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Preface

The main subject in the first part of this thesis are form methods. Abstractly, form
methods provide a means of both defining and studying unbounded operators in a
Hilbert space. The probably most well-known instance of a form method is Kato’s
representation theorem for closed sectorial forms (1966). This result is commonly
applied to obtain suitable realisations of elliptic differential operators in divergence
form as unbounded operators in [>-space.

Form methods tend to be quite robust, which is particularly useful for per-
turbation problems. Recently, Arendt and ter Elst (2008) have extended Kato’s
representation theorem to general sectorial forms, without the closedness condition
and relaxing the former requirement that the form domain is embedded in the
Hilbert space. This extension is well-suited for the degenerate elliptic setting and
has also been applied to the Dirichlet-to-Neumann operator.

The main contributions of this thesis regarding form methods are the intro-
duction of an abstract form method for accretive forms, the study of compactly
elliptic forms including an application to the convergence of generalised Dirichlet-
to-Neumann graphs and an investigation of the regular part of sectorial forms
providing a formula for the important case of second-order differential sectorial
forms. This part of the thesis includes joint work with Wolfgang Arendt, Tom
ter Elst, James Kennedy and Hendrik Vogt.

In the final chapter of the thesis we consider a notion of a weak trace for elements
of a Sobolev space, which is related to work of Maz’ya and arose in the study of the
Laplacian with Robin boundary conditions and the Dirichlet-to-Neumann operator
on arbitrary domains. Using tools from potential and lattice theory, we investigate
the space of elements with weak trace zero. This is related to questions regarding
the stability of the Dirichlet problem for varying domains.
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Introduction

This thesis is devoted to the study of extensions to the classical form method for
linear elliptic operators in a Hilbert space. A particular focus is on applications to
degenerate elliptic differential operators in [2(Q), where Q is an open set in R¢.

In this introduction, I first shall make precise what the term ‘form method” means
here, explain the usefulness of this approach and briefly provide some information
regarding its history and development. This is followed by an overview of the
thesis. I give a summary of every chapter, highlighting the respective main results.
Then I provide details about the collaborative work and my contributions in this
thesis.

1.1 General background for the form method

Anatolif Mal’cev opens his Foundations of Linear Algebra as follows:

“In linear algebra one studies three kinds of objects; matrices, linear
spaces, and algebraic forms. The theories of these objects are so closely
related that most problems of linear algebra have equivalent formula-
tions in each of the three theories.”

This classical and fundamental viewpoint remains fruitful also when applied
in the topological and generally infinite-dimensional setting of functional analysis.
In this thesis the term ‘form method” denotes a procedure in Hilbert space that
allows to generate operators (or extensions of operators) with certain properties by
a correspondence principle between appropriate sesquilinear forms and the desired
operators.
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One particularly simple classical example of a form method for bounded linear
operators is given by the Riesz—Fréchet representation theorem.

Example (Riesz—Fréchet). Let V be a Hilbert space and let a: VxV — C be a
continuous sesquilinear form. Suppose first that u € Vis fixed. Then a(u,-): V — C
is an element of V*, i.e., a bounded conjugate-linear functional in V. By the Riesz-
Fréchet representation theorem there exists a unique w € V such that a(u,v) =
(w|v)y for all v € V. Hence, allowing u to vary in V, the map T: u — w defines a
bounded linear operator on V such that

a(u,v) = (Tulv)y, (1.1)
for all u,v € V. O

Note that (1.1) gives an immediate one-to-one correspondence between continu-
ous sesquilinear forms and bounded operators.
The second example is the well-known Lax-Milgram lemma.

Lemma (Lax-Milgram). Let V be a Hilbert space. Denote by V* the conjugate-linear
dual space of V. Let a: V x V — C be a continuous sesquilinear from. Suppose that a is
coercive, i.e., there exists a u > 0 such that

Rea(w,u) > ulluly
for all w € V. Then there exists an invertible bounded operator B: V — V* such that
a(u,v) = (Bu, V)« v (1.2)
forallu,v e V.

So the Lax-Milgram lemma states that it is the invertible operators in £(V, V*)
which are associated via (1.2) with the coercive, continuous sesquilinear forms in V.
Equivalently, it shows that the operator T € £(V) in (1.1) is invertible for a coercive,
continuous sesquilinear form a. We will make use of this in the following.

1.1.1 A form method for unbounded operators

The previous examples of form methods merely generate bounded linear operators.
We are mainly concerned with generating unbounded operators, however, since
differential operators generally are unbounded. We next discuss a construction that
allows to generate unbounded operators using the Lax-Milgram lemma.

Let H and V be Hilbert spaces. Suppose that V is continuously and densely
embedded into H, i.e., V C H, the closure of V in H is equal to H and there exists
an M > 0 such that ||ull;; < M|Juf|,, for all u € V. We denote the corresponding
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embedding by j. Let a: V x V — C be a coercive, continuous sesquilinear form.
Then one can use (1.2) and the embedding of V in H to associate an unbounded
operator A in H with a. More precisely, for all x, f € H, we set x € D(A) and Ax = f
if and only if x € V and

a(x,v) = (flv)y

for all v € V. The operator A has several remarkable properties. We shall single out
the property that it has a bounded inverse and give an instructional proof of this

property.

Proof. By the Lax-Milgram lemma there exists an invertible operator T € £(V) such
that
a(w,v) = (Tulv)y

for all u,v € V. Let x,f € H. Making use of the adjoint of the embedding j, it
follows that x € D(A) and Ax = f if and only if there exists a u € V such that
j(u) =x and

(Tulv)y =a(w,v) = (f[iV))y = vy

for all v € V. Therefore x € D(A) and Ax = f if and only if x = iT 5%, In
particular, the bounded operator jT~'j* is the inverse of A. O

Remarkably, this proof also shows that the inverse of A is compact if j is compact
and that A is self-adjoint if a is symmetric.

The notion of an elliptic form extends that of a coercive form by allowing for a
shift with the inner product in H. Closely related is Kato’s notion of closed sectorial
forms, which requires that the form domain can be made into a Hilbert space in
a certain way. The latter approach also allows to consider sectorial forms that are
merely closable.

1.1.2 An application to the Dirichlet Laplacian

We give a simple example on how to apply the above form method. Let Q) be a
bounded, open set in R%. Let V = H(])(Q) and H = L%(Q). It is well-known that
Hé(Q) is compactly and densely embedded in L2(Q). Define a: HJ)(Q) X H(])(Q) —
C by
a(u,v) :J Vu- Vv.
Q

Clearly the form a is continuous. Moreover, by the Poincaré-Friedrichs inequality
there exists a i > 0 such that

2 2
HHuHLZ(Q) < HVuII(Lz[Q))a (1.3)
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for all u € H)(Q). Hence a is coercive. By the above form method, the operator A
associated with a has a bounded inverse. Moreover, the inverse of A is compact
since the embedding j: H(])(Q) —12(Q)is compact. Hence A has compact resolvent.
Moreover, the operator A is self-adjoint as a is symmetric.

Let x € D(A). Then it follows from the identity

J Vx-Vv = J (Ax)v

Q Q

for all v e C°(Q) that Ax = —Ax in the sense of distributions. Note that x satisfies
Dirichlet boundary conditions in the sense that x H(])(Q). This shows that —A is a
realisation of the Dirichlet Laplacian in 2(Q).

1.1.3 Benefits of the form method

In this subsection we briefly address the question of why is it beneficial to use
the form method. We shall focus on its application to formal elliptic differential
operators. Then the form method is used to provide realisations of such operators
in a suitable [?-space. The sesquilinear form itself is usually directly obtained from
the formal operator using integration by parts and the corresponding quadratic
form often plays the role of a naturally associated energy functional.

Generally the classical function spaces, such as the continuously differentiable
functions, tend to be too restrictive to allow good realisations. Alternatively, the
approach based on distribution theory introduces additional difficulties due to the
lack of structure of the corresponding spaces. While the form method is limited to
the Hilbert space setting, it strikes a balance between the previous two extremes.
The richer functional analytic setting allows an elegant and powerful theory based
on Sobolev spaces and spectral theory.

For example, in Subsection 1.1.2 the form method directly provides a self-adjoint
realisation of the Dirichlet Laplacian with compact resolvent. So by the spectral
theorem there exists a corresponding orthonormal basis of eigenfunctions, which,
among other things, immediately allows a description of the Cy-semigroup gener-
ated by the Dirichlet Laplacian. We stress that, in a sense, the only nontrivial in-
gredient in applying the form method in Subsection 1.1.2 is the Poincaré-Friedrichs
inequality in (1.3). The latter is, however, a property of the form domain. This
is remarkable since the form domain is far more ‘stable’” than the domain of the
associated operator. It was observed by von Neumann that domains of unbounded
operators are notoriously delicate [Neu2gb, Satz 18]. So this gives a hint why
the form method is particularly useful for perturbation problems. Moreover, as
another application, forms sums frequently allow to give meaning to the sum of
two unbounded operators.
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1.1.4 Historical remarks

We give a brief and certainly incomplete historical overview of the development of
the form method.

It is classical to study bounded operators in terms of sesquilinear forms. In the
development of the theory of unbounded operators by von Neumann, however,
the form methods where de-emphasised, see Alonso and Simon [AS8o, Section 1].
For example, von Neumann uses Cayley transformations and the theory of unitary
operators in his construction of extensions of symmetric operators in [Neuzga].
Friedrichs presented a very natural construction based on form methods of a unique
maximal positive self-adjoint extension of a positive symmetric operator [Fri34],
which answered a question of von Neumann [Neu29a, p.103]. Still, the general
usefulness of the form method employed in this construction was only recognised
later. For example, Aronszajn opens in [Aro61] as follows:

“Since the first quarter of this century the theory of quadratic forms has
been somehow superseded by the theory of operators in the investigation
of vector spaces, and with such rewarding success that the older theory
has almost been forgotten — to an extent that younger mathematicians
to-day may not be aware of some of the basic results in the theory.”

In the early 1950’s the ellipticity property of the sesquilinear form associated
with an elliptic differential operator was established by Garding [Gar51; Gdrs53]. In
1954 Aronszajn [Aros4] extended Garding’s results. Around the same time Lax and
Milgram introduced their Lax-Milgram lemma while studying parabolic problems
for elliptic differential operators [LM54]. In the following years Kato [Kat55] and
J.-L. Lions [Liosy] established the abstract form method as a most convenient way
to generate and study unbounded operators in a Hilbert space, having in mind
the application to generate realisations of elliptic differential operators. In 1966
Kato presented his form method for closed sectorial forms [Kat8o, Chapter VI],
which nowadays is both well-known and commonly used. Kato’s formulation
provides an elegant one-to-one correspondence between m-sectorial operators and
closed sectorial forms. MCIntosh extended the theory of closed sectorial forms to
accretive forms, see [MCI66; MCI68; MCI7o0]. For positive symmetric forms Simon
introduced the , which allowed to associate a positive self-adjoint operator even
with nonclosable forms, see [Sim78a; Sim78b].

Of the more recent work, we single out two contributions. The first one is due to
Vogt. He proved in [Vogog] that for a positive symmetric form associated with a real
pure second-order differential expression, the abstract construction of the regular
part respects the original form and yields a positive symmetric form that is again
associated with a real pure second-order differential expression. The second one
is by Arendt and ter Elst. In [AE12] they extended Kato’s form method for closed
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sectorial forms to general sectorial forms. Moreover, their construction allows to
use an arbitrary linear map from the from domain into the Hilbert space, instead
of an (injective) embedding.

1.2 Outline of the thesis

In the appendix we gather general background material for the convenience of the
reader. In particular, we recollect results about accretive operators and provide an
introduction to graphs, i.e., multi-valued linear operators. Moreover, we gather facts
about Kato’s notion of the gap, introduce the Moore-Penrose generalised inverse
along with two stability results by Izumino and recollect several basic properties of
Sobolev spaces.

We give a summary of the following chapters. Chapter 2 provides basic pre-
requisites for the form method that are used in Chapters 3 and 4.

1.2.1 Chapter 3: The form method for accretive forms and operators

In Chapter 3 we study the prospects of a generalised form method for accretive
forms to generate accretive operators. More precisely, the setting is as follows.
Let V and H be Hilbert spaces, a: V x V — C a continuous, accretive sesquilinear
form and j € £(V,H) be such that rgj is dense in H. This should be compared
with Subsection 1.1.1 where we required that a is coercive and j is an (injective)
embedding. In particular, in Chapter 3 we work with the same relaxed condition
on the form domain as used by Arendt and ter Elst in [AE12, Section 2].

Throughout the chapter we are mostly concerned with accretive operators, as
opposed to accretive graphs. We give a multitude of examples for many degenerate
phenomena that can occur in the most general setting. In particular we showcase
the pathological behaviour that can arise for accretive forms that are nonclosed in
the sense of MCIntosh and for non-injective j. We give an abstract characterisation
of when the graph associated with (a,j) is an m-accretive operator. Furthermore,
we investigate the class of operators that can be generated. In particular, we prove
the following result in Theorem 3.29.

Theorem. An accretive operator A in H can be generated by a continuous accretive form
if and only if rg(1+ A) is the range of a bounded operator on H.

We obtain as a corollary that an accretive operator generated by a continuous
accretive form is maximal accretive if and only if it is m-accretive. We also give
several examples of accretive operators that cannot be generated. For the case that
the associated graph is an m-accretive operator, we study form approximation and
Ouhabaz-type invariance criteria.
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1.2.2 Chapter 4: The form method for compactly elliptic forms

In this chapter we first introduce the notion of compactly elliptic forms. We then
study the graphs associated with compactly elliptic forms.

Let V and H be Hilbert spaces, j € £(V,H) and a: V x V — C a continuous
sesquilinear form. Note that we assume neither that j is an (injective) embedding,
nor that rgj is dense in H. The first main result is Theorem 4.9.

Theorem. Suppose that a is compactly elliptic. Let A be the graph associated with (a,j).
Then A is m-accretive if a is accretive and A is self-adjoint if a is symmetric.

We then study form approximation in this setting. Let (a,) be a sequence of
compactly elliptic forms on V. We suppose that the forms are all accretive or all
symmetric and that (a,) suitably converges to a. We tackle the question of whether
the associated graphs, which by the above theorem are m-accretive or self-adjoint,
converge in the strong resolvent sense. There naturally arises a sufficient condition
involving the dimensions of certain finite-dimensional subspaces Wj(an) of V. In
Theorem 4.19 we formulate the corresponding approximation result, which is the
second main result of the chapter. We then investigate the strong convergence of
the associated (degenerate) Co-semigroups. Again there naturally arises a sufficient
condition involving the dimensions of certain finite-dimensional subspaces of V.

Finally we apply the convergence result in Theorem 4.19 to generalised Dirichlet-
to-Neumann graphs. Surprisingly, the condition on the dimensions of the spaces
Wi;(an) turns out to be connected with the unique continuation property for elliptic
operators.

In Section A.2 of the appendix we provide the required background on graphs
and (degenerate) Co-semigroups.

1.2.3 Chapter 5: The regular part of sectorial forms

For a general, possibly nonclosable, positive symmetric form, Simon [Sim78a]
introduced a decomposition into a maximal closable reqular part and a singular part.
Using Kato’s first representation theorem, a self-adjoint operator can be associated
with the closure of the regular part. By a result of Arendt and ter Elst [AE12,
Theorem 1.1] one can naturally associate an m-sectorial operator to any densely
defined sectorial form. If the form is symmetric, then one reobtains the operator
associated with Simon’s regular part. This allows to generalise the notion of the
regular and singular part to sectorial forms. In Chapter 5, we study this generalised
regular and singular part in detail.

Throughout Chapter 5 we work in the setting of j-sectorial forms. We introduce
a suitable definition of the regular part aeg of a j-sectorial form a, and show that
it is uniquely determined in a natural way. Moreover, we characterise when the
singular part as = a — aeg is sectorial. The main result of the chapter is Theorem 5.7
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where we establish a formula of the regular part in terms of the real part of a,
which is crucial in Chapter 6.

1.2.4 Chapter 6: The regular part of differential sectorial forms

In Chapter 6 we study the regular part of a differential sectorial form that represents
a general linear second-order differential expression that may include lower-order
terms. Loosely speaking, such a differential expression has the form

d d d
— Z 01CK1 0% + Z b0y — Z Oy dy + co.
k,1=1 k=1 k=1

We impose mild conditions on the coefficients. Using the abstract formula for the
regular part in Theorem 5.7 and the techniques introduced by Vogt in [Vogog], we
obtain a formula for the regular part of the corresponding differential sectorial form
from which it follows that the regular part is again a differential sectorial form.
Furthermore, this formula allows to characterise when the singular part is sectorial
and when the regular part of the real part is equal to the real part of the regular
part. Remarkably, the presence of first-order terms introduces new phenomena
compared to the pure second-order case. We give several interesting examples
where we make use of our formula for the regular part.

1.2.5 Chapter 7: Elements of Sobolev space with weak trace zero

In Chapter 7 we consider a weak notion of the boundary trace for elements of the
Sobolev space W'P(Q) that is naturally defined via the approximation by functions
that are continuous on Q. This notion was introduced by Arendt and ter Elst
in [AE11] and works for general open sets Q).

Letp € (1,00). As usual, let Wg)’p(Q) be the closure of C°(Q) in WP (Q). Every
ue W;’p(Q) has weak trace zero and becomes, if extended by 0 outside of Q,
an element of W'P(IR4). The main result of the chapter is Theorem 7.38, which
extends this extension property to all elements with weak trace zero. It, loosely
speaking, states the following.

Theorem. Let uw € W'P(Q). Suppose that w has weak trace zero, i.e., suppose that
there exists a sequence (un) in W'P(Q) N C(Q) such that u, — win W'P(Q) and the
restriction of un to the boundary converges to zero in a suitable sense. Then the extension
of w by 0 outside of Q is an element of WP (RY).

The proof relies crucially on an observation concerning the proof of [SZgog,
Theorem 2.2] by Swanson and Ziemer.

Further, let Wg’p (Q) be the space of restrictions to Q of elements in WP (RY) that
are 0 a.e. on R4\ Q. We provide examples which show that, in general, elements
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with weak trace zero are not contained in Wg’p(Q) and that not every element of
Wg’p (Q) has weak trace zero. In Section 7.5 we discuss consequences of the main
result; this includes sufficient conditions on the domain O such that every element
with weak trace zero is contained in W&’p(Q).

The space of elements with weak trace zero is a closed subspace of WIP(Q). We
will see that it is a closed lattice ideal of both W'P(Q) and W'P(RRY) in a suitable
sense. Using a result of Stollmann, this allows a description of the space of elements
with weak trace zero based on the support of quasi continuous representatives. We
compare this to very similar results for the space Wé’p (Q).

The arguments throughout Chapter 7 require the notion of relative capacity and
fine representatives of elements in Sobolev space. The necessary background and
many references will be provided.

1.3 Contributions

The material in Chapter 3 is joint work in progress with Tom ter Elst and Hendrik
Vogt [ESV13]. We introduce an abstract form method for accretive forms and
operators which provides a common generalisation to both MCIntosh’s form method
for closed accretive forms [MC€I68; MCIyo] and the recent results by Arendt and
ter Elst [AE12, Section 2]. In particular, we neither assume that the form is closed
nor that the form domain V is embedded in H. For this reason we consider general
accretive operators and not only m-accretive operators. In the most general setting,
various new phenomena occur, as well as new forms of degenerate behaviour. We
provide a plethora of examples and give conditions which ensure a more regular
behaviour.

Chapter 4 is based on joint work with Wolfgang Arendt, Tom ter Elst and James
Kennedy in [AEKS13]. Our research was motivated by questions concerning gener-
alised Dirichlet-to-Neumann graphs that were stimulated by [AE12, Subsection 4.4]
and [AM12]. The newly introduced notion of compactly elliptic forms gives rise to a
form method that is well-suited for the study of generalised Dirichlet-to-Neumann
graphs and their stability, both in the accretive and symmetric setting. For this it is
crucial that we do not assume that the form domain V is embedded in H.

The exposition in Chapter 4 is somewhat different from that in [AEKS13]. In
this thesis I present the material from the general viewpoint of Chapter 3 and
make use of results of Izumino about the stability of Moore-Penrose generalised
inverses [[zu83]. Moreover, both the accretive and the symmetric case are considered
at the same time. To relate the results of Chapter 4 to those in Chapter 3, it
is important to note that the graphs associated with an accretive or symmetric
compactly elliptic form are always m-sectorial graphs by Corollary 4.26.

The content in Chapter 5 is joint work with Tom ter Elst [ES11]. We study a



1 Introduction

generalised notion of the regular part for j-sectorial forms, which were introduced
in [AE12, Section 3]. In Theorem 5.7 we prove a formula for the regular part that
is useful to transfer results from the positive symmetric case. The work in this
chapter extends some results about the regular part of positive symmetric forms by
Simon [Sim78a].

The material in Chapter 6 is joint work with Tom ter Elst [ES13] that extends
our previous results from [ES11, Section 4]. The formula for the regular part of a
differential sectorial form in Theorem 6.5 extends results by Vogt [Vogog] and has
immediate interesting consequences. The results in this chapter apply to a large
class of forms associated with degenerate elliptic differential operators.

Chapter 7 contains my results about the space of elements with weak trace
zero. Theorems 7.38 and 7.66 allow to relate this space to the spaces Wg’p(Q) and
W(])’p (Q). In particular, the findings extend [AE11, Proposition 5.5] to domains with
continuous boundary. Examples 7.56 and 7.55 show that the main result of the
chapter, Theorem 7.38, is in a sense best possible. Applications of the results in
Chapter 7 include domain approximation and the study of stability for problems
with Dirichlet boundary conditions. Moreover, for p = 2 the space of elements with
weak trace zero can be used as a form domain to obtain a realisation of the Dirichlet
Laplacian in [2(Q), which is different from the usual realisation in Subsection 1.1.2
for irregular domains. This is analogous to using W(])’z(ﬁ) as the form domain,
which gives rise to the pseudo Dirichlet Laplacian, see for example [AMgs5]. These
remarks highlight that there is a considerable amount of freedom when considering
problems with Dirichlet boundary conditions on very irregular domains.
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Preliminaries

In this chapter we collect various prerequisites for Chapters 3 and 4.

2.1 General remarks

In the part of this work where we study form methods, we are always in a Hilbert
space setting. If not stated otherwise, we assume our Hilbert spaces to be complex
and possibly nonseparable.

We will distinguish between operators and graphs. The operators and graphs
considered here are always linear. We shall use the notion of graph to refer to what
is commonly called a multi-valued operator or linear relation, whereas an operator
will always be supposed to be a functional relation. We refer to Section A.2 for a
succinct overview of the required theory.

2.2 Background of the form method

Let V, H be Hilbert spaces, and let a: V x V — C be a continuous sesquilinear
form. Recall that a is continuous if and only if there exists an M > 0 such that
la(w, v)| < M|ju|ly||v|ly for all u,v € V. If V is continuously and densely embedded
in H, then one defines the graph of an operator A associated with the form a in H
as follows. Let x,f € H. Then x € D(A) and Ax = f if and only if a(x,v) = (f|v)
for all v € V. Lions [Liosy, Theorem 3.6] proved the following theorem.
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2 Preliminaries

Theorem 2.1 (Lions). Suppose that V is continuously and densely embedded in H.
Moreover, suppose that a is elliptic, i.e., there are w € R and w > 0 such that

2 2
Rea(uw, u) + wljullfy = wlully

for all w € V. Then the operator A is m-sectorial.

In [MC€I68] MCIntosh improved Theorem 2.1 to the setting of accretive forms.
Recall that a is called accretive if

Rea(u,u) >0

forallu e V.

Theorem 2.2 (MCIntosh). Suppose that V is continuously and densely embedded in H.
Moreover, suppose that a is accretive and that there exists a p > 0 such that

sup |a(w,v) + (w[v)yl = uljully (2.1)
[vilv<1

for all w € V. Then the operator A is m-accretive.

Clearly, if in Theorem 2.1 the ellipticity condition holds with w = 1, then (2.1)
holds with the same value of p (but a does not need to be accretive). Note that
if we Rand a’: VxV — C is given by a’(u,v) = a(u,v) + w(u|v)y, then the
operator A’ associated with a’ satisfies A’ = A + wl, thus differs from A only
by a shift. Traditionally the form a in Theorem 2.1 does not have to be accretive,
but in Theorem 2.2 the form a is supposed to be accretive. One can relax the
conditions in Theorem 2.2 by introducing a shift and replacing a(u,v) + (u|v)y by
a(u,v) + w’(u|v)y, but this essentially does not change the content. In order to
avoid introducing such a shift, in the following sections we assume that a is already
accretive.

Finally, we formulate a recent generalisation of Theorem 2.1 where the Hilbert
space V does not have to be embedded in the Hilbert space H.

Theorem 2.3 (Arendt and ter Elst [AE12, Theorem 2.1]). Letj: V — H be a continuous
linear map with dense range. Suppose a is j-elliptic, i.e., there exist w € R and u > 0
such that

Rea(w,u) + w[j(w)[f > wlfully

for all w € V. Define the graph of an operator A as follows. If x,f € H, then x € D(A)
and Ax = f if and only if there exists a w € V such that j(u) = x and a(u,v) = (f|j(v))y
forallv € V. Then A is well-defined and m-sectorial.

In Section 3.1 we present a generation theorem which generalises both The-
orem 2.2 and 2.3.

14
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2.3 The abstract form method in the complete setting

In this section we introduce the notation that we will use in our investigation of
the form method in the complete setting. In particular, the notation here will be
used in Chapters 3 and 4. Moreover, we shall collect some basic properties of the
introduced objects in the process.

Let V and H be Hilbert spaces. Let a: V x V — C be a continuous sesquilinear
form and let j € £(V,H). Suppose that A C H x H is such that (x,f) € A if and
only if there exists a u € V such that j(u) = x and a(u,v) = (f|j(v))y forallv e V.
Then A is a linear subspace of H x H; so A is a graph in H x H. We call A the
graph associated with (a,j) and say that (a,j) generates A. If A is the graph of
an operator, we also say that (a,j) generates an operator and call A the operator
associated with (a,j).

The following is an easy observation.

Lemma 2.4. Let p € C and define b: V x V — C by

b(w,v) = alw,v) +p(G(w) i (V).
If A is the graph associated with (a,j), then pl + A is the graph associated with (b,j).

On the one hand we are interested in conditions on (a,j) that ensure that the
graph A generated by (a,j) satisfies a certain range condition. For example, if a
is accretive we want to know when A is m-accretive. On the other hand we are
interested in conditions on (a,j) which imply that A is an operator.

We define

Dj(a) == {u € V: there exists an f € H such that a(u,v) = (f[j(v))}; forallv € V}

and
Vj(a) ={ue V:a(u,v) =0forall v € kerj}.

Then both Dj;(a) and Vj(a) are subspaces of V, Dj(a) C Vj(a) and Vj(a) is closed in
V. Suppose that A is the graph generated by (a,j). Then Dj(a) is closely related
to the domain of A; more precisely, D(A) = j(Dj(a)). This direct connection to the
domain of the associated graph or operator highlights that D;(a) is a delicate object
which in applications frequently will be unknown. In comparison, the space Vj(a)
is a simpler and more stable object. We will encounter conditions on (a,j) which
guarantee that Dj(a) is dense in Vj(a).

We define the operator Ty € £(V) by requiring that (Tou|v),, = a(u,v) for all
u,v € V. For all p € C we define T, := Tp + pj*j. Then

(Tou|v) = alw,v) +p(G) [i(v))y
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2 Preliminaries

for all u,v € V. We will often use T, instead of working directly with a and j.

We shall see that sometimes restrictions of a to suitable subspaces of V exhibit
more regular behaviour. If V; is a closed subspace of V, we will call the pair
(alv, xv;,jlv,) the restriction of (a,j) to V.

Lemma 2.5. Let V, H, a and j be as above. Let A be the graph associated with (a,j).
Furthermore, let Vy be a closed subspace of V such that D;(a) C Vi, and let (aq,j1) be the
restriction of (a,j) to Vy. Then the graph associated with (ay,j1) is an extension of A.

Proof. Let (x,f) € A. Then there exists a u € Dj(a) such that j(u) = x and
a(u,v) = (flj(v))y for all v € V. Since u € Vi, it follows that j;(u) = x and
ar(w,v) = (flj1(v))y for all v € V;. Hence (x,f) is an element of the graph
associated with (ay,j1). H

The following gives an abstract characterisation of when the graph associated
with (a,j) is an operator.

Proposition 2.6. Let V, H, a and j be as above. Let A be the graph associated with (a,j).
Suppose that rgj is dense in H. Then the following are equivalent.
(i) A is an operator.
(ii) Dj(a) Nkerj C ker Tp.
(iii) Dj(a) Nkerj C ker T, for some (or all) p € C.

Proof. “(i)=>(ii)": Let u € Dj(a) Nkerj. Then
(Towlv)y = alw,v) = (Aj) [j(v))y =0

for all v € V, whence Tyu = 0.

‘(ii)=(i)": Letu € Dj(a), f € H and suppose that j(u) = 0 and a(u,v) = (f|j(v))y
for all v € V. Then u € Dj(a) Nkerj and hence Tou = 0 by Condition (ii). So
(fliv))y = a(u,v) = (Tou|v)y, =0 for all v e V. As rgj is dense in H, one deduces
f = 0. By linearity this shows that A is an operator.

‘(ii)<(iii)": This follows from T, = Ty + pj*j. O

Note that it is an immediate consequence of Proposition 2.6 that (a,j) generates
an operator if rgj is dense and Vj(a) Nkerj = {0}.

Lemma 2.7. Let A be the graph associated with (a,j). Let p € C. Then f € rg(pl + A) if
and only if there exists a w € V such that Tyu = j*f.

Proof. Let f € H. If Tou = j*f, then

a(w,v) + (W [F(v))y = (Toulv)y, = (G Iv)y = (FIj(v))

16
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forallv e V. So (j(u),f —pj(u)) € A, hence f € rg(pl + A). Conversely, suppose
f € rg(pl + A). Then there exists a u € Dj(a) such that a(u,v) = (f —pj(u) [j(v))y
for all v € V. Hence Tyu = j*f. O

Lemma 2.8. Let p € Cand u € V. Then u € Dj(a) if and only if Tou € rgj*.

Proof. By definition, u € Dj(a) if and only if there exists an f € H such that

(Toulv)y = alw,v) = (fIi(V))y = G*F1i(v))y
for all v € V. Now the claim follows from the inclusion rg(T, — Tp) C rgj*. O

Lemma 2.9. Let A be the graph associated with (a,j). Suppose that p(A) # () and j is
compact. Then A has compact resolvent.

Proof. Choose p € C such that (pl +A) T e £(H). Let f € H. By Lemma 2.7 there
exists a u € V such that T,u = j*f. Then (pI + A)7f =j(u). Set W = (keer)L.
We may assume that u € W. Then u is unique. So by mapping f — u we obtain a
linear map Z: H — W. Using the closed graph theorem, it is readily verified that Z
is bounded. Since (pI + A)~! =jZ, the graph A has compact resolvent. O

Definition 2.10. If there exists an w € R and a p > 0 such that
Rea(u,u) + wlj(w[f > wluly
for all u € V, we say that a is j-elliptic.

The following is a straightforward generalisation of Theorem 2.3 that does not
require rgj to be dense in H. The proof shows that the graph associated with a
j-elliptic form a fails to be an operator only in a trivial way.

Theorem 2.11. Let V, H, a and j be as above. If a is j-elliptic, then (a,j) is associated with
an m-sectorial graph A such that A[0] = (rgj)i. In particular, if rgj is dense in H, then
A is an operator.

Proof. Set H; := rgj. Define j;: V — Hj by ji(u) = u. Let Aj be the m-sectorial
operator in H; associated with (a,j;) by Theorem 2.3. Set H; = H]L. It is readily
verified that A = gr A; @ ({0} x Hy) and that A is m-sectorial. O

Remark 2.12. To compare this with the general abstract setting, let f € Hand p € C.
Then f € A[0] if and only if there exists a u € kerj such that T,u = j*f. So kerj
plays a vital role here, not merely kerj*.
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The form method for accretive
forms and operators

In this chapter we introduce and study a form method for accretive forms and
operators. Our motivation is to provide a common generalisation to both MCIntosh’s
generation theorem for accretive forms, Theorem 2.2, and the generation theorem
for j-elliptic forms by Arendt and ter Elst, Theorem 2.3.

We start in Section 3.1 by presenting the new generation theorem. We study
various sufficient conditions on the form which ensure that the generation theorem
can be applied. Moreover, we investigate generation properties of suitable restric-
tions of the form. In Section 3.2 we give a necessary and sufficient condition in
terms of operator ranges for an accretive operator to be associated with an accretive
form. We give examples of accretive operators which can not be generated by an
accretive form. In Section 3.3 we prove a basic form approximation result. We
investigate generation properties of the dual form in Section 3.4. This is followed by
Section 3.5, where we study a suitable sufficient condition for the range condition
in the generation theorem that is adapted from MCIntosh [MC€I68]. In Section 3.6
we transfer a characterisation by Ouhabaz for the invariance of closed convex sets
under the associated semigroup to our setting. Finally, in Section 3.7 we briefly
discuss how our results can be applied in a setting where the form domain is
merely a pre-Hilbert space.

Throughout this chapter we provide various examples, give implications between
many different conditions and highlight fundamental differences to the well-known
elliptic theory. In Section A.1 of the appendix we collect various basic results about
accretive operators. The material in this chapter is joint work with Tom ter Elst and
Hendrik Vogt [ESV13].
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3 The form method for accretive forms and operators

3.1 The complete case

Let V and H be Hilbert spaces, a: V x V — C a sesquilinear form and j € £(V, H).
We assume that

(I) ais continuous and accretive, and
(ID) j(V) is dense in H.

We point out that we do not assume j to be injective.
Since a is continuous, there exists an operator Tp € £(V) such that

a(w,v) = (Tou[v)y

for all u,v € V. Clearly Tj is accretive, hence m-accretive by Corollary A.6. Recall
that

Dj(a) = {u € V: there exists an f € H such that a(u,v) = (f|j(v))y forall v € V}.

Note that for any u € Dj(a), the element f on the right hand side is unique since
j(V) is dense in H. Here we use the notation Dj;(a) instead of the notation Dy(a)
that was introduced in [AE12] to emphasise that this space depends not only on H,
but also on j. It will be convenient for the following to define the sesquilinear form
b: VxV = Cby

b(u,v) = a(u,v) + ((u) [F(v))y-

Since b is continuous, there exists an m-accretive operator T € £(V) such that
b(w,v) = (Tulv)y, (3.1)

for all u,v € V. Clearly T = Ty +j*j. We assume throughout this chapter that a and
j satisfy Conditions (I) and (II), and we define Ty, T, b and Dj(a) as above.
If b(u,u) =0, then ||j(u) ||ﬁ = 0 since a is accretive. Put differently,

(Tu|u)y =0 implies u € kerj. (3.2)

In particular, ker T C kerj. As T is m-accretive, it follows from Proposition A.8 that
ker T* = ker T C kerj. Hence

rgj* CrgT. (3.3)
Moreover, one has
ker T C Dj(a) Nkerj. (3-4)

If the statements in Proposition 2.6 are satisfied, we say that (a,j) is associated
with an accretive operator and call A the operator associated with (a,j).
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Now we state the generalised generation theorem, which is the main result of
this section.

Theorem 3.1 (Generation theorem for m-accretive operators). Let V, H, a and j be
as above. Suppose that a and j satisfy Conditions (1) and (II). Assume that the equivalent
conditions of Proposition 2.6 are satisfied and let A be the operator associated with (a,j).
Then A is m-accretive if and only if

rgj* CrgT. (3-5)

We first establish a simple general formula. By T; '] we denote taking the
preimage under Ty (analogously for T).

Lemma 3.2. Suppose a and j satisfy Conditions (1) and (II). Then Dj(a) = T, ! [rgj*] =
T 'rgj*]. In particular, T(Dj(a)) C rgj*.

Proof. Let u € V. By definition, u € Dj(a) if and only if there exists an f € H
such that a(u,v) = (f|j(v))y for all v € V. This is equivalent to the statement
that there exists an f € H such that (Tou|v)y = a(u,v) = (j*f|v)y for all v € V.
Therefore Tou € rgj* if and only if u € Dj(a). Now the second equality follows
from Dj(a) = Dj(b). ]

We will obtain Theorem 3.1 as a consequence of the following proposition.

Proposition 3.3. Suppose a and j satisfy Conditions (I) and (II). Assume that (a,j) is
associated with an accretive operator A. Let f € H. Then f € rg(1+ A) if and only if
there exists a u € Dj(a) such that Tu = j*f. In particular, A is m-accretive if and only if
rgj* C T(Dj(a)).

Proof. Let f € H. Then f € rg(I+ A) if and only if there exists a u € Dj(a) such that

(Tufv)y =alw,v) + () (V) = (T+ A} [V = (FH V) = G Iv)y

for all v € V. Now the second statement follows from the above and the fact that
the accretive operator A is m-accretive if and only if rg(I+A) = H. O

Proof of Theorem 3.1. If A is m-accretive, then Proposition 3.3 implies that Condi-
tion (3.5) is satisfied. Conversely, suppose Condition (3.5) is satisfied. By Lemma 3.2,
we obtain T(Dj(a)) = rgj*. Therefore A is m-accretive by Proposition 3.3. This
proves the theorem. O

Remark 3.4. 1. It follows from (3.4) that (a,j) is associated with an accretive oper-
ator if and only if
Dj(a)Nkerj =kerT.
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Note that in general the latter equality does not hold with T, instead of T. Moreover,
T may not be replaced by Ty in Condition (3.5). Both can be observed in the example
specified by V = H, To = 0 and j = I, where H is a Hilbert space with dim H > 0.

2. If V is finite-dimensional and (a,j) is associated with an accretive operator A,
then A is m-accretive. This follows from Theorem 3.1 since (3.3) implies rgj* C rg T.

3. Suppose (a,j) is associated with an accretive operator A. By Proposition 3.3
and Lemma 3.2 the operator A is m-accretive if and only if T(Dj(a)) = rgj*.

4. If j is injective, then (a,j) is associated with an accretive operator. If, in
addition, T is bijective, then T~! is bounded and the associated operator is m-
accretive. Thus Theorem 2.2 of MCIntosh [MC€I68, Theorem 3.1] is a special case of
Theorem 3.1. We also point out that Condition (3.5) has already appeared in [M€I66,
Theorem 3.5] in the setting of injective j. Moreover, Theorem 2.3 is a special case
of Theorem 3.1 by the following argument. Adopt the assumption of Theorem 2.3.
We may shift a such that w = 0. Then a is accretive. By the ellipticity condition we
have

wlul? < Rea(w,w) < [b(w,w)l < [ Tully[[uly

for all u € V. This implies that T is injective and has closed range. It follows from
ker T* =ker T = {0} that rg T = V. Hence T is invertible. Moreover, if u € V satisfies
a(u,u) = 0, then u = 0. Hence Dj(a) Nkerj = {0}. Therefore (a,j) is associated
with an accretive operator A by Proposition 2.6. Moreover, A is m-accretive by
Theorem 3.1. The same applies to the operator e'*A for all « € R such that |« is
small. Hence A is m-sectorial.

The following finite-dimensional example shows that it is possible that (a,j) is
not associated with an accretive operator even though T is invertible.

Example 3.5. Let V = C?, H =C and j(u;,u3) = u,. Define the form a: VxV — C
by a(u,v) = uyvi —w;v;. Then clearly T = (_O] } ), which is an invertible matrix.
However, (a,j) is not associated with an accretive operator. To prove this, let
u € Dj(a) and f € C be such that

wvr —wv; = a(u,v) = (flj(v))c = vz

for all v € V. Then j(u) = u; = 0 and uy; = —f. This implies that D;(a) = kerj =
C x {0}. Then the claim follows by Proposition 2.6. &

Even if (a,j) is associated with an accretive operator, the associated operator
need not be m-accretive. To make matters worse, the restriction of (a,j) to a closed
subspace W C V that contains Dj(a) and satisfies that j(W) is dense in H need not
be associated with an accretive operator, even if this is the case for (a,j).

Example 3.6. Let V = {; and H = C. By (ex)xen we denote the usual orthonormal
basis in {; such that ey is 1 at the kth position and zero otherwise. Let Ty € £(V)
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be such that Tyey = 1Eek for all k > 3, Toe; = —ey and Tpey; = e1. Observe that T
is m-accretive. Clearly w = (0, %, %, %,. ..) € £ is not in the range of Ty. Define
j € £(V,C) by j(u) = (u|w),,. Set T == To+j*j and note that T € L£(V) is m-
accretive. As Ty is injective and j*(«) = aw for all « € C, the operator T is injective
and w ¢ rg T. Hence T is not invertible. Define a: V x V — C by a(u,v) = (Tou!v)ez.
Then Ty and T are indeed the operators representing a and b in V.

Since rgj* = (kerj)* = span{w}, it follows from Lemma 3.2 that Dj(a) = {0}.
Therefore (a,j) is associated with an accretive operator that is not m-accretive.

Let W = span{ey, e;} C V and define a = aly/«w and j =jlw. Itis easily observed
that we are now in the setting of Example 3.5. Therefore (4,j) is not associated
with an accretive operator even though Dj(a) C W and (a,j) is associated with an
accretive operator.

Furthermore, note that if we instead choose W = span{e;}, then alyw = 0 and
(alwxw,jlw) is associated with the m-accretive zero operator on H = C. If one
chooses W = span{es}, then (alwxw,jlw) is associated with an m-accretive operator
that is different from the zero operator. In fact, a straightforward calculation shows
that the associated operator in this case is %I. &

The previous example shows that taking seemingly suitable restrictions of a and
j does not need to give ‘better” operators and can introduce surprising degrees of
freedom. The next simple example illustrates that (a,j) can be associated with a
nonclosed accretive operator.

Example 3.7. Let V and H be Hilbert spaces and j € £(V,H) with dense range.
Choose the form a = 0 on V x V. Then (a,j) is associated with an accretive operator
A. More precisely, D(A) =rgj and A = 0. Therefore A is m-accretive if and only
if it is closed. The latter is equivalent to rgj = H. Still, A is densely defined and
closable. &

We now show that every densely defined, closed, accretive operator is, in the
obvious way, associated with an accretive form. Note that the operator does not
have to be m-accretive.

Example 3.8. Let R be a densely defined, closed, accretive operator in a Hilbert space
H. Equip V = D(R) with the inner product (u|v)y = (Ru|Rv)y + (u|v)y. This
makes V into a Hilbert space. Define the form a: V x V — C by a(u,v) = (Ru|v),,.
Then a is accretive and continuous. Let j: V — H be the inclusion. Then j is
continuous with dense range. Obviously (a,j) is associated with an accretive
operator. It is easy to verify that Dj(a) = V. So R is the associated operator. &

Next we give an example such that j is injective, whence (a,j) is associated with
an accretive operator, but such that rg T Nrgj* = {0}. In particular, the condition
rgj* C rg T in Theorem 3.1 is clearly not fulfilled. The example is based on the
following lemma.

23



3 The form method for accretive forms and operators

Lemma 3.9. Let H be an infinite-dimensional Hilbert space. Suppose R,S € L(H) are
self-adjoint, positive, injective operators such that rg R Nrg S = {0}. Equip V = rg R with
the inner product (w|v)y = (RTu|[R™W), . Let j: V — H be the inclusion. Then there
exists an accretive form a: V x V — C such that a and j satisfy Conditions (I) and (II),
and such that Dj(a) = {0}.

Proof. Note that both rg R and rg S are dense, V is a Hilbert space and j is continuous
with dense range. Moreover,

G5 (W v)y = G W)y = RTRUIRTV), = (RPulv)y,

for all u,v € V. This shows that j*j = R%|y, and j* = R%. Define the sesquilinear
forma: VxV — C by

a(u,v) == (SR 'u| R*]V)H = (RSR*]ulv)v.

So T = R?ly +RSR™!. Let u € rg TNrgj*. Then there exist v € V and f € H such
that Tv = u = j*f. It follows that RSR~'v = R?(f —v), whence SR~'v € rgR. So
R™'v = 0 and hence u = 0. This proves that Dj(a) = {0} by Lemma 3.2. O

We point out that the form a in Lemma 3.9 is symmetric and positive, but not
elliptic. More precisely, by the above neither the conditions of Theorem 2.1 nor
those of Theorem 2.3 are satisfied.

Example 3.10. Let H = [2(R). Define R = exp(—Q4) and S = exp(—P4), where Q
is the multiplication operator with x in H (the so-called “position operator”’) and
P is the operator i% (the so-called ‘momentum operator’). It is a consequence of
Beurling’s theorem (see [Horg1], for example) that rgRNrgS ={0}. So R and S are
bounded linear operators that satisfy the conditions in Lemma 3.9. Alternatively,
see the first step of the proof of [FW71, Theorem 3.6] for the construction of such
operators on the Hilbert space {,.

By choosing V, a and j as in Lemma 3.9, we obtain an example where j is injective
and (a,j) is associated with an accretive operator that has the domain {0}. &

It is trivial to construct examples with ker T # {0} such that (a,j) is associated
with an m-accretive operator.

Example 3.11. Let V= C2, H=C, a = 0 and j(u) = u;. Then T = j*j, and the
equivalent conditions of Theorem 3.1 are satisfied. Moreover, D;(a) = C? and
kerj = {0} x C = kerT. &

A convenient sufficient condition for (a,j) to be associated with an accretive
operator is as follows.
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Lemma 3.12. Suppose a and j satisfy Conditions (I) and (II). Suppose for all uw € V with
b(u,u) = 0 one has uw = 0. Then Dj(a) Nkerj = {0} and (a,j) is associated with an
accretive operator.

Proof. Let u € Dj(a) Nkerj. Let f € H be such that a(u,v) = (f|j(v))y for all v € H.
Then b(w, 1) = a(w,w) + [|j(w)|[f = (f]j(u))y =0, whence u = 0. O

Another sufficient condition is as follows.
Lemma 3.13. If j(Dj(a)) is dense in H, then (a,j) is associated with an accretive operator.

Proof. This follows from the fact that densely defined, accretive graphs are single-
valued, see [HPg7, Remark 3.1.42].

We provide a direct proof here to be self-contained. Let u € Dj(a) Nkerj and let
f € H be such that a(u,v) = (f|j(v))y for allv € V. Let w € Dj(a) and A € C. Then
there exists a g € H such that

a(w,u) = (glj(u))y =0.
Hence we obtain
0 < Rea(w —Au,w—Au) = Rea(w,w) —Re (Af[j(w))y.

This shows that (f|j(w))y = 0 for all w € Dj(a). Therefore f = 0. Hence Tou =
j*f = 0. Now the statement follows from Proposition 2.6. O

We next give an example where j(Dj(a)) is dense in H, but such that the associ-
ated operator is not m-accretive.

Example 3.14. Let H = [2(0,00) and V = Hg)(O, 00). Let j be the (injective) embed-
ding of V into H. Define a: V x V — C by

o0
a(u,v) = —J u'v.
0

Using the continuous representative of u € H}(0, c0), we obtain

(o.e]
2Rea(u,u) = —J (W +uw) = —[ul]y = u(0)F =0
0
for all u € V. Hence a and j satisfy Conditions (I) and (II). It is easily observed that
the operator A associated with (a,j) is given by Au = —u’ and D(A) = Hg)(O, 00).
Note that the operator B in H defined by Bu = —u’ and D(B) = H'(0, 00) is
accretive and strictly extends A. So D(A) is dense, but A fails to be m-accretive.
We remark that the operator —A is accretive and satisfies (—A)* = B. Clearly —A
is closed and densely defined. Hence —A is m-accretive by Proposition A.11. Note
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3 The form method for accretive forms and operators

that the operator —A is associated with (—a,j), while B = (—A)* is associated with
(d,7), where the form &: H'(0, 00) x H'(0,00) — C is defined by d(u,v) = — fgo u'v
and j is the embedding of H'(0, c0) into H. O

The next proposition is a direct consequence of Lemma 2.9.

Proposition 3.15. Assume a and j satisfy Conditions (I) and (I1I). Assume that (a,j) is
associated with an m-accretive operator A. Suppose that j: V — H is compact. Then A has
compact resolvent.

In the following example an m-accretive operator is associated with an accretive
form corresponding to a second-order differential expression. Later in Section 3.5
after Proposition 3.55 we will briefly revisit this example.

Example 3.16. Let a,b € R with a < 0 < b. Let H =%(a,b), and let V = Hg)(a,b)

with norm HuH%, = leu’lz. Let j be the embedding of V in H. Define a: V xV — C
by
b
a(u,v) = iJ (sgnx) u'(x)v/(x) dx.

a

Then a and j satisfy Conditions (I) and (II). Note that Rea(u,u) =0 forallu e V.
It is readily verified that the associated operator A is given by Au = —i(sgn - u’)’
on the domain D(A) = {u € H(])(a,b) csgn -u € H'(a,b)}. Since iA is a self-
adjoint operator by [Nai68, Theorem 5 in §18.2], the operator A is m-accretive and
Condition (3.5) is satisfied. It follows from Proposition 3.15 that A has compact
resolvent.

In particular, we may choose a = —1 and b = 1. Then a straightforward
calculation yields (Tou)(s) = i(sgn s)(u(s) + (Is| — 1)u(0)) for all s € (—1,1) and
i*j = (_ABM))4 |H(]>(—1,1)’ where ABH] denotes the Dirichlet Laplacian on (—1,1).
Note that Ty is not injective since s — 1 —|s| is an element of the kernel of Ty. In
this example a direct verification of Condition (3.5) appears to be difficult. &

As in Section 2.3 we define the subspace
Vj(a) ={u e V:a(u,v) =0 forall v € kerj}.

It is immediate from the definitions that Dj(a) C Vj(a) and that Vj(a) is closed.
Moreover, it is easily observed that

Vi(a) = V;(b) = T ' [(kerj)*]| = (T kerj)™,

where L denotes the orthogonal complement in V. Hence, if T is invertible, then it
follows from Lemma 3.2 that Vj(a) is the closure of Dj(a).
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The space Vj(a) plays an important role in the theory of j-elliptic forms as in
Theorem 2.3. If a is j-elliptic, then Dj(a) is dense in Vj(a) by [AE12, Proposi-
tion 2.3 (ii)], one has the (possibly nonorthogonal) decomposition V = Vj(a) @ ker j
by [AE12, Theorem 2.5 (i)], and the associated operator is determined by the restric-
tion (al\/j (a)xV; (a) j!vj(a)). If a is merely accretive, then in general Dj(a) is not dense
in Vj(a) even if j is injective and (a,j) is associated with an m-accretive operator.
An example for this is as follows.

Example 3.17. Let V = H = {,. Let S € £(V) be the right shift, so Se, = e,,1 for
alln € IN. Define T € £L(V) by T'ep, =2 "eqand j € L(V,H) by j = (I —-25")T' =
T'(I—S*). Then j* = T/(I1—2S) and hence rgj* C rgT’. Since T'(I—S*) is the
composition of two injective maps, it follows that j is injective and, in particular,
Vj(a) = V. If u €V, then

IR = 1(1=28)Tulf < 9Tuly < §(T'ulw),.
Hence if one defines a: V x V — C by

a(u,v) = 3(T'ulv)y, — G )y,

then a is continuous and accretive. As (I—2S) is injective, also j* = T'(I — 2S) is
injective. Therefore j has dense range. Note that b(u,v) = (Tu|v),, where T = %T’ .
So (a,j) is associated with an m-accretive operator by Theorem 3.1.

For all n € IN define w,, = ZL; ex € V. Then j(wy) = T'eq = 27 ™ey, for all
n € IN. Hence limy ;o j(wn) = 0 in H. Moreover, define w = limy oo T'Wy, =
Y2 e eV,

We show that w € (Dj(a))l. Let u € Dj(a). By Lemma 3.2 there exists an f € H
such that T'u = j*f. Then

(Wl Twn)y = (Tulwn)y = G lwn)y = (fli(wn))y

for all n € IN. For n — oo we obtain (u|w),, = 0. Since w # 0, it follows that Dj(a)
is not dense in Vj(a).

We also point out that in this example Dj(a) is closed in V. To this end, observe
that Dj(a) = T! [rgj*] = rg(%I — S). Therefore it suffices to show that %I —Sis
Fredholm. To this end it is useful to consider the Calkin algebra, which is the quo-
tient space of the bounded operators modulo the compact operators and becomes a
C*-algebra in the natural way; see [Douy2, Chapter 5]. Let 7t be the corresponding
natural projection map. By [Douy2, Definition 5.14 and Theorem 5.17] the operator
%I — S is Fredholm if and only if 7[(%1 — S) is invertible in the Calkin algebra. As
SS§* —Tis compact and $*S = I, the operator 7t(S) is unitary in the Calkin algebra.
Hence 71(%1 — §) is invertible in the Calkin algebra. &
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3 The form method for accretive forms and operators

The following example shows that (a,j) can be associated with a nonclosable
accretive operator. It is obtained by adapting Phillips” example for a nonclosed,
maximal accretive (single-valued) operator in [Phisg, Footnote 6]. Note that the
operator here is not maximal accretive. We will see in Proposition 3.37 that we
cannot obtain a nonclosed, maximal accretive operator in our setting.

Example 3.18. Let H = {;(IN), and let (en)nen be the standard orthonormal basis.
Equip the subset V of {,(INy) specified by

Vi= {u = (Wn)new, € GNO) 1 )_[2"unf’ < 00}

n=0
with the inner product

o0
(wlv)y = Z 4™y v

n=0
for all u,v € V. Then V is a Hilbert space.
Definey =) 1,2 "en € H. Letj € £(V, H) be defined by

)
](u) =uper +wy + Zunen-

n=2

Note that j has dense range in H. We show that j is injective. Let u € kerj. Then
uo = 0. Moreover, u, = —u;27 " for all n > 2. This implies that u = 0 because
(2™un)nen, € &2(INg) asu € V.

Define a: V x V — C by

a(u,v) = wvg — upvy.

Then a is accretive and continuous. So a and j satisty Conditions (I) and (II), and
(a,j) is associated with an accretive operator A since j is injective.

We first show that Dj(a) ={u € V:uy =0}

‘C’ Let u € Dj(a), and let f € H be such that

a(w,v) = (fj(v))y

for all v € V. Hence

o0
wvg —wevi = (F1i(v))y = fivo + (Fly)vi+ ) fuVn

n=2

for all v € V. This implies that f, = 0 for all n > 2. Hence (f|y),; =0 and up = 0.
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3.1 The complete case

‘D" Let u € V be such that uy = 0. Set f := u;je;. Then
a(w,v) =wvg = f1vg = (f|j(v))y

forallv €V, ie., u e Dj(a).
Now we show that the operator A associated with (a,j) is not closable. Observe
from the preceding calculations that

[0.0]
D(A) = {u1y + ZuneTl Tu e V}
n=2
and Ay = e;, Aen =0 for all n > 2. Note that ym = Y ., 2 "eq is in D(A) for all
m > 2. Then im0 ym = 0 in H, but Ay, = ey for all m > 2. Hence A is not
closable. Consequently, A cannot be densely defined by Lemma A.9g.
For later use we note that

rg(I+A) = {u1y+Zunen:u€V}. (3.6)
n=1
Finally, we point out that Dj(a) is closed in V, but Dj(a) # V;(a) = V. &

The next proposition explains why in the following we may restrict our attention
to the case ker T = {0}.

Proposition 3.19. Assume a and j satisfy Conditions (I) and (II). Let W be a closed
subspace of V such that V. = W @ ker T, where the direct sum does not need to be
orthogonal. Define & = aly .y and j = jlw. Then & and j satisfy (I) and (II). Moreover,
the following statements hold.

(a) Let T be defined as in (3.1) with respect to & and j. Then ker T = {0}
(b) The following three identities hold:

kerj = kerj @ kerT,
Dj(a) = Di(a) @ kerT,
Vj(a) = V;(ﬁ) @ kerT.

(c) One has Dj(a) Nkerj C ker T if and only iij(a) Nkerj = {0}, and if this is the
case, then A = A, where A and A are the operators associated with (a,j) and (@, 1),
respectively.

(d) Assume in addition that (a,j) is associated with an m-accretive operator. Then there
exists a unique operator Z: H — W such that TZ = j*. Moreover, Z is bounded and
(I+A)" =jZ
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3 The form method for accretive forms and operators

Proof. Obviously @ is continuous and accretive. Since ker T C ker j by (3.2), the map
j has dense range. So @ and ] satisfy Conditions (I) and (II). Next we state some
basic identities. If u € ker T, then b(u,v) = (Tu|v)y, =0forallve V. Ifve kerT,
then v € ker T* by Proposition A.8 (b) and hence b(u,v) = 0 for all u € V. Then
also a(u,v) =0forallu,ve VwithueckerTorvekerT.

(a) Let u € ker T. Then b(u,v) = (Tu\v)v =0 forallve W. As also b(u,v) =0
for all v € ker T, we obtain b(u,v) =0 for all v € V. Hence Tu =0, i.e,, u € kerT.
Since u € W, we deduce that u = 0. So ker T= {0}.

(b) Since ker T C Dj(a) C Vj(a) and ker T C kerj by (3.4), it suffices to show the
three identities

kerj "W = kerj,
D)'(Cl) NW= Di(ﬁ),

The first identity is clear. For the proof of the second identity let u € Dj(a) N W.
Then there exists an f € H such that a(u,v) = a(u,v) = (f|j(v)) for allv € W,
sou € D;(a). Conversely, let u € D;(a). Then there exists an f € H such that
a(u,v) = (flj(v))y for all v e W. But a(u,v) = 0 = (f|j(v))y for all v € kerT,
by (3.2). Therefore a(u,v) = (f|j(v))y forallv € W+ker T =V. So u € Dj(a) and
hence Df( d) C Dj(a) N W. The third identity is proved similarly.

(c) It follows from (b) that

Dj(a) Nkerj = (Di(ﬁ) Nkerj) + kerT.

As kerj Nnker T = {0}, this shows that Dj(a) Nkerj C kerT if and only if Dj(ﬁ) N
ker) = {0}.

For the proof of the second claim, let u € W, w € ker T and f € H. Then by (3.2)
one has j(u) = j(u+w), a(u,v) =0 forall v € ker T and a(w,v) =0 for all v € V.
Therefore a(u+w,v) = (f|j(v)) for all v € V if and only if a(u,v) = (f| f(v))H for
all v e W. It follows that A = A.

(d) By Theorem 3.1 we have rgj* C rg T = rg Tly. Note that T|yy is injective. So
the operator Z: H — W is given by Z = (Tly)~'j*. It is closed as a composition of
a bounded and a closed operator. Consequently, Z is bounded. To prove the final
assertion, let f € H. Then TZf = j*f and hence (I + A)~'f = jZf. Il

In Example 3.6 we saw that various degenerate behaviour can occur if we restrict
a and j to a closed subspace W C V such that D;j(a) C W and j(W) is dense in H.
The corollary to the following proposition shows that this does not happen if (a,j)
is associated with an m-accretive operator.
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Proposition 3.20. Assume a and j satisfy Conditions (1) and (I1). Assume that j(Dj(a)) is
dense in H. Let W C V be a closed subspace such that j(Dj(a) "\W) = j(Dj(a)). Define
& = alwxw and ) = jlw. Then (a,j) and (8,7) are associated with accretive operators A
and A, respectively. Moreover, A is an extension of A.

Proof. First note that (a,j) is associated with an accretive operator A by Lemma 3.13.
Also j satisfies Condition (II) since by assumption j(Dj(a)) C j(W) = rgf.

It is immediately clear t}lat Dj(a)NW C Di(ﬁ). Therefore also (4, }) is associated
with an accretive operator A by Lemma 3.13. Let x € D(A) and f = Ax. Then there
exists a u € Dj(a) N W such that j(u) = x. It follows that

a(w,v) = (fli(v))y
for all v € V. This shows that A is an extension of A. O

Corollary 3.21. Assume a and j satisfy Conditions (I) and (II). Suppose (a,j) is associated
with an m-accretive operator A. Suppose W satisfies the assumptions in Proposition 3.20.
Let & and j be defined as in Proposition 3.20. Then the operator A associated with (a,3) is
equal to A.

Remark 3.22. 1. If W is a closed subspace of V such that Dj(a) C W, then the
condition j(W N Dj(a)) = j(Dj(a)) is clearly satisfied.

2. We note that in Proposition 3.20 one may choose W = Dj(a) N (ker T)+,
provided j(Dj(a)) is dense in H. This follows from Proposition 3.19 (b) using the
decomposition V = (ker T)* @ ker T.

3. Even if (a,j) is associated with an m-accretive operator, in general it is not
possible to choose W = Vj(a) N (kerj)* in Proposition 3.20. For example, let
V = C?, H = C, define j € £L(V,H) by j(u;,u2) = uy and define a: VxV — C
by a(u,v) = uyv; + i(uw;vz +uyvy). Then a is j-elliptic (cf. Theorem 2.3) and (a,j)
is associated with an m-accretive operator. Moreover, kerj = {0} x C and Vj(a) =
{(o, —xi) : o« € C}. Hence Vj(a) N (kerj)*+ ={0}.

The following example shows that the operator A in Proposition 3.20 can indeed
be a proper extension of A, even if j is injective and W is the closure of Dj(a) in V.
In the construction of the example we rely on the following lemma.

Lemma 3.23. Let A > 1 be an unbounded self-adjoint operator in a Hilbert space H.
Suppose f € H\ D(A'/?). Equip V := D(AY?) with the inner product (x|y), =
(A1/2x | AV/2y),,. Then the set

{x e D(A): (Ax|f)y =0}

is dense in V.
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Proof. Let W = D(A) be equipped with the induced topology of V. Note that W is
dense in V. It suffices to verify that ¢: W — C defined by ¢(x) = (Ax|f);, is an
unbounded linear functional. Then, by a well-known elementary fact of functional
analysis, the kernel of ¢ is dense in W. Hence ker ¢ is dense in V, which proves
the claim.

We complete the proof by showing that ¢ is unbounded. Assume ¢ is bounded.
Then by the Riesz representation theorem there exists a v € V such that

(Ax| )y = @o(x) = (x|v)y = (AVZXIAVZV)H
for all x € D(A). This implies that f € D(A'/?), which is a contradiction. ]

Example 3.24. Define an unbounded self-adjoint operator A>lina separable Hil-
bert space H by taking the countable disjoint sum of an operator as in Lemma 3.23.
Equip V; := D(A"/2) with the inner product (wlv)y, = (szu ! RVZV). Then there
exists a closed infinite-dimensional subspace H; of H with Vj N H; = {0} such that
the set

D = {x € D(A): (Ax|f),, = 0 for all f € H,}

is dense in V;.

Let V; and a; be given as in Example 3.10 for the Hilbert space L%(R). Since H,
and L?(IR) are isometrically isomorphic, we may identify H, and L?(IR) and assume
that jo: V2 — H; is the inclusion. Then Dj,(a;) = {0}. Let V = V; @ V5. Define
j: V= Hbyj(u;, uz) =uj +uy. Define a: VxV — Cby

a((w,w), (vi,v2)) = (A 2y |7‘\1/2V1)H + az(uz,v2).

Then a and j satisfy Conditions (I) and (II). Moreover, j is injective. Therefore (a, j)
is associated with an accretive operator A.
We determine Dj(a). Suppose u € Dj(a) and let f € H be such that a(u,v) =

~

(f]j(v))y for all v € V. On the one hand, choosing v, = 0 yields u; € D(A) and

~

Auy = f. On the other hand, by choosing vi = 0, we obtain

(1, v2) = (Flva)y = (A |Pv2)y, = (PAW, !Vz)Hz

for all v; € V,, where P is the orthogonal projection onto H; in H. Hence u, €
Dj, (a2) = {0} and PAu; = 0. This shows that u € D x {0}. Conversely, assume that
u € D x{0}. Then

a((w1,0), (vi,v2)) = (AV2ug [AV2v)
= (Km Vi) + (/A\lu Iv2)y = (Km |'vq +v2)H

for all v = (vy,v;) € V. Thus Dj(a) = D x {0}.
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Let A be the operator associated with (a,j). By construction, D;(a) is dense i in
W = V; x{0}. This implies that D(A) 1s dense. Let @ = alyyxw and j = jlw. Then A
is associated with (4,3). The operator A is an extensmn of A by Proposmon 3.20.
Note, however, that D(A) is a proper subset of D( ) since rgA is dense in H,
whereas rg A C Hy fails to be dense in H. &

We close this section with another example. It shows that in the setting of
Proposition 3.20 one cannot expect to have any monotonicity of the domain of A
with respect to the choice of W.

Example 3.25. Let A > I be an unbounded self-adjoint operator in a Hilbert
space H. Equip W := D(A) with the inner product (u[v)y, = (Au|Av),. Let
weDA ) \D(AZ) be such that ||w|, = 1. Then

W :={u € D(A) : (Au|Aw),, = 0}

is dense in H, which follows similarly as in the proof of Lemma 3.23. Moreover, we
have the orthogonal decomposition W = W; @& span{w}.
Set V:=C® W and define j: V — H by j(x, u) = u. Define the form a: VxV —
C by R
a((x,w), (B,v)) = (Aulv), + x(w|v)y, — B(u|w)y

Then a and j satisfy Conditions (I) and (II).

We determine Dj(a). Let («,u) € Dj(a) and f € H be such that a(( u), (B,v)) =
(f1j(v))y for all (B, v) € V. Choosing B =0and v € Wj shows f = AL Moreover,
if 3 =0and v =w, then

(Aulw)y + alwliy = al(e,w), (0,w)) = (Flw)y = (Aulw),,.

Therefore o = 0. Furthermore, choosing 3 =1 and v = 0 shows (u|w)y, =0, i.e,,
u € W1. Conversely, if u € Wy, then

a((0,1), (B,v)) = (Aulv), — Bulw)y = (Aulj(B,v))y

for all (,v) € V. Therefore Dj(a) = {0} x W;. Note that j(Dj(a)) = W is dense in
H. Therefore (a,j) is associated with an accretive operator A. Moreover, A is the
(proper) restriction of A to W;.

For simplicity, we now consider both W; and W directly as closed subspaces
of V. Note that in this example Dj(a) = W; C W. So Proposition 3.20 applies to
the restr1ct10ns of (a,j) to both W1 or W. Let a1 = alw, xw,, & = alwxw, j1 = )IW1
and j = jlw. Then A is associated with (a;,j), the self-adjoint operator A is
associated with (&,7) and A is again associated with (a,j), despite W C W C V
and Dj(a) = Wj. In the j-elliptic case this cannot happen, see also Corollary 3.21.
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Finally, note that j is injective and W = D;(@) is the domain of . So Proposition 3.20
cannot be applied to any proper restriction of (&, j). &

3.2 The class of accretive operators associated with an
accretive form

Example 3.8 shows that all closed, accretive, densely defined operators on a Hilbert
space H are associated with some accretive form. It is natural to ask if the same
holds without the assumptions that the operator be densely defined or closed.
Moreover, we are also interested in whether it can be arranged that the form
domain is continuously embedded into H.

Definition 3.26. Let A be an operator in a Hilbert space H. We say that A can
be generated by an accretive form if there exists a Hilbert space V, a linear map
j: V= Hand a form a: V x V — C such that a and j satisty Conditions (I) and (II),
and such that A is associated with (a,j). If j can be chosen to be injective, we say
that A can be generated by an embedded accretive form.

In this section we characterise which accretive operators can be generated by
an accretive form. Moreover, we provide examples of operators that cannot be
generated. The following notion turns out to be essential.

Definition 3.27. A subspace R of H is an operator range in H if there exists an
operator R € £(H) such that R =rgR.

For an introduction to operator ranges we recommend [FW71]. We collect some
properties of operator ranges that we will require later on.
Proposition 3.28. Let H and K be Hilbert spaces.

(a) A subspace R of H is an operator range in H if and only if R can be given a Hilbert
space structure such that it is continuously embedded into H.

(b) Let R: H D D(R) — K be a closed operator. Then D(R) is an operator range in H
and rg R is an operator range in K. Moreover, if R is an operator range in H, then
R(R) is an operator range in K.

(c) The operator ranges in H form a lattice with respect to taking sums and intersections
of subspaces. The lattice of operator ranges in H contains the closed subspaces of H.

(d) Let R be an operator range in H. If R is nonclosed, then R has infinite codimension
in H.

(e) If R and 8 are operator ranges in H such that H = R @ §, where the direct sum does
not need to be orthogonal, then both R and & are closed in H.
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Proof. (a) This equivalence is part of [FW71, Theorem 1.1].

(b) The characterisations in [FW71, Theorem 1.1] can be easily extended to
include closed operators between two possibly different Hilbert spaces. This shows
that D(R) is an operator range in H and that rg R is an operator range in K. Now
the second statement readily follows from the fact that the composition of a closed
and a bounded operator is closed.

(c) It is obvious that a closed subspace of H is an operator range in H. The first
statement is proved in [FW71, Section 2].

(d) This is [FW7y1, Corollary of Theorem 2.3].

(e) See [FW71, Theorem 2.3].

Our main result in this section is the following.

Theorem 3.29. Let A be an accretive operator in a Hilbert space H. Then A can be
generated by an accretive form if and only if rg(1+ A) is an operator range. Moreover, if
the orthogonal complement of D(A) in H is zero or infinite dimensional, then A can be
generated by an embedded accretive form.

The necessity of the condition on rg(I 4+ A) is shown in the following proposition.

Proposition 3.30. Let A be an accretive operator in a Hilbert space H. If A can be
generated by an accretive form, then D(A), rg(1 + A) and ker A are operator ranges in H.

Proof. Suppose A is associated with (a,j). By Proposition 3.19 (c) we may assume
that ker T = {0}. Then T~ is a closed operator, so Dj(a) = T! [rgj*] is an operator
range in V by Proposition 3.28 (b). Composing this with j shows that D(A) =
j(Dj(a)) is an operator range in H. It follows similarly that also rg(I+ A) =

sx—1

j*7'[TDj(a)] and ker A = j(ker Ty N Dj(a)) are operator ranges in H. O

For the proof of the other direction in Theorem 3.29 we need the following
lemma.

Lemma 3.31. Let H be a Hilbert space. Then the operator A in H with domain D(A) = {0}
can be generated by an accretive form (a,j) such that D;(a) = {0}. Moreover, if H is infinite
dimensional, then A can be generated by an embedded accretive form.

Proof. First suppose that H is finite dimensional. Let (e4)yec1 be an orthonormal
basis of H. Then similarly as in Example 3.6, we can choose Vi = {3, jo: V —
span{ex} and ay: Vi X Vo — C such that Dj_ (ay) = {0} for all « € I. Taking the
direct sum over all « € I gives a Hilbert space V, a linear map j: V — H and a form
a such that a and j satisfy Conditions (I) and (II). Moreover, A is associated with

(a,3).
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3 The form method for accretive forms and operators

Now suppose that H is infinite dimensional. To show that A can be generated
by an embedded accretive form, it suffices to obtain operators R and S on H as
required in Lemma 3.9. If H is separable, we may assume that H = L?(IR) and take
the operators in Example 3.10. In the general case, we can take the direct sums of
suitably many disjoint copies of the operators from the separable case. Note that
only the Hilbert space dimension is of importance here. O

For the proof of Theorem 3.29 we also rely on Phillips’ construction of extensions
of dissipative operators as presented in [Phisg, Section L.1]. We recall the required
results. Let A be an accretive operator in a Hilbert space H. The Cayley transform
of A is the operator | == (I—A)(I+ A)~"in H with domain D(]) = rg(I+ A). The
operator | is contractive as ||(I — A)x|* < ||(1+ A)x||* for all x € D(A). Moreover,
note that I+ ] =2(I+A) ' is injective and that rg(I 4 J) = D(A). The operator A
can be recovered from the equality

Al+Tu=(I-Ju (3.7)

for all u € D(J). The operator A is closed if and only if ] is closed. Moreover,
Phillips observed that every proper contractive extension J’ of | such that I + ]’ is
injective corresponds to a proper accretive extension of A.

We can now prove the remaining direction of Theorem 3.29.

Proof of Theorem 3.29. Suppose that A is an accretive operator such that rg(I+ A) is
an operator range in H. Set H, := D(A)+. By Lemma 3.31 there exist a Hilbert space
V), a linear map j;: V2 — H; and a form ay: V; x Vo — C such that Dj, (ay) = {0}.
If H; is infinite dimensional, we may assume that j; is injective.

Let | be the contraction corresponding to A in the sense of Phillips, i.e., | =
(I—A)(I+A)~! with domain D(]) = rg(I+ A). By Proposition 3.28 (a) we can equip
X = D(J) with a Hilbert space structure such that X is continuously embedded into
H. So there exists an M > 0 such that ||Ju|}; < [[ully; < M|Juflx for all u € X.

Define V:=X®V,,j: V— Hbyju,u) = (I+])u; +j2(uz) and a: VxV — C
by

a((uwr, uz), (vi,v2)) = (T=Pwr [ (T+ Jvi +i20v2))y — G2(uwz) [(T=T)vi)y
+ az(uy,va).

By the previous paragraph both a and j are continuous. Observe that rgj =

D(A) @ rgj; is dense in H = D(A) & H,. It is readily verified that
Re a((w, ua), (w,u2)) = [ [fy — [Jwi || + Re az(uz, uz) > 0.

So a and j satisfy Conditions (I) and (II). Note that j is injective if H, is zero or
infinite dimensional.
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We show that Dj(a) = X x {0}. On the one hand, for all u; € X we have

Cl((LL],O), (v1,v2)) = ((I—J)U] |j(V1IVZ))H

for all (v1,v2) € V, and hence (u;,0) € Dj(a). On the other hand, let (u,uy) €
Dj(a) and f € H be such that a((uy,uz), (vi,v2)) = (f|(I+])vy +j2(v2))y for all
(v1,v2) € V. By choosing vi = 0, we obtain

(fli20v2))y = al(wr,uz), (0,v2)) = (I =) [j2(v2))y + az(uz, v2)

for all v; € V;. Therefore u; € Dj, (ay) = {0}.

Clearly, Dj(a) Nkerj = {0} since I + ] is injective. Therefore (a,j) is associated
with an accretive operator B. By the previous paragraph, D(B) = j(Dj(a))
rg(I+]J) = D(A) and B(I+J)w; = Bj(wy,0) = (I—J)wy for all u; € X = D(J
By (3.7) it follows that A = B.

L=

The next two corollaries are special cases of Theorem 3.29. We will see in
Example 3.36 below that the closability condition in the following corollary cannot
be omitted. If A is densely defined, then A is automatically closable by Lemma A.9.

Corollary 3.32. Let A be a closable, accretive operator in a Hilbert space H. Suppose that
D(A) is an operator range in H. Then A can be generated by an accretive form. Moreover,
if the orthogonal complement of D(A) in H is zero or infinite dimensional, then A can be
generated by an embedded accretive form.

Proof. By assumption, there exists a bounded operator S € £(H) such that rg(S) =
D(A). By Theorem 3.29 and Proposition 3.28 (b), it suffices to prove that R =
(I4+ A)S is a closed operator. This is clear since R is defined on the whole space H
and closable as a composition of a bounded and a closable operator. O

Corollary 3.33. Let A be a closed, accretive operator in a Hilbert space. Then A can be
generated by an accretive form.

Proof. The space rg(I+ A) is an operator range since it is closed by Lemma A.4. [

It follows from (3.6) that Theorem 3.29 can be applied to the nonclosable operator
from Example 3.18. We point out, however, that for this operator the orthogonal
complement of its domain is merely one-dimensional. Hence the theorem does
not state that this operator can be generated by an embedded accretive form, as was
established in Example 3.18.

Next we give an example of an operator that can be generated by an accretive
form, but not by an embedded accretive form. This shows that in general we cannot
omit the condition on the dimension of the orthogonal complement of the operator
domain in Corollary 3.32.
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3 The form method for accretive forms and operators

Example 3.34. Let H be a Hilbert space and let Hy be a closed subspace of H.
Suppose Hy has finite, nonzero codimension in H. Define the accretive operator A
in Hby A =0 on D(A) = Hy.

Let V C H be a Hilbert space that is continuously embedded in H. Assume that
Vis dense in H and Hy C V. Then V is a closed subspace of H since Hy has finite
codimension in H, so V = H as vector spaces. By the bounded inverse theorem, the
spaces V and H have equivalent inner products. Every continuous form on V is
therefore associated with a bounded operator on H. This shows that the operator
A cannot be generated by an embedded accretive form. &

We next give examples of accretive operators that cannot be generated by an
accretive form. The arguments are based on Proposition 3.30.

Example 3.35. Let A be a bounded accretive operator on an infinite-dimensional
Hilbert space H. Suppose W is a nonclosed subspace of finite codimension in H.
For example, W could be the kernel of an unbounded linear functional on H. Let
A= ,X\IW with domain D(A) = W. Then D(A) fails to be an operator range since a
nonclosed operator range has infinite codimension in H by Proposition 3.28 (d). By
Proposition 3.30 the operator A cannot be generated by an accretive form. &

The next example shows that in general in Corollary 3.32 we cannot omit the
closability assumption on A. In other words, not every accretive operator with a
domain that is an operator range can be generated by an accretive form.

Example 3.36. Let H = {;(INp). Suppose ¢ is an unbounded linear functional on
{,(IN). Then the operator A given by Ax = ¢@(x)ep with domain D(A) = {,(IN) =
{eo}* is accretive. Clearly, D(A) is an operator range. But ker A fails to be an
operator range since it is not closed and has codimension 2 in H. So A cannot be
generated by an accretive form by Proposition 3.30. &

Finally, we prove that Phillips” example of a maximal accretive operator that is
not m-accretive cannot be generated by an accretive form.

Proposition 3.37. Suppose A can be generated by an accretive form. Then A is maximal
accretive if and only if A is m-accretive.

Proof. Clearly, if A is m-accretive, then A is maximal accretive by Proposition A.5.

Now suppose that A is maximal accretive. Let ] be the contraction corresponding
to A by Phillips” extension theory. It follows that D(]) = rg(I + A) is dense since
A is maximal accretive. So ] has a unique bounded extension ] on H. Note
that ] extends any contractive extension of J. Due to the maximality of A, the
operator I+ Tlspan{z}+D(]) cannot be injective for any z € H\ D(]). In other words,
D(J) @ ker(I+]) = H, where the direct sum might not be orthogonal in H. Note that
ker(I +J) is an operator range in H since it is closed in H and that D(]) = rg(1+ A)
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is an operator range in H by Proposition 3.30. It follows from Proposition 3.28 (e)
that rg(I + A) is closed. Hence rg(I+ A) = H, so A is m-accretive. ]

3.3 Form approximation

Assume that a and j satisfy Conditions (I) and (II). Moreover, assume that (a,j)
is associated with an m-accretive operator A. It is natural to ask whether one can
approximate a by suitable j-elliptic forms a,: V x V — C such that the operators
Ay associated with (ay,j) converge to A in a suitable sense for n — oo.

The following result is a starting point for the study of resolvent convergence of
m-accretive operators generated by accretive forms.

Theorem 3.38. Assume a and j satisfy Conditions (1) and (II). Suppose (a,j) is associated
with an m-accretive operator A.

Let © € [0,5). Let (By) be a sequence of bounded sectorial operators in V with vertex
0 and semi-angle 6. Moreover, suppose there exists an M > 0 and sequences of strictly
positive numbers (6n) and (en) such that lim a%l/ on =0 and

Snllully < Re (Brululy < Men|ully (3:8)
forallw e Vand n € N. For every n € IN define an: VxV — C by
Cln(u,\)) = a(u’/ \)) + (Bnu|V)V'

Then ay, is j-elliptic and continuous, and (an,j) is associated with an m-sectorial operator
Anq for all m € IN. Moreover,

IAT+An) ™ = AL+ A) | = 0 (39)
in the uniform operator norm for all A € p(—A).

Proof. It suffices to prove (3.9) for A = 1, cf. [Kat8o, Subsection VIIL.1.1]. For all
n € N let T, be defined as in (3.1) with respect to a,, and j. Then T, = T + B,.
Let f € H and set u = Zf, where Z € £(H, V) is as in Proposition 3.19 (d). Then u
satisfies Tu = j*f. Define u,, := T, 'j*f for all n € IN. Observe that j(u) = (I+A)"'f
and j(uy,) = (I+A,)7'f.

Let n € N be fixed. Then we obtain

Un—u =T, " Tu—T,"Tau=—T,"Byu
and T, (u, —u) = —Bu. Hence
13 (wn) =Wl < Re (T (un —w) [un —wy < [[Baf?| T 1 1ully, (3.10)
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3 The form method for accretive forms and operators

where the first inequality follows from the accretivity of ay.
Due to (3.8) we obtain

Sullwlly < Re ((T+Bn)ulu)y < [[Taullylully
for all u € V. Using (3.8) and [Kat8o, (1.15) in Section VI.1], we deduce
(Bnufv)y| < M(T+tan0)enlully[[vily

for all u,v € V. Hence

1T < and |[|Bn|| < M(1+tan8)e, (3.11)

i
dn
for all n € IN. So by (3.10) we have
—1 g2 : . 2 2 268 171216112
1T+ An) ™ = (LAYl = (1 (un) =Wl < MT(T A+ tan 8) 2 IZ7[1 3.
n

This shows that the resolvents converge uniformly. O
The following is an interesting special case of Theorem 3.38.

Corollary 3.39. Assume a and j satisfy Conditions (I) and (II). Suppose (a,j) is associated
with an m-accretive operator A. For all n € IN define the form an: V xV — C by

an(w,v) = alu,v) + l(ulv)v.
n

Then a is j-elliptic and continuous, and (an,j) is associated with an m-sectorial operator
A for all m € IN. Moreover,

IAI+A) " —(AI+A)| =0

in the uniform operator norm for all A € p(—A).

Remark 3.40. It is not clear whether the upper bound Re (Bhu|u) < Man||u||%,
in (3.8) can be relaxed to limp 0 ||Br || = 0. If T is invertible, however, the proof of
Theorem 3.38 can be greatly simplified under relaxed assumptions.

3.4 The dual form

Assume a and j satisfy Conditions (I) and (II). We define the dual form a*: V x V —
C by a*(u,v) = a(v,u). Then obviously a* is continuous and accretive. So a* and
j satisfy Conditions (I) and (II). While in the j-elliptic setting (a*,j) is always

associated with the adjoint of the m-sectorial operator associated with (a,j), the
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following reconsideration of Example 3.8 shows that this is no longer true in the
accretive case, even if j is injective.

Example 3.41. Let R be a densely defined, closed, accretive operator in a Hilbert
space H. Equip V := D(R) with the inner product (u|v)y, = (Ru|Rv)y + (u]v)y
and let j: V — H be the inclusion. Define a: V x V — C by

a(u,v) = (Rulv)y.

We first prove that Dj(a*) = D(R) N D(R*). Let u € Dj(a*). There exists an f € H
such that a*(u,v) = (f[j(v))y for all v € V, which means (u|Rv), = (f|v); for all
v € D(R). Hence u € D(R*), and obviously we also have u € V = D(R). For the
converse direction let u € D(R) N D(R*). Set f = R*u. Then

a*(u,v) = (ul RV)H = (f|V)H = (ﬂJ(V))H

for all v € D(R) = V. Therefore u € Dj(a*). Hence D;(a*) = D(R) N D(R*).
It is now clear that R*|p(g)np(r+) is the operator associated with (a*,j).
The m-accretive operator R := —A in [2(0, c0) from Example 3.14 satisfies

D(R*) = H'(0,00) ¢ H}(0,00) = D(R).

In fact, it is well known that there exists an m-sectorial accretive operator R such
that D(R*) ¢ D(R). Moreover, one can even arrange that D(R) N D(R*) = {0}. An
operator with the latter property can be readily obtained by adapting the first
part of the proof of [FW71, Theorem 3.6]. Choosing such an operator R, only a
restriction of R* is associated with (a*,j). In particular, the operator associated with
(a*,j) does not even need to be densely defined. &

Still, if (a,j) is associated with an accretive operator, then also (a*,j) is associated
with an accretive operator, as the following proposition shows.

Proposition 3.42. Assume a and j satisfy Conditions (1) and (II). Then the following
statements hold.
(a) Dj(a) Nkerj = Dj(a*) Nkerj.

(b) (a,j) is associated with an accretive operator if and only if (a*,j) is associated with
an accretive operator.

(c) Vj(a) Nkerj = Vj(a*) Nkerj.

Proof. (a) It suffices to prove Dj(a*) Nkerj C Dj(a). To this end, let u € Dj(a*) N
kerj. Then there exists an f € H such that T;u = j*f. Then

(Toulw)y = (ulTgwly = (wlj*fly = () )y =0.
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3 The form method for accretive forms and operators

So ((To+T3)ulu), = 0. Since Ty + Tj is a positive (semi-definite) operator, it
follows that u € ker(Ty + T5) and Tou = —Tju = —j*f € rgj*. Therefore u € Dj(a).
(b) This is a consequence of (a), Proposition 2.6 and Proposition A.8.
(c) It suffices to prove Vj(a*) Nkerj C Vj(a). To this end, let u € Vj(a*) N kerj.
Then j(u) = 0 and for all v € kerj one has

a(v,u) =a*(u,v) =0.

In particular, a(u,u) = 0 and Re(a(u,u)) = (Rea)(u,u) = 0. So by [Kat8o, Equa-
tion VL.1.15] (Rea)(u,v) = 0 for all v € V. Therefore a(uw,v) + a*(u,v) = 0 for all
v € V. In particular, if v € kerj, then a(u,v) = 0 since a*(u,v) = 0. So u € Vj(a).

]

Corollary 3.43. Assume j(Dj(a)) is dense in H. Then (a,j) is associated with an accretive
operator A, and the operator associated with (a*,j) is a restriction of A*.

Proof. By Lemma 3.13 the operator A is well-defined. Hence, by Proposition 3.42 (b),
also (a*,j) is associated with an accretive operator, which we denote by A;. Let
u € Dj(a*) and f € H be such that T{u = j*f. Then for all v € D;(a) we obtain

G [AJ(V))y = alv,u) = a™(u,v) = (f[j (V).

This shows that j(u) € D(A*) and Ajj(u) = f = A*%j(u). O]

Together with Example 3.41, the above corollary illustrates that even if (a,j) is
associated with an m-sectorial accretive operator A, the operator associated with
(a*,j) in general is merely a proper restriction of A* and thus not m-accretive. If
(a,j) is associated with an accretive operator A and the operator T is invertible,
then the dichotomy of Example 3.41 does not occur. In fact, in this case also T* is
invertible and the operator A associated with (a*,j) is m-accretive. Maximality of
A1 and Corollary 3.43 imply that A; = A*.

We close this section with an easy observation connecting the radicals of a and
a*. The (left) radical of a is defined by

R(a) ={u e V:a(u,v)=0forallv eV}
Clearly R(a) is closed and R(a) = ker Ty. Since ker Ty = ker T, we obtain R(a) =
R(a*). This in particular shows that the left radical of a agrees with the right radical.
3.5 The MCIntosh condition

Recall that we always assume that a and j satisfy Conditions (I) and (II). Consider
the following condition that, in the setting of injective j, was introduced by MCIntosh
in [MCI68].
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(IIT) There exists a 1 > 0 such that

sup Ja(u,v) + (G(uw) [j(v))yl = wlully
veV
[vily <1
forallu e V.

It is easy to verify that (III) implies that the operator T is injective and has closed
range. Since T is m-accretive, it follows that (rg T)* = ker T* = ker T = {0}. Hence
T is invertible. Thus (IIl) is valid if and only if T is invertible. Note that if Ty is
invertible, then T is invertible by Proposition A.12.

If Conditions (I), (I) and (III) are satisfied and (a, j) is associated with an accretive
operator, then the associated operator is m-accretive. This follows immediately
from Theorem 3.1.

Note that if there exists a p > 0 such that [b(u, u)| > pHuH%/ for all u € V, then
Condition (III) is valid with pu = p.

The following example, in which Condition (III) is satisfied, shows that using
a non-injective map j allows a variety of new phenomena that do not occur in
the j-elliptic or embedded accretive case. It is particularly remarkable that in this
example Vj(a) = Dj(a) while the associated operator can be unbounded and m-
accretive. In both the j-elliptic setting of Theorem 2.3 and the embedded accretive
setting of Theorem 2.2 the property Vj(a) = Dj(a) implies that the associated
operator is bounded. This follows from Lemma 3.45 below or, for the j-elliptic case,
from an inspection of the proof of [Kat8o, Theorem VI.2.1 (ii)] together with [AE12,
Theorem 2.5 (ii)].

Example 3.44. Let H be a Hilbert space and B € £(H) an accretive operator. Let
V = H x H and define j € £(V,H) by j(u) = u,. Define the sesquilinear form
a:VxV—Cby

ofwv) = (375 ulv) = (Bur iy~ fualvrl+ vy
\%

Then a and j satisfy Conditions (I) and (II). Moreover, T = (]% _II ), whence T is
invertible with T-" = (I+B)~'( !, } ). Thus also Condition (III) is satisfied.

Since j*(g) = (0,g) for all g € H, it follows that rgj* is closed and rgj* =
(kerj)*. Therefore Vj(a) = Dj(a). We have Vj(a) = {u € V: (Buj —uy|v1)y =
0 for all vi € H} = gr B, the graph of B. Hence by Condition (iii) in Proposition 2.6
(a,j) is associated with an accretive operator if and only if B is injective. Moreover
Vj(a) + kerj = H xrgB. This shows that Vj(a) +kerj = V if and only if B is
surjective.

Assume that B is injective. Then the associated operator A is m-accretive,
D(A) =j(Vj(a)) =rgB and (I+ A)B = (I+ B). Therefore A = B~
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3 The form method for accretive forms and operators

We want to consider a concrete example in more detail. To this end, choose
an injective positive operator B € £(H) that is not invertible. Then B has dense
range, but rg B is not closed. The latter implies that there does not exist a p > 0
such that (Bx|x), > p|]x||ﬁ for all x € H. Note that a and j satisfy Condition (III)
and that b(u,u) = 0 implies u = 0, but there does not exist a p > 0 such that
lb(u,u)| > pHuH%/ for all w € V. So (a,j) is associated with an unbounded m-
accretive operator. Moreover, Vj(a) +kerj # V and H =j(V) #j(Vj(a)) =1gB. <

We are interested in when Dj(a) = Vj(a), which occurs in Examples 3.5, 3.44
or 3.60, for example. This is equivalent to (kerj): NrgT C rgj*NrgT. So if
Condition (IIT) holds, then this is equivalent to rgj* being closed. By Banach’s
closed range theorem, see [Kat80, Theorem IV.5.13], rgj* is closed if and only if rgj
is closed. Since the range of j is dense in H by Condition (II), we have proved the
following lemma.

Lemma 3.45. Suppose Condition (IIl) is satisfied. Then Dj(a) = Vj(a) if and only if j is
surjective.
Lemma 3.46. Suppose Condition (III) is satisfied. Then one has the following.

(@) Dj(a) is dense in Vj(a).

(b) T(Vj(a) Nkerj) = T*(Vj(a*) Nkerj).

(©) T(Vj(a) Nkerj) = (V;j(a) +kerj) ™.

(d) Vj(a) +kerj is dense in V if and only if Vj(a) Nkerj = {0}.

(e) Vij(a) +kerj = Vj(a*) + kerj.

Proof. (a) Since Dj(a) = T 'rgj* and Vj(a) = T~'((kerj)*), the statement follows
from the continuity of T~! and the density of rgj* in (kerj)*.
(b) Note that the identity in (b) is equivalent to

(kerj)t NTkerj = (kerj)t N T*kerj.

Thus it suffices to show that (kerj)* NTkerj C T*kerj. Let u € (kerj)* N Tkerj.
Define v := (T*)~'u. Then

(Tv[v)y = v Ty = (T ulw), = (ul T '), =0

since T~'u € kerj and u € (kerj)*. Hence v € kerj by (3.2).
(c) We show the inclusion ‘C’. Clearly T(V;(a) Nkerj) C TV;(a) = (kerj)*. Let
u € Vj(a) Nkerj and set w = (T-1)*Tu. Then

(Twiw)y = W[ Tw)y = (T")TulTu),, = (Tu|u), =0
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since Tu € (kerj)* and u € kerj. Therefore w € kerj by (3.2). Hence Tu = T*w €
T*kerj = Vj(a)™.
We show the inclusion ‘D’. Clearly

T ((Vj(a) +kerj)t) € T ((kerj)t) = V(a).
Let u € (Vj(a) + kerj)t. Then u € \/j(a)L = T* kerj = T*kerj. Moreover,
(T(T_1u) IT_]u)V = (uIT_1u)V = ((T*)_]ulu)v =0

since (T*)~'u € kerj and u € (kerj)*. Therefore T~'u € kerj by (3.2).

(d) This follows immediately from (c).

(e) This statement follows from applying (c) on both sides of (b) and taking the
orthogonal complement. O

If Condition (III) holds, then Dj(a) is dense in Vj(a). It is natural to investigate
when Condition (III) is still satisfied if one restricts to Vj(a) .

Proposition 3.47. Suppose a and j satisfy Conditions (1), (II) and (III). Let & == al\/j (a)xV;(a)
and j = jly, (a)- Then & and j satisfy Condition (III) if and only if Vj(a) +kerj = V.

Proof. We note that Te L(Vj(a)) can be defined for (d,7) as in (3.1) since @ satisfies
Condition (I).

‘=’ Assume that & and j satisfy Condition (III), i.e., assume that T is invertible.
Let J: Vj(a) < V be the natural embedding. Define P := (T]T_] )*: V — Vj(a). Let
u € Vj(a) and v € kerj. Then T ue Vj(a) = Vj(b) and

(u| Py, (a) = (T]f‘ktlv)v =b(T "u,v) =0.
Therefore Plyerj = 0. For all u,v € Vj(a) we have
(W PV)y, @ = b(T ", v) = (T, v) = (w vy, (q),

whence Plvj(a) = L. This shows that Vj(a) Nkerj = {0}. We next show that Vj(a) +
kerj is closed. Let (uy)xen be a sequence in Vj(a) +kerj and u € V. Suppose
limu, =uin V. Since P is continuous and both Vj(a) and ker j are closed, it follows
that Pu = lim Puy € Vj(a) and (I —JP)u = lim(I — JP)uy € kerj. This shows that
u € Vj(a) + kerj. Therefore Vj(a) + kerj is closed. Now we apply Lemma 3.46 (d)
to obtain Vj(a) +kerj = V.

‘«=": Assume that Vj(a) +kerj = V. Lemma 3.46 (d) yields that Vj(a) Nkerj =
{0}. Let P: V — Vj(a) be the projection along kerj. It follows from the closed
graph theorem that P is bounded. Let ¢ = nu/2 > 0, where p is the constant
from Condition (III) for a. Let u € Vj(a) \ {0}. Then there exists a v € V\ {0}
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3 The form method for accretive forms and operators

such that [b(u,v)| > |lul|y|[v]ly. Since v—Pv € kerj and u € Vj(a), we obtain
b(u,v) = b(u, Pv). Since b(u,v) # 0, this implies that Pv # 0. Moreover,

[b(w, Py = elfully[[vllv = edl[ully, (q)[[PVIlv;(a)

where & = ||P||”". This shows that a and ) satisty Condition (III). O

Remark 3.48. The assumption that a and j satisfy Conditions (I), (II) and (III) in
Proposition 3.47 does not imply that j(Vj(a)) is dense in H, i.e., j does not need to
satisfy Condition (II), cf. Example 3.5. However, if also & and j satisfy Condition (III),
then rgf =j(Vj(a)) =j(Vj(a) + kerj) =j(V) and j does satisfy Condition (II).

It follows from Proposition 2.6 that D;(a) Nkerj = {0} implies that the associated
operator is well defined. We next give an example where T is invertible and
D;(a) Nkerj = {0}, but Vj(a) Nkerj # {0}. This shows that V;(a) Nkerj = {0} is not
a necessary condition for (a,j) to be associated with an accretive operator, even if
(a,j) is associated with an m-accretive operator.

Example 3.49. Let H and H; be Hilbert spaces such that H; C H is dense and
[ully < [lullyy, for all w € Hy. Denote the embedding of Hy into H by ji. Let
V =H; xC and j: V — H be defined by j(u, ) = ji(u). Then rgj is dense in H
and kerj ={(0, o) : « € C}. Since

((w, 0] [77F)y = (i(w, &) | )y = Gr(w) [ )y = (wljifly, + (| 0)¢ = ((w, o) [ (§7,0))y,

for all (u, ) € V and f € H, it follows that rgj* = rgj] x {0}.
There exists an x € Hy such that x ¢ rgj] and [[x||y, = 1. Define the form
a:VxV—Cby

a((w, &), (v, B)) = (w|v)y, + (ex[v)yy, — (w|Bx)yy, — Gr(uw) [51(v))yy-
Clearly a is accretive. It is easily observed that T is given by
Tlw, o) = (w+ ox, —(w|x)yy, ).
A straightforward calculation shows that T is invertible with
T (v, B) = (v—((vIx)y, + B)x, (VIX)y, +B).
So Condition (III) is valid. Moreover,

Vi(a) ={(u, &) € V: —(u] [57()H1 =b((u,x),(0,B)) =0 forall p € C}
{lu,x) eV

&) € V: (ulx)y, =0)
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3.5 The Mclintosh condition

and

Dj(a) = T (rgj} % {0)) = { (w— (wlx)y,x, (WIx)y,) - w € g b
Thus V(a) Nkerj = kerj # {0}, but

Dj(a) Nkerj = {(0,(wlx)y,) :w € rgji, w— (w|x)y,x =0} = {0},

It follows from Theorem 3.1 that (g, j) is associated with an m-accretive operator A.

Lemma 3.46 implies that Dj(a) is dense in Vj(a) and that V;(a) + kerj is not
dense in V.

We next determine the behaviour of the restriction of a to Vj(a). Let & =
a!vj(a)xvj(u) and j = jlvj(u) as in Proposition 3.47. Then ) has dense range since
D(A) =j(Dj(a)) = 5(\/j(a)) is dense in H. Moreover, for all (u, &), (v, B) € Vj(a) we
have

a((w, o), (v, B)) = (wlvly, — Gr(w) 151 (),

because (U'|X)H1 = (v] X)H1 = 0. This shows that ?(u, «) = (u,0) and that T is not
invertible. Therefore & and j do not satisfy Condition (III) whilst a and j do. It is
easily observed that \@(a) = Vj(a) and vi(a) Nkerj = {0} x C # {0} &

At the end of Section 3.4 we observed the following.

Proposition 3.50. Suppose a and j satisfy Conditions (1), (II) and (III). Suppose that (a,j)
is associated with an accretive operator A. Then A* is m-accretive and associated with
(a%,j).

Curiously, we shall see that as a consequence of Proposition 3.50 not every
m-accretive operator can be generated by an embedded accretive form that satisfies
Condition (III). This was observed in [MC€Iyo, Introduction and Theorem 4.2]. We
extend this result to a slightly more general setting.

Corollary 3.51. Suppose a and j satisfy Conditions (I), (II) and (III). Suppose that (a,j)
is associated with an accretive operator A such that 1A is maximal symmetric. If V;(a) +
kerj =V, then iA is self-adjoint. In particular, if j is injective, then 1A is self-adjoint.

Proof. Suppose that Vj(a) +kerj = V. By Proposition 3.47 the restrictions a =
alvj(a)xvj(a) and j = jlvj(a) still satisfy Condition (III). Moreover, ) is injective by
Lemma 3.46(d). By Corollary 3.21 the operator A is associated with (&,j). So
without loss of generality we can assume that j is injective.

Note that for all u,v € Dj(a) we have

a(u,v) = (Aj(W) (V) = =AW [[ (V) = =W [AJ(V))y = —a" (w,v).
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3 The form method for accretive forms and operators

As Dj(a) is dense in Vj(a) = V by Lemma 3.46 (a), we obtain a* = —a. In particular,
—A = A" and —A is m-accretive by Proposition 3.50. Therefore both i, —1i € p(iA).
This shows that iA is self-adjoint. O

Remark 3.52. Suppose that A is an m-accretive operator such that iA is maximal
symmetric but not self-adjoint. Note that the operator —A in Example 3.14 is an
example of such an operator. Then by Corollary 3.51 the operator A cannot be
generated by an embedded accretive form that satisfies Condition (III). It is not
clear whether A can be generated by a general non-embedded form that satisfies
Condition (III).

For completeness we mention the following positive result due to McIntosh,
see [MCI7o0, Section 3, Example (c)].

Proposition 3.53. Let A be m-accretive such that D(A'/?) = D(A*1/2). Then A can be
generated by an embedded accretive form that satisfies Condition (III).

We close this section with some references to other sufficient or equivalent
conditions for Condition (III). MCIntosh introduced Condition (III) in [MCI68]
as a closedness condition for densely defined, accretive forms. In that way he
generalised Kato’s theory for closed sectorial forms. In [MCI70] he formulated a
more general abstract closedness condition for general densely defined, separated
sesquilinear forms. The connection between the latter abstract condition and
Condition (III) is explained by [MC¢I70, Proposition 3.3 and Theorem 3.4]. The
following reformulation extends this to our case where j need not be injective. For
notation and underlying theory we refer to [MC€I70] and [Sch71].

Proposition 3.54. Suppose a and j satisfy Conditions (I) and (II). Suppose ker T = {0}.
Let X and Y denote the vector space V without topology. Then (X,Y,b) is a separated dual
pair. Denote by X the space X equipped with the locally convex Mackey topology induced
by this dual pair. Then the operator T is invertible if and only if the topology of X+ is that of
V.

Proof. Since ker T = ker T* = {0}, the dual pair (X, Y, b) is clearly separated.

Suppose T is invertible. Therefore every continuous linear functional on V is
of the form b(-,y) for some y € Y. Since V is a Mackey space, this implies that X
carries the same topology as V.

Conversely, suppose X carries the same topology as V. Let z € V. Then
(-1z)y is a continuous linear functional in X;. Hence there exists a y € Y such
that (x|z)y = b(x,y) = (x| T*y)y for all x € X. Therefore T* is surjective. By the
bounded inverse theorem T* and T are invertible. [

For general densely defined, symmetric sesquilinear forms, McIntosh’s closed-
ness condition in [MCIyo0] can be recast in terms of Krein spaces as done in [Flegg]
and [FHSoo]. This can be utilised in our setting for embedded accretive forms a such
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that ia is symmetric. An accretive form a is called conservative if Rea(u,u) =0
for all u € V. Moreover, an operator is called conservative if Re (Ax|x) = 0 for all
x € D(A). An m-accretive operator A is conservative if and only if 1A is self-adjoint,
see [Phisg, Lemma 1.1.4 and 1.1.5]. The following is now a consequence of [Bog74,
Theorem V.1.3].

Proposition 3.55. Suppose a and j satisfy Conditions (I) and (II). Moreover, suppose that
a is conservative. Let X be the vector space V without topology. Then Ty is invertible if and
only if (X, 1a) is a Krein space. If Ty is invertible, then a and j satisfy Condition (III).

The above proposition can be used to establish that the form in Example 3.16
satisfies Condition (III) provided b # —a. For details see [Flegg, Lemma 6]. It is not
clear whether Condition (III) is also satisfied for the case b = —a.

3.6 Ouhabaz type invariance criteria

The following well-known result relates the invariance of closed convex sets under
a Cp-semigroup of contraction operators to properties of the generator. For a proof,
see for example [Ouhg6, Theorem 2.2 and Proposition 2.3].

Proposition 3.56. Let A be an m-accretive operator in H. Denote by S the Co-semigroup
generated by —A. Let C be a closed, convex subset of H and let P be the associated
orthogonal projection onto C. Then the following statements are equivalent.

(i) StC c Cforallt > 0.
(ii) AAI+A)~'C c Cforall A > 0.
(iii) Re (Ax|x—Px) > 0 forall x € D(A).
If the negative generator of the Cp-semigroup is associated with a j-elliptic

accretive form, then one can conveniently characterise invariance by the form
itself [Ouhg6]. In this section we generalise the following result to our setting.

Proposition 3.57 (Arendt, ter Elst [AE12, Proposition 2.9]). Suppose a is j-elliptic
and accretive. Let A be the m-accretive operator associated with (a,j). Denote by S the
Co-semigroup generated by —A. Let C be a closed, convex subset of H and P be the
associated orthogonal projection onto C. Then the following statements are equivalent.

(i) StC c Cforall t > 0.
(ii) For all w € V there exists aw € V such that

Pj(u) =jw) and Rea(u,u—w) > 0.

Note that Statement (ii) in Proposition 3.57 in particular states that Pj(V) C j(V).
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3 The form method for accretive forms and operators

Now assume that an m-accretive operator A is associated with (a,j). By The-
orem A.13 the operator —A generates a Co-semigroup S on H. The following
example shows that even if C is a closed subspace of H that is invariant under S, in
general we do not have Pj(V) C j(V), where P is the orthogonal projection onto C
in H.

Example 3.58. Let H; be a Hilbert space and R > I a self-adjoint operator in H;
such that D(R) # H;. Let V= H; x D(R), H := H; x H; and define j € £(V,H) by
j(ur, u2) = (uy, uy +uy). Itis clear that j is injective and has dense range. We first
determine j* € £L(H, V). Let (u;,u;) € Vand (x,y) € H. Then

((w,w2) 15706 y)y = (lw, w2) [0y = (I x+yly, + (w2lyy,
= (wIx+yly, + (RuleR_zy)H].

This shows that j*(x,y) = (x +y, R2y) and j*j(u;, u2) = (2u; +uy, R72(u; +uy)).
Define the sesquilinear form a: V x V — C by

B 0 —R |
alu,v) = ((R] R1) u v)v.

Clearly, a is continuous and accretive because
a(w,u) = —(Ruz [u)y, + (W +uz[Ruy)y, = 2iIm (ug [Ruz)y, + (uz [ Rug)y,

Let To € £(V) be such that a(u,v) = (Tou|v)y forallu,v € V. Clearly Ty is invertible
and T = Ty +j*j. Therefore T is invertible by Proposition A.12 and Condition (III)
is satisfied. Hence (a,j) is associated with an m-accretive operator.

Let u € V and f € H be such that a(u,v) = (f|j(v)), for all v € V. That means

(=Ruz [vi)yy, + (W +uz[Rva)yy, = (f1 + 2 [vi)y, + (f2]v2)y,

for all v € V. This implies that —Ru; = f1 +f; and uw; +u; = R'f,. Hence u; €
D(R) and Dj(a) = D(R) x D(R). We obtain D(A) = D(R) x D(R) and A(wy,w;) =
(Rwy —2Rw;, Rw;). A straightforward calculation shows that for all A > 0 we have

AL+A)" = AI+R) (I 2R(M+R)_1).

0 I

Obviously C := H; x {0} is an invariant subspace of (Al + A)~! for all A > 0. By
Proposition 3.56 this shows that C is an invariant subspace of the Cy-semigroup
generated by —A.
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Denote by P the orthogonal projection onto C in H. Let u € H\ D(R). Then
Pj(u,0) = P(u,u) = (u,0),

but (u,0) ¢ rgj. To prove this, assume that there exists a (u,u;) € V such that
jlu,u2) = (u,0). Then w3 = u and u; = —u, which is a contradiction since
u ¢ D(R) and uy; € D(R).

Note that in this example one has Pj(Dj(a)) C j(Dj(a)), so PD(A) C D(A). <

It is easy to give an example such that the associated Cy-semigroup leaves a
closed, convex set invariant, but such that the operator domain of the generator is
not left invariant by the corresponding projection. For example, the Laplacian in
L,(R) with domain H?(R) is m-dissipative and it generates a positive Cy-semigroup.
The projection onto the positive real-valued cone, however, does not leave H?(RR)
invariant.

Alternatively, in the following example a closed subspace is invariant under the
semigroup, but the projection onto this closed subspace does not leave the operator
domain invariant.

Example 3.59. Let H; be a Hilbert space and R > I be a self-adjoint unbounded
operator in H;. Let V= D(R) x H; and H = H; x Hj. Then the sesquilinear form
a: V xV — C defined by

a(w,v) = (Rug —ug [Rvy)yy, + (w2 va)y,

is continuous and elliptic. Therefore by Theorem 2.1 the associated operator A is
m-sectorial. A straightforward calculation shows that x = (uy,u;) € D(A) if and
only if u; € D(R) and Ru; —u; € D(R).

The closed subspace C := H; x {0} is left invariant by the Co-semigroup generated
by —A, which is easily deduced from [Ouhg6, Theorem 2.1]. Let u; € D(R) \ D (R?)
and set u; := Ru;. Then u = (uy,u2) € D(A), but Pu & D(A), where P denotes the
orthogonal projection onto C in H. &

Still, one might hope that PD(A) C j(V) if P is the orthogonal projection onto
a closed subspace that is invariant under the Cy-semigroup generated by an m-
accretive operator A. The following basic example shows that this is not true in
general.

Example 3.60. Let H = [%(R), V=H'(R) and let j: V — H be the inclusion. Define
a:VxV—Cby

a(u,v) = J]R u'v

for all u,v € V. Then Rea(u,u) =0 for all u € V, whence a is accretive. Clearly a
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3 The form method for accretive forms and operators

and j satisfy Condition (I) and (II), Dj(a) = H'(R) = V and the associated operator
A is the derivative on H'(R).

Let S be the Cp-semigroup generated by —A. Then (Siu)(x) = u(x —t) for all
t>0,uec?(R)and ae. x € R. Let

C:=L1%(0,00) = {u € L2(R) : u(x) =0 for a.e. x € (—oo,O)}.

Then C is a closed subspace that is invariant under S. The orthogonal projection P
from H onto C is given by Pu = 1 ., u. Obviously PD(A) ¢ j(V).
Note that Condition (III) is not satisfied in this example. <&

The preceding examples show that if the associated Cy-semigroup leaves some
closed subspace invariant, neither the form domain nor the domain of the operator
needs to be left invariant by the corresponding projection. Therefore it is not
surprising that some approximation arises if one transfers Proposition 3.57 to our
setting.

Proposition 3.61. Assume a and j satisfy Conditions (I) and (II). Assume that (a,j) is
associated with an m-accretive operator A. Denote by S the Cy-semigroup generated by
—A. Let C be a closed, convex subset of H and P be the associated orthogonal projection
onto C. Then the following statements are equivalent.

(i) StCc Cforall t > 0.

(i) For allu € Dj(a) and for all sequences (Wy)yen in V such that limj(wy) = Pj(u)
one has
lim Rea(u,u—wy) > 0.
k—o0
(iii) For all w € Dj(a) there exists a sequence (Wy)xen in Dj(a) (or equivalently, in V)
such that lim j(wy) = Pj(u) and

limsup Re a(u, u—wy) > 0.
k—o00

Proof. “(i)=-(ii): Let u € Dj(a). Then x := j(u) € D(A). Let (wy)xen be a sequence
in V such that lim j(wy) = Px. Since a(u, u —wy) = (Ax[x —j(wy))y for all k € N,
the limit exists if k — oo and

Rea(u,u—wy) =Re (Ax|x —j(wy))y = Re (Ax|x—Px)y =0,
where we used Proposition 3.56 ‘(i)=(iii)’ in the last step.

‘(ii)=-(iii): This follows from the fact that D(A) = j(Dj(a)) is dense in H.
‘(iii)=-(1)": Let x € D(A). Then there exists a u € Dj(a) such that j(u) = x. Let
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(W )ken be a sequence in Dj(a) such that lim j(wy) = Px and

lim sup Re a(u, u—wy) > 0.
k—o0

Since also
alu, u—wy) = (Ax|x —jlwi))y = (Ax|x —Px)y

for k — oo, we obtain Re (Ax|x — Px)y = 0. Then (i) follows from Proposition 3.56.
]

3.7 Remarks on the incomplete case

In the following, let H be a Hilbert space and V, be a semi-definite inner product
space, i.e., Vy is a vector space equipped with a nonnegative symmetric sesquilinear
form that makes it into a semi-normed space. Let jo: Vo — H be continuous
with dense range and ap: Vp x Vy — C be a continuous, accretive sesquilinear
form. We denote the Hausdorff completion of V,) by V, see [Bou66, Chapter II, §3,
Theorem 3] for technical details. Then there exist unique extensions of ay and jg to
the Hausdorff completion V which we denote by a and j, respectively. Note that V
is a Hilbert space and a and j satisfy Conditions (I) and (II).

We are interested in conditions on ap and jo, which imply that (a,j) is asso-
ciated with an m-accretive operator. Clearly, one can express the conditions of
Proposition 2.6 and Theorem 3.1 in terms of Cauchy sequences introduced by the
completion.

A more easily verified sufficient condition is as follows. Assume that there exists
a p > 0 such that

[bo(1)] > [y, (3.12)

for all u € V). This implies that the extensions a and j satisfy Condition (III) and
that b(u,u) = 0 implies u = 0. Therefore (a,j) is associated with an m-accretive
operator.

We note that Condition (3.12) is not necessary to ensure that (a,j) is associated
with an m-accretive operator, cf. Example 3.44. Still, this condition suffices to cover
the incomplete j-sectorial case as considered in [AE12, Section 3].
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The form method for compactly
elliptic forms

In this chapter we introduce a rather accessible condition on a continuous form a
which ensures that (a,j) is associated with a graph that satisfies an appropriate
range condition. More precisely, in both the accretive and symmetric case this
condition yields that the resolvent set of the associated graph is not empty. It allows
us to obtain generation theorems for both self-adjoint and m-accretive operators
and graphs. The condition itself is of a very standard nature and known to hold in
many cases.

A most interesting application is to generate and study generalised Dirichlet-to-
Neumann graphs for symmetric second-order elliptic differential operators on a
Lipschitz domain. In particular, we investigate the strong resolvent convergence of
generalised Dirichlet-to-Neumann graphs. The results in this chapter are joint work
with Wolfgang Arendt, Tom ter Elst and James Kennedy [AEKS13]. We point out
that the exposition here is somewhat different to that in [AEKS13] and that we only
present a selection of the results there. In particular, we will here use the theory of
the Moore—Penrose generalised inverse and properties of the gap between two closed
subspaces of a Hilbert space. For this background material, we refer to Sections A.4
and A.3 in the appendix, respectively.

4.1 Compactly elliptic forms

Let V be a Hilbert space and a: V x V — C a continuous sesquilinear form. We say
that a is compactly elliptic if there exists a Hilbert space H and a compact linear
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operator je L, ﬁ) such that a is 5—elliptic, i.e., such that there exists an w € R
and a p > 0 such that

Rea(w, u) + w|[fw)]| = wlully (4.1)

for all u € V. In this section we study the graphs associated with forms that are
compactly elliptic. We are particularly interested in the case when a is accretive or
symmetric.

The following lemma shows that a form is compactly elliptic if it is coercive on
the complement of a finite-dimensional subspace.

Lemma 4.1. Let V be a Hilbert space and a: V x V — C a continuous sesquilinear form.
Let w > 0. Suppose that V =V, & V_, where V. is a closed subspace of V, dim V_ < oo
and

Rea(u,w) > pfully

forall w € V4. Then a is compactly elliptic.

Proof. Let M > 0 be such that |a(u, v)] < M|[ully/|[v|ly for all u,v € V. Let H = V_
and j = P_, where P_ is the projection of V onto V_ along the decomposition
V = V; @ V_. Observe that j is compact. Set w == (pu/2 +M + 2M?%/u) > 0. Let
u € V. Then u = uj +uy with uy € Vi and u; € V_. Using the Peter-Paul
inequality, we obtain

Re a(u,u) + w[j)[[ = ulu [l + (@ — M) [[ually — 2MJug [y uzlly
w 2M2 2M?

2 2 M 2 2
> wlhwlly + (5 + T) hally =Sy == =lhwliv
K 2 2 o2
= Sl + ) > Bl
This shows that a is j-elliptic. O

Remark 4.2. Adopt the notation and assumptions of Lemma 4.1. If a is symmetric
and the decomposition V = V, & V_ is orthogonal with respect to a, then (V, a)
is a so-called Pontryagin space [Bogy4], i.e., a Krein space with a finite rank of
indefiniteness.

Proposition 4.3. Let a be a compactly elliptic form and B € L(V). Defineb: V xV — C

by
b(u,v) = a(u,v) + (Bu|v)y.

Then one has the following.
(a) If B is compact, then b is compactly elliptic.
(b) There exists a & > 0 such that if ||B|| < & then b is compactly elliptic.
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Proof. Let w € R, 1 > 0 and j be as in the compact ellipticity condition of a.
(a) By the Peter—Paul inequality

w2 1 2
|(Bufw)yl < [|Bully|lully < §||u||v+ ﬂHBqu-

LetH :=He& Vandj’ € £(V,H') be given by j’(u) = (j(u), Bu). Then j’ is compact
and :
. 2 K2
Reb(u,u) + (w + E)HJ/(U’)HH’ > EHU'HV

for all u € V. So b is compactly elliptic.
(b) Set & = /2. If |B|| < 3, then |[(Bu|u)y| < %HuH%/ Now it is easily checked
that b is compactly elliptic. O

In the following, we suppose that a is compactly elliptic. Let w € R, p > 0 and
j be as in (4.1). Let H be a Hilbert space and j € £(V,H). The next proposition
highlights why we are mainly interested in the case when j is not injective.

Proposition 4.4. Let V and H be Hilbert spaces. Let a: V x V — C be compactly elliptic.
Suppose j € L(V,H) is injective. Then a is j-elliptic.

Proof. By Lemma A.38 there exists a p > 0 such that
W) 5 < Il + el
for all u € V. Then, using that a is compactly elliptic, we obtain
Rea(w,w) + plj(wl > Sl
for all u € V. Hence a is j-elliptic. O

Next we introduce some technical notation that will be useful in the following.
Set K := wj*j. Then K € £(V) is a compact operator. Recall that T, = Ty + pj*j for
allp € C.

Lemma 4.5. Let p € C be such that Rep > 0. Then the operator T, is Fredholm. In
particular, rg T, is closed and ker T, is finite-dimensional. Moreover, ind T, = 0.

Proof. Since a is compactly elliptic, we have
Re ((Tp +K)ulwly = Re(a(u,uw) + pl[j(w)[f)) + w[fwllf; > wluly (4-2)

for all u € V. It follows that the operator R := T, + K is injective and has closed
range. As R is m-accretive, (rg R)L = ker R* = kerR = {0}. This proves that R is
invertible. Because K is compact, T, is invertible in the Calkin algebra. By [Douy2,
Theorem 5.17], T, is a Fredholm operator. Finally, ind(T,) = ind(R) = 0 by [Douy2,
Theorem 5.36]. ]
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4 The form method for compactly elliptic forms

We define
Wij(a) ={u € kerj:a(u,v) =0 forall v e V}.

Then Wj(a) is a closed subspace of V such that Wj(a) C Dj(a) C V;(a). The next
two lemmas show that Wj(a) has special properties if a is accretive or symmetric.

Lemma 4.6. Suppose a is accretive. Let p € C be such that Re p > 0. Then ker T, = Wj(a)
and rg Ty = W;(a)t. Moreover, Wj(a) = W;(a*).

Proof. Obviously, Wj(a) C ker T,. Now let u € ker T,. Note that both T, and Ty are
accretive. Therefore 0 = Re (Tou|u),, > (Re p)||)'(u)||ﬁ > 0. Hence u € kerj and
Tou = Tou = 0. So a(u,v) = (Tou|v)y = 0 for all v € V. This shows that u € Wj(a).
By Lemma 4.5 and since T, is m-accretive, it follows from Proposition A.8 (b) that
rg Tp = (ker )+ = (ker T,)= = Wj(a)*.

For the last statement note that Wj(a) = ker Ty = ker T = Wj(a*). O

Lemma 4.7. Suppose a is symmetric. Let p € C be such that Rep > 0 and Imp # 0.
Then ker Ty = Wj(a) and rg T, = Wj(a)L. Moreover, Wj(a) = Wj(a*).

Proof. As we can put the real part of p into a, we may assume without loss of
generality that Rep = 0. Obviously, Wj(a) C kerT,. Now let u € kerT,. Then
0 =Im (Toulu)y, =Im ij(u)HzH. Hence u € kerj and Tou = Tou = 0. So a(u,v) =
(Tou|v)y, = 0 for all v € V. This shows that u € Wj(a). By Lemma 4.5 it follows
that rg T, = (ker T;)‘)L = (ker Tg)L = Wj(a)i. The last claim is trivial. H

The proof of Theorem 4.9, which is the main result of this section, will be based
on the next proposition. The notion Tg refers to the Moore-Penrose generalised
inverse of T,, see Section A 4.

Proposition 4.8. Let H be a Hilbert space and j € £L(V,H). Suppose that a is compactly
elliptic. Let A be the graph associated with (a,j). Suppose that either a is accretive and
p = 1 or that a is symmetric and p € {—i,1}. Then p € p(—A) and

(pI+A) T =5Tlj". (4.3)

Proof. Let f € H. We abbreviate W := Wj(a). Clearly, W C kerj and hence
rgj* C (kerj)t C W-. Observe that by either Lemma 4.6 or Lemma 4.7 we have
rg T, = W+ and ker T, = W. So there exists a u € W+ such that Tyu = j*f. By
Lemma 2.7 this implies f € rg(pI + A).

Finally we establish (4.3). By Remark A.33.4 it follows that T;,er = Py, where
P,y denotes the orthogonal projection in V onto W+. Sou = Tg Tou = Tg j*f. Hence

(pI+A) ' =j(u) =jTij*f.

This concludes the proof. O
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4.2 Form approximation

Theorem 4.9. Let H be a Hilbert space and j € L(V,H). Suppose that a is compactly
elliptic. Let A be the graph associated with (a,j). Then A is m-accretive if a is accretive
and A is self-adjoint if a is symmetric.

Proof. Let A C H x H be the graph associated with (a,j). It is clear that A is
symmetric if a is symmetric and accretive if a is accretive. To verify that A is
self-adjoint or m-accretive, it suffices to check the range condition rg(pI + A) = H,
where p is as in Proposition 4.8. The range condition follows from (4.3). ]

Remark 4.10. We point out that if a is compactly elliptic, then also a* is compactly
elliptic. So suppose that a is accretive and compactly elliptic and let j € £(V, H).
Let A and B be the graphs associated with (a,j) and (a*,j), respectively. Then A
and B are m-accretive by Theorem 4.9. It is easily verified that B C A*, where A* is
the adjoint graph of A. Then B = A* by Proposition A.18 and Proposition A.16.

4.2 Form approximation

In this section we study form approximation in the setting of compactly elliptic
forms. We suppose that the forms uniformly satisfy the compact ellipticity condi-
tion of Section 4.1. Both for accretive and symmetric forms we obtain sufficient
conditions such that the associated graphs converge in the strong resolvent sense.

Throughout this section we shall use the following notation. Let V be a Hilbert
space. Let a: V x V — C be a continuous sesquilinear form. Let H be a Hilbert
space and j € £(V,H). Moreover, suppose that a,: V x V — C is a continuous
sesquilinear form for all n € IN. Suppose that (a,) is uniformly compactly elliptic,
i.e., there exists a Hilbert space ﬁ, a compact operator 5 e L(V, ﬁ), an w € Rand a
i > 0 such that

Re an (1, 1) + w[[§(w) [ > wfulf

forallu e Vand n € IN.
Definition 4.11. We say that (a,) converges weakly to a as n — oo if for every
sequence (wy) in V such that w,, — w weakly in V it follows that

lim an(w,wy) = alu,w)
n—oo

for all u € V and

lim an(wn,v) = a(w,v)
n—oo

forallv e V.
We say that (a,) converges uniformly to a as n — oo if there exists a sequence
(¢n) in [0, 00) such that limy o 0tp = 0 and

lan (0, v) — a(w, v)| < o flullyIV]lv (4-4)
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4 The form method for compactly elliptic forms

forallu,ve Vand n € IN.

We require a number of auxiliary results before we can prove the results about
resolvent convergence in Theorem 4.19, which is our main result in this section. Let
p € C be such that Re p > 0. We define the operator T := T, € £(V) as in Section 4.1.

Analogously, for all n € IN define the operator T,, == Tén) € L(V) by requiring that

(Tawlv)y = (TMulv)y, = an(w,v) + pGW) 1i(v))yy

for all u,v € V.

If (an) converges weakly (or uniformly) to a, then also a is compactly elliptic.
Moreover, if (a,) converges uniformly to a, then by (4.4) it also converges weakly
to a as every weakly convergent sequence is bounded. It is easy to see that (ay)
converges uniformly to a if and only if T,, — T uniformly. The next lemma gives a
similar characterisation for the weak convergence.

Lemma 4.12. The sequence (a,) converges weakly to a as n — oo if and only if both
Tn — T strongly and T;; — T* strongly.

Proof. Observe that (a,) converges weakly to a if and only if for every sequence
(wn) in V such that w,, — w weakly in V one has both T ;w,, — T*w weakly in V
and Tywn — Tw weakly in V. Now the claim follows from Lemma A.36. O

Remark 4.13. Suppose that (a,,) converges weakly to a. Then T,, — T strongly by
Lemma 4.12. Therefore sup,, ;x| Tl < co.

Lemma 4.14. Suppose that (a,) converges weakly to a. Let w € V and (u,) be a
sequence in V such that u, — u weakly in V. If limy_, an(un, un) = a(u,u), then
im0 |[Un —ully, = 0.

Proof. The assumptions imply

Iim an(un —w,un —u) = 2a(uw, u) — lim ay(up,u) — lim an(w,u,) =0.

n—oo n—oo n—oo
Moreover, limy o |[j (1tn — ) le’:[ =0 as j is compact. By the uniform j-ellipticity we
have
wljun — uH%, < Rea(un —uw,up —u) + w|jlun —u) “}2’:’{
for all n € IN. So the lemma follows from taking the limit. ]

Lemma 4.15. Suppose that (an) converges weakly to a. Let uw € V and wy, € Wj(ay) for all
n € IN. Suppose that wy, — wweakly in V. Then uw € Wj(a) and limy_ o ||[wn —ully, = 0.

Proof. Clearly j(u) = limp 00 j(Wn) = 0. Moreover, a(u,v) = limp_,o0 an(Wn,v) =0
for all v € V. Therefore u € Wj(a). So an(wn, wn) =0 = a(u,u) for alln € IN. Now
the norm convergence in V follows from Lemma 4.14. []
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4.2 Form approximation

Lemma 4.16. Suppose that (a,) converges weakly to a. Suppose dim Wj(an) = Wj(a)
for all n. € IN. Then, after going to a subsequence, for all w € Wj(a) there exists a sequence
(wWn) such that wy, € Wj(ayn) for alln € N and limp .o |[[wn —w|| = 0.

Proof. Let d = dim Wj(a). Since Wj(a) C ker Ty, it follows from Lemma 4.5 that
d < 0. Foralln € N, let (fgn),...,ffin)) be an orthonormal basis of Wj(an).
After going to a subsequence, there exist fy,...,fq € V such that f,in) — fy for all
k €{1,...,d}. By Lemma 4.15 we obtain f; € Wj(a) and limnﬁoo]\flin) — fy|| =0 for
all k € {1,...,d}. This implies that (fy,...,fq) is an orthonormal basis of Wj(a).
Now the claim follows by linearity. O

Proposition 4.17. Suppose that (an) converges weakly to a. Denote by P and Py
the orthogonal projections of V onto Wj(a) and Wj(ayn), respectively. Then one has
limy, 0| (I = P)Pn|| = 0. In particular, limsup, _,  dim Wj(a,) < dim Wj(a).

Proof. We first prove that limn_||(I — P)Pn|| = 0. Suppose not. Then, after going
to a subsequence, there exists an ¢ > 0 such that |[(I —P)Py| > 2¢ for all n € N.
So there exist u, € Wj(an) such that ||u,|ly < Tand [[(I—Pluy|| > € for alln € IN.
After going to a subsequence, there exists a u € Wj(a) such that limy ;o un = u by
Lemma 4.15. Hence ¢ < ||[(I—P)un|| — 0 as n — oo, a contradiction. The second
statement is a consequence of Proposition A.30. [

Proposition 4.18. Adopt the notation and conditions of Proposition 4.17. Suppose

lim dim Wj(a,) = dim Wj(a). (4.5)

n—oo
Then Py, — P uniformly.

Proof. In view of Proposition A.29, it suffices to prove that limp_,o0||(I —P)Pn|| =0
and limn || (I — Pn)P|| = 0. In Proposition 4.17 we established the former.

It remains to prove that limp_,||(I — Pn)P|| = 0. Suppose not. Then, after going
to a subsequence, there exists an ¢ > 0 such that ||(I—P,)P|| > 2¢ for all n € IN.
So there exist u, € Wj(a) such that |[jus|| < 1 and [[(I—Pp)un|| > € for alln € IN.
After going to a subsequence, we may suppose that there exists a w € Wj(a) such
that limp ;0 un = w. By Lemma 4.16 we find elements w, € Wj(a,) such that
limp 0o Wn = w. Then & < |[(I—Pr)un|| = [|[(I—Pn)(un —wn)|| < [[un —wn| — 0
as n — oo gives a contradiction. O

The next theorem is the main result of this section. Its proof is based on
convergence results for the Moore-Penrose generalised inverse by Izumino, see
Section A.4.

Theorem 4.19. Suppose that (ay) is a uniformly compactly elliptic sequence of accretive or
symmetric forms. Suppose that (an) converges weakly to a. Moreover, suppose (4.5) holds.
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4 The form method for compactly elliptic forms

Let A be the graph associated with (a,j) and for all n € IN let Ay, be the graph associated
with (an,j). Then A, — A in the strong resolvent sense. Moreover, if j is compact, then
the resolvents converge uniformly.

Proof. Let p =1 in the accretive case and let p = i in the symmetric case. Note that
in both cases Wj(a,) = ker T, and rg T,, = (ker Tn)* for all n € N by Lemma 4.6
and Lemma 4.7. By Proposition 4.18 we know that lim,_,o, P, = P. Due to (A.4) it
follows that TnTi = leTn —(I—Py) > (I=P) =TT =TIT uniformly as n — oo.
Moreover, T, — T strongly by Lemma 4.12.

We next show that suanNHTlH < co. To this end, let v € V and set u, = Tjlv
for all n € IN. By the uniform boundedness principle it suffices to show that (u,)
is bounded in V. Due to (A.5) we have u,, € Wj(an)L for all n € IN. Moreover,
Toun = TnTTITlv = (I—Py)v. Let K = wj*j. It follows from (4.2) that

wunlly < [T+ Kunlly < vlly + [[Kun|ly (4.6)

for all n € IN. So (uy) is bounded in V if and only if (Ku,) is bounded in V.

Assume that (u,), and hence (Ku,), is not bounded in V. We shall derive a
contradiction. After going to a subsequence, we may suppose that o, == ||[Kun|| —
00 as 1 — oo. Define 1, == o;;'uy for all n € N. Then by (4.6), after going to a
subsequence, there exists a t € V such that {i,, — 1t weakly in V. As K is compact,
it follows that ||K1l||;, = 1. In particular, @t # 0.

On the one hand, T, = oc{1Tnun = 0‘{1 (I—Py)v — 0 as n — oco. Moreover,
Tty — T weakly in V since (a,) converges weakly to a. So 1t € ker T = Wj(a).
On the other hand, 0 = Py, — Pt weakly in V by Lemma A.36. So @ € Wj(a)~.
Together this implies i = 0, a contradiction.

Using Proposition A.35 we establish that T, — T1 strongly. Now it follows
from (4.3) that

(PT+An) ™! =jTij" —jT1j" = (pI+A)”! (47)

strongly. So A;, — A in the strong resolvent sense.

Finally, supEose that j is compact. By Lemma 4.12 and Pro Eosition A.35, we also
obtain that ( (T) 5 (T9T = (Th)* strongly. Then jT, — Tt uniformly by
Lemma A.37. So by (4.7) the resolvents converge uniformly. O

Remark 4.20. Adopt the notation and conditions of Theorem 4.19. Suppose in
addition that (a,) converges uniformly to a. Then, arguing as in the first paragraph
of the proof of Theorem 4.19, it follows from Proposition A.34 that T - Ti
uniformly. So by (4.7) the resolvents converge uniformly. Note that in this case we
do not need to first prove supneNHTTJ{H < 00.

We close this section with a simple example which shows that (4.5) is not
necessary for strong resolvent convergence.
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4.3 Lower boundedness, sectoriality and semigroup convergence

Example 4.21. Let V = C? and H = C. Let a: V x V — C be given by a(u,v) = 0.
For alln € N, let a,: V x V — C be defined by a,(u,v) = T]—luﬁz. Then (a,) is a
sequence of symmetric forms that converges uniformly to a. Clearly, the sequence
(an) is uniformly compactly elliptic. Define j: V — H by j(u) = uy.

On the one hand, it is readily checked that Wj(a) = kerj and Wj(a,) = {0} for
all n € IN. So (4.5) does not hold. On the other hand, an easy calculation shows

A = A, =0foralln € N. So obviously A, — A in the strong resolvent sense. <

4.3 Lower boundedness, sectoriality and convergence of
the associated semigroups

In this section we will study the lower boundedness and sectoriality of graphs
associated with compactly elliptic forms. Let V and H be Hilbert spaces. Let
a: VxV — C be a continuous sesquilinear form. Suppose that a is compactly
elliptic. Letj € L£(V,H). We first derive a criterion that ensures that the graph
associated with (a,j) is lower bounded. Next we consider a sequence of accretive
or symmetric forms converging weakly to a. We investigate when the associated
graphs are uniformly sectorial. The results are useful to establish the convergence
of the associated (degenerate) Cp-semigroups.

Proposition 4.22. Let V7 == Vj(a) N (Vj(a) N kerj)* and V, = Vj(a) Nkerj. Then the
graph associated with (a,j) is lower bounded if a(w,v) =0 forallw € Vy and v € V7. If
Dj(a) is dense in V;(a), then the latter condition is necessary.

Proof. Note that Vj(a) = V; @ V; and that j; = j|y, is injective. Let A be the graph
associated with (a,j). Let (x,f) € A. Then there exists a u € Dj(a) such that j(u) = x
and a(u,u) = (f[x)y. Then u = u; +u; with u; € Vj and u; € V,. Observe that
Rea(u,u) = Rea(uy,uy) and j(u) = ji(uy). This proves that A is lower bounded
since the restriction of (a,j) to V; is ji-elliptic by Proposition 4.4.

Next, suppose that A is lower bounded and that Dj(a) is dense in Vj(a). Then
there exists a p > 0 such that

Re a(u, 1) + p|lj(w) [} = 0
for all u € Vj(a). Let uy € V. Then
Re a(wy, ;) + Rea(uz, uy) + pllj(w)|[f; = 0

for all u; € V;. This implies a(uy, uy) =0 for all u; € V;. O

In the setting of Theorem 4.9 we obtain the following descriptions of Dj(a) and
Vi(a).
j
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4 The form method for compactly elliptic forms

Lemma 4.23. Adopt the notation and assumptions of Theorem 4.9. Then Dj(a) =
Tg rgj* © Wj(a) and Vj(a) = Tg(kerj)L © Wj(a). In particular, D;(a) is dense in V;(a).

Proof. Let u € V. Then u € Dj(a) if and only if Tou € rgj* by Lemma 2.8.
Moreover, u € Vj(a) if and only if Tyu € (kerj)t = rgj*. It is obvious that
W;(a) C Dj(a) C Vj(a). Recall that TIT, = T,T] is the orthogonal projection in
V onto Wj(a)* (see the proof of Proposition 4.8). Now both decompositions are
readily verified. Finally, the last statement follows from the fact that Tg rgj* is dense
in Tg(kerj)L. O

Remark 4.24. Suppose a is accretive. Then Dj(a) is dense in Vj(a) by Lemma 4.23.
Moreover, the graph associated with (a,j) is trivially lower bounded. So let V; =
Vi(a) N (Vj(a)N kerj)t and V, = Vj(a) Nkerj. Now it follows from Proposition 4.22
that a(w,v) =0 forallw e V, and v € V;.

The next proposition helps to characterise the graphs that we can obtain in the
setting of Theorem 4.9.

Proposition 4.25. Adopt the notation and assumptions of Theorem 4.9. Set Vi == Vj(a) N
(Vj(a) N kerj)*. Let (a1,j1) be the restriction of (a,j) to Vy. Then ay is jy-elliptic and A
is associated with (aj,j1).
Proof. Let (d,j) be the restriction of (a,j) to Vj(a). Clearly, a is still compactly
elliptic and accretive or symmetric. So (&,j) generates an m-accretive or self-adjoint
graph A. Let (x,f) € A. Then there exists a u € Vj(a) such that j(u) = x and
a(u,v) = (f|j(v))y for all v € V. This implies that A C A. Tt follows that A = A by
Proposition A.16.

Next, note that a; is compactly elliptic and that j; is injective. Consequently,
a; is ji-elliptic by Proposition 4.4. In particular, (a7,j1) generates an m-sectorial
graph A;. Let (x,f) € Aj. Then there exists a u € V; such that j;(u) = x and
a1 (u,v) = (f[j(v))y for all v € V5. As u € Vj(a), we have a(u,v) =0 = (f|j(v))y for
all v € Vj(a) Nkerj. By linearity it follows that (x, f) € A = A. Hence A1 =Aby
Proposition A.16. [

So in the accretive or symmetric case, compactly elliptic forms only generate
graphs that are accretive and sectorial or self-adjoint and lower bounded. We
formulate this as a corollary.

Corollary 4.26. Adopt the notation and assumptions of Theorem 4.9. Then the graph A
associated with (a,j) is m-sectorial. In particular, A is lower bounded.

The following simple example shows that in the general case (i.e., if a is only
continuous but neither accretive nor symmetric) the graph associated with (a,j)
need not be lower bounded. Moreover, the graph associated with (a,j) can have
empty resolvent set.
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Example 4.27. Let V= C? and H = C. Let a: V x V — C be given by a(u,v) = uv;.
Clearly, the form a is compactly elliptic. Define j: V — H by j(u) = u;. It is easily
verified that the graph A = C x C is associated with (a,j). This graph is not lower
bounded. <&

We require the following additional notation and assumptions. Let an: V xV —
C be a continuous sesquilinear form for all n € IN. We suppose that (an) is
uniformly compactly elliptic and that (a,) converges weakly to a. By Corollary 4.26
the graph associated with (ay,j) is lower bounded for all n € IN. In the remaining
part of this section we study, in particular, when these graphs are uniformly lower
bounded. We then use the results in combination with Theorem 4.19 to obtain
a sufficient criterion for the associated (degenerate) Cyo-semigroups to converge
strongly.

Lemma 4.28. Let u € V and wy € Vj(an) Nkerj for all n € IN. Suppose that wn — u
weakly in V. Then u € Vj(a) Nkerj and limy 0 ||wn —ully, = 0.

Proof. Clearly j(u) = limp 0 j(Wn) = 0. Moreover, a(u,v) = limp_,5 an(Wn,v) =0
for all v € kerj. Therefore u € Vj(a) Nkerj. So an(wn, wn) = 0 = a(u,u) for all
n € IN. Now the norm convergence in V follows from Lemma 4.14. ]

Lemma 4.29. One has dim(Vj(a) Nkerj) < oo. Furthermore, suppose that

dim(Vj(an) Nkerj) = dim(V;(a) Nkerj)
for all n € IN. Then, after going to a subsequence, for all u € Vj(a) Nker j there exists a
sequence (un) such that u, € Vj(an) Nkerj for all m € IN and limy o0 [[un —ufly, = 0.

Proof. Note that a(u,u) = 0 for all u € Vj(a) Nkerj. By (4.2) it follows that |[|[Ku|\, >
ullully for all u € Vj(a) Nkerj, where K := wj*j comes from the compact ellipticity
condition, as before. Consequently, as K is compact, d := dim Vj(a) Nkerj < oo.
Now the claim follows by the same argument as in the proof of Lemma 4.16, using
Lemma 4.28 instead of Lemma 4.15. O

Remark 4.30. It is possible to obtain a version of Proposition 4.17 or Proposition 4.18
for the sequence of the spaces Vj(an) Nkerj instead of Wj(ay,). For details we refer
to [AEKS13]. Furthermore, we point out that analogous results could be also
obtained for ker Tén) or (rg Tén))L for all p € C with Rep > 0.

Proposition 4.31. Suppose that
li_r>n dim(Vj(an) Nkerj) = dim(V;(a) Nkerj). (4-8)
n—oo

Then there exist w’ € R and w' > 0 such that

. 2 2
Re an (u,u) + w'|[j(w)[[f = w'(jully
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foralln € N and u € Vj(an) N (Vj(an) Nkerj)*.

Proof. Suppose not. Let v — Vi(an) N (Vj(an) N kerj)t foralln € N. Let e > 0
be such that ¢ < p. Then, after going to a subsequence, there exists a u, € V(™
such that

Re an (un, )+ 1[j(un) [y < eflun

for all n € N. After renormalisation, we may suppose that |[j(u,)||;; = 1. By the
uniform j-ellipticity, we obtain

wl[j(un)Z + ellunll¥ > Re an (tn, tn) + @] (un) |3 + 1l (un) I}

2 . 2
Z HHun”V + n”](un)HH

for all n € IN. Hence
w > (1= &) |[unlly +niun) I (4-9)

for all n € IN. So, after going to a subsequence, there exists a u € V such that
un — uweakly in V and u # 0 because |[j(u)|; = 1. Note that j(u) = 0 by (4.9). Let
v € kerj. Then a(u,v) = limp o an(un,v) = 0. So on the one hand u € Vj(a) Nkerj.
On the other hand, let w € Vj(a) Nkerj. By Lemma 4.29 there exists a sequence
(wy) in V with wy, € VU for all n € N such that limn_eo wn = w. Then (u| w)y =
limp 00 (Un[Wn)y = 0. Sou € (Vj(a)N kerj)*. This is a contradiction. O

Theorem 4.32. Suppose that (an) is a uniformly compactly elliptic sequence of accretive
or symmetric forms. Suppose that (a,) converges weakly to a. Finally, suppose that (4.8)
holds. For all n € IN, let Ay, be the graph associated with (an,j). Then the graphs A, are
uniformly sectorial. In particular, the graphs are uniformly lower bounded.

Proof. By Remark 4.13 there exists an M > 0 such that
an (w, W] < MJully

forallu e Vand n € N.

Choose w’ € R and p’' > 0 as in Proposition 4.31. Let n € N and (x,f) € A,.
Then there exists a u € Vj(an) N (Vj(an) N kerj)* such that a,(u,u) = (f|x),. By
Proposition 4.31 it follows that

/
18
Re (f[x)yy + ' [[xlffy > w/ljuly > 1o m (F]x)

This completes the proof. O

By Example 4.21 the condition (4.8) is not necessary for uniform lower bounded-
ness. The following example shows that (4.8) is not sufficient for strong resolvent
convergence.

66



4.3 Lower boundedness, sectoriality and semigroup convergence

Example 4.33. Let V= C? and H = C. Let a: V x V — C be given by a(u,v) = 0.
For alln € IN, let an: V x V — C be defined by an(u,v) = %uzﬁ + %uﬁz. Then
(an) is a sequence of symmetric forms that converges uniformly to a. Clearly, the
sequence (ay) is uniformly compactly elliptic. Define j: V — H by j(u) = u;.

On the one hand, it is readily checked that Vj(a) = V and Vj(an) = kerj for all
n € N. So dim(Vj(a) Nkerj) = 1 = dim(Vj(an) Nkerj) for all n € N. On the other
hand, Wj(a) = kerj and Wj(a,) = {0} for all n € N. So (4.5) does not hold. Let A
be the graph generated by (a,j), and let A, be the graph generated by (ay,j) for all
n € IN. An easy calculation shows that A = C x {0} and A,, ={0} x C for all n € IN.
So (il+An)~!' =0and (il + A)~! = —il. In particular, the graphs are uniformly
lower bounded, but one does not have strong resolvent convergence. &

Conversely, the next example shows that (4.5), and in particular strong resolvent
convergence, is not sufficient for uniform lower boundedness.

Example 4.34. Let V = C? and H = C. Let a: V x V — C be given by a(u,v) =
wvi +wvy. Foralln € N, let an: V x V — C be defined by an(u,v) = uyvy +
%uﬁz +u1Vy. Then (ay,) is a sequence of symmetric forms that converges uniformly
to a. Clearly, the sequence (ay,) is uniformly compactly elliptic. Define j: V — H by
jlu) =u.

On the one hand, it is readily checked that Vj(a) = kerj and

Vj(an) = {(w,—nuy) :uy € C}

for all n € IN. So (4.8) does not hold. On the other hand, Wj(a) = Wj(an) = {0}
for all mn € IN. So (4.5) holds and one has strong resolvent convergence. Let A be
the graph generated by (a,j), and let A, be the graph generated by (ay,j) for all
n € IN. An easy calculation shows that A = {0} x C and A, = —nlI for alln € IN.
In particular, the graphs A,, are not uniformly lower bounded. &

Finally, we discuss the convergence of the associated (degenerate) Cy-semigroups.

Theorem 4.35. Adopt the notation and assumptions of Theorem 4.32. For allm € IN,
denote by Sy, the (degenerate) Cy-semigroup generated by —Ay. Let S be the (degenerate) Co-
semigroup generated by —A. If A, — A in the strong resolvent sense, then Sy (t) — S(t)
strongly as 1. — oo for all t > 0. In particular, this is the case if (4.5) holds.

Proof. By Theorem 4.32 and Corollary 4.26 the graphs A, are uniformly m-sectorial.
So we can apply Theorem A.28. O

We close with an example where the associated graphs are uniformly lower
bounded and the corresponding (degenerate) Co-semigroups converge strongly
for all t > 0, but where (4.8) is not satisfied. Moreover, in this example the
corresponding (degenerate) Co-semigroups do not converge strongly at t = 0. It
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4 The form method for compactly elliptic forms

is easy to see that in the uniformly j-elliptic case strong resolvent convergence of
the generators is sufficient for the strong convergence of the (trivially degenerate)
Co-semigroups for all t > 0, see for example [Kat8o, Theorem IX.2.16]. This shows
that in the compactly elliptic setting form approximation is more delicate.

Example 4.36. We shall modify Example 4.34. We use the notation from there, with
the exception that a,: V x V — C be instead defined by a, (u,v) = uyvy — Tlluﬁz +
u1v; for all n € IN. As before, condition (4.8) does not hold. An easy calculation
shows that A, = nl for all n € IN. In particular, the operators A, are uniformly
lower bounded. The (degenerate) Cy-semigroup generated by —A = {0} x C is given
by S(t) = 0 for all t > 0, while the Cyp-semigroup generated by —A,, is given by
Sn(t) =exp(—nmt) forall t > 0 and n € IN. So S, (t) — S(t) strongly for all t > 0,
but not at t = 0. &

4.4 An application to Dirichlet-to-Neumann graphs

In this section we give an interesting application of the results of the previous
sections to generalised Dirichlet-to-Neumann graphs. First, we shall use the gen-
eration result Theorem 4.9 to define these graphs. Then we study the strong
resolvent convergence of such graphs. Finally we address the question of whether
the corresponding (degenerate) Cy-semigroups converge strongly using the results
of Section 4.3. In the following, let Q C R¢ be Lipschitz and V = H'(Q).

Definition 4.37. Let ¢ > 0. Let C: Q — R%% and m: Q — R be bounded
measurable maps. Suppose that C(x) is a symmetric matrix for all x € Q) such that
C(x)&-& > ul&l2 for all £ € R4 and x € Q, where by C-n we denote the Euclidean
inner product of (,n € C4. Then we say that (C,m) are p-elliptic symmetric
coefficients.

Define the continuous sesquilinear form a: H'(Q) x H'(Q) = C by

alu,v) = J

CVu-Vv+ J muv.
Q

Q

We call a the form in H' (Q) associated with (C, m).

In the following, let 1 > 0 and let (C, m) be p-elliptic symmetric coefficients. Let
a be the form in H'(Q) associated with (C, m). Then a is symmetric and compactly
elliptic. In fact, let H = [2(Q) and j be the embedding of H'(Q) into L2(Q). Then j
is compact by [EE87, Theorem V.4.17] and a is j-elliptic. Let BP be the m-sectorial
operator in [%(Q) associated with the restriction of (a,j) to Hé(Q). Note that BP
has compact resolvent by Lemma 2.9.

Now let I be the boundary of Q. Let H = L%(I") and j: H'(Q) — L2(T") be the
trace map j(u) = Tru, see Theorem A.48. By Theorem 4.9 and Corollary 4.26 the
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4.4 An application to Dirichlet-to-Neumann graphs

graph N associated with (a,j) is self-adjoint and lower-bounded. We call N the
generalised Dirichlet-to-Neumann graph associated with (C, m). Note that N is
a graph in L2(I").

Example 4.38. Let A € R. Suppose C(x) = [ and m(x) = —A for all x € Q. Then
we shall use the notation D) = N. By the above, the graph D, is self-adjoint
and lower bounded. Note that BP is the realisation of —A — Al in L%(Q) with
Dirichlet boundary conditions. Denote the Dirichlet Laplacian on Q by AP. If A =0,
then D, is the classical Dirichlet-to-Neumann operator for (). We refer to [AE12,
Subsection 4.4] for details.

First suppose that A € R\ o(—AP). Then D, is equal to the Dirichlet-to-Neumann
operator associated with —A — AL So if (¢, V) € L2(T") x L2(I"), then (¢, V) € Dy if
and only if there exists a u € H'(Q) such that

—Au—Au =0,
Tru= ¢,
ll) = a\/LL/

where both —Au—Au = 0 and 0,u are understood in a suitable weak sense,
see [AE11] or [AM12]. In particular, D, is an operator.

Now suppose A € o(—AP). Then the situation mostly stays the same, with the
exception that the graph D; need not be an operator any more. To see this, assume
that Q is C2. Let u € Hg)(Q) \ {0} be an eigenfunction for the eigenvalue A, i.e.,
a weak solution of —Ax = Ax in H(])(Q). Then it is known that u € H*(Q). In
particular, 0,u exists. Moreover, 0,u # 0 since otherwise the extension of u by
0 would be a weak solution of —Ax = Ax in H'(R4), which is impossible; see for
example Proposition 4.39. So D is not an operator as (0,0yu) € D,. &

The following result is based on a connection between the unique continuation
property and the space Wj(a).

Proposition 4.39. Let a and j be as above. If the second-order coefficients C are Lipschitz
continuous, then Wj(a) = {0}.

Proof. Let u € Wj(a). As Q is Lipschitz, kerj = H(Q). So u € H}(Q) satisfies
a(u,v) = 0 for all v € H'(Q). Denote by 1: R4 — C and : RY — R the
extensions by 0 of u and m. Then 1 € H'(RY). We can construct a bounded,
Lipschitz continuous extension C: RY — RI¥4 of C such that C(x) is symmetric
and C(x)&- & > H/WZ for all £ € R4 and x € RY, where 0 < 1/ < pt. Then we have

J éva-vwrj M = a(u,vlg) =0
R4 R4
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4 The form method for compactly elliptic forms

for all v € C®(RY). So 1t is a weak solution of a strongly elliptic equation in R¢
with Lipschitz continuous second-order coefficients. Moreover, {t vanishes on an
open set. Now it follows from [GL87, Theorem 1.1] or [AKS62, Section 5, Remark 3]
that u = 0. O

Remark 4.40. In two dimensions, i.e., if Q is a bounded open set in R? with
Lipschitz boundary, then Wj(a) = {0} for general u-elliptic symmetric coefficients
(C, m) by [Ale12].

In what follows we additionally assume that the coefficients C are Lipschitz
continuous. Let (Cy,, my) be p-elliptic symmetric coefficients for all n € IN. Suppose
that limp_,oo Cn = C in L®(Q; RY%4) and that m,, — m weak* in L*(Q). Note that
we do not require the coefficients Cy, to be Lipschitz continuous. For all n € IN, let
an be the form in H'(Q) associated with (Cyp, my).

Lemma 4.41. The sequence (ay) converges weakly to a.

Proof. Let u € H'(Q) and (un) be a sequence in H'(Q) such that u, — u weakly
in H'(Q). Asj is compact, it follows that lim, o un =uin L%(Q). Moreover, (un)
is bounded in H'(Q) and (m,) is bounded in L*°(Q). Hence

(Ch—C)Vuy - V\H—J CV(un—u)-Vv

an(Un,v) —alu,v) = J
Q

Q

+J mn(un—u)GJrJ (Mmp —m)uv — 0
Q Q

forallv e H'(Q). H

The uniform 5-ellipticity of (an) follows from the boundedness of (m,) in L*°(Q).
As Wj(a) = {0} by Proposition 4.39, condition (4.5) is automatically satisfied by
Proposition 4.17. So we can apply Theorem 4.19 to obtain the uniform resolvent
convergence of the associated graphs. We consider the following concrete example,
which also shows that the corresponding (degenerate) Cy-semigroups need not
converge strongly.

Example 4.42. Suppose C(x) = Cn(x) = I forall x € Q. Let A € o(—AP) be the
smallest positive eigenvalue of —AP. Let (M) be a sequence in R such that Ay <A
for all n € N and lim;, ;0 A, = A. Suppose m(x) = —A and my(x) = —Ay, for all
n € IN. This falls into the above setting. In particular, (ay) is uniformly j-elliptic
and converges weakly to a. Observe that the graph D, is associated with (a,j),
whereas the operators D, are associated with (a,,j) for all n € IN. Note that
D, does not need to be an operator since A € o(—AP), see Example 4.38. Still, by
Proposition 4.39 we have Wj(a) = {0}. So Dj, — D, in the strong resolvent sense.
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Next we discuss whether the operators D, are uniformly lower bounded in
n € IN and whether one has strong convergence of the corresponding (degenerate)
Co-semigroups. For all n € IN denote by S, the Cy-semigroup generated by D, .
By [AM12, Proposition 5 and Proposition 3], there exists a sequence (,) in R such
that p, is an eigenvalue of the operator D, for all n € IN and lim;, o pn = —00.
Hence the operators Dj are not uniformly lower bounded in n € IN. Moreover,
the sequence (S, (t)) is unbounded in £(H) for all t > 0 and therefore does not
converge strongly. <&

Finally we show that the condition 0 € o(BP) implies that the correspond-
ing (degenerate) Cy-semigroups converge strongly. Suppose that 0 € p(BP). Let
u € Vj(a)Nkerj. Thenu e H(l)(Q) and BPu = 0. Since 0 € p(BP), it follows that
u =0 and Vj(a) Nkerj = {0}. By Theorem 4.35 and Remark 4.30, the corresponding
(degenerate) Cp-semigroups converge strongly. Note, however, that in the setting of
Example 4.42 the condition 0 € p(BP) amounts to choosing A € R\ o(—AP). In par-
ticular, in this case the graphs D, are eventually operators and the corresponding
Co-semigroups are not degenerate.

4.5 Notes and remarks

We point out that there is a connection between compactly elliptic forms and
Fredholm closed forms which were introduced by MCIntosh in [MC€I70, Section 6]. The
forms considered there are continuous forms on the direct product of two possibly
different Hilbert spaces V; and V;, where both V7 and V, are continuously and
densely embedded into H. Such a form a: Vi x V; — C is called Fredholm closed
if for some p € C the operator T, € £(Vj,V;) is Fredholm, where T, satisfies

(Toulv)y, = alw,v) +p(ulv)y

for all u € Vj and v € V;. The corresponding generation theorem states that the
operator A associated with a has a nonempty Fredholm set; in fact, (pI +A) is a
densely defined, closed Fredholm operator with the same index as T,. We shall not
go into details here and refer for definitions and properties of unbounded Fredholm
operators and the Fredholm set to the literature; see for example [Gol66, Chapter
IV], [KS63], or [GK60].

In Lemma 4.5 we established that for a compactly elliptic form the operator
T, is Fredholm for all p € C such that Rep > 0. So if j is a dense embedding, a
compactly elliptic form is Fredholm closed. In this case, however, the notion of
compact ellipticity is not very interesting as we observed in Proposition 4.4. It is
really the non-injectivity of the map j which gives rise to new behaviour and makes
the results in the previous sections interesting.
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4 The form method for compactly elliptic forms

Still, we expect that mutatis mutandis the theory of Fredholm closed forms can
be extended to the case in which one merely has j; € £(V;,H) and j, € £(V2, H)
instead of two dense embeddings. This would yield a generation theorem for closed
graphs with nonempty Fredholm set. Of course, in this more general setting the
associated graphs are less regular. In particular, if A is the associated graph and
p € Cis such that T, is Fredholm, then in general one cannot expect that the index
of T, is equal to that of pI + A. As a simple example, observe that the associated
operator in Example 4.27 has Fredholm set C, but the index differs from that of T,,.
While the approach presented here is focused on the accretive and symmetric case, it
features the more accessible condition of compact ellipticity, allows a general linear
operator j € £(V, H) instead of a dense (injective) embedding and ensures that the
associated graph has a nonempty resolvent set. Still, the graphs associated with
accretive or symmetric compactly elliptic forms are always m-sectorial according to
Corollary 4.26.

Some of the results in the previous sections slightly extend those in [AEKS13].
Specifically this is the case for the statement in Remark 4.20 and for the accretive
case in Theorem 4.19. It is remarkable that under the assumptions of Theorem 4.19
one actually obtains T — T strongly. In particular, in this case it is not the
operators j* and j in (4.7) that are essential for the convergence. This should be
compared with Theorem 3.38, where the situation is quite different. Consequently,
on the one hand one might take this as an indication that the condition (4.5) in
Theorem 4.19 is too strong. On the other hand, in the application to the Dirichlet-
to-Neumann graphs one has automatically Wj(a) = {0} as soon as the second-order
coefficients are Lipschitz or the dimension is 2, see Proposition 4.39. This follows
from the connection between the unique continuation property and Wj(a) = {0}. It
would be interesting to further the investigation of this connection. The remarkable
example of Filonov [Filo1b] of a pure second-order elliptic divergence form operator
with a nonzero compactly supported smooth solution shows that (4.5) is not
always satisfied in this setting. It is natural to ask whether one can have resolvent
convergence of Dirichlet-to-Neumann graphs if Wj(an) = {0} for all n € IN and
W;(a) # (0.

We note that it is possible to relax the regularity assumptions on the set Q in
Section 4.4. We assumed that Q) is Lipschitz, but the embedding of H'(Q) into
[2(Q) remains compact for bounded open sets QO with continuous boundary [EES87,
Theorem V.4.17], for example. Similarly, for the existence of a continuous trace
map from H'(Q) into L?(I"), it is not necessary that Q is Lipschitz. In [AE11]
the classical Dirichlet-to-Neumann operator is considered on (basically arbitrarily)
rough domains via the form method in the incomplete sectorial case. There the
notion of the weak trace, which we consider in Chapter 7, is essential.
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The regular part of sectorial forms

In [Sim78a] Simon introduced a decomposition of a general, possibly nonclosable,
positive symmetric form into the sum of two positive symmetric forms: a maximal
closable regular part and a singular part. In this chapter we study a generalisation
of this decomposition for j-sectorial forms, which is made possible by Kato’s first
representation theorem [Kat8o, Section VI.2.1] and the generation theorem for
j-sectorial forms in [AE12, Section 3].

In Section 5.1 we first recall the necessary notation and results from [AE12].
Then we define the regular and singular part of a j-sectorial form a and prove that
they are unique in a natural sense. Moreover, we deduce a formula for the regular
part in terms of the real part of the form. This is the main result of this chapter,
which will be used in Section 5.2 and in Chapter 6.

In Section 5.2 we study the real part of the regular part and properties of the
singular part. Since a sectorial form is closable if and only if its real part is closable,
one might expect that taking the real part of a form commutes with taking the
regular part of the form. We present a counterexample which shows that this is not
always the case. Furthermore, we characterise when the singular part is j-sectorial.

The results in this chapter are joint work with Tom ter Elst [ES11]. We wish to
thank Wolfgang Arendt for stimulating discussions and Brian Davies for raising
the question of whether Re(areg) = (e a)reg.

5.1 The regular part expressed in terms of the real part

Let a: D(a) x D(a) — C be a sesquilinear form. The form domain D(a) is merely
supposed to be a vector space. Let H be a Hilbert space and j: D(a) — H be a
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5 Theregular part of sectorial forms

linear map with dense range. We allow that j is not injective. Throughout this
chapter we assume that the form a is j-sectorial, i.e., there exist a vertex y € IR and
a semi-angle 0 < [0, 7) such that

a(w) —vy|[i(W|f € Zo (5.1)

for all u € D(a), where Xy :={z € C:z =1 or |arg(z)| < 0}.
One of the main results in [AE12] is the following generation theorem.

Theorem 5.1. Let a be a sesquilinear form, H a Hilbert space and j: D(a) — H a linear
map. Suppose a is j-sectorial and j(D(a)) is dense in H. Then there exists an m-sectorial
operator A in H such that for all x,f € H one has x € D(A) and Ax = f if and only if
there exists a sequence (un)neN in D(a) with the following three properties:

() limp 00 j(un) =xin H,
(II) limn,m—oe0 Rea(un —um, un —um) =0, and,
() limp—eo a(un,v) = (fj(v))y for all v € D(a).

The operator A in Theorem 5.1 is called the operator associated with (a,j).

If A is the operator as in Theorem 5.1, then due to a result by Kato [Kat8o,
Theorem VI.2.7] there exists a unique densely defined, closed sectorial form a. in
H such that the operator A is ‘classically” associated with a.. In [AE12, Propos-
ition 3.10] it is shown that j(D(a)) is a form core of a.. In [AE12] this has been
used to generalise the notion of the regular part of a semi-bounded symmetric
form to j-sectorial forms. Since this regular part is a form living in H, we call
it in the following the H-regular part. More precisely, the H-regular part of the
j-sectorial form a is the form a, with form domain D(a;) = j(D(a)) defined by
O = 0clj(D(a))j(D(a)-

Note that a, is a densely defined, closable sectorial form in H, and A is classically
associated with its closure. If a is symmetric and j is the inclusion map, then a,
coincides with the regular part defined by Simon [Sim78a]. However, one would
like to have a decomposition of the original j-sectorial form a into a sum of a regular
and a singular part. Since a;, is defined on j(D(a)), this would make only sense
provided that D(a) C H and j is the corresponding inclusion map.

We prefer a slightly modified notion of the regular part. We define the j-regular
part areg Of the j-sectorial form a to be the form with form domain D (areg) = D(a)
and areg(u,v) = ac(j(u),j(v)) for all u,v € D(a). It is clear that also this definition
coincides with Simon’s in the symmetric case when j is the inclusion map D(a) — H.
Moreover, A is associated with (areg, j) and (areg)reg = areg. Note that since ayeg is
defined on D(a), we immediately can write a as the sum of areg and the j-singular
part as == a — ageg with the form domain D(as) = D(a).
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5.1 The regular part expressed in terms of the real part

If v is as in (5.1), then

(Ulv)g = Rea)(w,v) + (1T =vy)G(W) i)y (5-2)

is a semi-inner product on D(a), where we denote by fie and Jm the real and
imaginary parts of a form. We always equip D(a) with this semi-inner product.
There exists a Hilbert space V and an isometric map q: D(a) — V such that q(D(a))
is dense in V. Note that the pair (V, q) is unique, up to unitary equivalence, since
it is the Hausdorff completion of the semi-inner product space D(a). There exist
unique continuous extensions of a and j to V, which we denote by @ and j.
We set
V(a) = V;(d) = {fueV:a(uv)=0forallv € kerj}.

It follows from [AE12, Theorem 2.5] that V = kerj @ V(d). This is to be understood
as a direct (but not necessarily orthogonal) sum of closed vector subspaces of V.
Denote by Py 5 the projection of V onto V(@) along this decomposition. Note that
if a, and therefore also @, is symmetric, then the decomposition is orthogonal.

It is proved in Proposition 3.10 and Theorem 2.5 of [AE12] that

ac(j(w), i) = a(Py@w, Py v)

for all u,v € V. Hence

treg(1,v) = a:(J(q(w)),j(q(v))) = ac(G(q(w)),j(q(v))) = &(Pv(a)q(w), Pv@q(v))
(5-3)

for all u,v € D(a).

Definition 5.2. Let H be a Hilbert space, W a vector space and j: W — H a linear
map with dense range. Let b: W x W — C be a j-sectorial form. The form b is
called j-closable if every Cauchy sequence (un)nen in D(b) with limp o0 j(un) =0
in H also satisfies that limy_,o b(un, uny) = 0.

It is easily seen that the j-sectorial form a is j-closable if and only if j is injective.

Proposition 5.3. Assume the notation and conditions of Theorem 5.1. Then the j-regular
part areg is the unique j-closable form with form domain D(areg) = D(a) such that A is
associated with (D (areg), ).

Proof. The map u — Py(5q(u) from D(a) into V(@) is isometric and has dense range.
Hence one can use V(i) as Ehe compl?tion of (D(a), H'Hareg)' The corresponding
continuous extension of j is jly(z). But jly(g) is injective. Therefore the form ayeg is
j-closable.

To prove the uniqueness, let b be a j-closable form with form domain D(b) =
D(a) such that A is associated with (b,j). We show that b = arg. Denote the
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completlon of (D(b), ||-|ly) by Vb, qp) and the continuous extensions of j and b to
Vj by jp and b. We know that jj, is injective, whence V;(b) = V4. Applying [AE12,
Theorem 2.5], we obtain that

b(u,v) = b(qs(w), gp(v)) = ac(jo(go (), Jo(qe(v))) = ac(j(w),j(v)) = treg(u, v)

for all u,v € D(a), where a. denotes the unique closed sectorial form in H associated
with the m-sectorial operator A. This finishes the proof. O

Remark 5.4. It is not hard to see that the j-regular part in general differs from the
original form even in the complete case, i.e. if D(a) is a Hilbert space; see also the
example below. For a detailed discussion of the complete case, see [AE12, Section 2].
If D(a) is a Hilbert space, then one can choose the sequence (uy)ken in Theorem 5.1
to be constant and the associated operator is much more easily defined. Thus one
is tempted to require a sensible definition of the regular part to preserve a form in
the complete case. In fact, this is possible by considering the decomposition

V =V(&) @ q(kerj) ® {u € kerj : (Red)(u,v) =0 forall v € q(kerj)}.

Here both sums are direct, but the they are not orthogonal in general. If U(d) =

V(d) @ q(kerj) and Pu(a) denotes the projection onto U(d) along the above decom-
position, a candidate for such an alternative notion of the regular part is the form
(u,v) = &(Py(a q(u), Pu@q(v)) with form domain D(a). This would also be con-
sistent with Simon’s definition if j is the inclusion map. In some sense, however, the
complete case is not as nice as it seems, since a corresponding uniqueness statement
to the one in Proposition 5.3 does not hold in this setting. This is substantiated
by the following example. Therefore we decided to define the j-regular part as
introduced before.

Example 5.5. Let H be a nontrivial Hilbert space and set X := H x H with the natural
inner product. Define j € £(X, H) by j(u;,u) = u; +u,. Define the forms a and b
with form domains D(a) = D(b) = X by a(u,v) = (u|vy)y and b(u,v) = (uz[v2)y,
where u = (u;,uy) and v = (vq,v2). Then a and b are j-sectorial. Moreover, both
D(a) and D(b) are Hilbert spaces such that j(D(a)) and j(D(b)) are dense in H. It is
easy to verify that the zero operator is the operator associated with both (a,j) and
(b,j). Moreover, kerj ={(x,—x) : x € H} and a(u,v) = b(u,v) for all u,v € kerj. But
a # b. Thus there is no version of Proposition 5.3 for a regular part that preserves
the complete case. Note that actually V(a) = {0} x H, whereas V(b) = H x {0}. Also
Oreg = breg = 0. &

Motivated by (5.3), we are going to describe Py(5 more explicitly. Set h == Rea.
Note that (V, q) is also the completion of the inner product space D(h). Let h be
the continuous extension of b to V. Then Re & = f. Therefore the inner product on
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V is given by
(ulv)y =bwv)+ (1 =¥ [5(v),,. (5-4)
If we apply the above to § instead of a, we obtain the orthogonal decomposition
V=kerj®oV(h) =ViaV,,

where V; = kerj and V, = V(h) = (kerj)*. Denote the projections of V along this
decomposition onto Vi and V; by 7y and ;.

Lemma 5.6. There exists a unique T € L£(V, Vy) such that

(Jma)(w,v) = h(Tw,v)
forallu e Vandv e V.

Proof. By the Riesz-Fréchet theorem, there exists a unique self-adjoint operator
R € L(V) such that

(Jma)(u,v) = (Rufv)y,
for all u,v € V. Define T := m;R € L£L(V, V7). Then it follows from (5.4) that
(Ima)(u,v) = (Tulv)y = h(Tu,v)

for all u € Vand v € V;. This proves existence. Next, let T’ € £(V, V;) and suppose
that (Jmd)(u,v) = h(T'u,v) forall u € V and v € V;. Then

0=h((T—Thu,v) = (T—=Tulv), = ((T— T’)u!v)v1
for all u € V and v € V;, where the second equality again follows from (5.4). Thus
T=T.

]
Let T € £L(V, V1) be as in Lemma 5.6. Then Tq7 := Tly, is self-adjoint since both h

and Jm d are symmetric. Therefore (I, +1iTy1) € £(V7) is invertible.
If u € V, then obviously

u= (i(1v1 + 1Ty )’1T712u + TE]l,L) + (’7‘[211 — i(Iv1 + iTn)*]Tthu).

Moreover, the first parenthesised summand clearly lies in V; = kerj. We check that

the second summand, which we abbreviate in the following calculation by w, lies
in V(a). Letv € V7. Then

a(w,v) =

((
(m Iy +iT)(mw 4+ mw), v)
h(iTmu,v) + h(iTmu,v) = 0.

mly +1iT)w,v)
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5 Theregular part of sectorial forms

So w € V(a). Therefore
Pyau =w =mu—i(ly, +1iTy )" Tmou

for all u € V. We substitute this into (5.3) and obtain

d(Py(a)q(w), mq(v) —i(ly, +1iTy1) ' Tmaq(v))
(m2q(u), maq(v)) —id((ly, +iTyy) " Tmaq(w), mq(v))
(maq(w), mq(v)) —ib((Iv, +iT11)~ "Tryq(w), mq((v))
+5((Ty, +iTy) ' Tmq(w), Tmq(v)

d(mq(w), mqv)) +b((Iv, +iT) ' Tmq(w), Tmq((v)

Oreg (w,v)

Il
o

Il
o

for all u,v € D(a), where we used in the second step the definition of V(d) and that
Pv@q(u) € V(d), in the third step the definition of T, and in the fourth step the
orthogonality of the arguments in the second term.

We have proved the following.

Theorem 5.7. Let a be a sesquilinear form, H a Hilbert space and j: D(a) — H a linear
map. Assume that a is j-sectorial and j(D(a)) is dense in H. Let (V, q) be the completion
of D(a). Let @:VxV — Candj:V — H be the continuous extensions of a and
j, respectively. Let b be the real part of @ Let 7y be the orthogonal projection of V
onto Vi := kerj and let my = Iy — . Then m, is the orthogonal projection of V onto
V(h) = {u € V:h(u,v) =0forallv € kerj}. Moreover, there exists a unique operator
T e £L(V, V) such that
(Oma)(u,v) = h(Tu,v)

for allw e V and v € Vy. Then the operator Ty1 == Tly, € L£(V1) is self-adjoint. Define the
operator TT € L(V) by
Mu = mu— i(IV1 +1iTyq )_]Tﬂzu. (5.5)

Then the reqular part of a is given by

areg(ur\’) = a(ITq(u), Mq(v)) (5.6)
= d(mq(u), mq ) +b((Iv, +iT11) " Tmq(w), Tmq(v)) (5.7)

forallu,v € D(a).

Remark 5.8. Note that the vertex y of the form a is not unique. For different
admissible values of y this in general leads to different Hilbert spaces V. These
Hilbert spaces are, however, isomorphic as normed spaces. Therefore the continuous
extensions @ and j are independent of y. Consequently also the operator T is
independent of .
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5.2 About the singular part and the real part of the regular part

5.2 About the singular part and the real part of the regular
part

Theorem 5.7 enables us to deduce a formula for the real part of the j-regular part
of a j-sectorial form. Therefore we can characterise when it agrees with the regular
part of the real part in terms of the uniquely determined operator T.

Proposition 5.9. Assume the notation and conditions of Theorem 5.7. Let b be the real
part of the form a. Then

(g{e(areg))(urv)_breg(uzv) 6((IV1 +T1]) 1T7TZC|( ), TWZq(V)) (5.8)
= ((Iv, + TH) *Tmq() | (Iv, +T5) 2 Tmq(v),,

for all w,v € D(a). Moreover, Re(areg) = breg if and only if Tr; = 0.
Proof. 1t follows from (5.3) applied to h that
Dreg (W, v) = h(m2q(1), maq(v)) = (Re d)(m2q(u), m2q(v)) (5.9)

for all u,v € D(a). Combining this with (5.7), one deduces that

(Re(areg)) (U, V) — breg (11, v) = 3B ((Iv, +iT11) " Tmaq(u), Tmaq(v))
+35((Iy, +iTy9) "1 Tmq(v), Tmaq(u))

for all u,v € D(a). Since h is symmetric and
(I, +iT10) 7+ (I, = i)™ = 2(Iy, +T77) 7,

one establishes that (5.8) is valid.

Finally, suppose Re(areg) = breg. Then (5.8) gives ||(Iy, + TZ) 7 12Tmq(u)|f =0
for all u € D(a). This implies that Trpq(u) = O for all u € D(a). The density of
q(D(a)) in V yields Ty = 0. The converse direction is trivial. O

Remark 5.10. By (5.3) it is obvious that JRe(areg) = breg if and only if Re(ar) = by.
Also note that Re(areg) (W, w) — hreg(w,u) > 0 for all u € D(a) by (5.8). Moreover,
since T is bounded on V it follows from (5.8) and (5.9) that there exists a C > 0
such that

breg(u u) < (me(areg))(u u) < (hreg(u u) +[[j(u HH)

for all u € D(a). Hence D(@;) = D(Re(a,)) = D(b,), which is Proposition 3.10 (iv)
in [AE12]. In fact, D(a;) = D(h;) =j(V).

Proposition 5.9 has inter alia an interesting consequence for the singular part of
sectorial forms.
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5 Theregular part of sectorial forms

Corollary 5.11. Assume the notation and conditions of Theorem 5.7. If Re(areg) = breg,
then as is j-sectorial with vertex 0.

Proof. It follows from Proposition 5.9 that Tt = 0. Let u,v € D(a). Then

areg(u/ V) = a(ﬂZq (u), m2q (V))

by Theorem 5.7. Moreover,

d(mq(u), mq(v)) = (h+1iJma) (mq(u), mqv)) =ih(Tmq(u), mq(v)) = 0.

Similarly it follows that (71 q(u), m2q(v)) = 0. Hence

as(w,v) = a(u,v) —d(mq(u), mqv)) = d(mq(u), mqe)).
Therefore ag is j-sectorial with vertex 0. []

We continue by studying further properties of the singular part. In the following
lemma we provide formulas for the real and imaginary part of the singular part.

Lemma 5.12. Assume the notation and conditions of Theorem 5.7. Then

(e (as)) (w,v) = b(mq(u), mq(v)) —b((Iy, + TH) ' Tmq(u), Tmgq((v))  (5.10)
and
(Im (as)) (w,v) = h(Tmq(u), mq(v) + H(Tmq(u), mq(v)
+b(mq(u), Tmq(v) (5.11)
+5(Ti (v, + TH) 7' Tmq(u), Tmq(v))

forallu,v € D(b).
Proof. The formulas follow from a straightforward calculation using (5.7). O
Next, we characterise when the singular part is j-sectorial.

Proposition 5.13. Assume the notation and conditions of Theorem 5.7. Then as is j-
sectorial if and only if there exists an M > 0 such that

ITmaq(w)ly < M| (5.12)
forallu € D(a).

Proof. First, suppose that b := as is j-sectorial with vertex —ws. Without loss of
generality, we may assume that f is the inner product on V and that wg > 0. Then
it follows from (5.10) that

ullg = I a@lly + (T + ) [Fa@) [F = 1Oy, + TH) 7 Tmqlly,  (5.13)
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5.2 About the singular part and the real part of the regular part

for all w € D(b). Let v € V;. There are u;,uy,... € D(b) such that lim q(u,) = v.
Since ||un\|§ > 0 for all n € N, it follows from (5.13) that

(1+ ws) [F 1A = [Ty, + ) 2T} > 0

Hence
ITV]IY < (14 ws)|[Ty, + TH T (5.14)

Note that j(mq(u)) = j(u) for all u € D(b). Hence (5.12) follows from (5.14).
For the converse, note that we may assume without loss of generality that
HuH%/ = h(u,u) for all u € V. By (5.10) and (5.12), there exists an ws > 0 such that

Re b(w, w) > || q(w)][y — wsllj(w)|f; (5.15)

for all u € D(a). By (5.11), we have

IIm b(w, w)| < [T q(uw |y ||l g(w |y + 2| Tmg (] ||t g(w) |y,
+ 1T Oy, + T8I Tr2g (u ||V

for all u € D(a). Using (5.12) and taking C > 0 sufficiently large, we obtain

Imb(u, )l < C(lma(w)[ + [ (w)-
for all u € D(a). By (5.15) this shows that as = b is j-sectorial. O

If the singular part is j-sectorial, then by Theorem 5.1 it is also associated with
some m-sectorial operator. Since the regular part should capture in some sense as
much as possible of the original form, one expects that operator to be trivial. This
is indeed the case.

Proposition 5.14. Assume the notation and conditions of Theorem 5.7. Moreover, assume
that as is j-sectorial. Then (as)reg = 0.

Proof. Assume that b := as is sectorial with vertex —ws. We prove the proposition by
showing that the operator B associated with (b, j) is zero. Without loss of generality,
we may assume that § is the inner product on V and that ws > 0. It follows
from (5.13) that
I q(ly < Il (5.16)
for all u € D(b).
Next, let x € D(B) and f = Bx. Then there exists a Cauchy sequence (un)neN
in D(b) such that limj(u,) = x in H and lim b(uy,v) = (f[j(v)), for all v € D(b).
Then also limj(7;q(un)) = x in H. Hence (Tm,q(tn))nen is a Cauchy sequence in
V1 by (5.12) and w; = lim Tmrpq(uy) exists in Vj. Similarly wy = lim 711 q(uy, ) exists
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5 Theregular part of sectorial forms

in Vj by (5.16). Using (5.10) and (5.11), we therefore obtain

lim (9%e b) (wn, v) = h(wr, m1q(v)) — §((Iy, + TH) ' wa, Tmaq(v))

n—oo

and

T}L{glo(jmb)(uﬂiv) - E(Twhﬂ]q(\))) + E(WZI As| Q(V)) + 6(W1/Tﬂ2q(\)))
+B(T(Iy, + TH) 'wa, Tmagq(v)

for all v e D(b) = D(a). This yields
blwr +iTwy +iwy,v) + b (iwg — (Iy, +TH) 7 (I—iT)wy, Tmv) = (f15(v)),, (5.17)

first for all v € q(D(a)) and then by density for all v € V. Choosing v = wy +
iTwy +1iw; gives wy +iTw; +iw,; = 0. Therefore w; = i(I+iT)w;. Substituting
this into (5.17) shows f = 0. So B = 0. O

We next give an example of a sectorial form where the real part of the regular
part differs from the regular part of the real part and, in addition, the singular part
is still sectorial. We also provide an example such that in addition the form domain
is a dense subset of H. We need a lemma.

Lemma 5.15. Let X be an infinite dimensional, separable normed space. Then there exists a
dense linear subspace W of X x X such that |y is injective, where 1 denotes the natural
projection onto the first component in X x X.

Proof. Set Z = X x X. Since X is separable, there is a sequence (an)nen in Z such
that {a, : n € N} is dense in Z. Choose (x1,y1) € Z\ ({0} x X) such that ||(x1,y1) —
ai]| < 1. Let n € N and suppose (x1,Y1),...,(Xn,yn) are chosen. Then there
exists an element (xp+1,Ynt1) € Z\ (span{xy, ..., xn} x X) such that || (X1, Yn+1) —
ant1| < n+u1 Then {x, : n € N} is linearly independent and {(xn,yn) : n € N} is
dense in Z. Now choose W := span{(xn,yn) : 1 € N} [l

Example 5.16. Let H be an infinite dimensional, separable Hilbert space. Let S be a
densely defined, closed operator in H such that ||Sx|| > ||x|| for all x € D(S). Set
V :=D(S) x D(S) and define h: V x V — C by

b((wr,u2), (vi,v2)) = (Suy |Svi)y + (Suz | Sva)y.

Note that b is an inner product on V. We equip V with this inner product, which
turns V into a Hilbert space. Define the linear map j: V — H by j(u, w2) = us.
Then V; = kerj = D(S) x {0} and V, := (kerj)t = {0} x D(S). Therefore the
orthogonal projections from V onto V; and V;, denoted by 71 and 7, are simply
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the respective coordinate projections. Define the form &: V x V — C by
a((wr,u2), (vi,v2)) = (S(ug +1iu) [ Svi)y + (S(uz +iuwg) [ Sva)yy.

Note that d is j-sectorial and D(@) is a Hilbert space. Let R = (¢[) € £(V). Then
Red = bh and
d(w,v) = h(u,v) +ibh(Ru,v)

for all u,v € V. By Lemma 5.15 there exists a dense linear subspace V, of V such
that j(V;) is dense in H and j == ]7|\/O is injective. Consider the form a: Vy x Vo — C
given by a = dly, xv,. Then a is a j-sectorial form with j(D(a)) dense in H. Moreover,
if T is the operator from Theorem 5.7, then T = m;R. Since Tm, = mRm, # 0, we
obtain that Re(areg) # (Re a)reg by Proposition 5.9.

It follows from the construction, Theorem 5.7 and Proposition 5.9 that

(Re a)reg (w1, u2), (vi,v2)) = (Suz|Sva)y

and

treg (W1, 12), (v1,v2)) = (Re(areg)) ((u1,12), (v1,v2)) = 2(Suz [ Sva)yy

for all (uy,uy),(vi,v2) € Vo. Hence the operator associated with, for example,
((Re a)reg, j) is equal to S*S.

It is now easy to give an example where the form domain is a subset of H. Define
the form b in H by setting D(b) = j(D(a)) and b(j(u),j(v)) = a(u,v). Then b is a
densely defined sectorial form in H with Re(breg) # (JRe b)reg.

For example, one may take S = Iy in the above. Then breg(y1,Yy2) = 2(y1|y2)y
and byeg is continuous. Therefore bs = b — byeg is sectorial. Note that 0 is not a
vertex for bs. &

5.3 Notes and remarks

A different approach to the regular part of a positive symmetric form based on
parallel sums is given in [HSSog]. Furthermore, we point out that, in the context
of nonlinear phenomena and discontinuous media, the relaxation of a functional
is a notion which in the linear setting corresponds to the regular part of positive
symmetric forms [Mos94; Braoz2; Dalg3].
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The regular part of second-order
differential sectorial forms

In this chapter we present a formula for the regular part of a sectorial form which
represents a general linear second-order differential expression, possibly including
lower-order terms. Loosely speaking, such a differential expression has the form

d d d
— Z 01CK1 0% + Z by 0 — Z O dy + co.
k,1=1 k=1 k=1

The formula is given in terms of the original coefficients. It shows that the regular
part is again a differential sectorial form.

In Section 6.1 we introduce notation and assumptions. In particular, we make
precise what we mean by a ‘differential sectorial form’. In Section 6.2 we derive
the formula for the regular part of a differential sectorial form. This formula is
the main result of this chapter. It is established using the results of Chapter 5 and
the techniques introduced by Vogt in [Vogog]. In Section 6.3 we study when the
singular part of a differential sectorial form is sectorial. We provide examples which
show that the singular part is not always sectorial and that lower-order terms can
introduce new behaviour that does not occur in the pure second-order case.

The material in this chapter is joint work with Tom ter Elst, see [ES11, Section 4]
and [ES13]. We wish to thank El Maati Ouhabaz for raising the question of whether
the formula for the regular part can be extended to allow lower-order terms.
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6 Theregular part of second-order differential sectorial forms

6.1 The definition of differential sectorial forms

We introduce the form a that is considered throughout this chapter. Let Q C R¢
be open. Let H = L2(Q) and suppose D(a) is a vector subspace of H that contains
C(Q). Suppose that ou € I_foc(Q) for all k € {1,...,d} and u € D(a). For
all k,1 € {1,...,d}, let ¢y, by, dx and ¢y be measurable functions from Q into
C. Suppose that ¢y € L*(Q). Define C: QO — Ccdxd by C(x) = (ckl(x))]‘il:]
and b,d: Q — C4 by b(x) = (bk(x))ﬂ:1 and d(x) = (dk(x))ﬂ:]. Suppose that
CVu-Vu e L'(Q) for all u € D(a), where -1 denotes the Euclidean inner product
of ¢,n € C%. Moreover, suppose there exists a 0 € [0,71/2) such that C(x)& - & € Zg
for all £ € C4 and x € Q. Define ay = %(ckl +Cw) and by = zli(ckl —Cyk) for all
k,1 €{1,...,d}. Then C = A +1iB, where A = (q;;) and B = (by;). Both A and B
can be considered as measurable maps from Q into C¢*¢ that have values in the
Hermitian matrices. Note that A(x) is a positive semi-definite Hermitian matrix for
all x € Q. Hence A(x) admits a unique positive semi-definite square root A'/?(x)
for all x € Q. Furthermore, suppose there exists a K > 0 such that

b(x) & <K|A2(x)E|lca  and  |d(x)- & < K|A2(X)E|lca  (6.1)

forall £ € Cdand x € Q.

In the next lemma it is shown that the measurable map B can be suitably
factorised ‘modulo’ A'/2. This is based on the sectoriality of C and will allow us to
effectively replace B by a bounded, measurable map. We also need that the map
x — A1/2(x) is measurable from Q into C4*4, which will be proved first.

Lemma 6.1. The maps A'/%: Q — C¥% and Py,: Q — CY*4 are measurable, where the
matrix Pye.(x) is the orthogonal projection from C% onto ker A(x) for all x € Q. Moreover,
there exists a unique bounded, measurable map Z: QO — CY%d sych that Z(x) is Hermitian,
Z(x)Pyer(x) = 0and A12(x)Z(x)A2(x) = B(x) for all x € Q. Finally, B(x)Pyer(x) = 0
forall x € Q.

Proof. It is not hard to see that one can approximate the function f: [0, c0) — [0, o0)
given by f(t) = t'/? pointwise by a sequence of real polynomials (pn)nen. Since
A(x) is diagonalisable, it follows from [Gans9, Theorem V.4.1] that the sequence
(Pn(A(x)))nen converges for all x € Q to the positive semi-definite square root of
A(x). Therefore A'/2 is measurable. Similarly the map Py, is measurable since
Pier(x) = 1o (A(x)) for all x € Q.

Define g: [0, 00) — [0, 00) by g(t) = t=1/2if t > 0 and g(0) = 0. Since one can
approximate g pointwise by real polynomials and A(x) is diagonalisable for all
x € Q, one deduces similarly that x — g(A(x)) is measurable from Q into Cdxd,
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Define Z: Q — C%*4 by

Then Z is measurable from Q into C4*4.
By the sectoriality condition one has

IBE- & < (tanB) AL - & (6.2)
for all £ € C4. Therefore for all £,m € C% one deduces that

BE 1| < (tan®) (AE-£)"*(An-n)"/? (6:3)

by [Kat8o, Inequalities (1.15) in Section VI.1.2]. It is a straightforward consequence
of (6.3) that ker A(x) C ker B(x) for all x € Q). Hence it follows that B(x)Pye:(x) =0
and Z(x)Pyer(x) =0 for all x € Q.

As fg = gf =1 00}, 1(0,00)(A) + Pier = I and BPy; = 0 we obtain

AV2ZAY? =1, 00) (A)Bl(g 5 (A) = B (6.4)
pointwise on Q. If £ € CY, then it follows from (6.2) that

Z& - &) =1g(A)Bg(A)E - &
< (tan8) (A'?g(A)E - A12g(A)E) = (tan 8) g o0 (A)E)* < (tan 6) [E[

pointwise on Q). Hence Z is bounded by tan 0. Finally, the uniqueness of the map
Z is easily deduced. O

Next we suitably factorise the maps b and d.

Lemma 6.2. Let A% and Py, be as in Lemma 6.1. There exist unique bounded, measurable
maps X,Y: Q — C4 such that A1?(x)X(x) = b(x), Prer(x)X(x) = 0, AV2(x)Y(x) =
d(x) and Pyer(x)Y(x) =0 for all x € Q.

Proof. Let g be as in the proof of Lemma 6.1. Then, as before, the map x — g(A(x))
is measurable from Q into C4%94. Therefore also the map X: Q — C4 defined by
X(x) = g(A(x))b(x) is measurable. Moreover,

X(x) - & = [b(x) - g(A(x))E] < K[AY2(x)g(A(x))E] ca < K|[E]lca

for all £ € C4 and x € Q. This proves that X is bounded. Then arguing as in (6.4),
one deduces A'2(x)X(x) = b(x). Existence and boundedness of Y are proved
similarly. The uniqueness of X and Y is easily deduced. O
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In the following, let A2 and Z be as in Lemma 6.1, and let X and Y be as in
Lemma 6.2. We define the form a: D(a) x D(a) — C by

alu,v) J Z cr(0u)dv +J Z br (0 u)v —I—J Z du v +J couv. (6.5)
Q

k=1
Using the measurable maps A'/?, Z, X and Y, we obtain

a(w,v) = (I+i2)AY2Vu| A20v) + (AV20u]vX) + (Y [A2V) + (cou|v)
(6.6)
for all u,v € D(a). In particular, it follows that the first-order terms in (6.5) are
indeed integrable. Since X, Y and Z are bounded, the next lemma follows from (6.6).

Lemma 6.3. The form a is a sectorial form in L2(Q).

Let b be a sesquilinear form in L?(Q). If b is equal to the form a for an appropriate
choice of the coefficient functions cyy, by, dx and ¢y with k,1 € {1,..., d}, then we
shall call b a differential sectorial form. The main result of this chapter establishes
that, under suitable mild conditions which we next introduce, the regular part of a
is also a differential sectorial form.

We introduce two conditions. We say that a satisfies Condition (L) if

(i) D(a) NL*(Q) is invariant under multiplication with C°(Q;R) functions,
(ii) there exists a { € CI])(IR;]R) such that (0) =0, P/(0) = 1, and P o (Reu) +
o (Imu) € D(a) for all u € D(a), and,
(iii) cyy + Cik is real-valued for all k,1 € {1,...,d}.
This is the condition introduced in [Vogog], adapted to complex vector spaces. For
real second-order coefficients and if D(a) = H'(Q) or D(a) = H(])(Q), the form a
satisfies Condition (L) by [GTo1, Sections 7.4 and 7.5]. Furthermore, we say that a
satisfies Condition (B) if
(i) D(a) is invariant under multiplication with C2°(Q);R) functions, and,

(i) ci € L35.(Q) forall k, 1 €{1,...,d}.

6.2 The formula for the regular part

We use the notation as introduced in Section 6.1. In particular, we assume that the
form a is as in (6.5).

In this section we derive a formula for the regular part of the form a. To this
end, we assume that a satisfies Condition (L) or (B). It will be immediate from
the obtained formula that both the regular and singular part of a continue to be
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differential sectorial forms. Note that this is not at all clear as the definition of the
regular part is rather abstract.

To be able to make use of Theorem 5.7, we must first construct a suitable
completion of the pre-Hilbert space (D(a),|-||,) that allows us to get hold of the
corresponding continuous extensions of a and of the embedding of D(a) into H. We
note that the embedding of D(a) into H corresponds to the map j in Theorem 5.7.

Let b be the real part of a. Then

hlw,v) = (A2Vu|AV2Vv) + L (AT 2V v(X +Y))
+ WX +Y) [AY2Vv) + ((Reco)u|v)

for all u,v € D(a). Let H be the Hilbert space L2(Q) x (L*(Q))¢ with the usual
inner product. Let yo € R be a vertex of the sectorial form a. Since X and Y are

bounded, there exists a y < yp such that the sesquilinear form (-,-): H x H — C
defined by

(w1, w1), (U, wa)) = (w1 [wa) + 3 (Wi [uz(X+Y))
+ 3w (X+Y) [wy) + (1 —y +Reco)uy [up)

defines an equivalent inner product on J. Note that v is also a vertex of a. We
shall fix this value of v and use it in [|-||,, see (5.2).

Let 3’ denote the space 2(Q) x (L2(Q))4 equipped with the inner product (-, -).
Define the map @: (D(a), ||-||,) = H' by

O (u) = (u, AY2vu).

Then @ is an isometry. Hence the completion V of D(a) can be realised as the
closure of ®(D(a)) in H’ equipped with the inner product of H’. In particular,
the map @ corresponds to the map q in Theorem 5.7. Note that V is also equal
to the closure of ®(D(a)) in K. The map j: V — H defined by j(u, w) = u is the
continuous extension of the embedding of D(a) into H. Furthermore, due to (6.6)
the continuous extension of the form a is the form d: V x V — C given by

a((w, wr), (uz, wa)) = (I+1iZ)wy [wy) + (w1 [uaX) + (w1 Y [wy) + (cou [uz). (6.7)
Then the real part b of @ is given by

b((wr, w1), (12, w2)) = (wr [wy) + 3 (Wi [ua (X +Y))

] (6.8)
+ 3 (W (X+Y)[wy) + ((Reco)ug | uy).

Note that
(w1, w1), (uz, w2)) = ((w, wi) | (uz, w2));
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6 Theregular part of second-order differential sectorial forms

for all (ug,wq), (up,wy) € V.

Next, set Vi :=kerj and V, = V%. Let 711 and 7, be the orthogonal projections
in V onto Vi and V;, respectively. We shall show that 717 and 7, can be represented
by multiplication operators in J{. To this end, let Vs be such that Vs C (L2(Q))4
and Vj = {0} x V;. Clearly V; is a closed subspace of (L2(Q))4. Consider the
orthogonal projection from (L2(Q))4 onto Vi. If Condition (L) is valid, then it
follows as in [Vogog, Proof of Theorem 1] that this projection is the multiplication
operator associated with a measurable function Q: Q — C%4 that has values in
the orthogonal projection matrices. Alternatively, also Condition (B) suffices for
this conclusion by an inspection of the proof in [Vogog]. To be more self-contained,
we provide the proof for this case.

Lemma 6.4. Suppose that Condition (B) is satisfied. Let P be the orthogonal projection
from (L2(Q))4 onto Vs. Then there exists a measurable function Q: Q — CY%4 that has
values in the orthogonal projection matrices such that P is the multiplication operator in
(L2(Q))4 associated with Q.

Proof. Let w € Vs and ¢ € C(Q;RR). Then there exists a sequence (u,) in
D(a) such that ®(u,) — (0,w) in H for n — co. Hence u, — 0 in [*(Q) and
A2Vu, — win (L2(Q))4. After going to a subsequence, we may assume that
un, — 0 pointwise a.e. By assumption, ou, € D(a) for all n € IN. Moreover, it is
clear that gu,, — 0 in L?(Q). Next, observe that

A2V (pun) = unA 2V + @A 2Vu,

for all n € IN. By Condition (B) the function AV - V¢ is bounded. So A2V —
0 in (L2(Q))4. Hence A2V (pu,) — @w in (L2(Q))4. This proves that ow € V.

Let f € (L2(Q))¢ and define M := [f # 0]. There exists a sequence (@) in
C(Q;R) such that @, — Ip a.e. and |[@n||, < 1 for all n € IN. It follows that
@nPf — Iy Pf in (L2(Q))4. Since V; is closed, this implies that Iy Pf € Vs by the
first part of the proof. Then

If =ImPfll2(0pa = [MmF = PHllr2(0))a < [If = Pfll12(q))a-

Hence 1pPf = Pf. This shows that P is a local operator in the sense of [ATos]. It
follows from the vector-valued version of Zaanen’s theorem [ATos, Theorem 2.3]
that there exists a measurable function Q: Q — C%*4 such that Pf(x) = Q(x)f(x)
for all f € (L2(Q))4 and a.e. x € Q. By [ATos5, Corollary 2.4], one has [Q(x)] < 1
and Q(x) = Qz(x) for a.e. x € Q. Hence one may assume that Q has values in the
orthogonal projection matrices. O

The map Q is determined up to a set of measure zero. We point out that Q only

depends on the second-order coefficients (Ckl)g1:1 and the form domain of a. Now
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6.2 The formula for the regular part

we are able to state the main result of this chapter.

Theorem 6.5. Let a be defined as in Section 6.1. Assume that a satisfies Condition (L)
or (B). Let Q: Q — C%*4 pe as before and set W = Q(1+1QZQ)'Qand P =1—Q.
Then the regular part of a is given by
_ : 1/2 1/2
treg(W,v) = ((I+1iZ+ZWZ)PA/*Vu|PA“Vv)

+ (X (1=iWZ)PAV2Tulv) + (u| Y (T+iWZ)PA2Tv)  (6.9)

— (X'WY)ulv) + (cou|v).
Proof. We will use and adopt the notation of Theorem 5.7. First we represent the
operators 1y, Try and (Iy, + 1Ty )~! by multiplication operators.

Observe that (u, w) — (0,w+ %u(X +Y)) is the orthogonal projection of H' onto

{0} x (L2(Q))4. Moreover, considering {0} x (L?(Q))¢ as a (closed) subspace of 3/,

the map (0,w) — (0, Qw) is the orthogonal projection of {0} x (L2(Q))4 onto V;.
Since V; C V C H’, the map m is given by

i (w,w) = (0, Qw + JuQ(X +Y))
for all (u,w) € V. Therefore

for all (u,w) € V.
Let (w1, w1), (w2, wy) € V. It follows from (6.7) that

(Tmad) ((ug, wr), (w2, w2)) = (Zwq [wz) — S(wq [uza(X—Y))
+ Hwr (X =Y) [wy) + (Im co)ug [uz).
So if (uy, wy) € Vi, then uy, = 0 and

(Fma) ((wr, w1), (0,w2)) = (Zwy W) + 3w (X —Y) [wy)
= (QZw; + 3w Q(X—=Y) |w,)
=5((0,QZw1 + 3w Q(X—Y)), (0,w2)).

Hence the operator T € £(V, V;) in Theorem 5.7 is given by
T(w,w) = (0,QZw + 1uQ(X—Y))

for all (u,w) € V. Then Ty; = Tly, is given by T;1(0,w) = (0, QZw) for all (0,w) €
Vi If w € Vs, then (Iy, +1T77)(0,w) = (0, (I+1QZ)w) = (0, (I4+1QZQ)w). Observe
that the map w — (I4+1QZQ)w is invertible both as a map from Vs into Vs and as
a map from (L2(Q))4 into (L?(Q))4 since Z has values in the Hermitian matrices.
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6 Theregular part of second-order differential sectorial forms

Therefore (I1+iQZQ) 'w € V; and (Iv, +1iTq7)(0, (I +1QZQ)'w) = (0, w) for all
w € Vs. So we have

(Iv, +iTi71) 7' (0,w) = (0, (1+1iQZQ)'w) = (0, Ww)
for all (0,w) € Vj. Next note that
T (w,w) = (0,QZ(I— Q)w — JuQZQ(X +Y) + iuQ(X —Y)) (6.10)

for all (u,w) € V.
Now we plug the representations for 7y, Tr; and (I, +iTy; )1 into (5.5). First
note that

i(W-Q)=1iQ((I+iQZQ)' -1)Q = Q(I+iQZQ)'QZQ =WZQ.  (6.11)

Similarly
(W —-Q) =QZW. (6.12)

Then, by a straightforward computation, it follows from (6.11) and (5.5) that
M(u,w) = (u, (I—iWZ)Pw —uWYy)
for all (u,w) € V, where TT is as in Theorem 5.7. Let (u;, wy), (uz, wz) € V. Then

a(TT(wy, wi), TT(uz, wy))
— (14 iZW*)(I+1Z)(1 — iWZ)Pw; | Pwy)
— (QI4+1Z)(I—=iWZ)Pwq [uu;WY) + (I —1WZ)Pwy | uyX)
— (W Y| WHI —1Z) (1 —iWZ)Pwy) + (Y | (1 —iWZ)Pw;)
+ (W QI +iZ)WY [uuWY) — (WY [1X) — (1 QY [uaWY) + (cour [uz).
(6.13)

We simplify (6.13). It follows from (6.12) that
Q(I+1iz2)(I—iWZ)P =0. (6.14)

This simplifies the first-order terms in (6.13) that involve w; and u,. Using W* =
W*Q, (6.14) and PW = 0, one establishes that

P(I+iZW*)(I1+1Z)(1—iWZ)P = P(I +1Z)(1 —iWZ)P = P(I +1iZ + ZWZ)P.

This simplifies the second-order terms in (6.13). Moreover, one readily verifies that
(I4+1QZQ)~" maps the range of Q into itself. So

(I+1QZQ) 'Q = Q(I+iQZQ)'Q.
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6.3 About the sectoriality of the singular part

Therefore
wW* +W:2Q(I—iQZQ)*](I+iQZQ)*]Q = 2W*W. (6.15)

Since W*P = 0, one deduces that
—W*(1—-1iZ)(1-iWZ)P = iW*WZP +iW*ZP + W*ZWZP.
But
W*ZWZP = W*(QZW)ZP =iW*(W — Q)ZP =iW*WZP —iW*ZP,
where we used (6.12) in the second step. Together with (6.15) one establishes that
—WH(1—1Z)(I—-iWZ)P + (I—iWZ)P = (I+i2W'W —W)Z)P = (I +iW*Z)P.

This simplifies the first-order terms that involve u; and w;. Finally, for the terms
involving uy and u;,, observe that

QUI+ZIW-Q=W+iQZW-Q =0
by (6.12). Now the theorem follows from (6.13) and Theorem 5.7. ]

Theorem 6.5 shows that the regular part areg is indeed a differential sectorial
form. The most remarkable aspect of (6.9) is the appearance of the zeroth-order
term involving X and Y, even if ¢y = 0, i.e., if the original form a did not have
a zeroth-order term. This new term can affect the vertex of the singular part. A
simple concrete example where this happens is given in Example 6.11.

We make a brief remark about the function Q. Clearly, the form a is closable if
and only if Q = 0 a.e. Moreover, it is not hard to see that if U is an open subset of
Q and a is strongly elliptic on U, then Q(x) = 0 for a.e. x € U.

6.3 About the sectoriality of the singular part

We suppose that a is a second-order differential sectorial form as defined in Sec-
tion 6.1. Moreover, we assume that a satisfies the conditions of Theorem 6.5, i.e.,
we assume that a satisfies Condition (L) or (B). In this section we characterise in
various ways when the singular part as = a — areg of the form a is sectorial. We will
see that the presence of lower-order terms can lead to a more diverse behaviour
than possible in the pure second-order case.

In the following, we shall use the notation of Theorem 6.5. In particular, P = I— Q.
Let aP be the differential sectorial form that belongs to the pure second-order
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6 Theregular part of second-order differential sectorial forms

differential expression
d
— ) dcndk.
k=1

We denote the regular part and the singular part of aP by afeg and af, respectively.
By applying Theorem 6.5 to both a and aP, we obtain

Ureg (1, V) = abeg (1, V) + (I —iWZ)PA2Vu|vX) + (uY | (I+iW*Z)PAV2Vv)
— (UWY [vX) + (cou|v)
(6.16)

for all u,v € D(a). Therefore with (6.6) one deduces that

as(w,v) = ab (1, v) + ((Q +iIWZP)A2Vu|vX) + (uY | (Q —iW*ZP)A2Vv)
+ (UWY | vX)
(6.17)

for all u,v € D(a).
We need the following lemma.

Lemma 6.6. If QZ(1— Q)AY2 =0a.e., then QZ = ZQ a.e.

Proof. Let Pyer be as in Lemma 6.1. If u € D(a), then PrerA2VU =0 by definition
of Pyer- So by density Py, w = 0 for all (u,w) € V. In particular, Py, w = 0 for all
w € Vs and Py, Qw = 0 for all w € (L?*(Q))4. This implies that Pye,(x)Q(x) = 0 for
a.e. x € Q. It follows by duality that Q(x)Pyer(x) =0 for a.e. x € Q.

By assumption there exists a null set N C Q such that Q(x)Z(x)(I—Q(x))A(x)& =
0 forall x € Q\N and & € C% Then Q(x)Z(x)(I— Q(x))& = 0 for all x €
O\N and & € rgA(x). But Q(x)Pyer(x) = 0 = Z(x)Pye(x) for a.e. x € Q. So
Q(x)Z(x)(I—Q(x))E =0 for a.e. x € Q and & € C4. Therefore QZ(I— Q) =0 a.e.
By taking the adjoint we obtain that (I — Q)ZQ = 0 a.e. This yields QZ = ZQ
a.e. ]

Now we are ready to characterise when the singular part of a is sectorial.

Proposition 6.7. The following statements are equivalent.
(i) as is sectorial.

(i) QZ=2Q ae.

(iii) For all w € D(a) one has

T®(u) = (0, —uQZQ(X+Y) + 3uQ(X —Y)).

94



6.3 About the sectoriality of the singular part

(iv) Forall u,v € D(a) one has
aheg(u,v) = ((I+1Z)(I— Q)A2Vu|(I— QA2 Wv). (6.18)

(v) of is sectorial.

Proof. ‘(i)=(ii): Let T € CX(Q;R) and & € R%. For all A > 0 define u), € CX(Q) by
uy (x) = e?™é1(x). Since as is sectorial, it follows from Proposition 5.13 that there
exists an M > 0 such that

HTm®(uy), Tm®(uy)) < MHU'?\H%Z(Q)'

Expanding the terms using (6.8) and (6.10) gives
LIQZ(I — QAVZ[AATE + V1) + 31QZQ(X + Y) + 31Q(X = V) < M|TlIf2 ().

Dividing both sides by A? and letting A — oo shows that TQZ(I— Q)A'/2E = 0
a.e. By linearity this implies that QZ(I — Q)A]/ 2 = 0 a.e. Now it follows from
Lemma 6.6 that QZ = ZQ a.e.

‘(ii)=-(iii)": This is immediate, using (6.10).

‘(iii)=-(i)": This is a consequence of Proposition 5.13.

‘(ii)=(iv)": By assumption QZ = ZQ and therefore WZP = WQZP = 0 a.e.
Then (6.18) follows by applying Theorem 6.5 to aP.

‘(iv)=(v)": By applying Theorem 6.5 to fie (aP) and using (6.18), we obtain

Re (C&‘)eg) = (Re ap)reg-

Then it follows from Corollary 5.11 that af is sectorial.

‘(v)=(ii)": Suppose af is sectorial and let ys < 0 be a corresponding vertex.

Using (6.10) with X =Y =0, it follows from Proposition 5.13 that there exists an
M > 0 such that

1QZ(I— Q)AVZVUH(LZ(Q))d < MH“”%Z(Q) (6.19)
for all u € D(a). Now (ii) follows as in the proof of ‘(i)=(ii)". O

Remark 6.8. Suppose that as is sectorial. Then by Proposition 6.7 “(i)=-(ii)’, (6.16)
and (6.17) it follows that

treg (1, V) = ((I+1Z)(I1— Q)A2Vu|(I— Q)AVZWv)
+ ((I— QA2VulvX) + (uY | (I— Q)A/2Wv) (6.20)
— (QU+1Z2)7'QY)u|vX) + (cou|v).
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6 Theregular part of second-order differential sectorial forms

and
as(u,v) = af (u,v) + (QAVZVLL!\)X) + (uY| QAVZVV) + (UWY | vX)
for all u,v € D(a).

Next we characterise when the regular part of the real part equals the real part
of the regular part.

Lemma 6.9. One has (Re a)reg = MRe(areg) if and only if both (1+1Z)QX = (1-1Z)QY
and QZ = ZQ a.e.

Proof. By Proposition 5.9, we know that (Re a)reg = JRe(areg) if and only if T, = 0.
‘=": Suppose T, = 0. By Proposition 5.13 the form as is sectorial. Therefore it
follows from Proposition 6.7 ‘(i)=-(ii)" and ‘(i)=-(iii)’ that QZ = ZQ and iQ(X—-Y) =
QZQ(X+Y) a.e. Now the claim follows by rearranging the terms.
‘«=”: After rearranging terms, we obtain iQ(X—Y) = QZQ(X+Y) a.e. and
QZ = ZQ a.e. Hence it follows directly from (6.10) that Trt; = 0. [

In the remainder of this section we present two examples which showcase
Theorem 6.5 and Proposition 6.7. We first require some prerequisites. Let K C [0, 1]
be compact such that its interior is empty and its Lebesgue measure K| is strictly
positive. We consider the positive symmetric form t with D(t) = H'(R) defined by

t(u,v) :J Teu'v'.
R

Define ®: D(t) — I2(R) x L2(R) by @Y (u) = (u, Ixu).

Lemma 6.10. Let B C K be measurable. Then there exists a sequence (Pn)neN in D(t)
such that limn_eo @V (Py) = (0,1) in LZ(R) x L2(R).

Proof. The lemma can be proved by using [Vogog, Corollary 2], which itself is based
on the deep result [RW85, Theorem 1.1]. This immediately yields that t,eg = 0.
Hence the equivalent statements of Proposition 6.7 hold for the form t. Inspection
of the proof of Proposition 6.7 shows that QW(x) = 1k(x). This implies that

Vs(t) = L?(K), which is a reformulation of the lemma’s statement.
The following direct proof is obtained by adapting [FOTg4, Proof of The-
orem 3.1.6]. Let B C K be measurable. For all n € N and k € {1,...,n} define

— . ‘In,k N B’
In,k = [_ Kk

T T+ (Inxk NK)\ B

and PBnx =
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6.3 About the sectoriality of the singular part

Note that (3, x is well-defined since K is nowhere dense. Fix n € IN and consider
the function ¢,: R — R given by

n

Pn = Z (11, B — i1, K\B — Bn,kHIn,k\K)-
k=1

Then ¢n € L*®(R), supp on C [0,1], [on > 0] =B and
|| @n = Mok (1B (1o 1K) VBl = Bl KI =0
nk
for all k € {1,...,n}. Define the function {,: R — R by

Walx) =J on(t) dt.

0

It is a consequence of [Bre83, Lemma VIIL.2] that P, € H'(R) = D(t). Let x € [0, 1].
If k € {1,...,n}is such that x € I, i, then it follows from the above properties of
@n that

2
[Wn (x)] <J |@nl =J %—J <pn=2j On <2kl = —.
In,k In,kmB In,k\B In,kmB n

This implies that limy o b = 0 in L#(R).
On the other hand, one has

JRanw; g = J on—T5P = Y o (I NK)\ Bl

~

M= M=

= 11
<) LxnBF <Y —

k=1

n2 n

o~
Il

1
for all n € N. Thus limp_eo @ () = (0,1g) in LZ(R) x L2(R), as required. [

Note that if a is a pure second-order differential sectorial form, then as is
sectorial if and only if (Re a)reg = Re(areg) by Lemma 6.9 and Proposition 6.7. We
now present an example of a form a with lower-order terms such that as is sectorial
while at the same time (Rea)reg # Re(areg). Moreover, the example shows that
if as is sectorial, then 0 need not be a vertex for as. By the previous comments
and Corollary 5.11, this is again a phenomenon that does not occur for differential
sectorial forms that are purely of second order.

Example 6.11. Let K C [0,1] be a compact set with empty interior and strictly
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positive Lebesgue measure [K|. Consider the form a: H'(R) x H'(R) —» C given by

alu,v) = J

11](11’\7 + J
R

IlKLL/V — J
R

Txuv’ + J Txuv.
R

R

Then a is sectorial in L?(IR). More precisely,

(Rea)(w,v) = J

Txu'v/ + J Txuv
R

R
and
Ima(u,u)] < Rea(uw,u)

for all u,v € H'(R). So a has vertex 0. It follows from Lemma 6.10 that we may
take Q = 1. Clearly Z =0, so as is sectorial by Proposition 6.7. Using (6.20), we
obtain
Oreg (U, V) = ZJ Txuv
R
and hence

as(u,v) :J

ﬂKu'\7 + J
R

llKu’V — J
R

llku\7 — J Txuv
R

R
for all u,v € H'(R). It is easily seen that

S)C{e(areg) = Oreg # %areg = (Re Cl)reg-

Now let u € CZ(R) be such that ufp;; = 1. Then Reas(u,u) = —|K| < 0. This
shows that 0 is not a vertex of as.
Finally, if b: H'(R) x H'(R) — C is the form without zeroth-order term given by

b(u,v) = J ﬂKu/\7+J ﬂKu'V—J Tyw/,
R R R

then
breg(u, V) :J Txuv
R
for all u,v € H! (R). So breg contains a nontrivial zeroth-order term. &

Finally we provide an example of a differential sectorial form that is purely of
second-order and satisfies both of the Conditions (L) and (B), but such that Z and
Q do not commute. Therefore the singular part is not sectorial and the regular part
is not of the form (6.18) by Proposition 6.7.

Example 6.12. Letd =2, QO = R%, H = L2(R?) and let K be a compact, nowhere
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6.3 About the sectoriality of the singular part

dense subset of [0, 1]. Define the form h on D () = H'(R?) by

bl v) = |

(TR (303 + (2,0)3,).
R2

We determine the measurable map Q. To this end, define the isometry ®: D(h) —
(L2(R2))® by
@ (u) = (u, TxxrOxu, Oyut)

and let V be the closure of ®(D(h)) in (L?(IR?))3. Set
V= {(v,w) e (I2(R2)2: (0,v,w) € v}.

We next show that Vs = LZ(K x R) x {0}.
Let (v,w) € V; be given. Then there exists a sequence (un)nen in D(h) such that
limy oo @(un) = (0,v,w). Then

wlx)y = Jim (Oyunlx)y = — lim (Un [0yx)y =0
for all x € C2°(IR?) by integrating by parts. Hence w = 0 and Vs C L*(K x R) x {0}.
Conversely, let B C K be measurable and T € CX(R). Let (Pn)nen be as in
Lemma 6.10. Then V,, ® T € D(h) and
Q(Pr®T) = (Yo @ T, (Ixhy) ® T, P @ T')

for all n € IN. Therefore

lim ®(p, ®7) = (0,1 ®71,0).
n—oo
Due to the density of elementary tensors of the form 1 ® T in L?(K x R), it follows
that Vs = L2(K x R) x {0}.
Define Q: R? — C**2 by

QoY) = Lxr(x,y) (g g)

Then the orthogonal projection from (L2(IR?))? onto V; is the multiplication operator
associated with Q. Define A, B: R? — C?*2 by A = IIKX]R((]) 8) + (8 ?) and B =
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6 Theregular part of second-order differential sectorial forms

Ixkxr (¢ })- Then the form a with D(a) = D(h) = H'(IR?) given by

alu,v) = JRZ (A+1iB)Vu- Vv

- LRZ <]1KX1R(6xu—|— 10,1)3v + (dyu+ uleRaXu)ayQ

is sectorial and has real part h. Moreover, Z = kg (9 ) and QZ = ZQ does not
hold a.e. Therefore all of the equivalent statements in Proposition 6.7 are false. In
particular, Re(areg) # (Re a)reg. Explicitly, it follows from Theorem 6.5 that

orsl0,9) = | (15 Team) (0,103,

and

(ea)uglu,) = | @D,y

for all u,v € D(a). Moreover,
(Re(a)) (wv) = | (03 - (2,113,7)
KxIR

for all u,v € D(a). So clearly the singular part as of a is not sectorial. &
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Elements of Sobolev space with
weak trace zero

Let Q be a nonempty open subset of R¢ and let p € (1,00). In this chapter we
study the notion of a weak trace for elements in the Sobolev space WIP(Q). The
notion was quite recently introduced in [AE11] for p = 2.

We start by providing general prerequisites in Section 7.1. This is followed by a
treatment of the relative capacity and related notions in Section 7.2. In Section 7.3
we will prove that elements in WP (Q) with weak trace zero can be extended by
0 to obtain elements in W'"P(IR4), which is the main result in this chapter. We
proceed to collect related results pertaining the space W(])’p(Q) in Section 7.4. In
Section 7.5 we give corollaries and applications of the main extension result. This is
followed by a potential theoretic description of the space of elements with weak
trace zero in Section 7.6. In Section 77.7 we briefly discuss two other approaches to
define traces for elements of Sobolev space on general domains.

Throughout we compare the space of elements in W'P(Q) with weak trace zero
with other related spaces such as W(])’p(Q). In particular, we provide examples
which show that an element in W'P(Q) with weak trace zero does not need to
be an element of W(])’p(Q). Moreover, we present sufficient conditions on the set
Q which ensure that elements in WP (Q) with weak trace zero are contained in
Wg)’p(Q). The results presented here extend the corresponding results from [AE11],
specifically [AE11, Proposition 5.5]. The required standard results about Sobolev
spaces are collected in Section A.6 of the Appendix.

I would like to thank Tom ter Elst and Wolfgang Arendt for suggesting this topic
and for their continued interest and support concerning this project. Moreover, 1
am indebted to Markus Biegert for providing Example 7.54.
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7 Elements of Sobolev space with weak trace zero

7.1 Preliminaries

In the following let Q be a nonempty open subset of R4, where d € IN. We usually
work with the Sobolev space W'P(Q) forap € [1,00) and refer to Q as the domain
of the Sobolev space. In general we do not assume that Q) is bounded, connected
or of finite Lebesgue measure. We denote the boundary of Q by I'. By H¢~! we
denote the (d — 1)-dimensional Hausdorff measure in RY. The Lebesgue spaces on
subsets of " are always considered with respect to H4~!. In this chapter we shall
assume that all function spaces are real. We make this assumption since we will use
truncation and lattice theoretic arguments. However, in most cases it is obvious that
the obtained results also hold in the complex case simply by considering the real
and imaginary part separately. Elements of W'P(Q) are by definition only elements
of LP(Q) and hence equivalence classes. We shall refer to a specific representative
of an element in W'P(Q) as a Sobolev function and identify it with its equivalence
class.

We start by defining the weak trace for elements of the Sobolev space whr(Q).
This is a straightforward generalisation of the notion introduced in [AE11].

Definition 7.1. Let p € [1,00). Let u € W'P(Q). Let r € [1,00). We call @ € L"(T")
a weak r-trace of u if there exists a sequence (u,) in WP (Q) N C(Q) such that
un|p € L7(T) for all n € IN and

Un = win W'P(Q) and unlp — @ in L7(T).
Moreover, we define the set

VP(Q) = {u € W'"P(Q) : the zero function in L™(T") is a weak r-trace of u}.

Remark 7.2. The sequence (u,) in the above definition may be assumed to be in
WIP(Q) N Ce(Q), where we denote by Cc(Q) the space of continuous functions
on Q with compact support in Q. In fact, let u e W'P(Q)N C(Q). Let r € [1,00)
and suppose ulr € L"(T"). Let C € CSO(IRd) be such that 0 < ¢ < 1 and ((x) = 1
for all [x| < 1. Define Cq(x) = ¢(3) for all x € R4 and n € N. Using dominated
convergence, it is readily verified that (,u — uwin WIP(Q) and (Cau)lr — ulp in
L™(I).

In [AE11] the exposition was confined to the Hilbert space case p =1 = 2 and
some assumptions on () were made to reduce technicalities. We shall work in the
p-dependent setting and in addition not make latter assumptions.

Next we introduce several other spaces that are related to V¥ (Q). As usual,
let W;’p(Q) be the closure of CX°(Q) in wlr(Q). Proposition A.40 implies that
WIP(RY) = W(])’p(]Rd). It follows immediately from the definitions that if u €
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7.1 Preliminaries

Wg’p(Q) thenu € VP(Q) for all r € [1,00). If u: Q — R is a measurable function,
we denote by u*: RY — R the extension of u by 0. We shall use the same notation
also for u € LP(Q) and understand u* as an element of LP(IRY) in the obvious way.
It is not hard to see that u* € W'P(RR4) for all u € Wg’p(.Q). One can consider
Wg’p(Q) as a closed subspace of WP (RY) by identifying u € Wg’p(Q) and u*.

Remark 7.3. The space W(])’p(Q) is of great importance since its elements can be
considered to ‘vanish at the boundary’ in a sense compatible with the Sobolev
space structure. So the space W(])’p (Q) arises naturally when dealing with Dirichlet
boundary conditions or if one wants to express in a weak way that two elements of
WP (Q) have the same boundary values, for example. Note however, that functions
in Wg)’p(Q) N C(Q) need not vanish pointwise on I' in general. For p = 2 it has been
shown in [BWo6] that functions in WA’Z(Q) N C(Q) vanish pointwise on T if and
only if Q is regular in 2-capacity, which is an extremely weak regularity condition
on a domain. So if Q = B(0, 1) \ {0} is the punctured unit ball in R?, which is not
regular in 2-capacity, then there are functions in WA’Z(Q) N C(Q) that do not vanish
in 0.

Another reasonable choice for a subspace of elements of W'P(Q) that ‘vanish at
the boundary’ is given by

Wg)’p Q) = {u!Q :u € WP(RY) such that u = 0 a.e. on R¢ \5}.

This space was used for example in [ADo8]. For us the next very similar space
will be more important. Regarding the tilde in the notation, we follow [Gri85,
Definition 1.3.2.5]. Let W(])’p(Q) be the space defined by

VN\/&'P(Q) — {‘LL|Q :u € WP(RY) such that u =0 a.e. on R4\ Q}

— {u eW'P(Q):u* e W1’p(1Rd)}-

Clearly, Wg’p(Q) C Wg’p(ﬂ) C W(])’p (Q). In fact, if T is a Lebesgue nullset then
Wg’p(ﬂ) = W(])’p (Q). The space {u*:ue W&’p(ﬂ)} is closed in W'P(RY) since
a convergent sequence in W'?(IR¢) has a subsequence that converges pointwise
almost everywhere on RY. Moreover, if u € W&’p(Q) then Vu = 0 a.e. on R4\ Q
by Proposition A.41. Consequently one has [u[yirq) = [ullwiprae) for all
uc Wg’p(()). Hence W(l),p(Q) is a closed subspace of W'?(Q).

We define the space WP (Q) by

WP (Q) = WIP(Q) N Ce(Q),

where the closure is taken in W'P(Q). Then it follows from Proposition A.40 that
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7 Elements of Sobolev space with weak trace zero

Figure 7.1. An example of a domain Q C R3 where the weak trace is not
unique, see [AE11, Example 4.4].

ulp € WLP(Q) for all u € WIP(IRY). Hence W;,p(g) is a subspace of WLP(Q).

Remark 7.4. In general w! P(Q) is not equal to wW'P(Q), although this is true if O
has continuous boundary by Theorem A.45. It is easy to obtain counterexamples
where Q is not topologically regular, i.e., where the interior of Q is different
from Q. However, it is neither sufficient nor necessary for the equality WP(Q) =
W'P(Q) that Q is topologically regular. If Q = R4\ {0} where d > 2and p < d, then
Q is not topologically regular, but wh P(Q) = W'P(Q) as W1 P(Q) = WIP(RY)
by [EE87, Corollary VIIL.6.4]. Conversely, in [Kol81] a counterexample with a
topologically regular bounded open set Q) is constructed.

For a discussion of positive and negative results concerning the density of
WP (Q) N Ce(Q) in W'P(Q) see [O'Fagy, Section 1].

Example 7.5. Let Q = (—1,0) U (0, 1). Then it is easily checked that wl PQ) =
WIP((0,1)) # W'P(Q) and W]p( ) = WyP(Q) = WyP((0,1)) # WyP(Q). Still,
VP(Q) = WP(Q) forall € [ . An example of a topologically regular domain
Q such that W(])’p(Q) £ W(]),p ) W P(Q) is given in [Hedoo, Example on p. 94];
see also Examples 7.54 and 7.56. &

Since only elements of w! P(Q)) can have a weak trace, it follows that in general
not every element of W'P(Q) has a weak trace. In fact, if Q has a sufficiently sharp
outward pointing cusp, then the restriction of a function in WI'P(Q)N C(Q) to the
boundary does not need to be locally integrable at the tip of the cusp. Such an
example is given in [AE11, Example 9.1].

Moreover, depending on the geometry of Q) it is possible that an element of
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W'P(Q) has more than one weak -trace, or put differently, it is possible that the
zero function has nontrivial weak r-traces.

Example 7.6. In [AE11, Example 4.4] the bounded and connected domain Q C R3
depicted in Figure 7.1 was considered. We denote the part of the boundary
represented by the grey rectangle by I. The cylinders on top of the box have radii
that become small rapidly towards Ts. In particular, one has 34~ 1(TI") < co. It was
established that 1, is a weak 2-trace of the zero function in H'(Q). As K4 1(Ty) > 0
this shows that the weak 2-trace is not unique in H'(Q).

We note that in this example Q) has very low density at the part of the boundary
where the weak r-trace is not unique. In fact, this is the case for all known examples
where the weak trace is not unique. A connection between Q) having Lebesgue
density 0 and the nonuniqueness phenomenon was suggested in [BG10, p.941]. <

Lemma 7.7. Let p € [1,00) and r € [1,00). Then V¥ (Q) is a closed subspace ofW]'p(O_).
Next, let w € VP(Q). Then uV 0 € VP(Q), uA1 € VP (Q) and Cu € VE(Q) for all
( € CX(RY).

Proof. We first show that Vf(Q) is a closed subspace of WIP(Q). It is obvious
that Vf (Q) is a linear subspace. Let w € W'P(Q) and suppose (wn) is a sequence
in V(Q) such that wy, — w in W'?(Q). Then for all n € N there exists a
w! € W'P(Q) N C(Q) such that W —wylly, < Land [wilrll, < L. Hence

wl — win WP(Q) and w/|r — 0in L7(I"). Sow € VP (Q).
The remaining claims follow similarly using Proposition A.41. O

Definition 7.8. We denote the locally finite part of I" by
Noc = {z € T': 3r > 0 such that H4 ' (I'NB(z, 1)) < oo}.

Remark 7.9. As usual, the set B(z, 1) in the definition of the locally finite part I,
denotes the open ball in IRY centred in z with radius 1. It is clear that I is relatively
open in ' and o-compact, i.e., a countable union of compact sets.

We note that (Tjoe, Z(Noc), HI) is a locally finite Borel regular measure space
by [EG92, Theorem 2.1.1]. In particular, if K C I}, is compact, then HIT(K) < oo.
Moreover, if d > 1 then this measure space is atomless by [Freo3, Exercise 264Yg].

Example 7.10. Let Q C R? be the interior of the Koch snowflake as depicted in
Figure 7.2. Then Ny = 0. Let p € [1,00). If r € [1,00) and u € wW'P(Q)n C(Q)
is such that ulr € L"(T"), then ulr = 0. It follows from Proposition A.43 that
ue Wg’p(Q). Consequently V¥ (Q) = Wg’p(Q) for all v € [1,00). Of course, in this
case it is more natural to use the s-dimensional Hausdorff measure H*® on I', where
s = %. We refer to [Walg1] for a study of the trace operator for Sobolev spaces on
sufficiently regular fractal domains. &
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7 Elements of Sobolev space with weak trace zero

Figure 7.2. The interior of the Koch snowflake

The following proposition shows that if I' has finite (d — 1)-dimensional Haus-
dorff measure then, at least for bounded weak traces, the r-dependence is not really
relevant.

Proposition 7.11. Let p € [1,00). Let u € WP (Q) and ¢ € L®(T). Let r € (1, 00). If
@ is a weak 1-trace of u, then @ is a weak r-trace of u. Moreover, if HI T (Mpe) < 00, then
@ is a weak r-trace of u if and only if it is a weak 1-trace of u.

Proof. Suppose that ¢ is a weak 1-trace of . It follows from Proposition A.41 that
then ¢ V0 is a weak 1-trace of uVV 0. So we may assume that u > 0 a.e. on Q and
@ > 0ae. onTl. Let M > 0 be such that ||¢| ., < M. Let (u,) be a sequence in
W'P(Q)NC(Q) such that u, >0 foralln € N, un — uwin W'P(Q) and unlr — ¢
in L'(I"). Set 0 := 1 — 1. Then by the interpolation inequality for Lebesgue spaces
one obtains

[ — (wn AMIFT 0@ — (un AM)IP|IS,

H(P_(unAM)ll"H ‘
(2M)®l @ — (un A M|} °.

’rg
<

So, again using Proposition A.41, it follows that ¢ = ¢ /A M is a weak r-trace of
u/AM.

Define v:=u—u/AM. Thenv > 0 ae. on Q and v € VI(Q). Let (v,) be a
sequence in WIP(Q)NC(Q) such that vy, > 0 for alln € N, v, — v in W'P(Q)
and vn|r — 0in L'(T). Let N > 0. Then by the interpolation inequality for Lebesgue
spaces one obtains

[on ANIELL < [on ANV 8 (v ANDIRIS < NOJ (v AN |17,

SovAN € VP(Q). AsvAN — vin W'P(Q) as N — oo, it follows from Lemma 7.7
that v € VP (Q). Hence ¢ is a weak r-trace of u =v +u/\ M.

Suppose now that HI (M) < oo and that ¢ is a weak r-trace of 1. It is clear
that ¢ =0 a.e. on I'\ I},c. Moreover, L™ (I},.) is continuously embedded into L' (Moc)-
This implies the claim. O
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7.2 Therelative capacity

Corollary 7.12. Let p € [1,00). If v € (1,00), then V{(Q) C VF(Q). Moreover, if
HI T (Moe) < 00, then VF(Q) = VP (Q) forall v € (1,00).

We shall make use of the class of locally integrable functions on T}, to obtain a
larger space of elements that have weak trace zero. We work with the Borel regular
and locally finite measure space (Foc, Z(Toc), HE'). We say that a measurable
function @: o — R is locally integrable on I, if @l € L'(F,) for all K C Mo
compact. Moreover, let L] (o) be the vector space of all locally integrable func-
tions on N, where we identify functions that agree H% '-a.e. We equip L] _(Noc)
with the locally convex topology induced by the seminorms ||-||x: ¢ — ||@Ik]|;,
where K C Ty is compact Since T, is o-compact, it follows that L10C(rloc) is
metrizable. Clearly L| (o) is complete and hence a Fréchet space. Moreover, a se-
quence which converges in L _(Noc) has a subsequence such that the corresponding
representatives converge pointwise almost everywhere.

Definition 7.13. Let p € [1,00) and u € W'P(Q). We say that u has weak trace
zero if there exists a sequence (uy) in WIP(Q) N Ce(Q) such that limy oo un =u
in WP (Q), un(z) =0 for all z € T\ Tjoc and n € N, and Unlp,. — 0in Lfoc(ﬁoc).
Moreover, we define the space

VP (Q) = {u € W'P(Q) : u has weak trace Zero}.

It is immediately clear that V¥ (Q) C VP(Q) for all r € [1,00). Moreover, the
statements in Lemma 7.7 also hold for VP(Q).

Remark 7.14. Suppose Q) is bounded and Llpschltz Clearly \oc =T. Let p € [1, c0).
Then it follows from Theorem A.46 that W, ’p(Q) = W(I)’p(Q) W P(Q). Moreover,
it is clear that if u € W1 P(Q) then u € VP(Q) for all v € [1,00). Conversely,
suppose that u € VP(Q). Then there exists a sequence (u;,) in WP (Q) N C(Q)
such that limy_,co un = uw and unlr — 0 K4 '-a.e. on T. By Theorem A.48 one has
Tru = limp o Truy in LP(T). It follows that Tru = 0 in LP(T"). Now Theorem A.49
implies that u € Wg’p(Q). Therefore Wg’p(Q) =VP(Q).

7.2 The relative capacity

In this section we collect some more specialised prerequisites. We start by recalling
notation and results for the relative capacity that was introduced for p = 2 in [AWo3,
Section 1]. There the relative capacity was realised as a capacity associated with
a certain Dirichlet form, see [BH9g1, Section 1.8]. A thorough direct study of the
relative capacity for p € (1, 00) can be found in [Bieogb; Bieoga]. We point out that
the case p = 1 is not covered.
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7 Elements of Sobolev space with weak trace zero

Definition 7.15 (Relative p-capacity). Let p € (1, 00). The relative p-capacity of a
subset A C Q is defined as

cap,, o(A) = inf{ ||u||]f’]D :u € W'P(Q) and there exists a relatively open
neighbourhood O of A in Q such that u > 1 a.e.on ONQ}.

We call P C Q relatively p-polar if cap, o(P) = 0. We say that a pointwise
property holds relatively p-quasi everywhere (relatively p-q.e.) on A if there
exists a relatively p-polar set P C Q such that it holds for all points in A \ P.

Remark 7.16. If Q = IRY, then the relative p-capacity is equal to the usual p-capacity.
So cap,, (A) = cap,, gd (A) for all A ¢ RY. We shall use the above notation without
the qualifier ‘relative’ if we refer to the p-capacity. In particular, a set A C R% is
called p-polar if capp(A) = 0. Note that u|g € W]fp(Q) for all u € W'P(RRY). This
shows that

capy, o(A) < cap,(A) (7.1)

for all A C¢ Q. In particular, if A C Q is p-polar then A is relatively p-polar.
Moreover, if A C Q, then A is p-polar if and only if A is relatively p-polar by [Bieoga,
Corollary 3.15]; see also Lemma 7.18.

It is clear by the above definition that capp,Q(A) > |A] for all A € Q, where
|A| denotes the Lebesgue measure of A. We consider the capacity as a means of
measuring subsets of R¢ which are not negligible with respect to the structure of
the Sobolev space, despite being Lebesgue nullsets. For example, the Lebesgue—
Besicovitch differentiation theorem [EG92, Theorem 1.7.1] states that a locally
Lebesgue integrable function has a Lebesgue point almost everywhere. So in meas-
ure theoretic terminology such functions are approximately continuous. Taking into
consideration that a Sobolev space has considerably more structure, one naturally
expects that elements of a Sobolev space have ‘more” Lebesgue points than merely
almost everywhere. It turns out that an element in W'?(R¢) has Lebesgue points
everywhere in R4\ P, where P is a p-polar set [EG92, Theorem 4.8.1] or [MZg7,
Theorem 2.55]. To emphasise how fine the notion of the p-capacity actually is, we
note that a p-polar set has (d — 1)-dimensional Hausdorff measure 0, see [EG92,
Theorem 4.7.4] or [MZg7y, Theorem 2.53]. Curiously the latter property is not true
for relatively p-polar sets, see [AWo03, Example 4.3] and Example 7.44.

We next provide some basic properties of the relative p-capacity and then study
relatively p-quasi continuous representatives of elements in W!'P(Q). The following
proposition collects several basic results that can be found in [Bieoga, Subsection 3.1]
or [Bieogb, Section 3].
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7.2 Therelative capacity

Proposition 7.17. Let p € (1,00). The relative p-capacity has the following properties.
(i) cap, (0) =0.
(i) fFACBC Q, then cappIQ(A) < capp,Q(B).
(iii) If (An) is a sequence of increasing subsets of Q, then

lim cap,, ,(An) = cap, o ( U An>.

n—o00
n=1

(iv) If (Ky) is a sequence of decreasing compact subsets of Q, then

lim cap,, ,(Kn) = cap, o ( ﬂ Kn>.
n=I

n—oo

(v) IfA C Q, then

cap, (A) = inf{capp,Q(O) : O C Qs relatively open in Q and A C O}.

(vi) If (Ay) is a sequence of subsets of Q, then
cap,, ( U An> < Z capp’Q(An).
n=1 n=1

(vii) If K C Q is compact, then

cap, o(K) = inf{[lu[} :ue wlP(Q)nC(Q)
such that u(x) > 1 for all x € K}.

In particular, the relative p-capacity is a normed Choquet capacity and an outer measure.

The following result shows that the capacity and the relative capacity are com-
parable as long as one stays inside of a compact subset of Q).

Lemma 7.18 (cf. [Bieoga, Example 3.12]). Let K C Q be compact. Then there exists a
C > 0 such that
capp(A) < Ccapp/Q(A)

forall A C K.

The following basic proposition, which is mostly a consequence of the Sobolev
embedding theorem A.50, shows why the p-capacity is usually only considered for
p < d. We have adapted the arguments given in [EE87, Section VIIL6].
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Proposition 7.19. Let p > d. Let A C RY. Then cap,(A) = 0 if and only if A = 0.

Proof. Suppose that cap,,(A) = 0. We assume that A # () and deduce a contradiction.
We may suppose that A = {xo} for an xy € R%. By Proposition 7.17 (vii) there exists
a sequence (un) in WIP(RY) N C(RY) such that un, — 0in W'P(RY) and un (xo) > 1
for all n € IN. Due to Proposition A.41 we may assume that 0 < un(x) < 1 for all
x € RY¥and n € N. Let ¢ € C®(IR?) be such that {(xo) # 0. Clearly, (1 —un)C — ¢
in WP (Q). So it follows from Theorem A.50 that 0 = (1 —1un(x0))¢(x0) — {(x0) # 0
for n — oo. This is a contradiction. Il

Definition 7.20. A measurable function ii: Q — R is called relatively p-quasi
continuous if for every ¢ > 0 there exists a set V C Q relatively open in Q such
that capp,Q(V) < ¢ and the restriction of i to Q \ V is continuous.

A measurable function {i: () — R is called p-quasi continuous if for every ¢ > 0
there exists an open set V C Q such that capp(V) < ¢ and the restriction of i to
Q\ V is continuous.

The following standard construction of a quasi-continuous representative is
taken from [Bieogb, Lemma 3.17]; see also [EE87, Theorem VIII.5.2].

Lemma 7.21. Let u € VNV]'p(Q). Suppose (un) is a sequence in WIP(Q) N C(Q)
such that u, — w in W'P(Q). Then, possibly after going to a subsequence, there
exists a relatively p-polar set P C Q and a measurable function ii: Q — R such that
L(x) = limp oo un(x) for all x € Q\ P, it = wa.e. on Q and i is relatively p-quasi
continuous.

Proof. After going to a subsequence, we may assume that

o0

Zan||un+1 —un||]1olp < 00
n=I1

and that (u,) converges to u pointwise a.e. on Q). We define
Gn={x€Q: U —un|>2""}

for all n € IN. Then G,, is relatively “open in Q and 2™[un 1 —un| > 1 on G, for all
n € IN. Observe that [un 1 —un| € WP(Q) by Proposition A.41. This implies that

Capp,Q(Gn) < 2np||un+1 _unH?,p

for all n € IN. Consequently,

Z capplQ(Gn) < 0.

n=1
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If m € IN, then by Proposition 7.17 (vi) there exists an n,, € IN such that

> 1
cap ,Q< U Gn) < —.
P n=nm m
Set Vin = Up>n,, Gn forallm € N and P == (), g Vm. It follows from Proposi-
tion 7.17(v) that capp,Q(P) =0.
Note that

n—1
Un =11+ ) (Wept —we)
k=1
for all n € IN. Moreover, the sequence of continuous functions (u,) converges
uniformly on Q \ Vy, for all m € IN. Therefore

o0

(x) = lim un(x) = wi(x) + D (et (%) —ug(x))
k=1

exists for all x € Q \ P. We set i(x) := 0 for all x € P. Note that P is a Lebesgue

nullset. So (u,) converges to il pointwise a.e. on Q. In particular, it = u a.e. on Q.

Hence the restriction of i to Q \ Vi, is continuous for all m € IN. This finishes the

proof. l

The following is now an immediate consequence.

Corollary 7.22. Every u € W!'P(Q) has a relatively p-quasi continuous representative
©: Q- R

Theorem 7.23 (cf. [Bieoga, Theorem 3.26]). Let u,v € WP (Q) and let U C Q be
relatively open in Q. Suppose w < v a.e. on UN Q. Let 1t and v be relatively p-quasi
continuous representatives of w and v, respectively. Then there exists a relatively p-polar
set P C U such that ti(x) < V(x) for all x € U\ P.

Corollary 7.24. Let u € W1'p(Q). Then the relatively p-quasi continuous representative
U is unique up to a relatively p-polar set.

Remark 7.25. For the special case Q = IRY, one obtains by the previous results a
p-quasi continuous representative for every u € W'P(R%), which is unique up to
a p-polar set. It is not difficult to see that p-quasi continuity is a local property,
i.e., a function ii: Q — R is p-quasi continuous on Q if and only if i is p-quasi
continuous on a neighbourhood of every point in ). Locally inside of O, however,
the p-capacity and the relative p-capacity are comparable by Lemma 7.18 and (7.1).

This helps to obtain the following consistency property. Let u € W!P(Q) and
let ii: QO — R be a relatively p-quasi continuous representative of 1. Then il
is a p-quasi continuous representative of u, which is unique up to a p-polar set
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7 Elements of Sobolev space with weak trace zero

by Corollary 7.24. For the full details we refer to [Bieoga, Theorem 3.31 and
Example 3.32].

The next result is a special case of [Bieoga, Theorem 3.29]. It shows that relatively
p-quasi continuous representatives behave well with respect to the convergence in
WP (Q).

Proposition 7.26. Let w € W''P(Q) and suppose (un) is a sequence in W'P(Q) such
that w, — win W'P(Q). Let 1t and i, be relatively p-quasi continuous representatives
of wand uy for all n € IN, respectively. Then, after going to a subsequence, there exists a
relatively p-polar set P C Q such that limy o Tin (x) = 1i(x) for all x € Q\ P.

Next we show that a (relatively) p-quasi continuous representative exhibits other
desirable fine properties. This allows to obtain a representative for an element in a
Sobolev space that simultaneously exhibits several additional regularity properties.
In the literature the existence of a corresponding representative for each single one
of these regularity properties is well established. While the existence of a ‘simultan-
eous’ representative is not immediately obvious, it can be directly verified by an
inspection of the respective proofs that the pointwise limit of an appropriate smooth
approximation sequence exhibits all required properties. In [EGg2, Chapter 4] the
first part of the following theorem can be found.

Theorem 7.27 (A representative for an element of Sobolev space). Let p € (1, c0).
Let u € W'P(Q). We set

Qk,y ={xeQ:x= (Uh-- SYk=1, 4 Yk, - -/yd—l)fm’a te R} (72)

foreveryk €{1,...,d}and y € R4, We may consider Q. as an open subset of R.
Then there exists a measurable function ti: QO — R and a p-polar set P C Q such that
the following properties hold:

(i) T is a p-quasi continuous representative of u;

(ii) there exists a sequence () in WIP(Q)NC®(Q) converging to w in WP (Q) and
to i pointwise everywhere on O\ P;

(iii) every point in Q) \ P is a Lebesgue point of 1i;

(iv) for L4 geyeRY N andall k € {1,...,d} the one-dimensional function ﬁ’_()k/y is
absolutely continuous on each compact interval of Qy .

Moreover, if u € W'P(Q), then there exists a measurable function ii: Q — R and a
relatively p-polar set P C Q such that {ilq satisfies all of the above properties and such that
the following properties hold:

(i) 1iis a relatively p-quasi continuous representative of u;
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7.2 Therelative capacity

(ii)" there exists a sequence (un) in WP (Q)NC(Q) converging to w in W'P(Q) and
to 1 pointwise everywhere on Q \ P.

Proof. Let u € W'P(Q) and let i be a p-quasi continuous representative of . It
follows from Lemma 7.21, Theorem A.39 and Remark 7.25 that i satisfies (ii). If
p > d, then it follows from Proposition 7.19 that it € C(Q). So (iii) is clearly
satisfied if p > d. For p € (1, d] property (iii) follows from [MZg7, Theorem 2.55].
Property (iv) follows from [EG92, Theorem 4.9.2 (i)] since i satisfies (iii).

Suppose now that u € W'P(Q) and let ti: O — R be a relatively p-quasi
continuous representative of u. Then (i)" and (ii)" follow from Lemma 7.21. The
claims about 1i|g follow by Remark 7.25 from the first part of the theorem. O

Remark 7.28. The first part of the theorem does extend to p = 1 for a suitable
version of the 1-capacity, see [EG92, Section 4]. It is not clear whether the notion of
the relative p-capacity can be extended to obtain a Choquet capacity also for the case
p = 1. In particular, the existence of a relatively 1-quasi continuous representative
is unclear.

We finally collect a few results about the p-fine topology and the Lebesgue
density topology. Both are topologies in R¢ that are finer than the Euclidean
topology.

Definition 7.29. Suppose p € (1,d] and let E C RY. Then E is called p-thin at a
point x € RY if

T

J] (capp(E N B(x,r)))mp_” 1

\ = —dr < oo. (7.3)

One defines
by (E) = {x € RY: E is not p-thin at x}.

If by(E) C E, then E is called p-finely closed.

Suppose that p € (1,d]. It is obvious that if E C F C RY then by (E) C by (F).

The next proposition collects a few important properties of the p-fine topology.
The corresponding statements can be found in [MZgy, Remark 2.135, Theorem 2.136
and Corollary 2.143], for example.

Proposition 7.30. Suppose p € (1, d]. The family of complements of p-finely closed sets
defines a topology in R that is finer than the Euclidean topology. We call this topology the
p-fine topology. Moreover, let E C RY. Then the closure of E in the p-fine topology is
given by EU b, (E). Furthermore, E is p-polar if and only if b, (E) = 0.

Remark 7.31. Suppose that d > 2 and p € (1,d]. As usual, let Q C RY be open
and I' = 0Q). It follows from Proposition 7.30 that the boundary of Q in the p-fine
topology, which we call the p-fine boundary of Q, is equal to b, (Q) \ Q. Clearly
bp(Q) C Q. Consequently the p-fine boundary of Q is equal to b,(Q) NT.
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7 Elements of Sobolev space with weak trace zero

The following lemma is readily obtained using the description of the p-fine
closure in Proposition 7.30. We give its simple proof to make a first use of the
introduced notation.

Lemma 7.32. Suppose p € (1,d]. Let u: R — R and xo € RY. Then w is continuous at
X0 in the p-fine topology if and only if

{x e R fubo) —ulxo) > ¢ f (7.4)

is p-thin at x¢ for all € > 0.

Proof. “«<=": Let ¢ > 0 and E be the set in (7.4). By assumption E is p-thin at xo. Then
xo € EUDbp(E). Hence U = R4\ (EU b,(E)) is an p-finely open neighbourhood of
xo such that [u(x) —u(xg)| < ¢ for all x € U. Therefore u is continuous at x( in the
p-fine topology.

‘=": Let ¢ > 0 and U C R? be a p-finely open neighbourhood of x¢ such that
lu(x) —u(xo)| < € for all x € U. Let E be the set in (7.4). Then E ¢ R4\ U and
R4\ U is p-finely closed. So xo ¢ R4\ U and b,(E) C bp(le \ U) ¢ R4\ U. Hence
E is p-thin at xo.

]

The next result connects p-quasi continuity to continuity with respect to the
p-fine topology. It is a special case of [MZg7, Theorem 2.145].

Proposition 7.33. Suppose p € (1,d]. Let u: RY — R be a function. Then w is p-quasi
continuous if and only if there exists a p-polar set P C RY such that w is p-finely continuous
at every point in R4\ P.

Next we consider the Lebesgue density topology.

Definition 7.34. Let E C R%. We say that E is open in the Lebesgue density
topology if E is Lebesgue measurable and every point of E is a Lebesgue density
point of E, i.e.,

=1 (7-5)

for all x € E. The family of these sets define a topology, which we call the Lebesgue
density topology.

Remark 7.35. It is obvious that the Lebesgue density topology is finer than the
Euclidean topology. Moreover, in (7.5) one can equivalently replace the open balls
B(x,T) by open d-dimensional cubes centred in x with side-length 2r, for example.
We point out, however, that if d > 1 then one does not obtain the same topology if
one measures the density with respect to more general ‘d-dimensional rectangles’
centred at x. Details regarding different density topologies can be found in [Fugy1,
Subsection 4.9] and in [LMZ86, Chapter 6].
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Fuglede observed that (7.3) allows to compare the 2-fine topology with the
Lebesgue density topology, see [LMZ86, Remarks and Comments, p.326-327]
and [Fugy1, Subsection 5.6]. In fact, the following holds for all p € (1, d].

Proposition 7.36 (cf. [MZgy, Corollary 2.51 and Remark 2.135]). Suppose p € (1, d].
Then the p-fine topology is coarser than the Lebesgue density topology.

7.3 Extendability of elements with weak trace zero

In this section we show that if u € W'P(Q) has weak trace zero then u € W;’p(Q).
The next proposition is an essential technical ingredient for the proof. It is an
intermediate result in the proof of [SZ99, Theorem 2.2]. The latter theorem gives a
necessary and sufficient condition for an element of WP (Q) to be in W(])’p(Q); see
Theorem 7.46 in the following section.

Proposition 7.37 (see the proof of [SZgg9, Theorem 2.2]). Suppose p € (1,00). Let
u e W'"P(Q). Suppose that

ul = (7.6)

for H4 \a.e.z € T. Then u € WS’p(Q).

The proof of Proposition 7.37 is based on several elaborate results on functions
of bounded variation and fine properties of Sobolev functions. Therefore I shall not
attempt to provide a self-contained exposition here and refer to [SZg9] for the full
details. We will, however, continue with a sketch of the proof of Proposition 7.37.

Sketch of the proof. Let i: O — R be the p-quasi continuous representative of u.
Since a p-polar set has (d — 1)-dimensional Hausdorff measure 0, it follows from
Theorem 7.27 that i has a Lebesgue point 34 '-a.e. in Q. Due to (7.6) the extension
of it by 0, which we denote by {i*, has a Lebesgue point 3¢ '-a.e. in R%. Let
xo € R4\ Q be a Lebesgue point of ii*. Then

I[i* > ] N B(xo, 1) {o for all t > 0, and

lim =
0+ IB(xo,1)] 1 forallt<O.

So for all t € R\ {0} the point X, is not contained in the measure theoretic bound-
ary of the superlevel set [{i* > t]. Consequently, in a more technical notation,
HIT (@ [i* > 1]\ Q) =0 for all t € R\ {0}. Using this with a suitable version of
the coarea formula implies that ii* is locally of bounded variation in R¢.
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7 Elements of Sobolev space with weak trace zero

Applying the notation (7.2) in Theorem 7.27 for the domain R¢, one has

(]Rd)k,y = {x eRY:x = (Y, -+, Yx—1,t Yk, ..., yg_1) forat € IR}

for all k € {1,...,d} and y € RI". Clearly (]Rd)k,y is isomorphic to R for all
k € {1,...,d} and y € RY'. We shall say that {i* satisfies a property along
almost all lines parallel to the coordinate axes (along a.a.l.), if it holds for the one-
dimensional function *| (R9)y. 'R - Rfor L4 -ae.y e R Tandallk € {1,...,d}.
By [Fed69g, Theorem 4. 5 9 (29)] the function @* is continuous along a.a.l. since {i* has
a Lebesgue point ¢ '-a.e. and is locally of bounded variation in R¢. Moreover, {i*

is of bounded variation on every compact interval along a.a.l. It is not hard to check
that 0* maps one-dimensional Lebesgue nullsets into nullsets along a.a.l. Using
an appropriate characterisation for absolute continuity, the last three statements
imply that i* is absolutely continuous on every compact interval along a.a.l. It
follows that 1i* has classical partial derivatives in LP(IRY) along a.a.l. By [EGg2,
Theorem 4.9.2 (ii)], which is a kind of converse of Theorem 7.27 (iv), the function i*
is a representative of an element of WIP(RY). H

We point out that the proof of Proposition 7.37 does extend to the case p = 1. For
this it suffices to note that also for elements of W' (Q) it is true that 34 '-a.e. point
in Q) is a Lebesgue point, see for example [EGg2, Theorem 4.8.1 and Theorem 5.6.3].
Moreover, for p = 1 the above proposition is a special case of [Swaoy, Theorem 5.2];
see Theorem 7.47.

The following is the main result of this section. It allows to relate the property
that an element has weak trace zero to another notion for elements of W'P(Q) to
vanish at the boundary. Moreover, it shows that the notion of the weak trace is both
sensible and useful.

Theorem 7.38. Let p € (1,00) and u € VP(Q). Then u € Wg’p(Q).

Proof. First suppose in addition that u > 0 a.e. on ) and u € L*°(Q). Let M > 0 be
such that u < M e a e. on Q). We shall prove that u can be approximated in whr(Q)
by elements of W PQ).

Let (un) be a sequence in W'P(Q) N Ce(Q) as in Definition 7.13. In particular,
un(z) =0 for all z € T'\ T}, and n € IN. After going to a subsequence, we may
assume that there is a H9 "-nullset N C I, such that u,(z) — 0 for all z € T\ N.

Let @i: Q — R be a relatively p-quasi continuous representative of u as in
Lemma 7.21 defined with respect to (un), possibly after going to a subsequence.
So there exists a relatively p-polar set P C Q such that fi(x) = limp_ein(x)
for all x € Q\ P. Since 1 is relatively p-quasi continuous one deduces from
Proposition 7.17(v) and (vi) that for all m € N there exists a Vi, C Q relatively
open in Q such that capp,Q(V ) < &, P C Vi and the restriction of ii to Q \ Vi, is
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7.3 Extendability of elements with weak trace zero

continuous. So there exists a (m € W'P(Q) such that ||Cm||1]”p < % and ¢ > 1 ae.
on V;;, N Q for all m € IN. Moreover, due to Proposition A.41 we may additionally
assume that 0 < (;;; < 1 a.e. on Q for all m € IN. Set v;;; = u— (nu for all m € IN.
Then v, € WP(Q) by Lemma A.42. Moreover,

Iu vl = 1Emull?,

<J |cm|P|u|P+zpj |vcm|P|u|P+zPJ o PIVUP
Q Q Q

< @MP [l +2° | enl? PP
Q

for all m € IN. Note that {,, — 0 in W!'P(Q) for m — oco. So after going to
a subsequence we may assume that ¢, — 0 a.e. on Q. Then it follows that
J1em/PIVuP — 0 by dominated convergence. Hence we have established that
v — win WP(Q).

Let m € IN be fixed. We will show that v, € Wg’p(ﬂ). Let z € T\ N. We
consider the two disjoint cases that z € V;,, or that z € O\ Vy,. Suppose first that
z € V. Then there exists an R > 0 such that (B(z,R) N Q) C Vin. So

1

1
rd JB(Z,?)HQ

V| < T’_d M[T — (| =0

JB(z,r)ﬁO.

for all r € (O,R) since (;y = 1 a.e. on Vi N Q. Next suppose that z € O\ V.
Then ti(z) = limp o un(z) = 0 since z ¢ P and z ¢ N. Moreover, ﬁ’ﬁ\vm is
continuous. Let ¢ > 0. Then there exists an R > 0 such that [Ti(x)| < ¢ for all
x € B(z,R) N (Q\ Vi). Hence

1
rd

1
ml < =

1
JB (z,r)NQ rd JB (z,7)NOQNVim

MIT = Gl + — il < €[B(0, 1)
T

JB(z,r)ﬂ(Q\Vm)

for all v € (0,R). So we have verified that v,, satisfies (7.6) for all z € T\ N.
Therefore vy, € W;’p(ﬂ) by Proposition 7.37. As vy, — win WP(Q) and Wg’p(ﬂ)
is closed in W'P(Q), it follows that u € VNVg)’p(Q).

We now reduce the general case to the case considered above. First suppose that
u > 0a.e. on Q. Let M > 0. Using Proposition A.41, we obtain uAM € VP(Q). By
the above we know that u/AM € Wg’p(ﬂ). Moreover, uAM — uin WP (Q) for
M — oco. As Wg’p(ﬂ) is a closed subspace of W!'P(Q), this implies u € Wg’p(ﬂ).
Finally, let us consider the general case. It follows from Proposition A.41 that both
uV 0 and (—u) V0 are elements of VP(Q). By linearity and the above we obtain
ue WP (Q). 0

In Section 7.1 we immediately established several inclusions between the various
introduced spaces. In combination with Theorem 7.38 we can summarise the
relationships in the following way.
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7 Elements of Sobolev space with weak trace zero

Corollary 7.39. One has the following inclusion properties.

WIP(Q) — VP(Q) 28 WIP(Q) — WIP(RY)

N \
W, P(Q) ¢ W'P(Q) —— WP(Q)

All the spaces along the ‘middle’ path are equipped with the norm of WP (Q). The arrow
— expresses that the first space is a closed subspace of the second, and correspondingly for
the arrow < after an extension by 0.

Remark 7.40. Clearly the space Wg’p (Q) is a linear subspace of W'P(Q). If T has
Lebesgue measure zero, then W(])’p (Q) is closed in W'P(Q) as Wg’p Q) = VNV(])’p(Q).
In general Wé’p (QQ) does not need to be closed in W'P(Q). Still, one can make
W&’p (Q) into a Banach space that is continuously embedded into WP (Q) by
equipping it with a suitable quotient topology of WP (IR¢). Since we do not require

these results in this chapter, we will not provide further details.

In Section 7.5 we will give more corollaries and examples to Theorem 7.38. To
this end we need some additional material that we introduce in the next section.

7.4 Related results

In this section we collect several related results for the space Wg)’p (Q). The following
theorem is a special case of [AHg6, Theorem 9.1.3], where the more delicate case of
higher-order derivatives is considered. For this special case a simplified proof based
on the fact that WP (R%) is closed under truncation is given in [AHg6, Section 9.2].

Theorem 7.41 (Havin and Bagby). Let p € (1,00) and let u € WIP(RY). Then
ulg € WP (Q) if and only if

1
lim — J lul =0
=0+ T B(z,1)

for p-quasi every z € R4\ Q. So if il is a p-quasi continuous representative of u, then
ulg € Wg’p(Q) if and only if ii(z) = 0 for p-quasi every z € R4\ Q.

Remark 7.42. The result as stated above extends to the case p = 1 for a suitable
notion of the T-capacity that was studied in [FZ72]. This can be readily obtained
from the proof in [AH96, Section 9.2]. We also refer to [AHg6, Section 10.3] for a
discussion in a more general setting that includes the higher-order case.

118



7.4 Related results

Figure 7.3. An example of an open set Q C IR? where the weak trace is not
unique and the 2-fine boundary is not all of T.

The next result is a refinement of Theorem 7.41 in that it requires the p-quasi
continuous representative to vanish only on a part of I'. The formulation relies
on the p-fine topology. Recall that the p-fine topology is finer than the Euclidean
topology by Proposition 7.30. Consequently, the p-fine boundary of Q) is contained
in T'; see also Remark 7.31.

Theorem 7.43 (cf. [MZgy, Theorem 2.147]). Let p € (1,d]. Let u € W'P(RY) and
let i be a p-quasi continuous representative of u. Then u|g € W(])’p(Q) if and only if
z) = 0 for p-quasi every z in the p-fine boundary of Q.

The following example shows that the p-fine boundary of Q) can be a proper
subset of I'. We point out that the arguments can be adapted to work in any
dimension d > 2 and for all p € (1,d].

Example 7.44. We shall consider a simplified nonconnected 2-dimensional version
of Example 7.6. Let (1) be a decreasing sequence of positive numbers such that
Th <4 ™ foralln € N. Let Q C R? be given by

m—1
k) )
B((27™, ) m);

1 k=1

Q=

T’fC8

see also Figure 7.3.
Clearly I := {0} x [0, 1] is contained in I'. For all n € IN consider the function
e WIP(Q)N C(Q) defined by u, =0 on

1

U U@ 5, m)

m=1 k=1

and un = 1 elsewhere in Q. It follows that u, — 0 in W'"P(Q) and u, > 1 in
a relative neighbourhood of T in Q. Hence, capp’Q(FS) = 0, but HI(Ty) > 0.
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7 Elements of Sobolev space with weak trace zero

Moreover, 1, is a weak r-trace of zero in W'P(Q) for all r € [1, 00). We note that
Capp( Is) > 0.

Suppose now that p = 2. We shall show that I is disjoint from the 2-fine
boundary of Q if one chooses the sequence (r,,) appropriately. Take (1) such that
for all n € IN one has

> (m—1)cap,(B(0,Tm)) <27™ (7.7)

m=n

LetzeT,. Letn e N and s € (2=, 271, Then it follows from (7.7) that

cap,(QNB(z,s) )% <cap,(QN([0,27 x [0,1]))2"" 272 =2,
Therefore ]
1
J cap,(QNB(z, s))g ds < oo.
0
This means that Q is 2-thin at z. Hence z is not in the 2-fine boundary of Q by
Remark 7.31. &

The following extends the corresponding result for p = 2 in [AWo03, Theorem 2.3].

Theorem 7.45 (cf. [Bieoga, Corollary 4.4]). Let p € (1,00) and let u € WP (Q). Let
t: Q — R be a relatively p-quasi continuous representative of w. Then u € Wg)’p(Q) if
and only if {i(z) = O for relatively p-quasi every z € T.

For p = 2, the notion of the relative capacity has recently been extended to
Sobolev spaces on o-compact Riemannian manifolds, see [ABE12, Section 5]. In
particular, a corresponding version of Theorem 7.45 holds in the manifold setting,
see [ABE12, Theorem 5.2].

The next result by Swanson and Ziemer characterises W(])’p(Q) in some sense
intrinsically in W!P(Q). In its proof Proposition 7.37 was established as an inter-
mediate result. We recall that the latter proposition was a central ingredient for
Theorem 7.38,

Theorem 7.46 (cf. [SZ99, Theorem 2.2]). Let p € (1,00) and let w € W'P(Q). Then
uwe WYP(Q) if and only if

uf =0

for p-quasi every z € T

The following result extends Theorem 7.46 to the case p = 1. It is the lack of
reflexivity that complicates matters in this case. See for example [FZ72, Section 4],
where a version of the T-capacity is studied with tools from geometric measure
theory.

120



7.5 Consequences of the extension result

Theorem 7.47 (cf. [Swaoy, Theorem 5.2]). Let u € W (Q). Then u € W&J (Q) if and
only if

lim l

r—0+ 1d J ful =0
QNB(z,1)

for H ae z€T.

7.5 Consequences of the extension result

In this section we give corollaries to Theorem 7.38 and provide examples where
VP(Q) # W(])’p(Q) or VP(Q) # W(])’p(ﬁ). The following is an immediate con-
sequence of Theorem 7.38 and Theorem A.46.

Corollary 7.48. Suppose that Q) has continuous boundary. Then VP (Q) = Wg’p (Q).

Corollary 7.49. Suppose that Q) is topologically reqular and p > d. Then VP(Q) =
WP (Q).

Proof. Let u € VP(Q). We shall show that u & W(])’p(Q). By Theorem 7.38 we have
u* e WWP(RY). Asp > d, we may assume that u* ¢ W'P(RY) N Cp(RY) by the
Sobolev embedding theorem, Theorem A.50. Clearly u*(z) =0 for all z € R4\ Q.
Let z € T. As Q is topologically regular, there exists a sequence z, € R4\ Q
such that limp_,o zn = z. It follows from the continuity of u* that u*(z) = 0. So
ulg € W'P(Q) N C(Q) vanishes pointwise on I'. Now Proposition A.43 implies
that u € Wg)’p(Q). O

Remark 7.50. Corollary 7.49 does not hold without the assumption that Q is
topologically regular. For example, let Q = R%\ {0} for a d > 2 and suppose that
p > d. We show that W(])’p(Q) £ VP(Q). Let ¢ € CX(RY) be such that {(0) = 1.
Clearly C € VP(Q) as HI-1({0}) = 0. Assume, for contradiction, that € W(])’p(O_).
Then there exists a sequence () in Cgo(le) such that supp ¢, C Q and ¢, — ¢
in W'?(Q). Then  — ¢* in W'P(RY). By the Sobolev embedding theorem,
Theorem A.50, it follows that 0 = (1 (0) — (0) = 1, which is a contradiction.
Hence ¢ ¢ W, (Q).

We point out that for p < d and O = R4\ {0} one has Wg)’p(Q) = WIP(RY),
see [EE8y, Corollary VIIL6.4].

Due to connections to the stability of the Dirichlet problem, it is well studied
when W(I)'p(O_) and W(])’p (Q) are equal. In the case that Q is topologically regular,
several potential theoretic conditions have been presented in [AH96, Theorem 11.4.1]
that are equivalent to this equality. The following theorem lists two of these
conditions. In combination with Theorem 7.38 this immediately yields sufficient
conditions on Q) which ensure that VP(Q) = Wg’p (Q).
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7 Elements of Sobolev space with weak trace zero

Theorem 7.51 (cf. [AH96, Theorem 11.4.1]). Suppose that Q is topologically reqular
and p € (1,d]. The following statements are equivalent.

i) WyP(Q) = WP (Q).
(i) cap,(G\ Q) = cap,(G\ Q) forall G C R open.
(i) cap,(I"\ bp(R4\ Q)) = 0.

The following is a basic example for a measure geometric condition that can
be obtained using properties of the p-fine topology. Its proof is inspired by the
techniques in [Hedoo, p. 95].

Theorem 7.52. Let p € (1,d]. Suppose that there exists a p-polar set P C RY such that
no point in T\ P is a Lebesgue density point of Q. Then VP(Q) = Wg'p(Q) = Wg)’p (Q).

Proof. First observe that (R4I\Q)U by (R4\ Q) is p-finely closed by Proposition 7.30.
Hence the set Q \ b, (R4 \ Q), which is its complement in RY, is p-finely open. By
Proposition 7.36 the set Q \ b,(R4\ Q) is open in the Lebesgue density topology.
Consequently, every point of Q\ b,(R%\ Q) is a Lebesgue density point of Q.
Let z € T'\ P. It follows from the assumption that z ¢ Q\ bp(IRd \ Q). Hence
z € bp(]Rd \ Q). This shows that T\ P C bp(]Rd \ Q).

Now let u € W'P(R?) be such that u = 0 a.e. on R4\ Q. Let i be a p-quasi
continuous representative of u. By Theorem 7.23 it follows that {i(x) = 0 for p-quasi
every x € R4\ Q. We may suppose that 1i(x) = 0 for all x € R%\ Q. Furthermore,
the function 1i is p-finely continuous p-quasi everywhere in R¢ by Proposition 7.33.
Enlarging P if necessary, we may suppose that i is p-finely continuous at every
point in RYI\ P. Let xo € R4\ P. Suppose that Ti(xg) # 0 and let ¢ = [Ti(x()|/2. Then

E o= {x e R : [i(x) — ti(xg)| = s}

is p-thin at xo by Lemma 7.32. Clearly R%\ Q C E. Hence R4\ Q is p-thin at xo. So
X0 & bp(R4\ Q) and therefore in particular xo ¢ I'\ P. This shows that 1i(x) = 0 for
p-quasi every x € R4\ Q. Hence ulg € W, (Q) by Theorem 7.41. We have proved
W(])’p Q) = W(])’p(Q). Now it follows from Theorem 7.38 that VP(Q) = W(])’p(Q). O

Remark 7.53. Suppose p € (1,d]. If Q is Lipschitz, then clearly the conditions
of Theorem 7.52 are satisfied for P = ). Next suppose that Q C R? is a domain
as depicted in Figure 7.4. We assume that there are holes arbitrarily close to all
boundary points in the grey line segment on the left. Then () does not have
continuous boundary. Moreover, we can arrange that the Lebesgue density of
the holes is negligible at all points in the boundary. Then this domain satisfies
Wé’p(Q) = Wg’p (Q) by Theorem 7.52.
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Figure 7.4. An open set Q C R? that does not have continuous boundary,
but which satisfies Wg)'p Q) = Wg’p (Q) by Theorem 7.52.

We finally present several examples.

Example 7.54. Suppose d > 1 and p € (1,d). Choosing h(r) = ¢!, « = 1 and

c(r) = r%P in [AHg6, Theorem 5.4.1] yields a compact set E C R4 such that
HI1(E) = 0, but capp(E) > 0. We may suppose E C B(0,1). Let Q = B(0,2) \ E,
see Figure 7.5. Let C € Cg’o(le) be such that supp ¢ C B(0,2) and ¢ = 1in B(0, 1).
Note that ¢ € VP(Q). But ¢ ¢ W;’p(Q) by Theorem 7.41. &

Note that the domain Q) in Example 7.54 is not topologically regular. In the
next example we shall use the construction from [Hedoo, Example, p.94] to obtain
a topologically regular domain Q such that WP (Q) # W,P(Q) and VP(Q) =
Wg’p (Q). Moreover, we point out that the construction can be adapted to allow
p = d; see [AH96, Theorem 5.4.1].

Example 7.55. Suppose d > 1 and p € (1,d). Let E C B(0, 1) be as in Example 7.54.
Let (xn) be a sequence of pairwise distinct elements in B(0, 1) \ E such that the set
of limit points of (x) is equal to E. We may suppose that dist(xn, E) < TlL for all
n € N. Let (rn) be a sequence of strictly positive numbers such that r, < 277,
B(xn,2rn) C (B(0,1)\ E) and B(xy, 2ri) N B(xn, 2rn) = 0 for all k,n € IN such that

Figure 7.5. A ball where in the interior a compact set of positive p-capacity
and H9~'-measure zero has been removed.
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7 Elements of Sobolev space with weak trace zero

k # n. By further decreasing the elements of (1), if necessary, we may suppose
that

CaPp( U B(Xn;rn)) < Capp(E).
nelN
We define
=B(0,2)\ (EU [ Bl ).

nelN

We first prove a few topological properties of Q.
Claim 1: Q) is open. It suffices to show that

EU | Blxn, ™) (7.8)
nelN

is closed. This is clear as the set in (7.8) contains its limit points.
Claim 2: Q is equal to the set

A:=B(0,2)\ | J B(xn, ).
nelN

Since A is closed and Q C A, clearly Q C A. Conversely, it is readily verified that
every point in A is a limit point of Q. This shows that Q = A.
Claim 3: Q is topologically regular. First observe that

r=0\Q=0B(0,2)UEU [ J 8B(xy, ™).
nelN

Clearly 0Q C T'. The converse inclusion follows by observing that every point in I
is a limit point of R4\ Q.

By choosing G = B(0,2) in Theorem 7.51 (ii), it follows that W PQ) # W1 PQ).
We shall prove that VP(Q) = W(]) P(Q). The inclusion V?(Q) C W] P(Q) follows

from Theorem 7.38. For the converse, let u € W(])’p (Q). We first assume in addition
that u € L*°(Q) and u > 0 a.e. on Q. Let

n

Qn =B(0,2)\ [ Bl )
k=1

for all n € IN. Then Q,, is L1]1asch1tz and Q C Q, for all n € IN. So it follows from
Remark 7.14 that u*|q, € Wy P(Qn) for alln € N. For all n € N let u, € C2(Qy)
be such that 0 < u, < 2||u.||OO and W, —unllwir,) < 1. Then unlg — u
in W'P(Q). Since H4T(E) = 0, it follows that limp_,eo H4 1 (I'\ 0Q,) = 0. This
implies that uy|r — 0 in L'(T"). Hence u € V]p (Q). For the general case, we
note that W(])’p (Q) = Wg’p(ﬂ) since T is a Lebesgue nullset as 4 (') < 0.
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7.5 Consequences of the extension result

Q F o O Q,

Figure 7.6. This modified version of Figure 7.4 shows an open set QO =
QU Q, C R? where Wg)’p(Q) VP(Q) # W] P(Q) by Example 7.56.

Therefore Wg’p (Q) is a closed subspace of W'P(Q) and by Proposition A.41 we can
approximate u in wir(Q) by elements in W] Q)N I_°°(Q). Then u € V1p (Q) by
Lemma 7.7. So VI (Q) = Wg) P(Q). This shows that W P(Q) is properly contained
in VP(Q) = W‘P(Q). O

For simplicity we assume in the following example that d = 2. It is clear that
one can similarly obtain examples for every d > 2.

Example 7.56. Suppose that d = 2 and p € (1, d]. We consider a domain Q C R? as
depicted in Figure 7.6. More precisely, suppose that Q = ((—1,1) x (0,1)) \ U,
where U C (0,1)? is the open set considered in Example 7.44. Clearly Q is
topologically regular. Using the same argument as in Example 7.55, we obtain
that W]’p( Q) # W1 P(Q), provided the radii of the holes decrease sufficiently
quickly. Next we show that VP(Q) = W1 P(Q). Letu € VP(Q). Set Q1 = QN
(( 1,0) x (0,1)) and Q, = QN ((O 1) x (O 1)) as indicated in Figure 7.6. Then
Q=01U0Q;, ulp, € VP(Qy) and ulg, € VP(Q;). So it follows from Theorem 7.52
that ulg, € W(])’p(Ql) and ulg, € W(])’p(Qr). Consequently u € W(])’p(Q). This shows
that VP(Q) = Wg)’p(().) is properly contained in Wg’p (Q). O

Remark 7.57. Suppose d > 1 and p € (1, d]. By suitably combining Example 7.56
and Example 7.55, one can obtain a topologically regular bounded open set QO such
that H41(I") < oo and VP(Q) is different from both W,?(Q) and WP (Q). We
point out that it can be arranged that Q) is connected. For example, the domain in
Example 7.54 is connected by [LMZ86, Exercise 6.C.22]. This can be used to show
that the domain in Example 7.55 is connected.
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7 Elements of Sobolev space with weak trace zero

7.6 Order ideals and the space of elements with weak
trace zero

We repeat that in this chapter we always deal with real spaces in order to simplify
the exposition.

Definition 7.58. An ordered vector space is a vector space V equipped with a
partial order < such that the following two properties are satisfied.

(i) Ix,yeVandx<y,thenx+z<y+zforallze V.
(i) If x,y € Vand x <y, then ax < ay for all o > 0.

A Riesz space is an ordered vector space (V, <) such that for all x,y € V there
exists the supremum x V' y = sup{x,y} and the infimum x Ay = inf{x,y} with
respect to <. Let (V, <) be a Riesz space. Then [x| .= xV —x for all x € V. A vector
subspace W of V is called an ideal of V if for all x € W and y € V the relation
lyl < x| impliesy € W. If V is in addition a Banach space such that [u| < |[v] implies
|lu|| < [|v|| for all u,v € V, then it is called a Banach lattice.

Example 7.59. Let (X, X, 1) be a measure space. Let p € [1,00) and let LP(X) be the
usual Lebesgue space of p-integrable measurable functions on X that are identified
if they are equal p-a.e. We define a partial order < in LP(X) by letting u < v if and
only if u < v p-a.e. on X. Then (LP(X), <) is a Riesz space. Furthermore, LP(X) is a
Banach lattice.

Let A € X be a measurable subset of X. Then the set

fuel’(X):u=0p-a.e onA} (7.9)

is easily seen to be a closed ideal of LP(X). &

The following description of closed ideals of LP(X) is a special case of [Sch74,
Example 2 on p. 157].

Proposition 7.60 (Schaefer). Let (X, L, u) be a o-finite measure space. Let p € [1,00).
Then every closed ideal of LP (X) is of the form (7.9) for some measurable A € X.

Remark 7.61. It was also shown in [Schy4, Example 2 on p. 157] that the statement
of the proposition does in general not extend to p = oo.

It follows from Proposition A.41 that W'P(Q) and % P(Q) are Riesz subspaces
of LP(Q). Moreover, by Theorem 7.23 the induced order on WP (Q) is compatible
with the finer structure of the Sobolev space in the following sense.

Corollary 7.62. Let u,v € W'P(Q). Then w < v a.e. on Q if and only if U < V relatively
p-g.e. on Q.
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7.6 Order ideals and the space of elements with weak trace zero

Remark 7.63. It follows from Remark 7.25 that a corresponding statement holds
for the p-quasi continuous representatives in WP (Q) for a general open Q C R¢.

We are interested in the closed ideals of Sobolev spaces. Taking the finer structure
of Sobolev spaces into consideration, it is not surprising that the Lebesgue measure
in general does not suffice any more to distinguish closed ideals.

Example 7.64. Let A C Q be Borel measurable. Define
Do(A) = {u € W1’p(Q) : it = 0 relatively p-q.e. on A}. (7.10)

Then Dy(A) is closed ideal in wlp (Q). The two claims follow from Proposition 77.26
and Corollary 7.62. &

The following result shows that closed ideals in w! P(Q) or W'P(RY) can be
described similarly as those of LP(X) in Proposition 7.60, by using quasi continuous
representatives and capacity instead of the Lebesgue measure. We note that the
proof of [Stog3, Theorem 1] also works for p # 2 by the remark on [Stog3, p. 267].

Theoreg 7.65 (Stollmann, [Stog3, Theorem 1]). Suppose p € (1, 00). Let W be a closed
ideal of WP (Q). Then there exists a Borel measurable set A C Q such that W = Dy(A),
where Do(A) is defined as in (7.10).

Using Proposition A.41 it is readily checked that Wg)’p(Q) is a closed ideal of
both W'P(Q) and W'P(RY). Then Theorem 7.65 allows to obtain an easy proof
for both Theorem 7.45 and Theorem 7.41. For details, see [AWo03, Theorem 2.3]
and [AMgs5, Theorem 1.1]. We next show that Theorem 7.65 can be used to obtain
similar descriptions for VP (Q).

Theorem 7.66. The space VP (Q) is a closed ideal of W'P(Q) and, after extension by 0, of
WP (RY). Moreover, there exist Borel sets A C T and M c RI\ Q such that

VP(Q) = {u € WM’(Q) : L = 0 relatively p-q.e. on A}

1 . (7.11)
= {u!Q cu € WP(RY) such that . = 0 p-g.e. on M}.

Proof. It follows as in the proof of Lemma 7.7 that the space VP(Q) is closed in
W1'p(Q). Let u € WM’(Q), w € VP(Q) and suppose [u|] < [w|. Due to Proposi-
tion A.41 we may suppose 0 < u < w a.e. on Q. Let (u,) and (wy) be sequences
in W'P(Q) N C.(Q) such that limn_eo un = w and limp_seo wn = w in W'P(Q),
Wnln,, — 01in LI]OC(FIOC) and wy(z) = 0 for all z € '\ T}, and n € IN. We may
assume that u,, > 0 and wy, > 0 for all n € IN. Define v = u, Awyp for all n € IN.
Then limp_,00 v = u in WP (Q) by Proposition A.41. Moreover, 0 < vplr < wyr

for all n € IN. It follows that u € VP(Q). Hence VP(Q) is a closed ideal in W1'p(Q).
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7 Elements of Sobolev space with weak trace zero

It follows from Corollary 7.39 that VP(Q) is, when extending elements by 0 to
R¢Y, a closed subspace of WIP(RY). If u e WIP(RY) and w € VP(Q) are such that
0 <u<wae onRY thenulg € W1'p(Q) and by the above u|g € VP(Q).

Now it follows from Theorem 7.65 that there exist Borel sets A € QO and M ¢ R¢
such that (7.11) holds. It remains to show that we can arrange that AN Q = ) and
MNQ = 0. Let K C Q be compact. There exists a ¢ € C(Q) such that =1 on K.
Clearly ¢ € VP(Q). Hence Capp,Q(A NK)=0and capp(M NK) = 0. Exhausting QO
with compact sets finishes the proof. O

Remark 7.67. Let M C IR%\ Q be as in Theorem 7.66.
1. It is clear that M may be changed by a p-polar set without affecting (7.11). It
follows from Theorem 7.23 that

W;’p(Q) {u e WP(RY) : it = 0 p-q.e. on ]R\O_} (7.12)

Hence we may assume R \ Q C M by Theorem 7.38.
- It can happen that both cap, ("'\ M) > 0 and cap,("'NM) > 0. In fact,
su?pose d > 1 and p € (1,d]. Then there exists a bounded open set Q such that
Q) C VP(Q) € W] P(Q) by Remark 7.57. By the previous remark we may
assume that R\ Q c M. Then it follows from Theorem 7.41 that capp(F\ M) > 0.
The property cap, (' M) > 0 is clear by (7.12).

3. In general, the set M is not uniquely determined up to a p-polar set. This
is in contrast to Proposition 7.60, where the measurable set A C X is determined
up to a p-nullset. For example, suppose that Q) is a bounded Lipschitz domain.
Then Wg’p (Q)=VP(Q) = Wg P(Q) by Remark 7.14. So one can choose for example
M =R4\ Q or M = R4\ Q in Theorem 7.66. We note, however, that R4\ Q is the
p-fine closure of R4\ Q by the argument in the proof of Theorem 7.52.

7.7 Other notions of traces

To complement our study of weak traces, in this section we shall briefly discuss two
other approaches to introduce traces in Sobolev spaces on general domains. First
we shall make some remarks about the ‘classical” trace theory for Sobolev spaces,
which is based on regularity assumptions on the domain. We refer to [JW84] for
an overview of the classical theory and a general treatment that includes other
classes of function spaces and fractional-order Sobolev spaces. The results in [JW84]
characterise the trace space as a suitable Besov space and assert the existence
of continuous extension and restriction operators, provided the domain satisfies
certain regularity conditions. The essential notion there is that of an s-set.

Definition 7.68. Let A C R% and s € (0,d]. Then A is called an s-set if there exist
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7.7 Other notions of traces

constants c1, ¢y > 0 such that
cr® <HS(ANB(x, 1)) <ot

forallx € Aand r € (0,1].

It follows directly from the definition that an s-set has Hausdorff dimension s.
The following is a special case of [[W84, Theorem VIII.1]. Note that the assumptions
are satisfied if Q) is a bounded Lipschitz domain.

Theorem 7.69. Let p € (1,00). Suppose that Q) is a d-set and I is a (d — 1)-set. Moreover,
suppose that there exists a bounded linear extension operator from W'P(Q) into W'P(IR9).
Then there exists a bounded linear trace operator from W'P(Q) onto the Besov space

BE'P(F) where p =1— :—).

Under weak additional assumptions, the kernel of the trace operator in The-
orem 7.69 has been described in [Mar87] and [Walg1]. These descriptions extend
Theorem A.49 to more general domains and fractional-order Sobolev spaces.

7.7.1 Maz'ya’s approach

The first approach that we consider in this section is due to Maz'ya. It is closely
related to the notion of the weak trace. In [Maz85, Section 3.6 and Section 4.11]
Maz’ya considers the Sobolev-type space ng(Q, I') defined as the completion of
the space

YPT(Q) = {u e W Q)N C®(Q)NCQ): ulr e Lf(r)} (7.13)

with respect to the norm

IVullie () + el ry-
It is clear that elements of this completion have traces in L"(I'). Based on the
isoperimetric inequality, Maz’ya in particular shows that the following remarkable

Friedrichs-type inequality holds for general open sets (). There exists a C > 0 such
that

IullLasa-11(q) < CIVulliq) + Iurlliasan )

forallu € YM/(d=1()), see [Maz85, Theorem 3.6.3]. As a more concrete application
of these results, suppose that Q has finite Lebesgue measure and let p =1 = 2.
Then there exists a C > 0 such that

[wll2a/ta-1q) < C(IIVUllz(q) + Iwrlli2(ry) (7.14)

for all u € Y??(Q), see [Maz85, Subsection 4.11.1]. Maz'ya’s inequality (7.14) plays
a central role in [Danoo; AWo3; AE11]. It implies that the completion W;’Z(Q, D
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7 Elements of Sobolev space with weak trace zero

Figure 7.7. A domain where the points in the dark grey line segment on the
left are ‘inaccessible’ from the inside with respect to the geodesic metric.

can be understood as a closed subspace of H'(Q) @ L2(T"). We shall adopt this
viewpoint. In [Danoo; AWo3] it was observed that the intersection of {0} & L2(T)
and W;IZ(Q, I') can be nontrivial. So while every element of W%,Z(Q, I') has a unique
trace, this does not need to be true after a projection on the H'(Q) component. In
particular, this shows why a weak trace is not unique in general.

7.7.2 Shvartsman’s approach

The second approach that we discuss in this section is due to Shvartsman [Shv1o]
and very recent. It allows to define a trace for all functions in W'P(Q) on a general
connected domain Q C RY provided that p > d. The latter condition implies that
functions in W'P(Q) are locally Holder continuous. Fix « € (0,1] and define a
metric p on Q) by

px,y) =[x —yl|* + il;/lf‘[ dist(z, T)* " ds(z),
Y
where the infimum is taken over all rectifiable curves y in Q) thatjoinx toy. If x =1,
then the second term in the definition of p is simply the geodesic metric on Q). Now
suppose that « = (p—d)/(p —1). Then « € (0,1). In [BSo1, Theorem 3.2] it was
proved that functions in WIP(Q) are uniformly continuous on () with respect to p.
So every function admits a unique continuous extension to the Cauchy completion
of (Q,p), which we denote by (Q*, p*). It is not hard to see that p induces the
Euclidean topology on Q. It follows that one can consider () as an open subset
of O*. We set I'* := O* \ Q. Note that while every element of I'* corresponds to a
point in T, in general this is not a one-to-one correspondence. Consider for example
the domain Q = (—2,2)?\ ([—1,1] x {0}), a box with a slit. Then this procedure
will introduce “upper” and ‘lower” boundary points in I'* for the interior of the
slit, which corresponds to cutting the domain open at the slit. Note that this is
basically opposite to what the weak trace does. Moreover, not every point in I’
corresponds to an element of I'* as we shall see in Example 7.70. Shvartsman’s
trace for an element u € W'P(Q) is a continuous function defined on I'*, namely
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the restriction to I'* of the continuous extension of u to (Q*, p*). In particular, this
trace splits where the domain is on ‘different sides” of the boundary and it is not
defined on the ‘inaccessible” part of I'. Furthermore, Shvartsman gives a description
of the trace space, i.e., the space of continuous functions on I'* that are traces of
elements in W'P(Q). Finally, we provide two examples of connected domains
where ‘large parts” of their boundary are ‘inaccessible’. The first example is similar
to the comb-like domain in [Shv1o, Figure 3].

Example 7.70. In Figure 7.7 a connected domain in R? is depicted where some
points in I" are ‘inaccessible” from Q in the metric p. More precisely, let x € Q
and z be a boundary point on the grey line segment on the left. Suppose (xn) is
a sequence of points in Q) such that x, — z in the Euclidean metric. Then the
geodesic distance from x to x, is not bounded for n — oo. In particular, (xn) cannot
be a Cauchy sequence in (Q, p). O

Example 7.71. We consider the domain in Figure 7.1. Let x € Q and z € T be a
boundary point in the inside of the grey rectangle. Then there exists a sequence
(xn) of points in Q) such that x,, — z in the Euclidean metric. While the geodesic
distance from x to x, is uniformly bounded in n, this is certainly not true for the
metric p as o € (0,1) and due to the constant proximity to the boundary inside of
the thinner and thinner cylinders. It follows that all boundary points in the inside
of the grey rectangle are ‘inaccessible” from Q) in the metric p. &

7.8 Notes and remarks

The notion of what we here call the weak trace has been introduced and studied
in [AE11], although it had previously been used in a more general context in [AE12,
Subsection 4.3]. It was Daners’ study of the Maz’ya inequality (7.14) and Robin
boundary value problems [Danoo] that stimulated some of the developments
in [AWo03] and [AE12] and which led to the introduction of this notion.
Considering the practical importance of traces for elements in Sobolev spaces it
is not surprising that there exists a vast array of different approaches that extend
the classical trace results for bounded Lipschitz domains. For p = r = 2, the notion
under investigation here meshes well with the form method in the general sectorial
setting. It allows to obtain meaningful traces for elements in Sobolev spaces on
very rough domains. This allows to study objects like the Dirichlet-to-Neumann
operator [AE11] or elliptic operators with Robin boundary conditions [AWo03] on
general domains. The notion is very natural in that it uses an approximation by
Sobolev functions that are continuous on the closure of the domain. Furthermore,
it is accompanied by the corresponding notion of the relative capacity, which
has been encountered before in the study of Dirichlet forms [BHg1, Section L.8].
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7 Elements of Sobolev space with weak trace zero

However, a single element of W'P(Q) can have multiple weak traces or none at
all. If one is willing to work in a different Sobolev-type space, one can overcome
this by using Maz’ya’s spaces W;,Y(Q, I"), which we mentioned in Section 7.7. In
the case p = 1 = 2, and specifically when studying Robin problems, the problem of
nonuniqueness can be resolved by going to the regular part of the corresponding
sectorial form, see [AWo3, Section 3]. This approach has been employed in a very
recent study of the principal eigenvalue of generalised Robin problems on arbitrary
bounded domains [Dan13, Section 2].
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Appendix

A.1 Basic properties of accretive operators

In this section we collect basic results about linear accretive operators for the
reader’s convenience. Most of the results are standard and can be found in a more
general setting in the literature, see for example [Phi6g] and [HPgy, Chapter 3].

Definition A.1. Let A be an operator in a Hilbert space H with domain D(A). We
say that A is accretive if Re (Ax|x) > 0 for all x € D(A). If A is accretive and
(I4+ A) is surjective, we say that A is m-accretive. The operator A is called maximal
accretive if for every accretive operator B with A C B it follows that A = B.

We first show that every m-accretive operator A is densely defined and satisfies
(0,00) C p(—A).

Lemma A.2. Let A be an m-accretive operator. Then D(A) is dense in H, i.e., A is densely
defined.

Proof. Let f € D(A)L. Then there exists an x € D(A) such that (I + A)x = f. Hence
(I+A)xly) =0

for all y € D(A). Choosing y = x yields [x||* = —Re (Ax|x) < 0. Thus x = 0 and
f=(I1+A)x=0. 0

Lemma A.3. Let A be an operator. Then A is m-accretive if and only if (0, 00) C p(—A)
and (AL + A)~! is accretive for all A > 0.
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Proof. ‘=’: Let A be m-accretive. Since
IXII* < Re ((1+ A)x [x) < [T+ A)x]l[]

for all x € D(A), it follows that (I4+ A): D(A) — H is bijective with a bounded
inverse. This means 1 € p(—A). Let R:={z € C : Rez > 0} be the open half-plane
and S := RN p(—A). Clearly S is open in R. We show that S is closed in R as well.
To this end, assume A € S. Let x € D(A) and set f .= (AI + A)x. Then

ReA|(AI+A)7']|* = ReAllx||* < Re (AI+ A)x|x) = Re (f|x) < [[f]l[[x].-

Consequently we have the estimate

1 1
JAL+A) T < o (A1)
Let now (An)nen be a sequence in S such that A, — p € R for n — oco. Due to
the analyticity of the resolvent map, the norm of (A,I+ A)~" would blow up for
n — oo if p € o(—A). As this cannot happen due to (A.1), we infer u € S. Therefore
S is both open and closed in R, hence S = R since 1 € S.
Let A > 0. Let f € H, set x := (A 4+ A)~'f € D(A) and observe

Re ((AI+A)7'f|f) = Re (x| (A +A)x) > 0.

Hence (Al + A)~" is accretive. This completes the proof of the “only if’ part.
‘<" For the converse, let x € D(A), A > 0 and f := (A + A)x. Then

Re ((AI+A)x|x) =Re (f| AL+ A)'f) > 0.

Taking the limit A N\, 0 shows that A is accretive. Surjectivity of (I + A) is obvious.
]

Lemma A.4. Let A be an accretive operator. Then rg(1+ A) is closed if and only if A is
closed.

Proof. Define the map F: grA — rg(I+ A) by F(x, Ax) = (I+ A)x. Give gr A the
norm |[(x, Ax)lg o = [[x[| +- [[Ax]| and rg(I + A) the induced norm of H. Clearly
F is continuous and surjective. The inequality ||x|| + [[Ax| < 2||x|| + |[(I+ A)x|| <
3I(I+ A)x|| for all x € D(A) implies that F is bijective and bicontinuous. This
proves the claim. O

Proposition A.5. Let A be an operator in H. Then A is m-accretive if and only if A is
closed and maximal accretive.

Proof. ‘=’": Assume that A is m-accretive and A C B for an accretive operator B.
Then (I+A) C (I+ B), where both operators are bijective. Let x € D(B). Then
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there exists an x’ € D(A) such that (I+ A)x" = (I+ B)x. Using the injectivity of
the operator I + B, we deduce that x = x’ € D(A). So A = B. Hence A is maximal
accretive. Since 1 € p(—A), it is clear that A is closed.

‘«=": This direction follows from [Phisg, Lemma 1.1.3 and the Corollary of
Theorem 1.1.1 on p.201]. We give a proof to be self-contained.
Assume that f € (rg(1+ A))*L. If f € D(A), then

0 =Re ((I+A)f[f) = [[f]|* + Re (Af] f) > ||f]*

and f = 0. Therefore we can define an extension Aj of A by D(A) = span{D(A), f}
and
Ar(x+ af) = Ax + of

for all x € D(A) and « € C. Observe that
Re (A1 (x + of) | x + of) = Re (Ax|x) + [|f]|* = 0

for all x € D(A) and o € C. This shows that A is accretive. Maximality of A
implies that A = Aj, i.e.,, f = 0. Since A is closed, the range of I+ A is closed by
Lemma A.4. Therefore rg(I+ A) = H and A is m-accretive. ]

Corollary A.6. If A € L(H) is accretive, then A is m-accretive.
Lemma A.7. Let A be a densely defined, accretive operator. Then ker A C ker A*.

Proof. Lety € ker A. Then for all x € D(A) and A € C we have
Re (Ax|Ay) +Re (Ax|x) = Re (A(x +Ay) |x+Ay) = 0.

So (Ax|y) =0 for all x € D(A). Therefore y € D(A*) and A*y = 0. O

If A is an m-accretive operator, then it is densely defined by Lemma A.2. There-
fore its adjoint operator exists.

Proposition A.8. Let A be an m-accretive operator. Then we have the following.
(a) A* is m-accretive.

(b) ker A = ker A™.

Proof. Lemma A.3 yields that also A* is m-accretive. Then (b) follows from
Lemma A.7. [

Lemma A.9. Let A be a densely defined, accretive operator. Then A is closable and its
closure A is accretive.
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Proof. Let (xn) be a sequence in D(A) and y € H. Suppose that limp_,o X, = 0 and
limy 00 Axn =Y. We need to prove that y = 0. To this end, let x > 0 and z € D(A).
By accretivity of A we have

lon +2ll < T+ oA) (Gxn +2)]1.
Letting n — oo and using the triangle inequality yields
Izl < lly +z+ aAz|| < [ly + 2] + «f|Az].
Since this holds for any « > 0, it follows that
Izl < [ly + 2|

for all z € D(A). This implies that y = 0 because D(A) is dense in H.
As the graph of A is simply the closure of gr A in H x H, the accretivity of A is
obvious. O

Note that the following is a consequence of Proposition A.5 and Lemma A.9g.

Corollary A.10. Let A be a densely defined, accretive operator. Then there exists an
m-accretive extension of A.

Proposition A.11. Let A be a densely defined, closed, accretive operator. Then A is
m-accretive if and only if A* is accretive.

Proof. 1If A is m-accretive, then A* is m-accretive by Proposition A.8.

To prove the converse, assume that A* is accretive. Let B be a maximal accret-
ive extension of A, which exists thanks to Zorn’s lemma. Then B is closed by
Lemma A.9. Hence B is m-accretive by Proposition A.5 and B* is m-accretive by
Proposition A.8. Lety € D(B*). Then

(Ax|y) = (Bx|y) = (x|B*y)

for all x € D(A) € D(B). Hence A* is an extension of B*. So A* = B*. Since
A is closed and densely defined, one obtains A = A** = B** = B. Thus A is
m-accretive. L

We will need the following perturbation result for an invertible m-accretive
operator. The part about the invertibility of the operator A + S appears to be new.

Proposition A.12. Let A be an m-accretive operator in H. Let S be a bounded sectorial
operator on H with vertex 0 and semi-angle 0. Suppose A is invertible. Then the operator
A + S is m-accretive and invertible. Moreover,

IA+S)7T <2JAY + (1 +tan0)?|S| |AT|%

136



A.1 Basic properties of accretive operators

Proof. Clearly, the operator A + S is densely defined, accretive and closed. Since
also its adjoint operator (A + S)* = A* + S* is accretive, the operator A + S is
m-accretive by Proposition A.11.

First suppose that there exists an ¢ > 0 such that Re (Ax[x) > ¢ [x||* for all
x € D(A). Then ¢|[x]|* < Re((A+S)x|x) < ||(A+S)x||[x|| and hence ¢ |x| <
I(A+S)x| for all x € D(A). This implies that A + S is injective and has closed
range. By Proposition A.8 we obtain

(rg(A + S))L = ker(A+S)* =ker(A+S) = {0}.
Hence A + S is invertible. By the second resolvent identity we have
(A+S)T—AT=—ATTS(A+9)"

Let P =ReS = %(S + §*). Then by [Kat8o, Theorem VI.3.2] there exists a symmetric
operator B € £(H) such that ||B|| < tan0 and S = P'/?(I1 +iB)P'/2. By plugging the
latter into the above equation, we obtain

(A+S) " —ATT=—(ATTPVHI+1B))(P2(A+S)7).
If x € D(A), then

IPY2x||* = (Px|x) < Re ((A+S)x|x) < [[(A+S)x]|| [Ix].
So [|PV2(A 4+ S)x||* < |Ix|| [[(A+$)"x| for all x € H. Let x € H. Then

(A+S) x| < A x| + |A"TPV2(1+iB)| |[P"/2(A +S) x|,

<|
< AT+ [JATTPY2 (1B [[x]| ][ (A + S) x|/
< AT x|+ HATTPYAT+1B)| 2 x| + SII(A +8) x|

Hence

(A +S)x|| < 2 A x| + |JATTPY2(1+iB) || ||x|
_ —112
< 20A X + (1 + tan 0)2[|S|| [IAT|1% [Ix]I-

This proves the norm estimate.
Now we prove the general case. Let ¢ > 0. Replacing A by el + A gives

[(eI+A+S) 7| <2|l(el+A)|+ (1 +tan0)?||S| || (eI +A) |
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Since A is invertible, it follows that

sup 2|[(eI+A) 7|+ (1+tan0)?||S| [|(eI+A)7'|)* < 0.
e€(0,1]

Hence A + S is invertible as the operator norm of the resolvent does not blow up
for e N\, 0. O

Our main motivation to study m-accretive operators is the following theorem.
It highlights the usefulness of m-accretive operators for the study of evolution
equations.

Theorem A.13 (Phillips, cf. [Phi5g, Theorem 1.1.3]). Let A be a linear operator in a
Hilbert space H. Then A is m-accretive if and only if —A is the generator of a Co-semigroup
of contraction operators on H.

A.2 General theory of graphs

An efficient introduction to multi-valued operators, which we call graphs here, can
be found in [Haao6, Appendix A]. Alternatively, the monograph [Crog8] deals
extensively with this subject. For the corresponding semigroup theory we refer
to [FY99]. Here we only present the theory that is required in the main text. We
reserve the term operator for the single-valued setting and assume that the reader is
familiar with bounded and unbounded linear operators.

Let H be a Hilbert space. A graph in H is a linear subspace of the Cartesian
product H x H. In the following, let A be a graph in H. If A is the graph of
an operator, we say that A is an operator. For all x € H, we define the set
Alx] = {f e H: (x,f) € Al. Then A is an operator if and only if A[0] = {0}. If A
happens to be the graph of a bounded operator with domain H, we say that A is
a bounded operator and write A € £L(H). So, effectively, we identify an operator
with its graph.

We define the range of A by

rg A = {f € H : there exists an x € H such that (x, f) € A},
the domain of A by

D(A) :={x € H : there exists an f € H such that (x,f) € A}
and the kernel of A by

kerA ={xeH:(x,0) € A}
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The graph A is called closed if it is closed as a subset of H x H. Taking the
closure of A in H x H, we obtain a closed graph A which is called the closure of A.
The inverse of A is the graph given by

A7 ={(f,x) eHx H: (x,f) € A.
If Be £(H) and o € C, then we define the graph B + «A by
B+ aA ={(x,Bx+af) e Hx H: (x,f) € AL
For example, if A € C, then
AI—A)"={(Ax—f,x) e Hx H: (x,f) € AL

The set
o(A) = {7\ eC:(AI—A)T ¢ L(H)}

is called the resolvent set of A. Note that if A € p(A), then for all f € H there
exists a unique ‘solution” x¢ € H such that f € (Al — A)[x¢] and the map f — x; is
continuous. It is easily checked that if p(A) is not empty, then A is a closed graph
and AI0] is closed. Much more is true.

Proposition A.14 (cf. [FY99, Theorem 1.6 and Theorem 1.8]). Let A be a graph. Then
p(A) is an open subset of C. Moreover, the map R(-,A): p(A) — L(H) given by

A (AI=A)
is holomorphic and satisfies the resolvent identity
RA,A) =R, A) = (= AR, A)R(A, A) (A-2)

forall A, u € p(A).

If there exists a A9 € p(A) such that R(Ay, A) is compact, then we say that A has
compact resolvent. Note that then R(A, A) is compact for all A € p(A) by (A.2).

The adjoint of A is the graph A* in H that is defined as follows. If y, g € H then
(y,g) € A* if and only if (f|y), = (x| g)y for all (x,f) € A. It is readily verified
that A* = (JA)+, where the orthogonal complement is taken with respect to H x H
and J: H x H — H x H is defined by J(x, f) = (—f,x). This shows that the adjoint is
always a closed graph.

The graph A is called accretive if Re (f|x) > 0 for all (x,f) € A. It is called
symmetric if (f|x) € R for all (x,f) € A. Moreover, A is called sectorial if there
exist y € R and 0 € [0, 7) such that (f[x) —y||x||2 € Lg for all (x,f) € A, where

To={zeC:z=0o0r |argz| < 06}
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In this case one calls y a vertex and 6 a semi-angle of A. If there exists an w € R
such that wI+ A is accretive, then we say that A is lower bounded. So accretive and
sectorial graphs are trivially lower bounded. The graph A is called self-adjoint if A
is symmetric and rg(il + A) = rg(—il + A) = H. If A is accretive and rg(I+ A) = H,
then A is said to be m-accretive. Furthermore, if A is sectorial such that wI+ A is
m-accretive for an w € IR, then we say that A is m-sectorial.

The next lemma is an elementary observation.

Lemma A.15. Let A and B be graphs in H such that A C B. Let p € C and suppose that
rg(pl + A) = H and ker(pI+ B) = {0}. Then A = B.

It follows from Lemma A.15 that an m-accretive, m-sectorial or self-adjoint graph
is maximal in the following sense.

Proposition A.16. Let A and B be graphs in H such that A C B. Suppose that A is
m-accretive (or m-sectorial or self-adjoint) and that B is accretive (or sectorial or symmetric,
respectively). Then A = B.

The next result shows that the type of graphs that we are mainly interested in
are a direct sum of a densely defined operator and a closed subspace. This was
studied more generally in [Rof85].

Proposition A.17. Let A be a graph in H. Suppose that A is m-accretive (or m-sectorial
or self-adjoint). Let Hy = A[O]*. Then the single-valued part of A defined by A° =
AN (Hy x Hy) is an m-accretive (or m-sectorial or self-adjoint, respectively) operator in

H;. Moreover, D(A) is dense in Hy and H = D(A) @ A[0] is an orthogonal decomposition.

Proof. Suppose that A is m-accretive. As —1 € p(A), the space A[0] is closed. If
(x,f) € A, then Re (f+h|x) > 0 for all h € A[0]. This shows that D(A) c A[0]*.
Clearly, A° is an accretive operator. Now let f € H;. As A is m-accretive, there
exists an x € D(A) C H; such that (x,f—x) € A. Then (x,f—x) € A°. So A°
is an m-accretive operator in Hj. In particular, D(A°) = D(A) is dense in H; by
Lemma A.2. This concludes the proof in the m-accretive case.

If A is m-sectorial or self-adjoint, the proof is similar. O

The following is a consequence of Proposition A.17 and the corresponding
well-known properties for operators, see Proposition A.8.

Proposition A.18. Let A be a graph in H. If A is m-accretive (or m-sectorial or self-
adjoint), then also A* is m-accretive (or m-sectorial or self-adjoint, respectively).

Definition A.19. Let H be a Hilbert space. A map S: [0,00) — £(H) is called a
(degenerate) Cp-semigroup in H if it has the following two properties.

(i) The semigroup law S(t+s) = S(t)S(s) holds for all t,s > 0.
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(ii) The map S(-)x: [0,00) — H is continuous for all x € H.

It follows from the above definition that a (degenerate) Cop-semigroup S is
exponentially bounded, i.e., there exist M > 0 and w € R such that ||S(t)|| <
Mexp(wt) for all t > 0. If the latter holds with M = 1, then S is called quasi-
contractive. If ||S(t)|| < 1 for all t > O then S is called contractive.

Proposition A.20 (cf. [Haao6, Proposition A.8.1]). Let H be a Hilbert space. Let S be a
(degenerate) Co-semigroup. Then there exists a unique graph A, called the generator of S,
such that there exists an w € R for which one has A € p(A) for all A € C with ReA > w

and
o0

R(AA)x = J exp(—At)S(t)xdt
0

forall x € H.

Remark A.21. Let A be the generator of the semigroup S and let « € R. Then
it is easily checked that ol + A is the generator of the semigroup T given by
T(t) = exp(at)S(t) forall t > 0.

Theorem A.22 (graph version of Lumer—Phillips, cf. [FY99, Theorem 2.7 and The-
orem 2.4]). Let H be a Hilbert space and A be an m-accretive graph in H. Then —A is
the generator of a (degenerate) Co-semigroup S in H. Moreover, ||S(t)|| < 1 for all t > 0.
Furthermore, along the orthogonal decomposition H = D(A) @ A[Q], one has S = So &0,
where Sy is the Cy-semigroup in D(A) associated with A°.

Remark A.23. Due to Remark A.21, it follows from Theorem A.22 that the negative
of an m-sectorial graph is the generator of a (degenerate) Cyp-semigroup S that is
quasi-contractive.

Definition A.24. Let H be a Hilbert space and let A, A,, be graphs in H for all
n € IN. We say that A, — A in the strong resolvent sense if there exists a Ay € p(A)
such that Ay € p(A,) for all large n € IN and R(Ap, An) = R(Ag, A) in the strong
operator topology. If R(Ag, A,) — R(Ag, A) in the uniform operator topology, then
we say that A — Ay in the uniform resolvent sense.

The following two theorems show that the convergence of a sequence of graphs
in the strong or uniform resolvent sense is a property that is, in a suitable sense,
independent of the point in the resolvent set.

Theorem A.25 (cf. [Haao6, Corollary A.5.2]). Let H be a Hilbert space and let A, Ay, be
graphs in H for all m € IN. Define the set

Q=p(A)N {?\ € C : there exists a Ny € IN such that A € p(Ay) for alln > Ny
and sup [|[R(A, Ap)|| < oo}.

n>Np
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Suppose Ay, — A in the strong resolvent sense. Then R(A, Ay,) — R(A, A) in the strong
operator topology for all A € Q.

Theorem A.26 (cf. [Haao6, Proposition A.5.3]). Let H be a Hilbert space and let A, Ay,
be graphs in H for all n € IN. Let Q) be as in Theorem A.25. Suppose that An — A in the
uniform resolvent sense. Then QO = p(A) and R(A, An) — R(A, A) in the uniform operator
topology for all A € p(A).

Next we are interested when the (degenerate) Cp-semigroups converge strongly
provided their generators converge in the strong resolvent sense.

Proposition A.27 (cf. [FY99, Section 3.6]). Let H be a Hilbert space and A an m-sectorial
graph in H. Suppose that A is sectorial with vertex —w and semi-angle © € [0, F). Let y
be the contour in C formed by combining

vi={w+pexp(£id'):p > 1}

and

Yo={w+exp(ia): —0' < a < 0'},
where 0" = %n— 8. Theny C p(—A) and the (degenerate) Co-semigroup S generated by
—A is given by

S(t)x = ZLm L exp(At)R(A, —A)x dA

forall x € H.

Using Proposition A.27, the following result is easily obtained. We point out
that in the classical setting of nondegenerate Cy-semigroups stronger results hold,
see for example [Kat8o, Theorem IX.2.16].

Theorem A.28 (Trotter-Kato for graphs, cf. [FY99, Section 3.6]). Let H be a Hilbert
space. Let A, Ay, be m-sectorial graphs in H. Suppose that the graphs Ay are uniformly
sectorial and that A, — A in the strong resolvent sense. Let S and S, be the (degenerate)
Co-semigroups generated by —A and —Ax for all n € IN, respectively. Then Sy (t) — S(t)
in the strong operator topology for all t > 0.

In Theorem A.28 convergence at t = 0 cannot be expected, see also Example 4.36.

A.3 The gap in Hilbert space

Let H be a Hilbert space. Suppose M and N are closed subspaces of H. The gap (or
opening) §(M, N) between M and N, denoted by §(M,N), is defined as follows.
Set

8(M,N) = sup dist(u, N),

ueM
[[ufl<
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and §(M, N) == max{6(M, N), 5(N, M)} Clearly §(M,N) < 1. For a more general
discussion of the gap in the setting of Banach spaces we refer to [Kat8o, Section IV.2]
or [GK60, Section 1].

Let Ppm and Py be the orthogonal projections of H onto M and N, respectively.
Then it is easily checked that

(M, N) = [[(I—=Pn)Pm|| = [[(Pm —Pn)Pm|| < [[Pm —Pnll-

As pointed out by Kato in [Kat8o, Footnote 1, p.198], it follows from the next
proposition that §(M,N) = IIPm — Pl

Proposition A.29 (special case of [Kat58, Lemma 221]). Let H be a Hilbert space. Let
P and Q be orthogonal projections in H. If [|[(I—P)Q|| < 1 and ||(I—Q)P| < 1, then

IP—=Qll = I-P)Q[l = [[(I-Q)P.

The following result can be useful to compare the Hilbert space dimension of
two finite-dimensional subspaces.

Proposition A.30 (cf. [Kat8o, Lemma IV.2.3]). Let H be a Hilbert space. Let P and Q
be orthogonal projections in H. Suppose that dimrgP < oco. If ||(I—P)Q| < 1, then
dimrg Q < dimrgP.

Proof. We give a proof by contrapositive. Suppose dimrgP < dimrgQ. Then
Plgq: g Q — H cannot be injective. Hence there exists an x € rgQ such that
x|l =1 and Px = 0. So [|(I=P)Q[l = [I(I—=P)x|| =[] =1. =

Finally, we recollect a criterion for two closed subspaces to have the same Hilbert
space dimension.

Proposition A.31 (cf. [GK60, Theorem 1.2]). Let H be a Hilbert space. Let P and Q be
orthogonal projections in H. If ||P — Q|| < 1, then dimrg P = dimrg Q.

A.4 The Moore-Penrose generalised inverse

We require a few basic results about the Moore—Penrose generalised inverse (also
called pseudoinverse) for a bounded linear operator in Hilbert space. A thorough
discussion of generalised inverses for both matrices and operators with many
pointers to the literature is given in [BGo3]. Apart from the existence of the Moore-
Penrose generalised inverse, we content ourselves here with results concerning the
approximation of the Moore-Penrose generalised inverse due to Izumino [Izu83].

Definition A.32 (existence and uniqueness; see for example [BGo3, Theorem 9.3]).
Let H; and H; be Hilbert spaces. Let T € L(H;,H;). If T has closed range in
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Hj, then there exists a unique operator Tt € £L(Hy, Hy), called the Moore-Penrose
generalised inverse, such that the following four identities hold:

TTT =T, TITT =T/, (TTH* =TT, (TIT)*=T'T. (A.3)

Remark A.33. 1. If T is invertible, then clearly TT = T~ satisfies (A.3).

2. One has (T*)" = (T)*. This is readily verified with (A.3).

3. It follows from the first two identities in (A.3) that TTITTT = TTT and TITTIT =
TTT. The remaining two identities in (A.3) imply that TT and T'T are orthogonal
projections in H, and Hj, respectively. Clearly, rg T'T = (ker T'T)*. Hence rg T =
rg TTIT CrgTTT C rgT and ker T C ker T'T C ker TT'T = ker T. This proves that
TTT is the orthogonal projection of H, onto rg T and that T'T is the orthogonal
projection of Hy onto (ker T)*. In particular, this shows that closedness of rg T is a
necessary condition for the existence of the Moore-Penrose generalised inverse.

4. Let H be a Hilbert space and T € £(H). Suppose that rg T = (ker T)*. Hence
T has closed range. Denote by P the orthogonal projection in H onto ker T. Then it
follows by the previous remark that

T =TIT=1—P. (A.4)

Moreover, as rg T = rg TITT! C rg TIT C rg TT, we obtain
rg Th = rg(TTT) = rg(TTT) — (ker T)* = rgT. (A.5)
In fact, T|,g 7 is invertible as an operator on rg T. So T = (T!rgT)_1 (I—P) by (A.g).

While the Moore-Penrose generalised inverse has a multitude of applications, its
behaviour under perturbation is quite delicate. More precisely, suppose that T and
T, are bounded operators on H such that T and T,, have closed range for all n € IN
and such that T,, = T uniformly. Then in general the Moore-Penrose generalised
inverses Ti need not converge to Th as n — oo. If T is invertible, however, then
T —Th=T" uniformly.

The following two propositions from [Izu83] give convenient equivalent condi-
tions for the uniform and strong convergence of the Moore-Penrose generalised
inverses.

Proposition A.34 (cf. [Izu83, Proposition 2.4]). Let T and T,, be operators in £L(Hy, H;)
for allm € IN. Suppose that T and T,, have closed range for all n € N and that T, — T
uniformly. Then the following statements are equivalent.

() T — TV uniformly.
(i) T T, — TT uniformly.
(iii) TiT, — TIT uniformly.
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Proposition A.35 (cf. [Izu83, Proposition 2.3]). Let T and Ty be operators in £(Hq, Hy)
for all m € IN. Suppose that T and Ty, have closed range for all n € N and that T, — T
strongly. The following statements are equivalent.

(i) T — Tt strongly.
(ii) sup, .|| Thll < 0o, Tu T — TTT strongly and TAT, — TIT strongly,

A.5 Miscellaneous auxiliary results from functional
analysis

Lemma A.36. Let H be a Hilbert space and T, T, € L(H) for all n € IN. The following
statements are equivalent.

(i) If xn — x weakly in H, then Tyx, — Tx weakly in H.

(i) T; — T* strongly.
Proof. ‘(i)=(ii)": Suppose not. Then there exist y € H and ¢ > 0 such that, after

going to a subsequence, ||(T; — T*)y|| > ¢ for all n € IN. So for all n € N there
exists an x,, € H such that ||xn|| =1 and

e <|xn (T =Tyl (A.6)

After going to a subsequence, there exists an x € H such that x, — x weakly in
H. Then T,x, — Tx weakly in H by assumption and Tx,, = Tx weakly in H by
continuity. So

O (Ta =T)y) = (Thn = Txn|y) = 0

as n — oo. This contradicts (A.6).
‘(ii)=(@)": Let xn — x weakly in H. Note that sup, p||xn|| < c0. So

(Taxn — Tx|y) = (xn [ (T = T )y) + (xn —x|Ty) = 0
asn — oo forally € H. O

Lemma A.37. Let H be a Hilbert space. Let K, T, T, € L(H) for all n € IN. Suppose that
K is compact and that T, — T* strongly. Then KT, — KT uniformly.

Proof. Suppose not. Then, after going to a subsequence, there exist ¢ > 0 and a
sequence (xn) in H such that |xn|| = T and ||[KTyxn —KTxn|| > € for all n € IN.
We may assume that there exists an x € H such that x, — x weakly in H. Then
Taxn — Tx weakly in H by Lemma A.36. Moreover, Tx,, — Tx weakly in H. So
£ < limp 00 ||KTuxn — KTxp|| = 0, a contradiction. o
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The next lemma gives a folklore estimate for the norm of a compact operator in
terms of an injective operator.

Lemma A.38 (for example, cf. [Bre11, Example 6.13]). Let V, H; and H;, be Hilbert
spaces. Suppose K € L(V,Hy) is compact and S € L(V,H;) is injective. Then for all
e > 0 there exists a C > 0 such that

2 2 2
IKx[[1y, < ellxlly + ClISx|li,
forallx € V.
Proof. Suppose not. Then there exists an ¢ > 0 and a sequence (x) in V such that
2 2 2
Kxnll, > ellxnlly +ml|Sxnlli,

for all n € IN. Since we may assume that ||xn|y = 1 for all n € IN, after going
to a subsequence there exists an x € V such that x, — x weakly in V. On the
one hand, as K is compact, lim,_,, Kxn = Kx and ||Kx]|%{1 > ¢. In particular,
x # 0. On the other hand, it follows from the weak convergence of (Sx,) in H; that
lim ir1fn_>oo||5xn||ﬁ2 > ||Sx]|%{2. This implies that

2 2
[Kx[ly, = €+ MISx]l,

for all M > 0. Therefore ||Sx|| = 0 and hence x = 0. This is a contradiction. O

A.6 Standard results on Sobolev spaces

In this section Q is a nonempty open subset of R%. To simplify the exposition we
shall consider only real spaces. Let p € [1,00). By WP (Q) we denote the Sobolev
space of elements u € LP(Q) that have distributional derivatives D;u € LP(Q) for
allj €{1,...,d}. We equip WP (Q) with the norm

d
1p = (2 + > IDsulp) P,
j=1

[u

which makes it into a Banach space that is reflexive if p € (1, c0). As usual, Wé’p (Q)
is the closure of C(Q) in W'P(Q). The following result shows that elements of
W'P(Q) can be approximated by smooth functions.

Theorem A.39 (Meyers and Serrin, cf. [EE87, Theorem V.3.2]). The linear subspace
WIP(Q) N C®(Q) is dense in WP (Q).

If the domain is equal to RY, one has the following density property.
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Proposition A.40 (cf. [Ne¢12, Proposition 2.2.6]). The linear subspace C(IRY) is dense
in WP (RY).

The next proposition is a direct consequence of [GTo1, Theorem 7.8 and Sec-
tion 7.5]. It shows in particular that the space WIP(Q) is closed under truncation.
Consequently, W'P(Q) is a Riesz subspace of LP(Q).

Proposition A.41. The maps u — uV 0, u— uw/A1and u — |u| are continuous maps
from WIP(Q) into itself. Moreover, let u € W'P(Q). Then Vu = 0 a.e. on the set
[u=0].

We will also need the following basic product rule, see [EG92, Theorem 4.2.4].

Lemma A.g2. Let u,v € WP (Q)NL>®(Q). Then uwv € W'P(Q) and

vl < HfullypIVlleo + Ielloo VIl p-

The next result gives a sufficient criterion for a continuous Sobolev function to
be contained in W(])’p (Q). It follows from the proof of [Bre83, Theorem IX.17]. Note
that the converse fails without further assumptions on Q.

Proposition A.43. Let u € WIP(Q)NC(Q). Ifulr =0, then u € Wg’p((l).

For some of the following domain regularity conditions we shall only give a
verbal definition. For details see for example [Gri85, Section 1.2].

Definition A.44. Let QO C RY be open. If the interior of Q is equal to Q, then Q
is called topologically regular. One says that () has continuous boundary if for
all z € T there exists a neighbourhood of z in which Q lies, in local orthogonal
coordinates, above the graph of a continuous function from R4~" — R. If the
previous statement holds with a Lipschitz continuous function, then Q is called
Lipschitz.

Clearly, a Lipschitz domain has continuous boundary. Moreover, note that a
domain with continuous boundary is topologically regular.

The following result shows that, for quite general domains, elements in W'?(Q)
can be approximated by smooth functions that are continuous on Q.

Theorem A.45 (cf. [EE87, Theorem V.4.7]). Let Q have continuous boundary and let
p € [1,00). Then the set of restrictions to Q of all functions in CX(IRY) is dense in
WP (Q).

Moreover, an inspection of the proof of [EE87, Theorem V.4.7] yields the following
result. Alternatively, see [Griy2, p. 77, 78] in combination with [EE87, Theorem V.4.4]
for a proof in the bounded setting.
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Appendix

Theorem A.46. Let QO have continuous boundary and let p € [1,00). Let u € WIP(RY)
be such that uw = 0 a.e. on R4\ Q. Then ulg € W(])’p(Q).

It is well-known that Sobolev spaces on bounded Lipschitz domains are par-
ticularly well-behaved. The next result establishes the existence of a continuous
extension operator in this setting and can be found in [EG92, Theorem 4.4.1]
or [Gri85, Theorem 1.4.3.1], for example.

Theorem A.47. Let Q) be bounded and Lipschitz. Let p € [1,00). Then there exists
a bounded linear operator E: WP (Q) — WP (RY) such that (Eu)lg = u a.e. for all
ue WhP(Q).

On Lipschitz domains one also has the existence of a well-behaved trace operator
Tr. Moreover, the elements u € W'P(Q) such that Tru = 0 are contained in
1,p
WP (Q).

Theorem A.48 (cf. [EG92, Theorem 4.3.1]). Let QO be bounded and Lipschitz. Let
p € [1,00). Then there exists a unique bounded linear operator Tr: WIP(Q) — LP(IN
such that Tru = ulr for all w € W'?(Q) N C(Q).

Theorem A.49 (cf. [Nec12, Theorem 2.4.10]). Let Q) be bounded and Lipschitz. Let
p € [1,00) and let Tr be the operator from Theorem A.48. Then

WIP(Q) = {u e WP (Q): Tru=0in LP(F)}.

A generalisation of Theorem A .49 to higher- and fractional-order Sobolev spaces
on Lipschitz domains can be found in [Mar87].

We shall make use of the following simplified version of the Sobolev embedding
theorem. For a proof in a more general setting see [Adays, Theorem 5.4]. The
space Cp,(Q) is the space of bounded continuous functions on Q equipped with the
sup-norm.

Theorem A.50. Let Q be bounded Lipschitz or equal to RY. Then the following statements
hold.

(i) If p < d, then define p* = dp/(d —p). It follows that WP (Q) is continuously
embedded into 19(Q) for all q € [p,p*].

(ii) If p = d, then WP(Q) is continuously embedded into L9(Q) for all q € [p, o).
(iii) If p > d, then there exists a C > 0 such that |||, < Clluly , for all w € W'P(Q).
Consequently, WIP(Q) is continuously embedded into C,,(Q).

Remark A.51. Note that Theorem A.50 immediately implies the corresponding
local results for general QO C R4, In particular, if p > d, then every element in
W'P(Q) has a continuous representative.
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