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Abstract
Most of the radio spectrum is allocated to licensed services for their exclusive use. This has led to a shortage of spectrum for deploying new wireless services. However, measurements show that a large amount
of radio spectrum allocated to licensed services is temporally and spatially underutilised. Spectrum sharing between licensed (primary) and unlicensed systems has been proposed for enhancing the spectral
utilisation. This thesis investigates spectrum sharing on the highly underutilised television broadcast frequency bands. The Federal Communications Commission (FCC) has analysed spectrum sharing between
a broadcast primary system and a single unlicensed device (unlicensed transmitter). This thesis extends
the FCC analysis by considering multiple unlicensed devices operating in an ad hoc network.
It is important that the interference from the unlicensed system to the primary system is limited to an
acceptable level. In this thesis, such interference is limited by imposing geographical constraints on the
unlicensed system by defining protection regions (i.e. unlicensed device exclusive regions) around the
primary transmitter coverage areas. Analytical tools for determining the required protection distances
(that define the size of the protection regions) are presented. It is identified that accurate modelling of the
radio channel is extremely important in order to efficiently define protection regions and hence ensure
primary system protection. The protection distances are also significantly sensitive to the primary system
protection criterion and the density of unlicensed devices, especially when multiple primary transmitters
with comparatively (compared to their coverage radius) small separation distances are considered.
In this thesis, the capacity of the unlicensed system operating under geographical constraints imposed
by the primary system performance requirements is characterised. The maximum density of unlicensed
devices allowed to simultaneously contend for the primary channel is determined. For such a density,
the outage constraint of a receiving node in the unlicensed ad hoc network is met. It is shown that the
maximum capacity is obtained at this density.
If the unlicensed system is aware of the locations of the typically passive broadcast primary receivers,
then the geographical opportunity for the unlicensed system increases. This is because the unlicensed
system can operate inside the primary transmitter coverage area by defining protection regions around
primary receivers. Tools for determining such protection regions are presented. It is however identified
that, compared to the scenario in which only the primary transmitter locations are known, the improvements in capacity obtained from knowing the primary receiver locations are typically less than 6%.
Hence, it may not be significantly advantageous to system planners to invest in detecting the primary
receiver locations, which involves a high infrastructure cost due to the required cooperation from the
primary system.
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Chapter 1

Introduction
1.1

The New Era of Wireless Communications

The last 25 years have witnessed a massive growth in wireless communications, which have become an
integral part of the modern society. The first generation (1G) of wireless mobile communication systems,
that were based on analog technology were deployed in the 1980s. The 1G systems were replaced by the
digital second generation (2G) mobile systems in the early 1990s. The 2G systems provided an improved
spectral efficiency and voice quality. Since then there has been an explosive growth in the popularity of
wireless communication services. Third generation (3G) mobile service networks were developed in
the early 2000s to satisfy the demand for high transmission speed and quality for multimedia services.
Although 3G services are still being deployed, the fourth generation (4G) mobile service networks, the
most upcoming of which is the Long Term Evolution (LTE), have been deployed in many countries. The
4G networks further improve the transmission speed and provide mobile broadband connectivity across
cities.
Each wireless communication occupies a portion of the radio spectrum. Hence, with the consumers’
increasing interest in wireless communications and with the emergence of new wireless applications, the
demand for radio spectrum is also increasing.

1.2

Current Utilisation of the Radio Spectrum

A number of wireless devices transmitting simultaneously on any particular frequency of the radio spectrum cause co-channel interference to each other, which affects their quality of service. The co-channel
interference increases as the number of simultaneous transmissions increase. Hence, the radio spectrum
is a limited resource and only a limited number of wireless communications are allowed simultaneously
on any particular frequency band.
The radio spectrum is managed by the regulatory bodies. These include the Federal Communications
Commission (FCC) in the United States, the Office of Communications (Ofcom) in the United Kingdom
and the Electronic Communications Committee (ECC) of the Conference of European Post and Telecommunications (CEPT) in Europe. The radio spectrum is divided into various bands, most of which are
1
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assigned to licensed organisations for their exclusive use. Some frequency bands are also allocated to
unlicensed users e.g. the wireless local area network (WLAN) or Bluetooth users on the ISM bands. The
most important bands in the radio spectrum on which broadcast television and mobile communications
take place are the very high frequency (VHF) bands that range between 30 MHz and 300 MHz and the
ultra high frequency (UHF) bands that range between 300 MHz and 1000 MHz. These frequency bands
however are already allocated to licensed users. In fact, only the extreme ends of the radio spectrum
with unfavourable radio propagation characteristics are vacant, while the rest of the spectrum is already
assigned. Hence, there is no new spectrum available to meet the demands of the upcoming wireless
applications.
However, measurement studies that have been carried out to measure the occupancy of the radio spectrum
suggest that most of the licensed spectrum is highly underutilised in time and space. Such measurement
studies have been performed in the US [1,2], Germany [3], Spain [4], Singapore [5] and New Zealand [6].
In [2] spectrum utilisation on frequency bands between 30 MHz and 3GHz averaged over seven different
locations in the US is presented. It is shown that the occupancy is the largest in the VHF frequency bands,
especially in the frequencies allocated to broadcast television. However, the occupancy in these bands is
not even 50%. In many other frequency bands the occupancy is insignificant. Similar observations have
been made in other measurement studies as well. The low utilisation of the licensed spectrum suggests
that spectrum scarcity, as perceived today, is largely due to the inefficient licensed frequency allocations
rather than the physical shortage of the spectrum. This observation has prompted the regulatory bodies
to investigate the concept of spectrum sharing on underutilised licensed frequency bands.

1.3

Spectrum Sharing for Enhancing Spectrum Utilisation

In spectrum sharing systems the unlicensed devices (UDs) are allowed to operate on licensed frequency
bands that are temporally and/or spatially unutilised. Such an operation significantly enhances the licensed spectrum utilisation. A key requirement of the unlicensed system is to detect the availability of
the primary spectrum. If the spectrum is temporally and/or spatially available, the unlicensed system
is allowed to transmit. However, the unlicensed transmission has to be such that the primary system
performance is not affected by the co-channel interference from the unlicensed system.
The operation of unlicensed systems on unutilised digital television (DTV) frequencies is the first authorised application of spectrum sharing systems. Regulatory bodies in a number of countries are involved
in developing regulations for the operation of UDs on DTV frequencies. The FCC in the US released the
final regulations in September 2010 [7].

1.4

Challenges Involved in the Operation of Spectrum Sharing Systems

Interference to the primary system from an unlicensed system is deemed harmful if it causes the signal
to interference ratio (SIR) at a primary receiver (PR) to fall below a certain threshold, defined by the
regulatory bodies. This threshold depends on the PR’s robustness to interference and varies from one
primary band or service to another. For a DTV system, the threshold, as defined by the FCC, is 23
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dB [8]. The interference power received at a PR from a UD is defined by the distance between the two,
specifically, the interference decreases as the distance increases. Hence, a separation distance may be
defined between the UD and a PR for which the interference incurred at the PR is not considered harmful.
Such a separation distance (referred to as protection distance in this thesis) between a UD and a PR has
been defined in the regulations issued by the FCC [7]. A region defined by the protection distances is
called the protection region.
With widespread deployment of unlicensed systems in the future, there will be increased possibility of
multiple UDs operating over the same licensed frequency band. As a result, there will be uncertainty
in the aggregate interference (due to the unknown number of UDs and their locations) at the PRs. In
particular, even though the distance between a PR and single UD may be greater than the protection
distance, the aggregate interference from multiple UDs may turn out to be harmful to the PR. Hence,
when determining protection distances, it is important to consider the interference at a PR from multiple
UDs.
Another factor that affects the interference to the PRs is the variability in the radio channel [9]. The
strength of the received signal at a receiver undergoes rapid fluctuations due to fading and/or shadowing.
Such variations in the channel characterising the signals propagating from a UD to a PR have a significant
effect on interference at the PR.
The implementation of techniques for mitigating interference to the PRs is greatly affected by the primary
system sensing capabilities of the unlicensed system. If the unlicensed system has a high awareness of the
primary system, then the interference control techniques can be efficiently implemented. However, if the
unlicensed system is less aware of the primary system or if there are uncertainties in the primary system
detection techniques, then the unlicensed system has to be conservative when protecting the primary
system. Hence, the factors that need to be considered when implementing the interference mitigation
techniques are: the effects of aggregate interference from multiple UDs; channel variability; and primary
system information.
Even though the main requirement of spectrum sharing systems is to guarantee the primary system protection, it is also important to ensure the efficient utilisation of the available primary spectrum. Hence,
the unlicensed system that operates under the constraints imposed by the primary system performance requirements should not be overly conservative when protecting the primary system and should efficiently
utilise the available primary spectrum.

1.5

Structure of the Thesis

The aim of this thesis is to analyse spectrum sharing systems consisting of a broadcast primary system
and an unlicensed system operating as an ad hoc network. The first main objective of this thesis is to
analyse the geographical constraints that should be imposed on the unlicensed system in order to meet
the primary system performance requirements. These geographical constraints are defined by the protection distances, as discussed in Section 1.4. The second objective is to analyse the performance of
the unlicensed system operating under constraints imposed by the primary system performance requirements. The third objective is to analyse the effects of the primary system information (available to the
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unlicensed system) on the first two objectives. This research aims to present analytical tools for performing such analyses while considering the interference to the primary system from multiple UDs as well as
the effects of channel variability.
As shown in Figure 1.1 this thesis is comprised of eleven chapters. The publications relating to this
research are in [10–14]. An overview and contributions of the chapters in this thesis are as follows:
Chapter 2 (Spectrum Sharing Systems — A Literature Review) discusses the previous studies on spectrum sharing systems with focus on spectrum sharing on broadcast primary frequencies. The regulations
issued in the US and the proposals in the UK and Europe are discussed. Various aspects of the operation
of such systems are discussed and the contributions of this thesis are presented.
Chapter 3 (Radio Propagation and Characterising System Performance) presents the fundamentals of
radio propagation and presents statistical tools for characterising the effects of the radio channel on
a received signal strength. The concept of outage probability, which characterises the performance of a
receiver, is discussed. Analytical tools for determining the outage probability of a receiver in the presence
of channel variability are presented.
Chapter 4 (Characterising the Spectrum Sharing Unlicensed System) presents the model for an unlicensed system consisting of multiple UDs operating in an ad hoc network. A framework for characterising the performance of a spectrum sharing ad hoc network is presented. The performance of the network
is defined by the transmission capacity.
Chapter 5 (Protection Requirements for a Single Transmitter Broadcast Primary System) presents the
model for a spectrum sharing system consisting of a single broadcast primary transmitter. The analysis of
the protection distances required for meeting the primary system performance requirements is presented.
The effects of various system parameters on the required protection distances are analysed.
Chapter 6 (Analytical Techniques for Estimating Required Protection Distances) presents analytical tools
for determining the required protection systems such that the primary system performance is guaranteed.
Moreover, techniques that ensure primary system protection while also ensuring the efficient utilisation
of the primary spectrum by the unlicensed system are presented.
Chapter 7 (Protection Requirements for a Multiple Transmitter Broadcast Primary System) presents a
model for a spectrum sharing system consisting of multiple broadcast primary transmitters. Analytical
tools for determining the required protection distances are presented and an analysis of the protection
distances is performed. A comparative study of protection distances in a single and multiple primary
transmitter system is presented and the effect of primary system topology on the required protection
distances is analysed.
Chapter 8 (Protection Requirements for a Broadcast Primary System with Known Primary Receiver
Locations) presents a model for a spectrum sharing system in which the unlicensed system is aware of
not only the locations of the primary transmitters (as considered in Chapters 5 to 7), but also the locations
of the primary receivers. Analytical tools for determining the required protection distances are presented.
The effects of various system parameters on the required protection distances are analysed.
Chapter 9 (Capacity of a Spectrum Sharing Unlicensed Ad Hoc Network) presents an analysis of the
capacity of the unlicensed ad hoc network operating under constraints imposed by the primary system
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Figure 1.1: Structure of the thesis.
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performance requirements. The tools presented in Chapter 4 are employed for characterising the unlicensed system capacity. The capacity is defined by the geographical opportunity for the unlicensed
system, which in turn is defined by the primary system topology and the required protection distances.
Hence, the analysis of protection distances presented in Chapters 7 and 8 are employed for performing
the capacity analysis. The system parameters for which the maximum capacity is obtained are identified,
hence providing relevant information to system planners. A comparative study of the achievable capacity in systems with known primary transmitter and primary receiver locations is performed in order to
identify the improvements in capacity obtained from having a greater awareness of the primary system.
Chapter 10 (Future Directions) presents the potential areas for future work on spectrum sharing systems.
Chapter 11 (Conclusions) presents the main findings and discusses the key conclusions of this thesis.
Finally the Appendices are presented.

Chapter 2

Spectrum Sharing Systems — A
Literature Review
2.1

Introduction

Chapter 1 has discussed that the scarcity of the available radio spectrum for new applications and the
underutilisation of frequencies allocated to licensed organisations has motivated the development of
spectrum sharing techniques. Previous investigations of spectrum sharing systems can be generally categorised as policy-based and technology-based. The regulatory bodies in a number of countries are
considering issuing regulations for the operation of unlicensed systems on the highly underutilised digital television (DTV) frequencies. The Federal Communications Commission (FCC) has even issued
such regulations [7]. Moreover, a number of investigations are also being carried out to design and
characterise various aspects of spectrum sharing systems.
In this thesis, a combination of the policy based and technology based investigations is carried out. The
analysis in this thesis is performed on systems that implement the regulations issued by the FCC for
spectrum sharing on DTV frequencies. Various factors that affect the implementation of such systems
are identified and tools for analysing the effects of these factors are presented. While focussing on these
factors, this chapter presents a detailed literature review of previous investigations that analyse spectrum
sharing involving broadcast primary systems.
Section 2.2 discusses the various requirements of spectrum sharing systems that ensure a reliable and
efficient operation. For spectrum sharing on broadcast primary channels, Section 2.3 discusses various
techniques that have been proposed by regulators as well by researchers for the reliable and efficient
operation of the system. Section 2.3 also discusses the techniques that are employed in this thesis.
Sections 2.4 and 2.5 discuss the important aspects that need to be considered when implementing these
techniques (considered in this thesis) and classify the previous investigations based on these aspects.
Section 2.6 summarises the investigations in previous studies, while Section 2.7 presents the role of the
investigation in this thesis.
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2.2

Operational Requirements of Spectrum Sharing Systems

In spectrum sharing systems, a key requirement of the unlicensed system is to operate on the primary
frequencies while allowing the performance requirements of the primary system to be met. Hence,
the unlicensed system has to reliably identify the availability of the primary spectrum in the time and
the spatial domains and opportunistically coexist with the primary system without causing excessive
interference [15]. Even though protecting the primary system is the priority, it should also be ensured
that the unlicensed system efficiently utilises the primary spectrum. Hence, the unlicensed system should
not be overly conservative when protecting the primary system, since such an operation would lead to an
inefficient utilisation of the available primary spectrum.
Hence the most important requirements of the unlicensed system are:
• Determine the temporal and spatial availability of the primary spectrum
• Efficiently implement techniques for the mitigation of the interference to the primary system
• Efficiently utilise the available primary spectrum
In this chapter, these three aspects of spectrum sharing systems are discussed and a literature review of
previous studies that analyse these aspects is presented.

2.3

Spectrum Sharing on Broadcast Frequencies

In previous studies, spectrum sharing between different types of primary and unlicensed systems is considered. In a number of studies, the link level analysis of a spectrum sharing system is performed [16–23].
The link level analysis however considers only a single unlicensed transmitter-receiver pair. Hence, such
an analysis does not provide an insight into the spatial utilisation of the primary frequencies by the unlicensed system. This thesis focuses on spectrum sharing between a primary system and an unlicensed
system consisting of multiple unlicensed devices (UDs). Such a system allows the analysis of the spatial
utilisation of the primary frequencies by the unlicensed system.
Although the system level analysis has been performed for a range of spectrum sharing systems e.g.
between two ad hoc networks [24–28] and between an uplink cellular system and an ad hoc network
[29], most of the analyses in the literature focus on spectrum sharing on broadcast primary frequencies
[30–35]. Operation of an unlicensed system on digital television (DTV) frequency bands is the first
authorised application of spectrum sharing [8, 36, 37]. The DTV frequencies are favourable for spectrum
sharing because they are highly underutilised [2, 38] and do not undergo frequent variations. Moreover,
the DTV frequencies have highly efficient propagation characteristics. Signals propagating on DTV
frequencies travel much further in cluttered environments than the WiFi or 3G signals that propagate on
higher frequencies. This is because signals on DTV frequencies can penetrate into buildings without
suffering a large loss. Therefore, regulatory bodies in a number of countries are considering unlicensed
operation on DTV frequencies, as previously discussed in Chapter 1.
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In this thesis, spectrum sharing on broadcast primary frequencies is analysed. Moreover, a system level
analysis is performed by considering an unlicensed system that consists of multiple UDs. Sections 2.3.1,
2.3.2 and 2.3.3 describe various techniques employed for the operation of such a system. Previous studies
that have also considered such a system are summarised in Table 2.1 and are classified on the basis of
the operational techniques employed.
For spectrum sharing systems operating on broadcast frequencies, Section 2.3.1 discusses techniques
employed for detecting the spectral opportunities provided by the primary (broadcast) system. Section
2.3.2 discusses techniques employed by the unlicensed system for limiting the interference to the primary system. Section 2.3.3 discusses the tools that have been employed previously for characterising
the performance of an unlicensed system operating under constraints imposed by the primary system
performance requirements. Section 2.3.4 presents the characteristics of the system considered in this
thesis.

2.3.1

Primary System Detection Techniques

In order to detect the availability of the primary spectrum, three approaches are generally employed by
the unlicensed system. These are: (a) spectrum sensing, (b) geo-location database techniques and (c)
beacon detection.

Spectrum Sensing
If the unlicensed system is not provided any cooperation from the primary system, then spectrum sensing is the commonly employed technique for detecting the availability of the primary spectrum. In a
broadcast primary system, only the broadcast transmitters (primary transmitters (PTs)) transmit signals,
while the primary receivers (PRs) are passive. Hence, the UDs detect the signals transmitted by the PTs.
If the detected signal power exceeds a predefined threshold, then it means that the primary spectrum is
not available and the UDs are therefore not allowed to transmit. However, if the received signal power is
below the threshold, then the UDs are permitted to transmit. According to the FCC regulations a sensing
threshold of -114dBm is required by the UDs operating on the DTV channels [8]. The Ofcom and CEPT
have a more conservative approach and have proposed a sensing threshold of -120dBm [36, 39]. In typical DTV systems, the minimum power that is received at the PT coverage edge is -84dBm [40]. Hence,
the sensing threshold is defined such that the UDs are allowed to operate only outside the PT coverage
area.
Existing techniques for detecting signals are energy detection (that is very sensitive to the noise power),
matched filter detection (that requires perfect knowledge of the primary user’s signal), cyclostationary
detection (that requires information about the waveform patterns) and covariance-based sensing (that
is robust to noise uncertainty while requiring no a priori information of the signal, the channel, and
noise power). The covariance-based sensing technique is shown to outperform other sensing techniques.
See [41] and the references therein for various sensing techniques. A problem commonly encountered
during spectrum sensing is the ‘hidden node problem’. This problem could arise when there is signal
blockage between the UD and a DTV transmitter, but no blockage between the DTV transmitter and
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the DTV receiver and no blockage between the UD and the same DTV receiver. In such a scenario, the
sensing UD may not detect the presence of the DTV signal because it is blocked. Hence, the device
transmits causing interference to the DTV receiver. In order to overcome the hidden node problem,
distributive sensing techniques have been widely proposed [41–44], whereby multiple UDs share the
sensing information and make a joint decision regarding the availability of the primary spectrum.
Even though a number of research studies are being undertaken on spectrum sensing, a completely
reliable and practical technique for detecting the spectrum availability through sensing has not yet been
developed. Therefore, currently the regulatory bodies in the US and Europe consider that spectrum
sensing alone is inadequate to protect the broadcast primary systems from unlicensed system interference
[8, 37]. The regulatory bodies suggest that further testing of the sensing capabilities of UDs is required
before sensing-only devices are allowed on DTV frequencies.

Geo-Location Database Technique
An alternative to spectrum sensing is the geo-location database technique. This technique is significantly
more reliable than spectrum sensing in detecting the primary spectrum availability at a particular location
and time. However, this technique requires cooperation from the primary system and hence a high
infrastructure cost.
In the geo-location database technique the UDs are equipped with geolocation capabilities. The UDs
have access (over the Internet) to a database consisting of relevant information about the DTV system.
This information is typically the locations and transmit powers of the DTV transmitters. This informs
the UDs about the availability of the primary channels at a particular location and time.
It is considered by the FCC that the UDs that incorporate geo-location capabilities can determine their
geographic coordinates to an accuracy of +/- 50 metres. The Ofcom is more conservative and considers
an accuracy of +/- 100 metres. Currently the FCC has specified that the UDs are always required to have
geo-location capabilities [8, 45].

Beacon Detection
Beacons are signals that can be transmitted by the DTV system to indicate the occupancy of a DTV
channel. The UDs tune to the beacon and use the sensed information to determine whether to transmit
on a certain frequency. The use of beacons can ease the performance requirements of the UDs implementing spectrum sensing. This is because the beacon signals may increase the likelihood of detection
by increasing the sensing thresholds. The implementation of beacons again requires cooperation from
the licensed system and hence involves a high infrastructure cost.
The FCC regulations propose the usage of beacons only by microphone services operating on DTV
channels [8]. The Ofcom considers the beacon approach to be inferior to other approaches [36], while
the European Union considers the beacon approach to be costly [37].
In a number of research studies, beacon signals have also been employed for detecting the locations of
DTV receivers [23, 46, 47]. In the systems considered in these studies, the UDs that detect the beacon
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signals transmitted by PRs are not allowed to transmit. Incorporation of beacons at DTV receivers may
however not be practically feasible.

2.3.2

Interference Mitigation Techniques

Interference to a DTV system is controlled most commonly by placing geographical constraints on the
unlicensed system or by employing transmit power control. These two interference limiting techniques
have also been proposed by the FCC.

Geographical Constraints on the Unlicensed System
The FCC has proposed co-channel operation of UDs on DTV frequency bands as long as there is a
certain geographical separation between the UDs and the DTV receivers. These geographical constraints
are defined such that the interference constraints of the DTV receivers are satisfied. Typically, the DTV
receivers are passive. Hence, their locations cannot be detected unless there is cooperation from the DTV
system. Hence, the geographical constraints are specified such that interference constraints at the worstcase location of a DTV receiver are satisfied. The worst-case DTV receiver location is the edge of the
DTV transmitter coverage area. Hence, the interference to the DTV receivers is controlled by defining
an unlicensed system exclusive region surrounding the PT coverage area. In this thesis, this region is
referred to as the protection region (with size defined by protection distance). In the FCC regulations,
the protection distance is obtained by considering the interference to the DTV receiver from only a single
UD, whereas the effect of multiple UDs is not considered [48].
The analysis of protection distances has been extended to take into account the interference from multiple UDs in various studies (see Table 2.1). The interference to the DTV system from multiple base
stations of a wireless regional area network (WRAN) [35], interference from unlicensed hotspots [49]
and interference from an unlicensed ad hoc network [30, 31, 33, 34, 50] have been previously analysed.
A number of previous studies have also analysed systems in which the PR locations are known [47, 51–
59] (see Table 2.1). For such systems it is considered that protection regions surround the PRs. Previous
studies of such systems have determined protection distances by taking into account interference from
multiple UDs. For such systems, in most of the previous studies, the nature of the primary system is not
specified since the focus of analysis is only on the interference at the PRs.

Transmit Power Control
Transmit power control (TPC) is employed for limiting the interference from the UDs to the DTV system
as well as to manage the interference among UDs. A large amount of research on TPC techniques has
been conducted on link level systems [16–23]. Moreover, a number of algorithms have been proposed for
implementing TPC in an unlicensed system consisting of multiple devices (e.g. [60, 61], which consider
uplink cellular primary systems). For broadcast primary systems, in [30, 31, 33, 62] simple distancedependent power control techniques have been proposed.
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The regulatory bodies also require UDs to incorporate TPC that would automatically limit emissions to
the minimum level required for successful communications [8, 36, 37].

2.3.3

Characterising the Unlicensed System Performance

The unlicensed system is required to not only ensure the primary system protection, but also to ensure an
efficient utilisation of the available primary spectrum. In most studies, both link level [16–23] and system
level [27,28,32,34,50,63,64], the capacity metric is used for analysing the performance of the unlicensed
system. In [27, 28, 32, 63] the capacity scaling laws are presented, which indicate the capacity behaviour
under extreme conditions, e.g. when the density of UDs goes to infinity. In [34, 50] the absolute capacity
of the unlicensed system is analysed. In [64] the capacity of an unlicensed system operating as a central
access network with time division multiple access operation is analysed.
The capacity of the unlicensed system is defined by the constraints imposed by the primary system performance requirements. For instance, if geographical constraints are imposed on the unlicensed system,
then the capacity is defined by the geographical opportunity for the unlicensed system. If the unlicensed
system implements TPC techniques, then the capacity of the unlicensed system is defined by the transmission data rate between an unlicensed transmitter and an unlicensed receiver.

2.3.4

Characteristics of the Spectrum Sharing System Considered in this Investigation

Table 2.1 summarises the previous investigations that have been carried out on spectrum sharing systems
consisting of a broadcast primary system and multiple UDs. The analysis of such a system is also the
focus of this thesis. In this thesis, it is considered that the unlicensed system consists of portable/personal
devices. It is considered that geo-location based techniques are employed for detecting the primary
system. Hence, the locations of the PTs and their coverage areas can be detected with accuracy. The
interference from the unlicensed system to the primary system is controlled by imposing geographical
constraints on the unlicensed system by defining protection regions around the PT coverage areas. Hence,
the system analysed in this thesis implements the FCC regulations. The unlicensed system performance
is analysed in terms of the capacity of the unlicensed system operating under constraints imposed by
the primary system. A special scenario is also considered in which the locations of the PRs are known.
Even though such a system would be difficult and costly to implement and has not been addressed by the
regulatory bodies, an analysis of such a system is performed in order to identify the improvements in the
capacity obtained from knowing the PR locations.
Table 2.1 shows that the analysis of systems consisting of protection regions has been performed in
a number of studies involving multiple portable/personal UDs [30–34, 47, 50–58, 62, 63]. Section 2.4
presents various factors that affect the analysis of such a system. Based on these factors, the classification of previous studies is performed and the gaps in the previous studies that are filled through the
investigation in this thesis are indicated. Also note in Table 2.1 that the analysis of the absolute capacity
of an unlicensed system with multiple portable/personal devices operating under constraints imposed by
the primary system has been previously performed only in [34, 50].

Broadcast

Broadcast

Broadcast

Broadcast

Broadcast

Broadcast

Broadcast

Broadcast

-

-

-

Broadcast

[31, 62]

[32, 63]

[33]

[46, 65]

[34, 50]

[49]

[35]

[51–57, 59]

[47]

[58]

[10–14]

Primary
system

Unlicensed
system
Portable/personal
devices
Portable/personal
devices
Portable/personal
devices (ad hoc)
Portable/personal
devices
Portable/personal
devices
Portable/personal
devices (ad hoc)
Portable/personal
devices
(WLAN)
WRAN
Portable/personal
devices
Portable/personal
devices
Portable/personal
devices
Portable/personal
devices (ad hoc)

Spectrum sharing system

[30]

Reference

√

√

√

√

√

√

√

√

√

√

√

√

√

√

√
√

√

√

√

√
√

√
√

PR
beacon

√
√

Sensing

√

√

Known PR
locations

√

√

Interference
mitigation
Protection
TPC
region
√

√

Known PT
locations
√

Primary system detection

√

√

√

Unlicensed system
performance
Capacity
Absolute
scaling
capacity

Table 2.1: Previous investigations on spectrum sharing systems consisting of broadcast primary systems and multiple UDs. References [10–14] have been written by the
author.
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Factors that Affect Primary System Performance

The most important aspect of spectrum sharing systems is the characterisation of the interference at the
PRs and hence the performance of the primary system. An accurate characterisation of the primary
system performance is required in order to efficiently implement the unlicensed system interference
limiting techniques. Moreover, an accurate performance characterisation is also required because the
constraints imposed by the primary system performance requirements on the unlicensed system defines
the achievable performance of the unlicensed system.
In this section, the factors that affect the primary system performance are presented. These factors are
used for characterising a spectrum sharing system consisting of a broadcast primary system and multiple
portable/personal UDs. Moreover, the system implements interference control by imposing geographical
constraints on the unlicensed system by defining protection regions either around the PTs (as specified
by the FCC) or around the PRs. An accurate characterisation of the primary system performance is
required in order to efficiently determine the size of the required protection regions, which in turn define
the geographical opportunity for the unlicensed system. Sections 2.4.1 to 2.4.3 present the factors that
affect the primary system performance. Previous studies involving protection regions are classified based
on these factors in Table 2.2.

2.4.1

Guaranteeing the Primary System Performance

An important aspect of characterising the primary system performance is the efficient modelling of the
interference from the unlicensed system at the PRs. In this thesis, multiple randomly distributed UDs
are considered. The resultant aggregate interference at a PR hence becomes a random variable (see for
example the interference models in [47, 57]). For such a system model, the probability of outage is
employed for characterising the performance of the PRs [47, 57].
When interference from multiple UDs is considered, analytical characterisation of the interference at
the PRs and hence the characterisation of the probability of outage of the PRs is often not possible. In
such scenarios, approximations for the interference can be obtained [47, 65]. However, while employing
approximations, it is important to study the resultant under/over estimation behaviour of the primary
system performance. It should be ensured that the approximations for interference should always overestimate the PR outage probability, rather than underestimate the outage probability. If overestimated
outage probabilities are obtained, then the geographical constraints that are imposed on the unlicensed
system in order to meet the PR outage constraints guarantee the primary system performance.
For systems in which protection regions surround PT coverage areas, Table 2.2 (a) shows that none
of the previous investigations have developed tools for determining the exact outage probability at the
PRs. However, in [30, 31] Vu, Devroye and Tarokh have presented tools for obtaining overestimated
values of the outage probability of the PRs. In order to ensure the efficient utilisation of the available
primary spectrum by the unlicensed system, the overestimated PR outage probabilities and hence the
overestimated protection regions should not be overly pessimistic. The geographical opportunities for
the unlicensed system allowed by various tools (including those in [30, 31] and those presented in this
thesis) that overestimate the PR outage probability are studied in Chapter 6. In Chapter 6, the tools that
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ensure the primary system protection as well as the efficient spectrum utilisation are identified. Moreover,
techniques that are significantly more efficient than those in [30, 31] are presented.
For systems in which protection regions surround the PRs (see Table 2.2 (b)), in previous investigations
approximations for the PR outage probability have been obtained. Moreover, in [54, 58] it is shown
that closed-form analytical tools for characterising the interference at the PR cannot be obtained. Hence
in [53, 54, 58], the interference analysis is performed by employing numerical simulations, with some
key results presented in [54].

2.4.2

Variability in the Radio Channel

The signals propagating in the radio environment are prone to multipath fading and shadowing, as previously discussed in Chapter 1. Fading and shadowing can have significant effects on the signals arriving
at a receiver.
The performance of a PR, which is characterised by its probability of outage, is defined by the signal
to interference ratio (SIR) at the PR. Since channel variability affects the desired signals arriving at the
PR from the PT as well as the interfering signals from the UDs, it is important to accurately model
variability in both channels. It is shown by Table 2.2 (a) that the effects of channel variability have
previously not been analysed on the performance of a system in which protection regions surround the PT
coverage areas. Channel variability has previously been considered for the analysis of systems in which
protection regions surround PRs [47,53,54,58]. However, closed-form analytical tools for characterising
the interference at the PRs in the presence of channel variability have not been previously presented.
Hence, in previous studies, the effect of channel variability on the PR performance is analysed by either
employing approximations or through numerical simulations.

2.4.3

Primary System Topology

When geographical constraints are imposed on the unlicensed system, then the region of operation of the
unlicensed system is defined by the primary system topology. Hence, an UD is more likely to be allowed
operation if it is located far away from the primary system (specifically, from the PR). However, an UD
that is located close to the primary system may lie inside the UD exclusive region (i.e. protection region)
and hence be denied operation.
In a system consisting of a single PT, the UD exclusive region is concentrated only around the coverage
area of a single PT. However, in a system consisting of multiple PTs the protection regions surround
multiple PTs. Hence, the primary system topology has a significant effect on the distribution of the UDs
and hence on the interference from the unlicensed system to the PRs. For instance, as shown in Figure
2.1, the presence of the primary transmitter PT2 decreases the number of unlicensed interferers that affect
the primary receiver PR1, that is inside the coverage area of PT1. However, there is an additional source
of interference i.e. PT2. This in turn affects the protection region required to meet the PR (PR1 in Figure
2.1) interference constraints, as discussed further in Chapter 7. It is therefore important to analyse the
effects of the primary system topology on the primary system protection criterion. The primary system
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topology also plays an important role in defining the geographical opportunity for the unlicensed system


and hence the unlicensed system capacity.












PT1







PT1
PR1

PR1





PT2










Interfering signal
Primary transmitter coverage area
Unlicensed system exclusive region

Figure 2.1: Effect of multiple primary transmitters on the interference at a primary receiver.

If protection regions are considered only around the PT coverage areas, as required by the FCC regulations, then only the distribution of the PTs is important. However, if protection regions surround the
PRs, then the distribution of PRs plays an important role in the characterisation of the geographical opportunity for the unlicensed system. A primary system consisting of multiple PTs and PRs has been
considered in [34, 50]. However, in [34, 50], the interference at the PRs from only a single UD is considered. Hence, the effect of the primary system topology and even multiple interferers on the primary
system performance is not considered. In [34, 50], multiple PTs and PRs have been considered only in
order to determine the geographical opportunity for the unlicensed system.

2.5

Other Factors that Affect the Analysis of Spectrum Sharing Systems

In most of the previous studies, for specified protection distances, the focus of the analysis is on the
effect of various system parameters (other than the protection distance) on the probability of outage of
the PR [30,31,46,47,51,57,65] or on the statistics of interference at the PR [54,58]. Hence, the literature
presents the analysis of spectrum sharing systems only over a small range of protection distance values.
However, system planners would be particularly interested in the effects of various system parameters
(e.g. the density of UDs and acceptable outage probability at the PR) on the protection distances required
for meeting the primary system outage constraints. They would be interested in whether increasing a parameter increases or decreases the required protection distances. Moreover, the sensitivity of the required
protection distances to various parameters would also be extremely useful, especially in determining the
geographical opportunity for the unlicensed system when various parameters are altered. For instance,
increasing the density of UDs contending for the primary channel increases the required protection distances, as shown in Chapter 5. The sensitivity of the required protection distances to the density of UDs
can help system planners determine the optimal density at which the maximum capacity of the unlicensed
system can be achieved, which in turn is defined by the protection distances.

[51, 52, 57,
59]
[53–56, 58]
[47]
[34, 50]
[11, 12, 14]

Reference

[30, 31]
[32, 33, 62]
[34, 50]
[10, 13, 14]

Reference

√

√
√
√

√

√

(b)

Guaranteeing primary system performance
Interference at PR from
PR outage probability (exact)
multiple interferers
Analysis
(employing
Analytical
analytical
tools
tools or
simulations)
√

√

√

√

Effect of channel
variability on PR
outage prob.

√

Analytical
tools

√

√
√

Analysis
(employing
analytical
tools or
simulations)

Channel variability

Guaranteeing primary system performance
Exact PR outage
Overestimated PR
Interference at PR from
prob.
outage prob.
multiple interferers
√
√
√

(a)

Effect of
primary system
topology

√

Effect of
multiple PTs on
PR outage prob.

√
√

Absolute
capacity

√
√

Absolute
capacity

Table 2.2: Classification of previous investigations on the basis of the incorporation of factors required for the primary system performance characterisation: (a) Protection
regions surrounding primary transmitter coverage area and (b) Protection regions surrounding primary receivers. References [10–14] have been written by the
author.
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Summary of Previous Investigations

The general operational requirements of spectrum sharing systems are classified into three categories, as
described in Section 2.2. Various techniques for implementing the three operational requirements that
have been proposed by the regulatory bodies as well as those investigated in previous studies are discussed in Section 2.3. Therein, the techniques that are employed in the investigation presented in this
thesis are stated. Previous studies that employ the same techniques as those in this thesis are grouped on
the basis of their contributions towards three key aspects of the primary system performance characterisation. These are: (a) guaranteeing the primary system performance; (b) variability in the radio channel
and (c) primary system topology.
The focus of the analysis in this thesis is a system that operates according to the FCC regulations i.e. a
system in which geographical constraints on the unlicensed system are imposed by defining protection
regions around the PT coverage area. For such a system, unfortunately, none of the previous studies
consider all of the three factors involved in the primary system performance characterisation. Moreover,
an analysis of the unlicensed system performance (specifically, the capacity) has previously been performed only in [34, 50]. However, [34, 50] do not consider any of the three factors that are required for
the primary system performance characterisation.
In this thesis, a special case has been analysed in which the protection regions surround the PRs. For
such a system, previous studies have performed analyses while considering the effects of factors (a) and
(b) that are involved in the primary system performance characterisation. However, most of the studies
employ numerical simulations for analysis, while analytical tools for characterising the primary system
performance have not been previously presented. Moreover, an analysis of the unlicensed system performance (specifically, the capacity) has previously been performed only in [34, 50]. However, [34, 50] do
not consider any of the three factors that are required for the primary system performance characterisation.

2.7

Role of this Investigation

This section discusses the role of the investigation presented in this thesis. This thesis presents the
combined analysis of various components involved in the operation of a spectrum sharing system. It simultaneously analyses the effects of various factors (described in Section 2.4) that affect the interference
to the primary system, the resultant primary system protection criterion as well as the resultant capacity
of the unlicensed system operating under the constraints imposed by the primary system performance
requirements. Significantly in this thesis, the analysis of the primary system protection criterion focuses
on determining the protection distances required for meeting the PR interference constraint. The effects
of various system parameters and the sensitivity of protection distances to these parameters is analysed.
Such an investigation provides relevant information to system planners about the design of a reliable and
efficient spectrum sharing system. In order to perform the analyses in this thesis, analytical tools are developed where possible. Simulations are employed to perform the analyses in scenarios where analytical
tools cannot be developed.
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The contributions of this investigation are summarised in Table 2.2. For a spectrum sharing system consisting of a broadcast primary system and multiple UDs operating in an ad hoc network, this investigation
performs analyses while considering the following factors:
Guaranteeing the Primary System Performance
The performance of a PR is characterised by the probability of outage, which in turn is defined by the
distribution of the aggregate interference from the unlicensed system. Chapter 4 presents a model for
the topology of the unlicensed ad hoc network, which is employed in Chapters 5 to 8 for characterising
interference to the primary system and consequently determining the protection distances required for
meeting the PR outage constraints.
For a system in which protection regions surround the PT coverage area, it has been shown that the
exact protection distances required for meeting the PR outage constraints cannot be determined. Hence,
various analytical tools are presented for obtaining overestimated protection distances that guarantee the
primary system performance. Moreover, the technique for overestimating protection distances which
also allows the efficient utilisation of the primary spectrum by the unlicensed system is identified. This
analysis is presented in Chapter 6. For a system in which protection regions surround PRs, analytical
tools for the exact characterisation of the required protection distances are presented in Chapter 8.
Variability in the Radio Channel
The radio channel, which has a significant effect on the performance of the PRs is taken into account
while defining the geographical constraints on the unlicensed system. The radio channel models are
presented in Chapter 3 and are employed in Chapters 5 to 8 for determining the required protection
distances.
Primary System Topology
The topology of the primary system plays an important role in defining the geographical constraints on
the unlicensed system. Hence, the primary system topology also defines the geographical opportunity
and hence the capacity of the unlicensed system. The effects of the primary system topology on the
protection regions required for meeting the PR outage constraints are presented in Chapter 7.
Analysis of the Capacity of the Unlicensed System
This thesis presents an analysis of the performance of the unlicensed system operating under geographical constraints imposed by the primary system performance requirements. The unlicensed system performance is defined by its capacity. Chapter 4 presents the model for the unlicensed system and defines
the capacity of the unlicensed system in terms of the geographical opportunity for the unlicensed system,
which is defined by the primary system topology and the required protection distances. The model in
Chapter 4 and the analysis of the geographical constraints on the unlicensed systems that are presented
in Chapters 7 and 8 are employed in Chapter 9 where the capacity analysis is performed.
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Summary

This chapter presents a literature review of previous investigations of spectrum sharing systems, with
special focus on spectrum sharing systems consisting of a broadcast primary system. A key requirement
of the unlicensed system is to ensure that the primary system performance is not compromised. Hence,
the interference from the unlicensed system to the primary system has to be efficiently characterised. In
this chapter, various factors that need to be considered for such interference characterisation are described
and previous studies are classified based on the consideration of these factors.
Previous studies do not present the combined effect of these factors. Moreover, the analysis of the
performance of the unlicensed system while considering any of these factors has not been previously
performed. In this thesis, the combined effects of all of the factors involved in the characterisation of the
primary system performance is presented. The obtained results are then employed for the performance
analysis of the unlicensed system. The remainder of the thesis is presented following the structure as
described in Figure 1.1.

Chapter 3

Radio Propagation and Characterising
System Performance
3.1

Introduction

This thesis investigates spectrum sharing between a broadcast primary system and an unlicensed ad
hoc network. The focus of the investigation is the geographical constraints that should be imposed
on the unlicensed system in order to ensure the primary system performance. Moreover, the capacity
of the unlicensed system operating under such constraints is determined. Of particular importance to
such performance analysis is the accurate characterisation of the constantly changing radio propagation
channel.
Figure 3.1 presents a model of the spectrum sharing system considered in this thesis and the associated
radio environment that affects the propagation of transmitted signals in the system. A signal arriving at a
receiver (primary or unlicensed) may propagate through the direct path between the transmitter and the
receiver. The signal may also be significantly affected by the topography of the surrounding area which
may cause reflection, diffraction or scattering of the transmitted signal. Such propagation mechanisms
lead to variations in the received signal strength, the magnitude of which is significantly influenced by
the nature of the propagation environment. It is important to characterise these variations, which may
significantly affect the receiver performance, the analysis of which is the key focus of this thesis. The
characterisation of the variations in the received signals is the principal contribution of this chapter.
Moreover, this chapter provides tools for characterising the performance of a receiver in the presence of
such signal variations.
All devices shown in Figure 3.1 operate on the same channel. Hence, a signal transmitted by a device
may cause interference to receivers in the system other than the desired receiver. For instance, a signal
transmitted by an unlicensed transmitter may arrive at the primary receiver (PR) causing interference.
Therefore, in order to characterise the performance of a receiver, channels associated with all co-channel
transmitters in the system and the receiver should be considered. The propagation channels associated
with the characterisation of the primary and unlicensed system performance, which is the focus of the
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investigation in this thesis, are shown in Figure 3.2. The tools presented in this chapter are employed for
characterising these channels and consequently analysing the system performance.





DTV receiver
DTV transmitter


Unlicensed
transmitter

Unlicensed
receiver




Direct component
Diffracted component

Reflected component
Scattered component

Figure 3.1: Propagation environment of the spectrum sharing system.
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Figure 3.2: Propagation channels considered in this thesis for the characterisation of the primary and unlicensed
system performance.

This chapter lays the foundation for the rest of the thesis by characterising the radio propagation environment and providing tools for characterising the performance of a receiver. Section 3.2 discusses
the phenomenon of radio propagation. Section 3.3 presents tools for characterising the variability in the
radio channel. Section 3.4 presents tools for characterising the performance of a receiver in various radio
environments.

3.2

The Phenomenon of Radio Propagation

Radio propagation is significantly influenced by the nature of the propagation environment. In a typical
outdoor environment, which is considered in this thesis, a transmitted signal may take different paths
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to arrive at the same receiver [9, 66, 67] e.g. there may be a direct component from the transmitter to
the receiver or there may be a component that is reflected off a building. This phenomenon is called
multipath propagation [9, 66, 67]. The components of the transmitted signal that may arrive at a receiver
are:
• Direct component: The signal component that takes the shortest path between the transmitter and
the receiver

• Reflected component: The signal component that is reflected by buildings or obstacles
• Diffracted component: The signal component that is a resultant of the bending of the waves around
obstacles

• Scattered component: The signal component that is redirected in many directions when it hits
rough surfaces, small objects, corners of obstacles or other irregularities in the channel.

The relative strength of these components depends on the propagation environment. The received signal
comprises a combination of these components, which leads to rapid fluctuations in the received signal
strength. The exact prediction of the received signal is impossible due to the dynamic nature of the radio
propagation environment. However, statistical tools can be employed for characterising the received
signal strength, as discussed in Section 3.3.

3.3

Characterising the Received Signal Strength

In order to model the propagation of radio signals, numerous measurement studies have been performed
wherein the strengths of signals have been recorded at a large number of locations. The data collected
indicates that the variability of the signals can generally be described by the same statistical distributions
with parameters appropriate to the local environmental conditions. This section presents such statistical
distributions that are employed throughout this thesis for characterising the received signal strength, and
consequently the performance of spectrum sharing systems.
Generally, variation in a received signal is characterised by three components: large-scale variation,
medium-scale variation and small-scale variation [9]. These are described in Sections 3.3.1, 3.3.2 and
3.3.3 respectively along with the typical statistical tools that characterise signal variation.

3.3.1

Large-Scale Signal Variation

Large-scale signal variation describes the general reduction in the received signal strength over long distances (usually hundreds of wavelengths of the radio frequency carrier). The large-scale signal power
is also called the ‘area mean’. Numerous models have been proposed in the literature for characterising
the large-scale variation in received signal strength [68–72]. Many of these models are based on simplified theoretical propagation scenarios, which are modified so that they comply with the measurement
studies. Three commonly used propagation models are the free space model, plane earth model and the
log-distance path loss model.
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Free Space Model
Free space propagation occurs when the transmitter and the receiver are both exposed or elevated i.e.
when there are no objects in the vicinity of the propagation path that affect the transmitted signal. The
received signal power Sr is given by [9]

Sr = St Gt Gr

λ
4πd

2
,

(3.1)

where St is the transmitted signal power, Gt and Gr are the transmitter and receiver antenna gains
respectively, λ is the signal wavelength1 and d is the transmitter-receiver distance.
Plane Earth Model
Plane earth propagation occurs when, at the receiver, there is a line-of-sight (LOS) component as well
as a component that is reflected by the earth or other objects. The received signal power Sr given by the
plane-earth model is
Sr = St Gt Gr

(ht hr )2
,
d4

(3.2)

where St is the transmitted signal power, Gt and Gr are the transmitter and receiver antenna gains
respectively, ht and hr are the transmitter and receiver heights respectively and d is the transmitterreceiver distance. Unlike the free space model, the plane-earth model is independent of the transmission
frequency. Hence, the plane earth model does not physically represent typical propagation scenarios [73].
However, path losses similar to that given by (3.2), namely 40 dB per decade, usually occur in outdoor
propagation environments. Models that take into account a clutter factor in order to compensate for the
frequency-dependent conditions have been proposed in [74–77].

Log-Distance Path Loss Model
The free space and plane earth models are overly simplistic and may not be applicable to complicated
propagation environments. A more versatile model is the log-distance path loss model [9] in which the
large-scale path loss is expressed in terms of the transmitter-receiver distance by employing a propagation
exponent α such that

P L (d) = P L (d0 ) + 10α log

d
d0


.

(3.3)

In (3.3) P L (d) is the path loss (in dB) for the transmitter-receiver distance d and P L (d0 ) is a reference
path loss (in dB) at a close-in distance d0 . The propagation exponent α defines the rate at which the path
loss increases with increasing d.
It is important to select the reference distance d0 appropriate for the propagation environment considered.
For urban mobile radio applications d0 is considered to have values of 1m or 100m, while for long range
transmissions e.g. point-to-point radio links, d0 is considered to be 1km [73]. The reference path loss
P L (d0 ) is calculated using the free space model (see (3.1)) or through measurements. Typical values of
1

The wavelength λ is given by λ = c/f , where c is the speed of light i.e. 3 × 108 m/s and f is the operational frequency.
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the propagation exponent α for various outdoor propagation environments [9] are presented in Table 3.1.
Table 3.1: Propagation exponent values for various environments

Radio Environment
Free space
Plane earth
Urban mobile radio
Shadowed urban mobile radio

Propagation exponent α
2
4
2.7 to 3.5
3 to 5

The expression for the received power at a receiver can be obtained from (3.3) such that

SrdBm = StdBm − P L (d0 ) − 10α log

d
d0


,

(3.4)

where SrdBm is the received power (in dBm) and StdBm is the transmitted power (in dBm).

3.3.2

Medium-Scale Signal Variation

The received signal is attenuated by obstacles in the propagation path. This phenomenon is called ’shadowing’. As a portable receiver moves (over a few hundreds of metres), the attenuation in the received
signal varies due to the changing characteristics of the obstacles in the propagation path. Experiments
show that the variation of the received signal power w around the area mean (see Section 3.3.1) can be
statistically represented by a lognormal distribution [67], namely
fW

"
#
10
(10 log10 (w) − µ)2
√
(w) =
exp −
,
2σ 2
ln (10) 2πσw

(3.5)

where µ is the area mean (in dBm), and σ is the standard deviation (in dB) of the associated normal
distribution, which defines the signal variability. A large value of σ characterises a highly obstructed
propagation environment e.g. transmitter and receiver with low antenna heights located in an urban
environment. For σ = 0dB there is no medium-scale signal variation, hence a LOS path exists between
the transmitter and receiver. Moreover, σ has been found to be frequency-dependent, specifically, σ
increases with increasing frequency [75–77]. Typical values of σ in an urban environment are 7dB
(recorded in [77]) to 12dB (recorded in [78]), while in suburban and rural environments the σ values
range from 3dB (recorded in [77]) to 8dB (recorded in [79]).
The mean received signal power averaged over a sufficient distance when large-scale and medium-scale
signal variations are considered, is called the ‘local mean’. In this thesis the local mean is often simply
referred to as the mean received signal power.

3.3.3

Small-Scale Signal Variation

Small-scale variation describes the rapid fluctuations in the received signal strength over a short period
of time or over a small range of distance travelled by the receiver. These variations occur due to the
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arrival of several different signal components at the receiver. This phenomenon is called ‘multipath
fading’. Assuming that there is not a significant LOS signal component arriving at the receiver, it has
been shown that the variations in the received signal envelope (i.e. electric field strength) follow a
Rayleigh distribution [9, 67]. The instantaneous signal power w of a Rayleigh faded envelope has an
exponential distribution [80], namely
fW (w) =

 w
1
exp −
,
A
A

(3.6)

where A is the local mean. For convenience, in this thesis, a channel affected by such fading is referred
to as a Rayleigh channel.
The exponential distribution models small-scale signal variations only when there is no dominant (LOS)
signal component at the receiver. It has been shown that if there is a dominant component, then the
variations in the received signal envelope follow a Rician distribution. The signal power of a Rician
faded envelope is given by2
fW



(K + 1) w
K +1
exp (−K) exp −
I0
(w) =
A
A

r
2

wK (K + 1)
A

!
,

(3.7)

where K is the Rician factor, which represents the ratio of the signal power of the dominant component
and mean power of the scattered components. In (3.7) I0 is the zero-order modified Bessel function of
the first kind. When K = 0, (3.7) becomes an exponential distribution and hence characterises Rayleigh
fading.
The Nakagami distribution, that is often used for characterising fading [67], also provides a versatile
model for the received signal strength. However, in this thesis only the Rayleigh and Rician fading are
considered.

Modelling Both Small-Scale and Medium-Scale Variation
It has been shown by Suzuki [81] that the effect of both Rayleigh fading and lognormal shadowing on
the received signal power can be modelled by a Suzuki distribution, namely
Z∞
fW (w) =
0

"
#
 w
10
(10 log10 (A) − µ)2
1
√
exp −
exp −
dA,
A
A ln (10) 2πσA
2σ 2

(3.8)

where A is the local mean (which is modelled using the lognormal distribution described by (3.5)). The
parameters µ (in dBm) and σ (in dB) are the area mean (which is modelled by the large-scale path loss
models) and the standard deviation about the area mean respectively.
2
The signal power of a Rician faded envelope follows a Chi-square distribution. For convenience, in this thesis, such a
channel is referred to as a Rician channel.
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Wideband Channel Characteristics
It has been shown in this section that small-scale variations in received signal strength can be modelled using Rayleigh and Rician distributions. These distributions assume that the received signal is a
summation of several components that have similar amplitudes and random phases (due to multipath
propagation). These distributions are accurate for modelling only narrowband channels (i.e. signals
transmitted over a narrow range of frequencies) and the fading defined by these distributions is called flat
fading. However, in wideband channels, the phasor sum of the multiple components arriving at a receiver
is frequency-dependent [9, 66]. Such fading is called frequency selective fading. In the time domain, this
phenomenon manifests itself as a variation in the time delay encountered by the symbols transmitted.
Due to multipath propagation, a symbol replica may arrive ‘late’ and if it has a significant magnitude, it
will interfere with a subsequent symbol received ‘earlier’. This is commonly known as intersymbol interference (ISI) which results in the distortion of symbols and therefore incorrect bit detections. Equalisers
are commonly used to mitigate the effects of ISI [9, 66].
In this thesis, the effects of wideband channels are not considered and propagation only in narrowband
channels is considered. This assumption causes the performance characterisation of receivers performed
in this thesis to be slightly optimistic.
Doppler Spread
Doppler spread describes the time-varying nature of a channel. It essentially characterises the variation
in the frequency of a signal that is perceived by a receiver that is moving relative to the transmitter [9].
This shift in frequency is directly proportional to the relative velocity and the direction of motion of the
receiver with respect to the transmitter. The Doppler spread has an adverse effect on system performance
as it leads to errors in the decoding process [82]. In this thesis, it is considered that transmitters and
receivers are either stationary or move at a slow speed. Hence, it is assumed that the effect of Doppler
spread is not significant.

3.3.4

Propagation Modelling Approach Employed in this Thesis

In this thesis, the effects of Rayleigh, Rician, lognormal and Suzuki channels on signal propagation are
analysed. The log-distance path loss model is employed for determining the mean received signal power.
For a mean received power of P¯r , it is considered that the instantaneous received power Pr is given by
Pr = P¯r w,

(3.9)

where w is a random variable with a unit mean (in linear units and 0 mean in dB units), associated
with channel variability. Hence, when a Rayleigh or Rician channel is considered, the distribution of w
is given by (3.6) and (3.7) respectively for A = 1. Similarly when a lognormal or Suzuki channel is
considered, the distribution of w is given by (3.5) and (3.8) respectively for µ = 0dBm.
For all four channels considered, it can be shown using simulations that (3.9) is true. This can also be
shown analytically for Rayleigh, lognormal and Suzuki channels. For instance, let there be a random
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variable U that is uniformly distributed between 0 and 1 and let there be a random variable N that is
normally distributed with zero mean and unit standard deviation. The random variables U and N can
be used for generating exponential (for a Rayleigh channel), lognormal and Suzuki distributed random
variables with mean P¯r , using the relationships presented in Table 3.2 (derivations presented in Appendix
K). The generated random variables represent the instantaneous power Pr at a receiver.
For a Rayleigh channel, Pr = −P¯r ln (1 − U ). Hence, Pr can be expressed as Pr = P¯r (− ln (1 − U )),
which represents the product of P¯r and an exponentially distributed random variable with unit mean,
which in turn signifies (3.9). Similarly, for a lognormal channel, Pr = 10(µ+σN )/10 . Hence, Pr can be
expressed as Pr = 10µ/10 .10(0+σN )/10 = P¯r .10(0+σN )/10 , which represents the product of P¯r and a
lognormally distributed random variable with parameters µ = 0dBm and σ. Hence, (3.9) is true for a
lognormal channel and can similarly be shown to be true for a Suzuki channel.
Table 3.2: Generation of exponential, lognormal and Suzuki distributed random variables (with mean P¯r ) with a
uniform random variable (i.e. U ) and a normal random variable (i.e. N ).

Channel
Rayleigh
Lognormal
Suzuki

3.4

Generation of random variable
Pr = −P¯r ln (1 − U )

(µ+σN
)/10
Pr = 10
; µ = 10 log10 P¯r , where P¯r is in mW

Pr = −10(µ+σN )/10 ln (1 − U ); µ = 10 log10 P¯r , where P¯r is in mW

Characterising the Receiver Performance

In order to determine the reliability of communication between a transmitter and a receiver, the performance of the receiver has to be characterised. Driven by the increasing demand for the radio spectrum,
wireless devices often operate on the same frequency bands. Such sharing of the radio spectrum is called
frequency reuse. A classic example of frequency reuse is the cellular system, in which multiple base
stations transmit in the same frequency bands, while the base stations are geographically separated in
order to not affect each other’s service. Such spectrum reuse allows efficient utilisation of the precious
spectrum resource. Spectrum sharing between a licensed and an unlicensed system, which is the focus
of the analysis in this thesis, is also based on the concept of spectrum reuse.
The performance of multiple radio devices operating on the same frequency band is limited by co-channel
interference. A large interference to a receiver can significantly affect its performance. Moreover, the
performance of a receiver may be affected by the noise in the radio channel. The performance of a
receiver is most commonly characterised by the signal to interference ratio (SIR), the signal to noise ratio
(SNR) and the signal to interference plus noise ratio (SINR). In this thesis, most of the analyses focus
on the SIR at a receiver (which may be a DTV primary receiver or a receiving node in the unlicensed ad
hoc network). It is assumed that the interference affecting a receiver is significantly larger than the noise.
Hence, the tools presented in this chapter for characterising the performance of a receiver are defined in
terms of the SIR. However, these tools are equally applicable when the receiver performance is affected
by noise.
There is often a minimum required SIR at a receiver, for which the receiver performance is considered to
be satisfactory. The minimum required SIR is referred to as the protection margin of the receiver. The SIR
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at a receiver has a fixed value if there is no variability in the received signal power from the transmitter
(referred to as the desired power) and in the received interference power. However, if there is variability
in any of the two power levels, then the SIR also varies with time. The statistical characterisation of the
two power levels allows the characterisation of the receiver performance by the service reliability. The
concept of service reliability has been widely used for performance characterisation [83]. The service
reliability is given by the probability of having the instantaneous SIR at the receiver greater than the
protection margin.
In this thesis, the complement of service reliability, which is called the probability of outage, is employed
for characterising performance of a receiver. The probability of outage is described in Section 3.4.1,
while Section 3.4.2 presents outage probability calculations for various channels.

3.4.1

Characterising Receiver Performance with the Probability of Outage

The probability of outage defines the probability of having the SIR at a receiver smaller than the protection margin. Hence, if the instantaneous desired power at a receiver is Pr and there is an interference
power I that affects the performance of the receiver, then, for a protection margin β at the receiver, the
probability of outage Poutage is given by

Poutage = Prob


Pr
≤β .
I

(3.10)

This thesis focuses on the analysis of the geographical constraints that need to be imposed on an unlicensed system coexisting with a primary system, such that the performance of the primary system is not
compromised. The primary system performance is defined by the probability of outage of a PR. Hence,
the protection margin and the acceptable outage probability of a PR are specified and the geographical
constraints on the unlicensed system are imposed such that the PR outage constraints are met. The primary system considered for the analysis is a broadcast system, while the unlicensed system is considered
to be an ad hoc network. At any instant of time, there are multiple nodes in the ad hoc network that simultaneously transmit on the primary channel. Moreover, stochastic models are employed for characterising
the topology of the unlicensed system. Hence, the aggregate interference at the PR from the unlicensed
system is always random. Randomness in interference power as well as the received power at the PR
from the primary transmitter may also be caused due to variability in CU D−P R and CP T −P R (see Figure 3.2) respectively. Similarly, the probability of outage of a receiving node in the unlicensed network
(considered in Chapter 4) is defined by variability in CT −R (which defines the desired power), variability in Cint−R (which defines the interference power from multiple randomly distributed interferers) and
variability in CP T −R .
In terms of the parameters in (3.10), the analysis of the two receivers (i.e. the PR and the unlicensed
receiving node) in this thesis is performed for the following two scenarios:
Scenario 1: No variability in Pr (for instance, when there is LOS propagation between the PT and PR or a
LOS propagation between the desired transmitter-receiver pair in the unlicensed network) and variability
in I (due to randomness in interferer locations and/or channel variability)
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Scenario 2: Variability in Pr (due to channel variability) and I (due to randomness in interferer locations
and/or channel variability)
For the system considered in this thesis, determining the expressions for the distribution of interference
(i.e. fI (.) or FI (.)) at the receivers (i.e. the PR and the unlicensed receiving node) is highly complex.
Hence, in this chapter, for Scenarios 1 and 2, the expressions for outage probability are presented in
terms of the cumulative distribution function of I i.e. FI (.). The complex expressions for FI (.) are
obtained later in the thesis, where they are substituted in the outage probability expressions presented in
this chapter to perform the analysis of the spectrum sharing system.
In Scenario 1 there is variability in I, while Pr is a constant power. Hence, (3.10) can be expressed as

 

Pr
Pr
Poutage = Prob I ≥
= 1 − FI
.
β
β

(3.11)

In Scenario 2 there is variability in Pr as well as in I. If the mean of Pr is P¯r , which is obtained from
distance-dependent path loss expressions (see (3.4)), then Pr is expressed as P¯r w (see (3.9)). Consequently (3.10) can be expressed as
Poutage



P¯r w
= Prob I ≥
,
β
Z∞
Z∞
=
fW (w)
fI (I) dI dw,
P¯r w
β

0

Z∞
=

 ¯ 
Pr w
fW (w) 1 − FI
dw,
β


0

= 1−

Z∞

¯ 
Pr w
fW (w)FI
dw.
β

(3.12)

0

In Section 3.4.2, (3.12) is further simplified when fW (w) has an exponential, Rician, lognormal and a
Suzuki distribution. The expressions are presented in terms of FI (.).

3.4.2

Outage Probability Calculations for Various Channels

When the channel between the transmitter and the receiver is considered to be a Rayleigh, Rician, lognormal or a Suzuki channel, then fW (w) is given by (3.6), (3.7), (3.5) and (3.8) respectively.
Rayleigh Channel
When a Rayleigh channel is considered, the distribution of fW (w) is given by (3.6) for A = 1. Hence,
(3.12) can be expressed as [11]

Poutage = 1 −

Z∞
0

¯ 
Pr w
exp (−w) FI
dw,
β

(3.13)
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which can be solved further using the Gauss-Laguerre numerical integration (see Appendix F) so that
Poutage = 1 −

n
GL
X
g=1

¯ 
Pr yg
wg FI
.
β

(3.14)

In (3.14) the abscissae yg are the zeros of the Laguerre polynomials and the weights wg are the corresponding Christoffel numbers (see Appendix F).

Rician Channel
When a Rician channel is considered, the distribution of fW (w) is given by (3.7) for A = 1. Hence,
(3.12) can be expressed as

Poutage = 1 −

Z∞

¯ 
 p

Pr w
(K + 1) exp (−K) exp (− (K + 1) w) I0 2 wK (K + 1) FI
dw.
β

0

(3.15)
Making the substitution t = (K + 1) w and using the Gauss-Laguerre numerical integration (see Appendix F), (3.15) can be solved to obtain
Poutage = 1 − exp (−K)

n
GL
X


 p

wg I0 2 Kyg FI

g=1


P¯r yg
.
β (K + 1)

(3.16)

Lognormal Channel
When a lognormal channel is considered, the distribution of fW (w) is given by (3.5) for µ = 0dBm.
Hence, (3.12) can be expressed as [11]

Poutage = 1 −

Z∞
0

"
# 

10
(10 log10 (w))2
P¯r w
√
exp −
FI
dw.
2σ 2
β
ln (10) 2πσw

(3.17)

(3.17) can be simplified by making the variable transform
t=
to obtain
Poutage

1
=1− √
π

Z∞
−∞

10 log10 w
√
,
2σ 2

(3.18)

√


exp −t2 FI

t 2σ
P¯r 10 10
β

!
dt,

(3.19)

which can be further solved using the Gauss-Hermite numerical integration (see Appendix F) to obtain

Poutage



√
y
2σ
nGH
¯r 10 h10
P
1 X
,
=1− √
wh F I 
β
π
h=1

(3.20)
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where wh and yh are the weights and the abscissae obtained from the Hermite polynomials (see Appendix
F).

Suzuki Channel
When a Suzuki channel is considered, the distribution of fW (w) is given by (3.8) for µ = 0dBm. Hence,
(3.12) can be expressed as [11]
Z∞ Z∞

Poutage

"
# 

 w
1
(10 log10 (A))2
P¯r w
10
√
= 1−
exp −
dA dw,
exp −
FI
A
A ln (10) 2πσA
2σ 2
β
0 0
# Z∞
"
Z∞
 w   P¯ w 
10
(10 log10 (A))2
1
r
√
= 1−
dw dA,
exp −
exp
−
FI
2
2σ
A
A
β
ln (10) 2πσA
0
0
# n
"

¯
Z∞
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2
X
Pr Ayg
10
(10 log10 (A))
√
= 1−
dA.
(3.21)
×
exp −
wg FI
2σ 2
β
ln (10) 2πσA
g=1

0

(3.21) can be simplified by making the variable transform
t=
to obtain
Poutage

1
=1− √
π

Z∞
−∞

10 log10 A
√
,
2σ 2

GL
 nX
exp −t2 ×
wg FI

g=1

(3.22)

¯

Pr yg √2σt
dt,
10 10
β

(3.23)

which can be further solved using the Gauss-Hermite numerical integration (see Appendix F) to obtain

Poutage



¯

√
nGH
GL
nX
2σyh
Pr yg
1 X
=1− √
wh
wg FI
10 10
.


β
π
g=1

(3.24)

h=1

The expressions for outage probability obtained in this section are summarised in Table 3.3.
Table 3.3: Outage probability expressions for various channels that characterise the desired power (i.e. Pr in
(3.10)).

Channel
No variability
Rayleigh
Rician
Lognormal
Suzuki

Expression for outage probability
 
1 − FI Pβr
¯ 
P GL
P y
1 − ng=1
wg FI rβ g
 √ 
 ¯

P GL
Pr yg
1 − exp (−K) ng=1
wg I0 2 Kt FI β(K+1)
!
√
y
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PnGH
¯r 10 h10
P
1
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PnGL
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β 10
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Summary

This chapter presents tools for characterising typical radio propagation environments and for characterising the performance of a receiver, signals arriving at which are influenced by the variability in the radio
propagation environment. It is shown that a signal transmitted through the radio channel may be affected
by large-scale, medium-scale or small-scale variation, which leads to distance-dependent path loss, shadowing and multipath fading respectively of the propagating signal. In this chapter, statistical tools are
presented for characterising the variability in the signal strength. These statistical tools are important to
system planners as they allow the characterisation of inevitable channel uncertainties while designing a
system.
This chapter also introduces a useful metric, namely the probability of outage, for characterising the
performance of a receiver when there is variability in the signals arriving at the receiver. The probability
of outage is the probability that the instantaneous performance of a receiver does not meet a predefined
performance threshold. In this chapter, the concept of co-channel interference is explained. The performance of a receiver is defined in terms of the ratio of the signal power to interference power at the
receiver, which is known as the signal to interference ratio (SIR). Hence, the probability of outage is the
probability that the instantaneous SIR at a receiver does not exceed the protection margin, which is a
predefined SIR threshold. Mathematical tools for describing the probability of outage are presented for
various characteristics of the radio channel, namely fading, shadowing and a combination of fading and
shadowing. These tools are presented in terms of the distribution of interference at the receiver, which is
determined in subsequent chapters.
This chapter presents a framework for determining the performance of a receiver in terms of its probability of outage when there is variability in the signals arriving at the receiver. Subsequent chapters
characterise the interference at various primary and unlicensed receivers and employ the tools presented
in this chapter for analysing the performance of the receivers.
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Chapter 4

Characterising the Spectrum Sharing
Unlicensed System
4.1

Introduction

This thesis investigates spectrum sharing between a broadcast primary system and an unlicensed ad hoc
network. The focus of the analysis is the geographical constraints on the unlicensed system imposed
by the primary system performance requirements. Moreover, the capacity of the unlicensed system
operating under such constraints is analysed.
As a first step towards such an analysis, in this chapter, a model for the ad hoc network topology is
presented and the capacity of the network is characterised. A stochastic model is employed for characterising the distribution of nodes in the network simultaneously contending for a channel. Such a
model takes into account the randomness in the node distribution. In a spectrum sharing scenario, nodes
contending for the primary channel may transmit only if the primary system performance requirements
are satisfied. A framework is presented for characterising the distribution of transmitting nodes. This
distribution is defined by the primary system topology and the primary system protection requirements,
which are investigated in Chapters 5 to 8.
A key parameter that defines the performance of an ad hoc network is the probability of successful
transmissions in the network. A greater probability of unsuccessful transmissions leads to inefficient
utilisation of the precious energy resource of the wireless devices. The probability of a successful transmission is characterised by the service reliability of a receiving node in the network, which in turn is
defined by the random interference at the receiving node from co-channel transmitting nodes in the network. Analytical tools are developed for determining such an interference in various radio environments.
The interference is controlled by limiting the number of simultaneous co-channel transmissions in the
network.
In this thesis, the capacity of an ad hoc network is characterised by the transmission capacity. Previously
for a stand-alone ad hoc network, the transmission capacity has been defined by the number of successful transmissions that take place per unit area such that the outage constraint of a receiving node in the

35

36

Characterising the Spectrum Sharing Unlicensed System

network is met [84–90]. In this chapter, for a spectrum sharing ad hoc network, the definition of transmission capacity is modified to take into account the geographical opportunity for the ad hoc network
that is provided by the primary system topology and the primary system performance requirements.
Section 4.2 presents a background on ad hoc networks and their employment in spectrum sharing scenarios. Section 4.3 discusses various techniques employed for limiting interference at a receiving node
in an ad hoc network. Section 4.4 presents a stochastic model for the ad hoc network topology. Section
4.5 presents a model for a spectrum sharing ad hoc network. Section 4.6 characterises the probability
of outage of a receiving node in a stand-alone and a spectrum sharing ad hoc network. Section 4.7
presents analytical tools for characterising the interference at a receiving node in a stand-alone and a
spectrum sharing ad hoc network. Section 4.8 characterises the transmission capacity of a stand-alone
and a spectrum sharing ad hoc network.

4.2

Background on Ad hoc Networks and their Employment in Spectrum
Sharing Scenarios

An ad hoc network is a decentralised self-organising network that is capable of performing a communication without any fixed infrastructure. Each node is equipped with a transmitter and a receiver which
allows communication with other nodes. An ad hoc network allows mobility and scalability. The nodes
are capable of continuously discovering the nearby nodes and dynamically determine the optimal path for
data transmission. The data transmission may also take place between nodes located outside each other’s
transmission range by multi-hopping between nodes using other nodes in the network as relays [91, 92].
The current deployment of ad hoc networks is mostly in the 900MHz band and the ISM bands. However,
due to the increasing congestion in these bands, the operation of ad hoc networks has also been proposed
on underutilised licensed frequency bands [32, 34, 93]. The operation of spectrum sharing ad hoc networks is different from classical ad hoc networks mainly due to the temporal variability in the primary
channel availability that has to be continuously monitored and the network has to adapt itself accordingly
(see [93] for details).
This thesis is however focussed on the geographical utilisation of the primary spectrum by an ad hoc
network. In this chapter, a model for an ad hoc network is presented, and its application to a spectrum
sharing scenario is discussed.

4.3

Interference Management in Ad Hoc Networks

Driven by the increasing demand for the radio spectrum, wireless ad hoc networks employ a dense spatial
reuse of the radio spectrum. Such an operation leads to co-channel interference in the network, which
limits the network performance. Such problems are encountered in not just ad hoc networks, but in a
number of other networks e.g. cellular networks [94].
At any instance of time, the interference at the receiving nodes in the network may lead to unsuccessful
transmissions. This in turn leads to an inefficient utilisation of the precious energy resource of wireless
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devices. Hence, for the performance evaluation of a network, it is important to determine the interference
at the receiving nodes and employ techniques for limiting the interference to acceptable levels.
Spread-spectrum techniques (e.g. direct sequence spread-spectrum (DS-SS) and frequency-hopping
spread spectrum (FH-SS)) have been widely employed for effectively limiting interference in ad hoc networks [86, 87, 95, 96]. Moreover, interference can be controlled by enforcing local coordination among
the nodes by employing medium access control (MAC) layer protocols e.g. ALOHA [97] and carrier
sense multiple access (CSMA) protocol [90, 98]. Successive interference cancellation (SIC) [88, 99] and
guard zones around receiving nodes in an ad hoc network [86, 100] have also been proposed for interference control. In this thesis, interference control by employing MAC layer protocols has been considered.
However, note that the focus of this thesis is not on the MAC layer analysis, but on the physical layer
analysis.

4.4

Statistical Modelling of the Ad Hoc Network Topology

A key factor that defines the interference at a receiving node in an ad hoc network is the distribution of
nodes (transmitting) in the network. Other factors are the radio channel characterisitics and the spatial
region over which the network is distributed [84, 85]. The MAC protocol employed for interference control plays an important role in defining the topology of a network. For instance, nodes employing the
ALOHA protocol independently decide whether to transmit or not, hence the nodes can be considered to
transmit with a certain probability. The CSMA protocol requires the nodes to sense ongoing transmissions, and transmit only if no other transmissions are observed. The CSMA protocol therefore creates
a guard zone around the transmitting nodes [86, 100]. Hence, the MAC protocol essentially defines the
density of transmitting nodes i.e. the number of transmitters per unit area, which in turn defines the
interference at a receiving node in the network.
The distribution of nodes in ad hoc networks has been widely modelled using stochastic techniques. The
most commonly used model for the topology of an ad hoc network is the Poisson point process (PPP),
which is also used in this thesis [101]. The PPP simplifies the analytical characterisation of interference
at a receiving node and also allows the extension of the interference analysis e.g. inclusion of the impact
of power control and spread-spectrum techniques [86,87,100]. Section 4.4.1 discusses a PPP and Section
4.4.2 discusses the applicability of the PPP to the modelling of ad hoc networks.

4.4.1

The Poisson Point Process

A point process can be regarded as a random set Φ = {x1 , x2 , x3 ...} where xi (1 < i < ∞) is given on

a d-dimensional Euclidean space. A Poisson point process is the most well-studied point process, which
is characterised by d = 2. A PPP with density (intensity) λ has two fundamental properties [102]:
• In a region of area A, the probability of having k points is given by a Poisson distribution (see
[103]) with mean λA, namely

Prob(k) =

(λA)k exp (−λA)
.
k!

(4.1)

38

Characterising the Spectrum Sharing Unlicensed System

• The k nodes are uniformly distributed in the region A.

4.4.2

Applicability of a Poisson Model to Ad Hoc Networks

A PPP provides complete randomness in the distribution of nodes in an ad hoc network. Such a model
ensures an indiscriminate node placement or substantial mobility of nodes [89]. A PPP with a uniform density most efficiently models an ad hoc network that employs the ALOHA MAC protocol. The
ALOHA protocol leads to independent decision-making (on whether to transmit) in the network. Hence,
the ALOHA protocol maintains the distributional properties of the PPP i.e. if the nodes are distributed
in a PPP with density λ, then for a transmission probability p, the thinning property of the PPP (see
Appendix A) causes the distribution of the transmitting nodes to become a PPP with density pλ.
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Figure 4.1: Model for the ad hoc network.

A PPP with a uniform density may however not be suitable for modelling other network topologies that
might result for instance from employing MAC protocols other than ALOHA. This is because such a
model fails to capture characteristics such as node clustering and guard zones around nodes (e.g. when
CSMA is employed). In order to model such networks the PPP may be modified. For instance, if the
CSMA protocol is employed the distribution of nodes can be modelled using a Matern Hard core process,
which can be considered as a thinned PPP [100]. A number of other topologies of ad hoc networks have
been studied in [84, 85, 100, 101, 104].
For the analysis presented in this thesis, the nodes contending for a channel in an ad hoc network are
considered to be distributed uniformly in a PPP. The PPP models single hop operation of nodes i.e. it
models the locations of the transmitting nodes at an instance of time. It is also considered that the distance
between a transmitting node and its intended receiving node is fixed and equals the transmitter’s range.
Hence, all nodes (transmitting) have the same transmit power (see Figure 4.1). The transmitters may
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employ transmit power control techniques and thereby transmit at a smaller power (than that considered
in this chapter) if the transmitter-receiver distance is smaller than the transmitter range. The analysis
of the effect of transmit power control for random intended transmitter-receiver distances is performed
in [86].

4.5

Model for a Spectrum Sharing Ad Hoc Network

In a spectrum sharing scenario, the ad hoc network (referred to as the unlicensed system) coexists with a
primary system. Hence, the network has to not only meet its own interference constraints, but also has to
meet the interference constraints imposed by the primary system performance requirements. In this thesis
a broadcast primary system is considered. The interference to the primary system from the unlicensed
system is controlled by imposing geographical constraints on the unlicensed system. Therefore, in a
spectrum sharing system, the distribution of transmitting nodes in the unlicensed ad hoc network is
defined by the primary system topology and the primary system performance requirements. Hence, even
though the distribution of nodes contending for the primary channel is a homogeneous PPP (i.e. PPP
with a uniform density), the distribution of transmitting nodes in the unlicensed system becomes an
inhomogeneous PPP.
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Figure 4.2: Model for the ad hoc network.

For instance, let there be a spectrum sharing system that implements the FCC regulations for operation of
unlicensed devices on DTV channels [8]. Hence, the unlicensed system is allowed to operate (transmit)
only outside a protection region surrounding the DTV transmitter coverage area. Figure 4.2 presents a
model for an unlicensed ad hoc network coexisting with such a primary system. The distribution of the
transmitting nodes in the unlicensed ad hoc network becomes a PPP with a non-uniform density. Let
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the density of nodes contending for the primary channel be λ (uniform density). Inside an area A (see
0

Figure 4.2), let there be an area A in which the unlicensed nodes contending for the primary channel
0

are allowed to transmit. Hence, A /A gives the probability that an unlicensed node transmits in area A.
0

Hence, the transmitting nodes in area A can be considered to be distributed in a PPP with density λA /A.

4.6

Performance Characterisation of an Ad Hoc Network

In an ad hoc network, it has to be ensured that the interference at a receiving node is limited to an
acceptable level. This ensures a required performance of the node and hence provides a desirable level
of successful transmissions between nodes and consequently efficient utilisation of the energy resources.
The performance of a receiving node in the ad hoc network is characterised by the probability of outage,
which is the probability of having the SIR at the node smaller than a protection margin β ad hoc . In this
section, this outage probability is characterised.

4.6.1

Performance Characterisation of a Stand-Alone Ad Hoc Network

ad hoc of a receiving node is given by
In a stand-alone ad hoc network the probability of outage Pout
ad hoc
Pout
= Prob




PRad hoc
ad hoc
≤
β
,
I ad hoc

(4.2)

where PRad hoc is the instantaneous power at the receiving node from the desired transmitting node and
I ad hoc is the instantaneous aggregate interference power at the receiving node from other transmitting
nodes (on the same channel) in the network. The power PRad hoc is obtained by considering free-space
propagation between the intended transmitter-receiver pair since a small distance (less than 20m) between
the two is considered.
It is assumed, as in previous studies [84–87, 89, 90, 96, 97, 101, 105–109], that the nodes in the ad hoc
network are distributed in a PPP over a large (infinite) area. In a practical scenario, the area over which
nodes are distributed will be constrained by the geography of the propagation environment. Hence, the
approach used in this chapter for determining the interference at a receiving node is conservative.

4.6.2

Performance Characterisation of a Spectrum Sharing Ad Hoc Network

In a spectrum sharing scenario, the interference at a receiving node in the unlicensed network is due to
the transmitting nodes in the unlicensed network as well as the interference from the PTs. Hence, the
SS of a receiving node in the spectrum sharing scenario is given by
probability of outage Pout
SS
Pout
=


PRad hoc
ad hoc
Prob ad hoc
≤β
,
I
+ IP


(4.3)

where IP is the instantaneous interference power at the unlicensed receiving node from PTs. The location
of the unlicensed receiver defines I ad hoc and IP . It has to be ensured that (4.3) is satisfied for the worst-
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case location of an unlicensed receiving node. At locations where the values of I ad hoc are large, IP has
small values. The reason behind this is explained later in this section.
In this section, for a spectrum sharing scenario, the worst-case and the best-case location of the unlicensed system when the interference I ad hoc is considered, are identified and tools for characterising the
interference are presented. The model for the primary system and the primary system protection criterion, which define IP , are presented in Chapters 5 to 8. The tools presented in this chapter as well as
those presented in Chapters 5 to 8 are employed later in Chapter 9 to determine the worst-case location
of an unlicensed receiver when I ad hoc + IP is considered to be the total interference.
Worst-case Location of Unlicensed Receiver when I ad hoc is Considered
In this thesis the primary system is considered to be a broadcast system. The broadcast transmitter (PT)
coverage areas are quite large. In this thesis, the PTs are considered to have circular coverage areas and a
typical PT is considered to have a coverage radius of 50km. For multiple co-channel PTs, there would be
a minimum separation distance for which the self-interference of the broadcast system (i.e. interference
at a broadcast (primary) receiver from co-channel PTs other than the desired PT) is limited to acceptable
levels.
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Figure 4.3: Characterising the largest value of interference I ad hoc in a spectrum sharing scenario.

Figure 4.3 presents a broadcast system consisting of multiple transmitters. For a minimum separation
distance (i.e. D) requirement between co-channel PTs, the PTs are distributed in order to obtain their
tightest packing. For such a topology of the broadcast system, a coexisting unlicensed ad hoc network,
which operates outside protection regions surrounding PTs, is provided the minimum geographical opportunity. When interference I ad hoc is considered, the worst-case location of an unlicensed receiver will
be far away from the edges of the protection regions surrounding all PTs. This is because the receiving node is surrounded by unlicensed transmitting nodes on all sides. This location (say Location B) is
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shown in Figure 4.31 . At this location however, IP has small values (with a large probability) because
the distance from all PTs is large.
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Figure 4.4: Effect of R on the distribution of interference I ad hoc when transmit power of unlicensed nodes is
40mW and there is no channel variability: (a) Propagation exponent characterising signals propagating
from interfering unlicensed transmitters to an unlicensed receiving node is 4 and (b) Propagation
exponent characterising signals propagating from interfering unlicensed transmitters to an unlicensed
receiving node is 3.

Figure 4.4 presents the distribution of the interference at an unlicensed receiving node at location B
from interfering unlicensed transmitting nodes distributed in a circle of radius R (see Figure 4.3). The
distribution of interference, obtained using simulations, is presented for R = 100m and R = ∞. More-

over, results are presented for λ = 5nodes/1000m2 (obtained in a typical urban environment) and

λ = 10nodes/1000m2 (obtained in a densely populated urban environment). It is observed in Figure
4.4 that increasing R from 100m to ∞ has an insignificant effect on the distribution of interference. In

a practical situation, R will be much greater than 100m, otherwise there would hardly be any area available for the unlicensed system operation. Hence, the interference I ad hoc at a receiving node at location
1

Since the node distribution follows a PPP, according to the Slivnyak’s theorem an additional point does not change the
distribution of other points in the PPP [102]. Hence, a typical transmit node can be added to the point process such that its
associated receiver lies at location B without affecting the node distribution.
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B can be modelled by considering the interfering unlicensed transmitters to be distributed in an infinitely
large region around the receiving node, as was considered for a stand-alone ad hoc network. Such an
interference model would also be applicable to other topologies of the primary system i.e. when PTs are
located further than a distance D away.
Best-case Location of Unlicensed Receiver when I ad hoc is Considered
When I ad hoc is considered, the best-case location of an unlicensed reciever is at the edge of the protection
region surrounding a PT (see Location C in Figure 4.5). At this location, large IP values are obtained
(with a large probability). This is because, there is a dominant interference component from the closest
PT.
Since the coverage radius of broadcast transmitters is very large, it can be considered that at an unlicensed
receiver at PT coverage edge the interference I ad hoc is caused by interfering unlicensed transmitters
distributed on only one side (see Figure 4.5) of the receiver. Moreover, as observed in the previous
section, interference at a receiver is only caused by interferers located close to the receiver, Hence, the
interfering unlicensed transmitters can be considered to be distributed in a very large area on one side of
the unlicensed receiver. Hence, the interference I ad hoc at location C can be characterised by considering
half the density of interferers and using the same model as that used when characterising the interference
at Location B.
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Figure 4.5: Characterising the interference I ad hoc at the best-case location of an unlicensed receiver.
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In this thesis the interference at a receiving node in the unlicensed ad hoc network is characterised. The
distribution of interference I ad hoc at a receiving node has previously been derived in [84–87, 89, 90, 96,
97, 101, 105–109]. However, previous derivations have been presented for no variability in the radio
channel between the interfering nodes and the receiving node and for Rayleigh fading in the channel.

8

44

Characterising the Spectrum Sharing Unlicensed System

In this thesis, expressions for the distribution of interference are presented for shadowing, as well as a
combination of fading and shadowing in the radio environment.
As a first step towards such interference characterisation, the propagation model for signals propagating
from interferering nodes to the receiver has to be defined. The propagation model considered is presented
in Section 4.7.1. Sections 4.7.2 and 4.7.3 present the characteristic function and the distribution of
interference respectively, which are determined based on the tools presented in previous studies.

4.7.1

Propagation Modelling for Interfering Signals

Let diint−R be the distance of the ith interferer from the receiving node where 0 ≤ diint−R ≤ ∞. The

hoc (d
instantaneous interference at the receiver from the ith interferer is given by PIad
iint−R ). wi , where
lin
hoc (d
PIad
iint−R ) is the mean interference power (in linear units) at the receiver and wi is the random
lin

variable (with unit mean) associated with variability in the channel between the ith interfering node and
the receiver. This channel is referred to as Cint−R (see Figure 3.2). For fading in Cint−R the random
variable wi follows an exponential distribution with a unit mean. Similarly, for shadowing and fading
plus shadowing, wi follows a lognormal and Suzuki distribution respectively with a 0dBm mean and
standard deviation defined by σint−R (dB) (see Section 3.3.4). The mean interference at the receiver
from the ith interferer is evaluated in logarithmic (dBm) units using the log-distance path loss model
(see Section 3.3.1), namely
hoc
PIad
(diint−R )
dBm


= PU DdBm − P LdB (d0 ) − 10αint−R log10

diint−R
d0


,

(4.4)

where PU DdBm is the transmit power of nodes (in dBm), P LdB (d0 ) is a known path loss at a closein reference distance d0 and αint−R is the propagation exponent for signals propagating from the ith
interferer towards the receiver. It is considered that P LdB (d0 ) is obtained using a free-space path loss
calculation (see Section 3.3.1) for operational frequency (spectrum sharing frequency) f considered to
be 615MHz (mid-frequency for DTV channels in the US) and for d0 = 1m. In linear units, the received
interference power at the receiver from the ith interferer can be expressed as
00

−α

int−R
hoc
PIad
(diint−R ) = k diint−R
,
lin
00

(4.5)

α

where k = PU Dlin d0 int−R /P Llin (d0 ). The propagation exponent αint−R should be greater than 2 such
that (4.6) is satisfied.
lim

diint−R →∞

hoc
d2iint−R PIad
(diint−R ) = 0.
lin

(4.6)

If (4.6) is not satisfied i.e. the propagation exponent is not greater than 2, then the total interference at
the receiver from multiple interferering transmitters becomes a function of the network size and tends to
infinity with increasing number of interferers in the network [47, 96].
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4.7.2

Characteristic Function of Interference

The characteristic function of the instantaneous interference I ad hoc at a receiving node has previously
been derived in [84–87, 89, 96, 97, 101, 105–109] (derivation shown in Appendix B.2). The characteristic
function ϕI ad hoc (.) is given by

ϕI ad hoc (ω) = exp −λπΓ (1 − β)

Z∞




00

fwi (wi ) −jωk wi

β

dwi  ,

(4.7)

0

where λ is the density of transmitting nodes, β = 2/αint−R and Γ (.) is the gamma function (see Appendix G.2).

4.7.3

Distribution of Interference

The characteristic function presented in (4.7) defines a stable distribution (see Appendix D.2). Analytical
expressions for the distribution of I ad hoc can be obtained only for αint−R = 4. For αint−R = 4, I ad hoc
has a Levy distribution [54, 86, 96, 110], namely




FI ad hoc I ad hoc = erfc

√ !
λπ 3/2 c k 00
√
= 2Q
2 I ad hoc

√ !
λπ 3/2 c k 00
√
,
2I ad hoc

(4.8)

where FI ad hoc (.) is the cumulative distribution function of I ad hoc , erfc (.) is the complementary error
R∞√
function (see Appendix G.1), Q (.) is the Q function (see Appendix G.1) and c = 0
wi fwi (wi ) dwi .
For values of αint−R other than 4, the distribution of I ad hoc can be approximated by [96, 103]


FI ad hoc I

ad hoc



∞
1 X Γ (βm)
=
π
m!
m=1

!m

ρ
β

(I ad hoc )

sin mπ (1 − β) ,

(4.9)

 00 β
R∞
where ρ = λπΓ (1 − β) k
c and c = 0 wiβ fwi (wi ) dwi . For large values of I ad hoc (4.9) provides
asymptotic estimates for the distribution of I ad hoc [103].

Distribution of Interference for a Rayleigh Channel
When Cint−R is considered to be a Rayleigh channel, then c is given by [109]
Z∞
c=
0

wiβ exp (−wi ) dwi = Γ (1 + β)

(4.10)
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Distribution of Interference for a Lognormal Channel
When Cint−R is considered to be a lognormal channel, then c is given by
Z∞
c=
0

10
1
(10 log10 wi )2
1
√
wiβ
exp −
2
ln (10) 2πσint−R wi
2σint−R

!
dwi .

(4.11)

By using the variable transform
10 log wi
t = q 10 ,
2
2σint−R
c is obtained as
1
c= √
π

Z∞

βt

10

√

2σ 2
int−R
10

(4.12)

!


exp −t2 dt,

−∞

(4.13)

which can be solved using the Gauss-Hermite numerical integration (see Appendix F) to obtain [11]

1
c= √
π

n
GH
X

βyh

√

wh 10

2σ 2
int−R
10

!

,

(4.14)

h=1

where wh and yh are the weights and the abscissae obtained from the Hermite polynomials (see Appendix
F).

Distribution of Interference for a Suzuki Channel
When Cint−R is considered to be a Suzuki channel, then c is given by
Z∞
c=
0

wiβ

Z∞
0

 w  10
1
(10 log10 A)2
1
i
√
exp
−
exp
−
2
A2
A ln (10) 2πσint−R
2σint−R

!
dA dwi .

(4.15)

Making the variable transform
10 log10 A
t= q
,
2
2σint−R

(4.16)

and solving gives [11]
1
c = Γ (1 + β) √
π

n
GH
X

βyh

wh 10

√

2σ 2
int−R
10

!

.

(4.17)

h=1

The distribution of I ad hoc presented in this section is employed for defining the constraints imposed by
the MAC protocol (i.e. ALOHA) on the density of simultaneously transmitting nodes. These constraints
are defined so that the outage constraint of the receiving node is met (i.e. (4.2) and (4.3) are satisfied for
ad hoc and P SS respectively).
a specified values of Pout
out

The parameters that characterise the unlicensed system are summarised in Table 4.1 and are employed
in Chapter 9 to perform a capacity analysis of the unlicensed ad hoc network.
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Table 4.1: System parameters

Parameter
Density of UDs contending for a primary channel
Transmit power of an unlicensed node
Distance between an intended unlicensed transmitter-receiver pair
Propagation exponent characterising signals propagating from an unlicensed transmitter
to a receiver (intended transmitter-receiver pair)
Protection margin of an unlicensed receiver
Acceptable outage probability of a receiver in a stand-alone network
Acceptable outage probability of an unlicensed receiver in a spectrum sharing network
Instantaneous desired power at a receiver in an ad hoc network
Instantaneous interference power at a receiver in an ad hoc network from the
transmitters in the network
Instantaneous interference power at an unlicensed receiver from co-channel PTs
Propagation exponent characterising signals propagating from interfering nodes to a
receiver in an ad hoc network
Channel between the interfering unlicensed transmitters and an unlicensed receiver
Standard deviation characterising variability in Cint−R due to lognormal shadowing
Spectrum sharing frequency

4.8

Symbol
λ
P ad hoc
dT −R
αT −R
β ad hoc
ad hoc
Pout
SS
Pout
PRad hoc
I ad hoc
IP
αint−R
Cint−R
σint−R
f

Transmission Capacity of an Ad hoc Network

The capacity of a stand-alone ad hoc network has been widely modelled by the transmission capacity
[84–90]. In this thesis the transmission capacity is used for characterising the performance of a standalone as well as a spectrum sharing ad hoc network.

4.8.1

Transmission Capacity of a Stand-Alone Ad Hoc Network

The transmission capacity C ad hoc of a stand-alone ad hoc network is defined by the number of successful
transmissions that take place per unit area such that the outage constraint of a receiving node in the
ad hoc ). The receiving node outage constraint
network is met (i.e. (4.2) is satisfied for a specified Pout

is satisfied by limiting the density λ of simultaneously transmitting nodes. If λmax is the density of
simultaneously transmitting nodes in an ad hoc network for which the outage probability of a receiving
ad hoc , then the transmission capacity C ad hoc is defined as
node is Pout




ad hoc
C ad hoc bits/s/Hz/m2 = bλmax 1 − Pout
,

(4.18)

where b (bits/s/Hz) is the transmission data rate of the intended transmitter-receiver node pair and is

given by b = log2 1 + β ad hoc , where β ad hoc is defined in (4.2).

4.8.2

Transmission Capacity of a Spectrum Sharing Ad Hoc Network

The transmission capacity of a spectrum sharing unlicensed ad hoc network is defined by the number
of successful transmissions that take place per unit area such that the outage constraint of an unlicensed
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receiving node (at the worst-case location), as well as the outage constraint of the primary system is satisfied. The unlicensed receiving node outage constraint is satisfied (i.e. (4.3) is satisfied for a specified
SS ) by limiting the density λ of unlicensed nodes simultaneously contending for the primary channel.
Pout
0

If λmax is the density of simultaneously transmitting nodes in an ad hoc network for which the outSS , then the transmission capacity C SS of a spectrum sharing
age probability of a receiving node is Pout

unlicensed ad hoc network is hence given by


0
SS
C SS bits/s/Hz/m2 = bλmax 1 − Pout
ptransmit ,

(4.19)

where ptransmit is the probability of transmission of an unlicensed node, which in turn is defined by the
primary system topology and protection requirements. A similar definition of transmission capacity of a
spectrum sharing ad hoc network has also been previously used in [34, 50]. Even though [34, 50] study
spectrum sharing between a broadcast primary system and an unlicensed ad hoc network, the topology
of the primary system and the primary system protection requirements considered in this thesis are more
practical than those considered in [34, 50] (as discussed in details in Chapter 9). In Chapters 5 to 8,
various topologies of the primary system and the geographical techniques for interference control at the
primary system are analysed. The tools presented in Chapters 5 to 8 are employed in Chapter 9 for
defining ptransmit . Consequently, the capacity C SS is analysed and a comparative study of C SS and the
capacity obtained in [34, 50] is performed in Chapter 9.
0

ad hoc is the
ad hoc = P SS and λ
If Pout
out
max ≤ λmax (which is shown to be the case in Chapter 9), then C

maximum achievable value of C SS . In Chapter 9 a comparison of C SS with C ad hoc is performed to
determine the reduction in the capacity of an ad hoc network as a result of spectrum sharing.

4.9

Summary

This chapter presents a model for a spectrum sharing ad hoc network and characterises the capacity of
the network. It is considered that the nodes in the network contending for a channel are distributed in a
Poisson point process (PPP) with a uniform density. A PPP most efficiently models an ad hoc network
that employs the ALOHA medium access control protocol in order to limit the number of simultaneous
transmissions in the network.
The performance of an ad hoc network is characterised by the probability of successful transmissions in
the network, which in turn is defined by the probability of outage of a receiving node in the network.
Such an outage probability is characterised in this chapter for both a stand-alone and a spectrum sharing
ad hoc network. In a stand-alone network, the interference at a receiving node, which defines the outage
probability, is caused only due to the transmitting nodes in the network. However, in the spectrum
sharing case there is also interference from the primary transmitters. Analytical tools are presented for
characterising the interference from the transmitting nodes in the ad hoc network to a typical receiving
node in the network. These tools are presented when the channel (Cint−R ) characterising the interfering
signals is considered to be a Rayleigh, lognormal and a Suzuki channel. Moreover, it is identified that
the same interference (from the transmitting nodes in the network) model is applicable to a stand-alone
and a spectrum sharing ad hoc network.

4.9 Summary
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The capacity of a stand-alone ad hoc network has been widely modelled by the transmission capacity.
The transmission capacity is defined by the number of successful transmissions that take place per unit
area such that the outage constraint of a receiving node in the network is met. The MAC protocol plays a
key role in defining the number of successful transmissions by controlling the density of transmitters. For
a spectrum sharing scenario, the definition of the transmission capacity is modified to take into account
the geographical opportunity for the ad hoc network provided by the primary system. A framework
is presented for determining the geographical opportunity for the unlicensed system contending for the
primary channel. This geographical opportunity is defined by the primary system topology and the
primary system performance requirements.
The primary system protection requirements for various topologies of the primary system are studied in
Chapters 5 to 8. The tools presented in this chapter and those presented in Chapters 5 to 8 are employed
in Chapter 9. In Chapter 9, a detailed analysis of the capacity of a spectrum sharing ad hoc network is
performed and a comparison with the capacity of a stand-alone network is performed to determine the
reduction in the capacity of an ad hoc network as a result of spectrum sharing.
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Chapter 5

Protection Requirements for a Single
Transmitter Broadcast Primary System
5.1

Introduction

A key requirement for spectrum sharing systems is to ensure that the primary system performance is
not compromised due to interference from the unlicensed system. The first authorised application of
spectrum sharing systems is specified in the recent regulations issued by the Federal Communications
Commission (FCC) for operation of UDs on digital television (DTV) frequencies. Personal/portable
UDs are allowed co-channel operation outside a UD exclusive region (protection region with size defined by protection distance) surrounding the DTV coverage area. The FCC has specified the required
protection distances in order to limit the interference to the primary system to acceptable levels. The
FCC has however specified no restrictions on the number of UDs that can simultaneously transmit on the
primary frequencies. Moreover, the protection distances specified by the FCC considers interference to
the primary system from only a single UD. This deficiency motivates the analysis of a spectrum sharing
system consisting of multiple UDs.
This chapter investigates the required protection distances for a broadcast primary system interfered
by multiple UDs operating in an ad hoc network. The model for the ad hoc network introduced in
Chapter 4 is employed. In the spectrum sharing scenario, geographical constraints on the network are
defined based on the FCC regulations. An aspect of spectrum sharing systems that is relevant to system
planners is the trade-off between the geographical opportunity (defined by protection distances) for the
unlicensed system and the following two factors: i) the primary system protection requirements and ii)
the unlicensed system operational parameters. Moreover, it is also important to understand the effects of
the radio propagation environment on the required protection distances, and consequently determine the
importance of accurately modelling the radio environment in spectrum sharing systems.
The contribution of this chapter is the extension of the FCC analysis of protection distances while taking
into account the uncertainty in the aggregate interference from multiple UDs. Moreover, the effects of
the required SIR ratio at PRs, the acceptable outage probability at primary PRs, primary system topology,
UD density and radio propagation environment are analysed.
51
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Section 5.2 introduces the model for the broadcast primary system and the unlicensed system operating
under geographical constraints imposed by the primary system. Section 5.3 presents the characterisation
of the aggregate interference from the unlicensed system to the primary system. Section 5.4 presents
the analysis of various system parameters on the required protection distances. Finally Section 5.5 summarises the analysis performed in Section 5.4.

5.2

Model for the Spectrum Sharing System

The spectrum sharing model is presented in Figure 5.1. It is considered that the spectrum sharing system
consists of a broadcast primary system and an unlicensed system operating as an ad hoc network. Section
5.2.1 presents the model for the broadcast primary system, while defining the protection requirements for
the PRs in terms of the probability of outage. Moreover, the propagation model for signals propagating
from the PT towards the PR is presented. Section 5.2.2 presents the model for the unlicensed system
consisting of multiple UDs and geographical constraints on the unlicensed system are defined based on
the FCC regulations.

5.2.1

Model for the Primary System

It is considered that the primary system consists of a broadcast PT with an omni-directional antenna. The
PT has a circular coverage area of radius R0 . In this chapter a spectrum sharing system consisting of only
a single PT is considered. The analysis for a spectrum sharing system consisting of multiple broadcast
PTs is presented in Chapter 7. For PRs operating inside the coverage area of the PT, it is considered
that βp is the protection margin i.e. the minimum signal to interference ratio (SIR) at PRs for which the
received PT signal can be decoded by the PR.
A key requirement of a spectrum sharing system is to ensure that the performance of the PRs is not significantly compromised due to interference from the unlicensed system. It is considered that the unlicensed
system is an ad hoc network consisting of multiple randomly distributed nodes that simultaneously contend for the primary frequencies. The model for an unlicensed ad hoc network was previously introduced
in Chapter 4. Such a model for the unlicensed system results in a stochastic interference at the PRs due
to random locations of transmitting nodes in the system. Hence, the performance requirements of the
PRs in a spectrum sharing scenario is defined in terms of the service reliability, which is the probability
of having the SIR at the PRs greater than βP . The complement of service reliability is the probability of
outage Pout , which is defined as

Pout = Prob


P0
≤ βP ,
I

(5.1)

where P0 is the instantaneous received PT power and I is the instantaneous interference power at the
PR. Note that variability in I may not only be due to the stochastic topology of the unlicensed system,
but also due to the variability in the channel between the unlicensed interferer and the PR (stochastic
channel variability models have been previously presented in Chapter 3). This channel is referred to as
CU D−P R (see Figure 3.2). Moreover, variability in the channel between the PT and the PR (referred to
as CP T −P R , see Figure 3.2) may also cause P0 to become a random variable.
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Figure 5.1: Spectrum sharing system model: operation of unlicensed ad hoc network on broadcast primary frequencies

The received instantaneous power (i.e. P0 ) at the PR is defined as P0 = P̄0 y, where P̄0 is the mean
PT power received at the PR and y is the random variable associated with variability in CP T −P R . In
a broadcast primary system (e.g. a DTV system) as both the PT and PR are positioned at elevated
locations, a LOS propagation path is often possible. Therefore, the random variable y is considered to
have a Rician distribution defined by a Rician factor K and unit LOS power (see Chapter 3 for details
on the Rician distribution). Analysis is also performed for other scenarios in which there is no LOS
between the PT and the PR. In such scenarios, for fading in CP T −P R , the random variable y follows
an exponential distribution with a unit mean. Similarly, for shadowing and fading plus shadowing in
CP T −P R , y follows a lognormal and Suzuki distribution respectively with a 0dBm mean and standard
deviation defined by σP (dB)1 .

5.2.2

Model for the Unlicensed System

The unlicensed system, which is considered to be an ad hoc network, was previously introduced in
Chapter 4. The unlicensed nodes contending for the primary channel are considered to be distributed
in a PPP with a uniform density λ. Chapter 4 presented a general discussion on the operation of the
unlicensed ad hoc network under geographical constraints imposed by a primary system. In this chapter,
geographical constraints imposed by a broadcast primary system consisting of a single PT are defined.
1

The FCC employs the Longley Rice propagation model for characterising the DTV signal received at a DTV receiver. The
DTV coverage area and the power received from the DTV transmitter inside its coverage area is defined by the FCC(50,90)
curves. The F(50,90) curves define the distances from a DTV station at which signals are received at 50 percent of locations 90
percent of the time.
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Consequently, the interference to the primary system and the required primary system protection criterion
are analysed.
The spectrum sharing model considered implements the regulations issued by the FCC [8]. The unlicensed nodes contending for the primary channel are allowed to transmit only if they are outside the PT
coverage area. The unlicensed nodes transmitting on the primary frequencies are referred to as the unlicensed devices (UDs). The interference from the UDs to the PRs is limited by defining an additional UD
exclusive region (protection region with size represented by protection distance ep ) that surrounds the
PT coverage area. The operation of UDs is hence allowed inside an annular disc defined by radii R0 + ep
and R as shown in Figure 5.1. In a broadcast primary system, the locations of the PRs inside the PT
coverage area are typically unknown due to the passive nature of PRs. Hence, the protection distance ep
is defined such that the outage constraint (see (5.1)) at the worst-case PR location is met. The worst-case
location of a PR is the edge of the PT coverage area where the power received from the PT is minimum
and the PR is the closest to the UDs. Hence, in (5.1), P0 becomes the instantaneous PT power received at
its coverage edge and I is the instantaneous aggregate interference from the unlicensed system received
at the PT coverage edge.
It is considered that the unlicensed system is always aware of the PT locations and PT coverage areas.
Moreover, the nodes in the unlicensed ad hoc network efficiently detect their locations with respect to the
primary system and always keep out of the protection regions. Such awareness of the spectrum sharing
environment can be achieved if the unlicensed system is GPS equipped and has access to a geo-location
database with complete information about the primary system. Such an operation of the spectrum sharing
system is defined in the FCC regulations [8], as previously discussed in Section 2.3.1.

5.3

Characterisation of Aggregate Interference at Primary Receivers

For a specified protection distance ep , in this section the aggregate interference from the UDs to the PR
(at PT coverage edge) is characterised. As a first step towards the interference characterisation, Section
5.3.1 presents the propagation model for an interfering signal propagating from a UD towards the PR.
Section 5.3.2 presents a discussion on the statistical characterisation of the aggregate interference at the
PR from multiple UDs distributed in a PPP outside the protection region.

5.3.1

Propagation Modelling for Interfering Signals

As previously discussed in Chapter 4, all UDs are considered to have the same transmit power PU D . Let
di be the distance of the ith UD from the PR where ep ≤ di ≤ R + R0 . The instantaneous interference

at the PR from the ith UD is given by PIlin (di ). xi , where PIlin (di ) is the mean interference power (in
linear units) received at the PR and xi is the random variable (with unit mean) associated with variability
in CU D−P R . For fading in the channel between the ith UD and the PR, the random variable xi follows
an exponential distribution with a unit mean. Similarly, for shadowing and fading plus shadowing, xi
follows a lognormal and Suzuki distribution respectively with a 0dBm mean and standard deviation
defined by σU (dB) (see Section 3.3.4). The mean interference at the PR from the ith UD is evaluated in
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logarithmic (dBm) units using the log-distance path loss model (see Section 3.3.1), namely

PIdBm (di ) = PU DdBm − P LdB (d0 ) − 10α log10

di
d0


,

(5.2)

where PU DdBm is the UD transmit power (in dBm), P LdB (d0 ) is a known path loss at a close-in reference
distance d0 and α is the propagation exponent for interfering signals propagating from the ith UD towards
the PR. It is considered that P LdB (d0 ) is obtained using a free-space path loss calculation (see Chapter 3)
for operational frequency (spectrum sharing frequency) f and for d0 = 1m. In linear units, the received
interference power at the PR from the ith UD can be expressed as
PIlin (di ) = kd−α
i ,

(5.3)

where k = PU Dlin dα0 /P Llin (d0 ). The propagation exponent α should be greater than 2 such that (5.4)
is satisfied.
lim d2i PIlin (di ) = 0.

di →∞

(5.4)

If (5.4) is not satisfied i.e. the propagation exponent is not greater than 2, then the total interference at
the PR from multiple UDs becomes a function of the network size and tends to infinity with increasing
number of UDs in the network [47,96]. Fortunately, in an urban environment, for a typical DTV receiver
height of 10m and a portable UD (e.g. WiFi device) height of 1.5m [8] α will be greater than 2.

5.3.2

Aggregate Interference at Primary Receivers

Let the interference at the PR be caused by M UDs that are distributed inside the annular disc defined
by radii R0 + ep and R (see Figure 5.1). The nodes in the unlicensed ad hoc network contending for
the primary channel are considered to be distributed in a PPP (as described in Chapter
 4) with a uniform

density λ. Hence, the number of UDs M is a Poisson random variable with density λ R2 − (R0 + ep )2

[102]. The aggregate instantaneous interference I at the PR (see (5.3)) is given by
I=k

X
M

d−α
i xi ; ep ≤ di ≤ R + R0 ,

(5.5)

where k, di and xi are defined in Section 5.3.1. Previously in [54, 57], a spectrum sharing system
in which the protection region surrounds the PR has been analysed. The UDs were considered to be
distributed uniformly in a PPP outside the protection region. The distribution of aggregate interference
at the PR from the UDs was obtained by firstly determining the characteristic function of aggregate
interference. Then, the distribution of interference was obtained from the characteristic function by
performing numerical evaluations.
Such an approach can however not be implemented on the spectrum sharing system considered in this
chapter. This is because, the characteristic function of I (determined in Appendix B.4), does not have a
closed-form analytical solution. Moreover, even the numerical computation of the characteristic function
is intensive. Hence, in this chapter Monte Carlo simulations (see Appendix J) are employed to determine
the distribution of I. Consequently, protection distances required to meet the PR outage constraints (i.e.
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Table 5.1: System parameters

Parameter
Spectrum sharing frequency
PT coverage radius
Mean PT power at coverage edge
PR protection margin
Acceptable outage probability at PR
Channel between PT and PR
Standard deviation of variability in CP T −P R due to lognormal shadowing
Rician factor characterising variability in CP T −P R
Protection distance
UD transmit power
Instantaneous interference from the unlicensed system at the PR
Density of contending UDs
Propagation exponent characterising signals propagating from UDs to PR
Channel between UDs and PR
Standard deviation of variability in CU D−P R due to lognormal shadowing

Symbol
f
R0
P̄0
βP
Pout
CP T −P R
σP
K
ep
PU D
I
λ
α
CU D−P R
σU

satisfy (5.1) for a specified Pout ) are determined. The analysis of protection distances is the focus of this
chapter. The characteristic function of I is again studied in Chapter 6 and is employed for developing
analytical tools for estimating the required protection distances.

5.4

Analysis of Required Protection Distances

The parameters defined in this chapter are summarised in Table 5.1. These parameters are employed in
the following chapters as well. For all analysis presented in this chapter, the operational frequency f
of the spectrum sharing system is considered to be 615MHz, which is the mid frequency for the DTV
channels 14-69 in the US [8, 40, 111]. The transmit power of the UDs (i.e. PU D ), which is fixed for all
UDs, is considered to be 40mW (16dBm). The analysis presented in this chapter considers -84dBm and
-74dBm as values for the mean power P̄0dB (in dB) received at the PR (at PT coverage edge) from the
PT (see Section 5.2.1). The power of -84dBm is the minimum power from the DTV transmitter that is
decodable by the DTV receiver2 .
For a given primary system topology (specified by PT coverage radius R0 ), UD density (λ), variability
in CU D−P R (defined by σU ) and protection distance ep , Monte Carlo simulations are performed to
determine the distribution of aggregate interference at a PR at the PT coverage edge. Consequently, for
a specified mean received PT power at the PR (P̄0dB ), variability in CP T −P R (defined by σP and K),
required SIR at the PR (βP ) and acceptable probability of outage Pout of the PR, the protection distance
required to meet the PR outage constraints (i.e. satisfy (5.1) ) is determined.
The analysis presented in this chapter considers that R → ∞ (see Figure 5.1). This is a conservative
approach in terms of the resultant interference at the PR. This is because, in a practical scenario, R
2

In the UHF channels, in order to ensure efficient decodability of the DTV signal the DTV receiver requires a carrier to
noise ratio of at least 15dB. This criterion is satisfied for a minimum received carrier power of -84.2dBm (field strength of
41dBu), which defines the edge of the DTV coverage area [40, 111].
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will be constrained by the geography of the propagation environment. Table 5.2 presents the effect of
R on the required protection distance ep when R0 = 50km, α = 4 and Pout = 1%. Two sets of
values for λ and βP are considered in order to be able to analyse the effects of R on both small and
large protection distances. The parameter values are selected so that the obtained protection distances
are less than 500m, while the values of R considered range between 500m and 10km. It is observed
that when λ = 1node/10000m2 and βP = 15dB, the protection distances are small compared to R.
It is observed that in such a scenario, the value of R has an insignificant effect (i.e. 1m) on ep . This is
because, for small protection distances, the interference at the PR is dominated by the interferers close the
boundary of the protection region. Hence, the interferers located further away from the boundary do not
significantly affect the aggregate interference at the PR. When λ = 10nodes/10000m2 and βP = 20dB,
the protection distances are large. In such a scenario, the effect of R on ep becomes somewhat more
significant. Specifically, a change of 62m in ep is observed when R increases from 500m to ∞. Similar
observations were made in [52] for a spectrum sharing system in which protection regions surround the
PR.
Table 5.2: Effect of R on required the protection distances.

Parameter values

λ = 1node/10000m2 , βP = 15dB

λ = 10nodes/10000m2 , βP = 20dB

5.4.1

R − R0
500m
1km
5km
10km
∞
500
1km
5km
10km
∞

ep (m)
100.8
101.3
101.3
101.3
101.3
302.7
345.6
364
364.8
365.2

Overview of Analysis

In Sections 5.4.2 to 5.4.5 protection distances required for meeting the primary system outage constraints
(i.e. satisfy (5.1) for a specified Pout ) are evaluated and the effects of various primary and unlicensed
system parameters are analysed. Moreover, the effects of various channel characteristics on protection
distances are quantified. The parameters defining the system and channel characteristics that are considered for the analysis are summarised in Table 5.3.
Even though one may be able to conceptualise whether changing parameter values increases or decreases
the required protection distances, it is important to characterise the sensitivity of protection distances
to these parameters. Moreover, over a practical range of parameter values, it is important to identify
parameters that have the most significant and the least significant effect on protection distances. Such
an analysis can provide relevant information to system planners about the level of accuracy required for
modelling a parameter in order to successfully meet the primary system outage constraints. The analysis
of these effects of the parameters (given in Table 5.3) are presented in Sections 5.4.2 to 5.4.5.
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Table 5.3: Parameters considered for analysing the required protection distances.

Section number
5.4.2

5.4.3
5.4.4

5.4.5

5.4.2

Parameters
Unlicensed System Operational Parameters and Path Loss
Characteristics of Interfering Signals
i) UD density λ
ii) Propagation exponent α characterising interfering signals
Primary System Performance Requirements
i) Required SIR βP at the PR
ii) Acceptable outage probability Pout of the PR
Primary System Topology
i) PT coverage radius R0
Radio Channel Variability
i) Variability in CU D−P R for Rayleigh fading and lognormal
shadowing (defined by σU )
ii) Variability in CP T −P R for Rician fading (defined by Rician factor
K) and lognormal shadowing (defined by σP )

Effect of Unlicensed System Operational Parameters and Path Loss Characteristics of Interfering Signals

Figures 5.2 and 5.3 present the effects of the density λ of UDs on the required protection distance for
different path loss conditions (characterised by propagation exponent α) for interfering signals. The
results in Figures 5.2 and 5.3 are presented for no variability due to fading and shadowing in CU D−P R
and CP T −P R .

Distance from primary transmitter (km)

12
Increasing UD density:
1node/10000m2 to 10nodes/10000m2

10

Primary transmitter
service contour

Primary transmitter

10
12
Distance from primary transmitter (km)
Figure 5.2: Effect of UD density λ on required protection distances for: P̄0dB = −84dBm βP = 20dB, Pout =
1%, R0 = 10km, α = 4 and no channel variability.
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Effect of UD Density λ
Figure 5.2 presents the effects of the UD density λ on the required protection distances for α = 4. For
presentation brevity, a comparatively (compared to typical DTV broadcast systems) small value of R0
i.e. 10km is considered to make the protection distances comparable to R0 . Moreover, it is shown later
in Section 5.5 that increasing R0 from 10km to 50km (typical for a DTV system) does not significantly
affect the required protection distances. In Figure 5.2 UD densities ranging between 1node/10000m2
and 10nodes/10000m2 are considered and the densities increase in steps of 1node/10000m2 . Since
UDs are distributed in a PPP outside the protection region, the density of UDs can be directly related to
the average distance between the transmitting nodes in the unlicensed ad hoc network. For instance, a
UD density of 1node/10000m2 corresponds to an average distance of 100m between two UDs. These
values for various other UD densities are presented in Table 5.4.
Table 5.4: Relationship between UD density and the corresponding average distance between nodes in the unlicensed ad hoc network.

UD density
0.1nodes/10000m2
1node/10000m2
10nodes/10000m2

Corresponding average distance between
nodes in the unlicensed ad hoc network
316m
100m
32m

As expected, increasing the density of the UDs operating outside the protection region increases the
required protection distance. The trade-off between the UD density and the geographical opportunity for
the unlicensed system is relevant for determining the achievable capacity of the unlicensed system. A
detailed analysis of unlicensed system capacity is presented in Chapter 9.
It is observed that protection distances are more sensitive to λ when λ has small values. In other words,
smaller protection distances are more sensitive to changes in λ. As λ increases, the protection distances
become larger and consequently become less sensitive to changes in λ. Hence, UDs located far away
from the PR can operate at a higher density without having to compromise on the area available for
operation.

Effect of Propagation Exponent α
Figure 5.3 presents the effect of propagation exponent α on the required protection distances for values
of α ranging between 3 and 5 and for UD densities of 1 and 10 nodes/10000m2 . As expected, a larger
protection distance is required for a smaller value of α. It is also observed that larger protection distances
are more sensitive to changes in α. Hence, protection distances are more sensitive to changes in α values
when α is smaller. Moreover, the sensitivity increases when protection distances become larger due to
increase in UD density.
Note in Figure 5.3 that α has a very significant effect on protection distances. When α = 4, which is
a typical value in an urban environment, the protection distance ranges between approximately 100m
and 200m for the range of UD densities considered. However, when α = 3, which is a typical value
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characterising a rural environment, the protection distances become extremely large, especially for large
UD densities. Hence, UDs may have a much greater geographical opportunity in an urban environment
than in a rural environment. However, it is unlikely that large UD densities are deployed in rural areas.
Hence, the geographical constraints on UDs may not be as stringent after all.
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Figure 5.3: Effect of UD density λ and propagation exponent α on required protection distances for: P̄0dB =
−74dBm, βP = 15dB, Pout = 1%, R0 = 50km and no channel variability.

5.4.3

Effect of Primary System Performance Requirements

Figure 5.4 presents the effects of primary system performance requirements on the required protection
distance. Specifically, the effects of the protection margin (i.e. required SIR) βP at the PR and the
acceptable outage probability Pout of the PR on the required protection distances are analysed. It is
considered that α = 4 and there is no variability due to fading and shadowing in CU D−P R and CP T −P R .
Figure 5.4 (a) presents the effects of βP on protection distances for values of βP ranging between 10dB
and 23dB. A value of 10dB might be slightly optimistic (from the point of view of the unlicensed system)
while 23dB is a conservative value of SIR specified by the FCC for DTV systems [8, 45]. In Figure 5.4
(b) the effects of Pout on protection distances are analysed for values of Pout ranging between Pout → 0
and Pout = 20%.

Effect of PR Protection Margin βP
It is observed in Figure 5.4 (a) that, as expected, increasing βP and decreasing Pout increases the required
protection distances. Increasing the value of βP from 10dB to 23dB causes an increase in the protection
distance of approximately 135m. Note that this increase in protection distances is approximately the
same as the increase caused by a change in λ values from 1node/10000m2 to 10nodes/10000m2 for
α = 4 (see Figure 5.3). Hence, for a practical range of βP and λ values, the sensitivity of protection
distances to βP and λ is approximately the same.
It is observed in Figure 5.4 (a) that larger protection distances are more sensitive to changes in βP . In
other words, protection distances are more sensitive to larger values of βp . Increasing Pout from 1% to
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20% causes the protection distance to decrease by approximately 28m for all values of βP . However,
this is not true for all values of UD density λ, as illustrated in Figure 5.4 (b).
220
200
180

Pout =1%
Pout =5%
Pout =10%
Pout =20%

28m

ep (m)

160

135m

140

28m

120
100
80
60
40
10

12

14

16

18

20

22

βP (dB)

(a)
200

λ=1node/10000m2
λ=3nodes/10000m2

180

λ=5nodes/10000m2

ep (m)

160

14m

140
120
100

28m
80
60
0

2%

4%

6%

8%

10%

Pout

12%

14%

16%

18%

20%

(b)

Figure 5.4: Effect of PR protection margin βP and acceptable outage probability Pout at PRs on required protection distances for P̄0dB = −74dBm, R0 = 50km, PU D = 40mW, α = 4 and no channel variability:
(a) Effect of βP and Pout on required protection distances for λ = 1node/10000m2 and (b) Effect of
Pout and λ on required protection distances for βP = 15dB.

Effect of Acceptable Outage Probability Pout at the PR
Figure 5.4 (b) presents the effect of Pout on the required protection distances for values of λ ranging
between 1node/10000m2 and 5nodes/10000m2 . It is firstly observed that when Pout is smaller and
consequently the required protection distances are larger, the protection distances are more sensitive
to changes in Pout . Moreover, when λ = 1node/10000m2 , increasing Pout from 1% to 20% causes
protection distances to decrease from approximately 100m to 72m (decrease of 28m). However, when
λ increases to 5nodes/10000m2 , increasing Pout from 1% to 20% causes a much smaller decrease in
protection distances of approximately 14m (protection distance decreases from 161m to 147m). Hence,
as λ increases, and consequently the protection distances become larger, the effect of changing Pout on
the required protection distances becomes less significant. This is because, with increasing value of λ
as well as protection distance, the variability in the aggregate interference at the PR decreases. Hence,
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the effect of Pout becomes less significant. The effect of Pout on required protection distances is further
addressed in Chapters 6 and 7.

5.4.4

Effect of Primary System Topology

Figure 5.5 presents the effect of the topology of the primary system, specifically the PT coverage radius
R0 , on the required protection distances. It is considered that the received PT power (i.e. P 0dB ) at the
PR (located at PT coverage edge) always remains the same and has a value of -84dBm. For βP = 20dB,
the effect of R0 on protection distances is analysed for λ = 1, 5 and 10 nodes/10000m2 . It is considered
that α = 4 and there is no variability due to fading and shadowing in CU D−P R and CP T −P R .
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Figure 5.5: Effect of primary transmitter coverage radius on required protection distances for P̄0dB = −84dBm,
βP = 20dB, Pout = 1%, PU D = 40mW, α = 4 and no channel variability.

(a)
Primary transmitter
Primary receiver
Primary transmitter coverage area

(b)
Unlicensed transmitting node
Protection region

Figure 5.6: Interference model for a primary receiver at the coverage edge of a broadcast primary transmitter for:
(a) a small primary transmitter coverage radius and (b) a large primary transmitter coverage radius.

Firstly, it is observed in Figure 5.5 that increasing R0 decreases the required protection distances. This is
because, when R0 is smaller, the encircling effect of UDs around the PR (at PT coverage edge) increases
(see Figure 5.6). Therefore, the PR is affected by a larger interference and hence larger protection
distances are required [14]. Secondly, it is observed in Figure 5.5 that with increasing R0 , the protection
distances become less sensitive to changes (increase) in R0 .

63

5.4 Analysis of Required Protection Distances

When λ = 1node/10000m2 , increasing R0 significantly changes protection distance until R0 reaches a
value of approximately 5km. For λ = 10nodes/10000m2 , the protection distances become larger and
hence increasing R0 significantly changes protection distance until R0 reaches a value of approximately
10km. For the typical system parameter values considered in Figure 5.5, the effect of R0 on protection
distances is significant only for R0 values less than 10km. However, broadcast primary systems have a
much larger PT coverage radii, any changes in which, do not affect protection distances.

5.4.5

Effects of Variability in the Radio Channel

Figures 5.7 and 5.8 present the effect of variability in CU D−P R and CP T −P R respectively on the required
protection distances. The effect of Rayleigh fading and lognormal shadowing in CU D−P R is analysed,
whereas the effect of Rician fading and lognormal shadowing in CP T −P R is analysed. It is considered
that α = 4, P̄0dB = −74dBm and βP = 15dB.
Variability in CU D−P R
Figure 5.7 presents the effect of variability due to Rayleigh fading and shadowing in CU D−P R on the
required protection distances. The analysis is performed for values of σU (defined in Section 5.3.1)
ranging between 0dB and 12dB.
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Figure 5.7: Effect of variability in CU D−P R on protection distances for no variability in CP T −P R , P̄0dB =
−74dBm, βP = 15dB, Pout = 1%, R0 = 50km, PU D = 40mW and α = 4.

As expected, it is observed that increasing σU increases the required protection distances. Moreover,
the required protection distances when CU D−P R is a Suzuki channel are larger than those required for
a lognormal channel. For low values of σU , the difference between protection distances required for the
two channels is not significant. However, the difference becomes significant as σU (and consequently
the protection distance) increases. Hence, larger protection distances are more significantly affected
by channel variability. For the same reason, the effect of channel variability on protection distances
increases as UD density increases. The difference between required protection distances for a lognormal
channel and a Suzuki channel when σU = 12dB is approximately 105m for λ = 1node/10000m2 and
is approximately 188m when λ = 10nodes/10000m2 .
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Protection distances are more sensitive to changes in σU values when σU and consequently protection
distances are large. For σU values less than approximately 5dB, the protection distances are not significantly affected by changes in σU . However, as σU increases above 5dB, protection distances become
more sensitive to changes in σU . In general it is observed that larger protection distances are more
sensitive to channel variability.
Compared to previously analysed system parameters (i.e. λ, βP , Pout and R0 ) the effect of σU on
protection distances is much more significant. Increasing σU from 0dB to 12dB is found to increase
protection distances by up to approximately 1900m (for λ = 10nodes/10000m2 ). Except for α, no other
parameter has such a significant effect on protection distances. This implies that an accurate modelling
of variability in CU D−P R is critical in order to successfully protect the primary system.
Variability in CP T −P R
Figure 5.8 presents the effect of variability in CP T −P R on the required protection distances for no variability in CU D−P R . Firstly, in Figure 5.8 (a) the effect of Rician fading in CP T −P R is analysed. The
required protection distances are determined for the Rician factor K ranging between 0 and 10. For
K = 0 there is Rayleigh fading in CP T −P R and for larger values of K a significant LOS component is
obtained. Hence, increasing K decreases the required protection distances. Moreover, it is observed in
5.8 (a) that larger protection distances (for smaller values of K) are more sensitive to the changes in K.
When λ = 10nodes/10000m2 and there is no variability in CP T −P R , a protection distance of 212m (as
indicated in Figure 5.8 (a)) is required. For Rayleigh fading in CP T −P R a protection distance of 2000m
is required (see Figure 5.8 (a)). Hence, Rayleigh fading causes an increase of 1788m in the required
protection distance. A similar increase (1900m) in protection distance is obtained when there is a large
variability in CU D−P R i.e. when CU D−P R is a Suzuki channel with σU = 12dB (see Figure 5.7). This
suggests that for large UD densities, protection distances are much more sensitive to the variability in
CP T −P R than the variability in CU D−P R . This is because, the averaging effect of interference at the PR
from multiple UDs reduces the overall effect of channel variability in CU D−P R . The averaging effect of
UDs decreases when λ becomes smaller. Hence, for λ = 1node/10000m2 , Rayleigh fading in CP T −P R
causes an increase of 500m in the required protection distance, whereas when CU D−P R is a Suzuki
channel with σU = 12dB, protection distance increases by 1600m (see Figure 5.7).
Figure 5.8 (b) presents an analysis of the effects of fading and shadowing in CP T −P R . The required
protection distances are determined for values of σP (defined in Section 5.2.1) ranging between 0dB to
12dB. As expected, it is observed that increasing σP increases the required protection distances. The
behaviour of the required protection distances with changing variability in CP T −P R is the same as that
observed for variability in CU D−P R namely, larger protection distances are more sensitive to channel
variability. However, a comparison of Figures 5.7 and 5.8 (b) suggests that the required protection regions
for variability in CP T −P R are much larger than those required for variability in CU D−P R . Fortunately,
due to the elevated locations of the PT and PR, signals propagating from the PT towards the PR are
not likely to be significantly affected by shadowing. Hence, the Rician distribution is more suited to
modelling CP T −P R .
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Figure 5.8: Effect of variability in CP T −P R on protection distances for no variability in CU D−P R , P̄0dB =
−74dBm, βP = 15dB, Pout = 1%, R0 = 50km, PU D = 40mW and α = 4: (a) Effect of Rician fading (defined by Rician factor K), (b) Effect of lognormal and Suzuki channels.

5.5

Summarising the Effects of System Parameters on Protection Distances

Table 5.5 summarises the effects of various system parameters analysed in Sections 5.4.2 to 5.4.5 on
the required protection distances. It is firstly stated whether increasing the parameter value increases or
decreases the required protection distances. Secondly, it is stated whether the sensitivity of protection
distances to the parameter increases or decreases as the parameter value increases. Thirdly, parameters
are ranked on the basis of the sensitivity of protection distances to changes in parameter values (over a
practical range of values). The observations made from Table 5.5 are:
• Except for the UD density λ, for all other parameters, if an increase in the parameter value in-

creases the required protection distance, it also increases the sensitivity of protection distances
to the parameter. In other words, larger protection distances are more sensitive to changes in all
parameter values (except for λ). When λ increases, protection distances become larger, but the
sensitivity of protection distances to UD density decreases.
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• Protection distances are most affected by the propagation exponent α (ranging between 3 and 5)
that characterises the interfering signals and the variability in CP T −P R . Variability in CU D−P R

also significantly affects protection distances. Hence, a high level of accuracy is required when
modelling the radio channel characteristics in order to successfully meet the primary system outage
constraints.
• Protection distances are comparatively less sensitive to the protection margin βP (ranging between 10dB and 23dB) at the PRs and the UD density λ (ranging between 1node/10000m2 and
10nodes/10000m2 ).
Table 5.5: Summary of the effects of various system parameters on protection distances: ↑ represents increase and
↓ represents decrease.

Parameter

UD density λ
Propagation exponent α
defining interfering signals
PR protection margin βP
Acceptable outage
probability Pout at PR
PT coverage radius R0
Variability in CU D−P R
Variability in CP T −P R

Effect of
increasing
parameter value on
protection
distances
↑

Sensitivity of
protection
distances to
increasing
parameter value
↓

↓

↓

↑↑↑↑

↑

↑

↑↑

↓

↓

↑↑

↓
↑
↑

↓
↑
↑

↑
↑↑↑↑
↑↑↑↑

Level of sensitivity of
protection distances
to parameter value
↑↑

• The sensitivity of protection distances to the acceptable outage probability Pout (ranging between
1% and 20%) is less significant than that of λ and βP . Moreover, the sensitivity to Pout is sig-

nificant only for a small range of parameter values (e.g. for λ < 5nodes/10000m2 (no channel
variability)).
• Protection distances are hardly affected by the PT coverage radius R0 (ranging between 10km and
100km).

5.6

Summary

This chapter presents an investigation of the primary system protection criterion in a spectrum sharing system. A model for a broadcast primary system coexisting with an unlicensed ad hoc network is
presented. The spectrum sharing model complies with the regulations issued by the FCC, such that a
protection region around the primary transmitter coverage area is employed in order to limit the interference from the unlicensed system to the PRs. The performance of the PRs at the edge of the primary
transmitter coverage area (worst-case location of PRs) is analysed and is defined by the probability of
outage, which is the probability of the SIR at the PRs exceeding the required protection margin.

5.6 Summary
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The focus of this chapter is the determination of the protection distances required for meeting the PR
outage constraints, while analysing the effects of various system parameters on the required protection
distances. The effects of the operational characteristics of the unlicensed system, the primary system
protection criterion and radio channel characteristics on the required protection distances are analysed.
It is identified whether a parameter increases or decreases protection distances and the sensitivity of
protection distances to changes in parameter values is analysed. Moreover, the parameters are ranked on
the basis of the sensitivity of protection distances to changes in parameter values (over a practical range
of values).
Unfortunately, an analytical analysis of the required protection distances cannot be performed due to the
highly intensive computation involved in characterising the aggregate interference at the PRs. Hence,
protection distances are obtained from Monte Carlo simulations. The analysis shows that the sensitivity
of protection distances to changes in parameter values increases as protection distances become larger.
The only parameter for which this is not true is the UD density.
The analysis of protection distances performed for parameter values that characterise a typical digital
television system provide relevant information to system planners. The parameters that have the most
significant effect on protection distances are the propagation exponent defining interfering signals propagating from the unlicensed devices to the PR and the variability in CP T −P R . Variability in CU D−P R also
significantly affects protection distances. Hence, a high level of accuracy is required when modelling the
radio channel characteristics in order to successfully meet the primary system outage constraints. The
density of unlicensed devices and the primary system protection criterion defined by PR protection margin and acceptable outage probability at the PR have a smaller, but significant effect on the required
protection distances. The effect of the acceptable outage probability of PRs is significant only for a
limited number of scenarios, specifically, when the protection distances are small.
This chapter focuses on the analysis of the effects of various system parameters on the required protection
distances. The analysis is performed for a primary system consisting of a single broadcast primary
transmitter. Chapter 6 presents various analytical tools for estimating the required protection distances.
Moreover, in Chapter 7, the required protection distances are analysed in a spectrum sharing system
consisting of multiple co-channel primary transmitters and a comparative study of protection distances
in single and multiple primary transmitter systems is performed.
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Chapter 6

Analytical Techniques for Estimating
Required Protection Distances
6.1

Introduction

In proposed spectrum sharing systems involving a broadcast primary system, interference to the PRs
from the unlicensed system is controlled by defining a protection region around the PT coverage area. A
protection region is a UD exclusive region with size represented by the protection distance. Previously in
Chapter 5 the unlicensed system was considered to be an ad hoc network with multiple UDs distributed
in a Poisson Point Process outside the PT coverage area. It was observed that the analytical characterisation of the aggregate interference from the UDs at the PR is computationally highly intensive. Hence,
Monte Carlo simulations were employed in order to determine the primary system performance and
consequently determine the protection distances required to meet the primary system outage constraints.
This chapter presents analytical techniques for estimating the required protection distances. The probability density function (PDF) of aggregate interference at the PR is approximated by known PDFs that
have characteristics similar to the interference PDF. Consequently, protection distances required to meet
the PR outage constraints are approximated.
In the absence of exact protection distances, it is essential that any approximation of interference overestimates the required protection distances and hence guarantees primary system protection. Developing
techniques for achieving this objective is the principal contribution of this chapter. Here, for a range
of system parameters (UD density, channel variability and primary system performance requirements),
scenarios in which the approximated protection distances over/under-estimate the actual required protection distances are identified. Such a comparison leads to the identification of combinations of different
approximations for protection distances that always generate overestimated protection distances. Moreover, the Markov inequality and the Chebychev inequality are also employed for obtaining overestimated
protection distances. A comparative study of the overestimated protection distances obtained from different techniques is performed. Consequently, techniques that guarantee primary system performance,
while also providing greater operational area for the unlicensed system i.e. allowing efficient utilisation
of the primary spectrum by the unlicensed system, are identified.
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In Section 6.2 analytical expressions for the cumulants of aggregate interference at the PR are determined. In Section 6.3 analytical tools (involving the cumulants of interference at the PR) required for
approximating the interference PDF with known PDFs are presented. Section 6.4 presents tools for estimating the required protection distances from the approximations for interference. Section 6.5 presents
an analysis of the over/under-estimation behaviour of approximated protection distances and the identification of techniques that always overestimate protection distances. Section 6.6 presents tools for
obtaining overestimated protection distances from the Markov and Chebychev inequalities. Finally in
Section 6.7 a comparative study of the overestimated protection distances is performed.

6.2

Statistics of Aggregate Interference at Primary Receivers

In this chapter a spectrum sharing system consisting of a broadcast primary system and an unlicensed
ad hoc network is analysed (see Figure 5.1). The spectrum sharing model treated in this chapter has
previously been presented in Chapter 5. Whereas Chapter 5 presents an analysis of the system based on
Monte Carlo simulations, in this chapter an analytical study of the system is presented. An analytical
characterisation of a system allows a system planner to predict the effect of various parameters on system
behaviour without performing tedious simulations.
In the spectrum sharing system model considered, interference to the PR from the unlicensed system is
controlled by a protection region of size defined by the protection distance ep (see Figure 5.1). The focus
of the analysis performed in Chapter 5 and also in this chapter is to meet the performance requirements
of the PRs. The performance of the PRs is defined by the outage probability Pout of the PRs, namely


Pout


P0
= Prob
≤ βP ,
I

(6.1)

where P0 , I and βP are defined in Table 5.1. In this chapter, analytical techniques are presented for
estimating the required protection distance ep (which in turn defines I) for which the PR outage constraints are met, namely (6.1) is satisfied for a specified Pout . For the analysis of the required protection
distances, firstly, the distribution of aggregate interference I at the PR should be determined. It was identified in Chapter 5 that the distribution of I cannot be analytically determined due to the highly intensive
computation involved in the determination of the characteristic function of I (see Section 5.3.2).
In the absence of information about the distribution of a random variable, the cumulants of the random
variable can be used for answering questions about the behaviour of the random variable. The cumulants
of a random variable provide a measure of the descriptive properties of its distribution. For instance, the
first cumulant of a random variable provides a measure of the location of its distribution, specifically, the
mean of the distribution. The mean value is one of the most important characteristics of the distribution.
The second cumulant (i.e. the variance) of a random variable provides a measure of the dispersion of
the distribution, i.e. the concentration of the distribution around the central value. The higher cumulants
provide further information about the shape of the distribution. Specifically, the third cumulant defines
the skewness of the distribution, which gives a measure of the symmetry of the distribution around its
mean. Finally, the fourth cumulant defines the kurtosis, which gives a measure of the “peakedness” of
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the distribution [112]. The shape of a distribution can be completely defined by the mean, variance,
skewness and kurtosis.
Hence, for the system considered in this chapter, if cumulants for aggregate interference I at the PR can
be determined, then the behaviour of I can be estimated. The characteristic function of I (presented in
Section 6.2.1) is used for determining analytical expressions for the cumulants of I in Section 6.2.2. The
cumulants of I are then employed in Sections 6.3 to 6.7 for approximating the distribution of I and for
estimating protection distances required for meeting the PR outage constraints.

6.2.1

Characteristic Function of Aggregate Interference at Primary Receivers

The characteristic function ϕI (ω) of I is given by
ϕI (ω) =





exp λπ R2 − (R0 + ep )2

Z Z Z
xi ai

h (ω, xi , ai , θi ) f (xi ) fai (ai ) fθi (θi ) dxi dai dθi  ,

θi

where
h (ω, xi , ai , θi ) = exp

!

jωxi k
a2i + R02 − 2ai R0 cos θi

α/2

− 1.

(6.2)

The derivation of (6.2) is presented in Appendix B.4. In (6.2) ai is the distance of the ith UD from the
PT (see Figure 5.1), fai (.) is the PDF of ai , θi is the angle imposed by the ith UD at the PT and fθi (.)
is the PDF of θi . Parameters k, xi and fxi (.) are defined in Section 5.3.1, R is defined in Figure 5.1 and
R0 , λ and α are defined in Table 5.1. Since UDs are considered to be distributed in a PPP in the annular
disc defined by radii R0 + ep and R, ai is linearly distributed between R0 + ep and R, namely
fai (ai ) =

2ai
; R0 + ep ≤ ai ≤ R,
R2 − (R0 + ep )2

(6.3)

and θi is uniformly distributed, namely
fθi (θi ) =

1
; 0 ≤ θi ≤ 2π.
2π

(6.4)

In Section 6.2.2, ϕI (ω) is employed for determining the cumulants of I.

6.2.2

Cumulants of Aggregate Interference at Primary Receivers

In the absence of information about the distribution of aggregate interference I at the PR, the information
provided by the cumulants of I can be utilised to analyse I and consequently the required protection
distances. The cumulants of I can be obtained from the characteristic function of I. The relationship
between the nth cumulant (i.e. κn ) of I and the characteristic function ϕI (ω) is given by


1 ∂ n ln ϕI (ω)
κn = n
.
j
∂ω n
ω=0

(6.5)
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Hence, from (6.2) and (6.5), κn is obtained as
κn = An Bn ,

(6.6)

where


2

2

An = λπ R − (R0 + ep )

 ZR Z2π

k n fai (ai ) fθi (θi )
a2i + R02 − 2ai R0 cos θi

R0 +εp 0

and

Z∞
Bn =

 nα dθi dai ; for R → ∞

(6.7)

2

xni fxi (xi ) dxi ,

(6.8)

0

The derivation of (6.6) is presented in Appendix C.1. Closed-form expressions can be obtained for An
when α has even values, while for other α values An has to be numerically evaluated. For α = 4 (typical
value in an urban environment) closed-form expressions for An : n ∈ (1, 3) (the first three cumulants

of I are employed in Section 6.3) are derived in Appendix C.1. Expressions are obtained for Bn when
CU D−P R is a lognormal and a Suzuki channel. For a lognormal channel Bn is obtained as
Bn = exp

n2
2



log(10)
σU
10

2 !
.

(6.9)

Γ (n + 1) .

(6.10)

For a Suzuki channel Bn is obtained as
Bn = exp

n2
2



log(10)
σU
10

2 !

Derivations for (6.9) and (6.10) are presented in Appendix C.1.

6.3

Analytical Tools for Approximating the Distribution of Interference

If the PDF of I (i.e. fI (I)) is not known but the cumulants of I are known, then the cumulants can
be employed for approximating fI (I) with a known PDF. Parameters of the approximate PDF are obtained by matching its cumulants with those of I. The first step towards approximating fI (I) involves
identifying known PDFs that have characteristics similar to those of fI (I). In order to do so, firstly,
fI (I) is obtained from Monte Carlo simulations (see Appendix J) and its characteristics are studied
for a range of system parameter values, namely protection distance ep , UD density λ and variability in
CU D−P R (defined by σU ). Then, appropriate known PDFs that can be used for approximating fI (I) are
employed.
Figure 6.1 presents fI (I) for various combinations of ep , λ and σU values. Without loss of generality,
results are obtained for k = 1 (k is defined in (5.3)). It is observed that when λ and ep are small (see
Figure 6.1(a)), then fI (I) is a heavy-tailed and positively skewed distribution. This is a result of the
interference at the PR from a few UDs close to the PR that cause a disproportionately large interference.
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Figure 6.1: Effect of system parameters on the probability density function of aggregate interference at primary
receiver for R0 = 50km and α = 4: (a) ep = 40m, λ = 1node/10000m2 and no channel variability,
(b) ep = 40m, λ = 1node/10000m2 and σU = 8dB (CU D−P R is considered to be a lognormal
channel), (c) ep = 40m, λ = 10nodes/10000m2 and no channel variability and (d) ep = 200m,
λ = 1node/10000m2 and no channel variability.

The skewness is found to further increase when there is lognormal shadowing in CU D−P R (see Figure
6.1(b)) with σU = 8dB (σU is defined in Table 5.1). However, with increasing ep and λ (see Figures
6.1(c) and 6.1(d)) the skewness decreases and fI (I) becomes much more symmetrical compared to the
scenarios presented in Figures 6.1(a) and 6.1(b).
Well-known distributions that are positively skewed are the lognormal and the gamma distributions [112].
These distributions can be used for approximating fI (I) in all four scenarios presented in Figure 6.1.
The normal distribution, which is not a skewed distribution can be used for approximating fI (I) in
scenarios presented in Figures 6.1(c) and 6.1(d) i.e. when the skewness of fI (I) is low. The normal
distribution can also be modified by using the Edgeworth expansion to take into account the deviation of
fI (I) from normality [113].
Approximate distributions for aggregate interference from multiple interferers have previously been used
in a number of studies involving both stand-alone and spectrum sharing ad hoc networks. The analysis performed in previous studies is summarised in Table 6.1. For stand-alone ad hoc networks in
which receiving nodes are surrounded by protection regions, the aggregate interference at the node is approximated by a lognormal distribution [100], normal distribution [86] and Edgeworth expansion [114].
Previously studied spectrum sharing systems that employ such approximation techniques consist of a
primary system in which protection regions surround the PR. For such a system the lognormal distribution [47, 53, 59], gamma distribution [49, 59] and Edgeworth expansion [52, 57, 65] are employed for
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approximating the aggregate interference at the PR. Moreover, a shifted-lognormal approximation, which
is shown to provide a better match in the tail of the interference PDF than a lognormal distribution, is
employed in [65].
Table 6.1: Previous studies on approximating interference distribution.

Ref.

Standalone
network
Spectrum
sharing
network

[100]
[86]
[114]
[47, 53]
[49]
[59]
[57]
[52]
[65]

Lognormal
distribution

Shiftedlognormal
distribution

√

Gamma
distribution

Normal
distribution
√

√

√
√

√

Edgeworth
expansion

√

√
√
√

√
√

In this chapter, for the spectrum sharing system considered, the PDF of aggregate interference at the PR
(i.e. fI (I)) is approximated by the lognormal, shifted-lognormal, gamma and normal distributions, as
well as the Edgeworth expansion. Sections 6.3.1 to 6.3.5 present analytical tools involving cumulants of
I, for approximating fI (I) with these known distributions.

6.3.1

Approximating Interference with a Lognormal Distribution

A lognormal PDF fLN (y) can be expressed as
fLN (y) =

1
√

σLN

1
(ln (y) − µLN )2
exp −
2
2σLN
2π y

!
,

(6.11)

where µLN is the mean (in dBm) and σLN is the standard deviation (in dB) of the associated normal
distribution. In order to approximate fI (I) with fLN (y), the first two cumulants of fI (I) (i.e. κ1 and
κ2 ) are matched with those of fLN (y). By employing such a cumulant-matching technique µLN and
σLN can be expressed in terms of κ1 and κ2 [47], namely
µLN = ln

κ21
p
κ2 + κ21

!
; σLN

s 

κ2
= ln
+
1
.
κ21

(6.12)

Since cumulant-matching is performed only on the first two cumulants of fI (I) and fLN (y), the skewness and kurtosis of the two distributions, which are defined by the third and fourth cumulant respectively,
are different. However, the behaviour of the skewness and kurtosis of fLN (y) with varying system parameter values is found to be the same as that of fI (I). The skewness and kurtosis of the two distributions
with varying ep are presented in Figure 6.2. It is observed that increasing ep decreases the skewness as
well as the kurtosis of fI (I). This observation is consistent with that made in Figure 6.1. The skewness
and kurtosis of fLN (y) also decrease with increasing ep and converge towards the skewness and kurtosis
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respectively of fI (I). Hence, the lognormal distribution provides a better approximation for fI (I) when
ep becomes larger. However, the accuracy for small ep values needs to be investigated. Such an investigation is performed in Section 6.5. The effect of changing other system parameters i.e. λ and σU on the
skewness and kurtosis of fI (I) and fLN (y) is presented in Appendix C.2. It is shown that the skewness
and kurtosis of both fI (I) and fLN (y) decrease with increasing λ and increase with increasing σU ,
which is consistent with the observations made in Figure 6.1.
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Figure 6.2: Skewness and kurtosis of fI (I) and the approximate distributions for R0 = 50km, λ =
10nodes/10000m2 , α = 4 and lognormal shadowing in CU D−P R with σU = 5dB: (a) Skewness
and (b) Kurtosis.

A comparison of the skewness and kurtosis values of fI (I) and fLN (y) provides information about
the relative shapes of the two distributions in the tails of the distributions. For instance, for the system
considered in Figure 6.2, when ep = 40m, the skewness and kurtosis of fLN (y) are smaller than those
of fI (I). Hence, the tail of fLN (y) is shorter than that of fI (I) (see Figure 6.3). In other words, for
larger values of I (that define the tails of the distributions), when fI (I) is considered, there is a greater
probability of having interference I compared to fLN (y). In Figure 6.3 such behaviour is observed
for I > 4 × 10−6 W. It is however not possible to determine the value of I for which such behaviour

is observed by only knowing the skewness and the kurtosis of the two distributions. Hence, if one is
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interested in analysing the system presented in Figure 6.3 at I = 3 × 10−6 W, it may not be obvious


from the skewness and the kurtosis values that 1 − FI 3 × 10−6 < 1 − FLN 3 × 10−6 , which is im-

portant for determining whether the lognormal approximation over/under-estimates the primary system
performance and consequently the required protection distance1 . Therefore, the analysis of the relative
skewness and kurtosis values of fI (I) and the approximate distributions is not the focus of the analysis.
Instead, the over/under-estimation behaviour of approximated protection distances is directly analysed
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Figure 6.3: The actual interference distribution and the lognormal approximation
= 50km, λ =
10nodes/10000m2 , lognormal shadowing in CU D−P R with σU = 5dB and ep = 40m.

in Section 6.5.

6.3.2

Approximating Interference with a Shifted-Lognormal Distribution

A shifted-lognormal PDF fSLN (y) can be expressed as

fSLN (y) =

1
√

σSLN

1
(ln (y − cSLN ) − µSLN )2
exp −
2
2σSLN
2π y

!
,

(6.13)

where µSLN is the mean (in dBm), σSLN is the standard deviation (in dB) of the associated normal
distribution and cSLN is the shift parameter. In order to approximate fI (I) with fSLN (y), the first
three cumulants of fI (I) (i.e. κ1 , κ2 and κ3 ) are matched with those of fSLN (y). By employing such
a cumulant-matching technique µSLN , σSLN and cSLN can be expressed in terms of κ1 , κ2 and κ3 ,
namely2
2
σSLN


= ln


κ2
1
f (κ2 , κ3 ) +
−1 ,
κ2
f (κ2 , κ3 )

where

s
f (κ2 , κ3 ) =

3

κ2
κ32 + 3 +
2

r
κ32 κ23 +

κ43
.
4

(6.14)

(6.15)

The value of I = 3 × 10−6 W may be of interest to a system planner for limiting
Pout to 2%. For instance, when

there in no variability in CP T −P R , (6.1) can be expressed as Pout ≤ 1 − FI βPP0 . If Pout is considered to be 2% and
1

= 3 × 10−6 W , then the required protection distance becomes 40m. That is when the distribution fI (I) presented in
Figure 6.3 and the corresponding lognormal approximation is of interest.
2
The parameters of a shifted-lognormal distributions have been expressed in terms of the cumulants in [65]. However,
in [65] the expression for the standard deviation is incorrect.
P̄0
βP
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µSLN

"
1
ln
=
2

!

κ2

2
exp σSLN
−1

#
2
− σSLN
.


2
cSLN = κ1 − exp µSLN + σSLN
/2 .

(6.16)
(6.17)

Derivations for (6.14), (6.16) and (6.17) are presented in Appendix D.3. Since cumulant-matching is
performed on the first three cumulants of fI (I) and fSLN (y), only the kurtosis of the two distributions,
which is defined by the fourth cumulant, is different. The kurtosis of fSLN (y) with varying ep is presented in Figure 6.2(b) and the behaviour of the kurtosis with varying ep is found to be the same as that
of fLN (y).

6.3.3

Approximating Interference with a Gamma Distribution

A gamma PDF fGAM (y) can be expressed as
fGAM (y) = y aG −1



exp − byG
Γ (aG ) baGG

,

(6.18)

where aG is the shape parameter and bG is the scale parameter of fGAM (y). In order to approximate
fI (I) with fGAM (y), the first two cumulants of fI (I) (i.e. κ1 and κ2 ) are matched with those of
fGAM (y). By employing such a cumulant-matching technique aG and bG can be expressed in terms of
κ1 and κ2 [49], namely
aG =

κ2
κ21
; bG =
.
κ2
κ1

(6.19)

Since cumulant-matching is performed only on the first two cumulants of fI (I) and fGAM (y), the
skewness and kurtosis of the two distributions, which are defined by the third and fourth cumulant respectively, are different. The skewness and kurtosis of fGAM (y) with varying ep are presented in Figure
6.2 and their behaviour with varying ep is observed to be the same as that of fLN (y) (see Section 6.3.1).

6.3.4

Approximating Interference with a Normal Distribution

A normal distribution fN (.) can be expressed as
1
(y − µN )2
fN (y) = √
exp −
2
2σN
2πσN

!
,

(6.20)

where µN and σN are the mean and standard deviation respectively. In order to approximate fI (I) with
fN (y), the first two cumulants of fI (I) (i.e. κ1 and κ2 ) are matched with those of fN (y) to obtain
√
µN = κ1 and σN = κ2 .

6.3.5

Approximating Interference with an Edgeworth Expansion

The normal distribution, which is a symmetric distribution can be used for approximating fI (I) when the
variation in fI (I) is not very large (see Figures 6.1(c) and (d)). The deviation of fI (I) from normality
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can be taken into account by modifying the normal distribution to the Edgeworth expansion [103, 115].
In order to implement the Edgeworth expansion, the instantaneous interference I at the PR is firstly
standardised to I˜ such that
I − κ1
I˜ = √
.
(6.21)
κ2
Then, an Edgeworth expansion of the characteristic function on I (see (6.2)) is used to approximate the
distribution of I˜ such that





κ̃3
κ̃4
10κ̃3
fI˜ (ỹ) = φ (ỹ) 1 + H3 (ỹ) +
H4 (ỹ) +
H6 (ỹ) + .... ,
3!
4!
6!

(6.22)

where φ (ỹ) is the PDF of a normal distribution with zero mean and unit standard deviation, Hn (.) is the
nth order Hermite polynomial and κ̃n is the standardised nth cumulant given by

κ̃n =


0

;n=1

n
 κn/2
κ2

;n≥2

.

(6.23)

The first 6 Hermite polynomials are presented in [115]. The approximate CDF (i.e. FEDG (.)) of interference given by the Edgeworth expansion is obtained by integrating (6.22) to obtain




κ̃3
κ̃4
10κ̃3
˜
1 − FEDG (y) = Prob I ≤ ỹ ' Q (ỹ) + φ (ỹ) 1 + H2 (ỹ) +
H2 (ỹ) +
H5 (ỹ) ,
3!
4!
6!
(6.24)


where Q (.) is the Q function (see Appendix G.1).
In Section 6.4 the approximations for the distribution of I are employed in order to obtain approximated
protection distances required for meeting the PR outage constraints.

6.4

Approximating Protection Distances

In this section, the protection distance, which defines the distribution of aggregate interference at the PR,
is determined such that the PR outage constraint (see (6.1)) is satisfied for a specified Pout . The approximations for fI (I) are employed for estimating the required protection distances. It is considered that
there is no variability in CP T −P R . This is a reasonable assumption for a broadcast primary system because the elevated locations of the PT and the PRs often lead to a LOS propagation of signals transmitted
by the PT to the PR. Hence, (6.1) can be expressed as

Pout = Prob

P0
≤ βP
I




= 1 − FI

P0
βP


.

(6.25)

The protection distances required for meeting the PR outage constraint using approximations for the
distribution of I are determined in four steps. These are:
i) The UD density λ, channel variability σU and the acceptable PR outage probability Pout are specified.
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ii) The actual required protection distance ep is specified and the distribution of I (defined by λ, σU and
ep ) is determined by employing Monte Carlo simulations (see Appendix J).
iii) The value of

P0
βp

is determined such that the PR outage constraint is met (i.e. (6.25) is satisfied),

namely
P0
−1
= FI(e
(1 − Pout ) .
p)
βP

(6.26)

iv) The protection distances eLN , eGAM , eSLN , eN and eEDG are determined such that the corresponding lognormal distribution, gamma distribution, shifted-lognormal distribution, normal distribution and
Edgeworth expansion respectively satisfy the PR outage constraint, namely


P0
βp


Pout =1 − FLN (eLN )

P0
=1 − FN (eN )
βp





P0
= 1 − FGAM (eGAM )
βp
 
P0
= 1 − FEDG(eEDG )
.
βp




= 1 − FSLN (eSLN )

P0
βp



For a range of system parameters Section 6.5 presents the analysis of the approximated protection distances.

6.5

Analysis of Approximated Protection Distances

In this section, for a range of λ, σU , Pout and ep values the approximated protection distances eLN ,
eGAM , eSLN , eN and eEDG are analysed. For all analysis, it is considered that R0 = 50km and α = 4.
The focus of the analysis is to perform a comparative study of the approximated protection distances
with the actual required protection distance ep and to identify scenarios in which the approximate protection distances over/under-estimate ep . Approximations and combinations of approximations that always
overestimate ep and hence guarantee primary system protection are identified. The quantification of the
difference between the overestimated protection distances and ep is not addressed in this section, but is
analysed in Section 6.7.
Table 6.2 presents the various scenarios considered for analysis along with the colour coding used for
depicting these scenarios in Tables 6.3 and 6.4. Protection distances are obtained for lognormal shadowing in CU D−P R for values of σU ranging from 0dB (no variability in CU D−P R ) to 9dB. The following
observations are made in Tables 6.3 and 6.4:
• Most of the approximations for ep are accurate when the values for σU are small. This is due to the

small variability in the interference at the PR. This causes the distributions to be less skewed, hence
leading to a better match between the interference distribution and the approximate distributions.
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Table 6.2: Various scenarios considered in analysis in Tables 6.3 and 6.4.

Approximated protection distances that are accurate, specifically, within 1m of ep
Overestimated protection distances
Underestimated protection distances

Table 6.3: Approximated protection distances for R0 = 50km, α = 4 and Pout = 10%: (a) λ =
10nodes/10000m2 , ep = 40m, (b) λ = 10nodes/10000m2 , ep = 80m and (c) λ = 1node/10000m2 ,
ep = 40m.

0dB

1dB

2dB

3dB

σU
4dB

5dB

6dB

7dB

8dB

9dB

σU
4dB

5dB

6dB

7dB

8dB

9dB

σU
4dB

5dB

6dB

7dB

8dB

9dB

eLN
eSLN
eGAM
eN
eEDG
max (eLN , eSLN )
max (eGAM , eSLN )
(a)

0dB

1dB

2dB

3dB

eLN
eSLN
eGAM
eN
eEDG
max (eLN , eSLN )
max (eGAM , eSLN )
(b)

0dB

1dB

2dB

3dB

eLN
eSLN
eGAM
eN
eEDG
max (eLN , eSLN )
max (eGAM , eSLN )
(c)
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Table 6.4: Approximated protection distances for R0 = 50km, α = 4 and Pout = 1%: (a) λ =
10nodes/10000m2 , ep = 40m, (b) λ = 10nodes/10000m2 , ep = 80m and (c) λ = 1node/10000m2 ,
ep = 40m.

0dB

1dB

2dB

3dB

σU
4dB

5dB

6dB

7dB

8dB

9dB

σU
4dB

5dB

6dB

7dB

8dB

9dB

σU
4dB

5dB

6dB

7dB

8dB

9dB

eLN
eSLN
eGAM
eN
eEDG
max (eLN , eSLN )
max (eGAM , eSLN )
(a)

0dB

1dB

2dB

3dB

eLN
eSLN
eGAM
eN
eEDG
max (eLN , eSLN )
max (eGAM , eSLN )
(b)

0dB

1dB

2dB

3dB

eLN
eSLN
eGAM
eN
eEDG
max (eLN , eSLN )
max (eGAM , eSLN )
(c)

• In all scenarios presented in Tables 6.3 and 6.4 eEDG either provides accurate approximations for

ep or overestimates ep . Hence, eEDG always guarantees primary system protection. However, a
single one of eLN , eSLN , eGAM and eN does not always ensure primary system protection. In
Table 6.4, eLN , eGAM and eN underestimate protection distances in a greater number of scenarios
than in Table 6.3. This is because, when outage probability is smaller, observations are made
further into the tails of the distributions and the effect of the smaller skewness of the lognormal,
gamma and normal distributions than that of the interference distribution, becomes dominant. For
the same reason, in Table 6.4, eSLN underestimates protection distances in a smaller number of
scenarios than in Table 6.3.
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• When Pout = 10%, either accurate or overestimated protection distances are provided by eGAM
and eN .

• When Pout = 1%, a single one of eLN , eSLN , eGAM and eN does not provide accurate or over-

estimated protection distances. eN underestimates ep in most scenarios, while the over/underestimation behaviour of eSLN and eGAM becomes quite sensitive to system parameter values.

• In addition to eEDG , primary system protection can be ensured in all scenarios presented in Tables

6.3 and 6.4 by max (eLN , eSLN ) and max (eGAM , eSLN ) [10, 13]. Combinations of no other

approximations can ensure primary system protection in all scenarios.
The overestimated protection distances obtained from eEDG , max (eLN , eSLN ) and max (eGAM , eSLN )
are analysed again in Section 6.7 where the smallest one of eEDG − ep , max (eLN , eSLN ) − ep and

max (eGAM , eSLN ) − ep is identified. Such an analysis leads to the idenfication of the overestimation
technique that allows efficient utilisation of the primary spectrum by the unlicensed system.

6.6

Overestimating Protection Distances using Markov and Chebychev
Inequalities

The Markov and Chebychev inequalities provide lower bounds on the probability of outage of a receiver
in the presence of random interference. In Sections 6.6.1 and 6.6.2, for the system considered in this
chapter, the two inequalities are employed for obtaining lower bounds on the outage probability of PRs
and consequently for obtaining overestimated protection distances.

6.6.1

Overestimating Protection Distances using Markov Inequality

The Markov inequality provides an upper bound on the outage probability i.e. 1 − FI



P0
βp



of the

PR [112], namely


1 − FI

P0
βp




≤ µ/

P0
βp


,

(6.27)

where µ is the mean interference (i.e. the first cumulant κ1 (see (6.6)) of I) at the PR. For a specified acceptable outage probability Pout at the PR, the protection distance eM ar (which defines µ) is determined
such that (6.28) is satisfied.

Pout = µ/

P0
βp


.

(6.28)

The actual outage probability at the PR that results from having eM ar as the protection distance is less
than Pout . Therefore, eM ar overestimates the protection distance that gives Pout as the outage probability
at the PR. The Markov inequality has previously been employed in [30] for determining the required
protection distances for a broadcast primary system sharing spectrum with an ad hoc network. However,
the analysis presented in [30] does not consider channel variability, which is considered in the analysis
of eM ar presented in this chapter.
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6.6.2

Overestimating Protection Distances using Chebychev Inequality

The Chebychev inequality provides an upper bound on the outage probability i.e. 1 − FI



P0
βp



of the

PR [112]. This inequality states that, for any number q greater than 0,
1 − FI (µ + qσ) ≤

1
,
q2

(6.29)

where σ (defined by the second cumulant κ2 (see (6.6)) of I)) is the standard deviation of interference
p
at the PR. If Pout is the acceptable outage probability at the PR, then q is defined as q = 1/Pout . The
protection distance eChev (which defines µ and σ) is determined such that (6.30) is satisfied.
µ + qσ =

P0
.
βp

(6.30)

The protection distance eChev results in an outage probability at the PR less than Pout . Therefore, eChev
overestimates the protection distance that gives Pout as the outage probability at the PR.

6.7

Analysis of Overestimated Protection Distances

Figure 6.4 presents a comparison of overestimated protection distances given by eM ar , eChev , eEDG ,
max (eLN , eSLN ) and max (eGAM , eSLN ). The difference between the overestimated protection distances and ep is analysed. Such an analysis is performed in order to identify techniques that overestimate
protection distances while also allowing efficient utilisation of the primary spectrum (in terms of the
geographical area utilised) by the unlicensed system. The observations made in Figure 6.4 are:
• In all scenarios presented in Figure 6.4 max (eLN , eSLN ) and max (eGAM , eSLN ) are shown to

be more efficient than other techniques. This is because, in these two techniques the interference
distribution is matched to approximate distributions. In other techniques however, only a limited
number of cumulants of interference are used to obtain overestimated protection distances. It is
shown that max (eLN , eSLN ) is more efficient than max (eGAM , eSLN ). This suggests that the

lognormal distribution provides a better match for the interference distribution than the gamma
distribution.
• In all scenarios, except the one presented in Figure 6.4 (e), eM ar is greater than the overestimated
protection distances obtained from other techniques. Hence, eM ar does not allow efficient primary

spectrum utilisation (by the unlicensed system) compared to other techniques. This is because
when the Markov inequality is used only the mean interference is taken into account. This inefficiency of eM ar decreases as Pout becomes larger. This is because, when larger outage probabilities
are considered the observations are made closer to the mean in the intereference distribution. For
large variability in interference (for instance when channel variability is large, see Figure 5.7),
we observed previously that the protection distances increase quickly. However, with increasing
variability in interference, the increase in eM ar is much smaller. Therefore, the efficiency of eM ar
increases when the variability in the interference at the PR becomes larger, which in turn happens
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when λ and ep decrease and/or when σU increases (see Section 6.3). Hence, eM ar provides the
largest protection distances compared to other techniques when λ and ep are large and when σU
and Pout are small (see Figure 6.4 (d) at σU = 0dB). When the variability in interference, as well
as Pout , becomes large (see Figure 6.4 (e) at σU = 9dB), eM ar becomes more efficient than eChev
and eEDG .
ep +250

ep +70

ep +200
Protection distance

Protection distance

ep +60
ep +50
ep +40
ep +30
ep +20

ep+150
ep +100
ep+50

ep +10
ep

0

1

2

3

4

5

6

7

8

ep

9

σU (dB)

0

1

2

3

4

5

6

7

8

9

6

7

8

9

6

7

8

9

σU (dB)

(a)

(b)

ep+150

ep+600

Protection distance

Protection distance

ep+500
ep+100

ep+50

ep+400
ep+300
ep+200
ep+100

ep

0

1

2

3

4

5

6

7

8

ep

9

0

1

2

3

σU (dB)

(d)

ep+100

ep+100
Protection distance

ep+120

Protection distance

ep+120

ep+80
ep+60
ep+40

ep+80
ep+60
ep+40
ep+20

ep+20
0

5

σU (dB)

(c)

ep

4

1

2

3

4

5

6

7

8

ep

9

0

1

2

3

σU (dB)

5

σU (dB)

(e)
eMar -ep

4

(f)

eChev -ep

eEDG -ep

max(eLN ,eSLN )-ep

max(eGAM ,eSLN )-ep

ep

ep

Protection distance

ep
Figure 6.4: Comparison
of upper bounds on protection distances (in metres) for R0 = 50km and α = 4,: (a)
2
λ = e10nodes/10000m
, ep = 40m, Pout = 10%, (b) λ = 10nodes/10000m2 , ep = 40m, Pout =
+250
p
1%, (c) λ = 10nodes/10000m2 , ep = 80m, Pout = 10%, (d) λ = 10nodes/10000m2 , ep = 80m,
Pout = 1%, (e) λ = 1node/10000m2 , ep = 40m, Pout = 10% and (f) λ = 1node/10000m2 ,
+200
ep = 40m, Pout = 1%.
+150

ep

+100
+50

ep
0

1

2

3

4

5

σU (dB)

6

7

8

9

85

6.8 Summary

• Overestimated protection distances given by eChev are greater than eEDG when Pout is small (see
Figures 6.4 (b), (d) and (f)). However, when Pout is large (see Figures 6.4 (a), (c) and (e)), eEDG

becomes greater than eChev when the variability in interference at the PR is large. Hence, in Figure
6.4 (e), eEDG is greater than eChev for a greater range of σU values compared to Figures 6.4 (a)
and (c). Note in Figure 6.4 (e) that with increasing σU (i.e. increasing variability in interference
at the PR), the following sequences are obtained: i) eEDG < eChev < eM ar for σU < 3dB, ii)
eChev < eEDG < eM ar for 3dB < σU < 6dB, iii) eChev < eM ar < eEDG for σU = 6dB and iv)
eM ar < eChev < eEDG for σU > 8dB.
The efficiency of the overestimated protection distances (eM ar , eChev , eEDG , max(eLN , eSLN ) and
max(eGAM , eSLN )) in terms of the primary spectrum utilisation by the unlicensed system is summarised
in Table 6.5.
Table 6.5: Efficiency of overestimated protection distances.

Small Pout (Figures
6.4 (b), (d) and (f))
M1
Decreasing
M2
efficiency
eEDG
↓
eChev
eM ar

6.8

Large Pout (Figures 6.4 (a), (c) and (e)
Increasing variability in interference at the PR −→
M1
M1
M1
M1
M2
M2
M2
M2
eEDG
eChev
eChev
eM ar
eChev
eEDG
eM ar
eChev
eM ar
eM ar
eEDG
eEDG
M1 = max (eLN , eSLN ) and M2 = max (eGAM , eSLN )

Summary

This chapter presents analytical tools for estimating protection distances required for meeting the primary
system outage constraints in a spectrum sharing system. The spectrum sharing presented in Chapter 5
is considered. It was stated in Chapter 5 that the distribution of the aggregate interference at the PR
and consequently the exact required protection distances cannot be analytically determined. Hence, in
this chapter, analytical expressions for the cumulants of interference at the PR are determined and are
employed for estimating the required protection distances.
Cumulant-matching techniques are employed for approximating the distribution of interference at the
PR with the lognormal, shifted-lognormal, gamma and normal distributions and the Edgeworth expansion. The approximate distributions are then employed for estimating the protection distances required
for meeting the PR outage constraint. In the absence of the exact interference distributions, it is essential
that any approximation for interference either provides exact protection distances, or overestimates the
required protection distances and hence guarantees primary system protection. In order to accomplish
this, for a range of values for the UD density, channel variability and acceptable outage probability at
the PR, a comparative study of the approximated protection distances and the actual required protection
distance is performed. Such a comparison leads to the identification of scenarios in which the approximations over/under-estimate the required protection distances. It is identified that only the Edgeworth
expansion always provides overestimated protection distances, while no other approximation on its own
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overestimates protection distances in all scenarios considered. However, combinations of the lognormal
and shifted-lognormal approximations, as well as the gamma and shifted-lognormal approximations are
shown to always provide overestimated protection distances. The Markov and Chebychev inequalities
are also employed for obtaining overestimated protection distances.
For a spectrum sharing system, along with ensuring the primary system protection, it is also important
to ensure the efficient utilisation of the primary spectrum by the unlicensed system. Hence, it is important to ensure that the difference between the overestimated protection distances and the actual required
protection distances is not significantly large. A comparative study of the five techniques for overestimating protection distances is performed and it is identified that the combination of the lognormal and
shifted-lognormal approximations provides the most efficient protection distances. On the other hand,
protection distances obtained from the Markov inequality are the most inefficient, which is shown to be
true for most scenarios, except when the variability in interference and the acceptable outage probability
at the PR are large.
The analyses performed in Chapters 5 and 6 consider a broadcast primary system with only a single
transmitter. In Chapter 7, the analysis is extended to a primary system consisting of multiple broadcast
PTs. In Chapter 7, protection distances are obtained from Monte Carlo simulations, while analytical
tools for estimating the required protection distances are also developed.

Chapter 7

Protection Requirements for a Multiple
Transmitter Broadcast Primary System
7.1

Introduction

In proposed spectrum sharing systems involving a broadcast primary system, interference to the PRs
from the unlicensed system is controlled by defining a protection region around the PT coverage area.
Previously in Chapters 5 and 6, protection distances (that define the size of the protection region) required
for limiting interference to the primary system from an unlicensed ad hoc network, were determined. The
analysis in Chapters 5 and 6 considered a primary system consisting of only a single PT.
In this chapter, protection distances are determined for a broadcast primary system consisting of multiple
PTs. A model is presented for a spectrum sharing system consisting of a primary system with multiple
co-channel PTs and a coexisting unlicensed ad hoc network. In the spectrum sharing system considered,
the interference to a PR is caused by the unlicensed system, as well as co-channel PTs. The effects of
the interference at a PR from the two systems is analysed and consequently, the worst-case PR location
is identified. Analytical tools are developed for estimating the interference at the PR. Consequently,
protection distances required for meeting the PR outage constraints are determined.
A key contribution of this chapter is the analysis of the effects of the primary system topology on the
required protection distances. Moreover, a comparison of protection distances required in a single PT
system and in a multiple PT system is performed. Such a comparison leads to the identification of scenarios in which protection distances are sensitive/insensitive to the presence of multiple PTs. The required
protection distances are analysed for a range of system parameter values, specifically, the distance between co-channel PTs, the PT coverage radius, required protection margin at the PR, UD density and the
parameters defining channel variability and the location of the PR inside the PT coverage area. The analysis performed in this chapter is the first necessary step towards quantifying the operational opportunity
for the UDs allowed by the primary system topology and the associated protection distances.
Section 7.2 presents the model for a broadcast primary system consisting of multiple PTs and for the
unlicensed system operating under constraints imposed by the primary system. Section 7.3 presents
analytical tools for estimating the interference at a PR from the unlicensed system. In Section 7.4, for
87

88

Protection Requirements for a Multiple Transmitter Broadcast Primary System

various locations of the PR inside the PT coverage area, the effect of interference at the PR from the PTs
and the unlicensed system is analysed. Consequently, the worst-case location of the PR is identified. In
Section 7.5 the analysis of the effects of various system parameters on the required protection distances
is performed. Finally Section 7.6 summarises the analysis performed in Section 7.5.

7.2

Model for the Spectrum Sharing System

The spectrum sharing system considered in this chapter is an extension of that considered in Chapters 5
and 6. The spectrum sharing system consists of a broadcast primary system and an unlicensed ad hoc
network. In Chapters 5 and 6 it is considered that the primary system consists of a single PT. However, in
this chapter, a primary system consisting of multiple co-channel PTs is considered. The interference to
the PRs located inside the PT coverage area is controlled by a protection region around the PT coverage
area. In this chapter, the protection distances required for meeting the primary system performance
requirements are analysed while taking into account the effects of the primary system topology on the
required protection distances. Section 7.2.1 presents the model for the primary system, while Section
7.2.2 presents the model for the unlicensed system operating under geographical constraints imposed by
the primary system.

7.2.1

Model for the Primary System

The primary system consists of omnidirectional PTs with circular coverage areas of radius R0 . It is considered that all PTs have the same characteristics. A minimum separation distance D is required between
co-channel PTs. The minimum separation distance between PTs ensures that the self-interference constraints of the primary system are met i.e. the interference at PRs from co-channel PTs does not exceed
acceptable levels.
The minimum separation distance requirement of the PTs is implemented by considering that the PTs are
located in a hexagonal lattice (see Figure 7.1). Such an arrangement of PTs provides the tightest packing
of PT coverage areas. The distance D between PTs is defined by the channel repetition pattern N such
√
that, D = 3 × N R0 [67]. Figure 7.1 presents the system model for N = 4. The highlighted areas are

serviced by PTs transmitting on the spectrum sharing channel (say channel A). The remaining areas are
serviced by PTs transmitting on other channels.
For performing the analysis in this chapter, a reference PT (i.e. PTref ) and a reference PR (i.e. PRref )

are considered (see Figure 7.1). The unlicensed system considered is an ad hoc network with contending
(for channel A) nodes distributed in a PPP, as considered in Chapter 4. Hence, the aggregate interference
I at PRref from the unlicensed system is stochastic. Therefore, the performance of PRref is defined by
the probability of outage Pout , which in turn is defined as

Pout = Prob

P0
≤ βP
I + IP


,

(7.1)

where βP is the PR protection margin (previously defined in Table 5.1), P0 is the instantaneous power
received at PRref from PTref , IP is the instantaneous aggregate interference at PRref from PTs on
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Figure 7.1: Model for the spectrum sharing system consisting of multiple PTs when PT channel repetition pattern
(i.e. N ) is 4.

channel A (other than PTref ) and I is the instantaneous interference at PRref from the unlicensed system
(previously defined in Table 5.1). Note that variability in I may not only be due to the stochastic topology
of the unlicensed system, but also due to the variability in the channel CU D−P R (defined in Table 5.1).
Moreover, there may also be variability in the channel CP T −P R , which characterises both P0 and IP .
The analysis in this chapter is performed at PRref located at the edge of the coverage area of PTref .
At the coverage edge, the power P0 from PTref at PRref is the minimum, while interference I from
the unlicensed system and the interference IP from the co-channel PTs is the maximum. The aggregate
interference I + IP at PRref is also defined by the angle φ (see Figure 7.1) imposed by PRref at PTref .
This is discussed further in Section 7.4.

7.2.2

Model for the Unlicensed System

The nodes of the unlicensed ad hoc network contending for channel A are distributed in a PPP with
density λ (see Chapter 4). Contending nodes are allowed to transmit on channel A only if they lie
outside protection regions (defined by the protection distance of size ep ) surrounding all PTs on channel
A (see Figure 7.1). Hence, the minimum distance between the unlicensed transmitting nodes (referred to

90

Protection Requirements for a Multiple Transmitter Broadcast Primary System

as the unlicensed devices (UDs)) and the PTs on channel A is R0 + ep . A propagation model for signals
propagating from the UDs to the PRs has previously been presented in Section 5.3.1. The same model is
employed in this chapter.
In Chapter 5, it was stated that for a spectrum sharing system consisting of a single broadcast PT, the distribution of interference at a PR (located at the PT coverage edge) from the unlicensed system cannot be
analytically determined. The spectrum sharing system considered in this chapter is much more complex
than that presented in Chapter 5. Specifically, in the system considered in this chapter, the interference
at a PR is caused by UDs whose locations are defined by not just a single PT (as was the case in Chapter
5), but by multiple PTs. Hence, analytical determination of the distribution of I (see (7.1)) is also not
possible.
In this chapter, the focus of the analysis is the effect of the primary system topology on the protection
distances required for meeting the PR outage constraints (i.e. satisfy (7.1) for a specified Pout ). Previously in Chapter 5 (Table 5.2) it was observed that when protection distances are small, the interference
at the PR is dominated by the UDs located close to the PR. Hence, it was observed that the parameter
R (defined in Section 5.4) does not have a significant effect on the interference at the PR from the unlicensed system and consequently does not affect the required protection distances. For the same reason,
for the spectrum sharing system considered in this chapter, if protection distances are small, then the primary system topology does not have a significant effect on the interference at PRref from the unlicensed
system. This is because, the UD exclusive regions surrounding the PTs on channel A (other than PTref )
do not have a significant effect on the interference at PRref (see Figure 7.1). However, the effect of these
UD exclusive regions becomes more significant when the protection distances are large. Hence, for the
analysis presented in this chapter, the parameter values are selected such that the required protection
distances are large.
It was also observed in Chapter 5 that when protection distances are large, the effect of Pout on the required protection distances becomes less significant (see Figure 5.4). This is because, for large protection
distances there is a decrease in the variability of interference at the PR. Similar observations were made
in Chapter 6 (see Figure 6.1) and also in [52, 106] for a spectrum sharing system in which protection regions surround PRs. Hence, when protection distances are large, the aggregate interference at the PR is
primarily defined by the mean interference at the PR. These observations are also made for the spectrum
sharing system considered in this chapter.
Figure 7.2 presents the ratio of the mean interference to the standard deviation of interference at a PR
(at PT coverage edge) from the unlicensed system, in a single and multiple PT system. For the multiple
PT system it is considered that angle φ = 30◦ (see Figure 7.1). For φ = 30◦ the interference at the PR
from the unlicensed system is most affected by the primary system topology. Specifically, the decrease
in the mean interference (compared to a single PT system) is the largest. Moroever, the increase in the
variance of the interference (compared to a single PT system) is the largest. Hence, there is the maximum
reduction in the mean to standard deviation ratio for φ = 30◦ .
It is firstly observed that for smaller values of protection distances, the mean to standard deviation ratio
in single and multiple PT systems is the same. This is because, when protection distance are small,
the effect of the primary system topology on the interference at the PR is not significant, as discussed
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Figure 7.2: Mean to standard deviation (i.e. variance) ratio of interference at a PR from the unlicensed system
for λ = 5nodes/10000m2 , R0 = 50km, φ = 30◦ (see Figure 7.1) and no variability in CU D−P R .

previously in this section. However, for larger protection distances, it is observed that the mean to
standard deviation ratio is smaller in a multiple PT system than in a single PT system. This is because,
in a multiple PT system, due to the presence of UD exclusive regions around PTs (other than PTref ),
the mean interference at PRref is smaller than the mean interference at a PR in a single PT system.
Moreover, the variability (i.e. variance) in interference in a multiple PT system is greater than that in a
single PT system. The difference between the mean and variance in a single PT system and a multiple
PT system decreases as N increases. This is because, for a larger N the UD exclusive regions move
further away from PRref .
For the system parameter values considered in Figure 7.2 and for the range of protection distance values
presented (this range is considered for the analysis in this chapter as shown later in Section 7.5), in the
multiple PT system the mean to standard deviation ratio is always large. For such values of the ratio, the
mean interference is found to accurately estimate the interference at PRref from the unlicensed system,
while the effect of variability in I is not significant.
For the system considered in this chapter, analytical tools for determining the mean interference (referred
¯ at PRref are presented in Section 7.3. The mean interference I¯ is employed for performing further
to as I)
analyses in this chapter.

7.3

Characterising the Mean Interference at the Primary Receiver from
the Unlicensed System

For the system considered in this chapter (see Figure 7.1), the mean interference I¯ at PRref can be
analytically determined for scenarios in which ep ≤ D/2 − R0 . In these scenarios, protection regions
surrounding PTs on channel A do not overlap. The mean interference I¯ is given by



∞
 X
I¯ = µ − 


∞
X

µ3√N R0 l,√3N R0 m +

m=−∞ l=−∞
m∪l6=0

∞
X

∞
X

m=−∞ l=−∞


µ(l+ 1 )3√N R0 ,(m+ 1 )√3N R0 
.
2

2

(7.2)

92

Protection Requirements for a Multiple Transmitter Broadcast Primary System

In (7.2), µ is the mean interference from UDs at a PR (at PT coverage edge) in a single PT system. The
expression for µ was previously presented in Chapter 6 (see (6.6) for n = 1). In (7.2), µa,b is the mean
interference at PRref from UDs distributed in a PPP (with density λ) inside a circle of radius R0 + ep
centred at (a, b) (see Figure 7.3). The co-ordinates a and b represent the location of a PT on channel A
(other than PTref ), when PTref is considered to be located at (0,0). The mean interference I¯ is expressed
as the difference between µ and the summation of µa,b over all values of a and b.
The mean interference µa,b is given by
RZ
0 +epZ2π

Z∞
µa,b =

xi fxi (xi ) dxi
0

0

0

kλπ (R0 + ep )2 fψi (ψi ) fzi (zi )

h
iα/2 dψi dzi ,
(a + zi cos ψi − R0 cos φ)2 + (b + zi sin ψi − R0 sin φ)2
(7.3)

where k is defined in (5.3), zi is the distance of the ith UD from (a, b) (see Figure 7.3), fzi (zi ) is PDF of
zi , ψi is the angle projected by the ith UD at (a, b) (see Figure 7.3), fψi (ψi ) is the PDF of ψi , xi is the
random variable associated with channel variability and fxi (xi ) is the PDF of xi . The PDF fzi (zi ) is a
linear distribution between 0 and R0 + ep and the PDF fψi (ψi ) is a uniform distribution between 0 and
2π. Parameters α and k are defined in Section 5.3.1. The derivation of (7.3) is presented in Appendix
R∞
E. Closed-form expressions for 0 xi fxi (xi ) dxi are presented in Section 6.2.2 (see expressions for Bn
for n= 1), whereas the remaining part of the expression for µa,b has to be numerically evaluated.
Note that when ep > D/2 − R0 , protection distances overlap. Hence, (7.2) gives a lower bound on the
mean interference at PRref . In such scenarios, Monte Carlo simulations (see Appendix J) are employed

in order to determine the mean interference at PRref . However, it is observed later in Section 7.5 that in
majority of the scenarios protection distances smaller than D/2 − R0 are encountered1 .

zi

ψi

1

(a,b)

ep

PRref
(R0cos , R0sin )

R0
1

(0,0)
PTref
Figure 7.3: Determination of the mean interference µa,b at PRref .
1

The focus of the analysis in this chapter is the effect of system parameters on the protection distances required for meeting
the PR outage constraints. It is shown later in Section 7.5 that when protection distances are large, they increase at a very slow
rate with changing parameter values. Hence, the condition ep > D/2 − R0 is satisfied only for extreme parameter values (e.g.
large variability in CU D−P R defined by σU = 12dB).
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7.4

Determining the Worst-case Location of the Primary Receiver

The worst-case location of PRref inside the coverage area of PTref is defined by the angle φ imposed
by PRref at PTref (see Figure 7.1). The focus of the analysis performed in this chapter is to determine
the protection distance required for meeting the outage constraint at the worst-case location of PRref .
Hence, the value of φ for which the sum interference I + IP at PRref is large (with highest probability),
needs to be identified.
The effect of the angle φ on I and IP is contrary. The interference IP at PRref has large values (with
highest probability) when φ = (1 ± 2n) π/6, where n = 0, 1 and 2 (see Figure 7.1). This is because,

for these values of angle φ, there is a dominant interfering PT located close to PRref , specifically, at a
distance D − R0 from PRref . However, for these values of φ, the interference I at PRref from the UDs
has small values (with highest probability). This is because, there are a smaller number of UDs located
close to PRref (see Figure 7.1). Moreover, I is large when φ = nπ/3, where n = 0, ±1, ±2 and 3.
However, IP at these φ values is small.

In Section 7.4.1 the effect of φ on IP is analysed and in Section 7.4.2 the effect of φ on I is analysed.
Consequently, the angle φ is identified for which, the aggregate interference IP + I becomes large.

7.4.1

Effect of Interference at the Primary Receiver from Primary Transmitters

As the first step towards analysing the effect of φ on IP , the propagation model characterising signals
propagating from interfering PTs towards PRref is defined. The mean interference power PRdBm (in
dBm) at PRref from an interfering PT at a distance d from PRref is evaluated using the log-distance path
loss model (see Section 3.3.1), namely

PRdBm (d) = PP T dBm − P LdB (d0 ) − 10αP log10

d
d0


,

(7.4)

where PP T dBm is the PT transmit power (in dBm), P LdB (d0 ) is a known path loss at a close-in reference
distance d0 and αP is the propagation exponent. It is considered that P LdB (d0 ) is obtained using a freespace path loss calculation (see Section 3.3.1) for operational frequency (spectrum sharing frequency) f
and for d0 = 1m. In linear units, the mean received interference power at PRref can be expressed as
0

PRlin (d) = k d−αP ,

(7.5)

0

where k = PP T lin dα0 P /P Llin (d0 ). The instantaneous aggregate interference IP at PRref is given by
∞
X
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∞
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(7.6)
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where yl,m is the random variable (with unit mean (in linear units)) associated with variability in the
channel between an interfering PT and PRref . This channel is also referred to as CP T −P R , as is the
channel between PTref and PRref (see Table 5.1). The analysis in this chapter is performed by considering that yl,m has a Rician distribution with a unit mean and a Rician factor K.
The largest value of E (IP ) (referred to as I¯P ), which is obtained at φ = π/6, is referred to as I¯Pmax
and the smallest value of E (IP ), which is obtained at φ = 0, is referred to as I¯min . For the analysis
P

presented in this chapter, the smallest value considered for the PT channel repetition pattern (i.e. N ) is 4.
For N = 4 the interference IP at PRref from co-channel PTs has large values (with highest probability).
This is because, for smaller values of N , the interfering PTs are located closer to PRref . For N = 4
(which gives the largest values for I¯max and I¯min ) and for different values of αP , the ratio I¯max /I¯min is
P

P

P

P

presented in Table 7.1. Note that N and αP are the only parameters that define I¯Pmax /I¯Pmin . It is observed
that I¯max /I¯min increases with increasing αP . However, I¯max /I¯min has extremely small values. Hence,
P

P

P

P

changing the angle φ does not have a significant effect on I¯P .
Table 7.1: Effect of αP on I¯Pmax /I¯Pmin .

αP
3
3.5
4

7.4.2

I¯Pmax /I¯Pmin (dB)
0.0237
0.0375
0.0559

Effect of Interference at the Primary Receiver from the Unlicensed System

The largest value of I¯ (obtained at φ = 0) is referred to as I¯max and the smallest value of I¯ (obtained at
φ = π/6) is referred to as I¯min . The effect of N on I¯ is contrary to the effect of N on IP . Hence, when
N is smaller, I¯ decreases. This is because, the UD exclusive regions around PTs on channel A (other
than PTref ) get closer to PRref , thereby decreasing the number of UDs close to PRref (see Figure 7.1).
However, the effect of changing φ on I¯ is most significant when N = 4.
Table 7.2: Effect of R0 and ep on I¯max /I¯min .

R0

50km

100km

ep
10km
20km
25km
30km
35km
10km
30km
50km
70km

I¯max /I¯min (dB)
0.0024
0.0204
0.0517
0.1377
0.4546
4.3204e-4
0.0076
0.4544
0.4544

Table 7.2 presents the effect of R0 and ep on I¯max /I¯min for N = 4 (for which, I¯max and I¯min are the
smallest) and for α = 4. Note that R0 , ep and α are the only parameters that define I¯max /I¯min (see
(7.2)). It is observed that I¯max /I¯min increases with increasing ep and with decreasing R0 . Moreover,

7.5 Analysis of the Required Protection Distances
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the values of I¯max /I¯min are found to be significant (unlike the values of IPmax /IPmin ) when ep is large2 .
Therefore, it is considered that the worst-case value of φ is primarily defined by the interference from the
unlicensed system. Hence, the worst-case value of φ is given by φ = nπ/3, where n = 0, ±1, ±2 and 3.

7.5

Analysis of the Required Protection Distances

In this section, protection distances required for meeting the PR outage constraints (i.e. satisfy (7.1 for a
specified Pout )) are determined. Moreover, the effects of various system parameters are analysed. These
parameters are the PT channel repetition pattern N , PT coverage radius R0 , the UD density λ, required
protection margin βP at the PR, variability in CU D−P R and CP T −P R (defined in Table 5.1) and angle φ
defining the location of PRref . Moreover, a comparison of protection distances required for single and
multiple PT systems is performed. Such a comparison leads to the identification of scenarios in which
protection distances are sensitive/insensitive to the presence of multiple PTs. The parameters defining
the system and channel characteristics, that are considered for the analysis are summarised in Table 7.3.
Table 7.3: Parameters considered for analysing the required protection distances.

Section number
7.5.1

7.5.2

7.5.3

Parameters
Effect of Primary System Topology
i) Single PT system vs. multiple PT system
ii) PT channel repetition pattern N
iii) PT coverage radius R0
Sensitivity to System Parameters
i) UD density λ
ii) Protection margin βP at the PR
iii) Variability in CU D−P R due to lognormal shadowing (defined by σU )
iv) Variability in CP T −P R due to Rician fading (defined by K)
Effect of Primary Receiver Location
i) Primary receiver location defined by angle φ imposed by PRref at PTref

For most of the analyses presented in this chapter (analyses in Sections 7.5.1, 7.5.3 and most parts of
Section 7.5.2), it is considered that there is no variability in CP T −P R . This is a reasonable assumption
because in broadcast primary systems there is often a LOS between a PT and a PR due to their elevated
locations. For such a system, P0 and IP become constants and equal P̄0 and I¯P respectively. Hence, the
performance requirement of PRref can be defined as
P̄0
≥ βP .
I¯ + I¯P

(7.7)

The interference I¯P does not make a significant contribution towards defining the worst-case location of
PRref (see Section 7.4.1). Hence, at different PRref locations (defined by φ), the aggregate interference
¯ whereas I¯P is just a constant power. Hence, for the analysis performed
I¯P + I¯ is primarily defined by I,
for scenarios in which there is no variability in CP T −P R , it is considered that I¯  I¯P .
2

It is at such large ep values that the effect of primary system topology is observed (see Figure 7.2). Hence, these are the ep
values considered for the analysis presented in this chapter.
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For scenarios in which variability in CP T −P R is considered, the expressions for the performance requirement at PRref are presented later. Moreover, it is considered that α = 4 and k = 100mW. Parameters
α and k define µ (see (7.2)) and µa,b (see (7.3)). It is considered that P̄0 (defined in Table 5.1) equals
-84dBm, which is the minimum DTV power decodable by a DTV receiver [8].
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Figure 7.4: Effect of primary system topology on the required protection distances for R0 = 50km: (a) λ =
5nodes/10000m2 , βP = 15dB and no variability in CU D−P R , (b) λ = 10nodes/10000m2 , βP =
15dB and no variability in CU D−P R , (c) λ = 5nodes/10000m2 , βP = 20dB and no variability
in CU D−P R and (d) λ = 5nodes/10000m2 , βP = 15dB, σU = 5dB (lognormal shadowing in
CU D−P R ).
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Effect of Primary System Topology

Figures 7.4 and 7.5 present the effects of the primary system topology on the required protection distances. Specifically, the effects of PT channel repetition pattern N and the PT coverage radius R0 are
presented, along with a comparison of single and multiple PT systems. It is considered that there is no
variability in CP T −P R .
Effect of Primary Transmitter Channel Repetition Pattern N
Figure 7.4 presents the required protection distances in a single and multiple PT system. Moreover,
for a multiple PT system, the effects of changing the PT repetition pattern N (which defines the PT
separation distance D), is performed. The analysis is performed for different values of UD density λ, the
PR protection margin βP and channel variability σU (when CU D−P R is a lognormal channel).
It is firstly observed in Figure 7.4 that smaller protection distances are required in a multiple PT system
compared to those required in a single PT system. This is because, UD interference at PRref in a
multiple PT system is reduced due to the presence of UD exclusive regions surrounding PTs on channel
A [14]. Secondly, it is observed that in a multiple PT system, when N is large, protection distances
become large and approach protection distances required in a single PT system. For a large N , the
UD exclusive regions move further away from PRref , which increases the interference at PRref . Hence,
larger protection distances are required. Moreover, varying N has a smaller effect on protection distances
when λ, βP and/or σU are small (see Figure 7.4 (a)) i.e. when the required protection distances are small.
This is because, the interference at PRref is dominated by UDs close to the protection region (around
PTref ) boundary. Hence, the UD exclusive regions have a less significant effect on the UD interference
at PRref and protection distances in single and multiple PT systems converge. This effect was also
previously discussed in Section 7.2.2.

Effect of Primary Transmitter Coverage Radius R0
In Figure 7.5, the effect of changing R0 on the required protection distances in a single and multiple PT
system is presented. It was previously shown in Chapter 5 (Section 5.4.4) and is also shown in Figure
7.5, that in a single PT system, when R0 decreases, protection distances become large. This is because,
for a small R0 , the UDs begin to encircle PRs (at PT coverage edge) causing a greater interference. This
effect is also present in a multiple PT system. However, there is an additional contrary effect namely,
√
decreasing R0 also decreases the PT separation distance D (defined as D = 3 × N R0 ), the effect of
which is to decrease the UD interference at PRref .

The effect of D on the interference at PRref is dominant when the geographical area available for UD
operation is small i.e. when protection distances are large and D is small. The dominant effect of
D is observed in Figure 7.5 for λ = 10nodes/10000m2 , when protection distances always increase
with increasing R0 . However, when λ becomes smaller, i.e. 5nodes/10000m2 and consequently the
protection distances become smaller, the effect of D on protection distances is observed only when R0
(hence D) is small. For large R0 values (greater than approximately 50km), the effect of changing R0 is
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dominated by the encircling effect of UDs around PRref , as it is in a single PT system. Hence, protection
distances become smaller with increasing R0 . Note that with changing R0 , the sensitivity of protection
distances to R0 is much more significant when the effect of D is dominant. On the other hand, the effect
of R0 on protection distances is not as significant when the encircling effect of UDs becomes dominant.
It is observed in Figure 7.5 that when R0 increases from 40km to 100km, an overall variation in protection
distances of approximately 500m is obtained when λ = 5nodes/10000m2 and approximately 3km is
obtained when λ = 10nodes/10000m2 . These values are obtained for βP = 15dB. Similar variations
in protection distances are obtained with changing N from 4 to 7, for βP = 15dB (see Figures 7.4 (a)
and (b)). Specifically, a variation of 850m is obtained for λ = 5nodes/10000m2 and 3.16km is obtained
for λ = 10nodes/10000m2 .
34
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Figure 7.5: Effect of PT coverage radius R0 on the required protection distances when N = 4, βP = 15dB and
there is no channel variability.

7.5.2

Sensitivity to System Parameters

In this section the sensitivity of the required protection distances to the UD density λ, PR protection
margin βP , variability in CU D−P R defined by σU and variability in CP T −P R defined by K, is analysed.
It is considered that CU D−P R is a lognormal channel. These effects are presented in Figure 7.6.
Sensitivity to UD Density λ
It is observed in Figure 7.6 (a) that with increasing value of λ the sensitivity of protection distances
to λ decreases in a single PT system (also previously shown in Section 5.4.2) as well as in a multiple
PT system. It is also shown in Figure 7.6 (a) that the presence of multiple PTs decreases the sensitivity of protection distances to λ. There is a further decrease in sensitivity when N decreases, i.e. the
geographical opportunity for UDs decreases.

Sensitivity to PR Protection Margin βP
It is observed in Figure 7.6 (b) that with increasing value of βP the sensitivity of protection distances
to βP increases in a single PT system (also previously shown in Section 5.4.3). However, in a multiple
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PT system, for N = 4, with increasing value of βP the sensitivity of protection distances to βP initially
increases, but starts decreasing once βP values (hence protection distances) become large. Hence, when
the geographical opportunity for the UDs becomes small, protection distances become less sensitive to
βP . When N is large, i.e. N = 7, the sensitivity of protection distances to βP always increases with
increasing βP for the system parameter values considered in Figure 7.6 (b).
Sensitivity to Variability (Defined by σU ) in CU D−P R
For a single PT system, with increasing value of σU the sensitivity of protection distances to σU always
increases (as previously shown in Section 5.4.5). However, in a multiple PT system, for both N = 4
and 7, with increasing value of σU the sensitivity of protection distances to σU initially increases, but
starts decreasing once σU values become large. When N = 4 the sensitivity starts decreasing when σU
is approximately 7dB. When N = 7, it starts decreasing when σU is approximately 9dB. Hence, when
the geographical opportunity for the UDs becomes small, protection distances become less sensitive to
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Sensitivity to Variability in CP T −P R when I  IP
Figure 7.6 (d) presents the effects of variability in CP T −P R on the required protection distances when
there is no variability in CU D−P R . It is considered that CP T −P R is a Rician channel and the effect of
the Rician factor K on the required protection distances is analysed. Moreover, for the results presented
in Figure 7.6 (d) it is considered that I  IP . Hence, the outage constraint of PRref in (7.1) can be
expressed as


Pout = Prob

P0
≤ βP
I¯




= Prob

P̄0 y
≤ βP
I¯




= FY


βP I¯
,
P̄0

(7.8)

where FY (.) is a Rician cumulative distribution function [67] with unit mean and Rician parameter K.
¯ for which (7.8) is satisfied.
Figure 7.6 (d) presents the protection distance (which defines I)
For a single PT system, with increasing value of K the sensitivity of protection distances to K first increases, then decreases (as previously shown in Section 5.4.5). Similar behaviour of protection distances
is observed in a multiple PT system, for both N = 4 and 7. Moreover, it is also shown in Figure 7.6 (d)
that the presence of multiple PTs decreases the sensitivity of protection distances to K. There is a further
decrease in sensitivity when N decreases, i.e. the geographical opportunity for UDs decreases.
Sensitivity to Variability in CP T −P R when the Condition I  IP is Not Satisfied
Figure 7.7 presents the effects of variability in CP T −P R when the condition I  IP is not satisfied.
0

In order to analyse such a system, values have to be assigned to parameters k and αP (see (7.5)). It
0

is considered that the PT transmit power PP Tlin (which defines k , see (7.5)) equals 300kW and the
0

operational frequency f (which defines k , see (7.5)) equals 615MHz. It is considered that αP ≥ 3.3. For
αP = 3.3, R0 = 50km and N = 4 (for which I¯P has the largest value), the SIR (i.e. P̄0 /I¯P ) at PRref in
the absence of the unlicensed system interference becomes 23dB3 .
Figure 7.7 presents the effect of K on the protection distances required for meeting the outage constraints
of PRref (i.e. satisfy (7.1) for a specified Pout ). The protection distances are evaluated by employing
Monte Carlo simulations (see Appendix J). Results in Figure 7.7 are presented for αP = 3.3 and 3.4. It
is considered that N = 4. For N = 7 the interference at PRref from the PTs is not significant.
It is firstly observed that as αP increases, the required protection distances approach the protection distances obtained when I  IP . When αP = 3.3 and K < 7, the self-interference constraint of the
primary system is not satisfied. In other words, the outage constraint of PRref in not satisfied even in the

absence of the unlicensed system. Hence, the required protection distance becomes ∞. Similar observations are made when αP = 3.4 and K < 4. Moreover, as K increases the difference between protection
distances obtained for αP = 3.3 and 3.4 and for the case when I  IP becomes approximately constant.
3

The propagation exponent characterising a signal propagating from an interfering PT to PRref may be greater than the
propagation exponent characterising a signal propagating from PTref to PRref . This is because, the distance between the
interfering
√PTs and PRref is significantly greater than R0 . Specifically, the minimum difference between the two distances is
given by 3 × N R0 − R0 , which equals 123km for N = 4 (minimum values of N considered for analysis) and R0 = 50km.
0
Hence, even though k R0−αP (for αP ≥ 3.3) may not give a power of -84dBm at the PT coverage edge (i.e. the desired power
at PRref ), a smaller value of αP will give such a power.
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Figure 7.7: Effect of variability in CP T −P R (defined by K) on the required protection distances when the condition I  IP is not satisfied. It is considered that R0 = 50km, N = 4, λ = 5nodes/10000m2 ,
βP = 15dB, Pout = 1% and there is no variability in CU D−P R .

Discussion on the Comparative Effects of λ, βP , σU and K on the Required Protection Distances
For a single PT system it was observed in Chapter 5 that over a practical range of values for λ, βP , σU
and K, protection distances are much more significantly affected by σU and K compared to λ and βP .
However, in a multiple PT system, λ, βP , σU and K are shown to have approximately the same effect
on protection distances, especially, when N is small. When N = 4, λ, βP , σU and K cause protection
distances to vary by 18.2km, 25.1km, 21km and 15.4km respectively (see Figure 7.6). For N = 7, the
effect of λ and K is comparatively smaller than the effect of βP and σU . Moreover, the effect of λ, βP ,
σU and K is much more significant than the effect of N and R0 (observed in Figures 7.4 and 7.5).

7.5.3

Effect of Primary Receiver Location

Figure 7.8 presents the effect of the angle φ on the required protection distances. The values for φ range
between 0◦ and 30◦ . The largest protection distances are required when φ = 0◦ , since the UD interference
at PRref is the largest. This was previously discussed in Section 7.4.2.
37
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Figure 7.8: Effect of φ on the required protection distances when βP = 20dB, R0 = 50km, N = 4 and there is
no channel variability.
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It is observed that larger protection distances (for λ = 10nodes/10000m2 ) are more sensitive to φ. It
is also observed that for a specified value of λ, the sensitivity of protection distances to φ is the largest
when φ is approximately 15◦ . The sensitivity becomes comparatively smaller when φ approaches 0◦
or 30◦ . The effect of φ on protection distances is not as significant as the effect of other parameters
previously analysed. Over the range of φ values considered, a change in protection distances of only
320m is obtained when λ = 5nodes/10000m2 and 610m is obtained when λ = 10nodes/10000m2 .

7.6

Summarising the Effects of System Parameters on Protection Distances

Table 7.4 summarises of the effects of various system parameters analysed in Sections 7.5.1 to 7.5.3
on the required protection distances. For all parameters other than N , the summarised results in Table
7.4 are presented for N = 4 i.e. when the presence of multiple PTs has the most significant effect on
protection distances. It is firstly stated whether increasing the parameter value increases or decreases the
required protection distances. Secondly, it is stated whether the sensitivity of protection distances to the
parameter increases or decreases as the parameter value increases. Thirdly, parameters are ranked on the
basis of the sensitivity of protection distances to changes in parameter values (over a practical range of
values). The observations made from Table 7.4 are:
• Increasing the UD density λ and PT channel repetition pattern N increases the required protection
distances, but decreases the sensitivity of protection distances to the parameters.

• Increasing the PT coverage radius R0 initially increases protection distances, but when R0 becomes large, protection distances start decreasing. Hence, with increasing R0 the sensitivity of
protection distances to R0 first decreases, then increases for large R0 values.
Table 7.4: Summary of the effects of various system parameters on protection distances: ↑ represents increase and
↓ represents decrease.

Parameter

Channel repetition pattern N
PT coverage radius R0
UD density λ
PR protection margin βP
Variability in CU D−P R
defined by σU
Variability in CP T −P R
defined by K
PR location defined by φ

Effect of
increasing
parameter value on
protection
distances
↑
↑ followed by ↓
↑
↑

Sensitivity of
protection distances
to increasing
parameter value

Level of sensitivity of
protection distances
to parameter value

↓
↓ followed by ↑
↓
↑ followed by ↓

↑↑
↑↑
↑↑↑
↑↑↑

↑

↑ followed by ↓

↑↑↑

↓

↑ followed by ↓

↑↑↑

↓

↑ followed by ↓

↑

• Increasing both the variability σU in CU D−P R and the PR protection margin βP increases the
required protection distance. However, with increasing values of σU and βP , the sensitivity of
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protection distances to parameter values first increases, but starts decreasing for large parameter
values. Hence, when the geographical opportunity for UDs becomes small i.e. protection distances
become large, the sensitivity of protection distances to σU and βP decreases.
• Increasing both the Rician factor K defining variability in CP T −P R and the angle φ decreases
the required protection distances. However, with increasing values of K and φ, the sensitivity of

protection distances to parameter values first increases, but starts decreasing for large parameter
values.
• Protection distances are most affected by the UD density λ (ranging between 1node/10000m2 and

10nodes/10000m2 ), PR protection margin βP (ranging between 10dB and 23dB), variability in
CU D−P R (defined by σU ranging between 0dB and 12dB) and variability in CP T −P R (defined by
K ranging between 0 and ∞).

• Protection distances are comparatively less sensitive to the PT channel repetition pattern N (for
N = 4 and 7) and the PT coverage radius R0 (ranging between 40km and 100km).

• Protection distances are not significantly affected by the angle φ (ranging between 0◦ and 30◦ ) that
defines the location of PRref .

7.7

Summary

This chapter presents an investigation of a spectrum sharing system consisting of multiple broadcast PTs
and an unlicensed ad hoc network. Protection distances (surrounding PT coverage areas) required for
meeting the PR outage constraints are determined.
In a multiple PT system the interference at the PRs is caused by the unlicensed system as well as the PTs.
Hence, the worst-case location of a PR is defined by the aggregate interference from the two systems. It is
shown that the worst-case location of the PR is primarily defined by the interference from the unlicensed
system, while the effect of the interference from the PTs is not significant.
The focus of this chapter is the analysis of the effects of various system parameters on the required
protection distances. The effects of the primary system topology, operational characteristics of the unlicensed system, the primary system protection criterion, radio channel characteristics and the location
of the PR are analysed. It is identified whether a parameter increases or decreases the required protection distances and the sensitivity of the protection distances to changes in parameter values is analysed.
Moreover, the parameters are ranked on the basis of the sensitivity of protection distances to changes in
parameter values (over a practical range of values).
The distribution of the interference from the unlicensed system at the PR cannot be analytically determined. The mean interference at the PR, for which analytical expressions are presented, is employed for
estimating the required protection distances. In this chapter, large protection distances are considered,
for which the effect of the primary system topology is the most significant. For such protection distances
the mean interference provides accurate estimations of the actual interference at the PRs.
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A comparison between the required protection distances in a single and multiple PT system is performed.
It is shown that smaller protection distances are required in a multiple PT system compared to those
required in a single PT system. Moreover, when the distance between co-channel PTs is large, protection
distances become large and approach the protection distances required in a single PT system. However,
the sensitivity of protection distances to PT separation distance decreases as the PT separation distance
becomes larger. In a single PT system, increasing PT coverage radius always decreases the required
protection distances. Such behaviour is observed in a multiple PT system only when the geographical
opportunity for UDs is large i.e. protection distances are small and PT separation distance is large.
Moreover, in these scenarios, the variation in protection distances with changing PT coverage radius is
shown to be insignificant. When there is a smaller opportunity for the UDs, increasing PT coverage radius
increases protection distances, the effect of which is much more significant. In a single PT system, larger
protection distances are found to be more sensitive to PR protection margin and variability in CU D−P R .
However, in a multiple PT system, the sensitivity decreases when the geographical opportunity for the
UDs becomes small.
In a multiple PT system, the parameters that have the most significant effect on protection distances
are the UD density, PR protection margin and variability in CU D−P R and CP T −P R . The PT channel
repetition pattern and PT coverage radius have a smaller, but significant effect. The location of the PR
inside the PT coverage area does not have a significant effect.
This chapter analyses of the required protection distances in a spectrum sharing system consisting of
multiple PTs. The analysis of such a system is a necessary step towards quantifying the operational
opportunity for UDs allowed by the primary system topology and the associated protection distances.
Results presented in this chapter are employed in Chapter 9 for the analysis of the achievable capacity of
the unlicensed system, which is defined by the geographical opportunity for the unlicensed system.

Chapter 8

Protection Requirements for a Broadcast
Primary System with Known Primary
Receiver Locations
8.1

Introduction

In typical spectrum sharing systems consisting of a broadcast primary system, the unlicensed system
is aware of only the PT locations, while the locations of the passive PRs are not known. Hence, the
unlicensed system operation has to ensure that the PR outage constraint is satisfied at the worst-case PR
location i.e. the PT coverage edge. The unlicensed system is therefore allowed to operate only outside the
PT coverage area (and also outside the protection region surrounding the PT coverage area), as specified
in the regulations issued by the FCC [8].
However, an unlicensed system that is aware of the PR locations inside the PT coverage area may be able
to operate inside the PT coverage area, while still meeting the PR outage constraints. Such an operation
can significantly increase the operational area available to the unlicensed system, hence enhancing the
overall capacity of the spectrum sharing system. The implementation of techniques for detecting the
locations of the PRs demands a high level of cooperation from the primary system and consequently
a high infrastructure cost. A system planner may however be interested in the improvements in the
achievable capacity of the spectrum sharing system if the current limitation (i.e. unknown PR locations)
can be overcome. This chapter presents tools that lead to such a capacity analysis, which is performed in
Chapter 9.
In this chapter, spectrum sharing between a broadcast primary system consisting of PRs with known
locations and an unlicensed ad hoc network is analysed. It is considered that the interference from the
unlicensed system to the primary system is limited by defining protection regions around PRs. Analytical
tools are presented for characterising the interference at a PR from the unlicensed system. Consequently,
protection distances (defining the size of the protection region) required for meeting the PR outage constraints are determined. The key contribution of this chapter is the analysis of the effects of various
system parameters on the required protection distances. The effects of the PT-PR separation distance,
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UD density, required protection margin and acceptable outage probability at the PR and the parameters
defining various channel characteristics are analysed.
Section 8.2 presents the spectrum sharing model. Section 8.3 discusses the techniques employed for
characterising the interference from the unlicensed system at the PR. Section 8.4 presents analytical
tools for estimating the interference at a PR from the unlicensed system. In Section 8.5 the analysis
of the effects of various system parameters on the required protection distances is performed. Finally
Section 8.6 summarises the analysis performed in Section 8.5.

8.2

Model for the Spectrum Sharing System

In this chapter, spectrum sharing between a broadcast primary system and an unlicensed ad hoc network
is analysed. It is considered that the locations of PRs are known. Hence, protection regions that surround
the PRs are employed for limiting the interference from the unlicensed system to the PRs. Section 8.2.1
presents the model for the primary system, while defining the protection requirements for the PRs in
terms of the constraints on the probability of outage. Section 8.2.2 presents the model for the unlicensed
system and the geographical constraints on the unlicensed system are defined.

8.2.1

Model for the Primary System

The spectrum sharing system considered in this chapter is presented in Figure 8.1. The distribution of
PTs is the same as that previously considered in Chapter 7. It is considered that the locations of the PRs
are known. Hence, the interference analysis is performed not only at the PRs located at PT coverage
edge, but also at PRs located inside the PT coverage area. For performing the analysis in this chapter, a
reference PT (i.e. PTref ) and a reference PR (i.e. PRref ) are considered such that PRref is located inside
the coverage area of PTref (see Figure 8.1). The probability of outage Pout of PRref is defined as

Pout = Prob

P0
≤ βP
I + IP


,

(8.1)

where P0 is the instantaneous power at PRref received from PTref , I is the instantaneous interference
at PRref from the unlicensed system, IP is the instantaneous interference from co-channel PTs and βP
is the PR protection margin. Note that P0 and IP are defined by the distance between PTref and PRref ,
0

which is referred to as d .
The propagation model for signals propagating from interfering PTs to PRref , has previously been presented in Section 7.4.1. It is considered that the mean power P̄0 received at PRref from PTref is given
0

0

0

0

0

by P̄0 = k d −α , where k is defined in Section 7.4.1 (see (7.5))1 , d is the distance between PTref and
0

PRref and α is the propagation exponent. The instantaneous power P0 equals P̄0 y where y is a random
variable associated with channel variability (see Section 5.2.1).
Previously in Chapter 7 (Section 7.4.1) it was shown for PRref located at the coverage edge of PTref that
the effect of angle φ (see Figure 7.1) on the interference at PRref from co-channel PTs is insignificant.
1

0

0

Note that k is independent of the value of the propagation exponent (α or αP ) since d0 = 1m.
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This is also true for the system considered in this chapter where PRref may be located not only at the
coverage edge of PTref , but also inside the coverage area of PTref . In fact, for PRref located inside the
coverage area of PTref , the effect of angle φ (see Figure 8.1) is found to be even less significant than that
0

observed for the system considered in Chapter 7. Hence, the interference IP is defined only by d and
not by the angle imposed by PRref at PTref .

1

d’
1

PRref
d’

R0

PRref

1

ref
RPT
0
1

PTref

1

transmitter Primary
Primary receiver
device
PrimaryPrimary
transmitter
receiverUnlicensed
Unlicensed
device
Protection region
Operational region for
Protection region
Operational region for
unlicensed devices
unlicensed devices
1

Figure 8.1: Spectrum sharing system consisting of a broadcast primary system with known PR locations and an
unlicensed ad hoc network. For brevity reasons only two co-channel PTs are shown here, even though
there are other PTs distributed in a hexagonal lattice (see Figure 7.1).

8.2.2

Model for the Unlicensed System

The unlicensed system, which is considered to be an ad hoc network, was previously introduced in
Chapter 4. The unlicensed nodes contending for the primary channel are considered to be distributed in
a PPP with a uniform density λ. The unlicensed nodes contending for the primary channel are allowed
to transmit only if they are outside a protection region (of size defined by the protection distance ep )
surrounding the PRs (see Figure 8.1). The protection distance (which defines I) is defined such that
0

0

(8.1) is satisfied for a specified Pout . Since P0 and IP are defined by d , ep is also defined by d . The
unlicensed nodes transmitting on the primary frequencies are referred to as the UDs. It is considered that
the unlicensed system is always aware of the PT locations as well as the PR locations. Moreover, it is
assumed that the nodes in the unlicensed ad hoc network efficiently detect their locations with respect
to the PRs and always keep out of the protection regions around PRs. The analysis in this chapter can
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be extended to take into account the uncertainty in the detection of the PR locations by the unlicensed
system, as is discussed later in Chapter 10.

8.3

Characterising the Interference at Primary Receivers from the Unlicensed System

The interference at PRref is caused by UDs distributed in an inhomogeneous PPP outside the protection
region surrounding PRref . This is because, there are multiple PRs in the system. Hence, the distribution
of UDs outside the protection region around PRref is defined by the locations of the PRs (other than
PRref ) as well as the size of the protection regions surrounding these PRs (see Figure 8.1). However,
for the analysis performed in this chapter, the system model is simplified by considering that the UDs
are distributed homogeneously in a PPP with density λ outside the protection region around PRref , as
shown in Figure 8.2. For such a system model, the interference I at PRref from the unlicensed system
is overestimated. In order to obtain the exact required protection distances for PRs while considering the
effects of the protection regions around other surrounding PRs (that are likely to be randomly distributed),
appropriate resource (geographical area available to the UDs) allocation algorithms have to be employed.
Such an analysis is beyond the scope of this thesis.

ep

R→∞

Figure 8.2: Spectrum sharing system considered for characterising the interference from the unlicensed system at
a PR.

The system considered for the analysis of interference I (arising from the unlicensed system) at PRref
is presented in Figure 8.2. The UDs causing interference at PRref are considered to be distributed in an
annular disc centred at PRref and defined by radii ep and R. Moreover, it is considered that R → ∞.
The observations made in Chapter 5 on the effects of a finite R on the required protection distances are
also applicable to the system presented in Figure 8.2. Namely, a finite value of R does not significantly
affect the interference at a PR if protection distances are much smaller than R. However, the effect
becomes somewhat more significant if the protection distances and R have comparable values. For a
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protection region surrounding a PR, the effects of a finite R on the interference at the PR are analysed
in [51, 52, 116].
The interference at a receiver from multiple randomly distributed interferers outside a protection region
around the receiver has previously been analysed in a number of studies. These studies involved both,
stand-alone networks [85,86,100,101,106,108,116] and spectrum sharing systems [46,47,51–54,57–59,
65]. Moreover, in the spectrum sharing systems analysed in [46, 47, 65], the protection region is defined
by the probability of detection (by UDs) of a beacon transmitted by the PR.
In most of the previous studies, in order to analyse the interference at the receiver, either the characteristic
function of interference is determined or the cumulants of interference are determined (either directly, or
from the characteristic function). The characteristic function and cumulants are also employed in some
studies to obtain the exact distribution of interference or to obtain approximations for the distribution of
interference. The tools for characterising interference used in previous studies are summarised in Table
8.1.
Table 8.1: Tools employed in previous studies for characterising interference at a receiver.

Tools for characterising interference
Approximation for interference distribution
Upper bound on mean and variance of interference
Cumulants of interference
Exact interference distribution obtained from
Fourier transform of characteristic function

Ref.
[47, 52, 53, 57, 59, 65, 85,
86, 100, 108]
[46]
[51, 116]
[54, 58]

In this chapter, an approach similar to [54, 58] is employed i.e. the characteristic function of I (i.e.
ϕI (ω)) is used for obtaining the distribution of I by applying the Fourier transform [117], namely
2
FI (I) =
π

Z∞

Re {ϕI (ω)}

sin (ωI)
dI,
ω

(8.2)

0

where FI (.) is the cumulative distribution function of I. Closed-form expressions for the characteristic
function of interference at the PR have previously been presented only for the case when there is no
variability in the radio channel [57]. In this chapter, closed-form expressions for ϕI (ω) are presented
when CU D−P R is considered to be a Rayleigh, lognormal and Suzuki channel.
In most of the previous studies, for specified protection distances, the focus of the analysis is the effect of
other system parameters on the probability of outage of the PR [46, 47, 51, 52, 57, 65] or on the statistics
of interference at the PR [54, 58]. Hence, the analysis is performed only over a small range of protection
distance values.
In this chapter, the focus of the analysis is the effect of various system parameters on the protection distances required for meeting the PR outage constraints (i.e. satisfy (8.1) for a specified Pout ). The effects
0

of the PTref -PRref separation distance d , UD density λ, required protection margin βP and acceptable
outage probability Pout at the PR and the parameters defining various characteristics of CU D−P R and
CP T −P R are analysed. It is determined whether increasing a parameter value increases or decreases the
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required protection distance. Moreover, for a practical range of system parameter values the sensitivity of protection distances to changes in parameter values is analysed and the parameters are ranked on
the basis of their effects on protection distances. Significantly, in this chapter a multiple PT system is
considered and its effect on the required protection distances is analysed. Such an analysis, that focuses
on the determination of protection distances, is required in order to be able to determine the achievable
capacity of the unlicensed system. The capacity analysis is performed in Chapter 9.

8.4

Characteristic Function of Interference at the Primary Receiver from
the Unlicensed System

In this section, closed-form expressions for the characteristic function of I (i.e. ϕI (ω)) are presented. A
propagation model for interfering signals propagating from UDs to the PR has previously been presented
in Section 5.3.1. The same model is employed in this chapter for signals propagating from the UDs
towards PRref .
Let the interference at PRref be caused by M UDs that are distributed inside the annular disc defined by
radii ep and R (see Figure 8.2). The nodes in the unlicensed system contending for the primary channel
are considered to be distributed in a PPP (as described in Chapter 4) with a uniform density λ. Hence, M

is a Poisson random variable with density λ R2 − e2p [102]. The aggregate instantaneous interference
I at PRref is given by

I=k

X
M

d−α
i xi ; ep ≤ di ≤ R,

(8.3)

where k, di , xi and α are defined in Section 5.3.1. An expression for ϕI (ω) has previously been derived
in [54] and is given by


Z∞

ϕI (ω) = exp λπ


fxi (xi ) T (ωxi ) dω dxi  ,

(8.4)

0

where

−α

T (ωx) = e2p 1 − exp jωkd−α
i xi



ep
Z

+ jωkxi

 −1 2
g (t) exp (jωtkxi ) dt,

0

g (t) =

t−α

and

g −1 (t)

is the inverse function of g (.). The expression for ϕI (ω) given in (8.4) can be

rewritten as


Z∞

ϕI (ω) = exp λπ


n
o


fxi (xi ) e2p 1 − exp jωke−α
− (−jωkxi )β γinc 1 − β, −jωxi ke−α
dxi  ,
p xi
p

0

(8.5)
where β = 2/α and γinc (., .) is the lower incomplete gamma function (see Appendix G.2).
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Characteristic Function for No Channel Variability

For no variability in CU D−P R , the characteristic function of I has previously been derived in [57] and is
given by
h n

oi
β
−α
ϕI (ω) = exp λπ e2p 1 − exp jωke−α
−
(−jωk)
γ
1
−
β,
−jωke
.
inc
p
p

8.4.2

(8.6)

Characteristic Function for a Rayleigh Channel

When CU D−P R is a Rayleigh channel, then (8.5) can be solved to obtain [11]
"

(

ϕI (ω) = exp λπe2p

)#
jΓ (2) t2 eαp
t−
,
2 F1 (1, 2; 2 − β; t)
(1 − β) ωk

where
t=

−jωke−α
p

1 − jωke−α
p

(8.7)

,

and 2 F1 (., .; .; .) is the hypergeometric function (see Appendix G.3). The derivation for (8.7) is presented
in Appendix B.3.1.

8.4.3

Characteristic Function for a Lognormal Channel

When CU D−P R is a lognormal channel (8.5) can be solved to obtain [11]
#
nGH
√ X
wh f (yh ) ,
ϕI (ω) = exp λ π
"

(8.8)

h=1

where



f (v) = e2p 1 − exp jωB yh ke−α
− (−jωkB yh )β γinc 1 − β, −jωB yh ke−α
,
p
p
B = 10

√

2σ 2
U

10

(8.9)

and wh and yh are the weights and the abscissae obtained from the Hermite polynomials

(see Appendix F). The derivation for (8.8) is presented in Appendix B.3.2.

8.4.4

Characteristic Function for a Suzuki Channel

When CU D−P R is a Suzuki channel (8.5) can be solved to obtain [11]
"

√

ϕI (ω) = exp λ πe2p

n
GH
X

#
wh f (yh ) ,

(8.10)

h=1

where
f (x) = t −

jΓ (2) t2 eαp
2 F1 (1, 2; 2 − β; t) ,
(1 − β) ωkB yh

(8.11)
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−B yh jωke−α
p
1−B yh jωke−α
p

t=

√
and B = 10

2σ 2
U
10

!

. The derivation for (8.10) is presented in Appendix B.3.3.

The distribution FI (.) of interference at PRref from the unlicensed system is obtained by substituting
(8.6), (8.7), (8.8) or (8.10) in (8.2).

8.5

Analysis of the Required Protection Distances

In this section, the protection distances required for meeting the PR outage constraint (i.e. satisfy (8.1)
for a specified Pout ) are determined. For all analyses presented in this chapter, it is considered that the
UD transmit power PU D equals 40mW and the operational frequency f is 615MHz (mid frequency for
the DTV channels 14-69 in the US [8,40,111]). Note that parameters PU D and f define k (see (5.3)). It is
0

considered that the PT transmit power PP Tlin (which defines k , see (7.5)) equals 300kW. It is considered
0

0

0

that α = 3, for which, the mean received power P̄0 (given by k R0−α ) from a PT at its coverage edge
becomes -84dBm (minimum DTV power decodable by a DTV receiver) when R0 = 50km.
For most of the analyses presented in this chapter, it is considered that there is no variability in CP T −P R .
This is reasonable assumption because in broadcast primary systems there is often a LOS path between
a PT and a PR due to their elevated locations. For such a system, P0 and IP become constants and equal
P̄0 and I¯P respectively. Hence, the outage probability of PRref can be defined as

Pout = Prob

P̄0
≤ βP
I + I¯P




= 1 − FI

P̄0
− I¯P
βP


.

(8.12)

For scenarios in which variability in CP T −P R is considered, the expressions for the outage probability
at PRref are presented later. Moreover, the analysis is presented for N = 4. For larger values of N
e.g. N = 7, the effect of IP on the aggregate interference at PRref becomes insignificant for the system
parameter values considered in this chapter. Note that P0 and I are independent of N .
Table 8.2: Parameters considered for analysing the required protection distances.

Section number
8.5.1

8.5.2

8.5.3

8.5.4

Parameters
Primary Transmitter-Receiver Distance and Self-Interference of the
Primary System
i) PTref -PRref separation distance
ii) Propagation exponent αP (defined in Section 7.4.1)
Unlicensed System Operational Parameters and Path Loss
Characteristics of Interfering Signals
i) UD density λ
ii) Propagation exponent α
Primary System Performance Requirements
i) Required SIR βP at the PRs
ii) Acceptable outage probability Pout of the PRs
Radio Channel Variability
i) Variability in CU D−P R for Rayleigh fading and lognormal shadowing
(defined by σU )
ii) Variability in CP T −P R for Rician fading (defined by Rician factor K)
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8.5.1

Effect of Primary Transmitter-Receiver Distance and Self-Interference of the Primary System
0

Figure 8.3 presents the effect of PTref -PRref distance (i.e. d ) and the propagation exponent αP (that
characterises IP ) on the required protection distances. It is considered that there is no variability in
CP T −P R , hence the outage constraint of PRref is defined by (8.12). Firstly, it is observed that, as
expected, with increasing PTref -PRref distance and decreasing αP the required protection distances
0

increase. If αP has a small value of 3 (i.e. αP = α ), then the self-interference constraint of the primary
0

system is not satisfied for all values of d greater than 28km. In other words, if PRref is greater than
28km away from PTref , then it is interfered by co-channel PTs. Hence, when αP = 3, the required
0

protection distance becomes ∞ at d = 28km.
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Figure 8.3: Effect of the distance between PTref and PRref and the propagation exponent αP on the required
0
protection distances when α = 3, α = 4, βP = 15dB, Pout = 1%, λ = 5nodes/10000m2 ,
R0 = 50km, N = 4 and there is no channel variability.
0

When αP has a larger value of 3.2, it is observed that the sensitivity of protection distances to d increases
0

0

for larger values of d . In other words, larger protection distances are more sensitive to changes in d .
Moreever, when αP becomes even larger (e.g. 4), the increase in protection distances with increasing
0

d becomes almost linear.
It is also observed that the sensitivity of protection distances to αP decreases as αP becomes larger.
Hence, smaller protection distances are less sensitive to changes in αP . Moreover, if αP ≥ 3.2 and if
PTref − PRref distance is smaller than approximately 25km, then PRref is unaffected by interference
from co-channel PTs.

8.5.2

Effect of Unlicensed System Operational Parameters and Path Loss Characteristics of Interfering Signals

Figures 8.4 and 8.5 present the effects of the UD density λ and the propagation exponent α respectively
on the required protection distances. The effects of λ and α are analysed for different values of PTref 0

PRref distance d .
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Figure 8.4 presents the effect of increasing λ from 1node/10000m2 to 10nodes/10000m2 on the required protection distances. It is observed that, as expected, the required protection distances increase
with increasing λ. Moreover, the sensitivity of protection distances to λ decreases as λ increases. In other
words, smaller protection distances are more sensitive to changes in λ values. However, when protection
0

distances are larger for larger values of λ, the sensitivity of protection distances to d increases.
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Figure 8.4: Effect of the distance between PTref and PRref and the UD density λ on the required protection
0
distances when α = 3, αP = 3.5, α = 4, βP = 15dB, Pout = 1%, R0 = 50km, N = 4 and there is
no channel variability.
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Figure 8.5: Effect of the distance between PTref and PRref and the propagation exponent α on the required
0
protection distances when α = 3, αP = 3.5, λ = 5nodes/10000m2 , βP = 15dB , Pout = 1%,
R0 = 50km, N = 4 and there is no channel variability.

Figure 8.5 presents the effect of increasing α from 3 to 5 on the required protection distances. It is
observed that, as expected, increasing α decreases the required protection distances. Moreover, the
sensitivity of protection distances to α decreases as α increases. Hence, larger protection distances are
more sensitive to changes in α. Similarly, when protection distances are larger for smaller values of α,
0

the sensitivity of protection distances to d increases.
It is observed in Figure 8.4 that increasing λ from 1node/10000m2 to 10nodes/10000m2 causes an
0

0

increase in protection distance of 193m when d = 20km and 817m when d = 50km. However,
increasing α from 3 to 4 (see Figure 8.5) causes a much larger increase in protection distances of 9.6km
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0

0

0

when d = 20km and 1510km when d = 50km. Note that if d = 50km and α = 3, then there will not
be any area available for UD operation since the entire area between co-channel PTs will be included in
the protection region.

8.5.3

Effect of Primary System Performance Requirements

Figures 8.6 and 8.7 present the effects of the PR protection margin βP and the acceptable outage probability Pout at the PR respectively on the required protection distances. The effects of βP and Pout are
0

analysed for different values of PTref -PRref distance d .
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Figure 8.6: Effect of the distance between PTref and PRref and the PR protection margin βP on the required
0
protection distances when α = 3, αP = 3.5, α = 4, λ = 5nodes/10000m2 , Pout = 1%, R0 =
50km, N = 4 and there is no channel variability.

Figure 8.6 presents the effect of increasing βP from 10dB to 23dB on the required protection distances.
It is observed that, as expected, the required protection distances increase with increasing βP . Moreover,
the sensitivity of protection distances to βP increases as βP increases. In other words, larger protection
distances are more sensitive to changes in βP values. It is also observed that when protection distances
0

are larger for larger values of βP , the sensitivity of protection distances to d increases.
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Figure 8.7: Effect of the distance between PTref and PRref and the acceptable outage probability Pout at PRref
0
on the required protection distances when α = 3, αP = 3.5, α = 4, βP = 15dB, R0 = 50km,
N = 4 and there is no channel variability.
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Figure 8.7 presents the effects of increasing Pout from 1% to 20% on the required protection distances.
Results are presented for two different λ values, namely, 1node/10000m2 and 5nodes/10000m2 . It
is observed that, as expected, increasing Pout decreases the required protection distances. Moreover,
0

for a specified λ and for all values of d , the effect of increasing Pout on the protection distances is
approximately the same. When λ = 1node/10000m2 , increasing Pout from 1% to 20% causes a de0

0

crease in protection distance of 20.2m for d = 20km and 22.8m for d = 50km. Moreover, when
λ = 5nodes/10000m2 , increasing Pout from 1% to 20% causes a decrease in protection distance of
0

0

0

10.3m for d = 20km and 10.7m for d = 50km. Hence, when d is larger, protection distances are
found to be only slightly more sensitive to changes in Pout . When λ and consequently the protection distances become large, the effect of Pout on protection distances decreases. This is due to the decrease in
the variability in I when protection distances become large. Similar observations were made previously
in Section 5.4.3.
It is observed that for λ = 5nodes/10000m2 , increasing βP from 10dB to 23dB increases the protection
0

0

distance by 429m for d = 20km and 1.7km for d = 50km. This effect of βP on protection distances is
significantly larger than the effect of increasing Pout from 1% to 20% when λ = 5nodes/10000m2 .

8.5.4

Effect of Variability in the Radio Channel

Figures 8.8 and 8.9 present the effects of variability in CU D−P R and CP T −P R respectively on the required protection distances. The effects of channel variability are analysed for different values of PTref 0

PRref distance d .
Effect of Variability in CU D−P R
In Figure 8.8, the effect of having CU D−P R as a lognormal channel and a Suzuki channel is analysed for
different values of σU .
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Figure 8.8: Effect of the distance between PTref and PRref and the variability in CU D−P R (defined by σU ) on the
0
required protection distances when α = 3, αP = 3.5, α = 4, λ = 5nodes/10000m2 , βP = 15dB,
Pout = 1%, R0 = 50km, N = 4 and there is no variability in CP T −P R .

It is observed that, as expected, increasing σU increases the required protection distances. Moreover,
the protection distances required for a Suzuki channel are greater than those required for a lognormal
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channel. It is observed that the sensitivity of protection distances to σU increases as σU increases.
Hence, larger protection distances are more sensitive to changes in σU . Moreover, the difference between
protection distances required for a Suzuki channel and a lognormal channel is greater for a larger σU (i.e.
for larger protection distances). It is also observed that when protection distances are larger for larger
0

values of σU , the sensitivity of protection distances to d increases. However, for the system parameter
values considered, this increase in sensitivity is not found to be significant.
It is observed that increasing σU from 0dB to 12dB causes an increase in protection distance of 1.5km
0

0

when d = 20km and 3.8km when d = 50km. Hence, the effect of σU on protection distances is greater
than the effect of all parameters (except for α) previously analysed.

Effect of Variability in CP T −P R
In Figure 8.9, the effect of Rician fading in CP T −P R is analysed for different values of the Rician factor
K. In Figure 8.9 (a) results are presented for a large value for αP , i.e. 4. For such a value of αP , IP is
quite small compared to P0 /βP (see (8.1)). Hence, the outage constraint of PRref can be expressed as

Pout = Prob

P0
≤ βP
I


.

(8.13)

Monte Carlo simulations (see Appendix J) are employed for determining the protection distances required for meeting the outage constraint of PRref . It is observed in Figure 8.9 (a) that, as expected,
when K becomes larger, the required protection distance become smaller. Moreover, the sensitivity of
protection distances to K increases when K becomes smaller. It is also observed that when protection
0

distances are larger for smaller values of K, the sensitivity of protection distances to d increases.
0

Decreasing K from ∞ to 0 causes an increase in protection distance of 1.9km when d = 20km and
0

0

7.9km when d = 50km. Hence, the effect of K on protection distances when d = 50km is greater
0

than the effect of all parameters (except for α) previously analysed. When d = 20km, the effect of
decreasing K from ∞ to 0 becomes approximately the same as the effect of increasing the variability in

CU D−P R from σU = 0dB to σU = 12dB (see Figure 8.8).

Figure 8.9 (b) presents the effect of K on the required protection distances when αP = 3.3. Monte
Carlo simulations are employed for determining the protection distances required for meeting the outage
constraint of PRref (which is defined by (8.1)). A comparison of Figures 8.9 (a) and (b) suggests that
when K = ∞, the required protection distances for αP = 3.3 are only slightly larger than those required

for αP = 4. When K becomes smaller, the difference between the protection distances for the two
0

αP values becomes much larger, especially for large d values. It is observed that when αP = 3.3 and
K = 0, the variability in interference becomes so large that the self-interference constraint of the primary
0

system is not met for d values greater than approximately 22km. In other words, when PTref − PRref

distance becomes greater than 22km, the outage constraint of PRref is not satisfied even in the absence
of the unlicensed system. Hence, the required protection distance becomes ∞. Similar observations are
made for K = 3 and PTref − PRref distance greater than approximately 33km.
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Figure 8.9: Effect of the distance between PTref and PRref and the variability in CP T −P R (defined by K) on the
0
required protection distances when α = 3, αP = 3.5, λ = 5nodes/10000m2 , αP = 4, βP = 15dB,
R0 = 50km, N = 4 and there is no variability in CU D−P R : (a) αP = 4 and (b) αP = 3.3.

8.6

Summarising the Effects of System Parameters on Protection Distances

Table 8.3 summarises the effects of various system parameters analysed in Sections 8.5.1 to 8.5.4 on
the required protection distances. It is firstly stated whether increasing the parameter value increases or
decreases the required protection distances. Secondly, it is stated whether the sensitivity of protection
distances to the parameter increases or decreases as the parameter value increases. Thirdly, parameters
are ranked on the basis of the sensitivity of protection distances to changes in parameter values (over a
practical range of values). The observations made from Table 8.3 are:
• Except for the UD density λ, for all other parameters, if an increase in the parameter value in-

creases the required protection distance, it also increases the sensitivity of protection distances to
the parameter. In other words, larger protection distances are more sensitive to changes in all pa-
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rameter values (except for λ). These observations were also made previously in Chapter 5 (Section
5.5) for a system with unknown PR locations.
• Protection distances are most affected by the propagation exponent α (ranging between 3 and 5)
that characterises the interfering signals and the variability in CP T −P R . Variability in CU D−P R

also significantly affects protection distances. Hence, a high level of accuracy is required when
modelling the radio channel characteristics in order to successfully meet the primary system outage
constraints.
Table 8.3: Summary of the effects of various system parameters on protection distances: ↑ represents increase and
↓ represents decrease.

Parameter

PTref − PRref separation
distance
Propagation exponent αP
defining interfering signals
from PTs
UD density λ
Propagation exponent α
defining interfering signals
from UDs
PR protection margin βP
Acceptable outage
probability Pout at PR
Variability in CU D−P R
Variability in CP T −P R

Effect of
increasing
parameter value on
protection
distances

Sensitivity of
protection
distances to
increasing
parameter value

Level of sensitivity of
protection distances
to parameter value

↑

↑

↑↑

↓

↓

↑↑

↑

↓

↑↑

↓

↓

↑↑↑↑

↑

↑

↑↑

↓

↓

↑

↑
↑

↑
↑

↑↑↑↑
↑↑↑↑
0

• Protection distances are comparatively less sensitive to the PTref − PRref separation distance d

(ranging between 10m to 50km), propagation exponent αP (ranging between 3.2 and 4), protection

margin βP (ranging between 10dB and 23dB) at the PRs and the UD density λ (ranging between
1node/10000m2 and 10nodes/10000m2 ).
• The sensitivity of protection distances to the acceptable outage probability Pout (ranging between
1% and 20%) at the PR is even less significant.

8.7

Summary

This chapter presents an investigation of a spectrum sharing system consisting of multiple broadcast PTs
and an unlicensed ad hoc network. It is considered that the locations of the PRs inside the PT coverage
area are known. Hence, protection regions surrounding PRs are employed for limiting the interference at
the PRs from the unlicensed system and consequently meeting the PR outage constraints.
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It is considered that the interference at a PR is caused by UDs distributed uniformly in a PPP outside
the protection region. Such a system model overestimates the actual interference at the PR (from the
unlicensed system) which is affected by the presence of other PRs and the protection regions surrounding
them. Closed-form expressions for the characteristic function of interference at the PR are presented
when CU D−P R is considered to be a Rayleigh, lognormal and Suzuki channel. The distribution of
interference at the PR is then obtained by performing the Fourier transform of the characteristic function
of interference.
The focus of this chapter is the analysis of the effects of various system parameters on the protection
distances required for meeting the PR outage constraints. The effects of the PT-PR distance, operational
characteristics of the unlicensed system, the primary system protection criterion and radio channel characteristics are analysed. Moreover, the effects of the interference at a PR from PTs (operating on the
spectrum sharing channel) are also analysed. It is identified whether a parameter increases or decreases
the required protection distances and the sensitivity of protection distances to changes in parameter values is analysed. Moreover, the parameters are ranked on the basis of the sensitivity of protection distances
to changes in parameter values (over a practical range of values).
The analysis of protection distances performed for parameter values that characterise a typical digital
television system provide relevant information to system planners. The parameters that have the most
significant effect on protection distances are the propagation exponent defining interfering signals propagating from the UDs to the PR and the variability in CP T −P R . Variability in CU D−P R also significantly
affects protection distances. Hence, a high level of accuracy is required when modelling the radio channel characteristics in order to successfully meet the primary system outage constraints. The density of
unlicensed devices, the PR protection margin, the PT-PR distance and the propagation exponent characterising signals propagating from interfering PTs to the PR have a smaller, but significant effect on
the required protection distances. The effect of the acceptable outage probability of PRs is even less
significant.
This chapter analyses the required protection distances in a system with known PR locations. The analysis performed in this chapter is a necessary step towards quantifying the operational opportunity for UDs
allowed by the primary system topology and the associated protection distances. The tools presented in
Chapter 4 and the results obtained in this chapter are employed in Chapter 9 for analysing the achievable
capacity of the unlicensed system in a spectrum sharing system with known PR locations. Moreover, in
Chapter 9, the results obtained in Chapter 7 are also employed and a comparative study of the achievable capacity of a system with known PT locations and a system with known PT and PR locations is
performed.

Chapter 9

Capacity of a Spectrum Sharing
Unlicensed Ad Hoc Network
9.1

Introduction

In spectrum sharing systems, a key requirement of the unlicensed system is to ensure that the primary
system performance is not compromised. Hence, the unlicensed system operates under constraints imposed by the primary system performance requirements. The analysis of the capacity of an unlicensed
system operating under such constraints is extremely useful in determining the maximum utilisation of
the primary spectrum by the unlicensed system. The analysis of the capacity of an unlicensed ad hoc
network is the key contribution of this chapter. Such an analysis is performed for both, a spectrum sharing system in which the unlicensed system is aware of the PT locations and a spectrum sharing system
in which the unlicensed system is aware of both the PT and PR locations.
For both systems, firstly in this chapter, tools for determining the probability of outage of a receiving
node in the unlicensed network are presented. In order to ensure the efficient utilisation of the energy
resource by the unlicensed network, it has to be ensured that the probability of outage of a receiving
node is limited to acceptable levels. Such an outage constraint is met by limiting the density of nodes
in the unlicensed network simultaneously contending for the primary channel, as has previously been
discussed in Chapter 4. This chapter presents tools for determining the maximum contention density
of the unlicensed nodes for which the probability of outage at the worst-case location of an unlicensed
receiving node is met.
Previously Chapters 5 to 8 investigate the geographical constraints on the unlicensed system required for
limiting the interference to the PRs. In this chapter, the tools presented in Chapters 5 to 8 are employed
to characterise the geographical opportunity for the unlicensed system. The geographical opportunity
for the unlicensed system is defined by the primary system topology as well as the protection distances
required for meeting the PR outage constraints.
The tools for determining the maximum allowed contention density of the unlicensed nodes and the
tools for determining the geographical opportunity for the unlicensed ad hoc network are employed for
determining the transmission capacity of the unlicensed network. The transmission capacity has been
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previously defined in Chapter 4. For both systems with known PT locations and known PR locations,
the analysis of the effects of various system parameters on the transmission capacity is performed. The
focus of the analysis is on the effects of the parameters that define the required protection distances,
and hence the geographical opportunity for the unlicensed system. These parameters are the density of
unlicensed devices, protection requirements of the PRs, the primary system topology and the variability
in CU D−P R .
When the unlicensed system is aware of the PR locations inside the PT coverage area, then it can operate
inside the PT coverage area. Hence, the geographical opportunity for the unlicensed system when the
PR locations are known, may be greater than the geographical opportunity when only the PT locations
are known. In this chapter, the increase in the capacity of the unlicensed system obtained from knowing
the PR locations is analysed. Such an analysis provides relevant information to system planners about
the level of improvement in capacity obtained as a result of a high infrastructure cost. The high cost is a
consequence of the high level of cooperation required from the primary system in order to determine the
locations of the passive PRs.
Section 9.2 characterises the probability of outage of a receiving node in a spectrum sharing ad hoc
network. Section 9.3 presents tools for determining the maximum density of unlicensed nodes that can
simultaneously contend for the primary channel. Section 9.4 characterises the geographical opportunity
for the unlicensed system. Section 9.5 discusses various aspects of the capacity of a spectrum sharing ad
hoc network that are considered for analysis in this chapter. Finally Section 9.6 presents the analysis of
the capacity of the unlicensed ad hoc network.

9.2

Characterising the Outage Probability of an Unlicensed Receiver

Chapter 4 presents tools for characterising the capacity of an unlicensed ad hoc network that coexists
with a broadcast primary system. The capacity of the network is characterised by the transmission
capacity, which is defined by the number of successful transmissions that take place in the unlicensed
system such that the outage constraint of the unlicensed receiving nodes (i.e. receiving nodes in the
unlicensed network) as well as the PRs is satisfied (see Section 4.8.2). Hence, a key parameter that
defines the transmission capacity is the probability of outage of an unlicensed receiving node, which is
defined in (4.3). The outage probability of a receiving node in the unlicensed network is defined by the
instantaneous co-channel interference I ad hoc from transmitting nodes in the unlicensed network as well
as the instantaneous interference IP from the PTs operating on the spectrum sharing channel (see (4.3)).
It has to be ensured that the probability of outage of all receiving nodes in the unlicensed network does
not exceed acceptable levels. Hence, the outage constraint has to be met at the worst-case location of an
unlicensed receiving node.
Sections 9.2.1 and 9.2.2 present tools for determining the outage probability at the worst-case location
of an unlicensed receiver when the following two types of primary systems are considered: a) Primary
system in which the PT locations are known and b) Primary system in which both PT and PR locations
are known.
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9.2.1

Known Primary Transmitter Locations

A primary system consisting of multiple PTs with known locations has previously been discussed in
Chapter 4. For such a system, in Chapter 4, it was discussed that at the unlicensed receiver locations
at which interference IP is large, I ad hoc is the small, and vice versa. In Chapter 4 the worst-case and
best-case unlicensed receiver locations when I ad hoc is considered, were identified. A detailed model for
the primary system topology considered in this thesis was presented later in Chapter 7. The model is
employed in this chapter to determine the worst-case and best-case unlicensed receiver locations when
interference IP is considered. Consequently, the worst-case location is identified when I ad hoc + IP is
considered.
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Figure 9.1: A spectrum sharing system in which the PT locations are known

As the first step towards characterising IP , the propagation model for signals propagating from PTs to
an unlicensed receiver is presented. A propagation model similar to that considered for characterising
a signal propagating from an interfering PT to a PR (see Section 7.4.1) is considered. Hence, the mean
0

0

power at an unlicensed receiver from a PT is given by k d−αP T −R , where k is defined in Section 7.4.1,
d is the distance between the interfering PT and the unlicensed receiver and αP T −R is the propagation
exponent. Now, let the location of the unlicensed receiver be defined by parameters x and δ, where
x is the distance of the the unlicensed receiver from a reference PT located at (0,0) and δ is the angle
imposed by the unlicensed receiver at (0,0) (see Figure 9.1). The instantaneous aggregate interference at
the unlicensed receiver from all PTs in the system is given by
∞
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+
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(9.1)
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(9.1) is derived from (7.6) by including interference at the unlicensed receiver from the PT located at
(0,0)1 , replacing R0 sin φ with x sin δ (Y-coordinate defining the location of the unlicensed receiver),
R0 cos φ with x cos δ (X-coordinate defining the location of the unlicensed receiver) and the propagation
exponent αP with αP T −R .
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Figure 9.2: Interference at an unlicensed receiver located at the edge of the protection region surrounding a PT
when R0 = 50km, PU D = 40mW, αint−R = 4, PP T = 300kW and N = 4: (a) Interference IP
for various values of protection distance when there is no variability in CP T −R and (b) Distribution
of I ad hoc when there is no variability in CT −R .

For an unlicensed receiver located at the edge of the protection region surrounding a PT (say at Location
B, see Figure 9.1), x = R0 + ep . At the protection region edge and for δ = 30◦ , IP is the largest2 .
This is because of the presence of the dominant interference from the closest PT (the dominant PT, as
shown in Figure 9.1, is located at (0,0)). Moreover, IP also depends on the distance between co-channel
PTs, which is defined by N . The largest value of IP is obtained when N is the smallest (i.e. N = 4,
which is the smallest value of N considered in this thesis). For these values of parameters that define the
1
In Chapter 7, the PT located at (0,0) was considered as the desired transmitter for the considered reference PR. Hence, the
interference at the reference PR (see (7.6)) is caused by all PTs other than that located at (0,0).
2
The angle δ may not have a significant effect on IP , as was previously observed in Chapter 7 where the effect of the angle
φ on the mean interference at a PR was analysed.
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location of an unlicensed receiver (at the protection region edge) and the primary system topology, the
interference IP is presented in Figure 9.2.
In Figure 9.2 (a), for typical parameter values that have been considered in previous chapters, the effect of
protection distance ep on IP is presented. It is observed that IP increases as both the protection distance
and αP T −R become smaller. Figure 9.2 (b) presents the distribution of I ad hoc for different values of
density λ of unlicensed nodes contending for the primary channel. Analytical tools for determining the
distribution of I ad hoc are presented in Chapter 4 (see Sections 4.6.2 and 4.7). It is observed in 9.2 (b)

that when λ = 2nodes/10000m2 , 1 − FI ad hoc I ad hoc becomes 20% for I ad hoc = 1.5e − 8W. This

value of I ad hoc is much larger than the values of IP presented in Figure 9.2 (a). Hence, if the acceptable
outage probability at an unlicensed receiving node is 20% and λ = 2nodes/10000m2 , then the outage
probability is primarily defined by I ad hoc and the effect of IP is insignificant. If the acceptable outage
probability decreases below 20% and/or λ becomes larger than 2nodes/10000m2 , then the dominant
effect of I ad hoc (compared to IP ) becomes even larger. The effect of having variability in CT −R (defined
in Figure 3.2) is also the same. Hence, for the system parameters values considered, at an unlicensed
receiver at the protection region edge, the interference is dominated by I ad hoc .
At an unlicensed receiver that is located far away from the protection regions surrounding PTs (say at
Location A, see Figure 9.1), I ad hoc becomes even larger compared to that when the unlicensed receiver
is at the protection region edge. Moreover, IP becomes smaller, since there is no dominant PT interferer.
Hence, in general, the interference at all possible locations of unlicensed receivers is dominated by
I ad hoc . The worst-case location of an unlicensed receiver is Location A, at which the interference I ad hoc
is large (with the highest probability). The interference at this location can be determined by considering
the unlicensed transmitters that cause interference to be distributed uniformly around the unlicensed
receiver, as has previously been discussed in Section 4.6.2. The interference obtained from such a model
is characterised in Section 4.7. This interference model is employed in Section 9.3 to determine the
maximum allowed density of unlicensed nodes that can simultaneously contend for the primary channel
such that the interference constraint of the unlicensed receivers is met.

9.2.2

Known Primary Receiver Locations

If the unlicensed system is aware of the locations of the PRs, then it may operate inside the PT coverage
area (see Chapter 8). For such a system, it is assumed that the interference I ad hoc at all unlicensed
receivers is caused by all nodes in the unlicensed system contending for the primary channel. Hence, the
unlicensed transmitters causing interference are uniformly distributed around the unlicensed receiver in
a PPP. Analytical tools for characterising I ad hoc are presented in Section 4.7.
The interference IP at an unlicensed receiver from the PTs will be the smallest at an unlicensed receiver
located well outside the PT coverage areas (see Location C in Figure 9.3). However, if an unlicensed
receiver is located very close to a PT (see Location D in Figure 9.3), then there will be a large interference
from the PT. Note that due to the large transmit power of the PT, the interference IP at an unlicensed
receiver located close to the PT may become significantly larger than the interference I ad hoc . Hence,
at such a location of an unlicensed receiver, the probability of outage will be primarily defined by the
interference from the PT.
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Figure 9.3: A Spectrum sharing system in which PR locations are known.

The mean interference at an unlicensed receiver located at a short distance (say dP T −R ) from the PT is
0

−α

T −R
(same propagation model as employed in Section 9.2.1). The mean interference
given by k dP T P−R

power is considered to equal the instantaneous interference power since there is likely to be a LOS path
between the elevated PT and the unlicensed receiver. Moreover, the interference from other PTs in the
system will be significantly smaller than the interference from the closest PT.
In Section 9.3, the tools presented in this section for determining the worst-case outage probability of
an unlicensed receiver are employed for determining the criterion for meeting the unlicensed receiver
outage constraints.

9.3

Determining the Maximum Allowed Contention Density of Unlicensed
Nodes

In this section, tools for meeting the outage constraint of an unlicensed receiver are presented. The outage
constraint is satisfied for the worst-case unlicensed receiver location. The outage probability is limited
by limiting the density of unlicensed nodes simultaneously contending for the primary channel, which in
turn decreases the interference I ad hoc at the unlicensed receiver. Sections 9.3.1 and 9.3.2 present such
tools for systems with known PT and PR locations respectively.

9.3.1

Known Primary Transmitter Locations

When the PT locations are known, it was observed in Section 9.2.1 that the worst-case location of an
unlicensed receiver is Location A, as shown in Figure 9.1. The interference at this location is primarily
SS
due to I ad hoc , which is evaluated using the tools presented in Section 4.7. The probability of outage Pout
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of the unlicensed receiver is given by (see (4.3))
SS
Pout
=


PRad hoc
ad hoc
.
Prob ad hoc ≤ β
I


(9.2)

A LOS propagation between the unlicensed receiver and its desired unlicensed transmitter is considered.
Hence, the power PRad hoc at the unlicensed receiver from the desired transmitter is given by PRad hoc =
00

−α

00

T −R
k dT −R
, where k is defined in (4.5), dT −R is the unlicensed transmitter-receiver distance and αT −R

is the propagation exponent. Therefore, (9.2) can be expressed as
#
00 −αT −R
k
d
T −R
SS
≤ β ad hoc = 1 − FI ad hoc
Pout
= Prob
I ad hoc

00

"

−α

T −R
k dT −R
β ad hoc

!
.

(9.3)

SS by limiting λ, which defines F
The outage constraint is satisfied for a specified value of Pout
I ad hoc (.).

The expressions for FI ad hoc (.) are given in Section 4.7.3. A closed-form expression for the the maximum
allowed contention density λmax of the unlicensed nodes can be obtained only for αint−R = 4 (see (4.8)),
and is given by
s
λmax =

−α

T −R
2dT −R
Q−1
π 3 c2 β ad hoc



SS
1 − Pout
2


.

(9.4)

where c defines channel variability (see (4.8)).

9.3.2

Known Primary Receiver Locations

As discussed in Section 9.2.2, the worst-case location of an unlicensed receiver is inside the coverage area
of a PT at a location very close to the PT. At such a location, the interference at the unlicensed receiver
from the PT may become significantly large. Hence, the contention density of the unlicensed nodes has to
be made significantly small in order to meet the outage constraints of the unlicensed receiver. Moreover,
if IP  I ad hoc , then, even if the contention density is made small enough to obtain I ad hoc ≈ 0, the
outage constraint may not be met.

For such a system, it is considered that the unlicensed receiver outage constraint is met by limiting
the density of the contending unlicensed nodes as well as by applying geographical constraints on the
unlicensed system. Firstly, only the interference I ad hoc is considered. The maximum allowed contention
density λmax for which the outage constraint is met, is given by (9.4) (for αint−R = 4). Secondly, for
a contention density of unlicensed nodes less than λmax (which defines FI ad hoc (.)), a distance dP T −R
between an unlicensed receiver and a PT is determined for which the outage constraint defined in (9.5)
is satisfied, namely
00

Prob

−α

T −R
k dT −R

k

0

−α T −R
dP T P−R

+

I ad hoc

00

!
≤β

ad hoc

= 1 − FI ad hoc

−α

T −R
k dT −R
0 −α T −R
− k dP T P−R
β ad hoc

!
SS
≤ Pout
. (9.5)

At any unlicensed receiver located closer than distance dP T −R from a PT, the outage probability exceeds
the acceptable level. Hence, successful unlicensed transmissions take place only outside the circle of
radius dP T −R surrounding the PTs (see Figure 9.3). A closed-form expression for dP T −R for αint−R =
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4 (only case for which a closed-form expression can be obtained) is given by

dP T −R = 

9.4
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(9.6)

Characterising the Geographical Opportunity for a Spectrum Sharing Ad Hoc Network

The transmission capacity of a spectrum sharing system is defined by the geographical opportunity for
the unlicensed system (see Section 4.8.2). In this section, the geographical opportunity for the unlicensed
system is characterised, which is defined by the primary system topology and the protection distances
required for protecting the PRs (characterised in Chapters 5 to 8). As previously discussed in Chapter 4
(Section 4.5), the geographical opportunity for the unlicensed system is defined in terms of the probability that an unlicensed node contending for the primary channel is allowed to transmit. This probability
is referred to as ptransmit . In Sections 9.4.1 and 9.4.2 tools for determining ptransmit are presented for
systems with known PT and PR locations respectively.

9.4.1

Known Primary Transmitter Locations

When the PT locations are known, the geographical opportunity for the unlicensed system is defined
by the separation distances between the PTs and the size of the protection regions surrounding the PT
coverage areas. Tools for determining the protection distances are presented in Chapters 5, 6 and 7. The
probability of transmission ptransmit of an unlicensed node contending for the primary channel is given
by
ptransmit
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(9.7)

− R0

q
4 (R0 + ep )2 − D2 ,

(9.8)

3 × N R0 , as previously defined in Chapter 7. ptransmit is obtained by implementing the

framework presented in Chapter 4 (Section 4.5). Firstly, a rectangular region is defined as shown in
Figure 9.1. The corners of the rectangle are at PT locations such that the entire coverage area plus
protection region of a single PT is included inside the rectangle3 . ptransmit is given by the fraction of the
rectangular area utilised by the unlicensed system (see Appendix H for the derivation of (9.7)). Hence,
if the density of the unlicensed nodes contending for the primary channel is λmax , then the density of
nodes that are allowed to transmit is λmax ptransmit .
3

Changing the locations of the corners of the rectangle to other PT locations will make no difference to ptransmit as the
area utilised by the unlicensed system and the size of the rectangular region will change in the same proportion. However,
placing the corners of the rectangle at any other locations (other than PT locations) will change this proportion. It will however
not make any difference to the analysis of the unlicensed system capacity performed in this chapter.
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9.4.2

Known Primary Receiver Locations

When the PR locations are known, the geographical opportunity for the unlicensed system is defined by
the separation distances between PTs, the distribution of PRs inside the PT coverage area and the size of
the protection regions surrounding the PRs. Previously in Chapter 8 protection distances around the PRs
were determined. It was considered in Chapter 8 that the protection region around a PR is not affected
by the presence of other PRs (and protection regions surrounding them) in the system (see Section 8.3).
Hence, the distribution of the PRs was not discussed.
In this chapter, the PRs are considered to be distributed in a PPP with density λR inside the PT coverage
area. The radius of the protection region (i.e. the protection distance) around a PR located at a distance
dP T −P R from the desired PT is referred to as ePp R (dP T −P R ).
The area utilised by the unlicensed system is determined by considering two regions of operation of the
unlicensed system, namely regions X0 and X1 (see Figure 9.4 (a)). Regions X0 and X1 are defined such
that, for a distance r from a PT, r ∈ X0 ≡ [dP T −R , R0 + ePp R (R0 )), while X1 is the region outside
circles of radius R0 + ePp R (R0 ) surrounding all PTs (see Figure 9.4 (a)). Hence, an unlicensed node

contending for the primary channel located in region X1 is always allowed to transmit, whereas a node
in region X0 is allowed to transmit with a probability p defined by the distribution of PRs and protection
regions surrounding them.

R
Protection region of radius eP
p (R0 )

R
Protection region of radius eP
p (R0 )

R
Radius R0 -eP
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R
Radius R0 +eP
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(b)
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Radius R0 +eP
p (R0 )

Radius dP T −R

(c)

Region unoccupied by the unlicensed system

Figure 9.4: Defining the regions X0 and X1 for characterising the geographical opportunity for the unlicensed
system: (a) Exact geographical opportunity for the unlicensed system, (b) Upper bound on geographical opportunity for the unlicensed system and (c) Lower bound on geographical opportunity for the
unlicensed system. For brevity reasons, only two co-channel PTs are shown.

In region X0 , the PRs are distributed in a PPP and the radius of the protection regions surrounding
the PRs is defined by the PT-PR distance dP T −P R . Hence, the area covered by the protection regions
follows an inhomogeneous Boolean model consisting of circular grains (representing protection regions)
of variable size (see Appendix A) [102]. For such a system model, the void probability (see Appendix
A) defines the probability that an unlicensed transmitter lies outside the protection regions surrounding
the PRs. This probability is referred to as p and it represents the per unit area inside region X0 that is
utilised by the unlicensed system.
The void probability p cannot be determined analytically for the inhomogeneous Boolean model considered. Hence, Monte Carlo simulations are employed for determining p. Consequently, the probability of
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transmission (i.e. ptransmit ) of an unlicensed node is obtained by considering the probability of transmission in both regions X0 and X1 . Similar to Section 9.4.1, ptransmit is obtained by defining a rectangular
region as shown in Figure 9.3.
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− R0 , then ptransmit = 0.

Even though the value of p and hence ptransmit cannot be analytically determined, upper and lower
bounds on ptransmit can be analytically obtained.
Upper Bound on ptransmit
An upper bound on ptransmit is obtained by re-defining regions X0 and X1 such that r ∈ X0 ≡

[dP T −R , R0 − ePp R (R0 )) and X1 is the region outside circles of radius R0 − ePp R (R0 ) surrounding

all PTs on the spectrum sharing channel (see Figure 9.4 (b)). An unlicensed node contending for the
primary channel located in region X1 is always allowed to transmit, whereas a node in region X0 is
allowed to transmit with a probability p. The probability p is evaluated as the expected value of the void
probability in X0 , namely
h
n
i
2 o
p = E exp −λP π ePp R (dP T −P R )
| dP T −P R ∈ [dP T −R , R0 − ePp R (R0 )) .

(9.12)

The upper bound on ptransmit is given by
B
pU
transmit
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B
pU
transmit overestimates ptransmit firstly because it is considered that the unlicensed nodes are distributed

homogeneously (with a density less than λmax ) in the annular region defined by radii R0 − ePp R (R0 ) and

R0 +ePp R (R0 ). This is however not the case since the operation of the unlicensed system in this region is
affected by protection regions around PRs present in the annular region defined by radii R0 − ePp R (R0 )
and R0 . Secondly, p is determined by considering PRs to be distributed only in the annular region
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defined by radii dP T −R and R0 − ePp R (R0 ). However, PRs inside the annular region defined by radii
R0 − ePp R (R0 ) and R0 also affect p (decrease p). Such a technique for underestimating p has also been

previously employed in [34, 50].

Lower Bound on ptransmit
A lower bound on ptransmit is obtained by re-defining regions X0 and X1 such that r ∈ X0 ≡ [dP T −R , R0 −
ePp R (R0 )) and X1 is the region outside circles of radius R0 + ePp R (R0 ) surrounding all PTs on the spec-

trum sharing channel (see Figure 9.4 (c)). Hence, it is considered that unlicensed system does not operate
in the annular region defined by radii R0 − ePp R (R0 ) and R0 + ePp R (R0 ). An unlicensed node contend-

ing for the primary channel (with a density less than λmax ) located in region X1 is always allowed to
transmit, whereas a node in region X0 is allowed to transmit with a probability p. The probability p is
evaluated as the expected value of the void probability in the annular region defined by radii dP T −R and
R0 , namely4
h
n
i
2 o
p = E exp −λP π ePp R (dP T −P R )
| dP T −P R ∈ [dP T −R , R0 ) .
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− R0 , then the lower bound on ptransmit is given by
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− R0 , then the lower bound on ptransmit is given by

i 
o
2
2
2π h
1 n
0
PR
PR
2
√
√
2π
e
(R
)
+
R
pLB
=
p
R
−
e
(R
)
−
d
+
1
−
−
6A
,
0
0
0
0
p
transmit
p
P T −R
3D2
3D2
(9.16)
0

where A is given by (9.11). If ePp R (R0 ) ≥

D
√
3

− R0 , then ptransmit = 0.

pLB
transmit underestimates ptransmit because it is considered that no unlicensed nodes are allowed to transmit in the annular region defined by radii R0 − ePp R (R0 ) and R0 + ePp R (R0 ). A comparison of the trans-

B
LB
mission capacity obtained from pU
transmit and ptransmit with the exact value of transmission capacity is

performed in Section 9.6.

9.5

Determining the Transmission Capacity of an Ad Hoc Network

Sections 9.2, 9.3 and 9.4 present tools for determining the transmission capacity C SS of a spectrum
sharing ad hoc network, which is given by (see Section 4.8.2)


SS
C SS bits/s/Hz/m2 = bλmax 1 − Pout
ptransmit ,

(9.17)

4
R
The unlicensed nodes in the annular region defined by dP T −R and R0 −eP
(R0 ) are not affected by the presence/absence
p
of PRs outside the PT coverage area. This is because, even if there were operational PRs outside the PT coverage area (although
R
this is not the case), protection distances around them would not extend to the circle of radius R0 − eP
(R0 ) around a PT.
p
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where b (bits/s/Hz) is the transmission data rate of the intended transmitter-receiver node pair and is

given by b = log2 1 + β ad hoc .
The transmission capacity of a spectrum sharing ad hoc network is analysed in Section 9.6. Moreover,
a comparison of the transmission capacity of a spectrum sharing ad hoc network with that of a standalone ad hoc network is performed. The capacity of a stand-alone ad hoc network provides an upper
bound on the capacity of a spectrum sharing ad hoc network, since in a stand-alone scenario there are
no geographical constraints on the ad hoc network. Hence, a comparison of the two capacities allows
the determination of the reduction in the capacity of an ad hoc network as a result of spectrum sharing
with a broadcast primary system. Note that for the same outage constraints on a receiving node in the
ad hoc network, in both stand-alone and spectrum sharing scenarios, the maximum allowed density of
nodes that can simultaneously contend for a channel is the same.
Previously in [34,50], Kim and de Veciana have analysed the transmission capacity of a spectrum sharing
system consisting of a broadcast primary system and an unlicensed ad hoc network. In [34, 50], both
systems with known PT locations and known PR locations are considered. The main differences between
the system analysed in [34, 50] and that analysed in this thesis are as follows:
Difference 1: In [34, 50], the PTs are considered to be distributed in a PPP. Hence, the coverage areas
of co-channel PTs are allowed to overlap. However, in typical broadcast systems, co-channel transmitters and their coverage areas are separated by large distances. Such large PT separation distances are
considered in this thesis.
Difference 2: In [34, 50], a minimum separation distance is determined between an unlicensed receiving
node and a single interfering unlicensed transmitter for which the required SIR at the unlicensed receiver
is obtained. Consequently, an upper bound on the maximum allowed contention density of the unlicensed
nodes is obtained for which, the unlicensed receiver outage constraint is met. In this thesis, the exact
maximum allowed contention density is obtained (see Section 9.3).
Difference 3: In [34, 50], the interference constraints of PRs are satisfied by defining circular protection
regions around PT coverage areas (when PT locations are known) and around PRs (when PR locations
are known). The radius of the protection region is determined by considering the interference at a PR
from only a single interferer. Hence, the protection region is defined by the minimum distance between an
interferer and a PR for which the required SIR at the PR is obtained. No channel variability is considered,
hence there is no variability in the interference power. The protection region radius is hence independent
of the density of interferers. However, in this thesis (see Chapters 5 to 8) the protection distance is
obtained as a function of the density of UDs while considering the effects of channel variability.
Difference 4: In [34, 50], for a system with known PR locations, an upper bound on the geographical
opportunity for the unlicensed system is obtained. The technique employed in [34, 50] is similar to that
presented in Section 9.4.2 for obtaining an upper bound on p. Consequently, for the system topology
considered in [34, 50], an upper bound on the geographical opportunity for the unlicensed system is
obtained. In this chapter, both the upper and lower bounds as well as the exact geographical opportunity
for the unlicensed system are obtained and a comparative study is performed.
In Section 9.6, a comparison of the unlicensed system capacity obtained for the system model considered
in [34, 50] and that considered in this thesis is performed. For the primary system considered in this
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thesis,the PTs are
 uniformly located with a separation distance D. Hence, the density of PTs is given
2
by 1/ π (D/2) . For the comparative study performed, PTs in Kim and de Veciana’s model are also


considered to be distributed with a density of 1/ π (D/2)2 , but in a PPP. The effect of the differences
(i.e. Difference 1 to 4) between the system considered in [34, 50] and that considered in this thesis are
analysed separately and combined.
For the analysis presented in Section 9.6, it is considered that dT −R = 20m, αT −R = 2, αint−R = 4,
SS = P ad hoc = 20%. For these parameter values and for various characteristics
β ad hoc = 10dB and Pout
out

of Cint−R , the maximum allowed density of nodes in the ad hoc network that contend for a channel
while meeting the unlicensed receiver interference constraints, is presented in Table 9.1. It is observed
that when Cint−R is a Rayleigh channel, λmax increases compared to the case when there is no variability
in Cint−R . This is because, Rayleigh fading in Cint−R causes c (see Section 4.7.3), which in turn defines
FI ad hoc (.), to decrease. However, lognormal shadowing in Cint−R increases c, hence, λmax decreases.
SS on the
This chapter does not focus on analysing the effects of dT −R , αT −R , αint−R , β ad hoc and Pout

maximum allowed contention density. A number of previous studies have performed such an analysis
(e.g. [86, 87, 96, 105]).
Table 9.1: Effect of variability in Cint−R on λmax .

Cint−R
No variability
Rayleigh channel
Lognormal channel

Suzuki channel

9.6

4dB
8dB
12dB
4dB
8dB
12dB

λmax
10nodes/10000m2
11nodes/10000m2
9.16nodes/10000m2
6.67nodes/10000m2
3.9nodes/10000m2
10nodes/10000m2
7.52nodes/10000m2
4.43nodes/10000m2

Analysis of the Transmission Capacity of an Unlicensed Ad Hoc Network

In this section, the transmission capacity of an unlicensed ad hoc network is analysed. Section 9.6.1
presents the analysis for a system in which the PT locations are known. Section 9.6.2 presents the
analysis for a system in which the PR locations are known. Section 9.6.3 presents a comparison of the
transmission capacity obtained for systems with known PT and PR locations.

9.6.1

Unlicensed System Capacity when Primary Transmitter Locations are Known

In this section the transmission capacity of an unlicensed ad hoc network sharing spectrum with a primary system with known PT locations is analysed. Previously in Chapters 5, 6 and 7, the effects of the
PR protection requirements and channel variability (channels CU D−P R and CP T −P R ) on the required
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protection distances (around PT coverage areas) are analysed. If changing any of these parameters increases the required protection distances, the area available for the unlicensed system operation becomes
smaller, hence, the transmission capacity decreases. Moreover, the sensitivity of the transmission capacity to varying parameter values is directly related to the sensitivity of protection distances to these
parameters. This is quite obvious from (9.7). When 0 ≤ ep <
for the unlicensed system is given by 1 −

√2π
3D2

2

D
2

− R0 , the geographical opportunity

(ep + R0 ) . Hence, if increasing a parameter (say βP )

increases ep , it will definitely decrease ptransmit and consequently the transmission capacity. Moreover,

the sensitivity of protection distances to βP increases as βP becomes larger (see Figure 7.6). Therefore, the sensitivity of (ep + R0 )2 to βP (and hence the sensitivity of transmission capacity to βP ) also
increases as βP becomes larger. See Appendix I for the effects of the PR protection requirements and
channel variability on the transmission capacity.
The effect of the UD density (density of unlicensed nodes contending for the primary channel) and the
primary system topology on the required protection distances has also been analysed in Chapters 5, 6
and 7. Increasing the UD density (to values less than λmax ) and the distance between PTs increases
the required protection distances. Moreover, increasing the UD density also increases the probability
of outage of an unlicensed receiver. However, increasing these parameters has an additional contrary
effect on the transmission capacity, namely, increasing the UD density tends to increase the transmission
capacity and increasing the PT separation distance tends to increase the area available to the unlicensed
system. Hence, the overall effect of the UD density and primary system topology on the transmission
capacity cannot be directly conceptualised. This section presents the analysis of the effects of these
parameters on the transmission capacity.

Effect of Contention Density of Unlicensed Nodes and the Primary System Topology
Figure 9.5 presents the effect of the UD density (i.e. λ) on the capacity of the unlicensed network.
It is considered that λ ≤ λmax . In order to perform such an analysis, the capacity is calculated by

SS in (9.17) with the obtained outage probability for
replacing λmax in (9.17) with λ and replacing Pout

the corresponding λ value. When the effect of the UD density is analysed, the capacity of the unlicensed system is referred to as ‘capacity’ instead of ‘transmission capacity’, which is defined only for
λ = λmax . The effect of λ on the capacity of a stand-alone ad hoc network is also shown in Figure 9.5. Figure 9.5 (a) presents results when no variability in Cint−R is considered. For such a system
λmax = 10nodes/10000m2 . Figure 9.5 (b) presents results when there is lognormal shadowing in Cint−R
with σint−R = 8dB (σint−R is defined in Section 4.7.3). For such a system λmax = 6.67nodes/10000m2 .
In both Figures 9.5 (a) and (b) it is observed for a stand-alone ad hoc network that the capacity increases
with increasing λ. Hence, the maximum capacity is reached at the maximum allowed contention density
λmax . It was shown in [97] that for all practical values of outage constraints (less than 63%) on the
unlicensed receiver, the maximum capacity of a stand-alone ad hoc network is always reached at the
maximum allowed contention density. It is also observed that, as expected, for any value of λ less than
6.67nodes/10000m2 the capacity values shown in Figure 9.5 (a) are larger than those shown in 9.5 (b).
This is because, variability in Cint−R increases the outage probability of a receiving node in the ad hoc
network, and hence decreases the capacity.
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Figure 9.5 also presents the capacity of an ad hoc network coexisting with a broadcast primary system.
The capacity is presented for two sets of parameter values that define Systems 1 and 2. The parameter
values are selected such that the required protection distances for System 2 are significantly larger than
those required for System 1. The two systems are defined by the following parameter values:
System 1: R0 = 50km, PU D = 40mW, α = 4, αP = 3.5 (propagation exponent characterising signals
propagating from an interfering PT to a PR), P¯0 = −84dBm, βP = 20dB and Pout = 1%.
System 2: R0 = 50km, PU D = 100mW, α = 4, PP Tlin = 300kW (PT transmit power), αP = 3.31,
P¯0 = −84dBm, βP = 23dB and Pout = 1%.
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Figure 9.5: Effect of λ (less than λmax ) on the capacity of a spectrum sharing and a stand-alone ad hoc network when N = 4: (a) No variability in Cint−R and (b) lognormal shadowing in Cint−R with
σint−R = 8dB (σint−R is defined in Section 4.7.3).

For both Systems 1 and 2, the capacity of the unlicensed system is found to be smaller than that of a
stand-alone ad hoc network. Moreover, the difference in capacities of the two systems increases as λ
becomes larger. It is observed for System 1 that the capacity increases with increasing λ and the largest
capacity is obtained at λmax . Hence, the capacity increases with increasing λ even though increasing λ
decreases the geographical opportunity for the unlicensed system. For System 2, it is observed in both
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Figures 9.5 (a) and (b) that the capacity reaches a peak value at λ = 4nodes/10000m2 (approximately).
Increasing λ to values greater than 4nodes/10000m2 decreases capacity. However, the reduction of
capacity is not significant and the capacity becomes approximately asymptotic once the peak is reached.
Hence, in general, for a spectrum sharing ad hoc network, when the geographical opportunity for the
unlicensed system is large, the peak capacity is reached at the maximum allowed contention density of
unlicensed nodes. However, when the geographical opportunity for the unlicensed system is small, an
asymptotic peak capacity is reached at a contention density less than the maximum allowed density [14].
Figure 9.6 presents the effects of UD density on the capacity of a spectrum sharing ad hoc network when
N = 7. When N increases, the protection distances become larger, as shown in Chapter 7. However,
as N increases, the separation distance between PTs increases as well, the effect of which is to increase
the area available to the unlicensed system. A comparison of Figures 9.5 (a) and 9.6 suggests that
increasing N increases the transmission capacity. Hence, the effect of increasing protection distances
with increasing N is less significant than the effect of increasing opportunity for the unlicensed system
with increasing N . It is also observed that compared to the case when N = 4, the capacity of a spectrum
sharing ad hoc network when N = 7 is closer to the capacity of a stand-alone ad hoc network. This is
because when N and hence D becomes larger, then ptransmit (see (9.7)) becomes larger, i.e. ptransmit
gets closer to 1.
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Figure 9.6: Effect of λ (less than λmax ) on the capacity of a spectrum sharing and a stand-alone ad hoc network
when N = 7 and there is no variability in Cint−R .

Kim and de Veciana’s Capacity Results vs Capacity Results Obtained in this Thesis
Figure 9.7 presents the difference between the transmission capacity of an unlicensed system obtained
from the technique presented in [34,50], and that considered in this thesis. Figure 9.7 (a) presents results
for N = 4, while Figure 9.7 (b) presents results for N = 7. In [34, 50], a Poisson distribution of PTs is
considered. Hence, a comparison of [34, 50] with the system considered 
in this thesis
 is performed by
2
considering the PTs in [34, 50] to be distributed with density given by 1/ π (D/2) . For N = 4 and
R0 = 50km, this density becomes 4.24 × 10−11 PTs/m2 and for N = 7 and R0 = 50km, this density
becomes 2.24 × 10−11 PTs/m2 .
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For a system with known PT locations, the differences between the system considered in [34, 50] and
that considered in this thesis are Differences 1, 2 and 3, which are specified in Section 9.5. Figure 9.7
firstly presents the transmission capacity of the unlicensed system when all three differences are taken
into account. Secondly, the transmission capacity is presented when Differences 2 and 3 are taken into
account, while the system in [34, 50] is changed to overcome Difference 1 by having the PTs uniformly
distributed instead of being distributed in a PPP. Thirdly, the transmission capacity is presented when only
the effect of Difference 3 is considered, while Differences 1 and 2 are overcome by considering the PTs
to be uniformly distributed (instead of being distributed in a PPP) and considering the exact evaluation
of the maximum allowed contention density (instead of the upper bound on contention density, which
defines Difference 2).
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Figure 9.7: Difference between the capacity results obtained in [34, 50] and the capacity results obtained in this
thesis when when PU D = 100mW, α = 4, P¯0 = −84dBm, βP = 20dB and Pout = 1%: (a) N = 4
and (b) N = 7.

It is observed in Figure 9.7 that the transmission capacity obtained in [34, 50] is larger than that obtained
for the system considered in this thesis. When N = 4, the difference between the two capacities is
larger than the difference when N = 7. The effect of having the PTs distributed uniformly (see the
case when only Differences 2 and 3 are considered), instead of being distributed in a PPP (see the case
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when Differences 1, 2 and 3 are considered) is significant when N = 4 (see Figure 9.7 (a)), while it is
not significant when N = 7 (see Figure 9.7 (b)). When N = 4, having the PTs uniformly distributed,
instead of being distributed in a PPP, results in a reduction in the transmission capacity of the unlicensed
system. However, when N = 7, there is a small increase in the transmission capacity when PTs are
distributed uniformly.
It is observed that the transmission capacity of the system considered in [34, 50] is very sensitive to
the contention density of unlicensed nodes. Hence, the difference between the obtained capacity when
Differences 2 and 3 are considered and when only Difference 3 is considered is significant. In [34, 50]
there is a linear relation between the transmission capacity and the density of unlicensed nodes. However,
for the system considered in this thesis, the protection distances as well as the unlicensed receiver outage
probability are also related to the density. The significance of the effect of Difference 3 increases as βP
(protection margin of PRs) increases, hence when the required protection distances become larger. Note
that the transmission capacity obtained in [34, 50] is hardly affected by βP , while that obtained for the
system considered in this thesis is significantly affected by βP .

9.6.2

Unlicensed System Capacity when Primary Receiver Locations are Known

In this section the capacity of an unlicensed ad hoc network sharing spectrum with a primary system with
known PR locations is analysed. A comparison of the bounds on the capacity (obtained from the bounds
on ptransmit ) and the exact capacity obtained from Monte Carlo simulations (which provide the exact
values for ptransmit ) is performed. Moreover, the effects of various system parameters on the capacity
are analysed.
Previously in Chapter 8, the effects of various system parameters on the required protection distances
(surrounding PRs) were analysed. The results in Chapter 8 can be employed to conceptualise whether
increasing a parameter increases or decreases the capacity. If increasing a parameter increases the required protection distances, the area available for unlicensed system operation and hence the unlicensed
system capacity will decrease. Note that such effects of parameters on the capacity can be conceptualised
for all parameters other than the UD density (less than λmax ). This is because, even though increasing
the UD density increases the required protection distances and the unlicensed receiver outage probability,
a larger UD density also tends to increase the capacity (see (9.17)).
Even though it can be determined whether increasing/decreasing a parameter increases/decreases the
capacity, the sensitivity of the capacity to the parameter cannot be directly determined. For a system
with known PT locations, the sensitivity of the capacity to protection distances and consequently the
parameters that define the protection distances, can be directly determined from the expressions for
capacity. However, the expressions for capacity of a system with known PR locations are much more
complicated. Therefore, in this section, the effects of the UD density as well as other parameters that
define the required protection distances on the capacity are analysed.
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Analysis of the Bounds on Transmission Capacity and Effects of UD Density
Figure 9.8 presents a comparison of the bounds on the capacity of the unlicensed system obtained from
the ptransmit values given by (9.13), (9.15) and (9.16) and the exact capacity obtained from the ptransmit
values given by (9.9) and (9.10). Figure 9.8 also presents the effects of the UD density (less than λmax )
on the capacity. Consequently, the UD density at which the maximum capacity is obtained, is identified.
When the effect of the UD density is analysed, the capacity of the unlicensed system is referred to as
‘capacity’ instead of ‘transmission capacity’, which is defined only for λ = λmax .
Figure 9.8 (a) presents the effects of the UD density on the capacity of the unlicensed system when
λR is small, namely 0.001PRs/10000m2 . Moreover, the system parameters are selected such that the
protection distances surrounding the PRs are small. It is observed in Figure 9.8 (a) that the maximum
capacity is obtained at the maximum allowed contention density of the unlicensed nodes. Moreover, the
difference between the exact capacity and the upper bound is approximately the same as the difference
between the exact capacity and the lower bound.
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Figure 9.8: Effect of the UD density on the capacity of the unlicensed system for PU D = 100mW, α = 4,
P¯0 = −84dBm, and Pout = 1%: (a) βP = 20dB, N = 4, λR = 0.001PRs/10000m2 and no channel
variability, (b) βP = 20dB, N = 4, λR = 1PR/10000m2 and no channel variability (c) βP = 23dB,
N = 4, λR = 1PR/10000m2 and lognormal shadowing in CU D−P R with σU = 12dB and (d)
2
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2 presents the capacity when λR has a larger value of 1PR/10000m2 . It is observed that
Figure 9.8 (b)

the maximum capacity is obtained at the maximum allowed contention density of the unlicensed nodes.
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It is observed that both the bounds and the exact capacity are smaller than those shown in Figure 9.8
(a). Moreover, the difference between the bounds also becomes slightly smaller compared to the difference in Figure 9.8 (a). It is observed that the exact capacity obtained from Monte Carlo simulations is
significantly closer to the lower bound than the upper bound.
Figure 9.8 (c) presents the capacity when λR = 1PR/10000m2 , while the system parameters are defined
such that the protection distances are large. It is observed that the maximum capacity is no longer
obtained at the maximum allowed contention density of the unlicensed nodes. The maximum capacity is
obtained at a contention density less than the maximum allowed contention density. It is observed that
the difference between the bounds on capacity becomes significantly larger compared to the difference
in Figures 9.8 (a) and (b). It is observed that the exact capacity obtained from Monte Carlo simulations
is significantly close to the lower bound on capacity.
Figure 9.8 (d) presents the capacity for N = 7. Other parameter values are considered to be the same as
those considered for Figure 9.8 (c). It is observed that when N increases, the capacity increases, since a
larger area is available for the unlicensed system operation. Note that the protection regions surrounding
the PRs are not affected by the PT separation distance. Hence, the effect of increasing the PT separation
distance is to increase ptransmit , which in turn increases the unlicensed system capacity. It is observed
in Figure 9.8 (d) that the maximum capacity is obtained at the maximum allowed contention density.
Moreover, the exact capacity is significantly close to the lower bound.
The observations made in Figure 9.8 can be summarised as follows:
• When the area available to the unlicensed system inside the PT coverage area is small (which
may be due to large required protection distances and/or large λR ) then the exact capacity is sig-

nificantly close to the lower bound on capacity. Moreover, the difference between the bounds
becomes larger as the area decreases.
• When the area available to the unlicensed system inside the PT coverage area is small, the peak
capacity may be obtained at a density less than the maximum allowed contention density of unlicensed nodes.
• When the PT separation distance increases, the transmission capacity increases.
Sensitivity of Transmission Capacity to System Parameters Defining Protection Distances
In this section, the effects of various parameters that define the required protection distances around the
PRs is analysed. Such effects are analysed for various densities of the PRs inside the PT coverage area.
Figures 9.9 (a), (b) and (c) present the effects of βP , variability in CU D−P R and the propagation exponent
α respectively on the transmission capacity of the unlicensed system. It is observed, as expected, that
increasing βP and σU (characterising lognormal shadowing in CU D−P R ) and decreasing α decrease the
capacity, since the protection distances become larger. Hence, increasing βP and σU and decreasing α
increase the difference between the capacity of a spectrum sharing and a stand-alone ad hoc network.
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In Figures 9.9 (a), (b) and (c), it is observed that when λR is large (see results for λR = 1PR/10000m2
and 10PRs/10000m2 ), the behaviour of the sensitivity of capacity to βP , σU and α is the same as the
sensitivity behaviour of protection distances to βP , σU and α. Specifically, as βP and σU increase, the
sensitivity of capacity to βP and σU increases. Moreover, when α increases, the sensitivity of capacity to
α decreases. Hence, the capacity becomes more sensitive to the parameters when the protection distances
become larger. Similar observations were made for the sensitivity of protection distances to βP , σU and
α (see Table 8.3).
For small λR values, the sensitivity of the capacity is found to be large even to small values of βP and σU
and large values of α. In fact, the capacity is found to be slightly more sensitive to smaller values of βP ,
than to larger values of βP . Moreover the capacity is found to be significantly more sensitive to larger
values of α, than to smaller values of α. However, the capacity is still more sensitive to larger values of
σU . It is also observed that the variability in transmission capacity with changing parameters βP , σU and
α becomes larger when λR becomes smaller.
Kim and de Veciana’s Capacity Results vs Results in this Chapter
Figure 9.10 presents the difference between the obtained transmission capacity of an unlicensed system
using the technique presented in [34, 50] and that considered in this thesis. Aspreviouslydiscussed in
Section 9.5, the PTs in [34, 50] are considered to be distributed with density 1/ π (D/2)2 .
For a system with known PR locations, the differences between the system considered in [34, 50] and
that considered in this thesis are Differences 1, 2, 3 and 4, which are specified in Section 9.5. Figure
9.10 firstly presents the transmission capacity of the unlicensed system when all four differences are
taken into account. Secondly, the transmission capacity is presented when Differences 2, 3 and 4 are
taken into account, while the system in [34, 50] is changed to overcome Difference 1 by having the
PTs uniformly distributed instead of being distributed in a PPP. Thirdly, the transmission capacity is
presented when the effect of Differences 3 and 4 is considered, while Differences 1 and 2 are overcome
by considering the PTs to be uniformly distributed and considering the exact evaluation of the maximum
allowed contention density (instead of the upper bound on contention density, which defines Difference
2). Fourthly, the transmission capacity is presented when only the effect of Difference 4 is considered,
while Differences 1, 2 and 3 are overcome by considering the PTs to be uniformly distributed, considering
the exact evaluation of the maximum allowed contention density and obtaining protection distances by
considering multiple UDs (instead of a single UD, which defines Difference 3).
It is observed in Figure 9.10 that Difference 2 has the most significant effect on the capacity, while
Difference 3 has a significant effect when λR is small. Hence, the transmission capacity is very sensitive
to the contention density of unlicensed nodes (which defines Difference 2) and the technique involved in
the determination of the required protection distances (which defines Difference 3). Note that the case
when only Difference 4 is considered, is the same as the upper bound on transmission capacity obtained
for the system considered in this thesis. It is observed that the capacity obtained in [34, 50] (see the case
when all four differences are considered) is significantly more sensitive to λR compared to that obtained
for the system considered in this chapter. A comparison of Figures 9.10 (a) and (b) is performed to
determine the effect of increasing βP , and consequently increasing the required protection distances, on
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the difference between the capacity obtained for the system considered in this thesis and for the system
involving Differences 1 to 4. When λR is very small or very large, the difference increases. However,
when λR is neither too small, nor too large (in the range 0.05PRs/10000m2 to 0.5PRs/10000m2 ), the
difference decreases. This is because with increasing βP , the reduction in the capacity of the system
considered in [34,50] is smaller than the reduction in the capacity of the system considered in this thesis.
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Figure 9.10: Difference between the capacity obtained for the system considered in [34, 50] and the capacity
obtained for the system considered in this thesis when PU D = 100mW, α = 4, P¯0 = −84dBm,
Pout = 1% and N = 4: (a) βP = 15dB and (b) βP = 20dB.

9.6.3

Improvements in Unlicensed System Capacity Caused by Known Primary Receiver
Locations

This section presents a comparative study of the unlicensed system transmission capacity in systems
with known PT and PR locations. Figure 9.11 presents the difference between the capacity when the PR
locations are known and the capacity when the PT locations are known, as a percentage of the capacity
when the PT locations are known. The percentage increase in capacity obtained from knowing the
PR locations is presented as a function of the PR density λR . The unlicensed system capacity when
PT locations are known is not affected by λR , while the capacity when the PR locations are known is
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affected by λR . For the system considered in this thesis, there may be scenarios in which the unlicensed
system capacity when the PT locations are known is larger than the capacity when the PR locations
are known. This happens when the density of PRs inside the PT coverage area is very large. For such
a system, when PR locations are known, there may be very few UDs operating in a circle of radius
R0 + ePp R (R0 ) surrounding the PT. For a system with known PT locations, there are no UD operating
inside a circle of radius R0 + ep around PTs. Now, for the system with known PR locations, the radius
of the protection region around a PR is calculated by considering the UDs to be distributed uniformly
outside the protection region. Hence, for the same density of UDs in both systems with known PT and
PR locations, ePp R (R0 ) > ep . Hence, when the PR density is large, the area occupied by the UDs in a
system with known PR locations is smaller than the area occupied in a system with known PT locations.
For such a system, the increase in capacity obtained from knowing the PR locations (compared to the
system with known PT locations) is considered to be 0.
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Figure 9.11: Improvements in capacity obtained from knowing the PR locations for PU D = 100mW, α = 4,
P¯0 = −84dBm, Pout = 1% : (a) No channel variability, (b) βP = 15dB, N = 7 and lognormal
shadowing in CU D−P R with standard deviation σU .

Figure 9.11 (a) presents the effects of the PR protection margin βP and the PT separation distance,
defined by N , on the percentage increase in capacity obtained from knowing the PR locations. It is
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observed that a smaller value of βP causes a larger increase in capacity. Hence, even though, when
βP is small, the required protection distances in both systems with known PT locations and known
PR locations become smaller, a greater increase in capacity of the system with known PR locations is
obtained. Moreover, it is observed in Figure 9.11 (a) that when βP = 10dB, the increase in capacity
obtained for N = 4 is larger than the increase obtained when N = 7. Hence, when βP is smaller,
and hence the protection distances are smaller, a larger increase in capacity is obtained for a smaller N .
However, when βP is larger (i.e. βP = 20dB), the increase in capacity is larger for a larger N . Hence, in
general, if the protection distances are smaller, i.e. there is a larger area available to the UDs inside the
PT coverage area (in a system with known PR locations), greater improvements in capacity are observed
if PT separation distances are smaller. However, if the area available to the UDs inside the PT coverage
area is small, greater improvements in capacity are observed if PT separation distances are larger.
Figure 9.11 (a) presents the effects of variability due to lognormal shadowing in CU D−P R on the percentage increase in capacity obtained from knowing the PR locations. It is observed that when σU is larger,
and hence the required protection distances are larger, the increase in capacity is smaller. Moreover, it is
observed that for a specified value of λR when σU increases, the rate at which the capacity (percentage
increase in capacity) becomes smaller increases as σU increases.
For typical system parameter values considered in Figure 9.11, it is observed that the increase in capacity
obtained is less than 6% (an increase of 6% is obtained when βP = 10dB, N = 4 and no channel
variability is considered) when PR densities greater than 0.1PRs/10000m2 are considered. Hence, for
the considered parameter values, the improvements in capacity obtained from knowing the locations of
the PRs (compared to the capacity obtained from knowing the PT locations) may not be very significant
when the PR density is large. However, a much larger increase in capacity is obtained if the density
of PRs is very small. Moreover, the increase in capacity may become larger if the UD transmit power
decreases and/or the power at the PT coverage edge increases to values greater than -84dBm.

9.7

Summary

This chapter presents an investigation of the capacity of an unlicensed ad hoc network coexisting with
a broadcast primary system. The capacity analysis is performed for a system in which the unlicensed
system is aware of only the PT locations and for a system in which the unlicensed system is aware of
both PT and PR locations. Analytical tools are presented for characterising the capacity of the unlicensed
system in both scenarios. The effect of various system parameters on the capacity is analysed and a
comparative study of the achievable capacity in the two scenarios is performed.
The metric employed for characterising the capacity of an unlicensed ad hoc network is the transmission
capacity. The transmission capacity, which has previously been presented in Chapter 4, is defined by the
maximum density of the unlicensed nodes that can simultaneously transmit on the primary channel, such
that the outage constraints of both the unlicensed receiving nodes and the PRs are met. In this chapter,
as a first step towards determining the transmission capacity, the outage probability of an unlicensed
receiver is characterised. Consequently, the maximum density of unlicensed nodes that can simultaneously contend for the primary channel are determined, such that the outage constraints at the worst-case
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location of an unlicensed receiver are met. Secondly, analytical tools are presented for characterising the
geographical opportunity for the unlicensed system that is allowed by the primary system topology and
the primary system performance requirements. For a system with known PR locations, the exact values
of the geographical opportunity for the unlicensed system can be obtained only by employing Monte
Carlo simulations. However, analytical tools for determining bounds on the geographical opportunity
are presented. The maximum allowed contention density of the unlicensed nodes and the geographical
opportunity for the unlicensed system are employed for determining the transmission capacity of the
unlicensed system.
For a system with known PT locations, an analysis of the effects of the contention density of the unlicensed nodes (less than the maximum allowed contention density) is performed. It is shown that the
peak capacity is always obtained at the maximum allowed contention density. However, when the protection distances are large and the PT separation distances are small, i.e. the geographical opportunity
for the unlicensed system is small, a peak asymptotic capacity may be reached at a contention density
less than the maximum allowed contention density. It is shown that the effects of other parameters that
define the required protection distances on the transmission capacity is the opposite to the effect of the
parameters on the protection distances. Specifically, if increasing a parameter increases the required
protection distances, it decreases the transmission capacity. Moreover, if the sensitivity of protection
distances to a parameter is larger to larger parameter values, the sensitivity of transmission capacity is
also larger to larger parameter values. In this chapter, a comparative study of the unlicensed system
transmission capacity obtained in [34, 50], and the capacity obtained for the system considered in this
thesis, is performed. It is observed that the most significant difference in the two capacities is a result
of the different techniques involved in the determination of the maximum allowed contention density of
unlicensed nodes.
For a system with known PR locations, it is shown that the peak capacity (that is not asymptotic) may
be obtained at a contention density of unlicensed nodes less than the maximum allowed density. Such
behaviour is observed when the protection distances are large i.e. the geographical opportunity for the
unlicensed system is small. It is shown in most scenarios, except when the PR density is extremely
small, that the capacity obtained from Monte Carlo simulations is significantly close to the lower bound
on capacity, that can be analytically determined. When the PR density is large, the effects of various
parameters that define the required protection distances is the same as those observed for a system with
known PT locations. However, when PR densities are small, the capacity is found to become significantly
more sensitive to the system parameters. A comparison with the capacity results in [34, 50] suggests that
the most significant difference is a result of the different techniques involved in the determination of the
maximum allowed contention density of unlicensed nodes as well as the different techniques involved in
the determination of the protection regions around PRs.
It is observed that when the UD transmit power is 100mW, the PT power at its coverage edge is 84dBm, the PR protection margin is 10dB and the PR density is greater than 0.1PRs/10000m2 , the
improvements in the unlicensed system capacity achieved from knowing the PR locations instead of just
knowing the PT locations, is smaller than 6%. The percentage increase in capacity becomes even smaller
as the protection distances in both systems with known PT and PR locations become larger and/or the
PT separation distance becomes smaller.

Chapter 10

Future Directions
10.1

Introduction

In Chapters 5 to 9, this thesis has investigated various aspects of a spectrum sharing system consisting
of a broadcast primary system and an unlicensed ad hoc network. Several important factors that affect
the operation of the unlicensed system (in terms of the geographical opportunity for the unlicensed
system) are analysed. These factors are the performance requirements of the primary system, the primary
system topology, channel variability and the information about the primary system that is available to the
unlicensed system. Moreover, the achievable primary spectrum utilisation as a result of spectrum sharing
is analysed.
This chapter summarises the contributions of the thesis, their applicability in practical scenarios and the
limitations of the work presented in this thesis. Moreover, recommendations for extending the work in
this thesis are presented. Section 10.2 discusses the applicability and limitations of the research. Section
10.3 presents the future research recommendations.

10.2

The Applicability and Limitations of the Research

This thesis has investigated a number of aspects of spectrum sharing systems. The main contributions of
this thesis, which have previously been shown in Figure 1.1, can be summarised as:
• The geographical constraints that must be imposed on the unlicensed system in order to ensure the
primary system protection are determined.

• The capacity of the unlicensed system operating under geographical constraints imposed by the
primary system performance requirements is determined.

• The effects of increased primary system knowledge on the geographical constraints on the unlicensed system and the consequent increase in the unlicensed system capacity are analysed.
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10.2.1

Future Directions

Applicability of the Research

In this thesis an analysis of the protection regions (i.e. UD exclusive regions) that are required to meet the
primary system performance requirements is performed. The protection distances (that define the size of
the protection regions) are obtained by considering the interference to the PRs from not just a single UD
(as considered by the FCC), but from multiple UDs. An unlicensed ad hoc network is considered such
that the number of simultaneously transmitting UDs and their locations are stochastically distributed.
Such a model provides useful information to system planners about the required protection distances
when there is uncertainty in the aggregate interference at the PRs. The inclusion of the effects of channel
variability in the analysis further increases the uncertainty in the interference.
The performance of the unlicensed system is characterised by its capacity. The analysis of the effects
of various system parameters on the capacity is performed and the parameters for which the maximum
capacity is obtained, are identified. Such an analysis provides relevant information to system planners
about the optimal selection of parameters that guarantee primary system protection as well as the most
efficient utilisation of the available primary spectrum by the unlicensed system.
This thesis presents an analysis of a system in which not only the PT locations are known, but the PR
locations are also known. A comparison of the capacity of such a system with that of a system with
known PT locations (which is the case in a typical broadcast system) is performed. Such an analysis
informs the system planners about the increase in capacity obtained from knowing the PR locations.
Hence, the system planners can assess the tradeoff between the achievable increase in capacity and the
high cost involved in determining the PR locations through cooperation from the primary system.

10.2.2

Limitations of the Research

The following sections discuss the limitations of the research presented in this thesis.

Uncertainty in Detecting the Primary System
In this thesis, it is considered that the UDs employ geo-location based techniques for determining the
locations of the PTs. It is considered that the UDs can accurately determine the PT locations. However,
in practical scenarios, the geo-location based system may not be completely accurate. As previously
mentioned in Chapter 2, the FCC considers an error of +/-50m, while the Ofcom considers an error
of +/-100m. Taking into account these inaccuracies in the analyses may require the UDs to be more
conservative when protecting the primary system. Note that the effect of the inaccuracies will be significant only when the protection distances are not significantly large compared to the inaccuracies of 50 or
100m.
In this thesis, a system is analysed in which the UDs are aware of the exact PR locations. It is however not
clear at this stage how the locations of the PRs can be practically determined. The implementation of such
a system has not been addressed by the regulatory bodies. Previous studies have suggested sensing the
leakage power of the DTV receivers (when the PR are considered to be DTV receivers) [118]. Moreover,
other techniques such as beacon emissions at the PRs have also been proposed [46, 65]. Such techniques
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would however involve a high infrastructure cost and cooperation from the primary system. For the
analyses presented in this thesis, it is considered that the exact locations of the PRs are known to the
UDs. It is however important to take into account the uncertainty in the detection of the PR locations,
which would depend on the detection technique employed. Taking into account these inaccuracies in the
analyses may require the UDs to be more conservative when protecting the PRs.

Protection Regions Surrounding Primary Receivers
In order to determine the protection regions that surround the PRs (in a system in which the PR locations are known), the effect of the primary system topology on the required protection distances is not
considered. Hence, the protection distances obtained in this thesis are conservative. The effect of the
primary system topology can be taken into account by employing resource (geographical area) allocation
algorithms applicable to the unlicensed system, as discussed in Section 8.3.

10.3

Future Research Recommendations

This section presents recommendations for extending the work presented in this thesis.

10.3.1

Characteristics of the Unlicensed System

In this thesis, the analysis is performed for an unlicensed system operating as an ad hoc network. The
analysis may be extended to consider various characteristics of the unlicensed system other than those
considered in this thesis, as well as other types of unlicensed systems. This is discussed further in the
following sections.

MAC Protocol for the Unlicensed Ad Hoc Network
It is considered that the unlicensed ad hoc network employs an ALOHA MAC protocol in order to
regulate the transmissions in the network. Hence, a node in the network transmits independently of the
other transmitting nodes in the network. The analysis in this thesis can be further extended by considering
the effects of more sophisticated MAC protocols e.g. CSMA. Employing different MAC protocols affects
the distribution of nodes in the unlicensed ad hoc network, which in turn affects the required protection
distances as well as the capacity of the unlicensed system.

Transmit Power Control
The analysis in this thesis considers that all UDs have the same transmit power, which is their maximum
allowed transmit power. If transmit power control techniques are employed, then the nodes in the ad hoc
network may be allowed to transmit at a smaller power while still having an effective communication
with the desired receiving node. This may be the case when the distance between a transmitter-receiver
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pair is smaller than the maximum distance over which a communication may take place1 . Consequently,
the aggregate interference at the PRs and hence the required protection distances become smaller.
Transmit power control techniques may not only be focussed on the transmissions within the ad hoc
network, but may also be defined in order to limit the interference to the primary system. For instance,
in [31] the transmit power of a UD is a function of the distance of the UD from the PT, specifically, the
transmit power increases as the distance increases. Employing such power control techniques further
affects the required protection distances.

Wideband Channels
If a wideband unlicensed system is considered, then a flat fading channel model (as considered in the
thesis) can no longer be applied and the effect of frequency selective fading has to be taken into account.
Consequently, the performance requirements of the unlicensed system, specifically the SIR requirements
of the receiving nodes, may get less stringent depending on the modulation technique employed. The
capacity of the unlicensed system will hence increase.

Other Models for the Unlicensed System
Whereas in this thesis, the analysis of the spectrum sharing system is performed only for an unlicensed
ad hoc network, other models for the unlicensed system may also be employed. An example would be
an unlicensed system consisting of multiple Wireless Local Area Network (WLAN) hotspots. For such a
system, a PPP with a uniform density may not be a suitable model. The topology of such a system would
be better modelled by a clustered PPP [85].

10.3.2

Model for the Primary System

In this thesis, the broadcast primary transmitters are considered to be distributed uniformly in a hexagonal lattice. The analysis of the spectrum sharing system can be extended by taking into account other
topologies of the primary system or practical models for the DTV system topology which are provided
by the regulatory bodies (see for example [119]).

10.3.3

Sensing Based Techniques for Detecting the Primary System

This thesis addresses primary system detection by employing only geo-location based techniques. Sensing techniques for detecting the primary system have also been proposed by the regulatory bodies. In
sensing-based techniques the UDs sense the PT signal and do not transmit if the sensed signal power exceeds a predefined threshold. The performance of a system that employs sensing techniques depends on
the type of the unlicensed detector (e.g. energy detector, cyclostationary detector, see Chapter 2) and on
whether cooperative sensing techniques (to solve the hidden-node problem) are employed (see Chapter
2).
1

The maximum power is transmitted by a node when the transmitter-receiver distance equals this maximum distance.
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The analysis of the system considered in this thesis can be extended to consider the effects of sensing
on the unlicensed system operation. For the analysis of such a system, a sensing threshold may be
determined for which the primary system interference constraints are met. Consequently, the opportunity
for the unlicensed system can be analysed.

10.4

Summary

The focus of this thesis is the analysis of the operation of spectrum sharing systems. This chapter summarises the investigations that have been presented earlier in this thesis. The key results of this thesis are
discussed in context of their applicability and importance to system planners as well as their limitations.
Future research recommendations are presented. The future directions include various models for the
unlicensed and primary systems, as well as the analysis of various techniques for detecting the primary
system.
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Chapter 11

Conclusions
Recent years have witnessed a massive growth in wireless communications. The demand for throughput
reliability and service quality is continuously increasing, and hence is the demand for the radio spectrum. Whereas it is becoming increasingly hard to find spectrum to deploy new wireless services, measurements suggest that a significant amount of spectrum allocated to licensed systems for their exclusive
use is underutilised in time and space. The radio spectrum efficiency can be enhanced significantly by
spectrum sharing. Spectrum sharing is implemented by having an unlicensed system identify the spatial
and temporal availability of the licensed (primary) frequency bands and opportunistically transmit on the
available frequencies. It is however crucial that the primary system performance is not compromised due
to the interference from the unlicensed system.
Recent regulations issued by the Federal Communications Commission (FCC) for spectrum sharing on
digital television (DTV) frequencies consider interference to the DTV system from only a single unlicensed device (UD) even though there are no restrictions on the number of UDs that can transmit
simultaneously. This deficiency motivates the analysis of aggregate interference to the primary system
from multiple UDs.
For a spectrum sharing system consisting of a broadcast primary system, this thesis has provided tools
for limiting interference to the primary system from an unlicensed ad hoc network consisting of multiple
unlicensed devices. For such a system, the primary spectrum utilisation as a result of spectrum sharing
has been determined. Moreover, the effects of the information about the primary system that is available
to the unlicensed system have been analysed.
As a first step towards such an analysis, this thesis has employed a stochastic model for the unlicensed
system, considered to be an ad hoc network. The Poisson point process, which is by far one of the most
popular models for the distribution of nodes in an ad hoc network, has been employed. Analytical tools
have been developed for characterising the performance of the network while taking into account the
effects of fading and shadowing in the radio channel. The ad hoc network performance has been characterised by the transmission capacity, which is defined for a spectrum sharing scenario by the number of
successful transmissions that take place per unit area such that the outage constraint of a receiving node
in the network as well as the outage constraint of the primary receivers (PRs) are met.
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For a broadcast primary system the FCC has proposed the deployment of protection regions (i.e. UD
exclusive regions) around the primary transmitter (PT) service contour for limiting the interference to
the PRs from co-channel UDs. This thesis has presented tools for determining the size of the required
protection regions (defined by protection distances). An analysis of the effects of various system parameters on the required protection distances has been presented. These parameters are the operational
characteristics of the unlicensed system, the primary system protection criterion, the primary system
topology and the radio channel characteristics. It has been identified whether a parameter increases or
decreases the required protection distances and the sensitivity of protection distances to the parameters
has been analysed.
It has been shown for a primary system consisting of a single PT that an analytical study of the required
protection distances cannot be performed. This is due to the highly intensive computation involved
in characterising the aggregate interference at the PRs. Hence, Monte Carlo simulations have been
employed for determining the required protection distances. It has been shown that larger protection
distances are more sensitive to all system parameters except for the UD density. Moreover, the protection
distances are most affected by the radio channel characteristics, specifically, the propagation exponent
and the standard deviation characterising lognormal shadowing. Hence, a high level of accuracy is
required when modelling the radio channel characteristics in order to successfully protect the primary
system. The acceptable outage probability of the PRs has the least significant effect on the required
protection distances.
Even though the interference at the PR cannot be analytically characterised, the cumulants of interference can be employed for approximating the distribution of interference. In this thesis, the lognormal,
shifted-lognormal, gamma and normal distributions and the Edgeworth expansion have been employed
for performing such approximations. Consequently, the required protection distances are estimated. It
is essential that any approximation for interference either provides exact protection distances, or overestimates the required protection distances and hence guarantees primary system protection. It has been
identified that only the Edgeworth expansion always provides overestimated protection distances, while
no other approximation on its own overestimates protection distances in all practical scenarios. However, combinations of the lognormal and shifted-lognormal approximations, as well as the gamma and
shifted-lognormal approximations always provide overestimated protection distances. Along with ensuring the primary system protection, it is also important for the UDs to ensure the efficient utilisation of the
primary spectrum. Hence, the overestimated protection distances should not be overly pessimistic. It has
been identified that the combination of the lognormal and shifted-lognormal approximations provides
the most efficient spectrum usage.
An analysis of a multiple PT primary system has been performed with focus on the effects of the primary
system topology on the required protection distances. It has been shown that smaller protection distances
are required in a multiple PT system compared to those required in a single PT system. Moreover, when
the distance between co-channel PTs is large, protection distances become large and approach protection
distances required in a single PT system. The sensitivity of protection distances to the PT separation
distance decreases as the PT separation distance becomes larger. Unlike in a single PT system where
larger protection distances are always more sensitive to system parameters, in a multiple PT system the
sensitivity decreases when the protection distances become large and hence the geographical opportunity
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for the UDs becomes small. In a multiple PT system, the parameters that have the most significant effect
on protection distances are the UD density, PR protection margin and variability in the radio channel.
In typical spectrum sharing systems consisting of a broadcast primary system, the unlicensed system is
aware of only the PT locations, while the locations of the passive PRs are not known. In such scenarios the unlicensed system is allowed to operate only outside the protection region surrounding the PT
coverage area, as specified in the FCC regulations. However, an unlicensed system that is aware of the
PR locations inside the PT coverage area may be able to operate inside the PT coverage area, while still
meeting the PR outage constraints. Such an operation can significantly increase the operational area
available to the unlicensed system, hence enhancing the overall capacity of the spectrum sharing system.
This thesis has analysed a system with known PR locations, hence providing relevant information to system planners about the level of improvement in capacity obtained if the current limitation (i.e. unknown
PR locations) can be overcome.
When the locations of the PRs are known to the UDs, protection regions surrounding the PRs are employed for limiting the interference and consequently meeting the PR outage constraints. Analytical
tools have been presented for determining the required protection distances in various radio propagation environments. Similar to a single PT system with known PT locations, for a system with known
PR locations the radio channel characteristics have the most significant effect on the required protection
distance, while the acceptable outage probability of PRs has the least significant effect.
An investigation of the capacity of an unlicensed ad hoc network operating under constraints imposed
by the primary system has been performed. The transmission capacity of an unlicensed system is firstly
defined by the maximum allowed contention density of unlicensed nodes for which the outage constraint
of the unlicensed receivers is met. Secondly, the transmission capacity is defined by the geographical
opportunity for the unlicensed system, which in turn is defined by the primary system topology and the
required protection distances. Analytical tools have been presented for characterising the capacity of an
unlicensed system that is aware of the PT locations and the PR locations. A comparative study of the
achievable capacity in the two scenarios has been performed.
When the PT locations are known, the transmission capacity of the unlicensed system equals the peak
achievable capacity. However, when the PR locations are known and the protection distances are large
i.e. the geographical opportunity for the unlicensed system is small, the transmission capacity may be
smaller than the peak achievable capacity. In such scenarios the peak capacity is obtained at a UD density
less than the maximum allowed contention density. It has been shown that for typical system parameter
values (UD transmit power of 100mW, PT power at its coverage edge of -84dBm, PT coverage radius of
50km, co-channel PT separation distance of 173km and PR protection margin of 10dB) and for PR density greater than 0.1PRs/10000m2 , the improvements in the unlicensed system capacity achieved from
knowing the PR locations instead of just knowing the PT locations is smaller than 6%. This percentage
further decreases as the geographical opportunity for the unlicensed system decreases in both systems
with known PT and PR locations.
Therefore, the key conclusions of this thesis are:
• A high level of accuracy is required when modelling the radio channel characteristics in order to
successfully protect the primary system by employing protection regions.
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• In typical broadcast systems, combinations of lognormal and shifted-lognormal approximations

provide the most reliable tools for protecting primary systems while also ensuring the efficient
utilisation of the available primary spectrum.

• The gains in the capacity of the unlicensed ad hoc network obtained when the locations of the

primary receivers are known to the unlicensed system are smaller than 6%. Hence, it may not
be extremely advantageous to system planners to invest in the detection of the typically unknown
primary receiver locations.

Appendix A

Properties of a Poisson Point Process
A.1

Introduction

In this thesis, it is considered that the nodes in the unlicensed ad hoc network that contend for the
primary channel are distributed in a Poisson point proces (PPP). Various properties of the PPP, namely,
the thinning property, the Boolean model and the void probability have been employed for analysing the
geographical opportunity for the unlicensed system. In this appendix, these properties of the PPP are
described.

A.2

Marked Point Processes

A point process is called a marked point process when each point in the process is associated with a
characteristic (the mark). Thus, a marked process on Rd is a random sequence Ψ = {[xn , mn ]}, where
the points xn constitute the point process and mn are the marks corresponding to each point xn .

A.3

Thinning

A thinning operation uses some definite rule to delete points of a point process thus yielding the thinned
point process. The simplest type of thinning, which is employed in this thesis is p-thinning. In this type
of thinning each point of a PPP has a probability p of suffering a deletion and its deletion is independent
of both the locations and the possible deletions of any other points of the process. Consequently, pthinning belongs to a class of thinning operations called independent thinnings, which means there is no
interaction between the points.

A.4

Boolean Model

The Boolean model is also called the Poisson germ-grain model. If, on each point in a PPP, a circular
disc is placed, then the union of all the discs is an example of a Boolean model or the germ-grain model.
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Properties of a Poisson Point Process

The points of the Poisson process are referred to the germs of the model, while the discs surrounding the
germs are referred to as the grains. Given a marked point process Ψ = {[xn , Ξn ]}, where xn are the
points on Rd and Ξn are the compact subsets of Rd , a Boolean model Ξ is defined as
Ξ = ∪∞
n=1 (Ξn + xn ) ,
where xn are the germs and Ξn are the grains. The Boolean model is inhomogeneous if the density of
the Poisson process of grains is location dependent. An example of an inhomogeneous PPP is presented
in [102] (see Figure 3.3). Moreover, inhomogeneity in the Boolean model may also be a result of the
variable size of the grains surrounding the germs.
An important measure of the Boolean model is the volume fraction, which is defined as the mean fraction
of volume occupied by the Boolean model in a region of unit volume. The volume fraction χ is given by
χ = 1 − exp (−χ̄) ,
where λ is the density of germs and χ̄ is the mean volume of a typical grain. Moroever, the void
probability is given by 1 − χ.

Appendix B

Characterising the Interference from a
Poisson Field of Interferers
B.1

Introduction

In this thesis, the nodes of the unlicensed system, which is considered to be an ad hoc network, are distributed in a PPP. In Chapter 4, the interference from multiple transmitting nodes in the ad hoc network
(referred to as the UDs) at a receiving node in the network is determined. In Chapters 5, 6 and 7 it is
considered that the unlicensed ad hoc network operates outside a protection region surrounding the PT
coverage area. In these chapter, the interference from the UDs at a PR at the PT coverage edge is determined. In Chapter 8, it is considered that the protection region surrounds the PRs and the interference at a
PR from the unlicensed system is determined. In this Appendix, analytical expressions are presented for
the characteristic function of interference at various receivers. The characteristic function of interference
is employed in Chapters 4 to 8 to determine the distribution of interference.

B.2

Characterising the Interference at an Unlicensed Receiver

In this section, the derivation for (4.7) is presented. Let the interference at the unlicensed receiver be
caused by M UDs distributed in a PPP inside an annular disc (with the unlicensed receiver at its centre)
defined by radii r0 and R. The region defined by the disc is referred to as A0 . The instantaneous
interference I ad hoc at the unlicensed receiver is given by
I ad hoc = k

00

X
M

−α

int−R
diint−R
wi ; r0 ≤ di ≤ R,

(B.1)

00

where k , diint−R , αint−R and wi are defined in Section 4.7.1. The characteristic function (i.e. ϕI ad hoc (.))
of I ad hoc is given by



 



ϕI ad hoc (ω) = E exp j ωI ad hoc
= E E exp jωI ad hoc | M UDs in A0 .
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where E (.) is the expectation operator. In the region A0 , the average number of UDs is given by

λπ R2 − r02 . Moreover, since M is a Poisson distributed random variable, ϕI ad hoc (ω) can be expressed as


M 
∞



X
exp −λπ R2 − r02
λπ R2 − r02
ϕI ad hoc (ω) =
E exp jωI ad hoc | M UDs in A0 .
M!
M =0
(B.3)
Hence, (B.3) can be expressed as

ϕI ad hoc (ω) =



M 
exp −λπ R2 − r02 λπ R2 − r02

∞
X

M!

M =0


× 

Z∞ ZR

M


00

−α





int−R
exp jωk diint−R
wi fdiint−R diint−R f (wi ) ddiint−R dwi 

(, B.4)

0 r0

which simplifies to
ϕI ad hoc (ω) =





exp λπ R2 − r02 

Z∞ ZR
0 r0







00 −αint−R
wi fdiint−R diint−R f (wi ) ddiint−R dwi − 1 .
exp jωk diint−R
(B.5)

Since the UDs are distributed in a PPP in A0 , diint−R is uniformly distributed between r0 and R, namely
 2di
fdiint−R diint−R = 2 int−R2 ; r0 ≤ diint−R ≤ R.
R − r0

(B.6)

Therefore, For r0 = 0, (B.5) becomes
∞ R

Z Z

 2d
00
iint−R
−αint−R
ϕI ad hoc (ω) = exp λπR2 
f (wi ) ddiint−R dwi − 1 ,
exp jωk diint−R
wi
R2


0

0

(B.7)
which can be simplified for R → ∞ to obtain [57]

ϕI ad hoc (ω) = exp −λπΓ (1 − β)

Z∞




00

fwi (wi ) −jωk wi

0

where β = 2/αint−R and Γ (.) is the gamma function (see Appendix G).

β

dwi  ,

(B.8)
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In this section, the derivation for (8.5) is presented. Let the interference at the receiver be caused by M
UDs distributed in a PPP inside an annular disc (centred at the PR) defined by radii ep (the protection distance) and R. The region defined by the annular disc is referred to as A0 . The instantaneous interference
I at the receiver is given by
I=k

X
M

d−α
i xi ; ep ≤ di ≤ R,

(B.9)

where di , xi , α and k are defined in Section 5.3.1. The characteristic function (i.e. ϕI (.)) of I is given
by
ϕI (ω) = E (exp (j ωI )) = E (E (exp (jωI) | M in A0 )) .
Following the steps (B.2) to (B.4) and replacing I ad hoc with I, r0 with ep , wi with xi , diint−R with di
and αint−R with α gives




Z∞ ZR




ϕI (ω) = exp λπ R2 − e2p 
exp jωkd−α
i xi fdi (di ) f (xi ) ddi dxi − 1 .

(B.10)

0 ep

Substituting (B.6) in (B.10) (after replacing diint−R with di and r0 with ep ) and simplifying gives [54]


Z∞

ϕI (ω) = exp λπ


fxi (xi ) T (ωxi ) dω dxi  ,

(B.11)

0

where

−α

T (ωx) = e2p 1 − exp jωkd−α
i xi



ep
Z

+ jωkxi



g −1 (t)

2

exp (jωtkxi ) dt,

0

g (t) =

t−α

and

g −1 (t)

is the inverse function of g (.). The expression for ϕI (ω) given in (B.11) can be

rewritten as [57]


Z∞

ϕI (ω) = exp λπ


n
o


fxi (xi ) e2p 1 − exp jωke−α
− (−jωkxi )β γinc 1 − β, −jωxi ke−α
dxi  ,
p xi
p

0

(B.12)
where β = 2/α and γinc (., .) is the lower incomplete gamma function (see Appendix G).

B.3.1

Derivation of the Characteristic Function for a Rayleigh Channel

When xi is a Rayleigh distributed random variable, (B.12) can be expressed as
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ϕI (ω) =
Z∞


exp λπ


n
o


exp (−xi ) e2p 1 − exp jωkep−α xi − (−jωkxi )β γinc 1 − β, −jωxi ke−α
dxi  ,
p

0



Z∞



2
2
−α

= exp λπ ep − ep exp (−xi ) exp jωkep xi dxi 


0

 
Z∞



β
β
−α

exp (−xi ) xi γinc 1 − β, −jωxi kep dxi  .
÷ exp λπ (−jωk)




(B.13)

0

(B.13) can be solved by using the relationship [120] (see 6.455)
Z∞
y

µ−1



0

η ν Γ (µ + ν)



exp −β y γinc (ν, ηy) dy =

0

to obtain

"

µ+ν

ν (η + β 0 )

(

ϕI (ω) = exp λπe2p

jΓ (2) t2 eαp
t−
2 F1 (1, 2; 2 − β; t)
(1 − β) ωk

where
t=

B.3.2


2 F1 1, µ + ν, ν + 1,

−jωke−α
p

1 − jωke−α
p

η
η + β0


,

(B.14)

)#
,

(B.15)

.

Derivation of the Characteristic Function for a Lognormal Channel

When xi is a lognormally distributed random variable, (B.12) can be expressed as


Z∞

ϕI (ω) = exp λπ
0


÷ exp λπ

Z∞
0

2

(10 log10 xi )
1
10
√
exp −
ln (10) 2πσU xi
2σU2

10
1
(10 log10 xi )2
√
exp −
ln (10) 2πσU xi
2σU2



!
e2p 1 − exp jωke−α
p xi



dxi 



!
(−jωkxi )β γinc 1 − β, −jωxi kep


−α

dxi  .
(B.16)

Making the substitution
y=

10 log10 xi
√
,
2σU

(B.17)

(B.16) can be solved to obtain


√

Z∞

ϕI (ω) = exp λ π
−∞

√

exp −y


2

e2p

1 − exp jωke−α
p 10

2σU y
10

 !!


dy 
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Z∞



√
÷exp λ π

−∞

√

exp −y 2



−jωk10

2σU y
10

√

 !β

γinc

1 − β, −jω10

2σU y
10





!
ke−α
p

dy  , (B.18)

which can solved using the Gauss Hermite numerical integration (see Appendix F) to obtain
#
nGH
√ X
ϕI (ω) = exp λ π
wh f (yh ) ,
"

(B.19)

h=1

where



,
− (−jωkB yh )β γinc 1 − β, −jωB yh ke−α
f (v) = e2p 1 − exp jωB yh ke−α
p
p
√

B = 10

2σU
10

(B.20)

and wh and yh are the weights and the abscissae obtained from the Hermite polynomials

(see Appendix F).

B.3.3

Derivation of the Characteristic Function for a Suzuki Channel

When xi is a Suzuki distributed random variable, (B.12) can be expressed as
Z∞ Z∞


ϕI (ω) = exp λπ

0


÷ exp λπ

Z∞ Z∞
0

0







xi
10
1
1
√
exp −
f (A) (−jωkxi )β γinc 1 − β, −jωxi ke−α
dAdxi  ,
p
A
A ln (10) 2πσU xi
Z∞ Z∞

= exp λπ
0


÷exp λπ

Z∞ Z∞
0

0

0





1
xi
10
1
√
exp −
f (A) e2p 1 − exp jωke−α
dAdxi 
p xi
A
A ln (10) 2πσU xi

0


 x 

1
10
1
i
√
f (A) e2p exp −
1 − exp jωke−α
dxi dA
p xi
ln (10) 2πσU xi
A
A


 x 

1
1
10
i
√
(−jωkxi )β γinc 1 − β, −jωxi ke−α
f (A) exp −
dxi dA ,
p
ln (10) 2πσU xi
A
A
(B.21)

where f (A) = exp



2
10 A)
− (10 log
2
2σU



. The approach in Section B.3.1 and then the approach in Section

B.3.2 is employed to obtain

"
ϕI (ω) = exp λ

√

πe2p

n
GH
X

#
wh f (yh ) ,

(B.22)

h=1

where
f (x) = t −
√

t=

−B yh jωke−α
p
1−B yh jωke−α
p

and B = 10

2σU
10



.

jΓ (2) t2 eαp
2 F1 (1, 2; 2 − β; t) ,
(1 − β) ωkB yh

(B.23)
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B.4

Characterising the Interference at Primary Receivers when Protection Regions Surround the Primary Transmitter

In this section the derivation for (6.2) is presented. Let the interference at the PR be caused by M UDs
distributed in a PPP inside an annular disc (centred at the PT) defined by radii R0 + ep and R. The region
defined by the annular disc is referred to as A0 . The instantaneous interference I at the PR is given by
I=k

X
M

di−α xi ; ep ≤ di ≤ R + R0 ,

(B.24)

where di , xi , α and k are defined in Section 5.3.1. The characteristic function (i.e. ϕI (.)) of I is given
by
ϕI (ω) = E (exp (j ωI )) = E (E (exp (jωI) | M UDs in A0 )) .


In the region A0 , the average number of UDs is given by λπ R2 − (R0 + ep )2 . Moreover, since M is
a Poisson distributed random variable, ϕI (ω) can be expressed as

ϕI (ω) =



  
M
∞ exp −λπ R2 − (R0 + ep )2
λπ R2 − (R0 + ep )2
X
M!

M =0

E (exp (j ωI ) | M UDs in A0 ) ,
(B.25)

Hence, (B.25) can be expressed as



∞ exp −λπ R2 − (R0 + ep )2
X

ϕI (ω) =

M!

M =0

where


2

2

ψ = λπ R − (R0 + ep )
P∞


exp jωkd−α
i xi fdi (di ) fxi (xi ) ddi dxi

(B.26)

(B.27)

xi di

M /M !

= 1, since this is a sum over Poisson distribution
of parameter ψ
q
2
[47]. Moreover, the distance di of the ith UD from the PR can be expressed as di = ai + R02 − 2ai R0 cosθi
Note that

M =0 exp (−ψ) ψ

Z Z

ψM ,

where ai is the distance of the ith UD from the PT and θi is the angle imposed by the ith UD at the PT
(see Figure 5.1). Hence, (B.26) can be expressed as
ϕI (ω) =

exp λπD

0

0

where D =

Z Z Z "

jωxi k

exp
xi ai θi

a2i



2

R2

!

− (R0 + ep )



+

R02

− 2ai R0 cos θi

α/2

#



− 1 fxi (xi ) fai (ai ) fθi (θi ) dxi dai dθi  ,
(B.28)

. Since the UDs are distributed in a PPP in A0 , ai is linearly distributed

between R0 + ep and R, namely
fai (ai ) =

R2

2ai
; R0 + ep ≤ ai ≤ R.
− (R0 + ep )2

(B.29)
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Moreover, θi is uniformly distributed, namely
fθi (θi ) =

1
; 0 ≤ θi ≤ 2π.
2π

The characteristic function of interference is evaluated for R → ∞.

(B.30)
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Appendix C

Cumulants, Skewness and Kurtosis of
Interference at the Primary Receiver when
Protection Regions Surround Primary
Transmitters
C.1

Cumulants of Interference

The cumulants of interference I at the PR are obtained in Chapter 6 from the characteristic function of
I (i.e. ϕI (ω)) given by (B.28). The relationship between the nth cumulant (i.e. κn ) of I and ϕI (ω) is
given by [112, 115]



1 ∂ n ln ϕI (ω)
.
κn = n
j
∂ω n
ω=0

(C.1)

Hence, κn is given by


!
Z Z Z
0
1 
jωxi k
λπD j n xni k n f (xi ) fai (ai ) fθi (θi )
κn = n
exp
dxi dai dθi 
,


2 + R2 − 2a R cos θ nα/2
2 + R2 − 2a R cos θ α/2
j
a
a
i
0
i
i
0
i
0
0
i
i
xi ai θi
ω=0
Z Z Z
0 n n
λπD xi k f (xi ) fai (ai ) fθi (θi )
=
dxi dai dθi ,

2 + R2 − 2a R cos θ nα/2
a
i
0
i
0
i
xi ai θi


Z
Z Z
n
k fai (ai ) fθi (θi )
0
=λπD  xni f (xi ) dxi
nα/2 dai dθi  ,
2
2
ai + R0 − 2ai R0 cos θi
x
a
i

i

θi

=An Bn ,

(C.2)

where


2

An = λπ R − (R0 + ep )

2

 Z∞ Z2π
R0 +εp 0

167

k n fai (ai ) fθi (θi )
a2i + R02 − 2ai R0 cos θi

 nα dθi dai .
2

(C.3)
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and

Z∞
Bn =

xni fxi (xi ) dxi .

(C.4)

0

C.1.1

Derivation for An when α = 4

Closed-form expressions for An can be obtained only when α has an even value. The relationship
presented in (C.5) [120] (see 3.661) is employed for obtaining expressions for An .
Zπ
0

dβ
(p + q cos β)

l+1

1
2

=

Z2π

dβ
(p + q cos β)l+1

0

,



l
X
π
(2l − 2m − 1)!! (2m − 1)!! p + q m
p
.(C.5)
(l − m)!m!
p−q
2l (p + q)l p2 − q 2 m=0

=

For various values of n, the expressions for An are presented for α = 4, which is typical value for an
urban environment and is considered for most of the analyses in this thesis.

Derivation of An for n = 1
The expression for A1 has been presented in [30]. For convenience, it is presented again in this appendix.
When n = 1, (C.3) can be expressed as


2

A1 = λπ R − (R0 + ep )

2

 Z∞ Z2π
R0 +εp 0

kfai (ai ) fθi (θi )
a2i + R02 − 2ai R0 cos θi

2 dθi dai .

(C.6)

For l = 1 (C.5) can be simplified to obtain
Zπ
0

πp
dβ
.
2 =
(p + q cos β)
(p2 − q 2 )3/2

(C.7)

Substituting (C.7) and (B.30) in (C.6) and solving gives


2

2

A1 = λπ R − (R0 + ep )

 Z∞
R0 +εp


2π a2i + R02
kfai (ai )
3/2 dai ,
a2i − R02

(C.8)

which can be solved by substituting (B.29) and setting R → ∞ to obtain
"
A1 = λπ

(R0 + ep )2
e2p (2R0 + ep )2

#
.

(C.9)
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Derivation of An for n = 2
When n = 2, (C.3) can be expressed as


2

2

A2 = λπ R − (R0 + ep )

 Z∞ Z2π
R0 +εp 0

k 2 fai (ai ) fθi (θi )
a2i + R02 − 2ai R0 cos θi

4 dθi dai ,

(C.10)

For l = 3 (C.5) can be simplified to obtain
Zπ
0

dβ
(p + q cos β)4



3
X
(6 − 2m − 1)!! (2m − 1)!! p + q m
p
,
(3 − m)!m!
p−q
23 (p + q)3 p2 − q 2 m=0
"





 #
5 3 p+q
3 p+q 2 5 p+q 3
π
p
+
+
,
+
2 p−q
2 p−q
8 (p + q)3 p2 − q 2 2 2 p − q

4p 2p2 + 3q 2
π
p
.
,
(p − q)3
8 (p + q)3 p2 − q 2

πp 2p2 + 3q 2
.
(C.11)
2 (p2 − q 2 )7/2
π

=

=
=
=

Substituting (C.11) in (C.10) gives


A2 = λ R2 − (R0 + ep )2

 Z∞


k 2 fai (ai ) 

π a2i + R02

R0 +ep




2
2 a2i + R02 + 12a2i R02
 dai .
7
a2i − R02
(C.12)

By setting R → ∞, (C.12) can be simplified to obtain
A2 = λπk

2
2t


3R04 + 6t2 R02 + t4
,
6
3 t2 − R02

(C.13)

where t = R0 + ep .
Derivation of An for n = 3
When n = 3, (C.3) can be expressed as


2

2

A3 = λπ R − (R0 + ep )

 Z∞ Z2π
R0 +εp 0

k 3 fai (ai ) fθi (θi )
a2i + R02 − 2ai R0 cos θi

6 dθi dai ,

(C.14)

For l = 5 (C.5) can be simplified to obtain
Zπ
0

dβ
(p + q cos β)6

=

=



5
X
(10 − 2m − 1)!! (2m − 1)!! p + q m
,
(5 − m)!m!
p−q
m=0

4
2
2
πp 8p + 40p q + 15q 4
.
(C.15)
8 (p2 − q 2 )11/2
π

p
25 (p + q)5 p2 − q 2
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Substituting (C.15) in (C.14) gives


2

A3 = λπ R − (R0 + ep )

2

 Z∞
R0 +εp


π a2i + R02
k fai (ai )
11/2
8 a2i − R02
3



4
2
× 8 a2i + R02 + 160 a2i + R02 a2i R02 + 240a4i R04 dai

(C.16)

By substituting t = R0 + ep and simplifying (C.16), A3 is obtained as

t2 5R08 + 40t2 R06 + 60t4 R04 + 20t6 R02 + t8
A3 = k λπ
.
10
5 t2 − R02
3

C.1.2

Derivation for Bn when CU D−P R is a Lognormal Channel

When CU D−P R is a lognormal channel, Bn is given by
Z∞
Bn =

xni

xi =0

Substituting u =

Bn =

=

=

10 log10 (xi )
√
2σU

1
√
π
1
√
π
1
√
π

(10 log10 (xi ))2
10
1
√ exp −
ln(10) σU 2π
2σU2

exp
u=−∞
Z∞

!
√

n ln (10) 2σU
u exp −u2 du,
10

)!
√
2σ
n
ln
(10)
U
du,
exp − u2 −
u
10

!2
!2 
√
√
n
ln
(10)
2σ
n
ln
(10)
2σ
U
U
 du,
exp − u −
+
20
20
(

u=−∞
Z∞
u=−∞

= exp



n ln (10) σU
10

2 !

Z∞

1
√
π


exp −w2 dw,

w=−∞

= exp

where w = u −

C.1.3

n2

dxi .

gives

Z∞

1
2

!



2

ln (10)
σU
10

2 !
,

√
n ln(10) 2σU
.
20

Derivation for Bn when CU D−P R is a Suzuki Channel

When CU D−P R is a Suzuki channel, Bn is given by

(C.17)
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Z∞ Z∞
Bn =

xni

xi =0 A=0
Z∞

=
A=0
Z∞

 x  10
1
1
(10 log10 (A))2
i
√
exp −
exp −
A
A ln(10) 2πσU A
2σU2

10
1
(10 log10 (A))2
√
exp −
ln(10) 2πσU A
2σU2

(10 log10 (A))2
10
1
√
exp −
ln(10) 2πσU A
2σU2
A=0

2 !
n2 log(10)
= exp
Γ (n + 1) ,
σU
2
10
=

! Z∞

!
dAdxi ,

 x 
1 n
i
xi exp −
dxi dA,
A
A

xi =0

!
Γ (n + 1) dA,

where Γ (.) is the gamma function (see Appendix G).

C.2

Additional Results for Skewness and Kurtosis of the Interference Distributions

Figure C.1 presents the skewness and kurtosis of the actual distribution of interference and the approximate distributions of interference considered in Chapter 6. Results are presented to support the observations made in Section 6.3.1.
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Figure C.1: Skewness and kurtosis of the interference distribution and approximate distributions for shadowing
in CU D−P R : (a) Skewness: λ = 5nodes/10000m2 and no channel variability, (b) Kurtosis: λ =
5nodes/10000m2 and no channel variability, (c) Skewness: λ = 10nodes/10000m2 and no channel
variability, (d) Kurtosis: λ = 10nodes/10000m2 and no channel variability, (e) Skewness: λ =
10nodes/10000m2 and σU = 10dB and (f) Kurtosis: λ = 10nodes/10000m2 and σU = 10dB.
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Appendix D

Introduction to Stable Distributions and
Expressions for the Cumulants of a
Shifted-Lognormal Distribution
D.1

Introduction

In Chapter 4, the distribution of interference at a receiving node in the unlicensed ad hoc network is
characterised. The characteristic function of the interference is determined and is found to to be the same
as that of a stable distribution. In this appendix, the stable distribution is introduced. In Chapter 6, the
distribution of interference at a PR at PT coverage edge is approximated with a shifted-lognormal distribution by performing cumulant-matching. In order to implement such a cumulant-matching technique,
the cumulants of a shifted-lognormal distribution have to be determined. In this appendix, expressions
for the first three cumulants (employed for cumulant-matching) of a shifted-lognormal distribution are
derived in terms of the mean, standard deviation and shift-parameter that define the distribution.

D.2

The Stable Distribution

In probability theory, a random variable x is said to have a stable distribution if for any two independent
copies of X (say X1 and X2 ) and for constants a, b, c and d ,
aX1 + bX2 = cX + d.
The only stable distributions with closed-form probability density functions are the Gaussian distribution,
the Cauchy distribution and the Levy distribution. Even though the probability density functions for a
general stable distribution cannot be obtained, the general characteristic function can be obtained. The
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characteristic function of a stable distribution is given by [103]

exp jωµ − ρβ |ω|β (1 − jδsign (ω) tan (πβ/2))
ϕX (ω) =
exp jωµ − ρ|ω| 1 + j 2δ sign (ω) log |t|
π

β 6= 1

,

(D.1)

β=1

where δ ∈ [−1, 1] is the skew parameter, µ is the drift, ρ is the dispersion parameter and β is the
characteristic exponent. For β = 2, the distribution of X becomes a Gaussian distribution with mean µ
and standard deviation 2ρ2 . For β = 1 and δ = 0, the distribution of X becomes a Cauchy distribution
with scale parameter ρ and shift parameter µ. For β = 1/2 and δ = 1, the distribution of X becomes
a Levy distribution with a scale parameter ρ and a shift parameter µ. In this thesis, it is considered that
β < 1 and δ = 1. Hence, only the Levy distribution is considered amongst all stable distributions that
can be expressed using closed-form distributions. The Levy PDF can be expressed as
r
fX (x) =



ρ
1
ρ
exp −
; x ≥ µ,
2π (x − µ)3/2
2 (x − µ)

(D.2)

and the Levy CDF can be expressed as
FX (x) = erfc

r

ρ
2 (x − µ)


= 2Q

r

ρ
(x − µ)


; x ≥ µ,

(D.3)

where erfc (.) is the complementary error function and Q (.) is the Q-function (see Appendix G for
the relationship between the error function and the Q-function). For various values of ρ and µ, Figure
D.1 presents the Levy probability density function. Note that the Levy distribution is a heavy-tailed
distribution and the mean and variance of a Levy distribution are ∞. It is observed in Figure D.1 (b) that
the CDF decreases as ρ and µ increase.
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Figure D.1: The Levy distribution: (a) Probability density function and (b) Cumulative distribution function.

For general values of β (smaller than 1), the distribution of x can be obtained by taking the inverse
Fourier transform of (D.1), namely
2
FX (x) =
π

Z∞

Re {ϕX (ω)}

sin (ωx)
dx.
ω

0

The PDF of a stable distribution can also be expressed as an infinite series [103]

(D.4)
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√
2ρ

∞
1 X Γ (βm + 1)
fX (x) =
πx
m!

!m
sin mπ (1 − β) .

(x − µ)β

m=1

(D.5)

Moreover, the CDF of a stable-distribution can be expressed as
√

∞
1 X Γ (βm)
FX (x) =
π
m!

!m

2ρ

sin mπ (1 − β) .

(x − µ)β

m=1

(D.6)

For large values of x (D.5) and (D.6) provide asymptotic estimates for the distribution of x. Other techniques that involve numerical evaluations based on Zolotarev’s parameterisation have also been proposed
for determining the distributions of general stable distributions [121, 122]. All stable distributions other
than the Gaussian distribution are heavy-tailed as shown in Figure D.2. In Figure D.2 (b) it is observed
that the effect of increasing β is to increase the CDF for small values of x and to decrease the CDF for
large values of x.
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Figure D.2: The stable distribution for ρ = 1 and µ = 0: (a) Probability density function and (b) Cumulative
distribution function..

D.3

The Shifted-Lognormal Distribution

A shifted-lognormal distribution can be expressed as
fSLN (y) =

1
√

σSLN

1
(ln (y − cSLN ) − µSLN )2
exp −
2
2σSLN
2π y

!
,

(D.7)

where µSLN is the mean, σSLN is the standard deviation and cSLN is the shifted parameter. For a
lognormal distribution with mean µLN and standard deviation σLN , the nth moment is given by [113]

mn = exp nµLN

1
2
+ n2 σLN
2


.

(D.8)

Hence, for a shifted-lognormal distribution, the first three moments are given by


1 2
m1 = exp µSLN + σSLN + cSLN ,
2

(D.9)
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and


2
m2 = exp 2µSLN + 2σSLN
,

(D.10)



9 2
m3 = exp 3µSLN + σLN
.
2

(D.11)

The relationship between the first three cumulants and the first three moments of a distribution is given
by κ1 = m1 , κ2 = m2 − m21 and κ3 = m3 − 3m1 m2 + 2m31 , which can be solved to obtain
2
σSLN
= ln




κ2
1
f (κ2 , κ3 ) +
−1 ,
κ2
f (κ2 , κ3 )

where

s
f (κ2 , κ3 ) =
µSLN

"
1
=
ln
2

3

κ2
κ32 + 3 +
2

r
κ32 κ23 +

κ2

2
exp σSLN
−1

κ43
.
4

!

(D.12)

(D.13)
#

2
− σSLN
.


2
cSLN = κ1 − exp µSLN + σSLN
/2 .

(D.14)
(D.15)

Appendix E

Characterising Interference at a Primary
Receiver in a Multiple Transmitter
Broadcast Primary System
This appendix presents the derivation for (7.3). The mean interference I¯ at a PR is given by (7.2). In
(7.2), µa,b is the interference at the PR from UDs distributed inside a circle of radius R0 + ep that is
centred at (a, b) (see Figure 7.3). In this appendix, the expression for µa,b is derived.
0

Let there be M UDs inside the circle. The instantaneous interference say (I ) at the PR from the M UDs
is given by
0

I =k

X

p
p
a2 + b2 − 2R0 − ep ≤ di ≤ a2 + b2 + 2R0 + ep ,

d−α
i xi ;

M

(E.1)

where di , xi , α and k are defined in Section
5.3.1 and a and b are defined is Section 7.3. The distance di
q

(a + zi cos ψi − R0 cos φ)2 + (b + zi sin ψi − R0 sin φ)2 , where

of the ith UD from the PR is di =

zi is the distance of the ith UD from (a, b) and ψi is the angle imposed by the ith UD at (a, b) (see
0

Figure 7.3). Following the same approach as that in (B.2) to (B.5), the characteristic function of I can
be obtained as

µa,b = λπ (R0 + ep )2

Z Z Z
xi zi ψi



jωkxi


exp  h
iα/2 − 1
(a + zi cos ψi − R0 cos φ)2 + (b + zi sin ψi − R0 sin φ)2
× fψi (ψi ) fzi (zi ) fxi (xi ) dψi dzi dxi

(E.2)

Using the relationship given in (C.1), µa,b can be obtained for n = 1 such that
RZ
0 +epZ2π

Z∞
µa,b =

xi fxi (xi ) dxi
0

kλπ (R0 + ep )2 fψi (ψi ) fzi (zi )
h

0

0

2

2

(a + zi cos ψi − R0 cos φ) + (b + zi sin ψi − R0 sin φ)

177

iα/2 dψi dzi ,
(E.3)
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Appendix F

Gaussian Numerical Integration
F.1

Introduction

This appendix outlines the numerical integration techniques employed in this thesis. The numerical
integration techniques are employed when analytical solutions to integral problems cannot be obtained.
In Chapter 3, such a problem is encountered for an integral with semi-infinite limits (see (3.13)). In
Chapter 4 such a problem is encountered for an integral with doubly infinite limits (see (4.13)). In this
appendix, tools that provide the approximate evaluations of these integrals are presented. The values of
the integral of a functions are estimated based on the ordinates of that function for a particular abscissae.
These ordinates are weighted and summed to provide an estimation of the integral. Moreover, a larger
number of abscissae and ordinate values provide a more accurate evaluation of the function.

F.2

Numerical Integration over Semi-Infinite Limits

The integration of a function can be performed over semi-infinite limits by using the Gauss-Laguerre
integration technique. Hence, for a function f (x), the Gauss Laguerre formula is given by [123]
Z∞

exp (−x) f (x) dx ≈

0

n
X

wi f (xi ) ,

(F.1)

i=1

where xi is the abscissae are the zeros of the Laguerre polynomials and the weights wi are the corresponding Christoffel numbers, which are tabulated in [124].
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Gaussian Numerical Integration

Numerical Integration over Doubly Infinite Limits

The integration of a function can be performed over doubly infinite limits by using the Gauss-Legendre
integration technique. Hence, for a function f (x), the Gaussian quadrature formula is given by [123]
Z∞
−∞

n
X

exp −x2 f (x) dx ≈
wi f (xi ) ,

(F.2)

i=1

where xi and wi are the abscissae and weights respectively that are based on the Hermite polynomials.
The values of xi and wi are tabulated in [120].

Appendix G

Notes on the Error Function, Gamma
Function and the Hypergeometric
Function
G.1

The Error Function, Complementary Error Function and Q Function

The error function of a variable x is referred to as erf (x) and can be expressed as [125]
2
erf (x) = √
π

Zx


exp −t2 dt.

(G.1)

0

The complementary error function of x is denoted as erfc (x) and can be expressed as
2
erfc (x) = √
π

Z∞
x


exp −t2 dt.

(G.2)

The following relationships hold for the error and the complementary error functions:
erf (−x) = −erf (x) .
erfc (−x) = −erfc (x) .
erf (x) = 1 − erfc (x) .
Moreover, in this thesis, the Q function is also used often. The Q function of x is referred to as Q (x)
and can be expressed in terms of the error function, such that
1 1
Q (x) = − erf
2 2



x
√
2
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1
= erfc
2



x
√
2


.
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G.2

Notes on the Error Function, Gamma Function and the Hypergeometric Function

The Gamma Function and Incomplete Gamma Function

The gamma function of a variable x is denoted as Γ (x) and can be expressed as [115, 125]
Z∞
Γ (x) =

y x−1 exp (−y) dy.

0

If x is a positive integer, then
Γ (x) = (x − 1)!.
The incomplete gamma function can be of two types, the upper incomplete gamma function, which is referred to as Γinc (s, x) and the lower incomplete gamma function, which is referred to as γinc (s, x). The
parameter s is complex, such that the real part of s is positive. In this thesis, only the lower incomplete
function has been used, which can be expressed as [125]
Zx
γinc (s, x) =

y s−1 exp (−y) dy.

0

Some important properties of γinc (s, x) are
γinc (1, x) = 1 − exp (−x) .

γinc

G.3


√
√ 
1
, x = πerf
x .
2

The Hypergeometric Function

The hypergeometric function of a variable x is denoted as 2 F1 (a, b; c; x) and can be expressed as a series,
namely [125]

∞
X
(a)n (b)n xn
,
2 F1 (a, b; c; x) =
(c)n n!
n=0

where


1
;n = 0
(y)n =
.
y (y + 1) .... (y + n − 1) ; n > 0

The parameters a, b and c are constants with c 6= 0, −1, −2..... The hypergeometric series reduces to a
polynomial of degree n in x when a or b equals −n (n = 0, 1, 2...).

Appendix H

Characterising the Geographical
Opportunity for the Unlicensed System
In this appendix, the geographical opportunity for the unlicensed system operating under constraints
imposed by the primary system is characterised. Specifically, the derivations for (9.7) and (9.8) are
presented.

R0+ep

h

D

a b
A’

Figure H.1: Determining the geographical opportunity for the unlicensed system when protection regions overlap
(N = 4).

When 0 ≤ ep <

D
2

− R0 , the protection regions do not overlap and therefore, the scenario presented in

Figure 9.1 is obtained. The geographical opportunity for the unlicensed system, which is represented by
ptransmit is given by the area occupied by the unlicensed system inside the rectangle shown in Figure
√
9.1. The total area of the rectangle is given by the area of seven hexagons, which equals 3D2 . The
total shaded area inside the rectangle is given by the area of two circles with radius R0 + ep . Therefore,
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the unshaded area inside the rectangle is given by
inside the rectangle is given by 1 −
When

D
2 −R0

≤ ep <

√2π
3D2

√

3D2 − 2π (R0 + ep )2 . The fractional unshaded area

(ep + R0 )2 .

D
√
−R0 , the protection regions overlap.
3

Let the common area between two circles

0

of radius R0 + ep be A . Inside the rectangle shown in Figure 9.1, when protection regions overlap, the
√
0
unshaded area (area utilised by the unlicensed system) is given by n3D2 − 2π (ep + R0 )2 +
6A and the
o
0
1
fractional unshaded area inside the rectangle is given by 1 − √3D
2π (ep + R0 )2 − 6A .
2
0

In Figure H.1 a = D/2 , b = D − (R0 + ep ) and h = a − b. The area A is given by
0

2

A = 2 (R0 + ep ) cos

−1



(R0 + ep ) − h
(R0 + ep )



q
− 2 ((R0 + ep ) − h) 2 (R0 + ep ) h − h2 ,

which can be solved to obtain
0

2

A = 2 (R0 + ep ) cos

−1



D
2 (R0 + ep )


−

D
2

q
4 (R0 + ep )2 − D2 .

Appendix I

Additional Capacity Results for a System
with Known Primary Transmitter
Locations
In this appendix, the effects of parameters that define protection distances on the transmission capacity
of the unlicensed system, are presented. In the system considered, only the PT locations are known to
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Figure I.1: Effect of βP , variability in CU D−P R due to shadowing (defined by σU ) and N on the transmission
capacity of a spectrum sharing ad hoc network when PU D = 40mW, αU D−P R = 4, P¯0 = −84dBm,
Pout = 1%: (a) Effect of βP and N when there is no channel variability and (b) Effect of σU and N
when βP = 20dB.
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Appendix J

Monte Carlo Simulations
In this thesis, Monte Carlo simulations are employed for obtaining results involving random processes
when analytical solutions cannot be obtained. In this appendix, the Monte Carlo simulation method is
described. In this thesis, the Monte Carlo method is most often employed for determining the interference
at a PR from the unlicensed system. Hence, in this appendix, the Monte Carlo method is described in
terms of the evaluation techniques involved in the determination of the interference at the PR.
Monte Carlo simulations provide results by performing repeated random sampling. In each computation
a random input that is defined by a certain statistical distribution is generated. For instance, for determining the interference at a PR, the random input is a random variable that defines the variability in
the radio channel about a given mean (fixed distance-dependent value) received power. Techniques for
generating random variables that denote channel variability are discussed in Appendix K. Consequently,
the instantaneous interference power at the PR from a single interferer is generated. In this thesis, it is
considered that the UDs that cause interference to a PR are distributed in a PPP. Hence, at any instance,
the number and locations of the UDs causing interference at a PR is also random. In order to determine
the aggregate interference at a PR at any instance, firstly, a random number with a Poisson distribution
is generated to denote the number of UDs. Secondly, the UDs are allocated locations such that they
are uniformly distributed in a certain area (see the definition of a PPP in Chapter 4). Thirdly, each UD
is associated with a random (due to channel variability) interference that it causes at the PR. Fourthly,
the instantaneous aggregate interference is evaluated as the sum of all random interference power levels.
Hence, the randomness in the aggregate interference power is due to randomness in the interference from
each UD and randomness due to the number and locations of the UDs.
If the CDF of interference is to be determined, then, L independent samples of instantaneous aggregate
interference at the PR are generated. Each sample is compared against a threshold (say T ). If the number
of samples out of L that are smaller than the threshold is l, then the CDF of interference at T is given
by l/L. Obviously, if a larger number of samples are taken, then the obtained results becomes more
accurate.
In a number of cases, the probability of outage (the probability of the SIR at the PRs being smaller than
a threshold) of a PR is evaluated, such that the desired power, as well as the interference power at the
PR are random. For such an evaluation, L independent samples of the instantaneous SIR at the PR are
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generated. Firstly, a random variable denoting the instantaneous desired power is generated. Secondly, a
random variable denoting the aggregate instantaneous interference power is generated. L samples of the
two interference power and consequently the SIR are generated. The L samples are compared against
the threshold (say T ). If the number of samples out of L that are smaller than the threshold is l, then the
probability of outage is given by l/L.

Appendix K

Generating Random Variables
In Chapter 3 (Section 3.3.4), exponential, lognormal and Suzuki distributed random variables are generated from uniform and normal random variables. In this appendix, the techniques for generating these
random variables are presented.
0

Consider a uniformly distributed random number U and an exponentially distributed random number
0
Pr with mean P¯r . In order to have the two random variables correspond to each other, the following
relationship should hold, namely
ZU

0

0

ZPr
fPr (Pr ) dPr .

fU (U ) dU =
0

0
0

0

where fU (U ) is the PDF of U and fPr (Pr ) is the PDF of Pr . Therefore,
ZU

0

0

ZPr
dU =

0

0



1
Pr
exp − ¯ dPr .
P¯r
Pr

Hence,
0

P
U = 1 − exp − ¯r
Pr
0

!
,

and


0
0
Pr = −P¯r ln 1 − U .
0

Consider a normally distributed random number N (with 0 mean and unit standard deviation) and a
0

lognormally distributed random number Pr with mean µ (in dBm) and standard deviation σ (in dB). In
order to have the two random variables correspond to each other, the following relationship should hold,
namely
ZN

0

0

ZPr
fN (N ) dN =

0

fPr (Pr ) dPr .
0
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0

0

where fN (N ) is the PDF of N and fPr (Pr ) is the PDF of Pr . Therefore,
ZN
0

0

0

2

(N − 0)
1
√ exp −
2
2π

Substituting t =

10 log10 (Pr )−µ
σ

ZN
0

ZPr

!
dN =

0

10
(10 log10 (Pr ) − µ)2
√
exp −
2σ 2
ln (10) 2πσPr

and solving gives
 
0
10 log10 Pr −µ

0

Zσ



1
N2
√ exp −
dN =
2
2π

 2
1
t
√ exp −
dt.
2
2π

0

Hence,

0

10 log10 Pr − µ
N =
,
σ
0

and
0



Pr = 10

µ+σN

0


/10

.

!
dPr .
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