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Abstract

This thesis is concerned with the Filtered-x Least Mean Square (FXLMS) adaptation algorithm and its
applications in Active Noise Control (ANC). Generally, this algorithm is used in system identification
problems in which a physical channel, called the secondary path, follows the adaptive filter. The FXLMS
algorithm compensates for the secondary path effect by filtering the input signal (training data sequence)
using an available estimate of the secondary path, called the secondary path model. However, this
filtering causes the analytical model of the adaptation process to become highly complex. Because
of this complexity, this model has to be simplified when it is desired to derive closed-form expressions
for formulating different behaviours of the adaptation process. Usually, this simplification has been
carried out by using unrealistic assumptions of pure delay secondary paths, broad-band acoustic noise,

and perfect secondary path models.

The first contribution of this thesis is the derivation of a set of closed-from mathematical expressions
for formulating behaviours of FXLMS-based ANC systems in steady-state and transient conditions. This
derivation is carried out without using any simplifying assumption regarding the secondary path. Con-

sequently, the obtained expressions extend the available knowledge on FXLMS-based ANC systems.

The second contribution is formulating influences of acoustic noise band-width on the newly-derived
expressions. In the analysis of ANC systems with stochastic noise, it is usual to assume a broad-band
acoustic noise with a flat frequency spectrum (which is usually referred to as a white signal), in order
to avoid mathematical complexity. However, even if the acoustic noise has a flat spectrum over a wide
frequency range, the signal picked up and fed to the ANC system is required to be processed with a
sampling frequency higher than the maximum frequency of the acoustic noise. For this reason, a realistic

noise signal can only have a flat spectrum over a limited band-width.

The third contribution is investigating influences of secondary path models on the newly-derived expres-
sions. Usually, it is acceptable to assume a perfectly-accurate secondary path model; however, in order
to generalise the obtained closed-form expressions, this assumption is also removed in this thesis. Con-
sequently, the final closed-form expressions, proposed in this thesis, can apply to a relatively general
case with an arbitrary secondary path, an acoustic noise with an arbitrary band-width, and an arbitrary

(imperfect) secondary path model.

Another contribution of this thesis is determining trajectories of the poles of the FXLMS adaptation
process in the z-plane. This investigation leads to find the FxLMS adaptation process root locus. It is

shown that the dominant pole of this locus always locates on a certain branch with a typical trajectory



vi

in the z-plane. A mechanism for localising this pole is then proposed in this thesis, resulting in a novel
ANC algorithm, called the Filtered Weight FxLMS.

In addition to several numerical analyses and computer simulations, a FPGA-based ANC setup, de-
veloped for this research, is used to study the validity of the theoretical results obtained in this thesis.
This setup is developed by using a flexible FPGA programming structure which can be used for the im-
plementation of other ANC algorithms. Different experiments with this setup confirms the validity of the

theoretical results proposed in this thesis.
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Chapter 1

Introduction

The traditional approach to acoustic noise control uses passive silencers to attenuate unwanted sound
waves. These silencers are valued for their global noise attenuation; however, they are relatively bulky,
costly and ineffective for low frequency noise. To overcome these problems, Active Noise Control
(ANC), in which an electro-acoustic system is responsible to create a local silence zone, has received

considerable interest.

The first patent on active noise control was granted to Paul Leug, in 1936 [1]. Figure 1.1 shows the
drawings, which Leug appended to his patent, describing how two sinusoidal sound waves can cancel
each other. For two decades this idea remained only a theory on paper until Olson used early analog
electronic technology to invent the first ANC device, called the “electronic sound absorber” [2,3]. By
the end of the 1950’s, several analog ANC devices were invented, including those patented by Fogel [4],
Simshauser [5] and Bose. However, all of these analog ANC devices are not able to adapt to changing
characteristics of the noise to be cancelled nor to changing environmental conditions. This is because
adaptive signal processing techniques cannot be realised by using analog electronic technology. Only
with the advent of digital technology did the realisation of adaptive ANC systems become possible. The
theory of adaptive ANC, in which an adaptation algorithm automatically adjusts the ANC device, was
established by Widrow in 1975 [6]; however the most significant progresses on this subject has been

reported in the last two decades [7, 8].

In this chapter, the theory behind adaptive ANC is elaborated, followed by a literature review on signal
processing techniques used in design and implementation of adaptive ANC devices. Shortcomings of
available relevant work are discussed, based on which the main outstanding problems to be dealt with in

this thesis are defined.

1.1 Physical Principles of Active Noise Control

This section introduces the acoustic wave propagation process and its properties. Based on the linearity
of this process, the phenomenon of interference between sound waves, upon which the ANC theory is

established, is then discussed.
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Figure 1.1: The drawings appended to the first patent on active noise control [1]

1.1.1 Acoustic Wave Propagation

Sound waves (also called “acoustic waves”) are described by variations in the acoustic pressure through
space and time. The acoustic pressure is defined as the local deviation from the ambient atmospheric
pressure! caused by a sound wave. This scalar quantity, which can be directly measured using a micro-
phone in air or a hydrophone in water, is the force (N) of sound on a surface area (m?) perpendicular to
the direction of the sound. The evolution of the acoustic pressure as a function of position and time can

be described by the wave propagation equation in three-dimensional space [9]:

2

2
\Y% p(Ivyvzat) - ?@p

(xay)zvt) =0 (L.1)

where p (z,v, z,t) denotes the acoustic pressure at position (z,y, 2) and continuous time ¢, operator V>

is the Laplacian operator and constant c is the propagation speed of the sound in the ambient?. In [9], it

! Atmospheric pressure is the force per unit area exerted against a surface by the weight of air above that surface in the
Earth’s atmosphere.
? ¢ = 343™ in dry air at 20 °C
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is shown that the propagation of a sound wave through the wave propagation process, given in Eq. (1.1),

can be effectively modelled as a linear process.

1.1.2 Superposition Property

In system theory, the superposition property states that, for all linear systems, the net response at a given
position and time caused by two or more sources is the algebraic sum of the responses, which would have
been caused by each source acting individually. Therefore, based on the linearity of the acoustic wave
propagation process, the net acoustic pressure at position (z,y, z) and (discrete) time index n caused
by two or more sound sources, can be expressed as the algebraic sum of the acoustic pressures, caused
by each sound source acting individually. Accordingly, in a general case with N sound sources, the net

acoustic pressure at position (z, y, z) and time index n can be expressed as

p(q’i’y)zvn) =pP1 (1:7y)zvn) + ... +pk: (-’13»?/,27“) + ... +pN (ajvyvzan) (12)

where py (x,y, z,n) denotes the acoustic pressure at position (x,y, z) and time index n, caused by the

k-th sound source acting individually (for k = 1,2,..., N).

1.1.3 Acoustic Wave Interference

The phenomenon of interference between acoustic waves is based on the superposition property de-
scribed above. For formulating this phenomenon, let us assume that there are only two sound sources in

the ambient. In this case, Eq. (1.2) is simplified to

p(z,y,2,n) =pi (x,y,2,n) +p2 (z,y,2,n) (1.3)

which gives the acoustic pressure in three-dimensional space, while the existing sound waves interact
with each other. The interaction of these two sound waves at a given point (xg, Yo, 20) and time index
n, is called the constructive interference if the absolute value of p (xg, yo, 20, 7) is equal or greater than
the absolute values of py (o, Yo, 20, 7) and ps (29, Yo, z0,n). Otherwise, the interaction is called the
destructive interference. This definition can be extended for a general case with an arbitrary number of
sound sources. The phenomenon of destructive interference is the basis for the creation of a silence zone
by ANC devices.

1.2 How to Create a Silence Zone

This section introduces the ANC physical mechanism by which a local silence zone can be created. Also,

it is shown that this mechanism should be precisely driven by a digital electronic control system.
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Figure 1.2: Location of noise and anti-noise sources in three dimensional space (single channel ANC)

1.2.1 ANC Physical Mechanism

In single channel ANC, there is a single control source, called the anti-noise source, dealing with a
number of acoustic noise sources. This situation is illustrated in Figure 1.2 with the coordinate system
used. For this general case, the net acoustic pressure at a given position and time can be mathematically

described by using the superposition property:
P(l‘,yv%n) :pd(x7yvzvn)+pd<m7yvz7n) (1.4)

where py (z,y, z,n) is the net acoustic pressure at position (x,y, z) and time index n caused by all the
existing noise sources, and p; (z,y, z,n) is the acoustic pressure at the same position and time caused
by the anti-noise source acting individually. The unwanted acoustic pressure pg (x,y, z, n) itself can be

described as the superposition of the acoustic pressures caused by the noise sources acting individually :

pd (z,y,z,n) = p1 (z,y,2,n) + p2 (x,y,2,n) + p3 (z,y,2,n) + ... (1.5)

Now, let us define the following notations.
1. Zs (x5, ys, 2s) is the position of a desired silence zone in three-dimensional space.

2. eq4c (n) is the net acoustic pressure at Z :

AL

€ac (n) p (1‘57 Ys, Zs,s n) (1.6)

3. d4c (n) is the acoustic pressure at Z, caused by all the existing noise sources:

dgc (n) £ Pd ($5a Ysy Zs, n) (L.7)

4. dg. (n) is the acoustic pressure at Z caused by the anti-noise (control) source:

dac (n) épcz(x&y&z&n) (1.8)

Using the above notations, Eq. (1.4) can be re-expressed as

€ac (N) = dae (n) + dge (n) (1.9)
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Eq. (1.9) describes the physical mechanism which is responsible for ANC. The relation between the
input and output of this mechanism is shown in Figure 1.3. According to this figure, the input of this
mechanism is the control acoustic pressure at Z; caused by the anti-noise source, the disturbance signal
is the unwanted acoustic pressure at Z, and the output signal is the net acoustic pressure at Z;. The ANC

physical mechanism generates the output signal as the summation of the input and disturbance signals.

From Eq. (1.9), it can be shown that the net acoustic pressure at Z; can be made zero if, and only if, the

input and disturbance signals are equal in magnitude and opposite in phase:
eae () = 0 <= dqe (n) = —dye (1) (1.10)

Therefore, by setting CLC (n) = —dgc (n), the ANC physical mechanism can create a silence zone at Z.

This process is illustrated in Figure 1.4.

1.2.2 Digital Electronic Control System

Referring to Figure 1.5, it can be seen that the ANC physical mechanism can create a silence zone at a
given position, if the loudspeaker acting as the anti-noise source is precisely driven to produce gac (n)
exactly equal to —d,. (n). For this purpose, the ANC physical mechanism is usually associated with a
digital electronic control system generating a control signal (or command signal) to drive the anti-noise
source. This control system is usually referred to as the ANC controller and its combination with the
loudspeaker acting as the anti-noise source, and with a number of microphones collecting information

on the existing noise field is referred to as the ANC system.

A general ANC system is illustrated in Figure 1.6. As can be seen in this figure, one essential component
of ANC systems is an error microphone measuring the net acoustic pressure at the desired silence zone:
€ac (n). The response of this microphone, hereafter called the error signal, is directly used by the ANC

controller as a feedback signal containing information on the performance of the ANC system.
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Figure 1.5: Creating a silence zone using the ANC physical mechanism

As illustrated in Figure 1.6, a digital ANC controller generates the control signal y (n) in response to
the input signal z (n), called the reference signal. In order to generate an effective control signal, the
controller requires the reference signal to contain enough information on the unwanted acoustic pressure.
In other words, an ideal reference signal is identical to the unwanted acoustic pressure at Zs: dg. (n).
However, this signal cannot be measured during the operation of the anti-noise source. This is because
dqc (n) is intended to be combined with the control acoustic pressure generated by the anti-noise source,
(;fvac (n). Here, it is useful to continue with an ideal case, where the ideal reference signal, as introduced
above, is available:

2 (n) = dgc (n) (1.11)

and where it is assumed that the waveform of the control acoustic pressure at Z, is exactly equal to that

of the control signal fed to the anti-noise source:

dge (n) =y (n) (1.12)

Now, by substituting Eqs. (1.11)-(1.12) into Eq. (1.10), the desired control signal, denoted by ¥, (1), is

obtained as
Yo (n) = —x (n) (1.13)

From Eq. (1.13), the impulse response of the desired ANC controller, w, (n) is obtained as
we (n) = =48 (n) (1.14)

where ¢ (¢) denotes the Kronecker delta function. In practise, such a simple controller cannot perfectly
create a silence zone at Z, because of the existence of two constraints, the first of which is dye (n) # y (n)
due to the existence of a physical Electra-acoustic channel between the output of the controller and Z;
(usually referred to as the secondary path) and the second of which is x (n) # dg. (n) due to the non-
measurability of the ideal reference signal. These two constraints and the standard approaches used to

deal with them are discussed in the following.
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Figure 1.6: A general ANC system

1.2.2.1 Secondary Path Constraint

In practise, even if the ANC controller output y (n) is identical to —d,. (n), the control acoustic pressure
at Zs, deviates from —d,. (n). Consequently, the net sound pressure at Z, deviates from zero. This
is because of the existence of an electro-acoustic channel, called the secondary path, between the ANC
controller and Z,. Assuming that s (n) is the impulse response of the secondary path, the control acoustic
pressure at Z; can be expressed as

dac (n) = s (n) xy (n) (1.15)
where * denotes the convolution operator. Therefore, for producing a control acoustic pressure equal to

Jac (n) at Zs, the control signal driving the anti-noise source should be set to
y(n) =s""(n)*dac(n). (1.16)

From this result, it can be induced that only if the secondary path impulse response is known can the

desired control signal y (n) be estimated.

1.2.2.2 Reference Signal Measurement Constraint

As discussed, an ideal reference signal, to which the ANC controller can generate a perfect control
signal in response, is equal to the unwanted acoustic pressure at Z;. However, this acoustic pressure is
not measurable because it is intended to be combined with the control acoustic pressure. Based on the
structure upon which ANC devices deal with this constraint, these systems are classified into two major

categories: feed-forward and feedback.

Feed-forward Structure:

Feed-forward ANC controllers have a long history in digital ANC. This dates back to Widrow’s original

work on adaptive ANC [6], in which an upstream microphone was used to give information about the
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Figure 1.7: General diagram for feed-forward ANC

unwanted noise propagating down the system. However, most significant reports on feed-forward ANC
were published in the 1980’s, including those published by Morgan [10], Widrow [11], Burgess [12] and
Warnaka [13].

Figure 1.7 shows the diagram of feed-forward ANC. As can be seen in this figure, a microphone, called
the reference microphone, is located at a far position from Z;, where the influence of the anti-noise
source is not considerable. The response of this microphone is then fed to the controller as the reference
signal = (n). However, due to the existence of the distance between the reference microphone and 7,
the waveform of the measured signal z (n) is different from that of d,. (n), which is the ideal reference
signal. In the feed-forward structure, it is assumed that the ideal reference signal d,. (n) can be modelled

as the response of a linear digital filter, called the primary path, to the measured reference signal z (n):

dae (n) :p(n) *:E(TL), (1.17)

where p (n) is the impulse response of the primary path. Note that the primary path is an hypothetical
signal path which is used for modelling the ideal reference signal, unlike the secondary path which is an

actual signal path.

Feedback Structure:

As an alternative to the feed-forward structure, a feedback structure for ANC controllers was proposed
by Eriksson in 1991 [14]. As illustrated in Figure 1.8, in this structure, d,. (n) is directly estimated
by a feedback predictor from the measured error signal e (n). Therefore, since the predicted dg. (1) is
directly fed to the ANC controller, there is no signal path between z (n) and d,. (n). In other words, the
feedback structure is a special case of the feed-forward structure, in which the primary path is simply

replaced by an identity system. The main advantage of this structure is that it does not require any refer-
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Figure 1.8: General diagram for feedback ANC

ence microphone; therefore, feedback ANC controllers are more compact and cost effective, compared
to feed-forward ANC controllers. However, these controllers can attenuate only the predictable com-
ponents of the unwanted noise. Furthermore, they are less robust than feed-forward ANC controllers.
Due to these limitations, successful implementation of these controllers can be found only in specific

applications such as personal hearing protection devices [15] and noise cancelling headphones [16-18].

Hybrid Feed-forward/Feedback Structure:

Hybrid ANC controllers are combined systems that derive the control signal from the outputs of both
the reference and error microphone [19]. The feedback part of this structure controls the predictable
component of the noise leaving the feed-forward part to concentrate on the other components of the
noise. This structure results in a considerable overall performance improvement when compared to just

a feed-forward or feedback system [20].

1.2.3 Adjustment of ANC Controller

Considering both the constraints, described in Section 1.2.2, the net acoustic pressure at the desired

silence zone can be expressed by combining Egs. (1.9), (1.15) and (1.17) as

€ac(n) =p(n)*xx(n)+s(n)*y(n) (1.18)

Assuming that the error microphone has no effect on the signal waveform (or assuming that influences of
this microphone is included in the primary and secondary paths), the response of the error microphone,

which is called the error signal, can be expressed as

e(n) =~ eq(n). (1.19)
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Now, combining Eqs. (1.18) and (1.19) results in
e(n)=p(n)*a(n) +s(n) «y(n). (1.20)

Eq. (1.20) represents a model in terms of electrical signals for the ANC physical mechanism. Consider-
ing that y (n) is the response of the ANC controller to x (n), the functional block diagram of this model
can be drawn, as shown in Figure 1.9. In this diagram, blocks p, s and w represent the primary path,
secondary path and ANC controller, respectively. Based on this block diagram, error signal e (n) can be

expressed as
e(n)=pn)*xx(n)+{sn)*xwn)}*z(n), (1.21)

where w (n) is the impulse response of the ANC controller. By setting e (n) to zero, the impulse response

of the desired ANC controller, w, (n), can be obtained as
w, (n) = —s~ 1 (n) xp(n) (1.22)

Compared to Eq. (1.14) which describes an ideal ANC controller, Eq. (1.22) describes a more real-
istic ANC controller, considering both the secondary path and reference signal measurement constraints.
However, since the impulse responses p (n) and s (n) are usually unknown, the desired ANC controller
cannot be directly implemented. In this case, the role of Eq. (1.22) is reduced to a theoretical proof for

the existence of the desired ANC controller.

1.3 Adaptive Active Noise Control

This section introduces adaptive ANC in which the desired ANC controller can be adaptively adjusted
in a system identification framework without having the knowledge of the primary and secondary paths

individually. Also, this section conducts a short review on available algorithms used in adaptive ANC.

1.3.1 Adaptive Identification of ANC Controller

According to Eq. (1.22), for realising the desired ANC controller, it is required to know the impulse
responses of the primary and secondary paths, both of which are usually unknown time-varying electro-
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acoustic channels. To solve this problem, an adaptive scheme for ANC was proposed by Widrow in
1975 [6]. After publishing Widrow’s original work, several researchers began working on this subject
[10-13]. It was in 1981 that the first successful realisation of an adaptive ANC system for acoustic noise

propagating in a duct was reported by Burgess [12].

In adaptive ANC, an identification (or adaptation) algorithm continually adjusts the ANC controller w in
such a way that an error signal is progressively minimised, resulting in the gradual convergence of w to
w,. For the realisation of such an adaptive structure, the digital electronic control system should consist

of two distinct parts (Figure 1.10):

1. A programmable digital filter, w acting as the ANC controller, and

2. An adaptation algorithm for the adjustment of the ANC controller.

Usually, the digital filter used as the ANC controller is an standard transversal filter; however, standard
adaptation algorithms developed for the transversal filters e.g. Least Mean Square (LMS) or Recursive
Least Square (RLS) cannot be used for the automatic adjustment of ANC controllers [8]. A relatively
complete but not up-to-date review on adaptation algorithms used in ANC can be found in the book
authored by Kuo [7]. A substantial number of other references are listed in this book. Also, the book
authored by Elliott [8] provides detailed information on signal processing techniques used in adaptive

ANC. In the next section, available ANC adaptation algorithms are briefly reviewed.

1.3.2 ANC Algorithms

In ANC systems, standard adaptation algorithms can not be used due to the existence of the secondary
path. However, the influence of the secondary path on the performance of any standard adaptation al-
gorithm can be compensated for if the reference signal is filtered using an estimate of the secondary path.
This compensation mechanism results in a new range of adaptation algorithms referred to as filtered-x

adaptation algorithms. The basic of which is the Filtered-x Least Mean Square (FXLMS) derived by
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Widrow in 1981 [11]. This algorithm is an LMS-type adaptation algorithm which can be used for the
identification of an unknown system (e.g. a desired ANC controller) in the presence of a secondary
path. The functional block diagram of an FXLMS algorithm adjusting an ANC controller is illustrated
in Figure 1.11. In this figure § represents an estimate model of the secondary path. As can be seen,
the reference signal is filtered by s before being used by the standard LMS algorithm. This is the only
difference between the LMS and FXLMS algorithms, resulting in the compensation for the secondary

path.

Other versions of the FXLMS such as Filtered-x Normalised LMS (FxNLMS) [13], Leaky FxLMS [21],
Modified FXLMS (MFxLMS) [22, 23] etc [24, 25] were proposed to improve the performance of the
original algorithm. However, the common problem with all of these algorithms is the slow convergence
rate, specially when there is a large number of weights (which is usually the case). To overcome this
problem, more complicated algorithms such as Filtered-x Recursive Least Square (FXRLS) [26,27] or
Filtered-x Affine Projection (FxAP) [28] can be used. These algorithms have faster convergence rate
compared to the FXLMS; however they involve matrix computations and their real-time realisations may

not be cost effective [29].

1.3.2.1 Frequency Domain ANC Algorithms

The above mentioned ANC algorithms suffer from either slow convergence rate or computational com-
plexity. To overcome both of these problems, frequency domain algorithms can be used. The first fre-
quency domain system identification framework was proposed in the 1970’s [30] and the first frequency
domain ANC algorithm was developed in 1992 [31]. In this algorithm, the reference and error signals
are first stored in buffers to form data blocks. These blocks are then transformed to frequency domain
reference and error vectors by a Fast Fourier Transform (FFT). Elements of the frequency domain ref-
erence vector is multiplied by filter weights to generate the frequency-domain control vector. Then this
vector is fed to an Inverse FFT (IFFT) to produce a block of control signal in the time domain. The filter
weights, used in the generation of the control signal in the frequency domain, are updated by the com-
plex FXLMS algorithm [32,33]. This algorithm causes a time delay equal to the length of the FFT used
between the input and output of the ANC controller. This problem is a shortcoming of frequency-domain

ANC controllers, specially in controlling broad-band stochastic noise.
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Table 1.1: Comparison of available structures and adaptation algorithms used in ANC

Algorithm(s) Strengths Weaknesses

FxLMS Simple real-time realisation. Slow convergence rate.
Low computational complexity.

FxRLS or FxAP Fast convergence. Huge computational complexity.
Low steady-state residual noise.  Difficult real-time realisation.

Freq. Domain Low computational complexity.  Only suitable for narrow-band noise.
FxLMS Fast convergence.
Simple real-time realisation.

Sub-band FXLMS Low computational complexity.  Only suitable for narrow-band noise.
Fast convergence.

1.3.2.2 Sub-Band ANC Algorithms

Another approach to overcome both the computational complexity and slow convergence rate problems
associated with ANC algorithms, is based on using the sub-band system identification framework. This
framework consists of a sub-band filter-bank structure and an adaptation algorithm for each filter of the
filter-bank. Conventional sub-band adaptation algorithms introduce a delay into the signal path. This
delay cannot be tolerable in ANC systems because these systems are very sensitive to any delay in the
secondary path. To overcome this problem, Morgan proposed a delay-less sub-band system identification
framework and its FxLMS-based adaptation algorithm in 1995 [34]. Later (in 2001), Park improved the
performance of the Morgan’s algorithm [35]. Recently, a number of different algorithms for adaptation
of sub-band ANC controllers have been proposed [36-39].

In a typical sub-band ANC algorithm, the reference and error signals are divided into sub-bands and then
an FXLMS algorithm adjusts a low order transversal filter for each sub-band in order to minimise the
corresponding sub-band error signal. In order to avoid the sub-band processing delay, sub-band ANC
controllers are not directly used for the generation of the control signals. From weights of sub-band
controllers, a full-band transversal ANC controller is constructed. In this scheme, since low order ad-
aptive filters are adjusted in parallel, the convergence rate is fast. Also, since the adaptation process is
performed on low order sub-band transversal controllers, the total computational complexity is signific-
antly reduced. The main drawback of sub-band ANC is its requirement of block processing. Hence, this

scheme is only useful for low frequency noise but not very effective for broad-band noise.

1.4 FxLMS Adaptation Process

Table 1.1 summarises the strengths and drawbacks of different ANC algorithms. According to this table,
most ANC algorithms rely on the FxLMS algorithm. For this reason, this algorithm is usually known as
the basic ANC algorithm. This section discusses the performance of the adaptation process performed
by the FXLMS algorithm (hereafter called FxLMS adaptation process). Also, this section briefly reviews
the available studies on theoretical analysis of the FXLMS adaptation process.
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Figure 1.12: Performance hierarchy of FXLMS-based adaptation process

1.4.1 Performance of FXLMS Adaptation Process

The performance of the FXLMS adaptation process is limited by a number of related factors that must be
addressed in the appropriate order. Referring to Figure 1.12, it can be seen that the absolute maximum
level of performance is limited first by the characteristics of the physical plant to be controlled, including
the secondary path impulse response and the acoustic noise band-width. This means that no matter
how good is the electronic control system, the FXLMS will not function properly if the secondary path
has a long impulse response and/or the acoustic noise has a wide band-width. After the physical plant
characteristics, the design parameters of the electronic control system limit the maximum performance
achievable. Among these parameters, the most important one is the length of the transversal filter used
as the ANC controller. It should be noticed that although increasing the filter length improves the steady-
state performance, it degrades the convergence rate of the FXLMS adaptation process. In addition to this
trade-off, the filter length should be set considering the hardware resources available in the electronic

control system.

After the filter length is set carefully, the maximum achievable performance is limited by a scalar para-
meter called the adaptation step-size (denoted by ). In fact, the step-size is the only parameter in the
original FXLMS algorithm which provides a control mechanism over the performance of the FXLMS
adaptation process. The discussion on influences of this parameter is left to Section 1.4.2. According to
Figure 1.12, the final factor limiting the performance of the FXLMS adaptation process is the accuracy

of the secondary path model used in the algorithm. The discussion on this subject is left to Section 1.4.3.



1.4 FXLMS Adaptation Process 15

1.4.2 Adaptation Step-Size

Analysing influences of the step-size p on the FxXLMS adaptation process is a complicated subject in
adaptive signal processing. However, simplified theoretical analyses, simulation results and even exper-
imental results show that these influences are similar to those derived for the LMS adaptation process.
Hence, the rules governing influences of 1 on the LMS adaptation process [40,41] can be used as rules

of thumb for the adjustment of 1 in the FXLMS algorithm. These rules can be stated as follows.

1. There is an upper-bound for y (denoted by fiy,q2) beyond which the process becomes unstable.
2. The convergence rate has a direct relationship with p.

3. The steady-state performance has an indirect relationship with p.

These rules provides a useful sense for setting the step-size; however, there are some ambiguities while
using them. For example, the mathematical formulation for fi,,,,, which is available in ANC literature,
has been derived only for a pure delay secondary path [7,8] and the exact value of this bound is unknown

for a realistic secondary path.

There have been several contributions in the performance analysis of the FXLMS adaptation process in
terms of u [42—-49]. However, only a few have intended to find general closed-form expressions for
Umaz» Steady-state performance, and convergence speed of this process. Even if such expressions were
derived, simplified cases with pure delay secondary paths were considered. This is mainly because of

the mathematical complexity associated with the modelling of the FXLMS adaptation process.

Long summarised early work on the analysis of the FXLMS algorithm in [46,47], while deriving closed-
form expressions for fi,,,q, and the steady-state performance. However, these expressions were derived
only for pure delay secondary paths. In [48], Elliott derived another expression for pi,,q,; which was
very similar to the one previously derived by Long. The distinction between the two expressions was
that Elliott derived his expression specifically for ANC applications. Hence, Elliott’s expression for
mage 18 Very popular in ANC literature. In [49], Bjarnason conducted a comprehensive analysis on the
FxLMS adaptation process. However, once he intended to derive closed-form expressions for pi;,q, and
the steady-state performance, he had to simplify his formulations by assuming a pure delay secondary
path. Also, Vicente derived another expression for pi,,,4, When the acoustic noise is assumed to be sum

of deterministic sinusoids [50].

All the aforementioned closed-form expressions for pi,,,4, Were derived for pure delay secondary paths.
However, this assumption is not very realistic because usually an acoustic channel (which is the main
part of the secondary path) has a long impulse response. Also, practical results show that the actual value
of Lmqz 18 different from those that have been proposed in available literature so far [51]. Xiao tried to
compute fi,,q, for a realistic secondary path but, as he reported in [52], his theoretical results were not

in a good agreement with the simulation results obtained.
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1.4.3 Secondary Path Modelling Error

Due to mathematical difficulties, convergence analyses of adaptive ANC systems have been usually con-
ducted without considering any secondary path modelling error (or by considering a perfect secondary
path model). However, for some simplified cases, e.g. pure delay secondary paths or tonal noise, in-
fluences of this error on the FXLMS adaptation process have been studied [53-55]. All of these studies
have shown that, for a particular special case, the FXLLMS algorithm is very robust against the secondary
path modelling error. It has to be noted that even for a perfect secondary path model, the analysis of the

FxLMS adaptation process is an active area of research.

In [10], Morgan showed that for the trivial case when the secondary path model is an identity system,
then this model does not cause the FXLMS adaptation process to become unstable if the phase difference
between this model and the actual secondary path is below 90°. Later, Boucher extends Morgan’s 90°

condition for the case with pure delay secondary paths and tonal acoustic noise [56].

1.5 Thesis Contributions

The main contributions of this thesis can be summarised as follows.

* As discussed in Section 1.4, available mathematical expressions for formulating behaviours of
FxLMS-based ANC systems can apply to only cases with pure delay secondary paths. However, a
realistic secondary path is not a pure delay path. This is the first challenge which this thesis intends
to deal with. In fact, it is desired to derive closed-form expressions for the step-size upper-bound,
steady-state performance and convergence speed of FXLMS-based ANC systems without using

any simplifying assumption regarding the secondary path.

* The second issue which this thesis is concerned with is to determine influences of the acoustic
noise band-width on FxLMS-based ANC systems. These influences have been studied by differ-
ent researchers; however, no theoretical and closed-form expressions describing them have been

proposed so far.

* As a further step towards the generalisation of the theoretical results, this thesis aims at determining
influences of secondary path modelling error on FxXLMS-based ANC systems. This issue has been

addressed by different researchers but it requires further investigation.

* While performing an analysis on FxXLMS-based ANC systems, it is found that trajectories of the
poles of the FXLMS adaptation process in the z-plane comply with certain rules. Also, it is found
that the dominant pole is located on a particular trajectory. Based on this observation, this thesis

develops a mechanism for localising the dominant pole of the FXLMS adaptation process.

* This thesis shows the validity of the obtained theoretical results by using an FPGA-based experi-

mental setup developed for this research.

* 11 journal and conference publications are extracted from this thesis, a list of which is available in

Page vii of the front matter.
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1.6 Thesis Organisation

The remainder of this thesis is organised as shown in Figure 1.13 . Chapter 2 uses the available literature
to formulate a theoretical frame-work for this research. Chapter 3 develops a novel theoretical model
for describing behaviours of FxXLMS-based ANC systems in general conditions. This chapter considers
a realistic secondary path, an stochastic acoustic noise with an arbitrary band-width, and an arbitrary
secondary path model. This means that this comprehensive model can precisely determine behaviours
of practical FXLMS-based ANC systems. Chapter 4 simplifies this model by assuming a broad-band
acoustic noise and a perfect secondary path model; however, without using any simplifying assumption
regarding the physical secondary path. Based on the obtained model, this chapter derives closed-form
expressions for the step-size upper-bound, steady-state performance and convergence speed of FxLMS-
based ANC systems. The distinction between these expressions, and those previously derived, is that
they can apply to any general secondary path while previously-derived expressions can apply to only

pure delay secondary paths.

As another step towards the generalisation of the obtained theoretical results, Chapter 5 removes the
constraints, caused by assuming a broad-band acoustic noise, from the theoretical results derived in
Chapter 4. In fact, Chapter 5 extends the expressions derived in Chapter 4 to a more general case with
a more realistic acoustic noise. This chapter continues by determining influences of the acoustic noise
band-width on FxXLMS-based ANC systems. Also, it is shown that the available expression for the
step-size upper-bound with tonal acoustic noise, can be derived from a special case of the expressions

developed in this chapter.

Chapter 6 removes the constraints, caused by assuming a perfect secondary path model, from the results
obtained in Chapter 5. In fact, this chapter extends the expressions derived in Chapter 5 to the most
general case in which the secondary path is a realistic acoustic channel, the acoustic noise is an stochastic

signal with an arbitrary band-width, and the secondary path model is an arbitrary imperfect model .

Chapter 7 examines the validity of the theoretical results, obtained in Chapters 3-6, by using computer
simulations. First, the validity of the model developed in Chapter 3 is shown. It is then shown that
influences of the physical secondary path, acoustic noise band-width, and imperfect secondary path
model on behaviours of FXLMS-based ANC systems can be accurately formulated by the expression

given in Chapters 4-6.

Chapters 8 and 9 contain a different analysis of FXLMS-based ANC systems. In fact, Chapters 3-6
study FXLMS-based ANC systems to evaluate performance of these systems but Chapters 8 and 9 study
these systems in view points of control engineering to develop a control mechanism over the FXLMS
adaptation process dynamics. Another novel contribution of this thesis is that Chapter 8 analyses the
FxLMS adaptation process using the root locus theory and determines the trajectories of the poles of this
process in the z-plane (FXLMS root locus). The properties of the dominant root of this root locus are also
determined. Chapter 9 uses the root locus analysis, performed in Chapter 8, to develop a mechanism for
the localisation of the dominant root of the FXLMS adaptation process, leading to developing a new ANC
algorithm which is called the Filtered-Weight FXLMS algorithm. This chapters ends by representing

relevant simulation results.
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Chapter 10 introduces the experimental setup used for the validation of the proposed theoretical results.
Using this setup, it is shown that the theoretical expressions derived for the step-size upper-bound, steady-
state performance and convergence speed of FXLMS-based ANC systems are valid in practise. Also,
the proposed ANC algorithm, developed in Chapter 8, is implemented in the experimental setup. It is
then shown that this algorithm is more efficient than the FXLMS algorithm. Finally, Chapter 11 gives

concluding remarks and possible future work.
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Chapter 2

Basic Principles of FXLMS Algorithm

This chapter uses the available literature to develop a mathematical foundation for the theoretical invest-
igations to be conducted in the thesis. A typical single channel feed-forward ANC system that has a
single control source, a single reference microphone and a single error microphone, is considered. This
is because general techniques used for the design, analysis and implementation of this typical system,

can apply to other varieties of ANC systems.

Section 2.1 introduces the single channel feed-forward ANC system. Section 2.2 derives the FXLMS al-
gorithm as a gradient-based adaptation algorithm, which causes the residual acoustic noise at the desired
silence zone to become minimal. Sections 2.3 defines the rotated vectors, based on which theoretical
models for FXLMS-based ANC systems are developed. Sections 2.4 introduces some simplifying as-
sumptions, which are commonly used in modelling and analysis of stochastic adaptation algorithms. Sec-
tion 2.5 uses the definitions and assumptions, introduced in Sections 2.3 and 2.4, to formulate FXLMS-
based ANC systems.

2.1 Single Channel Feed-forward ANC

The general block diagram of a single channel adaptive feed-forward ANC system is shown in Figure 2.1.
In this figure, d (n) is the noise signal (or unwanted acoustic pressure) at the desired silence zone, = (n)
is the reference signal, measured by the reference microphone, y (n) is the anti-noise signal, generated
by the ANC controller, and e (n) is the residual acoustic noise, measured by the error microphone in the

silence zone. Also, the primary and secondary paths are shown by linear systems p and s, respectively.

According to Figure 2.1, the acoustic noise d (n) is assumed to be the response of the primary path p
to the measured reference signal « (n)!. The acoustic signal d (n) is combined with the (acoustic) anti-
noise signal at the desired silence zone. As shown, the anti-noise signal is the actual response of the
secondary path s to the control signal y (n). The control signal is generated by an ANC controller w
which has a transversal digital filter structure. This digital structure can be adjusted adaptively by using
an adaptation algorithm (such as the FXLMS algorithm). In the following, different elements of the block

diagram shown in Figure 2.1 are discussed in more detail.

'Tt is an assumption because p is a hypothetical system

21
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Figure 2.1: Functional block diagram of single channel adaptive feed-forward ANC

2.1.1 Control Signal

Assuming that the ANC controller w has a transversal structure of length L, the control signal y (n), can
be expressed as
y(n) =w" (n)x(n) @.1)

where x (n), called the tap reference vector, is given by
T
x(n):[m(n) z(n—1) ... a;(n—L—i—l)} (2.2)
and w (n), called the (adaptive) weight vector, is formed by filter parameters wq, w1, ...and wy,_1 as
T
w(n) = [ wo(n) wi(n) ... wr_1(n) } (2.3)

The FXLMS algorithm performs an adaptation process on w (n) in such a way that y (n) causes the
power of the residual acoustic noise e (n) to be minimised. The derivation of this algorithm is left to
Section 2.2.

2.1.2 Actual Secondary Path

A realistic secondary path can be represented by a Finite Impulse Response (FIR) system of length Q

with an unknown impulse response in the form of
s(n) = 540 (n — q) (2.4)

where 6 (n) is Kronecker delta function and s, is the amplitude of the impulse response at time index g.

Alternatively, this impulse response can be represented in the vector form of

A T
S = S0 S1 ... SQ-1 i| (25)
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Note that the above formulation for the secondary path does not introduce any constraint because ac-
tual electro-acoustic channels usually have finite-duration impulse responses (FIR). However, even if a

secondary path has an infinite impulse response, it can be represented by a FIR system of high order.

2.1.3 Secondary Path Model

As discussed in Chapter 1, the realisation of the FXLMS algorithm requires an estimate of the secondary
path to be uploaded into the electronic control system. This estimate model, which is usually referred to
as the secondary path model, can be obtained by using off-line secondary path identification techniques
prior to the operation of the ANC system [7], or by using on-line techniques during the operation of the
ANC system [57-60]. Since the actual secondary path is a FIR system, the secondary path model can be

assumed to be another FIR system with the impulse response given by

M-1
s(n) = Z §md (n —m) (2.6)

m=0
where M is the length of the impulse response (usually M < (J) and scalar parameter 5, is the amplitude
of the impulse response at time index m. Similar to the actual secondary path impulse response, § (n)

can be represented by a () x 1 vector of

T
25 8 ... 8y O ... 0 (2.7)

By using the definitions, given in Eqgs. (2.5) and (2.7), it can be stated that when the secondary path
model is perfect, vectors s and § are equal: s = § and when the secondary path model is not perfect,

these two vectors are not equal: s # S.

2.2 Algorithm Derivation

This section drives the FXLMS algorithm as a gradient-based adaptation algorithm. It is shown that
performing this algorithm on a transversal ANC controller causes the residual acoustic noise power to

become minimal.

2.2.1 Modelling Residual Noise

Usually, the derivation of the FXLMS algorithm begins with developing a mathematical expression for
the residual acoustic noise e (n). This expression is then optimised with respect to w (n). For this

purpose, by using Figure 2.1, e (n) is initially expressed as

e(n)=d(n)—s(n)*xy(n) (2.8)
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Now, substituting Egs. (2.1) and (2.4) into (2.8) results in:

Q-1
e(n)=d(n)— Z sqW! (n—q)x(n—q) (2.9)
q=0

Eq. (2.9) gives an appropriate expression for e (n), which can be used in the derivation of the FXLMS

algorithm. In the following, this expression is used to minimise the power of e (n) with respect to w (n).

2.2.2 Optimal ANC Controller
Here, the cost function J (n) is defined as the power (or variance) of e (n):
J(n) £ E{e*(n)} (2.10)

where E' {.} denotes the statistical expectation operator. This cost function is usually referred to as
the Mean Square Error (MSE) function. The optimal weight vector of an ANC controller, denoted by
W, (n), is the weight vector for which the MSE function is minimised. It can be shown that, for a

stationary acoustic noise, the optimal weight vector is time-invariant [11]:
Vn, w, (n) = w, (2.11)

Accordingly, the optimal control signal, denoted by y, (n), can be expressed by setting w(n) = w, in
Eq. (2.1) as
Yo (n) =y (n)l,, = Wox () (2.12)

Similarly, the optimal residual acoustic noise, denoted by e, (n), can be expressed by setting y (n) =
Yo (n) in Eq. (2.9) as

[y

Q_
eo(n) = e(n)],, o =d(n) - wl Z sqx (n —q) (2.13)

q=

This expression for e, (1) can be re-expressed in the form of

eo (n) =d(n) —wlf(n) (2.14)
where f (n) is defined as
Q-1
f(n) =Y sx(n—gq) (2.15)
q=0

Finally, the minimal MSE, denoted by .J,, can be obtained by setting e (n) = e, (n) in Eq. (2.10) as

Jo=E{e2(n)} =03 —2wlE{d(n)f(n)} + WL E{f(n)f" (n)} w, (2.16)
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where 03 = E {d*(n)} is the power of the primary acoustic noise d (n). Now, the cross-correlation

vector py is defined as
ps = E{f(n)d(n)} 2.17)

Also, the auto-correlation matrix R is defined as
R; £ E{f(n)f"(n)} (2.18)
By using these definitions, Eq. (2.16) can be re-expressed as
Jo =03 —2w.p; + wiRsw, (2.19)

For a stationary acoustic noise, where py and R are constants, the minimal MSE is time-invariant, and,

therefore, it can be represented by J,. Also, since w, minimises .J,, the following equation can be stated.
Voly, =0 (2.20)
where V is the vector-gradient operator. Now, combining Egs. (2.19) and (2.20) results in

—2py +2Ryw, =0 (2.21)

By solving this equation, the optimal weigh vector w,, can be obtained as
W, = R;lpf (2.22)

Finally, combining Egs. (2.19) and (2.22), the optimal MSE is obtained as
J, =02~ p?R;lp f (2.23)

In signal processing, the optimal weight vector, given in Eq. (2.22), is usually referred to as the Wiener-
Hopf optimal filter. Also, the value of J, is referred to as the minimum achievable MSE function. In
ANC literature, J, can be interpreted as the minimum achievable residual acoustic noise power. Note
that .J, is only a function of acoustic noise statistics and impulse responses of primary and secondary
paths. In other words, J, is independent of instantaneous values of the acoustic noise and operational

parameters of the FXLMS algorithms (e.g. step-size and secondary path model).

2.2.3 Gradient-Based Optimisation

The optimal weight vector, given in Eq. (2.22), can be directly calculated from Ry and p; however, es-
timation of Ry and p requires a considerable amount of computation. Another approach to determining
the optimal weight vector is based on using the steepest-descent method [61]. According to this method,
if the weight vector w (n) is updated by the following equation, then it is bound to move towards the

optimal solution given in Eq. (2.22).

w(n+1)=w(n)— %HVJ (n) (2.24)
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where scalar parameter p is the adaptation step-size. For the realisation of this equation, it is required
to estimate V.J (n) in terms of available parameters and signals so that it can be computed. For this

purpose, the following approximation should be made [11].
VJ(n) =VE{e?(n)} =E{Ve*(n)} ~ Ve’(n)=2e(n)Ve(n) (2.25)

According to Eq. (2.25), the computation of V.J (n) requires an estimation for Ve (n). By differentiating
Eq. (2.9), Ve (n) can be expressed as

& w(n—q)

Ve(n) = (n)) =—

Oe
ow(n
When the adaptation process is slow, it can be assumed that

wn)cwh—-1)=~---=whnh—-Q+1) (2.27)

Substituting this approximation into Eq. (2.26) results in

Ve(n)=— sq¢x (n—q) (2.28)

Ve (n) = —f(n) (2.29)
Subsequently, combining Eqgs. (2.25) and (2.29) results in
VJ (n)=—=2e(n)f(n) (2.30)
Now, the FXLMS update equation can be obtained by substituting Eq. (2.30) into (2.24) as
w(n+1)=w(n)+pe(n)f(n) (2.31)

In practise, f (n) is not physically available, therefore, the implementation of Eq. (2.31) requires an
estimate of f (n). This estimate can be obtained by filtering x (n) using the available estimate of the

secondary path, given in Eq. (2.6). Therefore, the estimate of f (n), denoted by f (n), can be obtained
by

f(n)= Smx (n—m) (2.32)
Usually, f (n) is called the filtered reference vector. Now, by replacing f (n) with f (n) in Eq. (2.30),

VJ (n) is approximated by
VJ (n) ~ —2¢(n) f (n) (2.33)
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Figure 2.2: Functional block diagram of FXLMS-based ANC

Also, the updating equation, given in Eq. (2.24), becomes
w (n+1) = w(n) 4 pe (n)f (n) (2.34)

Eq. (2.34) can be implemented using available signals and parameters. As shown in Figure 2.2, f (n)

can be obtained by filtering the reference signal and buffering the obtained values as

~ N “ T
fm)=|fm) fo-1) ... fo-L+1)] (2.35)

where f (n) is the filtered-reference signal given by

Fn)=>" émx(n—m) (2.36)

Egs. (2.34)-(2.36) give a formulation for the FXLMS algorithm, which can be implemented practically.

2.3 Rotated Vectors

In the analysis of a gradient-based adaptation algorithm, it is more convenient to use the rotated reference
vector and rotated weight misalignment vector, instead of the original reference and weight vectors [61].
This is because the auto-correlation matrix of the rotated reference vector is diagonal, and the equilibrium
point of the rotated weight misalignment vector is the origin, rather than the Wiener-Hopf solution. In

this section, these rotated vectors are introduced.

2.3.1 Auto-Correlation Matrix
The Auto-Correlation Matrix (ACM) of the reference vector is defined as

R2E{x(n)x" (n)} (2.37)
Since R is a Toeplitz matrix, it can be diagonalised as

R = FAFT (2.38)
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where square matrix F is the modal matrix, formed by the Eigenvectors of R:
F=|F Fi ... Fr, (2.39)

and diagonal matrix A is formed by the Eigenvalues of R

(X 0 ... 0 ]
0 A\ . :
A=| (2.40)
o 0
L0 ... 0 A

In Egs. (2.39) and (2.40), Fo,F1, ..., Fy_; are Eigenvectors and \g, A1, ..., Ap_1 are Eigenvalues of

the ACM matrix R. The inverse of any modal matrix is equal to its transpose; thus:
F'F =1 (2.41)
In this case, from Egs. (2.38) and (2.41) it can be shown that
F'RF = A (242)

Egs. (2.41) and (2.42) are widely used in the next chapters.

2.3.2 Rotated Reference Vector
Using the modal matrix F' as a rotation matrix, the rotated reference vector is defined as:
z(n) 2 F'x (n) (2.43)

This vector can be expressed in the form of

T
z(n) = [ z0(n) z1(n) ... zp—1(n) (2.44)

From Eq. (2.43), it can be shown that the [-th element of z (n) can be computed as
2z (n) =Flx(n), 1=0,1,...,L—1 (2.45)

where vector F is the [-th column of matrix F.

2.3.3 Rotated Weight Misalignment Vector

The weight misalignment vector at time n, denoted by v (n), is defined as the difference between the

weight vector at time n and the optimal weight vector:

w (n) — wy, (2.46)
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Also, the rotated weight misalignment vector is defined as
c(n)2F'v(n)=FT (w(n)—w,). (2.47)
This vector can be also represented in the form of

c(n) = [ o) er(n) ... ex(n) | . (2.48)
where ¢; (n) is computed as
a(n)=F(w(n)-w,),, [1=01,...,L—1. (2.49)

As can be seen in Eq. (2.49), when w (n) converges to w,, the rotated weight misalignment vector
converges to the origin. Due to this property, the analysis of the FXLMS algorithm using the rotated

weight misalignment vector is more convenient.

2.4 Independence Assumptions

The analysis of gradient-based adaptation algorithms with stochastic reference signals is usually per-
formed based on a set of simplifying assumptions, called the independence assumptions. These assump-
tions were proposed by Gardener in a signal processing context [62]; however, they have been widely
used in analysing adaptive ANC systems. As Gardener stated in [62], “the independence assumptions
apparently cannot be analytically justified for practical cases, but this is perhaps the best that can be
done from the pragmatic point of view of obtaining a good trade-off between model realism and model

tractability”.

In the following, these assumptions are discussed and formulated in detail. Later, the validity of the

theoretical results obtained by using these assumptions are verified in computer simulation and practise.

2.4.1 Primary Independence Assumption

The primary independence assumption states that, for a Gaussian reference signal, the sequence of ref-
erence vectors can be considered as an independent identically distributed (i.i.d) sequence with zero
mean [62]. Accordingly, consecutive reference vectors are statistically independent. Based on this as-

sumption, it can be shown that, for time indexes n; and ns,

T B R ny = ny
E{x(m)x" (n2)} = { 0 n1 £ o (2.50)

where matrix R is given in Eq. (2.37). The above equality can be also re-expressed in the form of

E{x(n-m)x" (n—p)} =6mpR  Vn,mpeN (2.51)
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Also, by using Egs. (2.43) and (2.51), it can be shown that
E {z (n—m)z! (n— p)} = OmpA Vn,m,p € N, (2.52)
Eq. (2.52) shows that consecutive rotated reference vectors are statistically independent and the ACM of

these vector variables is the diagonal matrix A.

2.4.2 Secondary Independence Assumption

According to the secondary independence assumption, for the problem of adaptive identification of an un-
known system with finite impulse response (e.g. transversal ANC controllers), the optimal error (which

is equivalent to e, (n) in ANC) is independent of the reference vector sequence [62]:

E{e,(n1)x(na)} = E{e,(n1)} E{x(n2)} (2.53)

Left multiplying both sides of this equality by F7 results in

E{e,(n1)z(n2)} = E{ey(n1)} E{z(n2)} (2.54)

This equality shows that the optimal residual acoustic noise is also independent of the rotated reference
vectors. Since the reference vector has zero mean, the following results can be obtained from Eqgs. (2.53)
and (2.54), respectively:

E{e,(n1)x(n2)} =0 (2.55)

and
E{e,(n1)z(n2)} =0 (2.56)

Therefore, the optimal residual acoustic noise is uncorrelated with both the reference and rotated refer-

ence vectors.

2.4.3 Independence of Weights and Reference Signal

Usually it is assumed that the weights of the ANC controller and samples of the reference signal are

statistically independent [11,63]. Based on this assumption, it can be shown that
E{w" (m)x(n2)} = E{w’ (m)} E {x (n2)} (2.57)

Also, from this equality, it can be shown that ¢ (n) and z (n) are statistically independent. For proving
this, both sides of Eq. (2.57), should be manipulated as

E{[w! (n1) —wl]x(n2)} = E{w’ (n1)} E{x(n2)} — wl E {x(ns)} (2.58)
The right side of this equality can be modified as

E{[w" (n1) —wl]x(n2)} = (E{w" (m) —wl}) E{x(n2)} (2.59)
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Since FFT =1, Eq. (2.59) can be re-expressed as
E{[w! (n1) - wl]FF'x(n2)} = (E{w" (n1) - wl} F) E{F'x (n)} (2.60)
Finally, combining Egs. (2.43), (2.47) and (2.61) results in
E{c" (n)z(n2)} = E{c" (m)} E{z(n)} 2.61)

This equality shows that the rotated weight misalignment vector ¢ and rotated reference vector z are

statistically independent. Note that for stationary acoustic noise £ {x (n)} = E{z (n)} = 0.

2.5 Basic Model for FxLLMS-Based ANC

This section expresses the FXLLMS update equation and the residual acoustic noise in terms of rotated
variables. The obtained expressions are used later in Chapters 3-6. Also, this section develops a dynamic
model for the first-order moments of the adaptive weights in the FxXLMS-based ANC systems. This

dynamic model is the core of Chapters 8 and 9.

2.5.1 Alternative Expression for FxXLMS Update Equation

In order to express the FXLMS update equation in terms of the rotated variables, Eq. (2.34) can be
modified as follows.

Fliwn+1) —w,] = F'[w(n) —w,] + pe(n)F'f (n) (2.62)
Combining Egs. (2.47) and (2.62) results in
c(n+1)=c(n)+ pe(n)FTf (n) (2.63)
Now, the rotated filtered reference vector is defined as
g (n) = FTf (n) (2.64)
By using this definition, Eq. (2.63) can be re-expressed as
c(n+1)=c(n)+ pe(n)g(n) (2.65)

According to Egs. (2.32), (2.43) and (2.64), vector g (n) can be obtained by filtering z (n) using the
available estimate of the secondary path:

g(n) = Smz (n—m), (2.66)



32 Basic Principles of FXLMS Algorithm

Alternatively, g (n) can be also represented in the form of

T
gm) =] dom) o) ... G| (2.67)
where
M-1
gi(n) = Sma(n—m). (2.68)
m=0

Egs. (2.65)-(2.68) describe the FXLMS update equation in terms of the rotated variables.

2.5.2 Alternative Expression for Residual Acoustic Noise

In order to develop an expression for the residual acoustic noise in terms of the rotated variables, Eq.
(2.9) can be modified as follows.

Q-1
e(n) = d(n)— Sq [WT (n—q)—wl + WOT] x(n —q) (2.69)
q=0
Q-1 Q-1
= d(n)— sqng (n—q)— Sq [WT (n—q) —w(ﬂ FFTx (n—q)
q=0 q=0

As can be seen, z (n), ¢ (n) and f (n) appear in the right side of Eq. (2.69); thus,

Q-1 Q-1
e(n) = d(n) —wg Y sex(n—aq)— Y sec’ z(n—q)
q= q=0
Q-1
= d(n)— sl (n—q)z(n—q). (2.70)
q=0

According to Eq. (2.14), the summation of the first two terms in Eq. (2.70) is equal to e, (t); therefore,
Eq. (2.70) can be simplified to

Q-1
e(n) se¢l (n—q)z(n—q). (2.71)
q=0
or equivalently
Q-1
e(n) =e,(n) — squ (n—q)c(n—2q). (2.72)
q=0

This equation expresses the residual acoustic noise in terms of the rotated variables.

2.5.3 Dynamics of First-Order Moments

In [49], a dynamic model for the FXLMS adaptation process was derived. In the following, this model

is derived and expressed in accordance with the terminology used in this thesis. For this purpose, Eqs.
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(2.72) and (2.65) are initially combined as

Q-1
c(n+1)=c(n)+pe,(n)g(n) —pn Z 548 (n)z’ (n—q)c(n—q) (2.73)
q=0
Combining Egs. (2.66) and (2.73) results in
Q-1M-1
c(n+1)=c(n)+ pe,(n)g(n) —p 4msqaz(n—m)z! (n—q)c(n—q) (2.74)
q=0 m=0
Now, taking the statistical expectation form both sides of Eq. (2.74) results in
Q-1M—-1
cnt+1)=cn)+pE{eo(m)gm)}—pnd Y dmsgE{z(n—m)z" (n—q)c(n—q)} 275
q=0 m=0
where ¢ (n) is defined as the mean of the rotated weight misalignment vector:
c(n) = E{c(n)} (2.76)

¢ (n) can be interpreted as the first-order moment of the adaptive weight vector. According to the second-
ary independence assumption, the optimal residual acoustic noise is uncorrelated with rotated reference
vectors: E {e, (n) g (n)} = 0. Substituting this result into Eq. (2.75) results in

Q-1M-1

c(n+1)= '“Z Zsmqu{z (n—m n—q)c(n—q)} (2.77)

q=0 m=0
Since weights and reference signal are independent, Eq. (2.77) can be modified to
Q-1M—-1
c(n+1)= ,uz Zsmqu{z (n—m n—q)}é(n—q) (2.78)
qg=0 m=0

Now, combining Egs. (2.52) and (2.78) results in

Q-1M—1
cin+1)= ,uz Z $mSqOm,qAC (n — q) (2.79)
q=0 m=0

Assuming a perfect secondary path model (8 = s), Eq. (2.79) becomes
c(n+1)=c(n) —pA Z sgé (n—gq) (2.80)

Eq. (2.80) formulates a dynamic model for the first-order moments in FXLMS-based ANC systems. This
model is used in Chapters 8 and 9.
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Chapter 3

Stochastic Model for FxLLMS-Based ANC

There are several contributions on theoretical modelling of FxLMS-based ANC systems [42—-49]. How-
ever, when it is intended to derive elegant closed-form expressions for formulating stability or steady-
state behaviours of these systems, a number of simplifying assumptions regarding the acoustic noise, the

actual secondary path and its model have to be used.

This chapter develops a dynamic model for FXLMS-based ANC systems, considering a general stochastic
acoustic noise and a general secondary path. Also, an arbitrary secondary path model, which is not
necessarily a perfect model, is considered. The main distinction of the proposed model is its properties
based on which closed-form expressions for formulating system behaviours can be derived, without
using any simplifying assumptions regarding the acoustic noise, nor regarding the secondary path and its

model. The derivation of these expressions are left to the next chapters.

3.1 MSE Function

This section derives an alternative expression for the MSE function. For this purpose, this function is

initially expressed by combining Eqs. (2.10) and (2.71) as

Q-1
J(n) = E {eg (n)} — ZquE {CT (n—q)z(n—q)eo (n)}
q=0

Q-1
+ Z sqspE{cT(n—q)z(n—q)zT(n—p)c(n—p)} (3.1)
q,p=0

According to Eq. (2.16), the first term in Eq. (3.1) is equal to J,. The second term is equal to zero
because based on the independence assumptions, discussed in Chapter 2, the rotated reference vector

z (n — q) is a zero mean vector and statistically independent of e, (n) and ¢ (n). Therefore, Eq. (3.1)

can be simplified to
Q-1

J(n)=J,+ Z s¢spE {cT (n—q)z(n—q) zT (n—p)c(n —p)} 3.2)
q,p=0

35
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Now, combining Eqs. (2.44), (2.48) and (3.2) results in

Q-1 — L-1
J(n) = Jo+zsqsp {Z n—q)z(n—q) szn p)ck (n— P)}

q,p=0 =0 k=0
Q-1 L-1

= Jo+ Y. Y sespE{ei(n—q)ex(n—p)a(n—q) z(n—p)}
q,p=01,k=0

3.3)

Since samples of the reference signal and adaptive weights are statistically independent (the third inde-

pendence assumption), Eq. (3.3) can be simplified to

Q-1 -1

J)=Jo+ Y Y sespE{z(n—a)z(n—p)} E{c(n—q)er(n—p)}

q,p=0[1,k=0
Combining Eqgs. (2.45) and (3.4) results in

Q-1 L-1

=J,+ Z quspE{Fl x(n—q)FFx(n— p)}E{a(n—q)cx(n—p)}
q,p=01,k=0

Since F; and F, are constant vectors, Eq. (3.5) can be simplified to
Q-1 L-1
=Jo+ Y > sqspFlE{x(n—q)x" (n = p)} FrE {c1(n — q)ex (n — p)}
¢,p=01,k=0
Now, combining Eqgs. (2.51) and (3.6) results in
Q-1 L-1
J(n)=Jo+ Y Y siF{RFE{c/(n—q)ck(n—q)}

q=0 [,k=0

On the other hand, from Eq. (2.42), it can be shown that
F/RF}, = \dp

Using this equality, Eq. (3.7) is simplified to

Q-1L-1

=Jo+ > > sinE{ci (n—q)}

q=0 1=0
Finally, Eq. (3.9) can be expressed in the form of
Q-1

J(n)=J,+ ZsﬁE{cT(n—q)Ac(n—q)}
q=0

(3.4)

3.5

(3.6)

(3.7)

(3.9)

3.9

(3.10)

From Eq. (3.10), it can be seen that J (n) is independent of instantaneous values of the acoustic noise.

Also, it can be deduced that .J (n) is a positive scalar function of ¢ (n).
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3.2 Excess-MSE Function

Here, the excess-MSE function is defined as a dynamic measure, determining the deviation of the MSE
function from its minimal level. Usually, the steady-state level of this function is referred to as the excess-
MSE in ANC terminology. However, the excess-MSE function, which can be interpreted as the distance
of the instantaneous residual noise power from the minimum achievable noise power, is considered in
this thesis. Accordingly, stability behaviours of an ANC system can be studied by analysing the variation
of the excess-MSE function during the operation of the adaptation algorithm on the ANC controller. For

developing a dynamic model for the excess-MSE function, the MSE function is expressed as
J(n) =Jdo+ Jex (n) (3.11)

where J, is the minimal MSE level and J., (n) is the excess-MSE function. As can be seen in Eq.
(3.11), the absolute value of J, (n) determines how far the instantaneous residual noise power is from
its minimal level. Obviously, since .J, is the minimal value of the positive definite function J (n), Jez (1)

is always a positive definite function of system variables:

Vn, minJ (n) =J, = J(n)>J,=Jo+ Jex (n) > J,
= Jez (n) 20 (3.12)
Now, considering the expressions, given in Egs. (3.10) and (3.11), J¢; (n) can be formulated as
Q-1
Jew (n) 2 Z ng {cT (n—q)Ac(n—q)} (3.13)
q=0

Substituting Egs. (2.40) and (2.48) into (3.13) results in

Q-1L-1
Jea () =Y NstE{c} (n—q)} (3.14)
q=0 1=0
which can be re-expressed as
Q-1L-1
Jex (n) =D > Nisimy (n— q) (3.15)
q=0 1=0
where mq (n) ,m1 (n),...,mr_1 (n) are the second-order moments of the adaptive weights:
my (n) £ E{c} (n)} 1=0,1,...,L—1 (3.16)

Now, in order to investigate the variation of the excess-MSE function during the operation of the FXLMS

algorithm, its time difference is defined as

Adez (n) 2 Joz (n+1) = Jep () (3.17)
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By combining Egs. (3.15) and (3.17), AJe, (n) can be expressed as

Q-1L-1

Adeg (n) = Z Z NisaSmy (n— q)

q=0 [=0

where Amy (n) is the time difference of the [-th second-order moment:
Amy(n) =my(n+1) —my(n), l=0,1,...,L—1
From Eq. (3.16), Am; (n) can be expressed as
Amy(n) =E{c (n+1)} —E{c (n)}
On the other hand, from Eq. (2.65), it can be shown that
a(n+1)=c(n)+ pg(n)e(n)
By combining Egs. (3.20) and (3.21), Am; (n) is formulated by
Ay (n) = WE {g} (n) & ()} + 2uE {cr (n) g1 (n) e (n)}

On the other hand, from Egs. (2.32), (2.45) and (2.68), it can be shown that

By substituting the above expression for g; (n) into Eq. (3.22), Am; (n) is obtained as

Amy (n) = u2FTE {f (n) £7 (n) ¢2 (n)} F, + 2uFTE {f (n) e (n) e (n)}

This equation can be expressed as
Amy (n) = Ay (n) + By (n)
where scalar functions A; (n) and B; (n) are given by
A (n) = 12FTE {f (n) 7 (n) e2 (n)} F,

and,
By (n) = 2uF B {f (n) i (n) e (n) }

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

The mathematical expressions, given in Eqgs. (3.18) and (3.25)-(3.27), compose a stochastic dynamic

model for the variation of the excess-MSE function during the operation of the FXLMS algorithm. The

following two sections formulate scalar functions A; (n) and B; (n) and show that they are linear func-

tions of the second-order moments m,, (n) ,...,mgp—_1 (n).
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3.3 Variation of 4, (n)

Based on the third independence assumption, it can be shown that the reference vector x (n) is independ-

ent of the MSE function .J (n) [64]. Consequently, the filtered reference vector f (n) is independent of

J (n). Accordingly, Eq. (3.26) can be simplified to
Ay (n) = u°FTE {f-' (n) £7 (n)} F,.J (n)

On the other hand, from Egs. (2.32) and (2.51) , it can be shown that

M—1
FE {f' (n) £7 (n)} = q;o 545 F {x (n—q) x7 (n— p)}
M—1

-y em
q=0
A2
= [sII"R
where ||.|| denotes the Euclidean vector norm and vector § is given in Eq. (2.7):

=

M-1

O

Is]* =

L=}
Il
o
NS

q=0
Now, by substituting Eq. (3.29) into (3.28), A; (n) is simplified to
Ay (n) = p® |8]* B RE,J (n)

From Eq. (2.42) , it can be shown that
F/RF; = )\,

Substituting this equality into Eq. (3.31) results in
Ar(n) = @A |81 7 (n)
Now, substituting Eq. (3.11) into Eq. (3.33) results in
Ar(n) = 1PN 81 To + @A (18] e (n)

Finally, by using Eq. (3.15), Eq (3.34) can be expressed as

Q-1L-1

Ay (n) = PN 817 To + PN N8P D > Aesimg (n — p)

p=0 k=0

Eq. (3.35) formulates A; (n) as a function of the second-order moments m, (1), ...

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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3.4 Variation of B, (n)

By substituting Eq. (2.71) into (3.27), B; (n) is expanded to

B (n) = 2uFTE {f' (n) e (n)e, (n)} — 2uFT Qil spE {cl (n)f(n)c” (n—p)z(n— p)} (3.36)
p=0
Considering the second and third independence assumptions, the first term in Eq. (3.36) is simplified to
2uFTE {f (n) e (n) €0 (n)} — ouFTE {f" (n)} E{c(n)e,(n)) (3.37)
Since the reference signal has zero mean, it can be shown that E{f (n)} = 0 therefore,
2uFTE {f (n) ¢ (n) eo (n)} ~0 (3.38)

By substituting Eq. (3.38) into (3.36), B; (n) is simplified to

Q-1
By (n) = —2uF¥ Z spE {cl (n)f(n)c” (n—p)z(n— p)} (3.39)
p=0

Now, substituting Eq. (2.32) into (3.39) results in

Q-1 M-1
B;(n) = —2uF! Z:O spE {cl (n) (Z_:O Smx (n — m)) c'(n—p)z(n —p)}

Q-1M-1

= —2uF} Z Z spdmE {c (n)x (n —m) c'(n—p)z(n— p)} (3.40)
p=0 m=0

Substituting Egs. (2.44) and (2.48) into (3.40) results in

o TQ—lel A B L-1 o L
By (n) 2uF; ZZspsmE ¢ (n)x(n m)ZcZ(n p) zi (n —p)

p=0 m=0 7

Q-1M-1L-1

= “2F ) > > spsmE{a(n)ci(n—p)x(n—m)z(n—p)} (341

p=0 m=0 i=0

On the other hand, from Eq. (2.45), it can be shown that
zi(n—p)=x" (n—p)F, (3.42)

Combining Egs. (3.41) and (3.42) results in

Q-1M-1L-1

By (n) = —2uFF Z Z Z spdmE {c1 (n) ¢; (n — p)x (n —m) xT (n — p)} F; (3.43)

p=0 m=0 =0
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Considering that adaptive weights and noise samples are statistically independent (third independence
assumption), Eq. (3.43) can be simplified to

Q-1M-1L-1

By (n) = —2uFF Z Z Z spimE{ci(n)ci(n —p)} E{x(n—m)x’ (n—p)} F;  (3.44)

p=0 m=0 =0

Now, substituting Eq. (2.51) into (3.44) results in

Q-1M-1L-1

By(n) = —2uF} Z Z Z spSmE {c; (n) ¢i (n — p)} 6 pRF;
p=0 m=0 =0
Q-1L-1

= —=2u> > sp8E{ci(n)ci(n—p)} F{RF; (3.45)
p=0 =0

Note that, according to Eq. (2.7), for m > M — 1, §,, = 0. On the other hand, Eq. (2.42) results in
F/RF; = N0y (3.46)

By using this equality, Eq.(3.45) is simplified to
Q-1L—1

Bi(n) = —2u Z Z spSp N0 E {c (n) ci (n—p)}

p=0 =0
Q-1

= —2uN Z spspE {c;(n) ¢ (n—p)} (3.47)
p=0

From the FXLMS update equation, given in Eq. (2.65), it can be shown that
P
cin)=cn—p)+pnd gn—klen—k  p=01,..,Q-1 (3.48)
k=1

When the adaptation process is slow, Eq. (3.48) can be approximated by !

Therefore, for the variation of the [-th adaptive weight, the following equation can be derived.

c (n)=c(n—p)+ upg (n—p)e(n—p) p=0,1,...,Q—1 (3.50)
"For a slow adaptation process, it can be assumed that the variation of the gradient vector V.J (n) is
so slow that VJ(n)~..~VJ(n—p), for p = 0,1,....,Q — L Therefore, by using the expression

given for VJ(n) in Eq. (2.33), it can be shown that e(n)f(n)~...~e(n—p)f(n—p). Subsequenty, it
can be shown that e(n) F7f (n)~e(n —1)F7f(n — D=...~e(n —Q + 1)FTf(n —Q +1), which is identical to
e(n)g(n)=...~e(n—Q+1)g(n— Q+ 1). Therefore:

p

> &(n—k)e(n—k)~ upg(n—p)e(n—p)
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Now, combining Eqs. (3.47) and (3.50) results in

Q-1
Bi(n) = —2u\ Z spspE {cf (n—p)}
p=0
Q-1
= 2°N ) psp$pE e (n—p)d(n—p)e(n—p)}
p=0

By using Eqgs. (3.16), (3.23) and (3.27), Eq. (3.51) can be expressed as

Q-1 Q-1
By (n) = —2uN Z spdpmmy (n — p) — pN; Z pspSpBi (n—p)
p=0 p=0

By changing the index of the second summation in Eq. (3.52), B; (n) can be re-expressed as

Q-1 Q-1
B (n) = —2uN Z spspmy (n —p) — pX\; Z r8p8. By (n —r)
p=0 r=0

The recursive equation, given in Eq. (3.53), can be expanded to

Q-1
Bi(n) = —2uX\ Y spspmi(n—p)
p=0
Q-1 Q-1
+ 2uN? Z Spdp Z rsrSpmy(n—p—r)
p=0 r=0

Q-1 Q-1 Q-1
— 2u3\} Z SpSp Z 7878y Z kspsgmi(n —p—r — k)
p=0 r=0 k=0

For 1 < 1, Eq. (3.54) can be approximated by its two first terms as

Q-1 Q-1
B (n) = —2u\ Z spdpmy (n — p) + 2>\ Z TSpSpsySpmy (n —p —1)
p=0 p,r=0
Eq. (3.55) formulates B; (n) as a function of the second-order moments m,, (n) ,...,mrp_1 (n).

3.5 Stochastic Model for Excess-MSE Function

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

Using the expressions, obtained in Sections 3.3 and 3.4, this section develops an stochastic model for the

excess-MSE function. For this purpose, Am; (n) is initially expressed by substituting Eqs. (3.35) and
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(3.55) into Eq. (3.25) as

Amy(n) = P\ |8]% Jo
Q-1L-1
+ N8P D ) Nespmy (n — p)
p=0 k=0
Q-1
— 2uN ) spspmy (n—p)
p=0
Q-1
+ 2,u2)\l2 Z TSpSpspSpmy (n —p —r) (3.56)
p,r=0

Subsequently, substituting the above expression for Am; (n) into Eq. (3.18) gives the following expres-
sion for AJe; (n).

Q-1L-1
~112
Adea (n) = p? 812D " AZs2J,
q=0 1=0
Q-1 L-1
+ o817 Y0 D AtksZsimy (n—p—q)
q,p=01,k=0
Q-1 L-1
= 2 ) D Nsyspdymu(n—p—q)
q,p=0 1=0
Q-1 L-1
+ 25 Y Y rAlsispdpsedmi(n—p—r—q) (3.57)
q7p7T:0 =0

Now, the RMS (Root Mean Square) value of the Eigenvalues is defined as

(3.58)

Using this definition, Eq. (3.57) can be simplified to

A2 2
Adex(n) = p2 11817 [Is* A2, Lo
Q-1 L-1
+ ’u2 ||§H2 L)‘zms Z Z )\kSSS?)mk (n e Q)
Q7p:0 k=0
Q-1 L-1
— 20 ) D Nisgspdmi(n—p—q)
p,q=0 =0
Q-1 L-1
+ 2 Z Z r/\?sgspépsrgrml (n—p—r—2gq) (3.59)
q7p7T:0 =0
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where ||s|| denotes the Euclidean norm of vector s as:

Q-1
2
Isl> =" s
q=0

In a slow adaptation process, the second-order moments are updated slowly so that:
mn—p—r—q)=m(n—p-—q), r=0,1,...,L -1
By using this assumption, Eq. (3.59) is simplified to

Ddex (n) = 2|81 lIs|* N2

S

LJ,
1 L-1

Q-
+ P BIP LA s YD Aksasymi (n—p—q)

q,p=0 k=0
Q-1 L-1

- 2u Z Z )\lzsgsp§pml (n—p—q)

q,p=0 =0

Q-1 -1
+ (Z rsrsr> Z Z)\ZS spspmy (n—p —q)

q,p=0 [=0

Now, by defining diagonal matrix ¥ as

0 ... 0 @-1
it can be shown that
Q-1
Z rS$pS, = sTwg
r=0
Substituting Eq. (3.64) into (3.62) results in

Ajex(n) = N H || ||SH )‘rmsLJO
Q-1 L-1
+ P IBIP LAY D Y Aesyspm (n —p — q)
q,p=0 k=0
Q-1 L-1
- 2u Z Z)\?sgsp,%ml (n—p—2q)
p,g=0 1=0
Q-1 L-1

+ 2u? (ST\Ilé) Z Z )\?sgspépml (n—p—q),

p,q=0 [=0

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
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Eq. (3.65) can be simplified to

Q-1 L—1
Adew (n) = 2 812 1812 X Ldo = 10 > D> pgmu(n—p—q), (3.66)
¢,p=0 =0
where scalar parameter 7; , , is defined as
2 s 2 pan2 [ 1.2 N\ sTws
/ylupvq = Alsq 2)\1‘9?5? - uArms ”SH Lsp + 2 X Aigspsp ) (367)
Arms 1811

Egs. (3.17), (3.66) and (3.67) describe a linear stochastic model for the excess-MSE function, consider-
ing an arbitrary acoustic noise, an arbitrary secondary path, and an arbitrary secondary path model. This
model is the core of the analysis which is performed in the next chapters. The general validity of this

model is shown in Chapter 7 by using several computer simulations.
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Chapter 4

Analysis of FxLMS-Based ANC Systems
Considering General Secondary Paths

Available mathematical expressions for formulating behaviours of FxLMS-based ANC systems are de-
rived from simplified models. These models are usually developed by using a number of simplifying as-
sumptions regarding the actual secondary path, acoustic noise, and secondary path model. For example,
the well-known expression for the step-size upper-bound, suggested by Elliott in [8,21], were derived by
assuming a pure delay secondary path, a broad-band white acoustic noise, and a perfect secondary path
model. Also, closed-form expressions for steady-state performance and step-size upper-bound, sugges-
ted by Bjarnason in [49], were derived under the same simplifying assumptions. Unfortunately, these
assumptions (specially the first one) are not realistic and, consequently, none of the available mathemat-

ical expressions can accurately describe behaviours of FXLMS-based ANC systems in practise [51].

In order to take the first step towards matching theoretical and practical findings, this chapter uses the
stochastic model, developed in the previous chapter, to derive closed-form expressions for formulating
behaviours of FXLMS-based ANC systems, without using any simplifying assumption regarding the
actual secondary path.

Figure 4.1 shows the main contributions of this chapter. As shown in this figure, the expressions de-
rived in this chapter thoroughly cover the commonly-used expressions. Moreover, they can apply to any
arbitrary secondary path in general form, unlike the commonly-used expressions. Also, it can be seen
from this figure that the classic simplifying assumptions regarding the acoustic noise and secondary path
model are still used in this chapter. Removing the constraints caused by these two assumptions are left

to the next two succeeding chapters.

4.1 System Model with General Secondary Path

When the acoustic noise is a broad-band white signal, the reference signal x (n) can also be considered

as a broad-band white signal. In this case, all the Eigenvalues of the auto-correlation matrix R are equal

47
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/— This chapter results —\

Conditions:
- Secondary path: general
- Acoustic noise: stochastic white and broad-band
- Secondary path model: perfect

Commonly-used theoretical results

Conditions:
- Secondary path: pure delay
- Acoustic noise: stochastic white and broad-band
- Secondary path model: perfect

S J

Figure 4.1: Contribution of Chapter 4: closed-form expressions for formulating behaviours of FxLMS-based ANC
systems, considering a general secondary path

to the power of the reference signal, o2 [64]:

M=A=...=A_1 =02, 4.1)
In this situation, the RMS value of the Eigenvalues is also equal to o2:
Arms = 02 (4.2)
By substituting Eq. (4.1) into Eq. (3.15), Je, (n) can be expressed as
Q-1L-1
Jez (n) = o sgml (n—q) (4.3)
q=0 1=0
Similarly, by substituting Egs. (4.1) and (4.2) into Eq. (3.67), 7 4 1s obtained as
T A~
. R st¥s
Mpg = U;Lsg {237,5’}, — /wi Hs||2 <L812) + 2‘§”2$psp>] 4.4)
Now, assuming that the secondary path model is perfect (8 = s), Eq. (4.4) is simplified to
sTWs
Vipg = Tas2s? [2 — po? ||s||? (L +2-—0 P )} (4.5)

By substituting Eq. (4.5) into (3.66) and considering A,,,s = 0323 and § = s, AJe, (n) is simplified to
Adeg (n) = :UJQ HSH40§LJO

L-1 Q-1
— o [Q_MUZH || <L+2H ” >:|ZZS (n—p—q) (4.6)

=0 ¢,p=0
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aJo

> S 7 3> Jex()

j/'l- Jo(n+1)
M -pZsiz’

Figure 4.2: Proposed model for FxLMS-based ANC systems with a general secondary path

Combining Eqgs. (4.3) and (4.6) results in
Adex(n) = p? ||SH4U§LJ0

2 2 2 s’ Ws = 2
- MOy |:2 — MO ||SH (L +2 HSH2 >:| Z Spjex (n - p) (47)
p=0

As a novel parameter in ANC theory, the secondary path equivalent delay, D, is defined as

sTWs
Deg & —— (4.8)
sl
Using this definition, Eq. (4.7) can be expressed as
N RTPNTY 2 2 2
DJew (n) = 22 |8 2L, = po |2 = p|ls|]* 2 (L + 2Deg) | T () (4.9)
where scalar function 7 (n) is given by
Q-1
T ()= stlex(n—p) (4.10)
p=0
Now, time-invariant parameters « and (3 are defined as
a2 2 |s||*otL (4.11)
and
B2 uc?|2—pu|sl|? o2 (L + 2De,) (4.12)
By using the above definitions for v and /3, Eq. (4.9) can be expressed as
Ader (n) = ad, — BT (n) (4.13)

The dynamic model, given in Eq. (4.13), along with Egs. (3.17), (4.8), (4.10) , (4.11) and (4.12)
compose a theoretical model for FxXLMS-based ANC systems. For the sake of clarity, these equations
are collected in Table 4.1. Also, the functional block diagram of this model is shown in Figure 4.2.

The main distinction of this model is that it considers a general secondary path. However, it is derived
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Table 4.1: Theoretical model for FxXLMS-based ANC systems with a general secondary path (assuming a broad-band acoustic noise and a perfect secondary path model)

Equation Description
Eq. (3.17) Adez (n) = Jez (n+ 1) — Jei (n)
Eq. (4.13) Adey (n) = ado — BT (n) - J,, is the minimum attainable residual acoustic noise power, as defined in Eq. (2.16).
Q-1
Eq. (4.10) J(n)= MU mm&ma (n—p) - 50,51, ..,5Q—1 are elements of s
p=0
- p is the adaptation step size.
Eq. (4.11)  a=u2|s||*oiL - L is the ANC controller length.
- 02 is the power of the reference signal.
Eq. 412) 8= po? 2= plls|® o3 (L +2Dy,)|
Eq. (4.8) D& s"Ws - constant matrix W is given in Eq. (3.63).
4- T s)? - s is the secondary path weight vector as defined in Eq. (2.5).
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only for a broad-band acoustic noise and perfect secondary path model. Influences of the acoustic noise

band-width and secondary path models on this model are investigated in Chapters 5 and 6, respectively.

4.2 Steady-State Performance

By using the dynamic model, developed in Section 4.1, this section formulates steady-state behaviours
of FxLMS-based ANC systems. The obtained formulations are derived for a general secondary path,

unlike the commonly-used formulations which were derived only for pure delay secondary paths.

4.2.1 Steady-State Residual Noise Power

Since the MSE function J (n) is defined as the variance of the residual noise, the power of the residual

noise in steady-state conditions (denoted by ¢2) can be expressed as
2 . 2 .
o = nh_}rgoE {e*(n)} = T}l_}rlgot](n) (4.14)
Combining Egs. (3.11) and (4.14) results in
o = J,+ lim Jer (n) (4.15)
On the other hand, for a stable adaptation process, it is expected that
lim AJe, (n) =0 (4.16)
n—oo

Now, substituting Eq. (4.13) into (4.16) results in
B lim J (n) =adld, 4.17)
n—oo

Also, from Eq. (4.10), it can be shown that

Q-1
. R 9
lim J(n) = lim z(:) s2Jeq (N — p)

p:

= |Is||* lim Jes (n) (4.18)
n—oo

Substituting Eq. (4.18) into (4.17) results in
Is||* 8 lim Je, (n) = o], 4.19)
n—0o0

Therefore,

n—oo

. «
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Now, ag can be obtained by substituting Eq. (4.20) into (4.15) as
2 a
ol =J,+——J 4.21)
©T S8

Subsequently, substituting Egs. (4.11) and (4.12) into (4.21) results in

L||s||* o2
o2 =1+ pL s\ J, (4.22)
2= p|sl|” 02 (L 4 2Deq)

Eq. (4.22) gives the steady-state power of the residual noise for a general secondary path.

4.2.2 Misadjustment Level

The steady-state performance of adaptive ANC systems is usually measured using a relative parameter,
called the misadjustment. This parameter, denoted by M, is defined as the ratio of the steady-state
excess-MSE function to the optimal MSE level:

1
T
M= 7 nh—>Holo ez (N) (4.23)
Or, equivalently
2 _
me et (4.24)
Jo

By combining Egs. (4.20) and (4.23), M is obtained as

a

M = 4.25)
2
Is[I* 8
Alternatively, substituting Eqs. (4.11) and (4.12) into Eq. (4.25) results in
L|s|? o2
M = pL i o (4.26)

2 — pulls|* 0% (L +2Dey)

As can be seen in Eq. (4.26), influences of the secondary path on the misadjustment level is taken into
account by two scalar parameters of the secondary path: the static gain ||s||, and the equivalent delay D.,.
The influence of ||s|| can be compensated for by adjusting the step-size u (usually p is normalised by the
filtered-reference signal power that is ||s||® o'2). Therefore, the equivalent delay can be considered as the
major parameter of the secondary path which affects on the steady-state performance of the system. By
using Eq. (4.26), the variation of M with respect to D, can be plotted as shown in Figure 4.3. From
this figure, the direct relationship between D., and M is apparent; therefore, it can be stated that D,

causes the steady-state performance to be degraded.

4.3 Stability Analysis

This section studies stability of FxLMS-based ANC systems and derives a mathematical expression for

the upper-bound of the step-size beyond which these systems become unstable. This upper-bound is
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D,

Figure 4.3: Influences of secondary path equivalent delay (D.,) on misadjustment level (M) for different values
of step-size (11 < po < p3 < g < ps < fg)

derived for a general secondary path, unlike the commonly-used upper-bound which was derived for

only pure delay secondary paths.

4.3.1 Stability in Steady-State Conditions

From Eq. (3.13), it can be seen that the excess-MSE function is always a positive definite function of
the second-order moments of the adaptive weights. Therefore, the steady-state stability of the system

requires that the steady-state excess-MSE function to be finite and positive:
0< lim Jey (n) <e¢, JceR (4.27)
n—oo

where c is a finite positive real number. Combining this inequality and Eq. (4.20) results in the following
stability condition.
o
0<——Jy<c (4.28)
2 o
Is[| 8

Since J,,, ov and ||s||? are positive scalars, the only condition for the steady-state stability is
8>0 (4.29)

In the following, it is proved that this condition is a sufficient condition for the stability of FXLMS-based

ANC systems in transient conditions.

4.3.2 Stability in Transient Conditions

As discussed in Chapter 3, the excess-MSE function is a positive definite function of the second-order
moments of the adaptive weights. Therefore, according to the Lyapunov stability theorems, if this func-

tion is an decreasing function then the system is stable and the second-order moments will converge to
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their equilibrium point at the origin:

lim my (n) =0, 1=0,1,....,L —1 (4.30)

n—oo

Combining Egs. (2.47) and (4.30) results in

lim w(n) = w, (4.31)

n—oo

This means that if Lyapunov stability condition is satisfied then the adaptive weight vector converges to

the optimal Wiener-Hopf vector w,.

Now, let us assume that, at time index n, the excess-MSE function does not reach its steady-state level.
In this situation, since the FXLMS is a gradient-based algorithm, it is expected that the current value of

the excess-MSE function and its past values are greater than its steady-state level; therefore,
Jez (N —p) > €, p=0,1,2,... (4.32)
where € denotes the steady-state excess-MSE level:

€= lim Je (n) (4.33)

n—oo
Since 312) > 0, the following inequalities set can be derived from Eq. (4.32).
(

82 Jex (n) > sie

s2Jex (N —p) > s€

{ Sé_ljex n—-Q+1)> 82Q_1€

Adding all of the above inequalities results in:

Q-1 Q-1
Y STa(n—p)> | s |e (4.34)
p= p=

The left side of Eq. (4.34) equals to .7 (n) and its right side equals to ||s||* €; therefore,
J (n) > |s||*e (4.35)

As shown in Section 4.3.1, the steady-state stability of FXLMS-based ANC systems requires 3 to be
positive. Therefore, multiplying both sides of Eq. (4.35) by positive scalar 5 results in

— BT (n) < —Bls|* € (4.36)
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Now, a.J, is added to the both sides of Eq. (4.36):
ady— BT (n) < ad,—Bs|?e (4.37)
Combining Egs. (4.13) and (4.37) results in
2
Adeg (n) < ady — BIs||" € (4.38)

By substituting Eqs. (4.20) and (4.33) into (4.38), the following inequality is obtained.

(07

Ade (n) < ad, — Bs|? )
[s[|” B

Jo (4.39)

The right side of the inequality given in Eq. (4.39) can be simplified to zero; therefore,
Aldez (n) <0 (4.40)

As a result, when 8 > 0, the Lyapunov function J,, (n) is a decreasing function in transient conditions
(because its time difference is negative). Therefore, 5 > 0 causes the Lyapunov stability condition to be
satisfied. In this case, the weight vector converges to the Wiener-Hopf filter and the MSE function

converges to the optimal MSE level .J,,.

4.3.3 Step-Size Upper-Bound

From the two stability analyses conducted in Sections 4.3.1 and 4.3.2, it can be shown that an FXLMS-
based ANC system is always stable if 8 > 0. Accordingly, from Eq. (4.12) it can be shown that

B>0 = pol|2—p|s|?o2(L+2Dey)| >0 (4.41)

This inequality leads to obtain the following condition for the step-size,

2

O<pu<
Il 0% (L + 2Deg)

(4.42)

In other words, there is an upper-bound for the step-size beyond which the system becomes unstable.

This upper-bound which is referred to as the step-size upper-bound (or stability bound) is given by

2
Is* 02 (L + 2Deq)

(4.43)

Hmazx =

As can be seen in Eq. (4.43), influences of the secondary path on the stability bound is taken into

account by two scalar parameters of the secondary path: the static gain ||s

, and the equivalent delay
Deq. Usually, z is normalised by the filtered-reference signal power that is ||s||> 02; therefore, D, can
be considered as the major parameter of the secondary path which affects on f,,,4,. The variation of

Hmaz With respect to D4 can be plotted by using Eq. (4.43), as shown in Figure 4.4. As can be seen in
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Hmax

0
D,

Figure 4.4: Influence of secondary path equivalent delay (D.4) on upper-bound of stability (ttynq4)

this figure, by increasing Deg, fimaz 18 also decreased; therefore, D, causes the stability behaviour of

the system to be degraded.

Also, it can be seen from Eq. (4.43) that the proposed expression for fi,q. is in the form of the
commonly-used expression, derived by Elliott in [8]. In fact, Elliott derived the same expression, but
instead of the secondary path equivalent delay, the physical time delay in the secondary path appeared
in his expression. This is because Elliott simplified his analysis by assuming a pure delay secondary
path but this thesis considers an arbitrary secondary path in a general form. The novel parameter of
the secondary path equivalent delay, defined in this thesis, makes this generalisation possible (Elliott’s

expression for the step-size upper-bound is derived later in Section 4.5.2.).

4.4 Convergence Speed

This section introduces a measure for the convergence speed of FXLMS-based ANC systems in transient
conditions and discusses influences of a general secondary path on this measure. Also, this section

derives a mathematical expression for the step-size leading to the fastest convergence speed.

4.4.1 Convergence Speed Measure

In transient conditions, the MSE function is greater than the optimal MSE level: J (n) > J,. In this
situation, the first term in Eq. (4.13) is neglectable. Thus, this equation can be approximated to

Adeg (n) = =BT (n) (4.44)

According to the Lyapunov stability theory, the convergence speed of a dynamic system is directly related

to the gradient of its Lyapunov function; therefore,

transient convergence speed o< 57 (n) (4.45)
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B = He
= Hs
= Ha
= p3
= K2
H=p

14

Deq
Figure 4.5: Influences of secondary path equivalent delay (D.4) on convergence speed (w) for different values of
step-size (11 < pa < pg < pa < pis < pg < 0.5maz)

Accordingly, a convergence speed measure for FXLMS-based ANC systems (denoted by w) is defined as
w=B=po? |2~ sl (L +2De) (4.46)

It is shown later (in Chapter 7) that how the proposed theoretical measure can efficiently describe the
convergence speed of FXLMS-based ANC systems. By using Eq. (4.46), the variation of the convergence
speed measure w with respect to D, can be plotted, as shown in Figure 4.5. From this figure, it can
be seen that D, causes the convergence speed to be decreased. It is well known that for pure delay
secondary paths, increasing the secondary path delay causes the convergence speed to be decreased.
However, herein, it is shown that, for general secondary paths, there is a similar relationship between the
convergence speed and secondary path equivalent delay D,,, which is a novel parameter introduced in
this thesis. It is while D, can be computed for any arbitrary secondary path, rather than the secondary

path delay which is a physical parameter relevant to only pure delay secondary paths.

4.4.2 Fastest Convergence Speed

Combining Eqs. (4.43) and (4.46), w can be expressed as

w = 20> <1 - ) (4.47)
:U’maa:

By using Eq. (4.47), the variation of w with respect to i can be plotted, as shown in Figure 4.6. As can

be seen in this figure, the maximum attainable convergence speed can be obtained when the step-size is

set to the half of its upper-bound. Therefore,

pr = b (4.48)
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0.5 tmam

0 Hmaz
1%

Figure 4.6: Variation of convergence speed measure (w) with respect to adaptation step-size (u)

where ;* denotes the step-size leading to the fastest convergence rate!. By setting 1 = p* in Eq. (4.47),
the maximum convergence speed measure can be computed as

1
Wmax = §Mmax0'§ (4.49)

As can be seen, the maximum attainable convergence speed is directly related to tiy,q,. On the other
hand, Eq. (4.43) shows that D, causes ji,q. to be decreased. Consequently, D, is a limiting factor for

the the maximum attainable convergence speed.

4.5 Simplified Cases

One way to verify the general theoretical formulations, obtained in this chapter, is to re-derive commonly-
used formulations from them as special and simplified cases. This section derives the commonly-used
formulations for the misadjustment level and stability bound of FXLMS-based ANC systems, as special
cases of the proposed general formulations. The validity of the proposed formulations in a general case

will be discussed later in Chapters 7 and 10 using simulation and experimental results, respectively.

4.5.1 Identity Control Path (LMS Algorithm)

In the LMS algorithm, there is no secondary path following the adaptive controller. Therefore, it can be

assumed that the secondary path is an identity system with the impulse response given by
s(n)=1 (4.50)

For such secondary path, ) = 1 and sy = 1 . Substituting these parameters into Eq. (3.60) and (3.63)
results in
Is|* =1 4.51)

IThis result can be also proved analytically; 11* = 0.5pmq. maximises the expression given for w in Eq. (4.47).
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and
¥ =0 4.52)

Now, setting ¥ = 0 in Eq. (4.8) results in
Deg =0 (4.53)

Substituting the above expressions for ||s||* and D, into Eq. (4.26) results in

L 2
M = 2“ %2 (4.54)
— KOy

This expression for M is identical to that given in [61] or [64]. Similarly, substituting D., = 0 and

||s||* = 1 into Eq. (4.43) results in )
Hmaz = ﬁ (4.55)

xT

which is the well-known expression for the step-size upper-bound in the LMS algorithm [41,61].

4.5.2 Pure Delay Secondary Path
Let us assume that the secondary path is a pure delay system with the impulse response given by
s(n)=Ad(n— D) (4.56)

where D is the physical time delay in the secondary path and scalar parameter A is the static gain of
the secondary path. For such system, it can be shown that Q = D + 1, s9 = s1 = ...s5g—2 = 0 and
sg—1 = A. Substituting these parameters into Eqgs. (3.60), (3.63) and (4.8) results in

s||” = A? (4.57)

and
Dy =D (4.58)

This equality means that, for a pure delay secondary path, the equivalent delay is exactly equal to the
physical time delay in the secondary path. Now, substituting the above expressions for ||s||* and D,, into
Eq. (4.26) results in

uLo]%

MZZ—MU]%(L—G-QD)

(4.59)

where UJ% = A2%02 denotes the power of the filtered reference signal. This expression for M is identical
to that given in [8,21]. Similarly, substituting D., = D and [s||* = A% into Eq. (4.43) results in

2

Hmar = 5 77 o (4.60)
0']% (L +2D)

which is the commonly used expression (Elliott’s expression) for the step-size upper-bound in the FxXLMS
algorithm with pure delay secondary paths [8,21].
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4.6 Summary

From the theoretical results obtained in this chapter, the following statements can be expressed.

* For a general secondary path with the impulse response, given by vector s, the equivalent delay is

defined as
N sTws

2
Is]

This parameter can be computed for any arbitrary secondary path, unlike the secondary path delay

Deg

which is a physical parameter relevant to only pure delay secondary paths.

Considering a general secondary path with the equivalent delay of D.,, the step-size upper-bound

2

Imaz- Steady-state noise power o

, misadjustment level M, and transient convergence speed meas-
ure w can be formulated as
( 2
Hmaz = 2 5
1[I 0% (L +2Deq)

uL |s|* 027,
2~ uls|? 0% (L +2D.,)

o2 =J,+

_ uLs|?e?
2~ 1 [sIP o2 (L + 2Deq)

w = 2uo? <1_MM >
max

The step-size leading to the fastest convergence speed is

i = Hmaz
2
The steady-state performance, stability bound, and convergence speed of FXLMS-based ANC sys-
tems are inversely related to the equivalent secondary path delay D., . This is similar to the
physical time delay in the secondary path (D) which has an indirect relationship with the perform-
ance of the FXLLMS algorithm with pure delay secondary paths. However, unlike the physical delay

in the pure delay secondary paths (D), the equivalent delay D., can be computed for any arbitrary

secondary path.



Chapter 5

Influences of Acoustic Noise band-width
on FxLMS-Based ANC Systems

Chapter 4 extends the available theoretical knowledge on FXLMS-based ANC systems; however, in order
to match theoretical and practical results, another step towards the generalisation of the obtained results
should be taken. This is because it is usually assumed in theory that the acoustic noise is a broad-band
stochastic white signal but, this signal can only be white over a limited range of frequencies in practise.
Even if the acoustic noise is white over a wide frequency range, the reference signal is required to
be processed by a low-pass filter, as shown in Figure 5.1. Obviously, the sampling frequency used in
the filter, should be higher than the maximum frequency of the reference signal. Therefore, a realistic
reference signal can not have a perfect flat spectrum over its entire frequency range so that it can be

considered as a broad-band white signal.

This chapter studies influences of the acoustic noise band-width on behaviours of FXLMS-based ANC
systems. Referring to Figure 5.2, it can be seen that this chapter generalises the closed-form expressions,
derived in Chapter 4, to a more general case with any arbitrary acoustic noise band-width . However, it
is still assumed that the secondary path model is perfectly accurate. Removing the constraint caused by

this assumption is left to the next chapter.

5.1 Band-Limited White Signal

This section describes a general band-limited white signal and shows the relationship between its power
spectrum and Eigenvalues. Also, mathematical expressions for the signal power and the RMS value of

the Eigenvalues are derived. These expressions are widely used in this chapter.

5.1.1 Power Spectrum

The power spectrum of a band-limited stochastic white signal is flat (and non-zero) over a particular
frequency range, called the band-width, and zero over the rest of frequencies. For a general case, this

power spectrum is shown in Figure 5.3. In this figure, the frequency axis is normalised with respect to
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Figure 5.3: Power spectrum of band-limited white noise

0.5fs, where fs is the sampling frequency. Also, f; is the minimum frequency component of the signal,

f2 is the maximum frequency component of the signal, and B,, is the signal band-width, given by

By 2 fo— fi 5.1

5.1.2 Application of Szego Theorem

According to the Szego theorem [65], for a stationary signal, the Eigenvalues of the ACM matrix are
asymptotically equal to the power spectrum at (normalised) frequencies spread % apart, where L is the
size of the ACM matrix. Based on this theorem, the Eigenvalues of the ACM matrix of a band-limited

white signal can be expressed as
A € {e, K} l=0,1,...,L—1 (5.2)

where \; denotes the [-th eigenvalue of the ACM matrix, ~ is a non-zero positive number, and € is a nearly
zero positive number (e ~ 0). The Eigenvalues with the value of x correspond to the frequency range
over which the noise power is uniformly distributed and the Eigenvalues with the value of ¢ correspond
to the frequency range over which the noise power is approximately zero. Also, it can be shown from the
Szego theorem [65] that, for a high order ACM matrix (large L), the noise band-width B,, is equal to

L

By~ =2 .
7 (5.3)
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where L, is the number of the Eigenvalues with values of x and L is the total number of Eigenvalues.

Also, the power of a band-limited signal (denoted by o2) can be obtained as [65, 66]

1
o2 = Ztrace (A)
L-1
1 Z Ly, L— L,
1=0
Since e is approximately zero, o2 can be estimated by
L
ag = Tw/{ (5.5)
Now, combining Egs. (5.3) and (5.5) results in
2
O-Z'
= -z 5.6
n= g (5.6)

Similarly, the RMS value of the Eigenvalues can be obtained as
L1
1 L
A2 o= 7 lz; K2 = T%Q (5.7)

Combining Egs. (5.3), (5.6) and (5.7) results in

4
2 _ Og
)‘rms - Bw (58)

This equation shows that the RMS value of the Eigenvalues is inversely proportional to the band-width.

5.2 System Model with Band-Limited Acoustic Noise

In Chapter 4, a dynamic model for FXLMS-based ANC systems with general secondary paths is derived.
However, this model assumes a broad-band white acoustic noise and a perfect secondary path model.
This chapter removes the constraint, caused by assuming a broad-band white acoustic noise. For this
purpose, a general band-limited reference signal x (n) with band-width of B,, is considered. In this
situation, the Eigenvalues Mg, A1, ..., Ar_1 and and their RMS value A,,,,s are given in Egs. (5.2) and
(5.8), respectively. Therefore, substituting Eqs. (5.2) and (5.8) into (3.67), the following expression for

Vi,p,q Can be obtained.

o a2 T\ps
IQSZ |:2/€8p5p - ,ug—w IIS]| (Lsg + Blw X Wspsp)} when \j = K
MNp,qg = (5.9)

4 Ty o
2 A o A2 2 2 st Wws a _
£sy [stpsp —pg= |8l (Lsp + 5 X Ak spspﬂ when A\ = €
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By using Eq. (5.6) and considering that ¢ is nearly zero, 7, , can be approximated to

BQ S [QSpsp o ||8]2 (Lsf, + B%, X SH ﬁéssp§p>} when \j = Kk
’ylyp7q = (5'10)

0 when \j = ¢

On the other hand, from Eqgs. (5.2) and (5.6) it can be shown that

1 when A\ =k
~ (5.11)

0 when \ =c¢

Now, combining Egs. (5.10) and (5.11), a single closed-form expression for 7, ;, , can be obtained as

ol 2 sTws Buw\
Vip,q = B2 Sq [231731@ /w ”SH <L3 ‘|‘wa‘”3psp>] <2> (5.12)

UI
This equation can be simplified to

2 T A
o . 12 2 s*Pws
Vipg = Bw 2 [zspsp — o2 18| (Lsf, + B X 7||§H2 spspﬂ N\ (5.13)

w

Assuming that the secondary path model is perfect (8 = s), 7 p 4 is simplified to

o2 2 sTWws?
"Yl’p7q = Bi,w |:2 — /,[/0'2 ”SH2 <L + Biw X W)] )\l (514)

As can be seen, the secondary path equivalent delay (D.,), as defined in Eq. (4.8), appears in Eq. (5.14);

therefore, )
o 2
Yipa = 555 [2 — o |Is|? (L + 5= Deqﬂ N (5.15)
w w

Now, by substituting the above simplified expression for v, ,, , into Eq. (3.66), AJe, (n) is obtained as

4
(o
Adew (n) = p2s||* == LJ, (5.16)

w

4 Q-1 L-1
 ng 2w lsl? (L D) | ¥ X wstsdn-p )
=0

q,p=0

Combining Eqgs. (3.15) and (5.16) results in

2 4 U;:l
ANdex (n) = p=|ls|| ?LJO

w

g 2 2 = 2
— MBQ [2 — o |s|? < wDeqﬂ Spdex (N —p) (5.17)
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Figure 5.4: Proposed model for FXLMS-based ANC systems with a general secondary path and a band-limited
acoustic noise

N

As can be seen, the scalar function 7 (n), as defined in Eq. (4.10), appears in Eq. (5.17); therefore,

Ddew () = 2 st Zn gy — p 2 (2= psi?o2 (2+ 2D, )| 7). 18)
emn—,ustoqu wllsl|® oz B, Dea n )

Now, time-invariant parameters «,, and (3,, are defined as
4
2 40
o = i [|s|* =L (5.19)
w

and

‘7925 2 2 2
Bw = ,uB—w 2—u|sl|“oz [ L+ B—wDeq (5.20)

Using these definitions, Eq. (5.18) can be re-expressed as
Ader (n) = ady — BT (1) (5.21)

The dynamic model, given in Eq. (5.21), along with the definitions, given in Egs. (3.17), (4.8), (4.10) ,
(5.19) and (5.20) compose a theoretical model for FXLMS-based ANC systems with general secondary
paths and band-limited acoustic noise (still assuming a perfect secondary path model). For the sake of
clarity, these equations are collected in Table 5.1. The functional block diagram of this model is also

shown in Figure 5.4.

From Egs. (5.19) and (5.20), it can be seen that for a broad-band acoustic noise (B,, = 1), these
expressions results in «,, = « and §,, = [ and, thereby, the proposed model is simplified to the one
derived in Chapter 4. In other words, the dynamic model developed in this chapter is a generalisation of

the model given in Chapter 4.

Comparing the model derived in this chapter and the one derived in Chapter 4 shows that the only
difference between these two models is due to the changing in scalar coefficients « and 3 to «,, and 5,,,.
However, both of them have a similar structure. Therefore, the theoretical results, obtained in Chapter 4,

are valid for the model, developed in this chapter, after replacing e and 3 with «,, and 5,,,.
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Hmax

0
Deq

Figure 5.5: Influences of secondary path equivalent delay (D.,) on upper-bound of stability (tt;q,) for different
noise band-widths

5.3 System Behaviours with Band-Limited Acoustic Noise

By using the dynamic model, shown in Figure 5.4, this section studies behaviours of FXLMS-based
ANC systems and derives closed-form expressions for the steady-state performance, stability bound, and
transient convergence speed of these systems. These expressions can apply to a general secondary path,
unlike the commonly-used expressions which can apply to only a pure delay secondary path. Also these
expressions are derived considering a white noise with an arbitrary band-width, unlink the expressions

derived in Chapter 4 which are derived assuming a broad-band white noise.

5.3.1 Step-Size Upper-Bound

Based on the same logic! used in Section 4.3 and from Eq. (5.21), it can be shown that the stability of
FxLMS-based ANC systems with a band-limited reference signal requires that

Bw >0 (5.22)

Substituting Eq. (5.20) into this inequality, results in the following step-size upper-bound beyond which

the system becomes unstable.
2

Mmax = D)
2
I o2 (24 -0

(5.23)

w
Figure 5.5 shows variations of fi,,4, With respect to D, for different noise band-widths. This figure is
obtained by plotting Eq. (5.23). The curve, shown by B,, = 1, corresponds to the case with a broad-band
white noise, as described in the previous chapter. From this figure, it can be seen that by decreasing B,,,
the step-size upper-bound is also decreased. Also, by decreasing B,,, the influence of the secondary path

equivalent delay on the step-size upper-bound is more pronounced.

'This is because both the dynamic models, derived in the previous chapter and this chapter, have similar structure; the only
differences are due to the changing the scalar coefficients « and 3 to aw, and [, .
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T

Bw
Figure 5.6: Influences of noise band-width (B,,) on misadjustment level (M) for different values of step-size

(p1 < po < pg < pg < ps < pi6)

In [49], Bjarnason studied the influence of B,, on fi,,,,;. However, he did not intend to formulate this
influence based on a theoretical model. He tried to fit a closed-form expression to data obtained from
computer simulations. As one of the contribution of this thesis, Eq. (5.23) gives a closed-form expression

for i in terms of acoustic noise band-width B,, and considering a general secondary path.

5.3.2 Steady-State Performance

Based on the same logic used in the derivation of Eq. (4.21), the steady-state residual noise power can

be obtained by replacing « and 8 with «,, and 3, in Eq. (4.21) as
2 Qi
o =Jo+ —5—J (5.24)
T IsiPBe

Now, substituting Egs. (5.19) and (5.20) into (5.24) results in

L|s||* 02,
2, + ”2 Isll” o > (5.25)
2 sl o2 (L -+ 5-Du
w
Eq. (5.25) can be re-expressed as
L|s|* o2,
o2 = g, + Pl oz (5.26)

2 (1— a )
Hmazx

where fiq, 18 given in Eq. (5.23). For determining influences of the noise band-width B, on the steady-
state residual noise power o2, its influences on the minimum MSE level .J, should be also considered.
This is because .J, is a function of noise statistics and, thereby, it is dependant of B,,. However, J, is an

optimal value and independent of the FXLLMS adaptation process (as discussed in Chapter 2).
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Figure 5.7: Influences of noise band-width (B,,) on convergence speed measure (w) for different values of step-

size (1 < p2 < p3 < pa < pi5 < 6 < 0.5ftmaz)

For determining the influence of B,, on the steady-state performance of the FXLMS algorithm, the vari-
ation of the misadjustment level (M) with respect to B,, can be analysed. This is because M is inde-

pendent of J,. This parameter can be obtained by combining Egs. (4.24) and (5.26) as

2
sl o2 L
2<1— a )

Hmazx

As can be seen in Eq. (5.27), M is independent of .J,. However, M is a function of B,, (because fiy,q, 1S

M= (5.27)

a function of B,,). By using Egs. (5.27) and (5.23), variations of M with respect to B,, and for different
values of p can be plotted, as shown in Figure 5.6. From this figure, it can be seen that increasing B,,
causes M to be decreased. For very narrow noise band-widths (B,, < 0.1), M is highly decreased.

However, for wider noise band-widths, the influence of B,, on M is less pronounced.

5.3.3 Convergence Speed

Based on the the same logic, used in the derivation of Eq. (4.46), the convergence speed measure of

FxLMS-based ANC systems with band-limited white reference signals can be represented by
w = By (5.28)

Substituting Eq. (5.20) into this equation, results in

& 2 2 2
w=pps 2—pls||foi( L+ B—Deq (5.29)
w

g

which can be expressed as

()
w=2u=-"(1- (5.30)
By, Hmazx
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By using Eq. (5.30), variations of the convergence speed measure with respect to the noise band-width
can be plotted, as shown in Figure 5.7. From this figure, it can be seen that by increasing B,,, the

convergence speed is decreased.

The step-size leading to the fastest convergence speed (11*) can be obtained by maximising w with respect

to u. Therefore,
dw

— =0 (5.31)
dp o

Combining Eqgs. (5.30) and (5.31) results in

p = 0.5maz (5.32)

Therefore, the maximum attainable convergence speed can be obtained by setting the step-size to 0.5t qz -

5.4 Tonal Acoustic Noise

The performance analysis of FXLMS-based ANC systems with tonal acoustic noise is another area of
interest. This subject has been relatively matured, specially, in research reports published by Bjarnason
in 1995 [49] and Vicente in 2006 [50]. This section shows that the theoretical results, reported in [S0], can
be obtained from a special and simplified case of the analysis conducted in this chapter. The similarity
between these results shows the validity of the general analysis conducted in this chapter. Checking the
validity of the results in a more general case is left to Chapters 7 and 10 using computer simulation and

experimental results, respectively.

For a tonal acoustic noise, there is only a dominant Eigenvalue in the ACM matrix (L,, = 1) which

corresponds to the signal power at the tonal frequency. In this case, from Eq. (5.3), it can be shown that
B, = — (5.33)

Also, in this situation, the secondary path can be represented by a static gain A and a time delay D as
s(n)=Ad(n— D) (5.34)

For such secondary path, ||s||* = A% and D., = D. Now, setting B, ||s||* and D, in Eq. (5.27) gives
the following expression for the misadjustment level:

2
poy L

= 5.35

M 2—,uag%fL(1+2D) (5-33)

where agf = A202 denotes the power of the filtered reference signal. Also, setting B, ||s||* and D,
into Eq. (5.23) results in the following stability bound.

2
(5.36)

fimex = 52 T(1 + 2D)



72 Influences of Acoustic Noise band-width on FXLMS-Based ANC Systems

As can be seen, for a tonal noise, fi;,q, 1S inversely proportional to the multiplication of the filter length
L and secondary path time delay D, rather than their summation. The expressions given in Egs. (5.35)
and (5.36) are identical to those obtained in [50].

5.5 Summary

From the theoretical results obtained in this chapter, the following statements can be expressed.

* Considering a general secondary path with the equivalent delay of D., and a general band-limited

2

<, misadjustment level

acoustic noise, the step-size upper-bound (4, Steady-state noise power o

M, and transient convergence speed measure w can be formulated as

2
Hmaz = 9
2 2
s||” o L—i—D)
s o2 (24 5-Da
L|s|* o2,
ggzjoJrM
2(1— a )
Hmazx
2
Mo HEsl" o
2<1— a )
Hmax
2
o 1
w=2u="(1-
MBU)( Nmam)

» Similar to the case with broad-band acoustic noise, the step-size leading to the fastest convergence

speed is
x __ Mmazx

="

* The step-size upper-bound is an increasing function of B,,; therefore, in the case with a broad-
band white noise, the step-size can be chosen from a wider range, compared to the case with

band-limited white acoustic noise.

* The misadjustment is a decreasing function of B,,; therefore, by increasing the acoustic noise

band-width the misadjustment level is reduced.

* The convergence speed measure is a decreasing function of B,,; therefore, by increasing the acous-

tic noise band-width the convergence speed is reduced.



Chapter 6

Influences of Secondary Path Models on
FxLLMS-Based ANC Systems

As discussed in Chapter 2, for implementing FXLMS-based ANC systems, an estimate model of the
secondary path is required. This model, usually referred to as the secondary path model, is estimated
by either off-line or on-line system identification techniques (which are beyond the scope of this thesis).
Ideally, the secondary path model is identical to the actual secondary path. In this case, the secondary
path model is considered as a perfect model. However, a realistic secondary path model is not necessarily

perfect.

Commonly-used theoretical expressions for formulating behaviours of FxLMS-based ANC systems are
usually derived by assuming a perfect secondary path model, to avoid mathematical difficulties. Even
the relatively more generalised expressions, obtained in Chapters 4 and 5 of this thesis, are derived
under this simplifying assumption. Referring to Figure 6.1, it can be seen that this chapter removes the
constraint caused by assuming a perfect secondary path model from the theoretical results obtained in
Chapters 4 and 5. Consequently, the expressions, obtained in this chapter, are the most general theoretical

expressions which have been so far derived for formulating behaviours of FxLLMS-based ANC systems.

6.1 System Model with Imperfect Secondary Path Model

In Chapter 5, 774 4 is computed for a general secondary path and band-limited acoustic noise. This
parameter is then simplified by assuming a perfect secondary path model: § = s. Herein, this simplifying
assumption is not used. Therefore, substituting the expression given in Eq. (5.13) for ~y; , , into Eq. (3.66)

results in a more general expression for AJ,, (n) as

4

A~ g

Adey (n) = MZIISHZHSHQBiLJo (6.1)

w

9 Q-11L-1 T

R . 2 . st Ws
g 3 [ IS (L T )| A -0
Y q.p=0 1=0 w sl

73
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This chapter results

-

Conditions:
- Secondary path: general
- Acoustic noise: stochastic white with arbitrary bandwidth
- Secondary path model: arbitrary

-

Conditions:
- Secondary path: general
- Acoustic noise: stochastic white with arbitrary bandwidth
- Secondary path model: perfect

Chapter 5 results

Chapter 4 results

-

Conditions:
- Secondary path: general
- Acoustic noise: stochastic white and broad-band
- Secondary path model: perfect

~

Commonly-used theoretical results

Conditions:
- Secondary path: pure delay
- Acoustic noise: stochastic white and broad-band
- Secondary path model: perfect

N /) )

Figure 6.1: Contribution of Chapter 6: generalisation of the theoretical findings considering an arbitrary (imper-
fect) secondary path model
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Combining Eqgs. (3.15) and (6.1) results in

4
N g
A () = 81 Isl* =L, 62)
w
2 Q-1 T Ty A
o . N 2  s'Ws
. Mi Z |:2Sp8p - MO’% ||SH2 <L512) "‘ SpSpA2>:| Jex (n —p)
Buw = By s

Now, scalar functions 7 (n) and 7 (n) are defined as

Q-1
T ()= stJex(n—p) (6.3)
p=0
and
~ Qil
J (n) = SpSpdea (n —p) (6.4)
p=0

Substituting these definitions into Eq. (6.2) results in

2 a2 (a2 T2 & 0% (Tge|
Adez (n) = @2 I8]7 |Is|| 5 Ldo—2pp= [1—pnpe (s"®s)| T (n)
2 an2 ol
+ W |BITLgET (n) (6.5)

For a perfect secondary path model, it can be shown that 7 (n) = J (n); however, for an imperfect
model, this equality is not valid. In the following, it can be shown that, for a slow adaptation process,
there is a relationship between these two scalar functions. Assuming that the adaptation process is slow,

the variation of the excess-MSE function is also slow so:

Jez(n—p)%Jex(n), pzoalv"'aQ_l (66)

In this case, from Eq. (6.3), it can be shown that
J (n) = so | Jew (1) (6.7)

Using the same logic, it can be shown from Eq. (6.4) that

—_

Q-
j (n) ~ Z Spgp Jex (n) (6.8)

p=
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Now, combining Eqgs. (6.7) and (6.8) results in

J (n) = pg_l J (n) 6.9)
Sp
p=0
which can be expressed in the following form.
. s’'s
J (n) = Wj (n) (6.10)
S

Eq. (6.10) shows the existence of a linear proportional relationship between scalar functions 7 (n) and
J (n). Now, by substituting Eq. (6.10) into (6.5), AJe (n) is simplified to

4

R o

Adey (n) = MQHSIIZIISHQBiLJo

w

2 o2 sT's ol

— {2 1— p—= sT\Pé} <>— 2113 2Lx}j n 6.11)
(o 1-nge @w9)| (25 )~ L2 b7 o
Therefore,

4
. o
Adey (n) = MQIISIIQIISIFFI LJ,
w

ol o2 (ss ot (sTs
+ {;ﬁ 18]|]> L=% — u— < ) +2u? (sTws) L <>] J(n) (6.12)
Bu Is[I* BE \s|”
Herein, perfectness ratios p1, p2 and p3 are defined as
Kl
pL= "3 (6.13)
sl
and
sT's
P2 = (6.14)
=iy
and -
s’ W¥s
= —=— 6.15
P3= Ts (6.15)

Obviously, for a perfect model (8 = s) all the perfectness ratios are equal to 1. Now, by using the above

definitions for p1, ps and p3, Eq. (6.12) can be expressed as

2 40;%
Adez (n) = pip||s|| ?LJO
2

4
+ | pip?|Is|? L7—2uB

4
p1p2 + 21 prpaps (s’ Us) B—‘; J(n), (6.16)
w
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Figure 6.2: Proposed model for FxXLMS-based ANC systems with a general secondary path, a band-limited acous-
tic noise, and an arbitrary (imperfect) secondary path model

> 7 > Jex(N)

Y

which can be simplified to

4
o
Adez (n) = P1N2||SH4 Bx LJ,
w
2 T
oz 2 112 2p2ps3 (s ‘I’S>>]
— —= |2pg — poz|ls L+ J (n), (6.17)

As can be seen, the secondary path equivalent delay D, as defined in Chapter 4, appears in Eq. (6.17);
therefore

2 (1|4 U;‘E
Adeg (n) = pip”|s]| ?LJO
a; 2 (112 2p2p3
AL 2p2 — poy |Is||” | L+ TDeq J (n), (6.18)

Now, time-invariant parameters <, and (3,, are defined as

4
. o
G = pria® [1sl|" 5= Lo (6.19)
w
and )
. o 2
Bu = pru— 205 — po? |s|? ( L+ 225 p,, (6.20)
B B

Using these definitions, Eq. (5.18) can be re-expressed as
Aoy (n) = by — BT (n) (6.21)

The dynamic model, given in Eq. (6.21), along with Egs. (3.17), (6.3), (6.19) and (6.20) compose
a theoretical model for FxLMS-based ANC systems, considering a general secondary path, a band-
limited acoustic noise, and an arbitrary secondary path model. For the sake of clarity, these equations are

collected in Table 6.1. The functional block diagram of this model is also shown in Figure 6.2.

From Eqgs.(6.19) and (6.20), it can be seen that by setting B,, = 1 (broad-band noise) and § = s (perfect
model) the expressions, given for &, and Bw, results in &, = o and Bw = f3. In this case, the proposed
model is simplified to the one derived in Chapter 4. In other words, the dynamic model obtained in this

chapter is a generalisation of the models previously obtained in Chapters 4 and 5 of this thesis. However,
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Table 6.1: Theoretical model for FXLMS-based ANC systems with a general secondary path, band-limited acoustic noise, and an arbitrary secondary path model

Equation Description
Eq. (3.17) Adeg () = Jeg (N +1) = Jez (n)
Eq. (6.21) Adey (n) = dupdp — \wsfw (n) - J,, is the minimum attainable residual acoustic noise power, as defined in Eq. (2.16).
Q-1
Eq. (6.3) J (n) = MU mw%& (n —p) - 0,51, .-.,5Q—1 are elements of s
p=0
- p is the adaptation step size.
. 2 fd ob - L is the ANC controller length.
Eq. (6.19) Gy = p1p” [Is]|” 5= LJo - 02 is the power of the reference signal.
- By, is the reference signal bandwidth.
A o2 2
Bq. (6200 By =pipgs 200 = po? sl ( L+ Z2 D,
w
Eq. (4.8) Do_ sTWs - constant matrix W is given in Eq. (3.63).
4 I8P - s is the secondary path weight vector as defined in Eq. (2.5).
a2
oy = 18I0
- 2
Is|
Egs. (6.13) P = S mw - § is the secondary path model weight vector as defined in Eq. (2.7).
-(6.15) 151
B sTWws
P~ ST
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the structure of both of them is similar. Therefore, the theoretical findings, obtained in Chapter 4, are

also valid for the model given in Eq. (6.21), after replacing «w and /3 with &, and Bu.

6.2 System Behaviours with Imperfect Secondary Path Models

By using the dynamic model, developed in Section 6.1, this section studies behaviours of FXLMS-based
ANC systems and derives closed-form expressions for the steady-state performance, step-size upper-
bound, and convergence speed of these system. In the derivation of these expressions, a general sec-
ondary path, an arbitrary secondary path model and, an stochastic acoustic white noise with an arbitrary
band-width are considered. The obtained expressions are the most general theoretical expressions which

have been so far derived for formulating behaviours of FXLMS-based ANC systems.

6.2.1 Step-Size Upper-Bound

In Chapter 4, it was proved that the stability of the dynamic model, given in Eq. (4.13), requires the
scalar parameter 3 to be positive: 5 > 0. The only difference between the model, given in Eq. (4.13)
and the one given in Eq. (6.21) of this chapter, is due to the changing of scalar (constant) parameters
« and [ to &y, and ﬁw. Accordingly, the stability of the model, given in Eq. (6.21) requires the scalar
parameter Bw to be positive (because the model given in Eq. (4.13) is stable when 5 > 0):

B >0 (6.22)

Combining Egs. (6.20) and (6.22), it can be shown that Bw > ( requires that

o2 2
P 200 — po2|Is|? ( L+ 222D, )| > 0 (6.23)
Bu B

w

From Eq. (6.13), it can be seen that p; is a positive scalar. Also, parameters o2 and B,, are positive;

therefore, the above inequality is identical to

2
i 202 - o2 s1? (2 + 222D, )| >0 (6.24)
w

From this result, it can be deduced that the stability of the system requires
0 < p < flmaz (6.25)

where the step-size upper-bound, [i,,q. 1S given by

2p2
2
o2 |ls|? (L + gp3D6q>

w

(6.26)

Hmazx =

In this equation, [i,,4, represents the step-size upper-bound in the case of using the imperfect secondary

path model 8, instead of the perfect model s. The closed-form expression for fi,,q., given in Eq. (6.26),
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can apply to a general case, where the actual secondary path and secondary path model are two arbitrary

general systems and the acoustic noise is a stochastic white signal with an arbitrary band-width.

6.2.2 Instability Caused by Secondary Path Models

According to Eq. (6.26), it is possible that the secondary path model causes fi;,q, to become always
negative. In this case, there is no positive step-size for which the FXLMS algorithm can become stable.
Based on this logic, secondary path models causing the FXLMS algorithm to become unstable can be

determined.

Usually L is set to a large number, therefore it can be assumed that even if po and p3 have opposite signs,
the denominator of the fraction given in Eq. (6.26) remains positive. Accordingly, the sign of [i,,q, can

be determined only by considering the numerator of the fraction given in Eq. (6.26).

Initially, let us consider the case in which the second perfectness ratio is positive (p2 > 0). In this case,
from Eq. (6.14) it can be shown that ji,,,4, is also positive. In the next case, let us consider the case
in which the second perfectness ratio is negative (p2 < 0). In this case [i;q, becomes negative and,

thereby, there is no positive step-size for which the FXLMS algorithm can become stable.

According to the above discussion, only for secondary path models with po < 0, the FXLMS algorithm
cannot become stable. Eq. (6.14) gives ps in terms of actual secondary path and its model vectors. On

the other hand, the inner product of two vectors can be expressed as

s'8 = s [18]| cos ¢ (6.27)

where ¢ is the angle between vectors s and § in (J-dimensional space. Now, combining Egs. (6.14) and
(6.27) results in

S
p2 = Hé” cos ¢ (6.28)

Since both ||s|| and ||$|| are positive, the instability condition of the FXLMS algorithm (which is p2 < 0)
requires that
cosp <0 (6.29)

As an elegant result, when the angle between the actual secondary path vector and its model vector
is greater than 90°, then the FXLMS algorithm cannot become stable. This result is in an excellent
agreement with the 90° condition, derived by Boucher for pure delay secondary paths and tonal acoustic
noise [56] or by Morgan for an identity secondary path model [10]. For these simplified cases, in which
only one element in vectors s and § are non-zero, Boucher showed that if the secondary path model is 90°
out of phase, then the FXLMS algorithm cannot become stable. However, in the derivation of Eq. (6.29),
a general secondary path, its arbitrary model, and an arbitrary acoustic noise band-width are considered.

This generalisation is one of the contributions of this thesis.



6.2 System Behaviours with Imperfect Secondary Path Models 81

6.2.3 Steady-State Performance

According to the similarity between the models, given in Eqgs. (4.13) and (6.21), the steady-state residual
noise power of the system given in Eq. (6.21) can be expressed by replacing « and 8 with &, and B, in
Eq. (4.22) as R
62 = Jo+ — ], (6.30)
[18[17 B
where 52 denotes the residual acoustic noise power in steady-state conditions for the imperfect secondary
path model 8. Note that the secondary path model does not have any influence on the minimal MSE level

Jo. Now, substituting Eqgs. (6.19) and (6.20) into (6.30) results in

2 2 1’
62 = J, + 1oy |s| 5 Ty 6.31)
205 — o’ sl L+ 2220 Deq>
w
which can be re-expressed in the following form.
2 2 1’
52 = J, + 1oy |s| gy (6.32)

QWQ—W>
Hmazx

This equation shows that influences of the secondary path model on the steady-state residual noise can

be formulated by two parameters ps and p3 (note that fi,,q. is a function of py and p3) !

Now, the misadjustment level can be obtained by combining Egs. (4.24) and (6.31) as

2
. po |Isll” L

M=
2mof>
Hmazx

Eq. (6.33) gives a closed-form expression for the misadjustment level in FxXLMS-based ANC systems

(6.33)

when the actual secondary path and its model are two arbitrary systems and the acoustic noise is a white
stochastic signal with an arbitrary band-width. This expression is more general than those derived in
Chapters 4 and 5.

It can be shown from Eq. (6.33) that an imperfect secondary path model does not necessarily degrade
the steady-state performance of FXLMS-based ANC systems. For the case in which the secondary path
model causes the steady-state performance to be improved, the misadjustment level M is smaller than
M:

M <M (6.34)

Now, substituting Eqgs. (5.27) and (6.33) into this inequality results in

L
1 - A~
— < —fmao (6.35)
P2 1—
:u'maac

ISince the secondary path model is a part of the adaptation process (not a part of physical plant) it has no influence on the
optimal MSE level J,.
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For small step-sizes, where (@ << fimqr and g < fimqz, this condition becomes
p2>1 (6.36)

As an interesting result, when the second perfectness ratio is greater than 1, then the imperfect secondary

path model improves the steady-state performance of FXLMS-based ANC systems.

6.2.4 Convergence Speed

According to the similarity between the models, given in Eqgs. (4.13) and (6.21), the convergence speed

measure of the model given in Eq. (6.21) can be expressed by replacing 8 with Bw in Eq. (4.46) as

@ = Bu (6.37)

where w denotes the convergence speed measure in the case of using the imperfect secondary path model
S. Substituting Eq. (6.20) into (6.37), results in

R o2 2
o= piug- [ng — po?|s|)? (L + T’Deqﬂ (6.38)
w w
which can be described as )
o= 2u;—mp1p2 <1 S > (6.39)
w Mmaa:

As another interesting result, it can be shown from Eq. (6.39) that an imperfect secondary path model
does not necessarily degrade the transient convergence speed. For the case in which the secondary path

model causes the transient convergence speed to be improved, w is greater than w:

0> w (6.40)

Now, substituting Egs. (5.30) and (6.39) into this inequality results in

0102 <1—A” )>1— a (6.41)
max Mma:lt
Therefore,
1 _ M
prps > —Hme (6:42)
11—~
Mmaz

For small step-sizes, where p < e and g < flmaqe, this condition becomes

p1p2 > 1 (643)

Therefore, when p1p2 > 1 holds, then the imperfect secondary path model improves the convergence
speed of the FXLMS algorithm.
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Let us derive the step-size leading to the fastest convergence speed (u*) for imperfect secondary path

models. This step-size can be obtained by maximising @ with respect to u. Therefore,

dw

—| =0 (6.44)
dp o

Combining Egs. (6.39) and (6.44) results in
1w = 0.50maz (6.45)

It means that the FXLMS algorithm has its fastest possible convergence speed if the step-size is set to the
half of its upper-bound. Combination of this result and those obtained in Sections 4.4.2 and 5.3.3 shows
that the ratio of ©* and step-size upper-bound is constant and equal to 0.5, independent of the acoustic

noise band-width and secondary path model.

6.3 Discussion

As an interesting result from the previous section, an imperfect secondary path model does not neces-
sarily degrade the steady-state performance or convergence speed of FXLMS-based ANC systems. This
section studies the possibility of the existence of a secondary path model which can improve both the

steady-state performance and convergence speed of FXLMS-based ANC systems.

In linear algebra [67], it is well known that for any two arbitrary vectors x and y (with similar dimen-

sions) the Cauchy Schawrs inequality always hold. This inequality can be stated as

xTy < ||| Il (6.46)
Setting x = s and y = § in Eq. (6.46) results in

sT8 < |s| [8] (6.47)

By dividing both sides of this inequality by ||§||* and considering Eq. (6.14), the following inequality for

the second perfectness ratio can be derived.

s sl Ll
FHE] = sl

(6.48)
As mentioned in Section 6.2.3, when the secondary path model causes the steady-state performance to
be improved, it is necessary that po > 1. Therefore, by combining the inequality of po > 1 and the one
given in Eq. (6.48), it can be shown that the improvement in the steady-state performance occurs if the

following necessary condition holds.

[Is]

1]

>1 (6.49)
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Similarly, dividing both sides of the Cauchy Schawrs inequality, given in Eq. (6.47), by ||s||? results in

T A A~
8 Bl < B (6.50)
IslI* ~ sl sl

">

According to Section 6.2.4, when the secondary path causes the convergence speed to be improved it is
necessary that p;po > 1. Therefore, by combining the inequality of p1p2 > 1 and the one given in Eq.
(6.50), it can be shown that the improvement in the convergence speed occurs if the following necessary
condition holds. .
H > 1 (6.51)
sl
Considering the inequalities, given in Eqgs. (6.49) and (6.50), it can be shown that there is no secondary
path model § for which both the necessary conditions for the improvement of the steady-state perform-
ance and convergence speed hold. Therefore, there is no secondary path model which improves both the

steady-state performance and convergence speed of FXLMS-based ANC systems.

6.4 Summary

From the theoretical results obtained in this chapter, the following statements can be expressed.

* The deviation of a secondary path model from the actual secondary path can be represented by

using three perfectness ratios p1, p2 and ps, defined in Eqgs. (6.13)-(6.15).

* Considering a general secondary path, an arbitrary acoustic noise band-width, and an arbitrary
2

e

(imperfect) secondary path model, the step-size upper-bound iy,,4., Steady-state noise power o

misadjustment level M, and convergence speed measure w can be formulated as

i _ 2p2
maxr —
2p2p3
sl (2+ 222 p,,)
w
2 2
s||” L
SO 1
2o <1 __HE )
/’LmaCC
2
o motlsIP L
202 <1 S )
Hmax
N o, 08 p
w= 2ump1p2 (1 n ﬂmaa:)

These equation are in the most general form, compared to those derived in available literature and

also in previous chapters of this thesis.



6.4 Summary 85

* When the phase difference between the actual secondary path s and its model § becomes greater
than 90° (s”8 < 0), the FXLMS algorithm becomes unstable. This result is the generalisation of

the 90° condition which was previously derived for simplified cases by other researchers.

* The imperfectness in a given secondary path model does not necessarily degrade steady-state per-
formance or convergence speed of FxLMS-based ANC systems; however, improving both of them

is impossible.
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Chapter 7

Behaviours of FxXLMS-Based ANC
Systems in Computer Simulation

Based on the theoretical model developed in Chapter 3 a number of closed-form expressions for for-
mulating behaviours of FxLMS-based ANC systems are derived in Chapters 4-6. In order to check the
general validity of these expressions, this chapter studies behaviours of FXLMS-based ANC systems in

computer simulation.

Section 7.1 starts with describing the simulated system, its components, and the numerical techniques
used in the analysis of simulation results. Then this section shows that simulated system behaviours
can be described precisely by using the theoretical model, developed in Chapter 3. Focusing on the
stability behaviour, Section 7.2 shows the validity of the proposed expression for the step-size upper-
bound. Also, this section shows that influences of the acoustic noise band-width and secondary path
models on the step-size upper-bound of the simulated system can be formulated as proposed in Chapters
4-6. Section 7.3 shows the validity of the proposed expressions for the misadjustment level and steady-
state residual noise power. Also, this section shows that influences of the acoustic noise band-width and
secondary path models on the steady-state performance of the simulated system can be formulated as
proposed in Chapters 4-6. Finally, Section 7.4 shows the validity of the proposed theoretical expressions

for the transient convergence speed.

7.1 Verification of the Proposed Model

Figure 7.1 shows the primary and secondary paths impulse responses of the simulated ANC system.
Also, Figure 7.2 shows impulse responses of the two imperfect secondary path models (M, and Ms),
used in the implementation of the FXLMS algorithm. In this figure, the impulse response of the actual

secondary path (perfect model) is also shown by a dashed line.

Figure 7.3a shows the power spectrum of the broad-band white signal, generated by the computer to be
used as the reference signal z (n) in simulation experiments. As can be seen, the power spectrum of

this signal is approximately flat over its entire frequency range. Hence, this signal can be considered as

87
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Figure 7.1: Impulse responses of primary and secondary paths in computer simulation
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Figure 7.2: Impulse responses of secondary path models M7 and M,

a broad-band white signal. The total power of the signal is limited to 02 = 1. By passing this broad-
band signal through standard low-pass filters, different band-limited white signals can be produced. For
example, by using a low-pass filter of normalised band-width 0.5, a band-limited reference signal with
band-width B,, = 0.5 can be produced. The power spectrum of such signal is shown in Figure 7.3b.
The magnitude of the obtained signal is scaled in such a way that its power remains constant at o2 = 1.

Using the same procedure, different band-limited reference signals with different band-widths can be

generated.

Note that, in Figures 7.3, blue solid lines show the power spectrum, obtained using numerical methods
(FFT length: 512, averaging over 1000 FFT transforms) and red dashed lines show the theoretical power
spectrum, as it is assumed in our theoretical investigations. In addition to this theoretical assumption,
the independence assumptions are used in the derivation of the analytical model developed in Chapter
3. Based on this model, most of the theoretical contributions of Chapters 4-6 are obtained. Therefore,
before checking the validity of the derived theoretical results, it is necessary to check the general validity

of this fundamental model.
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Figure 7.3: Power spectrum of two reference signals generated by computer (02 = 1)

7.1.1 Dynamic Simulation

Here, it is shown that the model, developed in Chapter 3, can precisely describe behaviours of the simu-
lated FxLMS-based ANC system, despite using theoretical independence assumptions in the derivation
of this model. Each simulation experiment includes 100 simulation runs with independent noise se-
quences (reference signal). The variation of the square of the residual acoustic noise, obtained from each
run, is stored in the computer memory. The MSE function is then estimated by averaging over the stored

data as
100

1
AOEEDNAD) (7.1)

i=1
where ¢; (n) is the residual acoustic noise, obtained from i-th simulation run. Now, it is required to find
an estimate for the excess-MSE function form the obtained simulation results. According to Eq. (3.11),
it can be shown that the difference of the excess-MSE function, AJ.; (1), is equal to the difference of
AJ (n); therefore, AJ, (n) can be evaluated as

Adez (n)=J(n+1)—J(n) (7.2)

Based on Egs. (7.1) and (7.2), the variation of AJ,, (n) can be computed using the data obtained from
the computer simulation. On the other hand, the theoretical variation of AJ,; (n) can be computed by
using the analytical model, given in Eqgs. (3.66) and (3.67). Accordingly, comparing the result obtained
from this model and the one obtained from the computer simulation leads to the verification of the validity
of the proposed theoretical model. For this purpose, several simulation experiments in different cases are

conducted.

Case 1: In the first case, simulation experiments are conducted in classical working conditions, which
were usually considered in the theoretical analysis of FXLMS-based ANC systems. In these conditions,
the reference signal is assumed to be a broad-band white stochastic signal with a flat power spectrum,
as shown in Figure 7.3a. Also, the secondary path model is assumed to be a perfectly accurate model

(identical to the actual secondary path).
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Figure 7.4: Variations of AJ,, (n) for different step-sizes and in different working conditions, red lines: theoret-
ical results, blue lines: computer simulation

In this situation, two simulation experiments with two different step-sizes are conducted. In the first
experiment, a relatively small step-size of 1 = 0.005 and in the second one a relatively large step-size
of p = 0.05 is used. The variation of AJ,, (n) for each experiment can be then plotted, as shown in
Figure 7.4a (blue lies). Also, the theoretical variation of AJ,, (n), obtained from Egs. (3.66) and (3.67)
is shown in Figure 7.4a by using red lines. As can be seen, the proposed theoretical model can precisely

describe behaviours of the simulated system in both the transient and steady-state modes.

Case 2: In the second case, band-limited acoustic noise signals are considered; however, the secondary
path model is still set to a perfect model. In this situation, two experiments with two different band-
limited signals are conducted (B,, = 0.2 and B,, = 0.8). In both of the experiments, the step-size is
set to . = 0.005. For each experiment, experimental and theoretical variations of AJ., (n) are plotted
in Figure 7.4b. The agreement between the theoretical and simulation results is evident. This agreement

can be also shown for other values of the step-size.
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Case 3: In this case, a broad-band white noise, as described in Case 1, is considered; however, imperfect
secondary path models M; and My, shown in Figure 7.2, are used in the FXLLMS algorithm. For each
secondary path model, a separate experiment is conducted. In both of the experiments, the step-size is
set to u = 0.005. Theoretical and experimental variations of AJ,, (n) are plotted in Figure 7.4c. As this
figure shows, the proposed theoretical model can precisely describe the simulated system behaviours in

both the transient and steady-state modes.

Case 4: Now, the most general case with a band-limited noise and an imperfect secondary path model
is considered. In this case, the acoustic noise is a band-limited white signal of band-width B,, = 0.8,
and the secondary path model is set to M;. Two simulation experiments for relatively small step-size of
w1 = 0.005 and relatively large step-size of i = 0.05 are conducted. The variation of AJ,, (n) for each
experiment is plotted in Figure 7.4d. Similar to the previous cases, the agreement between the theoretical

and simulation results is evident.

The above simulation experiments can be repeated for different cases with different step-sizes, acoustic
noise signals, and secondary path models. However, in all of the cases, the theoretical model, given
by Egs. (3.66) and (3.67) in Chapter 3, can effectively describe system behaviours in the simulation.
In fact, the agreement between the theoretical and simulation results takes away the ambiguity of the
independence assumptions used in the derivation of the theoretical model developed in Chapter 3. The
verification of this model is important at this stage because this model is used in Chapters 4-6 to derive
theoretical expressions for formulating behaviours of FXLMS-based ANC systems. The validity and

accuracy of each expression is discussed in the following sections separately.

7.2 Stability Behaviours

In this section, the validity of the theoretical expression for the step-size upper-bound fiy,qz, given in Eq.
(4.43), is confirmed using different computer simulations. Also, it is confirmed that influences of the
acoustic noise band-width and secondary path models on 4, can be formulated by using Eqs. (5.23)

and (6.26), respectively.

7.2.1 Step-Size Upper-Bound

The existence of an step-size upper-bound (i,qz.) can be proved by using computer simulation. For
this purpose, different simulation experiments with different step-sizes (1) are conducted. For example,
Figure 7.5 shows variations of the MSE function in the simulated system for three different step-sizes.
In all the three cases, a broad-band white noise and a perfect secondary path model are used. Referring
to this figure, it can be seen that when p is set to 0.02 or 0.08, the system becomes stable but when it is

set to 0.12, the system becomes unstable. Hence, ji,4, should be between 0.08 and 0.12.

In order to find a more accurate value for fi,,4,, more simulation experiments are conducted. The step-
size 11 should be changed incrementally (e.g. with the small incremental step of 0.001) until the simulated
system becomes unstable. For each value of i, 100 independent simulation runs are repeated and the

number of stable experiments is considered as the percentage of the stable experiments. The results can
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be plotted as shown in Figure 7.6. According to this figure, when p is below 0.089, all the simulation
experiments are stable (up = 0.089) and when p is beyond 0.099, there is no stable experiment (uy =
0.102). Accordingly, it can be deduced that ti,,4, locates between pup and pr. To obtain a particular
value, it is assumed that

+
fimag ~ P2 EY 5 Hu (1.3)

Now, substituting the obtained values of up and pgr into Eq. (7.3) results in
Pmaz == 0.0955, in simulation (7.4)

On the other hand, a theoretical value for 1,4, can be obtained by using Eq. (4.43). Note that Eq. (4.43)
can apply to this simulation experiment because a broad-band reference signal and a perfect secondary
path model are used. Before achieving this, secondary path parameters should be computed. For the
secondary path impulse response, shown in Figure 7.1, ||s||, and D,,, can be computed by using Egs.
(3.60) and (4.8) as

[Is|| = 1.1440 (7.5)

and
D, = 3.0263 (7.6)

Substituting these values and also substituting o2 = 1 into Eq. (4.43), the theoretical upper-bound for
the step-size is computed as!
Umaz = 0.0971, in theory (7.7)

Comparing the two values of (1,42, Obtained in Eqs. (7.4) and (7.7), confirms the validity and accuracy
of Eq. (4.43) .

In ideal conditions and for a perfectly accurate pi,qz, it is expected that for step-sizes below fipqz, all
(%100) of simulation runs become stable and for step-sizes beyond fiy,q4., none (%0.00) of simulation
runs become stable. Therefore, if the theoretical value of ti,4; = 0.0971, is accurate enough, then for
p < 0.0971), %100 of simulation runs should become stable and for . > 0.0971, none of them (%0.00)
should become stable. Figure 7.6 shows the difference between this ideal expectation in theory and the

results obtained from computer simulation. The agreement between the results is evident in this figure.

7.2.2 Influences of Acoustic Noise Band-Width on Step-Size Upper-Bound

In order to determine influences of the acoustic noise band-width on 1,4, in the computer simulation,
the process, described in Subsection 7.2.1, is repeated for 10 values of the acoustic noise band-width
(Bw = 0.1,0.2,...,1). For example, variations of the MSE function for three different values of B,,
are shown in Figure 7.7. For each experiment, an actual value for 4, can be obtained, based on the
method described in Subsection 7.2.1. The results can be then plotted as a function of B,,, as shown in
Figure 7.8. Also, the theoretical results, obtained by plotting Eq. (5.23) with respect to B,,, is shown in
this figure. The agreement between the theoretical and experimental curves is evident.

'The adaptive filter length is set to L = 12
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7.2.3 Influences of Control Path Models on Step-Size Upper-Bound

Now, it is desired to confirm the validity of Eq. (6.26), which formulates influences of secondary path
models on f,q,. For this purpose, the simulation experiment, described in Subsection 7.2.1, is repeated
for the two different imperfect models, shown in Figure 7.2 and also for another imperfect model, intro-

duced later.

Experiment 1: In the first experiment, the imperfect secondary path model M; (shown in Figure 7.2a)
is used. Figure 7.9 shows variations of the MSE function in the simulated system when p is set to 0.02,
0.08 and 0.12. As shown earlier in Figure 7.5, in the case of using a perfect secondary path model, the
simulated system becomes unstable when p is set to 0.12. However, referring to Figure 7.9, it can be
seen that, in the case of using the imperfect model M7, the system can retain its stability even if y is set

to 0.12. This is because the imperfect model M7 causes 4, to increase.

Now, in order to estimate fi,,,4,, from simulation results, y is incrementally changed with incremental step
of 0.001. For each value of y, 100 independent simulation runs are conducted and the number of stable
runs are recorded. The results are then plotted as a function of y in Figure 7.10a. Also, the theoretical
value of fi;q4, Obtained by using Eq. (4.43), is shown in this figure (t4;q; = 0.0971). As mentioned
in Chapter 4, Eq. (4.43) does not consider effects of imperfect secondary path models, resulting in the
disagreement between the simulation results and the theoretical results, obtained from Eq. (4.43). In
Figure 7.10 , the theoretical fi,,,4,, computed by using Eq. (6.26) is also shown (e, = 0.1631). As
can be seen, the simulation result is in a good agreement with this theoretical result. This is because in the

derivation of Eq. (6.26), the deviation of the secondary path model from the actual system is considered.

Experiment 2: In the second experiment, the imperfect secondary path model M5 is used. In this
situation , the simulated system becomes unstable even when y is set to 0.08, as shown in Figure 7.11.
This is because the imperfect model My causes fiy,q, to decrease below 0.08. In order to estimate fiy,q,
from simulation results, the procedure conducted in Experiment 1, is repeated. The obtained results
are then plotted in Figure 7.12. As can be seen, simulation and experimental results are in an excellent

agreement.
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Experiment 3: In the last experiment, the imperfect model, shown in Figure 7.13 (M3) is used. In this
case, no step-size can be found so that the simulated system becomes stable. For example, Figure 7.14
shows variations of the MSE function for the three values of the step-size, as used in the previous exper-
iments. As can be seen, in all cases, the system becomes unstable. This behaviour can be also described
by using the theoretical results obtained in Chapter 6. According to Eq. (6.26), for the imperfect model
M3 the step-size upper-bound is fiyq, = —0.0018. Therefore, there is no positive value for the step-size

which causes the system to become stable.

Based to the results obtained from experiments 1-3, it can be seen that Eq. (6.26) can efficiently formulate

influences of imperfect secondary path models on the step-size upper-bound.

7.3 Steady-State Behaviours

This section verifies the theoretical expression, given for the steady-state residual noise power in Eq.
(4.22). Also, it is shown that influences of the acoustic noise band-width and secondary path model on
the steady-state performance can be precisely formulated by using Eqs. (5.26) and (6.32).

7.3.1 Steady-State Residual Acoustic Noise Power

As one of the theoretical contributions of this thesis, Eq. (4.22) gives a closed-form expression for
the steady-state residual noise power when a general secondary path is considered. Simulation results

confirm the validity and accuracy of this expression. For example, in Figure 7.5, horizontal lines show
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the theoretical steady-state level of each MSE function. These lines are obtained by using Eq. (4.22). As
can be seen, for all of the three cases shown in this figure, the theoretical results are in a good agreement

with simulation results.

Note that, for computing the theoretical steady-state MSE level using Eq. (4.22), it is required to compute
constant J,. This parameter can be computed by substituting the reference signal statistics into Egs.
(2.17), (2.18) and (2.23). For the broad-band reference signal and physical plant, used in the computer

simulations, this value is obtained as
J, = 9.6864 x 107* (7.8)

In order to show the general validity of Eq. (4.22), more simulation experiments with different step-sizes
are conducted. The results can be then plotted as a function of the step-size, as shown in Figure 7.15.
In this figure, the theoretical curve is obtained by plotting Eq. (4.22) with respect to u. As can be seen,

theoretical and simulation results are in an excellent agreement.
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7.3.2 Influences of Acoustic Noise Band-Width on Steady-State Performance

In order to investigate influences of the acoustic noise band-width (B,,) on the steady-state performance
of the simulated system, the simulation experiment, discussed in Subsection 7.3.1, should be repeated
for different values of B,,. In this case, Eq. (4.22) does not give an accurate theoretical estimate for
the steady-state residual noise power. This is because in the derivation of this equation, a broad-band
acoustic noise is considered. Instead of this equation, Eq. (5.26) can be used. For example, Figure
7.16 shows variations of the steady-state residual acoustic noise power with respect to the step-size for
B,, = 0.8. The three curves, shown in this figure, are obtained from the computer simulation, Eq.
(4.22) and Eq. (5.26), respectively. As can be seen, Eq. (5.26) can precisely consider the influence of
the acoustic noise band-width on the steady-state residual noise power. The results obtained from other

simulation experiments with different values for B,, leads to the same conclusion.

7.3.3 Influences of Control Path Models on Steady-State Performance

Now the validity of Eq. (6.32), which formulates influences of imperfect secondary path models on
the steady-state residual noise power, is shown. For this purpose, the simulation experiment, described
in Subsection 7.3.1, is repeated for two different imperfect models, shown in Figure 7.2. In the first
experiment, the imperfect model M; and the broad-band acoustic noise (B,, = 1) with the flat spectrum,
shown in Figure 7.3, are used. This experiment is repeated for different values of the step-size and the
obtained results are then plotted as a function of the step-size in Figure 7.17a. The theoretical result,
shown in this figure, is obtained by plotting Eq. (6.32) with respect to the step-size. As can be seen, the

two curves are in an excellent agreement.

In the second experiment, the imperfect model > and a band-limited acoustic noise with B,, = 0.8 are
used. Similar to the previous case, this experiment is repeated for different step-sizes and the obtained
results are then plotted in Figure 7.17b. The agreement between theoretical and simulation results is
evident. Therefore, the expression given in Eq. (6.32) can precisely formulate influences of secondary

path models on the steady-state residual noise power.

7.4 Convergence Speed

This section shows that the expression, developed for the convergence speed measure in Chapter 4, can
efficiently determine the convergence speed of the simulated FXLMS-based ANC system. It is also
shown that influences of the acoustic noise band-width and secondary path model on this parameter can

be formulated, as described in Chapters 5 and 6.

7.4.1 Convergence Speed in Simulation

In order to show the validity of the proposed theoretical expressions for the convergence speed measure,

the simulation results are plotted in standard linear scale. The theoretical value of the convergence speed
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Figure 7.19: Convergence speed of MSE function for different values of acoustic noise band-widths

measure w can be computed by using Eqs. (4.46), (5.30) or (6.39). In this case, the slope of the following

line can represent the theoretical convergence speed of the simulated system.
J(n) =03 —wn (7.9)

where 03 = 1 is power of the primary noise and n is the discrete time index .

Figure 7.18 shows variations of the MSE function for different values of the step-size in the standard
linear scale. At this stage, a broad-band acoustic noise and a perfect secondary path model (as assumed
in Chapter 4) are used in the computer simulation. For the three cases, shown in Figure 7.18, values of
the convergence speed measure w can be computed by using Eq. (4.46) as 0.0171, 0.0476 and 0.0305.
Based on these values for w, the theoretical line, given in Eq. (7.9) can be then plotted. As can be seen,
for all cases, the slope of this line (that is w) can efficiently represents the convergence rate of the MSE

function in transient conditions .

7.4.2 Influences of Acoustic Noise Band-Width on Convergence Speed

Now, different band-limited acoustic noise signals are used in the computer simulation. For example,

three acoustic noise signals with band-widths of 0.1, 0.5 and 0.9 are generated by the computer, and then
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used in three different computer simulation experiments. The results are shown in Figure 7.19. In this
figure, the theoretical line of J (n) = 0% — wn is also shown. Note that, in this case, the value of w must
be computed from Eq. (5.30) because this equation can consider the acoustic noise band-width. As can
be seen, there is a good agreement between the slope of this line and the transient convergence rate of the
MSE function in all the three cases. This agreement can be also shown for other band-limited acoustic

noise signals.

7.4.3 Influences of Control Path Models on Convergence Speed

Different imperfect secondary path models are used in the computer simulation. In this case, the conver-
gence speed measure can be computed from Eq. (6.39) as this equation considers imperfect secondary
path models. In the first experiment, a broad-band acoustic noise and the secondary path model M are
used. In the second experiment, the band-width of the noise is changed to 0.5. Finally, in the third ex-
periment, the acoustic noise band-width is changed to 0.8 and the secondary path model is also changed
to Ms. The results are shown in Figure 7.20. As can be seen in this figure, there is a good agreement
between the slope of the theoretical line J (n) = 03 — wn and the convergence rate of the simulated

system in all of the cases.
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Chapter 8

Root Locus of FXLMS Adaptation Process

Based on the novel model, developed in Chapter 3, Chapters 4-6 perform a comprehensive analysis with
the purpose of formulating behaviours of the FXLMS adaptation process in ANC systems. However,
when developing a control mechanism for the FXLMS adaptation process is desired, this model is not
useful. This is because this model is formulated in terms of the second-order moments of the adaptive

weights while the system state variables are the first-order moments of the adaptive weights.

This chapter applies the Root Locus Theory to derive a novel model for the FXLMS adaptation process
in ANC systems. This model is formulated in terms of the first-order moments of the adaptive weights;
therefore, it can be used for designing a control mechanism for the FXLMS adaptation process. The

development of this control mechanism is left to Chapter 9.

8.1 FxLMS Characteristic Equations

In this section, a characteristic equation for the first-order moments in the FXLMS adaptation process is
derived. Also, a characteristic equation for the excess-MSE function is derived. It is shown that these

two equations are only different in a static gain and, thereby, their roots in the z-plane follow similar loci.

8.1.1 Characteristic Equation for First-Order Moments

In Chapter 2, it is shown that the FXLMS adaptation process can be modelled by using Eq. (2.80) as

Q-1
c(n+1)—c(n)+ po? sgé(n—q):O (8.1

where o2 is the power of the reference signal, 4 is the adaptation step-size and vector € (n) contains the
first-order moments of the adaptive weights. The characteristic equation, corresponding to Eq. (8.1), can

thus be obtained by mapping this equation into the z-domain as

Q-1
(z=1)+puos > sz 9=0 (8.2)
q=0
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By multiplying Eq. (8.2) by 29—, the characteristic equation becomes
29 — 297 4 0lG(2) =0 (8.3)

where transfer function G (z) is defined as
,Q—q-1 (8.4)

Eq. (8.3) represents a parametric characteristic equation for the FxLLMS adaptation process (where p is

the scalar parameter).

8.1.2 Characteristic Equation for Excess-MSE Function

A dynamic model for the excess-MSE function is proposed in Chapter 4 earlier. Referring to this model,
it can be seen that the excess-MSE is a linear combination of the second-order moments of the adaptive
weights. This is while the dynamic model, given in Eq. (8.1), is in terms of the first-order moments of the
adaptive weights. Since there is no analytical relationship between the first and second-order moments,
it is not possible to derive the dynamic model, given in Eq. (8.1), from the one derived in Chapter 4
or vice-verse. However, there is an interesting correspondence between these two models. This issue is

discussed in the following.

From the block diagram, shown in Figure 4.2, the characteristic equation, corresponding to the excess

MSE function, can be obtained as
s 'ya_,% ng—q—l (8.5)

where scalar parameter v can be obtained from Eq. (4.12) as

1= 5 =2 ulsl? o (L +20.,) e

T

By multiplying Eq. (8.5) by 2%, the characteristic equation becomes
29— 2971 4 462G (2) =0 (8.7)

where transfer function G (z) is defined in Eq. (8.4) earlier. Comparing the characteristic equations,
given in Egs. (8.3) and (8.7), shows that they are only different in their scalar parameter (static gains u

and -y); therefore, their roots in the z-plane follow similar loci.

8.1.3 Root Locus Criteria

Dynamics of any system can be analysed by finding the roots of its characteristic equation. This equation

can be represented by a standard polynomial for a linear system. Unfortunately, determining all the roots
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of a general parametric polynomial, e.g. those given in Eqs. (8.3) or (8.7), is an unsolved problem in
mathematics. However, the trajectory of the roots with respect to a scalar parameter can be plotted by
the Root Locus Method [68,69]. In fact, this method examines how the roots of a polynomial change as
a scalar parameter varies. To plot a root locus for a system or process, its characteristic equation should

be written in the root locus form that is
1+kH(2)=0 (8.8)

where H (z) is called the open loop transfer function and & is the scalar parameter of the characteristic
equation, called the root locus parameter. According to the root locus theory, the root locus is the set of

values of z for which the amplitude criterion,
kH (2)] =1 (8.9)

and the phase criterion,
LH (z)=m (8.10)

are satisfied as k varies. The root locus consists of a number of branches. For & = 0 the roots of the
characteristic equation locate on the start points of the root locus branches. These roots move on the root

locus branches as k increases from zero to infinity.

Now, the FXLMS characteristic equation, given in Eq. (8.3), should be expressed in the root locus form.
For this purpose, after dividing both side of Eq. (8.3) by 29 — 29—, the following equation is obtained.

2 G(2)

1+ Koo G g1

=0 8.11)

Eq. (8.11) gives the FXLMS characteristic equation in the root locus form. From this equation, the

FxLMS open loop transfer function can be expressed as

G (2)

and the FXLMS root locus parameter can be expressed as
k= po? (8.13)

Also, from Eq. (8.7), it can be shown that the open loop transfer function for the characteristic equation
corresponding to the excess-MSE function dynamics is similar to the one given in Eq. (8.12). The

difference between the two systems is only due to the scalar parameter.

8.2 FxLLMS Root Locus

As another contribution of this thesis, this section develops fundamental rules, governing the FxXLMS
root locus. Also, this section derives closed form expression for main parameters of this root locus,

including start points, asymptotes, departure angles and breakaway points.
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Figure 8.1: An example for FXLMS root locus when sg = s; = s3 =0, s3 = s4 = 1 and s5 = 0.8

8.2.1 Number of Branches

According to the root locus theory, the number of branches of a root locus is equal to the number of poles
of its open loop transfer function H (z). For the FXLMS adaptation process, this function is given in Eq.

(8.12). Based on this equation, it can be shown that H (z) has @ poles:
Np=Q (8.14)

where Np denotes number of the poles of H (z). Hence, it can be deduced that the FXLMS root locus
has () branches. Hereafter, these branches are denoted by B1, Bs, ...and Bg.

As a particular example, for the secondary path impulse response, given by parameters sg = s1 = S =

0, s3 = s4 = 1 and s5 = 0.8, transfer functions G (z) and H (z) can be computed as

G(z)=22+2+0.8 (8.15)
and )
2“4+ 2408

In this case Np = ) = 6 and, therefore, the FXLMS root locus contains 6 distinct branches. Trajectories
of these branches in the z-plane can be numerically computed in MATLAB. The set of these branches
compose the FXLMS root locus for the given secondary path. The obtained root locus, which is plotted

in Figure 8.1, can be considered as the numerical result.

In the following, properties of the FXLMS root locus with a general secondary path are analytically
studied and closed-form expressions for formulating main parameters of this root locus are derived. The
sample root locus plot, given in Figure 8.1, is used to show the validity of the obtained results. Later,

more examples are discussed.
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8.2.2 Start Points
In the FXLMS root locus, the start point of By locates at z = 1 and those of Bs, B3, ... and Bg locate
commonly at z = 0.

Proof: according to the root locus theory, start points of By, B, ...and B locate at the poles of H (z).
Let us assume that p, is the start point of Bj,. In this case, p, can be expressed as

1
Pq = arg, {H ) = 0} (8.17)

Combining Egs. (8.12) and (8.17) results in

—1
pg=arg, {22 — 2271 =0} = ! (8.18)

DP2,P3,---,PQ = 0

Therefore, for each branch of the root locus, there is a finite start point in the z-plane. Also, the start point
of By always locates at z = 1 and those of B, B3, ... and B always locate at z = 0. In other words, the
location of the start points of the FXLMS root locus is constant and independent of the secondary path.
The validity of this theoretical finding can be seen in the root locus sample, shown in Figure 8.1 (in this

figure, start points are marked by ’x’).

8.2.3 End Points

A certain number of branches of the FXLMS root locus end at finite points in the z-plane and the rest of

them approach infinity.

Proof: end points of By, By, ...and B locate at the zeros of H (z). Let us assume that z, is the end

point of B,. In this case, z, can be expressed as

zg = arg, {H (z) =0} (8.19)
Combining Egs. (8.12) and (8.19) results in

zqg = arg, {G (z) = 0} (8.20)

Therefore, unlike start points, end points are not constants and their location is a function of secondary
path parameters. In this case, these points can not be given by a closed-form expression. However, it is
obvious from Eq. (8.12) that the number of zeros of H (z) can be less than the number of branches (that
is Q). This is because, an actual secondary path is usually associated with a time delay and, thereby, the

first few coefficients of its impulse response are likely to be zero.

Assuming that the first ()¢ coefficients of a general secondary path impulse response are zero (or assum-
ing that the secondary path impulse response is associated with a time delay of (g samples), it can be
stated that

sp=581=...=5g,-1 =0, (8.21)
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H (z) can be then expressed as

Q-1

§ 2. Q—q—1
SqZ

q=0

2Q _ Q-1
(8.22)
SQQO,ZQ_QO_I + séO_HZQ_QO +...+ 5%2—1

= e (8.23)

As can be seen, the numerator of H (z) is a polynomial of order QQ — Q¢ — 1; therefore, H (z) can have

only Q) — Qg — 1 finite zeros:
Nz=Q—Qo—1 (8.24)

where Nz denotes the number of H (z) zeros. Based on the above discussion, the FXLMS root locus has
@ — Qo — 1 end points but it has @) distinct branches in the z-plane. In this case, the branches for excess
poles must approach one asymptote each. Accordingly, the number of branches approaching to infinity
(or the number of asymptotes) is Qg + 1.

For the example, shown in Figure 8.1, the three first coefficients of the secondary path impulse response
are zero (o = 3). Consequently, G (z) and H (z) have only 2 finite zeros at which two branches of the
root locus can end. These points are marked by “o” in Figure 8.1. As can be seen, B4 and B5 ends at
these points. The other 4 branches approach infinity along with 4 distinct asymptotes of the root locus.

This is in an excellent agreement with the above theoretical findings.

8.2.4 Asymptotes

Asymptotes of the FXLMS root locus originate from a centroid point on the real axis, given by

2
5Qp+1
_1+<sgo>

T4 = 8.25
A Qo+ 1 (8.25)
Also, these asymptotes form the following angles with the real axis.
(2k +1)
=—"7 k=0,1,.., 8.26
P 0T Qo (8.26)

where () is the time delay, associated with the secondary path impulse response.
Proof: according to the root locus theory, asymptotes of the root locus originate on the real axis from the
qu - qu

== 8.27
T4 Np N, (8.27)

centroid point x 4, given by

and form angles with respect to the real axis of

2k+1
SOk_( )

= k=0,1,...,Np— N, 8.28
Np _N," L,... Np — Nz (8.28)
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Np and Nz are computed earlier in Egs. (8.14) and (8.24). Also, from Eq. (8.18), it can be shown that

> pg=1 (8.29)

Accordingly, the only unknown term of Eq. (8.27) is qu. This term is evaluated in the following. In
linear Algebra, it is known that the summation of the roots of a general polynomial of form

N-1

f(2)=anz" +an_12V T+ +ag=0 (8.30)
can be expressed as
aN-1
E [zerosof f(z)] = — (8.31)
anN

Therefore, for the FXLMS open loop transfer function, given in Eq. (8.23), it can be shown that

N 2= [zerosof G(2)] = — (‘9%“)2 (8.32)

5Qo

Now, substituting Eqs. (8.14), (8.24), (8.29) and (8.32) into (8.27), the location of the centroid point is

computed as
2
5Qp+1
_ 1+ ( $Qo )

TA= 8.33
A Qo+ 1 (8.33)
Also, asymptotes angles can be obtained by substituting Eqs. (8.14) and (8.24) into (8.28) as
(2k+1)
=——7= k=0,1,.., 8.34
v Qo (8.34)

For the sample root locus, shown in Figure 8.1, x 4 can be obtained by setting Qo = 3, sg, = s3 = 1
and sg,+1 = s4 = 1in Eq. (8.25) as x4 = % Also, the angles of the 4 asymptotes can be obtained
by setting Qo = 3 in Eq. (8.34) as 1 = T, 2 = %’T, Y3 = %’r and p4 = %’r. The centroid point and
specified 4 asymptotes are shown in Figure 8.1. As can be seen, analytical and numerical results are in

an excellent agreement.

8.2.5 Departure Angles

The departure angles of the FXLMS root locus branches from their start points can be formulated as

9, =4 " ¢=1 (8.35)
q = _ .
28_3)71-’ q:2737~-7Q

Proof: the departure angles of the root locus branches from their start points can be obtained by using
the root locus angle criterion, given in Eq. (8.10). Let us assume that 6, is the departure angle of B,

from its start point at z = p,. According to the root locus theory, provided that p, is a single pole of
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H (z), 0, is given by

Oy =7 — Y £ (2k:pg) Zaﬁ (P Pq) (8.36)

k=1
ksﬁq
where £ (z,y) denotes the angle between complex numbers x and y. If p, is a multiple pole of order M,

departure angles of the M branches departing from this point (B4, By11, ... and By —1), are given by

Nz

2m +1 1
Ogtm = —7 W—M};K 2k Pq) Zépk,pq m=0,2,...,M—1 (837)
pkqu
Since the numerator of H (z) has only real coefficients, its roots (z1, 22, . . . , 2N, ) are necessarily real or

complex conjugates; therefore, for a p, on the real axis, e.g. p; = 1, it can be shown that

NZ NZ
> L(zrop) =) L(2,1) =0 (8.38)
k=1 k=1

Also, it can be shown from Eq. (8.18) that

Zépk,pl Zi (0,1) = (Np — 1) £(0,1) = 0 (8.39)
pksﬁpq pk#pq

Now, substituting Egs. (8.38) and (8.39) into (8.36) results in
0 =m (8.40)

Therefore, the departure angle of B; from its origin at z = p; is 7. In other words, this branch departs
from z = 1 along the real axis and towards the origin. The remainder of branches depart from the

multiple pole locating at the origin with the order of M = @) — 1. Similar to the previous case, it can be

shown that

NZ NZ

> L (2kpg) =Y 4L (2,0) =0 (8.41)

k=1 k=1
and

P
> L (prypg) = ZA Pk, 0) = £(1,0) = (8.42)
pk;pq pwﬁO

Substituting these results into Eq. (8.37) results in

2m

02+m:Q_17r, m=0,1,...,Q -2 (8.43)
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This equation gives the departure angle of Bo, B, ... and Bg_1. In order to obtain a single and unified
equation for all of the departure angles, Eq. (8.43) can be re-expressed as

2(¢—2)

0y = 0-1 7r qg=2,3,...,Q (8.44)
Now, combining Eqgs. (8.40) and (8.44) results in
, =1
0, = 1 (8.45)

q _
Q(Qq_f)ﬂ-) q:2737"'7Q

For the root locus, shown in Figure 8.1, the departure angles can be computed by setting () = 6 in Eq.
(835 as @y =m, 09 =0, 05 = %’T, 04 = 4%, 05 = %’r and 0 = %”. As can be seen, analytical and

numerical results are in a perfect agreement.

8.2.6 Real Sections

The only interval on the positive real axis, which belongs to the FXLMS root locus, is (0, 1).

Proof: an interval on the real axis belongs to the root locus if the open loop transfer function H (z) has
an odd number of zeros and poles to its right. According to Eq. (8.12), the zeros of H (z) are identical
to the roots of G (2).

H(2)=0&G(2)=0 (8.46)

Since all the coefficients of G(z) are positive real scalars, the real roots of G(z) can be only negative.
Therefore, G (z) has no real roots to the right of the imaginary axis. However, G(z) may have complex
conjugate pairs of roots with positive real parts. As a conclusion, the roots of G(z), which have positive
real parts, are complex conjugate pairs. Therefore, G (z) and, consequently, H (z) has an even number
of roots to the right side of any point in the positive real axis. Besides, H (z) has only a single pole at

z = 1. Considering this pole, the following statements can be deduced.

* H (z) has always an even number of roots and zeros to the right side of any point in (1, +00);

therefore this interval does not belong to the FXLMS root locus.

* H (z) has an odd number of zeros and poles to the right side of any point in (0, 1); therefore this

interval always belongs to the FXLMS root locus.

However, some intervals of the negative real axis may belongs to the FXLMS root locus, depending on
the order of the repeated zero at the origin and the location of the other zeros of G (z). However, these
possible intervals have less degrees of importance, compared to the interval of (0, 1). Later it is shown

that the interval of (0, 1) is the most important part of the FXLMS root locus.
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8.2.7 Breakaway Points

The FXLMS root locus always has a breakaway point on the interval of (0, 1) given by

Deg
Deg + 1

TR = (8.47)

where De, is the secondary path equivalent delay (as defined in Chapter 4).

Proof: breakaway points occur when branches of the root locus coincide. If z = zp is a breakaway point

of the root locus then it satisfies the breakaway point equation given by

0o 1
zZp = arg, {82H B = 0} (8.48)

Substituting Eq. (8.12) into (8.48) results in the following breakaway points equation.

(Qzp — Q +1)G (2B) — (25 — zB) G(z5) =0 (8.49)
where oG
G(2) = 82’2) (8.50)

In the previous subsection, it is shown that the real axis between 0 and 1 always belongs to the FXLMS
root locus; also, in Subsection 8.2.2, it is shown that both of z = 0 and z = 1 are start points of the
FXLMS root locus. Therefore, there is always a real breakaway point xz on the real interval (0,1). In
the following the location of x g is computed. For this purpose, the breakaway point equation, given in

Eq. (8.49), is re-expressed as

G (zp)
G (zp)

(2% —2) —Qrp+Q—1=0 (8.51)
Assuming that x g is close to 1, the following approximation can be made.

G (zp) N G (1)

R~ (8.52)
G(zp) G(1)
Now, it is required to estimate % Setting z = 1 in Eq. (8.4) results in
Q-1
G()y=> s2=|s|’ (8.53)
q:
Moreover, the following equation can be obtained from Eq. (8.4).
Q-1
@G () =) s227 (8.54)
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Differentiating both sides of Eq. (8.54) gives

Q-1
—(Q-1)29 (2) + 279G (2) = = Y gs2e ! (8.55)
q=0
Now, setting z = 1 in Eq. (8.55) results in
Q-1
Q-G +G(1)=-) gs. (8.56)
q=0
Combining Eqgs. (8.53) and (8.56) results in
Q-1 Q-1
G()=(Q—-1)> s2—» gs? (8.57)
q=0 q=0

Dividing both sides of Eq. (8.57) by G (1) and, then, using Eq. (8.53) leads to write

Q-1
> as;

G(l) _ q=Qo

10 =Q—-1- o1 (8.58)
> s
q=Qo

As can be seen, the secondary path equivalent delay (as defined in Chapter 4) appears in the left side of

Eq. (8.58). Therefore;
G _
m =Q—1- Dy (8.59)

Now, substituting Eq. (8.59) into (8.51) results in the following equation for x 5.
(Q—1—-Dey) (25 —25) —Qzp+Q—1=0 (8.60)
This second-order equation can be re-written as:
(@ —1—Deg) (x5 —1)* = (1 + Deg) 25 + Deg = 0 (8.61)

The first term can be neglected because the answer is close to 1 : (xp — 1)2 ~ 0. Thus,

— (14 Deg)xp+ Deg =0 (8.62)
Solving this equation results in
Dy,
rp = 8.63
B Deg+1 (8.63)

This equation shows that the secondary path equivalent delay (D.) is an important factor in the location
of the FXLLMS root locus breakaway point. In the next section it is shown that the location of this point

has an important role in dynamic behaviours of the FXLMS adaptation process. Before achieving this,
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let us check the validity of Eq. (8.63) in the sample root locus plot, shown in Figure 8.1. For this root
locus, D4 can be computed as
3x1244x12+5x 0.8

Deq= "5 g7 oz = 58036 (8.64)

Setting D, = 3.8636 in Eq. (8.47) results in

3.8636

=-——=07%4 8.65
3.8636 + 1 (8.65)

rB

The location of this point is also shown in the root locus plot, shown in Figure 8.1. According to this
figure, it can be seen that Eq. (8.47) can efficiently evaluate the location of the breakaway point in the
FxLMS root locus.

8.3 Discussion and Examples

From the FXLMS root locus rules, derived in the previous section, it can be deduced that branches of
the FXLMS root locus have some typical trajectories independent of secondary path parameters. In
this section, these trajectories are discussed. Also, several examples are used to support the theoretical

findings.

8.3.1 Typical Trajectory of B,

It can be seen that B; always starts at z = 1 and moves towards the origin on the real axis. This branch
leaves the real axis once it reaches the breakaway point x 5. After that, this branch may end at a complex
zero of H (z) or approach an asymptote of the root locus. The trajectory of Bj just after departing from
its start point (or before reaching the breakaway point) is independent of the secondary path parameters;
however, the location of zp and the possible end-point/asymptote are functions of secondary path para-
meters. In Figure 8.2, three different examples of the FXLMS root locus with different secondary paths
are shown. In the first example, B; approaches an asymptote after leaving the breakaway point (Figure
8.2a). In the second example, B; ends at a finite zeros inside the unit circle (Figure 8.2b) and in the third
example, this branch ends at a finite zeros outside the unit circle (Figure 8.2c). As can be seen, although
the end point of B is different in each example, its trajectory before reaching the breakaway point is

constant (typical). This typical trajectory is shown in figure 8.3.

8.3.2 Typical Trajectory of B,

As another typical behaviour of the FXLMS root locus, By starts at z = 0 and moves towards the unit
circle on the positive real axis. This branch leaves the real axis once it reaches the breakaway point z g
in such a way that points of this branch remain complex conjugates of those of B;. This branch may
end at a zero of H (z), which is the complex conjugate of the end point of By, or approach an asymptote

of the locus. Before reaching the breakaway point, the trajectory of B> is independent of the secondary
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Figure 8.2: FXLMS root locus plots for three different secondary paths
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Figure 8.3: Typical trajectories of B; and B; before reaching the breakaway point z 5

path parameters; however, after reaching this point, this trajectory is affected by the secondary path
parameters (similar to B1). Three different examples of trajectories of By are shown in plots of figure
8.2. As can be seen, the end point of By in each example is different but its trajectory before reaching

the breakaway point is constant (typical). This typical trajectory is also shown in figure 8.3.

8.3.3 Typical Trajectories of Other Branches

Branches B3, By, ..., and B start at z = 0 (with different departure angles) and move towards the unit
circle. They end at the zeros of H (z) or approach the asymptotes. According to Eq. (8.35), departure
angles of these branches form the origin is independent of the parameters of the secondary path; however,

they are depended on the order of the secondary path (Q).

8.3.4 Dominant Pole of FXLMS Adaptation Process

According to the typical trajectories of the FXLMS root locus branches, discussed above, it can be de-
duced that the root moving on Bj is closer to the unit circle than the other roots. Therefore, the dominant
pole of the FXLMS root locus (which is the dominant pole of the FXLMS adaptation process) always
locates on Bj. This theoretical finding can be seen in all of the previous examples (shown in Figure 8.2).
Based on this finding, the next chapter develops a mechanism to improve the dynamic behaviour of the

FxLMS adaptation process.



Chapter 9

Dominant Pole Localisation of FxLMS

Adaptation Process

In the previous chapter, it was shown that the FXLMS adaptation process has a dominant pole, governing
the adaptation process dynamics. However, there is no control mechanism in the FXLMS algorithm

which enable us to localise this pole.

This chapter develops a mechanism for localising the dominant pole of the FXLMS adaptation process,
resulting in the development of a new adaptation algorithm. After introducing this algorithm in Section
9.1, it is shown that its update equation is similar to that of the FxXLMS algorithm. However, in the
proposed algorithm, the weight vector should be first filtered by a simple recursive filter before being
updated. For this reason, this algorithm is called Filtered Weight FxLMS (FwWFXLMS) in this thesis.
Section 9.2 shows that filtering weights in the FWFXLMS algorithm results in the creation of a simple
zero in the open loop transfer function of the adaptation process. Section 9.3 shows how the location of
this open loop zero pushes the dominant pole of the adaptation process towards the origin and, thereby,

the adaptation process becomes faster.

9.1 Filtered Weights FXLMS Algorithm

This section introduces the FwWFXLMS algorithm, in which the weight vector is filtered by using a simple
recursive filter before being updated. Also, this section shows that the proposed algorithm behaves
similar to the FXLMS in steady-state conditions; therefore, steady-state performance of this algorithm is
the same as that of the FXLMS algorithm.

9.1.1 Update Equation

The FwFXLMS update equation is given by
Q-1
w(n—|—1):v~v(n)+ue(n)25px(n—p) 9.1)
p=0

117
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where w (n), called the filtered weight vector, is obtained by passing the weight vector w (n) through a

recursive filter with the transfer function given by

Alz) = 1=¢

Obviously, internal stability of A (z) requires —1 < £ < 1. Here, it is assumed that ¢ is a positive scalar
between 0 and 1:
0<¢xl 9.3)

Later, the logic behind the current form of A (z) and choice of £ will be apparent. Assuming that a (n)

is the inverse z-transform of A (z), the filtered weight vector w (n) can be expressed as

w(n) = a(n)xw(n)
= 1=Hw(n)+iw(n—-1)
= w(n)—&[w(n)—w(n—1) 9.4)

By using Eqgs. (9.1) and (9.4), the FWFXLMS algorithm can be implemented.

9.1.2 Alternative Expression for Update Equation

Now, it is required to express the FwFxLMS update equation in terms of the rotated weight misalignment

vector. For this purpose, both sides of Eq. (9.1) should be modified as follows.

Q-1
Fw(n+1) — wop] = FT [W (n) — wWop] + pe (n) Z spFTx (n —p) 9.5)
p=0

By using the definitions given in Eq. (2.43) for the rotated reference vector: z (n) = F7x (n) and Eq.

(2.47) for the misalignment weight vector: ¢ (n) = FT [w (n) — Wop], Eq. (9.5) can be expressed as

c(n+1)=FT[W(n) — wop] + pe (n) S spz (n — p) (9.6)
p=0
Now, vector process u (n) is defined as
u(n) =F" [W(n) — Wop ©.7)
Combining Eqgs. (9.4) and (9.7) results in
u(n) = Flw(n)—&w(n) —w(n—1)] - woy (9.8)

which can be modified to

u(n) = FIw(n) — wop| — E{F [w(n) — wop] — FL [W(n — 1) — wop] } 9.9
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The misalignment vector ¢ (n) and the vector process u (n) appear in Eq.(9.9); thus
u(n)=c(n)—<¢[c(n) —u(n—1) (9.10)
Now, from Egs. (9.4) and (9.10), it can be deduced that
u(n) =a(n)*c(n) (9.11)
Combining Egs. (9.7) and (9.11) results in
FT [W (n) — Wopt) = a(n) xc(n) 9.12)
Finally, substituting Eq. (9.12) into (9.6) gives

Q-1
c(n+1):a(n)*c(n)—l—,ue(n)Zspz(n—p) (9.13)

Eq. (9.13) represents an alternative expression for the FwWFXxLMS update equation. This equation will be

used in the analysis performed in this chapter.

9.1.3 Update Equation in Steady-State Conditions
In systems theory, the steady-state gain of a transfer function, e.g. A (z), can be expressed as
Ass = lim A (2) 9.14)
z—1

Substituting Eq. (9.2) into (9.14) results in

o 1=¢
R ©19
Therefore,

Ass =1 (9.16)

This means that A (z) behaves similar to an identity filter in steady-state conditions. Therefore, the
update equation of the FWFXLMS algorithm becomes similar to that of the FXLMS algorithm in steady-
state conditions. Consequently, steady-state performances of both algorithms are identical. This finding

will be verified later by using computer simulations.

9.2 FwFxLMS Characteristic Equation

Taking the statistical expectation from both sides of Eq. (9.13) results in

Q-1
é(n+1):a(n)*é(n)+qupE{z(n—p)e(n)} 9.17)
p=0



120 Dominant Pole Localisation of FXLMS Adaptation Process

Now, replacing e (n) with the alternative expression given in Eq. (2.72) results in

Q-1
cnt1) = ascn) +nd sE{z(n—p)es(n)}
p=0
Q-1
— L Z spsqF {z (n — p) 2zl (n—q)c(n— )} (9.18)
p,q=0

Since the optimum residual noise e, (n) and the acoustic noise are statistically independent, the second
term in Eq. (9.18) is zero. Also, considering the statistical independence of the adaptive weights and
acoustic noise samples, the third term in this equation can be simplified. Therefore, Eq. (9.18) can be

expressed as

Q-1
cnt1)=a(m)xc(n)—pu Y. spsqB{z(n—p)a’ (n—q)} E{c(n—q)} 9.19)
P,q=0

Now, substituting Egs. (2.52) and (2.76) into Eq. (9.19) results in

é(n—i—l):a(n)*é(n)—uAZszé(n—p) (9.20)

2) sie(n—p) 9.21)

By taking the z-transform from both sides of Eq. (9.20), the FWFXLMS characteristic equation is ob-

tained as
Q-1
2= A(z)+pol Y s22 P =0 9.22)
p=0
Now, substituting Eq. (9.2) into (9.22) results in
z—1 i
— 2 2 —p _
e + poy 2 sz V=0 (9.23)
which can be written in the standard form of
1+pH(2) =0 (9.24)
where ( 96 (2)
~ z— z
H(z)= "G50 (9.25)
Comparing Eqgs. (8.12) and (9.25) shows that
~ z—&
H(z) = H (2) (9.26)
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Therefore, the FWFXLMS open loop transfer function H (z) has one more zero (at z = £) and one more
pole (at the origin) in addition to the zeros and poles of the FXLMS open loop transfer function H (z).

Accordingly, the following statements can be expressed:

Np=Np+1 (9.27)
and

Ny=Ny+1 (9.28)

where ]/V\; and JVZ denote the number of poles and zeros of H (z), respectively. In fact, filtering the
weight vector using the proposed form of A (z) introduces a finite real zero to the open loop transfer
function of the characteristic equation. In the following, it is shown that dynamics of the FWFXLMS
adaptation process can be controlled by localising this zero. This is the main privilege of the FWFXLMS

algorithm, compared to the FXLMS algorithm.

9.3 FwFxLMS Root Locus

This section develops the fundamental rules, governing the FWFXLMS root locus, and compares them
with those of the FXLMS.

9.3.1 Number of Branches

As mentioned in Section 8.2.1, the number of branches of a root locus is equal to the number of poles
of its open loop transfer function. Since H (z) has one pole more than H (z), the FWFXLMS root locus
has one branch more than the FXLMS root locus. Accordingly, this root locus has () + 1 branches. Here,

these branches are denoted by §1, Eg, ...and §Q+1.

9.3.2 Start Points

In the FWFXLMS root locus, the start points of El is located at z = 1 and those of ég, ...and §Q+1 are

located at z = 0, commonly.

Proof: the start points of El, Eg, ...and §Q+1 are located at the poles of H (z). Let us assume that p is

the start point of the g-th branch, Eq. In this case, p, can be expressed as

1
— _ =0 9.29
Pbq = arg, {H (z) } ( )

Combining Egs. (9.25) and (9.29) results in

S
Pg = arg, {291 — 20 =0} = Zfl i o (9.30)
P2,P3,---,PQ,PQ+1 = 0
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Therefore, each branch of the root locus has a finite start point in the z-plane; that of El 1s located at

z = 1 and those of §2, ...and EQH are all located at z = 0.

9.3.3 End Points

The FWFXLMS root locus has a finite end point in the real axis inside the unit circle, unlike the FXLMS

root locus.

Proof: end points of El, Eg, ... and EQH locate at the zeros of H (z). Let us assume that z; is the end

point of the g-th branch, Eq. In this case, z, can be expressed as
z, = arg, {f{{ (2) = 0} (9.31)
Combining Egs. (9.25) and (9.31) results in
5 = arg. {(z — €) G (2) = 0} (9.32)

Since 5%, s3 ..., 52Q—1 are positive scalars, G (z) can not have any zeros on the positive real axis. How-
ever, (z — &) has a positive real zero inside the unit circle (since 0 < £ < 1). As a result, the FwFXxLMS
root locus has a single positive real zero inside the unit circle at z = £. Therefore, one of the branches of
this root locus ends at a point on the positive real axis inside the unit circle, unlike the FXLMS root locus.
This is one of the main distinctions between the FXLMS and FwWFXLMS root loci. In the next sections, it

is shown that the branch, on which the dominant root moves, ends at this point.

9.3.4 Asymptotes

Asymptotes of the FWFXLMS root locus originate on the real axis at a centroid point (denoted by Z »),

given by
TA=2x4— 9.33
ASTAT A (9.33)
Also, these asymptotes form the following angles with the real axis.
- (2k+1)
E= = =< T k= O, 1, ...,QO (934)
v Np — Ny
where (g is the time delay, associated with the secondary path impulse response.
Proof: according to the root locus theory, Z 4 can be obtained by using the following formulation.
Dg— Y Z
DY LDV 035

Np— Ny
From Egs. (9.27) and (9.28), it can be shown that

Np—Nyz=Np—Nyz=Q+1 (9.36)
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Also, from Eq. (9.30), it can be shown that
Q-1
> =1 9.37)
q=0

and from Eq. (9.26), it can be shown that

D Z =6+ 4 (9.38)

where z, is the q-th zero of G (z). The sum of G (2)’s zeros are computed in Eq. (8.32). Using this

2
Yz =6 (8”‘?(]“) (9.39)

5Qo
Now, substituting Egs. (8.14), (8.24), (9.37) and (9.39) into (9.35), the location of the centroid point I 4
is computed as

equation in Eq. (9.39) results in

%A::CA_Qo-i-l (9.40)
Also, according to the root locus theory, the angles of the asymptotes with respect to the real axis are
formulated by
P = Ck+D) k=0,1,...,Np— Ny (9.41)
Np — Ngz

Substituting Egs. (9.27) and (9.28) into (9.41) results in

(Zk = Pk k‘:O,l,...,Qo (942)

As can be seen in Eq. (9.42), the angles of the asymptotes in both of the FXLMS and FWFXLMS root

loci are equal.

9.3.5 Departure Angles

The departure angles of El, Eg, ...and EQH from their start points can be formulated as

_ , —1
g =" 1 (9.43)

q
MDr g=23,..,Q+1

Proof: let us assume that 5(1 is the departure angle of Eq from its start point at z = p,. Assuming that p,

is a single pole of H (z) and based on the same logic used in Eq. (8.36), éq can be expressed as

N Ny Np
Og=m—> 4 (Zk,bg) — Y 4 (DrDy) (9.44)
k=1 k=1

k#q
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Also, if p, is a multiple pole of order M, departure angles of the M branches departing from this point
(Eq, §q+1, ...and §q+ M—1), can be computed as

~ 2m + 1)
0q+m:(7 ZK (Zk, Pq) Z £ (PksDyq) 5 m=0,1,...,M —1 (9.45)

Dk #pq

Since (z — £) G () has only real coefficients, its roots (that are zeros of H (z)) are necessarily negative

real or complex conjugates. Therefore, for p; = 1, it can be shown that

Ny Ny
Y LGP) =) £(E1) =0 (9.46)
k=1 k=1

Also, since p; = 1 is a simple pole, from Eq. (9.30), it can be shown that

Np
N L) = 2401 ( p—1>4(0,1):o (9.47)
Dr#Dq Pk?épq

Now, substituting Egs. (9.46) and (9.47) into (9.44) results in
0 =7 (9.48)

Therefore, the departure angle of §1 from its start point at z = p7 is w. In other words, this branch
departs from z = 1 along with the real axis and towards the origin. The remaining () branches depart
from the multiple pole locating at the origin with the order of M = (). Similar to the previous case, it

can be shown that (for pa, p3, ..., po+1 = 0)

NZ NZ
> 4 (GrDy) =Y £ (3,0) =0 (9.49)
k=1 k=1
and
Np
> L (Prby) = Zz Pr,1) = £(0,1) = (9.50)
5k;17q Pk?ﬁo

Substituting these equalities into Eq. (9.45) results in

~ 2
92+m:5mw, m=0,1,...,Q — 1 9.51)

In order to obtain a single equation for all of the departure angles, Eq. (9.51) can be re-expressed as

0, = 2((1@_2)w ¢g=2,3...0+1 9.52)
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Now, combining Egs. (9.48) and (9.52) results in

0, = (9.53)

9.3.6 Real Sections

It can be shown that (£, 1) is the only interval on the positive real axis, which belongs to the FWFXLMS

root locus.

Proof: an interval on the real axis belongs to the FWFXLMS root locus if H (z) has an odd number of

zeros and poles to its right. According to Eq. (9.25), the zeros of H (z) are identical to the roots of

(=8 G(2).

H(z)=0&(z-6G((z)=0 (9.54)
Accordingly, the zeros of H (z) include the zeros of G (z) and a single zero at z = £ (where 0 < & < 1).
As explained in Chapter 8, G (z) has an even number of roots to the right side of any point in the positive
real axis. Therefore, H (z) has an even number of zeros to the right side of any point in (£, +00) and an
odd number of zeros to the right side of any point in (0, £). Now, considering the single pole of H (z) at
z = 1, the following statements can be deduced.

« H (z) has an even number of zeros and poles to the right side of any point in (1, +00); therefore

this interval does not belong to the FWFXLMS root locus.

« H (2) has an odd number of zeros and poles to the right side of any point in (&, 1); therefore this

interval always belongs to the FWFXLMS root locus.

* H () has an even number of zeros and poles to the right side of any point in (0, £); therefore this

interval does not belong to the FwWFxLLMS root locus.

From the above discussion, it can be deduced that (&, 1) is the only interval on the positive real axis, which
belongs to the FWFXLMS root locus. However, some intervals of the negative real axis may belong to the
FwFxLMS root locus, depending on the order of the repeated zero at the origin and the location of the

other zeros of G (z). It is later shown that (&, 1) is the most important part of the FWFXLMS root locus.

9.3.7 Breakaway Points

The FWFXLMS root locus does not necessarily have a breakaway point on the positive real axis inside
the unit circle, unlike the FXLMS root locus. If the control parameter £ is set to a value in the following

interval, then there is no breakaway point on the real section of the root locus.
2—rzp—2v/1—zp<é<l (9.55)

Proof: here, it is desired to obtain a range of values for ¢ for which the FWFXLMS root locus has

no breakaway point on (£,1). Any breakaway point in the FWFXLMS root locus should satisfy the



126 Dominant Pole Localisation of FXLMS Adaptation Process

breakaway point equation of

~ o 1 B
Tp = arg, {&zﬁ @ } =0 (9.56)
On the other hand, differentiating Eq. (9.26) results in
0 1 z 0 1 13 1
= — - — 9.57
0z H (2) z—§x<8zH(z)> (z_g)QXH(z) ©-57)
From Eq. (8.12), it can be shown that
0o 1 2@—2 9 ,
91 () :G2(z){(QZ_Q+1>G(z)_(Z —z)G(z)} (9.58)
Now, substituting Egs. (8.12) and (9.58) into (9.57) results in
o 1 2@-1 9 .
TG Gofe e @@ NE-9-EGE-DIGE) - (-2 (-0 ¢E)]

(9.59)
Combining Eqgs. (9.56) and (9.59) gives the following breakaway point equation.

{(Qip—Q+1)(@p—& - €@ - 1)}G(@p)— @3 —Tp) @ —&G@B) =0  (9.60)

Equivalently,

o

(TB)
G (Tp)

(Q¥p - Q+1)(@p &) —&(@p— 1)~ (T5 — Tp) (Tp — &) =0 (9.61)

If there is a breakaway point in the FWFXLMS root locus, it should be close to z = 1; therefore, the

following assumptions can be made (similar to those made in Chapter 8 for the FXLMS root locus)
i —ip=({@p—1) +ip—1~ig—1 (9.62)

and

G(@p) _G()

— = 9.63
GGn) ~ GO (©-63)
Using these two assumptions, Eq. (9.61) can be simplified to
_ _ _ _ _ G (1)
(QJ}B—Q—i—l)(l’B—f)—f(xB—l)—(:EB—l)(xB—f)m =0 (9.64)
Now, substituting Eq. (8.59) into (9.64) results in
(14 Deg) % — (26 + £Deq + Deg) Tp + & (1 + Deg) = 0 (9.65)
which can be expressed as
~ Deg +6\ <
2 eq _
TB <£+1+Deq>x3+£ 0 (9.66)
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Since D¢y > 1 and 0 < § < 1, this equation can be approximated by

N D _
xQB—<§+1+eI‘; )xB—|—§:0 (9.67)
eq

As can be seen, the FXLMS breakaway point x g, as given in Eq. (8.47), appears in the breakaway point
equation of the FWFXLMS root locus. Thus,

7% — (E+2B)Tp+E=0 (9.68)

Note that in the above FWFXLMS breakaway point equation, g is the unknown variable and xp is a
known parameter. This quadratic equation (which is in form of 5523 + bZp + c) has no real answer if its

discriminant (A = b? — 4c) is negative:

b= —({+mp)
N

A= (E+ap)? - 4€

Thus, any value of &, for which there is no breakaway point on (£, 1) in the FWFXLMS root locus, satisfies
(E+ap)’ —46<0 (9.69)
This inequality can be expanded as follows.

E4+2ap—-2)E+25<0
= 2—zp—2V/1—axp<é<2—xp+2v1—2xp (9.70)

It can be shown that for zp > 0 the following inequality always holds.

2—azp+2y/1—a5>1 9.71)

Using this result and considering 0 < £ < 1, Eq. (9.70) becomes

2—zp—2y1—-2xp<é<l 9.72)

Accordingly, if ¢ satisfies the above inequality then the FWFXLMS root locus has no breakaway point on

(&, 1).

9.4 Properties of the FWFXLMS Root Locus

From the root locus rules, derived in the previous section, it can be shown that the FWFXLMS root locus

branches have some typical trajectories in the z-plane. This section discussed these trajectories.
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Figure 9.1: Typical trajectories of By in FWFXLMS root locus
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Figure 9.2: FWFXLMS root locus when s = s1 = s9 = 0,83 =s4 =1l and s5 = 0.8 and £ = 0.7

9.4.1 Typical Trajectory of B,

As a typical property of the FWFXLMS root locus, By always starts at z = 1 and moves towards the
origin on the real axis. If the control parameter £ satisfies the inequality given in Eq. (9.70), then there
is no breakaway point on the interval of (£, 1). This causes B to continue its trajectory on the real axis

until it reaches the end point at z = £. This typical trajectory is shown in Figure 9.1.

Figure 9.2 shows the FWFXLLMS root locus for the example, described in Chapter 8, and when £ is set
to 0.7. As can be seen, there is no breakaway point on the trajectory of the dominant root (branch Bj)
and, therefore, the interval of (£, 1) is considered as the first branch of the root locus. (compared to the
FXLMS root locus shown in Figure 8.1). This plot is obtained using numerical methods in MATLAB;

however, the validity of all of the analytical rules, described in Section 9.3, can be seen in this plot.
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9.4.2 Typical Trajectories of other branches

Other branches of the FWFXLMS root locus EQ, §4, ...,and §Q start at z = ( with individual departure
angles and move towards the unit circle. They end at the zeros of H (z) or approach the asymptotes.
According to Eq. (9.53), departure angles on these branches form the origin is independent of the para-

meters of the secondary path; however, they are dependant of the order of the secondary path.

9.4.3 Dominant Pole of FWFXLLMS Adaptation Process

Based on the typical trajectories of the FWFxLMS root locus branches, described above, it is expected that
the nearest root to the unit circle is located on El. Therefore, this branch contains the dominant root of
the FWFXLMS characteristic equation. This property is common in both of the FXLMS and FWFXLMS
root loci. However, in the FXLMS root locus, B; detours towards the unit circle once reaching the
breakaway point. Therefore, the maximum distance of the dominant root from the unit circle is equal to
the distance of the breakaway point to z = 1. In the FWFxLMS root locus there is no breakaway point
and, therefore, the root moving on By can get closer to the origin (until it reaches the branch end point
at z = £). As a result, the dominant pole can be pushed towards the origin and, therefore, the dynamic
of the FWFXLMS adaptation process becomes faster than that of the FXLMS.

9.5 Computer Simulation

This section verifies the validity and accuracy of the theoretical results, obtained in this chapter, by using
computer simulation. Each curve is obtained by averaging over 100 simulation runs with independent
noise sequences. In the simulation experiment, the impulse responses of the primary and secondary paths
are similar to those used in Chapter 7. Also, the secondary path model is a perfect model and the acoustic

noise is an stochastic white noise of power 1 (62 = 1), generated by the computer.

In the first experiment, the FXLMS algorithm is used. The root locus of the adaptation process, performed
by this algorithm, is plotted in Figure 9.3a. As can be seen, the branch containing the dominant root (5B1)
returns towards the unit circle after reaching the breakaway point xp. In the second experiment, the
FwFxLMS algorithm with & = 0.7 is used. The root locus of the adaptation process, performed by this
algorithm, is plotted in Figure 9.3b. As can be seen, the extra root of the FwWFXLMS algorithm removes
the breakaway point from the trajectory of the dominant root. In the third experiment, the FWFXLMS
algorithm with £ = 0.5 is used. The root locus of the adaptation process, performed by this algorithm, is
plotted in Figure 9.3c. As can be seen, the extra root of the FWFXLMS algorithm removes the breakaway
point from the trajectory of the dominant root and, also, this trajectory can come closer to the origin,
compared to the second experiment. Therefore, it is expected that the dominant root of the FwWFXLMS
algorithm in the third experiment become closer to the origin, compared to the dominant root of the
FwFXLMS algorithm in the second experiment. Also, it is expected that both the dominants roots of
these two experiments to be closer to the origin than that of the first experiment. Therefore, the second
experiment should be faster than the first experiment and the third experiment should be even faster than

the second one.
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Figure 9.3: Root loci of the simulated FxXLMS and FWFXLMS algorithms
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Figure 9.4: Dynamic behaviours of first-order moments in FXLMS and FWFXLMS adaptation processes

Figure 9.4 shows dynamics of two different elements (4th and 6th elements) of the weight vector w (n)
in the three experiments conducted above. Each curve is obtained by averaging over 100 independent
data sets; consequently, these curves can be considers as the mean of the selected adaptive weights. Other
elements of this vector also have the same behaviours. As expected, the adaptive weights converge to
their steady-state levels faster in the third experiments, compared to the adaptive weights in the other
two experiments. This issue can be also seen for other weights. Also, it can be seen that the steady-state
levels of the weights are the same in all the experiments. This is in a good agreement with the theoretical

results obtained in Section 9.1.3.

Figure 9.5 shows the MSE function in three experiments conducted above. As can be seen, the con-
vergence speed of the MSE function directly related to the convergence speeds of the adaptive weights.
According to the figure, this function has the same steady-state level in the FXLMS and the two Fw-
FxLLMS algorithms but this function converges to its steady-state level faster when the FWFXLMS is
used. Also, by decreasing ¢ in the FWFXLMS algorithm, the convergence speed of the MSE function is

increased. This is in an excellent agreement with the theoretical results, obtained in this chapter.

EF FxLMS
_15} —— FwFzLMS(€ = 0.7) |
FwFzLMS({=0.5)

0 100 200 300 400
Time Index

Figure 9.5: Dynamic behaviour of the MSE function in FXLMS and FwWFxLMS adaptation processes
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Chapter 10
Experimental Realisation

The experimental ANC setup, developed for and used in this research, has been designed based on a
basic system, implemented in the University of Auckland Signal Processing Laboratory [70,71]. This
system is developed further for this research to implement a high performance ANC system with the
ability of executing different ANC algorithms, e.g. FXLMS and FWFXLMS.

Section 10.1 introduces the developed experimental setup and its major components. In this section,
two different FPGA designs which are separately developed for executing the FXLMS and FwFxLMS
adaptation algorithms are described. Section 10.2 describes the methods applied for measurements and
computations of basic parameters, which are required in numerical analysis of experimental results. Sec-
tion 10.3 uses the obtained experimental results to validate the theoretical expressions derived in Chapters
3-6 for formulating behaviours of FxLMS-based ANC systems. Finally, Section 10.4 discusses the per-
formance of the proposed ANC algorithm (FwWFXLMS) in practise and compares it with the FXLMS

algorithm.

10.1 Experimental Setup

Figure 10.1 shows the schematic diagram of the developed ANC setup. As can be seen, the ANC setup
is developed to create a silence zone at the end of an acoustic duct. The length, width and height of
this duct are 150cm, 30cm and 25¢m, respectively. This duct is constructed from 1.8cm thick medium
density fibre-board and its interior is carpeted. The major electro-acoustical hardware used in this setup

are introduced below.

10.1.1 Microphones

Two similar AKG-D770 dynamic microphones are used in the experimental setup. The first microphone,
which is used as the reference microphone, is placed at the beginning of the duct where the noise source
is located. The output of this microphone can be considered as the reference signal = (n). The second
microphone, which is used as the error microphone, is placed at the end of the duct, where the desired

silence zone is created. The output of this microphone can be considered as the error signal e (n).

133
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Figure 10.1: Schematic diagram of experimental ANC setup

10.1.2 Control Loudspeaker

The ANC setup includes a control loudspeaker to generate the anti-noise signal in the acoustic duct. This
loudspeaker is driven by the control signal generated by the digital control system. It is important that
the frequency response of the control loudspeaker is as flat as possible over the frequency range of the
noise to be controlled. A Phonic SEp 207 powered loudspeaker with on-board 20W power amplifier is
used as the control loudspeaker in this experimental setup.

10.1.3 Digital Electronic Control System

The major component of any ANC device is a real-time DSP controller, where the ANC algorithm is
implemented. In our experimental ANC setup, a Compact RIO 9014 (cRIO 9014) which is an embedded
real-time controller, made by National Instrument (NI), is used. The cRIO utilises an embedded Xilinx
FPGA chassis with a 40MHz clock [72]. This chassis is connected to the reference and error microphones
through two separate NI 9233 I/O modules, which are 24-bit analog to digital converters. Also, this
chassis is connected to the control loudspeaker through a NI 9263 1/0, which is a 16-bit digital to analog
converter. The connections between the cRIO, FPGA chassis, microphones and control loudspeaker are

shown in Figure 10.1.

The combination of the FPGA chassis, real-time controller, and I/O modules creates a complete stand-
alone embedded system. As can be seen in Figure 10.1, the only output module is connected to the 2nd

channel of the FPGA chassis. Also, the two input modules are connected to the 3rd and 4th channels.
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The FPGA circuitry in the chassis controls each I/O modules and passes data to the controllers through
a local PCI bus using built-in communication functions. The FPGA design of the ANC algorithm can be
developed by using the LabVIEW FPGA Module and compiled into a bit-stream file for download onto
the cRIO, where the design is synthesised in the FPGA chip.

10.1.4 Real-Time Software

In this research, a general multi-threading structure for the implementation of real-time ANC algorithms
(software) in cRIO is developed. Both the FXLMS algorithm and its novel alternative (FWFXLMS), can

be implemented in this structure. FPGA designs for both of these algorithms are detailed below.

10.1.4.1 Multi-threading Structure for ANC

Using LabVIEW graphical programming environments, we can take full advantages of the multi-core
processing power in the FPGA design of the experimental ANC setup. As shown in Figure 10.2, three
loops execute in separate threads while abstracting the details of thread management away from the

developer. In the following, these threads and their functions are introduced, separately.

10.1.4.2 Reading Thread

The first thread, called “reading thread”, reads data from the NI 9233 input modules, connected to the
error and reference microphones. After reading data from input modules, they are filtered using a low-
pass filter with the cut-off frequency of 1500 Hz and a high-pass filter with the cut-off frequency of 75
Hz. The obtained signals are labelled as “Reference” and “Error”. They are then stored in the cRIO

memory. The FPGA design for the implementation of this thread is shown in Figure 10.2a .

10.1.4.3 Process Thread

The second and the most important thread, called “process thread”, is responsible for performing the
ANC algorithm and computing the anti-noise signal in accordance with the reference and error signals.
These two signals are continuously stored into cRIO memory by the reading thread, as described above.
Once the anti-noise signal is computed, it is labelled as “Antinoise” and then it is stored in the cRIO
memory. The structure of this thread is shown in Figure 10.2b. The detail of the FPGA designs for both
the FXLMS and FwWFXLMS algorithms are available in Appendix.

10.1.4.4 Writing Thread

The third thread, called “Writing Thread” is responsible for placing the anti-noise signal into the first
channel of the NI 9263 output module, which directly drives the control loudspeaker. The anti-noise
signal is continuously computed by the process thread so the writing thread can read it from the cRIO
memory. The FPGA design of this thread is shown in Figure 10.2.
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Figure 10.3: Power spectrum of acoustic noise injected in acoustic duct

10.2 Measurement and Computation of Parameters

This section describes the methods applied for measurements and computations of basic parameters,
required for the analysis of experimental results. Subsection 10.2.1 computes the parameters of the
acoustic noise signals, injected into the acoustic duct. Subsection 10.2.2 explains how the minimal MSE
level can be computed from the measured data. Subsection 10.2.3 explains how the actual secondary
path and its models are identified. Also, this subsection computes ||s||* and D, for the actual secondary

path and the perfectness ratios p;, p2 and p3 for each secondary path model used in the experiments.

10.2.1 Acoustic Noise Parameters

In the experiments, reported below, two different acoustic noise signals are injected into the acoustic
duct. For the generation of both of them, a white acoustic noise is used. This noise is then passed
through two different band-pass filters. The outputs of the band-pass filters are stored into two separate

files in WAVE format. These files can be played by using a computer and loudspeaker.

The first signal is obtained by passing the original white noise through a band-pass filter with the band-
width of 1000 Hz, minimum frequency of 50 Hz and maximum frequency of 1050 Hz. The gain of this
filter is adjusted such that the power of the reference signal is limited to o2 ~ 6 W. The power spectrum

of the produced noise is shown in figure 10.3a. Since the operational sampling frequency of the ANC
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system is set to 5554 Hz', the normalised band-width of this signal can be computed as depicted in
Section 5.1.1:
1000

By =1————=0.36 10.1
3 x 5554 (10D

The second signal is obtained by passing the original noise through a band-pass filter with the band-
width of 500 Hz, minimum frequency of 50 Hz and maximum frequency of 550 Hz. Similar to the
previous case, the gain of this filter is adjusted in such that the power of the obtained signal is limited
to 02 ~ 6 W. The power spectrum of this noise is shown in figure 10.3b. For this acoustic noise, the

normalised bandwidth B,, can be computed as

500
By=1——— =0.8 10.2
Y 15554 (102

The above values of B,, are used in Section 10.3 for the analysis of experimental results.

10.2.2 Minimal MSE Function

For the analysis of experimental results, it is essential to have an estimate value for the minimal MSE
level, which can be interpreted as the minimum achievable residual acoustic noise power in the duct.
Obviously, this parameter cannot be directly measured. However, we can estimate this parameter by

using acoustic signals measured in the duct.

As mentioned in Subsection 10.1.1, the reference microphone measures the reference signal = (n). Also,
it is obvious that when the cancelling loudspeaker is not activated, the error microphone measures only
the primary noise d (n). Therefore, signals = (n) and d (n) are available in the experimental setup control
system. These signals are then transferred to LabVIEW, where they can be stored into an ASCII text file.
This file is used by a MATLAB function to compute .J, based on Eq. (2.23)?. Using this method, for the

acoustic noise with the power spectrum, shown in Figure 10.3a, J, can be found as
Jo = 0.037TTW (10.3)

This means that in the optimal case, an ANC system can reduce the power of this noise by about
10log j—g = —22 dB. Also, for the acoustic noise with the power spectrum, shown in Figure 10.3b,
J, can bze found as

Jo = 0.0241W (10.4)

Similarly, this value of J, shows that in the optimal case, an ANC system can reduce this noise by about
101log i—g = —24 dB. The above estimate values for .J, are later used in Section 10.3 for the analysis of

experimental results.

!The sampling frequency of the developed system is equal to the operating frequency of the while-loop in the process thread.
The ratio of the operating frequencies of the reading and process threads while loops (in the FPGA design) should be an integer
fraction otherwise the operating frequency of the system will vary over time. Based on this logic, the process thread while-loop
frequency is set to 5554 Hz which is é of the reading while-loop frequency (50 K Sample/s) [70].

’The statistical expectation operator is estimated by averaging over 1024 consecutive samples of matrices, vectors or signals.
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10.2.3 Secondary Path Parameters

Using the real-time secondary path identification system, integrated in the experimental setup, the sec-
ondary path impulse response in the acoustic duct can be estimated precisely. After estimating the
impulse response, its coefficients are downloaded from the cRIO memory into LabVIEW, where they
can be exported to an ASCII text file. This file is then used by a MATLAB function to compute the
secondary path equivalent delay D.,, as defined in Eq. (4.8). Also, this function computes ||s||?, as the

sum of squares of secondary path impulse response coefficients.

The impulse response, estimated by the experimental setup, is shown in Figure 10.4a. This figure is
directly exported from LabVIEW. Using this impulse response and based on the steps described above,

the parameters of the actual secondary path can be computed as follows.
D,y = 42.39 (10.5)

and
Is||? = 0.4684 (10.6)

The above values of D, and ||s||2 are used in Sections 10.3 for the analysis of experimental results. Note
that this impulse response can be considered as a nearly perfect secondary path model, as it is measured

precisely and the actual ANC system operates with this secondary path.

Now, two imperfect secondary path models are generated. The first imperfect model (S;1) is measured
when an extra noise source exists outside the acoustic duct. In this case, the noise generated by this
source is not included in the identification algorithm; consequently, the impulse response, measured by
the identification system, becomes noisy and deviates from the actual system (s). Figure 10.4b shows
the estimated impulse response in this condition. This impulse response is stored in an ASCII text file so
that a MATLAB function can use it to compute its perfectness ratios by using Eqs. (6-13)-(6.15) as

p1 = 1.1393 (10.7)
p2 = 0.9085 (10.8)
p3 = 1.0251 (10.9)

The second model (83) is measured when the upper side of the duct is partially opened. In this case, the
acoustic impedance of the duct secondary path is affected by the outside impedance and it is expected
that the total impedance of the secondary path becomes lower. Figure 10.4c shows the impulse response
measured in this condition. Similar to the previous case, this impulse response is stored in an ASCII text

file so that a MATLAB function can use it to compute its perfectness ratios as
p1 = 0.3597 (10.10)

p2 = 0.9153 (10.11)

p3 = 0.2009 (10.12)
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Table 10.1: Values of basic parameters used in analysis of experimental results
By Jo (W) p1 P2 p3
Experimental Condition 1 0.36  0.0377 ~1 ~1 ~1
Experimental Condition 2 0.18 0.0241 ~1 ~ 1 ~ 1
Experimental Condition 3 0.36 0.0377 1.1393 0.9085 1.0251
Experimental Condition4 0.18 0.0241 0.3597 0.9153 0.2009

10.3 Behaviours of Implemented ANC System

This section uses the developed experimental setup to show the practical validity of the theoretical results,
derived in Chapters 3-6. The agreement between experimental and theoretical results are demonstrated

by using several experiments, conducted in different conditions.

Experimental condition 1: in all the experiments conducted under this condition, the acoustic noise with
the power of o2 = 6 W and band-width of B,, = 0.36 is injected into the duct. The power spectrum of
this noise is shown in Figure 10.3a. For this acoustic noise, the minimal MSE level is given in Eq. (10.3)
as J, = 0.0377 W. In these experiments, the nearly perfect secondary path model, shown in Figure
10.44a, is uploaded into the cRIO memory. Accordingly, it is expected that all the perfectness ratios of

this model are nearly equal to 1.

Experimental condition 2: in this condition, the acoustic noise with the power of 2 = 6 W and band-
width of B,, = 0.18 is injected into the duct. The power spectrum of this noise is shown in Figure 10.3b.
For this acoustic noise, the minimal MSE level is given in Eq. (10.4) as 0.0241 W. The secondary path
model, uploaded into cRIO memory is remained unchanged. Therefore, it is still expected that all the

perfectness ratios of the model are nearly equal to 1.

Experimental condition 3: in this condition, the acoustic noise, injected into the duct, is similar to
the one used in the first experimental conditions; however, the secondary path model, shown in Figure
10.4b is uploaded in to the cRIO memory, instead of the nearly perfect model. As mentioned in Section
10.2.3, this model is identified when an external noise source is located close to the error microphone.
Accordingly, this model is considered as an imperfect model. As shown in Eqs. (10.7)-(10.9), the
perfectness ratios of this model are p; = 1.1393, p2 = 0.9085 and p3 = 1.0251.

Experimental condition 4: in all the experiments, conducted in this condition, the acoustic noise, in-
jected into the duct, is similar to the one used in the second experimental conditions and the imperfect
secondary path model, shown in Figure 10.4b is uploaded in to the cRIO memory. As shown in Egs.
(10.10)-(10.12) the perfectness ratios of this mode are p; = 0.3597, p2 = 0.9135 and p3 = 0.2009.

In the above mentioned conditions, several experiments with different values of the step-size are con-
ducted. For each experiment, the output of the error microphone is monitored, recorded and analysed in
the LabVIEW environment. The obtained results can be then compared with the theoretical results. For

obtaining the theoretical results from the proposed expressions, appropriate values of B,,, J,, p1, p2 and
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Figure 10.5: Variation of residual acoustic noise power in the implemented ANC system (under experimental
condition 1)

p3 should be used (these values are obtained in Section 10.2). For the sake of clarity, these values are
collected in Table 10.1.

10.3.1 System Stability in Practise

Different experiments, conducted in the experimental condition 1, show that when p < 1.300 X 1073,
the implemented ANC system is always stable. For example, the residual acoustic noise power for the
step size ;1 = 0.700 x 1073 is shown in Figure 10.5. This plot is directly exported from the LabVIEW
environment, where the noise power is estimated by using recorded samples of the residual acoustic
noise. Different experiments with different step-sizes show that when 1.300 x 1073 < p < 1.550 x 103
the system starts diverging after a short time (becomes unstable); and when 1 > 1.550 x 1073 the system
starts diverging from the beginning. These observations are recorded in Table 10.2. According to this
table, it can be concluded that a practical fi,nq. is located between 1.300 x 1073 and 1.550 x 1073,
However, it is not technically possible to estimate any specific value for 4, from the experimental
results. This is because of the experimental conditions uncertainties such as changing characteristics
of the surrounding environment, non-stationary behaviours of the background noise and uncertainties

associated with physical plants, control systems and measurement devices .

Now, by substituting the parameters, given in Table 10.1, into Eq. (5.23), the theoretical value of fiy,4,
can be obtained as 4, = 1.448 x 1073, It means that, in theory, for u < 1.448 x 1073 the system
always becomes stable and for ;1 < 1.448 x 1073, the algorithm always diverges. This result is in a good

agreement with the experimental results described above.

Here, the minimum relative error between the practical and theoretical results can be obtained as the
relative difference of the theoretical value of (1,4, and the maximum step-size for which the ANC system
is stable in practise (e.g. this value is 1.300 x 1072 in the above experiment). Similarly, the maximum
relative error can be obtained as the relative error between the theoretical value of f4,,,4, and the minimum
step-size for which the ANC system is always unstable in practise (e.g. this value is 1.550 x 1073 in the
above experiment). The obtained values of ji,,4, and the corresponding relative errors are recorded in
Table 10.2.

The above experimental process can be repeated when the ANC setup operates in different experimental

conditions (e.g. those described in Section 10.3). The obtained experimental results, along with the
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theoretical results are collected in Table 10.2. Also, the relative error between the theoretical and exper-
imental results are shown in this table. Note that, when the setup operates in the experimental condition
2, the theoretical value of p,,4, should be computed by using Eq. (5.23) and when it operates in the
experimental conditions 3 and 4, this value should be computed by using Eq. (6.26).

As can be seen in Table 10.1, the proposed theoretical formulation for fi,,4, can efficiently estimate this
parameter with the relative error between —15% and 10%. The existence of this error can be justified

because in theory it is not possible to consider the following issues.

1. Changing characteristics of the surrounding environment.
2. Non-stationary behaviours of the background noise.

3. Uncertainties associated with physical plants, control systems and measurement mechanisms.

Apart from this unavoidable error, the proposed formulation for ;4. 1s a very significant step towards
matching available theoretical and experimental findings. This is because the commonly-used expression
for ptmaz, Which was derived in [8, 48], can only apply to un-realistic cases with pure delay secondary
paths, broad-band acoustic noise signals and perfect secondary path models. However, the proposed
formulation can apply to a general case with an arbitrary secondary path, arbitrary acoustic noise band-

width, and arbitrary secondary path model.

10.3.2 Steady-State Performance in Practise

In Chapters 4-6, different equations for evaluating the residual acoustic noise power in steady-state con-
ditions (02) are derived. Eq. (4.22) gives this quantity for an ideal case with a broad-band acoustic noise.
Eq. (5.26) gives this quantity for a more realistic case with a band-limited acoustic noise. Also, Eq.
(6.32) consider the secondary path model imperfectness in this quantity. In the following, the practical

validity of these equations are investigated by using the developed experimental setup.

Initially, the implemented ANC system is activated in the experimental condition 1 and the step-size is
set to a relatively small number (about 0.1 of its corresponding upper-bound). After a long time, when
the system reaches its steady-state conditions, the power of the residual noise is computed in LabVIEW.
Now, the step-size is incrementally increased and the system is re-started again. For each step-size,
the above experiment is repeated and the steady-state power of the residual noise is measured. The
measured data can be plotted as a function of the step-size, as shown in Figure 10.6a. For each step-
size, the theoretical value of the steady-state residual acoustic noise can be also computed by using the
closed-form expression given in Eq. (5.26) and the parameters given in Table 10.1. The results can be
then plotted as another function of the step-size. This function is plotted by using a red line in Figure

10.6a. Also, the minimum attainable noise power (.J,)) is shown in this figure .

For the other three experimental conditions, the same process can be repeated. The obtained experi-
mental results are plotted in Figures 10.6b, 10.6¢ and 10.6d. Note that, when the system operates in the
experimental condition 2, the theoretical results can be obtained by using Eq. (5.26) and when it operates

in experimental conditions 3 and 4, the theoretical results can be obtained by using Eq. (6.32).
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Figure 10.6: Steady-state residual acoustic noise power in the implemented ANC setup
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As can be seen in plots of Figures 10.6, the theoretical and practical results are in a good agreement. The
existence of the small offset between the experimental and theoretical results is due to the non-ideal ex-
perimental conditions. The agreement between the theoretical and experimental results, shown in Figure
10.6, confirms that the proposed formulations can effectively estimate the steady-state performance of
practical FXLMS-based ANC systems.

10.3.3 Convergence Speed in Practise

In Chapters 4-6, closed-form expressions for the transient convergence speed measure of FXLMS-based
ANC systems (w) is derived. This parameter is expected to determine the convergence speed of these
systems in different working conditions. Eq. (4.46) estimates this measure for an ideal case with a broad-
band acoustic noise. Eq. (5.30) estimates this measure for a more realistic case with a band-limited
acoustic noise. Also, Eq. (6.39) consider the secondary path model imperfectness in this parameter.
Herein, it is desired to investigate the practical validity of these equations. For this purpose, the transient
convergence speed of the implemented ANC system should be evaluated by using available measure-
ments. As shown in Chapter 7, the convergence speed measure w can be interpreted as the slop of the
residual noise power once the FXLMS algorithm starts operating (in transient conditions). Therefore, in
order to estimate this slope in practise, the average speed at which the residual noise power reduces to

—6 dB is measured. This speed can be evaluated by using the following formulation.

L LB0TL W
- NﬁdB Sample

(10.13)

where 1.5071 is equivalent to —6 dB reduction in the acoustic power when the reference power is
ag = 6 W, and Ngyp is the time index at which the steady-state residual noise power is attenuated for
6 dB.

For each experiment with a particular value of the step-size, Nggp can be measured in real-time and then
it can be recorded in the LabVIEW environment. By using this measured value, w can be evaluated from
Eq. (10.13). This process can be repeated for different experimental conditions (e.g. those introduced
in Section 10.3). The obtained results can be plotted as a function of the step-size, as shown in plots
of Figure 10.7. Also, for each experiment, the theoretical value of w can be computed by substituting
corresponding parameters, given in Table 10.1, into Egs. (5.30) or (6.39). For the first two experiments,
in which a nearly perfect secondary path model is used, Eq. (5.30) should be used and for the last two
experiments in which two different imperfect secondary path models are used, Eq. (6.39) should be used.

According to Figure 10.7, the theoretical results are in a good agreement with the experimental res-
ults. This agreement confirms the validity and accuracy of the proposed closed-form expressions for the

transient convergence speed of FXLMS-based ANC systems.

Also, it can be seen in plots of Figure 10.7 that, in all experimental conditions, the implemented ANC
system has its fastest convergence speed when the step-size is about half of its upper-bound. This ob-
servation is in an excellent agreement with the theoretical findings, given in Eqs. (4.48), (5.32) and
(6.45).
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Figure 10.8: Residual acoustic noise power, obtained by using implemented FWFxLLMS-based ANC system with
it = 0.700 x 10~3 under first experimental conditions.

10.4 Experimental Results with FwWFxLLMS-Based ANC System

This section shows the efficiency of the FWFXLMS adaptation algorithm in practise. This algorithm is
developed in Chapters 8 and 9, as one of the contributions of this thesis. For the practical verification of
this algorithm, the FPGA design, described in Appendix, is implemented in the cRIO FPGA chassis. This
design can be developed by the modification of the FPGA design for the FXLMS-based ANC system,
described in Section 10.2. The experimental results, obtained from this new setup, can be compared with
the results obtained from the implemented FxXLMS-based ANC system.

As mentioned in Chapter 9, the steady-state performance of the FWFXLMS algorithm is similar to that of
the FXLMS algorithm; however, we expect this algorithm to be faster than the FXLMS algorithm. Here,
the acoustic noise with the power spectrum shown in Figure 10.3a, is injected into the duct. The residual
acoustic noise is measured by the error microphone and it is then recorded in LabVIEW. Based on this

recording, the residual acoustic noise power can be computed in LabVIEW .

As mentioned in Chapter 9, in the FWFXLMS algorithm the control parameter £ should be set. The
allowed range of £ can be obtained by setting D, = 42.39 into Eqs. (8.47) and (9.55) as 0.72 < £ < 1.
In the first experiment, the system is started with & = 0.9. Figure 10.8a, shows the variation of the
acoustic noise power when ;1 = 0.700 x 1072 and ¢ = 0.9. In this experiment, the value of the step-size

and also the experimental condition are similar to the first experiment, described in Subsection 10.3.1.
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Therefore, the residual acoustic noise power, shown in Figure 10.5 can be used as a reference for the

evaluation of the experimental results, obtained here.

Comparison of the two plots shown in Figures 10.5 and 10.8a, shows that when the implemented FXLMS-
based ANC system is used, the residual noise power reaches its steady state level after about 0.12
seconds and when the implemented FwFxLMS-based ANC system is used this time reduces to about
0.10 seconds. Also, from these two figure it can be seen, that the steady-state performance of the two
ANC systems are similar. Accordingly, the proposed ANC algorithm can efficiently improve the adapt-

ation process dynamics in ANC systems, without changing its steady-state performance.

Now, ¢ is set to a smaller number: £ = 0.75. In this case, it is expected that the system becomes even
faster, as described in Section 9.3. Figure 10.8b shows the variation of the residual acoustic noise power
in this case. As can be seen in this figure, the system reaches its steady-state level in about 0.08 seconds;

therefore, the attenuation is achieved faster, compared to the two previous cases.

The above experiment can be repeated for different values of &, located between 0.72 and 1. For each
experiment, the time in which the system reaches its steady-state conditions can be recorded. The results
can be then plotted with respect to £, as shown in Figure 10.9. As expected, this figure shows that by
decreasing &, the implemented system dynamics become faster. This is in an excellent agreement with

the theoretical results, discussed in Chapter 9 .
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Chapter 11

Conclusions and Future Work

This chapter gives concluding remarks and highlights the major contributions of this thesis. It also

presents directions for future research, based on the findings of this thesis.

11.1 Conclusions

The prime goal of this study has been a comprehensive theoretical analysis of FXLMS-based ANC sys-
tems in realistic conditions in which actual ANC systems work. This analysis has been performed based

on two different approaches.

In the first approach, attention has been focused on the derivation of general closed-form expressions
for parameters relevant to stability behaviours of ANC systems, such as the step-size upper-bound,
steady-state performance, and convergence speed. These expressions have been derived based on a

novel stochastic model for ANC systems.

In the second approach, attention has been focused on the dynamics of the FxXLMS adaptation process in
ANC systems. The root locus method has been found to be a a powerful tool for the analysis and control

of ANC systems dynamics.

The main contributions of this thesis are summarised individually below.

11.1.1 Closed-form Expression for Step-Size Upper-bound

A relatively comprehensive expression for the upper-bound of the step-size, beyond which FxLMS-
based ANC systems become unstable, has been derived in this thesis. This expression, given in Eq.
(4.43), is in the form of the commonly-used one, previously derived by Elliott for pure delay secondary
paths. However, instead of the physical time delay which appeared in Elliott’s expression, a hypothetical
parameter has appeared in the newly-derived expression. This novel parameter, which is called the
secondary path equivalent delay in this thesis, can be computed for any arbitrary secondary path, unlike

the secondary path time delay which is a physical parameter related to only pure delay secondary paths.
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Also, influences of the acoustic noise band-width and secondary path modelling error on the step-size
upper-bound have been investigated. It has been shown that these influences can be included in the
closed-form expression, obtained for the step-size upper-bound. As an elegant result, the final expression
for the step-size upper-bound, given in Eq. (6.26), can apply to realistic ANC systems with arbitrary

secondary paths, arbitrary secondary path models, and band-limited acoustic noise signals.

11.1.2 Closed-form Expression for Steady-State Performance

A closed-form expression for the steady-state residual noise (power) level has been derived. Also, a
closed-form expression for the misadjustment level, determining the relative distance between the actual
and optimal steady-state noise levels, has been developed. Influences of the acoustic noise band-width
and secondary path modelling error on these two expressions have been formulated. The final expression,
given in Eq. (5.27) and (6.33), can apply to realistic ANC systems with arbitrary secondary paths,
arbitrary secondary path models, and band-limited acoustic noise signals. It has been shown that an
imperfect secondary path model does not necessarily cause the steady-state performance to be degraded.
This is an interesting result which has been supported by simulation and experimental results in this

thesis.

11.1.3 Closed-form Expression for Convergence Speed Measure

A novel measure for the evaluation of the convergence speed of the MSE function in FXLMS-based ANC
systems has been introduced. A closed-form expression for this measure has been derived, considering a
general secondary path. Influences of the acoustic noise band-width and secondary path modelling error
on this measure have been investigated. By the analysis of this measure, it has been shown that increasing
the noise band-width always causes the convergence speed of the system to be decreased. Also, it has
been proved that an imperfect secondary path model does not necessarily causes the convergence speed
to be degraded. However, it is impossible that an imperfect secondary path model causes both the steady-

state performance and convergence speed of ANC systems to be improved.

Maximising the proposed convergence speed measure with respect to the step-size shows that the max-
imum convergence speed can be achieved when the step-size is set to the half of its upper-bound. The
ratio of this step-size to its upper-bound (that is 0.5) is independent of the noise band-width and second-
ary path model. Therefore, no matter what the noise band-width is or what the secondary path model
is, the maximum attainable convergence speed can be achieved by setting the step-size to half of its

upper-bound.

11.1.4 Root Locus Plot of FXLLMS Adaptation Process

A characteristic equation for the FXLMS adaptation process has been derived. Trajectories of the roots
of this equation in the z-plane are determined as a function of step-size. As an interesting result, it has
been found that the dominant root of this equation always moves on the first branch of the root locus.

Also, it has been shown that there is always a breakaway point on this branch, limiting the dominant root
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to become very close to the origin. Therefore, the location of this breakaway point is a limiting factor for

the FXLMS adaptation process dynamics.

A closed-form expression for the location of the breakaway point in the FXLMS root locus has been
derived. The secondary path equivalent delay has appeared in this expression. It was interesting to find
that in both of the analyses performed in this thesis, the novel parameter of the secondary path equivalent
delay has appeared. This is while the two analyses are completely independent; the first of which is
based on the stochastic modelling of the MSE function and the second of which is based on the root

locus analysis of the FXLMS adaptation process.

11.1.5 FwFxLMS Adaptation Algorithm

A mechanism for the localisation of the dominant root of the FXLMS characteristic equation, has been
developed in this thesis. This mechanism can be considered as a novel ANC algorithm, called the Fw-
FxLMS algorithm. It has been shown, that the FWFXLMS algorithm is able to remove the breakaway
point from the FXLMS root locus, so the dominant root of the root locus can move closer to the ori-
gin in the z-plane. This means that the convergence speed of the adaptation process can become faster,
compared to that of the original FXLMS algorithm. It has been mathematically proved that steady-state
behaviours of the FWFXLMS algorithm is similar to that of the FXLMS; therefore this algorithm has no
effect on the steady-state performance of active noise control.

11.1.6 Multi-threading Structure for Implementation of Real-Time ANC Algorithms

This thesis has developed and applied a general multi-threading structure for the implementation of
different real-time ANC algorithms using LabVIEW FPGA Module. This structure partitions the ANC
software into three loops which should be executed in separate threads while abstracting the details
of thread management away from the developer. Both the traditional FXLMS algorithm and its novel

alternative (FWFXLMS algorithm) have been implemented using this structure successfully.

11.2 Directions For Future Work

Active noise control is a multi-disciplinary research area with a huge number of modern applications. In
this section the possible research work which can be conducted based on the contributions of this thesis

are proposed.

11.2.1 Noise Colour Influences

In the analysis of stochastic adaptation algorithms, when it is desired to derive analytical expression for
the parameters relevant to the adaptation process operation, it is usually acceptable to assume that the
training data is a broad-band white stochastic signal so that its frequency spectrum is flat over the entire

of frequency range. This thesis starts its analysis with this assumption and then extends it to a more
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general case with band-limited white signals. This is because, even if the acoustic noise is white, its

frequency spectrum cannot be flat over the entire frequency range in practise.

However, in some applications of active noise control, the acoustic noise is not white. In this case,
influences of acoustic noise colours on the performance of the ANC algorithm should be studied. This
research can be conducted based on the theoretical model, developed in Chapter 3 of this thesis. As
mentioned in Chapter 3, this model can apply to any general acoustic noise. However, when we have
intended to derive analytical results from this model in Chapters 4-6, we have had to simplify it by
assuming a white acoustic noise (broad-band or band-limited). Removing the constraint caused by this
simplifying assumption is another interesting area of research which can be focused on based on this

thesis.

11.2.2 Intentional Misadjustment of Secondary Path Model

In Chapter 6, it has been shown that the secondary path modelling error does not necessarily cause the
steady-state performance or convergence speed of FxLLMS-based ANC systems to be degraded. However,
this error cannot cause both of these parameters to be improved. In some applications of active noise
control, the convergence speed of the adaptation algorithm is not an important issue. On the other hand,
there are some other applications for which degrading steady-state performance is tolerable. Finding
a mechanism for intentional misadjustment of the secondary path model in order to make a trade-off
between the steady-state performance and convergence speed is another area of research, suggested by
this thesis.

11.2.3 Other Applications

Applications of the FXLMS adaptation algorithm are not only limited to active control of acoustic noise.
This algorithm can be used in a wide range of adaptive control applications such as adaptive echo cancel-
lation, vibration control and adaptive inverse control. The theoretical results, contributed in this thesis,
are derived based on the analysis of this algorithm in the active noise control framework and termino-
logy. This analysis can be also performed for other applications and based on their relevant terminologies.

However, the logic behind the analysis is the same as the logic used in this thesis.
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Appendix A

FPGA Designs

A.1 FPGA Design for FXLLMS-Based ANC Systems

The FPGA design for the FxXLMS-based ANC system, developed for this research, performs four consecutive tasks.
Here, these tasks and their FPGA designs are detailed separately.

A.1.1 Task 1: constructing the reference vector

The first task constructs an addressable memory block from the reference signal. Other tasks can use this memory
block as the reference vector x (n). Figure A.1 shows this memory block (shown by “Reference”) and how the
stored value of the reference signal is written in it. As seen in the figure , the length of the memory block (which
is the length of the reference vector) is set to 256 (L = 256).

A.1.2 Task 2: computing the filtered reference vector

The second task is for computing the filtered reference vector f (n) using an available estimate model of the
secondary path. The FPGA design for the secondary path identification system is developed in [70]. Figure
A.2 shows the FPGA design for computing the filtered reference vector. As shown in this figure, this task uses
the “Reference” memory block, constructed by Task 1. Also, it uses the “SP Model” memory block, which
contains secondary path model parameters, estimated by the secondary path identification system. The values of
the reference signal and secondary path model parameters are read from “SP Model” and “Reference” memory
blocks and the filtered reference signal is computed from these values. Another addressable memory block, labelled

as “Filtered x”, is then constructed from the values of the filtered reference signal.

A.1.3 Task 3: updating weight vector

The third task is for updating the adaptive weight vector w (n) using the filtered reference vector, stored in the
memory. The FPGA design, developed for the implementation of this task is shown in Figure A.3. The past values
of the adaptive weights are read from an addressable memory block, shown by “Weights”. After updating these
weights by using the FXLMS algorithm, they are again stored in the same memory block. Obviously, this memory
block should initiated when the ANC system starts operating.
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Figure A.5: FPGA design for task 3 in FWFXxLMS ANC system

A.1.4 Task 4: computing anti-noise signal

The final task is for computing the anti-noise signal y (n) from the data stored in the memory blocks. For this

purpose, the values of the weights and reference signals can be read from addressable memory blocks “Reference”

and “Weights”. The anti-noise signal can be then computed from these values by using Eq. (2.1). The computed

anti-noise signal is labelled as “Antinoise” and stored in the cRIO memory so that the writing thread can read it.

The FPGA design for performing this task is shown in Figure A.4.

A.2 FPGA Design for FwWFxLMS-Based ANC System

The main body of the FXLMS and FWFXLMS based ANC systems are the same. For implementing the FWFXLMS-
based ANC system, all the FPGA designs (4 tasks) described above should be used; however, the FWFxLMS update

equation should be used instead of the FXLMS update equation (task 3). The main difference in the two design is
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that, in the new task the data stored in “FWeights” is used for updating the weight vector, instead of that stored in
the “Weights”. Figure A.5 shows the FPGA design for the implementation of this task. “FWeights” is obtained by
filtering the weight vector, stored in “Weights”.
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