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Abstract

The airway, providing a means for respiration, is important to human health. An understanding
of the behaviour of the airways and their major structural components, such as airway smooth
muscle, may give important insights into human health and disease processes. As such, the
dynamics of both the airways and airway smooth muscle have been popular areas of research.
Airway and airway smooth muscle dynamics have previously been studied separately from one
another. However, it is known that there are important connections between the behaviour of
these two systems. In this work, an extension of an existing 1D iterated map for modelling air-
way dynamics to a 2D iterated map, which includes a non-constant force-length relationship for
airway smooth muscle, is examined. Adding a force-length relationship and length adaptation
to the original 1D map is shown to not affect the stability of stationary points or the period-two
oscillatory dynamics in the region of interest. However, a period-three oscillation was discov-
ered which was not seen in the 1D map, implying the oscillatory dynamics have been changed
by adding the force-length relationship and length adaptation. The work has extended this 2D
iterated map into a 2D system of ODEs and examined the behaviour of this new, continuous
model, through analytical and numerical approaches. The continuous model has been found to
lack the oscillatory behaviour associated with the discrete maps. This approach for producing
the continuous model and the subsequent analysis is expected to have important implications
in the future for coupling airway dynamics with full PDE-based airway smooth muscle dynam-
ics. The behavioural similarities and differences between the 1D, 2D discrete and ODE models
have been examined, showing that much of the behaviour of this family of models is highly
similar, however, differences, particularly in respect to the appearance of oscillatory behaviour,
have been shown to exist.
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Chapter 1

Introduction

The term airway refers to the tube-like internal organ that provides a path for air flow between
the mouth and nose, and the blood-air interface in the lungs. An important structural component
of the airway is airway smooth muscle [1]. This muscle forms a spiral that wraps around the
airway providing the tubular structure of the airway, thereby providing a conduit for air flow.
As the airway is encased in airway smooth muscle, one function of airway smooth muscle is
in producing the contractions and dilations of the airway in addition to providing mechanical
resistance to external forces. Smooth muscle is able to perform in this way because of its unique
properties such as being able to produce the same high force at virtually any muscle length [2],
as well as the ability to enter a so-called latch state in which the muscle can maintain a rigid,
un-relaxed state with very little energy required [1].

Due to the significance of airway smooth muscle to the overall dynamic mechanical be-
haviour of the airways, it is of no surprise that airway smooth muscle behaviour is an important
component of the behaviour of the airways. This muscle, as mentioned, provides the airway
with its ability to dynamically constrict and dilate. Understanding and appropriately incorpo-
rating the behaviour of airway smooth muscle into models for airway dynamic behaviour could
be expected to offer valuable insights into the operation of the airways [3]. In particular, in-
sights into the processes involved in diseases such as asthma, which results in a temporary but
dangerous narrowing of the airways, might be gained if the behaviour of the airways could be
better understood [4, 5, 6].

For this reason, this thesis will examine mathematical approaches to modelling the be-
haviour of airways to develop models that better represent the actual behaviour of the airways.
The remainder of this chapter will introduce an existing model of airway behaviour before de-
veloping two new approaches to modelling this behaviour. The second chapter focuses on the
first of these new models, describing it in detail and investigating its behaviour analytically and
numerically. Chapter 3 outlines a similar investigation into the behaviour of the second new
model. Subsequently, the behaviour of all three approaches are compared using bifurcation
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6 CHAPTER 1. INTRODUCTION

analysis in Chapter 4. The main conclusions are summarised and directions for future work are
examined in Chapter 5.

The next section shall introduce the first, existing model for airway behaviour on which the
subsequent models shall be built.

1.1 1D Discrete Model

In modelling airway dynamics previously, Donovan et al. [7] were particularly interested in the
response of airway smooth muscle (ASM) to deep inspirations, or in simple terms they looked
to model the constriction-relaxing effect of deep inhalation. As mentioned in the previous
section, smooth muscle has the ability to hold a rigid shape through a latching mechanism. If
the airway is locked in a constricted position, then breathing will clearly be difficult. In people
with normal airways, the smooth muscle “fluidizes”, that is, the muscle loses its rigidity and
the airway relaxes open during a deep inspiration. In asthmatics, this process appears to be
much less effective at relaxing the airway open, meaning that breathing is not eased [8, 9].

In order to examine the impact of deep inspirations, Donovan et al. [7] developed a model
that focused on the response of the airway based on airway transmural pressure, P. In this
model, the airway was described as being affected by two opposing forces, the contractive
force supplied by the smooth muscle and an expansive force supplied by the tissue surrounding
the airway, referred to as a tethering force. These components were combined together within
the framework of a one-dimensional iterated map in terms of the airway radius, r, as follows:

rn+1 =


√

R2
i (1−P(rn)/P1)−n1 , P(rn)≤ 0√

r2
imax− (r2

imax−R2
i )(1−P(rn)/P2)−n2 , P(rn)> 0

(1.1)

where

P(rn) = Pbase︸︷︷︸
base

− f
Fa

rn︸︷︷︸
ASM

+1.4PA

(
(
Rre f − rn

Rre f
)+1.5(

Rre f − rn

Rre f
)2
)

︸ ︷︷ ︸
tethering

. (1.2)

The parameters Ri, rimax, P1, P2, n1, n2 and Pbase are intrinsic airway parameters depending
on the airway order. As such, they are given explicitly for this model later in this section and
do not necessarily have direct physical interpretations. Where physical meaning is attributable
to these parameters, this will be explained subsequently.

This model depends on two key parameters: the airway smooth muscle force f 1, which is
the force responsible for airway contraction, and the tethering coefficient PA, which represents

1Donovan et al. [7] refer to this quantity as a force. To be dimensionally consistent, it should, in fact, be a
pressure and the reader should interpret it as such. It will be referred to as a force for consistency with the eariler
work throughout this thesis.



1.1. 1D DISCRETE MODEL 7

the ability of the surrounding tissue to pull the airway open, which also corresponds to the
mean alveolar pressure.

From this model we can see that the evolution of the airway radius is piecewise with re-
spect to transmural pressure. This model of airway radius behaviour in fact originates from an
earlier work, that of Lambert et al. [10]. Lambert et al. were focused on examining how flow
rate changed with varying degrees of lung inflation. In this vein, they developed a model of the
airways that featured repeated bifurcated branching of the airway through sixteen generations
of branching. While the model was mostly focused on modelling the flow through the gener-
ations of branching and the changing pressure through the generations due to various sources
of loss, and particularly on the flow rate relative to the so-called wave speed, as part of their
model, they developed the above relationship, see Equation (1.1), between airway radius and
pressure. Their model was shown to agree well with static experimental airway measurements.
Despite having been developed over 30 years ago, the model has stood the test of time, finding
use in a number of contemporary studies [6, 11, 12, 13, 14].

The model is based around the concept of a maximal airway area, or correspondingly, as
described above, a maximal airway radius, rimax. The actual airway opening is some fraction of
this maximum opening dependent on the pressure. Each half of the piecewise pressure-radius
relationship (positive and negative) are rectangular hyperbolae, matched at zero pressure. This
means that the size of the airway opening asymptotically either increases towards the maximal
opening or decreases towards completely closed with increasing positive pressure or decreasing
negative pressure respectively.

The piecewise relationship between airway radius and transmural pressure is quite intuitive,
in that one might expect the behaviour of the airway to be different in positive and negative
pressure. First considering the circumstance of negative pressure which occurs, for example,
when contractile airway smooth muscle pressure greatly exceeds tethering pressure, such as
after one has exhaled completely, then the airway contracts under the force of the muscle which
is not balanced by the air pressure in the airway. This effect is greater with increasing pressure
difference. On the other hand, when the pressure is positive, for example during a deep breath
in, the airway expands towards rimax. Whether the pressure is positive or negative, the airway
will tend to move towards to its relaxation radius, Ri, as the pressure tends to zero.

To examine the causes of low or high pressure, one turns to the expression for P(rn)
(1.2), in which one should first note that this pressure results from the combination of three
effects. The first is the baseline transmural pressure, Pbase, representing a nominal pressure of
10 cmH2O [7]. The second term represents the changing pressure applied by the smooth mus-
cle as a result of changing produced force with length and comes from the Laplace Law which
relates the tension, pressure and radius [6]. The changing pressure as a result of changing force
with length is captured by the force-length relationship term Fa, which moderates the force
applied by the muscle at a given stretch. Note that, given that the force-length relationship
is assumed to be constant, a shrinking radius will produce an increasingly negative contribu-
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tion due to this term. The third term describes the increasing force pulling open the airway as
the connective tissue is stretched more by a shrinking airway or conversely its decrease as the
stretch relaxes when the airway opens. As such the transmural pressure can be seen to be the
result of the struggle between these two opposing forces. This model for pressure is in fact a
minor modification to a very well established model for the tethering pressure, the Lai-Fook
model [15]. This model, derived from pressure measurements on excised canine tissues, relates
the tethering force produced to the change in radius and the transpulmonary pressure. The rela-
tionship was experimentally determined to be quadratic for physically realistic parameters and
was experienced relative to a base pressure. Donovan et al. [7] have added to Lai-Fook’s model
the second, Laplace law term. It can be noted that this may cause the value of Pbase to differ
from that used in Lai-Fook’s model to accommodate this extra term.

The reference radius Rre f is taken at the baseline transmural pressure of 10 cmH2O [7].
As mentioned, this model simply assumes that the force-length relationship Fa is constant.
Donovan et al. [7] made Fa have the same value as Rre f

2. This had the effect of eliminating
the force-length relationship from the pressure when the airway was at the reference radius.
Furthermore, when the airway is open at the reference length, the effect of the tethering force
is zero. Therefore, the only source of pressure at the reference length is the difference between
the base transmural pressure and the airway smooth muscle force.

1.1.1 Behaviour of the 1D Discrete Model

In order to examine the behaviour of the above model, a numerical simulation was executed to
recreate the results obtained by Donovan et al. [7], consisting of a brute force iteration of the
map. Specifically, every simulation started with 10 evenly spaced, normalised r values (r/Rre f )
between 0.01mm and 1mm. If the solution converged to a fixed point with a tolerance of 10−5

mm after 2000 iterations, then that point was plotted. If the result had not converged to a single
value, the last 200 points were plotted.

These results were used to produce bifurcation diagrams for the airway map in the same
way as was performed in that work. Parameter values used in the simulation were Ri = 0.096
mm, rimax = 0.384 mm, P1 = 27.14 Pa, P2 = -3256.8 Pa, n1 = 1, n2 = 8, f0 = 15 cmH2O,
PAO = 20 cmH2O and Rre f = 0.363 mm, again, as per that work to recreate an order 5 airway,
representative of a small airway. Two values of tethering coefficient, PA, were considered.
The result when PA/PA0 = 0.5 can be seen in Figure 1.1(a). This figure shows that the airway
starts open at zero force and transitions abruptly to closed as the force increases. A region of
bistability also exists. The result produced by PA/PA0 = 0.75 can be seen in Figure 1.1(b). In
this instance, an additional region of period-doubling to chaos was produced. These results
exactly reproduce the behaviour that was produced in Donovan et al. [7].

Therefore, this model produced two kinds of airway behaviours. One kind is a previ-

2Note that while the values are the same, the units are not.
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ously known set of behaviours, specifically consisting of three states: airway is open, airway
is closed and bistable, which means that the airway may be either open or closed. In other
words, given that the airway is initially open in a relaxed state at zero force, as the force in-
creases, the airway starts to contract up until the force reaches a critical point at which the
airway rapidly snaps closed. Reducing the force will not cause the airway to reopen until the
force has become very small, significantly lower than the force at which the airway closed. As
mentioned, this behaviour has been previously uncovered. Anafi and Wilson [16] produced
a model of a single airway undergoing forced sinusoidal oscillations using a combination of
Lai-Fook’s model and the Laplace law. While undergoing forced oscillations, the airway was
seen to be bistable, which was compared to previous imaging studies that highlighted that the
airway exhibits heterogeneous open and closed states. As a result, Anafi and Wilson concluded
that such behaviour was consistent with the behaviour of real airways. In contrast, Affonce
and Lutchen [14] combined the Lai-Fook and Lambert models with the Laplace law and de-
termined that bistable behaviour could be obtained through an increase in the stiffness of the
airway smooth muscle. They argued that, as airway smooth muscle in asthmatics is more rigid
than typical, the closure of the airway in asthmatics could be attributed to the observed bista-
bility produced by the higher airway smooth muscle tension. As such, not only is this bistable
behaviour previously known, it has been produced by a variety of airway models and has a
reasonable basis in observed real airway behaviour.

The other new kind of behaviour that was discovered was a new state: oscillations and
chaos. The significance of this result was that such chaotic behaviour was only previouly pro-
duced in a complex multiple branching airway model during the oscillatory process of breath-
ing by Venegas et al. [17]. Such behaviour was obtained by examining a 16-generation3 airway
model. During simulated respiration, chaotic behaviour was noted throughout the airway tree.
Chaotic behaviour was suggested to be the mechanism by which contractions in the small,
terminal ends of the airway could produce significant breathing difficulty in asthmatics. In
contrast to Venegas et al., Donovan et al.’s [7] model produced such chaos from only the inter-
action between two sets of tissue in a single airway in the absence of active ventilation. The
diagram 1.1(a) shows the first kind of behaviour (only closed, open and bistable), while the
previously unexperienced chaotic and oscillatory behaviour can be seen in 1.1(b).

However, while Donovan et al. [7] has clearly produced interesting conclusions, one must
question one aspect of the model that produced this result. Specifically, their model, as pre-
viously mentioned, assumes that the ability of the muscle to produce force is independent of
the length of stretch. There is good reason to believe that this is not realistic. In a series of
experiments measuring the response of real sections of airway smooth muscle, Wang et al. [18]

3A generation is a fork in the airway tree, such that, for example, a 4-generation model begins with a single
airway which branches 4 times to end with 16 terminal airway branches.
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Figure 1.1: Bifurcation diagrams for 1D map. (a) The solutions at PA/PA0 = 0.5. The radius
r starts at the reference radius at zero force. A bistable state occurs as f increases until f/ f0
reaches approximately 0.75, at which the radius drops to nearly zero value. (b) The solutions
at PA/PA0 = 0.75. A period-2 oscillation occurs at f/ f0 = 0.55 approximately, then turns into
a higher order oscillation before it becomes chaos.

demonstrated that the force-length relationship is nonlinear and suggested that the force-length
data could be fitted by a four-parameter Weibull distribution curve, see Figure 1.2. This figure
clearly demonstrates that the active force produced by the muscle is highly length dependent,
having a peak force at a given length.

In contrast to Donovan et al. [7], Anafi and Wilson [16], in their modelling of the behaviour
of airway smooth muscle, do attempt to incorporate the concept that smooth muscle has a non-
constant force-length relationship into their model. However, by focusing on the peak force
generated, they reduce the complex behaviour to a simple linear relationship. They suggest that
such an approach is appropriate because smooth muscle varies little in length during a deep in-
spiration. Therefore, Anafi and Wilson [16] address the complex force-length behaviour largely
by limiting the analysis to regions that reflect more straight-forward behaviour. Affonce and
Lutchen [14] similarly focus on the maximum possible tension in the muscle. In contrast, how-
ever, the maximum tension used in their work was derived empirically. The tension produced
by the smooth muscle was to be balanced against the other tensions acting on the muscle, such
as tethering, transpulmonary pressure and passive airway tension. The muscle was shortened
until it produced the experimentally derived maximum tension. Therefore, while there was a
force-length relationship in this work, it was not explored as the modelling was focused on
static maximum tension situations.



1.2. 2D DISCRETE MODEL 11

In this work, the force-length relationship will be assumed to be approximately quadratic
as a simplification of the relationship determined experimentally by Wang et al. [18]. As such,
this represents a departure from previous studies that focused on static, maximum forces or
on highly simplified models. Further details of the specific relationship used in this study are
given in Chapter 2.

This work aims to consider this non-linear force-length relationship by considering an ex-
tension to the 1D model to a 2D iterated map as discussed in the next section.

Figure 1.2: Example length-tension curves (reproduced from Wang et al. [18]), featuring
(white) a reference preparation and (black) a passively shortened preparation able to produce
comparatively higher forces at shorter length due to length adaptation.

1.2 2D Discrete Model

The previous section discussed one of the limitations of the pressure-radius relationship, P(r)
(1.2), developed by Donovan et al. [7], specifically, that the relationship, Fa, between the ex-
erted force produced by the smooth muscle and the radius of the airway was constant. That
section also identified that such an assumption may be inappropriate as the relationship has
been shown experimentally to be non-constant. Indeed, Wang et al. [18] has shown not just
that there are length-tension curves but also that the adapted length changes. It can be seen
in Figure 1.2 that a section of tissue that has been passively shortened produces a force-length
curve that is nearly identical in shape to a reference muscle, but shifted in length. In other
words, the shortened muscle is capable of producing the same peak force as the reference
preparation but it does so at the shorter length that it has adapted to. A similar adaptation
can occur to longer lengths. However, the change is not instantaneous, as the adapted length
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requires time to change, which it does in a smooth fashion. In other words, not only is the
force-length relationship non-linear, it is time varying as the muscle will adapt to a particular
stretch over time. The length at which the muscle is nominally relaxed is known as the adapted
length. Clearly, as the length of the muscle dynamically changes, for example, during oscilla-
tions, the adapted length will vary as well. Therefore, the process of adaptation can be thought
of as a potentially very important factor in airway behaviour.

However, this relationship cannot be easily captured within the 1D framework used by
Donovan et al. [7]. If the force-length relationship was to be a convoluted, non-linear but time
invariant function, such an expression could be incorporated into that 1D model. The fact
that this relationship is adapted length dependent, however, and therefore also time varying
precludes the use of this 1D model.

Such a relationship can be included with relative ease through the addition of an extra
dimension into the 1D model. This extra dimension represents the change in adapted length
experienced by the smooth muscle. As the force-length curves experimentally produced by
Wang et al. [18] appear to be approximately quadratic in form, this relation will be used.

The complete derivation and assessment of this approach is outlined in Chapter 2.
One limitation of this model is that airway dynamics do not change on a discrete time scale

but rather evolve in continuous time. In order to investigate the behaviour of the airway in a
more realistic fashion, a continuous time model is necessary. It is therefore of interest as to
how the behaviour of the model might change when extended to continuous time. Such an
extension is considered in the next section.

1.3 2D ODE Model

The limitation of the 2D discrete model is that by being discrete in time, it will always be
slightly disconnected from the physical reality of continuous time. It should be remembered
that the existing models for airway behaviour are inherently static models: they include no
sense of time. Similarly, the iterated maps can be seen to represent steady state solutions.
However, real airway behaviour evolves in continuous time. As such, the iterated maps can
be interpreted as discrete steady state versions of an underlying continuous model. Using a
simple first order of approximation, approximating the derivative of the continuous airway
response as the slope between adjacent iterations of the discrete model, one can produce a
continuous model, specifically an ODE system, built from the iterated maps. Such an approach
is developed and assessed in Chapter 3.

However, first the next chapter will fully develop the 2D discrete model.



Chapter 2

Two-Dimensional Discrete Model for
Airway Dynamics

As mentioned in the previous chapter, the 1D model considers the force-length relationship,
Fa, to be constant. Furthermore, it was discussed that the force-length behaviour of airway
smooth muscle was shown to be non-constant experimentally, based on measurements of the
action of real tissue samples. Specifically, the force-length relationship was demonstrated to be
approximately quadratic. Not only this, but the force-length relationship was shown to adapt to
the length of the muscle. Such time varying behaviour cannot be captured within a 1D iterated
map.

This chapter will investigate a means for extending the existing 1D model to make the
model more realistic by incorporating adapting, quadratic force-length behaviour. This is
achieved by adding an extra dimension to the original 1D model to form a 2D discrete model.

This chapter first introduces and develops a 2D model that contains a quadratic force-
length relationship and length adaptation. Next, an analytical investigation is used to examine
the behaviour of the 2D model. This analysis shows that given an equilibrium point of the 1D
model at a given radius, an equilibrium point exists in the 2D model at a radius-adapted length
coordinate where the radius is identical to the 1D fixed point and a simple linear relationship
determines the value of the adapted length. Furthermore, it is shown that the matching fixed
points from the 1D and 2D models are either both stable or both unstable. Last, a number of
numerical simulations are executed to solve for the solutions of the 2D model and to confirm
the results of the analytical approach.

2.1 Introducing the Two-Dimensional Discrete Model

In the previous chapter, the force-length relationship, Fa, was assumed to be a constant, produc-
ing a 1D model. While, as discussed, there are some advantages to using such a simple model,

13



14 CHAPTER 2. TWO-DIMENSIONAL DISCRETE MODEL FOR AIRWAY DYNAMICS

this assumption is not physically realistic. Indeed, many important phenomena are thought to
arise as the result of underlying airway smooth muscle dynamics [7]. Therefore, instead of
assuming Fa is a constant, as in the 1D model, the force-length relationship will be modelled.

One approach is to model the force-length relationship Fa as a quadratic relationship with
respect to airway radius, r. As discussed in Chapter 1, the work of Wang et al. [18] produced
force-length curves from empirical measurements of airway smooth muscle tissue samples,
see Figure 1.2. While Wang et al. fitted this relationship using more complicated expressions,
the relationship for a given adapted length can be seen to be approximately quadratic. The
advantage of using a quadratic model is the relative simplicity of analytically investigating the
behaviour which allows for results to be derived providing insights into the behaviour which
might otherwise have never be found. The quadratic relationship used for the force-length
relationship, Fa, is:

Fa(r,L∗) = Rre f
(
1−α(2πr−L∗)2). (2.1)

Such a relationship depends on the ‘adapted length’, L∗ - the length at which the muscle
has equilibrated. The quadratic parameter α varies, depending on the shape of the force-length
curve1. Therefore, this relationship suggests that the force produced is some fraction of a
reference force and that the fraction depends on the difference between the current length of
the muscle (related to the current airway radius) and the adapted length. The closer the length
to the adapted length, the greater the force. Furthermore, one can see that the force produced
when the muscle’s length is the adapted length is the reference force. If the value of α is
zero, the expression simplifies to Fa = Rre f and there is a constant force-length relationship, as
occurred in Donovan et al.’s 1D model [7].

Up to this point, there has been no mechanism by which the adapted length can change,
implying that muscle is locked at one adapted length. Of course, as discussed in Chapter 1,
real muscle adapts to length changes and this must be incorporated into the model. An intuitive
relationship for length adaptation is to assume that the rate of adaptation depends on the extent
to which the muscle is stretched away from its adapted length. One approach to capture this
kind of behaviour is to use a formulation similar to Newton’s law of cooling, as below:

dL∗

dt
= δ (L−L∗), (2.2)

where the muscle length L is given by L = 2πr, on the basis that the airway is circular. Such
a relationship provides the desired characteristic, specifically that the rate of change of the
adapted muscle length depends on how much the muscle is stretched away from the adapted
length. The greater the stretch, the faster the muscle relaxes: δ represents the time scale of the
change. Note that as the adapted length is positive, the time scale, δ , must be positive in order
to ensure that the adapted length approaches the length.

1Details of fitting the quadratic model to empirical data are contained in Section 2.3.1.
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A method to solve Equation (2.2) uses Euler’s method as follows:

L∗n+1 = L∗n +β (2πrn−L∗n), (2.3)

where β = ∆tδ . Note that as the time step, ∆t, is positive and δ is positive, β is also positive.
The 1D map is then expanded into the 2D map based on adapted length L∗ and radius r:

rn+1 =


√

R2
i (1−P(rn,L∗n)/P1)−n1 , P(rn,L∗n)≤ 0√

r2
imax− (r2

imax−R2
i )(1−P(rn,L∗n)/P2)−n2 , P(rn,L∗n)> 0

L∗n+1 = L∗n +β (2πrn−L∗n),

(2.4)

where

P(rn,L∗n) = Pbase− f
Rre f (1−α(2πrn−L∗n)

2)

rn
+1.4PA

(
(
Rre f − rn

Rre f
)+1.5(

Rre f − rn

Rre f
)2
)
.

Note that the expression for the radius is unchanged from the 1D model. The 2D model has,
however, introduced an adapted length that is also updated iteratively and the expression for the
transmural pressure has been altered to incorporate the force-length relationship in the second,
Laplace law component of that pressure. Therefore, this model incorporates length adaptation
and its effect on the developed pressure that was not present in the 1D model of Donovan et
al. [7]. In the next section, an analytical approach to find the behaviour of the solutions for this
model will be discussed.

2.2 Investigating the Analytical Solutions of the Model

One approach for investigating the behaviour of this discrete model is to find the equilibrium
points of the system and their corresponding eigenvalues [19]. This allows for a characterisa-
tion of the long term behaviour of the model.

To aid readability, let {
rn+1 = Φ(rn,L∗n),
L∗n+1 = Ψ(rn,L∗n),

(2.5)

where Φ(rn,L∗n) and Ψ(rn,L∗n) are the right hand sides of equation (2.4).
The fixed points of the system are those points that map to themselves such that once at

a fixed point, the map will not leave that point. The fixed points are therefore the solutions,
(r̄,L̄∗), of the form {

r̄ = Φ(r̄, L̄∗),
L̄∗ = Ψ(r̄, L̄∗).

(2.6)
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where
L̄∗ = Ψ(r̄, L̄∗)→ L̄∗ = 2π r̄. (2.7)

Substituting L̄∗ = 2π r̄ into r̄ = Φ(r̄, L̄∗) , we get

r̄ =


√

R2
i (1−P(r̄)/P1)−n1 , P(r̄)≤ 0√

r2
imax− (r2

imax−R2
i )(1−P(r̄)/P2)−n2 , P(r̄)> 0

, (2.8)

where

P(r̄) = Pbase− f
Rre f

r̄
+1.4PA

(
(
Rre f − r̄

Rre f
)+1.5(

Rre f − r̄
Rre f

)2
)
.

Note that Equation (2.8) has exactly the same solutions as Donovan’s 1D model, see Equa-
tion (1.1), because these two equations are identical, showing that the 1D model and 2D model
have the same fixed points r̄. The reason for this is that the principal difference between the
one and two dimensional models is length adaptation. Clearly, once the system has reached
equilibrium, the system is static and therefore length adaptation has stopped. This implies
that the adapted length and airway circumference are the same. As mentioned previously, and
with due consideration to Equation (2.1), it can be seen that at the equilibria, the force-length
relationship, Fa, is Rre f for both models.

Having identified the fixed points, the next step is to determine the eigenvalues at the fixed
points (r̄,2π r̄) as the eigenvalues provide key insights into the qualitative behaviour of the
system around the equilibria points [19]. As the map is not linear, a linear approximation
around the fixed points, using the Jacobian, is employed.

To find the Jacobian of the system requires the finding of the partial derivatives of the map.
Differentiating Φ(r,L∗) w.r.t r, we get

∂Φ

∂ r
(r,L∗)=


n1Ri
2P1

(
1− P

P1

)− n1
2 −1

∂P
∂ r , P(r,L∗)≤ 0

− (r2
imax−R2

i )n2
2P2

(
r2

imax− (r2
imax−R2

i )(1− P
P2
)−n2

)− 1
2
(

1− P
P2

)−n2−1
∂P
∂ r , P(r,L∗)> 0

,

(2.9)
where

P(r,L∗) = Pbase− f
Rre f (1−α(2πr−L∗)2)

r
+1.4PA

(
(
Rre f − r

Rre f
)+1.5(

Rre f − r
Rre f

)2
)

and

∂P
∂ r

(r,L∗) =− f
(
−1

r
4πRre f α(2πr−L∗)− 1

r2 Rre f
(
1−α(2πr−L∗)2))+ PA

Rre f

(4.2r
Rre f
−5.6

)
.
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Differentiating Φ(r,L∗) w.r.t L∗, we get

∂Φ

∂L∗
(r,L∗)=


n1Ri
2P1

(
1− P

P1

)− n1
2 −1

∂P
∂L∗ , P(r,L∗)≤ 0

− (r2
imax−R2

i )n2
2P2

(
r2

imax− (r2
imax−R2

i )(1− P
P2
)−n2

)− 1
2
(

1− P
P2

)−n2−1
∂P
∂L∗ , P(r,L∗)> 0

,

(2.10)
where

P(r,L∗) = Pbase− f
Rre f (1−α(2πr−L∗)2)

r
+1.4PA

(
(
Rre f − r

Rre f
)+1.5(

Rre f − r
Rre f

)2
)

and
∂P
∂L∗

(r,L∗) =−2
f
r

Rre f α(2πr−L∗).

Differentiating Ψ(r,L∗) w.r.t r and L∗ respectively, we get

∂Ψ

∂ r
(r,L∗) = 2πβ , (2.11)

∂Ψ

∂L∗
(r,L∗) = 1−β . (2.12)

The Jacobian of the system can then be formed by

J(r,L∗) =
(

∂Φ

∂ r
∂Φ

∂L∗
∂Ψ

∂ r
∂Ψ

∂L∗

)
. (2.13)

Substituting (2.11) and (2.12) into this matrix, the Jacobian at the fixed points (r̄,2π r̄) is
then given by

J(r̄,2π r̄) =
(

∂Φ

∂ r (r̄) 0
2πβ 1−β

)
,

where

∂Φ

∂ r
(r̄)=


n1Ri
2P1

(
1− P

P1

)− n1
2 −1

∂P
∂ r (r̄), P(r̄)≤ 0

− (r2
imax−R2

i )n2
2P2

(
r2

imax− (r2
imax−R2

i )(1− P
P2
)−n2

)− 1
2
(

1− P
P2

)−n2−1
∂P
∂ r (r̄), P(r̄)> 0

,

(2.14)
where

P(r̄) = Pbase− f
Rre f

r̄
+1.4PA

(
(
Rre f − r̄

Rre f
)+1.5(

Rre f − r̄
Rre f

)2
)
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and
∂P
∂ r

(r̄) = f
Rre f

r̄2 +
PA

Rre f

(4.2r̄
Rre f
−5.6

)
.

To calculate eigenvalues: (
∂Φ

∂ r
(r̄)−λ

)
(1−β −λ ) = 0

→ λ1,2 =
∂Φ

∂ r
(r̄),1−β (2.15)

Clearly, the eigenvalues at the fixed points (r̄, L̄∗), only depend on ∂Φ

∂ r (r̄) and the parameter
β . ∂Φ

∂ r (r̄) is shown in (2.14) to be a function of only one variable, r̄, and is independent of L̄∗.
The fixed points are stable when |1−β |< 1 and | ∂Φ

∂ r (r̄)|< 1.
We have already shown above that the 1D model and 2D model have the same fixed points

r̄. Furthermore, it can be seen that | ∂Φ

∂ r (r̄)| < 1 is the condition for the fixed points in the 1D
model to be stable as ∂Φ

∂ r (r̄) is the Jacobian of this model (1.1). Therefore, we can infer here
that the 1D model and 2D model have the same equilibrium points and that the stabilities of
those equilibria are the same for both models for 0 < β < 2.

The analysis must finish at this point as it is not possible to proceed without a solution
for the fixed points. It is not possible to solve for the fixed points analytically because of the
complicated nature of the expression of the fixed points, including piecewise components and
high order exponents. This work however has produced sufficient value in characterising the
fixed points that this can be meaningfully built on with a numerical investigation.

2.3 Methodology for Producing Numerical Solutions and Discus-
sion

The previous section attempted to use an analytical approach to find the equilibria and the cor-
responding eigenvalues. In the end, it was not possible to solve explicitly for these. Therefore,
while the analysis did yield useful results in the form of defining a relationship between the
1D and 2D discrete models’ solutions, a numerical investigation was required to explore the
behaviour more deeply. In this vein, to assess the behaviour of the solutions for the 2D sys-
tem, a number of numerical simulations were executed to investigate the impact of varying
different parameters’ values. Where results were previously derived analytically, these were to
be validated using these simulations in addition to a qualitative investigation into the system’s
behaviour.

Consequently, three initial sets of simulations were executed, one to vary each of α , β and
PA to observe the effect of these parameters. Further to these simulations, two sets of additional
simulations were executed to investigate the nature of any discovered unusual behaviour and
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the effect of zeroing β . These results are intended to illustrate the behaviour of the models as a
precursor to the work in Chapter 4 in which bifurcation sets are examined.

To recreate the method used by Donovan et al. [7], every simulation started with 10 evenly
spaced, normalised r values (r/Rre f ) between 0.01mm and 1mm2. The same approach was
applied to normalised L∗ (L∗/L∗re f ). After 2000 iterations, if the solution converged to a fixed
point with a tolerance of 10−5 mm, the point was plotted alone. Otherwise, the last 200 points
were plotted.

Again, as per Donovan et al. [7], parameter values used in the simulation were Ri = 0.096
mm, rimax = 0.384 mm, P1 = 27.14 Pa, P2 = -3256.8 Pa, n1 = 1, n2 = 8, Pbase = 10 cmH2O, f0
= 15 cmH2O, PAO = 20 cmH2O, Rre f = 0.363 mm and L∗re f = 2πRre f . This made the results of
the simulation directly comparable with those produced using the 1D map approach described
in that work, which are in turn intended to simulate realistic physiological behaviour.

MATLAB code implementing the simulations described above is included in Appendix A.
The purposes and forms of these simulations are now described in detail.

2.3.1 Investigation into the Effect of α on the Solutions

Figure 2.1: Solution r, L∗ for 2D map at PA/PA0 = 0.5, β = 0.5 and α = 0 as f increases. One
stable equilibrium at zero force, becomes two stable equilibria as f increases which then return
to a single equilibrium again as f continues to increase.

2An early comparison between 10 and 100 initial values showed no difference in the solution produced. As
such, a set of 10 initial values was deemed sufficient.
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The first set of simulations was intended to investigate the effect of varying α on the sys-
tem’s behaviour. Each was executed by fixing PA, β values and varying the value of α . PA was
set to be 0.5PA0 to attempt to replicate the simpler mode of behaviour produced in the 1D model
in Donovan et al. [7], see Figure 1.1(a). β was set to be 0.5, as an intermediate value within
the stable region3 of 0 < β < 2 . α was first set to be 0 and then 0.5 in a second simulation.
The significance of the value of α = 0.5 is linked to the work of Wang et al. [18]. This value
was derived from the data shown in Figure 1.2 by fitting the quadratic in Equation (2.1) to the
data. Specifically, the adapted length, L∗, was assumed to be the length at which maximum
force was produced. At this length, L∗ = 2πr, and therefore the active force, Fa, is equal to the
reference radius, Rre f . This leaves α as the only unknown of the equation which can be solved
for using any of the observed points. This approach yielded a range of α values, within which
α = 0.5 lay. The range of values was large, suggesting that a wide variety of α values may be
considered to be physically realistic. It may also suggest that the quadratic model may be im-
proved upon by using a model that better fits all the data points. However, the quadratic model
is appealing in that it both qualitatively captures the behaviour of the muscle while providing
a satisfyingly compact relationship that can be used in analytical investigations into airway be-
haviour. Within this model α can be seen to control the sensitivity of the force produced by the
smooth muscle to length changes. It was anticipated that varying α would show that the fixed
points were not affected by this variation, as described by Equation (2.15).

Figure 2.2: Solution r, L∗ for 2D map at PA/PA0 = 0.5, β = 0.5 and α = 0.5 as f increases. Black:
Stable solutions. Blue: 3-cycle solution. One stable equilibrium at zero force, becomes two
stable equilibria as f increases, a period-three oscillation occurs approximately at f/ f0 = 0.7,
just before the stable solution with higher r value disappears.

3Otherwise all the solutions will be unstable and therefore the result would not be physically meaningful.
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The results from the first simulation, a value of α = 0, which eliminated the quadratic term
of the force-length relationship Fa, can be seen in Figure 2.1. Note that Fa = Rre f when α = 0,
see Equation (2.1). This can be seen to be the same constant force-length relationship that was
assumed in the 1D model by Donovan et al. [7]. Therefore, when this result is compared to
the results of the 1D graph, Figure 1.1(a), the normalised radius, r, is seen to be the same, as
expected due to the same force-length relationship for both models. However, as a 2D model,
there is an additional variable, adapted length, L∗, which has been produced and was not present
in the 1D model. In this instance, the normalised adapted length and normalised radius are the
same, due to the fixed points having a constant relationship between these two variables, given
by Equation (2.7). Therefore, as discussed previously, by making the force-length relationships
identical, one can expect that the stable solutions will also be identical as was the result of this
simulation.

Figure 2.3: The final 10 iterations of rn for Figure 2.2 at f/ f0 = 0.8 with various initial values
of L∗. A stable equilibrium near zero and 3-cycle solution are shown to exist at the same time.
Each of (a),(b),(c) and (d) represents the outcome of using the same 10 initial r values with one
different initial L∗ value.

When the same parameter values were used, except for an increase of α to 0.5, Fa now
includes a quadratic term, representing the force-length relationship not included in the 1D
model. In this instance, a period-3 solution is evident at higher normalised force values, see
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Figure 2.2. Examining the last ten iterations for different initial values of r and L∗ shows that
this is indeed a 3-cycle oscillation as the solutions can be seen to cycle through three values,
see Figure 2.3. Not only is the 3-cycle solution present, but r and L converge to cycle through
the same three values regardless of initial value. This 3-cycle oscillation was not evident in
the 1D model, nor in the 2D model with α = 0. As discussed in Section 2.2, the 1D and 2D
models are shown to have the same equilibrium points and their stabilities are the same. This
is demonstrated, as the stable solutions in Figures 2.1 and 2.2 are identical. However, there
are clearly new behaviours emerging that the 1D model cannot capture. It appears that this
behaviour is introduced by the non-constant force-length relationship and length adaptation.
However, what is not clear is whether this behaviour is a consequence of the iterated map
formulation, or whether this behaviour is an accurate representation of the effect of a non-
constant force-length relationship coupled with length adaptation and therefore representative
of actual airway behaviour.

2.3.2 Investigation into the Effect of β on the Solutions

Figure 2.4: Solutions for 2D map at PA/PA0 = 0.5, α = 0.5 and β = 0.9 as f increases. Black:
Stable solutions. Blue: 3-cycle solution. One stable equilibrium at zero force, becomes two
stable equilibria as f increases which then return to a single equilibrium again as f continues to
increase. A 3-cycle solution occurs at f/ f0 = 0.65.

Having examined the effect of the introduction of a non-zero α , the effect of β was next
considered. The effect of varying β was examined by fixing the values of PA, α and changing
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β . β represents the adaptation strength of the muscle, representing the extent of adapted length
change per iteration. PA was left at 0.5PA0 for the same reason as above. When α is zero,
β has no influence on the radius component of the solution as a zero α cuts the connection
between the pressure and adapted length, see Equation (2.4). The pressure is the only avenue
by which the adapted length influences the radius, leaving the adapted length to be primarily
determined by the airway radius as well. This means that an α of zero makes the model
effectively one dimensional, as little interesting and nothing of consequence can happen in
the second dimension. Therefore, to investigate the influence of β , the value of α was fixed
at 0.5 as a possible non-zero value, within the feasible region of α values suggested by an
examination of Wang et al.’s force-length curves, as discussed previously. β was initially set
to 0.9 to compare with the result of β = 0.5 produced by the simulation described in the last
section. A second value of β of 1.5 was then considered. This provided a range of β values
within the stable region to investigate a full range of possible outcomes. Based on the analytical
investigation in Section 2.2, it was anticipated that the 1D and 2D models should produce the
same equilibrium points with the same stability4, given that the other non- f parameters are held
constant. However, the appearance of other, new complex behaviour could not be predicted in
advance as there are no known analytical techniques which allow for the occurrence of this
behaviour to be forecast. The results of this investigation shall now be examined.

Figure 2.5: Solutions for 2D map at PA/PA0 = 0.5, α = 0.5 and β = 1.5 as f increases. Black
traces indicate stable solutions. Blue indicates a set of oscillatory solutions.

The simulation in Figure 2.4 considered the influence of an increase in β to 0.9. This change
resulted in no change in the fixed points, however, the location of the 3-cycle solution has

4Stable points remain stable, unstable points remain unstable.
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changed. This lack of impact of α and β on the fixed points can be predicted as the analysis
in Section 2.2 shows. On the other hand, the impact on the 3-cycle behaviour is not able to be
analytically described, as no known suitable methods exist to do so. As such, while this result
shows that β has an impact on the 3-cycle solutions, the exact impact of changing β is difficult
to predict in advance.

This unpredictability is further evident when the value of β is increased again to 1.5, see
Figure 2.5. A dramatic change is noted, in particular, one may note that the 3-cycle oscillation
has evolved to more complex behaviour in the form of even higher order oscillations. The
behaviour of a selection of the solutions from different initial values, shown in Figure 2.6,
indicates the presence of a period-16 oscillation, for example. It could be expected that a range
of behaviours exist in amongst the many solutions that appear in this high order behaviour.

Another feature of Figure 2.5 previously not seen is that the solution of L∗, extends below
the f -axis, suggesting negative values of adapted length, L∗. Such a solution, however, is not
physiologically meaningful as a negative adapted length is not physically realisable. This result
led to further simulations restricting their value of β to 0 < β < 1, which produced physically
meaningful solutions. Note that this is different from the requirement that 0 < β < 2 to ensure
equivalent stability of the solutions for the 1D and 2D maps, see Equation (2.15), however, the
imposed condition 0< β < 1 does imply that this work restricted itself to values of β necessary
for stability.

Figure 2.6: The final 40 iterations of rn and L∗n for Figure 2.5 at f/ f0 = 0.8 showing the
presence of a period-16 solution.

2.3.3 Investigation into the Effect of PA on the Solutions

Having seen that non-zero α and β introduced 3-cycle behaviours to the system, the third set
of simulations was executed fixing the values of β and α while investigating how a change
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in PA from that previously used affects the solution. PA represents the tethering force, the
force exerted on the airway, attempting to open it. α and β were both fixed at 0.5 to ensure
both parameters were impacting the result and that the result was comparable with previous
simulations. PA was set to be 0.75PA0 to compare with the chaotic solution in the 1D model [7].
One outcome that can be predicted from Section 2.2 will be that the stable fixed points remain
unchanged as well as the appearance of the period-2 oscillation. Again, the chaotic behaviour
is unpredictable.

Figure 2.7: Solutions for 2D map at α = 0.5, β = 0.5 and PA/PA0 = 0.75 as f increases. Black:
Stable solutions. Blue: Periodic and chaotic solutions. One stable solution at zero force. As f
increases, a second stable solution occurs close to zero radius r. The stable solution with the
greater r value transfers into a period-2 oscillation approximately at f/ f0 = 0.55, then period-4
and chaos as f continues increasing. A 3-cycle solution emerges at high forces.

For the 1D model, an increase of PA/PA0 to 0.75, introduced a period-doubling route to chaos,
(refer to Figure 1.1(b)). The behaviour of the 2D model with this same increase is shown in
Figure 2.7. As previously discussed, the stable solution must be identical between the 1D and
2D models, as evident from a comparison between Figures 2.7 and 1.1(b). A period-2 solution
begins at the same normalised force for both models, coincident with the end of the stable
solution. However, the value of normalised force at which the period-4 solution begins has
changed, occurring at a slightly higher normalised force for the 2D model. Furthermore, a 3-
cycle solution has been introduced in the 2D model that was not present in the 1D model. Note
that 3-cycle implies chaos in 1D iterated maps [19], and chaotic behaviour was discovered,
in previous works, to be important in airway relaxation, as discussed in Chapter 1. However,



26 CHAPTER 2. TWO-DIMENSIONAL DISCRETE MODEL FOR AIRWAY DYNAMICS

the proof that links period-3 oscillations and chaos only applies to 1D models. As such, it is
unclear whether this behaviour in the 2D model is chaotic.

2.3.4 Investigation into the Appearance of the 3-Cycle Solution

After running the last three sets of simulations, one phenomenon observed in the solutions
was the appearance of a 3-cycle solution. A set of α and β values were chosen to examine
the connection between the disappearance of the stable fixed point and the appearance of the
3-cycle solution. The values chosen for the parameters were α = 0.5, PA/PA0 = 0.5 and β

was varied starting at 0.08, then 0.09 and 0.1, respectively. This allowed for the relationship
between the start of the 3-cycle solution and the end of the stable fixed point to be explored.

Figure 2.8: Solutions for 2D map at α = 0.5 and PA/PA0 = 0.5 as β increases. Black: Stable
fixed points. Blue: 3-cycle solution. (a) (b) show the solutions r, L∗ at β = 0.08 before the
3-cycle solution occurs within this window. (c) (d) and (e) (f) pairs show the results when the
3-cycle solution just occurs and after at β = 0.09 and 0.1, respectively.

Figure 2.8 illustrates the changing value of normalised force at which the 3-cycle solution
began for different values of β . This indicates that there is no simple relationship between the
fixed points and the beginning of the 3-cycle as the 3-cycle solution does not necessarily start
at the point where the stable equilibria end. Therefore, the 3-cycle behaviour does not appear
as the result of the stable equilibria transitioning into instability. Had the 3-cycle solution
appeared at the end of the stable equilibria, then finding the bifurcation defining the end of
stable behaviour would have provided a potential means for locating the beginning of 3-cycle
behaviour analytically. Clearly, however, this was not the case. Understanding why this 3-cycle
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solution appears is anticipated to be important to the use, interpretation and refinement of the
2D model going forwards as discussed in Chapter 5. To date, there is no explanation as to why
this 3-cycle solution is produced. As such, this is a significant result and a clear and important
difference between the 1D and 2D models’ solutions.

2.3.5 Solutions at β = 0

It was noted that for certain values of β , as β increases, that the solution stopped being phys-
ically meaningful due to the presence of negative values of L∗. To further investigate other
non-physically meaningful values of β , β = 0, which is outside of its stable region, was con-
sidered. Two sets of simulations were run with β = 0, each with different initial values of L∗,
specifically: 1L∗re f and 1.8L∗re f . For both simulations, the values of α and PA/PA0 were chosen
to be 0.1 and 0.5, respectively.

Figure 2.9: Solutions for 2D map at α = 0.1, β = 0 and PA/PA0 = 0.5, L∗0/L∗re f = 1. One
stable solution occurs at zero force, a second stable solution occurs as f increases. The stable
solution with the greater radius r becomes a period-2 solution at f/ f0 ≈ 0.65 followed by a
period-doubling cascade. L∗ remains constant.

A value of α = 0 simplifies the model to the 1D model. In contrast, a value of β = 0 is not
physically sensible, implying that the adapted length is constant, something unsupported by
empirical studies of airway smooth muscle and also undermining the intention behind the sec-
ond dimension in the 2D model. However, β represents the magnitude of adaptation between
iterations. If adaptation is slow, as is the case, then a value of β = 0, or at least a very small
β for which β = 0 is a limiting case, may have more realism than a cursory look may imply.
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The result of this investigation is shown in Figures 2.9 and 2.10, where two different initial
adapted lengths were considered. One can note that the behaviour of the normalised radius,
r, has become highly sensitive to the initial value of L∗. As such, a value of β = 0 produces
unpredictable results, highly dependent on the initial choice of L∗. That this would be so is
evident from an examination of the relationship between r and L∗, see Equation (2.4). When
β = 0, L∗ becomes constant, meaning that the value of rn+1 depends only on the value of rn

and the initial L∗. A non-zero β allows for length adaptation, which minimises the influence of
the initial values. Conversely, a value of β = 0 removes length adaptation from the model, re-
moving the behaviour that the second dimension was explicitly added to represent. This result
highlights the need to ensure that the parameters used in the model are physically meaningful
to ensure that the results are representative of real airways’ behaviour.

Figure 2.10: Solutions for 2D map at α = 0.1, β = 0 and PA/PA0 = 0.5, L∗0/L∗re f = 1.8. One
stable solution approximately between f/ f0 = 0 and 0.75 becomes a period-2 oscillation as
force increases. L∗ remains constant.

Before moving on from this result, it is worth noting the significance of this result in re-
lation to the 1D iterated map. As noted previously, the 1D model cannot incorporate length
adaptation. Therefore, the 1D model is equivalent to the 2D model with β = 0. Hence, the
preceding analysis gives insight into what the effect of a non-constant force-length relationship
may be within the framework of the 1D model. One can expect that the result would become
highly dependent on the initial conditions if the force produced by the muscle was linked to the
airway radius.
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2.4 Closing Remarks

The analytical and numerical investigations into the behaviour of a 2D discrete model that
contains a quadratic force-length relationship has revealed that such a 2D model maintains
most of the characteristics of a 1D model with a constant force-length relationship. Specifically,
the fixed points and their stability are identical. However, the 2D model introduces a 3-cycle
solution which does not exist in the 1D model. Furthermore, the appearance of this 3-cycle
oscillation is not linked to the end of an existing stable fixed point.

These results suggest that the existing 1-D model may not capture some of the more com-
plex behaviours of the airway and airway smooth muscle system that arise when the links
between these two systems’ dynamics are coupled.

The extension to a 2D continuous model will be discussed in the next chapter.
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Chapter 3

Two-Dimensional System of ODEs for
Airway Dynamics

In the last chapter, a two-dimensional discrete model was developed from an existing one-
dimensional discrete model. This new model was then investigated using both analytical and
numerical methods. However, as discussed, such an approach has inherent limitations in that
a discrete model cannot fully describe the dynamics of human physiology as the behaviour of
muscle evolves in continuous time, it does not iterate across discrete time intervals.

If one considers the discrete model to be a discrete representation of the steady state re-
sponse of an underlying continuous model, one can attempt to recreate this continuous model
from the discrete model using a first order approximation to the derivative to produce a system
of ODEs.

This chapter will begin by extending the 2D discrete model (2.5) into a system of ODEs.
Then, an analytical method is used to investigate the solutions of those ODEs. The result of
this analysis is then presented, showing that this system of ODEs has the same fixed points as
the 2D discrete model but that the stability is slightly altered. Before concluding, the phase
plane of this model was examined, showing that there is no evidence of complex behaviour,
such as periodic solutions or chaos in this model.

3.1 Introducing the System of ODEs

When one considers the pre-existing models for airway behaviour, a common feature of the
previously used models is that such models are inherently static models. That is, these models
contain no real sense of time or attempt to model the transient behaviour of the airways. For
example, if one considers the model of Donovon et al. [7], then one can see that airway radius
is a function of transmural pressure and tethering force is a function of airway radius. There
is no sense of time in the underlying equations for the behaviour. Instead, the static model is
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assumed to balance and therefore, the process of iterating mimics the progress through time of
the system as it attempts to equilibriate. Indeed, if one considers the models of Lambert [10]
and Lai-Fook [15], then there is no sense of time present in these models. It is therefore
unsurprising that most modern works incorporating and building on these models also lack
time and are inherently static [14, 16, 17].

As mentioned, the 2D iterated map was developed for modelling the behaviour of airway
smooth muscle, incorporating a non-constant force-length relationship in discrete time. Time
is included explicitly in this model, forming a component of β . However, its inclusion as part
of β is only intended to represent the timescale of the length adaptation process, β itself has
no unit of time. It is clear that the behaviour of real airways evolves in continuous time. The
static models represent a final, steady state for the airway system. A real system requires an
evolution to steady state, therefore, there must exist a corresponding continuous system with
a steady state corresponding to the static models. Seen in this light, the newly developed 2D
iterated map can be seen to be a discretisation of the corresponding continuous system.

In order to recreate the continuous model, of which the 2D model is a discrete version, one
can make use of an approach similar to Euler’s method. Specifically, one may attempt to expand
the 2D discrete model (2.5) into a continuous model by converting the discrete model into a
system of ODEs through the approximation of the derivatives of L and r as being proportional
to the difference between neighbouring elements. When using such an approach to produce the
ODE for r, this can be expressed as:

ṙ = ρ(Φ(r,L∗)− r) (3.1)

where parameter ρ determines the timescale and Φ(r,L∗) is taken from Equation (2.5). As per
the argument laid out as to why δ must be positive in Chapter 2 (see Equation (2.2)), ρ must
also be positive so that (r̄, L̄∗), the equilibria of the 2D discrete model, is a stable fixed point of
Equation (3.1).

A continuous equation for L̇∗ was originally formulated in Equation (2.2), therefore this
original formulation, and not the subsequent discretisation, is used directly to define the deriva-
tive of L∗.

The continuous model can thus be formed:{
ṙ = ρ(Φ(r,L∗)− r),
L̇∗ = δ (2πr−L∗).

(3.2)

Note that this has transformed the 2D iterated map into a system of two ODEs. Further-
more, consider these expressions in the context of the static airway models, the fixed points of
these models are given in Equations (2.6) and (2.7). These expressions for the fixed points are
directly equivalent to the above ODEs when the derivatives are zero.

Having developed a continuous model for airway smooth muscle behaviour, the next two
sections examine the behaviour of this model using both analytical and numerical methods.
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3.2 Investigating the Analytical Solutions of the ODE Model

To examine the behaviour of this new model, first we try to investigate the analytical solutions
of the system by examining the equilibria and the corresponding eigenvalues [19]. As discussed
in Chapter 2, this approach allows for the behaviour of the system near the equilibria to be
investigated without the need to solve the complete system, which can be infeasibly difficult to
solve analytically, as in this instance where the system is highly nonlinear.

The equilibrium solutions are the solutions to ṙ = 0 and L̇∗ = 0 from Equation (3.2). This
implies that the solutions are given by Φ(r,L∗) = r and 2πr = L∗. ρ and δ are not contained in
the solutions. Note that this is identical to the solutions (r̄, L̄∗) (Equation (2.7)) of the 2D dis-
crete model (Equation (2.5)). This is because the conditions for finding equilibria are identical
for both models. The derivative of the continuous model, approximated using the difference be-
tween adjacent discrete iterations, must be zero. In the discrete model, the difference between
adjacent discrete values must be zero also. Therefore, because the derivative in the continuous
model is taken directly from the discrete version, the two derivatives are identical and so are
the equilibria.

As per Chapter 2, the first step in characterising the behaviour near equilibria is to form the
Jacobian of the system (3.2), which can be expressed as

J(r,L∗) =
(

ρ( ∂Φ

∂ r (r,L
∗)−1) ρ

∂Φ

∂L∗ (r,L
∗)

2πδ −δ

)
.

where ∂Φ

∂ r (r,L
∗) and ∂Φ

∂L∗ (r,L
∗) are given by Equations (2.9) and (2.10).

Substituting the equilibria (r̄,2π r̄) into the Jacobian, we get

J(r̄,2π r̄) =
(

ρ( ∂Φ

∂ r (r̄)−1) 0
2πδ −δ

)
.

where ∂Φ

∂ r (r̄) is the same as Equation (2.14) from the 2D discrete model.
The eigenvalues are then given by

λ1,2 = ρ

(
∂Φ

∂ r
(r̄)−1

)
,−δ .

Note that as complex eigenvalues come in conjugate pairs, and as one of the two eigenval-
ues, δ , is defined to be real, then the other eigenvalue must also be real. This implies ∂Φ

∂ r (r̄) is
also real, as expected given that Φ is a real function of a positive real variable. As such, a Hopf
bifurcation cannot be present from this equilibrium.

The condition for the fixed points of this system of ODEs to be stable is that both eigenval-
ues are negative. This implies:

∂Φ

∂ r
(r̄)< 1,
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for all ρ > 0,δ > 0.

By contrast, in Section 2.2, the stable interval for the 2D discrete model is derived to be
−1 < ∂Φ

∂ r (r̄)< 1 for 0 < β < 2. Therefore, by expanding the 2D discrete model into a system
of two ODEs, the same equilibrium points are maintained, however, some of the unstable
equilibria in the discrete model become stable in the ODE model for all ρ > 0,δ > 0 and
0 < β < 2. In both models, the parameter α does not play a role in either equilibrium points or
their stability condition. It should be remembered that α encodes information about the slope of
the force-length relationship. This implies that the extent to which the force changes as a result
of length change does not affect the natural equilibrium state of the airway. This should be
intuitive as there should be no length change at equilibria, therefore, length adaptation should
be expected to play no part once in equilibrium. Furthermore, noting that α does not affect the
stability, an α of 0, corresponding to a constant force-length relationship, will also have the
same equilibria. However, this does not imply that the route to the stable point is unchanged as
a result, only that the steady state will be the same.

Similar to the 2D discrete model, it is not possible to analytically classify the equilibria as
it is not possible to explicitly derive the equilibria. Therefore, while this analysis has yielded
useful insights into the behaviour of the system near the equilibria, for a fuller understanding of
the behaviour of this system, the next section will examine a numerical analysis for this ODE
model.

3.3 Numerical Approach for Examining the System of ODEs

For a two-dimensional system of ODEs, the behaviour of solutions can be visualized in the
phase plane [19]. In this investigation, a software package called XPP [22] was used to plot
the phase plane along with some trajectories of the system given varied initial conditions. Two
sets of phase planes were considered with two different PA values: 0.5PA0 and 0.75PA0. These
values were considered to enable the results to be directly compared to those produced by the
2D discrete model considered in Chapter 2.

Parameter values used to plot the phase plane were taken from Donovan et al. [7]: Ri =
0.096 mm, rimax = 0.384 mm, n1 = 1, n2 = 8, f0 = 15 cmH2O, PAO = 20 cmH2O, P1 = 0.27525
cmH2O, P2 = -33.0304 cmH2O, Pbase = 10 cmH2O, Rre f = 0.363 mm and L∗re f = 2πRre f , again,
as per the previous chapter. δ and ρ are chosen to have a value of 1, so that, as discussed in
Section 3.2, they play no part in determining the equilibria. Furthermore, these quantities only
affect the stabilities of the equilibria when they change from positive to negative, at which point
neither δ nor ρ is physically meaningful. α is set to be a value of 0.5. XPP code is provided in
Appendix B.
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3.3.1 Results and Discussion

In Chapter 1, it was noted that one of the primary features of the 1D iterated map was that
this model could produce oscillations in a way not previously uncovered. Furthermore, in
Chapter 2, the newly created 2D iterated map was shown to produce not only period-doubling
oscillations to chaos, but also period-3 oscillations. Again, this was a new development. It was
therefore natural to investigate whether the ODE system would be the first continuous model
to produce this behaviour in a single airway, or whether this behaviour would be limited to
the discrete models. The phase planes of the ODE system, see Figures 3.1 and 3.2, do not
exhibit the chaotic behaviour and periodic solutions that were uncovered in the 2D discrete
model, from which the ODE system was derived. The absence of chaotic behaviour could be
anticipated, as no 2D continuous-time system can produce chaotic behaviour by the Poincaré-
Bendixson Theorem [19].

Figure 3.1: Phase Planes for the system of ODEs at PA/PA0 = 0.5. (a),(b),(c) and (d) show the
phase planes at different f values. Red lines represent the r-nullclines. Black lines represent
the L∗-nullclines. Equilibria occur where r-nullclines and L∗-nullclines intersect. Blue lines
are the sample solution trajectories. (a) shows one stable equilibrium. (b) and (c) show three
equilibria: one stable near origin, one unstable just above the origin and another stable one at a
higher coordinate. (d) shows one stable equilibrium near the origin.

No periodic orbits are in evidence. However, it is possible to be more rigorous in seeking
out periodic behaviour than simply looking for orbits. If one attempts to apply the Poincaré-
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Bendixson Theorem [19], which requires the identification of a closed, bounded domain con-
taining no stationary solutions, then one can find no such domain such that a trajectory enters
that domain and does not leave. Therefore, the Poincaré-Bendixson Theorem provides no evi-
dence of a periodic orbit. On the other hand, if one considers the Poincaré Index [19], then in
order to be a closed orbit, the orbit must contain either a single sink, source or centre, or it must
contain an odd number of stationary solutions of which half rounded down must be saddles and
the remaining must be sinks or sources. It is clearly possible to draw closed curves around such
collections of equilibria points. However, this does not imply that a periodic orbit exists for
that curve, only that such an orbit is feasible. As such, it provides no evidence against periodic
orbits overall, however, it also provides no evidence for periodic orbits, only that a necessary
condition for their existence is met. Thus, while it is possible to be certain that Hopf bifurca-
tions at the equilibria of the system do not exist as the corresponding eigenvalues are certain
to be real, it is not possible to be similarly certain in suggesting that periodic solutions do not
exist. However, it should be noted that best efforts to date have not located them, or found
evidence of their existence, suggesting that they are unlikely to be found. Further evidence of
the absence of Hopf bifurcations can be found in Chapter 4.

Figure 3.2: Phase Planes for the system of ODEs at PA/PA0 = 0.75. (a),(b),(c) and (d) show the
phase planes at different f values. Red lines represent the r-nullclines. Black lines represent
the L∗-nullclines. Equilibria occur where r-nullclines and L∗-nullclines intersect. Blue lines
are the sample solution trajectories.
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The phase planes also reveal that there are no significant differences between the dynamics
at PA/PA0 = 0.5 and PA/PA0 = 0.75, where the differences were obvious in the two iterated
map models . In both sets of graphs, there is one stable equilibrium when the exerted force f is
close to zero, representing an open airway state at the beginning of the force. As f increases,
two more equilibria occur: one stable equilibrium near the origin and one unstable equilibrium
between the two stable ones. While the unstable equilibrium does not have significant physical
meaning, the two stable equilibria show that both closed and open airway states exist: the
equilibrium near the origin represents a closed state and the equilibrium with greater r and L∗

values represent an open state. The stable and the unstable equilibria that are not close to the
origin slowly approach one another as f continues to increase. Eventually both vanish when
they meet, somewhere between f/ f0 = 0.7 and 1, at which only the equilibrium near the origin
is retained.

This result shows that this model of ODEs finds the previously known airway states: open,
bistable and closed states, but loses the chaotic and periodic behaviour that is found in both the
1D and 2D iterated maps. This could suggest that the chaotic and periodic behaviour discovered
in the 1D map by Donovan et al. [7] is an artifact of the discretisation of time present in that
model, or, it may suggest that the simple means for forming an ODE model used in this thesis is
not appropriate. Unfortunately, in the absence of experimental data, it is difficult to determine
which case is correct or even more likely. This highlights the need for future measurements to
validate the models, however, obtaining such measurements may prove to be very challenging
while maintaining realistic behaviour.

3.4 Closing Remarks

In this chapter, a means for recovering a system of continuous time ODEs from the discrete
2D iterated model was investigated. An examination of this system of ODEs has yielded the
observation that while much of the behaviour remains unchanged, the oscillatory and chaotic
behaviour first discovered in Donovan et al.’s model [7] and also present in the discrete 2D
model has vanished. This raises the question as to whether this behaviour is fundamentally
produced by the system or an artifact of the iterative process in the discrete models.

While a definitive answer will rely on empirically derived observations of airway be-
haviour, the next chapter will examine in greater detail the emergence of the oscillatory and
chaotic behaviour in the discrete models as well as the stable behaviour of all three models.
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Chapter 4

Comparison of the Three Models

In the last three chapters, three models used to analyse airway dynamics were introduced: an
existing 1D discrete model that does not include a force-length relationship, a 2D discrete
model with a non-constant force-length relationship and length adaptation, and a 2D ODE
model that was developed from the 2D discrete model. All three models show some similar be-
haviours, for example, they all have the previously known states: open, bistable and closed. But
each of the three models also have their own distinct behaviours such as a 3-cycle oscillation
for the 2D discrete model and no periodic or chaotic solutions for the 2D ODE model.

In the analysis in the previous chapters the behaviour of the system was examined for a
chosen set of parameter values. As such, the solutions were examined directly with changing
applied force. While the selection of parameters was based on existing works within the lit-
erature and therefore well-founded, a broader examination of the behaviour of the models is
useful in understanding the operation of these models. In this chapter, the behaviours of the
three models are further examined using the technique of bifurcation sets to obtain this broader
perspective on the models’ behaviour. Such an approach is also compatible with the study
undertaken by Donovan et al. [7].

4.1 Bifurcation Set for the 2D Discrete model

It has been shown in the previous chapters that the 1D discrete, 2D discrete and 2D continuous
models all have the airway open, bistable and closed behaviours. Furthermore, the equilibria
are identical for the three models given the same force f and tethering coefficient PA. The
differences between these three models are the periodic and chaotic states. In the interest of
examining how the solutions change with different parameter values, one approach to exam-
ining the changing nature of the solutions is to look at bifurcation sets. These diagrams map
the boundaries of the different behavioural states within the parameter space of the model. It
should be noted that the ODE model has a more limited range of behaviours than its discrete
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counterparts, and so the discussion of this model’s boundaries will be comparatively brief. In
contrast, the iterated approaches and their associated complex behaviours require more discus-
sion. In this section, two bifurcation sets for the 2D iterated map will be examined, available
for direct comparison with a similar representation of the 1D model.

4.1.1 Methodology

4.1.1.1 Period-Doubling Bifurcation

To produce bifurcation sets to describe the behaviour of the 1D and 2D discrete models re-
quired a solution for the boundaries of the different qualitative behaviours of the models. The
boundaries of the previously known behaviours, (open, closed and bistable), are not of especial
interest as it was shown in Chapter 2 that the regions in which these behaviours occur are un-
changed between the two models. Specifically, it was shown that, as α and β have no influence
on the fixed points and their stability (for 0 < β < 2 and all α), which implies that the regions
for open, closed and bistable states are the same. On the other hand, one boundary of particular
interest in these models is the boundary at which the bistable state transitions into the period-
2 oscillations, first uncovered in the 1D model by Donovan et al. [7]. Particular attention is
owed to this boundary as this represents previously unknown behaviour and therefore warrants
further exploration. Furthermore, this boundary has been previously known to precede period-
doubling oscillations leading to chaos. As such, it marks the beginning of the appearance of
increasingly complex oscillatory behaviour. It is also therefore convenient that this boundary
is the more straight forward to solve for in comparison with the boundaries associated with
higher order oscillations.

In order to find the boundary, one first requires either an expression for the boundary, or,
ample computing resources to fully sample the space to define the boundary. Fortunately, when
attempting to find the boundary between bistable and period-2 oscillations, the coordinates of
this boundary can be defined by three functions, which shall now be derived.

A period-doubling bifurcation occurs when the map has an equilibrium for which its Ja-
cobian matrix has a simple eigenvalue of −1, (as, for a completely linear system, this implies
xn+1 = −xn) [19]. In Chapter 2, the equilibrium points r̄ and L̄∗ were shown to be given by
two expressions, see Equation (2.6). Furthermore, the expression for the Jacobian of the system
was also derived (2.13). Substituting an eigenvalue of -1 into the expression for the eigenvalues
of the Jacobian produces the following condition on the parameters to obtain the appropriate
eigenvalue: (

∂Φ

∂ r
+1
)(

∂Ψ

∂L∗
+1
)
− ∂Φ

∂L∗
∂Ψ

∂ r
= 0 (4.1)

Combining the two expressions for the solution of the fixed points with the expression
(4.1) for the Jacobian of the system with an eigenvalue of -1 gives a set of three equations
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which define the position of the period-doubling boundary:
r̄ = Φ(r̄, L̄∗)
L̄∗ = Ψ(r̄, L̄∗)(

∂Φ

∂ r (r̄, L̄
∗)+1

)(
∂Ψ

∂L∗ (r̄, L̄
∗)+1

)
− ∂Φ

∂L∗ (r̄, L̄
∗) ∂Ψ

∂ r (r̄, L̄
∗) = 0

(4.2)

Therefore the boundary of interest is defined by the combination of parameters that meet
the requirements of being a fixed point while also producing an eigenvalue of −1. However,
there are only three expressions above, while there are two unknown variables, r̄ and L̄∗, and
four unknown parameters, α , β , PA and f , for a total of six unknown quantities to be solved
for.

This study focused on the position of the boundary with respect to the four parameters of
the system, α , β , PA and f . These parameters represent the inherent properties of the airway
and thus give insights into how physical differences in airways affect the behaviour of those
airways. Conversely, r̄ and L̄∗ are transient properties of the system and have limited value in
explaining, for example, why one individual suffers breathing difficulties compared to another
due to physical airway differences. As a result, the boundary was not considered with respect
to r̄ and L̄∗, which reduced the dimension of the space in which the boundary was sought.

Charting the position of a boundary in four dimensional space is not trivial, however, it
was possible to meaningfully explore this boundary in two three-dimensional spaces with axes
of ( f , PA, β ) and ( f , PA, α). To understand why two 3-dimensional representations of the
boundary are sufficient to fully describe the boundary, one needs to reintroduce some of the
results obtained in Chapter 2. First, considering α , it can be seen that the position of the
boundary is unvarying with respect to α . As was discussed in Chapter 2, α is not involved
in the equilibria solutions nor with the eigenvalues of the linear map at the equilibria, as the
condition at the equilibria, L̄∗ = 2π r̄, eliminates α from these expressions. Therefore, the
position of the boundary with respect to f , PA and β is completely independent of the value of
α and so a plot of the boundary in the space spanned by f , PA and β will be exactly the same
regardless of the value of α used. A value of α = 0.5 was used in this study for the plot with
axes of f , PA and β due to this value being physically realistic, as discussed in Chapter 2.

On the other hand, the parameter β is also not involved in the equilibria solutions and does
not impact their stabilities within its physical range (0,1). This is because β , like α , is not
included in the expression for the equilibrium points. Unlike α , β does form part of the ex-
pression for the eigenvalues, see (2.15). However, when limited to lying within its physical
range, the value of β does not change the stability of the equilibria as the corresponding eigen-
value is limited to between -1 and 1. Therefore, the boundary can also be anticipated to be
unchanging with respect to β , such that a plot of the boundary in the space spanned by f , PA

and α will be exactly the same regardless of the value of β used within its physical range. A
value of β = 0.5 was used in this study for the plot with axes of f , PA and α , chosen arbitrarily
as this value was used in previous chapters and as the value lies within its physical range.
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Consequently, while one could consider 3-dimensional plots of boundary positions with
respect to all possible combinations of three parameters (a triplet) taken from the set of four
parameters, any triplets including both β and α should be expected to be flat planes wholly
dependent on the value of the third parameter and also would vary as the fourth unplotted,
fixed parameter was changed. Thus, such plots would add nothing to the understanding of the
behaviour of the system. In addition, one can expect that the plot of the boundary with respect
to f , PA and α would appear identical to that of the plot of the boundary with respect to f ,
PA and β . Having settled on the parameters to use to visualise the boundary, one must now
consider how the boundary will, in fact, be determined.

To solve for the boundary, first, it must be reiterated that the system has three equations
defining the boundary and six unknown values. Therefore, it is clearly not possible to solve
for the exact boundary position with respect to all six unknown values. However, if one spec-
ifies three of the values in advance, then one can solve for the remaining three quantities. By
sampling the three ‘specified’ quantities over an appropriate grid, one can solve for the three
unknown quantities and build a picture of the boundary.

As the boundary is assumed to be smooth and continuous1, the technique of numerical
continuation [20] could be employed to solve for the position of the boundary. Specifically, a
technique known as naive continuation could be used to incorporate the position of fragments
of the boundary that were already known into the process for finding the complete boundary.
This technique uses the solution at adjacent positions in the parameter space as the initial
estimate for the solution at the currently considered position in parameter space. As such, the
technique allows for solutions to be built on already obtained solutions, expanding out across
the parameter space from an initial, known solution without any need to further predict the
course of the boundary. The first step, therefore, is to choose which three parameters are to be
specified and which are to be solved for.

For a given triple, in order to ensure that the information about the boundary suitably covers
the entire region of interest, it is neccessary that two of the axes are sampled appropriately over
the area of interest and that the third axis has its value solved for. This means that two of the
unknown values that are solved for must be values that are not shown on the axes. Furthermore,
one value that is not plotted must be explicitly specified to a single value. Therefore, the choice
is as to which should be specified, which should be gridded and which should be solved, subject
to the above constraints. Again, the two sets of axes consist of ( f , PA, β ) and( f , PA, α), so, for
example, in the first instance two of f , PA and β must be gridded, one must be solved for and
two of r, L∗ and α must be solved for, while one must be specified as a single value.

As previously mentioned, r and L∗ are transient features of the airway. It makes little sense
to lock either at a single value. On the other hand, both α and β are airway properties, which

1This assumption arose from the fact that Donovan et al. [7] produced a smooth, continuous boundary in the 1D
discrete model. Furthermore, α and β as discussed do not affect this boundary and therefore was not expected to
affect its smoothness or continuity.
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could be expected to be constant. Therefore, for both sets, r and L∗ are to be solved for and
the third unknown value, α for the first set, β in the second, must be fixed at a single value,
preferably one meaningful and realistic for airways. Thus, the only decision is as to which of
the triple to be displayed is to be solved for and which are to be varied deterministically.

It is naturally easier to solve for the boundary for a given set of predefined quantities if
only one solution will satisfy the conditions. That is, if the boundary is a surface that does not
fold back on itself, then any solution for a given set of ‘specified’ quantities is the only solution
and no additional solutions need to be explored for that parameter combination. To illustrate
this, in the work of Donovan et al. [7], it can be seen that the boundary is a function with
respect to the normalised force, f/ f0, that is, there is only one value of tethering coefficient
corresponding to each value of normalised force. On the other hand, there are multiple values
of normalised force on the boundary that correspond to a given normalised tethering coefficient,
hence the boundary is not a function with respect to this parameter. As such, it would simplify
the process of finding this boundary if one specifies a grid of values of f/ f0 and solves for the
tethering coefficient to produce the boundary, requiring one solution per grid value, rather than
the other way around. Thus, it is preferable to specify values for those parameters that have a
one-to-one relationship with the boundary.

As mentioned above, the work of Donovan et al. [7] indicates that the normalised force
has a one-to-one relationship with the boundary, therefore, it is sensible to consider normalised
force as a candidate to be specified rather than solved for. Similarly, α (or β ), due to their
lack of impact on the boundary, could be expected to not change the one to one nature of the
relationship between the force and the boundary. Therefore, in the first set, β was varied in pre-
defined steps, while in the second, α was varied in predefined steps, in addition to normalised
f in both.

Hence, in each of the plots, one parameter was fixed and two were varied in predefined steps
leaving three unknowns to be solved using the three equations for the boundary. To solve these
equations, the ‘fsolve’ function within MATLAB was employed. This function requires an
initial estimate of the solution. In order to provide this initial estimate for a particular selection
of the fixed parameters, the solution for an already solved neighbouring point on the grid was
used as this initial estimate. Such an approach could be used for all points aside from the first,
at which time no previous solutions existed. To produce the initial estimate for the first point to
be solved for, the approach used leveraged off the knowledge gained in the previous chapters
about the location of this boundary for a given set of parameters. Specifically, if one examines
the solution when α = 0.5, β = 0.5, PA/PA0 = 0.75, see Figure 2.7, then one can, through visual
inspection, determine that the approximate values at which the period-2 oscillations begin are
f/ f0 = 0.55, r/Rre f = 0.84, L/Lre f = 0.84. This coordinate point provides an initial estimate
of a single point on the boundary between bistable and period-2 behaviour in the 2D model.
This was used as the starting point on the grid and was refined using ‘fsolve’. From this single
point, the position of the boundary at neighbouring grid points could be determined and so on
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until the boundary was fully located over the grid.
To find the location of the boundary in the plot of f , PA and β , α was fixed to be 0.5, β

was varied between 0.01 and 1.01 with stepsize 0.01, f/ f0 was varied between 0 and 1 with
stepsize 0.01 and PA/PA0, r and L∗ were solved for (although r and L∗ are not represented in the
graph for the reasons given above). Conversely, when the boundary was located in the plot of
( f , PA, α), β was fixed to be 0.5, α and f/ f0 were varied between 0 and 1 with stepsize 0.01.

The graphs produced from this process are presented in Section 4.1.2.1.
MATLAB code is provided in Appendix C.

4.1.1.2 Three-Cycle Bifurcation

As shown in Chapter 2, unlike period-2 oscillations, the 3-cycle solutions are impacted by
both parameters, α and β . Unlike the period-doubling bifurcation, there is not a well-defined
formula to calculate the critical points at where 3-cycle happens. As a result, in order to find
the position of the boundary of 3-cycle bifurcation, the boundary was discovered directly from
computer simulations. Specifically, by executing multiple simulations with different combi-
nations of parameter and initial variable values, the combination of values at which period-3
oscillations began to appear could be recorded and this record used to build a complete pic-
ture of the boundary. Such a process is computationally intensive, but effective at finding the
boundary in the absence of a set of expressions that define its position. The precise details of
how the boundary was explored are detailed below.

There are four parameters that define the position of the 3-cycle boundary, α , β , f and PA.
As mentioned with respect to the period-2 solution boundary, it is difficult to visualise or dis-
play such a boundary in four dimensional space. Therefore, similar to the approach used previ-
ously, the boundary was examined in a series of three dimensional subspaces. However, unlike
the period-2 boundary, there is no obvious choice as to the best combinations of parameters
for meaningfully exploring the boundary. Due to the computational demands of considering
a single triple it was not feasible to consider all possble combinations of parameters. Instead,
only two parameter spaces were considered, the first with parameters α , β and f . The second
considered parameters PA, β and f .

It is worthwhile explaining why these two parameter sets, in particular, were considered.
In choosing a particular parameter set, it was important that the set would have some meaning
to real airway behaviour. As such, f is included in both sets of triples, as the force produced
by the airway smooth muscle is of paramount interest in studying the behaviour of airways.
This left α , β and PA as candidates for exclusion. Both α and β influence the appearance
of 3-cycle oscillations, as seen in Chapter 2, and both relate to the airway smooth muscle
dynamics, central to this thesis. Therefore, excluding one and then the other in turn would
not allow for the effect of the muscle’s behaviour to be appropriately investigated. Instead,
the first triple eliminated PA. By fixing the value at PA = 0 for the first triple, the effect of the
tethering coefficient was removed and the Lai-Fook component of the model was eliminated.
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This allowed for an examination into whether the 3-cycle oscillations were due to the presence
of this component or whether, perhaps, these oscillations might arise, for example, from the
iterative process in the map.

The second triple, (PA, β , f ), eliminated α . The reason that α was eliminated rather than
β is that an understanding of physically realistic values of α has been built based on the work
of Wang et al. [18] and the investigation in Chapter 2. Therefore, α could be set to a single
physically realistic value of 0.6 without compromising the validity of the analysis. In contrast,
there is no empirical data to guide the selection of β .

In the first experiment, α was set between 0 and 1 with stepsize 0.01. f/ f0 was set between
0 and 1.5 with setpsize 0.015. β was set between 0.01 and 1.01 with stepsize 0.01. Note that
β = 0 was excluded from the range considered as this circumstance causes the system to be
highly sensitive to the initial conditions as discussed in Chapter 2.

Ten evenly spaced values between 0.01 and 1 for each r and L∗ were used as initial values.
For each α and β coordinate on the parameter space, the first f value at which the 3-cycle
began was recorded as a boundary location. A 3-cycle solution was detected when the last four
successive iterations of the 2000 iterations executed met the following conditions:

1. The first and fourth iterations produced values of either r or L∗ that were within 10−5 of
one another.

2. Any other pair within those four iterations produced values of either r or L∗ that were
different by more than 10−5.

Unlike for the period-2 circumstance, it could not be guaranteed that the boundary would
not fold back on itself, and therefore there may exist multiple boundary points for a given
combination of α and β . Therefore, it was important to ensure that the complete boundary
was discovered. In order to achieve this, in addition to using pairs of α and β and finding the
lowest f corresponding to 3-cycle, pairs of β and f were considered with the lowest value of
α that produced 3-cycle oscillations being recorded as a boundary point as well. After both
sets of pairs were considered and the two sets of boundary points combined, the boundary was
defined. This boundary could, after being found for all α , β combinations, be displayed as a
surface.

A similar process was used to produce the boundary surface with respect to f , β and PA. A
value of α = 0.6 was used, as discussed above. PA/PA0 was set between 0 and 1 with stepsize
0.01. f/ f0 was set between 0 and 1.5 with setpsize 0.015. β was set between 0.01 and 1.01
with stepsize 0.01. It was determined that only one pair was necessary to find the boundary
and so determine the lowest f value to produce 3-cycle solutions for a given β and PA pair.

MATLAB code is provided in Appendix D.
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4.1.2 Results

4.1.2.1 Period-Doubling Bifurcation

The bifurcation boundary signifying the beginning of period-doubling oscillations for the 1D
map and the different combinations of parameters for the 2D map are shown in Figure 4.1. If
one considers the boundary in the 1D map, Figure 4.1 (a) and compares this to the boundary
produced by the 2D map in Figure 4.1 (b) and (c), then one can see that, as predicted, α and
β have not influenced the position of the boundary, nor is the boundary changed with respect
to normalised smooth muscle force f/ f0 and tethering coefficient PA. This implies that the
force-length relationship has minimal significance in determining the incidence of period-2
oscillations. Indeed, this result suggests that if the period-2 oscillation boundary is of primary
interest, the 1D model may be sufficient to investigate this phenomenon.

Figure 4.1: Period-doubling bifurcations, note these appear independent of α and β . (a): 2D
bifurcation set for the 1D airway map. (b) : 3D bifurcation set for the 2D airway map at
α = 0.5. (c) : 3D bifurcation set for the 2D airway map at β = 0.5.

It should be noted that β only affects the occurence of period-2 oscillations when β is
pushed outside of the physically meaningful region, shown analytically in Chapter 2. β can be
considered to represent the strength of adaptation, which influences how quickly length adapta-
tion occurs over iterations. While β includes a timestep component and a rate component, see
Equation (2.3), by combining these together, the sense of time is removed from β . β instead
represents adapted length change per iteration. As an iteration has no clear physical interpreta-
tion, the result that β has little influence on the beginning of period-2 oscillations suggests that
model is relatively robust to the time scale used. Note that if the discrete model was a simple
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Euler’s method approximation to the continuous model that one would expect that the solution
would become unstable if the stepsize became too large. However, the discrete model is not a
simple Euler’s approximation and therefore the above result shows that this is not a concern.

Ultimately, however, these results provide no different behaviour between the 1D map and
the 2D map. The next results to be examined, the period-3 behaviour, is a kind of behaviour
already determined to be a point of difference between the 1D and 2D maps.

4.1.2.2 Three-Cycle Bifurcation

The solution producing the boundary surface for the 3-cycle solutions of the 2D discrete model
with PA = 0 and α = 0.6, are shown in Figure 4.2 and 4.3, respectively. Note that the bifurcation
set indicates the transition between no 3-cycle to 3-cycle behaviour. The labels indicate which
side of the bifurcation is which, they do not indicate that all of the region on the 3-cycle side
produces 3-cycle behaviour. That is, the end of 3-cycle behaviour on the 3-cycle side of the
bifurcation is not indicated.

Figure 4.2: Bifurcation set of 3-cycle solutions for the 2D airway map at PA = 0.

If one first considers the solution when PA = 0, one can immediately see that 3-cycle os-
cillations occur across the full range of physically feasible values of β . In contrast, there are
critical thresholds of both α and f/ f0, below which 3-cycle oscillations will not occur. This
suggests that, even in the absence of tethering forces, the smooth muscle force can produce 3-
cycle oscillations if the conditions are right. Specifically, the smooth muscle must be producing
sufficiently high normalised force and the force-length relationship must be sufficiently strong.
The appearance of the 3-cycle solutions is also β dependent, to the extent that this dictates
the values of f and α at which the 3-cycle oscillations occur. Again, it is difficult to attribute
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a physical meaning to the relationship between β and the appearance of 3-cycle solutions as
β is linked to the modelling process more than to the evolution of behaviour through time.
Note from the previous work, see Figure 4.1, that period-2 oscillations do not appear if PA = 0
and the other parameters are limited to physically realistic values. Therefore, this boundary
represents the beginning of all oscillatory behaviour if PA = 0. This illustrates that oscillatory
behaviour can exist even in the absence of a tethering force.

Turning attention to a system that includes the tethering force, see Figure 4.3, one can
determine that the appearance of the 3-cycles is possible for any given value of PA, similar to
the previous finding for β . Again, in this instance, 3-cycles can occur for any β value within
the range considered. However, this was to be expected as examining Figure 4.2 reveals that
3-cycles occur for any β value given an α value of 0.6. Increasing the tethering coefficient
is shown to enable 3-cycles to occur with lower smooth muscle forces. In this way, higher
tethering coefficients can be seen to make 3-cycle behaviour more likely to occur. If one
considers the work of Donovan et al. [7], this is akin to the finding that deep inspirations,
signified by an increase in PA, lead to chaotic behaviour that results in fluidization causing the
airways to open. Therefore, the qualitative behaviour of the 2D map is not that dissimilar to
that previously reported for the 1D model.

Figure 4.3: Bifurcation set of 3-cycle solutions for the 2D airway map at α = 0.6.

One undesirable feature evident in Figure 4.3 is a series of large downwards spikes in the
top left hand corner. These spikes represent numerical errors. Indeed, the reader may have
noted that this image was produced using a value of α = 0.6, whereas in previous chapters
a value of α = 0.5 has been typically used. An initial investigation using α = 0.5 produced
a solution that contained a number of numerical error artifacts. Increasing the value of α to
0.6, still a feasible value, produced a solution that was qualitatively highly similar but did not
produce the same extent of visually distracting errors. Hence, a value of α = 0.6 was used.
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The source of these numerical errors may well be the approach used to determine the ex-
istence of 3-cycle solutions, in that the tolerance may be too loose and the criteria too easily
met. Allowing the map to iterate for a greater number of iterations and introducing a tighter
tolerance may, to some extent, mitigate this problem, at the cost of increased computations.
Additionally, a more sophisticated rule for determining the occurrence of 3-cycle behaviour,
for example looking at more successive iterations and ensuring that the 3-cycle behaviour is
persistent over a greater number of cycles may help eliminate falsely identifying 3-cycle be-
haviour too early. On the other hand, the repeated finite-precision calculations will introduce
some errors that cannot be avoided, such that small-amplitude 3-cycle behaviour and numerical
errors that happen to look like 3-cycle behaviour will be difficult to distinguish. However, as
the aim of this work is to produce a rough estimate for the position of the boundary, the issue of
numerical errors is of secondary importance. While it would be preferable to have an analytic
solution to the bifurcation, where this is not available, the only remaining option is to resort to
numerical methods.

To return to considering the similarity between the behaviour of the 1D and 2D discrete
models, if one combines the period-2 and 3-cycle boundaries to produce a bifurcation set dia-
gram similar to that used by Donovan et al. [7], one can look for similar behaviour, see Figure
4.4. This diagram is however, slightly difficult to interpret as the regions appear to overlap in
a confusing manner. It should be remembered that these behaviours are not mutually exclusive
and that the boundary marks the beginning of the associated behaviour, not the end. As such,
an intersecting boundary is not infeasible.

Figure 4.4: Bifurcation set of period-2 and 3-cycle solutions at α = 0.6. Blue: the 3-cycle
solution boundary surface. Red: the period-2 solution boundary surface.

It was found in Chapter 2 that the stable and bistable states were α and β independent.
Therefore, this graph indicates that, in addition to the previously known behaviours, 3-cycle
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behaviour occurs for high normalised forces and that this behaviour begins at a lower force as
the tethering coefficient increases. This does not, however, change Donovan et al.’s [7] inter-
pretation of the effect of a deep inspiration as the path assumed from one stable through two
stable and cyclic behaviour to chaos and back was conducted in a region of forces sufficiently
small that the new 3-cycle boundary is uninvolved. This does however indicate that the cor-
rectness of the interpretation of a deep inspiration is dependent on the assumptions of the range
of forces and tethering coefficients used. Indeed, if 3-cycle behaviour is possible simply by an
increase in force, and if this 3-cycle behaviour produces a fluidising effect similar to chaos, the
fluidising effect of chaos may be arrived at simply in response to a high force. In other words,
the airways may have a self-relaxing release behaviour if airway force becomes too great.

These results indicate that fundamentally little has changed between the one and two di-
mensional discrete models in terms of their fundamental behaviours for realistic airway condi-
tions. The next section will develop this further by examining equilibria bifurcation diagrams
for these two models in addition to the ODE model to highlight the similarities between the
discrete models and the difference with the continuous model.

4.2 Equilibria Comparison for All Three Models

The previous section examined the boundaries between the different modes of behaviour of the
two iterated models. It is natural to extend this discussion to include the behaviour of the ODE
model. The equilibria for each of the three models are shown in the bifurcation diagrams in
Figure 4.5. Note that graphs of normalised L∗ are omitted as these will be identical to those for
normalised r, due to the fixed relationship between the two at equilibria, see Equation (2.7).
These diagrams were produced using XPPAUT, see Appendix B and E.

A preliminary look at these bifurcation diagrams indicates that there is not an obvious
difference between the 1D and 2D discrete models. It should be noted, however, that the
previously mentioned 3-cycle solution in the 2D discrete model is not made evident in this
kind of diagram. Therefore, it is not particularly surprising that these two models have identical
diagrams. Indeed, it was proven in Chapter 2 that this would be so. The diagrams show the
previously uncovered pattern of an open and a closed state as well as a bistable region for
intermediate forces. Furthermore, both have a region as force increases where the open state
moves into a period-2 state before transitioning into other oscillatory behaviour, indicated in
red, before returning to stable. This behaviour should, by now, be quite familiar to the reader.
In addition to the stability being identical, it should also be noted that the equilibria of all three
models are the same.

In contrast, the 2D ODE model only shows the previously-known states: open, closed and
bistable. The oscillatory, chaotic behaviour discovered by Donovan et al. [7] is not present
after the discrete model is adapted into a continuous model. As chaotic behaviour cannot be
produced by ODEs of less than three dimensions, the disappearance of the chaos could be an-
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ticipated. Similarly, the Hopf bifurcations2, which in this instance are also period-doubling
bifurcations [19], were also not evident. Again, this result could be anticipated as Hopf bifur-
cations were shown not to exist at equilibria in Chapter 3. However, as such oscillations could
be produced by such an ODE model, periodic solutions were possible.

Figure 4.5: Comparison of bifurcation diagrams of all three models at PA/PA = 0.75. Black
lines: stable equilibria. Red lines: Unstable equilibria. (a) 1D discrete model. (b) 2D discrete
model with parameter α = 0.5 and β = 0.5. (c) 2D system of ODEs with parameter α = 0.5,
δ = 1 and ρ = 1. Note that the equilibria and their stabilities for the 1D and 2D discrete
models are identical. Hopf bifurcation occurs and re-occurs at the same points for both 1D and
2D discrete models but is not present in the 2D system of ODEs.

4.3 Closing Remarks

This chapter examined the fundamental differences between the three models in terms of how
their behaviour changes as the result of changing parameter values. It was found that 1D and 2D
iterated maps share the same period-doubling bifurcation as their parameters change. However,
the 2D model also produces 3-cycle behaviour as shown in the preceding results as well as in
previous chapters. The boundary at which this behaviour begins has been explored, however,
given the high dimension of the parameter space for this model, it is difficult to draw intuitive
inferences from the position of these boundaries.

In addition, an exploration of the ODE model has shown the absence of Hopf bifurcations
in that model as anticipated. This reinforces the result from Chapter 3 that the behaviour of the
continuous and iterated models, while similar, has this fundamental difference.

2Note, Hopf bifurcations in discrete maps maybe called ”Neimark-Sacker” or ”Torus” bifurcations [21].
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The next chapter will consider how future work may build on the work developed in this
and preceding chapters to continue the development of continuous models towards a complete
partial differential equation system, beginning by further investigating the occurrence of be-
havioural boundaries as a direct extension of the work in this chapter.



Chapter 5

Conclusions and Future Work

5.1 Conclusions

An extension of Donovan et al.’s [7] 1D iterated map for airway dynamics has been produced
such that a realistic force-length relationship and length adaptation have been included using
a 2D iterated map. This allowed for a more comprehensive model of airway behaviour to be
produced by allowing for the inclusion of airway smooth muscle behaviour into the model.
An analytical and numerical investigation, including the creation of bifurcation sets, into the
behaviour of the 2D iterated map has shown that the stable fixed points are unchanged, how-
ever, the oscillatory behaviour of the system has been affected, with new 3-cycle behaviour
previously unseen occurring. The significance of this result is that, given that the 1D map was
the first model shown to produce oscillatory and chaotic behaviour in the absence of multiple
airway generations or external forcing, the inclusion of more realistic airway smooth muscle
behaviour has not only maintained the unique oscillatory behaviour of the 1D model, but intro-
duced new kinds of oscillatory behaviour.

In addition to this work, the 2D discrete map has been used in combination with a simple,
first order approximation, to produce a 2D system of ODEs that allows for complete mod-
elling of airway dynamics in continuous time. When this system was compared using a similar
analysis to that applied to the 2D discrete model, it was found that not only was the 3-cycle
behaviour not present, but the period-doubling bifurcation and chaos seen in the original 1D
model and the 2D discrete model was also absent. This has raised the question of whether
the oscillatory behaviour and chaos seen in the discrete models is a product of their iterative
nature and of limited relevance to real airway behaviour or whether these models have captured
realistic airway behaviour eliminated in the continuous model.

The bifurcations of the discrete models have been characterised using numerical methods in
addition to analytical approaches. These boundaries have been successfully located, however,
their significance to real airway behaviour is still unclear. Future work should focus on further
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defining these boundaries, tying this behaviour to the physiology, and attempting to identify
which model’s behaviour is the most realistic.

The ultimate goal is to produce a full PDE model for airway behaviour. This work has taken
an important step in this direction by producing a dynamic model in the form of the system of
ODEs and by analysing and characterising its behaviour. A similar approach may be able to
assist in analysing the dynamics of a full PDE model in the future.

5.2 Future Work

While all of the previous analysis has uncovered and described many of the features of the
behaviour of these models, there are also a number of unanswered questions about these mod-
els. This section aims to highlight some of the questions raised in the preceding chapters,
identifying areas of future research.

This section will start by looking at specific features of the behaviour that require future
examination before moving to discuss the ultimate goal of airway modelling, a complete PDE
based description of airway behaviour and perhaps the possible future finding that one of the
models considered in this thesis is a sufficient approximation.

5.2.1 Model Behaviours

5.2.1.1 3-Cycle Solutions

It was first identified in Chapter 2 that the 2D iterated map could produce 3-cycle solutions in
addition to the period-doubling oscillations and chaos produced by the 1D model. This new
behaviour warrants further investigation and, indeed, the bifurcation at which these 3-cycle
solutions begin was explored in Chapter 4.

However, the approach used in Chapter 4 was a numerical approach, limited by the com-
putational power available, the difficulties in visualising high dimensional boundaries and the
numerical errors that will accrue in such simulations. It is therefore preferable that the bifur-
cation be described analytically. The advantage of this is more than in the elimination of the
errors inherent in a numerical approach, but also in the insight that the expression may give
into the relationship between the onset of 3-cycle behaviour and the behaviour of the physical
structures responsible.

5.2.1.2 Periodic Solutions of the ODE System

The analysis in Chapter 3 failed to find any evidence of periodic solutions in the ODE model.
However, the existence of periodic solutions could also not be disproved. As the apparent ab-
sence of periodic solutions from the ODE model is one of the primary features of the solutions
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of that model compared to the discrete models, it would be preferable if such behaviour could
be ruled out.

5.2.1.3 Experimental Validation of Behaviour

Three different models have been discussed over the previous four chapters, each with their
own unique behavioural features. At this stage, there is no clear indication as to which of the
behaviours are the most life-like. It would therefore be of interest to attempt to distinguish
which model produced the most realistic behaviour by comparing their outputs to real tissue’s
behaviour. The required data may already exist in a study that the author is unfamiliar with, or
new data may be required. Of primary interest is whether chaotic behaviour like that found in
the discrete models can be produced in the manner suggested, or whether this is not the case,
meaning that the ODE model is the more accurate.

5.2.2 Full PDE Airway Model

The iterated models, starting with Donovan et al.’s 1D model [7] and the 2D model derived from
the 1D model produce values for the airway radius and transmural pressure of a single airway
branch. However, many models of the airway consider the airway to be a branching, tree-like
structure. It is infeasible to iterate through all connected airway branches to produce an overall
model of an airway tree. Therefore, a different approach is likely required to appropriately
characterise the airway.

These models have been built on the combination of the Lambert model, the Lai-Fook
model and a model for airway smooth muscle dynamics. The next evolution in the model is to
expand the description of airway smooth muscle behaviour to include full PDE descriptions of
the muscle dynamics, combined with a first order approximation, like that used in Chapter 3,
to produce dynamic versions of the Lai-Fook and Lambert components. Such a model could
include Huxley’s crossbridge model [1], incorporating both passive and active components of
muscle force. This would allow for a state of the art description of airway smooth muscle be-
haviour to be included in a model of overall airway behaviour for the first time. The creation
of such a model would be very useful in assisting in determining whether either the 1D dis-
crete, 2D discrete or 2D continuous models considered in this thesis are sufficiently accurate
in modelling airway behaviour as to make such complex formulations unnecessary.
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Appendix A

Appendix A: MATLAB Code for 2D
Discrete Model

% matlab code for producing solutions for the 2D discrete model
Ri = 0.096;
rimax = 0.384;
P1 = 27.14/98.6;
P2 = -3256.8/98.6;
n1 = 1;
n2 = 8;
Rref = 0.363;
f0 = 15;
PA0 = 20;
Pbase = 10;
Fa = Rref;
Lref = 2*pi*Rref;
alpha = 0;
beta = 0.5;

PA = 0.5*PA0;
iterations = 2000;
fvals = f0*[0:1/200:1];
r0 = linspace(0.01,1,10)*Rref;
L0 = linspace(0.01,1,10)*Lref;
r = zeros(iterations,length(r0),length(L0));
L = zeros(iterations,length(r0),length(L0));

for k=1:length(fvals)
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for j=1:length(r0)
for m = 1:length(L0)

r(1,j,m) = r0(j);
L(1,j,m) = L0(m);
for i=1:iterations

T = 1.4*PA*(((Rref-r(i,j,m))/Rref) + 1.5*((Rref-r(i,j,m))
/Rref)ˆ2);

Fa = Rref*(1-alpha*(2*pi*r(i,j,m)-L(i,j,m))ˆ2);
P = Pbase - fvals(k)*Fa/r(i,j,m) + T;
L(i+1,j,m) = L(i,j,m) + beta*(2*pi*r(i,j,m)-L(i,j,m));
if P <= 0

r(i+1,j,m) = sqrt(Riˆ2*(1-P/P1)ˆ(-n1));
else

r(i+1,j,m) = sqrt(rimaxˆ2-(rimaxˆ2-Riˆ2)*(1-P/P2)
ˆ(-n2));

end
end
if abs(r(end,j,m)-r(end-1,j,m)) <= 10e-5

&& abs(L(end,j,m)-L(end-1,j,m)) <= 10e-5
subplot(1,2,1)
plot(fvals(k)/f0,r(end,j,m)/Rref,’black.’,’markersize’,6)
hold on
subplot(1,2,2)
plot(fvals(k)/f0,L(end,j,m)/Lref,’black.’,’markersize’,6)
hold on

else
subplot(1,2,1)
plot(repmat(fvals(k)/f0,[200,1]),r(end-199:end,j,m)/Rref,

’black.’,’markersize’,6)
hold on
subplot(1,2,2)
plot(repmat(fvals(k)/f0,[200,1]),L(end-199:end,j,m)/Lref,

’black.’,’markersize’,6)
hold on

end
end

end
end
subplot(1,2,1)
xlabel(’normalised f’)
ylabel(’normalised r’)
hold off
subplot(1,2,2)
xlabel(’normalised f’)
ylabel(’normalised Lˆ*’)



63

hold off



64 APPENDIX A. APPENDIX A: MATLAB CODE FOR 2D DISCRETE MODEL



Appendix B

Appendix B: XPP Code for 2D System
of ODEs

#XPP code for drawing the phase plane of the 2D system of ODEs

P=(Pbase-fvals*Rref*(1-alpha*(2*pi*r-L)ˆ2)/r
+1.4*PA*(((Rref-r)/Rref)+1.5*((Rref-r)/Rref)ˆ2))

L’=delta*(2*pi*r-L)
r’=rho*(if(P>0)then(sqrt(rimaxˆ2-(rimaxˆ2-Riˆ2)*(1-P/P2)ˆ(-n2)))
else(sqrt(Riˆ2*(1-P/P1)ˆ(-n1)))-r)

par fvals=15, PA=15, alpha=0.6, delta=1, rho=1
par Ri=0.096, n1=1, n2=8, Rref=0.363, Pbase=10,
rimax=0.384, P2=-33.0304, P1=0.27525

init r=0.23, L=1
@ yp=r
@ xp=L

@ xlo=0, xhi=4, ylo=0, yhi=1
@ total=50,dt=.01
# change mesh size for nullclines
@ nmesh=1000
@ maxstor=50000
done
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Appendix C

Appendix C: MATLAB Code for
Period-Doubling Bifurcation

% Matlab code for plotting the period-doubling bifurcation
% for the 2D discrete model

clear all
Ri = 0.096;
rimax = 0.384;
P1 = 27.14/98.6;
P2 = -3256.8/98.6;
n1 = 1;
n2 = 8;
Rref = 0.363;
f0 = 15;
PA0 = 20;
Pbase = 10;
Lref = 2*pi*Rref;
alpha = 0.5;
betalist = linspace(0,1,101);
flist = f0*linspace(0,1,101);
solvedPA = zeros(length(betalist),length(flist));

options=optimset(’fsolve’);
options.MaxFunEvals=50000;
options.MaxIter = 5000;
options.TolFun=1e-8;
for a = 55:length(betalist)

a
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initPAvalues=0.75*PA0;
initLvalues = 0.84*Lref;
initrvalues =0.84*Rref;
beta=betalist(a);
for b = 56:length(flist)

fvals = flist(b);
Fa = Rref*(1-alpha*(2*pi*initrvalues-initLvalues)ˆ2);
P = Pbase - fvals*Fa/initrvalues

+ 1.4*initPAvalues*(((Rref-initrvalues)/Rref)
+ 1.5*((Rref-initrvalues)/Rref)ˆ2);

if P <= 0
[fix1,val,flag] = fsolve(@(x)fun13D(x,alpha,beta,fvals),

[initrvalues,initLvalues,initPAvalues],’options’);
if flag ˜= 1

break
else

initrvalues=fix1(1);
initLvalues=fix1(2);
solvedPA(a,b)=fix1(3);
initPAvalues=fix1(3);

end
else

[fix2,val,flag] = fsolve(@(x)fun23D(x,alpha,beta,fvals),
[initrvalues,initLvalues,initPAvalues],’options’);

if flag ˜= 1
break

else
initrvalues=fix2(1);
initLvalues=fix2(2);
solvedPA(a,b)=fix2(3);
initPAvalues=fix2(3);

end
end

end
initPAvalues=0.75*PA0;
initLvalues = 0.84*Lref;
initrvalues =0.84*Rref;
for b = 56:-1:1

fvals = flist(b);
Fa = Rref*(1-alpha*(2*pi*initrvalues-initLvalues)ˆ2);
P = Pbase - fvals*Fa/initrvalues

+ 1.4*initPAvalues*(((Rref-initrvalues)/Rref)
+ 1.5*((Rref-initrvalues)/Rref)ˆ2);

if P <= 0
[fix1,val,flag] = fsolve(@(x)fun13D(x,alpha,beta,fvals),
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[initrvalues,initLvalues,initPAvalues],’options’);
if flag ˜= 1

break
else

initrvalues=fix1(1);
initLvalues=fix1(2);
solvedPA(a,b)=fix1(3);
initPAvalues=fix1(3);

end
else

[fix2,val,flag] = fsolve(@(x)fun23D(x,alpha,beta,fvals),
[initrvalues,initLvalues,initPAvalues],’options’);

if flag ˜= 1
break

else
initrvalues=fix2(1);
initLvalues=fix2(2);
solvedPA(a,b)=fix2(3);
initPAvalues=fix2(3);

end
end

end
end

for a = 55:-1:1
initPAvalues=0.75*PA0;
initLvalues = 0.84*Lref;
initrvalues =0.84*Rref;
a
beta=betalist(a);
for b = 56:length(flist)

fvals = flist(b);
Fa = Rref*(1-alpha*(2*pi*initrvalues-initLvalues)ˆ2);
P = Pbase - fvals*Fa/initrvalues

+ 1.4*initPAvalues*(((Rref-initrvalues)/Rref)
+ 1.5*((Rref-initrvalues)/Rref)ˆ2);

if P <= 0
[fix1,val,flag] = fsolve(@(x)fun13D(x,alpha,beta,fvals),

[initrvalues,initLvalues,initPAvalues],’options’);
if flag ˜= 1

break
else

initrvalues=fix1(1);
initLvalues=fix1(2);
solvedPA(a,b)=fix1(3);
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initPAvalues=fix1(3);
end

else
[fix2,val,flag] = fsolve(@(x)fun23D(x,alpha,beta,fvals),

[initrvalues,initLvalues,initPAvalues],’options’);
if flag ˜= 1

break
else

initrvalues=fix2(1);
initLvalues=fix2(2);
solvedPA(a,b)=fix2(3);
initPAvalues=fix2(3);

end
end

end
initPAvalues=0.75*PA0;
initLvalues = 0.84*Lref;
initrvalues =0.84*Rref;
for b = 56:-1:1

fvals = flist(b);
Fa = Rref*(1-alpha*(2*pi*initrvalues-initLvalues)ˆ2);
P = Pbase - fvals*Fa/initrvalues

+ 1.4*initPAvalues*(((Rref-initrvalues)/Rref)
+ 1.5*((Rref-initrvalues)/Rref)ˆ2);

if P <= 0
[fix1,val,flag] = fsolve(@(x)fun13D(x,alpha,beta,fvals),

[initrvalues,initLvalues,initPAvalues],’options’);
if flag ˜= 1

break
else

initrvalues=fix1(1);
initLvalues=fix1(2);
solvedPA(a,b)=fix1(3);
initPAvalues=fix1(3);

end
else

[fix2,val,flag] = fsolve(@(x)fun23D(x,alpha,beta,fvals),
[initrvalues,initLvalues,initPAvalues],’options’);

if flag ˜= 1
break

else
initrvalues=fix2(1);
initLvalues=fix2(2);
solvedPA(a,b)=fix2(3);
initPAvalues=fix2(3);
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end
end

end
end
[M,N]=meshgrid(betalist,flist/f0);

% P<=0
function F = fun1(x,alpha,beta,fvals)

r=x(1);L=x(2);PA=x(3);

Ri = 0.096;
P1 = 27.14/98.6;
n1 = 1;
Rref = 0.363;
Pbase = 10;

Fa = Rref*(1-alpha*(2*pi*r-L)ˆ2);
P = Pbase - fvals*Fa/r + 1.4*PA*(((Rref-r)/Rref)

+ 1.5*((Rref-r)/Rref)ˆ2);
phi = sqrt(Riˆ2*(1-P/P1)ˆ(-n1))-r;

psi = beta*(2*pi*r - L);

dphir = 1/2/(Riˆ2*(1-(Pbase-fvals*Rref*(1-alpha*(2*pi*r-L)ˆ2)
/r+7/5*PA*((Rref-r)/Rref+3/2*(Rref-r)ˆ2/Rrefˆ2))/P1)ˆ(-n1))
ˆ(1/2)*Riˆ2*(1-(Pbase-fvals*Rref*(1-alpha*(2*pi*r-L)ˆ2)/r
+7/5*PA*((Rref-r)/Rref+3/2*(Rref-r)ˆ2/Rrefˆ2))/P1)ˆ(-n1)

*n1*(4*fvals*Rref*alpha*(2*pi*r-L)*pi/r+fvals*Rref*(1-alpha

*(2*pi*r-L)ˆ2)/rˆ2+7/5*PA*(-1/Rref-3*(Rref-r)/Rrefˆ2))/P1
/(1-(Pbase-fvals*Rref*(1-alpha*(2*pi*r-L)ˆ2)/r+7/5*PA*((Rref-r)
/Rref+3/2*(Rref-r)ˆ2/Rrefˆ2))/P1);

dphiL = -1/(Riˆ2*(1-(Pbase-fvals*Rref*(1-alpha*(2*pi*r-L)ˆ2)
/r+7/5*PA*((Rref-r)/Rref+3/2*(Rref-r)ˆ2/Rrefˆ2))/P1)ˆ(-n1))
ˆ(1/2)*Riˆ2*(1-(Pbase-fvals*Rref*(1-alpha*(2*pi*r-L)ˆ2)/r
+7/5*PA*((Rref-r)/Rref+3/2*(Rref-r)ˆ2/Rrefˆ2))/P1)ˆ(-n1)*n1

*fvals*Rref*alpha*(2*pi*r-L)/r/P1/(1-(Pbase-fvals*Rref*(1-alpha

*(2*pi*r-L)ˆ2)/r+7/5*PA*((Rref-r)/Rref+3/2*(Rref-r)ˆ2/Rrefˆ2))
/P1);

dpsir = 2*beta*pi;
dpsiL = 1-beta;

F=[((dphir+1)*(dpsiL+1)-dphiL*dpsir);phi;psi];
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end

% P>0
function F = fun23D(x,alpha,beta,fvals)

r=x(1);L=x(2);PA=x(3);

Ri = 0.096;
rimax = 0.384;
P2 = -3256.8/98.6;
n2 = 8;
Rref = 0.363;
Pbase = 10;

Fa = Rref*(1-alpha*(2*pi*r-L)ˆ2);
P = Pbase - fvals*Fa/r + 1.4*PA*(((Rref-r)/Rref)

+ 1.5*((Rref-r)/Rref)ˆ2);
phi = sqrt(rimaxˆ2-(rimaxˆ2-Riˆ2)*(1-P/P2)ˆ(-n2))-r;

psi = beta*(2*pi*r - L);

dphir = -1/2/(rimaxˆ2-(rimaxˆ2-Riˆ2)*(1-(Pbase-fvals*Rref

*(1-alpha*(2*pi*r-L)ˆ2)/r+7/5*PA*((Rref-r)/Rref
+3/2*(Rref-r)ˆ2/Rrefˆ2))/P2)ˆ(-n2))ˆ(1/2)*(rimaxˆ2-Riˆ2)

*(1-(Pbase-fvals*Rref*(1-alpha*(2*pi*r-L)ˆ2)/r+7/5*PA

*((Rref-r)/Rref+3/2*(Rref-r)ˆ2/Rrefˆ2))/P2)ˆ(-n2)*n2

*(4*fvals*Rref*alpha*(2*pi*r-L)*pi/r+fvals*Rref*(1-alpha

*(2*pi*r-L)ˆ2)/rˆ2+7/5*PA*(-1/Rref-3*(Rref-r)/Rrefˆ2))/P2
/(1-(Pbase-fvals*Rref*(1-alpha*(2*pi*r-L)ˆ2)/r+7/5*PA

*((Rref-r)/Rref+3/2*(Rref-r)ˆ2/Rrefˆ2))/P2);

dphiL = 1/(rimaxˆ2-(rimaxˆ2-Riˆ2)*(1-(Pbase-fvals*Rref

*(1-alpha*(2*pi*r-L)ˆ2)/r+7/5*PA*((Rref-r)/Rref+3/2

*(Rref-r)ˆ2/Rrefˆ2))/P2)ˆ(-n2))ˆ(1/2)*(rimaxˆ2-Riˆ2)

*(1-(Pbase-fvals*Rref*(1-alpha*(2*pi*r-L)ˆ2)/r+7/5*PA

*((Rref-r)/Rref+3/2*(Rref-r)ˆ2/Rrefˆ2))/P2)ˆ(-n2)*n2*fvals

*Rref*alpha*(2*pi*r-L)/r/P2/(1-(Pbase-fvals*Rref*(1-alpha

*(2*pi*r-L)ˆ2)/r+7/5*PA*((Rref-r)/Rref+3/2*(Rref-r)ˆ2/Rref
ˆ2))/P2);

dpsir = 2*beta*pi;
dpsiL = 1-beta;

F=[((dphir+1)*(dpsiL+1)-dphiL*dpsir);phi;psi];
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Appendix D

Appendix D: MATLAB Code for
Three-Cycle Bifurcation

% Matlab code for plotting the 3-cycle bifurcation
% of the 2D discrete model

clear all
Ri = 0.096;
rimax = 0.384;
P1 = 27.14/98.6;
P2 = -3256.8/98.6;
n1 = 1;
n2 = 8;
Rref = 0.363;
f0 = 15;
PA0 = 20;
Pbase = 10;
Lref = 2*pi*Rref;
alphalist = linspace(0,1,101);
betalist = linspace(0.01,1.01,101);

PAlist = 0*PA0;
iterations = 2000;
flist = linspace(0,1.5,101)*f0;
r0 = linspace(0.01,1,10)*Rref;
L0 = linspace(0.01,1,10)*Lref;
r = zeros(iterations,length(r0),length(L0));
L = zeros(iterations,length(r0),length(L0));
fsaved = NaN(length(alphalist),length(betalist),length(PAlist));
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for a = 1:length(alphalist)
a
alpha=alphalist(a);
for b = 1:length(betalist)

beta = betalist(b);
for c = 1:length(PAlist)

PA = PAlist(c);
for k=1:length(flist)

fvals = flist(k);
record=1;
% simulation starts
for j=1:length(r0)

for m = 1:length(L0)
r(1,j,m) = r0(j);
L(1,j,m) = L0(m);
for i=1:iterations

T = 1.4*PA*(((Rref-r(i,j,m))/Rref)
+ 1.5*((Rref-r(i,j,m))/Rref)ˆ2);

Fa = Rref*(1-alpha*(2*pi*r(i,j,m)-L(i,j,m))
ˆ2);

P = Pbase - fvals*Fa/r(i,j,m) + T;
L(i+1,j,m) = L(i,j,m) + beta*(2*pi*r(i,j,m)

-L(i,j,m));
if P <= 0

r(i+1,j,m) = sqrt(Riˆ2*(1-P/P1)ˆ(-n1));
else

r(i+1,j,m) = sqrt(rimaxˆ2-(rimaxˆ2-Riˆ2)

*(1-P/P2)ˆ(-n2));
end

end % iterations
if (abs(r(end,j,m)-r(end-3,j,m)) <= 10e-5)

&& (abs(L(end,j,m)-L(end-3,j,m)) <= 10e-5)
&& ( abs(r(end,j,m)-r(end-1,j,m)) > 10e-5
|| abs(L(end,j,m)-L(end-1,j,m)) > 10e-5
|| abs(r(end-2,j,m)-r(end-1,j,m)) > 10e-5
|| abs(L(end-2,j,m)-L(end-1,j,m)) > 10e-5
|| abs(r(end-2,j,m)-r(end-3,j,m)) > 10e-5
|| abs(L(end-2,j,m)-L(end-3,j,m)) > 10e-5)
fsaved(a,b,c) = fvals;
record=0;
break

end % testing p-3 solutions
end % (m) L0
if record==0
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break
end

end % (j) r0
if record==0

break
end

end % (k) fvals
end % (c) PA

end % (b) beta
end % (a) alpha

[X,Y]=meshgrid(betalist,alphalist);
surf(Y,X,fsaved(:,:,1)/f0)
xlabel(’\alpha’,’FontSize’,14)
ylabel(’\beta’,’FontSize’,14)
zlabel(’normalised f’,’FontSize’,14)
zlim([0,1])
ylim([0,1])
zlim([0,1.5])
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Appendix E

Appendix E: XPP Code for 1D and 2D
Discrete Model

#XPP code for plotting the phase plane of the 1D Discrete Model

P=(Pbase-fvals*Rref/r+1.4*PA*(((Rref-r)/Rref)+1.5*((Rref-r)/Rref)
ˆ2))
r(t+1)=if(P>0)then(sqrt(rimaxˆ2-(rimaxˆ2-Riˆ2)*(1-P/P2)ˆ(-n2)))

else(sqrt(Riˆ2*(1-P/P1)ˆ(-n1)))

par fvals=7.5, PA=15
par Ri=0.096, n1=1, n2=8, Rref=0.363, Pbase=10, rimax=0.384
par P2=-33.03, P1=0.275
r(0)=0.23
@ xp=r
@ xlo=0, xhi=5, ylo=0, yhi=5
@ meth=discrete
@ maxstor=50000
@ total=500,dt=.01
@ dsmin=0.00001, dsmax=0.05, ds=0.02, parmin=0, parmax=15
done

#XPP code for plotting the phase plane of the 2D Discrete Model

P=(Pbase-fvals*Rref*(1-alpha*(2*pi*r-L)ˆ2)/r+1.4*PA*(((Rref-r)
/Rref)+1.5*((Rref-r)/Rref)ˆ2))
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L(t+1)=L+beta*(2*pi*r-L)
r(t+1)=if(P>0)then(sqrt(rimaxˆ2-(rimaxˆ2-Riˆ2)*(1-P/P2)ˆ(-n2)))

else(sqrt(Riˆ2*(1-P/P1)ˆ(-n1)))

par fvals=7.5, PA=15, alpha=0.5, beta=0.5
par Ri=0.096, n1=1, n2=8, Rref=0.363, Pbase=10, rimax=0.384
par P2=-33.03, P1=0.275
r(0)=0.23
L(0)=1
@ xp=r
@ yp=L
@ xlo=0, xhi=5, ylo=0, yhi=5
@ meth=discrete
@ maxstor=50000
@ total=50,dt=.01
@ dsmin=0.00001, dsmax=0.05, ds=0.02, parmin=0, parmax=15
done
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