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ABSTRACT

The literature about the unfinished ending of ] S Bach’s The Art of Fugue (Die
Kunst der Fuga) BWV 1080 is in universal agreement that the work remained
unfinished at Bach’s death; some texts go a step further to say that it is
unfinished because he died. After giving a series of performances of the work,
the author became convinced that this latter view must be incorrect, and that
Bach left the work unfinished deliberately. This thesis explores this idea in
detail and, by presenting a number of new theories, suggests not only that Bach
left the work unfinished deliberately as an invitation to the reader, student or
performer to work out his or her own completion, but also that he left a number
of clues, hidden to a greater or lesser extent, to indicate that that was his
intention and to supply vital information about the content of the missing bars.

Divided into two parts, the thesis first considers some of the evidence
contained within the manuscript itself, up to and including the final written bar,
and then in the second part goes on to consider two essential aspects of the
completion.

By way of introduction, the first chapter surveys the controversial area of
Bach’s use of numbers in his music and draws attention to the number of the
final bar, which can be interpreted as a clue to the fact that Bach expects the
music to be continued.

Chapter Two invites a reconsideration of Christoph Wolff's famous
“Fragment X” theory, which suggests that the continuation of the final fugue
was written on a separate, now lost, piece of paper. Many inconsistencies and
details in the manuscript suggest strongly that Wolff’s theory is incorrect. As
part of this theory, the author reports on his own examination of the original
manuscript in Berlin.

Chapter Three, through a detailed study of the architecture of the final fugue,
makes the bold claim that the author has definitively proved the exact number
of bars required to complete the music in accordance with Bach’s intentions:
this theory develops and refines the work of Gregory Butler in this area, and, to
corroborate the theory, presents a possible interpretation of the unusual
markings at the end of Bach’s score and of a significant correction made by
Bach in his manuscript.

Finally, in Chapter Four, the question of the proposed inverted combination
of all four fugue subjects is revisited — a combination that several writers have
claimed to be impossible — and a new and convincing solution to this problem is
presented and justified.

iii



Acknowledgements

I should like to thank my two Supervisors at the University of Auckland: Dr
Fiona McAlpine, who was principally responsible for the supervision of this
thesis; and Dr John Wells. I am very grateful for their expertise and wisdom.

Thanks are due also to those who have shared their knowledge and opinions
with me in private correspondence: Michael Ferguson, Lionel Rogg, Dr Bradley
Lehman, Dr Yo Tomita of Queen’s University, Belfast, Dr John Bertalot, Ewald
Demeyere of the Koninklijk Vlaams Muziekconservatorium, Antwerp and
Nikolas Krawchenko.

Dr Helmut Hell of the Deutsche Staatsbibliothek in Berlin graciously granted
permission for me to view Bach’s original manuscript of The Art of Fugue,
enabling me to confirm my theories about the markings on Bach’s last page,
about the handwriting characteristics, and about the significant alteration made
by Bach in one place in the score of Contrapunctus 14. The staff at the Bach-
Archiv in Leipzig generously allowed me to take photocopies of some material
that was not easily available elsewhere.

A number of people and organizations made financial contributions to assist
me with my research visit to Berlin: they are listed here in alphabetical order
with gratitude and appreciation. Margaret Barriball; Graeme Edwards; David
Goodenough; Mrs C E Hughes; Wayne Hughes; Neil Ingram; Margo
Knightbridge; Joan Pasche; John Sinclair; the University of Auckland Graduate
Research Fund; the University of Auckland School of Music; Dr David Yu.

v



Table of Contents

ABSTRACT ...ttt ettt h et sttt £ et s bbb e b e b e b e b e 82 et 1£ £ e £ £ £ bbb e b e b e b e R e Rttt et e bbb bbb ettt i
ACKNOWLEDGEMENTS .....cuvttttttiteuttetesttetenttesesttetesttesesessesesessesestsesentsesentasesesensesentsesesesesentssesesensesenes v
TABLE OF CONTENTS ....uouttetesttetesttesestsetesesesasesesasassesasessesesessesestssesessnsesessssesesensesenssesessnsesesessesesensesenens Y
LIST OF FIGURES ....vutteteiiieteiitetesttetest ettt tese st et as e sesese s et asensesanessesasensesanensesasensesenensesasensesenen VI
LIST OF MUSICAL EXAMPLES .....cueutiteteuiiteienietetesitetestetesestssesestssesestssesasessesesssesassssesessssesensssesensssesensssesens VI

PART ONE: BEFORE BAR 239 ..ottt 1

BACH’S USE OF GEMATRIA IN THE ART OF FUGUE ........cccooiiiiiiiirr e 1
BACKGROUND......c.ceueuiieteiitetesitetesesesestsesesesesasessesasessesasessesesessesesessesessnsesessssesesensesenesesesesesesessesesensesenens
NUMBER ALPHABETS
EXAMPLES OF GEMATRIA IN BACH’S MUSIC ..ottt sttt sttt ettt st 4

SIMENGA’S TNEOTIES. ...ttt ben s 4
The number 43: The B Minor Mass Credo and the Organ Prelude Wir glauben all’ an einen Gott
BWWY 880 ...ttt 8
The number 3: The “St Anne” Fugue and the Organ Prelude Wachet auf, ruft uns die Stimme ....... 8
The numbers 14 and 41 (the “BACH numbers™): the Mass in B Minor; the Schiibler Chorales and
the Chorale VOr deiNEN TAFON ......ceiviiiiice ettt 9
THE BACH NUMBERS AND THE ART OF FUGUE ......ccutiiiiiiiieitetiieieit sttt ettt 15
Herbert Kellner and the significance of the Well-Tempered tuning SyStem ............ccovvverineierinienenn 15
Other occurrences 0f the NUMDBEE 14 .......c.cvviiiiiccc e 18
I LG T B 07 TS 20

‘FRAGMENT X" RECONSIDERED ......ccotiiiiiiririnsisis sttt et 22

THE SOURCES....ucuteteutteueutetesesetetestesesestsesestasesastsesansasesesssesesesesessssesenssesesssesensesesessssesensesesensssesensesesens 22
The AULOGIaPN: P200 .....ccciiiieiriree ettt ettt b 23
BRITAGE 3 ...t b bbbttt b b 23

CHRISTOPH WOLFF’S ARTICLE: THE ‘FRAGMENT X’ THEORY ....cottrtiitirieienienieeeietestenieeeeeeneesseenseeeneens 27

PROBLEMS WITH WOLFE’S THEORY ......eetittetieiieteteententetesteestensessesseaneansesessesssesessesseeneansensessesnsensensennas 31
S TAGIMENT X ottt et et b et b bt b st b e bR e bt b e R e Rt b e R R bt R Rt E R p st n e r e 31
“TWO GIffEIENTE PIBCES™ ...ttt ettt ettt e et be et e st r e e ebens 33
The structure of CONtrAPUNCIUS 14 ......ccoviieiiiiieirieieesiee ettt sb e e es 34
The apPEAranCe Of PAGJE 5. .civieiriieiiieee ettt sttt sr e b s 35

WHAT CATEGORY OF SCORE IS BEILAGE 37 ...c.cuiitiiiiieienienieieetiteteit st sttt ettt sttt et st 47
Examination of the MaNUSCIIPL.......cccviiiiieiscisei et r s 57
More on the appearance and ruling 0f PAgE 5 ....ccvcvviiiiereeiissee e 63

CONCLUSIONS ..c.tttitettatntetesttetestsesestsesesesesesesseseseesesestesesaseesesasessesaseasesansssesenssesensasasenssesensesesenessesanens 70

PART TWO: AFTER BAR 239 ..ottt ettt sene e enensnees 75

THE BACH NUMBERS, PROPORTIONAL RATIOS AND THE MARKINGS ON THE LAST

PAGE: THE LENGTH OF THE QUADRUPLE FUGUE CONCLUSIVELY ESTABLISHED..... 75
INTRODUCTION ...cutveuiuteueuitetenetetentesesesttesentsseses e sesestsesestssesestseseseseseneasesesesseseneasesentsesenesesenesesensssesens 75
BACH’S USE OF GEMATRIA OR NUMEROLOGY: BRIEF OVERVIEW ....c..covevtriirieniniinienierenienieeesesiesenessensenes 76
VARYING LENGTHS OF COMPLETIONS OF CONTRAPUNCTUS 14 ...c.cooiiiiiiiiiniiniinienenie e 77

Gregory BULIEI™S AITICIE ........c.o ettt 80
REFINEMENT OF BUTLER’S THEORY .....ceutitiitiiititinieniteitete sttt sttt sttt sttt ettt sttt sbe st 84
EXPLANATION OF A “CORRECTION” IN THE MANUSCRIPT .....eetteuteienieriienteientenieeeeteseesseeneensesseseeeneenseees 91
MARKINGS ON THE LAST PAGE OF THE AUTOGRAPH: A POSSIBLE NUMEROLOGICAL INTERPRETATION... 95

Gematria applied t0 the MArKINGS ..o bbb 97
CORROBORATIVE EXAMPLES ......etiitieiteteteettetietesteetteutensentesseestessensessesseensasasseeseensensensesneeseansensessesneenes 100

THE MASS IN B IMINOT ....viieieieicce e bbbttt bbbt b nbeneneas 100

The title page of The Well-Tempered CIAVIEN ... 102

The Musical Offering: ““Quaerendo invenietis™ and the Houdemann Canon BWV 1074 .............. 104
CONCLUSION ....c.viiiitiitteteit ettt ettt ettt st e b et b et et ea et bt ee st s e bt se st s e b eaeenenenis 106



QUESTIONS RAISED BY THE OBITUARY, AND NEW SOLUTIONS TO THE PROBLEM OF

THE INVERTED COMBINATIONS ....ooitiiiiieee ettt sttt sas et sbe st sbe e sbesbesneenaens 108
“This is the 1ast WOork of the QUENOT...” ........oiiiiicece bbb 113

“His last illness prevented him from cOmpIeting...” ... s 114

“Ehe NEXE-TO-IAST FUGUE™ ...t b bbb b e 117

““the last one was to CONtaIN fOUN thEMES. .. .. .cuiiiie e b 119

THE RECTUS COMBINATION OF THE FOUR SUBJECTS ....ccvvietiiitiietieeeieereereereeveesreeeveesseeesaesnseenseenseennens 121
.. WAS t0 CONLAIN TOUE ThEMES™ ...ttt s bttt sb e aeas 121
COoNSECULIVES IN BACKHS IMUSIC.....ccviiviiiicii ittt sttt bbb st st 124

THE INVERSUS COMBINATION OF THE FOUR SUBJECTS .....ecoiuiiiiiriiiteeeeree et e eeieeeereeeenreeeeveeesveeenneenans 142
‘“...and to have been afterward inverted note for note in all four voices™ ..........ccoovveecvieiecrenen. 142
INVEItING the SUDJECLS ....oviieeeice bbb 144

More on subject I1: Bach’s sometimes irregular resolution of SUSPENSIONS..........cceeevverireienenenne. 147
Combining the four INVErted SUDJECES .......couveiiiiiiiee e e 153

AN OUTLINE OF A POSSIBLE COMPLETION ......cuvviiiutiieiteeeetteeeiueeeeseeeeseeeeeseeeeseesessesaesessessessnsseesseesnseeesnns 167
CONGCLUSIONS ...ttt b e ettt e b e s beetb e b e st e e b e e st et b e besbesbeenseabeebesbeebe e e e stesbesnsens 171
APPENDIX: FACSIMILE OF MUS. MS. P200, BEILAGE 3.......coci ot 174
BIBLIOGRAPHY ..ottt sttt sttt b e s bbbt et e b e e bt e st e s b e st e e b e et et e sbeabeeaeebesbesbsanis 180

List of Figures

Fig. 1.1: number alphabet by Georg Philipp Harsdoerffer, Poetischer Trichter, Niirnberg 1648................. 6
Fig. 1.2: the last bar of BaCh’s MANUSCIIPL.......ccveeveieieieieieeieieesiei ettt e et ebe st sae s eseseneas 20
Fig. 2.1: BEIlAZE 3, PAZE 5 ettt ettt ettt ettt b et 25
Fig. 2.2: BEIlAZE 3, PAZE 1 .ocueiiiieieiieieeeeeeteee ettt ettt ettt b et et b b naeseete s e st esesennan 30
Fig. 2.3: Contrapunctus 1, page 1 (QUOZIAPN) ......cccerviriiiririnieineteir ettt 37
Fig. 2.4: Well-Tempered Clavier Book 1, Prelude I in C (autograph) ..........ccceevvevenenerenienineneneceieeenens 38
Fig. 2.5: Well-Tempered Clavier Book 1, Fugue in B minor (autograph) .........c..coceeeeerenieinenenieenennennns 38
Fig. 2.6: Fantasia in D major BWYV 906 (QUtOZIaph)..........ccccerieiririeireiieneiirieierie et 38
Fig. 2.7: Fugue from Violin Sonata BWV 1001 (autograph) .........cccoeeieirerienieirieieieeeeseeese e 39
Fig. 2.8: Fugue from Violin Sonata BWYV 1005 (AUtOZraph) .......ccceceeveriirieieirierieiecniereeeieeeesieee e 39
Fig. 2.9: Contrapunctus 1 (autograph), bars 19 & 20, tenOr Part..........ccceeeeereerieirierieeeereeeeeseeeeeeeeeneas 40
Fig. 2.10: Cantata BWV 61 .....oouoiiiiiieee ettt ettt se e e e s nsenean 43
Fig. 2.11: Beilage 1, page 2 (autograph, final version of the Augmentation Canon).............cccecerereeennene 45
Fig. 2.12: 1751 edition, page 12, end of Contrapunctus 4 and Schmuckgraphik..............ccecvrerievrecrninnnnnne 46
Fig. 2.13: 1751 edition, end of Contrapunctus 8 and Schmuckgraphik incorporating “JSB” monogram.. 46
Fig. 2.14: Contrapunctus 14 (autograph), 1ast tWo DAIS ..........ceeveirieiieiiienieicieieee et 54
Fig. 2.15: Contrapunctus 14 (autograph), Dar 165 .........cceoiririiiininieireneeesee et 61
Fig. 3.1: page 61 of the printed edition: first page of the unfinished fugue ...........ccccecerevinininnininen. 83
Fig. 3.2: the structure of a completed Contrapunctus 14 ..........cccoevieririreneineniirereeeseeese e 90
Fig. 3.3: Contrapunctus 14 (autograph, page 2), showing the original bars 111 and 112 crossed out and
three replacement bars notated in the bottom mMargin ...........cccccevveeirirenennenen e 92
Fig. 3.4: Beilage 3, page 5, showing “doodles” at the bottom corners of the page.........c.ccocevveevrerieniecnnene 96
Fig. 3.5: DOtOM 1Tttt ettt a ettt ettt e et e s st te s e e esesennan 96
Fig. 3.6: DOtIOM TIZNE ....oeiieeiieeee ettt ettt et s st e e ae s e es e s eseeseseneesensennan 96
Fig. 3.7: The manuscript of the “Patrem omnipotentem” chorus from the Mass in B Minor, showing the
number 84 written at the end Of the SCOTE........cciivirieirieieieieiee e 101
Fig. 3.8: The title page of the Well-Tempered ClaVvier.........cccocveieririeieiiieieisesiee et saeeeeens 103
Fig. 3.9: detail of the 1oops at the tOp OF the PAZE .....c.eovivieieieieieieee e 103
Fig. 3.10: the drawing turned upside down, showing correspondence with Bach’s tuning system ......... 104
Fig. 3.11: Musical Offering, Canon No 9 “quaerendo iNVENIietis” ..........cooeeveirierieierierieieesiereeesresienenens 105
Fig. 3.12: one possible realisation of Canon NO. 9 ........ccccviririiininiiinceeeeeee e 105
Fig. 3.13: puzzle canon BWV 1074 ...c.oooiiiiiitee ettt sttt ettt 106

vi



List of Musical Examples

Ex. 1.1: the last bar of the Christe eleison from the Mass in B miNOr..........ccccoovvnrrccncicceenen. 10
Ex. 1.2: the first four notes of the subject of Kyrie 1 ........cccoeoniiiniiiee e 12
EX. 1.3: SUDJECE OF KKYITE 11 ..ot 12
Ex. 1.4: soprano entry of the subject, bar 40, KYrie ..o 13
Ex. 1.5: the opening of Wachet auf, ruft uns die SEIMME ..o 14
Ex. 1.6: the first subject of CONtraPUNCLUS 14 ......cooeieiiiiiiirieeiiieieeiee e 17
EX. 1.7: CONtrapuNCLUS 5, DAI 4L.......ccooiiiiiiiiiieieieise sttt ettt 19
Ex. 1.8: the third subject of CONtrapuNCLUS 14........cccoviiiuiiiriiieinisieieisee s 19
Ex. 2.1: the combination of the four subjects as given by Nottebohm and Wolff..........c.ccccovvennnen. 27
Ex. 3.1: Contrapunctus 14, DArs 113 - 115......cccveiiriiiiiiririeiinisree sttt s sne s 85
Ex. 3.2: Contrapunctus 14, Dars 192-194.........ccccceiiiiiiirieeiseiie ettt sse e esese e 86
Ex. 3.3: bars 143-4, showing a hint of the BACH motif, and the notes D, A, C and F (=14) sounding
N the FOUMh DEAL ...ttt 91
Ex. 3.4: Contrapunctus 14 (autograph, page 2), showing the original music of bars 111 and 112
before Bach Crossed them OUL ...t bbb 93
Ex. 3.5: The same passage using treble and bass CIEfS..........cccoiiinriiniiiir e 93
Ex. 3.6: the three new bars (111, 112 and 113 in this example) that replaced bars 111 and 112 in
the PrevioUS EXAMPIES ..ottt et bbb es 93
Ex. 3.7: graphic representation of the Markings ..o 97
Ex. 4.1: The three subjects of CONtrapuNCIUS 14........cccovireiriiiniinisenisiee e 108
Ex. 4.2 The triple combination at Dar 233..........ccviiriiin e 109
Ex. 4.3: The quadruple combination as given by Nottebohm ... 110
Ex. 4.4: bars 229-238, soprano voice, following the outline of the main Art of Fugue subject...... 110
Ex. 4.5: The quadruple combination as given by Nottebohm ..o 121
Ex. 4.6: Tovey’s third and last rectus combination.........cccoceevriiviirireienscee s 122
EX. 4.7: ContrapunCtus 3, DArs 55 = BL......cccvcueerieeiiiriiisieieesieesesieess s e s esessesessssesessssesessns 123
Ex. 4.8: Chorale “Gott sei uns gnadig und barmherzig™, showing consecutive fifths between T and
SN NG TASE DA ...t bbb 125
Ex. 4.9: “Ein’ feste Burg ist unser Gott™, showing consecutive 5ths between S and B in the last bar
........................................................................................................................................................... 125
Ex. 4.10: Ricercar a 3 from the Musical Offering, Dar 64............cccvvveriiiinncininecee 126
EX. 4.11: CoNtrapunCtus B, DAK 15.......ccocoviiieieeiiie et 126
EX. 4.12: ContrapuncCtus 6, DAr 18..........cccvviiiiiiiiiiiiiesise bbb 126
Ex. 4.13: The subjects layered I-1H-1-1V ... 128
Ex. 4.14: The five triple combinations from the end of Contrapunctus 8...........cccoevvvvieririnriennnn 130
Ex. 4.15: The three triple combinations from the end of Contrapunctus 11 ..........c.ccceevvierirnenenn. 131
Ex. 4.16: The consecutives created by layering IV above Il ..........cccccovvvivivciiniiineesee e 132
Ex. 4.17: Tovey’s solution to the problem Of CONSECULIVES ..........ccovvvveriiinirinicie s 132
Ex. 4.18: The subjects layered with 11 above 1V: the consecutives vanish ..........cc...cccevevinrierennnn. 133
Ex. 4.19: How the 14-note form of 1V fits in the cOUNterpoiNnt...........cccoovienrciinncereeee 134
EX. 4.20: The sUDJECES 12YEred I'2-=T-I1V.....o..cveieeeeeeeeeeeeeeeeese st 135
Ex. 4.21: The subjects layered H-1-IV-TI1 ... 135
EX. 4.22: The subjects layered H-1"2-IV=111........c.ccco.ourrimrrrrerreesreesneessseessssseeesseessssssssessssessseneenns 136
Ex. 4.23: Tovey’s first rectus COMDINALION .........ccooiiiiiiire e 136
Ex. 4.24: Tovey’s first rectus combination (1**~111-11-1V) transposed to D mMinor..........cc..cco....... 137
Ex. 4.25: Tovey’s third and final rectus combination: IV-1-I-1........ccccoooovvvniniiiinncicees 138
EX. 4267 T-IV-T=1 et 139
Ex. 4.27: 1-1V-111-1 with conjectural CONtiNUALION ..........ccovvveiiriieinse s 140
Ex. 4.28: 11-1V-111-1 with conjectural continuation, transposed into A MINOK........c.ccceevvvierisveenenns 140
Ex. 4.29: Tovey’s second rectus combination H-TH-1V- .......cccooovrivniinininnnseceeeeens 141
Ex. 4.30: H-HI-1V-1 using the 14-note form of IV.......ccccoiiieiiiicisses s 141
Ex. 4.31: the standard scale Of INVErSION ... 145
EX. 4.32: SUDJECE 1 @NT 1™ ... 145
EX. 4.33: SUDJECE T1 AN T1™ ..ottt s 145
Ex. 4.34: inversion scale for I11 as given by TOVEY .......coocvvviiicniccsincse e, 145
Ex. 4.35: First appearance of 111" as given by Bach in the alto at bar 213 ..........cccccoveevricerennnn, 146

vii



Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.
Ex.

4.36: Second and final appearance of 111" as given by Bach in the bass at bar 222............... 146
4.37: SUBJECE TTT AN TH™ ..o 146
4.38: SUDJECE IV AN IV™ ...ttt ettt ettt 147
4.39: WTC, Book 2, Prelude 1, Dars 9 = 10 ......oici ettt sree v 150
4.40: Verlieh’ uns Frieden gnédiglich (Riemenschneider NO. 91)........ccccoviiiinennniennieeene 150
g L O = T To L = -1 (1T [ 151
4.42: WTC, Book 2, Prelude 11 Dars 15-16.......c.ovrririrereririieieineseses s 151
4.43: Contrapunctus 10, Bars 20-22...........ccccevviiniiiniinei s 152
4.44: ™1™

4.45: Ivan_I I IInV_IInV_I IInV

4.46: Tovey’s first inverted COMDINALION...........ccovviiiiiciiii s 155
AT T 1Mo IV 1M bbb
4.48: ”Iinv_ ”inv_ IVinv_ Iinv-lz

4.49: Tovey’s second iNVersus COMDINALION..........ccoviveeriieierisieiese et nas
B.507 IV ™= 1™ 1™ st
4.51: IVinv_“Iinv_ “inv_ Iin-lZ

4.52: The four subjects inverted semitone for semitone

4.53: Michael Ferguson’s inverted quadruple combination ........

4.54: Ferguson’s inversion layered in the order IV™-TH"™-1"™-1"" ..., 162
4.55: The inversion layered in the order IV™-111I"™-1I"™-1"™"2 with the 14-note form of IV ..... 163
4.56: The solution to the inversus quadruple combination, as proposed by Indra Hughes ..... 164
4.57: Three-part Invention NO 12, bars 3 and 4 .........ccovvviiniiiienineie e 165
4.58: The combination complete with suggested non-thematic material ............c.ccovvevriiinenne 167

viii



	Abstract
	Contents pages
	Chapter 1
	Chapter 2
	Chapter 3
	Chapter 4
	Conclusions
	Appendix
	Bibliography
	coversheetresearchspace.pdf
	Copyright Statement
	General copyright and disclaimer


	Text2: Postcard image restricted
	Text3: This postcard is unable to be reproduced in digital format for copyright reasons.
	Text4: A reproduction of the final page of the autograph manuscript of Contrapunctus 14 is included in the Appendix of this thesis (p.174-179). 
	Text1: For more information please contact the ResearchSpace administrators (researchspace@auckland.ac.nz) 


