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Abstract

Networked control systems (NCSs) refer to a class of systems where the components
such as plants, sensors, actuators and controllers are connected via a communication
network. This configuration provides several advantages over the traditional point-to-
point structure such as modularity, ease of maintenance and low construction cost. NCSs
enable several practical applications such as unmanned aerial vehicle and remote control
of the plant, which are difficult to achieve with the traditional point-to-point structure.
The presence of network inevitably, however, introduces delays and data loss as signals
travel through the network, meaning that the controllers in NCSs are to stabilize the

system while overcoming the adverse effects caused by the presence of the network.

As continuous signals are transmitted via a network, they are converted to clusters of
data called packets and these packets of data are transmitted through the network. Hence,
it is natural to consider the plant and the controller in discrete-time domain where new
information about the systems components are available at each sampling instance. In
this thesis, discrete-time representation of the plant is considered and the controller /filter

design methodologies are developed based on Lyapunov-Krasovskii functional.

The focus of the research is to develop controller and filter design methodologies
for NCSs which takes the aforementioned network constraints into account. Hence the
network needs to be modelled and taken into consideration when designing the con-
troller /filter. In particular, a finite state Markov chain is used in this research to model the
network-induced delays and data loss where each mode in the Markov chain corresponds
to the delays in the network. Difficulties of obtaining a completely known transition prob-
ability matrix, which describes the transitions between the modes of the Markov chain,
in real world is acknowledged in this research and some of the elements in the transition
probability matrix are allowed to be unknown. In this thesis, a robust H., state feedback
controller design for linear and nonlinear NCSs are first developed where the transition

probability matrix of the Markov chain is assumed to be completely known. Based on



theses methodologies, robust H., state feedback controller, robust H., filter and robust
Ho dynamic output feedback controller design methodologies for NCSs are presented
where the transition probability matrix is allowed to be partially known. It is shown that
the case with either completely known or unknown transition probability matrix can be

considered as a special case of the presented approaches.

Study of nonlinear systems is important as every real system contains nonlinearities.
Takagi-Sugeno (T-S) fuzzy model has been shown to be effective in modelling nonlinear
systems which describes a global nonlinear system with a series of local linear models
blended using membership functions. In this thesis, robust fuzzy H.. state feedback, ro-
bust fuzzy H.. filter and robust fuzzy H., dynamic output feedback controller design are
considered where the nonlinear NCSs are described by T-S fuzzy model, with main focus
on partially known transition probability matrix in the Markov chain. Special attention
is given to premise variables of the plant to correctly model NCSs where there exists a
network between the plant and the controller. It has been addressed that many existing
literature on nonlinear NCSs modelled by T-S fuzzy model fail to acknowledge this issue,
making the existing approaches impractical. Furthermore, a methodology to incorporate
membership functions into the controller/filter designs via sum-of-squares approach is pre-
sented to ensure that the controller is specific for the membership functions of the system.
This has not been considered in existing studies of nonlinear NCSs, making the existing
results conservative as the controllers are valid for any shape of membership functions.
[terative algorithms to convert nonconvex problems into optimization problems are also

presented so that existing mathematical tools can be used to obtain a controller /filter.

Finally, the effectiveness of the proposed design methodologies are demonstrated us-
ing numerical examples in this thesis. The simulation results show that the proposed de-
sign methodologies achieve the prescribed performance requirements. Comparisons with
existing methodologies without considering membership functions are made for robust
fuzzy Ho state feedback controller and robust fuzzy H., dynamic output feedback con-
troller to illustrate that incorporating membership functions results a larger stabilization

region, demonstrating the advantage of the presented methodologies.
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Introduction

1.1 Introduction to Networked Control Systems

In the last decade, there has been a significant advance in communication systems, which
subsequently changed the way people carry out their daily lives. With wider bandwidth
available on mobile networks, smartphones are becoming common, allowing people to
access Internet at their fingertips. The days when a mobile phone is used to make calls
are long gone. Widespread of broadband Internet allows people to get in touch with
another and even see each other no matter where they are around the world, as long as
there is an Internet connection. Not only did these advances make direct contributions to
the way people carry out their lives, it also opened a lot of new doors that had not been

possible before in many disciplines of engineering.

In control systems, this advance resulted in a new area of research called networked
control systems (NCSs) where the control loop is closed via a communication network.
The purpose of NCSs is to control through the network, not control of the network. This
setup provides several advantages over the traditional point-to-point architecture such as

modularity, quick and easy maintenance, integrated diagnostics and low construction
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cost [1-8]. Typical examples of NCSs are remote control systems, factory automation,
unmanned vehicle navigation and motor vehicles, as shown in Figure 1.1. There has been
several common-bus network architectures introduced to facilitate NCSs but NCSs can
also use existing architectures to transfer information. This particular setup is useful in
practice as there no longer is the need that the controller is close to the plant, allowing
controllers around the world to be gathered in one location. The special setup of NCSs
makes the system modularized therefore when faults occur in the system, the faulty
module can simply be replaced/repaired. Furthermore, since the system can be configured
to use existing networks, the construction cost is low as there no longer is copper wire
connecting the system components. This also makes the system mobile and combined
with modularity, it makes maintenance of NCSs easy. For these reasons, NCSs have been

receiving increasing attention in recent years.

II\

-~ —

i
YR\

Lo e
["’ E

Remote Control Systems

/

(k=10 Al (k+1)ph

Unmanned Vehicle Navigation Motor Vehicles

Figure 1.1: Typical examples of networked control systems

Configuration of NCSs can be broken down into two main categories shown as follows

1. Direct structure. This structure is the typical structure considered in the research
of NCSs where the system components such as plant, sensor, controller and actuator
are connected through a communication network as shown in Figure 1.2. The con-
troller and the plant may be in different physical locations and directly connected

via a network. The sensor data is transmitted via the network in packets. The
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controller will compute the control signal based on the packet data received and
transmits the control signal in packets via the network. In such implementation, a

single hardware may be used for multiple controllers.

h

Actuators > Plant Sensors

Network

Controller

F

Figure 1.2: Direct structure of networked control systems

2. Hierarchial structure. This type of structure consists two controllers as shown
in Figure 1.3. The main controller sends the reference signal to the remote system
where the local controller will use this reference signal to control the plant. In this
structure, the main controller may run at longer sampling period than the local

system. The main controller can be implemented to handle multiple several remote

systems.
Main + Local
Controller [ Network \ Controller I Actuators [+ Plant [» Sensor >

Figure 1.3: Hierarchial structure of networked control systems

Note that the control methodologies for the direct structure can still be applied to
the hierarchial structure by treating the local system as a plant. For this reason, most of

existing studies in NCSs have focused on the direct structure [9].

In NCSs, as already explained, the signal between the sensor and the controller
or between the controller and the actuator is transmitted via a network. Traditional
controller designs used in point-to-point architecture, therefore, cannot be used directly

as they do not consider the presence of the network and assume instantaneous transfer of
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signal within the system. The presence of network makes the analysis more complicated
as it introduces constraints that need to be considered. In general, the introduction
of network degrades the performance of the system and worse, destabilize the system,

meaning that the controller in NCSs needs to minimize the adverse effects of the network.

Figure 1.4 shows an example of NCSs in medicine called teleoperation. In this
example, the surgeon is performing a surgery from a remote location and any information
is transmitted via a network. The surgeon receives visual information as well as the
patient’s vitals via the network and performs the surgery using the robot located with the
patient. Any command given by the surgeon is transmitted via the network and the robot
follows the command it receives over the network. Instead of traditional surgery where
the patient and the surgeon is in the same room, this special setup allows the patient to
be remotely located while receiving treatment from a doctor anywhere in the world. This

is a typical example of remote control that is now possible with NCSs.

Network

Patient Surgeon

Figure 1.4: An example of networked control systems in remote surgery

In the previous example, machines and cameras (sensor) record the information
about the patient (plant) and send the information through the network. The surgeon
(controller) makes decisions (control signal) based on this information and it is passed to
the robots (actuator) where they execute the decision the surgeon makes. As shown in this
analogy, NCSs provide opportunities that have not been possible in the past. However,
in order to utilize the advantages of NCSs, such as low installation cost, mobility and
modularity, one needs to understand the constraints/challenges of introducing a network

as a medium in control systems.

1.2 Constraints in Networked Control Systems

As mentioned in the previous section, the introduction of network degrades the perfor-

mance of the overall system. This means that a specific controller design scheme for
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NCSs is required [1-5, 10-12] and requires one to understand the fundamental issues aris-
ing from introducing a network. As information is transmitted via a network in NCSs,

the same kind of constraints that appear in communication networks are also present in

NCSs.

In the traditional point-to-point structure where the system components are con-
nected via copper wire, infinite transmission bandwidth is assumed. This, along with the
fact that the controller is located close to the plant, means that information is instan-
taneously received as soon as it is transmitted. However, in NCSs, information is put
together in a packet and is transmitted through the network at time instances. Not only
does it take a certain amount of time for these packets to travel through the network,
they need to be created from the transmitter and interpreted at the receiver’s end. These
combined time corresponds to network-induced delays and it may be constant, time vary-
ing or random, depending on the network topologies being employed. Furthermore, due
to various reasons such as buffer overload or noise, the packets may be lost and never
received by the receiver. This phenomenon, called packet dropouts, results a piece of
information never being available on the other side of the network. The existing theories
that does not consider these constraints may not achieve stability of NCSs [1-5, 10-12].
These common issues in NCSs can be easily understood by a simple analogy of pigeon
post as shown in Figure 1.5. The pigeons in this analogy represent the packets and the
message they carry are the information that is being passed through the network. It is
easy to see that, it will take a certain amount of time for the pigeons to deliver the message
to the destination. The amount of time it takes depends on the pigeons and conditions of
the sky that the pigeons fly. At the time instance ¢; in Figure 1.5, it takes 7(¢;) amount of
time for the blue pigeon to deliver the message, illustrating the network-induced delays.
At t5 time instant, the red pigeon, while traveling to deliver the message, was shot down
by a hunter and never arrived at the destination. This phenomenon in NCSs is the packet
dropout where the information in the packet is lost. These two are the most important
and common issues that appear in NCSs. In the case of green and black pigeons, because
of the random network-induced delays, the green pigeon that was sent before the black
pigeon arrived after the black pigeon. From the destination, it seems that the green pi-
geon carries a newer message and may discard the message the black pigeon is carrying.
This issue, called packet reordering is caused by the random communication delays and
its effect is similar to packet dropout, in that the message the black pigeon is carrying is

lost.

When a signal is transmitted via a network in a form of packets, each packet in-
evitably experience network-induced delays and is subject to packet dropout. Figure 1.6

shows typical issues that may arise in NCSs. Both origin and destination are time-driven
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Figure 1.5: An analogy of constraints in networked control systems

for the purpose of this explanation. At time instance, t,_1, the origin transmits a packet,

highlighted in blue. This packet is received by the destination at time ¢,_; + 7571, where

Tk_l

o 1s the network-induced delay at ¢;_;. The destination uses a time-driven compo-

nent therefore it will only obtain the new information from the buffer at time ¢;. Unlike
the traditional point-to-point structure, the transfer of information is not instantaneous;
therefore by the time the destination receives the signal about the origin, the information
is not up-to-date. As seen in the figure, at time t;, when the destination receives the
packet highlighted in blue, the actual information at the origin is different, highlighted in
red. This means that the action taken at the destination is based on the past information:
at time t;, the signal received by the destination contains the information at time #;_;.
This is the most important issue in NCSs which leads to degradation of performance or
instability. Packet dropout exacerbate this issue even further. For example, at time t,
the origin sends another packet, highlighted in red. If packet dropout occurs and this
packet is lost while it travels through the network, the most recent data at time ¢, at
the destination is still the same packet it received at time t;, which contains the infor-
mation of origin at time ¢;_;, highlighted in blue. Note that in time-driven components,

these delays will be multiple integers of the sampling period.

It is noteworthy that, in the case when the system component on the receiver is
time-driven, the packet dropout can be seen as prolonged delay of more than one sampling
instance. In Figure 1.6, the packet sent at time ¢, has arrived the destination but the
delay is longer than one sampling period. In this case, as there was no new information at

time tx4 1, the destination uses the most recent data successfully transmitted, highlighted
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Figure 1.6: Timing of information transfer of a network

in blue. At time #;,- the destination receives two packets, highlighted in red and black.
Since the packet highlighted in black is the most recent, the destination will use the packet
at time t;q, effectively creating packet dropout. As explained in the next chapter, this

characteristic can be used to model packet dropouts in relation to network-induced delays.

The type of delays, whether it is constant, time varying or random, largely depends
on the types topologies that networks use. The following paragraphs introduce two types

of networks with different medium access control protocols [9].

The first type of network is called cyclic service network and this type of network
protocols such as IEEE standard 802.4, SAE token bus, PROFIBUS, IEEE standard 805.5,
fiber distributed data interface (FDDI) architectures and FireWire transmits the signal
in cyclical order [13-16]. In these networks, the delays are deterministic and periodic.
However, in practice, this periodic property may experience variations and this property
can be destroyed. For example, when packet dropouts occur, as previously explained,
the delay effectively increases by one sampling period, no longer satisfying periodic delay.
Furthermore, discrepancies in clock generators also contribute towards the loss of periodic

property in cyclic service network.

The second type of network is where many of the common networks such as Ethernet
and Internet belong to, called random access network, where the delays are stochastic
[17]. This type of network is more common in the real world hence many researchers have
focused on this type of network. Since the delays are stochastic, probability theory is
usually employed to model such network. The next section presents some of the existing

studies on NCSs such as network modelling approaches and various controller designs.
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1.3 Studies on Networked Control Systems

The concept of using a network to transmit signals within the system is novel but the
presence of delays in the system has been considered since the 18" century. These systems
are called time delay systems and they differ from NCSs as time delay systems contain

delays within the plant, instead of between system components [10, 18-26].

It is unclear when networked control systems were first developed but many believe
that Bosch GmbH engendered the concept in 1983 when it studied feasibility of using
networked devices within an automobile. It developed Control Area Network (CAN), a
network medium dedicated for NCSs, which is widely used in car manufacturing in Europe
[3]. The terminology, NCSs, however, did not appear until Gregory C. Walsh coined the
term in 1998 when he provided a closed-loop structure where the controller and the sensor

are connected via a serial communication channel.

The majority of the research in NCSs are regarding stability analysis [2, 5, 27—
36] and the controller needs to minimize the adverse impact of the presence of network
to achieve stability. As a consequence, the study of modelling these constraints is very
important in the stability analysis of NCSs. More specifically, many existing approaches
focus on modelling the network-induced delays as this is the most prominent constraint in
NCSs. There are several ways researchers have attempted to incorporate the constraints
in NCSs, mainly network-induced delays and packet dropouts and some of the approaches
are presented in this section. Also presented are some of the controller design approaches
that have been published in recent years to provide a brief overview of existing studies in

NCSs.

1.3.1 Modelling of Network in NCSs

One obvious approach in NCSs is to design a controller based on the maximum delay of
the network. Even though this kind of design is easier to implement, as only the maximum
delay needs to be known, it is unrealistic to expect optimal performance. Furthermore,
these kind of controllers are often conservative and overdesigned since the controller is
based on the maximum delay with a small likelihood of occurrence. For these reasons,
many researchers focus on modelling the network and design a controller based on the
model of the network to ensure stability, resulting in delay-dependent controllers. The
following paragraphs introduce some of the existing methodologies developed to model

the network-induced delays and packet dropouts. It is noteworthy that the majority
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of existing papers incorporate model of network-induced delays as they are the most

prominent constraint in the real world.

Bernoulli distributed white sequence has been widely used used to model the packet
dropout [37-42] where discrete-time system with time-driven components are considered.
When packet dropout occurs, the signal received in the last sampling instance can be
used by the system. Bernoulli distributed white sequence, however, not only can it be
used to model the packet dropout, it can also be used to model network-induced delays as
shown in [43-45]. In a discrete-time system, the packet dropout and delay more than one
sampling period are identical and the network-induced delays can be modelled by using

this property.

Bernoulli distributed white sequence is essentially a binary switching sequence. In
this sense, a Markov chain with two modes can essentially achieve the same outcome where
one mode represents successful transmission and another a packet dropout as shown in
[38, 46-48]. In these aforementioned papers, a homogeneous Markov chain is used to
model the packet dropouts and since a Markov chain may consist more than 2 modes, it

can be used to model successive dropouts as shown in [47, 48].

In [49], the authors focused on modelling TP network delays with generalized expo-
nential distribution where round-trip time delays are measured and modelled. The authors
overcome the difficulties of obtaining parameters of the model in real-time by treating the
IP network stochastic behaviour as a parameter variation of the system transfer function.

The authors show that the distribution is right skewed for IP network delays.

Since a network itself is a system, a system identification approach can be used
to model the network-induced delays. In [18], the network-induced packet delays are
modelled by either autoregressive moving average (ARMA) or autoregressive integrated
moving average (ARIMA) model depending on whether the delay is stationary or nonsta-
tionary. The authors suggest that ARMA model is used for stationary random delays and
ARMA for either nonstationary or weakly stationary delays. In this paper, a “black box”
approach incorporated as the model identification relies only on the data itself instead of
the prior information about the system. Autocorrelation function and partial autocorrela-
tion function are used to determine whether the delay is stationary as the autocorrelation
coefficients of stationary series decay quickly. In [50], a heuristic model based on the
deviation-lag function (DLF) is developed to model the packet queueing delays. Unlike
[18] where either ARMA or ARIMA model is used depending on the types of the delays,
whether stationary or nonstationary, the authors show that using DLF can capture the

statistical features of both types.
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As explained previously, the network-induced delays of many existing networks such
as CAN, Ethernet and Internet are stochastic in nature. This means that Markov chain,
which also exhibit stochastic nature, is ideal in modelling the network-induced delays.
For this reason, Markov chain has been widely used to model the delays [8, 11, 27, 34, 51—
60] where each mode in the Markov chain corresponds to each delay in the network.
In discrete-time NCSs, where the network-induced delays exists in integer multiples of
the sampling period, Markov chain provides an excellent way to model the delays. It is
worthwhile to note that the aforementioned papers require a completely known transi-
tion probability matrix, which describes the likelihood of transition among the modes.
However, obtaining a completely known transition probability matrix in real world is ei-
ther impossible or very costly. Due to this consideration, a methodology for designing a
controller for Markovian jump linear system with partially known transition probability
matrix in non-NCSs problem has been investigated in [61-63]. These methodologies still
have room for improvement as they completely discard the unknown probabilities. Fur-
thermore, these aforementioned papers do not consider NCSs where Markov chain is used
to model the network-induced delays. Throughout this thesis, the network-induced de-
lays are modelled by a homogenous finite state Markov chain, with the focus on partially
known transition probability matrix. Refer to Chapter 2 and 3 for more information on
how a Markov chain may be used to model the network in this thesis and how partially
known transition probability matrix is handled to design a controller, despite knowing all

transition probabilities.

A Markov chain is a random process which consists of a countable set of values
and change the state at intervals. One of the key characteristics of Markov chain is the
memorylessness in the state transitions, in that the next state depends only on the current
state and not the past states. At each time instance, a transition to a new state occurs
and its likelihood is defined by a probability called state transition probability, shown as
follows:

pij = Prob{Si11 = j|Sk = i}

where Si.1 and S, are the states at time instance k + 1 and k respectively. This value,

pij, describes the likelihood of state transition from 7 to j at time instance k + 1.

Figure 1.7 illustrates an example of a finite state machine with 4 states in the Markov
chain. For example, say the current state at time instance k is 1. At the next time instance,
k + 1, one of the following will occur; either the next state at time k£ + 1 remains at 1
or it moves to any of the other states; 2, 3, or 4. The likelihood of such occurrence is
given by a set of probabilities; pi1, p12, p13 and pi4 respectively. In the Markov chain that

contains a finite number of states, hence the name “finite state Markov process”, these
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Figure 1.7: State diagram of Markov chain with 4 states

probabilities can be represented by a matrix as follows;

P11 P12 P13 P4 --- DPis
P21 P22 P23 P24 ... Pas
A T (1.3.1)
P(s—1)s
| Ps1t DPs2 Ps3 Psa .- DPss |

where s represents the number of states in the Markov chain. Since p;; are probabilities,
0 < pi; < 1 holds. Furthermore, at each time instance either transition to a new mode
occurs or it remains in the current state, which means Z?Zl pij = 1;9=1,2,..., n. This
fact that the summation of probabilities in each row must equal to 1 is used, as explained

in Chapter 3, to deal the situation where some of the probabilities in (1.3.1) are unknown.

When a Markov chain is used to model the network-induced delays, each state, or
mode, corresponds to the time-varying delay in the network. Throughout this thesis, it
is assumed that the network-induced delays are time-varying but upper bounded by a
constant. Furthermore, the current mode of the Markov chain is assumed to be accessible
by the controller. This can easily be achieved by using a time stamp as shown in [17, 57,
64]. Based on the information the time stamp contains, the controller can determine the

network- induced delay.

Another way to use Markov chain to model the network-induced delay is presented
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Figure 1.8: A basic structure of hidden Markov model

in [56]. This approach, named hidden Markov models, contains a Markov chain that is
“hidden.” It is essentially a double stochastic process with an underlying, unobservable
process, and another stochastic process, from which the hidden process is to be estimated.

Figure 1.8 illustrates the basic structure of a hidden Markov model.

Many of the papers on Markovian jump systems assume that the transition proba-
bility matrix is completely known [8, 11, 27, 34, 51-60]. However, obtaining a completely
known transition probability matrix is either practically impossible or very expensive.
This provided motivation to several researchers to consider a Markovian jump systems
where the transition probability matrix is partially known [61-63]. In these papers, more
general approach is presented where the Markovian jump system with completely known
transition probability matrix becomes a special case of this approach. However, the
methodologies presented in [61-63] still leaves room for improvement in the way the un-

known transition probabilities are handled.

In [61-63], terms containing probabilities are separated and unknown probabilities

are discarded. For example we have the following for any matrix F;,

> piPi=>_ piPi+ Y i (1.3.2)
j=1

jeSL JES

where

S = {j:if py is known}, S = {j: if pi; is unknown} (1.3.3)

The above is true because the summation of all probabilities in each row of the
transition probability matrix, regardless of whether they are known or not, is always one.
Therefore if Z?esfc piiP; < 0 and P; < 0, Vj € S then 377 p;P; < 0 holds. By
stating P; < 0, Vj € S/, the unknown transition probabilities are simply discarded,

making the result more conservative.
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Even though individual unknown probabilities cannot be obtained, the summation
of unknown probabilities are bounded because the summation of all probabilities must

equal to one. This means that

Zpij = Z Pij + Z Dij = Z Pij + (1 - Z pij) =1 (1.3.4)
=1 €S

jeSE JjESE jeSE

In this thesis, the above information is used to create an upper bound of the unknown
probabilities so that the probability information is used in the controller design. By doing
so, unlike what is shown in [61-63], the summation of parts corresponding to the known

and unknown probabilities is considered, instead of separating them.

1.3.2 Controller Design for NCSs

The role of the controller in NCSs is to maintain the stability of the system as well as
controlling and maintaining the system performance in the presence of the constraints
imposed by the presence of the network. Several typical approaches are presented in the
previous paragraphs. The following paragraphs describe some of the controller design

methodologies in NCSs that have been published in recent years.

In [2, 30-33, 65-68], the authors use maximum allowable transfer time (MATTI)
or maximum allowable equivalent delay bound (MAEDB), which are quality of service
measure for NCSs, in the stability analysis. In [33, 65], a methodology to determine
MATTI of an NCS to ensure that the overall system is stable is proposed. The design
approach provided in these papers are to use standard control methodologies and choosing
the network protocol and bandwidth to ensure that the system will remain stable when a
computer network is introduced to the feedback loop. The advantage of such approach is
the wide range of existing control methodologies and this approach is particularly useful
when existing systems are converted to NCSs. However, it requires flexibility of choosing
network protocols and bandwidth, which may not be the case in the real world. In [66, 67],
the authors propose controller design based on MAEDB. In [30-32], the authors propose

new scheduling protocol and show, by using MATTI, that their protocol is superior.

Similar to [33, 65], where introducing a network to existing feedback loop is investi-
gated, [49] also investigates using an existing controller to convert a non-NCS to an NCS.
This particular concept is practical when replacing an existing controller is costly, inconve-

nient and/or time consuming. By using what the authors call gain scheduler middleware,
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the output of the existing controller is modified based on a gain scheduling algorithm with
respect to the current network conditions. This allows the existing controllers to be used

when network is inserted in the feedback loop.

In [16], the authors developed the sampling time scheduling methodology for an
NCS to select a sampling period to ensure the stability of the system. This methodology
selects a sampling time that is longer than the worst-case delay bound for a discrete-time
NCS so that the delay does not affect the system performance. In this paper, a time-
driven sensor and controller and an event-driven actuator is used. This methodology is
originally applied to cyclic service networks whereby all connections of every NCS on
the network are known in advance. It has been modified in [69] to CAN, which is a
random access network. Furthermore, the methodology presented in [16] is expanded to

multi-dimensional cases in [70, 71].

It has been shown in [72, 73] that nonlinear and perturbation theory can be used
to formulate delay effects as perturbation of a continuous-time system under the assump-
tion that there is no observation noise. The networks are restricted to be priority-based
networks and priority scheduling algorithms are presented in [74]. This approach can be
applied to both linear and nonlinear systems, but it requires a very small sampling period
to ensure that the system can be approximated as a continuous-time system. This small
sampling period usually results in congestion of network and high computation burden

on components, both of which are not desirable in real world.

A problem of robust stability of NCSs with delays satisfying Bernoulli random binary
distribution is investigated in [22]. In this paper, a new type of system model with
stochastic parameter matrices is proposed. Exponential mean square stability of the
original system based on Lyapunov functional is established. However, this work only

investigates stability analysis, not the controller design methodology.

In [75], a method to formulate an NCS as a discrete-time switched system is pro-
posed. Augmented state space representation of the system according to the delays are
introduced in this paper. This means that the parameters in the system change based
on the network conditions and a dynamic controller is used to control an NCS. Similarly,
[76] presents stability and disturbance attenuation issues for NCSs under uncertain ac-
cess delay and packet dropout using switched systems framework. As shown in [75], [76]
also formulates an NCS as a discrete-time switched system so that existing methods for
discrete-time switched systems such as [77-79] may still be used. However, the controller
is required to run at a higher frequency than the sampling frequency which may lead to

practical issues.
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Queuing methodologies, which utilize deterministic [80, 81] or probabilistic informa-
tion [82] for the control algorithm formulation are developed for NCSs. An observer and
a predictor are used in [80, 81] to estimate the plant states and compensate for the delay
based on the past output measurements stored in a first-in-first-out queue. However, this
approach requires high model accuracy as the observer and the predictor are highly de-
pendent on it. This means that the dynamic model of the plant needs to be precise. In
[82], the presented methodology uses the amount of information in the queue to improve
the state prediction. However, this approach is a scheme to predict state variables, not a

control algorithm.

Optimal control methodology has been proven to be effective in traditional control
systems theory. The purpose of such method is to minimize the cost function and this
approach has yielded successful results in NCSs [17, 57, 64, 83]. The effects of the delays
are treated as a linear quadratic Gaussian problem in [17]. The authors assume that the
total delay is less than one sampling period and the information on the past time delays
are available. The authors propose using a time stamp to store this information. A similar
approach is used in [57, 64] but this approach allows network-induced delays longer than
one sampling period. As it was the case with [17], [57, 64] also use time-driven sensor and
even-driven controller and actuator. However, the approaches shown in these papers are
not practical as the controller memory needs to be large to store the past information of
delay, which is required to use the presented approach. In [83], linear quadratic regulator
output feedback gain scheduling controller is designed for mobile NCSs. In this paper, the
controller gain is dependent on the network condition, more specifically the delay at each
time instance. The state space representation of a discrete-time system is augmented
to include all the delay terms. By using this approach, the overall closed-loop system
becomes a switched system. The major drawback of this approach is that the augmented
system includes all the delay terms, that is, a system with long delays will increase the

complexity of the problem significantly.

As explained the previous section, Markov chain is ideal in modelling the network-
induced delays. By using this approach, the overall system becomes Markovian jump
systems whereby each possible delay in the network is represented as a state, or mode,
in the Markov chain [8; 54, 56]. A Markovian jump system can be seen as a collection of
subsystems with a constant delay where each subsystem consists a controller designed for
the constant delay. At each time instance, depending on the current delay of the network,
one of the controllers corresponding to the subsystem will be “switched on.” Hence, the
controller is mode dependent, resulting in different the controller gain depending on the
current delay in the network at a given time instance. In [8] a state feedback controller

design for NCSs is developed where the stability analysis is based on Lyapunov function.
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The existence of the controller is given in terms of solvability of bilinear matrix inequal-
ities. In [54], interior-point algorithm is used to design stabilizing dynamic controllers.
Refer to Chapter 2 and 3 for more information about how a Markov chain is used to
model the network in NCSs and how a partially known transition probability matrix is

considered in this thesis.

Study of nonlinear systems is important as every system contain inherent nonlinear-
ities. Takagi-Sugeno (T-S) fuzzy model has been proven to be very effective in modelling
nonlinear systems. Its success in traditional control theory has been translated to nonlin-
ear NCSs in recent years [36, 41, 58, 66, 67, 84-91]. The attraction of T-S fuzzy model
is that the global nonlinear system is modelled by local linear models. Fuzzy blend-
ing of local linear models with membership functions allow the global nonlinear plant
to be modelled by a T-S fuzzy model. In [84] a parity-equation approach and a fuzzy
observer based approach for fault detection of an NCS were presented. In contrast to
other approaches in NCSs, this approach does not require the knowledge of exact values
of network-induced delay as it addresses situations involving all possible delays. State
feedback controller design for nonlinear NCSs is presented in [36, 58, 67, 85-88]. In [85],
the authors take the probabilistic interval distribution of the communication delay into
the controller design. They also provide a general framework where network-induced
delays and packet dropout are under a unified framework. Two Markov processes are
used to model the sensor-to-controller and controller-to-actuator delays in [58]. Fuzzy
Ho tracking controller is presented in [67] where the controller design is based on the
maximum allowable equivalent delay bound. State quantization in NCSs is considered in
[86] where a robust H,, fuzzy state feedback controller is designed. In [87], a new type of
state feedback controllers, named switched parallel distribution compensation controllers,
are presented and it has been shown that this method provides better or at least the same
results as the existing design methodologies. A sufficient condition for the existence of
a fuzzy controller with network-induced delay and packet dropout are presented in [36].
Fuzzy rules are used to model the network-induced delays, which are then used to design

a fuzzy state feedback controller in [88].

Compared to fuzzy state feedback controller design approach, study on output feed-
back controller design for nonlinear NCSs is even more scarce [41, 66, 89-91]. In [66, 91],
the authors propose a static output feedback controller design. An observer based output
feedback control of NCSs with multiple packet dropouts is presented in [41]. In [89] a
fuzzy dynamic output feedback control of continuous-time NCS is presented where the
sufficient conditions are derived by Lyapunov-Krasovskii functional. An H., output track-
ing control for nonlinear discrete-time NCSs with packet dropout modelled as a Bernoulli

sequence is presented in [90].
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It has been shown in [92-96] that the membership functions play a vital role in the
stability analysis of fuzzy model based control. However, many of the existing papers
discard the membership functions in the design analysis. This is because the membership
functions are nonlinear, hence popular linear matrix inequalities (LMIs) approach cannot
be adopted. The traditional approach discards the membership functions in the controller
design in order to formulate the conditions in LMIs. The drawback of such approach is
that the controller designed is valid for any shape of membership functions, which cause
conservatism. Several attempts have been made to overcome this drawback. In [92, 93],
boundary information of membership function are incorporated into the controller de-
sign. However in this approach, only the lower and upper bound of the membership
functions are included. In [94], the membership functions are approximated by using
staircase piecewise functions. This means that in each sub-region membership functions
are approximated by a scalar, allowing controller design to be formulated in terms of LMI
conditions. Similar to [94], [95] use piecewise linear functions to approximate the mem-
bership functions. However, since piecewise functions are used in [94, 95|, the number
of sub-regions needs to be quite large in order to approximate the membership functions
with accuracy. In [96], polynomial functions are used to approximate the products of
membership functions and the bounds of the approximation error are incorporated into
the design. This approach provides an alternative to [94, 95| by using continuous polyno-
mial functions to approximate membership functions using sum-of-squares decomposition.
Unlike [94, 95|, where the membership functions are essentially discretized, polynomial
function approximation provides continuous membership functions. Refer to Chapter 7
for more information about how membership functions are incorporated into the fuzzy

controller design in this thesis.

In NCSs, a network is present between the plant and the controller. Signals traveling
between the plant and the controller inevitably experience network-induced delays. In
[36, 67, 85, 87, 88], the premise variables of the plant, which are the state variables of
the plant, are assumed to be measurable and the same premise variables are used by
the fuzzy controller. However in NCSs the premise will inevitably experience network-
induced delays, that is, if the premise variables of the controller are selected to be the
same as the plant, then the fuzzy controller has be based on the delayed premise of the
plant. Therefore, the fuzzy controller based on the current premise of the plant as in
[36, 67, 85, 87, 88] may be impractical in NCSs.

Study of NCSs is by no means complete as existing literatures focus on a small
part of the issues in NCSs. Many of the existing papers make too many impractical
assumptions such as that the network-induced delays are less than the sampling period

or that network traffic cannot be overloaded. Furthermore, the majority of the studies
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in NCSs are focused on continuous-time systems and study on nonlinear NCSs is even
more scarce in both continuous-time and discrete-time domain. Even well-established
approaches such as Markov process to model the network or T-S fuzzy models for nonlinear
NCSs fails to address some practical considerations. Therefore, the study of NCSs is still

worthwhile with many areas that still need to be addressed.

1.4 Research Motivation

Study of NCSs is an area with a huge potential as it has a wide range of applications such
as unmanned vehicle, remote control systems and teleoperation. NCSs has been receiving
significant research interest with recent advance in communication systems. The fact
that the controller can now be remotely located is very attractive in many applications
as a single hardware can now be used to control several plants around the world using
NCSs. Since NCSs can use existing networks to transmit the signal, it provides low
construction cost due to lack of wires. The modularity and mobility of NCSs enable easy
maintenance, which is yet another attractive feature of NCSs. Even though there are
numerous literature on this topic, the study is not yet comprehensive. Some papers make

too many unrealistic assumptions and some neglect important practical considerations.

Since the signal is passed through a network, it is formed into packets. Hence,
the continuous signal needs to be sampled to be made into packets where these packets
are then transmitted via the network at time instances. This makes study of NCSs in
discrete-time domain very natural. However, the majority of studies in NCSs focus on
continuous-time domain with time-driven sensors and even-driven controllers and actu-
ators. Motivated by the advantages of discrete-time domain in NCSs and the lack of
extensive studies compared to the continuous-time counterpart, this research focuses on

controller design for discrete-time NCSs.

As most networks, such as CAN, Ethernet and Internet, exhibit random network-
induced delays, Markov chain makes an ideal way of modelling these random network-
induced delays. There have been several papers published on NCSs where the network
is modelled by Markov chain [8, 11, 27, 34, 51-60]. These approaches rely on the fact
that the transition probability matrix, which describes the statistical distribution of the
delay, is completely known. However, obtaining a completely known transition probability
matrix in real world is not an easy task and it is either costly or practically impossible. In
light of this, methodologies for handling a partially known transition probability matrix

for non-NCSs are presented in [61-63]. However, these methodologies are very crude
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as the unknown transition probabilities are simply discarded. Furthermore, the terms
that contain probabilities are separated into two parts and considered separately. This
research attempts to establish a methodology for designing a controller for NCSs with
completely known transition probability matrix first then extend to NCSs with partially
known transition probability matrix. It is shown that the problem with completely known
transition probability matrix can be seen as a special case of the partially known transition

probability matrix problem.

Filtering is an important research issue, particularly in signal processing applica-
tions, as it provides means to estimate the state information when the plant is disturbed.
Traditional approach of Kalman filtering approach may not provide satisfactory results
when there are uncertainties in the system model. H, filtering approach has been one of
the most popular approaches since it does not require exact knowledge of the statics of the
external noise [97-100]. This research presents a robust H, filter design for NCSs where
the network-induced delays are modelled by Markov chain whose transition probability

matrix is allowed to be partially known.

Study of robust stability is a popular area of research in control systems. When
modelling a real world plant, parametric uncertainties arise due to aging of devices or
identification errors. Parametric uncertainties play a vital role in stability and perfor-
mance and NCSs is no exception. Because of this importance, the plant model considered

in this research contain parametric uncertainties.

Every system in real world exhibits nonlinearities to a certain degree. A common
practice is to linearize the nonlinear system about the operating region and apply linear
control theory to obtain a controller, resulting a simpler analysis. However, when the
operating region is wide, it is difficult to obtain an accurate linear model. Ever since its
proposition in [101], T-S fuzzy model has been proven to be very effective in modelling
nonlinear systems. Fuzzy system theory allows qualitative, linguistic information about
the system and formulate the nonlinear system as a collection of local linear subsystems
with fuzzy blending with membership functions. It has been shown that T-S fuzzy model
can still be successfully used in nonlinear NCSs [36, 41, 58, 66, 67, 84-91]. However, the
amount of work that has been carried out on nonlinear NCSs is minuscule compared to
that of linear NCSs and even more scarce is the study of nonlinear discrete-time NCSs.
The existing literature on nonlinear NCSs modelled by T-S fuzzy model shows promising

results, making the research worthwhile.

As shown in [92-96], membership functions, which creates the fuzzy blending of

linear subsystems, play a vital role in stability analysis of fuzzy model based control.
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However, the majority of the existing literatures discard the membership functions in the
controller design since membership functions are nonlinear, therefore LMI approach can-
not be used. Several researchers investigated and presented their findings of incorporating
membership functions in [92-96] but none of them are for NCSs. On another note, the
signals transmitted via a network in NCSs inevitably experience network-induced delays.
Many of the existing literature on nonlinear NCSs described by T-S fuzzy model neglects
this fact and assume that the premise variables of the controller are not experiencing
delays, leading to unrealistic problem formulation of NCSs. Motivated by lack of existing
studies on nonlinear NCSs described by T-S fuzzy model where membership functions
are incorporated into the controller design, this research investigates and addresses this
issue. This research also acknowledges the fact that the premise variables will experi-
ence network-induced delays as they are transmitted via the network. In this research,
the premise variables of the controller is the time delayed version of the plant’s premise
variables, assuming that the plant’s premise variables are measurable, providing practical
consideration of NCSs. By presenting a fuzzy dynamic output feedback controller design,
it is ensured that the nonlinear NCSs can still be stabilized when the premise variables

are not measurable.

1.5 Objectives of the Thesis

The main focus of this thesis is to establish the foundation of study of NCSs with random
network-induced delays and parametric uncertainties in both linear and nonlinear realm.
Markov chain is used to model the network and the transition probability matrix is allowed
to be partially known. The discrete-time model of the plant is considered as it is more
natural in NCSs. Throughout this thesis, novel methodologies for H., controller /filter
design are presented for both linear and nonlinear NCSs. Based on Lyapunov-Krasovskii
functionals, the sufficient conditions for the existence of the controller/filter are presented.
A T-S fuzzy model is used to describe the nonlinear NCSs and a less conservative fuzzy
controller /filter design is proposed by incorporating membership functions into the con-
troller design. The premise variables of the plant is allowed to be different to the premise
variables of the controller in this thesis. In summary, the objectives of the thesis are as

follows:

e Investigate using a Markov chain with partially known transition probability matrix
in the controller /filter design of NCSs
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e Develop a novel methodology for a robust H., state feedback controller design for
discrete-time linear NCSs where the network is modelled by a finite state homoge-

neous Markov chain with completely known transition probability matrix

e Extend the previous methodology to state feedback controller design for discrete-

time linear NCSs with partially known transition probability matrix

e Develop a robust H,, filter and a robust H., dynamic output feedback controller
design methodology for linear NCSs with partially known transition probability

matrix

e Establish a T-S fuzzy model for discrete-time nonlinear NCSs and investigate incor-

porating membership functions in the controller design

e Develop a new method of designing a robust fuzzy H, state feedback controller for
nonlinear NCSs where the plant is modelled by a T-S fuzzy model and membership

functions are incorporated into the fuzzy controller design

e Develop a robust fuzzy H filter and a robust fuzzy H., dynamic output feedback
controller design methodologies for nonlinear NCSs described by T-S fuzzy model
with partially known transition probability matrix and membership functions incor-

porated into the controller /filter design

In order to demonstrate the effectiveness of the proposed methodologies, numer-
ical examples are provided. Simulation results show that the proposed methodologies
achieve stability and prescribed performance index. In nonlinear NCSs, comparisons to
methodologies without incorporating membership functions are made to illustrate that

incorporating membership functions yield larger stabilization region.

1.6 Outline of the Thesis

Following the introduction, Chapter 2 presents a robust H., state feedback controller
design methodology for linear NCSs. The network-induced delays are modelled by a
finite state Markov chain whose transition probability matrix is assumed to be completely
known. Based on Lyapunov-Krasovskii functional, sufficient conditions for the existence
of the controller is expressed in terms of BMIs, which are solved by the proposed iterative
algorithm. Chapter 3 presents the new network model where the transition probability
matrix is allowed to be partially known. This chapter extends the approach shown in

Chapter 2 to a robust H,, state feedback controller design methodology for linear NCSs
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with partially known transition probability matrix. It is shown that the result shown in

Chapter 2 is a special case of the methodology in Chapter 3.

In Chapter 4, robust H filter design problem is presented. H filter is particularly
useful since the exact knowledge of noise is not required to design a filter. Sufficient con-
ditions for the existence of the filter is derived based on Lyapunov-Krasovskii functional.

The effectiveness of the proposed methodology is illustrated using a numerical example.

In Chapter 5, robust H., dynamic output feedback controller design problem is
introduced. Sufficient conditions are presented and numerical example is provided. Out-
put feedback control is more practical than state feedback control since it is not always

possible to measure all the states in the real world.

Chapter 6 provides an overview of T-S fuzzy model and sum-of-squares (SOS) de-
composition. It also presents how sum-of-squares decomposition is used in this thesis
to incorporate membership functions into the controller design. By using polynomial ap-
proximation, the membership functions, which are nonlinear, can be incorporated into the

controller design such that existing numerical tools can be used to obtain the controller.

Chapter 7 presents a robust fuzzy H., state feedback controller design methodology
for nonlinear NCSs described by T-S fuzzy model. The premise variables of the con-
troller is the time delayed version of the premise variables of the plant to acknowledge
the presence of the network between the plant and the controller. Sufficient conditions
for the existence of a robust H., state feedback controller design is presented in terms
of SOS based on Lyapunov-Krasovskii functional. Using numerical examples, it is shown
that incorporating membership functions yield larger stabilization region and the pre-
sented approach achieves stability and performance criteria. In Chapter 7, the transition

probability matrix is assumed to be completely known.

Chapter 8 presents a robust fuzzy H., filter design where the plant is modelled by
T-S fuzzy model and the network is modelled by a finite state Markov chain with par-
tially known transition probability matrix. This approach provides a way to estimate the
controlled output of the plant based on the measured output of the plant. As shown in
Chapter 7, the premise variables of the plant and the filter are allowed to be different
to acknowledge the time delay between the system components. The membership func-
tions of the plant and the filter are incorporated into the filter design. Similarly, robust
fuzzy H.o dynamic output feedback controller design for nonlinear NCSs is presented in
Chapter 9. In this approach, it is assumed that the premise variables of the plant are

unmeasurable or unavailable to the controller. The premise variables and membership
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functions of the controller are allowed to be different to those of the plant. Member-
ship functions are incorporated into the controller design by approximating them using
polynomial functions. Numerical examples are provided to illustrate the effectiveness of
the proposed methodologies. It is shown in Chapter 9 that incorporating membership

functions yields larger stabilization region.

Finally, the summary of the thesis and future research direction are discussed in
Chapter 10.



Robust ., State Feedback Control of
Discrete-Time Networked Control
Systems With Completely Known
Transition Probability Matrix

Abstract

The aim of this chapter is to study stability analysis and controller design for a robust mode delay-
dependent H, controller design for discrete-time networked control systems. Network-induced delays
between sensors and controllers are modelled by a finite state Markov process whose transition prob-
ability matrix is assumed to be completely known. Based on Lyapunov-Krasovskii functional, a novel
methodology for designing a mode delay-dependent state feedback controller has been presented. It is
also shown that the existing delay-dependent approach is a special case of the mode delay-dependent
approach proposed in this study. The mode delay-dependent controller is obtained by solving linear
matrix inequality optimisation problems using the cone complementarity linearisation algorithm. The

effectiveness of the proposed design methodology is verified by a numerical example.
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2.1 Introduction

Recent advances in communication networks have introduced a new field in control sys-
tems called networked control systems (NCSs) where the spatially distributed system
components, such as sensors, actuators and controllers, are connected via network. This
new development has fulfilled many requirements that have not been able to be met with
the traditional point-to-point architecture. NCSs have achieved modularity, quick and
easy maintenance and low cost because of the absence of wire connections between the

system components [1-8].

However, as already address in Chapter 1, NCSs are challenged by numerous network
constraints, arising from limited bandwidth. The network-induced delay could potentially
deteriorate the stability and control performance of the system. Since the network-induced
delays are usually time varying and non-deterministic, the traditional control methodolo-
gies for delay systems [10, 12, 52, 102-104] may not gain satisfactory performance for
the control of NCSs. Recently, stochastic approaches are generally adopted to cope with
network packet dropout and packet delays. In [43, 105], the stability robustness of NCSs
is addressed, where the packet losses are modelled according to an independent and iden-
tically distributed Bernoulli distribution and the control input becomes zero when the
data are lost (the so-called zero-control strategy). In [43-45], the delay is considered as
white in nature with known probability distributions. Recently, Markovian jump systems
(MJSs) proposed by Krasovskii and Lidskii in [106] has been a popular approach in mod-
elling changes in the system. This class of systems is normally used to model stochastic
process where transition from one mode to another occurs based on some probabilities
called transition probabilities. Extensive work on Markovian jump linear systems has
been carried out, such as controllability, stabilization, observability and optimal control
as shown in [34, 107-111]. By incorporating Markov chain to model the network, the
controller becomes delay mode dependent, where the controller gain is dependent on the
delay in the network. At each time instance, appropriate controller will be “switched on”

based on the current delay of the network.

This chapter aims to consider a class of uncertain discrete-time linear systems with
random communication delays that exist between sensors and controllers. Markov process
is used to model the communication channel where each mode in the Markov chain cor-
responds to the possible delays in the channel. The transition probability matrix for the
Markov chain is assumed to be completely known. Based on the LyapunovKrasovskii func-
tional, a mode delay-dependent state feedback controller is proposed to stabilise a class

of systems. This mode delay-dependent controller is obtained by solving Bilinear matrix
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inequalities (BMIs) using the cone complementarity linearisation algorithm. Here, our ap-
proach depends on each mode delay, hence, as it is expected, the mode delay-dependent

approach will yield a less conservative result as compared to the delay-dependent approach
[110, 112-114].

The main contributions of this chapter is as follows.

e A mode delay-dependent state feedback controller is proposed to stabilise a class of

networked control systems

e Based on the approach presented in this chapter, robust H, state feedback, robust
Ho filter and robust H., dynamic output feedback controller design approaches for
linear NCSs with partially known transition probability matrix in the Markov chain

is derived

The rest of the chapter is organised as follows. Section 2.2 presents the system
description, modelling of network-induced delays as well as necessary lemma and problem
formulation. In Section 2.3, stability analysis and the robust H, state feedback controller
design are presented in terms of BMIs. A cone complementarity algorithm to convert the
BMIs to quasi-convex LMIs is also presented. Section 2.4 provide a numerical example
to illustrate the effectiveness of the controller design. Finally, conclusions are drawn in
Section 2.5.

2.2 System Description and Definitions

Consider the NCSs setup shown in Figure 2.1. The sensor measures the states variables,
which is then sent to the controller via a network at each time instance. A class of

uncertain discrete-time linear systems under consideration is described by the following

model:
z(k+1) = [A+AA(k)|z(k)+ [B1 + ABy(k)|w(k) + [By + ABy(k)]u(k), z(0)=0
2(k) = [C1 + ACy(k)]|z(k) + [D11 + ADyi(k)]w(k) 4+ [D12 + AD1a(k)]u(k)

(2.2.1)
where z(k) € R is the state vector, z(k) € RP is the controlled output and w(k) € R? is
the disturbance which belong to £5]0, 00), the space of square summable vector sequence
over [0, 00]. The matrices A, By, By, C1, D13 and D5 are of appropriate dimensions. The
matrix functions AA(k), AB;(k), ABy(k), AC(k), ADy1(k) and ADs2(k) represent the

time-varying uncertainties in the system and satisfy the following assumption.
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Assumption 2.2.1

Ey
Es

F(k)[ﬂ1 H, H;

AA(k) ABi(k)  ABs(k)
ACi (k) ADy(k) ADy(k)

where H; and E; are known matrices which characterize the structure of the uncertainties.

Furthermore, there exists a positive constant VW such that the following inequality holds:

FY(EYWF (k) <W (2.2.2)
wi(k) R z(k)

Physical Plant x(k)

—
Actuator
u(k) Network-
induced Delay
T(k)
x(k-T(k))
Controller |«

Figure 2.1: A networked control system with sensor-to-controller delay

Controller design methodologies derived based on this model can be extended to
NCSs with both sensor-to-controller delays and controller-to-actuator delays. Refer to
the works in [34, 58] for more information with respect to two separate delays in the

system.

Let {ry} be a discrete homogeneous Markov chain taking values in a finite set S =
{1,2,---, s}, with the following transition probability from mode i at k to mode j at time
kE+1

pij := Prob{ry.1 = jlry =i}

where 7,7 € S.
The random delays 7 is modeled by a finite state Markov process as 7, = 7(ry)

with 0 < 7(1) < 7(2) < -+- < 7(s) < oo. Throughout this thesis, it is assumed that the

proposed controller will always use the most recent data for feedback. That means that
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if there is no new information available at step k£ + 1, due to either packet loss or delay
longer than one sampling period, z(k — 75) will be used for feedback, that is, the delay

can only increase at most by 1 at each time instance. Therefore we have

Prob{ry1 > 7 +1} =0

Based on the above, the transition probability matrix for the Markov chain above

is of the following form

[ pin pz2 0 0 ... 0 ]
P21 P22 p23 0 ... 0
Po=|: i (2.2.3)
P(s—-1)s
| Pst DPs2 Ps3 Ps4 --- Dss |

Note 0 < p;; <1 and 23111 pij = 1 where pys11) = 0. These transition probabilities
may be obtained by, for example, carrying out experiments to send packets and obtaining
the delay. Larger number of packets sent in the experiments would provide more accurate

delay distribution of the stochastic process.

It is noteworthy that, in this thesis, the packet loss is treated as a network-induced
delay longer than one sampling period as shown in Figure 1.6 in Chapter 1. Consequently,
it is shown that a Markov chain may be used to model packet dropout as well as the

network-induced delays with time-driven components.
The mode-dependent switching state feedback control law is

u(k) = K(ry)x(k — 1) (2.2.4)

The states measurement, x(k) is delayed due to the network between the plant and
the controller. The control law is mode-dependent as the control gain, K (ry), depends
on the delay at each time instance. The magnitude of the delay in each packet, can be
obtained by using time stamp in each message. Unlike the traditional system where no
delay between components are assumed, the data received by the receiver in NCSs contains
the past information sent by the transmitter. Since the data used to compute the control

signal are not the current information, the controller designed without considering the
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effects of the delay degrades the performance of the system.
The problem of the robust H., control for such system is formulated as follows.

Problem Formulation: Given a prescribed v > 0, design a state feedback con-
troller of the form (2.2.4) such that

1. The system (2.2.1) with (2.2.4) and w(k) = 0 is stochastically stable, i.e., there

exists a constant 0 < o < oo such that

E {i xT(E):E(E)} < (2.2.5)

for all z(0), ro.
2. Under the zero-initial condition, the controlled output z(k) satisfies
{Z 2Lk |7’0} < vzw (2.2.6)
0

for all nonzero w(k).

The following lemma which will play a vital role in deriving our main results in this

thesis is shown below.

Lemma 2.2.1 Let y(k) = z(k+ 1) — z(k) and &(k) = [:L‘T(k) 2k — 1) wl(k)

T
eV (K)HTFT (k) 27 (k — 7)) KT (ry) HY FT (k) wT(k)H;‘FFT(k)] e R, then for any matri-
ces R € RV, M € R and Z € R satisfying

R M
>0 2.2.7
MT 7 |~ ( )
the following inequality holds
k—1
Y (i) Ry (i) < :ET(k:){Tl + 17+ TkZ}i"(k:) (2.2.8)
i=k—Tg

where Y1 =M*[I —1 00 0 0]
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Proof: From (2.2.7), the following holds

SERCANEERAEG
P2y [ s | vz | w2 229)

By expanding (2.2.9), it becomes

| i y" (1)) Ry(a) + 2" (k)M Ty(i) +y" ()M (k) + 2" (k) Zi(k) = 0
Rearranging the above results

k—1 k-1

= > Yy ORyG) < Y [FRIM ) +y @) MER) + F (k) Z5)
1=k—Ty i=k—Tj

Since y(k) = x(k + 1) — x(k) the right hand side of the equation becomes
k-1

(@ R)M 2+ 1) = 2()] + (27 + 1) = 2" O]ME(R) + 37 (1) ZE (k)|

i:k—Tk

Expanding the summation results cancellation of terms. Then the equation above

becomes

FT(R)MT[2(k) — a(k — 7)) + [2T (k) — 2T (k — 7)]| M (k) + &7 (k) 23 (k)
= FT(R)MT[I — 1 0la(k)+ 2"k — 1 0T Ma(k)+ &7 (k)rp 23 (k)

where I € R™*™ and 0 € RxI-27, \YAVAVS

2.3 Main Results

In the previous section, the problem of robust H,, control for a class of discrete-time
NCSs with a completely known transition probability matrix is presented. This section
proposes the stability criteria and the controller design for uncertain discrete-time systems

with random communication delays with completely known transition probability matrix.

Theorem 2.3.1 For given controller gains K(i), i = 1,---,s and v > 0, if there ezist
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sets of positive-definite matrices P(i), Ry(i), Ry, Ra(i), Re, W1(3), Wa(i), W5(i), Q,Z(7)

and matrices M(i) fori=1,2,--- s satisfying the following inequalities
Ry > Rl(Z), Ry > RQ(Z) (231)
A+ TE PO + IO FOR + (@ RIT0) + T+ THO) o0
+7(i)Z (i) + EL(1)=(4) < 0
and
[ (L= pien) Ba(0) + Bali) MG) | _ (233)
M7 (i) Z@) | —
where
PG = 3L pyP3)
(i) = Z;Hlpm (7)
r() = |A B.K(i) B, E Er El]
E(Z) == Cl D12K<Z> D11 E2 E2 E2i|
Do) = [A-1 BK() Bl By By B (2.3.4)
AG) = diagl ((r(s) = (1) + 1)Q + HIWA()Hy — P(i) )
(KT HEWa (i) Bk (1) = Q) (HIWi(i) Hy =71 ), = Wi (i),
~Wali), ~Wali) }
YTi(i) = MT@[I —1 000 Q0]

Then the closed-loop system is stochastically stable with the prescribed Ho, performance.

Proof: The system (2.2.1) with (2.2.4) can be rewritten as

- T 7
Lk+1 Hl(rk)fﬂk (2.3.5)
2 = Z(ry)Tx
where z, = x(0), 2z, = z({), T, = Z({), I'1(ry) is given in (2.3.4), and Zj is defined in

Lemma 2.2.1.

In order to study the stability criteria of NCSs, Lyapunov-Krasovskii candidate

functional is used. Consider the following Lyapunov-Krasovskii candidate functional:

V(xk, Tk) = %(l’k, Tk) + ‘/2($k, Tk) + %(l‘k, T’k) (236)
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with
Vi(zy, ) = :U;;FP(rk)xk

-1 -1
Va(zy, 1) Z Z y; Riy; + Z Z y; Roy;

b=—7} j=k+L b=—71(s) j=k+{

—7(1)+1 k—1

Vs(zg, k) Z erxg—i- Z Z Z'TQLC]

b=k—7( b=—7(s)+2 j=k+L—-1

(2.3.7)

(2.3.8)

(2.3.9)

Along any trajectory of the closed-loop system, the expectation value of the first

forward difference of V' (z,ry) is given as follows:
AV (g, i) = AVi(wg, 1) + AVa (g, 13) + AVa (2, 78)
with

AVi(wg,rh) = 2b Plri)ags, — af P(ry)
= T[T (rk) P(ri)Ta(ry)@x — f P(re)

-1

s k -1 k
AVy(xg, i) = Zprki Z Z y; Ry, + Z Z y; Roy;
i=1

E——T()] k140 Z——T(s) j=kt0+1
1 — —1
-2 Z u Ry — ) Z v} Ray;
b=—11, j=k+t (=—1(s) j=k+0

-1

(2.3.10)

(2.3.11)

s —1 k—1
- S Rt Y S - Y S iR,
=1

b=—7(3) l=—7(3) j=k+L+1 b=—T1 j=k+0+1

—1 -1
- Z ykT+€Rlyk+€} + Z {ngﬂ/k - 3/1?+£R2yk+z}

b=—T} b=—7(s)
s —1 k—1 -1 k—1

= Dopiq D > yihwi— > Y yiRw
=1 b=—71(i) j=k+{+1 b=—T} j=k+L+1

k-1 k-1
- > y;‘FRlyj} - > Yy Ry +up [%le + 7(3)32]%

j=k—T j=k—7(s)

(2.3.12)
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and
s k k—1
AVs(zg,re) = Zprki Z x@ [ Qo+ Z Z T} j Q- Z 7 Qe
i=1 :k—T(i) {=—7(s)42 j=k+L l=k—T1y

—7(1)+1

-y Y e

b=—71(s)+2 j=k+{-1

k—1
- Sofdens 5 den- S den-at o
l=k—7(1)+1 l=k—7;+1
1)+1
+ Z {2} Qi — w11 Qurri 1}
l=—7(s)+2
s k—1 k—1
= Zprki Z ngxf_ Z m%ng_mg—Tkak_Tk
i=1 t=k—7(i)+1 t=k—7p+1
—7(1)+1
— Y e Quie + (7(s) — (1) + Darf Quy,
b=—7(s)+2
s k—7(1) k—1
= Dy D wQu+ Z T Qre— ), @i Qe
=1 l=k—T7(i)+1 {=k—7(1)+1 b=k—7i+1
k—r(1)
— Z x Qe+ (7(s) — 7(1) + Vg Quy — xf_,, Qup—r, (2.3.13)
l=k—7(s)+1

with p(’l"k) = Zm:rl pT’ij(j)

7j=1

Knowing that Prob{ri1; > 7 + 1} = 0, 7(1) < 741 < 7+ 1 < 7(s) and 7(1) <
7 < 7(s), the terms AV, (zg, ry) and AVs(zg, r) above can be upper bounded as

k—1
AVa(ag, i) < gl [FO R+ 7(5) Ry = D2 07 [(1= prugrsn) B + Roye (2:3.14)
I=k—T1y
and
AVs(zg,ri) < (7(s) = 7(1) + Dy Quy, — xf_, Qpry . (2.3.15)

Using Lemma 2.2.1 and y, = xx11 — v, we have

AVy(z, 1) < f{{rT(rk) [7(ri) Ry + 7(5)Ra] Ta(re) + Yi1(ri) + YT (1) + TkZ(Tk)}:%k
(2.3.16)
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where I'y(7%) is given in (2.3.4).
Therefore,

AV (g, ) < —af <P(T;€) —(7(s) —7(1) + 1)Q> Tk — Ty QTp—r, +
i‘f{l“ff(rk)p(rk)l“l(m) + 5 (1) [F(ri) Ry + 7(5) Ro) Ta (1)

ST () + YT () + TkZ(Tk)}fck (2.3.17)

Using Assumption 2.2.1, and adding and subtracting = H] F'W,(ry,) Fy, Hy vy,
wl HY FIWs(ry,) Fy Hywy, 21 2, xa_m)KT(rk)HgFgWQ(rk)FngK(rk)x(k_Tk) and yw{ wy,
to and from (2.3.17), the following is obtained
AV(zg, ) < —af <P(7"k) —(r(s) —7(1) +1)Q — Hle(Tk)H1>xk

ol (Q = KT (r) HY Wa (1) Hy K (1) )21 r,
3 {TT () Pr)Ta (k) + T8 () [F(1) Ry + 7(5) R T (1)
Y1 (r) + T () + 72 () + 272 e
—2} 2+ ywiwy, — wi (7] — H2TW3(rk)H2>wk
— (o KT (1) Hy Ff Wa(re) Fx Hs K (1) —r,)
—xp H FI Wi (ry) FrHizy, — wy Hy FiYWs(ry) Fi Howy, (2.3.18)

Using (2.3.4), (2.3.18) can be rewritten as

AV (zg, ) < :Ef{/\(rk) + FlT(rk)]-:’(rk)Fl(rk) + T8 (rg) [F(ri) Ry + 7(5) Ra) Ta (1)

Y1 (rk) + YT () + 1 Z () + ET(rk)E(rk)}jk — 2l 2+ ywlwy,
(2.3.19)

Using (2.3.2),

AV (g, 711) < —28 21 + ywi wy, (2.3.20)
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Taking expectation and sum from 0 to co on both sides of (2.3.20) yields

E{V (20, 750)} — B{V (w0,70)} < —E{ 3 ZZTZZ} 93wl (2.3.21)

Under zero initial condition, V(xq,ry) = 0,

E{ szze} < WZw[ng (2.3.22)
k=0 k=0

That is, (2.2.6) holds.

In order to show that the closed-loop system is stochastically stable under w(k) =
0,k > 0, the following is obtained from (2.3.19) and (2.3.2).

V(l’(k_H), T(k+1)) - V(mk, Tk) S —Bi’gi’k (2.3.23)
where = inf{ A\ [-M(7)],7 € S} with
M(i) = A(@) +T1 @) P@E(E) + Ty (6) [F(E) Ry + 7(s) Ro Ta(i) + Y1 (d) + 11 (3)

+7(1)Z (i) + Z7(1)Z(4) (2.3.24)

Taking expectation and sum from 0 to co on both sides of (2.3.23) yields

E{V (20, 72)} — B{V(w0,70)} < —ﬁE{iz’m}

< —BE{ 3 ychxg} (2.3.25)
k=0
Re-arranging (2.3.25), the following is obtained:
= 1 1
E{> afw} < ZE{V(20,70)} = BV (20, o0)}
k=0 B B
< « (2.3.26)

where a = %E{V(wo,m)} < oo. Hence, it is concluded that the closed-loop system is
stochastically stable.
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Sufficient conditions for the existence of a robust H., state feedback controller for
the system (2.2.1) with completely known transition probabilities are provided by the

following theorem.

Theorem 2.3.2 For a given v > 0, if there exist sets of positive-definite matrices X (i),
R1<i), Rl, RQ(Z), ég, Wl(l), WQ(Z), Wg(l), Q, Wl(l), WQ(Z), Nl, Nz, Z(Z) and matrices
M) and Y (i) fori=1,2,--- s satisfying the following inequalities

Ry > Ry(i), Ry > Ry(i) (2.3.27)
[ AG) + Ti() + YTG) +7()2() Ty (i) To (i) ZTG) HTG) ]
* -X 0 0 0
% % R 0 0 (2.3.28)
* * * i 0
| * * * * -W |
[(1_pi<i+1>)é (i) + Rali) M () >0 (2.3.29)
* Z(i) | —
[S(i’ﬁ ‘]T@ ] >0 (2.3.30)
*  X())
Ni\Ry = I, NyRy = I, Wy (i)W (i) = I and Wy(i)Wa(i) = I, (2.3.31)
where
X = —ZpijS(i,j)—FJT(i)—l—J(i)
R = diag{Nl,Ng}
W = diag{Wl(i),Wg(i)}
[.() = |AX() BoY(i) B, By E El]
é(l) - :ClX(Z) D12Y(Z) Dll E2 E2 E2i|
. [BEX@®) o o000
Hi = 0  HyY() 00 00

) = [\ pr() V70 [AX@)—X@) B.Y(i) Bl Bl E El]
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M) = diag{ ((r(s) = (1) + 1)Q = X(©) ), ( = X" (1) = X() + Q).
(HZTWS(Z')HQ - ﬂ), WL (i), —Wa(d), —Wg(o}
T(i) = MY@H)[I —1 000 0.

Then the closed-loop system is stochastically stable with the prescribed Ho, perfor-

mance. Furthermore, the controller gains are given as follows:

K@) =Y ()X (5) (2.3.32)

Proof: Rearranging (2.3.2) as

A(@) +01(6) + YT (@) +7(1) Z(0) + TT(0) P(i)11(6) + T3 () [F(6) R + 7(s) Ro] Ta (i) +
ET(H)Z(0) + diag{Hle(z)Hl, KT (6 HI W,(i)H3K (3),0,0,0, 0} <0 (2.3.33)

where

A(i) = AG) + diag{H;fwl () Hy, KT (i) HE Wy (i) H3K (i), 0,0, 0, 0}

Apply Schur complement on (2.3.33):

[ AG) + 1 (0) + YT() +7()Z(6) TT() T36) =) H{() ]
* —-X 0 0 0
* * —R1 0 0 <0 (2.3.34)
* * * —1 0
i * * * * -Wi |
where
H 0 0000
Hi()=| " | :
0 H3K@GE 0 0 00
Xl = p_1<l),
~1
Ri= diag{%(i)Rl, 7(3)32}
and

Wi = ding{Wi(0). Wa(i)}
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Multiply (2.3.34) with diag{X(i), X (i), I,1,1, I} on both sides and use the identity
below yields (2.3.28) where

Note that directly applying Schur complement on (2.3.28) results — P ' (4) instead of
- E;Hl pi;S(i,7)+J7(i)+J(i). Applying Schur complement on (2.3.30) and consequently

multiplying these inequalities by p;; and summing up for all j € Sk, we obtain

i+1 i+1

ZpijS(i,j)—JT(i)—J(z’) = —JT() —I—Zp” i)

< —JT@) = J@) + JT(z)P;c@)J(z)

which implies that (2.3.2) remains valid even if )" +1 pi;S(i,7) — JT (i) — J(i) is replaced
by P (0).

Furthermore, the multiplication of dlag{dlag{X( ), X (1), 1,1 I} I,I,I} and its

transpose on (2.3.34) creates two terms X (i)7QX (i) and —X (1)TQX (i) in A(i). Using
Schur complement on X (i)TQX (i) and the identity shown below, (2.3.28) is obtained.

Note that

(X i)~ Q- ) Q(X(z’) _ Q‘1> <0 (2.3.36)
= X)X+ X"(I)+X(i)-Q ' <0
= —XH)TQX(H) < —XT({) - X({E)+Q*

holds true since @ is a positive matrix. Therefore —X (i)7QX (i) term can be replaced
with —X7 (i) — X (i) + Q~'. Then it is obvious that Q = Q. VvV

Remark 2.3.1 The conditions given in Theorem 2.3.2 are not strictly LMI conditions
due to equality constraints in (2.3.31). However, this problem can be converted into a
nonlinear minimization problem subject to LMIs by the cone complementarity linearization

algorithm proposed in [115].

In accordance with the cone complementary algorithm, the nonconvex feasibility

problem formulated by (2.3.27)-(2.3.29) can be converted into the following nonlinear
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minimisation problem subject to LMIs:
Minimize T (leél 4 NoRy + Wi () Wi (i) + WQ(z)Wz(z))
Subject to (2.3.27)-(2.3.29) and

o [Ng ! ]20, [WI(@') I ]207 [WQ(i) I ]20
I R I Wi (i) I Wi (3)

(2.3.37)

N, I
I R

To solve this optimisation problem, the following algorithm can be used:

Algorithm :

Step 1: Set 7 = 0 and solve (2.3.27)-(2.3.29) and (2.3.37) to obtain the initial conditions,
g L. g . - . . 0
[X0). Ra(0). B, Boli). R, W), W), Wa(0), Wi (), Wa(i), Q. Vi, No, Z(0). Y ()]

Step 2: Solve the LMI problem
Minimize Tr(fo%l + NiR] + NIR + NoR) + Wi (iYW (i) + Wy (i) Wi (i)
+ W) Wa(i) + Wali)Wa ()
Subject to (2.3.27)-(2.3.29) and (2.3.37)
The obtained solutions are denoted as
[X(z'), Ry (i), Ry, Ry(i), Ro, Wi (3), Wa(i), Wa(i), Wi (i), Wa(i), Q, N1, N,
26,y ()]

Step 3: Solve Theorem 2.3.1 with K (i)t = Y7T1(;) X ~1(i)7*! | if there exist solutions, then
K (i)t are the desired controller gains and EXIT. Otherwise, set 7 = 7 + 1 and
return to Step 2.

2.4 Example

In order to illustrate the effectiveness of the proposed methodology, the following nu-

merical example is used where the plant is described in (2.2.1) form with the following
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matrices
0.2802 —0.0273 0.02 0
A = B, = By =
1 0 0.05 0.1 (2.4.1)

and the uncertainties are characterised by matrices below:

0.001
b = Ey, = 0.005
0.002

o, = [0.005 0.002] H, = 0004 Hs = 0007

(2.4.2)

The sampling period of this example is 0.01s and the delays are modelled by a
Markov chain taking values in a finite set S = {1, 2,3}, which correspond to 0.2, 0.3, 0.4

seconds delays, respectively. The transition probability matrix is given by;

0.3701 0.6298 0
P, = 0.3701 0.6157 0.0142 (2.4.3)
0.3701 0.6157 0.0142

Using Theorem 2.3.2 and the algorithm shown, the following K's are obtained:

K(1) =] —0.1227 0.0273 |
K2) =] -0.1229 0.0274 |
K(3)=| —0.0067 0.0011 (2.4.4)

The state response of the plant with the proposed controller is shown in Figure 2.2
and 2.3 with w = 0. The initial states are chosen to be z(0) = [1.0 0]T. It can be
seen that the state feedback controller stabilizes the system, demonstrating the validity
of the proposed controller. Figure 2.4 shows the ratio of energy of the controlled output
to the energy of the disturbance (w(k) = e %% sin(0.5k)). From Figure 2.4, the ratio is
approximately equal to 4.4 x 10~%, which is less than the prescribed level v = 0.5. Figure

2.5 shows the mode transitions in the Markov chain.
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2.5 Conclusions

In this chapter, stability criteria and mode delay dependent H, state feedback controller
design are developed for linear NCSs. The network modelled by Markov chain where
the transition probability matrix is assume to be completely known. Based on Lyapunov-
Krasovskii functional, the conditions for the existence of the controller is obtained in terms
of BMIs. An iterative algorithm is presented to change the nonconvex problem into quasi-
convex optimization problems, which can be solved effectively by available mathematical

tools. The validity of the methodology is verified by a numerical example.



Robust ., State Feedback Control of
Discrete-Time Networked Control
Systems With Partially Known
Transition Probability Matrix

Abstract

This chapter proposes stability analysis and a methodology for designing a partially mode delay dependent
Hoo controller design for discrete-time networked control systems. Network-induced delays between the
plant and the controller are modelled by a finite state Markov chain where the transition probability
matrix is partially known. Stability criteria are obtained based on LyapunovKrasovskii functional and
a novel methodology for designing a partially mode delay-dependent state feedback controller has been
proposed. The controller is obtained by solving linear matrix inequality optimisation problems using cone
complimentarity linearisation algorithm. A numerical example is provided to illustrate the effectiveness

of the proposed controller.

44
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3.1 Introduction

As already addressed in the Chapter 1, many existing literature use Markov chain to
model the network-induced delays, making the overall system as Markovian jump sys-
tems [8, 11, 27, 34, 51-60]. While Markovian jump systems provide adequate solution
to NCSs, the majority of literature assume that the transition probabilities are a priori.
These probabilities must be known as they are incorporated into the stability analysis and
the controller design. However, in complex systems, obtaining a completely known tran-
sition probability matrix is either impossible or costly. In light of this, several attempts
have been made to design a controller or a filter when transition probabilities are partially
known. In [61, 63], a state feedback controller is designed where the controller depends on
the upper bound of the delay and the delay range. Using a similar approach, [62] presents
a filter design for Markovian jump linear system with partially known transition proba-
bility matrix. In the aforementioned papers, the stability conditions are separated into
parts corresponding to known and unknown transition probabilities. Then the unknown
transition probabilities are simply discarded. Refer to Chapter 1 for more information
about the approach presented in the aforementioned papers. In this chapter, the un-
known probabilities are bounded using probability theory and the summation of known

and unknown parts are considered.

The aim of this chapter is to establish a novel state feedback controller design
methodology for discrete-time NCSs where the transition probability matrix is partially
known. Based on Lyapunov-Krasovskii functional, the controller design for the discrete-
time NCSs is derived. The unknown probabilities are upper bounded and included in
the stability analysis and the controller design. By doing so, the summation of known
and unknown parts is considered, instead of separating them shown in [61-63]. Sufficient
conditions for the existence of the controller is given in terms of the solvability of BMIs

and an algorithm to solve the BMIs are also presented in this chapter.

The main contributions of this chapter can be summarised as follows:

e This chapter acknowledges the difficulties in obtaining a completely known transi-
tion probability matrix in the real world. In this chapter, a state feedback controller
is obtained for a class of discrete-time NCSs with partially known transition proba-
bility matrix. It is shown that the existing results for completely known presented
in Chapter 2 and completely unknown transition probabilities [110, 112-114] can be

viewed as a special case of the presented results.

e The existing methods in [61-63] obtain the controller/filter without using the tran-
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sition probability information of unknown elements. However, we know that the
sum of unknown transition probabilities is equal to one minus the sum of known
transition probabilities. Information of the unknown transition probabilities is in-
cluded in the controller design. Furthermore, the stability criteria are formed such

that the summation of known and unknown parts is less than zero in this chapter.

The rest of the chapter is organised as follows. System descriptions and definitions
including modelling of the network-induced delays using a finite state Markov chain with
partially known transition probability matrix are presented in Section 3.2. Necessary
lemma and the mode-dependent switching state feedback control law are also presented
in this section. Section 3.3 extends the theorem in Chapter 2 to derive a theorem for
stability analysis and a robust H, state feedback controller with partially known tran-
sition probability matrix. An iterative algorithm to solve BMIs in order to obtain the
controller gain for systems with partially known transition probability matrix is also pre-
sented. Section 3.4 illustrates the effectiveness of the proposed design methodology using

a numerical example. Conclusions are presented in Section 3.5.

3.2 System Description and Definitions

Consider the NCSs setup shown in Figure 2.1. A class of uncertain discrete-time linear

systems under consideration is described by the following model:

x(k+1) [A+ AA(k)|x(k) + [B1 + ABy(k)|w(k) + [B2 + ABy(k)|u(k), z(0)=0
z(k) = [Cy + ACy(k)]z(k) + [D11 + ADq1(k)|w(k) + [D1a + AD1a(k)]u(k)

(3.2.1)
where z(k) € R” is the state vector, z(k) € RP is the controlled output and w(k) € R? is
the disturbance which belong to £5]0, 00), the space of square summable vector sequence
over [0, 00]. The matrices A, By, By, C1, D13 and D5 are of appropriate dimensions. The
matrix functions AA(k), AB;(k), ABy(k), AC(k), ADy1(k) and ADs2(k) represent the

time-varying uncertainties in the system and satisfy the following assumption.

Assumption 3.2.1

Ey
Es

AA(k) ABi(k) ABsy(k) ] F(k)[ H, H, Hs

ACY (k) ADwu(k) ADuo(k)
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where H; and E; are known matrices which characterize the structure of the uncertainties.
Furthermore, there exists a positive-definite matrix VW such that the following inequality
holds:

FY(E)WF(k) <W (3.2.2)

Unlike the previous chapter, the transition probability matrix of the Markov chain
is allowed to be partially known. This model is more practical as it is usually expensive
or difficult to obtain a completely known transition probability matrix in the real world.
Furthermore, as it will be shown later on, the case of either completely known or unknown

matrix is a special case of the approach presented in this chapter.

The transition probability matrix of the new network model, which allows some of

the transition probabilities to be unknown, is of the following form

pii pz2 0 0 ... 0
Po=|: (3.2.3)
. . . . . Dis—1)s
| Ps1 s i Ps4 .- Dss |

where “?” represents the unknown, but time-invariant probabilities. The transition prob-
ability matrix may be made of entirely unknown transition probabilities, resulting a com-

pletely unknown transition probability matrix. Note 0 < p;; <1 and Z;”:l pi; = 1 where

Ps(s+1) = 0.
The mode-dependent switching state feedback control law is

u(k) = K(ry)x(k — %) (3.2.4)

The same robust H,, control problem is considered in this chapter, except the fact
that the transition probability matrix is partially known. The following information is

presented again for reading convenience.

As shown in Chapter 2, the closed-loop system is to achieve stochastic stability, as

shown in (2.2.5), and the H, performance condition, as shown in (2.2.6).

Before moving any further, the following lemma is presented, which will be used
throughout this thesis to create an upper bound for unknown probabilities in the transition

probability matrix.
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Lemma 3.2.1 For given scalars a; > 0 and b; > 0,0 =1,2,..., N we have

N N N
=1 =1 i=1

Proof. We use mathematical induction to prove the above lemma. When N =1, it
18 obvious that a1by = a1by, thus the above holds. When N =k + 1 where k > 1 we have

k1
> aibi = (arby + -+ + apabeia)
i=1

ko k

S Z a; Z bz + ak+1bk+1 (326)
i=1 =1

The right hand side of (3.2.5) is

k+1 k+1 k

S0 b= () (b o) 82.7)
i=1 =1 1 i=1

i=

Since a; and b; are positive, (3.2.6) and (3.2.7) implies that (3.2.5) is valid. VVV

Lemma 3.2.2 For given scalars \; > 0 and matrices P, > 0,1 =1,2,..., N, we have
N N N
SAR <Y AN P (3.28)
i=1 =1 i=1

(3.2.9)

&
~
=
~—
i~]=
&
T
P
=
=
AN
8
=
=
—
(1=
&
o
P
=
=

Since \; are scalar the above is equivalent to

N

> Nl (k) Pa(k) <> N> a” (k)Pa(k) (3.2.10)

=1

From Lemma 3.2.1, by letting a; = \; and b; = x7(k)Px(k), it can be shown that
(3.2.8) holds. \AYAY%
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Based on Lemma 3.2.2, the unknown probabilities and the matrices they are multi-
plied to are separated. Then by using the fact that the summation of all probabilities in
each row of transition probability matrix must equal to one, as presented in Chapter 1,

the upper bound for sum of unknown probabilities are created.

3.3 Main Results

In the previous section, the problem of robust H., control for a class of discrete-time
NCSs with a partially known transition probability matrix is introduced. This section
presents the stability criteria and the H,, state feedback controller design for the NCSs

where the transition probability matrix is allowed to be partially known.

The following theorem proposes stability criteria for the system shown in (3.2.1)

with partially known transition probabilities.

Theorem 3.3.1 For given controller gains K(i), i € S, and v > 0, if there exist sets of
positive-definite matrices P(i), Ry(i), R1, Ra(i), Ra, Wi(i), Wa(i), Ws(i), Q, Z(i) and
matrices M (i), Q1(i), Qa(i), Vi € S, satisfying the following inequalities

Ry > Rl(l), Ry > RQ(Z) (331)

A +TET (@) (s) Ry (1) + Y1 (8) + YT () +7(0) Z (1) +EL ())Z(1) + Q1 (1) +Q2(1) < 0 (3.3.2)

TT (i) Pe(i)T1(3) + DL (i) A RiTo (i) — Q4(i) < 0, Vj € Sk (3.3.3)
L) (=) D POITIO)+TZ () (1 =ph) Y 7() Rala(i) = (i) < 0, V) € Sje (3:3.4)
and
[ (1 _pi(i—l-l))Rl.(i) + Ry (4) M(Z) >0 (3.3.5)
M*(4) Z(i)
P leﬁ)TJ(;)RQ(i) ]\;((Z; >0, V(i+1) €S, (3.3.6)
where
N(i) = [A BK(i) Bl Ei B El}
2() = |Cy DwK(i) Dy Es B EQ}

Do) = |[A—1 BoK(i) Bi Ei E El}
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M) = diag ((r(s) = (1) + )Q + BT Wi (i) Hy — PG) ), (KT () H Wi (i) Hy K (i)
—Q). (HIWa(i) Hy — 1), =W (3), = Wai), =W (i) }

Ti()) = MT@[I —1 000 0

(i) = Yits, piP()

(i) = Xjis pur()

Then the closed-loop system is stochastically stable with the prescribed

H, performance.

Proof: The system (3.2.1) with (3.2.4) can be rewritten as

Tpy1 = Li(re)

_ (3.3.7)
Zle = :(Tk)l'k

where z;, = x({), zo = z({), Ty = T({), and I';(ry) is given in Theorem 3.3.1, and Fj, is
defined in Lemma 2.2.1.

Let us consider the following Lyapunov-Krasovskii candidate functional:

Vi(wg,re) = Vi(ag, ri) + Va(ar, i) + Va(zg, ) (3.3.8)
with
Vi(wg, r) = 2} P(ry)xp (3.3.9)
-1 -1
Valag,ri) = ) Z v R+ Y Z YT Ray; (3.3.10)
b=—T1y j=k+L b=—7(s) j=k+£
1)+1
Vs(zk, r) Z ri Quy + Z Z :L‘TQZ'j (3.3.11)
b=k—Ty l=—71(s)+2 j=k+L—-1

Using the same approach to the proof of the stability analysis in Chapter 2, the

following is obtained.

AV(Z‘k, T’k> S i‘z{/\( ) I P( )Fl + Fg [7~'le + T(S)RQ] Fg + Tl(ﬁc) + T{(Tk)

+
+71:Z (1) + 2 E}i:k — 2L 2 + ywiwy (3.3.12)

The following procedure shows how the terms containing unknown transition prob-
abilities are handled. Note that using Lemma 3.2.2, TTP(r)T; 4+ IF(i)7 (i) R Ty (i) can
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be rewritten as

i+1
7 (1) P ()T (4) + T7 (4) Z pi; P () + T3 (4)7x (1) Ra T (1)
i+1 i+1
TE6) S pyr()RT0) < TGO BT () + T - pk) > PO
JE€Suk JES
i+1
+T5 (6)Fic (i) RaT2 (i) + T3 (1) (1 — ple) Y 7(j) Ral2(i) (3.3.13)
JE€Suk

Using (3.3.3) and (3.3.4), the following holds

7 (i) Pe ()00 (i) + T (8) (1 = pc) Z P(j)01 (i) + T3 (1) 7ic () R T ()
+TT ()1 = pl) Y () Rala(d) < Q(4) + Qa(d) (3.3.14)
JE€Sux

where (1 — p&) is one minus the summation of all known probabilities.
Using (3.3.2)-(3.3.4) and (3.3.14), (3.3.12) becomes

AV (zg, 1) < —2L 2 + ywlwy (3.3.15)

Taking expectation and sum from 0 to oo on both sides of (3.3.15) yields

E{V (20, 720)} — B{V (20,70)} < E{Zzg zz}—i—’waé wg (3.3.16)

Under zero initial condition, V' (zg,r¢) = 0, we have

E{ Z ZZZ@} <~ Z w} wy (3.3.17)
=0 =0

That is, the second criteria in the problem formulation, as shown in Chapter 2,
holds.

Next, under w(k) = 0,Vk > 0 we need to show that the closed-loop system is
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stochastically stable. From (3.3.12) and (3.3.2)-(3.3.4) we learn that
V() < —BIL T, (3.3.18)

V(@ (41), T(k41))

where = inf{ A\ [-M(7)],7 € S} with
M(i) = A@)+TT@P@)1(6) + T3 (0) [7(i) Ry +7(s)Ra] T2 (i) + T1(0) + 1T (3)
+7(3)Z (i) + E(1)=(4) (3.3.19)

Taking expectation and sum from 0 to oo on both sides of (3.3.18) yields

E{V(2s,7T00)} — E{V(20,70)} < BE{Z%W}
(3.3.20)

< —5E{ Z %TM}
k=0

Re-arranging (3.3.20), we get
1
E{V(xg,r0)} — BE{V(%O,TOO)}
(3.3.21)

E{ix?m} < 3
k=0

< o
VvV

where o = %E{V(xo,ro)} < 0o
Sufficient conditions for the existence of a robust H, state feedback controller for the

system (3.2.1) with partially known transition probabilities are provided by the following

theorem.
Theorem 3.3.2 For a given v > 0, if there ezist sets of positive-definite matrices X (i)
Ws(i), Q, Wi(i), Wa(i), Ny, Na, Z(i) and matrices
s satisfying the following inequalities

(3.3.22)

Ry(i), Ry, Ro(i), Ry, Wi(i), W(i)

M(i), (i), Qu(i) and Y (i) fori=1,2
Rl > Rl(l), RQ > ég( )

VI () Ts () E76) M)
* — Ny 0 0 0
* * -Q 0 0 <0 (3.3.23)
* * * —1 0
| * * * * -W ]
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—0u(i) () 7T (i)
* S pipS G, g) + JT() + J(0) 0 <0, VjeS (33.24)
s * —Ny
~ (i) Iy (i) ST () |
x (L=p) T 55 S 0) + I (@) + T () 0 <0, Vi€ Suxc
* * —N;
(3.3.25)
[ (1 pz(z+1))§1 (i) + Ra(3) ]\;((Z)) >0 (3.3.26)
p}ch(Z’)*—i- Ry(i) Z((Z)) >0, V(i+1)€eS (3.3.27)
[S(ij) f((;)) ] >0, VjedSk (3.3.28)
and
MRy =1, NyRy = I, Wy (i)W1(i) = I and Wy (i))Wy(i) = 1, (3.3.29)
where

Ai) = A() Y1 (i) + YT (@) + 7(1) 2 () + (i) + Qa(d)
i) = | AX() BY() B By Ei By |

(@) = | AX() - X() BY() Bl B B E |
fg(z'): (z)ooooo]

X = pr ZJ)_JT(Z.)_J(Z.)

Q - (T<s> i+ 1)Q
W = dzag{Wl }
2() = [Cl (i) DuY(i) Du B> E EQ]

o _ | HX@ 0 0000
0 HyY(i)) 000 0

M) = diag] = X(i), (= X7() = X(0) + Q), (HIWs(i) Hy = 7)),
—W (i), ~Wa(i), ~Wa (i) }
Ti(i) = MY@H[I —1 000 0]
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Then the closed-loop system is stochastically stable with the prescribed Ho, perfor-

mance. Furthermore, the controller gains are given as follows:
(3.3.30)

Proof: Rearranging (3.3.2) as
(i) + (i) + (1)
(3.3.31)

[1]

=" (i)

A(@) + T1(8) + YT (@) + 7(0) Z(i) + T3 (i) 7(s) RaTa (i) +
+diag{HlTW1(i)H1, KT(G)HIW,(i)H3K (), 0,0,0, 0} <0

where
AG) = A9 + ding{ HT WA (3) 1, K (3) EJ Wai) Hy K (), 0,0,0,0)

Applying Schur complement on (3.3.31) we get

AG) +01(3) + YTG) + 7(0) Z3G) + Q(3) + Qa(3) ' =
0 0

_ -1
: (r(5) o) Iy
* * —I 0
* * * —W1
(3.3.32)
where
Tu(i) = [A B,K(i) Bi Ei E El}
D)= | A~1 BK(i) By Ei B F |
E(Z) - |: Ol D12K<Z) D11 E2 E2 E2 :|
_ H 0 0000
Hi()=| ' | :
0 H3K((i) 0 0 0O
and
. . . _1
W, = dlag{Wl(z), WQ(Z)}

Multiplying (3.3.32) with diag{diag{X(i), X(),1,1,1, ]}, 1,1, ]} on the right hand

side and its transpose on the left we obtain (3.3.23).
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Applying Schur complement on (3.3.3) results the following.

x  —Pcl(i) 0 <0, VjeSk (3.3.33)

Multiplying diag{diag{X(i), X(i),1,1,1, I} I, I} on the right and its transpose on
the left we obtain (3.3.24) where (i) = X (i)7Q, (1) X (7).

Similarly applying Schur complement on (3.3.4);

—Q(4) 7 (i) I3 (i) |
. (1 - )Zz—i-l P(j ))—1 0 <0, Vje S
) ] —((1 = P T () Ry)

(3.3.34)

Multiplying the above with diag{diag{X(i), X(),I1,1,1, [}, 1, I} on the right and
its transpose on the left we obtain (3.3.25) where Qy(i) = X (1)TQq(i) X ().

Note that directly applying Schur complement on (3.3.24) results —Pg'(i) instead
of —Z;Hlpr(z J)+ JT(i) + J(i) and similarly ZZH S(i,7) + JT(i) + J(3) in (3.3.25).
Applying Schur complement on (3.3.28) and consequently multiplying these inequalities

by pi; and summing up for all j € S}, we obtain

2 pS(,5) = JTG) = JG) = —JT6) = @) + Zpu i,J)
< =JT6) = J() + JT@)PK@)J(@')

— Pol(i) - (J(z') B 13,C1(z')>T15;c(i)(J(i) — 15,51(1'))

< Pcl(i), VjeSk (3.3.35)

which implies that (3.3.3) remains valid even if Zzﬂl pi;S(i,7) — JT (i) — J(i) is replaced
by Pc'(i) for all j € Si. Similarly, by applying Schur complement on (3.3.28) and

consequently summing up for all j € S}, we can show that (3.3.4) is valid.

Furthermore, the multiplication of diag{diag{X(z’) X(1), 1,1 I} I ],]} and its
transpose on (3.3.32) creates two terms X (i)7QX (i) and —X(i)"QX (i) in A. Using
Schur complement on X (i)7QX (i) and the identity shown below, (3.3.23) is obtained.
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Note that

(X(i) - Q—1>TQ <X(z') - Q‘1> <0 (3.3.36)
XHTQXE) + X))+ X)) —Q <0
—X(@0)TQX (i) < —=X"(i) = X(1) + Q7"

=
=

holds true since @ is a positive matrix. Therefore —X (i)7QX (i) term can be replaced
with —X7 (i) — X (i) + Q~'. Then it is obvious that Q = Q. \AVAY

The same iterative algorithm presented in Chapter 2 can be used to convert the

nonconvex feasibility problem into the nonlinear minimization problem subject to LMIs.

Remark 3.3.1 Note that in [61-65], the unknown part does not contain any transition
probability information. However, we know that the sum of unknown transition proba-
bilities is equal to one minus the sum of known transition probabilities. Therefore, in
this chapter, this information is incorporated to yield less conservative results. In this
chapter, new slack matrices Q1(1) and Qo(i) and transition probabilities information are
incorporated into the design to relax the results. The stability criteria is derived based on
the summation of known and unknown parts is less than zero whereas in [61-63] known
and unknown parts have been considered separately. Hence, the proposed results are less
conservative than [61-63]. From the above derivation, it is clear that if the transition
probabilities are completely known, we can set Qy(i) = 0 and it reduces to the results
giwven in Chapter 2. When the transition probabilities are completely unknown, we can
set (1) = 0 and it reduces to [110, 112-114] which are independent on delay’s modes.
Therefore the cases where the transition probability matrix is either completely known or

unknown is a special case, meaning that the presented approach is more general.

3.4 Example

In order to illustrate the effectiveness of the methodology, the same plant presented in

Chapter 2 is considered.

The delays are modelled by a Markov chain taking values in a finite set S = {1, 2},
which correspond to 0.2, 0.3 seconds delays, respectively. The transition probability

P - [0{?4 0{?6] (3.4.1)

matrix is given by;
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Applying the results given in [61], no controller can be found. Using Theorem 3.3.2,

the following controller gains are obtained:

K(1) = [—10.7152 4.0472} (3.4.2)

K(2) = | ~100302 36856 |
In order to show the effectiveness of the controller with partially known transition
probability matrix, the following two cases are considered.

Case 1: Let us say that the transition probability matrix is given by;

b [ 04 0.6 ] (3.4.3)
(0.3) (0.7)

Case 2: The transition probability is now given by;

b _ [ 04 06 ] (5.44)
(0.9) (0.1)

12 T T T T

0.8 4

0.6 b

X,

0.4rF b

-0.2 ! ! ! !

Time (s)

Figure 3.1: Response of z1(k), Pr1
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XK

0.2

Time (s)

Figure 3.2: Response of z5(k), Pry
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Figure 3.3: Ratio of energy of the controlled output to the energy of the disturbance (v = 0.5), Py
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0.8f b
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Figure 3.6: Response of z5(k), Pro

x 10

ZISWF 4

Energy ratio
=
(6]
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Figure 3.7: Ratio of energy of the controlled output to the energy of the disturbance (v = 0.5), Pro
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25 T T T T

2 i M

2

Figure 3.8: Change of modes in Markov chain, P

Modes

10

Time (s)

Figure 3.1, 3.2, 3.5 and 3.6 show the state response of Case 1 and Case 2 respectively
with w = 0. The initial states are chosen to be x(0) = [1.0 0]7. It is shown in these figures
that the state feedback controller stabilizes the system with partially known transition
probability matrix. Figure 3.3 and 3.7, show the ratio of energy of the controlled output
to the energy of the disturbance (w(k) = e=%* sin(0.5k)) for Case 1 and Case 2. In Figure
3.3 and 3.7, the attenuation levels are approximately equals to 2.5 x 1075, which is less
than the prescribed level v = 0.5. Figure 3.4 and 3.8 show the change of modes in the
Markov chain. State transition is made according to the transition probability matrices,
P.. The same controller gains in (3.4.2), obtained from the theorem, control systems with

two different transition probability matrix.

3.5 Conclusions

In this chapter, stability criteria and mode delay dependent H, state feedback controller
is developed for a class of networked control systems. Random network-induced delays
are modelled by a Markov process where the transition probability matrix is allowed to
be partially known. Conditions for stochastic stability with a given attenuation gain

is derived by using Lyapunov-Krasovskii functional. The controller design technique is
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given in terms of the solvability of bilinear matrix inequalities. An iterative algorithm
is proposed to change this non-convex problem into quasi-convex optimization problems,
which can be solved effectively by available mathematical tools. It has been pointed out
that systems with completely known or unknown transition probability matrix is a special
case of the approach presented in this paper. Finally, the effectiveness of the proposed

design methodology is illustrated by a numerical example.



Robust H ., Filtering for Discrete-time
Networked Control Systems With
Partially Known Transition Probability
Matrix

Abstract

In this chapter, stability analysis and a methodology for designing a robust H., filter for discrete-time
networked control systems is presented. Network-induced delays between sensors and controllers are
modelled by a finite state Markov chain. The transition probability matrix of the Markov chain is allowed
to be partially known. Based on Lyapunov-Krasovskii functional, stability criteria are derived and a novel
methodology of designing a partially mode delay-dependent filter design is presented. The filter gains
are obtained by solving linear matrix inequality optimisation problems using the cone complementarity
linearisation algorithm. A DC motor servo system simulation is used to illustrate the validity of the

presented methodology.
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4.1 Introduction

Objective of a filtering problem is to estimate information of the plant. This type of
problem is especially important in signal processing applications as filters provide ways
to estimate information of the plant such as the states from the measurable output of the
plant. Unlike the traditional Kalman filter approach, H, filtering does not require the
exact knowledge of the external noise. For this reason, study of H,, filtering approach
has been very popular in recent years and several papers presented their results in NCSs
[42, 59, 97-100, 116, 117]. In [97], H filter is used for fault detection with larger transfer
delays. In this paper, multiple sampling method along with augmented state matrix
method is used to model the delays. Robust H., filter design for NCSs are presented in
[98, 99] where the objective of the filter is to estimate a signal from the plant. In [100],
event-based H, filtering for NCSs with communication delay is presented. It presents a
novel event-triggering scheme where the sensor data is transmitted only when a specified

event condition is violated.

In existing literature, Markovian jump systems have been proven to be very effective
with NCSs [8, 11, 27, 34, 51-60]. In these approaches, the network-induced delays are
modelled by a finite state Markov chain where each mode in the Markov chain corresponds
to possible delays in the network. However, most of existing literature in Markovian
jump systems require a completely known transition probability matrix. In complex
network, it is often expensive or practically impossible to obtain a completely known
transition probability matrix. Motivated by this, several papers have been published to
incorporate partially known transition probability matrix to Markovian jump systems
[61-63]. In these aforementioned papers, state feedback controller [61, 63] and filter
design [62] are considered. These approaches however leave room for improvement as the
terms corresponding to known and unknown probabilities are separated. Furthermore,
these approaches discard the unknown probabilities. These drawbacks may lead to severe

conservatism.

In this chapter, H filtering problem for a discrete-time networked control systems
is investigated where the network-induced delays are modelled by a Markov chain. The
transition probability matrix of the Markov chain is allowed to be partially known. Based
on Lyapunov-Krasovskii functional, sufficient conditions for the existence of the filter is
presented in terms of solvability of BMIs. An iterative algorithm is presented to solve

these BMIs using existing mathematical toolbox.

The rest of the chapter is organised as follows. Section 4.2 presents the system
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description and definitions. The H filtering problem is formulated in this section. Sta-
bility criteria and the robust H, filter design theorem are presented in Section 4.3. An
iterative algorithm is presented to solve BMIs to obtain the filter gain for NCSs with par-
tially known transition probability matrix is also presented. A DC motor servo example
is used in Section 4.4 to illustrate the validity of the presented methodology. Conclusions

are drawn in Section 4.5.

4.2 System Description and Definitions

The aim of this chapter is to design a robust H., filter for NCSs where the network is
modelled by a Markov chain with partially known transition probability matrix. In this
chapter, it is assumed that only measured output is available from the sensor. Consider

a class of uncertain discrete-time linear systems described by the following model:

e(k+1) = [A+AAMR)z(k) + [B+ ABKE)w(k)
k) =[O+ AC (K)]x(k) + [D + AD(k)w(k) (4.2.1)
y(k) = Cou(k)

where z(k) € R", y(k) € R™2, z(k) € R™ are the state, measured output and the objective
signal to be estimated, respectively and w(k) € R is the disturbance which belongs to
L5[0,00), the space of square summable vector sequence over [0, cc0]. The matrices A, B,
C1, D and C are of known dimensions. As in the previous chapter, the matrix functions
AA(k), AB(k), AC;(k) and AD(k) represent the time-varying uncertainties in the system

which satisfy the following assumption.

Assumption 4.2.1

AA(k)  AB(k)
ACi(K) AD(K)

Er
Es

F(k) [ H, H, }

where H; and E; are known matrices which characterize the structure of the uncertainties.

Furthermore, there exists a positive-definite matriz VW such that the following inequality
holds:
FY(kYWF (k) <W (4.2.2)

The network is modelled by a finite state Markov chain with partially known tran-
sition probability matrix. Refer to Chapter 3 for more information about the modelling

procedure.
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The aim of this chapter is to design a full-order filter of the following form

wp(k+1) = Ap@)zs(k) + B (i)y(k — )

_ (4.2.3)
zs(k) = Cy(i)rp(k)

where z¢(k) and z;(k) are the state and output of the filter respectively. A (i), B(i) and
Cy(i) are the filter gains to be determined.

The augmented filtering error system of (4.2.1) with (4.2.3) is given as follows:

Pk 4 1) = [AG) + E F(k)H,(i))2(k) + B(i)Coi(k — 1) + [B + E1F (k) HyJw(k)
e(k) = [C(5) + EoF (k) H, ()@ (k) + [D + EoF (k) HoJw(k) (4.2.4)

where Z(k)T = [z(k)T xp(k)T], e(k) = z(k) — z(k),

A(i) = ?Zf(z) ,B(i) = (;f(i) B = fl ,62:[02 o},
B = fl = 0].0 =] - |

As shown in Chapter 2, the closed-loop system is to achieve stochastic stability, as
shown in (2.2.5), and the H,, performance condition, as shown in (2.2.6), except that
e(k) is used in this chapter instead of z(k) in Chapter 2.

4.3 Main Results

This section presents the stability criteria and the robust H, filter design, which incor-
porate partially known transition probability matrix into the theorem. Based on Lemma

3.2.2, the unknown transition probabilities are upper bounded and incorporated.

The following theorem proposes stability analysis of the filtering error system (4.2.4)

with partially known transition probabilities.

Theorem 4.3.1 For given filter gains As(i), By(i), C¢(i), i € S, and v > 0, if there
exist sets of positive-definite matrices P(i), Ry1(i), R1, Ro(i), Ra, Wi(i), Wa(i), Q, Z(i)



4.3 Main Results

67

and matrices M (i), Q1(7), Qa(1), Vi € S, satisfying the following inequalities
R > Rl(Z), Ry > RQ(Z) (431)

A@)+T5 () 7(s)RaTa (1) + Y1 (8) + Y1 (i) +7() Z(3) + E (1) Z(4) + (1) + (1 — pl ) Qa(i) < 0

(4.3.2)
TT (i) Pe(i)T1 (i) + DL () A RiTo (i) — Q4(i) < 0, Vj € Sk (4.3.3)
(1- k) [FT ZP INORSAC )Zr(j)%(z’)] — (1= i) (i) < 0, Vj € Siye
~ (4.3.4)
and
[(1 PRl + Bal) MO | (435)
M (4) Z() |
kal;;.)T—(:)Rxl) A;é;; >0, pi+) € Sl (4.3.6)
where
ni) = |AG) BG)C, B By B
=) = |C(i) 0 D By Eg}
T,(i) = |A0B E El}
AG) = diag{ ((T(S)—T(1)+1)Q+HT( YW (i) Hy (i) — P(i)>7
—Q, (HIWa(i) Hy = A1), =W (3), W3 (i) (4.3.7)
T, = M7[diag{I,0} diag{—1I,0} 0 0 0]
PIC(Z) = Z;—; psz(j)
%K(i) = ZH}'; pw (])
T 70
0 0

Then the filtering error system (4.2.4) is stochastically stable with the prescribed

H performance.

Proof: The filtering error system (4.2.4) can be rewritten as

T = Ti(re)G

4.3.8
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where ¢, = (({), zo = z({), Ty = (), and T'y(ry) [ i) B(i)Cy B E El}, and
C(k)T = |27 (k) 2T (k — 7)) wT (k) 2T (K)HT ()FT (k) w (k)HTFT( )} e R

The following Lyapunov-Krasovskii candidate functional is considered

V(Zg, i) = Vi(Zg, 1) + Vg(fk, i) + Va(Zy, T’k) (4.3.9)
with
Vo(Zk, r) Z Z T, Ryt + Z Z T Rol; (4.3.11)
b=—T1y j=k+4 b=—7(s) j=k+£
1)+1
V3(Zk, r) Z QT+ Z Z ~TQ3:J (4.3.12)
b=k—T1y l=—71(s)+2 j=k+£-1
k+1)—x(k
where z(k) = z(k + 3 o )]

Following a similar technique used in the proof of the stability analysis in Chapter
3, substituting x(k) with (k) and y(k) with z(k), we obtain
AV(an) < =if (P(e) = (7(s) = (1) + 1)Q) i — T, Qi + ¢ {TTP(ri)Ty

+T5 (7o Ry + 7(s)Ro] Ta + Ta(ri) + Y1 (i) + 12 (rk)}ck (4.3.13)

Using Assumption 4.2.1, and adding and subtracting &% HT FTW, (ry,) Fy. H, %y,
wl HI FIWy(ry,) i, Hawy, 2 21, and ywl wy, to and from (4.3.13), we obtain
AV(ar) < =il (Plre) = (7(s) = (1) + 1)Q = HIWi() Hy )&y — 7, QFrr,
+E{TTP(ry)Ty + TF [7Ry + 7(5) Ra] Ta + T (1) + T (1)

+71Z (ry) + ETE}@ — 2z, + ywlwy, — wy, (7] — H2TW2(TI€)H2> W,
—iF HEEITW, (r) Fe Hy 3, — wl HE EEWo(ry) F Howy, (4.3.14)
Using (4.3.7), (4.3.14) can be rewritten as

AV(.f?k, T’k) S fg{A(Tk) + F{P(T}C)Fl + Fg [’7’le + T(S)RQ] FQ -+ Tl(rk) + T{(T}C)

e Z(r) + ET(i)E(i)}:&k — T+ Ty (4.3.15)
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which will be referred later on. Following the similar approach of handling the unknown
transition probabilities shown in Chapter 3, we show that the filter satisfies the conditions

shown in the problem formulation. VvV

The following theorem provides sufficient conditions for the existence of a robust

Hoo filter for the system (4.2.1) with partially known transition probabilities.

Theorem 4.3.2 For a given v > 0, if there ezist sets of positive-definite matrices X (i),
Y(Z)y y@): Rl@); é17 R2<Z>7 R2; WI(Z)7 W2(2)7 Q; Q; Wl(l); W2(2)7 Nl; NQ; Z<Z)7 S(Zvj)
and matrices M (i), Q(i), Qu(i), A@G), B(i), C(i) and J(i) fori = 1,2,--- s satisfying

the following inequalities

Ry > Ry(i), Ry > Ry(i) (4.3.16)
AG) /T(9)T5(6) T5() E7() HT() ]
X —N, 0 0 0
* * -9 0 0 <0 (4.3.17)
* * * -1 0
B * * A0 ]
() LT /X ey P ()5 (0)
“ — D (4) 0 <0, Vj€S (4.3.18)
* * —pi- Ny
~(L=p) (i) (1= p)TT () /(1= pi) ey, TUITE () |
N — Dy (i) 0 <0, Vje S
* * —(1 = pl) NV
(4.3.19)

>0 (4.3.20)

[ (1= pien) Ba(0) + Roli) M) | (4.3.21)
* Z@@) |
PicR1 (i) + Ra(7) ]\24((@)) >0, V(i+1)e S (4.3.22)

and
MRy =1, NyRy =1, Wy(i))Wy(i) = I and QQ = I, (4.3.23)
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where
Ri) = RG)+Ta(0) + TT6) + 1) 20) + (i) + (1 - pie) (i)
Ap) = diagf | TV XI@ Q. (HEWa(i) = 1), =W (i), ~Wai)
D) = | AG) BOGW) BG) B B |
To(i) = :A(z) 0 B E E

and

D) = [ VEG -7+ DTG 0 0 0 0]

Then the filtering error is stochastically stable with the prescribed Ho

i+1 .
=1 X

o _ | " SEpeSED) IO =76 bl ]
K 1 .
plcl Z;Jr 1 pi; X (J)
by — | 1A (SA 860 - I@0 - TTW0) (0= pil ]
I (1 —pi)I (1= pic) 2255, X (4)
) = [C6) 0 D B B
Ho= [ H@) 000 0]
T,(i) = MT()[[ ~100 0]
i = [ A B = e
i A(1) Z; 1P X (j)A Z] 10 X (J)B
AG) = (A_é)y@ AOI i) = avy-ce) o
Ey
i) = [avo ] EI(Z):[ X )y
S 0 L Y6 I
B = B(i) TG) = Y (i) 0]
i+1 i+1 i+1
Zﬁsz(i) = szg + (1= pi) Z X(J)
J=1 jESEL JES}
i+1 i+1 i+1
Zﬁin_IU) = szy + (1 — ) Z v
J=1 jESEL JES)

performance.
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Furthermore, the filter gains as shown in (4.2.3) are given as follows:

A0 = (SEpY0) - S p0X0)) (A0~ Ti pu X ()AY (1)) Y1)
Bii) = (S8myY'0) - S5 psX () BG)
Ci(i) = C(i)Y (i)

(4.3.24)

Proof: We obtain the filter design by applying Schur complement on the terms
within the curly bracket of (4.3.15). We then have

AG)  TT() [T T ZET6)  HT
% P(i) 0 0 0
* * —(7~'le + T(S)RQ)_l 0 0 0 <0 (4 3 25)
* * * Q1 0 0 o
* * * * -1 0
| * * * x =Wt |
where
i) = diag{ = P(i), Q. (HIWi(3) Hy — 71), Wi (i), W3 (i) }
+T1(l)+TT(l) (i) Z(1)
N = | AG) B()C: B E EI}
L= |A0B B B
Ly = [ VEE -0 +1) 00 0 0]
=) = [¢6) 0 D B B
HT = :Hl 00 0 0]

Following from [118], with loss of generality, P(i) and P(i) are, respectively, parti-

tioned as
piy = | X0 Vo) - X6) ] (4.3.26)
Y76) — X(i) X(i)— Y1)
and
p(z) _ Z;Hl pi; X (j) Z;Hl piY ™ Y) - Z;Hl pi; X (j) ] . (4.3.27)
Z;—Hl piY ™ Y) - Z;—Hl pi; X (j) Z;+l1 pi; X (J) — Z;—Hl pwyil(]’)
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Note that each summation i.il pi; X (j) and piiY "1(j) can be divided into
Jj=15% g 1 J

known and unknown terms, ZjeS}'C Di; X (J ) + Zjesim pi; X (j) and Zjesfc Y () +

Zjesl pi; Y 1) respectively Now using Lemma 3.2.2 and introducing new terms,

5 X (i) and pi;Y 7' (J), the above can be expressed as
Zg 1 Dij j 1 j

Bl = [ > X () S YL 0) - S 5y X ()

S Y () = S X () S puX () — S gy (])] (4329

Note that Y17 py; # L.
Now define the following

I S Py X ()

0 S gy <j>—z;+hawxo>] (43.29)

Ty(i) = [

Multiplying (4.3.25) to the right by the matrix diag{diag{T(i), I,1,1, I}, Ty (i),
1,1,1,1 } and the left by its transpose, we obtain

[ AG) T70) F7 (i) 0EG) A
* —-o 0 0
—(#R R)™ 0 0
% % (7eR1 + 7(s)Ry) <0 (4.3.30)
* * * Q! 0
where 1
i+1 1)
Y 1
o (Z] 1 Di (J)) (4.3.31)

I 555 i X (5)
Using Schur complement on (4.3.30), we obtain

R+ 4(0) + YT () + 7()2() + DT (O@ T (@) + TF () | (FuRa + 7(5) Ra) | T (0)
+TTH)QTs(1) + ZT())2(1) + HT ()W (i)H (i) < 0 (4.3.32)

Rearranging the above equation and adding and subtracting §2;(7), Z;’;ls& . Pij$2(1)
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A(i) + Y1 (i) + YT ()

(i)Z(i) + TT ()@ (i) + T3 (4) 7 RiTo (i)
+T7 (i) 7(s) Ral'a(8) + I ()QTs(d) + 7 (1) 2(i) + H” (1) Wi (i) H (4)
i+1 i+l
1)+ D pQ(i) — ) — > piyali
JE€ES} JESi

(4.3.33)

The above terms can be re-expressed as
A(@) + Ta(@) + YT (@) + 7(1) Z(i) + T3 (i) 7(s) Ral'a (i) + I5 (§) QL5 (0)
+HT (Wi H(E) + (i) + (1= pj) (i) <0

+ 27 (4)
and

(4.3.34)

(112

I (D)@' Ty (i) + T3 (6) e RaT2(i) — Qu (i) — (1 = pi) (i) < 0. (4.3.35)
Applying Schur complement on (4.3.34) results (4.3.17)

—4 (i) —

Now we apply Schur complement to (4.3.35). Then the following is obtained
(1= pi)(i) TTE) V7T33)
* —d <0 (4.3.36)
* *
The above can also be separated into terms related to known and unknown transition
probabilities, with the help of Lemma 3.2.2, as shown below

~M(i) picl7 ()

T /S e |
% — Py 0 <0 Vje Sk (4.3.37)
< * —piRy!
and
(1= pi)2() (1= pi)IT (D) \/(1 —pic) 250 ()T (0)
N — By 0 <0 VjeS i
* * (1 —pi) Ry



4.3 Main Results

74

where
(ZH pi 'Y‘l(j)> B pil »
Py = j=ti " k Vj € S (4.3.39)
pi;[ Zj:1pin(j)
and
. —1
1—pl) St y-1(y 1—pi)I ‘
o, - | (A-POTEYT0)) (1 - rk) VS (4340

(1—p)I (1= pj) S0 X ()

Using the similar approach shown in (3.3.35) in the previous chapter, we can show
that that (4.3.18) remains valid even if 23111 pi;S(i,7) — J(i) — JT (i) replaces

. -1 , .

(Z;:ll pin_l(j)> for all j € S}~ and similarly even if Z;:ll S(i,5)—J(i)—JT (i) replaces
, -1 A

(2;111 Y—l(j)> for all j € Sy \VAAY

The nonconvex feasibility problem formulated by (4.3.16)-(4.3.21) can be converted

into the following nonlinear minimisation problem subject to LMIs:
Minimize Tr( Ny By + No Ry + Wi (i) Wi (3) + QQ)

Subject to (4.3.16)-(4.3.21) and

N, I
I R,

Ny, I
> 0, .
I R

> 0, [Wl(i) I, ]zo, [Q ]]zo (4.3.41)
I Wi(i) I Q

To solve this optimisation problem, the following algorithm can be used:

Algorithm :

Step 1: Set 7 = 0 and solve (4.3.16)-(4.3.21) and (4.3.41) to obtain the initial conditions,

[AG0),CG0), Bli), X (3),Y (), B (i), R, Bai), o, Wi (0), Wali), Wi (),

Wa(i), Q, Q, N, Na, Z(i), Y (i)
Step 2: Solve the LMI problem
Minimize T'r (Nfﬁil + Ny R + NJR + NoR) + Wy (i)W () + W1 (i)W (i)
+Q'Q+ Q)
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Subject to (4.3.16)-(4.3.21) and (4.3.41)

The obtained solutions are denoted as

[.A(i), C(1), Be(i), X (i),Y (i), Ry(3), Ry, Ry (i), R, Wi (i), Wa(i), W1(d),

~ ) 7+1

Qv Q> Nla N27 Z(Z)’ Y(Z)
Step 3: Solve Theorem 4.3.1 with A;(:)7*!, By(:)7*!, Cp(i)’™, if there exist solutions, then

Ap(i)7, By(i), Cp(i)’™ are the desired filter gains and EXIT. Otherwise, set
J =+ 1 and return to Step 2.

4.4 Example

A DC motor servo system simulation is used to illustrate the effectiveness of the proposed

filter. A discrete state space representation of the DC motor sampled at 0.01s is given as

follows:
ck+1) = [A+AAR)z(k) + [B + ABK)w(k)
k) = [Cr+ AC(K)|z(k) + [D + AD(K)]w(k) (4.4.1)
y(k) = C2$(k)
where
R T R R I
T ) ~ | —0.02477 —0.0005 ~ 1 (4.4.2)
o = l10] o = [10] D = 001

and z1 (k) and xo(k) are the motor angular velocity and the armature current, respectively.

The uncertainties in this example are assumed to be characterized by matrices below:

0.02
B = B, = 001

0.01 (4.4.3)
H = [0.05 0.02] Hy, = 001 Hy = 001

We use a Markov chain taking values in a finite set S = {1, 2, 3,4}, which correspond

to 0.1, 0.2, 0.3, 0.4 seconds delays, respectively. In this particular example, it is assumed
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that only the transition probabilities to itself are determined through example to reduce

the cost. The transition probability matrix is shown as follows:

05 05 0 0
po_ |03 03 (02) 0 (444)
05) (0.3) 0.1 (0.1)

(0.5 (0.3) (0.1) 0.1

where probabilities inside bracket are the unknown transition probabilities.

The attenuation level, v, is selected as 1.0. Applying Theorem 4.3.2 and the iterative

algorithm, the following filter gains are obtained:

A = 0.9532  0.1924 B1) = ~8.0982 x 1076 |
~0.0251 —0.0057 00123
C.(1) = | 1.0000 —2.4604 x 10-3 ]
A2 = [ 0.9532  0.1924 | B.(2) = [ 9.2835 x 1076 |
| —0.0252 —0.0051 | 00018
C.(2) = | 1.0000 —2.1569 x 10~ ]
A(3) = [ 0.9532  0.1924 | B.(3) = [ 86253 x 1076 |
| —0.0251 —0.0037 | | —7.3684 % 107" |
C.(3) = | 1.0000 —1.6136 x 10~ ]
Al = [ 0.9532  0.1924 | B.(4) = [ ~9.8149 x 106]
—0.0251  —0.0039 | —9.1035 x 1074
C.(4) = | 1.0000 —1.4970 x 10-3 ]

Figure 4.1 shows the response of filtering error system. The initial condition is
z(0) = [1 0]T. The external disturbance, w(k), is given as e %*sin(0.5k). Figure
4.3 shows the mode transitions for this example. The ratio of the energy of the error
to the energy of the disturbance is shown in Figure 4.2. It is shown that the ratio is
approximately 0.68, which is less than the prescribed v = 1.0, illustrating the validity of
the filter.
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Figure 4.1: Response of filtering error
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Figure 4.2: Ratio of energy of the filtering error to the energy of the disturbance (y = 1.0)



4.5 Conclusions

78

3.5 b

With

6 10
Figure 4.3: Transitions of the modes in Markov chain

15

|

o
N

Time (s)

4.5 Conclusions

In this chapter, H,, filter design approach is presented for a discrete-time networked
control systems. The network-induced delays are modelled by a finite state Markov chain
whose transition probability matrix is allowed to be partially known. The existence of
the filter is given in terms of solvability of BMIs and an algorithm is presented to solve
these BMIs. A DC servo example is used to illustrate the efficiency of the proposed
methodology.



Robust ., Dynamic Output Feedback
Control of Discrete-time Networked
Control Systems With Partially Known
Transition Probability Matrix

Abstract

In this chapter, a methodology for designing an H., dynamic output feedback controller for discrete-
time networked control systems has been considered. Markov chain is used to model the communication
delays between the sensor and the controller and it is assumed that the transition probability matrix is
partially known. Based on Lyapunov-Krasovskii functional the stability criteria has been developed. By
considering a dynamic output feedback controller, this chapter provides a way to control NCSs when not
all state variables are measurable or available. In conjunction with partially known transition probability
matrix, this approach provides more practical controller design in the real world. The proposed design

methodology is verified by using a DC servo motor example.

79
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5.1 Introduction

This chapter investigates designing a robust H., dynamic feedback controller for a class
of uncertain NCSs with random network-induced delays. As in the previous chapter, the
network-induced delays are modelled by a finite state Markov chain with partially known
transition probability matrix. The plant is modelled by a discrete-time linear model where
the output of the plant is measured and transmitted via a network. State feedback control
requires that all the state variables of the plant are measurable. However, in real world,
not all state variables may be measurable. In the previous chapter, H., filter design is
presented where the controlled output of the plant is estimated based on the measured
output. In control systems, the main interest is to stabilize and maintain the performance
of the overall system. By utilizing an output feedback control, the system can still be
stabilized based on the measured output of the system, providing more practical approach

to controlling a system than a state feedback control.

Discrete linear Markovian jump systems with partially known transition probabili-
ties have been studied in [61-63] as it is either impossible or costly to obtain a completely
known transition probability matrix for complex systems. In the aforementioned papers,
the unknown transition probabilities are separated from known transition probabilities
and then discarded. Note that the aforementioned literatures [61-63], do not consider

NCSs where the Markov chain is used to model the network-induced delays.

In handling the unknown transition probability matrix, instead of using a similar
approach to [61-63], where the unknown part is handled without using any probability
information, the fact that the summation of all probabilities in each row of transition
probability matrix is used throughout the thesis. Furthermore, instead of considering
the known and the unknown parts separately, we consider the summation of both parts,

yielding less conservative results and decreasing computational burden.

The organisation of this chapter is as follows. Description of the system, definitions
and problem formulation are presented in Section 5.2. Stability analysis and H., dynamic
output feedback controller design for a class of discrete-time NCSs with partially known
transition probability matrix are presented in Section 5.3. Section 5.4 uses a DC mo-
tor servo example to illustrate the effectiveness of the presented methodology. Finally,

conclusions of this chapter are presented in Section 5.5.
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5.2 System Description and Definitions

Once again, the NCSs setup shown in Figure 2.1 shown in Chapter 2 is considered. In
this chapter, it is assumed that not all state variables are measurable and available to the
controller; and the measured output, y(k), is transmitted via the network. The measured
output, y(k), is measured by the sensor and passed to the controller via the network where
the signal will experience network-induced delays. A class of uncertain discrete-time linear

systems under consideration is described by the following model:

z(k+1) = [A+AAk)]z(k) + [B1 + ABy(k)|w(k) + [Bs + ABs(k)|u(k), x(0) =0
z(k) = [Cy + ACy(k)]z(k) + [D11 + ADq1(k)|w(k) + [D1a + AD1o(k)]u(k)
y(k) = Chx(k)

(5.2.1)
where z(k) € R", u(k) € R™, z(k) € R™,y(k) € R™ are the state, input, controlled out-
put and measured output, respectively and w(k) € R™3 is the disturbance which belongs
to L5[0,00), the space of square summable vector sequence over [0, cc]. The matrices A,
By, By, Cy, D11, D15 and Cy are of known dimensions. As in the previous chapter, the
matrix functions AA(k), AB;(k), ABy(k), ACy(k), AD11(k) and ADq5(k) represent the

time-varying uncertainties in the system which satisfy the following assumption.

Assumption 5.2.1

E,
Es

F(k:)[Hl H, H;

AA(k) ABy(k) ABs(k)
ACy (k) ADy(k) ADy(k)

where H; and E; are known matrices which characterize the structure of the uncertainties.
Furthermore, there exists a positive-definite matrix VW such that the following inequality
holds:

FY(EYWF (k) <W (5.2.2)

The network is modelled by a finite state Markov chain with partially known tran-
sition probability matrix. Refer to the previous chapter for more information about the

modelling procedure.

The aim of this chapter is to design a dynamic output feedback controller of the
following form
Ek+1) = Ac(i)z(k) + Be(i)y(k — 1)

) (5.2.3)
u(k) = Ce(i)i(k)
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where Z(k) is the controller’s state, A.(i), B.(i) and C.(i) are the controller matrices to

be determined.
The closed loop system of (5.2.1) with (5.2.3) is given as follows:

C(k+1) = [Aa(@) + EyF(k)H1(3)C(k) + Ba(i)CoC(k — ) + [By + EyF (k) HyJw(k)
k) = [Ca(i) + ExF(R)H ()]C(k) + [Diy + EoF (k) Haw (k). .
5.2.4

Aq(i) = glijg;(i) , Ba(9) i?c(z) By = 51 76*2:[02 0],
= | G = [ e ]Lca) = [ 6 Duc) ]

The H,, dynamic output feedback control problem of the NCSs is formulated as

follows.

As shown in Chapter 2, the closed-loop system is to achieve stochastic stability, as

shown in (2.2.5), and the H,, performance condition, as shown in (2.2.6).

5.3 Main Results

This section presents the stability criteria and the robust H., dynamic output feedback
controller design for a class of linear NCSs. The network is modelled by a finite state
Markov chain whose transition probability matrix is allowed to be partially known. The
controller computes the control signal based on the measured output of the plant, which

experience delays and is subject to packet dropout as it is transmitted via the network.

The following theorem proposes stability criteria for the system shown in (5.2.1)
with the controller in the form of (5.2.3) with partially known transition probabilities in
the Markov chain.

Theorem 5.3.1 For given controller gains A.(i), B.(i), C.(i), i € S, and vy > 0, if there
exist sets of positive-definite matrices P(i), Ri(i), Ry, Ra(i), Ro, W1(3), Wa(i), Q, Z(7)
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and matrices M (i), Q1(7), Qa(1), Vi € S, satisfying the following inequalities
R > Rl(Z), Ry > RQ(Z) (531)

A@)+T5 () 7(s)RaTa (1) + Y1 (8) + Y1 (i) +7() Z(3) + E (1) Z(4) + (1) + (1 — pl ) Qa(i) < 0

(5.3.2)
TT (i) Pe(i)T1 (i) + DL () A RiTo (i) — Q4(i) < 0, Vj € Sk (5.3.3)
(1- k) [FT ZP )Ly (i) + T3 ( )Zr(j)%(z’)] — (1= i) (i) < 0, Vj € Siye
~ (5.3.4)
and
[(1 P Ra(0) + Rali) M) ] (535)
M7 (i) Z (1)
LR1(i) 4+ Ro(i) M(i .
P ]ijT—(';) Q Z(<z)> >0, pii+1) € Syx (5.3.6)
where
Fl(Z) - Acl(z) Bd(i)ég Bl E_l El]
=(i) = |Cy 0 Dy BEs EQ}
N,(i) = |A0 B E El]

AG) = diag{((r(s) = 7(1) + DQ + AT W) Fa(i) — P(i)).
Q. (HEW(i)Hy = 7T), =Wh(0), = WV(0)

T, = M7[diag{I,0} diag{—1,0} 0 0 0]
Pe(i) = Xils i P)
(i) = Yits, put()
L [A-1 B
0 0

Then the closed-loop system is stochastically stable with the prescribed Hoo performance.

Proof: The system (5.2.4) can be rewritten as

Ck+1 = Fl(rk>~ék (537)

Zk = E(Tk)Ck

where ¢, = C(£), 2z = 2(0), G = C(€), and Ty (ry) = [Ad() Bu(i)Cy B E EI], and
(k)T = |¢T(k) (T (k—7(re)) wh(k) ¢T(k)HT(i)FT(k) w (k:)HgTFT(k)] e R
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The following Lyapunov-Krasovskii candidate functional is considered

V(Ces i) = Vi(Ces i) + Va(Crs ) + Va(Cry ) (5.3.8)
with
Vi(Ce, i) = G P(re)Cr (5.3.9)
—1 1
Va(Gesri) = D Z PRI+ Y Z 7T Ryt (5.3.10)
b=—T1 j=k+L b=—7(s) j=k+£
—r(1)+1
Va(Gromie) = Z QG+ > Z ¢ Q¢ (5.3.11)
l=k—Ty, b=—7(s)+2 j=k+L—-1
where z(k) = z(k + 13) a x(k‘)] :

Following a similar technique used in the proof of the stability analysis in Chapter

3 and 4, we obtain

AV(.’ﬂk, T’k) S 5]?{[\(7’]@) + F{P(Tk)rl + Fg [7~'le + T(S)RQ] FQ + T1<7"k) + T{(Tk)

2 () + ET(i)E(i)}Q — o+ T wy (5.3.12)

which will be referred later on. Following the similar approach of handling the unknown
transition probabilities shown in Chapter 3, we show that the controller satisfies the

conditions shown in the problem formulation. VvV

The following theorem provides sufficient conditions for the existence of a robust
partially mode delay-dependent H,, output feedback controller for the system (5.2.1)

with partially known transition probabilities.

Theorem 5.3.2 For a given v > 0, if there exist sets of positive-definite matrices X (i),
Y(Z)7 y(Z), Rl(l)f Rl; RQ@)} R?; WI(Z)7 W2(2)7 Q; Q; Wl@); WZ(/L)? Nl; NZ; Z<Z)7 S(Z,j)
and matrices M (i), Q,(i), Qu(i), A@), B(i), C(i) and J(i) fori = 1,2,--- s satisfying

the following inequalities

R > Rl(l), RQ > RQ(Z) (5313)
AG) VT)TFG) TG Z76)  H (i)
* — Ny 0 0 0
* * -Q 0 0 <0 (5.3.14)
* * * —1 0
B * * * —Wl(z) ]
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—M(@) piIT() /3 jess PuT()T3 (4)
* — Py (i) 0 <0, Vje Sk (5.3.15)
* * —p}CNl
~(1 =) (1= pTTE) /(1= 1) Yjesy, TTT ()
* —(I)z,ﬂc(i) 0 < 07 Vj € ‘SZIIC
* * —(1 = p) NV
(5.3.16)
[ 5(.7) JT(_Z) >0 (5.3.17)
*  Y())
[u P Ba(0) + Rali) MG | (5.3.18)
* Z(i)
pifali) + Roi) M ,Z') >0, V(i+1)eSi (5.3.19)
* Z(1)
and
NiRy =1, NyRy = I, Wi(i)Wy(i) = I and QQ = I, (5.3.20)
where

AG@) = A+ To(i) + TT(0) + 7(0) Z(0) + (i) + (1= pic)Qa(0)

= . Y(@E) 1 T . .
A(i) = dzag{— IoXG) ,—Q, <H2W2(Z)H2—’y]),—Wl(Z),—Wg(Z)}
D) = | Aa) Ba()Coi) Bi By El]
L) = [AG) 0 B B B |
By@) = | VEE -t D6 0 0 0 0]

o _ | " XhpSG) I =T pd ]

K 1 .

p,C] Z;+ 1 Pig X (J)
o, — | () (TES@H -0 - T@) (= pl ]
I (1 —pi)I (1= pj) S0 X ()

é(l) == _Ocl(i) 0 D11 E2 EQ]

Ho= | m@) 000 0]

Ti(i)) = MY@I —10 0 0
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Agiy= | OB AL B = l .
‘A(Z) ZJ 1ijX(j)A ZJ 1pz]X(]>Bl
Al) = (A—I)Y(é)JrBQC(z) A;I Suli) = [ oY (&) 4 Duli) }
T : : - Ey
H (i) = [ HY (i) + HiC(i) H, ] By (i) = S X (),
o Z, Y()
and
Zﬁz‘jX(i) = Z pij X 1—p/c) Z X(7)
Jj=1 jeSL GS@K
Zpijy_l(j) = Z pi;Y (1 _plc Z v
Jj=1 jeSL JES}

Then the closed-loop system is stochastically stable with the prescribed Ho, perfor-

mance. Furthermore, the controller is given as follows:

AG) = (SHY0) - S X)) (A6 - T peX ()
(AY (i) + BC(1) ) Y (1)

B.() = (Sey0) - T peX () BG)

C.() = ClHY ().

(5.3.21)

Proof: We obtain the controller design by applying Schur complement on the terms
within the curly bracket of (5.3.12). We then have

Ay TTG) 3 (1) s =76 HO)
«  —P7l(%) 0 0 0
* * —(7~'le + T(S)Rg)il 0 0 0 <0 (5322)
* * * Q! 0 0
* * * * —1 0
* * * * * —I/Vl_1



5.4 Example 87
where
AG) = chag{ P(i),— (HTWS(z')Hz—vD,—Wl(z‘),—Wz(i)}
1) + 11 (1) + (1) Z(3)
DG = | Aai) Ba@)Co Bi By B |
L) = [A0 B B B
Ny = | VEE -7+ 000 0]
E(Z) - :CCZ(Z) 0 D11 EQ E2:|
H(@) = [ M) 000 0]

Similar approach shown in the proof section of Chapter 4, can be used to prove the

rest of the theorem. \VAVAY

A similar iterative algorithm to what is shown in Chapter 4 can be used to obtain

the dynamic output feedback controller.

5.4 Example
The DC motor servo system presented in Chapter 4 is used to illustrate the effectiveness
of the proposed methodology.

The attenuation level, 7, is selected as 1.0. Applying Theorem 5.3.2 and the algo-

rithm in the previous section, we obtain the controller matrices as follows:

[ _0.7614  0.0633 | [ 0.0074 |
AC(l) = BC(l):

—0.1202 —0.1269 | —0.0216 |
C.(1) = | —0.8794 —0.06631

—0.2395 0.0614 [ 0.0052 ]
AC(Q) = BC(2):

—0.1057 —0.1985 | —0.0333 |
Ce(2) = | —0.6123 —0.0672]
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[ 0.0788  0.0587 | 0.0052
AC(?’) = BC(3):
~0.0941 —0.1545 | —0.0121
C.(3) = | —0.4491 —0.0687
0.0769  0.0584 | 0.0055
AC(4) = BC(4):
~0.0913  —0.1802 | —0.0127
C.(4) = | —0.4503 —0.0688

State response of this example is shown in Figure 5.1 with w = 0. The initial
states are chosen to be x(0) = [1.0 0]7. It is shown in Figure 5.1 that the controller
obtained above stabilize the system, thus demonstrating the validity of the proposed
methodology. Figure 5.2 shows the ratio of energy of the controlled output to the energy
of the disturbance (w(k) = e % sin(0.5k)). The ratio is approximately equal to 0.65,
which is less than the prescribed level v = 1.0. The change of modes in this example is

shown in Figure 5.3

1.2 T T T T T

x, (k)
x,(K) ||

0.8 1

States

0.2 k .
0

10 20 30 40 50 60
Time (s)

Figure 5.1: State Response
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Figure 5.2: Ratio of energy of the controlled output to the energy of the disturbance (y = 1.0)
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Figure 5.3: Mode transitions
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5.5 Conclusions

In this chapter, stability criteria and partially mode delay dependent H., dynamic output
feedback controller are developed for a class of networked control systems. Random
network-induced delays are modelled by Markov processes with partially known transition
probability matrix. Conditions for stochastic stability with a given attenuation gain
are derived by using Lyapunov-Krasovskii functional. By using a DC servo simulation

example, it is shown that the proposed methodology meets the performance conditions.



Takagi-Sugeno Fuzzy Model and
Sum-of-squares Decomposition

Abstract

This chapter provides an overview of Takagi-Sugeno fuzzy model, which will be used in the remainder
of this thesis to model nonlinear networked control systems. Modelling procedure of a single-link rigid
robot using a T-S fuzzy model is presented, which will be used as a numerical example in the subsequent
chapters of this thesis. A brief overview of sum-of-squares decomposition is also presented in this section,

which will be adopted to incorporate membership functions into the fuzzy controller /filter design.

6.1 Introduction

Study of nonlinear system is crucial as systems in the real world contain nonlinearities
to a certain degree. However, due to its mathematical complexities, studies on nonlinear

systems is not as comprehensive to its linear counterpart. The traditional approach to

91
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designing a controller for nonlinear systems is to linearize the plant around its point
of operation and design a controller based on the linear plant from numerous design
methodologies. While this approach has been proven to be useful in ideal condition due
to its mathematical simplicity, the accuracy of the model degrades as the system moves
further from the point of operation. Therefore, the system may become unstable as the
system deviates from the region of operation. Furthermore, this approach is not possible if
the system model is not linearizable. These drawbacks motivate researchers to investigate
designing a controller for nonlinear systems where one no longer is restricted to the point

of operation.

Takagi-Sugeno (T-S) fuzzy model has been widely used to model nonlinear plants
in control systems ever since its proposition in [101]. The strength of this approach lies
in the fact that the local dynamics of each fuzzy implication (rule) is expressed by a
linear system model. The overall fuzzy model of the nonlinear system is obtained by
fuzzy “blending” of the linear system models. By doing so, one may take an advantage
of abundance of linear control theory and apply them to nonlinear control systems. Even
though the nonlinear plant is modelled by local linear system models, it has been proven
that T-S fuzzy model provides universal approximators of any smooth nonlinear system
[119, 120].

Section 6.2 describes how a nonlinear plant is modelled using T-S fuzzy model. A
T-S fuzzy model of a single-link rigid robot is also presented in this section. An overview
of T-S fuzzy controller is given in Section 6.3. Sum-of-squares decomposition is briefly
explained in Section 6.4 to provide the fundamental knowledge to understand how it is
used to incorporate membership functions into the controller/filter design methodology

in later chapters.

6.2 Takagi-Sugeno Fuzzy Model Construction

A fuzzy model uses fuzzy rules, which are linguistic IF-THEN statements involving fuzzy
sets, fuzzy logic and fuzzy inference. This plays the key role in linking the input variables
of the models to the output variables using linguistic information between these two. The

gth rule of the T-S fuzzy models are of the following form:

Plant Rule g¢:
IF 01(x(k)) is J{ AND --- AND 0,(z(k)) is Jg,
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THEN
kE+1) = k k
sh+1) = Aga(k) + Byu(h) 62
y(k) Cyz(k) + Dyu(k)
where g denotes the ¢** fuzzy inference rule; g = 1,...,r; r is the number of inference
rules; 01 (z(k)), ..., 0,(z(k)) are the premise variables; p is the number of premise variables

and J{,...,J¢ are the fuzzy terms. Furthermore x(k) € R", u(k) € R™, y(k) € ™
are the state, input and output respectively. The matrices A,, By, C,, and D, are of

appropriate dimensions.

These local linear system models are then integrated into a global nonlinear model

by using a center-average defuzzifier, product inference and singleton fuzzifier:

vk +1) =) py(8(x(k){Ayz(k) + Byu(k)}
y(k) =Y 1g(8(x(k)){Cyx (k) + Dyulk)} (6.2.2)

where

Figure 6.1 shows illustrates the T-S fuzzy model using an illustration. It is shown
that the global input-output nonlinear relationship is expressed in terms of weighted

summation of linear system model.

The fuzzy “blending” of linear system models are achieved by p,(0(x(k))) terms
or the “weighted” blocks in Figure 6.1. These terms are called membership functions
and they play a vital role in the overall nonlinear model. Even though the local linear
system models are the same, different membership functions result different input-output

relationship of the global nonlinear model. However, many of the existing literature
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Plant Model

Weighted

A A

» x(k+1)= Ax(k)+Bu(k)

Input | : : Output

Weighted

h 4

> x(k+1) = Ax(k)+Bu(k)

Figure 6.1: lllustration of a T-S fuzzy model

on nonlinear control systems based on T-S fuzzy model, such as [36, 41, 58, 66, 67,
84-91], do not consider membership functions in the controller design. This is because
membership functions are nonlinear functions in x(k) therefore linear matrix inequalities
(LMIs) approach cannot be used. This results in the controller being valid for any shape

of membership functions, thus leading to conservatism.

There are two approaches of constructing T-S fuzzy models:

1. Fuzzy modelling (identification) using input-output data

2. Derivation from given nonlinear system equations.

The latter uses the idea of sector nonlinearity and this allows to obtain T-S fuzzy
model easily when nonlinear dynamical models for the systems can be obtained. In this
section, the second approach is used to obtain a T-S fuzzy model of a single-link rigid
robot. The following is the modelling procedure where the T-S model will be used as a

numerical example in the following chapters of this thesis.

The motion equation of the single-link rigid robot system is shown as

J§ = —(0.5mgl + Mgl)sin(0) + u (6.2.3)

where 6 denote the joint rotation angle in radians, m is the mass of the load, M is
the mass of the rigid link, g = 9.8m/s® is the gravity constant, [ is the length of the

robot link, J = MI? + (1/3)ml? is the moment of inertia, and w is the control torque
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applied at the joint in Nm. 6 = 0 denotes the lowest vertical equilibrium position under
zero control torque. The control task is to move the robot arm from any initial state
0 € [—(7/2), (7/2)] to the equilibrium position defined by # = 0, § = 0, and § = 0

despite of perturbations of plant parameters.

In order to obtain a T-S fuzzy model, new state variables are defined as z; = 6,

1‘2:9.

When z; is near zero, the nonlinear equation above can be simplified with the new
state variables as
X1 = o (6.2.4)
(0.5mgl + Mgl) 1
7 +

(6.2.5)

513:2:—

<~
S

When z; is near 4+ /2, the nonlinear equations are simplified as

2(0.5mgl + Mgl) n 1

— (6.2.7)

Gy = —

<~
S

Note that (6.2.4)-(6.2.7) are now linear system models. Based on the above, the
following T-S fuzzy model is obtained.

Model Rule 1:
IF x is about 0, THEN & = Ayx + Bu

Model Rule 2:
IF z; is about +7/2, THEN & = Asz + Bou

where
0 1 0 1
Ay = _(05mglMg) | Ay = _2(0.5mgl+Mgl) O]
J wJ
0
Bl == BQ - 1 (628)
J

The membership functions for Rule 1 and Rule 2 are shown in Figure 6.2.

Discrete-time T-S fuzzy model of the above with m = 1.5kg, M = 3kg, | = 0.5m,
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Figure 6.2: Membership functions of single-link rigid robot example

and J = 0.875kgm? with T, = 0.01s is obtained as follows

~ | 0.0990 0.0100 ~ | 0.0993 0.0100
b 1=0.2099 0.9990| " T | —0.1337 0.9993
5.7133 x 107°
Bl =B, = * (6.2.9)
0.0114
where the state variables are 27 (k) = [2T(k) I (k)] and other variables are also in

discrete-time domain.

6.3 Takagi-Sugeno Fuzzy Controller Construction

The concept of T-S fuzzy controller is very similar to T-S fuzzy model as shown in Figure
6.3. Figure 6.3 illustrates a T-S fuzzy state feedback controller where the state variables
of the plant is multiplied by controller gains. A nonlinear controller is created through

fuzzy blending of local linear controllers.
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Controller Model

| Rule 1 :

| » u(k) =—K,x(k) » Weighted

| I

| I

Input | | Output

I

| I

| I

| > u(k)=—K x(k) |—{ Weighted I

I RUIe C I

Figure 6.3: lllustration of a T-S fuzzy controller

In NCSs, information within a system is transmitted via a network and inevitably
experience network-induced delays as shown in Figure 6.4. This means that when the
state variables are measured by the sensor and transmitted to the controller, the signal
will experience network-induced delays, 7. Hence the input of the fuzzy controller is the
time delayed version of the premise variables, which often are the state variables, of the
plant. Most of existing literature on nonlinear NCSs based on T-S fuzzy model neglects
this and formulate the problem incorrectly [36, 67, 85, 87, 88]. Based on this information,

the fuzzy state feedback controller of NCSs is shown as follows:

Control Rule h:
IF oy(x(k — 7)) is N" AND --- AND o (x(k — 7)) is N/,

THEN
u(k) = Fix(k — %) (6.3.1)
where h denotes the h'* fuzzy inference rule; h = 1, ..., ¢; cis the number of inference
rules; oy (x(k—7k)), ..., 04(x(k—7y)), are the premise variables; ¢ is the number of premise
variables and N}, ..., N} are the fuzzy terms.

Similar to the plant, the fuzzy controller is inferred as shown below.
u(k) =Y Anlo(e(k — 7)) Fia(k — ) (6.3.2)
h=1

where

o(z(k =) = [on(x(k = 7)), ., og(x(k = 7)),
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Sensor
x(k)
Network
x(k-T(k))
Controller

Figure 6.4: lllustration of premise variables of T-S fuzzy model in NCSs

on(o(x(k = 7)) = [ [ N (ou(x(k = 7)),

on(o(x(k — 1))

M(o(x(k — 1)) = S de(o(x(k — 7))

€ [0,1],

C

S Mlo(ath = 7)) = 1

h=1

Note that the control action is based on the past information of the plant, in this

case x(k — 7). Through the fuzzy blending, the overall controller is nonlinear.

6.4 Overview of Sum-of-squares Decomposition

As explained earlier, many existing literature on nonlinear control based on T-S fuzzy
model discards membership functions when designing a controller [36, 67, 85, 87, 88|.
This is because the membership functions are nonlinear functions in z therefore LMI
approach cannot be used. In order to circumvent this limitation, sum-of-square decom-
position approach is exploited in this thesis. This section provides a brief overview of

sum-of-squares decomposition and explains how this approach can be used to incorporate
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membership functions into the controller design.

Sum-of-squares decomposition of multivariate polynomials using semidefinite pro-
gramming has been attracting interest due to the fact that it provides convex relaxations
for many hard problems [121-125]. Due to this recent interest and the advantages of
the approach, several toolbox such as YALMIP [126] and SOSTOOLS [127] have been

developed. In this section, a brief overview of sum-of-squares problem is presented.

L

As the name suggests, a multivariate polynomial p(xy,...,x,) = p(x) is a sum-of-

squares (SOS), if there exist polynomials fi(z),..., fi(z) such that

p(x) = fi(@) (6.4.1)

The above implies that f(z) > 0 for all z € R". Above is equivalent to the existence

of a positive semidefinite matrix ¢ such that

p(x) = v" (2)Qu(z) (6.4.2)

Therefore if one can find a vector of monomials v(z) and a positive semidefinite
matrix (), nonnegativity is ensured. This turns the sum-of-squares programme into a
semidefinite programme. By using this, SOS approach has been widely used for checking
nonnegativity condition. The above process shown in (6.4.2) is known as sum-of-squares
decomposition. This approach has been widely used as sum-of-squares decomposition of
a multivariate polynomial has less computational burden than guarantying nonnegativity

of polynomials.

It is noteworthy to point out that sum-of-squares provides sufficient conditions for
nonnegativity. This is because sum-of-squares decomposable polynomial is a subset of
nonnegative polynomial. What this means is that all sum-of-squares decomposable poly-
nomials are nonnegative but not all nonnegative polynomials are sum-of-squares
decomposable. However, as already explained, proving that a polynomial is sum-of-

squares is easier than proving a polynomial is nonnegative.

Since SOS deals with polynomial functions, membership functions can be incor-
porated into the theorem by approximating membership functions with sum-of-squares
decomposable polynomial functions so that toolbox such as YALMIP can handle the poly-

nomial functions. Refer to the next chapter for more information of how SOS approach is
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used to incorporate membership functions into the controller design. Previous approach
where membership functions are discarded results a controller based on any shape of
membership functions. By incorporating the membership functions, it is ensured that
the controller is specific for the membership function given. As it is shown in the next
chapters, the incorporation of membership functions results larger stability region than

the approaches where membership functions are discarded.



Robust Fuzzy 7., State Feedback
Control of Nonlinear Networked
Control Systems With Completely
Known Transition Probability Matrix

Abstract

The chapter presents a methodology for designing a robust fuzzy H., state feedback controller for non-
linear discrete-time networked control systems (NCSs). The nonlinear systems are modelled by a Takagi-
Sugeno fuzzy model, and network induced delays between sensors and controllers are modelled by a finite
state Markov process. The fuzzy controller’s membership functions are allowed to be different from the
plant’s membership functions to accommodate the fact that the plant’s premise variables are transmitted
via the network. The membership functions of the plant and the fuzzy controller are then approximated
by polynomial functions and incorporated into the controller design. Based on Lyapunov-Krasovskii
functional, sufficient conditions for the existence of the controller are provided. Numerical examples

are used to illustrate the effectiveness of the presented methodology and to confirm that incorporating

101
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membership functions yield larger stabilization region.

7.1 Introduction

In a traditional point-to-point architecture, the system components such as the plant and
the controllers are connected via physical wires. In this architecture, it is assumed that
the signals experience no delay within the system, which simplified stability analysis and
controller design methodology. Because the controller is designed with an assumption that
the sensor measurements are received as soon as it becomes available, the physical distance
between the controller and the plant has to be small. Furthermore the overall system
cannot be modularized, which results high installation and maintenance cost. With recent
advance in communication systems, hybrid systems whereby the system components are
connected via a network, named networked control systems, have been receiving significant
attention in the last decade [1-8|. However, the majority of existing literature are based
on linear NCSs with a small portion of studies dedicated to nonlinear NCSs. Ever since its
proposition in [101] Takagi-Sugeno (T-S) fuzzy model has been proven to be very effective
in modelling nonlinear systems. It has been proven that modelling nonlinear NCS with
T-S fuzzy model is just as effective [36, 58, 85, 86, 128-130].

In [36],the effects of network induced delay and packet dropout on a class of nonlinear
NCSs are investigated. In [58], two separate network induced delays, from the sensor
to the controller can from the controller to the actuator, are considered. These delays
are modelled by two Markov chains and sufficient conditions for a state feedback fuzzy
controller are presented. In [85], the authors propose a general framework of networked
control where the zero-order hold can choose the latest control signal when packet is
received out of order and consider both network induced delays and packet dropout. [86]
considers H,, control of uncertain nonlinear NCSs modelled by T-S fuzzy model where
the plant states are quantized. Sufficient conditions for the solvability of the robust
Ho control problems without quantizers are also presented. [128] develops a robust
control scheme based on a fuzzy estimator, which estimates the plant states. The network
is modelled as a sampler between the plant and the controller in their control scheme. In
[129, 130] time-driven sensors and event-driven actuators are considered when designing
an H,, controller. However the authors assume that the network induced delays are
less than one sampling period and disregard the effect of the network induced delays.
The major drawback of the aforementioned papers [36, 58, 85, 86, 128-130]. is that
the controller’s premise variables are assumed to be the same as the plant’s premise

variables without delays, i.e. the premise variables experience no delay when transmitted



7.1 Introduction

103

through the network. However in NCSs, where there is a network between the system
components, such assumption is very impractical. Hence, the existing controller designs
in NCSs [36, 58, 85, 86, 128-130], where the controller’s premise variables do not contain

delays, are not practical.

It is important to point out that none of the aforementioned NCS papers [36, 58,
85, 86, 128-130]. include membership functions in the controller design. The major dis-
advantage of disregarding membership functions is that the obtained controller is valid
for any membership functions, leading to severe conservatism. The importance of mem-
bership functions in the controller design has been illustrated in [93-95]. The difficulties
of incorporating membership functions into the controller design arises from the fact that
membership functions are nonlinear so controller design can no longer be expressed in

linear matrix inequality (LMI) conditions.

Motivated by the aforementioned drawbacks, this chapter aims to design a state
feedback controller for nonlinear NCSs modelled by T-S fuzzy model, where membership
functions and delays in premise variables are incorporated in the controller design. Since
membership functions are incorporated into the controller design, formulating the prob-
lem with proper premise variables becomes very important. Unlike existing approaches
in [36, 58, 85, 86, 128-130]. where impractical assumption of same premise variables in
NCSs is made, we acknowledge the issue and formulate the problem where the premise
variable of the controller is the delayed version of the premise variable of the plant. To
the best of authors’ knowledge this is the first attempt in nonlinear NCSs to incorporate
membership functions and delayed premise variables into the controller design. The mem-
bership functions of the plant and controller are approximated by polynomial functions
and incorporated into the controller design. A numerical example is used to compare the
proposed methodology with [86], where the controller design is derived without incorpo-
rating membership functions and without delays in the controller’s premise variables. We

show that the proposed methodology has a wider stabilization region than [86].

The network-induced delays between sensors and controllers are modelled by a finite
state Markov chain. The current mode of the Markov chain determines the individual
local controller, resulting mode dependent controllers. The transition probability matrix
of the Markov chain in this chapter is assumed to be fully known. This chapter is the
counterpart of Chapter 2 and will be used as the basis for the robust fuzzy H., filter and
the robust fuzzy H., dynamic output feedback controller design, which will be presented

in the next chapter.

The main contributions of this chapter are:
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e Membership functions are incorporated into the controller design to reduce the

conservatism of the controller design for nonlinear NCSs

e The controller’s membership functions are allowed to be different from the plant’s

membership functions and its premise variables are allowed to have delays

The rest of the chapter is organised as follows. Section 7.2 presents the T-S fuzzy
model of the plant and the controller. The H,, control problem is formulated in this
section. The approach to approximate the membership functions to incorporate them into
the controller design is presented in Section 7.3. Sufficient conditions for the existence
of the robust fuzzy H., state feedback controller are presented in this section as well.
Numerical examples are provided in Section 7.4 to show that incorporating membership
functions yield larger stabilization region and that the overall system performance meets

the requirement. Section 7.5 present the conclusions of this chapter.

7.2 System Description and Definitions

The NCSs setup shown in Figure 2.1 is considered in this chapter. The class of nonlinear

discrete systems under consideration is described by the following fuzzy system model:

Plant Rule g:
IF 0, (x(k)) is J{ AND --- AND 0,(x(k)) is JJ,
THEN

z(k+1) = [Ag+ AAy(k)]z(k) + [Big + ABig(k)Jw(k) + [Bag + ABag(k)|u(k)

z(k) =[Oy + ACy(K)]x(k) + [Dig + AD1g(k)]w(k) 4 [D2g + ADag(k)]u(k)
(7.2.1)
where g denotes the g fuzzy inference rule; g = 1,. .., r; r is the number of inference rules;
01(x(k)), ..., 0,(x(k)) are the premise variables; p is the number of premise variables and
JY,...,J9 are the fuzzy terms. Furthermore x(k) € R", u(k) € R™, 2(k) € R™2 are the
state, input and output respectively and w(k) € R™ is the disturbance which belongs
to L5[0,00), the space of square summable vector sequence over [0,00]. The matrices
Ay, Big, Bay, Cy, D1y and D,y are of appropriate dimensions. The matrix functions
AA,(k), AByy(k), AByy(k), ACy(k), AD14(k) and ADs,(k) represent the time-varying

uncertainties in the system.

By using a center-average defuzzifier, product inference and singleton fuzzifier, the
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following global nonlinear model is obtained.

I(k + 1) = ZMQ(Q(x(k))){[Ag + AAg(k)]I(k) + [Blg + ABlg(k)]w(k>

+ [Byy + ABQQ(k)]u(k)}

= [A(p) + AA(p, k)](k) + [Bi(p) + AB1 (e, k)w(k) + [Ba(p) + ABy(p, k)]u(k)
2(k) = > ng(0(z(k){[Cy + AC, (k)] (k) + [D1g + AD1g(k)]w(k) + [Dag

+ ADy(k)]u(k)}

= [C(u) + AC(p, k)] (k) + [D1(1) + AD1 (1, k)w(k)

+ [Da(p) + ADs (1, k)u(k) (7.2.2)

where

AA(p, k) = 3 gy g(O(x(R)AAG(R)  AC(p, k) = 30—y p1g(0((R)))AC(F)
ABi(p k) =320 1g(0(x(k)))AB1g (k) ABs(p, k) =320 1g(0(x(k))) ABay (k)
AD:(p, k) = gy p1g(0(x(k)AD1g (k) ADy(p, k) = 3 gy g(0(x(k))) ADsg (k)

We assume that the uncertainty functions in p and k£ are norm-bounded by the
following:

Assumption 7.2.1

Ey(p)
(1)

AAQ(:U’Jk) ABl(:U’?k) ABQ(MJ{;)
ACH(ka) ADI(Mak> ADQ(Mak)

F(k;)[H1 H, H;

where g = 1,...,7; 1 is the number of fuzzy inference rules; E1(u) = E;Zl g (0(z(k)))Eryg,
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Ey(p) = >0y pg(0(x(k))) Eag; Hy, Ha, Hs, Eyg and Eyy are known matrices which char-
acterize the structure of the uncertainties; F'(k) is an unknown matriz function that satisfy
FT(EYWF (k) <W where W is a positive-definite matriz.

The model of the network in this chapter is identical to what is shown in Chapter

3 except the fact that the transition probability matrix is completely known.
In this chapter, we consider the following fuzzy state feedback:

Control Rule /:
IF oy(x(k — 7)) is N AND --- AND o,(z(k — 7)) is N7,
THEN
w(k) = Kp(ry)z(k — 1) (7.2.3)

where h denotes the h'" fuzzy inference rule; h = 1,...,¢; ¢ is the number of inference
rules; o1(z(k — 7)), ..., o,(x(k — 7)), are the premise variables; ¢ is the number of
premise variables and N[, ..., N;L are the fuzzy terms, r; represents the mode in the
Markov chain. Kj(ry) in each control rule is a local mode delay dependent state feedback

controller gain.

Similar to the plant, the fuzzy state feedback controller is inferred as shown below.

u(k) =Y M(o(@(k — 7)) K (ry)a(k — 7) (7.2.4)
= K()\, Tk)fﬂ(k — Tk) (725)

where

o(x(k — 1)) = [o1(x(k — 7)), ..., 0.(x(k —7%))],
on(o(x(k — ) = [ Nl (ou(z(k — 7)),

_ oulo(alk—m))
Sy dulo ek — 7))

> Mlo(a(k— 7)) =1

h=1

)\h(O'(l'(k—Tk)) c [0, 1],

c

K\ re) =Y Mo (z(k — 7)) K (re)

h=1

Remark 7.2.1 Note that, in (7.2.4), the fuzzy controller’s membership functions and
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premise variables are allowed to be different from the plant’s membership functions, and
also delays are allowed in the fuzzy controller’s premise variables. The fuzzy controller
(7.2.4) is more realistic in NCSs. Furthermore, since the premise variables of the plant
and the controller are allowed to be different, resulting in the number of fuzzy rules of the
controller no longer restricted by the number of fuzzy rules of the plant. Hence a small
number of fuzzy rules may be implemented even though the number of fuzzy rules of the

plant is large.

As shown in Chapter 2, the closed-loop system is to achieve stochastic stability, as

shown in (2.2.5), and the H,, performance condition, as shown in (2.2.6).

7.3 Main Result

Considering the fuzzy model (7.2.2) and the fuzzy controller (7.2.4), the closed loop system

is obtained as follows:

v(k+1) = [A(p) + AA(p, k)] (k) + [Bi(p) + ABi (i, k)Jw(k)
+ [Ba(p) + ABy(p, k) (A, 7 ) (k — 73c)
= A(p)x(k) + Ev(u)F (k) Hiz (k) + Bi(p)w (k) + By () F (k) Hyw(k)
+ Bo(p) K (A, r)x(k — 1) + By () F(k)Hs KA, ri)x(k — 7x) (7.3.1)

z2(k) = [C(p) + AC(u, k)] (k) + [D1(p) + AD:y(p, k)]w(k)
+ [D2(p) + ADz(p, k) K (A, ri)x(k — 7
= C(wz(k) + Ex(p) F (k) Hix(k) + Di(p)w(k) + Ez2(p) F(k) Hyw(k)
+ Do(p) K\, ri)z(k — 7)) + Eo(p) F'(k) Hs K (A, ri) 2 (k — 73) (7.3.2)

For brevity, z(k), x(k — %), py(6(x(k))), An(o(x(k — 7))) are denoted as x, x,
tg(z), Ap(z;), respectively, throughout this chapter.

MATLAB LMI toolbox is not able to handle nonlinear membership functions, how-
ever, third-party MATLAB toolbox such as YALMIP and SOSTOOLS can handle mul-
tivariate polynomial functions. For this reason each product term pg(x)\,(z,) is ap-
proximated by polynomial functions. In order to approximate the membership product

terms as accurate as possible, they are divided into sub-regions and a polynomial function
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approximation is found for each sub-region as shown below

Hg(@) M) = D Cal@, 20) {Nghs (@, @7) + Aty (2, 27)} (7.3.3)

k=1
where 745, 5, (2, z,) are the polynomial function approximations and Angy, s (x, ) are the
error terms in each sub-region [96]. (.(z,x,) is a scalar function which takes 1 if z and

x, are inside the sub-region, s, and 0 otherwise.

We define lower and upper bounds of the error terms as

Qgh, s < Angh,sn (l‘,SCT) < ﬂgh,sN (734)
where agp s, and By s, are known constants [96].

The following theorem provides sufficient conditions for the existence of a mode delay
dependent state feedback controller. The theorem incorporates the polynomial function
approximations of the product of membership functions into the controller design in order

to reduce conservatism.

Theorem 7.3.1 Given a prescribed Ho, performance, v > 0, the closed-loop system is
stochastically stable with the prescribed Ho, performance, if there exist sets of positive-
definite matrices X (i), Ry(i), Ry, Ro(i), Ry, Wi(d), Wa(i), Wa(i), Q, Wi(i), Wa(i),
Ny, Ny, Z(3), S(i,7), W9"(0), ©§"(i) and matrices M(i), J(i), Y(i) fori = 1,2,--- s,
g=1,2,---,r, h=1,2,--- ,c satisfying the following

Ry > Ry(3) (7.3.5)
Ry > Ry(7) (7.3.6)
T C 1 1 B 5
—UT[ {(Ugh,sﬁ(x, )+ 5 0ghs. + Eﬁgh,sN)Tgh(i) + Y9hse (z)} — €SKI]U is SOS
g=1 h=1

Vse=1,...,D (7.3.7)

1~ -
§T9h(i) — (i) <0 (7.3.8)

1

—5 (i) = 03" (i) < 0 (7.3.9)
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(1— Pz(z+1))R1(i) + Ry(i) M(i) >0 (7.3.10)
[ S(i.4) () ] . (7311)
*  X(j)
and
MRy =1, NyRy = I, Wi (i)Wy (i) = I and Wy (i)Wa(i) =1, (7.3.12)

where v is a real vector of appropriate dimension and independent of x; €, are predefined

scalars; Ngn s, (x, ;) are defined in (7.3.3);

A (T"G)" (T9@)" (Ds()" E@)" (H'G)"
* —-X 0 0 0 0
o= DA :
* * * * —1 0
* * * * * -W

— g ) { BE(0) + 05 (3)

——

M) = diag] - X (@), (= XT@) - X(0)+Q), (HIWa(i)Hy —+1),
—Wi (i), =Wa(i), ~Wa (i) } + TE@) + Ta(i) + 7() Z(3)
fgh(i) - AX(‘) B2gYh('> Blg Elg Elg Elg}
ghy - . 3+11ij ] . )
5 (2 = (1) DBogYa(i 1 1 1 1
A0 Ve A,X ByYali) By By Eiy Byl
INN0) = |X@G) 0 0 0 0 0}
X = =20 piS(ig) + JT(@) + I (i)
R = dzag{Nl,Nz}
Q = (19 -rm+ )@
w = dzag{Wl }
2y = | ¢,X() DQQYh(z) Diy By By By |
A HXGE 0 0000
0 HyYi(@) 0 0 0 0

MT(@H[I =100 0 0]
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and the mode delay dependent fuzzy controller is
k)= Mlo(x(k — 7)) Kn(i)x(k — 7) (7.3.13)
h=1

where
K (i) = Y, (i) X (d) (7.3.14)

Proof: We introduce the following augmented closed loop system as shown below

Tyl = Fl(,u, )\, ’f‘k>ﬂ~fk (7315)

where xy = x(0), 2z, = 2(¢), Z, = 2(¢), and

Uy Are) = [A(p) Ba()K (A7) Bi(p) Ev(p) Erv(p) Ev(p)]  (7.3.17)
E(w,Are) = [C(p) Da(u)K(N k) Di(p) Es(p) Ea(p) Eao(p)] — (7.3.18)
Fk) = [mT(k) 2Tk — 7)) wl(k) 2% (k) HT FT (k)

Tk — 1) KT ) HTFT (k) wT(k)ngT(k)]T e R (7.3.19)

Consider the following Lyapunov-Krasovskii candidate functional:

V(SL’k, T’k) = %(xk, Tk) + %(%k, Tk> + %(Ik, ’/’k) (7320)
with
Vilwg, ) = 2} P(ry)xp (7.3.21)
-1 -1

ACNESY Z y Ry + Y Z vy Roy; (7.3.22)

b=—7f j=k+L b=—7(s) j=k+L

1)+1 _

Vs(zk, r) Z Ty Quy + Z Z xTQx] (7.3.23)

b=k—Ty l=—7(s)+2 j=k+L-1

Taking the forward difference of V(xy,ry), we have

AV(.CEk, Tk) = A‘/l (Z’k, Tk) + A‘/Q(xk, Tk) + A%(Z’k, Tk) (7324)
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where

AVi(zg, ) = $;;F+115(7“k)35k+1 —$£P(Tk)$k

= GTT(u, Ay ri) P(ri) T (p, A, 1) — 2f P(r)zy, (7.3.25)

-1

s k -1 k
AVa(ar,ri) = D pri D, >, YR+ >, >yl Ry
=1

t=—1(i) j=k+1+ z:—T( ) j=k+e+1

1 kel 1
N Z Z ijRlyj_ Z Z yJRﬂ/y

t=—y, j=k+£ l=—r(s) j=hk+0

s -1
- pr' Z vi Rige + ) Z v Ry

b=—7(3) Z—f‘r(z) Jj=k+0+1

—1 _
Y Y Ry Y yRy}+
Z——Tkj k+€+1 f——Tk

-1

Z {vi Royr, — vy Royise )
l=—71(s)

s —1 —1
- Zprki Z Z yj Riyj — Z Z y) Riy;
i=1

b=—7(3) j=k+L+1 b=—T1) j=k+L+1

k-1 k-1
- > ijRlyg} — Y y R+ i |:7-le + T<5)R2]yk

J=k—7 j=k—7(s)

(7.3.26)

and

s -T()+1 &k k—1
AV(zy,rr) = ZPW Z %TQM‘F Z Z ; Quj — Z 7 Qy
i=1

Z:k—r(i) (=—7(s)+2 j=k+L t=k—,

b=—7(s)+2 j=k+l-1

k—1

= pr h Qi + Z v Que— Y wQuy—xp, Qrp_r,

l=k—71(i)+1 l=k—1p+1
—7(1)+1

+ Z {7k Qi — 2y 1 Qe }

l=—7(s)+2
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s k—1 k—1
= Zprki Z g Qy — Z 27 Qe — ay_;, Qg
=1 b=k—7(i)+1 l=k—7+1
—7(1)+1
— Y T Qriwe + (7(s) = T(1) + D Qay
l=—71(s)+2
s k—r(1) k-1 k—1
= > pnig Y. wQu+ Y. x{Qui— Y 2 Qu
i=1 t=k—7(i)+1 t=k—7(1)+1 l=k—T+1
k—7(1)
— Z xy Qg+ (7(s) — 7(1) + Vg Qui — w4, Qs (7.3.27)
l=k—7(s)+1

with P(r,) = X770 pr s P(j).

Knowing that Prob{ry+; > 7 +1} =0, 7(1) < 741 < 7+ 1 < 7(s) and 7(1) <
T < 7(s), the terms AV, (zg, r) and AVs(zg, 1) can be upper bounded as

k—1
AVa(a, 1) < yf B+ 7(5) Ry — D 0 [(1= Pragrern) By + Ro|ye (7.3.28)
l=k—Ty
and
AVs(zg, 1) < (7(s) = (1) + Daf Quy, — 2f_, Qup—r,. (7.3.29)

From (7.3.10), we know that

< y(rk) ' (1_prk(rk-&-l))él(rk)—i_Rz(rk) M(Tk)

T'k:kak

Expand and rearranging the above results

b YT L = Py Bulre) + Ro(ri)]y(r) < i’T(’f){Tl(Tk) + X7 ()
+TkZ(7“k)}53(l€) (7.3.31)

where y(k) = z(k +1) — z(k) and T1(r) = MT(rp)[I —1 0 0 0 0].

Multiplying the above with diag{diag{Xﬁl(rk),Xfl(rk),I,I, I,]},], I,[,I} on

the right hand side and its transpose on its left hand side of each term with conditions
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(7.3.5) and (7.3.6) we have

k—1

= 2 YOI = P B+ Rly(r) < 3T 0){X1(m) + 1T (r) + mZ(re) (k)

T‘k:k—Tk

(7.3.32)
where Ty (ry) = MT(rg)[I —1 0 0 0 0].

Employing (7.3.32) in (7.3.28), we obtain

AVa(aw,m) < T (0 A ) [FeRy + m(s)Ra] Ta(p A i) + Ta (i) + X7 (1)

+TkZ(7“k)}55‘k (7.3.33)
where

Lo, Ay i) = [A(p) = I Bo(p)K(N,mi) Bi(p) Er(p) Ei(p) Ei(p)] (7.3.34)

Using (7.3.25), (7.3.33) and (7.3.29), the overall forward difference of the Lyapunov-

Krasovskii functional is obtained as

AV(zir) < —af (P(re) = (r(s) = (1) + 1)Q) s — 2, Qe s,
{7 (0 A ) P T (1 A, )
+FT(Ma)\ k) [Tl + 7(s) Ra] Do, A, )
To(r) + YT () + 2 (r )} Ty (7.3.35)

Using Assumption 7.2.1, and adding and subtracting =1 HI FT (k)W (r) F (k) Hyzy,
wi Hy FT(k)YWs(ry,) F(k) Howy, (), KT (N ) Hy FT(k)Wa(ry) F (k) Hs K (N, 75) % (7, )
2L 2, and ywlwy to and from (7.3.35), we obtain

AV (zg, 1) <

—zf <P(7’k) —(r(s)—=7()+1)Q — H1TW1(’I“1€)H1>CL’]€

ol (Q = KO HYWa () HsK (A, 1) )k,

+il {rT(u, A7) )T (s N, 1)

+F2 (LL, >\, T’k> [7~'le + T(S)RQ] FQ(,U,, )\, T’k)

Y1 (k) + YT () + e Z (k) + Z5 (i, N, 1) 2 (i, A, rk)}ick — 2 2,

+7wkka — w,:f (7] — ngg(rk)H2>wk — fo{FT(k)Wl (ri) F(k)Hyzy,
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—x%;ngk)KT()\, i) Hy F7 (1) Wa(ri ) F () Hs K (A, 75) % (15—,
—wi Hy FT(k)W3(ry) F(k) Hywy (7.3.36)

Re-express (7.3.36) as

AV (xg, 1) < ff{/\(/\, i) + DT, X, i) P(r) Ty (s A, i)
+T5 (10, A 7e) [T Ry 4 7(3) Ro] T (2, A, 78)
FET (A )20, A7) + Ta(rw) + YT () + TkZ(rk)}gzk
—2} 2+ ywlwy, (7.3.37)

)
)

where
A\ 1) =diag{ ((7(s) = 7(1) + D)Q + HWi(r) Hy — P(r0)).
(KT()\, ) HIWa(r) Hy K (N, 77,) — Q),

<H2TW3(rk)H2 — 71), —Wi(rg), =Wa(r), —W3(7”k:)}

Following from (7.3.7), we learn that for all s, =1,...,D

Z;:l 2221 (Wgh,sn (7, 2,) + %O‘gh,sn + %th,sn)fgh(rk) + (th,sn - O‘gh,sn)

{09" (ri,) + \ngh(rk)}] <0 (7.3.38)

Since U9"(ry) and US" (1) are positive definite matrices, along with (7.3.3), we know
that for all s, =1,...,D

(Angfusn (v,2,) — agh78~)®§h<rk) < (th,sm - aghﬁn)\i[él]h(rk) (7.3.39)
<5gh78~ — Angh,s,, (z, xT))\i;gh(rk) < (/th,sn - agh,sm)\i]gh(rw (7.3.40)

Therefore, for all s, =1,...,D

r c 1 1 ~
Z Z [(ngh,s,@ (l’, xT) + §a9h,sn + Eﬁgh,sﬁ)T‘qh(rk)

g=1 h=1
(o (50) = Qo )T+ (B, — A, (2,2,)) 8 ()| < 0
(7.3.41)
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Using (7.3.8) and (7.3.9), we have

22:1 22:1 (ngh,sn (l’, xT) + %agh,sm + % gh,sm)Tgh(rk)

+(A779h,sn (z,2,) — O‘gh,sn)%fgh(rk) - (th,sn — AN s, (z, xT))%Tgh(rk)] <0
(7.3.42)

forall s, =1,...,D.

Simplifying (7.3.42) as

r c ~ 1 ~
Z Z [ngh,sn (z, xT)TghO"k) + §(A779h,sn (@, 27) + Bgh,s. — ﬁgh,sﬁ)Tgh(Tk)

g=1 h=1
1 -
5 (Atlgn o, (2,27) + s, = atgn,s, )T ()
= Z Z [{Ugh,sm (2, 27) + Angns, (2, 2,)}T gh(m)] <0 (7.3.43)
g=1 h=1

forall s, =1,...,D.

Employing (7.3.3) and the notation for 79"(r},), (7.3.43) can be expressed as

T

Ary) (fih(w))T (fgh(f’k))T (fs(Tk))T (égh(?"k))T (ﬂh(m))

r c
* -X 0 0 0 0

E 5 pg()An(z7) | « R 0 0 0 <0
* * * -9 0 0

9=1 h=1 * * * * —1 0
* * * * * -W

(7.3.44)
forall s, =1,...,D.

Applying Schur complement on (7.3.11) and consequently multiplying these inequal-

ities by p;; and summing up for all j we obtain

i+1 i+1
— Z pi;SG, 7))+ JT (@) + J(@) = JV() + J(i) - Z pi;S(i, )
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The following holds true since Q is a positive matrix

(P&)-G) (PG -G ) >0 (7.3.46)
= P(i)TQP(i) — PT(i) — P(i) + Q"
= —PT(4)—P(i)+Q>—P6)TQP ()

where Q@ = Q' and P(i) = X(i)~'. Multiplying X (i) to the right hand side and its
transpose to the left we have —X7 (i) — X (i) + Q > —X ()T QX (7).

Therefore —X and —X7 (i) — X (i) + Q can be replaced with —P~'(i) and
—XT(1)QX (i) respectively and the condition (7.3.44) still satisfies.

Multiplying with diag{diag{X‘l(i), X14), 1,1, 1, I}, 11,1, J} on the right hand
side and its transpose on the left and applying Schur complement to (7.3.44) with —P~(3)
and —X (1)TQX (i) yields

A<>\7 Tk) + F{(/J’v /\7 rk)p(rk>rl<u7 )‘7 Tk) + Fg(ﬂﬁ >\7 Tk) [%le + T(S)R2] PQ(M? )‘7 Tk)
+ 20 (i, A ) E (i, A7) + Ta(rk) + Y1 (rk) + 762 (ri) <0 (7.3.47)

Therefore if (7.3.7)-(7.3.9) are satisfied we have

AV (g, 711) < =28 21 + ywi wy (7.3.48)

Taking expectation and sum from 0 to oo on both sides of (7.3.48) we obtain

E{V (20,70} — B{V (20,70)} < —E{ 3 zfze} +793 " wfw, (7.3.49)

It is clear that under zero initial condition, V(xg,r) = 0, the H, criteria holds.

Next, under w(k) = 0,Vk > 0 we need to show that the closed-loop system is
stochastically stable. From (7.3.37) and (7.3.7)-(7.3.9), we learn that

V(@i T(er) = Vi, r) < =BT oy (7.3.50)
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where = inf{ A\ [-M(7)],7 € S} with

M(i) = A7) + TF (A, ) P(ri) T (g, A, ) + T8 (s, A7) [FoRy + 7(5) Ra) T, A, 1)
+ ET (s A ) E(ps Ay ) + Ta(re) + YT (1) + 7 Z(rg) < 0 (7.3.51)

Similar to the above, taking expectation and sum from 0 to oo on both sides of (7.3.50),

we have

B{V (20,750} = B{V(w0,70)} < —BE{> &}
=0

o0

< —BE{ 3 x?xg} (7.3.52)
=0

By re-arranging (7.3.52), we can show that the system is stochastically stable, where
0= %E{V(wo,ro)} < 0. VVV

Remark 7.3.1 When membership functions are not incorporated into the controller de-
sign, (7.3.7)-(7.3.9) reduce to T,(i) < 0 which are given in [86]. This is a very conser-
vative approach since such controller is valid for any membership functions. By incorpo-
rating the product of membership functions into the design we design a specific controller
for the specific membership functions, making the controller less conservative. Note that
the premise variables of the controller, x. are the delayed version of the plant’s premise
variables x, since premise variables are transmitted via communication networks. The
polynomial approximations of the product of membership functions consist of both x and
x,. Also note that only (7.3.7) is formulated in SOS conditions, since it is the only con-
dition with polynomial functions, ng s, (z,z.). By formulating other conditions in LMIs,
the computation burden of the solver such as YALMIP is reduced.

In accordance with the cone complementarity algorithm [115], the nonconvex feasi-
bility problem formulated by (7.3.5)-(7.3.11) can be converted into the following nonlinear

minimisation problem subject to SOS:
Minimize T (lezl 4 NoRy + Wi () Wi (i) + Wg(i)Wg(i))

Subject to (7.3.5)-(7.3.11) and

> 0, [Wl(i) ! ()]>O, [WQ@ ! 4 >0

I Wiz

N, I
I R

N, T
1T Ry
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To solve this optimisation problem, the following algorithm can be used:

Algorithm :

Step 1: Set 3 = 0 and solve (7.3.5)-(7.3.11) and (7.3.53) to obtain the initial conditions,
N . N N N . N 0
X (@), Bi (), B, Bo(3), Foo, Wi (), W), Wa(3), Wi (3), Wali), @, Na, No, Z(0), Y (3)]

Step 2: Solve the problem
Minimize Tr(N{fz1 + N R] + NIR + NoR) + Wi (iYW (i) + Wy (i)W (i)
+ Wy Wa (i) + Wali)Wa (i)
Subject to (7.3.5)-(7.3.11) and (7.3.53)

The obtained solutions are denoted as

X<Z>7 Rl(l)v Rl? RQ(Z)v RZ; Wl@)? WQ(Z)v W3(Z)7 Wl@)u W2<Z)7 Qy
~ 7+1

Ny, N, Z(3), Y(z')] (7.3.54)

Step 3: Check the system stability with K (i) = Y7T1(5) X ~1(;)71, if there exist a stabi-

lizing controller, then K'(i)7*! are the desired controller gains and EXIT. Otherwise,

set 7 =7+ 1 and return to Step 2.

7.4 Examples

In this section, two simulation examples are presented to show that 1. the incorporation
of membership functions result a wider stability region and 2. the controller can stabilize

a practical system.

Example 1 Consider a T-S fuzzy system with two plant rules (r = 2) and two controller

rules (¢ = 2). The sub-systems are described as follows

—a —01 1 01 0.02
! 1 0 2 [1 0 H 2 0.03]
b 1.9
C, = [1 0} Cy = [—1 0} Boy = [1 By = 1]
Dy = 0.01 Dy = 0.01 Dy = Doy =01



7.4 Examples

119

and the uncertainties are characterised by matrices below:

0.02
Ey = E12:[ ] Eyy = FEy» =0.01

0.01
(7.4.2)
H = 001 002] H = o0l
H; = 0.01
The membership functions for the plant, x, are as follows
0 x1(k) < —0.5
pi(xy (k) = x1(k)+0.5 —05<mz(k) <05 , (7.43)
pa(z1 (k) = 1 — pa(z1(k))
The membership functions for the controller, A, are shown below
1 z1(k — 1) < —=0.5
)\1($1(k7—7']<;)) = —Il(k—Tk)—i-O.E) —0.5§l‘1(/€—7'k) < 0.5 , (744)
0 0.5 < z1(k — 1) o
)\Q(xl(k‘—m)) = 1 —)\1(1‘1(]{—7%))

Figure 7.1 shows p4(x1(k)) and A\, (z1(k — 7)) with sub-regions in each membership
function, x; € [—o0, —0.5], 1 € [-0.5,0], z; € [0,0.5] and z; € [0.5, 00|, and similarly for
the membership function of the controller. This means that we divide p,(z)An(x,) into 16
sub-regions. For every sub-region we use 7,5, (2, z,) to obtain polynomial approximation
as shown in Table 7.1. The upper and lower bounds of the error terms, oy, 5, and By s, , are
obtained numerically and shown in Table 7.2 and 7.3 respectively. Note that p;(xq1(k)) =
Xo(z1(k — 7)) and pe(x1(k)) = A\ (z1(k — 7%)) in this particular example are the same.

The delays are characterized by a Markov chain taking values in a finite set S =

{1, 2}, which correspond to 0.1, 0.2 seconds delays, respectively. The transition probability

0.6 0.4
P = (7.4.5)
0.7 0.3

matrix is given by;

The sampling time in this example is 0.01s and the prescribed v is 1.0.

In this thesis, YALMIP [126] is used to obtain the controller. In this example stabi-
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K Tgh,s,. (557377')
i=1,7=111,..,48]12,13,16 0
5 1.4(z1 (k) 4 0.63)2
6 1.96(z1 (k) + 0.63)%{(z1(k — 1) — 0.13)% + 0.5}
7 1.96(z1 (k) + 0.63)%(z1(k — 71) — 0.63)?
9 L.4(x1(k) +0.13)2 +0.5
10 1.96{(x1(k) +0.13)2 + 0.5}{(z1(k — 7¢) — 0.13)% + 0.5}
11 1.96{(z1(k) + 0.13)% + 0.5} (z1 (k — 71,) — 0.63)?
14 1.4(z1(k — 11,) — 0.13)2 + 0.5
15 1.4(x1(k — 11,) — 0.63)?
i=1,7=211,..,5913,16 0
6 1.96(x1 (k) + 0.63)2(z1 (k — 73) + 0.63)2
7 1.96(z1 (k) + 0.63)2{(z1(k — 73) + 0.13)%2 + 0.5}
8 1.4(z1 (k) 4 0.63)2
10 1.96{ (1 (k) 4+ 0.13)2 + 0.5} (1 (k — 73,) 4 0.63)2
11 1.96{(z1(k) + 0.13)%2 4+ 0.5}{(z1(k — 73) + 0.13)2 + 0.5}
12 L4(z1(k) +0.13)2 4+ 0.5
14 14(33‘1(]{ — Tk) + 0.63)2
15 1.4(z1(k — 71,) +0.13)2 + 0.5
i=2,j=11 148]12,...,16 0
2 1.4(z1(k — 1) — 0.13)2 + 0.5
3 1.4(1‘1(k — Tk) — 0.63)2
5 L.4(z1(k) — 0.13)2 + 0.5
6 1.96{ (1 (k) — 0.13)2 + 0.5}{ (21 (k — 1) — 0.13)% + 0.5}
7 1.96{(x1 (k) — 0.13)% + 0.5} (z1 (k — 7%) — 0.63)?
9 1.4(x1 (k) — 0.63)2
10 1.96(z1 (k) — 0.63)2{(z1(k — 1) — 0.13)2 + 0.5}
11 1.96(z1 (k) — 0.63)%(x1(k — 71,) — 0.63)2
i=2,j=21 14,59,3,...,16 0
2 L.4(z1(k — 71) + 0.63)?
3 L4(xy(k — 1) +0.13)2 4+ 0.5
6 1.96{(z1(k) — 0.13)% + 0.5} (z1(k — 73) + 0.63)?
7 1.96{(z1(k) — 0.13)% + 0.5} { (21 (k — 1) + 0.13)? + 0.5}
8 1.4(z1(k) — 0.13)240.5
10 1.4(z1(k) — 0.63)%(z1(k — 1) + 0.63)2
11 L.4(z1 (k) — 0.63)2{ (21 (k — 73,) + 0.13)? + 0.5}
12 L.4(z1(k) — 0.63)?

Table 7.1: Polynomial approximation of membership functions for Example 1
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Grades of membership function

Figure 7.1: Membership functions of the plant and the controller in Example 1
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K th,s,.i
i=1,j=1]|1,..4812.13,16 0
5,9,14,15 0.049
6,11 0.047
7 0.023
10 0.070
i=1,j=21,..59.1316 0
6 0.023
7.10 0.047
8,12,14,15 0.049
11 0.070
i=2j=1]14812,...,16 0
2,3,5,9 0.049
6 0.070
7.10 0.047
11 0.023
i=2,7=21450913,..,16 0
2,3,8,12 0.049
6,11 0.047
7 0.070
10 0.023

Table 7.2: Upper bounds of the error terms for Example 1, By s,
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R Qgh,s,
1=1,7=1]11,...,48,12,13,16 0
5,9,14,15 -0.056
6,11 -0.087
7 -0.059
10 -0.114
1=1,7=211,...,5,9,13,16 0
6 -0.059
7,10 -0.087
8,12,14,15 -0.056
11 -0.114
1=2,7=11 1,48,12,....,16 0
2,3,5,9 -0.056
6 -0.114
7,10 -0.087
11 -0.059
1=2,7=21 14,59,13,...,16 0
2,3,8,12 -0.056
6,11 -0.087
7 -0.114
10 -0.059

Table 7.3: Lower bounds of the error terms for Example 1, ags s,

lization regions are obtained for Theorem 7.3.1 and the approach without incorporating
membership functions as shown in [86]. Figure 7.2 shows the comparison of stabilization
regions where 0.6 < a < 1.2 and 0 < b < 3.

Remark 7.4.1 It is shown in Figure 7.2 that the existing approach in [86] where mem-
bership functions are not considered has smaller stabilization region. For example, when
a = 0.6 the largest value of b without considering membership functions is 0.8 whereas The-
orem 7.3.1 provides significantly larger values, 2.8. It is noteworthy that when a = 1.1

only Theorem 7.3.1 provides a feasible controller.

Example 2 Consider the single-link rigid robot connected through a joint to the basement
and whose plane of motion is vertical. The motion equation of this mechanical system is
given by [131]

JO = —(0.5mgl + Mgl)sin() + u (7.4.6)
where 6 denote the joint rotation angle in radians, m = 1.5kg is the mass of the load,
M = 3kg is the mass of the rigid link, g = 9.8m/s? is the gravity constant, [ = 0.5m
is the length of the robot link, J = M + (1/3)mi? = 0.875 is the moment of inertia,

and u is the control torque applied at the joint in Nm. 6 = 0 denotes the lowest vertical
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Figure 7.2: Stability region from Theorem 7.3.1 (0) and without considering membership functions (x)

equilibrium position under zero control torque. The control task is to move the robot arm
from any initial state 6 € [—(7/2), (7/2)] to the equilibrium position defined by 6 = 0,

=0,and 6 =0 despite of perturbations of plant parameters.

As shown in Chapter 6, the discrete-time T-S fuzzy model of the plant above is
obtained with two plant rules (r = 2) and two controller rules (¢ = 2). The sub-systems

are described as follows

4 0.0990 00100 | [ 0.0993  0.0100

YT 202099 0.9990 7 | Z0.1337 0.9993

0 0

B — B =

H 0.01 2 0.01

- (7.4.7)
(h = 1 0 (b = 1 0
57133 x 107 [ 57133 x 107
By = By =
0.0114 | 0.0114

D11 == D12 - 001 D21 = _D22 - 01

The membership functions for Rule 1 and Rule 2 are shown in Figure 6.2 in the
previous Chapter. The transition probability matrix for the network is identical as
the previous example. The sub-regions in each membership function are defined as

ry € [-7/2,0] and z; € [0,7/2], and similarly for the membership function of the
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il ngh Sra(I?xT)
i=1j =111 0.0H(e,(k) + S H(a (k — 7] + )%
2 | 0.04{ (21 (k) + 2252 (1 (k — 7,) — 227)?}
3 1 0.04{ (21 (k) — 2252 (z1(k — 7p) + 227)2}
41 0.04{(z1(k) — 22 (21 (k — 7)) — 227)2}
i=1,j=211/0.04{(z1(k) + 1'4257T)2}{(:E1(k: — ) — 0.4257r)2}
2 | 0.04{ (s (k) + 222 (e (k — 70) + %)%}
3| 0.04{(ra (k) — “E)2 (1, — ) — )2y
4| 0.04{(z1(k) — 225 H (21 (k — ) + 227)2}
i =2, =1 [ 1T00H{(ar(k) = 2= H{ (@ (k — ) + 22)7)
2 | 0.04{(21(k) — 2252 (21 (k — 7,) — 227)2}
31 0.04{(z1(k) + 222 H{(z1(k — ) + 227)2}
4 | 0.04{(z1(k) + 2252 (21 (k — 1) — 227)?}
i=2,7=2[1]0.04{(z1(k) — L5Z)*H(z1(k — 7)) — 227)?}
2 | 0.04{(21(k) — 222 (21 (k — 73,) + 227)2}
3 1 0.04{ (21 (k) + X2 (21 (k — 7,) — 227)2}
4 | 0,04 (@ (k) + 2522 (@ (k — ) + 2= )2)

Table 7.4: Polynomial approximation of membership functions for Example 2

K th,sn Ugh,s,
i=1,j=1]1,..4] 0660 -0.1037
i=1,j=2]1,..4] 0660 -0.1037
1=2,7=1] 1,...,4] 0.660 | -0.1037
1=2,7=211,...,4] 0.660 | -0.1037

Table 7.5: Upper and lower bounds of the error terms, Sy, 5, and ag, .., of Example 2

controller. This means that we divide p,(z)\,(2,) into 4 sub-regions. For every sub-
region polynomial approximation, 7y, (%, 2,) is obtained. For example, in the sub-
region when z; € [—7/2,0] and z, = z1(k — 7) € [-7/2,0], pa(z1) = (7/2 — |z1|) /(7/2)
and A (z1,) =1 — ((7/2 — |z,])/(7/2)) can be approximated as 0.2(z; + 1.457/2)? and
0.2(xy, — 1.45m/2 + 7m/2)?, respectively. Hence, p1(x1)Ai(71,) can be approximated as
(0.2(z1 + 1.457/2)?)(0.2(x1, — 1.457/2 + 7/2)?) in that sub-region. Table 7.4 shows the

polynomial approximations of the membership functions for other sub-regions.

The upper and lower bounds of the error terms, g s, and By, s, are obtained by
finding the maximum and minimum values of the difference between the actual mem-
bership functions and the polynomial approximations. For example, in the sub-region
when x; € [—7/2,0] and zy, € [-7/2,0], the upper and lower bounds of the error are

obtained, respectively, by searching for the maximum and minimum value of {((W /2 —

z1])/(/2)){1 — ((7/2 = |21-])/(7/2))}} — {(0.2(z1 + 1.457/2)?)(0.2(z1, — 1.457/2 +

7/2)%)}. Table 7.5 shows the upper and lower bounds for the sub-regions.
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Control Input
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_0.2 | | | | |
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Time (s)

Figure 7.3: State response of the robot
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Figure 7.5: Ratio of the energy of the controlled output to the energy of the disturbance (v = 1.0)

The network-induced delays, the transition probability matrix and the prescribed

are the same as Example 1.

Using Theorem 7.3.1 and the algorithm, a controller of the form (7.2.4) with the

following gains are obtained.

Ki(1) = [-61974 43743], Ki(2) = [-6.0786 3.7676)

(1) = [-6.1974 43743], K(2) = [~6.0786 3.7676]

Remark 7.4.2 The state response of the closed-loop system is shown in Figure 7.3 and
the control input is shown in Figure 7.4. The initial states are chosen to be x(0) =
[0.5 0]T. It can be seen that the system is stochastically stable. Figure 7.5 shows the
ratio of the energy of the output to the energy of the disturbance (w(k) = e~ sin(0.5k) ).
From Figure 7.5, one can see that the ratio tends to roughly 1.27 x 10™*, which is less
than the prescribed v = 1. It is shown that the ratio is well under the prescribed value of

1.0, illustrating the validity of the controller.
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7.5 Conclusions

This chapter presents a mode delay dependent fuzzy state feedback controller design for a
class of nonlinear discrete-time networked control systems, where the plant is modelled by
Takagi-Sugeno fuzzy model, and random network induced delays by finite state Markov
chain. The fuzzy controller’s premise variables are allowed to have delays, to cater for
network induced delays in the premise variables of the plant while transmitting through
communication networks. Membership functions of the plant and controller are then
approximated by polynomial functions and incorporated in the design. Through numerical
examples, we show that the proposed methodology yields a much wider stabilization region

and demonstrate the validity of the proposed methodology.



Robust Fuzzy H . Filtering of Nonlinear
Networked Control Systems With
Partially Known Transition Probability
Matrix

Abstract

In this chapter, a robust fuzzy Hso filtering problem for nonlinear NCSs is discussed where the plant is
modelled by T-S fuzzy model and the network is modelled by a Markov chain whose transition probability
matrix is allowed to be partially known. As shown in the previous chapter, the membership functions
of the plant and the filter are incorporated into the filter design using SOS approach. Furthermore, the
fact that the premise variables of the plant, which is the measured output in this case, experience delays
as they are transmitted to the filter is acknowledged. Sufficient conditions for the existence of a robust
fuzzy Hoo filter is obtained based on Lyapunov-Krasovskii functional. A numerical example is provided

to illustrate the effectiveness of the proposed methodology.
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8.1 Introduction

As already discussed in Chapter 4, filtering problem is an important area of study, par-
ticularly in signal processing, as it provides a way to estimate information of the plant
based on the measured output. The major advantage of an H, filter over the traditional
Kalman filter is that the former does not require the exact information of the external
disturbance. For this reason there has been several literatures in recent years on study
of H, filtering and this trend progressed to NCSs where the objective of the filter is to
estimate information of the plant based on the signal transmitted over a network [42, 97—
100, 116, 117]. In [42], more specific approach to modelling the constraints is presented
where the pack loss is modelled by Bernoulli distributed white sequence. However, this
paper assumes that the network-induced delays are constant. In [116, 117] H., filter
design is considered for nonlinear NCSs described by T-S fuzzy model. In this paper, the
network-induced delays and packet loss which are induced by the limited bandwidth of

communication networks, are considered.

In NCSs, where the system components are connected via a network, any signal
between the system components will experience network-induced delays and be subject
to packet loss. In filtering problems, the signal passed to the filter will inevitably expe-
rience these constraints. This means that the signal the filter receives will be the time
delayed version of the signal produced at the plant. Since the signal received by the filter
will become the premise variable of the fuzzy filter, it is very important to acknowledge
this issue. However, none of the aforementioned literature on fuzzy filtering problem of

nonlinear NCSs described by T-S fuzzy model [42, 97-100, 116, 117] acknowledge this.

The traditional approach to fuzzy filter design is to discard the membership functions
of the plant and the filter in order to derive the conditions for the filter in terms of LMIs.
Since the membership functions are nonlinear functions in x, LMI solvers cannot handle
the membership functions. Discarding the membership functions in the filter design means
that the filer is valid for any shape of membership functions and this may lead to severe

conservatism.

Motivated the the aforementioned drawbacks, membership functions are incorpo-
rated in the design methodology of a robust fuzzy H., filter for nonlinear NCSs using
SOS approach. The plant is modelled by T-S fuzzy model and the network is modelled
by a Markov chain whose transition probability matrix is allowed to be partially known.
The premise variables of the filter is allowed to be different to the premise variables of

the plant to acknowledge the network-induced delays between the plant and the filter.
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Sufficient conditions for the existence of a robust fuzzy H., filter is obtained based on

Lyapunov-Krasovskii functional, which can be solved by existing tools such as YALMIP
and SOSTOOLS.

The rest of the chapter is organised as follows. Section 8.2 provides the description
of the system and the filter. The H., filtering problem is formulated and presented in
this this section. Sufficient conditions for the existence of the fuzzy filter is presented
in Section 8.3. An algorithm to obtain the filter gains is also presented. A numerical
example of single-link rigid robot is shown in Section 8.4 to illustrate the validity of the

presented approach. Finally, conclusions are presented in Section 8.5.

8.2 System Description and Definitions

The nonlinear plant is described by the following T-S fuzzy model:

Plant Rule g:
IF 61 (x(k)) is J{ AND --- AND 0,(x(k)) is J9,
THEN
v(k+1) = [Ag+ Adg(k)]z(k) + [Biy + ABuy(k)Jw(k)
z(k) = [Cig+ ACy(R)]x(k) + [D1g + ADyy(k)]w(k) (8.2.1)
y(k) = Cyyu(k)

where g denotes the ¢g'* fuzzy inference rule; g = 1,...,7; r is the number of inference
rules; 6, (x(k)), ..., 0,(x(k)) are the premise variables; p is the number of premise variables
and J{,...,J¢ are the fuzzy terms. Furthermore z(k) € R", u(k) € ™, 2(k) € RN,
y(k) € R™s are the state, control input, objective signal to be estimated and measurable
output respectively and w(k) € ™ is the disturbance which belongs to £5[0,00), the
space of square summable vector sequence over [0, 00]. The matrices Ay, By,y, Bay, Chy,
Cag, D1y and Dy, are of appropriate dimensions. The matrix functions AA,(k), AB,(k),
ABy,(k), AC14(k), ADy,(k) and AD,,(k) represent the time-varying uncertainties in the

system.

By using a center-average defuzzifier, product inference and singleton fuzzifier, the
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following global nonlinear model is obtained.

z(k+1) Z 114(0 {[Ay + AA (k)| (k) + [By + ABy(k)Jw(k)}
= [A( ) + AA(p, B)|x(k) + [B(u) + AB (1, k)Jw(k)
k) = 2 pg(0((k))){[Crg + ACy (k)] (k) + [Dy + ADy(k)Jw(k) §
= [C1(n) + AC(u, k)] (k) + [D(p) + AD(p, k) (k)

r

B) = 3 1y (0 (k) Cagar (k) = Ca(pr)a(k) (8.2.2)

where

A(p) =2 g1 g0z (k) Ay Crl(p) = 3 2g—y 1g(0(x(K)))Crg
B(p) =3 oy g (0(x (k) By D) = 325 g (0((k))) Dy
Ca(p) = 3 ogoy 1g(0(x(K)))Cag

AA(p, k) =220 g (02 (k) AAG (k) AC1 (1, k) = 320y p1g(0(x(k))) AC, (k)
AB(u, k) = 3y 1g(0(x(k)))ABy (k) AD(p, k) = >0y p1g(0(z(k)))AD, (k)

We assume that the uncertainty functions in k are norm-bounded by the following;:

Assumption 8.2.1

AA, (k) AB(k E
ACy,(k) AD(k) Ey,
where g = 1,..., r; 1 is the number of fuzzy inference rules; Hy, Hy, Eiy, and Eof are

known matrices which characterize the structure of the uncertainties; F (k) is an unknown
matriz function that satisfy FT(k)WF (k) < W where W is a positive-definite matrix.
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The network is modelled by a finite state homogeneous Markov process as shown in

Chapter 3. The transition probability matrix is allowed to be partially known.
In this chapter, we consider the following fuzzy full-order filter:

Filter Rule h:
IF o1(x4(k)) is N AND --- AND o,(zs(k)) is N},
THEN

zp(k) = Ch(i)xs (k) (8.2.3)

where z;(k) is the filter’s state; Ay (i), By (i), Cp(i) are the filter gain matrices; h denotes
the A" fuzzy inference rule; h = 1,...,¢; ¢ is the number of inference rules; oy (z(k)),
.., 04(z4(k)), are the premise variables; ¢ is the number of premise variables and N7,

. Né’ are the fuzzy terms.

Similar to the plant, the fuzzy filter is inferred as shown below.

C

wy(k+1) =Y Mo (wp (k) {An(re)zs (k) + Bi(re)y(k — 7o)}

= ;Z(IA i)z (k) + BOL ) y(k — 1)
(8 = 3 Mo (K)o (1)
— g(l)\ r )z () (8.2.4)
where
o s(0) = o1, (0, ., oK),
onl(o(as (k) = NP (o (1)),
Mlo(as () = <2 g q)

— S dulo(as(K)))

C

> Mlo(zs(k)) =1

h=1

The augmented filtering error system with the fuzzy model (8.2.2) and the fuzzy
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filter (8.2.4) is

B(k+1) = [AQp A ri) + Ei() F(k) )T (k) + B, i) Co(p) 2 (k — )
+H[B(p) + Er(u) F (k) Hw(k)
e(k) = [Clu,Ari) + Ba(u)F (k) Hi) (k) + [D(u)
+Eo(p) F(k)Hy|w(k) (8.2.5)

where 77 (k) = [a:T(k) x7 (k),|. e(k) = z(k) — zy(k) and

A Are) - = _?(M) ?Zx(A,rk) B ) = OB()\,rk)]7
50 = | PO ] e = [ e o],
Bi(p) = :fl(“):,le[Hl 0.

Calmhr) = [ Cilw) ~COnr) |.

For brevity, z(k), xs(k), py(0(x(k))), An(o(zs(k))) are denoted as x, xy, pg(x),
An(zf), respectively, throughout this chapter.

As shown in Chapter 2, the closed-loop system is to achieve stochastic stability, as
shown in (2.2.5), and the H,, performance condition, as shown in (2.2.6), except that

e(k) is used in this chapter as opposed to z(k) in Chapter 2.

In order to incorporate the unknown transition probabilities, Lemma 3.2.2 intro-

duced in Chapter 3 is used.

Similar to Chapter 7, the products of membership functions are approximated by

polynomial functions shown as below

D

po(@)Mn(p) =Y Calw, ) {Mgns, (@, 24) + Argn s, (2, 7)} (8.2.6)

k=1

where 7y, 5, (2, z7) are the polynomial function approximations and Angy, . (x, zs) are the
error terms in each sub-region. (,(z,x) is a scalar function which takes 1 if x and z; are

inside the sub-region, s,, and 0 otherwise.
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The upper and lower bounds of the error terms are introduced as follows

Qgh,sy S Angh,&g (17, zf) S 5gh,s,€ (827)

where oy, 5, and By s, are known constants.

8.3 Main Result

In this section, sufficient conditions for the existence of a robust fuzzy H., filter for a
class of discrete-time nonlinear NCSs where the network is modelled by a Markov chain

with partially known transition probability matrix.

Theorem 8.3.1 Given a prescribed Ho, performance, v > 0, the closed-loop system is
stochastically stable with the prescribed Ho, performance, if there exist sets of positive-
definite matrices P(i), X (i), Ri(i), Ry, Ra(i), Ry, Wi(i), Wa(i), Wi(3), Q, Q, Ny, Na,
Z(i), S(i,7), W), WI"(i) and matrices Kp(i), Cyn(i), M(i), J(G) fori = 1,2,--- s,
g=1,2--- r, h=1,2,--- ,c satisfying the following

Ry > Ry(3) (8.3.1)
Ry > Ry(7) (8.3.2)
~ o 1 1 b LT - .
T | 3D { O (@.27) + S0gns + 3Bans )T 0) + V() } = &, 1| s SOS
g=1 h=1
Vs, =1,...,D (8.3.3)
%Tgh(z’) — ") <0 (8.3.4)
1~ -
—§T9h(z') —UI(i) <0 (8.3.5)

>0 (8.3.6)

>0, V(i+1)€S:

unknown

[ Dhnown 21(1) + Ra(i) f\Zf (2) (8.3.7)

(7)

Xx
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[ S(.J) ‘]T@ ] >0 (8.3.8)
*  X())
and
MRy =1, NyRy = I, Wi (i)Wy(i) = I,QQ = I and P(i)X (i) = I, (8.3.9)

where v is a real vector of appropriate dimension and independent of x; €, are predefined

scalars; Ngn.s. (x,x¢) are defined in (9.2.6);

Ay (M6)" ([6)" ()" E@) ()"
. X 0 0 0
Tgh(i) B * * R ON 0 0
* * * —Q 0 0
* * * * -1 0
|+ * * * * —Wl(i)_
V(i) = (Byhas, = agno){ V")) + 94'() |
M) = diag] — PG),~Q, (HEWa() Hy = T), —Wi(3), ~Wa(i) }
+YT (i) + T1(i) 4 7(3) Z(4)
M) = [(A,+ BK)R) EKu()ECy, By, By Byl
B0 = VA VAB) [(A - diag{L.0}) 0 By, By, By
Ty = VA& -7 +1 0 0 0 0
7(i) = Yiesi PuT() + (1= Dhown) Diesi  7())
x = pS() (U Pl S S( )} + T + ()
R = diag{Nl,Ng
2hi) = [ Cf") 0 Diy By B |
7 — @ 000 0]
T.() = M7(i)[diag{I,0} diag{—I,0} 0 0 0]
i I P OI,R—IOI,E—IOI,
0 0 1 00 I
By = [P c0=[on 6] G- o 0

Note that E and E have different dimension. Moreover, the robust fuzzy Hso filter
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1S grven as
Hk+1) th 2 (RN { An(D)z (k) + Bu()y(k — )}

k) = Z Mn(o (x5 (k) Ch(i)z (k) (8.3.10)

where the filter gain matrices, A(i) and By(i) are given by

and Cy,(i) directly from the theorem.

Proof: We introduce the following augmented closed system from (8.2.5)

Trer = Lalr)Ge (8.3.11)
(A = E(Tk)ck
where 7, = (), z, = z({), ¢, = (({), and

CkY" = () & (k = r(ra)) w (k) " (R)HTFT (k) " (k) HTF7 (k)| € 9
Tire) = |Alp A i) BOWre)Calr) Blu) Br() Ea()]

=(r4) = [l A ms) 0 D() Eale) Ex(p)]

Introducing the following Lyapunov-Krasovskii functional

V(i’k, Tk) = %(i’k, T’k) —+ ‘/é(.fk, Tk> + %(fk,’/’k) (8312)
where
Vi(Zx, ) = Zf P(r) s (8.3.13)
-1 -1
Vo(Zg, rr) = Z Z T; Rlazj + Z Z T; Rng (8.3.14)
b=—Ty j=k+£ b=—7(s) j=k+L
1)+1 -
Vs (Zk, r) Z Qi + Z Z T; Qx] (8.3.15)
b=k—1y l=—7(s)+2 j=k+L-1
k+1) —x(k
where z(k) = 2k + 3 g )]
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Following a similar approach shown in the proof section of Chapter 7, we have

AV (Fp,m) < —aT (P(rk) — (r(s) — (1) + 1)@)@ — il Qi +
CI?{F?O% )\7 Tk)p(rk)rl(:u7 )‘7 T’k)
T2, Ny ) [FeRy 4 7(8) Ro) Do (g, A, i)

+01(rk) + T (re) + TkZ(Tk)}Ck (8.3.16)

Using Assumption 8.2.1, and adding and subtracting ¥ HI FTW, (ry,) Fy, H %4,
wl HI FEWy(ry,) . Hywy, 2L 2 and ywlwy, to and from (8.3.16), we obtain the following
AV(igr) < =il (Pre) = (r(s) = (1) + 1)Q — BT FLW (1) Fil )

~FH Qinn + GL{TT (0 A ) PT (1 A, )
+Fg(/*j“7 >\a Tk) [%le + T(S)RQ] FQ(N? )\7 /rk)
+T1(rk) + T{(rk) + Tk’ZOnk) + ET(:“? /\7 Tk’)E(Ha )‘7 Tk)}Ck

_wkT<’V[ - H2TW3<7’k)H2)wk — & H Fy Wi (ry) Fi Hy
—wi Hy FEW3(ry) Fy Howy, — 2} 2 + ywiwy, (8.3.17)

The above now becomes

AV (T, 1) < Cg{A(Aark) + 7 (1, A, ) P(ri) T (e, A, 1)
7 (1, A7) [T Ry + 7(8) Ro] Do (g, A ) 4+ E7 (1, A, 1) E(, A, 1)
+T1(re) + 1T (ri) + TkZ(Tk)}Ck — 2 2 + ywi wy (8.3.18)

where

A\, ) :diag{ ((T(s) — (1) + 1)Q + AWy () Hy — P(rk)) e}

(HIWa(r) Ha =71 ), =Walre), ~Wa(rs) }

The SOS condition in (8.3.3) implies

r c 1 1 .
Z Z [(ngh,s;s (.’L’, xf) + §agh,s,€ + §th,s,€)Tgh(7ﬂk)

g=1 h=1

+(Byse = gns ) U () + B8 (r)}| < 0 (8.3.19)
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Since U9"(ry) and WY" (1) are positive definite matrices, along with (8.2.6), we have

(Aghse (2, 25) = Cghs UL (71) < (Byhose — Qgnis )09 (1) (8.3.20)
(th,sn — ANgh s, (x,xf))\ifgh(m) < (ﬁgh,sn - O‘gh,sn)\ijgh(rk) (8.3.21)

Using the above, (8.3.19) becomes

T C 1 1 _ _
>3 [ Ol 20) + S0, + 58 )T 10) + (A (2, 21) = agn o) 4" (1)

g=1 h=1

(B = Do, (2,27)) 88" ()| < 0 (8.3.22)

Combining the above with conditions (8.3.4) and (8.3.5) we have

- 1 1 ~ 1 -~
S (Ot @ 20) + S, + 58 e ) T (00) + (A, (.27) = agns )57 ()
g=1 h=1
1~
—(Bgh,s. — Angns,.(, xf))§Tg"(m)] <0 (8.3.23)

By rearranging the above we have

T

c ~ 1 ~
Z Z |:779h15m (z, $f)Tgh<Tk) + §(A779h,sn (@,2¢) + Boh,s. — ﬁgh,sn)Tgh<Tk)

g=1 h=1
1 -
5 (g o (2,27) + g, = tgn,s, )T (1)
ST (gt (@, 25) + A, (2, 2) YT (1) < 0 (8.3.24)
g=1 h=1

Using (8.2.6), we now have

T Cc

* —-X 0 0 0 0
> (@) An(zy) | * R 0 0 0 <0 (83.25)
g=1 h=1 I : : _*Q —I ~0
* * * * 1(7'k)

Note that X and I'Y"(r) terms contain transition probabilities. We know that the
summation of all probabilities in each row of transition probability matrix is one. This
means that (1 — Dl rown) = Z;Z}mkmwn pij- By using Lemma 3.2.2, we can replace 7 (i) and

X with ZJ 1 Di;7(j) and — ZJ 1DiiS(i,7) + JT (i) + J(i) while still satisfying the above
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condition.

Applying Schur complement on (8.3.8) and consequently multiplying these inequal-

ities by p;; and summing up for all j we obtain

— ZpijS(i,j) +JT@)+JG) = JEG) +J3E) - Zp,-jS(i,j)

< JT@) 4+ J@) — JVG)P(i)J (5)
— Pli)— (J(z’) - 15*1(2')) ﬁ(i)(J(z’) - Pfl(z))
< P7Y) (8.3.26)

where P(i) = X~1(i) and P(i) = Z;:ll pijP(j7). This means that (8.3.25) still satisfies
even if — Z;ill pi;S(i,5) + JT (i) 4+ J(i) is replaced with P~1(q).

Taking summations and membership functions inside the matrix, along with the
above, (8.3.25) becomes

R+ T2+ T )47 20 T A T (1) SAm)

T
( A)
* —P~1(rp) 0 0 0 0
* * —(mkR1+7(s)R2)™* 0 0 0 <0
* * * —Q ! 0 0
* * * * -1 0
* * * * * _Wfl(rk)
(8.3.27)

Note that expanding (Ag + EK,(i)R), (EKh(i)Eé’gg) and (flg — diag{I,0}) and tak-
ing summations and membership function inside, we obtain A(u, \,7), B(\, ) and

A(p, A, 1) respectively in the above.

By following from the proof section in Chapter 7 we can show that the filter satisfies

the conditions in the problem formulation, thus completing the proof. \VAVAYS

A similar algorithm to the one in Chapter 7 is applied to this chapter to solve
Theorem 8.3.1.

8.4 Example

The same single-link rigid robot shown in the previous chapter is considered. The transi-
tion probability matrix for this example is identical as Example 1 in the previous chapter

with the probabilities in the second row being the unknown probabilities. The member-
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ship functions for Rule 1 and Rule 2 are shown in Figure 6.2 in Chapter 6. The polynomial
approximations and corresponding bounds are presented in Table 7.4 and 7.5 in Chapter
7 respectively. Note that the premise variables of this example are x and x¢, instead of
x and z,. Refer to Example 2 of Chapter 7 for more information on the membership

function approximation procedure.

From Theorem 8.3.1 and the algorithm, a robust fuzzy H., filter of the form (8.2.4)

with the following gains are obtained.

) [ 56836 7.2156] - [ 77136 6.9134 |
A(1) =1x107° x , A(2) =1x107% x ,
~0.0064 0.9556 11.5303 —12.1558
. 5.6568 —7.1665| - [1.8088  8.6864 |
Ay(1) =1 x 1072 x , Ay(2) =1x107% x ,
0.0274  0.8845 14.6451 —14.4914
. [10.2731] . [—0.8381
Bi(1) =1x 107 x , Bi(2)=1x107° x
0.4252 0.1223
. [102071] . [0.0262
By(1) =1 x 1072 x , By(2)=1x107° x
03872 | 10.5207
C1(1) = 1x 107 x 09445 ~0.6180], C1(2) =1x 107 x |-0.1522 0.1675|
Co(1) =1x 107 x [0.9452 ~0.6223], C2(2) =1 x 107 x [0.2858 ~0.0445]

Figure 8.1 shows the response of filtering error system with the prescribed v = 1.0. It
is shown that the filtering error converges to zero. The initial condition is z(0) = [0.5 0]7
and the external disturbance, w(k), is given as e~ *%%sin(0.5k). Figure 8.2 shows the
ratio of the energy of the error to the energy of the disturbance, which needs to be less
than v = 1.0. As shown in the figure, the actual ratio is approximately 5.5 x 1073, which

is well under the prescribed attenuation level.

8.5 Conclusions

A methodology to design a robust fuzzy H., filter for a class of discrete-time nonlinear
NCSs is presented in this chapter. The plant is modelled by T-S fuzzy model and the
network is modelled by a finite state Markov chain whose transition probability matrix
is allowed to be partially known. The premise variables of the filter is the time delayed
version of the measured output to incorporate the network-induced delays between the

plant and the filter. The membership functions of the plant and the filter are approximated



8.5 Conclusions 141
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Figure 8.1: Response of filtering error

Energy ratio

Time

Figure 8.2: Ratio of the energy of the filtering error to the energy of the disturbance (y = 1.0)
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by polynomial functions and incorporated into the filter design. Sufficient conditions for
the existence of the filter is given in terms of sum-of-squares inequalities, which can be
solved using YALMIP. A numerical example is provided to demonstrate the validity of
the proposed methodology.



Robust Fuzzy ., Dynamic Output
Feedback Control of Nonlinear
Networked Control Systems With
Partially Known Transition Probability
Matrix

Abstract

In this paper, a methodology for designing a fuzzy dynamic output feedback controller for discrete-time
nonlinear networked control systems is presented where the nonlinear plant is modelled by a Takagi-
Sugeno fuzzy model and the network-induced delays by a finite state Markov process. The transition
probability matrix for the Markov process is allowed to be partially known, providing a more practical
consideration of the real world. Furthermore, the fuzzy controller’s membership functions and premise
variables are not assumed to be the same as the plant’s membership functions and premise variables,

that is, the proposed approach can handle the case, when the premise of the plant are not measurable

143
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or delayed. The membership functions of the plant and the controller are approximated as polynomial
functions, then incorporated into the controller design. Sufficient conditions for the existence of the
controller are derived in terms of sum of square inequalities, which are then solved by YALMIP. Finally,

a numerical example is used to demonstrate the validity of the proposed methodology.

9.1 Introduction

Most of the existing studies on NCSs are based on linear NCSs and the study of nonlinear
NCSs is very limited due to mathematical complexities. However, it is a fact that existing
real world systems are nonlinear, making it important to study nonlinear systems. Ever
since its proposition almost three decades ago [101], Takagi-Sugeno (T-S) fuzzy model
has been very effective in modelling nonlinear NCSs as shown in [36, 58, 85, 86, 128-130).
Many of the existing literatures in NCSs consider state feedback control. In many T-S
fuzzy models, the premise variables often are the plant state variables and these are not
always completely measurable. Due to this reason, designing a dynamic output feedback
controller is more attractive in practice as not all plant state variables are needed to
be measurable. However, dynamic output feedback control of nonlinear NCSs has not
been explored extensively yet [89], [132]. In [89] a dynamic output feedback controller is
designed for a continuous-time nonlinear NCSs. This paper considers distributed delays
and disturbance in the system. In [132], Bernoulli distribution is used to describe multiple
probabilistic communication delays and packet dropouts. A dynamic output feedback
controller is obtained for a discrete-time nonlinear NCSs. However, these aforementioned
approaches in [36, 58, 85, 86, 89, 128-130, 132|, for both state and output feedback
control, assume that the controller’s premise variables are the same as that of the plant’s.
In NCSs, signals are transmitted via network therefore will inevitably experience delays.
In [36, 58, 85, 86, 89, 128-130, 132], the premise variables of the plant, which are the
state variables of the plant, are assumed to be measurable and the same premise variables
are used by the fuzzy controller. However in NCSs the premise will inevitably experience
network-induced delays, that is, if the premise variables of the controller are selected to
be the same as the plant, then the fuzzy controller has be based on the delayed premise
of the plant. Therefore, the fuzzy controller based on the current premise of the plant as
in [36, 58, 85, 86, 89, 128-130, 132], may be impractical in NCSs.

As already explained in Chapter 7, many existing literature on T-S fuzzy model
neglects the membership functions in the controller design. Due to the fact, in [36, 58, 85,
86, 89, 128-130, 132], the membership functions are discarded in the controller design,

hence the obtained controller is valid for any membership functions and it may lead to
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severe conservatism. It has been shown in Chapter 7 that incorporating membership
functions yield larger stabilization region in robust fuzzy H., state feedback controller

design.

Aforementioned practical drawbacks and lack of existing studies in dynamic output
feedback control of nonlinear NCSs motivated to investigate a methodology for designing
a fuzzy dynamic output feedback controller for nonlinear NCSs modelled by T-S fuzzy
model, where the network-induced delays are modelled by a finite state Markov process
with a partially known transition probability matrix. Furthermore, membership func-
tions into the controller design are incorporated by approximating them using polynomial
functions, ensuring that the controller obtained is valid for the particular membership
functions. It is shown that, by using a numerical example, that this approach results
wider stabilization region. In this chapter, unlike many existing literatures in nonlinear
NCSs [36, 58, 85, 86, 89, 128-130, 132], the premise variables of the plant are allowed to
be unmeasurable or unavailable. The premise variables and membership functions of the
controller are allowed to be different to those of the plant. Hence, the number of fuzzy
rules of the controller is no longer restricted by the number of fuzzy rules of the plant.
This allows simple fuzzy controller even when the fuzzy model of the plant is complicated.
This design flexibility, and subsequent low implementation cost, is an advantage of the
proposal approach over traditional parallel distributed compensation (PDC) approach.
This consideration, along with the partially known transition probability matrix, is more
practical in the real NCSs, that is, the proposal approach can handle the case, when not all
the premise variables are measurable and also when the premise experiencing networked-
induced delays. By using numerical examples it is shown that this incorporation yields
larger stability region in fuzzy dynamic output feedback control as well as demonstrating

the effectiveness of the controller.

The organisation of this chapter is as follows. In Section 9.2, system description and
problem formulation are provided. The controller design methodology for the nonlinear
NCSs is presented in Section 9.3. A numerical example is provided in Section 9.4 where
two approaches, one that incorporates membership functions in the controller design and
one that does not, are compared and their stability regions are presented. Conclusions

are drawn in Section 9.5.

9.2 System Description and Definitions

The nonlinear plant is described by the following T-S fuzzy model:
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Plant Rule g:
IF 61 (x(k)) is J{ AND --- AND 0,(x(k)) is JJ,

THEN
z(k+1) = [Ag+AA (k)]|z(k)+ [Big + ABg(k)|w(k) + [Beg + AByy(k)]u(k)
z(k) = [Cig+ ACy(K)]x(k) + [D1g + AD1g(k)]w(k) 4 [D2g + ADag(k)]u(k)
y(k = Cha(k)
(9.2.1)
where g denotes the g fuzzy inference rule; g = 1, ..., r; r is the number of inference rules;
01(x(k)), ..., 8,(x(k)) are the premise variables; p is the number of premise variables and

JY, ..., J9 are the fuzzy terms. Furthermore x(k) € R", u(k) € R™, 2(k) € ™2, y(k) €
™3 are the state, control input, controlled output and measurable output respectively and
w(k) € R™3 is the disturbance which belongs to £2[0,00), the space of square summable
vector sequence over [0,00]. The matrices Ay, By,, By, Cig, Coy, D1y and Dy, are
of appropriate dimensions. The matrix functions AAg(k), AB1,(k), AByy(k), AC,(k),
AD; (k) and ADy,(k) represent the time-varying uncertainties in the system.

By using a center-average defuzzifier, product inference and singleton fuzzifier, the

following global nonlinear model is obtained.

I(k + 1) = Zﬂg(e(x(k))){[Ag + AAg(k)]I(k) + [Blg + ABlg(k)]w(k)

+ [Bag + ABay (k)Ju(k)}
= [A(n) + AA(p, k)| (k) + [Bi(n) + ABy (. k)w(k) + [Ba(p) + ABa(p, k)]u(k)

2(k) =Y ug(B((k)){[Crg + ACy (k)] (k) + [Diy + ADyy(k)]w(k)

+ [Dyy + ADQQ(k:)]u(k)}
= [Ci(p) + AC(p, k)l (k) + [Dy(p) + AD1(p, k) w (k)
+ [D2(p) + AD:(p, k)u(k)

y(k) =D py(8(x(k))) Cogz (k) = Calp)ex(k) (9.2.2)

where
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Ay Culp) = 2 gmy g (0(z(R)))Cry
)Big Ba(p) = 3 g1 11g(0(x(k))) Bag
)D1g Do) =3 g 11g(0((k))) Do
)

AA(p k) = 2 gmy e (O(x(R)AAG(R)  ACY(p, k) = 320 p1g(0(x(K))) AC,(F)
2(k)))ABug(k)  ABy(u, k) = gy tg(0(x(k)))ABag (k)
AD(p, k) = 32—y g (0(2(R)))AD1g(K)  ADs(p, k) = 326y g (0( (k) AD2g (k)

We assume that the uncertainty functions in k are norm-bounded by the following:

Assumption 9.2.1

AA,(k) ABi(k) ABy(k E
9( ) 1( ) 2( ) _ 1g F(k) [ H, H, H3:|
ACy4(k) ADy(k) ADs(k) Eyyg
where g = 1,...,7; r is the number of fuzzy inference rules; Hy, Hy, Hs, Ey and Ey, are

known matrices which characterize the structure of the uncertainties; F(k) is an unknown
matriz function that satisfy FT(KYWF(k) <W where W is a positive-definite matriz.

The network is modelled by a finite state homogeneous Markov process as shown in

Chapter 3. The transition probability matrix is allowed to be partially known.
In this chapter, we consider the following fuzzy dynamic output feedback controller:

Control Rule h:
IF o1(&(k)) is N} AND --- AND o,(z(k)) is N/,
THEN

~ A

2(k+1) = An(i)2(k) + Br(i)y(k — &)
u(k) = Cu(i)2 (k) (9.2.3)

where Z(k) is the controller’s state; A, (i), By(i), Cy(i) are the controller matrices; h
denotes the A" fuzzy inference rule; h = 1,...,¢; ¢ is the number of inference rules;
o1(2(k)), ..., o4(z(k)), are the premise variables; ¢ is the number of premise variables

and NP, ..., N;l are the fuzzy terms.
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Similar to the plant, the fuzzy output feedback controller is inferred as shown below.

[

A

T(k+1) = Z M (o (2 (k) { An(re)2(k) + Bu(ri)y(k — ) }

= C(\, )2 (k) (9.2.4)

where

Remark 9.2.1 Note that in the premise variables of the controller (9.2.4) are different
to that of the plant. By considering different premise variables and membership functions,
the controller design is more flexible compared to ezisting approaches shown in [36, 58,
85, 86, 89, 128-130, 132]. Therefore, the number of fuzzy rules of the controller is no
longer restricted by the number of fuzzy rules of the plant, hence, a small number of fuzzy

rules may be implemented even though the number of fuzzy rules of the plant is large.

The overall closed loop system with the fuzzy model (9.2.2) and the fuzzy controller
(9.24) is

Ch+1) = [Ag(p, N\, rr) + EI(M)F<k>Hl<)‘7 r)|C (k) + Bcl()\ark)éz(/ﬁ)g(k — Th)
+[By () + By () F (k) HoJw(k)
2(k) = [Calp, A re) + Es(pu)F(k)H (A, 7)1 (k) + [D1 (1)

+ By(1) F (k) Haeo(k) (9.2.5)
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where ¢T(k) = |27 (k) 27 (k)| and

AsGinr) = _;)4(/1) iéfﬁf}@,rk} Bulhry) = loA(A’m]’
B = | 20| e =[xt o],
By(p) = :fl(“): ) = | B HCOn) |
Calwdr) = [ Gl DalCin ) |

For brevity, z(k), 2(k), ny(0(x(k))), An(o(2(k))) are denoted as z, Z, py(z), An(Z),
respectively, throughout this chapter.

As shown in Chapter 2, the closed-loop system is to achieve stochastic stability, as

shown in (2.2.5), and the H, performance condition, as shown in (2.2.6).

Lemma 3.2.2 introduced in Chapter 3 is used in this chapter to handle unknown

transition probabilities.
Similar to Chapter 7, the products of membership functions are approximated by
polynomial functions shown as below

Hg(D)A(E) = D Colwr, @) {ngns,. (2, 2) + Dtjgh s, (2, 2)} (9.2.6)

k=1

where 7,5, (2, ) are the polynomial function approximations and Ang, s, (z,2) are the
error terms in each sub-region. (. (x,z) is a scalar function which takes 1 if x and & are

inside the sub-region, s,, and 0 otherwise.

The following lower and upper bounds of the error terms are introduced similar to

the previous chapter, which will help deriving the theorem later.

Qgh,s, < Angh,sn (l’, ‘%) < th,s,€ (927)

where oy, 5, and By s, are known constants.
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9.3 Main Result

The following theorem provides sufficient conditions for the existence of a partially mode

delay-dependent output feedback controller.

Theorem 9.3.1 Given a prescribed Ho, performance, v > 0, the closed-loop system is
stochastically stable with the prescribed Ho, performance, if there exist sets of positive-
definite matrices P(i), X (i), Ri(i), Ry, Ra(i), Ry, Wi(i), Wa(i), Wi(3), Q, Q, Ny, Na,
Z(i), S(i,7), (@), () and matrices K,(i), Cp(i), M(i), J(i) for i = 1,2,--- s,
g=12--- r, h=1,2,--- ¢ satisfying the following

Ry > Ry(i) (9.3.1)
Ry > Ryfi) (9.3.2)
r c 1 1 B .
—UT[ {(ngh,sﬂ (#,2) + Faghs, + 5B0ns )T (@) + Vgh:sﬁ(z')} _ €3KI]U is SOS
g=1 h=1
Vs, =1,....D (9.3.3)
1. i
5Tgh(z') — (i) <0 (9.3.4)
1. N
—§T9h(z') — 09 <0 (9.3.5)

>0 (9.3.6)

>0, V(i+1) eS8, (9.3.7)

nknown

1

Phnown F1(8) + Ra(i) - M (i)
Z

*

[ SG.g) T2 0) ] >0 (9.3.8)
«  X(J)

and
MRy =1, NyRy = I, Wi (i)W, (i) = I,QQ = I and P(i)X (i) = I, (9.3.9)

where v is a real vector of appropriate dimension and independent of x; €, are predefined



9.3 Main Result

151

scalars; Ngn s, (x,2) are defined in (9.2.6);

A@) (TG (T9@)" (0" E"60)" (7#ha6)
* -X 0 0 0
_— _ * * —R 0 0 0
T * * * —Q 0 0
* * * * -1 0

) | * * ) . * * —Wl(z')_
V(@) = (B, — aghs){ B0 + 08() |
My = diag] - P@),—Q, (HIWa(i) Hy — 1), —Wi(i), ~Wa(i) }

+YT (i) + T1(i) 4+ 7(i) Z(3)
06 = |(A+ EKu()R+ ByyCuli)) EKn()ECy, By, By Byl
regy = [VEG \/T_(S)}T[(Ag_diag{],O}—l—ngé’h(i)) 0 By By By
I — VA& =M +1 00 0 0
i) = Zﬁ-ﬁi«;mn Pi(7) + (1 = Dhnown) X jest o )
X = —{Xies  pipSG7) + (1= Pown) jes, S0, )} + T (@) + J(0)
R = diag{Nl,Ng
(i) = | Ciy+ DoyCili) 0 Diy Byy By |
Hi@) = | M+ HyCui) 000 0 0|
Ti(i) = M"(i)[diag{I,0} diag{~1,0} 0 0 0]
VTR e

0 0 I 00 I

By = |P¢| - €1y 0], Coy =0y, 0],
= _'H1 o},(}h(i): [0 C*h(z‘)]

Note that E and E have different dimension. Moreover, the mode delay dependent

fuzzy output feedback controller is given as

C

B(k+1) =Y Mo (@(k) {An(0)2(k) + Ba(i)y(k — 7))}

h=1

(9.3.10)
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where the controller matrices, A, (i) and By (i) are given by

Gesr = Tu(re)G (9.3.11)

Zk = E(Tk)Ck

where {; = ((0), 2 = z((), ¢ = {({), and

C(k)T = :CT(k’) ¢T(k = 7(re)) w (k) CT(R)H] (A, ri) FT (k) w" (k)Hy FT (k)| € ®

Du(r) = [Aa(u Ar) BaOyr)Calw) Bu(w) Ex(n) Er(p)

Z(re) = [Calit. Are) 0 Da() Ba(p) Ealy)]

Introducing the following Lyapunov-Krasovskii functional

V(Chomi) = Vi(Crs i) + Va(Cro i) + Va3 (G, 7x) (9.3.12)
where
Vi(Ce, i) = G P(ri)Cr (9.3.13)
~1 -1
Va(Cr i) = Z Z TR+ Z Z T RoZ; (9.3.14)
b=—m11, j=k+4 b=—7(s) j=k+L
—7(1)+1
Va(Ces 1) = Z ¢ QG+ Z Z ¢ Q¢ (9.3.15)
b=k—Ty, b=—7(s5)+2 j=k+{-1
where Z(k) = z(k+ 13 a x(k)] :

Following a similar approach shown in the proof section of Chapter 8, we have

A(ry) (f‘(fh(f‘k))T (fgh(ﬁc))T (f3)T (égh(w))T (ﬂh(rk))T

A * —-X 0 0 0 0
X % -R 0 0 0 3.1
Zzug w(z) | ' ’ < 0 0 <0 (9.3.16)
g=1 h=1 * * * * -1 0
* * * * * 7V~V1(rk)
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Note that X and I'Y"(r) terms contain transition probabilities. We know that the
summation of all probabilities in each row of transition probability matrix is one. This

means that (1—p, )= Z;;nkmwn pij. By using Lemma 3.2.2, we can replace 7(¢) and

X with Z;J:l pi;7(7) and — Z”ll pi;S(i,7) + J7 (i) + J(i) while still satisfying the above

condition.

Applying Schur complement on (9.3.8) and consequently multiplying these inequal-

ities by p;; and summing up for all j we obtain

i+1 i+1

—pr (i,7)+ JT () +J@) = JTE) + J(i) —Zp,-jsu,j)

(9.3.17)

where P(i) = X‘l(') and P(i) = Z;Hl pijP(j7). This means that (9.3.16) still satisfies
even if — ZJ ' pi;S(i,7) + JT (i) + J(i) is replaced with P~1(3).

Taking summations and membership functions inside the matrix, along with the
above, (9.3.16) becomes

_ _ - - . T B T
R+ T 1)+ TT o) 4r () ZGri) T Air)  TEAre)  (Ts) 27 (# (i)

* —P~1(ry) 0 0 0 0
* * — (g R1+7(s)R2)~Y 0 0 0 <0
" . * —Q-1! 0 0
* * * * -1 0
% * * * * —Wfl(rk)
(9.3.18)

Note that expanding (flg + EKL(i))R+ BQgéh(i)), (E’Kh(i)EC’Qg) and (flg —diag{/,0} +
ngéh(z')) and taking summations and membership function inside, we obtain A4 (u, A, 1),

Ba(\, ) and A(u, A, i) respectively in the above.

By following from the proof section in Chapter 7 we can show that the controller

satisfies the conditions in the problem formulation, thus completing the proof. VvV

Remark 9.3.1 By disregarding the summations and membership functions in (9.3.16),
we obtain an approach that does not consider membership functions in the design. There-
fore by stating Tgh(i) < 0, we have a methodology that has been widely used in fuzzy
systems where membership functions are disregarded when designing a controller. This

approach can now be expressed in term of LMI conditions as the membership functions,
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which are nonlinear in x are discarded. By including the summations we state that the
sum of Tgh(z'), along with the membership functions, is less than zero, instead of them
individually being zero. Furthermore incorporating membership functions ensure that the
controller is valid for the particular membership functions. These ensure that our ap-
proach is less conservative than discarding membership functions. In the next section, we
compare our result with the approach where T 9t (i) < 0, and hence discarding membership

functions, to show that our method results wider stability region.

A similar algorithm to the one in Chapter 7 is applied to this chapter to solve
Theorem 9.3.1.

9.4 Examples

In this section, two simulation examples are presented to show that 1. the incorporation
of membership functions result a wider stability region and 2. the controller can stabilize

a practical system.

Example 1 Consider a T-S fuzzy system with two plant rules (r = 2) and two controller

rules (¢ = 2). The sub-systems are described as follows

—a —0.1 1 01 b 0.5
A, = A, = By, = By, —
! [ 1 0 2 [ 1 0 H 0 2 0
1.0 1.0
Cy = [1 o} Cpp = [—1 o} By — By —
11 12 21 05 22 05
Dy = 0.01 Dy = 0.01 Dy = 01 Dy = 01
Cy, — [0.6 0}
(9.4.1)

and the uncertainties are characterised by matrices below:

0.05
Ey = E12:[01] Ey = Ex»n=01

H = [0.2 O] H, = 0.1
H3 — 01

(9.4.2)



9.4 Examples

155

The membership functions for the plant, p, are as follows

1 1’1(]{5) < —0.5

pi(zi(k)) = zi(k) =05 =05 < (k) <05, (9.4.3)
0 0.5 < a1(k)

po(r1(k)) = L= (21 (k))

The membership functions for the controller, A\, are shown below

M(B®) = ) Bk +05 05 <d(k) <05, (9.4.4)
1 0.5 < iy (k)

No(in (k) = L= Aam(k = 7))

Figure 9.1 shows p,(z1(k)) and Ay (21(k)) with sub-regions in each membership func-
tion, x; € [—o00, —0.5], x; € [—0.5,0], x; € [0,0.5] and x; € [0.5,00], and similarly for
the membership function of the controller. This means that we divide p,(2)A,(2) into
16 sub-regions. For every sub-region we use 1y, s, (2, 2) to obtain polynomial approxi-
mation. The upper and lower bounds of the error terms, oy s, and By s, , are obtained
numerically. Note that the shape of membership functions for py(z1(k)), A2(2Z1(k)) and
p2(x1(k)) A(21(k)) in this particular example are the same. Refer to Table 7.1, 7.2 and
7.3 in Chapter 7 for ng s, (2, 2), Bgns. and agps,. used in this example. Note that the
premise variables of the controller in this example is & compared to x, in Chapter 7. The

approximation procedure is described in Example 2 of Chapter 7.

A Markov chain with two modes are used to model the network-induced delays of

0.1s and 0.2s respectively. The underlying transition probability matrix for the Markov

b _ [0.6 0.4] 9.45)
0.7) (0.3)

chain is as shown below

with sampling time of 0.01s and (0.7) and (0.3) are unknown to the controller design.

By using YALMIP [126], with prescribed v = 1.0, we obtain stability region for
Theorem 9.3.1 and the approach without incorporating membership functions as men-
tioned in Remark 9.3.1. Figure 9.2 shows the stability region of the system above where
0.5<a<0.9and 0 <b < 1.0. It shows that Theorem 9.3.1 results wider stability region.

Remark 9.4.1 The stability region of approach without membership functions is obtained
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by solving LMI conditions, Tgh(i) < 0. It is clear that incorporating membership functions
into the design yields larger stability region. By incorporating membership functions, we
ensure that the controller designed is specific for the membership functions of both the

plant and the controller.

Example 2 The same plant used in Example 2 of Chapter 7, single-link rigid robot,
is considered. The network-induced delays, the transition probability matrix and the
prescribed v are the same as Example 1. The membership functions for Rule 1 and
Rule 2 are shown in Figure 6.2 in Chapter 6. The polynomial approximations and the
corresponding bounds are presented in Table 7.4 and 7.5 in Chapter 7. Note that the
premise variable of the controller in this example is z, as opposed to x, in Chapter 7.

Refer to Example 2 of Chapter 7 for more information on the approximation procedure.

Using Theorem 9.3.1 and the algorithm, a controller of the form (9.2.4) with the

following gains are obtained.

A . [38061 —05374] . . [ 22516 1.7804]
Ai(1) =1x107" x , A1(2)=1x10""x :
7.2679  —2.4919) | —0.6884  9.5003 |
A 3.8027 —0.5609] . [ 22462 1.7872
Ay(1) =1x 1077 x , A(2) =1x10"" x :
7.2920 —2.5131 | —0.6807 9.5003 |
. 03034 | . 5.4335|
Bi(1)=1x10"" x , Bi(2)=1x10"" x
| —1.6402] 13.0203
. [ 0.3042 | . [5.4145]
By(1) =1x 107" x , By(2)=1x10"" x
| —1.6641| 13.0199)
Ch(1) =1 x 10°° x [—7.9402 3.4307} L Cu2) = 1x 1077 x [—0.2759 —1.0254]
Co(1) =1 x 1075 x [~7.9145 3‘4457}  Ca(2) =1x 1077 x [—0.2773 —1.0239]

Remark 9.4.2 The state response of the plant with the proposed controller is shown in
Figure 9.3 with w = 0. The initial states are chosen to be x(0) = [0.5 0]T. It can be seen
that the dynamic fuzzy output controller stabilizes the system, demonstrating the validity
of the proposed controller. Figure 9.5 shows the ratio of the energy of the output to the
energy of the disturbance (w(k) = e %% sin(0.5k)). From Figure 9.5, one can see that the
ratio tends to roughly 0.135, which is less than the prescribed v = 1. Note that no feasible

solution exists for this particular example when the theorem is reduced to T 9 () < 0.
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9.5 Conclusions

This chapter presents a design methodology for partially mode delay-dependent fuzzy dy-
namic output feedback controller for a class of nonlinear discrete-time networked control
system. The nonlinear plant is modelled by Takagi-Sugeno fuzzy model and the random
network-induced delays are modelled by a finite state Markov chain with partially known
transition probability matrix. The controller’s premise variables and its membership func-
tions are allowed to be different from the plant’s premise variables and its membership
functions. The membership functions of both the plant and the controller are approx-
imated by polynomial functions and incorporated into the design. Sufficient conditions
for the existence of the controller are derived in terms of the sum-of -squares inequalities
which are then solved by the YALMIP. Numerical examples are used to show that incor-
porating membership functions into the controller design yields a larger stability region

and the effectiveness of the proposed methodology.
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Conclusions

10.1 Summary of Thesis

In this thesis, novel methodologies for designing a robust H., state feedback controller,
robust H filter and robust H., dynamic output feedback controller for a class of linear
and nonlinear uncertain NCSs are proposed where the network is modelled by a finite
state Markov chain. The main interest of the Markov chain in this thesis is that the tran-
sition probability matrix is allowed to be partially known. This provides more practical
consideration as it is often costly or even impossible to obtain a completely known transi-
tion probability matrix in the real world. The fact that the summation of all probabilities
equal to one has been used to create an upper bound for unknown transition probabili-
ties. Based on Lyapunov-Krasovskii functional, sufficient conditions for the existence of
the controller is given in terms of BMIs for linear systems or SOS for nonlinear systems.
T-S fuzzy model has been used to model nonlinear NCSs and corresponding fuzzy con-
troller design methodologies are presented where membership functions are incorporated
into the controller design. By using numerical examples, it is shown that this incorpo-
ration results wider stabilization region. Furthermore, the proper fuzzy formulation of

NCSs has been presented where the controller’s premise variables are the time delayed

160
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version of the plant’s premise variable. The majority of existing literature on NCSs ne-
glect this fact, resulting in unrealistic formation of nonlinear NCSs. It is noteworthy that
the methodologies with partially known transition probability matrix is more general as
the case of either completely known or completely unknown transition probability matrix

can be seen as a special case of the proposed approach.

The controller in NCSs is to stabilize the system despite the presence of the network.
In recent years, the researchers have been trying to achieve this goal by modelling the net-
work constraints such as the network-induced delays and/or packet dropouts. Following
the introductory review in Chapter 1, Chapter 2 presents a methodology to designing a
robust H,, state feedback controller for a class of discrete-time linear NCSs is presented.
Chapter 3 introduces the problem of partially known transition probability matrix and a
lemma that plays a vital role in creating an upper bound of the unknown probabilities
is presented. It has been shown that unlike previous attempts where unknown transi-
tion probabilities are discarded, upper bound of the unknown probabilities can be used.
This is demonstrated by presenting a robust H., state feedback controller design where
the network is modelled by a Markov chain with partially known transition probability
matrix. In Chapter 4 and 5, methodologies to design a robust H., filter and a robust
Ho dynamic output feedback controller for linear NCSs are presented. In these afore-
mentioned methodologies, the summation of known and unknown parts are considered
whereas known and unknown parts are separated and the unknown transition probabili-
ties are discarded in existing methodologies. It has been shown that considering partially
known transition probability matrix provides more general solution as these methodolo-
gies can be reduced to those of either completely known or completely unknown transition
probabilities. By considering a dynamic output feedback controller design in Chapter 5,
more practical solution of controller design is presented where not all state variables of

the plant needs to be measurable.

In Chapter 6, brief overview of Takagi-Sugeno fuzzy model is presented. It illustrates
how a fuzzy plant model and controller is constructed to model nonlinear NCSs. A brief
overview of sum-of-squares decomposition is presented to provide preliminary knowledge,
which will be helpful to understand how membership functions are incorporated in the

controller design.

In the nonlinear NCSs part of this thesis, presented in Chapter 7, 8 and 9, a ro-
bust fuzzy H., state feedback controller, a robust fuzzy H. filter and a robust fuzzy
Hoo dynamic output feedback controller design are presented respectively. Unlike previ-
ous approaches to discard membership functions so that LMI approaches can be used,

polynomial functions are used to approximate the products of membership functions so
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that existing tools such as YALMIP or SOSTOOLS can be used to evaluate the solution.
In Chapter 7, the first attempt to incorporate membership functions in the controller
design of nonlinear NCSs has been made where the transition probability matrix is as-
sumed to be completely known. By using a numerical example, it has been shown that
incorporating membership functions yields larger stabilization region, emphasizing the
importance of membership functions in the controller design. In Chapter 8 and 9, a ro-
bust fuzzy H filter and a robust fuzzy H., dynamic output feedback controller design
are presented where the transition probability matrix is assumed to be partially known.
In Chapter 7, the premise variables of the controller are different to the plant’s premise
variables; the controller uses the delayed version of the signal of the plant. In Chapter
9, premise variables of the plant are allowed to be unmeasurable. In this chapter, the
states of the dynamic output feedback controller are used as the premise variables of the
controller. Most of the existing literature on nonlinear NCSs modelled by T-S fuzzy model
assume no delay between the plant and the controller, creating an unrealistic T-S fuzzy

model of the nonlinear NCSs.

The main contributions of the systems are as follows:

e Network-induced delays are modelled by a finite state Markov chain with partially
known transition probability matrix. This provides more practical consideration as
it is often costly or impossible to obtain a completely known transition probability
matrix in the real world. Furthermore it has been shown that existing methodologies
with either completely known or completely unknown transition probability matrix

is a special case of the presented methodology.

o H., state feedback, H., filter and H,, dynamic output feedback controller design
methodologies are developed in linear NCSs with partially known transition proba-
bility matrix. The unknown probabilities are not discarded in these methodologies;
they are upper bounded instead and summation of known and unknown parts are

considered as opposed to considering them separately.

e T-S fuzzy model is used to model the nonlinear NCSs. Based on this T-S fuzzy
model, robust H, fuzzy state feedback, robust H, filter and robust H., fuzzy dy-
namic output feedback controller design methodologies are developed where mem-
bership functions are incorporated into the controller design. It has been shown,
by using numerical examples, that incorporating membership functions yield larger
stabilization region. Furthermore, the controller’s premise variables are different to

the plant’s premise variables to provide more realistic consideration of NCSs.
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10.2 Future Work

Networked control systems still provide a wide range of research that are worth carrying
out. While the results of this research provides study of controller design in both linear
and nonlinear NCSs, it is nevertheless complete. Further research work may be carried

out in the following areas:

e A new model of network to incorporate network constraints may be carried out. It
has been shown that Markov chain, while it has been the most researched model, is

not the only way the network may be modelled.

e A network-induced delay between the controller and the actuator as well as sensor
and controller may be considered. In this thesis, only sensor-to-controller delays
are considered. Some researchers have studied both sensor-to-controller delays and
controller-to-actuator delays but fail to acknowledge that when the controller gain
is to be chosen, no information of the controller-to-actuator delays are available.
The controller may be selected based on the current sensor-to-controller delay and

the controller-to-actuator delay of the previous time instance.

e A different model of nonlinear NCSs and its respective controller design may be
studied. T-S fuzzy model has been proven to be very effective in nonlinear NCSs

but other nonlinear models may provide satisfactory result in nonlinear NCSs.

e Controller/filter design methodologies presented in this thesis may be implemented
on real systems where the plant and the controller are connected via a communi-
cation network. Experiments are carried out to obtain the transition probability
matrix of the communication network where some of the elements in the transition

probability matrix may be unknown.
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