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Abstract

The main aim of this study is to develop a practicable 

computer method for analysis of the dynamic response of 

a two dimensional soil structure, which takes into 

account the generation of excess pore pressures and can 

predict final deformations. A secondary aim is to 

investigate the dynamic behaviour of a silt and the 

effect of variations in the stress-controlled dynamic 

triaxial test method on the measured sample response.

The soil model employed in the developed method of 

dynamic analysis uses a set of nested yield surfaces 

to represent shear stress-strain behaviour. These 

yield surfaces are defined by von Mises failure criterion, 

have an associated flow rule and undergo both kinematic 

and isotropic hardening. An empirical model is used 

to calculate the rise in pore pr⅛ssure due to cyclic 

shear stresses. The changes in yield surface radii 

and hardening constants are defined by experimentally 

determined relationships between maximum shear modulus, 

shear strength and mean effective confining stress. A 

combination of critical state soil mechanics and volu

metric considerations is used to relate increments in 

mean strain to increments in mean stress.

The soil structure is divided into elements and a finite 

difference scheme used to solve the equations of 

motion. An energy transmitting boundary is incorporated 

in the analysis. The program has the capacity to 

analyse the dynamic response of a soil structure to both 

shear and compression waves approaching the base of the 

structure from any angle.

The dam constructed for the Patea hydroelectric scheme



was used as a practical application of the computer 

program. An input earthquake record considered 

appropriate to the site was chosen. The dynamic analysis 

of the dam with an empty reservoir indicated that in 

this state the dam can satisfactorily withstand the design 

earthquake. The dynamic analysis of the dam with a 

full reservoir subject to the same uniform base excita

tion suggests that a slide in the downstream shoulder 

would develop. The input earthquake waves travelling 

along the base of the dam from the upstream toe to the 

downstream toe, accentuate these displacements. These 

displacements are caused by the generation of high pore 

pressures which redistribute after the earthquake to 

temporarily reduce the stability of the dam further.

The assumptions and approximations inherent in the method 

of analysis tend to make the results pessimistic. It 

was found that the vertical component of earthquake 

excitation was the major cause of the generated pore 

pressure.

The results of an extensive programme of laboratory tests 

carried out on the main construction material in the dam, 

are presented. The test programme consisted of undrained 

triaxial, isotropic consolidation, free vibration torsion 

and stress controlled dynamic triaxial tests. Factors 

influencing the pore pressure generation characteristics 

obtained from the stress-controlled dynamic triaxial 

tests, were found to include the compacted dry density, 

the cyclic shear stress, the initial effective confining 

stress, the test frequency, the method of sample 

compaction, the use of filter paper side drains and the 

type of end platen.
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Notation

The definitions of the most commonly used symbols are 

given. Some of the symbols have several definitions. 

The specific definition of a symbol will be clear from 

the context in which it is used.

Symbol

Λ element area

damping coefficient

critical damping coefficient

effective cohesion

hydrodynamic pressure coefficient

hardening parameter

consolidation coefficient

characteristics

determinant of matrix

normalised strain

mean strain

deviatoric strain

Young's modulus

total strain

one dimensional rebound modulus of sand 

force

yield surface function

seepage force

force due to water

shear modulus

initial tangent shear modulus after cyclic 

loading



sec
G*

sp

eq

P
P,tc
q

R

m

in ,

n

N

initial, maximum shear modulus

secant shear modulus

maximum shear modulus after cyclic loading 

constant of proportionality 

modified hardening parameter 

pressure gradient

first, second and third stress invariants 

stiffness

seismic coefficient (a) 
average seismic coefficient 

stiffness matrix

bulk modulus

elastic bulk modulus of soil 

plastic bulk modulus of soil 

nodal mass

coefficient of volume compressibility 

mass matrix 

earthquake magnitude 

node

number of nodal points in an element 

number of loading cycles

number of loading cyclqs for pore pressure 

to reach equilibrium

number of loading cycles for 100 pore 

pressure ratio at base of sample

mean confining stress 

effective consolidation pressure 

deviatoric stress

hypocentral distance 

Coulomb force 

cyclic stress ratio



normalised stress

length of element side

spectral acceleration

total stress

time

period

pore pressure

horizontal displacement

vertical particle displacement

velocity

water content

displacement, velocity, acceleration 

earthquake acceleration 

total head of water



Symbol

Bessel function (nth order)

shear strain

unit weight

Kronecker delta

increment

strain

axial strain

soil viscosity

angle

swelling coefficient

consolidation coefficient

equivalent viscous damping factor

specific volume

compression wave veiocity

shear wave velocity

mass density

dry density

mass density of vιater

stress

cyclic deviator stress

deviatoric stress component

mean effective confining stress

initial effective confining pressure

vertical effective stress

sum

yield stress 

Poisson's ratio

modal participation factor (mode n) 

effective angle of friction 

natural frequency (mode n)



Chapter 1 

Introduction

The analysis of the earthquake response of earth

structures is a very complex problem. This is due to 

the non-linear stress-strain behaviour of soils and the 

fact that the response of an earth structure is not 

isolated from the Iesponse of its surroundings. Earth 

dams are only one component in an interacting system 

comprised of the dam, its foundations and abutments, 

the impounded water, and the country in which the 

reservoir lies. The importance placed on ensuring 

an earth dam will withstand an earthquake without 

excessive damage is dependent on the social and 

economic consequences of failure. The consequences of 

a rapid release of the impounded water, brought about 

by a major failure of the dam, are obvious. i

A failure not serious enough to cause the release of the 

impounded water, can still have major consequences.

In order to investigate and repair slope failures and 

any cracking, it is usually necessary to lower the 

water level in the reservoir. It is possible that 

redistribution of excess pore pressures generated in 

the dam during the earthquake, will reduce the dam's 

stability and initiate further failures. If the 

water in the reservoir is relied upon for a town or an 

irrigation supply, considerable short and Iong term 

social and economic problems may result from the reduced 

storage capacity of the reservoir. If the dam is 

relied upon to provide cheap electric power for industries,
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the need to use more expensive energy sources may bring 

about the closure of industries and Ioss of employment.

The foreseeable consequences of any kind of failure 

should be considered in determining the type of the 

static and dynamic stability analyses carried out.

The occurrence of large magnitude earthquakes appears 

to be confined to specific regions on the earth's 

surface. One of these regions is known as the Pacific 

Ring of Fire, which encompasses the west coast of 

North America, Japan and Hew Zealand. The most 

seismically active areas of New Zeaiand are considered 

to be the lower half of the North Island and the West 

Coast of the South Island. In New Zealand one 

magnitude six earthquake can typically be expected every 

year, one magnitude seven earthquake every ten years 

and one magnitude eight earthquake every hundred years. 

Hence the possibility that an earth dam, in one of the 

most seismically active areas of New Zealand, will be 

subjected to reasonably high earthquake accelerations 

some time during its design life, is not insignificant.

The filling of a large reservoir behind a dam may 

itselfcause earthquakes. Two magnitude five earth

quakes were recorded shortly after the impounding of 

Lake Benmore in what was previously considered a reasonably 

quiet seismic area of the South Island.

After studying the behaviour of dams which had been 

subjected to earthquake excitation in the past, Seed 

(1979) stated that 'Dams constructed of clay soils on 

clay or rock foundations have withstood extremely strong 

shaking ranging from 0.35 g to 0.8 g from a magnitude 

8⅛ earthquake with no apparent damage'. This suggests 

that the earthquake response of dams constructed of 

materials which may develop excess pore pressures or 

undergo strength Ioss with cyclic loading, requires
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)

closer scrutiny than the dynamic response of clay dams. 

Hence the aim of this study is to develop a method of 

computer analysis to model the earthquake response of an 

earth dam which contains materials that may develop 

high pore pressures when subjected to cyclic loading.

The finite difference approach used to model the dynamic 

response of a two dimensional structure is based on 

that developed by Joyner (1975). This analysis 

procedure uses plasticity theory to model the non-linear 

material properties, and an empirical method to predict 

the generated pore pressures. Experimentally determined 

relationships are used to take into account the 

reduction in the stiffness and strength of materials 

as pore pressures rise. An energy transmitting boundary 

between the earth structure and its foundations is 

incorporated in the mathematical model of the earth 

structure. The earth structure can be excited by 

both shear and compression waves approaching the base of 

the structure at any angle. A separate finite difference 

analysis procedure has been developed to predict the 

steady state pore pressures within the earth structure 

and to approximate the dissipation of excess pore 

pressures after the earthquake.

To ensure that the developed dynamic analysis procedure 

could be applied in a practical situation, a specific 

dam was chosen as an example. The dam being constructed 

for the Patea hydroelectric scheme was considered a 

suitable example as it is constructed of recompacted 

siltstones and sandstones which generate pore pressure 

when subject to cyclic loading. This dam was designed 

by the consulting engineers, Beca, Carter, Hollings 

and Ferner for the Egmont Electric Power Board.

To determine the material properties required for the 

computer analysis, a range of laboratory tests was
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carried out on the recompacted siltstone of which most of 

the dam was constructed. Triaxial and torsion tests 

were carried out to obtain the relationships between 

mean effective confining stress, shear strength and 

Stiffness> which are required by the analysis procedure. 

Stress-controlled dynamic triaxial tests were used to 

find the required pore pressure generation characteris

tics of the recompacted siltstone. These stress- 

controlled dynamic triaxial tests showed up several 

difficulties in the dynamic testing of silts and the 

interpretation of test results. The effects on the 

pore pressure generation characteristics of sample 

density, initial effective confining pressure, cyclic 

stress ratio and test method were investigated.

Thesis Outline

The basic non-linear stress-strain behaviour of cohesive 

and non cohesive soils, and the influence of various 

factors on this behaviour, is described for both 

monotonic and cyclic loading in Chapter 2. The changes 

in shear modulus and pore pressure which result from 

dynamic loading and the strength of soils following 

dynamic loading, are discussed.

In Chapter 3 some mathematical models of varying complexity 

used to represent the stress-strain behaviour of soils 

are described and basic plasticity theory presented 

as background for the more complex models. The 

concepts of critical state soil mechanics and endochronic 

theory are introduced. There are various methods of 

predicting the changes in pore pressure with cyclic 

loading. Some of these methods are described. A 

brief discussion on probabilistic methods of estimating 

the likelihood of liquefaction is included.

The application, in the analysis of dynamic loading

problems, of some of the soil models and pore pressure
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generation methods described in Chapter 3, is discussed 

in Chapter 4. The appropriateness of one, two and three 

dimensional dynamic analysis methods is examined.

These dynamic analysis methods range from simple pseudo

static approaches, which predict a factor of safety 

against slope failure, to non linear finite difference 

and finite element schemes which predict the complete 

dynamic response of a structure to a given earthquake 

excitation. The way the boundaries between the soil 

structure and the underlying material are mathematically 

modelled,affects the dynamic response predicted by an 

analysis procedure. A discussion on the use of energy 

transmitting boundaries is presented. The effects 

of non uniform base motion on the predicted dynamic 

response are also discussed. Some simplified methods 

of estimating and accounting for the hydrodynamic pressures 

on the face of a dam during an earthquake are introduced.

A two dimensional method of dynamic response analysis, 

incorporating non linear soil properties and the generation 

of pore pressures, is described in Chapter 5. The soil 

model, the pore pressure generation model, the finite 

difference solution scheme and the method of taking 

into account the effects of changing pore pressure on 

dynamic response, are discussed in detail. An energy 

transmitting boundary and method of producing a suitable 

non uniform input base motion are described. A

separate analysis procedure to estimate the redistribution 

of excess pore pressures after the earthquake excitation 

has ceased is introduced.

Various types of dynamic test method, which are used to 

determine the soil properties for dynamic analyses, are 

described in Chapter 6 and the advantages and limitations 

of each discussed. At Auckland University a free 

vibration torsion test apparatus and a stress-σontrolled
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dynamic triaxial test apparatus have been developed. 

Detailed descriptions of these apparatuses are given.

The main features of the Patea dam and the soils used in 

its construction are described in Chapter 7. The results 

of monotonic triaxial tests, isotropic consolidation 

tests, torsion tests and stress-controlled dynamic 

triaxial tests, carried out on one of these soils are 

presented. The stress-controlled dynamic triaxial tests 

include some designed to investigate the effect of test 

procedure on the results obtained. A suggested minimum 

test programme required to define the soil properties 

for the dynamic analysis described in Chapter 5 is 

given.

Chapter 8 consists of the results and discussions of 

several examples of the analysis of the earthquake response 

of the Patea dam,with an empty or full reservoir, using 

the computer program described in Chapter 5. A discussion 

of the choice of the particular earthquake record used 

as input for these analyses is also given. The examples 

analysed include investigations into the role of the 

vertical component of earthquake excitation in the

generation of pore pressures and the conservatism of 

the assumption of vertically propagating shear and 

compre s s ion wave s.
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Chapter 2

Dynamic Stress Strain Behaviour

2.1 INTRODUCTION

The dynamic properties of soils are of interest when soils 

are likely to be subjected to dynamic loads. Dynamic loading 

may be a result of earthquakes, ^nachine vibrations, explosions 

wave-action or traffic loading. The wave form and cyclic 

amplitude and frequency content of dynamic loading varies with 

the generating mechanism. Earthquake loading appears to 

vary randomly in amplitude and frequency. However the 

majority of the energy released by a large magnitude earth

quake has been found to be confined to frequencies between 

0.1 Hz and 10 Hz. The loading cycles created by vibrating 

machinery often have a sinusoidal wave form and a limited 

range in frequency and magnitude. Cyclic loads produced 

by waves generally have a smooth wave form and frequencies 

Iess than 1 Hz.

Soils are non-linear materials in which Young's modulus, 

shear modulus and bulk modulus are dependent on strain 

amplitude. This strain dependence causes a stress-strain 

Ioop to be formed when a loading, unloading cycle is applied 

to a soil (Figure 2.2.1). The area of this Ioop indicates 

the amount of energy dissipated during the cycle. Energy 

is dissipated in soils by hysteresis, the action of micro

mechanisms within the soil structure. The pointed ends of 

the stress-strain loops formed by soils subjected to cyclic 

loading are evidence of a hysteretic damping mechanism.

Energy dissipation by a viscous damping mechanism would produce 

curved ends on stress-strain loops.

The change in shear modulus with dynamic loading and the rate
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Figure 2.2.1 : Stress-strain Ioop

at which pore pressure is generated are usually the areas 

of dynamic soil behaviour of most interest. Dynamic shear 

modulus and pore pressure generation are dependent on many 

parameters. Those parameters considered to have most 

effect are discussed in following sections. The parameters 

discussed in relation to shear modulus are, shear strain, 

mean effective confining stress, saturation ratio and cyclic 

wave form. Those discussed in relation to pore pressure 

generation arez particle size and distribution, cyclic stress 

or strain magnitude , effective confining stress, over

consolidation ratio and lateral pressure coefficient, void 

ratio, initial shear stress, prior dynamic stress history 

and saturation ratio.

The shear strength of soils after they have been subjected to 

dynamic loads can be considerably Iess than the initial 

shear strength. This reduction in shear strength is mainly 

dependent on the shear stress and strain developed during 

dynamic loading. A discussion of shear strength Ioss is 

included in Section 2.6.
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2.2 FACTORS INFLUENCING SHEAR MODULUS

On initial loading, tangential and secant shear moduli decrease

with increasing strain (Figure 2.2.1). Tangential shear

modulus at a given strain is defined as the slope of the

stress-strain curve at that strain. Secant shear modulus,

G , is defined as the slope of the Iine drawn between 
sec

the end points of a hysteresis Ioop (Figure 2.2.2). It 

is found that the secant modulus given by a cycle at a par

ticular peak strain equals the slope of the Iine drawn from 

the origin to that strain on an initial loading curve.

This property is often used in dynamic soil modelling.

2.2.1 Shear Strain

The relationship between the secant shear modulus and shear

strain of a typical sand is shown in Figure 2.2.3. Below

some limiting strain soils appear to exhibit elastic behaviour

This elastic behaviour is shown as a plateau in shear modulus

at very small strains. The value of shear modulus on this

plateau is usually taken as G . A discussion of the 
1 j max
magnitude of the strain limiting the elastic range of beha

viour is included in Section 7.5.2. Hardin and Drnevich 

(1972a) suggest that for practical purposes it is reasonable 

to assume that values of shear modulus for strain amplitudes 
Iess than 0.25 x 10~4 are equal to G . Values of shear

TOclX
modulus at lower strains can usually only be found by 

torsion testing techniques or geophysical methods.

The rate at which shear modulus decreases with increasing

strain is dependent on G and the amount of cohesion, 
t max

SeedandIdriss (1970) present average curves for the shear

modulus-strain relationships of cohesive and cohesionless

soils. Cohesive materials initially show a more rapid

decrease in shear modulus with increasing strain, than

cohesionless materials. However at 1% strain the shear

modulus of clays and sands is normally reduced to between

5% and 10% G , whereas the shear modulus of rock is found 
max

to be equal to approximately 50% (Schnabel et al, 1971).
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2.2.2 Mean Effective Confining Stress

Various authors (see Section 7.5.5) have found that the 

relationship between maximum shear modulus and mean effec

tive confining stress takes the form

G
max

t,b
(2.2.1)

This relationship appears to hold for both cohesive and non-

cohesive materials. Por most materials at Iow strains the

shear modulus varies with mean confining stress to a

power of approximately 0.5. As shear strain increases 
-2

to around 1 x 10 , shear modulus becomes more dependent

on shear strength, which is approximately proportional 

to mean effective confining stress. Therefore the power 

of mean effective confining stress with which shear modulus 

varies, changes with strain.

2.2.3 Void Ratio

For a given strain and confining pressure the shear modulus 

of a soil decreases with increasing void ratio. Hardin 

and Black (1968) proposed that shear modulus be divided 

by a function, F(e), given by equation 2.2.2 to remove 

the effect of void ratio on the maximum shear modulus 

of dry sands.

F(e)
(2,973 - e)2

1 + e (2.2.2)

Additional tests showed that for void ratios Iess than 2, 

F(e) approximately accounts for the effects of void ratio 

on maximum shear modulus for cohesive and non-cohesive 

soils.

Hardin and Black noted that it is not possible to vary the 

void ratio of a normally consolidated clay at a constant 

effective stress without changing the structure of the clay. 

The increase in shear modulus which occurs with decreasing 

void ratio in these materials may be due to the clay parti

cles realigning to form more interparticle bonds.
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2.2.4 Saturation Ratio

The shear strength and shear stiffness of cohesionless 

materials is produced by friction between constituent parti

cles. As the amount of friction is not significantly changed 

by the presence of water, shear modulus is independent of 

saturation ratio.

The effect of saturation ratio on shear modulus in cohesive 

soils is difficult to determine. This difficulty is due to 

uncertainties in determining the value of effective stress in 

partially saturated soils. However Hardin and Drnevich 

(1972a) report a reduction in shear modulus by a factor of 

2.2 in a silty clay with liquid limit 48% and plastic limit 

28%, for an increase in saturation ratio from 70% to 100%.

The degree of saturation can therefore have considerable 

effect on the measured shear modulus of some materials.

2.2.5 Consolidation Time and Sample Age

When comparing the shear modulus of various samples in the 

laboratory, the time for which samples are consolidated should 

be consistent. Repeatable shear modulus readings for sand 

may be obtained after 30 minutes (Richart, Hall and Woods, 1970) 

Consistent shear modulus readings are harder to obtain for 

cohesive materials as it has been found that shear modulus 

increases due to secondary consolidation (Hardin and Black,

1968). If a sample is subjecte^ to an increase in effective 

confining stress after some secondary consolidation has taken 

place, there may be an initial drop in shear modulus. This 

drop in shear modulus caused by a change in confining stress 

is due to disturbance of the soil structure.

The age at which samples prepared in the laboratory are 

tested also affects the values of shear modulus measured 

(Section 7.3). An increase in shear modulus with age is 

noted in materials which have some cohesion. This is 

thought to be due to more interparticle bonds forming.
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2.2.6 Cyclic Loading

The stress-strain properties exhibited by all soils under 

undrained cyclic loading are similar. Taylor (1971) gives 

six features which the hysteretic stress strain loops produced 

by different materials have in common. In general, the 

number of cycles of loading required for some of these 

features to become evident increases with decreasing grain 

size of the material.

1. In the first quarter cycle of loading the tangent 

modulus decreases with increasing stress or strain 

(Section 2.2.1).

2. The tangential shear modulus is approximately equal

to the initial tangent modulus, G (Figure 2.1.1),
Π13X

when loading is reduced from a peak value.

3. Pointed hysteresis loops are obtained even when the 

loading cycle has a sinusoidal form. When test 

frequencies Iie within the range observed in earth

quakes (0.1 - 10 Hz), the maximum stress in each cycle 

occurs at the point of maximum strain. At lower 

frequencies strain may continue to increase after 

stress has begun to decrease. This is due to 

creep.

4. In strain-controlled cyclic tests there is a pro

gressive decrease in the value of peak stress with 

increasing numbers of loading cycles. Figure 2.2.4 

shows the result of a strain controlled cyclic triax

ial test carried out by Smith (1971) on a sample of 

natural undisturbed clay at a cyclic frequency

of 0.2 Hz .

In stress-controlled cyclic tests there is an increase 

in the peak strain with increasing number of loading 

cycles. Figure 2.2.5 shows the result of a stress 

controlled cyclic triaxial test carried out by 

Taylor (1971) on a natural undisturbed clay at a 

frequency of 0.2 Hz.
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Figure 2.2.2 Reduation of secant shear modulus

secant
shear
modulus

(G ) sec

1

Figure 2.2.3 Shear modulus strain relationship
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Figure 2.2.5 : Stress controlled cyclic triaxial test
(after Taylor 1975)

The reduction in secant shear modulus with increasing 

number of cycles shown in stress controlled and strain 

controlled cyclic triaxial tests is called degrada

tion. Degradation will proceed until a steady state 

condition is reached in strain-controlled tests or 

stress-controlled tests at a Iow stress level.

Λt high cyclic stress levels degradation leads to 

failure.

5. During cyclic tests there is a gradual change in stress-

strain characteristics from the first quarter cycle, 

where tangential shear modulus decreases with 

increasing strain or stress, to a form where tangential 

shear modulus increases with increasing strain or stress
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This phenomenon is degeneration. The number of 

loading cycles at which degeneration becomes apparent 

in strain-controlled tests, decreases with increasing 

strain amplitude. Degeneration causes the area 

enclosed by each ⅛tress-strain Ioop to decrease from 

one cycle to the next. This means that the amount 

of energy being dissipated in each cycle is

decreasing.

6. A small reversal in curvature of the stress-strain

curve occurs as peak stress is approached. This is 

evident in Figures 2.2.4 and 2.2.5.

2.2.7 Cyclic Frequency and Wave Form

The effect of frequency on the dynamic response of both 

cohesive and cohesionless materials is considered to be 

negligible within the earthquake range of frequencies 

(Hardin and Black, 1965). Stress-controlled dynamic triaxial 

results given by Taylor (1971) for tests on a cohesive 

material at frequencies between 0.1 Hz and 5 Hz show this 

assumption to be correct. Taylor carried out further tests 

at frequencies as Iow as 0.0001 Hz. Frequency effects become 

noticeable at frequencies below approximately 0.005 Hz.

It was postulated that these frequency effects were due in 

part to incomplete pore pressure equalisation throughout the 

sample, with pore pressures at the base being higher than 

in the centre due to end friction. At these Iow frequen

cies creep may take place during loading.

The independence of results from frequencies within the 

earthquake range confirms that the predominant energy 

dissipating mechanism in soils is non viscous.

The secant modulus for a given number of cycles of the same 

stress or strain amplitude is dependent on the shape of the 

loading pulse (Lee and Fitton, 1969). Secant modulus 

decreases as the time interval that stress or strain is 

equal to the peak value increases.' Hence for a given 

number of cycles with the same stress amplitude, a triangular 

wave form will result in a higher secant modulus than a 

rectangular wave form.
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2.3 PORE PRESSURE BEmVIOUR AND LIQUEFACTION

Undrained soils experience changes in pore water pressure 

when subjected to loading. On initial loading dense or 

overconsolidated materials exhibit a decrease in pore 

pressure and loose or normally consolidated materials, an 

increase.

Liquefaction is the phenomenon where a saturated soil loses 

a large amount of its shear resistance and deforms in a 

manner resembling a liquid. This phenomenon is caused by 

the rise in pore pressure due to the static or dynamic loading 

of soils which tend to contract when subjected to loading.

Large deformations 'may be developed in dilative soils through 

cyclic mobility. Cyclic mobility is defined by Casagrande 

as the progressive softening of a saturated soil when 

subjected to cyclic loading at constant water content. Seed 

defines cyclic mobility as 'initial Hquefaction with 

limited strain potential' (Seed, Arango and Chan, 1975).

Figure 2.3.1 : State diagram
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A state diagram (Figure 2.3.1) (Castro and Poulos, 1977) 

illustrates the difference between liquefaction and cyclic 

mobility. The steady-state Iine represents the locus of 

states in which soil can deform at constant void ratio, 

constant effective minor principal stress and constant shear 

stress.

A contractive soil at point C will reach point A on the steady 

state line, when loaded to undrained failure. At this 

critical point steady-state deformation will take place.

When there is no effective confining pressure, as for points 

above Q, a quicksand condition develops. At void ratios 

above Q the soil grains are not in close contact at all 

times and the soil is therefore neither dilative nor 

contractive.

A dilative soil at point D will show a decrease in pore 

pressure, possibly preceded by a small increase, when sub

jected to undrained monotonic loading. The point on the 

state diagram may therefore initially move to the Ieft and 

then horizontally to the steady state Iine on the right.

If the soil at point D is subjected to cyclic loading, pore 

pressures will build up and the stress point m0ve5t0 the 

left. The effective confining stress may reach zero if the 

variables governing cyclic loading behaviour are suitable. 

These variables include the magnitude of the cyclic load, 

the number of cycles of loading and the magnitude of any 

initial shear stress. Castro and Poulos (1977) suggest 

that the pore pressures and strains which develop during 

undrained cyclic loading of dilative soils, are due to 

redistribution of void ratio within the test sample. The 

horizontal Iine D-B in Figure 2.3.1 would therefore be 

fictitious as it represents an average void ratio. This 

nonuniformity of void ratio and pressure generation is 

further discussed in Section 7.6.9.

The changes in pore pressure which occur when undrained 

soils are subject to loading are caused by changes in 

soil structure.
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Vibration or cyclic loading of dry granular materials causes 

densification of the structure and an increase in strength 

and shear modulus. If these materials are saturated and 

undrained, the total volume cannot decrease and this compac

tion process results in an increase in pore pressure.

Granular materials which are dense initially dilate on 

shearing. Dilatancy is caused by grains moving up and over 

each other when a shear stress is applied. This will 

usually not occur before some limiting strain. In a dense 

sample undergoing shearing there are compaction processes 

and dilation processes taking place at the same time. If 

there is a predominance of dilation processes in a drained 

test, the total volume of the sample will increase. VJhen 

no volume change is possible, as in an undrained test, there 

will be a drop in pore pressure. If there is a predominance 

of compaction processes during cyclic undrained shearing of 

a dense sample, pore pressure will rise, but at a slower rate 

than for a loose sample.

The structure of normally consolidated clay is assumed to 

consist of an open and random arrangement of clay particles. 

These clay particles, which are usually plate or rod shaped, 

are held together by bonds between the positively charged 

ends of particles and negatively charged surfaces. On 

loading these bonds are broken and the clay structure tends 

to contract as particles become aligned to the direction of 

shear stress. In a constant volume situation the effect of 

this contraction is a rise in the pressure of the free water. 

During cyclic loading more clay particles become aligned 

with the direction of maximum shear stress in each successive 

cycle causing pore pressure to build up. The alignment of 

zones of clay particles that takes place during cyclic loading 

of drained samples, results in a decrease in secant shear 

modulus with increasing number of cycles.

Overconsolidated clays have a similar structure to normally 

consolidated clays, however there are stronger bonds between 

particles. As these bonds are stronger than those needed
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to resist the external confining pressure, the structure 

will tend to expand as some of the bonds are broken by the 

application of shear force. This dilation causes a 

decrease in pore pressure. During cyclic loading the 

initial bonds are gradually broken and there is increasing 

alignment of particles with the direction of maximum shear 

stress. The alignment of particles causes a decrease in 

volume and an increase in pore pressure. Hence the pore 

pressure in overconsolidated clays will gradually increase, 

but at a slower rate than in normally consolidated clays.

The alignment of clay particles parallel to the plane of 

maximum shear stress was shown by Taylor (1971) in electron 

microscope studies of a kaolinite clay which had been 

subjected to cyclic loading. Bacchus (1965) found that clays 

with the same void ratio but different stress histories 

acquired the same structure after a period of dynamic loading.

2.4 THE EFFECT OFPORE PRESSURE RESPONSE ON CYCLIC LOADING
BEHAVIOUR

The characteristics of cyclic stress-strain behaviour

(Section 2.2.6) are due to the mechanisms involved in soil 

deformation and pore pressure development.

Taylor (1971) carried out a series of stress controlled 

dynamic triaxial tests on undisturbed clay samples with 

sinusoidal Ioad cycles symmetrical about hydrostatic condi

tions. Pore pressure response showed a sharp peak on 

the tension side of each cycle and a flattened peak on the 

compression side. Three components of pore pressure response 

were postulated to account for this (Figure 2.4.1). The 

static component of pore pressure response is defined as 

the value of pore pressure measured when the dynamic Ioad 

passes through hydrostatic stress conditions. Hence this 

is the pore pressure measured at the end of a test and is 

probably the result of irreversible changes in the micro- 

structure of the soil. The dynamic component of pore 

pressure response is the harmonic component in phase with 

the dynamic load. The third component of pore pressure
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Figure 2.4.1 : Components of pore pressure
response

response, the dilatancy component, reaches a peak negative 

value at both positive and negative peaks of dynamic load.
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At peak Ioad in tension the dilatancy component adds to the 

negative dynamic component giving the total pore pressure 

response a sharp peak. On the compression side of the 

loading cycle the dilatant component of pore pressure 

response is subtracted from the dynamic and static components 

to flatten the total pore pressure peak. As the static 

component steadily increases with number of loading cycles, 

the total pore pressure response becomes increasingly 

positive.

Degradation of soils subject to cyclic loading is a result 

of the build up in static component of pore pressure. As 

pore pressure increases within a sample, the effective con

fining stress decreases and hence the secant shear 

modulus decreases. This leads to decreasing peak stress 

with increasing number of cycles in undrained strain-controlled 

cyclic tests and increasing strain in undrained stress- 

controlled cyclic tests.

Degeneration of the cyclic stress-strain response of samples 

is accounted for by the dilatancy component of pore pressure 

response. The pore pressure in dense samples drops when 

strained above some limiting value. Therefore as strain 

increases, the effective confining stress increases leading 

to an increase in stiffness. This Iimits the strain that 

can be developed in any one cycle and gives rise to Seed's 

definition of cyclic mobility as 'Iiquefaction with limited 

strain potential'. Degeneration becomes more apparent with 

increasing number of cycles due to the overall structure of 

the sample becoming denser.

2.5 FACTORS INFLUENCING PORE PRESSURE RESPONSE

Many testing programs have been carried out to find the 

effect of various parameters on the build up of pore pressure 

with dynamic loading. However very little information has 

been published on the pore pressure behaviour of materials 

with particle sizes between sands and clays.

The following discussion does not distinguish between lique

faction and cyclic mobility.
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Lee and Albaisa (1974) carried out an extensive series of 

cyclic loading tests on different saturated sands at 

varying confining pressures and relative densities. 

Normalisation of the results was carried out by dividing the 

excess pore pressure by initial confining stress and the 

number of loading cycles, by the number of cycles to 

liquefaction. It was found that the response curves 

obtained from these tests fell within a narrow band. The 

characteristic shape of these curves is approximated by 

equation 2.5.1, for a given cyclic stress.

u 1 X 1 Λx- + — Arc2 π - 1sin 2 (2.5.1)

^τ = pore pressure ratio 
o

Variations in soil properties and test conditions are taken 

into account by altering α. A mean representative curve is 

given by α = 0.7 (Figure 2.5.1).

Tests on materials other than fine sands may produce different 

shaped response curves (Section 7.6).

2.5.1 Particle Size and Distribution

The effect of mean grain diameter on the development of pore 

pressure in uniformly graded cohesionless materials, appears 

negligible after corrections for membrane compliance and 

sample diameter have been made (Martin, Finn and Seed, 1978). 

When these corrections are not made the cyclic shear stress 

required to cause liquefaction in a given number of cycles 

increases with increasing grain size (Section 6.5.2). The 

rate of pore pressure development in cohesive materials 

decreases with decreasing particle size. Dissipation of 

pore pressures may take place in the field as soils do not 

exist in a truly undrained state. Therefore soils with 

Iow permeability, in the fine sand to silt range, are most 

susceptible to liquefaction in the field.
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cycle ratio (N∕Np)

Figure 2.5.1 : Pore pressure generation during cyclic
Ioading of sands

Well graded undisturbed soils have a lower liquefaction 

potential than uniformly graded soils with the same mean 

grain diameter. This is not always evident from cyclic 

triaxial tests as the intergranular spaces in uniformly 

graded material are larger than in well graded materials, 

hence the strengthening effect of membrane penetration is 

larger in uniform samples. Isihara, Yasuda and Yokota 

(1981) found that the cyclic strength of various tailings 

specimens was not closely related to the size distribution 

of the particles, but was influenced by the plasticity index
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Figure 3.5.2 : Liquefaction relationships for uniform
medium sand (after Martin 1975)

2.5.2 Cyclic Stress or Strain Magnitude

Pore pressure response is strongly dependent on the magnitude 

of the applied cyclic load. Figure 2.5.2 shows the rela

tionship between applied cyclic shear-stress, normalised by 

dividing by effective confining pressure, and the number of 

stress cycles to liquefaction for a uniform sand. At a 

relative density of 50% It can be seen that there is a 10 

fold reduction in the number of cycles to liquefaction, for 

an increase in cyclic stress ratio from 0.09 to 0.15. The 

results of tests on samples with some cohesion appear to 

be more closely represented by a logarithmic relationship 

(Figure 7.6.12). Hence although the pore pressure response
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of both cohesionless materials and those with some cohesion 

is strongly dependent on cyclic stress, cohesionless materials 

are more affected by higher stress ratios, than materials 

with some cohesion.

At lower cyclic stress ratios, those which fall below the 

more level part of the curve for a given relative density 

in Figure 2.5.2, the pore pressure and strain in stress 

controlled cyclic tests increase only up to a point. Beyond 

this a large number of loading cycles produces no significant 

change in strain or effective stress, and no failure 

(Figure 2.5.3). This is termed ,non-failure equilibrium1 

by Sangrey, Pollard and Egan (1978). The limit in response 

is due to the cyclic stress only being large enough to cause 

movement in areas of the sample where particles are in the 

most unstable arrangement. A similar steady state condition 

may also be developed in strain controlled cyclic tests when 

the applied strain is not large enough to cause liquefaction.

2.5.3 Confining Stress

Lee and Seed (1967) found that the cyclic shear stress 

required to cause liquefaction of sand in a given number of 

loading cycles was directly proportional to the initial 

effective confining stress. Finn, Pickering and Bransby 

(1971) also found this direct relationship in tests on 

Ottawa sand and proposed the use of a cyclic stress ratio.

This ratio is found by dividing cyclic shear stress by 

initial effective confining pressure and is commonly used 

when cyclic shear test results are presented. The benefit 

of using this ratio is that for a given stress ratio and sample 

density, the number of cycles to liquefaction does not change 

with initial effective confining pressure.

When a material has .some cohesion, or the stresses are high 

enough to cause some crushing of sand grains, the resistance 

to liquefaction is not directly proportional to effective 

confining pressure. At Iow confining pressures the 

proportion of shear strength contributed by cohesion is 

significant. As confining pressure increases this proportion
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of shear strength and the number of cycles to liquefaction 

at a given stress ratio decrease (Section 7.6.7). Castro

and Poulos (1977) found that the stress required to cause 

cyclic mobility in four sands increased with effective confining 

pressure at a rate that was Iess than directly proportional. 

Hence care should be taken when using cyclic stress ratios 

to compare data.

Seed (1975) noted that the shear stress required to cause 

100% cyclic pore pressure ratio for a given confining stress,
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increased with time of consolidation. This is thought to 

be due to some form of cementation in cohesive materials, 

or changes in the arrangement of contact points between 

grains of cohesionless materials thatare associated with 

secondary consolidation.

2.5.4 Void Ratio

The stress ratio or number of cycles to cause liquefaction 

increases with decreasing void ratio or increasing relative 

density (Figure 2.5.2). As the density of cohesionless 

materials increases, movement of grains relative to each other 

is more restricted and the mechanism of pore pressure develop

ment changes from that of liquefaction to that of cyclic 

mobility.

The number of interparticle bonds increases with the density 

of materials with some cohesion. This increases the 

resistance to pore pressure development on cyclic loading.

2.5.5 Initial Shear Stress

As stress reversals control the reorganisation of particles 

within the soil structure, the amount of reversal is 

important in the development of pore pressures. When parti

cles have taken up an orientation to provide stress transfer 

in one direction, the particle arrangement is only slightly 

changed by changes in the magnitude of the stress. If the 

direction of the stress is reversed, the orientation of the 

particles changes to provide stress transfer in that direction 

Repeated direction changes will Iead to densification when 

volume change can take place, or pore pressure development 

in undrained conditions. When the cyclic shear stress is 

Iess than the initial applied shear stress, no shear stress 

reversal occurs during any part of a loading cycle (Figure 

2.5.4) .

Vaid and Finn (1979) found in cyclic simple shear tests on 

Ottawa sand with no stress reversah that the sample tended 

to deform progressively with each successive Ioad cycle.

The pore pressure generally did not increase to 100% pore
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asymmetric without Ioad reversal

Figure 2.5.4 : Cyclic stress schemes

pressure ratio, but reached a steady state value. For the 

case oE shear stress reversal during cyclic loading about an 

initial applied shear stress, they found that pore pressure 

approached a terminal value at a continuously decreasing 

rate, following rapid build up at the beginning of cyclic 

loading. This steady state value increased with the amount 

of shear stress reversal. Vaid and Finn found that samples 

which were cycled about an isotropic stress state did not 

develop significant shear strains until about 60% pore 

pressure ratio was reached. Stress controlled cyclic 

triaxial tests on recompacted Patea siltstone showed similar 

behaviour (Section 7.6.3).
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In cyclic loading tests with some initial static shear 

stress, strain usually reaches a damagaing level before 

pore pressure increases to the liquefaction stage. The 

dynamic shear resistance of these samples is measured in 

terms of the number of cycles at a given shear stress to 

develop a given shear strain. The rate of development of 

shear strain is related to how close the maximum shear 

stress during any cycle is to the static shear stress at 

failure. Hence as the initial static shear stress increases 

the number of stress cycles to reach a given strain decreases

2.5.6 Overconsolidation Ratio and Lateral Pressure Coefficient

The stress ratios required to cause 100% pore pressure res

ponse are significantly influenced by the overconsolidation 

ratio and the value of the lateral pressure coefficient at

rest (K). As the overconsolidation ratio and hence K 
θ o

increases, the resistance to pore pressure development 

increases. Most of this effect can be explained by the 

increase in effective confining pressure with K in 

simple shear tests (Finn 1981). Changes in soil structure 

which alter the arrangement of interparticle bonds and 

contacts,may be responsible for the increase in resistance 

to liquefaction with overconsolidation ratio, when mean con

fining pressure has been taken into account.

During simple shear tests the ratio of horizontal to 

vertical effective stress in overconsolidated samples 

decreases with increasing number of cycles. Normally 

consolidated and overconsolidated samples will eventually 

reach the same value of this stress ratio for given test 

conditions.

2.5.7 Stress History

Seed, Mori and Chan (1975b) found in tests on sand samples, 

that to reach liquefaction in a given number of cycles, 

samples which had previously been subjected to Iow levels 

of seismic shearing required cyclic shear stresses about 45% 

higher than those required by samples with the same density
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and no previous seismic history. A large pluviated sand 

sample was subjected to the shear stresses equivalent to a 

magnitude 5 earthquake,5 times before being cycled to lique

faction. The maximum pore pressure ratio recorded in these 

dynamic preshearing tests dropped from 30% in the first, to 

5% in the last. Relative density only increased slightly, 

from 54% to 54.7%. The number of cycles of shear stress 

equivalent to a magnitude 8 earthquake required to reach 

liquefaction was 26 after this dynamic preshearing, whereas 

without preshearing only 4 were required.

Finn, Bransby and Pickering (1970) carried out similar tests 

on Ottawa sand. It was found that up to some threshold 

level of dynamic preshearing, liquefaction resistance was 

increased. After cyclic loading above this threshold level, 

the liquefaction resistance was reduced. The amount of shear 

strain developed during cyclic loading was thought to be the 

critical factor in determining an increase or a decrease in 

liquefaction resistance. This was confirmed by the Ioss of 

liquefaction resistance in samples which were reconsolidated 

after being sheared to strains larger than 7.5% statically.

Reasons for the increase in resistance to liquefaction after 

preshearing being out of proportion to the increase in 

density are unknown. Finn et al (1970) considered it may be 

attributed to increases in the lateral pressure coefficient 

(Kθ) during dynamic preshearing and to stabilisation of the 

existing soil structure by minor adjustments at the grain 

contacts. When the pore pressures generated during cyclic 

prestressing reach a level where large strains can be 

developed, the formation of loose zones within a sample may 

be responsible for the drop in liquefaction resistance. If 

prestressing has proceeded to complete liquefaction, a 

new virgin soil structure may have been formed, which may be 

restabilised by further small prestressing sequences. Hence 

earthquake aftershocks may stabilise zones which have been 

liquefied during the main shock.
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2.5.8 Saturation Ratio

The rate of pore pressure generation decreases with 

decreasing saturation ratio,as the bulk modulus of water is 

reduced by the presence of air. An expression developed by 

Koning (1963) may be manipulated to give an expression for 

the change in bulk modulus of water with saturation ratio.

1 _ Sr 1 1 - Sr ,_ _ _
K κ~ + —^-------- (2.5.2, Martrn, Finn and Seed, 1978)

w wo

κwo = bulk modulus of water without air bubbles 

Sr = saturation ratio 

u = absolute pore-water pressure

MartinzFinn and Seed (1978) found a 33% increase in cyclic 

stress ratio was required to produce liquefaction in a given 

number of cycles, when initial saturation ratio was reduced 

from 100% to 99.8%. Chaney (1978) found that a saturation 

ratio above 99.0% had to be achieved before liquefaction 

would occur in Iess than 1000 loading cycles for all stress 

ratios used. As pore pressure is generated during cyclic 

loading, more air is forced into the solution resulting in 

an increase in saturation ratio.

When investigating liquefaction potential it is therefore 

important to ensure test samples are fully saturated.

2•6 STRESS-STRAIN BEHAVIOUR FOLLOWING CYCLIC LOADING

The shear strength of soils following cyclic loading may remain 

at the initial value,or be reduced. The amount of shear 

strength reduction is dependent on the cyclic stress or strain 

level, the number of loading cycles, and the strain at which 

the soil fails in a conventional undrained test.

Thiers and Seed (1965) found in tests on San Francisco Bay 

mud and Anchorage silty clay that if the peak cyclic strain 

was Iess than half the static failure strain, at least 80% 

of the original shear strength was maintained. As cyclic 

strains increased past this level the reduction in strength
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following cyclic loading increased. This was found by

Bacchus (1969) in tests on normally consolidated clay.

After 100 cycles of strain controlled loading at 5% peak 

strain, there was a reduction in shear strength of 40%.

The strain at the initial peak strength of this sample was 

approximately 7%. Bacchus found that there was a reduction 

in shear strength after cyclic strains as Iow as 0.J4%.

It was also noted that the reduction in confining

pressure, due to the increase in pore pressure during cyclic

loading, effectively gave samples overconsolidated properties.

Tests carried out by Christian (1976) on silty clay, plastic 

silt and sand samples showed that the shear strength 

following cyclic loading depended on the original peak shear 

strength and not the remoulded strength. However if the 

cyclic strain exceeds the strain at the peak in the initial 

stress-strain curve, the majority of the peaked behaviour 

would be destroyed.

The shear modulus,at the start of monotonic loading following 

liquefaction,is lower than the initial maximum shear modulus. 

When there are high residual pore pressures following lique

faction, this reduction in shear modulus is drastic (Figure 

7.6.3). In this situation shear strain increases rapidly 

with Ioad application until dilation causes a drop in pore 

pressure and a corresponding increase in shear modulus. The 

amount of strain required for this stage to be reached increases 

with decreasing initial density of the soil. As the rate of 

reduction in pore pressure decreases with further loading, the 

stress-strain curve becomes similar in shape to the initial 

loading curve.

After cyclic loading there may be an increase in shear modulus 

with time. Hardin and Drnevich (1972a) found that although a 

silty clay showed a decrease in stiffness after cyclic loading 

at 0.08% cyclic strain, thixotropic behaviour caused an 

increase in modulus and a decrease in damping with time.

Almost complete shear modulus recovery took place in a sample 

Ieft overnight. Hence an amount of recovery of shear 

modulus and strength should be evident in cohesive soils
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subjected to earthquakes producing Iow to moderate strains

2.7 SUMMARY

The behaviour of soils under dynamic loading is dependent 

on many variables, some of which are discussed in this 

chapter. The shape of the shear stress-strain curve 

changes as dynamic loading proceeds from one where the 

tangential and secant shear moduli decrease with 

increasing strain, to a shape which has increasing shear 

moduli with strain. Six features of cyclic stress- 

strain curves are listed in section 2.2.6.

The value Of the maximum shear modulus, at the start of 

loading and after Ioad reversals, is found to be depen

dent on the mean effective confining stress at that 

stage and the void ratio. In cohesive soils the 

saturation ratio may have considerable effect on this 

shear modulus, whereas it has negligible effect in 

cohesionless soils. The age of a test sample and the 

time for which it is consolidated can influence the values 

of shear modulus obtained.

Pore pressure generation in soils cyclically loaded in 

an undrained state, has a major influence on the stress- 

strain response obtained and may result in complete 

strength loss. Any reduction in saturation ratio from 

100% substantially decreases the size of the generated 

pore pressures. In the laboratory the pore pressure 

can be made to reach the initial effective confining 

pressure in all saturated cohesionless materials.

The rate at which the pore pressures are generated 

depends on the cyclic stress or strain, the initial 

effective confining stress, the void ratio and the par

ticle size distribution.

As the generation of pore pressure is due to the relative 

movement on soil particles the size of the cyclic strain 

determines the rate of generation. If the cyclic
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strain in a strain controlled test is too small for full 

pore pressure generation, a state of non-failure 

equilibrium may be reached. This state may also be 

reached if the magnitude of cyclic stress is small.

The initial effective confining stress influences the 

pore pressures obtained by governing the shear strength 

and stiffness of the material and hence the amount 

of shear strains obtained. Material stiffness is 

also increased with decreasing void ratio, hence the 

rate of pore pressure generation decreases with 

decreasing void ratio.

The effect of a previous cyclic stress history is 

dependent on whether this stress history has resulted 

in a more or Iess dense state. Hence Iow magnitude 

cyclic stress histories can decrease the rate of pore 

pressure generation on further cyclic loading, and high 

magnitude cyclic stress histories, can increase it.

The effect of an initial static shear stress depends 

on whether the superimposed cyclic shear stresses are 

large enough to cause stress reversals during loading.

If no stress reversal takes place, strains increase at 

a rate dependent on how close the peak cyclic shear 

stress is to the static shear strength of the material 

and a steady state pore pressure response may be 

obtained.

The strength of a material following cyclic loading, is 

dependent on the size of the cyclic stress or strain 

in relation to the monotonic failure stress and strain 

of the material. If the cyclic strain is kept below 

50% of the failure strain", the shear strength after 

cyclic loading is usually found to be at least 80% of 

the initial monotonic strength. The initial shear 

modulus following cyclic loading is reduced by an 

amount dependent on the pore pressures generated during
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cyclic loading. As strain increases on monotonic 

loading, dilation begins to increase shear modulus until 

the stress approximately equals the peak cyclic stress. 

Further increase in stress results in decreasing shear 

modulus.

Some mathematical models of cyclic stress-strain response 

and pore pressure generation behaviour are described 

in Chapter 3. The effect of various parameters on the 

dynamic behaviour of Patea (BS3) siltstone are reported 

in Chapter 7.
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Chapter 3

Mathematical Soil Models

3.1 INTRODUCTION

As methods of analysing soil loading problems have 

become more sophisticated,it has become necessary to 

describe the soil stress-strain response mathematically.

It is no longer sufficient to predict whether or not 

failure will occur, but an estimation of the deformations 

between zero loading and failure conditions is required.

The mathematical models of soil stress strain response 

are fitted to the observed behaviour in one particular 

loading condition. The models can then be used to 

estimate the soil response under different and more 

complex loading conditions, such as earthquake loading.

As soils are non linear materials, simple linear models 

of the shear stress-strain relationship require an iterative 

procedure to predict the correct stress for a given 

strain. Hence non linear models of the shear stress- 

strain relationship have been developed. Some of these 

are discussed in section 3.3.

To model the complete soil stress-strain response to 

loading in three dimensional stress space, more complex 

soil models are required. Many of these models are 

based on plasticity theory. The concepts of plasticity 

theory are therefore introduced in section 3.4.

Some of these models have been refined to the stage where 

stress and material anisotropies and dilatant behaviour 

can be accounted for.
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The three dimensional stress state can also be analysed 

through the concepts of critical state soil mechanics.

The Cam-clay soil model uses these concepts combined 

with plasticity theory to predict the behaviour of 

normally consolidated materials when subjected to loading

A different approach to the analysis of soil stress- 

strain behaviour is that of endochronic theory. This 

uses the concept of intrinsic time to take into account 

the effects of past stress history.

Some saturated soils generate pore pressures when 

subjected to dynamic loading. As increased pore 

pressures change the properties of a soil, soil models 

which take this into account are necessary. These 

models can either use effective stresses to predict the 

complete stress state of a soil, or are used as a 

separate pore pressure model in.conjunction with a total 

stress analysis (section 3.9). In some cases it is 

necessary to find whether or not the generation of pore 

pressures will present a problem. Probabalistic 

methods, based on the observed behaviour of soil deposits 

under earthquake loading, are useful in this respect. 

Stress Invariants

Stress invariants are formed by various combinations 

of stresses. The magnitude of stress invariants does 

not change as the reference axes are rotated. Two 

stress invariants commonly used in soil mechanics are 

octahedral normal stress and octahedral shear stress.

These can be expressed in terms of principal stresses 

or cartesian co-ordinates.

σ
oct (3.1.1a)

σoct (3.1.1b)
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Figure 3.1.1 : The octahedral plane and space
diagonal in stress space

oct
∣[σ1 - σ2)2 + (σ2 - O3)2 + (σ3 - σ1)2]½

(3.1.?.a)

oct = ⅜r<σ× σ,J2 + (σ,, - σ)2 + (σ - σd>

+ 6 (τ 2 + τ2 + τ2 ) ]
xy yz zx j (3.1.2b)

Planes in stress space on which octahedral normal stress 

is constant are called octahedral planes and the Iine 

defined by σ3 = σ2 = σ3 is termed the space diagonal 

(Figure 3.1.1). The distance of a stress point from 

the space diagonal in an octahedral plane is given by 

zj τocf
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The stress 

soil model

invariants used by 

(section 3.5) are:

Lade and Duncan in their

I1 = σ1 + □2 + σ3 (3.1.3a)

I1 = σ + σ + σ (3.1.3b)
1 x y z

I3 = σισ2σ3 (3.1.4a)

σ σ σ + 2 τ τ τ x y z xy yz zx

(σ τ1 + σ xl + σ τ2 )
x yz y zx z xy

(3.1.4b)

Two stress invariants used in critical state soil 

mechanics are the spherical effective stress (p) and 

the sliear stress (q) .

OCt

;[ (σ1

OCt

(3.1.5a)

(3.1.5b)

2 1¾ 

(3.1.6a)

(3.1.6b)

3 (01 t n 2 t 0 3)

3.2 EQUIVALENT LINEAR MODELS

Equivalent linear models, in which a linear relationship 

between shear stress and shear strain is assumed, are 

the simplest approach to modelling soil shear stress- 

strain behaviour.

The equivalent stiffness of the soil is taken as the 

secant modulus for a given shear stress in monotonic 

loading situations, or equal to the secant modulus at
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some proportion of the maximum shear stress in cyclic 

loading situations. A viscous damping factor is often 

used to provide some means of dissipating energy during 

dynamic loading. However this creates an undesirable 

dependence of soil response on loading rate.

In dynamic analyses an iteration procedure, changing 

the secant modulus, is carried out until consistent 

values of shear stress and strain are obtained. This 

method does not provide information on non-recoverable 

strains and the use of a damping factor consistent 

with the particular strain at each time point, over

estimates the amount of energy dissipated.

3.3 NON-LINEAR MODELS

3.3.1 Multi-Linear Models

The simplest non-linear soil model is one made of two 

linear portions. This bilinear model can be visualised 

as a shear spring in parallel with an elasto-plastic 

unit,made up of a Coulomb slider attached in series 

to a shear spring (Figure 3.3.1).

Figure 3.3.2 : Bilinear soil model

Λ Coulomb slider is a mechanism which will resist Ioad 

up to a limiting value and then yields. This means 

that at higher loads in the bilinear model, the stiffness
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is that of one spring only.

When the direction of stress increment changes, the 

Coulomb slider locks up again until the limiting Ioad 

is reached in the opposite direction. Hence Masing's 

criteria are followed and a stress strain Ioop formed, 

indicating the dissipation of energy. Theareaof this 

Ioop is larger than that of the hysteresis Ioop formed 

by a soil loaded to the same peak stress and strain.

To produce a better representation of a hysteretic Ioop 

a series of elasto-plastic units are placed in parallel. 

This is commonly known as the Iwan model of stress-strain 

response (Iwan, 1967). The value of the limiting Ioad 

for each Coulomb slider is chosen so that the change in 

stiffness of the total system approximates the change 

m stiffness of the soil during loading. Values for 

each spring stiffness and yield Ioad can be found from 

the shear modulus-strain relationship of the soil,

(Γaylor and Larkin, 1978). If there is a Coulomb 

slider with an infinitely high yield load,the soil model 

will not reach zero stiffness at high strains. When 

all Coulomb sliders have yielded and there are no 

additional shear springs in parallel, the soil will have 

reached a failure condition.

The Iwan model of soil behaviour can be extended to 

three dimensions, where each elasto-plastic element 

represents a yield surface with a linear work-hardening 

Iaw (section 3.4). As the parameters of the Coulomb 

units and springs are constant, the overall work

hardening behaviour is kinematic in nature and governed 

by the distribution of yield surfaces.

Degenerative elements can be included in multi-linear 

models enabling shear modulus in a stress strain Ioop 

to increase at strains above some limiting value (Iwan, 

1974). Hence they model the reduction in the amount
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Z
Z
Z
Z
Z

Z

Figure 3.3.2 : Degenerative element

of energy dissipated in each successive loading cycle. 

These elements consist of two Coulomb sliders and a 

shear spring (Figure 3.3.2). Λt the start of loading 

the first Coulomb slider is locked up, giving the element 

the stiffness of the shear spring until the second 

Coulomb slider yields. On reversal of loading the 

first slider will yield at a lower level than the 

second. During reloading stiffness is regained until 

the first element again yields. When the displacement 

reaches the maximum value of the previous cycle the 

first slider locks up again and the element regains 

stiffness.

As these elements are sensitive to the direction of load

ing, when soils are being modelled the elements are 

used in pairs with opposite orientation.

Taylor (1971) uses a similar degenerative element which 

is not direction sensitive.

To take into account the effects of degradation on 

the soil stress strain response during cyclic loading, 

it is possible to adjust the elasto plastic element



44

parameters. Taylor (1971) related the energy dissipated 

during an increment in strain to the amount of degrada

tion occurring, using relationships derived from 

experimental data. An alternative approach is to take 

into account the change in strength and stiffness due 

to the change in pore pressure. This method requires 

a separate model for the pore pressure generation.

The mechanism involved in these elasto-plastic models 

of soil is similar to the micromechanisms occurring 

in the structure of a soil. Although soils may appear 

to be homogeneous overall, on the micro scale there are 

areas subjected to higher stresses than the average.

These areas yield first on loading and the stress is 

redistributed to the surrounding areas.

3.3.2 Hyperbolic Model

The simplest truly non-linear representation of the 

shear stress-strain relationship of soils is that of a 

hyperbola. Kondner (1963) proposed the use of a 

hyperbolic relationship between deviatoric stress 

(σ3 - σ3) and axial strain in triaxial compression tests. 

This relationship is given by equation 3.3.1

(3.3.1)
a + bε

where
1
a

is the initial slope

and
1
b

is the maximum value

of the (σ3 - σ3) vs e plot 

of (σ1 - σ3)

The dependence of the stress-strain relationship on past 

stress history and the rate of strain, was taken into 

account by Kondner in the values of a and b for tests 

on a remoulded cohesive soil.

Alternatively the hyperbolic shear stress-strain relation 

ship can be expressed by equation 3.3.2 as shown in 

Figure 3.3.3.
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Fijjure 3.3.3 : Ihjperbolia approximation of soil stress-
strain behaviour

(3.3.2)

(Hardin and Drnevich, 
1972b)

Hardin and Drnevich propose the use of a reference 

strain (γj.), given by equation 3.3.3 to take into account 

the fact that τmaχ is approximately proportional to σJ 

whereas Gmaχ is approximately a function of (σθ)½.

τ
max

Gmax
Yr (3.3.3)

It was found that when the values of damping ratio for 

specimens of clean dry sand at three different confining

pressures were plotted against normalised strain 
γ
√- , a single curve was obtained. For practical.γrJ _4

purposes a value of shear modulus at 0.25 x 10 4 strain 

was taken at Gplaχ. From equations 3.3.2 and 3.3.3
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equation 3.3.4 is obtained

G
G

max

1
(3.3.4)

Hardin and Drnevich found that this hyperbolic equation 

did not exactly represent the stress-strain relation

ships for soils and suggested that a hyperbolic stress 

strain relationship could be obtained if the strain 

scale was distorted. Hence the use of a hyperbolic 

strain was suggested.

(3.3.5)

where a and b are soil constants which determine the 

deviation of the stress-strain relation of the soil from 

the hyperbolic shape.

Equation 3.3.4 can now be written as

Values of a for sands were found to be negative and 

those for clays positive. This is a result of the shear 

modulus of cohesive soils decreasing at a faster rate 

with increasing strain than that of sands.

A hyperbolic soil model can be used to model soils 

subjected to cyclic loading by applying Masing,s 

criteria and by varying G and τ to follow the
llldΛ IllaX

changes in stiffness and strength resulting from cyclic 

loading.

3.3.3 Ramberg-Osgood Model

The Ramberg-Osgood model of the stress-strain response 

of soils is often used in the solution of dynamic 

loading problems. Streeter, Wylie and Richart (1974),
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use this model to calculate 

to propagating shear waves,

the response of soil 

in the form of

layers

1 +

for initial loading, and

τ - τ
Y - Y1 =

R-I

max

τ
y

and

1 +
τ - τl

R-I'

x τ
y

(3.3.7)

(3.3.8)

Y =

for unloading from τ^, γ^.

Three parameters, Gmgχ, R and τ, are needed to define

the stress strain response, where R is a constant and

Ty the ,yield stress'. Streeter et al found from

a comparison with the Hardin and Drnevich modified

hyperbolic curves for sand, that the Ramberg-Osgood

curve gave a good fit to the hyperbolic curve when

τ = 0.8 T__„ and R = 3. However it can be difficult 
y max

to find values for these two parameters which give a 

close fit to experimental data.

During dynamic analysis it is necessary to redefine the 

turning points, τ^, γ^ for each half cycle. This 

model also has a disadvantage in that there are no 

bounds placed on the shear stress.

3.3.4 Seed and Idriss Relationships

Seed and Idriss (1970) analysed the experimental data 

from a wide range of tests on sands and saturated clays, 

to provide average relationships between damping charac

teristics, shear modulus and strain. When the 

shear stress-strain relationship for a soil is not 

known, or it is not known how this relationship changes 

with parameters such as the void ratio or Kθ, this can be 

found by incrementally reading values off the appropriate 

shear modulus-shear strain curve presented by Seed and 

Idriss. The curve obtained can then be modelled in
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some way for use in dynamic analyses.

In presenting an average relationship between shear 

modulus and shear strain for saturated clays, Seed and 

Idriss use normalised values of shear modulus. This is 

to take into account the effect of parameters other than 

strain. Normalisation is carried out by dividing the 

value of shear modulus at a given strain, by Graaχ< taken 

at 3 x 10 strain.

It was found that in general the shear modulus and 

confining pressure of sands are related by

G = 1000 K2(σιJl)ss (3.3.9)

where G is in p.s.f.

Seed and Idriss present graphical relationships between 

the variable X<2, and strain amplitude, void ratio, the 

effective angle of friction (ψ,), the vertical effective 

stress (σ^) and KQ.

3.3.5 Use of Non-Llnear Soil Models for Irregular Cyclic 

Loading

Non-Iinear soil models developed from an initial Ioadlng 

curve can be extended to model cyclic loading by the use 

of Masing,s criteria. This assumes that the shear 

modulus on each loading reversal has a value equal to 

the initial tangent modulus for the initial loading 

curve. There is experimental evidence to support this 

assumption (section 2.2.6). The second assumption is 

that the shape of the unloading and reloading curves is 

the same as of the initial loading curve, with the 

scale multiplied by a factor of two. Strain history 

effects in soils complicate the application of this 

second assumption. However the use of these criteria 

enables the behaviour of soils under symmetrical cyclic 

loadings to be described by a single analytical function
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Figure 3.3.4 : Exaeedanae of τmax t,Uth superimposed
stress Oijeles (after Pyke, 1979)

Masing's second assumption creates the possibility of 

the maximum allowable shear stress being exceeded when 

the amplitude of cyclic strain increases again, after 

one or more cycles of decreasing amplitude. It is 

shown in Figure 3.3.4 that when a small amplitude cycle 

is superimposed on the reloading segment of a larger 

amplitude cycle, the stress-strain response no longer 

follows the curve of the larger loading cycle. Hence 

further loading cycles are shifted along the stress 

axis, enabling τ to be exceeded. The simplest
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solution to this problem is to allow the loading curve 

to reach τjnaχ and stop any further increase. This, 

however does not produce the stress-strain response 

found experimentally. Another method is to record 

the previous maximum stress-strain cycle and force 

smaller amplitude cycles to follow this cycle once it is 

reached. A third solution is to force the stress- 

strain curve of small amplitude cycles to follow that of 

the previous cycle when it is reached. The third 

option models the actual soil response most closely, 

but it does require the storage of all the previous Ioad 

cycles with amplitudes larger than the present one.

Experimental results for soils loaded with irregular- 

cycles do not show perfect symmetry in each cycle or a 

sharp change in direction when the stress-strain curve 

of a small amplitude cycle reaches that of a larger 

cycle. Pyke (1979) suggests that the stress-strain 

response of soils is only affected by the Iast reversal 

point in the Ioad cycle and the failure stress in the 

direction it is being sheared. Hence the initial Ioad 

curve should not be scaled by a factor of two, but by c.

where the turning point 

the maximum shear

(3.3.10)

of the Ioop 

stress

The first term is negative for unloading and positive 

for reloading. The use of this factor to scale the 

initial loading curve, prevents the maximum shear stress 

from being exceeded and sharp changes in direction of 

unloading and reloading curves are not produced. Hence 

the stress-strain curves plotted by the model are more 

consistent with experimental behaviour. This improved 

model also allows the development of permanent strains 

during symmetrical stress-controlled cyclic loading about
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an initial shear stress. When a scale factor of two 

Is used, no permanent strains are developed.

3.4 BASIC PLASTICITY THEORY

Plasticity theory was originally developed to describe 

the stress-strain behaviour of metals, however this 

theory can also be applied to soils. This theory 

models the soil's behaviour in three dimensional stress 

space, that is, it relates all nine components of stress 

and strain to each other. The soil models discussed 

in previous sections only work in terms of shear stress 

and strain, and cannot predict volumetric behaviour.

The soil model used to analyse the dynamic response of 

earth structures, which is described in Chapter 5, is 

based on plasticity theory. Hence space will be taken 

to discuss some basic plasticity theory and some of the 

soil models proposed by various authors, which use this 

theory.

There are three basic rules in classical plasticity 

theory.

1. There is an initial yield surface defining the 

boundary between elastic states of stress and plastic 

states of stress. This is given by a function, f.

2. The direction of the plastic strain increment 

vector is related to the yield surface by a flow 

rule.

3. A hardening rule relates the magnitude of the plastic 

strain increment to that of the stress increment

as the state of stress traverses the yield surface 

and the material strain hardens. Once a yield 

surface has undergone work hardening, it is termed 

a loading surface.

These rules are extended by DrucKer (1956) to incorporate 

the following properties.
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1. The yield surface and all subsequent loading 

surfaces must be convex, No stress states are 

possible outside these surfaces.

2. The plastic strain increment vector must be normal 

to the loading surface at a regular point, and must 

be between adjacent normals at a corner in the 

surface, as on the Mohr-Coulomb or the Tresca yield 

surfaces. This is termed an associated flow

rule and ensures a unique solution for strain at 

each point on the loading surface.

3. The rate of plastic strain must be a linear 

function of the rate of change of stress. This 

is linear work hardening.

In elastic, perfectly plastic materials once the yield 

surface has been reached, plastic deformation (flow) 

takes place at constant stress. Work hardening 

materials require an increase in stress to increase 

deformation. Drucker1S (1956) definition of work 

hardening means that useful net energy cannot be extrac

ted from a material over and above the elastic energy.

If an increment of stress, d oij, is added to an existing 

stress state, an increment in strain, d θ^j, will be 

produced. On removing the stress increment, d σij, the 

elastic strain component d eb will be recovered.

In a work hardening material

O on loading (3.4.1)

O when loading is removed (3.4.2)

plastic strain component 

, perfectly plastic material

d σ.j d efj >

where d eY is the 

Hence in an elastic

d σ. . d e?. = 
i3 13

(3.4.3)O
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As no points outside the yield surface are possible, and 

f is assumed to be a function of σi^ only, any change in 

stresses during plastic flow must satisfy equation

df = ⅛^ d °i3 = θ (3.4.4)

A plastic flow rule can be obtained from equations 3.4.3 

and 3.4.4

d (3.4.5)

where X is an arbitary constant of proportionality 

3f
gσι are tlle components of a vector normal to the 

^l yield surface in three dimensional stress

space

Hooke's Iaw relates total stresses to total strains in 

elastic theory, whereas the Iaws of plasticity relate 

incremental stresses to incremental strains. In 

elastic theory the stress and strain vectors are parallel, 

in plasticity theory the stress and strain increment 

vectors need not be parallel.

The normality of the plastic strain increment vector 

at a smooth point on the loading surface requires 

equation 3.4.6 to hold.

where Λ is a function dependent on stress, stress rate, 

strain and strain history. Since there must be 

positive work done during loading, Λ must be non 

negative. As equation 3.4.5 issimilar to equation 

3.4.6 the yield surface function f is coincident with 

the plastic potential. The plastic potential is 

defined as the surface to which strain increment vectors
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are normal. When this surface is coincident with the 

yield surface, the flow rule is termed associated.

The yield surface function is defined by a relationship 

between σ∣j, e?. and κ, where κ is a strain hardening 

parameter. As no stress points can be outside the 

yield surface all subsequent loading surfaces must pass 

through the stress points. These loading surfaces may 

have a different shape,size and orientation to the 

initial yield surface, and are defined by equation 

3.4.7.

f(°ij, efj, κ) = 0 (3.4.7)

Loading from a plastic state must Iead to another 

plastic state.

If κ is a function of e?.
i3

.t Sf ^ . Sf j P . Sf Sκ τ P
df = ~— d σij + ΓtΓ d eij + ⅛^ 3~p~' d eij = θ3σ. .

i3 e. . 
i3 βij

(3.4.8)

When equation 3.4.6 is substituted into equation 3.4.8 

a solution can be found for Λ.

a f

Λ =

dσ,3σkl "~kl

3 ep
3f + 3f 3κ

i3
3κ 3 p 

e. . 
i3

3σ. . 
13

(3.4.9)

Equations 3.4.6 and 3.4.9 combined produce equations 

3.4.10.

P 2 Sf Sf
d eV . = G »--------  χ-------- d o

i3 3°ij 3σkl kl (3.4.10a)
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where G = (3.4.10b)
3f
=P
'mn

3f
3κ

3κ 3f
3 et 3 o_

The subscripts ij refer to the strain of interest, kl 

refer to the individual increments in stress and mn to 

the sum of the components in each direction.

This shows the linearity of the work hardening Iaw as 

G is a constant.

Work Hardening Rule

Work hardening rules define the size and position of the 

yield surface subsequent to initial yielding. There 

are two basic types of hardening rule. Isotropic 

hardening occurs when the size of the yield surface 

changes, but its shape and origin remain the same.

Hence the area of elastic behaviour increases with 

increasing stress. Kinematic hardening occurs when the 

yield surface remains constant in size but is pulled 

along in stress space by the stress point. Hence the 

origin of the surface is translated (Figure 3.4.1).

Some plasticity models use a combination of the two 

hardening rules.

To ensure that the stress pointlies on the yield sur

face when kinematic hardening is taking place, the 

yield function must be redefined.

f(σ^j ~ αij) = θ (3.4.11)

where a^j represents the translation of the centre of 

the yield surface from the initial origin.

If linear kinematic hardening is assumed there is a 

linear relationship between the translation of the centre
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Figure 3.4.1 : Tijpes of work hardening

of the yield surface and the increment of plastic strain

d α.. = C d e?.
13 11

(3.4.12)

Using equations 3.4.6, 3.4.11 and 3.4.12 it can be 

shown that

Λ 1
C

σ. . 
11

af
kl

(3.4.13)

8 σ1

The translation of the yield surface is assumed to be 

in the direction of the normal to the surface at the 

current state of stress.

Yield Criteria

The two most commonly used yield conditions in 

city theory, are those of von Mises and Tresca 

von Mises yield condition is given by equation

plasti-

The

3.4.14.

f(σij)
1 D
2 σij σij - k (3.4.14)
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where σij 13

2
’ll

2
σ22 +

2 , τ / 2σ33 2tσ12 +
2 . 2 . 

σ12 + σ23

k = yield stress In simple shear 

Tresea's yielding condition is given by equation 3.4.15

f ≡ [(σχ - σ2)2 - 4k2].t(σ2 - σ3)2 - 4k2].

( (σ3 - σ1)2 - 4k2] = 0 (3.4.15)

Figure 3.4.2 shows the shape of these yield surfaces 

when viewed looking down the space diagonal. The 

Mohr-Coulomb yield condition is widely used in soil 

mechanics. This allows the maximum stress in tension 

to be smaller than that in compression.

Figure 3.4.2 : Yield surfaces on octahedral
plane

The plastic yield surfaces described so far have only 

been developed on a two dimensional octahedral plane.

A three dimensional yield surface is required to describe 

the yield locus for all values of octahedral normal
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stress. If, for example, von Mises yield surface is 

extended down the space diagonal with constant diameter, 

a cylindrical yield surface is obtained. Hence the 

material has the same properties in shear at zero 

octahedral normal stress, as at any other value of 

octahedral normal stress. While this is applicable to 

ductile metals, in soils this would only correspond to a 

zero friction angle, such as in a total stress analysis 

of a saturated clay.

The shear strength of soils increases with effective 

confining stress. Therefore the size of the yield locus 

increases as octahedral normal stress increases,

forming some sort of cone shaped yield surface orientated 

along the space diagonal (Figure 3.4.3).

Figure 3.4.3 : Three dimensional von Mises
yield surface

space
diagonal
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If a soil has some cohesion the yield surface will inter

sect the principal stress axes at some positive value.

The yield locus of cohesionless materials at zero 

effective confining stress, will have zero radius.

Soils do not continuously increase in shear strength as 

effective confining pressure increases, hence some end 

cap to the yield surface cone is required. At all 

stress points within this enclosed volume only elastic 

strain has occurred. As soon as the yield surface is 

reached, plastic, non recoverable strains start to 

develop.

3.5 SOIL MODELS USING PLASTICITY THEORY

Both the kinematic and isotropic work hardening rules 

contain inaccuracies in modelling the stress-strain 

response of soils. In kinematic work hardening there 

is a linear relationship between stress and strain until 

the yield surface is reached (Point A, Figure 3.5.1).

At higher stresses there is a new linear relationship 

of smaller gradient. This contrasts with the smooth 

transition in gradient shown by actual stress-strain 

curves. On unloading and Ioading in the opposite 

direction, kinematic work hardening produces a linear 

response of the initial gradient, until the yield 

surface is re-engaged. The stress at this point (D,) is 

smaller than when the yield surface is initially engaged. 

Isotropic work hardening with a linear work hardening 

Iaw produces the same initial loading response.

However, on unloading and loading in the opposite 

direction, the initial linear range has been extended 

by the increase in size of the yield surface (B,).

During cyclic loading with equal stress amplitudes, the 

kinematic hardening model immediately assumes a steady 

state cycle, the isotropic work hardening model 

produces an elastic response, while the stress-strain
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Figure 3.5.1 : Approxiiiiation of stress-strain
curve by isotropic and kinematic 
work hardening models
(after Hrosl 1967)

response of soils reaches a non-linear steady state 

asymptotically.

A better approximation of the stress-strain response of 

soils can be obtained when a nest of yield surfaces is 

used. Prevost has developed a soil model using nested 

yield surfaces to describe the properties of saturated 

clays under undrained loading conditions (Prevost, 1977) 

Von Mises type yield surfaces which undergo both
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isotropic and kinematic work hardening are used to 

define regions of constant shear modulus in the stress 

space. The change in diameter of the yield surfaces 

can be seen experimentally In the reduction of the 

elastic range of stresses and the increase in the range 

of Iow modulus. The radius of these yield surfaces 

varies from ko to kp, where kθ defines the limit of 

elastic stress-strain response and kp defines the 

failure surface (Figure 3.5.2). To remove the elastic 

component of stress-strain response, ko can be taken 

as zero.

The value of shear modulus associated with each yield 

surface (Hm) and the radius of each yield surface (knl) 

are varied as a function of the length of the plastic 

deviatoric strain trajectory (λ) .

During loading the yield surfaces decrease in size 

simultaneously as λ monotonically increases. This 

approach is similar to the use of the parameter ζ in 

endochronic theory (section 3.8).

An anisotropic initial stress state is accounted for 

by the yield surfaces having some initial translation 

from the zero position. As the yield surfaces change 

position to follow the stress point during loading, the 

initial anisotropy is not conserved but is inherent 

in the loading response. To prevent the yield 

surfaces from overlapping while they are being translated, 

they are translated to the point on the next yield 

surface whose normal is parallel to that at the stress 

point on the present yield surfaces, the conjugate 

point (Figure 3.5.2).

To completely define the model it is necessary to specify
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Figure 3.5.2 : Monotonio simple shear test (after
Prevost, 1977)

the initial yield surface parameters and centres, and how 

these parameters change as loading proceeds. The yield 

surface parameters can be found from conventional 

monotonic and cyclic strain-controlled simple shear 

tests.

Figure 3.5.3 shows the movement of the stress point in 

the case of simple shear loading (d εχ = d ε^ = d εχ = 0) 

The elastic strain component is considered negligible.

As there is only a shear component of strain, the stress 

point will always move to the position on a yield surface 

where the normal is vertical. After the stress point 

has reached point N, the Ioad is reversed. The stress 

point then leaves yield surface f to travel vertically
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Figure 3.5.3 : Cyatia simple shear test (after Prevost1
1977)

downwards on the stress plane, collecting the inner 

yield surfaces until it reaches f once again. Further 

loading in this direction will cause the stress path to 

change direction. If the size of the yield surfaces 

remains unchanged during the Ioad cycle, Masing,s 

second assumption is exhibited as the stress point has 

to travel twice as far to engage a yield surface on 

unloading as during initial loading.

Prevost compared the results of monotonic and cyclic 

strain and stress controlled tests on Drammen clay 

with those predicted by the soil model. All of the 

predictions were found to be very close to the experimen

tal results.
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Mroz, Norris and Zienkiewicz (1978) have developed a 

soil model using nested yield surfaces on which the 

hardening parameter varies with the position of the 

stress point (Figure 3.5.4). This model can take 

into account material anisotropies as well as initial 

stress anisotropies. The outermost surface is the 

failure, or boundary surface. In the p-q plane 

the yield surfaces consist of two semi-ellipses which 

may have different maximum vertical components if the 

maximum stress in tension is different from that in 

compression. The semi-axes of these ellipses vary 

proportionally during hardening and softening. If 

von Mises failure criterion is assumed the surfaces 

are circular in the octahedral plane. The hardening 

parameter of a yield surface changes with the distance 

of the stress point from its conjugate point on the 

boundary surface, the point whose outer normal is in 

the same direction. Isotropic hardening is assumed 

to be caused by changes in porosity. This is illustrated 

more clearly in the critical state approach (section 

3.6) .

An alternative two surface approach is proposed by Mroz, 

Norris and Zienkiewicz (1979). This uses a yield 

surface to define the range of elastic stress states and 

a consolidation, or bounding surface to define the range 

of possible stress states. The model is based on the 

following assumptions (Mroz et al, 1979).

1. The degree of consolidation of soil is represented 

by the consolidation surface, F = 0, which depends 

on the varying material porosity or density and 

reflects the isotropic properties of the material.

2. The yield surface f = O encloses the elastic 

domain in the stress space and translates, expands 

or contracts within the domain enclosed by the 

consolidation surface.
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b. Variation of hardening modulus, H, on the 
boundary surface

Figure 3.5.4 : Isotropic hardening model
(after Mros et al, 1978)

The hardening modulus of the material varies along 

the stress path from its infinite or very large 

value on the yield surface, to a prescribed value

3.
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on the consolidation surface.

4. The usual associated flow rule governs the plastic 

flow and the hardening rule describes the variation 

of the yield and consolidation surfaces, together 

with the variation of the hardening modulus along 

the stress trajectory.

As before these surfaces are composed of two semi

ellipses to take into account material anisotropies. 

Anisotropic initial stress is taken into account by the 

initial position of the yield surface within the 

consolidation surface. The yield surface can be taken 

as a point in stress space if it is assumed that there 

is no elastic range in stresses. This soil model is 

very versatile in that it can take into account isotropic 

and anisotropic material properties and stress conditions 

and can be used to model both drained and undrained 

cyclic loading. However to achieve this versatility 

the model is fairly complex.

Lade and Duncan (1975) formulated an elasto-plastic 

model for the stress-strain behaviour of cohesionless 

soil. The shape of the failure surface and yield 

surfaces used in the model is based on the results of 

cubical triaxial tests on Monterey No. 0 sand (Figure 

3.5.5). However the model parameters can be derived 

from conventional triaxial tests.

An assumption of isotropic behaviour is made in defining 

the failure criterion in terms of the first and third 

stress invariants (I^ and I3). The yield surfaces are 

assumed to have the same shape as the failure surface

where f = κ'1 at failure

The failure surface expands linearly along the space 

diagonal from zero at the origin. Hence changes in
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Figure 3.5.5 : Lade and Dunoan failure and yield
surfaces on the octahedral stress 
plane

friction angle which occur as confining pressure increases, 

are not accounted for.

Xt was considered that an empirical isotropic work

hardening rule gave reasonable agreement to observed 

behaviour. Thus only elastic deformations are predicted 

during unloading and reloading.

A non-associated flow rule is used as it was found

experimentally that the strain increment vectors of 

cohesionless soils are not normal to the yield surface.

The assumption of normality overestimates the rate of 

dilation,which is found by relating normal strains to 

shear stresses. The derived plastiσ potential has 

the same shape as the yield surface in the octahedral 

plane.
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Lade and Duncan found that this model showed close 

agreement between experimental and predicted shear 

strains and stresses for cubical triaxial tests and 

torsion tests at failure. However volumetric strains 

were overestimated. This is possibly due to the 

assumption of constant friction angle inherent in the 

model.

3.6 CRITICAL STftTE SOIL MECHANICS

Critical state soil mechanics has been developed as a 

means of tying together the various aspects of the 

stress-strain response of soils. The concept of a 

yield surface is incorporated in this approach. The 

critical state of a soil is the condition at which the 

soil undergoes increasing shear deformation with con

stant volume and applied stress (plastic flow). Three 

variables are used to describe the state of a soil.

These are the stress invariants, the spherical effective 

stress (p), (3.1.5) and the shear stress (q), (3.1.6)

together with the void ratio (e).

It is observed experimentally that the failure points of 

samples of a soil of constant void ratio, Iie on a 

straight Iine in the q, p plane, when sheared at 

different initial values of spherical stress (Figure 

3.6.1). This is the critical state line.

q = Mp (3.6.1)

Dense sands and over-consolidated clays produce a peaked 

shear stress-strain response. Hence the stress paths 

of these materials rise above the critical state Iine 

before changing direction and returning to the critical 

state Iine (Figure 3.6.1). The peak points on the 

stress paths of samples at different over-consolidation 

ratios define a Hvorslev surface (Figure 3.6.2). This
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F⅛g,ure 3.6.1 : Undrained test paths for normally
consolidated and OVereonsolidated 
samples of clay

surface intersects with the tension failure surface.

It is also observed that a steady state is attained 

when soils are subjected to changes in confining stress, 

in both drained and undrained conditions (Figure 2.3.1). 

These steady states form a curve in the p, e plane 

(Figure 3.6.2a), and a straight Iine in the 5∙n p', e 

plane (Figure 3.6.3). This is the normally consolidated 

Iine.

e = Γ - λ S,n P' (3.6.2)

λ is the slope of the normally consolidated Iine

in the e, ?,n p,plane

Γ is the value of e on the normally consolidated

Iine at: p' = 1.0 kPa
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Figure 3.6.3 : Consolidation behaviour

The stress paths followed by normally consolidated soils 

subject to undrained shearing form the Roscoe surface 

(Figure 3.6.2). This surface Iies between the normally 

consolidated Iine and the critical state Iine in p, q, 

e space.

The critical state Iine in the q, p plane, the normally 

consolidated Iine in the p, e plane, the Hvorslev 

surface and the Roscoe surface define a complete state 

boundary surface in q, p, e space (Figure 3.6.2a).

This surface separates possible stress states from 

impossible ones.

As the p axis in Figure 3.6.2b corresponds to the space 

diagonal and q to τfc, a three dimensional yield surface 

is formed for a soil with constant void ratio and a 

given normal consolidation stress. The Roscoe surface 

provides the end cap at position p^ on the space diagonal
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When a stress path reaches this boundary surface, the 

soil undergoes plastic strain as the stress path 

traverses the boundary surface to the critical state 

line. Here the soil will undergo increasing shear 

deformation at constant stress and void ratio.

It can be seen from Figure 3.6. 3 that as void ratio 

changes during drained loading, the cross section of 

the state boundary surface changes. This implies that 

the hardening rule of the yield surface is governed 

by void ratio. The normally consolidated Iine can 

only be traversed as p is increased, causing plastic 

volumetric strains (Figure 3.6.3). When p is decreased, 

an overconsolidated or κ Iine is traversed. It is 

assumed that the K lines are parallel for all precon

solidation pressures and that only elastic volumetric 

strains are caused by movement along them. Movement 

from one κ Iine to another is only possible by way of 

the normally consolidated line.

3.7 THE CAM-CLAY MODEL

The Cam-clay model of soil behaviour has been developed 

by various workers at Cambridge University from classical 

plasticity theory and experimentally observed critical 

state response. This model has so far only been 

developed to model the behaviour of normally consolidated 

and lightly overconsolidated materials. The material 

constants required for this model can all be found from 

standard laboratory tests.

Several assumptions are made in the use of Cam-clay 

theory:

1. Changes in void ratio occurring frommovementalong 

the κ lines (Figure 3.6.3) are completely recoverable 

so that each κ Iine defines an 'elastic wall' in

q, p, e space.

2. There is no recoverable shear strain.
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3. The strain increment vector is normal to the yield 

surface.

A flow rule for the Cam-clay model is developed from 

energy considerations. It is assumed that all work done 

in plastically deforming the soil is dissipated inter

nally as friction.

P _q d εt + p d v Mp d εp (3.7.1)

where d ep is an increment in plastic shear st.tain

d υp is an increment in plastic volumetric strain

The flow rule is given by equation (3.7.2)

d vt

d ε^
= M - η (3.7.2)

where η = 3

Assumption 3 now enables the shape of the yield surface

(undrained stress path) to be found.

da d εp
= -1<3p

yield locus
d υp

Therefore

η = M In U- (3.7.3)

From the definition of κ the recoverable change in void 

ratio is given as

de d£ (3.7.4)

Volumetric strain

dv =
1 + e

(3.7.5)
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Therefore recoverable volumetric strain is

d υr κ dp 
1 + e p

(3.7.6)

By considering an increment of stress in the q, p plane, 

the previous assumptions and critical state concepts, 

equations can be developed for the plastic volumetric 

and shear strains.

d v P (λ - κ) dp dη 
(1 + e) p M (3.7.7a)

d
(λ - κ) dp dη

(1 + e) (M - η) p M (3.7.7b)

Hence only three soil constants are required to

define the two plastic strain components and the elastic 

strain component. However the predicted undrained 

stress path is flatter than that found experimentally 

for most normally consolidated soils, especially at 

small values of q. Modified versions of the Cam-clay
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model have therefore been developed. These use a 

different expression for the dissipation of energy and 

predict strains closer to those found experimentally.

From the definitions of p and q (equations 3.1.5 and 

3.1.6) the drained or total stress path defines a Iine 

with a gradient of 3 in the q, p plane. The pore 

pressures developed during loading can be found from 

the difference in p, at a constant q, between the drained 

and undrained stress paths (Figure 3.6.1).

3.8 THE ENDOCHRONIC APPROACH

Endochronic theory uses the concept of intrinsic time 

to define the sequence of events leading to the stress 

state of a non-linear material. This approach does not 

require the identification of a yield surface or a 

definition of loading and unloading (Ko and Sture, 1981). 

For soils an increment in intrinsic time can be defined

as

(3.8.1)

where z is intrinsic time

z^ is a material constant

and d ς is a parameter which represents the accumulation 

of microstructural changes as deformations develop.

This is a function of the current stress state, σ, strain 

state, ε, and the cumulative value of ς, which takes into 

account the stress history

d ζ = F(e, σ, ζ) d ξ (3.8.2)

d ξ is the increment in the strain path.

(3.8.3)

Increments in deviationic strain are expressed as
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d e. . = d e .
1J i]

+ d e⅛
i]

2G
JJ- i]

2G dz (3.8.4)

d s.

where s^j is the stress deviator

G is the shear modulus at the given stress level

Volumetric strains are found by a similar procedure

d ev = d eθ + d eP

d σ ,
= ^ + d λ

(3.8.5)

where d σ' is an increment in volumetric effective stress

K is bulk modulus

d λ is a densification - dilatancy measure

d λ = L(e, σ, λ)d ξ

The semi-empirical functions F and L can be found from 

the results of simple stress-strain tests or may be 

found from correlations with the index properties of 

some soils.

This method of modelling the stress-strain response of 

soils has not been widely used.

3-9 METHODS OF PREDICTING PORE PRESSURE GENERATION

There is a variety of methods of predicting the amount 

of pore pressure generated by saturated soils subjected 

to dynamic loading. These methods are either used in 

conjunction with a total stress analysis or the pore 

pressures are calculated as part of an effective stress 

analysis. Fairly extensive Iaboratory testing programmes 

are needed to define the pore pressure generation 

parameters used by these methods.
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Probabalistic methods can be used to predict whether or 

not liquefaction will occur when a given soil deposit 

is subjected to a given earthquake. No intermediate 

stages of pore pressure generation can be predicted.

Λs probabalistic methods are often used in practice 

a brief discussion is included in section 3.9.5.

3.9.1 Eguivalent Cycle Method

The method of approximating an irregular shear stress

history by an equivalent number of uniform sinusoidal

cycles of shear stress, is a purely empirical approach

Seed, Idriss, Makdisi and Banerjee (1975) put forward

the concept that a number of uniform stress cycles at

stress level, τ, , would generate the same amount of 
αV

pore pressure as an irregular cyclic shear stress

history. Seed et al propose a value of τgv equal to

0.65 τ , where τ is the maximum shear stress in 
max' max

the irregular history.

Experimental relationships between the cyclic stress 

ratio, τav∕σθ' an<3 the number of cycles required to 

cause liquefaction (Nτ) in a given material, imply
JJ

that Njj^ cycles at stress level τ^ are equivalent to 

N0q cycles at τgv (Figure 3.9.1). Hence to determine 

the number of uniform cycles producing the same pore 

pressure response as an irregular history, equation

3.9.1 is used.

N
eq

N.
rA- N - 
wLi ref

(3.9.1)Σ
i

where Nj is the number of cycles of stress level τ^ 

occurring in the irregular time history.

Once the equivalent number of uniform cycles for an 

earthquake time history is known, the pore pressure 

response at any time during the earthquake can be 

estimated from an experimental relationship between
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the number of loading cycles and the generated pore 

pressure at a given cyclic stress (Figure 2.5.1). The 

amount of pore pressure generated is usually expressed 

as a pore pressure ratio, u∕σθ in these relationships. 

The assumptions made in the use of this ratio may not 

be completely valid for some materials (section 2.5.3).

The pore pressure generation model used in the computer 

program described in Chapter 5 is based on this 

approach.

3.9.2 The Martin, Finn and Seed Model

The Martin, Finn and Seed model (Martin, Finn and Seed, 

1975) of the pore pressure response of sand subjected 

to dynamic loading, is based on the volumetric strain 

potential of the fluid-sand system.

Cyclic strain-controlled tests of dry sand in a simple 

shear apparatus show that for a given density, number 

of cycles and cyclic shear strain amplitude, volumetric 

shear strains are independent of the vertical stress. 

Therefore volumetric strains occurring during cyclic 

loading are dependent on shear strain amplitude, and 

not shear stress amplitude.
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To satisfy volumetric compatibi|ity during undrained 

loading, the change in volume of the voids must equal 

the net change in volume of the sand structure. The 

change in volume of the sand structure consists of a 

component due to slip at the grain contacts and one due 

to elastic rebound at the grain contacts due to an 

increase in pore water pressure.

∆u n
∈

K
w

∆u

n
e

Kw
Δ e

∆u
vd * g (3.9.2)

vd

change in pore water pressure

porosity of the sample

bulk modulus of water

volumetric strain due to slip

tangent modulus of the one dimensional 

unloading curve of dry sand at a point 

corresponding to the initial vertical 

effective stress

Δ ε

If water is assumed incompressible compared to the 

soil skeleton equation (3.9.3) can be found

∆u = Er Δ εvd (3.9.3)

As volumetric strains have been found to be independent

of vertical stress, the theory assumes that if a

saturated sand sample, at an initial vertical effective

stress σ' , has a recoverable volumetric strain ε, 
vo vro

liquefaction will occur under an applied cyclic strain 

history that produces the same volumetric strain under 

drained conditions.

It is necessary to calculate the volumetric strain 

resulting from an irregular shear strain history when 

equation (3.9.3) is used to predict the pore pressures 

generated by earthquake loading. Hence the volumetric
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Figure 3.9.2 : Volumetrie strain curves for constant cyclic
shear strain amplitude tests (after Martin 
et al, 2 975)
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Figure 3. 9. 3
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Incremental volumetric strain curves 
(after Martin et al, 1975)



81

strains produced by cyclic strain controlled tests on 

sand samples (Figure 3.9.2), are expressed as increments 

in volumetric strain produced by one cycle at a given 

shear strain amplitude and initial volumetric strain 

(Figure 3.9.3). An analytical function is fitted to 

the curves in Figure 3.9.3.

c3 evd
4εvd = c1<γ-c2εva>+--------------- --— <3∙9∙4>

* + C4 εvd

where C^ is the slope of the εvfj = 0 Iine

C2, C^, C4 are constants found by solving the 

simultaneous equations produced by substituting 

three different (e^, γ) pairs in the equation

Figure 3.9.3 shows that further small amplitude cyclic 

strains produce negligible increase in volumetric 

strain once large volumetric strains have occurred.

Hence when the equivalent cycle method is used, ideally 

some weighting factor should be used to take into 

account the relative positions of the different magnitude 

cycles.

A series of unloading tests on sand samples is necessary 

to be able to define a relationship between the 

rebound modulus Er and vertical effective stress. It 

has been found that the rebound modulus measured under 

static conditions is higher than that measured under 

dynamic conditions (Finn, 1981). Compliance in the 

test system causes overestimation of liquefaction 

resistance, therefore special care is required during 

testing.

This model was developed from simple shear data, hence 

it should only be used in the analysis of dynamic loading 

problems which can be approximated by simple shear 

conditions.
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3.9.3 Endochronic Analysis of Liquefaction Data

The concept of intrinsic time can be used to define the 

sequence of events leading to a state of pore pressure 

in a similar manner as it is used to define a stress 

state (section 3.8).

The pore pressure data from stress or strain controlled 

cyclic loading tests on saturated sands is represented 

as a monotonically increasing function of a single 

variable, called a damage parameter (Finn and Bhatia, 

1981). This parameter allows the direct use of 

experimental data to predict the pore water pressures 

generated by dynamic stress or strain histories in the 

field,without the use of equivalent cycles.

The monotonically increasing parameter, ξ, the length 

of the strain path, is used to describe the strain 

history of a sample. An increment in the length of 

the strain path is given by equation (3.8.3).

Hence the relationship between pore pressure response 

and the number of cycles at a given strain in a strain- 

controlled simple shear test can be expressed as:

vo

where σ' = initial vertical effective stress 
vo

To be able to relate pore pressure response directly to 

an irregular strain history, the explicit dependence 

on shear strain (γ) must be removed. The single 

variable, κ, is defined as including all the parameters 

describing the strain history. This is termed the 

damage parameter, as the effect of a strain history is 

to induce pore water pressure and reduce the resistance 

to deformation. For a given value of u∕σ^fo, κ^ is 

defined as
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κ1 = T ξχ = T ξ2 (3.9.6)

for all (γ1, ξχ) and (γ2, ξ2)

where T = e^ ^ (3.9.7)

From equations (3.9.6) 

be found

λ
ln<S2∕ψ 

(γχ - γ2)

and (3.9.7), equation(3 9.8) can

(3.9.8)

The existence of a unique pore water pressure function 

G(κ) requires a unique value of λ for a given sand at 
a given relative density. The*mean value of λ for 

many (γ, ξ) pairs, from tests on Ottawa sand (c - 109), 

was found to be 4.99.

κ
4.9 9γ 

e ' (3.9.9)

As no unique value of λ exists, the valuesofκ obtained 

define a narrow band. For the Ottawa sand example 

the function G(κ) is approximated by

κ(Dκ + C) 
(Aκ + B) (3.9.10)

where A = 79.42

C = 93.58

0.93

71.86

B

D

(Figure 3.9.4)

The same procedure can be used to determine G(κ) from 

stress controlled cyclic tests, where the ratio of 

cyclic shear stress to initial vertical effective stress 

is used instead of shear strain. This assumes that the 

pore pressure produced in a given number of cycles
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of a given shear stress, is directly proportional to the 

initial vertical effective stress.

Damage parameter (κ)

Figure 3.9.4 : Pore water pressure υs. damage
parameter for Ottawa sand (C - 109) 
(after Finn and Dhatiai 1981)

The endochronic approach to calculating the generation 

of pore pressures, does not take into account the experi

mentally observed fact that the rate of pore pressure 

generation during unloading, is considerably smaller than 

during loading. However unlike the two previous methods 

the endochronic approach can predict pore pressures 

at intermediate stages of each cycle.

3.9.4 The Stress Path Model

Ishihara and Towhata (1980) use an effective stress path 

method for one dimensional response analysis of horizontal 

soil deposits during earthquakes. This was developed 

specifically to calculate pore pressure generation.

Some simplifying assumptions about the behaviour of 

sands under Ioad are made in the prediction of the 

effective stress paths used in this method. Ishihara
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and Towhata assume that the initial loading stress path 

has a parabolic shape.

B'
σv = m - jF τ2 (3.9.X1)

where B^ is a soil constant representing the charac

teristics of pore water pressure build up

m is a parameter for locating the current 

parabolic stress path at each time step, 

equal to the point where the stress path 

crosses the σ^ axis

Figure 3.9.5 shows'the stress path of a soil sample 

subjected to an irregular shear stress history. The 

yield locus is pushed up as shear stress increases. 

The stress path inside the outermost yield locus is 

given by equation (3.9.12)

Δ a' 
v

_r____τm
x_ _

σ, cF, σ' κ
vo vo VO

Δ τ (3.9.12)

or Δ σ, = O 
v

for σ' > κ σ' 
v — v

for σ' < κ σ' 
v v

where B^ is a constant representing the pore water pres

sure generation characteristics during the unloading 

and reloading phases and Figure 3.9.6 defines the

remaining parameters. The constants B' and B1 can be 
3 t p u

found from stress-controlled cyclic triaxial tests.

κ is introduced to account for the fact that there

exists a minimum cyclic stress ratio, τ∕σ, below which 
j vo

liquefaction does not occur (section 2.5.2). The value 

of κ is found experimentally.
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Figure 3.9. 5

a. shear stress time history

and Towhata, 1980)Stress path model (after Ishihara
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Figure 3.9.6 : Change in stress path during
unloading (after Isihara and 
Towhata3 1980)

It is assumed that the stress paths above and below 

the zero shear stress Iine act independently hence the 

loading increments from 11 to 12 and 17 to 18 in 

Figure 3.9.5 are considered to be initial loading 

increments even though higher shear stresses have 

occurred in the positive direction. The phase trans

formation line, is assumed to represent the onset of 

liquefaction and an abrupt change in the direction of 

the stress path. At shear stresses above the phase 

transformation Iine loading paths are taken as hyper

bolic in shape (equation 3.9.13) and unloading paths 

as straight lines tangential to the loading path at the 

point of stress reversal.
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2
T

m m tan φ^
1.0 (3.9.13)

where φ£ is the internal angle of friction of the sand 

at Iow confining pressures

It was found from triaxial and simple shear tests that 

the angle of the phase transformation Iine could be 

approximated by

I tan ⅛
(3.9.14)

As the shear stress applied to a soil deposit is multi

directional, Ishihara and Towhata consider that when 

the shear stress is reduced to zero in one direction 

near the incidence of initial liquefaction, there will 

be some component of shear stress in the direction 

perpendicular to it. At this stage the sand will be 

in the range of strains at which it tends to dilate, 

thus complete liquefaction is prevented. In dynamic 

analyses Isihara and Towhata therefore prevent σ, from 

dropping below 0.03 σ^θ.

As an effective stress model, the stress path model does 

not require a two stage approach, such as the equivalent 

cycle method, to predict the reduction in effective 

stress. The predicted pore pressure response is closer 

to that observed, than that of the models described 

previously, as the pore pressures generated in the 

unloading phase are much smaller than those generated 

in the loading phase.

3.9.5 Probabllistic Methods for Prediction of Liquefaction

Probabilistic approaches to estimating liquefaction

potential involve the approximation of two quantities.

These are the available liquefaction resistance of the
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so.il at various depths in the deposit under considera

tion, and the cyclic loading applied at these depths 

by the design earthquake.

A probabilistic method, for the prediction of the

occurrence of liquefaction of level ground subjected to

earthquake loading, put forward by Seed and Idriss (1971)

is commonly used. This method estimates the maximum

shear stress occurring at a given depth in the soil

deposit, from the expected maximum acceleration and

a relationship between maximum shear stress and depth

found from ground response analyses. The average

shear stress is taken equal to 0.65 τ and the number 
max

of equivalent stress cycles is determined from the 

earthquake magnitude. This average shear stress is 

then compared to that required to cause liquefaction 

in the same number of cycles in stress controlled 

cyclic tests, on a material with the same mean grain 

diameter. Alternatively a comparison could be made 

with soils which have undergone liquefaction in the 

field. If the calculated average shear stress is 

greater than that known to cause liquefaction, it is 

considered likely that liquefaction will occur as a 

result of the design earthquake.

A simpler method of estimating Iiquefaction potential 

is carried out using a relationship between standard 

penetration resistance, relative density and effective 

overburden pressure. The data from penetration 

resistance tests carried out on insitu deposits of sand, 

which have or have not liquefied during an earthquake, 

is used to define three zones of liquefaction potential 

on a plot of standard penetration resistance versus 

depth. These plots vary with maximum ground accelera

tion. Whether or not liquefaction occurs in the zone 

of average penetration resistance depends on the soil



90

type and the earthquake magnitude. Liquefaction is 

considered very likely in the zone of Iow penetration 

resistance and very unlikely in the zone of high 

penetration resistance.

The accuracy of the observed peak accelerations and 

shear stresses used in the development of this method 

varies from one recorded observation to the next. Also 

there are difficulties in ensuring that the standard 

penetration tests carried out are truly standard.

Hence this approach should only be used to indicate 

if there is a need for further investigation.

Methods using other statistical procedures to analyse 

the available field Iiquefaotion data have been 

developed. However as these methods only predict 

the possibility of Iiquefactionz and do not model the 

intermediate stages of pore pressure generation, no 

further discussion will be undertaken.

3.10 SUMMARY

Various mathematical models of the stress-strain response 

of soils have been developed. A few of these models 

have been discussed in this chapter. The simplest 

models, such as the linear and hyperholic, only model 

the shear stress-strain behaviour of soils. Linear 

models require an iterative procedure to obtain strain 

compatible results. Multi-Iinear models or truly 

non linear models, such as the hyperbolic and Ramberg- 

Osgood, give a better approximation to the observed 

stress-strain response and damping characteristics.

When only very basic material parameters are known, the 

shear stress-strain relationship can be approximated 

to the average relationships found experimentally by 

Seed and Idriss. These models only define the initial 

loading curve, but can be extended to model cyclic 

loading by the use of several simple criteria. None
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of these models is capable of modelling the peaked shear 

stress-strain response of dense sands or overconsolidated 

clays. A degenerative element can be incorporated 

in the Iwan multi-linear model to produce the 'S, 

shaped dynamic response curves found experimentally.

Plasticity theory can be used to model the three

dimensional stress-strain state of soils. The three 

major constituents of classical plasticity theory, the 

yield surface, the flow rule and the work-hardening 

rule, can be refined to provide soil models of varying 

complexity. The model of Mroz, Norris and Zienkiewicz 

can take into account both stress and material 

anisotropies, and can be refined to model peaked shear 

stress-strain response. By relating shear stresses to 

volumetric strain, Lade and Duncan's model can predict 

dilatant behaviour.

The concepts of critical state soil mechanics have been 

developed as a means of tying together the experimen

tally observed three dimensional stress-strain behaviour 

of soils. These concepts and plasticity theory have 

been combined in the Cam-clay model. A different 

approach is that of endochronic theory. This introduces 

the concept of intrinsic time as a means of taking into 

account the stress history of a soil. This approach 

does not require a specific yield criterion and does 

not formally differentiate between loading and 

unloading.

The soil model described in Chapter 5 is a relatively 

simple one, based on plasticity theory. The parameters 

defining the nested yield surfaces used in this model 

are found from a one dimensional shear stress-strain 

model. Some of the concepts of critical state soil 

mechanics are used to predict the volumetric stress- 

strain behaviour.
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The amount of pore pressure generated during the 

dynamic loading of saturated soils can be calculated by 

the use of an effective stress soil model, or as a 

second stage to a total stress analysis. The equivalent 

cycle method converts an irregular shear stress history 

into a number of uniform sinusoidal shear stress 

cycles. Pore pressure generation relationships found 

from stress-controlled cyclic tests are then used to 

calculate the amount of pore pressure generated.

Fairly extensive laboratory test programmes are also 

required to predict the complete stress state using the 

Martin, Finn and Seed model, the stress path model of 

Ishihara and Towhata and the endochronic approach.

The stress path model is capable of predicting pore 

pressures continuously during loading and unloading, 

whereas the equivalent cycle method and the Martin,

Finn and Seed model can predict pore pressures every 

half loading cycle only.

Probabilistic approaches to the problem of liquefaction 

can only estimate the likelihood of liquefaction and 

cannot predict intermediate stages of pore pressure 

generation.

The pore pressure generation model used in the computer 

program described in Chapter 5 uses the equivalent 

cycle approach. The yield surface parameters of the 

stress strain model are changed in accordance with 

the increase in pore pressure.

A discussion of various methods of analysing dynamic 

loading problems is undertaken in Chapter 4. Some of 

the soil and pore pressure generation models discussed 

in previous sections are incorporated in these 

methods of analysis.
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Chapter 4

Methods of Dynamic Analysis

4.1 INTRODUCTION

The prediction and analysis of the behaviour of soils 

subjected tostatic Otdynamic loads, whether in a natural 

or disturbed state, is the aim of soil mechanics.

Various mathematical models have been developed to define 

the stress-strain response of soil, as discussed in 

Chapter 3. The values of the variables used in these 

models are chosen for a particular soil. In a soil 

structure, either natural or man-made, the stress 

conditions and perhaps the type of soil, change from 

point to point. Hence some method of predicting the 

static or dynamic behaviour of the structure as a whole 

is required. This is usually carried out by defining 

the soil properties at distinct points in a structure 

and using the basic Iaws of force and mass equilibrium 

to take into account the inter-relationships among the 

loading responses at these points.

Large, horizontally layered deposits of soils subjected 

to earthquake excitation are usually modelled in a one 

dimensional manner. The deposit is divided into a 

number of layers suitable for the solution routine, and 

the displacements of each layer found from force equi

librium considerations. Various mathematical solution 

routines and soil models are used.

If the boundaries of the soil structure are other than 

purely horizontal, a two or three dimensional analysis
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procedure is required. Elastic solutions of the

problem of earthquake loading of soil structures have 

shown that three dimensional structures can be modelled 

by two dimensional analyses, with reasonable accuracy, 

if the length-height ratio is of the order of four to 

six or higher. Using a two dimensional modelof a 

three dimensional structure assumes plane strain 

conditions.

The simplest method of estimating whether a two

dimensional structure can withstand an earthquake without 

failure conditions developing, is to use a pseudo-static 

approach. This approach approximates the earthquake 

loading by a horizontal acceleration acting on the 

mass above some chosen slip surface, on which a standard 

slope stability analysis is carried out. An

alternative approach which models the structure as a 

series of infinitely thin horizontal slices inter

connected by shear springs and subject only to horizontal 

shear stress and displacements, is essentially a one 

dimensional analysis.

Methods which divide the soil structure into a mesh of 

elements, such as a finite element analysis with an 

equivalent linear soil model, or Joyner's finite 

difference approach, with an elasto-plastic soil model, 

produce true two dimensional response analyses. The 

results of various analyses have been compiled by 

Makdisi and Seed (1978) to produce a simplified method 

of estimating the deformations in a dam subjected to 

horizontal earthquake accelerations.

A pseudo-static approach, which takes into account the 

third dimension, can be used to predict slope failures 

when a two dimensional approximation is unreasonable.

The structure can also be divided into a three dimensional 

mesh of elements and the two dimensional methods of
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analysis, extended to three.

In analysing the dynamic response of a system it is 

necessary to define some boundary to the region of 

interest. During the dynamic excitation of the system 

the position and type of this boundary will affect the 

response obtained. This is discussed in section 4.5.

The response of the system is also dependent on the 

phase difference of the motion at each boundary point.

When analysing the earthquake response of a dam it 

must be realised that the dam is only one of three 

components of the system subject to earthquake excitation 

As well as the dam, there is the surrounding country 

and the water in the reservoir. The response of any 

one of these components is interrelated with the response 

of the remaining two. The dynamic pressures set up in 

the reservoir may either reduce or increase the displace

ments of the dam. It is therefore advisable to have 

some knowledge of the magnitude of these hydro-dynamic 

pressures. This is discussed in section 4.7.

4.2 ONE DIMENSIONAL RESPONSE AHALYSES

Various methods have been developed for estimating the 

response of horizontally layered soil deposits to 

earthquake excitation. These methods assume that the 

deposit extends to infinity in both horizontal 

directions and therefore the response to vertically 

propagating shear waves is one dimensional in nature.

This assumption is discussed in section 5.12 where a 

comparison between a one dimensional analysis and a 

two dimensional analysis of the same problem is made.

The main difference in the various one dimensional 

methods is the way in which the soil stress-strain 

relationship is modelled.
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4.2.1 Equlvalent Linear Response Analysis

Schnabel, Lysmer and Seed (1972) developed a computer 

program to solve the problem of one dimensional site 

response using an equivalent linear soil model (SHAKE). 

The soil deposit is divided into homogenous, isotropic 

layers which are assigned a value of elastic shear 

modulus and damping factor. The wave equation, 

equation (4.2.1) is solved using fast Fourier transforms, 

where the accelerations of a seismic record, digitised 

at equal time steps, are represented by a finite sum 

of harmonic motions.

32u „32u , 32u
p-------- = G-------- + η---------------
St2 3z2 Sz2 3t

where p = a mass density

u = horizontal displacement 

z = depth

G = shear modulus 

t = time

η = soil viscosity

(4.2.1)

The base rock is treated as an elastic material. The 

proportion of waves reflected and refracted off the 

base are dependent on the frequency distribution of the 

input motion relative to the resonant frequencies of the 

deposit. After an initial solution to the problem is 

found the average shear strain in each sublayer is cal

culated. On the basis of experimental results, this 

is usually taken as 0.65 of the maximum strain. Values 

of shear modulus and damping factor appropriate to this 

strain are then substituted into the formulation and a 

new solution found. An iteration procedure is carried 

out until the difference in strains between iterations 

is within some acceptable tolerance. The shear stress 

time histories generated can be approximated by an equiva
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Ient number of uniform cycles and the pore pressures 

generated estimated from laboratory tests carried out 

at the same initial effective stress conditions.

This method of solution has the drawback that on the 

cessation of loading no permanent strains exist, because 

of the linear soil model. Also If the predominant 

period of the input motion corresponds to that of the 

soil deposit for given values of modulus and damping, 

the resonance which occurs may be stronger than if a 

true non-linear soil model was used. Comparisons 

of this method of analysis with those using a truly 

non linear soil mo⅛el show that this method generally 

produces higher amplifications of the base motion, 

(FinnfMartin and Lee, 1978).

Transfer functions which relate the accelerations at 

any position in the deposit to any other position, are 

formulated as part of the solution procedure. Hence 

the total response of the deposit can be estimated if 

the acceleration history at any point Is known. This 

is useful in determining the base rock motion from the 

motion recorded on a soil deposit.

4.2.2 Finn, Lee and Martin Effective Stress Method

Finn, Lee and Martin (1977) use a hyperbolic stress- 

strain relationship, incorporating Masing's criteria, 

to model the stress-strain response of horizontally 

layered saturated sand deposits. The Martin, Finn and 

Seed model of pore pressure generation (section 3.9.2) 

is incorporated and the maximum shear modulus and shear 

strength defining the stress strain curve are modified 

accordingly.

G.'mt G,mo
1 + (4.2.2)

τmt τmo (4.2.3)
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where the subscript o refers to the initial values 

ε tj is the total volumetric strain 

H1, H2, H3, H4 are experimental constants

As it is experimentally observed that, most volumetric 

changes, in dry sands and increases in pore water pressure 

in undrained saturated sands occur in the loading phase 

of each stress cycle, these modifications to the soil 

properties are only made during the loading phases.

Equation (3.9.3) gives the increment in pore pressure 

associated with an increment in volumetric strain

∆u = E ∆ε .
r vd

(3.9.3)

where Eχ. is the one dimensional rebound modulus of 

sand, also related to the effective stress

Er

(σ∙)1 m 
V

ra κ2<‰>'1
(4.2.4)

where K2, m and n are experimental constants

At the same time as pore pressure is being generated, it 

is redistributed from regions of high pressure into 

regions of lower pressure. The distribution of pore 

water pressure is therefore given by equation (4.2.5)

3u = p J_fjL 2«) + p 3 εvd 

3t r 3z[γw 3zJ r 3t (4.2.5)

where u = pore water pressure 

k = permeability 

γw = unit weight of water

The horizontal deposit is divided into homogeneous 

layers whose mass is lumped at the upper and lower
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interfaces. These masses are connected by non linear 

springs with chosen stress-strain properties. The 

system of differential equations to be solved is given 

by equation (4.2.6), assuming there is no viscous 

damping mechanism.

(MJ {x} + [K] {x} = - [M] y (t) (4.2.6)

where [MJ is a diagonal mass matrix

[K] non linear stiffness matrix

x, x displacement and acceleration

y (t) the earthquake acceleration acting on the

base at time t

The individual layer stiffnesses are given by

ki
_ Gi τ . 

i
f(γi)

hi hi H iV?

Gi = layer shear modulus

hi = layer thickness

γi = layer shear strain

τi = layer shear stress

Xt has been observed in the field that due to the 

redistribution of pore water pressures liquefaction can 

occur some time after the earthquake has ceased.

The dynamic solution procedure is therefore continued 

after the earthquake has ceased, with the pore pressure 

generation component of equation (4.2.5) being

zero.

This method of analysis shows that the redistribution of 

pore water pressure that takes place during the earth

quake decreases the liquefaction potential at lower 

levels, but increases the potential for liquefaction near 

the surface where initial effective stresses are lower.
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4.2.3 Solution Using the Method of Characteristics

Liou, Streeter and Richart (1977) proposed a model, 

based on the work of Streeter, Wylie and Richart (1974), 

for the dynamic response of horizontally layered deposits 

in which soil is treated as a two phase medium. These 

two phases are the structural skeleton and water. The 

earthquake induced motion is solved using two sub-models. 

A shear wave sub-model is used to account for the 

component of earthquake induced motion parallel to the 

base rock and a pressure wave sub-model accounts for the 

component perpendicular to the base rock. A coupling 

between the two sub-models is provided by the dependence 

of soil properties on shear strain amplitude and effec

tive stress.

Ramberg-Osgood relationships are used to model the 

stress-strain response in the shear wave sub-model.

These relationships, presented in section 3.3.3, are 

modified to enable initial shear strength to be adjusted 

as the vertical effective stress changes.

For initial loading

' R-I1

1 + α τ
T τm<σz> (4.2.7a)

and for unloading and reloading

2C, τm(σ,)
1 m z

R-I

(4.2.7b)+ a

where τ1 and γ^ represent the coordinates of the most 

recent stress reversal point

α, C^ and R establish the shape and position of the 

modified Ramberg-Osgood curve

If G is taken as the tangent shear modulus
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∆τ = G ∆γ

and by considering the shearing mechanism illustrated in 

Figure 4.2.1, equation (4.2.8) can be derived

3τ = 32u
3t v' 3z 3t

where u = horizontal displacement

z = depth below the ground surface

The equation of motion, in the x direction of 

system is

(4.2.8)

this

(4.2.9)

using theA solution to these equations can be obtained 

method of characteristics. This involves using a finite 

difference approximation to find the change in shear
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stress with time, combining equations (4.2.8) and (4.2.9), 

and collecting the partial derivative terms to form total 

derivatives multiplied by an unknown variable. By 

solving the total derivatives for the unknown variable 

it is found that the variable is equal to the shear 

wave velocity in the soil, V3. Figure 4.2.2 illustrates 

the solution routine for the method of characteristics 

applied to a horizontally layered deposit.

Figure 4.2.2 : z-t Diagram for 4 Soil Layers
(after Streeter, Uylie and
Riehart, 1974)

The characteristics C+, C are given by equations (4.2.10) 

and (4.2.11) (Streeter, Wylie and Richart, 1974).

pυs(vp - VR) 0 (4.2.10)



103

C τp - τs + pυs(Vp - Vs) = 0 (4.2.11)

where points P, R, 

and V is the

and S are shown in Figure 4.2.2 

velocity at the specified point

In each sub-layer, ∆z, the value of υg is found from the 

appropriate value of G, at the average shear stress of 

the two nodes bounding the sub-layer. To solve 

equations(4.2.10) and (4.2.11) it is first necessary to 

define the velocities and shear stresses at points R

and S using interpolation.

VR = VC -
∆t , , , ∆z2 tυs½ (VC - VA> (4.2.12)

τR = τC ’ ΔzJ ,υs½ <τc - τA> (4.2.13)

vs = vc -
^ <%>3

tvc - ⅞> (4.2.14)

τs = τc
< %>3

<τc - τB> (4.2.15)

The material properties are assumed constant at each 

time step. The slope of the characteristics decreases 

as shear modulus decreases. Earthquake excitation is 

applied through the input velocity of the base node.

The pore pressure sub-model considers the movement of 

water in a porous soil and the variations in the pore 

pressures produced by the dynamic motions of the soil 

mass. By considering the equation of motion of a satu

rated soil, the equation describing the motion of the 

pore water relative to the soil skeleton and the constrained 

Voltmetric stress-strain relationships for saturated soils, 

four equations governing the propagation of plane pressure 

waves in saturated deposits can be developed (Liou,

Streeter and Richart, 1977). The method of characteris-
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tics is used to solve these equations at each time step, 

As volumetric disturbances in saturated soils travel 

much faster than shear disturbances, a number of time 

steps in the pressure wave sub-model are required for 

each time step in the shear wave sub-model.

The solution procedure of the method of characteristics 

creates mathematical damping as non linear materials 

are subject to increasing strain (Larkin, 1976). If 

non linear behaviour was taken into account in each time 

step the characteristic lines in Figure 4.2.2 would not 

be straight. This mathematical damping reduces the 

amplification of the earthquake excitation at the high 

frequency end of the spectrum (above approximately 5 Hz) 

and attenuates the dynamic response of the system. 

However the method of characteristics is still a valid 

solution procedure as there is generally only a small 

amount of energy contained in these high frequencies.

4.2.4 The Cubic Inertia Method

Martin (P.P. 1975) proposed another method, which is 

incorporated in the program, MASH, to solve the dynamic 

response of a deposit of horizontal soil layers. The 

deposit is divided into a string of one-dimensional 

constant strain elements. The soil can be modelled 

as either a visco-elastic or a non linear material and 

the equations of motion solved by a cubic inertia method 

This method assumes that the relative inertia force, 

given by equation (4.2.16), varies as a cubic function 

of time, within each time step of integration.

R = Mu (4.2.16)

where M is the mass lumped at the point of interest 

ii is the acceleration
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The value of R at any time within the time step, is 

found from its value at the beginning and the end of 

the time step and the first derivative of time at both 

ends of the time step.

Equation (4.2.17) gives the equation of motion at level 

i in the soil profile at a given time.

Mi U. = - Mi ub (4.2.17)+ τ .

where τi is the stress in element i, just below level i

τii is the stress in element i-1, just above level i 

ui is the base acceleration

A value of R at the end of the time step is estimated 

from equation (4.2.18).

{Rχ} = {R}θ + ∆t {R}θ (4.2.18)

Equation (4.2.16) is solved to find the new displacements 

and strains. A new value of τ is then found using the 

increment in strain and the value of G at the beginning 

of the time step. Equation (4.2.17) is then used to 

find a new value of Ri and an iteration procedure 

carried out until the difference between two successive 

values of Ri Iies within some defined tolerance.

Comparisons of the results of this method of analysis 

with those of the equivalent linear method, show that 

the response spectra of this non-linear method are flatter 

than those of the equivalent linear method. At high 

levels of seismic excitation the non-linear analysis 

was found to produce an erratic distribution of maximum 

accelerations. It was thought that this was due to 

the presence of high frequency oscillations which 

originated at the first loading reversal under large 

strain. The incorporation of viscosity into the program
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was not used as this was found to change appreciably 

the non-linear character of the response. Instead 

a mathematical filter was used to remove these high 

frequency components.

This program can be run in conjunction with that called

APOLLO, to assess the potential for liquefaction within

the deposit (Martin, P.P. 1975). The shear stress time

histories produced at each layer by the program MASH,

are converted into a number of equivalent cycles at

an average shear stress (section 3.9.1). The number

of cycles, at this value of shear stress, which cause

liquefaction is found for each layer from experimental

results. By assuming an equal increment in thecycle

ratio, M∕Nτ, at each time step a value of pore pressure 
L

can be found from an experimentally determined pore 

pressure ratio (u∕σ^θ), cycle ratio relationship 

(i.e. equation (2.5.1)). These pore pressure time his

tories are used to generate shear modulus time histories, 

by relating shear modulus to the effective confining 

stress. The program MASH can then be re-run with the 

shear modulus at each level updated at each time step.

In calculating the pore pressures, allowance is made 

for the redistribution of pore pressures.

Su _ _ 32u ∑L
3t - Cv az2 3t (4.2.19)

where u is 
s

cV is

the generated pore pressure 

the coefficient of consolidation

Allowance is also made for the rise in the water level 

and the change in the coefficient of consolidation during 

the earthquake.
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It is found experimentally that the majority of the 

increment in pore pressure during a shear stress cycle is 

generated during the loading portion of the cycle.

The assumption of steadily increasing pore pressures, 

made by Martin, is therefore not accurate. A similar 

method where pore pressures are predicted every half 

cycle is used in the program described in Chapter 5.

4.2.5 Use of an Elasto-Plastic Soil Model

Larkin (1975) uses elasto-plastic (Iwan) elements, 

(Section 3.3.5) to model the stress strain behaviour of 

the soil. Again the horizontal soil layers are 

approximated by a series of lumped masses interconnected 

by shear springs that resist deformation in the lateral 

direction. A solution to the equation of motion is 

found using Newmark's method. This relies upon the 

prediction and correction of the relative acceleration 

of each mass. The appropriate equation of motion is 

given by equation (4.2.20).

or

where

Mi(Si + 7, + Ft* (i) ^ Ft(i_1) = 

- Ft(i) + Ffc(i-1)

0

y is the base acceleration

x. is the acceleration of mass M.
i i

the base

Ffc(i) is the force on the ith shear 

time t

(4.2.20)

relative to

spring at

The velocity and displacement of each mass is estimated 

assuming a linear variation in acceleration with time. 

Shear strain at each level can be found from the 

displacements and the shear stress found by summing the 

forces in each elasto-plastic element array. A new
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value of acceleration can then be calculated from equation 

(4.2.20) for comparison with the initial value.

The rate of convergence of the accelerations is dependent 

on the time step interval and the natural period of the 

system. The greater the number of masses into which the 

soil profile is divided, the shorter is the maximum 

permissible time interval. As the stiffness of the 

system changes with strain, so does the natural period 

of the system, with the most critical stability criteria 

occurring when the system is stiffest. Hence the 

shortest time step is required before any of the elasto

plastic elements have yielded and it can be lengthened 

as elements start to yield.

The equations of motion can be solved using a finite 

difference approach instead of a lumped mass approach 

(Larkin 1975). An explicit finite difference scheme 

is used to find solutions at discrete points in space 

and time. An array of elasto-plastic elements is 

again used to model the stress-strain behaviour. 

Equation (4.2.21) gives the equation of motion 

(equation (4.2.9)) in a finite difference form.

•n+1 ∙n 
u. - u.
i i

∆t
'i+⅛

∆z
(4.2.21)

where n is the number of the time point

i is the number of the point of interest at depth

i ∆z

p is the mass density of the adjoining sub-layers. 

If there is a difference in p between the two 

sub-layers, a spatial average is used.

Equation (4.2.22) gives the time derivative of the shear 

strain mid distance between points i and i+1.
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n+1 n 
Y - Y

∆t

• n+1 
ji+l'

∆z

•n+1 
u.

(4.2.22)

At each point in time and space a new value for velocity 

is found from equation (4.2.21). This value is used to 

find a new value of shear strain and the value of shear 

stress for the next time step is determined from the 

elasto-plastic soil model.

The shear stress at the surface is assigned a value of 

zero and the velocity at the base of the layer is defined 

at each time point by the earthquake excitation.

Joyner and Chen (1975) also use an array of Iwan elements 

to model the stress-strain behaviour and a similar 

solution routine to calculate non Iinear ground response.

The effects of degradation on the stress-strain relation

ship can be incorporated in the soil model. Strain 

controlled cyclic tests can be used to find a relation

ship between the amount of energy dissipated in each 

cycle and the amount of degradation, H = f(E). The 

reduction in energy dissipated in each cycle is indicated 

by the reduction in the secant shear modulus.

The function H, is used to modify the parameters of the 

elasto-plastic elements at each time step.

(Mt)i = (M*)i - (Ht)i(Efc)i[(M*)i - 1] (4.2.23)

where M is the multiplication factor

The force and stiffness parameters are modified in the 

same proportion

Rfc = Mfc R* (4.2.24a)

Mfc k* (4.2.24b)
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where R* and k* are the initial force and stiffness 

parameters of an elasto-plastic element

When degradation is accounted for, the spectral response 

values in the high frequency range are reduced.

The use of strain controlled cyclic tests to find the 

degradation function assumes that degradation is 

independent of strain amplitude. As this is not a 

valid assumption (section 2.2.6) another means of 

accounting for degradation is desirable. In saturated 

undrained conditions this can be carried out by 

modifying the soil properties as the pore pressure and 

hence the effective confining stress changes.

Larkin (1975) considered the problem of vertically 

propagating compression waves in a horizontally layered 

deposit. The soil is treated as a single phase medium 

on the assumption that the changes in stress-strain 

response caused by cyclic pore pressures are inherent 

in a soil model developed from the results of

undrained dynamic tests. As it is assumed that the 

energy Ioss due to friction between the solid and fluid 

phases of a soil are minimal, and that no drainage occurs 

during the earthquake, all damping must result from the 

energy absorption of the solid matrix.

A finite difference formulation similar to that used 

for shear wave propagation was developed.

1 3σ 
ρ 3z

3v 
3z

where σ is the normal stress

v is the particle displacement in the z 

ε is the strain in the z direction

3v
3t

SE
3t

(4.2.25)

(4.2.26)

direction
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The incremental change in compressive stress correspon

ding to a strain increment is given by the following 

equation.

∆σ = Ac„ E 
z z

(1- v)
(1 + v)(1 - 2v) (4.2.27)

where E is the tangent modulus appropriate to the stress 

and strain state

v is Poisson's ratio, which is assumed constant and 

near to 0.5 for saturated materials

Poisson's ratio is dependent on many variables but it 

has been found to be almost constant for most materials 

in a dynamic loading situation (Ohsaki and Iwasaki, 1973).

It was found that the high frequency response of a soil 

deposit increases as Poisson's ratio increases. The 

surface motion resulting from vertical excitation may be 

greater or Iess than the input motion, depending on the 

size of the strains involved. At Iow strains the soil 

deposit acts essentially in an elastic manner, thus 

amplifying the input motion. The amplitude of the 

surface motion is reduced when the strains are large 

enough to cause significant amounts of hysteretic damping.

4.2.6 Ishihara and Towhata's Effective Stress Method

Ishihara and Towhata (1980) use a lumped mass approach

to model upward propagating waves in a saturated media.

A hyperbolic stress strain relationship is assumed with

the value of G chanqed at each time step, according to 
max j

the effective confining pressure.

In the horizontal direction no seepage can take place, 

hence it is assumed that the fluid phase is moving 

horizontally together with the solid phase at the same 

velocity. The standard equation of vertical shear wave 

propagation is therefore used (equation (4.2.9)).
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Seepage can occur in the vertical direction due to the 

generation of a hydraulic gradient throughout the depth 

of the deposit. Therefore two independent equations 

of vertical motion are obtained, with the seepage 

velocity termed the velocity of the water relative to 

the soil skeleton. A further equation has to be 

introduced to ensure that there is volumetric

compatibility of the strains in the two phases. It is 

assumed that there is no component of volumetric strain 

due to lateral deformation.

The pore pressures generated by the cyclic shear stresses 

are calculated by the stress path method described in 

section 3.9.4. This amount of pore pressure may not 

be present at any one time, as seepage takes place 

between the layers to reduce pore pressure gradients.

The coefficient of volume compressibility, on which the 

amount of seepage depends, is related in turn to the 

effective confining pressure.

m
v

(4.2.28)

where mv is the coefficient of volume compressibility 

a, b, K2 are experimental constants for a given

sand

As only horizontal excitation is imposed on the soil 

deposit and the base rock is assumed impermeable, there 

are no vertical components of velocity in the soil 

skeleton or the water, at base level. The analysis 

procedure has the capacity to take into account the 

change in water level during the earthquake.

This method of analysis was used to compare the computed 

and measured responses of a sand deposit which liquefied 

during the 1964 Niigata earthquake. The surface
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acceleration time histories produced show similar trends 

to those recorded. The frequency of motion was 

noticeably reduced after a state of liquefaction had been 

induced at a depth of 12 m.

4.3 TWO DIMENSIONAL RESPONSE ANALYSES

Two dimensional response analyses are required for soil 

structures with sloping boundaries, such as an infilled 

valley, aslopeor an embankment. It is assumed that 

these structures extend to infinity in the third dimen

sion so that plane strain conditions apply. The compo

nent of earthquake excitation in this third direction is 

assumed to have negligible effect on the dynamic 

response. These assumptions have limited validity but 

they are made to reduce the complexity of the problem 

(section 4.4).

Some of the two dimensional methods of analyses can be 

used for any two dimensional problem, such as that of 

Joyner (section 4.3.4), however those discussed in the 

following sections are chiefly designed to investigate 

the dynamic behaviour of embankments. There is a large 

range in the complexity of the analysis procedures and the 

soil models used, with the applicability of each method 

dependent on the problem under investigation.

4.3.1 Pseudo-Static Analyses

Pseudo-static methods of analysing the safety of earth 

structures subject to earthquake loading are the 

simplest and have been the most commonly used in the 

past. These methods consist basically of a static 

slope stability analysis, with loading due to an earth

quake approximated by a static horizontal acceleration 

acting on the mass of soil under consideration.

The value of horizontal acceleration used in the 

analysis is dependent on the seismicity of the site, the
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type of foundation and the possible downstream effects 

of failure. Values used for this acceleration are 

commonly between 0.05 g and 0.15 g in the United States 

and 0.12 g to 0.25 g in Japan (Seed and Martin, 1966). 

There is no apparent reason why these values are used. 

The use of acceleration coefficients of this order, with 

the reduced factor of safety allowed during earthquakes, 

means that a dam designed with an adequate static factor 

of safety will not usually be found unstable.

This method does not take into account the brief time 

period over which any one value of acceleration acts. 

Hence the amount of deformation that takes place 

cannot be found and a factor of safety below one, 

constitutes a failure. If the maximum horizontal 

acceleration occurring during an earthquake is taken 

as the static horizontal acceleration, an extremely 

conservative design would result.

Newmark1S method takes into account the acceleration 

time history of a design earthquake and defines failure 

as some maximum allowable displacement. This method 

assumes the soil has rigid-plastic properties. The 

acceleration required to cause sliding in a given block 

of material is found and the portion of the acceleration 

time history above this yield acceleration integrated 

to estimate deformation from energy considerations.

This assumes deformation stops when the inertia forces 

are reversed. This yield acceleration may act on an 

angle to the horizontal to take into account vertical 

accelerations. During dynamic loading,allowances 

can be made for changes in the strength of the soil by 

changing the yield acceleration. Newmark1S method 

does not allow for the occurrence of shear deformations 

on horizontal planes through the structure, or for the 

development of pore pressures during cyclic loading.
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In more recent years doubts have been cast on the credi

bility of pseudo-static analysis procedures. This 

follows the difficulty in using these methods to predict 

the slides which occurred during the Alaskan earthquake, 

1964 and the failure of the Sheffield dam, 1925. The 

Upper and Lower San Fernando dams, which both suffered 

failures as a result of the 1971 earthquake, had been 

declared safe using the current pseudo-static 

coefficients (0.15 g) (Seed, 1979).

By examining the response of embankments it can be seen 

that the effective peak accelerations of a potential 

slide mass decreases with increasing depth of the slip 

surface. This is taken into account by Makdisi and Seed 

(1978) in their simplified procedure for estimating 

earthquake induced deformations of earth dams. As this 

procedure was used as a check on the program described 

in Chapter 5, further details are given in section 4.3.5.

4.3.2 Shear Slice Theory

Shear slice theory is an elastic approach to the 

problem of the response of an earth dam to earthquake 

loading. The following assumptions are made in the use 

of this theory (after Seed and Martin, 1966):

1. The dam can be approximated by an infinitely 

long, symmetrical triangular section.

2. The material in the dam is homogeneous, with 

linear elastic stress-strain response and 

uniform modulus and density.

3. The width to height ratio of the dam is large 

enough for bending deformations to be neglected 

and shear deformations only to be considered.

4. The shear stress over any horizontal plane is 

uniformly distributed.

5. The influence of the water in the reservoir is 

negligible.
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Hence the response to a uniform base motion at different 

levels of the dam is determined by considering the dam 

as a series of infinitely thin horizontal slices, 

connected by linearly elastic springs and viscous 

damping devices. Undamped natural frequencies of the 

dam can be found from equation (4.3.1).

w
n

= ¼v

n s

where Bn is the Bessel function for mode n

h is dam height

V is shear wave velocity

The response of the structure to a random ground motion 

is found by considering the ground motion to be zero 

and the structure excited by forces equal to the mass 

at any point multiplied by the ground accelerations.

The equation of motion is solved using the principle of 

mode superposition to find the horizontal displacements 

and accelerations, relative to the ground, at any 

height in the dam.

The use of the acceleration spectrum of the design 

earthquake simplifies the procedure of finding the 

maximum acceleration in any mode at depth, y, in the dam.

fu (y) ] = Ψ (y) S (4.3.2)
1 an jr ⅛x yn j a

where S is the spectral acceleration 
a

Φn is the modal participation factor, which is a 

function of Bn and y/h

Only the first four modes of vibration are usually 

considered to make a significant contribution to the 

seismic response. The peak acceleration predicted at 

any height in the dam can be converted into a seismic 

coefficient in terms of gravity.
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Ambrasseys suggested that the maximum acceleration co

efficient during the earthquake at a given depth, (y), 

in the dam can be estimated from

My)
4
Σ

n=l
(kn(y))

2
max

0.5
(4.3.3)

or the maximum coefficient found for any mode of 

vibration could be used.

k(y) = fkn(y)]π,ax (4.3.4)

These coefficients can then be used in a pseudo-static 

analysis.

An alternative approach is to find the complete seismic 

coefficient time histories at various heights in the 

dam. By assuming a sliding mass of arbitary shape it 

is possible to calculate the average seismic 

coefficient acting on the mass and hence a force time 

history. This can be used for a stability analysis 

such as Newmark's.

The shear slice approach neglects any compressive

deformations in the dam, or the effects of vertical ground 

motions, which may have a significant effect on the 

dynamic response. The use of visco-elastic soil 

properties does not allow for the change in the amount 

of energy dissipated as soils are strained. There 

are difficulties in the choice of the homogeneous shear 

modulus and the viscous damping coefficient. At 

Iow shear amplitudes, 5 - 10% equivalent viscous damping 

may be apparent, whereas at the strains produced by a 

large earthquake, 20% damping is more appropriate.

When a true two dimensional analysis is carried out it 

is found that the assumption of pure shear conditions 

is only reasonable at the centre Iine of the structure. 

There is a decrease in the horizontal displacement and
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the development of significant vertical displacements, 

across the structure from the centre Iine to the edge. 

Hence shear slice theory underestimates the shear forces 

towards the faces of the embankment.

4.3.3 Seed's Analysis Procedure

Seed, Lee and Idriss (1969) use a procedure proposed by 

Seed (1966) to analyse the failure of the Sheffield dam. 

This consists of a series of steps.

1. A dynamic response analysis of the embankment is 

conducted, for the given base motions, to evaluate 

the time history of the inertia forces developed 

in the dam.

2. The time history of the inertia forces is repre

sented by an equivalent number of cycles, N, of 

an equivalent uniform seismic coefficient.

3. Analyses are made for various potential sliding 

surfaces, to determine the values of the confining 

pressures and principal stress ratios before the 

earthquake, for elements of soil along these 

surfaces.

4. Cyclic loading triaxial compression tests are 

performed on samples initially ,consolidated under

a range of confining pressures and principal stress 

ratios to determine the cyclic stresses causing 

failure in N cycles. These results are expressed 

as relationships, for different values of initial 

principal stress ratio, between the peak shear 

stress causing failure in N cycles and the effective 

normal stress acting on the failure plane before 

the earthquake.

5. A factor of safety for the chosen failure surface 

can be estimated by comparing the failure shear 

stress at N cycles and the shear stress induced 

by the earthquake. Alternatively a factor of
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safety against developing a given axial strain in 

a corresponding triaxial sample can be found.

Figure 4.3.1 : Relationships between axial strain,
shear stress and normal stress on a 
failure plane for N loading cycles

Figure 4.3.1 shows the strains produced by varying shear 

stress and normal stress, for a given number of cycles. 

The factor of safety is found by comparing the earth

quake induced shear stresses with those producing the 

defined failure strain. The axial strain corresponding 

to the earthquake induced shear stresses, gives an 

indication of the strains that will develop in the 

embankment during the design earthquake. The strains 

developed by the samples are termed strain potentials 

as they are developed without the constraint of the 

surrounding elements.

Seed (1966) used the deformations developed during the 

construction of the Otterbrook dam to estimate the
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axial strains in triaxial samples which correspond to 

unacceptable strains in the field. Using a definition 

of shear strength equal to the shear stress at 20% axial 

strain, Seed calculated a minimum factor of safety for 

the Otterbrook dam of 1.25. Hence the axial strains 

corresponding to the slope deformations were approxi

mated by thoseat 80% of the shear strength. As 

this axial stress was found to be 13%, it was suggested 

that for design purposes the maximum working stresses 

should be kept below values producing 13% strain in 

triaxial test specimens. Lower stresses will produce 

lower strains correspondingly.

Step 1 of this analysis procedure can be carried out 

using the shear slice theory described in the previous 

section. An alternative is to carry out a complete 

dynamic finite element analysis of the structure. As 

most dynamic finite element analyses currently available 

use elastic material properties, an equivalent linear 

approach would produce a more accurate final dynamic 

response.

A major advantage of Seed’s method of analysis is that 

the use of laboratory test data goes some way in taking 

into account the dynamic soil properties. These 

properties include the Ioss of stiffness with cyclic 

loading, and the generation of pore pressures in areas 

of the structure considered undrained for the duration 

of the earthquake. Another advantage is that the 

effect of the initial stress conditions on the dynamic 

response of the soils is taken into account.

The procedure can be used to satisfy the factor of 

safety approach to failure on a given slip surface, 

and to give an indication of the overall final defor

mation of the structure.
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4.3.4 Plasticity Theory used for Two Dimenslonal Analysis

The plasticity theory described in section 3.4 has not 

often been used for dynamic analyses due to its complexity 

and the excessive computer time required. Joyner 

(1975) extends the one dimensional Iwan elasto-plastic 

elements used by Joyner and Chen (1975) into two 

dimensional nested yield surfaces. The diameters and 

hardening constants of these yield surfaces correspond 

to the Coulomb forces and spring stiffnesses of the 

Iwan elements. Kinematic work hardening and ∙the 

normality of the plastic strain increment vector to the 

yield surface are assumed. An elastic relationship 

is assumed between mean stress and strain.

Joyner's analysis procedure assumes that plane strain 

conditions exist, hence three dimensional problems 

are reduced to two dimensional ones and the number of 

independent stress and strain components from five to 

three. The equations developed to obtain the stress 

increments from the strain increments are solved simul

taneously. Once the stresses are known the forces 

on each of the nodes of the elements, into which the 

structure is divided, are calculated by assuming a 

uniform distribution of stresses along the Iine segment 

adjoining two nodes. As the mass acting at each of the 

nodes is known, the acceleration and hence the velocity 

of the node can be calculated. The new values of 

strain in each element can then be calculated from the 

velocity gradients across the element.

The analysis procedure can be used with both vertical 

and horizontal earthquake input. Energy can be radiated 

from the base of the structure into the underlying 

medium by the use of a transmitting boundary (section 

4.5) .

As this analysis procedure was used as the basis for the
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computer program described in the next Chapter, further 

detail will not be given here.

4.3.5 Simplified Procedure for Estimating Earthquake Induced

Deformations of Earth Dams

Makdisi and Seed (1978) proposed a simplified hand 

calculation method of estimating the deformations induced 

in an embankment by an earthquake. This is based on 

the use of graphical relationships developed from 

dynamic finite element analysis procedures using an 

equivalent linear soil model. The concept of this 

procedure is similar to that used by Newmark for

calculating permanent displacements, but is based on 

the dynamic response of the complete embankment, rather 

than rigid body behaviour. Failure is assumed to occur 

on a well defined slip surface and the material behaves 

elastically at stress levels below failure and perfectly 

plastically at higher stress levels.

Initially values of yield acceleration for various 

potential sliding surfaces are required. These can be 

found using conventional pseudo-static approaches.

The yield strength is defined in this case as the 

maximum stress level below which the material exhibits 

near elastic behaviour under cyclic loading and above 

which the material exhibits permanent plastic deformation 

of magnitude dependent on the number and magnitude of 

the pulses applied.

The next step is to determine the time histories of 

average accelerations for various potential sliding 

masses. This can be carried out using one of the 

available dynamic finite element programs which takes 

into account non linear soil properties. The average 

acceleration of a sliding mass can be found by consider

ing the stresses acting on the elements along the 

boundary of the sliding mass. Results of various
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dynamic analyses have been correlated to produce a 

relationship between the maximum average acceleration 

at a given depth of sliding surface, and the peak crest 

acceleration.

Makdisi and Seed (1975) present an iterative method 

of estimating the maximum crest acceleration of an 

embankment, and the natural period of an embankment, 

due to a specific earthquake loading. The dam is 

assumed to be homogeneous and of infinite length. An 

estimate is made of the average shear modulus acting 

during the earthquake and the corresponding values of 

shear strain and damping are found. Basic shear slice 

theory is then used to calculate the first three natural 

frequencies. These are used to find the appropriate 

values of spectral acceleration for the given earth

quake record. The spectral accelerations are used in 

conjunction with the modal participation factors to 

estimate a maximum crest acceleration. Shear slice 

theory is again used to estimate the average shear 

strain acting throughout the dam during the earthquake. 

It is assumed that only the first mode of vibration 

makes a significant contribution to the strain and 

that the equivalent cyclic shear strain is approximately 

65% of the maximum average shear strain. The value of 

shear modulus corresponding to this value of strain is 

found and the process repeated until convergence occurs.

Having found the maximum crest acceleration it is 

necessary to estimate the maximum average acceleration 

effective on the mass of soil above the chosen depth of 

failure surface. This is done by using an average 

curve for the following relationship, obtained by Makdis 

and Seed from a range of shear slice and finite element 

analyses.
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k
max

ii
(4.3.5)

max

where kv = maximum average acceleration
lllαX ∙'

Uma„ = maximum crest acceleration
UlaX

y = depth below the dam crest 

h = height of dam

When the earthquake induced acceleration exceeds the 

yield acceleration, for a given potential sliding mass, 

movements are assumed to occur and the magnitude 

of displacement is calculated using a double integration 

procedure. It is assumed that the yield acceleration 

is constant throughout the earthquake. This method was 

used to find relationships between the size of the 

permanent displacement and the yield acceleration for 

examples analysed by the finite element method. It 

was found that when these displacements were normalised 

by dividing by the first natural period of the

embankment, and the maximum value of the average accele

ration time history for a given depth of sliding surface, 

closer agreement between examples was obtained.

The maximum average acceleration takes into account the 

amplification characteristics of the embankment and the 

first natural period is an indication of the frequency 

content. The duration of the input earthquake is taken 

into account by considering different magnitude earth

quakes separately. Hence by using the simplified 

methods presented by Makdisi and Seed an estimate can 

be made of the permanent displacement suffered by an 

embankment subjected to earthquake loading.
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This method was used as a check on the computer program 

described in Chapter 5 (section 8.6).

As this method of analysis assumes the embankment material 

has a constant strength throughout the earthquake, 

it should not be used to predict deformations in embank

ments made of materials which suffer significant strength 

Ioss due to cyclic loading or which generate large pore 

pressures. The method also does not take into account 

vertical motions and assumes horizontal failure surfaces.

4.4 THREE DIMENSIONAL RESPONSE

Although all soil structures are three dimensional, 

three dimensional dynamic response analyses are rarely 

carried out, due to the complexity of problems dealing 

with non linear behaviour. Hence the response of large 

horizontally layered soil deposits is normally estimated 

by a one dimensional approach and smaller deposits, 

embankments and slopes are analysed as two dimensional 

structures. The two dimensional approach normally 

assumes that plane strain conditions prevail. Where the 

structure does not extend for a reasonable distance in 

the third direction, such as a dam in a V shaped valley, 

plane strain conditions do not exist and the total 

three dimensional response should be considered.

Elastic three dimensional finite element analyses of 

dams show that the end restraint caused by valley walls 

increases the fundamental frequency of vibration above 

that found by shear slice theory (Martin, 1967). Three 

dimensional analyses show the existence of modes of 

vibration along the length of the structure. However 

it was found that end restraint has negligible effect 

on the fundamental period of vibration if the length of 

the structure is over four times the height (L/H > 4).

This assumes the structure has constant geometry and
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material properties along its length. This is often 

used as the governing criterion for the application of 

two dimensional analyses. Baligh and Azzouz (1975) 

found the same ratio when comparing two and three 

dimensional stability analyses of cohesive slopes.

The results of an investigation carried out by Makdisi 

into the dynamic response of dams in triangular valleys, 

are presented by Banerjee, Seed and Chan (1978, Figure 

4.4.1). These show that the computed natural frequen

cies from three dimensional analyses are significantly 

higher than those from plane strain analyses, for L/H 

ratios as high as 7. Banerjee et al use Makdisi's rela

tionship (Figure 4.4.1) to obtain the correct frequencies 

of the Oroville dam by increasing the stiffness 

properties of the dam materials.

fjn(3P)
p
jn(ps)

L/H

Figure 4. 4.1 Three dimensional and plane strain 
response of embankments in triangular 
and rectangular canyons
(after Banerjee, Seed and Chan, 1979)
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Sherard, et al (1963), present ^ method of taking into 

account the effect of varying dam cross section on the 

factor of safety against slope failure. The Drocedure 

involves dividing the dam into segments along its length 

and carrying out a two dimensional slip analysis on each. 

It is assumed that the critical failure surfaces in each 

segment are a part of a three dimensional critical 

failure surface. The overall factor of safety is taken 

as the ratio of the sum of the resisting forces in each 

segment, to the sum of the driving forces. Hence a 

weighted average factor of safety is obtained. For 

high dams in narrow valleys, the factor of safety obtained 

can be 25% to 50% greater than that found by a two 

dimensional analysis at the cross section of maximum 

height.

Kagawa, MejiafSeedand Lysmer (1981) have produced a 

computer program for the three dimensional dynamic 

analysis of earth dams, (TLUSH). This is a finite 

element approach which uses the equivalent linear method 

to model non linear soil response, in a similar way to 

the one dimensional program SHAKE (section 4.2.1). The 

equation of motion is solved using Fourier Transforms.

This relies on a linear system with periodic input 

motion.

[M]{u} + [K]{u} = - [M]{r} y(t)

{r} = Ioad vector that gives the direction of

the input motion

Iteration is carried out at each step to obtain strain

compatible stiffness and damping characteristics. As with

the program SHAKE, the average shear strain is taken as

0.65 γ , to take into account the variation of strain 
ul3 Λ

with time. Viscous damping is introduced into the
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system by the use of complex shear moduli in forming 

the element stiffness matrix.

Nodal displacements can be calculated by direct trans

forms relating them to the input time history. These 

displacements are used to calculate velocities, accelera

tions and strains in the frequency domain which are then 

transformed to the time domain.

It is assumed that the valley walls are rigid and that 

there is no interaction with the structure. Hence all 

boundary points move in phase with the same amplitude.

No hydrodynamic effects are taken into account.

The efficiency of the solution routines used in this 

analysis and the methods used to store the information 

in the computer, make this three dimensional response 

analysis a viable alternative to a two dimensional 

estimate.

It is generally found that the end effects created by 

valley walls, either in the case of a dam or an infilled 

basin, increase the effective stiffness of the dynamic 

system. This increase in stiffness increases the 

natural frequencies of vibration and decreases the 

displacements. Hence using a two dimensional analysis 

of a three dimensional structure is a conservative approach. 

The amount of conservatism depends on the shape of the 

valley and the relative dimensions of the valley-structure 

system. Full three dimensional analyses Iead to more 

efficient design and must therefore become more common 

as computers and mathematical methods are further 

developed.

4.5 BOUNDARY CONDITIOUS

The simplest boundary condition at the base rock, soil 

structure interface is to allow perfect reflection of 

earthquake waves. This implies that the basement
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material Is so stiff in relation to the soil, that no 

energy can be radiated out of the soil back into the 

rock. In nature this is very rarely true, with an amount 

of energy proportional to the relative stiffnesses of 

the two materials being reflected, and the remainder 

radiated into the basement material. Hence some form 

of transmitting boundary is ideally required, as Iack 

of a transmitting boundary results in excess energv 

being available to excite the soil structure, and in 

overestimated deformations.

When the boundary condition is such that the displace

ment, velocity or acceleration of a boundary point is 

specified, the assumption that the soil is resting on 

a rigid foundation is implied. If the underlying material 

has a finite stiffness or there is no clear change in 

material properties between the area of interest and 

the underlying material, a free boundary condition is 

required. This can be obtained if forces are specified 

at the boundary point.

The inclusion of a viscous dashpot at the soil-rock 

interface is a simple means of absorbing some of the 

energy. However experimental evidence shows that the 

amount of viscous damping, in the response of soils to 

dynamic loading, is negligible. This method is used 

by Ishihara and Towhata (1980). The error created by 

the use of viscous dashpots is reduced as the distance 

between the boundary and the area of interest is 

increased and the internal damping is increased.

Joyner and Chen (1975) assume the basement material 

is elastic with finite rigidity, to allow energy to be 

radiated out of their one dimensional response model.

The assumption of vertically propagating shear waves is 

used to obtain a relationship for the shear stress on 

the boundary as a function of the velocity of the incident
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wave and that of a particle on the boundary.

= PR vs(2 V1 - Vβ) (4.5.1)

where τ,1 = shear stress on the boundary
D

V_ = velocity of a point on the boundary 
B

V1 = velocity of incident wave

Vg = shear wave velocity in the underlying

medium

ρ = density of the underlying medium

As the transmitting boundaries used in the program 

described in Chapter 5 are the same as these, further 

details are given in section 5.7. In the two 

dimensional dynamic analysis procedure of Joyner (1976) 

it is not necessary to assume vertically propagating 

waves.

For energy radiation to be complete it should

theoretically be radiated into an infinite space.

Lysmer and Kuhlemeyer (1969) propose a finite model to 

represent this infinite space. The viscous boundary 

proposed in two dimensional space is defined by

σ = ρ Vp w (4.5.2)

τ = p vg u (4.5.3)

wnere σ and τ are the normal and tangential stresses

w and u are the normal and tangential velocities 

v is the compression wave velocity

It can be seen that equations (4.5.1) and (4.5.3) are 

similar. Lysmer and Kuhlemeyer show that a boundary 

defined by equations (4.5.2) and (4.5.3) will absorb 

nearly all harmonic elastic waves. As there are no
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frequency dependent components, it can also absorb 

non-harmonic waves.

The use of boundary conditions defined in terms of 

forces or stresses means that the soil structure is 

excited by a modified form of the input earthquake 

record.

4.6 OUT OF PHΔSE MOTIONS

Most dynamic response analyses assume that the value of 

the input wave form at a given time is constant at 

all boundary points. This means that the entire base 

of a dam or the base and sides of an infilled valley 

move uniformly. If a dam has a flat base and shear 

and compression waves are propagated vertically, this is 

a valid assumption to make. However if there are 

sloping boundaries or the earthquake waves are propagated 

at an angle, due to the near vicinity of the earthquake 

focus, this assumption is no longer valid. The 

difference in the input motion at various points on the 

boundaries increases as the angle of incidence of the 

earthquake motion to the boundary decreases. The 

phase difference along a boundary is also increased if 

the dimension of the structure in the direction of wave 

propagation is of the same order or longer than the input 

wave length. Dibaj and Penzien (1969) state that in 

order to have a reasonably uniform motion along a flat 

boundary, the length of the structure in the direction 

of propagation should be Xess than a quarter of the wave 

length. The average shear wave velocities in basement 

rocks range from approximately 100 - 1500 m/s. The 

frequencies of interest in earthquake response analyses 

are considered to be from 0.1 to 10 Hz. Hence the 

wave lengths of interest can range from 10 m to 15 km. 

However, there is usually only a small amount of energy 

incorporated in the short wave lengths.
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Dibaj and Penzien (1969) found in a linear elastic finite 

element analysis of a homogeneous dam, that as the wave 

length of a shear wave travelling parallel to the base of 

the dam increased, higher shear stresses were developed 

near the faces of the dam. Therefore waves travelling 

across the base of the dam are more likely to cause 

slope failures. Travelling waves also produce more 

complex modes of response from the dam.

Different input motions at each boundary point can be 

specified in the program described in Chapter 5.

4.7 HYDRODYNAMIC PRESSURES

During an earthquake the water pressure, on the upstream 

face of a dam, changes due to the response of the 

reservoir to the earthquake excitation and the dynamic 

displacements of the dam. The structural deformations 

are changed in turn by the hydrodynamic pressures. The 

earthquake excitation can develop surface and compression 

waves in the reservoir. The overall reservoir level 

can also be raised by slope failures around the 

reservoir, which also cause waves, and the tectonic lifting 

of areas of the reservoir floor. Any lifting of the 

reservoir level and surface waves may cause overtopping 

of the dam, which can have serious consequences in the 

case of an earth dam. The precautions which can be 

taken to prevent this occurrence are the provision of 

adequate freeboard and perhaps some form of wave break.

Analysis of the earthquake response of a reservoir is 

complicated by the topography of the reservoir. Two 

dimensional response analyses must be used carefully.

The assumption that the ground motion is the same at 

all points on the reservoir bottom, made in most 

analyses, is very approximate as there may be consider

able differences from point to point as seismic waves 

travel up a reservoir. The energy which is contained
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in the waves which travel up the reservoir is usually 

considered to be dissipated as the waves travel away to 

infinity. However this cannot be applied to vertical 

or transverse waves in the reservoir and other energy 

dissipating mechanisms, such as the deformation of the 

base of the reservoir must be considered.

A two dimensional approximation to the pressure on the 

vertical face of a dam can be found in terms of the 

horizontal base acceleration, if the formation of 

surface waves and the deformations of the dam and 

reservoir walls are neglected (Newmark and Rosenblueth, 

1971). It is also assumed that the water in the 

reservoir is incompressible and free of any viscosity 

and turbulence effects. The resultant force of the 

curved pressure distribution obtained acts at x/H =

0.401, where x is the height above the base of the 

dam and H is the height of the dam.

Fw = 0.543 xθ p H2 (4.7.1)

where p is the density of water

xQ is the acceleration of the base

The assumption of incompressibility of the water means 

that the response of the reservoir is independent of the 

period of ground motion.

Zangar used an electrical analogue to find the coefficients 

used to calculate the upstream pressures for varying 

slopes of the face (Figure 4.7.1).

p(x) = C p xo H (4.7.2)

An earth dam with an upstream slope of 2.5 : 1 has a 

maximum hydrodynamic pressure coefficient of approxi

mately 0.24 and an average of 0.16. Hence if the
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Figure 4.7.1 : Pressures against an inclined upstream faee
(after Zangar, 1953)

horizontal base acceleration is 0.5 g, the hydrodynamic 

pressure is 0.16 times the static water pressure.

If the compressibility of the water is taken into account 

the pressure on the face of the dam increases as the 

ratio of the height of the dam to the period of the 

disturbance increases. The deformation of the dam 

itself may act either to increase or decrease the hydro- 

dynamic pressure on the dam face at any given time during 

the earthquake, or while the dam reservoir system is 

returning to a steady state after the earthquake.

The deformability of the material which surrounds the 

reservoir can reduce the hydrodynamic pressures markedly, 

by reducing the size of the reflected pressure wave.

If there are significant harmonics in the earthquake 

excitation at shorter periods than the fundamental 

natural period of the reservoir, the reservoir length
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can have an important influence on the hydrodynamic 

pressures. However if the reservoir is at least three 

times as Iong as its maximum depth, the increase in 

hydrodynamic pressure on the face of the dam, due 

to the out of phase motions at each end of the reservoir, 

is considered minimal. The cross sectional shape of 

the reservoir also influences the pressures on the face 

of the dam. As the angle of the reservoir base becomes 

more acute the hydrodynamic pressures are reduced.

Newmark and Rosenblueth present graphical relation

ships for these effects.

The effect of surface waves on the upstream pressure 

distribution is reduced, as the size of these waves 

reduces in proportion to the height of the dam. For 

nearly all reservoir-dam systems the effect of surface 

waves on the hydrodynamic response can be neglected 

without significant Ioss of accuracy.

For rigid dams with a vertical face and a rigid reservoir 

base the hydrodynamic pressures due to the vertical 

components of ground motion are comparable to those due 

to the horizontal components, for reservoirs with 

moderate to large depths, and larger than those due to 

the horizontal components for shallower reservoirs. 

However any deformability of the basement material 

greatly reduces this component, especially for shallow

reservoirs (Chakrabarti and Chopra, 1972).
)

The effect of seismic waves which travel through the 

reservoir base towards the dam, is to greatly increase 

the hydrodynamic pressures above those found assuming 

the earthquake motion is the same everywhere.

As the hydrodynamic pressures on a dam act in opposite 

phase to the ground accelerations, in analysis of the 

dam itself they can be taken into account as an added 

inertia mass having the same distribution on the face
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of the dam as the computed hydrodynamic pressures. If 

the water is assumed incompressible this inertia mass is 

independent of the ground motion. When compressibility 

is allowed for, the use of an added inertia mass is still 

a reasonable approximation if the period of harmonic 

excitation is greater than the fundamental natural period 

of the reservoir. However at shorter periods the use 

of an inertia mass is invalid.

The additional water pressures acting on dams during 

earthquakes are usually represented by a static 

horizontal force for dam design purposes, with a 

conventional stress and stability analysis. This is 

similar to approximating the effect of an earthquake 

on the dam by an equivalent static horizontal 

acceleration (section 4.3.1). As this method does not 

take into account time effects, it is Overconservative 

to use the maximum hydrodynamic force. Hence the 

most desirable estimate of reservoir-dam interaction 

is to analyse the entire earthquake time history. This 

was carried out for gravity dams by Chakrabarti and Chopra 

(1972b) by modelling the dam with a finite element mesh 

and the reservoir by a continuum. A coupled modal 

response of a linear elastic dam and the reservoir, 

governed by the wave equation, is used.

The analysis of reservoir-dam interaction is a very 

complex procedure which really requires a full three 

dimensional model of the dam, fluid and the reservoir 

boundaries. Various simplifying assumptions can be 

made depending on the physical properties of the case 

under analysis. The incorporation of hydrodynamic 

effects in the computer analysis of earth dam response 

to earthquakes, described in Chapter 5, is therefore 

considered beyond the scope of this research.
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It has been shown that as the upstream slope of the dam 

becomes flatter, the hydrodynamic pressures decrease. 

Hence these pressures are generally lower for earth dams 

than for concrete gravity dams or arch dams. One of 

the main reasons for building earth dams is often the 

softness or broken nature of the surrounding rock and 

its inability to withstand large stresses. It has been 

shown that the increased deformability of the material 

in the base and walls of the reservoir reduces the amount 

of energy available to produce hydrodynamic pressures. 

Hence the siting of earth dams can mean lower hydro- 

dynamicpressures are produced than if the site consisted 

of competant rock.

4.8 SUMMARY

The procedure used for the dynamic analysis of a soil 

structure depends on the geometry of the structure, 

whether the desired output is in the form of a 

displacement or a factor of safety, and the required 

accuracy of the results. The geometry of the structure
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determines whether a one, two or three dimensional 

analysis procedure is suitable. Each analysis makes 

assumptions about the direction of the earthquake 

excitation and the resulting deformations, for example 

shear slice theory assumes only horizontal movement 

and hence produces inaccurate stress distributions.

Restrictions are imposed on the use of some analysis 

procedures by the soil model contained within them. 

Makdisi and Seed's simplified method of predicting the 

earthquake induced stresses in dams should not be used 

for soils which suffer significant strength Ioss or 

generate high pore pressures during cyclic loading. In 

the one dimensional methods of analysis discussed, there 

are different procedures for calculating pore pressures. 

Some are based on experimental results whereas the pore 

pressure model used with the method of characteristics , 

considers a pressure wave propagating vertically through 

the pore fluid.

Standard slope stability methods are used to determine 

the factor of safety of a dam subjected to an earthquake 

in pseudo-static approaches. These methods use a 

rigid-plastic soil model which assumes any deformation 

constitutes a failure. By determining a horizontal 

yield acceleration for a given mass and knowing the 

input acceleration time history, an estimate of the 

deformation developed can be made using Newmark's 

method.

Shear slice theory or some other dynamic analysis can be 

used to predict the equivalent number of cycles and the 

inertia force to which given elements of a dam are 

subjected. Seed's analysis procedure then requires 

samples of the dam material to be tested under the same 

static and dynamic conditions. From these analyses 

a standard factor of safety or an estimated displacement
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can be found. The use of laboratory tests takes into 

account the change in soil properties and the pore 

pressures generated during cyclic loading.

Joyner's method of two dimensional response analysis 

uses a non linear soil model and considers both vertical 

and horizontal motions. This method is used as the 

basis of the computer program described in Chapter 5, 

where soil properties are modified by the stress condi

tions and the pore pressures generated.

The assumption of plane strain made in two dimensional 

response analyεes,is no longer valid when the effects 

of the valley walls extend to the centre of the 

structure. As these end effects generally decrease the 

displacements developed perpendicular to the longitudinal 

axis of the structure, a two dimensional analysis is 

conservative. The complexity of a complete dynamic 

three dimensional analysis, especially a non linear one, 

means that two dimensional analyses are used for most 

problems. A factor of safety against three dimensional 

slope failure of a dam can be found by carrying out two 

dimensional slope stability analyses at various dam 

cross sections.

The relative stiffnesses of the soil structure and the 

underlying material determines the amount of energy that 

is radiated out of the system. Hence it is

conservative to assume a rigid base material, as this 

implies that no energy is radiated and excess energy is 

available to produce deformations. Whenever the exci

tation of the soil structure is defined at the boundary 

by the displacement, velocity or acceleration of the 

design earthquake, a rigid base material is assumed.

If, however this input motion is modified and the stress 

or force at each boundary point defined, energy can be 

transmitted out of the system. This boundary condition
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can also be used to represent an infinite space by a

finite space.

Most response analyses assume vertical propagating shear 

and compression waves and uniform input motion at all 

the points on the boundary. Where the structure under 

consideration is close to the focus of the earthquake, 

this is no longer a valid assumption. Even with 

vertically propagating input motions, a phase difference 

in the motion of various points on a boundary exists 

if the boundary is sloping. More complex modes of 

response and higher stresses and displacements can be 

developed due to out of phase input motions.

The program described in Chapter 5 uses a transmitting 

boundary and has the capacity to analyse problems with 

out of phase input motions.

The dynamic behaviour of a dam is modified by the

dynamic behaviour of the reservoir. By assuming that 

the fluid in the reservoir is incompressible an estimate 

can be made of the pressure distribution on the face of 

the dam in relation to the earthquake excitation. This 

pressure distribution is changed if the fluid compressi

bility, the length of the reservoir, out of phase excitation, 

or the compressibility of the surrounding material is taken 

into account. The effects of hydrodynamic pressures can 

be approximated by added inertia masses on the face of the 

dam, when the period of harmonic excitation is greater than 

the fundamental period of the reservoir.

The dynamic analysis of the coupled dam-reservoir system 

can be simplified by various assumptions, but remains 

a difficult problem. It is suggested that the nature 

and vicinity of earth dams reduces the hydrodynamic 

pressures to which they are subjected. For these 

reasons no consideration of hydrodynamic pressures is 

made in the computer program described in Chapter 5.
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Chapter 5

A Two Dimensional Dynamic Analysis

5.1 INTRODUCTION

As earth dams are three dimensional structures, a method 

of dynamic analysis which takes into account all three 

dimensions should be used to analyse the response of a 

dam to earthquake excitation. However three dimensional 

analyses of structures with non-linear material 

properties are complex and expensive to undertake, 

hence plane strain conditions are usually assumed to 

exist and a two dimensional analysis carried out 

(Section 4.3). Joyner (1975) describes a method for 

calculating non-linear seismic response in two dimensions 

This method forms the basis of the analysis procedure 

described in this chapter.

This finite difference analysis procedure requires a 

two dimensional structure, such as an embankment or an 

infilled basin, to be divided into a mesh of elements. 

These elements can have either three or four sides and 

need not contain right angles or have equal length 

sides. Each element may have different material 

properties. During the analysis procedure the stresses 

and strains ateachelement centroid, and the forces and 

velocities at each interconnecting node are calculated. 

Strains are found from the velocity gradients across 

each element and forces found from the stresses within 

each element (section 5.3). Newton's second Iaw of 

motion is used to find the velocities at each node. 

Non-Iinear material Iaws relate the mean and deviatoric
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components of stress and strain. Critical state theory

(section 3.6) is used to relate the increment in mean 

stress to the increment in mean strain. Alternatively 

the relationship between mean stress and mean strain 

can be assumed elastic. A nest of plastic yield 

surfaces is used to define the relationship between the 

deviatoric components of stress and strain. These 

yield surfaces can be thought of as a series of Iwan, 

elasto-plastic, elements extended to three dimensions.

The yield surfaces, defined by von Mises failure criterion, 

undergo kinematic hardening and an associated flow 

rule is assumed (section 3.4).

If the earth structure contains elements of soil which 

are saturated, consideration of fluctuating pore pressures 

must be made. These fluctuating pore pressures are 

assumed to consist of a dynamic component, due to the 

recoverable volumetric strains (section 3.6) and a 

steadily increasing component, due to cyclic shear 

stresses. The increments,in this steadily increasing 

pore pressure component, are made at each half cycle of 

octahedral shear stress about the initial static

octahedral shear stress. As each half cycle is completed, 

reduced values of shear strength and maximum shear 

modulus are calculated and the plastic yield surface 

parameters modified accordingly. Hence the yield sur

faces undergo a degree of isotropic work hardening, 

or in this case softening, as well as kinematic work 

hardening.

It is necessary to define each different shaped shear 

stress-strain curve. A normalisation procedure 

removes the need to define this curve for each different 

material. Relationships between shear strength and 

maximum shear modulus, and the mean effective confining 

pressure are usually required. The computer program 

contains an option of constant shear strength and
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maximum shear modulus. When this option is used and 

the structure does not contain any saturated elements, 

the program can be run without any definition of the 

initial stresses. Otherwise these stresses must be 

calculated by some other method and read into the 

program for the initial stiffness and shear strength 

of each element to be calculated.

To determine the steadily increasing component of pore 

pressure response to dynamic loading a relationship 

between the number of cycles to Iiquefaction, the magni

tude of the cyclic shear stress and initial effective 

confining stress is required. This is used in 

conjunction with a relationship between the amount of 

pore pressure generated and the number of equivalent 

shear stress cycles.

The horizontal and vertical earthquake motions, by 

which the structure is excited, are applied through 

a transmitting boundary. This enables the underlying 

material to have finite rigidity, with the amount of 

energy which is reflected and refracted at the boundary 

dependent on the relative stiffnesses of the structure 

and the underlying material. At sloping boundaries 

the components of the input waves perpendicular and 

parallel to the boundary are used to enable the 

correct reflection and refraction processes to occur.

The program also has the facility for the impact of out 

of phase motions. These will occur when the seismic 

waves are not propagating vertically upwards.

It has often been observed that failures caused by 

earthquakes occur after the main earthquake excitation 

has ceased. This is considered to be due to the 

redistribution of the excess pore pressures which have 

developed during the earthquake. As this redistribution 

takes place at a different time scale to the earthquake
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excitations,in materials of moderate to Iow permeabil 

ity, no redistribution is assumed to occur during the 

earthquake. A solution used to find the changes in 

pore pressures after the earthquake is described in 

section 5.13.

5.2 CONSTITUTIVE RELATIONS

The non-linear stress-strain response of each element 

of soil is modelled in three dimensional stress space 

using a combination of critical state concepts and 

plasticity theory. Critical state concepts are used 

to define the relationship between mean stress and 

strain and plasticity theory is used to define the 

deviatoric stress-strain relationships.
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where S^
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the total stress

the mean stress component

the deviatoric stress component

5.2.1 Volumetric Relationships

The mean strain, em, given by equation (5.2.1) corres 

ponds to one third of the volumetric strain in the
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element of soil and is related to the mean stress, σ
m

by the following equation

d u_
<3 e_

3 K_
(5.2.5)

where K is the 
s

function of the 

Joyner assumed

bulk modulus of the soil and is

mean effective confining stress.

K was constant, 
s

a

Figure 5.2.1 : Reaoverable and Elastio Volwnetric Behaviour

Figure 5.2.1 shows the theoretical relationships between 

mean effective confining stress and specific volume 

(υ = 1 + void ratio), for initial loading, unloading 

and reloading. Only volumetric strains along the 

unloading-reloading Iine are recoverable. The bulk
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modulus for movement on this Iine is given by

se
(5.2.6)

where σ' is taken as the value of mean effective con- 
m

fining stress from the previous time step. When the 

increment in volumetric strain extends from a point on 

an unloading-reloading line,to a point on the initial 

loading line, there are recoverable and plastic components 

of volumetric strain, with associated components of 

mean effective confining stress. The bulk modulus 

for the plastic component of mean stress is given by

v o’ 
m

sp
(5.2.7)

The total increment in σ' is therefore

d σm 3 κse^em max emo∣ + 3 κsp^eml em max’

(5.2.8) 

:ime

is the previous maximum mean strain

where e is the mean strain at the previous time step 
mo

e . is the new mean strain 
ml

An increase in mean strain from one point on the loading 

Iine to another corresponds to a plastic increment in 

stress

d σ' 
m

3 κsp<eml emo’ (5.2.9)

where e__mo m max

K κ

e

Increments in mean confining stress correspond to 

movement along the space diagonal in three dimensional 

stress space.
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The void ratio and hence the specific volume is assumed 

to be constant. It is also assumed that the use of 

the mean effective confining stress from the previous 

time step to find the bulk modulus, does not produce 

significant errors. Otherwise an iteration procedure 

would be required.

5.2.2 DeviatOric Relationships

Although the soil model is applied to nine dimensional 

stress space there are only five independent components 

of deviatoric stress and strain as

σ rs (5.2.10)

and σu + σ33 + C33 = 0 (5.2.11)

Each deviatoric strain is divided into elastic and 

plastic components. Equation (5.2.12) gives the elastic 

component of deviatoric strain

gij

2Goe 13
(5.2.12)

where Gθ is the Iow strain shear modulus.

The plastic deviatoric stress-strain relationship is 

modelled by a series of nested yield surfaces which 

undergo Prager type kinematic work hardening and have 

an associated flow rule. The plastic increment in 

strain associated with yield surface n, (the flow rule) 

is given by equation (5.2.13) (section 3.4)

d e'pn13
9 Fn 

n 3σ..
(5.2.13)h

where Fn is the yield surface function

hn is the constant of proportionality

The constant of proportionality, derived in section 3.5 

is
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As the yield surfaces undergo kinematic hardening, the 

stress point is able to Iie on a number of yield surfaces 

at any one time, as shown in Figure 3.5.3. The plastic 

strain increments associated with each of these yielding 

surfaces must be summed
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.3σkl .3σkl.
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where Cfi Is the hardening constant associated with sur

face n.

The subscripts kl refer to the sum of the stress 

components in each direction, and rs to the individual 

stress components

t is the number of the outermost yielding surface.

The total increment in deviatoric strain is given by

13

d σ^j 
'rs k 2G

(5.2.16)

h
n

d e d σ

When plane strain conditions are assumed the number 

of independent stress and strain components is reduced 

to three.
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σ21 σ12

Hence only three coefficients are required to solve for 

the increments in deviatoric stress.

d βij pijXl d σll + pijl3 d σ13 + P . . - n d σ ~ ~ 
i]33 33

(5.2.17)

As there are three independent components of deviatoric 

strain a 3 x 3 matrix of the coefficient of equation 

(5.2.17) is formed. Gaussian elimination is used to 

solve for the stress increments.

To calculate the coefficients of this matrix a knowledge 

of the outermost yielding surface and the value of 

3Fn∕3σtj is required. An iterative procedure should 

therefore be carried out to find the vales of 3 Fn∕d σ∣j 

Joyner found that accepting the outermost yielding 

surface and 3 Fn∕9σ^j from the previous timestep, had 

minimal effect on the stresses produced, therefore an 

iterative procedure is not used.

As the stress point must engage each internal yield
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surface before reaching the outermost yielding one, 

a new hardening constant, Hn, can be defined for each 

yield surface to avoid the need for sunmation of the 

strain increments associated with each yield surface. 

Equation (5.2.16) becomes

The use of this new hardening constant (Hn) has some 

disadvantages, as discussed in section 5.6.

Yield Surface Function

The yield condition used is that of von Mises

F (σ. . 
n i]

αij) = kn (5.2.19)

^ij αij> <σij - “ij>

where k is 
n

a is

the initial yield stress in simple shear 

the centre of the yield surface

This yield function assumes the strength in tension is 

the same as that in compression. From equation (5.2.19)

3 F
n

κ--------  = σ. . - a ■ .
3σ. . i] nxg
ii

(5.2.20)

It is therefore necessary to find the new positions of 

the yield surface centres at each time step. 

Translation of Yield Surfaces

It is necessary to ensure that the yield surfaces 

engaged by the stress point as it travels through stress 

space touch, but do not intersect (section 3.5).

Prager type kinematic hardening assumes that the yield
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surface centres translate in the same direction as the 

plastic strain increment vector, which is normal to the 

yield surface at the stress point. Simple geometry 

can be used to find the new yield surface centre 

(Figure 5.2.2).

Figure5.2.2 : TranslationofYieldSurfaces

(σ⅛ . - a. .) 
cos θ = __L------- LL

/2 a

(σ*, - αt .) 
13 13
/2 kn

where the values with the * are from the present time 

step and the others from the previous timestep

a = 2<σkl - αk.l, <σkl - akl>

where ∕2⅛ is the translation of the yield surface centre 

in nine dimensional stress space
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The new centre of yield surface n is given by

nιj σij -

k (σ. . - ot. .) 
n 13 13 (5.2.21)

(2(okl 1kl' v kl ⅛1'

5.3 COMPUTATIOMAL SCHEME

Once the system of equations given by equation (5.2.17) 

has been solved for the increments in plastic deviatoric 

stress, the elastic and plastic deviatoric stress 

increments are added to the corresponding deviatoric 

stresses from the previous time step. The increment 

in mean stress is added to the previous mean stress and 

the new values of total stress found.

In order to calculate the increments in strain for the 

next time step it is necessary to find the forces acting 

on each node in the element mesh. It is assumed that 

the forces acting on each boundary of an element are 

distributed evenly between the two adjoining nodes and 

the stress distribution is not changed by the stiffness 

of the surrounding elements.

1

a

2

tt∞l>4

3

(tSx3}4

~4 ~ff^31>4

I ¾Λ

<°ll>4

<al3>4

d o

Figure 6. 3.1 : Stresses in Element 4
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The forces acting on node a (Figure 5.3.1) due to the 

internal stresses of the surrounding elements are

4
Fal = i≈1 ^f,ll’i(&x3’i/2+^c’3l’i^xl’i/2’

(5.3.1)
4

Fa3 = if1 (σ33)1(∆x1)i∕2 + (σ13)i(∆x3)i∕2) 

where i is the element number.

The mass acting at each node in the mesh is calculated from 

the proportions of mass contributed from each of the surroun

ding elements. Within each element the proportion of the 

total mass contributed to the surrounding nodes is found 

from moment of area considerations (Appendix F).

Once both the mass and the forces acting in each 

direction are known at a node, new velocities in each 

direction can be calculated.

vi.ι Vil
Fil ∆t

(5.3.2)

V*ι3 Vi3
Fi3 ∆t

where i is the node number

The increment in strain over time ∆t is calculated from 

the velocity gradients across each element

3 Vi 3 V.∣
JL

y x.
1

∆t (5.3.3)3 x . 
3

To find the velocity gradients it is assumed that

particle velocity within each element is a linear function 

of position.
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8 V1 8 V1
x--------  x1 + χ—— x, + a18 ×3 1 3 x3 3 1

3 V1

(5.3.4)

3 V1
X1 +3 x1 ^1 ' 3 x1 x3 + a3

x3 and x3 are taken as the horizontal and vertical 

distances of each node from the centroid of the element. 

As the 3/3x . x terms are constant for each node, they 

are calculated by a least squares method at the 

beginning of the solution routine and multiplied by the 

appropriate velocity at each time step (Appendix F).

The increments in strain calculated by equation (5.3.3) 

are converted to incremental components of mean and 

deviatoric strain and the solution routine for the next 

time step started.

Displacements

The stress solution routine does not require the calcula 

tion of displacements. However the effects of an 

earthquake on an earth structure are exhibited as 

deformations. Therefore the displacements at each node 

are calculated. This is carried out' by integrating the 

Velocities relative to the ground at each nodal point.

ui = ui + <Vli - viB> At/2

(5.3.5)

vi = vi + (V3i - v3B> 6t/2

where u and v are the horizontal and vertical displace

ments respectively

V3β and V3β are the horizontal and vertical displace 

ments at a point on the base of the structure, 

directly below the nodal point
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When there is no nodal point on the base directly below 

the nodal point of interest, a value of base velocity 

is found by interpolation between the nearest two base 

nodes.

5∙4 PORE PRESSURE CONSIDERATIONS

5.4.1 Generation of Pore Pressures

The application of dynamic loads to saturated soils 

causes fluctuations in pore pressure. There are two 

components of pore pressure to be considered. The first 

component is that due to volumetric strain and can be 

positive or negative in nature. This corresponds to 

the dynamic component of pore pressure response discussed 

in section 2.4. The second component is due to cyclic 

shear stresses and is only positive in nature. In 

clays this component is negligible for the duration of 

most earthquakes. In some sands this component has 

significant effects and can Iead to liquefaction.

Dynamic Component

The permeability of the material, in the elements of 

the structure having an initial positive pore pressure, 

is assumed to be Iow enough to treat the elements as 

being undrained for the duration of the earthquake.

^s it i∙s assumed that the dynamic component of pore 

pressure response is completely reversible, only the 

recoverable volumetric strains are used in its calcula

tion

∆u
vol

K .3.∆e 
w mr

(5.4.1)

where Kw is the bulk modulus of water 

n is the porosity of the soil 

*emr is the increme∏t in recoverable volumetric

strains corresponding to dvj. (Figure 5.2.1)
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The increment in mean effective stress is found from 

equations (5.2.8) and (5.2.9) as before. The recoverable 

volumetric strain associated with this stress increment 

is given by

∆e.. (5.4.2)

The value of Kw for pore water with no undissolved gas 

is 2.2 GPa. It is unlikely that the water in a soil 

structure is ever free from undissolved gases. If 

there is only 1% undissolved gas present in the pore 

water the value of Kw drops to 10 MPa. As the value 

of Kw can have a marked effect on the pore pressure res

ponse, the value must be chosen carefully. For the 

Patea dam example (Chapter 8), a value of Kw was back- 

figured from experimental checks on saturation. As 

the void ratio is assumed constant so is the porosity.

This increment in dynamic pore pressure is added to the 

increment in mean effective stress to find the 

increment in mean total stress. The total stress 

solution routine is then followed.

Steadily Increasing Component

The increment in pore pressure due to cyclic shearing 

(∆u ) is found from an experimentally determined

relationship between cyclic Octahedralshear stress, 

initial effective confining stress and the initial 

density of the material. A series of stress controlled 

dynamic triaxial tests were used to find this relation

ship for compacted Patea BS3 siltstone (section 7.6).

A complete solution to a dynamic loading problem would 

solve for the pore pressure increments due to shearing, 

and the stress response, simultaneously, It is found 

experimentally that the majority of the increment in 

pore pressure during a shear stress cycle is generated
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during the loading portions of the cycle. Martin 

(section 4.2) assumes steadily increasing pore pressure 

during each shear cycle when finding this component of 

pore pressure from experimental data. This requires 

a complete solution of the dynamic loading problem 

prior to the calculation of pore pressures, as the 

size of the shear stress cycle is not known at each 

time step. If the pore pressure due to shearing is 

incremented at every half cycle,it is possible to 

calculate the increase in pore pressure as part of the 

complete solution to the dynamic problem. These 

increments should be made at the peaks of the shear 

cycles. However due to the nature of earthquake 

loading, small peaks in shear stress are superimposed

on the major cycles, thus making it impossible to find 

the peak in a complete half cycle until the zero shear 

stress position has been passed through.

In horizontally layered soil deposits the shear stresses 

on a horizontal plane, generated by the earthquake, 

cycle about an initial zero horizontal shear stress 

condition. In two dimensional earth structures there 

is some initial shear stress on each plane, hence 

zero shear stress may never be achieved during the 

earthquake. Half cycles of shear stress are therefore 

taken about the initial static shear stress. The 

amount of pore pressure generated, when shear stress is 

cycled about some initial value, is Iess than when the 

same shear stress cycles are applied about a condition 

of zero shear stress (section 2.5.5). Ideally there

fore, the experimental relationship used to predict 

the increase in pore pressure due to cyclic shearing, 

should be able to take into account the value of initial 

shear stress. This requires a great deal of testing. 

The experimental relationship used was developed for 

zero initial shear stress conditions. The overall
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effect of this is the production of larger deformations, 

in the mathematical model of the structure,than if 

initial shear stress was taken into account.

It is necessary to know the cyclic octahedral shear 

stress in each element to be able to use the experimen

tally determined pore pressure relationships to predict

Au
cyc

Once the total stresses at a time step are

known, the new value of τθct can be calculated.

τoct 3(<Sll_S33)2 + <s33 s22*' + <sil-s22>2

+ 6 si3> 0.5

This value is then compared to the value at the previous 

time step to find the gradient of the shear stress-time 

curve. If the sign of this gradient is the opposite 

to the gradient at the previous time step, the value of 

shear stress at the previous time step was a peak value. 

This peak value is compared to the previous maximum 

peak value for that half cycle and the maximum of the 

two retained. If the gradients of the shear stress

time curves have the same sign, it is checked to see 

if the initial value of τθct has been passed through.

When the initial condition has been passed through the 

maximum peak value of that half cycle is used to calculate 

∆u
cyc

The shape of the shear stress cycle has a secondary 

effect on the amount of pore pressure generated.

Higher pore pressures are generated by cycles which spend 

a greater proportion of time at high stress levels.

Hence the pore-pressures generated by sinusoidal shear 

stress cycles are slightly higher than those generated 

by triangular shear stress cycles. Each individual 

peak in an earthquake record is triangular in shape, but 

the overall shape of a half cycle about the zero position
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is not necessarily triangular. The non linear response 

of soil also smooths the peaks in response. It was 

therefore considered justified to use the results of 

stress-controlled dynamic triaxial tests,with a 

sinusoidal Ioad cycle, to predict the pore pressures 

due to earthquake loading.

The peak value of shear stress in a half cycle is used 

to find the number of cycles to Hquefaction, Nτ,
Li

at that cyclic shear stress. This makes the assumption 

that the generation of pore pressure is frequency 

independent. An equation of the form of equation 5.4.3, 

was found experimentally to take into account the 

effect of the most important parameters on the pore 

pressure generation capacity of Patea BS3 siltstone 

(section 7.6.7).

Log Njj = αρd + βR + δ σjJlθ + A (5.4.3)

where ρtj = dry density

R = cyclic stress ratio (τ ∕∏' ) 
cyc ⅛o

σjJlo = initial effective confining stress 

α,β,δ,A = experimentally determined constants

The increment in cycle ratio is given by equation (5.4.4)

where R,,
N

In stress-controlled dynamic triaxial tests, such as those used 

to derive equation (5.4.3), the only change in mean effective 

confining pressure from the zero shear stress position of one 

cycle, to that of the next cycle, is due to the pore pressure 

generated by shearing mechanisms. In two dimensional earth

quake loading there may be a change in mean effective con

fining pressure due to a change in mean total stress from 

one half cycle of shear stress to the next. The dynamic 

component of pore pressure response may not have a zero 

value when a half cycle in shear stress has been completed.
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It is therefore necessary to keep track of the pore pressure 

generated by shearing and use this to find the value of 

the cycle ratio before adding on the next increment.

(1 - sinjj(l - Ru)j 1/0.7
(5.4.5)

where Rιι = pore pressure ratio -.--- 
u i r o'

Equation (5.4.5) gives the relationship between pore 

pressure ratio and cycle ratio found for Patea BS3 

siltstone. The shape of the curve given by this equa

tion varies slightly with initial effective confining 

pressure, dry density and cyclic stress ratio. For 

ease of computation an average curve is used. Lee and 

Albaisa (1974) produced an average curve for this 

relationship for sands,which is quite different from 

that obtained for the Patea siltstone material (Figure 

2.5.1). It is a relatively simple matter to incorporate 

in the program the shape of the pore pressure response 

curve best fitted to the material under consideration. 

Alternatively if the structure contains materials with 

markedly different shaped pore pressure response curves, 

the use of different curves is also possible. The 

program contains an option to use the pore pressure 

generation curve for sands (equation 2.5.1).

The inverse of equation (5.4.5), equation (5.4.6), and 

equation (5.4.7) are used to find the new value of pore 

pressure due to shearing.

Ru
1

2
π

• -ι,1
sin (1 0.7

N (5.4.6)R )

u = R σ, 
oyc u mo (5.4.7)

The increment in pore pressure due to shearing is added 

to the total pore pressure and this value used to find 

σ' for the next time step
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u* u + u*
cyc u

cyc
(5.4.8)

where «c is the amount of pore pressure generated by 

shearing at the previous time step

It is assumed that the increase in pore pressure, when 

the shear stress cycle passes through the initial 

shear stress position, is responsible for the softening 

of the soil due to cyclic loading. Hence the strength 

and stiffness properties of the soil are changed as 

this pore pressure is generated.

Throughout the solution routine a check on the Ievei 

of pore pressure generation is made. To maintain a 

finite amount of stiffness and strength, the maximum 

excess pore pressure is held at 95% of the initial 

effective confining stress. This level of pore pressure 

generation is considered to be indicative of the 

development of excessive strains.

5.4.2 Changing Material Properties

The shear stress-strain properties of the soils in the 

structure being analysed, are determined by their yield sur

face radii and the yield surface hardening constants. As 

the size of the yield surface radii are governed by the shear 

strength of the material, a relationship between shear 

strength and mean effective confining pressure, needs to be 

specified. This takes the form of equation 5.4.9 (section 

7. 3) .

where a, b, c are constants for the specific material. 

New values of yield surface radii are now found from 

equation (5.4.10).

τ
maxi

τ.
k,

max
ho

(5.4.10)

o
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where rmaxo

τmaxt

and k
no

and k . 
ni

are

are

the initial values

the values at time step i

A similar relationship to equation (5.4.9) is used to 

find a new value of maximum shear modulus (section 7.5)

‰x = d<σm> (5.4.11)

where d and f are material constants

Equation (5.4.12) gives new values of the 

hardening constants

yield surface

C .
ni

Gmax. 
i

G
max

C
no (5.4.12)

o

where G , C are the initial values 
maxθ no

cmaxi' cni are t+lθ values at timestep i

The constants a, b, c, d and f can be experimentally 

determined from a series of tests on the various soils 

(section 7.7), or may be estimated from published data. 

A value of 0.5 is commonly assumed for f (Hardin and 

Drnevich, 1972a). Constants a and d, can be related 

to the density of the material (sections 7.5 and 7.6).

One of the principles of plasticity theory, is that a 

stress point cannot Iie outside a yield surface. New 

yield surface centres are therefore calculated, using 

equation (5.2.21), for the modified surfaces which have 

yielded (Figure 5.4.1).

This is carried out before returning to the general 

stress solving routine, so that no alterations are made 

to the value of stress.
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------- initial yield surfaces

~modified yield, surfaces

Figure 5.4.1 : Reduction of Yield Surface Radii (View down
space diagonal)
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5.4.3 Redistribution of Pore Pressures

It is assumed that the permeability of the soil in the 

structure is Iow enough to prevent significant redistri- 

btuion of generated pore pressures during the earthquake. 

However after the earthquake, the pore pressure gradients 

created during the earthquake will be dissipated until 

the initial steady state is reached. This process 

may cause the structure to become more unstable, or the 

pore pressures in some areas to be higher than at any 

stage during the earthquake. Due to the numerical 

stability requirements of the dynamic analysis program, 

a dissipation analysis cannot be carried out in 

conjunction with it, as the number of required time 

steps would be excessive. Hence a program was written 

to solve the problem of dissipation of the generated pore 

pressures with Iong time steps. This is discussed in 

section 5.13.

If it is found that the pore pressure at any position in 

the dam has risen, the reduction in the strength of the 

soil at this point is calculated using the new value of 

effective confining pressure. This can then be compared 

with τθct at the end of the earthquake to see if the 

shear strength is exceeded.

5.5 CALCULATION OF YIELD SURFACE PARAMETERS

At the start of loading it is necessary to define each 

yield surface diameter (kn) and hardening constant (Cn), 

where kn is the yield stress in simple shear. It 

is easiest tocalculatethese parameters from the known 

loading curve of a simple shear test with an initial 

state of zero deviatoric stress and strain.

vanishing components of stress and strain are

σ13 = σ31

θ13 = e31

The non-
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The σi3, ei3 pairs used to define each yield surface are 

chosen to give the best approximation to an experimentally 

determined stress-strain curve. Alternatively the 

program has allowance for the loading curve to be 

approximated by a hyperbolic one, with U33, e^3 pairs 

chosen accordingly.

For the case of simple shear equation (5.2.17) becomes

^σ13
d e13 = UG^~ + 01313 dσ13 + 01331 dσ31 (5.5.1)

where Q
1313

'1331

3 F
L = 1 if F = k2 and »----- —

n n n 3σ..
13

dσ. . > O 
13 -

As von Mises yield criterion (equation 5.2.19) is used

3 F_
n

3σij - ij a.
13

Equation (5.5.1) reduces to

d e
1

2G, n=l Cn
dσ (5.5.2)

1313

where j is the largest yielding surface
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Between yield surfaces d e13 = θj+1

and d σ33 = kj+^

e .
3

k3'

therefore Cn can be calculated from equation (5.5.3)

3+1
Zl _ ^
k. 2Gθ

j~1 1
z δ~ 

n=l n
(5.5.3)

When the modified hardening parameter Hn is used 

(section 5.2.2) it is found from equation (5.5.4)

e3 + l

kj+l
J_
G„ (5.5.4)

Triaxial tests are those most commonly carried out to 

determine the shear stress-strain properties of a soil. 

It is therefore useful to be able to determine yield 

surface parameters from triaxial test data. As the 

distance from the space diagonal in an octahedral plane 

is given by √5 τθct' tt,e reIatronstrP between the yield 

surface diameter and the stresses measured under 

triaxial conditions (σ3 = σ3) is given by

2 k = σ. . σ. . 
n 13 i]

oct

√^
where τθct = ^∙ (S3 - S3) for a triaxial test

therefore k = — T„ .
n z2 oct

= — (S - s3) ^ 1 j (5.5.5)

i = J±k

= 3 τ

The shear strain corresponding to τoct 7s Yocf
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γoct (5.5.6)

Therefore when the stress point during a triaxial test 

is on the yield surface given by kR, kjl = l∕√c3(S1 - S3), 

and the strain is equal to 2∕VT(eχχ - e3) . As it is 

usually assumed that there is no volume change during an 
undrained triaxial test, ε3 = - i e^. The strain when 

yield surface n is reached is therefore given by 

v7T e.. The drained shear stress-strain response is 

assumed to have the same characteristics.

If no experimentally determined shear stress-strain curve 

is available, the program can produce a hyperbolic 

stress-strain curve, given by equation (5.5.7)

n

The values of e1 and k^ are chosen to ensure the shear

stiffness within the first yield surface is equal to

⅛ax' The first stress-strain pair approximating an

empirical curve should ensure this also. For a given

soil the parameters Gm = „ and τ__ _ are all that is
max max

required when a hyperbolic stress-strain curve is used.

As it is necessary to maintain a positive value of shear 

modulus as failure is approached, the outside yield 

surface is defined as having a diameter of 0.9999 τ
oct max

This results in very large strains when the outermost yield 

surface is reached.

When pore pressures are generated, the yield surface 

parameters are changed after each half cycle of shear 

stress. There is no provision in the program to 

increase the yield surface parameters due to the cyclic 

strain hardening which may occur in some materials.
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5•6 COMPARISON OF ORIGINAL AND MODIFIED YIELD SURFACE 

HARDENING PARAMETERS

A comparison was made of the results of the same 

dynamic loading example solved using the original and 

the modified stress solving routines. The example used 

was that of the Patea dam (Chapters 7 and 8) with an 

empty reservoir, subjected to the first five seconds of 

the scaled horizontal component of the San Fernando 

earthquake, recorded at the Castaic Old Ridge Route 

(section 8.2).

The modified stress solving routine required 20% Iess 

computing time than the original. However the maximum 

displacements predicted by the modified routine were 

up to 30% Iess than those of the original. This is 

because if more than one yield surface is traversed in 

one time step, the modified routine omits the strains 

associated with the intermediate yield surfaces.

Fifteen yield surfaces were used in the soil model.

The modified solution routine with its sharp transition 

in stiffness, caused by omission of yield surfaces, 

produces higher frequency components in the response of 

the dam. Figure 5.6.1 shows the response spectra at 

the top of the dam for the two solution routines.

It was decided that the reduction in computer time did 

not justify the Ioss in the accuracy of the dam 

response,when the modified stress solving routine is 

used. Hence all the results of the different loading 

examples of the Patea dam, described in Chapter 8, 

were carried out using the original solution routine.

5.7 INPUTTING THE BASE MOTION

Assigning a particle velocity at a soil-rock interface 

is the equivalent of assuming incompressibility of the 

rock. This allows no energy to be radiated out of the 

soil structure and may cause stronger resonances within
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--------original stress

.........modified stress

solving routine 

solving routine

Figure 5.6.1 : Response Speetva of Horizontal Aceeleration
at Top of Dam

the structure than would otherwise be the case. To 

take into account the relative stiffnesses of the soil 

structure and the underlying material, boundary con

ditions in terms of forces are used (section 4.5).

V is termed the actual motion of a point on the boundary , 

found by solving the force equation. Vf. is the 

particle velocity that would be produced at a boundary 

point by the given seismic excitation,if the boundary 

was a free surface.
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To solve for movements parallel and perpendicular to 

the boundary, it is necessary to rotate the reference 

axes where there is a sloping boundary (Figure 5.7.1).

⅛ vFj (5.7.1)

where βij cos θ - sin θ 

sin θ cos θ

The motion of a boundary point is taken as the sum of 

the incident and reflected compression (P) waves and 

vertical shear (SV) waves, travelling normal to the 

boundary.

v3 = 
V{ =

,PI
vsv1 +

PR
J ,svι

(5.7.2)

At a free surface there would be 100% reflection, there 

fore
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V’
P*3

2 vPi (5.7.3)

vL * 2 vSV1

The displacement at

solution of the wave

1970)

the boundary can be found from 

equation (Richart, Hall and Woods

⅛ = 0PI (x3 - υp t> (5.7.4)

uPR UPR (x3 + vP t,

where u is the displacement normal to the boundary 

U is the wave function

Vp is the compression wave velocity in the under

lying medium

t is time

The strain taking place at the boundary is given by

(5.7.5)

V t
_P___
υ t 

P

9u
3x

PI33
PI

υ

(5.7.6)

PR33
PR

v_

The corresponding stresses can be found from equation

(5.7.7) assuming elastic properties in the underlying 

material.

σ, • = λ e. . <$. . + 2 G e. .
i3 i3 i3 13

= (λ e.. + 2 G)e..
13 13

where λ is Lame's constant

<$ij is the Kronecker delta

(5.7.7)
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The term inside the brackets can be manipulated to obtain 

Pχ,p (Appendix G) , giving the following equations for 

the stress at a boundary point due to the compression 

waves

δPI33 = ~ pυp VPl (5.7.8)

SPR33 = pυp VPR

The total stress due to compression

δP33 = pυp<vPR " vPI> (5.7.9)

A similar solution process produces a stress equation 

for the non zero shear wave components

SSV31 = SSV13 = pυstvi - vFl, (5.7.10)

where V3 is the shear wave velocity in the underlying 

medium

The forces applied to the given boundary node by segment,

a, with length ∆s , are 
a

Fa3 =" pυp<v3 " vF3> zisa∕2 (5.7.11)

Fal =- pvs(Vi - vFl> Asa/2

These forces are then transformed back to the original 

axes and the contributions from segments a and b summed. 

For the derivation of the transformation maxtrix, A.., 

see Appendix G.

F . + F, • ai bi Aij(Vj - M (5.7.12)
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To these forces are added those contributed by the two 

adjoining elements, F^, calculated in the general 

solution scheme (equation 5.3.1).

Newton's second Iaw requires that

F. + F . + F.. = m a.
i ai bi i

(5.7.13)

where m is the mass and a^ the acceleration in direction 

i, of the node

<Vi - vLi>

∆t
(5.7.14)

where V^∣ is the value of V∣ at the previous time step. 

Equation (5.7.13) becomes

(V, - Vτ,)
Fi = A.j(V. - Vp.) + - 1-at Ll m

(5.7.15)

Fi = (Aij + δij ⅛) <Vj - vFj> ÷ 'vFi - W ⅛

This equation can be solved for V^

Vi = VFi + Nij <Fj +

where N∣j is the inverse of 

(Appendix G)

(VLj - Vpj) m∕∆t) (5.7.16)

the matrix (A^j + δ^j m∕∆t)

The components of N^.j need to be computed only once, at 

the start of the dynamic analysis.

Hence the excitation at each boundary point, at each 

time step, is dependent on the stiffness of the base

ment material, the input wave velocity and the current 

stress state. The basement material does not need to 

be uniform. The input motions are input as accelera-
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tion time histories and integrated to form velocity 

time histories. A subroutine is incorporated in the 

program to scale the magnitude of the input record and 

if necessary reduce the time step to meet numerical 

stability criteria.

5.8 OUT OF PHASE BASE MOTION

As it is found that non uniform input base velocities 

can affect the dynamic behaviour of a dam (section 4.6), 

the program has the capacity to use different input 

velocities at each boundary point. To do this the 

input velocities in each direction are read in for each 

individual boundary point. This requires the

preparation of input files with the basic earthquake 

velocities modified according to the assumed direction 

of the wave form at each boundary point. If there are 

sloping boundaries as in a soil deposit, a more accurate 

solution of an analysis with vertically propagating 

waves is obtained if allowance is made for the time 

difference between a given point on the input wave 

front reaching the base of the deposit, and it reaching 

a position on the side of the deposit.

Referring to Figure 5.8.1 it can be seen that the 

differences between the time taken for the shear and 

compression waves reaching the centre Iine at the

0 and some other base point, is given by

6ts = x sin θ∕vs (5.8.1)

AtP = x sin θ∕vp (5.8.2)

input motions are given by

Vχ(t) = V(t t ∆ts) (5.8.3)

Uχ(t) = U(t + ∆t) (5.8.4)
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As these waves intersect the boundary at an angle it is

necessary to find the vertical and horizontal components

of motion

alχ(t) = Vχ(t) cos θ - Uχ(t) sin θ (5.8.5)

a3x(t) = Vχ(t) sin θ + Uχ(t) cos θ (5.8.6)

where a^ and a3 are the horizontal and vertical input

motions
5.9 REQUIREMENTS FOR NUMERICAL STABILITY

It is necessary to consider the numerical stability of 

the solution routine when the size of the mesh and the 

length of the time step are chosen. The criterion 

for stability suggested by Joyner was used.

v ∆t < ∆x(l + (υc∕v)2)"55 (5.9.1)

P b P

This was devised by Alterman and Loewenthal (1972) 

for a corresponding linear elastic system. As the
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soil model does not allow for strain hardening the 

initial wave velocities are the largest and hence the 

most critical. These values may be reduced due to 

increased shear strain and pore pressure. An estimate 

of the maximum confining stress in each material in 

the dam is used to find the appropriate value of vθ.

υ = /^^ (5.9.2)

s √ p

An estimate of the maximum value of Vp is also required, 

This can be found from equation (5.9.3) (Appendix H).

v2 = -. + 3 ⅛x λj2f- (5>9 3)

P p p

where K is the bulk modulus

An estimate of the maximum bulk modulus is obtained 

from estimates of the maximum confining pressures in 

each material, as before. The maximum bulk modulus 

found at any point in the structure, may not occur at 

the same point as the maximum shear modulus, (shear wave 

velocity). When there is water present in the structure 

it is necessary to use the bulk modulus of water. As 

this is usually considerably higher than the highest 

bulk modulus of the soils present, the maximum length 

of time step may be severely reduced.

A complete check on stability could be carried out for 

the maximum wave velocities and minimum element dimensions 

in each material, to find the overall minimum time step 

length. However this was considered unnecessary as 

it was found by varying the length of time step that 

equation (5.9.1) gives a good indication of the stability 

restrictions when the highest overall velocities and 

minimum overall element dimension are used.
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5.10 NORMALISATION PROCEDURE

In order to simplify the computations, Joyner's program 

was set in terms of normalised stresses and strains.

s = /-— (5.10.1)
υmax

e (σmaχ∕2Go) (5.10.2)

where s and e are normalised stress and strain

σ is the maximum simple shear stress 
max r

Gθ is the maximum shear modulus

Hence the maximum attainable normalised simple shear 

stress is equal to 1.0, which equals the maximum possible 

yield surface parameter k.

To remove the need for simple shear test data to define

the soil model, it has been redefined in terms of τ ,.
oct

The normalisation procedure now carried out is

s σ
τoct max

(5.10.3)

e Tr 7 /2G )
oct max o

(5.10.4)

The maximum k value corresponding to the maximum norma

lised octahedral shear test is given by (√z3∕√z2), as 

kjι = (M∕√z∑)τoctn. Hence when a hyperbolic soil model 

is used the complete shear stress-strain response can 

be predicted by defining τθct mgχ and Gθ only. When 

empirical shear stress-strain curves are used a series 

of s, e pairs is required for each different shaped 

shear stress-strain curve. If normalised stresses and 

strains were not used these curves would have to be 

defined for each element.
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If the yield surface parameters are held constant for 

the duration of the dynamic analysis, the normalisation 

procedure removes the need to store these parameters for 

each element. However when the material is allowed 

to undergo softening, due to the generation of pore 

pressures, it is necessary to store the yield surface 

parameters of each element. The use of the normalisa

tion procedure is therefore Iess advantageous.

5.11 ELASTIC CHECK ON PROGRAM

To check the formulation of the program an elastic version 

was created by making the first yield surface in the soil 

model large enough never to be reached. This will be 

referred to as the finite difference scheme. The results 

of a dynamic analysis of a homogeneous embankment were then 

compared to those obtained from the SAP IV linear elastic 

finite element program written at the University of California, 

Berkeley (Bathe, Wilson and Peterson, 1973).

A simple triangular pulse of horizontal acceleration, 

with a maximum of 0.25 g, was used as a uniform base 

input. The mesh used was refined until the displace

ments obtained from the elastic finite difference 

scheme did not change significantly with further refine

ments (Figure 5.11.1). As the SAP IV program assumes 

an infinitely stiff foundation material, the stiffness 

of the foundation material used in the finite 

difference scheme was increased until displacements were 

no longer affected by it.

The material properties used in the final finite difference 

analysis are shown in Figure 5.11.1.

The forced dynamic response option of the SAP IV 

program was used with plane strain elements. Nodes 

along the base of the embankment were restrained horizon

tally and vertically. Elastic material properties were 

calculated from the properties used in the finite difference 

program.
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160 m

baβe material Vg = 1 x 10^ m/s

v = 1 x 10^8 m/s 
P 3

p = 2600 kg/m

Figure 5.11.1 : Element Hesh for Elastic Response Analysis

Iκ

Poisson's ratio (5.11.1)3K + G

= 0.48

Elastic modulus E = 2(1 + υ)G (5.11.2)

= 534 MPa

The average difference in shear stresses calculated by 

the two solution routines is 2.2%. The finite 

difference scheme allows displacement of the base nodes, 

whereas the best approximation of the finite element 

scheme requires vertical and horizontal restraint of 

thebasenodes. It was found that the maximum difference 

in shear stresses occurred in regions affected by these 

imposed restraints.

The horizontal displacements calculated at the outside
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nodes of the structure by the two methods, have an 

average difference of 3.4%. Again the maximum difference 

was in the lower part of the dam where the horizontal 

restraint has effect. The difference in vertical 

displacements rangesfrom 1% to 60%, with that at the 

centre Iine of the dam being smallest and that at the 

outside corners, greatest.

It was decided that the two solution routines agreed 

reasonably well.

5∙!2 COMPARISON OF ONE AND TWO DIMENSIONAL RESPONSE ANALYSES

The earthquake response of horizontally layered soil 

deposits is often approximated by one dimensional (ID) 

response analyses. These can be linear or non linear, 

using various mathematical schemes, such as a finite 

difference approach or the method of characteristics 

(section 4.2). An example of a linear elastic one 

dimensional response program is SlTRES2 (Parton, 1972). 

This program divides the soil layers into sublayers which 

are modelled by lumped masses connected by shear springs.

As a further check on the formulation of the two 

dimensional (2D) dynamic response program and to 

investigate the use of one dimensional analyses for two 

dimensional problems, an example of a homogeneous, 

horizontally layered basin was investigated. The 

width of the basin and the number of soil layers was 

increased to obtain the best comparison of peak shear 

stress profile at the centre line, with that produced 

by SITRES2.

To approximate the boundary conditions to that of SITRES2, 

the stiffness of the basemθnt material was increased until 

the earthquake response was no longer affected by it.

The material properties used were:
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p = 1800 kg∕m3

C,^ = 10.5 MPa 
max

K = 274.0 MPa

1 3 m/sVp basement = 1 x 10 

υg basement = 1 x IO13 m/s

<r5^
w∣H' ∏,

The first 15 seconds of the unscaled Caltech bl artifi 

cial earthquake record were used as the horizontal bas 

excitation.

The deposit was initially divided into 10 layers, each 

15 m deep. Wlth 6, 100 m wide elements placed each 

side of the centreline, there was an average 21.5% 

difference in the peak shear stress calculated at the 

centre Iine and that found by SlTRES2 (Figure 5.12.1). 

The basic shape of the two shear stress profiles is 

similar, with the 2D analysis predicting a higher peak 

shear stress at mid depth.

Increasing the number of elements each side of the 

centre Iine to 10, only reduces the difference in peak 

shear stresses to an average of 19.5%. The overall 

shear stresses predicted by the 2D analysis are now 

smaller than those from the lD analysis.

In the ID analysis the response was calculated using 

30 sublayers. Due to the stability requirements of 

the 2D program a maximum of 14 layers could be used if 

the time step was held constant. With 10 elements 

each side of the centre line, the difference in peak 

shear stress was reduced to an average of 15.6%. The

shear stress and displacement profiles of this 2D 

analysis have similar shapes to the ID analysis. The 

average difference in displacements is 26%, with the 

2D program generally giving higher displacements 

(Figure 5.12.2).
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_____ SITRES2

-------- 10 elements each side of £' (14 layers)

6 elements each side of £ (10 layers)

-------- 10 elements each side of £ (10 layers)

Figure 5.12.1 : Comparison of One and 'Two Dimensional Analyses
(Shear Stress)

A 2D analysis was also carried out on the 14 layer 

basin with the side boundaries having the same material 

properties as the homogeneous basin.

vθ = 76 m/s

v = 400 m/s
P

The shear stress profile obtained (Figure 5.12.3) has 

lower values than the basin with hard boundaries and is
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horizontal displacement (ιn)

Figure 5.12.2 : Comparison of One and Two
Dimensional Analyses 
(horizontal displacements)

further from the lD response.

These analyses confirmed that the responses predicted 

by the 2D program are realistic. It appears that the 

distance and nature of the side boundaries has Iess 

effect on the shear stress profiles produced at the 

centre Iine of a basin, than the number of layers into 

which the deposit is divided. Using this ID analysis 

to model a basin with width to depth ratio Iess than 

9 results in underestimating shear stresses, Figure 

5.12.3 shows that the 14 layer two dimensional analysis 

and SITRES produce comparable peak shear stresses at 

the base and mid heights, but SITRES produces noticeably 

higher shear stress at 25 m depth. If the numerical
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SITRES2
hard boundaries) 10 elements eaoh side 

) of g
-------- soft boundaries) 14 layers

Figure 5.12. 3 : Effeet of Boundary Conditions on
Two Dimensional Response

stability criterion of the two programs were the same, 

and analyses with the same number layers were possible, 

a closer shear stress response should be obtained. It 

would also be of interest to compare lD and 2D non 

linear analyses of the same problem to deduce a minimum 

width-depth ratio for soil deposits to define the 

appropriateness of lD analysis.

5.13

5.13.

PORE PRESSURE DISTRIBUTION ANALYSES

1 Dissipation of Excess Pore Pressures

Dissipation and generation of excess pore pressures 

occurs simultaneously during an earthquake, however 

it has been assumed in the dynamic analysis that the
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permeability of the materials is Iow enough to make 

any dissipation negligible. Xt has been observed that 

liquefaction of soil deposits can occur some time after 

the earthquake excitation has ceased. This was 

apparent after the Niigata earthquake 1964. This is 

caused by the high pore pressures generated at depth 

migrating upwards, reducing the effective confining 

pressure in the layers towards the surface.

Many dams have been observed to suffer failure up to

24 hours after the major earthquake event. Akiba and 

Semba found from studies of 50 dam failures caused by 

the 1939 Ojika earthquake, that very few of the failures 

occurred during the shaking (Seed, Makdisi and De Alba,

1978). These dams ranged in height from 1.5 m to 18 m.

The slope failures of the Lower San Fernando dam caused by the 

1971 San Fernando earthquake occurred towards the end or just 

after the major earthquake excitation (Seed et al, 1971).

These failures are considered to be due to the redistribution 

of stresses, caused by the dissipation of pore pressure 

gradients. Hence the dynamic analysis of a structure in 

which pore pressures are generated is not complete unti.l pore 

pressures have resumed their steady state values.

Ideally the pore pressure dissipation stage of a dynamic 

response analysis should be a continuation of the 

earthquake excitation stage. This would enable stresses 

and deformations to be predicted as changes in the pore 

pressure distribution take place. However the time 

steps required for noticeable change in pore pressures 

are considerably Xonger than those required for 

numerical stability of the dynamic analysis. Hence a 

separate pore pressure dissipation program is required.

The program described in the following sections can be 

used to generate the total head and pore pressure values 

due to steady state flow, as well as to solve the problem
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of dissipation of excess pore pressures. This uses 

the final pore pressure values output by the dynamic 

analysis and the same basic routine to input the data.

The dissipation analysis is carried out for a number 

and size of time steps prescribed by the user. At 

each time step the excess and total pore pressures in 

each element are printed out. These can be compared 

to the pore pressures at the end of the dynamic analysis.

As the pore pressures change, new values of shear 

strength are calculated using the new values of mean 

effective confining stress. These strength values are 

compared to τθct in those elements at the end of the 

dynamic analysis. If the shear strength is exceeded 

in any element,it can be checked to see if a failure 

surface has been formed by a group of elements. This 

analysis should really be used only to give an indica

tion of the reduction in stability, as the shear stresses 

at the end of the earthquake will also have been modified 

by stress redistribution.

The pore pressures should eventually reach steady state

values, which may be slightly different from

the values initially inputinto the dynamic analysis.

This difference depends on the relative accuracies of 

the initial flow net and the dissipation analysis.

This program neglects any hydrodynamic pressures on the 

face of the dam, caused by continued oscillation in 

the reservoir after the earthquake motions have ceased.

It is assumed that the level of the water in the 

reservoir is constant and equal to that before the 

earthquake.

5.13.2 Steady State Analysis

The equation for steady state flow is in the form of a 

Laplace equation in terms of total head.
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3zh
9x* = O (5.13.1)

where h

x

z

k
x

is total head •

is the horizontal direction 

is the vertical direction 

, ky is the effective permeability in the 

and y directions

x

This equation can be expressed in terms of central 

differences, where Figure 5.13.1 defines the variables 

and Appendix I gives the derivation of the central 

difference.

2 ∆x
kxi ∆x2 + ∆χ2 

m p

m
- 2w. + w. , 7--------- j----j—i ib Ax_ + Ax_ + w.

2 ∆x

id x„ + x 
m p

+ k.yi ∆y4 5 + ∆y2 
j j m j p

2 *ym
~ 1 m- 2w . + W . 7---------7---- 7-----

1 ιa *ym + *y^

2 ∆y
+ W .ic ^m + %

= 0 (5.13.2)

where w is the finite difference approximation of h.

As all the variables except w are assumed constant, 

equation (5.13.2) can be further simplified.

K. w. + I. w., + A. w. + L. w. + J. w., = 0i ia i ib r i i ic l id

(5.13.3)

where A. =
4 k . Xl

1 ∆χ2 + AX2m a p

4 k .
y1 ,

^yz + ∆yl
j m j p

4 k .
I. = xl
i Λ⅛ + ∆x

______ ________ Ay
∆x + ∆x m
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J.i

K . 
i

4 k .
1Xl

∆x2 + ∆x2 ∆x^ + ∆x
m P m p

4 k .
yχ 1

∆P^
2m + A^ ∆ym + ∆yp

4 k .
yi 1

∆yJ"
j m + ∆y> Lv + ∆v 

jm j p

∆x
P

∆y
m

∆y
P

ia

y

id

Lxm 1 ^
i ib

Lx
P . |“t^a

io ⅛m

Figure 5.13.1 : Configuration OfElementa for
Central Differenee Fomnrta
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kχ and ky are dependent on the relative permeabili

ties of adjacent elements (Appendix I) .

k
x

k
y

(5.13.4)

(5.13.5)

where Liχr L^y are the x and y dimensions through the 

centroid of element i

It is assumed that these permeabilities do not change with 

effective confining stress.

A series of simultaneous equations is formed by equation

(5.13.3) for each element, this is solved by Gauss- 

Seidel iteration (Carnahan, Luther and Wilkes, 1969).

To form these equations a knowledge of the position of 

the elements relative to each other is required. As 

the element mesh is often irregular, this cannot be 

carried out in the program, but the four elements 

surrounding each element must be input by hand.

Figure 5.13.2 defines the boundary conditions for the 

steady state solution and how these are handled by the 

program.

The pore pressures in the Patea dam (Chapter 8) produced 

by this steady state seepage analysis agreed with the 

estimated flownet (Figure 8.5.3) to within 10 kPa in 

the areas of concentrated equipotentials and not so 

well where the equipotentials are harder to define by

eye.
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Position N.l N.ia ⅛ N.ιβ N.Jτa

A N.τ - z ⅛ N.τo - z

B N.i N.ia Nib N.τ hd

C N.l - Z “ Z N.TO Nid

Figure 5.13.2 : Steady Statd Flou Boundary Conditions

5.13.3 Dissipation Analysis

The equation for the dissipation of excess pore pressures 

(u) is similar to that for steady state seepage (Remson, 

Hornberger and Molz, 1971). The right hand side is 

equal to the change in volume in time ∆t.

kx 32u , j 32u = i θ⅛ 
γw 3x2 + γw 3y2 κ∙ 3t (5.13.6)

where γw = unit weight of water

K' = bulk modulus of soil which changes with 
s

effective confining stress

The finite difference approximation to this equation is 

equation (5.13.7), where the index k indicates the time
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Stepand the other indices are defined by Figure 5.13.1

k+l k _ 1, , (
w. - w, 2 K k.i 1 _ IX

∆X5 + Δ×2
, k+1 χ ______1
wi ∆x~ + ∆x∆t

<w5b1 Axm + wid1 V

2 K k. 
ι×

∆χ2 + ∆x2 
m ρ

2 K k.
+ „---------i∑

∆y2 + ∆y2jm jp

2 K k.
+ _.-.-DX

∆y2 + ∆y2
m j ρ

where K =

k , 
w. + <wL i×m + Da Δ×>
i ∆x + ∆x 'wib m τ wid “V

.k+l , 1 z k+1 * . k+l i
w. ÷ A------;—x (w∙ ∆yra + w. ∆v1 Dτπ+Δy' ia ym ic yp

- w^ + Λ-—Z—A (vΛ ∆y + vΛ ∆y )
1 Dm + ∆yp ia γm ic yp'

(5.13.7)

This equation is reduced to

Hi wi+1 - 1i wib1 - ji Dd1 - D w∙+1 - L. wk+1 
1 1 1 lb 1 IQ 1 la 1 i<IC

bN. w. + I. w. + J. w., + K. w√ + L. w"
1 i i ib i id i ia i ic

(5.13.8)

where X. =
2 K k. ∆t IX 1
Λx2~~^+ ∆x2 ∆x + ∆xm P m p

2 K k. ∆t
 IX 1

∆x2 + ∆x2

Λx~

Axm + Axp AXP

2 K k. ∆t 
K. = -- , 1Y ∆yj τr1 D⅛ + D⅛ ∆yιn + ∆yp 'm

L. =

jm j p

2 K k. ∆t 
DD

1 Dm + DI ∆ym + ∆yr ∆yr
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2 K k. ∆t K k. ∆t
, ι× , τ ιy

Mi - Δ×* + ∆xr Δ⅛ + ∆y^

2 K k. ∆t 2 K k. ∆t
_______ ix _ 9 iy

i ' " t"⅛ + Axp " ^ynι + AYP

As all the variables in the right hand side of equation 

(5.13.8) are known, a system of simultaneous equations 

is formed. These are solved for wi by Gauss-Seidel 

iteration.

The boundary conditions for this transient case are shown 

in Figure 5.13.3.

dj = 0 (impermeable)

Position N.τ- N.ia N..τb N.bO Nid

4 N.τ- 0 N..ib N.w 0

B N.τ N.ba N..■bb N.
i Nid

C N.
i

0 0 N.
bO Nid

Figure 5.13.3 : Boundanj Conditions for Dissipation of
Exoess Pore Pressures
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5.13.4 Effect of Irregularly Shaped Elements on Solution Routine

The finite difference solution routines for the transient 

and steady state problems assume that the centre points 

of adjacent elements are in Iine vertically and horizon

tally. However as the choice of the element mesh is 

based on the need to differentiate between material 

properties, and numerical stability considerations for 

the dynamic analysis, the elements are often not in 

perpendicular columns and rows. Triangular elements 

also introduce an offset in the Iine of centrepoints.

Figure. 5.13.4 : Interpototion of Data at Element
Centroids

The elementsin dams can be aligned with the core material 

shoulder material interface. This interface has a 

slope of 1.5 : 1 for the Patea dam (Figure 7.1.2).

Figure 5.13.4 shows the configuration of the elements 

in the mesh used for the Patea dam (Figure 8.2.1) 

centred around element 146 in the upstream shoulder.

A check was made on the steady state solution for this 

element by interpolating between the values of total head 

for elements 145 and 154 above, and elements 137 and 147 

below, to obtain values vertically aligned with the 

centreline of element 146. It was found that the
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result obtained was only 1.5% different from that found 

assuming elements 145, 146 and 147 were vertically 

aligned. Hence it was decided that an interpolation 

procedure in the flow analysis program was unnecessary.

5.14 SUMMARY

A two dimensional dynamic response analysis, incorpora

ting non linear soil properties and the generation of 

pore pressures, has been described in this chapter.

The method of analysis is based on the finite difference 

approach of Joyner (1975). This approach makes the 

assumption of plane strain conditions so that the dynamic 

behaviour of a three dimensional structure, can be modelled 

by the behaviour of a two dimensional cross section.

The cross section is divided into elements which define 

the different materials in the structure. The velocities 

at each interconnected node in the structure are 

calculated from the forces acting at them. Increments 

in strain at the element centroids are found from the 

velocity gradients across each element and the non 

linear material Iaws used to find the corresponding 

stress increments. These stress increments are used in 

turn to find the new forces acting at the nodes, assuming 

that the stress distribution in an element is independent 

of the stiffness of the surrounding elements.

To obtain the best estimate of dynamic response it is 

necessary to calculate the static stresses in the dam by 

some other method and input them as initial conditions. 

These initial conditions can be used to determine the 

appropriate maximum shear modulus and shear stress in 

each element. In order to do this theprogram requires 

experimentally determined relationships between shear 

modulus, shear stress, shear strain and effective confining 

pressure for each material. Also parameters defining 

the pore pressure generation behaviour and consolidation
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characteristics are required. An option for constant 

stress-strain behaviour is contained in the program.

This option does not require the initial stress condi

tions but cannot be used with pore pressure generation 

and will underestimate the strains developed,as the 

increments in stress are added to a zero initial stress 

condition.

The mean components of stress and strain are related by 

a critical state approach and the deviatoric stress 

and strain components through plasticity theory. A 

set of nested yield surfaces described by von Mises 

failure criterion and with an associated flow rule are 

used to model the deviatoric stress-strain behaviour.

When no pore pressures are involved, these yield surfaces 

undergo kinematic hardening only. If pore pressures 

are generated,a combination of kinematic and isotropic 

hardening takes place. The size and hardening 

characteristics of the yield surfaces are derived from 

a normalised shear stress-strain curve. The shear 

stress-strain curve appropriate to each element is 

defined by the maximum shear modulus and shear strength 

of the element. The isotropic hardening characteristics 

are determined by the way in which changes in mean effective 

confining pressure modify the maximum shear modulus 

and shear strength of the material in the element.

The pore pressure response is also treated in two

components. A dynamic, completely reversable component 

of pore pressure is related to the volumetric strain.

The second component is related to cyolic octahedral 

shear stresses and is calculated only after each half 

cycle of octahedral shear stress. This component 

steadily increases throughout the earthquake and is 

used to calculate the change in maximum shear modulus 

and shear strength.
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The earthquake excitation is defined as vertical and 

horizontal motions of the nodes on the interface 

between the structure and the underlying material.

This interface is in the form of a transmitting boundary 

which allows energy to be radiated out of the structure.

An estimate of the shear and compression wave velocities 

in the underlying material is therefore required. The 

underlying material does not need to be uniform. Out 

of phase motions on the base of the structure are also 

possible.

Various assumptions, other than that of plane strain, 

are inherent in the program. A basic assumption is 

that the displacements in the structure produce 

negligible changes in the element dimensions. An upper 

limit of 95% is imposed on the pore pressure ratio as 

it is considered that as strains are produced, dilation 

will take place and the pore pressures reduced. This 

dilation may also be contributed to by motions perpen

dicular to the cross section under investigation.

Ishihara and Towhata make a similar assumption in their 

one dimensional dynamic response analysis (Section 3.9.4).

For the stability of the solution procedure it is also 

necessary to maintain some finite value of stiffness.

This means that stresses may be transferred to parts of 

the structure which would not receive these stresses if 

complete liquefaction takes place.

It is assumed that the same pore pressures are produced 

by cycling about some initial shear stress state⅛ as are 

found in the laboratory by cycling about a zero shear 

stress state. This is a conservative assumption in 

that cycling about zero shear stress produces higher pore 

pressures. The program uses octahedral shear stress 

to predict pore pressure generation in an effort to take 

into account all the shear stresses. The effects of the
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rotating directions of principal stresses throughout the 

analysis, on the generation of pore pressures in not 

known. It is assumed that the 90 degree rotation of 

principal stresses in the dynamic triaxial tests, used to 

define the pore pressure generation characteristics, 

produces conservative results. The program also makes 

the assumption that stress-strain and pore pressure 

generation behaviour is frequency independent. This 

is discussed in sub-section 2.2.7 and section 7.6.

The permeability of the materials in the structure are 

assumed to be too Iow to allow significant redistribution 

of pore pressures during the earthquake. A static 

phreatic surface is assumed.

Appendix J contains a flow chart of the solution proce

dures in the program and a user guide. The results 

of various examples of earthquake excitation of the 

Patea dam are reported in Chapter 8.

A separate program has been written to calculate the 

redistribution of pore pressures after the earthquake 

motions have ceased. This is described in section 5.13 

and can also be used to find the initial steady state 

pore pressures. A finite difference routine is used 

to solve the equations of flow. Using this program 

it is possible to predict whether the structure will 

become more or Iess stable at various time intervals 

after the earthquake motions have ceased. An example 

of this analysis is also included in Chapter 8.
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Chapter 6

Methods of Dynamic Testing

6.1 INTRODUCTION

Dynamic soil tests are carried out to provide material 

properties for dynamic Ioading problems. Tests are usually 

designed to investigate the properties of soil under one 

particular type of∙dynamic Ioad application. Some of the 

tests used to determine soil properties for earthquake 

loading problems are discussed here.

The velocity of seismic waves increases with the density of 

the material through which they are travelling. As wave 

paths are refracted towards materials of lower density and 

density generally increases with depth below the earth's 

surface, seismic waves are refracted towards the surface. ~~ 

At the bed-rock, soil strata interface the waves travel near] 

vertically, therefore most soil tests are based on the 

assumption of vertically propagating shear and compression 

waves. The strains generated in soil deposits during 

earthquakes are usually smaller than those of interest in 

static strength tests.

Various types of torsion test have been developed to measure 

shear modulus at very small strains, and to investigate the 

change in shear modulus with increasing strain. Damping 

characteristics of soils can also be found from torsion 

tests. The resonant column and free vibration torsion tests 

are discussed in the following sections. Free vibration 

torsion tests were carried out by the author to investigate 

the effects of confining pressure and sample density on the 

maximum shear modulus of recompacted Patea siltstone.

The secant shear modulus of soil decreases with increasing
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strain and number of cycles of loading (Section 2.2). Cyclic 

tests of various types have therefore been designed to 

investigate the change in soil stiffness during dynamic 

loading. The most common cyclic tests are those carried 

out using a simple shear device, or a modified triaxial 

loading system. These tests are also used to investigate 

the generation of pore pressure and the possibility of 

liquefaction occurring in soils subjected to cyclic loading.

A series of cyclic triaxial tests was carried out as part 

of this investigation (Section 7.6). The cyclic triaxial 

test apparatus used is therefore discussed in detail in 

Section 6.4.

6.2 TORSION TESTS

Torsion tests are those in which a cylindrical soil sample is 

subjected to a known rotational displacement and the 

deformation response measured. The values of shear strain 

obtained are those occurring on planes parallel to the 

applied displacement. As angular displacements are 

measured, the use of a lever arm enables the application and 

recording of much smaller displacements than normally 

possible in conventional static soil tests. Torsion tests 

also have an advantage in that they effectively provide an 

infinite shear length and hence avoid' unwanted boundary 

effects.

6.2.1 The Resonant Column Test

The resonant column test is the most common type of torsion 

test used. Due to the rotational nature of the applied 

shear force, there is a non-uniform distribution in strain 

across the radius of the cylindrical samples tested. To 

reduce this non-uniformity of strain, a hollow cylindrical 

sample is sometimes used. However these thin walled, hollow 

samples are difficult to form.

Samples are placed in a cell under an effective confining 

pressure. The pressure inside hollow samples can be 

maintained at a different value to the external pressureso 

that the principal stress directions are altered.
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A forcing motion is applied to the base of a sample in the 

form of vibration. As the frequency of vibration is 

varied, the amplitude of the motion at the top of the sample 

is recorded using accelerometers. The frequency at which 

this amplitude of motion is a maximum "is the resonant 

frequency. At this resonant frequency the sample length is y 

one quarter the shear wave length. Shear wave velocity can 

be calculated once frequency and wave length are known, and 

shear modulus calculated from shear wave velocity using the 

sample density. The amount of damping at this amplitude of 

displacement can be found from the observed amplification of 

the base motion. By changing the amplitude of vibration at 

the base of the sample and converting the resonant amplitude 

at the top of the sample into shear strain, relationships 

can be found between shear modulus and damping value, and 

shear strain.

This type of torsion test has the disadvantage that for 

typical soils and sample sizes, resonance usually occurs fJt^ 

in the range 100-2000 Hz, which is about two orders of 

magnitude higher than the frequencies encountered in earth

quakes. Various investigators have shown that the effect 

of frequency on soil characteristics is negligible

for frequencies within the earthquake range (Section 2.2.7), 

however there may be a difference in properties measured 

at such high frequencies.

It is difficult to determine the value of shear strain to be 

used in shear modulus-strain relationships. Shear strain is 

Iion-Uniformly distributed along the length of the sample 

as well as across the radius. Therefore there is no simple 

relationship between the displacements measured at the end

of the sample, and the shear strain at any particular point 

in the sample.

2<

Fo

6.2.2 The Free Vibration Torsion Test

A free vibration torsion test has been developed at Auckland 

University under the supervision of Professor P.W. Taylor
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(Parton 1972, Larkin 1976, Mead 1979). This test differs 

from the resonant column test in that the sample acts as a 

torsion spring with an added inertia mass at one end.

After an initial angular displacement is applied to the 

top of the sample, the sample is Ieft free to vibrate with

out any further excitation. A schematic diagram of the 

apparatus is shown in Figure 6.2.1. This apparatus was 

used to obtain shear modulus data for the two dimensional 

response program described in Chapter 5.

A solid cylindrical sample, enclosed under pressure in a

triaxial cell, is used. The initial displacement is applied 

to the top of the sample through an inertia beam. By 

changing the radius of the weights on the inertia beam the 

oscillating frequencies can be kept within the earthquake 

range of 0.1-10 Hz. A linear variable differential 

transducer (LVDT) measures the displacement of the end of the 

beam. This Iow strain transducer is connected to a DEC 

PDP12 computer which samples over four channels at one 

milli-second intervals. Each channel has ten times the 

amplitude of the previous one, enabling strains covering 

the three and a half decades, down to one microstrain, to 

be measured.

A cam mechanism is used to supply three initial displacements 

of increasing magnitude to the end of the inertia beam.

By observing the frequency of oscillation following the 

release of the initial displacement, and knowing the polar 

moment of inertia of the beam, the shear modulus can be found 

for the strain at the periphery of the sample. From the decay 

in amplitude of oscillation, the energy Ioss and equivalent 

viscous damping factor can be calculated. The method of 

analysis is given in Appendix B. The largest strain 

produced by the cam arrangement is only 0.2% whereas strains 

up to 1% can be expected in soil layers during an earthquake.

In order to determine soil properties at higher strains, 

the displacement at the end of the beam can be statically 

increased by a screw thread arrangement, and the displacement



Figure S. 2.1

203

Free vibration torsion test apparatus 
(after Taylor and Larkin, 1978)
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and applied force, recorded.

Mead (1979) wrote a program for a Burroughs B6700 computer to 

analyse the recorded displacement data. This program merges 

the results of the three vibration responses and the static 

response at larger strains, to produce relationships between 

secant shear modulus, equivalent viscous damping ratio and 

strain. A correction for the compliance of the test system 

given in Appendix B was incorporated in the program.

Taylor (1979b) presents a correction for the variation in 

strain across the sample radius (Appendix B) . This 

correction is usually small enough to be within experimental 

scatter of results and is therefore often ignored. A 

correction can also be made for sample disturbance by com

paring the maximum modulus obtained in the torsion test with 

that found from insitu shear wave measurement.

For further details on the free vibration torsion test 

apparatus, refer to Mead (1979).

6.3 CYCLIC SOIL TESTS

Tests have been designed in which soil samples are cyclically 

loaded either in a strain controlled manner or a stress 

controlled manner. These tests are used to investigate the 

effect of various parameters such as confining pressure, 

density or saturation ratio on the change in shear modulus 

and the development of pore pressures during cyclic loading. 

The purpose for which cyclic tests are carried out determines 

whether cycling between two given strains, or between two given 

stresses, is more suitable.

Strain controlled tests are usually carried out when dynamic 

shear modulus is being investigated. They are of limited 

use in studying the generation of pore pressure, especially 

if a condition of liquefaction is desired, as the generation 

of pore pressures is largely strain dependent. The maximum 

applied cyclic strain may be smaller than that required 

before liquefaction will occur. This causes a steady state 

response to be developed (Section 2.5.2). Data from strain
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controlled tests can be used in modelling dynamic soil 

behaviour using strain paths (Section 3.9.3).

Dynamic shear modulus-strain relationships can also be found 

from stress controlled tests. However these tests are more 

often used to study the generation of pore pressure and the 

possible liquefaction of soils. Even in earthquake loading 

problems a pattern of applied shear stresses similar to those 

in an earthquake is rarely used. This is because the 

recorded sample response maγ be peculiar to that pattern of 

stresses. The equipment able to produce an earthquake stress 

record is more complex than the equipment required to cycle 

the soil between two set stresses. Seed et al (1975) found 

that the response of soil subjected to earthquake loading can 

be roughly approximated by a number of sinusoidal stress 

cycles at 0.65 τmaχ, where τmgχ is the maximum shear stress 

produced by the earthquake. On this basis and for ease of 

comparison of test results, most stress controlled tests use 

sinusoidal cycles.

6.3.1 Cyclic Simple Shear Tests

Cyclic simple shear tests are those in which a sample is 

cycled in simple shear between two given stresses or strains. 

Varlous types of simple shear device have been developed 

which use either block samples, or cylindrical samples as in 

the Norwegian Geotechnical Institute simple shear device 

(Siver and Seed 1971).

Xn the box type of simple shear device,samples are enclosed 

in a rubber membrane within stiff side platens which rotate 

to apply shear force. A vertical Ioad Is applied to the 

top of the sample to approximate the insitu overburden pressure 

Samples can be tested in either a drained, or an Undralned 

condition. During the test the shear stress applied to 

horizontal planes within the sample, and the vertical stress 

are measured.

The difficulty in preparing samples which fit Into the 

corners of the shear box, is one disadvantage of this method 

of testing. Samples of cohesive material are trimmed to size
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and orientated in the test device with horizontal planes 

insitu, horizontal in the test. Cohesionless samples can 

be formed by pouring the material into the rubber membrane 

within the device and using some method of vibration or com

paction to obtain the desired density. Peacock and Seed 

(1968) used a method of freezing sand samples before placing 

them in the device.

In box simple shear devices,there are difficulties in ensuring 

the development of complementary shear stresses on the 

faces of the sample leading to non-uniformities in the stress 

and strain distributions. This may cause the cap and base 

to rock during cycling and increased gaps to develop in the 

corners of the device, possibly invalidating the constant 

volume assumption.

The horizontal stress in the simple shear box is assumed to

be K times the vertical stress. Therefore the maximum 
o

shear stress during cyclic loading is not the applied shear

stress, τhv

τ2 =max τ? +hv

, <1 - Ko> 2
(6.3.1)σo 2

Samples in the Norwegian Geotechnical Institute simple

shear device are enclosed in a wire reinforced rubber mem

brane. The surface of the stiff end platens which apply 

the shear force is made rough by gluing on sand grains/or is 

ribbed. This is to prevent slippage when the base platen 

is moved horizontally, while the top platen is held in 

place.

Stress gradients are set up in these cylindrical samples 

by the imperfect stress transfer mechanisms at the two 

platens. Saada (1981) gives the results of finite element 

and photo-elastic studies of the stress distributions within 

a sample in the Norwegian Geotechnical Institute simple 

shear device. Shear stress across the centre of the sample 

was found to vary between 10% of the applied shear stress at 

the edge to approximately 130% in the middle.
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Field conditions cannot be accurately represented in simple 

shear devices, therefore corrections to the data obtained 

from tests should be made to give more realistic estimates 

of field response to earthquake loading (Peacock and Seed 

1968) .

6-3.2 Cyclic Triaxial Tests

Cyclic triaxial tests are those in which a sample is cyclically 

loaded in a conventional triaxial cell. Samples are prepared 

and mounted in the cell as for monotonic triaxial tests, 

except that there is a mechanical connection between the top 

platen and the loading ram. This connection enables the 

application of tensile force to the top platen so that the 

axial stress acting on the sample becomes Iess than the cell 

pressure. The applied loading can be either stress controlled 

or strain controlled. Only stress controlled dynamic 

triaxial tests will be discussed further, as these are of more 

use in investigating pore pressure generation than strain 

controlled tests.

Λ stress-controlled cyclic triaxial test system was developed 

at Auckland University to obtain data on the pore pressure 

generation properties of recompacted Patea siltstone. This 

data was used in the analysis of the dynamic response of the 

Patea dam (Chapter 8). Therefore stress-controlled dynamic 

triaxial tests only will be discussed.

Stress controlled cyclic triaxial tests

Most stress controlled cyclic triaxial devices apply a cyclic 

axial Ioad only. This is due to the fact that when studying 

pore pressure generation, samples are usually saturated, 

hence any change in cell pressure results in an equal change 

in sample pore pressure and no change in effective confining 

stress. There are disadvantages in using this stress 

scheme. One of these, the alternation of direction of the 

maximum and minimum principal stresses during each loading 

cycle, is discussed further in Section 6.5.1. Another 

disadvantage is that the highest shear stress that can be
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applied when the Ioad ram is in tension is equal to half 

the cell pressure. At this level the uplift on the top of 

the sample equals the compressive force due to the cell 

pressure. Higher tensile shear stresses can only be 

applied when the sample shows dilative behaviour and pore 

pressure reduces at peak Ioad to create a suction which 

prevents the top platen lifting off the sample.

Some sophisticated dynamic triaxial apparatuses have been 

developed, such as those described by Hude (1981) and Matsui, 

Ohara and Ho (1980). These are servo-controlled electro- 

hydraulic apparatuses which permit closer control of the 

planes on which the design cyclic shear stress is applied, 

by cycling the cell pressure as well as the axial load. The 

magnitude of the applied stress is also more closely 

controlled by adjustments being made to the applied Ioad to 

allow for changes in sample area.

The stress controlled dynamic triaxial test system developed 

at Auckland University cycles the axial Ioad only. This 

apparatus is discussed in the next section.

6.4 STRESS-CONTROLLED DYNAMIC TRIAXIAL TEST APPARATUS

In order to make the stress-controlled dynamic triaxial test 

apparatus as versatile as possible it,was designed to meet 

certain requirements. These are listed below:

1. The equipment should be able to accommodate cohesive 

and cohesionless samples of a variety of sizes.

2. A wide range of dynamic stresses should be maintain

able with increasing axial strain of the sample.

3. Isotropic and anisotropic consolidation of samples 

should be possible.

4. Cycling about an initial static shear stress should 

be possible.

5. Cycling should be possible at frequencies within the 

earthquake range.



6. The equipment should be able to produce different 

waveforms.

7. Permanent records of dynamic load, deformation and 

pore pressure should be produced.

The test system developed (Figure 6.4.1) uses an electro

pneumatic converter to change an electrical waveform into one 

of the air pressure supplies for a double acting Bello.fram 

loading cylinder. The converter is a modified version of 

that designed by Chan at the Richmond Field Station,

Berkeley. A schematic diagram of the loading system is given 

in Figure 6.4.2. The electrical loading and recording 

system was fitted into a trolley so that it could be easily 

transported for use in other cyclic Ioad applications, such 

as for simple shear tests (Figure 6.4.3).

Figure 6.4.1 General υiew of stress-controlled dynamic 
triaxial apparatus
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6.4.1 The Triaxial Gell

As both sample platens are interchangeable a variety of sample 

sizes can be accommodated in the cell. The top platen is 

connected to the Ioad ram by a ball and socket joint allowing 

loading in tension and compression. The two ball bushings 

guiding the stainless steel Ioad ram, produce negligible 

friction. An O-ring below the bushings provides an air and 

water-tight joint. This was also designed to1produce 

negligible friction (Taylor 1971).

The cell itself is made of fibreglass reinforced Lucite 

capable of taking pressures up to 2000 kPa. This enables 

high back pressures, to be used to ensure full saturation, while 

maintaining a reasonable confining stress. Before the 

sample is tested the cell is filled with air down to the top 

of the sample. This is to reduce pressure fluctuations 

produced by the changing fluid volume as the Ioad ram moves in 

and out of the cell during cyclic loading.

The base of the cell fits on to a plate attached to the base 

of the Ioad frame. This plate has 3 mm horizontal movement

to enable accurate alignment of the actuating device Ioad ram 

and the Ioad ram attached to the top of the sample. Once 

the apparatus is assembled and aligned, this base plate is 

fixed in place.

6•4.2 The Electric Signal Generator

A Wavetek Function Generator, Model 180LF is used to produce 

the desired waveform and frequency. Square, triangular 

and sinusoidal waves can be produced. As the data from 

this investigation was for use in earthquake analyses, only 

sinusoidal cycles were used (Section 6.3). The electro

pneumatic converter can accurately produce a sinusoidal 

pressure waveform as there are no abrupt changes in pressure 

gradient or magnitude.

The Wavetek Generator can produce frequencies ranging from 

0.002 Hz to 200 kHz. However only a small proportion of 

this frequency range is used as the pneumatic loading system
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imposes certain limits. Dynamic tests were carried out at 

frequencies from 0.05 Hz to 0.3 Hz with no drop off in peak 

Ioad with axial strain increasing up to the test limit.

The amplitude of the stress cycle is determined by the 

amplitude of the electrical signal fed into the electro

pneumatic converter. A rubber sample was used to find the 

relationship between peak applied Ioad and voltage amplitude. 

The voltage settings for each Ioad amplitude were read on a 

digital voltmeter or an oscilloscope. Once this relation

ship was found the desired Ioad amplitude can be produced 

by setting the appropriate voltages, there being no need to 

re-calibrate the Ioad amplitude between each test.

6.4.3 Wave Generator Logic Unit

A wave generator logic unit controls the initial static 

shear stress applied to the sample by means of a control 

voltage. This control voltage is usually set to the mean 

position in the voltage wave from the function generator and 

is used in conjunction with the constant pressure output 

of the electro-pneumatic converter to apply the desired 

static stress.

The number of cycles in the test is also controlled by the 

logic unit. An internal voltage in ,the logic unit is set to 

the required starting and finishing position in the waveform. 

It is also possible to prescribe whether loading starts in the 

tension or compression side of the cycle.

When the start button on the logic unit is pushed the logic 

unit waits for the input voltage and wave slope from the 

wave generator to correspond to the set starting conditions 

and then begins transmitting the electric impulse to the 

electro-pneumatic converter. It then counts the number of 

cycles required and stops transmitting the signal at the 

starting position. If, due to excessive deformations, the 

test has to be stopped before the prescribed number of cycles, 

a stop button can be pushed.

By slowly changing the output control voltage, a monotonic 

Ioad can be applied to the sample.
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6.4.4 The Electro-pneumatic ConVerter

Figure 6.4.2 shows the components of the electro-pneumatic 

converter. The main components are:

1. Fairchild Hiller Electric to Pneumatic Transducer 

T 5109

2. Hoore Products Pneumatic Relay 1 : 4 amplification

3. Fairchild Hiller Air Volume Boosters

Model 4523 Amplification Ratio 1 : 2 

Model 4513 Amplification Ratio 1 : 1

The converter is supplied with the electrical signal from 

the logic unit and air from the mains supply. Two air 

pressures are output. One remains constant and the other 

fluctuates with the input voltage signal. The volume 

boosters on the output lines ensure that for a range of 

frequencies the stress waveform can be maintained with 

increasing displacement. Manual adjustment can be made to 

the constant pressure output. This is used when setting up 

a sample to balance the uplift on the Ioad ram caused by 

the cell pressure. The constant pressure output can also 

be used instead of the control voltage from the logic unit 

to produce monotonic loading.

6•4•5 The Pneumatic Actuating Device

The pneumatic actuating device used for most tests in a 

medium stress range is a Bellofram 6 inch diameter double 

acting piston (Figure 6.4.4). This is supplied with a 

constant air pressure on one side of the piston and a 

fluctuating pressure on the other. The maximum sample 

deformations attainable are limited by the 2 inch stroke of 

this piston. For a sample 150 mm high this gives a total 

range in strain of 30%. The range of strains attainable is 

sufficient to satisfy most definitions of failure.

If a smaller double acting piston is used lower cyclic 

stresses can be accurately produced. Using a 3 inch dia

meter piston, a IOO mm diameter peat sample was cyclically
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Figure 6.4.2 Sehematio diagram of loading system
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Figure 6.4.3 : Electro-pneumatic
loading and reaording 
apparatus

A Wavetek Iunetion generator
B Wave generator Iogia unit
C Electro-pneumatic converter
D Oscilloscope
E Bigital counter
F S.E. carrier amplifier system
G XE plotter



Ficture 6.4.4 .' Loading and
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A Load frame
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C Looking plate 
'D Ball joint 
E Load transducer 
F Visplacement transducer 
G Cell pressure multiplier
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)

loaded at a stress amplitude of 2 kPa.

The Ioad ram from the Bellofram cylinder is connected via a 

Ioad cell and bail joint to the Ioad ram attached to the 

top of the sample (Figure 6.4.4). A ball joint connection 

was incorporated to remove any horizontal components of 

Ioad caused by slight misalignment of the Bellofram cylinder 

and the triaxial cell.

Load Tranducer

The Ioad transducer used in the tests on Patea recompacted 

siltstone (Section 7.6) was a Showa model RCT compression 

and tension Ioad cell. This has a 2 ton capacity in tension 

and compression. Linearity throughout the design range of 

Ioad was checked against an Instrom test machine. Calibra

tion of the Ioad transducer was carried out using the Instrom 

machine for various scales drawn to 50 N/cm on an ultra 

violet recorder.

Deformation Transducer

The deformation transducer used consists of an LVDT whose 

deformation range of ± 2.5 mm is extended by a lever arm 

mechanism (Figure 6.4.4). The lever arm is pivoted with 

ball bearings and the tip held in contact with the reading 

surface by a spring acting between the lever arm and the core 

mounting.

Calibration of the deformation transducer was easily carried 

out using spacer blocks. The transducer was found to be 

linear to within 5% over a 30 mm range, and slightly Iess 

beyond. This range corresponds to about 20% deformation 

in a 76 mm diameter sample. A deformation scale of 2 mm/cm 

was used on an ultra violet recorder and 0.5 mm/cm on an 

XY plotter.

Pore Water Pressure Measurement

There are several causes of inaccuracy in pore pressure 

measurement. Pore pressure is usually measured at the base 

of a sample in a triaxial test. Friction of the end platens 

induces stress gradients which cause the barrelling and
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necking effects observed while testing. These stress 

gradients are associated with gradients in pore pressure. 

Hence unless the rate of testing is slow enough to allow 

complete dissipation of pore pressure gradients, the pore 

pressure read at the base of the sample is not representative 

of the whole sample. This is discussed in Section 7.6.9. 

Errors also arise in the measurement of pore pressures 

due to small volume changes caused by compliance in the 

measuring system producing changes in the pore pressure.

The ratio of height to diameter of triaxial samples is 

chosen so that the centre part of the sample is considered 

free of end effects. It is in this region that the applied 

stresses are taken as equal to the confining pressure in 

the horizontal direction and the applied axial stress in 

the vertical direction. Hence pore pressures measured at 

midheight of the sample will be more representative of true 

behaviour.

Most of the tests reported in Section 7.6 were carried out 

with base pore pressure measurement. However a short 

series of tests was carried out with a miniature transducer 

attached to the side of the sample.

Base pore pressure measurement

The pressure transducer used used to measure pore pressure 

at the base of the sample was a General Purpose 60 foil 

strain gauge type with a 3,500 kPa range. This was 

mounted through a Klinger valve directly to the base of the 

cell. The fittings were designed to permit air bubbles to 

be flushed out and to retain as small a volume of water as 

practical. It was found that when cell pressure was 

suddenly increased the pore water pressure in a saturated 

sample reached a maximum value in Iess than 0.15 seconds. 

Miniature pore pressure transducer

A Druck miniature pore water pressure transducer was used to 

measure the pore water pressure at mid height of the sample. 

This consists of a strain gauge bridge diffused into the
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surface of a single crystal silicon diaphragm. A porous 

disk is placed over this for protection.

Figure 6.4.5 : Mounting of miniature pore pressure
transducer (after Hight, 1980)

The transducer is mounted on the side of the sample as in 

Figure 6.4.5. A rubber moulding, curved to the shape of 

the sample, holds the transducer in place and 0 rings and a 

coat of latex rubber are applied to prevent leakage. The 

porous disk Iies in a layer of soft kaolin to ensure there 

are no spaces between the side of the sample ahd the 

transducer (Hight, 1980) . The transducer cable, which is
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sealed in a nylon tube, passes out through the base of the 

cell. A push-in fitting is used in the cell base to 

prevent leakage (Figure 6.4.6).

The transducer outputs a D.C. voltage which is fed in to a 

Daytronic Model 9170 Strain Gauge Conditioner. This enables 

a digital display to be read from a Model 9515A Digital Indi

cator, and a signal to be sent to a U-V recorder. The 

response to pressure change was virtually instantaneous.

nylon tube

Figure 6.4.6 : Base connection for miniature
pore pressure transducer

push-in fitting 

fibre washer

h" BSP pipe fitting

transdueer
cable
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6.4.9 Recording Apparatus

The output from the load, deformation and base pore pressure 

transducers is fed into a S.E. Laboratories carrier amplifier 

system. These three readings, plus the mid-height pore 

pressure reading from the Daytronics Strain Gauge Conditioner, 

are supplied to an U-V recorder. An XY plotter is also 

used to produce a plot of Ioad versus deformation. A 

digital counter is connected to the wave generator logic unit 

to count the number of cycles during the test.

By observing the ultra violet trace, the test can be stopped 

when the defined failure conditions have been met.

6.5 LIMITATIONS OF STRESS CONTROLLED* CYCLIC TRIAXIAL TESTS

There are several factors to be considered when using cyclic 

triaxial test data to model soil behaviour in the field.

6.5.1 Rotation of Stresses

In the field the three principal stresses are usually 

different. When two dimensional earthquake response analyses 

are made, it is commonly considered that plane strain condi

tions apply. In one dimensional analyses it is assumed that 

symmetrical changes in shear stress occur on horizontal 

planes. During cyclic triaxial tests the intermediate 

principal stress equals the major principal stress during 

one half of each cycle and equals the minor principal stress 

during the other half. This is due to the major principal 

stress alternating between the vertical stress and the cell 

pressure with each half of a loading cycle.

Martin and Taylor (1971) found in two dimensional finite 

element analyses of earth slopes subject to earthquake 

vibrations that the maximum rotation of major principal 

stress was only 40θ. The loading conditions applied in 

cyclic triaxial tests are therefore unduly severe.

When an isotropically consolidated sample iε cyclically 

loaded, the Symetrical changes in shear stress assumed to 

occur are only achieved on planes at 45θ. If a sample is 

anisotropically consolidated, Kθ not equal to 1, there are



222

no planes in the sample on which the two peaks in shear stress 

are equal and opposite. Isotropic consolidation conditions 

are rare in the field.

Seed and Peacock (1970) suggest several invariants for use 

in comparisons between field conditions and triaxial 

conditions. Correction factors were developed by comparing 

the cyclic stress ratio required to cause liquefaction in a 

given number of cycles found in cyclic simple shear tests 

on sand, with the stress ratio required in cyclic triaxial 

tests. These correction factors are dependent on Kθ and 

relative density and it was found that the stress ratio found 

in triaxial tests had to be reduced by up to 50% for simple 

shear conditions to be represented.

The stress ratios used by Seed and Peacock were

ψ
-kv for simple shear tests 

vo

where τ^v = applied horizontal shear stress

σ, = initial effective vertical stress 
vo

σdc
and 2⅛r for cyclic triaxial tests 

a

where σ^c = applied cyclic stress

α, = effective confining pressure 
a

Finn, Pickering and Bransby (1971) pointed out that if the 

stress ratios used were defined in terms of mean effective 

confining stress, σ^, there should be no difference between 

the results of cyclic simple shear tests and cyclic triaxial 

tests. This was confirmed by the results of both types of 

test carried out on Ottawa sand.

In the two dimensional dynamic analysis described in 

Chapter 5, pore pressure generation parameters are calculated 

from relationships based on the mean effective confining 

stress and the appropriate density. Therefore the stress
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ratios used to analyse the test data presented in Section

7.6 were based on mean effective confining stress and no

corrections for K were made.
o

6.5.2 System Compliance

The basic assumption in all tests used to investigate the 

development of pore pressure in saturated soils under 

undrained conditions is that there are no volume changes 

occurring during testing. Due to the large difference 

between the bulk modulus of water and the bulk modulus of 

most soil skeletons, the reduction in the volume of water 

with increasing pressure is usually neglected. If the volume 

of the system in which the sample is enclosed increases, 

lower pore pressures than if there had been no compliance, 

are measured. In the case of triaxial samples, the 

reduction in membrane penetration into the voids on the 

outside of the sample with increasing pore pressure,is a major 

source of compliance. The overall effect of system 

compliance is an increase in the number of cycles, at a given 

stress ratio, required to cause liquefaction.

This increase can be significant (Section 2.5.1). The 

dependence of dynamic soil properties on saturation ratio 

is essentially a compliance effect. Martin et al (1978) 

detail a method of determining the amount of membrane 

compliance and summarise the results of previous studies.

A method of correcting test results is also presented.

Membrane penetration characteristics have been found to be 

primarily a function of the particle size in uniformly 

graded samples. The amount of membrane compliance is 

reduced in samples which are well graded as the voids between 

large particles are partially filled by smaller particles.

For values of D^θ < 0.1 mm the effects of membrane compliance 

are considered negligible. Therefore no corrections for 

membrane compliance were made to the results of the cyclic 

triaxial tests carried out on Patea siltstone (Section 7.6)

for which D30 is 0.06 mm.
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6.5.3 Sample Preparation

The method of preparing a soil sample for testing can have a 

considerable effect on the dynamic soil properties measured. 

Ishihara et al (1981) found that the number of cycles 

required to cause liquefaction of a sample of reconstituted 

mine tailings at a stress ratio of 0.25 was about 40, whereas 

an undisturbed sample of the same material liquefied in about 

90 cycles. If reliable values of insitu dynamic properties 

are to be obtained, undisturbed samples should be tested.

Undisturbed samples of sand are hard to obtain. Sampling 

of loose to medium dense sands can Iead to densification, 

while sampling of sands with relative densities greater 

than about 75% can cause some degree of dilation. The 

relative movement between sand gains will also reduce cemen

tation effects. Therefore the cyclic stress resistance of 

a dense sand measured in the laboratory may be substantially 

Iess than its resistance in the field (Seed, 1979) . Where 

possible,the insitu conditions of the sand should be 

recreated by subjecting the sample to the maximum stresses 

during its geologic history and gradually changing these 

stresses to reach the present insitu stresses.

Mulilis, Chan and Seed (1975) carriedout an extensive inves

tigation into the effects of the method of sample prepara

tion on the cyclic stress-strain behaviour of sands. The 

methods of sample preparation used included pluviation 

through air and water, tamping with various diameter rods 

and vibrating the sample at high or Iow frequencies.

Specimens prepared by moist tamping or moist vibratory 

compaction were found to exhibit dynamic strengths most 

similar to those of undisturbed samples. However the number 

of cycles to cause liquefaction at a given cyclic stress 

ratio in undisturbed samples was still up to 45% higher than 

that of samples prepared in the laboratory.

6.5.4 End Platen Effects

A non-uniform distribution of stress is created in triaxial 

samples by the friction of the end platens. This causes



225

the cross-sectional area of the sample to change throughout 

its height within each loading cycle. Therefore the peak 

stress applied in tension in cyclic triaxial tests is higher 

than the peak stress applied in compression. The net 

effect of this is that liquefaction occurs at lower stress 

levels in triaxial tests than in the field. Lubricated 

end platens, such as those described in Section 7.6.10, can 

be used to reduce friction. It was found by Bacchus that 

thin lubricating agents were squeezed out, hence more viscous 

agents are necessary. Howevertheselubricating agents can 

introduce an undesirable viscous damping action unless Iow 

cyclic frequencies are used.

Seed and Peacock (1970) investigated correction factors for the 

limitations in test equipment and procedures, by comparing 

dynamic triaxial test results with simple shear test results 

and the behaviour of sand deposits subjected to earthquakes.

As the effects of sample disturbance increase with increasing 

sample density, the correction factors applied to the cyclic 

stress ratios found in triaxial tests increased from 15% 

for loose sands up to 50% for dense sands.

The dependence on test procedure of the results of cyclic 

triaxial tests carried out by the author is discussed in 

Section 7.6.

6.5.5 Drainage Conditions

The conditions of drainage in most laboratory testing 

procedures are limited. The duration of earthquakes is 

usually short enough to assume undrained conditions in soils 

of Xow permeability. However pore pressure dissipation 

may occur in the field in materials with higher permeability.

As the drainage conditions occurring in the field cannot 

be reproduced in a dynamic triaxial test, these tests are 

usually carried out in a completely undrained state and the 

condition of partial dissipation of pore pressures allowed 

for in a mathematical model. If drainage at the end platens 

is permitted in a triaxial test the actual drainage occurring 

in the sample is a function of the test frequency and sample 

permeability.
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6.5.6 Multidirectional Shaking

The shear stresses generated by an earthquake are not orien

tated in one direction, as in most laboratory tests. Seed, 

Pyke and Martin (1978) found from the results of shaking 

table tests on dry sand and cyclic simple shear tests, that 

the shear stresses causing initial Iiquefaction under 

multidirectional shaking with two equal components are 10% 

to 20% Iess than the shear stresses causing initial 

liquefaction under one dimensional shaking. However as the 

second component of motion in an earthquake is usually 

considerably smaller than the first, it was suggested that a 

reduction of 10% in shear stresses causing initial liquefac

tion would be a suitable procedure for taking into account 

multidirectional shaking. Where definitions of failure 

other than initial liquefaction are used, it was suggested 

that the same reduction factor would still apply.

6.6 SUMMARY

Many types of test apparatus and test method have been 

designed to provide data on the response of soils to 

dynamic loading. The type of test carried out is deter

mined by the specific information required from the test.

Torsion tests are those in which a cylindrical soil sample 

is subjected to a known rotational displacement. These 

tests are used to find the relationships between shear 

strain, shear modulus and damping ratio. The resonant 

column torsion test, where the sample is subjected to a 

cyclic vibration of constant amplitude, is the most common 

type of torsion test. The free vibration torsion test 

apparatus and method, developed at Auckland University, 

are described in more detail. In this test the sample is 

Ieft free to vibrate after an initial angular displacement 

has been applied.

Cyclic soil tests are those in which soil samples are 

subjected to a cyclic shear stress or strain of constant
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amplitude. Strain controlled cyclic tests are usually 

carried out to investigate the effects of various para

meters, such as effective confining pressure, void ratio 

and cyclic strain amplitude, on the change in shear 

modulus and damping ratio with increasing number of 

cycles. Stress controlled cyclic tests are more commonly 

used to investigate the effects of effective confining 

pressure, void ratio and cyclic stress amplitude on the 

pore pressure response of a given soil.

A stress-controlled dynamic triaxial test apparatus, 

using an electro-pneumatic converter to change an electrical 

signal into a cyclic load, has been developed at Auckland 

University. This apparatus is described in detail in 

section 6.4 and the limitations of this method of testing, 

in section 6.5.

Series of both free vibration torsion tests and stress 

controlled cyclic triaxial tests, were carried out to 

investigate the dynamic properties of recompacted Patea 

siltstone. The results of these tests are reported in 

Chapter 7 and are used in the two dimensional response 

program described in Chapter 5 to analyse the dynamic 

response of Patea dam.
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Chapter 7

Properties of Patea Siltstone

7.1 INTRODUCTION

Patea Hydroelectric Scheme

The dam constructed for the Patea hydroelectric scheme 

was chosen as a practical application of the computer 

program described in Chapter 5. This dam was considered 

to be suitable as it is sited in an area of earthquake 

activity and is constructed of a material liable to 

develop excess pore pressures during cyclic loading.

The dam was designed by the consulting engineers, Beca, 

Carter, Hollings and Ferner. Construction was being 

carried out at the same time as this research.

The Patea river is situated in the South Taranaki region 

of New Zealand. It rises on Mt Egmont and flows east 

across the volcanic ring plain to the rugged inland hill 

country. Here it is joined by a major tributary, the 

Mangaehu and flows south-east through steeply incised 

gorges to the dam site, 41 km from the sea (Figure 7.1.1) 

The river then flows south in a widening valley to reach 

the South Taranaki Bight at the town of Patea.

By raising the river level by 59 m, 30 MW of power is to 

be generated for the Egmont Electric Power Board.

At the normal operating level, the dam will impound

138 x 10 m of water in a Iake 47 km long, with a sur- 
2

face area of 6.2 km . The site generally consists of 

soft sedimentary rock of the tertiary period. This 

rock is commonly known as 'papa' and is found in a large
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Figure 7.1.1 : Loeation of Patea Catchment
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portion of the North Xsland. At the site there are two 

thick Iithostratigraphic units dipping gently towards 

the south-west. These units are the Matemateaonga 

Sandstone Formation, into which the Patea river is 

incised and the conformably overlying Tangahoe Mudstone 

Formation. The Matemateaonga sandstone is made up of 

silty sandstones with interbedded shelly limestone and 

the Tangahoe Mudstone consists of sandy siltstones with 

interbedded medium sandstones. The slope of the valley 

walls varies from 30θ - 40θ in the Tangahoe formation to 

75° - 90° in the softer Matemateaonga Formation. There 

are some deposits of volcanic ash and Iaharic breccia 

in the area. There is no geological evidence of large 

scale faulting.

An earth dam was chosen for several reasons:

1. The dam is likely to experience a major earthquake 

shock during its design life.

2. The foundation rocks are soft, but uniform and 

apparently free from major discontinuities.

3. There are no significant deposits of hard rock 

within IOO km of the site. The local gravels 

are in short supply and only suitable for Iow 

quality concrete.

4. The terrain makes transportation prohibitively 

expensive.

Soft sedimentary rocks, such as those on site, have not 

previously been used for dam construction in New Zealand, 

due to the limited knowledge of their behaviour in a 

compacted form during earthquakes and the availability 

of more suitable sites. As more sites are utilised 

and the demand for power increases there is a need 

to investigate what were previously considered marginal 

sites. Therefore a fairly extensive programme of
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research into the properties of the compacted materials 

was required. Lime stabilisation of the material was 

considered and later discarded due to the high cost and 

the Iack of knowledge on the Iong term behaviour of Iime 

stabilised material.

Figure 7.1.2 shows the central cross section of the dam. 

All the materials used in the dam, except the drainage 

materials, are of the Matemateaonga Sandstone formation.

A compacted siltstone (BS3) is used in the upstream 

shoulder of the dam with the upstream face having a 

2.5 : 1 gradient (Zone 3). The central chimney drain, 

made of graded filter material and the drainage blanket 

extending to the downstream face, should minimise seepage 

in the downstream shoulder. Hence the downstream 

shoulder is constructed of a more permeable mixture of 

siltstone (BS3) and sandstone (BSl) (Zone 1). The down

stream face has a 2 : 1 gradient. A wide core of 

material with a lower permeability runs down the centre 

of the dam. This core material is a mixture of the 

BS3 siltstone material and a finer siltstone (SCB2)

(Zone 2). A layer of limestone rip-rap quarried from 

the site is placed on both faces to prevent erosion.

The material underlying the dam is an intact sandstone 

of the Matemateaonga formation.

As the site consists of a steep sided narrow valley, 

the dam is almost V-shaped in longitudinal section.

The crest is 195 m long, 12 m wide and 77 m above the 

foundation level at the centre of the valley. The total 

volume of material in the dam is approximately one 

million cubic metres.

As the BS3 siltstone material is found in some propor

tion throughout the dam and will be in a saturated 

state in the upstream shoulder, this was the only 

material tested by the author. A series of conven

tional undrained triaxial tests was carried out to 

obtain the basic strength parameters of the material. A 

series of isotropic consolidation tests was carried out to
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Central Cross Seotion of Patea Dam
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obtain parameters to relate mean effective confining 

pressure and volumetric strain. To obtain relation

ships between shear modulus, strain, density and con

fining pressure, a series of torsion tests was carried 

out. Several series of stress controlled dynamic 

triaxial tests about an initial isotropic stress state 

were carried out to investigate various aspects of the 

siltstone,Ξ dynamic behaviour. Relationships between 

pore pressure ratio, cyclic stress ratio, cycle ratio, 

(Section 7.6.1) density and confining pressure were 

obtained for use in the developed computer program.

The dependence of pore pressure response on the test 

frequency, the use of filter paper side drains and the 

method of sample compaction was also investigated.

7.2 BASIC MATERIAL PROPERTIES

The particle size distributions of the BS3 siltstone 

and BSl sandstone materials are shown in Figure 7.2.1.

BS3 siltstone contains 15% clay particles by weight and 

only 35% fine sands, whereas the BSl sandstone contains 

only 17% particles smaller than fine sand. As the BSl 

material Iies within the very easily liquefied range 

(Hisada, 1973) it is used only in the downstream shoulder 

where it will be in an unsaturated state. Most of the 

BS3 siltstone particle distribution curve Iies within 

the easily liquefied range. Therefore the possibility 

of liquefaction occurring in the upstream face must be 

considered.

The basic parameters of the compacted materials as 

determined by Beca, Carter, Hollings and Ferner for use 

in the design of the dam,are listed in Table 7.2.1.

Table 7.2.2 gives the properties of the materials in 

their natural state. It can be seen that the

permeability of the BS3 and SCB2 compacted materials 

is lower than that of the insitu materials. The
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Material BSl BΞ3 SCB2

p (kg∕m3) 1900 2060 1920

c' (kPa) 0 30 10

Φ' 35° 33° 30°

k (m/s) 6 x 10^6 4 x 10^9 1 x 10-1°

TABLE 7.2.1 : Compaoted properties of Patea dam
materials

Material BSl BS3 SCB2

p (kg∕m3) 1800 1950 2160

c' (kPa) 200 - 400 400 400

Φ' 35° - 38° 35° 32°

k (m/s) X x 10~6 2.5 xlO-θ 2.5 x10^8

w (%) 5.1 9.8 20.0

LL 23 31 54

PL - 31 54

SG 2.60 2.64 2.79

TABLE 7.2.2 Insitu material properties
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Figure 7.2.1 : Partiole size distributions of Patea BS3
siltstone and Patea BSl sandstone

designers have used fairly conservative estimates of the 

strength parameters.

The tests reported in the following sections were 

carried out on samples compacted in a kneading compactor 

except where stated otherwise. Kneading compacted 

samples were used as it was considered that the method 

of kneading compaction was a better representation of 

field compaction than other laboratory methods

(McRae and Rutlege, 1952). Appendix A details the 

kneading compaction method used. As the maximum size
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of the pieces of crushed siltstone prior to compaction 

was 5 mm, the samples were compacted to 76 mm diameter 

(Toan, 1975). The samples were compacted at the 

Standard Proctor optimum moisture content, which was 

16% for the BS3 siltstone material.

7.3 TRIAXIAL TESTS

7.3.1 Introductlon

A series of staged, consolidated, undrained, triaxial 

tests was carried out to determine the relationships 

between shear strength, confining pressure and dry 

density of the compacted siltstone material (BS3).

A rate of strain of 0.03 mm/min was chosen to minimise 

the development of pore pressure gradients. Side 

drains were used to speed up consolidation and aid pore 

pressure distribution. Corrections for the strength 

of the rubber membrane and side drains were considered 

negligible.

A back pressure of 700 kPa was used to ensure saturation 

of the samples. Due to the stiffness of the soil 

skeleton a B value of 0.95 was accepted when checking 

saturation (equation 7.3.1, Black and Lee, 1973). 

Saturation could be confirmed by increasing the back 

pressure and testing for an increase in the value of 

B.

1
B100 (7.3.1)

1 + n

where ιij = initial porosity

Cw = compressibility of water

Cθ = bulk compressibility of soil structure

Parry (1963) found that there was no discernible trend 

in the differences between strength properties for
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staged tests and single tests, for a wide range of soils. 

The possible exception to close agreement of results was 

very sensitive quick clay. Hence it was decided to 

carry out staged testing, with each sample being con

solidated at 200 kPa, 400 kPa, 600 kPa and 800 kPa.

As loading commenced plots of deviatoric stress vs 

axial strain (q,ε), and the stress path (q,p) were made, 

where q = σχ - σ3 and p = l∕3(σ^ + 2σ^). This enabled 

the stage to be stopped as soon as the deviatoric stress- 

strain curve levelled off. An upper limit of 5% strain 

was imposed on the first 3 stages to ensure the relia

bility of the results of the following stages. The 

samples were reconsolidated at the new confining pressure 

between each stage.

It was found that samples showed an increase in strength 

if made some time before testing. This is probably 

due to a cementation effect as stronger interparticle 

bonds form (section 2.2.5). All samples reported were 

therefore no older than 2 days when tested.

There was no evidence of distinct slip planes develop

ing in any of the tests.

7.3.2 Stress Paths

These are reported in terms of p and q. At the start 

of loading all samples showed a decrease in p with 

increasing q to some extent, before the stress path 

changed direction to show basically Overoonsolidated 

behaviour. Most stress paths tangentially approached 

a straight Iine (Figure 7.3.1), however at the higher 

confining pressures (600 kPa, 800 kPa) some reached a 

point on this line.

The turning point in the stress paths generally became 

more pronounced with decreasing confining pressure and 

increased dry density. This turning point approximately 

corresponds to a slight inflection in the shear stress-
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Figure 7. 3.1 Undrained triaxial stress paths
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Undrained stress-strain response 
of sample eompaeted to 1727 kg/nV 
dry density

Figure 7. 3.2b Undrained stress-strain response 
of sample eompaeted to 1839 kg/nV 
dry density
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strain plot (Figure 7.3.2). Similar shaped stress

paths are shown by Pender (1971) for triaxial tests on 

compacted silty-clay.

The slope (p/q ratio) of the Iine towards which the

stress paths approach is equal to 1.47 for all densities 

tested. These lines correspond to the section of the 

Hvorslev surface for each density. More interparticle 

bonds are formed with increased density, hence the 

non-frictional component of shear strength increases 

with density. This is observed by the increase in the 

value of the intercept of the q axis by the extension 

of the Hvorslev surface.

As the stress paths at different initial confining

pressures and constant density, have basically the same 

shape, they can be normalised. This is generally 

carried out by plotting q/p£ against p∕p'c∣ where p£ is 

the initial effective confining pressure. Pender 

(1971) obtained better agreement between normalised 

paths for different confining pressures if the intercept 

of the line, towards which the stress paths approach, 

and the p axis, was taken into account. He plotted 

q(p£ + a) against (p + a)/(p£ + a), where a is the intercept 

with the p axis. Pender suggested that this negative 

intercept was an effective hydrostatic stress built 

into the material, possibly due to the process of kneading 

compaction. Kneading compaction produces shear stresses 

around the edge of the foot which results in a denser 

sample than would be made by the hydrostatic stress 

alone. Hence there may be a shear stress built into the 

sample.

Figure 7.3.3a shows the normalised stress paths for a 
sample compacted to 1727 kg∕m3 dry density. It was 

found that by taking the p intercept (70 kPa) into 

account slightly better agreement between stress paths 

was obtained.



a. Pd = 3727 kg∕m3 b. Pd = 1838 kg∕m3
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Fzgure 7.3.3 NormaZzsed undrazned trzaxzaZ stress paths
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Figure 7.3.3b shows similar stress paths for a sample 
compacted to 1839 kg∕m2. It can be seen that there is 

very good agreement toward the ends of the normalised 

paths.

There is some confining pressure above which a given 

sample will exhibit normally consolidated behaviour.

For a given confining pressure there is possibly some 

density below which normally consolidated behaviour is 

apparent. Presumably these values will occur when the 

pressure created during compaction, with some allowance 

for shearing effects, equals the confining pressure.

It is apparent from the shape of the stress paths that 

a confining pressure considerably higher than 800 kPa 

is required for normally consolidated behaviour to be 

shown.

7■3.3 Shear Stress-Strain Behaviour

In Figure 7.3.2a shear stress (q) Is plotted against

axial strain (e ) for each test stage of the sample 
a 3

compacted to 1727 kg/m dry density. These curves are 

similar in shape, with a very small linear portion and 

two slight points of inflection apparent. As the dry 

density of the samples increases the shear stress-strain 

curves become more bilinear In nature at the lower 

confining pressures (Figure 7.3.2b). This change In 

the shape of the stress-strain curves becomes more 

noticeable when they are normalised with respect to the 

confining pressure (Figure 7.3.4). Hence care must 

be taken when using normalised stress-strain curves for 

this compacted material.

As It was very difficult to define failure for this 

material from the stress paths, the shear stress (q/2) 

at 5% axial strain was used to investigate the relation

ships between shear strength, confining pressure and 

dry density. The sample at 1780 kg∕m2 gave anomalous
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a. p^ = 1727 kg/rn b. p^ = 1839 kg/m

Figure 2.3.4 : Normalised undrained stress-strain response
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Figure 7.3.5 : τ at ε^ = 5.0% against dry density

Figure 7. 3. 6 τ at &a — 5.0% against p^
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values of shear stress (Figure 7.3.5) and hence was 

neglected. It was assumed that the material has no 

shear strength at zero confining pressure and it was 

found that a power curve best defined the relationship 

between shear strength and initial effective stress 

for each density (Figure 7.3.6).

b
τmax a(p∙) (7.3.2)

Values of b varied with sample density over a narrow 

range with no discernible trend, hence an average value 

of 0.915 was adopted. The value of a, increased with 

density, indicating the increase in friction angle with 

density found in granular materials. This relationship 

was found to be linear, resulting in straight lines 

for constant values of p^ in Figure 7.3.5.

a = 3.86 x 10^3(pd) - 4.876 (7.3.3)

Figure 7.3.7 gives a comparison of the shear strength 

used by the dam designers for the BS3 siltstone compacted
3

to a dry density of 1770 kg/m and that found using 

equation 7.3.2. This illustrates the conservative strength 

parameters used by the designers in the c,, ψ, approach.

7.3.4 Pore Pressure Behaviour

Pore pressure in all tests rose to a peak with increasing 

strain and then started to decrease (Figure 7.3.8).

The peak pore pressure response and the rate of

decrease past this peak increased with increasing 

confining pressure. With increased dry density the 

value of this peak decreased slightly but the rate 

drop off increased. The value of q at these peak 

points corresponds to the change in direction of the 

stress path.
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Figure 7.3.7 : Comparison of a', Φ' approach and
τmax resu^ts for recompacted Patea 
BS3 siltstone

Dense-Overconsolidated materials show a positive pore 

pressure response on loading until some limiting strain. 

This is due to the soil particles being forced closer 

together until a shearing mechanism begins to develop, 

creating dilation and a decrease in pore pressure.

Xf the shear strain becomes large enough, negative 

pore pressure will be developed.

The more dense a material is, the Iess it can be 

compacted to produce positive pore pressures, hence
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Figure 7.3.8 : Pore pressure response of sample
compacted to 1727 kg∕πV dry density

the decrease in peak pore pressure value and the strain 

at which it occurs, with increasing dry density. As 

density increases there are more regions within a 

sample which will be in a process of dilating at a 

given strain. Therefore the rate of drop off in pore 

pressure increases with density.

7.4 ISOTROPIC CONSOLIDATION TESTS

A series of isotropic consolidation tests was carried 

out in the triaxial cell, to determine the parameters 

required to calculate the bulk modulus of the soil 

skeleton. The samples tested were made in the same 

way as those for the triaxial tests. Each sample⅛ was 

saturated under an effective confining pressure of 5 kPa 

and a back pressure of 700 kPa. The effective confining 

pressure was then increased in steps up to 1000 kPa.
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The time interval between steps was determined by the 

levelling off of the volume change versus the square 

root of time plot. After being Ieft to consolidate at 

1000 kPa the effective confining pressure was then 

reduced in steps back to 5 kPa.

Figure 7.4.1 shows the specific volume (υ = 1 + e) 

effectiveconfiningpressure relationship for a sample 

compacted to 1726 kg∕m3. There is an apparent precon

solidation pressure in the region where the loading curve 

changes slope. This change in curvature occurs at 

values of effective confining pressure similar to the 

p axis intercept found on the undrained triaxial test 

for a sample of nearly the same dry density (section
O

7.3.2). A sample compacted to 1865 kg/m dry density 

showed similar behaviour. This would tend to support 

Pender’s suggestion that there is an effective hydrostatic 

stress built into the sample due to the compaction 

process. The change in curvature was Iess well defined 

in the other samples tested.

In the undrained triaxial tests it was found that the 

stress paths produced by all the dry densities and con

fining pressures tested showed overconsolidated behaviour. 

Ilence there is the possibility that the isotropic loading, 

unloading curves produced are really reloading, unloading 

curves. If this is the case the specific volume at 

zero effective confining pressure at the start of a test 

should be the same as the final value. However due to 

difficulties in maintaining effective confining pressures 

approaching zero this could not be checked. It was 

decided to consider the shape of the steepest portion 

of the loading curve as λ and the average slope of the 

unloading curve as κ (section 3.6). If κ is considered 

to be the tangential slope of the unloading curve at 

the point of interest, the change in bulk modulus with 

effective confining pressure is more pronounced than
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Figuve 7.4.1 Isotvopio consolidation of sample 
compacted to 1726 kg∕m3 dry density

if κ is held constant.

K = (7.4.1)

Assuming a constant κ for the sample compacted to 1767
O

kg/m dry density, bulk modulus increases from 26 MPa 

at 100 kPa effective confining pressure to 202 MPa at 

800 kPa. When the value of κ is taken from the specific 

point on unloading curve, bulk modulus increases from 

20 MPa to 292 MPa over the same range. The increase 

in accuracy obtained by using a varying value of κ was
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considered not to justify the use of a more complex 

soil model in the computer program described in Chapter

5.

The results of the isotropic consolidation tests carried 

out are given in Table 7.4.1. There Is a general 

trend of decreasing λ with increasing dry density.

Hence to obtain a given volumetric strain the change 

in effective confining pressure required increases with 

dry density.

It Is commonly assumed that κ and λ are constant for 

a particular soil (section 3.6). Therefore average 

values of κ and λ are used In the computer program 

(Chapter 8).

Pd (kg∕m3) x (x 10 3) λ (x 10 3)

1726 10.64 59.92

1767 9.84 52.24

1798 7.60 38.65

1866 7.66 32.26

average 8.93 45.77

TABLE 7.4.1 : Isotropia consolidation test results
for Patea BS3 siltstone

7.5 FREE VIBRATION TORSION TESTS

7.5.1 Introduction

A series of free vibration torsion tests (section 6.2.2) 

was carried out to determine the maximum shear modulus 

of samples of BS3 siltstone compacted to different
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densities. The change in shear modulus with effective 

confining pressure was also investigated. Mead (1979) 

details the laboratory equipment and the experimental 

method. Appendix B gives the method of analysis of 

the torsion test results. Kneading compacted samples 

of 76 mm diameter were consolidated overnight before 

testing. These tests produced values of shear modulus 

up to approximately 0.5% shear strain. Values of 

shear modulus from the undrained triaxial tests were 

calculated, assuming Poisson's ratio of 0.5, to 

extend the range of torsion test data from 0.5% to 5% 

strain.

7.5.2 Corrections

Corrections for system compliance were made to all 

torsion test results (Appendix B). Figure 7.5.1 shows 

the shear modulus-strain relationship for a sample 
compacted to 1780 kg∕m3 dry density at 16% water content 

and consolidated at an effective confining pressure 

of 400 kPa. Also shown in Figure 7.5.1 is the shear 

modulus-strain relationship corrected for non-linear 

variation in strain across the torsion test sample 

(Taylor, 1975). The maximum difference between correc

ted and uncorrected results is 7.4% at 0.1% strain.

This correction was therefore not carried out for the 

remainder of the tests. As the samples were prepared 

in the laboratory, no corrections for sample disturbance 

were made.

7.5.3 Shear Modulus-Strain Relationship

All samples showed a plateau of shear modulus up to 
approximately 5 x 10 ^ strain. Larkin (1976) found 

that the shear modulus was practically constant up to 
1 x 10^4 strain for a silty sand and to 5 x 10 6 strain 

for a silty clay. Resonant column tests carried out by 

Isenhower and Stokoe (1981) on San Francisco Bay mud
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showed a shear modulus plateau up to 1 x 10^5strain.

Seed (1970) found for clean sands that shear modulus 
was virtually constant up to 1 x IO-4 strain. As a 

constant value of shear modulus indicates elastic behav

iour , it is expected that a clean sand will have a 

larger range of constant shear modulus than a more 

cohesive material. The value of shear modulus on this 

plateau is taken as G
max

Past this plateau shear modulus decreases rapidly with
increasing strain. At 1 x 10^3 strain the shear modulus

has decreased to approximately 50% G , and at 1 x IO-2
Π13X

strain, 17% Gmgχ. The results compiled by Seed (1970)

for sands show a more rapid fall in shear modulus. At 
-2

1 x 10 strain the modulus is reduced to approximately 

25% Gmaχ. The shear modulus-strain relationship of
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San Francisco Bay mud more closely ressembles that of 

Patea siltstone.

7.5.4 Damping Factor - Strain Relationship

The variation in equivalent viscous damping factor

(λ = ~-) for the same sample as for Figure 7.5.1 Is
θQ L

shown in Figure 7.5.2. This factor increases rapidly

with strain, past the limiting strain of the shear

modulus plateau. Reliable damping data was not obtained

in the larger strain region of the torsion test,

however the rate of increase in damping ratio is expected

to reduce in this region. Based on the data of several

researchers, Seed (1970) showed the value of damping 
-2

factor becomes almost constant above 1 x 10 strain 
for sands and 1 x IO-1 strain for saturated clays.

Figure 7.5.2 : Damping ratio-strain relationship for
sample compacted to 1780 kg/nA dry 
density
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-4At 1 x 10 strain the damping ratio is equal to 8.7% 

fo^ this BS3 siltstone material. Damping ratio values 

given by Seed (1970) at 1 x 10^4 strain are as follows:

Sands: Average curve 5.5% (Range 3.0% - 10.0%) 

Clays: Average curve 9.0% (Range 3.5% - 16.0%)

Therefore the damping ratios obtained for the Patea 

sample are reasonable.

Damping ratios are plotted against the strain at the 

second peak in each free vibration cycle (Appendix B).

If the ratios were plotted against the average of the 

two peak strains in each cycle, the damping ratio at a 

given strain will increase slightly.

If a soil model accurately defines the shear modulus- 

strain relationship for a material it follows that damping 

properties will be correctly defined when damping is 

assumed purely hysteretic. Hence when investigating 

soil models only the shear modulus-strain relationship 

was considered. Smith(1971) discusses the difficulties 

in defining the damping properties of nonlinear materials.

7-5•5 τhe Effect of Dry Density on Maximum Shear Modulus

To examine the effect of dry density on shear modulus 

a series of free vibration torsion tests was carried out, 

with dry density as the only variable. Figure 7.5.3 

gives the G - γ curves produced by the tests. It can be 

seen that Gmaχ increases with dry density as expected. 

Values range from 97 MPa, for the sample compacted to 

1658 kg/m dry density, to 128 MPa for the 1980 kg∕m3 

sample. Seed's standard relationships for the shear 

modulus of sand produce a maximum value of approximately 

170 MPa, whereas the stiff clay-silts at El Centro (Grant 

and Brown, 1981) have a maximum shear modulus of about

the same value as the most dense Patea sampie tested.
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Granular materials in general have a higher shear modu

lus than cohesive materials, due to the nature of the 

particles and the shearing mechanism.

The relationship between C,^„ and ρ. is given by 
max α ~j ^1

G
max

= α P2 + 8 pd + A (MPa) (7.5.1)

where α = 2.51 x IO-3

β = -8.39

A = 7.1 x IO3

(Figure 7.5..4). This curve has a similar shape to that

given by Hardin and Black (1968) for the effect of void

ratio on shear modulus, (equation 2.2.2).

Shear modulus appears to decrease Iess rapidly with 

increasing strain as dry density, and hence initial 

stiffness, increases. This was also noted by Grant and 

Brown (1981) in tests on medium stiff to hard clay-silts. 

At high strains, in the order of 5% the shear modulus 

of the Patea material has become independent of compacted 

dry density. It was noted In the standard triaxial 

tests on this material that the rate of pore pressure 

drop off increased with increasing density, indicating 

more rapid dilation. Therefore it Is postulated that 

at high strains the samples at various initial densities 

have achieved the same structure. This would be 

similar to the critical void ratio in critical state 

soil mechanics.

7•5•6 The Effect of Confining Pressure on Shear Modulus

A further series of free vibration torsion tests was

carried out to investigate the relationship between

effective confining pressure and Gjηaχ. All samples were
compacted to 1770 kg∕m3 dry density. The G - γ curves

produced are shown in Figure 7.5.5. Equation 7.5.2



258

G

(MPa)
sec

Figure 7.5.5 Effeat of oonfining pressure on shear 
modulus-strain relationship

Figure 7.5.6 Maximum shear modulus - effective 
oonfining pressure relationship
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effective confining pressure and dry density.

vb (7.5.3)
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max

-4
- 1 05 X 1°
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P
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ι,.,,iAte G in modelling 
H∩n was used to calculate ⅛aχ

This equation was ^^ ^_
the seismic behaviour of th

6 5affis∞sffi^^

6.1 WttO3UOtiOn oowtoll.a ayn..io ttl.⅛l «■«

::::“ :: tθ -xxr^:xx: patea

parameters on the d^c behχ ^ θ ^

X~:- n - -:::: "
dam during earthquake T^dynamio behaviour of silts

published informatιoninfθrmation ^^ ^ thθse

affecting soil behaviour which were 

τhe parameters _^^ mθthθd θf compactιon,

investigated, wer ^^^ confining pressure,

cyclic stress an carried out to Investigate the

Other test series we ^θ ^^ ^^^ and the Iimita

effect on results o described In section 6.4.

tions of the test XraIninvestigating the test 

τhe factors consιde ^ ^ ^^ ^ ^ drains, 

procedure were, ^, ^ position of pore

the frequency of Y ^ θf frθe θnd platens.

pressure --urement an^ ^^ ^^ triaxial 

A summary of all
lβ.t ~=ult∙ i= i>1™" i" WPma



261

The most important test variables are defined in terms 

of ratios.

Cyclic ratio ~
NL

where N is the number of cycles

Nβ is the number of cycles to liquefaction

(100% pore pressure ratio)

Pore Pressure ratio (p.p.r.) Ur 
uo

where u is the generated pore pressure

σθ is the initial effective confining stress

σdc
Cyclic stress ratio (R) ^yr 

o

where σfjc is the cyclic deviator stress

There are various definitions of failure which have been 

used in cyclic triaxial testing. These include strain 

criteria such as 10% peak to peak strain, or 5% strain 

in tension or compression. When failure is defined

by a shear strain it is not always made clear which 

criterion is being used. Failure can also be defined 

as the development of a given pore pressure ratio, 

usually 100%. However some materials reach an equi

librium state of pore pressure which may be below the 

defined failure criterion (section 7.6.9). It is also 

found that the pore pressures measured may vary with 

the position of measurement within the sample. Hence 

care must be taken in choosing and defining a failure 

criterion.

As the computer program described in Chapter 5 requires
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information on pore pressure generation, rather than 

developed strains, a pore pressure failure criterion 

was adopted for the dynamic triaxial tests. At 100% 

pore pressure ratio it is assumed that each sample has 

reached a state independent of its initial conditions.

Hence except where otherwise stated the failure 

criterion used for this test programme was 100% pore 

pressure ratio measured at the base of the sample.

The BS3 siltstone samples were compacted with a kneading 

compactor, except for one series compacted by the 

Proctor method. All the samples tested were 76 mm in 

diameter.

A back pressure of 700 kPa was used in all the samples 

to ensure full saturation. It was checked that Skempton1S 

B parameter had reached an acceptable value before the 

sample was tested.

As discussed in section 2.2.7 it was assumed that the 

build up to pore pressure is not affected by cyclic 

loading frequency. Hence the frequency was chosen on 

the basis of being able to accurately record results, 

maintain constant cyclic Ioad and to keep the entire 

test duration with a reasonable limit. A frequency of 

0.2 Hz was chosen. The assumption of the independence 

of results from test frequency was later found to be 

invalid. This is discussed in section 7.6.8.

After cyclic loading most samples were monotonically 

loaded to failure in compression, or to maximum exten

sion of the Ioad ram. The limited stroke of the Ioad 

ram was found to be a disadvantage when trying to find 

the monotonic failure Ioad of samples such as

recompacted siltstone, which do not shear along distinct 

planes but deform continuously.

Due to the complexity of the setting up and test 

procedures a test sheet was designed (appendix E). This



Figure 7.6.1 : Cyolie stress-strain response of sample KL6 of
Veoompacted Patea siltstone
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u (kPa) εfl (%)

Figure 7.6.2 : Pore pressure and axial strain
response of KL6 sample
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records details such as sample dimensions, voltage 

settings of the wave generator, water contents and 

failure conditions. The test sheet also includes a 

check Iist to be completed before cyclic loading is 

started.

7•6• 2 Dynamic Response Characteristics of Patea BS3 Siltstone

Figure 7.6.1 shows the stress-strain response of a sample 

of Patea BS3 siltstone compacted to 100.5% Standard 

Proctor compaction (pd = 1980 kg∕m3) and tested at an 

effective confining pressure of 500 kPa, cyclic stress 

ratio 0.25 and frequency 0.2 Hz (sample KC6). The six 

characteristics of cyclic loading behaviour

defined by Taylor (section 3.3.6) can be seen.
All the tests carried out on the siltstone reached 

larger extension than compressive strains. Assuming 

that the sample remains a cylinder at 5% extension, the 

stress applied is 5% higher than the design stress.

When necking, caused by restraint at the end platens, 

occurs this difference between applied and design 

stress increases. Correspondingly due to the barrell

ing of the sample in compression, the applied compresive 

stress is lower than the design stress. This variation 

in the actual applied stress is one of the reasons why 

some investigators use a given value of peak to peak 

strain as a failure criterion as opposed to a strain 

in any one direction.

The peak value of pore pressure in each loading cycle 

increased until it reached the confining pressure. In 

this case it took 100 cycles (Figure 7.6.2). A flatter 

peak in pore pressure response on the compression side 

of each cycle was observed as noted by Taylor (section 

2.4). Cyclic loading was stopped at zero Ioad and the 

sample Ieft in an undrained state. Within 30 seconds 

the pore pressure rose to the value of confining pressure
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Figure 7.6.3 shows the overall build up in pore pressure 

with cycles of loading. The shape of this curve is 

different to those obtained by Lee and Albeisa (1974) 

from cyclic tests on sands. Initially pore pressure 

develops rapidly in the Patea material, reaching half 

the confining pressure at a cyclic ratio of only 0.16. 

Equation 2.5.1 gives the shape of the response curve 

obtained from sands by Lee and Albeisa. Using 

α = 0.7 in this equation, 50% pore pressure ratio is 

not reached until a cycle ratio of 0.62. In the first 

few cycles of loading pore pressure may develop rapidly 

as those grains in an unstable position move readily 

into a more stable position when subject to shearing. 

Following this initial stage pore pressure develops 

gradually as more stable sand grains move to a denser 

arrangement. When a pore pressure ratio of about 0.75 

is reached it is possible that the confining pressure 

has dropped to a level Iow enough to enable the majority 

of grains to move. This would result in the rapid 

increase in pore pressure until the confining pressure 

is reached. The initial rapid increase in pore 

pressure in the siltstone material may be due to a 

compaction mechanism occuring along the planes sustaining 

shear stress. The pore pressure then gradually builds 

up to the confining stress as the cohesive fraction 

of the material restricts the movement of the non 

cohesive fraction.
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Figure 7.6.4 : Monotonic loading of KL6 sample after
cyclie Ioading

7■6.3 The Effect of Dry Density on Cyclic Loading Behaviour

The effect of dry density on the cyclic loading behaviour 

of compacted Patea siltstone was investigated by

carrying out a series of stress controlled dynamic 

triaxial tests in which all test variables except dry 

density were held constant. A stress ratio at 0.26 

was used as this was considered an average design level. 

Filter paper side drains were used with an effective 

confining pressure of 500 kPa and cyclic test frequency 

of 0.2 Hz. Samples were placed in the triaxial cell 

for consolidation and saturation on the same day that 

they were made with the kneading compactor. This was 

to avoid the sample age having an effect on the results 

(section 2.2.5). The average change in height during
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Figure 7.6.5 pd vs. NL Patea BS3 reeompacted siltstone
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consolidation was 1%.

The main trends in sample behaviour shown by this series 

of tests are as follows:

1. The number of loading cycles to 100% pore pressure 

ratio (Njj) is strongly dependent on dry density.

2. The pore pressure generation curves (Figure 7.6.6a) 

are similar in shape except for the sample at the 

highest dry density.

3. Axial strain increases in an exponential manner 

as pore pressure increases (Figure 7.6.6b).

The relationship between dry density and Nτ is shown
Jj

in Figure 7.6.5 with N^ plotted to a Iog scale.

Equation 7.6.1 gives the Iine fitted to the data points 

by regression.

Log N =
Li a p^ + A (7.6.1)

where α = 9.03 x 10~3

A = - 14,.05

coefficient of determination r2 = 0.957

Cohesionless materials also show a strong dependence of 

Nli on void ratio or relative density (section 2.5.4). 

Finn et al (1970) found similar straight Iine relation

ships between void ratio and N^ for cyclic simple shear 

and cyclic triaxial tests on Ottawa sand.

Figure 7.6.6a shows the relationships between pore 

pressure ratio and cycle ratio for a range of the dry 

densities tested. The sample at 1823 kg∕m3 dry 

density had different pore pressure generation charac

teristics than the other samples. The curve produced 

by this sample is similar in shape to those found for 

cohesionless materials (Figure 7.6.3). It appears
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a. Pore pressure generation

b. Extension strain development 
Figure 7.6.6 : Dry density seriesi side drains
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that the initial build up in pore pressure becomes more 

rapid with increasing dry density, however this is due 

to the normalisation procedure. Figure 7.6.7 shows the 

pore pressure build up in the first 10 cycles of loading 

for the same densities shown in Figure 7.6.6. As 

expected pore pressure increases more rapidly with decrea 

sing dry density.

Figure 7.6.7 : Dry density series, side drains
Pore pressure generation in first 
1∩ loading cycles

Figure 7.6.6b shows the development of the peak extension 

with cycle ratio. For cycle ratios over 0.7, when 

strains start to increase rapidly, there is a general 

trend of decreasing extension with increasing dry 

density. At 100% pore pressure ratio the average peak
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extension for all the samples was 7.4% and the average 

peak to peak strain, 10.9%. The common strain failure 

criteria of 5% single amplitude strain or 10% peak to 

peak strain have been satisfied.

After cyclic loading all samples were loaded monotoni

cally to the full Ioad ram extension. The stress-strain 

plots obtained all had a similar shape to that of the 

KC6 sample (Figure 7.6.4). The initial shear modulus 

obtained ranged from 0.15 MPa to 0.45 MPa with a

general trend of increasing modulus with increasing dry

density. As pore pressure ratio at this stage was

100% in all tests, theoretically frictional strength

was zero. The increase in shear modulus with dry

density may be due to interference between particles

during shearing and possible some residual cohesive bonds

between particles. Tangential shear modulus increased

to some limiting strain in all samples, never reaching

more than 3% G predicted by equation 7.5.4. This 
max 1

peak shear modulus (G*) occurs at approximately the same 

strain as the pore pressure begins to drop.

Shear stress reached between 33% and 73% T__„, found fromIIlaX
equation 7.3.2 before the range of the Ioad ram was 

exceeded. As the amount of deformation for a given 

stress decreases with increasing stiffness of the sample, 

the percentage of τmaχ developed increased with increasing 

dry density.

7.6.4 The Ihfluence of Filter Paper Side Drains on Cyclic 

Loading Behaviour

To find out if the use of filter paper side drains 

changes the measured response of samples to cyclic 

loading, a series of tests was carried out in which no 

side drains were used. Dry density of the samples was 

the only variable, with all other test parameters remain

ing at the values given in the previous section.



2 75
)

ζHter paper 3.de ⅛aιsnesr"etsheθffθtιeιsts.carried ou* using 

behaVlour were fθund. Oilowing trends in

The use of filter paper

the value θf N for a . draιns Increaseg

thθ range of interest.9^" ^ ^^ "*thin 

The pore pressure generafi

«e similar in shape tθ °n curvθs (Figure 7.6.δ 

are used. hθse when side drains

Aχ∑at strain •
manner. ^ ^^ i∏ an exponential

Pigure 7.6 ς c→,
'∙o∙3 shows the rβi^∙

<*"=⅛ and „t „he„ no "“““«P ‘°™ h.to,.n icr

“«• ^ stralght lln.““t7“»«. ar,ln, retβy 

’"” bV '“" 7∙≈∙1∙ «th XXXβ~lt' '≈ ««I-

α 10.04 χ l0~

A = - 15.90

The Coefficient

10f2' - - as high ~χ-χ- -al tO 

f can be seen frorn ,.^ ?

.θr.a givθn ⅛y density N i; ’ and Table 7∙6∙1 that 
d-s are used. DurLg\X ^ ^" n° ≈^

θnd platens acts to confine thn3 thβ friθtion θf the

^θating stress ^,^^ ζhθ e^ of the samples,

t °n tθ tahe place in the’cent ^ ^* "^ def«ma- 

o the cycle freguency used J* °fthe samPlθ∙ Due 

T- Permeabiiity θf thθ ^2 ^ ^ ^ FelativeIy

,me fθr comPTete pore pressure ^ "θt en°ugh

PTace within each cycle lt ^11^- to take 

Pressures generated at the h "^ ^0^ that the pore 
hrgher than those at the cJ^ °' ^ 3ample ”«e 

d-trihuted pore pressureescemnotre∙ Slde drains 

Pθrθ Pressures measured gfc ^*^ Feducing the

θ ba3e aad Ottectiveiy

3.de


276

nrp 7 6 1 •• C^Uicie"tθoθf+e∏αforrtd⅛^re,≈t

TABLE 7.6.1 = α prf + A) J
Jhods of SamPte preparatton

f cvcles before 100% P°re Pre≈sure 

creasing the"^^ pressure gradients are further 

tio is recorded. θ where the frequency depen-

.scussed in section . ''d and in sβction 7.6.9

jnce of results is 1^6^asurθd at mid height of the

""r0 TteZ densities when the rate of P-

ample. At n y thθ use of side
ressure generation is very

as minimal effect on the rβssure ratio

.he trends ^-^XZ densities are generally 

,ersus cycle rati tests using side drains

the same as for the serres same range in
,«,«. 7.6.«.) • ’“ XJ J.Z. *«— —

ary aen≈itι∙s the han arains .>∙ ∞βa∙

ls aoe.W.t,hXy ζJtjX"Jln, rea„clM the po~

,hl. may b. «. « ⅛ βtaβp.t ,lth »•

prβ..Pte *'∙dl,""√ltv ,,sociatea .itb •» i~*~~ “ 

a.cre..X"S pet«.«»ntty a∙∞

density.



277



278

• ^nr>nr^ in n sir∩i-TaL
τhe development of peak ^^^.^ side drai∏s are 

ma∏ner to theBenes ^θ^ ^ devθlopment of 

used (Figure 7∙6∙8b>* dθpendent o∏ dry density than

strain is apparent y saιnples satisfy the
ln the previous series Al1 criterion.

5% single amplitude strain ^ moduli

m the monotonic 1°adings^9θa θ ∖he maximum shear

varied -o.,.- ∙-w θf Gmax

modulus attained was o ^θ ^.^ ^ ^

predicted by equation ... monotonic loading

::: ≈x~ — ■< - -X≈θ

rx≈Γ4r≈‰-∙ __

τhe shear ^--/f/^^t'^x^st'd^nslX to 64% 

increased from 35% τmax
’.» ,t th. ht9h.=t a.nsitVrf ^ ^ of tβats "ith 

After comparing the resu .s ^ ^_^ ^ ^ ^ θf 

and without side oressure gradients, more

sia= Λ,in. to "a"θζ ffiθιa ,ltu,tioπ. Heece ,1« 

clo,.1y t<*"""'** lnve,tlgatie9 the .!««ot. o< cyclic 

drains were use effective confining stress on
stress ratio and mean effectιv 

cyclic loading response.

,, s^s2r^a⅛ε^⅛≈j^^

≡- ^ ^nrι~Γopχ--∙
used in the Iaboratory .fic material. This
content for compaction ^J3^ fcθ prθpare samples for 

method of ∞"Pa^ζ 13 ζhe method of preparation of 

other types of tests. ^ found to have
a,,plβ, at oohe≈iool- - J reθponsβ l,.etloe y,

“ “““-.“e thoo9ht th,t the method ot oo.pectιee

It was



219

of materials with some cohesion may also have some 

bearing on the cyclic loading behaviour. This was 

investigated by carrying out a series of tests on samples 

compacted to different dry densities by the Proctor 

method. All the test variables were the same as the 

series carried out on kneading compacted samples with 

a cyclic stress ratio of 0.26 and no filter paper side 

drains used.

Patea BS3 siltstone samples were compacted in a 102 mm 

diameter mould and then trimmed>down to 76 mm diameter. 

Appendix A details this sample preparation procedure.

The dry density used was that of the 76 mm sample which
O

was found to be on average 37.2 kg/m more dense than 

the originall02 πun diameter samples. During consoli

dation the average change in height was 1.3% compared 

to 1% for the kneading compacted samples. This increase 

is probably due to the variation in density between the 

top and bottom of each compacted layer.

In comparison of this series of tests with those carried 

out on kneading compacted samples, the following trends 

in sample behaviour were found.

1. For the majority of the Proctor compacted samples 

NL was found to be smaller than for the 

corresponding kneading compacted samples.

2. The pore pressure generation curves are basically 

the same shape for both methods of compaction.

3. There Is a reduction in the peak extension at 

100% pore pressure ratio In the Proctor compacted 

samples.

A straight Iine has again been fitted to the data points 

with N1 plotted on a Iog scale (Figure 7.6.5). The 

coefficients of equation 7.6.1 are:
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a = 6.68 x 10

A = - 10.19

coefficient of determination = 0.907

The fitted relationship predicts that Proctor compacted 
3

samples with dry densities above 1700 kg/m have a lower

value of Nτ than kneading compacted samples at the same 
L

density. Samples compacted with the Proctor method 

contain layers of different densities. Pore pressure 

builds up more rapidly in the layers with below average 

density and this is transferred rapidly to the base 

pressure transducer when high values have been reached.

3
Below 1700 kg/m dry density the trend in the value of 

Nτ for the two compaction procedures is apparently
Li

reversed. This may be due to the errors involved in 

fitting lines to the data and the possibility that the 

disturbance caused by trimming the 100 mm sample down to 

76 mm has more effect on Iess dense samples.

The pore pressure generation curves produced by the 

Proctor compacted samples, tested with no filter paper 

side drains, are more spread out than those for the 

kneading compacted samples tested with side drains.

The steep portion of the response curves of kneading 

compacted samples never extends past 40% pore pressure 

ratio. There is a general trend in the Proctor 

compacted samples for this range to be greater. This 

may be due to the more rapid build up in pore pressures 

in the Iess dense layers of these samples.

At high cycle ratios the Proctor compacted samples did 

not develop peak strains as rapidly as the kneading 

compacted samples. During cyclic loading most deforma

tion was observed to take place in the Iess dense layers 

of the sample. Although the pore pressure ratio in 

these layers may be very high, the amount of deformation
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a. Pore pressure generation

b. Extension strain development 

Figure 7.6.9 : Ury density series, Proator
Oompaation
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which can take place within them is restricted. There

fore the total axial strain cannot build up as rapidly as 

in kneading compacted samples at high pore pressure 

ratios. A 5% peak strain failure criterion is only 

satisfied by the samples with dry densities below 
1725 kg∕m3.

This series of tests showed that the method of sample 

preparation can have a significant effect on cyclic 

loading behaviour. It is therefore important to try 

to simulate field conditions as best as possible. The 

kneading compaction process was considered to be a 

better representation of the field compaction process 

than the Proctor compaction method. Hence kneading 

compacted samples were used for the rest of the test 

programme.

7.6.6 The Effect of Cyclic Stress Ratio on Cyclic Loading 

Behavlour

To investigate the relationship between the applied

cyclic stress ratio (R) and the number of cycles to 100%

pore pressure ratio (N33) , three series of tests were

carried out. Kneading compacted samples with side

drains were tested at various cyclic,stress ratios.

The effective confining stress and test frequency were

held constant at 500 kPa andO.2 Hz respectively.

Average dry density was varied between the three test

series to check that the relationship between cyclic

shear ratio and N was not unique to one dry density.L 3 3
The three dry densities used were 1710 kg/m , 1775 kg/m 

and 1855 kg∕m3.

The main points of interest found from these series of 

tests are as follows.

1. There is a strong dependence of N^ on R.

2. The relationship between N3 and R does not show 

any change in form with dry density.
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3. The pore pressure generation curves change shape 

with the value of R.

4. The peak axial strain developed at a given cycle 

ratio Is strongly dependent on R.

• . 7Ftgure 7.6.10 : Stress ratio series, 1710 kg/m

Figure 7.6.10 shows R - N relationship for the series 
3 jj

with 1710 kg/m average dry density. Equation 7.6.2 

gives the Iine fitted to this test data.

Log NL = βR + B ' (7.6.2)

where P = - 15.52

B = 5.21

coefficient of determination = 0.967

Most R - Log Njj data published gives a curve where R is

plotted against N^ on a Iog scale (Figure 2.5.2). At

high values of R it would appear that the cyclic response

of cohesionless materials is more dependent on R than

materials with some cohesion, such as Patea BS3 siltstone

Wei et al (1981) found a linear R - Log Nτ relationship 
Jj

from cyclic shear tests on a silty sand with approxima-
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tely 5% by weight of the particles fine silt sizes or

smaller. The results presented by Ishihara et al

(1981) for cyclic triaxial tests on two different mine

tailing materials show slightly more curvature of the

R - Log Nr relationships for reconstituted samples 
Li

than for undisturbed samples. This may be due to the 

undisturbed samples having more cohesion than the 

reconstituted samples. More cyclic triaxial tests on 

Patea siltstone at high values of R would be needed to 

check the straight Iine R - Log N^ relationship obtained 

As all three densities tested produced straight Iine 

relationships no further investigation of this was 

carried out.

Figure 7.6.11 : Stress ratio series

The slope of the lines representing the R - Log N^

relationship for each density tested did not show any

trend with density (Table 7.6.2). Hence it was assumed

that the R - Log Nτ relationships for different dryLi
densities should be given by a series of parallel lines 

on a plot of R against Log Nχ, (Figure 7.6.11). An 

average slope of 16.36 was taken and the constant term 

of equation 7.6.2 found by reconciling equations 7.6.2 

and 7.6.1 for 0.26 cyclic stress ratio. The resulting 

values are shown in Table 7.6.2.
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Experimental Values Adjusted Values

Pd(kg∕m3)
β B β B

1710 - 15.52 5.21 - 16.36 5.64

1775 - 18.71 6.94 - 16.36 6.23

1855 - 14.85 6.03 - 16.36 6.95

TABLE 7.6.2 : Experimental and adjusted coefficients
for equation 7.6.2
(Log Np = β R + B) for different dry 
densities

Figure 7.6.12a shows some of the pore pressure generation
3

curves for the 1710 kg/m series of tests. As R 

decreases these curves change from a hyperbolic shape to
3

that similar to the 1823 kg/m curve In Figure 7.6.6a. 

Again In Figure 7.6.13a, showing the pore pressure
3

generation for the 1855 kg/m series, it can be seen 

that the samples tested at the two lowest stress ratios
3

produced curves similar in shape to the 1823 kg/m 

sample. This suggests that after several hundred 

cycles the effect of the cohesive portion of the silt

stone material is reduced and the overall pore pressure 

response becomes similar to that of a cohesionless 

material.

The development of peak extension with increasing cycle

ratio is shown in Figures 7.θ.l2b and 7.6.13b for the 
3 31710 kg/m and 1855 kg/m series of tests respectively.

As R increases, the cycle ratio at which large strains 

begin to develop decreases. Some limiting cyclic 

stress is required to set soil particles in motion, 

therefore the length of time during each cycle that 

stress Is above this level will dictate the amount of
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a. Pope pressure generation

b. Extension strain development
Figure 7.6.12 : Stress ratio series, 1710 kg/m 3
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a. Pore pressure generation

b. Extension strain development

Figure 7.6.13 : Stress ratio series, 1855 kg∕m3
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strain that can occur. The peak compressive axial 

strains which occurred during the first loading cycle 

were found to be in reasonable agreement with the data 

gained from the monotonic triaxial tests without previous 

cyclic loading (Section 7.3). The tensile strains in 

the first cycle are a little higher due to the decreased 

area stressed in tension. It is possible that at high 

stress ratios the development of strains is primarily 

dependent on the cyclic stress whereas at Iow stress 

ratios strain develops as a result of reduced confining 

pressure. Comparing the pore pressure generation 

curves with the curves for strain development, it can 

be seen that at a given cycle ratio there is no great 

difference in pore pressure ratio for varying stress 

ratios. At the same cycle ratio there can be an 

order of magnitude difference in strain.

In the monotonic loading stage of these tests, following 

cyclic loading, no relationship was apparent between 

initial shear modulus and the cyclic stress ratio.

Samples with the same initial density should have a 

similar arrangement of particles after 100% pore pressure 

ratio has been reached. The initial shear modulus 

on monotonic loading is therefore dependent on initial 

density and not on stress ratio (Section 7.6.3).

Hence there was also no discernible trend in the 

relationship between stress ratio and maximum shear 

modulus or shear stress attained.

7.6.7 The Effect of Confining Pressure on Cyclic Loading 

Behaviour

As discussed in section 2.5.3 it is often considered that

Nτ is dependent only on the cyclic stress ratio (R) and 
L

not on the initial effective confining pressure (σθ)•

This assumption has been found by some investigators 

to be incorrect. To check the validity of this assump-
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tion for the recompacted Patea siltstone material, two 

series of tests were carried out with varying initial 

effective confining stress. The samples were prepared 

in the kneading compactor at two dry densities, consoli

dated using filter paper side drains and tested with a 

cyclic stress ratio of 0.26. The dry densities tested 
were 1710 kg∕m3 and 1775 kg∕m3.

The main findings of these two test series are as 

follows:

1. For Patea BS3 siltstone tested at a constant 

value of R there is a marked dependence of N
L

on σ ’ . 
o

2. A cyclic strength ratio, defined as τ ∕τ
cyc' max

where τmgχ is the static shear strength of the 

material, is suggested as a parameter which 

is almost independent of σθ.

5∙ It is suggested that the change in density during

consolidation should be taken into account when

comparing the results of tests with different

values of σ’.
o

4. Tlie pore pressure generation curves change from 

a hyperbolic shape at high σ' (800 kPa) to a 

more complex shape at Iow σ⅛ for constant

R.

5. The peak cyclic axial strain at a given cycle 

ratio and R is strongly dependent on σ^.

The results of the two series of tests are shown in

Figure 7.6.14. Straight lines were again found to

give the best fit to the data points with Nτ plotted
Ju

on a Iog scale. An average slope of the two lines was 

taken and the resuiting relationships reconciled with 

the Nβ - pd relationship (equation 7.6.1) at σ^ = 500 

kPa. Equation 7.6.3 gives these adjusted relationships,
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Figure 7.6.14 : Confining pressure series

also shown in Figure 7.6.14.

Log NL = δ σj^ + D (7.6.3)

where σ' is in kPa 
o

δ, D are given by Table 7.6.3

Xt is obvious from Figure 7.6.14 that at the same cyclic

stress ratio, Nτ decreases markedly with increasing σ'.
Jj o

After consolidation the dry density of the samples has 

increased from the initial value by an amount dependent 

on σ,. The process of isotropic consolidation 

producing these increased densities creates a different 

soil structure than that of samples initially kneading 

compacted to these densities. As N^ increases with
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Experimental Values Adjusted Values

Pd(kg∕m3) 6 (x 10 3)
D δ (x 10 3)

D

1710 - 2.29 2.42 - 2.71 2.74

1775 - 3.12 3.46 - 2.71 3.33

TΛBLE 7.6.3 : Experimental and adjusted coefficients
for equation 7.6.3
(Log Np + δ σJ + D) for different dry 
densities

increasing dry density it would be expected that N 
t L
increase with increasing σ^.

It was found In section 7.3 that the shear strength of

this Patea material increases with σ^ at a rate which is

Iess than directly proportional. This was considered

to be due to the reduced proportion of shear strength

contributed by cohesion with increased o'. Castro 
O

and Poulos (1977) suggested it may be more meaningful 

to use a ratio of cyclic shear stress to maximum 

shear stress attained in an undrained monotonic loading 

test, herein called a cyclic strength ratio, instead of 

the usual cyclic stress ratio. For the BS3 siltstone 
samples of 1775 kg∕m3 dry density and tested at 0.26 

stress ratio, this strength ratio increases from 20.7% 

at o'o = 200 kPa to 23.2% at σ^ = 800 kPa. The R - N^ 

relationships shown in Figure 7.6.11 are reproduced in 

Figure 7.6.15 with the conventional R scale replaced 

by cyclic strength ratio. This illustrates the reduc

tion In NL with increasing dry density for cyclic 

strength ratios-above approximately 25%. This effect 

is accentuated by the fact that the dry densities of 

the samples when tested are greater than their initial 

dry density.
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3
The 1775 kg/m sample consolidated at 200 kPa showed a

2.9% increase in dry density and that consolidated at

800 kPa a 6.1% increase. Using these densities to

calculate the cyclic strength ratios it is found that

there is a range from 8.1% to 29.4%. It can be seen

from Iine b in Figure 7.6.15 that there is a large change

in Nτ from 8.1% to 29.4% cyclic strength ratio. For 
L

materials whose shear strength is directly proportional 

to effective confining pressure there would be a unique 

relationship between cyclic strength ratio and N^ for 

all densities. The undrained shear strength of 

recompacted Patea siltstone was found to be proportional 

to the effective confining pressure to the power of 

0.915. Hence the lines plotted in Figure 7.6.15 Iie 

very close together.

oyolio 
sbrength 
ratio

τoyo
τ

∣ max

Figure 7.6. 1 6 Cijolio strength ratio vs. N^
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a. Pore pressure generation

• f • • SFigure 7.6.16 : Confinmg pressure series, 1710 kg∕ιn
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Figure 7.6.17 : Confining pressure series, 1775 kg/m
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When investigating the dependence of Nβ on σθ it is 

suggested that the tests should be carried out at a 

constant cyclic strength ratio rather than cyclic stress 

ratio. To try to take into account the effects of 

consolidation the dry densities used when comparing 

results should be those after consolidation has taken 

place. This would not take into account the different 

soil structures of compacted and consolidated samples.

The generation of pore pressure with cyclic loading is
shown in Figures 7.6.16a and 7.6.17a for the 1710 kg∕m3 

3series and 1775 kg/m series respectively. The pore

pressures and strains developed during the first

compressive stage of loading correspond reasonably well

to those found at the same stress in the monotonic

undrained triaxial tests carried out. As in the previous

test series it can be seen that the shape of the pore

pressure generation curves changes from a hyperbolic

shape when Nβ is small, towards the shape of the

generation curve found for sands (Figure 7.6.3) when

Nτ is large.
JLj

If Figures 7.6.16b and 7.6.17b, showing the increase in 

peak extension, are interpreted as curves for varying 

cyclic strength ratios, rather than varying σθ, the 

comments made in section 7.6.6 about the increase in 

strain with stress ratio are applicable. The cyclic 

strength ratios given in Figure 7.6.17 are those based 

on the initial dry density and not the dry density after 

consolidation.

The only discernible trend shown in the monotonic

loading results is a reduction in the proportion of the 

maximum static shear stress attained before full Ioad 

ram extension, with increasing confining pressure.

The values of maximum static shear stress used were 

calculated from equation 7.3.2 with the initial dry
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density and appropriate confining stress.

It is considered that the three most important parameters, 

used in these tests, which govern N^ are the dry density, 

the cyclic stress ratio and the initial effective con

fining pressure. Hence by taking one set of conditions, 

equations 7.6.1, 7.6.2 and 7.6.3 can be combined to form 

equation 7.6.4.

where

Log NL = a Pd +

α = 9.03
x IO"3

β = - 15 .42

δ = - 2. 71 x 10~3

A = - 8. 92

βR δ σ∙ + A (7.6.4)+

These coefficients were determined using the data gained 

from the series of tests carried out on kneading compacted 

samples, with side drains and tested at 0.2 Hz.

For a given dry density and Nτ, equation 7.6.4 can be
Li

manipulated to find an R - σ^ relationship and σ^c - σθ 

relationship. Figure 7.6.18 shows this relationship 
for Ng = 100 and pd = 1750 kg∕m3. If R is independent 

of σθ for a given N^, a straight Iine σdθ - σθ relation

ship would be obtained. This emphasizes the need to

take σ, into account when considering R - Nτ data.O Li

7.6.8 The Effect of Cyclic Test Frequency on Pore Pressure 

Response

On the basis of the conclusions of previous investigations 

it was assumed that the rate of generation of pore 

pressure was independent of cyclic test frequencies 

within the earthquake frequency range, 0.1 - 10 Hz
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Figure 7.6.18 : acia - a'° relationship for constant N^

(section 2.2.7). A test frequency of 0.2 Hz had there

fore been chosen to ensure the maintenance of a constant 

cyclic Ioad and the accuracy of the recorded results. 

This assumption of frequency independence was checked by 

three further groups of tests. The sequence of these 

tests was as follows:

1. A series of tests with all variables except 

frequency constant. The results of these tests 

were found to vary with frequency.

The water content, taken in six different areas 

of each sample after cyclic loading, showed 

various trends.

2. To investigate the pore pressure distribution 

within the samples during testing, a series of 

samples were tested at different frequencies, 

with pore pressures measured at mid-height as 

well as at the base. The results, reported

In section 7.6.9 confirmed the existence of pore 

pressure gradients.

3. Two tests were carried out using lubricated
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free end platens to reduce pore pressure gradients 

These results are reported in section 7.6.10.

Kneading compacted samples with an average dry density 
3

of 1770 kg/m were used in these tests. The samples 

were consolidated, with filter paper side drains, and 

500 kPa effective confining pressure and tested at a 

cyclic stress ratio of 0.245 for the first series of 

tests.

In order to isolate the frequency effects as much as 

possible, N^ was adjusted for any slight variations in 

initial dry density and stress ratio, using Figures 

7.6.5 and 7.6.11.

The findings of the first series of tests carried out 

at various frequencies were:

1. Nτ increased with cyclic loading frequency
L

(Figure 7.6.15).

2. The water content readings taken after cyclic 

loading indicated higher pore pressures at the 

end of the samples than at mid-height (Table 

7.6.4).

3. The pore pressure and strain generation curves 

(Figure 7.6.20) showed similar relationships 

for all frequencies tested.

The change in NL with cyclic loading frequency is shown

in Figure 7.6.19. It was thought that the increase

in Nτ with increasing cyclic frequency reflects the 
Li

characteristics of the test system, the friction of 

the end platens in particular, rather than those of the 

material itself.

To investigate the pore pressure gradients throughout 

the samples resulting from the friction of the end 

platens, the triaxial cell was dismantled as quickly as
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Figure 7.6.19 : Variation of Njj with frequency

and position of pore pressure 
measurement

possible after the dynamic tests and water contents 

measured in six different areas of each sample (Table 

7.6.4).

Over the range of frequencies tested the water content of 

zone e was on average 1.2⅞ Iess than that of zone c.

As water will migrate from areas of high pressure to 

areas of lower pressure, this difference in water content 

indicates that during cyclic loading the pore pressure
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e f

c d

a b

zones of sample

Frequency

Zone 0.05 0.10 0.15 0.30 0.35

a 17.80 18.28 17.43 17.55 17.45

b 18.80 17.71 18.50 18.13 18.53

c 17.54 17.32 17.62 16.31 17.23

d 18.04 18.33 18.11 18.12 18.9 3

e 15.68 16.98 16.18 15.95 17.44

f 19.08 19.13 18.35 17.75 17.65

TABLE 7.6.4 : % Uater content in various zones of
samples tested at different frequencies

at mid-height was Iess than at the top of the samples.

The water content at the base of the sample was in 

general more than that in the rest of the sample. This 

may be due to the sample drawing in water from the porous 

disc and drainage outlet during the dismantling of the 

triaxial cell. Water contents near the axis of the 

samples were found to be Iess than those on the outside.
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This was probably a result of the use of side drains 

which facilitated the movement of water on the outside 

of the samples during cyclic loading. The difference 

in water contents between the inside and outside of the 

samples was in general greatest at the top of the samples 

and least in the middle. This supports the suggestion 

that high pore pressures are generated at the top of 

the sample. Water may have been drawn into the 

outside of the sample from the side drains during the 

time taken to dismantle the cell, but would not have 

migrated to the centre of the sample.

The difference in water contents between zones e and f 

increased with decreasing cyclic frequency. There is 

also a general trend of increasing difference between 

mid-height and top water contents with decreasing 

cyclic frequency. Pore pressure during cyclic loading 

must therefore become more uniformly distributed with 

decreasing cyclic frequency.

It is considered that the results of cyclic triaxial 

tests on silts are dependent on cyclic frequency because 

of its permeability. Clean sands have values of 

permeability high enough for complete redistribution of 

pore pressure to take place at test frequencies within 

the earthquake range. The permeability of clays is 

so Iow that negligible pore pressure redistribution 

takes place within this frequency range, but may do 

at lower frequencies. Taylor (1971) found that some 

pore pressure equalisation took place in a halloysite 

clay at a frequency of 0.005 Hz, with the number of 

cycles to failure increasing as the test frequency was 

increased from 0.0005 Hz to 0.005 Hz, to 0.5 Hz. 

Unfortunately the permeability of silts is such that 

some pore pressure redistribution can take place 

during tests carried out at frequencies within the 

earthquake range. Hence it Is desirable to use a test
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Figure 7.6.20 : Frequenay series, base pore pressure
measurement
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system that does not produce pore pressure gradients, or 

test frequencies which do not affect results. These 

frequencies should either allow full pore pressure 

equalisation when pore pressure is measured at the sample 

base or negligible equalisation when pore pressure is 

measured in the middle. As creep becomes evident at 

Iow frequencies, higher frequencies with mid-height 

pore pressure measurement would probably Iead to more 

meaningful results when earthquakes are being considered.

Pore pressure generation and axial strain development 

curves for the frequencies tested are shown in Figures 

7.6.20a and 7.6.20b respectively. It can be seen that 

the way in which pore pressure and strain increase with 

cycle ratio is similar for all frequencies. The 

relationship between strain and pore pressure is 

apparently the same in each case. Hence it is con

sidered that the frequency dependence of results is due 

solely to the presence of pore pressure gradients.

Pore pressures are being generated by high stresses at 

the ends of a sample and dissipated into the remainder 

of the sample simultaneously. The pore pressure at 

the base cannot reach the confining pressure until it 

is generated faster than it is being dissipated. This 

will occur when the pore pressure gradients have dropped 

to some limiting value. Change in pressure gradients 

is dependent on permeability and hence time. Therefore 

as frequency increases the number of cycles needed to 

achieve 100⅞ pore pressure ratio at the base increases.

Further investigation of pore pressure gradients was 

carried out using a miniature pore pressure transducer 

mounted at mid-height of the sample. This is discussed 

in section 7.6.9.

7■6.9 Investigation of Pore Pressure Distribution

To investigate the effect of frequency on the pore
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pressure distribution and cyclic response of recom

pacted Patea siltstone a group of stress controlled 

dynamic triaxial tests was carried out measuring pore 

pressure at the base and the mid-height of the samples.

The miniature transducer used to measure mid-height 

pore pressure is described in section 6.4.8.

As most of the previous tests were carried out at 0.2 Hz 
3

a sample with a dry density of 1776 kg/m was tested at

this frequency with side drains and an applied cyclic

stress ratio of 0.257 (FCl). The number of cycles to

100% pore pressure ratio at the base was taken as N^

as for the previous tests. Figure 7.6.21 shows the

record of the final test cycles and Figure 7.6.22 shows

the generation of pore pressure at the base and mid-height

of this sample. The pore pressure measured at the base

reached the confining pressure (500 kPa) in 58 cycles

whereas the pore pressure measured at mid-height levelled

off at 460 kPa iπ 56 cycles (N). This shows that 
eM

clearly that the friction at the end platens causes 

higher pore pressures to be generated at the ends of the 

sample than in the middle. It was also seen during 

cyclic loading that due to the constraining effect of the 

end platens most deformation took place in the centre 

of the sample. The peaks in the plot of pore pressure 

response at mid-height began to level off in cycle 31 

and at the base about 10 cycles later. This levelling 

off in pore pressure is due to dilation taking place.

In cycle 47 when the pore pressure ratio in the middle 

of the sample reached 437 kPa, dilation began to domi

nate at the peaks in load, creating a dip in the peak 

pore pressure response (Figure 7.6.21). During each 

cycle above 47 the pore pressure at mid-height rose 

until some limiting strain where dilation became pre

dominant causing the pore pressure to drop. As the 

Ioad dropped past the peak value, the rate of strain



o-------------------------------------------------------------------—-------------------------—------------------------
mid-height 250--------------------------------------------------------------------------------------------------------------------------

305

Figure 7.6.21 : Final cycles of FCl dynamic triaxial test,frequency = 0.2 Bz
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decreased so that compacting processes became slightly 

predominant causing pore pressures to rise until the Ioad 

dropped to such an extent that pore pressure began to 

decrease again. The amount of dilation occurring in 

the middle of the sample appears to be so great that the 

pore pressures here never reached the confining stress.

As the friction of the platens restrains the ends of 

the sample and increases the mean stress, Iess dilation 

takes place here and higher pore pressures are generated.

Figure 7.6.22 : Pore pressure generation at base and
mid-height of FCl sample

The peaks in pore pressure response at the base of the 

sample occurred at the same time as the peaks in the 

cyclic load, whereas the pore pressure peaks in the 

middle of the sample corresponded more closely to the
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peaks in strain. These peaks lagged the Ioad by an 

amount increasing with the number of cycles. For the 

full duration of the test the variation in pore pressure 

within each cycle was larger at the base of the sample 

than in the centre.

Another test was carried out at 1767 kg∕m3 dry density 

with the same test conditions as before except no side 

drains were used (FC8). The number of cycles to 100% 

pore pressure ratio at the base for both these tests 
was corrected to 1770 kg∕m3 dry density and 0.245 

cyclic stress ratio. In accordance with the results 

in section 7.6.4 the test carried out with side drains 

took 88 cycles and that without 86 cycles. The maximum 

difference in pore pressures between the base and mid

height was 70 kPa for the test with side drains and 

91 kPa for that without.

Two further tests were carried out at 0.4 Hz and 0.05 Hz 

cyclic frequency to investigate the change in pore pressure 

generation with frequency. The corrected results of 

these tests are shown in Figure 7.6.19. It was noted 

that the pore pressure at the centre of the sample tested 

at 0.4 Hz stabilised after that at the base. From 

Figure 7.6.19 it appears that above 0.3 Hz the number 

of cycles to 100% pore pressure ratio at the base is 

Iess dependent on test frequency.

To try to establish the error in Nβ for all the previous 

tests carried out at 0.2 Hz a series of samples at 

different dry densities were tested at 0.35 Hz and 0.26 

cyclic stress ratio. As it was considered that the 

variation in Nβ with frequency was dependent on permea

bility only, no tests were carried out at different 

cyclic stress ratios. No tests were carried out at 

different confining pressures, as it was thought that 

changes in effective confining pressure could be taken 

into account by correcting for changes in void ratio.
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Figure 7.6.23 : Effect of frequeney and position of
pore pressure measurement on p, vs.
N relationship eq

The number of cycles to 100% pore pressure ratio at the 

sample base and the number of cycles at which pore 

pressure stabilises at the centre of the sample are 

shown in Figure 7.6.23 for each test. At the two 

highest dry densities it is noted that the pore pressure 

at the base reaches the confining pressure before the 

pore pressure at the centre of the sample stabilises. 

Samples at high densities dilate more readily than those 

at lower densities, therefore pore pressure oan reach 

a maximum at the base of these samples, where dilation 

is restrained, while the pore pressure in the centre 

continues to increase.

It appears from Figures 7.6.19 and 7.6.23 that at 

frequencies equal to or below 0.2 Hz, or dry densities 

below 1760 kg∕m3 the pore pressure at the centre of a
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sample will reach a maximum before the pore pressure 

at the base. The relationship between dry density and 

the number of cycles to 100% pore pressure ratio at the 

base of samples tested at 0.2 Hz is shown agaln in 

Figure 7.6.23 (section 7.6.3). A Iine has been fitted 

to the points given by the dry density and the number 

of cycles to pore pressure stabilisation (Neq) at the 

centre of samples tested at 0.35 Hz. This Iine is 

given by equation 7.6.1 where a = 33.5 x 10~3 and 

A = - 4.11.

It was expected that more cycles would be required for 

stabilisation of pore pressures at 0.35 Hz than 0.2 Hz. 

The two lines in Flgure 7.6.23 indicate an opposite 

trend. The 0.2 Hz relationship was found using pore 

pressure values at the base of the samples, hence as 

pore pressure in the centre of higher density samples 

may have stabilised before that at the base, this 

relationship may overestimate the number of cycles.

As only four results were obtained for tests at 0.35 Hz, 

there may be considerable experimental error In fitting 

the 0.35 Hz line. Therefore no conclusions could be 

drawn from this series of tests.

7.6.10 The Use of Free End Platens

Two stress controlled dynamic triaxial tests were carried 

out with lubricated free end platens to minimise stress 

and pore pressure gradients. These platens consisted of 

a thin rubber membrane placed on a polished perspex disc 

of a larger diameter than the sample, to allow radial 

expansion. A thin film of silicone grease was applied 

between the rubber and the perspex disc to facilitate 

radial movement. A small porous disc extended from the 

back pressure opening in the cell base into the sample 

a few milimetres.

The first sample was compacted at 1777 kg∕m3 and consoli

dated at 500 kPa. A cyclic stress ratio of 0.256 was
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applied at a frequency of 0.3 Hz. During the first 4 

cycles the peak pore pressure in the centre of the sample 

was Iess than at the base. Following this, the pore 

pressure in the centre exceeded that at the base and 

gradually increased until stabilising at 479 kPa in 

68 cycles. At this stage the pore pressure in the base 

had reached 382 kPa and was increasing. The maximum 

difference between pore pressure at the base and the 

centre was 141 kPa, and the maximum peak to peak pore 

pressure response was 308 kPa at the base and 120 kPa 

in the centre.

Deformation of the sample was observed to be more uniform 

than with conventional end platens but not cylindrical 

in nature. From the pore pressure readings it appears 

the stress gradients caused by the end platens had been 

reduced so that Iess pore pressure was generated. The 

centre portion of the sample is more easily sheared than 

the end portions hence higher pore pressures were 

developed after the first few loading cycles. However 

dilation prevents the pore pressure rising to the confin

ing pressure.

3
The second sample was compacted to 1780 kg/m and 

consolidated at 500 kPa. A cyclic stress ratio of 0.265 

was applied at a frequency of 0.05 Hz. Figure 7.6.24 

shows the pore pressure generation curves for the base 

and mid-height of the sample.

The pore pressure generated in the centre of the sample 

exceeded that at the base after 12 cycles. At 20 cycles 

the rate of generation here dropped rapidly until pore 

pressure stabilisation at 465 kPa was achieved in 29 

cycles. This compares to 454 kPa for the sample tested 

at 0.05 Hz without free ends. Stabilisation at 481 kPa 

took place at the sample base in 47 cycles. As there 

was time for some pore pressure redistribution to take
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Figure 7.6.24 : Pore pressure generation at base and
mid-height of FC14 sample, free ends 
(a.f. Figure 7.6.22)

place at this Iow frequency, the maximum difference 

in pore pressures between the base and mid-height was 

50 kPa compared to 141 kPa for the sample tested at 

0.3 Hz.

Deformation of the sample was observed to be almost 

cylindrical in nature. The lubricating mechanism of 

the free ends is viscous and hence frequency dependent. 

The more uniform deformation decreases the difference 

in peak tensile and compressive stresses caused 

by the changing area of the sample.

The maximum range of pore pressure response at the base
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0 free ends 

© fixed ends

was 420 kPa and 140 kPa at the centre. As the soil at 

the base is free to dilate the pore pressure never reaches 

the confining pressure.

The results from these 2 tests were adjusted for cyclic 

stress ratio and dry density for comparison with the 

previous tests (Ficure 7.6.25).
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Figure 7.6.25 : Effeot of end restraint and
frequenβy on Neq with mid-height 
pore pressure measurement

Due to the reduction in the stress and pore pressure 

gradients with the use of free ends, the rate of pore 

pressure generation is decreased and the number of 

cycles to pore pressure stabilisation increased at

σ' = 500 kPao
H = 0.245 
Pd = 1770 kg/m
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0.05 Hz. At frequencies above about 0.2 Hz there is 

Iess dependence of N^ on frequency. The point at 

0.3 Hz fits in with the trend in results for pore 

pressures measured at mid-height.

7.6.11 Conclusions on the Frequency Dependence of Results

The results of the stress controlled dynamic triaxial 

tests carried out on samples of 1770 kg∕m3 dry density 

at different frequencies are shown in Figure 7.6.19 and 

7.6.25. At this density the number of cycles to pore 

pressure stabilisation when there are ideal shearing 

conditions appears to be about 30% higher than the 

number of cycles found at 0.2 Hz.

No conclusions about corrections for test frequency 

could be Yound from the results of tests carried out on 

samples of different dry density at a frequency approach

ing that at which the effects of stress gradient are 

negligible.

The results of all the stress controlled dynamic 

triaxial tests carried out on the Patea BS3 siltstone 

were therefore considered to be reasonably accurate and 

no corrections for the test frequency were made. It is 

suggested that the frequency dependence of results should 

be investigated at the start of stress controlled 

dynamic triaxial test programmes.

As it is assumed that the applied shear stresses are 

acting on the centre portion of the sample, the pore 

pressure response would be more meaningful when measured 

at the centre of the sample, away from the zones affected 

by friction of the end platens. The peak value of pore 

pressure response measured at the base may not be 

representative of the peak in the sample centre. It 

was found in the tests on Patea BS3 siltstone where mid

height pore pressure was measured that the pore pressure 

never reached the confining pressure whereas it did so at
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the base.

Although the use of free end platens reduces the stress 

and pore pressure gradients within samples, the improve

ment in the accuracy of results decreases with

increasing cyclic loading frequency.

The fact that the pore pressures measured at the mid

height of the sample and at the base when free end platens 

were used, never reach the initial effective confining 

pressure raises doubts about the liquefaction potential 

of this material. Possibly 100% pore pressure ratio 

will be achieved under ideal test conditions when the 

sample is compacted at a lower density than those tested, 

or tested at higher confining pressures. However 

the pore pressures generated are sufficient to enable 

large deformations to occur. It may therefore be more 

accurate to consider the number of cycles to 100% pore 

pressure ratio at the base of the sample as an indica

tion of the strain potential of the sample, or the 

failure criteria could be in terms of a maximum allowable 

peak to peak strain. Alternatively a new pore pressure 

generation parameter could be defined, for example Ngθ, 

the number of cycles to 50% pore pressure ratio in the 

centre of the sample. This could be used to analyse 

pore pressure response in a similar manner to the use 

of tgθ in consolidation analysis.

The use of 100% pore pressure ratio as a failure criterion 

in this test programme was based on the need of a 

common soil stress-strain response to enable the 

experimental relationships obtained to be combined and 

used in the computer program. It was felt that only 

at zero confining pressure would the stress-strain response 

of soils with different initial conditions, be the same.
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7-7 TESTING REQUIRED FOR DYNAMIC ANALYSIS PROGRAMME

Defore a test programme is commenced, thought should be 

given to the method of sample preparation and the size 

of the samples. The method of sample compaction should 

be designed to produce the same structure of the soil 

skeleton as is produced by the field compaction process. 

For the Patea BS3 siltstone material it was considered 

that of the compaction processes available, a method of 

kneading compaction produced the best approximation to 

the field soil skeleton. The size of the sample should 

be determined by the maximum particle size in the soil. 

The particle size distribution may be a scaled down 

version of the size distribution in the earth structure.

The following test programme is a suggested minimum 

requirement to determine various trends in sample 

behaviour. This programme should be carried out for 

each different material in the earth structure under 

investigation.

A series of consolidated triaxial compression tests 

is required to determine the shear strength of the 

material. To find the relationship between dry densitv 

and shear strength a series of three or four tests at 

one confining pressure and different dry densities 

is necessary. If a given dry density has already been 

decided upon this series of tests is not essential, 

however an idea of the dependence of shear strength on 

compacted dry density would be helpful. As the material 

at different positions in the dam is under a range of 

effective confining pressures, a series of tests, at an 

average dry density, should be carried out at three or 

four different effective consolidation pressures. The 

use of staged tests is suggested. The assumption is 

made that the plot of this relationship is parallel to 

those of the same relationship for other dry densities.
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With this assumption the coefficients of an equation of 

the form of equation (7.3.2) can be found.

As the dynamic analysis program requires only one value 

of κ and λ to define the volumetric stress-strain 

relationship, only one isotropic consolidation test 

is necessary. This should be carried out on a sample 

of average dry density. It is suggested however that 

more than one test be carri ed out so that average 

values of κ and λ can be determined.

To find the maximum shear modulus of the material a

series of torsion tests is suggested. Again if a given

dry density has been decided upon it is not necessary

to carry out a series of three or four tests at constant

effective confining stress and varying dry density.

However to gain a relationship between G and σ' three UldX ∏ι
or four tests at an average dry density are required.

If the assumption of parallel relationships for 

different dry densities is made, the coefficients of 

equation (7.5.3) can be found.

The torsion test 

compression test 

normalised shear

results, combined with the triaxial 

results are used to find an average 

stress-strain curve.

Before carrying out any stress-controlled dynamic 

triaxial tests to ^etermine the pore pressure generation 

characteristics of a material, a series of tests at a 

constant average dry density, effective confining 

pressure and stress ratio, and different cyclic Ioad 

frequencies should be undertaken. The frequency chosen 

for the rest of the tests should be in the range where 

the frequency dependence of results is minimised. The 

choice of this frequency will be affected by the failure 

criterion used, the position of pore pressure measure

ment and the type of end platen.
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If it is assumed that there is a linear relationship 

between dry density and the Iog of the number of loading 

cycles to the failure criterion, it is suggested that 

three dynamic triaxial tests be carried out at a constant 

average effective confining pressure and stress ratio, 

and varying dry density. Otherwise a minimum of four 

tests is suggested to define a curved relationship.

Three or four tests at a constant average dry density 

and effective confining pressure, with varying cyclic 

stress ratio should be carried out to define the relation 

ship between cyclic stress ratio and the number of cycles 

to the failure criterion. These tests may be all that 

is required to define the pore pressure generation 

characteristics of cohesionless soils, however a further 

series of tests is required for soils with some cohesion.

This series of three or four tests is to find the 

relationship between the number of cycles to the failure 

criterion and the initial effective confining stress, 

with a constant average dry density and cycle ratio.

By assuming that the three relationships obtained are 

indicative of general trends in the soil behaviour and 

taking one set of values for dry density, cyclic stress 

ratio, and initial effective confining pressure, the 

coefficients of an equation of the form of 7.6.4 can 

be found. An average plot of pore pressure ratio 

versus cycle ratio can be estimated from all the stress- 

controlled dynamic triaxials for use in the dynamic 

analysis.

Hence to define the stress-strain and pore pressure 

generation characteristics of a given soil for the 

dynamic analysis program described in Chapter 5, a 

minimum of 22 tests of varying complexity are required. 

More tests can be carried out to check the validity 

of the assumptions made in obtaining the equations used 

to describe the soil properties.
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Chapter 8

Dynamic Analysis of Patea Dam

8.1 INTRODOCTION

The computer program described in Chapter 5 was used to 

investigate the earthquake response of the dam constructed 

for the Patea hydroelectric scheme. This dam is described 

in section 7.1. As a siltstone material, known as BS3 

siltstone, is used in some proportion in the majority of 

the dam, an extensive laboratory investigation of the 

dynamic behaviour of this recompacted material was 

carried out. The results of this investigation are 

reported in Chapter 7.

The dynamic response of a structure is dependent on the 

magnitude and nature of the dynamic excitation. An 

estimate of the expected ground motion based on the past 

earthquakes in the region and the safety requirements 

for the structure, is therefore needed.

In order to create a numerical model of the structure 

it is necessary to define the cross section of the structure 

for consideration. This is usually taken at the highest 

point of the structure. When dividing the cross section 

into a mesh of elements, a knowledge of the properties 

of the different materials in the structure and the

numerical stability requirements of the computer program 

is needed. As soils are non linear materials the 

initial stresses in a structure determine the dynamic 

response characteristics. These initial stresses are 

not calculated in the computer program described in
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Chapter 5, hence ideally a non linear finite element 

method should be used to produce the initial stresses for 

input into the dynamic program. Alternatively some 

simplified method of static analysis can be used.

As an earthquake can occur at any time during a dam,s 

Iife and to investigate the effect of the presence of 

water seeping through the dam, the dynamic response of 

the Patea dam is analysed both when the dam has a full 

reservoir and an empty reservoir. The duration of

strong shaking in an earthquake generally increases with 

the peak acceleration. The expected peak horizontal 

acceleration at the Patea site was found to be 0.65 g, 

hence a 60 second earthquake record was chosen. However 

the relative incompressibility of water means that a 

small timestep is required for the numerical stability 

of the dynamic analysis of the dam when water is present. 

Hence this analysis is carried out with the first 25 

seconds of the design earthquake. To investigate the 

effect of the duration of the earthquake record, dynamic 

analysis of the dam with an empty reservoir is carried 

out with both the 25 seoond and 60 second records.

The effect of the stiffness of the foundation material 

on the dynamic response of the dam with an empty 

reservoir is investigated in section 8.7.3. The 

assumption of vertically propagating shear and compression 

waves, producing a uniform input motion at all points on 

the base of the dam, is investigated by comparing two 

examples of the dynamic response of the darn with a full 

reservoir. Uniform horizontal and vertical base motion 

is assumed for one example (section 8.8.1) and a hori

zontal and vertical motion travelling across the base 

of the dam from the upstream to the downstream toe, is 

assumed for the second (section 8.8.3).

As some methods of dynamic analysis neglect the vertical
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component of excitation, the dynamic response of the Patea 

dam with a full reservoir is investigated with horizontal 

base excitation only (section 8.8.2).

CHOICE OF EARTHQUAKE INPUT

The magnitude and duration of the accelerations applied 

to the base of an earth dam by an earthquake determine 

the displacements which result. When carrying out an 

investigation into the earthquake response of a specific 

structure it is therefore important to obtain a reasonable 

estimate of the expected ground motion.

Matuschka (1980) used probabilistic techniques to estimate 

the likelihood of different levels of ground shaking 

occurring throughout New Zealand. Two approaches were 

used to assess seismic hazard. The first was an 

empirical statistical approach based on the epicentres 

and magnitudes of historically recorded earthquakes. The 

period covered by instrument recordings of earthquakes 

was extended by estimating earthquake magnitudes from 

written reports of felt intensities. The second approach 

was an analytical one, for which New Zealand was divided 

into 17 seismic source regions on the basis of seismo- 

tectonic evidence. For events with a large average 

return period, the second approach was believed to give 

more realistic estimates of the expected ground motion.

To predict the accelerations at a given site it is necessary 

to know the attenuation characteristics of the peak 

ground accXeration. Matuschka derived coefficients for 

use in an attenuation equation for average New Zeaiand 

conditions (equation 8.2.1).

y = 119.08°-8lM (R + 25)"1∙15 (8.2.1)

where y peak ground acceleration
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M = earthquake magnitude 

R = hypocentral distance 

standard deviation, σjtny = 0∙55

A computer program using the empirical statistical approach, 

was developed by Matuschka (EQRISK). This uses the 

assumption that the magnitudes and epicentres of past 

earthquakes are representative of those in the future to 

produce the expected peak ground accleration at a given 

site, for a given period and probability of exceedance. 

EQRISK was used to determine the expected peak ground 

acclerations at the site of the Patea dam. The period 

of earthquake records used in the program ranged from 

January 1840 to August 1976. The use of records prior 

to 1940 to 1976 produced higher peak ground acclerations 

than if only those records after 1940 are used. This 

is due to the New Zealand earthquake data after 1940 

containing a higher proportion of small earthquakes than 

prior to 1940. When earthquakes occurring between 1840 

and 1940 are considered, only those with magnitudes 

greater than about 6.5 can be assumed to have been 

reported accurately. After 1940 most earthquakes with 

magnitudes greater than about 4.5 would have been recorded. 

All earthquakes within a 300 km radius of the site of 

the Patea dam, which occurred at depths of Iess than 

50 km and had magnitudes between 4.0 and 9.0, were used 

to find the expected peak accelerations. The attenuation 

equation used was that for average conditions (equation 

8.2.1).

The peak horizontal ground accleration chosen for the 

Patea dam example was that with a 20% probability of 

exceedance in a 50 year period. This has a value of 

5.06 m∕s2 and would be expected to occur once in every 

225 years. As the attenuation equation used was developed
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for average ground conditions, an amplification factor 

appropriate to the site conditions must be applied to the 

maximum ground acceleration obtained. The material 

underlying the Patea dam is rock. Using Matuschka's 

approximate relationships between peak ground accelera

tion and local site conditions, the acceleration for the 

Patea dam example is increased to 6.39 m∕s2 . (.0.65 g).

Having gained a value for peak ground acceleration a 

simple spectrum for the earthquake motion can be developed 

using empirical relationships found between peak displace

ment, peak velocity, and peak ground acceleration.

Matuschka presents a summary of the relationships found by 

previous investigators. The relationships used for the 

Patea site are given in equations (8.2.2) and (8.2.3).

v/y(cm/sec/g) = 51 (Matuschka, 1980) (8.2.2)

yd/v = 5.3 (Mohraz, 1976) (8.2.3)

These result in a maximum velocity of 33.2 cm/s and 

a maximum displacement of 9.1 cm for the Patea site.

Hall, Mohraz and Newmark (1976) suggest that the ratio

of maximum vertical to horizontal accelerations be taken as 
1 2not Iess than j and to be conservative, y. This sugges

tion was based on a statistical analysis of 85 earthquake

records from the west coast of the U.S.A.. An acce- 
2Ieration ratio of y was used to obtain the maximum

expected vertical acceleration for the Patea sitez
resulting in a value of 4.26 m∕s2 (0.43 g).

Equation (8.2.2) was again used to obtain the peak verti

cal velocity, 22.1 cm/s. Mohraz gives separate 

relationships relating peak acceleration, velocity and 

displacement for the maximum horizontal component, 

minimum horizontal component and the vertical component
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component amax.

cm/s

v
max

cm/s

d
max
cm

v/a

cm/s/g

ad∕v2

N21E -309.4 -16.5 4.2 52.3 4.8

N6 9W -265.4 -27.2 9.3 100.5 3.3

down 153. 3 - 6.2 3.5 39.7 14.0

Table 8.2.1 : Parameters of Castaio Old Ridge Route
Record of 9 Feb. 1971 San Fernando 
earthquake

v/a cm/s/g ad∕v2

50%ile 84.1%ile 50%ile 84.1 ile

Matuschka
(1980) 51 81

Mohraz (1976) 
horiz. comp, 
large eqs. on 
rock

24 38 5.3 11.0

Mohraz (1976) 
vert. comp, 
on rock 28 45 6.1 11.8

Table 8.2.2 ratiosv/a and ad∕υ
2
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of an earthquake. Equation (8.2.4) gives the relation

ship for the vertical component. The maximum expected 

vertical displacement obtained is 7.0 cm.

^j = 6.1 (Mohraz, 1976) (8.2.4)

v

Equations (8.2.2), (8.2.3) and (8.2.4) were used as a 

basis for the choice of an earthquake record. It would 

be unusual for a peak ground acceleration of 0.65 g to 

occur in a short earthquake, therefore a reasonably 

Iong record was considered more realistic. It was also 

thought that excessive scaling up of an acceleration 

record would not produce the characteristics of a large 

magnitude earthquake. As the foundation conditions 

change the characteristics of a recorded earthquake, the 

recording station should preferably be founded on rock.

The Castaic Old Ridge Route record of the San Fernando 

earthquake, 9 February 1971, was considered the best 

available earthquake record. Three components of the 

earthquake were recorded on a sandstone foundation. The 

record is baseline corrected for initial velocity and 

displacement and is 62 seconds long.

TabJe8.2.1 gives the parameters of these records and 

table 8.2.2 the appropriate v/a and ad∕v2 ratios. The 

v/a ratio of the N21E component is in close agreement 

with that of Matuschka, which is an average for all 

foundation conditions. It is however considerably 

higher than that of Mohraz. This could be due to the 

sandstone foundation material at the recording site 

being softer than the average rock foundation of the
2

records used by Mohraz. As the ad/v ratio is in

reasonable agreement and the Patea dam is founded on 

sandstone, the N2IE component was chosen for the horizontal 

excitation. The vertical v/a ratio of the Castaic
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Scaled up recorded accelerations at Castaic Old Ridge Route station, 
San Fernando earthquake, 9 Feb. 1971
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record falls in the middle range of those found by Mohraz. 

This record was therefore considered suitable.

To obtain the design peak accelerations the horizontal 

acceleration record was scaled up by a factor of 2.07 

and the vertical by 2.78 (Figure 8.2.1). The response 

spectra of the scaled earthquake motions are shown in 

Figure 8.2.2.

8.3 CHOICE OF ELEMENT MESH

There are several considerations in dividing the dam 

profile (Figure 7.1.2) into a mesh of elements. The 

elements must be small enough to provide good definition 

of the stresses developed during the earthquake and the 

zones of the various materials in the dam. However 

unless a very small time step is used in the dynamic 

analysis, small elements can give rise to numerical 

instability. The allowable ratio of time step to 

element size can be found from equation (5.9.1). It is 

therefore necessary to simplify the dam profile. Figure

8.3.1 shows the element mesh used.

To check the effect of element size and shape on the 

stresses and displacements developed in the dam, five 

seconds of the Caltech Bl horizontal acceleration record 

was applied to the base of the dam. Properties of the 

BS3 material, found from the equations in section 8.4 

using an estimated average confining pressure for the 

dam, were assumed homogeneous throughout the dam and 

constant for the duration of the input earthquake.

P 2065 kg/m

⅛ax 184 MPa

K 398 MPa

τmax 883 kPa

A hyperbolic soil model was used. No initial stresses
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I i Zone 
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1
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with high permeability

Siltstone (BS3) or Siltstone (SCB2)

with high permeability

Siltstone (BS3)

3.1 : Simplified profile of Batea dam



Figure 8. 3. 3 : Fine Mesh

330



331

Figure 8.3.4 : Shear stress contours - 25 kPa intervals
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were used in the analysis.

The results of this analysis were compared to those of 

the dam with the same material properties and input 

earthquake, but with a coarser rectangular element mesh 

(Figure 8.3.2). There was only a 3.3% difference in 

the peak displacement predicted. The maximum horizontal 

displacement was found tobe 0.043 m. Figure 8.3.4 

shows the contours of maximum shear stress generated in 

the two meshes. It can be seen that the finer mesh 

produces smoother stress contours but that the basic 

shape of the contours is the same.

As the size of the elements of the mesh has minimal 

effect on the results of the analysis, definition of the 

different materials in the dam and a reasonable length 

of time step were the governing considerations in the 

choice of mesh.

8.4 MATERIAL PROPERTIES

8.4.1 Dam with Empty Reservoir

The dam was divided into three zones of different 

material properties for the case of it being subject to 

earthquake loading prior to the reservoir being filled. 

Table 8.4.1 gives the properties of these three zones 

(Figure 8.3.1). The dry densities and bulk densities 

used are based on 100% standard Proctor compaction at 

optimum water content. This is the standard specified 

for construction. In zone 2 it was assumed that there 

is half BS3 siltstone and half SC∣B2 siltstone.

At the start of the dynamic analysis the maximum shear

modulus (G ) and maximum shear strength (τ v) are 
max ιιιctΛ

calculated using the initial stresses and equations(8.4.1) 

and (8.4.2). These equations were derived from the 

experimental investigations of the BS3 material 

(Chapter 7).



Zone P
kg∕m3

Pd
kg∕m3 n B βl-2 

x 10
B2_4

x 10
b A M-3 

x 10 j
a κ-3 

x 10
λ _3 

x 10 j

1 1900 1610 0.3902 296.6 -38.52 1.269 0.53 -4.597 4.00 0.92J5 8.93 45.8

2 1990 1665 0.3867 296.6 -35.05 1.05 0.53 -4.597 3.64 0.915 8.93 45.8

3 2060 1770 0.3295 296.6 -35.05 1.05 0.53 -4.597 3.64 0.915 3.93 45.8

Table 8.4.1 : Properties of dam with empty reservoir
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σ' (kPa) 
m 500 IOOO

τmax (at εa = 5% ’ 337.7 636.8

Tmax (c'' φ' 5 326√7 633. 4

Table 8.4.2 : Estimates of τ for Zone 2max

⅞ tkPa) 500 IOOO

BSl 350.1 700.2

BS3 354.7 679.4

Table 8.4.3 : τ values From o',max
φ' approaoh
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G
max

τmax

(B + Bl pd + B2 p2) (t√)b 

(Al pd + A) (σ^l) a

(8.4.1)

(8.4.2)

Pd is the dry density

σ' is the effective confining stress in kPa 
m

A, Al, B, Bl, B2, a, b are material constants

(Table 8.3.1)

As no tests were carried out on the BSl and SGB2 materials

to obtain the constants for equations (8.4.1) and (8.4.2),

estimates were necessary. It was assumed that the τ
j max

relationship would be of the same form for the mixed

BS3-SCB2 materials as for the BS3 material alone. The

values of τ χ found for the average dry density,

1665 kg∕m3, using equation (8.4.2), with σ^ = 500 kPa

and 1000 kPa and the BS3 material constants, were

compared to the average values obtained from the c,,

φ, relationships for the two materials. These values are

given in table 8.4.2. It can be seen that equation

(8.4.2) produces slightly higher values of τ . The 
ΠI3X

c,, φ' approach was found in section 7.3 to give

conservative strength estimates, hence equation (8.4.2) 

was used for the mixed material with the same constants 

as for the BS3 material.

Table 8.4.3 gives the values of τ obtained from the c,, 
= max

φ, approach for the BSl and BS3 materials. As the BSl 

material has a higher friction angle than the BS3 material 

(Table 7.2.1), at higher confining pressures it has a 

higher strength. It was assumed that equation (8.4.2) 

would also apply for the BSl material and the constant 

Al was increased to give the same τ χ at Pd ~ 16lθ 
kg∕m3 as the BS3 material at pd = 1770 kg∕m3.



335

As the computer program works in terms of τ it is 
OCt

necessary to reduce the τmgχ constants so that the 

maximum octahedral shear stress is obtained.

= 2/2
°ct 3 τmax (8■4.3)

The material constants for Gmgχ for the BS3 material 

were also used for the mixed material in zone 2. This 

results in normalised stress-strain curves of the same 

shape. To obtain the same shaped curve for the BSl 

material in zone 3, the coefficients Bl and B2 were 

altered.

The compression and swelling coefficients, λ and κ, were 

obtained experimentally for the BS3 material (section 

7.4). These coefficients are used to calculate the 

bulk modulus of each element of soil at each time step 

and are assumed constant with changing confining pressure 

The values of λ and κ obtained for the BS3 material were 

used for all the materials in the dam.

8.4.2 Dam with Full Reservoir

Eight areas are required to redefine the material 

properties in the dam profile when the reservoir is full. 

These are shown in Figure 8.4.1. The properties of the 

zones of the dam with an empty reservoir apply to these 

areas, except that saturated bulk density is needed in 

areas below the phreatic surface. Some of the areas 

are defined by different permeabilities alone, to model 

the filter drains in the pore pressure dissipation 

part of the analysis (table 8.4.4). These filter 

drains, although assumed saturated, do not generate pore 

pressure during dynamic loading.

Equation (8.4.4) was found experimentally to give the 

number of cycles to liquefaction (N^) for the BS3 

material (section 7.6).
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7 8

Figure 8.4.1 : Areas of different material properties for dam with full
reservoir
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Area
Ps3

kg∕mj

k

π√s

Pl
x IO-3 P2

P3
x IO-3 P4

1 2100
-9

4x10 9.03 -15.42 - 2.71 - 8.92

2 2052
Bel0-1°

9.60 -15.42 - 2.71 - 8.92

3 2052
BclO-4

- - - -

4 -
BclOlc

- - -

5 -
6xl0-6

- - - -

6 2100 BelO-4
- - - -

7 -
BelOlc

- - - -

8 -
4xl0-9

- - - -

Ta b l e 8. 4. 4 Properties of dam with full reservoir

Log Nτ =Jj
Pl pd + P2R + P3 σ' + P4 

o
(8.4.4)

where R is the cyclic stress ratio τ∕σθ

σθ is the initial effective confining pressure 

Pl, P2, P3, P4 are material constants

It was considered that the characteristics of pore pressure 

generation in area 2 would be approximately the same as 

those of area 1. Although area 2 is Iess dense than 

area 1, which would increase the pore pressure generation 

rate, the SCB2 material contains a higher proportion of 

clay fines than the BS3 and it is assumed that these 

fines will reduce the pore pressure generation rate.

Hence the Pl constant for this area was increased to
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3
give the same value of N^ at pd = 1665 kg/m as area 1 

at pd = 1770 kg∕m3.

The shape of the curve relating pore pressure ratio 

(u∕σθ) to cycle ratio (N/Nj was assumed the same for 

both areas (section 7.6). This curve is defined by 

equation (8.4.5), which is one of the two optional curves 

within the computer program.

R = 1 - — sin 1 (1 - κ2'7) (8.4.5)
u π w

R. = ^-
⅝ NL

8.4.3 Bulk Modulus of Water

The bulk modulus of pure water at20 Cis 2.2 GPa.

However any undissolved gases can greatly reduce this 

value. It is doubtful that the water seeping through a 

dam is ever free from undissolved gases. Therefore it 

was decided to back-figure a value of the bulk modulus 

of water from the observed experimental behaviour.

A sample of BS3 siltstone compacted at a dry density of 

1770 kg∕m3 (void ratio, e = 0.43, porosity n = 0.33) 

and consolidated at an effective confining pressure of 

500 kPa, gave a value of Skempton,s B parameter of 0.95. 

This did not increase with increases in back pressure. 

Using the average value of κ, (section 7.4), a value of 

the bulk modulus of the soil skeleton can be estimated.

⅛ <1 + e>

= 80 MPa

This value can then be used in Skempton,s equation for 

B to estimate a value of the bulk modulus of water.



339

B
1

K
1 + n

K
w

S

K = 502 MPa
w

The value of Kw used in the dynamic analysis was there

fore 500 kPa.

As the bulk modulus of water is considerably higher than 

that of the soil skeleton, its value governs the length 

of time step required for the numerical stability of the 

solution routine.

8.4.4 Properties of Underlying Material

The material underlying the dam is intact BS3 siltstone 
with an insitu density of 1950 kg∕m3 and natural water 

content of 9.8⅞ (table 7.2.2). An average value of shear 

wave velocity for sandstone (1000 m/s) was taken from 

shear wave velocities given by Blyth and de Freitas,

1974.

Richart, Hall and Woods (1970) give the following relation 

ship between compression wave velocity and shear wave 

velocity

1/2(1 - y) 
1 (1 - 2v)

where v
s

v
P

shear wave velocity 

compression wave velocity 

Poisson's ratio

The estimated value of υ, using a Poisson's ratio of 0.2 

(section 8.5), was 1650 m/s.

As the density and wave velocities of the underlying 

material increase, the amount of energy which can be
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Figure 8.4.2 : Coniparison of stress-strain models with^
experimental results for p^ = 1727 kg/m 
sample

Figure 8.4.3 : Multilinear normalised shear stress-strain eurυe
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transmitted into the underlying material from the dam as 

it undergoes earthquake excitation, is reduced. The 

effect of the increased energy contained within the dam is 

investigated in section 8.6.

8.4.5 Choice of Shear Stress-Strain Model

In an effort to produce an average shear stress-strain 

curve from the triaxial tests carried out on the Patea 

BS3 siltstone material (section 7.3), the curves predicted 

by the hyperbolic model and the Ramberg-Osgood model 

were compared to experimental ones. Experimental 

curves at an average effective confining pressure and 
dry densities of 1727 kg∕ra3 and 1798 kg∕m3 were used.

The trends shown were the same for both of these curves.

It was found that a hyperbolic approximation to the 

experimental curve overestimated the shear stress 

attained in the Iow strain range. Various curves were 

produced by varying τy and R in the Ramberg-Osgood 

model (equation 3.3.7). The best curve produced for the
3

1727 kg/m sample is shown in Flgure 8.4.2. Values of 

R = 3.74 and τ^ = 0.4 τmgχ were used to obtain this.

Again it was found that shear stresses were overestimated 

in the Iow strain range. Hence a multi-linear approach 

was decided upon.

An average normalised shear stress-strain curve was 

estimated from the experimental data. This was approxi

mated to the optimum dry density used in the dam,
3

1770 kg/m . The use of 14 linear segments of the stress 

strain curve was found to give very good definition of 

the average curve (Figure 8.4.3). Table 8.4.5 gives 

the normalised parameters used to define this curve.

This curve was used for all the materials in the dam as 

the triaxial stress strain curves produced by them had 

similar shapes. It is suggested that where there is a 

marked change in shape of the stress-strain curve at
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high and Iow confining pressures, a new material with a 

different stress-strain curve should be defined where 

these stresses occur.

Yield Surface Normalised Stress
s

Normalised Strain 
e

1 0.05 0.05

2 0.15 0.75

3 0.2 1.25

4 0.25 1.9

5 0.3 2.8

6 0.4 5.3

7 0.5 8.0

8 0.6 10.9

9 0.7 14.0

10 0.8 17.6

11 0.85 19.8

12 0.9 23.3

13 0.95 27.3

14 0.99 32.8

Table 8.4.5 : Normalised yield Surfaoe parameters
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8.5 INITIAL STRESS CONDITIONS

To gain a good estimate of the dynamic behaviour of a 

dam when subjected to an earthquake, a knowledge of the 

static stresses in the dam is necessary. Clough and 

Woodward (1967) and later Lee and Idriss (1975), 

carried out finite element studies on the static stresses 

in earth dams. Clough and Woodward used a linear 

analysis in which the dam was constructed in layers 

and the stiffness properties of the material changed 

with the addition of each layer. A similar method was 

used by Lee and Xdriss, except iteration was carried 

out at each Ioad increment until strain compatible bulk 

and shear moduli were obtained.

The results of these analyses showed that the vertical 

stresses in the dam were very close to the overburden 

pressure, being slightly higher at the faces and lower 

at the centre line. Clough and Woodward present 

coefficients of the overburden pressure, with which to 

calculate the vertical and horizontal stresses

K
y

σ
_y
γH γ∏

(8.5.1)K
x

These coefficients are dependent on Poisson's ratio (υ) 

and the side slope of the dam.

Lee and Idriss found that the vertical stresses in a 

thin clay core were considerably lower than the over

burden pressure but that there was minimal effect on the 

stresses in the surrounding material.

The Patea dam has a wide core and no large

variation in stiffness across the dam, hence Clough and 

Woodward's stress coefficients were used to calculate 

the vertical and horizontal stresses at the centroid 

of each element. Equation (8.5.2) was used to 

estimate an average value for Poisson's ratio
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a: Vertiaal stress - 200 KPa intervals

Figure 8.5.1 : Stress contours of the dam with an empty reservoir



345

v
3K - 2G
2G + 6K (8.5.2)

where K = bulk modulus 

G = shear modulus

The value of K used was found from the experimental 

isotropic consolidation data for the BS3 material. An 

estimated value of mean confining pressure in the dam 

was used.

K
κ (8.5.3)

where v = specific volume (1 + e)

A value of Gmaχ was obtained from equation (8.4.1) 
assuming ρd = 1770 kg∕m3. It was assumed that there 

would be approximately 0.1% strain due to settlement, 

and a reduced estimate of G found accordingly. The 

final estimate of Poisson's ratio was 0.2. The hori

zontal and vertical stress contours of the dam with an 

empty reservoir are shown in Figure 8.5.1.

As the computer program assumes plane strain conditions, 

the stress in the second horizontal direction was found 

from equation (8.5.4).

z (8.5.4)

Lee and Idriss showed that a good estimate of the shear 

stress on a horizontal plane in a homogeneous dam 

could be obtained by equating the horizontal force at 

the centre Iine with the shear force. An elliptical 

distribution of shear stress was suggested (Figure 

8.5.2) .



I

⅛
s⅛eαr∙ stress distri

bution

Figure 8.5.2 : Estimation of shear stresses 346

Figure 8.5.3 : Steady state seepage with full reservoir
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In calculating the initial stresses in the dam when the 

reservoir is full, seepage through the dam needs to be 

taken into account. The flow net for steady state 

seepage is shown in Figure 8.5.3.

The vertical and horizontal forces were calculated as 

before and the effective stress obtained by subtracting 

the pore pressure. An initial estimate of the shear 

stresses was obtained using the same method as for the 

dam with an empty reservoir, but using effective horizon

tal stresses to calculate the horizontal forces at the 

centre line. The pressure gradient in each element was 

used to find the horizontal component of seepage 

forces.

Fs = i Pw A (8.5.5)

where i = pressure gradient 

Pw = density of water 

A = area of element

It is assumed that this seepage force creates an extra 

component of shear stress which is transferred 

vertically to the base of the dam. The vertical 

component of seepage force was neglected. Figure 8.5.4 

shows the shear stress distributions across the base 

layer of elements for full and empty reservoir conditions 

It can be seen that seepage reduces the horizontal 

shear stress in the upstream shoulder considerably and 

produces a positive shear stress at the dam centre 

line. There is a noticeable change in shear stress 

at the filter drain. The shear stress contours for 

the dams with empty and full reservoirs are shown in 

Figure 8.5.5.



348

Figure 8.5.4 : Shear stress distribution across base
layer of elements

8.6 SIMPLIFIED PROCEDURE FOR ESTIMATING EARTHQUAKE INDUCED 

DEFORMATIONS

To check that the developed computer program produces 

realistic results, the deformations produced by the 

earthquake excitation of a homogeneous dam with an empty 

reservoir were compared with the deformations predicted 

by Makdisi and Seed's simplified procedure for estimating 

earthquake induced deformations of earth dams,



Figure 8.5.5
 

: 
Shear stress eontours - 

25 
kPa intervals

6fε
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(section 4.3.5). The material properties used were as 

follows:

P
G

max

τmax

2053 kg∕m3 

34 MPa

337 kPa

with the initial stresses those of the dam with an empty

reservoir. The first five seconds of the horizontal

component of the design earthquake were applied uniformly

to the base of the dam. This part of the earthquake

record contains all of the major peaks in horizontal 
2

acceleration, the maximum being 6.4 m/s . The maximum 

horizontal displacement predicted at the top of the dam 

by the computer program was 0.15 m and 0.17 m at mid

height of the dam.

A circular potential sliding surface extending to the 

basement material was assumed and Bishop's simplified 

method of slices incorporating horizontal acceleration 

used to find a value of yield acceleration. This was 

found to be 0.18 g. The yield strength of the material 

was taken as 0.8 τ
max

After four iterations, assuming a magnitude 8.25

earthquake with peak acceleration of 0.65 g, the maximum 

crest acceleration was estimated at 0.93 g, the average
_3

shear strain 4.06 x 10 and first natural period 0.24 

seconds. The shear strain, shear modulus relation

ship used in the iterative procedure was based on the 

experimental results of section 7.5. Using the graphical 

relationships presented by Makdisi and Seed, the maximum 

horizontal deformation predicted was 0.19 m.

The deformations predicted by the complete computer 

analysis and the simplified procedure are in reasonable 

agreement.
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8.7 EARTHQUAKE RESPONSE OF DAM WITH EMPTY RESERVOIR

8.7.1 Analysis using Twenty Five Second Earthguake Record 

The numerical model of the Patea dam with an empty 

reservoir was subjected to the first 25 seconds of both 

the vertical and horizontal components of the design 

earthquake (section 8.2). It was decided to use the 

first 25 seconds and not the whole 60 second earthquake 

record on the basis of economy of computer time, as 

it was proposed to compare the resulting dynamic 

response with that of the dam with a full reservoir 

subject to the same excitation. To satisfy numerical 

stability criteria the time step required for analysis 

of the dam with full reservoir was 0.002 seconds, compared 

to 0.005 seconds for the dam with an empty reservoir. 

Hence excessive computing time would be required to 

analyse the response to the complete 60 second record.

It can be seen from Figure 8.2.1 that the components 

Ofaccelerationbeyond the first 25 seconds of record 

are relatively small. The records were truncated at 

approximately 22 seconds, where they passed through the 

zero position and the Iast three seconds made up of 

zero excitation to enable the dam to settle down to a 

static condition.

The initial stresses in the dam with an empty reser

voir were calculated as described in section 8.5, and 

the material properties given in section 8.4 were used. 

Displacements

Figure 8.7.1 shows the displaced element mesh after the 

earthquake excitation has ceased, with the displacements 

scaled up by a factor of 50. The final displaced 

position of the centre point of the dam crest (node 100) 

is 0.025 m to the right and 0.152 m below its initial 

position. It can be seen from Figures 8.7.3 and 

8.7.4 that this point on the dam has suffered larger
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13 %)Figure 8. 7. 2 Maximum shear strains (e
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displacements at various times during the earthquake 

excitation. By comparing the displacements at node 

100 with those at node 111, directly below node 100, 

on the base of the dam, it can be seen how the input 

displacements have been magnified by the response of the 

dam.

The first large peak in both horizontal and vertical 

input accelerations, occurring at approximately two 

seconds (Figure 8.2.1), has the effect of compacting the 

dam. Beyond this there are only small fluctuations 

in vertical displacement.

If the horizontal acceleration spectrum of the input 

earthquake (Figure 8.2.2) is compared to that of node 

Ill (Figure 8.7.5), it can be seen how the transmitting 

boundary slightly increases the peak response but 

removes some of the high frequency components of the 

motion. In the vertical direction the transmitting 

boundary has decreased the peak response and the period 

of this peak has been increased (Figure 8.7.6). The 

non linear response of the dam has the effect of lowering 

and broadening the range of periods over which there is 

peak acceleration response, as seen when the acceleration 

response spectra of nodes Ill and 100 are compared. 

Horizontal displacements and accelerations are chiefly 

transmitted through non linear shearing mechanisms which 

have the effect of damping the response. Vertical 

motions are chiefly transmitted through compressive 

mechanisms which are Stiffer and more linear. In this 

example the peak vertical acceleration response has been 

magnified by the dam.

The peak horizontal and vertical accelerations at the 
2 2crest of the dam are 3.33 m/s and 7.85 m/s respectively, 

2 2whereas those at the base are 9.69 m/s and 5.97 m/s .
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period (s)

period (s)

b: base (node 111)

Figure 8. 7. 5 Horizontal acceleration spectra
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accel.
(m∕ss)

a: crest (node 100)
period (s)

acce l. 
(m/s%)

period (s)

b: base (node 111)

Figure 8. 7. 6 Vertical acceleration spectra
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Strains and Stresses

The maximum values of all the components of strain 

occur in the lower corners of the dam (Figure 8.7.2). 

Shear strains are higher in the Ieft shoulder as the 

material in this shoulder has a lower shear strength 

than that in the right and the peak horizontal accelera

tion is towards the left. As shown by the small dis

placements in relation to the size of the dam, the 

maximum strains produced are small. The average maximum 

vertical strain over the central portion of the dam is 

approximately 0.25% and the average shear strain on a 

horizontal plane 0.15%.

The distributions of the maximum values of each stress 

component are similar in shape to the initial stress 

distributions with no concentrations of stress in any 

area.

Hence it appears that the dam is capable of withstanding 

the design earthquake, when the reservoir is empty, 

with little deformation. The final deformed shape of 

the dam after the earthquake motions have ceased 

suggests that the earthquake excitations have the same 

effect as vibratory compaction. As the strength of the 

materials in the dam increases with density, an earth

quake occurring when the reservoir is empty may have 

the effect of strengthening the dam. The displaced 

element mesh, and the stress and strain contours, do 

not indicate any differential settlement between the 

different materials in the dam.

8.7.2 Analysis using Sixty Second Earthquake Record

To check whether the truncation of the Castaic earth

quake records at 25 seconds has a significant effect

on the peak stress, strain and displacement values

and the final displaced shape, an example was run using

the full 60 seconds of horizontal and vertical input
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a: Verbical

b: Horizontal

Figure 8. 7. 7 : Displaoements at dam crest (node 100)
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accelerations. As before the Iast three seconds of 

the input records consisted of zero values.

It was found that all the peak stresses occurred within 

the first 25 seconds of excitation. All the peak 

strains, except some of the horizontal strains, also 

occurred within the first 25 seconds of excitation.

The elements in which peak horizontal strain occurred 

after the first 25 seconds all Iay below a quarter of the 

dam height and the average increase in peak strain value 

was 6.3% above that produced by 25 seconds of excitation.

The peak positive and negative displacements at the top 

of the dam occurred within the first 25 seconds of 

excitation, as can be seen in Figure 8.7.7. Towards 

the base of the dam, some of the peak displacements 

occurred after 25 seconds. The maximum difference in 

horizontal displacements was 0.005 m and in vertical 

displacements 0.015 m. The final displacements in the 

dam were slightly larger than for 25 seconds excitation. 

Across the crest of the dam the final horizontal dis

placement was on average 0.004 m greater than that 

found from 25 seconds excitation. The average increase 

in vertical displacement was 0.011 m. Hence although 

there are some horizontal displacement cycles of 

approximately 0.05 m peak to peak magnitude occurring 

after the first 25 seconds of excitation, these do not 

make a large contribution to the final displacement.

There is negligible difference in the horizontal and vertical 

acceleration response spectra at the crest of the dam 

obtained from the full length and truncated earthquake records 

It was therefore considered that the use of the first 25 

seconds of earthquake record gave a good indication of the 

response of the dam, with an empty reservoir, to the 

complete 60 second record.

8.7.3 The Effect of the Foundation Material Stiffness on 

Dynamic Response

To investigate the effect of the stiffness of the 

foundation material on the dynamic response of the dam,
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Figure 8.7.8 : Relationships between orest displace
ments and foundation shear wave 
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400 0.210 -0.122

1000 0.214 -0.149

1900 0.226 -0.167

10000 0.176 -0.187

Tahle 8. 7. 1 : Displaaements at orest of dam
(node 112) with varying 
foundation stiffness
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a series of examples with varying wave velocities in 

the foundation material was carried out. The dam with 

an empty reservoir was excited by the first 25 seconds 

of both components of the scaled Castaic record. The 

ratio between compression wave velocity and shear wave 

velocity was held constant at 1.65.

The relationships between the final horizontal and 

vertical displacements of node 112, on the crest of the 

dam, and the shear wave velocity in the underlying 

medium, are shown in Figure 8.7.8 and the values given 

in table 8.7.1.

As the input shear and compression waves are assumed to 

be travelling perpendicularly to the base of the dam, 

changing the stiffness of the foundation material does 

not change the direction of the waves as they pass 

into the dam. Hence any changes in the response of 

the dam with varying foundation stiffness are due to 

changes in the amount of energy radiated out through 

the base of the dam. As the stiffness of the founda

tion material increases in relation to the stiffness 

of the material in the dam, more energy in the shear 

and compression waves within the dam is reflected off 

the dam-foundation interface back into the dam. There 

is therefore more energy available to the compaction 

mechanisms in the dam and the vertical displacement of 

the crest increases. The effect on the horizontal 

displacements is Iess well defined. It is possible 

for the foundation stiffness to be increased to a magni 

tude where further increases no longer have any effect 

on the dynamic response (section 5.11).

Changes in displacements caused by increasing founda

tion stiffness may be accentuated when the structure 

contains saturated areas. The pore pressures 

generated in these areas are largely dependent on the



363

magnitude of the vertical component of motion (section 

8.8.2). The effect of foundation stiffness on pore 

pressure generation was not investigated.

8.8 EARTHQUAKE RESPONSE OF DAM WITH FULL RESERVOIR

8.8.1 Uniform Horizontal and Vertical Base Excitation

The numerical model of the Patea dam with the water 

level in the reservoir at 73 m and the tail water level 

at 12.4 m, was subjected to the first 25 seconds of both 

the vertical and horizontal components of the design 

earthquake. The material properties and initial stresses 

used were those given in sections 8.4 and 8.5 respec

tively. Due to the bulk modulus of the water in the 

structure being considerably higher than that of the soil 

skeleton, the t.ime step used in the solution procedure 

was reduced to 0.002 seconds. As for the analysis of 

the dam with an empty reservoir, the Iast three seconds 

of the input excitation consisted of zero values. 

Displacements

The final displaced shape of the dam is shown in Figure 

8.8.1b with the displacements scaled up by a factor of 

10. Figure 8.8.1c shows the direction and magnitude 

of the final displacements of each node point, again 

scaled up by a factor of 10. It can be seen that 

deformation has occurred in a rotational manner in the 

downstream shoulder although the combined compaction 

and shear mechanisms confuse the picture in Figure 8.8.1c. 

When the displaced shape is compared with that after 15 

seconds of excitation (Figure 8.8.1a), it is obvious 

that most of the displacement has occurred in the later 

stages of the earthquake, after the major excitation 

has ceased. At 15 seconds a small slump has occurred 

in the downstream toe. The Iate development of the 

sliding surface and its shape suggests that liquefac

tion has occurred in the layer of material beneath the 

filter zone.
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Figure 8.8.1 : Displacements of dam with full reservoir
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Figure 8.8.2 shows the maximum pore pressure ratios 

occurring during the earthquake. Approximately half 

of the elements below the filter drain have reached 

pore pressure ratios in excess of 0.9. The pore 

pressure time history of element 3 (Figure 8.8.4a) 

shows that peak pore pressure was attained early in the 

earthquake, the resulting Ioss of shear strength would 

have caused the small slump at the toe of the dam.

The pore pressure in element 36 did not reach the initial 

effective confining pressure (ojJ10) until approximately 

18 seconds of excitation (Figure 8.8.4b). Time 

histories of the vertical and horizontal displacements 

of node 11 on the downstream face show a rapid develop

ment of displacements just prior to 18 seconds (Figures 

8.8.5a and 8.8.6a). Hence it appears that the Ioss 

of strength in the base elements starts at the down- 

streamtoe and progresses towards the centre of the dam.

A time history of the octahedral strain in element 39 

(Figure 8.8.7) shows an initial rapid build up in 

strain due to the peak excitations in the first three 

seconds. Following this the strain settles down to a 

relatively steady state. At approximately the same 

time as the soil in element 36 loses its strength, the 

strain in element 39 begins to increase again, with a 

rapid increase in the Iast three seconds of excitation. 

For comparison, the time history of the pore pressure 

response of the soil in element 160 is shown in Figure 

8.8.8. It can be seen that there are relatively 

large fluctuations in pore pressure during the peak 

excitations, after which the mean pore pressure increases 

in a steady manner.

It is considered that the large deformations in the 

downstream slope, and not the upstream slope, are due 

to the higher initial shear stresses in the downstream 

shoulder. Also the lighter material in the downstream



Figure 8.8.3 : Maximnm shear stress ratios
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Figure 8.8.5 : Vertieal displacements
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Figure 8.8.6 : Horizontal displacement
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shoulder applies a lower confining pressure to the base 

elements, than the confining pressure in the base 

elements under the upstream shoulder and the peaks in the 

input horizontal acceleration are generally higher 

in the downstream direction than the upstream direction.

The peak final displacements on the surface of the dam, 

occurring at node 11, are 1.055 m in the horizontal 

direction and 1.256 m in the vertical direction. These 

are positive displacements, confirming the slip circle 

type of deformation. It appears from Figures 8.8.5a 

and 8.8.6a that the displacements at node 11 may have 

increased if the analysis had been continued past 25 

seconds.

It can be seen from Figures 8.8.5b and 8.8.6b that after 

25 seconds of excitation, the displacements of the crest 

of the dam are not very great. The downstream edge of 

the crest has lowered 0.137 m and moved upstream 0.114 m. 

The upstream edge of the crest has lowered 0.061 m 

and moved upstream 0.142 m.

The peak horizontal and vertical accelerations at the 
2 2

crest of the dam are 8.33 m/s and 5.73 m/s respectively, 
2 2and those at the base are 9.47 m/s and 5.13 m/s

(table 8.8.1). By comparing these values with those of 

the dam with an empty reservoir it can be seen that the 

presence of water in the reservoir increases the peak 

horizontal acceleration at the crest of the dam and 

decreases the peak vertical acceleration. The hori

zontal and vertical base acceleration spectra and the 

vertical crest acceleration spectrum are not significantly 

different to the equivalent spectra for the dam with an 

empty reservoir. However the horizontal acceleration 

spectrum at the crest of the dam shows a high peak at 

approximately 0.35 seconds (Figure 8.8.9).
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earthquake
excitation

node

2
peak accelerations (m/s ')

horizontal vertical

original earthquake 6.39 4.26

empty reservoir IOO 3.33 7. 85

uniform h. and v. ΞH 9.69 5.97

full reservoir
100 8.33 5.73

uniform h. and v. Ill 9.47 5.13

full reservoir 100 3.45 1. 84

uniform h. Ill 9.75 0.22

full reservoir 100 11.11 6.76

travelling h. and v. Ill 8.53 5.80

Table 8.8.1 : Maximum accelerations at crest and

base of dam

Strains and Stresses

The displacement mechanism causes high concentrations 

of all the components of strain in the downstream toe 

of the dam. The maximum mean component of strain (e) 

of 15.1% occurs in element 7 and the maximum shear 

strain, 11.1%, occurs in element 4. This is approxi

mately where the slip circle intersects the downstream 

face of the dam. In the relatively stable upstream 

shoulder of the dam, all except the shear strains are 

smaller than the corresponding strains in the dam 

with an empty reservoir. This is due to water being
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Iess compressible than the soil skeleton.

The maximum components of stress are also concentrated 

in the downstream toe of the dam. Figure 8.8.3 shows 

the maximum proportions of shear strength used at any 

time during the excitation of the dam. It can be seen 

that the defined shear strength, that at 5% strain, has 

been reached in a large proportion of the downstream 

shoulder. In the lower layers of the dam where large 

pore pressures, above 0.95 <rθ, have been produced, 

the shear strength has been considerably reduced.

This results in the large displacements in the downstream 

shoulder.

Dissipation of Excess Pore Pressures

The excess pore pressures developed during the earth

quake (Figure 8.8.10) are dissipated with time after 

earthquake motions have ceased. The negative excess 

pore pressures in the upstream face suggest the presence 

of tensile stresses. Similarly the negative excess pore 

pressures in the downstream toe are a result of the 

shearing stresses caused by the sliding mass. Due to 

the very Iow permeability of the materials in the dam, 

this dissipation takes places over a period of weeks.

In the dissipation analysis carried out the permeability 

of the underlying material was considered negligible 

(Section 5.13). The actual permeability of the 

underlying material is higher than that of the compacted 

material by an order of magnitude (section 7.2), hence 

the dissipation of the pressures in the dam takes place 

faster than the analysis allows.

Over 45 days the high pore pressures generated at the 

downstream toe of the dam migrate towards the centre 

of the dam and the pore pressure gradients are reduced.

By this stage the shear strength of the material in all 

the elements beneath the blanket drain and in the first



Figure 8.8.11 : Elements in which shear strength is exceeded after 45 days
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occurs.

row to the right of the filter drain, has dropped to 

the extent that the octahedral shear stress found after 

the earthquake exceeds the strength (Figure 8.8.11).

Figure 8.8.11 also shows the elements in which the 

effective confining pressure has been reduced to below 

5⅞ of the initial effective confining pressure.

The dissipation analysis does not take into account 

the redistribution of stresses with time. The octa

hedral shear stresses in the dam 45 days after the earth

quake may be significantly different than those straight 

after the earthquake. There also appeared to be 

movement taking place in the dam when the dynamic 

analysis ceased. It is not known how Iong this 

movement would have continued, or how it would 

have modified the octahedral shear stress distribution.

This dissipation analysis suggests that further

displacements will take place after the earthquake motions 

have ceased and that the crest of the dam may become 

involved in sliding deformation.

Summary

The effect on the dam of both the horizontal and vertical 

earthquake excitations, is to cause large deformations in 

the downstream shoulder. Initially the layer of 

recompacted BS3 siltstone beneath the drainage blanket 

at the very toe of the downstream shoulder loses its 

strength due to the development of high pore pressures. 

This causes a small slump to occur at the downstream 

toe. As the earthquake excitation continues, high pore 

pressures are generated in this BΞ3 siltstone layer 

further towards the centre of the dam. After

approximately 18 seconds of excitation a major part of 

this layer has Iost the majority of its strength and 

slip circle type deformation in the downstream slope 

This does not have a major effect on the
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displacement at the crest of the dam immediately.

IIence overtopping of the dam during the earthquake 

appears unlikely.

After the earthquake motion has ceased, a dissipation 

analysis carried out for the following 45 days shows 

that the high pore pressures generated will migrate 

to the centre of the dam. This causes the shear strength 

in further parts of the dam to be exceeded by the 

octahedral shear stress at the end of the earthquake.

As it appears that movement is still taking place when 

the earthquake excitation analysisended, the 

shear stresses in the dam may be considerably different 

45 days later. If further slippage of the downstream 

shoulder involves the crest of the dam, overtopping 

may occur.

8.8.2 Uniform Horizontal Base Excitation Only

Some of the simpler methods of analysis of the earthquake 

response of dams, such as shear beam theory (section 

4.3.2) assume that there is only horizontal base excita

tion. To check the validity of this assumption when 

dynamic pore pressures are accounted for, the numerical 

model of the Patea dam with a full reservoir was subjected 

to 25 seconds of the horizontal component of the design 

earthquake. The Iast three seconds of base excitation 

again consisted of zero values.

General Response

The final displaced position of node 100, at the crest 

of the dam is O.OIl4 m downstream and 0.086 m below its 

initial position. The final displaced shape of the 

dam is similar to that of the dam with an empty reser

voir, there being no failure surfaces apparent. As 

the displaced position of node 100 for the previous 

example with bothhorizontaland vertical excitation, was 

0.155 m upstream and 0.142 m below its initial position,



Figure 8. 8.12
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a: downstream face (node 11)

Figure 8.8.14 : Verbical displacements
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Figure 8.8.15 : Horizontal displaeements
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and there was slip circle type deformation in the down

stream shoulder, it is obvious that when pore pressures 

are taken into account, the vertical component of 

excitation has considerable effect.

Figure 8.8.12 shows the maximum pore pressure ratios 

occurring during the earthquake. It can be seen that 

throughout the dam the generated pore pressures are 

lower than those generated by both components of 

earthquake excitation. The pore pressure time histories 

of elements 3 and 36 (Figure 8.8.13) show small 

fluctuations In pore pressure about a steadily increasing 

value. The negative pore pressure ratio on the upstream 

face of the dam again indicates the development of 

tensile stresses.

If the differences in scale between Figures 8.8.14 and 

8.8.15, and Figures 8.8.5 and 8.8.6, are taken into 

account, it can be seen that for approximately the first 

12 seconds of excitation there is little apparent 

effect of the vertical component of excitation on the 

developed displacements. Following this, however, there 

is a rapid increase In displacements at node 11 

when both components of excitation are used. The 

displacements due to horizontal acceleration only, settle 

down to a relatively steady state.

The peak horizontal and vertical accelerations at the 
2 2crest of the dam are 3.45 m/s and 1.84 m/s respectively 

2 2and those at the base are 9.75 m/s and 0.22 m/s.

These horizontal accelerations are almost the same as 

those produced by the dam with an empty reservoir. 

Referring to table 8.8.1 it can be seen that vertical 

base excitation has considerable effect on the horizontal 

accelerations at the crest of the dam. The vertical 

base excitation causes a sharper peak in the horizontal 

acceleration response spectrum at the crest of the dam,
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b: Horisontal

Figure 8.8.16 : Crest acceleration spectra (node 100)
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compared to horizontal excitation only (Figures 8.8.9 

and 8.8.16). As larger strains are produced when 

both components of excitation are used, there is a 

higher proportion of longer period horizontal motions 

compared to horizontal excitation only. The vertical 

response spectrum produced at the crest by horizontal 

excitation only, peaks at approximately 10 Hz.

The final displaced shape of the dam with full reservoir 

and horizontal base excitation is similar to that of 

the dam with an empty reservoir, subjected to both 

components of earthquake excitation. However due to 

the stiffening effect of water with respect to vertical 

displacements and the Iack of vertical excitation, the 

crest displacements of the dam with a full reservoir 

are smaller than those of the dam with an empty reservoir

From this example of the dynamic analysis of the Patea 

dam with a full reservoir and only horizontal base 

excitation, it is apparent that the vertical component 

of excitation has a major influence on the size of the 

generated pore pressures. As these pore pressures 

determine the shear strength and stiffness of the 

material in the dam, the magnitude of deformation Is 

underestimated when vertical excitation is not accounted 

for. The mode of deformation can also be significantly 

different and possible failure mechanisms not observed. 

Hence it is important to consider both components of 

excitation.

8.8.3 Horizontal and Vertical Excitation Travelling Across the

Base

The numerical model of the Patea dam with full reservoir 

was subjected to the same base excitation as described 

in section 8.8.1 except the input earthquake shear and 

compression waves travel across the base of the dam.

An average depth of earthquakes occurring in the



Figure 8.8.17 : Displacements of dam with full reservoir and travelling
earthquake Wave
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Figure 8.8.17c : Nodal point displacements - dam.with full reservoir and
travelling earthquake Wave
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South Taranaki area of New Zealand is 20 km. Xt was 

therefore decided to consider an earthquake occurring at 

a depth of 20 km, 10 km away from the dam. This results 

in the earthquakes approaching the dam at an angle of 

27° to the vertical. The input velocity time histories 

for each base point were prepared as described in section 

5.8, with the waves effectively travelling across the 

dam base, from the upstream face to the downstream face. 

Using the properties of the underlying material given 

in section 8.4.4, a given point on a shear wave reaches 

the upstream toe Q.16 seconds before the downstream 

toe. Similarly a given point on a compression wave 

reaches the upstream toe 0.096 seconds before the down

stream toe.

Displacements

The final displaced shape of the dεum is shown in Figure 

8.8.17b with the displacements scaled up by a factor of 

10 and the direction and magnitude of displacements 

shown in Figure 8.8.17c. It can be seen that the mode 

of deformation is the same as when there is uniform 

base excitation (Figure 8.8.1b) with larger displacements 

developing in the downstream shoulder. It is again 

apparent that the majority of the displacement of the 

downstream shoulder takes place after the first 15 

seconds of base excitation (Figure 8.8.17a). As the 

earthquake waves are travelling towards the downstream 

toe of the dam, causing stress and pore pressure waves 

within the structure in this direction, it is expected 

that larger deformations should be developed, compared 

to the case of uniform base excitation. If the earth

quake waves travelled towards the upstream toe of the 

dam, there might be a decrease in the displacements in 

the downstream shoulder and an increase in those in 

the upstream shoulder. This was not investigated.
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Comparing Figures 8.8.4 and 8.8.19 it can be seen that 

the travelling wave produces high pore pressures more 

rapidly in elements 3 and 36, whereas the pore pressure 

response of element 160 has not been greatly affected 

by the travelling wave (Figures 8.8.8 and 8.8.20).

The horizontal and vertical displacement time histories 

of nodes 11 and 100 when the dam is subjected to a 

travelling base excitation, are shown in Figures 8.8.21 

and 8.8.22. The displacements at node 11, on the down

stream face, start to increase rapidly after approximately 

12 seconds excitation, whereas with a uniform base 

excitation this rapid increase occurs approximately two 

seconds later.

900

300

200

100

0 ------------------------ 1------------------------1------------------------ 1------------------------ 1-----------------------

0 S 10 15 20 25
time (s)

Figure 8. 8. 20 Pore pressures element 160
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The final displacements occurring at node 11 are 

0.123 m in the downstream direction and 1.434 m upwards. 

Node 9 suffers the peak displacement in the downstream 

shoulder with the final displaced position being 1.554 m 

downstream and 1.711 m above its initial position, whereas 

the peak displacements due to uniform base excitation 

occurred at node 11 and were 1.055 m upstream and 

1.226 m upwards (section 8.8.1). From the displacement 

time histories of node 11 it appears that the displace

ments in the downstream shoulder are still changing at 

the end of the dynamic analysis.

As with uniform base excitation, the displacements 

occurring at the crest of the dam are not very great.

The downstream edge of the crest has lowered 0.132 m 

and moved upstream 0.137 m. The upstream edge of the 

crest has lowered 0.112 m and moved upstream 0.146 m.

These are comparable to the crest displacements produced 

by uniform base excitation.

The peak horizontal and vertical accelerations at the 
2 2crest of the dam are 11.11 m/s and 6.76 m/s respectively 

and those at the base are 8.53 m∕s2 and 5.80 m∕s2 

(table 8.8.1). Larger crest accelerations are produced 

with travelling wave base excitation than uniform base 

s×cιtation. Both horizontal and vertical acceleration 

spectra at the crest and the base of the dam show a 

slight increase in the values of acceleration response 

above the spectra produced with uniform base excitation 

(Figures 8.8.23 and 8.8.24). The frequency content 

of the response spectra is not significantly changed 

by the travelling wave input. The increase in 

accelerations may be due to the way in which the shear 

and compression waves, reaching the base of the dam 

at an angle, are rotated to obtain motions peroendicular 

and parallel to the base.
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a: downstream face (node 11)

Figure 8.8.22 : Vertioal displacements
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Strain and Stress Distributions

As the major displacements take place around the down

stream toe of the dam, the strains are again concen

trated in this region of the dam. The maximum mean 

strain component of 14.0% occurs in element 7 at the 

end of the base excitation as in the analysis with uniform 

base excitation. The maximum value of shear strain 

(ε13) of 16.8% occurs in element 15 approximately 

0.2 seconds before the end of the base excitation.

This, and the displaced element mesh, suggests that the 

slip surface is closest to the foundation material in 

element 15.

Figure 8.8.18 shows the maximum proportions of shear 

strength used at any time during the earthquake.

Comparing Figure 8.8.2 with Figure 8.8.18 it can be 

seen that the travelling base wave extends the region 

of the dam in which the shear stress at 5% strain has 

been reached.

The overall effect of shear and compression waves

travelling across the base of the dam towards the down

stream toe is to increase the displacements in the 

downstream shoulder of the dam. The vertical and 

horizontal spectral response at the crest and base of the 

dam is also increased. Hence the assumption of vertically 

propagating shear and compression waves, is not a 

conservative one.

(
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8.9 SUMMARY AND CONCLUSIONS

Various examples of the dynamic analysis of the Patea

dam have been discussed in this chapter. The input

earthquake excitation was chosen using the expected

acceleration at the Patea site with a 20% probability of

exceedance in a 50 year period. The expected peak

horizontal acceleration was determined from Matuschka's

probabilistic analysis based on known past earthquakes 
2

in New Zealand. This was found to be 6.39 m/s (0.65 g). 

As suggested by Hall, Mohraz and Newmark the peak 

vertical acceleration was taken as two thirds of the 

peak horizontal acceleration, 0.43 g. Empirical relation 

ships between peak accelerations, velocities and displace

ments put forward by Mohraz and Matuschka, were used to 

choose the best available earthquake record for use as 

the design earthquake at the Patea site. This was 

found to be the Castaic Old Ridge Route recording of the 

San Fernando earthquake of February 1971,which is 

especially suitable as it is recorded on sandstone.

The vertical and N21E components of this record were 

chosen and scaled up to the required peak accelerations.

The element mesh was chosen on the basis of good 

definition of the various zones of material In the dam 

and the stresses developed during the earthquake. 

Considerations of the numerical stability of the 

program and the computing time required for the analysis 

were also made. The properties of the various materials 

In the dam were estimated on the basis of the experimental 

results presented In Chapter 7. An estimation of the



398

bulk modulus of the water in the dam was made from

saturation checks carried out in the experimental programme 

Average values for the shear and compression wave 

velocities of sandstone were used to define the stiffness 

of the underlying material.

It was found that a multi-linear approach was required 

to model the shear stress-strain curve of the recom

pacted Patea BS3 siltstone material used in the dam.

The curve to which this multi-linear model was fitted 

was chosen on the basis of the expected compacted dry 

density and an average confining pressure within the dam.

It was assumed that this curve would not vary signifi

cantly in shape with confining pressure and was also 

a good representation of the shear stress-strain curves 

produced by the other materials within the dam.

As a complete non-linear finite element analysis of the 

static stresses in the dam was considered beyond the 

scope of this research, a simple approach to the 

calculation of the initial stresses was carried out.

The vertical and horizontal stresses were calculated 

using the appropriate coefficients of overburden 

pressure presented by Clough and Woodward. The shear 

stresses were calculate⅛ by equating the horizontal 

force at the centre Iine of the dam with an elliptical 

distribution of shear stress acting on a horizontal 

plane, as suggested by Lee and Idriss. This static 

analysis was carried out for both the full and empty 

reservoir conditions.

To check whether the displacements produced by the 

dynamic analysis program were realistic, a comparison 

analysis was carried out with Seed's simplified method 

of predicting earthquake induced deformations. A 

homogeneous dam with an empty reservoir was assumed to 

be subjected to the first five seconds of the horizontal 

component of the design earthquake only. The vertical
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component of excitation was not considered as this is 

not included in Seed's approach. The displacements 

produced by the dynamic analysis and Seed's simplified 

method were comparable. The design earthquake 

was assumed to be magnitude 8.25.

The first complete dynamic analysis of the Patea dam was 

that of the dam with an empty reservoir subjected to 

the first 25 seconds of the horizontal and vertical 

components of the design earthquake. It was apparent 

from this analysis that the dam with an empty reservoir 

can withstand the design earthquake with little 

deformation. The displaced shape of the dam suggests 

that the earthquake has the effect of compacting the 

dam. Hence an earthquake occurring before the 

reservoir is filled may act to strengthen the dam.

To check whether the truncation of the design earthquake 

at 25 seconds had a significant effect on the peak 

response obtained, the dam with an empty reservoir was 

subjected to 60 seconds of both components of the 

design earthquake. The final displacements produced 

by this excitation were found to be slightly larger 

than those produced by 25 seconds excitation. However 

it was considered that the truncated earthquake record 

produced an adequate representation of the expected 

dynamic response.

As the stiffness of the underlying material was only 

estimated from published average values for the type 

of rock underlying the dam, an investigation into the 

effect of foundation stiffness on the dynamic response 

was made. It was found that increasing the foundation 

stiffness increased the vertical displacement at the 

crest of the dam. A ten fold increase in the shear 

and compression wave velocities in the foundation 

material produced a 25% increase in the final vertical
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displacement at the crest of the dam. There was no 

apparent relationship between the foundation stiffness 

and the horizontal displacements. It was therefore 

concluded that the dynamic response of the Patea dam 

with an empty reservoir was not significantly dependent 

on the accuracy of the estimated foundation stiffness. 

However it was later found that the pore pressures 

generated in the dam were highly dependent on the 

vertical component of excitation. Hence the effects 

of foundation stiffness may be accentuated when the 

reservoir is full.

The first dynamic analysis of the Patea dam with a full 

reservoir was carried out assuming uniform horizontal and 

vertical base excitation. It was found that a small 

slump occurred in the downstream toe of the dam early 

in the earthquake. Loss of strength, due to the 

generation of high pore pressures in the elements 

below the drainage blanket in the downstream shoulder, 

caused large slip circle type deformations to develop 

in the downstream shoulder of the dam after approximately 

18 seconds of earthquake excitation. The large

deformations in the downstream shoulder, as opposed to 

the upstream shoulder, were assumed to be a result of 

the higher initial shear stresses in the downstream 

shoulder and the lighter material applying Iess 

confining pressure to the base elements. Also the 

greatest peaks in the input excitation are in the 

downstream direction.

The sliding mass in the downstream shoulder does not 

include the crest of the dam at the end of the analysis. 

Hence overtopping of the dam at this early stage does 

not appear probable. However it does appear that the 

sliding mass is still moving at the end of the dynamic 

analysis and hence may incorporate the crest of the
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dam, or cause a sliding mechanism to develop here, at 

a later stage. A dissipation analysis carried out for 

45 days after the earthquake indicated that the pore 

pressures below the crest of the dam would increase with 

time, before decreasing, after the earthquake motions 

have ceased. The dissipation analysis showed the shear 

strength in elements in this area of the dam, being 

exceeded by the octahedral shear stress determined at 

the end of the dynamic analysis as time progressed,

A further analysis of the dam with a full reservoir was 

carried out with horizontal excitation only. It was 

found that the vertical component of excitation had a 

major influence on the size of the generated pore pressures 

and hence the displacements produced. The final dis

placed shape produced was similar to that of the dam 

with an empty reservoir. It is therefore considered 

important to account for both components of excitation 

as omission of the vertical component underestimates 

the deformations produced when pore pressures are accoun

ted for, and possible failure mechanisms may not be 

observed.

The assumption of vertically propagating shear and

compression waves was investigated by carrying out an 

analysis with the waves approaching at an angle of 27° 

to the vertical. This angle was chosen on the basis 

of an earthquake occurring at a depth of 20 km, 10 km 

from the site. The waves effectively travelling across 

the base of the dam from the upstream to the downstream 

toe, were found to hasten the development of the slip 

circle type displacement mechanism. Both displacements 

in the downstream shoulder, and crest accelerations 

were increased by the use of a travelling wave 

excitation. As with the uniform base motion example, 

the displacements at the crest of the dam are not excessive
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at the end of the dynamic analysis. The area of the 

dam in which the defined shear strength of the material 

has been exceeded, was found to be increased by the 

travelling wave excitation compared to the uniform 

excitation example. If the direction of wave propaga

tion was towards the upstream toe it was considered that 

the displacements in the downstream shoulder would not 

be significantly increased and may perhaps be decreased. 

In this case the deformations in the upstream shoulder 

may be increased. Hence the assumption of vertically 

propagating shear and c6mpression waves is not

necessarily a conservative one.

There are many assumptions and approximations inherent 

in these dynamic analyses of the Patea dam. It is 

considered that most of these are conservative and hence 

the predicted displacements of the dam may be 

overestimated.

The first assumptions need to be made in the choice of 

the design earthquake. Earthquake records prior to 

1940 and up to 1976 were used to determine the peak 

acceleration at the site. These early records tend to 

produce higher values of acceleration as they are 

mostly based on felt intensities and hence there is 

a larger proportion of high magnitude earthquakes than in 

data derived from seismological recordings. The 

attenuation coefficients used to predict the peak 

acceleration are based on the whole of New Zealand and 

may overestimate accelerations at a given site.

Therefore it is considered that the design accelerations 

are conservative.
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The experimental test programme carried out was only 

on the BS3 siltstone material and the properties of the 

other materials in the dam were estimated from these 

results in a conservative manner. An increase in the 

strength and stiffness of samples was observed with an 

increase in the time between compaction and testing.

Hence the materials in the dam may get stronger with 

time. The assumption of the shape of the stress strain 

curve being the same for all the materials and all 

confining pressures will also affect the results. The 

stiffness of the foundation material was estimated and 

may be quite different from that on site. It was 

shown that this stiffness changes the vertical displace

ments obtained for the dam with an empty reservoir 

and could have more effect on the displacements produced 

when the reservoir is full. During and after the 

earthquake excitation it was assumed that the foundation 

material was impermeable, whereas it is actually an 

order of magnitude more permeable than the compacted 

siltstone material. Hence the generated pore pressures 

and the way in which these are dissipated may be different 

from those predicted by the dynamic analysis if the

permeability of the foundation was taken into account.
The dynamic pore pressures in the dam are strongly 

dependent on the value used for the bulk modulus of water 

The sensitivity of the dynamic response on variations in 

this value was not investigated. It is considered that 

the value used would be higher than that of the water in 

the dam.

The initial stresses in the dam were calculated by a 

very approximate method and significantly different 

dynamic analysis results are possible if an accurate 

static stress analysis is used.
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During the dynamic analysis the approximations discussed 

in Chapter 5 apply. The major approximation is in 

modelling the behaviour of a three dimensional structure 

as a two dimensional one. As the end effects of the 

valley walls act to decrease transverse displacements 

the deformations of the Patea dam are overestimated 

due to its length-height ratio being approximately only 

two (section 4.4). The dynamic analysis does not 
incorporate hydrodynamic effects of the reservoir on 

the dam. These may increase or decrease the displace

ments produced by a given earthquake. The large displace

ments predicted by the dynamic analysis of the dam with 

a full reservoir are largely the result of the generation 

of high pore pressures. These pore pressures are 

calculated in a conservative manner. The major conser

vative assumptions arise from the fact that no rotation 

of shear stresses on the soil elements is considered and 

the experimental data used to define the pore pressure 

generation characteristics is based on tests carried out 

by cycling shear stresses about a zero initial value.

In the dam there are initial shear stresses which will act 

to lower the generated pore pressures as discussed in 

section 2.5.5. It was found in the monotonic loading 

tests carried out after the stress controlled dynamic 

triaxial tests on the BS3 material, that dilation 

occurred and the pore pressures dropped as shear strains 

increased. This drop in pore pressure due to the 

continued development of shear strains in one direction, 

may take place in the dam, both during and after the 

earthquake, thus reducing the final displacements. A 

decrease in pore pressure can only be produced in the 

dynamic analysis method by a negative increment in volumetric 

strain. The solution routine in the dynamic analysis 

assumes that the displacements are too small to signifi

cantly change the dimensions of the elements. This 

assumption may cause significant errors when strains 

as large as 10% to 15% occur.
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The effect of truncating the input earthquake record 

at 25 seconds on the final displacements of the dam with 

a full reservoir, Is not known. It appears that 

displacements are continuing to increase at the en'd of 

the dynamic analysis. These continued displacements may 

considerably alter the stress distributions and change 

the pore pressure dissipation characteristics after 

the earthquake has ceased.
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Chapter 9 
Conclusions

9.1 CONCLUSIONS

The aim of the work carried out for this thesis was to 

develop a method of computer analysis of the two 

dimensional earthquake response of earth structures with 

the capacity to account for the generation of pore 

pressures and to predict final displacements. To 

ensure the method could be applied practically it was 

decided to study the earthquake response of an actual 

dam, preferably one constructed of materials which would 

generate pore pressures on dynamic loading. The Patea 

dam constructed of recompacted silty sandstones and 

siltstones was chosen. It was discovered that there 

was relatively little information available on the 

dynamic behaviour of silts. Hence it was felt that 

the information gained from dynamic tests on the 

recompacted Patea silts would be of some value in its 

own right. The stress controlled dynamic triaxial 

tests carried out to determine the empirical relation

ships required for the computer analysis, brought to 

light problems in this method of testing and the inter

pretation of results for silts. Therefore the dynamic 

test programme was extended to investigate these 

problems and approximately equal emphasis placed on the 

experimental work and the analytical work.

The shear strength and maximum shear modulus of a given 

soil are chiefly determined by the density of the 

soil and the effective confining stress acting on it.
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The pore pressure generated under cyclic loading is 

governed by the density, the effective confining stress 

and the cyclic shear stress. Hence the experimental 

test programme was designed to investigate the

relationships between these variables.

The crushed Patea siltstone, recompacted to a range of 

densities and monotonically loaded in a standard 

undrained triaxial test at a range of effective confining 

pressures, showed overconsolidated behaviour. The 

shear stress-strain curves produced were generally more 

bilinear in shape than the corresponding curves for most 

clays and sands. No well defined failure stress was 

attained. An approximately linear relationship was 

observed between the shear stress at 5% axial strain 

and the compacted dry density of the samples. Due to 

the contribution cohesion makes to the shear strength 

of silts, especially at Iow effective confining 

pressures, the shear stress at 5⅞ axial strain and the 

effective confining pressure were not proportional.

The value of shear modulus determined from free vibration 

torsion tests appeared reasonably constant up to 
5 x 10 θ strain. This is a smaller range of strain 

than that generally accepted for the modulus plateau 

of sands. The reduction in shear modulus with increasing 

strain was observed to be Iess rapid than for sands. A 

non linear relationship was found between maximum shear 

modulus and the compacted dry density of the samples.
The maximum shear modulus, defined as that at 3 x 10 8 

strain, varied approximately with effective confining 

pressure to the power of 0.53 and the shear modulus
_3

at 5 x 10 strain varied approximately with effective 

confining pressure to the power of 1.10. These 

exponents are consistent with published results.

The relationship observed between pore pressure ratio
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and cycle ratio, with the number of cycles to lique

faction (Njj) taken as the number of cycles for pore 

pressure to reach the initial effective confining 

pressure at the base of the sample, was found to be a 

different shape to the published relationship for 

sands. The exceptions to this were those silt 

samples requiring several hundred or more cycles to 

reach 100% pore pressure ratio. Axial strain increased 

rapidly when the pore pressure ratio reached approximately 

0.8. Tensile strains were always greater than the 

compressive strains, due to the necking and barrelling 

of the samples caused by the friction of the end platens. 

Hence it Is considred important to either try to ensure 

uniform strains for the length of a sample, or to 

clearly specify the strains used in defining a failure 

criterion in terms of strain.

After cyclic loading to the state of 100% pore pressure 

ratio at the base, the samples showed a large drop In 

the initial shear modulus when monotonically loaded, 

compared to samples at the same density and initial 

effective confining pressure tested torsionally.

Shear modulus increased with strain up to some point 

and then decreased. At least two thirds of the initial 

shear stress at 5% axial strain was reached In all 

samples although much higher strains were required to 

mobilise this.

A linear relationship between compacted dry density and 

Nj was found, with Nj plotted on a Iog scale. A 

linear relationship was also found between the cyclic 

stress ratio and Nj, with Nj plotted on a Iog scale.

This relationship did not show any change in form with 

dry density. As this relationship for sands is usually 

shown as a curve, it is concluded that the cohesion 

of silts reduces the dependence of Nj on cyclic stress
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ratio. The peak axial strain developed at a given cycle 

ratio was observed to be strongly dependent on cyclic 

stress ratio.

There was a marked dependence of N^ on the initial

effective confining pressure for a given cyclic stress

ratio. This is contrary to the generally accepted

fact that for sands the use of a stress ratio removes

any effects of initial effective confining pressure on

N,. It is considered that the use of a cyclic strength 
Li

ratio would remove most dependence of N^ on oθ

resulting from the non linear relationship between shear 

strength and mean effective confining pressure for 

silts.

The method of sample compaction was found to have some 

influence on the value of N^ obtained as observed for 

sands. It is therefore considered advisable to compact 

laboratory samples by a process as close as possible to 

that occurring in the field. Standard Proctor 

compacted samples produced lower values of N^ and axial 

strains than the corresponding kneading compacted samples

Investigation into the effects of test frequency on N^ 

and the distribution of pore pressures within a sample 

showed that the assumption of frequency independence 

of results is invalid for silts tested by standard 

dynamic triaxial techniques. This is considered to be 

due to the intermediate permeabilities of silts. It 

was observed that this frequency dependence was 

reduced if the dynamic pore pressures under consideration 

were measured at the mid height instead of at the base 

of the sample and free end platens were used. It is 

considered that as it is usually assumed that the 

applied shear stresses are acting on the centre portion 

of a sample, the pore pressure response is more 

meaningful when measured in the same area. However
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it was observed that for this silt the pore pressures 

in the centre of the sample never reached σθ, 

therefore some alternative criterion of pore pressure 

generation should be specified. The number of Ioading 

cycles to produce 50⅞ pore pressure ratio is 

suggested. A different criterion would also be necessary 

for tests carried out with anisotropic initial stress 

conditions.

The two dimensional method of dynamic analysis developed 

in this study was based on the work of Joyner (1975).

A combination of plasticity theory and critical state 

concepts was used in the mathematical model of soil 

stress-strain response. The dynamic component of 

pore pressure response was calculated at each time step 

from conservation of volume considerations.

Experimentally determined relationships were used to 

calculate the steadily increasing pore pressure component 

at each half cycle of shear stress and to modify the 

shear strength and stiffness parameters of the soil 

model accordingly.

As the assumption of a rigid foundation results in 

deformations being overestimated by dynamic analysis 

methods, an energy transmitting boundary at the soil 

structure-foundation interface was incorporated in the 

dynamic solution procedure developed. Hydrodynamic 

pressures on the upstream face of a dam also affect 

the dynamic response of a dam. After investigation 

it was concluded that the hydrodynamic pressures acting 

on an earth dam would not greatly influence the dynamic 

response of the structure.

Several examples of the earthquake excitation of the 

Patea dam were analysed using the developed computer 

program. The small displacements produced in the 

numerical model of the dam with an empty reservoir,
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indicate that the dam in this state can satisfactorily 

withstand the design earthquake. It is suggested that 

the effective compaction of the dam by the earthquake 

may increase the stiffness and strength of the dam.

With a full reservoir and subjected to both horizontal 

and vertical components of uniform base excitation, 

the analysis indicates that a slide develops in the 

downstream shoulder of the dam. These displacements 

are accentuated when the incoming earthquake waves

each the base of the dam at an angle, effectively producing 

a travelling wave form along the base from the upstream 

to the downstream toe. It is therefore not necessarily 

conservative to assume vertically propagating shear and 

compression waves.

The large displacements in the downstream shoulder are 

caused by the generation of high pore pressures and 

Ioss of strength in the material below the downstream 

blanket drain. The development of large displacements 

in the downstream shoulder and not the upstream 

shoulder is considered to be due chiefly to the higher 

initial shear stresses in the downstream shoulder.

The displacements in the upstream shoulder are lower 

than the corresponding displacements 'when the reservoir 

is empty. This is considered to be due to the constraint 

provided by the water in the reservoir and the higher 

compressive stiffness of the pore water compared to the 

soil skeleton.

At the end of the earthquake analysis the displacements 

at the crest of the dam were quite small. An analysis 

of the change in pore pressures with time after the 

earthquake showed the pore pressures becoming higher and 

the strength reducing in the area of the dam below the 

crest. It is therefore considered possible that 

when the Patea dam is subjected to a large earthquake,
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significant deformations may occur in the downstream 

shoulder. Although the crest may not be involved 

initially, the stability of the dam could temporarily 

reduce with time after the earthquake and the crest may 

become involved in large displacements occurring at a 

later stage. Many assumptions and approximations are 

inherent in this analysis, most of which are conserva

tive, that is, the analysis tends to be pessimistic.

An investigation into the role vertical earthquake 

motions play in the generation of pore pressures showed 

that they are the major cause of generated pore 

pressures. The displacements produced in the dynamic 

analysis of the Patea dam with a full reservoir, 

subjected to only horizontal excitation were of a 

similar size and nature to those produced in the dam with 

an empty reservoir. Increases in the stiffness of the 

material underlying the dam with an empty reservoir, 

were found to increase the vertical displacement 

produced at the crest of the dam when subjected to both 

components of excitation. Hence foundation stiffness 

could influence the role of the vertical component 

of excitation in pore pressure generation. It is 

concluded that when pore pressures are taken into 

account, deformations may be underestimated in dynamic 

analyses if only the horizontal component of

excitation is considered.

9.2 SUGGESTIONS FOR FURTHER RESEARCH

There is considerable scope for research in both the 

dynamic testing of silts and in methods of analysing 

the dynamic response of earth structures.

Before investigating the effect of various material 

properties and stress conditions on the dynamic response 

of silt samples to stress controlled cyclic loads, it 

is important to remove any effects caused by the test
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apparatus and procedure. Further studies on the use of 

mid height pore pressure measurement and free end platens 

are suggested. The aim should be to determine a range 

of test frequencies for which the measured pore pressure 

is independent of frequency. A standard test procedure 

should be developed for each material tested and stated 

when test results are presented.

The relationships between the size of the final steady 

state pore pressure achieved with continued cyclic 

loading and the other test variables are of interest.

It was found that the Patea silts never reached 100% 

pore pressure ratio when the influence of the end platens 

on the response was reduced. All the tests carried 

out on the Patea silts were cycled about isotropic 

stress conditions. Further dynamic triaxial tests on 

silt samples could investigate the effects on pore 

pressure generation and developed strains of anisotropic 

consolidation and cycling about an initial shear stress. 

Relationships obtained from these tests could be used 

directly in dynamic response analyses. The effect of 

sample age and period of consolidation on dynamic 

response would be of interest in predicting the increased 

stiffness and strength of earth structures as time 

proceeds.

The shear strength retained after cyclic loading, both 

before pore pressures are allowed to dissipate and 

after a period of consolidation, requires further 

investigation for silts. The increase in shear modulus 

with reconsolidation time would also be useful in 

predicting the dynamic response of earth structures to 

aftershocks and earthquakes in following years.

Suggestions for further analytical work include improve

ments in the soil model, analysis procedures and effi

ciency of solution routines, as well as the analysis of
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more examples of earthquake excitation. The soil 

model used in the dynamic analysis developed in this 

thesis assumes isotropic material properties. The 

compaction processes involved in the construction of an 

earth dam would not result in isotropic material 

properties, hence a soil model, such as the one 

described by Mroz et al (1978), which takes into account 

anisotropic material properties, would be an improvement. 

The accuracy of the dynamic response analysis is reduced 

when large strains are produced, as the element mesh 

retains its initial coordinates. An option enabling 

the redefinition of the nodal coordinates of elements 

undergoing large strains could be investigated.

The pore pressure generation model is a very simple one. 

The use of a more advanced model capable of predicting 

pore pressures at each time step during both loading 

and unloading, would enable the redefinition of stiff

ness and strength properties at each time step instead of 

at each half cycle of octahedral shear stress. This 

would result in a more accurate response analysis but 

also a large increase in computation time. When the 

appropriate experimental data is available, a pore 

pressure generation model which incorporates the 

initial shear stress conditions would Iead to Iess 

conservative results.

Accuracy would be further improved if a combined

generation and dissipation pore pressure analysis was 

used. This would be of particular benefit when the 

structure is constructed of materials more permeable 

than silts. It may be possible to carry out a 

dissipation analysis at each given number of time steps 

with the present solution routine. It is considered 

that a significant error is introduced into the dynamic 

analysis results for the Patea dam by not considering 

the permeability of the underlying material. Allowance
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could be made for this with a combined generation- 

dissipation pore pressure model.

As it was discovered that the assumption of vertically 

propagating shear and compression waves in the under

lying material was not necessarily conservative, further 

investigations could be carried out here. The 

possibility of travelling waves increasing deformations 

in some areas of a Structureand decreasing them in 

others, compared to uniform excitation, is of interest.

The ideal dynamic response analysis would be a complete 

three dimensional one, incorporating hydrodynamic 

effects. At the present rate of development of 

computers and mathematical solution routines, this may 

become an economic possibility for more than very large 

projects, provided the experimental test procedures 

required to define the soil parameters can keep pace 

with the analytical developments.

At the moment even two dimensional analyses prove 

expensive to undertake. The best means of testing 

any form of dynamic analysis is to compare the response 

of an actual structure subjected to an earthquake, with 

the earthquake excitation recorded in the foundation 

material, with the response of the numerical model 

subjected to the same earthquake. As the instrumenta

tion of structures increases, the number of appropriate 

examples should increase.
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Appendices

A SAMPLE PREPARATION

Kneading Compaction

An electro-pneumatic kneading compactor has been developed 

in the Geomechanics Laboratory of the Auckland Universlty 

School of Engineering. This uses a pneumatic ram to 

raise and lower a kneading foot shaped as a sector of a 

circle. To obtain a given density, the pressure 

applied by the foot and the time it takes to build up 

to this pressure can be set. Twelve tamps of the foot 

are applied for each complete rotation of the compaction 

mould. An amount of soil Is measured by a sliding 

plate system and fed into the mould between each tamp, 

via a tube. This results In spiral Iayerlng of the 

samples. Samples up to 150 mm in diameter can be 

prepared. The moulds used have a removable top collar 

to enable the samples to be trimmed to the correct length.

The density of samples prepared by this method depends 

on the water content, the applied foot pressure and the 

tamping cycle time. These variables are often cali

brated against a standard compaction curve. The 

standard compaction curve for Patea BS3 siltstone Is 

shown In Figure A.1. Unfortunately it was found that 

this soil became clogged in the narrow pipe required 

to feed it into a 76 mm mould. Therefore it was fed 

in by hand in 20 cc amounts. This reduced the accuracy 

of the densities produced, however it was still possible 

to get within 0.6⅞ of the desired density.



434

1900

1800

10% 5% 0% Air voids

1700

1600

1500
10 15 20 25 30O 5

ω (%)

Figure A.1 : Standard Compaetion Curve for
Patea BS3 siltstone

Standard Compaction Method

The standard Proctor method of compaction (NZS 4402,

Test 14) was used to obtain a dry density versus water 

content relationship for Patea BS3 siltstone (Figure A.1). 

This involves dropping a 2.5 kg mass, 0.305 m onto the 

soil placed in 3 layers. It was found that the maximum
3

dry density of 1770 kg/m occurred at a water content 

of 16%.

Samples of a specific density were then obtained by 

calculating the total mass of soil which would be needed 

to fill a mould, 102 mm in diameter and 204 nun long, 

at this density. The sample was then compacted in 5 

layers. Dynamic triaxial test samples were then prepared 

by trimming the samples down to 76 mm diameter and 

152 mm height. It was found that due to the outside of 

102 mm samples being compacted Iess than the centre, 

the 76 mm samples had a higher density than the original 

102 mm samples.
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B TORSION TEST ANALYSIS

Analysis is carried out with the torsion testing system 

idealised as an inertial mass connected to an elastic 

soil cylinder, fixed at one end.

A torque (τ) applied to the sample will result in a 

deformation (θ) given by

n - τ h
° - A~G (B.la)

P

A = π d''
P 32 (B.lb)

where h = sample height

d = sample diameter

G = shear modulus of soil

Ap = Pθlar second moment of area

fhe rotational stiffness of the system is 

τ _ τ _ π d''G
θ 32 h (B.2)

If the viscous damping coefficient in the system is 

considered negligible, the equation of motion of the 

single degree of freedom rotating system is

Jθ + Iθ = 0 (B.3)

where I = moment of inertia of test system

The natural period of this system is

T = 2lr .Λτ (B.4)
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Substituting for J

T 2π
'32 Ih

π daG
(B.5)

Figi<re B. 1 : Torsion testaycle

T is found from the response curve (Figure B.1) after 

the sample is released from an initial displacement. 

Hence a value of shear modulus can be found for each 

cycle of oscillation.

G = 128 " 1 h (B.6)

d⅛ τ2

As this analysis is based on the assumption of an 

elastic system, equation (B.6) gives the secant shear 

modulus of the inelastic soil sample.

The values of I used were those calculated by Parton 

(1972) for a number of different radii of the weights 

on the inertia beam. The polar moment of inertia 

of the soil was neglected as it is several orders of 

magnitude smaller than that of the inertia beam, weights 

and shaft.
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Determination of Damping Factor

The equivalent viscous damping factor (λ ) can be 

found from the decrement ratio of the peaks in displace

ment (Figure B.1).

Assuming U3 = ka and a = k U3

½ = k2

u2

From Figure B.1

K 2
∑L + a

.θ2. U2 ^+~ a

(B. 7)

(B. 8)

k2

u1

decrement ratio

The equivalent Viscous damping factor, λ = — i= 
, eq C '

assumed small c

where C the critical viscous damping coefficient 

the viscous damping coefficient

Larkin (1976) derives a relationship to obtain λ from 

torsion test data

eq
J_
2π ⅛n

J_
2ιr

In
(B.9)

Corrections

A correction has to be made for the system compliance 

arising from the shaft and inertia beam acting as a
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torsion spring in series with the soil sample. Th 

correction increases with increasing modulus of the 

sample tested.

1 (B.10)

j = combined torsional stiffness

j = torsional stiffness of the soil sample 
θ

J = torsional stiffness of the system 
S

Using equation (B.2) the relationship between the 

observed value of shear modulus and the soil shear 

modulus becomes

1 = 1 _ 1r rf'- JL (B.11)

G G . 2L Jqobs S

Mead (1979) carried out tests using a solid steel sample 

to find a value for system stiffness. Larkin (1981) 

found that there is significant disparity between shear 

wave velocities measured in the laboratory above 400 m/s 

and those measured in the field, when no correction 

for system compliance is made.

The shear strain at which the shear modulus is calcu

lated is the average of the three amplitudes of strain 

involved in that cycle (Figure B.1). This strain also 

needs to be corrected for system compliance.

θ
D

- θ, (B.12)

θ
θ
e

τ

D

s

measured displacement

displacement at sample periphery 

displacement within system

where Og
_T
J1
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From equation (B.2) torque (τ) is given by

τ

π c^
32h %bs (B.13)

As soils are non-linear materials torsion tests result 

in a non uniform distribution of shear strain across the 

sample. Taylor (1971) derived a relationship to 

find the modulus at the periphery of the sample from the 

measured modulus

G(γβ)
⅞ ⅛ 

4 d γR
(B.14)+

YR = shear strain at the sample periphery 

Gθ = shear modulus calculated assuming linear

elastic material

Results uncorrected for non linear variation in strain 

thus overestimate shear modulus.

In some cases shear wave velocities measured in the field 

can be compared to those calculated from laboratory 

tests. Larkin (1976) shows how corrections for sample 

disturbance can be made to maximum shear modulus 

values.



C STRESS CONTROLLED DYNAMIC TRIAXIAL TEST RESULTS

Patea BS3 Siltstone Key SP Proctor compaction
SD Side drains 
FE Free ends

Axial strains measured at highest of Nτ or N
3 L eq

Test No. Note Pd (kg∕m3) σθ (kPa) freq (Hz) R ¾ base Neq mid εat ∞ εac ∞

4 SP 1780 500 0.2 0.402 23 2.7 0.9
7 SP 1755 800 0.2 0.388 2 8.6 3.0
8 SP 1827 800 0.2 0.397 16 5.3 2.0
9 SP 1721 500 0.2 0.248 17 5.2 2.0

10 SP 1777 500 0.2 0.402 1 5.2 0.2
11 SP 1784 500 0.2 0.251 68 2.2 5.6

SPl SP 1769 500 0.2 0.258 38 1.4 0.4
SP2 SP 1783 500 0.2 0.254 56 3.1 0.6
SP3 SP 1747 500 0.2 0.260 20 4. 8 1.0
SP4 SP 1641 500 0.2 0.258 5 8.3 3.0
SP7 SP 1676 500 0.2 0.255 13 8.3 2. 3
SP8 SP 1687 500 0.2 0.256 16 1.9 5.4
KCl 1671 500 0.2 0.265 6 17.3 4.1
KC2 1694 500 0.2 0.260 15 5.3 1.2
KC4 1780 500 0.2 0.250 63 6.4 0.9
KCS SD 1780 500 0.2 0.254 100 5.4 2.1
KC7 SD 1698 500 0.2 0.260 19 6.3 3.6
KC8 SD 1760 500 0.2 0.261 74 7.6 2.0
KC9 SD 1823 500 0.2 0.261 350 6.8 3. 3
Kdi SD 1644 ■ 500 0.2 0.265 9 9.0 4.8
KCl2 1651 500 0.2 0.263 11 9.0 4.1
KC13 1753 500 0.2 0.264 24 8.5 3.0
KCl4 1835 500 0.2 0.268 780 5.0 1.3
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Test No. Note Pd (kg∕m3) σθ (kPa) freq (Hz) R N- x. jj base Neq παd
jεat ∞

εac ∞
KCl5 SD lS70 500 0.2 0.263 14

-i ■ ■ i
8.7 5.4KCl6 1719 500 0.2 0.264 13 8.6 3.2KC17 SD 1721 500 0.2 0.260 22 7.9 β. 3SRl SD 1846 500 0.2 0.210 625 4.6 2.2SR2 SD 1865 500 0.2 0.294 9 1. 7SR3 SD 1867 500 0.2 0.357 5 9.8 3.5SR4 SD 1860 500 0.2 0.168 est 2300

SR6 SD 1859 500 0.2 0.212 662 5.3 2.1SR8 SD 1848 500 0.2 0.244 1503 5.1 1.4SR9 SD 1809 500 0.2 0.258 203 7.2 2. 6SRll SD 1852 500 0.2 0.264 465
SRl2 SD 1763 500 0.2 0.316 10 6.1 4.3SR13 SD 1776 500 0.2 0.345 3 8.2 3.1SRl4 SD 1779 500 0.2 0.226 259 5.2 4.8SR15 SD 1779 500 0.2 0.174 est 6500
SR16 SD 1779 200 0.2 0.280 est 5800
SR17 SD 1779 350 0.2 0.254 215 5.6 5.5SRl8 SD 1775 650 0.2 0.253 21 7.2SR19 SD 1776 800 0.2 0.260 10 8.62SR2 SD 1759 500 0.2 0.293 7

2SR3 SD 1700 500 0.2 0.294 6
2SR4 SD 1719 500 0.2 0.217 57 7.3 5.12SR5 SD 1719 500 0.2 0.162 580 4.3 6.22SR6 SD 1706 500 0.2 0.255 12 11. 8 10.12SR7 SD 170 0 ■••• 500 0.2 0.284 5
2SCl SD 1722 200 0.2 0.270 144 6.0 3.22SC2 SD 1713 350 0.2 0.262 33 6.8 4.52SC3 SD 1706 650 0.2 0.255 7
2SC4 SD 1724 800 0.2 0.249 6 5.β
FRl SD 1780 500 0.5 0.222 202 6.6 2.8
FR2
FR3

SD
SD

1776
1764

500
500

0.35
0.1

0.239
0.247

466
37

5.8
5.4

2.3
3.3FR4 SD 1764 500 0.3 0.243 154 5.7 1. 6FR5 SD 1767 500 0.05 0.250 37 5.3—_______L 2.0
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Test No. Note Pd (kg∕m3) σθ (kPa) freq (Hz) R Nτ x.L base N ∙,eq mid ⅛ fD εa≈ fD

FR6 SD 1770 500 0.15 0.248 75 5.2 3.0
FCl SD 1776 500 0.2 0.257 58 56 6.0 5.2
FC2 SD 1776 500 0.2 0.262 39 39 7.3 6.6
FC3 SD 1781 500 0.05 0.265 22 18 6.6 3.2
FC4 SD 18.19 500 0.01 0.267 20 20 5.8 4.1
FC5 1772 500 0.4 0.261 55 66 6.6 0.7
FC7 1751 500 0.4 0.254 72 65 5.5 4.2
FC8 1767 500 0.2 0.257 54 50 5.4 3.9
FC9 1805 500 0.35 0.256 90 110 6.8 0.3
FClO 1791 500 0.35 0.255 65 60 5.3 5.1
FCll 1675 500 0.35 0.255 70 40 6.0 3. 3
FCl2 FE 1777 500 0.3 0.256 - 68 7.8 3.2
FCl4 FE 1780 500 0.05 0.265 47 29 7.7 3.4
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D STRESS CONTROLLED DYNAMIC TRIAXIAL TEST PROCEDURE

Assembly of Loading System

1. Bolt Bellofram unit onto loading frame, checking that

the cross bar is level. >

2. Electrical Conhections

(a) BNC connection between high 50 β OUT on the Wavetek 

Unit to the WAVE IN on the Logic Unit, and channel 

1 on the oscilloscope.

(b) BNC connection between PULSE OUT TTL on the 

Wavetek Unit to TTL IN on Logic Unit.

(c) BNC socket WAVE/CONT on the Logic Unit to 5 pin 

DIN socket on the front panel of Electro-Pneumatic 

Converter, and to channel 2 on the oscilloscope.

(d) BNC connection between COUNTER on the Logic Unit 

to BlO MHz socket on the Universal Counter.

3. Pneumatic Connections

(a) Mains air supply (< 150 psi) to the central port on 

the back of the Electro-Pneumatic Converter.

(b) Left hand output port (steady pressure) on back of 

Electro-Pneumatic Converter to lower input on 

Bellofram unit (passive side).

(c) Right hand output port (pressure wave) on back of 

Electro-Pneumatic Converter to top input on 

Bellofram unit (active side).

Output System

1. Connect Ioad transducer to S.E. amplifier rack.

2. Connect pore pressure transducer at base of sample to

S.E. amplifier rack.

3. Connect deformation transducer to S.E. amplifier rack.

4. Connect oscilloscope output on back of S.E. amplifier 

rack to side board on trolley.

5. Connect XY plotter to side board of trolley.
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6. Connect recorder output on back of S.E. amplifier rack 

to galvanometer input on back of U.V. recorder.

7. If miniature pore pressure transducer is used,connect 

to Daytronix 9170 unit. Connect Daytronix output to 

galvanometer input on U.V. recorder.

Callbration Procedure 

Load

1. Turn on S.E. amplifier rack, Wavetek unit, Logic unit, 

U.V. recorder and Oscilloscope to warm up.

2. Set Wavetek D.C. output equal to Logic unit WAVE/CONT 

output using oscilloscope.

3. Set Wavetek amplitude to minimum value, sweep width 

and sweep rate fully counter clockwise.

4. Set Logic unit as follows:

INST∕PREΞET switch tO INST

TTL SLOPE switch to negative (gives compression 

side of Ioad cycle first)

SET EXT/SET CONT switch to SET CONT (sets start 

and finish stress level)

Rotate the thumbwheel switch to some Iow value,

i.e. 10.

5. Calculate Ioad amplitude required and select suitable 

Ioad scales for U.V. recorder and XY plotter.

6. Place rubber sample in triaxial cell as if soil sample 

(without miniature transducer).

7. Attach Ioad transducer and balance S.E. amplifier.

8. Calibrate Ioad transducer on U.V. recorder and XY 

plotter.

9. Calculate ram compensation Ioad for chosen cell pressure 

(uplift caused by area of ram).
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Check nuts holding locking plate on Belofram. Turn 

on mains air supply.

Release lower nuts and lower Bellofram Ioad ram to 

connect with sample Ioad ram using air regulator on 

front of Electro-Pneumatic converter to maintain zero 

load. (Remember to put ball bearing in place.)

Viind down top nuts till in contact with locking plate.

Balance miniature pore pressure transducer on Daytronix 

and zero on U.V. recorder.

Apply appropriate ceil pressure and back pressure.

Set Ioad at ram Cofopensation Ioad using air regulator. 

Re-zero χγ plotter.

Release nuts on locking plate.

Choose cycle frequency on Wavetek,set to desired wave 

form and press START button on Logic Unit.

Carefully wind up amplitude on Wavetek till cycling 

starts. (Make sure uplift does not exceed cell pressure.)

Change amplitude and DC setting on Wavetek until desired 

Ioad cycle is reached on XY plotter. Do not go outside 

the range of 1.5-6 V DC.

After cycling turn Wavetek to DC output and adjust WAVE/ 

CONT output on Logic Unit equal to Wavetek output 

(for starting loading mid cycle).

Adjust air regulator till desired static Ioad is reached 

(zero for isotropic tests, some other value for cycling 

about on initial stress).

More than one amplitude setting can be found by recording 

the maximum and minimum voltage amplitudes and DC voltages 

before going on to the next Ioad setting.

23.
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24. If desired cyclic Ioad is below range found possible, 

change the BNC connection from HI Ω OUT on the Wavetek 

to LO 50 Ω OUT. Carefully reduce WAVE/CONT output 

and air pressure to correspond to new DC output from 

Wavetek. Reduce amplitude setting to zero before 

progressing.

25. Load amplitude can be further reduced by using a smaller 

Bellofram unit.

Pore Pressure

1. Balance base transducer on S.E. amplifier.

2. Zero reading on U.V. recorder.

3. Increase back pressure to some known level and adjust 

dB setting and potentiometer till desired reading is 

obtained.

4. Repeat for several pressures.

5. Increase cell pressure and calibrate miniature trans

ducer on U.V. recorder using span adjustment on Daytronix

6. Repeat for several pressures.

Setting Up Procedure

1. Turn on electrical equipment to warm ,up.

2. De-air porous stones and cut filter paper to size.

3. Set up paper on XY plotter.

4. Check voltage settings on oscilloscope, and mains air 

supply turned off.

5. Flush back pressure Iine with de-aired water.

6. Trim sample to size.

7. Mount sample on base with filter paper and porous stones.

8. Position upper platen with loading ram.

9. Place rubber membrane around sample.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Place 0 rings around base pedestal.

Drill shallow indentation in side of sample for miniature 

transducer and fill with kaolin mixture.

Place miniature transducer in position with 0 rings.

Paint miniature transducer mounting with 2 coats of 

revoltex and leave to dry.

Expel air bubbles from under membrane.

Place 0 rings around top platen.

Connect internal plastic tubing from top platen to base.

Fix main body of triaxial cell to its base, tighten 

base clamps.

Fix bushing over loading ram.

Λttach Ioad transducer. Balance on S.E. amplifier, 

calibrate on U.V. recorder and ’calibrate and zero on 

XY plotter.

Fix displacement transducer in position. Balance on 

S.E. amplifier and calibrate and zero on XY plotter 

using spacer blocks.

Check nuts are in position on locking plate and turn 

on mains air supply.

Place ball bearing in position and lower Ioad ram

using air regulator, maintaining zero Ioad connect up 

Ioad ram.

Lower nuts onto top of locking plate.

Fill cell with de-aired water.

Apply correct cell and back pressures.

Apply correct ram compensation load.

Consolidate sample, taking burrette readings and defor

mation readings on XY plotter.
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28. Check saturation by turning off base pore pressure

valve, increasing cell pressure and measuring corres

ponding increase in pore pressure on U.V. recorder.

Test Procedure

1. Turn off back pressure valve.

2. Connect air hose to top of cell and fill cell with air 

approximately down to top of sample.

3. Check voltage readings on oscilloscope.

4. Rebalance and calibrate deformation transducers.

5. Check - U.V. record - switched on

amount of paper 

paper speed 

time pulse

zero positions of signals

XY plotter - switched on

pen down 

zero position

Logic Unit - mode

number of cycles

Wavetek - wave form

frequency

Counter - switched on

reset

Amplifier - set to mark

dB settings

Base clamps

Cell pressure

Back pressure

Movement of locking plate

6. Check back pressure valve turned off.
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7. Push START button.

8. Push STOP button after desired strain has been reached 

Monotonic Loading

1. Place paper in XY recorder and re-zero.

2. Re-zero U.V. recorder.

3. Calibrate deformation transducer.

4. Load sample by decreasing static air pressure with air

regulator.
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E. STRESS CONTROLLED DYNAMIC TRIAXIAL TEST RECORD

UUlVERSlTY OF AUCKLAHD - GEOMECHAHlCS LABORATQRY

STRESS COHTROLLED DYHAHlC TRIAXIAL TEST

Tested by:Oate:

SAMPLE DATA Location: Depth:
Soil Description: Sample Ho./Test Ho.

odc
Design Stress Ratio ^y

Haveform 

Frequency:

Max. no. of cycles:

COHSOLlDATlOH
Isotropic

αl'
Anlsotropic 03r =

Cell press. =
Cack press. =

o3c, =

Cell press. =
Back press. =

o3c'
Vertical press =
Vertical Ioad =
(-cel1 press, x sample area)LOADlHG

Ram compensation Ioad =
(cell press, x 2.85 x 10^*m2) - Load Cell Load (21H)

Total Vert. Load = | TotaI Vert. Load = i

Cyclic stress (stress ratio x 2σ3c*) =
Cyclic Ioad = Approx. sample area =

VOLTAGES
Mean 1M i n. ∣ Max.

Load Calibration? { |

IHlTlAL SAMPLE DlMEHSlONS
Height =

Diam. =

Area =

Vol. ^=

Height sample ♦ mould = psaιnple =
Height nould = prf =
Sample weight = xcomp. = J

AREA COHSOLlDATlOH

∆h = ε =
∆Vθl. =

hc(h - ∆h) = 5% =
volc(vol - Avol) =

Area P0Ll = Actual stress ratio |T -t-| -
1 hc) r*∏

Cyclic stress (cyclic load/area) ≈
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ψΠVERSΠY OF AUCKtΛHD - GEollEciIAIIICS LΛOORΛTORY

SAIIPLE DATA: Locatlon: Oepth: Sample No/Test flo.
Compactive effort
peπn. k

WATER CONTEHTS

Final

tin
tin & wet soil 
tin & dry soil 
water 
soil

top

O.V. Recorder

channel Galv. Zerpfcm)
Scale
(/ rm) R or L aLLbrai

readιnη 3fi
Pore press.
Load
Oe form

axis +ve Scale
Ioad
defn

COflHEflTS

Test by: 
Oate:
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UNlVERSlTY Of AUCKLAHD - GEOMECHAHlCS LABORATORY

SAHPLE DATA Locatiun: Depth: Sauiple No/Test Ho:

CHECK LlST
1 Back press, valve off 5 Haveteck waveform
2 Air in top of cell frequency
3 U.V. Iamp o∩ 6 Counter on

timer 7 Base clamps
zero,s 8 Logic unit preset
calib. ∩o. cycles
dB,s TTL slope
paper speed 9 Base clamps

4 XY o∩ 10 Cell pressure
zero 11 Huts o∩ plate
pen 12 Back press.
reset 13 U.V. paper on
π∣V∕in 14 Date:

OH
hc « P.PR O 5
Uo. of cycles to 5X strain = c 0 liq.
Ho. of cycles to liquefaction =
Ho. of cycles i∩ test =
Hax. pore press.
Hax. defoπn tension =
Hax. deform comp. =
Cylic mobility present in cycle =
Hode of failure

iht %ht time after 
test (vel.) pore press. time after 

test (vel.)
stabilised after test
∩o. p.p. dissipation

(V°1
Area H~ (hf

Tested by: 
Date:
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ffilβ^^

F⅛⅛nOSntr  ̂ the hypo-
τo find the centroia o ^J^ directiθn perpen-

tenuse is taken as an treated as two triangles
dicular to this and the element treated

• • Inα the first and third nodes of a

The Irne 301n ^ χ d∙rection.
triangular element rs taken

Referring to Figure F.1

2. 0.5

b =
((×3 - x1)2 + (y3 - yi> ’

cos α = (x3 - x1)∕b

sin a =
(γ3 - V√b

h sin u (×2 ^^ xl' - cos α (y2 - y? 

(y3 - yi>
cos α (x3 

cos α (×2

Xi ) + sin a
b

c ss

1
X1) + sin a (y2 - yp
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tan R = c/h 

tan γ = (b - c)h

2
Area of triangle A = h (- tan γ - tan R)/2.0 + hc

To find the centroid of the element it is necessary to 

calculate the moment of area.

Qx = r. Ai 7i

Q' of triangle = h(b - c)/2 . h/3 + hc/2 . h/3 
2

= Ji b/6 

y, = oyA

Qy = ∑ Ai xi

Taking a Iine parallel to h and passing through (×i, yi) 

as the y axis

Qy = h b2∕2 - h(b - c)/2 . (b - (b - c)/3)

- hc/2 . c/3

x' = QyA

For four sided elements the areas and moments of 

inertia of each triangle are added.

As these coordinates of the element centroid are taken 

about the hypotenuse of the element, new coordinates

must be found in terms of the conventional axes

x = xi + cos a x' + sin α y'

y = yi + sin a x' + cos a y'
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Calculation of Strain Factors

The particle velocity within an element is assumed to be 

a linear function of position.

V1 = a3 x + bl Y + dl

V2 = a2 x + b2 Y + d2

al = 3V1∕3x bl = 3V1∕3y

a3 = 3V2∕3x b3 = 3V2∕3y

1 and 2 are the horizontal and vertical

respectively and the coordinates x and y are taken 

from the element centroid.

To obtain the coefficients a, b and d, a least squares 

fit to the particle velocity at the element nodal points 

is carried out. The variables x and y Iead to two 

simultaneous linear equations (Carnahan, Luther and

Wilkes, 1969) .

cll al + c12 bl clv

c21 a2 + c22 b2 c2v

where C33

c12

c21

c22

clv

c2v

= ∑xy

= 1 xy

= ∑ xv

= ∑ yv

∑x Σ x 
N

∑ x Σ y 
N

∑× ∑y 
N

zγ sY
N

Σ x Σ v 
N

Σ y Σ v 
N
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N is the number of nodal points

These equations can be solved by inverting the c.. matrix

to form a c∣1 matrix

r 2 ∑y ∑y ∑χ ∑y⅛ - Vi Vs - ^y

[c..], = i
Iij D

⅛⅛ - ∑xy ∑x2 _ ⅛⅛

D is the determinant of the matrix

H^-vKp-V2)

- [∑×y _ ⅛⅛] (∑xy _ ⅛Jz

The resulting coefficients are

al = cil cXv + c12 c2v (F.1)

a2 = cll c2v + ci2 clv

bl = c21 clv + c22 c2v (F.2)

b2 = c21 c2v + c22 clv

As the velocity gradients are all that is required to 

find the strains in the elements, it is not necessary 

to determine the constant d terms.

During the dynamic solution routine the only variables 

in equations (F.1) and (F.2) are the velocities at each 

node. It is therefore more efficient to calculate 

the contribution made by element geometry to the velocity 

gradients, before the dynamic analysis procedure is 

started. Hence the 3/3x term for node n is found from 

equation (F.1) to be
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K- = 5<<xn-x)(j:y2- Yy) - (Exy_ χy><yn-y>)

xn

(F. 3)

where x YX
N y

⅛
N

To obtain the complete 3V3∕3x term given by equation 

(F.1) at each time step, the 3∕3xn term is multiplied 

by V3 at node n and the resultant values at each node 

svunined. Hence the (×n - x) and (yβ - y) terms in 

equation (F.3) effectively become (∑xv - ∑vx) and 

(∑yv - ∑vy).

Similarly the 3∕3yn term is given by

^-=i((yn-y)(∑χ2-∑χx) - (∑χy-∑yχ)(χn-χ))

(F.4)

To find the gradients in vertical velocity equations 

(F.3) and (F.4) are multiplied by the vertical velocity 

at each node and the resulting values summed.

The strain factors given by equations (F.3) and (F.4) 

are stored for each node of each element before the 

dynamic analysis is begun.

Mass at Each Node

To account for the effect of element geometry on the 

mass acting at each node, equation (F.5) is used.

An

(l _ 3x _ 3y ] 
(N " 3xn - 3yJ (F.5)A

where 3x∕3xjι is given by equation (F.3) multiplied by x
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and is an indication of the change in area as 

an element cross section moves in the x direction. 

^y∕θYn is given by equation (F.4) multiplied by y 

and is an indication of the change in area as 

an element cross section moves in the y direction.

For each element the sum of Afi is equal to A. The 

total mass acting at each node is found from the sum of 

the masses contributed by each adjoining element.

where M is the mass at node n

An∣ is the contributing area from element i 

P3 is the density of the material In element i
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G DERIVATION OF STRESS BOUNDARY CONDITION

It is assumed that the strains Oceurring in the basement 

material are in the elastic range.

The stress at any point for 

by

elastic conditions is given

i]
λ e.

i]
δ. . 
1]

2 G e.
'11

(5.7.7)

where λ is Lame,s constant

δij is the Kronecker delta

G is shear modulus

eij is a strain component

2 λ ÷ 2C
Vp = —--------- (Richart, Hall and Woods, 1970)

2
Hence λ = ρ υ - 2 G 

P

and for compression waves equation (5.7.7) reduces to

33 (p Vp - 2 G + 2 G)e33

= ρ v eno κ p 33

The strain associated with the incident compression 

wave is given by

⅜i
33

PI
v

Hence the stress components are

S.
PI

2 VPI

= - P vP vPI (5.7.8)

P v P vr33

and 5PR33 = p vp VpR
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For shear waves equation 5.7.7 reduces to

σ13 “ 2 G e13

where G = ρ v'

As the shear strain of the boundary is given by

3v V
_ s

t

3x V
S

t

where v is the displacement tangential

Esvi =
⅛

V
S

and ESVR =
vSR

υ
s

Hence the stress components are

ς , 
SVI

= - p υs vSI

and c , 
SVR

= p % vSR

Derivation of Force Transformation Matrix

Where there is a sloping boundary the reference axes 

are rotated in order to calculate the shear and normal 

stresses on the boundary. Once the corresponding 

forces have been calculated It is necessary to find th< 

force components in terms of the original axes.

The forces in terms of the rotated axes are

F1 , =1 al - P vs(V∣ VF1

F ’ =
a3 - p vp(V^ - VF3

Δ Sa 
2

Δ Sa

(5.7.11)
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Figure G.1 : Sloping boundary

From geometry (Figure G.1) it can be seen that

F3 = F3 sin θ + F3 cos θ (G.1)

F3 = F3 cos θ - F3 sin θ (G.2)

similarly V3 = V3 cos θ - V3 sin θ

v3 ~ V1 srn θ + V3 c°s θ

Equations (G.1) and (G.2) become

F3 = - P~τp∙ Vp sin θ(V3 sin θ + V3 cos θ - Vp3 sin θ

Λς□
- Vp3 cos θ) - P*^2^^ vθ cos θ(V1 cos θ

- V3 sin θ - Vp3 cos θ + Vp3 sin θ)

ΛSa= - P^^-(vp sin θ cos θ - vg cos θ sin θ)(V3 - Vp3) 

λςa
- P-2~(υp srn θ sin θ + vg cos θ cos θ)(V3 - Vp3>
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ΔSa
p3 = _p~2_ υp cos θ<v1 sin θ + V3 cos θ - Vpl sin 0

F3
∆Sacos θ) - p^_ υs sin Θ(V3 sin θ

- V1 cos θ - Vp3 sin θ + Vp1 cos θ)

∙φ'

ΔSa
p~2~(υn cos θ sin θ - υα sin θ cos θ)(V, - V 1) 

t7 s 1 F 1

p^^pPυp cos 0 cos θ + υg sin θ sin θ) (V3 - Vp3)

Adding the forces on adjoining boundary segments together 

and using the following matrices, equation (5.7.12) 

is obtained

βi3
COS θ - sin θ

BT1 = cos θ sin θ^

sin θ cos θ 13 - sin θ cos θ

Fai+Fbi = ftij<vj→Fj> (5.7.12)

where A11 - (611 υsβll + β13 υpβ31,a pLT

13

Dl

+ <βIl Vll ÷ β13 υpβ3Pb pΦ

<βll Vl3 + β13 υpβ33>a pΦ 

+ tβll υsβ13 + βI3 υpβ33^b pAF

<β31 Vll + β33 υpβ31,a pΦ 

+ Vi Vii + β33 V3Pb pΦ

’33 (e31 Vl3 + β33 υpβ33,a pT

V+ 'β31l Vl3 + β33 υpβ33>b pΦ
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Obtaining New Velocity Value from Force Equation 

To find the velocity of a boundary node at the new time 

step it is necessary to solve the force equation 

(equation 5.7.15).

F1 - <V. - Vpj)<Alj ÷ δij ⅛) t (vpl - V11I ⅛ 

(5.7.15)

taking B (A.. + 5.. r)ij '“ij ' “ij ∆t,

F. = B. . (V. - Vr,. ) + B. . (V . - V . ) + (V . - V . ) l ll' 1 Fl7 u' T vFj' 'vFi Li' ∆t

Fj = Bji<Vi - vFi> + Bjj<Vj - vFj) + <VFj - W m
∆t

Fi/Bij = >WBij(Vi - vFi> + <Vj - VFj)+gi-(VFi - VL.) A. (a)

13

F./B.. = B../B..(V. - V .) + (V. - V . ) +-----(V - V ) — (h)
3 33 31 jj' i vFl' 'vj vF√ Bj√vFj vLj' ∆t '“'

Subtracting b from a

Fi∕Bi4 - F./B.. = (B../B.. - B../B..)(V. - V .)+ 1 
l 13 J 33 11 13 JV JJ 1 Fl' B. .

IJ

(v . _ y 1) JL _ T /x, _ v 1 JL
'vFl vLi' ∆t βjjkvFj vLj' ∆t

Vi = VFi +

VFi +

F./B..-F./B..-I/B.. (VFi-VL1)£il/B.. (V,.^.) ⅛

<Bii Bjj - Bji Bi"j>'<Bij Bjj>

F1 Bjj - Fj Bij-Bjj(VFi-VL.)^tBij(VFj-VL.)^

B. . B. . - B.. B. .)
11 JJ Jl IJ

(G.3)

(A44 + δ44 ⅛ =
iJ ij ∆t

B.. B.. 
11 iJ

B . . B . . 
Jl JJ
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(Aii + δii ⅛^1
3 ij ∆t' (B. B. .-B. . B. .)

11 33 31 13

N. . 
13

B. . - B. .
33 i3

B . . B. . 
3i ii

Changing the B coefficients in equation (G.3) to those 

of the inverse matrix

vi = vPl + F4 BA+F- B.I-B7i(V .-V .) — 
1 Fl 1 ii j jj i]'vL] F]'∆t

+ B?l (V . -V . ) —
.____________________________ HtvLl Fi' ∆t

(Bli B . . - 
33

Bji B..)

B?1
Il

(F. + (VLj - W m .
∆t'

N. , 
13

(F . +
3

<VLj - vFj> —1∆tj

As the mass associated with each boundary node, the shear 

and compression wave velocities and the geometry of the 

boundaries, are assumed constant throughout the earthquake 

the matrix bH. only needs to be calculated
once.
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DERIVATION OF COMPRESSION WAVE VELOCITY EQUATION 

From elastic theory

V E

As

and

2(1 + V) Λ
(1

E
3^∏Γ- 2υ)

3υ E + E(1 -■ 2v)
πr- 2υ) (1 +~>y

υE E
τr^+ v) (1 - τ>r + 3(1 +

λ + lG

λ÷ 2 G
P

2
p υp - 2 G

K = 2p v
P

2 G ÷ i G

2 4p v
P 3 G

K + 4/3 G

2υ)(l + v)
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DERIVATIONS FOR PORE PRESSURE DlSSIPATION PROGRAM
Derivation of Central Difference Formula

The value of function f at position x + ∆ x^ is approxi

mated by a truncated Taylor series.

« 2J1: (Δ X- ) =f^
f(x + Δ x2) = f(x) + ∆ X2 ⅛∣ + ^4— ⅛ 

dx
(I.1)

This is a forward difference approximation. The 

corresponding backward difference approximation of the 

1
value of f at position x - Δ x1 is:

f(x - Δ xχ) = f(x) Δ x1 ^ + 
1 dx

l 2
*1 <!tJ 

dx2
(I.2)

If equation I.2is subtracted from equation 1.1 an

Oxpression for the first derivative •=— is obtained 
dx

df
dx

f(x + Δ x2) - f(x - Δ x1) 

Δ xj + Δ x2

This is a central difference approximation to ⅛^.

equations 1.1 and 1.2 are added, and equation 1.3
substituted for ⅛∣ the following central difference 

u^H f2
approximation for ^r can be obtained, 

dxz

dfz

dx2 (Δ x2+Δ x2) -2f (x) +f (x+Δ x_)
2 Δ x.

'2'Δ xj+Δ x2

(I.3)

If

2 Δ x_
+ f(x - Δ x1)7-------ττ=—

1Δ xj+Δ x2

cl f^ &
Similarly an approximation for —y is obtained.

dyZ

dfz

dy2 -2f(y)+f(y+Δ y2)
2 Δ y1 

Δ yη+Δ y.

+f (y - Δ y).
2 Δ y.

Λ y1 + ^

yi+ ∆ y2
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Effective Permeabilities 

Darcy's Iaw is

k = UL
Ai

where k = permeability 

q = flow rate 

A = area

. h h is the excess head
1 = L

L is the length of flow path

If volume is to be conserved the vertical flow rate must 

be the same in elements aj i and c (Figure 1.1). The 

difference in head across the three elements is equal 

to the sum of the head in the three elements.

q

h

= q= = q.

= h hi

Considering flow through a unit area the following 

equation is obtained to give the effective vertical 

permeability of element i

k. 
iy l.i

= q

= q

= q

(L + L. + L ) 
ay iy cy

(h + h.+ h)
a ∑ c

(L + L. + L ) 
ay______ iy cy

(i L + i.L. + i L )
a ay l iy c cy

(L + L. + L ) 
ay iy cy

q L
a aY. + 
k

ay

+ L.
ay

q . L. q L 
j- iy + c ay

iy

iy

+ L
cy

cy

L L.
_ay _22 
k k.

ay iy cy
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a

d i b

c

Figure I.1 : Element configuration for
dissipation analysis

Similarly the effective horizontal permeability

k.
L.IXbx dx

f⅛χ L.
ix ,

L3
dx

LZ k7~ + k 3
( bx IX dxJ

IX
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J ¾ TWO DIMENSIONAL, NON LINEAR DYNAMIC RESPONSE ANALYSIS

PROGRAM

J. 1 Introduction

The purpose of this appendix is to provide a potential 

user with enough information to run the program.

The original program was written by Joyner for use on a 

CDC computer. The program was transferred by the 

author to a Burroughs B6700 computer and later to an 

IBM 4341. Program development was carried out on both. 

The programming language on the IBM 4341 is Portran 77 

and the program is run in double precision.

The source program is stored in the computer archive 

under the name of JOYPPG FORTRAN. The file definitions 

required by the program are given in table J.1. The 

plotfile of the element mesh is produced by PLOT21.

The program works in metre, kilogram, second units.

J.2 The Program Dnits

The basic composition of the program is shown in Figure 

J.1.

The Mainline

The chief functions of the mainline are to call up the 

primary subroutines and set up the input base motion when 

this is uniform. Firstly the SETUP subroutine is called 

to create the mathematical model of the soil structure. 

The program can stop at this stage if requested. The 

data specifying the time histories to be stored and 

the times at which element information is to be stored 

is read in. For each earthquake excitation component 

input as an acceleration time history, the subroutines 

XTRM and TIMDIF are called to print the original peak 

acceleration, scale the record and reduce the time step 

as required. When the excitation components are input 

as acceleration-time pairs the subroutine ACCEL is



File No Content Type Mode DRECL BLOCK RECFM
5 Input Inforrnation DATA Al

B Output Information DATA Al 130 130 F
10 Horizontal EarthquakeRecord DATA Al 80 80 F
11 Vertioal Earthquake Record DATA Al 80 80 F

14 Static Stresses DATA Al 80 80 R

lβ Stored Time Histories DATA A4 80 80 VS
17 Travelling Wave Input DATA A4 130 130 VS
18 Stored Mesh DispUtcements DATA A4 800 800 VS
30 Initial Mesh PDOT A 80 80 F
31 Stored Element Information DATA A4 300 800 VS
32 Stored Response Spectra DATA A4 80 80 VS
34 Data for Dissipation Aanalysis DATA Al 130 I 130 ^~

File definitions for dynamic analysis program

471
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Figure J.1 : Program βomposition
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called to create a record with the desired timestep.

The acceleration time histories are converted to velocity 

time histories and XTRM again called to find the peak 

velocities. The subroutines carrying out the dynamic 

analysis and printing the results are then called.

The Primary Subroutines

There are three primary subroutines:

1. SETUP - creates the mathematical model of the

soil structure

2. NLPSS - carries out the earthquake response

analysis

3. NLPLT - prints and processes the requested

output information.

SETUP

The shear modulus, bulk modulus, shear strength and pore 

pressure generation relationships, and the shape of 

the shear stress-strain curve, are stored for each 

material. The nodal coordinates are stored. The 

initial stresses are input when requested. For each 

element the following procedure is carried out:

a. element nodal points read in

b. the material properties calculated for the given 

initial stress

c. the normalising constants created

d. the shear stress-strain curve stored

e. the element centroid found

f. the strain factors calculated

g. the mass factors calculated

h. the force factors calculated

All the initial element information is then stored 

in file 31. The initial stresses are normalised.

The boundary node numbers and the properties of each 

foundation material are read in. The input motion



474

rotation coefficients are calculated for each boundary 

node.

When requested a plot of the initial element mesh is 

produced.

NLPSS

The position on the base directly below each nodal 

point is found to enable relative displacements to be 

found. The following procedure is followed for each 

time point:

1 - The following procedure is followed for each

element:

a. strain increments are calculated from nodal 

velocities

b. increments in deviatoric strain are calculated

c. PROPS is called to find bulk moduli

d. increment in mean stress is calculated

e. increment in dynamic pore pressure is calculated

f. stress increments found from deviatoric 

strain increments

g. new deviatoric stresses and strains calculated

h. new total stresses and strains calculated

i. octahedral stress and strain calculated

j. check if element saturated

k. if saturated, check for peak in shear stress 

cycle and if half shear stress cycle completed, 

a new value of pore pressure due to shear is 

calculated, PROPS is called to find new G
max

and τ , the yield surface parameters andΠlαX
centres are redefined

l. the proportion of shear strength which has 

been used is calculated

m. a check is made for the occurrence of maximum 

stresses, strains, strength proportions and
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pore pressure and the occurrence of minimum 

effective confining pressure

n. the forces at each node are calculated

o. if correct time, element information stored.

2 - new nodal displacements are calculated and a

check made on minimum and maximum values

3 - if correct time, nodal displacements are stored

4 - requested time histories are stored

5 - new nodal point velocities are calculated

6 - if base motion is uniform, new input base veloci

ties are assigned

7 - if base motion Is non uniform, new input base

velocities are read in from file 17

8 - input velocities are modified according to boun

dary conditions.

When the dynamic analysis is completed the final element 

shear moduli and shear strength and the nodal point 

displacements are stored. A file storing the information 

required for the separate dissipation analysis is 

created. A Iist is printed of the elements in which 

95% of the shear strength has been used or 95% pore 

pressure ratio achieved.

NLPLT

Wlien requested the maximum stresses, strains, pore 

pressures, and shear strength proportions, the minimum 

effective confining stresses and the times at which they 

occur are printed. This information is stored in file 

31. When requested, the maximum, minimum and final 

displacements and the times these occur are printed.

This information is stored in file 18. The

information required for the dissipation analysis is 

printed. When requested the stored time histories are 

printed at a specified time interval. The element
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information which is requested is printed at the times 

which have been previously specified. All the element 

information at these times is stored in file 31. The 

displacements at the chosen times are printed and stored 

in file 18. The acceleration time histories are 

created from the velocity time histories of the nodes 

for which response spectra are requested. The sub

routine VSPEC is called for each of these nodal points.

The Secondary Subroutines

ACCEL

This subroutine creates an acceleration time history 

from a set of time-acceleration pairs.

MHPLOT

This subroutine produces a plot file of the original 

element mesh. The element and node numbers can be 

printed on the mesh when requested. Creating a plot 

of the mesh is a useful means of checking the nodal 

point data.

POREP

The number of cycles to 100% pore pressure ratio at 

the given cyclic shear stress is calculated from the 

relationship specified for the given material. The 

subroutine is then divided into a sand pore pressure 

generation curve option and a silt pore pressure genera

tion curve option. The increment in cycle ratio is 

calculated and added to that corresponding to the present 

value of the steadily increasing pore pressure component. 

A new value of this component is then calculated.

PROPS

This is initially called from SETUP to store the shear 

strength, shear modulus, bulk modulus and pore pressure 

generation relationships for each material in the soil 

structure. When it is called on following occasions 

these relationships are used to calculate the values of
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shear strength, shear modulus and bulk modulus corres

ponding to the mean effective stress and material 

specified.

SOIL

This subroutine contains an option for an experimen

tally determined stress strain curve or a hyperbolic 

one. The yield surface radii and yield surface harden

ing constants for the specified curve and number of 

yield surfaces, are calculated.

STATIC

This subroutine reads in from file 14 the initial 

stresses and pore pressures for each element. These 

are scaled by a specified factor to obtain units 

compatible with the rest of the program. The initial 

octahedral shear stress, mean effective confining 

stress and deviatoric stresses are calculated.

TIMDIF

This integrates between the points of a time history 

to form a new time history with a smaller, specified time 

interval.

VSPEC (from Larkin, 1976)

This calculates the response spectra from an input 

acceleration time history, for up to five different 

values of equivalent viscous damping factor, at specified 

intervals in period. The response spectra produced 

for each damping value are the displacement, velocity 

and acceleration, and the pseudo velocity and accelera

tion. This information is stored in file 32 and 

printed when requested.

XTRM

This sorts through any one dimensional array and prints 

the maximum value occurring in the array and its position 

in the array.
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J.3 Data Input

The data which controls the analysis and sets up the 

element mesh is stored in file 5 in the form of card 

images.

Variable Description Format

Card A Partial or complete analysis

CON = C, for complete dynamic analysis 

/ C, program stops after SETUP

Al

NTI = no. of time points analysis

continued for

15

Card B Example description

ALPHA = title of example 10A8

Card C Basic parameters of example

DELT = At of input acceleration

records F8.0

NK = no. of points in input accele

ration record(s) 14

NPT = no. of nodal points in mesh 14

JLIM = no. of points on soil-structure, 

foundation interface (boundary

points)

13

NBM = no. of foundation (base)

materials

13

IH = 1 horizontal input accelera

tions ,

= 0 no horizontal input

accelerations,

Il

IV = 1 vertical input accelerations,

= 0 no vertical input accelera

tions

Il

ITAPE = 1 travelling wave input Il

accelerations

= 0 uniform base input accelera

tions
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to node 15 are specified byThe nodes in the column from node 11 
two cards

11 7.0 8.0

15 7.0 0.0

The elements in the column from element 11 to element 14 are 
specified by two cards 

(homogeneous structure)

11 11 12 17

14 14 15 20

Element 4 is specified by

4 4 8 7

16 1

19 1

7 1

Figure J. 2 Specification of nodes and 
e Iements
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Variable Description Format

Card D

DELTT = ∆t used in solving routine F8.0

Mesh Data

Card E

FACTOR = scale factor for input mesh E10.0

co-ordinates

Card Group F Nodal point data

NP = nodal point no. 15

Xl(NP) = x co-ordinate (0 at furthest

Ieft point) F20.2

X3(NP) = y co-ordinate (0 at lowest F20.2

point)

This card is repeated for all the nodal points required 

to define the mesh. When the nodes are consecutively 

numbered and evenly spaced (Figure J.2) the inter

mediate nodes are defined within the program.

Inputting Material Properties

Card G

RKW = bulk modulus of water E12.4

Card Group H

Card 1 NM = material number 15

RHOB = bulk density of material F10.0

RHOS = dry density of material F10.0

ITOR = 1 variable shear strength 

= 2 constant shear strength

15

IMOD = 1 variable shear modulus

= 2 constant shear modulus

15

IBMD = 1 variable bulk moduli

= 2 constant bulk modulus

15

ISN = 1 hyperbolic shear stress- 

strain curve

= 2 experimental shear stress- 

strain curve

15
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Variable Description Format

IpθR = 1 silt pore pressure generation 15

curve

= 2 sand pore pressure generation 

curve

Card 2

If ITOR = 1

Al,A,POWM = shear strength parameters 3E15.

⅛ - M∙⅛ ‘ *'⅛'p°"n,

If ITOR = 2

TAU(NM) = constant shear strength (kPa) E15.6

Card 3

If IMOD = 1

B,Bl,B2,POWG = shear modulus parameters 4E15.

Gmax = (B + B1’pd + β2∙pd)(⅛ (POWG)

(MPa)

If IMOD = 2

GM(NM) = constant shear modulus (MPa) E15.6

Card 4

If IBMD = 1

BULKU = κ E15.6

BULKL = λ E15.6

If IBMD = 2

BULK = constant bulk modulus, only E15.6

applicable when no water present

In material

Card 5

If saturated elements in material

Pl,P2,P3,P4 = pore pressure generation 4E15.6

parameters

Log N = Pl-P= + P2.R + P3.σ, 
u α m + P4
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Variable Description Format

If no saturated elements in material 

BLANK CARD

Card 6
POR = porosity of material FlO.5

Card Group H is repeated for each material present in 

the structure and completed with a blank card.

Card 7

BLANK CARD

Card Group I

Card 1

MAX(NM) = no. of yield surfaces in 13

material NM (up to 20)

If ISN(NM) = 1 no further information is

required to specify the yield 

surfaces

Card(s) 2

SIGY(NM,J),J=l,MAX(NM) = normalised shear

stresses at yield surfaces 10F8.0

Card(s) 3

EMI(NMfJ)fJ=I1MAX(NM) = normalised s^ear

strains at yield surfaces 10F8.0

Card group I is repeated for each material in the 

structure.

Card J Static stresses

INI = I if static stresses are to be

input

/ I if no static stresses

Card Group K Element data 

NLL = no. of element

NPl)
NP2) = node numbers in anticlockwise
NP3) direction around element
NP4)

415
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Variable Description Format

NP4 = NP3 in a triangular element

NML = no. of material in element 15

This card is repeated until all the elements in the

mesh are defined. When the nodes are numbered con-

Secutively (Figure J.2) the intermediate elements are 

defined within the program. This card group is ended 

by a blank card.

BLANK CARD

Base Material Information

Card Group L

NPBP(J),J=l,JLIM = nos. of points on bounda- 2014 

ries, starting from smallest 

node number

Card Group M

RHONB = density of basement material Fl0.2

VPNB = compression wave velocity F20.2

VSNB = shear wave velocity F20.2

NBLP = no. of boundary points in that 15

base material

This card is repeated for each base material, starting 

with the base material furthest to the left.

Card N

IPLOT = 1 when a plot of the mesh is 15

required

= 0 when a plot is not required 

NDSPLT = 0 does not plot node numbers 15

/ 0 plots node numbers

NELPLT = 0 does not plot element numbers 15

/ 0 plots element numbers

HWRAT = ratio of structure height to FlO.4

width
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Variable Description Format

Output Required

Card O

LIM = no. of required time histories 15

stored in file 16 (including 

velocity time histories for 

the response spectra, up to 40)

IS = no. of time intervals between 15

stored information points

Card Group P Time history information

NSV = node or element no. 15

IOPS = 1 strain 15

= 2 stress or other element data 

= 3 velocity 

= 4 displacement

when IOPS = 1

NCMP = 1 strain in x direction 15

= 2 shear strain 

= 3 strain in y direction 

= 4 mean strain 

= 5 octahedral strain

when IOPS = 2

NCMP = 1 stress in x direction 15

= 2 shear stress 

= 3 stress in y direction 

= 4 mean stress 

= 5 mean effective stress 

= 6 pore pressure 

= 7 proportion of shear strength 

= 8 octahedral shear stress

when IOPS = 3 or 4

NCMP = 1 x direction 15

= 3 y direction

This card is repeated for each requested time history
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Variable Description Format

Card Q Time storage information

NRT = no.. of times information stored 15

at (up to 10)

Card R

RT(I),I=l,NRT = time information stored at, 10F8.3

in seconds

If ITAPE = 1, Cards S, T and U are not required. 

Input Acceleration Records

Card S

IHORZT = 1 for horizontal acceleration 15

stored in file 10

IVERT = 1 for vertical acceleration 15

stored in file 11

Card T Acceleration scale factors

GH = scale factor for horizontal FlO.4

record

GV = scale factor for vertical F10.4

record

If IHORZT or IVERT = 1

Card U

JOPS = factor to reduce input time 15

interval by

If IHORZT or INVERT / 1

Card Group U

Card 1

NAT = no. of acceleration-time pairs 15

Card(s) 2

(A(K),T(K),K=l,NAT) = acceleration-time pairs 8F10.4

Card U or Card Group U is repeated if two components 

of earthquake excitation are specified
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Selection of Output Information

The element mesh, soil property, initial stress and 

earthquake excitation information is automatically 

recorded in file 6. The results of the dynamic analysis 

are now added to this file as requested. The 

information in file 6 is formatted for use as a printed 

output.

Card V Print maximum values?

PMAXS = P maximum stresses are printed Al

PMAXE = P maximum strains are printed Al

PMAXD - P maximum positive and negative

displacements and final displace

ments are printed

PMAXSP = P maximum pore pressure, minimum Al

confining pressure and maximum 

proportion of shear strength 

are printed

PMAXO = P maximum octahedral strain Al

and stress are printed

TIMO = T the time at which the above Al

values occur is printed,along- 

side them

Card W Print time histories?

PRINT = P, time histories are printed Al

IS = no. of stored information values 13

between each printed value

Card Group X Print information at chosen times?

Card 1

NTYP = no. of pieces of information 13

printed at each time

ITYP(I)1I=IfNTYP = 1 mean stress 913

= 2 stress in x direction 

= 3 stress in z direction

Variable Description Format
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Variable Format

Card 2 

EFF

Response

Card Y 

SPECT

NS

ND

Card Z 

HEAD

Card AA 

EQMUL

Card BB 

NTW

TMIN

= 4 stress in y direction 

= 5 shear stress 

= 6 mean strain 

= 7 strain in x direction 

= 8 strain in y direction 

= 9 shear strain

= E prints pore pressure, mean 

effective stress and proportion 

of shear strength

Spectra Information

Description

= N, no further data is required 

and no response spectra are 

produced

/ N, response spectra are 

requested

= no. of nodal points at which 

response spectra are requested 

(up to 16)

= no. of coefficients of critical 

damping requested at each nodal 

point (up to 5)

= heading for spectra output

= scale factor for input accelera

tion time histories

= no. of twentieths of a decade 

(log scale) at which response 

values are calculated

= minimum period

Al

Al

13

13

72Al

FlO.5

15

F5.3
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TMAX = maximum period F5.3

Card CC
NSP(I)I=I1NS = nos. of the velocity time 1615

histories stored in file 16 

which are required for spectral 

analysis

Card DD

RDAMP(I)fI=IlND = damping values as propor- 5F8.3 

tion of critical damping

Card EE
VPR = P, calculated response spectra printed Al

/ P, calculated response spectra stored
in file 32 only

Input Files

FILE 10 and FILE 11

The acceleration time histories in these files are 

required to be stored in lEl8.12 format.

FILE 17

The horizontal and vertical input velocities are 

required to be stored at each time point and each 

boundary point in unformatted file 17. Each alternate 

record stores the horizontal and vertical boundary 

point velocities as below:

(VTPl(J), J=1, JLlM)

(VTP3(J), J=1, JLlM)

FILE 14

The initial stresses (in kPa) are stored in this file 

as a card image for each element. The required format 

is given below:
Sll, Ξ22, S33, S13, U (format 5E12.6)

where Sll is horizontal stress

S22 is stress acting on element cross section

Variable Description Format
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S33 is vertical stress 

S13 is shear stress 

U is pore pressure

Output Files

FILE 16

The requested time histories are stored across an 

unformatted record in the specified order at each time 

point.

FILE 18

Free formatted records are used to store the nodal

point information In file 18 . Then the x and y

displacement components are :stored in alternate

records as given below:

Record

1 Xl(I), 1=1, l,NPT - x co-ordinates

2 X3(I), 1=1, NPT - y co-ordinates

3 Nl(N), N=l,NLT)
4 N2(N), N=l,NLT) - node number in anti
5 N3(N), N=l,NLT) clockwise direction
6 N4(N), N=l,NLT) around the element

7 DlMAX(I), I=l,NPT - max. + ve x displacements

8 D3MAX(I), I=l,NPT - max. + ve y displacements

9 DlMIN(I), I=l,NPT - max. - ve x displacements

10 D3MIN(I), I=l,NPT - max. - ve y displacements

13 D3FIN(I), I=l,NPT - final x displacements

14 D3FIN(I), I=l,NPT - final y displacements

J Dl(I), I=l,NPT) - x and y displacements at
J + 1 D3(I), I=l,NPT) requested times

FILE 31

Stored unformatted in file 31 is the information 

calculated at the centroid of each element which is 

considered to be of most interest. This information 

can later be used to produce contours of the values of 

a given variable across the cross section of the soil 

structure. The information is stored In the following
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1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

in the form of:

A(M), N=l,NLT

XCEN - x co-ordinates of element centroids 

YCEN - y co-ordinates of element centroids

TAUA - initial shear strength

GO - initial maximum shear modulus

SMO - initial mean stress

SMEO - initial mean effective stress

UO - initial pore pressure

S13 - initial shear stress

Sll - initial horizontal stress

S22 - initial stress acting on cross

section of elements

S33 - initial vertical stress

TOCTI - initial octahedral shear stress

TAUAI - final shear strength

GI - final maximum shear modulus

SMMAX - max. SM

SllMAX - max. Sll

S22MAX - max. S22

S33MAX - max. S33

S13MAX - max. S13

TOCTMAX - max. TOCT

EMMAX - max. mean strain

EllMAX - max. horizontal strain

E33MAX - max. vertical strain

E13MAX - max. shear strain

EOCTMAX - max. octahedral strain

SPl3MAX - max. proportion of shear strength

SMEMIN - min. SME

UMAX - max. U



491

J
J+1
J+2
J+3
J+4
J+5
J+6
J+7
J+8
J+9
J+10
J+11

SM )
Sll )
S22 )
S33 )
S13 )
EM )
Ell ) - information stored at requested 
E33 ) times 
E13 )
U )
SM )
SP13)

FILE 32

The response spectra data is stored unformatted in file 

32 in the order it is calculated. Each record is 

arranged as follows:

APD, W, DR, VR, SVEL, AR, SACC

where APD is the period

W is the angular velocity 

DR is the displacement response 

VR is the velocity response 

SVEL is the pseudo-velocity response 

AR is the acceleration response 

SACC is the pseudo-acceleration response
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K A PROGRAM FOR THE CALCULATION OF STEADY STATE PORE

PRESSURES AND THE REDISTRIBUTION OF EXCESS PORE PRESSURES

IN A TWO DIMENSIONAL SOIL STRUCTURE 

K.1 Introduction

The purpose of this appendix is to provide a potential 

user with enough information to run this program.

The source program is stored in the IBM 4341 computer 

archive under the name of DISSIPA FORTRAN. The 

programming language is Fortran 77 and the program is 

run in double precision. Table K.1 gives the 

required file definitions.

The program is designed to use the same input data 

stored in file 5 for the dynamic analysis program, up 

to the end of the element data. The dynamic analysis 

produces an output file containing the necessary 

effective stress and pore pressure information required 

for the redistribution analysis. This can be read into 

the redistribution analysis program directly. The 

redistribution analysis program produces a file with 

exactly the same format so that the redistribution 

analysis can be continued for any number of further 

periods of time.

K.2 The Program Units

The basic composition of the program is shown in 

Figure K.1.

The Mainline

The chief functions of the mainline are to set up the 

problem for analysis and carry out the analysis.

Firstly the option of either steady state or 

redistribution analysis is specified. The SETUP2 

subroutine is called to create the mathematical 

model of the soil structure. Either the option 

of the calculation of steady state pore pressures or the 

redistribution of excess pore pressures for a given 

number of specified time intervals is then carried out.



File No Content Type Mode LRECL BLOCK RECFM

5 Input Information DATA A1
3 Output Information DATA Al 130 130 F

31 Stored Element Information DAXA A4 800 800 VS

35 Input Dissipabion Data DATA Al 130 130 F

37 Output Dissipation Data DAXA Al 130 130 F

File definitions for pore pressure redistribution analysis

493
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Figure K.1 : Program eomposition
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The subroutine GAUSS is called to solve the matrix of 

simultaneous equations which is produced in the 

solution procedure. The steady state option produces 

a Iist of pore pressures. The redistribution option 

stores in file 31 the mean effective stress, pore 

pressure and excess pore pressure in each element at 

each specified number of time steps, to enable contour 

plots to be produced later. Excess pore pressure, 

effective stress, shear stress and shear strength 

information is also stored in file 6, suitable for 

printing, and file 37, suitablp for further analysis.

A Iist of the elements in which shear stress is 

exceeded is stored in file 6.

The Primary Subroutines

There are two primary subroutines:

1. SETUP2 - creates the mathematical model of

the soil structure

2. GAUSS - solves the matrices of simultaneous

equations

SETUP2

This subroutine is the same as SETUP up to the

calculation of the material properties for each element 

except that some sections are not used by the steady 

state option. Following this the permeabilities of 

each material in the x and y directions and the time 

interval for redistribution analysis are read in.

The information specifying the position of each 

element in the mesh is then read in as shown in 

Figures 5.13.2 and 5.13.3. The coefficients of 

either equation 5.13.2 or equation 5.13.8, depending on 

the option, are calculated for each element.

GAUSS

This subroutine is that shown in Carnahan, Luther and 

Wilkes (1969) for the solution of a matrix of
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simultaneous equations by the Gauss-Seidel method.

The Secondary Subroutine

The only secondary subroutine required for this program 

is PROPS, this is described in Appendix J.2.

K.3 Data Input

The data which controls the analysis and sets up the 

element mesh is stored in file 5 in the form of card 

images.

Variable Description Format

Option Card

IOPT = 1, steady state analysis Il

= 2, redistribution analysis

Cards A through to Card Group K

These cards are specified in Appendix J.3

Card Group L

PERX = permeability in x direction E15.6

PERY = permeability in y direction E15.6

This card is repeated for each material in the structure

El5.6

IlO

IlO

IlO

IlO

IlO

I )
MA )
NB )
NC )
ND )

This card

If Option = 2

Card M

DELT = ∆t for redistribution analysis

Card Group N

This element information is speci

fied as shown in Figures 5.13.2 and 

5.13.3 (see note below)

is repeated for each element in the mesh.

As the program assigns any node number Iess than or 

equal to zero, as zero, these cards can be set up for 

steady state analysis (option 1) and need not be 

altered for a redistribution analysis (option 2).
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Variable 

Card O 

ITMAX

EPS

If Option

Card P 

NK

KC

Description Format

= max. no. of iterations in Gauss- IlO 

Seidel routine

= convergence Ilmit in Gauss- Fl0.0

Seidel routine

= 2

= no. of time points 15

= no. of time intervals between 15

storage of information

Output Files

FILE 31

Stored unformatted in file 31 is the information cal

culated at the centroid of each element to enable 

contours of the values of a given variable across 

the cross section of the soil structure to be 

plotted. The information is stored in the following 

order in the form of:

A(N), N=1, NLT

Record

1

2

XCEN

YCEN

x co-ordinates of element 

y co-ordinates of element

centroids

centroids

If Option = 1

3 U

4 TH

- static pore pressure

- total head

If Option - 2

3 UO - initial pore pressure

4 UT - initial excess pore pressure

5 SME - initial mean effective stress

J
J+1
J+2

U ) 
UT ) 
SME)

- information stored at 
requested times
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