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Abstract

In this thesis we study a two-dimensional noninvertible map that has been introduced
by Bamón, Kiwi, and Rivera-Letelier [arXiv 0508045, 2006] to prove the existence of
wild chaos in a five-dimensional Lorenz-like vector field. Wild chaos is a type of chaotic
dynamics that can arise in a continuous-time dynamical system of dimension at least four.
We are interested in the possible sequence of bifurcations that generate this type of chaos
in dynamical systems.
The map acts on the plane by opening up the critical point to a disk and wrapping
the plane twice around it; points inside the disk have no preimage. The bounding critical
circle and its images, together with the critical point and its preimages, form the so-called
critical set. This set interacts with the stable and unstable sets of a saddle fixed point
and other saddle invariant sets. Advanced numerical techniques enable us to study how
these invariant sets change as the parameters are varied towards the wild chaotic regime.
We find four types of bifurcations: the stable and unstable sets interact with each other
in homoclinic tangencies (which also occur in invertible maps), and they interact with the
critical set in three types of tangency bifurcations specific to this type of noninvertible
map; all tangency bifurcations cause changes to the topology of these global invariant
sets. Overall, a consistent sequence of all four bifurcations emerges, which we present as a
first attempt towards explaining the geometric nature of wild chaos. Using two-parameter
bifurcation diagrams, we show that essentially the same sequences of bifurcations occur
along different paths towards the wild chaotic regime, and we use this information to
obtain an indication of the size of the parameter region where wild chaos is conjectured
to exists.
In a different parameter regime, the map acts as a perturbation of the complex
quadratic family and admits (a generalised notion of) the so-called Julia set as an additional invariant set. When parameters are varied, this set interacts with the other
invariant sets, leading to the (dis)appearance of saddle points and chaotic attractors and
to dramatic changes in the topology of the Julia set. We reveal a self-similar bifurcation
structure near the period-doubling route to chaos in the complex quadratic family.
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1
Introduction

Vector fields and diffeomorphisms with chaotic attractors arise in numerous fields of applications, including neuroscience [34], chemical reactions [35] and laser systems [61]. Global
invariant sets divide the phase space into areas with different dynamical behaviour and,
thereby, organise the sensitivity to initial conditions that characterises the chaotic dynamics in these systems. These sets are typically stable and unstable manifolds, which
are formed by all points that converge to a saddle equilibrium or saddle periodic orbit
under forward or backward time.
In general, a vector field can be locally reduced to a diffeomorphism by means of
Poincaré return maps. Under certain conditions this diffeomorphism can be further reduced to a lower-dimensional noninvertible map that exhibits the same basic dynamical
features as the underlying vector field. Stable and unstable manifolds of the vector field
reduce to different types of global invariant sets of the noninvertible map. Namely, they
correspond to stable and unstable sets of saddle fixed or periodic points, or to the critical
set, which is given by the forward and backward iterates of critical points of the map.
In this thesis, we study an example of a two-dimensional noninvertible map that arises
as the reduction of an n-dimensional vector field for n ≥ 5. It is given by
f : C\{0} → C,
a

z 7→ (1 − λ + λ|z| )



z
|z|

2

(1.1)
+ c,
1
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with c ∈ C and a, λ ∈ R. This map was constructed in [11] as the reduction of an ndimensional vector field for n ≥ 5. For λ, a ∈ (0, 1) sufficiently close to 1 and c = 1,
the authors of [11] showed that this map has a complicated type of chaotic attractor,
called a wild Lorenz-like attractor. This attractor is called Lorenz-like, because it is a
higher-dimensional analogue of the attractor in the famous Lorenz system [60]. We will
discuss the Lorenz system and higher-dimensional Lorenz-like systems in more detail in
Sections 1.1.1 and 1.1.2. The term wild refers to the existence of a hyperbolic set that
has tangencies between its stable and unstable manifolds in a robust fashion, that is,
there is a C 1 -open sets of maps, at which this hyperbolic set has such a tangency. We
will discuss the notion of wild chaos in more detail in Section 1.1.3. Wild chaos can only
exist in vector fields of dimension at least four, diffeomorphisms of dimension at least
three, and noninvertible maps of dimension at least two. The map (1.1) is one of the rare
examples of a system that is proven to exhibit wild chaos and that is given by an explicit
formula. However, the regime of existence constructed in the proof in [11] is a very small
neighbourhood of the point (a, λ) = (1, 1) for fixed c = 1, even though wild chaos is
expected to extend to a larger parameter regime. On the other hand, near (a, λ) = (0, 0)
the map is nonchaotic.
The dynamics of the map (1.1) on the plane is organised by several invariant sets,
namely, by the forward and backward critical sets and by the stable and unstable sets
of saddle fixed or periodic points. The forward and backward critical sets are given by
the forward iterates of the critical circle and the backward iterates of the critical point,
respectively. The critical point is the origin, at which (1.1) is not defined. The critical
circle is the circle around c with radius 1 − λ; points inside or on the boundary of the
disk bounded by this circle by have no preimage under (1.1), whereas points outside
this disk have two preimages. The stable and unstable sets of a saddle fixed or periodic
point are the generalisations of stable and unstable manifolds for noninvertible maps, that
is, they are formed by points that go to a saddle point under forward iteration or that
have a sequence of preimages converging to this point, respectively. We will discuss the
geometry of the forward critical, backward critical, stable and unstable sets in more detail
in Sections 1.1.4 and 1.1.5.
In Chapter 2 of this thesis we will study interactions between these four invariant sets
in the transition to wild chaos for the map (1.1). In particular, we start far away from
the point (a, λ, c) = (1, 1, 0) and vary the parameters towards (1, 1, 0). On the way, we
encounter four tangency bifurcations between these sets, namely, the homoclinic, forward
critical, backward critical and forward-backward critical tangencies, which are the main
ingredients in the transition to wild chaos in this map. Continuing these bifurcations in
two parameters, we find that they appear in distinct sequences on different paths into the

2

wild chaotic regime.
In Chapter 3 we consider a different parameter regime, namely, the regime (a, λ) =
(2, 1) and c ∈ C. At (a, λ) = (2, 1) the map (1.1) reduces to the well-known complex
quadratic family f : C → C, z 7→ z 2 + c; see, for example, [15, 26, 67]. The dynamics
of (1.1) at (a, λ) = (2, 1) is very different to the dynamics in the wild chaotic regime:
the map is analytic and, therefore, there are no saddle fixed or periodic points and no
stable and unstable sets. Furthermore, there is an additional invariant set, called Julia
set, that organises the dynamics on the plane. In order to understand the dynamics of
the map (1.1) in the vicinity of the complex quadratic family, we keep a = 2 fixed in (1.1)
and study the interactions of the invariant sets as the parameter λ ∈ [0, 1] is decreased
from λ = 1. In this transition, we encounter mechanisms that lead to the appearance of
saddle fixed and periodic points and their stable and unstable sets. Subsequently we find
the same four bifurcations that we encountered on the way to wild chaos. In addition,
we find that the Julia set is preserved, in a certain sense, even when the map is no longer
complex analytic. We encounter interactions of the stable, unstable and critical sets with
this generalised notion of the Julia set, which cause drastic changes to the topology of the
Julia set.
Two-dimensional noninvertible maps have been studied for some time now; see, for
example, the textbooks [2, 45, 70]. Famous examples include the coupled logistic map
and polynomial maps. The classical examples of maps with two preimages fold the plane
along a curve J0 and map it onto one side of the image curve J1 of J0 in a 2-to-1 fashion.
Often, J0 is defined as the set of points at which the Jacobian of the map is singular. The
curves J0 and J1 are called critical curves or lignes critiques in the literature [68, 76].
In the case of fold maps, bifurcations of the critical curves with the boundaries of basins
of attractions have been investigated, for example, in [5, 25, 52, 59, 69]. The approach
taken in [33, 48, 57] reveals that the myriad of transformations of basin boundaries for
fold maps are different global manifestations of local tangencies of a stable or unstable
set with the critical curves. The bifurcations we find for the map (1.1) share some overall
mechanisms with the results presented in [33, 48, 57], such as changes in the connectivity
of the stable set and loop forming of the unstable set. However, the map (1.1) maps the
plane onto itself in a 2-to-1 fashion that is different from that of fold maps. It doubles the
angles in a way that is indeed reminiscent of the complex quadratic family. Due to the
different nature of the double-cover of the plane and the organisation of the stable set, the
bifurcations we find for the map (1.1) are new and specific to this class of noninvertible
maps.
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1 Introduction

1.1

Background and notation

In this section we discuss the Lorenz system, its higher-dimensional analogues and the
notion of wild chaos. We discuss the basic properties of the map (1.1), the role of its
stable and unstable sets and two fundamental domains in the dynamics on the complex
plane.

1.1.1

The Lorenz system

The Lorenz system [60] is one of the first and best known examples of a chaotic threedimensional vector field. It was introduced in 1963 by meteorologist Edward Lorenz as
a simplified model of convection dynamics in the earth’s atmosphere. At the classical
parameter values, its chaotic attractor—the Lorenz attractor —has the shape of the wings
of a butterfly. The dynamics on this attractor has been studied in great detail; see, for
example, [3, 4, 44, 88, 89]. More recently, the focus has shifted to what this means for
the global behaviour on the entire phase space [30, 31].
The approach taken for studying the Lorenz system at the classical parameter values is
of a geometric nature. We discuss it briefly, because a similar approach is used to derive
the map (1.1). The Lorenz system has three equilibria: the origin, which is a saddle,
and two secondary equilibria, which are saddle-foci. The origin and its one-dimensional
unstable manifold are part of the Lorenz attractor. The two-dimensional stable manifold
of the origin is not part of the attractor but fills the phase space densely. This manifold
organises the sensitivity to initial conditions that characterises the chaotic dynamics in
the Lorenz system. In the later half of the 1970’s, Guckenheimer and Williams [42, 44]
and Afrajmovich, Bykov and Shilnikov [3, 4] introduced the concept of the geometric
Lorenz attractor as a geometric model of the Lorenz attractor; see also [22, 86]. The
geometric Lorenz attractor is formulated in an abstract way such that it displays all the
features of the Lorenz attractor that were known at the time. The dynamics on the
geometric Lorenz attractor can be reduced to a one-dimensional noninvertible map—the
Lorenz map—as follows. Consider a two-dimensional Poincaré section through the two
secondary equilibria and perpendicular to the z-axis. The Poincaré return map is defined
as a two-dimensional local diffeomorphism on the open subset of this section on which
the flow points in the direction of negative z. One can identify a strong stable foliation
on the Poincaré section (that is, an invariant foliation that is uniformly contracted by the
Poincaré return map). The quotient map, defined on the quotient space of the Poincaré
section induced by this foliation, is the one-dimensional noninvertible Lorenz map. Note
that the intersection curves of the two-dimensional stable manifold of the origin and the
Poincaré section form a dense subset of the leaves of the strong stable foliation. They
4
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consist of points that eventually do not come back to the Poincaré section under the flow
of the system. One of these leaves consists of points that do not return to the Poincaré
section at all. Therefore, the two-dimensional Poincaré map is not defined on this leaf
and the one-dimensional Lorenz map has a corresponding point of discontinuity, called the
critical point. This point represents the boundary of the domain of the Lorenz map and
splits the domain into left and right subdomains, which correspond to orbits following the
left or the right wing of the Lorenz attractor, respectively. By construction, interactions
with the critical point in the one-dimensional Lorenz map correspond to interactions with
the stable manifold of the origin and, therefore, to homoclinic or heteroclinic bifurcations
in the three-dimensional Lorenz system.
In 1999, Tucker [89] proved that the Lorenz system satisfies the conditions of the geometric Lorenz attractor and, therefore, is chaotic. Already in 1976, Hénon [46] constructed
a chaotic planar diffeomorphism as a phenomenological model of the two-dimensional
Poincaré return map of the Lorenz system, which is now referred to as the Hénon map.
The Lorenz system and the Hénon map are classical examples for the types of chaos
that arise in three-dimensional vector fields and two-dimensional diffeomorphisms, respectively; see, for example, the textbooks [43] and [78]. The chaos is characterised by
homoclinic tangles, which are transverse intersections of the stable and unstable manifolds
of saddle periodic points of the Poincaré return map of the Lorenz system or the Hénon
map, respectively [87]. The homoclinic tangle for the Hénon map is induced by a first
homoclinic tangency between the stable and unstable manifolds of a saddle fixed point.
For the Poincaré return map of the Lorenz system, on the other hand, it is induced by
the first appearance of a pair of homoclinic loops in the vector field formed by the unstable manifold of the origin, an equilibrium that does not lie in the associated Poincaré
section. The Lorenz attractor is a robust singular attractor, which means that it contains an equilibrium as well as regular orbits of the vector field and that every sufficiently
C 1 -close vector field has such an attractor nearby. Every robust singular attractor of a
three-dimensional vector field is a geometric Lorenz attractor [71].

1.1.2

Higher-dimensional Lorenz-like systems

In applications, one generally expects more than three variables to play a role and, therefore, higher-dimensional vector fields or diffeomorphisms arise. In higher-dimensional dynamical systems, one can encounter chaotic behaviour created by the same mechanisms
as in the Lorenz system and the Hénon map, but possibly also more complicated types of
chaos [19, 91, 92, 94]. Therefore, a natural question to ask is whether one can find robust
singular attractors with richer dynamical behaviour in higher-dimensional vector fields.
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In this thesis, we study a robust singular attractor of an n-dimensional vector field,
with n ≥ 5, that was constructed by Bamón, Kiwi and Rivera-Letelier in [11]; a similar
construction of such an attractor in an n-dimensional vector field, with n ≥ 4, was already
presented by Turaev and Shilnikov in [91, 92]. These attractors are called Lorenz-like,
because they are “geometric Lorenz-attractors” in higher dimensions. Analogous to the
construction discussed in Section 1.1.1, the authors of [11] reduce the n-dimensional vector
field to the dynamics of an (n−1)-dimensional invertible Poincaré return map to a suitable
section. This section has an (n − 3)-dimensional strong stable foliation and the resulting
quotient map is the two-dimensional noninvertible map (1.1) for c = 1. This map has a
critical point that corresponds to the stable manifold of an equilibrium of the vector field,
much as the critical point of the Lorenz map corresponds to the stable manifold of the
origin in the Lorenz system. As a consequence, interactions with the critical point of the
two-dimensional map (1.1) correspond to homoclinic or heteroclinic bifurcations in the
n-dimensional vector field. We discuss the Lorenz-like construction of the vector field, the
reduction to the two-dimensional map and the correspondences between bifurcations of
the map and the vector field in more detail in Section 2.4.

1.1.3

Wild chaos

Even though the construction of the Lorenz-like attractor in at least five dimensions in [11]
is similar to the construction of the geometric Lorenz attractor in three dimensions, it
exhibits a much more complicated type of chaotic dynamics, called wild chaos. In order
to discuss what this means, let us first introduce some notation. From now on, we will
confine ourselves to the case of diffeomorphisms, because, in general, vector fields can be
reduced (locally) to diffeomorphisms by means of Poincaré return maps and, conversely,
any diffeomorphism can be suspended as the time-1 map of a vector field.
A hyperbolic set of a diffeomorphism is a set that admits a continuous decomposition
of its tangent bundle under the diffeomorphism into stable and unstable subspaces and,
thereby, admits stable and unstable manifolds. Trivial examples of hyperbolic sets are
saddle fixed points and saddle periodic points. A homoclinic tangency of a hyperbolic set
is a nontransversal intersection of the stable and unstable manifolds of this hyperbolic set.
A nonwandering point is a point such that each of its neighbourhoods contains a point
that comes back to this neighbourhood after a finite number of iterations of the diffeomorphism. Examples are fixed points, periodic points, homoclinic points and limit points.
A diffeomorphism is uniformly hyperbolic if the set of nonwandering points is hyperbolic
and the set of periodic points is dense in it. The occurrence of a homoclinic tangency implies that a diffeomorphism is not uniformly hyperbolic or simply nonhyperbolic: a point
of homoclinic tangency is nonwandering, but at this point the tangent bundle of the set
6
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of nonwandering points cannot be decomposed into stable and unstable subspaces.
The theory of uniformly hyperbolic diffeomorphisms [50, 79, 85] and the theory of nonhyperbolic diffeomorphisms on the boundary of uniform hyperbolicity [12, 23, 73] are well
developed. We are interested in the question of whether nonhyperbolic diffeomorphisms
can also appear in a robust fashion far away from uniformly hyperbolic ones. A diffeomorphism is C r -robust nonhyperbolic for some r ≥ 1 if it has a C r -neighbourhood of
nonhyperbolic diffeomorphisms. One way to study C r -robust nonhyperbolicity is to look
for C r -robust homoclinic tangencies. A homoclinic tangency of a nontrivial hyperbolic
set is C r -robust for some r ≥ 1, if the diffeomorphism has a C r -neighbourhood consisting
of diffeomorphisms with homoclinic tangencies. A hyperbolic set is called C r -wild if it
has C r -robust homoclinic tangencies [75]. For r = 1 we simply speak of robust homoclinic tangencies, robust nonhyperbolicity, and wild hyperbolic sets, and we refer to the
existence of a wild hyperbolic set as wild chaos. Note that in [75] the term “wild” is used
for diffeomorphisms that are C r -wild for r ≥ 2 by our definition. The attractor for the
system presented in [11] contains a wild hyperbolic set, while the attractor constructed
in [91, 92] contains a C 4 -wild hyperbolic set.
In [74], Newhouse constructed two-dimensional diffeomorphisms with C 2 -wild hyperbolic sets, and he later proved that such C 2 -wild hyperbolic sets exist near every twodimensional diffeomorphism with a generic homoclinic tangency [75], but his arguments
cannot be extended to the C 1 -topology [93]. In fact, in [72] it is argued that (C 1 -)robust
homoclinic tangencies and, therefore, wild chaos can exist in a diffeomorphism only if its
dimension is at least three.
Another way to show robust nonhyperbolicity of a diffeomorphism is via the concept
of heterodimensional cycles [18]. A heterodimensional cycle is a cycle that is formed
by the intersections of the stable and unstable manifolds of two hyperbolic sets with
different unstable dimensions; this phenomenon is also known as a heteroclinic cycle with
unstable dimension variability [53]. The easiest example is a cycle that connects two saddle
points with unstable dimensions one and two in a three-dimensional diffeomorphism;
see the example studied in [6]. Reference [95] gives one of the first known examples
of a four-dimensional vector field model (of intracellular calcium dynamics) that admits
a heterodimensional cycle. The authors also provide a numerical method for finding
heterodimensional cycles between two saddle periodic orbits in four-dimensional vector
fields and for continuing them in system parameters. By definition, heterodimensional
cycles can exist in a diffeomorphism only if its dimension is at least three, so again, it
appears that robust nonhyperbolicity is a higher-dimensional phenomenon.
Many aspects of robust nonhyperbolic systems are still unknown. For example, one
expects robust homoclinic tangencies to play a role in the generation of heterodimensional
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cycles, but the nature of their interrelation is still an active area of research [17, 38, 83, 84].
One of the difficulties is that, thus far, there are not many concrete examples. A threedimensional diffeomorphism with wild chaos is constructed in [8, 9]; see also [37, 39] for
a three-dimensional Hénon-like diffeomorphism with a wild hyperbolic set contained in a
Lorenz-like attractor.
Although two-dimensional diffeomorphisms are free of robust nonhyperbolicity, twodimensional noninvertible maps can be robustly nonhyperbolic. For noninvertible maps,
uniform hyperbolicity, (robust) homoclinic tangencies and heterodimensional cycles can
be defined in the same way as for diffeomorphisms, with the difference that their stable and
unstable sets, in general, are not immersed manifolds. An example of a two-dimensional
noninvertible map with unstable dimension variability is studied in [53] and the map (1.1)
constructed in [11], and studied in this thesis, is a two-dimensional noninvertible map with
wild chaos.

1.1.4

Basic properties of the map

The map (1.1) has two symmetries: it is symmetric under rotation by π for all c ∈ C
and symmetric under complex conjugation for all c ∈ R, that is, f (z) = f (−z) and
f (z) = f (z) for all z ∈ C\{0}. Its domain is the punctured complex plane C\{0} and we
call the set
J0 := {0}
the critical point of the map. For λ ∈ (0, 1) the map (1.1) acts on C\{0} by opening up
J0 to a circle of radius 1 − λ, wrapping the plane twice around it and translating it by c.
In particular, C\{0} is mapped outside the disk D1−λ (c) in a 2-to-1 fashion, where Dr (z)
denotes the closed disk with radius r > 0 centred at z ∈ C. The boundary of the range
of the map (1.1) is given by the circle
J1 := ∂D1−λ (c),
which we call the critical circle. It forms the boundary between areas with different
numbers of preimages: points inside J1 have no preimage and points outside J1 have two
preimages.
Figure 1.1.1 shows the action of the map (1.1) for the parameter values a = 0.8,
λ = 0.8 and c = 1 in three steps. Panel (a) shows the punctured disk D2 (0)\J0 with a
yellow-to-red colour gradient. The critical point J0 = {0} is denoted by a green dot and
the unit circle is highlighted in black. In the first step, the map (1.1) transforms |z| to
1 − λ + λ|z|a , so D2 (0)\J0 is opened up to the annulus {z : 1 − λ < |z| ≤ 1 − λ + λ2a },
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Figure 1.1.1: The action of the map (1.1) on the punctured disk D2 (0)\J0 (yellow-red), the unit
circle (black circle) and the critical point J0 (green dot) for the parameter values a = 0.8, λ = 0.8
and c = 1. Panel (a) shows the punctured disk D2 (0)\J0 ; panel (b) illustrates the transformation
via |z| 7→ 1 − λ + λ|z|a to the annulus {z : 1 − λ < |z| ≤ 1 − λ + λ2a }. Then the angles are doubled
via z/|z| 7→ (z/|z|)2 , as illustrated in (Re(z), Im(z), Arg(z))-space in panel (c), and finally the now
double-covered annulus is translated by c to the set {z + c : 1 − λ < |z| ≤ 1 − λ + λ2a } as shown
in panel (d).

as shown in Figure 1.1.1(b). In the second step, the angle doubling z/|z| 7→ (z/|z|)2
wraps this annulus twice around itself, as illustrated in (Re(z), Im(z), Arg(z))-space in
Figure 1.1.1(c). Finally, in the third step, this double-covered annulus is translated by c
as shown Figure 1.1.1(d) in the z-plane. Hence, the image of D2 (0)\J0 under the map (1.1)
is the set {z + c : 1 − λ < |z| ≤ 1 − λ + λ2a } and its inner boundary (the green circle in
panel (d)) is the critical circle J1 .
Points in C\D1−λ (c) have two preimages under the map (1.1), which are symmetric
images under rotation by π. We call the branch of preimages in the upper half plane and
the positive real line the first preimage, denoted f0−1 , and the branch in the lower half
plane and the negative real line the second preimage, denoted f1−1 . For a > 0, λ ∈ (0, 1],
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c ∈ C and each point z ∈ C\D1−λ (c), they are given by
f0−1 (z)

=+

f1−1 (z) = −





|z − c| − 1 + λ
λ
|z − c| − 1 + λ
λ

1/a r

1/a r

z−c
and
|z − c|
z−c
.
|z − c|

(1.1)

Where it is defined, the kth preimage f −k (z) of z consists of up to 2k points; each of these
points is given as a sequence of preimages
fs−k
(z) := fs−1
◦ · · · ◦ fs−1
(z),
1
k ···s1
k
where (sl )1≤l≤k ∈ {0, 1}k .
Although the map (1.1) is not defined at the critical point J0 , we could think of the
critical circle J1 as the multivalued image of J0 by looking at the limit
n

o 
lim f (re ) | ϕ ∈ [0, 2π) = (1 − λ)ei2ϕ + c | ϕ ∈ [0, 2π) = J1 .
iϕ

r→0

In particular, angles at J0 correspond to points on J1 : for each ϕ ∈ [0, π) the “image” of
the angles ϕ and ϕ + π at J0 is the point (1 − λ)ei2ϕ + c on J1 .
As in the Lorenz map, the critical point J0 of the map (1.1) corresponds to the
last intersection of the stable manifold of an equilibrium of the vector field with the
Poincaré section before it does not return under the flow. Analogously, the critical circle
J1 corresponds to the last intersection of the unstable manifold of this equilibrium with
the Poincaré section before it does not return under the backward flow.
The backward iterates of J0 and the forward iterates of J1 correspond to all intersections of these stable and unstable manifolds with the Poincaré section and they play a
special role in the organisation of the dynamics of (1.1) on the punctured complex plane.
The preimages J−k := f −k (J0 ), k ≥ 0, of J0 under the two inverses of the map consist of
up to 2k isolated points and we will refer to their union as the backward critical set
J − :=

[

k≥0

J−k .

(1.2)

The images Jk := f k−1 (J1 ), k ≥ 1, of J1 are closed curves, and in the nonchaotic parameter regime they are topological circles. We will refer to the Jk simply as circles throughout,
and they form the forward critical set
J + :=
10

[

k≥1

Jk .

(1.3)

1.1 Background and notation
We will also refer to the union of the forward and backward critical sets as the critical set
J := J + ∪ J − .
For |c| > 1 − λ and a, λ ∈ (0, 1), the map (1.1) maps the disk DR (0) inside itself,
where R := 2|c|/(1 − λ). Since J1 ⊂ DR (0), the entire forward critical set J + is bounded
inside DR (0). Furthermore, the circles in J + are elongated closed curves that contain
segments with very high curvature. On the other hand, the backward critical set J − is
unbounded.
Figure 1.1.2(a) illustrates the critical set J for the parameter values a = 0.8, λ = 0.8
1
0
,
, J−1
and c = 1.3. Here, we plot the circles J1 , . . . , J17 ⊂ J + and the points J0 , J−1
00
01
10
11
000
111
0000
1111
−
J−2 , J−2 , J−2 , J−2 , J−3 , J−3 , J−4 , J−4 ∈ J . For k = 1, 2, 3, 4, these points in
J−k are labelled according to the corresponding sequence of preimages of J0 , written as
sk ···s1
:= fs−k
(J0 ) with (sl )1≤l≤k ∈ {0, 1}k . The critical point J0 and its first and second
J−k
k ···s1
1
0
lie on the imaginary axis. All four points in the set J−2 are shown,
and J−1
preimages J−1
00
10
0
where the points J−2 and J−2
are the first and second preimages of J−1
and the points
1
11
01
. Of the higher-order preimages,
are the first and second preimages of J−1
and J−2
J−2
00
0000
000
and the next two second
only the next two first preimages J−3 and J−4 of the point J−2
111
1111
11
preimages J−3
and J−4
of the point J−2
are shown. At these parameter values, all other
−
points in J lie outside the region shown in Figure 1.1.2.
For λ > 1 and λ < 0, the dynamics of (1.1) are more complicated. As for λ ∈ (0, 1),
the critical circle J1 has radius |1 − λ| around c and every point outside D|1−λ| (c) has
two preimages. However, the origin has infinitely many preimages, namely, the points on
the circle with radius r := ((λ − 1)/λ)1/a around 0, and every other point inside the disk
D|1−λ| (c) has four preimages, namely, two points inside and two points outside the disk
Dr (0). Therefore, for λ > 1 and λ < 0, the map (1.1) becomes a 4-to-1 or even an ∞-to-1
map; the analysis of this parameter regime lies beyond the scope of this thesis.

1.1.5

The stable and unstable sets

In the parameter regime a, λ ∈ (0, 1) and c ∈ C, the map (1.1) has three fixed points
denoted p, q + and q − . The point p is a saddle and the points q ± are attractors in the upper
and lower half plane, respectively. The points q ± become repellors in Neimarck–Sacker
bifurcations when the parameters are moved towards the chaotic regime. If c is real, the
map is symmetric under complex conjugation, p lies on the positive real axis and q ± are
complex conjugate.
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Figure 1.1.2: Organisation of the phase plane in the nonchaotic parameter regime for a = 0.8,
λ = 0.8 and c = 1.3. Panel (a) shows the forward critical set J + (green curves) and the backward
critical set J − (green dots); panel (b) shows the critical set J = J + ∪ J − , the saddle fixed point
p (black cross), the repelling fixed points q + and q − (red squares), and the stable set W s (p) (blue
curves); panel (c) shows J , the fixed points p, q ± and the unstable set W u (p) (red curve); panel (d)
shows the fixed points p, q ± and the sets J , W s (p), and W u (p) together.

In addition to the critical set and the fixed points, the overall dynamics of the
map (1.1) is organised by the stable and unstable sets of p: for a given neighbourhood V
s
of p, the local stable manifold Wloc
(p) is defined as
s
Wloc
(p) := {z ∈ C : f k (z) ∈ V for all k ≥ 0}.

The local stable manifold is tangent to the stable eigenspace at p. The stable set W s (p)
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s
is defined as all preimages of the local stable manifold Wloc
(p) [78]; that is,

W s (p) :=

[

s
f −k (Wloc
(p)).

(1.4)

k≥0

In the study of diffeomorphisms, the stable set is an immersed manifold. However, the
noninvertible map (1.1) has multiple preimages and the stable set W s (p) consists of infinitely many branches; therefore, W s (p) is not an immersed manifold [70]. There is a
unique branch of W s (p) that contains the (hyperbolic) saddle fixed point p, which we call
s
(p) is contained in
the primary manifold W0s (p). Note that the local stable manifold Wloc
s
s
s
W0 (p) and, therefore, W (p) consists of all preimages of W0 (p). Furthermore, W s (p) is
unbounded and an infinite number of its branches go to infinity. If a, λ ∈ (0, 1) are sufficiently close to 1 and Im(c) is sufficiently small, the primary manifold W0s (p) intersects
the critical circle J1 . Then, one side of W0s (p) extends to infinity, while the other extends
to the critical point J0 , which lies in the closure of W0s (p). In fact, the intersection of
W s (p) and J − is empty, but the closure of the stable set is
W s (p) = W s (p) ∪ J − .
More specifically, the points in J − act as branch points of W s (p): at each point in J − at
least four branches of W s (p) connect. If the primary manifold W0s (p) does not intersect
J1 then, instead of to J0 , this side of W0s (p) extends to one of the repellors q + or q − , or
also to infinity. We will discuss this case in more detail in Section 2.3.4.
Figure 1.1.2(b) shows the critical set J (green), the saddle point p, the repellors q ±
and the stable set W s (p) (blue) at the same parameter values as in Figure 1.1.2(a). Since
c = 1.3 ∈ R, the saddle point p is located on the real axis, approximately at 3.85, and
the repellors q ± ≈ 0.85 ± 1.22i are complex conjugate. In addition, the primary manifold
W0s (p) is the positive real axis and W s (p) is symmetric under both complex conjugation
and rotation by π. The primary manifold W0s (p) intersects the critical circle J1 in the
two points 1 − λ + c = (1 − λ)e0 + c and −(1 − λ) + c = (1 − λ)eiπ + c. These points
on J1 correspond to the angles e0 , eiπ , eiπ/2 and e3π/2 at J0 , respectively; hence, the two
preimages of W0s (p) in W s (p) consist of four branches that connect to J0 with slopes e0 ,
eiπ , eiπ/2 and e3π/2 . Correspondingly, each point in J − connects four branches of W s (p).
Similarly to the local stable manifold, for a given neighbourhood V of p, the local
u
unstable manifold Wloc
(p) is defined as the local stable manifold with respect to the local
−1
−1
(p) = p. In other words,
inverse floc of f that satisfies floc
−1 k
u
Wloc
(p) := {z ∈ C : (floc
) (z) ∈ V for all k ≥ 0},
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and it is tangent to the unstable eigenspace at p. The unstable set W u (p) is defined as
u
(p) [78]; that is,
all images of the local unstable set Wloc
W u (p) :=

[

u
f k (Wloc
(p)).

(1.5)

k≥0

For a diffeomorphism, the unstable set is an immersed manifold, but for a noninvertible
u
map, the images of Wloc
(p) form a single continuous curve that may have self-intersections.
Due to the rotational symmetry of the map (1.1), the set W u (p) intersects itself at a point
f (z), with z ∈ C\{0}, if the two preimages z and −z are both contained in W u (p). We
denote the sides of W u (p) that start at p and go towards the upper or lower half planes
by W+u (p) and W−u (p), respectively. Analogously to J + , the set W u (p) stays bounded in
the disk DR (0) if |c| > 1 − λ and a, λ ∈ (0, 1).
Figure 1.1.2(c) shows the critical set J (green), the saddle point p (black cross), the
two repellors q + and q − (red squares) and the unstable set W u (p) (red) of the map (1.1) at
the same parameter values as in Figures 1.1.2(a) and (b). The two sides W+u (p) and W−u (p)
of W u (p) are shown up to arclength 45 each. Since c = 1.3 ∈ R, the pairs W±u (p) and
q ± are symmetric images under complex conjugation, respectively. At these parameter
values, W u (p) is an immersed manifold, because it does not intersect itself.
Figure 1.1.2(d) shows J , W s (p), W u (p) and the fixed points p, q + and q − together.
At this set of parameters, the sets J , W s (p) and W u (p) interact with each other only in
the intersection of W0s (p) and J1 mentioned above. The intersection points of J + and
W0s (p) accumulate on p and the circles in the forward critical set J + accumulate on W u (p)
correspondingly.
For a saddle periodic point pk of period k the stable and unstable sets W s (pk ) and
W u (pk ) are defined as the stable and unstable sets of the saddle fixed point pk of the
map f k , respectively. Then, the stable and unstable sets W s (Pk ) and W u (Pk ) of a saddle
periodic orbit Pk = {p0k , . . . , pk−1
k } of period k are defined as
W s (Pk ) :=

[

0≤l≤k−1

respectively.
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1.1.6

Fundamental domains

In order to study the global behaviour of the map (1.1), figures in Sections 2.1, 2.2 and 2.3
will show a compactification of C to the Poincaré disk via the transformation
T : C ∪ {∞} → D1 (0)
z
.
z 7→
1 + |z|

(1.6)

This transformation maps the origin to itself and infinity onto the unit circle.
This compactification is very convenient for presenting the interactions of the stable,
unstable and critical sets of (1.1). Moreover, it enables us to study how the stable set
W s (p) divides the phase plane into regions with different dynamical behaviour. Let the
parameters a, λ and c be such that the primary manifold W0s (p) extends from J0 to
c s be the closure of the segment between J0 and J1 . Then, we define
infinity and let W
J0 J1
the domain F0 such that q + ∈ F0 and F0 is bounded by W0s (p) and an infinite sequence
c s ; that is
of first preimages of W
J0 J1
∂F0 = W0s (p) ∪

[

k∈N

−k c s
f0...0
(WJ0 J1 ).

Analogously, we define the symmetric domain F1 such that q − ∈ F1 and F1 is bounded
c s ; that is
by W0s (p) and an infinite sequence of second preimages of W
J0 J1
∂F1 = W0s (p) ∪

[

k∈N

−k c s
f1...1
(WJ0 J1 ).

For j ∈ {0, 1}, the domain Fj is forward invariant under (1.1) and backward invariant
under fj−1 , that is, f (Fj ) ⊂ Fj and fj−1 (Fj ) ⊂ Fj .
By construction of the domains F0 and F1 , every point on the plane is either in
= W s (p) ∪ J − or it eventually maps to F0 or F1 . In other words, the preimages
of F0 and F1 form a tiling of the complex plane. On the basis of this property, we define
the following symbolic representation of the action of the map (1.1) on C ∪ {∞}\(W s (p)).
Assign the infinite binary sequences .0 and .1 to the two domains F0 and F1 , respectively.
To each kth preimage fs−k
(F0 ) or fs−k
(F1 ) with (sl )1≤l≤k ∈ {0, 1}k , assign the infinite
k ···s1
k ···s1
binary sequence .s1 · · · sk 0 or .s1 · · · sk 1, respectively. Then the action of the map (1.1) on
the set C ∪ {∞}\(W s (p) ∪ J − ) corresponds to the shift map
W s (p)

σ : {0, 1}N → {0, 1}N
.s1 s2 . . . 7→ .s2 s3 . . . .
on the set of all infinite binary sequences {0, 1}N .
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(a)

(b)
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Figure 1.1.3: The stable set W s (p) (blue), the domain F0 and its preimages (magenta), the
domain F1 and its preimages (cyan) and their symbolic sequence representation on the Poincaré disk
for a = 0.8, λ = 0.8 and c = 1.3 (a) and c = 1.23 (b).

Figure 1.1.3(a) illustrates the tiling of the Poincaré disk by the preimages of F0 and
F1 in the nonchaotic parameter regime at the parameter values a = 0.8, λ = 0.8 and
c = 1.3. The regions are labelled with their symbolic sequence representation up to the
third preimages of F0 and F1 . For all k ≥ 1, the kth preimages of F0 and F1 are given
as the (k − 1)th preimages of F0 and F1 and 2k additional regions, which are coloured
in lighter magenta or cyan than the regions in the (k − 1)th preimages, respectively. In
the nonchaotic parameter regime, F0 and F1 and each of their higher-order preimages
fs−k
(Fj ), (sl )1≤l≤k ⊂ {0, 1}k are simply connected domains. Figure 1.1.3(b) shows the
k ···s1
situation at the parameter values a = 0.8, λ = 0.8 and c = 1.23. For these parameter
values, F0 and F1 are no longer simply-connected. The set W s (p) has connected up with
the origin infinitely many times and accumulates on itself. This creates infinitely many
subdomains of F0 and F1 , which are separated by branches of W s (p) and higher-order
preimages of F0 and F1 . Sufficiently close to the primary manifold W0s (p) there are now
regions belonging to F0 or F1 as well as regions belonging to a higher-order preimage
of F0 or F1 . Note that these figures only show a finite number of branches of W s (p).
The difference between Figures 1.1.3(a) and (b) is an indication of the dramatic change
in W s (p) that is associated with the transition to chaotic dynamics; in particular, as we
will see in Section 2.1.3, there are infinitely many branches of W s (p) accumulating on the
primary manifold W0s (p) from above and below that are not shown in the figures.
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1.2

Outline of the thesis

In this thesis, we study how the bifurcations of the global invariant sets organise the transitions in the dynamics of the two-dimensional noninvertible map (1.1) between different
parameter regimes.
In Chapter 2 we focus on the parameter regime a, λ ∈ (0, 1) and c ∈ C. Here, we
study the bifurcations of the forward critical and backward critical sets J + and J − and
the stable and unstable sets W s (p) and W u (p) that are involved in the transition between
the nonchaotic parameter regime and the regime of existence of the wild Lorenz-like attractor. In particular, we vary the parameters (a, λ, c) towards the point (1, 1, 0). We
find that four types of tangency bifurcations appear consecutively in infinite sequences
that accumulate on each other. We first encounter a homoclinic tangency between W s (p)
and W u (p), which is the first of an infinite sequence of homoclinic tangencies accumulating on each homoclinic tangency. After the first homoclinic tangency, the dynamics
of (1.1) is chaotic, but not yet wild chaotic. The stable set W s (p) interacts with the
curves in the forward critical set J + in forward critical tangencies, which appear in an
infinite sequence accumulating on each homoclinic tangency. When the parameters are
moved further towards the wild chaotic regime, the unstable set W u (p) and the backward
critical set J − interact in a first backward critical tangency, which is followed by an infinite sequence of backward critical tangencies that accumulate on each backward critical
tangency. After the first backward critical tangency, the forward critical set J + and the
backward critical set J − interact in forward-backward critical tangencies, which appear in
an infinite sequence accumulating on each backward critical tangency. By following these
four tangency bifurcations in two parameters, we find the same bifurcation structures
along different paths into the wild chaotic regime for all three parameters a, λ ∈ (0, 1)
and c ∈ C. Therefore, the locus of these bifurcation gives an indication of the size of the
regime where wild chaos is expected to exist. One of the main ingredients in the proof of
existence of wild chaos in [11] is that the map (1.1) is area-expanding in a neighbourhood
of the attractor. We find a curve that bounds a subregion of the parameter plane where
this condition is met and we argue why we expect wild chaos to exist in the entire region
bounded by certain tangency bifurcations. Finally, we interpret our results with respect
to the underlying n-dimensional vector field: we find that the homoclinic, forward critical,
backward critical and forward-backward critical tangencies of the map (1.1) correspond
to homoclinic and heteroclinic bifurcations of the equilibrium and periodic orbits in the
underlying vector field.
In Chapter 3 we consider the parameter regime a = 2, λ ∈ [0, 1] and c ∈ R, where
the map (1.1) reduces to the complex quadratic family z 7→ z 2 + c for λ = 1. We start
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by recalling the definition of the Julia set for the complex quadratic family. The complex
quadratic map is analytic and, hence, free of saddle points and their stable and unstable
sets. Furthermore, it features a fundamental dichotomy between the connectivity of the
Julia set and the fate of the orbit of the image of the critical point: the Julia set is
connected if and only if the orbit of the critical point is bounded, and the Julia set is
a Cantor set if and only if the orbit of the critical point goes to infinity. We study the
transition from the complex quadratic map to a nonanalytic map by decreasing λ ∈ [0, 1]
from λ = 1 for different values of c ∈ R. To this end, we extend the notion of a Julia
set for the map (1.1) with a = 2 and λ < 1. In the transition, we first find bifurcations
that lead to the appearance of saddle periodic points and chaotic attractors. There
are standard bifurcations, such as pitchfork and period-doubling bifurcations, which also
occur in diffeomorphisms. However, we also observe that saddle points are created in
forward-backward critical tangencies, which we have already encountered in Chapter 2
and which are specific to this type of noninvertible map. Once the first saddle points
appear, together with their stable and unstable sets, we find the tangency bifurcations
of the forward critical, backward critical, stable and unstable sets from in Chapter 2.
However, now these bifurcation have a different flavour, because these four invariant sets
are bounded by the Julia set. Furthermore, the sets interact with the Julia set in different
types of additional bifurcations that lead to dramatic changes in the topology of the
Julia set. By following these bifurcations in two parameters, we are able to divide the
parameter space into areas with different dynamics, which are induced by different types
of attractors and Julia sets. This enables us to extend the fundamental dichotomy in the
complex quadratic family to the map (1.1) for λ < 1. More specifically, for λ < 1, the
orbit of the critical point is replaced by the orbits of all points on the critical circle. As
long as all these orbits stay bounded or all of these orbits go to infinity, the topology of
the Julia set of the complex quadratic family persists for λ < 1. However, for λ < 1, it is
also possible that some of these orbits go to infinity whereas others stay bounded. This
intermediate case is divided into three subcases, depending on the position of the critical
circle and the existence of attractors.
Finally, we draw some general conclusions about the overall results in Chapter 4 and
discuss possible future research directions.
The appendix to this thesis explains how we use the algorithm proposed in [55] and
implemented in the DsTool environment [10, 32, 56] to compute the stable and unstable
sets of (1.1). Furthermore, we describe how to modify the boundary value problem for
the continuation of homoclinic tangencies proposed in [13] and how to implement them
in Cl MatContM [29, 36, 40] in order to continue the different tangency bifurcations in
two parameters.
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2
Interacting global invariant sets on the
route to wild chaos

The results in this chapter were published in [47]; see also [77].
In the previous chapter we introduced the forward critical set J + , the backward critical set J − , the stable set W s (p) and the unstable set W u (p) of the map (1.1). In the
transition from the nonchaotic parameter regime to the regime of existence of the wild
Lorenz-like attractor, they interact in four different bifurcations:
1. the homoclinic tangency, where the stable set W s (p) and the unstable set W u (p)
become tangent (see Section 2.1.1);
2. the forward critical tangency, where the stable set W s (p) becomes tangent to the
circles in the forward critical set J + (see Section 2.1.2);
3. the backward critical tangency, where a sequence of points in the backward critical
set J − lies on the unstable set W u (p) (see Section 2.2.1);
4. the forward-backward critical tangency, where a sequence of points in the backward
critical set J − lies on the circles in the forward critical set J + (see Section 2.2.2).
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Homoclinic tangencies are also encountered in diffeomorphisms, but the other three tangency bifurcations are new and specific to this type of noninvertible map. Additionally,
the two sides of the unstable set W u (p) can become tangent in an unstable tangency; see
Section 2.1.1. Unlike the other four bifurcations, the unstable tangency occurs only due to
the projection from the (n − 1)-dimensional Poincaré return map to the two-dimensional
map (1.1) and does not correspond to a bifurcation of the underlying vector field. Thus, it
does not contribute to the generation of wild chaos. However, the first unstable tangency
is used in [11] to define a region bounded by segments of the unstable set.
This chapter is organised as follows. In Section 2.1 we explain the local behaviour
and the global consequences of the three initial tangency bifurcations that appear when
the parameter c is decreased along the real line with a = 0.8 and λ = 0.8 fixed; these
are the homoclinic, forward critical and unstable tangencies. In Section 2.2 we introduce
the two subsequent tangency bifurcations that occur when c is decreased further; these
are the backward and forward-backward critical tangencies. In Section 2.3 we present
bifurcation diagrams in two parameters to show that one encounters the same sequences
of bifurcations when the other parameters a and λ are varied or when c has a small complex
part. In Section 2.4 we explain the Lorenz-like construction of the n-dimensional vector
field and its reduction to the map (1.1). here, we also present the implications of the
tangency bifurcations of (1.1) for this vector field. We end this chapter with conclusions
in Section 2.5.

2.1

Initial tangency bifurcations

In the transition from nonchaotic to wild chaotic dynamics in the map (1.1), the forward critical set J + , the backward critical set J − , the stable set W s (p) and the unstable
set W u (p) interact with each other in four types of local tangency bifurcations. Since
J + accumulates on W u (p) and, after the first homoclinic tangency, W u (p) and W s (p)
accumulate on themselves, we will encounter infinite sequences of all types of tangency
bifurcations. Globally, these sequences of bifurcations lead to the appearance of homoclinic orbits, reconnections of the stable set W s (p), self-intersections of the unstable set
W u (p) and, as a consequence, to a reorganisation of the phase space; see Sections 2.1.3
and 2.2.3.
In this section we explain the local behaviour and the global consequences of the
first two types of tangency bifurcations, which appear when the parameters a = 0.8 and
λ = 0.8 are fixed and c is decreased along the real line from c = 1.3. For c = 1.3 the
map (1.1) is not chaotic, the stable set W s (p) and the unstable set W u (p) do not intersect
and W u (p) does not intersect itself; see Figure 1.1.2.
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2.1.1

The homoclinic tangency

At a homoclinic tangency the unstable set W u (p) is tangent to the stable set W s (p).
An intersection point of W s (p) and W u (p) is called a homoclinic point. It belongs to
a homoclinic orbit, which converges to the saddle point p under forward and backward
time. Since the map (1.1) has two preimage branches, this means that a homoclinic point
has a sequence of preimages converging to p. However, the homoclinic tangency does not
involve the critical set J , so that it is essentially the same as for diffeomorphisms; see [43]
and [78].
Figure 2.1.1 shows the local unfolding of the first homoclinic tangency of a segment
c u of the unstable set W u (p). Panel (a) shows
W of the stable set W s (p) and a segment W
c s and W
c u before the homoclinic tangency where they do not intersect. Panel (b) shows
W
c s and W
c u are tangent at the homoclinic point
the moment of the bifurcation when W
indicated by a black dot. This homoclinic point belongs to a nongeneric homoclinic orbit.
At c = 1.26 after the bifurcation the homoclinic point has split up into two homoclinic
c s and W
c u in panel (c), which
points marked by the two black intersection points of W
belong to two generic homoclinic orbits.
cs

(a)

(b)
cu
W

(c)
cu
W

cs
W

cu
W
cs
W

cs
W

c s of the stable set W s (p) (blue curve), a segment W
cu
Figure 2.1.1: Local pictures of a segment W
u
of the unstable set W (p) (red curve) and their intersection points (black dots) for a = 0.8 and
λ = 0.8, at c = 1.27 before the first homoclinic tangency (a), at c = 1.266 approximately at the
tangency (b), and at c = 1.26 after the tangency (c).

All images of a homoclinic tangency and the sequence of its preimages that stays on
W u (p) are homoclinic tangencies as well. Therefore, at a homoclinic tangency, one single
homoclinic orbit is born and splits into two homoclinic orbits after the bifurcation.
Since the two sides W+u (p) and W−u (p) of W u (p) are separated by the primary manifold
W0s (p) of W s (p), the unstable set W u (p) does not intersect itself before the first homoclinic
tangency. This means that each point of W u (p) has one unique sequence of preimages
converging to the saddle point p. After or at the first homoclinic tangency W+u (p) and
W−u (p) start interacting with each other in an unstable tangency. This type of tangency
gives rise to points on W u (p) that have two distinct sequences of preimages converging to
p that lie on the two sides of W u (p). This phenomenon can occur only in noninvertible
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maps, since the unstable sets in diffeomorphisms are immersed manifolds and, therefore,
are free of self-intersections.
Figure 2.1.2 shows the local unfolding of the first unstable tangency of two segments
u
c
c u ⊂ W u (p) for the same parameter values as the unfolding of the
W1 ⊂ W+u (p) and W
2
−
c2u at c = 1.27,
c1u and W
first homoclinic tangency shown in Figure 2.1.1. Panel (a) shows W
c2u do not intersect.
c1u and W
before the first unstable tangency. Before the bifurcation, W
c u and W
c u are tangent at the
Panel (b) shows the moment of the bifurcation when W
1
2
point indicated by a black dot. After the bifurcation this point has split up into two
intersection points shown as black dots in panel (c). Each of these points now has one
sequence of preimages converging to p on W+u (p) and one sequence of preimages converging
to p on W−u (p). For a global picture of the dynamics on the plane before and after the
first unstable tangency, see Figure 2.1.4 in Section 2.1.3.
(a)

cu
W
1

cu
(b) W
1

cu
(c) W
1

cu
W
2

cu
W
2

cu
W
2

c u and W
c u of the unstable set W u (p) (red curve)
Figure 2.1.2: Local pictures of two segments W
1
2
and their intersection points (black dots) for a = 0.8, λ = 0.8, at c = 1.27 before the first unstable
tangency (a), at c = 1.266 approximately at the tangency (b) and at c = 1.26 after the tangency (c).

All images, but only a finite sequence of preimages of an unstable tangency are unstable tangencies as well; the preimages of an unstable tangency are only unstable tangencies
as long as the sequences of preimages coincide. This finite sequence of preimages ends
in the point of self-intersection of W u (p) that has its two preimages on the two sides of
W u (p). Therefore, at an unstable tangency, two orbits are born that converge to p under
backward iteration, and coincide from some point under forward iteration. After the bifurcation, these orbits split into four orbits that converge to p under backward iteration
and each two corresponding orbits coincide from some point under forward iteration.
For real c, the two sides W+u (p) and W−u (p) are complex conjugate. Therefore, at
each homoclinic tangency of W+u (p) and W0s (p) we also have a tangency of W−u (p) and
W0s (p); compare with Figures 2.1.1 and 2.1.2. For c ∈ R, the first homoclinic and the
first unstable tangency take place at the same time. For c ∈ C\R, however, homoclinic
tangencies and unstable tangencies generally occur at different parameter values and, in
particular, the first unstable tangency occurs after the first homoclinic tangency, because
W0s (p) separates the two sides W±u (p).
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As already mentioned, the unstable tangency does not correspond to any bifurcation
in the underlying n-dimensional vector field, but occurs only due to the reduction to the
two-dimensional map (1.1). Therefore, we do not see it as a crucial ingredient in the
transition to wild chaos and focus our analysis on the other four tangency bifurcations.

2.1.2

The forward critical tangency

We now consider the forward critical tangency, where a branch of the stable set W s (p) is
tangent to a circle in the forward critical set J + ; as a consequence, certain higher-order
preimage branches each split into two disconnected segments at points in the backward
critical set J − .
Figure 2.1.3 shows how the forward critical tangency unfolds with images before, at
and after a forward critical tangency. The panels in the top row of Figure 2.1.3 show a
c s ⊂ W s (p) near J1 ; the bottom row shows its preimages f0−1 (W
c s ) (dark
local segment W
c s ) (light blue) near J0 . Figure 2.1.3(a) shows the situation before the
blue) and f1−1 (W
c s does not intersect J1 and its two preimages f0−1 (W
cs )
forward critical tangency; here, W
c s ) are not connected to J0 . At the moment of bifurcation, W
c s is tangent to
and f1−1 (W
c s ) and f1−1 (W
c s ) connect up with J0 ; more
J1 , shown in panel (b1). Therefore, f0−1 (W
c s intersects J1 in exactly one point, namely, at (1 − λ)eiϕ + c
precisely, the segment W
c s ) and f1−1 (W
c s ) consist of two segments
for some ϕ ∈ [0, π); as a consequence, f0−1 (W
each that form cusps at J0 at the angles ϕ/2 and ϕ/2 + π, respectively; see panel (b2).
c s intersects J1 in two points, shown as black dots
At c = 1.22 after the bifurcation, W
c s between these points does not have a preimage.
in Figure 2.1.3(c1). The segment of W
c s ) and the two segments of f1−1 (W
c s ) open up their
Hence the two segments of f0−1 (W
angles at J0 according to the location of the two intersection points on J1 ; see panel (c2).

All images of a forward critical tangency between W s (p) and a circle in J + are forward
critical tangencies, but only a certain finite sequence of preimages form forward critical
tangencies. As a consequence of the tangency between W s (p) and J1 , preimages of the
corresponding segment of W s (p) split up into two segments not only at J0 , but at all
points in the backward critical set J − . In this way, a forward critical tangency gives rise
to a reconnection of the stable set W s (p) at all points in the backward critical set J − .

2.1.3

Global consequences of the initial tangency bifurcations

Recall that, for a and λ sufficiently close to 1 and Im(c) sufficiently small, the primary
manifold W0s (p) intersects the critical circle J1 , and the forward critical set J + accumulates on the unstable set W u (p) accordingly. In addition, after the first homoclinic
tangency, W u (p) accumulates on itself: the points on the homoclinic orbits accumulate
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cs)
f1−1 (W

Figure 2.1.3: Local pictures of the stable set W s (p) (blue curve) with the critical circle J1 (green
circle) in the first row and the corresponding preimages with the critical point J0 (green dot) in the
second row before, approximately at and after a forward critical tangency. The parameter values are
a = 0.8, λ = 0.8 and c = 1.25 in column (a), c ≈ 1.234 in column (b), and c = 1.22 in column
c s ⊂ W s (p) near J1 and the bottom row shows its preimages
(c). The top row shows a segment W
−1 c s
−1 c s
f0 (W ) (blue) and f1 (W ) (light blue) in W s (p) near J0 .

on the saddle fixed point p and the segments of W u (p) between these points accumulate
on W u (p), accordingly. For the same reason, the stable set W s (p) accumulates on itself
after the first homoclinic tangency.
These complicated accumulations of J + on W u (p), of W u (p) on itself, and of W s (p)
on itself lead to complicated accumulating sequences of bifurcations: immediately after
the first homoclinic tangency, an infinite sequence of homoclinic tangencies accumulates
on each homoclinic tangency, an infinite sequence of unstable tangencies accumulates on
each unstable tangency and an infinite sequence of forward critical tangencies accumulates
on each homoclinic tangency. Globally these infinitely many bifurcations reorganise the
dynamics of the map (1.1) on the entire complex plane. We illustrate this for a series of
decreasing values of c.
Figure 2.1.4 shows the three fixed points p, q + and q − ; the stable set W s (p); the
unstable set W u (p) and the critical set J on the Poincaré disk for a = 0.8 and λ = 0.8
and c = 1.3, 1.27, 1.26 and 1.23 in panels (a)–(d), respectively. We show W s (p) up to the
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(a)

(b)

(c)

(d)

Figure 2.1.4: The stable set W s (p) (blue curves), unstable set W u (p) (red curve) and critical set
J (green) on the Poincaré disk for a = 0.8, λ = 0.8, at c = 1.3 (a), at c = 1.27 (b), at c = 1.26
(c) and at c = 1.23 (d); compare with Figure 1.1.3.

13th preimage of the primary manifold W0s (p). Panel (a) shows the situation at the same
parameter values as in Figures 1.1.2 and 1.1.3(a); this is well before the first homoclinic
tangency. Here, W s (p) and W u (p) do not intersect, the only intersection points of W s (p)
with J + are the two intersection points of each Jk ⊂ J + with W0s (p), and four branches of
W s (p) connect up accordingly with J−k ∈ J − . Panel (b) shows the situation at c = 1.27,
immediately before the first homoclinic tangency. We note that W u (p) lies closer to
W s (p). Panel (c) shows the situation at c = 1.26 shortly after the first homoclinic and
first unstable tangencies. In between the first homoclinic tangency at c ≈ 1.266 and
c = 1.26 an infinite sequence of homoclinic tangencies, an infinite sequence of unstable
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tangencies and an infinite sequence of forward critical tangencies occur leading to all
branches in W s (p) connecting up with each point in J − in the way shown in Figure 2.1.3.
Panel (d) shows the situation at the same parameter values as in Figure 1.1.3(b), well after
the first homoclinic tangency. Between c = 1.26 and c = 1.23, infinitely many additional
homoclinic, unstable and forward critical tangencies occur, where each of the latter leads
to two additional intersection points of W s (p) with each curve in J + and four additional
branches of W s (p) connecting up at each point in J − .

2.2

Subsequent tangency bifurcations

In this section we introduce two types of subsequent bifurcations that occur when c is
decreased further along the real line. The first is the backward critical tangency, which is
caused by the interaction of the unstable set W u (p) with the backward critical set J − .
The other is the forward-backward critical tangency, which is generated by the interaction
of the forward critical set J + with the backward critical set J − .

2.2.1

The backward critical tangency

At a backward critical tangency a segment of the unstable set W u (p) moves over a point
in the backward critical set J − . After the bifurcation, there are two distinct points on
this segment that map to the same point under an iterate of (1.1). As a consequence,
iterates of this segment have self-intersections and form loops around the circles in the
forward critical set J + .
Figure 2.2.1 shows how the backward critical tangency unfolds with images before, at
and after a backward critical tangency. The panels in the top row of Figure 2.2.1 show the
c u ⊂ W u (p) and its rotationally symmetric partner −W
cu ,
critical point J0 , a segment W
which is defined by
c u := {z : −z ∈ W
c u }.
−W
c u is not contained in W u (p). The bottom row shows the critical circle J1
Note that −W
c u ) = f (−W
c u ) ⊂ W u (p). We associate a direction with W
c u , indicated
and the image f (W
c u ). The first column shows the position
by the arrows, which imposes a direction for f (W
c u and −W
c u before the bifurcation. In Figure 2.2.1(a1), W
c u and −W
c u do not
of J0 , J1 , W
c u ) does not intersect itself. Notice that f (W
c u ) goes around
intersect, so in panel (a2), f (W
J1 clockwise, as indicated by the arrows. The second column shows the bifurcation at the
c u and is the only
moment of tangency for c ≈ 1.143. The critical point J0 now lies on W
c u and −W
c u ; see panel (b1). As a consequence, the image
point in the intersection of W
c u \J0 ) consists of two branches that form a cusp at J1 . If eiϕ is the tangent vector of
f (W
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Figure 2.2.1: Local pictures of the unstable set W u (p) (red curve), its negative −W u (p) (grey curve)
and the critical point J0 (green dot) in the first row and W u (p) and the critical circle J1 (green circle)
in the second row before, approximately at and after the backward critical tangency. The parameter
values are a = 0.8, λ = 0.8 and c = 1.144 in column (a), c = 1.143 in column (b) and c = 1.142
c u ⊂ W u (p) near J0 , its negative −W
c u and their
in column (c). The top row shows a segment W
u
c ) = f (−W
c u ) ⊂ W u (p)
intersection points (black dots); the bottom row shows their image f (W
near J1 and the image of the intersection points (black dot).

c u at J0 for some ϕ ∈ [0, π), then the cusp of f (W
c u ) at J1 is at the point ei2ϕ + c. The
W
c u \J0 ) is the same as before the bifurcation. The third column shows the
direction on f (W
c u and −W
c u at c = 1.142, after the bifurcation. The segments W
cu
position of J0 , J1 , W
c u now intersect in two points (black dots) in panel (c1). These two points map to
and −W
the same point (denoted by the black dot) under the map (1.1) in panel (c2). The image
c u ) now intersects itself at this point and forms a loop around J1 . The directions of
f (W
c u ) below the point of self-intersection are locally the same as before the bifurcation,
f (W
c u ) now goes around J1 anti-clockwise, as indicated by the arrows.
but f (W
If a point in the backward critical set J − lies on W u (p) in a backward critical tangency,
its images up to J0 lie on W u (p) as well and it has a unique infinite sequence of preimages
in J − ∩ W u (p). As a consequence, W u (p) forms cusps at all the circles in the forward
critical set J + and, after the bifurcation, W u (p) forms loops around all circles in J + .

Before the first backward critical tangency, the only self-intersections of W+u (p) and
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W−u (p) are due to unstable tangencies. Immediately afterwards, at least one of them
exhibits loops around all the curves in J + . The self-intersections of W u (p) generated
in a backward critical tangency are of a different nature than the ones generated in an
unstable tangency: in an unstable tangency, two intersections of W+u (p) and W−u (p) are
born, which each corresponds to two sequences of preimages converging to p on W+u (p) and
W−u (p), respectively. In a backward critical tangency, one self-intersection of either W+u (p)
or W−u (p) is born, each of which corresponds to two sequences of preimages converging to
p on the same side W+u (p) or W−u (p). Furthermore, as we will discuss in Section 2.4.3, the
backward critical tangency corresponds to a heteroclinic bifurcation in the underlying ndimensional vector field, whereas the unstable tangency occurs merely due to the reduction
to the two-dimensional map (1.1).

2.2.2

The forward-backward critical tangency

At a forward-backward critical tangency a circle in J + passes over a point in J − , which
results in the images of this circle forming loops around all circles in J + . The forwardbackward critical tangency is similar to the backward critical tangency, except that J −
interacts with J + instead of W u (p).
Figure 2.2.2 shows the unfolding of a forward-backward critical tangency with images
before, at and after the bifurcation. The panels in the top row of Figure 2.2.2 show the
critical point J0 , segments of the circle J12 in J + and its rotationally symmetric partner
−J12 , which is defined by
−J12 := {z : −z ∈ J12 }.
Note that, similar to the backward critical tangency, −J12 is not contained in J + . The
bottom row shows the critical circle J1 and segments of the image J13 = f (J12 ) = f (−J12 ).
The green direction markers indicate which sides correspond to the region bounded by the
circles J12 or J13 . The first column shows the situation at c = 1.143 before the bifurcation.
In panel (a1) we see that J12 and −J12 do not intersect and J0 lies outside J12 . Thus,
in panel (a2), there is no self-intersection of J13 and J1 lies outside J13 , as indicated by
the direction markers. Panels (b1) and (b2) show the corresponding curves and J0 at the
bifurcation at c ≈ 1.13953. The critical point J0 now lies in the intersection of J12 and
−J12 , as shown in panel (b1). Hence, the image J13 = f (J12 \J0 ) = f (−J12 \J0 ) forms a
cusp on J1 . If eiϕ is the tangent vector of J12 at J0 for some ϕ ∈ [0, π), then the cusp
of J13 at J1 is at the point ei2ϕ + c. Column (c) shows the positions of the curves with
respect to J0 and J1 at c = 1.137, after the bifurcation. The circles J12 and −J12 intersect
in two points, shown as black dots in panel (c1), both of which map to the point of selfintersection of J13 , denoted by a black dot in panel (c2). The image J13 is no longer a
topological circle, because the point of self-intersection leads to an additional closed loop
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Figure 2.2.2: Local pictures of the forward critical set J + (green curves), its negative −J + (grey
curves) and the critical point J0 (green dot) in the first row and J + and the critical circle J1 (green
circle) in the second row before, approximately at and after the forward-backward critical tangency.
The parameter values are a = 0.8, λ = 0.8 and c = 1.143 in column (a), c = 1.13953 in column
(b) and c = 1.137 in column (c). The top row shows a segment of the circle J12 ⊂ J + near J0 , a
segment of its negative −J12 and their intersection points (black dots); the bottom row shows their
image segment on the circle J13 ⊂ J + near J1 and the image of the intersection points (black dot).

around the critical circle J1 . Note that J0 now lies inside the circle J12 and J1 lies inside
the additional loop of J13 .
The forward-backward critical tangency illustrated in Figure 2.2.2 also has consequences for the 12th preimages J−12 and J−11 of J0 and J1 , respectively. The illustration
in Figure 2.2.3 before, at and after the forward-backward critical tangency shows that
certain points in J−11 move inside J1 . The panels in the bottom row show the point
0···0
0···0
10···0
J−11
∈ J−11 near J1 , whereas the top row shows its two preimages J−12
, J−12
∈ J−12
1···1
01···1
s
together with J−12 , J−12 ∈ J−12 near J0 . We also plot W (p), because all points in J−11
and J−12 are branch points of W s (p). Figure 2.2.3(a) shows the situation at c = 1.1396,
0···0
before the bifurcation. The point J−11
lies outside the area bounded by J1 and its preimages are at a certain distance from J0 . At the moment of bifurcation, at c ≈ 1.13953,
0···0
the point J−11
lies on J1 and its preimages have disappeared into J0 ; see column (b).
0···0
At c = 1.1395, after the bifurcation, J−11
lies inside J1 . Hence, all possible sequences of
0···0
0···0
preimages of J0 that pass through J−11
end in J−11
and are finite orbits in forward time.
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Figure 2.2.3: Local pictures of the stable set W s (p) (blue), the backward critical set J − (green
dots) and the critical circle J1 (green circle) before, approximately at and after the forward-backward
critical tangency. The parameter values are a = 0.8, λ = 0.8 and c = 1.1396 in column (a),
0···0 ,
c = 1.13953 in column (b) and c = 1.1395 in column (c). The top row shows four points J−12
10···0
1···1
01···1
−
0···0
−
J−12 , J−12 , J−12 ∈ J near J0 ; the bottom row shows the point J−11 ∈ J near J1 .

At the same time, the branches of W s (p) that connected the points in the sequences of
0···0
preimages of J−11
have disappeared.
Since the circles in J + are elongated closed curves with very sharp corners, we expect
forward-backward critical tangencies to occur in pairs. For example, when J0 enters J12 as
above, we expect J0 to exit J12 on the other side for a nearby parameter value. When J0
0···0
exits J12 on the other side, J−11
exits J1 on the other side and the sequences of preimages
0···0
going through J−11
become infinite again in forward time.
Figure 2.2.4 shows J1 and J13 before, in between and after a pair of forward-backward
critical tangencies when J0 enters and then leaves the circle J12 . The interior of J13 is
shaded green. Panel (a) shows the situation at c = 1.14 before both tangencies, when
J13 does not intersect itself and J1 lies outside J13 . At c = 1.11393, between the two
bifurcations, J0 is inside J12 , there is one point of self-intersection of J13 and J1 lies inside
the additional loop of J13 ; see panel (b). Panel (c) shows the situation at c = 1.138, after
the two bifurcations. The critical circle J1 lies outside J13 again and J13 now has four
points of self-intersection.
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(a)

(b)

(c)

J1

J1

J1

J13

J13

J13

Figure 2.2.4: Local pictures of the circle J13 (dark green curve) and the critical circle J1 (green
circle) for a = 0.8, λ = 0.8, at c = 1.14 before a pair of forward-backward critical tangencies (a), at
c = 1.1393 in between the tangencies (b) and at c = 1.138 after both tangencies (c).

There is a first backward critical tangency but no first forward-backward critical
tangency. However, for Im(c) sufficiently small, there is a “last” forward-backward critical
tangency, when the critical point J0 enters the critical circle J1 at |c| = 1 − λ. Figure 2.2.5
shows the stable set W s (p) (blue), the repelling fixed points q ± , the backward critical set
J − (green dots) and the critical circle J1 (green circle) before, at and after the last forwardbackward critical tangency. Before the bifurcation, J0 lies outside the disk bounded by
J1 and J − contains infinitely many points, which are the branch points of W s (p); see
panel (a). At the bifurcation, J0 ∈ J1 , see panel (b). Therefore, J0 has no preimages, J −
consists only of the point J0 and W s (p) is formed by infinitely many branches extending
from J0 to infinity that are only connected at J0 . At the same time, the fixed points q ±
have disappeared into J0 . After this bifurcation, J0 lies inside the disk bounded by J1
and the circles in J + are nested, that is, Jk lies inside Jk+1 for all k ≥ 1 (not shown).

0

0

(a)

0

(b)

(c)

Figure 2.2.5: Local pictures of the stable set W s (p) (blue), the repelling fixed points q ± , the
backward critical set J − (green dots) and the critical circle J1 (green circle) before, at and after the
last forward-backward critical tangency. The parameter values are a = 0.8, λ = 0.8 and c = 0.202
in column (a), c = 0.2 in column (b) and c = 0.199 in column (c).
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2.2.3

Global consequences of the subsequent tangency bifurcations

Similar to the sequence of initial bifurcations, the sequence of subsequent tangency bifurcations has a complicated accumulating structure. Due to the accumulations of J +
on W u (p), of W u (p) on itself, and of W s (p) on itself, immediately after the first backward critical tangency, an infinite sequence of backward critical tangencies accumulates
on each backward critical tangency and an infinite sequence of forward-backward critical
tangencies accumulates on each backward critical tangency.
Globally, the backward and forward-backward critical tangencies change the asymptotic behaviour of sequences of points in J − . Since the points in J − act as branch points
of the stable set W s (p), the dynamics on the entire plane changes. In addition, the backward critical tangencies change the “direction” of the dynamics on the unstable set W u (p)
near J + in the way indicated by the direction markers in Figure 2.2.1. We now illustrate
the consequences for the global dynamics of the map (1.1).
Let us first discuss the consequences of backward and forward-backward critical tangencies for the critical set J and the unstable set W u (p). Figure 2.2.6 shows the transitions
of these sets for a = 0.8 and λ = 0.8 and four different values of c, namely, c = 1.16,
c = 1.144, c = 1.142 and c = 1.13 in panels (a)–(d), respectively. Panel (a) shows J and
W u (p) for c = 1.16, well before the first backward critical tangency. In this parameter
0···0
regime, the critical point J0 , the sequence of its first preimages {J−k
}k≥0 and the se1···1
quence of its second preimages {J−k }k≥0 lie outside the region bounded by W u (p). The
two sides W+u (p) and W−u (p) intersect themselves and each other due to unstable tangencies. Panel (b) shows the situation at c = 1.144, just before the first backward critical
0···0
1···1
tangency. The two sequences {J−k
}k≥0 and {J−k
}k≥0 have come closer to W u (p); for
0···0
1···1
example the eleventh first preimage J−11
and the eleventh second preimage J−11
of J0
have emerged on the right-hand side of panel (b). The situation at c = 1.142, just after
the first backward critical tangency, is shown in panel (c). Between the first backward
critical tangency at c ≈ 1.143 and c = 1.142 an infinite sequence of backward critical
tangencies and an infinite sequence of forward-backward critical tangencies occur. As a
0···0
1···1
consequence, {J−k
}k≥0 , {J−k
}k≥0 and infinitely many other sequences of preimages of
J0 have moved inside the area bounded by W u (p) and have passed through the interior of
infinitely many circles in J + ; compare with Figures 2.2.1(c1) and 2.2.2(c1). For example,
0···0
1···1
the eleventh preimages J−11
and J−11
of J0 are now located between the circles J2 and J3 ;
this means that they each have had a pair of forward-backward critical tangencies with
each circle in the forward critical set J + . At the same time, W u (p) and the circles in
J + have formed infinitely many loops around the circles in J + ; see, for example, just
above and below the critical circle J1 and compare with Figures 2.2.1(c2) and 2.2.2(c2).
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Figure 2.2.6: The critical set J (green) and the unstable set W u (p) (red curve) for a = 0.8, λ = 0.8,
with c = 1.16 (a), c = 1.144 (b), c = 1.142 (c) and c = 1.13 (d); compare with Figure 2.2.7.

As a consequence, there exist infinitely many self-intersections of J + , W+u (p) and W−u (p).
In each of the backward critical tangencies, the direction of the dynamics on W u (p) near
the curves in J + has changed (compare with Figure 2.2.1). Panel (d) shows the sets at
c = 1.13, well after the first backward critical tangency. Infinitely many more backward
and forward-backward critical tangencies have occurred. The critical point J0 has moved
well inside the region bounded by W u (p) and thus the loops of W u (p) created in the first
backward critical tangency are now well separated from the circles in J + , around which
0···0
1···1
they revolve. Also, the eleventh preimages J−11
and J−11
of J0 are now located close to
0
1
J−1
and J−1
, respectively.
Figure 2.2.7 shows the fixed points p, q + and q − and the sets J , W s (p) and W u (p) on
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(a)

(b)

(c)

(d)

Figure 2.2.7: The stable set W s (p) (blue curves), unstable set W u (p) (red curve) and critical set
J (green) on the Poincaré disk for a = 0.8, λ = 0.8, at c = 1.16 (a), at c = 1.144 (b), at c = 1.142
(c) and at c = 1.13 (d); compare with Figures 2.1.4 and 2.2.6.

the Poincaré disk for the same parameter values as those in Figure 2.2.6; compare with
Figure 2.1.4. In panel (a), well before the first backward critical tangency, all sequences
0···0
of points in J − go to infinity. As an example, the sequence of first preimages {J−k
}k≥0
of J0 go to infinity. Due to earlier forward critical tangencies, eventually the points in
this sequence are connected to J0 by branches of the stable set W s (p). Therefore, these
branches of W s (p) go to infinity as well. Immediately before the first backward critical
tangency, in panel (b), W u (p) and the points in J − , which are the branch points of W s (p),
have come closer together. Figure 2.2.7(c) shows the sets at c = 1.142, immediately after
the first backward critical tangency. There has been an infinite sequence of backward and
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Figure 2.2.8: The fixed point p (black cross), its stable set W s (p) (blue curves), its unstable set
W u (p) (red curve) and the critical set J (green) on the Poincaré disk for a = 0.8, λ = 0.8 and
c = 0.8; compare with Figures 2.1.4 and 2.2.7.

forward-backward critical tangencies leading to infinitely many sequences of points in J −
entering the region bounded by W u (p) and becoming finite and infinite again in forward
time while moving through the circles in J + . At the same time the other sequences
of points in J − do not converge to infinity any longer but stay in the compact regions
that are the corresponding preimages of the region bounded by W u (p). Panel (d) shows
the situation at c = 1.13 well after the first backward critical tangency; there have been
infinitely many more backward and forward-backward critical tangencies.
Figure 2.2.8 shows the fixed point p and the sets J , W s (p) and W u (p) for a = 0.8,
λ = 0.8 and c = 0.8 to illustrate the geometry of wild chaos for c ∈ R. As we will discuss
in Section 2.3, our numerical calculations suggest that these parameter values lie in the
wild chaotic parameter regime, that is, where all four types of tangency bifurcations
have occurred infinitely many times. For Figure 2.2.8, we computed W s (p) using more
preimages of W0s (p) and W u (p) up to a longer arclength than in Figures 2.1.4 and 2.2.7,
to emphasise the complicated and self-accumulating nature of W s (p) and W u (p) in the
wild chaotic regime for c ∈ R.
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2.3

Bifurcation diagrams

We found that the sequence of transitions described in Sections 2.1 and 2.2 appears to be
typical for the map (1.1). For example, we encounter the same bifurcations, in the same
order if we increase a = λ towards (a, λ) = (1, 1) and c = 1 fixed [77]. We investigate this
in more detail by discussing the organisation of two-parameter bifurcation diagrams that
we obtain by following the four tangency bifurcations in two parameters.

2.3.1

The symmetric case of c ∈ R

Recall that for c ∈ R, the map (1.1) is symmetric under complex conjugation: the saddle
fixed point p is real, its primary manifold W0s (p) is the positive real line and the fixed
points q ± and the sets W s (p), W u (p) and J are symmetric under complex conjugation.
Therefore, all bifurcations of their parts above W0s (p) occur at the same parameter values
as the bifurcations of their parts below W0s (p).
Figure 2.3.1 shows the bifurcation diagram of the map (1.1) in the (a, λ)-plane for
c = 1, which is the parameter region considered in [11]. Panel (a) shows only the local
bifurcations (black) of the fixed points. The curve NS is the curve of Neimarck–Sacker
bifurcations of q + and q − ; these points are attractors for parameter values (a, λ) to the
left of NS and repellors to the right. At a = 1, another repelling fixed point appears at
infinity on the positive real line, which exists only for a > 1. Since one can think of this
bifurcation as a branch point at infinity, we denote it by BP. This repellor disappears with
the saddle point p in a saddle-node bifurcation on the limit point curve L. The curves L
and BP both end in the bifurcation point LBP at (a, λ) = (1, 1), at which p disappears
with the repellor at infinity.
Figure 2.3.1(b) shows a global view of the (a, λ)-plane of the local bifurcations from
panel (a) together with the global bifurcations of the sets W s (p), W u (p) and J . The
magenta curve H0 is the first homoclinic tangency of W s (p) and W u (p). To the right of
H0 lie the dark magenta and purple curves H1 and H2 , as labelled in the enlargements in
panels (c) and (d); they are curves of homoclinic tangencies that belong to the sequence
of homoclinic tangencies accumulating on H0 (see Section 2.1.1). The red curve labelled
B0 is the first backward critical tangency of W u (p) and J − . The two orange curves
B1 and B2 to its right are backward critical tangencies that belong to the sequence of
backward critical tangencies accumulating on B0 (see Section 2.2.1). The five blue curves
Fk , k ∈ {8, 10, 12, 14, 16}, are forward critical tangencies of the circles Jk with the part
of W0s (p) between J0 and J1 . They belong to the sequence of forward critical tangencies
accumulating on H0 (see Section 2.1.2). The curve FB10 denotes a forward-backward
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Figure 2.3.1: The bifurcation diagram in the (a, λ)-plane for c = 1. Panel (a) shows the local
bifurcations of the fixed points in black; these are the Neimarck–Sacker bifurcation NS of q ± , the
bifurcation BP in which a repelling fixed point appears at infinity on the positive real line, the
saddle-node bifurcation L of this repellor with p and the bifurcation point LBP at (a, λ) = (1, 1), at
which p disappears with this repellor at infinity. Panel (b) shows, in addition, the global bifurcations
of W s (p), W u (p) and J . These are the first homoclinic tangency H0 (magenta), two further
homoclinic tangencies H1 and H2 (dark magenta and purple), five forward critical tangencies Fk
(blue), k ∈ {8, 10, 12, 14, 16}, the first backward critical tangency B0 (red), two further backward
critical tangencies B1 and B2 (orange) and the forward-backward critical tangency FB10 . Panels (c)
and (d) show enlargements of the bifurcation diagram in panel (b) inside the black boxes (a, λ) ∈
[0.567, 0.9] × [0.8, 1] and (a, λ) ∈ [0.6482, 0.6538] × [0.8533, 0.8567], respectively.

critical tangency of J10 with J1 . It belongs to the sequence of forward-backward critical
tangencies accumulating on B0 (see Section 2.2.2). This curve FB10 is a topological
circle that corresponds to a pair of forward-backward critical tangencies as was shown
in Figure 2.2.4. The curves H0 , H1 , H2 , B0 , B1 , B2 and Fk , k ∈ {8, 10, 12, 14, 16}, when
followed in the direction of decreasing λ, all end at different points on L, because on L
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the sets W s (p) and W u (p) disappear together with p. The closed curve FB10 continues
to the right of L, because it involves only the critical set J . The other end points of
Fk , k ∈ {8, 10, 12, 14, 16} also lie on L and they accumulate on the point LBP. The other
end points of H0 , H1 , H2 , B0 , B1 and B2 extend beyond λ > 1. At λ = 0 and λ = 1,
the map (1.1) changes from folding the plane in a 2-to-1-fashion to folding it in a 4-to-1fashion, and the analysis of the bifurcations in these parameter regimes lies beyond the
scope of this thesis.
Figure 2.3.1(c) shows an enlargement of the bifurcation diagram in panel (b) inside
the black box (a, λ) ∈ [0.567, 0.9] × [0.8, 1] and Figure 2.3.1(d) shows a subsequent enlargement inside the black box (a, λ) ∈ [0.6482, 0.6538] × [0.8533, 0.8567], to illustrate
the arrangement of curves in more detail. The first homoclinic bifurcation curve H0 is
the leftmost curve in these enlargements, and to its right follow the forward critical tangency curves F16 and F14 , the homoclinic tangency curves H1 (twice), H2 (four times) and
H1 (twice), and the backward critical tangency curves B0 , B1 and B2 . The homoclinic
tangency curves H1 and H2 are crossed several times when a or λ are increased because
they make sharp turns (not visible in the figures), which correspond to the sharp turns
of W u (p) due to its self-accumulating nature.
Let us now consider what the bifurcation diagram looks like if we vary c ∈ R.
Figure 2.3.2 shows the bifurcation diagram in the (Re(c), λ)-plane for a = 0.8 and
Im(c) = 0; that is, the map (1.1) is still symmetric under rotation by π. The locus
Re(c) = 1 corresponds to the locus a = 0.8 in Figure 2.3.1. Panel (a) shows the local
bifurcations of the fixed points p, q + and q − , the critical point J0 and the critical circle J1 . The black curve NS is the curve of Neimarck–Sacker bifurcations of q + and q −
that also occurs in (a, λ)-plane for c = 1; see Figure 2.3.1(a). These points are attractors
for parameter values (Re(c), λ) to the right of NS and repellors to the left. The black
curve PF is a pitchfork bifurcation of p, q + and q − that occurs due to the conjugational
symmetry of the map (1.1) for Im(c) = 0. For (Re(c), λ) above PF, p is a saddle and q ±
are attractors and below PF, p is an attractor and q ± have disappeared. The green curve
FB1 is the curve of “last” forward-backward critical tangencies, at which J0 lies on J1 ,
and it is given analytically by c = 1 − λ; see Figure 2.2.5(b). When J0 enters J1 at FB1 ,
all preimages of J0 in J − disappear and all images of J1 in J + lie nested in each other.
At the same time, the fixed points q + and q − disappear into the critical point J0 . The
curves FB1 , NS and PF all intersect at the point OC at (Re(c), λ) = (1, 0). Here, the
map (1.1) is given as f (z) = (z/|z|)2 + 1 and the entire punctured plane C\{0} is mapped
to ∂D1 (1), which coincides with J1 . Therefore, p, q + , q − and J0 all lie on J1 . Since PF
and FB1 exist only for c 6= 1, these bifurcations do not appear in the (a, λ)-plane for c = 1
in Figure 2.3.1(a). Similarly, the curves BP and L in Figure 2.3.1(a) lie at a ≥ 1 and are,
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Figure 2.3.2: The bifurcation diagram in the (Re(c), λ)-plane for a = 0.8 and Im(c) = 0. Panel (a)
shows the local bifurcations of the fixed points p, q ± , the critical point J0 and the critical circle J1 .
These are the pitchfork bifurcation PF (black) of p and q ± , the Neimarck–Sacker bifurcation NS
(black) of q ± , the “last” forward-backward critical tangency FB1 (green) of J0 and J1 and the
bifurcation points FBF at (Re(c), λ) = (0, 1) and OC at (Re(c), λ) = (1, 0). Panel (b) shows, in
addition, the global bifurcations of W s (p), W u (p) and J . These are the first homoclinic tangency H0
(magenta), two further homoclinic tangencies H1 and H2 (dark magenta and purple), seven forward
critical tangencies Fk (blue), k ∈ {3, 5, 7, 9, 11, 13, 15}, the first backward critical tangency B0 (red)
and two further backward critical tangencies B1 and B2 (orange). Panel (c) shows an enlargement of
the bifurcation diagram in panel (b) inside the black box (Re(c), λ) ∈ [1.206, 1.362] × [0.807, 0.878].
Compare with Figures 2.1.4 and 2.2.7 for the corresponding transitions in phase space for fixed
λ = 0.8 and decreasing Re(c).

therefore, absent in the (Re(c), λ)-plane for a = 0.8 in Figure 2.3.2(a).
Figure 2.3.2(b) shows a global view of the (Re(c), λ)-plane of the local bifurcations
from panel (a) together with the global bifurcations of the sets W s (p), W u (p) and J . As
in Figure 2.3.1(b), H0 (magenta), H1 (dark magenta) and H2 (purple) are the first and two
further homoclinic tangencies, and B0 (red), B1 (dark orange) and B2 (orange) are the first
and two further backward critical tangencies. Furthermore, Fk , k ∈ {3, 5, 7, 9, 11, 13, 15},
are forward critical tangencies of the circles Jk with the part of W0s (p) between J0 and J1 .
Instead of starting at different points on the curve L as in Figure 2.3.1(b), here, the curves
H0 , H1 , H2 , B0 , B1 , B2 and F k , k ∈ {3, 5, 7, 9, 11, 13, 15}, all emanate from the point OC,
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which appears to be an organising centre of the bifurcations in the (Re(c), λ)-plane. At
OC, the image of the map (1.1) is ∂D1 (1), and increasing λ from OC to λ > 0 “unfolds”
the image of map to C\D1−λ (c). Finally, we note that the other end point of each curve
F k , k ∈ {3, 5, 7, 9, 11, 13, 15}, is the point FBF at (Re(c), λ) = (0, 1): here, J1 is a point
and coincides with J0 so that all images of J1 in J + have disappeared.
Figure 2.3.2(c) is an enlargement of the bifurcation diagram in panel (b) inside the
black box (Re(c), λ) ∈ [1.206, 1.362] × [0.807, 0.878], showing the arrangement of curves
in more detail. The curve of first homoclinic tangencies H0 can be seen at the bottom
right, followed to its left by the forward critical tangency curves F15 (close to H0 , hardly
visible) and F13 , the homoclinic tangency curves H1 (twice), H2 (four times) and H1
(twice), and the backward critical tangency curves B0 , B1 and B2 . As in Figure 2.3.1, the
homoclinic tangency curves H1 and H2 are crossed several times when λ is increased or
Re(c) is decreased, because they form very sharp turns (not visible in the figure) due to
the self-accumulating nature of W u (p).

2.3.2

The general case of c ∈ C

We now investigate how the bifurcation structure observed in Figures 2.3.1 and 2.3.2 for
c ∈ R changes if we allow general c ∈ C, so that the conjugational symmetry of the
map (1.1) is broken. In general, we find the same tangency bifurcations for the upper and
lower parts of W s (p), W u (p) and J , but they occur at different parameter values.
Figure 2.3.3 shows the bifurcation diagram in the (Re(c), Im(c))-plane for a = 0.8
and λ = 0.8. The locus Im(c) = 0 corresponds to the locus λ = 0.8 in Figure 2.3.2.
Figure 2.3.3(a) shows the local bifurcations of p, q ± , J0 and J1 : at the saddle-node bifurcations L+ and L− (black), q + and q − , respectively, disappear with p. The bifurcations
L+ and L− form a single curve that intersects the real line at (Re(c), Im(c)) ≈ (−0.23, 0).
At these parameter values, both q + and q − are on the negative real line and switch roles.
The black curves NS+ and NS− are the Neimarck–Sacker bifurcations of q + and q − , respectively, and their intersection at (Re(c), Im(c)) ≈ (1.35, 0) corresponds to the curve
NS in the (Re(c), λ)-plane shown in Figure 2.3.2(a). To the right of NS± , the points q ±
are attractors, and to the left they are repellors. The curves NS± end on L± , because q ±
disappear with p. The “last” forward-backward critical tangency FB1 (green) corresponds
to the curve FB1 in Figure 2.3.2(a).
Figure 2.3.3(b) shows a global view in the (Re(c), Im(c))-plane of the local bifurcations
from panel (a) together with the global bifurcations of the upper and lower parts of W s (p),
W u (p) and J . Here we show fewer curves than in Figures 2.3.1(b) and 2.3.2(b) to make
the diagram clearer. The complex-conjugate curves H0± (magenta) and B0± (red) are
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Figure 2.3.3: The bifurcation diagram in the (Re(c), Im(c))-plane for a = 0.8 and λ = 0.8.
Panel (a) shows the local bifurcations of p, q ± , J0 and J1 . These are the “last” forward-backward
critical tangency FB1 (green), the saddle-node bifurcations L+ and L− (black) of p with q + and
q − and the Neimarck–Sacker bifurcations NS+ and NS− (black) of q + and q − . Panel (b) shows,
in addition, the main global bifurcation curves of the upper/lower parts of W s (p), W u (p) and J .
These are the first homoclinic tangencies H0± (magenta), the first backward critical tangencies B0±
(red) of W±u (p) and the forward critical tangencies F∗± , F3± , F7± and F13
± of the upper/lower parts of
curves in J + , respectively. The black dots FBF± are bifurcation points on FB1 . Panel (c) shows
an enlargement of the black box (Re(c), Im(c)) ∈ [1.0407, 1.426] × [−0.0902, 0.0902] in panel (b).

the first homoclinic and backward critical tangencies of W±u (p), respectively, and they
correspond to H0 and B0 in Figures 2.3.1(b) and 2.3.2(b) for Im(c) = 0. The blue curves
Fk± , k ∈ {3, 7, 13}, are curves of forward critical tangencies of the upper or lower parts,
respectively, of the circles Jk with W0s (p) near J0 . The upper and lower part of Jk , k ≥ 1,
are the (k − 1)th image of the upper and lower half circle of J1 , respectively. The blue
curves F∗+ and F∗− are the curves of “first” forward critical tangencies in the following
sense: thus far, we have looked only at parameter values, where one side of the primary
manifold W0s (p) of the stable set W s (p) goes to infinity and the other side intersects the
critical circle J1 and ends in the critical point J0 . However, this is the case only for
parameters (Re(c), Im(c)) inside the region bounded by FB1 , F∗+ and F∗− . On the curves
F∗± , the stable set W0s (p) is tangent to the upper and lower half circle of J1 , respectively.
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For parameters (Re(c), Im(c)) above the curve F∗− or below the curve F∗+ , W0s (p) does not
intersect J1 and, therefore, does not end in J0 . The curves F∗± and Fk± , k ∈ {3, 7, 13}, all
start in the points FBF± on FB1 and end on other bifurcation curves. The points FBF+
and FBF− play similar roles as the bifurcation point FBF in Figure 2.3.2: J0 lies on each
circle in J + and they are all tangent to W s (p) in J1 . The curves B0± start on L± and end
on L∓ . The curves H0± start on L∓ and end at the intersection of B0± and F∗± : parameters
(Re(c), Im(c)) on H0+ approaching B0± ∩F∗± correspond to the tangency between W0s (p)
and W±u (p) approaching the upper/lower side of J1 . In the limit, it becomes a tangency
between W0s (p) and the upper/lower side of J1 and then disappears.
Figure 2.3.3(c) shows an enlargement of the bifurcation diagram in panel (b) inside
the black box (Re(c), Im(c)) ∈ [1.0407, 1.426] × [−0.0902, 0.0902] to emphasise that the
bifurcations are crossed in the same order for decreasing Re(c) as in the previous bifurcation diagrams if we choose paths between the curves F∗+ and F∗− : we first encounter NS+
and NS− , then H0+ and H0− , and then B0+ and B0− . Immediately above F∗− or below F∗+ ,
these six curves are crossed in a different order, but still the two sequences of curves NS± ,
H0± and B0± corresponding to the upper/lower part W±u (p) are crossed in the same order.
We observe in panel (b) that this order persists until the curves H0+ and B0+ and the curves
H0− and B0− intersect at (Re(c), Im(c)) ≈ (1.31, ±0.21). Above/below this intersection, B0±
is crossed before H0± .
Figure 2.3.4 shows the bifurcation diagram in the (Re(c), λ)-plane for a = 0.8 and
Im(c) = 0.2. The locus λ = 0.8 corresponds to the locus Im(c) = 0.2 in Figure 2.3.3.
We show fewer curves than in Figure 2.3.2 for Im(c) = 0 to make the diagram easier to
understand. Figure 2.3.4(a) shows the local bifurcations of p, q ± , J0 and J1 . The curve
FB1 corresponds to the “last” forward-backward critical tangency FB1 also occurring for
Im(c) = 0 in Figure 2.3.2(a) and λ = 0.8 in Figure 2.3.3(a). It is defined by the condition
(1 − λ)2 = Re(c)2 + Im(c)2 . The curve L− (black) is the curve of saddle-node bifurcations
in Figure 2.3.4(a), at which p and q − disappear. For parameter values (Re(c), λ) to the
right of L− , the fixed point q + is the only fixed point of the map (1.1). The curve L−
corresponds to the curve PF of pitchfork bifurcations in Figure 2.3.2(a), which one could
think of as saddle-node bifurcations of q + and q − that occur at the same parameter values
for Im(c) = 0 due to the additional symmetry. The two curves NS+ and NS− (black) are
the curves of Neimarck–Sacker bifurcations of q + and q − , respectively. To the right of NS± ,
the points q ± are attractors and to the left, they are repellors. The curves NS± correspond
to the curve NS in Figure 2.3.4(a), where the Neimarck–Sacker bifurcations of q + and q −
occur at the same parameter values due to the symmetry. Similar to Figure 2.3.2(a), the
√
curves FB1 , L− and NS+ end in the point OC at ( 0.96, 0), which is where λ = 0 on FB1 .
However, the curve NS− ends on L− , at which q − disappears with p.
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Figure 2.3.4: The bifurcation diagram in the (Re(c), λ)-plane for a = 0.8, Im(c) = 0.2. Panel (a)
shows the local bifurcations of p, q ± , J0 and J1 . These are the “last” forward-backward critical
tangency FB1 (green), the saddle-node bifurcation L− (black) of p with q − and the Neimarck–
Sacker bifurcations NS+ and NS− (black) of q + and q − . Panel (b) shows, in addition, the main
global bifurcation curves of the upper/lower parts of W s (p), W u (p) and J . These are the first
homoclinic tangencies H0± (magenta), the first backward critical tangencies B0± (red) of W±u (p),
+
respectively, and the forward critical √
tangencies F8+ and F10
+ of the upper parts of curves in J .
1
The black dot OC at (Re(c), λ) = ( 0.96, 0) is a bifurcation point on FB . Panel (c) shows an
enlargement of the black box (Re(c), λ) ∈ [1.122, 1.178] × [0.717, 0.743] in panel (b); compare with
Figure 2.3.2 for Im(c) = 0.

Figure 2.3.4(b) shows a global view of the (Re(c), λ)-plane of the local bifurcations
from panel (a) together with the global bifurcations of the sets W s (p), W±u (p) and J . The
curves H0± (magenta) and B0± (red) in Figure 2.3.4(b) are the first homoclinic and backward
critical tangencies of the upper and lower sides W±u (p), respectively, for Im(c) = 0.2. They
correspond to the curves H0 and B0 in Figure 2.3.2(b) for Im(c) = 0. Our computations
indicate that these curves in Figure 2.3.4(b) end at different points on the curve L− , where
q − and p disappear, rather than at OC as in Figure 2.3.2(b). Therefore, for Im(c) = 0.2,
the point OC is no longer an organising centre for the global bifurcations in the (Re(c), λ)plane.
An enlargement of the black box (Re(c), λ) ∈ [1.122, 1.178] × [0.717, 0.743] in Fig43
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ure 2.3.4(b) is shown in panel (c) to emphasise the change in the order in which the
bifurcations are crossed for decreasing Re(c) or increasing λ. The curves H0+ and B0+
intersect at (Re(c), λ) ≈ (1.15, 0.73). This intersection plays the same role as the intersection of H0+ and B0+ in Figure 2.3.3: for Im(c) = 0.2, decreasing Re(c) and fixed λ above
this intersection, H0+ is crossed before B0+ (as for Im(c) = 0 in Figure 2.3.2(c)), but below
this intersection, one encounters B0+ before H0+ (as for (Re(c), Im(c)) above or below F∗−
and F∗+ in Figure 2.3.3(c)).
Overall, we see that, for decreasing Re(c) in the (Re(c), λ)-plane for Im(c) = 0.2,
the upper and lower sides W±u (p) and corresponding upper and lower parts of J + each
undergo essentially the same sequences of bifurcations as for Im(c) = 0, but the sequence
involving W+u (p) and the upper part of J + starts before the sequence involving W−u (p)
and the lower part of J + .

2.3.3

Region of wild chaos

Recall that Bamón, Kiwi and Rivera-Letelier [11] proved the existence of a wild Lorenzlike attractor in the map (1.1) for c = 1 and a, λ ∈ (0, 1) both sufficiently close to 1.
In the bifurcation diagram in the (a, λ)-plane shown in Figure 2.3.1(b), this corresponds
to parameter values (a, λ) to the left of BP that are sufficiently close to the bifurcation
point LBP at (a, λ) = (1, 1). In the proof, the authors make assumptions that restrict
this parameter regime to a very small neighbourhood of LBP.
Our numerical investigation suggests that the existence of a wild Lorenz-like attractor
extends to a much larger set of parameters. For parameter values (a, λ) below the curve
H0 in Figure 2.3.1(b), the system is nonchaotic. Starting with H0 , the system undergoes
infinite sequences of homoclinic tangencies (including H1 and H2 ), accumulating on each
other as the parameter values (a, λ) are moved towards LBP. Due to the homoclinic
tangle caused by these tangencies, the system becomes chaotic; this happens via the
same mechanisms as in planar diffeomorphisms, which are free of wild chaos. However,
the map (1.1) also undergoes infinite sequences of forward critical tangencies (including
Fk , k ∈ {8, 10, 12, 14, 16}). In fact, each of the infinitely many homoclinic tangencies is
accumulated by an infinite sequence of forward critical tangencies. These bifurcations lead
to infinitely many branches of W s (p) connecting up at each point in J − . This corresponds
to a local change of W s (p) near each point in J − . Therefore, forward critical tangencies
do not affect the occurrence of homoclinic tangencies until J − interacts with W u (p) in
the first backward critical tangency B0 . For (a, λ) above B0 , the system undergoes infinite
sequences of backward critical tangencies (including B1 and B2 ) and forward-backward
critical tangencies (including FB10 ) accumulating on each backward critical tangency.
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Therefore, immediately above B0 , all four types of tangency bifurcations occur. Since
these tangency bifurcations are pairwise interactions of the four sets W s (p), W u (p), J +
and J − , their occurrences influence one another. For example, forward critical tangencies
and backward critical tangencies influence the occurrence of homoclinic tangencies as
described above.
Overall, we view the complicated accumulating structure of the four tangency bifurcations as a geometric mechanism of creating wild chaos. Therefore, we suggest that the
wild Lorenz-like attractor exists in the (a, λ)-plane of Figure 2.3.1(b) in the open region
bounded by the curves B0 , L, and λ = 1. From a more theoretical point of view, one of
the assumptions in the proof of existence of wild chaos in [11] is that the map (1.1) is
area-expanding in a neighbourhood of the attractor. Since the map (1.1) has unbounded
derivative near J0 , above the curve B0 , it is area-expanding on a subset of the attractor.
We conjecture that this partial area-expansion property is sufficient for the existence of
wild chaos. Figure 2.3.5(a) shows the region (shaded blue) in the (a, λ)-plane for c = 1
where we suggest that a wild Lorenz-like attractor exists. Here, only the local bifurcation
curves NS (black), BP (black) and L (black) of the fixed points p, q + and q − are plotted,
and the curves H0 (magenta) and B0 (red) of the first homoclinic and first backward critical tangencies, respectively; compare with Figure 2.3.1(b). The darker shaded part is a
subregion for which we numerically verified the area-expansion on the entire attractor as
follows. The punctured disk Dp (0)\{0} maps to itself and contains the attractor, which
is the closure of the unstable set W u (p) of the saddle fixed point p. It can be shown for
real c > 0 and a ≤ 1 that the map (1.1) is area-expanding on Dp (0)\{0}, provided that it
is area-expanding near the saddle fixed point p. Hence, one simply needs to verify that
det(Df (p)) > 1. This condition is satisfied in Figure 2.3.5(a) to the right of the curve A
(cyan), where det(Df (p)) = 1, provided a ≤ 1.
In the (Re(c), λ)-plane shown in Figure 2.3.2(b) for a = 0.8 and Im(c) = 0 the same
sequences of tangency bifurcations occur by moving towards the bifurcation point FBF
at (Re(c), λ) = (0, 1). Therefore, we suggest that the regime of existence of the wild
Lorenz-like attractor extends to parameters (Re(c), λ) inside the open region bounded by
B0 , FB1 and λ = 1. Figure 2.3.5(b) shows only the local bifurcation curves NS (black),
BP (black) and PF (black) of the fixed points p, q + and q − , and the curves FB1 (green),
H0 (magenta) and B0 (red) of the “last” forward-backward critical, first homoclinic and
first backward critical tangencies, respectively. Also in Figure 2.3.5(b) we show the curve
A (cyan), where det(Df (p)) = 1; compare with Figure 2.3.2(b). The suggested region of
wild chaos is shaded in blue; in the darker shaded subregion bounded by A, the map (1.1)
is area-expanding on the entire attractor. When we consider Im(c) 6= 0 the situation is
more complicated. As we have seen in Figures 2.3.3 and 2.3.4, for |Im(c)| sufficiently
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Figure 2.3.5: The bifurcation diagrams in the (a, λ)-plane for c = 1 (a) and in the (Re(c), λ)-plane
for a = 0.8 and Im(c) = 0 (b). Shown are the curves NS (black), BP (black), L (black), PF
(black), FB1 (green), H0 (magenta) and B0 (red), as in Figures 2.3.1 and 2.3.2 and, in addition,
the curve A (cyan), where det(Df (p)) = 1. In the region shaded in light and dark blue, wild chaos
is suggested to exist. In the darker shaded part the map (1.1) is shown to be area-expanding on the
entire attractor.

large and decreasing Re(c), one encounters the first backward critical tangency B0± of the
upper/lower side W±u (p) of W u (p) before the first homoclinic tangency H0± . Past H0± , all
four types of tangencies still occur in infinite sequences, which we see as evidence that
the regime of existence of the wild Lorenz-like attractor extends even to those values of
Im(c). In the (Re(c), Im(c))-plane for a = 0.8 and λ = 0.8, shown in Figure 2.3.3(c),
this refers to the open annulus bounded by FB1 on the inside and the following curve
segments on the outside: the segment of L− between the negative real line and the starting
point of H0+ , the segment of H0+ until its intersection with B0+ , the segment of B0+ until
its intersection with B0− on the real line, and the corresponding complex conjugates of
these curve segments. In the bifurcation diagram in the (Re(c), λ)-plane for a = 0.8 and
Im(c) = 0.2, shown in Figure 2.3.4(b), this refers to the open region bounded by FB1 , the
line segment {(0, λ) | 0.8 ≤ λ ≤ 1}, the line segment λ = 1 until its intersection with B0 ,
√
the segment of B0 until its intersection with H0 , and H0 until the point OC= ( 0.96, 0).
The curves FB1 , B0 , H0 and λ = 1 in Figures 2.3.1 and 2.3.2 correspond to twodimensional surfaces in the (Re(c), a, λ)-space with Im(c) = 0. Here, we expect the wild
chaos to exist in the region bounded by FB1 , B0 and λ = 1. In the full (Re(c), Im(c), a, λ)46
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space, the bifurcations FB1 , B0± , H0± , L± and λ = 1 form three-dimensional hypersurfaces
with the following properties: B0+ and H0+ intersect B0− and H0− in the two-dimensional
surfaces B0 and H0 at Im(c) = 0. The hypersurfaces L− and L+ exist only for Im(c) > 0
or Im(c) < 0, respectively, and meet at the two-dimensional surface PF at Im(c) = 0.
The homoclinic tangency H0± ends on L∓ on one side. Also, B0+ and B0− intersect H0+ and
H0− in two-dimensional surfaces for Im(c) > 0 or Im(c) < 0, respectively. Therefore, we
expect the region of existence of wild chaos in (Re(c), Im(c), a, λ)-space to be bounded by
the corresponding parts of FB1 , λ = 1, L± , H0± and B0± . Throughout this part of the fourdimensional parameter space sufficient area-expansiveness on the attractor would need to
be proved, or checked numerically; the latter is an open problem for Im(c) 6= 0 and a > 1.

2.3.4

Transition for Im(c) = 0.2

We discussed the transitions that occur when Re(c) is decreased in the (Re(c), Im(c))plane in Figure 2.3.3 and the (Re(c), λ)-plane in Figure 2.3.4 to illustrate the different
transitions in the upper and lower parts of W u (p) and W s (p) when the conjugational
symmetry is broken. Figure 2.3.6 shows p, q ± , W s (p), W u (p) and J on the Poincaré disk
for a = 0.8, λ = 0.8 and c = 1.32 + 0.2i, 1.315 + 0.2i, 1.311 + 0.2i and 1.3 + 0.2i in
panels (a)–(d), respectively; compare with Figures 2.2.6 and 2.2.7, which illustrate the
sequences of bifurcations for the case Im(c) = 0. Note that the primary manifold W0s (p)
of p does not intersect the critical circle J1 , because the parameter values lie above the
curve F∗− in Figure 2.3.3. In this parameter range of Re(c), the lower fixed point q − is still
an attractor, whereas the upper fixed point q + has already turned into a repellor in the
Neimarck–Sacker bifurcation NS+ . Panel (a) shows the situation at c = 1.32 + 0.2i just
before the first homoclinic tangency H0+ of the upper side W+u (p) with W s (p). Panel (b)
shows the situation at c = 1.315 + 0.2i just after H0+ , but before the first backward
critical tangency B0+ . Now, W+u (p) accumulates on itself and W s (p) accumulates on itself
from one side. Recall that for Im(c) = 0 each homoclinic tangency implies an unstable
tangency; see Section 2.1.1. For Im(c) 6= 0, however, the two sides W+u (p) and W−u (p) are
not symmetric and, therefore, are in general not tangent to W0s (p) at the same parameter
values. Panel (c) shows the situation at c = 1.311 + 0.2i, just before B0+ . The unstable set
W u (p) does not have any self-intersections yet. Panel (d) shows the sets at c = 1.3 + 0.2i,
that is, just after B0 . Now, the upper side W+u (p) intersects itself in infinitely many loops
around circles in J + . The two sides W+u (p) and W−u (p) still do not intersect each other
because there has not been an unstable tangency.
We continue the series of global pictures on the Poincaré disk in Figure 2.3.7, where
Re(c) is decreased further. In this parameter range of Re(c), both fixed points q + and
q − have turned into repellors; that is, Re(c) lies to the left of NS+ and NS− . Panel (a)
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(a)

(b)

(c)

(d)

Figure 2.3.6: The stable set W s (p) (blue curves), unstable set W u (p) (red curve) and critical set
J (green) on the Poincaré disk for a = 0.8, λ = 0.8, at c = 1.32 + 0.2i (a), at c = 1.315 + 0.2i (b),
at c = 1.311 + 0.2i (c) and at c = 1.3 + 0.2i (d); compare with Figures 2.1.4, 2.2.7 and 2.3.4.

shows the situation at c = 1.07 + 0.2i, just before the first homoclinic tangency H0− of the
lower side W−u (p) with W s (p). This parameter value is after the first unstable tangency,
at which W+u (p) and W−u (p) are tangent for the first time. Panel (b) shows the situation
at c = 1.05 + 0.2i, just after H0− , but before the first backward critical tangency B0− . Now,
W−u (p) accumulates on itself as well, so that the entire unstable set W u (p) accumulates
on itself. Also, W s (p) now accumulates on itself from both sides. Panel (c) shows the
situation at c = 0.97 + 0.2i, just before B0− . Panel (d) shows the sets at c = 0.89 + 0.2i,
that is, just after B0− . As expected, W−u (p) forms loops around all circles in J + and, thus,
intersects itself in infinitely many points.
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(a)

(b)

(c)

(d)

Figure 2.3.7: The stable set W s (p) (blue curves), unstable set W u (p) (red curve) and critical set
J (green) on the Poincaré disk for a = 0.8, λ = 0.8, at c = 1.07 + 0.2i (a), at c = 1.05 + 0.2i (b),
at c = 0.97 + 0.2i (c) and at c = 0.89 + 0.2i (d); compare with Figures 2.1.4, 2.2.7, 2.3.4 and 2.3.6.

Figure 2.3.8 shows the fixed point p and the sets W s (p), W u (p) and J for a = 0.8,
λ = 0.8 and c = 0.7 + 0.2i. Comparing with Figure 2.2.8 for c ∈ R, we see that W s (p)
and W u (p) also accumulate on themselves, and W u (p) and J + also form infinitely many
loops around all circles in J + , but in Figure 2.3.8 the holes in the closure of W u (p)
induced by the circles in J + are not symmetric and have moved up along the upper side
W+u (p). Furthermore, we note that the parameter values in Figure 2.3.8 lie above the
curve F−∗ in the bifurcation diagram in Figure 2.3.3, so that the primary manifold W0s (p)
spirals towards q − without being connected to J0 (which is obscured by J + and W u (p)
in Figure 2.3.8). Therefore, the preimages of W0s (p) spiral towards the preimages of q −
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Figure 2.3.8: The fixed point p (black cross), its stable set W s (p) (blue curves), its unstable set
W u (p) (red curve) and the critical set J (green) on the Poincaré disk for a = 0.8, λ = 0.8 and
c = 0.7 + 0.2i; compare with Figures 2.2.8, 2.3.6 and 2.3.7.

without being connected to points in J − ; see, for example, the spiralling branch of W s (p)
underneath the first intersection of W+u (p) and W−u (p) near the negative imaginary axis.
As argued in Section 2.3.3, we believe that the parameter values for Figure 2.3.8 lie in
the wild chaotic parameter regime, and therefore, this figure illustrates the geometry of
wild chaos for c ∈ C\R in the same way that Figure 2.2.8 illustrates the geometry of wild
chaos for c ∈ R.

2.4

Role of the bifurcations in the formation of the
wild Lorenz-like attractor

In this section, we explain the construction of the Lorenz-like attractor in the n-dimensional
vector field in [11], for n ≥ 5. We then discuss how the tangency bifurcations in the
map (1.1) relate to bifurcations in this vector field.
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2.4.1

Geometric Lorenz-attractor in R3

Let us first recall the classical construction of a Lorenz-like attractor in R3 . An attractor
of a three-dimensional vector field is called a geometric Lorenz-attractor if it has the
following properties [4, 44]:
1. The attractor contains an equilibrium x that has two stable eigenvalues λ1 < λ2 < 0
and one unstable eigenvalue λ3 > 0 such that λ3 > −λ2 .
2. There is a two-dimensional Poincaré cross section Σ such that the two-dimensional
Poincaré return map fˆ defined on Σ\Jˆ0 is smooth. Here, the curve Jˆ0 is the last
intersection (in forward time) of the stable manifold of x with Σ: points on Jˆ0 go
to x and do not return to Σ under the flow of the vector field.
3. The Poincaré cross section Σ admits a stable invariant foliation that is uniformly
contracted by fˆ. The leaves of this foliation are curves, including Jˆ0 , and the
associated quotient space of Σ is a compact interval I.
4. The two-dimensional invertible Poincaré return map fˆ can be reduced to a onedimensional noninvertible map f by taking the quotient map of fˆ acting on the
quotient space I. The map f is smooth and uniformly expanding on I\{J0 } and
it is discontinuous and has unbounded derivative at J0 , where J0 := Jˆ0 ∩ I is the
critical point of f .
The Lorenz attractor itself is a geometric Lorenz attractor [89].

2.4.2

Lorenz-like construction of the map

There is a trivial way to construct Lorenz-like attractors in any dimension by embedding
a three-dimensional geometric Lorenz-attractor into a transversally contracting threedimensional submanifold of a higher-dimensional manifold. However, this construction
leads to the same dynamical behaviour as in the three-dimensional case. Therefore, in
order to obtain richer dynamical behaviour, the unstable dimension of the singularity
should be at least two.
In [11], Bamón, Kiwi and Rivera-Letelier construct an attractor in an n-dimensional
vector field, for n ≥ 5, that has an equilibrium with unstable dimension two. Here,
the idea is to create a higher-dimensional analogue of the geometric Lorenz-attractor in
dimension n ≥ 5: as in the three-dimensional construction, the equilibrium x contained
in the attractor has two stable eigenvalues λ1 < λ2 < 0 and one unstable eigenvalue
λ3 > 0. But here, the multiplicity of the unstable eigenvalue is two and the multiplicity
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of the strong stable eigenvalue is n − 3. Further, in addition to λ3 > −λ2 , they require
−λ1 > λ3 . Correspondingly, the Poincaré cross section Σ and the Poincaré return map
fˆ are (n − 1)-dimensional and the first intersection Jˆ0 of the stable manifold of x with
Σ is (n − 3)-dimensional. The uniformly contracting foliation on Σ\Jˆ0 now consists of
(n − 3)-dimensional leaves. The quotient space of Σ by the foliation in the n-dimensional
construction in [11] is a compact two-dimensional set B. As a consequence, the quotient
map f of fˆ by this foliation is a two-dimensional noninvertible map acting on B. This
map is discontinuous and has unbounded derivative at the critical point J0 = Jˆ0 ∩ B and
it is smooth and area-expanding on B\J0 .
In [11] the authors construct a Lorenz-like attractor with these properties starting
from the two-dimensional noninvertible map f given by (1.1) for c = 1 and then extend it
to an (n − 1)-dimensional diffeomorphism that is contracting on the other n − 3 variables.
In particular, for n > 5, this n-dimensional vector field is an embedding of the fivedimensional vector field into a transversally contracting five-dimensional submanifold of
the n-dimensional space. Therefore, it is sufficient to study the properties of the Lorenzlike attractor for the case n = 5, which we will do from now on.
The construction of the five-dimensional vector field from the map (1.1) proceeds as
follows. The Poincaré section Σ is defined as
Σ := B × D1 (0),
where B := D2/(1−λ) (0), and Jˆ0 is given as
Jˆ0 := J0 × D1 (0),
where J0 = {0} is the critical point of the map (1.1). Then, the four-dimensional local
diffeomorphism fˆ is defined as
fˆ : B\J0 × D1 (0) → B × D1 (0),


z
b |z|
(z, w) 7→ f (z),
+ β|z|
w ,
2|z|
z

(2.1)

where f : B\J0 → B is given by the map (1.1) for c = 1, a := −λ2 /λ3 < 1, b := −λ1 /λ3 >
1 and β > 0 is arbitrarily small such that fˆ is well defined and injective. This definition
of fˆ is a lift of the two-dimensional noninvertible map f to a four-dimensional invertible
map fˆ.
The Poincaré section Σ = B × D1 (0) is foliated by the foliation
{{z} × D1 (0)}z∈B .
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This foliation consists of two-dimensional leaves, including Jˆ0 . By construction, the map
fˆ is uniformly contracting on this foliation. Furthermore, the quotient space of Σ by
this foliation is the compact two-dimensional set B and the map f : B\J0 → B defined
by (1.1) is the quotient map of fˆ acting on the quotient space B.
To suspend the map fˆ to a vector field X, the authors of [11] first construct a vector
field X̃ defined on [−2, 3] × B × D1 (0) that has an equilibrium x̃ with the eigenvalues
λ1 , λ2 and λ3 with multiplicities two, one and two as required above, respectively, and
that has fˆ as a Poincaré map. They then map X̃ to a vector field X defined on the fivedimensional torus T5 := R/Z × D4 , which has an equilibrium x with the same eigenvalues
and multiplicities as x̃; here, D4 is the four-dimensional closed unit ball in R4 . Note that
the fixed point p of the map f does not correspond to the equilibrium x of the vector field
X but to a periodic orbit Γ of X; the equilibrium x of X does not lie in the Poincaré
section Σ.

2.4.3

Consequences of the tangency bifurcations for the vector
field

We now explain the consequences of the bifurcations of the planar map (1.1) for the fivedimensional vector field X. Let us first take a closer look at the meaning of the invariant
sets of the map (1.1) for the vector field X.
We denote the stable and unstable sets of the saddle fixed point p by Wfs (p) and
Wfu (p) to emphasise that they belong to the two-dimensional noninvertible map f defined
on B\J0 .
The four-dimensional Poincaré return map fˆ has a corresponding saddle fixed point

p̂ := p,

1
2(1 − β|p|b )



∈ (B\J0 ) × D1 (0).

This fixed point p̂ has two eigenvalues given by the stable and unstable eigenvalues of
p, and one additional strong stable eigenvalue with multiplicity two. Therefore, it has a
three-dimensional stable manifold Wfsˆ(p̂) and a one-dimensional unstable manifold Wfuˆ (p̂)
in Σ. Note that these sets are immersed manifolds, because fˆ is a diffeomorphism. The
saddle fixed point p̂ of the four-dimensional map fˆ gives rise to a saddle periodic orbit
Γ of the vector field X, which has stable and unstable manifolds WXs (Γ) and WXu (Γ) of
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dimensions four and two, respectively. Therefore, for some smooth h : B → D we get

and

WXs (Γ) ∩ Σ = Wfsˆ(p̂) = Wfs (p) × D1 (0)

(2.2)

WXu (Γ) ∩ Σ = Wfuˆ (p̂) = {(z, h(z))|z ∈ Wfu (p)}.

(2.3)

The existence of the equilibrium x of X manifests itself through the forward and
backward critical sets J + and J − in the map f . Hence, for the five-dimensional vector
field X, these sets also correspond to invariant manifolds, namely, the stable and unstable manifolds of the equilibrium x of X, denoted WXs (x) and WXu (x), respectively. In
particular, by construction, Jˆ0 = J0 × D1 (0) is the last intersection of WXs (x) with Σ
before WXs (x) does not return to Σ under the flow of X. Consequently, the entire set of
intersections of WXs (x) with Σ is given by the set of points on Σ that eventually do not
return to Σ, that is, all preimages of Jˆ0 under fˆ. Analogously to the construction for f ,
we define this set as the backward critical set
Jb− := ∪k≥0 fˆ−k (Jˆ0 )

of the map fˆ. It can also be written as the product of the backward critical set J − of
the map (1.1) with the disk D1 (0), and so we get
WXs (x) ∩ Σ = Jb− = J − × D1 (0).

(2.4)

The critical circle J1 of the two-dimensional map f given by (1.1) can be constructed as
the multivalued image of the critical point J0 , defined as the limit
n

o
J1 = lim f (re ) | ϕ ∈ [0, 2π)
r→0

= (1 − λ)ei2ϕ + 1 | ϕ ∈ [0, 2π) .
iϕ

In the same fashion, we can construct a set Jˆ1 as the limit

n
o
Jˆ1 := lim fˆ(reiϕ , w) | ϕ ∈ [0, 2π), w ∈ D1 (0)
r→0



1 iϕ
i2ϕ
=
(1 − λ)e + 1, e
ϕ ∈ [0, 2π) ,
2
and think of it as the multivalued image of the set Jˆ0 . Just as Jˆ0 consists of all points
that do not come back to Σ but end up at x ∈ X, we can think of Jˆ1 as the set of points
that come from x and do not come back to Σ under the inverse flow of the vector field X.
Hence, the set Jˆ1 is the first intersection of the two-dimensional unstable manifold WXu (x)
of x with Σ. As before, the entire set of intersections of WXu (x) with Σ is given by the set
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2D noninvertible map

4D invertible Poincaré map
fˆ : B\J0 × D1 (0) → B × D1 (0)


z
(z, w) 7→ f (z), 2|z|
+ β|z|b |z|
w
z

5D vector field

p saddle fixed point
Wfs (p), of dimension one

p̂ saddle fixed point
Wfsˆ(p̂), of dimension three

Γ saddle periodic orbit
WXs (Γ), of dimension four

Wfu (p), of dimension one

Wfuˆ (p̂), of dimension one

WXu (Γ), of dimension two

J −,

Jb− ,

f : B\J0 → B

z 7→ (1−λ+λ|z|a )

J +,



z
|z|

2

+1

isolated points
of dimension one

of dimension two
of dimension one

Homoclinic tangency of p̂
Wfsˆ(p̂) ∩ Wfuˆ (p̂)

Homoclinic bifurcation of Γ
WXs (Γ) ∩ WXu (Γ)

Forward critical tangency
Wfs (p) ∩ J +

Wfsˆ(p̂)

∩

Backward critical tangency
Wfu (p) ∩ J −

Wfuˆ (p̂)

∩ Jb−

Fw.-bw. critical tangency
J− ∩J+

s.t. fˆ Poincaré map and x
equilibrium

x equilibrium
WXs (x), of dimension three
WXu (x), of dimension two

Jb+ ,

Homoclinic tangency of p
Wfs (p) ∩ Wfu (p)

X : T5 → T5 constructed

Jb+

Jb− ∩ Jb+

Heteroclinic bif. of x to Γ
WXs (Γ) ∩ WXu (x)
Heteroclinic bif. of Γ to x
WXu (Γ) ∩ WXs (x)
Homoclinic bifurcation of x
WXs (x) ∩ WXu (x)

Table 2.4.1: Analogues of the invariant sets of the two-dimensional noninvertible map f and of the
associated tangency bifurcations of these sets for the four-dimensional diffeomorphism fˆ and for the
five-dimensional vector field X.

of points on Σ that eventually do not come back to Σ under the inverse flow, that is, all
images of Jˆ1 under fˆ. Again, analogously to the construction for f , we define this set as
the forward critical set
Jb+ := ∪k≥0 fˆk (Jˆ1 )
of the map fˆ. Hence, we get

WXu (x) ∩ Σ = Jb+ ⊂ J + × D1 (0).

(2.5)

Note that Jb− is equal to J − × D1 (0) in (2.4), but Jb+ is a proper subset of J + × D1 (0)
in (2.5) by construction of fˆ.
Table 2.4.1 summarises the invariant manifolds and sets, along with their bifurcations
that correspond to the stable, unstable and critical sets of the fixed point p of the twodimensional map f . As shown in the table, the tangency bifurcations of these sets for
the map f have the following consequences for the vector field X: a homoclinic tangency
between Wfs (p) and Wfu (p) corresponds to a tangency of the manifolds Wfsˆ(p̂) and Wfuˆ (p̂)
on the Poincaré section Σ. Hence, it corresponds to a homoclinic bifurcation of the stable
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manifold WXs (Γ) and the unstable manifold WXu (Γ) of the periodic orbit Γ in the fivedimensional vector field X; see equalities (2.2) and (2.3). Similarly, a forward-backward
critical tangency between a point in J − and a circle in J + corresponds to a homoclinic
tangency between the stable and unstable manifolds WXs (x) and WXu (x) of the equilibrium
x; see equalities (2.4) and (2.5). In the same manner, a forward critical tangency of a
circle in J + and Wfs (p) on the plane leads to the birth of a heteroclinic orbit that connects
from x to Γ in the five-dimensional vector field X (see equalities (2.5) and (2.2)), and
a backward critical tangency of a point in J − and Wfu (p) corresponds to the birth of a
heteroclinic orbit that connects from Γ to x (see equalities (2.4) and (2.3)).
Note that the unstable tangency, that is, a tangency of Wfu (p) with itself, does not
correspond to a tangency of Wfuˆ (p̂) with itself in Σ. The unstable sets Wfu (p) ⊂ B and
Wfuˆ (p̂) ⊂ Σ are both one dimensional, but Wfuˆ (p̂) is an immersed manifold and therefore
cannot have self-intersections. Hence, the self-tangency of Wfu (p) occurs only in the
projection of Σ onto B along the uniformly contracted foliation and has no meaning for
the four-dimensional diffeomorphism fˆ or the five-dimensional vector field X.
In Section 2.3.3, we identified infinite accumulating sequences of homoclinic, forward
critical, backward critical and forward-backward critical tangencies as the mechanism for
creating wild chaos in the map (1.1). For the vector field X, these sequences correspond
to the births of infinitely many coexisting homoclinic and heteroclinic orbits connecting
x and Γ with each other and themselves.

2.5

Conclusions

In this chapter, we have investigated the transition to wild chaos in the dynamics of the
two-dimensional noninvertible map (1.1). The authors of [11] proved the existence of wild
chaos in the noninvertible map f given by (1.1) for parameters c = 1 and a, λ ∈ (0, 1)
sufficiently close to (a, λ) = (1, 1). The saddle point p lies in the hyperbolic set that
becomes wild when the parameters are moved into this regime. Therefore, the homoclinic
tangencies of the stable and unstable sets of p indicate how the wild chaos appears geometrically. We have discovered that these homoclinic tangencies are deeply intertwined
with three other types of tangency bifurcations of the map, namely, the forward critical,
backward critical and forward-backward critical bifurcations; see Sections 2.1 and 2.2. All
four types of tangency bifurcations appear in infinite sequences that accumulate on each
other. First, there is an initial sequence of bifurcations that starts with a first homoclinic
tangency and consists of an infinite sequence of homoclinic and an infinite sequence of
forward critical tangencies accumulating on each homoclinic tangency. Then, in addition,
there is a subsequent sequence of bifurcations that starts with a backward critical tan56
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gency and consists of an infinite sequence of backward critical and an infinite sequence of
forward-backward critical tangencies accumulating on each backward critical tangency.
By following the bifurcations in two parameters, we find essentially the same bifurcation structure for a, λ ∈ (0, 1) and c ∈ C when the parameters are moved towards
a = 1, λ = 1 and c = 0 and therefore we see it as the mechanism generating wild chaos
in this map (Section 2.3). Our numerical calculations suggest that the parameter region
of wild chaos in the four-dimensional (Re(c), Im(c), a, λ)-space is bounded by parts of
the hypersurfaces of “last” forward backward critical tangencies, first backward critical
tangencies, first homoclinic tangencies, saddle-node bifurcations and λ = 1. In [11], the
authors imposed strong assumptions on the parameter regime to prove the existence of
wild chaos in the map (1.1), which means that their proof guarantees wild chaos only in a
very small parameter region near the point (a, λ, c) = (1, 1, 1). Our results indicate that
the geometric ingredients, which we believe are sufficient for existence of wild chaos, are
present in a much larger parameter region.
More specifically, we used advanced numerical methods, adapted from [32, 55], to
calculate the stable and unstable sets of the saddle point p. This enabled us to identify
different types of tangency bifurcations in the transition to wild chaos. We then continued
these tangency bifurcations in two parameters by adapting the boundary value setup
in [13]. In this way, we identified the complicated accumulating and ordered structure
of infinite sequences of the four tangency bifurcation curves in parameter space and how
these give rise to the wild chaotic regime. The bifurcations of the stable and unstable sets
of the saddle fixed point p are an indicator of the bifurcations of the stable and unstable
sets of the underlying hyperbolic set. As we have shown, near each (curve of) tangency
bifurcation of the saddle fixed point p, our numerical methods allow us to compute further
curves of tangency bifurcations of p. This approach can also be used to find nearby
curves of tangency bifurcations of k-periodic saddle points with k > 1 in the hyperbolic
set. In this way, the denseness of tangency bifurcations of the hyperbolic set could be
investigated numerically; two earlier examples of such numerical studies for the case of
homoclinic bifurcations of diffeomorphisms can be found in [58] and in [90]. However, any
such study can provide some evidence only for denseness of tangency bifurcations; this
approach cannot be expected to yield a computer-assisted proof of denseness, let alone of
robustness, of tangency bifurcations. As we have argued, it would be more promising to
study numerically other properties of the attractor, such as its area-expansiveness, that
are necessary ingredients for the analytical proof of existence of wild chaos in [11]. The
results presented here give an indication as to where wild chaos must be expected to exist;
a rigorous numerical validation that this is indeed the case remains a challenging task for
future research.
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The stable and unstable sets of the fixed point p of the map correspond to stable
and unstable manifolds of the periodic orbit Γ of the underlying five-dimensional vector
field X (Section 2.4). The forward and backward critical sets correspond to stable and
unstable manifolds of the equilibrium x of X. Therefore, the homoclinic, forward critical,
backward critical and forward-backward critical tangencies of the map correspond to
homoclinic and heteroclinic bifurcations of x and Γ in the vector field X. In particular,
in the wild chaotic parameter regime, infinitely many homoclinic orbits of x and Γ and
infinitely many heteroclinic cycles between x and Γ are born that accumulate on each
other. Since x and Γ lie in the wild hyperbolic set, these bifurcations are characteristic
for the bifurcations of the stable and unstable manifolds of the entire hyperbolic set.
Therefore, we believe that these infinitely many homoclinic tangencies of the hyperbolic
set accumulate on each other in such a dense way that they are robust.
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3
Interacting global invariant sets near
the complex quadratic family

3.1

Introduction

If we fix a = 2 and λ = 1 in map (1.1), it reduces to the well-known complex quadratic
family
f1 : C → C,
(3.1)
z 7→ z 2 + c,
where c ∈ C is the only parameter. In this chapter we study the dynamics of (1.1) in the
vicinity of the complex quadratic family (3.1). More precisely, in this chapter we consider
the class of quadratic maps obtained by setting a = 2 in (1.1); that is, we study
f : C\{0} → C,
2

z 7→ (1 − λ + λ|z| )



z
|z|

2

(3.2)
+ c,

with c ∈ C and λ ∈ [0, 1]. Our motivation is to investigate whether, or in which form,
the well-known dynamics of the complex quadratic family (3.1), which is the special case
λ = 1 in (3.2), influences the dynamics for other values of λ ∈ [0, 1]. The underlying
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idea is to use the knowledge of (3.1) as a starting point to understanding (3.2) and, as a
consequence, also (1.1) in this particular parameter regime. One of the main differences
between (3.1) and (3.2) is that (3.1) is a family of analytic maps. In particular, (3.1)
admits only attracting and repelling periodic points and, thus, it does not have any
saddle periodic points or chaotic attractors. In contrast, (3.2) for λ ∈ [0, 1) is nonanalytic
and, therefore, allows for the existence of saddle periodic points, their stable and unstable
sets and chaotic attractors. The main question is what elements of the dynamics of (3.1)
survive for λ < 1 and how additional features appear.
We start by recalling some basic facts of the complex quadratic family (3.1) as needed
in our study; see, for example, [15, 26, 67] for more details and as an entry point to the
literature. In particular, for all definitions and properties given here for the map (3.1), we
refer to [15], unless specified otherwise. Infinity is attracting for all c ∈ C and we denote
its basin of attraction by B(∞). For a fixed parameter value c ∈ C an important object
in the phase space of (3.1) is the Julia set, which we denote Y and define as
Y := ∂B(∞).

(3.3)

Alternatively, Y can be characterised as the closure of the repelling periodic points of (3.1).
We remark that the Julia set is generally denoted J or J in the literature, which we use
already for the critical set; therefore, we use the symbol Y, as motivated by the Russian
version of the name Julia. The Julia set Y is nonempty and invariant under (3.1), as
well as the two preimages of (3.1). Furthermore, Y is perfect, that is, every point in Y is
accumulated by other points in Y.
In our notation, the critical point J0 = 0 of (3.1) maps to the critical value J1 = c
and the forward critical set J + is the orbit of c. If there is another attractor, then it must
contain the critical value c in its basin of attraction, and Y also bounds this basin.
In fact, Y is either connected or totally disconnected, depending on the parameter
c ∈ C. More precisely, the Julia set Y and the orbit of the critical value c are related by
a fundamental dichotomy: Y is connected if and only if the orbit of the critical value c
is bounded, and Y is totally disconnected if and only if the orbit of c goes to infinity. If
Y is connected, it bounds the open set C := C\(B(∞) ∪ Y). For the complex quadratic
family (3.1) this set is the interior of the so-called filled Julia set C\B(∞) and the set
of bounded components of the Fatou set C\Y [24]. On the other hand, if Y is totally
disconnected, then C is always empty. Note that C may also be empty if Y is connected.
The central object of study in the parameter space C is the Mandelbrot set, which
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encodes this dichotomy. It is denoted M and defined as
M := {c ∈ C : Y is connected}.

(3.4)

Alternatively, M can be characterised as
M := {c ∈ C : f1k (c) stays bounded for k → ∞}.

(3.5)

The Mandelbrot set M constitutes the bifurcation diagram of (3.1) in the c-plane that
summarises the properties of the corresponding Julia sets. The set M itself is connected
and the interior int(M) of M consists of cardioids and bulbs; see already Figure 3.1.1(b).
For c in a bulb or cardioid in int(M) the corresponding map (3.1) admits a unique
(hyperbolic) attractor Pk = {p0k , . . . , pk−1
k } of some period k, which attracts the orbit of c.
Let B(Pk ) denote the basin of attraction of Pk . The immediate basin of attraction of
Pk , denoted B0 (Pk ), is the union of the k unique connected open subsets of B(Pk ) that
contain plk for 0 ≤ l ≤ k − 1. The basin B(Pk ) is the union of all preimages of B0 (Pk )
and forms the set C. The Julia set Y is the boundary of B(Pk ) and consists of a union of
Jordan curves, that is, of closed curves without any self-intersection. The Jordan curves
that form Y typically contain no smooth arcs and are nowhere differentiable. Moreover,
each bulb or cardioid of M contains one parameter value Ck in its interior, for which the
critical value c = Ck ∈ Pk . This value is called the centre of the bulb or the cardioid and
the corresponding attractor has zero as a double eigenvalue, that is, it is super-attracting.
For each c in the exterior ext(M) of M, the orbit of c goes to infinity. In this case,
the complex quadratic map (3.1) does not have any finite periodic attractors. Hence, the
Julia set Y is no longer the boundary of a finite basin and the set C is empty. Instead, Y
is totally disconnected and perfect, which means that it is a Cantor set.
For values c ∈ ∂M, the Julia set Y is connected and the orbit of c stays bounded.
If c ∈ ∂M is pre-periodic, Y is a dendrite, that is, a locally connected, compact and
connected set that does not contain any Jordan curves. However, the topology of Julia
sets for c ∈ ∂M and the associated dynamics of (3.1) can be very different and much
more complicated; see, for example, [24].
Figure 3.1.1 shows the bifurcation diagram of the complex quadratic family (3.1).
Panel (a) shows the attractors in the (c, z)-plane for c, z ∈ R. The colours green, cyan,
red and blue correspond to periodic windows, where (3.1) has an attracting periodic
orbit Pk of period k = 1, 2, 3 and 4, respectively. We remark that for c and z both
real (3.1) is topologically conjugate to the real logistic map x 7→ µx(1 − x) with µ, x ∈ R.
The points S1 , P1 and P2 (black dots) are points of saddle-node and period-doubling
bifurcations, respectively. When c is decreased along the real line, the restriction of (3.1)
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Figure 3.1.1: The bifurcation diagram of the map (3.1) in the (c, z)-plane for c, z ∈ R (a) and in
the c-plane for c, z ∈ C (b). The colours green, cyan, red and blue correspond to the existence of
attracting periodic points of periods one, two, three and four, respectively. The points S1 , P1 and
P2 are points of saddle-node and period-doubling bifurcations, respectively, and the points C1 and
C2 are the centres of the main cardioid and the period-two bulb, respectively.

to R undergoes a sequence of period-doubling bifurcations, which leads to the appearance
of a chaotic attractor in R. Figure 3.1.1(b) shows the Mandelbrot set M in the complex c62
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plane. The main cardioid (green) corresponds to the existence of an attracting fixed point;
the bulb containing C2 (cyan) and the bulbs labelled 3 (red) and 4 (blue) correspond to
the existence of attracting periodic points of periods two, three and four, respectively; the
black bulbs correspond to attracting periodic points of higher periods. The points C1 = 0
and C2 = −1 (black dots) are the centres of the main cardioid and the period-two bulb,
respectively, where the critical point J0 is a super-attracting fixed point and period-two
point, respectively. Indeed, panel (a) corresponds to the one-dimensional cross section
along the line Im(c) = 0 in panel (b).
Our goal is to understand how the dynamics of map (3.2) changes, when we vary the
parameter λ ∈ [0, 1] away from λ = 1. (Recall that we do not consider the cases λ < 0
and λ > 1 in this thesis, because there the map (1.1) is 4-to-1 or even ∞-to-1.) When
λ 6= 1, the map (3.2) is no longer analytic, but only a map on the punctured plane C\{0}.
As a result, (3.2) has a critical circle J1 instead of a critical value c and so we need to
consider the orbits of all points on J1 instead of only the orbit of c. In addition, saddle
periodic points, stable and unstable sets and chaotic attractors may appear.
Note that, if we decrease λ ∈ [0, 1] all the way to λ = 0, map (3.2) reduces to
f0 : C\{0} → C
 2
z
+ c.
z 7→
|z|

(3.6)

The map f0 maps the entire punctured plane C\{0} onto the critical circle J1 = ∂D1 (c).
The points on J1 have infinitely many preimages, whereas the points in C\J1 have no
preimages; see Section 3.2.1. For c = 0, the map (3.6) restricted to the unit circle is the
angle-doubling map. This map is transitive and the repelling periodic points are dense in
the unit circle. If c is varied and |c| < 1, the restriction of (3.6) to J1 still appears to be
transitive and repelling periodic points seem to be dense in J1 , but we did not investigate
this in detail. The difficulty is that the projection from J1 to the unit circle, where the
angle-doubling of (3.6) takes place, is not the inverse of the translation by c of the unit
circle back to J1 ; hence, it is not immediately clear how a homeomorphism can be derived
that would show topological equivalence between (3.6) on J1 and the angle-doubling map.
The repelling periodic points of the restriction (3.6) to J1 are (degenerate) saddle periodic
points of the two-dimensional map (3.6).
In the study of the transition of decreasing λ ∈ [0, 1] from λ = 1, we are interested in
three questions:
1. How do saddle points appear and disappear?
2. How do (un)stable sets and chaotic attractors interact with the Julia set Y?

3. What is the role of the tangency bifurcations from Chapter 2?
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In order to study these questions, in particular question 2, we need to extend the
notion of the Julia set to the larger family of maps (3.2) with λ ∈ [0, 1]. Note that the
bounded attractors of (3.2) may change drastically, but infinity is an attractor for all
λ ∈ (0, 1]. Therefore, we define the Julia set of (3.2) for λ ∈ (0, 1] by property (3.3), that
is, as the boundary of the basin of attraction of infinity, and still denote it Y. For λ = 0,
infinity is no longer attracting. As we will see in Section 3.2.1, the basin B(∞) goes to
infinity as λ goes to 0 and, therefore, we define the Julia set to be Y := {∞} for λ = 0.
We believe that this definition of the extension of the Julia set Y to the family of
maps (3.2) is suitable, because our numerical investigations in Sections 3.2–3.3 indicate
that Y retains its main properties. In particular, Y is invariant under (3.2) and both its
preimages and it is nonempty. Moreover, our results suggest that Y is closed and perfect.
However, as we will see in Section 3.3, for λ ∈ (0, 1) the Julia set Y, as defined by (3.3), is
not necessarily the closure of the repelling periodic points. For some λ ∈ (0, 1), a subset
of Y lies in the interior of the disk bounded by the critical circle J1 . Since the points in
this subset of Y have no preimage, they are not in the closure of the repelling periodic
points. On the other hand, this subset eventually appears to map to the closure of the
repelling periodic points. Therefore, we propose the alternative characterisation of the
Julia set Y of map (3.2) for λ ∈ [0, 1] as the closure of periodic and pre-periodic repelling
points, that is, we conjecture that
Y = {z ∈ C : ∃ k ∈ N such that f k (z) is a repelling periodic point}.
In particular, this alternative characterisation of Y also holds for λ = 1, that is, for the
complex quadratic family (3.1).
From now on, we consider c ∈ R and study the transition in the dynamics of (3.2)
when decreasing λ ∈ [0, 1] from λ = 1. Indeed, a focus here is on the role and properties
of the Julia set Y in the transition. Note that (3.2) is orientation preserving for c ≥ 0
and orientation reversing for c < 0. In Section 3.2, we choose c in the interior of M,
namely, from the main cardioid. We expect that the dynamics of (3.2) for λ sufficiently
close to 1 is qualitatively the same as that of the complex quadratic family (3.1): the
radius 1 − λ of J1 will be small and the orbits of points on J1 will all be attracted by
the period-k attractor; the Julia set Y will still be a union of Jordan curves that bound
the basin of attraction of this period-k attractor. However, as λ decreases further, we
expect that saddle periodic points appear and that the dynamics is organised by their
stable and unstable sets. Recall that (3.2) is symmetric under complex conjugation for
all c ∈ R, which means that all bifurcations in the upper half plane coincide with a
symmetric bifurcation in the lower half plane. In particular, due to this symmetry we
expect pitchfork bifurcations to play a role in the creation of saddle points. Similar to
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what we have seen in Chapter 2, chaotic dynamics may develop as λ decreases further.
Therefore, we expect to find all the tangency bifurcations from Chapter 2, but now these
different invariant sets may also interact with the Julia set Y.
In Section 3.3, we consider c in the exterior of M. As for λ = 1, we expect that,
for λ sufficiently close to 1, all orbits of points on J1 go to infinity and the Julia set Y
is a Cantor set. However, as λ decreases further, we expect that Y and the critical set
J interact with each other. One can imagine an “intermediate” situation where orbits of
some points on J1 go to infinity and others stay bounded. It is of interest to investigate
what this would mean for the topology of Y. We also consider cases where there exist
more than one attractor other than infinity.
In order to find out how these transitions are connected to one another, we continue
the bifurcations involved in the two parameters Re(c) and λ, as we did in Chapter 2. We
expect that there are no bifurcations for λ sufficiently close to 1 and c sufficiently far from
the centres and boundaries of the cardioids and bulbs in M. However, it is not clear, a
priori, how these bifurcations are organised.
The family (3.2) is a specific perturbation of the complex quadratic family (3.1); it
is nonanalytic and has a singularity at J0 = 0 for λ 6= 1. Moreover, (3.2) remains in the
class of quadratic maps and admits infinitely many critical orbits, namely, the orbits of all
points on the critical circle J1 . Other perturbations of the complex quadratic family (3.1)
have been studied, for example, in [14, 16, 20, 27, 62, 66, 80, 81]. In [16, 27, 62, 66] the
map (3.1) is perturbed to a rational map with a pole at J0 = 0 by adding the term α/z m
for m ∈ N with m ≥ 1. For α 6= 0, the perturbed maps are rational maps of degree 2 + m
and analytic on C\{0}. For m = 1, m = 2 and m ≥ 3 and certain α, c ∈ C the Julia
set of the perturbed map is homeomorphic to a so-called Sierpinski gasket, a Sierpinski
carpet or a Cantor set of circles, respectively. The Sierpinski gasket is constructed by
dividing a triangular region of the plane into four equal-sized subtriangles, removing
the open middle triangle and repeating this step with the remaining triangles infinitely
many times. Similarly, the Sierpinski carpet is constructed by dividing a square into nine
equal-sized subsquares, removing the open middle square and repeating this step with the
remaining squares infinitely many times. A Cantor set of circles is a union of infinitely
many nested Jordan curves such that their intersection with a line is a Cantor set.
In [14, 20] the map z 7→ |z|2α−2 z 2 + c is considered near α = 1, which is, in fact,
map (1.1) for λ = 1 and a = 2α; the perturbed map is nonanalytic, is no longer quadratic
and has a singularity at J0 = 0. In [80, 81] the map (3.1) is perturbed to a nonanalytic map
by adding the term Az with A ∈ C near A = 0. In [14, 20, 80, 81] the bifurcation diagram
of the perturbed maps is studied in the c-plane, that is, the analogue of the Mandelbrot
set M, for different α ∈ R near α = 1 and A ∈ C near A = 0, respectively. They find
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saddle-node, period-doubling and Neimarck–Sacker bifurcation curves, which give rise to
resonance tongues and invariant circles near the cusp point C1 , the period-doubling point
P1 and the point between the main cardioid and the period-three bulb of the unperturbed
map. In [64, 65] nonanalytic quadratic maps of the plane are considered, where chaotic
attractors interact with their fractal basin boundaries; however, the considered parameter
regime is far away from (3.1). All of these perturbations of the complex quadratic map
have in common that they admit only one critical orbit and are either nonanalytic or have
a singularity at J0 .
This chapter is organised as follows. In Section 3.2 we study the transition of the
phase portrait of map (3.2) for c in the interior of the main cardioid of the Mandelbrot
set M. We start with the super-attracting case c = 0 at the centre of the cardioid
and then consider c = 0.1 and c = −0.25, for which (3.2) is orientation preserving or
reversing, respectively. We discuss the transition for c outside M in Section 3.3 for the
representative value c = 0.28. In Section 3.4 we present and discuss the bifurcation
diagram in the (Re(c), λ)-plane for Im(c) = 0.

3.2

Inside the main cardioid of the Mandelbrot set
M

In this section we consider three different fixed values of c in the interior of the main
cardioid of the Mandelbrot set M. We first consider the special case c = 0 in Section 3.2.1,
because for λ = 1 the origin of (3.1) is super-attracting and the Julia set Y is simply the
unit circle. In the sections that follow, we choose c = 0.1 > 0 and c = −0.25 < 0, so
that (3.2) is orientation preserving and orientation reversing, respectively. For all choices
of c, we start from λ = 1 and investigate the changes in the phase portrait of map (3.2)
for decreasing λ ∈ [0, 1].

3.2.1

The special case c = 0

First, we consider the special case c = 0, which is the centre of the main cardioid of M,
meaning that c = f (c) = 0 is a super-attracting fixed point of (3.1).
Figure 3.2.1(a) is the phase portrait of (3.2) for c = 0 and λ = 1, that is, of the
complex quadratic map (3.1), which is defined for all z ∈ C. The critical point J0 = 0
(green dot) is mapped to the critical value J1 = 0 (green dot) of (3.1). Therefore, J0 is
equal to the fixed point p1 (blue triangle), which is super-attracting. The points inside
the unit circle form the basin of attraction B(p1 ) (white) and B(∞) (grey) consists of all
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Figure 3.2.1: The transition of the phase portrait for c = 0 in [−1.1, 1.1] × [−1.1, 1.1] in panels (a)–
(d) and [−2.5, 2.5] × [−2.5, 2.5] in panels (e) and (f), respectively; shown are the Julia set Y (black),
the critical set J (green), the fixed points p1 (blue triangle/black cross) and s1 (red square), the
±
s
period-two points p±
2 (black crosses) and s2 (red squares), the stable sets W (p1 ) (dark blue) and
±
W s (p2 ) (light blue), respectively, and the chaotic attractor A (magenta). Panels (a)–(f) are for
λ = 1, λ = 0.9, λ = 0.6, λ = 0.5, λ = 0.3 and λ = 0, respectively.

points outside the unit circle. The grey scale corresponds to sets with different escape
times to a neighbourhood of infinity, chosen to be the set of points {z ∈ C : |z| > 2r},
where r is the maximum value of Re(z) shown in the phase portrait. The unit circle forms
the boundary between B(p1 ) and B(∞) and, hence, is the Julia set Y (black). Restricted
to Y, the map (3.2) with (c, λ) = (0, 1) is the angle-doubling map θ 7→ 2θ (mod 1).
Therefore, (3.2) is chaotic on Y and repelling periodic points are dense in it [26]. We
show only fixed points and period-two points in Figure 3.2.1(a). The map has a repelling
fixed point s1 = 1 ∈ Y (red square) on the real line and two repelling period-two points
s±
2 = ± exp(2πi/3) ∈ Y (red squares) above and below the real line, respectively. Since p1
and infinity are the only attractors, the set C = C\(B(∞) ∪ Y) is simply the basin B(p1 ).
Figures 3.2.1(b) and (c) are the phase portraits for λ = 0.9 and λ = 0.6, respectively.
As λ is decreased from λ = 1, the critical value J1 = 0 opens up to the critical circle J1
(green) with radius 1 − λ around 0. The Julia set Y is still the unit circle and contains the
repelling points s1 and s±
2 along with other repelling periodic points. However, the period67
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one attractor p1 is now a saddle point (black cross) on the positive real line and the map
−
has two period-two saddle points p+
2 and p2 above and below the real line, respectively.
All saddles lie on a circle with radius (1 − λ)/λ around J0 (magenta), which we call A.
The images of J1 in the forward critical set J + are concentric circles that accumulate
on A. One can show that the circle A is invariant under (3.2), that it attracts all points
inside Y, and that the restriction of (3.2) to A is the angle-doubling map. Therefore, A
is a chaotic attractor and saddle periodic points of (3.2) are dense in it. Its basin B(A)
(white) is bounded by Y. In other words, for the special case c = 0 we obtain a chaotic
attractor, namely, the circle of radius (1 − λ)/λ around J0 , for any λ ∈ (0.5, 1). Similar to
what we have seen in Chapter 2, the saddle points p1 and p±
2 have one-dimensional stable
s
s ±
sets, denoted W (p1 ) (dark blue) and W (p2 ) (light blue), respectively. The primary
±
branches W0s (p1 ) and W0s (p±
2 ) are arcs that go through p1 and p2 and connect to J0 on
s
s ±
one side and to s1 and s±
2 on the other, respectively. The sets W (p1 ) and W (p2 ) consist
of infinitely many straight lines, which go through the preimages of p1 and p±
2 on A and
±
extend to J0 on one side and to the preimages of s1 and s2 on Y on the other, respectively.
In contrast to the stable set W s (p) in Chapter 2, the sets W s (p1 ) and W s (p±
2 ) do not have
branch points other than J0 , because J0 lies inside J1 ; compare, for example, Figures 2.1.4
and 2.2.7.
As λ decreases further, the radius of A increases until, for λ = 0.5, it equals 1 and
A and Y coincide. Figure 3.2.1(d) is the phase portrait for λ = 0.5. We observe that
±
the fixed points p1 and s1 and the period-two points p±
2 and s2 meet in a transcritical
bifurcation; they have one eigenvalue equal to 1. This bifurcation is highly degenerate,
because all saddle periodic points in A have transcritical bifurcations with corresponding
repelling periodic points in Y at the same time. Note that A still attracts all points
bounded by Y, including the circles in J + , but the attraction is no longer exponential.
In particular, A is not an attractor, because we cannot find a neighbourhood, in which
all points converge to A.
Past the degenerate transcritical bifurcation, A and Y move apart again. However,
now the chaotic attractor A is the unit circle and Y is the circle with radius (1 − λ)/λ
around 0. (Note that the radius of Y must be equal or larger than the radius of A,
because infinity is attracting for all λ ∈ (0, 1].) Figure 3.2.1(e) is the phase portrait for
λ = 0.3. The dynamics of map (3.2) for λ ∈ (0, 0.5) are qualitatively the same as the
dynamics for λ ∈ (0.5, 1), that is, A and Y are circles around J0 and the stable sets W s (p1 )
and W s (p±
2 ) are formed by infinitely many straight lines between J0 and the preimages
of s1 and s±
2 on Y, respectively. Note that the range shown in Figure 3.2.1 varies from
[−1.1, 1.1] × [−1.1, 1.1] in panels (a)–(d) to [−2.5, 2.5] × [−2.5, 2.5] in panel (e) due to the
increased radius of Y.
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Finally, as λ → 0, the radius 1 − λ of J1 goes to 1 and the radius (1 − λ)/λ of Y
goes to infinity, while A remains the unit circle. The phase portrait for λ = 0 is shown
in Figure 3.2.1(f), where map (3.2) reduces to z 7→ (z/|z|)2 , which is (3.6) for c = 0;
the range shown is the same as in panel (e). The forward critical set J + consists only
of the critical circle J1 , which coincides with the chaotic attractor A. Its basin B(A) is
the entire punctured plane, which is mapped onto A in an ∞-to-1 fashion. Note that
the stable sets W s (p1 ) and W s (p±
2 ) are still defined as in equation (1.4) in Section 1.1.5.
More specifically, W s (p1 ) and W s (p±
2 ) are straight lines from J0 through the preimages of
±
p1 and p2 in A; each such line extends to infinity and each point on it immediately maps
to p1 or p±
2 , respectively.

3.2.2

Global transitions for c = 0.1

We now consider an orientation-preserving case in M; namely, we choose c = 0.1 to the
right of the centre c = 0 of the main cardioid of M. As before, we study the changes in the
phase portrait of map (3.2) when λ ∈ [0, 1] is decreased from λ = 1; the corresponding
phase portrait is shown in Figure 3.2.2(a). As c = 0.1 lies in the interior of the main
cardioid of M, the map has a fixed-point attractor on the real line, denoted p1 (blue
triangle); the Julia set Y (black) is a Jordan curve and coincides with the closure of
the repelling periodic points. We computed Y by plotting up to the third preimage of
approximately three thousand repelling periodic points with periods up to 24. The basin
B(∞) is shown in grey where the grey scale corresponds to sets with different escape times
to a neighbourhood of infinity. Note that this method, which gives an approximation of
the Julia set Y as the boundary of B(∞), is effectively a box covering of the plane where
the colour of the box is determined by the escape time of its middle point. The map has
a repelling fixed point (red square), denoted s1 , which lies on the intersection of Y with
the real line. The basin B(p1 ) (white) of the attractor p1 is the set C = C\(B(∞) ∪ Y).
The backward critical set J − (green dots) is shown up to the sixth preimage J−6 of the
critical point J0 ; it accumulates on the Julia set Y. The forward critical set J + (green
dots) is shown up to the fifth image J6 of the critical value J1 = 0.1 (green dot) of (3.1);
it converges to p1 .
As soon as λ < 1, the critical circle J1 becomes a proper circle with radius 1 − λ;
note that this circle is now centred at c = 0.1. Figure 3.2.2(b) shows the phase portrait
for λ = 0.95. The critical circle J1 has radius 1 − λ = 0.05 and the forward critical set
J + consists of closed curves accordingly. The map (3.2) is no longer analytic, but the
dynamics of the key objects are qualitatively the same as for λ = 1 in panel (a): the
attractor p1 and the repellor s1 are the only fixed points, the circles in the forward critical
set J + accumulate on p1 , the backward critical set J − accumulates on Y, which is a
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Figure 3.2.2: First step in the transition of the phase portrait for c = 0.1 in [−1.1, 1.1] × [−1.1, 1.1];
shown are the Julia set Y (black), the critical set J (green), the fixed points p1 (blue triangle/black
±
cross), s1 (red square) and q1± (blue triangles), the period-two points p±
2 (black crosses) and s2
±
s
s
(red squares), and their stable and unstable sets, denoted W (p1 ) (dark blue), W (p2 ) (light blue),
W u (p1 ) (red), and W u (p2 ) (purple), respectively. Panels (a)–(f) are for λ = 1, λ = 0.95, λ = 0.93,
λ = 0.91, λ = 0.9, and λ = 0.85, respectively.

Jordan curve bounding C = B(p1 ). Since the orbits of all points on J1 are attracted by
p1 , one could still think of J1 as the image of J0 and so the entire critical set J lies in
C = B(p1 ). Since only J + changed locally between λ = 1 and λ = 0.95, we believe that
Y still is the closure of the repelling periodic points.
As λ decreases, p1 destabilises in a pitchfork bifurcation at λ ≈ 0.9375. The fixed
point p1 becomes a saddle and two attracting fixed points q1± are born, which are each
others symmetric counterparts under complex conjugation. Figures 3.2.2(c) for λ = 0.93
and (d) for λ = 0.91 show two phase portraits after the pitchfork bifurcation. The saddle
p1 (black cross) has one-dimensional stable and unstable sets W s (p1 ) (blue) and W u (p1 )
(red), respectively. The primary branch W0s (p1 ) of W s (p1 ) is the open interval (J0 , s1 )
on the real line. The stable set W s (p1 ) consists of infinitely many branches, formed by
the preimages of W0s (p1 ), which contain the preimages of p1 and end at the preimages
of s1 in Y. In contrast to the case c = 0, where all branches of W s (p1 ) emanate from
J0 , W s (p1 ) now has a tree structure: the branches of W s (p1 ) are connected at points in
J − such that each point in J − connects four branches of W s (p1 ), which is similar to the
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nonchaotic regime in Chapter 2; for example, compare Figure 2.1.4(a). The unstable set
W u (p1 ) lies outside the critical circle J1 ; its two sides are curves that end at q1± . The
circles in the forward critical set J + accumulate on the closure of W u (p1 ), that is, on
W u (p1 ) ∪ {q1± }. Note, however, that individual orbits of points on J1 converge to either
p1 , q1+ or q1− . More precisely, the two points in J1 ∩ R lie in W s (p1 ), but all other points
on J1 lie in one of the basins of q1± , denoted B(q1± ). The Julia set Y is still a Jordan
curve, but the set C is no longer the basin of a single attractor. Instead, C now consists of
the two basins B(q1± ), as well as the backward critical set J − and the stable set W s (p1 ),
which form the boundary between the two basins B(q1± ).
As λ decreases further, map (3.2) undergoes a first homoclinic tangency of the stable
and unstable sets W s (p1 ) and W u (p1 ) at λ ≈ 0.900085 and a first backward critical
tangency of the backward critical set J − and W u (p1 ) at λ ≈ 0.90006. As we have
seen in Sections 2.1.1 and 2.2.1, the first homoclinic tangency is accumulated by an
infinite sequence of forward critical tangencies, and the first backward critical tangency
is accumulated by an infinite sequence of forward-backward critical tangencies.
Figure 3.2.2(e) is the phase portrait for λ = 0.9, where J1 has radius 1 − λ = 0.1,
such that the critical point J0 lies on the critical circle J1 in a forward-backward critical
tangency. Recall from Chapter 2, that this bifurcation is the “last” forward-backward
critical tangency. All points in J − have disappeared into J0 and J0 no longer has any
preimages. Accordingly, the infinitely many branches of W s (p1 ) now all connect at J0 ,
which means that the tree structure of W s (p1 ) has collapsed into J0 . Similar to the
case c = 0, the stable set W s (p1 ) consists of infinitely many arcs extending to J0 at one
end and to the preimages of p1 in Y at the other; compare with Figure 3.2.1. Since
J0 ∈ J1 , the circles in the forward critical set J + satisfy Jl ⊂ Jk for all 1 ≤ l ≤ k. The
attractors q1± have disappeared into J0 and the unstable set W u (p1 ) intersects itself in
several points on the real line. Let W0u (p1 ) be the closed segment of W u (p1 ) containing p1
up to the first intersection point of the two sides of W u (p1 ). Then the circles in J + and
the entire unstable set W u (p1 ) are bounded by W0u (p1 ). As we will show in Figure 3.2.3,
our numerical calculations suggest that the closure of W u (p1 ) is now a chaotic attractor
A and saddle periodic points are dense in it. In Figure 3.2.2(e), the set C is the basin of
attraction B(A) of A. In particular, since p1 is contained in A, its stable set W s (p1 ) is
contained in the basin B(A).
Figure 3.2.2(f) is the phase portrait for λ = 0.85, after the forward-backward critical
tangency of J0 and J1 . Note that J0 now lies inside the disk bounded by J1 . Two
saddle period-two points (black crosses), denoted p±
2 , which are symmetric under complex
conjugation, have appeared near J0 , but outside J1 . They have one-dimensional stable
u
and unstable sets W s (p±
2 ) (light blue) and W (p2 ) (purple), respectively. The stable
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set W s (p±
2 ) consists of infinitely many branches connecting J0 to the preimages of two
u
period-two repelling points s±
2 in Y. The unstable set W (p2 ) accumulates on the chaotic
attractor A. Overall, the dynamics are somewhat similar to that of the special case c = 0
with λ ∈ (0, 0.5) ∪ (0.5, 1) in Figure 3.2.1, but, the chaotic attractor A and the Julia set
Y are not circles.
Details of the last forward-backward critical tangency
We now look closer at how the critical set J changes and how fixed and periodic points
appear or disappear in the forward-backward critical tangency of the critical point J0 and
the critical circle J1 at λ = 0.9; see panels (e) and (f) of Figure 3.2.2. Figure 3.2.3 shows
images before the bifurcation in column (a), at the bifurcation in column (b) and after
the bifurcation in column (c), namely for λ = 0.904, λ = 0.9 and λ = 0.89, respectively.
1
00
01
10
11
, J−2
, J−2
, J−2
, J−2
∈ J − (green points),
The top row shows J0 and its preimages J−1
and J1 and its image J2 ∈ J + (green curves); the middle row shows enlargements near
J0 , q1± and p±
2 ; and the bottom row shows, in addition, the saddle point p1 , its unstable
set W u (p1 ) and all saddle periodic points up to period 20.
Figure 3.2.3(a) illustrates the situation before the forward backward critical tangency;
here, the point J0 lies outside the disk bounded by J1 and, accordingly, J1 lies outside the
region bounded by J2 . From (3.2) it is not hard to find that the attractors q1± lie in the
intersection of two circles, one around c with radius c and the other around 0 with radius
p
(c − 1 + λ)/λ. Therefore, q1± lie outside the critical circle J1 and its images. The points
q1± are the only attractors and the point p1 is the only saddle.
At λ = 0.9, at the moment of bifurcation, J0 lies on J1 , as shown in panels (b1)
0
1
00
01
10
20
and (b2). Therefore, J1 ⊂ J2 and the preimages J−1
, J−1
, J−2
, J−2
, J−2
, J−2
of J0
p
disappear. Furthermore, the circle around J0 with radius (c − 1 + λ)/λ shrinks to the
point J0 and, thus, q1± also disappear into J0 . Since W u (p) extends to q1± , the critical point
J0 now lies on the unstable set W u (p1 ) in a last backward critical tangency, as shown in
panel (b3). This backward critical tangency is degenerate because it coincides with the
last forward critical tangency and, as a consequence, W u (p1 ) does not form cusps at the
circles in J + ; compare with Figure 2.2.1. This panel also shows saddle periodic points
with periods 3 ≤ k ≤ 20, but the saddle periodic points with periods 3 ≤ k ≤ 8 are
very close to J0 . As we know from Section 2.2, there is an infinite sequence of forwardbackward critical tangencies between the first backward critical tangency at λ ≈ 0.90006
and the last forward-backward critical tangency at λ = 0.9. We believe that each of these
forward-backward critical tangencies gives rise to a saddle periodic orbit near J0 and, as
a result, (3.2) admits infinitely many saddle periodic points of arbitrarily high periods
at λ = 0.9. Since these saddle periodic points accumulate on W u (p1 ), and W u (p1 ) is
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Figure 3.2.3: The effect of the “last” forward-backward critical tangency at λ = 0.9; row one and
0 , J 1 , J 00 , J 01 , J 10 , J 11 ∈ J − (green), J (dark green) and
two show J0 and its preimages J−1
1
−1
−2
−2
−2
−2
its image J2 ∈ J + (green), the attracting fixed points q1± (blue triangles) and the period-two points
p±
2 (black crosses); row three shows, in addition, the saddle point p1 (black cross), its unstable set
W u (p1 ) (red) and all saddle periodic points up to period 20. The parameter values are λ = 0.904
before the tangency in column (a), λ = 0.9 at the tangency in column (b) and λ = 0.89 after the
tangency in column (c).

bounded, the closure of W u (p1 ) is a chaotic attractor A.
After the bifurcation, J0 lies in the interior of the disk bounded by J1 ; see panels (c1)
and (c2). Because of the angle-doubling of (3.2), the closed curve J2 goes around J1 twice
and intersects itself on the negative real line. This means that the curves in the forward
critical set J + lie nested. Two period-two saddle points p±
2 have appeared near J0 , which
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lie between the outer and the inner closed curve of J2 ; see panel (c2). The saddle points
p±
2 were created in the last forward-backward critical tangency with the same mechanism
by which the infinitely many saddles with periods k ≥ 3 were created in the preceding
infinite sequence of forward-backward critical tangencies.
This complicated transition in the small interval λ ∈ [0.89, 0.904] generates infinitely
many saddle points, which lie dense in the closure of the unstable set W u (p1 ); hence, we
have indeed a chaotic attractor A, which is the only attractor other than infinity.

Transition through the first saddle-node bifurcation
As for c = 0, the attractor A grows larger as λ decreases further and the saddle periodic
points on A come closer to the repelling periodic points on Y. Figure 3.2.4 shows phase
portraits illustrating further changes in the dynamics of map (3.2) for six decreasing
values of λ ∈ [0.6, 0.8] in panels (a)–(f), respectively. Panels (a) and (b) are the phase
portraits for λ = 0.8 and λ = 0.78, where the dynamics are qualitatively the same as
u
u
in Figure 3.2.2(f), but the points p1 and p±
2 and their unstable sets W (p1 ) and W (p2 )
lie further away from J0 and the point p1 in A lies closer to the point s1 in Y. At
√
λ = (11+ 21)/20 ≈ 0.779129, the fixed points p1 and s1 meet, as shown in Figure 3.2.4(c).
In contrast to the case c = 0, this is not a transcritical bifurcation, but a saddle-node
bifurcation. The chaotic attractor A meets its basin boundary Y, but now only in the
point p1 = s1 . Note that the preimages of p1 = s1 lie in Y, but not on the attractor A.
After the saddle-node bifurcation, the fixed points p1 and s1 and the sets W s (p1 ) and
W u (p1 ) have disappeared. Figures 3.2.4(d)–(f) show the dynamics for parameter values
λ ∈ (0.3208, 0.779129), after the saddle-node bifurcation; shown are the phase portraits
for λ = 0.75, λ = 0.7 and λ = 0.6, respectively. Now that p1 is gone, the unstable
set W u (p2 ) and the forward critical set J + are no longer bounded by W u (p1 ). Instead,
W u (p2 ) and J + intersect the Julia set Y and the basin B(∞), which means that they
are now unbounded. Hence, the closure of the saddle periodic points is not a chaotic
attractor, but a chaotic saddle, which we denote by S. The critical circle J1 contains
points that go to infinity, for example, the point c + 1 − λ, and points that stay bounded
under iteration of map (3.2), for example W0s (p±
2 ) ∩ J1 . Therefore, J1 must also contain
points that lie in Y; note that J0 now lies in Y as well.
Before we discuss the Julia set Y in this parameter regime, let us first study the effect
of the saddle-node bifurcation on the stable and unstable sets W s (p1 ) and W u (p1 ) and
the saddle periodic points in more detail.
74

3.2 Inside the main cardioid of the Mandelbrot set M
(a)

(b)

(c)

(d)

(e)

(f)

Figure 3.2.4: Second step in the transition of the phase portrait for c = 0.1 in [−1.2, 1.2] ×
[−1.2, 1.2]; shown are the Julia set Y (black), the critical set J (green), the fixed points p1 (black
±
cross) and s1 (red square), the period-two points p±
2 (black crosses) and s2 (red squares), and
±
u
s
s
their stable and unstable sets W (p1 ) (dark blue), W (p2 ) (light blue), W (p1 ) (red), and W u (p2 )
(purple), respectively. Panels (a)–(f) are for λ = 0.8, λ = 0.78, λ = 0.779129, λ = 0.75, λ = 0.7
and λ = 0.6, respectively.

Details of the first saddle-node bifurcation
Figure 3.2.5 shows the phase portraits for λ = 0.8 in column (a), λ = 0.779129 in
column (b) and λ = 0.75 in column (c) before, approximately at, and after the saddlenode bifurcation, respectively. The top row shows the fixed points p1 and s1 , the stable
sets W s (p1 ) and W s (p±
2 ), the critical point J0 and the Julia set Y in the positive quadrant
of the complex plane; the bottom row shows J0 , J1 , the unstable set W u (p1 ) and all
saddle periodic points up to period 15. Before the bifurcation, as shown in panel (a1),
the primary branch W0s (p1 ) contains p1 , extends to J0 on one side and to s1 on Y on the
other. The saddle periodic points are dense in the chaotic attractor A and the unstable
set W u (p1 ) accumulates on A; see panel (a2). The set C is the basin B(A), which is open
and connected and its boundary Y is a Jordan curve.
At the saddle-node bifurcation of p1 and s1 , the preimages of p1 in W s (p1 ) are equal to
the preimages of s1 in Y. Here, C is still B(A) and Y is still a Jordan curve; see panel (b1).
The fixed point p1 = s1 has one eigenvalue at 1 and, therefore, the contraction to p on
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p1 s 1

(c1)
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Figure 3.2.5: The effect of the saddle-node bifurcation of the fixed points p1 and s1 at λ = 0.779129;
the top row shows J0 (green), the saddle point p1 (black cross), the repellor s1 (red square), the
stable sets W s (p1 ) (blue) and W s (p±
2 ) (light blue) and the Julia set Y; the bottom row shows the
critical point J0 (green), the critical circle J1 (green), all saddle periodic points up to period 15 and
the unstable set W u (p1 ) (red). The parameter values are c = 0.1 and λ = 0.8 before the bifurcation
in column (a), λ = 0.779129 approximately at the bifurcation in column (b) and λ = 0.75 after the
bifurcation in column (c).

W s (p) is no longer exponential. The point p1 lies on the attractor A and the point s1
lies on its basin boundary Y, so this bifurcation is a boundary crisis of A; see [64, 65] for
more details on boundary crisis of fractal basin boundaries.
After the saddle-node bifurcation, the stable set W s (p1 ) has disappeared together with
p1 and s1 ; see panel (c1). Furthermore, the chaotic attractor A and its basin B(A) have
disappeared; see panel (c2). Points on the entire positive real line and its preimages (grey
curves) now go to infinity, while W s (p±
2 ) stays bounded under iteration of (3.2). The
closure of the saddle periodic points forms the chaotic saddle S that induces transient
chaos [41]: immediately after the bifurcation, the set S is chaotic and orbits of points
in the former basin B(A) are initially all attracted by S, but eventually most diverge to
infinity.
After the bifurcation, map (3.2) has no attractor and the set C = C\(B(∞) ∪ Y) is
empty. However, the closures of W s (p±
2 ) and the stable sets of all other saddle periodic
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points stay bounded under iteration and, hence, must be contained in Y. On the other
hand, the closure of the stable sets consists of infinitely many arcs that have the preperiodic repelling points as their end points. Therefore, we conclude that Y now coincides
with the closure of the stable sets of all saddle points. This means that Y is compact,
connected and does not contain any Jordan curves. Furthermore, it is locally connected
only in the point J0 , so it is not a dendrite. Note that this is the first time that the Julia
set of map (3.2) is neither a union of Jordan curves, nor a Cantor set, nor a dendrite.
All together, our numerical investigations suggest, that Y is a so-called Cantor bouquet.
This is an infinite union of arcs that emanate from one point, such that the end points
of these arcs are dense in the set [1, 21]. The Cantor bouquet is locally connected only
at the point of connection of the arcs, which is J0 in this case. Furthermore, the set of
end points of the arcs together with the point of connection of the arcs is a connected
set, whereas the set without this point is totally disconnected; such a point is called
an explosion point [63]. Cantor bouquets have been found in the study of Julia sets of
the exponential map z 7→ λ exp(z) for λ < e−1 , where the explosion point is at infinity;
see [1, 21, 28, 54, 63] for more details.

Transition through a second saddle-node bifurcation of p1
As λ decreases further, the fixed points p1 and s1 and the sets W s (p1 ) and W u (p1 ) reappear
in a second saddle-node bifurcation, which induces the transition shown in Figure 3.2.4,
but in reverse order. Figure 3.2.6 shows changes in the phase portraits for six decreasing
values of λ ∈ [0, 0.4] in panels (a)–(f). Note that panels (a)–(d) are shown in the range
[−2.5, 2.5] × [−2.5, 2.5], whereas panels (e) and (f) are shown in the range [−4.3, 4.3] ×
[−4.3, 4.3], because the basin B(A) extends in the course of the transition, as was the case
for λ < 0.5 and c = 0. Panels (a) and (b) show the situation at λ = 0.4 and λ = 0.35,
respectively, where the dynamics are qualitatively the same as in Figures 3.2.4(d)–(f):
there are no fixed points, W u (p2 ) is unbounded and we believe that the Julia set Y is a
Cantor bouquet with explosion point J0 . Panel (c) is the phase portrait for λ = 0.3208,
approximately at the second saddle-node bifurcation at which p1 , s1 and the chaotic
attractor A reappear; compare with Figure 3.2.4(c). Figures 3.2.6(d) and (e) are the phase
portraits for λ = 0.3 and λ = 0.2, after the second saddle-node bifurcation; compare with
Figures 3.2.4(b) and (a).
Figure 3.2.6(f) is the phase portrait for λ = 0, where map (3.2) reduces to (3.6) for
c = 0.1; compare with Figure 3.2.1(f). As for c = 0, the stable set W s (p1 ) and W s (p±
2 ) are
straight lines, which extend from J0 to infinity, each point in these sets immediately maps
to p1 and p±
2 , respectively, and the chaotic attractor A (magenta) is the critical circle J1 ,
but now J1 is centred around c = 0.1. Saddle periodic points still seem to be dense in
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Figure 3.2.6: Last step in the transition of the phase portrait for c = 0.1 in [−2.5, 2.5] × [−2.5, 2.5]
(panels (a)–(d)) or [−4.3, 4.3] × [−4.3, 4.3] (panels (e)–(f)); shown are the Julia set Y (black), the
critical set J (green), the fixed points p1 (black cross) and s1 (red square), the period-two points
±
s
p±
2 (black crosses) and s2 (red squares), and their stable and unstable sets W (p1 ) (dark blue),
±
W s (p2 ) (light blue), W u (p1 ) (red), and W u (p2 ) (purple), respectively. Panels (a)–(f) show phase
portraits for λ = 0.4, λ = 0.35, λ = 0.3208, λ = 0.3, λ = 0.2 and λ = 0, respectively.

A and, therefore, we believe that (3.2) restricted to A for c = 0.1 is a one-dimensional
chaotic map that is topologically equivalent to the angle-doubling map on the unit circle.

3.2.3

Global transitions for c = −0.25

We now consider an orientation-reversing case, namely, we choose c = −0.25 to the left
of the centre in the main cardioid of M. Some of these results were also part of the
MEng project by Madeleine Jones at the University of Bristol [49]. For c = −0.25 and
λ ∈ [0, 1] decreasing from 1 for map (3.2), we encounter a similar sequence of bifurcations
as for c = 0.1 in Section 3.2.2. However, the transition is preceded by a period-doubling
bifurcation and the sequence of bifurcations described in Section 3.2.2 occurs for the
emanating period-two orbit instead of the fixed point. We start with the phase portrait
of (3.2) for λ = 1 in Figure 3.2.7(a). As for c = 0.1, the map has an attracting fixed point
p1 (blue triangle) and a repelling fixed point s1 (red square) on the real line, the Julia set
Y (black) is a Jordan curve bounding the basin B(p1 ) = C, the backward critical set J −
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Figure 3.2.7: First step in the transition of the phase portrait for c = −0.25 in [−1.4, 1.4] ×
[−1.4, 1.4]; shown are the Julia set Y (black), the critical set J (green), the fixed points p1 (blue
±
triangle/black cross) and s1 (red square), the period-two points p±
2 (blue triangles/black crosses), q2
±
±
s
(blue triangles), r2 (blue triangles) and s2 (red squares), their stable and unstable sets W (p1 ) (dark
u
u
blue), W s (p±
2 ) (light blue), W (p1 ) (red), and W (p2 ) (purple), respectively, and the period-four
k
points p4 , 1 ≤ k ≤ 4 (black crosses). Panels (a)–(f) are for λ = 1, λ = 0.95, λ = 0.9, λ = 0.88,
λ = 0.8737, and λ = 0.85, respectively.

(green dots) accumulates on Y and the forward critical set J + (green dots) accumulates
on p1 ; compare with Figure 3.2.2(a). Note that, p1 now lies on the negative real line and
0
1
the points J−1
and J−1
and infinitely many higher-order preimages of the critical point
J0 in J − lie on the real line. Since the map is orientation reversing, the points Jk ∈ J +
lie to the right (left) of p1 if k > 0 is even (odd).
As λ < 1, initially, J1 becomes the circle with radius 1 − λ around c = −0.25 and the
images of J1 in J + become closed curves accordingly but, otherwise, the phase portrait is
unchanged; see Figure 3.2.7(b) for the phase portrait for λ = 0.95. As λ decreases further,
the fixed point p1 destabilises in a period-doubling bifurcation at λ ≈ 0.94286, where the
period-two attractors p±
2 are born and p1 becomes a saddle fixed point. Figure 3.2.7(c)
is the phase portrait for λ = 0.9, immediately after the period-doubling bifurcation. The
saddle fixed point p1 has one-dimensional stable and unstable sets W s (p1 ) (blue) and
−
W u (p1 ) (red) and the two sides of W u (p1 ) end atp+
2 and p2 . Similar to what happened
after the pitchfork bifurcation for c = 0.1, the stable set W s (p1 ) has a tree structure with
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the points in J − as branch points. However, infinitely many points in J − now lie on the
s
real line; compare with Figure 3.2.2(c). The set C is the union of the sets B(p±
2 ), W (p1 )
and J − .
As λ decreases further, the period-two points p±
2 destabilise in a pitchfork bifurcation
at λ ≈ 0.88993, at which two pairs of period-two attracting points, denoted q2± and r2± ,
are born. Figure 3.2.7(d) is the phase portrait for λ = 0.88, after the pitchfork bifurcation
±
of p±
2 . The period-two points p2 (black crosses) are saddles with one-dimensional stable
u ±
and unstable sets W s (p±
2 ) (light blue) and W (p2 ) (purple). As before, the stable set
s ±
W s (p±
2 ) consists of all preimages of the primary branches W0 (p2 ), which extend to the
u ±
period-two repellors s±
2 ∈ Y on one side and to J0 on the other. The two sides of W (p2 )
end at q2± and r2± , respectively. The unstable set W u (p1 ) accumulates on the closure of
W u (p2 ) and the circles in J + accumulate on the closure of W u (p1 ). However, typical
±
±
points on W u (p1 ) and J1 (not on W s (p±
2 )) are attracted by q2 or r2 . The set C is the
−
union of basins B(q2± ) and B(r2± ), the stable sets W s (p1 ) and W s (p±
2 ) and J .
At λ ≈ 0.8738, W u (p2 ) and W s (p1 ) become tangent in a first heteroclinic tangency
and, shortly after, W u (p2 ) and J − become tangent in a first backward critical tangency.
This bifurcation induces an infinite sequence of forward-backward critical tangencies,
which leads to the appearance of infinitely many saddle periodic points via the mechanism
we discussed for Figure 3.2.3.
1
Figure 3.2.7(e) is the phase portrait for λ = 0.8737, where J0 lies on J2 and J−1
lies
on J1 in a forward-backward critical tangency. Similar to the forward-backward critical
1
have disappeared into J0 , but J + still
tangency for J0 and J1 , the preimages of J−1
0
. Here, the circles in J + form two nested sets Jk ⊂ Jk+2
contains all preimages of J−1
for all k ∈ N, because J0 ∈ J2 . At the same time, the period-two attractors q2± and r2±
1
disappear into J0 and J−1
and the unstable set W u (p2 ) intersects itself. The sets W u (p1 )
and W u (p2 ) are bounded by the two closed segments of W u (p2 ) containing p±
2 up to their
u
first intersection. Similar to the closure of W (p1 ) for c = 0.1, we believe that the closure
of W u (p2 ) for c = −0.25 is a chaotic attractor A, that saddle periodic points lie dense in
A, and that the basin B(A) is the set C; compare with Figure 3.2.5(b).

Figure 3.2.7(f) is the phase portrait for λ = 0.85, after the forward-backward critical
tangency of J0 and J2 . Four saddle period-four points pk4 , 1 ≤ k ≤ 4, (black crosses)
1
have appeared near J0 and J−1
. They have one-dimensional stable and unstable sets and
corresponding repelling period-four points sk4 in Y (not shown).
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3.2 Inside the main cardioid of the Mandelbrot set M
Transition through a pair of saddle-node bifurcations of p±
2

For c = −0.25, map (3.2) undergoes two saddle-node bifurcations of the period-two saddle
points p±
2 , at which the chaotic attractor A disappears and reappears. Figure 3.2.8 shows
nine more phase portraits that illustrate the transition through these two saddle-node
bifurcations. Note that we show ranges from [−1.5, 1.5] × [−1.5, 1.5] in panel (a) to
[−3.1, 3.1] × [−3.1, 3.1] in panel (g) and [−6.4, 6.4] × [−6.4, 6.4] in panel (h), due to the
expansion of the basin B(A). Panel (a) is the phase portrait for λ = 0.81, where the
dynamics are qualitatively as in Figure 3.2.7(f), in the sense that the closure of W u (p2 )
is the chaotic attractor A, the saddle points p1 and pk4 , 1 ≤ k ≤ 4, and their unstable
sets lie on A and the basin B(A) is the set C. Figure 3.2.8(b) is the phase portrait for
±
λ = 0.8, where p±
2 and s2 meet in the first saddle-node bifurcation. As for the first
saddle-node bifurcation of p1 for c = 0.1, the chaotic attractor A hits its basin boundary
±
Y in a boundary crisis, but here A and Y meet in the two points p±
2 = s2 .
Figure 3.2.8(c) is the phase portraits for λ = 0.76 after the saddle-node bifurcation
±
±
±
s ±
u ±
of p±
2 and s2 . The points p2 and s2 , their stable and unstable sets W (p2 ) and W (p2 ),
the chaotic attractor A and its basin of attraction B(A) = C have disappeared. Similar
to what happened after the first saddle-node bifurcation for c = 0.1, the remaining sets
W u (p1 ) and J + are now unbounded and intersect both Y and the basin B(∞). Therefore,
orbits of some points on J1 stay bounded and orbits of other points on J1 go to infinity.
Since the intersection of J1 and Y is now nonempty and Y is backward invariant and
closed, J0 and all its preimages in J − now lie in Y. As before J − accumulates on Y and,
hence, J − is now a dense subset of Y. At the same time, as for c = 0.1, the Julia set Y
is the closure of the union of the stable sets of all saddle periodic points. However, our
numerical calculations suggest that Y is not a Cantor bouquet: even though Y consists of
infinitely many arcs, such that the set of end points of these arcs is dense, these arcs are
locally connected at more than one point, namely, in the dense subset J − . Therefore, Y
has a dense set of explosion points and we refer to this type of set as a Cantor tangle.
As λ decreases, J0 enters J1 in a forward-backward critical tangency at λ = 0.72,
where all preimages of J0 in J − disappear into J0 . Figure 3.2.8(d) is the phase portrait
for λ = 0.7 after this bifurcation. The Julia set Y is now a Cantor bouquet, because Y
is the closure of W s (p1 ), the branches of W s (p1 ) are now all connected to J0 , and the set
J − of explosion points contains only the point J0 .
As λ decreases further, the period-four points pk4 and sk4 , 1 ≤ k ≤ 4 disappear and reappear in a pair of saddle-node bifurcations at λ ≈ 0.6897 and λ ≈ 0.3578; Figure 3.2.8(e)
is the phase portrait for λ = 0.4 between these bifurcations. In fact, as we will see in
the bifurcation diagram in Section 3.4, in the course of this transition, (3.2) undergoes
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Figure 3.2.8: Last step in the transition of the phase portrait for c = −0.25 in [−1.5, 1.5] ×
[−1.5, 1.5] (panels (a)–(d)), [−2.3, 2.3] × [−2.3, 2.3] (panel (e)), [−2.9, 2.9] × [−2.9, 2.9] (panel (f))
and [−3.1, 3.1] × [−3.1, 3.1] (panel (g)) and [−6.4, 6.4] × [−6.4, 6.4] (panels (h)–(i)); shown are
the Julia set Y (black), the critical set J (green), the fixed points p1 (black cross) and s1 (red
±
square), the period-two points p±
2 (black crosses) and s2 (red squares), their stable and unstable
u
u
sets W s (p1 ) (dark blue), W s (p±
2 ) (light blue), W (p1 ) (red), and W (p2 ) (purple), respectively,
k
and the period-four points p4 , 1 ≤ k ≤ 4 (black crosses). Panels (a)–(f) are for λ = 0.81, λ = 0.8,
λ = 0.76, λ = 0.7, λ = 0.4, λ = 0.3077, λ = 0.29, λ = 0.15 and λ = 0, respectively.

further pairs of saddle-node bifurcations of other saddle periodic points in A. However,
we do not include these points or the points pk4 and sk4 in the following phase portraits,
because they do not contribute to changes in the dynamics of map (3.2).
Figure 3.2.8(f) is the phase portrait for λ = 0.3077, where the period-two points p±
2
±
±
and s2 and the chaotic attractor A reappear in a second saddle-node bifurcation of p2 .
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Here, the dynamics are qualitatively the same as in panel (b), in the sense that A meets
±
its basin boundary Y in the points p±
2 = s2 and the set C is the basin of attraction B(A).
Figures 3.2.8(g) and (h) are the phase portraits for λ = 0.29 and λ = 0.15 after the second
±
saddle-node bifurcation of p±
2 and s2 , respectively. Compared with panel (f), the points
±
p±
2 and s2 , and the sets A and Y lie further apart.
Finally, Figure 3.2.8(i) is the phase portrait for λ = 0, where, as for c = 0 and c = 0.1,
the chaotic attractor A is the critical circle J1 , the stable sets W s (p1 ) and W s (p±
2 ) are
straight lines from J0 to infinity and the Julia set Y is infinity.

3.3

Outside the Mandelbrot set M

In this section we consider an orientation-preserving case outside M, but close to the
boundary of M, namely the value c = 0.28. As before, we decrease λ ∈ [0, 1] from λ = 1.

3.3.1

Global transitions for c = 0.28

Figure 3.3.1(a) shows the phase portrait of map (3.2) for λ = 1. Since c = 0.28 lies
outside the Mandelbrot set M, the Julia set Y (black) is a Cantor set, and the map has
no attractor other than infinity. Therefore, the set C = C\(B(∞) ∪ Y) is empty. The
forward critical set J + (green dots) consists of the images of the critical value J1 = 0.28
and goes to infinity along the positive real line, whereas the backward critical set J −
(green dots) accumulates on Y. The map has two complex-conjugate repelling fixed
points q1+ and q1− (red squares) in Y.
Figures 3.3.1(b) and (c) are the phase portraits for λ = 0.95 and λ = 0.93, respectively.
The dynamics are qualitatively the same as in panel (a), but the critical circle J1 is now
a proper circle with radius 1 − λ > 0. The set J + consists of closed curves accordingly,
and lies entirely in the basin B(∞). Hence, Y is still a Cantor set. As λ is decreased
further, the Julia set Y starts to interact with the forward critical set J + . It is difficult
to find the value of λ that corresponds to the first interaction of Y and J + , because
Y is a Cantor set before this interaction. However, after the bifurcation, J − lies dense
in Y and, therefore, this bifurcation is accumulated by an infinite sequence of forwardbackward critical tangencies between J + and J − . Figure 3.3.1(d) is the phase portrait
for λ = 0.92031, where J + and J − meet in a forward-backward critical tangency that
seems to be very close to the first interaction of J + and Y. At this parameter value,
s
the point J−17
∈ J − lies on the critical circle J1 , where the sequence of preimages is
s = 10100010 . . . 0, as defined in Section 1.1.4. We will discuss this bifurcation and its
consequences for the Julia set Y and the backward critical set J − in more detail in
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(a)
0
J−1

J0 J
1

(b)

(c)

(e)

(f)

s+
1
s−
1

1
J−1

(d)

Figure 3.3.1: First step in the transition of the phase portrait for c = 0.28 in [−1.2, 1.2]×[−1.2, 1.2];
shown are the Julia set Y (black), the critical set J (green) and the fixed points q1± (red squares/blue
triangles). Panels (a)–(f) are for λ = 1, λ = 0.95, λ = 0.93, λ = 0.92031, λ = 0.91, and λ = 0.89,
respectively.

Figure 3.3.2.
Figure 3.3.1(e) is the phase portrait for λ = 0.91 after the forward-backward critical
s
∈ J − and J1 . Large subsets of Y and J − are enclosed by circles
tangency between J−17
in J + . Therefore, orbits of some points in the disk enclosed by J1 stay bounded and
orbits of other points go to infinity. Since Y is closed and backward invariant, J0 and all
its preimages in J − lie in Y. Moreover, J − still accumulates on Y and so the backward
critical set J − is dense in Y. Furthermore, (3.2) has infinitely many saddle periodic
points (not shown) that were born in the infinite sequence of forward-backward critical
tangencies after the first interaction of Y and J − . These saddle periodic points and their
stable sets must lie in Y, because the set C is empty. Therefore, as for c = −0.25 between
the first saddle-node bifurcation and the last backward critical tangency, the Julia set Y
is a Cantor tangle with a dense set J − of explosion points.
As λ is decreased further, the fixed points q1± undergo a Neimarck–Sacker bifurcation
at λ ≈ 0.89287, where they become attractors. Figure 3.3.1(f) is the phase portrait at
λ = 0.89, after this bifurcation. The set C (white) is the union of the basins B(q1± ), which
are formed by all preimages of the immediate basins B0 (q1± ). Since B0 (q1± ) are bounded
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by Jordan curves, the boundary Y of C is now the closure of a union of infinitely many
Jordan curves. We believe that Y is still connected, because Y was connected before this
bifurcation and the bifurcation “replaces” every point in a dense subset of in Y with a
Jordan curve. The infinitely many saddle periodic points can neither lie in the basins
B(q1± ) nor in the basin B(∞). Hence, they and their stable sets must still lie in Y. All
together, the numerical evidence suggests that Y shares some properties with the Julia
set for bounded J + , for example, it is the closure of a union of Jordan curves, but it also
shares some properties with the Cantor tangle, for example, J − is dense in Y. Therefore,
Y can be thought of as a “Cantor tangle” containing a dense set of Jordan curves that
bound the basins of finite attractors and we refer to this type of set as a Cantor cheese.
It is unclear to us if the bounded components of B(∞), for example, the open region near
0
the imaginary axis between J0 and J−1
, are bounded by Jordan curves. If this was the
case then the Julia set could be a Sierpinski carpet or a Sierpinski gasket. As mentioned
earlier, these types of Julia sets have been found in the study of singular perturbations of
the complex quadratic map, namely, for the maps z 7→ z 2 + α/z m for m = 1, 2 [16, 27, 62].
A more detailed study of the topology of the Julia set Y of (3.2) in this parameter regime
lies beyond the scope of this thesis.

Details of the forward-backward critical tangency
We now look closer at the changes of the Julia set Y and the backward critical set J −
s
induced by the forward-backward critical tangency of J1 and J−17
at λ = 0.92031 with
s = 10100010 . . . 0; compare panels (c)–(e) in Figure 3.3.1. Figure 3.3.2 shows images
before the bifurcation in column (a), approximately at the bifurcation in column (b), and
after the bifurcation in column (c), namely for λ = 0.925, λ = 0.92031 and λ = 0.915,
s
respectively. The top row shows Y (black), J1 (green), J − (green) and J−17
(dark green)
0s
and the bottom row shows, in addition, J0 and J−18 (dark green). Column (a) is the phase
s
portrait for λ = 0.925 before the bifurcation; panel (a1) illustrates that the point J−17
and the rest of J − lie outside critical circle J1 ; panel (a2) shows that the first preimage
0s
s
J−18
of J−17
and the rest of J − lie correspondingly away from J0 . Column (b) is the
s
phase portrait for λ = 0.92031, approximately at the bifurcation; the point J−17
lies on J1
0s
and J−18 has disappeared into J0 accordingly. At the same time, two repelling period-18
points s±
18 ∈ Y have disappeared into J0 (not shown); this means that J0 now lies in Y
and, therefore, also in the closure of J − . Column (c) is the phase portrait for λ = 0.915
s
after the bifurcation; the point J−17
and a neighbourhood containing other points in J −
as well as points in Y, lie well inside the disk bounded by J1 ; see panel (c1). In particular,
this neighbourhood no longer has a preimage; see panel (c2). As a result, the Julia set
Y is no longer the closure of repelling periodic points, but it is still the closure of the
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s
J−17

(a1)

s
J−17

(b1)

J1

J1

(a2)

s
J−17

(c1)
J1

(b2)

(c2)

0s
J−18

J0

J1

J0

J1

J0

J1

Figure 3.3.2: The effect of the forward-backward critical tangency of the critical circle J1 and a
point in the backward critical set J − at λ = 0.92031; the top row shows the Julia set Y (black), the
s
backward critical set J − , the critical circle J1 (green), the point J−17
∈ J − (dark green), where
s = 10100010 . . . 0; the bottom row shows the Julia set Y (black), the backward critical set J −
0s ∈ J − (dark green) and the critical circle
(green), the critical point J0 (dark green), the point J−18
J1 (green). The parameter values are c = 0.28 and λ = 0.925 before the bifurcation in column (a),
λ = 0.92031 approximately at the bifurcation in column (b) and λ = 0.915 after the bifurcation in
column (c).

periodic and pre-periodic repelling points. Recall, that we computed Y by plotting up to
the third preimage of approximately three thousand repelling periodic points.

Transition through the last forward-backward critical tangency and a saddlenode bifurcation
In Figure 3.3.3 we show six more phase portraits that illustrate the changes in the dynamics of map (3.2) for c = 0.28 when λ is decreased further. Panel (a) is the phase
portrait for λ = 0.8, where the dynamics are qualitatively as in Figure 3.3.1(f), but the
basins B(q1± ) have expanded. Figure 3.3.3(b) is the phase portrait for λ = 0.72, at the last
forward-backward critical tangency, where J0 lies on J1 . At the same time, the attractors
q1± , their basins B(q1± ), and the preimages of J0 in J − disappear into J0 . Therefore, C
is empty, Y is the closure of the stable sets of all saddle periodic points, and the only
explosion point is J0 ; hence, the Julia set Y is a Cantor bouquet.
As λ is decreased further, the dynamics of map (3.2) undergoes a similar transition
as for c = 0.1 and λ < 0.5, namely, there is a saddle-node bifurcation leading to the
appearance of a saddle fixed point p1 and a chaotic attractor A; compare with Figure 3.2.4.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3.3.3: Last step in the transition of the phase portrait for c = 0.28 in [−1.25, 1.25] ×
[−1.25, 1.25] (panels (a)–(c)), [−3.2, 3.2]×[−3.2, 3.2] (panel (d)), [−3.7, 3.7]×[−3.7, 3.7] (panel (e))
and [−4.4, 4.4] × [−4.4, 4.4] (panel (f)), respectively; shown are the Julia set Y (black), the critical
set J (green), the fixed points q1± (blue triangles), p1 (black cross) and s1 (red square), the period±
s
two points p±
2 (black crosses) and s2 (red squares), and their stable and unstable sets W (p1 ) (dark
±
u
u
s
blue), W (p2 ) (light blue), W (p1 ) (red), and W (p2 ) (purple), respectively. Panels (a)–(f) are for
λ = 0.8, λ = 0.72, λ = 0.7, λ = 0.3, λ = 0.2405 and λ = 0.2, respectively.

Figures 3.3.3(c)–(d) are the phase portraits for λ = 0.7 and λ = 0.3, after the forwardbackward critical tangency of J0 and J1 , but before the saddle-node bifurcation of p1 .
Map (3.2) has two period-two saddle points p±
2 (black crosses) with stable and unstable
±
sets W s (p2 ) (light blue) and W u (p2 ) (purple), respectively; the Julia set Y is a Cantor
bouquet.
Figures 3.3.3(e) and (f) are the phase portraits for λ = 0.2405 and λ = 0.2, that is,
approximately at and after the saddle-node bifurcation of p1 , respectively. The dynamics
is qualitatively as that at and after the second saddle-node bifurcation for c = 0.1, respectively, in the sense that the stable set W s (p1 ) is formed by straight lines from J0 to
s1 and its preimages in Y, the closure of W u (p1 ) forms a chaotic attractor A and saddle
periodic points are dense in A.
We do not show the phase portrait at λ = 0, because it is qualitatively the same as
for c = 0, c = 0.1 and c = −0.25, that is, Y is only the point infinity, the chaotic attractor
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A is the circle J1 and the stable sets consist of straight lines extending from J0 to infinity;
see Figures 3.2.1(f), 3.2.6(f) and 3.2.8(h).

3.4

Bifurcation diagram in the (Re(c), λ)-plane

In Sections 3.2 and 3.3 we discussed the transitions when decreasing λ ∈ [0, 1] from λ = 1
for three different fixed values of c in the main cardioid of the Mandelbrot set M and
one outside of M. We now investigate how these individual transitions are linked to each
other by also varying the parameter c, where we take c ∈ R as before. Hence, we study
the bifurcation diagram of map (3.2) in the (Re(c), λ)-plane with Im(c) = 0 fixed.
As in Section 2.3 we continue the bifurcations in two parameters by adapting the
boundary value setup in [13] and implementing it in Cl MatContM [29, 36, 40]; see Appendix A.2.

3.4.1

Bifurcation diagram near the main cardioid of M

First, we consider c ∈ R in the range [−0.75, 1.25], that is, inside the main cardioid
of M, for the segment [−0.75, 0.25], and outside of M for c > 0.25. The value c =
0.25 corresponds to the saddle-node bifurcation S1 at the cusp point on the boundary
of the main cardioid, and c = −0.75 is the first period-doubling bifurcation P1 on the
boundary ∂M between the main cardioid and the period-two bulb of M; see Figure 3.1.1.
Figure 3.4.1 shows the bifurcation diagram of the map (3.2) in the (Re(c), λ)-plane for
Re(c) ∈ [−0.75, 1.25] and λ ∈ [0, 1]. We construct the bifurcation diagram in steps in a
similar fashion as in Chapter 2: panel (a) shows the bifurcations of the fixed points p1 ,
±
±
±
q1± and s1 , of the period-two points p±
2 , q2 , r2 and s2 , of the critical point J0 , and of
the critical circle J1 and its image J2 ; panel (b) shows an enlargement of the bifurcation
diagram in panel (a) in the range (Re(c), λ) ∈ [0.06, 0.36]×[0.7, 1]; and panel (c) shows the
bifurcation diagram in panel (a) together with loci of saddle-node bifurcations of saddle
points with higher periods and loci of forward-backward critical tangencies of J0 with
higher-order images of J1 in J + .
The line λ = 1 in Figure 3.4.1(a) corresponds to the line Im(c) = 0 in the bifurcation
diagram of the complex quadratic family (3.1) in Figure 3.1.1(b); the points S1 , C1 and P1
on this line are the saddle-node bifurcation of p1 and s1 of (3.1) at (0.25, 1), the centre of
the main cardioid of M at (0, 1), and the period-doubling bifurcation of p1 at (−0.75, 1),
respectively. We also already considered slices along the lines c = 0, c = 0.1, c = −0.25
and c = 0.28 in Sections 3.2.1, 3.2.2, 3.2.3 and 3.3.1, respectively.
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Figure 3.4.1: The bifurcation diagram of (3.2) in the (Re(c), λ)-plane for Im(c) = 0. The points
S1 , C1 and P1 for λ = 1 are the right boundary, the centre and the left boundary of the main
cardioid of the Mandelbrot set M, respectively. Panel (a) shows the main bifurcations of the fixed
±
points p1 and q1± , the period-two points p±
2 and q2 , and the circles J1 and J2 ; these are the period1
doubling bifurcation PD (magenta) of p1 ; the pitchfork bifurcations PF1 and PF2 (blue) of p1
±
±
1
2
and p±
2 , respectively; the saddle-node bifurcations L and L (black) of p1 and p2 with s1 and s2 ,
± ±
±
1
2
respectively; the Neimarck–Sacker bifurcations NS and NS (red) of q1 , q2 and r2 , respectively; the
first homoclinic tangency H0 (magenta) of p1 ; the first backward critical tangency B0 (red) of p1 ; and
the forward-backward critical tangencies FB1 and FB2 (green) of J1 and J2 , respectively. Panel (b)
is an enlargement of the bifurcation diagram in panel (a). Panel (c) shows, in addition, the curves
of saddle-node bifurcations Lk (black) of period-k points for 3 ≤ k ≤ 9 and of forward-backward
critical tangencies FBk (green) and FBk10... (dark green).

As in the bifurcation diagram in Figure 2.3.2 in Chapter 2, the curve FB1 (green) denotes the curve of last forward-backward critical tangencies, that is, of forward-backward
critical tangencies of J0 and J1 , and is given by {(Re(c), λ) : Re(c) = ±(1 − λ)}. For
Re(c) > 0, the attractors q1± exist for (Re(c), λ) above the curve FB1 and the period-two
saddles p±
2 exist below; for Re(c) < 0, the saddle point p1 lies on the negative real axis
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for (Re(c), λ) above FB1 and on the positive real line below it. The curve FB1 emanates
from the centre C1 , which is also the starting point of another curve of forward-backward
critical tangencies, labelled FB2 (green). This is the curve of forward-backward critical
tangencies between J2 and J0 . The period-two attractors q2± and r2± exist for (Re(c), λ)
above the curve FB2 and the period-four saddles pk4 , 1 ≤ k ≤ 4, exist below it.
Three further bifurcation curves emanate from the point C1 : the curve PF1 (blue) of
pitchfork bifurcations of p1 , the curve PD1 (magenta) of period-doubling bifurcations of
1
p1 , and the curve PF2 (blue) of pitchfork bifurcations of p±
2 . The curve PF , to the right
of C1 , corresponds to the orientation-preserving case. The point p1 is an attractor for
(Re(c), λ) above PF1 and a saddle below it, and the two period-two attractors q1± exist
only below PF1 . The curves PD1 and PF2 , to the left of C1 , correspond to the orientationreversing case. For (Re(c), λ) above PD1 , the point p1 is an attractor, and below PD1 it
is a saddle; between PD1 and PF2 , the period-two points p±
2 are attractors, and below
±
2
PF , they are saddles; and the period-two attractors q2 and r2± exist only below PF2 .
The curve PF1 ends at the point S1 to the right of C1 . Two further bifurcation curves
emanate from S1 ; these are the curve NS1 (red) of Neimarck–Sacker bifurcations of q1±
and the curve L1 (black) of saddle-node bifurcation of p1 and s1 . The points q1± are
repellors for (Re(c), λ) to the right of NS1 and attractors to its left. The curve NS1 seems
to be tangent to the curve FB1 at (Re(c), λ) = (0.5, 0.5), but, in fact, NS1 consists of
two segments that end in points on FB1 very close to (0.5, 0.5). The curve L1 is given
p
analytically by {(Re(c), λ) : λ = (1 + Re(c) ± Re(c)(Re(c) + 2))/2} and has asymptote
λ = 0 as Re(c) → ∞. The fixed points p1 and s1 exist only for (Re(c), λ) to the left of L1 .
The curve NS1 always appears to stay above L1 and also goes to λ = 0 for Re(c) → ∞
(not shown).
The curve PD1 ends at the point P1 to the left of C1 . One further bifurcation curve
emanates from P1 , namely, the curve NS2 (red) of Neimarck–Sacker bifurcations of the
symmetric period-two points q2± and r2± . The points q2± and r2± are attractors for (Re(c), λ)
below NS2 and repellors above. As for NS1 and FB1 , the curve NS2 seems to be tangent
to FB2 , but, in fact, it consists of two segments that end at two points on FB2 which
lie very close together. The right segment of NS2 and the curve PF2 both end at the
±
same point on the curve L2 (black) of saddle-node bifurcations of p±
2 and s2 . The curve
L2 emerges from a point on the curve PD1 ; it is given analytically by {(Re(c), λ) : λ =
p
(2 − Re(c) ± 2 −Re(c))/(Re(c)2 + 4)} and has asymptote λ = 0 for Re(c) → −∞. Note
that the curves L1 and L2 are tangent to each other at the point (Re(c), λ) = (0, 0.5),
which is the transcritical bifurcation of all saddle and repelling periodic points for c = 0;
see Section 3.2.1.
Close to the two intersection points of the curves L1 and FB1 , we find the curves
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H0 (magenta) of first homoclinic and B0 (red) of first backward critical tangencies of p1 .
The unstable set W u (p1 ) has a homoclinic tangle with the stable set W s (p1 ) between H0
and L1 , and W u (p1 ) has self-intersections between B0 and L1 . An enlargement of these
curves for λ > 0.5 is shown in Figure 3.4.1(b). Note that B0 lies between H0 and L1 .
Numerically, we found that the curves H0 and B0 each connect a point on FB1 to a point
on L1 .
Figure 3.4.1(c) shows, in addition, the curves Lk (grey), 3 ≤ k ≤ 9, of saddle-node
bifurcations of period-k saddle and repelling periodic orbits. These curves are all tangent
to each other at the point (Re(c), λ) = (0, 0.5) and, hence, this point acts as an organising
centre for the dynamics of (3.2). Panel (c) also shows more curves of forward-backward
critical tangencies of the critical point J0 with curves Jk ⊂ J + for some k with 3 ≤ k ≤ 50.
The curves FBk (green) denote forward-backward critical tangencies between Jk and J0
0...0
that correspond to forward-backward critical tangencies between J1 and J−(k−1)
. The
k
curves FB10... (dark green) denote forward-backward critical tangencies between Jk and
10...0
J0 that correspond to forward-backward critical tangencies between J1 and J−(k−1)
. The
k
k
curves FB and FB10... form a complicated structure of closed curves that all appear to
emerge from the point C1 for λ ≥ 0.5 and the point (Re(c), λ) = (1, 0) for λ ≤ 0.5. As
expected from Chapter 2, both sequences FBk and FBk10... accumulate on the curves B0 of
first backward critical tangencies; however, here, they also accumulate on L1 to the right
of the end points of H0 on L1 ; see also already Figure 3.4.2(a).
Overall, we see that the bifurcation diagram in Figure 3.4.1 reflects the transitions
for decreasing λ ∈ [0, 1] for the four cases of c we discussed in Sections 3.2 and 3.3. The
case c = 0 starting at the centre C1 of M is highly degenerate, in the sense that the
chaotic attractor A is created at once for λ < 1 and that the transcritical bifurcation at
(Re(c), λ) = (0, 0.5) is an organising centre that gives rise to infinitely many saddle-node
bifurcations. The case c = 0.1 represents the orientation-preserving case for c ∈ (0, 0.25)
in the following sense: for decreasing λ from 1, the attractor p1 becomes the first saddle
point in the pitchfork bifurcation PF1 , the attractors q1± turn into the period-two saddle
1
points p±
2 in the last forward-backward critical tangency FB and p1 disappears at the
saddle-node bifurcation L1 ; on the way, an infinite sequence of forward-backward critical
tangencies (including FBk and FBk10... ) is passed leading to the appearance of infinitely
many saddle periodic points; finally, the saddle point p1 reappears at the saddle-node
bifurcation L1 ; compare with the transition in Figures 3.2.2, 3.2.4 and 3.2.6. Similarly, the
case c = −0.25 represents the orientation-reversing case for c ∈ (−0.75, 0) in the following
sense: for decreasing λ from 1, the attractor p1 becomes the first saddle point in the
period-doubling bifurcation PD1 , which is followed by either the pitchfork bifurcation PF2 ,
2
where p±
2 become the first period-two saddles, or by the Neimarck–Sacker bifurcation NS ,
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where q2± and r2± turn into attractors; the points q2± and r2± turn into the period-four saddle
points pk4 , 1 ≤ k ≤ 4, in the forward-backward critical tangency FB2 and p±
2 disappear
2
at the saddle-node bifurcation L ; as for c = 0.1, we pass an infinite sequence of forwardbackward critical tangencies leading to the appearance of infinitely many saddle periodic
points (not shown); the saddle point p1 moves over J0 in the last forward-backward
critical tangency FB1 ; finally, the period-two saddle points p±
2 reappear at the saddle2
node bifurcation L ; compare with the transition in Figures 3.2.7 and 3.2.8. For c ∈
/ M,
we find two fundamentally different cases. The case c = 0.28 represents the orientationpreserving case for c ∈ (0.25, 1) in the following sense: for decreasing λ from 1, an infinite
sequence of forward-backward critical tangencies is passed, which we believe accumulates
on the first interaction of the Julia set Y and J + ; the fixed points q1± become the first
attractors in this transition at the Neimarck–Sacker bifurcation NS1 ; they turn into period1
two saddle points p±
2 at the last forward-backward critical tangency FB ; finally, the first
saddle fixed point appears at the saddle-node bifurcation L1 ; compare with the transition
in Figures 3.3.1 and 3.3.3. For fixed c > 1 and decreasing λ from 1, map (3.2) initially
undergoes the same transition as for c ∈
/ M and c < 1, but it does not pass the last
1
forward-backward critical tangency FB and, hence, the repellors q1± persist until λ = 0.
The saddle-node bifurcation L1 , the last forward-backward critical tangency FB1 and
the Neimark-Sacker bifurcation NS1 are the main bifurcations involved in the topological
changes of the Julia set Y in the phase space for c > 0, as discussed in Sections 3.2.2
and 3.3.1. To understand how they relate to each other and to other nearby bifurcations,
we show in Figure 3.4.2 four enlargements of the bifurcation diagram in Figure 3.4.1(c)
near L1 , FB1 and NS1 . Figure 3.4.2(a) is an enlargement showing that the curves FBk
and FBk10... of forward-backward critical tangencies accumulate on the curve B0 of first
backward critical tangencies and on the curve L1 of saddle-node bifurcations of p1 and s1
to the right of the end point of B0 on L1 . Note that the curves FBk10... extend further than
FBk towards the curve NS1 and some even intersect NS1 .
Figures 3.4.2(b)–(d) are three enlargements along the curve NS1 showing curves L8 ,
L15 and L7 of saddle-node bifurcations of periodic points of periods 8, 15 and 7, respectively. These curves form resonance tongues that start at the resonance points on NS1
with rotation numbers 1/8 < 2/15 < 1/7, that is, where the fixed points q1± have eigenvalues exp(i2πp/q) for p/q = 1/8, 2/15 and 1/7, respectively. The curves L8 , L15 and L7
each consist of three segments connected at three cusp points, where one of them is the
corresponding resonance point on NS1 . The two segments that connect at these resonance
points on NS1 correspond to saddle-node bifurcations of a repelling and a saddle orbit of
the corresponding periods, which form an invariant circle with phase locking around q1±
for (Re(c), λ) inside these resonance tongues. The middle segments (opposite the reso-
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Figure 3.4.2: The bifurcation diagram of (3.2) in the (Re(c), λ)-plane for Im(c) = 0. Panel (a) is
an enlargement of the bifurcation diagram in Figure 3.2.1(c) near the curves NS1 , PF1 and FB1 .
Panels (b)–(d) are enlargements of the bifurcation diagram in panel (a) near regions of 1:8, 2:15 and
1:7 resonances.

nance points on NS1 ) correspond to saddle-node bifurcations of the repelling orbit with
another saddle periodic orbit that is not on the invariant circle. Note that the curves L7
and L15 intersect the curves FB7 and FB15 of forward-backward critical tangencies. At
the bifurcations FB7 and FB15 , the 7-periodic or 15-periodic saddle orbit that does not
lie on the invariant circle moves over J0 and a sequence of its preimages in phase space.
This bifurcation is similar to FB1 for Re(c) < 0 in Figure 3.4.1(a), where the saddle point
p1 lies to the left of J0 for (Re(c), λ) above FB1 , and to the right of J0 below it; compare
with Figures 3.2.8(c) and (d).

3.4.2

Bifurcation diagram near the period-doubling sequence

Recall that the complex quadratic family (3.1) undergoes a sequence of period-doubling
bifurcations as c is decreased along the real line and that it admits a period-three window near λ = −1.75; see Figure 3.1.1. We now investigate the bifurcation structures
along the sequence of period-doubling bifurcations and the period-three window in M.
Figure 3.4.3(a) shows the bifurcation diagram of map (3.2) in the (Re(c), λ)-plane for
(Re(c), λ) ∈ [−1.38, 0.3] × [0.84, 1] near the main cardioid and the bulbs of periods two
and four in M; panel (b) is an enlargement in the range (Re(c), λ) ∈ [−1.3681, −1.25] ×
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Figure 3.4.3: The bifurcation diagram of (3.2) in the (Re(c), λ)-plane for Im(c) = 0. Panel (a)
shows the main bifurcations of the fixed points and the periodic points of periods two, four and
eight near the main cardioid and the bulbs of periods two, four and eight in the Mandelbrot set M.
Panel (b) is an enlargement of the bifurcation diagram in panel (a) near the bulb of period four in
M. Panel (c) shows the main bifurcations of the periodic points of periods three and six near the
cardioid of period three in M.

[0.992, 1] near the bulb of period four in M; and panel (c) shows the bifurcation diagram
for (Re(c), λ) ∈ [−1.76853, −1.75] × [0.9969, 1] near the cardioid of period three in M.
The bifurcation structures near the period-two and four bulbs and the period-three cardioid are very similar to the bifurcation structure near the main cardioid. Along the line
λ = 1 we labelled the following bifurcation points. As in Figure 3.4.1, the points S1 , P1
and C1 are the right and left boundaries and the centre of the main cardioid in M ∩ R,
respectively. Similarly, in Figure 3.4.3 the points P2 = (−1.25, 1) and P4 = (−1.3681, 1)
and the points C2 = (−1, 1) and C4 = (−1.3107, 1) are the left boundaries and centres of
the bulbs of periods two and four in M ∩ R, respectively, and the points S3 = (−1.75, 1),
P3 = (−1.76853, 1) and C3 = (−1.754875, 1) are the right and left boundaries and the
centre of the cardioid of period three in M ∩ R, respectively; see also Figure 3.1.1. In
particular, the points S1 and S3 are points of saddle-node bifurcations, the points P1 , P2 ,
P3 and P4 are points of period-doubling bifurcations and the points C1 , C2 , C3 and C4
are points, where the critical point J0 is super-attracting, corresponding to periods one,
two, three and four along the period-doubling route to chaos of (3.1).
In the same way as the curves FB1 , FB2 , PF1 , PF2 and PD1 of bifurcations of fixed
and period-two points emanate from the point C1 at the centre of the main cardioid, the
94

3.5 Conclusions
corresponding curves FB2 and FB4 (green) of forward-backward critical tangencies, PF2
and PF4 (blue) of pitchfork bifurcations and PD2 (magenta) of period-doubling bifurcations of period-two and period-four points emanate from the point C2 at the centre of the
period-two bulb in M; compare with Figure 3.4.1. Correspondingly, the curve L4 (dark
grey) of saddle-node bifurcations emanates from a point on PD2 , the curve NS4 (red) of
Neimarck–Sacker bifurcations emanates from P2 and ends at a point on L4 together with
PF4 , the curve PF2 ends at P1 and the curve PD2 ends at P2 . The same bifurcation
structure repeats near the period-four bulb for the curves FB4 and FB8 (green), PF4 and
PF8 (blue), PD4 (magenta), NS8 (red) and L8 (grey) of corresponding bifurcations of
period-four and -eight points, and near the period-three cardioid for the curves FB3 and
FB6 (green), PF3 and PF6 (blue), PD3 (magenta), NS6 (red) and L6 (grey) of corresponding bifurcations of period-three and -six points. In addition, the point S3 gives rise to the
curves NS3 and L3 in the same way as S1 gives rise to NS1 and L1 .
Note that the curves L1 , L2 , L4 and L8 are all tangent at the point (Re(c), λ) = (0, 0.5)
of transcritical bifurcation, as shown in Figure 3.4.1(c). However, the curves L3 and L6 in
Figure 3.4.3(c) intersect each other transversally. Recall that NS1 and NS2 each consist
of two segments ending on FB1 and FB2 ; see Figure 3.4.1. Similarly, in Figure 3.4.3 the
curves NS4 , NS6 and NS8 also consist of two segments each ending on FB4 , FB6 and FB8 .
However, we were able to find only one segment of the curve NS3 , which goes from S3 to
FB3 in Figure 3.4.3(c).
Overall, we see that the bifurcation diagram in Figure 3.4.3 has a self-similar structure
that repeats itself along the period-doubling route to chaos on the line λ = 1 for which
the map (3.2) is equivalent to the complex quadratic family (3.1).

3.5

Conclusions

In this chapter we studied the transition of the dynamics of the map (3.2) when decreasing
the parameter λ ∈ [0, 1] from λ = 1 for different values of c ∈ R in the main cardioid or
outside the Mandelbrot set M. The first saddle points are created by pitchfork, perioddoubling or forward-backward critical tangency bifurcations. We found the tangency
bifurcations from Chapter 2 and, in addition, different interactions of the Julia set with
the other invariant sets, which led to drastic changes of the Julia set; see Sections 3.2
and 3.3. By following these bifurcations in the two parameters c ∈ R and λ ∈ [0, 1], we
found that the same sequences of bifurcations occur for periodic points of higher periods
along the period-doubling route to chaos on the line λ = 1.
For λ = 1 the fundamental dichotomy for the complex quadratic family (3.1) states
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that the Julia set Y is connected or totally disconnected, depending on whether the orbit of
c is bounded or goes to infinity. Our numerical investigations in Sections 3.2–3.4 enable us
to extend this dichotomy to λ < 1 in the following way. The topology of the Julia set Y of
the complex quadratic family (3.1) persists for λ < 1 if the orbits of all points on J1 behave
the same, that is, if either orbits of points on J1 all stay bounded or all go to infinity.
However, there is also an intermediate case, which corresponds to the orbits of some
points on J1 staying bounded and others going to infinity. More specifically, our careful
numerical observations suggest the following three cases for λ ∈ (0, 1), distinguished by
properties of the basin B(∞), the Julia set Y and the set C = C\(B(∞) ∪ Y):
1. If the orbits of all points on J1 are bounded, then B(∞) is simply connected, Y is
a connected union of Jordan curves, there is at least one finite (periodic or chaotic)
attractor, and C is not empty; see Figures 3.2.1(a)–(e), 3.2.2, 3.2.4(a)–(c), 3.2.6(c)–
(e), 3.2.7, 3.2.8(a)–(b) and (f)–(h), and 3.3.3(e)–(f).
2. If the orbits of all points on J1 go to infinity, then B(∞) is connected, but not simply
connected, Y is a Cantor set, and C is empty; see Figures 3.3.1(a)–(c).
3. If the orbits of some points on J1 stay bounded and the orbits of other points on J1
go to infinity, we find three different scenarios:
(a) If there is no finite attractor and J0 lies in the disk bounded by J1 , then C is
empty, B(∞) is simply connected, and Y is a Cantor bouquet with explosion
point J0 ; see Figures 3.2.4(d)–(f), 3.2.6(a)–(b), 3.2.8(d)–(e) and 3.3.3(c)–(d).
(b) If there is no finite attractor and J0 lies outside the disk bounded by J1 , then
C is empty, B(∞) is not connected, but consists of a countably infinite number
of components, and Y is a Cantor tangle with the dense set J − as explosion points; Y has infinitely many “holes”, which are given by the bounded
components of B(∞); see Figures 3.2.8(c) and 3.3.1(d)–(e).
(c) If there is at least one finite hyperbolic attractor, then C is not empty and B(∞)
is not connected; both C and B(∞) consist of a countably infinite number of
components; Y is a Cantor cheese with the dense set J − as explosion points,
that is, it is effectively a Cantor tangle with infinitely many additional “holes”
given by the components of C; see Figures 3.3.1(f) and 3.3.3(a).
Recall from Chapter 2 that, for a ∈ (0, 1) and c = 1, the map (1.1) is the reduction
of a n-dimensional Lorenz-like vector field and the bifurcations of (1.1) correspond to
bifurcations in the vector field accordingly; see Section 2.4.2. In the construction of
the map (1.1), the parameter a is defined as a := −λ2 /λ3 , where λ2 < 0 is the weak
stable eigenvalue and λ3 is the unstable eigenvalue of the equilibrium in the underlying
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vector field. One of the conditions of a Lorenz-like attractor is that the attractor is
expanding, that is, a < 1. Therefore, if a = 2, the map (1.1) no longer corresponds
to a Lorenz-like attractor, but to a so-called contracting Lorenz attractor or Rovella-like
attractor ; see [51, 82] for studies in three-dimensional vector fields and [7] for a higherdimensional analogue. These are singular attractors that can be reduced to a one- or
two-dimensional noninvertible map in the same way as the geometric Lorenz attractor or
higher-dimensional Lorenz-like attractors, respectively, but that are contracting instead
of expanding.
In Section 2.3.3 we concluded that the map (1.1) exhibits wild chaos in the (Re(c), λ)plane for fixed a = 0.8 and Im(c) = 0 between the first backward critical tangency, the
last forward-backward critical tangency and the line λ = 1; see Figure 2.3.5. Therefore,
for a = 2 in the map (1.1), the geometric ingredients for wild chaos appear to be present in
the two regions between the first backward critical tangency, the last forward-backward
critical tangency and the saddle-node bifurcation of the fixed point, see Figure 3.4.1,
and corresponding regions near the other bulbs and cardioids in the Mandelbrot set M.
However, for a = 2 the map (1.1) no longer has unbounded derivative near the critical
point and, hence, it is not necessarily area-expanding in a neighbourhood of this point.
However, we can find a neighbourhood of the intersection point of the curves of last
forward-backward critical tangencies and saddle-node bifurcations in the (Re(c), λ)-plane,
in which (1.1) is area-expanding at the saddle fixed point p1 . Although it is unclear to
us if the arguments from the proof of existence of wild chaos in [11] can be extended to
this parameter regime, our numerical evidence still suggests the existence of complicated
dynamics in this parameter regime and we conjecture the existence of a wild Rovella-like
attractor in this regime.
Overall, we have seen in this chapter that the presence of the Julia set for a = 2 in
the map (1.1) allows for even more complicated bifurcations than the bifurcations found
in Chapter 2. In particular, these bifurcations of the Julia set in (1.1) correspond to
additional homoclinic and heteroclinic bifurcations in the underlying vector field. More
specifically, a saddle periodic point of (1.1) corresponds to a saddle periodic orbit with a
four-dimensional stable and a two-dimensional unstable manifold in the five-dimensional
vector field; see Section 2.4.3. Similarly, a repelling periodic point of (1.1) corresponds to
a saddle periodic orbit with a three-dimensional stable and a three-dimensional unstable
manifold. Therefore, the Julia set, which is the closure of the set of periodic and preperiodic repelling points, and the chaotic attractor, which is the closure of the set of saddle
points, correspond to two hyperbolic sets with different stable and unstable dimensions,
and their interactions correspond to heteroclinic bifurcations in the vector field. However,
it is unclear to us what are the consequences in the vector field when the Julia set becomes
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the closure of stable sets in the map, but we expect these bifurcations to be one ingredient
in the formation of heterodimensional cycles, that is, heteroclinic cycles between these two
hyperbolic sets with different stable dimensions. Understanding the bifurcations of the
Julia set of (1.1) in the vector field and their role in the formation of heterodimensional
cycles in more detail remains a challenging task for future research.
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4
Conclusions

This thesis investigated the dynamics and bifurcations of the two-dimensional noninvertible map (1.1). More specifically, we considered the transition to wild chaos for a ∈ (0, 1)
in Chapter 2 and the transition for a = 2 fixed and decreasing λ away from the complex
quadratic family (3.1) in Chapter 3. We found that both transitions are organised by
the interactions of global invariant sets of (1.1) on the plane: in the transition to wild
chaos, we found an infinite sequences of homoclinic, forward critical, backward critical
and forward-backward critical tangencies between the stable and unstable sets of a saddle fixed point and the forward and backward critical sets of the map; in the transition
away from the complex quadratic family we found that first saddle points and their stable and unstable sets appear in pitchfork, period-doubling or forward-backward critical
tangency bifurcations. Subsequently, we found the same bifurcations as in the transition
to wild chaos. In addition, interactions of the Julia set with the other invariant sets led
to dramatic changes in the topology of the Julia set, namely, we found Cantor-bouquet-,
Cantor-tangle- and Cantor-cheese-type Julia sets.
Our results complement the studies of wild chaos in different systems conducted in
[8, 9, 11, 37, 39, 91, 92], in that we identified specific bifurcations as the geometric ingredients that create wild chaos in the map (1.1) as parameters are changed. These bifurcations
include the forward, backward and forward-backward critical tangencies, which are new
and specific to this type of noninvertible map. Using and extending the advanced nu99
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merical methods from [55] for the computation of stable and unstable sets, we provided
one of the first pictures of the geometry of wild chaos. Furthermore, we adapted the
method from [13] for the continuation of homoclinic tangencies to continue also the three
new types of tangency bifurcations and thereby provided the first bifurcation diagram
displaying the conjectured locus of wild chaos in a two-dimensional noninvertible map.
Indeed these bifurcation diagrams suggest that the very small parameter regime of existence of wild chaos constructed in [11] can be extended to a much larger region where we
expect wild chaos to exist. Since our findings are of a numerical nature further studies are
necessary to confirm the existence of wild chaos in this regime analytically. Our findings
can be used in future studies to investigate the occurrence of wild chaos in other twodimensional noninvertible maps and corresponding vector fields by searching for similar
bifurcation structures. In particular, the question arises whether the route to wild chaos
that we found in the map (1.1) is typical or whether there are other routes to wild chaos
involving other bifurcations.
Our results can also be used to study the relation between wild chaos and heterodimensional cycles in the map (1.1). As we have discussed in Chapters 2 and 3, saddle fixed
points of the map (1.1) correspond to saddle periodic orbits with four-dimensional stable
and two-dimensional unstable manifolds, and repelling fixed points correspond to saddle
periodic orbits with three-dimensional stable and three-dimensional unstable manifolds
in the underlying vector field. On the other hand, attracting fixed points of the map
correspond to attracting periodic orbits of the vector field. Therefore, Neimarck–Sacker
bifurcations in the map lead to the appearance of new saddle periodic orbits in the vector
field. Recall that two saddle periodic orbits have a heterodimensional cycle if they have
different stable dimensions and if their stable and unstable manifolds intersect each other.
In the map (1.1) such a connection is created when the one-dimensional unstable set of p
intersects the zero-dimensional stable set of q + or q − (which only consists of the preimages
of q ± ), and trivially, also the one-dimensional stable set of the saddle point p intersects
the two-dimensional unstable set of the repellors q + or q − . In the regime of wild chaos,
the preimages −q ± of q ± appear to lie in the unstable set of p for some parameters, and
q ± appear to lie in the closure of the stable set of p. For a = 2 in (1.1), the bifurcations
of the Julia set also entail bifurcations between saddle periodic orbits of different stable
dimensions in the vector field, as discussed in Chapter 3. However, in both parameter
regimes, one needs to study when these heterodimensional cycles first appear, whether
they are robust and how they relate to the bifurcations of the Julia set and the bifurcations
that generate the wild chaos. Furthermore, one could also look for heteroclinic connections between the saddle periodic orbits with stable dimensions three and four and the
equilibrium of the vector field by looking at the interactions of the forward and backward
critical sets with the corresponding stable and unstable sets of saddle points of (1.1).
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Another approach to investigate the interrelation between wild chaos and heterodimensional cycles is to study the vector field proposed in [95] in the same spirit. In [95]
Zhang et al. developed a numerical method for the detection and continuation of heterodimensional cycles in vector fields. With this method they established the existence
of a heterodimensional cycle in a four-dimensional vector field model of intracellular calcium dynamics. The advantage is that the proposed system is given by an explicit vector
field. In future work we plan to study the bifurcations that occur near the detected
heterodimensional cycle in this vector field. We expect that this will provide evidence
for the robustness (or nonrobustness) of the existence of heterodimensional cycles in this
system. Furthermore, comparing the dynamics near (robust) heterodimensional cycles in
this vector field to the route to wild chaos in the map (1.1) will give further insight into
the interplay between these two phenomena in the creation of robust nonhyperbolicity.
In the transition of the map (1.1) away from the complex quadratic family (3.1) we
found the first example of a nonanalytic map with a Julia set that is a Cantor bouquet. In
particular, this Cantor bouquet has a finite explosion point, whereas the examples in the
literature, such as the exponential function z 7→ λ exp(z), have infinity as the explosion
point [1, 21, 28, 54, 63]. Furthermore, we find two other types of interesting Julia sets,
which we called the Cantor tangle and the Cantor cheese. These sets have complicated
topological structures, which need further analytical and numerical analysis to be fully
understood. In particular, these three types of Julia sets have in common that they are
given by the closure of the stable set of a saddle fixed or periodic point of the map; this
is impossible for Julia sets in complex analytic maps, but seems to be a new phenomenon
specific to this type of noninvertible map.
In Chapter 2, for a < 1, we found the same bifurcation structure on the route to wild
chaos whether the parameter c is real or it has a small imaginary part. However, the
map is symmetric under complex conjugation for real c and, therefore, the bifurcations in
the upper and lower half plane occur at the same parameter values. On the other hand,
they typically occur at different parameter values for nonreal c. In Chapter 3, for a = 2,
we only considered real c, but we expect to find a similar bifurcation structure if c has
a small imaginary part. More specifically, we expect the last forward-backward critical
tangency to become one smooth curve, the pitchfork bifurcations to turn into saddle
node bifurcations and the curves of homoclinic tangencies, backward critical tangencies
and Neimarck–Sacker bifurcations to split up in two curves each, as in the bifurcation
diagrams for nonreal c in Chapter 2. Furthermore, for a fixed nonzero imaginary part of
c, there is no longer a super-attracting case and the points of saddle-node and perioddoubling bifurcations on the boundary of the Mandelbrot set are replaced by other points
on the boundary. Therefore, we expect that the end points of the bifurcation curves move
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away from the centre at c = 0 as the imaginary part of c is increased, and that other
bifurcation curves emanate from the boundary of the Mandelbrot set. Further research
is needed in order to understand how these curves connect with each other, and how this
relates to the complicated bifurcation scenarios on the boundary of the Mandelbrot set.
In future research, we also plan to investigate the connection between the regime of
wild chaos for a < 1, discussed in Chapter 2, and the regime near the complex quadratic
family for a = 2, discussed in Chapter 3. Bielefeld et al. [14] and Bruin and van Noort [20]
already give us information on this connection for fixed λ = 1 and a ∈ (1, 2). They found
attracting periodic points that do not attract the critical orbit and they found curves of
Neimarck–Sacker, saddle-node, period-doubling and heteroclinic tangency bifurcations.
However, for λ < 1, the dynamics of (1.1) is more complicated, because the critical value
c gets perturbed to a circle and, therefore, admits infinitely many critical orbits. This
allows for more different scenarios of complicated dynamics, such as forward-backward
critical tangencies and the intermediate cases, where some critical orbits go to infinity
and other critical orbits stay bounded. Moreover, the Julia set, which we defined as the
boundary of the basin of infinity, does no longer coincide with the closure of periodic and
pre-periodic repelling points, because infinity is repelling. Since there are finite repelling
periodic points, we expect that some parts of the Julia set go to infinity, whereas other
parts stay bounded. A thorough investigation of the bifurcations of the invariant sets in
the regime a ∈ (0, 2] and λ ∈ [0, 1] remains a task for future research.
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In this appendix we explain the numerical methods we use for computing the stable and
unstable sets of saddle points of the map (1.1) and how we adapt the methods for finding
and continuing homoclinic tangencies in two parameters to finding and continuing the
forward critical, backward critical and forward-backward critical tangencies.
We start by transforming the map (1.1) to a map f : R2 \(0, 0)T × A → R2 with real
coordinates; that is, for (x, y)T and α = (λ, a, Re(c), Im(c)),
f

A.1

x
y

!

,α

!

:=

!
p
a 2 2
+
Re(c)
(1 − λ + λ x2 + y 2 ) xx2 −y
2
+y
p
.
a
(1 − λ + λ x2 + y 2 ) x22xy
+ Im(c)
+y 2

Computation of the stable and unstable sets

The stable and unstable sets of the map (1.1) do not admit an analytical expression.
Hence, we compute them numerically. For the computation of the unstable set W u (p) of
the saddle fixed point p we use the method proposed in [55] for calculating one-dimensional
(un)stable manifolds. This method has been implemented in the DsTool environment
[10, 32, 56]. Each side of W u (p) is approximated by a piecewise-linear approximation
Lin(p, z1 , . . . , zN ) given by line segments between consecutive points of (p, z1 , . . . , zN ) with
zk ∈ R2 \{(0, 0)T }, 1 ≤ k ≤ N , which are obtained in the following way. The first two
points are the saddle fixed point p and a point z1 in its unstable eigenspace at some small
distance δ0 from p. If the points (p, z1 , . . . , zk ), k ≥ 1, in the approximation of W u (p)
have already been calculated, the next point zk+1 is taken at distance δk from zk such
that zk+1 = f (z) for some z ∈ Lin(p, z1 , . . . , zk ). If the angle between the points zk−1 , zk
and zk+1 satisfies a certain angle condition, the point zk+1 is accepted. Otherwise, this
step is repeated for a smaller value of δk , to ensure an appropriate representation of the
manifold where W u (p) has large curvature.
For diffeomorphisms the stable manifold can be computed with the same algorithm
by computing the unstable manifold of the inverse map. Unfortunately, this does not
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work for the stable set W s (p) of the map (1.1), because the map has no unique inverse
and W s (p) consists of infinitely many branches. However, we can define a local inverse
−1
−1
floc
near the saddle point p of (1.1) such that floc
(p) = p. This will be one of the two
preimages f0−1 or f1−1 defined in (1.1). We then use DsTool to calculate the primary
−1
manifold W0s (p) of f as the unstable manifold of floc
.
In order to compute the remainder of the stable set W s (p) from the primary manifold
W0s (p), we make use of the fact that we know the two inverse maps f0−1 and f1−1 explicitly;
see equation (1.1). The preimages of W0s (p) build up the entire stable set W s (p). If Im(c)
is such that W0s (p) does not intersect the critical circle J1 , we approximate the stable set
directly by taking all preimages of W0s (p) up to a certain order. However, if we used this
method for the case that W0s (p) intersects J1 , we would recalculate parts of the primary
c s instead, where
manifold in each step. Therefore, we take the preimages of −W0s (p)∪ W
J0 J1
s
−W0 (p) is the symmetric counterpart of the primary manifold in the left half plane and
c s is the half open segment of W0s (p) that connects the critical point J0 to the critical
W
J0 J1
circle J1 . The union of these preimages (together with W0s (p)) also makes up the entire
stable set W s (p), and each part is calculated only once.
c s depending on Im(c), as
Let W0 be an approximation of W0s (p) or −W0s (p) ∪ W
J0 J1
calculated with the method in [55]. Furthermore, assume that W0 , W−1 , . . . , W−k , where
W−j is an approximation of f −1 (W−(j−1) ) for 1 ≤ j ≤ k, have already been calculated.
Note that W−j consists of the approximations of 2j curve segments. The next preimage
approximation W−(k+1) is taken as the two preimages f0−1 (W−k ) ∪ f1−1 (W−k ) of W−k . We
accept W−(k+1) if the angles between three consecutive points satisfy certain conditions.
Otherwise, we add points to W−k using interpolation and recalculate W−(k+1) . This step
is repeated a couple of times if necessary.

A.2

Numerical continuation of the critical tangency
bifurcations

The homoclinic tangency: Let p = p(α) be the corresponding saddle fixed point of f with
f (p(α), α) = p(α). Recall that ẑ is homoclinic to p if it converges to p under forward
iteration of f and has a sequence of preimages converging to p; that is, limn→∞ f n (ẑ) = p
and there is a sequence {ẑk }k≥0 with ẑ0 = ẑ, ẑn = f (ẑn+1 ) for n ≥ 0 and limn→∞ ẑn = p.
The corresponding homoclinic orbit is then given as {ẑk }k≥0 ∪ {f k (ẑ)}k≥1 . Following the
method suggested by Beyn and Kleinkauf in [13], this homoclinic orbit can be approximated by a finite orbit segment {z1 , . . . , zN } that, together with the saddle fixed point
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z0 := p, satisfies the following boundary value problem:
f (z0 , α) − z0 = 0
f (zk , α) − zk+1 = 0, k = 1, . . . , N − 1
(z1 − z0 )quT = 0

(zN − z0 )qsT = 0

(fixed point condition),

(A.1)

(orbit condition),

(A.2)

(left boundary condition),

(A.3)

(right boundary condition).

(A.4)

Here, qs and qu are the stable and the unstable eigenvectors of the saddle point z0 , respectively. For Z = (z0 , z1 , . . . , zN , α), let F H (Z, α) be the left-hand side of the boundary
value problem (A.1)–(A.4) such that the problem is equivalent to solving F H (Z, α) = 0.
A regular solution of this equation corresponds to a transversal homoclinic orbit and,
therefore, can be continued in one parameter. At a homoclinic tangency, however, the
solution additionally satisfies the rank 1 deficiency condition
det(DZ F H (Z, α)) = 0 (tangency condition).

(A.5)

The boundary value problem (A.1)–(A.5) consists of 2N + 3 equations with 2(N + 1)
unknowns, namely, z0 , z1 , . . . , zN . Therefore, continuation in two parameters gives us a
one-dimensional branch of solutions. The detection and continuation of homoclinic tangencies with this method is implemented in the Matlab software package Cl MatContM
[29, 36, 40]. Here, the initial segments of the manifold to detect the transversal homoclinic points as their intersection points are computed with the method from [55]. These
homoclinic points are then used as seeds in Newton’s method to get an initial solution of
(A.1)–(A.4). This solution can be followed in one parameter until (A.5) is satisfied to get
an initial solution of (A.1)–(A.5).
We have adapted the boundary value problem (A.1)–(A.5) and the corresponding
Cl MatContM code to continue in two parameters also the forward critical, backward
critical and forward-backward critical tangencies that we found in the map (1.1). To this
end, we keep the fixed point condition (A.1) and the orbit condition (A.2) but change the
boundary and tangency conditions (A.3), (A.4) and (A.5).
The forward critical tangency: At the forward critical tangency, the stable set W s (p)
is tangent to the critical circle J1 = ∂D1−λ (c), so the boundary value problem to follow it
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in two parameters becomes
f (z0 , α) − z0 = 0

(fixed point condition),

f (zk , α) − zk+1 = 0, k = 1, . . . , N − 1 (orbit condition),
||z1 − c|| − 1 + λ = 0
(zN − z0 )qsT = 0

det(DZ F F (Z, α)) = 0

(A.6)
(A.7)

(left boundary condition),

(A.8)

(right boundary condition),

(A.9)

(tangency condition).

(A.10)

Here, F F (Z, α) is the left-hand side of (A.6)–(A.9). An initial solution of (A.6)–(A.10)
can be found by using an intersection point of J1 and W s (p) as an initial solution of
(A.6)–(A.9) and following it in one parameter until (A.10) is satisfied.
The backward critical tangency: At the backward critical tangency, the critical point
J0 = {0} lies on the unstable set W u (p), so there are two boundary conditions, but no
tangency condition. The boundary value problem is
f (z0 , α) − z0 = 0

(fixed point condition),

f (zk , α) − zk+1 = 0, k = 1, . . . , N − 1 (orbit condition),
(z1 − z0 )quT = 0
zN = 0

(A.11)
(A.12)

(left boundary condition),

(A.13)

(right boundary condition).

(A.14)

Recall that zN ∈ R2 , so that the right boundary condition (A.14) consists of two equations.
Therefore, this boundary value problem (A.11)–(A.14) consists of 2N + 3 equations with
2(N + 1) unknowns as before. An initial solution can be found by using the point on
W u (p) closest to J0 and a sequence of its preimages on W u (p) as a seed for Newton’s
method.
The forward-backward critical tangency: At the forward-backward critical tangency,
an iterate of the critical point J0 = {0} lies on the critical circle J1 . Again, there is no
tangency condition, but there are two boundary conditions, of which the right boundary
condition consists of two equations. Therefore, the boundary value problem becomes
f (z0 , α) − z0 = 0

(fixed point condition),

f (zk , α) − zk+1 = 0, k = 1, . . . , N − 1 (orbit condition),
||z1 − c|| − 1 + λ = 0
zN = 0

(A.15)
(A.16)

(left boundary condition),

(A.17)

(right boundary condition).

(A.18)

An initial solution can be found in the same manner as for the case of a backward critical
tangency, by starting on a circle Jk ∈ J + instead of on W u (p).
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