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Abstract

This thesis deals with an investigation of the chaotic dynamics of an atom-

optics δ−kicked rotor (AOKR) system, a paradigm of classical and quantum

chaos. The AOKR rotor is realized by subjecting a Bose-Einstein condensate

(BEC) of 87Rb atoms to a periodic potential. The potential in the form of a

standing wave, obtained from a far detuned laser beam is turned on and off

periodically in time, producing short pulses (kicks) of laser light. For certain

values of the period between the kicks, resonant effects known as quantum

resonances are observed that are purely quantum effects.

Quantum resonances have been examined in the AOKR for a series of kicks.

For large number of kicks, the width of these resonances have been shown to

become narrow. Higher order resonances corresponding to fractional Talbot

times have been observed in the system.

These quantum resonant effects have been found to depend sensitively on

the initial velocity of the atoms. The first three primary resonances have been

studied in detail, by measuring the momentum distribution and the kinetic

energy of the atoms, for two and four kicks. A sinusoidal dependence of the

energy on the initial momentum has been observed for two kicks. By increasing

the number of kicks, the system becomes extremely sensitive to the initial

momentum of the atoms. For four kicks, a more complex behavior is observed

in the system energy.
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ii 0. Abstract

A scheme for investigating Loschmidt time reversal of chaotic dynamics

of the atomic deBroglie waves have been described in the AOKR system. It

has been demonstrated that the initial wave function of an ensemble of ultra-

cold atoms is restored, after a series of delta-kicks in what is essentially a

multiple beam interferometry experiment. During the process, the evolution

of the system for a fraction of the atoms with a very small initial momentum

is reversed, which results in a narrowing of the momentum distribution.

It is hoped that the research presented in this thesis will significantly con-

tribute to the understanding of the connection between the classical and quan-

tum worlds.
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Chapter 1

Overview

1.1 Quantum chaos and the delta-kicked rotor

In classical dynamics, small perturbations in the initial conditions of a sys-

tem may grow exponentially with time and produce large ones in the final

states. This makes the motion practically unpredictable, and the phenomenon

is known as classical chaos [1–4]. On the other hand, the investigation of

the behavior of quantum systems, the classical limit of which are chaotic,

has brought up a new discipline in physics, which is now known as “quantum

chaos” [5–8]. The unknown connection between classical and quantum chaos

has forced people to develop models that can describe chaotic systems. The

past few decades have seen a tremendous growth in studies of quantum sys-

tems whose classical counterparts are chaotic. The pioneering work by Giulio

Casati and co-workers predicted that a quantum particle shows diffusion fol-

lowing the classical evolution, up to a certain time known as the quantum

break time [9–12]. The diffusion stops due to quantum interference, beyond

the quantum break time, leading to dynamical localization [5, 6], which is

1



2 1. Overview

analogous to Anderson localization in solid state physics [13].

The kicked rotor is one of the simplest models that is useful to understand

classical and quantum chaos. The classical model of the kicked rotor is a simple

pendulum that is kicked periodically by an external force. The dynamics of the

pendulum that exhibit chaos can be described by the Hamiltonian mechanics.

The quantum analogue of the classical kicked rotor is obtained by a cloud of

ultracold atoms interacting with a pulsed standing wave of laser light and is

known as the atom optics δ−kicked rotor (AOKR). The atom optics realization

of the kicked rotor was first demonstrated by Raizen group [5] in 1995, and

has been extensively studied, both theoretically and experimentally in [14–20]

and [21–31] and the references therein. An interesting study in these systems

is the investigation of the phenomena of quantum resonances [32], which are

well known quantum effects that occur for specific initial conditions and certain

values of the kicking period.

Recently, kicked rotor experiments [33] and theory have turned to using

cold atoms originating from a Bose-Einstein Condensate (BEC). The atoms in

the BEC (discussed below) are orders of magnitude colder, less than the heat

input of a single photon. Cold atoms in the optical potentials provide an ideal

environment to explore quantum dynamics [5, 34–36]. Higher order quantum

resonances have been observed in kicked rotor experiments with cold atoms

[37]. These resonances have been found to depend sensitively on the initial

momentum of the atoms. Furthermore, a range of experiments have exploited

ratchets (systems that describe the possibility of obtaining directed transport

of particles in the absence of a net bias force) [38, 39]. Most recently, the

dependence of the driven quantum ratchets operation on the initial momentum

has been examined [40, 41].

Similarly, studies in kicked rotor systems have been extended to explore the

time reversibility of chaotic dynamics. The quantum reversibility of systems

has been studied extensively in recent years. Not long ago, an experimental

proposal of the effective time reversal of the atomic matter waves was published

by Martin et al. [17]. Similarly, a time reversal technique has also been



1.2 Bose-Einstein condensate 3

recently proposed to reverse the dynamics of cold bosonic atoms in the optical

lattice, in the regime described by the Bose Hubbard Model [42]. The time

reversibility of the dynamics of quantum systems has already been realized

experimentally in spin echo technique [43] in acoustic waves by means of

atomic time reversal mirror [44, 45] and electromagnetic waves [46, 47].

This thesis deals with a review of our work on the dynamics of ultracold

atoms (BEC) that are exposed to one dimensional periodic standing waves of

light in an AOKR system. The potential is turned on and off periodically in

time producing short pulses of light or kicks. The dynamics of the system

are examined by measuring the momentum distribution of the atoms and the

kinetic energy after they are exposed to periodic potentials. The momentum

distribution of the atoms and the kinetic energy after the kick sequence is

measured by absorption imaging in time of flight method. The energy is inves-

tigated as a function of pulse period for a series of kicks. Quantum resonant

effects are discussed and measurements of the effect of the initial momentum

on quantum resonances in the system are presented. The phenomenon of time

reversibility of chaotic dynamics of the atomic deBroglie waves in an AOKR

system is also investigated based on the proposal in [17]. The main results

regarding these studies are published in [30, 31], and are presented in detail

with many other related results in this thesis.

1.2 Bose-Einstein condensate

At the microscopic quantum level, matter is composed of either Fermions or

Bosons. Fermions, that obey Pauli’s exclusion principle, are particles with

half integer spin (such as electrons, protons, neutrons and atoms having odd

number of neutrons). According to the principle, no two fermions can occupy

the same quantum state. Bosons on the other hand, are particles with integer

spin (such as photons, mesons and atoms with even number of neutrons) do

not obey the Pauli Exclusion principle. These type of atoms have a very

strong social behaviour and are allowed to share quantum states with each
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other. In 1924, S. N. Bose, an Indian physicist, wrote a paper [48] about

photon statistics and the Planck distribution. Albert Einstein, a well known

physicist, who got very impressed with Bose’s ideas at that time later extended

Bose’s ideas and published his own articles on the topic [49, 50]. The exchange

of ideas between Bose and Einstein led to the development of Bose-Einstein

statistics. According to Einstein, a gas of non interacting bosonic atoms can

develop a macroscopic population in the quantum mechanical lowest energy

state, below a certain temperature [51].

According to Louis deBroglie, material particles can be described with

waves associated with them, called the deBroglie waves. It is this waviness

of the particles or atoms that is at the heart of quantum mechanics. At or-

dinary temperature, the atoms in a gas move with very high velocities, their

wavelengths are separated by large distances, and their energy levels are almost

continuous. At a lower temperature, these deBroglie waves become important.

At a much lower temperature, the deBroglie wavelengths (λdb = h/p) associ-

ated with each individual atom become larger than their mean spacing, and

for a dense gas they start to overlap with one another. For a gas consisting of

single species such as bosons, after a critical temperature Tc the wavelengths

constructively interfere with each other and form a single massive wave. All

the atoms fill the lowest energy state of the system, which can be represented

by a single quantum mechanical wave function having a single phase. This

occupation of the lowest quantum mechanical state by the atoms and the for-

mation of a new form of matter is named after the work of Bose and Einstein

as Bose-Einstein Condensate (BEC).

For particles with integer spin (Bosons), condensation is expected in the

ground state of the box confining the particles when the phase space density

satisfy the criterion [52]

nλ3db ≥ 2.612, (1.1)

and is generally known as the BEC criterion. In equilibrium for non interacting

bosons, the mean occupation number of the single-particle state is given by
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the Bose distribution function [53]

f(εν) =
1

eβ(εν−µ) − 1
, (1.2)

where β = 1/kBT , kB is the Boltzmann constant, εν is the energy of the single-

particle state, and µ is the chemical potential. For a 3D harmonic potential, the

critical temperature below which the atoms accumulate in the lowest energy

state is given by [53]

Tc =

(
N

1.202

)1/3
h̄ω̄

kB
, (1.3)

where ω̄ = (ωxωyωz)
1/3 is the corresponding average frequencies of the har-

monic trap.

The experimental demonstration of BEC was performed in a series of re-

markable experiments on Alkali atoms in the year 1995. The first BEC of

Rubidium (87Rb) atoms was produced in the group of Eric Cornell and Carl

Weiman [51], followed by Sodium (23Na) BEC at MIT by Ketterle’s group

[54]. The atoms were confined in magnetic traps and were cooled by laser

cooling techniques and evaporative cooling. The atoms were imaged by the

time of flight method, in which the atoms were left to expand for some time by

switching off the trapping potential. A sharp peak in the velocity distribution

of the atoms was observed, below a certain temperature known as the critical

temperature, showing a clear evidence of the occurrence of BEC. A couple of

weeks later in the same year, after the discovery of BEC in Rb and Na, a group

at Rice led by R. Hulet observed the appearance of BEC of Lithium (7Li) [55].

After the discovery of BEC in 1995, the field has grown explosively, and many

research groups around the world have achieved such condensates.

The BEC as described is a collection of ultracold atoms, all sharing the

same quantum state. One property is that the BEC has a very narrow velocity

spread. This provides an opportunity to perform precise investigations of the

kicked rotor, a paradigmatic system in the study of classical and quantum

chaos [16, 20, 30, 31]. BEC has therefore been used as a source of atoms

in the AOKR experiments to explore quantum dynamics of systems whose
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classical counterparts are chaotic. The BEC in the laboratory is made of 87Rb

atoms in the all-optical setup.

1.3 The atomic structure of 87Rb

The spectral lines that generally results from the interaction of light with mat-

ter are of particular importance in atomic physics. Alkali atoms play a central

role in experimental atomic physics and have been used by many research

groups for the realization of BECs, atomic clocks and precision measurements.

These metals are soft having low density with low melting and boiling points

and all have one electron in their valence or outermost shell. Because of the

simple hydrogen like atomic structure and the optical transitions that are eas-

ily accessible, these atoms provide relatively easy manipulation and probing

using cheap laser light sources.

In this work, Rubidium (Rb), a boson that naturally occurs as 85Rb (∼

72.2%) and 87Rb (∼ 27.8%) is of particular interest. Like other alkali atoms,

the transition spectrum of 87Rb is easily accessible with cheap commercial

and home-built tunable diode lasers. Also the positive scattering length and

strong magnetic moment of 87Rb are favourable for laser trapping, which makes

it an ideal candidate to form a BEC. The scattering length is a quantity that

describes the nature of low energy collisions between the atoms at very low

temperatures. When the scattering length is positive, the atoms will repel each

other. On the other hand, atoms will attract each other if the scattering length

is negative [58, 59]. Because of the negative scattering length, 85Rb atoms

attract each other and the condensate of measurable size is unstable . For small

number of atoms, the tendency of atoms to stick together is balanced by the

“zero-point” kinetic energy associated with these atoms due to the uncertainty

principle. For large number of atoms, however, the attractive force dominates

the zero-point energy and the condensate collapses. 87Rb atoms, on the other

hand, because of the positive scattering length, repel each other and their

condensates do not suffer from the problem of instability [58].
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Fig. 1.1: (color online) Level scheme (not to scale) for the D2 transition and hyperfine
structure for 87Rb (shown as red) and 85Rb (green lines). The corresponding cooling and
repumping transitions are indicated. During the cooling process, there is a probability that
the atoms spontaneously decay to the F = 1 hyperfine ground state instead of F = 2. The
atoms will not absorb any more photons from the laser, and there will be no further cooling.
A repump laser is therefore used to optically pump the atoms back to the F = 2 state. The
data presented is based on the results in [56] and [57] and the references therein.
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The electronic configuration for 87Rb with atomic number 37 is written as

(1s)2(2s)2(2p)6(3s)2(3p)6(3d)10(4s)2(4p)6(5s)1,

and has therefore one valence electron in the outer shell. Each energy level

in the atom is associated with an orbital angular momentum L. The total

angular momentum J of the electron can be defined in terms of the orbital

angular momentum L and the spin angular momentum S of the electron i.e.

J = L+ S. (1.4)

Therefore, the corresponding quantum number J of the electron takes integer

or half integer values in the range J − S ≤ J ≤ J + S. For the ground state

of 87Rb, L = 0 with S = 1/2, and hence J = 1/2. For the first excited state

L = 1, and therefore J = 1/2 or J = 3/2. The quantity J that results because

of the spin-orbit coupling, represents the shifting of any particular energy

level. The L = 0 −→ L = 1 known as D-line transition therefore splits into

two components. For a complete description about the D-line data of 87Rb,

see [56] and the references therein. The two transition are (52S1/2 −→ 52P1/2),

known as D1 line and the (52S1/2 −→ 52P3/2) transition, known as D2 line.

The cycling transition of D2 line can be used for laser cooling. This type

of splitting, that results because of the spin orbit coupling, is known as the

Fine structure. Common spectroscopic notation has been used for a particular

energy state as n2S+1LJ , where n is the principal quantum number of the outer

electron. There is another splitting, which results from the interaction between

J and the total nuclear angular momentum I i.e.

F = J + I. (1.5)

This is known as Hyperfine splitting, where F can take values in the range

J − I ≤ F ≤ J + I and I = 3/2. For the ground state of 87Rb, J = 1/2 and

I = 3/2, so F = 1 or F = 2. For the D1 excited state (52P1/2), F is either 1 or
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2, while for the D2 excited state (52P3/2), F can take values 0, 1, 2 or 3. The

energy level scheme for 87Rb and 85Rb is shown in Fig. 1.1.

1.4 Thesis outline

This thesis consists of chapters that describe the background theory and the

experimental setup of the atom optics kicked rotor system. It describes the

work on kicked rotor experiments and the results of our investigations.

Chapter 2 deals with an introduction to the mechanical effect of light on

atoms, laser cooling and trapping techniques and evaporative cooling.

Chapter 3 describes the experimental setup used to achieve BEC and the

quantum kicked rotor system. It contains diagrams of various parts of the

experiment and the procedure of how they work.

Chapter 4 serves as an introduction to the classical kicked rotor system,

its chaotic nature and the resulting momentum diffusion rates. This chapter

also describes the quantum analogue of the classical kicked rotor known as

the quantum kicked rotor and its properties. The phenomenon of quantum

resonances and the momentum transport in the quantum kicked rotor are

discussed as important concepts to understand in rest of the thesis.

Chapter 5 describes the atom optics implementation of the quantum kicked

rotor system and its experimental realization. The chapter also discusses the

Talbot effect and its quantum analogue, the atom optics Talbot effect. A

procedure of how we simulate the experiment in general is discussed.

Chapter 6 presents the results of the investigation of quantum resonances

in the AOKR system. These resonances are first examined by considering

the atoms in a standing wave potential. These studies are then extended by

considering the atoms interacting with a moving standing wave. The effect

of the initial momentum on quantum resonances in the AOKR is discussed,

and the work is related to the theoretical research presented in [15]. These

experiments were performed in collaboration with Jean-Anne Currivan.

Chapter 7 describes the Loschmidt time reversal of atomic deBroglie waves
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and its experimental realization. Modeling of the experiment is described based

on the theory presented in [17], and results are discussed in detail.

Finally, Chapter 8 summarizes the results presented in the thesis.



Chapter 2

Laser Cooling and Trapping of Atoms

This chapter review some of the key concepts of the mechanical effects of light

on atoms that are important in describing the physics of laser cooling and

trapping. The physics of laser cooling and trapping is already well described

in many books and reviews, some of which are [53, 60–64]. Laser light has

been used over decades as the best tool to manipulate atoms and molecules,

and to control their internal and external degrees of freedom. The internal

degrees of freedom involves electronic configuration or the spin polarization in

the center of mass system, while the external degrees of freedom for atoms can

be considered as their position and momentum [65].

In the first place, the chapter starts with a discussion of the interaction of

light with atoms in the context of scattering and the dipole force . The chapter

then proceeds to a discussion about laser cooling and trapping techniques.

Finally, it describe evaporative cooling that plays a key role in the production

of BEC.

11



12 2. Laser Cooling and Trapping of Atoms

Fig. 2.1: A cartoon picture of a two level atom describing the radiation pressure force.
The atom in the ground state absorbs a photon h̄k and gets excited. The atom comes to
the ground state again by spontaneously emitting a photon of the same momentum. The
spontaneous emission of the photon is in random direction.

2.1 Light matter interaction

The absorption of a photon by an atom is always accompanied by the transfer

of energy and momentum of the photon to the atom. During the process, the

atom experiences a force called the radiation pressure force or the radiative

force, which consists of the scattering force and the dipole force. These forces

are at the heart of laser cooling and trapping of atoms.

The scattering force or the radiation pressure force results from the spon-

taneous scattering of the photons at an atomic resonance. This type of force

is dissipative and has been used in optical cooling techniques [66, 67].

Consider the interaction of a photon of momentum h̄k, where k = 2π/λ is

the wave vector of the photon, with an atom of mass m in a light field as shown

in Fig. 2.1. In the scattering process, the photon transfers its momentum to the

atom, as a result of which the atomic momentum changes by the same amount

and gets a kick. The atom then spontaneously emits a photon in some random

direction. During several absorption/emission cycles of the photon, the net

momentum change from spontaneous emission is canceled for each cycle and

the atom experiences a kick only in the direction of the beam. The average

momentum transfer over many spontaneous emissions is negligible because of

the symmetric distribution of its direction. In real situation, the atoms are
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moving in all directions and the effect of the scattering force is different for

atoms moving in different directions. The spontaneous force experienced by

the atom as described in [62] is given by

Fspt = h̄kRscat, (2.1)

where Rscat is the average scattering rate of the photons by the atom and is

given by

Rscat = Γρee =
Γ

2

(
s

1 + s

)
. (2.2)

The parameter Γ = 1/τ is the spontaneous decay rate, s is the saturation

parameter and ρee is the steady state population fraction in the upper level.

Therefore we can write the spontaneous force as

Fspt = h̄kΓρee = h̄k
Γ

2

(
s

1 + s

)
. (2.3)

The saturation parameter s is defined as

s =
Ω2/2

δ2 + Γ2/4
=

s0
1 + (2δ/Γ)2

, (2.4)

where Ω is the Rabi frequency of oscillation between the excited state and the

ground state and δ is the detuning of the laser beam from resonance. The

Rabi frequency can be expressed in terms of the intensity of the laser beam as

s0 = I/Isat = 2Ω2/Γ2, (2.5)

where Isat is the saturation intensity of the laser beam and is given by Isat =

πhc/3λ3τ . The force resulting from absorption followed by spontaneous emis-

sion is therefore

Fspt = h̄k
Γ

2

s0
1 + s0 + (2δ/Γ)2

, (2.6)

which saturates at large intensity. The force is limited by the rate at which

spontaneous emission can occur, and saturates to a maximum value of h̄kΓ/2,

as ρee has a maximum value of 1/2 for s≫ 1 [61, 62].
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2.2 The dipole force

The dipole force is a conservative spatially varying force, which results from

the interaction of light with the atomic dipole that is induced by the light field

[68]. By taking the atom as an oscillator subject to classical radiation field, as

described in [69], the induced atomic dipole moment oscillates at the driving

frequency ω of the light field E(r, t). The amplitude of the dipole moment

can be related to the field amplitude by d̃ = αẼ, where α is the complex

polarizability. The interaction potential of the induced dipole moment in the

driving field is

Vdip = −1

2
⟨d.E⟩ = − 1

2ϵ0c
Re(α)I, (2.7)

where I = 2ϵ0c|Ẽ|2 is the field intensity. The real part of the polarizability

describes the in-phase component of the dipole oscillation that is responsible

for the dispersive properties of the interaction. The imaginary part of the

polarizability describes the out of phase component of the dipole oscillation,

and is responsible for absorption. The gradient of the interaction potential

results in a force known as the dipole force,

Fdip = −∇Vdip =
1

2ϵ0c
Re(α)∇I. (2.8)

Using the Lorentz model, the atomic polarizability can be expressed in terms

of driving frequency ω and resonance frequency ω0 [69]

α = 6πϵ0c
3 Γ/ω2

0

ω2
0 − ω2 − i(ω2/ω2

0)
3/Γ

. (2.9)

Atomic polarizability can also be calculated by considering the atom as a two-

level system interacting with the classical radiation field. This scheme gives

the same result, if the saturation effects can be neglected. The damping rate

can be expressed in terms of the dipole matrix elements as

Γ =
ω3
0

3πϵ0h̄c3
| ⟨e|µ|g⟩ |2. (2.10)
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In the case of far-detuned laser beams, the saturation is very low and the

definition can therefore also be used as a good approximation for the quan-

tum mechanical oscillator. In general, the interaction potential or the dipole

potential and the scattering rate can be written as

Vdip =
3πc2

2ω3
o

Γ

∆
I. (2.11)

The potential can be either attractive or repulsive, depending upon the de-

tuning of the laser beam. For red detuned (∆ < 0) laser beam, the dipole

potential is negative and the atoms are therefore attracted into the light field.

In the case of blue dtuning (∆ > 0), the atoms are pushed out of the field. The

scattering rate for an optical trap varies as I/∆2, whereas the dipole potential

scales as I/∆. This means that working at large detunings and high intensi-

ties, the scattering rate can be made very low and the spontaneous emission

rate can be reduced.

2.3 Doppler cooling

The idea of Doppler cooling scheme was first proposed independently by Hän-

sch and Schawlow as well as Wineland and Dehmelt in 1975 [67, 70]. Consider

the one dimensional motion of an atom in counter propagating laser beams of

the same frequency ωL, detuned to the red of the atomic frequency ωA i.e.,

(ωL < ωA). The two radiation pressure forces balance each other and the net

force is zero for an atom at rest. However, for a moving atom the situation

is different, where the frequencies of the two laser beams are shifted because

of the Doppler effect. An atom moving in the direction opposite to one of the

beams will, because of the Doppler shift, see that beam shifted closer to its

resonance frequency. Similarly, the atom sees the other laser beam, propagat-

ing in the same direction as its velocity, shifted further away from resonance.

The atom absorbs more photons from the laser beam propagating opposite to

its velocity and thus slows down [61]. In a low intensity light field, the net

force on the atom in 1-D is obtained by adding the two forces as
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Fig. 2.2: When saturation for atomic transition is weak, the velocity dependence of damping
forces for 1−D optical molasses have Lorentzian form (as shown as F+ and F−). The total
average force is a curve of dispersive character shown as central curve Ftot. Other parameters
are s0 = .1 and δ = −Γ. The straight line close to v = 0, shows the damping force [62].

F⃗ = F⃗+ + F⃗−, (2.12)

where F⃗± are the forces from the individual laser beams

F⃗± = ± h̄k⃗Γ
2

s0
1 + s0 + [2(δ ± |ωD|)/Γ]2

. (2.13)

For sufficiently slow atoms, i.e., close to v=0, the sum of the two forces is given

by

F⃗ ∼=
8h̄k2δs0v⃗

Γ(1 + s0 + (2δ/Γ)2)2
,

∼= −βv⃗, (2.14)

and is plotted in Fig. 2.2, where higher order terms are neglected. For δ <

0, the force described opposes the atomic velocity, and therefore damps the

atomic motion. The atomic velocity can be slowed down by using three counter

propagating laser beams in a very short time, because of the Doppler effect.

The corresponding light field acts as a viscous medium on atomic motion, the

so-called optical molasses [71].

In ideal situation, where there is no other influence on the atomic motion,

all the atoms would quickly decelerate to zero velocity. However, in the real

case, there is some heating caused by the light beams that must be considered.
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This heating is caused by the fluctuations due to randomness of spontaneous

emission. The photons that are spontaneously emitted in random directions

at random times, supply the atom a random kick of magnitude h̄k and causes

momentum diffusion [72]. The rate at which the mean-square momentum of

the atom increases linearly with the number of scattering events is given by

[61]
d

dt
⟨p2⟩ = 2Rh̄2k2, (2.15)

where the factor of 2 is because of the two steps per scattering, and R is the

scattering rate. The momentum diffusion coefficient is defined as

d

dt
⟨p2⟩ = 2Dp, (2.16)

so that the rate of increase in kinetic energy is Dp/m, the heating rate. The

damping force that causes the cooling effect decreases the kinetic energy as

−βv2, the cooling rate. From the damping rate v̇/v = −β/m, the cooling rate

can be derived as [73]

(
dK.E

dt

)
cooling

=
m

2

d

dt
v2

= mv
dv

dt

= mv

(
−βv
m

)
= −βv2. (2.17)

The equilibrium is obtained if we set the sum of heating rate and the cooling

rate equal to zero, i.e.,

Dp/β = m⟨v2⟩ = kBT. (2.18)

In the above equation v2 is replaced by its mean value and the equipartition

theorem is used to identify kBT/2 as the mean kinetic energy m⟨v2⟩/2 [61].

Using equations (2.14) and (2.16) and the total scattering rate from the two

laser beams, for low intensity and small velocity we get the Doppler tempera-
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ture as

kBT =
h̄Γ

4

1 + (2δ/Γ)2

2δ/Γ
. (2.19)

The minimal temperature is obtained for a detuning of δ = −Γ/2 and is given

by [74, 75]

kBTD =
h̄Γ

2
, (2.20)

known as the Doppler limit TD. For 87Rb the Doppler limit is 146 µK.

2.4 Sub Doppler cooling

In 1988, in a careful experiment by Phillips’s group [76], temperature much

colder than the Doppler cooling limit was observed in optical molasses. Based

on these findings, new cooling mechanisms were introduced, and the expla-

nation of sub-Doppler temperatures soon came in the form of multilevel laser

cooling. These ideas were subsequently explained in [63, 77]. The key elements

of the new cooling theory were optical pumping among the magnetic sublevels

of the electronic ground level and the differential light shifts of the sublevels

[61].

Consider two counter propagating waves, having the same frequency and

intensity, and orthogonal linear polarization propagating along the z-axis. As

the phase shift varies linearly along z for the two waves, the polarization of the

total field varies from σ+ to σ− and vice-versa for every quarter of a wavelength.

The polarization is linear or elliptical in between the two. Consider the simple

example of the atomic transition Jg = 1/2 ↔ Je = 3/2, where the angular

momentum of the atomic ground state Jg = 1/2, has two Zeeman sublevels

mg = +1/2 and mg = −1/2. The absorption of a photon from a laser beam

by the atom is followed by spontaneous emission. This gives rise to transfer of

the atom from one Zeeman level to the other using optical pumping.

The steady state population distribution of the atoms over the Zeeman

substates is determined by the local light polarization and by the Clebsch-

Gordan coefficients (Cge) for the particular transition concerned. The Cge

coefficients originate from the addition of angular momenta, and determines
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Fig. 2.3: The atomic level scheme and square of the Clebsch-Gordan coefficients for the
Jg = 1/2 ↔ Je = 3/2 transition. The diagram is based on the model presented in [63].

the relative coupling strengths of the various mg ↔ me transitions. The Cge

coefficients for the various transition mg ↔ me are shown in Fig. 2.3. The

light shift is different for different magnetic sublevels, as Cge depends on the

magnetic quantum numbers and the polarization of the light field. For a laser

detuning below resonance δ < 0, the light shift for the ground state is negative,

whereas for δ > 0 the light shift is positive. In case of σ+ the light shift for the

mg = 1/2 is three times larger than that of the mg = −1/2 magnetic substate.

For σ− light on the other hand, the shift for the mg = −1/2 is three times

larger. A detailed description of the level scheme presented here is provided in

[63] and [62]. In terms of polarization, σ+ polarization transfers the atom from

mg = −1/2 to mg = +1/2, whereas the σ− polarization transfers the atom

from mg = +1/2 to the mg = −1/2 ground state. The atom moving through

the light field having spatially varying polarization experiences a changing

potential. Let us consider the atom is moving to the right as shown in Fig. 2.4,

and is at a position where the polarization is σ−, in the mg = −1/2 state. The

atom has to climb a potential hill, before it absorbs a photon and reaches the

top of the hill. The atom is then optically pumped to the mg = +1/2 state,

where it finds itself in a valley of potential, where the polarization is σ+. The

atom then starts to climb another hill on the way towards z = λ/2 where the

light is σ− polarized, and is pumped again to the mg = −1/2 sublevel. This

process repeats and the kinetic energy of the atom gets lower and lower as the
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Fig. 2.4: Sisyphus cooling model of the atom: (a) Two counterpropagating laser beams with
orthogonal linear polarizations. The polarization of the resulting electric field changes every
λ/4 from σ+ to σ− and vice versa. In between, the polarization is linear or elliptical. (b)
Light shifts of the mg = ±1/2 magnetic sublevels as a function of position. Because of the
spatially varying polarization of the light field, the atom finds itself climbing potential hills
all the time loosing energy. The diagram is adapted from [63].
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potential energy is radiated away during each step, and it becomes hard for

the atoms to climb another hill.

The process is very similar to a Greek myth, where Sisyphus was asked

to roll a heavy stone up the hill. The atoms seem to be climbing hills all

the time and losing energy. During the process of climbing potential hills,

the kinetic energy is converted into potential energy. The potential energy is

radiated away to the radiation field as the spontaneous emission is at a higher

frequency than the absorption and cooling of the atom starts [78]. In analogy

to the Greek myth about Sisyphus, the polarization gradient cooling is also

known as “Sisyphus cooling”.

The damping force in the polarization-gradient scheme is in some ways

different from the damping force in classical molasses. The most important

feature of the new force is that at low intensity the damping coefficient is inde-

pendent of the laser intensity and proportional to the detuning. The heating

rate, on the other hand is proportional to the intensity, as in classical molasses

and independent of detuning [79].

In Sisyphus cooling, the total energy E of the atom decreases by an amount

of the order of U0 after each Sisyphus cycle. This process continues until E

becomes smaller than U0 and the atom gets trapped in the potential. The

quantity U0 represents the depth of the potential wells in Fig. 2.4. The tem-

perature in Sisyphus cooling can be related to U0 by kBT ≃ U0. The light shift

U0 ∝ h̄Ω2/δ is much smaller than h̄Γ at low intensity, which explains that in

Sisyphus cooling, temperatures much lower than those achieved with Doppler

cooling, can be reached [65, 80]. However, the intensity cannot be reduced to

an arbitrarily low value. The recoil due to spontaneous emission of the photon,

which increases the kinetic energy of the atom by an amount

Erec =
h̄2k2

2m
, (2.21)

where, Erec is the recoil energy imparted to an atom when it absorbs a photon

of momentum h̄k [53]. The heating due to recoil dominates the cooling due to

sisyphus cooling, when U0 becomes smaller than or of the order of Erec, and the
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cooling no longer works. The lowest temperature, that can be achieved with

such a scheme is of the order of few Erec/kB. As the random recoil imparted to

the atom by spontaneous emission cannot be controlled, the atomic momentum

spread δp cannot be reduced below a certain value which corresponds to the

momentum of the photon h̄k. This condition δp = h̄k, is known as the “single

photon recoil limit”. In laser cooling an effective temperature in terms of

the half width δp of the momentum distribution of the atom is written as

kBT/2 = δ2p/2m [65, 80]. This leads to a definition of the lowest attainable

temperature known as the “recoil limit”

1

2
kBT = Erec =

h̄2k2

2m
. (2.22)

The minimum temperature that can be achieved is of the order of few hundred

nK for Alkali atoms, and is several orders of magnitude below the lowest

temperature achievable using the Doppler mechanism [53]. Various schemes

such as velocity selective coherence population trapping (VSCPT) [81, 82]

and Raman cooling [83, 84] have been introduced to achieve a temperature

lower than the recoil limit. The general idea of these schemes is to accumulate

atoms into states that are very weakly coupled to the laser light. For a detailed

description of these schemes, see [63] and the references therein. As the laser

cooling schemes discussed so far only operate in velocity space, magneto-optical

traps (MOT) have been developed to localize the atoms in position space as

well. The MOT uses the combine effect of cooling and trapping techniques

where a large number of laser cooled atoms can be trapped in the presence of

ultra-high vacuum.

2.5 Magneto-optical trap

As the name suggests, magneto-optical trap (MOT) uses the combined effect

of circularly polarized red-detuned laser beams and a magnetic field to cool

and trap neutral atoms. A quadrupole magnetic field can be produced by a

pair of anti-Helmholtz coils, and the field varies linearly with position. The
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Fig. 2.5: The dependence of the zeeman shift on the energy levels of an atom, in the
presence of a magnetic field, in a MOT. The circularly polarized σ+ and σ− laser beams
induce transitions between the ground state mg = 0 and the excited states mg = ±1. The
model is adapted from [61].

anti-Helmholtz configuration provides a zero magnetic field at the center of

the trap. The principal idea behind the working of a MOT is the Zeeman

shift of the energy levels of atoms in the presence of a magnetic field. In

order to understand the mechanism of a MOT, we consider the simple 1D

model as shown in Fig. 2.5. The atomic ground state is assumed to have

an angular momentum of l = 0 and the excited state to have an angular

momentum of l = 1. In the presence of a magnetic field, the excited state

splits into three components me = 0,±1 because of the Zeeman effect. An

inhomogeneous magnetic field produces a spatial variation in the atomic energy

levels as shown by dotted and dashed-dotted lines. The circularly polarized

laser beams, having polarizations of σ+ and σ−, are slightly detuned from

resonance i.e., (δ < 0). As shown in Fig. 2.5, the σ− laser beam propagating

in the negative direction drives the mg = 0 → me = −1 transition, due to the

selection rules. Similarly, the σ+ beam propagating in the positive direction

drives the mg = 0 → me = +1 transition. Therefore, the atom displaced in
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Fig. 2.6: A sketch of the magneto-optical trap (MOT) in 3D. The MOT is formed by the
combination of three pairs of counter propagating laser beams and a pair of anti-Helmholtz
coils. The two beams in each pair have opposite circular polarizations. A quadrupole field
is produced by the coils with currents of opposite sense.

the positive direction will experience a Zeeman shift that brings the me = −1

state into resonance with the laser frequency. On the right side of position

z, as the me = −1 state is closer to resonance, the atom will absorb more

σ− photons than σ+ photons. The atom eventually is pushed towards the

center of the MOT, where the magnetic field is zero. Similarly, on the left

side, me = +1 state is close to the laser frequency and the atom will absorb

more σ+ photons than σ− photons. The atom is again pushed towards the

center of the MOT. The force on the atom is position dependent, and the

atom is always pushed towards the center where the magnetic field is zero.

The simple 1D model discussed so far can easily be extended to 3D by using

six laser beams instead of two. The MOT, that exploits the position dependent

Zeeman shift of the electronic levels of the atoms moving in a magnetic field,

was first experimentally demonstrated in 1987 [85].
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Fig. 2.7: A cross section of the dipole trap intensity distribution.

2.6 The optical dipole trap

The principle behind the optical trapping of atoms is the interaction of the in-

duced atomic dipole moment with the electric field of the laser. As described

earlier, the sign of the dipole force depends on the detuning of the laser fre-

quency from the atomic transition frequency. When the frequency of the laser

beam is tuned to the red of an atomic resonance, the dipole force is attractive

that pulls the atoms towards the intensity maxima of the field. When the

frequency is tuned above the atomic resonance frequency, the dipole force is

repulsive, and the atom is pushed away from the intensity maxima of the field.

The dipole force is zero, when the frequency of the laser beam is at resonance

with the atomic resonance frequency.

If the frequency of the laser beam is far below the atomic resonance of

the ground state atoms, then the atoms sees the field as quasi electro static

(QUEST). The QUEST has advantages over other traps in many ways. In

this type of trap, the photon scattering rate is very much less. Also, the static

electric polarizability is positive for an atomic ground state, hence multiple

atomic species and ions could be trapped at the local field maximum [86].

In an optical dipole trap, the BEC can be produced in the focus of an in-

tense infrared laser beam. The optical trap captures atoms in all the magnetic
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substates, unlike the magnetic trap that traps atoms only in the weak-field

seeking state. Evaporation by transferring the atoms to an untrapped state,

therefore, cannot be performed in the optical traps. A good way to perform

evaporative cooling in optical traps can be obtained by lowering the trap po-

tential in a controlled way. This can be achieved by reducing the trap laser

power, which allows the hotter atoms to escape the potential. The first BEC

using optical dipole trap was reported by Barrett et al. [87], and has been

reported by many other groups since then, see e.g. [88–92]. The advantage of

the optical trap to trap all the states, is that the experiment can be performed

on any state of the atom in the trap, and can be used to study spinor con-

densates. These type of traps are also useful to study quantum information

and quantum computation using cold atoms. Because of the far detuned laser

beam, the dipole potential in a more general form can be written as

∆U(r) = −1

2

αdc

ε0c
I(r), (2.23)

where αdc is the dc polaraizability of the atoms, I is the intensity, ε0 is the

free space permitivity and c is the speed of light. From the equation, it can be

seen that the shape of the potential is determined by the intensity profile of

the laser. The CO2 laser beam that we use is close to a single transverse mode

(the TEM00 mode), and the intensity profile can therefore be approximated by

a Gaussian profile as shown in Fig. 2.7.

2.7 Evaporative cooling

Evaporative cooling is an everyday phenomenon that occurs when energetic

particles leaving the system take more energy than thier share of thermal en-

ergy. This results in a decrease in energy of the system. A simple example

is that of cooling of a cup of tea or coffee, where hot molecules on the sur-

face evaporate, leaving the remaining atoms to come to equilibrium at a lower

average temperature. Cooling of the atoms using evaporation was first intro-

duced by Hess [93] for spin polarized Hydrogen. The scheme was further
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Fig. 2.8: Evaporative cooling: Energetic atoms are forced to escape the potential by lowering
the trap depth, while due to elastic collisions in the trap, the remaining atoms rethermalize
achieving a decrease in temperature that leads to the formation of BEC.

extended to alkali atoms by Davis et al. [94] and Petrich et al. [95], by com-

bining laser cooling with evaporative cooling. Evaporative cooling is a simple

but very powerful technique to achieve high phase space densities, where the

high energy atoms at the tail of Maxwell Boltzmann’s distribution escape and

leave the system [96]. Most of the experiments use magnetic confinement to

trap atoms. In this type of mechanism, atoms are trapped in low (weak-field

seeking) states or magnetic substates [97–99]. An Rf transition between the

weak-field seeking and strong-field seeking states is induced to perform evap-

orative cooling. The magnetic field pushes the high field seeking atoms out

of the trap. The most energetic atoms are then transferred to the untrapped

states by the radiofrequency field, and the atoms are evaporatively cooled to

quantum degeneracy. The confinement of only the weak-field seeking spin

states makes the study of spinor condensates difficult. In order to overcome

some of the drawbacks of the magnetic traps, optical dipole traps as discussed

in the previous section, were introduced [100–102].

In order to get to the BEC regime in cold atomic gases with evaporative

cooling, it is important that the thermalization time of the trapped atoms is

much shorter than the life time of the atomic sample.

Both elastic and inelastic collisions play an important role in the process

of evaporative cooling. Inelastic collisions happen most frequently in regions

of high density where the potential energy is small, this results in heating
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of the atomic sample. As a result, the atoms that are lost due to inelastic

collisions carry away less energy than their share in total energy. The average

energy of the trapped atoms is thus increased. These kinds of collisions are also

referred to as bad collisions. For successful evaporative cooling the atom-atom

elastic collision rate, which sets the time scale for thermalization in the trap,

should dominate inelastic collisions that can cause heating or unwanted trap

loss [103]. Elastic collisions, on the other hand, are favorable for evaporative

cooling and determine the rate of rethermalization. The rate increases with

increase in the number of elastic collisions, and hence these collisions are also

referred to as good collisions. The elastic collision rate can be expressed as

Γel = nσsv, (2.24)

where n is the number of atoms or the atomic number density, σs is the s-wave

scattering cross section and v is the relative velocity of the atoms.

In order to limit the effect of inelastic collisions and to improve evapo-

rative cooling, various techniques have been developed, that are different for

different traps. Collisions with the background gas can be reduced by using

the trap in an ultra-high vacuum (UHV). The background atoms have high

kinetic energies as compared to the trapped atoms, and a single collision is

enough to kick the atom out of the trap that can cause heating of the sample.

Using UHV, collisions of the fast moving atoms with the trapped ones can be

avoided, and rethermalization can be improved. The effect of binary collisions

on evaporation can be limited by trapping the atoms in optical dipole traps

in their lowest hyperfine state. In order to avoid three body recombinations,

evaporative cooling is performed at much lower temperatures and density, by

using a very dilute gas. Also, the process of evaporation needs to be imple-

mented in a controlled manner, in order to achieve sufficient cooling. During

the process of evaporative cooling, the trap depth is reduced in a controlled

manner, such that the most energetic atoms can escape the trap depth. Be-

cause of this technique evaporative cooling is also known as forced evaporative

cooling. Evaporative cooling is the most efficient and versatile technique to
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achieve high phase space densities that leads to the production of BEC.

2.8 Summary

In summary, some of the basic theoretical concepts of laser cooling and trap-

ping of atoms have been reviewed. The scattering force or the radiation pres-

sure force and the dipole force, that are important in the context of laser

cooling have been described. Additionally, the trapping methods used to trap

atoms using a combination of laser beams and magnetic fields have been dis-

cussed. An effective technique to achieve BEC in the experiment, known as

evaporative cooling, has also been discussed.
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Chapter 3

The Experiment

This chapter describes the experimental setup used to achieve the all-optical

BEC in the laboratory. The BEC is then used as a source of atoms to study

the chaotic dynamics of ultracold atoms. These studies will be discussed in

the coming chapters.

3.1 Double MOT set-up

Two separate stainless steel vacuum chambers have been used in a double

MOT configuration [104] for the formation of BEC. A complete description

of the experimental setup can be found in [73, 105, 106]. Rubidium filaments

are heated to create a vapor in the initial magneto optical trap (MOT) cham-

ber. The vacuum in this MOT chamber is ∼ 10−8 mbar. This MOT is a

conventional six-beam setup, that traps atoms from the vapor surrounding the

chamber using radiation pressure force. The atoms from the initial MOT are

then pushed to the secondary MOT chamber by a push laser beam, through

a tube that is 100 mm long and ∼ 8 mm in diameter, every 100 ms. The

31



32 3. The Experiment

1st MOT
2nd MOT

Rb vapour BEC

Vacuum pump

Fig. 3.1: A sketch of the double MOT configuration: The vacuum pump is connected to the
second MOT chamber that provides an ultrahigh vaccum of ∼ 10−11 mbar.

tube acts as a vacuum separation between the two chambers. About 109 87Rb

atoms are loaded into the secondary MOT in ∼ 30 sec. The secondary MOT

vacuum chamber is relatively large in size and is constructed from two 12 in.

conflat flanges, spaced by a 75 mm long, 250 mm diameter tube, as illustrated

in Fig. 3.2. The chamber is designed in such that it provides optical access to

the chamber from as many dimensions as possible. Focusing lenses for CO2

laser beams, and a channeltron electron multiflier is mounted in the vacuum

system. The anti-reflection coating of the windows that are perpendicular to

the laser beams reduce the amount of stray light in the chamber. The CO2

laser beams enter the chamber at 450 with the chamber axis in the horizontal

plane. The chamber is pumped by an ion pump and a Ti sublimation pump.

The vacuum pump is connected to the secondary MOT by a 200 mm long and

62 mm diameter tube, that provides an ultra-high vacuum of ∼ 10−11 mbar.

A simple sketch of the double-MOT configuration is shown in Fig. 3.1.

3.2 Experimental realization of the dipole trap

In the experiment, the dipole trap is realized by two CO2 laser beams in a

crossed configuration, that are overlapped with the second MOT. The CO2

laser is a water cooled Lasy − 50 model from Access Laser Company with a
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Fig. 3.2: A picture of the second MOT chamber.
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Fig. 3.3: Sketch of the dipole trap: The dipole trap is formed by CO2 laser beams at the
center of the MOT. The beam with an initial diameter of ∼ 2.8 mm is expanded using 4.5 ×
beam expander, to yield a ∼ 20 mm diameter for optimizing the focus at the center of the
MOT. After passing through a 50/50 non-polarizing beam splitter, the two separate beams
are focused at the center of the MOT.

peak power of ∼ 50 W. The laser is provided with a line tracking software, that

is used to stabilize the laser. The beam has an initial diameter of 2.8 mm and a

divergence of 5.5 mrad. The laser beam is horizontally polarized and is passed

through the AOM for intensity control. The beam is then expanded using 4.5

× beam expander to yield a ∼ 20 mm diameter beam, and is directed on to

a 50/50 non-polarizing beam splitter (Wavelength Technology Singapore P/N

BS2-2-5-50-I). The laser beam is expanded to optimize the focusing later on

in the chamber. The resulting beams after the beam splitter are then passed

through AR coated ZnSe windows into the vacuum chamber. Aspheric lenses

(f = 55 mm, II-VI Incorporated P/N 684500) are used to focus the beams at

the center of the MOT [105]. Great care is taken in forming the dipole trap

to make sure that there is no reflection of the laser beams leaving the optical

table. The CO2 laser has a wavelength of ∼ 10.6 µm, and is very far detuned

from all the allowed ground state transitions. By controlling the amplitude of

the RF drive to the AOM, the power in the CO2 laser beam can be varied.
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As mentioned in Chapter 2, evaporative cooling is achieved by lowering the

laser power in a controlled manner. In the first place, the CO2 laser power is

ramped from 10 W down to 1 W per beam in 1 s. The laser power is then

lowered further to 150 mW per beam in 2.5 s, and finally from there to 40

mW per beam in 5 s. This results in cooling of the atoms down to BEC at a

temperature of ∼ 50 nK. An initial power of 10 W in each beam, and a beam

waist w0 of ∼40 µm, results in a trap depth of ∼ 0.5 mK [105]. A sketch of

the dipole trap with a CO2 laser is shown in Fig. 3.3.

3.3 MOT, imaging and kick lasers

A Master-slave laser arrangement has been used for trapping and cooling atoms

in the primary MOT. The Master laser beam is obtained by a home-built ex-

ternal cavity diode laser based on (Sanyo DL7140 − 201) and is designed by

the Hänsch method [107], with an output power of ∼ 20 mW. The standard

saturated absorption spectroscopic technique is used for the frequency stabi-

lization. The laser is frequency locked to the F = 2 → F ′ multiplet in 87Rb.

Half of the laser beam is injected into a slave laser. The slave laser is a free-

running Sharp (GH0781RA2C) diode laser with a typical power of ∼ 50 mW,

that is double passed through an 80 MHz acousto-optical modulator (AOM)

for fast switching. The beam is then expanded and directed on to the primary

MOT, in a conventional six-beam configuration. At the time of writing this

thesis, the Master-slave arrangement is replaced by a Toptica laser.

The secondary MOT laser is obtained by a Toptica DLX 110, stabilized

to F = 2 −→ F ′ = 3 transition using the polarization spectroscopy technique

[108]. The polarization spectroscopy technique provides an excellent steep

slope for stabilization, allowing a higher bandwidth for the lock loop. This

scheme however, because of the sensitivity to optically pumping the atoms to

a stretched magnetic substate, can only lock on the two-level resonance [105].

For fast switching and frequency tuning, the primary laser beam needs to be

double passed through the AOM. To cancel the frequency shift, the stabi-
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lization beam therefore needs to be double passed through the AOM before

entering the polarization spectroscopy setup. The primary laser beam after

passing through a shutter is coupled to a polarization preserving fiber before

entering the vacuum chamber. Imaging and push laser beams are derived from

the Toptica laser used for the second MOT.

The repump laser is obtained from another home-built external cavity diode

laser, with an output power of ∼ 20 mW. The laser is locked to the F = 1 →

F ′ = 2 transition using the magnetic field dithering method. All the laser

beams are passed through AOM’s for fast switching, and shutters are used to

completely extinguishe the beams when needed.

The kick laser that is used in kicked rotor experiments is also obtained by

a home-built external cavity diode laser using Sanyo DL7140− 201. The laser

is frequency locked to the F = 2 → F ′ = 3 transition in 85Rb isotope, and is

therefore detuned by ∼ 2.45 GHz from the relevant F = 1 → F = 2 resonance

frequency. After passing through the AOM, the laser beam is passed through

a single mode optical fibre and is focused onto the BEC. The beam is retro-

reflected to get a standing wave. The kicking setup is described in detail in

Chapter 5.

3.4 Imaging of the experiment

The time of flight technique, which is a simple and popular technique among

the atom optics community, is used to take images of the BEC. The imaging

enables us to extract quantitative information about the BEC e.g, the number

of atoms, temperature and chemical potential of the condensate etc, that are

useful for the analysis of the experimental data. This technique is based on

the absorption of photons by the atoms from the probe beam, which results in

casting a shadow in the laser beam. The shadow image is then captured by the

camera. For imaging the atoms, the trapping potential is turned off, and the

condensate is then let to expand for some amount of time typically 5− 10 ms.

After the free expansion time the atoms are dense enough to absorb photons
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Fig. 3.4: A model of the imaging setup used in the experiment: The probe beam is directed
from top on to the BEC in the second MOT. Two 150 mm achromatic lenses that makes a
4 − f system for imaging have been used. The CCD camera with an objective of 4.5 mm
focal length is used for imaging.

from the laser beam.

The probe laser used is tuned to the S 1
2
, F = 2 → P 3

2
, F ′ = 3 transition in

87Rb. This beam is obtained from the main laser that we use in the secondary

MOT of the main trap. The beam is passed through a double-pass AOM sys-

tem that provides the adjustment of the intensity and frequency independently.

After passing through the AOM, the beam is then coupled to a polarization

preserving fibre. The resultant beam is linearly polarized and is directed from

top on to the BEC in the second MOT. Two 150 mm achromatic lenses have

been used, that makes a 4−f system for imaging. The camera that is used for

imaging is a Princeton Instruments (PI) photonMAX CCD camera that has

512 × 512 pixels with a pixel size of 16 × 16 µm. This camera has a 4.5 mm

focal length objective that provides the image magnification with a pixel size

of ∼ 1.93 µm.

A computer program written in C++ is used to control the experiment.
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A B

C

Fig. 3.5: The three different images that are taken in the imaging process. The first image
is the image of the atoms plus the probe beam shown as (A). The atoms are shown as a
dark spot in the center. The second image labeled as (B) shows only the probe beam. The
third picture (C) shows the background.

Eagle PCI cards, PCI−703 multi-io and PCI−766 DAC provide the necessary

output voltages, analog inputs, and digital bits to control all AOMs and shut-

ters in the experiment [105]. The images obtained using the CCD camera

are stored in FITS data format, that allows multiple images to store in a sin-

gle data file. The data file can be read by MATLAB and many other image

processing software packages.

3.4.1 Image processing

The absorption picture, which is used for analysis of the experimental data

is obtained from the processing of three different images that are taken at

different times. The first image is taken just after the ballistic expansion of

(5− 10) ms of the condensate. The probe laser used for imaging destroys the

condensate, since the atoms absorb the resonant photons and cast a shadow

in the laser beam. Therefore this image has been named as the shadow image,

where the dark spot in this image shows the condensate. The second image

is taken just after the condensate is lost, and hence provides the image of the



3.4 Imaging of the experiment 39

Fig. 3.6: The image that results from the absorbed fraction (B-A/B-C) in Matalb, is the
final absorption picture that provides the column density of the atoms. The time between
the images is ∼40 ms. This image is then further processed to obtain the quantities of
interest in the experiment such as the number of atoms and temperature etc.

probe beam only. This is known as the laser image. The third and the last

image in the imaging sequence is taken after all the lasers are switched off.

This picture, therefore provides the background image. In order to obtain an

almost noise-free absorption image of the condensate we process these images

using the computer program. The first image is denoted by A, that contains

the data about the atoms, the probe light and the background. The second

image is denoted by B, which consists of the probe light and the background.

The third picture which is only the background image is denoted by C. All the

three images in Fig. 3.5 as described in [73, 105], can be expressed as

1. A = Atoms + Probe laser + Background,

2. B = Probe laser + Background,

3. C = Background.

Image A is first subtracted from B and the resultant image is named as D.

D = B − A,

= −Atoms (3.1)

Therefore image D only contains the atoms. The minus sign changes the

initial dark spot that represents the atoms into a bright or colored spot in

the program as shown in Fig. 3.6. The resultant image is basically a 2D

array, whose size depends on the number of pixels. In the experiment, it is a
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512×512 array for the camera that is used. The camera records the number of

photons detected on pixel (i, j) and then assigns this to the element (i, j) of the

array. Image D is not the actual absorption image, and does not contain the

information of how much probe light has been absorbed by the atoms relative

to the initial probe beam intensity. Image D is therefore divided by (B − C),

and the resultant picture is known as E

E =
D

B − C
. (3.2)

It is this image E, which gives the final absorption picture as shown in Fig. 3.6.

This image is obtained using a fringe removal algorithm, that remove noisy

fringes from the absorption images, based on the imaging method described in

[109].

3.5 Summary

In this chapter, the experimental setup is described in detail, which is used to

achieve the all-optical BEC. The BEC in the experiment is used as a source

of ultracold atoms in the atom optics δ−kicked rotor experiments. A double

MOT system, that provides an ultrahigh vacuum for the experiment is dis-

cussed. Atoms are first trapped and cooled in the initial MOT chamber, and,

are then transferred to the second MOT by a push laser beam. These atoms

are further cooled in the second MOT chamber by evaporative cooling. Evap-

orative cooling is achieved by a CO2 laser trap (the dipole trap), that results

in the formation of condensate. The condensed atoms are then let to expand

for about (5-10) ms for imaging. A description of all the lasers that are the

essential source to control and probe atoms in the experiment is provided. A

block diagram of the experiment is provided in Fig. 3.7.
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Fig. 3.7: Block diagram of the experiment: The first MOT captures atoms from the Rb
vapor and cools them to a temperature of few hundred µk. The atoms are then pushed
to the second MOT, by a push laser beam, where the dipole trap is used for evaporative
cooling of the atoms. The hot atoms escape by lowering the trap depth and the remaining
atoms rethermalizes, and finally a BEC is formed, a source of cold atoms for the kicked
rotor experiment. The BEC is then imaged by a CCD camera, and the data is sent to the
computer for further analysis.
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Chapter 4

δ−Kicked Rotor

The δ−kicked rotor is one of the most extensively studied system in classical

chaos. Over the last few decades, an enormous amount of research has been

conducted in order to understand the quantum analogue of the kicked rotor

system and the associated quantum phenomena. Systems consisting of cold

atoms in optical standing wave potentials provide an attractive platform to

investigate quantum dynamics.

This chapter provides an overview of the classical and quantum δ−kicked

rotor systems, based on the previous work in our laboratory and a large body

of other literature available about these systems. The chaotic dynamics of

the classical δ−kicked rotor and the momentum diffusion rates in such system

are discussed. The chapter then proceeds to a discussion about the quantum

δ−kicked rotor and the quantum mechanical transport of the energy in such

system. Furthermore, by considering the wave packet dynamics, quantum

resonance effects and the momentum transport in the quantum δ−kicked rotor

are described.

43
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Fig. 4.1: A simple pendulum (classical rotor).

4.1 Classical model of the kicked rotor

A simple pendulum, a freely rotating mass around a fixed center is one of the

simplest models of a classical rotor and can be described with Hamiltonian

mechanics. The general Hamiltonian of this system is given by

H(θ, pθ) =
p2θ
2I

− V0 cos(θ), (4.1)

which is the well known Hamiltonian for a simple pendulum of mass m and

length l oscillating under the action of some potential such as gravity. The

quantity pθ is the angular momentum, θ is the angle which shows the displace-

ment of the pendulum from the mean position, I = ml2 is the moment of

inertia and V0 = mgl is the depth of the potential. If the potential is consid-

ered as periodic, i.e., if the potential is pulsed on periodically in time, then

the system can be described as a kicked rotor. By further assuming the pulses

to be of infinitesimal length, the kicks take the form of δ-kicks defined by the

pulse profile function

f(t) = f
N∑

n=1

δ(t− nT ), (4.2)
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and the system then becomes a δ−kicked rotor. Here N is the number of

pulses and T is the pulse period or the kicking period. In the real experiment,

obviously exact δ−kicks cannot be realized, but short pulses of light can be

used to work near this limit [23]. The Hamiltonian in Eqn. (4.1) in terms of

δ-kicks is then given by

H(θ, pθ, t) =
p2θ
2I

− V0 cos(θ)
N∑

n=1

δ(t− nT ). (4.3)

which is the general form of the Hamiltonian for a δ−kicked rotor. Multiplying

the above equation by T 2/I, the dimensionless Hamiltonian is written as

H =
ρ2

2
− κ cos(θ)

N∑
n=1

δ(τ − n), (4.4)

where ρ = pθT/I, κ = V0T
2/I is the stochasticity parameter , τ = t/T and

H = HT 2/I. The angular momentum for the system is constant between the

kicks and changes discontinuously at each kick. Similarly, the position variable

θ is continuous at each kick and varies linearly with time t between the kicks.

4.1.1 The standard map

Hamilton’s equations of motion allow to determine the time evolution of the

canonically conjugate position and momentum variables from the Hamiltonian

as described in Eqn. (4.3). The evolution of the angular position is given by

θ̇ =
∂H
∂ρ

= ρ, (4.5)

whereas the angular momentum evolves according to

ρ̇ = −∂H
∂θ

= −κ sin(θ)
N∑

n=1

δ(τ − n). (4.6)

In order to determine the dynamics of the system after the kick followed



46 4. δ−Kicked Rotor

0 1 2 3 4 5 6
0

1

2

3

4

5

6

θ

ρ

0 1 2 3 4 5 6
0

1

2

3

4

5

6

θ

ρ

0 1 2 3 4 5 6
0

1

2

3

4

5

6

θ

ρ

0 1 2 3 4 5 6
0

1

2

3

4

5

6

θ

ρ

Fig. 4.2: The phase space diagram for the classical kicked rotor for different kicking strengths
κ. The chaotic motion with an increasing κ is shown as a decrease in the structure of the
stable regions. For κ = 0.1 (top left) we see large stable regions of regular behavior. These
regions grow slowly as shown for κ = 0.4 (top right). For κ = 1 (bottom left), the chaotic
regions grow significantly, but the regular trajectories still dominate. For κ = 5 (bottom
right), we see more chaotic region dominating the phase space, with small islands of stability.

by a period of free evolution, the above equations can be simplified to get

θn = (θn−1 + ρn),

ρn = ρn−1 − κ sin θn−1. (4.7)

The map given by the above equations is often called the Chirikov’s standard

map, which is an attractive model for the study of the chaotic dynamics of

Hamiltonian systems [4, 110]. The effect of periodic kicks on the dynamics

of δ-kicked rotor can be explained by looking at the angular momentum and

angular position of the rotor in phase space. The phase space of dynamical

systems is the space of points that completely determines the state of the

system [23]. According to the map, for small κ values the system shows

regular behavior, with stable trajectories known as Kolmogorov-Arnold-Moser
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Fig. 4.3: Phase space diagram for the classical kicked rotor with κ = 10. The phase space
is entirely filled with chaotic trajectories and no further structure is visible.

(KAM) [111, 112] boundaries dominate the phase space, for most of the initial

values of θ and ρ. With increasing κ the nonlinearity increases, more and more

boundaries break up, until above a critical value of κ = κc, chaotic regions start

to appear around the stable regions shown as closed curves. Each point in the

phase space represents the state of the system immediately after a kick. The

classical phase space becomes more chaotic for large enough values of κ, where

most of the regular parts have disappeared [1, 113, 114].

In Fig. 4.2 for κ = 0.1 (top left), large stable regions of regular behavior

have been observed with only a small chaotic region being the trajectories close

to the separatrix. The chaotic regions grow slowly for κ = 0.4 (top right) in

Fig. 4.2. For κ = 1 (bottom left), these regions grow significantly, but the

regular trajectories are still visible and dominate the phase space. For κ = 1,

the chaotic regions have grown and overlapped. There are still some regions

that contain regular trajectories; however, the chaotic trajectories throughout

the rest of phase space are not bounded any more, and the transition from

local to global stochasticity (global chaos) has been observed [1, 114]. For a

further increase in the value of κ, most of the stable regions destabilize, but

there are still islands of stability around as shown in Fig. 4.2 (bottom right) for

κ = 5. For κ = 10, the phase space is filled entirely with chaotic trajectories
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as shown in Fig. 4.3, and no further structure is visible in the corresponding

map.

4.1.2 The energy of a classical kicked rotor

Considering the momentum transport in the standard map (4.7), the energy

of any particular trajectory for a classical kicked rotor is given by

En =
ρ2n
2
, (4.8)

where ρn is the momentum after the nth kick

ρn = ρ0 − κ

n−1∑
m=0

sin(θm). (4.9)

Using the above equation, the energy in Eqn. (4.8) is given by

En =
ρ20
2

− κρ0

n−1∑
m=1

sin(θm) +
κ2

2

n−1∑
i=1

n−1∑
j=1

sin(θi) sin(θj), (4.10)

In order to compare the results with the experiment, it is useful to look at the

average energy over all the initial position and momentum values [113] i.e.,

⟨En⟩ =
⟨ρ20⟩
2

− κρ0

n−1∑
m=1

⟨sin(θm)⟩+
κ2

2

n−1∑
i=1

n−1∑
j=1

⟨sin(θi) sin(θj)⟩ , (4.11)

where in scaled units the average is taken over [−π, π] for both the position

and momentum variables. Assuming a uniform distribution of θ over the

range[−π, π], and for ⟨sin θm⟩ = ⟨sin θ0⟩ = 0, the expression for the mean

energy after n kicks becomes

⟨En⟩ =
κ2

2

n−1∑
i=1

n−1∑
j=1

⟨sin(θi) sin(θj)⟩+
⟨ρ20⟩
2
. (4.12)

The classical correlation function ⟨sin(θi) sin(θj)⟩, can be evaluated, such that

for i ̸= j, ⟨sin(θi) sin(θj)⟩ = ⟨sin(θi)⟩ ⟨sin(θj)⟩ = 0, and for i = j, ⟨sin(θi)2⟩ =
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1/2. The final expression for the mean energy is therefore given by

⟨En⟩ =
κ2

4
n+

⟨ρ20⟩
2
. (4.13)

The quantity κ2/4 is the energy growth rate, and is known as the quasi-linear

rate.

The mean kinetic energy of the kicked rotors has been of paramount interest

in studying the dynamics of such systems. A parameter D(n) known as the

momentum diffusion rate, has been used in the analytical treatment of these

systems in [113–115], to determine the energy change in the ensemble after

the applied potential. For classical kicked rotors, D(n) can be defined as the

increase in the mean kinetic energy from one kick to the next, i.e.,

D(n) =

⟨
ρ2n+1

⟩
2

− ⟨ρ2n⟩
2

(4.14)

where the quantities ⟨ρ2n+1⟩
2

and ⟨ρ2n⟩
2

are the kinetic energies at τ = n+ 1 and

τ = n respectively. The brackets ⟨⟩ here shows the average over a large number

of trajectories, which correspond to different initial conditions. The correla-

tions for the first five kicks were first evaluated by Rechester and White [115],

leading to the following equations for the energy growth rates Dn = En+1−En

D0 =
κ2

4
,

D1 =
κ2

4
,

D2 =
κ2

2

(
1

2
− J2(κ)

)
,

D3 =
κ2

2

(
1

2
− J2(κ) + J2

3 (κ)− J2
1 (κ)

)
,

D4 ≈
κ2

2

(
1

2
− J2(κ) + J2

3 (κ)− J2
1 (κ) + J2

2 (κ)

)
(4.15)

where Jn represents the ordinary bessel function of order n. For detailed

description and derivation of the energy growth rate equations, see [23, 113,

114].
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4.2 Quantum δ-kicked rotor

In order to determine the complete quantum mechanical picture of the micro-

scopic world and the phenomenon of quantum chaos, the relationship between

classical systems and its quantum mechanical counterparts is instrumental. An

already well known system, that provides a beautiful platform to understand

the phenomenon of quantum chaos, is the quantum version of the classical

kicked rotor. The quantum mechanical version of the δ-kicked rotor can eas-

ily be found by replacing the classical canonical conjugate variables in the

Hamiltonian equation by their respective quantum mechanical operators. The

Hamiltonian describing the δ−kicked rotor in Eqn. (4.4) therefore takes the

form

Ĥ(θ̂, ρ̂) =
ρ̂2

2
− κ cos(θ̂)

N∑
n=1

δ(τ − n), (4.16)

The quantum mechanical operators θ̂ and ρ̂ are related according to the com-

mutation relation

[θ̂, ρ̂] = ik̄, (4.17)

where k̄ is the reduced Planck’s constant and can be defined as k̄ = 8ωrecT ,

where ωrec = h̄k2L/(2m) is the recoil frequency. The quantum analogue of the

equation for position and momentum operators is given by

θ̂n = (θ̂n−1 + ρ̂n), (4.18)

ρ̂n = ρ̂n−1 − κ sin θ̂n−1. (4.19)

The map defined above is known as the quantum standard map, and is the

quantum analogue of the classical standard map (4.7). The quantization af-

fects the system dynamics, and the phenomena of dynamical localization and

quantum resonances can be observed.
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4.2.1 The energy of a quantum δ−kicked rotor

In the quantum case, the quantum correlations are somewhat complicated than

the classical correlations because of the commutation relations involved. The

momentum diffusion rates of the quantum system can be obtained by simply

replacing the observables in Eqn. (4.14) by their corresponding operators as

D(n) =

⟨
ρ̂2n+1

⟩
2

− ⟨ρ̂2n⟩
2

(4.20)

The quantum correlations were first calculated by Shepelyansky [116, 117],

that give the expression for the initial quantum diffusion rateDq, and is written

as

Dq =
κ2

2

(
1

2
− J2(κq)− J2

1 (κq) + J2
2 (κq) + J2

3 (κq)

)
(4.21)

The diffusion rate mostly depends on the initial momentum distribution of

the ensemble. For a large initial momentum distribution, such as a thermal

cloud of atoms, the same quasi-linear behavior can be observed for the first two

kicks. The diffusion rates of the quantum kicked rotor for large number of kicks,

however, changes quite abruptly, and the system is clearly distinguishable from

that of its classical counterpart [114]. After a finite Heisenberg time, due to

dynamical localization further energy growth is prohibited. The argument

of the Bessel functions κq = 2κ sin(k̄/2)/k̄ that replaces κ is the scaled kick

strength, and depends on the intensity of the laser light. Following the early

calculations in [116] and later on in [23, 113, 114], the energies after the first

five kicks [29] for a large range of initial momenta are given by

E1 = E0 + ϕ2
d,

E2 = E0 + 2ϕ2
d,

E3 = E0 + ϕ2
d(3− 2J2(κq)),

E4 = E0 + ϕ2
d(4− 4J2(κq) + 2J3(κq)− 2J2

1 (κq)),

E5 ≈ E0 + ϕ2
d(5− 6J2(κq) + 4J2

3 (κq)− 4J2
1 (κq) + 2J2

2 (κq)), (4.22)
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where E0 is the initial cloud energy, and the quantity ϕd = κ/k̄ is the exper-

imental kick strength. The energies defined are periodic in k̄ and are given

in terms of the recoil energy Erec = h̄2k2L/(2m). This periodicity of the final

energy is purely a quantum phenomena that cannot be observed in classical

physics.

4.2.2 Evolution of the wave packet

The time evolution operator that determines the evolution of the wave function

from one kick to immediately after the next kick is known as the Floquet

operator F [30, 113, 118]. In general, the state of the system |ψ(tn)⟩ after

n number of kicks can be found by the Floquet operator acting on the initial

state |ψ(t0)⟩ i.e.,

|ψ(tn)⟩ = Fn|ψ(t0)⟩. (4.23)

In the first part of the Hamiltonian (4.16) describing the quantum kicked rotor,

the system evolves freely via the operator

Ûfree = e−iρ2/(2k̄), (4.24)

then delta kicks act for a small period of time, and the evolution is given by

the operator

Ûkick = e−iκ cos(θ)/k̄. (4.25)

Combining the above two operators, the Floquet operator is given by

F̂ = e−iρ2/(2k̄)︸ ︷︷ ︸
Ûfree

e−iκ cos(θ)/k̄︸ ︷︷ ︸
Ûkick

, (4.26)

or in a more general form as

F̂ = ÛfreeÛkick. (4.27)

From the definition above, the action of each kick on the atoms, which is

governed by Ûkick is followed by a phase of free evolution Ûfree.
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Fig. 4.4: The simulated momentum distribution of the wave packet for the quantum reso-
nance case, i.e, k̄ = 4π is illustrated for each kick, with an initial p = 0 momentum state.
The distributions are shown for N = 1− 6 kicks, with a kick strength of ϕd ≈ 1.5.

4.2.3 Quantum resonances in a δ−kicked rotor

The free evolution term is of primary importance in describing the quantum

kicked rotor. If the initial state is assumed to be a momentum eigenstate

|m⟩, and let the operator Ûfree act on it such that ρ̂|m⟩ = mk̄|m⟩, then the

evolution is different for different values of k̄. If k̄ is an even multiple of 2π,

then the free evolution results in unity. This means that the free time evolution

in this case does not have any effect on the state vector of the system. The

system responds only to the δ−kicks [118], and the evolution is fully governed

during interaction with the kicking potential. This is the condition for quantum

resonance [119]. On the other hand, if k̄ is an odd multiple of 2π, then

the initial momentum eigenstate acquires different quantum phases for even

and odd m. The state after the free evolution acquires a quantum phase of

+1 for even values of m, whereas for odd m the quantum phase results in

−1. For odd values of the momentum components of the wave-function, the
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Fig. 4.5: The simulated momentum distribution of the wave packet after kicks for the
quantum anti-resonance case, i.e., k̄ = 2π is shown for each kick. The parameters are
N = 1− 6 and with a kick strength of ϕd ≈ 1.5.

phase of −1 leads to an oscillation of the energy of the system. Therefore,

k̄ = 2π is known as the quantum anti-resonance condition for the kicked rotor

[32, 120]. The phenomena of quantum resonance and quantum anti-resonance

is demonstrated in Figures 4.4 and 4.5 respectively.

As described in the previous section, the evolution of the system can be

determined by the time evolution operator. In the case of quantum resonance,

the free evolution part is unity, therefore for N kicks the evolution operator is

written as

ÛN = e(i
κ
k̄
N cos(θ̂)). (4.28)

The probability for an initial momentum state |m⟩, to be populated in the

final state |n⟩ after N kicks is given by

Pn =
∣∣∣⟨n|ÛN |m

⟩∣∣∣2 (4.29)

=
∣∣∣⟨n|e(iκk̄N cos(θ̂))|m

⟩∣∣∣2 (4.30)
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Fig. 4.6: The kinetic energy as a function of the number of kicks in the simulation in
accordance with the momentum distributions shown in Fig. 4.4 and 4.5. In (a), the energy
obtained for the quantum resonance case, i.e., at k̄ = 4π shows a quadratic growth. (b)
Illustrates the oscillation in energy for the anti-resonance case i.e., k̄ = 2π.

Using the definition of orthogonality of the momentum eigenstate ⟨n|m⟩ = δnm

and the identity e(ik sinx) =
∑

s Jse
isx, where J is the ordinary Bessel function

of order s, we get

Pn = J2
n−m

(
κN

k̄

)
. (4.31)

For a system that starts in a zero momentum eigenstate, the final momentum

distribution becomes

Pn = J2
n

(
κN

k̄

)
. (4.32)

The energy of the ensemble after N kicks can also be found at the quantum

resonance, and is given by

En =
∑
n

n2Pn =
1

2

κ2N2

k̄2
. (4.33)

For a kicked rotor starting in the zero momentum state, the above result

shows a quadratic growth in energy for N kicks for the quantum resonance.
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The quadratic growth in energy for the quantum resonance case, i.e., k̄ = 4π

is shown in Fig. 4.6 (a) for 1− 6 kicks. Similarly, the oscillation in energy for

the quantum anti-resonance case, i.e., k̄ = 2π is also demonstrated in the same

plot, (b).

4.3 Summary

A brief introduction to the δ−kicked rotor system has been provided. The

classical kicked rotor, which is a simple example of the Hamiltonian system,

is studied in detail. The dynamics of this simple system have been described

using the standard map. For weak enough kicks the dynamics is regular, the

system, however, shows a transition to global chaos as the kick strength is

increased. The parameter that describes the kick strength in the standard

map is known as the stochasticity parameter κ. The energy corresponding to

the system has been described using the momentum diffusion rates. Because

of diffusion, a continuous spread of momentum in phase space is observed, that

leads to a roughly linear growth in the kinetic energy. The dynamics of the

quantum analogue of the kicked rotor, the quantum kicked rotor, however, is

completely different. The quantum system follows the classical dynamics only

up to a certain time known as the quantum break time , after which there

is no increase in the kinetic energy due to dynamical localization [121]. For

certain values of the driving frequencies, however, quantum resonances have

been observed leading to a quadratic growth in energy of the system. The

kinetic energy in the case of a quantum kicked rotor for the first few kicks has

been described in detail.

The evolution of the wave packet in the quantum kicked rotor system has

also been discussed. Furthermore, the momentum distribution of the system

under study has been examined, and the phenomena of quantum resonance

and antiresonance has been demonstrated. A quadratic growth in energy for

the quantum resonance case has been shown, whereas an oscillation in the

energy for the quantum antiresonance case is observed.



Chapter 5

Atom Optics δ−Kicked Rotor

5.1 Introduction

Experiments with cold atoms have been of tremendous interest in recent years

in the field of atom optics that has opened up new disciplines. Models have

been developed to study quantum systems whose classical counterparts are

chaotic. One such system is the atom optics δ−kicked rotor (AOKR), a

paradigm of classical and quantum chaos. This system was first introduced

theoretically by Graham et al. [34], and experimentally realized by Raizen’s

group [5, 122]. Since then, this system has been extensively studied both

theoretically and experimentally by many research groups around the world.

In this chapter, a theoretical description of the AOKR system is provided.

Using the model of a two level atom interacting with an electromagnetic

filed, the Hamiltonian describing the dynamics of the AOKR system is de-

scribed. The chapter then describes the Talbot effect in optics, and its quan-

tum analogue-the atomic Talbot effect- in atom optics in detail. Furthermore,

the experimental realization of the AOKR as well as the simulation to analyze

57
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the experiment are discussed.

5.2 Two-level atom in a standing wave

The dynamics of a quantum system such as an atom in an electromagnetic field

can be approximated to develop the Hamiltonian for an AOKR. An example

of a simple two-level atom in the presence of a standing wave of laser light has

therefore been used. The standing wave results from two counter propagating

laser beams that are far detuned from resonance. The mechanical effect of such

a light field on the atom generally involves the process of stimulated scattering

[123]. During the process, the atom absorbs a photon from one beam, and then

coherently scatters the photon to either the same beam or the other beam. In

the former case, no net change in momentum results, whereas a total change

of 2h̄kL in momentum of the atom takes place in the latter case.

Consider a two level atom of mass m, with lower electronic state |g⟩ and

upper state |e⟩ in the presence of an electromagnetic filed. The atomic Hamil-

tonian for the system is

ĤA =
p̂2

2m
+ h̄ω0|e⟩⟨g|, (5.1)

where p̂ is the atomic momentum operator and ω0 is the atomic transition

frequency. The electromagnetic field in the form of a standing wave can be

expressed as

E = eE0 cos(kLx)(e
iωt + e−iωt) (5.2)

where e is the polarization vector, kL is the wave number, ω is the angular

frequency and E0 is the amplitude of the electromagnetic field. The interaction

between the atom and the light field, which results in the transition of the

atom from the ground state to the excited state, can be described using the

dipole approximation. In the electric dipole approximation the interaction

Hamiltonian is determined by

Hint = −d.E, (5.3)
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where d is the atomic dipole moment induced by the electric field. The operator

for the electric dipole moment in terms of the ground and excited state is given

by

d = µê(|e⟩⟨g|+ |g⟩⟨e|), (5.4)

Using Eqn. (5.2) and (5.4), the interaction Hamiltonian is written as

Hint = µE0 cos(kLx̂)e
−iωLt|e⟩⟨g|+ µE0 cos(kLx̂)e

iωLt|g⟩⟨e|, (5.5)

The total Hamiltonian of the system then takes the form

Ĥ = ĤA + Ĥint

=
p2

2m
+ h̄ω0|e⟩⟨e|+ µE0 cos(kLx̂)e

−iωLt|e⟩⟨g|+ µE0 cos(kLx̂)e
iωLt|g⟩⟨e|.

(5.6)

In order to simplify the above equation further, we split the Hamiltonian into

two parts, i.e.,

Ĥ0 = h̄ωL|e⟩⟨e|, (5.7)

and

Ĥ ′ =
p2

2m
−h̄δ|e⟩⟨e|+µE0 cos(kLx)e

−iωLt|e⟩⟨g|+µE0 cos(kLx)e
iωLt|g⟩⟨e|, (5.8)

where a substitution of the quantity δ = ω0 − ωL has been made in the above

equation. In the interaction picture the Hamiltonian of the system is

ĤI = e
iĤ0t
h̄ Ĥ ′(t)e

−iĤ0t
h̄ . (5.9)

The first term in the Hamiltonian 5.8, which is the momentum term, is unaf-

fected as the transformation is in the internal degrees of freedom of the atom

[22]. Also, the second term is unchanged because of the commutation with Ĥ0.

Therefore, we only need to see the effect of transformation on terms involving

the excited state |e⟩ and the ground state |g⟩. For simplicity, some of the terms
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in Eqn. (5.8) are

µE0 cos(kLx̂)e
−iωLteiωLtσ̂+e

−iωLt, (5.10)

µE0 cos(kLx̂)e
iωLteiωLtσ̂−e

−iωLt. (5.11)

After simplifications as described in [113, 114], the Hamiltonian in the inter-

action picture can be expressed as

ĤI =
p2

2m
+ h̄δ|e⟩⟨e|+ µE0 cos(kL|e⟩⟨g|) + µE0 cos(kL|g⟩⟨e|). (5.12)

The time evolution of the atomic state |ψ⟩ is governed by the Schrödinger

equation

ih̄
∂|ψ⟩
∂t

= Ĥ|ψ⟩, (5.13)

where |ψ⟩ is the state of the atom which in general is defined in terms of excited

and ground state as |ψ⟩ = ψg|g⟩ + ψe|e⟩. Using this state of the atom in the

Schrödinger equation above, the equations for coupled excited and ground

state amplitudes are

ih̄
∂ψg

∂t
= − h̄2

2m

∂2ψg

∂x2
+ h̄Ωcos(kLx)ψe, (5.14)

ih̄
∂ψe

∂t
= − h̄2

2m

∂2ψe

∂x2
+ h̄δψe + h̄Ωcos(kLx)ψg, (5.15)

where the definition of the Rabi frequency Ω = µE0/h̄ has been used for the

atomic transition. In case of large detuning we can adiabatically eliminate the

amplitudes for the excited states to get the following equation

ih̄
∂ψg

∂t
= − h̄2

2m

∂2ψg

∂x2
− h̄Ω2

δ
cos2(kLx)ψg (5.16)

= − h̄2

2m

∂2ψg

∂x2
− h̄Ω2

2δ
(1 + cos(2kLx))ψg. (5.17)

Comparing with Eqn. (5.13), and after simplification the following Hamilto-

nian is obtained

Ĥ =
p̂2

2m
− h̄Ωeff

2
cos(2kLx̂), (5.18)
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where Ωeff = Ω2

δ
, is the effective Rabi frequency, and δ is the detuning of the

laser frequency from the atomic resonance. If the potential is considered as in

the form of a pulsed standing wave, then the corresponding Hamiltonian can

be expressed as

Ĥ =
p̂2

2m
− h̄Ωeff

2
cos(2kLx̂)

N∑
n=1

f(t− nT ). (5.19)

The scaled Hamiltonian in terms of dimensionless parameters is given by

Ĥ =
ρ̂2

2
− κ cos(θ̂)

N∑
n=1

f(τ − n), (5.20)

where the scaled momentum operator ρ̂ = (2kLT/m)p̂, the scaled position

operator θ = 2kLx̂, τ = t/T and Ĥ ′ = (4k2LT
2/m)Ĥ have been substituted.

The parameters θ̂ and ρ̂ are related by the commutation relation as [θ̂, ρ̂] =

ik̄, where k̄ = 8ωrecT plays the role of the effective Planck’s constant in the

uncertainty principle, and can be controlled experimentally by the kick period.

The parameter ωrec = h̄k2L/(2m) is the recoil frequency and κ = 4ΩeffωrecτpT

is the classical kick strength. The dimensionless Hamiltonian discussed above

is similar to the one obtained for the quantum kicked rotor in the last chapter.

Hence the model of two level atom in a pulsed standing wave is equivalent to

that of a quantum δ−kicked rotor. The Hamiltonian described in Eqn. (5.19)

in atom optics literature is generally known as the the AOKR Hamiltonian.

5.3 Experimental realization of the AOKR

The atom optics kicked rotor is realized by pulsing an optical standing wave,

derived from a 780 nm diode laser, onto the BEC. The name “kick laser” will

be used for the laser that produces the optical standing wave. The laser field

from the kick laser gives rise to a potential, which varies sinusoidally with the

position. The all-optical BEC of 87Rb is formed in a cross dipole trap created

by a pair of intersecting focused CO2 laser beams. The BEC consists of ∼ 2.104

atoms, and are in the F = 1 hyperfine state, spread over all the magnetic
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substates. The trap containing the BEC is turned off 500 µs before the kick

sequence to reduce mean field effects [105]. The kick laser is locked using

the saturated absorption spectroscopy (SAS) to the S 1
2
, F = 2 → P 3

2
, F ′ =

3 transition in the 85Rb isotope. Hence, the laser frequency is detuned by

∼ 2.45 GHz from the relevant F = 1 → F = 2 resonance frequency. In the

experiment, the standing wave from the kick laser can be obtained in two ways:

1. In the first case, a single laser beam from the diode laser is used that

passes through an acousto-optic modulator (AOM) for fast switching.

After passing through the AOM, the beam passes through a single mode

optical fibre and is focused onto the BEC. The linearly polarized beam

after passing through the center of the trap is then retro-reflected from

the opposite direction to produce a standing wave.

2. In the second case, the laser beam is split into two by a 50/50 beam

splitter. The two beams after passing through two separate AOMs are

coupled into two single mode optical fibres. The two linearly polarized

laser beams are then focused and directed at the center of the trap.

The main advantage of the second scheme is that the frequency of the laser

beams can be made slightly different, to get a moving standing wave, which

will be discussed in the next chapter in detail. In either scheme, the beam

diameter at the focus is ∼ 100 µm. The pulsed standing wave acts like a

diffraction grating, which changes the atomic momentum, and the BEC even-

tually splits into a number of momentum components. The atom absorbs a

photon of momentum h̄k from one beam, and then provides another photon

through stimulated emission in the other beam. The diffracted components of

momentum are therefore separated by ±2h̄kL. The laser pulses are so short

that the evolution of the wave packet due to the momentum can be ignored

during the kicking time. Atoms satisfying this condition are said to be in the

Raman-Nath regime [30, 113]. Reminding of the general Hamiltonian that
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Fig. 5.1: Cartoon picture of the BEC diffracted by a pulsed standing wave formed from a
laser beam retro-reflected by a mirror. The diagram is adopted from [61].

describes the dynamics of atoms in the optical standing wave

Ĥ =
p̂2

2m
− h̄Ωeff

2
cos(2kLx̂)

N∑
n=1

δ(t− nT ), (5.21)

known as the AOKR Hamiltonian. The laser pulses of the standing wave

are the kicks that modify the momentum distribution of the atoms. The

momentum distribution of the atoms after the kick sequence is measured by

absorption imaging in time of flight technique, with a flight time of typically

5 to 10 ms. Just prior to imaging, the atoms are optically pumped to the

F = 2 state by a 100 µs pulse on the F = 1 → F ′ = 2 repump transition. An

absorption image is then obtained using a probe laser, which is tuned to the

S 1
2
, F = 2 → P 3

2
, F ′ = 3 transition.

5.4 Simulating the AOKR

In order to simulate the AOKR, the well-known split operator method for the

time evolution of the Floquet operator has been used, which is ideally suit-

able for the experiment with 216 grid points [30]. As described in Section
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(4.2.2), the time evolution of the quantum δ−kicked rotor can be separated

into two parts: The evolution of the system during the time, when laser pulses

are applied on the atoms as kicks, and the evolution during the time of free

expansion in between the kicks. The kick potential is a diagonal operator in

position space, whereas the free evolution is a diagonal operator in momentum

space. Therefore, for the time evolution of the system, Fourier transforma-

tion is used, in order to transform the wave function from position space into

momentum space and back again. The initial wave function representing the

state of the system can be defined as

ψ(x) =
1√
2πσw

e−x2/2σ2
we−ikix. (5.22)

The width of the initial wave packet is chosen such that it covers several

wavelengths of the kick laser. For the kicking part of the experiment, the

initial wave function ψ(x) in position space in the simulation is multiplied by

exp {−i
h̄
V Tkick}. (5.23)

The quantity V is the kicking potential whereas Tkick represents the pulse du-

ration in our simulation. The wave function is then transformed from position

space into momentum space represented by φ(x) using an inverse Fourier trans-

form. The free evolution part of the system can be determined by multiplying

the wave function in momentum space by

exp {−i
h̄

p2

2m
Tfree}, (5.24)

which gives the final state in the momentum space φ(x). The parameter Tfree

represents the pulse period in between the kicks. After the free evolution part,

the wave function is transformed back to position space by applying the Fourier

transform and gives the updated state ψ(x). The process is repeated for each

kick, giving us the updated wave function each time after the evolution. The

momentum and energy of the atoms after each kick is then determined.



5.5 The Talbot effect in optics 65

x

z

Fig. 5.2: A schematic of the kicked optical system with an array of phase gratings at equidis-
tant locations. The diagram is adopted from [126].

5.5 The Talbot effect in optics

The optical Talbot effect is a near field diffraction phenomenon that has been

experimentally observed in classical optics as well as in quantum atom optics.

The original idea was published by Henry Fox Talbot in 1836 [124], where

he presented his interesting results regarding the diffraction of light waves.

Talbot studied the effect of white light on a ruled diffraction grating through

a magnifying lens. Moving the lens close to the grating so that it is in focus,

the rulings would appear sharp. The image would become blurred as the lens

is moved away from the grating. Surprisingly, at certain distance from the

grating the images reappeared sharp and repeated at several distances. This

phenomenon of self imaging or reappearance of the grating at a certain Talbot

distance is known as the “Talbot effect”. The phenomenon was then further

studied by Lord Raleigh in 1881 [125], where he linked the effect to Fresnel

diffraction and found the relation for the Talbot distance as

ZT =
2d2

λ
(5.25)

where d is the period of the grating and λ is the wavelength of the light used.

The Talbot effect could also be observed at integer multiples of the Talbot

distance ZT . It has also been found that more complex reconstructions of the
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image can be found at fractional Talbot distances Zfrac = (n/m)ZT , where

(n/m) ≤ 1 is a rational number, n and m being integers [127]. The images at

fractional distances are in fact the subsets of all the possible images. This is

called the fractional Talbot effect. The integer and fractional Talbot effects in

the experiment will be discussed in the next chapter in detail.

5.6 The atom optics Talbot effect

The effect of a pulsed standing wave from a laser light on the BEC can be used

to study the atomic version of the Talbot effect [21, 30]. The standing waves

act like a diffraction grating, which can diffract the atomic matter waves.

As these pulses can be turned on for some period of time, due to quantum

interference of the atomic matter waves, the initial state of the system can

be reconstructed at certain time scales. In analogous to the optical Talbot

distance, the Talbot time in atom optics can be expressed as

TT =
ZT

va
=

2d2

λlva
, (5.26)

where va is the atomic velocity that results from the interaction of matter

waves with the light field. Moreover, λl is the wavelength of the atomic matter

wave that is given by λ = h
mva

. For an optical lattice with periodicity d =

λ/2 = π/kl, where λ and kl are the wavelength and wave number of the light

field respectively, the Talbot time can be expressed as

TT =
2π2

λlvak2l
=

2mπ2

hk2l
=

π

2ωrec
, (5.27)

where ωrec is the angular frequency gained by the atom when it absorbs or

emits a photon by interacting with the laser field and is called the atomic

recoil frequency given by ωrec = h̄k2l /2m. The Talbot time can be defined by

the relation

8ωrecTT = 4π. (5.28)

At a certain kick period T equal to integer times the Talbot time (T = mTT ,
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Fig. 5.3: Absorption images of the momentum distribution of the atoms at the quantum
resonance for [1− 6] kicks for the kick period T ≃ 66.3 µs and ϕd ≈ 2.5.

Fig. 5.4: Absorption images of the momentum distribution of the atoms at the quantum
anti-resonance for [1− 6] kicks with a kick period T ≃ 33.1 µs and ϕd ≈ 2.5.

with integer m), the accumulated phase of the wave function due to moving

with velocity 2h̄kL is exactly 2π, and the kicks add constructively. The effects

of all the kicks add coherently and a quadratic growth in the energy of the

system is observed with the number of kicks [119, 128]. This is called “quantum

resonance” and is ≃ 66.3 µs in the experiment. For half integer times the

Talbot time (T = (m + 1
2
)TT ), the kicks add destructively, where the effect

of each odd kick is effectively canceled by the following kick. In this case,
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collapse and revivals of the momentum distribution can be observed. This is

known as “quantum anti-resonance” and is ≃ 33.1 µs in the experiment. In

Fig. 5.3 and Fig. 5.4, the momentum distribution of the atoms after 5 ms

time of flight have been shown, which clearly demonstrates the phenomena of

quantum resonances in the delta kicked rotor.

5.7 Effect of interactions on the AOKR dynam-

ics

As discussed in the previous chapter, the chaotic motion leads to a diffusive

growth in the kinetic energy of the system in classical kicked rotors. In the

quantum case, the energy of the system is limited to some finite value, and

the classical diffusion is suppressed due to quantum interference effects. Due

to linearity of the Schrödinger equation, in the quantum system dynamics,

the phenomenon of quantum resonances and dynamical localization can be

observed. An interesting study in this regard is the effect of non-linearity

on the dynamics of such systems. In many-body physics, the non-linearity

can be introduced by adding a nonlinear term in the Schrödinger equation

[129, 130]. In the non-linear case, the dynamics of BEC can be described by

the dimensionless nonlinear Gross-Pitaveskii equation as described in [16]

ih̄
∂ψ

∂t
=

(
− h̄2

2m

∂2

∂x2
+ g|ψ|2 + k cos(kx)δT (t)

)
ψ, (5.29)

where g is the strength of the nonlinear interactions, k is the kick strength,

and δT represents the δ−kicks and T is the kick period.

A detailed description of the BEC dynamics using Gross-Pitaevskii and

Liouville-type equations is provided to treat the nonlinear kicked harmonic

oscillator in [131]. Similarly, the dynamics of periodically kicked BEC in a

ring potential have been studied in the case of quantum antiresonance [132].

In their study, a quasiperiodic variation in the energy of the system in case of

weak interactions, and chaotic behavior in the presence of strong interactions
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Fig. 5.5: The energy evolution of the wave packet as a function of the number of kicks in the
presence of interactions. The parameters are, the kick period T ≃ 33.1 µs, ϕd ≈ .8, g = 0
(top) and g = 1 (bottom). The value of g in the simulation is used to replicate the results
in [133].

has been observed as opposed to the familiar periodic behavior exhibited by

a corresponding linear system. A similar study [33] has been performed to

investigate the effect of interactions on the δ−kicked harmonic oscillator using

a BEC in a harmonic potential. In their experiment, Duffy et al. predicted a

dephasing of the matter wave interference due to finite width of the conden-

sate’s initial momentum distribution. The phenomena of quantum resonance

and antiresonance have been examined with periodically kicked BEC in a 1D

box potential in [133]. A transition between oscillation and quantum beating

has been observed for the antiresonance case in the presence of interactions.

For the quantum resonance case, because of the coherence of BEC, the energy

oscillates and the rate is dramatically affected by the interactions. In the pres-

ence of interactions, the BEC coherence is lost after a few kicks and the results

are valid only up to a certain number of kicks.

In order to see the effect of interactions on the kicked rotor dynamics, the

simulated results for the antiresonance case are shown in Fig. 5.5, similar to

those presented in [133] . The kinetic energy of the system as a function of
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the number of kicks in the presence of interactions has been shown. An oscil-

lation in the energy with an amplitude that decreases gradually to a minimum

and then revives has been observed. This is analogous to the phenomenon of

beating in classical waves. The experimental study of the dynamics of BEC in

the AOKR system in the presence of interactions is beyond the scope of the

current thesis, and is the goal of future work in our laboratory.

5.8 Summary

In this chapter, the atom optics realization of the delta kicked rotor have

been described. Using the model of a simple two level atom interacting with

a standing wave potential, the Hamiltonian for the AOKR system has been

discussed. The discussion leads to a definition of the scaled Planck’s constant

and its relation with the kicking period in the experiment, that plays an key

role in studying the dynamics of such system. The experimental realization of

the AOKR in our laboratory has been described in detail.

The optical Talbot effect has been discussed, the analogue of which in atom

optics is at the heart of AOKR experiments. In the classical Talbot effect, the

near field, after a light field diffracts from a grating, is recreated at a certain

distance away from the grating. Furthermore, the atomic Talbot effect in atom

optics has also been described. In the atom optics Talbot effect, the initial

state of the system can be reconstructed at certain time scales (corresponding

to specific values of the kick period) due to the quantum interference of the

atomic matter waves. The modeling of the experiment by considering the

atomic wave packet dynamics has also been explained.

In the experiment, as the standing waves are periodic in space, the atoms

are subject to a periodic potential. The potential is turned on and off periodi-

cally in time and hence results in a sequence of short pulses of light (kicks). For

certain values of the kick period, the effects of all the kicks add coherently and

a quadratic growth in energy is observed. This is known as quantum resonance

and occurs for a kick period of 66.3 µs in our experiment. Similarly, for a kick
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period of 33.1 µs the kicks add destructively and oscillations in the kinetic en-

ergy of the system are observed. These resonances have been shown in figures

5.3 and 5.4 using the absorption images of the momentum distribution of the

atoms in the experiment.
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Chapter 6

Investigation of Quantum Resonances

in the AOKR

In this chapter, results of the investigation of the phenomenoa of quantum res-

onances in the AOKR are discussed. An interesting feature of the momentum

distribution of the atoms obtained as a result of short pulses of light, is the

variance of the momentum distribution or the kinetic energy ⟨p2⟩/2m in units

of the recoil energy Erec = h̄ωrec. The energy of the system is examined as a

function of pulse period. The energy is scanned for a range of kicks and quan-

tum resonant effects are presented. Quantum resonant effects corresponding

to the fractional Talbot time for five and ten kicks are discussed.

The study is further extended to explore the dependence of quantum reso-

nances on the initial velocity of the atoms. Quantum resonances are examined

by considering an AOKR system, where the atoms are diffracted by a mov-

ing standing wave. The first three primary resonances for two and four kicks

as a function of the initial momenta are studied. Furthermore, details of the

velocity distribution after a series of kicks are described.

73



74 6. Investigation of Quantum Resonances in the AOKR

Mirror

Lens

Fibre

Atoms

L
a

s
e

r

AOM

Fig. 6.1: A sketch of the kick laser. A linearly polarized laser beam is retro-reflected to form
a standing wave potential.

6.1 Quantum resonance effects in the AOKR

As described in the previous chapter, quantum resonances are well known

quantum effects, that occur for specific initial conditions and certain values

of the kicking period. After a theoretical description of quantum resonances

in the previous two chapters, these resonance effects in the experiment are

now closely observed. In this section, quantum resonances in the AOKR are

investigated by considering the atoms diffracted by a standing wave potential.

6.1.1 The Experimental setup

In the AOKR experiment, short pulses of light are shown on the BEC in

the form of a standing wave. The standing wave potential or the interaction
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Fig. 6.2: The momentum distribution of the atoms fitted by a Gaussian distribution to
obtain the energy.

potential is obtained from a linearly polarized laser beam retro-reflected from

the opposite direction as shown in Fig. 6.1. The counter propagating laser

beams are focused to a 100 µm spot at the BEC. The foci are much larger

than the size of the BEC (∼10 µm), thereby yielding a constant interaction

strength over the BEC, whilst increasing the intensity. The increased intensity

allows us to perform the experiment at large detunings to suppress spontaneous

emission. In order to reduce mean field effects, the trap that contains the BEC

is turned off 500 µs before the kick sequence is applied. The laser that is used

for kicking is detuned by ∼ 2.45 GHz from the relevant F = 1 → F = 2

resonance transition. The laser pulses are the kicks that modify the momentum

distribution of the atoms. Care is taken that the laser pulses arrive at the

experiment at the same time. A shutter is used in the laser beam to ensure

that it is totally extinguished during the evaporation phase to create the BEC.

The interaction potential is related directly to the intensity of the laser

beam and inversely with its detuning from the atomic resonance. High laser

power allows the experiment to be done at large detunings to suppress spon-

taneous emission. Therefore, for the interaction potential it is desirable to get

as much power as possible from the kick laser. The total laser power of the ex-

periment can be varied up to 2 mW. The momentum distribution of the atoms
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Fig. 6.3: Experimental data: Energy of the atoms as a function of the number of kicks 1 to 6
in this case, for the quantum resonance (circles) and quantum anti-resonance as (diamonds).
The kick strength ϕd ≈ 2.5

after the kick sequence is measured by absorption imaging in a time of flight

technique, with a flight time of typically 5 to 10 ms. Just prior to imaging,

the atoms are optically pumped to the F = 2 state by a 100 µs pulse on the

F = 1 → F ′ = 2 repump transition. An absorption image is then obtained

using a probe laser which is tuned to the S 1
2
, F = 2 → P 3

2
, F ′ = 3 transition.

The two dimensional momentum distributions obtained are summed over the

width of the cloud to obtain a one dimensional momentum distribution. The

energy of the atoms is then obtained by the variance of the momentum dis-

tribution by fitting a number of Gaussians, one to each diffraction order. A

typical example of the fitted momentum distributions is shown in Fig. 6.2.

6.1.2 Kinetic energy and quantum resonances

The kinetic energy as a function of pulse period is studied for a range of pulses

or kicks. This situation can also be thought of as equivalent to that of varying

the spatial distance between the gratings in the optical Talbot effect. To start

with, the energy is measured by scanning the pulse period (time delay) for two

kicks. The period between the kicks is varied from (10 − 70) µs. The second

kick is used as a tool to study the time evolution of the wave function after
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Fig. 6.4: The energy as a function of pulse period between two gratings. Circles: experimen-
tal data. Solid line: theoretical simulations. Typical parameters are N = 2, T = (10 − 70)
µs, ϕd ≈ 2.5.

the first kick. It is well known that in the atomic version of the kicked rotor,

at the Talbot time TT = 66.3 µs of free evolution, an identical wave function

to that directly after the first kick is observed. The introduction of another

grating or kick at the Talbot time then simply doubles the effect or duration of

the first kick. As a result, a quadratic growth in energy is observed [119, 134].

At a pulse period of ∼ 33.1 µs, which is equivalent to half of the Talbot time

i.e., TT/2, the quantum phase factor between kicks alternates sign [32]. As a

result, a re-image of the grating’s transmission function, which is the inverse

of the initial one, is obtained. In effect, two kicks with half the Talbot time in

between them results in the complete negation of the effect of the first kick.

The corresponding energy of the atoms describing the quantum resonance and

anti-resonance is shown in Fig. 6.3. The energy dependence of the condensate

diffracted by two gratings or kicks as a function of pulse period between the

kicks is shown in Fig. 6.4. The full curve represents the theoretical simulation,

whereas the circles are the experimental observations. On each occasion, the

experiment is repeated three times. The well defined peaks and valleys that are

observed correspond to the integer and fractional Talbot times. The maximum
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Fig. 6.5: The energy as a function of pulse period for three kicks. Circles: experimental
data. Dashed line: is a result of theoretical simulations. The parameters are the same as in
Fig. 6.4, except N = 3 in this case.

in energy at ∼ 66 µs is in a close resemblance with the simulation, and is a clear

indication of the Talbot time TT that corresponds to the quantum resonance.

The minimum in energy at ∼ 33 µs is also clearly visible that matches the

theoretical predictions of half the Talbot time TT/2.

The energy of the system is also studied as a function of pulse period, by

adding another pulse (kick) to the first two. The addition of this pulse increases

the energy of the system by inducing an extra phase shift. The global minimum

in this case is then replaced by a local maximum as the complete cancelation

of the first two kicks is destroyed by the third one. This is true for an odd

number of kicks. The final energy of the system for three kicks as a function

of pulse period is shown in Fig. 6.5. Most of the structure in Fig. 6.5 is less

visible; however, the maximum in energy at about TT is still obvious as the

gratings for this amount of free evolution does not induce any additional phase

shift. The error bars are determined by running the experiment a number of

times.

The evolution of the system in the presence of large number of kicks shows

interesting results in the simulations. By measuring the energy, the evolution
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Fig. 6.6: The energy in recoils as a function of time delay between four kicks. The circles
represent the results of the experiment whereas the dashed line is a result of the theoretical
simulations. Parameters are the same as in Fig. 6.4, except N = 4 in this case.

is examined in the presence of four and five kicks. It is well known that with

an increase in the number of kicks, the width of the quantum resonances when

plotted against the pulse period becomes narrow [37]. In Fig. 6.6, the energy

as a function of pulse period is plotted for four kicks. In this case, at a pulse

period of ∼ TT/2, the minimum in energy (close to a zero) is observed again

as shown. As for an even number of kicks, the effect of the previous kick

is canceled again for the corresponding time delay of TT/2, and almost no

diffraction occurs. The maximum in energy at TT is again visible, since for

this time delay the energy of the system increases with the addition of further

kicks. It should be noted that the resonance peak observed at TT is narrow as

compared to the peak for a small number of kicks. This is in accordance with

theoretical simulations, where a narrowing of the quantum resonance peaks for

a large number of kicks is observed.

A similar behavior is observed when an extra pulse is added. In Fig. 6.7,

a complete scan of the energy as a function of pulse period up to the second

primary resonance is performed for five kicks. The minimum in energy at

TT/2, which was obvious in the case of four gratings, however, is replaced by
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Fig. 6.7: The energy in recoils as a function of pulse period. The circles represent the results
of our experiment, whereas the dashed line is a result of the theoretical simulations. Typical
parameters are N = 5, T = (10− 140) µs, and ϕd ≈ 3.

a local maximum as shown. This could be the result of an extra phase shift

induced by the fifth grating, due to which the energy increases by some amount

for the corresponding time delay. It is shown that much narrower resonance

peaks are observed in this case around the quantum resonances of TT and

2TT (∼ 132 µs). The maximum in the experiment in this case, however, is

not in agreement with the simulation. We believe this discrepancy is caused

by the limited signal to noise ratio. Because of the limited resolution of the

experiment, the observation of the probability of the atoms at high momenta

or to detect small amount of diffraction orders at high momenta is difficult,

which results in the reduction of the energy. The damping of energy in the

simulation is observed because of the finite width of the initial momentum

distribution. The energy of the momentum distribution tends to be extremely

sensitive to the population at high momenta [32]. Overall, the experimental

results are in good agreement with the theoretical predictions and simulations.

Higher order resonances are expected to occur in these systems at fractional
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Fig. 6.8: The energy in recoils as a function of time delay between five gratings is shown.
Circles: the experimental data. Dashed line: theoretical simulations. Parameters are N = 5,
T = (10− 20) µs and Φd ≈ 3.

multiple of the Talbot time TT , i.e., at

Tfrac =

(
l

m

)
TT , (6.1)

where l and m are integers forming a rational number. The quantum revivals

or resonances at these fractional times are the results of superposition of m

copies of the initial wave packet, which are separated by 2π/q [127]. Expecting

resonances at these fractional times, the energy of the atoms is scanned in detail

as a function of pulse period in between the gratings. In Fig. 6.8, and Fig.

6.9 the energy is shown for a full scan of the pulse period from (10 − 20) µs

for 5 and 10 kicks. The maximum in energy at ∼ 16.7 µs is the evidence of a

fractional resonance at (1/4)TT . Similarly, the small peak at ∼ 13.2 µs shows

another resonance which corresponds to a fractional Talbot time of (1/5)TT .

For multiple gratings, the energy of the atoms is more sensitive to each

induced phase shift and is extremely difficult to analyze accurately in the

experiment. In Fig. 6.9, the fractional resonances become sharp as a result

of large number of kicks, ten kicks in this case. Interesting resonances are
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Fig. 6.9: The energy in recoils as a function of time delay for the same parameters as above.
Circles: results of the experiment. Dashed line: theoretical simulations. Parameters are the
same as in Fig. 6.8, except N = 10.

expected to occur, by taking into account the initial velocity of the atoms. In

the next section, we examine the dependence of initial velocity of the atoms

on the quantum resonances in the AOKR.

6.2 Initial momentum dependence on quantum

resonances

In this section, measurements of the effect of the initial momentum on the

primary quantum resonances in the delta-kicked rotor are presented. The

study of quantum transport in such systems has been of great interest in

recent years in experiments with cold atoms [40, 41], but its dependence on

the initial velocity of the atoms still needs further investigation.

6.2.1 Experimental setup

In order to take into account the initial momentum dependence on the quantum

resonant effects, a modified kick laser setup as described in Section (5.3) is used,

and is shown in Fig. 6.10. The laser beam is split into two by a beam splitter,
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Fig. 6.10: A sketch of the laser setup for a moving standing wave: The AFG (Arbitrary
Function Generator) is used to drive the AOMs, that enables us to change the frequency of
one of the laser beam by a small amount.

and the two beams are then passed through separate AOMs. The AOMs used

for fast switching are driven in this case by an Arbitrary Function Generator

(Tektronix AFG-3252), amplified by home-built RF amplifiers. The AOMs

are pulsed on simultaneously, but with a tunable frequency difference δω. The

AFG generates two 80 MHz (plus a desired offset frequency), 3.5 Vpp sine waves

that shift the frequency of the laser beams. The frequency difference gives us

an effective initial momentum pi for the atoms, given by pi/prec = δω/(4ωrec).

In the experiment, using the definition of Erec = h̄2k2/2m, for λ = 780 nm

one recoil frequency is given by frec = 3.77 kHz. From the definition above

and in [15], 3.77 kHz corresponds to a value of the quasimomentum β =
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.25 recoils, and 30.16 kHz corresponds to β = 2 recoils. An equation editor

ArbExpress was used to generate a pulse sequence for different pulse periods.

The frequency of one beam was set at 80 MHz and the second beam was varied

by 80 MHz+3.77 kHz to 80 MHz+30.16 kHz in eight steps. By introducing

the small frequency difference, a moving wave instead of a standing wave was

obtained. The frequency difference corresponds to a quasimomentum values

of zero to two photon recoils. It should be noted that what is important is the

relative phase of the sine waves driving the AOMs in the subsequent pulses,

caused by the small frequency difference, not the actual frequency difference.

An ensemble of cold atoms with a momentum spread much less than a

single photon recoil is used. These cold atoms are then kicked at kick periods

corresponding to quantum resonances. The analytical expression for the am-

plitudes of the momentum states with momentum 2jh̄k after n kicks has been

derived in [25] and [15], for the kick periods that are half integer times the

Talbot time TT ,

cj = Jj

(
ϕd

sin(nΥ)

Υ

)
ije−ij(n+1)Υe−inπβ2l, (6.2)

where the parameter Υ is defined as

Υ =
1

2
π(1 + 2β)l, (6.3)

β is the quasimomentum in units of h̄kL, and l is an integer, given by l =

2T/TT . The parameter β can be used to assign different initial momenta to

the atoms in the experiment. From equation 4, the second order moment of

the momentum distribution can be found as

⟨
p2
⟩
= (2h̄kL)

2

∞∑
j=−∞

|cj|2(j + β)2. (6.4)

The values obtained from equation Eqn. (6.2) are found to be in excellent

agreement with those obtained from the simulation, and with the experimental

data.
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Fig. 6.11: The probability of finding atoms at the final momenta (horizontal axis) for a
range of initial momenta (vertical axis) in the simulation. The probability for kick period
of T = TT /2 (Top) and T = TT (Bottom) for four kicks, with average initial momentum
⟨pi⟩ = prec and ϕd ≈ 1. Solid curve: the original BEC distribution.

6.2.2 Modeling the experiment

In the experiment, the initial momentum distribution from the BEC has a

certain width of σ ∼ 0.18 recoils. The initial width associated with the BEC

qualitatively alters the momentum distribution after the kick sequence. In

the ideal case, the initial momentum distribution is a delta function at pi.

However, in reality, the initial momentum distribution has a width. Because

of this width, there are some atoms at a momentum pi+∆p, where the quantity

∆p is much smaller than one recoil. In order to take into account this initial

momentum width, we performed the simulation for a range of initial momenta.

The probability of finding the atom at a final momentum is plotted for a range

of initial momenta for both antiresonance (top) and resonance (bottom), in

Fig. 6.11. The initial momentum distribution of the BEC is also displayed
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Fig. 6.12: Absorption images of the atoms after two kicks, with a kick period of T = TT /2
for different initial momenta from 0 to 4 recoils.

(as a solid curve). The effect of the initial momentum on the system can be

observed as a transfer of the probability of atoms to states at small offset

momenta. As the probability is very sensitive to the initial momentum, this

sensitivity therefore translates into peaks coming into existence at a small

offset momentum pi + ∆p that are not there at pi, where pi is equal to one

recoil in this case. Conversely, this can also be seen as a peak disappearing at

pi +∆p which was present at pi.

In order to take into account the effect of finite width of the initial momen-

tum, the simulation is carried out for a range of ∆p. The resulting momentum

distributions are then added incoherently, weighed by the height of the momen-

tum distribution of the original BEC at ∆p. The final momentum distribution

is obtained by the sum of horizontal profiles in Fig. 6.11 weighed by the initial

momentum distribution.

6.2.3 Results and discussions

In Fig. 6.12, absorption images of the atoms are shown for the antiresonance

T = TT/2 case after two kicks for different initial momenta. The atoms are

allowed to expand for about 5 ms before they are imaged by the camera, using

the time of flight method. The different initial momentum to the atoms is
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imparted by setting a small frequency difference between the two laser beams.

At p = 0 the effect of the first kick is exactly canceled by the second for the kick

period corresponding to half the Talbot time, and we see almost no diffraction,

as expected from the Talbot effect. At the initial momentum of pi = prec, we

see strong diffraction, as TT/2 corresponds to a resonance for these atoms. A

similar effect is observed for atoms with an initial momentum of pi = 3prec.

For atoms with an initial momentum of pi = 2prec and pi = 4prec, there is again

no diffraction. The reason for the absence of diffraction in this case is due to

the fact that TT/2 corresponds to an antiresonance for these atoms. For the

antiresonance case here, the free evolution part of the Floquet operator evolve

according to

Ufree = e−i(2N+1) h̄
2k2

2m
TT /2, (6.5)

and depends on the initial momentum. For TT/2 the free evolution operator

depends on h̄k resulting in resonances and antiresonaces for specific values as

described. This dependence is explained in [15] in detail.

The dynamics of the system are examined for a range of initial momentum

at pulse periods of TT/2 and TT between the kicks. In Fig. 6.13, on the left,

the momentum distribution of the atoms after the kick sequence is examined,

for the initial momentum pi in 8 steps from 0 to 2 prec. The resulting 1D

momentum distributions, averaged over the three repeats of the experiment

are shown as a function of the final momentum for two kicks. It can be seen

that at zero velocity, there is indeed an anti-resonance and very little diffraction

occurs. For small increments in the initial momentum, small peaks start to

appear at higher diffraction orders. At pi = 0.5prec, the first and second order

diffraction peaks are observed. At an initial momentum of pi = 1prec, the

evolution turns into a resonance, with significant diffraction. The probability

of atoms at higher momenta starts to decrease for pi > 1prec and at pi = 2prec

the system returns back to an anti-resonance, with very little diffraction. Also

shown in the figure are the results of the simulation. When experiments are

performed with a broad initial momentum distribution, an average over many

different vi yields an observed resonance at T = TT/2, as has been shown in
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Fig. 6.13: (Color online) The number of atoms as a function of the final momentum, for a
range of initial momenta 0 to 2h̄k. On the left we show the experimental results for two
kicks with a period of TT /2. On the right the results are shown for two kicks with a period
of TT . The solid red curves represents the experimental data, whereas the simulations are
shown as dashed lines, for a kick strength of ϕd ≈ 1.

many publications, see, e.g. [32].

On the right in Fig. 6.13, the resulting 1D momentum distributions in

the experiment and the simulations are shown for a period between the kicks

of T = TT . The initial momentum pi is again varied from 0 to 2 prec in

8 steps. At an initial momentum of pi = 0, there is a resonance and strong

diffraction occurs as expected. The evolution of the system, however, turns into

an antiresonance at pi = 0.5prec with small diffraction, and back to a resonance

at pi = 1prec. The probability of atoms occupying the higher momentum states

start to decrease again, and at pi = 1.5prec an antiresonance is observed. The

evolution finally turns again into a resonance at pi = 2prec, where a strong

diffraction is seen. Again, averaging over a range of initial velocities will show

the same resonance at T = TT , even though the dependence on the initial
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Fig. 6.14: (Color online) The momentum distributions of the atoms after four kicks. The
momentum distributions for the kick period of T = TT /2 (Top) and T = TT (Bottom)
are shown in the experiment (solid blue lines) and the simulation (dashed red lines) for
T = TT /2. The initial momentum pi = prec in both cases and ϕd ≈ 1.

velocity cycles at twice the rate. At T = 3TT/2, the cycle of the amount of

diffraction varying with the initial velocity is at three times the rate we see for

T = TT/2, and so on. The simulated curves show good agreement in terms of

the relative heights of all the diffraction peaks.

Details of the momentum distribution

In a similar experiment, the momentum distributions obtained as a result of

four kicks are shown in Fig. 6.14 for the antiresonance case (top) and the res-

onance case (bottom). A change in widths of the momentum distributions for

different diffraction orders is observed in both cases. The observed difference

in widths can easily be related to the separation of one velocity peak into mul-

tiple peaks in the simulation. For instance, the velocity peak at a momentum

p = 1 recoil is split into three, with varying heights in the two situations. This

would be caused by the peak disappearing for ∆p = 0.2 recoils, and subse-
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Fig. 6.15: The final energy in recoils as a function of initial momentum from 0 to 2h̄k for
T = TT /2 (left) and T = TT (right) for two kicks. Markers: the experimental data with
uncertainties. Solid line: theoretical simulations. The kick strength is ϕd ≈ 1.

quently re-appearing for ∆p = 0.4. In the final momentum distribution, the

latter peaks appear even though they are not strongly weighted by the initial

velocity distribution.

Similarly, the peaks at p = 3 and p = −1 recoils are split into two. This

would be caused by the peaks appearing at a small ∆p. In addition, the peaks

at p = −(5, 7) recoils are found to be considerably narrower than the initial

momentum distribution, which is caused by the fact that this diffraction peak

only appears for very small ∆p. These observations can be verified in Fig. 6.11

by drawing a horizontal line at fixed ∆p and finding the diffraction orders. In

the simulation, it has been found that the width of resonances as a function of

the initial momentum gets smaller in the presence of a large number of kicks.

In the next section, we study the energy of the system in detail.

Kinetic energy

As discussed earlier, the AOKR dynamics can be examined by the observation

of the energy or the variance of the momentum distribution in units of the recoil

energy Erec = h̄ωrec. In this section, we study how the energy of the system

is influenced by taking into account the initial momentum of the atoms. The

energy is scanned as a function of the initial momentum pi for different pulse
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Fig. 6.16: The final energy in recoils as a function of initial momentum from 0 to 2h̄k for
T = 3TT /2 for two kicks. Markers: the experimental data with uncertainties. Solid line:
theoretical simulations. The kick strength ϕd ≈ .9.

periods for a number of kicks. In Fig. 6.15, the variation of the energy on

the initial momentum for T = TT/2 (left) and T = TT (right) in both the

experiment and simulation for two kicks is shown. For T = TT/2 we see a

strong peak in the energy at about pi = 1prec. Similarly, for the resonance

case T = TT oscillation in the energy is observed. These results are consistent

with the results presented in Fig. 6.13. For T = 3TT/2, the energy varies at

three times the rate for T = TT/2 as shown in Fig. 6.16. For the data points,

the averaged profile is fitted to a number of Gaussians, one for each diffraction

order, to obtain the energies as shown. The data shown is a result of fitting

each experiment to obtain the energy after the kick sequence in each run. The

standard deviation is then taken to estimate uncertainties in the results. A

direct numerical variance of the velocity distribution were found to give similar

results. Because of the sensitivity to small noise peaks at large momenta, these

results were less consistent, and were therefore not used.

Next, the energy is examined as a function of the initial velocity for four

kicks. As found in Section (6.1.2), for large number of kicks, the widths of

quantum resonances when plotted as a function of kick period get smaller as

the number of kicks get larger. Fig. 6.17 shows the energy as a function of

the initial velocity for four kicks, for both the anti-resonance T = TT/2 (left)
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Fig. 6.17: The final energy in recoils as a function of initial momentum from 0 to 2h̄k for
T = TT /2 (left) and T = TT (right) for four kicks. Markers: the experimental data with
uncertainties. Solid line: theoretical simulations. Again ϕd ≈ 1.

and the resonance case T = TT (right). On the left, for T = TT/2 there

is an anti-resonance at zero momentum, yielding very small energies. There

is a small maximum at an initial momentum of 1/4 recoils, decreasing again

close to zero at 1/2 recoils. At an initial momentum of one recoil, there is

a stronger maximum in the energy, decaying again to small energies at 3/2

recoils before another smaller maximum. At initial momenta of two recoils,

very small diffraction occurs and the energy returns to a small value close to

zero. It should be noted that all these features, prominent in calculations,

can be reproduced in the experiment. For the kick period corresponding to

T = TT , a larger number of oscillations in energy in the simulation is observed.

The maximum in these curves is observed to be much narrower than those for

small number of kicks. The maxima in the experiment is in agreement with

that in the simulation, but the small-period oscillations in the simulation were

not resolved in the experiment due to limited resolution.
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6.3 Summary

In this chapter, a detailed study of quantum resonances in the AOKR system

is presented. The momentum distribution of the atoms is measured after

the kick sequence by absorption imaging in time of flight technique. The

two dimensional momentum distributions obtained in the experiment are then

summed over the width of the cloud to obtain a one dimensional momentum

distribution. The kinetic energy of the atoms is then calculated by the variance

of the momentum distribution by fitting a number of Gaussians, one to each

diffraction order.

By varying the pulse period, the kinetic energy for a number of kicks is

studied. A narrowing in the widths of quantum resonances when plotted versus

the kick period is observed for large number of kicks. The results presented are

in good agreement with the theoretical simulations. Additionally, fractional

resonances have been observed by scanning the energy after five and ten kicks

in the experiment. For large number of kicks, the energy of the atoms is

more sensitive to each induced phase shift and is extremely difficult to analyze

accurately in the experiment. A slight deviation of the experimental data

from that of the simulation for five and ten kicks is seen because of limited

experimental resolution. The data, however, follow the general trend of that

from the simulation.

Furthermore, the dependence of quantum resonances in the AOKR system

on the initial momentum of the atoms have been examined. The first three

primary resonances have been examined for two and four kicks by studying the

momentum distribution of the atoms and the kinetic energy. The momentum

distribution of the atoms as a function of the initial momentum for two kicks for

the resonance and antiresonance case shows interesting results. A sinusoidal

dependence of the energy on the initial momentum for two kicks has been

observed. By increasing the number of kicks, the system becomes extremely

sensitive to the initial momentum of the atoms. A more complex structure of

the energy for four kicks has been observed. For large number of kicks, the

energy curves have been found much narrower than those obtained for small
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number of kicks. For four kicks, the maxima in the experiment is in agreement

with that in the simulation. The small-period oscillations in the simulations,

however, were not resolved in the experiment due to limited resolution for these

settings. In general, good agreement has been found between the experimental

results and the simulations.



Chapter 7

Loschmidt Time Reversal of Atomic

Matter Waves

7.1 Introduction

The Boltzmann’s statistical theory of gases [135], in which he provided proof of

the irreversibility and entropy growth, led to a debate between Loschmidt and

Boltzmann. How the irreversibility of macroscopic systems is reconciled with

the reversibility of microscopic physical laws?. The argument was first made

by Loschmidt in reaction to Boltzmann’s theory and is known as Loschmidt

paradox [136]. The story goes that Boltzmann’s reply to Loschmidt’s ques-

tion regarding velocity reversal was: “Then try to do it!” [137]. In classical

dynamics, small but non-vanishing perturbations in the initial conditions or

perturbing the Hamiltonian describing the system, may grow exponentially

with time, which makes the motion practically irreversible [1, 2]. This, how-

ever, is different in the case of quantum dynamics. Because of the linearity

of the Schrödinger equation of motion, the quantum evolution remains stable

95
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and reversible in the presence of small perturbations. Numerical computations

performed on quantum mechanical systems have shown remarkable stability of

the quantum motion. By reversing the time, it is possible to reverse the initial

state of the system with high accuracy [138].

The quantum reversibility of systems has been studied extensively in re-

cent years. An experimental proposal of an effective time reversal of the atomic

matter waves was published by Martin et al. [17]. Similarly, a time rever-

sal technique has also been recently proposed to reverse the dynamics of cold

bosonic atoms in the optical lattice, in the regime described by the Bose Hub-

bard Model [42].

This chapter describes in detail the time reversal of the atomic deBroglie

waves in periodically driven systems proposed in [17]. In the first place, the

time reversal phenomenon in periodically driven systems is discussed as de-

scribed in [139]. The chapter then describes the simulation for the Loschmidt

time reversal scheme and discusses how modeling of the experiment is per-

formed. Finally, the experimental results describing the observation of the

time reversal of chaotic dynamics with ultra cold atoms are presented.

7.2 Time reversal of periodically driven systems

The Hamiltonian describing the dynamics of quantum δ−kicked rotor as ex-

plained in Chapter 4 and 5 can be written in general form as

H =
p2

2m
− V0 cos(kLx)f(t), (7.1)

where f(t) describes the time dependence of the laser pulses. For the delta

kicked rotor, f(t) =
∑N

n=1 δ(t − Tn), where T is the kick period. In case of

periodic driving, the Hamiltonian of the system can be written as H(t+nτ) =

H(t) where τ is refereing to one period, and is useful in describing the unitary

evolution. The time dependent Schrödinger equation describing the state of a
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quantum system as described in [139] can be defined as

ιh̄ψ̇(t) = H(t)ψ(t), (7.2)

that yields an independent solution of the form

ψ̃(t) = T ψ(−t), (7.3)

where T is some anti-unitary operator . If we apply T on both sides of the

schrödinger equation we get

− ιh̄
∂

∂t
T ψ(t) = T H(t)T −1T ψ(t), (7.4)

or, if we replace t by −t

ιh̄
∂

∂t
T ψ(−t) = T H(−t)T −1T ψ(−t). (7.5)

In order for this equation to be equal to the original schrödinger equation H(t)

must obey

H(t) = T H(−t)T −1, (7.6)

which is the time reversal symmetry for the Hamiltonian of periodically driven

systems [139], and is a property of the Floquet operator explained briefly in

Chapter 4.

The quantum evolution over one period is given by the Floquet operator

acting on the wave function

ψ̄ = F̂ψ = e−ip2T/2mh̄e−iϕd cos(2kLx)τ/h̄ψ, (7.7)

where T is the pulse period given by k̄ = 8πωrecT , where k̄ plays the role of

the effective Planck’s constant, and ϕd is the kick strength. The momentum

operator p̂ has eigen values defined by p = (n + β)h̄k, where n is an integer

and β is the quasimomentum for a propagating wave in the x direction. From

the calculation performed in [17], it was observed that after the time reversal,
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6π

Fig. 7.1: A sketch of the Loschmidt pulse train (LPT). The parameter tp represents the pulse
duration, whereas T is the pulse period. The quantity ϵ is proportional to the difference of
the pulse period from the first primary resonance.

components with β = 0 (integer values of p) are exactly reversed, while for

small values of β the time reversal works approximately.

A cloud of ultra cold 87Rb atoms is used, driven by a pulsed optical standing

wave, as a quantum δ-kicked rotor system. It has been shown that the effects

of a certain number of kicks can be effectively reversed by further kicks by

having a different kick sequence. This time reversal is sensitive for a small

range of initial momenta, a narrowing of the zero velocity peak is therefore

observed after the complete kick sequence. The phenomenon has been named

“Loschmidt cooling” [17], even though the phase space density is not increased.

It should be stressed that many schemes exist in the field of atom optics

that narrow the momentum distribution of a sample of atoms [140–142], some

of which increase the phase space density. The results presented here, however,

show the first observation of an effective reversal of chaotic dynamics in the

quantum regime. The phenomenon observed here can be thought of as analo-

gous to multiple beam interferometry, where the sharpness of the interference

fringes due to constructive interference has been demonstrated [143].

7.3 Loschmidt time reversal scheme

In order to implement the time reversal scheme for the atomic matter waves

in the experiment, the method described in [17] is followed. A sequence of

pulses consisting of N/2 pulses with a scaled period of k̄ = 4π + ϵ , a waiting
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Fig. 7.2: The return of Wt is shown to be symmetric after the Loschmidt time reversal
scheme. The rescaled inverse probability at zero momentum W0(0)/W0(t) is plotted as a
function of the number of kicks.

time 6π after the last pulse and then N/2 pulses with a period of 4π − ϵ is

used, where the following has been inverted:

1. the sign of ϵ

2. the order of propagation and free evolution

3. the relative phase of the electric field of the laser and the atomic wave

function

thus a total of N pulses. This sequence of pulses has been named as the

Loschmidt pulse train (LPT) as shown in Fig. 7.1. The parameter ϵ is propor-

tional to the difference of the pulse period from the first primary resonance.

7.4 Modeling the experiment

In order to measure the time reversibility of the wave packet after the LPT,

a useful quantity to investigate is the probability at zero momentum Wt =

W0(t). This probability is defined in the simulation as a ratio of the probability
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Fig. 7.3: (color online) The simulated momentum distribution after the kick sequence (full
blue line) and the initial wave packet (dashed green line) are shown. The parameters are
N = 10, ϕd ≈ 2.5, pi = 0, and ϵ = 2. The inset shows a magnified view of the area around
p = 0.

of atoms in the initial state of the zero momentum state at time t = 0 to

the probability of atoms in the final state at time t. The simulation for the

Loschmidt time reversal is performed with a number of parameters in the range

of the experiment. In Fig. 7.2, the ratio W0(0)/W0(t) is plotted as a function

of the number of kicks. The results shown are in good agreement with the

theoretical predictions of [17], as the return for Wt after the LPT is observed

to be symmetric. The probability in momentum space at time t is

Wp(t) = |⟨p|ψ(t)⟩|2 (7.8)

Accordingly in Fig. 7.3, in simulation, the momentum distribution of the atoms

in the initial wave packet represented as dashed line, and the final momentum

distribution shown as solid line, are shown. A much narrowed momentum

distribution around p = 0 after the kick sequence is observed as shown in the

inset, as the restitution of the wave function only works for very small values
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Fig. 7.4: (color online) The momentum distribution of the BEC before (blue dotted line)
and after the kicks in the presence of initial velocity of the atoms as shown in (solid green)
in the theoretical simulations with no convolution. The parameters are ϵ = 1 and N = 10,
and ϕd ≈ 2.5.

of p. The rest of the probability is transferred to higher momentum states,

with offsets of 2nh̄k with integer n. Note however, that the probability for

p = 0 returns to its previous value. Martin et al., have performed extensive

simulations, showing that the p = 0 peak gets narrower as the number of kicks

N in the sequence or the intensity increases. The final momentum distribution

is not Gaussian, the FWHM is therefore taken as the indicator for the width

of the peak. The inset is a magnified view of the region around the zero

momentum state.

The BEC that is produced in the experiment has a certain finite momen-

tum width, i.e., the atoms start off in a distribution of momentum around

the zero momentum state. As described in the last chapter, because of this

finite momentum width, there are some atoms at small offset momenta with a

momentum of pi +∆p, where ∆p is much smaller than a recoil.

In the simulation, we start with a minimum uncertainty wave packet, with

an initial momentum h̄ki, that represents the state of the system. The initial
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Fig. 7.5: The momentum distribution of the BEC after the Loschmidt kick sequence is shown
in the experiment. The parameters are N = 10, ϕd ≈ 2 and ϵ = 1.

wave function is given by

ψ =
1√
2πσω

e−x2/2σ2
ωe−ikix, (7.9)

where the parameter σω is chosen in accordance with the experimental reso-

lution. Due to the chemical potential, the momentum spread of the atoms is

larger than given by the uncertainty principle. In the simulation, the width

would just be given by the uncertainty principle. We take this into account by

the following procedure in the simulation:

- Fit the momentum distribution of the BEC to a Gaussian

- Run the simulation for a range of momenta in the BEC distribution

- Add the results weighed by the BEC distribution

- The resultant momentum distribution is then convolved with a Gaussian

for experimental resolution.

Effectively, this means that an incoherent average over the BEC momentum

distribution is taken.
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Fig. 7.6: The momentum distribution of the BEC in the simulation after the LPT, convolved
with a Gaussian in accordance with the resolution of the experiment. The parameters are
N = 10, ϕd ≈ 2, and ϵ = 1.

The resultant distribution obtained after the kick sequence is shown in

Fig. 7.4 as solid lines with the initial state shown as dotted curve. It can

be seen that the momentum distribution in the simulation has a lot more

structure than what appears in the experimental data. A typical result from

the experiment after the application of LPT is shown in Fig. 7.5. In order

to avoid the complex structure in the simulated momentum distribution, the

resultant momentum distribution is convolved with a Gaussian as described.

The width of the Gaussian is chosen in accordance with the experimental

resolution. In Fig. 7.6, the momentum distribution after the convolution is

shown in the simulation, which replicates the results in the experiment.

7.5 Effect of interactions

Very recently, the dynamics of BEC in kicked optical lattice to study the time

reversibility of the atomic wave function have been performed in [16]. In their

study, they observed the time reversal with good accuracy for interactions of

moderate strength. However, a complete destruction of the reversibility of the

wave packet was observed for large interaction strength g. As discussed in
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Fig. 7.7: Simulated result of the final momentum distribution of the BEC after the LPT in
the presence of interactions. The parameters are N = 10, ϵ = 1, ϕd ≈ 3 and g=1.

Chapter 5, the interactions between atoms can be quantified by the nonlinear

parameter g in the Gross-Pitaveskii equation.

Following the procedure presented in [16], some of the results of the sim-

ulations for the time reversibility of the BEC dynamics in the presence of

interactions are described. The simulations performed in general are the same

as those described in the previous section. In Fig. 7.7, the final momentum

distribution of the atoms after the time reversal in the presence of interactions

is shown in the simulation. It has been observed that the final momentum

distribution after the LPT is squeezed in this case as compared to the initial

wave packet as shown in Fig. 7.3. In Fig. 7.3, the final momentum distribu-

tion has been shown to return to the same maximum value as the initial one,

when no interactions were included. The reduction in the return probability

in Fig. 7.7 is solely due to the interaction effects, where the time reversibility

is completely destroyed in the presence of strong interactions. In Fig. 7.8,

the final momentum distributions of the wave packet are shown for different

values of the nonlinear parameter g. The results are compared to the initial

momentum distribution. It has been observed that the maximum in the re-
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Fig. 7.8: (color online) In the simulations: The final momentum distributions of the BEC
after the Loschmidt time reversal for different values of g compared to the initial wave
packet. The parameters are N = 10, ϵ = 1, ϕd ≈ 3. The nonlinear parameter g=1 for (solid
green) curve, g=4 for (dashed red) and g=10 for (dashed dotted) black curve.

turn probability gets smaller as the value of g gets larger. The width of the

return wave packets, however, is relatively weakly affected for small values of

g. The simulation results are in good agreement with those presented in [16].

The effect of interactions on the time reversal of the BEC will be addressed

in the near future experiments in the laboratory, and are beyond the scope of

the current work in this thesis. In the next section, we present experimental

measurements of the Loschmidt time reversal of the chaotic dynamics of the

atomic deBroglie waves.

7.6 The experiment

For the experiment, a reasonable number of atoms at small initial momenta

is of paramount importance, and BEC of (F = 1) 87Rb is therefore used

at a temperature of 50 nK as the source of atoms. The experimental setup

for the Loschmidt time reversal is in general the same as described for other

experiments in the previous chapter. In order to investigate the Loschmidt time

reversal, the LPT is produced by a programmable pulse generator controlled
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Fig. 7.9: Absorption images of the momentum distribution before and after each kick (1-10).
The parameters are N = 10, ϕd ≈ 2 and ϵ = 1.

by a computer program. In this experiment, instead of the standard pulses as

used in the early experiments, the LPT is used .

7.6.1 Results and discussions

The laser pulses from the LPT modifies the momentum distribution of the

atoms. The initial BEC gets diffracted by a series of kicks followed by a

subsequent kick sequence in what is essentially a multiple beam interferometer

experiment. The momentum distribution of the atoms after the kick sequence

is measured by absorption imaging in time of flight technique, with a flight

time of typically (5-10) ms. Just prior to imaging, the atoms are optically

pumped to the F = 2 state by a 100 µs pulse on the F = 1 → F ′ = 2 repump

transition. An absorption image is then obtained using a probe laser which

is tuned to the S 1
2
, F = 2 → P 3

2
, F ′ = 3 transition. Typical results of the
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Fig. 7.10: Experimental data representing the momentum distribution of the atoms before
any kicking and just after each kick (1-10). The parameters are ϕd ≈ 2 and ϵ = 1.

experiment obtained by the above mentioned method after the kick sequence

are shown in Fig. 7.9, where the momentum distribution of the atoms are

shown as a function of the number of kicks. It can be seen that there is no

probability for zero momentum after the first kick. Due to the chaotic nature

of the δ−kicked rotor, after five kicks there is a number of momentum states

occupied, with varying phases. A kick sequence is then applied that, for a

narrow class of initial momenta, reverses the evolution of the system. After ten

kicks, constructive interference of the wave function components, which after

nine kicks were still at higher diffraction orders, results in a strong peak at zero
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Fig. 7.11: (color online) The momentum distribution of the atoms at N kicks (left) for the
experiment (solid blue) and the simulation (dashed green). The central part of the same
curve is also shown (right), with the initial state in (dotted red). The parameters are N = 10,
ϕd ≈ 2 and ϵ = 1.

momentum. It should be noted that there is only a very small probability at

zero momentum after nine kicks. It all finally comes together after the tenth

kick. The images obtained are then summed along the rows to obtain a one-

dimensional momentum distribution, which can be compared to the simulation.

The results of the momentum distribution of the atoms after the kick sequence

are shown in Fig. 7.10. Also, in Fig. 7.11, the resulting momentum states of the

ensemble after 10 kicks with ϵ = 1 (left) and a magnified view of the central

part of the same distribution (right) with the initial state are shown. Note

that some of the structure in the final momentum distribution of Fig. 7.3 can

be observed as a pedestal on the final zero momentum peak in the experiment.

After deconvolution with the original trap size, the width of the zero veloc-

ity peak after ten kicks is σ ≈ 0.21 (recoils) as compared to σ ≈ 0.43 (recoils)

for the initial momentum distribution without kicking. It should be noted that

the height of the zero momentum peak after the full sequence does not return

to the height of the original BEC peak, which is currently due to experimental
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Fig. 7.12: (color online) The normalized height of the zero-momentum peak P(0), as obtained
from the numerical simulation (red circles) and from the experiment (blue stars). Parameters
are ϵ = 1 and ϕd ∼ 2 (left) and ϕd ≈ 3 (right).

limitations, mainly the resolution of the imaging system and the observable

amount of absorption.

The Loschmidt time reversal works for a very narrow range of initial mo-

menta, which depends on the value of ϵ, the kick strength, and the total number

of kicks. The more narrow this range, the fewer the atoms that are part of it.

Hence, experimental limitations make it difficult to observe extremely narrow

momentum distributions.

Another interesting parameter in describing the Loschmidt time reversal

in the experiment is to observe the height of the zero momentum peak. This

gives us a better indication of the evolution of the ensemble. In both the sim-

ulation and the experiment, the heights of the diffraction orders are summed.

The height of the zero momentum peak P (0), which corresponds to the num-

ber of atoms left within the resolution of the experiment relative to this sum

is shown in Fig. 7.12, going through the kick sequence for two different kick

strengths. The error bars are determined by multiple runs of the experiment.

A good agreement is observed between the simulation and the experiment in

both cases. The normalized height is small after the first kick, as the probabil-

ity is distributed across a number of momentum states. The height increases

after the second kick, as the probability density for higher momentum states

is less, which is clear from the absorption picture in Fig. 7.9. After the com-

plete kick sequence, constructive interference of the wave function components
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Fig. 7.13: (color online) Width of the zero momentum peak from experiment (blue diamonds)
and simulation (red circles) for a range of ϵ values. Other parameters are N=10 and ϕd ≈ 2.

leads to a strong peak at zero momentum. It should be noted that a maxi-

mum height does not necessarily correspond to the greatest number of “cold”

atoms remaining, but rather to the most atoms that appear “cold” within the

experimental resolution remaining. From the comparison between the simula-

tion and experimental results, a good understanding of the parameters in the

experiment is achieved and it is concluded that Loschmidt time reversal has

been realized.

In Fig. 7.13, the width (FWHM) in recoils of the zero-momentum peak is

plotted as a function of ϵ. The error bars shown are obtained by running the

experiment a number of times. Initially, some higher values of widths for the

central peak are observed, which then start to decrease around ϵ = 1 and get

narrower at ϵ ≃ 1.3. It should be noted that there are fewer atoms where

the peak is narrower. The results are more clear, as seen in the theoretical

simulation with no convolution applied in Fig. 7.14. The return probability for

the atoms is equal to 1 (in the simulation). As shown, the final width of the

momentum distribution changes for different ϵ. The side-lobes appearing for
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Fig. 7.14: (color online) Density plot showing ϵ as a function of p in the simulation. The
colour shows the final probability Wp(tend) after the kick sequence with no convolution.

ϵ values between .5 and 1 could be the evidence for the large widths obtained

in this range. The lobes then start to disappear and vanishe at ϵ ≃ 1.3,

which can be seen as a much narrower width of the momentum distribution

for the corresponding value of ϵ. The full structure appearing in the theory

plot is difficult to resolve in the experiment because of limited experimental

resolution, but the side-lobes can be observed in Fig. 7.10. The experimentally

determined widths, however, follow the general trend of those from simulation

after the convolution.

7.7 Summary

Evidence of the reversal of chaotic dynamics of the atomic matter waves in

the ultra cold regime has been experimentally observed for the first time. The

simulations have been explained to observe time reversal in the AOKR system.

The momentum distribution of the atoms that are exposed to the Loschmidt

pulse train is studied, and the results are compared to those in [17].

In the experiment, a kick sequence is applied that modifies the momentum
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distribution of the atoms, as a result the system becomes chaotic. The order of

the kicks is then carefully reversed, which results in a reversal of the evolution

of the system for a narrow class of initial momenta. Because of this rever-

sal, the order in the system is restored and a strong peak at zero momentum

is observed. The resultant momentum distribution after the kick sequence is

compared to the initial momentum distribution. As the time reversal only

works for a very narrow range of initial momenta, a narrowing of the momen-

tum distribution at zero momentum is observed. This has been shown for a

range of parameters in the experiment. The results show good agreement with

the simulations and the results presented in [17].



Chapter 8

Thesis Conclusions and Outlook

In this thesis, quantum resonant effects have been observed for a range of

kicks in an AOKR experiment. In a careful analysis of the kinetic energy as a

function of pulse period, for large number of kicks, we have observed fractional

resonances at pulse periods of (1/4)TT and (1/5)TT . For large number of kicks,

the energy of the atoms is very sensitive to each induce phase shift and is diffi-

cult to analyze accurately because of limited experimental resolution. Within

the limits of experimental resolution; we have found that these resonances get

sharper, as the number of kicks increased, in good agreement with simulations.

The study of quantum resonant effects in this work has been further ex-

tended to analyze the effect of the initial momentum of the atoms on quantum

resonances in the AOKR. The first three quantum resonances have been ex-

amined for two and four kicks. A sinusoidal dependence of the energy on the

initial momentum for two kicks has been observed. By increasing the number

of kicks, the system becomes extremely sensitive to the initial momentum of

the atoms. A more complex structure of the energy is observed for four kicks.

For four kicks, the maxima in the experiment is in agreement with that in the
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simulation. The small-period oscillations in the simulations, however, were not

resolved in the experiment due to limited resolution for these settings. The

maximum in the energy curves is observed to be much narrower than those

for small number of kicks, which is again in good agreement with simulations.

With these experiments, It has been found that by applying a small frequency

difference between the beams constituting the standing wave, we can dial any

initial velocity we choose for the atoms with respect to the standing wave. In

general, we found that the energy is periodic with initial momentum.

Moreover, Loschmidt time reversal of chaotic dynamics of the atomic de-

Broglie waves has been investigated. We have observed that classical chaos,

induced by a series of delta-kicks, can be undone by a subsequent kick se-

quence. In the experiment, the evolution of the system for a fraction of the

atoms with a very small initial momentum is reversed. This reversal of chaotic

dynamics has been observed as a return of the probability at zero momentum,

with a narrow momentum distribution. As the time reversal works for a very

narrow range of initial momenta, which depends on the value of ϵ, the kick

strength, and the total number of kicks. The more narrow this range, the fewer

the atoms that are part of it. Hence, experimental limitations make it difficult

to observe extremely narrow momentum distributions. From the comparison

between the simulation and experimental results, a good understanding of the

parameters in the experiment is achieved. In conclusion, we have experimen-

tally observed evidence for the time reversal of atomic deBroglie waves in the

ultra cold regime.

8.1 Outlook

The atom optics kicked rotor is extensively studied both theoretically and

experimentally over the last twenty years. The model has proved to be very

effective and fruitful in understanding of the quantum systems whose classical

counterparts are chaotic. There are some open questions that still need further

investigations in this system. In connection to the results discussed in Chapter
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6, an interesting study would be to analyze the fractional resonant effects in

detail, and its dependence on the initial velocity of the atoms.

In the chaotic regime, the time reversal is predicted to be particularly

sensitive to nonlinearity as discussed in Section (7.5), which would be caused

by interactions within a more dense atom cloud as shown in [16]. It would be

an interesting study to confirm these predictions experimentally and map out

the dependence on the density.

In the “ballistic” regime, i.e., for the kick period close to one of the “quan-

tum resonances”, a recent proposal [20] discusses the re-creation of the wave

function by a strong, final pulse. The aim would be to confirm their predic-

tions and investigate the influence of decoherence. In particular, it would be

interesting to investigate the influence of the non-linearity caused by having a

dense atom cloud.

By manipulating the relative phase of the delta-kicks, a primitive “quantum

computer” was recently demonstrated in [144]. The aim would be to take this

idea further, making use of the excellent control we have of the kick laser field.

As these systems are very sensitive to initial conditions, the aim would

be to investigate and measure these initial conditions, in particular to set an

initial velocity and measure the recoil frequency, which is proportional to h̄/m,

where m is the mass of the particle. This was outlined in a recent studies [145].
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