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Abstract

In recent years, Networked Control Systems (NCSs) are recognized as a new research
frontier in the advanced control engineering, theory and applications due to various
advantages such as higher reliability, more flexibility, design modularity, and easier de-
ployment and maintenance. An NCS refers to a system controlled remotely by a digital
controller over a wired or wireless network. Networks can be either dedicated such as
control area network (CAN), or shared such as Internet. In the NCSs, system compo-
nents such as plant, sensor, controller and actuator are spatially distributed over the
networks and each component represents a network node. Several design constraints
have also emerged due to insertion of networks and distributed system components. Re-
cently, two research approaches, 1) scheduling algorithms, and 2) control designs, are
used to cater for the constraints in the NCSs. The scheduling algorithm approach is
used to reduce the effect of network-induced constraints on the system performance,
whereas control design approach covers novel control methodologies that compensate

for the inherited constraints.

In this thesis, control design approach is investigated to improve quality of control in the
NCSs. It requires identification and modelling of the constraints before their incorpora-
tion in the system designs. Therefore, the potential constraints, induced by a network,
are identified with a detailed literature survey and by a comparison of two sampling
mechanisms: 1) time triggered (TT), and 2) event triggered (ET). Both mechanisms are
compared through qualitative analysis and simulations, and effect of these mechanisms is
analyzed on the system performance. The constraints identified in this research include:

1) time delays, 2) packet dropouts, 3) quantization error, and 4) limited bandwidth.

Time delays that cause performance degradation and system instability are mostly time
varying or random in shared networks. In this thesis, time delays are considered as
stochastic processes, which follow a finite state Markov chain. The transitions in the
Markov chain take values from a transition probability matrix obtained by performing
experiments on a cellular network. Packet dropouts that adversely affect the system
performance can be single or successive. This work presents the modelling of single
and successive packet dropouts using Bernoulli random distribution and Poisson distri-
bution, respectively. In the NCSs, networks and controllers are digital which require
quantization of data before transmission of data from sensor to controller over a net-
work. Quantization process not only adds up quantization error in the system design,
but is also useful in the NCSs designs as an information coder. In this thesis, both
characteristics of the quantizers are investigated. Firstly, a sector bound approach is
used to bound the quantization error and robust state and output feedback controllers

are proposed to mitigate its effect. In case of multiple quantizers, errors are bounded by
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the sector bound approach and are represented as poly-topic uncertainties. Secondly, an
adaptive quantizer is proposed to explore its advantages as an information coder. The
quantizer adapts its quantization densities according to network load conditions, hence
is used to adjust data rate. Since components are directly connected in classic control
systems, bandwidth is therefore infinite, whereas components are spatially distributed
in the NCSs, bandwidth is therefore limited. To cater for this issue, robust state and
output feedback controllers are proposed with a novel congestion control mechanism.
In this mechanism, data is transmitted when required which helps in the optimization
of bandwidth utilization. In addition to congestion control mechanism, this work also
investigates ET sampling mechanism to optimize the bandwidth consumption. Various
NCSs frameworks are considered which incorporate one or more constraints. For each
framework, the constraints are properly modelled before proposing stability criterion

and control design.

This thesis proposes detailed Lyapunov-Krasovskii (L-K) functionals to obtain new suf-
ficient conditions for the stability of NCSs. On the basis of stability criteria, state of
the art control laws are proposed in terms of bilinear matrix inequalities (BMIs). Fur-
thermore, an iterative cone complementarity algorithm is suggested to convert the BMIs
into quasi-convex linear matrix inequalities (LMIs). Numerical values of the proposed
controllers are obtained by solving the LMIs with the help of MATLAB based LMI and
YALMIP toolboxes.

Simulation examples, performed using Simulink and Simulink based toolbox TrueTime,
elaborate the effectiveness of the proposed designs. Simulation results are also used to
analyze the effects of the NCSs constraint on system stability, Ho, performance, and

bandwidth utilization.
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The notations used in this thesis are quite standard. R"™ and R™*"™ denote the set
of n x 1 vectors, and the set of all n X m matrices, respectively. The superscript T
denotes the transpose and * represents the transposed symmetric entries in the matrix
inequalities. The I represents the identity matrix, and £3]0,00), the space of square
summable vector sequence over [0,00). The |[.lp~) denotes the L£3[0,00) norm over
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and negative definiteness of the Q, respectively. The diag(A;;....; A,) denotes a block-

diagonal matrix with the elements Aj;...; A, on the diagonal.
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Chapter 1

Introduction

1.1 Networked Control Systems

Today’s large scale and complex systems integrate communication, computing and con-
trol on the different levels of their operational and informational processes [1]. The
integration of these fields results in two new research fields, 1) control of the networks
and 2) Networked Control Systems (NCSs). The former field addresses the application
of control methods to improve the quality of networks e.g., congestion control, rout-
ing control and queue management etc. The latter field talks about the insertion of a
network in the closed-loop of a control system. This thesis is a detailed study on the
NCSs.

The control systems in which components e.g., plants and controllers are spatially dis-
tributed and communicate with each other, with the help of sensors and actuators, over
a network are called NCSs. A large number of the industrial control systems such as
displacement control in a motor are discrete in nature [3]. On the other hand, the evo-
lution of the digital controllers in 1970s added new horizons in the control systems. The
focus of the research are discrete-time systems controlled by the digital controllers over
a network. In the NCSs, each system component can be recognised as a node. At least
two network nodes are required to describe a single loop of a discrete-time NCS. In a
simple NCS configuration, as shown in Figure 1.1, the plant output is sensed and trans-
mitted by the channel encoder. The encoder node includes a quantizer and a triggering
mechanism. The data is received with the help of a channel decoder by the controller
that calculates the control input and transmits it over the network. The control input
is received by the chancel decoder at the plant side which is applied to the plant by the

actuator.
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Plant side

Actuator — Plant > Sensor ‘

Channel
Channel Encoder
Decoder

Communication Network

Channel Lo Channel
TEremEkar - Digital Controller T reEEsE e

Controller side

F1GURE 1.1: Networked control systems

The architecture of the NCSs is called common-bus network architecture and can be
classified into 1) direct, and 2) hierarchical structures. In the direct structure, a single
loop is closed over the network as shown in Figure 1.2(a). In this structure, sensors
and actuators communicate with the controller through a network. In the hierarchi-
cal structure, there are local loops which are connected with the main controller over
the network. The main controller provides the set-point for the local loops and local
controllers try to achieve this goal. This configuration is shown in Figure 1.2(b). Due
to their architectures, the NCSs improve the system flexibility, efficiency, modularity
and reliability. The NCSs also reduce the installation, reconfiguration, and maintenance
costs and time. The advantages of the NCSs make them highly popular in the academia
and industry [2, 3, 5-7, 10, 12-18].

The traditional point to point control systems have been used in the industry for decades.
In the traditional control systems, the system components are connected with help of
dedicated wires which do not provide the advantages of the common-bus network [1].
However, the use of the common-bus network introduces new design constraints in the
NCSs e.g., time delays due to shared bus and node priorities, quantization process due
to digital networks, limited bandwidth due to packet-switched networks, and packet
dropouts due to buffer overflows. The NCSs constraints can then be compensated for

either by improving the network scheduling algorithms or by proposing novel control
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FIGURE 1.2: NCSs architectures

methodologies [14]. In this thesis, the second approach is adopted and various stability

criteria and controller designs are proposed.

In the NCSs, the network-induced time delays are one of the major constraints, therefore
the NCSs are considered as a sub class of time-delayed systems (TDSs). The TDSs are
infinitely dimensional and can reduce the system performance and can even unstablize it
[4]. On the basis of the Lyapunov stability methods, the two approaches have been pro-
posed to cater for the time delays; 1) delay independent approach and 2) delay dependent
approach. The first approach calculates the control law for the system stability without
considering the time delays in the system dynamics. It also talks about maximum al-
lowable transmission interval (MATI) in which the system remains stable. The second
approach provides the stability conditions and the control law, allowing the delays in
the system dynamics. The latter approach reduces the design overhead allowed in the
former approach, hence it is better. Therefore, it is adopted here for stability analysis
and synthesis. The Lyapunov stability methods are classified in 1) Lyapunov-Krasovskii
(L-K) functional and 2) Lyapunov-Razumikhin (L-R) function. In this thesis, the first
approach is investigated to develop the stability criteria. Both approaches are discussed

in detail in Chapter 2.

The NCSs are also called digital control systems due to the presence of digital networks
and controllers. It requires the signal should be quantized before transmission. This
process induces quantization error in the system. In the beginning, the research had
been carried out to mitigate the effect of quantization error on the system performance
[69, 70, 148]. However in the inspirational work of [72], it is proved that the quantizers
are useful in the NCSs, to achieve the system stability with limited bandwidth. A lot of

research has been done to achieve the stability results while considering the quantizers as
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information coders [73, 75, 76, 78, 79]. The constraint of the limited bandwidth can also
be catered for by using an event-triggered (ET) sampling mechanism [39, 42-44]. In this
thesis, some other techniques are also proposed to cater for limited bandwidth constraint
e.g., congestion control mechanisms in Chapters 4 and 5, adaptive quantization densities

in Chapter 7, and ET sampling mechanism in Chapter 8.

It is not feasible to have the prefect information flow between the NCSs components
due to shared networks. It is possible that some of the transmitted information can be
missed or dropped due to overflow. This phenomenon is called packet dropouts. The
packet dropouts occur in forward and backward channels of the closed-loop [8]. A lot
of research has been carried out to incorporate the packet dropouts in the NCSs design
[30, 119, 120, 132]. The packet dropouts are random in nature and are modelled with the
help of Bernoulli distributions. Along with other NCSs constraints, the packet dropouts
are compensated by using exclusively-proposed Poisson distribution in Chapter 3 and

widely-used Bernoulli distribution in Chapter 7.

The H is a performance index of a control system in terms of better control and
reduced cost. However, the reduced cost increases the parameter variation and makes
the system uncertain [9]. Therefore, the purpose of a control system design is to minimize
Hoo norm with uncertainties. The H, control is a robust design against unstructured
uncertainties. On the other hand, the system may have parametric uncertainties in
its structure. It is quite useful to evaluate H,, performance against structured and
unstructured uncertainties. Therefore, most of the proposed designs are robust in terms
of Hoo against both types of uncertainties. In this study, the structured uncertainties

are assumed in all system matrices and are norm bounded.

1.2 Research Motivation

The development of NCSs has accelerated the technological convergence of various re-
search fields such as control, communication, signalling and computing, therefore the
NCSs inherit huge research potential and technological challenges in them. In the NCSs,
the plants are controlled over a network with the help of sensors, actuators and remote
controllers. Therefore, the NCSs have a list of real-time applications such as industrial
control [2], sensors web [5], unmanned automatic vehicles (UAVs) [10] etc. The NCSs fa-
cilitate these applications with modularity, flexibility, mobility and reduced wiring cost.
All theses advantages make the NCSs research very attractive in the industry and the

academia research groups.
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Although, a considerable amount of research has been done on the NCSs, there are a
lot of practical questions that require detailed investigation. These questions include,
but are not limited to, 1) stable operation of the interconnected system components, 2)
sampling mechanisms and 3) the effect of a network on the system performance [6]. It
motivates me to conduct a literature survey to point out the potential NCSs constraints
and research gaps. It is concluded from the literature survey that if the system compo-
nents are connected over the network then the network-induced constraints such as time
delays, limited bandwidth, packet dropout and quantization error are expected in the
control loop. This fact motivated me to develop the control strategies for the different

NCSs scenarios with realistic and practical constraints.

It is evaluated from the literature survey that most of the previous studies consider delays
as fixed [67] or time varying [52]. However, the simulation performed in the literature
survey tells that delays can be stochastic in nature. It is due to the random nature of the
networks. It inspires me to model the delays stochastically with the help of the Markov
chain. The time delays are the most important constraints of NCSs that can degrade
the system performance and can cause system instability [53]. Therefore, the delays are
compensated in all of the proposed control designs. Further motivation is to design a
control strategy to cater successive packet dropouts and Poisson noise. It arises from
the fact that packet dropouts are mostly modelled by the Bernoulli distribution [119],
which is not capable of modelling successive packet dropouts. Therefore, I introduced
Poisson distribution to cater for the issue. The phenomenon of Poisson noise can be
described as random unwanted discontinuous pulses that can affect the system stability.

It is introduced in the NCSs model that is controlled by the proposed control strategy.

Subsequent motivation comes from the introduction of shared networks in the control
loops. The shared networks can only provide limited bandwidth. It requires such mecha-
nisms that can sample the data on demand. Along with this, the novel control strategies

are required which can achieve the system stability in the presence of such mechanisms.

Another motivation arises from the fact that mostly a single quantizer is assumed to
transmit the data over the digital networks, however it is more natural to assume sepa-
rate quantizer for each system input and output. A robust H., dynamic output feedback

control law is proposed for the NCSs with random time delay and multiple quantizers.

In the seminal work [72], it is evident that the quantizers can be used as information
coders and are helpful to design a stabilizing feedback controller with limited communi-
cation resources. It prompts me to study a dynamic output feedback controller consisting
of a quantizer with adaptive quantization densities. It helps to regulate the bandwidth
utilization according to the network load conditions. Moreover, network-induced packet

dropouts are investigated with the help of Bernoulli distribution.
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In this thesis, most of the control strategies assume that the sampling mechanism is
time triggered (TT). The theoretical results of the stability analysis and the controller
designs with T'T mechanisms are comparatively easy and more mature than that with
the ET mechanism. It motivates me to study the stability analysis of ET NCSs with
packet dropouts. In this thesis, all of the stability criteria and the controller designs are
represented as LMIs . The motivation of formulating the problems in terms of the LMIs

is the availability of MATLAB toolboxes that can efficiently solve these inequalities.

1.3 Scope and Objectives

The scope of this study comprises three main parts: identification and modelling of
the network-induced constraints in the NCSs, the stability analysis and the controller
designs to compensate the NCSs constraints, and validation of the proposed design using

simulations.
The objectives of the research are:
e Identification of potential design constraints in the NCSs, induced by networks
existing between system components

e Design of a state feedback control law to compensate Poisson noise, successive

packet dropouts and random delays

e Design of a robust Ho state feedback control law with a congestion control mech-

anism

e Design of a robust H., dynamic output feedback control law with congestion con-

trol mechanisms on system input and output

e Design of a robust H,, dynamic output feedback control law with multiple quan-

tizers

e Design of a robust H, dynamic output feedback based control law in the presence

of time varying delays, packet dropouts and adaptive quantizer
e Stability analysis of ET distributed NCSs with packet dropouts.
Overall, the research consists of novel stability criteria and controller designs for the

NCSs that have been verified by the simulations. The stability conditions are provided

after modelling the NCSs constraints, identified through a detailed literature survey.
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1.4 Contribution of Thesis

The focus of the thesis is to identify and compensate the NCSs constraints in the presence
of networks and different sampling mechanisms. The NCSs are always affected by vari-
ous constraints such as time delays, limited bandwidth, quantization errors and packet
dropouts. This thesis presents various novel control methodologies, developed for linear
time invariant (LTI) discrete time NCSs. The constraints are mathematically modelled
before their incorporation in the designs. The random time delays are modelled with
the help of Markov chain. The limited bandwidth is catered for by using adaptive quan-
tization densities and by transmitting less samples than actual. The packet dropouts
are modelled using Bernoulli and Poisson probability distributions. The quantization
errors are bounded by a sector bound approach. Sufficient conditions for the system
stability are achieved by using the L-K functional approach. On the basis of the stabil-
ity conditions, the control laws are proposed in terms of BMIs that are converted into
quasi-convex LMIs with the help of cone complimentarity algorithm. Furthermore, the
proposed designs are verified with the help of simulation examples. The contributions

of the thesis are :

e A literature survey to identify the potential constraints in a controller design for
the NCSs due to existence of networks between system components and due to

different sampling mechanisms

e Proposal of a novel methodology of state feedback controllers to compensate Pois-

son noise, successive packet dropouts and random delays

e Investigation of a robust H state feedback control law to provide congestion

control with the help of a “sampling on demand” strategy

e Design of a robust Ho, dynamic output feedback control law for the NCSs with

congestion control mechanisms, available on both system input and output

e Design of a robust Hs, output feedback control law in the presence of network-
induced random delays and quantization errors due to multiple quantizers present

on both system inputs and outputs

e Development of a robust Ho dynamic output feedback based control law in the
presence of time varying delays, packet dropouts modelled by the Bernoulli distri-
bution and a quantizer with adaptive quantization densities which is proved to be

helpful to adjust bandwidth utilization according to the requirement

e The stability analysis of distributed ET NCSs, with packet dropouts
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e Verification of all designs using MATLAB toolboxes such as LMI, YALMIP and

Truetime.

1.5 Thesis Outline

This thesis is a deep insight on the stability analysis and the controller designs for the
NCSs where different scenarios and related constraints are discussed. The NCSs con-
straints such as time delays, packet dropouts, quantization error, limited information
and congestion control are modelled and incorporated in the closed-loop system. After
modelling these constraints, the novel stability criteria and controller designs are pro-
posed to compensate them. The proposed designs are also validated with the help of

simulation examples. The contents of the thesis are as follows:

Chapter 2 presents a literature survey and analysis on the advanced topics in NCSs.
This chapter discusses the NCSs background, sampling mechanisms, constraints and
related research. The two NCSs classes, on the basis of sampling mechanisms i.e., TT
NCSs and ET NCSs, are discussed in detail. Moreover, various NCSs constraints, their
modelling and related researches are presented in the context of TT and ET NCSs. Both

classes are also compared through qualitative analysis and simulations.

In Chapter 3, various constraints of NCSs such as network-induced random delays,
successive packet dropouts and Poisson noise are examined. The time delays are rep-
resented as modes of a Markov chain and the successive packet dropouts are modelled
using the Poisson probability distribution. For each of the delay-mode, separate Poisson
distribution is used with the help of an indicator function. The Poisson noise is incor-
porated in the design to cater for sudden network link failures and power shutdowns.
After incorporating all the constraints, the LMI conditions for the stochastic stability
and robust Ho state feedback controller design are derived. The effects of successive
packet dropouts and the Poisson noise on Ho, performance are also analyzed with the

help of simulations.

Chapter 4 examines the problem of robust H, state feedback control for the NCSs with
a congestion control scheme. This scheme is based on comparing current measurement
with the last transmitted measurement. If their difference is less than a prescribed
value of the current measurement, then no measurement will be transmitted to the
controller. Otherwise, the current measurement will be transmitted over the network.
On the controller side, the last transmitted measurement will be used as a feedback. The
effectiveness of the scheme in terms of reducing the network bandwidth is elaborated

using simulation examples.
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In Chapter 5, the congestion control technique of Chapter 4 is incorporated in the
design of a dynamic output feedback controller. The technique is applied to the controller

output as well. The proposed designs are verified with the help of a simulation example.

Chapter 6 covers the stability and stabilizability problems of the NCSs with multiple
quantizers. The resultant quantization errors are bounded by a sector bound approach
and represented as the convex poly-topic uncertainties. The network-induced delays
are modelled by a Markov chain. The L-K functional approach is used to develop
the stability criteria. A quantized robust H., output feedback control law is proposed
in terms of BMIs. An iterative cone complementarity algorithm is used to convert
these BMIs into a quasi-convex optimization problem that is solved by the available
mathematical tools. A simulation example is provided to demonstrate the effectiveness

of the proposed theorems.

Chapter 7 investigates the problem of designing a robust H,, output feedback con-
troller for the discrete-time NCSs with limited information using adaptive quantization
densities. These densities are designed to be a function of the network load conditions
that are modelled by a Markov chain. A stability criterion is developed using L-K
functional approach, and sufficient conditions for the existence of a dynamic quantized
output feedback controller are given in terms of BMIs. A simulation is performed to

illustrate the effectiveness of the proposed design.

The measurement is transmitted over the network after the occurrence of an event in
the congestion control scheme proposed in Chapter 4 and 5. This phenomenon is similar
to the ET control approach. However, the measurement error is treated just as an
uncertainty. The stability analysis and synthesis is performed by considering the system
as robust TT NCSs that are well established. These TT NCSs designs do not provide
a formal stability analysis method for ET control systems. This issue is catered for in
Chapter 8.

Chapter 8 proposes a formal stability criterion for the ET NCSs. In this chapter
discrete time NCSs with ET mechanisms on system input and output are considered.
This configuration helps to represent the ET NCSs as impulsive systems with network
constraints. The stability condition and H., performance objective are obtained in

terms of LMIs. The simulation examples are provided to validate the design.

The concluding remarks and the future research interest are given in Chapter 9, fol-
lowed by the references. The proofs for Lemmas and Theorems are provided in the

Appendices.



Chapter 2

NCSs: A New Frontier in Control

Systems

This chapter investigates the tradeoffs between time triggered and event triggered mech-
anisms in the framework of networked control systems (NCSs) using previous studies.
Although deterministic in nature, TT mechanism based control designs result in hard
real time lines. These time lines are difficult to complete by software developers due to
network and operating system scheduling algorithms. On the other hand, ET mecha-
nism based control designs result in unknown asynchronous events but do not require
hard real time lines. Both TT and ET mechanism based control designs have their own
particular features e.g., TT' mechanisms are deterministic, easier for developing formal
design theories and results in fixed jitter and latencies, whereas ET mechanisms are soft
real time, priority based, and save communication, computational and power resources.
In this chapter, the basic concepts of TT and ET mechanisms are presented. NCSs and
their constraints, such as random time delays, packet dropouts and quantization errors
are also discussed for both mechanisms. The comparison between both mechanisms is

done qualitatively that is verified by the simulations [58].

2.1 Introduction

In Networked Control Systems (NCSs), the system components i.e., sensors, actuators
and controllers are spatially distributed over a digital network [7]. A NCSs framework is
shown in Figure 2.1. The networks in the NCSs range from dedicated real time networks
(e.g., control area network (CAN), fieldbus etc) to shared networks (e.g., Internet). The
motivation to develop the NCSs technology is to reduce wiring and installation cost,

modularity, flexibility and remote control of hazardous area plants. These benefits make

10
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FIGURE 2.1: A NCSs framework

the NCSs technology indispensable in the various fields such as vehicle industry [10],
process control [11], unmanned aerial vehicle (UAVs) [12] and signal power control in
the communication systems [13]. Along with the advantages, the spatial distribution
of the system components brings many new constraints in stability analysis and con-
troller design of the NCSs. These network-induced imperfections include (1) limited
bandwidth, (2) time delays, (3) packet dropouts, (4) quantization error, (5) variable
sampling intervals and (6) network security etc. The modelling and the compensation
of the former four constraints is the discussion of this thesis, whereas the latter two are

beyond the scope of this thesis.

The quality of control (QoC) of the NCSs can be improved either by developing the
network scheduling algorithms or by designing the novel control strategies that can
compensate the network constraints. The main aim of the scheduling algorithms is to
improve the network performance. The scheduling algorithms can be divided into (1)
static scheduling algorithms, and (2) dynamic scheduling algorithms [14]. The static
scheduling is done by pre-allocating the communication channel but it can not guaran-

tee the system stability with the changes in the plant states or outputs. On the other
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hand, the dynamic scheduling always has resource allocation priorities on the basis of
system requirements. Various scheduling algorithms, to reduce the network constraints
and achieve the system stability, are available in the literature [15-18, 149, 165]. Along
with the improvements in the network scheduling algorithms, the necessity for the new
control paradigms to cater for the communication imperfections can be deduced from the
work of Chae [19]. He studied the behavior of classic LQR for mobile NCSs (moNCSs)
and concluded that the traditional control strategies can not guarantee the system sta-
bility above a certain threshold of the time delays. Therefore, all the communication
constraints such as limited bandwidth, time delays, packet dropouts and quantization
errors should be properly modelled before proposing the stability criteria and the con-

troller designs.

The stability of the NCSs with limited bandwidth or information can be achieved by
different ways such as sampling on demand [60], quantizers or information coders [72],
adaptive quantization densities [128]. The ‘sampling on demand’ is possible if the data
sampling, i.e., the triggering of the communication between the plant and the remote
controller, is controlled. The sampling mechanisms can either be time-scheduled, reac-
tive or proactive. The first mechanism transmits the data on the elapsed of a fixed time
interval and is uncontrolled. The second mechanism transmits the data on the occur-
rence of an event or when some conditions are violated, hence it is controlled. Similarly,
the last approach pro-actively determines the violation of the conditions and sends the
data accordingly. The basics of all three sampling mechanisms are discussed in detail
in the section 2.2. The use of the quantizers as the information coders is discussed in
the section 2.3.1.3. Chapter 7 discusses the use of the adaptive quantization densities

to achieve the system stability with the limited information.

The study of the time delays belongs to a very important and enriched research field
called time delayed systems (TDSs) [115, 141]. The time delays can vary in nature
e.g., constant, successive, time varying, and random delays and can adversely affect
the system performance [114]. The time delays are one of the main sources of the
system instability and the performance degradation in the NCSs. Research on the TDSs
stability analysis and controller synthesis can be classified into (1) time independent,
and (2) time dependent approaches. The former approach assures the system stability
and the controller gains that can stabilize the system in the presence of any arbitrary
delay. The latter approach [96-98] considers time delays as a parameter in developing
the stability criteria and the controller synthesis and is less conservative than the former
approach [99, 100].

The packet dropout is another network constraint that increases the complexity of sta-

bility analysis and controller design of the NCSs [120]. Most of the studies considered
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the packet dropout sequences as the stochastic processes and modelled them using the
Bernoulli random distribution [30, 119, 120, 132]. A stochastic variable a(k), which fol-
lows the Bernoulli distribution, can be used of modelling any packet dropout sequence.
The a(k) = 0 denotes the occurrence of a packet dropout sequence while a(k) = 1 show
no packet dropouts. However, these packet dropout sequences can vary in real world net-
works and the Bernoulli distribution is not capable to model multiple and random packet
dropout sequences. To cater for this issue, the Bernoulli distribution can be combined
with other probability distributions such as Uniform and Poisson distributions [132]. An
introduction to packet dropouts modelling using these probability distributions is given
in the section 2.3.1.2. In Chapter 3 a new technique is suggested in which the multiple
packet dropouts are modelled using the Poisson distribution with random delays and

Poisson noise.

The use of the digital networks and the computers in the control systems introduce signal
quantization because of their finite precision arithmetic and limited bandwidth. In the
twentieth century the research had been carried out to diminish the quantization errors
and their effects on the system performance [70, 71, 148]. However, modern research
shows that the quantizers are the information coders [69, 72-74]. Here, the question of
interest is: how much information is required for the system stability? The minimum
information required for the system stability depends on the quantization density and
the unstable poles of the plant. The static quantizers require an infinite number of quan-
tization levels of providing the asymptotic stability, however they can provide practical
quadratic stability. Especially the logarithmic quantizers, that is a class of static quan-
tizers, assuring the quadratic system stability with the coarsest quantization densities
[72]. For the logarithmic quantizers, Xie and Fu [75] proved that the quantization errors
can be treated as sector bounded uncertainties. By doing this, they converted many
quantized feedback problems into robust control problems. In their seminal work, the
previous results (e.g., [72]), related to the system stability and stabilization, are extended
to the MIMO case and various control objectives such as Ho, , guaranteed cost control
and robustness are achieved in a unified framework. A less conservative approach for the
quantized feedback, using poly-quadratic Lyapunov function, is proposed by [79]. On
the other hand, the dynamic quantizers are capable to provide the asymptotic stability
with a finite number of quantization levels. There are various dynamic quantization
policies available in the literature e.g., ([59, 77, 78, 92]). A detailed discussion on the

quantizers is given in the section 2.3.1.3.

This chapter investigates the differences between the TT and the ET mechanisms in

the framework of the NCSs. The formal design and implementation of the NCSs has
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multidisciplinary research aspects such as control theory, applied mathematics, embed-
ded systems and software engineering etc. The design approaches for the TT mecha-
nism based control system are comparatively easy and are well matured due to their
deterministic nature. However, these designs result in hard real time-lines for the imple-
mentation. The hard real time-lines are difficult to follow, by the software developers,
due to network and operating system scheduling algorithms. On the other hand, the
ET mechanism based designs result in unknown asynchronous events but do not require
hard real time-lines. Both types of designs have their own particular features; e.g., the
TT mechanism is deterministic, easier for developing formal designs, and results in fixed
jitters and latencies, whereas the ET mechanism is soft real time, priority based, and
saves communication, computational and power resources. In this chapter, the TT and

the ET mechanisms are assessed qualitatively and by the simulation.

The organization of the chapter can be followed from Figure 2.2. In the section 2.2, the
basic concepts of the TT and the ET mechanisms are presented in the framework of
general control systems. The section 2.3 extends this discussion to the NCSs. Various
NCSs constraints such as random time delays, packet dropouts and quantization errors
are discussed. The comparison between both approaches is done qualitatively and by
the simulations in the context of the NCSs framework in the section 2.4. The qualitative
comparison is based on the different NCSs requirements e.g., compensation for delays and
jitters. In the simulations, the impact of both mechanisms on the system performance
is analyzed in the sense of Hs and the resource utilization. It is deduced that the TT
mechanism results in better Ho, performance while the ET mechanism helps in reducing

the resources utilization.

2.2 Sampling Mechanisms

In a control system communication between a plant and a controller can be seen as
triggering of data sampling and transmission from one node to another node. The
sampling/triggering mechanisms are of three types: 1) time triggered (TT) mechanism,
2) event triggered (ET) mechanism, and 3) self triggered (ST) mechanism. This section
is comprised of an introduction to these mechanisms in the context of general control
systems. In the next section the discussion on the triggering mechanisms is extended in
the context of NCSs and their constraints. The control systems can be classified on the
basis of the sampling mechanisms as: (1) TT control systems, 2) ET control systems,

and 3) ST control systems.
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2.2.1 TT Control Systems

The control systems with equidistant or periodic sampling mechanism are called the
TT control systems. In this section the periodic discrete linear time invariant (LTT)
control systems are discussed. This type of system can be obtained by doing the exact

discretization of continuous LTI systems.

Consider state space representation of a continuous LTT plant:

—x(t) = Apx(t) + Bpu(t)
yt) = Cpalt) (21)

where z(t) € R", u(t) € R™, y(t) € R™, t € R, are system states, control input,
system output, and time, respectively. A, € R"*", B, € R"*™ C, € R™*" are

system, control and measurement matrices, respectively.

The discrete counterpart of the plant (2.1) can be obtained by applying the approxi-
mation techniques such as zero order hold, Tustin approximation and Euler method.
For the different systems, different approximation methods can be used to get an exact

discretization on a fixed sampling instance Ts. By using zero order hold the state space
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representation of discrete time version of the plant (2.1) is obtained as:

z(k+1) = Ax(k)+ Bu(k)
y(k) = Cux(k) (2.2)

where z(k) € R", u(k) € R™, y(k) € R™2, k € R, are system states, control input, sys-
tem output, and discrete time instance, respectively. A = e“»Ts, B = ( fooo eAr-Ts dr)B,

and C' = (), are system, control and measurement matrices, respectively.

Consider a dynamic output feedback controller of the following form:

#(k+1) = Ad(k)+ Bey(k)
ulk) = Coi(k) (2.3)

where A., B, C.. are the controller matrices.

In this representation next sampling instance k 4+ 1 can be determined as k+1 =k + h,
where A > 0 and is fixed. Therefore, the distance between two consecutive sampling
instances always remains the same. It results in the TT control systems in which the
transmission of feedback information, y(k), and control input, u(k), between a plant and
a controller, is done on each sampling instance k. This mechanism transmits the data

as early as it is sampled. It results in the following closed-loop system representation:

Ck+1) = AaC(k)
y(k) = Cal(k) (2.4)

A  BC.
B.C A,

(k)

(k)

where ((k) = [

] is closed-loop system, and Ay =

[ C 0 } are closed-loop system and output matrices.

2.2.2 ET Control Systems

The ET control systems are the control systems with an ET mechanism. They are
also called reactive control systems because their triggering mechanism determines the
transmitting instance after the occurrence of an event instead of an elapsed time. The
continuous ET control systems are called aperiodic control systems and require constant
monitoring of the triggering conditions. However, in the case of discrete time, the ET
control systems are called periodic ET control systems because their event triggering

conditions are verified periodically instead of continuously [42]. The discrete ET control
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systems have the advantage over the continuous ET control systems in a sense that they

always result in a positive inter-event time and do not exhibit Zeno behavior.

Consider a class of discrete-time linear systems:

y(k) = Ca(k) (2.5)

where z(k) € R, u(k) € R™,y(k) € R™2 are the state, event-based control input and
measured output, respectively. The matrices A, B and C are of known dimensions. A

dynamic output feedback controller of the following form is proposed:

#(k+1) = Aci(k)+ Bey(k)
wk) = C.i(k) (2.6)

where Ac, B, C. are the controller matrices. #(k) € R™ and y(k) € R are observer

state and event-based feedback, respectively.

In the TT control system, u(k) = u(k) and y(k) = y(k). However, in the ET control
systems, @(k) and y(k) are transmitted over the communication channel after the oc-
currence of an event on a particular discrete instance. The event is generated when
the measured output or the control input will leave a set C around the origin. For the

measured output this condition can be expressed mathematically as:

a(k) = y(k), if Cy(k),y(k)) >0 .
y(k), if C(y(k),y(k)) <0

Similar conditions for the control input can be proposed as well. The different ET

mechanisms are described as:

1. The event will be generated when the norm of the difference between the current
and the previously transmitted output, termed as error and notated as e(k), crosses
a percentage o of the current output. Therefore the next event triggering instance,

proposed by [43], will be :
knp1 = if{k > k| [le(k)[] > olly(k)[[} (2.8)

where k41 is the next event time, k,, is the current event time, e(k) = y(k) — y(k)

and o > 0.

2. The event will be generated when norm of the e(k) crosses the sum of the per-

centage of the current output and a prescribed value. Therefore, the next event
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triggering instance, proposed by [44], will be:
k1 = inf{k > kn| [le(k)|| > olly(k)|| + €} (2.9)

where € > 0.

3. The event will be generated when e(k) norm crosses the sum of the percentage of
current output, previously accumulated error and a prescribed value. Therefore

the next event triggering instance, proposed by the author, will be:
ki1 = inf{k > kn| [le(R)[| > olly(k)|| + plle(k — 1)|| + €} (2.10)

where p > 0.

4. The event triggering conditions can be provided on the basis of Lyapunov function.

For example: consider a quadratic Lyapunov function:
V(z) = 2T (k)Pz(k) with P >0 (2.11)
The next event triggering instances, proposed by [45], will be:
kni1 = inf{k > k,| ALPA, > oP} (2.12)

where P is positive definite symmetric matrix, and o > 0.

2.2.3 ST Control Systems

The ST control systems are called proactive control systems because their triggering
mechanism determines the transmitting instance in advance. It is useful in the cases
when the dedicated hardware is not available for continuous monitoring of the event
triggering conditions. The formal designs for ST control systems are still an open chal-
lenge. In this thesis, a brief introduction is included here only, whereas the detailed

discussion is beyond the scope of the thesis.

Consider the system (2.5) with the control law (2.6). In ST control systems, the next
triggering instance k41 depends upon the previous triggering instance k,, and the system

state, z(ky), which is only dependent on the k,. Mathematically:
kni1 = kn +T(z(ky)) (2.13)

where I'(x(k,,)) is a mapping function. Once this mapping function is developed, the

event triggering mechanism is able to determine the next triggering event in advance.
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2.3 NCSs Constraints

In this section NCSs constraints such as 1) network induced time delays, 2) packet
dropouts, and 3) quantization errors are discussed. These constraints not only degrade
system performance but can also result in system instability. This section mostly focuses
on the modelling of these constraints for the TT NCSs. After the modelling of the
constraints, the various approaches to develop stability criteria are given. For the ET
NCSs, only a brief introduction to these constraints is included here where as the detailed

discussion is beyond the scope of the thesis.

2.3.1 Constraints in the TT NCSs

2.3.1.1 Time Delays

In the NCSs, the time delays are inevitable in the measurements and the control inputs
due to the presence of network. It makes them a special class of the TDSs. In NCSs,
the measurement delays are also denoted as sensor to controller delays (7s.) and the
control input delays are called controller to actuator delays (7.,). Without loss of the
generality, both 7. and 7., can be lumped together as one transmission delay 7 [82].

This approach is adopted here. Mathematically:

T = Tse + Tea (2.14)

Depending on the networks, the delays can be time invariant, time varying and random in
nature. In the following, the delays are modelled for the plant (2.2). Among various types
of the control laws proposed in the literature [47, 54, 55, 128], the dynamic observer-
based output feedback is chosen for further discussion. These control laws, on the basis
of formulation, can be divided into two types: 1) delay-independent, and 2) delay-
dependent control laws. In the first type the stabilizing controllers are designed as
independent of the delays. These designs assure the system stability even in the presence
of the unbounded delays. The second type considers delay-dependent designs that are
less conservative and reduce over-design. In this approach, the delays are properly
modelled and are incorporated in the controller design [65]. Therefore, only delay-

dependent controllers are discussed here.

Time invariant Delays and their Modelling: The constant or time invariant but un-
bounded delays were first considered by [67]. The networks with the time division
multiplexing result in these types of delays. An overview of the system representation

for the plant (2.2) with the constant delays is given below.
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Consider a dynamic observer-based output feedback control law with the fixed delay 7

as:

uk) = C.i(k) (2.15)

After applying the controller (2.15) on the plant, the following closed-loop system is

obtained:
C(k+1) = AuC(k)+ BuC(k—7)
y(k) = Ca((k) (2.16)
A BC. 0 O
where A, = , By = and Cy = [ C 0 } .
Ac B. 0

Time Varying Delays and their Modelling: The delays which change with time are
called time varying delays and are notated as 7(k). The networks with priority based
transmission strategies result in these types of delays. These delays range from no delay
to the maximum delays and can be bounded as 0 < 7 < 7(k) < 7 < oo where 7 and 7T

are lower and upper bounds, respectively.

By applying the dynamic observer-based feedback controller on the plant, with time

varying delay in the transmission link, the following closed-loop system is obtained:

Ck+1) = Aa(k)C(k) + Ba(k)((k —7(k))

y(k) = Ca(k)((k) (2.17)
where Ay (k) = ? B;XCZECI;) , By(k) = B(zk) 0 ] and Cy(k) = [ C 0 } )

Random Delays and their Modelling: The random or stochastic delays are special cases
of time varying delays. The random delays are more natural in the networks with shared
transmission mediums such as Internet. The random delays can be modelled with the
help of statistical methods such as Bernoulli probability distributions and Markov chain
[56, 96]. In this discussion, the network-induced random delays are modelled with the

finite state Markov chain.

In the Markov chain method, the random delays can be treated as the stochastic pro-
cesses and modelled by a finite state Markov chain as 7(k) = 7(r) with 0 < 7(1) <
7(2) < --- < 7(n) < oo, where 7y, is the stochastic Markov process taking values from

the finite set Markov chain NV = {1,2,--- ,n}, with the transition probability of the
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form:

pij == Prob{ry41 = jlry =i}

where 7,7 € A and the transition probability matrix for n processes is given as

pi1 P12 - - ... DPin
p21 p22 - - ... DP2n
P.=|: : TR (2.18)
Pn—1)n
L Pn1 Pn2 - - ... DPnn |

with 0 < p;; <1 and 22:1 pij = 1.

A finite state machine (FSM) presentation of a Markov chain with three states is shown

in the Figure 2.3.

Suppose that the measured output y(k) is delayed by the time 7(k) which is modelled as
a stochastic process 7(rk) taking values from the finite state Markov chain. The delayed

y(k) can be represented as:

y(k = 7(k)) = y(k — 7(re)) (2.19)

where the transition from one delay to the other is governed by the transition probability

as:

#i) = () (2.20)
j=1

By applying the dynamic observer-based feedback controller on the plant, with random
delays modelled by Markov chain, the following closed-loop system is obtained:

Ck+1) = Au(re)C(k) + Ba(rr)C(k — 7(ry))

y(k) = Ca(re)C(k) (2.21)
where Ay(ry) = ? BACZE’:];) ] , Ba(rg) = 5 ?Tk) g ] and Cy(rg) = [ C 0 } )

2.3.1.2 Packet Dropouts

The transmission of the data between the plant and the controller is in the form of
packets in the NCSs. The packets not only bear delays but sometimes are lost over the
network [63]. The packet dropouts or the missing information are common in NCSs

due to noise, fading and buffer overflows in the network nodes. They can degrade
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P33

FIGURE 2.3: FSM representation of a three state Markov chain

the system performance and even result in system instability if they exceed a certain
bound. The packet dropouts can be random due to the unreliable nature of the networks,
therefore they can be molded as a stochastic process following a certain probability such

as Bernoulli, Uniform and Poisson distributions [132].
Packet Dropout Modelling using Bernoulli Distribution:

Bernoulli distribution is useful to find out the occurrence of a packet dropout sequence
as shown in Figure 2.4. However, it is not capable of telling how many packets are
dropped in that particular sequence. Therefore, it is useful to model either a single
packet dropout or a fixed sequence of packet dropouts. It can also be used with other

probability distributions to model the random and successive packet dropouts.

In the following, a single packet dropout is molded using a stochastic variable (k)

following a Bernoulli random sequence as:

1, if packet dropout occurs
a(k) =
0, if packet dropout does not occur

Assume that «(k) has the probability:

Prob{a(k) =1} = E{a(k)} = a, Prob{a(k) =0} =1 — «
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FIGURE 2.4: Packet dropouts following Bernoulli distribution and probability mass
function

where 0 < a < 1 is a constant, and
E{a(k) —a} = 0,8 = E{(a(k) — a)’} = a(l — )

where E(-) is the expectation operator and 82 is the variance.

Consider a dynamic output feedback controller with a single packet dropout compensa-

tion as:

K>

(k+1) = Ack)z(k)+ a(k)Be(k)y(k) + (1 — a(k))Bey(k — 1)
wk) = Cu(k)i(k) (2.22)

where A.(k), B.(k), C.(k) are the controller matrices.

The closed-loop system of (2.2) with (2.22) is given as follows:

C(k + 1) = Aclg(k) + Bch(k - 1)
y(k) = Cag(k). (2.23)

where (k) = [z(k) #(k)]" and

A BC.

Acl =
a(k)B.C A,

andCcl:{C O].

Bcl = [ 0
(1—a(k))B.C 0

Packet Dropout Modelling using Uniform Distribution:
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The packet dropout sequences can be periodic, therefore they can be modelled by a
stochastic variable 8(k). The (k) follows the Uniform probability distribution as shown
in Figure 2.5. In this distribution, all the packet dropout sequences, D, Ds>...D,,, are
uniformly distributed with the probability:

pi = Prob(B(k) = D;) = (2.24)

It is already mentioned that the Bernoulli distribution can be combined with other
probability distributions e.g., the Uniform or the Poisson probability distribution, to
model different packet dropout sequences. In a hybrid probability distribution, the
Bernoulli distribution tells the occurrence of a packet dropout event where the Uninform
distribution can tell how many sequences occur in a given transmission. By using this

approach, a dynamic output feedback controller is considered as:

Bh+1) = Ad(k)+a(k)Bay(k) + (1 —a®)y %chuf )
=1

ulk) = Coi(k) (2.25)

After applying (2.25) on (2.2), the following closed-loop representation is obtained:

Ck+1) = AaC(k) + 0(k)Bar () + (1~ a(k) S~ Bast(h i)
=1

y(k) = Cul(k). (2.26)
where
A BC, 0 0 0 0
Acl = s DPell = s DPel2 = 5
0 A, B.C 0 B.C 0
and C; = [ C 0 } .

Packet Dropout Modelling using Poisson Distribution

There can be a single or multiple/successive packet dropout random sequences in a net-
work, existing between a plant and a controller. In the case of a single packet dropout
sequence, the Bernoulli distribution is very effective and is adopted by many researchers
[30, 119, 128]. However, the random sequences of the successive packet dropouts, occur-
ring frequently in real time networks, got much less attention from the researchers. Both
Bernoulli and Uniform distribution are not capable of modelling the random sequences
of successive packet dropouts but the Poisson distribution can do so. Consider random

sequences of multiple packet dropouts by a random variable o (k) following a Poisson
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distribution. Consider o(k) is with any n number of possible values k1, k2 - - - K. The

probability of each outcome kg4 will follow the Poisson distribution as:

)\K]de—A
pg = Prob{o(k) = kq} = ' d=1,2---m
Kq!
Mean = E{o(k)} =\
E{o(k) — Mean} =0, (2.27)

where m is the maximum packet dropouts.

The Bernoulli and the Uniform distributions result finite expectations while the Poisson
distribution results infinite expectation. Therefore, the interval of any random sequence
of the packet dropouts can range from 0 to co. The interval with co value may occur
when m — oo and always has very low probability. Without loss of the generality, this
low probability can be considered as 0. In this case, the current data will be used as
the feedback. The probabilities of packet dropouts under the Poisson distribution and
it probability mass function is shown in Figure 2.6. As discussed earlier, the Bernoulli
distribution can be used with other distributions to model the packet dropouts. This
approach is adopted here as well and the Bernoulli distribution used to determine the
occurrence of any packet dropouts sequence whereas the Poisson distribution is used to

model the random sequence of packet dropouts .
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After modelling the random sequences of packet dropouts, a dynamic output feedback

controller is proposed as:

ik+1) = Aci(k)+ a(k)Bey(k) + (1 — a(k:)){ zm: paBey(k — ,@d)}

kq=0

uk) = Coi(k) (2.28)

where k4 is a packet dropouts sequence, k,, is sequence with maximum dropouts, and

pq is the Poisson distribution based probabilities.

After applying (2.28) on (2.2), the following closed-loop representation is obtained:

Km

Ck+1) = AaC(k) +alk)Bar(k) + (1 = ati)){ D paBasC(k — ra) |
y(k) = Cal(k). " (2.29)
where
A, = A BC, Buy = 0 0 B = 0 0 7
0 A, B.C 0 B.C 0
and C; = [C 0}

2.3.1.3 Quantization Process and Error

The evolution of the digital controllers and the NCSs resulted in the incorporation of
the quantization in the feedback loops. The quantizer or quantization process can be
described as the mapping of a real-valued function into a piecewise constant function

ie., R — Z taking values from a finite set e.g., U = {4u;,i = —,£1,+2....} U {0}.
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The control system with quantizers are hybrid, i.e., continuous and symbolic, in nature
[92]. In the beginning, the researchers mainly focused to mitigate the effect of quanti-
zation error on the system performance e.g., [70], however now a days, the quantizers
are treated as the information coders to reduce the resource utilization such as compu-
tational and communication resources [72]. The design of quantized feedback control
is a multidisciplinary research area and requires the integrated concepts of the control
and the information theories. The research on the quantized feedback has been actively
carried out recently [69, 75, 77]. On the basis of the quantization policy, the quantizers

can be categorized as: (1) Static quantizers, (2) Dynamic quantizers.
Static Quantizers:

A static time invariant quantizer can be described as a memoryless nonlinear mapping
function from R — Z [78]. The static quantizers require infinite number of levels to
achieve asymptotic stability, therefore they only result in the practical quadratic stability

of the control system. The static quantizers can be further classified as:

1. Uniform quantizer: It is nonlinear mapping function with uniform quantization
levels as shown in the Figure 2.7. One of the quantization policy under this class

of quantizers is given as

M, if (k) > (S+0.5)A
qu(z(k)) = —M, if x(k) <—(S+0.5)A (2.30)
£ +05] if —(S+0.5)A<z(k) < (S+05)A

where z(k), ¢, (xz(k)), S, A are an actual signal, quantized signal, saturation region

and quantization error, respectively.

A dynamic quantized output feedback of the form (2.3) is presented as:

i(k+1) = Adz(k) + Bequ(y(k))
uwk) = C.i(k) (2.31)

where ¢, (y(k) is quantized feedback. By applying (2.31) on the plant (2.2):

andy(k) = CuC(k) (2.32)
A BC.
where A, = o ,C’CIZ[C 0]-
B(§+.5) A
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FIGURE 2.7: Uniform level quantization

2. Logarithmic quantizer: The static quantizers with coarsest quantization densities
are logarithmic. In this type of quantizers, the time axis are linear where the signal
axis are logarithmic as shown in Figure 2.8. It should be noted that the quanti-
zation density is directly proportional to the quantization levels. The logarithmic
quantizers take values from the set U = {:I:pi,i =0,41,£2,--- } J{0}, where p is

the quantization density and can be described as:

0 if 450' < a(k) < 1550'  w(k) >0,i=0,£1,£2,--
a(z(k)) =40, if (k) =0

(2.33)
where § is the sector, a bound on the quantization error A. The relationship

between the quantization density and sector is given as follows:

The dynamic output feedback controller with quantized feedback is presented as:

t(k+1) = Acz(k)+ Beqi(y(k))
u(k) = C.i(k) (2.34)

By applying (2.34) on the plant (2.2):

C(k+1) = Al(k)
y(k) = Cul(k) (2.35)
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Dynamic Quantizers:

A dynamic quantizer uses memory and is complex to design, but is suitable to achieve
the asymptotic stability with finite quantization levels or limited information. It helps
in the optimized use of the computational and communication resources. The dynamic
quantizers use both the current quantized signal and the previous quantized information
in the calculation of control input [92]. There is a lot of active research going on the
system stability and controller design with dynamic quantization policies [77, 78, 92,

138]. In the following, two types of the dynamic quantizers are discussed.

1. Static quantizers with dynamic scaling: A static for example logarithmic quantizer
can be used as a dynamic quantizer with the help of dynamic scaling or zooming.
The scaling parameter can be tuned online or dynamically for zooming in and out
according to the signal size. Consider a logarithmic quantizer with truncated but

finite 2N quantization levels:

P 1o if hsp'po < x(k) < 25p'm0, 0<i<N-—1
N—-1 : 1 N—-1
P 1o, if 0 <a(k) < 150" 1o
qa(z(k)) = o =0 (2.36)
Ho, if 5500 < (k)

—q(—z(k)) ifz(k) <0

A out of the range feedback signal y(k) can be scaled in the range of the loga-

rithmic quantizer before the quantization and scaled back after the quantization
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with the help of scaling parameter s; > 0. Mathematically, this procedure can be
expressed as s,;lqld(sky(k‘)). After applying the output feedback controller (2.3) on
the system (2.2) with the ‘scaled back’ quantized signal, the following closed-loop

system is obtained:

C(k+1) = AqC(k) + Busy 'qa(sr.Caz(k))
y(k) = Cullk) (2.37)

f;l B;ic ’BCl:[B?c]’ andCdZ[C 0],

The dynamically adjustment of the parameter s, can easily be done on the basis

where A, =

of the ‘scaled’ quantized signal qiq(sxy(k)) [78].

2. Logarithmic quantizer with dynamic input: In this type of dynamic quantizers, a
logarithmic quantizer is used that quantize the difference between the current and
the previous signal, i.e., §(k) = y(k) —y(k — 1), instead of the current signal, y(k).
This quantization policy is proposed by the author in [59]. Consider a logarithmic
quantizer of the form (2.33) with the proposed policy. By applying the output
feedback controller (2.3) on the system (2.2):

C(k+1) = Aul(k)+ Bu¢(k—1)

y(k) = Cual(k) (2.38)
A BC. 0 0

where Acl = , By = , and Cy = |: cC 0 } .
C(1+9) A C(1+4+46) 0

2.3.1.4 Stability Analysis Approaches

The time delays are the most important constraint of the NCSs that affects the system
performance and the stability adversely. Moreover, the NCSs can also be considered as a
subclass of the TDSs [53]. Therefore, the approaches to develop the stability criteria for
the TDSs are also applicable to the NCSs. To obtain the quadratic stability, two state of
the art approaches (Lyapunove-Krasovskii (L-K) functional and Lyapunove-Razumkhin
(L-R) functions) are proposed in the literature. In this doctoral study, the L-K functional
approach is adopted for stochastic stability and its various forms are proposed to cater
for different NCSs constraints along with the time delays. In the following section, a

brief introduction of both approaches is given.

L-K Functional Approach:
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Consider the closed-loop system (2.17), a detailed L-K functional can be used to obtain

the stochastic stability criteria:

V(G mr) = Vi(Cr,mx) + Va(Cr, 7x) + V3(Cry 1) (2.39)

with
Vi(Ceo i) = G P(ri) e (2.40)

Vi1(Ck, k) is a basic Lyapunov function to obtain the stability criteria for a simple closed-

loop system without NCSs constraints.

-1 -1
Vol(Gemi) = Z R+ Y Z z1 Ryz; (2.41)

b=—7(ry,) j=k+¢ t=—7(s) j=k+£
k—1 —7(1)+1
Va(Geori) = Y. QG+ > Z ¢ QG (2.42)
l=k—T1(rg) b=—71(5)+2 j=k+L-1

Va(Ck, ) and V3(Ck, rx) are the detailed L-K functionals which provide the closed-loop
stability criteria while considering the each random delay, the minimum and the maxi-

mum delays and the average of the delays.
L-R Function Approach:

The L-R functions are the extension of Lyapunov quadratic function to achieve the
system stability with the time delays. In the following discussion, L-R is explained
briefly in the context of the closed-loop system 2.17. Let a1, as are positive numbers,
p € Ri_;(,)0) and m: Ry — Ry is a positive function with 7(s) > s for all s € R} and
m(0) = 0. Assume that there exists a Lyapunov function V(¢(k),7(rx)) : R™ — R4 such
that

arllC(k)I[? < VI(C(k), (1)) < azll¢(k)I”

where a1 = Apin(P), a2 = Apaz(P) and for all ((k) € R™ and 7(rg) € N, if 7(V(¢T)) >
Mmatgez|—r(ry),0V ((0)), then
V(CH) < pV(¢(0))

then the closed-loop system will be stochastically stable.

2.3.2 Current Research Trends in TT NCSs

Recently, various systematic stability analysis approaches of NCSs with networked-
induced imperfections are proposed. For example, the constraint of time delays is
discussed in [21, 22, 52|, and of packet dropout effects in [23, 24, 26-28, 145], and
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of quantization in [29, 30, 69], and communication constraints in [31-34], respectively.
Although all the aforementioned constraints exist simultaneously in NCSs, however most
of the research focuses on individual imperfections. In this thesis, I will focus on the

modeling and stability of NCSs with multiple constraints.

Seminal works have been done on stability analysis and controller design for NCSs with
time-varying, uncertain, large time, or random time delay, as presented in [21, 22, 52] (for
more details, see references therein). To cater for the packet dropout, many approaches
have been developed. Stabilization problem of NCSs with arbitrary and Markovian
packet losses is considered in [23]. The H, control problem for NCSs with packet
dropouts is studied in [24, 27]. A new NCSs model is considered with single- and
multiple-packet transmissions in [145]. The control problem for NCSs with Bernoulli-
distributed stochastic packet losses is revisited in [28]. In real time, the time delay and
packet dropout exist simultaneously in NCSs. Few results are also available that study

both time delay and packet dropout [35, 37, 38, 118|.

Recently, the problem of quantized feedback control has seen a growing research interest
due to the emerging of computer based control and NCSs. The quantization effects can
be investigated in two aspects: (1) reduction of the quantization effects to ensure the
system performance and stability, and (2) considering quantizers as information coders.
In the first approach, stability analysis and controller synthesis are done in the presence
of a quantizer by [69, 70]. The second approach talks about the required information
from a quantizer to ensure the system stability. It is proved by [72] that the minimum
quantization information required for the system stability depends on the unstable poles
of plant. The logarithmic quantizers can give minimum or coarsest quantization densities
[75]. The similar research to use optimal quantizers and coarsest quantization densities
is carried out by [76], while sustaining the system stability for Markovian jump systems
(MJSs).

Various approaches are adopted to cater for NCSs constraint of limited bandwidth. For
instance, the constraint of communication bus with limited capacity is handled with the
help of a hold device and a communication sequence in [33]. Similar work are proposed
in [31, 32, 34] to cater for limited communication bandwidth. The limited bandwidth is
compensated in this thesis by proposing various techniques such as adaptive quantization

densities, congestion control mechanism and event triggered control.

2.3.3 Constraints in ET NCSs

The incorporation of the ET mechanisms in the stability analysis and the controller

design of the NCSs is a growing research area [60]. It is because of the capability of the
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ET mechanisms to reduce the bandwidth consumption by ensuring data transmission
on demand. However, this research area is not well developed and needs a lot of further
investigation. Few researchers introduced the time-triggered mechanism for the NCSs
framework in the presence of time delays [61, 62]. In Chapter 8, author developed a
stochastic stability criteria and Ho, performance is analyzed in the presence of packet
dropouts. A detailed discussion on the ET NCSs while considering different NCSs con-
straints is beyond the scope of this doctoral study.

2.4 Comparison Between TT and ET NCSs

This section analyzes and compares the T'T and the ET NCSs qualitatively and by the
simulations using the MATLAB TrueTime toolbox and Simulink.

2.4.1 Qualitative Comparison

The TT and the ET triggering mechanisms are qualitatively compared on the basis of
different requirements in the discrete time NCSs. These requirements are synchroniza-
tion, the ability to react to asynchronous events and the compensation for the latencies
and jitters in the worst case, and the regular operation of the control loops. The TT
mechanism is quite useful in the NCSs framework due to its synchronization, quasi-
deterministic nature and composability [41]. Due to these advantages the formal design
theories are easy to develop but are time restrictive for the implementation. On the
other hand, the ET mechanism is flexible for the implementation due to its quick re-
sponse to the unknown asynchronous events [46]. It is the mechanism of choice, by
implementation point of view, because of the optimized resource utilization. However,
the formal designs for the ET mechanism are quite complex and are not developed as
far. Therefore, the selection of either the TT or the ET mechanism is application depen-
dent [39], and even some researchers also explored the advantages of their combination
[47, 48]. Tt is intended to analyze the performance of TT and the ET mechanisms during
the worst case scenario and regular operation of the NCSs. The worst case scenario re-
quires a quick response from the system to a critical situation (an asynchronous event).
In the regular operation three assumptions are normally made for NCSs. Firstly, the
control law assumes that the transmission of the measured variable from the sensor to
the controller and the control input from the controller to the actuator are perfectly
periodic. Otherwise a time varying control law is required to achieve the stability and
performance of the system. The time varying control law also assumes that the time
information is available. Secondly, it is assumed that the controller variable is transmit-

ted from sensor to controller with no delay or a constant delay (latency). There is the
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same assumption for the control input transmission from controller to actuator. Oth-
erwise, again, a time varying law is required to compensate the latencies and resulted
jitter. Thirdly, the delays, either compensated or not, result in the degradation of the
performance. Before proceeding further, it is worth mentioning that each component of

a NCS can be considered as a network node.

2.4.1.1 Worst Case Scenario

The worst case scenario is defined as a critical situation which can occur at any node
as an asynchronous event. The response to this event determines the performance of
the TT and the ET mechanisms. Latency and jitter are two of the parameters that can
measure the performance of the system’s response to an asynchronous event. Latency
can be defined as the round trip delay (delay in system’s response to an event) between
the plant and the controller nodes, while jitter is the variation in latency. The concept of
latency and jitter is elaborated with the help of Figure 2.9. In this figure #( is the time on
that a critical situation occurs at node A. In response, it transmits the message to node
B at time t; that is received by node B at time t5. After that, node B replies at time
t3 which is received by node A at time t4. In this time framework, ¢ty — t; is processing
and wait delay at node A, t; — to is the communication delay from node A to node B,
to — t3 is again processing and wait time but at node B and t3 —t4 is the communication
delay from node B to node A. The time from ¢y — t4 is the system response time to the
critical situation and is called latency. The right hand side of Figure 2.9 elaborates the

concept of jitter that is variation in latencies.

Jitter
Latency I
A | 1 N
{ Y
\ V
Node A Node B Node A Node A Node B Node A
Communication Communication
Time(A-B) Time(B-A)
| A |
NV NV
to t ty t3 ts to 9] t t3 ty
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ritical ;
Situation Received Response Received

Data Transmitted
Response

Transmitted

FIGURE 2.9: Latency and jitter
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For the worst case scenario, the behavior of the TT and the ET is examined and it
is found that the ET mechanism outperforms the TT mechanism in response to the
asynchronous events. In the ET mechanism node A sends data as soon as the network
is free. The performance of the ET mechanism solely depends upon network load,
message priority and data rate. The ET mechanisms results in less latency and jitter
for the reduced network load. However, higher network load reduces the efficiency of
the mechanism. In the case of the TT mechanism, node A transmits its data to node
B on its allocated time slot only, therefore its performance is totally invariant of the
network load and depends on the cycle structure and data rate only. Although the TT
mechanism is not capable to a quicker response to an asynchronous event, but it provides

an upper bound on the response time due to its quasi-deterministic nature.

2.4.1.2 Regular Operation

For regular operation, the sampled data (discrete time) system, as shown in Figure
2.1, is considered. The discrete time system consists of two nodes i.e., the plant and
the controller nodes. It is assumed that 1) the triggering mechanism, either the TT
or the ET, is embedded in the nodes, and 2) all other system components such as
sensors, actuators and quantizers (A/Ds), are part of the plant node. Both nodes are
connected over the network. The round trip delay (latency) between nodes is divided
into three main components: 1) communication delay between plant and controller, 7.,
2) processing delay at controller node, 7., and 3) communication delay between controller
and plant, 7,,. All other small delays, such as processing delays of sensors, actuators
and quantizers are neglected without loss of generality. In this setup the TT and the

ET mechanisms are compared with respect to their impact on the delays.
Communication Delays 7,. and 7,

Both communication delays are same in nature, therefore they are considered together
here. The effect of either the TT or the ET mechanism is the same on both delays. It is
worth mentioning that communication networks are the main source of delays and jitters.
Following are the impacts of the TT and the ET mechanisms on the communication

delays:

TT Mechanism: In this mechanism, network-induced latencies remain constant, hence
no jitter is produced. For this, it is required that all the network components should be
globally synchronized, otherwise latencies and jitter will be worse than the ET mecha-

nism.
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ET Mechanism: In this mechanism, the data is sent as soon as the network is available.
However, latencies and jitters are expected as they solely depend on the network load,

message priority and data rate.
Computational Delay 7,

This delay depends on the number of control tasks and their scheduling by the con-
troller’s operating system. Even the impact of the TT and the ET mechanisms, on the
delay, depends on the number of the control tasks and their scheduling. The impact of

both mechanisms is described as

TT Mechanism: If task synchronization is achieved, then the TT mechanism results in
zero delay and jitter for the single control loop. However, if scheduling is required in the

case of multiple control loops, then constant latencies are expected

ET Mechanism: It results in zero latency and jitter if the controller is catering for only
one control loop. In the case of multiple loops, the performance of any particular loop

can be achieved at the cost of other loop’s performance.

In summary, it can be revealed that both the TT and the ET mechanisms can result in

time varying delays. To cater for these jitters, a delay-dependent controller is required.

2.4.2 Comparison by Simulations

In this section, effect of the TT and the ET sampling mechanisms on the system perfor-
mance, delays and jitters is analyzed. This analysis is performed by using the Simulink
based toolbox, TrueTime [49]. The block diagram of the TrueTime toolbox is shown in
Figure 2.10. This toolbox facilitates the simulation of real time processes such as DC
servo system by presenting them with simple Simulink blocks. It also enables simulation
of different communication networks as Simulink blocks. The toolbox is suitable for
analyzing the temporal behavior of control processes, timing parameters and multi-task

scheduling for real-time and NCSs.

2.4.2.1 Example: A DC Servo Control Over the Network

This example is taken from [50]. In this example, a DC servo motor is controlled
over a general purpose Ethernet network as shown in Figure 2.11. It is natural in the
NCSs framework that the sensor node is considered as TT, while network, controller
and actuator nodes are considered as ET. In this example, however, the sensor node

is considered as both TT and ET mechanisms, to analyze the effect of both sampling
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FIGURE 2.10: A Simulink based toolbox for real-time and networked control systems:
TrueTime

mechanisms. In addition to this, the control law is proposed without delay compensation
so that the impact of the sampling mechanisms on the delays and jitters can be realized

properly.
Consider the transfer function of a DC servo motor:

100

0=+

(2.43)
It is discretized at the sampling rate of 1 ms, with w(k) = 0. According to the equation

(2.2), the state space representation of the system is:

1.3680 —0.3679 1
z(k+1) = z(k) +

1.0000 0 ] 4

y(k) = [36.79 26.42}x(k:) (2.44)
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FIGURE 2.11: A servo motor control in NCSs Framework

In this example, a dynamic output feedback controller of the form (2.3) is proposed.

The controller gains are obtained using LMI toolbox:

0.9424 —0.5566 1.1430
A, = , B, = 1.0e+ 003

0.9510 —0.0490 0.9798
C. = [—0.9995 0.4995}

The motor is controlled with the help of sensor and actuator over the TrueTime network.

The sensor, actuator and controller are implemented as TrueTime kernels.

It is mentioned earlier that the sensor is implemented on the basis of TT mechanism in
TrueTime toolbox. In this example, it is also implemented on the basis of ET mech-
anisms so that the performance of both mechanisms can be analyzed. This example
implements the ET mechanism, according to the condition given in equation (2.8). Ac-
cording to the equation, sensor transmits the data over the network only when the
lle(k)|| = ||lu(k) —y(k)|| > o|ly(k)|| is satisfied. It means that the ET mechanism follows

“sampling on the demand” approach. It is shown in Figure 2.12 that data is transmitted
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FIGURE 2.12: Number of transmitted samples using ET mechanism

in the start when the difference between (k) and y(k) is large. As the system gets stable
and ||e(k)|| remains in bounds, then no need to transmit further data. However, the
error ||e(k)|| is kept on accumulating and when it satisfies the condition again then the
data is transmitted again. It can be evaluated from the figure that it sends only ~ 15%
of the actual samples (In the figure, shaded area shows the number of transmitted sam-
ples). On the other hand, the TT mechanism transmits the data periodically and sends

all the samples.

Although, the ET mechanism reduces bandwidth consumption, but there is a tradeoff
between the bandwidth consumption and the system performance. It is shown in the
Figure 2.13(a) that the system achieves asymptotic stability by using the TT mechanism.
The ET mechanism also stabilizes the system but its steady state remains around the

origin and does not achieve the asymptotic stability. It is shown in Figure 2.13(b).

In the absence of other interference nodes, the TT mechanism results in fixed delays
(latencies) and zero jitter. It is evaluated from 2.14(a) that TT mechanisms produces
the fixed delay of 2.5 msec. It means that the TT mechanism is quasi-deterministic. It is
also concluded in section 2.4. On the other hand, the ET mechanism results in variable
delays and jitter. In the Figure 2.14(b), the delays between the samples of sensor and

actuator range from 5 ms to 30 ms that result in an accumulative jitter of 25 ms. The
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jitter is calculated by following iterating equation:
J=J+|D(i —1,4)| (2.45)

J is the jitter and D is the difference between delays between two samples. It is worth

mentioning that the results are according to the discussion of the section 2.4.1.2.

Note: It is evaluated from different simulations that the TT mechanism also results in

variable delays in the presence of other interference nodes.
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2.5 Conclusions

This chapter is a literature survey on the TT and ET mechanisms in the context of
the NCSs. Firstly, the basic concepts of both sampling mechanisms are discussed. For
the ET mechanism, various conditions for generating an event are provided. After this,
a detailed literature survey on the NCSs is conducted and various constraints such as
time delays, packet dropouts, limited bandwidth and quantization errors are identified.
A brief overview of the stability techniques of the NCSs is also provided. The effect
of the TT and the ET mechanisms on the NCSs constraints such as time delays and
bandwidth are analyzed qualitatively and by simulations. The simulations show that
both mechanisms stabilize the system. However, the ET mechanism transmits smaller
number of samples, hence reduces bandwidth consumption. On the other hand, TT
mechanism results in better control performance but transmits all the samples. It is
evaluated that the TT and ET mechanisms result in fixed and time varying delays,
respectively. However, it is possible that the TT mechanism may also result in time
varying and random delays. It is due to the random nature of network and other inter-
facing nodes. It is concluded that the delay-dependent control laws are indispensable for
the NCSs. It is also evaluated that the identified constraints should be properly mod-
elled and incorporated in the design before providing the stability criteria and control

designs.



Chapter 3

Robust H State Feedback
Control of NCSs with Poisson
Noise and Successive Packet

Dropouts

This chapter examines various constraints of networked control systems (NCSs) such
as network-induced random delays, successive packet dropouts and Poisson noise. The
time delays are represented as the modes of a Markov chain and the successive packet
dropouts are modelled using the Poisson probability distribution. For each delay-mode,
a different Poisson distribution is used with the help of an indicator function. The
Poisson noise is incorporated in the design to cater for sudden network link failures.
After modelling the constraints, a stability criterion is proposed by using a detailed
Lyapunov-Krasovskii(L-K) functional. On the basis of the stability criterion, sufficient
conditions for the existence of a robust H state feedback controller are given in terms of
bilinear matrix inequalities (BMIs). Later, BMIs are converted into quasi-convex linear
matrix inequalities (LMIs) and are solved by using a cone complementarity linearization
algorithm. The effectiveness of the proposed design is elaborated with the help of two
simulation examples. Moreover, the effects of successive packet dropouts and the Poisson

noise, on Hoo performance, are analyzed [101].

3.1 Introduction

It is a well known fact that in the NCSs the components are spatially distributed.

Therefore, the assumption of the prefect information flow between them is not realistic.

42
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It is due to various network constraints such as: (1) time delays due to the network
congestion [120], (2) packet dropouts due to the overflow in buffers and queues at the
network nodes [30], (3) sudden network failures due to removal of any node or power
shutdown, and (4) variable sampling/transmission intervals due to the multiple nodes.
Most of the constraints are stochastic in nature and different probabilistic methods
are used to model them. In the available literature, time delays are mostly modelled
using the Markov chain [125, 128] and the packet dropouts are modelled using the
Bernoulli random distribution [30, 129]. The time delays and the packet dropouts may
occur on both sides of a control loop i.e., from sensor to controller and from controller
to actuator. In [130], the random time delays that exist on both sides are modelled
separately by using two Markov chains. Similarly in [129] the packet dropouts are
modelled by using two mutually independent random variables following the Bernoulli
distributed white sequence. However, the literature on the successive packet dropout
sequences that occur frequently in the networks is almost nonexistent. The successive
packet dropout sequences can not be modelled using a single Bernoulli distribution due to
its discrete nature. Under the Bernoulli, the probability ‘0’ represents a packet dropout
event, and ‘1’ denotes the packet delivery. The Bernoulli is not capable of distinguishing
between the number of successive dropout random sequences. However, the Poisson
distribution is capable of model successive packet dropout sequences precisely. Although
the Poisson distribution has infinite expectation, however the probability of an infinite
number of the packet dropouts is very small and can be considered zero without loss
of the generality. In this case, the previous information stored in the controller buffer
will be used. However, if the packets keep on dropping, then the system will become

unstable after a maximum interval [132].

In the real world dynamic systems the noise is modelled either as a Wiener or a Poisson
process. The Wiener noise adds up continuous fluctuations in the system dynamics
while the Poisson noise results in the random discontinuities. Therefore the Poisson
noise is expected in any system where there is a possibility of any sudden fluctuations
such as the link failure or the power shutdown of any network component in the NCSs.
The phenomenon of the Poisson noise can be seen in various other fields e.g., machine
breakage in the manufacturing [133], excitatory potential pulses in the neural systems
[134], and arrival of new customers in the inventory systems [135]. Therefore the Poisson
noise, due to its random pulses, behaves quite differently from the Wiener and the White
Gaussian noises. It introduces the random discontinuities in the closed-loop system

dynamics and is difficult to model.

The robust Heo control is an efficient control design to minimize the effect of external
disturbance in the presence of the system uncertainties [87, 126, 136]. It is worth eval-

uating Ho, performance in the presence of the Poisson noise. Similarly, analyzing the
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effect of the random sequences of the successive packet dropouts on the H, performance

is a problem of great significance.

In this design a robust H. state feedback controller is proposed to compensate for
the network-induced random delays, the successive packet dropout sequences and the
Poisson noise. Each delay is represented through a mode of the Markov chain. Therefore
the system under consideration can be considered as a class of Markovian Jump Systems
(MJSs). The successive packet dropout sequences are modelled by using the Poisson
distribution. It is worth mentioning that the use of a single Poisson distribution for all
the Markov modes is quite conservative. Therefore, an indicator function is proposed to
select the separate Poisson probabilities for each mode of the Markov chain. A similar
approach is used by [131] where the missing measurement or dropouts from the multiple
sensors are compensated for by using a random matrix function for each mode of MJSs
separately. In addition to this the sudden network link failure is represented as the
Poisson noise jumps. Moreover in the simulations the H., performance is analyzed
under the presence of the Poisson noise and the successive packet dropouts. To the
best of authors’ knowledge, the problem of designing a state feedback controller with
the successive packet dropouts modelling, the Poisson noise and random delays has not

been fully investigated. The main contributions of the chapter are listed as follows:

e The Poisson noise is incorporated in the design of a robust H., state feedback

controller to cater for sudden link/node failure for the NCSs.

e The Poisson random distribution is used to model the random sequences of the

successive packet dropouts for the first time in the NCSs.

e The stability criteria and the controller design is proposed for the MJSs where
adaptive Poisson probability distributions are used for the Markov modes using

an indicator function.

e The H., performance is analyzed under the presence of the Poisson noise and

successive packet dropouts.

The rest of this chapter is organized as follows. Section 3.2 discusses the system de-
scription with the incorporation of the Poisson noise, modelling of the random delays
and the successive packet dropouts. The necessary lemma and problem formulation are
also given in this section. In Section 3.3, main results for the stability analysis and
the synthesis of a robust H. state feedback controller are presented in terms of the
BMIs. A cone complementarity algorithm is employed to convert these BMIs into the
quasi-convex LMIs. Section 3.4 consists of two simulation results to validate the effec-

tiveness of the design. Moreover the impact of the Poisson noise and the packet dropout
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sequences on the Ho, performance is analyzed. Finally, the conclusions are given in
Section 3.5.

3.2 System Description and Definitions

A class of the discrete-time NCSs, as shown in Figure 3.1, is described by the following

model:

2(k+1) = [A+AAR)z(k) + [Br + ABi(k)]w(k) + [Bs + ABa(B)u(k) 2(0) =0
z(k) = [C1+ ACy(k)]|z(k) + [D11 + AD11(k)|w(k) + [Di2 + AD1a(k)]u(k) (3.1)

where z(k) € R", u(k) € R™and z(k) € R™ are the systems states, input and controlled
output, respectively. w(k) € R™3 is the disturbance that belongs to £2[0, c0), the space
of square summable vector sequence over [0,00). The matrices A, By, By, C1, D11 and
D15 are of the known matrices with the appropriate dimensions. The matrix functions
AA(k), ABi(k), ABy(k), ACi(k), AD;i(k) and ADqa(k) represent the time-varying

uncertainties in the system which satisfies the following assumption:

Plant side
Wk Z 1
Physical plant Xk
/’/// - o TT—

- T
( Network D
~— o~

Controller

Controller side

FiGURE 3.1: Networked control systems
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Assumption 3.2.1.

Eq

AA(k) ABi(k) ABy(k) ]: 5, F(k:){Hl H, Hs

ACy (k) ADy (k) ADis(k)

where F1, Fo, H1, Ho, and Hg are the known matrices which characterize the structure
of the uncertainties. Furthermore, there exists a positive-definite matrix ¥V such that

the following inequality holds:

FT(KYWF(k) <W

In the real world dynamical systems, the noise can be either a Wiener or a Poisson
process. In the case of the NCSs, noise is mostly a Wiener process, but if the commu-
nication link fails or is rusty then it results in discontinuous random fluctuations. This

type of noise is a Poisson process in nature.

3.2.1 The Poisson Noise in LTI Discrete Systems

Consider a discontinuous random fluctuation in the states of an LTT discrete system on

a given instant k:

> T (0)z(k)N (0, k) (3.2)

(C)
where
© = Poisson mark space
# € ® = Random variable that shows the characteristics of the Poisson noise
(e.g., size shape age etc)
N(0,k) = Poisson noise with values either 0 or 1
wO.k) = EIN©,K)
7(6) = Amplitude of the Poisson jump (3.3)

By adding (3.2) in the system (3.1):

z(k+1) = [A+ AA(k)]z(k) + [Br + ABy(k)|w(k) + [B2 + ABa(k)]u(k) +
S r(O)x(k)N (k) (0) =0
(C]
() = [Co+ ACUR)a(k) + [Dur + ADu(R)w(k) + [Diz + ADia(k)]u(k)

(3.4)
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where Y o 7(0)x(k)N(6,k) is the Poisson noise. Moreover if there is only one mark in
space O then ) o 7(0)x(k)N (0, k) becomes Tx(k)N (k).

Let {rg,k} be a discrete homogeneous Markov chain taking values in a finite set S =
{1,2,---, s} with the following transition probability from the mode 7 at a time k to the
mode j at a time k + 1:

pij := Prob{ryy1 = jlry =i}

where 7,5 € S, 0 < p;; <1 and ijl pi; = 1. In this chapter, the random delay 7, is
modelled as a finite state Markov process: 7, = 7(rg) with 0 < 7(1) < 7(2) < -+ <
7(s) < co. It is assumed that the controller will always use the most recent data i.e., if
there is no new information coming at step k£ + 1 (data could be lost or there is a longer
delay), then z(k — 73) will be used for the feedback. Thus the delay 75 can only increase

at most by 1 at each step, and is constrained:
Prob{r,11 > 7, +1} =0

Hence, the structured transition probability matrix [84] is

P11 P12 0 0 e 0
po1 p22 p23 0 ... O
P = . . . . . (3'5)
P(s—1)s
| Ps1 Ps2 DPs3 Ps4 --- Dss ]

with 0 < p;; <1 and 23211 pij = 1.

A delay-mode dependent state feedback controller of the following form is proposed:

u(k) = K(rp)z(k —7(re)) (3.6)

where K (rk) are gains of delay mode-dependent state feedback controller.

3.2.2 Packet Dropouts

It is well known that the packet dropouts result in the performance degradation and the
system instability. Therefore they should be appropriately compensated in the NCSs de-
sign. The packet dropouts can be modelled using the various probability distributions or
their combinations such as Bernoulli, Uniform and Poisson. The Bernoulli and the Uni-

form distributions have finite expectations while the Poisson distribution has an infinite
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expectation. There can be a single or successive packet dropout sequences in a network,
existing between the plant and the controller. In the case of a single packet dropout
sequence, the Bernoulli random distribution is very effective and popular among the
researchers. On the other hand the random sequences of the successive packet dropouts
which occur commonly in the real time networks, get much less intension from the re-
searchers. The Bernoulli and the Uniform distribution are not capable of modelling the
random sequences of successive packet dropouts. In this section the random sequences

of the successive packet dropouts are modelled using the Poisson distribution.
Packet Dropouts Analysis

A series of experiments have been preformed using OPNET IT Guru to analyze the
packet dropouts in a shared medium. The simulation is run for 1000 seconds in a given
experiment and the packet dropouts are calculated for the network. The probability of
the successive packet dropout sequences, following the Poisson distribution, is obtained

as shown in Table 3.1. The number of the packet dropout sequences, for the given

TABLE 3.1: Successive packet dropouts probabilities

Packet Dropout Sequences g | 0 1 2 3 4
Dd 0.4444 | 0.37037 | 0.137 | 0.037 | .01054

simulation, are shown in Figure 3.2 with mean, A = 1.8. It is worth emphasizing that
both the Bernoulli and the Poisson distribution can be combined together to model
the successive packet dropout sequences. The Bernoulli can be used to find out if any
packet dropout sequence has occurred or not. If the packets are dropped, then the
Poisson distribution can be used to find the probability of random sequences of the
packet dropouts. Moreover the Poisson distribution itself is capable of modelling the
successive packet dropout sequences and this approach is used in this chapter to model

the successive packet dropout sequences.
Packet Dropouts Modelling

As mentioned above, the Poisson distribution is used to model the successive packet
dropouts. Lets denote the number of packet dropouts by a random variable o (k) fol-
lowing a Poisson distribution. Suppose o (k) is with any n number of the possible values
K0, K1+ Km. The probability of each outcome k4 will follow the Poisson distribution as
follows:

Arde=A
Iid!

pa = Prob{o(k) = kq} =
Mean = E{o(k)} =\

d=0,1-m

(3.7)
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F1GURE 3.2: Communication between sensor nodes and controller using OPNET IT
Guru

where m are maximum packet dropouts.

The Poisson distribution has an infinite expectation, therefore the interval of any random
sequence of the packet dropouts can range from 0 to oco. The interval with oo value may
occur when m — oo and always has a very low probability. Therefore this low probability
can be considered as 0 without loss of the generality. In this case the current data will
be used as the feedback.

Remark 3.2.1. As discussed earlier, the random delays are modelled using the Markov
chain. These types of systems are one of the class of the Markovian jump systems (MJSs)
in which each Markov mode represents a random delay. On the other hand, the packet
dropout sequences are probabilistic in nature and are modelled by the Poisson random
distribution. The use of the same Poisson distribution for each delay-mode results in
a conservative design. Therefore different Poisson distributions are used for each mode

using an indicator function x(7):

1, ifrp=1

0, ifry+#1
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After modelling the constraints from (3.2)-(3.8), a state feedback controller is proposed

as:

Km (Tk)
uk) = K@p){ Y x@pari)ath = () = ralri) | (3.9)

ka(r)=0

where K (ry) is delay-mode dependent controller gain, x4 are the packet dropout se-
quences, K, is the sequence of the maximum dropouts, x(i) is the indicator function, pg
are the Poisson probabilities, and 7(r) are the random delays. For the simplicity, the

pa(r) will be notated as pg;, £a(rk) as Kai, Km (k) aS Kmi, T(rg) as 7(i) and x(2) as x;.

By applying (3.9) on (3.4), following system is obtained:

p(k+1) = [A+AAR)x(k) + [Bi + ABy(k)|w(k) + [Bs + ABs(k)| K (i)
{ zm: xipaia(k = () = kai) |+ > T(O)e(k)N (6, k)
(k) = [Cid:OACl(k)]x(k) + Dy + Apljk)]w(k) + [Dyy + ADyo (k) K (i)
{ f:o xipaia(k = 7(0) = ki) } (3.10)

The problem under study is formulated as follows.

3.2.3 Problem Formulation:

Given a prescribed v > 0, design a state feedback controller of the form (3.9) such that

1. the system (3.4) with (3.9) and w(k) = 0 is stochastically stable, i.e, there exists

a constant 0 < a < oo such that

E {i xT(ﬁ)x(ﬁ)} <a (3.11)
=0

for all z(0), ro.
2. Under the zero-initial condition, the controlled output z(k) satisfies
E {ZZT(k)z(k)|r0} <Y w"(kyw(k) (3.12)
k=0 k=0

for all nonzero w(k).

Before ending this section we introduce the following lemma that will play a vital role

in deriving our main results.
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Lemma 3.2.1. Let y(k) = z(k+ 1) — z(k) and Z(k) = [xT(k) eT(k—7) 2T (k -7 —
k1) o0 2l (k—Ti—kmi) wl(k) 2T (K)HTFT (k) 2T (k—7) KT (i) HIFT (k) 2T (k—7i—
k1) KT (@) HIFT(k) - 2T (k—1j— ki) KT (i) HT FT (k) w? (k)HI FT (k) xT(k)NT(e,k)}T €
R!, then for any matrices R € R™*", M € R and Z € R, satisfying

R M

>0 3.13
[ (3.13)

the following inequality holds:
Km; k—1

-3 S YRy < @T(k){rl + YT 4 (7(1) + Fom, +1)Z}5c(k:) (3.14)

kd; =0 i=k—7(i)—Kq;

where Y1 =M"[I —1 —I --- =1 0000 --- 00 0.

Proof: The proof is given in appendix 10. VVV

3.3 Stability Analysis and Controller Synthesis of NCSs

with Poisson Noise and Successive Packet Dropouts

Stability criteria for uncertain discrete-time linear systems with successive packet dropouts

and Poisson noise is given in the following theorem.

Theorem 3.3.1. For given controller gains K(i); v > 0, pug > 0 and o > 0 where
i=1,--- i+ 1, if there exist sets of positive-definite matrices P(i), Ry1(i), R1, Ra(i),
Ry, Wi (1), Wa(i), W3(i),Q, Z(i) and matrices M (i) satisfying the following inequalities:

Ry > Rl( ) Ry > RQ( ) (3.15)

(1 = pigip1)) Ra(3) + Ra(i)  M(i)

>0 3.16
* zZ@) | ( )

A(D) + T (1) P@)T1(0) + T3 [(7(0) + Fai) Ry + (7(s) + ki) Ra|T2(d) +
Y1(i) + YT (6) + (7(0) + km, + 1) Z(0) + ET(D)E(0) < 0 (3.17)
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where
PGy = YiipiP(j)
Fi) = Y pyT()
~ K
Kdi = > . di’:o XiPdiRKdi
AG) = diag{ (= P() + (7(s) = 7(1) + i + 1)Q + HT (i) FTW (i) Fy Hi 1)+
1h pe), (XiPOiKT(i)Hg,Twz(i)H3K(i) - Q), o (Xz'pmz‘KT(i)HgTwz(i)
HyK (i) = Q) (HEWa(i)Ha = 1), = Wi (i), = Wa(i), -, ~Wa(i), ~Ws(i), 1}
I'i(i) = |A xipoiB2K; -+ XipmiB2K; B1 Ei xipoiE1 - XipmiE1 E1 ) g 7’9}
E(i) = |C1 XipoiD12K; -+ XipmiD12K; D11 Ea xipoiE2 -+ - XiPmiE2 Eo 0]
La(i) = |A—1TI xipoiBaK; -+ XipmiB2K; B1 E1 xipoiEr - XipmiE1 E1 Z@Te]

Then the closed-loop system is stochastically stable with the prescribed Hoo performance.

Proof:
Proof is given in Appendix 10.

Theorem 3.3.2. For a given v > 0, g > 0 and o > 0 and fori=1,2,--- s, if there
exist sets of positive-definite matrices X (i), R1(i), Ry, Ra(i), Ro, W1 (i), Wa(i), Wa(i),
Q. Q, Wi(i), Wa(i), N1, Na, S(i,7), J(i) Z(i) and matrices M (i) and Y (i) satisfying

the inequalities

Rl > R1(i), RQ > RQ(’L) (3.18)
(1= pigr)Bali) + Bali) 316) ] 51
* Z (1)
[ 11(i) £7 () MG 276 156 AHTG ATG) |
«  S@E) —=JT6@) —JE) 0 0 0 0 0
* * —R 0 0 0 0
* * * -1 0 0 0 <0 (3.20)
* * * * —Q 0 0
* * * * * -W(@E) 0
| x * * * * * -1 |
[ S@.5) J10) ] >0 (3.21)
*  X(j)

NiRy = I, NoRy = I, Wi ()W (i) = I, Wa(i)Wa(i) = Tand QQ =1 (3.22)
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where
i+1

S$G) = Y- piSG.9), R = diag{ N1, N, |
j=1

W) = diag{ W1(i), Wa(3), - , Wa}

G = AG)+T1(0) +YT6) + (1 + K1) Z(4)

Ti(i) = [AXz' XipoiB2Yi -+ XipmiB2Yi B1 E1 xipoiEr - xXipmiEr Ed ZTG}
©
E(i) = [C1Xi XiPoiD12Y: -+ XiPmiD12Y; D11 B2 Xipoila - - XiPpmil2 Ea O}
[ H1X(4) 0 0 000 - 00 0]
-~ 0 Xﬂ)o,‘HgY(i) 0 O 00 --- 000
Hi(r) = . . , . S
0 0 o XipmiH3Y(D) 0 0 0 -~ 0 0 0 |
) = | weX(@) 0 - 0000 - 00 0]
S 7(1) + Rdi . . .
Do) = (©) + R4 [(A—I)X(z) Xip0iBaY (1) -+ xipmiBaY (i) By
(7(5) + Fim)
Ey xipoiBy - Xipmiln By ZT@}
©
Ta(i) = (\/Ts—n+nm+1)[X(i) 0--0000 --00 0}
i) = diag{ = X(0), (= X7() = X@) + Q).+, (= XT() - X() +Q),
(HEWs (i) He = 2T ), = WA (i), =Wa(i), -, ~Wa(i), ~Wa(i), 1 }
T(G) = MY@)I -1 —I -~ =1 0000 --- 00 0] (3.23)

Then the closed-loop system is stochastically stable with the prescribed Hoo performance.

Furthermore, the controller gains are given as follows:

K(i) =Y ()X () (3.24)

Proof: Proof is given in Appendix 10.

It can be seen from Equation 3.22 that obtained sufficient conditions for the existence
of the above given controller are BMIs. These BMIs are converted into quasi convex
LMIs on the same lines as given in Chapter 6. Using the cone complementary algorithm
[127], the feasibility problem formulated by (3.18)-(3.22) that is not a convex problem

and can be converted into the following nonlinear minimization problem:
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Minimize Tr <N1R1 + NQRQ + W1 (0)W1(i) + WQ(l)W2(’L) + QQ)

subject to (3.18)-(3.21) and

N ! ZO’[NQ 1 - [Wl(i) I ]>o,

I R I R I Wi (i)

Wali) 1 ]20 [Q ! ]zo (3.25)
1 Wi (i) I Q

To solve this optimization problem, the following algorithm can be used:

Algorithm :

Step 1: Set 3 = 0 and solve (3.18)-(3.19) and (3.25) to obtain the initial conditions:

Wi(

Step 2: Solve the LMI problem

[ X(4), (i), J (i)
1 N1, No, Z(1),Y (3)

) El (Z)7 ~17 RQ(Z)a RQ) Wl (Z)y WQ(Z)7 W3(Z)a ]O

i)? V~V2 (Z)a Q~7

Minimize T'r (N{R1+N1R{+N5R+N2R§+Wl (1)W1 (2)+ W1 (1)W1 ()7 +Wa (1) Wa (i) +
Wa(i)Wa (i) )

subject to (3.18)-(3.21) and (3.22)

The obtained solutions are denoted as:

Wi(

Step 3: Solve Theorem 3.1 with K (i)/*! = Y7+1(3) X ~1(i)7*1  if there exist solutions, then
K (i)’*! are the desired controller gains and EXIT. Otherwise, if

Tr (foﬁ + N1R} + NJR + NoR) + W1 (3 W1 (i) + Wi (i) W1 (i) + Wa(i)?Wa(i) +

{X(i)v‘g(i)"](i)’Rl(i)7R17R2(i)aR2;W1(i)aW2(i)7W3(i)v 7+l
1(4),

Wa(i),Q, N1, No, Z(i), Y (4)

Wa(i)Wo (z)3> > €, set ) = 7+ 1 and return to Step 2 where € is tolerant else EXIT

and no solution will be possible.
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3.4 Simulation Examples

3.4.1 Example 1

Consider the following continuous-time plant [137]:

e—.34s

s+1

T(s) =

This plant is discretized using zero order hold with a sampling rate of 1 second with the

following state space representation:

x(k+1) 1.0152z(k) + 0.1w(k) + 0.1052u(k — 7(3)) + 7(0)x(k)N(6 = 0.5,k), x(0) =0
2(k) = 0.2z(k) + 0.15w(k) 4+ 0.04u(k — 7(7))

It is assumed that the system uncertainties are norm bounded and are characterized by

the following matrices:

E; = 001, Ey = 0.005,
H, = .05 H, = 012, Hy = 0.07.

In this simulation example, the following configurations are used. It is assumed that
the network-induced delays are characterized by a Markov chain taking values in a
finite set S = {1,2,3}, which corresponds to delays of 2, 3 and 4 second, respectively.
The transitions of the Markov modes follow a probability matrix that is obtained by

performing the experiments on a cellular network:

0.4136 0.5864 0
P = 0.3702 0.6157 0.0141
0.3702 0.6157 0.0141

The Poisson noise N (0 = 0.5, k), with the Poisson jump rate u = E{7(0)} = 0.5 jump-
s/sec, is considered to cater for the sudden communication link failure or breakage. 6
is a random variable that shows the characteristics of the Poisson noise as described
in (3.3). Furthermore the successive packet dropout sequences are catered for by using
the Poisson distribution with the probabilities given in Table 3.1. Without loss of the
generality, it is assumed that the previous data will be used if the successive dropouts
are more than 2. The prescribed Ho performance index is v = 0.5. Using Theorem

3.3.2, the following set of K values are obtained.

K(1) = —3.4158; K(2) = —3.4230; K(3) = —3.4321.



Chapter 3. Robust Hoo State Feedback Control of NCSs with Poisson Noise and
Successive Packet Dropouts 56

The stabilized system state, in the presence of random delays, is shown in Figure 3.3(a)

and Figure 3.3(b) shows the random network-induced delays used in the simulations.

6 T T 4

System State
Random Delays
w

0 50 ] 100 150 0 50 ] 100 150
Time Time

(a) System state (b) Random delays

FIGURE 3.3: Stabilized system state and random delays

It can be seen in Figure 3.4(a) that the Poisson noise has random pulses and results in
the discontinuities in the state dynamics. It is different from the other noises such as
the Gaussian and the Wiener that have continuous diffusion and are comparatively easy
to handle. Figure 3.4(b) shows how different 6 values effect the Ho, performance. As
mentioned before, # is the random variable that shows the characteristics of the Poisson
noise such as the amplitude, the shape and the age. The packet dropout sequences are
shown in Figure 3.4(c). Furthermore it is observed that the increase in the successive
packet dropouts results in the degradation of the system performance. It is worth
to comment that if the random sequences have more than four successive dropouts,
then the system becomes unstable. The effect of the packet dropout sequences on the
Hoo performance can be seen in Figure 3.4(d). If the dropouts are more than two, then
the prescribed Ho, performance index (v = 0.5) can not be achieved. The minimized ~y
for different number of the packet dropouts is achieved by the simulations and is given

in Table 3.2.

TABLE 3.2: Minimized gamma for sequences of different dropouts

Packet Dropouts | Minimized
2 0.4337
1 0.4048
no dropout 0.3910
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FIGURE 3.4: NCSs constraints and their effects on H., performance

3.4.2 Example 2

Consider the system (3.1) with the following state space matrices:

[0 1 0.51 0.05

A = , B1= , By = ,01:[0 0.1}7
0.8 0.3 0 0.01
[ 0.01

B, = 005 | Ey =0.06, H; = [ 0.13 0 ] , Hy=10.02, H3 =0.3.  (3.26)

In this example, the random delays are 2, 3, 4 seconds and are modelled by a Markov
chain with the transition probabilities given in Example 1. The packet dropout sequences
are two in this example, while the Poisson noise parameter § = 0.15 is used. Using

Theorem 3.3.2 with given v = 0.7, the following set of the controller gains are obtained:

K1) = { 2.9323 —3.4724 } , K(2) = [ 2.2683 —3.4997 } ,

K@3) = [1.8487 —2.9704}. (3.27)
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The stabilized system states are shown in Figure 3.5. It is worth repeating that the
closed-loop system bears the multiple NCSs constraints such as the random delays, the
successive packet dropouts and the Poisson noise together and the controller is still
capable of stabilizing the unstable plan given in Equation 3.26. The minimized v under

different packet dropouts are given in Table 3.3.
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FIGURE 3.5: Stabilized system state

TABLE 3.3: Minimized gamma for different dropouts

Packet Dropouts | Minimized y
2 0.0691
1 0.0672
no dropout 0.0612

Figure 3.6(a) shows the Poisson noise N(# = 0.15,k) with the Poisson jump rate
uw = E{T(0)} = 0.5 jumps/sec. The effect of the Poisson noise with different values
of 0 = {0.15,0.25,0.30} on the Ho, performance is elaborated with Figure 3.6(b). The

sequences with successive packet dropouts are shown in Figure 3.6(c). Similar to the
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previous example, it is assumed that the previous data will be used if the successive
dropouts are more than two in a sequence. It can be observed from Figure 3.6(d) that

increase in dropouts degrades the system performance.
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FIGURE 3.6: NCSs constraints and their effects on Ho, performance

3.5 Conclusions

In the proposed control design, the various constraints of the NCSs are catered and their
effects on the system performance are studied. The network-induced delays are modelled
as the modes of the Markov chain that takes the values from a transition probability
matrix. The successive packet dropout sequences are modelled using the Poisson distri-
bution. A new indictor function is introduced that helps to select the separate Poisson
distributions for each mode of the delays. In addition to this, the Poisson noise is incor-
porated in the design to represent the network node failure phenomenon. The stability
criterion is developed using a L-K functional approach. On the basis of the stability cri-
teria, a delay-mode dependent state feedback controller is obtained. The controller LMIs

are implemented using the MATLAB LMI toolbox. The resultant controller gains are
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applied on the two different plants and the impact of the NCSs constraints is observed.
The simulation examples validated the proposed design and stabilized system states are
obtained. The impact of successive packet dropouts are observed on the system stability
and the Ho, performance. It is observed that the system becomes unstable if packet
dropouts are equal to or more than four. Similarly the H, performance is degraded
with the increase in the packet dropouts. It is also detected that the Poisson pulses also

degrades the system performance in the sense of Ho, and system stability.



Chapter 4

Robust H,, State Feedback
Control of NCSs with Congestion

Control

This chapter examines the problem of robust H. state feedback control of Networked
Control Systems (NCSs) with a simple congestion control scheme. This simple conges-
tion control scheme is based on comparing current measurements with the last transmit-
ted measurements. If their difference is less than a prescribed percentage of the current
measurements then no measurement is transmitted to the controller. The controller
always uses the last transmitted measurements to control the system. With this simple
congestion control scheme, a robust Ho, state feedback controller design methodology
is developed based on the Lyapunov-Krasovskii functional approach. Sufficient condi-
tions for the existence of delay mode dependent controllers are given in terms of bilinear
matrix inequalities (BMIs). These BMIs are converted into quasi-convex linear matrix
inequalities (LMIs) and are solved by using the cone complementarity linearization al-
gorithm. The effectiveness of the simple congestion control scheme, in terms of reducing

network bandwidth consumption, is elaborated using simulation examples [103].

4.1 Introduction

The recent advancements in communication networks have resulted in NCSs in which
components are connected over the network. The remote supervision and control, the
automatic control in hazard environment, the power control in the wireless networks, the
medical treatments from a distance and the laboratories for the remote area students

are some of the applications of the NCSs. Similarly, Internet-based NCSs result in
61
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the cost minimization due to the already available network infrastructure. However,
the insertion of the networks in the control loops introduces various design constraints
such as the time delays due to network congestion [120], the packet dropouts due to
overflow in buffers and queues in network nodes [30], the quantization error due to
limited bandwidth channels [138], the variable sampling/transmission intervals due to
multiple nodes; and network security due to the shared communication medium [51, 52].
All these constraints not only degrade the system performance but can also cause system

instability.

A lot of the research has been done on the stability analysis and the controller designs
of the NCSs over the last decade (see [139] and references therein). In general, the NCSs
can be divided into continuous-time and discrete-time systems. In [140] and [141], a
descriptor system approach is adopted to model the continuous NCSs with the constant
and the time-varying sampling intervals, respectively. Furthermore, the stability criteria
of the time-delayed continuous-time NCSs are developed on the basis of L-K functional
approach. However, the above techniques are inefficient for the stability analysis of the
digital NCSs due to a zero order hold problem (see [142] for details). Same papers
propose a less conservative stability criterion with the robust parametric modelling of
the time delays. It is worth mentioning that most of the research in the NCSs is done
in the discrete-time domain where the continuous-time plants are discretized exactly on

a given sampling interval (see [143] and reference therein).

In the discrete-time domain substantial literature is available in which different authors
assumed different constraints together in their analysis and designs [86, 144]. The NCSs
constraints such as the time delays, the packet dropouts and the variable transmission
intervals can be catered for either (1) by considering their upper bounds or (2) by
modelling them stochastically using different probability distribution methods. The first
technique is adopted by [51, 139, 147] to analyze the effects of the variable transmission
intervals, the time delays and the packet dropouts on NCSs performance. In the second
approach, the time delays and the packet dropouts are treated as the stochastic processes
and are modelled by the Bernoulli random distribution and the Markov chain [96, 145,
146]. In this chapter the latter approach is adopted and the network-induced random
delays are modelled by using a Markov chain that follows a transition probability matrix.
The quantization error is another control design constraint that can degrade the system
performance and can cause instability. In the earlier days research was done to mitigate
the effect of the quantization error [70, 148]. However, modern research shows that
the quantizers are beneficial in the NCSs because they can be used as the information
coders in the digital networks and can provide the rate control in the bandwidth limited
channels [72, 138, 144].



Chapter 4. Robust Hoo State Feedback Control of NCSs with Congestion Control 63

The network congestion is another network-induced constraint that can cause delays and
packet dropouts and adversely affect the system performance. The transmission control
protocol (TCP) provides the congestion control mechanism, however it is not suitable for
the real time data transfer due to connection establishment and packet retransmission.
Therefore it is suggested by [17] and [149] that the user data-gram protocol (UDP)
is a practical solution when the general purpose and the shared networks are used in
NCSs implementation. On the other hand, UDP doesn’t provide any congestion control.
However, this issue can be resolved by providing the congestion control mechanism on the
upper (Application) layer. In other words, the congestion control can be incorporated in
the control design. In this chapter a simple congestion control mechanism is implemented
by analyzing the difference between the current signal and the previously transmitted
signal. This approach suggests that there is no need to send the updated information
until the difference between the two signals is greater than a prescribed percentage of
the current signal. Hence, the signal transmission is controlled to reduce the bandwidth

consumption. The main contributions of the chapter are summarized as follows:

e A congestion control technique has been proposed for NCSs

e A state feedback controller design is proposed to ensure stability of the networked

control system with random delays and congestion control.

The rest of the chapter is organized as follows. Section 4.2 provides system description,
modelling of delays, congestion control technique and problem formulation. In Section
4.3, main results for stability analysis and synthesis of a robust H., state feedback
controller design are formulated in terms of BMIs. A cone complementarity algorithm is
employed to convert these BMIs into quasi-convex LMIs. Section 4.4 comprises of two
examples to demonstrate the effectiveness of the simple congestion control in terms of

reducing network bandwidth. Finally, conclusions are drawn in Section 4.5.

4.2 System Description and Definitions

A NCS framework, with congestion control mechanism, is shown in Figure 4.1.

The class of uncertain discrete-time linear networked systems under consideration is

described by the following model:

z(k+1) = [A+ AA(k)|xz(k)+ [B1 + ABi(k)|w(k) + [B2 + ABa(k)]u(k), =(0)=0
z(k) = [C1 4+ AC(k)|x(k) + [D11 + AD11(k)|w(k) + [D12 + AD12(k)]u(k)
(4.1)
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Physical plant Xk Congestion
Control | .. ... ..
Mechanism

Controller Buffer |- --- A

Controller side

FIGURE 4.1: Layout of the networked control systems

where z(k) € R, u(k) € R™, z(k) € R™ are the state, input and controlled output,
respectively. w(k) € R™3 is the disturbance that belongs to £2]0, 00), the space of square
summable vector sequence over [0,00). The matrices A, By, Bg, C1, D11 and Dy are
known matrices with appropriate dimensions. The matrix functions AA(k), ABi(k),
ABsy(k), ACy(k), AD;1(k) and ADj2(k) represent the time-varying uncertainties in the

system that are norm bounded and satisfy conditions given in the assumption 3.2.1.

Let {rk,k} be a discrete homogeneous Markov chain taking values in a finite set S =
{1,2,---, s}, with the following transition probability from mode i at time k to mode j

at time k + 1:

pij := Prob{ry 1, = jlr, =i}

where 7,5 € §, 0 < p;; <1 and Z§:1 pi; = 1. In this chapter, the random delay 7, is

modelled as a finite state Markov process as discussed in Chapter 3.
Congestion Control Scheme:

To reduce network congestion a simple congestion control scheme using difference be-
tween the signals is proposed. If the difference between the current measurement and
the last transmitted measurement is less than a prescribed percentage of the current

measurement, then the current measurement will not be transmitted. Mathematically,
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if the following condition is valid:

() — (k)] Slz(k)|
[z < |z(k)] + 6lz(k)] (4.2)

IN

VAN

then the current measurement will not be transmitted and the previously transmitted
information, available in the controller buffer, will be used as feedback. Here x(k) is the
current measurement, z(¢) is the last measurement which is transmitted on time ¢ and §
is the congestion control parameter. It can be seen from Figure 4.1, when the condition
4.2 will be violated, then data will be transmitted over the network and previously
transmitted information will be updated. Otherwise previous information will be used
for the controller. Based on this configuration the following state feedback controller is

proposed:
u(k) = K(rg)zx(e—10,) (4.3)

where K (ry) is the controller gain and 7,, is the network-induced delay tolerated by the
last transmitted information x(¢). This ‘control on demand’ can be used in the control
systems environment especially when an unstable system is already stabilized and is in
steady state or we have a stable system with no disturbance acting on it. In this paper,

this privilege is used for the NCSs to control network congestion.
Substituting (4.3) into (4.1), the following closed-loop system is obtained:
x(k+1) [A+ AA(k)|x(k) + [B1 + AB1(k)]w(k) + [B2 + ABa (k)| K (rg)x(v — 77,)

z(k) = [C1+ AC(k)|xz(k) + [D11 + AD11(k)|w(k) + [Di2 + AD12 (k)| K (ry)
x(t—7p,) (4.4)

The problem under study can be formulated as follows.
Problem Formulation:

Given a prescribed v > 0 , design a state feedback controller of the form (4.3) such that

1. The system (4.1) with (4.3) and w(k) = 0 is stochastically stable.
2. Under the zero-initial condition, the controlled output z(k) satisfies H, performance

as described in Chapter 3.

Before ending this section we introduce the following lemma that will play a vital role

in deriving our main results.
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Lemma 4.2.1. Let y(k) = z(k+1)—x(k) and (k) = [xT(k) el (k—7.) wl' (k) 27 (k)
HIFT (k)2 (k — 7 ) KT (rg) HE FT(K) (2(0 — 72,) —2(k — 7)) T KT (rg) (2(0 —70,) —
z(k — 7)) T KT (ry) HI Y wT(k)HQTFT(k)}T € R, then for any matrices R € R,
M e R and Z € R, satisfying

R M (4.5)
MT Z |~ '
the following inequality holds:
k—1
= Y V@R <FT W1+ 0T + ()2 k) (4.6)
i:k—T(Tk)

where Y1 =MT[I —T1 0000 0 0.

Proof: The lemma can be proven along the same lines as given in Chapter 3 and is

omitted here.

4.3 Stability Analysis and Controller Synthesis of NCSs

with Congestion Control

The following theorem proposes stability criteria for uncertain discrete-time systems

(4.1) with random communication delays and the simple congestion control mechanism.

Theorem 4.3.1. For given controller gains K(i), 6 > 0 and v > 0,1 =1,2,--- s, if
there exist positive-definite matrices P(i), R1(i), R1, Ra(i), Ra, Wi(i), Wa(i), Ws(i),
Wy(i), Ws(i), Q, Z(i) and matrices M (i) satisfying the following inequalities

Ry > Rl(i), Ry > RQ(Z) (4.7)

A(@)+TT (i) P(i)T1(6)+15 (0) [7 (i) Ry + 7(s) Ro] T (i) + 11 (0)+ 1 () +7: Z()+ET (1)E(0) <

and
(1 = pis)R1(3) + Ra(i) M (i)
M™(3) Z (i)
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where
P(i) = X5 piP()
(i) = i piT(d)
() = |A BK(i) Bi BE1 By By B El]
2(i) = |Cy DwK(i) Dy Es Ey D1y B Eg}
To(i) = |A—1 BoK(i) Bi E1 Er By B El]

AG) = diag{ ((r(s) = 7(1) + DQ + HIWA(i)Hy = P() ), (K (i) Hf Wali) H3 K (i)

FOART(YWaK (i) + 62 KT (i) HT Wi (i) H3 K (i) — Q), (HQT W (i) Hs — »yf),
—WA(3), —Wa(i), =Wai), =Ws(i), ~Ws(i) }
Ti(i) = MT@I —100000 0] (4.10)

Then the system (4.1) with (4.3) is stochastically stable with the prescribed Hoo performance.

Proof:

The proof is provided in Appendix 11.
Remark 4.3.1. The slack variables R; and Rs are added to LMIs given in Theorem 4.3.1

because of the special structure of the transition probability matrix (3.5).These new slack
variables R; and R relax the stability criterions. When R; = 0, R2 = 0 and there is no
congestion control, the LMIs are no longer a function of 7(i) and our result will reduce
to the results given by [153]-[156] which are independent on delay’s modes. Also notice
that the negative terms — Z?;;_T(Tk) vl |(1—py, (re+1)) 1 + Ra|y¢ obtained from (11.4)
are kept whereas in [153]-[156] these negative terms are neglected. Using Lemma 4.2.1
on these negative terms, we introduce more new slack matrices Ry, R1(i), Ra, Ra(7), M (4)
and Z(i) into LMIs. These slack matrices provide additional degrees of freedom that are
very important for deriving LMIs solutions in general. Therefore the result given here

is much less conservative than the results given by [153]-[156].

The following theorem provides sufficient conditions for the existence of delay mode

dependent robust Ho, controllers.

Theorem 4.3.2. For a given v > 0 and 6 > 0 and i = 1,2,---,s, if there exist
positive-definite matrices X (i), Ry, Ry, Ri(i), Ra(i), R1 Ra(i), Wi(i), Wa(i), Ws(i),
Wa(i), Ws(i), Q, Q, Wi(i), Wa(i), Wa(i), Ws(i), N(i), S(i,5), Z(i) and matrices M (i),
J(i)and Y (i) satisfying:

Ry > Ri(i), Ry > Ry(i) (4.11)

(1 — pis)R1(i) + Ra(i) M(3)
Z(3)

>0 (4.12)
*
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(i) £7() TG) ETG) TTG) MIG) HEG)
x  S@)—=JT@)—JE) 0 0 0 0 0
* * -R 0 0 0
* * * —I 0 0 0 <0 (4.13)
* * * * —Q 0 0
* * * * * W1 0
* * * * * * —Wy

(4.14)

RiRy =1, RoRo = I, Wi(i))W1(i) = I, Wa(i)Wa(i) = I, Wy(i)Wa(i) = I

Ws()Ws(i) =1, QQ =1 (4.15)
where

S@) = ilpijS(i,j),R — diag{ Ry, Ra}, Wi = diag{W1(0), Wa(i)},

We = ;ag{m(z‘), W5(¢)} (4.16)
and

() = /j\(i) + 1 (i) + Y1 (0) + (i) Z(4)
i) = [AX() B.Y(i) Bi By By By Ey El}
=() = :C’lX(z') D12Y (i) D11 Ex Ey Dia By En }

HX(@) 0 000000
0 HsY(i) 000000

Aol [0 6Y@ 00000 O
1) =
? 0 SHsY(i) 0 0 0 0 0 0
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To(i) = Zjl(p’;T(j) [AX(i)—X(i) BoY (i) Bi Ei E1 By Er B
Ta() = <\/75—71+1) [X(z‘) 000000 0}
@) = diag{ — X(0),~X"() - X(0) + Q. (H Wa(0) Ha — 71,

WA (i), ~Wa(a), ~Wa(i), = W5 (i), ~Ws(i) }
Ti(i) = MT@I —I10000 00 (4.17)

Then the system (4.1) with (4.3) is stochastically stable with the prescribed Ho, perfor-

mance. Furthermore the controller gains are given as follows:

K@) =Y ()X () (4.18)

Proof: Proof is given in Appendix 11.

4.4 Simulation Examples

4.4.1 Example 1:

Consider the following unstable continuous-time plant given in [137]:

670.345
T(s) = 4.19
() =" (4.19)

This plant is discretized with a sampling rate of 0.1 second and its state space represen-

tation is

-
o
+

N
I

1.0152z(k) + 0.1w(k) 4+ 0.1052u(k), x(0)=0 (4.20)
(k) = 0.22(k) + 0.15w(k) + 0.04u(k) '
Assume that the system uncertainties are norm bounded and are characterized by the

following matrices:

E;, = 001, Ey = 0.005,
(4.21)
H, = .05, Hy = 0.004, Hs = 0.007.

The congestion control parameter § in the example is set as 0.3. It is assumed that the
network-induced delays are characterized by a Markov chain taking values in a finite

set & = {1,2,3}, which corresponds to 2, 3 and 4 second delays, respectively. The
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transitions in Markov chain modes follow the probability matrix given as

0.3575 0.5864 0.0561
P, = | 0.3702 0.6157 0.0141 (4.22)
0.3702 0.6157 0.0141

To obtain the transition probability matrix, a series of experiments are performed on a
cellular network. The plant data are sent across the cellular channel, using a modem
manufactured by MultiTech Systems. This special modem uses AT commands to com-
municate and capable of the transmission time logging. The data are sent to a remote
logging device using Microsoft Visual Studio 2008 and a third party toolkit. The data
are periodically sent for a specific time and several experiments are carried out to obtain
the multiple distributions of the delays. At the end of the experiment phase a set of

data that contains one week’s worth of measurements is used to obtain the probabilities.

Figure 4.2 shows the random network-induced delays used in the simulation. Using

Theorem 4.3.2, the following set of K (i) values are obtained:
K(1) = —1.8321; K(2) = —2.1224; K(3) = —1.6992. (4.23)

The bandwidth utilization depends upon unstable poles of the plant and can be calcu-

lated as

n

B >2) log, |\i(A) (4.24)

i=1

where B is bandwidth, A; are unstable poles of the plant with system matrix A. In the
following discussion, it is assumed that the bandwidth utilized using (4.24)is 100% and
its utilization changes with the change in congestion control parameter §. By using the
proposed technique of the congestion control, the reduced data transmission can be seen
in Figure 4.3. The transmitted data samples are represented as 1 and the samples that
are not sent are represented as 2. It can be seen that the data samples are transmitted
frequently in the transient state. However, when the system approaches the steady state
then there is a significant reduction in the transmission. The figure shows that as the
error increases from the prescribed percentage dx(k), then the feedback information is
sent to stabilize the system. In Figure 4.4, the system 4.20 is run uncontrolled for the
first 50 seconds and has gone unstable. After 50 seconds, the proposed controller is

applied which stabilized the system efficiently.

The effect of § on the channel bandwidth and the system performance is analyzed
through a series of simulations. The impact of different values of § on the bandwidth

consumption is summarized in the Table 4.1. It can been seen that the bandwidth
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utilization is reduced as ¢ is increased. However with § > 0.95, the system becomes
unstable. It shows that there is always a trade off between the system performance and
the bandwidth utilization. This can be verified by analyzing the H,, performance with
different values of the . It is shown in Figure 4.5 that by increasing §, the magnitude

of T, (k) is increasing, which stands for the degradation in the H, performance.

TABLE 4.1: Effect of § on bandwidth utilization

) Bandwidth utilization
0 100%

0.3 35.6%

0.5 33.66 %

0.8 31.68%

> (0.95 | Unstable
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4.4.2 Example 2:

Consider the system (4.1) with the following matrices:

08 —0.25

0 [ 0.1000

0.1000 0.0300
= 5 B2 =
0 0.0400
0.0500 0.1000
, o = 0.01,

0 1
10 0 0
A = aBl
~8 05 02 -1.03
0 0 5792 0
[ 0.01 |
0.09
C; = [0 0.1000 0O 0],E1=
0.02
0.04
H = [0.05 0.02 .03 .04},H2:[0.07 0.04 |, Hs=0.04

Assume that the same Markov chain is used to model the random delays. Each value

of the Markov chain corresponds to 1, 1.5 and 2 second delays, respectively. The same

transition probability matrix is assumed as in Example 1. The congestion control pa-

rameter § in this example is set as 0.1. Using Theorem 4.3.2, the following set of gain

values are obtained.
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K1) = [—0.0245 —0.0091 —0.5614 —0.2580}
K(2) = [—0.0166 —0.0036 —0.5675 —0.2489}
K@3) = [—0.0423 0.0081 —0.4889 —0.2452} (4.25)

TABLE 4.2: Effect of § on bandwidth utilization

0 Bandwidth Consumption
0 100%

0.10 81.95%

0.40 69.26%

0.70 55.26%

> 0.90 | Unstable

Figure 4.7 shows the closed-loop system response. It can be seen that the proposed
design stabilized the system efficiently. Similar to Example 1, the effect of different
values of the § on the bandwidth utilization is analyzed . It can be seen from Table 4.2
that increasing ¢ results in decreasing the bandwidth utilization. However, the system
becomes unstable as § > 0.90. Furthermore, the effect of § on the H., performance is

also analyzed and plotted in Figure 4.6.
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4.5 Conclusions

A congestion control technique is proposed for the NCSs that compares current and
last transmitted measurements before sending them over the network. With this simple
congestion control scheme the stability criteria for the NCSs are obtained. By applying
the Schur’s complement and the congruence transformation on the stability criteria,
the sufficient conditions for the existence of a delay mode-dependent robust H,, state
feedback controller are obtained. The obtained conditions are in BMIs, therefore a
cone complementarity algorithm is proposed to convert this non-convex problem into
a quasi-convex optimization problem. The controller matrices are obtained effectively
by the available mathematical tools e.g., the YALMIP toolbox of the MATLAB. The
effectiveness of the proposed technique in terms of the bandwidth utilization and the
Hoo performance is demonstrated using the simulation examples. It is observed that
the bandwidth utilization can be reduced to half without much effect on the system
performance. However, the system becomes unstable when congestion control parameter

0 = 0.90. It is also noted that the congestion control conditions are violated when the



Chapter 4. Robust Hoo State Feedback Control of NCSs with Congestion Control 76

system is unstable and data is always transmitted. However, as the system moves

towards the stability regions then the number of data transmissions reduces gradually.



Chapter 5

Robust H,c Dynamic Output
Feedback Control of NCSs with

Congestion Control

This chapter investigates a robust H,, dynamic output feedback controller for networked
control systems (NCSs) with a simple congestion control scheme. This scheme enables
the NCSs design to enjoy the advantages of both time-triggered and event-triggered
systems. The proposed scheme compares the current measurement with the last trans-
mitted measurement. If the difference between them is less than a prescribed percentage
of the current measurements then no measurement is transmitted to the controller and
the controller always uses the last transmitted measurements to calculate the feedback
gains. Moreover this technique is applied to the controller output as well. The stability
criteria for the closed-loop system is formulated using the Lyapunov-Krasovskii (L-K)
functional approach. The sufficient conditions for the controller are given in terms of
solvability of bilinear matrix inequalities (BMIs). These BMIs are converted into quasi-
convex linear matrix inequalities (LMIs) that are solved using the cone complementarity
linearization algorithm. A simulation example is used to evaluate how effective the sim-

ple congestion control scheme is in reducing network bandwidth [105].

5.1 Introduction

In the NCSs the control loops are closed over the networks and the control components
are distributed over a wide geographical area. The purpose of the network in the NCSs
is not only to act as a communication medium for the signal transmission but each

system component should also be an active network participant [157]. In the NCSs, it

7
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is no longer feasible to assume the perfect information flow between the plant and the
controller [158]. The various network constraints such as packet dropouts and disordering
due to different routing paths, time delays due to buffering and queuing in the routers,
variable transmission rates due to the bus contention, and quantization errors due to the
limited channel capacity make the NCS analysis, design and real time implementation
very challenging [51, 138, 150]. On the other hand, the NCSs have wide application
in the fields such as power distribution through the smart grids, power control in the
communication systems, queue management in the routers, unmanned aerial vehicle
(drones) control, and in the manufacturing industry. Therefor researches in the NCSs

are very popular in the control systems research community.

In the NCSs literature two techniques have been investigated for the signal sampling
between the distributed system components: 1) The time-triggered or periodic sampling
2) The event-triggered sampling. In the first approach the data is sampled and trans-
mitted at the regular time intervals (TDMA, time division multiple access) [30, 86, 96].
This assumption reduces the analysis and the design complexity due to the fact that it is
synchronous and quasi-deterministic. These features make the time-triggered technique
more fault tolerant and modular [39] than the event-triggered technique. However, it is
less efficient for the real-time implementation due to sampling jitter, strict scheduling
requirements and the network-induced time delays which can cause performance degra-
dation and the instability. Furthermore, it does not consider the efficient usage of the
limited communication resources such as channel bandwidth or capacity. In the event
triggered technique, sampling is done on the occurrence of an event, for example the level
crossing-based sampling, the Lebesgue sampling [159], or the dead band sampling [165].
The event-triggered technique is more suitable for the real-time NCS implementation
due to its ability to react quickly to asynchronous external events, lower CPU usage and
efficient network resource utilization [157, 158]. In general, whether a time-triggered
or an event-triggered technique is selected, it depends entirely on the application. Re-
cently, some researchers adopted a hybrid approach that benefited both time-triggered
and event-triggered sampling [166].

In the NCSs the main issue with the time-triggered sampling approach is that it only
considers the plant dynamics and completely ignores the communication constraints such
as finite bandwidth and the network congestion. In this chapter this issue is resolved by
using a simple technique that considers the difference between current and the previously
transmitted signals. In this technique sensor will only transmit the next measurement to
the controller when the difference between the two signals exceeds a given value. On the
other side, the controller continues to use the previous information until the signal value
is updated. This technique results in more efficient utilization of bandwidth and in the

congestion control. Hence, this approach has the advantages of both time-triggered and
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the event-triggered techniques. Furthermore this congestion control technique is also
applied on the controller output. The main contributions of the chapter are summarized

as follows:

e A simple congestion control, both on the system input and output, has been pro-
posed for the NCSs.

e An observer-based, dynamic output feedback controller is proposed to ensure the

stability of the NCSs with therandom delays.

e The effect of the congestion control on the system is observed in sense of the

Hoo performance.

The rest of the chapter is organized as follows. Section 5.2 provides the system de-
scription, the modelling of the delays, the congestion control technique and the problem
formulation. In Section 5.3, the main results for the stability analysis and the synthesis
of a robust Ho, output feedback controller are given in terms of the BMIs. A cone com-
plementarity algorithm is employed to convert the BMIs into the quasi-convex LMIs.
Section 5.4 comprises of an example to demonstrate the effectiveness of the simple con-
gestion control in terms of reducing the network’s bandwidth. Finally, the conclusions

are drawn in Section 5.5.

5.2 System Description and Definitions

Consider the system framework shown in Figure 5.1. A class of the uncertain discrete-

time linear systems under consideration is described by the following model:

2(k+1) = [A+AAR)2(k) + [Br + ABi(k)|w(k) + [Bs + ABs(k)u(k), 2(0) =0
z(k) = [C1+ AC1(K)|z(k) + [D11 + AD11(k)Jw(k) + [D12 + AD12(k)]u(k)
y(k) = Cyx(k)

(5.1)

where x(k) € R", u(k) € R™, z(k) € R, y(k) € R™2 are the state, input, controlled
output and measured output, respectively. w(k) € R™3 is the disturbance that belongs to
L2]0, 00), the space of square summable vector sequence over [0, 00). The matrices A, By,
By, C1, D11, D12 and Cy are of the known matrices with appropriate dimensions. The
matrix functions AA(k), ABy(k), ABa(k), AC1(k), AD11(k) and ADja(k) represent
the norm bounded time-varying uncertainties in the system which satisfy the conditions

given in the assumption 3.2.1.
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FIGURE 5.1: NCSs with sensor-to-controller delay
Let {rx,k} be a discrete homogeneous Markov chain taking values in a finite set S =

{1,2,--- s}, with the following transition probability from the mode ¢ at a time k to

the mode j at a time k£ + 1:

pij = Prob{ryi1 = jlry =i}

where 7,7 € S, 0 < p;; <1 and ijl pi; = 1. In this chapter, the random delay 7, is

modelled by a finite state Markov process as 7, = 7(7).

5.2.1 Congestion Control Scheme

To reduce the network congestion, a new technique using the difference between the
signals is proposed. If the difference between the current measurement and the pre-
viously transmitted measurement is less than a prescribed percentage of the current

measurement, then the current measurement will not be transmitted. i.e., if:

ly(v) —y(k)| < o1]y(k)| (5.2)
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then y(k) is not transmitted. Otherwise, y(k) will be transmitted and value stored
in the controller buffer will be updated i.e., y(v) = y(k), where y(k) is the current
measurement, y(v) is the last transmitted measurement and is stored in in buffer, d; is

the congestion control parameter on the plant output.

On the controller side, the transmitted signal y(v), after the network-induced delay
Tr,, Will be used as the feedback information. It will be either currently updated i.e.,
y(v —1,) = y(k — 7,) or previously stored information i.e., y(v — 7). A dynamic

observer based output feedback controller is proposed:

Sy

Bk+1) = Ac(re)2(k) + Be(re)y(v — 7r,)
u(k) = Ce(ry)(k) (5-3)

where #(k) is the controller state, A.(i), B.(i) and C,(7) are the controller matrices. The

similar congestion control technique is applied to controller output:
[u(@) —u(k)] < dalu(k)] (5.4)

where u(¥) is the previously transmitted controller output, u(k) is the currently cal-
culated controller output and ds is the congestion control parameter for the controller

output.

By using (5.1), (5.2), (5.3) and (5.4), the following closed-loop system is obtained:

C(k+1) = [Aa(ry) + E1F(k)Hi(ry)]C(k) + [Bz + E1F (k) H3)Cu (ri){C(9) — C(k)} +
B(rr)Cal(v = 77,) + [Bi + E1F (k) Ha]w(k)
[Ci(ry) + B2 F(k)Hi (ry)]C (k) + [Di2 + E2F (k) Hs)Cor(r1:){C(9) — C(K)}

+[D11 + E2F(k)H|w(k). (5.5)

z(k)

where ((k) = [z(k) f(k)]T>

Aar) = |0 ?(C:)’“) ] Bat) = | . ] = |
By, = _BQ ,Co = {6‘2 0},[’71: fl JHy(ry) = [H1 H3Cc(r) }
Ca(ry) = 0 Celry) ] ,Ci(ry) = [ C1 D12C(ry) ] -

The problem under our study is formulated as follows.

Problem Formulation:
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Given a prescribed v > 0, design a dynamic output feedback controller of the form (5.3)
such that

1. The system (5.1) with (5.5) and w(k) = 0 is stochastically stable, i.e, there exists

a constant 0 < a < oo such that

E {Z (T(E)((é)} <a (5.6)
=0

for all ¢(0),ro

2. Under the zero-initial condition, the controlled output z(k) satisfies

{Zz |r0} <722w (5.7)

for all nonzero w(k).

Before ending this section, we introduce the following lemma, which will play a vital

role in deriving our main results.

Lemma 5.2.1. Let Z(k) = z(k + 1) — z(k) and {(k) = [CT(k‘) Tk —7(k) wl(k)

¢T (k) HT (ri) FT (k)w™ (k) HF F (k) (¢"(v —17,) = (T (k = 72,)) (¢T(9) = ¢T(k))CF (rx)
CTW) — CT(/@))Cg;(rk)Hg)TFT(k)}T c R, then for any matrices R € R, M € R™*!
and Z € R, satisfying

roM 0 (5.8)
MT Zz '
the following inequality holds:
k—1 ) .
> dT@Ra) < W {01+ 1T + 7m0 2 (k) (5.9)
i=k—7(rg)

where Y1 = M T [diag{I,0} diag{—I1,0} 0 0 0 0 0 0].

Proof:

The lemma can be proved along the same lines as given in 3.2.1.
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5.3 Stability Analysis and Controller Synthesis of NCSs

with Congestion Control

The following theorem proposes stability criteria for uncertain discrete-time systems
(5.1) with random communication delays and congestion control on both system input

and output.

Theorem 5.3.1. For given controller matrices Ac(7), Be(i) and C.(i) wherei =1,--- s,
91 >0, 62 > 0 and v > 0, if there exist sets of positive-definite matrices P (i), Ri(i),
R1, Ry(i), Ro, Wi(i), Wa(i),Ws(i), Q, Z(i), and matrices M (i) satisfying the following

inequalities:

Ry > Ri(i), Ro > Ra(i) (5.10)
[(1—pi<i+1>>R1(i>+R2<i> M@ |, (5.11)
* Z(1)
AG)+IT (@) P +TT () [FaRy + 7oRa) Ta (i) +T1(0) + YT (1) +7() Zi+ TE ()I3(6) < 0
(5.12)
where
N6) = | Aali) Ba)Co By Ei Ey Ba()Co By I |
Fg(i) = [A(Z) 0 Bl El El 0 BQ E_'1:|
F?)(Z) = [Cl(l) 0 D1y Ey Ey 0 Do E2:|
AG) = diag{ ((r(s) = 7(1) + )Q + BCE () Cua() + 63CT (i) Ha(i) W3 (§) HaCu ()
AT OW L G) — PG)), (531 = Q) (BT Wali) Hy — 4T ), ~Wa (i),
~Wa(i), I, 1, ~Ws(i) }
~ i+1
P(i) = Y piP()
=1

i) = Y pyT()
j=1

T1() = MT(i)[diag{I,0} diag{—I1,0} 0 0 0 0 0 O]
A—1T ByC.(i)

) . (5.13)

Then the system (5.5) with (5.3) is stochastically stable with the prescribed Hoo performance.

Proof: Theorem is proved in Appendix 12
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The following theorem provides sufficient conditions for the existence of delay mode

dependent robust Ho, controller.

Theorem 5.3.2. For given v > 0, 1 > 0 and 02 > 0, if there exist positive symmetric
matrices X (i) > 0, Y (i) > 0, V(i) > 0, W1(i), Wi(i), Wa(i), Ws(i), Ws(i), Q, @, N(i),

N(Z)7 Rl; Rl; Rl(i); R27 RZ; RQ(i)’ S(Z)]); Z(’L), and matrices ‘A(Z)7 8(7’); 0(2)7 J(Z)7

M (i) satisfying the following inequalities for all i,7 € S:

Ry > Rl(i), Ry > RQ(Z)

NG) NG|
x  Z06) |
[ 1G) TT6) T5G) TTG) TT6) TI6)  TI6) |
x  —E2@{) 0 0 0 0 0
* * R 0 0 0 0
* * * —I 0 0 0 <0
* * * * —-Q 0 0
* * * * * —Wi (1) 0
| ox * * * * * —W(i)_
[sm) TG,
Y (j)
[ (1= i) (i) + Ba(i) T7(0) ] 0

N@NG) =1, RiRy = I, RaRo = I, QQ = I,

V(@)Y (i) =1, Wi(i)Wi(i) = I, Ws(i)W3(i) = I,

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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Control

where

,—Q, (Hf Wa(i)Hy — ¥*I) , =Wy (i), —Wa(d),

I X()

M™(i)[diag{I,0} diag{—I,0} 0 0 0 00 0]
Aa(i) Bu(i)Co By Ei Ei By(i)Ca Bs E1}

VAL VAW [ A o0 By Bi By o By B |
(Ci(i) 0 Dy By Ey 0 Dy B |

VEE =7 +DTE 0 0 0 0 0 0 o}
0000000

= | mw)

0 0l 00 0 0 0O
0 00 0O0O
0 00 0O0O0

P ) = (Y () + HsC H),

X (i) Bs

[C1Y (i) + D12C(i) Ci], Ba(i) =
Y@ I ] and T (i) = [ 0 V() ] .
I —-I

Y() 0
Then the closed-loop system is stochastically stable with the prescribed Hoo performance.

Furthermore, a suitable controller is given as follows

Y7l - X (i)) B (A(z’) — X () (AY (i) + BgC(i)))Y‘l(z)

A = (Sipy
. - —1
B(i) = (SiHpyy () - X() BG)
= C(H)YL(5).
(5.21)
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Proof: Theorem is proved in Appendix 12.

5.4 Simulation Example

Consider the uncertain discrete system with the following parameters:

08 —025 0 1 0 0.1000
10 0 0 0.1000 0.0300
A - ’ Bl = ) B2 =
~8 05 02 —1.03 0 0.0400
0 0 05793 0 0.0500 0.1000
0.01
0.09
Cy = [0 0.1000 0 0},E1: By =001,
0.02
0.04
H = [ 0.05 0.02 .03 .04 ] Hy = { 0.07 0.04 ] . Hy = 0.04

In the following simulation it is assumed that the F'(k) = sin(k), and it can be seen that
FT(E)WF(k) <W. Tt is also assumed that the network-induced delays are characterized
by a Markov chain taking values in a finite set S = {1,2,3}, that corresponds to the
delays of 2, 3 and 4 seconds, respectively. The transitions in the Markov chain modes are
under the following probability matrix which is obtained by performing the experiments

on Vodafone cellular network:

0.4175 0.5825 0
P, = | 03702 0.6157 0.0141 (5.22)
0.3702 0.6157 0.0141

Figure 5.2 shows the random network-induced delays used in the example. The conges-
tion control parameters d; and §o are set as 0.5 for the simulation. Using Theorem 5.3.2,

the following set of the controller matrices are obtained.
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—0.3522 —0.0693 0.2142 —0.1467 —0.0027
1.0003 —0.0003 —0.0001 0.0003 —0.0020
AC(l) ) BC(l) =
—0.8006  0.5005 0.2001 —1.0304 0.0035
—0.0002 0.0002 0.5792  —0.0002 0.0015
C.(1) —1.1527 0.1811 0.2144 —-1.1470 } )
[ —0.3828 —0.0659 0.2318 —0.1380 ] [ —0.0027 ]
1.0003 —0.0003 —0.0001 0.0003 —0.0020
AC(Q) ) BC(Z) =
—0.8005 0.5005 0.2001 —1.0304 0.0035
—0.0002 0.0002 0.5792  —0.0002 0.0015
Ce(2) —1.1833 0.1844 0.2319 —1.1383 } .
—0.1994 0.0855 0.0716 7 — 0.3468 —0.0028
1.0004 —0.0005 —0.0001 0.0004 —0.0021
AC(?’) ) BC(B) =
—0.8008 0.5006 0.2002 —1.0306 0.0036
—0.0003 0.0003 0.5792 —0.0003 0.0015
C.(3) —1.0000 0.3360 0.0718 —1.3472 } )

The stabilized system states, in the presence of the time delays and the congestion

control mechanism, are shown in the Figure 5.3.

The effect of 41 and do on the channel bandwidth consumption and the system perfor-

mance is analyzed through a series of the simulations. It is summarized in the Table

5.1, where it can been seen that the bandwidth consumption is reduced as é; and
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FIGURE 5.3: System states

TABLE 5.1: Effect of §; and d on bandwidth consumption

01 09 Aggregated Bandwidth Consumption | Minimized
0.1 [ 0.1 | 75.00% 0.6302

0.5 | 0.5 | 73.00 % 0.6380

0.9 | 0.8 | 70.00 % 0.6576

> 1| > 1 | undesired response 00

are increased. However, the bandwidth consumption can not be reduced to less than
70%, because with either §; > 1 or d3 > 1, the system becomes oscillatory. It shows
that there is always a trade off between the system performance and the bandwidth
consumption. The minimized v, the H., performance parameter, for different values of
01 or d9 is obtained and is plotted in the Figure 5.4. It is observed that the lower bound
on the « is increased with the increase in the congestion control parameters. It supports
the argument that there is a trade off between the system performance and the reduced
bandwidth.

Finally, for the prescribed value of the v = 0.5 the effect of changing §; and ds on the

Hoo performance is analyzed. It is elaborated in the Figure 5.5 that by increasing the
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FIGURE 5.5: Effect of ;1 and d9 on H,, performance

01 and d2, the magnitude of T, (k) i.e., the transfer function between the disturbance

and the output is increasing which shows the degradation in the H,, performance.

Remark 5.4.1. The proposed design enjoys the advantages of both time triggered and
event triggered systems.The proposed theory uses comparatively mature and well devel-
oped methods to present the stability criteria and controller synthesize as it considers
the closed -loop system as time triggered system. On the other hand it uses the reduced
communication resources such as channel bandwidth and the transmission power (Wire-
less LANS),that is the key feature of the event triggered systems. However, the design
does not help in the computational efficiency at the controller side and requires same

computational cycles as the time triggered systems.
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5.5 Conclusions

A simple but the efficient network resource utilization and the congestion control scheme
has been provided in Chapter 4 for the NCSs. This technique compares the current and
the last transmitted measurements before sending them over the network. In this chap-
ter, the proposed scheme is applied both on the system inputs and outputs. The scheme
takes the advantage of both time triggered and event triggered sampling mechanisms.
With this congestion control scheme the stability conditions and a robust delay mode-
dependent output feedback controller are proposed. The closed-loop system stability
is obtained by using a L-K functional approach. On the basis of the stability condi-
tions sufficient conditions for the controller matrices have been obtained in terms of
the BMIs. Since BMIs are non-convex in nature, a cone complimentarity algorithm is
used to convert the non-convex problem into a quasi-convex optimization problem that
are easily solved by the available mathematical tools, for example, the YALMIP and the
LMI toolboxes of the MATLAB. The effectiveness of the developed technique in terms of
the bandwidth utilization and the H, performance is demonstrated using a simulation
example. It is observed that there is always tradeoff between the bandwidth utilization

and the H, performance.



Chapter 6

Robust H,c Dynamic Output
Feedback Control of NCSs with
Multiple Quantizers

This chapter talks about stability and stabilizability problems of networked control sys-
tems(NCSs) with multiple quantizers. More precisely, the system and controller outputs
are quantized at different quantization levels and experiencing different network-induced
delays. This configuration is more natural in NCSs. Network-induced delays are mod-
elled by a Markov chain. Quantization errors are bounded by a sector bound approach
and represented as convex poly-topic uncertainties. Lyapunove-Krasovskii(L-K) func-
tional approach is used to develop stability criteria for NCSs with multiple quantizers.
On the basis of the stability criteria, a quantized robust Hs, output feedback control
law is proposed in terms of bilinear matrix inequalities (BMIs). Furthermore an itera-
tive cone complementarity algorithm is used to convert these BOIS into a quasi-convex
optimization problem which can be solved easily. A simulation example is provided to

demonstrate the effectiveness of proposed theorems [107].

6.1 Introduction

The distributed control system in which control loops are closed over real time networks
are called NCSs. The rapid development in the communication systems and advance-
ment in the control designs greatly enhanced the system modularity, flexibility and
reduced processing cost in the NCSs making them highly popular in the industry. How-
ever incorporation of the network in the control loops results in the various constraints

such as (1) time delays and packet dropouts due to limited bandwidth; (2) quantization
91
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errors caused by hybrid nature of NCSs; (3) variable sampling/transmission intervals
due to multiple nodes; and (4) network security due to shared communication networks
[51, 52, 86]. The quality of control (QOC) in the NCSs can be improved either by de-
veloping network scheduling algorithms or by designing modified control strategies that

can cater for network constraints.

The time delays are inevitable in the NCSs due to remote location of the controllers
and the network congestion. Therefore, the NCSs are considered as a sub class of time-
delayed systems (TDSs) [53]. In NCSs, most of the research has been carried out on time
varying delays because the network-induced delays are always time varying in nature.
The time varying delays are treated with two approaches (1) deterministic methods and
(2) stochastic methods [57]. In the first method the delays are bounded while in the
second method delays follow certain probability distributions such as Markov chains
and Bernoulli random sequences [64-66, 68]. In this chapter the time varying delays are

modelled as random modes of a Markov chain.

In the recent years the problem of quantized feedback control has seen a growing research
interest due to the evolution of computer based control and NCSs. The quantization
effects can be investigated in two aspects: (1) mitigation of the quantization effects to
achieve the system performance and stability and (2) considering quantizers as informa-
tion coders. In the first approach, stability analysis and controller synthesis are done
in the presence of a quantizer by [69, 70]. The second approach investigates how much
information from a quantizer is enough to achieve the system stability and certain per-
formance level. It is proved by [72] that the minimum quantization information required
for the system stability depends on the unstable poles of plant. The logarithmic quan-
tizers can give minimum or coarsest quantization densities [75]. The similar research to
use optimal quantizers and coarsest quantization densities is carried out by [76], while

sustaining the system stability for Markovian jump systems (MJSs).

The quantized feedback control problem can be classified as: (1) the quantized feedback
with static quantizers and (2) the quantized feedback with dynamic quantizers. The
former approach assumes that the quantization value at any time instant k& does not
depend on the previous quantization values [72, 75]. The latter approach considers
dynamic quantizers with an internal state. It helps to enlarge the region of attraction
and reduces limit cycles [69, 77]. A static quantizer can be used as a dynamic quantizer
with help of dynamic scaling. In this case the input signal for the quantization is pre-

scaled and this scaling can be done online [78].

A lot of research has been done on the NCSs with a single quantizer on one side of com-
munication network such as from sensor to controller end [80]. However, the quantizers

are required on both controller input and output in real time NCSs. This scenario is
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discussed by [81] in which a quantized state feedback is proposed with a single quan-
tizer each on system inputs and outputs. On the other hand, the data on different
sensor nodes is available on different times that requires a separate quantizer for each
node. This consideration results in a less conservative design due to different timing
parameters of the sensor nodes. It is more natural in the NCSs because a single quan-
tizer for the multiple sensors requires a centralized decoder. This fact motivated the
author to propose a robust H, output feedback controller for the NCSs with multiple
quantizers. As each node with a separate quantizer acquires communication channels
at different times, therefore each quantized-signal experiences different network-induced
delays. The random delays are modelled by a Markov chain. The logarithmic quantizers
are deployed both on the sensors and the controller outputs. The quantization errors,
bounded by sectors, are represented as the convex poly-topic uncertainties. L-K func-
tional approach is used to develop the stability criterion for the NCSs. On the basis of
the stability criterion sufficient conditions for the existence of a quantized H, robust
output feedback controller are given in terms of bilinear matrix inequalities (BMIs). An
iterative algorithm is suggested to convert the BMIs into quasi-convex LMIs that can
be solved easily by MATLAB LMI ToolBox. An example is presented to illustrate the

effectiveness of the proposed design. Following are the main contributions of Chapter 3:

e The system and controller outputs are quantized at different quantization levels
and experience different network-induced delays. To the best of authors’ knowl-

edge, this has not been formally investigated before

e The quantization errors are bounded by a sector bound approach and are repre-
sented as poly-topic parametric uncertainties. The multiple quantizers are assumed

on both sensors and controller outputs.

This chapter is organized into five sections. In Section 6.2, system description, time
delay and quantization error modelling, the problem formulation and necessary lemmas
are given. Main results are provided in Section 6.3. Section 6.4 comprises a simulation
example to demonstrate the validity of proposed design. The conclusions are given in

Section 6.5.

6.2 System Description and Definitions

A networked control system, with input and output quantization, is shown in Figure
6.1.



Chapter 6. Robust Hoo Dynamic Output Feedback Control of NCSs with Multiple

Quantizers 94
wik) z(k)
MIMO plant
qn | | qi ‘
an(y' () b e L k)
Network
u'(ky)= quiv'(k) T ----------- T U (k)= V()
q2 e Qa2 qli}a'(k_fln
I vi(k)
: Controller

vi(K) Q¥ (k-t,)}

FIGURE 6.1: Layout of a networked control system with multiple quantizers

The class of uncertain discrete-time linear plants is described by the following model:

s(k+1) = [A+AAR)e(k) + [Br + AB(k)|w(k) + [Bz + ABs(k)]u(k), (0) =0
z(k) = [C1+ AC1(k)]x(k) + [D11 + AD11(k)w(k) + [D12 + AD1a(k)Ju(k)
y(k) = Cox(k) (6.1)

where z(k) € R", u(k) € R, z(k) € RP,y(k) € R" are the state, input, controlled
output and measured output, respectively. w(k) € R™ is the disturbance that belongs
to L2]0,00), the space of square summable vector sequence over [0, oc]. The matrices A,
Bi1, By, C1, Dy1, D12 and Cy are of known dimensions. The matrix functions AA(k),
ABi(k), ABy(k), AC1(k), AD11(k) and ADja2(k) represent time-varying uncertainties

and satisfy conditions given in the assumption 3.2.1.

In NCSs, there exist various type of delays such as sensor to controller delay 74.(k);
controller to actuator delay 7.,(k); and processing delay 7.(k). However, all the delays

can be lumped together as [83]:
T(k) = Toe(k) + Tea(k) + Te(k)

Remark 6.2.1. Despite of the fact that if there is a same communication network between
sensor to controller and controller to actuator, it is true that 74.(k), 7.(k) and 7. (k)
can be different in size and nature and in other properties. Therefore all the delays

should be treated separately and the use of a separate Markov chains to model these
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delays is better. However in this work, one Markov chain is used to model closed-
loop lumped delays for the sack of simplicity. Separate Markov chains for different
delays can be considered in the future to reduce the conservatism of the design. It is
worth mentioning that transition probability matrix for the Markov chain is obtained

by performing a series of experiments on a wireless network for closed-loop delays.

All measured outputs will be quantized separately as shown in Figure 6.1. That’s why

each output y" (k) will bear different network-induced delay 7" (k) :

[ Cla(k — (k)

y(k — (k) = Cg"”(kff?(k)) =S Gk - (k) (6.2)

| Cpa(k— 7" (k)

where [ line of G! € R"*™ is C! and all other lines will be zeros. Consider a quantized

dynamic output feedback controller:

ik+1) = Adi)a(k) + Beli)ar (y(k — (k)
(k) = Culi)i(k) (6.3)
uk) = ga(o(k)

where Z(k) is controller state; A.(i), B.(i) and C.(i) are controller matrices and
T
@)= [ ai(-) q20) - @) ]

a@(.) = [ q21(-) q22(.) -+ @um(.) }T

Quantizer Description:

Quantization process can be accomplished using uniform and logarithmic quantizers.
Here, it is worth mentioning that in logarithmic quantizers the number of quantization
levels, although infinite, grow logarithmically in radial direction, rather than linearly. It
means that logarithmic quantizers result in coarser quantization densities than uniform
quantizers. In fact they result in coarsest quantization densities [72]. This fact motivated

the author to use logarithmic quantizers, described as follows:

il ifﬁp’%<l/§1%&jp;}, v>0n=0,+1,42, -
¢i;(v) =10, if v="0 (6.4)

—qij(—v) ifr<0
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where 0 < p;; < 1 is the quantization density of g;;(-), and d;; is related to p;; by:

L — pij
dij = J .
T 1+ pij (6:5)

The associated quantized set U is given by:

U= {+pj,n=0+1,42,--- }|_J{o}. (6.6)

Now define the quantization error as:
eij(k) = qij(v(k)) — v(k) = Agij(k)v(k), (6.7)

It has been shown by [75] that quantization error can be bounded by sector bound

approach and Ag;;(k) € [—0ij, 6;5).
Time delay Modelling:

Let {7k, k} be a discrete homogeneous Markov chain taking values in a finite set S =

{1,2,---,s}, transition probability from mode i at k to mode j at time k+ 1 is given as

pij = Prob{rpy1 = j|ry =i}

where 7,5 € S.

The random delay 7(ry) is modelled by a finite state Markov process as 77 (i) = 7" (7)
with 0 < 77(1) < 77(2) < -+ < 7"(s) < co. We assume that the controller will always
use the most recent data, i.e., if there is no new information coming at step k£ + 1, to
compensate longer delays, then g(y(k—7(r))) will be used for feedback. Thus the delay

7(r)) can only increase at most by 1 at each step, and we constrain:

Prob{7"(rg41) > 7" (rg) + 1} =0

With this assumption, we define the transition probability matrix as:

P11 pi2 O
P21 P22 P23

P(s—1)s
Ds1 Ps2 Ps3 Ps4 --- DPss
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with 0 < Dij <1 and ZZ—H Pij = 1.

Using (6.3), (6.4) and (6.7) , a quantized output feedback controller is proposed:

(k) + Be(i) (I + Av(k)) iy Gla(k — 7'(d))

2k+1) = A(i)z
v(k) Celi)i (k) (6.9)
u(k) = @v(k)) = (I + Az (k))Ce(i)2(k)

where Aj(k), Ag(k) are quantization errors:

Ar(k) = diag{An(k), Ara(k), - -- Alr(kz)}

Ao(k) = diag{A21(k), Ana(k), - Agm(k:)}

A1 (k) and Ag(k) can be represented as [79]:
2 2
Ar(k) = D Mgk)s, > Mglk) =1, Aig(k) >0
g=1 g=1

2m 2m
No(k) = D don(R)05, > don(k) =1, don(k) >0 (6.10)

where r and m are number of sensors and actuators respectively and 559), 5§h) are

diagonal matrices of appropriate dimensions. Each matrix comprises of values either —§

or 4, that is the sector bound for quantization error.

Using (6.10), the closed-loop system of (6.1) with (6.9) is given as follows:
T

27‘
Ck+1) = 3 Mylk Zm ) (1446 + By PR AL ()G (k) + Ba()(I +60) > &
g9=1

=1

(b —7'(0)) + [By + ElF(k)Hz]w(k))

.
2k = 3 Mgl Z Ao (k) (ICH (D) + ExF (k)L (D)]C(K) + [Day + ExF (k) HaJuw(k) )
g=1

(6.11)
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where ((k) = [z(k) i“(k)]Tv

)
AL(i) = _? jj((;+62)0() Bu(i) = 2;0@
B = 031 a=lc o].B= OEl
AYG) = [ B Hs(I+85)C.0) |
i) = [ ¢ DT +d)c) |-

The problem under our study is formulated as follows.
Problem Formulation:
Given a prescribed v > 0, design a dynamic output feedback controller such that

1. the closed-loop system with w(k) = 0 is stochastically stable, i.e, there exists a

constant 0 < v < oo such that

E {Zg%)g(z)} <« (6.12)
/=0

for all ¢(0), 7o
2. Under the zero-initial condition, the controlled output z(k) satisfies
E {Z zT(k)z(k)|r0} <) " w” (k)w(k) (6.13)
k=0 k=0

for all nonzero w(k).

The following lemmas play important roles in the derivation of the main results.

Lemma 6.2.1. Let (k) = z(k+1) —z(k) and (k) = [gT(m Tk—7'(re)) - ¢T(k—

_ T
™ (ry)) wh(k) ¢T(k)(HMT(G)EFT (k) wT(k)HQTFT(k)} e R, then for any matrices
Re R M € R and Z € RXU satisfying

R M

>0 6.14
I (6.14)

the following inequality holds:

T k-1
=Y > AGRaG) < Tw{Ti+] +ZT r)Z (k)

=1 i=k—7l(ry)
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where Y1 = M7 [diag{I,0} diag"{—1,0}--- diag{—1,0} 0 0 0].

Proof: Proof follows the same line of Lemma 3.2.1. VVV
Lemma 6.2.2. [87]:

If P > 0 then
ATPA;+ ATPA; < AT PA; + AT PA;

6.3 Stability Analysis and Controller Synthesis of NCSs
with Multiple Quantizers

Stability criterion for uncertain discrete-time systems with random communication de-

lays and multiple quantizers are given in the following theorem.

Theorem 6.3.1. For given v > 0 and controller matrices Ac(i), B.(i) and C.(i) where
i=1,---,s, if there exist sets of positive-definite matrices P(i), Ri(i), R1, Ra(i), Ra,
Wi(i), Wa(i), Q',---,Q", Z(i), and matrices M (i) satisfying the following inequalities
and (6.17):

Ry > Rl(i), Ry > RQ(Z) (6.15)
[ (1= pigen) Ba(i) + Rai) M) | (6.16)
* Z@) |

A9 (e) + (T4 0) + T29(0)) Py (T4 ) + Do) +
T
(T9) +T4()) " iy [F1(0) B+ 7 () Ra] (T9) + () <0

+(T40) + rg(z’))T (T90) + T4(0)) + 471 () + 47T (1) + 4 £, 70 2 (0)
(6.17)
forallg=1---2" and h=1---2™



Chapter 6. Robust Hoo Dynamic Output Feedback Control of NCSs with Multiple

Quantizers 100
where

roh (i) = [Agl(i) Bu(i)(I +6))Gt - By(i)(I +6)G" B En El}

Th() = [Ah(z‘) 0 B E EI}

i) = [Cg(z) 0 Di1 E» Ez}

AR (0) = diag{ (4 iws) 1)+ 1@+ (H) + AR W) (B{) + BLG))
~4P(i)), Q"+, —4Q", A( B Wa(i)Hy — 4T ), ~4WA (i), ~4Wa(i) |
i+1

P(i) = > piP(j)
j=1

i+1

i) = > pyT' ()
j=1

i1
) = > pum(j)
j=1
() = MT@) [dmg{f,o} diag'{~1,0} ---diag {—1,0} 0 0 0

_ A—T By(I+8MC.(i
Ah(l) _ 2( + 2) (Z)
0 0
o = diag{ofy,ofy, -, }
oy = diag{dh, oy, - 84, | (6.18)

Then the closed-loop system is stochastically stable with the prescribed Hoo performance.

Proof: See Appendix 13. VVV

The following theorem provides procedure for designing an H., quantized output feed-

back controller.

Theorem 6.3.2. For a given v > 0, if there exist positive symmetric matrices X (i) > 0,
Y (i) >0, V(i) >0, Wi(i), Wi(i), Wa(i), Q' ---Q", Q' ---Q", , D',N (i), N(i), R1, Ry,
Ri(i), Ry, Ra, Ra(i), S(i,7), Z(i) and matrices A(i), B(i), C(i), J(i), J, M(i) satisfying
the following inequalities, and (6.21) for all i,j € S:

Ry > Ri(i), R2 > Ra(i) (6.19)

>0 (6.20)
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A (o +me)" (Bo+tie) (Me+te) o (1)
* =(3) 0 0 0 0
* * -R 0 0 0 <0
* * * —1 0 0
* * * * 4('5 —JT — J) 0
| * * * * * Wi (1) ]
(6.21)

forallg=1---2" and h=1---2™

[ﬂm)ﬂm o 6.22)
£ Y())

Dl jT

. o >0 (6.23)

[u—mwmm@+Rm>7f

) o ] >0 (6.24)

N@N@) =1, RiRi =1, Q'Q' = I,RoRy =1, Y(i)Y (i) = I, Wi(i))W1(i) = I
(6.25)
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A0 = (A0 + 116 + T + Y () 20)
=1
A(4) diag{ — j/(i) ;(i) ] ,—Qb -, —Q", (Hy Wo(i)Hy — +2I)
~Wa(i). ~Wa(i)}
T (i) M7T(i)[diag{I,0} diag'{—1I,0}---diag"{—1,0} 0 0 0]
090 = | L) Ba()I+89G" - Ba()I+8)G" B By B |
T
4 (i) N F(i)I JZTI(S)I [Ah(i) 0 B, B, E }
=1 =1
R dzag{Rl,Rg}
T2 (4) [C’h(i) 0 Dn E» E2}
BaG) = [74) 0 0 0 0]
9" (i) [ @)+ HIG) 0 0 0 0}
D Z )+ 1)D!
2) 5(2’)—J() J@) I
- I —X (i)
_ i+1 i+1
X(l) sz] szj Z]
j=1
o "AY()+B(I+5( ))C() A
Acl(z) . S .
| A(4) X(1)A
3 [ B
Bi(i i
1)  X()B
_ [ By
By N
1(0) By
Clhti) = [C1Y (i) + DuolI +8§")C(i) €]
A1 (i) H1Y<z> Hy (1 +5)C() H)|
. V(i) I N RN O
T(7) Y 0] and T (i) = [I , ] (6.26)
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Then the closed-loop system is stochastically stable with the prescribed Hoo performance.

Furthermore, a suitable controller is given as follows

H—l

= (T 6) - X)) (AW - XGAY () + Bo(l +55)C(0)) Y1)

~ —1

Bi) = (SEpgy'6) - X)) B)
C

Ce(i) = CHY ().
(6.27)

Proof: The proof is given in the appendix 13. VVV

6.4 Simulation Example

This example is demonstrated using MATLAB and Simulink-based TrueTime Simulator.
This toolbox is developed to simulate real time and networked control systems and
facilitates co-simulation of controller task execution in the real-time kernels and network
transmissions. The plant and controller communicate with each other over CSMA /AMP
(control area network) using the TrueTime functional blocks. The plant sends data using
ttSendMsg and ttGetMsg blocks. The controller is implemented using TrueTime Kernel
that is not only capable to transceive the analog data but can also communicate with
other nodes over the network. The TrueTime kernel supports the multi-task execution

and their scheduling on the basis of priorities and deadlines.

The following state space representation of a discrete time LTI system with the para-

metric uncertainties is considered:

(08 —025 0 1 | [ 0.5 | [ 0.1 0.1 ]
1 0 0 0 0 05 0
A = 731: 7B2:
~8 05 02 —1.03 0 0.6 0.7
o 0 1 0 0 0 03
45 —45 0 2
1 = [0.8875 —0.1404},02: Dy =04
45 —45 0 2
[ 0.01 |
0.09
Dy = [0‘4 0,5},E1: . By = 0.01, H1:[0.05 0.02 .03 .04
0.02
0.04

Hy, = [ 0.07 0.04 ] . Hy = 0.04.
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FIGURE 6.2: Random modes

The TrueTime simulator only supports local area networked control systems (LANCSs)
and ignores time delays, therefore the time delay block is introduced separately. A
Markov chain, that takes values from a finite set S = {1,2,3}, is used to model the
random delays. Each value of the Markov chain corresponds to 1, 2 and 3 second delays,
respectively. It is shown in Figure 6.2. The transition probability matrix governing the
modes of Markov chain is obtained through various experiments performed on a wireless

network:

0.4206 0.5794 0
VS 0.4206 0.5705 0.0089
0.4206 0.5705 0.0089

In this example, individual quantizers are used to quantize each control input and system

output. The quantization densities are set using equations (6.5) and (6.10) as:

0.9019 0 0.8705 0
,01 - ) p2 =
[ 0 0.8981 ] [ 0 0.8508 ]

where p; and po are the quantization densities at the system outputs and the control
inputs, respectively. The H,, performance objective v, against non-parametric uncer-
tainties, is set 0.5. For the closed-loop system, controller matrices are obtained using

MATLAB LMI Control Toolbox and the cone complementary algorithm, outlined in the
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previous section:

0.0384 0.4677 —0.0631 0.7252 —47.1536 47.314
0.2325 0.2524 0.5041 0.3259 7.1768  —7.0820
A1) = ; Be(1) =
0.1614 —0.6649 —0.3427 —0.2896 —4.8139  4.6236
0.3370 —0.1594 0.5081 —0.0591 —20.3464 20.3152
1) = [ —0.6050 —0.3737 0.9579 0.9986
‘ i 0.5994 —0.0367 —1.5576 —0.3952
0.0384 0.4675 —0.0638 0.7154 —43.1521 47.0001
0.2416  0.2223 0.7115 0.2277 11.0768 —5.0210
AC(Z) = ) BC(2) =
0.2601 —0.6241 —0.3428 —0.2906 —7.0149  5.1246
0.3391 —0.1504 0.5077 —0.0501 —19.1422 19.0111

—0.6051 —0.3123 0.9435  0.9666
0.5004 -0.0361 -—-1.1271 —-0.3763

0.0380 0.4670 —0.0638 0.7258 —47.1536 47.314

0.2322 0.2523 0.5045 0.3257 7.1568 —7.0824
AC(B) = ) BC(?’) =

0.1613 —0.6549 —0.5627 —0.2566 —4.8339  6.6216

0.3670 —0.1584 0.5061 —0.0891 —20.3454 22.3152

[ —0.6095 —0.3734 0.9999  0.9965
0.5966 —0.0364 —1.5506 —0.3987

The proposed control design efficiently stabilizes the system states, as shown in Figure
6.3. The disturbance matrix B; introduces uncertainty in the state x; that acquires
stochastic stability. It is shown in Figure 6.3(a). All other system states are not affected
by the disturbance and achieve asymptotic stability. The obtained H, performance is

0.008, as shown in Figure 6.4 that is much less than prescribed value of ~.

Remark 6.4.1. Single quantizer is a special case of multiple quantizers that combines
multiple outputs together in a packet, and then quantizes. However, it is not feasible in
the NCSs environment, because each sensor/actuator is considered as a separate node,
hence requires a separate quantizer. Secondly, it is already proven that the infimum
quantization density for the multiple quantizers is the same as for the single quantizer
[88]. Similarly, NCSs are meant for the scenarios where it is infeasible to deploy a
controller near the plant location and the same is the case for a centralized decoder.
Therefore the essence of the NCSs lies in the fact that every output should be quan-

tized and transmitted separately without a centralized decoder. Moreover, the multiple
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FIGURE 6.4: H, performance of output feedback controller with multiple quantizers

quantizers give leverage to use different quantization densities for different outputs with

respect to network congestion.
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6.5 Conclusions

In this chapter, the stability analysis and the controller design for the NCSs with the
multiple quantizers, deployed on both plant and controller outputs, are proposed. The
quantizers access the network at different times, consequently each quantized signal
experiences a different network-induced delay. A finite state Markov chain is used to
model these delays. The quantization errors are bounded by a sector bound approach
and are characterized by the convex poly-topic uncertainties. A new L-K functional
approach is proposed to develop the stability condition. After applying the Schur’s
complement and the congruence transformation on the stability conditions, a dynamic
output feedback controller is achieved in terms of the BMIs. The BMIs are converted
into the quasi-convex optimization problem by an iterative algorithm that is solved by
the MATLAB LMI toolbox. An example is provided to illustrate the effectiveness of the
proposed method by using the SIMULINK based TrueTime toolbox of the MATLAB.
It is observed that the proposed design effectively stabilizes the system with multiple
quantizers. It is remarked that the essence of the NCSs design lies in the use of a
separate quantizer for each signal. By doing this, the quantization densities can be

varied according to network load conditions and performance requirements.



Chapter 7

Robust H,c Dynamic Output
Feedback Control of NCSs with

Limited Information

Quantization effects are inevitable in networked control systems (NCSs). These quanti-
zation effects can be reduced by increasing the number of quantization levels. However,
increasing the number of quantization levels may lead to network congestion, (i.e., the
network needs to transfer more information). In this chapter I investigate the problem of
designing a robust H output feedback controller for discrete-time networked systems
with an adaptive quantization density or limited information. More precisely, the quanti-
zation density is designed to be a function of the network load condition that is modelled
by a Markov process. A stability criterion is developed by using Lyapunov-Krasovskii(L-
K) functional and sufficient conditions for the existence of a dynamic quantized output
feedback controller are given in terms of Bilinear Matrix Inequalities(BMIs). An iter-
ative algorithm is suggested to obtain quasi-convex Linear Matrix Inequalities (LMISs)
from BMIs. An example is presented to illustrate the effectiveness of the proposed design
[109].

7.1 Introduction

With emerging technologies such as shared digital wired and wireless networks, new re-
search areas are opened in the field of NCSs. The NCSs are distributed systems in which
the plant, sensors, controller and actuators are spatially distributed and interconnected
through the communication networks. This development has greatly improved the mod-

ularity, the system flexibility and reduced the processing cost. However, the NCSs also

108
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bring many new challenges for the control system design such as network-induced delays,
packet dropouts, quantization errors, variable transmission intervals, network security

and other communication constraints.

The issues of network induced time delays and packet dropouts have been considered by
many researchers [1, 86, 94, 96, 117-119, 124]. Most of them used the Markov processes
to model the randomness of the network-induced delays [1, 96, 118, 119, 124]. The
Markov chain takes values in a finite set based on the known transition probabilities.
However, the main drawback of the aforementioned papers is that the real communica-
tion networks are not able to send the data with infinite precision. In the communication
networks the length of each data packet is finite, therefore in order to improve the per-
formance of the NCSs the effect of data quantization must be incorporated into any
controller design. In most studies the quantization error is treated as an uncertainty
in the stability analysis and robust controllers are designed [121-123]. The size of the
uncertainty depends on the quantization density. For a logarithm quantizer, the size of

uncertainty can be bounded by a sector bound approach [75].

In [72] it is mentioned that the quantization process is useful in the NCSs . The quan-
tizers with the coarser quantization densities help in reducing the network congestion.
Consequently the network-induced delays can be reduced because less information is
transmitted. However, the coarser the quantization density the larger the quantization
error. Hence, this is a tradeoff between the quantization error and the network conges-
tion or the network-induced delay. In this chapter the quantization density is designed
to be a function of the network load condition that is modelled by a Markov process.
More precisely, when the network load is heavy a coarser quantization density is used
so that less information should be transmitted. While in the lighter network load case
a finer quantization density is selected. In doing so the network load condition can be
maintained. Based on the Lyapunov-Krasovskii functional approach stability criterion
and the design procedures for an output feedback with an adaptive quantization density
are given in terms of the BMIs which are then converted into the quasi-convex LMIs to
be solved by using an iterative cone complementarity algorithm [127]. The simulation

example is provided to verify the proposed design.
The main contributions of the chapter can be summarized as follows:
e To ease the network congestion, the quantization density is designed to be a func-

tion of the network load which is modelled by a Markov process. To the best of

the authors’ knowledge, this issue has never been investigated previously

e The controllers are parameterized by the BMIs. Its dimensions depend upon the

dimension of the state variable of the open loop system and it is independent of
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the number of the modes on the Markov chain. This decreases the computational

burden and it has not been formally investigated in the NCSs.

This chapter is organized into five sections. In Section 7.2, system description, quanti-
zation error modelling, packet dropouts and problem formulation are presented. Main
results for the stability criterion and the controller synthesis are given in Section 7.3.
Section 7.4 contains simulation results to prove the validity of the proposed theorems.

Conclusions are given in Section 7.5.

7.2 System Description and Definitions

A simple networked control system is shown in Figure 7.1. The class of uncertain

wik) z(k)

Physical plant v(k)

Sensor

Quantizer

l qly(k).i)

Network Induced
Delay ©

a(1)

.
L

Controller
Uik) qly(k-t).i)

F1GURE 7.1: Layout of networked control systems with an adaptive quantizer

discrete-time linear systems under consideration is described by the following model:

z(k+1) = [A+ AA(k)|x(k)+ [B1 + AB1(k)|w(k) + [Bs + ABa(k)]u(k), x(0)=0
z(k) = [C1+ ACy(k)]|z(k) 4+ [D11 + AD11(k)|w(k) + [D12 + AD12(k)|u(k)
y(k) = Cox(k) (7.1)

where x(k) € R, u(k) € R™, z(k) € R™,y(k) € R™2 are the state, input, controlled
output and measured output, respectively. w(k) € R is the disturbance that belongs
to L2]0, 00), the space of square summable vector sequence over [0, 00). The matrices A,

Bi1, By, C1, D11, D12 and Cy are known matrices with the appropriate dimensions. The
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matrix functions AA(k), ABy(k), ABa(k), AC1(k), AD11(k) and ADja(k) represent

the time-varying uncertainties and satisfy conditions given in the assumption 3.2.1.
Quantizer Modelling and Description:

The quantization process is useful in NCSs design. Network congestion and network-
induced time delay can be reduced by using a coarser quantizer. Hence, by adjusting
the quantization density, the network load capacity can be sustained. In this chapter,

the quantization density is designed to be a function of the network load condition.

Let {7k, k} be a discrete homogeneous Markov chain taking values in a finite set S =
{1,2,--- s}, with the following transition probability from mode i at k to mode j at
time k + 1

pij == Prob{ry.; = jlry =i}

where ¢,j € S.

The quantization density, J, is described as a finite state Markov process as 6 = §(r).

On the basis of this technique, a network load dependent quantizer is proposed as follows:

P (4) if ﬁmph(i) <v< l%é(i)ph(i), v>0,h=041,£2,--
q(v,i) =40, if v =0 (7.2)

—q(—v,1) ifr<o0

where 0 < p(i) < 1 is the quantization density of ¢(-,-), and (i) is related to p(7) by

5(i) = 1 ;Z 8 (7.3)

The associated quantized set U is given by

U= {j:ph(i),h:0,j:1,j:2,---}U{0}. (7.4)
Now defines the quantization error as

e(k, 1) = q(v(k), 1) —v(k) = Ag(k, i)v(k), (7.5)

where v(k) is signal to be quantized, q(v(k), ) is the quantized signal. It has been shown
by [75] that Ay(k,q) € [—0(3),(2)].
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Packet Dropouts Modelling:

The measured output y(k), that is used as feedback information for the controller, may
not be available all the time due to packet dropouts. To compensate these packet
dropouts a stochastic variable following Bernoulli sequence is used. We are interested

in the following mode dependent dynamic output feedback control law:

Bhk+1) = alk){Ac()L(k) + Be(i)q(y(k —7(k)), i)} + (1 — a(k)) Acy (i) 2 (k)
u(k) = Ce(i)2(k) (7.6)

where A.(i), Acf(i), Be(i), Cc(i) are controller matrices. «(k) € R is random variable

following Bernoulli random distribution:

") 1, if feedback information is available
(8] =
0, Without feedback signal

Assume that «(k) has probability:
Prob{a(k) =1} = E{a(k)} = a, Prob{a(k) =0} =1 -«
where 0 < o« < 1 is a constant and
E{a(k) —a} = 0,5 = E{(a(k) - @)’} = a(l - a)

where E(-) is the expectation operator and 32 is the variance. 7(k) is the time varying
delay satisfying;:
0<z<7(k)<T

where 7 and 7 are known constants. It is worth mentioning that in NCSs there exist
various types of delays such as sensor to controller delays 7s.(k); controller to actuator
delays 7., (k) and processing delays 7.(k). However, these delays can all be lumped
together [83]:

7(k) = Tsc(k) + Teal(k) + 7e(k)

Using (7.5), the closed-loop system of (7.1) with (7.6) is given as follows:
C(k+1) = [Aai(i) + a(k)Aaz(i) + (1 — a(k)) Az (i) + By F(k)Hi(i)]C (k) + [Br +

EVF(k)HaJw(k) + o(k)Be (i) (1 + Ag(k, 1)) CaC(k — 7(k))
z(k) = [Culi) + E2F(k)H1(9)]C(k) + [D11 + EoF (k) Ha]w (k). (7.7)
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where ¢(k) = [z(k) #(k)]" and

N | A BCe(i) 100
Acll(z) - _ 0 0 7A012(Z) - 0 Ac(z)
, [0 0 o
S PPN e X0
B = _fl ,6'2—[02 0},712 531
(i) = | Hy HCuli) | ,Cali) = | C1 DinCuli) |
Equation (7.7) can be simplified as:
C(k+1) = [Aq(i) + EvF (k) H1(i)]C(k) + [By + E1F (k) HaJw(k) + aBa(i) (1 + Ag(k, 1))
CaC(k — 7(k)) + (a(k) — a){(Aaz(i)C(k) — Aas(i)C(k) +
Be(i)(1 + Aq(k,0))C(k — 7(k))}
2(k) = [Cali) + E2F(k)H1(i)IC(k) + [D11 + B2 F (k) HoJw (k). (7.8)
where

Ad(i) = Ac“(’i) + OzAclg(i) + (1 — Oé)AClg(i)

The problem under study is formulated as follows:
Problem Formulation:

Given a prescribed v > 0 and quantization densities p(i), design a dynamic output

feedback controller of the form (7.6) such that:

1. The system , given in (7.7) with (7.6) and w(k) = 0 is stochastically stable , i.e,

there exists a constant 0 < a < oo such that

E {Z cW)cw)} <a (7.9)
/=0

for all ¢(0) and r9.

2. Under the zero-initial condition, the controlled output z(k) satisfies Ho performance.

E {Z zT(k)z(k)|r0} <) " w” (k)w(k) (7.10)
k=0

k=0

for all nonzero w(k).
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The following lemma plays an important role in the derivation of the main results.

Lemma 7.2.1. Let 3(k) = a(k + 1) — (k) and C(k) = [gT(k) Tk — (k) wT(k)

_ _ T
CT(RYHT ) FT (k)¢ (k—7(k))CT AqT (k) wT(k)HQTFT(k)} € R, then for any matrices
Re R M e R and Z € R*, satisfying

R (7.11)
Mtz | '
the following inequality holds:
-1 ~ ~
3" #7(i)Ra(i) < CT(k){Tl +17 4 %Z}((k) (7.12)

1=k—T

where Y1 = M1 [diag{I,0} diag{—1,0} 0 0 0 0].

Proof follows the same line of Lemma 3.2.1. VVV

7.3 Stability Analysis and Controller Synthesis of NCSs

with Limited Information

Stability criterion for uncertain discrete-time systems with adaptive quantization densi-

ties are given in the following theorem.

Theorem 7.3.1. For given controller matrices A.(i), Acf(i), Be(i) and Ce(i) and quan-
tization densities p(i) where i = 1,---,s, v > 0, if there exist sets of positive-definite
matrices P(i), R1(i), Ri, Wi(3), Wa(i),W5(3),Q, Z(i), and matrices M (i) satisfying the

following inequalities:

Ry > Ry (i) (7.13)
maG) MG | (7.14)
* Z@) |

A@) +TT@OP@OT(0) +TE ()R T2(0) + Y1(0) + YT () +72(i) + ET ()2(3) < 0 (7.15)
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where

D@ = [ AuG) BaG)C: Br B Bal) B |

FZ(i) - x‘_l 0 Bl El 0 El}

2() = | Culi) 0 D E» 0 EQ}

AG) = diag{ (7 =7+ 1)Q + AT ()Wi () (i) - P(i) ), () CEWa(5)Cs — Q).

(HQT Wi (i) Ha — 2

P@) = 3510 P3)

Ti(1) =

G [a-1 B
0 0

Ag(@) = Aa(i) + B{Aa2(i) —

Ba(i) = (a+B)Bali).

Aas(i)},

1), =Wa(i), ~Wa(3), ~Wa(i) |

M7 (i)[diag{I,0} diag{—I1,0} 0 0 0 0]

(7.16)

Then the closed-loop system is stochastically stable with the prescribed Heoo performance.

Proof: See Appendix 14.

The following theorem provides procedures for designing a quantized output feedback

controller.

Theorem 7.3.2. For given v > 0 and quantization densities p(i), if there exist positive
symmetric matrices X (i) > 0, Y (i) > 0, V(i) > 0, Wi(3), Wi(i), Wa(i), Wa(i), W3(1),

Q; Q7 N(Z)}

N (i), R, Ri, Ri(i), S(i,j), Z(i), and matrices A(i), As(i), B(i), C(i),

J(i), M(i) satisfying the following inequalities for all i,7 € S:

Ry > Ry (7) (7.17)
[ (i) ]\,4(1) >0 (7.18)
* Z(1)
FTo) T56) TG TTG) TT6)  TT0)
—Z3@) 0 0 0 0 0
* —Ri1 0 0 0 0
* * -1 0 0 0 <0
* * * -9 0 0
* * * «  —Wi(i) 0
* * * * * —Wo(i) |
(7.19)
[ S T (7.20)
*  Y())
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(i) THG) ] >0 (7.21)
«  N()
YO @) =1, 0Q =1, N@O)N(@G) =1, RyRy = 1. (7.22)
W (i)W (i) = I, Wa(i)Wa(i) = 1, (7.23)
where
A(i) = diag[— f(i) ;(i)]’—Q, (HT W3 (i)Hy — 72I) , =Wh (i), —Wa(i), —Wi3(i)
Y(i) = M7 (i)[diag{I,0} diag{—1I,0} 0 0 0 0]
L) = | Aa(i) Ba()C> Bi Bi Bali) Fi |
Do) = Vi[ A 0 By B 0 B |,
Ly(i) = [Culi) 0 Du B 0 B |
NG = [z FDTE 00 0 0 0]
Bs6) = [me) 0000 0]
o) = [0 8()C 0 0 0 0]
— S 1) — 1) — T 1 ~ i ~ i
gp = | TCW-JO-SE) ],X<z>=2pijx<y>,s<z>—prsu,g),
I 1 X (i) j=1 j=1
iy - [ AY (i) 4+ ByC(i) A o
’ | @+ BAG) +(1—a=B)A() XHA ] [ (a+B)BG) |
B [ B [ B [ @A-DY(@)+ B A-1T]
o x| [ X0 T o 0 ’
Cu(i) = [C1Y (i) + D12C(i) C1] Hi(i) = [H1Y (i) + H3C Hy],
o Jye 1 Ty | 0 Y0)
o= | Y(5) 0] dT()_[I -1
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Then the closed-loop system is stochastically stable with the prescribed Hoo performance.

Furthermore, a suitable controller is given as follows

40 = (SipgV 0 - K@) (A6 — XEAY @)+ BoC()) Y10
Agli) = (SimpV 0 - X0) AV 0)

BAi) = (Simmg¥ ) - X)) BG)

C.(i)y = CHY ().

(7.24)

Proof: See Appendix 14.

7.4 Simulation Example

Consider the following state space representation of a discrete time LTT system with the

parametric uncertainties:

08 —25 0 1] [0 ] (1]
10 0 0 0.1 0
A = 5 Bl - 5 B2 =
~8 05 02 —103 0 0
0 0 05792 0 0.05 0
¢ = o o1 o0 o],02:[4.5 45 0 2}7
0.01
0.05
Dii = 003, Dp =005 Bi=| | 5=006
0
H = |0013 0027 0 0 } . Hy = 0.02, Hy = 0.03.

The network load is assumed to be modelled by a Markov chain that takes values from

a finite set S = {1,2,3} and the transition probability matrix is taken as:

0.4205 0.5791 0.0004
0.4206 0.5705 0.0089
0.4206 0.5705 0.0089

Ps =

The modes 1, 2 and 3 correspond to the light load (1 < 7(k) < 2), medium load
(2 < 7(k) < 3) and heavy load (3 < 7(k) < 4), respectively. The quantization density
for each mode is assumed as §(1) = 0.2, 6(2) = 0.3 and §(3) = 0.4. The disturbance
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attenuation level v = 0.9 is chosen for the design. The Bernoulli stochastic variable « is
set as 0.95. By using the MATLAB LMI Control toolbox and the cone complementary

algorithm outlined in the previous section, the controller matrices are obtained as follows:

0.6800  —0.0256 —0.1380  0.0738
A 1.0000  —0.00001 —0.00003 0.00002
‘ —0.8000  0.5000  0.2000  —1.0300
—0.00001  0.00003 05792  —0.00009
[ 02300 —0.0231 —0.0382  0.0136 |
o) 1.0003  —0.00001 —0.00003 0.00122
¢/ 07800 03001 0.2000  —1.0300
—0.00011  0.00013  0.5792  —0.00004
[ 03073 |
0.166
B.(1) 1.0 — 004 x
—0.3960
—0.1275
C.(1) [—0.1200 0.2244 —0.1380 —0.9262]
[ 07375 —0.0232  —0.1104  0.0560 |
o) 1.00001  —0.00004 —0.00003  0.0000
‘ —0.80002  0.50003  0.20002 —1.0300
—0.00003  0.00002  0.5792  —0.0000
[ 0735 —0.0212 01104  0.050 |
1002 —0.0000 —0.00001  0.0100
Acr(2)
01800 0.5000  0.20001  —1.1300
—0.0210  0.0400 07902  —0.10000
[ _0.1572 |
—0.1295
B.(2) 1.0e — 004 x
0.1927
0.0463
C.(2) —0.0625 0.2268 —0.1104 —0.9440 |.
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FIGURE 7.2: Energy ratio of regulated output to disturbance

[ 0.8699 —0.0231 —0.0763 0.0488 |
A — | LOW0T —00021 ~0.0000  0.00009
¢ —0.8001  0.5000 0.2000 —1.03007
—0.0001  0.0007 05792 —0.00080
[ 08691 —0.0211 —0.0703 0.0488 |
1.0002  —0.0003 —0.0000 0.0000
Acf(3) =
—0.8004 05002 0.2000 —1.0300
—0.0005 0.0001 0212  —0.0000
[ _0.1794 |
—0.1105
B.(3) = 1.0e— 004 x
0.2231
0.0433
C.(3) = [0.0699 0.2269 —0.0763 —0.9512 |.

Remark 7.4.1. The controller matrices are obtained after five iterations. Figure 7.2
shows the ratio of the regulated output energy to the disturbance input noise energy.
It can be seen that the ratio of the regulated output energy to the disturbance input
noise energy is about 1.25 x 1073 that is less than the prescribed level 0.9. Figure 7.3

shows the change of modes in the Markov chain. The mode transition is governed by the
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FIGURE 7.3: Random modes

transition probability matrix Ps. The system states are shown in Figure 7.4. If a design
for a fixed quantization density is intended, then the quantization density should be
6 = 0.4 that corresponds to the quantization density used in the heavy load conditions.
It means that if the quantization density is fixed and the network loads are ignored then
the design will be for the worst network load conditions. Moreover, no solution can be
found using Theorem 7.3.2 with a fixed quantization density. This concludes that the

proposed design is less conservative.

7.5 Conclusions

A novel method for designing a robust H, output feedback control for the discrete-time
NCSs with an adaptive quantization density or the limited information is developed. The
quantization density is designed to be a function of the network load condition which is
modelled by a Markov chain. The Bernoulli random distribution is used to model the
packet dropouts in the network. After incorporating all the constraints appropriately, the
robust stability criterion and the controller design are provided. The resultant controller
gains were adaptive due to the adaptive quantization densities. The design procedures

for a robust H, quantized observer based output feedback controller are given in terms
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FIGURE 7.4: System states

of the BMIs. A cone complementarity algorithm is suggested for achieving the quasi-
convex LMIs from the BMIs. The simulation example to stabilize a discrete LTI system
with the help of the proposed design, is presented at the end. The simulation results
show that by changing the quantization densities, an upper bound on the network load

or the time delays is achieved.



Chapter 8

Stability Analysis of Distributed

Event Triggered NCSs with
Packet Dropouts

This chapter provides the stability criteria, with H., performance, for discrete-time
networked control systems with decentralized event-triggered mechanism on both system
inputs and outputs. The conditions for minimum inter-event time are also provided. A
novel event generation criterion is provided which states that an event will be generated
when the difference between the current value and previously transmitted value increased
from weighted current value, accumulated error and an additional positive threshold.
Impulsive system description is used to represent discrete LTI systems as event triggered
systems. Furthermore the system incorporates modeling of random packet dropouts.
The proposed design is verified by a simulation example that considers various cases
such as validation of stability criteria, effects of disturbance, ET parameters and packet

dropouts on system stability and H., performance.

8.1 Introduction

Stability analysis and controller synthesis of the control systems with equidistant or
time-triggered (TT) sampling is comparatively easy due to well developed techniques,
available in the literature [3]-[12]. However, this approach is a waste of communication
resources when the system is stable around its equilibrium point and is not affected by
any disturbance. To cater for this issue, a state of the art sampling technique called
event-triggered (ET) sampling, can be deployed to execute a task on need basis instead

of elapse of a given time. Therefore this technique is called ‘sampling on demand’.

122
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Although advantages of the ET sampling mechanism are obvious, however few formal
design methods are proposed so far. One of the approaches is an impulsive control
action performed on the first order stochastic systems to reset state when it exceeds a
minimum threshold [159, 160]. Another approach is used in an open-loop system with
prediction of states. Control input is applied to the system if states deviate from a
given threshold [161, 161, 162]. An emulation based approach is proposed in [164] where
controller and ET mechanisms are designed separately. Few ET mechanisms used to
generate events are: 1) when plant state is larger than a given threshold, 2) when the
difference between plant current state and previously transmitted state crosses a pre-
scribed threshold, and 3) absolute difference between plant current state and previously

transmitted state crosses a threshold.

Two types of the ET mechanisms are: 1) centralized, and 2) distributed. In the first
type, conditions to generate events require information from all the systems inputs and
outputs on the same time. It is not a feasible approach in NCSs framework, where inputs
and outputs are considered network nodes and are spatially apart from each other. In
the distributed ET mechanism events are generated on the basis of local information
only, and are suitable for NCSs. Stability analysis of an output feedback case is pro-
posed for continuous system with £, gain and distributed ET mechanism in [44]. A
lower bound on minimum inter-event time and upper bound on the number of events
are also provided. The results of [44] are extended to discrete-time NCSs in this design.
A distributed ET mechanism is proposed for discrete-time NCSs with packet dropouts.
Novel and more flexible ET conditions are proposed for the first time. In the proposed
mechanism the next event is generated when the norm of error (difference between cur-
rent and previously transmitted data) violates a particular value. This value depends on
norm of current states, a prescribed constant and previously accumulative error. Packet
dropouts are incorporated in forward and backward links. Two mutually independent
Bernoulli distributions are used to model the dropouts. Stability analysis is performed
for ET distributed NCSs, represented as impulsive systems. Main contributions of the

chapter are summarised as follows:

A distributed ET based control is proposed for discrete-time systems with H ., performance

A new and more flexible event generation mechanism is proposed for the first time

An impulsive system representation is proposed for ET based distributed NCSs

Packet Dropouts are modelled and compensated in the proposed design

Stability analysis is performed and presented in terms of LMIs

A lower bound on minimum inter-event instance is calculated
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e Effect of the packet dropouts is analyzed in terms of H, performance.

8.2 System Description and Definitions

A class of discrete-time linear systems is described by the following model:

z(k+1) = Axz(k)+ Biw(k) + Bau(k), z(0)=0
Z(k}) = C’lx(k:) + Duw(k)
y(k) = Chux(k) (8.1)

where z(k) € R" u(k) € R™, z(k) € R™  y(k) € R™2 are the state, event-based input,
controlled output and measured output, respectively. w(k) € R™? is disturbance that
belongs to L2[0,00), the space of square summable vector sequence over [0,00]. The

matrices A, By, By,C1, D11, D13 and Cy are of known dimensions.

A dynamic output feedback controller of the following form is proposed:

ik+1) = Ad(k)+ Beg(k)
wk) = C.i(k) (8.2)

where (k) € R" are the controller states, y(k) € R™2 is event-based feedback, and

A., B, C. are the controller matrices.

In the equidistant sampling, u(k) = u(k) and g(k) = y(k). In the ET mechanism, @(k),
y(k) are the system input and output, sent over the communication channel after the
occurrence of an event. In a distributed control system, inputs and outputs can be
gathered as a bunch of nodes N. Each node, i € {1,2,--- , N}, transmits its respective
information on event-generation instance, kii, with ¢; € N to update their corresponding

values i.e., u(k) and y(k). This way of data communication can be expressed as:
d(kis) = Qud(kf) + (I —Qi)d(ky,) (83)

where d(k},) = [g(ki,) a(ki)], d(ki) = [y(K) u(k})], and Q; = diag{s},--- 57"},

Fori=1,---,N,and j = 1,--- ,mg, if the system output y;(k) is not shared among
different nodes, then 63 = 1 at node ¢ and O elsewhere in the distributed ET based
control. In other words, if an event is generated at node ¢, then its corresponding value
J(kiz) will be updated only, and all other values will remain as they are. In addition
to this, 1 > Zf\i 1 (52 > 0, which means that each sensor and actuator should be at

least in one node. Without loss of generality, it is assumed that d(0) = d(0), and
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data can be transmitted among multiple nodes simultaneously. It is also assumed that
previous information will be used and rate of change will be zero in between events.

Mathematically:

Ad(kL) =0 forall ke Ry~ [U{kéilti € N}] (8.4)
=1

On the other hand, sampled data mechanism send data at equidistant instances i.e.,
{41 =Fki 4+ h, with i > 0 and is fixed.

The transmitted signal, cf(k:éi), may be missed due to packet dropouts. To compen-
sate the packet dropouts on both system inputs and outputs, stochastic and mutually
independent variables «aj(k) and aq(k) are proposed. Both variables follow separate
Bernoulli random distribution. Consider a/(k) = diag{aa(k), a1(k)} with following sta-

tistical properties:

1, if data is transmitted over the network
a(k) = (8.5)
0, if data is dropped over the network

Assume that «(k) has probability:
Prob{a(k) =1} = E{a(k)} = a, Prob{a(k) =0} =1 — «
where 0 < o < 1 is a constant and
B{a(k) - a} = 0,82 = E{(a(k) — )%} = a(1 — a)
where E(-) is the expectation operator and 32 is the variance.
By applying (8.5) on the (8.2), following dynamic output feedback controller is obtained:

h+1) = Ad(k)+ ar(k)Beg(k) + (1 — ay (k) Beg(k — 1)
uk) = C.a(k) (8.6)

In the case of packet dropout, previous value of 7(k), stored in the controller buffer, will

be used.

On the controller to actuator transmission link, the stochastic variable as(k) is used to

model packet dropouts. After incorporating packet dropout compensation, (8.1) can be



Chapter 8. Stability Analysis of Distributed Event Triggered NCSs with Packet
Dropouts 126

rewritten as:

r(k+1) = Ax(k)+ Biw(k) + az(k)Bau(k) + (1 — az(k))Bau(k — 1), x(0) =0
z(k) = Clx(k) + Duw(k‘)
y(k) = Cox(k) (8.7)

In [44], ET conditions are depended on the norm of the current value and a constant.
However, in our design more flexible conditions are provided. The proposed conditions
not only depend on the current value and constant but previously accumulated error as

well. Mathematically, proposed ET mechanism is represented as follows:
ki1 = mf{k > ke, | ley, (K[ = oylldy, ()|* + pil ey, (k — D)]|? + e} (8.8)

where k{ =0, 0; > 0, p; > 0 and ¢; > 0. e,,(k) and d,, (k) represent vectors, consist of
the elements from e(k) and d(k) that are in set y= {5 € {1,--- ,m+ m2}|5f =1}. e(k)

is the error induced by ET mechanism:

e(k) = d(k) — d(k) (8.9)

It can be seen from (8.3) and (8.8) that when ||e,, (k)||2 > o4||d,, (k)||*+pille;, (k—1)||*+e;,
then data will be transmitted and the corresponding values will be updated. It results
in e, (kt,+1) = 0 and e(ky,41) = (I — Q;)e(kf,). The main objective of this work is to

find appropriate g;, p; and €; to stabilized system.

In the following we are going to represent discrete-time NCSs as impulsive systems.
Impulsive systems can be seen as the combination of discrete-time systems with ET

mechanism.

8.2.1 An Impulsive System Representation

An impulsive closed-loop system, with packet dropouts, is described as follows:

za(k+1) = Agza(k)+ Baza(k — 1) + Byw(k)
z(k) = Cqxq(k)+ Dgqw(k)  when x€D (8.10)
l’cl(kii_;_l) = Gclif(kﬁi) when  xq(k) €Z;, i€{l,...,N}(8.11)

where z(k) € X C R represents impulsive system states, w(k) € R™3 is the distur-
bance. The flow and jump dynamics of the system are represented as set D C R"*, set
Z;,C R where i € {1,....,N}, X = D(UN,Z;), and kil is jump time of the impulsive

system. In the following, problem is formulated:
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e Flow dynamics of the impulsive system is:

a;cl(k + 1) Admcl(k) + Bcll'clUf — 1) + wa(k)
Z(k) = Cclxcl(k) + Dclw(k) (8.12)
where
.Tcl(ki) e R
Ng = NM+nNn+ma+m
zalk) = [#T(k) (k)"
Bk) = [oT(k) & (R)
e(k) = [{g" (k) —y" (ke)} {a” (ki) — u” (k) 3"
[ A+ B.C B, Bi_oC Bi_a
Acl = ~ o~ ~ o~ o~ ~ ~ 7Bcl— ~ ~ ~ ~
| —CA-CB,C -CB, —CB1_oC —-CBi_4
Bw = _ _E:‘E 7Ccl = Cl 0 7Dcl = Dll
| —C
and
. [ A _ B
i = 0 ,Ba _ 0 Oéz(k?) 2 ’
L 0 c a1 (k)Bc 0
B [ 0 (1 — OéQ(k))BQ ~ CQ 0 ~ Bl
l-a — , U = y L=
i (1 —aq(k))Be 0 0 C. 0
e System flow will continue until the following conditions are true:
llei(R)|[? < il lds (k)|1* + pilles(k — V)]|* + & (8.13)

In other words:

D = {zq(k) € R™ {z(k)Qiza(k) + zh(k — )Rizq(k —1)} < Viel,--- ,N}
(8.14)
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Qi — _—aiéTQié 0
i 0 Q;
[0 0
R, =
| 0 —pif2;

e In the case of an event node ¢ transmits data and error becomes reset. In ET
based distributed control any input or output can be in multiple nodes. Therefore

error will be reset according to (8.3) as e(k¢,+1) = (I — Q;)e(k},), and:
T, = {walk) € R [{a] (k] )Quza (k) + al(k, — D Rea(k, — D} = &} (8.15)
It is equivalent to
vkl ) = Gaza(ky) (8.16)

where

1 0
Go, =
0 I—-%y

It can be revealed from (8.16), that system states remains the same while system

inputs and outputs will be reset.

In this chapter ET based NCS is modelled as an impulsive system. Therefore review
of some basic stability and H, results for the impulsive systems are mandatory for the

derivation of main results.

Definition 8.2.1. [167] For the impulsive system (8.10) with w(k) = 0, suppose there
is a compact set £ C X

e & is stable for the impulsive system, if for each co > € > 0 there is co > ¢ > 0,

such that minx*eg{chl(O) — x*H} < ¢ infers that
min g-eg{||za(k) — 2*||} <€ (8.17)

for w(k) =0
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e With w(k) =0, £ is stochastically stable, i.e., there exists a constant 0 < II < oo,
such that:

min gree B {ZmT(E)x(Z)} et < II (8.18)
/=0

for all z(0)

Definition 8.2.2. [23] For the given impulsive system with no disturbance and the

compact set £, a function F : X — R is Lyapunov candidate function:

If function F is positive definite on (D(UXY,Z;)\& C &)

If function F is locally Lipschitz on an open set O with (D\E C O C &)

hmxcl—n‘),xcleX -F(xcl) =0

Subsets of F are compact on X. By definition, {z, € X|F(zy) < cr} for all cx >
0

To prove the stochastic stability of the set £ of system given in (8.10) following lemma

is used.

Lemma 8.2.1. Consider the system (8.10) with w(k) = 0 and the compact set £ C X
satisfying Gizq (ki) € € Vrq(ki) € iNE Vi = {1,2,--- ,N}. Lets assume that
minimum inter-event time is one discrete sample time, i.e., kéﬁ‘l = k:,%z +1- k};i, and

the Lyapunov function F with w(k) = 0 exist, such that:

F(zrs1,k+1) — F(zr, k) < 0 for almost all z, € D\ E
]:(Gia:cl(kgi)) — .F(xcl(k:ii)) < 0 forall zgeZ;\E foral i={1,2,---,N}
(8.19)

Then £ will be stochastically stable.

Proof:

The proof is similar to Theorem 20 of [167] that is for hybrid systems. As xq(kj ) =
Gdixcl(kii) for all the xcl(kﬁi) €7Z;, i €{1,...., N}, therefore the second condition, i.e.,
F(g) — Flza(ki)) < 0for all (ki) € Z; \ € and g € {Gu,xa(k])|za(ki,) € Li} can be
inferred if the following holds:

F(Giza(ki)) — Flza(ki)) <0forall zy€Z;\E forall i={1,2,--- N} (8.20)
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As the system is discrete in nature, the positive minimum inter-event time exists, and the
system does not show ‘zeno behavior’. It renders the equation (8.20) to (8.19) because

Lyapunov function F is decreasing until the equilibrium set £ is reached.

Definition 8.2.3. Under non-zero disturbance and zero initial conditions i.e, w(k) #

0,2,(0) = 0, Hoo performance parameter can be defined as:

v =inf{y? € Ry such that E{ > [|z(k)||} <7*>_ [Jw(k)||} (8.21)
k=0 k=0

8.3 Stability Analysis of an Impulsive Control System

In this section stochastic stability criterion is given for the compact set £ of the impulsive
system (8.10). In the case of disturbance w(k), Hoo performance is obtained with zero

initial conditions.

Theorem 8.3.1. Consider the ET based NCSs given in (8.1) with its representation as
an impulsive system (8.10). It is assumed that with all £(0) € X and w(k) € L2]0,00),
if there exists a minimum inter-event time equal to one discrete sample. Consider

(n+n)x(n+n)

there exist positive definite matrices P, S € R , positive semi-definite matrices

Ui and Uy € R=)*(2) and scalers pi, 1Ly, > 0 satisfying:

T (k)Py (k)T (k) + A(k) +TT(E)Do(k) < 0 for x4 €D (8.22)
éz;ipclécli + diag{Scl — P+ ,LLZ'QZ', -S4+ ,uZRi, 0} < 0 f07“ Ty €T (8.23)

where
Fl(k) = [Acl(k) Bcl(k) Bw(k)]
o(k) = [Ca(k) 0  Dga(k)]
N N
A(k) = dmg{scz + = D)Pa =Y Qi (n—1)Sa— > piRi, —7}
i=1 i=1
Ga, = [Guq, 0 0
P, = diag{P,0} + Uy, Sq = diag{S,0} + U, (8.24)
Then

N
& = {za € DU (UL, L) 2l Pua + ek = 1) Suzalk ~ 1) < “:76’} (8.25)
i=1

is stochastically stable set for the system given as (8.10) with no disturbance. H~ performance,

described in Definition (8.2.3), will be obtained in the case of non-zero disturbance w(k).
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Proof:
For z., € D:

The system (8.10) can be written as:

xcl(k—i—l) = Fljﬁd(k)
ch(k) = ng’cl(k) (8.26)

where

za(k) = [zgk) zg(k—1) wh (k)]

cl

Let us consider the following Lyapunov function:
V(za(k)) = 25 (k) Puza(k) + zf(k — 1)Sqza(k — 1) (8.27)
First forward difference of V(x(k)) is given as follows:

V(za(k+1)) = V(za(k) < xg(k+1)Pazalk+1) + z4(k)Saza(k
wly (k) Paza(k) — zf(k = 1)Saza(k -
AV (za(k)) < E5(k)T] Pa(ri)Tida(k) + ak (k) Saza(k) —
(k)Py(ri)za(k) — (k= 1)Sqzq(k — 1) (8.28)

Loy

) =
1)

T

Ly

By adding nV (za(k)) — 25(k) SN, piQiza(k) — a(k — 1) SN | piRiwa(k — 1) on the
R.H.S of the equation (8.28), we get:

AV (e (k) < Zg(R){TT (k) Pa (k)T (k) + Ak) Ya (k) (8.29)

where I'; (k) is given in (8.24) and

N

N
A(k‘) = diag{ch + (77 — 1)P — Z,uiQi, (77 — 1)5 — Z,uiRi, 0}
=1

i=1
By adding and subtracting z z, v>wiwy in the equation (8.29):
AV (zgq(k)) < T7(k)Py(k)T1(k) + A(k) + T3 (k)Ta(k) — 28 21, + Y wiwe  (8.30)

where T'9(k) and A(k) are given in (8.24).
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Using (8.22), we have

AV (zq(k)) < =z} 21 + Y wlwy, (8.31)

Taking expectation and sum from 0 to oo on both sides of (8.31) yields

BV (za(0o)} — B{V(za(O)} < ~B{ 3" 2} ++* 3 vl (8.32)
k=0 k=0

Under zero initial condition, V' (z(0)) = 0, we have

(o0} oo
E{ Z z,{zk} < A2 Z wl wy, (8.33)
k=0 k=0

That is, Definition (8.2.3) satisfies.

Next, under no disturbance, we need to show that the closed-loop system is stochastically

stable. Using condition w(k) = 0,Vk > 0 in (8.22), we learn that

V(za(k +1)) = V(za(k)) < —Big(k)za(k) (8.34)

where 8 = inf{Apin[—M]} with
M =TT (R)Pa(k)Ts (k) + AGK) + TE (BT (h) (5.35)

Taking expectation and sum from 0 to oo on both sides of (8.34) yields

A
|
)
&
——
(e
=
=N
=
e}
=
—

E{V(za(c0))} — E{V(za(0))}

k=0
< —BB{ Y wath)zalk)} (830
k=0
Rearranging (8.36), we get
> T 1 1
B alBra®)} < SBV@a(0) - 5BV (za())}
k=0
B{ Y ahrat)} < EV(a(0)
k=0
[oe] T i} 1
B ahRna®)} — el < SE(V(a(0)
k=0
< I (8.37)
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where II = %E{V(a:cl(O))} < oo and z* € £. Hence, we can conclude that the closed-

loop system is stochastically stable.

For z., € 1:

xcl(k + 1) = Gclixcl(k) (838)
By using Lyapunov function given in (8.27), we obtain
Av(xcl(k)) - G’Z;ipclécli + diag{scl - Pch —S, 0} (8'39)

By adding izl (k)iQiza(k) + pixly(k — 1) Rz (k — 1) on the R.H.S of the equation
(8.39), we get (8.23).

Remark 8.3.1. Our proof of Theorem (8.3.1) based on the assumption that, with w(k) =
0, the sufficient conditions (8.22) and (8.23) should reduce to a particular Lyapunov

candidate function that satisfies Definition (8.2.2). It is proved as follows:

The condition given in (8.22) reduces to:

N
V(wa(k+1)) = V(za(k) < —nV(za(k)) + (k)Y miQiza(k)
i=1

N
+ali(k = 1) S piRizatk = 1) + 5 llw(®)|
i=1
N
AV(wa(k)) < —nV(za(k) +m Y {zh(k)Quwa(k)
=1

N
el = DRza(k = 1) — &} + > piei +7llw(k)]
i=1
(8.40)

Form (8.14), it can be seen {xZ}(k)szcl(k) + 2l (k = D) Rixa(k — 1) — ei} < 0, hence:

N
AV(za(k)) < —nV(wa(k))+ Y piei +lfwk)|
=1

e ||
AV(ra(k) < ~Viwa(k)+ 355+ T (8.41)
=1
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With w(k) = 0, (8.41) reduces to

N
AV (za(k)) < —V(xcl(k))+2“;€"
=1

Similarly, (8.23) reduces to

V(Gaiza(k)) = V(zg) < —v{Qizq(k)+ 1‘5(1{: —DRixq(k —1) — €} — ve
(8.42)

By using (8.15):

IN

V(Gclixcl(k)) — V({L‘Cl) —V;€
V(Gcliwcl(k)) - V(l‘d) < 0

(8.43)

It can be seen that the equations (8.41) and (8.43) results in a Lyapunov function of the

following form:

F(za) = maz{V(zaq) — Z ,u,; £,0} (8.44)
i=1

F(x¢) is a proper Lyapunov candidate because it satisfies (8.2.2) as:

1. Fzg) = mam{V(xd)—Zi]\il “;'761' ,0} is positive semi definite on z € (D(UY,T;)\E,

due to (8.22) and (8.23). Hence, F(x) is continuous and non-negative (D(UN_, T;)\E.

2. F(xy) is locally Lipschitz, for all open sets O with (D\é C O C X).
3. F(xg) is zero for all z, € E.

4. If all subsets of F(z.) are compact then all the conditions of Definition (8.2.2)
will be fulfilled. To prove the last condition, consider F(x) < Cr for Cx > 0. In

other words:

f(xcl) S C]:
af Paay, + xf_1Sazr—1 < Cr
N
o
2} Poy, + wfUiza + o} Swe 1 + walk — 1) Uaza(k—1) < Cr+ ) M; :
=1
N 46.
af Py < CI+ZM:7Z
=1

(8.45)
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It implies that
|z][* < Cy (8.46)

where Cp = (1/Amin(P))(Cr + 20, 1),

Considering (8.8), it can be revealed that

e (R)I? < ailldy (R)II + €
lesi (R)I? < ail[CI[PCa + € (8.47)
Similarly:
lzall® = [zl +[lell?
N
lzall® <zl + Y lley (k)]
i=1
lzall® < Ca, (8.48)

where C,,, = C; + ZZJL ai||C||?Cy + €;. Equations (8.46-8.48) show that all the

subsets of F(z.) are compact in X.

Since all the conditions are proved, therefore F(z) is Lyapunov candidate function
and stochastic stability of £ can be guaranteed by satisfying the conditions of Lemma
(8.2.1). For all x4 € (D(UN,T;)\E, it holds that x4 > Zfil %, hence F(zy) =
Vizg) - SN, % Therefore, it can be seen that both conditions of (8.19) are implied
by (8.29) and (8.22), respectively. Similarly, Gyzo € € holds for all z, € Z; N € by
(8.19).

Remark 8.3.2. Tt is worth mentioning that feasibility of LMIs (8.22-8.23) depends upon
on «, B o; and p;. On the other hand, ¢; has no impact on the feasibility of LMIs,
however it determines the size of set £ along with other variables. It can be revealed
from the equation (8.13) that ¢; controls the size of &, hence controls the number of
events. By increasing ¢;, set £ expands and results in a lower number of events and vice
versa. In our configuration, if ¢; reduces to zero then it will result in & = {0}, hence

asymptotic stability can be achieved in the absence of w(k) and packet dropouts.

8.3.1 Lower Bound on the Inter-event Time

In discrete-time systems, sampling interval A is always a lower bound on inter-event time
and no need for mathematical computation, as performed in [44] for continuous case.

Therefore, discrete-time systems have advantages over continuous-time systems in ET
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based control, however the actual lower bound can be larger than h. In the following
exact lower bound is calculated for discrete-time ET based NCSs. Consider the impulsive
system (8.10), with current state & = Z(k{,), where kj, is the time on which the event

occurs and state updates. Next state will be updated on ki | = kf, + hk(Z), where

k(Z) = in f{s € N\{0}&" (k)(AY ' Ga, )" QAL G )i (k) + 27 (k — 1)(BS 'Ga,) " R
(B 1Gy)i(k —1) > e} (8.49)
It states that signal will be updated as 7 (k{ ,)Qz (k] 1) + 7 (ki ., — 1) R (k] ., —

1) > e. However, error will keep on accumulating as &7 (kf, + 1) = AzfchliiT(kéi) +

Bil_chzii’T(k,fi) provided that control signal is not updated. Consider a minimum inter-

event time kqinm,h = hk:nm,h > h, where
ming = inf{k(Z)|T € R"2} (8.50)

It can be calculated as

;knin,h = inf{s€ N\{O}|)\max[(Azl_chli)TQ(Azl_chli) +
(Bi'Ga,)" R(By ' Ga,)] > 0} (8.51)

8.4 Simulation Example

In this section, a well known example of batch reactor control [51] is considered to
validate the proposed design. A discrete-time version of the linearised continuous batch
reactor is obtained by using a zero-order-hold discretization method, with a sampling

interval i = 1 second. State space representation of the discrete-time plant:

[ 72060 15200 5.1940 —2.4050 | [ 37150 —6.6490 ]
P 07112 0.0058 ~0.4827 03574 | 15780 0.5289
= s D2 — 5
02188 0.8881 0.3241  0.6066 4.9800 —1.1450
_0.5146 07423 —0.2028  0.8597 46490 —0.1119
101 -1
B, = [0.15000.020000},02: :
010 0
) = [0.15000.052000 } D11 = .0023.

The eigen values of the open-loop unstable system are: [7.3237 1.0654 0.0002 0.0064].

In this example, an emulation based approach is used and a stabilising discrete-time
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controller of the form (8.2) is obtained using YALMIP toolbox:

[ _6.8964 —1.2357 —6.9149 6.9413 | [ 6.9703 1.2278 |

A | 08628 01807 07651 09108 | | ~06788 00301
—0.5079 —0.8906 —0.4473  0.3452 0.2580  0.8682

0.6170 —0.7320 0.5518 —0.5300 —0.4489 0.7670

[ 0.1750 —0.1488 0.0856 —0.2139
| 1.1703  0.1481  0.8208 —0.4766

C. =

Each system input and output are considered in sperate nodes i.e., §{ = 63 = 63 = 0 =
1, and is zero everywhere else. In this example, we perform simulations for different

cases, to analyse the effect of different parameters on system stability and performance:
Case 1: System Stability with ET mechanism

In this case, effect of ET mechanism on the system stability is analyzed in the absence
of disturbance i.e., w(k) = 0. Parameters of the decentralized ET mechanism (8.8)
are considered as: 0] = 03 = 03 = o4 < le 3, p1 = p2 = p3 = pg < le3, and

€1 = €0 = €3 = €4 < le 4.

The controller gains are applied on (8.22) and (8.23) to
validate the system stability conditions. The obtained system states, for the initial
conditions: x4(0) =[10 10 —10 —10 10 10 —10 —10 0 0 0 07, are

shown in Figure 8.1.

TABLE 8.1: Effect of packet dropouts on number of events

a1&as | Number of packet dropouts | Number of events
0.99 5 219
0.98 6 227
0.97 8 234
0.96 9 242

By implementing the ET mechanisms on both system inputs and outputs, resource
compensation is reduced significantly. It is shown in Figure 8.2 that at one of the system
outputs (y1), 167 events are generated to sent over the communication link for feedback.
In the absence of ET mechanism, number of transmissions would be 250. It shows that
33% resource are saved by using the proposed mechanism. It is also concluded from the
figure that minimum inter-event time is 1 second, that is equal to one sample time. This

value is also equal to exact minimum inter-event time (kY ..

= 1), calculated by using
equation (8.51).
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FIGURE 8.1: System states

Effect of packet dropouts are also analyzed on number of events. It can be determined
from Table (8.1) that number of packet dropouts results in the increase of number of

the events that must be transmitted, as a feedback, for the system stability.
Case 2: Effect of ¢ on stability region (set &)

By equation (8.13), it can be determined that e determines the size of the set £. In
this case, effect of the € on the stability region is determined by using simulations. It is

shown in Figure 8.3 that size of the set £ increases with increase in the e.
Case 3: Effect of noise on number of events

Response of the system is simulated with zero initial conditions, no packet dropouts
and a disturbance w(k) acting on the system. It can be observed from Figure 8.4 that
number of events will be almost equal to zero when the system is stable and no noise is
acting on the system (see time steps k& € {0,150}, no events are generated). Outputs of

the plant and controller only have to be transmitted when disturbances are acting on
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the system (see time steps k& € {150,250}, number of events are generated). It can be
said that ET control only acts when it is required for stability or performance. It can
also be called ‘control on demand’, and a useful feature that makes the ET mechanism
based control of high interest. Control systems with periodic transmissions do not have

this property.
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8.5 Conclusions

This chapter presentes stability analysis of distributed ET mechanism based NCSs with
packet dropouts. The proposed design obtains H, control performance objective as well.
In this design, discrete-time ET mechanism based NCSs are represented as impulsive
systems. For these hybrid systems, the satiability conditions are given in terms of
LMIs and an upper bound on the stability set is provided. After this, a lower bound
on minimum inter-event time is also presented. Stability conditions are satisfied with
the help of simulation examples. The simulation results show that system stability is
achieved with less number of transmission. A plot for transmitted events with minimum
inter-event time is presented. It is observed that number of the packet dropouts increases
number of the required events for the system stability. By analyzing the simulation
result, it is presented that e controls the width of stability set £. Effect of noise w(k)
on number of the events is also presented. It is evaluated that the ET mechanism
based control can be called ‘control on demand’ that reduces the use of communication,

computational and power resources.
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Conclusions and Future Work

9.1 Conclusions

This thesis comprises novel design techniques for Networked Control Systems (NCSs),
a dynamic research area with wide applications. These control techniques talk about
stability analysis and controller synthesis for various NCSs frameworks. The NCSs are
the control systems in which loops are closed over networks. Insertion of networks
provides many advantages such as flexibility, modularity and reduced wiring cost etc.
However, networks also introduce challenging constraints in the NCSs design. In this
work the network-induced constraints have been identified through a literature survey
presented in Chapter 2. Time delay, packet dropout, quantization error and limited
bandwidth have been recognized as potential NCSs constraints. Furthermore, time-
triggered (TT) and event-triggered (ET) sampling mechanisms have been compared
through qualitative analysis and simulations. The effect of the mechanisms has been

analyzed on the network-induced constraints as well.

Since time delay is a major NCSs constraint, the NCSs have been considered as a special
class of time-delayed systems (TDSs). The delays occur due to bandwidth sharing in
networks and remote locations of system components. It is commonly known that net-
works are random in nature, therefore the time delays have been considered as stochastic
processes and have been modelled by the Markov chain in Chapters 3-7. In TDSs, the
stability criteria are defined with the help of Lyapunov-Krasovskii (L-K) functional and
Lyapunov-Razumikhin (L-R) function. New and sufficient conditions for the NCS sta-
bility have been proposed on the basis of L-K functional approach. By applying the
Schur’s complement and congruence transformation on the stability conditions, novel
feedback controllers have been achieved in terms of bilinear matrix inequalities (BMIs).

The BMIs have been converted into quasi-convex linear matrix inequalities (LMIs) by

141
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an iterative algorithm. Controller gains have been obtained by solving the LMIs using
LMI and YALMIP toolboxes of MATLAB. The obtained gains have been applied on
different discrete-time plants in the presence of prescribed constraints. By performing
simulations, all the proposed designs have been verified in terms of system stability,
robustness and H., performance. Simulation results, presented in Chapters 3-7, showed
that the network-induced delays can cause instability in an already stable system if they

are not properly incorporated in the system design.

Packet dropout between system components is another NCSs constraint. It occurs due to
overflows in buffers and queues of network nodes. Successive and single packet dropouts
have been modelled using Poisson distributions in Chapter 3, and Bernoulli in Chapter
7. Chapter 3 discussed that the Bernoulli distribution is capable of modelling the single
packet dropout, however the successive packet dropouts require either Poisson or its
combination with the Bernoulli distribution. In Chapter 3, solely Poisson distribution
is used to model the successive packet dropouts. It is worth mentioning that multi-
ple Bernoulli distributions can be used in the modelling of successive packet dropouts,
however the detailed investigation is beyond the scope of this thesis. Simulation results
presented in Chapter 3, showed that an increase in the successive packet dropouts results
in the degradation of the system performance. The system can even become unstable if

the successive packet dropouts are increased up to 4.

The quantization process is required in the NCSs due to the digital nature of networks
and controllers. The quantization process helps in the adjustment of bandwidth utiliza-
tion. However, it also results in the quantization error. Both aspects of the quantization
process have been explored in Chapter 6 and 7. The quantization errors have been
bounded by a sector bound approach in Chapter 6. Multiple quantizers have been con-
sidered and their errors have been characterized by the convex poly-topic uncertainties.
On the other hand, the use of quantizers as information coders have been explored in
Chapter 7. In this chapter, adaptive quantization densities have been considered and
modelled with the help of Markov chain. By doing that, data rate has been adjusted
according to the network load conditions. This technique helped me to propose a design

of NCSs with limited bandwidth.

The last constraint considered in this thesis is limited bandwidth. It is indispensable
in networks due to bandwidth sharing and scheduling. To cater for this constraint,
various mechanisms such as congestion control and ET sampling have been investigated
in Chapters 4, 5 and 8. Simulation results showed that the system stability can be
achieved with less samples. It is also concluded that there is always a tradeoff between

the system performance and limited bandwidth.



Chapter 9. Conclusions 143

9.2 Future Work

Energy efficient and novel control designs enhance the usage of the NCSs in real-time
applications. In future, different NCSs constraints will be identified and new horizons

in the NCSs will be explored. My future research plans include:

e Stability Analysis and Controller Design of NCSs using Event Triggered
and Self Triggered Mechanisms

The event-triggered (ET) and Self Triggered (ST) controls reduce the use of com-
munication and computational resources. Literature on the ET and ST control
systems have seen a considerable growth in the last decade. However, this field is
still in its early stages. The system theories for the ET and ST control are not as
mature as time-triggered(TT) control system theories, thus require further inves-
tigation. By developing the novel co-design theories, the use of ET and ST control
can be enhanced in practical applications. Recent simulation and experimental re-
sults show that the ET and ST control systems outperform the TT control systems
in terms of the number of samples with satisfactory control performance [39, 42—
44]. However, detailed qualitative, quantitative theories and simulation analysis
are still required. Along with this the real-time implementations of ET and ST

controls can result in further research issues.

The ET and ST based control paradigms with networks in system loop are new
research trends in the NCSs and will be the focus of my future research. Stability
analysis of ET based distributed control systems,with packet dropouts, are dis-
cussed in the current work. Another potential research gap includes time delays,

that will be considered in the future research.

e Numerical Computing Techniques for Stability and Stabilization of the
NCSs:

It is a well known fact that the NCSs are new frontiers in control systems. The
research in the NCSs includes the concepts of applied mathematics, engineering
and computer science. The use of numerical computing techniques in the linear
control theory is an interesting topic that not only solves several control prob-
lems such as pole placement, stabilization and H., control but can also be used
to develop control toolboxes. The use of the numerical techniques in the control
theory should take a number of considerations into account. Firstly, a problem
formulation should reflect the physical properties of the system in a maximal way.
Secondly, the control problems should be formulated mathematically in such a way

that ‘sensitivity to perturbations’ should be less. Thirdly, a well formulated control
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problem should not result in the drastic solution due to intermediate ill-conditioned
numerical steps. Lastly, novel and improved numerical techniques should be de-
veloped for the large scale control problems such as control systems with time
delays. As a future research interest, novel problem formulations and stabilization
methods for the NCSs will be investigated using numerical techniques. It is also
intended to formulate the NCSs problem as a well conditioned mathematical prob-
lem. Furthermore, numerical solutions to minimize the condition numbers and to

avoid unnecessary errors will be investigated .

e Design for the Polynomial NCSs using Sums of Squares Approach:

Stability analysis and design of nonlinear systems is a challenging task. Most of the
past research works utilized the conventional control approaches such as fuzzy sys-
tems, Lyapunov, control Lyapunov and storage functions [55, 168-170]. However,
these techniques are computationally expensive and complex. The computational
complexities are relaxed with the help of a newly emerged technique of the sum
of squares (SOS) [171], and its solution using semi-definite programming (SDP)
[172]. Tt is worth mentioning that the SOS approach can only be used for a specific
class of nonlinear systems, called polynomial systems. A considerable research has
been done on the stability analysis and controller design of polynomial systems

using the SOS approach (see [173, 174] and references therein).

According to the authors’ knowledge, the SOS approach is not deeply investigated
for the nonlinear NCSs. Therefore the stability analysis and controller design of
nonlinear NCSs with the SOS approach is a potential research field for the future

work.

e Design and Implementation of Direct and Hierarchical Structure NCSs:

In direct structure NCSs, the system components are connected over either wire-
line or wireless network. For wireless NCSs, multiple communication standard have
been proposed such as WirelessHART(2007) and ISA100.11a(2009). However,
the design and implementation of test bed for wireless NCSs is quite expensive and
difficult to implement. Therefore, co-simulation frameworks have been proposed
in the literature. For example, a framework based on TrueTime toolbox and
OMNET++ based wireless network simulator is proposed in [175]. This type
of frameworks are quite useful to demonstrate the accurate features of network
and devices. Various NCSs designs can be verified with this framework. This
type of framework are also useful to analyze the control performance of dedicated

communication standards e.g. WirelessHART .

For a physical NCSs test bed, a suitable integration of control systems, real-time

operating system, and network communication systems is important. A basic
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DC motor based NCSs test-bed consist of following parts: 1) a DC motor and
associated sensor; 2) communication network; 3) remote controller; and 4) actuator
as shown in Figure 9.1. In real time setup, difficulties exist on each of these four
levels: 1) transmission of suitable data from sensors to controller over the network,
2) generation of real time network traffic and different constraint phenomena to
analyze the controller performance and network security issues, 3) selection of real-
time environment to impalement controllers, and 4) transmission of suitable data
from controller to actuator over the network. The proposed designs will be verified

after the implementation of NCSs test bed in the future.

DC
Motor

ZoH
Actuator with
Buffer . ’

Sensor

( 0

Network with
Constraints

Real Time Environment
for Controller
Buffer

F1GURE 9.1: A direct structured NCS testbed: Dc motor setup

In the hierarchical NCSs, local controllers perform the control tasks according to
the settings provided by the remote controller. One of the classic examples of
this type of the NCSs is remote lab. A remote lab helps in distant engineering
education. I have already developed and tested a prototype, however the real
time design requires further investigation. The block diagram of the remote lab
prototype is shown in the Figure 9.2. In this design a plant is controlled with the
help of XPC target machine. The machine acts as a controller in a local closed-
loop. It is further connected with a remote controller over the Internet, with the
help XPC host. The host also acts as a web and monitoring server. The remote
controllers can be distant learners who provide set-values for the control tasks. A
web camera is also attached with the host so that the remote controllers can check

the performance of the local close-loop.
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Appendix

Proof of Lemma 3.2.1:

From (3.13), we learn that

N S y(i) ]T R M| y@) ] N
0 10.1
”%Z:Oz—k—q—(i)—ndi [ (k) MT Z k) |~ (10.1)
Kmy k—1
Z [yT(Z)Ry(Z) + .fij(k)MTy(i) + yT(z)M:%(k) + fT(k)Z.ﬁ(k)] >0

kd; =0 i=k—7(i)—Kq;

0 S VT ORYO) + oo Ty 2 (OM )+
S0 k(i) YT OMER) + 00 S5 ) iT(k:)Zj(k) >0

ZZ;" 021 k—7(i) mT(k) (U‘*‘Z:;n 021 k—7(i) yT (i) Mz(k)+
S e FTR)ZE(R) = — S L T ) Ry()

Yoo B ()M (k) — (k= 7(i) = rai)} + Yo {2 (k) — x(k — T()—Fudz)} Mz (k)+
(7(0) + s, + DET (k) ZE(k) = = 300 Y5 iy ¥ () Ry ()

sz:z:(k)—x(k:—f(i)—ndi)Z[I 1 —I -+ =T 0000 -~ 00 0

Kd; =0

(k)

=
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S0}
_ifT(k)MT[I ~I - -+ =T 0000 -~ 00 O]i(k)_
_l’_
~ T T ~
(k) [I ~I I - =T 0000 --- 00 0} Mz (k)
_l’_
i (7(3) + fim; + 131 (k) Z3 (k) ]
> - ZZ:Z—O Zz k—7(i)— Kdz (Z)Ry(l)
putting Y1 = MT[I —I —1 --- =TI 0000 --- 0 0 0] in above equation gives
(3.14).

Proof of Theorem 3.3.1: The system (3.10) can be written as:

Tpy1 = L1(i)2y

10.2
2z = Z(1) Tk (10.2)

where z(k 4+ 1) = xp11, 2(k) = 2, I'1() and Z(¢) are given in (3.18) and 7y, is defined
in Lemma 3.2.1.

An improved L-K candidate functional for the closed loop system with time delays and

multiple packet dropouts is selected as:

V(ay,i) = Vi(zy, i) + Va(og, i) + Va(2g, i) (10.3)
with
Vi(zy,i) = o1 P(i)xy (10.4)
Kmy; k—1 -1 k—1
i) = 3 | SEED SR VRS SE S| Ray;| (105)
Ka;=0 l=—7(i)—kKg; j=k+L b=—7(8)—km j=k+£
Km; +].
3(Tk, 1 Z { Z xETng—i— Z Z €T Qx]] (10.6)
kd; =0 A=k—7(i)—Kg; l=—7(8)—km+2 j=k+£—1

where k,, are maximum number of packet dropouts of all Markov modes. In other

words, Km; < K.

First forward difference of V' (zy, ) is given as follows:

AV(xk, ) AVl({L'k, )—i— A‘/Q(l'k, )—i— A\/},(wk, ) (10.7)
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where

AVi(zp,i) = af P()apyr — ot P(i)ag
= #LTTP(i)T1dy — af P(i)zy (10.8)

AVo(wni) < yf [(F0) + Rai) By + (7(s) + ) Ba i =

k-1

oY [(1 = Pi(i+1)) 1 + Rz} Ye

kd; =0 l=k—7(i)—Kq;

(10.9)

Using Lemma 3.2.1 and yx = xp41 — zx = I'2(7)ZTx, we have

AVy(wg,i) < gz{{rzT [(7(i) + Rai) Ry + (7(5) + km)Ra] To 4 T1(i) + YT (6) + (7(6) + Fim,

+1)Z(i)}§ck
(10.10)
where I'y(i) is given in (3.18). and
AVs(zp,1) < (7(s) = 7(1) + ki + 1zt Quy, — Z a:;;F_T(i)_Hdika_T(i)_Hdi. (10.11)
'V”'dl':O
AVi(o, i) < (r(s) = T(1) + o+ Dl Qg — 5o Q) s — -+ —
Th (i) s QT —r (i) —riyns- (10.12)

By combining (10.8-10.12):

AV (zg,i) < _:Eg (P(Z) —(7(s) =7(1) + £m + 1)Q) Tk — xZ—T(i)—Hoika_T(i)_KOi -
xffT(i)fﬁmika,T(i),ﬁmi — j{{FlTP(i)H +17 [(%(z) + Rai)R1 + (7(s) +
Fun)Re| T2+ 10) + YT (0) + (7(0) 4 n, + 1) 2
(10.13)

Using Assumption 3.2.1, and adding and subtracting = H{ F/' W (i) F},Hyzy,
wl HY FYWs (i) Fy Hoywy, 2} 21, ywlwy and 27, xipoi KT (i) HI FEW, (i) F Hs K (i)

(k—7i—FKoi)
T(k—ri—koi) """ xa_Ti_Hmi)XipmiKT(i)HgFEWQ(i)FkH?)K(i)x(kfn to and from (10.13),

7’§mi)
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we obtain:

AV(zg,i) < —af (P(z‘) — (7(8) = T(1) + fim + 1)Q — HT (i) FTWA (4) Fy Hy (i) —
10 )k = o (@ = Xipoi KT ()Y Wa (i) H3 K (3) ) 25,
— il (Q = X KT VBT Wa(i) H3 K (D)) s, s +
#{TT P+ TF((7() + Fag) Ba + (r(s) + rom) RolTa + Y1(0) + 17 (1)
(D) + om, + D Z(0) +ET(EG) bk — o 2 + 7wl wy — wf (421 -
HzTWS(i)H2)wk — i H{ () FE W1 (i) Fe Hy ()ae — ol XiPoi
KT (i) Hy Ff Wa (i) F H3 K (D) (57, —gq) = " C{p—gy sy ) XiPrmi KT (0)
—HJ Bl Wy (i) Fy H3 K (1) (7, 5,0y — W1 Ha Ff W (i) Fy Howy,

o (k)] o (k) (10.14)

Using (3.18), (10.14) can be rewritten as

AV(mk, l) < .i’g{A(Z) + FlTP(i)Fl + Fg[(%(l) + /%dz')Rl + (T(S) + Hm)RQ]PQ + Tl(l)

YL@ + (1) + i, + 1) Z6) +ET@OZ() far — 2 20+ 7wl wy

(10.15)
Using (3.17), we have
AV (21,7) < =2} 21 + VPwlwy, (10.16)
Taking expectation and sum from 0 to oo on both sides of (10.16) yields:
B{V (250, is0)} — E{V (z0,i0)} < —E{ 3 ZZTZK} +92Y wlwe. (10.17)

=0 =0

where ig = r¢p and io = To.

As initial conditions, which are given in problem formulation, are considered to be zero,

ie, V(xo,i9) = 0, we get:

E{Zzgzg} < ’yszeng. (10.18)
=0 £=0

If w(k) = 0,Vk > 0 closed-loop system should be stochastically stable. From (10.15)
and (3.17), we learn that



Appendix A. 151

V(@(s1), J) = V(wg,i) < =B Ty (10.19)

where = Inf{A(7)min[-M(7)],i € S} with

M= A@) +TT @) POTL(E) + T3 [(F(0) + Fai) Ri + (7(s) + i) Ro]T2 +
T1(i) + YT () + (1(0) + #m, + 1) Z(0) + ZT(0)Z(4) (10.20)

Summing from 0 to co and by taking expectation on both sides of (10.19) gives
E{V (20, in0)} — E{V(z0,i0)} < —BE{ 3 az;{:zg}
k=0

fﬁE{ ix{xe} (10.21)
k=0

IN

Re-arranging (10.21), we have

E{ i x%xg}
k=0

IN

;E{V(ﬂﬁo, i)} — ;E{V(:UOO’ foo)}

IN

a (10.22)

where a = %E{V(xo,io)} < oo. This shows that the closed loop system is stable and
(3.12) holds. VvV

Proof of Theorem 3.3.2:

Rearranging (3.17) as

A(0) + 1) + YTG) + (7() + ki, + 1) Z(G) +TT @) P (6) + ET(1)Z() + T (0)
[(7(i) + Rai) R1 + (7(5) + ki) Ro] T2 (4) + diag{ugue, 0,---,0,0,0,0,--- 0,0, 0}
+diag{Hi‘FW1(i)H1, Xipoi KT (1) H Wa (i) H3 K (i), - - -, Xipmi KT (i) H3 W (i) H3 K (i)

,0,0,0, - ,0,0,0}<0 (10.23)
where

AG) = M) +diag{u£u9,o,--- .0,0,0,0, - - ,0,0,0} n
diag{HlT Wi (3)Hy, xipoi KT () HE Wa (i) H3 K (i), - - - |

Xipmi KT () HY W (i) H3 K (i), 0,0,0, - - ,0,0, 0}
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and

Ai) = ding] (r(s) = 7(1) + Ay + 1)Q — P0). ~Q. - .~ Q. HE Wi(i) Hy — I, ~Wr().
*W2(i)v Ty *W2(Z')7 *WL’)(’L’)’ *I}

Applying Schur complement on (10.23) we get

@) i@ 186 =76 HIG) il
« —P7i) 0 0
-R 0 0
" " ' <0 (10.24)
* * * —I 0
* * * * —Wl
* * * * * —1
where
() = Ai() + 1)+ YT@) + (7(0) + fom, + 1)Z(4)
[ H, 0 0 00 0 |
. 0  xipoiH3K(i) --- 0 000 00
Hi(i) = . . , ;
0 0 o XipmiH3K(E) 0 0 0 - 0 0 0 |
ﬁe:[ugo--.oooo-..ooo},

Ry = diag{(%(i)-ﬁ-fidi)Rl—l, (T(s)+/£m)R2_1}, Wy = diag{Wl_l(i), Wy (i), - 7W2_1(Z')},

Multiplying (10.24) to the right by the matrix diag{X(i), X@),- , X(),1,1,1,--- 1.1, I}
and the left by its transpose, we obtain (3.3.2) with P~ (i) at the place of S(i) —.J7 (i) —

J (7).

Applying Schur complement on (3.21) and consequently multiplying these inequalities

by p;; and summing up for all j = S, we obtain

i+1
SG) = JT@) = J6@) = —JT() = J(@) + > piS(i.j)
j=1
> —JT6) - J(0) + JT(z'>P<i>JT(z'>
= P70+ (J0) - @) P60 - PTHD)
> —P7l() (10.25)

which implies that (3.3.2) remains valid if S(i) — J7 (i) — J(i) is replaced by —P~1(4).

Furthermore, the multiplication of diag{X(i), X(), -, X)), I, I,I,---,I,I, I} and its
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transpose on (10.24) creates two terms X (i)TQX (i) and —X (i)TQX (i) in A. Using
Schur complement on X ()7 QX (i) and the identity shown below, (3.3.2) is obtained.
Note that:

(X ) — Q" 1) Q(X(z‘) - Q—l) <0 (10.26)
= —XOTQXH) +X"(1)+X(i)—Q ' <0
= —XO)TQX(H) < -XT(1) - X@G)+ Q1

holds true since @ is a positive matrix. Therefore the —X (i)7 QX (i) term can be replaced
with —XT(i) — X(’L) -+ Q_l, where Q = Q_l'

This concludes the proof that the closed-loop system is stochastically stable with the
prescribed H performance. VVV
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Proof of Theorem 4.3.1: Using (4.10), the closed loop system given in (4.4) can be

rewritten as:
Tk+1

- (11.1)
2 = E(rg)Tk

where i, = z(k), 2z = 2(k), Tr, = &(k). I'1(rg) and Z(rg) are given in (4.10), and Ty is
defined in Lemma 4.2.1.

Let us consider the following Lyapunov-Krasovskii functional:

V(zg, k) = Vi(ag, 7)) + Valag, i) + Va(xg, ry) (11.2)
with
Vi(wg,ri) = xf P(rg)zk (11.3)
—1 —1
BTk, h) = Y Z yiRw;+ ) Z y! Ray; (11.4)
l=—7(ry) j=k+L l=—71(s) j=k+L
k-1 ()41
Vs(were) = > wfQue+ Y Z 2T Quy (11.5)
l=k—T7(rg) b=—71(5)+2 j=k+0-1

Along any trajectory of the closed-loop system, the expectation value of the first forward

difference of V(xg,ri) is given as follows:

AV (zg, 1) = AVi(zg, ) + AV (g, 1) + AV3(2g, 78) (11.6)

154
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Employing the same technique as [151], (11.6) can be reduced to

AV (zp,mp) < —al (P(rk) —(r(s) —7(1) + 1)Q>mk - m{fr(rk)ka*T(Tk) + ig{FlTP(rk)
Ty + T3 [7(re) Ry + 7(8)Ra] Do + T1 (1) + YT () + 7(ri) Z () |
(11.7)

Using Assumption 3.2.1, and adding and subtracting HlTF,?Wl (ri) Fp Hy 2,
wl HY FFWs(ry,) Fy Howg, 21 2, a_w KT (r)HT FIWo(rg) F Hs K (1) T(kry, )
{0 —7) —x(k — 7 )} KT (ri) Wa(ri) K (ri){z (e — 1) — 2(k — 70,) },
{x(L - TL) - Jj(k' - Trk)}TKT(Tk)HgFgWB(Tk)FkH?){x(L - TL) - x(k - Trk)} and ngwk
to and from (11.7) and using (4.2), we obtain

AV(wgr) < —af (P() = (7(s) = 7(1) + 1)Q = BT Wi(r) B )y — o], (@
— KT (rp ) HI W (rp) H3K (r3,) — 82 KT (1) Wy K (1) — 6° KT (rp)HT
Wi (1) H3 K (. ):pk o xk{ TP(r)ly + T [%le + 7(3)32}5 +
Ta(r) + TT (1) + 7, Z () + 72 fag — 2f 24+ ywfwy — wf (71 -
Jie) W3(rk)H2>wk — af BT FTWa(r) FHaay — o, K7 (ri) HY
FfWa(ri) Fy HaK (1) 2 (—r, y = {2(e = 1) = 2(k = 7 ) YT KT (r) Wa(ry,)
K(ri){z(e—7) — ok — 7))} —{z(t — 1) —x(k — 7, )} K" (ri) Hy
Fy Ws(r) FeHs K (ri){a(c = 7.) — a(k — 7,)} —
wi Hy FYWs(ri) Fi, Howy, (11.8)

AV (zg, i) < iﬁf{A(rk) + TP )Ty + T [7(rp) Ry + 7(s)Ro] T2 + Y1 (ri) + YT (1)
+7(rk)Z (1) + ETE}:Z‘k — 2, 21, + Yw wy, (11.9)

Using (4.8), we have
AV (2, 11) < —2F 21 + ywlwy, (11.10)

Taking expectation and sum from 0 to oo on both sides of (11.10) yields
E{V(2c0,700)} — E{V(x0,70)} < —E{ Z ZgTZg} + 72 wi wy (11.11)
£=0 £=0

Under zero initial condition, V (xg,r9) = 0, we have

o0 o0
E{Zzgzg} szw?wg (11.12)
=0 =0
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That is, H performance criteria, given in Chapter 6 as (6.13), is satisfied.

Next, under w(k) = 0,Vk > 0 we need to show that the closed-loop system is stochasti-
cally stable. From (11.9) and (4.8), we learn that

V (@hgt1s The1) — V (g, 1) < —BEL T, (11.13)

where § = inf{A\pin[-M(7)],7 € S} with

M(i) = A@@)+TT () P@)01() + T3 (0) [F(i) Ry + 7(5) Ra] T2(i) + T1(d) + Y7 (4)
+7(1)Z () + ZT()2(3) (11.14)

Taking expectation and sum from 0 to co on both sides of (11.13) yields

E{V (2o, 700)} = E{V(wo,m0)} < ~BE{> ifar}
k=0
< —BE{ngxg} (11.15)
k=0

Re-arranging (11.15), we get

A

B> ala} < ;E{V(JJO,TO)}—;E{V(ﬂfooaToo)}
k=0

o (11.16)

IN

where o = %E {V (z0,710)} < 0o. Hence, we can conclude that the closed-loop system is
stochastically stable. \YAVAY/

Proof of Theorem 4.3.2:

Rearranging (4.8) as

A (0) 4+ () + YT () + 7()Z2(0) + TT @) Py (3) + T3 (0) [7(3) Ry 4 7(s) Ro] T2 (i) +
=T (§)2 () + diag{H;fwl(i)Hl, KT (@) HT W (i) H3 K (4),0,0,0,0,0, 0}

+diag{0, 82K (1) "W (1) K (i) + 62K (i) H Wa(i) H3 (i), 0,0,0,0, 0} <0
(11.17)
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where

AG) = Mai) + diag{ HT WA (i) Hy, K7 () H Wa (i) H3K (i), 0,0,0,0,0,0}
+diag{0, K ()W) K (i) + 2K T (i) HI Wy (i) H3K (), 0,0,0,0, 0}
(11.18)

M) = diag{((r(s) = (1) + 1)Q = P(0) ), ~Q. (HF Wy (i) Hz = 71 ), = W1 (i), ~Wa(i),

W), —Ws(i), —Wg(i)} (11.19)

Applying Schur complement on (11.17) we get

[ M)+ 116 +YT@) + ()26 TT6)  T36) =2T6) HTG) HIG) |
* —P7'G) 0 0 0
% * —R: 0 0 0
<0
% * * -1 0 0
* * * * —Wl 0
* * * * * Wy
(11.20)
where
. ;s 0 000000
HiG) = |
| 0 H3K(@{) 0 0 0000

. [0 SK@{) 00 0 0 0 0
Hy (i) = © (11.21)
0 6H3K()) 0 0 0 0 0 0

Ry = diag{%(i)Rl—l,T(s)R;l}, Wi = diag{Wl_l(i), W2_1(i)}, W = diag{W;l(i), ng(i)}

Multiplying (11.20) to the right by the matrix diag{X(i), X)), 1,1,1,1,1,1,1,1,1,1I, I}
and the left by its transpose, we obtain (4.3.2) with P~1(7) at the place of S(i) — J7 (i) —
J (7).

Applying Schur complement on (4.14) and consequently multiplying these inequalities
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by pi; and summing up for all j = S, we obtain

+1
SG) = JT@) —J6@) = —JV6) +Z pi;S(i, )

v
|
<
/j

—J(i) + JT(Z) (z)JJEz')
— P+ (J(z’) —15*1(1-)) P(i) (J(i) —15*1@))
> —P i) (11.22)

which implies that (4.3.2) remains valid if S(i) — J7 (i) — J(i) is replaced by —P~(3).

Furthermore, the multiplication of diag{X (1), X (i), I,I,1I,1,I,1 } and its transpose on
(11.20) creates two terms X (i)7QX (i) and —X (1)TQX (i) in A. Using Schur complement
on X (i)TQX (i) and the identity shown below, (4.3.2) is obtained.

Note that
<X ) -0 ) Q(X(z’) —Q—l) <0 (11.23)
= —XO)TQXH) +XT(H)+X(1)-Q 1 <0
= —XO)TQX(>H) < —XT() - X(i)+ Q"

holds true since @ is a positive matrix. Therefore the —X (i)7 QX (i) term can be replaced
with —X7 (i) — X (i) + Q. Then it is obvious that Q = Q~'. This concludes the proof
that the closed-loop system is stochastically stable with the prescribed Ho performance.

\AAY

Using cone complementary algorithm, the feasibility problem formulated by (4.11)-(4.12)
which is not a convex problem can be converted into the following nonlinear minimization

problem subject to LMIs:
Minimize T'r (R1R1 +R2R2+W1(z‘)Wl(i)+W2(i)W2(i)+W4(i)W4(i)+W5(i)W5(i)+QQ>

subject to (4.11)-(4.12) and

P N ER W) I - Wa(i) I -
T R || T R | T I LGN B Wa(i)

[ W) 1 ]>0 Ws(i) 1 ]>0 [Q I ]>0 (11.24)
LR UTOI I I SR VIO B

To solve this optimization problem, algorithm introduced in 6, is used:
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Algorithm :

Step 1: Set 3 = 0 and solve (4.11)-(4.12) and (11.24) to obtain the initial conditions,

[ X (i), S(3), () R, () Ry, Ro(i), Ro, Wi (i), Wa(i), Ws(i), 10
W4(Z) W5(’L) ( ) ( )7W4(2)7 5(2),Q,R1,R2,Z(’i),Y(i)

Step 2: Solve the LMI problem
Minimize T'r (R]R1+R1RJ+RJR—|—R2R F W1 (3) W1 (3)+ W1 () W (i) + Wa (i) Wa (i) +
W (i)Wa(i)? + Wa(iWa(i) + Wa(@)Wa(i)? + W (i)W (i) + Wi () Ws (i) + Q'Q +
QQ’)
subject to (4.11)-(4.12) and (11.24)

The obtained solutions are denoted as:

) (i), Ra, W (i), Wa(i), Ws(i), Wa(i), 1o+1

Ri, Ry
) W ( ) 5(Z),Q,R1,R2,Z(i),Y(i)

(i
Step 3: Solve Theorem 3.1 with K (i)’T! = Y7T1(7) X ~1(3)7T!, if there exist solutions, then
K (i)’*! are the desired controller gains and EXIT. Otherwise, if

Ry (i
W5(i) ( ), Wa

Tr(R{Ry +Ra Ry + RYR + RoRS + Wi Wi(i) + Wa()Wa (i) + Wa(i)'Wa(d) +
Wo(i)Wa (i)’ + Wa(i)?Wa(i) + Wa(i)Wa(i)? + W (i) W5 (3) + W5 (i) W5 (i) + Q’Q +
QQ3> > €, set ) = 7+ 1 and return to Step 2 where € is tolerant else EXIT and no

solution will be possible.



Chapter 12

Appendix

Proof of Theorem 5.3.1:

The system (5.5) can be written as

Chr1 = T1(r1) G
2z, = Ds(r) G

where ¢(k 4+ 1) = Ces1, T1(rg) and I's are given in (5.13) and (j, is defined in Lemma
5.2.1.

Select the L-K candidate functional for the closed loop system as:

V(G k) = Vi(C, k) + Va (G, 7x) + V3(Cy k) (12.1)
with
Vi(Crs i) = Gp P(r) G (12.2)
1 -1 k—1

Vo (Cpyri) = Z Z z; Rlﬂij + Z Z E?RQEJ' (12.3)

b=—71(r}) j=k+L l=—7(s) j=k+L

k—1 —7r(1)+1

Va(Geori) = Y. QG+ > Z QG (12.4)

l=k—T1(r) b=—71(5)+2 j=k+L-1

Along any trajectory of the closed-loop system, the expectation value of the first forward

difference of V' (z, 1) is given as follows:

V(Chs ) = AVI(Cr, 1) + AVR(Cry 7)) + AV3(Chs 1) (12.5)

160
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After mathematical manipulation :

AVI(Crymi) = CEaPrk) G — CE P (i) G

= {TTPri)1¢k — G P(re)Cr (12.6)
k—1
AVo(Grori) < T [%(Tk)Rl + T(S)RZ}fk - > % [(1 = Pr(ra+1)) 1+ Rz} Ty
b=k—T7(rg)
(12.7)
and
AV3(Cry i) < (1(s) = 7(1) + DG QG — G () Qh—r () (12.8)

Using Lemma 5.2.1 and Zy = x4 — 2 = I'a(7x), we have

AV(Geore) < GH{TT i) Ry + 7(5)Ro] Do + Ya(r) + TT (1) + 7(r) 2 (7)o
(12.9)

where I'y(7) is given in (5.13).

Putting (12.6-12.8) in (12.5), we obtain

AV(Gor) < = (PO) = (7(5) = 7(1) + DQ) G = (L) QG + G {TTP(re)

Ty + T8 [7(re) By + 7()Ba] Ta + Ta(r) + YT () + 7(ri) Z (k) } G
(12.10)

Using Assumption 3.2.1 given in Chapter 4, and adding and subtracting

FH (ry) BEW (rk) Fy Hy (ry ) G, (CU_T(TU) - Ck_T(rk)>T<CU_T(rU) - Ck_T(rk)>, (CT(ﬁ) -
¢ (k) ) O () Cear) (C(9) = C(B)),
wi Hy FfWo(ry) F, Howy, (CT(ﬁ)—CT(k))Cg(rk)HgFT(k)Ws(Tk)F(k)HzaCcl(Tk) (C(ﬁ)—
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C(k)), 2}z, and y?wlwy to and from (12.10), we obtain

V(Crk) < —C (P(Tk) — (7(s) = 7(1) + DQ — 85C (ri)Caa (i) — HY (i) i Wi (ry.)
FiHy (ry,) — 5§C§(Tk)H3TW3(Tk)H30cz(Tk))Ck — G ()51 Cmr ) + G
{TTP(ro)Ty + T [7(r) Ry + 7()Ra] Ta + Ta(ri) + T (1) + (1) Z (s
+F3TF3}5k — 2f 2k + VWi we — wj, (721 - H2TW2(7’k)H2)wk - (CU_T(TU) -
Gertrn)) (Comrtrn) = Gortrn)) — c;:f’ AT (r
Hy B Wa(ry) FrHywy, — <CT ) Ca (T (C(ﬁ) - C(@) -
(¢Tw) - <T<k>)cz;m)H?FT(k)Ws(m)F(k)Hgod<rk> (¢) - cmy)

k)L Wi (ri) FeHy (re) G — wi

(12.11)

Using (5.13), (12.11) can be rewritten as

AV(.CEk, Tk) < EE{A(’I%) + F'{P(rk)l“l =+ Fg [%(Tk)Rl + T(S)RQ] FQ + Tl(rk) + T’{(Tk)

+7(rk) Z(rk) + TET3 G — 2 24+ 72wl (12.12)
Using (5.12), we have
V(Chyri) < —2f 21 + 7w wy, (12.13)

Taking expectation and sum from 0 to co on both sides of (12.13) yields
E{V(Co,700)} = E{V(C0,70)} < —E{ Z zZTZg} + 72 Zw{we (12.14)
£=0 /=0

As initial condition are considered zero i.e, V' ({y,70) = 0, so

o (o)
E{ZzZZg} < ’yQZw{wg (12.15)
=0 =0

If w(k) = 0,Vk > 0 closed-loop system should be stochastically stable. From (12.12)
and (5.12), we learn that

V(C1)s k1) — V(Grorie) < =BG G (12.16)
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where 8 = inf{A(rg)min[—M(7%)], 7 € S} with

M = A(ry) +TT () POr)T1(rg) + T2 () [F (i) Ry + 7(s)Ro] Ta (7))
+ Yi(rg) + Y1 (k) + 7(rk) Z(ri) + T3 (rk)Ts(rk) (12.17)

Summing from 0 to co and by taking expectation on both sides of (12.16) gives

B{V(Gorroo)} = E(V(Gro)} < —BE{ Y &4}
k=0
< —pE{ Y} ¢} (12.18)
k=0
Re-arranging (12.18), we have
> 1 1
E{%CZ@} < GBIV (G ro)) = GEV (Gerreo))
< « (12.19)

where a = %E{V(Co,ro)} < 00. This shows that the closed loop system is stable and
(5.7) holds. \VAVAY

Proof of Theorem 5.3.2:

Applying Schur complement on (5.12), we have

nG e 56 rie) rie rie) i)
x —P7'G) 0 0 0 0 0
x x -R7' 0 0 0 0
* * * —I 0 0 0 <0 (12.20)
* * * * Q! 0 0
* * * * * —-Wh(@) 0
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where

() = AG)+7Yi(0)+YT0) +7(0)2(0)
AG) = diag {—P(i), —Q, (HE W (i) Hy — 42T) , =W (i), —Wa(i), -1, -1, —Wg(i)}

NG = [ VEE -7 FDI 000000 0],
[s5(i) = [ﬁl(i) 000000 0},
0 &I 00 00 0O
Fe(i) = 55C5 0 00 0O0O0O
59H3Cy 0 0 0 0 0 0 O

Following from [136], with loss of generality, P(i) and P(i) are, respectively, partitioned

as

piy= | X9 Y - XG) ] (12.21)
Y= i) — X (i) X(i) — Y1)
and -
- [ xa) it lp,]Y—w)—X(z‘)]

P(i) = 4 . —j= . 12.92
) [ S P Y THG) - X (1) X () — X puY () ( )

Now define .

. I X (1)

Ty(i B 12.23
0= [ 0 Y pyv=l(j) - X(0) (12:29)

Multiplying (12.20) to the right by the matrix diag{diag{ ) I, 1 I},T ), 1,111 I}

and the left by its transpose, we obtain (5.16) with (ZZ+11pZ] (j)) at the place
of S(i) — J(i) — JT(i) in 2(3), Z(i) = TT (i) Z(E)T (i), MT (i) = TT(()MT ()T (i), R =
diag{R{*, Ry}, @ = Q=1 Wi (i) = W (i), Wa(i) = Wy (i), and A(i), B(i) and C(3)

are given in Theorem 5.3.2.
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Applying the Schur complement on (5.17) and consequently multiplying these inequali-

ties by p;; and summing up for all j = &, we obtain

i+1
S@) —JT@) —J6) = —JT(3) +pr (i, )

< —JT@G) = J06) + JT( Y (6)J (i)
i+1 il

- S (- (S )
(ifpijy—l(j)) (/6) - (fpijy—1<j>)l)
< _(lipijy—l(j))_l (12.24)

. -1
which implies that (5.16) remains valid if S(7)—J7 (i)—J (i) is replaced by < Z;+11 pi Y (]))
Multiplying (5.11) to the right by the matrix diag{T(i), T(z)} and the left by its trans-
pose, we obtain (5.15) with 77 (4) (( pz(z+1))R1( i) + Rg(z)) (1) at the place of N (7)
where Z (i) = T (i)Z(i)T(i) and MT (i) = TT(i)MT ()T (4).

Applying the Schur complement on (5.18) and consequently multiplying these inequali-
ties by T7(i) to the right and its transpose to the left , we obtain

77 (i) ((1 — piien)) Ra(d) + Rz(i))T(i) > N1(30) (12.25)

which implies that (5.15) remains valid if N (i) is replaced by T7 (i) <(1 — Pigi+1)) R1(i) +
Rg(i))T(i) where V(i) = Y~1(i), N71(i) = N(i). This concludes the proof that the
closed-loop system is stochastically stable with the prescribed H, performance. VVV

Remark 12.0.1. Theorem 3.2 LMI is not strict LMI due to equality constraints in (5.20).
However, the cone complementarity linearization algorithm that suggested in [127] can

be used to convert it into nonlinear minimization problem subject to specific LMIs.

Using cone complementary algorithm, the feasibility problem formulated by (5.14)-(5.18)
which is not a convex problem can be converted into the following nonlinear minimization

problem subject to LMIs:
Minimize Tr <R1R1 + RoRo + Wi (i)Wi (i) + Wa(i)W3(i) + N (i) N (2) + V()Y (i) + QQ)

subject to (5.14)-(5.18) and
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R1 I Ro [T Wl(l) I >0 W3(Z) I >0

I Ry T Ry I waG) | | T Wi (i)
[Nm ! ]zo, [W) Llsy [Q I]zo (12.26)
I N (3) I Y (4) I Q

To solve this optimization problem, the following algorithm can be used:

Algorithm :

Step 1: Set 3 = 0 and solve (5.14)-(5.18) and (12.26) to obtain the initial conditions,

[ X (i), (i), J (i), Ri(i), Ry, Ra(), Ro, Wi (i), Wa(i), Wa(i), ]0
Wl(i)>w3(i)7 Qy Q7R1;R27 Z(Z)v Y(Z)vy(z)a N(Z)vN(Z)

Step 2: Solve the LMI problem
Minimize Tr (R{Rl + RiR] + RYRs + RoRY + Wi(i)I Wi (i) + Wi (i)W1(i)? +
Wi (i) Ws (i) + Wa(i)Ws(i)! + @ Q + QQ7 + N ()N (i) + N () N(i) + Y7 (i) V(i) +
Y (1)27(3))
subject to (5.14)-(5.18) and (12.26)

The obtained solutions are denoted as:

[X(i),S(i),J(i),Rl(z‘>,R1,RQ(z‘>,R2,Wl(i),WQ(z‘%Ws(i% g
Wl(i)’ WS(i)a Qa QlevRQa Z(z),Y(z),y(l), N(Z),N(’L)

Step 3: Solve Theorem 3.1 with K (i)7T! = Y7T1(;) X ~1(3)7T!, if there exist solutions, then
K (i)’*! are the desired controller gains and EXIT. Otherwise, if
Tr (R{Rl +RAR] + R4 Ry + Ro R+ Wi (0)P Wi (i) + Wi (6) W (i) + W (i) W (4) +
Wa(i)Ws(i) + Q1Q+QQ7 + NN (3) + N()N(1) + Y ()V(i) + Y ()D*(3)) > e,
set 3 = 7+ 1 and return to Step 2 where € is tolerant else EXIT and no solution

will be possible.
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Proof of Theorem 3.1:

The system (6.11) can be written as

Chr1 = Yt Yoy Mg (k) Aan (k) (ﬁ”%‘k)@e)

” m - 13.1
2k = D1 ey Ag(R)Aan (k) <F’§(7”k)4k) s

where ((k+1) = (1, F‘f’h(rk) and T (ry) are given in (6.18) and (j, is defined in Lemma
6.2.1.

Select the L-K candidate functional for the closed loop system as:

V(G ) = Vi(Cho7x) + Va(Chy k) + V3(Chs ) (13.2)
Vi(Ceo i) = G P(ri) e (13.3)
r -1 — -1
Va(Ge, ) Z( > Z Rz + Y Z z! R2x3> (13.4)
=1 t=—7l(ry) j=k+£ l=—7l(s) j=k+L
r 1)+1 -
Va(Geori) = 3 ( Z FQG+ Z Z JQ'G)  (35)
=1 t=k—7l(ry) b=—T1l(s)+2 j=k+{—-1

First forward difference of V((j,7x) is given as follows:

V(G i) = AVi(Cky i) + AVa(Cry i) + AV3(Ck, k) (13.6)

167
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AV (Cry Tr)

CEo1 P(re)Ces1 — CEP(ri) G

or m m
2 27 2 T

Z >3 Mgt an () k) Aau (R)CE (T8 (1)) Plr)TE" ()

g=1h=1u=1v=1

—CEP(rk) G

or  9gm  9r 9gm

1S S e AW (T 20+ T0)) PO

glhlulvl

(qu’v(rk) + lew(rk))gk — Gt P(ri) < (13.7)

Using Lemma(6.2.2) and noting (6.10):

or

2m 2m 2™

DTN Mg (k) don (B) A (k) Ao (k)G (ré{vh(rk) - Flf’g(rk)>T]5(Tk)

g=1h=1u=1v=1

2m 2m

(qu’v(rk) + 7" (re )Ck <Y MR Aan (k)G (th(ﬁc)

g=1h=1

09r)) ) (T3 ) + T3 () )

It implies that

or

AVA (G ) ZZAlg Pan(R)EE (04" ) +T9(ri)) Plre)

g h=

1 1
(F%h(rk) + Flf’%“k))fk — G P(re)Cr (13.8)
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AVa(Cesmr) = Va(Cryrs Thr1) — Va(Cry7k)
-1 k -1 k-1
= Z(ZPW Y. D TR - Y ) TR
I=1 i=1 b=—71(i) j=k+1+L t=—7} j=k+t
-1 k -1
+ Z Z ff?RQij_ Z Z x5 RQIE])
l=—1l(s) j=k+1+L (=—7l(s) j=k+¢
r s -1
= ZZprki Z a:lexk—F Z Z T} TR17,
I=1i=1 t=—7l( (=—7l(3) j=k+1+¢
1 _
— Z Z z; Rlxj Z SE{+£R1EI€+4 +
t=—1} j=k+L+1 t=—1}
r —1
> > {&{Romy — T (RoTure}
=1 t=—7l(s)
r s —1 —1
= ZZprki Z Z z; Rlx] Z Z T Rlxj
=1 i=1 b=—7l(3) j=k+1+£ t=—1} j=k+L+1
k—1 r
Z T; Rlx] Z Z i Rng—i-Z(a:k{ lle—FTl(S)RQ}i’k)
j=k—r} =1 j=k—7l(s)
s —(Th+1) k-1 k—1
= D D paig 2 D wRE - Y a R
=1 1i=1 l=—7l(3) j=k+1+£ j=k—7}
'
- Z Z T; TRyz; + Z (ack [TZle +7l(s )RQ] :Ek) (13.9)
=1 j=k—7l(s)

Using the transition probability matrix and the fact 7(1) < 7} 41 < 71+ 1 < 7l(s) and
(1) < 7L < 7l(s):

r

(13.10)
Using Lemma 6.2.1 and Ty = x511 — T = ZZ;I izl Alg(k))\gh(k)l“g(rk)g:k, we have:
or gm gr gm r
AVa(Gor) < LIS DT DTS Mgt dan() A (k) hau (R)(CHT S [7 (1) Ry
g=1h=1u=1v=1 =1

()R] T+ 1) + XT0w) + Y7 r0)Z0r0) f& - (13.11)
=1
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where I'%(r) is given in (6.18).

and

AVB(Gryme) <Y ((Tl(s) — A+ 1) Q¢ — C,’;”,TZ(Tk)ngk_TZ(rk)). (13.12)

=1
Therefore, by putting (13.7) to (13.12) in (13.6):

r

V(Gor) < = (POw) = D0 (8) = 7' (1) + DQ') G = D2 10 @ Ghmritr) +
=1 =1
2m 2m 2T 2m

{ ;;;;/\m )Aan(k )qu(k))\%(k)[(pllah(rk)+Filt,g(rk>>T

P(ry) (T (i) + T3 (1)) + (T4 + r’g)T S () Ry + 7'(5)Ra)

=1

(08 +13) | + Talr) + T () + Y- 7 () Z () o (13.13)
=1

Using Assumpuon 3. 21 and addlng and subtracting wj, HgFTWQ(Tk)F]CHQMk, zk 2k

or

YPwiwy and 3557 h- o1 Atg (k) Ao (k) Aru (k) 2o (R)GE (HP)T (ri) F Wi (rk)
FyHY (1), to and from (13.13), we obtain:

T 2T 2m 2T 2m

V(Gore) < ¢ |[Ple) = (7 (s) = 7 LSS Mg (R Aok

=1 g=1 h=1u=1v=1

_ T _
A (K)au(R) (A1) W <m>Fka<m>} G = G ) @ Girt )
2m 2m 2T 2m

Ck Tr rk)QTCk T (rK) + Ck{zzzz)\lg >\2h Alu(k))\Qv(k)

g=1 h=1u=1v=1

(0 + T90)) Pl (0 ) + 1200 + (4 14) S

(74 (r) Ry + 74(5)Ra) (rg + Fg) " (rg n rgL)T(rg i rg) AT ()

407 () + 437 7 () Z k) b = 2p + 72wl wn —w (121 - HY

2m 2m 27 2m

Wa(r)Ha e — 1 3090 D7 S Mgk han(B) A (k (R (B ) +

g=1 h=1u=1v=1
_ T _ _
H{l(?”k)) Fng(Tk)Fk (H%(?"k) + Hf(rk))ck — nggFgWQ(Tk)Fngwk
(13.14)
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Using Lemma(6.2.2) and noting (6.10):

27 2m 27 2m

*ZZZZ)‘M JA2n (k) Aru (k) Ao (K ){Qk K {(re) + HY (Tk))TFgWI(Tk)Fk

g=1h=1lu=1v=1

() + A1) |G+ G [ (P8 ) + D89 (r) ) Bl (032 ) + T () +
(rg+ PQ)T i(%l(rk)Rl + 7! (s)R2) (T3 +13) + (1§ + FQ})T(Pg +13)

+4Y 1 (k) + 47T (r) + 4 Z Tl(rk)Z(rk)} Ek}

=1
< i:zlhg Pan(k){ ¢ [(ﬁf(rk)+ff{L(rkDTF,ZWl(rk)Fk(ﬁf(rk)+fz{b(rk))}¢k

(02 )+ T9r)) ) (047 ) + 09 () ) + (T4 +18)

> (7 r) Ry + 7(s)Ro) (T + T ) + (T4 + FQL)T (T +T5) + 471 (re) + 40T () +
=1

43 ) Z(rw)| G} (13.15)
=1

Using (6.18) and(13.15), (13.14) can be rewritten as:

2m 2m

AV (zg,me) < ZZ)\lg Yon (K {Agﬁh(rk) + (Fglz,h(rk) + F;L,g(rk)>T
g 1 h=1
P(rs) (Fg ") + F ) + (Fg + FS)T Z(;l(rk)Rl +7!(s)R2)

=1

(g + Fh> (Pg #18)" (T 08)] 1) + 0 )
+4Z }Ck — 2 21, + 7 wf wy, (13.16)
Using (6.17), we have:
V(o) < —28 2+ 7Pl wy (13.17)

Taking expectation and sum from 0 to oo on both sides of (13.17) yields:

E{V (CsosTo0)} — E{V (Co,70)} < —E{ > ngzg} +92) wiwy (13.18)
{=0 /=0
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As initial conditions are considered zero i.e, V({p,79) = 0, so

o oo
E{ Z zgzg} <2 Z w? wy (13.19)
=0 £=0

If w(k) = 0,Yk > 0 closed-loop system should be stochastically stable. From (13.16)
and (6.17), we learn that

V(Cks1)s ) — V(Groi) < =BG G (13.20)
where 8 = inf{A9"(rp.)min[- M (r})],i € S} with

2m 2m

M= 3305 BT (A ) + (197 0) + T4 ) )

g=1h=1

P(ry) (T¢" (i) + T3 (1)) + (T4 + rg)T i(%l(rk)Rl + 7! (s)Rz) (T +T%) +

(05 +15) (0§ +8)] +40(r) + 47T () + 43 7000 Z0ri) b — 2 +
=1

vk wy, (13.21)

Summing from 0 to oo and by taking expectation on both sides of (13.20) gives

E{V(Gorroo)} = E(V(Goro)} < —BE{ Y 4}
k=0
< -pE{ Y} (13.22)
k=0
Re-arranging (13.22), we have
E{%C}C@} < ;E{V(Co,ro)}—;E{V(Coo,roo)}
< « (13.23)

where o = %E{V((o,ro)} < 0o. This shows that the closed loop system is stable and
(6.13) holds. \VAVAY

Proof of Theorem 3.2:
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Applying Schur complement on (6.17), we have

K (rqh<>+rhq<>)T (g +150) " (T30 +150) 176 @6 |
x —P1(i) 0 0 0 0
* * —R! 0 0 0 <0
* * * —I 0 0
* * * * —4Q7 ! 0
| * * * * Wi (i)
(13.24)
where
I = 4A(i) +471(i) + 47T () +4Z7‘
AG) = diag{—P(i,—Q,'-‘,—Q’l(% Wa(i)Hy — 721, =W (i), =Wa(i) }
rG) = [1 000 0]
rete) = [Hf(z')JrH{l(z‘) 000 0}
Q = ) (F(s) -~ (1) + Q' (13.25)
=1

Following from [85], with loss of generality, P(i) and P(i) are, respectively, partitioned

as

[ xa) Y1) — X (4)
PO=1yam - x) X(z’)—Y—m)] (15:20)
and
L X (i) S Yo 1<j>—ff<z'>]
P(i) = - —J . 13.27
v [Z;*ﬁpw—l(j)—X(i) X (i) = Y5 piY 1) 1327
Now define
. I X(i)
T5(1 N 13.28
0= [o S pgY () - X () 32

Multiplying (13.24) to the right by the matrix diag{diag{T(i), 11,1, I} To(i), 1,1, 1, I}

-1
and the left by its transpose, we obtain (6.21) with — < Z;+11 pijY 1(j)) at the place
of S(i) — J(i) — JT () in Z(i), —Q~! in place of D —j — 37, Z(i) = TT(i)Z(i)T (1),
MG = TT()MT ()T (i), R = diag{R;', Ry'}, Wi(i) = W, (i) and A(3), B(i) and

C(i) are given in Theorem 3.2.
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Applying Schur complement on (6.22) and consequently multiplying these inequalities

by p;; and summing up for all j = S, we obtain

S(i)—JV@E)—J@E) = —JT@) —I—Ziipw S(i,4) (13.29)
e T 0 T
i+1 i+1 T
- (Zpu @)+ (10~ (X))
=1
z+1 i+1 ! 4
(Yoray ™) (10 = (Xriy ') )
j=1 i=1
it1 1
> (X pv o)) (13.30)
j=1

It implies that (6.21) remains valid if S(i)—J7 (i)—.J (i) is replaced by (Z;Hl ijY_l(j)>

Applying the Schur complement on (6.23) and consequently multiplying these inequali-
ties by (7!(s) — 7!(1) + 1) and summing up for all I to r, we obtain

D-J'—J = —J'—J+ Z )+ 1)D! (13.31)
> —Jr—J+ JTQJ
= -t (I-a) Q(i-a)
> —Q! (13.32)

So, (6.21) remains valid if we replace D — J —.J by —Q L.

Multiplying (6.16) to the right by the matrix diag{T(i), T(z)} and the left by its trans-
pose, we obtain (6.20) with 77 (7) (( — Pigi+1)) B (i) + R2(2)> () at the place of N(7)
where Z(i) = TT(i)Z(i)T (i) and MT (i) =TT (i)MT (i)T (7).

Applying Schur complement on (6.24) and consequently multiplying these inequalities
by T1(i) to the right and its transpose to the left , we obtain

T7 (@) (1= pig1) B () + Ra(0) ) T(G) > N7L(3) (13.33)

which implies that (6.20) remains valid if N (i) is replaced by T7 (i) ((1 — Pi(i+1)) B (@) +
Rg(i))T(i) where V(i) = Y~1(i), N71(i) = N(i). This concludes the proof that the
closed-loop system is stochastically stable with the prescribed Ho, performance. VVV
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Using a cone complementary algorithm [86], the feasibility problem formulated by (6.19-
6.25), which is not a convex problem, can be converted into following nonlinear mini-

mization problem subject to LMIs:

Minimize T'r <N(i)N(i) FY@)V(6) + Q'O + RiRy + RoRo + Wi (i)Wl(z’)> subject to
(6.19)-(6.24) and

[ NG) I ]>0 v ! ] o.| ! ]>0
N R T

QI ]20’ Ry I ]207[%(@') I ]20 (13.34)
1 g I Ry I )

To solve this optimization problem, the following algorithm is proposed:

Algorithm :

e Set =0 and solve (6.19)-(6.24) and (13.34) to obtain the initial conditions:

A(Z)a B(Z),C(’L),X(Z), Y(Z)>y(2)v Wl(i)a Wl(i)> WQ@)? Ql T QT7N(Z)7N(Z>

,Ri(i), Ry, Ra(3), R, Ra(i), S(i, 5), J (i), Q", - -~ ,QT,j’,M(i),Z(i)}O

e Solve the LMI problem:
Minimize Tr (N(z‘)w (i) + Y (i)YY(3E) + (QYY Q! + RIRy + RYRa + Wi(i)Wh (i) +
NGNGY +Y OV + QU + iR} + RaRj + Wi(i)Wa(i)?)
subject to (6.19)-(6.24) and (13.34).

The obtained solutions are denoted as:

[.A(Z),C(Z), 8(1)7X(7‘)7 Y(Z)7y(7‘)> Wl(i)> Wl(i)7 WZ@)? Ql T QT,N(i),N(i),

Rl(i)’ Rl,Rl(i), RZ(i)v R27R2(i)7 S(’Lv])’ ‘](Z)v le ) Qr,j’ M(Z)v Z(Z) ™

e Solve Theorem 3.1 with A.(i)’*1, B.(i)’*! and C,.(i)’*! obtained in Step 2, if there
exist solutions, then A.(i)’*1, B.(i)’*! and C.(i)’*! are the suitable controller
matrices and EXIT. Otherwise, if
Tr (N(z‘)ﬂj\/'(i) +Y (1YY (i) +(Q") Q' + RIRy + RyRo + W1(i)!Wh (i) + N ()N (i)’ +
Y (#) V(i) + QYY) + RiR] + RaRy + Wi(i)Wy (z)]) > €, set 3 =7+ 1 and return

to Step 2 where € is tolerant else EXIT and no solution will be possible.
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Proof of Lemma 2.1: From (7.11), we learn that

1 [ - T iy
z(7) R M z(7)
=l L 2] = "
It follows follows from (14.1) that:
k—1
> [iT(i)Rf(i) + ¢T (k)M (i) + 27 (i) M(k) + 5T(k)z§(k)] >0
i=k—7

Sichr )M a(0) + 500 27 ()M (k)+
S s (T (R)ZC(R)

(k)M {x (k) — a(k = 7)} + {(k) — 2(k — 7)} M{(k)+
¢! (k) ZC (k)

w(k) = (k= 7) = | diag{I,0} diag{~1,0} 0000 00 | (k),
we can have:

(T(k)M™ { diag{I,0} diag{—1,0} 00 00 0 0 ] (k)
+7CT (k) 2 (k) + . >~ S 3T Ri(i).
(k)T { diag{I,0} diag{—1,0} 00 0 0 0 0 } M((k)

176
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Putting Y1 = M7 [diag{I,0} diag{—17,0} 0 0 0 0 0 0] in the above inequality gives
(7.12). \AVAY

Proof of Theorem 3.1: The system (7.7) can be written as:

Cer1 = Da(r) G

2 14.2
2z = Z(rg)Ck ( )

where C(k+1) = Cpy1, ['1(r) and E(ry,) are given in (7.16) and ¢y, is defined in Lemma
7.2.1.

Select the L-K candidate functional for the closed loop system as:

V(Chsrr) = Vi(Cr, i) + VoG mr) + V3 (Cry Tk (14.3)

with
Vi(Cro i) = G P(ri) G (14.4)

-1
Va(Ceori) = Y Z ] R (14.5)

O=—7 j=k+¢
—7+1 k—1
V(i) = Z G+ > Y dag (14.6)
t=k—1(k) l=—7+2 j=k+(—1

First forward difference of V({j, 7)) is given as follows:

V(G mr) = AVi(Chs i) + AVa(Cry 1) + AV3(C, 1) (14.7)

with
AVI(Ciymi) = G Prk) G — CEP (i) G
= GITTP(rT1C, — G Pre) (14.8)
k-1
AVa(Cyr) < ZETR1Ty — Z I Rz (14.9)
(=h7

and

AV3(Crs i) < (T =7+ 1DGEQG — G iy Qh—r (k) - (14.10)
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Using Lemma 7.2.1 and Ty = x11 — T = Pg(T‘k)Q:k, we have

AVo(Cr, ) < CNE{F%RJQ + Y1 (re) + YT () + %Z(rk)}fk (14.11)
where T'y(7) is given in (7.16).
Therefore,

AV(Gore) < —¢E(Pw) = (F = 14+ 1)Q) Gk — ¢y Qmrity + &
{FlT P(ri)T1 +TTFR T + Y1 (rg) + YT (rg) + fZ(rk)}ék(m.m)

Using Assumption 3.2.1, and adding and subtracting Cgﬁf(rk)Fgwl(rk)kall () Cks
Ly o AT (k)W) g (k) Colr iy wi HE FEWi(ri) Fi Hywg, 21 2 and 72wl wy, to
and from (14.12), we obtain:
AV(Gor) < = (POv) = (F = 24+ 1)Q = AT (n) F Wi(rk) FuH () ) G
—Cr i) (Q - 52(i)C_'2TW2(Tk)é2> Chmr(k) T ng{FlT(Tk)p(Tk)ﬂ(Tk)
+T5 (re)TRaDa(ri) + Ta(rk) + Y1 (ri) + 7Z(rs)
+ET(7’k)E(Tk)}§k — 2 2+ Y wwe — wf] (’YQI - H2~TW3(7"k)H2>wk -
Gy 02 () O W (k) Colir ey — G HT (i) B W () Fy L (i) G
—wj, Hy F} W3(ry,) F Howy, (14.13)

Using (7.16), (14.13) can be rewritten as

AV (g, ) < CF {A(rk) + T () P(ri)Dy () 4+ T2 (re) TR T2 (1) + Y1) + YT (1)

+7Z(r) + T (r)E(r) o — 2 2+l (14.14)
Using (7.15), we have
AV (Gry i) < =24 21 + 7 wi wy, (14.15)

Taking expectation and sum from 0 to co on both sides of (14.15) yields:

E{V(Cos,7o0)} = E{V(Co,m0)} < —E{ > ngg} +92Y " wiwy. (14.16)
=0 £=0

As initial conditions, which are given in problem formulation, are considered to be zero,

i.e, V(Co,m0) =0, we get:

oo o0
E{Zzgzg} < 'yQZw@ng. (14.17)
=0 =0
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If w(k) = 0,Vk > 0 closed-loop system should be stochastically stable. From (14.14)

and (7.15), we learn that

V(C1)s k1) = V(Grorie) < =BG G (14.18)

where 8 = inf{A(rg)min[—M(7x)],7 € S} with

M:

A(ry) +TT (rg) P(ri)T1(re) + T3 (r,)7 RaT2(ry,)

+ Ti(re) + YT () + 72 (1) + ET (r1)E(re).- (14.19)

Summing from 0 to co and by taking expectation on both sides of (14.18) gives

N

B{V(Goroo)} = BV (Gr0)} < —BE{ Y4}
k=0

Re-arranging (14.20), we have

E{éd@}

where o = %E{V(Cg,ro)} < 0.

Proof of Theorem 3.2:

IN

—sE{ gcf ¢ (14.20)

< ;E{V(Coﬂ”o)} - ;E{V(COCHTOO)}

IN

a (14.21)

This shows that the closed loop system is stable. VVV

Applying Schur complement on (7.15), we have

[ 11(4)

*

*

r{ ()
-P713)

*

I3 (i)
0
—R;l
X
%

*

ri@ 6 i@ Ti6) |
0 0 0 0
0 0 0 0
-1 0 0 0 <0 (14.22)
«  —Q7! 0 0
* * —Wi(i) 0
* * * —Wg(i)
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where

(i) = A(@)+Y1() + 0T (@) + (k) Z(i)
A(i) = diag {_]5(2‘), —Q, (Hy W3(i)Hy — 1) , =W (i), —=Wa(3), —Ws(i)} ;

Ly(i) = [(m)l 0000 0}, (14.23)
Is(i) = [m@ 0000 0],
o) = [0 6@®C 0 0 0 0.

Following from [85], without loss of generality, P(i) and P(i) are, respectively, parti-

tioned as
Py = | X0 Yo - X() ] (14.24)
Y~6) - X(i) X(i)—Y~3)
and . B
. s v=1/s) Z
m@_[x@ L T fQ]. (14.25)
D51 piY () — X (@) X(0) =5 piY ()
Now define ~
[ X (i)
T5(i) = - 14.26
0 [ 0 X5ipiyY () — X(3) (1420

Multiplying (14.22) to the right by the matrix diag{diag{T(i), 11,11, J}, To(i),I,1,1,1, I}

and the left by its transpose, we obtain (7.19) with (Z;Zl pin_l(j)) - at the place of
S(i)=J (@)= I (i) in 2(), 2(i) = T"(0)Z(()T(0), M" (@) = TT())MT ()T (i), Ry = Ry,
Q = Q7 Wi(i) = Wy (i), Wa(i) = Wy '(4), and A(i), Ay (i), B(i) and C(i) are given

in Theorem 3.2.

Applying the Schur complement on (7.20) and consequently multiplying these inequali-

ties by p;; and summing up for all j = &, we obtain

S(i)—JT(@) = J() = —JT(@) = J@)+ > pi;S(i, ) (14.27)
j=1
< —JV@) = J6E) + JE@)Y L@)I ()

- (ime‘%ﬁ)_l - (70 (ipijy_l(ﬁ)_l)
=1 =t
(S rr0) - (o))
i=1 I=t

(Zrr@) (14.28)
=1

T

IN
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. -1
which implies that (7.19) remains valid if S(i)—J7 (i)—J (i) is replaced by ( Py pin_l(j)>

Multiplying (7.14) to the right by the matrix diag{T(i),T(i)} and the left by its
transpose, we obtain (7.18) with T7(i)R1(i)T(i) at the place of N(i) where Z(i) =
TT (@) Z(i)T (i) and MT (i) = TT ()M (i)T (7).

Applying the Schur complement on (7.21) and consequently multiplying these inequali-
ties by T'(7) to the right and its transpose to the left, we obtain

TT(i)Ry())T(i) > N71(i) (14.29)

which implies that (7.18) remains valid if N(i) is replaced by T7(i)R1(i)T(i) where
V(i) = Y~1(i), N71(i) = N(i). This concludes the proof that the closed-loop system is
stochastically stable with the prescribed H, performance. \YAVAY/

Using the cone complementary algorithm [127], the feasibility problem formulated by
(7.17)-(7.23) which is not a convex problem can be converted into the following nonlinear

minimization problem:
Minimize T (Y(i)y(z) +Q(1)Q) + N()N (i) + RyRy + Wi(i)W (i) + Wg(i)Wg(i))

subject to (7.17)-(7.21) and

Y() T ]20[Q11>0 [N(i)[ ]20

I Y6 I Q] I N(@)
Ry I ] - [ Wi(i) 1 ] >0 [ Wai) I ] >0.  (14.30)
I Ry T wi@) | | I Wa(i) |

To solve this optimization problem, an algorithm is proposed as follows:

Algorithm:

Step 1: Set 3 = 0 and solve (7.17)-(7.21) and (14.30) to obtain the initial conditions

-A(Z)7 ‘Acfv C(Z>7 B(Z)v X(Z)v Y(Z)7 y(l)a W1(1)7 Wl(z)v

WQ(Z)7W2(Z)’ W3(Z)7 Q, Q,N(Z)aN(Z)7R1(Z)7 Rlle(Z)v S(Zvj)v J(Z)v M(Z)v Z(Z)]O

Step 2: Solve the LMI problem
Minimize T (N(z')w(z‘)+Y(z')ﬂy(z')+R{7z1+W1(i)ﬂwl(z‘)+W2(z‘)fw2(i)+Q(z')JQ(z')+
NN G + Y ()V(E) + RiRS + Wi(i)Wh (i) + Wali)Wa(i)? + Q(i)Q(z’)J)
subject to (7.17)-(7.21) and (14.30).
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The obtained solutions are denoted as

A(O? Acf’ C(Z)v B(Z)7 X(2>7 Y(Z)7 y(2>7 Wl(i)v Wl(i% WQ@)? W2<i)ﬂ W3(i)’ Q,Q,

N(i), N'(i), R (i), Ry, Ra (i), 8(i. ), J(3), M (), Z(i) "

Step 3: Solve Theorem 3.1 with A.(i)’™!, B.(i)’*1 and C.(i)’*! obtained in Step 2. If
there exist solutions, then A.(i)"1, A.f(i)7T!, B.(i)7*! and C.(i)’*! are the suit-
able controller matrices and EXIT. Otherwise, set 7 = 7+ 1 and return to Step
2.
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