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Abstract

A Memetic Algorithm is a population-based meta-heuristic algorithm that
combines an Evolutionary Algorithm with a set of local search algorithms. The
successful experimental results have verified the advantages of Memetic Algo-
rithms, and also motivate the desire for a better understanding of Memetic Al-
gorithms by using runtime analysis.

In the last decade, theoretical studies of Memetic Algorithms have achieved
remarkable progress, but still lag behind experiments. In particular, three ap-
proaches have been studied extensively in experiments, but few studies in the-
ory can explain their successes. This research will provide theoretical evidences
towards explaining why these approaches are successful. The main results of
this thesis are:

1. Why using dynamic mutation probabilities in Memetic Algorithms gains
success?
We will show the benefits of hybridizing the dynamic mutation approach
with one of two local searches, best-improvement and first-improvement,
respectively. In detail, we will firstly show that the algorithm’s ability of
escaping from a local optimal solution is crucial because it dominates the
time complexity for the algorithm to find a global optimal solution. Then,
we will show that hybridizing the dynamic mutation approach with any
one of the two local searches greatly enhances the algorithm’s ability of
escaping from a local optimal solution.

2. Why using multiple local searches in Memetic Algorithms gains success?
We will show that the best local search for Memetic Algorithms to find a
global optimal solution on the Clique Problem is instance-specific. More-
over, we will show cases that Memetic Algorithms applying multiple local
searches outperform Memetic Algorithms applying a single local search
on the Clique Problem.

3. Why changing to a different fitness function gains better results?
We will show that a small change of the fitness function can result in a
huge performance gap in terms of finding a global optimum solution.
We will also show that the fitness function that gives the best results in
a Memetic Algorithm on the Clique Problem is instance-specific. Further-
more, we will show that for a given instance, if the best fitness function
is unknown, the approach that applies the Memetic Algorithms on differ-
ent fitness functions iteratively may outperform the approach that applies
Memetic Algorithms on a single fitness function.
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Chapter 1

Introduction

1.1 Motivation and brief history

A Memetic Algorithms (MAs) is a population-based meta-heuristics algorithm
that combines an Evolutionary Algorithm (EA) and a set of local search algo-
rithms. The earliest MA implementation was tested on the Travelling Salesman
Problem (TSP) by Moscato and Norman in [65] while the earliest systematic
definition of MA was presented by Moscato in [64]. The term “Memetic” comes
from the concept of meme which is the unit of cultural transmission, and the
algorithm is inspired by the culture evolutionary theory.

It is generally believed that MAs are successful because they inherit both
the exploratory search ability of evolutionary algorithms and the neighborhood
search ability of local search methods. This has been verified by many imple-
mentations of MAs that solve a large variety of problems, for example, image
processing, telecommunications, Protein Structure Prediction, Routing Problems,
Scheduling and Timetabling Problems, etc., see [5, 68] for more details.

The reader might notice that the success of MAs in experiments is conflicted
with the well-known no free lunch theorem (NFL) [36]. The NFL theorem shows
that all algorithms perform evenly over all fitness functions. That is to say, if
an algorithm A outperforms another algorithm B on one fitness function, there
must exist some other fitness functions such that the algorithm B outperforms
the algorithm A. However, Droste et al. [26] showed that it is not a realistic sce-
nario to consider all fitness functions. They proved that vast majority of func-
tions can neither be stated effectively nor be evaluated in reasonable time. So if
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2 1 Introduction

we focus on functions with reasonable complexity (with respect to size and time
for evaluation), a no free lunch result probably cannot exist [26].

The highlighted experimental results has also motivated the desire for a bet-
ter understanding of MAs by using runtime analysis. However, since it is ex-
tremely difficult to analyze an entire MA on a problem, researchers have to start
from analyzing a simplified version of MAs, in order to study some behavior of
each operation in MAs. For example, the first simplified algorithm is the (1+1)
EA, in which the population only contains one parent and will only create one
child by mutation. Since the (1+1) EA only applies the mutation operation, by
studying the (1+1) EA on some toy functions, e.g. ONEMAX [25, 66], we can easily
see the benefit of the mutation while ignore other operations. More details of
the runtime analysis will be introduced in Section 1.3.

Basically, the gap between theory and practice is still huge. We have to start
from some simplified versions of MAs first. The main goals in the theory of
MAs is that, by rigorously analyzing how different simplified MAs solve differ-
ent problems with mathematical proofs, we can have a deeper understanding
of each operation in MAs. This understanding, hopefully, will tell us a set of
problems that are tractable with MAs, how to set the parameters in MAs, which
variant of MAs are best suited for a particular problem, and what computational
efforts are expected to cost for solving a particular problem. This thesis will
focus on the theoretical aspect of MAs, and provide some evidences towards
answering the above questions.

This chapter will firstly introduce the basic framework of MAs in Section 1.2
and some theoretical findings of MAs in Section 1.3. Then, Section 1.4 will give
some new challenges to the runtime analysis of MAs, which are also the aim of
this research. Lastly, the main contributions will be summarized in Section 1.5,
and the structure of the thesis will be given in Section 1.6.

1.2 A general framework of Memetic Algorithms

A Memetic Algorithm creates a generation of solutions, and keeps using the se-
lection, recombination, mutation and local search operations to evolve the gen-
eration. A general framework of MAs is as follows:

Algorithm 1. A Basic Memetic Algorithm (in Chapter 4 in [68]):
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1. pop← Initialize(Parameters, Problem).

2. newpop1← Cooperate(pop, Parameters, Problem).

3. newpop2← Improve(newpop1, Parameters, Problem).

4. pop← Compete(pop, newpop2).

5. If Converged(pop) then pop← Restart(pop, Parameters).

6. If TerminationCriterion(Parameters) then return GetNthBest(pop, 1).

7. Go to to step 2.

The Initialize operation initializes |pop| solutions. Then the Cooperate

operation uses the selection, recombination and/or mutation operations to gen-
erate a new population. Next, the Improve operation uses one or several local
searches to improve the new population. The Compete function selects |pop| so-
lutions for the next generation. The Converged function detects if the population
is converged, and if so, the Restart operation will select some best solutions and
initialize some solutions to form the next pop. See [68] for more details of the
Basic Memetic Algorithm.

1.3 Theoretical findings of Memetic Algorithms

Since MAs combine EAs and local searches, to study the theory of MAs, we
need to start from introducing the runtime analyses on EAs. However, due to
the focus of this thesis is on MAs, we will not cover too much details of each
study, the reader can read the these surveys for more details [2, 39, 71, 75].

The first runtime analysis of EAs was given by Mühlenbein in 1992 [66]. He
presented an upper bound on the expected runtime of the simplest evolutionary
algorithm, called (1 + 1, m)-algorithm, on two toy functions, ONEMAX and (k, l)-
deceptive function. The term (1 + 1, m) represents that, a) the population size
of parents and children are both one, b) an elitist selection is used, and c) only
the mutation approach is applied with a mutation probability m. Note that the
crossover (also known as recombination) operation is not used, and this algo-
rithm is also called (1+1) EA.
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Since the mid-1990s, more rigorous results on the runtime of EAs for dif-
ferent kinds of artificially created functions have been obtained. For example,
simple pseudo-boolean functions [85], ONEMAX [85], Trap Functions [22], and
plateaus of constant fitness [43]. In 2002, Droste, Jansen and Wegener [25] sum-
marized the basic (1+1) EA.

A very important progress is the analysis on population-based EAs, for ex-
ample, (µ + 1) EA [72, 111], (1 + λ) EA [19, 40]. Also many researches have fo-
cused on showing that the crossover operation is essential in EAs, e.g. [44,49,80].

Another branch is to study EAs on dynamic optimization problems where
the fitness function is changing dynamically. For example, Droste, in 2002 [20]
and 2003 [21], analyzed the (1+1) EA on the dynamic version of the ONEMAX prob-
lem where the fitness function changes after each function evaluation; Jansen
and Schellbach, in 2005 [41], analyzed a (1+λ) EA for a simple lattice problem;
Rohlfshagen, Lehre and Yao, in 2009 [83], analyzed how the performance of the
(1+1) EA is affected by the magnitude and frequency of change in two counter-
intuitive scenarios; in 2011 [6], Chen et al. studied both the (1+1) and (1 + λ)
EAs, with a time-variable mutation rate or with a fixed mutation rate; Kötzing
and Molter, in 2012 [48], constructed a dynamic fitness pattern and compared a
simple ant colony optimization system with the (1+1) EA; Oliveto and Zarges,
in 2013 [73], showed that a fitness-diversity mechanism turns the runtime from
exponential to polynomial. From these studies, great insight have been showed
towards understanding how these algorithms perform when the fitness function
is changing dynamically.

Meantime, after the basic (1+1) EA was analyzed, some variants of EAs, in-
cluding MAs, have been formalized and analyzed on some artificially created
functions (ONEMAX, BIN, and LEADINGONES, etc.). These studies help us under-
stand what characteristics of these algorithms may make their optimizations
easier or harder than the basic (1+1) EA. For example, Jansen and Wegener in
2006 [45] studied the Dynamic (1+1) EA. They showed that the dynamic (1+1)
EA drastically outperforms each static (1+1) EAs on an artificially-created func-
tion PTJ; however, the basic (1+1) EA with mutation probability 1/n drasti-
cally outperforms the dynamic (1+1) EA on another artificially-created function
PWT. Another example is that Sudholt in 2006 [97] studied the first (1+1) MA.
He showed that the (1+1) EA, the (1+1) MA and the Randomized Local Search
(RLS) can outperform each other drastically on three different artificially-created
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functions ( fMA, fEA, fRLS) respectively.
After the first (1+1) MA, that is mentioned above, was analyzed in 2006, a

few more theoretical studies of MAs came out recently. Since both MAs and
EAs apply mutations and recombinations, and these operations have already
been studied in EAs, the theoretical studies of MAs have mainly focused on the
impact of the local searches. For example, Sudholt, in 2008 [98] and 2011 [100],
analyzed the (1+1) MA with variable-depth search to overcome local optima on
three binary combinatorial problems: Mincut, Knapsack, and Maxsat; the same
author, in 2006 [96] and in 2009 [99], showed that changing the depth of local
searches or the frequency of applying local searches in MAs will change the
performance from polynomial to super-polynomial. Furthermore, the interac-
tion of mutations and local searches has attracted much attention. For example,
Sudholt and Zarges [101] analyzed the interaction of two different mutations
with local search for Vertex Coloring in 2010; Dinneen and Wei [12], in 2013,
analyzed a dynamic mutation with two different local searches on some artifi-
cially created functions; and in the same year, they analyzed a (1+1) Adaptive
MA on the clique problem and showed that, for any local optima that is hard to
escape, the (1+1) Adaptive MA is expected to overcome the local optima super-
polynomially faster than the basic (1+1) EA [11].

Most of these theoretical studies focused on toy functions. If we have to
vote for one problem, that provides the most theoretical findings of evolution-
ary computation, then clearly it is the linear pseudo-Boolean functions. A func-
tion is called linear if it can be written in the form of f (x) = f (x1, x2, · · · , xn) =

∑n
i=1 gi(xi). This problem is surprisingly difficult and already gained a great

amount of interests. Some examples are: Droste et al. in 1998 [23] showed an
upper bound of O(n log n) for the (1+1) EA with mutation probability 1/n on
any linear function. Doerr and Goldberg in 2010 [13] used drift theorem to show
that, for any constant c > 0, the (1+1) EA with mutation probability c/n finds
the optimum of a linear objective function with non zero weights in expected
time Θ(n log n). Witt in 2012 [113] studied the (1+1) EA on linear functions, and
showed an upper bound of en ln n + O(n) in expectation and with high prob-
ability. He also showed an expected polynomial runtime if the mutation prob-
ability pm = O ((ln n) /n). Happ et al. in 2008 [32] studied an (1+1) EA with
fitness-proportional selection, and showed the algorithm is expected to take ex-
ponential time to optimize any linear function with non zero weights. Doerr and
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Künnemann in 2013 [19] studied the (1+λ) EA on linear functions, and showed
an expected upper bound of O

(
1
λ n log n + n

)
iterations. They also showed this

bound is sharp for some functions. Some other examples of studying linear
functions are [14–18, 25, 33–35, 37, 38, 114]. All these studies on toy functions
help us to understand how EAs and their variants find a global optimum on
specific problems.

Apart from those toy functions, many researches have started to analyze the
EAs for some combinatorial optimization problems, e.g. the Maximum Match-
ing Problem [29] in 2003, the Minimum Spanning Tree Problem [70] in 2004, and
the Partition Problem [110] in 2005.

Furthermore, a few results studied NP-hard problems, e.g. Storch analyzed
the Clique Problem on planar graphs in 2006 [94]; Oliveto, He and Yao analyzed
the Vertex Cover Problem on Papadimitriou-Steiglitz graphs in 2007 [74], and on
bipartite graphs in 2008 [76]; Witt analyzed the Vertex Cover Problem on sparse
random graphs in 2012 [112]; and Sudholt and Zarges analyzed the Vertex Col-
oring Problem on bipartite graphs, sparse random graphs and planar graphs in
2010 [101].

The results of these studies explain the success of some experiments. How-
ever, theoretical progress still lags behind the experimental approach. In the
next section, we will introduce some variants of MAs that have gained successes
in experiments, but not much theoretical evidences can explain why.

1.4 New challenges in theoretical studies

Recently, for many applications, researchers have applied MAs with dynamic
mutation probabilities, MAs with different local search algorithms, or MAs on
a new fitness function. All these approaches have gained very positive exper-
imental results. However, we lack theoretical evidence that can explain why
these approaches are successful. This section will briefly introduce these ap-
proaches that are successful in experiments.

1.4.1 Challenge I: Non-static mutation probabilities

The first challenge is to show the benefit of using non-static mutation probabil-
ities in Memetic Algorithms.



1.4 New challenges in theoretical studies 7

The mutation operation in MAs will flip each bit independently with a prob-
ability p. This parameter p is called mutation probability, which indicates the
expected Hamming distance between the parent and the offspring. Note that
p = k/n indicates that the mutation is expected to flip k bits from the parent
bit string. It is also known as mutation strength or mutation step size if the
individual is not represented by a bit string.

It is commonly accepted that large mutation probabilities cause large changes
in solution space, while small mutation probabilities refine the solution to a bet-
ter nearby optimum. Therefore, unless the best setting of the parameter p is
known in advance, which is very rare, a common approach in the literature is to
adapt the parameter p along with the population evolving.

One of the earliest examples of adapting the mutation strength was studied
by Rechenberg in 1973 [81]. He proved that the optimal mutation strength of
an Evolution Strategy (ES) depends on the distance to the optimum. So he pro-
posed the 1/5-th rule to adapt the mutation strengths in the ES. The idea is to try
a mutation strength for the whole population. If the ratio of successful candi-
date solutions is greater than 1/5, then the mutation strength will be increased;
otherwise, the algorithm will decrease the mutation strength. This is based on
the assumption that if the evolution has more than 1/5-th successful candidates,
then bigger steps towards the optimum are possible, while small steps would
be a waste of time.

Another example is to adapt the inversion mutation, which is a common mu-
tation operator for EAs on the TSP-like problems. One inversion mutation re-
verses the tour between two randomly chosen cities. The number of successive
applications of the inversion mutation operator can be treated as the mutation
strength. In 1991, Reinelt [82] compared the self-adaptive inversion mutation
with the static inversion mutation on the instance of gr666 from the TSP library.
The mutation strength is increasing at the beginning and decreasing during the
optimization. In 2008, Kramer [51] studied a self-adaptive control of the muta-
tion strength, and showed that it speeds up the optimization for the TSP. The
author also proved that an EA with this self-adaptive scheme converges with
probability one to a global optimum after a finite number of iterations.

Some other examples of studying the mutation strength are: Schwefel, in
1995 [88], added Gaussian noise to the mutation strength. Beyer and Schwe-
fel, in 2002 [3], studied the mutation strengths of ES on the continuous Sphere
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model. Liang et al. in 1998 [60] empirically showed that when the mutation
strength is adapted to a small value, the algorithm will converge prematurely.
They also showed that this problem can be solved by adding a lower bound
to the mutation strength. Rudolph in 2001 [86] theoretically showed a special
test problem that Rechenbergs 1/5-success rule will get caught by non-global
optima with positive probability even under an infinite time horizon. He also
pointed out that the premature convergence is caused by decreasing the mu-
tation strength too quickly, and proposed another way of adaptively changing
the mutation strength that can efficiently solve the problem. More details of
adapting the mutation strength can be found in surveys [50, 61].

All in all, adapting the mutation strength is a common approach that has
been studied extensively. However, few studies consider the interaction be-
tween the adaptive mutation and the local search, which is a key character in
MAs. We previously in [10] compared MAs applying a non-static mutation
probability with MAs applying a static mutation probability in experiments,
and showed the success of the former approach. But no theoretical evidences
show the advantages of applying non-static mutation probabilities in MAs. In
particular, the benefits of hybridizing a non-static mutation approach with a lo-
cal search are underdeveloped.

1.4.2 Challenge II: Multiple local searches

The second challenge is to show why MAs applying multiple local searches are
successful.

It is commonly accepted that MAs with a specialized local search can out-
perform MAs with other local searches on a particular problem, but not on all
problems. However, in 2001, Krasnogor and Smith [58] did experiments and
showed that even for a single problem class (TSP), the local search operator that
gives the best results in an MA is entirely instance specific. This observation mo-
tivates a great interests of using multiple local searches in MAs to solve a single
problem (one fitness function). In 2005, Krasnogor and Smith [59] presented
a taxonomy of memetic algorithms that provided a functional framework for
using multiple local searches. This trend is also known as the multimeme al-
gorithm [52, 53, 55, 57, 58, 69, 77, 105, 106], where each local search is a meme
that is used adaptively or self-adaptively (see a survey in [78]). Another simi-
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lar approach is called Hyper-Heuristics [4, 7, 47] where the hyper-heuristic de-
cides which lower-level heuristic method (local search) should be applied at any
given time. Furthermore, Coevolving Memetic Algorithms have been studied
that coevolve the local search operators together with the mainstream popula-
tion [54,56,89–93]. Essentially all of these approaches use multiple local searches
in MAs to solve a single problem.

This idea of applying multiple local searches in MAs created new challenges
in the runtime analysis. A few theoretical studies show that, on one artificially
created function, MAs with one local search drastically outperform MAs with
another local search. For example, Sudholt, in 2008 [98] and 2011 [100] com-
pared an (1+1) MA, that applies the variable-depth search, with the (1+1) EA,
iterated local search, and simulated annealing. He showed some instances that
the (1+1) MA with the variable-depth search is expected to take polynomial
time to optimize while all other algorithms need exponential time. In 2013,
GieBen [28] constructed the fitness function GTRAP, and another local search
approach, called opportunistic local search. He showed that, on the GTRAP, the
(1+1) MA with the variable-depth search is expected to take exponential time to
optimize while the (1+1) MA with the opportunistic local search needs polyno-
mial time. In the same year, Kempka et al. [46], proposed two new local searches,
and compared them with the original local search in the Alternating Variable
Method, they showed the advantages for the two new local searches by both the
runtime analyses and the experiments. However, to the best of our knowledge,
no runtime analyses show that, MAs with two or more local searches can out-
perform each other on different fitness functions; let alone show that, for a single
problem (one fitness function), the local search operator that gives the best re-
sults in an MA is instance specific. Hence, we still lack theoretical evidence to
show why MAs with multiple local searches are successful.

1.4.3 Challenge III: Different fitness functions

The third challenge is to show the best fitness function for MAs on the same
problem is instance specific.

Many experimental studies observed that, for a single problem, it is possible
to construct different fitness functions, and running the same algorithm on these
fitness functions can result in a huge performance gap.
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For example, on the SAT problems, Gottlieb and Voss in 1998 [30] constructed
four different refining functions, where the new fitness function is obtained by
adding one of these refining functions to the basic fitness function. Note that the
basic fitness function is the given boolean function f that calculates the number
of satisfied clauses. The motivation is that, since the basic fitness function con-
sists of at most (m + 1) different heights (m is the number of clauses), and due
to the large search space, there are many solutions having the same value of
the basic fitness. Therefore, adding a refining function can distinguish some
of the fitness plateaus. Unfortunately, their experimental results do not show
the advantage of combining the basic fitness function with any of the refining
functions. The same authors, in 2000 [31], studied several mechanisms to adapt
fitness functions for the SAT problem and gained success in experiments.

Another example is for image processing problems. Ványi, in 2002 [103], in-
troduced several fitness functions for solving image processing problems. The
author also defined a metric, “Efficient fitness”, to evaluate the computation
time of the fitness functions. In addition, the convergence properties were tested
in experiments. A further study by the same author was given in 2005 [104],
which experimentally compared those fitness functions by means of the com-
putation time and the convergence speed.

Some other examples are but not limit to: Fast et al., in 2010 [27], studied two
fitness function enhancements for automated program repair, which is a promis-
ing technique for reducing debugging costs; Nelson, Barlow and Doitsidis, in
2009 [67], surveyed and analyzed the fitness functions in evolutionary robotics;
Sadjadi, in 2004 [87], studied the optical processing and proposed four different
scaling functions to cope with the fitness plateaus, where all surrounding points
are of the same fitness; Szubert et al., in 2013 [102], introduced a simple method
for shaping the fitness function, and compared the shaped fitness function with
some existing fitness functions in experiments; Alabsi and Naoum, in 2012 [1],
proposed a new fitness function using reward–penalty technique to evaluate
population chromosomes efficiently, and compared it with another fitness func-
tion to check its validity.

All these studies show that it is possible to construct different fitness func-
tions for a single problem, and running the same algorithm on these fitness func-
tions can result in a huge performance gap. This observation has motivated a
great amount of studies on fitness landscape theory. A few recent surveys for
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fitness landscape theory can be found in [62,63,79,84]. Despite their popularity,
it is difficult to understand from a theoretical point of view why applying the
same algorithm on different fitness functions will result in huge performance
gaps. The runtime analysis to show this behavior is urgently demanding.

1.5 Contributions of the research

The main results of this research consists of three studies:

1. Study the dynamic mutation approach in Chapter 3.

2. Study two different local searches in Chapter 4.

3. Study two different fitness functions in Chapter 5.

In Chapter 3, we will firstly show that, there are some pseudo-boolean func-
tions such that the (1+1) MA with the dynamic mutation approach outperforms
each of static (1+1) MAs; and the result is opposite on some other pseudo-
boolean functions.

Then, we will study two fitness functions for solving the Clique Problem. We
focus on analyzing the benefits of applying the dynamic mutation approach in
MAs, in terms of enhancing the algorithms’ ability to escape from local optima.
We will define a new metric, called BLOCKONES, to estimate the difficulty of es-
caping from a local optima and finding a better solution to the Clique Problem.
We will show how this metric dominates the expected running time of finding
a maximum clique. This metric also tells us that if an algorithm has not found
a better solution for a bounded number of fitness evaluations, then the current
best found clique is expected to be a global optimum solution with an over-
whelming high probability. Also, based on this metric, we will show the (1+1)
EA and the (1+1) MAs are both expected to find a maximum clique on planar
graphs, bipartite graphs and sparse random graphs in a polynomial number of
fitness evaluations.

All these studies about the BLOCKONES show the crucial role of the algorithm’s
ability to escape from a local optima when this local optima is hard to escape,
i.e. with a large value of BLOCKONES. Finally, we will show that applying the
dynamic mutation approach and a local search will greatly enhance this ability
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for the algorithm. This, to some extend, explains why MAs applying a non-
static mutation probability are successful. Hence, it answers the question that
we asked for Challenge I in Section 1.4.1.

In Chapter 4, we will study MAs with two local searches, first-improvement
and best-improvement, respectively. Firstly, we will study the performance of
the two local searches on two of the most popular toy functions studied by other
theoretical researches. Then we will compare the two local searches on two ar-
tificially created fitness functions, in order to show that these two local searches
can outperform each other on different functions.

Next, we focus on solving the Clique Problem for two families of graphs, in
order to show which local search is best suited for solving the Clique Problem
is instance specific. In detail, we will show that on one family of graphs, MAs
with the first-improvement local search drastically outperform MAs with the
best-improvement local search; and the result is opposite on the other family of
graphs.

Lastly, we will propose an MA that applies two local searches alternatively to
show that MAs with multiple local searches can find a maximum clique for both
families of graphs efficiently. This provides theoretical evidence to show why
MAs using multiple local searches are successful, which answers the question
that we asked for Challenge II in Section 1.4.2.

In Chapter 5, we will study MAs on two different fitness functions that are
both designed for solving the Clique Problem. We will show that a small change
of the fitness function can result in a huge performance gap in terms of finding
a global optimum solution. It also shows that the fitness function that gives the
best results in an MA on the Clique Problem is entirely instance specific.

In detail, we will use the same two families of graphs that have been used
in Chapter 4, and show that an MA running on one fitness function can solve
the Clique Problem on the first graph family efficiently, but is not well suited for
solving the Clique Problem on the second graph family; meanwhile, the same
MA running on the other fitness function will have the opposite results, i.e. is
efficient on the second graph family, but is not well suited for the first graph
family. We will also propose a strategy that applies the two fitness function
alternatively, and will show that this strategy works on both families of graphs.
This provides a theoretical evidence to answer the question that we asked for
Challenge III in Section 1.4.3.
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1.6 Structure of the thesis

The thesis is structured as follows: Chapter 2 introduce all algorithms and prob-
lems that are subject to our investigations in this thesis. Then, Chapter 3 will
study the dynamic mutation approach in the (1+1) MAs. In Chapter 4, we will
study two different local searches in the (1+1) MA. Lastly, in Chapter 5, two dif-
ferent fitness functions for solving the Clique Problem will be compared. The
conclusion and possible future work will be given in Chapter 6.

The content of this thesis has also been published in [11, 12, 107–109]. The
author has also co-authored [9, 10].
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Chapter 2

Algorithms and Problems to be
Studied

In this chapter, we will introduce all algorithms and problems that are subject
to our investigations in this thesis. In detail, the notation and preliminaries
are given in Section 2.1. Then, we will formalize all algorithms in Section 2.2.
In Section 2.3, we will first state some toy functions and formalize two fitness
functions for the Clique Problem. Then we will construct two families of graphs
G1 and G2, and study their landscapes.

2.1 Notation and preliminaries

In this section we give basic definitions of our algorithms and we begin with
the following standard notation that will be used throughout this thesis.

1. f (n) = ω(g(n))↔ ∀k > 0, ∃n0, ∀n > n0, g(n) · k < f (n).

2. f (n) = Ω(g(n))↔ ∃k > 0, ∃n0, ∀n > n0, g(n) · k ≤ f (n).

3. f (n) = o(g(n))↔ ∀ε > 0, ∃n0, ∀n > n0, f (n) < g(n) · ε.

4. f (n) = O(g(n))↔ ∃k > 0, ∃n0, ∀n > n0, f (n) ≤ g(n) · k.

5. f (n) = Θ(g(n)) ↔ ∃k1 > 0, ∃k2 > 0, ∃n0, ∀n > n0, g(n) · k1 ≤ f (n) ≤
g(n) · k2.

15
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6. limn→∞ (1 + 1/n)n = e.

7. f (n) ≺ Polynomial(n)↔ ∃n0, ∀n > n0, ∃c > 0, f (n) < nc.

8. f (n) ≺ Sub-exponential(n)↔ ∃n0, ∀n > n0, ∀ε > 0, f (n) < 2εn.

9. f (n) � Super-polynomial(n)↔ ∃n0, ∀n > n0, ∀c > 1, f (n) > nc.

Definition 2. A probability P1 is Super-polynomially close to zero if and only if
there exists a super-polynomial function f (n) of the problem size n ( f (n) �
Super-polynomial(n)) and a positive integer n0 such that ∀n ≥ n0 : P1 ≤
1/ f (n) holds.

Definition 3. A probability P2 is Super-polynomially close to one if and only if
there exists a super-polynomial function f (n) of the problem size n ( f (n) �
Super-polynomial(n)) and a positive integer n0 such that ∀n ≥ n0 : P2 ≥ 1−
1/ f (n) holds.

Proposition 4. Chernoff bounds (proof can be found in [39]).
Let X1,X2,· · · ,Xn be independent bits such that for 1 ≤ i ≤ n Prob(Xi = 1) = pi,
where 0 < pi < 1. Let X = ∑n

i=1 Xi, µ = E(X) = ∑n
i=1 pi. Then the following

inequalities hold.

∀δ > 0 : Prob(X ≥ (1 + δ)µ) ≤
(

eδ

(1 + δ)(1 + δ)

)µ

∀0 < δ ≤ 1 : Prob(X ≥ (1 + δ)µ) ≤ e−µδ2/3

∀0 < δ ≤ 1 : Prob(X ≤ (1− δ)µ) ≤ e−µδ2/2

2.2 Algorithm definitions

This section will introduce all algorithms that will be analyzed in this research.
Note that all algorithms try to maximize a function f : {0, 1}n → R.
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2.2.1 Algorithms to be compared

The algorithms, that we will analyze in this research, are the (1+1) EA, the (1+1)
MA, the (1+1) Dynamic MA, and the (1+1) Restart MA. Note these algorithms
all try to maximize different fitness functions in Section 2.3. Also note that, we
do not specify any stopping criterion for these algorithms, since we will analyze
the expected fitness evaluations that each algorithm requires to find a global
optimal solution on different functions. In general, the stopping criterion can be
either a certain number of iterations that the algorithm has executed, a certain
duration of time, and/or finding an expected fitness value f (x), etc. Lastly, the
time complexity analysis in this thesis looks at the number of evaluations of the
fitness function. The algorithms are stated below:

The (1+1) EA has been studied by many researchers, e.g. [25]. It uses a static
mutation approach with a mutation probability 1/n. A template of the generic
algorithm is as follows:

Algorithm 5. (1+1) EA for functions f : {0, 1}n → R:

1. Initialize the mutation probability p = 1/n.

2. Choose x ∈ {0, 1}n uniformly at random.

3. y := x. Flip every bit in y with probability p.

4. If f (y) ≥ f (x) then x := y.

5. Stop if any stopping criterion is met; otherwise, go to to step 3.

The (1+1) MA has been studied in [97]. It also uses a static mutation ap-
proach with a mutation probability ε/n ≤ pm ≤ 1/2 where 0 ≤ ε ≤ 1. A
template of the generic algorithm is as follows:

Algorithm 6. (1+1) MA for functions f : {0, 1}n → R:

1. Initialize the mutation probability p = 1/n.

2. Choose x ∈ {0, 1}n uniformly at random.

3. y := x. Flip every bit in y with probability p.

4. z := LocalSearch(y).
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5. If f (z) ≥ f (x) then x := z.

6. Stop if any stopping criterion is met; otherwise, go to to step 3.

Note that the Local Search in Step 4 will be stated in Section 2.2.4.

2.2.2 (1+1) Dynamic Memetic Algorithm

The (1+1) Dynamic Memetic Algorithm (DMA) dynamically adjusts the muta-
tion probability in every generation. Recall that (1+1) represents one individual
and one offspring, and the (1+1) DMA contains a mutation operation with a
dynamic mutation probability, and a local search operation. A template of the
generic algorithm is as follows:

Algorithm 7. (1+1) DMA for functions f : {0, 1}n → R:

1. Initialize the mutation probability p = 1/n.

2. Choose x ∈ {0, 1}n uniformly at random.

3. y := x. Flip every bit in y with probability p.

4. z := LocalSearch(y).

5. p := Dynamic(p).

6. If f (z) ≥ f (x) then x := z.

7. Stop if any stopping criterion is met; otherwise, go to to step 3.

The function LocalSearch will be stated in Section 2.2.4. Now we show the
function Dynamic. The mutation in DMA is mainly used for making a jump
in the search space when DMA has been stagnated at a local optimal solution.
Meanwhile, the mutation probability p = 1/n means that the expected number
of flipped bits is one. So the Dynamic function in step 5 is chosen below:

p =


1
n , if p = 1

2 ,

min
(

2p, 1
2

)
, otherwise.

We do not state this dynamic schedule is optimal, but we claim it is reasonable
because:
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1. If the local search has been stagnated at a local optimal solution, then we
should increase the mutation probability to jump farther to another region
of the search space. In practice, we note that small mutation probabili-
ties are more helpful for improving to a local optima. However to avoid
stagnation, we should increase (say double) the mutation probability.

2. If the mutation probability reaches the upper bound 1/2, then every bit is
chosen randomly between zero and one. Therefore, we treat it as a trigger
and reset the mutation probability to 1/n again.

2.2.3 (1+1) Restart Memetic Algorithm

The (1+1) Restart Memetic Algorithm (RMA) restarts after every λ generations.
The algorithm is stated below:

Algorithm 8. (1+1) RMA for functions f : {0, 1}n → R:

1. Initialize the mutation probability p = 1/n, set gen := 0.

2. x := 0n.

3. y := x. Flip every bit in y with probability p.

4. z := LocalSearch(y).

5. If f (z) ≥ f (x) then x := z.

6. gen := gen+ 1.

7. If (gen mod λ) = 0 then go to step 2.

8. Stop if any stopping criterion is met, otherwise, go to step 3.

LocalSearch(y) will be given in Section 2.2.4. Note that the algorithm will
restart in every λ generations. We will analyze the impact of λ on the algo-
rithm’s ability to find a global optimal solution.
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2.2.4 Two local searches

The local search method in Memetic Algorithms can have many variations.
In this section, we will formalize two commonly used local searches, a Best-
Improvement Local Search (BILS), which employs a steepest ascent pivot rule,
and a First-Improvement Local Search (FILS), which employs a greedy pivot
rule.

Algorithm 9. BILS for a given string x ∈ {0, 1}n:

1. BestNeighborSet :=

{
y | f (y) > f (x), Hamming(x, y) = 1, and
∀z with Hamming(x, z) = 1 : f (y) ≥ f (z)

}
.

2. Stop and return x if BestNeighborSet = ∅.

3. x is randomly chosen from BestNeighborSet.

4. Stop and return x if any stopping criterion is met; otherwise, go to step 1.

Note, Hamming(x, y) is the number of different bits between x and y (see Def-
inition 12). The BILS performs n fitness evaluations and then move to one of the
best neighbors. Since a few runtime analyses [97,99] have studied the impact of
changing the depth of the local search to the algorithm’s ability to find a global
optimum solution, we do not focus on the depth of the local search, but just
simply set it to O(n2). That is to say, once the local search exceeds O(n2) fitness
evaluations, the stopping criterion in step 4 is met. For each problem that will
be studied in this thesis (see Section 2.3), we will analyze its upper bound for
the BILS to reach a local optimal solution.

Unlike the BILS that evaluates n neighbors to execute one flip, the First-
Improvement Local Search (FILS) randomly generates a permutation to rep-
resent the sequence of bits to search, and executes the flipping as soon as the
fitness evaluation improves. The FILS is also known as random bit-climbing
algorithm [8]. The algorithm is stated below:

Algorithm 10. FILS for a given string x ∈ {0, 1}n:

1. Generate a random permutation Per of length n.

2. i := 0, NoImproveCount := 0.
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3. y := flip(x, Per[i]).

4. If f (y) > f (x) then x := y, NoImproveCount := 0.

5. NoImproveCount := NoImproveCount+ 1.

6. i := (i + 1) mod n.

7. Stop and return x if NoImproveCount = n or any other stopping criterion
is met. Otherwise, go to step 3.

Note flip(x, Per[i]) denotes that the Per[i]-th bit in x is flipped, and Per[i] is
the i-th number in the permutation Per.

Example 11. Suppose the string x = (0, 0, 0, 0), and Per = (3, 2, 1, 4). So the FILS
will first check a possible flipping for the third bit in x (due to Per[0] = 3), thus,
it will get x′ = (0, 0, 1, 0). If f (x′) > f (x) then x := x′. This check sequence
follows Per in a cyclic fashion. That is, after checking the fourth bit in x (due to
Per[3] = 4), the FILS will restart checking the third bit in x (due to Per[0] = 3).
That is to say, the permutation array will not change until the FILS stops, while
the next call to FILS will generate another random permutation array.

Note that the FILS uses only one fitness evaluation per step, so the FILS
will stop when there is no neighbor solution which has a better fitness value,
i.e. WorseNeighbor = n, or when the local search exceeds O(n2) fitness evalua-
tions. Also note that the permutation array will not be changed until the FILS
stops.

Therefore, the expected running time of the local search for the (1+1) DMA
(Algorithm 7) and (1+1) RMA (Algorithm 8) is O(n2) fitness evaluations, or
there is no neighbor solution which has a better fitness value. In this thesis,
we will use (1+1) DMA FILS and (1+1) DMA BILS to denote the (1+1) DMA
using the FILS and the BILS, respectively, as the local search. Also, we will use
(1+1) RMA FILS and (1+1) RMA BILS to denote the (1+1) RMA using the FILS
and the BILS, respectively, as the local search.

2.3 Problems

In this section, we will firstly state some fundamental and important functions.
These functions will be used to build some other complicated functions for this
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thesis. Then, we will formalize two fitness functions, fOL and fOPL, for solving the
Clique Problem. The fitness function fOL will be tested in Chapter 3 and Chap-
ter 5, while fOPL will be tested in Chapter 4 and Chapter 5. Lastly, we will con-
struct two families of graphs, G1 and G2, and analyze their fitness landscapes.
These two graph families will be studied in Chapter 4 and Chapter 5.

2.3.1 Fundamental functions

We now state some important functions on a given string x = (x1, x2, ..., xn) ∈
{0, 1}n:

Definition 12. The Hamming distance function of two strings x and x′ of length
n is defined as:

Hamming(x, x′) =
n

∑
i=1
|xi − x′i|.

Definition 13. The function ONEMAX calculates the number of ones in the string
x, and is formalized as:

ONEMAX(x) =
n

∑
i=1

xi.

The function ZZO was studied in [97], which guides the local search to turn
the first N bits to zeros and turn the last N bits to ones (n = 2N in that case).
In this research, we slightly modify it in order to let our later proof easier. So
we make the first part has (n− 2) bits and the last part only has two bits. The
function ZZO is formalized as:

Definition 14. Let |x|0 and |x|1 be the number of zeros and ones in x, respec-
tively. Let x = (x1, x2, · · · , xn) ∈ {0, 1}n be divided into two parts, x = x′x′′,
with x′ ∈ {0, 1}n−2 and x′′ ∈ {0, 1}2. Then the function ZZO (flip x′′ to Zeros, flip
x′ to Zeros, flip x′′ to Ones) is defined as:

ZZO(x) =


|x′′|0 − 3n, if x′ 6= 0n−2 and x′′ 6= 00,

|x′|0 − 2n, if x′ 6= 0n−2 and x′′ = 00,

|x′′|1 − n, otherwise (i.e. if x′ = 0n−2).

Note that the purpose of the function ZZO is to guide the local search to reach
0n−211. The searching sequence are:
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1. If the current string is in the category of x′ 6= 0n−2 and x′′ 6= 00, then the
local search will flip the second part x′′ to zeros. Hence, the current string
falls into the category of x′ 6= 0n−2 and x′′ = 00.

2. If the current string is in the category of x′ 6= 0n−2 and x′′ = 00, then the
local search will gradually flip all bits in x′ to 0n−2. Hence, the current
string falls into the category of “otherwise”.

3. If the current string is in the category of “otherwise”, then the local search
will flip the second part x′′ to 11 and stop. So the optimal search string will
end up as 0n−211.

Claim 15. The BILS will take at most (n2 + 2n) fitness evaluations to reach the opti-
mal string on ZZO, while the FILS will take at most 3n fitness evaluations to reach the
optimal string on ZZO.

Proof. Recall that the BILS will check all neighbors and then move to one of the
best neighbor. Hence, in the worst scenario, it will take at most 2n fitness evalu-
ations to flip x′′ to 00. Then it will take at most n(n− 2) fitness evaluations to flip
all bits in x′ to zeros. Finally, the BILS will take another 2n fitness evaluations to
flip x′′ to 11, therefore, it finds the optimal bit string.

Recall that the FILS will check all neighbors according to a random permu-
tation array and move to the first neighbor that improves the fitness. Therefore,
in the worst scenario, the FILS will take at most n fitness evaluations to flip x′′

to 00, then take at most n fitness evaluations to flip x′ to zeros, and finally take
at most n fitness evaluations to flip x′′ to 11. �

2.3.2 The Clique Problem

A clique of a graph is a subset of vertices from this graph such that every two
vertices in the subset are connected by an edge. The Clique Problem is to find
the largest size of a clique in a graph.

In this section, we will formalize two different fitness functions, fOL and fOPL,
for the Clique Problem.



24 2 Algorithms and Problems to be Studied

For a given graph G = (V = {v1, v2, ..., vn}, E), a bit string x = (x1, x2, ..., xn) ∈
{0, 1}n defines a clique potential solution (an induced subgraph) where xi = 1
represents that the vertex vi is selected. We say x represents a clique if each se-
lected vertex in x is connected to all other selected vertices in x, i.e. {(vi, vj) |
xi = xj = 1 and i 6= j} ⊆ E.

There are some runtime analyses studying EAs on the Clique Problem, in
which different fitness functions have been studied, e.g., Storch in 2006 [94] used
the function f1 as follows:

f1(x) =

 ONES(x), if x represents a clique,

−∞, otherwise;

and the same author in 2007 [95] constructed another function f2 as follows:

f2(x) =

 ONES(x), if x represents a clique,

−ONES(x), otherwise.

Note that even though these two fitness functions both encode the problem
of finding a maximum clique, and both can be calculated within O(n2) time, the
function f2(x) provides some additional information which is very important
for MAs. In other words, if the mutation jumps to a bit string that does not
represent a clique, f2(x) can guide the local search to flip many bits from ones
to zeros, so the local search can quickly discover a clique, but f1(x) cannot.

However, since the two local searches will perform exactly the same on both
f1(x) and f2(x), we construct another two fitness functions fOL and fOPL, for
solving the Clique Problem.

Definition 16. The fitness function fOL (ONEMAX, LACKEDGES) is defined as fol-
lows:

fOL(x) =

 ONEMAX(x), if x represents a clique,

−LACKEDGES(x), otherwise,

where ONEMAX(x) is the number of ones in x; and LACKEDGES(x) is the number of
missing edges such that the subgraph becomes a clique.

Definition 17. The fitness function fOPL (ONEMAX, POTENTIALVERTICES, LACKEDGES)
is defined as follows:

fOPL(x) =

 ONEMAX(x) + POTENTIALVERTICES(x)/n, if x represents a clique,

−LACKEDGES(x), otherwise,
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where ONEMAX(x) and LACKEDGES(x) are the same as above; POTENTIALVERTICES(x)
is the number of zeros in x such that, when each of these zeros is flipped indi-
vidually, a larger clique is obtained.

Example 18. For a given graph G, displayed below, we have:

1. If x = (1101), then fOL(x) = fOPL(x) = 3 because x represents a clique that
consists of vertices 1, 2 and 4.

2. If x = (1111), then fOL(x) = fOPL(x) = −1 because we need to add one
edge (1, 3) to the graph so that the bit string represents a clique.

3. If x = (0101), then fOL(x) = 2 and fOPL(x) = 2.5. Since x represents a
clique that consists of vertices 2 and 4, ONEMAX(x) = 2. There are two
potential vertices 1 and 3, such that flipping either the first or the third bit
will obtain a larger clique, so POTENTIALVERTICES(x)/n = 0.5.

1 4

2 3

A maximum clique for a graph G is a global optimal solution x that maxi-
mizes both fOL(x) and fOPL(x).

Note that if x is a subset of a larger clique, and has many neighbor cliques
of which the clique size are all larger than x by one, then fOL cannot distinguish
these neighbors, while fOPL can distinguish some of them because it provides an
additional one step looking forward.

Also note that both fOL and fOPL can be calculated within O(n2) time. This is
why we claim that the fitness change is small, due to the fact that we can also
construct another fitness function that looks two steps forward or even more,
which may not be calculated within O(n2) time. For example, a fitness function
that looks n steps forward can guide the BILS (Algorithm 9) directly moving to-
wards a maximum clique, but that fitness function is too expensive to calculate.

Furthermore, for the BILS in Algorithm 9, we have:

1. If the bit string after the mutation represents a clique, the BILS will keep
flipping bits from zeros to ones until it finds a local optimal clique, which
takes at most n2 fitness evaluations.
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2. If the bit string after the mutation does not represent a clique, the BILS will
keep flipping bits from ones to zeros until it finds a clique, which takes at
most n2 fitness evaluations.

Therefore, the BILS will stop on both fitness functions fOL and fOPL within 2n2

fitness evaluations.
For the FILS in Algorithm 10, we have:

1. If the bit string after the mutation represents a clique, the FILS will take at
most n fitness evaluations to flip bits from zeros to ones to find a maximal
clique. Then it will take another n fitness evaluations to find out that there
is no better neighbors exist, hence, stop.

2. If the bit string after the mutation does not represent a clique, the FILS will
take at most n fitness evaluations to check all n bits and flip every bit from
one to zero if this flipping improves the fitness value. That is to say, the
FILS will find a clique within n fitness evaluations.

Therefore, the FILS will stop on both fitness functions fOL and fOPL within 3n
fitness evaluations.

2.3.3 G1 and its landscape

Note that the content of this subsection is only relevant to Chapters 4 and 5. So
the readers can skip this subsection for now and come back before reading those
chapters.

In this section, we will construct a family of graphs G1, and analyze its land-
scape. Then, in future sections, we will show that:

1. The (1+1) RMA with the BILS on the fitness function fOPL is expected to
find the maximum clique of any graph in G1 efficiently in Section 4.3.1.

2. The (1+1) RMA with the FILS on the fitness function fOPL is not well suited
to find the maximum clique of any graph in G1 in Section 4.3.2.

3. The (1+1) RMA with the BILS on the fitness function fOL is not well suited
to find the maximum clique of any graph in G1 in Section 5.2.
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Definition 19. The graph G1(t) has n = t(2t + 2) vertices for the variable
t. We separate all vertices into (2t + 2) disjoint sets V0, V1, · · · , V2t+1 such that
Vi ∩Vj = ∅ and |Vi| = t for 0 ≤ i ≤ 2t + 1, 0 ≤ j ≤ 2t + 1 and i 6= j. We use vi,k

to refer to the k-th vertex in Vi (0 ≤ k ≤ t− 1). To make it easier to understand
the edge set E, we first assume it is a complete graph, and then delete edges
according to the following rules:

1. Delete the edge between vi,k and vj,k for all variables i, j, k with bi/2c 6=
bj/2c, 0 ≤ k ≤ t− 1, 0 ≤ i ≤ 2t + 1 and 0 ≤ j ≤ 2t + 1.

2. Delete the edge between vi,t−1 and vj,t−1 for all variables i, j with 2 ≤ i ≤
2t + 1 and bi/2c = bj/2c.

3. Delete the edge between v1,k and vj,l for all variables j, k, l with 2 ≤ j ≤
2t + 1, 0 ≤ k ≤ t− 1, 0 ≤ l ≤ t− 1 and k ≡ (l − 1) mod t.

Now we fill all vertices from the sets V0, V1, · · · , V2t+1 into a (2t + 2)-by-t
matrix with each set Vi being the i-th row vector, as shown in Figure 2.1. Hence,
vi,j is the vertex in row i and column j. We use V(x) to denote the set of vertices
x has chosen, recall x = (x1, x2, . . . , xn). Then we use vi,k(x) = 1 (a solid circle
in Figure 2.1) to denote that vi,k ∈ V(x), and vi,k(x) = 0 (a hollow circle in
Figure 2.1) otherwise. In Figure 2.1, v0,0(x) = 1 and v0,1(x) = 0.

V0

V1

V2t

V2t+1

...

0 1 · · · t− 1

V2

V3

Figure 2.1 (2t + 2)-by-t matrix for G1(t).
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Figure 2.2 Illustrating Cases 1, 2 and 3 for Definition 19.

Figure 2.2 demonstrates the edge deleting rules for the graph G1(t), in which
dashed lines denote that the edges are deleted. In detail, Case 1 in Figure 2.2 is
an example of deleting edges that are connected to the vertices v0,0 and v1,0, ac-
cording to Rule 1 in Definition 19; Case 2 in Figure 2.2 demonstrates all edges
that need to be deleted, according to Rule 2 in Definition 19; and Case 3 in Fig-
ure 2.2 is an example of deleting edges that are connected to the vertices v1,0 and
v1,1, according to Rule 3 in Definition 19.

Claim 20. For the graph G1(t), if the bit string x represents a clique, V(x) can have at
most two vertices in each column, i.e. ∀k, 0 ≤ k ≤ t− 1 : ∑2t+1

i=0 vi,k(x) ≤ 2.

Proof. Due to Rule 1 in Definition 19, every vertex is connected to at most one
vertex in the same column. �

Claim 21. For the graph G1(t), if the bit string x represents a maximal clique, V(x)
contains at least one vertex in each column, i.e. ∀k, 0 ≤ k ≤ t− 1 : ∑2t+1

i=0 vi,k(x) ≥ 1.
Furthermore, V(x) contains at least t vertices, i.e. |V(x)| ≥ t.

Proof. Recall the rules in Definition 19, for each column k (0 ≤ k ≤ t− 1), the
vertex v0,k is connected to all vertices in other columns. Thus, V(x) will either
contain some vertices from

⋃2t+1
i=1 {vi,k}, or contain the vertex v0,k. Furthermore,
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since V(x) contains at least one vertex in each column, and there are t columns,
V(x) contains at least t vertices. �

Claim 22. Any maximal clique can have two vertices in the last column of the graph
G1(t) if these two vertices are v0,t−1 and v1,t−1, otherwise, it can have one vertex.

Proof. Due to Rule 1 and Rule 2 in Definition 19, v0,t−1 and v1,t−1 are connected,
but any vertex in

⋃2t+1
i=2 {vi,t−1} is not connected to all other vertices in the same

column. �

Claim 23. The only maximum clique of the graph G1(t) is Vglobal = V0 ∪ V1, which
contains 2t vertices.

Proof. Firstly, due to the edge rules in Definition 19, there exists a 2t clique of
V0 ∪ V1. Secondly, according to Claim 20, any clique can have at most two ver-
tices in each column, and there are t columns in the graph, thus, the maximum
clique size can not be larger than 2t. This means that V0 ∪ V1 is a maximum
clique.

Now we show that V0 ∪V1 is the only 2t clique in the graph. We assume that
there is another 2t clique y. Due to Claim 20, V(y) must contain two vertices
in each column to be a 2t clique. Furthermore, due to Claim 22, V(y) can only
contain v0,t−1 and v1,t−1 in the last column. Therefore, V(y) contains some ver-
tices in V0 ∪ V1. Since V(y) 6= V0 ∪ V1, and |V(y)| = |V0 ∪ V1| = 2t, V(y) must
contain some vertices in

⋃2t+1
i=2 Vi. So, there exists at least one column k, such

that V(y) must contain vertices from V0 ∪ V1 in this column, and which must
also contain vertices from

⋃2t+1
i=2 Vi in the next column. Then in the column k,

V(y) can not contain the vertex v1,k, due to Rule 3 in Definition 19. Hence, V(y)
only contains one vertex in the column k, which conflicts with the requirement
that V(y) must contain two vertices in each column. Thus y does not exist. �

2.3.4 G2 and its landscape

Note that the content of this subsection is only relevant to Chapters 4 and 5. So
the readers can skip this subsection for now and come back before reading those
chapters.

In this section, we will construct another family of graphs G2, and analyze
its landscape. Then, in future sections, we will show that:



30 2 Algorithms and Problems to be Studied

1. The (1+1) RMA with the FILS on the fitness function fOPL is expected to
find a maximum clique of any graph in G2 efficiently in Section 4.4.1.

2. The (1+1) RMA with the BILS on the fitness function fOPL is not well suited
to find the maximum clique of any graph in G2 in Section 4.4.2.

3. The (1+1) RMA with the FILS on the fitness function fOL is not well suited
to find the maximum clique of any graph in G2 in Section 5.3.

Definition 24. The graph G2(t) has the same number of vertices as the graph
G1(t), but the edge connections are different. It has n = t(2t + 2) vertices for
the variable t. We separate all vertices into (2t + 2) disjoint sets V0, V1, · · · , V2t+1

such that Vi ∩ Vj = ∅ and |Vi| = t for 0 ≤ i ≤ 2t + 1, 0 ≤ j ≤ 2t + 1 and i 6= j.
We use vi,k to refer to the k-th vertex in Vi (0 ≤ k ≤ t − 1). To make it easier
to understand the edge set E, we first assume it is a complete graph, and then
delete edges according to the following rules:

1. Delete the edge between vi,k and vj,k for all variables i, j, k with 0 ≤ k ≤
t− 1, 0 ≤ i ≤ 2t + 1, 0 ≤ j ≤ 2t + 1 and bi/2c 6= bj/2c.

2. Delete the edge between v0,t−1 and v1,t−1.

3. Delete the edge between vi,k and vj,l for all variables i, j, k, l with 2 ≤ i ≤
2t + 1, 2 ≤ j ≤ 2t + 1, bi/2c = bj/2c, 0 ≤ k ≤ t− 1, 0 ≤ l ≤ t− 1 and
k 6= l.

4. Delete the edge between v1,k and vj,l for all variables j, k, l with 2 ≤ j ≤
2t + 1, 0 ≤ k ≤ t− 1, 0 ≤ l ≤ t− 1 and k ≡ (l − 1) mod t.

5. Delete the edge between v1,k and vj,l for all variables j, k, l with 2 ≤ j ≤
2t + 1, 0 ≤ k ≤ t − 1 and l ∈ {k − k mod blog tc, k + blog tc − k mod
blog tc} where 0 ≤ l ≤ t− 1.

Now we fill all vertices from the sets V0, V1, · · · , V2t+1 into a (2t + 2)-by-t
matrix with each set Vi being the i-th row vector, as shown in Figure 2.3. Hence,
vi,j is the vertex in row i and column j. We use V(x) to denote the set of vertices
x has chosen, recall x = (x1, x2, . . . , xn). Then we use vi,k(x) = 1 (a solid circle
in Figure 2.3) to denote that vi,k ∈ V(x), and vi,k(x) = 0 (a hollow circle in
Figure 2.3) otherwise. In Figure 2.3, v0,0(x) = 1 and v0,1(x) = 0.
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Figure 2.3 (2t + 2)-by-t matrix for G2(t).
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Figure 2.4 Illustrating Cases 1, 3, 4 and 5 for Definiton 24.

Figure 2.4 demonstrates the edge deleting rules for the graph G2(t), in which
dashed lines denote that the edges are deleted. In detail, Case 1 in Figure 2.4 is
an example of deleting edges that are connected to the vertices v0,0 and v1,0, ac-
cording to Rule 1 in Definition 24; Case 3 in Figure 2.4 is an example of deleting
edges that are connected to the vertices v2,0 and v3,0, according to Rule 3 in Defi-
nition 24; Case 4 in Figure 2.4 is an example of deleting edges that are connected
to the vertices v1,0 and v1,1, according to Rule 4 in Definition 24; and Case 5 in
Figure 2.4 is an example of deleting edges that are connected to the vertices v1,1

and vblog tc−1,1, according to Rule 5 in Definition 24.

Claim 25. For the graph G2(t), if the bit string x represents a clique, V(x) can have at
most two vertices in each column, i.e. ∀k, 0 ≤ k ≤ t− 1 : ∑2t+1

i=0 vi,k(x) ≤ 2.
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Proof. Due to Rule 1 in Definition 24, every vertex is connected to at most one
vertex in the same column. �

Claim 26. For the graph G2(t), if the bit string x represents a maximal clique, V(x)
contains at least one vertex in each column, i.e. ∀k, 0 ≤ k ≤ t− 1 : ∑2t+1

i=0 vi,k(x) ≥ 1.
Furthermore, V(x) contains at least t vertices, i.e. |V(x)| ≥ t.

Proof. Recall the rules in Definition 24, for each column k (0 ≤ k ≤ t− 1), the
vertex v0,k is connected to all vertices in other columns. Thus V(x) will either
contain some vertices from

⋃2t+1
i=1 {vi,k} or contain the vertex v0,k. Furthermore,

due to V(x) contains at least one vertex in each column, and there are t columns,
V(x) contains at least t vertices. �

Claim 27. In the last column of the graph G2(t), a maximal clique can have either a)
one vertex from {v0,t−1, v1,t−1}, or b) two vertices in the last column.

Proof. Due to Rule 1 and Rule 2 in Definition 24, v0,t−1 and v1,t−1 are discon-
nected, thus any maximal clique can only contain one vertex from {v0,t−1, v1,t−1}.
Meanwhile, any vertex vi,t−1, 2 ≤ i ≤ 2t + 1, is connected to the vertex vj,t−1

with i 6= j and bi/2c = bj/2c. Also, ∀v ∈ V, v 6= vi,t−1 and v 6= vj,t−1 :
(v, vi,t−1) ∈ E ⇔ (v, vj,t−1) ∈ E. Furthermore, any maximal clique must con-
tain at least one vertex in each column due to Claim 26. Thus, if any maximal
clique does not contain any vertices from {v0,t−1, v1,t−1}, it will choose a pair of
vertices in the last column. �

Claim 28. For any bit string x that represents a maximal clique of the graph G2(t), if
V(x) does not contain any vertices in V0 ∪V1, then it must contain 2t vertices and is a
maximum clique. Otherwise, V(x) must contain less than 2t vertices.

Proof. Firstly, due to Claim 25, any clique can have at most two vertices in
each column, and there are t columns in the graph, thus the maximum clique
size can not be larger than 2t. Also, according to the edge rules in Definition 24,
if a maximal clique V(x) does not contain any vertices in V0 ∪ V1, then it must
contain exactly two vertices in each column. Thus, it has 2t vertices, which is a
maximum clique.

Secondly, if V(x) contains some vertices in V0 ∪ V1, x belongs to one of the
following two cases:
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1. V(x) only contains vertices in V0 ∪ V1. Therefore, it can only contain one
vertex in the last column, due to Claim 27. In this case, the clique size of x
will be less than 2t.

2. V(x) also contains some vertices in
⋃2t+1

i=2 Vi. Therefore, there exists a col-
umn k, such that V(x) contains vertices from V0 ∪ V1 in this column, and
contains vertices from

⋃2t+1
i=2 Vi in the next column. Hence, V(x) contains

only the vertex v0,k in the column k due to Rule 4 in Definition 24. In this
case, the clique size of x will be less than 2t.

�

Definition 29. For the graph G2(t) and a maximum clique x, a section is called
hard-to-escape if a) it contains blog tc consecutive columns, that starts from a col-
umn k1 with k1 mod blog tc = 0; and b) x contains exact two vertices in V0 ∪V1

from each column of this section.

Claim 30. For each hard-to-escape section in Definition 29, if the mutation and
the following local search wants to find another clique of which the clique size is not
decreased, but has less vertices in V0 ∪V1 in this section, then the only way is to remove
all vertices in V0 ∪V1 in this section, and add the same number of vertices in

⋃2t+1
i=2 Vi

in this section. Furthermore, the probability to achieve this jump is super-polynomially
close to zero.

Proof. Due to Rules 1 and 4 in Definition 24, there is no way to achieve a
small jump that only changes a subset of this section of columns, from choosing
vertices in the top two rows to choose vertices in the bottom 2t rows, without
decreasing the clique size. Note that for each column k in this section, there are
three vertices (v0,k, v1,k and v1,(k−1) mod t) are not adjacent to the vertices in the
bottom 2t rows in the column k.

Besides, due to Rule 5 in Definition 24, both edge columns of this section
cannot achieve a jump, from choosing vertices in the top two rows to choose
vertices in the bottom 2t rows, without decreasing the clique size.

Therefore, the only way is to remove all vertices in V0 ∪ V1 in this section,
and add the same number of vertices in

⋃2t+1
i=2 Vi in this section. Furthermore,

due to the graph is dense, there is no way that the mutation only flips a constant
number of bits to result in the following local search flips the remaining O(log t)
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bits. Therefore, the probability of achieving this jump to change this hard-to-
escape section is super-polynomially close to zero. �

2.4 Chapter summary

This chapter stated all algorithms and problems that will be studied in this the-
sis. In Section 2.2, we formalized the (1+1) EA, the (1+1) MA, the (1+1) DMA
and the (1+1) RMA. Then we defined two local searches, the BILS and the FILS,
for the (1+1) MAs. In Section 2.3, we stated some fundamental functions and
formalized two fitness functions, fOL and fOPL, for the Clique Problem. Then we
constructed two families of graphs G1 and G2, and studied their landscapes.



Chapter 3

Applying the Dynamic Mutation
Approach in Memetic Algorithms

3.1 Chapter overview

In this chapter, we investigate Memetic Algorithms applying a dynamic mu-
tation approach. Dynamic mutation has been studied in EAs in [24, 42, 45].
They showed that the dynamic (1+1) EA can outperform each static (1+1) EA
on some artificially created functions, but there also exists some other functions
that a static (1+1) EA outperforms the dynamic (1+1) EA. In this chapter, we
will first show the same results for the MAs, i.e. the (1+1) DMA can outperform
static (1+1) MAs on some functions, and a static (1+1) MA can outperform the
(1+1) DMA on some other functions.

Furthermore, we believe that the benefits of the dynamic mutation approach,
as illustrated by many experiments, still needs further runtime analyses, which
motivates our further theoretical studies. Firstly, we will define a new metric,
called BLOCKONES, to estimate the difficulty of escaping from a local optima and
finding a better solution to the Clique Problem. We will show how this metric
dominates the expected running time of finding a maximum clique. This metric
also shows that if an algorithm has not found a better solution for a bounded
number of fitness evaluations, then the current best found clique is expected to
be a global optimum solution with an overwhelmingly high probability. Then,

35
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based on this metric, we will show the (1+1) EA and the (1+1) DMAs are both ex-
pected to find a maximum clique on planar graphs, bipartite graphs and sparse
random graphs in a polynomial number of fitness evaluations. All these studies
about the BLOCKONES show the crucial role of the algorithm’s ability to escape
from a local optima that is hard to escape, i.e. with a large value of BLOCKONES.
Finally, we will show that combining the dynamic mutation approach with a lo-
cal search will greatly enhance this ability for the algorithm. Because the Clique
Problem is NP-complete, which implies every other problem in NP can be trans-
formed into the Clique Problem in polynomial time, these benefits of hybridiz-
ing the dynamic mutation approach with different local searches are also related
to other NP-hard problems.

We here briefly explain why we analyze the benefit of hybridizing the dy-
namic mutation approach with local searches, i.e. compare the (1+1) DMA with
the static (1+1) EA. Recall that Jansen and Wegener in [45] have proved that the
static (1+1) EA can outperform the Dynamic (1+1) EA on some fitness functions,
and this chapter will also prove that the static (1+1) MA can outperform the
(1+1) DMA on some fitness functions. Therefore, we believe that there are some
counterexamples such that by only using the local search or by only using the
dynamic mutation approach cannot enhance the algorithm’s ability of escaping
local optimum. That will, to some extend, mislead readers to believe that using
the dynamic mutation approach or using local searches may be useless. So here
we aim to show that if we use both the dynamic mutation and the local search,
the algorithm’s ability of escaping from local optimum will be enhanced greatly.

The Chapter is structured as follows. In Section 3.2, we will show examples
that the (1+1) DMA drastically outperforms each of static (1+1) MAs, and also
show examples that a static (1+1) MA drastically outperforms the (1+1) DMA. In
Section 3.3, we will define a new metric BLOCKONES, and show the usefulness of
this metric. In Section 3.4.1, we will show that, hybridizing the dynamic muta-
tion approach with the FILS or with the BILS both enhance the algorithm’s abil-
ity to escape from a local optima. The chapter will be concluded in Section 3.5.
Note the main theorems of this chapter have been published in [11, 12, 107].

In the rest of this chapter, we will use (1+1) DMA BILS to denote the algo-
rithm (1+1) DMA using BILS as the local search, and use (1+1) DMA FILS to
denote the algorithm (1+1) DMA using FILS as the local search.
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3.2 (1+1) DMA vs. static (1+1) MAs

In this section, we will show that the (1+1) DMA drastically outperforms each
of static (1+1) MAs on the fitness function 2-PTJ; while a static (1+1) MA dras-
tically outperforms the (1+1) DMA on the fitness function 2-PWT. Note in this
each, the local search can use either FILS or BILS, so we do not specify which
local search will be used.

3.2.1 (1+1) DMA drastically outperforms each static (1+1) MAs

In this subsection, we need to cite one important function PTJ (path to jump)
in [45]. Then we define a new function 2-PTJ, where each two points xa, xb

on the path have at least Hamming distance two, i.e. Hamming(xa, xb) ≥ 2, for
xa, xb ∈ 12i0n−2i and a 6= b (see Definition 12 for Hamming(xa, xb)).

The PTJ is defined as:

PTJ(x) =


n + i, if x = 1i0n−i,

3n, if x ∈ T,

n− ONEMAX(x), otherwise,

where T is the global optimum containing all points x with (3/4)n ≤ ONEMAX(x) ≤
(7/8)n, and Hamming(x, b) ≥ n/16 for all b = 1i0n−i, 0 ≤ i ≤ n.

Jansen and Wegener [45] have proved that the expected running time on
the function PTJ is bounded by O

(
n2 log n

)
for the Dynamic (1+1) EA, but is

exponential for each of static (1+1) EAs. Now we introduce a function 2-PTJ.
We will show that the expected running time for the (1+1) DMA on 2-PTJ is
bounded by O

(
n4 log n

)
; but the expected running time for each of static (1+1)

MAs on 2-PTJ is exponential.

Definition 31. Let x ∈ {0, 1}n be divided into two parts, x = x′x′′, with x′ ∈
{0, 1}n−2 and x′′ ∈ {0, 1}2. Let |x|0 and |x|1 be the number of zeros and ones in
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x, respectively. The function 2-PTJ is defined by

2-PTJ(x) =



ZZO(x), if x′′ 6= 11.

2n, else if x′ = 1n−2.

n + 2i, else if x′ = 12i0n−2−2i, for 2i < n− 2.

3n, else if x′ ∈ T.

−4n− |x′′|1, otherwise.

where T is the global optimum containing all points x′ with (3/4)(n − 2) ≤
ONEMAX(x′) ≤ (7/8)(n− 2), and Hamming(x′, b) ≥ (n− 2)/16 for all b = 1i0n−2−i,
0 ≤ i ≤ n− 2.

We say a bit string is on the path if it is in the category of x′ = 12i0n−2−2i in the
fitness function 2-PTJ. Note that each point on the path is a local optimal point,
and this property has disabled the local search from climbing to 1n directly. So
the (1+1) MAs have to rely on both the mutation and the local search to climb
along the path. Also note that the function ZZO (see Definition 14) will guide the
local search to firstly flip x′′ to 00, then flip x′ to 0n−2, and finally, flip x′′ back to
11. Thus, once the mutation jumps to a bit string that is in the categories of “if
x′′ 6= 11” or “otherwise” in the fitness function, the local search will flip the bit
string according to ZZO until the bit string is 0n−211. Furthermore, the bit string
will not fall into any other categories before it reaches 0n−211 because x′′ 6= 11.

Theorem 32. The expected running time of the (1+1) DMA on 2-PTJ is bounded by
O
(
n4 log n

)
fitness evaluations.

Proof. Part 1. The probability of the initial bit string with less than (3/4)n ones is
exponentially close to one. Then the initial bit string will be in T, be on the path
or fall into the function ZZO. Also, according to Claim 15, the expected number
of fitness evaluations to finish searching the fitness ZZO(x) to reach 0n−211, that
is on the path, is bounded by O

(
n2).

Part 2. The expected number of fitness evaluations for the (1+1) DMA on
2-PTJ to reach x′ = 1n−2 or T from the path is O

(
n4 log n

)
. This is because:

1. For the (1+1) DMA with the BILS.
To climb from x′ = 12i0n−2−2i to x′ = 12i+20n−4−2i, the algorithm can let
the mutation flip one bit, from zero to one, to reach x′ = 12i+10n−3−2i.
Then, the local search will definitely flip the other bit. So the probability to
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climb on the path is Probclimb = p(1− p)n−1 = Ω
(

pe−p(n−1)
)

, and when
p = 1/n, we have Probclimb = 1/en. Recall that the BILS will stop within
O(n2) fitness evaluations, and the dynamic mutation approach will have
one mutation with mutation probability 1/n in every dlog ne mutations.
Furthermore, the algorithm will reach 1n before this climb occurs n times.

2. For the (1+1) DMA with the FILS.
To climb from x′ = 12i0n−2−2i to x′ = 12i+20n−4−2i, the algorithm can let
the mutation directly find the bit string 12i+20n−4−2i, which needs to flip
two bits. So the probability to climb on the path is Probclimb = p2(1 −
p)n−2, which is Ω

(
(1/n)2), when p = 1/n. Note that the FILS will stop

on 2-PTJ within O(n) fitness evaluations, and the dynamic mutation ap-
proach will have one mutation with mutation probability 1/n in every
dlog ne mutations. Furthermore, the algorithm will reach 1n before this
climb occurs n times.

Overall, the (1+1) DMA with either the BILS or the FILS is expected to reach 1n

or T in O
(
n4 log n

)
fitness evaluations.

Part 3. The probability of the dynamic mutation reaching x′ ∈ T from x′ =
1n−2 is bounded by Ω(1). This is because that, when the mutation probability
is in [1/8, 1/4], the mutation is expected to flip [(1/8)n, (1/4)n] bits from ones
to zeros with a probability at least 1/2 − o(1). Thus, the bit string after the
mutation is expected to have [(3/4)n, (7/8)n] bits of ones. Assume the bit string
after the mutation has k ones for k ∈ [(3/4)n, (7/8)n], since this bit string is
derived from 1n, it has the same probability to be each of bit strings that have k
ones. Furthermore, let s(k) be the fraction of strings in T among all strings with
exactly k ones, we claim that s(k) is 1− o(1) if k ∈ [(3/4)n, (7/8)n]. A proof can
be found in [45] and we will restate the proof in the next paragraph. Therefore,
the probability of the dynamic mutation reaching x′ ∈ T from x′ = 1n−2 is
bounded by Ω(1). Overall, the expected number of fitness evaluations for the
(1+1) DMA on the 2-PTJ is bounded by O

(
n4 log n

)
.

Now we restate the proof in [45] to show that if k ∈ [(3/4)n, (7/8)n], then
s(k) = 1− o(1). Note that s(k) is:

s(k) =
|{x | ONEMAX(x) = k, x ∈ T}|

(n
k)
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The claim can be shown by the following random experiment. Let a = 1i0n−i,
i = αn where 11/16 ≤ α ≤ 15/16. These are the only path points which have
a Hamming distance of at most (1/16)n from points b with βn ones, 3/4 ≤
β ≤ 7/8. Choose b randomly among the points with βn ones. The expected
Hamming distance between a and b equals (α + β − 2βα)n ≥ (7/64)n. The
Hamming distance is the sum of two hyper-geometrically distributed variables.
The hyper-geometric distribution is more concentrated around its mean than
the corresponding binomial distribution. Hence, adapting Chernoff bounds, the
probability of a Hamming distance less than (1/16)n is exponentially close to
zero. �

Theorem 33. The expected number of fitness evaluations for each static (1+1) MA on
the 2-PTJ is exponentially large.

Proof. Note that, according to the fitness function 2-PTJ, if the mutation is not
from the bit strings, or is not 1-distant to the bit strings that are either 1n, on
the path of 12i0n−2i, or in T, then the local search will fall into the category of
the “otherwise” in the fitness function, and it will flip x′′ to 00. Then, the local
search will search along the function ZZO and find the bit string 0n−211, which is
on the path. Also note that, the probability of the initial bit string, that each bit
is chosen randomly from {0, 1}, having more than (5/8)n ones is exponentially
close to zero, according to the Chernoff bounds. Therefore, we still need the first
mutation, after initializing the bit string, to flip more than (n/16) bits, in order
to reach T (all bit strings in T have at least (3/4)(n− 2) ones).

Besides, recall that each search point a ∈ T has a Hamming distance of at
least n/16 to all points on the path of 12i0n−2−2i. Therefore, in order to find a bit
string that is in T from another bit string that is on the path, the mutation needs
to flip at least (n/16− 1) bits to reach a neighbor of a bit string in T (only this
type of mutation can let the following local search find the bit string in T).

Overall, for any static (1+1) MAs with a mutation probability less than 1/32,
the probability of the mutation flipping (n/16− 1) bits is exponentially close to
zero. Hence, it has an exponentially close to zero probability to find a bit string
that is in T.

We now consider the case of a static (1+1) MA with a mutation probability
p ∈ [1/32, 1/2]. If the bit string after the initialization has at most (5/8)n ones,
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then the probability that the bit string after the mutation has at least (3/4)n ones
is exponentially close to zero. So with overwhelmingly high probability the first
mutation will fall into the category of “otherwise” of the fitness function 2-PTJ.
Hence, the local search will search along the function ZZO to find the bit string
0n−211, which is on the path. We claim that, if the current bit string is on the
path, with a mutation probability p ∈ [1/32, 1/2], the probability of the algo-
rithm finding another bit string, that is on the path, and that has a larger fitness
value, is exponentially close to zero. Recall that the local search cannot move
along the path without the help of the mutation. Therefore, in order to find a bit
string that is on the path, the mutation is required to jump to that bit string di-
rectly, or jump to another bit string that is 1-distant away from the bit string that
is on the path. However, the probability of this mutation occurring is exponen-
tially close to zero since the mutation probability p ∈ [1/32, 1/2]. Also recall
that the probability of the algorithm finding a bit string in T from a bit string
with less than (5/8)n ones is exponentially close to zero. To summarize, with a
mutation probability p ∈ [1/32, 1/2], the static (1+1) MA has an exponentially
close to one probability to reach 0n−211, then has an exponentially close to zero
probability to find another bit string that is either 1n, in T or on the path. �

Based on Theorems 32 and 33, we can see that, for the function 2-PTJ, the
(1+1) DMA drastically outperforms each of static (1+1) MAs. Next we will show
the opposite way.

3.2.2 A static (1+1) MA drastically outperforms (1+1) DMA

In this subsection, we need to cite one important function PWT (path with trap)
in [45]. Then we define a new function 2-PWT, where each two points xa, xb

on the path have at least Hamming distance two, i.e. Hamming(xa, xb) ≥ 2, for
xa, xb ∈ 12i0n−2i and a 6= b (see Definition 12 for Hamming(xa, xb)).

The function PWT is defined as:

PWT(x) =


3n, if x = 1n,

n + i, if x = 1i0n−i, i 6= n,

2n, if x ∈ T,

n− ONEMAX(x), otherwise,
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where T is the trap containing all x with k ones for (1/4)n ≤ k ≤ (3/4)n, such
that the Hamming distance to some path 1i0n−i is in the interval [n/12, n/6], and
the Hamming distance to each path point is at least n/24.

Jansen and Wegener [45] also proved the function PWT is polynomially solv-
able by the static (1+1) EA, but is exponential for the Dynamic (1+1) EA. Now
we introduce a function 2-PWT, and show that the static (1+1) MA with mutation
probability p = 1/n can drastically outperform the (1+1) DMA on the function
2-PWT.

Definition 34. Let x ∈ {0, 1}n be divided into two parts, x = x′x′′, with x′ ∈
{0, 1}n−2 and xn ∈ {0, 1}2. Let |x|0 and |x|1 be the number of zeros and ones in
x, respectively. The 2-PWT is defined as:

2-PWT(x) =



ZZO(x), if x′′ 6= 11.

3n, else if x′ = 1n−2.

n + 2i, else if x′ = 12i0n−2−2i, for 2i < n− 2.

2n, else if x′ ∈ T.

−4n− |x′′|1, otherwise.

where T is the trap containing all x′with k ones for (1/4)(n− 2) ≤ k ≤ (3/4)(n−
2), such that the Hamming distance to some path 1i0n−2−i is in the interval of
[(n− 2)/12, (n− 2)/6], and the Hamming distance to each path point is at least
(n− 2)/24.

Theorem 35. The success probability of the (1+1) MA with mutation probability 1/n
on 2-PWT within O

(
n4) fitness evaluations is exponentially close to one.

Proof. Firstly, we claim that the initial bit string has at most (5/8)n ones with a
probability exponentially close to one. Furthermore, we claim that the bit string
after the mutation has no more than (3/4)n bits with a probability exponentially
close to one. The proof of these two claims have been shown in Theorem 33.
Hence, with overwhelmingly high probability, the local search cannot find a bit
string that is in T. That is to say, the local search will either find a bit string
that is on the path, or search along the function ZZO to reach 0n−211, which is
on the path as well. Besides, the expected number of fitness evaluations for the
local search to get on the path is O

(
n2) for the BILS and O(n) for the FILS (see

Claim 15).
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Secondly, once the (1+1) MA reaches the path, the expected number of fitness
evaluations for the algorithm to reach x′ = 1n−2 on 2-PWT is bounded by O

(
n4)

for both the BILS and the FILS (proof can be found in the proof of Part 2 for
Theorem 32). Within this O

(
n4) fitness evaluations, we claim that the probabil-

ity of the algorithm reaching x′ ∈ T before reaching x′ = 1n−2 is exponentially
close to zero. This is because to reach x′ ∈ T from any point on the path, the
algorithm must flip at least (n− 2)/24 number of bits. With the helps from the
local search, the mutation still needs to flip (n− 2)/24− 1 number of bits, and
this probability is exponentially close to zero since the mutation probability is
1/n. Therefore, the probability of reaching x′ ∈ T before reaching x′ = 1n−2 is
exponentially close to zero. �

Theorem 36. The probability that the (1+1) DMA needs an exponential number of
fitness evaluations on 2-PWT is exponentially close to one.

Proof. Firstly, assume that we have x′ ∈ T for the current search point. Then the
probability of reaching x′ = 1n−2 is exponentially close to zero because we need
the mutation to flip at least (n− 2)/4− 1 bits to a bit string that is 1-distant away
from 1n, then the following local search can find 1n. Note that the success prob-
ability of this mutation occurring is p(n−2)/4−1, which is exponentially small for
all mutation probabilities p ≤ 1/2.

Secondly, we show that the probability of the algorithm reaching x′ ∈ T be-
fore reaching x′ = 1n−2 is exponentially close to one. Recall we have shown
in Theorem 35 that, with overwhelmingly high probability, the first local search
will find 0n−211. Then the (1+1) DMA can gradually climb along the path and
eventually reach 1n. However, when the current search bit string is on the path
of 12i0n−2−2i11 with some i ∈ [(1/4)n, (3/4)n], we claim that the probabil-
ity of reaching T by a mutation, with a mutation probability in [1/12, 1/6], is
1/2− o(1). This is because that a) the bit string after the mutation is expected to
have [(1/12)n, (1/6)n] bits flipped, thus it has a distance d ∈ [(1/12)n, (1/6)n]
to its starting point; and b) suppose the bit string after the mutation has k ones,
with 1− o(1) probability this bit string is in T. Let s(k) be the fraction of strings
in T among all strings with exactly k ones, we showed in Theorem 32 that s(k)
is 1− o(1). Therefore, within n1/2 mutations, that are starting from a bit string
12i0n−2−2i11 with n/4 ≤ i ≤ 3n/4, there are n1/2/ log n mutations with a mu-
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tation probability in [1/12, 1/6]. Hence, the probability of reaching T is expo-
nentially close to one. Also, the probability of the algorithm finding 1n before
n1/2 times of visiting the bit strings, that are on the path of 12i0n−2−2i11 with
n/4 ≤ i ≤ 3n/4, is exponentially close to zero. �

3.3 New metric on stagnation analysis on Clique Prob-
lem

We have shown that the (1+1) DMA drastically outperforms each of static (1+1)
MAs on the funtion 2-PTJ, and the static (1+1) MA with mutation probability
1/n drastically outperforms the (1+1) DMA on the function 2-PWT.

Now we analyze how the dynamic mutation approach and the local search
methods can help with avoiding the stagnation on the Clique Problem. Since
we aim to show the benefits of hybridizing the dynamic mutation approach
with a local search, we compare the algorithms that apply this hybridization,
i.e. the (1+1) DMAs, with the algorithm that does not apply any of these two
operations, i.e. the (1+1) EA.

We will firstly define a new metric to measure the difficulty of escaping from
a local optimal clique. Then we will show how this metric dominates the time
complexity of each analyzed algorithm to find a maximum clique, so as to show
the usefulness of the new metric.

Definition 37. For a given clique x = (x1, x2, . . . , xn) ∈ {0, 1}n in graph G,
function BLOCKONES(x) is formalized as:

BLOCKONES(x) =

 min(y1,y2,...,yn)∈Clique>x (∑
n
i=1 xiyi) , if |Clique>x| > 0,

0, otherwise,

where Clique>x is the set of all cliques in G with their clique sizes all greater than
the clique size of x, i.e. fOL(y) > fOL(x) ↔ y ∈ Clique>x. Note, the complement
of yi is yi = 1− yi.

So BLOCKONES(x) is the minimal number, such that at least BLOCKONES(x)
number of ones in x are blocking x to find a larger clique in G. So we have
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BLOCKONES(x) = 0 if the clique of x is either a maximum clique, or a subset of a
larger clique. Also 0 < BLOCKONES(x) < n/2 if x is a local optimal clique. Note
that we use the function fOL as the fitness function for defining BLOCKONES. How-
ever, the definition is also capable with fOPL, and all our theoretical findings, that
are derived from BLOCKONES, still hold.

Theorem 38. If the analyzed algorithms are stagnated at a local optimal solution x,
where t = BLOCKONES(x), the expected number of fitness evaluations to skip out of this
local optimal solution and find a larger clique is bounded by

1. O
(
n2t+1) for the (1+1) EA.

2. O
(
nt+2e2t log n

)
for the (1+1) DMA FILS.

3. O
(

n2te2t log n
t2t+1

)
for the (1+1) DMA BILS.

Proof. Since t = BLOCKONES(x), there must exist a larger clique y such that
fOL(y) = fOL(x) + 1 and ∑n

i=1 yixi = t. Now we look at the expected fitness
evaluations that each algorithm will find this y. In order to find the y, let U1

and U2 be two sets of bits that each algorithm needs to flip from ones to zeros
and flip from zeros to ones, respectively, i.e. U1 = {i | xi = 1 and yi = 0} and
U2 = {j | xj = 0 and yj = 1}. Furthermore, we know |U1| = t and |U2| = t + 1.

Part 1. For the (1+1) EA.
The mutation needs to flip all bits in U2 from zeros to ones, flip all bits in
U1 from ones to zeros, and keep all other bits un-flipped. This probability is
p|U1|+|U2|(1− p)n−|U1|−|U2|, which is Θ

(
(1/n)2t+1) when p = 1/n, |U1| = t and

|U2| = t + 1. Thus the upper bound is proved.
Part 2. For the (1+1) DMA FILS.

Let the mutation flip all bits in U2 from zeros to ones, and do not flip any other
bits. The probability of this mutation occurring is pt+1(1− p)n−2t−1. Note that
after this mutation, the new bit string does not represent a clique. Hence, the
function LackEdges in the fitness function will guide the FILS to flip some bits
from ones to zeros in order to find a clique. Also note that any vertex, that is
represented by a bit in U1, is not adjacent to some vertices, that are represented
by the bits in U2. Therefore, after the mutation, flipping any bit in U1 from one
to zero will improve the fitness value. Furthermore, the sequence of the bits that
will be flipped is determined by the sequence of the random permutation array.
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Therefore, if the FILS generates a permutation array, that will guide the FILS to
check all bits in U1 before checking any bit in U2, then the FILS will flip all bits
in U1 from ones to zeros, hence, it finds y. The success probability to get this
permutation array is (1/t)t+1 (recall that |U1| = t and |U2| = t + 1).

Overall, the success probability of the (1+1) DMA FILS escaping from x and
finding a larger clique is at least pt+1(1− p)n−2t−1(1/t)t+1. When t/n ≤ p <

2t/n, we know that pt+1 ≥ ( t
n )

t+1 and (1− p)n−2t−1 > (1− 2t
n )

n−2t−1, which

is Ω
(

e−2t(n−2t−1)/n
)

. Therefore, the success probability of the (1+1) DMA FILS

escaping from x and finding a larger clique is Ω
(
n−t−1e−2t). Besides, the dy-

namic mutation approach will have one mutation probability p, with t/n ≤ p <

2t/n, in every dlog ne mutations; also, after each mutation, the FILS will take at
most 3n fitness evaluations to find a local optimal solution (see Section 2.3.2).

Part 3. For the (1+1) DMA BILS.
Let the mutation flip t bits in U2 from zeros to ones, flip (t− 2) bits in U1 from
ones to zeros, and do not flip any other bits (note that |U1| = t and |U2| = t+ 1).
The success probability of this mutation occurring is (t+1

1 )(t
2)p2t−2 (1− p)n−2t+2.

When t/n ≤ p < 2t/n, we know that p2t−2 ≥ ( t
n )

2t−2 and (1− p)n−2t+2 > (1−
2t
n )

n−2t+2 = Ω
(

e−2t(n−2t+2)/n
)

. Therefore, this probability is Ω
(
t2t+1n−2t+2e−2t).

Then, after this mutation, the bit string will have two bits in U1 and t bits in U2

to be ones, while all other bits will be zeros. Furthermore, we claim that the BILS
will have a success probability of at least 1/4 to flip the two bits in U1 from ones
to zeros (we will show this in the next paragraph). Hence, it will get a clique
that has the same clique size as x, and that is a sub-clique of y. Therefore, the
BILS will at least flip one more bit from zero to one, hence, it escapes from x and
find a larger clique (this larger clique may not be y).

Overall, within O
(
t−2t−1n2t−2e2t) mutations, where the mutation probabil-

ity p satisfies t/n ≤ p < 2t/n, the (1+1) DMA BILS is expected to escape from
x and find a larger clique. Again, the dynamic mutation approach will have one
mutation with t/n ≤ p < 2t/n in every dlog ne mutations; also, after each mu-
tation, the BILS will take at most 2n2 fitness evaluations to find a local optimal
solution (see Section 2.2.4). Therefore, the upper bound for the (1+1) DMA BILS
is proved.

Now we show that if the mutation has flipped t bits in U2 from zeros to ones,
(t− 2) bits in U1 from ones to zeros, and keep all other bits un-flipped, then the
BILS has a probability of at least 1/4 that flips the other two bits in U1 from ones
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to zeros to find a sub-clique of y. Note that to illustrate our proof easily, we treat
each bit in the bit string as a vertex, for example, we will use “x1 is not adjacent
to x2” to denote that the vertex that is represented by x1 is not adjacent to the
vertex that is represented by x2.

Let xi and xj be the two bits in U1 that are not flipped from ones to zeros by
the mutation. Let Ut

2 be the t bits in U2 that have been flipped from zeros to ones
by the mutation. Then, we know that xi is adjacent to xj because they are two
vertices in the clique of x, and all bits in Ut

2 are adjacent to each other because
they are the vertices in the clique of y.

Furthermore, we claim that xi and xj are not adjacent to some vertices in
Ut

2, respectively. Otherwise, if any vertex, suppose xi, is adjacent to all vertices
in Ut

2, then we can get a larger clique by flipping the bit xj from one to zero,
and this larger clique is obtained by flipping (t− 1) bits in x from ones to zeros,
which conflicts with t = BLOCKONES(x).

Therefore, after the mutation, the BILS will find out that flipping the bit xi or
xj from one to zero will improve the fitness value by reducing the value of the
function LackEdges. Meanwhile, it will also find out that flipping some bits in
Ut

2 will also improve the fitness value. Therefore, the result may fall into one of
the following cases:

1. If any vertex of xi or xj is not adjacent to three or more vertices in Ut
2, then

the BILS will first flip the xi or xj from one to zero because that is the best
neighbor of the current bit string. Note that any vertex in Ut

2 is not adjacent
to at most two vertices (xi and xj).

2. If there is only one vertex in {xi, xj} that is not adjacent to two vertices in
Ut

2, then there is at most one vertex in Ut
2 that is not adjacent to both the

vertices xi and xj. Therefore, the BILS will have at least 1/2 chance that
will first flip a bit from {xi, xj} from one to zero.

3. If both the vertices of xi and xj are not adjacent to two vertices in Ut
2, then

there is at most two vertices in Ut
2 that are not adjacent to both the vertices

xi and xj. Therefore, the BILS still has at least 1/2 chance that will first flip
a bit from {xi, xj} from one to zero.

4. If both the vertices of xi and xj are not adjacent to only one vertex in Ut
2,

respectively. First of all, we claim that, the vertex in Ut
2 that is not adjacent
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to xi, and the vertex in Ut
2 that is not adjacent to xj, cannot be the same

vertex. Otherwise, we can obtain a clique by flipping that bit in Ut
2 from

one to zero, where this clique has a larger clique size than x, and this clique
only flips (t− 2) bits in x from ones to zeros, which is conflicted with t =
BLOCKONES(x). Therefore, since xi and xj are not adjacent to two different
vertices in Ut

2, respectively, the BILS still has at least 1/2 chance that will
first flip a bit from {xi, xj} from one to zero.

Suppose the BILS first flips a bit of xi or xj from one to zero, which has a
chance greater than 1/2 as shown above. Then, in the new bit string, the only
bit in U1, that is one, is not adjacent to at least one vertex in Ut

2 (we have shown
above that both xi and xj are not adjacent to some vertices in Ut

2). Thus, the BILS
will have at least 1/2 chance to flip the other bit in U1 from one to zero. Overall,
the BILS will have at least 1/4 probability to flip the two bits in U1 from ones to
zeros. �

Note to evaluate the function BLOCKONES(x) requires one to compute all cliques
in the graph, which is too expensive. However, we know that BLOCKONES(x) ≤
ONEMAX(x), and we will motivate the metric of BLOCKONES(x) by the corollary
below.

Corollary 39. If the analyzed algorithms have stagnated at a local optimal solution x for
the following number of fitness evaluations, then with overwhelmingly high probability,
this x is a maximum clique of the graph. let tm = ONEMAX(x), we have:

1. n2tm+2 for the (1+1) EA.

2. ntm+3e2tm log n for the (1+1) DMA FILS.

3. n2tm+1e2tm log n
t2tm+1
m

for the (1+1) DMA BILS.

Proof. If any of the above algorithms is expected to escape from x and find a
larger clique in O(g(n)) fitness evaluations with overwhelmingly high prob-
ability, then the probability that this event will happen within n · g(n) fitness
evaluations is exponentially close to one. That is to say, if this algorithm has
been stagnated at a local optimal solution for more than n · g(n) fitness eval-
uations, then with overwhelmingly high probability it will not find any larger
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clique in the future. Hence, with overwhelmingly high probability x is a max-
imum clique, due to the fact that the algorithm is expected to find a maximum
clique within O(nn) mutations with the mutation probability p = 1/n. There-
fore, according to Definition 37, BLOCKONES(x) ≤ tm, and because of Theorem 38,
the corollary is proved. �

Definition 40. For a given graph G, the function MAXBLOCKONES (G) is formalized
as:

MAXBLOCKONES(G) = max{BLOCKONES(x) | x is a clique in G}.

Theorem 41. For a given graph G, let t = MAXBLOCKONES(G). The expected number
of fitness evaluations for the analyzed algorithms to find a maximum clique of G is
bounded by

1. O
(
n2t+2) for the (1+1) EA.

2. O
(
nt+3e2t log n

)
for the (1+1) DMA FILS.

3. O
(

n2t+1e2t log n
t2t+1

)
for the (1+1) DMA BILS.

Proof. Part 1. For the (1+1) EA.
If the start string x does not represent a clique, then the function fOL will guide
the (1+1) EA to flip many ones to zeros to find a clique. The probability of the
(1+1) EA flipping at least one bit in x from one to zero is p1(1− p)n−1, which
is Ω(1/n) when p = 1/n. That is to say, the algorithm is expected to flip at
least one bit in x from one to zero in O(n) fitness evaluations. Furthermore, x
has at most n bits of ones, so we will expect to find a clique in O

(
n2) fitness

evaluations.
Once the (1+1) EA finds a bit string x, that represents a clique, then we have:

1. If this bit string is not a local optimal clique, the (1+1) EA is expected to
take O(n) fitness evaluations to flip one bit from zero to one to find a larger
clique.

2. If the current bit string is a local optimal clique, then, according to Lemma 38,
the (1+1) EA is expected to escape from the local optimal clique and find a
larger clique by O

(
n2t+1) fitness evaluations.
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Furthermore, a maximum clique of G will be obtained before n times that the
algorithm finds a larger clique. So the (1+1) EA is expected to find a maximum
clique of G in O

(
n2t+2) fitness evaluations.

Part 2. For the (1+1) DMA BILS and the (1+1) DMA FILS.
The proof is similar to Part 1. We have stated that if the start string x does not
represent a clique, the FILS and the BILS are expected to find a clique in 3n
and 2n2 fitness evaluations respectively (in Section 2.3.2). Also, from Lemma 38,
the upper bounds for both the memetic based algorithms to skip out of a lo-
cal optimal clique and find a larger clique is known. Since each time this skip
will increase the clique size by at least one, a maximum clique of G will be ob-
tained before this skip is performed n times. So the upper bounds of the (1+1)
DMA BILS and the (1+1) DMA FILS are proved. �

Corollary 42. For a graph G, let t = MAXBLOCKONES(G). We have

1. If t = Θ(1), the analyzed algorithms are expected to find a maximum clique of G
in a polynomial number of fitness evaluations.

2. If any analyzed algorithm has took a super-polynomial number of fitness evalu-
ations to find a maximum clique on a graph G, then with overwhelmingly high
probability, this algorithm has been trapped into at least one local optimal clique
x with BLOCKONES(x) = ω(1).

Proof. The corollary is derived from Theorem 41. �

Theorem 41 and Corollary 42 show that

1. for all bipartite graphs and planar graphs, the analyzed algorithms are ex-
pected to find a maximum clique within a polynomial number of fitness
evaluations. This is because that the maximum clique size is four for pla-
nar graphs, and two for bipartite graphs.

2. for all sparse random graphs in the G(n, c/n) model (i.e. edges between
n vertices are connected with probability c/n, where c > 0 is a constant
[112]), the analyzed algorithms are expected to find a maximum clique
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within a polynomial number of fitness evaluations. Note a graph in this
model is built by inserting all possible edges independently with probabil-
ity c/n. Thus with overwhelmingly high probability, the expected vertex
degree is c(n − 1)/n which is Θ(1). Hence it falls into the category of
t = Θ(1) in Corollary 42.

3.4 Ability to avoid stagnation on Clique Problem

From Section 3.3, we see that the ability of jumping out of a local optimal clique
x with a large BLOCKONES(x) is very important because it is the most time con-
suming part and dominates the time complexity of finding a maximum clique.
This section we will analyze this ability and show the benefits of hybridizing
the dynamic mutation approach with a local search.

3.4.1 Benefit of hybridizing the dynamic mutation with FILS

In this subsection, we will compare the (1+1) DMA FILS with the (1+1) EA
both on the fitness function fOL (the results also hold for fOPL), in order to show
the benefit of hybridizing the dynamic mutation with the FILS. We will show
that this hybridization enhances the algorithm’s ability to escape from any local
optimal solution x with BLOCKONES(x) ≥ 2. Furthermore, the magnitude of this
enhancement is super-polynomial if BLOCKONES(x) = ω(1), or even exponential
if BLOCKONES(x) = Θ(n).

Lemma 43. Suppose both the (1+1) DMA FILS and the (1+1) EA have stagnated at
a local optimal clique x, and there exists another clique y with fOL(y) ≥ fOL(x). Let
U1 be the set of all bits that need to be flipped from ones to zeros in order to find y,
i.e. U1 = {i | xi = 1, yi = 0 and 1 ≤ i ≤ n}. Then, the ratio of a) the probability that
the (1+1) DMA FILS finds the bit string y by one mutation and the following FILS, and
b) the probability that the (1+1) EA finds the bit string y by one mutation, is Ω

(
n|U1|

)
.

Proof. Let U2 be the set of all bits that need to be flipped from zeros to ones in
order to find y, i.e. U2 = {i | xi = 0, yi = 1 and 1 ≤ i ≤ n}, then we have
|U2| ≥ |U1|. Hence, to jump from x to y, we need to flip all bits in U1 from ones
to zeros, and flip all bits in U2 from zeros to ones. Now we define ProbEA(x→y) and
ProbDMA FILS

(x→y) as follows:
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Part 1. Let ProbEA(x→y) be the probability of the (1+1) EA jumping from x to y
using one mutation. Then we have:

ProbEA(x→y) = p|U1|p|U2|(1− p)n−|U1|−|U2|.

This probability is Θ
(

1
n|U1|+|U2|

)
when p = 1/n.

Part 2. Let ProbDMA FILS
(x→y) be the probability of the (1+1) DMA FILS jumping

from x to y using one mutation and the following FILS. We measure the way
that satisfies the following two conditions:

1. The mutation will flip all bits in U2 from zeros to ones and keep all other
bits un-flipped. The success probability of this mutation occurring is p|U2|(1−
p)n−|U2|.

2. The permutation array will guide the FILS to check all bits in U1 before
checking any bit in U2. The success probability of the random permutation

array satisfying this condition is
(

1
|U1|
)|U2|

.

Therefore, in this way, the mutation will create a bit string that does not repre-
sent a clique, then the FILS will flip all bits in U1 from ones to zeros, hence, find
the bit string y. And the success probability is p|U2|(1− p)n−|U2|( 1

|U1|)
|U2|. Recall

that the dynamic mutation approach will double the mutation probability until
it reaches 1/2, therefore, in every dlog nemutations, we will have one mutation
that has the mutation probability p′ with |U1|

n ≤ p′ < 2|U1|
n . Hence, we have:

ProbDMA FILS
(x→y) > p′|U2|(1− p′)n−|U2|

(
1
|U1|

)|U2|
,

where p′|U2| ≥ (|U1|/n)|U2| and (1− p′)n−|U2| > (1− 2|U1|/n)n−|U2|. Thus, this
probability Ω

(
1

n|U2|
1

c|U1|

)
for a constant c ≥ 1.

Overall, we have:

ProbDMA FILS
(x→y)

ProbEA
(x→y)

= Ω
((n

c

)|U1|
)

.
�

Note that Lemma 43 restricts that both the (1+1) EA and the (1+1) DMA FILS
need to directly jump from x to y without visiting any other intermediate cliques.
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However, the algorithms may jump to some other intermediate cliques first, and
eventually move to y. Now we consider both situations (directly jumping and
via some intermediate cliques) and show that the (1+1) DMA FILS is expected
to escape from x and find a larger clique faster than the (1+1) EA.

Theorem 44. Suppose both the (1+1) DMA FILS and the (1+1) EA have stagnated
at a local optimal clique x with t = BLOCKONES(x). Then the ratio of a) the probability
that the (1+1) DMA FILS escapes from x and finds a larger clique, and b) the probability
that the (1+1) EA escapes from x and finds a larger clique, is Ω

(
nt/ct) for a constant

c.

Proof. To prove the theorem, we show that if both algorithms have stagnated at
x, then for any clique y such that y is the first clique that the (1+1) EA will find
with fOL(y) > fOL(x) (escape from x), the probability of the (1+1) DMA FILS
finding the y is larger than the probability of the (1+1) EA finding the y. Fur-
thermore, the ratio of these probabilities is Ω

(
nt/ct).

In order to find the y, let U1 and U2 be two sets of bits that need to be flipped
from ones to zeros and from zeros to ones respectively, i.e. U1 = {i | xi = 1, yi =

0 and 1 ≤ i ≤ n} and U2 = {i | xi = 0, yi = 1 and 1 ≤ i ≤ n}. Then we know
that |U2| > |U1| ≥ t.

Since the (1+1) EA only accepts a new solution if its fitness is greater than or
equal to the current solution, it can only escape from the clique x to the clique y
by two ways: (a) directly mutating from x to y; or (b) mutating multiple times to
different cliques with the same clique size as x, and then mutating to the clique
y. Note y is the first solution that both algorithms have found, and that is better
than x.

Proof of case (a), by directly mutating from x to y.
According to Lemma 43, and because |U1| ≥ t, this ratio is Ω

(
nt/ct) for a

constant c ≥ 1.
Proof of case (b), by mutating multiple times to different cliques with the

same clique size as x, and then mutating to the clique y.
Let Pathλ be an arbitrary λ-length path x1 → x2 → · · · → xλ−1 → xλ, where

x1 = x, xλ = y, λ ≥ 2 and each xi with 1 ≤ i ≤ λ − 1 is a bit string with
fOL(x) = fOL(xi). We prove this part by comparing the probability of the (1+1)
DMA FILS jumping along this Pathλ to reach y and the probability of the (1+1)
EA jumping along this Pathλ to reach y, and showing that the ratio of these two
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probabilities supports our theorem.
For any jump from xi to xi+1 (1 ≤ i ≤ λ− 1) in Pathλ, let xi

j denote the j-th bit
of the bit string xi, and let Ti be the set of bits that need to be flipped from ones
to zeros in order to find xi+1, i.e. Ti = {j | xi

j = 1, xi+1
j = 0 and 1 ≤ j ≤ n}. So

according to Lemma 43, the ratio of a) the probability that the (1+1) DMA FILS
finds xi+1 from xi, and b) the probability that the (1+1) EA finds xi+1 from xi is
Ω
(

n|Ti|/c|Ti|
)

for a constant c ≥ 1.
Overall, the ratio of a) the probability that the (1+1) DMA FILS jumps along

Pathλ to find the y, and b) the probability that the (1+1) EA jumps along Pathλ

to find the y is:

Ω

(
λ−1

∏
i=1

(n
c

)|Ti|
)

.

Recall that U1 is the set of bits that need to be flipped from ones to zeros in
order to find the y from the x, thus ∑λ−1

i=1 |Ti| ≥ |U1| ≥ t, thus the overall ratio is
greater than Ω(nt/ct). �

Corollary 45. Suppose both the (1+1) DMA FILS and the (1+1) EA have stagnated at
a local optimal clique x with t = BLOCKONES(x). Let EEA(x) be the expected fitness eval-
uations of the (1+1) EA escaping from x and find a larger clique, and let EDMA FILS(x)
be the expected fitness evaluations of the (1+1) DMA FILS escaping from x and find a
larger clique. Then EEA(x) is larger than EDMA FILS(x) when t ≥ 2. Furthermore, the
ratio of the EEA(x) and the EDMA FILS(x) is:

1. Exponentially large if t = Θ(n).

2. Super-polynomially large if t = ω(1).

3. Polynomially large if t = Θ(1) and t ≥ 2.

Proof. According to Theorem 44, the probability of the (1+1) DMA FILS escaping
from x and finding a larger clique is Ω

(
nt/ct) times the probability of the (1+1)

EA escaping from x and finding a larger clique. However, note that the dynamic
mutation approach will take dlog nemutations to iterate the mutation probabil-
ity between 1/n and 1/2, and each mutation is followed by one FILS that will
take at most 3n fitness evaluations. Therefore, the overall ratio is Ω

(
nt

ctn log n

)
,
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which is greater than one when t ≥ 2, super-polynomial when t = ω(1) and
exponential when t = Θ(1). �

3.4.2 Benefit of hybridizing the dynamic mutation with BILS

In this subsection, we will compare the (1+1) DMA BILS with the (1+1) EA both
on the fitness function fOL (the results also hold for fOPL), in order to show the
benefit of hybridizing the dynamic mutation with the BILS. We will show that
this hybridization enhances the algorithm’s ability to escape from any local opti-
mal solution x with BLOCKONES(x) = Ω(log log n). Furthermore, the magnitude
of this enhancement is super-polynomial if BLOCKONES(x) = Ω(log n), or even
exponential if BLOCKONES(x) = Θ(n).

Lemma 46. Suppose both the (1+1) DMA BILS and the (1+1) EA have stagnated at
a local optimal clique x, and there exists another clique y with fOL(y) ≥ fOL(x). Let
U1 be the set of all bits that need to be flipped from ones to zeros in order to find y,
i.e. U1 = {i | xi = 1, yi = 0 and 1 ≤ i ≤ n}. Then, the ratio of a) the probability
that the (1+1) DMA BILS finds the bit string y by one mutation and the following
BILS, and b) the probability that the (1+1) EA finds the bit string y by one mutation, is
Ω
(

n2|U1||U1|
)

.

Proof. Let U2 be the set of all bits that need to be flipped from zeros to ones in
order to find y, i.e. U2 = {i | xi = 0, yi = 1 and 1 ≤ i ≤ n}, then we have
|U2| ≥ |U1|. Hence, to jump from x to y, we need to flip all bits in U1 from ones
to zeros, and flip all bits in U2 from zeros to ones. Now we define ProbEA(x→y) and
ProbDMA BILS

(x→y) as follows:
Part 1. Let ProbEA(x→y) be the probability of the (1+1) EA jumping from x to y

using one mutation. Then we have:

ProbEA(x→y) = p|U1|p|U2|(1− p)n−|U1|−|U2|.

This probability is Θ
(

1
n|U1|+|U2|

)
when p = 1/n.

Part 2. Let ProbDMA BILS
(x→y) be the probability of the (1+1) DMA BILS jumping

from x to y using one mutation and the following BILS. We measure the way
that satisfies the following two conditions:
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1. The mutation will flip all bits in U2 from zeros to ones, flip (|U1| − 2) bits in
U1 from ones to zeros, and keep all other bits un-flipped. The success prob-
ability of this mutation occurring is (|U1|

2 )p|U1|+|U2|−2(1− p)n−|U1|−|U2|+2.

2. The BILS will find out that the bit string after the mutation does not repre-
sent a clique, and flip the two bits in U1 from ones to zeros, hence, it finds
the y. The success probability of achieving this is at least 1/4 (see the proof
of Part 3 in Theorem 38).

Therefore, the success probability is (|U1|
2 )p|U1|+|U2|−2(1− p)n−|U1|−|U2|+2. Recall

that the dynamic mutation approach will double the mutation probability until
it reaches 1/2. Hence, in every dlog ne mutations, we will have one mutation
that has the mutation probability p′ with |U1|

n ≤ p′ < 2|U1|
n . So we have:

ProbDMA BILS
(x→y) >

(|U1|
2

)
p′|U1|+|U2|−2(1− p′)n−|U1|−|U2|+2,

which is Ω
(
|U1||U1|+|U2|

n|U1|+|U2|−2
1

c|U1|

)
for a constant c > 1.

Overall, we have:

ProbDMA BILS
(x→y)

ProbEA
(x→y)

= Ω
(

n2|U1||U1|+|U2|c−|U1|
)
= Ω

(
n2|U1||U1|

)
.

�

Note that Lemma 46 restricts that both the (1+1) EA and the (1+1) DMA BILS
need to directly jump from x to y without visiting any other intermediate cliques.
However, the algorithms may jump to some other intermediate cliques first, and
eventually move to y. Now we consider both situations and show that the (1+1)
DMA BILS is expected to escape from x and find a larger clique faster than the
(1+1) EA when BLOCKONES(x) = ω(1).

Theorem 47. Suppose both the (1+1) DMA BILS and the (1+1) EA have stagnated at
a local optimal clique x with t = BLOCKONES(x). Then, the ratio of a) the probability
that the (1+1) DMA BILS escapes from x and finds a larger clique, and b) the probability
that the (1+1) EA escapes from x and finds a larger clique, is super-polynomial if t =

Ω(log n), or is exponential if t = Θ(n).
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Proof. To prove the theorem, we show that if both algorithms have stagnated at
x, then for any clique y such that y is the first clique that the (1+1) EA will find
with fOL(y) > fOL(x) (escape from x), the probability of the (1+1) DMA BILS
finding the y is larger than the probability of the (1+1) EA finding the y. Fur-
thermore, the ratio of these probabilities is super-polynomial if t = Ω(log n).

In order to find the y, let U1 and U2 be two sets of bits that need to be flipped
from ones to zeros and from zeros to ones, respectively, i.e. U1 = {i | xi = 1, yi =

0 and 1 ≤ i ≤ n} and U2 = {i | xi = 0, yi = 1 and 1 ≤ i ≤ n}. Then we know
that |U2| > |U1| ≥ t.

Since the (1+1) EA only accepts a new solution if its fitness is greater than or
equal to the current solution, it can only escape from the clique x to the clique y
by two ways: (a) directly mutating from x to y; or (b) mutating multiple times to
different cliques with the same clique size as x, and then mutating to the clique
y. Note y is the first solution that both algorithms have found, and that is better
than x.

Proof of case (a), by directly mutating from x to y.
According to Lemma 46, and because |U1| ≥ t, this ratio is Ω

(
n2tt). Clearly

this ratio is exponential if t = Θ(n). Furthermore, we claim that it is super-
polynomial if t = Ω(log n). This is because that when n approaches infinite,
there exists a constant c, such that t > log(n/c). Then we have:

tt =
(

2log t
)t

= 2t·log t > 2log(n/c)·log log(n/c)

= 2log((n/c)log log(n/c)) = (n/c)log log(n/c),

which is super-polynomial.
Proof of case (b), by mutating multiple times to different cliques with the

same clique size as x, and then mutating to the clique y.
Let Pathλ be an arbitrary λ-length path x1 → x2 → · · · → xλ−1 → xλ, where

x1 = x, xλ = y, λ ≥ 2 and each xi with 1 ≤ i ≤ λ − 1 is a bit string with
fOL(x) = fOL(xi). We prove this part by comparing the probability of the (1+1)
DMA BILS jumping along this Pathλ to reach y and the probability of the (1+1)
EA jumping along this Pathλ to reach y, and showing that the ratio of these two
probabilities supports our theorem.

For any jump from xi to xi+1 (1 ≤ i ≤ λ− 1) in Pathλ, let xi
j denote the j-th bit

of the bit string xi, and let Ti be the set of bits that need to be flipped from ones
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to zeros in order to find xi+1, i.e. Ti = {j | xi
j = 1, xi+1

j = 0 and 1 ≤ j ≤ n}. So
according to Lemma 46, the ratio of a) the probability that the (1+1) DMA BILS
finds xi+1 from xi, and b) the probability that the (1+1) EA finds xi+1 from xi is
Ω
(

n2|Ti||Ti|
)

.
Overall, the ratio of a) the probability that the (1+1) DMA FILS jumps along

Pathλ to find the y, and b) the probability that the (1+1) EA jumps along Pathλ

to find the y is:

Ω

(
n2λ−2

λ−1

∏
i=1
|Ti||Ti|

)
.

Note that if λ = ω(1), this ratio is super-polynomial. Therefore, we only show
that, in the case of λ = Θ(1), this ratio is super-polynomial if t = Ω(log n), or
even exponential if t = Θ(n). Recall that U1 is the set of bits that need to be
flipped from ones to zeros in order to find the y from the x, thus ∑λ−1

i=1 |Ti| ≥
|U1| ≥ t. Therefore, since we only consider the case of λ = Θ(1), there must
exist at least one Ti with Ti = Θ(t). Thus, |Ti||Ti| is exponential if t = Θ(n), and is
super-polynomial if t = Ω(log n) (in case (a), we showed tt is super-polynomial
if t = Ω(log n)). �

Corollary 48. Suppose both the (1+1) DMA BILS and the (1+1) EA have stagnated at
a local optimal clique x with t = BLOCKONES(x). Let EEA(x) be the expected fitness eval-
uations of the (1+1) EA escaping from x and find a larger clique, and let EDMA BILS(x)
be the expected fitness evaluations of the (1+1) DMA BILS escaping from x and find a
larger clique. Then EEA(x) is larger than EDMA BILS(x) when t = Ω(log log n). Fur-
thermore, the ratio of the EEA(x) and the EDMA BILS(x) is super-polynomially large if
t = Ω(log n).

Proof. Note that the BILS will take at most 2n2 fitness evaluations to find a local
optimal clique, and the dynamic mutation approach will take dlog nemutations
to iterate the mutation probability from 1/n to 1/2. Therefore, the benefit of the
(1+1) DMA BILS will be downgraded by a factor of n2 log n.

When t = Ω(log n), the ratio of the probabilities in Theorem 47 is super-
polynomial, which is still super-polynomial after dividing by a factor of n2 log n.

When t = Ω(log log n), to show that EEA(x) will be larger than EDMA BILS(x),
we need to prove that the ratio of the probabilities in Theorem 47 is ω

(
n2 log n

)
.
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Recall the proof of both cases (a) and (b) for Theorem 47, the ratios of the prob-
abilities are both Ω

(
n2tt), so we only need to show that tt = ω(log n) when

t = Ω(log log n). Since t = Ω(log log n), when n approaches infinite, there
exists a constant c such that t > log log(n/c). Then we have:

tt =
(

2log t
)t

= 2t·log t > 2log log(n/c)·log log log(n/c)

= 2log
(
(log(n/c))log log log(n/c)

)
= (log(n/c))log log log(n/c)

= ω(log n).

�

3.5 Chapter conclusion

In this chapter, we studied the (1+1) MAs applying a dynamic mutation ap-
proach, which is called (1+1) DMA.

Firstly, we showed that there are some functions, on which the (1+1) DMA
drastically outperforms each of static (1+1) MAs; while there also exists some
other functions, on which a static (1+1) MA outperforms the (1+1) DMA, see
Table 3.1 for details.

Table 3.1 A comparison of the (1+1) DMA and the
static (1+1) MAs.

(1+1) DMA static (1+1) MAs

2-PTJ O
(
n4 log n

)
exponential lower bound

2-PWT exponential lower bound O
(
n4)

Secondly, we studied the (1+1) EA and the (1+1) DMAs applying one of the
two local searches (the BILS and the FILS), respectively, on the Clique Problem.
We proposed a new metric of analyzing the expected running time to escape
from a local optimal solution. We showed how this metric dominates the ex-
pected running time of finding a maximum clique. This metric also indicates
that, if each algorithm has not found a better clique for a number of fitness
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evaluations, then with overwhelmingly high probability, it has found a maxi-
mum clique (this finding can be used as a stop criteria in practice). Then, based
on this metric, we showed that the analyzed algorithms are expected to find a
maximum clique on planar graphs, bipartite graphs and sparse random graphs
in polynomial time with overwhelmingly high probability. Finally, we showed
that if an algorithm takes a super-polynomial time to find a maximum clique of a
graph, then with overwhelmingly high probability, the algorithm is expected to
have been trapped into at least one local optima that is extremely hard to escape.
All these studies motivate a further comparison about the algorithms’ abilities
to avoid stagnations. Therefore, we showed that hybridizing the dynamic mu-
tation approach with different local searches greatly enhance the MAs’ ability of
jumping out of these local optimal solutions that are hard to escape, see Table 3.2
for more details.

Table 3.2 Comparing the expected runtime of (1+1) DMA FILS, (1+1) DMA BILS
and (1+1) EA to escape a local optimum solution x and find a larger clique with
t = BLOCKONES(x)

(1+1) DMA FILS vs. (1+1) EA (1+1) DMA BILS vs. (1+1) EA

t = Θ(1) and t ≥ 2 (1+1) DMA FILS is polynomially faster
t = ω(1) (1+1) DMA FILS is super-polynomially faster

t = Ω(log log n) (1+1) DMA BILS is polynomially faster
t = Ω(log n) (1+1) DMA BILS is super-polynomially faster

t = Θ(n) (1+1) DMA FILS is exponentially faster (1+1) DMA BILS is exponentially faster



Chapter 4

Comparing Two Local Searches in
Memetic Algorithms

4.1 Chapter overview

As discussed in Section 1.4.2, many experiments have shown that Memetic Al-
gorithms with multiple local searches outperform Memetic Algorithms with a
single local search. In this chapter, we will provide theoretical evidences to ex-
plain why.

First of all, we will study two local searches, the FILS and the BILS, on two of
the most popular toy functions studied by other theoretical researches, i.e. linear
functions and LEADINGONES. Then we will compare the two two local searches
on two artificially created fitness functions in order to show that these two local
searches can outperform each other on different fitness functions.

Next, we will analyze two MAs on the Clique Problem:

1. The (1+1) RMA (see Algorithm 8) with the BILS (see Algorithm 9) on
the fitness function fOPL (see Definition 17), which is denoted by (1+1)
RMA BILS OPL.

2. The (1+1) RMA with the FILS (see Algorithm 10) on the fitness function
fOPL, which is denoted by (1+1) RMA FILS OPL.

We will show that:

61
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1. For any graph of the family G1 (see Definitions 19), the (1+1) RMA BILS OPL

is expected to find the maximum clique within O(n2) fitness evaluations;
but the (1+1) RMA FILS OPL is expected to take a super-polynomial num-
ber of fitness evaluations to find the maximum clique.

2. For any graph of the family G2 (see Definition 24), the (1+1) RMA BILS OPL

is expected to take a super-polynomial number of fitness evaluations to
find a maximum clique; but the (1+1) RMA FILS OPL is expected to find a
maximum clique within O(n1.5) fitness evaluations.

Lastly, we will propose a (1+1) Restart Memetic Algorithm with an Alter-
native Local Search (ALS). We then show that, for any graph of the family G1,
the proposed algorithm is expected to find the maximum clique within O(n2)

fitness evaluations; and for any graph of the family G2, the proposed algorithm
is expected to find a maximum clique within O(n2.5) fitness evaluations.

Because the Clique Problem is NP-complete, which implies every other prob-
lem in NP can be transformed into the Clique Problem in polynomial time, we
claim that all NP-hard problems have the same trend. That is to say, for any
NP-hard problem, there exists a group of instances that the (1+1) RMA with
the BILS is expected to find a global optimum solution efficiently, but the (1+1)
RMA with the FILS is not well suited for finding any global optimum solutions;
there also exists another group of instances that the (1+1) RMA with the FILS is
expected to find a global optimum solution efficiently, but the (1+1) RMA with
the BILS is not well suited for finding any global optimum solutions; and last
but not least, there exists a Memetic Algorithm with multiple local searches that
can find a global optimum solution on both groups of instances efficiently.

The chapter is structured as follows. In Section 4.2, we will study the FILS
and the BILS on linear functions and LEADINGONES, then compare these two local
searches on two artificially created functions. In Section 4.3, we will compare
the (1+1) RMA BILS OPL with the (1+1) RMA FILS OPL on the graph family G1.
Then, in Section 4.4, we will compare the same two algorithms on the graph
family G2. Next, in Section 4.5, we will propose a (1+1) RMA with an Alter-
native Local Search, and show that the proposed algorithm is expected to find
a maximum clique on any graph of both graph families (G1 and G2) within a
polynomial number of fitness evaluations. Our experiments will be given in
Section 4.6. Finally, Section 4.7 concludes this chapter. Note that the main theo-
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rems of this chapter have been published in [109].

4.2 Comparing BILS with FILS on toy functions

In this section, we will first study the FILS and the BILS on linear functions
and LEADINGONES, which are two of the most popular toy functions studied by
other theoretical researches. Then we will show that the BILS and the FILS can
outperform each other on different fitness functions.

Note that in this section, we only consider the local searches with no muta-
tions. Our purpose is to help us understand why these two local searches will
cause different results.

4.2.1 FILS and BILS on linear functions and LEADINGONES

Definition 49. The set of linear functions has the form:

f (x) =
n

∑
i=1

ωixi + c,

where c, ωi ∈ R and ωi 6= 0 for 1 ≤ i ≤ n.

Definition 50. The function LEADINGONES computes the number of consecutive
ones in x from left to right:

LEADINGONES(x) =
n

∑
i=1

i

∏
j=1

xj.

Theorem 51. Starting from a random bit string with each bit choosing randomly be-
tween zero and one, the following bounds hold for the expected fitness evaluations of the
FILS and the BILS on the following functions:

1. linear functions: FILS takes Θ(n) fitness evaluations, and BILS takes Θ(n2)

fitness evaluations.

2. LEADINGONES: FILS takes Θ
(
n2) fitness evaluations, and BILS takes Θ(n2) fit-

ness evaluations.
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Proof. Part 1. The FILS on linear functions. The FILS will check each bit xi in x, flip
xi if this change can achieve a higher fitness value. The sequence of i follows the
random permutation Per. Thus the expected running time of the FILS is O(n)
fitness evaluations for linear functions because it will find the optimum result
when checking all numbers in Per once.

Now we show the lower bounds for the FILS on linear functions. According
to the Chernoff bounds, with a probability exponentially close to one, the num-
ber of ones in the initial bit string is among [(1/4)n, (3/4)n]. Therefore, with
overwhelmingly high probability, the bit string after initializing has a Hamming
distance Θ(n) to the optimal bit string. Thus, the FILS needs Ω(n) fitness eval-
uations to optimize the bit string with overwhelmingly high probability.

Part 2. The FILS on LEADINGONES.
The FILS will flip at least one bit of x when it checks all numbers in Per once,
which needs n fitness evaluations, so the FILS will flip all bits of x to one before
it checks n times of all numbers in Per, thus the upper bound is proved.

Now we prove the lower bound of the FILS on the function LEADINGONES.
Suppose the current bit string x = (x1, x2, · · · , xn) has more than two zeros, let
xi be the first zero in x, and xj be the second zero in x. Since the FILS is checking
the neighbor according to the permutation array, within n fitness evaluations,
the FILS will check xi and flip it from zero to one. Within the same n fitness
evaluations, if the FILS checks xi before checking xj, then both xi and xj will
be flipped to ones, but this only has a probability of 1/2. That is to say, the
probability that the FILS will flip at least two bits in one iteration of searching
the permutation array is 1/2. Similarly, the probability that the FILS will flip
at least three bits in one iteration of searching the permutation array is 1

2 ∗ 1
3 .

Overall, the probability that the FILS will flip at least t bits in one iteration of
searching the permutation array is 1/t!. Thus, when the FILS searches one it-
eration of the permutation array, with overwhelmingly high probability, only
a constant number of bits is expected to be flipped to one. Also we know the
probability that the random initial bit string has more than (3/4)n bits of ones is
exponentially close to zero, thus the expected number of iterations to check the
permutation array is Ω(n). In addition, each iteration checking the permutation
array needs n fitness evaluation, thus the lower bound is proved. Therefore, the
FILS runs in Θ

(
n2) fitness evaluations on the function LEADINGONES.

Part 3. The BILS on linear functions and LEADINGONES.
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According to the Chernoff bounds, with overwhelmingly high probability, the
initial bit string is expected to have a Hamming distance of Θ(n) to the optimum
bit string for both linear functions and LEADINGONES. Furthermore, the BILS will
check all n neighbors of x, and then choose one bit in x to flip. So it takes n fitness
evaluations to flip one bit. Therefore, the BILS will take Θ

(
n2) fitness evalua-

tions to find the optimal solution for both linear functions and LEADINGONES. �

A summary of the expected running time of different algorithms on linear
functions, and LEADINGONES is shown in Table 4.1. Results of the (1+1) EA and
the Dynamic (1+1) EA can be found in [25] and [45], respectively.

From Table 4.1, we see that the FILS is more efficient than the other three
counterparts on linear functions. On the function LEADINGONES, the (1+1) EA, the
FILS and the BILS are more efficient than the Dynamic (1+1) EA.

Table 4.1 A comparison of the algorithms on linear func-
tions and LEADINGONES.

(1+1) EA Dynamic (1+1) EA FILS BILS

linear functions Θ(n log n) O
(
n2 log n

)
Θ(n) Θ

(
n2)

LEADINGONES Θ
(
n2) Θ

(
n2 log n

)
Θ
(
n2) Θ(n2)

Results of the (1+1) EA and the Dynamic (1+1) EA can be
found in [25] and [45] respectively.

4.2.2 BILS outperforms FILS on TFILS

In this subsection, we will show that there exist functions on which both the
FILS and the BILS are expected to stop within a polynomial number of fitness
evaluations. Furthermore, the BILS is expected to find the global optimal solu-
tion with a probability exponentially close to one, while the probability of the
FILS finding the global optimal solution is exponentially close to zero.

Definition 52. Let x = (x1, x2, · · · , xn) ∈ {0, 1}n be divided into two parts,
x = x′x′′, with x′ ∈ {0, 1}n−2 and x′′ ∈ {0, 1}2. Let |x|0 and |x|1 be the number
of zeros and ones in x, respectively. The function TFILS (trap for FILS) is defined
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by

TFILS(x) =


ZZO(x), if x′′ 6= 11.

n + 3i + 4k, if x′′ = 11, and x′ = 1i0j1k0n−2−i−j−k,

for i ≥ 0, j ≥ 1, k ≥ 0.

−|x′′|1 − 4n, otherwise.

We say a bit string is on the path if it is in the category of x′′ = 11, and x′ =
1i0j1k0n−2−i−j−k in the fitness function TFILS. Note that ZZO is defined in Defi-
nition 14, and it will guide the local search to firstly flip x′′ to 00, then flip x′ to
0n−2, and lastly flip x′′ back to 11. Thus, the local search on ZZO will end up with
x = 0n−211. Also note that, once the bit string is in the category of ZZO and also
x′′ = 00, it has at least a Hamming distance of two to any bit string that is on the
path. Therefore, the local search will not find any bit string that is on the path
before finding 0n−211. We can see the global optimum string is 01n−1.

Recall that the BILS will search all neighbor solutions and randomly choose
one of the best fitness performance neighbor and restart the search. But the
FILS will search neighbor solutions according to a permutation array, and move
to the first improved neighbor. Below is an example of the two local searches
working on the the fitness function TFILS.

Example 53. Two different result on FILS and BILS.
Let n = 7, let the start string x = 0010111, let the random permutation array for
FILS be 6413752. Hence the fitness TFILS(x) = 11 as n = 7, i = 0 and k = 1.

• The BILS would search:

1. by flipping bit 1, will get TFILS(1010111) = 14;

2. by flipping bit 2, will get TFILS(0110111) = 15;

3. by flipping bit 3, will get TFILS(0000111) = 11;

4. by flipping bit 4, will get TFILS(0011111) = 19;

5. by flipping bit 5, will get TFILS(0010011) = 11.

6. by flipping bit 6, will get TFILS(0010101) < 0 according to ZZO.

7. by flipping bit 7, will get TFILS(0010110) < 0 according to ZZO.
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So BILS will choose the 4-th bit to flip, and restart the search. Finally it will
end up with the global optimum 0111111, which has a fitness value of 23.

• The FILS would search according to the permutation array 6413527:

1. by flipping bit 6, will get TFILS(0010101) < 0, which has a smaller
fitness value, thus will not move to this neighbor;

2. by flipping bit 4, will get TFILS(0011111) = 19, which is improved.
Then move to this bit string;

3. by flipping bit 1, will get TFILS(1011111) = 22, which is improved.
Then move to this bit string;

4. tries all neighbors and no better neighbor exists.

So FILS will end up with the string 1011111, which is a local optimal solu-
tion.

Theorem 54. Starting from a random bit string where each bit is chosen randomly
between zero and one, both the FILS and the BILS will stop on the function TFILS in
O
(
n2) fitness evaluations. Meanwhile, the probability that the BILS finds the global

optimum solution is exponentially close to one, but the probability that the FILS finds
the global optimum solution is exponentially close to zero.

Proof. Part 1. We prove that both BILS and FILS will stop in O
(
n2) fitness evalu-

ations. Firstly, if the start solution x is not on the path, both BILS and FILS will
search along the function ZZO(x) until x is on the path. Note if the start string
x is not on the path and x′′ = 11, it will also flip one bit in x′′ from one to zero,
and then search along the function ZZO(x). During this time, both algorithms
will flip no more than (n + 2) bits in x for the function ZZO, which needs at most
3n fitness evaluations for the FILS and (n2 + 2n) fitness evaluations for the BILS
(see Claim 15).

Secondly, once x reaches the path, both algorithms will climb along the path
by flipping the bits in x′ from zeros to ones until x′ only has one zero. This needs
O
(
n2) fitness evaluations. So the two algorithms will stop on the function in

O
(
n2) fitness evaluations.
Part 2. We now prove that the probability of the BILS finding the global

optimum solution is exponentially close to one. Firstly, the probability of the
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initial bit string being on the path is exponentially close to zero due to the fact
that the fraction of the path is exponentially small compare to the solution space.
Thus, the initial bit string will fall into the categories of either “xn 6= 11” or
“otherwise” in the fitness function, and hence, the local search will find the bit
string 0n−211, which is on the path. Once x reaches the bit string 0n−211, by
flipping each bit in x′ will have the result of either (a) increasing the fitness by
three, (b) increasing the fitness by four, or (c) no increase to the fitness value. So
the BILS will randomly choose one bit from the set of bits that can increase the
fitness by four, and flip that bit. Eventually, the BILS will end up with the global
optimum x′ = 01n−3 and x′′ = 11.

Part 3. We now show that the probability of the FILS finding the global op-
timum solution is exponentially close to zero. The same as part 2, with over-
whelmingly high probability the FILS will search along ZZO and reaches the bit
string 0n−211 firstly, which is on the path. Then, the FILS will search along the
path and stop on a local optimal bit string. Note that the FILS will search each
bit in x according to the sequence in the permutation, and flip the first bit that
can increase the fitness value. So while the bit string is on the path, and the FILS
reaches the number 1 in the permutation, the FILS will check the first bit in x.
By this time, if x is not the global optimum 01n−1, the FILS will flip the first bit
in x which can increase the fitness by three. After that, the FILS can not find the
global optimum in the end. Since the FILS searches all numbers in the permu-
tation string sequentially, we claim that, starting from the bit string 0n−211, the
probability of the FILS finding the global optimal bit string before it checking
the neighbor, that is obtained by flipping the first bit, is exponentially close to
zero. This is because that, to achieve this goal, the random permutation array
must have the property that a) number one is the last number in the permutation
array; and b) for each number in the permutation array, the FILS must find out
that flipping that corresponding bit will increase the fitness value, and hence,
move to this neighbor. Note that condition b) has a success probability that is
exponentially close to zero, due to the fact that while the bit string is in the form
of 0i1j0n−i−j−211, only flipping the first bit, flipping the i-th bit or flipping the
(i + j + 1)-th bit can improve the fitness value. Therefore, the probability that a
random permutation can guide the FILS to successfully find the global optimum
solution is exponentially close to zero. �



4.2 Comparing BILS with FILS on toy functions 69

4.2.3 FILS outperforms BILS on TBILS

In this subsection, we will show the opposite implication, where we build the
function like TFILS but add a global fitness value 5n.

Definition 55. Let x = (x1, x2, · · · , xn) ∈ {0, 1}n be divided into two parts,
x = x′x′′, with x′ ∈ {0, 1}n−2 and xn ∈ {0, 1}2. Let |x|0 and |x|1 be the number
of zeros and ones in x, respectively. The function TBILS (trap for BILS) is defined
by

TBILS(x) =



ZZO(x), if x′′ 6= 11.

5n, if x′′ = 11, and x′ = 1i01n−3−i, for i ≥ 2.

n + 3i + 4k, if x′′ = 11, and x′ = 1i0j1k0n−2−i−j−k,

for i ≥ 0, j ≥ 1, k ≥ 0.

−|x′′|1 − 4n, otherwise.

Note that ZZO is defined in Definition 14, and it will end up with the string
x = 0n−211. We can see the global optimum strings are x = 1i01n−1−i for 2 ≤
i ≤ n − 3. We say x is on the path if x′′ = 11 and x′ = 1i0j1k0n−2−i−j−k for
i ≥ 0, j ≥ 1, k ≥ 0.

Theorem 56. Starting from a random bit string with each bit choosing randomly be-
tween zero and one, both the FILS and the BILS will stop on the function TBILS in O

(
n2)

fitness evaluations. Meanwhile, the probability that the BILS will find a global optimum
solution is exponentially close to zero, but the probability that the FILS finds a global
optimum solution is exponentially close to one.

Proof. The proof is almost the same as the proof for Theorem 54. The only
differences are:

1. The probability of the initial bit string being a global optimal solution or
being 1-distant to a global optimal solution is exponentially close to zero.
Thus, with overwhelmingly high probability, both the BILS and the FILS
will firstly search along ZZO to find 0n−211.



70 4 Comparing Two Local Searches in Memetic Algorithms

2. The BILS will have a probability, which is exponentially close to one, to
end up with the string x = 01n−1, but it is only a local optimal solution for
the TBILS.

3. For the FILS, we can use the same method as in the proof for the Theo-
rem 54 to prove that the probability that the FILS does not end up with
the string 01n−1 or 101n−2 is exponentially close to one. That is to say, the
probability that the FILS finds a global optimum solution is exponentially
close to one.

�

We have analyzed the BILS and the FILS, respectively, on two artificially
created functions. In the rest of this chapter, we will analyze the (1+1) MAs
with these two local searches, respectively, on the same fitness function fOPL for
solving the Clique Problem.

4.3 (1+1) RMA BILS outperforms (1+1) RMA FILS
on G1

For a better understanding of the proofs in this chapter, the readers are recom-
mended to firstly read Section 2.3.3 that introduces the graph family G1.

In this section, we will compare the (1+1) RMA (see Definition 8) apply-
ing the FILS and the BILS, respectively, on the fitness function fOPL (see Defi-
nition 17), for finding the maximum clique size of graphs in the family of G1.
We will show that, for any graph of the family G1, the (1+1) RMA BILS OPL is
expected to find the maximum clique within a polynomial number of fitness
evaluations, while the probability of the (1+1) RMA FILS OPL finding the max-
imum clique within polynomial number of fitness evaluations is exponentially
close to zero.

Recall that G1(t) (defined in Section 2.3.3) is a family of graphs that contains
2t(t + 2) vertices. These vertices are separated into (2t + 2) disjoint sets of the
V0, V1, · · · , V2t+1 with each set has t unique vertices.

Note that the idea of the edge rules in Definition 19 is to limit the graph G1(t)
to only have one maximum clique of 2t vertices, which is the top two rows in
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Figure 2.1; meanwhile, it has many misleading local optimal cliques of (2t− 1)
vertices in the bottom 2t rows in Figure 2.1. Besides, the POTENTIALVERTICES

function in fOPL will guide the BILS to add vertices in the top two rows, which is
the maximum clique. On the other hand, since the FILS moves to the first neigh-
bor that improves the fitness value, and because the size of the bottom 2t rows
is t times the size of the top two rows, the FILS is more likely to become trapped
into a local optimal that contains many vertices in the bottom 2t rows. Overall,
we aim to show that the (1+1) RMA BILS OPL drastically outperforms the (1+1)
RMA FILS OPL on this family of graphs in terms of finding the maximum clique.

4.3.1 (1+1) RMA BILS OPL on G1

In this subsection, we say a bit string is on the Path if it represents a clique that
only contains vertices in V0 ∪V1.

Theorem 57. For any constant λ with λ = Θ(1), the (1+1) RMA BILS OPL is ex-
pected to find the maximum clique of the graph G1(t) within O(n2) fitness evaluations.

Proof. Part 1. According to Algorithm 8, since the algorithm starts with x = 0n,
and the mutation probability is 1/n, the probability that the mutation does not
flip any bits is (1− 1/n)n, which approaches 1/e as n increases. Thus, within
Θ(1) restarts, we expect to have a mutation that gets a bit string y, with y = 0n.
Furthermore, once the mutation produces the bit string y, the BILS will first add
a vertex from V0 to the current clique, i.e. it is on the Path. This is because that:

1. Let y′ be a bit string that adds a vertex v0,k (0 ≤ k ≤ t− 1) to y. Then we
know that y′ represents a clique of size one, and there are 2t vertices that
are in POTENTIALVERTICES(y) but not in POTENTIALVERTICES(y′), i.e. POTEN-
TIALVERTICES(y′) = POTENTIALVERTICES(y) − 2t. In detail, these 2t ver-
tices are

⋃2t+1
i=2 {vi,k}, due to Rule 1 in Definition 19.

2. Let y′′ be a bit string that adds a vertex that is not in V0 to y. Then y′′ rep-
resents a clique of size one, and there are at least 2t + 1 vertices that are in
POTENTIALVERTICES(y) but not in POTENTIALVERTICES(y′′), i.e. POTENTIAL-
VERTICES(y′′) ≤ POTENTIALVERTICES(y) − 2t − 1. In detail, these 2t + 1
vertices are a) 2t vertices in the same column due to Rule 1 in Definition 19;
and b) one vertex in a different column due to Rule 3 in Definition 19.
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Therefore, because we will restart the algorithm within every Θ(1) generations,
and in each generation, the BILS will stop on the fitness function fOPL within 2n2

fitness evaluations (see Section 2.3.2), then the (1+1) RMA BILS OPL is expected
to find a clique on the Path within O(n2) fitness evaluations.

Part 2. Now we show that, apart from the maximum clique bit string, for
any bit string z on the Path, the best neighbors of z must be on the Path as well.
We prove this by assuming that there exists a bit string z′ that is one of the best
neighbors of z and that is not on the Path, and then showing that there exists a
bit string z′′, that is also a neighbor of z, yet has a larger fitness value than z′,
thus z′ does not exist.

Firstly, since z′ is not on the Path, and is a better neighbor of z (z represents
a clique on the Path), we know that z′ must be a bit string which flips one bit
of z from zero to one. Furthermore, let this flipped vertex be vi,k, we know
that vi,k /∈ {V0 ∪ V1}, i.e. 2 ≤ i ≤ t + 1. Also note that z does not contain
any vertex in column k, otherwise z′ cannot be a better neighbor of z due to
Rule 1 in Definition 19. Since z′ is a better neighbor of z, z′ is also a clique,
and we have POTENTIALVERTICES(z′) ≤ POTENTIALVERTICES(z) − 2t − 2. This
is because there are at least 2t + 2 vertices in POTENTIALVERTICES(z) but not in
POTENTIALVERTICES(z′). In detail, these 2t + 2 vertices are:

1. The flipped vertex vi,k.

2. One vertex v1,(k−1) mod t due to Rule 3 in Definition 19.

3. 2t vertices of vj,k for all 0 ≤ j ≤ 2t + 1 and bi/2c 6= bj/2c due to Rule 1 in
Definition 19.

Secondly, let z′′ be a neighbor of z that flips the vertex v0,k, this means:

1. z′′ must be a better neighbor of z. This is because a), the vertex v0,k must
not be chosen by z, otherwise z′ can not be a better neighbor of z; and
secondly, the vertex v0,k is connected to all vertices in z since they are in
V0 ∪V1, which is the maximum clique.

2. POTENTIALVERTICES(z′′) = POTENTIALVERTICES(z) − 2t − 1. This is be-
cause there are exactly 2t + 1 vertices in POTENTIALVERTICES(z), but not in
POTENTIALVERTICES(z′′). In detail, these 2t + 1 vertices are a) the flipped
vertex v0,k, and b) 2t vertices of vj,k for all 2 ≤ j ≤ 2t + 1 due to Rule 1 in
Definition 19.
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Thus, we have a bit string z′′ that is a better neighbor of z, and has a larger
fitness value than z′. This conflicts with our assumption that z′ is one of the best
neighbors of z.

We have shown that, apart from the maximum clique bit string, for any bit
string z on the Path, the best neighbors of z must be on the Path as well. Then we
know that once the BILS finds a bit string on the Path, it will check its neighbors
and move to one of the best neighbors that are also on the Path. Thus, the BILS
will keep adding vertices from V0 ∪ V1 until it finds the maximum clique of
V0 ∪V1. This will take at most 2tn fitness evaluations (recall that n = t(2t + 2)).
Also, we expect to have a mutation to find a clique on the Path within O(n2)

fitness evaluations (see Part 1). Thus the (1+1) RMA BILS OPL is expected to find
the maximum clique of the graph G1(t) within O(n2 + 2tn) fitness evaluations,
which is O(n2) due to n = t(2t + 2). �

4.3.2 (1+1) RMA FILS OPL on G1

We have shown that the (1+1) RMA BILS OPL with λ = Θ(1) is expected to find
the maximum clique of the graph G1(t) efficiently. We now show that the (1+1)
RMA FILS OPL is not well suited for finding the maximum clique of the graph
G1(t) within a polynomial number of fitness evaluations, no matter what λ we
choose for the restart condition.

We first introduce the Global Gambler’s Ruin that we will use in our proof.

Theorem 58. Global Gambler’s Ruin (Happ et al. [32])
Let X0, X1, X2,· · · be random variables describing a Markov process over the state space
N0. For constants a, b ∈ R with 0 ≤ a < b ≤ 1 let the random variable T denote the
earliest point in time t ≥ 0 that satisfies Xt ≤ an.

If there exist constants δ > 1 and C > 0 such that the three conditions

1. P[X0 ≥ bn] = 1− 2−Ω(n),

2. P[Xt+1 − Xt = j | Xt] ≥ δj · P[Xt+1 − Xt = −j | Xt] for all j ≥ 1, t ≥ 0, and
an < Xt < bn,

3. ∑j≥1 δj · P[Xt+1 − Xt = −j | Xt] ≤ C for all t ≥ 0 and Xt ≥ bn

hold then T ≥ δ1/3·(b−a)n with probability 1− 2−Ω(n).
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Condition 1 above means that the distance between the initial state and the
target state is by a factor of n. Then, Condition 2 guarantees that during the
searching process, the probability of jumping away from the target is greater
than the probability of jumping towards the target, and the ratio of these two
probabilities is exponential to the jumping distance. Lastly, Condition 3 assures
that there are very low chances that the algorithm jumps a long distance towards
the target state. If the three conditions hold, then the probability that the runtime
is not exponential is exponentially close to zero.

Theorem 59. For the variable λ, no matter it is static, adjusted dynamically or adap-
tively, the probability of the (1+1) RMA FILS OPL finding the maximum clique of the
graph G1(t) within a polynomial number of fitness evaluations is super-polynomially
close to zero.

Proof. We prove the theorem by showing that from the start, or from each
restart, the (1+1) RMA FILS is expected to become trapped in a local optimal
solution and take a super-polynomial number of fitness evaluations to find the
global optimal solution. In detail, our proof consists of three parts, with each
part having a failure probability super-polynomially close to zero.

Part 1. Let y be the first bit string found by the algorithm, after the start or
each restart, that represents a clique. We claim that V(y) has a constant number
of vertices in V0 ∪V1 with a probability super-polynomially close to one.

Since the algorithm starts or restarts with x = 0n, and the mutation proba-
bility is 1/n, the bit string after the mutation has a constant number of ones in
V0 ∪ V1 with a probability super-polynomially close to one (we will show this
in the next paragraph). This bit string either a) represents a clique, then Part 1
is true; b) is 0n, then the local search will flip one bit from zero to one to find
a clique, hence, Part 1 is true; or c) does not represent a clique, then the local
search will keep flipping bits from ones to zeros until the bit string represents a
clique, hence, Part 1 is true.

Now we show that from 0n, the mutation with a mutation probability 1/n
flips a constant number of ones in V0 ∪V1 with a probability super-polynomially
close to one. Suppose the above statement fails, i.e., the mutation flips p = ω(1)
bits in V0 ∪ V1. Since there are 2t vertices in V0 ∪ V1, and n = t(2t + 2), the
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probability of this event occurring is(
2t
p

)
1

np

(
1− 1

n

)2t−p
≤ c

p!

(
2t
n

)p
,

for a constant c. This probability is super-polynomially close to zero since p =

ω(1) and n = t(2t + 2).
Part 2. Assume Part 1 has succeeded. Let z be the first bit string found by the

algorithm, after start or each restart, that represents a local optimal clique. We
claim that the number of vertices in V(z) and also in V0 ∪ V1 is O(log t) with a
probability super-polynomially close to one.

Recall that the FILS will check neighbors according to its permutation array,
and moves to its neighbor immediately if that neighbor improves the fitness
value. Besides, for any column k with 0 ≤ k ≤ t − 1, due to |⋃2t+1

j=2 {vj,k}| =
t|{v0,k, v1,k}| = 2t, the probability of the FILS checking a vertex in {v0,k, v1,k} be-
fore checking any other vertices in the same column is 1/(t+ 1). Thus, if adding
any vertex vi,k (0 ≤ i ≤ 2t + 1) from the column k to the current clique creates a
larger clique, then the probability of the FILS adding a vertex from

⋃2t+1
j=2 {vj,k}

is t times the probability of the FILS adding a vertex from {v0,k, v1,k}. Also, if
the current clique contains a vertex in

⋃2t+1
j=2 {vj,k}, then adding any vertex from

{v0,k, v1,k} will not improve the clique size due to Rule 1 in Definition 19.
Given above, and because there are t columns in the graph, if we for now

ignore the consequences of Rule 3 in Definition 19, then with a probability super-
polynomially close to one, there are at most log t columns of which z includes
vertices from V0 ∪ V1. This can be shown by assuming that z has p = Ω(log t)
columns that include vertices from V0 ∪ V1. Then the probability of this result
occurring is: (

t
p

)(
1
t

)p (
1− 1

t

)t−p
<

1
ep!

<
1

2cp ,

for any constant c, which is super-polynomially close to zero since p = Ω(log t).
Now we take Rule 3 in Definition 19 into consideration. Before the FILS

reaches the local optimal z, there may exist a column k, 0 ≤ k ≤ t− 1, such that
the current clique contains the vertex v1,k, but does not contain any vertices in
the next column (k+ 1) mod t. Thus adding any vertex from

⋃2t+1
i=2 {vi,(k+1) mod t}

will not improve the fitness, but adding any vertex from {v0,(k+1) mod t, v1,(k+1) mod t}
will improve the fitness. Consequently, the FILS will choose to add a vertex from
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{v0,(k+1) mod t, v1,(k+1) mod t} to the clique no matter the sequence of the random
permutation. After the FILS has added the vertex v1,(k+1) mod t to the clique, it
might keep influencing the column (k+ 2) mod t in which the FILS can only add
vertices from {v0,(k+2) mod t, v1,(k+2) mod t}, and then the column (k + 3) mod t,
and so on.

However, we claim that if a clique includes a vertex from V1, but does not
include any vertices in the next µ = ω(1) columns, then the probability of the
FILS adding vertices from V0 ∪ V1 in the next µ columns is super-polynomially
close to zero (we will show this in the next paragraph). Thus, since we only
expect to have at most log t vertices chosen from V0 ∪V1 when we ignore Rule 3
in Definition 19, then adding this rule is only expected to result in an increase
of a constant factor of the number of vertices from V0 ∪ V1, which is overall
O(log t).

Now we show that if a clique includes a vertex from v1,k, but does not in-
clude any vertices in the next µ = ω(1) columns, then the probability of the FILS
adding vertices from V0 ∪V1 in the next µ columns is super-polynomially close
to zero. Let us assume by contradiction, i.e., there exists a column k, and the
FILS will keep adding vertices from V0 ∪ V1 in the columns (k + 1) mod t, (k +
2) mod t, · · · , (k + µ) mod t for any µ = ω(1). We now show that this prob-
ability is super-polynomially close to zero. Note, for our assumption to suc-
ceed, the random permutation array needs to guide the FILS to check the vertex
v1,(k+1) mod t before checking all vertices that are in the bottom 2t rows and also

in the next µ columns, i.e., from
⋃2t+1

i=2
⋃(k+µ) mod t

j=(k+2) mod t{vi,j}. The probability of get-
ting this exact permutation array is 1/2t(µ− 1). Otherwise, if the FILS checks
any vertex from

⋃2t+1
i=2

⋃(k+µ) mod t
j=(k+2) mod t{vi,j} first, it will find out that adding this

vertex to the clique will improve the fitness. Since the FILS moves every time it
finds a better neighbor, our assumption fails. Meanwhile, the permutation array
needs to guide the FILS to check the vertex v1,(k+2) mod t before checking all ver-
tices that are in the bottom 2t rows and also in the next µ− 1 columns, i.e., from⋃2t+1

i=2
⋃(k+µ) mod t

j=(k+3) mod t{vi,j}, and so on. In other words, for each variable l with
1 ≤ l < µ, the permutation array needs to guide the FILS to check the vertex
v1,(k+l) mod t before checking all vertices that are in

⋃2t+1
i=2

⋃(k+µ) mod t
j=(k+l+1) mod t{vi,j}.

The probability of this permutation array occurring is:

1
2t(µ− 1)

1
2t(µ− 2)

· · · 1
2t

=
1

(2t)µ−1(µ− 1)!
,
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which is super-polynomially close to zero since µ = ω(1) and n = t(2t + 2).
Part 3. Assume Part 2 has succeeded. After z is found, the (1+1) RMA FILS

will either a) restart (the next restart will find another z that represents a clique
with O(log t) vertices in V0 ∪V1 as well), or b) cannot find the maximum clique
within a polynomial number of fitness evaluations with a probability super-
polynomially close to one.

We now apply Theorem 58 to prove this part. Let Xp denote the number of
columns in which the current clique contains vertices in

⋃2t+1
i=2 Vi at time p. Note

that 0 ≤ Xp ≤ t and n = t(2t + 2). According to Claim 21, the current clique,
which is a local optimum, contains at least one vertex in each column, then the
target state is XT = 0 (note that when a local optimum does not contain any
vertex in the bottom 2t rows, it is the maximum clique of V0 ∪ V1). Let a = 1/4
and b = 1/2. Since z only has O(log t) vertices in V0 ∪V1 (Part 2 has succeeded),
z has more than (1/2)t columns that include vertices in

⋃2t+1
i=2 Vi. Therefore,

X0 ≥ (1/2)t, and so Condition 1 of Theorem 58 is met.
Then we analyze Condition 2 of Theorem 58. Suppose the current state Xp ∈

(an, bn). Let δ = 2. Then we show that P[Xp+1 − Xp = j | Xp] ≥ δj · P[Xp+1 −
Xp = −j | Xp].

We start with an example that only jumps one step, i.e., j = 1 (see Figure 4.1).
Suppose a column includes two vertices in

⋃2t+1
i=2 Vi at state Xp, and then at state

Xp+1, it includes vertices in V0 ∪V1. To achieve this goal, i.e., Xp+1 − Xp = −1,
the mutation and the FILS need to remove the two selected vertices that are in⋃2t+1

i=2 Vi, and also add the two vertices that are in V0 ∪ V1 (see an example of
Xp → X1

p+1 in Figure 4.1). On the other hand, suppose a column includes two
vertices in V0 ∪ V1 at state Xp, and then at state Xp+1, it includes vertices in⋃2t+1

i=2 Vi. To achieve this goal, i.e., Xp+1 − Xp = 1, the mutation and the FILS
need to remove the two selected vertices that are in V0 ∪V1, and also add a pair
of two vertices from

⋃2t+1
i=2 Vi in the same column. Note that the addition op-

eration has t choices (see an example of Xp → {X2
p+1, X3

p+1, X4
p+1, X5

p+1, X6
p+1}

in Figure 4.1). Therefore, in this example, the total number of cliques that can
achieve Xp+1 − Xp = 1 is t times the total number of cliques that can achieve
Xp+1 − Xp = −1. And the probability of achieving each of this clique is the
same since they all need to change the same number of bits. That is to say, in
this example, P[Xp+1 − Xp = 1 | Xp] = t · P[Xp+1 − Xp = −1 | Xp].

Besides, note that Xp ∈ (an, bn), which indicates that, in the state Xp, there
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Figure 4.1 Examples of the X1
p+1 where X1

p+1 − Xp = −1 and all Xi
p+1s

where Xi
p+1 − Xp = 1 for 2 ≤ i ≤ 4

are more columns that can achieve the negative drift of Xp+1 − Xp = 1 than
columns that can achieve the positive drift of Xp+1 − Xp = −1. Therefore,
P[Xp+1 − Xp = 1 | Xp] ≥ t · P[Xp+1 − Xp = −1 | Xp] > δ · P[Xp+1 − Xp = −1 |
Xp]. Similarly, we can show that P[Xp+1 − Xp = j | Xp] ≥ δj · P[Xp+1 − Xp =

−j | Xp]. for all j ≥ 1, p ≥ 0 and Xp ∈ (an, bn).
Lastly, we analyze Condition 3 of Theorem 58. Note that for each column

that undergoes a positive drift or a negative drift, the mutation needs to flip
at least one bit in that column (note that the graph is dense according to the
deleting edge rules in Definition 19). Therefore, to jump j steps towards the
target state, i.e., Xp+1 − Xp = −j, the mutation needs to flip at least j bits.
Then we say that the probability of Xp+1 − Xp = −j is at most the mutation
flips at least j bits, i.e., ∑n

q=j (
n
q) · (1/n)q (1− 1/n)n−q ≤ ∑n

q=j 1/(q!). Therefore,
∑j≥1 δjP[Xp+1 − Xp = −j | Xp] ≤ ∑j≥1 j · δj/(j!) = ∑j≥1 j · 2j/(j!), which is a
constant (note that j! grows faster than 4j when j > 4).

Overall, we set a = 1/4, b = 1/2, and two constants δ = 2 and C =

∑j≥1 j · 2j/(j!), then the three conditions in Theorem 58 hold. Therefore, apply-
ing Theorem 58, T ≥ 2(1/12)t with probability 1− 2−Ω(t). Hence, the probability
that the algorithm finds the maximum clique within a polynomial number of
fitness evaluations is super-polynomially close to zero. �



4.4 (1+1) RMA FILS outperforms (1+1) RMA BILS on G2 79

4.4 (1+1) RMA FILS outperforms (1+1) RMA BILS
on G2

For a better understanding of the proofs in this chapter, the readers are recom-
mended to firstly read Section 2.3.4 that introduces the graph family G2.

In this section, we will compare the (1+1) RMA (see Definition 8) apply-
ing the FILS and the BILS, respectively, on the fitness function fOPL (see Defi-
nition 17), for finding the maximum clique size of graphs in the family of G2.
We will show that, for any graph of the family G2, the (1+1) RMA FILS OPL is
expected to find a maximum clique within a polynomial number of fitness eval-
uations, while the probability of the (1+1) RMA BILS OPL finding a maximum
clique within polynomial number of fitness evaluations is exponentially close to
zero.

Recall that G2(t) (defined in Section 2.3.4) is a family of graphs that con-
tains 2t(t + 2) vertices. These vertices are separated into (2t + 2) disjoint sets
of the V0, V1, · · · , V2t+1 with each set has t unique vertices. Furthermore, we
have showed in Section 2.3.4 that, any maximal clique that does not contain any
vertex in V0 ∪V1 contains 2t vertices and is a maximum clique.

Note that according to Definition 24, the graph G2(t) have many maximum
cliques of 2t vertices. Similarly, the POTENTIALVERTICES function in fOPL will
guide the BILS to add vertices in the top two rows (note that the BILS on fOPL will
be less interested in the bottom 2t rows due to Rule 3 in Definition 24). However,
the clique of the top two rows now becomes a local optimal clique, thus the
BILS on fOPL will get trapped easily. On the other hand, due to the size of the
bottom 2t rows is t times the size of the top two rows, the FILS on fOL is more
likely to discover a maximum clique in the bottom 2t rows. Furthermore, we
add Rule 5 in Definition 24 to prevent the (1+1) RMA BILS OPL from escaping a
local optimal clique and moving towards a global optimal clique.

4.4.1 (1+1) RMA FILS OPL on G2

Theorem 60. For any constant λ with λ = Θ(1), the (1+1) RMA FILS OPL is ex-
pected to find a maximum clique of the graph G2(t) within O(n1.5) fitness evaluations.
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Proof. Part 1. According to Algorithm 8, since the algorithm starts with x = 0n,
and the mutation probability is 1/n, the probability that the mutation does not
flip any bits is (1− 1/n)n, which approaches 1/e as n increases. Thus, within
Θ(1) restarts, we expect to have a mutation that produces the bit string 0n. Also,
because we will restart the algorithm after each λ generations, and the FILS
will take at most 3n fitness evaluations in each generation (see Algorithm 10),
we expect to have a mutation that does not flip any bits within O(n) fitness
evaluations.

Part 2. Proceeding from Part 1, i.e. the mutation does not flip any bits, now
we look at the probability of the FILS finding a local optimal clique that does
not contain any vertices in V0 ∪V1. This local optimal clique is also a maximum
clique, according to Claim 28.

Note that the FILS will keep checking neighbors according to the sequence
of its random permutation array, then moving to the first neighbor that has a
better fitness value, until no better neighbors exist. Also, according to Claim 26,
when the FILS finds a local optimal clique, this clique must contain at least one
vertex in each column. Therefore, if we look at each column, and focus on the
first vertex in the column that the FILS will add to the current clique, there must
exist a sequence of columns C = (c1, c2, . . . , ct), such that the FILS will first add
one vertex from the column c1 to the current clique, then add another vertex
from the column c2 to the current clique, and so on. Note that in each column
k, |⋃2t+1

i=2 {vi,k}| = t|{v0,k, v1,k}| = 2t. Hence, in the first column (c1), the prob-
ability of the random permutation array guiding the FILS to add a vertex from
V0 ∪ V1 to the current clique is 1/(t + 1). That is to say, in the column c1, the
probability of the random permutation array guiding the FILS to add a vertex
from

⋃2t+1
i=2 V1 to the current clique is 1− 1/(t + 1) = t/(t + 1). Also note that, if

the FILS has added any vertex from
⋃2t+1

i=2 Vi in the column c1 to the clique, then,
in the column c2, there are two vertices from

⋃2t+1
i=2 Vi that are disconnected with

the current clique, due to Rule 3 in Definition 24. Therefore, in the column c2,
the number of vertices from

⋃2t+1
i=2 Vi that can be added to the current clique to

get a larger clique will be decreased to 2t− 2. Meanwhile, the number of ver-
tices from V0 ∪ V1 in the column c2 that can be added to the current clique to
get a larger clique will be at most two (this value can be less than two because
that the Rules 4 and 5 in Definition 24 might prevent the addition of the vertex
from V1 in the column c2 as a means of improving the clique size). Thus, the
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probability of the random permutation array guiding the FILS to add a vertex
from

⋃2t+1
i=2 Vi in the column c2 to the current clique is at least (t − 1)/t. That

is to say, in the column ci, if the current clique does not contain any vertices in
V0 ∪ V1, i.e. there are i− 1 columns from which the current clique contains ver-
tices in

⋃2t+1
i=2 Vi, then, the probability of the random permutation array guiding

the FILS to add a vertex from
⋃2t+1

i=2 Vi in the column ci to the current clique is at
least (t− i + 1)/(t− i + 2). Overall, the probability of the random permutation
array guiding the FILS to find a local optimal clique that does not contain any
vertices in V0 ∪V1 is at least t

t+1
t−1

t · · · 1
2 = 1/(t + 1).

Therefore, if we have O(t) mutations that all produce the bit string 0n, the
FILS is expected to find a local optima that does not contain any vertices in
V0 ∪ V1. This local optima is also a maximum clique due to Claim 28. Also,
according to Part 1, we expect to have a mutation that produces the bit string 0n

within O(n) fitness evaluations. Hence, the (1+1) RMA FILS OPL is expected to
find a maximum clique within O(tn) fitness evaluations, which is O(n1.5) since
n = t(2t + 2). �

4.4.2 (1+1) RMA BILS OPL on G2

We have shown that the (1+1) RMA FILS OPL with λ = Θ(1) is expected to find
a maximum clique of the graph G2(t) within a polynomial number of fitness
evaluations. We now show that the (1+1) RMA BILS OPL is not well suited for
finding a maximum clique of the graph G2(t) within a polynomial number of
fitness evaluations no matter what λ we choose for the restart condition.

Theorem 61. For the variable λ, no matter it is static, adjusted dynamically or adap-
tively, the probability of the (1+1) RMA BILS OPL finding a maximum clique of the
graph G2(t) within a polynomial number of fitness evaluations is super-polynomially
close to zero.

Proof. We prove this by showing that, from the start or from each restart, the
(1+1) RMA BILS OPL is expected to become trapped in a local optimal clique and
take a super-polynomial number of fitness evaluations to find a global optimal
clique. In detail, our proof consists of three parts, with each part having a failure
probability super-polynomially close to zero.

Part 1. Let y be the first bit string found by the algorithm after the start or
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each restart that represents a clique. We claim that V(y) is expected to have no
more than log n vertices.

According to Algorithm 8, since the algorithm starts with x = 0n, the bit
string after mutation is expected to flip no more than log n bits with a probability
super-polynomially close to one (we will show this in the next paragraph). If the
bit string after the mutation represents a clique, then Part 1 is achieved. Or if the
bit string after the mutation is still 0n, the BILS will flip one bit from zero to
one in order to get a clique, then Part 1 is achieved. Or if the bit string after
the mutation has some ones, but it does not represent a clique, then the BILS
will search all neighbors and remove some ones to zeros until the bit string
represents a clique. In this case, V(y) still contains no more than log n vertices.

Now we show that, from 0n, no more than log n bits are expected to be
flipped with a probability super-polynomially close to one. Suppose the above
statement fails, i.e., the mutation has flipped p = Ω(log n) bits, the probability
of this event occurring is:(

n
p

)(
1
n

)p (
1− 1

n

)n−p
≤ 1

ep!
n(n− 1) · · · (n− p + 1)

np

<
1

ep!
<

1
2cp ,

for any constant c. This probability is super-polynomially close to zero since
p = Ω(log n).

Part 2. Assume Part 1 has succeeded, let z be the first bit string found by the
algorithm after the start or each restart that represents a local optimal clique. We
claim that z is expected to have at most log n vertices in

⋃2t+1
i=2 Vi.

After y is found, the BILS will keep checking the current string’s neighbors,
then moving to one of the best neighbors until it reaches a local optimal solution,
i.e. z. Since V(y) only contains no more than log n vertices, there are still Θ(t)
columns from which y has not chosen any vertices. Let us call them un-chosen
columns. Furthermore, among these un-chosen columns, we call a column a nega-
tive column if V(z) contains a vertex from V0 ∪V1 in this column due to the fact
that it is moving further away from all global optimal cliques. Alternatively, if
V(z) contains a vertex from

⋃2t+1
i=2 Vi in an un-chosen column, we call it a positive

column. We claim that, when the BILS reaches z, there is at most one positive col-
umn while all other un-chosen columns will be negative columns (we will show this
in the next paragraph). And for each negative column, the BILS will not add any
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vertices from
⋃2t+1

i=2 Vi in this column to the clique due to Rule 1 in Definition 24.
Also, the positive column can have at most two vertices from

⋃2t+1
i=2 Vi, due to

Claim 25. Thus, V(z) is expected to contain at most log n vertices in
⋃2t+1

i=2 Vi.
Now we show that when the BILS reaches z, there is at most one positive

column while all other columns will be negative columns. We assume that there
is more than one positive column, then we can select any two positive columns
of column k and l (k 6= l), and show a contradiction. First, let vi,k be the first
vertex in the column k that the BILS will add to the clique, and let vj,l be the
first vertex in the column l that the BILS will add to the clique. Since the col-
umn k and the column l are both positive columns, we know 2 ≤ i ≤ 2t + 1 and
2 ≤ j ≤ 2t + 1. Furthermore, let us assume that the BILS will add the vertex vi,k

before adding the vertex vj,l. Let x be the bit string before the BILS adds the ver-
tex vi,k, and x′ be the bit string after the BILS adds the vertex vi,k to x. Also, let
s be the number of vertices in the column k that are in POTENTIALVERTICES(x),
i.e. s = |{vp,k | 0 ≤ p ≤ (2t + 1) and ∀v ∈ V(x) → {vp,k, v} ∈ E}|. Then
we say POTENTIALVERTICES(x′) ≤ POTENTIALVERTICES(x) − s − 1 due to the
fact that there are at least s + 1 vertices in POTENTIALVERTICES(x), but not in
POTENTIALVERTICES(x′). In detail, these s + 1 vertices are:

1. s− 1 vertices in the column k. This is because the vertex vi,k is connected to
only one vertex in the same column, thus all other vertices would not be in
POTENTIALVERTICES(x′). Note the vertex vi,k is in POTENTIALVERTICES(x),
but not in POTENTIALVERTICES(x′).

2. Two vertices in the column l. In detail, these two vertices are vi,l and vi′,l,
with bi/2c = bi′/2c and i 6= i′. This is because:

(a) The vertices vi,l and vi′,l are not connected to the vertex vi,k, due to
Rule 3 in Definition 24, hence, they are not in POTENTIALVERTICES(x′);
and

(b) vi,l and vi′,l must be in POTENTIALVERTICES(x). We prove this by
assuming that vi,l or vi′,l is not in POTENTIALVERTICES(x), and then
show a contradiction. If vi,l or vi′,l is not in POTENTIALVERTICES(x)
because of Rule 3 in Definition 24, then the vertex vi,k should not be
in POTENTIALVERTICES(x) as well. Hence, the BILS will not add the
vertex vi,k to x. Or if vi,l or vi′,l is not in POTENTIALVERTICES(x) be-
cause of Rule 4 or Rule 5 in Definition 24, then the column l can not
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be a positive column. Therefore, the vertices vi,l and vi′,l must be in
POTENTIALVERTICES(x).

Meanwhile, there exists another solution x′′, of which V(x′′) = V(x)∪{v0,k}.
Thus, x′′ is a neighbor of x. Furthermore, we claim that x′′ has a larger fitness
value than x′ (we will show this later). Therefore, the BILS will not choose to
move to x′, which contradicts our assumption. (Recall that the BILS only moves
to one of the best neighbors of the current solution).

Firstly, x′′ must represent a clique. This is because V(x) does not contain any
vertices in the column k, and v0,k is connected to all vertices in other columns.
Therefore, adding the vertex v0,k into x still represents a clique. Thus ONEMAX(x′′) =
ONEMAX(x′).

Secondly, according to the edge rules in Definition 24, the vertex v0,k is con-
nected to all vertices that are not in the column k. Thus, for all vertices in
other columns, if they are in POTENTIALVERTICES(x), then they will still be in
POTENTIALVERTICES(x′′) as well. This means that POTENTIALVERTICES(x′′) ≥
POTENTIALVERTICES(x) − s > POTENTIALVERTICES(x′). Hence, x′′ has a larger
fitness value than x′.

Part 3. Assume Part 2 has succeeded, i.e., the first local optimal, after the start
or each restart, is expected to have at most log n vertices in

⋃2t+1
i=2 Vi. Since any

clique contains at most two vertices in each column (Claim 25), and any local
optimal clique contains at least one vertex in each column (Claim 26), there are at
least t− 2 log t columns from which the current local optimal clique has vertices
from V0 ∪ V1. Therefore, there are ω(1) hard-to-escape sections of Definition 29.
Then, due to Claim 30, the probability of the algorithm finding a maximum
clique within a polynomial number of fitness evaluations is super-polynomially
close to zero. �

4.5 (1+1) RMA with an alternative local search

In this section, we will propose a (1+1) Restart Memetic Algorithm (RMA) with
an Alternative Local Search, which is denoted as (1+1) RMA ALS. Then we will
show that the proposed algorithm is expected to find a maximum clique of both
families of graphs, G1 and G2, within a polynomial number of fitness evalua-



4.5 (1+1) RMA with an alternative local search 85

tions. The algorithm is stated below:

Algorithm 62. (1+1) RMA ALS.

1. Initialize the mutation probability p = 1/n,
set gen := 0, the local search flag lsf := 1.

2. Choose x := 0n.

3. y := Mutation(x).

4. If lsf = 1 then z := BILS(y) else z := FILS(y).

5. If f (z) ≥ f (x) then x := z.

6. gen := gen+ 1.

7. If (gen mod λ) = 0 then lsf := 1− lsf, go to step 2.

8. Stop if any stopping criterion is met, otherwise, go to step 3.

Note that the (1+1) RMA ALS will first use the BILS as the local search until
the next restart, then it will switch to the FILS until the second restart, and so
on.

Corollary 63. For any constant λ with λ = Θ(1), the (1+1) RMA ALS OPL is ex-
pected to find the maximum clique of the graph G1(t) within O(n2) fitness evaluations.

Proof. Recall that the BILS will take at most 2n2 fitness evaluations in each
generation (see Algorithm 9), and the FILS will take at most 3n fitness evalua-
tions in each generation (see Algorithm 10). Also recall Theorem 57, the (1+1)
RMA BILS OPL is expected to find the maximum clique on the family G1 within
Θ(1) generations. Therefore, because the (1+1) RMA ALS will alternatively ap-
ply the BILS and the FILS in every λ generations, the algorithm is expected to
find the maximum clique on the family G1 within O(n2) fitness evaluations. �

Corollary 64. For any constant λ with λ = Θ(1), the (1+1) RMA ALS OPL is ex-
pected to find a maximum clique of the graph G2(t) within O(n2.5) fitness evaluations.

Proof. Recall that the BILS will take at most 2n2 fitness evaluations in each
generation (see Algorithm 9), and the FILS will take at most 3n fitness evalua-
tions in each generation (see Algorithm 10). Also recall Theorem 60, the (1+1)
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RMA FILS OPL is expected to find a maximum clique on any graph of the family
G2 within O(t) generations. Therefore, because the (1+1) RMA ALS will alter-
natively apply the BILS and the FILS in every λ generations, the algorithm is
expected to find a maximum clique on any graph of the family G2 within O(tn2)

fitness evaluations, which is O(n2.5) since n = t(2t + 2). �

4.6 Experiments

We now finally examine the experimental results regarding the behavior of the
(1+1) RMA with different local searches on the families of graphs G1 and G2.
We are particularly interested in the number of fitness evaluations that each
algorithm needs to find a maximum clique as the order n of the graph grows.
We run each of our algorithms on each graph 50 times. Since we have shown
that some algorithms are expected to take a super-polynomial number of fitness
evaluations to find a maximum clique on certain graphs, we stop the algorithm
and mark it as a fail if these 50 runs do not stop within 100 hours.

Firstly, we tested the (1+1) RMA BILS OPL, the (1+1) RMA FILS OPL and the
(1+1) RMA ALS OPL on the family G1. Recall we have shown that both the (1+1)
RMA BILS OPL and the (1+1) RMA ALS OPL are expected to find the maximum
clique on any graph of the family G1 within a polynomial number of fitness eval-
uations with λ = Θ(1) (see Theorem 57 and Corollary 63). Therefore, we tested
these two algorithms with λ = 1. Also recall that, for any static or dynamic
λ, the (1+1) RMA FILS OPL is expected to take a super-polynomial number of
fitness evaluations to find the maximum clique on any graph of the family G1

(see Theorem 59). Therefore, we tested the (1+1) RMA FILS OPL on the family
G1 with four different λs, λ ∈ {1, n3, n8, nn}, respectively. The results of the
above tested algorithms on the graphs of the family G1 are shown in Figure 4.3.
A comparison of the average number of fitness evaluations (on a log-scale) for
all algorithms tested on the family G1 is shown in Figure 4.2.

Secondly, we tested the (1+1) RMA BILS OPL, the (1+1) RMA FILS OPL and
the (1+1) RMA ALS OPL on the family G2. Recall we have shown that both the
(1+1) RMA FILS OPL and the (1+1) RMA ALS OPL are expected to find a max-
imum clique on any graph of the family G2 within a polynomial number of
fitness evaluations with λ = Θ(1) (see Theorem 60 and Corollary 64). There-
fore, we tested these two algorithms with λ = 1. Also recall that, for any static
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Figure 4.2 A comparison of the average number of fitness evalua-
tions (on a log-scale) as n grows for the (1+1) RMA BILS OPL (λ = 1),
the (1+1) RMA ALS OPL (λ = 1), and the (1+1) RMA FILS OPLs (λ ∈
{1, n3, n8, nn}) on the G1(t), n = t(2t + 2).

or dynamic λ, the (1+1) RMA BILS OPL is expected to take a super-polynomial
number of fitness evaluations to find a maximum clique on any graph of the
family G2 (see Theorem 61). Therefore, we tested the (1+1) RMA BILS OPL on
the family G2 with four different λs, λ ∈ {1, n3, n8, nn}, respectively. The results
of the above tested algorithms are shown in Figure 4.5. A comparison of the
average number of fitness evaluations (on a log-scale) for all algorithms tested
on the family G2 is shown in Figure 4.4.
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4.7 Chapter conclusion

Firstly, we studied the FILS and the BILS on two of the most popular toy func-
tions studied by other theoretical researches, i.e. linear functions and LEADINGONES,
see Table 4.2 for more details.

Table 4.2 A comparison of the algorithms on linear func-
tions and LEADINGONES.

(1+1) EA Dynamic (1+1) EA FILS BILS

linear functions Θ(n log n) O
(
n2 log n

)
Θ(n) Θ

(
n2)

LEADINGONES Θ
(
n2) Θ

(
n2 log n

)
Θ
(
n2) Θ(n2)

Results of the (1+1) EA and the Dynamic (1+1) EA can be
found in [25] and [45] respectively.

Then we showed that, on the fitness function TFILS, the BILS is expected to
find the global optimal solution with overwhelmingly high probability, while
the probability that the FILS finds the global optimal solution is exponentially
close to zero; and the results are opposite on the fitness function TBILS, see Ta-
ble 4.3.

Table 4.3 A comparison of the FILS and BILS on toy functions.

FILS BILS

TFILS
Stop time O(n2) O(n2)

Expected probability of finding optimal result 0 1

TBILS
Stop time O(n2) O(n2)

Expected probability of finding optimal result 1 0

Next, we showed that, for the family of graphs G1, the (1+1) RMA BILS OPL

drastically outperforms the (1+1) RMA FILS OPL, and vice versa for the family
of graphs G2.

Lastly, we proposed a (1+1) Restart Memetic Algorithm with an Alternative
Local Search, and showed that the proposed algorithm is expected to solve the
Clique Problem on both families of graphs efficiently. This indicates that an MA
with multiple local searches can outperform MAs with a single local search in
some instances of the Clique Problem, see Table 4.4 for more details.
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We also empirically verified our theoretical results with simulations.

Table 4.4 (1+1) RMA with FILS, BILS or ALS on fOPL to solve the Clique Problem
on graph families of G1 and G2.

(1+1) RMA FILS OPL (1+1) RMA BILS OPL (1+1) RMA ALS OPL

G1 super-polynomial lower bound O(n2) O(n2)

G2 O(n1.5) super-polynomial lower bound O(n2.5)
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Figure 4.3 The number of fitness evaluations (on a log-scale) as t grows
for the (1+1) RMA BILS OPL (λ = 1), the (1+1) RMA ALS OPL (λ = 1),
and the (1+1) RMA FILS OPLs (λ ∈ {1, n3, n8, nn}) on the G1(t), n =
t(2t + 2).
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Figure 4.4 ]
A comparison of the average number of fitness evaluations (on a log-scale) as n

grows for the (1+1) RMA FILS OPL (λ = 1), the (1+1) RMA ALS OPL (λ = 1),
and the (1+1) RMA BILS OPLs (λ ∈ {1, n3, n8, nn}) on the G2(t), n = t(2t + 2).
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Figure 4.5 The number of fitness evaluations (on a log-scale) as t grows
for the (1+1) RMA FILS OPL (λ = 1), the (1+1) RMA ALS OPL (λ = 1),
and the (1+1) RMA BILS OPLs (λ ∈ {1, n3, n8, nn}) on the G2(t), n =
t(2t + 2).



Chapter 5

Comparing Memetic Algorithms on
Two Fitness Functions

5.1 Chapter overview

As discussed in Section 1.4.3, many experimental studies observed that, for a
single problem, it is possible to construct different fitness functions, and run-
ning the same algorithm on these fitness functions may result in different per-
formance. In this chapter, we will provide a theoretical evidence to support this
observation.

Firstly, we will analyze the (1+1) RMA (see Algorithm 8) with the BILS (see
Algorithm 9) on two different fitness functions, fOL and fOPL (see Definitions 16
and 17), for solving the Clique Problem. In the rest of this chapter, we will use
(1+1) RMA BILS OL to denote that the (1+1) RMA with the BILS is running on
the fitness function fOL, and (1+1) RMA BILS OPL to denote that the (1+1) RMA
with the BILS is running on the fitness function fOPL. We will show that:

1. For any graph of the family G1 (see Definitions 19), with overwhelmingly
high probability, the (1+1) RMA BILS OPL is expected to find the maxi-
mum clique within O(n2) fitness evaluations; but the (1+1) RMA BILS OL

is expected to take a super-polynomial number of fitness evaluations to
find the maximum clique.

93
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2. For any graph of the family G2 (see Definition 24), with overwhelmingly
high probability, the (1+1) RMA BILS OPL is expected to take a super-
polynomial number of fitness evaluations to find a maximum clique; but
the (1+1) RMA BILS OL is expected to find a maximum clique within O(n2.5)

fitness evaluations.

Secondly, we will propose a (1+1) Restart Memetic Algorithm running on an
Alternative Fitness Function (AFF). We then show that, for any graph of the fam-
ily G1, the proposed algorithm is expected to find the maximum clique within
O(n2) fitness evaluations; and for any graph of the family G2, the proposed algo-
rithm is expected to find a maximum clique within O(n2.5) fitness evaluations.

The chapter is structured as follows. In Section 5.2, we will show that, for
any graph of the family G1, the (1+1) RMA BILS OPL is expected to find the
maximum clique within a polynomial number of fitness evaluations, but the
(1+1) RMA BILS OL is expected to take a super-polynomial number of fitness
evaluations to find the maximum clique. In Section 5.3, we will show the oppo-
site results. That is, for any graph of the family G2, the (1+1) RMA BILS OL is
expected to find a maximum clique within a polynomial number of fitness eval-
uations, but the (1+1) RMA BILS OPL is expected to take a super-polynomial
number of fitness evaluations to find a maximum clique. In Section 5.4, we will
propose a (1+1) RMA with an Alternative Fitness Function, and show that the
proposed algorithm is expected to find a maximum clique on any graph of both
families (G1 and G2) within a polynomial number of fitness evaluations. Our ex-
periments will be given in Section 5.5. Finally, Section 5.6 concludes this chapter.
Also note that the main theorems of this chapter have been published in [108].

5.2 (1+1) RMA OPL outperforms (1+1) RMA OL on G1

For a better understanding of the proofs in this chapter, the readers are recom-
mended to firstly read Section 2.3.3 that introduces the graph family G1.

Note that the idea of the edge rules in Definition 19 is to limit the graph G1(t)
to only have one maximum clique of 2t vertices, which is the top two rows in
Figure 2.1; meanwhile, it has many misleading local optimal cliques of (2t− 1)
vertices in the bottom 2t rows in Figure 2.1. Besides, the POTENTIALVERTICES

function in fOPL will guide the BILS to add vertices in the top two rows, which is
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the maximum clique. On the other hand, since fOL cannot provide the “one step
looking forward” function, and because the size of the bottom 2t rows is t times
the size of the top two rows, the BILS on the fOL is more likely to become trapped
into a local optimal that contains many vertices in the bottom 2t rows. Overall,
we aim to show that the (1+1) RMA BILS OPL drastically outperforms the (1+1)
RMA BILS OL on this family of graphs in terms of finding the maximum clique.

Recall we have shown that, for any constant λ with λ = Θ(1), the (1+1)
RMA BILS OPL is expected to find the maximum clique of the graph G1(t) within
O(n2) fitness evaluations (see Theorem 57). Therefore, in this section, we will
only show that the (1+1) RMA BILS OL is not well suited for finding the maxi-
mum clique of the graph G1(t) within a polynomial number of fitness evalua-
tions, no matter what λ we choose for the restart condition.

Theorem 65. For the variable λ, no matter it is static, adjusted dynamically or adap-
tively, the probability of the (1+1) RMA BILS OL finding the maximum clique of the
graph G1(t) within a polynomial number of fitness evaluations is super-polynomially
close to zero.

The proof idea of this theorem is similar to the proof idea of Theorem 59. But
we still give full proof below because many details are different.

Proof. We prove the theorem by showing that from the start, or from each
restart, the (1+1) RMA BILS OL is expected to become trapped in a local optimal
solution and take a super-polynomial number of fitness evaluations to find the
global optimal solution. In detail, our proof consists of four parts, with each
part having a failure probability super-polynomially close to zero.

Part 1. Let y be the first bit string found by the algorithm, after the start or
each restart, that represents a clique. We claim that V(y) is expected to have
a constant number of vertices in V0 ∪ V1 with a probability super-polynomially
close to one.

The proof is the same as the Part 1 in the proof of Theorem 59.
Part 2. Assume Part 1 has succeeded, i.e. the first clique found after start or

each restart has a constant number of vertices in V0 ∪ V1. Let z be the first bit
string found by the algorithm, after start or each restart, that represents a local
optimal clique. We claim that V(z) is expected to have a constant number of
vertices in V0 ∪V1 with a probability super-polynomially close to one.

Starting from the first bit string that represents a clique in Part 1, the BILS
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will keep checking neighbors, and randomly moving to one of the best neigh-
bors that improve the fitness value by one until it reaches a maximal clique.
Recall that fOL(x) = ONEMAX(x) if x represents a clique. Therefore, for any
column k with 0 ≤ k ≤ t − 1, if adding any vertex vi,k (0 ≤ i ≤ 2t + 1)
from the column k to the current clique creates a larger clique, then, due to
|⋃2t+1

j=2 {vj,k}| = t|{v0,k, v1,k}| = 2t, the probability of the BILS adding a ver-
tex from {v0,k, v1,k} to the current clique over the probability of the BILS adding
a vertex from

⋃2t+1
i=2 {vi} to the current clique is 1/(t + 1).

Given above, and because there are t columns in the graph, if we for now
ignore the consequences of Rule 3 in Definition 19, the first local optimal clique,
that the BILS will find, is expected to have Θ(1) columns that include vertices
from V0 ∪V1 with a probability super-polynomially close to one.

Even though Rule 3 in Definition 19 might cause the BILS to add more ver-
tices from V0 ∪ V1 to the current clique, we will show that it is expected to in-
crease with no more than a constant number of vertices from V0 ∪ V1 as well.
Now we look at Rule 3 in Definition 19:

Delete the edge between v1,k and vj,l for all variables j, k, l with 2 ≤ j ≤ 2t + 1, 0 ≤ k ≤ t− 1,

0 ≤ l ≤ t− 1 and k ≡ (l − 1) mod t.

Before the BILS reaches the local optima z, there may be some cases as fol-
lows: there exists a column k, 0 ≤ k ≤ t − 1, such that the current clique
contains the vertex v1,k, but does not contain any vertices in the next column
(k + 1) mod t. Thus adding any vertex from

⋃2t+1
i=2 {vi,(k+1) mod t} will not im-

prove the fitness, but adding any vertex from {v0,(k+1) mod t, v1,(k+1) mod t} will
improve the fitness. Consequently, the BILS will choose to add a vertex from
{v0,(k+1) mod t, v1,(k+1) mod t} to the clique. After the BILS has added the vertex
v1,(k+1) mod t to the clique, it might keep influencing the column (k + 2) mod t
in which the BILS can only add vertices from {v0,(k+2) mod t, v1,(k+2) mod t}, and
then the column (k + 3) mod t, and so on.

However, we claim that if a clique includes a vertex from V1, but does not
include any vertices in the next µ columns for any µ = ω(1), then the probabil-
ity that, the BILS adds vertices from V0 ∪ V1 in the next µ columns because of
Rule 3 in Definition 19, is super-polynomially close to zero (we will show this in
the next paragraph). Thus, since we only expect to have a constant number of
vertices chosen from V0 ∪ V1 in Part 1, Rule 3 in Definition 19 is only expected
to result in an increase of a constant number of vertices from V0 ∪V1.
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Let us assume that there exists a column k, such that the BILS will keep
adding vertices from V0∪V1 in the columns (k+ 1) mod t, (k+ 2) mod t, · · · , (k+
µ) mod t for any µ with µ = ω(1), and this is because of Rule 3 in Definition 19.
We now show that this probability is super-polynomially close to zero. Note, for
our assumption to succeed, the BILS needs to add the vertex v1,(k+1) mod t to the
clique, which increase the fitness value by one. Meanwhile, adding any vertex
from

⋃2t+1
i=2

⋃(k+µ) mod t
j=(k+2) mod t{vi,j} to the clique can also increase the fitness value by

one. Thus, the probability of the BILS choosing to add the vertex v1,(k+1) mod t

instead of adding any vertex from
⋃2t+1

i=2
⋃(k+µ) mod t

j=(k+2) mod t{vi,j} is 1/2t(µ− 1). After
that, the BILS also needs to add the vertex v1,(k+2) mod t, which increase the fit-

ness value by one. Meanwhile, adding any vertex from
⋃2t+1

i=2
⋃(k+µ) mod t

j=(k+3) mod t{vi,j}
also increase the fitness value by one. Therefore, again, the probability of the
BILS choosing to add the vertex v1,(k+2) mod t instead of adding any vertex from⋃2t+1

i=2
⋃(k+µ) mod t

j=(k+3) mod t{vi,j} is 1/2t(µ− 2). In other words, for each variable l with
1 ≤ l < µ, the BILS needs to add the vertex v1,(k+l) mod t while each vertex in⋃2t+1

i=2
⋃(k+µ) mod t

j=(k+l+1) mod t{vi,j} is misleading the BILS because they all increase the
fitness value by one. Overall, the probability of BILS always adding vertices
from V0 ∪V1, because of Rule 3 in Definition 19, is:

1
2t(µ− 1)

1
2t(µ− 2)

· · · 1
2t

=
1

(2t)µ−1(µ− 1)!
,

which is super-polynomially close to zero since µ = ω(1) and n = t(2t + 2).
Thus, V(z) contains a constant number of vertices in V0 ∪ V1 with a proba-

bility super-polynomially close to one.
Part 3. Assume Part 2 has succeeded. After z is found, we claim that the

(1+1) RMA BILS OL will either a) restart (the next restart will find another z that
represents a clique with a constant number of vertices in V0 ∪ V1 as well), or
b) become trapped in a local optimal clique Vlocal with Vlocal ∩ (V0 ∪ V1) = ∅
before it finds the global optimal clique of Vglobal = V0 ∪ V1 with a probability
super-polynomially close to one.

Since V(z) has a constant number of vertices in V0 ∪V1 (assuming Part 2 has
succeeded), and because any local optimal clique has at least one vertex in each
column (see Claim 21), V(z) must have Θ(t) vertices in

⋃2t+1
i=2 Vi. Thus, within

one mutation and the following BILS, the ratio that the probability of the (1+1)
RMA BILS OL finding any local optimal clique that has no vertices in V0 ∪ V1
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over the probability of the (1+1) RMA BILS OL finding the global optimal clique
of V0 ∪V1 is super-polynomially large.

Now we look at the case of the (1+1) RMA BILS OL with multiple mutations,
where each mutation is followed by one BILS. We will also show that the (1+1)
RMA BILS OL is expected to become trapped in a local optima that has no ver-
tices in V0 ∪V1, before it finds the global optimal clique of V0 ∪V1.

We say that a mutation and the following BILS is a success if it produces a
new string z′ in which, a) V(z′) has more (or less) vertices from V0 ∪V1 than the
current V(z), and b) z′ is accepted as the new current string. In other words,
z′ is a success if |V(z) ∩ (V0 ∪V1) | 6= |V(z′) ∩ (V0 ∪V1) | and fOL(z′) ≥ fOL(z).
In each success, if there are α consecutive columns, where in each column, V(z)
contains vertices in

⋃2t+1
i=2 Vi, but V(z′) contains vertices in V0 ∪V1, we call it an

α-column positive change, since it is approaching the global optimal solution. On
the other hand, if there are α consecutive columns, where in each column, V(z)
contains vertices in V0 ∪ V1, but V(z′) contains vertices in

⋃2t+1
i=2 Vi, we call it

an α-column negative change, since it is approaching the local optimal solutions
with no vertices in V0 ∪V1. Overall, a success might include some positive changes
and/or some negative changes. For example, Figure 5.1 is a success on the graph
G1(5) which has a 1-column negative change in the column 1 and a 1-column
positive change in the column 4.

Recall that V(z) has a constant number of vertices in V0 ∪ V1. Thus, to find
the global optimal clique, we need the total number of columns that undergo
positive changes to be Θ(t) larger than the total number of columns that undergo
negative changes. But to find a local optimal clique with no vertices in V0 ∪ V1,
we only need the total number of columns that undergo negative changes to be
Θ(1) larger than the total number of columns that undergo positive changes. Note
that the probability of a success changing ω(1) columns is super-polynomially
close to zero since the probability of one mutation changing ω(1) bits is super-
polynomially close to zero. Thus, the algorithm needs Ω(t) successes to find the
global optimal clique. Furthermore, we claim that after a number of successes,
the total number of columns that undergo negative changes is expected to be ω(1)
times the total number of columns that undergo positive changes (we will show
this later). This implies that within ω(1) and o(t) successes, the algorithm a) has
not found the global optimal clique, and b) has found a local optimal clique with
no vertices in V1 ∪ V2. Thus, with overwhelmingly high probability, the (1+1)
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RMA BILS OL will become trapped in a local optimal clique with no vertices in
V0 ∪V1 before finding the global optimal clique.
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z z′
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Figure 5.1 A success for the graph G1(5) that gains a 1-column negative
change in the column 1 and a 1-column positive change in the column 4

Now we show that after a number of successes, the total number of columns
that undergo negative changes is expected to be ω(1) times the total number of
columns that undergo positive changes.

Note that, for a column k, if the current clique contains vertices from
⋃2t+1

i=2 {vi,k}
in this column, there is only one possible way to achieve a 1-column positive
change, i.e. the mutation and the BILS needs to remove the two vertices that the
current clique has chosen in the column k, and add the vertices from {v0,k, v1,k}
to the clique. Then, after achieving this 1-column positive change for the col-
umn k, there are t possible ways to get a 1-column negative change, i.e. the mu-
tation and the BILS can remove the two vertices from {v0,k, v1,k}, and add an-
other two vertices from either {v2,k, v3,k}, {v4,k, v5,k}, · · · , {v2t−2,k, v2t−1,k}, or
{v2t,k, v2t+1,k} to the clique. Furthermore, the probability of achieving each of
the possible ways of getting the 1-column negative change is the same as the prob-
ability of achieving the 1-column positive change. This is because they all need to
change the same number of vertices. Thus, after the algorithm has gained a 1-
column positive change, the probability of the algorithm gaining a corresponding
1-column negative change, i.e. the clique will now choose vertices from

⋃2t+1
i=2 Vi
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in this column, is t times the probability of the algorithm gaining the 1-column
positive change. Similarly, if the algorithm has gained an α-column positive change
(α ≥ 1), there are tα ways of getting an α-column negative change. That is to
say, the probability of the algorithm getting a corresponding α-column negative
change is tα times the probability of the algorithm gaining the α-column posi-
tive change. Equivalently, if the current clique has gained an α-column negative
change, the probability of the algorithm gaining a corresponding α-column posi-
tive change is 1/tα times the probability of gaining the α-column negative change.

Overall, after a number of successes (each success includes some positive changes
and/or negative changes), the total number of columns that undergo negative
changes is expected to be ω(1) times the total number of columns that undergo
positive changes.

Part 4. Assume Part 3 has succeeded, i.e. the (1+1) RMA BILS OL has been
trapped in a local optimal solution x with V(x) ∩ (V0 ∪ V1) = ∅. We claim
that, before the next restart, the probability of the (1+1) RMA BILS OL finding
the global optimal clique within a polynomial number of fitness evaluations is
super-polynomially close to zero.

Since the current clique has no vertices in V0 ∪V1, to find the global optimal
clique, we need the total number of columns that undergo positive changes to be t
larger than the total number of columns that undergo negative changes. However,
as shown in Part 3, after a number of successes, the total number of columns
that undergo negative changes is expected to be ω(1) times the total number of
columns that undergo positive changes. Therefore, the probability of the (1+1)
RMA BILS OL finding the global optimal clique within a polynomial number of
fitness evaluations is super-polynomially close to zero. �

5.3 (1+1) RMA OL outperforms (1+1) RMA OPL on G2

For a better understanding of the proofs in this chapter, the readers are recom-
mended to firstly read Section 2.3.4 that introduces the graph family G2.

Note that according to Definition 24, the graph G2(t) have many maximum
cliques of 2t vertices, in fact, any maximal clique that does not contain any ver-
tex in the top two rows is a maximum clique (note that Rule 2 in Definition 24 is
different from Rule 2 in Definition 19). Similarly, the POTENTIALVERTICES func-
tion in fOPL will guide the BILS to add vertices in the top two rows (note that the
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BILS on fOPL will be less interested in the bottom 2t rows due to Rule 3 in Defini-
tion 24). However, the clique of the top two rows now becomes a local optimal
clique, thus the BILS on fOPL will get trapped easily. On the other hand, due to
the size of the bottom 2t rows is t times the size of the top two rows, the FILS on
fOL is more likely to discover a maximum clique in the bottom 2t rows. Further-
more, we add Rule 5 in Definition 24 to prevent the (1+1) RMA BILS OPL from
escaping a local optimal clique and moving towards a global optimal clique.

Recall we have shown that, for any static or dynamic variable λ, the proba-
bility of the (1+1) RMA BILS OPL finding a maximum clique of the graph G2(t)
within a polynomial number of fitness evaluations is super-polynomially close
to zero (see Theorem 61). Therefore, in this section, we will only show that the
(1+1) RMA BILS OL is expected to find a maximum clique within a polynomial
number of fitness evaluations.

Theorem 66. For any constant λ with λ = Θ(1), the (1+1) RMA BILS OL is expected
to find a maximum clique of the graph G2(t) within O(n2.5) fitness evaluations.

The proof idea of this theorem is similar to the proof idea of Theorem 60. But
we still give full proof below due to many details are different.

Proof. Part 1. According to Algorithm 8, since the algorithm starts with x = 0n,
and the mutation probability is 1/n, the probability that the mutation does not
flip any bits is (1− 1/n)n, which approaches 1/e as n increases. Thus, within
Θ(1) restarts, we expect to have a mutation that produces the bit string 0n. Also,
because we will restart the algorithm after each λ generations, and the BILS
will take at most 2n2 fitness evaluations in each generation (see Algorithm 9),
we expect to have a mutation that does not flip any bits within O(n2) fitness
evaluations.

Part 2. Proceeding from Part 1, i.e. the mutation does not flip any bits, now
we look at the probability of the BILS finding a local optimal clique that does
not contain any vertices in V0 ∪V1. This local optimal clique is also a maximum
clique, according to Claim 28.

Note that the BILS will keep checking neighbors, then randomly moving to
one of the best neighbors, until no better neighbors exist. Also, according to
Claim 26, when the BILS finds a local optimal clique, this clique must contain at
least one vertex in each column. Therefore, if we look at each column, and focus
on the first vertex in the column that the BILS will add to the current clique, there
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must exist a sequence of columns C = (c1, c2, . . . , ct), such that the BILS will first
add one vertex from the column c1 to the current clique, then add another vertex
from the column c2 to the current clique, and so on. Note that in each column
k, |⋃2t+1

i=2 {vi,k}| = t|{v0,k, v1,k}| = 2t. Hence, in the first column (c1), since the
mutation does not flip any bits, adding any vertex in this column will increase
the clique size by one. Therefore, in the first column (c1), the probability of
the BILS choosing to add a vertex from

⋃2t+1
i=2 V1 to the current clique, instead

of choosing to add a vertex from V0 ∪ V1, is t/(t + 1). Also note that, if the
BILS has added any vertex from

⋃2t+1
i=2 Vi in the column c1 to the clique, then, in

the column c2, there are two vertices from
⋃2t+1

i=2 Vi that are disconnected with
the current clique, due to Rule 3 in Definition 24. Therefore, in the column c2,
the number of vertices from

⋃2t+1
i=2 Vi that can be added to the current clique

to get a larger clique will be decreased to 2t − 2. Meanwhile, the number of
vertices from V0 ∪V1 in the column c2 that can be added to the current clique to
get a larger clique will be at most two (this value can be less than two because
that the Rules 4 and 5 in Definition 24 might prevent the addition of the vertex
from V1 in the column c2 as a means of improving the clique size). Thus, the
probability of the BILS adding a vertex from

⋃2t+1
i=2 Vi in the column c2 to the

current clique is at least (t− 1)/t. That is to say, in the column ci, if the current
clique does not contain any vertices in V0 ∪V1, i.e. there are i− 1 columns from
which the current clique contains vertices in

⋃2t+1
i=2 Vi, then, the probability of

the BILS adding a vertex from
⋃2t+1

i=2 Vi in the column ci to the current clique
is at least (t − i + 1)/(t − i + 2). Overall, the probability of the BILS finding
a local optimal clique that does not contain any vertices in V0 ∪ V1 is at least

t
t+1

t−1
t · · · 1

2 = 1/(t + 1).
Therefore, if we have O(t) mutations that all produce the bit string 0n, the

BILS is expected to find a local optima that does not contain any vertices in
V0 ∪ V1. This local optima is also a maximum clique due to Claim 28. Also,
according to Part 1, we expect to have a mutation that produces the bit string 0n

within O(n2) fitness evaluations. Hence, the (1+1) RMA BILS OL is expected to
find a maximum clique within O(tn2) fitness evaluations, which is O(n2.5) since
n = t(2t + 2). �
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5.4 (1+1) RMA with an alternative fitness function

In this section, we will propose a (1+1) Restart Memetic Algorithm (RMA) run-
ning on an Alternative Fitness Function, which is denoted as (1+1) RMA BILS AFF.
Then we will show that the proposed algorithm is expected to find a maximum
clique of both families of graphs, G1 and G2, within a polynomial number of
fitness evaluations. The algorithm is stated below:

Algorithm 67. (1+1) RMA BILS AFF.

1. Initialize the mutation probability p = 1/n, set gen := 0, the fitness func-
tion flag fff := 1.

2. Choose x := 0n.

3. y := Mutation(x).

4. If fff = 1 then z := BILS(y) on fOPL, else z := BILS(y) on fOL.

5. If fff = 1 and fOPL(z) ≥ fOPL(x) then x := z; else if fff = 0 and fOL(z) ≥
fOL(x) then x := z.

6. gen := gen+ 1.

7. If (gen mod λ) = 0 then fff := 1− fff, go to step 2.

8. Stop if any stopping criterion is met, otherwise, go to step 3.

Note that the (1+1) RMA BILS AFF will first use the fOPL as the fitness func-
tion until the next restart, then it will switch to the fOL until the second restart,
and so on.

Corollary 68. For any constant λ with λ = Θ(1), the (1+1) RMA BILS AFF is ex-
pected to find the maximum clique of the graph G1(t) within O(n2) fitness evaluations.

Proof. Recall that the BILS will take at most 2n2 fitness evaluations in each
generation (see Algorithm 9). Also recall Theorem 57, the (1+1) RMA BILS OPL

is expected to find the maximum clique on the family G1 within Θ(1) gener-
ations. Therefore, because the (1+1) RMA BILS AFF will alternatively run the
algorithm on the fOPL and fOL in every λ generations, the algorithm is expected
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to find the maximum clique on the family G1 within O(n2) fitness evaluations.
�

Corollary 69. For any constant λ with λ = Θ(1), the (1+1) RMA BILS AFF is ex-
pected to find a maximum clique of the graph G2(t) within O(n2.5) fitness evaluations.

Proof. Recall that the BILS will take at most 2n2 fitness evaluations in each
generation (see Algorithm 9). Also recall Theorem 66, the (1+1) RMA BILS OL is
expected to find a maximum clique on any graph of the family G2 within O(t)
generations. Therefore, because the (1+1) RMA BILS AFF will alternatively run
the algorithm on the fOPL and fOL in every λ generations, the algorithm is ex-
pected to find a maximum clique on any graph of the family G2 within O(tn2)

fitness evaluations, which is O(n2.5) since n = t(2t + 2). �

5.5 Experiments

We now finally examine the experimental results regarding the behavior of the
(1+1) RMA running on different fitness functions on the families of graphs G1

and G2. We are particularly interested in the number of fitness evaluations that
the algorithm on each fitness function needs to find a maximum clique as the or-
der n of the graph grows. We run the algorithm on each fitness function on each
graph 50 times. Since we have shown that sometimes the algorithm one fitness
function is expected to take a super-polynomial number of fitness evaluations
to find a maximum clique on certain graphs, we stop the algorithm and mark it
as a fail if these 50 runs do not stop within 100 hours.

Firstly, we tested the (1+1) RMA BILS OPL, the (1+1) RMA BILS OL and the
(1+1) RMA BILS AFF on the family G1. Recall we have shown that both the
(1+1) RMA BILS OPL and the (1+1) RMA BILS AFF are expected to find the
maximum clique on any graph of the family G1 within a polynomial number
of fitness evaluations with λ = Θ(1) (see Theorem 57 and Corollary 68). There-
fore, we tested these two algorithms with λ = 1. Also recall that, for any static
or dynamic λ, the (1+1) RMA BILS OL is expected to take a super-polynomial
number of fitness evaluations to find the maximum clique on any graph of the
family G1 (see Theorem 65). Therefore, we tested the (1+1) RMA BILS OL on
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the family G1 with four different λs, λ ∈ {1, n3, n8, nn}, respectively. The re-
sults of the above tested algorithms on the graphs of the family G1 are shown
in Figure 5.3. A comparison of the average number of fitness evaluations (on a
log-scale) for all algorithms tested on the family G1 is shown in Figure 5.2.

Figure 5.2 A comparison of the average number of fitness evalua-
tions (on a log-scale) as n grows for the (1+1) RMA BILS OPL (λ = 1),
the (1+1) RMA BILS AFF (λ = 1), and the (1+1) RMA BILS OLs (λ ∈
{1, n3, n8, nn}) on the G1(t), n = t(2t + 2).

Secondly, we tested the (1+1) RMA BILS OPL, the (1+1) RMA BILS OL and
the (1+1) RMA BILS AFF on the family G2. Recall we have shown that both
the (1+1) RMA BILS OL and the (1+1) RMA BILS AFF are expected to find a
maximum clique on any graph of the family G2 within a polynomial number of
fitness evaluations with λ = Θ(1) (see Theorem 66 and Corollary 69). There-
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fore, we tested these two algorithms with λ = 1. Also recall that, for any static
or dynamic λ, the (1+1) RMA BILS OPL is expected to take a super-polynomial
number of fitness evaluations to find a maximum clique on any graph of the
family G2 (see Theorem 61). Therefore, we tested the (1+1) RMA BILS OPL on
the family G2 with four different λs, λ ∈ {1, n3, n8, nn}, respectively. The results
of the above tested algorithms are shown in Figure 5.5. A comparison of the
average number of fitness evaluations (on a log-scale) for all algorithms tested
on the family G2 is shown in Figure 5.4.

5.6 Chapter conclusion

This Chapter provided the theoretical evidence that a small change of the fit-
ness function can result in a huge performance gaps in terms of finding a global
optimum solution. It also shows that the fitness function that gives the best
results in an MA on the same problem is entirely instance specific. In detail,
we run a (1+1) RMA BILS, on two different fitness functions, fOL and fOPL, to
solve the Clique Problem. We then showed that, for the family of graphs G1, the
(1+1) RMA BILS on the fitness function fOPL drastically outperforms the (1+1)
RMA BILS on the fitness function fOL, and vice versa for the family of graphs
G2, see Table 5.1 for more details. We also empirically verified our theoretical
results with simulations.

Table 5.1 (1+1) RMA with BILS on fOPL or fOL to solve the Clique Problem on graph
families of G1 and G2.

(1+1) RMA BILS OL (1+1) RMA BILS OPL (1+1) RMA BILS AFF

G1 super-polynomial lower bound O(n2) O(n2)

G2 O(n2.5) super-polynomial lower bound O(n2.5)
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Figure 5.3 The number of fitness evaluations (on a log-scale) as t grows
for the (1+1) RMA BILS OPL (λ = 1), the (1+1) RMA BILS AFF (λ =
1), and the (1+1) RMA BILS OLs (λ ∈ {1, n3, n8, nn}) on the G1(t), n =
t(2t + 2).
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Figure 5.4 A comparison of the average number of fitness evaluations
(on a log-scale) as n grows for the (1+1) RMA BILS OL (λ = 1), the
(1+1) RMA BILS AFF (λ = 1), and the (1+1) RMA BILS OPLs (λ ∈
{1, n3, n8, nn}) on the G2(t), n = t(2t + 2).
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Figure 5.5 The number of fitness evaluations (on a log-scale) as t grows
for the (1+1) RMA BILS OL (λ = 1), the (1+1) RMA BILS AFF (λ = 1),
and the (1+1) RMA BILS OPLs (λ ∈ {1, n3, n8, nn}) on the G2(t), n =
t(2t + 2).
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

This research has examined dynamic mutation, two different local searches, and
two different fitness functions using runtime analysis.

The main results are:

1. For dynamic mutation.
We have showed that, there are some functions such that the (1+1) MA
with the dynamic mutation approach outperforms each of the static (1+1)
MAs; and the result is opposite on some other functions.

Then, we focused on analyzing the benefits of applying the dynamic mu-
tation approach in MAs, in terms of enhancing the algorithms’ ability
to escape from local optimal solutions. We defined a new metric, called
BLOCKONES, to estimate the difficulty of escaping from a local optima and
finding a better solution to the Clique Problem. We showed how this met-
ric dominates the expected running time of finding a maximum clique. We
also showed that the metric can tell us that if an algorithm has not found a
better solution for a bounded number of fitness evaluations, then the cur-
rent best found clique is expected to be a global optimum solution with an
overwhelmingly high probability. Also, based on this metric, we showed
that the (1+1) EA and the (1+1) MAs are both expected to find a maximum

111
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clique on planar graphs, bipartite graphs and sparse random graphs in a
polynomial number of fitness evaluations.

All these studies about the BLOCKONES showed the crucial role of the al-
gorithm’s ability to escape from a local optima when this local optima is
hard to escape, i.e. with a large value of BLOCKONES. Finally, we showed
that applying the dynamic mutation approach and a local search greatly
enhances this ability for the algorithm.

One short comment is that even though our BLOCKONES is based on the
Clique Problem, it can be extended to measure the difficulty of escaping
local optima on other NP-hard problems as well. Also, it can deliver simi-
lar results to show that hybridizing the dynamic mutation approach with
a local search will greatly enhance the algorithm’s ability in terms of es-
caping local optima.

2. For the two local searches.
We studied the two local searches on two of the most popular toy function
studied by other theoretical researches, i.e. linear functions and LEADINGONES.
Then we compared the two local searches on two artificially created fitness
functions, and showed that these two local searches can outperform each
other on different functions.

Next, we focused on solving the Clique Problem for two families of graphs,
and showed that the local search best suited for solving the Clique Problem
is instance specific. In detail, we showed that on the graph family G1, MAs
with the best-improvement local search drastically outperform MAs with
the first-improvement local search; and the result is opposite on the graph
family G2. Lastly, we proposed an MA that applies two local searches
alternatively, and showed that MAs with multiple local searches can find
a maximum clique for both families of graphs efficiently. This provides
a theoretical evidence to show why MAs using multiple local search gain
success.

Note that the Clique Problem is NP-complete, so every other problem in
NP can be transformed into the Clique Problem in polynomial time. There-
fore, the best local search approach in any NP-hard problem is instance-
specific.
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3. For the two fitness functions.
We showed that a small change of the fitness function can result in a huge
performance gap in terms of finding a global optimum solution. We also
showed that the fitness function that gives the best results in an MA on the
Clique Problem is instance specific. In detail, we used the two families of
graphs, G1 and G2, and showed that the (1+1) RMA running on the fitness
function fOPL can solve the Clique Problem on the graph family of G1 effi-
ciently, but is not well suited for solving the Clique Problem on the graph
family of G2; meanwhile, the same MA running on the fitness function fOL
have the opposite results, i.e. is efficient on the graph family of G2, but is
not well suited for the graph family of G1. We also proposed a strategy that
applies the two fitness function alternatively, and showed that this strat-
egy makes the algorithm working efficiently to solve the Clique Problem
for both families of graphs.

Again, due to the Clique Problem is NP-complete, and every other prob-
lem in NP can be transformed into the Clique Problem in polynomial time,
the best fitness functions for any NP-hard problem is instance-specific as
well.

6.2 Future work

A few possible future directions could be:

1. For the dynamic mutation approach.
We have showed the upper bounds of escaping from a local optima. It is
also interesting to know the tight upper bounds or the lower bounds for
each algorithm to escape from a local optima. Hopefully, this study will
tell us which algorithm is more suitable for escaping from local optimal
solutions.

Another interesting question is whether there are some graph instances,
on which the (1+1) EA is expected to find a maximum clique faster than
the (1+1) MAs. Even though we showed that the (1+1) DMA BILS and the
(1+1) DMA FILS outperform the (1+1) EA in terms of escaping from a local
optima, it does not mean that the (1+1) EA is expected to take longer time
to find a maximum clique than the two MA based algorithms. We also
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hope to provide some theoretical evidence to show that, for some graph
instances, the (1+1) EA is expected to easily avoid the local optimal cliques
that are hard to escape; while the (1+1) MAs are expected to frequently
stagnate at those local optimal cliques that are hard to escape.

2. For the two local searches and two fitness function.
We showed that in MAs, which local search and which fitness function
are best suited for solving the Clique Problem are both instance specific.
We also showed that two simple strategies that apply both local searches
alternatively, and apply both fitness functions alternatively, respectively,
can both solve the problem. A further interesting question whether the
best local search or the best fitness function is solution-specific? That is to
say, for the same problem instance, does there exist one solution that may
need to use the first local search or the first fitness function, while also
exists another solution that may need to use the second local search or the
second fitness function? We would like to find answers to these questions
by using the runtime analysis.

3. Population-based MAs.
The runtime analysis on Evolutionary Algorithms first started from the
simplified (1+1) EA, and then extended to population-based (µ+1) EA,
(1+λ) EA and (µ+λ) EA. We would also like to study the population-based
MAs as well.
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[103] Róbert Ványi. Efficiently computable fitness functions for binary image
evolution. In Proceedings of the Applications of Evolutionary Computing on
EvoWorkshops 2002: EvoCOP, EvoIASP, EvoSTIM/EvoPLAN, pages 280–291.
Springer-Verlag, 2002.
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