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Chapter 1

Introduction

As the title suggests, this thesis consists of two parts: quadratic forms and modular
forms. The theory of quadratic forms is among the oldest and most highly developed
studies of mathematics, with various application in number theory, linear algebra, analytic
geometry and algebraic topology, etc. Here we are interested in its number-theoretical
aspect, in particular, quadratic forms of three variables over the rational integers or integral
ternary quadratic forms. The motivation of our study began with Schiemann’s result that
positive definite ternary quadratic forms are determined by their theta series. In other
words, if two positive definite ternary quadratic forms represent the same set of integers
the same number of times, then they are the same. We then go on examining the effect
of multiplicities of representation in this statement. That is, what happens if we drop the
condition “the same number of times”? Somewhere along the line, we realised that this
question was already considered by Kaplansky. He also made a conjecture about it in
a letter to Schiemann in 1997. This conjecture involves Dickson’s idea of reqular forms.
Loosely speaking, a ternary quadratic form is regular when the set of its non-representable
numbers form some arithmetic progressions. A typical example is the form 2?2 + y? + 22
which misses all the numbers of the form 4%(8n+ 7). With this idea, Kaplanky’s conjecture
are presented as follows:

“If two positive ternaries represent the same numbers ignoring multiplicity, then at
least one of the following holds:

1. Both are regular.
2. One is equivalent to ax® + by? + bz> + byz and the other to ax* + by? + 3bz>.

3. One is equivalent to azx® + ay® + az? + byz + bxz + bxy, one to ax? + (2a — b)y? +
(2a + b)z% + 2bxz.”

In this thesis, we proved that Kaplansky’s conjecture holds for a certain family of forms,
which are known as diagonal forms. Jones (1928) proved that there are precisely 102 reg-
ular diagonal forms. This fact combined with our result implies further that Schiemann’s
statement becomes invalid but a near miss in this simplest case. Specifically, it remains
true for all but two pairs of diagonal forms. These are presented in Subsection 2.4.3.
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The theory of modular forms begins with the study of theta functions. It is closely
related to the question of determining the number of ways to represent an integer as sums
of n squares, where n is a positive integer. A classical result is Jacobi’s four squares theorem
which give the answer for the case n = 4. In fact, the question can be successfully dealt
with for the case n is an even integer, using modular forms of integral weights. However,
modular forms of integral weights are inapplicable when n is odd. To derive similar results
in this case, we need the theory of modular forms of half integral weights. A systematic
approach to this theory was first given by Shimura in 1973. For the second half of the
thesis, we study both modular forms of integral and half integral weights. Some main
results of this part include the formulae of representing an integer as sums of two and four
squares, a recursive relation for sums of three squares, relation between sums of five squares
and Dirichlet L-function. We emphasise modular forms of half integral weights due to their
connection with ternary quadratic forms. In Subsection 3.3.4, we give one application to
demonstrate the idea. Except for this subsection, the others are independent with the first
half of the thesis.



Chapter 2

Ternary quadratic forms

2.1 General theory

In this section, F will be a field whose char(FF) # 2. I C F is a subring or a subfield. The
set of all units of I is denoted by U(7). We also denote the transpose of a matrix A by
At the set of all matrices of dimension n x n over I by M, (I). We will use bold letters
to denote vectors. Interpretation of vectors as row or column vectors is flexible, which
depends on context.

2.1.1 Basic facts and notations

Definition 2.1.1.1. A quadratic form in n variables x = (x1,...,x,) over I is defined
by
fl@) = faxl+ Y fyuwj,
i=1 1<i<j<n

where fi; € I (1 <1i,j<mn).

We can rewrite f in matrix notation as

f(@) = aGr(f),

where
Lz fon
22 D)
G(f=| 7 7 :

is called the Gram matrix of f.

Definition 2.1.1.2. The determinant of a quadratic form f, denoted by D(f), is defined
to be 2™ det(Gr(f)).
If D(f) = 0, we say that f is singular (or degenerate). Otherwise, f is non-singular
(or non-degenerate).
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Definition 2.1.1.3. Let k € 1. We say that a quadratic form f represents k (or k is
representable by f) if there exists € = (x1,...,x,) € I"™ such that

f(@) = k.

If ged(zy, ..., x,) = 1, then the representation is called primitive (or proper). Otherwise,
it is called imprimitive (or non-proper).

The number of representations of k by f is called the multiplicity of representation
and is denoted by (k).

The set of all representable k of f over I is denoted by Vi(f).

More generally, we can speak of a representation of a form ¢ in m variables by a form
f in n variables over I if there are by,...,b,, € I" such that

fnbr+ .o+ Ymbm) = 9(Y1, -+, Ym)-
We have the following definition

Definition 2.1.1.4. Let f, g be two quadratic forms in n variables over I. We say that
f,g are equivalent over I (or I-equivalent), denoted by f ~j g, if each represents the
other.

The following lemma gives a simple criterion to check if two forms are equivalent.

Proposition 2.1.1.5. ([Cas08], Lemma 2.1, p.7) Two non-singular forms f,g are I-
equivalent iff there exists a matriz T € M, (I) such that det(T") € U(I) and

Gr(f) = T'Gr(g)T.

2.1.2 Quadratic spaces

Definition 2.1.2.1. A quadratic space over F is defined to be a finite dimensional F-
vector space U together with a symmetric bilinear form ¢ : U x U — F.

We will denote the dimension of U by dim(U) and set
¢(u) = p(u,u) (ue).

From the function ¢(u) of the single variable u, we can derive the symmetric bilinear form
¢(u1, ug) via the formula

G(ur, ug) = — [P(ur + ug) — ¢(ur — ug)]. (2.1)

1 =

Therefore, instead of starting with the bilinear form ¢(uq, us), we could have started with
a function ¢(u) of a single variable subject to the following conditions

i o(Au) = N2p(u).

ii. The right hand side of (2.1) is a bilinear form in u; and wus.
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Immediately from Equation (2.1), we have

Lemma 2.1.2.2. Suppose that the bilinear form ¢(uy,us) is not identically 0. Then there
exists a w € U such that ¢p(u) # 0.

Let dim(U) = n and suppose {uy,...,u,} is a basis for U. Then

flz,. .. x,) = gf)( Z mzu,) = Z T x P (ui, uy) (2.2)

is a quadratic form over F.
If {w),...,u),} is another basis for U, then

flxy,...,20) = (;5(2:6;10;) = Zx;xggb(u;, uj)
i irj

is clearly equivalent to f. Also, every form equivalent to f arises in this way.

Definition 2.1.2.3. The dual of U, denoted by Hom(U,F), is the set of all F-linear maps
from U to .

Define
¢ : U — Hom(U,F)
W Gy u > P(u, w)
We have the following definition

Definition 2.1.2.4. A quadratic space (U, @) is non-singular if 1 is an isomorphism.
Otherwise, (U, ¢) is singular.

Lemma 2.1.2.5. The following statements are equivalent

i. (U, ) is non-singular.

ii. Ifw e U and ¢(u,w) =0 for all u € U, then w = 0.

iii. det[p(us, uj)|i<ij<n 7# 0, where {u,...,u,} is any basis of U.

iv. The form f given by (2.2) is non-singular.
Proof. Clearly, (i) <= (ii) and (iii) <= (iv). We will prove (ii) <= (iii). Indeed, if
det[p(ui, uj)|1<ijen # O, then there is an r such that @(u,,w;) = Sp_ cxd(ug,u;) =
(37—} erug, u;), where ¢, € F and j € {1,...,n}. Due to (ii), u, = S_j_} cxuy, which is
a contradiction since {u;}; forms a basis for U. Therefore, (ii) = (iii). The argument is
reversible, so (iii) = (ii). O

Definition 2.1.2.6. The radical of a quadratic space (U, ), denoted by Uy, is the set of
all a € U such that ¢p(a,b) =0 for allb e U.

If a1, a9 € Uy, then x1a1+x9a9 € Uy due to bi-linearity of ¢. Clearly, 0 € Uy. Therefore,
Up is a subspace of U. Following Definition 2.1.2.4, the quadratic space (U, ¢) is non-
singular precisely when Uy = {0}.
We will use the notion of radical later to prove the equivalence of a singular quadratic form
(over a principal ideal domain) to a non-singular quadratic form in a smaller number of
variables (see Subsection 2.1.4).
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2.1.3 Lattices

Definition 2.1.3.1. Let U = {uy,...,u,} be a set of n linearly independent vectors over
F. A lattice over I with basis U is the set of all points of the form

T1U1 + ... F Ty, €l 1< < n.

A lattice may have many bases. The next proposition gives a necessary and sufficient
condition for a set of vectors to be a basis for a lattice.

Proposition 2.1.3.2. ([Cas08|, Lemma 2.1, p.103) Let A be the lattice over I with basis
{uy, ..., u,} and {vy,...,v,} elements of A. Suppose that

vi:Zrikuk, ric €1, 1 <ik<n.
k

Then {vy,...,v,} is a basis for A iff
det[rix] € U(I).

If I is a principal ideal domain, then there is a special choice of basis for A to represent
linearly independent elements as follows

Lemma 2.1.3.3. ([Cas08], Lemma 3.4, p.105) Suppose that I is a principal ideal domain.
Let {vy, ..., v} be linearly independent elements of A. Then there exist a basis {u1, ..., u,}
of A such that

U1 = S11Uq,

Vg = S21U1 + S22Us,

Vi = Sg1U1 + ... + SppUg,

where s;; € I and s; # 0.

2.1.4 Quadratic forms over principal ideal domains

Proposition 2.1.4.1. Suppose I is a principal ideal domain. Then any singular quadratic
form is I-equivalent to a non-singular form in a smaller number of variables.

Proof. Let A be an [-lattice in a quadratic space (U, ¢) and Ay the radical of A. That is,
A={aeA: ¢(a,b) =0Vbe A}

Let k& be the maximal number of linearly independent vectors in Ag. If {vy,..., v} is
a linearly independent set of elements of Ag, then by Lemma 2.1.3.3, there exist a basis
{uq,...,u,} of A such that

U1 = S11U71,

Vg = S21U1 + SoolUs,

Vg = Sg1U1 + ... + SgkUk,
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where s;; € I and s;; # 0.

It is easy to see that u; € Ay (1 < ¢ < k). By maximality of k, the radical Ag is the
sub-/-module of A spanned by {u,...,ug}.

Let A; be the submodule of A spanned by {ujy1,...,u,}. Clearly, the quadratic form
induced by ¢ on A; is non-singular. ]

In the next section, we will consider quadratic forms over the rational integer Z. Since
Z is a principal ideal domain, we will only need to consider non-singular quadratic forms
due to the above proposition.

2.2 Quadratic forms over Z

From this section onward, all quadratic forms are non-singular without being mentioned.
We will use Q,, Z,, to denote the set of p-adic numbers and p-adic integers respectively. If
p = oo, we agree with the convention Q,, = Z,, = R, the set of all real numbers. Also,
| - |, denotes the p-adic valuation on Q, and Z,.

2.2.1 Positive definite forms

Definition 2.2.1.1. A quadratic form f over Z is said to be positive definite if Vx(f)
R>q . 1t is said to be strictly positive definite if f is positive definite and f(x) =
only when x = 0.

0

Definition 2.2.1.2. Let M = [my;]ij=1,..n € M,(R). Then its leading principal ma-
trices are matrices of the form [my;l; j=1,..x, where k € {1,...,n}.

The following way to determine the positivity of forms are usually known as Sylvester
criterion.

Proposition 2.2.1.3. ([Hor90|, Theorem 7.2.5, p.404) A form f is (stricly) positive def-
inite if and only if the leading principal minors of its Gram matriz have (positive) non-
negative determinants.

For convenience, we include the following definition (which does not logically belong
here) in this subsection for later use.

Definition 2.2.1.4. Let

f@)=> " far;+ Y fywir;
i=1

1<i<j<n

be a quadratic form over Z. If ged(fi;) = 1, then f is called primitive. Otherwise, f is
called non-primitive.
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2.2.2 Equivalence classes

It is well-known that equivalence classes of a given determinant is finite, as stated in the
following theorem

Theorem 2.2.2.1. ([Cas08], Theorem 1.1, p.128) Let n € N,d € Z \ {0} be given. Then
there are only finitely many equivalence classes of integral quadratic forms f in n variables

(1,...,2,) with D(f) =d.

In 1958, Brandt and Intrau published a table of primitive positive definite ternary
quadratic forms (up to equivalence) of discriminants up to 1000. Schiemann later recom-
puted it. We will therefore refer to this table as Brant-Intrau-Schiemann table and will use
it later in Subsection 3.3.4. For details about Brant-Intrau-Schiemann table, see [Gab12].

2.2.3 Genera

Definition 2.2.3.1. Two non-singular integral quadratic forms f,g are said to be in the
same genus if they are equivalent in every Z, (including p = oco). That is,

f(@) = g(T)x) (2.3)
for some T,, € M,(Z,,) with det(T,) € U(Z,) for all p.

We deduce immediately from Definition 2.2.3.1 that each quadratic form belongs to a
unique genus. A procedure to find all forms in the same genus with a given one is given in
Subsection 3.3.4. Here we only state some facts about forms in the same genus. Let f be
a quadratic form. We denote the genus of f by Gen(f).

Proposition 2.2.3.2. Let g € Gen(f). Then D(g) = D(f).

Proof. Due to (2.3),
D(f) = det(T},)*D(g)

for all p. Therefore, D(f)/D(g) € U(Z,) for all p, which means D(f)/D(g) € {£1}. The
value p = oo eliminates the case D(f)/D(g) = —1. Thus, D(f) = D(g). O

Theorem 2.2.2.1 and Proposition 2.2.3.2 together imply
Theorem 2.2.3.3. The number of equivalence classes in a genus is finite.

However, finiteness is not yet good enough, as it does not ensure a bound on the number
of equivalence classes. In fact, we have

Theorem 2.2.3.4. ([Cas08], Corollary, p.154) The number of equivalence classes in a
genus may be arbitrarily large.

There is an interesting link between forms in the same genus via the set of representable
numbers, as stated in the following theorem

Theorem 2.2.3.5. ([Cas08|, Theorem 1.3, p.129) Let f(x1,...,x,) be an integral form
and let a # 0 be an integer which is represented by f over each Z, (including p = 00).
Then a is represented over Z by some form g in the same genus as f.
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Two forms in the same genus are also ‘p-adically close’. In particular,

Proposition 2.2.3.6. ([Cas08], Corollary 1, p.140) Let P be a finite set of primes p # oo
and let f, g be integral forms in the same genus. Then there is an f* integrally equivalent
to f which is arbitrarily close to g in the p-adic sense for each p € P.

Proposition 2.2.3.7. ([Cas08], Corollary 2, p.138) Let f be a positive definite integral
form in n <5 wvariables with D(f) = 1. Then f is equivalent to

2 2
r1+...+tx,

2.3 Reduction theory

2.3.1 Minkowski reduced forms

Since equivalence forms have the same properties and the same set of representable num-
bers, it is more convenient to work with a representative of an equivalence class than each
individual in the same class. The problem of finding suitable representatives belongs to
the so-called reduction theory. There are several ways to define such representatives in
literature. Here we follow that of Minkowski, which appears to be the most suitable one.

Definition 2.3.1.1. A strictly positive definite quadratic form f is said to be Minkowsks
reduced if for each j

f(e;) > f(e))
where e; = (0,...,0,1,0,...,0) and e; runs through all the integral vectors with which

e, ...,e_1} can be extended to a basis {e1,...,e;_1,€e5, ...} of the lattice of integral
] ] i g
vectors.

Theorem 2.3.1.2. ([Cas08|, Theorem 1.1, p.256) Every strictly positive definite form is
equivalent to at least one and at most finitely many reduced forms.

Proposition 2.3.1.3. ([Cas08], Lemma 1.2, p.257) Let n < 4 and f(x) = >, fux? +
D i<icj<n fijrizj, where fi; € Z. A necessary and sufficient condition that f(z) be Minkowski
reduced form is that

LO0<fuu<fe<...< fun
2. f(8) > fxr for 1 <k <n and for all s with
si=0o0rx1 forj <k,

Skzl,
s; =0 forj>k.

For convenience, we will write down conditions (1) and (2) of Proposition 2.3.1.3 more
explicitly for the cases n =2 and n = 3:

1. n = 2: A quadratic form f(x) = fi12? + fox3 + firom12o is Minkowski reduced iff
0 < fi1 < fa and | fio| < fi1.
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2. n=3: A quadratic form f(z) = fl12? + foox3 + f33x§ + flor1xo + fi13w123 + fozwaxs
is Minkowski reduced iff 0 < fi1 < fao < fs3, max{|fiz|, |fi3]} < fi1, |faz] < foe and
| fi2 £ fas| < |fi1 + foo £ fus].

2.3.2 Geometry of positive definite forms and Minkowski re-
duced forms

The Gram matrix of a quadratic form in n variables is symmetric. So to understand the
geometry of quadratic forms, we embed their Gram matrices into the space R™™1/2 We
have the following theorems

Theorem 2.3.2.1. ([Cas08], Theorem 5.1, p.270)

i. The set 2° of all strictly positive definite forms is an open convex subset of R™"+1)/2,

ii. The closure P of 2° consists of all positive definite forms or semi-definite forms.

To understand the geometry of Minkowski reduced forms, we need the following defi-
nition

Definition 2.3.2.2. A form f is called strictly Minkowski reduced if it is Minkowsk:
reduced and the only integral unimodular transformation T such that f(T'x) is also Minkowski
reduced are the diagonal transformations with entries +1.

Theorem 2.3.2.3. ([Cas08], Lemma 5.3, p.271)
i. The set Z° of all strictly Minkowski reduced forms is convex and open.

ii. The set Z of all Minkowski forms is the relative closure of Z#° in P°.

2.4 Ternary quadratic forms and Kaplansky’s conjec-
ture

This section presents our work on Kaplansky’s conjecture. Our main results are Theorem
2.4.3.12 and Theorem 2.4.3.13. For simplicity, we will denote a ternary quadratic form by

T(z,y,2) = (a,b,c,d,e, f) = ax® + by* + c2* + dyz + ezx + fry,

where a,b,c,d, e, f € 7Z, throughout this section. If d = e = f = 0, we call T" a diagonal
form. Diagonal forms are of main interest in the last subsection.

2.4.1 Schiemann reduced forms

By Theorem 2.3.1.2, we know that at most finitely many Minkowski reduced forms are
equivalent to a given form. For binary quadratic forms, there is only one such Minkowski
reduced form (see [Cox89]). For ternary quadratic forms, this is no longer true. For
example, the form 22 + 3y* + 322 + 2xy — 2yz — x2 is equivalent to 22+ 2y* + 322 — 2yz — x2
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and 2% + 2y? + 222 + 22, both of which are Minkowski reduced. However, the uniqueness
property is so highly desirable that much effort was made to find such a reduction procedure
for ternary quadratic forms (see [Dic92], Chapter IX). One such procedure was given by
Schiemann in [Sch97]. Here we present Schiemann’s idea.

Definition 2.4.1.1. A positive ternary quadratic form
T(x,y,2) = azx® + by* + c2*> + dyz + ezx + fay
15 called Schiemann reduced iff the following conditions are satisfied

1. T is Minkowsk: reduced.

2.¢>0,f>0,
e=0o0rf=0=d=0.

3. a=b=|d| <e,
b=c=le| < f.

4.a+b+d—e—f=0=2a—2e— f <0,
f=a= e < 2d,
e=a=—= e < 2d,
d=b= f < 2e,
d> —b.

Taking the conditions of Minkowski’s reduction into account, we have the following sets
of inequalities for Schiemann reduced forms

1. 0<a<b<eg,
—b<d<b,
0<e<a,
0<f<a,
a+b<—-d+e+f.

2.e=0o0r f=0=d=0.

3. a=b=|d| <e,
b=c=le| <,
f=a=e<2d,
e=a=—e<2d,
d=b= f < 2e.

4. a+b+d—e—f=0=2a—-2e— f <0.

Note that D(T) = 4abc+ def — ad* — be? — c¢f?, and when T is Schiemann reduced, we
have
2abc < D(T') < 4abc.

The significance of Schiemann reduded forms is expressed by the following theorem.

Theorem 2.4.1.2. ([Sch97], pp.509 — 510) Each positive ternary quadratic form is equiv-
alent to a unique Schiemann reduced form.
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2.4.2 Regular forms

Following Dickson in [Dic27], we make the following definition

Definition 2.4.2.1. Let n be a positive integer. We call n an eligible number for
representation by T(z,y, z) if the congruence equation

T(z,y,z) =n (mod k)
is solvable for all integer k > 1. The set of all eligible numbers of T(x,y, z) is denoted by
E(T). If an integer is not eligible, then we say it is ineligible (or sporadic).
A form T(x,y, z) is regular if it represents all of its eligible numbers.

Theorem 2.4.2.2. ([Jag97], [Jon28]) There are at most 913 regular positive ternary quadratic
forms and precisely 102 regular positive diagonal ternary quadratic forms.

The list of 913 possibly regular forms can be found in [Jag97], 899 of which are proved
regular. So there remain 14 candidates (see [Jagl0]). Also, [Dic39] gives a list of all 102
regular diagonal forms together with their ineligible numbers (see pp.111 — 113).

Theorem 2.4.2.3. ([Jon39|, p.166) An eligible number of a ternary form T is represented
by a ternary form T" € Gen(T).

Proposition 2.4.2.4. Any form in a genus of one class is reqular.

Proof. By Theorem 2.4.2.3, any form in a genus of one class represents all of its eligible
numbers, thus regular. O

As mentioned in Theorem 2.4.2.2; there are precisely 102 regular positive diagonal
forms. This result was proved by Jones in 1928. It happens that 82 of these forms are
in genera of one class (see [Jon39|, p.167), so regularity follows at once from Proposition
2.4.2.4. Therefore, the hardest part of the proof is perhaps due to the word “precisely”.

Corollary 2.4.2.5. The form 2 + y? + 22 is reqular.
Proof. By Proposition 2.2.3.7, 2% + 3? + 2% is in a genus of one class. ]
Corollary 2.4.2.6. The form 2x? + 2y? + 322 + 2yz + 22z + 22y is regular.

Proof. As proved in Example 3.3.4.10, 222 + 2y% + 322 + 2yz + 2wz + 22y is in a genus of
one class. ]

With Definition 2.4.2.1, we can now reformulate what it means for two ternary quadratic
forms to be in the same genus in terms of their eligible numbers (Proposition 2.4.2.9). We
first state two lemmas used in the proof of this reformulation.

Lemma 2.4.2.7. ([Cas08], Lemma 5.2, p.123) Let T = (a1, as,as,ay,as,a¢) and T' =
(b1, by, b3, by, bs, be) be ternary quadratic forms with D(T) = D(T") and p a prime. Suppose
that

a; = b; (mod p° ™),
where |D(T)|, = p~° and
1 =2
]l 0 otherwise

Then T ~z, T'.
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Lemma 2.4.2.8. ([Jon39], p.165) Let T and T" be ternary quadratic forms. Then D(T") =
D(T) and E(T") = E(T) if and only if there exists a matriv M = [m;;] € M3(Q) with the
following properties:

(i) det(M)=1.
(ii) |mijl, <1 for all prime p|2D(T) and i,j € {1,2,3}.
(iii) T'(z) = T(M=) for all x € 7.

Proposition 2.4.2.9. Let T and T" be ternary quadratic forms. Then T" € Gen(T)) if and
only if D(T") = D(T) and E(T") = E(T).

Proof. (=) We denote T' = (ay, as, as, ay, as, ag), T = (by, b, bs, by, bs, bg). By Proposition
2.2.3.2, D(T") = D(T). Now let n € E(T). Then T(x) = n (mod k) is solvable for all inte-
ger k > 1, where € Z3. By Proposition 2.2.3.6. There is a form T* = (a}, a}, a}, a}, af, af)
such that T* is integrally equivalent to 7" and af = b; (mod k) for arbitrary k € Z, where
i €{1,2,3,4,5,6}. Since T* is integrally equivalent to T', there is a matrix M € Mj3(Z)
such that 7*(x) = T (M x). Therefore, T*(x) = n (mod k) is solvable for all integer k£ > 1.
Thus, 7"(x) = n (mod k) is solvable for all integer k > 1.

(<=) Let D(T") = D(T) and E(T") = E(T). If p 1 2D(T), then T' ~z, T" by Lemma
24.2.7. If p | 2D(T), then T ~z, T’ by Lemma 2.4.2.8. Finally, the condition D(T") =
D(T") says that T and T" are also equivalent over the reals. Hence T and T" are in the
same genus. 0

Recall that we denote the set of representable numbers of a form 7" by Vz(T'). We will
drop the subscript Z as it is clear in our present consideration.

Proposition 2.4.2.10. If V(T) = V(T"), then E(T) = E(T").
Proof. Let n € E(T), then

VkeZ T =n (mod k) is solvable.

Therefore,
Vke€ZImeZIa,y,2) € 2%, T(x,y, z)=n+mk.

Since V(T') =V (T"), n+mk € V(T") and son € E(T"). By symmetry, E(T) = E(T"). O
Corollary 2.4.2.11. If V(T) = V(T") and D(T) = D(T"), then T' € Gen(T).
Proposition 2.4.2.12. If V(T) = V(T"), then T is regular if and only if T" is regular.

Proof. By Proposition 2.4.2.10, E(T') = E(T"). Suppose T is regular, then V(T') = E(T).
So V(T') = E(T"). O

Proposition 2.4.2.13. If T, T’ are inequivalent forms in the same genus of size 2, then
V(T)=V(T") if and only if T and T" are regular.
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Proof. (=) Let n € E(T'). Then by Theorem 2.4.2.3, either T'(z,y,2) = nor T'(z,y, 2) =
n is solvable. Therefore, we always have n € V(7). Clearly, n € V(T') implies n € E(T).
Hence, V(T') = E(T). This together with Proposition 2.4.2.12 say that 7" and 7" are
regular. (<) Let T"and 7" be both regular. Then V(T') = E(T) and V(T") = E(T'). Since
they are in the same genus, E(T") = E(T") by Proposition 2.4.2.9. Thus, V(T') = V(T"). O

Corollary 2.4.2.14. The form z* + y* + 1022 is irregular.

Proof. The only form in the same genus with z2 + y? + 1022 is 22% + 2y* + 322 + 2yz (see
Example 3.3.4.9). Note that 2% + y? + 1022 does not represent 3 whereas the latter does.
So by Proposition 2.4.2.13, 22 + y* + 102? is irregular. O

The form 22 + y? + 1022 is known in literature as the Ramanujan form.

2.4.3 On Kaplansky’s conjecture

Schiemann (1993) proved that positive ternary quadratic forms are determined by their
theta series. In particular, two positive ternary quadratic forms are equivalent if they rep-
resent the same set of integers the same number of times up to a bound. For details, see
[Sch97]. We are then led to consider the question: “What happens if two positive ternary
quadratic forms represent the same set of integers, ignoring their multiplicities of repre-
sentation?”. Kaplansky (1997) gave the following conjecture

If two positive ternaries represent the same numbers ignoring multiplicity, then at least
one of the following holds:

1. Both are regular.
2. One is equivalent to < s,t,t,t,0,0 > and the other to < s,t,3t,0,0,0 >.

3. One is equivalent to < t,t,t,s,s,5 >, one to < t,2t — 5,2t + 5,0,25,0 >.

In this subsection, we will prove Kaplansky’s conjecture holds when the two forms are
diagonal. But first, we rule out the possibility that if two positive ternary quadratic forms
have the same set of representable numbers, then they are equivalent.

Proposition 2.4.3.1. If V(az® + by? + fxy) = V(d'2? + b'y? + f'zy), then
V(az® + by* + m2* + fry) = V(d'2® +Vy* + m2* + fxy) Vm € Z.
Proof. Let n € V(ax? + by? + mz* + fxy). Then
3 (w0, Y0, 20) € Z*,n = ax} + bys +mzi + froyo.
So that n —mz3 € V(az? + by* + fry) = V(a'2* + V'y* + f'zy). Then
(w1, 1) € Z*n —mzg = d'z3 + V2 +mzi + foy.

Thus, n € V(a'z? + V'y* + f'zy). The statement follows by symmetry. O



2.4. TERNARY QUADRATIC FORMS AND KAPLANSKY’S CONJECTURE 17

Example 2.4.3.2. We know that V(2% +y? +zy) = V(2? + 3y*). By Proposition 2.4.3.1,
Vi(2? + y? + +32% + zy) = V(2? + 3y* + 32%). Note also that 2% + y* + 32% + zy and
2% + 3y? + 322 are Schiemann reduced, hence not equivalent.

In what follows, we will denote T' = ax? + by? + c2? and T" = da’2* + b'y* + /2%, Since
each ternary quadratic form is equivalent to a unique Schiemann reduced form and the
Schiemann reduced form of a diagonal form remains diagonal, we will assume T,7T" are
Schiemann reduced in what follows. Also, note that if V(7') = V(1”) and s € Z, then
s divides V(T') implies s divides V(T”) and vice versa. We can therefore assume further
that 7', T" are primitive. To prove Kaplansky’s conjecture for diagonal forms, we divide the
problem into 4 cases: a =c,a =b<c¢,a <b=cand a <b < c. The general setting for
our method is to find some bounds on the coefficients a, b, ¢, @', V', ¢ and then to examine all
the possibilities given by the bounds. This requires detailed checking of approximately 70
sub-cases, which sometimes can be labourious. To shorten the work, we will present here
some most common sub-cases. The others will follow by similar arguments. In general,
the method works well for most sub-cases. There are a few sub-cases when the bounds are
too large. We overcome this by using congruence equations. We now start by listing all
lemmas used for proving the above 4 cases.

Lemma 2.4.3.3. Let x € Z. Then
(i) 22+ 1 is a square < z = 0.

(ii) 2%+ 2 is not a square.

)
)
(iii) 2?2 4+ 3 is a square <= z = +1.
(iv) 22 +4 is a square < z = 0.
Proof. We prove (iv) only. The others follow from the same argument. (=) Let z? +
4 = y*. Then (ly| — |z))(ly] + |z|) = 4. Tt follows that |y| — |z| = 1,|y| + |z| = 4 or
ly| — || = |y| + || = 2. The first case is not solvable in Z. The latter gives x = 0. (<)

Clear. O]

Lemma 2.4.3.4. Let m,u € Z>o. Then 4™(4u+1) is the sum of two squares and 4™ (4u+3)
is not the sum of two squares.

Proof. Since 4u + 1 = 1 (mod 4), every prime factors p = 3 (mod 4) are of even powers.
Also, 4u + 3 = 3 (mod 4) implies 4u + 3 contains a prime factor p = 3 (mod 4) of odd
powers. Thus, the lemma follows. O

Lemma 2.4.3.5. Let z,y,m € Z and m > 0. If 2*> + y?> = 0 (mod 4™), then x = 2™xy
and y = 2Myy for some xg,yo € 7.

Proof. First, note that 22 + y*> = 0 (mod 4) implies z,y are both even. The result follows
from induction on m. [

Proposition 2.4.3.6. Let T = ax?® 4+ by? + cz?, where a = ¢, and T' = a’x® +b'y? + /2% be
primitive Schiemann reduced positive definite ternary quadratic forms. Suppose V(T') =
V(T). Then both T and T" are regular.



18 CHAPTER 2. TERNARY QUADRATIC FORMS

Proof. Since T is Schiemann reduced, we have a < b < ¢. But a = ¢, so we must have
a = b = c. Primitivity implies a = b = ¢ = 1. Therefore, T' = 2%+ y* + 2% which is regular.
The proposition now follows from Proposition 2.4.2.12. ]

Proposition 2.4.3.7. Let T = az? + ay? + cz?, where a,c are distinct, and T' = a'2* +
b'y?+c 22 be primitive Schiemann reduced positive definite ternary quadratic forms. Suppose
V(T") =V(T). Then either T'="T" or both T and T" are reqular.

Proof. Since T" is Schiemann reduced, we have ' < V' < ¢/. Being the smallest repre-
sentable numbers of 7" and 7", a = a’. Also, since 2a € V(T'), b’ = a. So far, we have

T = az® + ay® + c2?,
T = ax® + ay® + J2°.

Without loss of generality, we suppose ¢ < . If ¢ = ¢, then T = T" and we are done. If
c <, then ¢ = ¢+ k for some k > 0 and ax? + ay? = c is solvable. Since T is primitive,
a = 1. Note that 2% + 3% =0, 1,2 (mod 4). So we will consider the following cases: ¢ = 4t,
c=4t+1 and ¢ = 4t 4 2 for some t € Z.

Case 1: Let ¢ = 4t. Since ¢ is the sum of two squares, using Lemma 2.4.3.4, we can
be more precise and write ¢ = 4"(4s 4+ r), where n € Zsy, s € Zso and r € {1,2}. So
T=a*+y>+4"4s+7r)z2 =22+ 4> =0,1,2 (mod 4). For any specific (zo, yo, 20) € Z3,
we always have

T' (%0, Yo, 20) = T(20, Yo, 20) + kzg = 0,1,2 (mod 4),

Let (xo,Y0,20) = (0,1,1), we deduce that & = 0,1,3 (mod 4). Similarly, (zo, o, 20) =
(0,2,1) implies £ = 0,1,2 (mod 4) and (¢, ¥yo,20) = (1,1,1) implies £k = 0,2,3 (mod
4). So we must have k = 0 (mod 4). Let us write k = 4™(4u + v), where m,u € Z>,
ve{0,1,2,3}. f u=wv =0, then T"=T'. So we can restrict further that v € {1,2,3}.
Therefore,

T = 2® +y* +4"(4s 4+ 1)2°,
T =2°+y* + (4"(4s + 1) + 4™ (4u + v)) 2%

We need to check the following 2 sub-cases
(1i) r = 1: Observe that 4"(4s+3) € V(T'). Since V(T') = V(1"), the equation
224y 4 (4"(4s + 1) + 4™ (du +v)) 2% = 4" (45 + 3)

is solvable. Since 4™(4s5+3) < 3x4™(4s+1), we have z = 1 and so 22+y*+4™ (4u+v) =
2 x 4™ is solvable. This implies m < n.

If m = n, then 2* + y*> = 0 (mod 4™). By Lemma 2.4.3.5, x = 2™x; and y = 2™y,
for some zy,y; € {0,+1}. If xy,y3 € {£1}, then v = v = 0 and so T = T".
For other values of z1,1;, we have either u = 0,v = 1 or u = 0,v = 2. Therefore,
T = 2?+y*+4"(4s+1)2% and T' = 2?+y°+4"(4s+2)z* or T' = 2 +y* +4"(4s+3)z>.
In either case, 4"(4s+7) € V(T"). Tt follows that x?+y?+4™(4s+1)2% = 4"(4s5+7) is
solvable. Since 4s+7 = 3 (mod 4), using Lemma 2.4.3.4, we deduce that z = 1, which
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implies x* + y* = 6 x 4™ is solvable. Now use Lemma 2.4.3.5, we have 23 + y3 = 6,
where x = 2"xy and y = 2"y,. But this equation has no solution, so these cases are
impossible.

If m < n, then 22+ y? = 0 (mod 4™). By Lemma 2.4.3.5, x = 2™z, and y = 2™y, for
some z1,y; € Z. Then 2% + y? + du +v = 2 x 4™, Tt follows that 2% + y? + v =0
(mod 4). Since 2% + y? = 0,1,2 (mod 4), we have v € {2,3}. If v = 3, then
T =x? +y* + (4"(4s + 1) + 4™(4u + 3)) 2%. Then 4"(4s + 1) + 4™(4u + 3) € V(T").
Therefore, 2% + y* + 4"(4s + 1)2% = 4"(4s + 1) + 4™(4u + 3) is solvable. Note that
4"(4s+1)+4™(4u+3) < 3x4"(4s+1). This forces z = 1, and so 22 +y* = 4™ (4u+3)
is solvable. By Lemma 2.4.3.4, 4™(4u+3) is not the sum of two squares. So this case
is not possible. If v = 2, then 7" = 22 + y* + (4"(4s + 1) + 4™ (4u + 2)) 2%. Then we
also have 4™(4s + 1) + 4™(4u + 3) € V(T”). Using the same argument as before, we
deduce that this case is also not possible.

(1ii) r = 2: We have T = 22 + y? + 4"(4s + 2)2%. Therefore, 4"(4s + 3) € V(T) and we
are back in the case (1i).

Case 2: Ifc=4t+1orc=4t+2, then T = 22+ y* + (4t +1)2% or T = 2% +y* + (4t +2) 22
In either case, 4t +3 € V(T'). This means z* +y? 4+ ¢'z* = 4t + 3 is solvable. But 4t +3 = 3
(mod 4) and 4t +3 < 2¢ < 2¢. Tt follows that z = 1 and so 2* +y* + ¢ = 4t + 3. Therefore,
2?2 4+ y? + k = 2, which implies k € {1,2}. We consider the following 2 sub-cases

(2i) ¢ =c+1: We have

T = 22 + y* + ¢2°,
T =2 +y* + (c+1)22

Then ¢+ 6 =12 + 22 + (¢ + 1)12 € V(T"). So z* + y? + cz? = ¢ + 6 is solvable. But
¢+ 6 =3 (mod 4), we must have z = y = 0 and z = 2. Then ¢ = 2. Note that
2% +y? 4 222 is regular. Now use Proposition 2.4.2.12 and we are done.

(2ii) ¢ = ¢+2: Similar to the above case, c+6 € V(T") and we deduce that T = 2?4y?422>
which is regular.

The proposition now follows. ]

Proposition 2.4.3.8. Let k € {1,2} and s € Z,. Let T = ka* + s*y* + s°2% and
T = ka? + s*y? + 2% be Schiemann reduced positive definite ternary quadratic forms.
Suppose V(T") =V (T). Then T =T" or both T and T' are regular.

Proof. We prove the case k = 1 only. The case k = 2 is proved similarly. When k£ =1, we
have T = 22 + s%y? + 5222 and T' = 2? + s%y? + /2%, Since 2s*> + 4 € V(T), the equation
2% + 2y + 2% = 25% + 4 is solvable. Clearly, y = 0 since otherwise, s? + 4 is a square,
which would imply s = 0. If z = 0, then 2s? + 4 is a square and so is 25> + 1. But then 3
is the difference of two squares, which is not possible. Thus z # 0 and ¢ < 2s? + 4. Note
also that ¢ > s? since T” is Schiemann reduced. If ¢ = s?, then T'=T". We now consider
other sub-cases.
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(i) ¢ =2s*+7r, re{1,2,3,4}: Since 35> € V(T). So a2 + s*y* + (2s* + r)2? = 35 is
solvable. So either 22 = 3s% or 22 = 252 or 22 + r = s? is solvable. The first two
cases are clearly not possible. For the last case, using lemma 2.4.3.3, we have either
5?2 =1 with r = 1 or s = 4 with r = 3, 4 respectively. The 3 corresponding cases are
T=2*+9y>+22T =2 +y*+322and T = 2% + 49> + 422, T = 2> + 42% + 1122
and T' = a? +4y? + 422, T" = 22 + 42 + 1222, For the first case, T does not represent
7, whereas T" does. So this case is not possible. For the second case, T" does not
represent 11 whereas 7" does. So this case is also not possible. For the last case, T’
does not represent 28 whereas T" does. So this case is also not possible. Therefore,
d < 252

(ii) ¢ = 2s% Then T' = x? + s*y* + 25222, Note that T” represents 1552, whereas T does
not. So this case is not possible.

(iti) ¢ =s*+7r,0<r <s* If r =12 for some [ € Z, then T" = 2% + s?y? + (s* + [?)22.
We have s? + 1> +1 € V(T"). Since z* + 1> +1 < 2s* we have either 22 = [* 4+ 1
or 2 = 52+ (%> 4+ 1 is solvable. The first case implies | = 0 by Lemma 2.4.3.3, so
not possible since r > 0. For the second case, if s = 1, then T' = 22 + y? + 2? and
T' = 2% + y* + 222 Since 15 is in V(T”) but not V(T'), this case is not possible. If
s> 2, then s? + 1?2 +4 < 3s%. So either 22 = [2 + 4 or 22 = 5% + [? + 4 is solvable.
The latter case combined with the fact s? 412 + 1 is a square will imply [ = 0, so not
possible. So [? 4 4 is a square. By Lemma 2.4.3.3, we have [ = 0. So we eliminate
this case also. Now we consider r # [* for any [ € Z. Since s? +r € V(T"), we must
have s? +7 is a square. Similar to previous case, we consider s> +r 41 and s>+ +4
and finally conclude that this case is also not possible.

Note that the conclusion for k =1 is T'=T". For k = 2, by the same argument as above,
we have either T = T" or T = 22 + 2y* + 22% which is regular. The proposition now
follows. ]

Proposition 2.4.3.9. Let T = ax? + by? + bz?, where a,b are distinct, and T" = a'x* +

b'y?+c' 2% be primitive Schiemann reduced positive definite ternary quadratic forms. Suppose
V(T") =V(T). Then either T =T" or both T and T" are regular.

Proof. Since T" is Schiemann reduced, we have o’ < b < . Being the smallest repre-
sentable numbers of 7' and 7", a = a’. Since b € V(T'), b is also representable by T". So
there is some (z9, Yo, 20) € Z* such that az + b'y3 + 25 = b. We consider 2 cases as
follows: yg = 29 = 0 and either yg # 0 or 2y # 0.

Case 1: If yg = 29 = 0, then b = az? for some xy € Z,. Since T is primitive, a = 1. So
that T = 2* + 23y* + x3z®. Then 23 + 1 € V(T). Note that 22 + 1 can not be a square
when xq # 0. Therefore, b’ < 22 + 1. We consider the following 2 sub-cases

(1i) ¥ = 23 + 1: Then T = 2? + (22 + 1)y* + 2% Tt follows that 3 + 2 € V(T"). But
neither 2 nor 22 + 2 is a square, this case is not possible.

(1ii) ¥ < 22 =b: Then b = 27 for some 3 € Z,. The value 2341 € V(T") forces z; = .
So that T" = 2 + z3y* + ¢’z*. By Proposition 2.4.3.8, we have T'=T".
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Case 2: Either yo or zg is non-zero. Then b’ < b. If ¥ = b, then T" = ax® + by* + /22
Since 20 € V/(T), there is some (x1,1, z1) € Z3 such that ax? + by? + /2? = 2b. So either
ax? = 2b or ax? = b. The latter case boils down to the sub-case (1ii), and so T'= T". For
the first case, we consider 2T = 222 + 27y* 4+ 232? and T" = 222 + 2y* + 2¢/2? instead. By
Proposition 2.4.3.8, T'=T" or both are regular.

The proposition now follows. O]

Proposition 2.4.3.10. Let T = ax? + by? + cz?, where a,b,c are distinct, and T' =
a'z? +b'y?+ 2% be primitive Schiemann reduced positive definite ternary quadratic forms.
Suppose b # b and V(T') = V(T). Then either T'="T" or both T and T" are regular.

Proof. Schiemann reduced condition just means a < b < cand ' < ¥ < . Since a,b,c
are distinct, we have a < b < ¢. As before, a = a’. We can suppose ' < b. The case b < V'
is dealt with similarly. Since b’ < b, b = au? for some u € Z. Next, we consider ¢’. There
are only 3 possibilities: ¢ < b, ¢ =b and ¢ > b.

If ¢ < b, then ¢ = av? for some v € Z, and so a = 1 as T” is primitive. Then T =
22 +by? +cz? and T' = 22 + u?y? + 0222 Note that u? +1 < b. If u> +1 < b, then u? + 1
is a square, but it is not. So u® + 1 = b. Therefore, u* +2 € V(T) = V(T"). Since u® + 2
is not a square, this case is not possible.

If ¢ =b, then T’ = ax? + au®y? + bz?. Since u? + 1 is not a square, a + au® ¢ V(az?). So
b<a+au®. If b= a+au? then a=1as T’ is primitive. Then T = x?+ (1 +u?)y*+c2* and
T = 2?2+ u?y* + (1 +u?)2% From u?+4 € V(T"), we deduce that ¢ < u?+4. If c = u® +4,
then u?+8 € V(T). If u>+8 is a square, then v = 1. It follows that 7" = 2%+ y?+22? which
is regular. If u? + 8 € V(2? + u?y?) with y # 0, then v = 1 and again 7" = 22 + y? + 222
which is regular. The case u? +8 € V(T") with z # 0 also gives u = 1. If b < a+ au?, then
b= au® + k for some 0 < k < a. Note that a + au® € V(ax® + (au?® + k)y?) with y # 0. If
y = 1, then k = 0. This case gives T = 2% +1y? +22% or T" = 2%+ y? + 2% which are regular.
If y > 2, then 4au?® > a+ au?, so ¢ < a+au®. If c = a + au?, then again T = 22 + 3% + 222
or T =22 +y?+ 2% If c < a+ au?, then T = 2% + 9% + 22

If ¢ > b, then b = am? + au?n? for some m,n € Z. So T = az? + a(m? + u?n?)y* + cz2.
Since au? + a € V(T") is not a square, we have a(m? + u?n?) < au® + a. It follows that
m=mn = 1. Soa(u®*+2) € V(T). Easy checking shows that ¢ < a(u?+2). If ¢ = a(u*+2),
then a = 1. The value u?+3 € V(T") tells us that ¢ < u*+3. So ¢ = u?+2 and ¢ = u®+3.
But we can check that ¢ does not assume these two values. So this case is not possible.
If a(u? + 1) < ¢ < a(u® +2), then ¢ = a(u? + 1) + k for some 0 < k < a. The value
a(u* +1) +k € V(T') gives ¢ < . Checking the two cases ¢ = ¢ and ¢ < ¢ to see that
this case is also not possible.

The proposition now follows. ]

Proposition 2.4.3.11. Let T = ax® + by*? + ¢z, where a,b,c are distinct, and T' =
a'z? +b'y? + 22 be primitive Schiemann reduced positive definite ternary quadratic forms.
Suppose b="b" and V(T') = V(T). Then T ="T" or both T and T" are regular.

Proof. Without loss of generality, we suppose ¢ < . If c=¢, then T =T". If ¢ < ¢, then
¢ = au® + bv? for some u,v € Z. The primitive condition of 7' now implies ged(a,b) = 1.
We will consider the following 2 cases: a = b= 1,3 (mod 4) and a Z b (mod 4). The latter
case divides into 10 sub-cases: a =0 (mod 4), b=1,3 (mod 4); a =1 (mod 4), b=10,2,3
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(mod 4); a =2 (mod 4), b= 1,3 (mod 4) and a =3 (mod 4), b=0,1,2 (mod 4). We will
prove the first case only. The second case is proved similarly.

Now suppose a = b = r (mod 4), 7 € {1,3}. Note that u*,v* = 0,1 (mod 4). So we will
consider the following 4 sub-cases:

Case 1. v =v* =1 (mod 4): Consider A = a + au® + bv?* € V(T). If A € V(ax® + by?),
then 1 + u? + v? = 2% + y? (mod 4) is solvable. It follows that 3 = 2% + y? (mod 4) is
solvable. This is impossible by Lemma 2.4.3.4. So A ¢ V(az? + by?). This means ¢ < A.
So ¢ =c+k, where 0 < k < a.

(1i) k= a: Then T = az? + by? + (au® + w?)2? and T' = ax? + by* + (au® + bv* + a)2>.
Consider b + au? + bv* € V(T). As before, b + au® + bv* ¢ V(ax?® + by?). So
au® + bv* + b = ax® + by? + au® + bv? + a. Then b — a = ax? + by*>. Note that
0 < b—a < b Therefore, b —a = az? for some zy € Z. So a | b, which implies
a = 1 since ged(a,b) = 1. Tt follows that b = 1 + z3, where xy = 2z, for some
z1 € Z. So far, we have T = 2% + (1 + 4z)y? + (v? + (1 + 423)v?)2* and T" =
22+ (1+422)y* + (u? + (1 +422)v? 4+ 1)22. Consider u? + (1 +422)v?+5 € V(T"). As
before, u? + (1 +423)v? +5 ¢ V(22 4 (14 42%)y?). This means 5 = z2 + (1 + 42%)y*.
So ¥y = y = 1. Therefore, b = 5. We have T = z* + 5y* + (u® + 5v?)z% and
T' = 22 + 5y* + (u® + 50 + 1)2% But then u? + (1 + 42?)v? + 17 € V(T"), whereas
u? + (1 + 423)v? + 17 ¢ V(T). So this case is not possible.

(1ii) 0 < k < a: Consider au® + bv? +a € V(T). As before, au® + bv? +a & V(ax? + by?).
So au? + bv? + a = ax?® + by? + au® + bv®> + k. Then a — k = az? + by?. This is not
possible since a — k < a.

Case 2. u? = 0 (mod 4), v> = 1 (mod 4): Consider a + b + au® + w? € V(T). If
a+ b+ au® + bv? € V(ax? + by?), then 3 = 22 + y? (mod 4) is solvable. This is not true
by Lemma 2.4.3.4. So a+ b+ au® + bv* ¢ V(az? + by?). Therefore, ¢ < a+ b+ au® + bv?.
We consider the following subcases:

(21) ¢ = a+b+au®+bv*: We have 9a+b+au?+bv* € V(T). As before, 9a+b+au®+bv? ¢
V(az®+by?). So 9a+b+au?+bv? = axd+bys+a+b+au®+bv?, whence 8a = azi+by]
for some xg,yo € Z. Note that xog < 3. If 9 = 0, then 8a = by?>. Theny =1, b = Sa
or y =2, b= 2a. Since ged(a,b) =1, a =1. Then b =8 or b = 2. These two values
for b are not possible in our current consideration as a = b (mod 4). Note that the
second possibility is valid when we consider the case when ¢ =1 (mod 4) and b = 2
(mod 4). Tt gives the form x? 4+ 2y* + 422 which is regular.

(2ii) ¢ = au® +bv? + b+ k, where 0 < k < a: Consider a + b+ au® + bv? € V(T). Since
a+b+au®+bv? ¢ V(ax?+by?), we have a+b+au?+bv? = az?+by*+au+bv? +b+k.
Then a — k = az* + by?. This is not possible since a — k < a.

(2iii) ¢ = au®+bv*+b: Consider a+9b+au®+bv? € V(T). As before, a+9b+ au® +bv? ¢
V(az?+by?). So a+9b+au®+bv? = axd+byi+ (au*+bv*+b)z2 for some xq, yo, 20 € Z.
Clearly, 0 < |2z0] < 3. If |20| = 2, then a + 5b = axd + by2 + 3(au® + bv?), whence
lv] = 1. Then a + 2b = axd + by? + 3au?. If |yo| = 1, then a + b = ax? + 3au®.
Therefore, alb and so a = 1. Then 1+ b = 23 + 3u®. But 1 +b =2 (mod 4), whereas
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r3+3u* = 0,1 (mod 4). So yo = 0. Then a+2b = ar*+3au®. Again, albsoa =1. We
have 1+2b = 22+ 3u®. But 1+ 2b = 3 (mod 4), whereas x3 +3u* = 0,1 (mod 4). So
|z0| = 1. We have a+8b = ax3+by2. Clearly, |yo| < 2. If |yo| = 2, then a+ 4b = ax?.
Since ged(a,4) = 1, we have a|b, and so a = 1. Therefore, T' = 22 + by? + (u? + bv?) 2>
and T" = 2% + by* + (u® + w? + b)z%. Consider v®> + bv*> + b+ 1 € V(T"). Since
u? +bv? +b+1 ¢ V(x? + by?), we have 1 + b = s + bt* for some s,t € Z. If t = 0,
then 2b = s?. But 20 = 2 (mod 4), so this is not possible. Thus, |[t| = 1. Then b = s°.
Consider u? + s*u? + 25 +4 € V(T"). Again, u® + s*u? + 2s* +4 ¢ V(22 + by?)
implies 2s? + 4 = 22 + s2y? is solvable. It is easy to check that this is not possible.
If |yo| = 1, then a + 7b = ax? + by? is solvable. Therefore, 7b = a(z* — 1) is solvable.
But then 3 = 2% — 1 (mod 4). Tt follows that 2|z and so 4|b, which is not possible.
If yo = 0, then a + 8b = az? is solvable. Then 8b = a(x? — 1). Since ged(a,8) = 1,
we have alb and so a = 1. Then 8b = 2% — 1 is solvable. But 80 + 1 = 3 (mod 4),
whereas 22 = 0,1 (mod 4). So this case is not possible.

(2iv) ¢ = au® + bv* + k, where 0 < k < b: Consider a + b + au?® + bv* € V(T). Since
a+b+u+bv? ¢ Viaz® + by?), we have a +b— k = ax? + byg for some xg,yy € Z. If
lyo| = 1, then @ — k = ax?, which implies a|k. This is impossible since a — k < a. So
Yo =0. Then a +b —k = az?, and so k = a + b — az?. Note that 22 = 0,1 (mod 4).
If 2 = 0 (mod 4), then consider au® + bv? +k € V(T"). We have au® + bv* + k = 3a
(mod 4), so au® + bw? +k & V(az? + by?). Therefore, a + b — axi = k = as® + bt for
some s,t € Z. But a+b—ax3 <b,sot=0and a+b— axd = as®>. Then a|b and so
a=1. We have 1+b = s®>+22. This is not possible since 1+b = 2 (mod 4), whereas
s?+22=0,1 (mod 4). If 3 = 1 (mod 4), then consider a+b+ (au®+bv?+k) € V(T").
Note that a+b+ (au?+bv*+k) = 3a (mod 4), so a+b+ (au®+bv?+k) ¢ V(ax?+by?).
This means 2(a + b) — az? = as® + bt* for some s,t € Z. Note that [t| < 2. If [t] =1,
then 2a + b — ax? = as?, whence alb. Soa=1. Then 24+ b=s*+23. But 24+ b=3
(mod 4). So this is not possible. If t = 0, then 2(a+b) — ax? = as®>. We still have a|b
and so a = 1. It follows that 2(1 +b) = 2* + 2. But 2(1 + b) = 0 (mod 4), whereas
s+ 22 =1,2 (mod 4). So this is also not possible. In sum, this case is not possible.

Case 3. u?> =1 (mod 4), v = 0 (mod 4): Similar to case 2.

Case 4. u? = v? =0 (mod 4): We write u = 4°u2 and v = 4°v2, where u2 = v = 1 (mod
4). We first consider the case e, = e,. In what follows, we assume r = 1. The case r = 3
is treated similarly. We consider 4°“a + au® + bv? € V(T). Suppose 4°“a + au® + bv* €
V(az? + by?). Then 4°a + au® + bv?> = ax® + by? is solvable. Using Lemma 2.4.3.5, we
know that a + aud + bvd = az? + by? is solvable. This will imply 3 = 2% + y* (mod 4)
is solvable, which is a contradiction. So 4°a + au® + bv* ¢ V(az? + by?). Therefore,
¢ < 4%q + au® + bv?. Let us write ¢ = au® + bv? + k, where 0 < k < 4°a. Let k = 4'k,,
where ky £ 0 (mod 4). We also assume [ < e,. The cases | = ¢, and | > e, are treated
similarly. If kg = 1 (mod 4), then consider 4'a + 4'b + au® + bv* + k € V(T"). Note that
da+4"+au? +bvi+k = 4 (a+b+4%"(aud+bv3) + ko) and a+b+4° " (aud+bv3)+ ko = 3
(mod 4). So 4'a+4'b+au?+bv?+k ¢ V(ax?+by?). Also 4a+4'b+au?+bv>+k < 4(au?+bv?),
so 4'a +4'b + k = ax® + by?. But this implies 3 = a + b+ ko = 22 + y* (mod 4) is solvable,
which is a contradiction. So this cases is not possible. The case ko = 2,3 (mod 4) are
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treated similarly.
The proposition now follows. ]

We combine all the above propositions to derive the following theorem

Theorem 2.4.3.12. Let T and T’ be positive definite quadratic forms. Suppose T ~
ax? +by? +c2?, T ~ a'2? +V'y? + 22, where a,b,c,a’ .V, € Z, and V(T") = V(T). Then
either T ~ T" or both T and T" are reqular.

Thus, we have proved that Kaplansky’s conjecture holds for diagonal forms. Recall
that there are exactly 102 regular forms (see Theorem 2.4.2.2). The next step is therefore
to go on checking what regular diagonal forms have the same set of representable numbers.
We went through 102 regular diagonal forms listed in [Dic39] and observed that there are
only 2 pairs of such forms. One is T' = 22 + 4?4+ 2% and 7" = 22 + 2y% + 22%. The other
is T = 22 +y? + 222 and T" = 22 + 2y + 42°. Note that all these forms appeared in our
proofs of the above propositions. This fact together with Theorem 2.4.3.12 gives

Theorem 2.4.3.13. Let T and T’ be positive definite quadratic forms. Suppose T ~
ax? +by? +c22, T ~ d'2? +0'y? + 22, where a,b,c,a’ .V, € Z, and V(T") = V(T). Then
one of the following holds

(i) T~2>+y?+ 22 and T' ~ 22 + 2y? + 222, or vice versa.
(i) T ~2? +y* + 222 and T' ~ 2> + 2y* + 422, or vice versa.
(iii) T ~T".

Recall that Schiemann proved if two ternary quadratic forms represent the same set of

integers and each integer has the same multiplicity of representation by these two forms,
then the two forms are the same (see [Sch97]). The above theorem says that Schiemann’s
result will not hold, even for the simplest case when the two forms are diagonal, if the
multiplicity condition is dropped. However, it is a “near miss” as we can see.
We also notice that if we increase T'and 7" by a term zy or zx, say T ~ ax?+by>+cz?+ fay
and T" ~ @' 2?2 +V'y? + 2%+ f'xy, then in Schiemann reduced forms, a, b, ¢, f,a’,b',c, f' >0
and a,a’ will still be the smallest elements represented by T',T" respectively. These facts
are crucial in our proof of Kaplansky’s conjecture for diagonal forms. So we expect the
result will still hold in this case. In fact, the author strongly believe this is the case. The
proof, if follows the above method, will clearly consume a considerable amount of time and
effort. Therefore, a subtler method, if exists, will be our delight.



Chapter 3

Modular forms of half integral weight

3.1 Modular group, congruence subgroups and cusps

3.1.1 Modular group

Definition 3.1.1.1. The modular group is the group

SLe(Z) = {{Z 2} :a,b,c,dGZ,ad—bc:l}.

For short, we will denote the modular group by I'. Elements of I" can also be viewed as
automorphisms of the Riemann sphere C = CU oo via the fractional linear transformation

a b az+b N
{c d](z)—cz—i-d’ zeC

By definition,

a b d, a b [ ajc ifc#0,
{c d}<_z)_oo’ [c d}(oo)_{oo if c=0.
Note that for v, € ', we have (v7)(z) = 7/(v(z)) and & € T give the same transfor-
mation on C.

Definition 3.1.1.2. The upper half plane is the set

$H:={z€C:Im(z) > 0}.

Let v = [ Z 2 } € I'. Simple calculations show that

Im(z)

Im(vy(2)) = m;

which implies that v(z) € $ whenever z € $. That is, the modular group preserves the
upper half plane.

95
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1
1 1
2
Figure 3.1: Fundamental domain F(I")

Proposition 3.1.1.3. ([Fre05], Proposition V.1.8, p.335) I' is generated by the two ele-

ments
1 1 0 —1
e[ s=[0 ]

Let G be a subgroup of I' acting on $). We say that two points z1,25 € $ are G-
equivalent if there is a g € G such that z; = gz;. This leads to the following definition

Definition 3.1.1.4. A region F C $) is called a fundamental domain for the subgroup
G of I if F satifies the following conditions

i. F is closed.
ii. Fvery z € $ is equivalent to a point in F'.

iii. No points in F' are equivalent to each other, except the boundary points.

Proposition 3.1.1.5. ([Kob84|, Proposition 1, p.102) A fundamental domain for T" is

1 1
FT):={z€9: —3 < Rez < 3 and |z| > 1}.

3.1.2 Congruence subgroups

Definition 3.1.2.1. Let N be a positive integer. The principal congruence subgroup

of level N is defined by
10
(19 a0},

ro= {0 5] ers[ 4 0]

where we interpret the matriz congruence entry-wise.

Definition 3.1.2.2. A subgroup of I' is called a congruence subgroup if it contains

[(N) for some positive integer N, in which case it is also called a congruence subgroup
of level N.
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The two most important congruence subgroups are

FO(N)::{_G bler.|@

| ¢ d | | c

o i
Fl(N)::{ ‘C‘d er: Z‘

where *x indicates arbitrary integers.

.
d_

S
1

(mod N)} |

(mod N)} |
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Proposition 3.1.2.3. ([Kil08], Proposition 2.12,2.13, pp.23-24) Let N be a positive inte-

ger. Then
T(N) STy (N)<To(N)<T
and
[[1(N) : D(N)] = N,
[Lo(N) : T1 (V)] = ¢(NV),
1) =Tl + il

where ¢ is the Fuler totient function.

Following the previous subsection, we will find a fundamental domain for a congruence

subgroup of level N. Here we illustrate the method for the case I'o(N) when N = 4.

First, we need the following proposition

Proposition 3.1.2.4. ([Kil08], Proposition 2.15, p.26) Let I'" C T' be a congruence sub-

group. Suppose that [I': '] =n and

I'= LTLJ OéiF/.
=1

Then

F(I') = U a7 'F (D).

Example 3.1.2.5. In this example, we will construct a fundamental domain for I'y(4)
using Proposition 3.1.2.4. First, note that the coset representatives for I' modulo I'g(4) are
{I,S,T7'S,T=25,T—3S,ST~2S}. So the fundamental domain for T'y(4) is given by Figure

3.2.

3.1.3 Cusps

Let § = HUQU {oo}. That is, we extend § to $ by adjoinging to it the set Q U {oo}.
Each element of Q U {oo} is called a cusp. Note that we visualise oo as a point far up in

positive imaginary axis direction. For this reason, we sometines denote it z00.
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I
- - *‘\\\
<C
AN
N
N S
\\
ST

Figure 3.2: Fundamental domain F'(I'(4))

b} € I' (by solving

Each a/c € Q in the lowest terms will determine a matrix [ CCL d

242

This means that all rational numbers are in the same I'-equivalence class as co. Therefore,

ad — bc = 1) such that

I' permutes the cusps transitively.

If I'" C I' is a subgroup, then IV permutes the cusps, but in general not transitively. This
means there may be more than one IV-equivalence class among the cusps. By a cusp
of I, we mean a I"-equivalence class of cusps. Any convenient representative of a I"-
equivalence class can be chosen to be a cusp. Figure 3.1 says that I' has a single cusp
at oo, whereas Figure 3.2 says I'g(4) has 2 cusps at 0 and —1/2. Figure 3.2 also gives a
geometrical explanation of “cusp”, as at 0 and —1/2, the fundamental domain of ['y(4) has
the appearance that we usually associate with the word “cusp”.

3.2 Modular forms of integral weights

3.2.1 Modular forms of integral weights for I

Definition 3.2.1.1. Let k be an integer. A meromorphic function f : $H — C is called a
weakly modular form of weight k for I' if

FE) = i), va= |t y]er sen

Let v = —I in Definition 3.2.1.1, we obtain f = (—1)*f. Therefore, the only weakly
modular form of odd weight & (on I') is the zero function.
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Next, let v =T, where T' is the translation

11'»—>—|—1
001 ]? z+1.

Then f(z + 1) = f(2). By Fourier analysis, we know that f has the Fourier expansion

f(z) = Zanq", q =", (3.1)

nez
The expansion (3.1) is called the g-expansion of f.

Definition 3.2.1.2. The function f is said to be holomorphic (resp. vanishes) at infinity
if a, =0 forn <0 (resp. n <0) in the g-expansion (3.1).

Definition 3.2.1.3. Let k be an integer. A function f : $ — C is called a modular
form of weight k for T if f satisfies the following conditions

i. f is holomorphic on $.
ii. f is weakly modular of weight k.
iii. f is holomorphic at oo.

The C-vector space of all modular forms of weight k for " is denoted by My(I"). Moreover,
if condition (iii) is replaced by

iii”. f wvanishes at oo,

then f is called a cusp form of weight k for I'. The C-vector space of all cusp forms of
weight k for T' is denoted by Si(T).

Remark 3.2.1.4. It follows from Definition 3.2.1.3 that the product of two modular
forms (resp. cusp forms) of weight k; and ks is a modular form (resp. cusp form) of weight
ki + ko; the quotient of two modular forms (resp. cusp forms) of weight k; and ks is a
modular form (resp. cusp form) of weight k; — k.

Next, we will construct concrete examples of modular forms and cusp forms of weight
k for I'. We start with a definition.

Definition 3.2.1.5. Let k be an even integer greater than 2 and z € $. The Eisenstein
series of weight k is defined to be

! 1
Gi(z) = Z tme +n)F

where the prime summation means to sum over all pairs of integers (m,n) € Z*\ {(0,0)}.

Proposition 3.2.1.6.

Proof. There are 3 conditions to check
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i. Since k > 2, GG}, converges absolutely on $ and uniformly on any compact subset of
$. Therefore, Gy is holomorphic on $).

ii. For the weakly modular condition, it suffices to check Gi(T'(2)) = Gi(2) and G(S(2)) =
G(z). But this is obvious.

iii. G is holomorphic at infinity because
’ 1 ]
li —_— = — = 2((k) < o0,
zirgo; (mz 4+ n)k ; nk C(k) < o0

where ((k) denotes the Rieman zeta function of level k.

]

In the proof above, we have proved that G is holomorphic at infinity without using
the g-expansion of G. However, it will be useful to compute explicitly the g-expansion of

C?k(z).

Proposition 3.2.1.7.

where q = e*™*, By, is the k-th Bernoulli number defined by
=25

k=0
and oi_q is the arithmetic divisor-sum function

or-a(n) = d*1

dln

Proof. From complex analysis, we have

7 cot(mz) __+Z<z+n z—n> z € 9. (3.2)

Continuously differentiating both side of (3.2) and replacing z by mz, we obtain

o0

1 2
Z (mz+n _ 7” Z k—1 27rznmz (33)

n=—oo

It is well-known that (for details, see [Whi35]) for even k

B. (3.4)
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Substituting (3.4) into (3.3), we have

- 1 — 2k < k—1 _dm
n:z—oo (mz+n)k BkC(k) ; S
Hence,
Gr(z) = 2¢(k) + 2 i i b 2((]@(1 _ 2 i dk—lqdm)'
m=1n=—o0 (mz + n>k By, m,d=1

We now collect coefficients of a fixed power ¢" in the last double sum to obtain the propo-
sition. O

Define
2% &
—Gplz)=1- B > ora(n)g™ (3.5)
n=1

Then Ej, has coefficient ap = 1 in its g-expansion. We call E, the normalised Fisenstein
series. Another way to look at the normalised Eisenstein series is

1 1
Ep,=— —, ke2Z, k>4 3.6
kT2 Z (mz 4 n)k’ T (3.6)
m,neL
ged(m,n)=1

To see this, note that for each pair (m,n) € Z? with ged(m,n) = 1, the multiples of
(mz + n)~* appear ((k) times in Gj. Since G} converges absolutely for k > 2, we can
rewrite it as Gy = 2((k)E). Therefore, (3.5) and (3.6) define the same series.

Let go(2) = 60G4(z) and g3(z) = 140Gg(2). Define

A(z) = go(2)® — 27g3(2)%.

The function A(z) is normally called the modular discriminant. It arises from the study
of elliptic curves. For details, see [Kob84].

Proposition 3.2.1.8.

Proof. Since

md i
4) = — 6) = —
W=1s, C6)= .
we can rewrite g, and g3 in terms of Ej as
4rt 876
ga(2) = ?E4(2)7 93(2) = 2—7E6(Z)~
Therefore,
(271')12
Az) = TR [Es(2)° — Eo(2)?]. (3.7)

It follows from Remark 3.2.1.4 that A(z) € Myo(I"). Equation (3.7) tells us that ag = 0 in
the g-expansion of A. Thus, A(z) € Si»(T). O
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The following propositions describe dimensions of spaces of modular forms and cusps
forms.
Proposition 3.2.1.9. ([Kob84|, Proposition 9, p.117) Let k be an even integer.
i. My(I') =C.
ii. Mg(I") =0 if k is negative or k = 2.
iii. My(T') =CE}y, if k € {4,5,6,10,14}.
iv. Sp(I') =0 if k <12 or k = 14; Si5(I") = CA; S (I') = AM;_15(I).
v. My(T') = S(T) @ CEy, if k > 2.
We formulate the above proposition as
Theorem 3.2.1.10. Let k be an even positive integer. Then

|+1 ifk#2 (mod 12)

. L3
dimMy (") = { if k=2 (mod 12) ’

,_
sl
| I—

" 1) (mod 12)
. _ 5 if k # 2 (mod 12
dimsy(I') _{ L%J —1 ifk=2(mod 12) -
3.2.2 Modular forms of integral weights for congruence subgroups

First, we introduce some notations.

Let v = [ Z Z } € T and let f be a function on $ with values in C = CUoo. We denote

FNk = (cz +d) T f(4(2)).

[7]x is called weight k operator for I'. It follows immediately that f|[y172]x = ( flim] k) [va) k-
Also, let gy denote e2™#/N

Definition 3.2.2.1. Let k be an integer and I' C T' be a congruence subgroup of level N.
A function f :  — C which is meromorphic on $) is called a weakly modular form
of weight k for I if

FOlbk =16 =%y |er. zes

Note that TV = [ (1) ]IT } € T'(N). So let v = T¥ in the above definition, we have
f(z+ N) = f(2). By Fourier analysis, f has the qy-expansion

f(2) = angh (3.8)

ne”L
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Definition 3.2.2.2. The function f is said to be holomorphic (resp. vanishes) at infinity
if ap =0 forn <0 (resp. n <0) in the qn-expansion (3.8).

Definition 3.2.2.3. Let f be a meromorphic function on $) and let " C T' be a congruence
subgroup of level N. Let k € Z. Then f is called a modular form of weight k for I if f
satisfies the following conditions

i. f 1s holomorphic on $.
ii. f is weakly modular of weight k for I".
iii. f|[v]x s holomorphic at oo for all v € T.

The C-vector space of all modular forms of weight k for T is denoted by My(I"). Moreover,
if condition (iii) is replaced by

iii” f|[v]x vanishes at oo for all v € T,

then f is called a cusp form of weight k for I'. The C-vector space of all cusp forms of
weight k for I is denoted by Sy(I').

It is useful to point out some simple facts from the above definition
1. If f € Mg(I") and I C I” is a subgroup, then f € My(I'").
2. If f e My, (I") and g € My, (I'), then fg € My, 11, (I").

The above statements still hold when we replace My (I) by S ().

Proposition 3.2.2.4. Let s € QU {occ}. The condition (iii) in Definition 3.2.2.3 depends
only on the I"-equivalence class of s. More precisely, if s = y100 and y,00 = yy00 for
some y1,72 € I' and v € T, then the smallest power of qy that occurs in the Fourier
expansion of f|lvle and f|[ye]k is the same.

Proof. Since y100 = Y7200, we have v, 'y7, fixes co. Therefore, v; 'y, = £T7 for some
j € Z. Tt follows that v = £y "% T7. Let f(2)|[v1]k = D pez @ndi- Then

el = Y"1 TY] = E) (vl 1]k

where we have used f|[£1], = (£1)*f and f|[y ! = f.
Denote g = f|[11]x- Then

F@hale = (£DFg(z +4) = (F1)* Y ane®™™/N gy

ne”L

The proposition now follows. ]

Let f be weakly modular for IV and let s € QU {oco}. We write s = yoo for some v € T'.
Then f is said to be holomorphic (resp. wvanishing) at the cusp s if f|[v]x is holomorphic
(resp. vanishing) at oo. The above proposition says that the choice of v € T such that
s = 700 is not important. Thus, the condition (iii) in Definition 3.2.2.3 is really a condition
about holomorphicity at each cusp of I".

As before, the next step is to give explicit examples to show that modular forms and
cusp forms for congruence subgroups do exist.

In what follows, we will use bold letters to denote vectors.
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Definition 3.2.2.5. Let N be a positive integer. Let a = (a1,a2) and m = (my,msy) be
in (Z/NZ)?*. Let k be an integer greater than 2. The Eisenstein series of level N is

defined by
1

(myz + mg)k’

Gi(z) = GEmi V() = Y

meZ>?
m=a mod N

If a = (0,0), we delete m = (0,0) in the sum (3.9). Note that when a = (0,0),
m = (Nm, Nn) and the Eisenstein series of level N now becomes

GR(z) = NF Z /m = N*Gy(2),

mneZ

Z€f. (3.9)

which is the Eisenstein series for I'. Therefore, it is unnecessary to consider this case any
more. So for Eisenstein series of level N, we suppose a # (0,0).

Proposition 3.2.2.6.
Gp e My(T(N)), G € My(Ty(N)).

Proof. We will prove the first statement only. The latter follows by the same argument.
There are 3 conditions to check

i. G}t converges absolutely on §) and uniformly on any compact subset of §), hence is
holomorphic on $.

ii. Let v = { Z Z } e I'. Consider

_ 1
Gr)Ihlk = (cz+ )" >
m=a mod N <m1 ijr_s -+ m2>

1
- Z [(m1a + mac)z + (myb + mad)]F

m=a mod N

Let m’ = (mya + mac, mib 4+ mad) = mry. Since m = a (mod N), we have m’ =
avy (mod N). Note that the map

f:{m:m=a(modN)} — {m’: m’= ay (mod N)}

m— m’= my

is a bijection. Therefore,

1 o
Z [(m1a 4+ mac)z + (mib + mad)|* = Gi'(2).

m=a mod N

It follows that
Gr(2)|[V)e = G (2)- (3.10)

If y € I'(N), then v = {(1) (1)} (mod N). Thus,

Gr(2)|k = Gi(2), v e T(N).
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iii. By (3.10), we know that [y]; permutes G for v € I'. Therefore, it suffices to show
G¢ is finite at co. We have

. 1 0 if @ # 0

lim G(z) = — = { k- :

2100 g mEO%l:%dN mIQC anag mod N n g lf ay = 0
mi=

In either case, we always have lim, ;. G(2) < oo since k > 2.
The proposition now follows. ]

Recall that the Dedekind n-function is defined by
77(2) _ 627riz/24 H(l . eZm’nz)’ 2 9.
n=1
It satisfies the following functional equation

n(=2) =4/ =n(2), (3.11)

where v denotes the principal branch of square root. For details about the Dedekind
n-function, see [Kob84] and [Apo90]. We will use the Dedekind n-function to construct an
example of cusp forms for congruence subgroups.

Proposition 3.2.2.7.
[(2)n(22)]° € Sg(To(2))-

Proof. Again, there are 3 conditions to check
i. Clearly, f(z) := [n(z)n(22)]® is holomorphic on .

-1 0

ii. Note that I'g(2) is generated by —I,T and ST?S = { 5 _1

}. It is trivial to

check that f is invariant under [—1]g and [T]g. For [ST?S]g, we write [ -1 0 } _

2 -1
0 -1 0 —1
1
2[2 O}T{Q O}andcheck

ralls } =202 (05 ) 0 (—1))
_ (2:%) (ﬁn@z)\/%n(z))s — (n(2)n(22))° = £(2),

where we have used the functional equation (3.11). So f is also invariant under
[ST?Ss.

iii. The coset representatives for I' modulo ['y(2) are I, S, ST~'S. So I'¢(2) has only one
cusp at 0. Using the transformation (3.11), we see immediately that f vanishes at 0.
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The proposition now follows. O]
We recall the following definition

Definition 3.2.2.8. A Dirichlet character mod m is defined to be a function x : Z. —>
C with the following properties

i. x(ab) = x(a)x(b) for all a,b € Z.
ii. x(a) = x(b) if a=b (mod m).
iii. x(a) # 0 <= ged(a,m) = 1.

The conductor of x is the smallest positive integer n such that x(a) depends only on a
mod n when ged(a,n) = 1. The character x is called primitive if m = n.

For details about Dirichlet characters, see [Cop09]. Next, we will consider several ways
to construct new modular forms out of given ones. In what follows, we denote y to be a
Dirichlet character and

MV = { £ € M) s bl = (@ v = | ¢ emn ). )

It is easy to see that M (IV, x) is a subspace of My (I'1(IV)). A special case is when y is
trivial

My 7Xtriv) = Mk<F0<N))'

(N
Let GL3 (Q) be a subgroup of GLy(Q) consisting of all matrices of positive determinants.
We now extend weight k operator [v]; to be defined for all v € GLj (Q).

F@)IAk = (det)**(cz + d) * f(1(2)), 7€ GLI(Q).
Proposition 3.2.2.9. ([Kob84|, Proposition 17, p.127)

(a) Let T" C T be a congruence subgroup and o € GLy (Q). Set T” = a 'I"aNT. Then
I C T is a congruence subgroup. The map f — fl|lax takes My(I") to Mg(I")
and takes Si(I'") to Sp(I"). In particular, if f € Mg(T') and g(z) = f(Nz), then
g € My(To(N)).

(b) Let x and x1 be Dirichlet characters modulo M and N respectively. If f(z) =
>0 o ang™ € My (M, x) and define fy,(z) == o s anx1(n)q", then fy, € Mx(MN? xx1).
If f is a cusp form, then so is fy,.

We usually refer to f,, in the above proposition as the twist of f by Dirichlet character
X1-

Proposition 3.2.2.10. ([Kob84], Proposition 28, p.137)

Mi(T1(N)) = €D Mi(N, x),

where the sum is over all Dirichlet characters modulo N .
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Later we will often work with the space My (I";(4)) and Mg(I'9(4)). So it is convenient
to state some of their properties here. We obtained the dimension formulae for M (I';(4))
and M (Tg(4)) below by working out special cases of Theorem 3.5.1 and Theorem 3.6.1
in [Dia05]. These two general theorems contains several ideas which are too involved to
discuss here. For details, see Chapter 3 of [Dia05].

Proposition 3.2.2.11. ([Kob84|, Proposition 29, p.138) Let k be a positive integer. Then

~f Mi(4, Xwiv) if k is even
MulT () _{ My (4, x) if k is odd

where Xiiv 1S the trivial character modulo 4 and x s the unique non-trivial character
modulo 4.

Proposition 3.2.2.12. Let k be an integer. If k <0, then dimMg(I';(4)) = 0. If k > 0,

then
E£2 4tk is even

: _ 2
dimM (I (4)) = { L if k s odd
Proposition 3.2.2.13. Let k be an integer. Then

| B2 ke 2NU {0
dimMg(Ty(4)) = { ()2 otherwise {} .

3.2.3 Hecke operators

In previous subsections, we treated modular forms for I' and its congruence subgroups
separately. So it is natural to do the same here in defining Hecke operators on modular
forms. However, on noting that

['=T(1) =T:(1) = To(1),

we only need to define Hecke opertors on congruence subgroups of I'. In what follows, we
will denote I'y,['s to be congruence subgroups of I'.
We start with a definition

Definition 3.2.3.1. Let a € GL3 (Q). The double coset T'ial'y in GLj (Q) is defined to
be
I'al'y := {710[’}/2 S GL;(@) 7€ Fl,’}/Q S FQ}

We now let I'; act on the double coset I'yal'y by left multiplication, which partitions
it into orbits. The set of such orbits is called the orbit space. Next we will show that the
orbit space has finite cardinality.

Proposition 3.2.3.2. ([Dia05], Lemmas 5.1.1,5.1.2, p.164) Let o € GL3 (Q) and '3 =
a ' ThanTy <Ty. Define

h: I'y — I'ial',
V2 > a.

Then h induces a bijection from the set of cosets of T's \ T'y to the orbit space T'1 \ T'1als.
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Corollary 3.2.3.3. Let I'y act on I'yal’y by left multiplication. Then the number of orbits
18 finite.

Proof. Let I's be defined as in Proposition 3.2.3.2. Since a 'I';a N T, Ty are congruence
subgroups, so is I's = (™ 'T'yaNT) N Ty In particular,

[:Ty) <oo, [I':T3] <oc.
It follows that

[F . Fg]
[F . Fg]

Iy :T's] = < 00.

]

Definition 3.2.3.4. Let a € GL] (Q) and f € My(['y). We define the weight k double
coset operator [['1al's]y on f to be

f’[rlaFQ]k = Z f‘[ﬁj}k,

where B; runs through the set of orbit representatives for I'y \ T'yal's.

It is not straightforward to see that the above definition is well-defined, as the sum
might depend on the set of representatives. So we spend some time in showing that it is
in fact not the case.

Now suppose that I'13;, = I'13), for 8, = 15,072 and Bj, = 71507245 (Vg € L)
Then avs j, € I'hays,;,. Since f € M (I'y), we have

FBilk = fllava ]k = fllavanle = fllnparesnle = flIBilk-

as expected.

Proposition 3.2.3.5. If f € My(T'y), then f|[['1als], € My(Ty). If f € Sp(T'1), then
f|[F10[FQ]k S Sk(FQ)

Proof. We will prove the first statement only. The second follows by a similar argument.
Let v € I'y. If {f,} is the set of representatives of I';al’y modulo I'y, then so is {5;7}.
Hence

(fIT1als)e) [[V]k = Z Bk = flT1als].

Three special cases of double coset operators are

1. Ty DTy Let a = I. Then f|[I'ials], = f. This gives an inclusion which injects
Mk(l“l) into Mk(rg)

2. a 'Tya = T'y: Here f|[l'1al's]x = fllax]. This gives a translation from Mg(T1) to
Mg(T2). It follows that this is also an isomorphism.
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3. Iy € I'y: Let @ = I and {7;} be the set of representatives for I'y \ I';. Then
fIC1ale]y = 375 fl[v;]k. Thisis a trace map which projects My (I'1) onto its subspace
My (Tg).

The following argument shows that the general double coset operator is a composition
of the above special ones. Let I's = o 'T'ia Ny, I'y = allsa™! = 'y Nal'sa™t. We have
' DTy, a'T'ya =T3 and I's C T'y. It follows from Proposition 3.2.3.2 that the following
composition is the general double coset operator

fr— [ fllafy — ZfH’Vj]k-

Next, we will define the first type of Hecke operator.

Definition 3.2.3.6. Let N be a positive integer, d € (Z/NZ)* and f € Mg(I'y(N)). Let

a € T'y(N) be such that o = [ : 2} (mod N). The diamond operator (d) is the

double coset operator f|[I'1(N)al'1(N)].

As noted before, I'1(N) < T'g(N). Therefore, the (d) is a translation from My(T';(V))

to itself. So we can rewrite (d) as

X* X

@5 =fllak, aeto¥a=]"

}(nmd]V)

It follows that the space Mg(N.x) defined by (3.12) can be rewritten as

This means that My (N.x) is a x-eigenspace of (d). Hence, (d) preserves the decomposition
M (I'1(N)) = D, Mi(N, x). Now we consider the second type of Hecke operator.

Definition 3.2.3.7. Let N be a positive integer and let f € My(I'1(N)). The T, operator
1s defined by

TpfszD(N)H E]Fl(N)] , P prime.

k

Proposition 3.2.3.8. ([Dia05|, Proposition 5.2.4, p.173) Let d,e € Z/NZ and p,q be
primes. Then

i (d)T, = T,(d).
it (d)(e) = (e)(d).
iii. 7,7, = T,T,.

Let N be a positive integer. So far we have defined two types of Hecke operators: (d)
for d € (Z/NZ)* and T, for p a prime number. Now we will extend these to operators (n)
and T, for any n € Z,..

For n € Z, with ged(n, N) = 1, the definition for (n) is the same as the case n € (Z/NZ)*.
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If ged(n, N) > 1, then (n) = 0. It follows from Proposition 3.2.3.8 that (n) is completely
multiplicative.
Next we define T,, for arbitrary n € Z,. Set

T =1,

T =T ) Tys 122,

T”:HTP?’ Tl:]‘_[pzeZ

It also follows from Proposition 3.2.3.8 that T,, is multiplicative (not completely). The
effect of T,, on My(I';(N)) is as follows

Proposition 3.2.3.9. ([Dia05], Proposition 5.3.1, p.179) Let f € Mg(I'\(N)) whose g-
expansion is f(z) = >~ a,q" and n,d € Z.. Suppose T,,f(z) = >~ _ bmg™ and (d)f =
> o a'Pq™. Then
-1_(d)
b=, dla

d|ged(m,n)
Suppose further that f € Mg(N, x). Then T, f € My(N, x) and
b= X(D)d" G-
d|ged(m,n)

The definition of T} is chosen so that the generating function for T,, captures the Euler
product factorisation as that of the Riemann zeta function. In particular,

oo . 1
; fun = 1;[ L= Typ=s + (p)pr~1-2

For details, see [Kob84], pp.156 - 158 and [Dia05], p.179.
One of the most important results is the following proposition which we will use exten-

sively later.

Proposition 3.2.3.10. ([Kob84], Proposition 40, p.163) Suppose f € Mp(N,x) is an
eigenform for all of the operators T,, with eigenvalues \,,n € Zy. Let f(z) =Y "5 anq"™.
Then a, = \yay forn € Z. In addition, ay # 0 unless k = 0 in which case f is constant.
If ag # 0, then \, is given by
Ao =) x(d)d
din

As preparation for the next subsection, we will prove the following lemma

Lemma 3.2.3.11. Let I" C I'1(N) be a congruence subgroup, f € Mg(I") and n € Z,.
Let {f1,..., fs} be the set of all basis eigen-forms for Ty. Suppose Tof; = Nifi for all
i€ {l,...,s} and the eigen-values \;’s are distinct. Then f; is an eigenform for T,, for all
ie{l,...,s}.

Proof. Let p be a prime. Then 1727, f; = T,15f;i = T,(Nifi) = NI,fi. So T,fi €
span{ fi, ..., fs},say T, fi = 35, ¢jfj, where ¢; € C. Wethen have Ty T, fi = To(3_, ¢ f;) =
Zj Cj)\jfj- So )\l(Z] ijj) = Zj Cj)\jfj- It follows that Zj Cj(/\i - )\j)fj = 0. Since the fj,S
are linearly independent and A;’s are distinct, we must have ¢; = 0 for j # i. Therefore,
fi is an eigenform for 7),. Similarly, f; is an eigenform for all diamond operators (p). Thus
fi is an eigenform for T},, where n € N is arbitrary. ]
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3.2.4 The theta function and applications to sums of even squares

Definition 3.2.4.1. The theta function is defined by

0(z) := Zq"Q, z€9,q=e""

neL

0% (2) = Z cnq".

neL

Now suppose

Let r¢(n) denote the number of ways that n can be represented as the sum of k squares.
Then clearly, ri(n) = ¢,. So the problem of finding r(n) boils down to calculating c,,.
In principle, we can do this using the theory of modular forms, in particular the theta
function. In this subsection, we give explicit formulae for the cases when k& = 2,4. The
proofs are based on Koblitz’s ideas in [Kob84]. We note that more elementary proofs are
also available for these facts (see [Nat00] or [Mor06]).

We first introduce some notation. We use (g) to denote the Kronecker symbol and define

-1
€q = (7), d odd,

where V18 the principal branch of square root.
Finally, we define the factor of automorphy to be

Jjly,2) = (5) ;' Vez+d, y= { Z 21 €ely(4), z€ 9.

Theorem 3.2.4.2. ([Kob84|, Theorem, p.148) Let v € T'o(4) and z € $. The theta
function satisfies the transformation

0(vz) = j(v,2)0(2),
where j(, z) is the automorphy factor.

Corollary 3.2.4.3.
02k € Mk(47 X]il)a

where x_1 s the Dirichlet character modulo 4 defined by

Yo1(n) = (‘—1) _ (c)eve

n

Proof. Clearly, 6°* € M (T';(4)). Now let v = [ CCL Z } € I'p(4). Using Theorem 3.2.4.2,
we have

2k 2k 2k e\ (=" k 2k k k 2k

0% () = (.20 () = () () (2 + P (2) = XEa(d) ez + M6 (2).
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Proposition 3.2.4.4. Let n be a positive integer. Then

) =43 (%) |

dn
d odd

Proof. By Corollary 3.2.4.3, 6> € M;(4, x_1). Note that M;(4, x_1) = M;(I'1(4)) by Propo-
sition 3.2.2.11. But M(I'1(4)) is one dimensional by Proposition 3.2.2.12. It follows that
My (T'1(4)) is spanned by 6? and 6? is an eigenform for all Hecke operator 7). The ¢-
expansion for 62 for the first few terms is

62 =1+4q+ ...

So that ag = 1 # 0 and a3 = 4. Let N = 4 and x(d) = x_; for d odd in Proposition

3.2.3.10, we have
1
_ k—1 __
ran) =43 (@) =4 Y ( _ ) .

dln dn
d odd
O
Corollary 3.2.4.5. Let p be an odd prime. Then
[ 8 ifp=1(mod4),
ra(p) = { 0 ifp=3(mod4).
Proof. We have
B —1\\ [ 8 if p=1 (mod 4),
rg(p)—él(l—i— (?)) _{ 0 if p=3 (mod 4).
O

Proposition 3.2.4.6. Let n be a positive integer. Then

(k) = 8d1(n)  ifn is odd,
T 240, (m) if n =2°m where m is odd, s € Z.

Proof. First, we define

F(z):= Zal(n)q":q—l—4q3+..., z€H.
n odd

Also note that
0* =1+8¢+...€ My(4,x*))

by Corollary 3.2.4.3. But My(4, x%,) = Ma(4, Xuiv) = Ma(To(4)). So 6* € My(To(4)). Tt
can easily be shown that F € My(T'o(4)) and {F, 0*} is linearly independent. But My (T(4))
has dimension 2 by Proposition 3.2.2.12. It follows that {F, 0"} is a basis for My(T'¢(4)).
Applying Proposition 3.2.3.9, we have

T,F =0,
To0* = 6* + 16 F
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It follows that {F,6* 4+ 16 F} forms an eigen-basis for T;. Now we use Lemma 3.2.3.11 to
deduce that these are also eigenforms for 7T;,, where n is arbitrary. Denote

[e.9]

0'(2) + F(z) = Zanq".

n=0

It follows that
o — { ry(n) + 1601 (n) if n is odd,

r4(n) if n is even.

When n is odd, \, = o1(n). Apply Proposition 3.2.3.10 to * + 16 F, we have
rq(n) 4+ 1601 (n) = Aay = 2401(n).

Thus,
ry(n) = 8c1(n), n odd.

When n = 2°m, A, = o1(m). Apply Proposition 3.2.3.10 to 6% + 16F, we have
ry(n) = Aa; = 2401(m).
Now the proposition follows. ]

Corollary 3.2.4.7. The form z* + y* + 2% + t? is universal. That is, it represents all
natural numbers.

Proof. It follows from the above proposition that r4(n) > 0 for all n € N. [

3.3 Modular forms of half integral weights
3.3.1 Four-sheeted covering of GL; (Q)
Let T be the set of fourth-roots of unity, i.e, T = {£1, +i}. We define

a b cz+d

6= {lasa=| ¢ || eas@ o0 =15t e a1},

Loosely speaking, G is 4 times as big as GL$ (Q). It contains 4 branches of square-root of
+(cz + d). We call G the four-sheeted covering of GL3(Q).
We define a binary relation on G as follows

(@, ¢(2)) - (B,4(2)) = (aB, p(B2)(2)).
It is straight-forward to check that (G, -) forms a group. Next, we define
P:G— GL{(Q): (o, ¢(2)) — o,
which is a projection from G onto GLj (Q). Clearly, P is a homomorphism. We denote

G':= PHI),
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where T is the full modular group SLy(Z). Then G' is a subgroup of G.
Now let £ = (o, ¢(z)) € G, we define the action of £ on § to be the same as o on 9, i.e,
£z = az. If fis a function on §) and k € Z, then an operator [{];,/2 of weight k/2 is defined
by

FEy2 = F(€2)0(2) ™" = flaz)p(z) 7.
It follows that

fll&&lrsz = (fll&ilks2) [E2)k/2-

This gives an action of G' on the space of such functions.

Next, let I" C T'y(4) be a subgroup, so that the automorphy factor j(v, z) is defined for
~v € I". We define

Fi={(j(1,2) 17 €T} <G
Note that P|r is an isomorphism. In particular, [o(4) = Ty(4). The inverse of Pl 4y i
then
L:To(4) — To(4) 17— 7 = (1,5(7,2)),
which is called a lifting of P.

In the next subsection, we will use the above notions to define modular forms of half
integral weight for I' and congruence subgroup.

3.3.2 Modular forms of half integral weights

Definition 3.3.2.1. Let k be an odd integer and I" be of finite index in To(4). Let T', To(4)
be as in previous subsection. A function f : 9 — C which is meromorphic on $) is called
a weakly modular form of weight k/2 for I' if

f@IFkz = 1), v=(nitn2) el ze8,
where j(7, z) is the automorphy factor.

To define modular form of half integral weight, as before, we need the notions of holo-
morphicity and vanishing at infinity. Since we have a slightly different definition for weakly
modular forms, some explanation will be needed for these notions.

Note that the condition [['g(4) : I"] < oo implies [[': ['] < oco. If we denote

I' ={7el”: o0 =ox},

then there must be some M € Z, such that

o {(i[é ]‘fjk,1>}kez k it —1er,
{1 () e

KH Af } 71>L/Q = fz+ M)
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So in both cases, f is invariant under the translation z — z+ M. So by Fourier analysis,
f has a qy; expansion

F(2) = angly, qu =€ (3.13)

nez
Definition 3.3.2.2. The function f is said to be holomorphic (resp. vanishes) at infinity
if a, =0 forn <0 (resp. n <0) in the qp-expansion (3.13).

With the above definition, we can now proceed as in Subsection 3.2.2.

Definition 3.3.2.3. Let f be a meromorphic function on $) and let [V be of finite index in
[o(4). Let T",To(4), G* be as in the previous subsection. Let k be an odd integer. Then f
is called a modular form of weight k/2 for T" if [ satisfies the following conditions

i. f 1s holomorphic on $.
ii. f is weakly modular of weight k for I
iii. f|[Y|x is holomorphic at oo for ally € G*.

The set of all modular forms of weight k/2 for " is denoted by Mk/g(f/). Moreover, if
condition (iii) is replaced by

iii”. f|[Y|x vanishes at oo for all ¥ € GY,

then f is called a cusp form of weight k/2 for I'. The set of all cusp forms of weight
k/2 for I is denoted by Sp/»(I").

Note that for each cusp s € QU {co}, there is a ¥ € G* such that s = Joo. Using
similar arguments as before, we can show that the conditions (iii) and (iii’) above depend
only on the I"-equivalence class of s (see [Kob84], Proposition 2, p.181).

The following proposition relates the spaces My /o (T'o(4), x) and Sy, /g(fo (4),x) when k € 2Z
to familiar spaces from the previous section.

Proposition 3.3.2.4. ([Kob84], Proposition 3, p.183) Let 4 | N and k € 2Z. Then
Moo (T _ k/2 = _ k/2
k/2(F0(4)7X) = Mk/2(Na X1 X)7 Sk/Z(FO(4)> X) = Sk/2(N7 X1 X)-

Next, we will describe the structure of Mk/g(f0(4)). If P € C[Xy,...,X,] and each
X, are assigned to weight w;, then the monomial Xfl .. XM is said to have weight w =
> kjw;, and we say P has pure weight w if each monomial in P has weight w.

Proposition 3.3.2.5. ([Kob84], Proposition 4, p.184) Let (z) = 3220 ¢" and F(z) =
> oi(n)q”, where g = e*™*. Assign weight 1/2 to 6 and weight 2 to F. Then My /2(T'o(4))
is the space of all polymonials in C[0, F] having pure weight k/2.

Corollary 3.3.2.6. ([Kob84], Corollary, p.184)

k

dim My, o(To(4)) = 1 + M .
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Now we will modify the definition for normalised Fisenstein series from Subsection 3.2.1
to give an example of modular forms of half integral weight. Recall that the normalised
Eisenstein series is defined by

Bu(z):= Y (mztn)* ke2Z k>4 (3.14)
m,nEL
ged(m,n)=1
For each pair (m,n) € Z* with ged(m,n) = 1, we can complete it to a matrix v =

{ TC; z ] € I'. We denote I'y, := {:I: [ [1) ‘i } ,J € Z} and define an equivalence relation

on I' as follows: 71,7, € I' are equivalent iff v = a7, for some o € I',. This simply means
that 71,72 have the same bottom row (m,n) up to a sign. We can now rewrite (3.14) as

En(z)= > Ju(v,2)7", ke€2Z k>4,
YET o \I"

where Ji.(7, 2) := (mz + n)¥, which is the automorphy factor of modular forms of integral
weight k. The condition 7 € T'y, \ I' says that the sum is over all equivalence classes of 7.
Notice that I'g(4)s = ['eo. We are now ready to modify the normalised Eisenstein series
(3.14) to construct an example of modular forms of half integral weights.

Definition 3.3.2.7. Let k be an odd integer and k > 5. We define
Eyya(2) == Z Ji(y,2) 7

v€l\l'0(4)

(I IR

and call Fy /o the companion Eisenstein series of Ej .
Proposition 3.3.2.8. ([Kob84], pp.186 — 187)
Eija, Frja € Myja(To(4)).
Definition 3.3.2.9. A Dirichlet L-series is a function of the form

— x(n)

ns ’
n=1

We also define
Fk/Q(Z) = Ek/Q

L(87X) =

where x 1s a Dirichlet character.

Definition 3.3.2.10. A quadratic field is a field of the form Q(\/1), where | € Z. The
discriminant of Q(\/1) is defined by

D::{l if L =1 (mod 4),

4l  otherwise.

The corresponding character for Q(\/Z) s defined by

wi)=(2),

where (%) 15 the Kronecker symbol.
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Proposition 3.3.2.11. ([Kob84], Proposition 6, p.193) Let A = (k —1)/2 > 2. Then
Hyo = C(1 = 20\)(Epja + (1 4+ )22 F 15) € My o(To(4))

has the following property: if D = (—=1)* or (=1)*l,1 > 0, is the discriminant of a
quadratic field and xp is the corresponding character, then the |D|-th g-ezpansion coeffi-
cient of Hy/o equals L(1 — X, xp).

Corollary 3.3.2.12. Let D be the discriminant of a real quadratic field and xp the corre-
sponding character. Then

rs(D) = 120L(—1,xp) +20 > oi(D - j7).
il<vD
D—352 odd
Proof. We consider the space Mj o (T'o(4)). By Corollary 3.3.2.6, Mj /2 (T'o(4)) has dimension
2. By Theorem 3.2.4.2, 65 € Mj5(To(4)). Note also that 8F € Ms5(To(4)). But 6° and
OF are linearly independent. So {6°,0F} forms a basis for Mj /2(f0(4)). By Proposition
3.3.2.11, the function Hj/, € M5/2(f0(4)). Therefore,

H5/2 = CL95 + bOF

for some a,b € C. We have

On comparing the constant coefficients and the coefficients of the first powers of ¢, we
derive

1 1
Hyjy = —0° — —0F
271200 6
Next we use Proposition 3.3.2.11 to obtain
L(-Lxo) = ors(D) — ¢ 3 (D~ )
yXD) = 120T5 6 01 J )
lil<vD
D—3j2 odd
The proposition now follows. O

The following is the counterpart of Proposition 3.2.2.9.

Proposition 3.3.2.13. ([Gehll], Fact 9,10, p.11) Let k be an odd integer, N € 4Z and
f=>0l0ang" € Myj2(N, x). Then

i f(Mz) € Mgjo(NM, (2£) x).

ii. If ¢ is a primitive character of conductor M, then fy(z) = > (n)aq" €
My,/2(NM?, x1)?).
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3.3.3 Hecke operators

With slight modification from Subsection 3.3.1, we are ready to define

Definition 3.3.3.1. Let k be an odd inleger. Let o € G, Iy, Ty C f(lgél) e subgroups and
f € Myp(l'y). We define the weight k/2 double coset operator [I'ial's];/s on f to be

f|[f1af2]k/2 = Z f|[5j}k/27

where B; runs through the set of orbit representatives for fl \ flafg.

For our purpose, we will consider only the case fl = fz = fl(N) and o = &, =

([é 2},%),\7\/}161‘6 N,n € Z.

Proposition 3.3.3.2. ([Kob84|, Proposition 12, p.204) If n > 0 is not a perfect square
and ged(n, N) = 1, then
AT (V)T (V)] = 0.

Due to the above proposition, we only need to consider Hecke operators on M, /2(f1)
of index prime to N when that index is a perfect square. Some modifications to Hecke
operators in Subsection 3.2.3 are needed to define Hecke operators of half integral weight.
For details, see [Kob84]. Here we adopt the following definition

Definition 3.3.3.3. Let p be a prime. We define the Hecke operator T)2 to be

T = p3 2 f|[T1(N)&D (N)]ae,

where &2 = ({é ;},ﬁ)

Next, we examine the effect of T} on the coefficients of a modular form.

Proposition 3.3.3.4. ([Kob84], Proposition 13, p.207) Suppose that4 | N, x is a Dirichlet
character modulo N,p 1 N is a prime and k = 2\ + 1 is a positive odd integer. Let

f(Z) € ZZO:() anqn € Mk/2(f0(N),X) Then
szf(z) = Z bnq”?

where

bn = Qp2n + X(p) (
Here we take a, 2 = 0 if p* { n.

As an application of Hecke operators of half integral weight, we will prove the following
recurrence relation of r3(n), which appeared in [Hir99], p.101.
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Proposition 3.3.3.5. Let p be an odd prime and n € Z. Then

ry(p’n) = {p +1- (%)] r3(n) — pra(n/p),

where (%) denotes the Legendre symbol. Here we take r3(n/p*) =0 if p* { n.

Proof. We consider the modular form #%. By Theorem 3.2.4.2, 63 € Myj(To(4)). By
Corollary 3.3.2.6, M3/2(f0(4)) has dimension 1. Therefore, M3/2(f0(4)) = C#®. Note that
T} preserves the space Ms 12(To(4)), so that T,26° = 6% for some ¢ € C. Using Proposition
3.3.3.4 and comparing the constant coefficients, we deduce that ¢ = p+1. Using Proposition
3.3.3.4 again, we obtain the result. ]

3.3.4 Application to ternary quadratic forms

This subsection presents Lehman’s idea of finding all forms having the same genus in
[Leh92]. We will go into details and work out 2 concrete examples. In these examples, the
Brant-Intrau-Schiemann table is used.

Definition 3.3.4.1. A matriz M of dimension k over Z 1is called even if its entries on
the main diagonal are all even.

Theorem 3.3.4.2. ([Leh92], Theorem, p.400) Let f(x1,. .., x) = D1 fui +) 0 <icicn fijTi;
be a positive definite quadratic form over Z. Let

0%Q
A= [5%‘3%‘] ;=

Qf(Z) = Z qf(ml 7777 mk), q= 627I’iz.

Then
O € Myya(N, xa),
where
det A if k=0 (mod 4),
d:=¢ —detA if k=2 (mod 4),
det A/2 if k is odd,

and xaq(+) == (2), where d = qr? with q square-free and

D1 if ¢ =1 (mod 4),
" 49 ifqg=2,3 (mod 4).

Definition 3.3.4.3. The integer N in the above theorem is called the level of the positive
definite quadratic form f.
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Now let f,g be positive definite quadratic forms in k variables. Suppose that g = tf
for some t € Z. Then 6(g) has weight k/2 and level tN. Its character is x4 if k£ is even and
Xt if k is odd. Also, the g-expansion of #(g) is the same as that of 6( f) with all exponents
multiplied by t. Therefore, in finding the level of a positive definite quadratic form, we can
restrict ourselves to the case when f is primitive, i.e, when the greatest common divisor of
the coefficients of f is 1.

Definition 3.3.4.4. Let M = [m;;] € My(Z) and s,t € {1,...,k}. Let My be the sub-
matriz of M formed by crossing out the s-th row and the t-th column. Then, the (s,t)
co-factor of M is defined to be (—1)5t M.

Definition 3.3.4.5. Let f be a positive definite ternary quadratic form and Ay be defined
as in Theorem 3.3.4.2. Let C;; be the (i, j) co-factor of A;. We define the divisor of f to
be

m = my = gcd(Chy, Cag, Cs3, 2Cs3, 2C13, 2C12).

Let « = Cy1/m, B = Coy/m,y = Csz/m, p = 2C3/m, o0 = 2C13/m and 7 = 2C15/m. The
reciprocal of f is defined to be

d(z,y, 2) = ax® + By* +v2° + pyz + oxz + Ty,

Since we are interested in ternary quadratic forms, the following special case of Theorem
3.3.4.2 is useful.

Proposition 3.3.4.6. ([Leh92], pp.401—402) Let f be a positive definite ternary quadratic
form and As, N be as in Theorem 3.3.4.2. Let C;; be the (i,j) co-factor of As. Then

det Af
2m

N =

Y

where m s the divisor of f.

Definition 3.3.4.7. Let f be a positive definite ternary quadratic form with divisor m.
Let p run over all prime divisors of m. We define the symbol (f/p) as follows:

If p is odd, then (f/p) := (f11/p), where (f11/p) is the Legendre symbol.

If p =2, then define (f/4) := (—1)@V/2 if 16|m, and (f/8) := (—=1)@*~D/® if 32|m.

Let ¢ be the reciprocal of f with divisor p. Let p run over all prime divisors of u. The
symbol (¢/p) is defined as follows:

If p is odd, then (¢/p) := (v/p), where (7v/p) is the Legendre symbol.

(¢p/4) and (¢/8) are defined similarly as (f/4) and (f/8).

The set of symbols {(f/p) : plm} U {(¢/p) : p|u} are called the collection of genus
symbols for f.

To find all forms having the same genus, we need the following reformulation of Defi-
nition 2.2.3.1.

Proposition 3.3.4.8. ([Leh92], p.410) Let f and g be primitive positive definite ternary
quadratic forms. Then f,g are in the same genus if and only if they have the same deter-
mainant, level and the collection of genus symbols.
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Using the above proposition, we can now easily compute which ternary quadratic forms
are in the same genus of a given one.

Example 3.3.4.9. In this example, we will find all ternary quadratic forms in the same
genus as f = x% + y* + 1022, Note that N(f) = D(f) = 40 and the divisor of f is m = 4.
The reciprocal for f is ¢ = 102% + 10y? + 2? with divisor ¢ = 40. The genus symbol
for fis (¢/5) = (1/5) = 1. Looking at the Brand-Intrau-Schiemann table, we know that
there are 2 more primitive positive ternary quadratic forms of determinant 40, which are
g1 = 2%+ 2%+ 52 and g, = 222 + 2y* + 322 + 2yz. Using Proposition 3.3.4.6, we compute
the levels of these forms which are both 40. The reciprocal forms of ¢, go are respectively
1 = 1022 4 5y? + 222 and ¢y = Hx? + 6y? + 422 + 4yz. Let my, ma, ji1, pio be the divisors
of g1, g2, ¢1, o respectively. Then my = my = 4,41 = us = 40. The genus symbol for
g1 18 (¢1/5) = (2/5) = —1. The genus symbol for g is (¢2/5) = (4/5) = 1. This gives
go = 2x% + 2y* + 322 + 222 as the only form in the same genus with f = 2?2 + 3% + 1022

Example 3.3.4.10. In this example, we will find all ternary quadratic forms in the same
genus as f = 222 + 2y? + 322 + 2yz + 2z2 + 2zy. Note that N(f) = D(f) = 28 and the
divisor of f is m = 4. The reciprocal of f is ¢ = 5x? + 5y + 322 — 2yz — 2wz — 4oy
with divisor g = 28. The genus symbol for f is (¢/7) = (3/7) = —1. Looking at the
Brand-Intrau-Schiemann table, we know that there are 2 more primitive positive ternary
quadratic form of determinant 28, which are g, = 22 +y?+ 722 and g = 22 +2y>+42%+2y2.
Using Proposition 3.3.4.6, we compute the levels of these forms which are both 28. The
reciprocal forms of g, g, are respectively ¢ = Tx?+7y?+22% and ¢p = Ta?+4y> +222+2y2.
Let my, ma, pi1, o be the divisors of g1, g2, ¢1, P respectively. Then m; = mg = 4, 4y =
p2 = 28. The genus symbol for ¢y is (¢1/7) = (2/7) = 1. The genus symbol for g, is
(¢2/7) = (2/7) = 1. This eliminates both g1, go. So f = 22 + 2y? + 32% + 2yz + 22z + 22y
is in a genus of one class.
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Chapter 4

Conclusion

Schiemann (1993) proved that if two positive definite ternary quadratic forms represent
the same numbers with the same multiplicities, then they are the same. In the first half
of this thesis, we consider the effect of having the same multiplicities of representation
in the statement. Kaplansky (1997) conjectured that if two forms have the same set of
representable numbers, then either both are regular or one is equivalent to (s,t,t,t,0,0),
the other to (s, t,3t,0,0,0) or one is equivalent to (¢,¢,t, s, s, s), the other to (¢,2t, —s, 2t +
s,0,2s,0). We proved the conjecture holds when two forms are diagonal. Since there are
only 102 regular diagonal forms, the result further implies that Schiemann’s result does
not hold even for the simplest case, but a near miss. The method we used to prove the
results might by applicable if the two forms are increased by a term zy or xz, but will be
time and effort consuming. So a subtler method is desirable. In the second half of the
thesis, we study modular forms. This topic is mostly independent with the first part of the
thesis. The emphasis is on modular forms of half integral weight due to their connection
with ternary quadratic forms. The theory of modular forms has been used successfully to
determine the number of ways an integer can be represented as sums of n square, where
n € Z+ \ {3}. Here we demonstrate the cases n = 2 and n = 4. We also present a recursive
relation for sums of three squares by using Hecke operators, and an interesting relation
between sums of five squares and Dirichlet L-series. In the last subsection of this part, we
give an application of modular forms in finding all ternary quadratic forms being in the
same genus as a given one.
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