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ABSTRACT. Given amap T : X — X on a set X we examine under what con-
ditions there is a separable metrizable or an hereditarily Lindelof or a Lindelof
topology on X with respect to which T' is a continuous map. For separable
metrizable and hereditarily Lindel6f, it turns out that there is such a topology
precisely when the cardinality of X is no greater than ¢, the cardinality of the
continuum. We go on to prove that there is a Lindel6f topology on X with re-
spect to which T is continuous if either 7t (X)= T (X)#£Dor T*(X) =
0 for some o < ¢t where T+ (X) = T(T%(X)) and TM(X) = Nycr T¥(X)
for any ordinal o and limit ordinal .

1. INTRODUCTION

IfT:X — X is a function on a non-empty set X and P is some topological
property, then a fundamental and natural question asks whether one can endow X
with a topology that satisfies P and with respect to which 7' is continuous.

This question can be traced back to Ellis [I], who asks whether there is a non-
discrete topology on X with respect to which T is continuous. De Groot and
de Vries [4] provide a complete answer showing that, if X is infinite, there is always
a non-discrete metrizable topology on X with respect to which T is continuous.
They go on to prove that, provided X has at most ¢ many elements (where ¢
denotes the cardinality of the continuum), X may be identified with a subset of the
Cantor set. Moreover, in this last case, if T' is one-to-one, then T" may be taken to
be a homeomorphism. They mention that, even assuming appropriate cardinality
restrictions, it is impossible in general to make X a compact metric space, though
de Vries [I1] proves that, if T is a bijection, the Continuum Hypothesis is equivalent
to the statement that there is a compact, metric topology on X with respect to
which T is a homeomorphism provided X has cardinality c.

The Banach Fixed Point Theorem implies that if X is a compact metric space
and T': X — X is a contraction, then (), 7" (X) = {x} for some unique fixed
point x of T. In a question related to Ellis’s, de Groot asked whether there is a
converse to Banach’s theorem in the following sense: if T': X — X, |X| = ¢ and
Npen I (X) = {z} for some z, is there a compact, metric topology on X with
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respect to which T is continuous? In general, for the compact metric case there is
not; however, Janos [§] proves that there is a totally bounded metric topology on
X with respect to which 7' is a contraction mapping and Iwanik, Janos and Smith
[7] prove that there is a compact, Hausdorff topology on X with respect to which
T is continuous, even without the restriction on the cardinality of X.

In [3], the continuity of arbitrary maps in compact Hausdorff spaces (see The-
orem [[3] below) and the continuity of bijections in compact metric spaces (Theo-
rem [[4] below) are characterized in terms of the orbit structures of the maps (see
Definition [[1] for the terminology). Iwanik [6] had earlier characterized continuity
of bijections in compact Hausdorff spaces.

To state our theorems, we make the following definition.

Definition 1.1. Let T : X — X. The relation ~ on X, defined by z ~ y if and
only if there exist m,n € N with T™(z) = T"(y), is an equivalence relation, whose
equivalence classes are the orbits of T.
If O is an orbit of T, then we say that:
(1) O is an n-cycle, for some n € N, if there are distinct points xg, ..., Z,—1 in
O such that T(x;_1) = x;, where j is taken modulo n;
(2) O is a Z-orbit if there are distinct points {x; : j € Z} C O such that
T(xj_1) =z, for all j € Z;
(3) O is an N-orbit if it is neither an n-cycle for some n € N nor a Z-orbit.

Note that O is an N-orbit if and only if it is not a Z-orbit and there are distinct
points {z; : j € N} C O such that T(z;) = x4 for all j € N. If the set
S = {z; : j € M} witnesses that O is an n-cycle, Z-orbit or N-orbit, where M is an
appropriate indexing set, then we say that S is a spine for O. Of course, the spine
of an n-cycle is unique, but spines of N- and Z-orbits need not be unique.

Example 1.2. Consider the set
Z=A{xp:0<ne€Z}U{xy;:0>n€Z,i=0,1} U{y_ni:1<n<keN}
and the map T : Z — Z defined by

LTn+1, T = Tn, 0§n7
Tnili, T=Tpg,n<-—1,1i=01;
T(x) = { xo, r=x_1;1=0,1;

Yonilk, T=Ynk l<nkeEN;

Zo, r = y—17k7 k € N
The action of T" on Z consists of a single Z-orbit with two possible spines, Sy and
S1, where S; = {z, : 0 < n € Z}U{z,; : 0 > n € Z}. The rank of z (see
Definition BI)) under T in Z is oo.

The subset N = {z, : 0 <n € Z}U{y_nr: 1 <n <k € N} of Z is closed
under the action of T" and the action of T' [5 on N consists of a single N-orbit
with infinitely many possible spines, S}, for each k € N, where S} = {2, : 0 <n €
ZYU{y_mux 1 <m <k}. Therank of zyp in N under T [y is w.

Theorem 1.3 ([3]). Let T : X — X. There is a compact, Hausdorff topology on
X with respect to which T is continuous if and only if

T(()T™(X) = () T™(X) #0

meN meN
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and either:

(1) T has, in total, at least continuum many Z-orbits or cycles; or

(2) T has both a Z-orbit and a cycle; or

(3) there are n; € N, i < k < oo, such that T has an n;-cycle for each i and,
whenever T has an n-cycle, n is divisible by n;, for some i < k; or

(4) the restriction of T to [,,cn T (X) is not one-to-one.

Theorem 1.4 ([3]). Let T : X — X be a bijection. There is a compact metrizable
topology on X with respect to which T is a homeomorphism if and only if one of
the following hold:
(1) X is finite.
(2) X is countably infinite and either:
(a) T has both a Z-orbit and a cycle or
(b) there are n; € N, i < k < 00, such that T has an n;-cycle for each i
and, whenever T has an n-cycle, n is divisible by n;, for some i < k.
(3) X has the cardinality of the continuum and each of the number of Z-orbits
and the number of n-cycles, for n € N, is finite, countably infinite, or has
the cardinality of the continuum.

In this paper, we address this question of continuity in Tychonoff, Lindel6f or
hereditarily Lindelof spaces. To state these results we need a further definition.

Definition 1.5. Let T': X — X be a function. For any A C X, any ordinal « and
any limit ordinal A, define T (A) = T(T*(A)) and T*(A) = N,er T*(A).

We prove the following.

Theorem 1.6. Let T : X — X be a function. There is a (zero-dimensional)
Tychonoff, Lindeldf topology on X with respect to which T is continuous provided
etther

(1) T(X)=T"+YX) £ 0 or

(2) T*(X) =0 for some a < ¢*.

Corollary 1.7. Let T : X — X be a function. There is a (zero-dimensional)
Tychonoff Lindelof topology on X with respect to which T is continuous provided
any of the following holds:

(1) T is a surjection,

(2) T is an injection,

(3) T is a < c-to-one function,

(4) T is a < c-to-one function with at least one Z-orbit or n-cycle.

Theorem 1.8. Let T : X — X. The following are equivalent:

(1) 1X] <.

(2) X can be identified with a subset of the Cantor set in such a way that the
action of T is continuous.

(3) There is a (zero-dimensional) Hausdorff, hereditarily Lindeldf topology on
X with respect to which T is continuous.

(4) There is a (zero-dimensional) first countable, Hausdorff, Lindeldf topology
on X with respect to which T is continuous.

(5) There is a (zero-dimensional) first countable, Hausdor(f, separable topology
on X with respect to which T is continuous.
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(6) There is a (zero-dimensional) separable metrizable topology on X with re-
spect to which T is continuous.

(7) There is a continuous function t from the Hilbert cube [0,1]N to itself and
an identification of X with a (zero-dimensional) subset of [0, 1] such that
T is the restriction of t to X.

We are left with the question:

Question 1. Is there a map T on a set X that is not continuous with respect to
any Lindel6f topology on X7

We conjecture that the answer is yes. In light of Theorem [[L6] we are really
asking the following.

Question 2. Suppose that T (X) #£ TC++1(X). Is there a Tychonoff, Lindel6f
topology on X with respect to which T is continuous?

Question 3. Suppose that ||p|| = ¢t (see Definition B1). Is there a Lindelof
topology on T~*(p), for each k > 0, such that the restriction of T from 7~ *+1)(p)
to T %(p) is continuous?

Question 4. Suppose that T¢ (X) = § but that T%(X) # 0 for any o € c¢t. Is
there a Lindelof topology on X with respect to which T is continuous?

Our notation and terminology are standard as found in [2] and [I0]. The paper
is organized as follows. In Section Bl we prove Theorem [[L8 The proof that Theo-
rem [[.§] () implies Theorem [[8 () does in fact follow from a careful reading of the
construction of the Lindelof topology in the proof of Theorem [[.6] but the argument
given in this section is far more direct and geometric. The proof of Theorem [I.6]is
somewhat involved, although we have taken some pains to simplify the exposition
as far as possible. In Section 3 we discuss a natural tree structure on (J,, T~ *(x),
for each 2 € X, and an associated notion of rank. In Section @ we use this tree
structure and the rank of points of X to put as appropriate topology on each orbit.
We know that, for Lindeléf X and continuous 7', the set T~*(z) is Lindelof for
any x € X and 0 < k. So, in constructing the topology on T*(k“)(x) from the
topology on T~%(z), we use our notion of rank to keep track of which points should
act as limit points, ensuring both continuity and the Lindel6f property. In the final
section, we topologize X by considering the various combinations of orbits, thus
completing the proof of Theorem

2. CONTINUITY IN SEPARABLE METRIZABLE AND
HEREDITARILY LINDELOF SPACES

De Groot (see [5]) proved that every hereditarily Lindelof space has cardinality
at most ¢. It turns out that this is the only condition required for there to be
a hereditarily Lindelof topology making a given self-map on a set continuous. A
version of the proof of (l) implies (B in Theorem [[.§ essentially follows from the
proof of case (1) of Theorem [[LG] but the following argument is more natural.

Proof of Theorem [L8l Clearly ([0 implies (@) and (@) implies each of [@]), (@), and
). Arhangel’skii proved that first countable, Hausdorff Lindel6f spaces have cardi-
nality at most ¢, Pospisil proved that every first countable, separable (indeed density
< ¢) Hausdorff space has cardinality at most ¢, and de Groot proved that Hausdorff
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hereditarily Lindel6f spaces also have cardinality at most ¢ (see [5]). Hence @), @)
and (B) all imply (). That ) is equivalent to () is due to de Groot and de Vries
[4]. It remains to show that () implies (7).

We will show that, if |X| < ¢, then there is a continuous map ¢ on the Hilbert
cube and an identification of X with a zero-dimensional subset of the Hilbert cube
so that T corresponds to the restriction of t to X.

Assume, then, that T': X — X and that |X| < c¢. Let I = [0,1], let H denote
the Hilbert cube [0, 1]V, and let S; denote the unit circle in the plane. Since we
are only trying to embed X as a subspace of H, we may assume that, for each
r € X, T~1(z) has cardinality ¢ (otherwise we can consider the restriction of T to
a subset). In particular, this means that, without loss of generality, there are no
N-orbits in T'. It therefore suffices to construct a continuous function ¢ : H — H
which has ¢ many Z-orbits and ¢ many n-cycles, for each n € N, with the property
that 7-1(x) has cardinality ¢ for each point x in each of these orbits. One can then
easily choose a zero-dimensional subset on which the restriction of the action of ¢
corresponds to the action of T

Let ¢ be the homeomorphism from the cylinder S; x [0,1] to itself defined by
d(0,2) = (0 + 2wz, x). It is a standard fact that the orbit of the point (6, z) is a
Z-orbit precisely when x is an irrational number and is an n-cycle when x = m/n,
expressed in lowest terms. Let H' = S; x I x H and let ¢’ : H' — H’ be the map
defined by

t'(0,x,71,72,73,...) = (0 + 2mT, 2,72, 73, ... ).

Given the continuity of ¢ and the shift map (rq1,r2,73,...) — (ra,rs3,...) on H, ¢/
is easily seen to be a continuous map on H'. For any x € [0, 1], consider the subset

H, = S1 x {2} x {(0,0,0,...)}u | J S1 x {z} x I'" x {(0,0,0,...)}.

1<m

M, is invariant under the action of #. For each point p of H,,, T~!(p) has cardinality
¢ and p is eventually mapped to a point of the form (6, z,0,0,...), so the orbit of p
is a Z-orbit, if z is irrational, or a cycle, if x is rational. Moreover, there are ¢ many
such orbits in T,. It follows that (for example) the subset H" = H 5 U U, <, Hi/p
of H' is closed under ¢, consists of ¢ many Z-orbits and ¢ many n-cycles, for each
n € N, and has the property that ¢'~!(p) has cardinality ¢ for each p € H”. Since
H" is a subspace of H', which is homeomorphic to H, we are done. O

3. SELF-MAPS AND WELL-FOUNDED TREES

In this section, we describe a natural ordinal invariant, the rank of z € X under
T, for points under the action of 7. This rank corresponds to the rank of well-
founded trees from descriptive set theory (see, for example, [9]), and we use it in
Section [ to index our construction of a Lindeldf topology. Our idea is, roughly,
that we will only declare a point x, say, to be a limit point of a set of points A
if the rank of each y € A is no greater than the rank of . This will ensure, via
Lemma [3.2] that there are ‘enough’ points in T~ !(z) to act as limit points for
T1(A).

For notational convenience, we let T°(p) = p or {p} depending on the context.
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Definition 3.1. Suppose that T': X — X is a function. The rank of x € X under
T is
2] a ifxeTX)\ T (X),
€Tl =
oo if x € Nyecon T(X).

For each z € X, and each y,2 € Uy, T~F(x), define y <, 2 if and only if
T7(z) = y for some j > 0.

For each z € X, (Uogk T—*(x), <) forms a well-founded tree of height ||z|| if

and only if ||z|] < oo (see [9] 25.5] for more on well-founded trees). For our purposes
it is sufficient to see that, if ||z|| < ||y||, then there is an order-preserving map from

Uo<k T7%(x) to Uo<r T *(y).
Lemma 3.2. LetT : X — X and let x € X.

(1) ||z|] = oo if and only if there exists a sequence x,, n =0,1,2,..., such that
xo = and T(xp41) = xn. In particular, if x is a point on the spine of a
Z-orbit or of an n-cycle, then ||z|| = oo, and if ||z|| = oo, then x is not in
an N-orbit.

(2) If ||z]| < |lyl|, then there is an order-preserving map

fuy : < U 77", <x) — < U T’“(y),<1y>

0<k 0<k
such that fo, (T~*(z)) € T7*(y) for all k € N.

Proof. Clearly, if there is a sequence of points x,, n € N, such that g = x and
T(xp+1) = Tp, then zp € T(X) for all ordinals «, and so ||z|| = co. Suppose,
then, that ||z|| = oo, i.e. that x € T%(X) for all ordinals «. If ||y|| < oo for
each y € T~!(z), then ||z|| = sup{||y|| + 1 : y € T"(y)} < o0, so there is some
x1 € T~ (x) with ||z1]| = co. It follows that there is an infinite sequence z,, with
x9 =z, and x,, = T(x,,41). Hence (1) follows.

For (2), following [9 25.6]: If ||y|| = oo, then by (1), there is some sequence of
points yg, k = 0,1,2,..., such that yo = y and T(yg+1) = yr. In this case, define
fey(2) = yi, if and only if 2 € T=*(z). If ||y|| < oo, then we argue by induction.
If z € T7(z), then ||z|| < ||z|| < ||yl|, so that there is some y, € T~!(y) such
that [|z|| < [ly:||. Let f. be an order-preserving map from (Jy, 77"(2), <) to
(Uo<r T "(y2), <y.) such that f.(T~*(z)) € T7*(y.) for all k € N. Define

f (w)_{y ifw=ru,
Ty =

fo(w) ifwe Uye, T7F(2), for some z € T~ (x).

Since Uy, T7%(2) N Uger T%(2') = 0 for any distinct z and 2’ in T-1(x), fy, is
well-defined and we are done. O

The following rather technical looking lemma collects together a number of facts
we will need later. The proof follows fairly directly from the definitions.

Lemma 3.3. Suppose that T : X — X is a function.
(1) The following are equivalent:
(a) T (X) = T +1(X);
(b) for all x € X, either ||z|| < ¢ or ||z|| = oo;
(c) for all x € X, there is a subset D, C T~ 1(x) such that
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(i) |Dg| < ¢ and
(ii) for each z € T~Y(z) there is some y, € D, such that ||z|| <
Ily=1]-

(2) Let T‘+(X) = T‘++1(X). Let x € X and let D, be a subset of T~(x)
satisfying (1c). Suppose that y € D, and that D, — {y} does not satisfy
(1c). Then either
(a) |ly|]| = o0, so that ||x|| = oo, or
(b) there is a subset D) of T~'(x), which does not contain y but does

satisfy (1c).

(3) If T (X) = T‘++1(X) # 0, then X has a Z-orbit or an n-cycle for some
n € N.

(4) If T*(X) = 0 for any ordinal «, then X consists solely of N-orbits.

Proof. For (1): To see that (a) implies (b), suppose that 7 (X) = T¢ +1(X)
but that some x € X has ¢ < ||z]| < oo. Then, without loss of generality,
||z]| = ¢t (if not, then some point of (J,.,, T~ "(z) has rank ¢*). But then z €
T (X) — T +1(X), which is a contradiction.

Suppose that (b) holds. If ||z|| = oo, then there is some y € T~!(z) such that
lly|| = oo, so that we can let D, = {y}. On the other hand, ||z|| < ¢™. Then the
set of ordinals {||y|| : y € T~'(z)} has cardinality < ¢, and we see that (c) holds
by Lemma 3.2

To see that (a) follows from (c), suppose that T (X) # TC+"’1(X)7 so that there
is a point z such that ||z|| = ¢T, in which case sup {||y|| : y € T ()} = ¢*. Since
¢t has cofinality strictly greater than ¢, no such subset D, can exist.

For (2): Suppose that D, and y are as stated and suppose that ||y|| # oo, so that
|ly|| < ¢T. Note that T~!(z) # {y}, since otherwise D, —{y} = () vacuously satisfies
(1c). Let Z be the set of all z € T~ (z) for which ||z|| > |||| for all 2’ € D, — {y}.
Z is non-empty, since otherwise D, — {y} would satisfy (1c), and (D, — {y}) U Z
satisfies (1c) (ii). Clearly, for each z € Z, ||z|| < ||ly||. Since ||y|| < ¥, ||y|| has
cofinality at most ¢. But then there is a subset Z’ of Z of cardinality at most ¢ with
the property that for all z € Z there is some 2’ € Z’ such that ||z|| < ||Z']] < ||y]l-
Setting D), = (D, U Z’) — {y}, we are done.

(3) and (4) follow from (1) of Lemma B2 since if T (X) = Tc++1(X) # 0,
||lz|| = oo for every z € T (X). O

4. PUTTING A TOPOLOGY ON Jcn T (p)

Let C denote a Cantor set in [0, 1], and for this section let us say that (7, <) is
an augmented graph provided:

(1) 7 has a unique top element ¢,;
(2) m, = max{m : there is a branch in 7 of length m} < oc;
(3) there are n, € N and n(t) € N, for each t € 7, such that:
(a) 0 < n(t) <n;
(b) if s < ¢, then n(t) < n(s);
(c) for each s < t, there are surjective projections g : crs) - ¢
satisfying m,.; = mg o M5, whenever r < s < t.

For any F C7,let | F={se€7:s =<t forsomete F}.
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Let Z; = Uye, C*® x {t}. For each s € 7, let By = U<, C"") x {t}. For 7 € C"
and j € N, let B;(F) denote the 1/2/-ball about 7. For any (7,t) € C™®" x {t},
j € Nand finite F C {s € 71:s5<t}, let

B(7,t,§,F) = <(Bj(7") x {t}) u |7t (B;(r) x {s}) \ < U Bs>.

s=<t seF

Let 7, be the topology on Z, that is generated by the collection of all such sets
B(7,t,5, F).

Lemma 4.1. (Z,,7T;) is a compact, zero-dimensional space. Moreover, if Y is a
subset of Z, with the property that for every (F,s) € Y and s < t, n5(T,s) € Y,
then Y is Lindeldf.

Proof. Zero-dimensionality follows from the fact that each B;(7) is a clopen set.

For each t € 7, let p(t) denote the length of the longest branch below t, so
that p(t) < p(t;) = m,. To see that Z, is compact, note first that each subspace
C™) x {t} is homeomorphic to the usual Euclidean space C™® . In particular, for
any open cover of Z, by basic open subsets, there is a finite subcover of C™(*~) x {t:},
{B(Ts,tr, 7, F;) : i < m}. This cover must cover all of Z, except for, possibly, the
sets By, s € F; for some i < m. Since each C™*) x {s} is compact and p(s) < p(t,),
we may repeat this argument a finite number of times to obtain a finite subcover
of Z,.

Suppose then that Y is a subspace of Z, with the property that whenever (7, s) €
Y and s < t, then (w4 (7),t) € Y. Note that each subset C*®) x {t} of Z, is
hereditarily Lindeldf. Let U be a cover of Y and let Y; = Y N (C™*® x {t}) for each
terT.

Since Y. is Lindeldf, it has a countable cover {U,_; : i € N} C U. Since
(st (T),t7) is in Yy whenever (7,s) € Y, {U;_; : ¢ € N} covers all but countably
many of the sets Y;. Let Ty = {¢,} and define T} by letting ¢ € T} if and only if V;
is not covered by {U; : i € N}. By the definition of the topology on Z,, if t € Ty,
then t < t,.

As for Y, for each t € Ty, there is a countable cover {U;; : i € N} C U of ¥;.
Since (m4(7),t) € Y, whenever (7,s) € Y and s < t, {Uy, : i € N} covers all but
countably many Y; for which s < t. Define Ty by letting s € T if and only if Y
is not covered by the countable collection of open sets {U;;,¢ € N,t € To UT}, so
that T5 is a countable set.

Repeating this argument, we obtain a series of countable sets T; and countable
collections {U; ; : i € N} C U, for each t € T} such that {U,; : i € N, ¢t € ToU---UT}}
covers all of Y except for, possibly, UsETj+1 Y. By construction, if s € T4, then
s <t for some ¢t € T;. Since the maximum length of each path through 7 is m,,
T, is empty and, therefore, {Um 1 €Nt e UjSmT T]} is a countable subcover
of U. O

Now suppose that p € X is a non-spine point p such that 7'(p) is on a spine. We
will identify 7% (p) with a Lindel6f subset of Z,, for some augmented graph 7, so
that the action of T' from T—*(p) to T~**1(p) is continuous. This, then, provides
a topology on Jy,, T~ "(p) for each such non-spine point p. In Section Bl we use
these topologies to put a Lindelof topology on the whole of X.
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Lemma 4.2. Let T : X — X and let O be an orbit of T with spine S. Let s € S
and let p € T~1(s) — S. Suppose that for every x € Jy<), T~ "(p) there is a subset
D, C T~Y(x) such that

(1) |Dy| < ¢ and
(2) for each z € T~ (x), there is some y., € D, such that ||z|| < ||yzz||-

Then for each k > 0 there is a (zero-dimensional) Tychonoff Lindeldsf topology
Te on T~%(p) with respect to which the action of T from T =1(p) to T~*(p) is
continuous.

Proof. For each k > 0, we will embed T%(p) as a subset of Z,, for some augmented
graph (7g,<k). To simplify the notation, once it has been embedded, we will
often refer to T~%(p) as a subset of Z,, , referring to points of T~%(p) as points
of Z,,. We will further ensure that for any x = (7,s) € T %(p) and s <y t,
(mst(T),t) € T~F(p) (so that Lemma[lis satisfied) and ||(7, s)|| < ||(7st(F), t)|| (s0
that the construction can continue).

For any finite sequences 7 = (r1,...,7,) and S = (S1,...,8m), let 773 be the
concatenation (r1,...,7n,81,...,8m)). If = (s1), we may write 7 "s; instead of
FA(Sl).

Let k = |X|. Let {p} = Zy, where 0 here denotes the one-point graph which is
trivially augmented. Now consider T~ !(p). Let 71 = {t, : a € x} be the augmented
graph with order t, <1 tg if and only if a # 0 = § (so that t., = to), n(t) = 1 for
all t € 71, and g, is the identity on C. We identify T~!(p) with a subset of Z,,
as follows. Let D, be the set furnished by the statement of the lemma with the
property that for each z € T71(p), there is some y,, € D,, such that |[z[| < ||yp.]|-
For each z € T~Y(p)—D,, fix such a y,.. By Lemma[3.2] there is an order-preserving
map oy, from Uy, T7%(2) to Uper T % (yp-). Identify each y € D, uniquely with
a point (ry,to) € Z;,, where r, € C, and identify each z € T~!(p) — D,, uniquely
with (ry,_,tq) for some 0 < a € k. By Lemma T} T~ (p), regarded as a subspace
of Z,,, is Lindeldf, since for each z = (r,t,) € T~(p), (7 ,(r),t0) = (r,t0) is in
T=1(p). Notice also that ||z|| < ||(7s, .4, (7),t0)||. Clearly the restriction of the map
T from T~1(p) to {p} is continuous. Moreover m.,, = 2.

Suppose now that, for k¥ > 1, we have embedded T~%(p) as a subset of Z,, for
some augmented graph 7, with m,, = k+ 1 in such a way that for any s <; ¢t € 7
and any point (7, 5) € T~*(p), (7s1(F),t) € T~*(p), ||(F, 5)|| < ||(7st(7), )| and the
restriction of 7' to T~%(p) is a continuous function to T-*+1(p).

We define a new augmented graph 7411 from 7. Let 7441 = 71 X x and define
(s,) <g41 (t,0) if and only if either s <y t and B =0or s =t, a # 0 = .
(Diagrammatically, to obtain 7,41 from 7, relabel each node s € 7 as (s,0) and
then add new nodes (s, ), a € &, below the node (s,0).) Then t,, ., = (t;,0) is the
top element of 7,41 and every branch of 7,11 has length at most m,, +1 = k+2. For
each (s,a) € Tp41, let #(s, «) denote the number of elements of {(¢, ) : (s, ) =<k
(t, 8)} for which # = 0 and define n(s, a) = n(s)+#(s, o). Clearly #(s,a) < mr,, ,,
so that n(t,,,) < n(tr,)+mq,, and n(t, B) < n(s,a), whenever (s, a) <41 (£, 3).

Notice also that if (s,a) < (¢,8) is the immediate <y 1-predecessor of (¢, (),
then either

(1) s=t and a # 0 = 3, in which case n(s, §) = n(t, a), or
(2) s is the immediate <g-predecessor of t and @ = 8 = 0, in which case

#(s,a) = #(t, ) + 1 and n(s, ) = n(t, ) + 1 = n(t) + #(t, 5) + 1.
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In Case (1), define 7, )6y to be the identity from Cn(s:0) = Cn(th) to itself. In
Case (2), define (s o)(1,5) : C*5%) — C&A) by

Ts,0)(t,8) (P13 Ps)s T(s) 415 Tnls) 4 (5,00
:Wst(rl, s Tn(s)) A(rn(s)—&-lv s arn(s)—&-#(t,,ﬁ’))'
So the image of a point 7 € C™(*®) under T(s,a)(t,8) consists of the image of the first
n(s) coordinates under the map 7y followed by the first #(s, o) — 1 = #(¢, 8) co-
ordinates of the remaining #(s, o) coordinates of 7. Since there is a finite sequence

of immediate predecessors between any (s,a) <g11 (t,3), we can define (5 o)1,
by composing a finite number of such maps.

Claim. The map
1I:.Z

Th+1

((’I“l, e ,Tn(t’a)), (t,oz)) — ((’/“17 . ,’I“n(t)),t)

—

is continuous

Proof. Recall that for s € 7, Bs = U, <, C™® x {t} and that for 7 € C" and
j € N, B;(7) is the 1/27-ball about 7. For any (7,t) € Z,, j € N and finite
FC{sem:s =t}

Bt ) = (B0 x (0) v mt (8,0) x (1) \ (U 2.
s<pt seF

is a basic open set in Z,, . Note from (1) above that n(s,a) = n(s,0) for all s <y, t.

Now II7Y(B;(7) x {t}) = Uye, B;i(T) x CME0O=7 x {(¢,a)}. Moreover, if
s <j t, then my(B;(F)) = B;(F) x CM®)="®") g0 that I~ (n," (B;(F)) x {s}) =
Uaer Bj (1) x CM=0=n) » {(5 a)}. By the definition of <y, though, {(t,a) :
a€ktU{(s,0):a€kr,s<pt}h={t0)}U{(s,B):(s,8) <kt1 (¢,0)}. It follows
that

(350 x (1) 0 U i (8,0) = 1))

s<t
U U milaeo Bi0) x CHOT0) s {(s,a))
(5,0)<p+1(t,0)

Also

(B, = |J I7H(C"™ x {u})

U=gs

U U Cre® x {(ua))

U=Ss AEK

= U crwe) x {(u, )},

(uva)jk+1(510)

which implies that H1<U36F Bs) = Us.00erx {0} B(s,0)- 1t follows that the set
II-*(B(7,t,j,F)) is open in Z,, O

k+1°
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It remains to embed 7~ *1)(p) into Z,,,,. Consider first a point z = (7,t,,) €
T~*(p). Let D, be the set furnished by the statement of the lemma with the
property that for each z € T—1(x) there is some y,, € D, such that ||z|| < ||y.]|-
For each z € T-!(x) — D,, fix such a y,,. For each y € D,, pick a unique
ry € C and identify y with the point (7 ~ry, (t-,,0)) = (F "1y, 7r,,, ). Identify each
z € T7Y(x) — D, uniquely with (F~ry,_, (t-,,«)) for some a € k.
Now suppose that z; = (7;,t;) is a sequence of points from T%(p), for each
0 <17 < m, such that
(1) to =tr,,
(2) t;y1 is the immediate <-predecessor of t;,
(3> Ttip1ts (?iJrl) =Ty,
(4) the set T~'(z;) has been embedded into Z-, ,, for each i <m,
(5) for each i < m, the set D,, has been identified with a subset of C™(*9) x
{ti, 0} in ZT
We know that ||zm|| < ||@m—1||, which implies that there is an order-preserving
map o from (J;5077(m) to UjsoT7(2m-1) that, in particular, maps T~ (z,,)
to T (xpm—1). For any y € D, , then, o(y) = (7, (tm-1,a)) € T~ (zm-1). By
construction (as T, a)(t,._,,0) s the identity), (7. 1 a)(tm_1.0)(T), (tm—-1,0)) =
(7. (tn1,0)) € Denr s and [[(F, (b1, )| < 1T (b1, 0D, 50 that [yl <
||(7, (tm—1,0))||. Hence for each y € D, , we can fix some w, = (7, (tm—1,0)y) €
D, , such that ||y|| < |Jwy||. Since |D,, | < ¢, we can associate a unique
Twy € C to each y and w for which wy, = w. Given y € D, and w, =
(Ty, (tm=1,0)y) € Dy, ., identify y with the point (F, ~ruyy, (tm,0)). Now for
each z € T Y(x,,) — D,,,, fix some vy, . = (Fu, 2, (tm,0)) € D, such that
2]l < ||y, || and associate z uniquely with (7, -, (tm,)) for some o € k. This
embedding ensures that for any s <y, t € 7441 and any point (7,s) € T~*~1(p),
(75t (7),t) € T7F1(p), ||(F, s)|| < ||(7s:(F), t)||. Moreover, by construction, for any
(7,t) e Z T(7,t) = II(7,t) so that T' [p-x-1(,) is continuous as required. O

Tk4+19

k+1°

p)

Exactly the same argument can be used to prove the following lemma dealing
with N-orbits. We recall that T=%(z) = {z} and note that the index « is introduced
here purely for notational consistency in Section Bl

Lemma 4.3. LetT : X — X and let N, be an N-orbit of T with spine {zqn : 0<n}
chosen so that T=(z,,0) = 0. Let Sa00 = {ZTao} and Saor = 0 for all 0 < k,

and let
{Zan} k=0,
Sank = —k (k-1
T % @an) T * Dy, 1) 0<k,
for all 0 < n. Suppose that, for every x € N,, there is a subset D, C T1(x) such
that
(1) |Dy| < ¢ and
(2) for each z € T~Y(x), there is some Yy, € D, such that ||z|| < ||yu-]|-
Then for each m and k in N, there is a (zero-dimensional) Tychonoff Lindelof
topology Tamkx 0N Sank wWith respect to which the action of T from Su nkt1 to
Sa.n,k 8 continuous.

Proof. Note that No = U, peny Sank- Since N is an N-orbit, by Lemma B3]
|z|| < ¢t for every z € N, and, moreover, for each 0 < n, we can choose D o

Ta,n
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that it does not contain x, ,—1. We can, therefore, apply the proof of Lemma

to the restriction of T to (U0<k T‘k(xa)n)) (U0<k M@ an— 1)) = Uock San,k
with p = 24 n. O

5. COMBINING ORBITS

In this section we complete the proof of (1) of Theorem Given the con-
structions of Section dl we show that there is a Lindelof topology on X provided
T (X) = T (X)) # (. In this situation, (3) of Lemma [3.3 ensures that there
are Z-orbits or n-cycles. We prove the second statement of Theorem that there
is a zero-dimensional, Lindelof topology on X if T%(X) = @ for some a € ct,
which implies that X consists solely of N-orbits, using a modification of the proof
of Lemma

Proof of Theorem (1). By Lemma B3l (3), we know that X has some combi-
nation of Z-orbits and n-cycles. Since a free union of countably many Lindel6f
spaces is again Lindelof, we may assume, without loss of generality, that either (a)
X consists exclusively of Z-orbits and N-orbits or (b) X consists of m-cycles, for
some fixed m € N, and N-orbits. In fact it is sufficient to consider the following
four cases:

(ai) X consists entirely of Z-orbits,

(aii) X has one Z-orbit and all other orbits are N-orbits,

(bi) X consists entirely of m-cycles for some fixed m € N,

(bii) X has one m-cycle and all other orbits are N-orbits.

Case (a): Let us assume that we have chosen appropriate spines for each orbit.
Index the Z-orbits of T as {Z, : a € (} and denote the spine points of Z, by
{zan : n € Z,a0 € (} so that T(2an+1) = Za,n- Index the N-orbits of T by
{Ny : a € v} and denote the spine points of N, by {zan : 7 € N,a € v} so that
T(Tant1) = Tan and T (xg) = 0.

By Lemmas B3] and B2} for each non-spine point p € T~ !(z,.,) and for each
k > 0 there is a (zero-dimensional) Lindelsf topology T, x on T—*(p) with respect
to which the action of T' from T*~1(p) to T=*(p) is continuous. Recall that
we let T7%x) = {z} and T, = {0,{z}}. Define Sour = {xa,u} if k = 0, and
Sair =T F (@) NT~*V(x,,_1)if 0 < k. Since every x € X with ||z|| < co has
rank ||z]| < ¢*, LemmasB3land 43 imply that, for each o € v and each k and [ in N,
there is a zero-dimensional, Lindel6f topology 74 i,k on S, with respect to which
the action of T from S ; k+1 t0 Sa1k is continuous. Again T7(24,) = {z4,} and

0=1{0,{zau}}

Case (ai): X consists entirely of Z-orbits. For each a € A and n € Z, index the
non-spine points of 77 (2o n+1) — {Zan} bY {Pan.p : B € pa.nt1}- Notice that for
any n € Z, any k > 0 and any ¢ € T’(’“’l)(pa,,ﬁk”g), we have T'(Pa,n,8) = Zant+1
and zgntk = Tk(za n) =T*(q). For each o € ¢ and n € Z, let

an*UT Tk Zan))*{zozn}UU{T pan+kﬁ):0<kﬂeﬂa,n+k}-
0<k
Notice that Zo = (U, ez La,n and that, for all n € Z, T~'(Lan) = Lan—1 and
T(Lan) C Lan+tr (and Lo pt1 — T(Lg.,,) is exactly the set of points p € La,n+1
for which T*(p) = 0). Moreover, if L, = J, ¢ La,n, then X =J
Topologize X as follows:

a€e( nEZ
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(1) for each a« € (, n € Z, B € pa,n and k >0, let T~*(p,.n 5) be a clopen set
with relative topology 7, ., ;.1 so that each point p € T Yz,) —{zn_1} is
isolated;

(2) for each @ > 0 and n € Z, let basic open neighbourhoods about the point
Zq,n take the form

La;n - U{T_(k_l) (pa,nJrkﬁ) : (kv /6) € F}7

for some finite set F;
(3) for each n € Z, let basic neighbourhoods of zj ,, take the form

(Lom — U D Ponsr,) : (k. B) € F}> U JHLam:0<a€ela¢Gl

for finite sets F' and G.

Clearly every point of X has a clopen neighbourhood in this topology so that X is
zero-dimensional and Tychonoff. To see that X is Lindeldf, it is enough to note that,
for each n € Z, L,, is Lindelof. But if ¢/ is any open cover of L,, and 2y, € U € U,
then L, \ U is a subset of U,cq Lan U U{T~* Y (poninp) : (k,B) € F} for
some finite F' and G. If 2o, € U, € U for any a € G, then L, , \ U, is a subset
of {T=%* "V (pa,nirp) : (k,B) € Fo}. Hence L, — (U U, Ua) is covered by
finitely many sets of the form T7(p), all of which are clopen and Lindelsf.

Continuity of T follows directly, since the inverse image of a basic open set under
T is again a basic open set.

Case (aii): X consists of exactly one Z-orbit and N-orbits. Let the Z-orbit be Zp,
and as in case (ai) let {pon 5 : B € fta,n} denote the points of T (20 n+1) — {zom }
and let Lo, = Uy<p T_k(Tk(zo’n)). Let X have the topology generated by the
following sets: -

(1) foreach a € v, kand I in N, let S, be a clopen set with relative topology
Ttk
(2) for each n € Z, let basic open neighbourhoods of 2, take the form

(LO,n_ U {T_(k_l)(pOerk,,B) : (kaﬁ) € F})

U H{Sark:a€v, kiIeN, I—k=n, (a,l,k) ¢ G},

for finite sets F and G.

Again it is clear that this topology on X is zero-dimensional and Tychonoff.
For each n € Z, let L,, = Ly, o U {Sakx : @« € v, k,l € N, | —k = n} so that
X = U,ez Ln- Each L, is Lindeldf, since each S, is Lindeléf. Hence X is
Lindel6f. Continuity again follows from the definition of the topology.

In Case (bi), X consists solely of m-cycles for some m € N; in Case (bii), X
consists of a single m-cycle and N-orbits. In both cases the proof is identical to
that of Cases (ai) and (aii) except that the indexing number n € Z is taken modulo
m, so that, for example, 24 n = Za,ntm- O

Proof of Theorem (2). By Lemma B3 (4), X consists entirely of N-orbits. Let
{Ny : a € v} list the N-orbits and let {x ,, : 0 < n} index the spine of N, so that
T(zn) = Tps1 and T~ Y(zg) = 0. Since ||z|] < ¢F, for all x € X, B3 (1) implies
that for each # € X there is a subset D, C T~ !(z) such that |D,| < ¢ and, for
each 2 € T7!(z), there is some y, € D, such that ||z|| < |ly.||. Moreover, by
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Lemma (2), we may assume that for all « € v and all n € N, o & Dy, ;-
Now, since the cardinality of the set {||zqa,,|| : @ € v, n € N} is at most ¢, there is
a subset D C v such that

(1) |D] < ¢ and
(2) for all a € v, there is some 7 € D such that ||zq,,|| < ||zy,|| for all n € N.
As before, let Su,0,0 = {z0} and S, 0% = 0 for all 0 < k, and let

S = {Zan} k=0,
L T (xamn) NT"* V(24 1) 0<Ek,

for all 0 < n.

Let X* = XU{pn,;:1=0,1, n € N}, where p,; ¢ X foranyn € Nand i =0, L.
We shall define a map 7% : X* — X* and a topology on X™* with respect to which
T* is continuous from which we define a Lindelof topology on X with respect to
which T is continuous. For all n € N and « € v define

Pn,0 ifex = Pn,0,
Pno LT =pn,
Pn,1 ifx= LTa,ns

T(xz) ifze€Uyep Samnk-

Note that T* is a function with countably many 1-cycles, namely (Jy<,, 7% (pn,0).

T (z) =

for each n € N, each with spine point p,, o such that T*1(p,, o) = {pn.0,Pn1} and
T* Y (pn1) = {Tan : a € v}. For each non-spine point z of each 1-cycle let

o [P if po1 # 7 € X,
v {xyn:neD} ifz=p,;.

It follows that the action of T* on J,cy T *(pn,1) satisfies the conditions of
Lemma [£32] so that for each n and k in N there is a zero-dimensional Lindelof
topology T on T *(p,, 1) with respect to which the action of T* is continuous.

Now that X = U, ey U< T ¥ (pn,1) and since T*~*(p,, 1) is zero-dimensional
and Lindel6f, there is a zero-dimensional, Lindel6f 7 on X defined by declaring each
T*~*(pn1) to be clopen with relative topology 7T, k. It remains to ensure that the
action of T with respect to this topology is continuous. So let U be an open subset
of some clopen set T*~*(p,, 1). If 1 < k, then T*~1(U) = T~Y(U), so that T~(U)
is open. If k =1, then T-*(U) = T*"Y(U) U{zamn—1 : Tan € U}, which is open
provided {Z4.n—1: Tan € U} is open in T* 7 (p,—1,1). But this is easily arranged.
Associate T*7!(po 1) with a subset of Z,, as in the proof of Lemma2 so that x4 o
is identified with the point (r4,ts) € Z7,. By the choice of the set D, for all « € v
there is 7 € D such that ||zq,|| < ||2y,x]|], for all n € N. Since T'(2q.n) = Ta,nt1 for
ala€vandneN, Dy . =T(D,,,). Therefore, we can embed each T* 1(pn1)
as a subspace of the space Z,, simply by identifying x, , with the point (74,%a).
The construction of Lemma, is unaffected and we are done, as, for each n € N,
T is a homeomorphism from {z,  : @ € v} to {zant1: a € V}. O

Proof of Corollary [[77. For (1), if T is a surjection, then (1) of Theorem obvi-
ously holds. For (2) and (3), if T is an injection, then certainly it is < c¢-to-1, and
if it is < c-to-one, then, for each x € X either ||z|| = oo or ||z]| < ¢, so that either
(1) or (2) of Theorem holds. For (4), if T'is < c¢-to-one, then, for each z € X,
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either ||z|| = oo or ||z|| < ¢F, which implies that T7¢ (X) = T¢ T1(X). Since T
has at least one orbit that is not an N-orbit, T¢" (X) # (), and we can apply (1) of

Theorem O
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