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Abstract
The brain is critically dependent on the supply of oxygen and glucose from the bloodstream.
When a brain region is activated, blood flow to that area increases; this phenomenon
is termed functional hyperemia, but it remains incompletely understood. In this thesis,
a novel mathematical model of blood flow and oxygen transport in the active brain is
developed and used to investigate three aspects of the functional hyperemia response.
First, while it is known that activation-induced dilation occurs in cerebral arteries, there
is conflicting evidence about the presence of volume changes in post-arteriole vessels. A
model was developed and used to reconcile these competing observations. The model
predicted that arteries are responsible for the majority of volume changes during brief
activation, but that dilation in capillaries and veins becomes increasingly important
during longer activation. These results suggest that the apparent discrepancies between
the observations were methodological—rather than physiological—in origin.
Secondly, based on experimental observations and previous mathematical modelling, it
is thought that functional recruitment, whereby under-utilised capillaries are enlisted
during neural activation, may be an important mechanism for oxygen delivery. The model
was extended to include oxygen transport, and subsequently used to test this hypothesis.
The results suggested that a mechanism with effects similar to functional recruitment is
required in order to produce model predictions that are consistent with in vivo data.
Finally, the model was used to investigate the validity of a widely-used method to calculate
activation-induced changes in the cerebral metabolic rate of oxygen consumption, an important measure of brain function, using indirect data. Predictions from the model showed
a significant discrepancy between values calculated using this approach and the true rate of
oxygen consumption imposed on the model. These results suggest that more sophisticated
approaches are required to estimate dynamic changes in oxidative metabolism.
The model presented here provides a sound basis for extension and/or application to
new research questions in physiology or biomedical imaging. Furthermore, the conclusions from the model predictions may serve as the foundation for future experimental investigations.
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Chapter 1

Introduction
“Men ought to know that from the brain, and from the brain only, arise our pleasures,
joys, laughter and jests, as well as our sorrows, pains, griefs and tears. Through it,
in particular, we think, see, hear, and distinguish the ugly from the beautiful, the bad
from the good, the pleasant from the unpleasant . . . It is the same thing which makes
us mad or delirious, inspires us with dread and fear, whether by night or by day,
brings sleeplessness, inopportune mistakes, aimless anxieties, absent-mindedness,
and acts that are contrary to habit.”
— Hippocrates, Fifth Century B.C.E.

It is from our brains that we as humans derive our unique personalities and an extraordinary range of behaviour. Our cognitive faculties are vastly superior to other species,
and we are unrivalled in our ability to sense, understand, interpret, and manipulate the
physical environment in which we live. Advances in biomedical imaging, coupled with
cellular and molecular biological techniques, have generated a wealth of data from the
in vivo brain. In addition, developments in computer hardware and software, artificial
intelligence, and machine learning have made possible considerable progress in emulating
certain types of neural processing. Yet, perhaps more so than any other organ, many of
the fundamental relationships between the brain’s biology and its higher-level functions
are not well understood. Put another way, it still remains for us to unify the science
of the brain with the study of the mind (Kandel et al., 2000).
1

2

Chapter 1. Introduction

The sophisticated functionality of the central nervous system is made possible by an
effectively infinite set of cellular connections, shaped and continuously modified by a
combination of genetic and environmental factors. However, for all this complexity, the
brain is still critically dependent on certain basic necessities, in particular the supply of
oxygen and glucose through the bloodstream. This body of research focuses on this key
infrastructure component—the combined plumbing and fuel supply of the brain—and
how it responds to changes in neural activity.

1.1

Thesis Motivation

This thesis has been motivated by two broad avenues of inquiry. The first of these aims
was to improve understanding of the basic science that underlies neurovascular coupling:
the process which links changes in local neural activity to changes in local blood flow.
Neurovascular coupling has been observed for over 120 years, since the early studies of
Mosso (1881). The first half of Chapter 2 contains detailed background information on this
topic, but, briefly, the role played by different vascular and neural components remains
incompletely understood. In addition, it is not clear how cellular signalling pathways
regulate a coordinated neurovascular response. Finally, and perhaps most importantly,
there is no clear picture of what physiological function this process serves.
The second and related line of inquiry aims to improve the interpretation of non-invasive
biomedical imaging modalities that can be used to investigate brain function in health
and disease. Although cellular and simple animal models continue to be enormously
valuable, research into more complex behavioural traits often requires investigation in
more complex species. This is also important for neuropathologies that exclusively or
primarily affect humans. However, most direct measurements of brain activity are too
invasive for use in humans and, increasingly, in other primates. Some non-invasive
imaging modalities are available that are sensitive to neural activity, such as functional
magnetic resonance imaging (fMRI), but the data from these techniques are indirect
(requiring an underlying theory for interpretation) and typically represent a combination
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of both neural and vascular changes. As such, it remains unclear how to relate this
composite signal to other, more direct measures of neural activity. Additional background
information on imaging modalities is provided in the second half of Chapter 2.

1.2

Thesis Objectives

With the goal of contributing to the two general research topics outlined in Section 1.1,
the specific objectives of this body of research were:
Objective 1. To develop and validate a dynamic, predictive mathematical model of the
changes in blood flow, blood volume, and oxygen transport that follow neural activation;
Objective 2. To integrate observations from multiple neurovascular imaging modalities
into a common modelling framework; and
Objective 3. To investigate the biophysical and physiological mechanisms that dynamically govern blood flow, blood volume, and oxygen transport in the brain.

1.3

Thesis Outline

Chapter 2 provides background information relevant to the rest of this thesis. Specifically, this chapter outlines the general anatomy and physiology of the brain, and also
gives an overview of the imaging modalities that are relevant to investigations of blood
flow and oxygen transport in the brain.
The subsequent chapters consist of three self-contained studies, and therefore each include
a brief overview of parts of the material from Chapter 2. These chapters each address a
particular question or issue in physiology or imaging, and, when taken together, they
also serve to illustrate the development and validation of the model. A version of each
of these chapters has been published in or submitted to international peer-reviewed
journals (see below and Section 1.4).

4
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Chapter 3 (published as Barrett et al., 2012) describes the development of a dynamic
model of cerebral blood flow and cerebral blood volume, including a novel description of
vascular compliance. Results from the model provide evidence to reconcile an apparent
contradiction between observations from different imaging modalities as to the source
of blood volume changes following neural activation.
In Chapter 4 (published as Barrett and Suresh, 2013), a dynamic model of oxygen
partial pressure is coupled to the description of cerebral blood flow and blood volume that
is developed in Chapter 3. This coupled system is used to investigate the mechanisms
relevant to oxygen transport during neural activation, and to test the hypothesis that
functional recruitment of capillaries is an important mechanism.
Chapter 5 (submitted to NeuroImage) applies the coupled system for predicting oxygen
partial pressure that is described in Chapter 4 to measurements of haemoglobin saturation.
In particular, the model is used to investigate the validity of a widely-used calculation of
the cerebral metabolic rate of oxygen consumption from measurements of haemoglobin
saturation and cerebral blood flow.
Chapter 6 summarises the major findings of this thesis, both in terms of the model
that was developed and the implications of the predictions for physiology and imaging.
This chapter also includes suggestions for future extensions to this work.

1.4

Publications

The body of research presented in this thesis has been published in or submitted to international peer-reviewed journals, and presented at local and international conferences. In
addition, although it does not feature directly in this thesis, some of the research that the
author conducted during a laboratory visit in Switzerland was subsequently published.

1.4. Publications

5

Journal articles
• Barrett, M. J. P., Tawhai, M. H., and Suresh, V. (2012). Arteries dominate
volume changes during brief functional hyperemia: evidence from mathematical
modelling. NeuroImage, 62(1):482–492.
• Barrett, M. J. P. and Suresh, V. (2013). Extra permeability is required to model
dynamic oxygen measurements: evidence for functional recruitment? Journal of
Cerebral Blood Flow and Metabolism, 33(9):1402–1411.
• Landolt, A., Obrist, D., Wyss, M., Barrett, M. J. P., Langer, D., Jolivet, R.,
Soltysinski, T., Roesgen, T., Weber, B. (2013). Two-photon microscopy with doublecircle trajectories for in vivo cerebral blood flow measurements. Experiments in
Fluids, 54:1523
• Barrett, M. J. P. and Suresh, V. (2013). Improving estimates of dynamic oxygen
metabolism: extraction does not imply consumption. NeuroImage. Submitted.

Conferences
• Barrett, M. J. P., Tawhai, M. H., and Suresh, V. (2010). A biophysical model
of the transient vascular and haemodynamic changes during functional activation.
Gordon Research Conference: Brain Energy Metabolism and Blood Flow. Andover,
New Hampshire, USA.
• Barrett, M. J. P., Tawhai, M. H., and Suresh, V. (2011). Delayed cerebral postarteriole dilation is consistent with observations at multiple spatial and temporal
scales: evidence from mathematical modelling. XXVth International Symposium on
Cerebral Blood Flow, Metabolism, and Function (BRAIN 2011). Barcelona, Spain.
• Barrett, M. J. P. (2011). Brain scans, blood flow, and how mathematical modelling might save the day. Australasian Winter Conference on Brain Research
(AWCBR). Queenstown, New Zealand.
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• Suresh, V., Tawhai, M. H., and Barrett, M. J. P. (2012). ‘Extra permeability’ is
required to model dynamic oxygen measurements: evidence for functional recruitment? Australasian Winter Conference on Brain Research (AWCBR). Queenstown,
New Zealand.
• Obrist, D., Landolt, A., Wyss, M., Barrett, M. J. P., Langer, D., Jolivet, R.,
Soltysinski, T., Rösgen, T., Weber, B. (2012). In vivo blood flow measurements
at bifurcations in the cerebral microvasculature. Journal of Biomechanics, Proceedings of ESB2012 - 18th Congress of the European Society of Biomechanics,
45(Supplement 1):S39.

Chapter 2

Background
“The last frontier of the biological sciences—their ultimate challenge—is to understand the biological processes by which we perceive, act, learn, and remember.”
— Eric R. Kandel, Nobel Laureate (Kandel et al., 2000)

This chapter contains background information which is relevant to the research which is
presented in subsequent chapters. It is divided into two sections: the first introduces
the anatomy and physiology of the brain, and the second section gives an overview
of imaging modalities that are relevant to investigations of blood flow and oxygen
transport in the brain.

2.1

Anatomy and physiology of the brain

The following sections introduce the anatomy and physiology of the brain, with a focus
on aspects that are relevant to the changes in blood flow and oxygen transport that
follow neural activation. The discussion begins with a relatively abstract overview of
neural information processing, then introduces some general anatomy and physiology,
and concludes with an up-to-date discussion of neurovascular coupling—the process that
links focal changes in neural activity to changes in local blood supply. Readers interested
7
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Figure 2.1: The first published recording of an intracellular action potential, measured
in the squid giant axon. The vertical scale is in millivolts, where the extracellular
seawater is defined as zero potential, and the sinusoidal wave partially visible in the
lower part of the figure is a 500 Hz timing signal. Figure adapted from Hodgkin and
Huxley (1939) with permission from Macmillan Publishers Ltd.

in a more comprehensive introduction are referred to the excellent neuroscience textbook
Principles of Neural Science (Kandel et al., 2000).1

2.1.1

Information encoding

Brief, all-or-nothing electrical impulses known as action potentials (see Figure 2.1) are
the language of information in the nervous system. In order to avoid signal attenuation,
action potentials are actively regenerated at regular intervals, and are thus conducted
throughout the body without failure or distortion. Neural action potentials are effectively
constant in amplitude and duration; therefore, since the form of the signal does not
change, variations in the number and frequency of action potentials can encode messages
of different length and intensity. In addition, since action potentials are virtually identical
regardless of the means by which, or location where, they were generated, the pathway
that they travel to, from, or within the brain determines how they are interpreted.
Locations in the brain that are responsible for certain types of neural processing are
fairly well conserved across the population (although alternative regions may take over
1

Or a subsequent edition of this book, which was published in 2012.
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particular functions in some cases where the primary regions are damaged). For example,
the primary motor and sensory functions can be mapped reliably to neighbouring brain
regions on the upper middle surface of the brain (known as the pre- and post-central
gyri, respectively). However, for more complex behaviours, neural processing is broken
down into constitutive components, and these functions are spread across multiple brain
regions. Therefore, in many cases, neural regions can be thought of as discrete processing
elements, and a non-elementary behaviour is made up of the output from multiple
processing elements combined in series or parallel.
The neural processing of language is a typical example of this type of distributed
processing, and was one of the earliest multi-stage pathways that was identified in
humans. Indeed, the foundations for modern understanding of language processing came
from two neurologists in the mid to late 1800s. The first of these, Paul Pierre Broca
(1824–1880), examined a series of patients who were able to understand language, but
could not speak or express their ideas in writing. The patients had no motor defects to
explain their symptoms, and were able to sing melodies or sometimes utter isolated words.
Upon post-mortem examination of the patients’ brains Broca found that they each had
lesions in a particular brain region, which has come to be known as Broca’s area.
The second important contribution was made by Karl Wernicke (1848–1905), who
examined patients that were able to speak, but their sentences consisted of random or
unintelligible collections of words, and they were not able to understand written or spoken
language. Wernicke determined that these patients also had lesions, but in a separate
brain region (now called Wernicke’s area) located some distance from Broca’s area.
These and Broca’s observations led Wernicke to propose a framework for language
processing whereby his eponymous region transformed input from the auditory and
visual systems into a common neural representation of language; lesions in this area
give rise to a condition known as receptive aphasia. In addition, Wernicke proposed
that Broca’s area was responsible for transforming the neural representation of language
into motor instructions, such as speaking or writing; lesions in Broca’s area give rise
to expressive aphasia. Furthermore, Wernicke predicted another condition, conduction
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aphasia, resulting from damage to the pathway that connects Wernicke’s and Broca’s
areas. Of course, neural processing of language is more nuanced and complex than this,
and involves considerably more than the two brain regions discussed above; nonetheless,
the simple framework that Wernicke developed still has value today.
The neural basis of more abstract behaviours like emotion and personality is also becoming better understood (e.g. see Figure 2.22 on page 55 for images of the brain in
love), although not as thoroughly as more direct functions like motor or sensory processing. In a similar manner to the way that early insights into language processing
came from studying patients with lesions, some patients with localised epilepsy-like
conditions demonstrate changes in personality during ‘seizures’. Combined with knowledge of the location of this abnormal electrical activity, these changes can give clues
into how emotion is processed.
Although anatomical studies have provided a great deal of insight by pinpointing difference
between normal and diseased states, there are limits to this approach. As such, noninvasive neuroimaging techniques are needed to investigate the patterns of brain activity
that lead to more complex or subtle behaviours in neurologically normal higher animals,
including humans. Interpreting these non-invasive imaging modalities, such as functional
magnetic resonance imaging (see Section 2.2.5.4), was one of the motivating factors
behind this body of research.

2.1.2

Neurons and synaptic transmission

Neurons are the excitatory cells that generate, process, and transmit action potentials
in the nervous system. A recent study estimated that adult male human brains have
approximately 80–90 billion individual neurons, of which approximately 20 % are found
in the cortex (Azevedo et al., 2009).
It was not always understood that the brain was made up of discrete cells, even after cells
were widely accepted to be the basis of all living tissue. The brain was thought to be an
exception, made up of a continuous, electrically-connected reticulum. This erroneous
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Figure 2.2: Neurons are the signalling cells in the brain. (A) Schematic diagram of a
neuron. Figure modified from Jarosz (2009), with permission.. (B) Immunofluorescent
confocal micrograph of a pyramidal neuron (expressing green fluorescent protein) on a
background of GABA-containing inhibitory interneurons (red) in the rat visual cortex.
The pyramidal neuron features apical (extending upwards) and basal dendrites (extending
sideways), and the axon (indicated by yellow arrow) extends down from the central cell
body out of the image. Image adapted from Lee et al. (2005), with permission.

thinking likely arose because, unlike many other cell types, neurons have highly irregular
shapes, with processes extending long distances from the nucleus (see Figure 2.2B).
Therefore, neurons are often not fully contained or easily distinguishable within the
field of view of a light microscope. However in the late 1800s and early 1900s, using a
cellular staining technique developed by Camillo Golgi (1843–1926), Santiago Ramón y
Cajal (1852–1934) produced exquisitely detailed drawings of neuronal morphology and
connections in many brain regions and a number of species (for a translated edition, see
Ramón y Cajal, 2005). These drawings became the basis of the so called ‘neuron doctrine’,
and Ramón y Cajal is sometimes referred to as the father of modern neuroscience.2
While there are many variations, neurons in the central nervous system are typically
made up of four functionally distinct regions: dendrites, the cell body or soma, the axon,
and specialised regions at the end of axons known as axon terminals (see Figures 2.2A
and 2.3). Dendrites are thin, spiny, tubular processes that extend outwards from the
cell body and receive input from other neurons. Many common types of neuron have
a large number of dendrites, often referred to collectively as the dendritic tree, each
2

Despite their opposing views on the neuron doctrine, Golgi and Ramón y Cajal were jointly awarded
the 1906 Nobel Prize in Medicine or Physiology for “their work on the structure of the nervous system”.

12

Chapter 2. Background

of which receives input from many other neurons. A study of human cortical neurons
estimated that each is a part of approximately 7000 communication terminals, known
as synapses (Pakkenberg et al., 2003).
The cell body incorporates the nucleus, which contains the DNA instructions that are
necessary for synthesising proteins. Protein synthesising units (ribosomes) in the cell
body make the majority of neuronal proteins, although specialised regions in dendrites,
known as dendritic spines, have been shown to produce certain proteins (Steward
and Schuman, 2001).
Axons are the processes that conduct action potentials from one neuron to the next, and
the axons of human neurons vary from a few hundred micrometers in length to more than
a metre. To aid conduction, the axons of many types of neurons are wrapped in sheaths
of myelin, an insulating protein that acts to increase the speed and reduce the energy cost
of electrical conduction. Depending on the type of axon, the conduction velocity of action
potentials varies between approximately 1–100 m s−1 . Branching axons are common
among some types of neurons, and these branches are termed axon collaterals.
At the end of each axon or axon collateral is a swollen tip, known as an axon terminal
(see Figure 2.3). These communicate with the dendrites of target neurons at specialised
regions known as synapses. A thin space called the synaptic cleft separates the presynaptic axon terminal from the post-synaptic dendrite. There is no direct electrical
connection between the two neurons; instead, when an action potential reaches the
pre-synaptic axon terminal, the change in electrical potential induces the release of
an intermediary chemical messenger, or neurotransmitter, into the synaptic cleft. The
neurotransmitter then binds to receptors on the post-synaptic dendrite and induces
a small change in electrical potential.
There are a host of different neurotransmitters used throughout the nervous system—both
excitatory and inhibitory—although the effect of the neurotransmitter is not intrinsic and
depends on the post-synaptic receptors. Glutamate and GABA (γ-aminobutyric acid) are
the most abundant excitatory and inhibitory transmitters in the central nervous system,
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Axon
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(A)
Figure 2.3: Action potentials are transmitted between neurons at synapses. (A)
Schematic diagram of a neural synapse. Figure adapted from Commons (2009), with
permission. (B) Transmission electron micrograph of the active zone of a neural synapse
(delimited by vertical lines). Circular vesicles containing neurotransmitters are visible in
the pre-synaptic axon terminal, and those within 10 nm of the active zone are marked
with a black dot. Scale bar 200 nm. Image adapted from Neale et al. (1999) with
permission from The Rockefeller University Press.

respectively. Excitatory neurotransmitters induce a small increase in the post-synaptic
electrical potential, whereas inhibition has the opposite effect. If the post-synaptic neuron
receives sufficient net excitatory input from its dendritic tree, its electrical potential will
increase above the required threshold and it will fire an action potential. Therefore, input
from a vast array of sources can contribute to the excitability of an individual neuron.
Neurons are often divided into three broad categories: sensory neurons, which bring
information from a range of sensory systems into the brain; motor neurons, which carry
motor instructions from the brain to muscles; and interneurons, the most common type,
which form connections between neurons. Interneurons are further subdivided into
local interneurons, which connect to neighbouring cells, and projection interneurons,
which connect to neurons in other regions.

2.1.3

Cortex and cortical columns

While the gross organisation of the nervous system follows a similar basic plan among all
mammals, human and other primate brains contain a relatively large number of neurons
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Figure 2.4: A horizontal slice of the human brain, showing the characteristic gyri
and sulci (ridges and fissures, respectively) on the cortical surface. The cortical surface
contains a larger proportion of cell bodies, and appears darker than the deeper regions,
which contain a higher proportion of myelinated axons. Image reprinted from the Visible
Human Project® (United States National Library of Medicine, 1994).

for their size. For example, a human brain with 100 billion neurons (a slightly larger than
average number, Azevedo et al., 2009) would be expected to weigh approximately 45 kg
if it followed the same scaling rules as rodents (Azevedo et al., 2009; Herculano-Houzel
et al., 2006). However, recent comparisons of human and primate brains suggest that the
human brain is consistent with the cellular scaling pattern of other primates (Azevedo
et al., 2009; Herculano-Houzel et al., 2007).
When brain tissue is dissected, regions that contain a high proportion of neuronal cell
bodies appear darker than those containing mainly myelinated axons, which appear pale
(see Figure 2.4). For this reason the two tissue types are known as grey and white matter,
respectively. Cortex is a major constituent of the grey matter, although there are also
subcortical grey matter structures. The human brain has disproportionately more cortical
surface area than lower mammals, and it is this structural feature that gives humans our
superior cognitive abilities. The increase in cortical surface area is made possible by the
presence of distinct bumps and grooves, known as gyri and sulci, respectively (singular:
gyrus and sulcus, see Figure 2.4). Although the pattern of these folds appears arbitrary,
the form of and connections between regions are generally conserved.
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Figure 2.5: Human cortex has up to six cellular layers (Roman numerals on left),
as illustrated here through different cytological stains. The Golgi method stains a
small proportion of neurons completely; the Nissl method stains all cell bodies; and the
Weigert stain highlights myelin. Figure reprinted from Bechtel and Graham (1999) with
permission from John Wiley and Sons, Inc.

Within the cortex, neurons are arranged into distinctive layers perpendicular to the
surface (see Figure 2.5). There are many variations, but human cortex contains up to
six layers. The presence or absence of layers, the types of cells within each layer, and
the pattern of connections between layers is particular to an area. In the early 1900s
German neuroanatomist Korbinian Brodmann (1868–1918) divided the cortex into 52
areas based solely on these differences in cytoarchitecture (for an edited translation, see
Brodmann, 2006). Many of these regions were subsequently found to encode specific
behaviours (see Section 2.1.1).
Investigators as early as Ramón y Cajal (1852–1934, see Section 2.1.2) had sought to
identify repeating units of cortex without success (DeFelipe and Jones, 1988). Inspired by
the prominent vertical connections between the layers of neurons that were evident from
histological staining (see Figure 2.5), Mountcastle et al. (1957), in one of a seminal series of
publications, showed that neurons in the same vertical plane of sensory cortex responded
similarly to stimulation. Mountcastle proposed that these so called cortical columns
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(A)

(B)

Figure 2.6: Astrocytes are the most abundant glial cell in the brain. (A) Two
neighbouring astrocytes (green and red) against a background of pyramidal neurons
(blue) in the hippocampus. The two astrocytes do not overlap, but the fine processes on
the periphery are very close to one another, and thus appear yellow. Image adapted
from Agulhon et al. (2008) with permission from Elsevier. (B) Immunofluorescence
light micrograph of a network of astrocytes, with astrocytic cytoplasm shown in green,
and nuclei of all cell types stained in blue. Image reprinted from Smith (2010) with
permission from Macmillan Publishers Ltd.

“make up an elementary unit of organization” in the brain (Mountcastle et al., 1957).
Using both anatomical and functional evidence, Hubel and Wiesel (1962, 1969) subsequently demonstrated that cortical columns which respond to specific types of visual
stimulation also exist in the visual cortex (see Figure 2.15 on page 42).3 Although
there is still some disagreement about the functional significance (Horton and Adams,
2005), and confusion about terminology (Rakic, 2008), many believe that the cortical
column is the fundamental computational module of the cerebral cortex (Buxhoeveden
and Casanova, 2002; Jones, 2000; Rakic, 2008). A recent study has suggested that
activation-induced changes in the cortical blood supply are also consistent with columnar
organisation of cortical function (Wang and Roe, 2011).

2.1.4

Astrocytes

Neurons are thought to perform the overwhelming majority of excitable signalling in
the brain, but there is a class of supporting cells collectively known as glia (from Greek,
3

David Hubel and Torsten Wiesel were jointly awarded a share of the 1981 Nobel Prize in Physiology
or Medicine for their discoveries concerning information processing in the visual system.
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(A)

(B)

Figure 2.7: Astrocytes have two major types of projections from the cell body. (A)
Transmission electron micrograph of an astrocytic peri-synaptic process (digitally highlighted in yellow) enveloping a synapse. The pre-synaptic neuron is on the left, with
vesicles containing neurotransmitters. Image adapted from Halassa et al. (2007a) with
permission from Elsevier. (B) Two-photon micrograph of astrocytic end feet (green)
surrounding blood vessels (red). Scale bar 10 µm. Image adapted from Nimmerjahn
et al. (2004) with permission from Macmillan Publishers Ltd.

meaning glue) that are as abundant as neurons in the brain (Azevedo et al., 2009).
Astrocytes are the most common glial cell in the central nervous system (Agulhon et al.,
2008), and they exist in the space around neurons, occupying discrete, non-overlapping
spatial domains (Halassa et al., 2007b, see also Figure 2.6). Numerous processes extend
out from the cell body in all directions, giving astrocytes the appearance of stars, from
which they derive their name.4
Cortical astocytes extend two main types of process: fine peri-synaptic processes, which
surround most synapses (see Figure 2.7A), and endfeet, which envelop the surface
of intracerebral blood vessels (see Figure 2.7B). Peri-synaptic processes regulate the
extracellular synaptic environment and provide structural and metabolic support to
neurons (Iadecola and Nedergaard, 2007; Jakovcevic and Harder, 2007). Endfeet form
what is known as the blood-brain barrier, which regulates movement of substances from
the blood into brain tissue (McCaslin et al., 2011).
4

‘Astron’ is the Ancient Greek word for star.
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Astrocytes were traditionally regarded as non-excitable supporting cells. For example,
developing neurons use astrocytes as a scaffold to support their growth, and astrocytes
are critical to the development of projections extending outward from the cell body, such
as axons and dendrites (Kanemaru et al., 2007). However, there is now some evidence to
suggest that astrocytes may play a role in information processing in the nervous system,
although it is not clear whether this is in a direct or indirect capacity.
For example, experiments in cell cultures and acute tissue slices have shown that astrocytes
are capable of responding to neural activity. Direct application (Cornell-Bell et al., 1990)
or neural release (Di Castro et al., 2011; Porter and McCarthy, 1996) of glutamate
increases the intracellular calcium concentration, which may propagate to other astrocytes
(Cornell-Bell et al., 1990; Dani et al., 1992). Increases in intracellular calcium can induce
release of glutamate from astrocytes (Pasti et al., 1997) and can also trigger increases in
intracellular calcium in neurons (Nedergaard, 1994; Parpura et al., 1994).
Astrocytes are also thought to be able to block synaptic transmission under certain
conditions (Pascual et al., 2005). In addition, they may be a key factor in the processes that are thought to underlie learning and memory (Henneberger et al., 2010),
although there is evidence to the contrary (Agulhon et al., 2010). Therefore, understanding how astrocytes contribute to brain function is an active and expanding field of
research (for recent reviews, see Agulhon et al., 2008; Eroglu and Barres, 2010; Fiacco
et al., 2009; Nimmerjahn, 2009).

2.1.5

Energy metabolism

Excitable signalling and all manner of other energy-consuming processes are fueled by
adenosine triphosphate (ATP): the primary biochemical energy currency within cells.
ATP is primarily produced from glucose through a complex, multi-stage biochemical
pathway. If glucose (C6 H12 O6 ) is completely oxidised, the net reaction is
C6 H12 O6 + 6 O2 −−→ 6 CO2 + 6 H2 O.

(2.1)
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Under ideal conditions this reaction has a theoretical yield of 38 molecules of ATP per
glucose molecule; however, the actual net yield is approximately 30 ATP molecules due
to the energy cost of transporting intermediary metabolites between different intracellular compartments.
The initial stage of glucose metabolism, known as glycolysis, is an anaerobic pathway
(i.e. it does not involve oxygen), but this process produces only 2 ATP per glucose. The
majority of the remaining ATP molecules are generated by the oxidation of indirect
products from subsequent reactions, known as co-enzymes (some of which are useful
in imaging, see Section 2.2.5.6). These reactions take place in specialised intracellular
compartments called mitochondria (singular: mitochondrion). Mitochondria are found
throughout neurons, and are thought to be more densely distributed in regions that
have a high energy demand, such as the cell body, axon terminals, and dendritic spines
(Li et al., 2004; Shepherd and Harris, 1998).
Although oxidative metabolism is at least an order of magnitude more efficient in
producing ATP, the rates of oxidative and glycolytic metabolism are not always equal.
This can be measured using the oxygen-to-glucose index, which is the molar ratio of
the cerebral metabolic rates of oxygen (CMRO2 ) and glucose (CMRGlu). From the
stoichiometry of the net reaction (see Equation 2.1), complete oxidation of one glucose
molecule should use six molecules of oxygen; however, in the resting brain the oxygento-glucose index is approximately 5.5 (Shulman et al., 2001). This is equivalent to
saying that cerebral glucose consumption is higher than would be expected given the
rate of oxygen consumption (Pellerin and Magistretti, 2012). Therefore, under resting
conditions most glucose that is consumed in the brain is completely oxidised. The
fate of the ‘extra’ non-oxidised glucose is poorly understood, but least some of it is
likely to be a source of structural (i.e. non-energetic) carbon for building molecules
such as lipids (which make up the cell membrane), amino acids, and neurotransmitters
(Pellerin and Magistretti, 2012).
Unexpectedly, early measurements of CMRO2 and CMRGlu during brain activation
found that CMRGlu increased disproportionately more than CMRO2 ; in other words,
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the oxygen-to-glucose index decreased during activation (Fox et al., 1988). The authors
originally suggested that cellular oxidative metabolism may function at close to full
capacity under resting conditions, and that the relatively large increase in glucose might
be needed to provide a modest increase in energy production through glycolysis (Fox
et al., 1988). However, subsequent studies have shown that CMRO2 is capable of further
increases under physiological conditions (Buxton, 2010).
Based on their subsequent investigations, Pellerin and Magistretti (1994) proposed a
more sophisticated hypothesis: that the increase in glycolysis is initiated by uptake of the
neurotransmitter glutamate into astrocytes. Lactate, a by-product of glycolysis, is then
‘shuttled’ from astrocytes to neurons for subsequent use in oxidative metabolism. This concept, known as the astrocyte-neuron lactate shuttle (ANLS) hypothesis, is consistent with
the predictions from certain modelling studies (Aubert et al., 2007; Jolivet et al., 2009) and
a range of experimental data (for a recent review, see Pellerin and Magistretti, 2012).
Although compelling, the ANLS hypothesis is far from universally accepted, and it remains
controversial. Indeed, models developed using a slightly different set of underlying
assumptions predict that there is a lactate shuttle, but from neurons to astrocytes
(DiNuzzo et al., 2010; Simpson et al., 2007), and, regardless of the direction, that the
contribution of lactate to total glucose metabolism is insignificant (Mangia et al., 2011).
This prediction is supported by evidence from a recent study using brain slices, which
suggests that most of the energy required for rapid, activation-induced neural signalling
is generated from oxidative metabolism, and that blocking lactate production has no
significant effect on the response to brief stimulation (Hall et al., 2012). However,
this study does not rule out glycolytic metabolism, and perhaps the ANLS hypothesis,
becoming significant during more extended stimulation (Kasischke et al., 2004).

2.1.6

Vasculature

The brain is a metabolically active organ: although it represents only 2 % of body weight,
in the resting state it receives around 15 % of cardiac output (Iadecola and Nedergaard,

21

2.1. Anatomy and physiology of the brain

(A)

(B)

Figure 2.8: Views of the cerebral vasculature at two different scales. (A) Arteries
at the base of the brain are connected by communicating arteries to form the circle of
Willis (centre), and then branch outward to form surface arteries. Note, in this image
part of the cortex and cerebellum (bottom) have been removed on the right side. Figure
reprinted from Gray (1918). (B) A section of intracortical vasculature reconstructed
from Indian ink injected human brain. The cortical surface is at the top of the images.
Larger vessels are penetrating arterioles and ascending veins, and they are surrounded by
a net-like mesh of capillaries. Figure adapted from Lauwers et al. (2008) with permission
from Elsevier.

2007; Williams and Leggett, 1989), and consumes approximately 20 % of the body’s total
generated energy (Attwell et al., 2010). Despite its high energy demand, the brain has
limited energy reserves and is therefore highly dependent on a constant supply of oxygen
and nutrients from the vascular system. Indeed, disruptions to cerebral blood flow (CBF)
of around 15 s are sufficient to cause a loss of conciousness (Raichle and Mintun, 2006),
and permanent damage can result after only minutes (Zivin, 1998). Such disruptions,
known as strokes, are the second most common cause of death worldwide and a major
cause of disability (Donnan et al., 2008; Murray and Lopez, 1997).
Blood that is destined for the brain is supplied by two sets of major arteries—the
vertebral and internal carotid—which combine at the base of the brain at the circle
of Willis (see Figure 2.8A). The poles of this ‘circle’ are formed by the three sets of
cerebral arteries (the anterior, middle and posterior) and they are joined by two sets
of communicating arteries (the anterior and posterior), although the configuration or
presence of these vessels is highly variable even amongst the general population (David
and Moore, 2008). Under normal circumstances there is minimal blood flow through
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the communicating arteries, but their ability to provide collateral flow reduces the
impact of obstructions to individual vessels.
The cerebral arteries travel from the circle of Willis to the brain’s cortical surface,
branching along the way, to become the pial arteries (see Figure 2.8A). Pial arteries give
rise to smaller vessels which penetrate the cortical surface, and eventually become wholly
intracerebral arteries and arterioles (see Figure 2.8B). These vessels are major regulators
of blood flow and for this reason are surrounded by one or more layers of arterial smooth
muscle (Iadecola and Nedergaard, 2007). Relaxation (contraction) of these muscle cells
causes the blood vessels to dilate (constrict) and blood flow to increase (decrease).
Arterioles distribute blood to the capillary beds, which are the primary site of oxygen
and nutrient exchange. Capillary beds are structured in a net-like mesh (Lauwers et al.,
2008, see also Figure 2.8B); the density of these capillary beds (as well as total vascular
density) varies between different regions of the brain, between white and grey matter,
and even between different cortical layers in the same region (Lauwers et al., 2008; Weber
et al., 2008). There is evidence that this variation is closely correlated with regional
blood flow and energy use (Klein et al., 1986; Weber et al., 2008).
Ascending venules and then surface veins drain deoxygenated blood from the capillaries
and empty into large surface vessels called dural sinuses. This blood returns to the great
veins and right atrium of the heart via the internal jugular vein.
Capillaries, and some small arterioles and venules, are ensheathed by cells called pericytes,
which are found on the exterior of the endothelial cell lining (Shepro and Morel, 1993).
Pericytes are found in all capillaries, either on straight parts or at junctions (Peppiatt et al.,
2006, see Figure 2.9A), and typically extend processes both along and around the vessel
axis (Shepro and Morel, 1993, see also Figure 2.9B). Pericytes are thought to be important
in a range of cellular functions such as angiogenesis and the regulation of local endothelial
cells (Hirschi and D’Amore, 1996; Lai and Kuo, 2005), and may even differentiate to
form nerve, liver, and skin cells in their respective tissues (Dore-Duffy, 2008; Dore-Duffy
et al., 2006). In addition, pericyte-deficient mice experience a range of neurovascular
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(A)

(B)
Figure 2.9: Small blood vessels are surrounded by cells called pericytes. (A) Confocal
micrograph of pericytes (red, some marked with arrows or arrowheads) on the surface of
a cerebellar arteriole (vertical vessel on left) and several capillaries. All blood vessels are
stained green. SM = smooth muscle cells. Image adapted from Peppiatt et al. (2006)
with permission from Macmillan Publishers Ltd. (B) Scanning electron micrograph of
pericytes (digitally coloured in yellow) encircling capillaries (digitally coloured in red).
The pericytes’ primary processes (mostly obscured) run parallel to the capillaries, while
the secondary and tertiary processes wrap around the vessels. Image courtesy of Prof.
Roger Wagner, University of Delaware.

pathologies (Bell et al., 2010). While pericytes are known to contain contractile proteins
(Herman and D’Amore, 1985), and have been shown to dilate or constrict capillaries in
tissue slices (Peppiatt et al., 2006), their role in blood flow regulation and its significance
in vivo remains unclear (for a review, see Hamilton et al., 2010).
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Neurovascular coupling
What is it?

In a similar manner to the way vascular density is correlated with steady state neural activity (see Section 2.1.6), moment-to-moment variations in neural activity are
accompanied by rapid changes in local cerebral blood flow. This response is termed
functional hyperemia, and the process that connects neural activity to changes in blood
flow is known as neurovascular coupling. While many of the details remain poorly
understood, experimental evidence is beginning to offer a more consistent view of how
the functional hyperemia response develops.
When a brain region is activated, arterioles supplying the region dilate, increasing the
supply of blood and with it the delivery of oxygen, glucose and other nutrients (Mosso,
1881; Roy and Sherrington, 1890, see also Figure 2.10). This increase in blood flow
also boosts the removal of metabolites such as carbon dioxide, lactate, and other acids.
Evidence from depth-resolved imaging suggests that vasodilation originates deep within
the cortex, at or below layer four (Kleinfeld et al., 1998; Tian et al., 2010), then propagates
to upstream superficial and surface arteries within seconds (Cox et al., 1993; Drew and
Kleinfeld, 2011; Ngai et al., 1988; Takano et al., 2006). Without this upstream dilation,
an increase in blood flow to one region could reduce blood flow to neighbouring regions,
a phenomenon called a vascular steal (Faraci and Heistad, 1990). In addition, analysis
of dilation onset time by vessel branching order suggests that the dilation may also
propagate down the vascular tree toward capillary beds (Tian et al., 2010).
While vessels on the arterial side are generally believed to dilate first, there have been
suggestions that the pericytes surrounding capillaries (see Section 2.1.6 and Fig. 2.9)
could initiate vasodilation (Hamilton et al., 2010; Peppiatt et al., 2006). Pericytes are
ubiquitous, possess the necessary contractile elements to induce dilation or constriction,
and communicate with surrounding cells (for a review, see Hamilton et al., 2010). However,
much of the evidence for pericyte-induced vasodilation comes from retinal or cerebellar
slice preparations (Peppiatt et al., 2006), which may not adequately represent in vivo
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Figure 2.10: Astrocytes can control arterial diameter. Ca2+ release (as shown by
red fluorescent Ca2+ -sensitive dye) in astrocytic endfeet triggered by photolysis (blue
‘lightning’) can induce dilation of pial arteries (green). The lower left image is a stack of
repeated line scans across a pial artery obtained using two-photon microscopy. Figure
adapted from Takano et al. (2006) with permission from Macmillan Publishers Ltd.

cortical conditions. In addition, it remains to be seen whether the signalling pathways in
pericytes are sufficiently fast to elicit the functional hyperemia response.
Although dilation is the dominant response, microscopy of vessel diameters during
sensory stimulation has suggested that the arteriolar response is composed of both
dilation and constriction, with the relative strength of the two processes varying as
a function of distance from the activation centre (Devor et al., 2007). This study
showed that vessels at the activation centre exhibited net neural excitation and the
strongest vasodilation, whereas more distant vessels showed net neural inhibition and
were increasingly dominated by vasoconstriction (Devor et al., 2007).
The main body of this thesis addresses two components of the functional hyperemia
response. While arteriolar dilation in response to neural activation is well established,
there is conflicting evidence about the significance of volume changes in post-arteriole
vessels; Chapter 3 presents evidence to reconcile an apparent discrepancy between
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optical and magnetic resonance imaging data. In addition, Chapter 4 presents evidence to support the hypothesis that functional recruitment of capillaries—equivalent
to an increase in effective permeability—plays an important role in oxygen delivery
during functional hyperemia.

2.1.7.2

How is it initiated?

Early investigators believed that the increase in blood flow occurred in response to the
accumulation of metabolic by-products from neural activity, such as hydrogen ions, carbon
dioxide and lactate (Roy and Sherrington, 1890). However, surface arterioles begin to
dilate within 1 s (even faster at depth, Tian et al., 2010), and cerebral capillaries are not
particularly dense (Iadecola and Nedergaard, 2007; Lauwers et al., 2008; Løkkegaard et al.,
2001). Therefore, it seems unlikely that the passive diffusion of newly-created metabolites
would be sufficient to explain the spatially-coordinated pattern of dilation and constriction,
including upstream vessels, that is observed during functional activation (Devor et al.,
2007; Gordon et al., 2009; Iadecola and Nedergaard, 2007; Tian et al., 2010).
Another possibility is that neurons could directly innervate vasodilatory cells (for a review,
see Attwell et al., 2010; Hamel, 2006). For example, there is evidence that neurons
releasing the neurotransmitters GABA (Cauli et al., 2004), dopamine (Krimer et al.,
1998), norepinephrine (Cohen et al., 1997; Hartman et al., 1972; Raichle et al., 1975, also
known as noradrenaline), acetylcholine (Biesold et al., 1989), serotonin (Reinhard et al.,
1979, also known as 5-hydroxytryptamine or 5-HT), and a range of neuropeptides (Dacey
et al., 1988) all have anatomical and/or functional links with cerebral blood vessels in
one or more brain regions. While these pathways are likely to play a role in modulating
cerebral blood flow, their individual spatial and/or neurotransmitter specificities suggest
that direct neural innervation is not a satisfactory mechanism to explain the functional
hyperemia response that occurs in all cortical regions. Furthermore, it remains unclear
whether these mechanisms are fast enough to explain the observed response.
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Astrocytes have well defined anatomical and functional links with both neurons, via
peri-synaptic processes, and vascular smooth muscle, via endfeet (see Section 2.1.4
and Fig. 2.7). In response to neural activation, astrocytes have been shown to trigger
rapid dilation (Takano et al., 2006) or contraction (Gordon et al., 2008) in cerebral
arterioles (see Figure 2.10). On the basis of this and a large body of other evidence,
many researchers believe that astrocytes provide a bridge from synapse to blood flow
(for reviews, see Agulhon et al., 2008; Attwell et al., 2010; Gordon et al., 2009; Iadecola
and Nedergaard, 2007; Koehler et al., 2009; Petzold and Murthy, 2011).
Although the idea is compelling, there are still a number of unresolved issues with this
hypothesis. For example, astrocytic control of blood flow is thought to be dependent on a
particular class of receptors for the neurotransmitter glutamate, known as metabotropic
glutamate receptors (mGluRs), since initial evidence suggested that blocking this receptor
significantly reduced the functional hyperemia response (Petzold et al., 2008; Takano et al.,
2006). However, these studies observed the vascular response to a relatively long stimulus
(60 s), and a more recent study using shorter stimulation (4 s and 24 s) found that blocking
mGluRs had no significant effect on neurovascular coupling (Calcinaghi et al., 2011).
Furthermore, downstream from mGluRs, astrocytes are thought to initiate functional
hyperemia via intracellular calcium signalling, and a very recent study reported that
neurovascular coupling was unaffected in transgenic mice that lacked the machinery for
intracellular calcium signalling (Nizar et al., 2013). As part of the same study, but using
normal mice, the authors reported that calcium release, either in the cell body or the
perivascular endfeet, lagged behind the vascular response, suggesting that calcium release
was not fast enough to cause vascular dilation. Despite this evidence, it is possible that
localised calcium ‘sparks’, below the detection threshold of the calcium sensitive dye,
played a role, and also that faster calcium responses may have occurred below the depth
penetration limit of the microscope (Nizar et al., 2013).
Finally, a number of studies have reported difficulty in completely blocking the functional
hyperemia response (Leithner et al., 2010; Liu et al., 2012, 2011; Paisansathan et al.,
2010). For these reasons, one prominent hypothesis suggests that neurovascular coupling
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may be a composite response, involving multiple neuronal and astrocytic signalling
pathways, with the relative importance of each depending on the duration of the applied
stimulus, and perhaps even the cortical region involved (Attwell et al., 2010).

2.1.7.3

What is its function?

As discussed in Section 2.1.7.2, early investigators believed that the functional hyperemia
response was necessary to prevent accumulation of unwanted metabolic waste products,
such as hydrogen ions, carbon dioxide and lactate (Roy and Sherrington, 1890). Yet
recent estimates of the rate of accumulation of lactate and carbon dioxide suggest that,
without any blood flow increase, the concentration of these metabolites would increase
too slowly to require a rapid functional hyperemia response (Buxton, 2010), although
there have been suggestions that carbon dioxide may play a role in the post-stimulus
undershoot that is sometimes observed using functional MRI (Yücel et al., 2009).
In addition, there have been suggestions that the blood flow increase may be needed to
prevent temperature rises due to increased metabolic activity (Katz-Brull et al., 2006).
However, estimates suggest that activation-induced temperature increases would also
occur too slowly to justify a rapid blood flow response (Buxton, 2010), and there is
evidence that neurovascular coupling is unaffected by hypothermia (Royl et al., 2008).
The most intuitively appealing hypothesis for the existence of the functional hyperemia
response is that the increase in blood flow is required to sustain an increase in CMRO2 .
In conflict with this hypothesis, early measurements unexpectedly demonstrated that
the stimulus-induced increase in CMRO2 was approximately five to six times smaller
than the increase in blood flow (Fox et al., 1988; Fox and Raichle, 1986), suggesting that
the CBF increases were for a reason other than to sustain increases in CMRO2 . This
‘uncoupling’ has been demonstrated using a range of other techniques, and is the basis
for the widely-used imaging technique known as BOLD-fMRI (see Section 2.2.5.4).
While the PET studies demonstrated ‘uncoupling’ between increases in blood flow and
CMRO2 , they reported a much closer relationship between increases in blood flow and
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CMRGlu (Fox et al., 1988), prompting suggestion that the rise in blood flow was necessary
to sustain glycolytic metabolism. Nonetheless, estimates suggest that neural reserves of
glucose would last for many minutes, which would make the rapid functional hyperemia
response unnecessary (Buxton, 2010). In addition, Devor et al. (2008) reported that neural
activity, measured by neuronal spiking activity (see Section 2.2.3.1) and autoradiography
of 2-deoxyglucose uptake (see Section 2.2.4.1), is not always coupled to the haemodynamic
response, as measured by spectroscopy (see Section 2.2.5.2) and two-photon microscopy
of vessel diameter (see Section 2.2.1.4). This study, and reports from other brain regions
(for reviews, see Iadecola, 2004; Lauritzen, 2005; Lauritzen and Gold, 2003; Logothetis,
2008), suggests that the increase in blood flow following neural activation is not—or at
least not exclusively—driven by, or for the sake of, glucose metabolism.
The observed ‘uncoupling’ between changes in CBF and CMRO2 was widely interpreted
as evidence that the CBF increase was unrelated to oxidative metabolism (Fox et al.,
1988; Fox and Raichle, 1986). However, on the assumption that oxygen partial pressure
(PO2 ) was approximately zero in tissue (or, subsequently, in mitochondria, Gjedde,
2002), and that no new capillaries were recruited during functional hyperemia, a model
developed by Buxton and Frank (1997) predicted that a disproportionately large increase
in CBF would be necessary to sustain even a modest rise in CMRO2 . More recent
measurements have reported a non-negligible baseline PO2 in tissue, so this hypothesis
has been revised to suggest that the relatively large change in CBF is needed to prevent
PO2 falling below a minimum threshold in tissue regions distant from blood vessels
(Buxton, 2010; Devor et al., 2011).
While this is a compelling hypothesis, it is not yet clear to what extent such regions of
tissue require CBF increases to remain viable, if at all. Furthermore, it is also unclear
whether the benefits for a small percentage of total brain tissue justify the energy costs
associated with maintaining a large ‘safety factor’ everywhere else (Leithner et al., 2010).
In other words, it is unclear whether there is an evolutionary advantage in “watering the
entire garden for the sake of one thirsty flower” (Malonek and Grinvald, 1996).
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In vivo neuroimaging modalities

Our understanding of physiology is fundamentally linked to the availability of appropriate
techniques for observing and measuring biological function. The sections that follow
give a brief overview of a number of imaging modalities relevant to investigations of
blood flow and oxygen transport in the brain. The focus of these sections is on the
techniques that generated the data used in this thesis, but a number of other noteworthy
techniques that can provide some insight into in vivo and/or dynamic function are also
included. As such, the modalities discussed below by no means represent a complete
list of all the available imaging techniques.

2.2.1

Blood flow

As discussed in Section 2.1.6, the brain is critically dependent on its blood supply.
Therefore, understanding normal cerebral blood flow (CBF) and how it changes in
pathological conditions is of vital clinical importance. In addition, the dynamic changes
in CBF that follow local neural activation are of particular interest, since the process of
neurovascular coupling remains poorly understood (see Section 2.1.7), and these changes
are the basis of the widely-used BOLD-fMRI modality (see Section 2.2.5.4).

2.2.1.1

Positron emission tomography

Until the mid 1940s, there were no non-invasive methods to quantify cerebral blood flow
in unanaesthetised humans (Traystman, 2004). A breakthrough came when Seymour
Kety and Carl F. Schmidt developed an approach based on the kinetics of inert gas
uptake (Kety and Schmidt, 1945). In this seminal study, the human subjects inhaled
nitrous oxide at relatively low concentrations (∼ 15 %), and the concentration of the
gas was measured in both femoral arterial and jugular venous blood. The authors
realised that “the rate at which the cerebral venous blood content of [nitrous oxide]
approaches the arterial blood content depends upon the volume of blood flowing through
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Figure 2.11: In vivo measurement of cerebral blood flow (CBF) and volume (CBV) in
humans under control, hypercapnic, and hypocapnic conditions using positron emission
tomography (PET). Figure reprinted from Ito et al. (2003) with permission from
Macmillan Publishers Ltd.

the brain”, and showed that it was possible to quantify absolute blood flow using relatively
straightforward mathematical analysis (Kety and Schmidt, 1945).
While this approach initially measured only total blood flow to the brain (although the
principles apply to any organ), it was subsequently extended to measure the regional
distribution of blood flow using inert, freely-diffusible radioactive tracers (Kety, 1960,
1951; Landau et al., 1955). However, since the method required decapitation and tissue
sectioning in order to quantify the tracer distribution via autoradiography, it was not
well suited to use in human volunteers.
Whereas autoradiography detects the distribution of radioactive tracer from a tissue slice
using X-ray film or digital scintillation counters, the development of positron emission
tomography (PET) made it possible to measure the spatial distribution of tracers in vivo.
PET tracers emit positrons (anti-electrons), which are subsequently annihilated upon
colliding with an electron. This annihilation reaction generates two gamma photons, which
move away from the site of annihilation in opposite directions. The PET scanner contains
a circular array of sensors which detects these gamma photons almost simultaneously.
The position at which the two photons are detected can be used to identify the location
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of the annihilation reaction. A large number of annihilations can be used to reconstruct a
three-dimensional tomographic image of the tracer distribution in the patient or animal.
Therefore, the principles developed by Kety (1951) for autoradiography were subsequently
adapted to PET, which enabled non-invasive in vivo measurements of regional cerebral
blood flow (Herscovitch et al., 1983; Raichle et al., 1983, see example in Figure 2.11).
PET is widely regarded as a ‘gold standard’ approach for in vivo quantification of cerebral
blood flow, and data from PET imaging is used in Chapter 3 of this thesis, but there
are a number of limitations. First, PET is a relatively expensive imaging modality that
is not widely available, and blood flow measurements require an on-site cyclotron to
synthesise the positron-emitting tracer, oxygen-15 (15 O) labelled water, since it has a
half life only fractionally longer than two minutes. Secondly, PET is not able to measure
the dynamics of blood flow changes, as the requirement to measure the time course of
tracer equilibration means it has relatively poor temporal resolution. Finally, since PET
measurements of blood flow require the intravenous injection of a radioactive compound,
the technique is not suitable for repeated measurements in healthy volunteers.

2.2.1.2

Magnetic resonance imaging

Magnetic resonance imaging (MRI) is a commonly-used technique in both clinical medicine
and biomedical research, and relies on a quantum mechanical property of atomic nuclei
known as spin (sometimes spin angular momentum). Most MRI techniques are based
on the 1 H atoms in water molecules, and the contrast in MRI can be manipulated in
a number of ways to generate images that are weighted towards different structural
or functional properties of the tissue.
There are a wide range of MRI techniques used to measure CBF, although these can be
divided into two major categories: dynamic susceptibility contrast (DSC) imaging, which
uses an exogenous contrast agent injected into the bloodstream, and arterial spin labelling
(ASL) approaches, which use magnetically-labelled blood water as an endogenous contrast
agent. Readers interested in a more detailed review of the development of blood flow
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Figure 2.12: Continuous arterial spin labelling (ASL) images of blood flow (perfusion)
and diffusion weighted imaging (DWI) obtained from acute ischemic stroke patients
using MRI. The patients have varying degrees of perfusion/diffusion mismatch, ranging
from a large perfusion deficit with no diffusion lesion (far left) to a large diffusion lesion
with much smaller perfusion deficit (far right). Figure reprinted from Chalela et al.
(2000) with permission from Lippincott Williams and Wilkins/Wolters Kluwer Health.

measurements using MRI may refer to Calamante et al. (1999), although there have
been technological improvements since this article was published.
Unlike PET, which measures the rate of positron emission from a radioactive tracer,
contrast-enhanced MRI techniques measure the effect of the contrast agent on the 1 H
atoms in water molecules near the contrast agent. In the case of DSC using gadoliniumbased compounds (the most common), the tracer actually induces a decrease in local
signal intensity (Villringer et al., 1988). Analysis of the tracer’s first pass kinetics can be
used to determine a regional map of CBF (Østergaard et al., 1996a,b, see also Figure 2.12
for example images obtained using arterial spin labelling).
However, the need for a contrast agent injection means that the technique is not suitable
for all patients or experimental protocols, and introduces complications in human subjects
(e.g. some jurisdictions stipulate that a medical specialist must be present during contrastenhanced MRI procedures). In addition, the requirement to analyse the kinetics of the
tracer limits the temporal resolution and repeatability of this approach.
Instead of an exogenous contrast agent, arterial spin labelling (ASL) techniques use
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endogenous blood water as the ‘tracer’. To perform one type of ASL imaging, blood in
the neck arteries is first (non-invasively) magnetically-labelled. An image of the brain is
then acquired after an interval to allow for this tagged blood to flow into the field of view.
This image is referred to as ‘tagged’ as it includes a contribution from the labelled blood,
as well as the static brain tissue. Next, the scanning sequence is repeated without the
magnetic label, producing a ‘control’ image, which contains only the static brain tissue.
Subtracting the control image from the tagged image removes the static components of the
images, and leaves only the contribution from the labelled blood. This image is typically
referred to as perfusion weighted and, depending on the MRI sequence used, can be
post-processed to produce a quantitative map of CBF (see examples in Figure 2.12).
Within the family of ASL techniques there are many variants, each with their own
advantages and disadvantages (e.g. Detre et al., 1992; Luh et al., 1999; Wong et al., 1998);
nevertheless, all ASL approaches are completely non-invasive and involve no ionising
radiation. Using modern hardware and pulse sequences, ASL can provide maps of
dynamic CBF with relatively high spatial resolution and sub-second temporal resolution
(Shen et al., 2008). In addition, CBF imaging with ASL can be combined with other MRI
sequences in the same scanning session (e.g. see Figure 2.12), or even simultaneously (e.g.
by modifying the parameters used to acquire the control image, see Silva et al., 1999).
CBF data obtained from ASL techniques are used in Chapter 3 of this thesis.

2.2.1.3

Laser Doppler and laser speckle

Laser Doppler flowmetry (LDF, sometimes referred to as laser Doppler velocimetry)
and laser speckle imaging (sometimes laser speckle contrast imaging) are two related
methods that measure blood flow with laser light based on Doppler shifts caused by
moving red blood cells (RBCs). Readers seeking a more detailed description of the
physics, assumptions, and relationship between the two methods may be interested in
the reviews by Briers (2001) and Boas and Dunn (2010).
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Figure 2.13: Laser speckle imaging of relative changes in blood flow in response to
10 s forepaw stimulation in rats. The pseudocolour flow measurement is overlaid onto
an anatomical image. A = anterior; L = lateral. Scale bar = 1 mm. Figure adapted
from Dunn et al. (2005) with permission from Elsevier.

LDF uses a self-contained probe to measure blood flow at a particular point of interest,
and can be combined with other techniques such as MRI measurements of blood volume
(see Section 2.2.2.2 and Chapter 3), PO2 measurements using Clark-type electrodes (see
Section 2.2.5.1 and Chapter 4), and optical imaging of intrinsic signals (see Section 2.2.5.2
and Chapter 5). While many applications of LDF measure the relative change in blood flow
from baseline, it is also possible to calibrate the measurement, which enables measurement
of absolute values for blood flow (Rundquist et al., 1985; Smits et al., 1986).
In contrast, laser speckle imaging is a full field optical technique that can measure the
spatial distribution of changes in blood flow (see Figure 2.13). The speckle pattern is
typically detected using a CCD (charge-coupled device) camera. While laser speckle
imaging has very good spatial and temporal resolution, it has relatively poor depth
penetration, similar to optical imaging of intrinsic signals (see Section 2.2.5.2, Devor
et al., 2012). LDF has much better depth penetration, and can also be configured to
detect changes in blood at multiple depths simultaneously (Fabricius et al., 1997).
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2.2.1.4

Laser scanning microscopy

Confocal (Villringer et al., 1994) or two-photon (Kleinfeld et al., 1998) microscopy can
be used to measure velocity in blood vessels. Many implementations of this technique
use a fluorescent dye to stain the plasma, then scan repeatedly along the vessel centerline.
When unstained RBCs intersect the path of the scans, they obscure the plasma dye
leaving a dark shadow (see Figure 2.14A). As the scanning continues, the movement of
the RBCs along the vessel forms dark streaks on the resulting space-time image. The
angle of these streaks can be used to calculate the RBC velocity (see Figure 2.14B). More
recent approaches may also positively label a fraction of the RBCs using a lipophilic
fluorescent dye (Kamoun et al., 2010).
Laser scanning microscopy can also be used to measure changes in vessel diameter
by scanning across the axis of the vessel, perpendicular to the direction of flow (e.g.
Drew and Kleinfeld, 2011; Tian et al., 2010). Furthermore, by combining parallel and
perpendicular scanning segments, it is possible to measure vessel diameter and RBC
velocity simultaneously in a small number of vessels (Driscoll et al., 2011). Other
approaches have employed a double circle scanning trajectory to measure RBC velocity
and flux at capillary bifurcations (Landolt et al., 2013).5
Although these approaches do not measure CBF as a volume flow rate per se, they
can provide valuable information on changes in vessel diameter and RBC velocity with
excellent spatial and temporal resolution, and good depth resolution (typically up to
∼ 500 µm using two-photon imaging Devor et al., 2012; Shih et al., 2012). However,
only a small number of vessels can be scanned at once, and the scanning performance
of the microscope combined with issues relating to image signal-to-noise ratio mean
that these techniques are not suitable for measuring vessels with relatively high RBC
velocities (above ∼ 20–40 mm s−1 , depending on the imaging system and animal preparation, Chhatbar and Kara, 2013).
5

The author was involved in this research during an internship in Switzerland; see Section 1.4.
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(A)
(B)
Figure 2.14: Laser scanning microscope measurements of RBC (red blood cell) velocity.
(A) Diagram illustrating how unlabelled moving RBCs form dark streaks when scanned
repeatedly against a background of labelled plasma. Figure adapted from Villringer et al.
(1994) with permission from Lippincott Williams and Wilkins/Wolters Kluwer Health.
(B) In vivo space-time images of RBC movement acquired using two-photon microscopy.
Figure adapted from Kleinfeld et al. (1998) with permission from the National Academy
of Sciences of the United States of America.

Nonetheless, laser scanning microscopy remains a valuable technique for measuring
changes in haemodynamics in its own right, and data obtained in this way is used in
Chapter 3 of this thesis. In addition, haemodynamic measurements can be combined
with other optical imaging approaches. Readers interested in a more comprehensive
review of two-photon microscopy as a tool to investigate blood flow and neurovascular
coupling may refer to Shih et al. (2012).
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Other modalities

Ultrasound: Ultrasound images are formed by high frequency sound waves reflecting off
tissue structures. Bone is a strong reflector of ultrasonic sounds waves, so ultrasound is
not typically used to image the intact brain due to the extent of signal scattering caused
by the skull bone. However, in animals with a cranial window, it is possible to obtain
good quality ultrasound images (in-plane resolution ∼ 40–200 µm, depth penetration
∼ 15–20 mm) using high frequency micro-ultrasound (Foster et al., 2009, 2002). This
approach enables simultaneous measurements of a relatively large field of view. In
addition, it is possible to increase the signal generated from blood vessels by using
ultrasonic contrast agents, such as microbubbles (for a review, see Ferrara et al., 2007).
These are microscopic gas bubbles, surrounded by a lipid membrane, that remain in
the bloodstream and resonate in the ultrasonic frequency range, thereby enhancing the
vascular signal. Contrast-enhanced functional micro-ultrasound has recently been used
to measure dynamic changes in blood velocity, relative CBF, and relative CBV in rats
following sensory stimulation (van Raaij et al., 2011; van Raaij et al., 2012).
Optical coherence tomography (OCT): OCT relies on similar principles to ultrasound, but the technique measures the scattering of light rather than sound (Huang et al.,
1991). OCT has good spatial resolution (∼ 1–20 µm in-plane and ∼ 5 µm depth), and a
major advantage is its superior depth penetration compared to other optical techniques,
such as two-photon microscopy (Devor et al., 2012). In addition, it is also possible to
obtain data at multiple depths simultaneously, which makes it feasible to increase the
acquisition rate for a given tissue volume, or scan a larger tissue volume at the same
acquisition rate (Choma et al., 2003; Leitgeb et al., 2003). OCT can be used to measure
either RBC velocity (Chen et al., 1997) or CBF (Srinivasan et al., 2011, 2010).
Diffuse correlation spectroscopy (DCS): DCS, sometimes referred to as diffuse wave
spectroscopy (Pine et al., 1988) is a non-invasive optical technique to measure relative CBF.
Measurements with DCS have been shown to correlate well with other imaging modalities
(Kim et al., 2010; Mesquita et al., 2011). Since DCS uses near infra-red light, it is possible
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to image through the skull in humans, and DCS is often combined with near infra-red
spectroscopy measurements of haemoglobin saturation (see Section 2.2.5.2). Since the
equipment required is relatively inexpensive and portable compared to modalities like
MRI, DCS has been used for bedside monitoring and assessment of patients with brain
injuries (Durduran et al., 2009; Kim et al., 2010) and premature neonatal infants (RocheLabarbe et al., 2010). However, DCS is limited by relatively poor spatial resolution
(∼ 1–3 cm) and it has virtually no depth sensitivity (Devor et al., 2012).

2.2.2

Blood volume

Although perhaps less widely used than measurements of CBF, cerebral blood volume
(CBV) is an important measure of haemodynamic performance. For example, imaging
modalities that measure CBV can be clinically useful in the diagnosis and assessment
of stroke (Campbell et al., 2010; Hatazawa et al., 1999) and tumours (Law et al.,
2008). In addition, accurate quantification of CBV is important for other imaging
techniques, since changes in CBV can influence measurements from other modalities,
such as measurement of CMRO2 with PET (see Section 2.2.5.5). CBV also has a direct
effect on the BOLD signal (see Section 2.2.5.4).
As well as the modalities discussed in more detail below, changes in total haemoglobin
calculated using optical imaging of intrinsic signals data (see Section 2.2.5.2) are sometimes
used as a proxy for blood volume. In addition, maps of relative CBV using functional
micro-ultrasound have recently been reported (van Raaij et al., 2011; van Raaij et al.,
2012, see also Section 2.2.1.5).

2.2.2.1

Positron emission tomography

Radioactive tracers that bind to RBCs or blood plasma proteins (i.e. tracers that do
not diffuse out of the bloodstream) can be used to measure CBV. The technique relies
on measuring the activity of the tracer per unit volume of brain tissue, plus a separate
measurement of the activity per unit volume of blood (Grubb et al., 1973). This approach
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was initially employed in post-mortem animal models using autoradiography (e.g. Sklar
et al., 1968). Measurements of CBV in living animals were also attempted using external
detectors, but the activity of tracers within brain tissue was mostly obscured by high
activity from the large volume of blood close to the skull (Oldendorf and Iisaka, 1969).
The introduction of PET overcame both of these limitations. Kuhl et al. (1975) were the
first to report maps of cerebral blood volume from PET images based on approaches
developed for CBV measurements from X-ray fluorescence imaging (Phelps et al., 1973;
Ter-Pogossian et al., 1971) and scintillation counting (Grubb et al., 1974). The initial
measurements used RBCs labelled with Technetium-99m as the tracer (Kuhl et al.,
1975), but subsequent approaches used either

11 C

or

15 O-labelled

carbon monoxide

(Mintun et al., 1984; Phelps et al., 1979a).
Measurements of CBV using PET share many of the advantages and disadvantages of
PET measurements of CBF (see Section 2.2.1.1). Similar to CBF, PET measurements of
CBV can be calibrated to give absolute, rather than relative, values. However, the CBV
measurement has somewhat better temporal resolution compared to CBF, since it is only
necessary to measure the activity of tracers at a particular point in time rather than the
dynamics of tracer equilibration. CBV data obtained via PET is used in Chapter 3 of
this thesis, and example maps of CBV are shown in Figure 2.11 (on page 31).

2.2.2.2

Magnetic resonance imaging

The initial measurements of CBV with MRI relied on dynamic susceptibility contrast
imaging (DSC, see also Section 2.2.1.2), using injections of a gadolinium-based exogenous
contrast agent (Belliveau et al., 1990). Kinetic analysis of bolus injections of the contrast
agent was used to produce the first MRI maps of functional activation in humans, showing
that CBV increases occurred in the occipital lobe of the brain in response to visual
stimulation (Belliveau et al., 1991). However, the gadolinium contrast agents initially
used for CBV measurements have relatively short blood half lives, and this property

2.2. In vivo neuroimaging modalities

41

made it more difficult to repeat experimental protocols. Moreover, the poor temporal
resolution prevented measurements of the dynamic profile of blood volume changes.
It was for these reasons that researchers sought alternative contrast agents with a longer
blood half life. Following earlier reports on the properties of ultrasmall superparamagnetic
iron oxide (Weissleder et al., 1990), Mandeville et al. (1998) used a related iron compound
to measure the dynamic profile of CBV changes in rats triggered by sensory stimulation.
While this class of compound is not typically used in human studies, it has been used
widely in animal models (for a review, see Mandeville, 2012). Indeed, a range of dynamic
CBV data obtained from MRI in this manner are used in Chapter 3 of this thesis. These
data include measurements of both total and compartment-specific volume changes.

2.2.3

Electrical activity

Electrical activity is one of the primary means by which information is encoded and
conducted in the brain (see Sections 2.1.1 and 2.1.2), and so measurements of this
activity provide an important insight into brain function. Changes in electrical activity
also occur on an extremely rapid timescale compared with many other signals, and are
thought to be a major driver of changes in physiological parameters, such as changes
in blood flow and cellular metabolism.

2.2.3.1

Electrode measurements

Intracellular electrode recordings measure the voltage (or current) changes occurring in
single neurons. Since the electrodes at the time were too large to record from typical mammalian neurons, the first intracellular recordings of action potentials were obtained from
the squid giant axon (Cole and Curtis, 1939; Hodgkin and Huxley, 1939, see also Figure 2.1
on page 8). The development of microelectrodes with extremely fine tips means that it
is now possible to record from neurons of virtually any size in virtually any species.
It is also possible to measure the electrical activity of neurons using an extracellular
electrode, although the voltage changes are much smaller than those measured within
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Figure 2.15: Single unit recordings showing orientation selectivity in the cat visual
cortex. The left hand column of the image
illustrates the orientation of a slit of light
directed onto the eye of an anaesthetised
cat. The right hand column illustrates the
neural response, where the horizontal bar
shows the time period during which the
light was turned on, and the short vertical
lines indicate action potentials recorded
in the visual cortex. This cell responds
preferentially to vertical orientation. Figure adapted from Wurtz (2009), which is
traced from Hubel and Wiesel (1959), with
permission from John Wiley and Sons, Inc.

the cell. These so-called single unit recordings are obtained by placing a microelectrode
with a fine tip close to the soma (or axon) of individual neurons (Logothetis, 2003).
These recordings are dominated by action potentials from large neurons (Towe and
Harding, 1970) and those close to the tip. As such, they are best suited to measuring the
spiking activity of individual or small groups of neurons, particularly the principal output
(projection) neurons of a cortical region. For example, single unit recordings were used to
great effect in determining the response of cortical neurons in the sensory (e.g. Mountcastle,
1957) and visual pathways (e.g. Hubel and Wiesel, 1959, 1962, see also Figure 2.15).
Electrodes with larger tips, and thus lower impedance, can measure the composite
electrical activity from a larger region, provided that the tip is sufficiently distant from
active local neurons. There are two primary measures that are obtained by separating the
frequency components of the signal. The Multi Unit Activity (MUA) signal is produced
using a high pass filter with cutoff at approximately 300–400 Hz; whereas using a low pass
filter with a similar cut-off produces the Local Field Potential (LFP, Logothetis, 2003).
The fast MUA signal is thought to represent “a weighted sum of the extracellular action
potentials of all neurons within a sphere of ∼ 140–350 µm radius, with the electrode at
its center” (Logothetis, 2003). In contrast, LFPs are thought to sample from a radius of
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Figure 2.16: Voltage sensitive dye (VSD) imaging of the electrical response to sensory
stimulation before and after a stroke in mice. The electrical response in the hemisphere
contralateral to the stroke is enhanced, suggesting a redistribution of function from
damaged to intact brain regions. Figure reprinted from Mohajerani et al. (2011) with
permission from the National Academy of Sciences of the United States of America.

∼ 0.5–3 mm (Juergens et al., 1999; Mitzdorf, 1987), but also include contributions volume
conducted from distant sites (Kajikawa and Schroeder, 2011). Evidence from biophysical
modelling also suggests that the spatial extent of the LFP signal may be influenced
by the degree of correlation between local and distant electrical activity (Lindén et al.,
2011). Thus, the LFP signal most likely represents a combination of
“. . . slow waveforms, including synaptic potentials, afterpotentials of somatodendritic spikes, and voltage-gated membrane oscillations, that reflect the
input of a given cortical areas [sic] as well as its local intracortical processing,
including the activity of excitatory and inhibitory interneurons.” (Logothetis,
2003)
Electrophysiological recordings have several limitations. The technique is highly invasive
and offers only limited spatial resolution, even when using multiple electrode arrays.
However, they offer excellent temporal resolution and are a direct, widely used, and well
understood measurement, although the results are still subject to some interpretation.

2.2.3.2

Voltage sensitive dye imaging

Voltage sensitive dyes (VSDs) are molecular probes that produce an optical signal in
response to changes in membrane potential (Cohen and Salzberg, 1978; Devor et al., 2012;
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Peterka et al., 2011). Combined with a high speed optical imaging system such as a CCD
camera or laser scanning microscope (Kuhn et al., 2008), voltage sensitive dye imaging can
provide detailed information on the spatial distribution of electrical activity in the brain.
For example, VSD imaging was used to observe changes in stimulus-induced electrical
activity in both cerebral hemispheres following mini-strokes (Mohajerani et al., 2011,
see also Figure 2.16), and to investigate the centre-surround distribution of excitation
and inhibition in response to sensory stimulation (Devor et al., 2007).

2.2.3.3

Electroencephalography

Non-invasive measurements of electrical activity can also be acquired using electroencephalography (EEG)—analogous to electrocardiography (ECG) in the heart—which uses
an array of electrodes placed on the scalp to measure small changes in surface voltage.6 In
the clinical setting, EEG is used as a routine diagnostic and monitoring tool for a number
of neurological conditions, particularly epilepsy (see Figure 2.17) or other abnormalities
with similar symptoms (Engel, 2013). EEG is also valuable for monitoring in the operating
theatre during certain cardiovascular or neurosurgical procedures (Quinonez, 1998).
EEG has a number of advantages over other techniques that measure neural function in the
research environment. Although EEG is limited by relatively poor spatial sensitivity, the
equipment costs are substantially lower, and EEG sensors are considerably more portable
than imaging modalities such as functional MRI or PET. In addition, EEG has outstanding temporal resolution, and can be used in combination with other techniques to provide
high temporal resolution data that complements data from structural imaging approaches
that have better spatial sensitivity. Finally, compared with MRI or PET, the technique
does not involve exposure to radiation or magnetic fields, is silent (enabling better investigation of the auditory pathway), is less sensitive to movement artefacts (O’Regan et al.,
2010), and poses no threat to patients or subjects who experience claustrophobia.
6

Related measurements of the magnetic field induced by synchronised neural activity are known as
magnetoencephalography (MEG).
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Figure 2.17: Multi-channel electroencephalography (EEG) before and during an
absence seizure. Between the arrows marked ‘STOPS’ and ‘RESUMES’, the patient
stopped talking and looked confused. Figure reprinted from Obeid et al. (1996) with
permission from Lippincott Williams and Wilkins/Wolters Kluwer Health.

2.2.4

Cellular metabolism

In addition to electrical activity, imaging of cellular metabolism provides one of the
most direct measurements of neural function available, particularly in humans. In the
clinical setting, imaging of cellular metabolism is used extensively in the diagnosis and
assessment of tumours (Fletcher et al., 2008; Möller-Hartmann et al., 2002). Furthermore,
the wide range of metabolic pathways that can be targeted with these imaging techniques
make them particularly valuable tools for research.
Conventional optical imaging techniques for targeting proteins or molecules that are used
in molecular biology (such as introducing antibodies labelled with fluorescent markers,
or creating transgenic animals that synthesise fluorescent molecules when certain genes
are expressed) are not discussed here, although two techniques that exploit the intrinsic
fluorescence of certain co-enzymes to measure oxygenation or oxidative metabolism
are outlined in Section 2.2.5.6.
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Figure 2.18: Autoradiography of 2-deoxyglucose uptake in the rat brain. Dark regions
indicate high glucose uptake and thus cerebral metabolic rate of glucose (CMRGlu).
In the top slice the animal was concious; in the bottom it was anaesthetised, and the
reduction in glucose uptake is particularly visible in certain deep brain regions. Image
reprinted from Sokoloff et al. (1977) with permission from John Wiley and Sons, Inc.

2.2.4.1

Positron emission tomography

While it is relatively difficult to measure oxidative metabolism (see Section 2.2.5.5),
there are reliable and well-understood techniques to measure glucose utilisation. The
‘gold standard’ approach relies on the biochemistry of 2-deoxy-d-glucose (2DG), an
analogue of glucose which competes for uptake into the brain via glucose transporters
(Horton et al., 1973). Once inside a cell, both glucose and 2DG are phosphorylated,
which prevents them being transported out of the cell (Horton et al., 1973; Sols and
Crane, 1954). However, whereas phosphorylated glucose is converted into fructose-6phosphate and continues along the glycolytic pathway (see Section 2.1.5), the same
enzyme cannot act on phosphorylated 2DG (Horton et al., 1973). Therefore, since the
activity of other enzymes on phosphorylated 2DG can be neglected in the brain (Horton
et al., 1973), this molecule accumulates in cells.
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Sokoloff et al. (1977) recognised the potential of this process for measuring the metabolic
rate of glucose utilisation; in what was to become a ground-breaking study, the authors
injected rats with a form of 2DG where one carbon atom was substituted with radioactive
14 C.

Therefore, following post-mortem autoradiography to measure the concentration

of the labelled 2DG (see Figure 2.18), it was possible to calculate the rate of glucose
consumption in tissue using a mathematical model of the biochemical pathways (Sokoloff
et al., 1977). These methods were subsequently adapted to in vivo application in humans
using 2-deoxy-2-fluoro-d-glucose (2FDG) labelled with

18 F

(a positron-emitting isotope)

as the tracer (Greenberg et al., 1981; Phelps et al., 1979b; Reivich et al., 1979).
The 2DG/2FDG uptake methods have had an enormous impact on the study of cerebral
glucose metabolism, and both the autoradiography and PET techniques remain widely
used in cerebrovascular research (e.g. Devor et al., 2008; Wyss et al., 2011). Indeed,
theoretically speaking there is a nearly limitless range of tracers and molecular targets
available for in vivo investigation using PET. Readers interested in a review of the
pioneering methods developed to investigate cerebral metabolism using PET and their
applications may refer to Phelps and Mazziotta (1985).

2.2.4.2

Magnetic resonance spectroscopy

Magnetic resonance spectroscopy (MRS), also known as nuclear magnetic resonance
(NMR) spectroscopy, is an analytical tool used extensively in organic chemistry and
biochemistry that can also be applied in vivo. MRS relies on much of the same physics as
MRI; however, whereas MRI typically generates a series of two dimensional tomographic
images representing a structural or functional quantity (see Sections 2.2.1.2, 2.2.2.2
and 2.2.5.4), MRS typically produces a one-dimensional spectra describing the biochemical
environment in a voxel or region of interest (see Figure 2.19A).
Specifically, MRS detects a property known as the chemical shift of an atomic nuclei,
and this quantity is usually displayed in units of ppm (parts per million). The chemical
shift corresponds to the chemical bonding environment of the nuclei within a molecule,
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(A)
(B)
Figure 2.19: Magnetic resonance spectroscopy (MRS) measurements of cerebral
metabolite concentrations. (A) Unedited proton (1 H) MRS spectra from the human
brain highlighting typical peaks: Cr = creatine, NAA = N -acetylaspartate, C4-Glu
= the fourth carbon of glutamate. Figure reprinted from Rothman et al. (1992) with
permission from the National Academy of Sciences of the United States of America.
(B) Spectra showing the appearance of labelled molecules in the human brain during
intravenous infusion of

13

C-labelled glucose. Each spectra is averaged over 8.5 minutes,

with the earliest spectra at the bottom. Glu = glutamate, Gln = glutamine, Asp =
aspartate, NAA = N -acetylaspartate, and numbers correspond to the position of the
relevant carbon atom. Figure adapted from Li et al. (2009) with permission from John
Wiley and Sons, Inc.

and a particular combination of peaks on the spectra at known chemical shifts can be
used to identify the presence of a certain molecule. In addition, the intensity of the
peaks (measured as the area under the curve) is proportional to the concentration of
the molecule. Therefore, repeated measurement of the spectra can be used to quantify
the change in concentration of a molecule through time (see Figure 2.19B). 1 H and

13 C

are the most common nuclei targeted for analysis in biomedicine, but it is possible to
use a range of other nuclei such as

17 O

or

31 P.

In vivo MRS is widely used in research to investigate neural metabolism, in particular
the process by which glucose is metabolised (Rothman et al., 2003, 2011). For example,
following infusion of

13 C-labelled

glucose,

13 C

MRS can be used to measure the change

in concentration of intermediary metabolites as the labelled carbon atom is incorporated
into other molecules (Beckmann et al., 1991; Behar et al., 1986, see also Figure 2.19B).
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This technique has some similarities with 2FDG-PET (see Section 2.2.4.1), which also
uses a labelled glucose analogue, but in MRS the tracer nuclei continues through the
entire metabolic pathway. In addition, MRS is able to determine which metabolite
contains the tracer molecule from the pattern of chemical shifts, whereas PET cannot
distinguish between positrons emitted from different molecules.
However, due to the low concentrations of

13 C

resulting from tracer uptake,

13 C

MRS

has relatively poor sensitivity and lower spatial resolution compared with 1 H MRS. This
limitation led to the development of an alternative technique, which relies on the fact
that

13 C

(compared to the normal

12 C)

has a different effect on the chemical shift of

directly-bonded 1 H atoms (Cronan and Prestegard, 1977). As such, it is possible to
measure the rate of

13 C

incorporation into molecules using 1 H MRS; this technique is

known as 1 H-[13 C] MRS or sometimes POCE (proton observed, carbon edited) NMR
(Fitzpatrick et al., 1990; Rothman et al., 1985, 1992).
There are also a number of clinical applications of MRS (for a review, see Soares and Law,
2009). For example, MRS has been used in combination with

18 F

fluorodeoxyglucose

PET (see Section 2.2.4.1) to assess the metabolism of tumours (Alger et al., 1990). In
addition, there is evidence that MRS may be able to detect changes in brain biochemistry
that predict dementia (den Heijer et al., 2006; Doraiswamy et al., 1998).
MRS shares a number of the advantages of MRI (see Sections 2.2.1.2, 2.2.2.2 and 2.2.5.4),
and many of the more routine 1 H MRS sequences can be conducted in the same session
as other MRI scans. However, more complex sequences such as 1 H-[13 C] MRS involve a
number of practical and technical difficulties, such as the requirement for non-standard
hardware configurations, and more sophisticated post-processing (for a review, see de
Graaf et al., 2011). In addition, although MRS can measure the change in concentration
of a range of metabolites, a kinetic modelling approach is required to determine the flux
through specific metabolic pathways. Furthermore, the temporal resolution of MRS is
typically worse than techniques like fMRI, due to the need to average multiple spectra.
Finally, MRS cannot be used to record from multiple brain regions simultaneously, since
the spectra lump together the contributions from voxel or region of interest.
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2.2.5

Oxygenation and oxygen consumption

Oxygenation is critical to brain function, so, as with CBF, it is clinically important
to understand normal oxygen dynamics and how they are affected by pathological
conditions. Furthermore, activity-induced changes in cerebral oxygenation levels are
vital for non-invasive functional imaging modalities such as near infra-red spectroscopy
(see Section 2.2.5.2) and BOLD-fMRI (see Section 2.2.5.4). Therefore, it is important to understand how oxygenation relates to neural activity in order to interpret
these signals appropriately.
The imaging techniques discussed below all give some insight into oxygenation. At
this point it is important to highlight the distinction between modalities which are
sensitive to cerebral oxygen concentration (the majority), and those which are capable of
measuring or estimating the rate of cerebral oxygen consumption directly, such as PET
(see Section 2.2.5.5), and several less common techniques (see Section 2.2.5.6).

2.2.5.1

Oxygen sensitive electrodes

The invention of an electrode to measure PO2 in blood stemmed from the initial rejection
of a manuscript,7 which described an improved method to oxygenate blood by bubbling
it with oxygen, from Science (as described by Severinghaus and Astrup, 1986). The
paper was ultimately accepted with the inclusion of oxygen measurements using an
alternative technique, but the editor’s comments led the first author, Leland C. Clark Jr.,
to develop an electrochemical method to measure PO2 based on the reduction of oxygen
at an inert platinum electrode (Clark et al., 1953). This initial electrode consumed too
much oxygen for practical use in vivo, but further developments led to a self-contained
electrode with much lower oxygen consumption (Clark, 1956).
Modern Clark-type oxygen electrodes can have microscopic tips, and there are also
sensors capable of measuring PO2 and electrical activity simultaneously (Thompson
et al., 2003). Alternative carbon paste or carbon fibre electrodes (Lowry et al., 1996)
7

Clark et al. (1950), an important publication in the development of modern heart-lung machines
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based on a different electrochemical reaction are also commonly used, and a colleague of
the author recently developed a fully implantable wireless telemetry system for chronic
monitoring of PO2 (Russell et al., 2012).
Although oxygen electrodes have limited spatial resolution and are extremely invasive, they
remain an important tool in the research environment as they are a simple, inexpensive,
direct, and well understood measurement technique. Indeed, data obtained from oxygen
electrodes are used in Chapter 4 of this thesis.

2.2.5.2

Spectroscopy

Conveniently for the field of optical imaging, haemoglobin exhibits different optical
properties with and without bound oxygen: specifically, the molar extinction coefficient
(which determines absorption of light) varies between states (see Figure 2.20A). Therefore,
measurements of reflectance at two or more wavelengths (often ∼ 6, Dunn et al., 2003,
see also Figure 2.20B) can be used to measure the change in concentration of oxygenated
and deoxygenated haemoglobin, although the measurements are subject to estimates
of how light of different wavelengths scatters in tissue (Kohl et al., 2000). In addition,
adding the concentration changes for the two forms of haemoglobin gives the total change
in haemoglobin, which is often used as a proxy for changes in total blood volume.
In the laboratory setting, these measurements are typically made using light in the visible
spectrum, and the technique is referred to as optical imaging of intrinsic signals (OIS,
Grinvald et al., 1986) or sometimes optical intrinsic signals imaging (OISI, Devor et al.,
2012). Since visible light is strongly scattered by the skull bone, OIS is typically performed
using a cranial window or thinned skull preparation. Even under these conditions,
absorption and scattering of light in tissue means that OIS has limited depth resolution
(< 500 µm), and Monte-Carlo simulations suggest that the sensitivity of the technique is
exponentially weighted toward the surface (Tian et al., 2011). While it is useful in its own
right (see Chapter 5), OIS is also routinely used as a ‘pre-mapping’ technique to identify
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(A)
(B)
Figure 2.20: Optical imaging of intrinsic signals (OIS) can be used to detect active brain
regions. (A) Molar extinction coefficient of oxygenated (HbO, red) and deoxygenated
(HbR, blue) haemoglobin. (B) Raw images from the rat brain obtained at the six
wavelengths indicated by vertical lines in (A). The images show relative reflectance
averaged over a two second window, beginning two seconds after forepaw stimulation.
A = anterior; L = lateral. Scale bar = 1 mm. Figures adapted from Dunn et al. (2005)
with permission from Elsevier.

activity in regions of interest for other imaging modalities, such as two-photon microscopy.
This is particularly convenient since no exogenous contrast agents are required.
Unlike light in the visible spectrum, near infra-red light is less affected by scattering
through the skull (Jöbsis, 1977), so near infra-red spectroscopy (NIRS), a technique
analogous to OIS, allows non-invasive measurements of haemoglobin concentration
changes in humans through the intact skull and scalp (Hoshi and Tamura, 1993; Villringer
et al., 1993). Due to this non-invasiveness, and since the equipment required is relatively
portable, NIRS is widely employed in the clinical setting for patient monitoring. NIRS
can also be used for patients or research protocols where fMRI is not appropriate, such
as infants (e.g. Grant et al., 2009) or the study of language (e.g. Dieler et al., 2012).

2.2.5.3

Phosphorescence lifetime imaging

Fluorescent molecules absorb and then rapidly emit photons, usually of a longer wavelength. In contrast, phosphorescent molecules absorb photons and then continue to
re-emit them over a relatively longer timescale, due to quantum mechanical effects. This
process is the basis for ‘glow-in-the-dark’ materials. Certain classes of molecules exhibit
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(B)

Figure 2.21: Oxygen partial pressure (PO2 ) as measured by two-photon phosphorescence lifetime imaging. (A) Measurements in mouse cortical blood vessels only (scale
bar = 200 µm). (B) Simultaneous measurements in rat brain tissue and blood vessels
(scale bar = 50 µm). Figures adapted from Sakadžić et al. (2010) with permission from
Macmillan Publishers Ltd.

phosphorescence where the rate of decay of light emission is dependent on the local oxygen
concentration (Finikova et al., 2008; Vanderkooi et al., 1987). This effect, sometimes
referred to as phosphorescence quenching, allows in vivo imaging of oxygen concentration
using a CCD camera (Rumsey et al., 1988; Sakadžić et al., 2009), confocal (Yaseen et al.,
2009) or two-photon microscopy (Sakadžić et al., 2010, see also Figure 2.21), and the
technique is known as phosphorescence lifetime imaging.
Since phosphorescence lifetime imaging measures the rate of decay (i.e. lifetime) of
emitted light intensity, rather than the intensity itself, the technique is not sensitive
to variation in the local probe concentration or optical properties of the medium being
imaged (Devor et al., 2012; Sakadžić et al., 2010). However, the disadvantage of this
approach is that the temporal resolution is limited by the need to measure the rate
of decay of phosphorescence intensity over multiple lifetimes (∼ 300–400 µs for modern
probes with a lifetime of 30–60 µs, Finikova et al., 2008) and average the measurement
over multiple decays (Devor et al., 2012). Nonetheless, phosphorescence lifetime imaging,
particularly in conjunction with other two-photon microscopy approaches (e.g. Lecoq
et al., 2011), is a powerful technique capable of assessing the spatiotemporal variation in
PO2 non-invasively to depths of > 200 µm (Devor et al., 2011, 2012).

54
2.2.5.4

Chapter 2. Background
Magnetic resonance imaging

Measurements of oxygenation with MRI stem from an early observation that haemoglobin
has different magnetic properties in the oxygenated state compared to the deoxygenated
(Pauling and Coryell, 1936). Nearly 50 years after this initial work, Thulborn et al.
(1982) reported that this oxygenation-dependent variation in magnetic susceptibility
could be detected in whole blood using MRI. Subsequently, Ogawa et al. (1990) reported
that this property could be employed to produce images of the brain in vivo, where
the image contrast is a function of blood oxygenation; this study also introduced the
term BOLD (blood oxygenation level-dependent) fMRI.
Conveniently for the field of functional neuroimaging, the brain’s physiological response
to activation enhances the BOLD contrast mechanism: following activation of a particular
neural region, local CBF and CMRO2 both increase, but the increase in CBF is much
larger than CMRO2 (see Section 2.1.7). This means that local neural activity results
in a net decrease in local deoxyhaeoglobin levels, which can be detected using BOLD
MRI. Subtracting an image obtained under a control condition (e.g. resting with eyes
closed) from an image obtained under a stimulation condition (e.g. visual stimulation)
produces a map of the regions selectively activated by the stimulus.
Results obtained using this approach were first reported at a conference in 1991, as
described by Bandettini (2012), and a flurry of publications from six competing groups
followed shortly after (Bandettini et al., 1992; Blamire et al., 1992; Frahm et al., 1993;
Kwong et al., 1992; Ogawa et al., 1992; Turner et al., 1993). Readers interested in
reviews on the development and applications of BOLD-fMRI, as well as accounts from
many of the key figures, are encouraged to refer to a recent special issue of NeuroImage
highlighting 20 years since the initial publications (see the introduction by Bandettini,
2012, and references therein).
Since those first reports, BOLD functional MRI (fMRI) has exploded in popularity and
is now one of the most commonly used functional imaging modalities in the biomedical literature (Friston, 2009). The rapid growth in the use of BOLD-fMRI can be
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Figure 2.22: Blood oxygenation level dependent functional magnetic resonance imaging
(BOLD-fMRI) images of neural regions selectively activated by romantic (red) and
maternal (yellow) love. Regions activated during both emotions are shown in orange. aC
= anterior cingulate cortex; aCv = ventral aC; C = caudate nucleus; hi = hippocampus;
I = insula; PAG = periaqueductal gray; S = Striatum. Image reprinted from Bartels
and Zeki (2004) with permission from Elsevier.

attributed partly to its relative ease of implementation, especially in human subjects.
For example, the technique is non-invasive, involves no ionising radiation, uses intrinsic
blood haemoglobin rather than an injected contrast agent, and has relatively good
spatial and temporal resolution. In addition, BOLD scans can be combined with other
structural and functional MRI sequences, such as those designed to measure CBF (see
Section 2.2.1.2) or CBV (see Section 2.2.2.2).
Although BOLD-fMRI is not used as widely as structural MRI approaches in the clinical
setting, there are some applications. For example, BOLD-fMRI can be employed in
surgical planning to determine the location of critical functional regions that have been
displaced from their normal positions by brain tumours (e.g. Gering et al., 2001). In
contrast, the technique is used extensively in human and animal studies to address
research questions in neuroscience, neurology, and psychology. For example: Bartels and
Zeki (2004) used BOLD-fMRI to highlight the similarities and differences in the neural
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correlates of romantic and maternal love (see Figure 2.22); Sheline et al. (2010) have proposed that changes in neural activity detectable with BOLD-fMRI may precede structural
changes in certain patients with Alzheimers disease; and BOLD-fMRI data obtained by
Whalley et al. (2009) suggest that the neural pathways “involved in general episodic memory retrieval are largely [unaffected by post-traumatic stress disorder], although they may
demonstrate relatively greater sensitivity when the task involves emotional material”.
Despite all of the advantages of BOLD-fMRI, there are a number of important limitations.
The BOLD signal is influenced by changes in CBF, CBV and CMRO2 , and these quantities
vary simultaneously in activated brain regions. Therefore, it is not yet clear what changes
in the BOLD signal imply about the underlying neural physiology, and whether the
relationship depends on the nature of the neuronal circuitry in the location of interest.
While several approaches, often referred to as ‘calibrated fMRI’, have been developed to
calculate changes in CMRO2 from BOLD-fMRI measurements (e.g. Davis et al., 1998;
Hoge et al., 1999a), these techniques rely on theoretical frameworks that have a number
of limitations, as discussed in Chapter 5 of this thesis.
While this thesis does not directly address the relationship between the BOLD signal
and the underlying neural physiology, the mathematical modelling framework developed
in this research may form the foundation for future investigation in this area (see
Chapter 6). In addition, the results from Chapter 5 of this thesis, while illustrated using
data from optical imaging of intrinsic signals (see Section 2.2.5.2), are also relevant to
the calculation of CMRO2 from BOLD-fMRI measurements, since the two approaches
share a common mathematical basis.

2.2.5.5

Positron emission tomography

While radioactive tracer approaches enable robust, quantifiable measurements of absolute
CBF, CBV, and CMRGlu in humans and animal subjects, it is considerably more
challenging to determine CMRO2 . Readers interested in a more detailed discussion are
referred to a comprehensive review by Buxton (2010), but “[t]he essential problem is
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that [after injecting or inhaling a labelled tracer, such as

15 O,]

one cannot tell whether

the detected oxygen nucleus is in O2 , and thus not metabolized, or in water, and
thus metabolized” (Buxton, 2010).
Therefore, the current approach for measuring CMRO2 relies on three PET scans
with three different tracers: inhalation of

15 O-labelled

CBV (see Section 2.2.2.1), intravenous injection of
CBF (see Section 2.2.1.1), and inhalation of

carbon monoxide to determine

15 O-labelled

15 O-labelled

water to determine

O2 (Mintun et al., 1984).8

The measurements of CBF and CBV are needed as both of these quantities strongly
influence the kinetics of the labelled O2 scan. All three measurements are combined to
produce the final value for CMRO2 using an equation derived from a two compartment
model (Mintun et al., 1984).
While it is generally regarded as the best available technique for determining absolute
values, there are a number of limitations of this approach. Firstly, the number and
complexity of the scans required for the CMRO2 calculation cause practical and technical
challenges. In addition, despite the three measurements, it is still necessary to assume
that all oxygen leaving the blood is immediately metabolised, as the theoretical framework
does not account for back-flux of unmetabolised oxygen from tissue to blood (Buxton,
2010). Finally, due to the nature of the tracer kinetics and the temporal resolution
of PET imaging, it is not possible to determine the dynamics of CMRO2 using this
approach, although steady state changes in metabolism can be detected (Fox et al.,
1988; Fox and Raichle, 1986).

2.2.5.6

Other modalities

Photoacoustic tomography: Although a relatively new modality, photoacoustic tomography (PAT) is a promising technique for imaging changes in haemoglobin oxygenation (for reviews, see Hu and Wang, 2010; Wang, 2009). The image contrast in this
approach relies on the photoacoustic effect, whereby absorption of light by haemoglobin
8

17

There is also an analogous Magnetic Resonance Spectroscopy technique (see Section 2.2.4.2) using
O as the tracer (Arai et al., 1991, 1990; Fiat and Kang, 1992, 1993)
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also generates heat, and thus results in thermal expansion. This expansion produces
an acoustic wave, which can be detected and localised using the same methods as
time-of-flight ultrasound (Glover and Sharp, 1977). Photoacoustic tomography produces functional maps (e.g. Wang et al., 2003) similar to those from optical imaging
of intrinsic signals (see Section 2.2.5.2), but it has the advantage of superior depth
sensitivity (Devor et al., 2012).
Co-enzyme autofluorescence: Certain cellular co-enzymes exhibit intrinsic fluorescence (often referred to as autofluorescence), and the nature of the fluorescence in two of
these compounds make them useful targets for optical imaging (for a review, see Heikal,
2010). The first, nicotinamide adenine dinucleotide (NAD+ /NADH), is a ubiquitous
compound, derived from vitamin B3 , that is important in a range of cellular processes.
In particular, it is a vital co-enzyme in cellular oxidative metabolism, and binds to
complex I in the mitochondrial electron transport chain. The intrinsic fluorescence of
NADH has been observed for over 50 years (Chance et al., 1962), and sharply increases
at low PO2 values (Kasischke et al., 2011). A recent study investigated the spatial
distribution of NADH autofluorescence in relation to vascular geometry, and suggested
that the fluorescence may indicate “observable boundaries of tissue oxygen diffusion”
(Kasischke et al., 2011, see also Figure 2.23).
The second technique is often referred to as flavoprotein autofluorescence imaging (FAI),
since it relies on autofluorescence from the flavin-containing cofactors of the flavoprotein
family of enzymes. As with NADH, these compounds are also important coenzymes in
oxidative metabolism, and their fluorescence is influenced by metabolic activity (Chance
et al., 1962; Shibuki et al., 2003). This change in fluorescence is thought to be a more
direct representation of oxidative metabolism than oxygen concentration, and is not
strongly influenced by the increases in CBF that accompany neural activation. A number
of studies have measured the change in fluorescence that follows functional activation
simultaneously with blood flow, and spatio-temporal analysis suggests that increases
in oxidative metabolism occur faster and over a smaller area than increases in blood
flow (Vazquez et al., 2012; Weber et al., 2004).
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Figure 2.23: Two-photon images of (A) nicotinamide adenine dinucleotide (NADH)
intrinsic fluorescence, (B) neuronal processes expressing yellow fluorescent protein
(YFP), (C) sulforhodamine-stained astrocytes, (D) blood vessels labelled with quantum
dots (QDots), and (E) all four image channels. Scale bars = 100 µm. Figure adapted
from Kasischke et al. (2011) with permission from MacMillan Publishers Ltd.

Magnetic resonance spectroscopy: There is also an MRS technique for determining
CMRO2 based on similar principles to 1 H-[13 C] MRS measurements of glucose metabolism
(see Section 2.2.4.2). The approach relies on the fact that 17 O induces a different chemical
shift when bound to hydrogen atoms in water than

16 O

(Meiboom, 1961). This effect

means that it is possible to measure the rate of appearance of
following inhalation of

17 O-labelled

17 O

in water molecules

O2 . Combined with a kinetic modelling approach

similar to PET (see Section 2.2.5.5), this approach has been used to determine CMRO2
in rodents (Ronen et al., 1998) and swine (Mellon et al., 2009). There was considerable
early interest in this technique, but it is currently limited by the high cost of

17 O

and

technical issues with quantifying CMRO2 (Buxton, 2010).

Summary
This chapter has introduced the background information that forms the basis of the
subsequent chapters. Specifically, the first half of this chapter, Section 2.1, summarised
the relevant anatomy and physiology of the brain, and Section 2.1.7 reviewed the
current understanding of the functional hyperemia response to brain activation in more
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detail. In addition, the second half of this chapter, Section 2.2, gave an overview of the
neuroimaging modalities relevant to research in this area, including those that produced
the data used in this thesis. The following three chapters are self-contained studies that
each address a particular question in physiology or imaging. Collectively, these chapters
also demonstrate the development and validation of the model.

Chapter 3

Modelling Blood Flow
Variations in local neural activity are accompanied by rapid, focal changes in cerebral
blood flow and volume. While a range of observations have shown that dilation occurs in
cerebral arteries, there is conflicting evidence about the significance of volume changes in
post-arteriole vessels. In this chapter, these competing observations are reconciled using
a new mathematical model of the haemodynamic response. First, following a ‘top down’
approach (without constraining the model), experimental observations at progressively
more detailed scales were used to ensure physiological behaviour. Then, dilation of
post-arteriole vessels was blocked, and observations were predicted at progressively
more aggregated scales (a ‘bottom up’ approach). For the ‘top down’ simulations,
predictions of blood flow, volume, velocity, and vessel diameter changes were consistent
with experimental observations. Interestingly, the model predicted small, slow increases
in capillary and venous diameter in agreement with recent in vivo data. Blocking dilation
in these vessels led to erroneous predictions of cerebral blood volume. The results are
further evidence that arteries make up the majority of blood volume increases during
brief functional activation. However, dilation of capillaries and veins appears to be
increasingly significant during extended stimulation. These are important considerations
when interpreting results from different neurovascular imaging modalities.1
1

A version of this chapter was published as Barrett et al. (2012).
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Introduction

Moment to moment variations in neural activity are accompanied by rapid changes in
local cerebral blood flow (CBF) and volume (CBV); this is termed functional hyperemia.
While the function (Buxton, 2010) and underlying cellular mechanisms (Attwell et al.,
2010) remain unclear, reports are beginning to emerge that offer a more consistent
view of how this process unfolds.
In vivo observations at the single vessel scale have shown that arteries supplying an
active cortical region dilate rapidly in response to stimulation, increasing the supply
of blood and thus the delivery of oxygen and nutrients (Takano et al., 2006). Depth
resolved microscopy suggests that this vasodilation originates deep within the cortex, at
or below layer four, then propagates to upstream and surface vessels within seconds (Tian
et al., 2010). Direct measurements of veins during functional hyperemia have observed
no (Hillman et al., 2007) or small (Drew and Kleinfeld, 2011) increases in diameter.
Consistent with these microscopic observations, ‘bulk’ measurements of CBF and CBV
made with MRI have shown increases in arterial CBV (CBVa , Ho et al., 2010b; Kim
et al., 2007; Kim and Kim, 2011). However, in conflict with the venous diameter
measurements, observations made using MRI have demonstrated significant increases
in venous CBV (CBVv , Chen and Pike, 2009, 2010). Furthermore, it is widely thought
that the balloon-like increases in CBVv (Buxton et al., 1998; Obata et al., 2004) are an
important component of the Blood Oxygenation Level Dependent (BOLD) functional
MRI signal (Ogawa et al., 1990).
It is not clear whether these apparent differences between optical (Drew and Kleinfeld,
2011; Hillman et al., 2007) and MRI data (Chen and Pike, 2009, 2010) are significant.
It is possible that the discrepancy may be due to methodological differences such as
species, stimulation length, surgical preparation, or anaesthesia. Or, differences in the
spatial resolution of the imaging modalities used may play a role.
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Figure 3.1: Schematic diagram of the blood flow model. Electrical circuit representation
of the vascular model showing pressure boundary condition (∆pr ), blood flows (fi,j ),
resistances (ri ), and compliances (ci ). Resistances are symmetric within arterial (Art.),
capillary (Cap.), and venous (Ven.) compartments.

In this chapter, a dynamic, predictive mathematical model of the haemodynamic response
that is based on fundamental biophysical mechanisms is used in an attempt to reconcile
the competing observations. To do so, the model extends previous implementations of
the widely known Windkessel model (Huppert et al., 2007; Mandeville et al., 1999; Zheng
et al., 2005) and introduces a novel description of vascular compliance.
Initially the model is implemented assuming post-arteriole vessels are able to dilate.
This approach imposes no a priori constraints on the behaviour of post-arteriole vessels, so is referred to as ‘top down’ (unconstrained). Experimental observations at
progressively more detailed scales are then used to restrict the model to physiological
behaviour. Subsequently, dilation in post-arteriole vessels is blocked, and the same
model is used to predict observations at progressively more aggregated scales. This
approach constrains the behaviour of post-arteriole vessels, so this model is referred
to as ‘bottom up’ (constrained).

3.2

Theory

Recently, several compelling theoretical models have examined CBF and CBV in complex
or anatomical geometries (Boas et al., 2008; Lorthois et al., 2011; Reichold et al., 2009).
For the current study it is more relevant to focus in detail on the bulk mechanisms of
fluid flow and retain sufficient computational simplicity to consider transient effects.
As such, the problem domain is described as three lumped compartments representing

64

Chapter 3. Modelling Blood Flow
Table 3.1: List of dynamic variables in the blood flow model.

Symbol

Description

ai (t)
ci (t)
di (t)
fi,j (t)
pi (t)
∆pi (t)
ri (t)
si (t)
ui (t)
vi (t)

Vessel cross-sectional area
Vessel compliance
Vessel diameter
Blood flow from i to j
Entrance blood pressure
Blood pressure difference
Viscous resistance
Vasodilatory stimulus
Blood velocity
Blood volume

arteries, capillaries, and veins, as shown in Figure 3.1. These are referred to by the
subscripts 1, 2, and 3, respectively. The subscripts 0 and 4 refer to unmodelled larger
arterial and venous compartments.
The governing equations of the model are presented in the following sections, while
Appendix A.1 contains further details of the derivation and Appendix A.2 summarises
the non-dimensionalisation. Table 3.1 summarises the dynamic variables used in the
model. Extending a previous convention (Buxton et al., 2004), variables in upper case
are absolute quantities, while those in lower-case are dimensionless (see Appendix A.2).
The superscript * (e.g. v ∗ ) represents baseline values.

3.2.1

Fluid flow

The blood volume in a vascular compartment i, vi (t), varies when the flow in, fi−1,i (t),
and out, fi,i+1 (t), differ, according to
dvi
= fi−1,i (t) − fi,i+1 (t).
dt

(3.1)

Following the path of the flow from the ground (see Figure 3.1) up through the vascular
compliance, ci (t), and the viscous resistance, ri (t), leads to an equation for the pressure
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at the entrance to each compartment, pi (t), such that
pi (t) = 12 ri (t)fi−1,i (t) +

vi (t)
,
ci (t)

(3.2)

where ci (t) is discussed in more detail in Section 3.2.2 and defined mathematically
in Equation (3.9). Since the flow in these vessels is slow, Poiseuille’s law is used to
calculate resistance, mathematically:
ri (t) =

li3
,
vi (t)2

(3.3)

where li , the compartment length, is assumed constant. To eliminate pi (t) and express
the equations in terms of flow and volume only, pi (t) can also be defined from pin , the
inlet pressure boundary condition, down such that

pi (t) =






 pin

:i=1
i−1

X



p
−
∆pj (t) : otherwise.
in



(3.4)

j=1

To obtain a closed set of equations, the compartmental pressure losses must sum to the
(reference) pressure boundary condition, ∆pr ; mathematically:
3
X

∆pi (t) = ∆pr ,

(3.5)

i=1

where
∆pi (t) = 21 ri (t) [fi−1,i (t) + fi,i+1 (t)] .

(3.6)

Allowing i to range from 1 to 3 leads to a system of seven differential algebraic equations
(DAEs) in four flows and three volumes governed by Equations (3.1), (3.2) and (3.5). In
this work average dynamic CBF, f¯i (t), is defined as the instantaneous volume-weighted
average of the four flows, such that
f¯i (t) =

3
X
i=1

,

vi (t) [fi−1,i (t) + fi,i+1 (t)]

2

3
X
i=1

vi (t) .

(3.7)
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Figure 3.2: Linear compliance relationship. Left: Experimentally measured relationship in brachial arteries under baseline, dilated, and constricted conditions. The data
points (± s.d. in each axis) are replotted from Bank et al. (1995). Lines are linear
regression fits. For both axes, ‘Area’ is cross-sectional area and ‘Pressure’ is transmural
pressure. Right: Diagram of the proposed linear relationship. The stiffness-related
coefficient κ represents the maximum possible volume. Stimulation, s(t), shifts the
relationship from baseline to dilated (or constricted).

3.2.2

Compliance

This thesis proposes a novel model of vascular compliance that includes three
physiologically-observed features:

(1) a linear compliance-volume relationship in

the steady-state, (2) dynamic viscoelastic effects, and (3) compliance changes that
represent active smooth muscle dilation or contraction. The model is mathematically
simple and agrees well with in vivo experimental data (Figure 3.2). In this work,
compliance, c(t), is defined such that
v(t)
pT (t)
a(t)
=l
,
pT (t)

c(t) =

(3.8a)
(3.8b)

where pT (t) is transmural pressure, and a(t) is the vessel cross-sectional area. Length,
l, is assumed constant so v(t) and a(t) are proportional.
Using intravascular ultrasound and pressure transducers, Bank et al. (1995) reported
the pressure-area relationships of human brachial arteries in vivo. Their data, which
are replotted here in Figure 3.2, show that it is reasonable to approximate steady-state
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Figure 3.3: The linear compliance relationship (lines) fitted to experimental measurements from pial arterioles. The data (solid shapes) are replotted from Baumbach and
Hajdu (1993); Baumbach et al. (1989); Hajdu et al. (1990)

compliance as a linear function of volume under physiological conditions. While cerebral
arteries lack the external elastic lamina found in systemic arteries such as the brachial
(Lee, 1995), this approximately linear relationship is also valid for data taken from
cerebral arterioles (Figure 3.3, Baumbach and Hajdu, 1993; Baumbach et al., 1989;
Hajdu et al., 1990). Thus, the model employs a single stiffness-related coefficient, κ,
which represents the maximum possible multiple of baseline volume; mathematically,
vmax = κv ∗ where vmax is the maximum volume to which a vessel may dilate.
In addition, the slope of this compliance relationship is near constant during changes
in smooth muscle tone. As such, the model describes dilation or constriction as a
vertical shift (up or down, respectively) in steady-state compliance caused by stimulus s(t) (see Figure 3.2).2
While viscoelastic effects are not significant under steady-state or slowly varying conditions, they are relevant here because of the rapid changes that follow neural activation.
Zheng and Mayhew (2009) proposed a ‘viscoelastic Windkessel’ model that shows good
agreement with experimental data. However, the model is relatively complex, so for simplicity, viscoelasticity is represented using a single linear viscoelasticity coefficient, ν.
2

It is also possible to use a horizontal shift, i.e. a shift in area, with identical results.
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Stimulus Value (a.u.)

smax

τdecay
τup
s∗

τdown

t0 tmax

tend

Time (a.u.)

Figure 3.4: Schematic of vasodilatory stimulus. Following onset (t0 ), the stimulus
increases to a peak (smax ) at time tmax , with the rate governed by τup . Then, it decays
(rate constant τdecay ) toward a steady-state (s∗ ). At the cessation of stimulation (tend ),
the stimulus returns to baseline, with the rate governed by τdown . Three possible forms
of the stimulus are shown: a medium length (black line), a brief, and an extended form
(both grey lines).

Taking all of this into account, compliance, ci (t), is described mathematically as
ci (t)
κi − vi (t)/vi∗
dvi
=
− νi
+ si (t),
∗
ci
κi − 1
dt

(3.9)

where c∗i is the baseline compliance, κi is a stiffness coefficient, vi∗ is the baseline
volume, ν i is a viscoelasticity coefficient, and si (t) is the vasodilatory stimulus defined
in Equation (3.10) (see Section 3.2.3).

3.2.3

Vasodilatory stimulus

The CBF response to activation can take many forms. For brief stimuli, it typically
exhibits a rapid increase, which quickly returns to baseline at the cessation of stimulation.
During more extended stimulation, CBF typically reaches or approaches a plateau, but
it is also common to see an initial overshoot. There may also be a post-stimulus CBF
undershoot, but this is not always present and is often small (Buxton et al., 2004).
There is a growing body of evidence suggesting that calcium dependent signalling in
astrocytes may trigger the increase in CBF following activation (e.g. Gordon et al., 2008;
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Metea and Newman, 2006; Takano et al., 2006); however, the cellular signalling pathways
remain unclear (for a review, see Attwell et al., 2010). In addition, some suggest that the
vascular response is composed of competing dilation and constriction (Devor et al., 2007;
Zheng et al., 2010). For simplicity, here an empirical vasodilatory stimulus is used to
represent the combined effects of the putative neuron-astrocyte-vascular smooth muscle
unit as a change in vessel compliance (see Section 3.2.2). The stimulus is similar to
the ‘neural response’ proposed by Buxton et al. (2004).
The vasodilatory stimulus applied to the arteries, s1 (t), (see Figure 3.4) is described by

s1 (t) =






sup (t),






t < tmax

sdecay (t),








 sdown (t),

(3.10)

tmax ≤ t ≤ tend
t > tend

where:




sup (t) = 12 smax 1 + erf 

t − t0 + 21 τup
h

32−1/2 τup

tmax − t
sdecay (t) = (smax − s ) exp
τdecay

!

∗

tend − t
.
sdown (t) = send exp
τdown




i 
 ;

+ s∗ ;

(3.11a)
(3.11b)
(3.11c)

The time at maximum stimulus, tmax , is equal to t0 + τup ; tend is the time at the
cessation of stimulation (where tend ≥ tmax ); smax is the peak value of the stimulus; erf is the error function:
2
erf (x) = √
π

Z x

exp −t2 dt;




(3.12)

0

t0 is the stimulus onset time; τX are time constants (where X ∈ {up, decay, down});
s∗ is the steady-state value of the stimulus (where s∗ ≤ smax ); and send , the stimulus
value at tend , is given by sdecay (tend ).
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The values of τup and τdown were set to 1/T̂ and 1/4τup , respectively,3 while the values
of smax , s∗ , and τdecay were determined using dynamic simulations (see Section 3.3.2).
Since capillaries and veins lack smooth muscle for active regulation of tone, no stimulus
was applied to these compartments; i.e. s2 (t) = s3 (t) = 0 for all t.

3.3

Methods

The model equations introduced in Section 3.2 have fifteen undefined parameters (degrees
of freedom): three lengths, li ; three baseline compliances, c∗i ; three stiffness coefficients,
κi ; three viscoelasticity coefficients, ν i ; and three stimulus parameters, smax , s∗ , and
τdecay (see Section 3.2.3). The model was restricted to physiological behaviour and the
number of these undefined parameters was reduced by using experimental data: first at
baseline, then during steady-state stimulation, and finally during dynamic stimulation.
Table 3.2 summarises these parameters and their values.

3.3.1

Baseline behaviour

As explained in Appendix A.2, the choice of scales yields the constraints
∆pr = 1;

3
X

vi∗ = 1;
(3.13)

i=1

f∗

= 1;

3
X

ri∗

= 1,

i=1

where f ∗ , vi∗ , and ri∗ are the baseline flow, volumes, and resistances. In order to restrict
the model to physiological behaviour, experimental data from baseline measurements
were then used to fix vi∗ and ri∗ and therefore determine the three lengths (li ) and
baseline compliances (c∗i ), as explained below.
Using macaque cortical sections, Weber et al. (2008) estimated the baseline capillary
vascular volume fraction to be 41 %. Using Indian ink-injected human cortical sections,
3

i.e. 1 s and 0.25 s, respectively, see Appendix A.2

Description

Baseline compliance
Length
Steady-state stimulus
Peak stimulus
Stiffness coefficient
Viscoelastic coefficient
Stimulus time constant

Symbol

c∗
l
s∗
smax
κ
ν
τdecay

[0.46, 2.02, 2.97]
[0.39, 0.25, 0.23]
1.56
2.87
[1.29, 1.51, ∞]
[31, 163, 122]
1.04

‘Top Down’
same
same
1.93
5.19
[1.29, 1, 1]
[47, ∞, ∞]
0.45

‘Bottom Up’

Value (arbitrary units)

Indirect data; see Equation (3.16)
Indirect data; see Equation (3.14)
Fit to Mandeville et al. (1999)
Fit to Mandeville et al. (1999)
Direct and indirect data; see Section 3.3.2
Fit to Mandeville et al. (1999)
Fit to Mandeville et al. (1999)

Determined Via

correspond to x = [x1 , x2 , x3 ], where the subscripts correspond to the vascular compartments shown in Figure 3.1.

Table 3.2: List of optimal parameters for both the ‘top down’ (unconstrained) and ‘bottom up’ (constrained) models. Parameters with three values
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Lauwers et al. (2008) reached a similar estimate of 48 %. The mean of these values,
44.5 %, is significantly higher than the values used in previous models (Huppert et al.,
2007; Zheng et al., 2005, both use 15 %).
While such microscopic techniques have been used to estimate the relative number of
arteries versus veins (Reichold et al., 2009; Weber et al., 2008), no data exist for the
volume fractions. However, studies have attempted to estimate the volume fraction of
arteries in the brain using lower resolution modalities such as MRI and PET, obtaining
values ranging from 23–39 % (mean 29 %; An and Lin, 2002; Duong and Kim, 2000;
Ito et al., 2005, 2001a; Kim et al., 2007; Lee et al., 2001). Veins must make up the
remainder of the vascular volume, and therefore the baseline volume fractions v ∗ (= [v1∗ ,
v2∗ , v3∗ ]) were set to be [0.29, 0.44, 0.27].
In the absence of suitable direct experimental data from the brain, two indirect data
sources were used to determine the baseline resistance distribution. The first of these was
a series of measurements of the terminal pressure distribution in the microcirculation of
cat mesentery (Lipowsky, 2005; Zweifach, 1974). Assuming that CBF is constant through
the different microcirculatory compartments, the measured pressure differences between
points in the network are proportional to resistance. Secondly, baseline resistance
fractions were calculated from a pseudo-synthetic data set developed for the sheep
cerebrovascular system (Sharan et al., 1989); the two independent calculations produced
similar results. Therefore, the baseline resistance fractions r∗ were set to the mean
of these two data sources, [0.74, 0.08, 0.18].
Using these volume and resistance fractions, and setting all derivative terms to zero,
the DAEs in Equations (3.1), (3.2) and (3.5) reduce to algebraic equations. Therefore,
it is possible to calculate li from Equation (3.3), p∗i from the dimensionless forms of
Equations (A.5) and (A.6), and c∗i from Equation (3.2) such that
li = ri∗ vi∗2


1/3

,

(3.14)

73

3.3. Methods

p∗i =






 ∆pr

:i=1



∗


 ∆pr − f

i−1
X

: otherwise, and

ri∗
j=1

c∗i = vi∗ p∗i − 12 ri∗ f ∗


−1

.

(3.15)

(3.16)

Model predictions of baseline velocities (u∗i ) and diameters (d∗i ) can be calculated from
the dimensionless forms of Equations (A.9) and (A.10) so
u∗i = f ∗ li /vi∗ , and
d∗i =

q

vi∗ /li .

(3.17)
(3.18)

The model predicted that baseline arterial velocity is higher than venous, which is
higher than capillary; these predictions are broadly consistent with experimental observations Zweifach (1974).

3.3.2

Steady-state simulation

The arterial stiffness (κ1 ) was estimated using data obtained from rat pial arterioles by
Baumbach and colleagues (Baumbach and Hajdu, 1993; Baumbach et al., 1989; Hajdu
et al., 1990). As length, li , is assumed constant in the model, κ1 is equivalent to the
x-intercept of a linear fit to their compliance-area plots, normalised to baseline. κ1 was
set to 1.29, the mean of the values calculated from the control experiments of these
three independent data sets (range 1.24–1.33, see Figure 3.3).
To the author’s knowledge, no similar data exist to allow estimation of cerebral capillary
and venous stiffness. As such, κ2 and κ3 were determined indirectly using experimentally
observed CBF-CBV relationships and Grubb’s power law, v = f α (Grubb et al., 1974),
where v and f are CBF and CBV normalised to baseline. This equation has been
used to describe the total (Grubb et al., 1974; Ito et al., 2003, 2001b; Jones et al.,
2001, 2002; Kong et al., 2004; Lee et al., 2001, α = 0.26–0.40, mean 0.34), arterial (Ho
et al., 2010a,b, α = 0.55–0.69, mean 0.62), and venous (Chen and Pike, 2009, 2010,
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α = 0.18 − 0.23, mean 0.21) CBF-CBV relationships. However, as the MRI sequence
used to estimate changes in CBVv is likely to be sensitive to capillary CBV too (Chen
and Pike, 2009), ‘venous’ CBV changes are assumed to be ‘non-arterial’, i.e. the sum
of capillary and venous CBV changes.
For each κ2 and κ3 pair, the vasodilatory stimulus was adjusted to vary normalised CBF
over the range 0.5–3 and model predictions of CBV were calculated. In addition, the
mean α values from the studies mentioned above were used to calculate the corresponding
Grubb’s law predictions of CBV. The values of κ2 and κ3 were then varied simultaneously
to minimise the error between the model and Grubb’s law predictions of CBV. All
optimisation was implemented in MATLAB R2010a (The MathWorks Inc., Natick, MA)
using a constrained Nelder-Mead simplex algorithm (Lagarias et al., 1998), with initial
parameter values chosen from a uniform random distribution. For this first stage of
optimisation, three repetitions with different initial guesses were sufficient to show that
the values converged to an optimal solution.

3.3.3

Dynamic simulation

Experimental measurements of CBF and CBV changes during sensory stimulation
(Mandeville et al., 1999) were used to determine the six remaining free parameters:
the three viscoelasticity coefficients (ν i ) and stimulus parameters (smax , s∗ , and τdecay ).
These six values were adjusted simultaneously to minimise the relative error between
the model predictions and experimental observations. This second stage of optimisation
was performed similarly to the first, but with seven repetitions.

3.3.4

Blocking post-arteriole dilation

To block post-arteriole dilation, the capillary and venous compartments were set to
approach infinite stiffness; mathematically, κ2 and κ3 → 1. In the limiting case, this
eliminates the volume term from Equation (3.2) and prevents any dilation. As the
optimal values of the six remaining parameters (ν i , smax , s∗ , and τdecay ) could differ
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from the top down simulations under these conditions, the second stage of optimisation
(dynamic simulations) was repeated to determine them.

3.3.5

Sensitivity and statistical analyses

Analyses were conducted to determine whether the model predictions were sensitive
to changes in those quantities that were obtained directly from experimental data:
baseline volume fractions, v ∗ ; baseline resistance fractions, r∗ ; arterial stiffness, κ1 ;
and Grubb power law coefficients, α (for top down simulations only). Each of these
parameters were independently perturbed by ±10 %, and the appropriate optimisation
stages were repeated in each case.
Unless otherwise specified, numeric results are presented as the value obtained from
the optimal simulation ± the standard deviation of all values, including the sensitivity
analysis simulations, where n = 21 (top down) or 15 (bottom up). To test for statistically
significant differences between samples, the normality of the sample was checked using
the Lilliefors test. Where both samples were normally distributed, an unpaired t-test
with either the equal or unequal variances assumption was used, depending on the
results of an F-test. For all other cases, a non-parametric Wilcoxon rank sum test
was used. In all analyses, two tailed tests were used unless specified otherwise, and
results were considered significant for P < 0.05.

3.4
3.4.1

Results
‘Top down’ (unconstrained) simulations

The model predictions of the optimal total (α = 0.341±0.010), arterial (α = 0.618±0.019)
and non-arterial (α = 0.209 ± 0.004) steady-state flow-volume relationships are shown
in Figure 3.5A. The optimal value of capillary stiffness, κ2 , was determined to be 1.51;
however, the optimal value for venous stiffness, κ3 , was sufficiently large (∼ 1000) that
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the first term in Equation (3.9) was approximately constant. As such, venous compliance
was assumed to be independent of static volume changes.
Optimal model predictions of CBF and CBV changes in response to 6 s and 30 s stimulation
are shown in Figure 3.5B-C, with a summary of quantitative results presented in Table 3.3.
CBF increased rapidly at first, then more slowly as stimulation continued, peaking
53.7 ± 1.1 % above baseline under 6 s stimulation (tpeak = 6.1 ± 0.0 s), and 65.4 ± 0.8 %
above baseline under 30 s stimulation (tpeak = 30.1 ± 0.1 s). The time to 50 % of the
peak value, t50 , was 1.6 ± 0.2 s up and 2.6 ± 0.2 s down for the 6 s stimulation; and tup
50
= 1.9 ± 0.2 s and tdown
= 2.6 ± 0.2 s for 30 s stimulation.
50
The CBV response was initially similar to the CBF, but under prolonged stimulation
the continued rise was steeper than CBF. Quantitatively, CBV peaked 11.6 ± 0.5 %
(tpeak = 6.1 ± 0.0 s) and 16.7 ± 0.3 % (tpeak = 30.0 ± 0.0 s) above baseline under 6 s and
down were 1.6 ± 0.2 s and 3.2 ± 0.2 s under 6 s
30 s stimulation. Temporally, tup
50 and t50

stimulation, and 2.6 ± 0.2 s and 4.4 ± 0.3 s under 30 s stimulation. These tdown
values
50
calculated from the CBV predictions were significantly larger than the corresponding
metrics for the CBF predictions at both stimulation lengths (all P < 0.001, one tailed),
suggesting that CBV was slower than CBF to return to baseline.
Arterial dilation accounted for 88.4 ± 2.5 % of the total volume increase for the 6 s stimulation, while capillaries and veins made up 7.2 ± 3.0 % and 9.9 ± 3.1 %. For the 30 s stim-

Figure 3.5 (following page): Optimal predictions from ‘top down’ (unconstrained)
simulations. (A) Normalised total (black plus signs), arterial (Art., red circles), and
venous (Ven., light blue triangles) steady-state CBF-CBV relationships; and best fit of
Grubb’s power law to the model predictions (solid lines), where α values are given in
the legend. (B-C) Normalised total CBF (B) and CBV (C) changes in response to 6 s
and 30 s stimulation (black lines without markers); experimental data from Mandeville
et al. (1999) (grey lines without markers); and contribution of arteries (red circles),
capillaries (magenta squares) and venules (dark blue triangles) to total CBV changes.
(D-F) Normalised diameter changes in arteries (D), capillaries (E) and veins (F) in
response to 1 s, 10 s and 30 s stimulation (dark lines); and experimental data from Drew
and Kleinfeld (2011) (pale lines). (G-I) Normalised velocity changes in arteries (G),
capillaries (H) and veins (I); stimulation and notation as per D-F.
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ulation, the proportion of volume change from arterial dilation decreased to 64.8 ± 5.3 %,
with 14.7 ± 5.1 % and 21.5 ± 6.1 % due to dilation in capillaries and veins.
Optimal model predictions of vessel diameter and blood velocity changes in response
to 1 s, 10 s and 30 s stimulation are shown in Figure 3.5D-I; a summary of quantitative results is presented in Table 3.3. Arteriolar diameter increased rapidly (tup
50 =
1.4 ± 0.0 s) to a plateau, peaking 17.3 ± 1.1 % above baseline in response to 30 s stimulation. However, for the same stimulation capillary and venous diameter increased
more slowly (tup
50 = 12.0 ± 1.2 s and 12.5 ± 1.7 s) to smaller peaks of 2.7 ± 0.9 % and
6.5 ± 1.8 % above baseline. While arterial diameter increased 6.4 ± 1.1 % above baseline
under 1 s stimulation, capillary and venous diameter increases were minimal at only
0.2 ± 0.1 %, and 0.5 ± 0.2 % above baseline.
Velocity increases followed a similar temporal profile in all three vessel types, but the
magnitude of the relative changes were larger in capillaries and veins than in arteries. In
response to 1 s stimulation, velocity in arteries, capillaries and veins increased 5.7 ± 1.0 %,
19.5 ± 3.4 %, and 19.3 ± 3.4 % above baseline; under 30 s stimulation these values were
20.4 ± 2.7 %, 56.8 ± 2.1 %, and 50.3 ± 3.1 % above baseline.

3.4.2

‘Bottom up’ (constrained) simulations

Optimal model predictions of changes in vessel diameter and blood velocity under
the same conditions as the equivalent ‘top down’ simulations, but with dilation in
capillaries and veins blocked, are shown in Figure 3.6A-F. Summaries of quantitative
results and statistical analyses are presented in Tables 3.4 and 3.5. Blocking this
dilation had a significant but relatively minor effect on the peak arterial diameter under
30 s stimulation (P < 0.001), with the optimal peak increasing to 21.4 ± 1.0 % above
baseline. The blocked arterial diameter predictions displayed a qualitatively similar
temporal profile to the unblocked ones.

Flow
Total
Volume
Art.
Cap.
Ven.
Total
Diameter
Art.
Cap.
Ven.
Velocity
Art.
Cap.
Ven.

Variable
6.1(0.0)/30.1(0.1)
6.0(0.0)/14.6(3.7)
10.9(1.3)/31.4(1.0)
11.0(2.4)/31.5(2.1)
6.1(0.0)/30.0(0.1)
1.4(0.0)/10.0(0.1)/15.9(3.6)
7.7(1.3)/13.8(1.3)/31.4(1.0)
7.8(2.5)/14.0(2.4)/31.5(2.1)
1.2(0.1)/10.0(0.0)/29.5(0.1)
1.5(0.0)/10.1(0.0)/29.5(8.9)
1.5(0.0)/10.1(0.0)/9.5(5.7)

35.6(1.7)/37.6(2.6)
1.9(0.7)/5.5(1.9)
4.3(1.3)/13.5(3.7)
11.6(0.5)/16.7(0.3)

6.4(1.1)/17.2(0.9)/17.3(1.1)
0.2(0.1)/1.4(0.5)/2.7(0.9)
0.5(0.2)/3.1(0.9)/6.5(1.8)

5.7(1.0)/15.4(2.1)/20.4(2.7)
19.5(3.4)/55.0(1.4)/56.8(2.1)
19.3(3.4)/50.4(2.4)/50.3(3.1)

tpeak (s)

53.7(1.1)/65.4(0.8)

Peak (% above baseline)

0.7(0.0)/1.4(0.2)/2.4(0.4)
0.9(0.0)/1.6(0.2)/1.7(0.2)
0.9(0.0)/1.5(0.2)/1.5(0.2)

0.8(0.0)/1.5(0.2)/1.5(0.2)
2.5(0.2)/6.3(0.4)/12.0(1.2)
2.5(0.3)/6.4(0.5)/12.5(1.7)

1.5(0.2)/1.6(0.2)
4.8(0.3)/12.1(1.2)
4.9(0.4)/12.7(1.7)
1.6(0.2)/2.6(0.2)

1.6(0.2)/1.9(0.2)

tup
50 (s)

3.1(0.2)/4.0(0.7)/4.5(0.8)
2.4(0.2)/2.5(0.2)/2.9(8.8)
2.3(0.2)/2.2(0.3)/22.4(5.3)

2.5(0.2)/2.5(0.2)/16.5(3.4)
14.8(6.6)/14.7(6.6)/14.5(6.8)
15.5(23.1)/15.4(23.0)/15.3(22.6)

2.4(0.2)/17.7(3.6)
14.7(6.7)/14.4(6.6)
15.4(22.9)/15.0(22.4)
3.2(0.2)/4.4(0.3)

2.6(0.2)/2.6(0.2)

tdown
(s)
50

results obtained under 6 s and 30 s stimulation; diameter and velocity metrics represent results obtained under 1 s, 10 s and 30 s stimulation.

from the optimal simulation, and σall is the standard deviation of all simulations, including the sensitivity analysis. Flow and volume metrics represent

Table 3.3: Summary of ‘top down’ (unconstrained) simulation quantitative results. All metrics are presented as xopt (σall ), where xopt is the metric
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Predictions of peak velocity changes in arteries also changed significantly (P < 0.001
under 10 s and 30 s stimulation), and displayed a much flatter profile. Under 1 s stimulation, arterial velocity peaked 6.8 ± 0.9 % above baseline, but the peaks under 10 s
(12.6 ± 2.3 %) and 30 s (13.0 ± 2.5 %) stimulation were very similar. In capillaries and
veins, blocking dilation had a significant effect on peak velocity increases (P < 0.001
under 10 s and 30 s stimulation), with the optimal peaks under 30 s stimulation both
increasing to 66.6 ± 1.3 % above baseline.
Optimal predictions of CBF and CBV under the blocked conditions are shown in Figure 3.6G-H. Blocking dilation had a significant effect on peak CBF under 30 s stimulation
(all P < 0.01). Using the optimal parameters, the peak CBF increased slightly to
54.5 ± 1.5 % above baseline under 6 s stimulation, and 66.6 ± 1.3 % above baseline under
down were 1.4 ± 0.1 s and 3.7 ± 0.1 s under 6 s
30 s stimulation. Temporally, tup
50 and t50

stimulation, and 1.8 ± 0.1 s and 3.7 ± 0.1 s under 30 s stimulation.
Blocking dilation had a significant effect on peak CBV (all P < 0.01), and the CBV
response was almost identical in shape to the CBF response. Quantitatively, CBV peaked
11.0 ± 0.6 % and 13.7 ± 0.9 % above baseline under 6 s and 30 s stimulation. Temporally,
down were 1.4 ± 0.1 s and 3.5 ± 0.1 s under 6 s stimulation, and 1.8 ± 0.2 s and
tup
50 and t50

3.5 ± 0.1 s under 30 s stimulation. There was no evidence that tdown
calculated from
50
the volume predictions was significantly larger than the corresponding metrics from the
CBF predictions (all P > 0.999, one tailed), suggesting that CBV was at least as fast
as CBF to return to baseline under the blocked conditions.
The predictions of the total (α = 0.369 ± 0.983, P < 0.001), arterial (α = 0.961 ±

Figure 3.6 (following page): Optimal model predictions from ‘bottom up’ (constrained) simulations, with dilation blocked in capillaries and veins. (A-C) Normalised
diameter changes in arteries (A), capillaries (B) and veins (C); stimulation and format
as per Figure 3.5D-F. (D-F) Normalised velocity changes in arteries (D), capillaries
(E) and veins (F); stimulation and format as per Figure 3.5G-I. (G-H) Normalised
total CBF (G) and CBV (H) changes; stimulation and format as per Figure 3.5B-C. (I)
Normalised steady-state CBF-CBV relationships; format as per Figure 3.5A.
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1.129, P < 0.001) and non-arterial (α = 0.0 ± 0.00, P < 0.001) steady-state CBFCBV relationships all changed significantly under blocked conditions (Figure 3.6I). The
standard deviations of these α values were unexpectedly high due to one simulation in the
sensitivity analysis. Excluding this single simulation, in which the arteries had to dilate
well above physiological limits to achieve the full flow range, the standard deviations
were 0.035 for the total and 0.062 for the arterial values.

3.5
3.5.1

Discussion
Summary of results

In this chapter a mathematical modelling approach, based on fundamental biophysical
mechanisms, was used to test whether experimental observations of the haemodynamic
response were consistent with one another across a range of different spatial and temporal
scales. This work was motivated by apparent discrepancies between MRI measurements
of venous volume (Chen and Pike, 2009, 2010) and optical measurements of venous
diameter (Drew and Kleinfeld, 2011; Hillman et al., 2007).
Assuming the bulk measurements to be correct (i.e. that post-arteriole vessels are able
to dilate), ‘top down’ (unconstrained) simulations were performed, using experimental
observations at progressively more detailed scales to constrain the model to physiological behaviour. To test the alternative, that there is no dilation in post-arteriolar
vessels, ‘bottom up’ (constrained) simulations—where all dilation in capillaries and
veins was blocked—were also performed, and used to predict the response at progressively more aggregated scales.
Ignoring the baseline distribution of volume and resistance, the broadest spatial and
temporal scale examined was the relationship between steady-state CBF and CBV
changes. A number of studies have found that this relationship is well described by
a power law (v = f α ) first proposed by Grubb et al. (1974), and that this equation
is valid for the total (Grubb et al., 1974; Ito et al., 2003, 2001b; Jones et al., 2001,

Flow
Total
Volume
Art.
Cap.
Ven.
Total
Diameter
Art.
Cap.
Ven.
Velocity
Art.
Cap.
Ven.

Variable
6.1(0.0)/30.0(0.1)
6.1(0.0)/30.0(0.0)
6.1(0.0)/30.0(0.0)
1.5(0.0)/10.0(0.0)/29.8(0.1)
1.2(0.1)/10.0(1.5)/26.9(6.6)
1.5(0.0)/10.1(0.0)/30.1(0.1)
1.5(0.0)/10.1(0.0)/30.1(0.1)

38.2(1.9)/47.5(2.5)
0.0(0.0)/0.0(0.0)
0.0(0.0)/0.0(0.0)
11.0(0.6)/13.7(0.9)

8.0(0.5)/19.8(1.0)/21.4(1.0)
0.0(0.0)/0.0(0.0)/0.0(0.0)
0.0(0.0)/0.0(0.0)/0.0(0.0)

6.8(0.9)/12.6(2.3)/13.0(2.5)
24.4(2.1)/61.6(1.3)/66.6(1.3)
24.4(2.1)/61.6(1.3)/66.6(1.3)

tpeak (s)

54.5(1.5)/66.6(1.3)

Peak (% above baseline)

0.7(0.0)/1.0(0.1)/1.0(0.1)
0.9(0.0)/1.6(0.1)/1.8(0.1)
0.9(0.0)/1.6(0.1)/1.8(0.1)

0.8(0.0)/1.5(0.1)/1.7(0.2)
-

1.4(0.1)/1.8(0.2)
1.4(0.1)/1.8(0.2)

1.4(0.1)/1.8(0.1)

tup
50 (s)

4.0(0.2)/5.0(1.9)/8.3(7.0)
3.6(0.1)/3.7(0.1)/3.7(0.1)
3.6(0.1)/3.7(0.1)/3.7(0.1)

3.6(0.1)/3.7(0.1)/4.0(0.1)
-

3.5(0.1)/3.5(0.1)
3.5(0.1)/3.5(0.1)

3.7(0.1)/3.7(0.1)

tdown
(s)
50

Table 3.4: Summary of ‘bottom up’ (constrained) simulation quantitative results, with dilation blocked in capillaries and veins. Formatting and
layout as per Table 3.3.
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Table 3.5: Summary of statistical analyses. The significance of differences between
‘top down’ (unconstrained) and ‘bottom up’ (constrained) is given by n.s. for P ≥ 0.05,
* for 0.05 > P ≥ 0.01, ** for 0.01 > P ≥ 0.001, and *** for P < 0.001). Formatting
and layout as per Table 3.3.
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2002; Kong et al., 2004; Lee et al., 2001), arterial (Ho et al., 2010a,b) and non-arterial
(Chen and Pike, 2009, 2010) relationships.
The optimal model predictions from the ‘top down’ simulations fitted very well to the
power law shape (Figure 3.5A), and α values from best fits of this law to the predictions agreed closely with the mean of α values taken from experimental measurements.
In the ‘bottom up’ simulations however, best fit α values for the arterial and venous
relationship were significantly larger and smaller, respectively, than those determined
experimentally. While the α value for the total relationship was within an acceptable range, the predictions were not well described by the power law. In fact, both
the total and arterial flow-volume relationships displayed the opposite curvature to
experimental observations (Figure 3.6I).
Next, the model was fitted to data from Mandeville et al. (1999) to predict dynamic
changes in CBF and CBV. The optimal model predictions fitted very well to the data
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at both brief (6 s) and extended (30 s) stimulation lengths in the ‘top down’ simulations (Figure 3.5B-C). However, the ‘bottom up’ simulations were unable to reproduce
some features of the data. In particular, they could not produce: the second, slower,
phase of CBV increases (“slow ramp”) evident in the data during extended stimulation
(Figure 3.6H), and the slower return to baseline of CBV compared with flow evident
in the data at both stimulation lengths.
These two phenomenon, while they appear especially pronounced in the data used here
(Mandeville et al., 1999), are also present to a varying degree in many (Herman et al.,
2009; Kida et al., 2006) but not all (Donahue et al., 2009) measurements of volume
changes. Given the slow increases and decreases visible in the predictions of capillary
and venous contributions to CBV (Figure 3.5C), and the fact that blocking dilation in
these compartments removes the effects, the results suggest that both these phenomena
are caused by changes in the diameter of post-arteriole vessels that occur on a much
slower timescale than those in arteries.
Finally, to consider changes at the single vessel scale, model predictions were compared
to recent in vivo measurements of diameter and velocity changes obtained by Drew and
Kleinfeld (2011). It is important to note that these data were not used to parameterise
or fit the model, so also serve as an independent validation. Optimal model predictions
of diameter changes from the ‘top down’ simulations were consistent with the data at
all three stimulus lengths: single puff (1 s in the model), 10 s and 30 s.
Arterial diameter predictions were within an acceptable range of the data and occurred
on the right timescale (Figure 3.5D). However, the model was not able to produce the
biphasic increase (an initial fast peak followed by a second, slower peak) in arterial
diameter that was evident in the data. This may be due to the simplicity of the
vasodilatory stimulus used, which does not consider more complex arterial behaviour
such as competing dilation and constriction (Devor et al., 2007). However, the data were
obtained from single arteries (Drew and Kleinfeld, 2011), whereas the model considers
the average behaviour of all arteries in a region. Given that this biphasic response was
not necessary to produce volume changes consistent with the MRI data used (Mandeville
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et al., 1999), it is possible that the biphasic response ‘disappears’ when the diameter
changes of all arteries in a region are combined, subject to spatially varying dilation and
constriction (Devor et al., 2007). In addition, there may be differences in the nature
of the haemodynamic response between awake mice subject to air puff stimulation of
the vibrissa (Drew and Kleinfeld, 2011) and alpha-chloralose anesthetised rats subject
to electrical stimulation of the forepaw (Mandeville et al., 1999). There were no major
differences in arterial diameter between the ‘top down’ and ‘bottom up’ simulations.
The model also predicted small, slow increases in capillary and venous diameter that
would be difficult to detect with optical microscopy, particularly during brief stimulation.
For example, Drew and Kleinfeld (2011) reported that they could not resolve changes
in diameter of less than 0.2 µm using two-photon microscopy, meaning that they were
unable to detect “changes in venous diameter of less than 2 % and changes in capillary
diameter of less than ∼ 7 %”. In the ‘top down’ predictions, capillary diameter peaked
at only 2.7 % above baseline in response to 30 s stimulation, and venous diameter did
not increase beyond 2 % until nearly 8 s after stimulus onset. As such, the findings are
consistent with Drew and Kleinfeld (2011), and an earlier report that did not observe
any venous dilation in response to 4 s stimulation (Hillman et al., 2007). By design, there
was no dilation of capillaries and veins in the ‘bottom up’ simulations.
Drew and Kleinfeld (2011) reported only capillary velocity responses, and the model
predictions were consistent with these data (Figure 3.5H). Similar to the arterial diameter
changes, the model was not able to produce the biphasic response in capillary velocity.
However, preliminary observations (data not shown) suggest that capillary velocity is
strongly dependent on arterial diameter, as would be expected if arteries were the major
resistance vessels. Thus, the possible reasons for the differences in arterial diameter
between model and data may well explain the differences in capillary velocity too.
Blocking dilation of capillaries and veins in the ‘bottom up’ simulations eliminated
the slow ramp in arterial velocity and the undershoots in venous velocity. However,
to the author’s knowledge, these features have not been observed experimentally and
so their significance is unclear.
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Taken together, these results suggest that—relying only on the mechanisms present in
this model—dilation of capillaries and/or veins is necessary to predict experimental
observations that are consistent across multiple spatial and temporal scales. The data
and modelling suggest that dilation in capillaries and veins on the order of that predicted
here does occur, but is not observed directly due to lack of resolution and the relatively
brief stimulation periods that are typically used in optical imaging experiments. However,
the evidence suggests that the effects of this dilation are detectable during the prolonged
stimulation typically used in bulk measurements of CBV changes, and measurements
of the steady-state CBF-CBV relationship.

3.5.2

Compartment-specific CBV changes

Arteries make up a relatively small proportion of baseline CBV, in the vicinity of 25–
35 % (An and Lin, 2002; Duong and Kim, 2000; Ito et al., 2001a; Kim et al., 2007; Lee
et al., 2001). However, the results suggest that arterial dilation is large enough and
fast enough that arteries dominate CBV changes during brief functional hyperemia.
According to the model, they contribute just under 90 % of the total CBV increase
at 6 s following stimulation onset. This drops to just under 65 % by 30 s post-onset,
but this proportion is still the majority.
In addition to the data used here (Drew and Kleinfeld, 2011), the model predictions of
arterial diameter changes are consistent with other two-photon microscopy observations
in response to brief (1–4 s) electrical stimulation (Devor et al., 2007; Hillman et al., 2007;
Tian et al., 2010). Furthermore, the predictions agree with MRI measurements of CBVa
in cats in response to longer (15-40 s) visual stimulation (Kim et al., 2007; Kim and Kim,
2010, 2011). Finally, the predictions also agree with measurements of the arterial-specific
steady-state CBF-CBV relationship made using MRI (Ho et al., 2010a,b).
While these and other results suggest that arteries dominate CBV changes during brief
functional hyperemia, they also imply that dilation in post-arteriole vessels is necessary to
make predictions consistent with experimental observations. Mechanistically, it appears
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that this occurs in the opposite manner to arteries: small, slow increases in capillary
and venous diameter that become significant due to the large proportion of baseline
CBV that these vessels represent.
With the recent exception of Drew and Kleinfeld (2011), measurements of the temporal
profile of the haemodynamic response with optical imaging have typically used a stimulation length on the order of 1–5 s, on the basis that this approximates the behavioural time
scale (Chaigneau et al., 2003; Devor et al., 2007; Kleinfeld et al., 1998). The model suggests
that this stimulation length is insufficient to observe dilation in post-arteriolar vessels.
However, dilation in capillaries and veins has been directly observed, although to the
author’s knowledge not the temporal profile. Following perfusion fixation, Duelli and
Kuschinsky (1993) reported increases in diameter of 20 % in rat capillaries, although
this comparison was between hyper- and hypocapnic conditions. Using in vivo confocal microscopy, Villringer et al. (1994) observed 7 % in rat capillaries in response
to hypercapnia. An in vivo two-photon microscopy study observed 15 % dilation in
capillaries and 7 % dilation in venules and veins combined in response to hypercapnia
(Hutchinson et al., 2006), and a subsequent study reported 10 % increase in capillary
CBV in response to 60 s forepaw stimulation (Stefanovic et al., 2008). The results are
broadly consistent with all of these observations.
In addition, Kim and Kim (2011) suggest that arterial and non-arterial volume contributions may be approximately equal after 40 s stimulation, on the basis of their
measurements of CBVa . The model suggests that capillaries and veins contribute slightly
less than 40 % of total CBV changes after 30 s stimulation, which is similar to their
observations. Finally, the model also agrees with the measurements of the venous-specific
steady-state CBF-CBV relationship (Chen and Pike, 2009, 2010).
Thus, the results are consistent with the hypothesis proposed by Drew and Kleinfeld
(2011): that arterial vessels act as a rapid ‘bagpipe’ to serve “as a reservoir of fresh blood
to support the ongoing and anticipated increase in brain metabolic activity”. However,
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the slower ‘balloon’ effect of capillary and venous dilation remains significant during
prolonged stimulation (Buxton et al., 1998).

3.5.3

Methodological considerations

There are a number of limitations of the model which may affect interpretation of
the results. The model trades spatial resolution for computational simplicity and
represents the complex, tortuous network of cerebral blood vessels as three dimensionless
compartments. While this approach removes the effect of any spatial heterogeneity,
the Windkessel model is well established and has been shown to produce results in
agreement with experimental observations in a wide range of cases, including here. In
addition, measurements made with imaging modalities like MRI and PET are also
spatially averaged to some degree, depending on the resolution.
To calculate vascular resistance, CBF is assumed to be steady, fully-developed Poiseulle
flow—an assumption that may underestimate resistance. However, following the reasoning
of Reichold et al. (2009), this assumption is likely to be valid as Reynolds numbers in the
cerebral circulation remain below the threshold for turbulent flow in all but the largest
vessels. The effects of energy loss at vessel bifurcations are also neglected. However, the
sensitivity analyses showed that the model predictions are not sensitive to small changes in
resistance fractions, which suggests that branching effects may not be important here.
The model does not include any capillary recruitment.4 While including this mechanism
might have an effect on the results, in vivo confocal microscopy in the rat brain has
suggested that classical capillary recruitment (opening or closing of capillaries) is unlikely
to be a significant factor in blood flow regulation (Villringer et al., 1994).
There is no active dilation of capillaries or veins in this model. While there is evidence
from retinal and cerebellar slices showing that perictyes are capable of inducing dilation or
constriction of capillaries (Peppiatt et al., 2006), it remains unclear whether such dilation
occurs in cortical capillaries in vivo, and if so, whether it occurs rapidly enough to have
4

Chapter 4 considers the effect of functional recruitment on oxygen transport.
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a significant effect during functional hyperemia. Regardless, it is possible that, if active
dilation does occur (for example in response to increases in blood pressure or endothelial
wall shear stress), some of this is included here as passive distension instead.
Finally, bulk CBF and CBV data, like that used to identify the model’s dynamic parameters (Mandeville et al., 1999), does not provide sufficient information to discriminate
between contributions from the capillary and venous compartments with complete certainty. This is an inherent limitation of the modality used to collect the data, rather
than a feature of the particular data, or a problem with the optimisation approach.
Because of this, the model may misrepresent a small amount of the behaviour of the
capillaries as that of veins, or vice versa. However, the important distinction—between
arteries and post-arteriole vessels—is less likely to be affected.
The major methodological advancement in this work is the development of a novel linear
compliance model. There are many existing empirical models of compliance, which are
often formulated using exponential (e.g. Mandeville et al., 1999) or arctangent functions
of (e.g. Drzewiecki et al., 1997; Langewouters et al., 1984). While these relations agree
well with experimental data, they require a relatively large number of parameters to
be estimated and do not describe dynamic effects.
The linear compliance model developed here requires only two parameters: one ‘stiffness’
parameter, which in theory may be measured directly from experiments, and one dynamic
‘viscoelasticity’ parameter. In addition, the model seamlessly incorporates the effects of
active dilation or constriction through the vasodilatory stimulus term. Thus, the linear
compliance model is able to represent the principal mechanisms relevant during functional
hyperemia, and do so in a much simpler form than previous compliance models.
Despite the limitations, the model performed extremely well. To the author’s knowledge,
this model is the first to accurately predict features of experimental observations of
the haemodynamic response at four distinct spatial or temporal scales: baseline, the
steady-state relationships between bulk CBF and CBV, bulk measurements of dynamic
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CBF and CBV changes, and single vessel dynamic measurements of diameter and velocity
changes following functional activation.
While the model is a powerful predictive tool, it remains mathematically and computationally simple, requiring only seven differential algebraic equations to be solved. Using
the model, it is possible to integrate observations from multiple scales, experiments, and
imaging modalities into a plausible, biophysically based framework. In addition, it is
possible to predict observations under conditions that would be difficult or impossible to
produce experimentally, such as blocking dilation in capillaries and veins.

Chapter 4

Modelling O2 Partial Pressure
Neural activation triggers a rapid, focal increase in blood flow and thus oxygen delivery.
Local oxygen consumption also increases, although not to the same extent as oxygen
delivery. This ‘uncoupling’ enables a number of widely-used functional neuroimaging
techniques, but, despite this, the physiological mechanisms that govern oxygen transport
under these conditions remain unclear. In this chapter, this dynamic process is explored
using a new mathematical model. Supported by experimental observations and previous
modelling, this study was motivated by the hypothesis that functional recruitment
of capillaries plays an important role during neural activation. Using conventional
mechanisms alone, the model predictions were inconsistent with in vivo measurements
of oxygen partial pressure. However, dynamically increasing net capillary permeability,
which is a simple description of functional recruitment, led to predictions that are
consistent with the data. Increasing permeability in all vessel types had the same
effect, but two alternative mechanisms did not. These results are further evidence
that conventional models of oxygen transport are not sufficient to predict dynamic
experimental data. Indeed, the data and modelling suggest that it is necessary to include
a mechanism which dynamically increases net vascular permeability. While the model
cannot distinguish between the different possibilities, it is plausible that functional
recruitment could have this effect in vivo.1
1

A version of this chapter was published as Barrett and Suresh (2013).

93

94

4.1

Chapter 4. Modelling O2 Partial Pressure

Introduction

Increases in local neural activity lead to a rapid, localised increase in cerebral blood flow
(CBF) and thus the amount of oxygen delivered to the region; this process is termed
functional hyperemia. The cerebral metabolic rate of oxygen consumption (CMRO2 ) also
increases, but not to the same extent as CBF (Fox and Raichle, 1986). This dynamic
mismatch between supply and demand is often referred to as ‘uncoupling’ of CBF and
CMRO2 , and results in a decrease in the oxygen extraction fraction (OEF). While
this phenomenon is critical for neurovascular imaging modalities such as functional
magnetic resonance imaging (fMRI) and optical imaging of intrinsic signals, its role
in neural homeostasis remains unclear.
The fact that CBF and glucose consumption remain closely coupled during functional
hyperemia (Fox et al., 1988) prompted suggestions that tissue demand for glucose—not
oxygen—might drive the increases in CBF; however, the nature and compartmentalisation
of metabolism during neural activation remain hotly debated. Alternatively, recent
measurements suggest that the increase in CBF may be necessary to prevent drops in
oxygen partial pressure (PO2 ) at tissue locations with very low baseline PO2 (Devor
et al., 2011), although it is not yet known to what extent such regions of tissue require
CBF increases to remain viable, if at all. Furthermore, it is also unclear whether the
benefits for a small percentage of total brain tissue justify the energy costs associated
with maintaining a large ‘safety factor’ everywhere else (Leithner et al., 2010).
The physiological mechanisms that govern oxygen transport during functional hyperemia
also remain unclear, largely due to the difficulty in measuring CMRO2 directly (Buxton,
2010). Unlike skeletal muscle, it is generally believed that classical capillary recruitment
(binary switching from a fully closed to a fully open state) does not occur in the brain
(Kuschinsky and Paulson, 1992). Nevertheless, while far from definitive, there is a
range of experimental evidence consistent with functional recruitment (poorly perfused
capillaries becoming better perfused) occurring in vivo.
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For example, early analyses of vascular transit times using tracer kinetics implied the
presence of heterogeneity in CBF velocities, and the amount was influenced by changes
in CBF (Hertz and Paulson, 1980; Knudsen et al., 1990). (Increasing perfusion in poorly
perfused vessels will reduce variation, so functional recruitment would lead to a decrease
in heterogeneity.) Subsequent measurements using microtransillumination (Pawlik et al.,
1981), confocal (Villringer et al., 1994), and two-photon microscopy (Kleinfeld et al.,
1998) also observed considerable heterogeneity in baseline blood cell velocity. In one of
the few direct measurements, Villringer et al. (1994) also observed a significant decrease
in heterogeneity in response to hypercapnia-induced hyperemia.
It is probable that any reduction in heterogeneity under these conditions would be
dominated by poorly perfused capillaries becoming better perfused, rather than well
perfused capillaries becoming poorly perfused. This being the case, a reduction in
capillary perfusion heterogeneity would lead to an increase in the effective permeability
of a population of capillaries. In this context, ‘effective permeability’ includes the impact
of effective surface area changes, as it represents the permeability-surface area product.
Since capillaries are not thought to dilate significantly during functional activation
(Barrett et al., 2012, q.v. Chapter 3), surface area increases are likely to result from the
recruitment of capillaries that are poorly perfused at baseline.
In addition to experimental observations, previous mathematical models have explored
the presence or effect of functional recruitment. Using an approach that is extended here,
Vazquez et al. (2008) observed that increases in capillary permeability improved the
fit of model predictions to the data. However, this model considered oxygen flux from
capillaries to tissue only, and more recent evidence suggests that descending arterioles
supply non-negligible amounts of oxygen to tissue (Kasischke et al., 2011; Yaseen et al.,
2011). Using a steady-state model, Jespersen and Østergaard (2012) recently predicted
that increasing CBF normally leads to a reduction in heterogeneity and increases in
OEF, with the underlying mechanism being an increase in the effective surface area
available for oxygen diffusion.

96

Chapter 4. Modelling O2 Partial Pressure
cmrO2

cO2 ,0,1

cO2 ,3,4

p̄O2 ,1

p̄O2 ,t

cO2 ,1,2

p̄O2 ,2

p̄O2 ,3

Veins

Arteries

Tissue

cO2 ,2,3

Capillaries
Figure 4.1: Schematic diagram of the oxygen transport model. Movement of O2 by
convection (blood flow) is shown with single arrows, while diffusive flux is shown with
double arrows. All other notation as per the equations in Table 4.1 and Section 4.2.

In this chapter, functional recruitment of capillaries was hypothesised to play an important
role during neural activation. A dynamic mathematical model based on fundamental
biophysical principles was used to explore whether conventional mechanisms alone would
be sufficient to make predictions consistent with in vivo experimental measurements of
tissue PO2 . In addition, a number of plausible but poorly-characterised physiological
mechanisms were tested to determine whether they could improve the model’s predictions.
Finally, the model’s predictions were validated against additional experimental data,
including vascular PO2 measurements.

4.2

Theory

In order to focus on the bulk mechanisms while maintaining computational simplicity,
here the complex cerebrovascular network is represented as four lumped compartments:
arteries, capillaries, veins, and tissue (Figure 4.1). These are referred to by the subscripts
1, 2, 3, , and t, respectively. The subscripts 0 and 4 refer to larger arterial and venous
compartments that are not explicitly modelled.
The oxygen transport model builds on the model of CBF and CBV (cerebral blood
volume), which has been described in detail previously (Barrett et al., 2012, q.v. Chapter 3). Briefly, the model predicts dynamic changes in CBF and CBV in response to an
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Table 4.1: List of dynamic variables

Symbol

Description

cO2 ,i,j (t)
cmrO2 (t)
fi,j (t)
jO2 ,i (t)
jO2 ,s (t)
nO2 ,i (t)
p̄O2 ,i (t)
pO2 ,i,j (t)
st (t)
vi (t)

O2 concentration of fi,j (t)
Cerebral metabolic rate of O2 consumption
Blood flow from i to j
O2 flux to tissue
O2 flux through shunt
O2 amount
Average O2 partial pressure
O2 partial pressure of fi,j (t)
cmrO2 stimulus
Blood volume

increase in arterial compliance, which represents relaxation of arterial smooth muscle.
This change in compliance is driven by an empirical vasodilatory stimulus, and the model
generates predictions that are consistent with steady-state and dynamic measurements
of CBF and CBV, and dynamic measurements of vessel diameter and red blood cell
velocity (Barrett et al., 2012, q.v. Chapter 3).
The governing equations of the oxygen delivery model are presented in the following
sections, while Table 4.1 summarises the dynamic variables used in the model, and
Table 4.2 lists the parameter values. Continuing a previous convention, variables in upper
case are absolute quantities, while those in lower-case are dimensionless (Barrett et al.,
2012; Buxton et al., 2004). The superscript ∗ (e.g. p̄O2 ,t∗ ) represents a baseline value.

4.2.1

Oxygen transport model

The amount of oxygen in the ith vascular compartment, nO2 ,i (t), is described by the
ordinary differential equations (ODEs)
dnO2 ,1
= f0,1 (t)cO2 ,0,1 (t) − f1,2 (t)cO2 ,1,2 (t) − jO2 ,1 (t) − jO2 ,s (t),
dt
dnO2 ,2
= f1,2 (t)cO2 ,1,2 (t) − f2,3 (t)cO2 ,2,3 (t) − jO2 ,2 (t), and
dt
dnO2 ,3
= f2,3 (t)cO2 ,2,3 (t) − f3,4 (t)cO2 ,3,4 (t) − jO2 ,3 (t) + jO2 ,s (t),
dt

(4.1a)
(4.1b)
(4.1c)
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where fi,j (t) is the flow from i to j. The amount of O2 in the tissue compartment is given by
3
dnO2 ,t X
=
jO2 ,i (t) − cmrO2 (t).
dt
i=1

(4.2)

Finally, the concentration of oxygen entering or leaving a vascular compartment,
cO2 ,i,i+1 (t), is calculated by

cO2 ,i,i+1 (t) =





 cO2 ,0 − cO2 ,l

if i = 0,

(4.3)




 nO2 ,i (t)/vi (t) if 1 ≤ i ≤ 3,

where the constants cO2 ,0 and cO2 ,l are the systemic arterial O2 concentration (typically measured in the femoral artery) and the oxygen concentration ‘leaked’ from the
blood before reaching the brain, respectively, and vi (t) is blood volume. In tissue,
O2 concentration is calculated as
cO2 ,t (t) = nO2 ,t (t)/vt ,

(4.4)

where the tissue volume, vt , is assumed constant.
Several groups have reported rises in venous PO2 with increasing diameter (Vazquez
et al., 2010a; Vovenko, 1999), and Lecoq et al. (2011) recently observed PO2 increases in
venules crossing arterioles in the olfactory bulb. Therefore, an arterio-venous diffusional
shunt is included in the model. The O2 fluxes from blood to tissue, jO2 ,i (t), and through
the shunt, jO2 ,s (t), are described using Fick’s first law such that
jO2 ,i (t) = gi [p̄O2 ,i (t) − p̄O2 ,t (t)] , and

(4.5a)

jO2 ,s (t) = gs [p̄O2 ,1 (t) − p̄O2 ,3 (t)] ,

(4.5b)

where gi and gs are coefficients describing the net ‘conductance’ of O2 between compartments, and include the effects of surface area. The average O2 partial pressure
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in each vascular compartment, p̄O2 ,i (t), is calculated from the input and output partial pressures so
p̄O2 ,i (t) = [pO2 ,i−1,i (t) + pO2 ,i,i+1 (t)] /2.

(4.6)

For simplicity, the small fraction of oxygen dissolved in plasma is ignored, and input
and output partial pressures are calculated using a Hill equation formulation to describe
the O2 -haemoglobin saturation curve, such that

pO2 ,i,i+1 (t) = p50

"

cO2 ,max
−1
cO2 ,i,i+1 (t)

#− 1

h

,

(4.7)

where the constant p50 represents the PO2 at which haemoglobin is 50 % saturated, cO2 ,max
represents the maximum concentration of O2 in whole blood, and h is the Hill exponent.
In tissue, the average O2 partial pressure, p̄O2 ,t (t), is calculated from Henry’s law so
p̄O2 ,t (t) = cO2 ,t (t)/σO2 ,

(4.8)

where the constant σO2 represents the solubility of oxygen in tissue.

4.2.2

CMRO2 stimulus

This model does not consider the details of mitochondrial oxygen consumption, so
cerebral metabolic rate of oxygen consumption, cmrO2 (t) represents a simple tissue O2
‘sink’. Mathematically, cmrO2 (t), is given by
cmrO2 (t) = cmrO∗2 [1 + st (t)] ,

(4.9)
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where the constant cmrO∗2 is the baseline rate of oxygen consumption, and st (t) is an
empirical stimulus described by the piecewise function

st (t) =






sup (t),






t < t0 + τup ,

sdecay (t),








 sdown (t),

t0 + τup ≤ t ≤ t0 + tstim ,

(4.10)

t > t0 + tstim ,

where:




sup (t) = 12 sup∗ 1 + erf 
sdecay (t) =



s∗up

−s

∗



t − t0 + 21 τup
h

i 

32−1/2 τup

t0 + τup − t
exp
τdecay

!

 ;

(4.11a)

+ s∗ ;

(4.11b)

t0 + tstim − t
sdown (t) = send exp
;
τdown




(4.11c)

t0 is the stimulus onset time; τX are time constants (where X is one of up, decay, or
down); tstim is the duration of stimulation (where tstim ≥ τup ); sup∗ is the peak value
of sup (t); erf is the Gauss error function:
2
erf (x) = √
π

Z x

exp −t2 dt;




(4.12)

0

s∗ is the steady-state value of the stimulus; and send , the stimulus value at tend , is
given by sdecay (tend ).
To fit model predictions of tissue PO2 to experimental measurements, the optimisation
algorithm adjusted the three stimulus time constants (τup , τdown , and τdecay ) and two
stimulus amplitudes (sup∗ , s∗ ), as described in the Section 4.3.1.

4.2.3

Additional mechanisms

The equations in Section 4.2.1 include only conventional (i.e. no additional) mechanisms;
therefore, simulations under these conditions are abbreviated as “NoMech”. Four modifi-
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cations to these equations were also tested to determine whether including additional
mechanisms would improve the predictive power of the model.
The first mechanism (“CapPerm”) described the effects of functional recruitment by
dynamically increasing capillary permeability as a function of CBF, such that
g2 (t) = g2∗ (1 + kCapP erm [f0,1 (t) − f ∗ ]) ,

(4.13)

where the constants g2∗ and f ∗ represent values at baseline, and kCapP erm describes the
magnitude of the change in capillary permeability for a given change in CBF. This
increase in net permeability includes any effect from changes in surface area, although
capillaries are not thought to dilate significantly (Barrett et al., 2012, q.v. Chapter 3).
The second mechanism (“AllPerm”) imposed a global increase in vascular permeability
to determine whether this would generate different predictions to a specific increase
in capillaries. Mathematically,
gi (t) = gi∗ (1 + kAllP erm [f0,1 (t) − f ∗ ]) ,

(4.14)

where kAllP erm describes the change in permeability in all compartments.
The third mechanism (“Leak”) tested the effect of recruiting upstream O2 , in this case
reducing the amount of O2 ‘leaked’ from the blood before reaching the brain such that
cO2 ,l (t) = cO2 ,l∗ (1 − kLeak [f0,1 (t) − f ∗ ]) ,

(4.15)

where kLeak describes the reduction in O2 leakage. The constraint cO2 ,l (t) ≥ 0 was
imposed to ensure that blood entering the brain could not have a higher O2 concentration than systemic arteries.
The increase in oxidative metabolism caused by neural activation is likely to lead to an
increase in CO2 levels and thus blood acidity, although it is not clear how important
this increase would be. The final mechanism (“P50”) tested the possibility that this
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increase would be sufficient to increase the P50 of oxygen-haemoglobin binding, a process
commonly known as the Bohr effect. Mathematically,
p50 (t) = p50∗ [1 + kP50 st (t)] ,

(4.16)

where kP50 describes the extent of the Bohr shift for a given increase in metabolism.

4.3
4.3.1

Methods
Experimental design

This section provides an overview of the design of the numerical experiments, which
were conducted in three stages.

4.3.1.1

Baseline PO2

The first stage of simulations considered only baseline conditions, in order to confirm that
the model was able to make predictions that were consistent with a range of experimental
PO2 measurements at baseline. The detailed measurements of Vovenko (1999) were
used as a reference state and modified where necessary to account for the different
conditions of three other sets of measurements (Masamoto et al., 2008; Vazquez et al.,
2010a; Yaseen et al., 2011, summarised in Table 4.3). For the reference state, the baseline
tissue PO2 , p̄O2 ,t∗ , was determined from experimental data (see Appendix A.3), then
measured values of vascular PO2 were used in the steady-state forms of Equations (4.1)
and (4.2) to determine the baseline CMRO2 and O2 conduction coefficients. (The
reference state parameters are listed in Table 4.2.)
However, there was insufficient information in the data sets published by Masamoto
et al. (2008), Vazquez et al. (2010a,b), and Yaseen et al. (2011) to determine model
parameters uniquely. In these cases, the parameters (such as baseline CMRO2 and O2
conduction coefficients) were assumed to remain the same as the reference state, unless
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they conflicted with the experimental data. For example, the femoral artery and venous
PO2 values reported by Yaseen et al. (2011) and Vazquez et al. (2010a,b) imply different
values for baseline CMRO2 and oxygen conduction coefficients than Vovenko (1999).
This procedure is described in detail in Section 4.3.3, and parameter values that change
as a result of these different baseline conditions are listed in Table 4.4.

4.3.1.2

Tissue PO2

The second stage of simulations considered dynamic measurements of tissue PO2 made
by Masamoto et al. (2008) in response to forepaw stimulation in rats. These simulations
were performed to determine whether any of the mechanisms were able to produce
predictions that were consistent with the data. In these experiments, the authors used
sodium nitroprusside (SNP), a vasodilator, to ‘pre-dilate’ the vessels and thus minimise
further vascular dilation in response to neural activation. This treatment reduces the
confounding effect of changes in CBF on measurements of tissue PO2 , so provides a
clearer insight into the dynamics of CMRO2 . (The SNP-induced vasodilation also induces
hypotension, which is accounted for in the simulations by the CBF model.)
There was no difference in electrical activity (measured by local field potential) between
the control and SNP conditions (Masamoto et al., 2008), so CMRO2 was assumed to
remain the same. Furthermore, because there was no significant difference in baseline
arterial blood conditions between control and SNP measurements, variations in dynamic
tissue PO2 between the two cases were assumed to be solely attributable to changes
in CBF. First, the vasodilatory stimulus was adjusted to fit the model predictions of
CBF to the observations, as previously (Barrett et al., 2012, q.v. Chapter 3). Then, the
three time constants and two amplitudes of the CMRO2 stimulus (see Section 4.2.2)
were adjusted to minimise the error between the model predictions and experimental
measurements of tissue PO2 (both control and SNP conditions simultaneously).
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Tissue and vascular PO2

The final stage of simulations considered dynamic measurements of PO2 in arteries, veins,
and tissue made by the same group which obtained the data used in the Section 4.3.1.2,
employing a similar experimental protocol (Vazquez et al., 2010a). Some of the reported
PO2 values had a minor correction applied in a subsequent publication (Vazquez et al.,
2010b), and these updated values are adopted here. The simulations were performed to
confirm that the simulations described in Section 4.3.1.2 were repeatable, and to validate
the predictions. In order to achieve this, model predictions of CBF were first fitted to the
observations. Then, the CMRO2 stimulus was adjusted, as per Section 4.3.1.2, to minimise
the error between the model predictions and experimental measurements of tissue PO2 .
In this way, the measurements of PO2 in arteries and veins were not involved in the
optimisation, so act as an independent validation of the model’s predictive power.

4.3.2

Parameter selection and solution procedure

This section provides more detail on the choice of parameters used in the model, and
how the equations were solved to produce the predictions in Section 4.4. The parameter
values in the reference state are summarised in Table 4.2.
In brief, the model was solved in four stages: (1) calculating the full set of parameters in
the reference state (described in this section); (2) adjusting the baseline parameters to
account for experimental conditions different from the reference state (see Section 4.3.3);
(3) numerically solving the equations to produce the dynamic results (see Sections 4.3.3
and 4.3.4); and (4) adjusting the model predictions of tissue PO2 (see Section 4.3.4).
The sequence of these stages is illustrated graphically in Section 4.3.2.
To determine the dimensionless tissue volume, vt , the mean vascular volume fraction
(2.87 %) was calculated from data reported by a range of groups with different methodologies (An and Lin, 2002; Ito et al., 2005, 2001a; Kim et al., 2007; Lauwers et al., 2008;
Reichold et al., 2009; Weber et al., 2008). Since volume terms are scaled by the total
baseline vascular volume (see Appendix A.2), this means vt becomes 34.8.
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Ref.
Data

Calc. Ref. State
(Section 4.3.2)

Ref. State

Exp.
Data

Calc. Exp. State
(Section 4.3.3)

Exp. State

Solve Model

Dynamic
Predictions

Calc. Adj. Tissue
(Section 4.3.4)

Adj. Tissue
Predictions

Figure 4.2: Schematic diagram indicating the sequence of stages followed to solve the
model and produce the results in Section 4.4. Ref. = Reference; Calc. = Calculate; Exp.
= Experimental; Adj. = Adjusted.

Measurements of vascular PO2 made by Vovenko (1999) were used to calculate baseline
O2 concentrations (cO2 ,i,i+1∗ ) from Equation (4.7). Then, baseline O2 amounts (nO2 ,i,i+1∗ )
and the leak concentration (cO2 ,l ) were determined from Equation (4.3), and average
vascular PO2 (p̄O2 ,i∗ ) was calculated from Equation (4.6). This makes it possible to
determine the average tissue PO2 (p̄O2 ,t∗ ) as described in Appendix A.3.3 on page 169.
The baseline oxygen consumption, cmrO∗2 , was then calculated from Equation (4.2).
A feasible range of values for the shunt conduction coefficient, gs , was identified by
requiring all conduction coefficients to be greater than zero, which ensures that O2
diffuses down its partial pressure gradient. The steady-state forms of Equations (4.1a)
and (4.1c) then yield two inequalities that define the feasible range for gs . Initial
simulations (data not shown) suggested that the dynamics of PO2 were not particularly
sensitive to the value of gs , so gs was set to the mean of the feasible range, but values at the
top and bottom 10 % of the range were included in the sensitivity analysis. The remaining
conduction coefficients were determined by solving Equation (4.1) at steady-state. At

Value
0.116 mM
9.26 mM
50 %
2.6
36 mmHg
50 %
[15, 135] µm
[0.29, 0.44, 0.27]
34.8
0.133
v∗
1.46 µM mmHg−1

Description

O2 conc. leakage
Hill equation max. O2 conc.
Proportion of shunt feasible range
Hill equation exponent
Hill equation O2 P50
SNP-induced pressure drop
Krogh cylinder radii
Baseline vascular volume fraction
Tissue volume fraction
Vascular PO2 weight
Vascular compartment weight
Tissue O2 solubility coefficient

Symbol

CO2 ,l
CO2 ,max
prop(gs )
h
P50
∆PSN P
[R1 , R2 ]
v∗
vt
wb
wi0
σO2

values that are adjusted as a result of different baseline conditions are listed in Table 4.4.

See Section 4.3.2
Cartheuser (1993)
See Section 4.3.2
Cartheuser (1993)
Cartheuser (1993)
Masamoto et al. (2008)
See Appendix A.3
Barrett et al. (2012), q.v. Chapter 3
See Section 4.3.2
See Appendix A.3
See Appendix A.3
Dash and Bassingthwaighte (2004)

Reference

symbols are dimensionless (see Appendix A.2), while parameters with upper case symbols are not and are given with appropriate units. Parameter

Table 4.2: List of model parameters in the reference state. Parameters with three values represent x = [x1 , x2 , x3 ]. Parameters with lower case

106
Chapter 4. Modelling O2 Partial Pressure

107

4.3. Methods
Table 4.3: List of baseline oxygen partial pressure (PO2 ) values specified when adjusting
to different experimental conditions. Parameter values that are adjusted as a result of
these different baseline values are listed in Table 4.4.

Value (mmHg) for simulations of:

Symbol

Description

PO2 ,0
P̄O2 ,3∗
PO2 ,3,4∗

Femoral artery PO2
Mean venous PO2
Output venous PO2

Yaseen (2011)

Masamoto (2008)

Vazquez (2010)

108.3
52.3
54.4

114.0
–
–

113.0
37.8
40.3

this point, the model is fully parametrised in the reference state.

4.3.3

Adjusting baseline conditions

This section describes the process of adjusting the parameters from the reference state
conditions to the conditions under which the other data sets were obtained (see Table 4.3).
All of the parameters that were adjusted as a result of these different experimental
conditions are listed in Table 4.4.
To adjust the model from the reference state to the conditions reported by Masamoto
et al. (2008), only the value for femoral artery PO2 (pO2 ,0 ) was changed, as no other
vascular PO2 measurements were reported. As such, the baseline CMRO2 (cmrO∗2 ) and
the O2 conduction coefficients (g and gs ) were assumed to be the same as the reference
state. This means the steady-state version of Equations (4.1) and (4.2) can be solved
directly for the new baseline conditions.
For the simulations of data from Yaseen et al. (2011) and Vazquez et al. (2010a), the
femoral artery PO2 (pO2 ,0 ), large venous PO2 (pO2 ,3,4∗ ), and average venous PO2 (p̄O2 ,3∗ )
were adjusted to match the reported measurements (see Table 4.3). For all simulations,
the concentration of oxygen ‘leaked’ between the femoral artery and large cerebral arteries,
cO2 ,l , was assumed to be constant. Adding the steady-state form of Equations (4.1)
and (4.2), the adjusted baseline CMRO2 is obtained such that
cmrO∗2 = f ∗ cO2 ,0,1∗ − cO2 ,3,4∗ ,




(4.17)
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where f ∗ is the baseline CBF, and cO2 ,0,1∗ and cO2 ,3,4∗ are the baseline input arterial and
output venous oxygen concentrations calculated from the imposed PO2 values.
In both cases, the baseline state is underdetermined: the steady-state form of Equations (4.1) and (4.2) provide three equations to determine six unknowns (g, gs , pO2 ,1,2∗ and
p̄O2 ,t∗ ). Therefore, it was necessary to make one or more assumptions about the baseline
conditions. Several plausible assumptions were tested during model development, and the
final choice is described in more detail below. Results obtained using the alternative assumptions were similar to those presented in this thesis, likely because the input (femoral
artery PO2 ) and output (large venous PO2 ) values were defined by experimental data.
To determine the O2 conduction coefficients it was assumed that, for matched femoral
artery PO2 , the proportion of CMRO2 supplied by each compartment at baseline would
be constant between different experimental conditions. For example, using the conditions
reported by Vazquez et al. (2010a), it was assumed that the steady-state fraction of total
oxygen flux supplied by each vascular compartment would remain the same as those under
the reference state conditions (Vovenko, 1999), if the femoral artery PO2 was reduced to
that of the reference state (while maintaining the newly-calculated CMRO2 ).
Therefore, since CMRO2 remains constant between these two situations, the output
venous O2 concentration under the reference femoral artery PO2 conditions, ćO2 ,3,4∗ , can
be calculated from a modified form of Equation (4.17) as
ćO2 ,3,4∗ = ćO2 ,0,1∗ − cmrO∗2 /f ∗ .

(4.18)

(The acute above a symbol, e.g. x́, refers to a variable under conditions where the
femoral artery PO2 was reduced to that of the reference state.) Then, ṕO2 ,3,4∗ can be
calculated from ćO2 ,3,4∗ using Equation (4.7).
This leaves a system of six equations (the previously mentioned three, plus the steadystate form of Equations (4.1) and (4.2) under the reference femoral artery PO2 conditions)
and nine unknowns (the previously mentioned 6, plus ṕO2 ,1,2∗ , ṕO2 ,2,3∗ , and p̄´O2 ,t∗ ). The
final 3 equations come from the assumption (introduced above) of constant fractional

Unit
mmHg
mmHg
mmHg
mmHg
mmHg
none
none
none
none
none

Description

Baseline input art. PO2
Baseline art.–cap. PO2
Baseline cap.–vei. PO2
Baseline output vei. PO2
Mean baseline tis. PO2
Baseline CMRO2
Art. O2 conduction coef.
Cap. O2 conduction coef.
Vei. O2 conduction coef.
Shunt O2 conduction coef.

Symbol

PO2 ,0,2∗
PO2 ,1,2∗
PO2 ,2,3∗
PO2 ,3,4∗
P̄O2 ,t∗
cmrO∗2
g1
g2
g3
gs

reference state (Vovenko, 1999).

81.2
59.7
39.6
41.3
22.4
0.336
0.075
0.790
0.201
0.207

Vovenko (1999)
99.4
68.0
50.1
54.4
38.1
0.208
0.059
0.619
0.155
0.198

Yaseen (2011)
103.7
62.3
41.1
44.6
25.3
–
–
–
–
–

Masamoto (2008)

Value for simulations of:

116.7
55.7
35.3
40.3
22.8
0.423
0.096
1.124
0.309
0.263

Vazquez (2010)

Table 4.4: List of adjusted model parameters for simulations of experimental conditions (see Table 4.3). Values given by ‘-’ are the same as the
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O2 supply from each compartment, such that
gi p̄´O2 ,i∗ − p̄´O2 ,t∗


cmrO∗2



= kO2 ,i ,

(4.19)

where the constant kO2 ,i represents the proportion of CMRO2 supplied from the compartment, and is calculated from the original reference state conditions. This assumption
requires that the shunt conduction coefficient (gs ) be free to deviate from the mean
of the feasible range. Under the experimental conditions presented in this thesis, the
value was determined to be within ∼ 10 % of the mean.
Finally, with the adjusted parameters fully specified, the four ordinary differential
equations specified in Equations (4.1) and (4.2) were solved numerically to produce
the dynamic predictions.

4.3.4

Adjusting tissue PO2 predictions

Detailed measurements of tissue PO2 using two-photon microscopy have recently observed
considerable variation over relatively short distances (Devor et al., 2011; Sakadžić et al.,
2010). These reports cast doubt over the ability of oxygen sensitive microelectrodes to
estimate the true mean PO2 of a region of tissue from a small number of measurements.
For example, Vazquez et al. (2010a) reported a mean tissue PO2 of 38.0 mmHg (n = 9),
which is slightly higher than the mean venous PO2 of ∼ 37.8 mmHg (n = 21). While
it is probable that there are tissue regions with PO2 higher than veins, it is unlikely
for the tissue PO2 to exceed that of the veins on average. Using values of this nature
directly in a compartmental model would result in net oxygen transfer from tissue to
venous blood and lead to physiologically implausible behaviour.
Therefore, model predictions of mean tissue PO2 at baseline, p̄O2 ,t∗ , were not fitted to
the reported values. Instead, p̄O2 ,t∗ was calculated based on the detailed measurements
of Vovenko (1999) and a steady-state Krogh cylinder-type model (see Section 4.3.2
and Appendix A.3 for more detail and derivation). Then, adjusted predictions of tissue
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PO2 , p̄O2 ,t? (t), were calculated to represent the experimental measurements, and it is these
predictions that are used in the fitting and shown in the figures. Appendix A.3.4 contain
full details of this calculation, but briefly, p̄O2 ,t? (t) is a weighted average of the model
predictions of arterial, capillary, venous and mean tissue PO2 . The weights are defined
so the value of p̄O2 ,t? (t) at baseline matches the reported mean PO2 value. However, the
weights are only calculated once for each set of baseline conditions, and are not used
as fitting parameters in the optimisation of dynamic predictions.

4.3.5

Optimisation and data analysis

All optimisation was implemented in MATLAB R2010a (The MathWorks Inc., Natick,
MA) using a constrained Nelder-Mead simplex algorithm (Lagarias et al., 1998), with
initial parameter values chosen from a uniform random distribution. Each stage of
optimisation was repeated with different initial guesses, typically three or four times,
to ensure that the values converged to a true optimal solution, and the combination
with the lowest error was chosen.
Analyses were also conducted to determine whether the model predictions were sensitive
to the choice of parameters. Each of these parameters was independently perturbed by a
representative amount (see Table 4.5), typically ± 10 %, and the appropriate optimisation
stage(s) was (were) repeated in each case. Unless otherwise specified, model results are
presented as median ± s.d., where n = 29 simulations (when comparing to Masamoto
et al., 2008) or 35 simulations (when comparing to Vazquez et al., 2010a). Unless
otherwise specified, experimental data are presented as the mean ± s.e.m.
Raw experimental data were not available, so it was not possible to compare model
predictions to the data directly using statistical methods. However, statistical tests were
employed to provide evidence of differences between the predictions from different model
mechanisms, given some variation in the parameters. To test for statistically significant
differences between mechanisms, metrics (e.g. PO2 increases) from the simulations
in the sensitivity analysis were compared using either a t-test or a non-parametric
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Table 4.5: List of parameters modified in the sensitivity analysis and the amount of
perturbation imposed. For parameters with multiple values (e.g. pO2∗ ), each value was
perturbed individually. Perturbations to the reference conditions also affect simulations
under modified experimental conditions.

Data Set

Symbol

Perturbation

Reference

pO2∗
[R1 , R2 ]
prop(gs )
v∗
vt

± 10 %
± 10 %
± 10 %
± 10 %
± 10 %

Masamoto et al. (2008)

∆PSN P
pO2 ,0∗

± 10 %
± 10 %

Vazquez et al. (2010a)

pO2 ,0∗
pO2 ,3,4∗
p̄O2 ,3∗

± 10 %
±5%
±5%

Wilcoxon rank sum test, depending on the results of a Shapiro-Wilk normality test.
In all analyses, two tailed tests were used unless specified otherwise, and results were
considered significant for P < 0.05.

4.4
4.4.1

Results
Baseline PO2

Figure 4.3 shows the model predictions and experimental measurements of PO2 at baseline
for the different data sets considered here. Since the model does not account for variation
in PO2 based on vessel size, it is more accurate to compare the simulation results to the
mean observations for each vessel type; however, the PO2 values of the blood flowing into
and out of a model compartment give an indication of the predicted range of values.
Measurements made by Vovenko (1999) were used as a reference state in the model, and
as such the model predictions are very similar to the data: the model predicted PO2
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Experimental Observations

Model Predictions

140
Vazquez (2010)
Masamoto (2008)
Yaseen (2011)
Vovenko (1999)
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Figure 4.3: Model predictions (left) and experimental observations (right) of oxygen
partial pressure (PO2 ) at baseline. Model predictions are shown with the femoral artery
(Fem. Art.) and mean compartmental PO2 values in solid shapes, and the PO2 values
into or out of compartments as ‘x’. Vovenko (1999) reported PO2 values at both the
arterial and venous end of capillaries (Cap. End).

values of [70.5, 49.6, 40.4] mmHg (corresponding to [arteries, capillaries, veins]) compared
with mean values of [73.1, 49.4, 40.0] mmHg from the data.
The model predictions were also consistent for the other two sets of data. Yaseen et al.
(2011) measured mean PO2 values of [84.9, –, 52.3] mmHg, compared with model predictions of [81.2, 56.5, 52.3] mmHg. For the measurements made by Vazquez et al. (2010a,b)
the model predicted values of [91.9, 50.2, 35.1] mmHg compared with [85.0, –, 36.3] mmHg
from the data. While there were no vascular PO2 measurements to compare to, model predictions of vascular PO2 under the conditions reported by Masamoto et al. (2008) ([83.0,
51.7, 42.9] mmHg) appeared to be reasonable in light of the other measurements.

4.4.2

Tissue PO2

Figure 4.4A-D displays the optimal model predictions of CBF, CMRO2 , and tissue
PO2 for the set of experiments reported by Masamoto et al. (2008). The predictions of
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Figure 4.4: Model predictions of data from Masamoto et al. (2008) in response
to 10 s electrical forepaw stimulation. (A-D) Optimal predictions of CBF, cerebral
metabolic rate of oxygen consumption (CMRO2 ) and tissue oxygen partial pressure
(PO2 ) under (A,C) control (Ctrl) and (B,D) sodium nitroprusside (SNP) induced
vasodilated conditions. (E) Stimulation induced changes from all simulations in the
sensitivity analysis (for predictions: n = 33, shown as median ± s.d.; for data: n = 5,
shown as mean ± s.e.m.; * where P < 0.05). Predictions of CMRO2 and PO2 are shown
with increased capillary permeability (CapPerm) or without any additional mechanisms
(NoMech). See Figure 4.5 for results from remaining mechanisms.
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CBF under both control and vasodilated (SNP) conditions were a good fit to the data
(Figure 4.4A-B), so would be unlikely to cause significant errors in predictions of PO2 .
The model predictions of tissue PO2 using a mechanism that simulated functional
recruitment (CapPerm) appeared consistent with the data; however, predictions without
any additional mechanisms (NoMech) did not (Figure 4.4C-D). Compared to the CapPerm
simulations, the NoMech simulations predicted significantly smaller increases in tissue PO2
under control conditions, smaller decreases in tissue PO2 under vasodilated conditions,
and smaller increases in CMRO2 for both conditions (Figure 4.4E, all P < 0.001). The
root mean square (RMS) error associated with the optimisation was also significantly
higher for the NoMech simulations than the CapPerm, indicating a less accurate fit
to the data (Figure 4.8, P < 0.001). For the CapPerm simulations, the optimal value
for kCapP erm was determined to be 0.79 ± 0.05, which is equivalent to an increase in
capillary oxygen permeability of 37.5 ± 2.3 % above baseline.
Of the other mechanisms tested, only the AllPerm simulations were able to produce
predictions that appeared consistent with the data (Figure 4.5A-B). There were no
significant differences in predicted tissue PO2 increases (Control or SNP), CMRO2
increases, or RMS error between the CapPerm and AllPerm simulations (all P > 0.3). The
predicted metrics from the Leak and P50 simulations were all significantly different to the
CapPerm simulations (Figure 4.5G, all P < 0.001). Both of these additional mechanisms
resulted in a significantly poorer fit to the data (Figure 4.8 and Figure 4.5C-F).
The optimal value for kAllP erm was determined to be 0.63 ± 0.04, which is equivalent
to an increase in oxygen permeability of 29.6 ± 1.8 % above baseline in all vascular
compartments; the optimal value for kLeak was 3.81 ± 0.40, which is equivalent to cerebral
arterial oxygenation reaching the level of the femoral artery in response to a CBF
increase of ∼ 25 % above baseline; and the optimal value for kP 50 was 0.71 ± 0.20, which
is equivalent to an increase in P50 of 24.6 ± 11.1 % above baseline.
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Figure 4.6: Model predictions of data from Vazquez et al. (2010a) in response to 20 s
electrical forepaw stimulation. Optimal predictions of (A) CBF and cerebral metabolic
rate of oxygen consumption (CMRO2 ), (B) tissue oxygen partial pressure (PO2 ), (C)
arterial PO2 , and (D) venous PO2 . (E) Stimulation induced changes from all simulations
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are shown with increased capillary permeability (CapPerm) or without any additional
mechanisms (NoMech). See Figure 4.7 for results from remaining mechanisms.
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Figure 4.7: Model predictions (with additional mechanisms) of data from Vazquez
et al. (2010a) in response to 20 s electrical forepaw stimulation. Format as per Figure 4.6.

4.4.3

Tissue and vascular PO2

Figure 4.6A-D displays the optimal model predictions of CBF, CMRO2 , and PO2 for
the set of experiments reported by Vazquez et al. (2010a). The predictions of CBF
were a good fit to the data here also (Figure 4.6A), so would be unlikely to confound
subsequent predictions of PO2 .
For the CapPerm—but not the NoMech—simulations, predictions of tissue, and venous
PO2 appeared consistent with the data (Figure 4.6B-D). Compared to the CapPerm simulations, the NoMech simulations predicted significantly smaller increases in tissue PO2 ,
larger increases in arterial and venous PO2 , smaller increases in CMRO2 , and a larger RMS
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error (Figure 4.6E and Figure 4.8, all P < 0.001). For this set of data, the CapPerm mechanism predicted an increase in capillary permeability of 33.6 ± 2.1 % above baseline.
As with the previous stage, predictions from the AllPerm simulations appeared consistent
with the data (Figure 4.7A-B). There was no significant difference in predicted tissue
PO2 increases (P > 0.7), CMRO2 increases (P > 0.05) or RMS error (Figure 4.8,
P > 0.6) between CapPerm and AllPerm simulations; however, the predicted increases
in arterial, and venous PO2 —although small—were significantly different to those from
the CapPerm simulations (Figure 4.7J, all P < 0.001). For these measurements, the
AllPerm mechanism predicted an increase in vascular permeability in all compartments
of 27.2 ± 1.6 % above baseline.
For the Leak and P50 simulations, all the predicted metrics were significantly different
to those from the CapPerm simulations (Figure 4.7J, all P < 0.001), and both of
these mechanisms resulted in a significantly poorer fit to the data compared with the
CapPerm simulations (Figure 4.8 and Figure 4.7D-I, all P < 0.001). The effect of
kLeak was very similar to the previous simulations, as CBF increases above 25 % in both
cases. The value of kP 50 had virtually no effect on these simulations as the CMRO2
increase above baseline was negligible.

4.5

Discussion

In this study a mathematical modelling approach was used to test whether functional
recruitment—or another similar mechanism—was necessary and/or sufficient to produce
predictions that are consistent with experimental data. Model predictions of PO2 were
compared to measurements at baseline, and to two sets of dynamic PO2 measurements
in tissue. One set of data included measurements made under conditions with almost
no CBF increase, so provided a more direct insight into the dynamics of CMRO2 . The
other set of data included measurements of PO2 in arteries and veins, which acted as
an independent validation of the model predictions.
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Figure 4.8: Root Mean Squared (RMS) error associated with fitting the model to data
for all of the mechanisms considered. Data shown as mean ± s.e.m.; asterisk (*) indicates
P < 0.05 versus CapPerm simulations; n = 29 simulations for data from Masamoto
et al. (2008) and n = 35 simulations for data from Vazquez et al. (2010a).

4.5.1

Baseline predictions

The model predictions of baseline PO2 were consistent with the data (Figure 4.3). It was
expected that the predictions would agree well with the measurements made by Vovenko
(1999) since these values were used to define the ‘reference state’. However, despite
changing only a small number of parameters to account for the different experimental
conditions, the model predictions also agreed well with the other measurements (Vazquez
et al., 2010a; Yaseen et al., 2011). Even when adjusting only for femoral artery PO2 , the
model predictions were reasonable, particularly to the capillary level (data not shown).
However, specifying the venous PO2 also, which is equivalent to specifying the baseline
CMRO2 or OEF, led to more accurate predictions. As discussed by Yaseen et al. (2011),
it is not clear what caused the differences between the measurements of venous PO2 (i.e.
between the measurements reported by Yaseen et al., 2011 and Vazquez et al., 2010a),
but it may be related to animal preparation (e.g. anaesthesia, spontaneous breathing vs.
artificial ventilation) or measurement modality (e.g. electrode measurements from the
surface of vessels vs. intravascular measurements using optical methods).
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Conventional mechanisms

Using only conventional mechanisms (abbreviated as NoMech), the model could not
produce predictions that were consistent with the PO2 measurements from Masamoto
et al. (2008) under either control or suppressed CBF conditions (Figure 4.4). While
the predictions of arterial PO2 were consistent with the second set of data (Vazquez
et al., 2010a), the predicted changes in tissue and venous PO2 were not (Figure 4.6).
These results are similar to those from an earlier model that considered capillaries only
(Vazquez et al., 2008). The fact that the data here support the same conclusion, despite
the model allowing flux from arteries to tissue, is further evidence that conventional
mechanisms are not sufficient to describe dynamic measurements of PO2 .
Importantly, the predicted increase in CMRO2 in the second set of simulations was
negligible (see Figure 4.4), which is not likely to represent the in vivo behaviour. Since
the difference between arterial and venous PO2 is related to the CMRO2 , and arterial PO2
was relatively insensitive to changes in CMRO2 , it is likely that the model’s overprediction
of the increase in venous PO2 results from an underprediction of the increase in CMRO2 .
As would be expected, forcing the model to include a non-negligible increase in CMRO2
led to a smaller increase in tissue PO2 and thus a higher RMS error, but improved
the prediction of venous PO2 (data not shown). Combined, these results suggest that
it is necessary to include an additional mechanism—one not captured by conventional
lumped compartment models—in order to produce predictions that are consistent with
dynamic experimental measurements of PO2 .

4.5.3

Permeability increases

The model produced predictions that are consistent with the data from Masamoto et al.
(2008) under both control and vasodilated conditions using the CapPerm mechanism,
which dynamically increased capillary permeability to simulate functional recruitment
(Figure 4.4). The model also gave predictions that are consistent with the second set
of data (Vazquez et al., 2010a), despite changing only a small number of parameters
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(Figure 4.6). This stage of simulations adjusted for the different experimental conditions
and varied the CMRO2 stimulus, but all other parameters—including the constant
governing the CapPerm mechanism (kCapP erm )—were identical to the previous stage.
Vazquez et al. (2008) considered a similar mechanism and also gave predictions that were
consistent with the measurements, but ruled the mechanism out on the basis that “it is
unlikely that the permeability would increase... with increases in blood flow within the
compartment”. While the permeability of individual capillaries is not likely to change to
a significant degree, it is plausible that the net permeability of the capillary compartment,
which represents the entire population of capillaries in a region, may indeed change
due to a mechanism like functional recruitment (Kuschinsky and Paulson, 1992). The
model predicted that a dynamic increase in capillary compartment permeability to
around 35 % above baseline was sufficient to describe the data, which is similar to the
prediction in Vazquez et al. (2008). In addition, the fact that the model was able to
make predictions consistent with a second set of data, including predictions of vascular
PO2 measurements that were independent of the optimisation process, suggests that
the model can produce valid, repeatable predictions.
The AllPerm mechanism, which increased permeability by the same proportion in all
vessel types, gave results that were very similar to those made using the CapPerm
mechanism (Figures 4.5 and 4.7). The difference in predicted increase of PO2 between
the AllPerm and CapPerm simulations reached statistical significance in some cases;
however, the differences were small and the predictions from both sets of simulations
appeared to be within the uncertainty of the experimental data. In addition, there was no
significant difference in the predicted CMRO2 increase between the two sets of predictions.
The model predicted that a dynamic permeability increase in all compartments to around
28 % above baseline was sufficient to describe the data.
Taken as a whole, these results suggest that a global increase in vascular permeability
during functional hyperemia could lead to predictions consistent with the measurements,
although it is not clear what mechanism might have this effect since arteries and veins
are thought to be well perfused at baseline. However, the results suggest that a moderate
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increase in the effective permeability of a population of capillaries is also sufficient to
produce predictions consistent with the observations. While there is no way to distinguish
between these two—or other similar—possibilities using the model, it is plausible that
functional recruitment may be the mechanism that produces this effect in vivo.

4.5.4

Recruitment of upstream oxygen

The predictions from the Leak mechanism simulations, which reduced the amount of
oxygen lost from the blood prior to the cerebral arteries, were not consistent with the
experimental measurements (Figures 4.5 and 4.7), and the RMS error for this mechanism
was significantly higher than the simulations that increased permeability (Figure 4.8).
In addition, it is likely that the optimised model predictions for this mechanism were
based on a smaller increase in CMRO2 than occurred in vivo, as the model predictions
of venous PO2 increased more than the data. Similar to the conventional mechanism
simulations, forcing the model to use a larger increase in CMRO2 increased the RMS
error associated with the predictions of tissue PO2 , improved the prediction of venous
PO2 , and had little effect on arterial PO2 (data not shown).
In contrast to these results, Vazquez et al. (2008) reported that an increase in input arterial
oxygenation, which is equivalent to the Leak mechanism here, could produce predictions
consistent with the measurements from Masamoto et al. (2008). This discrepancy is
likely due to differences in the method used to calculate input arterial oxygenation, as
different values for input arterial oxygenation imply different levels of upstream oxygen
capacity. Since Masamoto et al. (2008) did not report measurements of cerebral arterial
oxygenation, both models use data from Vovenko (1999) as a reference state. Here, the
concentration of oxygen lost between femoral and cerebral arteries was assumed to be
constant between the reference state and the data, and a value of 103 mmHg was used;
Vazquez et al. (2008) assumed a constant ratio of cerebral to femoral artery partial
pressure and calculated a value of 87 mmHg. As the relationship between oxygen partial
pressure and haemoglobin saturation is non-linear over this range, the method used
here may be more appropriate. In addition, this method produces baseline predictions
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that are consistent with a range of measurements (Figure 4.3), and the predictions were
repeatable for a second set of dynamic measurements that included measurements of
arterial PO2 (Figure 4.7), which suggests that the method and the findings are valid.
Therefore, taken together, the results imply that increasing oxygen saturation even to the
level of large systemic (femoral) arteries is not sufficient to give results that are consistent
with the data. Furthermore, the mean femoral artery oxygen tension at baseline was
> 110 mmHg in Masamoto et al. (2008) and > 130 mmHg in Vazquez et al. (2010a), so any
increase in femoral artery PO2 beyond these levels due to cardiac or respiratory changes
would be unlikely to cause a significant additional increase in oxygen saturation.

4.5.5

Change in oxygen-haemoglobin binding

The final mechanism (P50), which adjusted the oxygen haemoglobin saturation relationship, was also unable to produce predictions consistent with the data (Figures 4.5
and 4.7), and the RMS error was similar to the simulations without any additional
mechanisms (Figure 4.8). Inspection of the raw values from the sensitivity analysis
(data not shown) suggested that there may have been two classes of response for the
predictions of data from Masamoto et al. (2008): (1) simulations with low values of
kP50 and small increases in CMRO2 , which behaved similarly to the NoMech simulations
(example in Figure 4.5E-F); and (2) simulations with higher values of kP50 and larger
increases in CMRO2 . However, while there was a large amount of variation in these
values, there was much less variation in the RMS error, which suggests that all of the
parameter combinations produced similarly poor fits to the data.
In addition, the model predicted that the value of P50 needed to increase by around 25 %,
on average, to minimise the RMS error. According to detailed biochemical modelling
of haemoglobin binding, this change is equivalent to an increase in PCO2 of more than
50 mmHg, an increase in temperature of more than 3 ◦C, or a decrease in pH of more
than 0.15 (Dash and Bassingthwaighte, 2004). Changes as large as this do not seem
physiologically plausible, especially during stimulation periods of less than 30 s. Finally,
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as per the NoMech and Leak mechanism simulations, the predicted increase in CMRO2
was negligible for the simulations of data from Vazquez et al. (2010a). Forcing the model
to use a larger increase in CMRO2 had the same effect as previously (data not shown).
Using a similar mechanism, Vazquez et al. (2010b) reported that dynamically increasing P50 was sufficient to produce predictions consistent with the data, but that the
increases required were outside expected physiological limits. Combined, these results
suggest that dynamic changes in the relationship between vascular oxygen tension
and haemoglobin saturation are not sufficient to produce predictions consistent with
dynamic measurements of PO2 .

4.5.6

Methodological considerations

There are some limitations of the model which may affect interpretation of the results.
Several models have examined oxygen or general scalar transport in more complex
geometries (Boas et al., 2008; Fang et al., 2008; Reichold et al., 2009); however, this
study focussed in more detail on the bulk mechanisms, and the network of cerebral
blood vessels and tissue were represented as four dimensionless compartments. These
simplifications eliminate some of the more complicated effects of structure on function,
and will not describe the in vivo dynamics exactly. In particular, the model assumes
well-mixed compartments, and does not include any temporal delays in transport between
compartments. This limitation may explain some of the temporal discrepancies between
the model predictions and data from Masamoto et al. (2008) under control and vasodilated
conditions (Figure 4.4). However, this approach has been shown to produce results that
are consistent with experimental measurements here and in a number of other cases
(Huppert et al., 2007; Vazquez et al., 2008; Zheng et al., 2005), and it makes the model
sufficiently tractable to consider transient mechanisms in detail.
Although many of the parameters in the model were determined from measurements in the
literature, the predictions from the simulations were not unduly sensitive to a reasonable
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level of uncertainty in these parameters. This suggests that the findings here should remain
valid even if there was some error in the measurement or selection of parameters.
The model here also includes several improvements over previous models. On the basis of
recent observations (Lecoq et al., 2011), a diffusional arterio-venous shunt was included
in the model. This makes it possible for PO2 in the venous compartment to increase
without forcing non-physiologically high values for average tissue PO2 (Vazquez et al.,
2010a; Vovenko, 1999; Yaseen et al., 2011). In addition, a new technique developed in
this model makes it possible to simulate the dynamics of PO2 at tissue locations with
a wide range of baseline values, rather than being restricted to predicting the average
behaviour of the tissue. Finally, the model predictions were subjected to an independent
validation, since the predictions were consistent with experimental data (vascular PO2
measurements) that was not used in the optimisation process.
While the model is a powerful predictive tool, it remains mathematically and computationally simple. Using the model, it was possible to integrate observations from
multiple experiments into a plausible framework based on fundamental biophysical
mechanisms, and test whether hypotheses relating to these mechanisms were consistent
with experimental measurements.

Chapter 5

Modelling Haemoglobin
Saturation
The cerebral metabolic rate of oxygen (CMRO2 ) is an important measure of brain
function. Since it is challenging to measure directly, especially dynamically, a number
of neuroimaging techniques aim to infer activation-induced changes in CMRO2 from
indirect data. In this chapter, a mathematical modelling approach, based on fundamental biophysical principles, is employed to investigate the validity of the widely-used
method to calculate CMRO2 from measurements of cerebral blood flow and haemoglobin
saturation. In model-only simulations, dynamic changes in CMRO2 calculated in this
way differed substantially from the true changes in CMRO2 imposed on the model. The
discrepancy between methods persisted under conditions that are consistent with in
vivo spectroscopic data. The model predicted that calculated changes in CMRO2 are
moderately correlated with the rate of oxygen extraction—not consumption—during the
initial phase of stimulation. However, during later phases of stimulation the calculation
is dominated by the change in blood flow. These results suggest that a more sophisticated approach is required to estimate dynamic CMRO2 changes. In addition, other
neuroimaging modalities that rely on similar assumptions, such as blood oxygenation
level dependent (BOLD) fMRI, are likely to suffer from the same limitations.1
1

A version of this chapter has been submitted to NeuroImage.
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Introduction

CMRO2 , which represents the rate at which oxygen is consumed to meet the energy
demands of the working brain, is an important measure of neural activity in health and
disease. Despite considerable research, the nature, magnitude, and function of metabolic
changes caused by variations in neuronal activity remain unclear (Attwell et al., 2010;
Buxton, 2010; Fox, 2012; Pellerin and Magistretti, 2012). Better knowledge of these
fundamental processes are vital to improve understanding of basic neuronal function. In
addition, it may also enable more accurate—perhaps even quantitative—interpretation
of non-invasive neuroimaging modalities such as functional Magnetic Resonance Imaging
(fMRI) using the Blood Oxygenation Level Dependent (BOLD) signal.
Some of the uncertainty in neural metabolism is likely caused by the difficulty in directly
measuring CMRO2 . For example, steady-state measurements of CMRO2 with PET
require three separate scans, each with different oxygen-15 labelled tracers (Mintun
et al., 1984). In spite of this, the measurements rely on the assumption that there is
no back flux of oxygen from tissue to the vasculature, and require a model to interpret
the effects of CBF, CMRO2 and CBV (cerebral blood volume) on the observed tracer
kinetics (Buxton, 2010; Mintun et al., 1984).
Steady-state CMRO2 can also be measured using several magnetic resonance spectroscopy
techniques following inhalation of oxygen-17 labelled O2 gas (e.g. Mellon et al., 2009;
Zhu et al., 2013). These approaches have a number of advantages, particularly the
ability to distinguish between oxygen atoms that have not been metabolised (i.e. O2 ) and
those that have (i.e. H2 O). However, measurements using these techniques are not yet
widespread due to the high cost of oxygen-17 and difficulties in extending the approach
to larger animals (Buxton, 2010; Zhu and Chen, 2011).
Dynamic measurements of CMRO2 during neuronal activation are even more complicated,
since the increase in CMRO2 (i.e. O2 demand) is confounded by a larger, concomitant
increase in cerebral blood flow (CBF, i.e. O2 supply). This phenomenon is often referred
to as ‘uncoupling’ of CBF and CMRO2 .

5.1. Introduction

129

Therefore, because of the technical challenges and relatively poor temporal resolution of
the direct approaches, many studies aim to infer dynamic changes in CMRO2 indirectly
using an imaging modality that is sensitive to oxygenation, such as optical imaging
(Dunn et al., 2005; Jones et al., 2001; Mayhew et al., 2000) or BOLD-fMRI (Davis
et al., 1998; Hoge et al., 1999b; Mandeville et al., 1999). These techniques require a
framework to convert a signal that represents oxygen concentration into a metric that
represents the rate of oxygen consumption. The approaches considered here rely on
Fick’s principle, which states that the amount of oxygen extracted from the blood is
proportional to CBF and the arterio-venous oxygenation difference. This study contends
that these methods are limited by two assumptions.
First, the approaches explicitly or implicitly assume that CMRO2 is proportional to O2
extraction, which may be normalised and referred to as the oxygen extraction fraction
or OEF (Davis et al., 1998; Dunn et al., 2005; Hoge et al., 1999b; Jones et al., 2001;
Mandeville et al., 1999; Mayhew et al., 2000). Under steady-state conditions, CMRO2 and
O2 extraction are matched, as tissue oxygen partial pressure (PO2 ) does not change significantly over time (Russell et al., 2012). This steady-state coupling may be an important
regulator of metabolism or vascular development, since capillary density is strongly correlated with the activity of the metabolic enzyme cytochrome oxidase (COX, Weber et al.,
2008), in addition to CBF and cerebral glucose consumption (Klein et al., 1986).
However, a fixed relationship between O2 extraction and CMRO2 is not necessarily valid
under dynamic conditions, since O2 extracted from the blood may not be consumed
immediately. For example, if O2 extraction and CMRO2 did remain tightly coupled
during neural activation, there would be no change in tissue oxygenation, since any
change in CMRO2 would be matched by a simultaneous change in O2 extraction. Yet
as reported in a number of studies, there is a robust increase in tissue PO2 following
neural activation (Masamoto et al., 2008; Thompson et al., 2003; Vazquez et al., 2010a,
q.v. Chapter 4). Therefore, it may be inappropriate to use O2 extraction as a proxy
for CMRO2 outside of steady-state conditions.
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Secondly, many of the approaches assume complete saturation of haemoglobin in arteries
(Davis et al., 1998; Dunn et al., 2005; Hoge et al., 1999b; Jones et al., 2001; Mandeville
et al., 1999; Mayhew et al., 2000). However, as discussed previously (Barrett and Suresh,
2013, q.v. Chapter 4), more recent evidence suggests that the small arteries which supply
individual cortical regions contain non-negligible levels of deoxyhaemoglobin (Kasischke
et al., 2011; Yaseen et al., 2011), and this is likely to be even more significant under
free-breathing conditions without supplied oxygen (Vovenko, 1999). In addition, vascular
PO2 measurements imply that the saturation of cerebral arteries may change during
neural activation, albeit by a relatively small amount (Vazquez et al., 2010a).
In the current study, the validity of these approaches are investigated using a predictive
mathematical model. Rather than assuming CMRO2 and O2 extraction are equivalent, the
model treats CMRO2 as a tissue ‘oxygen sink’, in which oxygen is irreversibly consumed
by the mitochondria during aerobic respiration. Then, oxygen extraction is modelled
independently, using a mass balance approach, where net O2 flux from blood to tissue is
driven by the PO2 gradient (i.e. Fick’s first law). In addition, arterial haemoglobin is
not assumed to be completely saturated, and the baseline oxygen saturation is instead
calculated from in vivo measurements.
While the principles behind this approach extend to any oxygenation based signal, this
study focusses on the widely-used calculation of dynamic CMRO2 changes from optical
measurements of haemoglobin (Dunn et al., 2005; Jones et al., 2001; Mayhew et al.,
2000). Initially, the existing calculation method is compared to the proposed approach
using model-only simulations, and then both methods are applied to a published set
of in vivo data (Jones et al., 2002).

5.2

Methods

The blood flow and oxygen transport models are those that were described in detail
previously (Barrett and Suresh, 2013; Barrett et al., 2012, q.v. Chapters 3 and 4), but
a summary of the theory and principal equations is given below. Table 5.1 contains
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Table 5.1: List of dynamic variables

Symbol

Description

ci (t)
cO2 ,i,j (t)
∆cHbO? (t); ∆cdHb? (t)
cmrO2 (t)
fi,j (t); f¯(t)
jO2 ,i (t); jO2 ,s (t)
nX,i (t)
pi (t); ∆pi (t)
pO2 ,i,j (t); p̄O2 ,i (t)
ri (t)
sO2 ,i (t)
vi (t)

Vascular compliance
O2 concentration of fi,j (t)
Adjusted haemoglobin concentration changes
Cerebral metabolic rate of O2
Blood flow from i to j; average flow
O2 flux to tissue; through shunt
Amount of X, where X ∈ {O2 , HbO, . . .}
Entrance fluid pressure; fluid pressure drop
O2 partial pressure of fi,j (t); average PO2
Viscous resistance
O2 saturation
Blood volume

a list of dynamic variables used in the model, and Table 5.2 contains a list of the
parameters. Similar to other models (Huppert et al., 2007; Zheng et al., 2005) the
complex cerebrovascular network is represented as four lumped compartments: arteries,
capillaries, veins, and tissue. These are referred to by the subscripts 1, 2, 3, and t,
respectively. The subscripts 0 and 4 refer to unmodelled larger arterial and venous
compartments. Continuing a previous convention, variables in upper case are absolute
quantities, while those in lower-case are dimensionless. The superscript * (e.g. cmrO∗2 )
represents a steady-state value, typically at baseline.

5.2.1

Blood flow model

The model predicts changes in CBF and CBV in response to functional activation. Since
the signalling pathways responsible for neurovascular coupling remain unclear (Attwell
et al., 2010), in the model these changes are driven by an empirical vasodilatory stimulus
which reduces arterial compliance and induces arterial dilation. The model generates
predictions that are consistent with in vivo experimental measurements of CBF, CBV,
blood vessel diameter and red blood cell velocity (Barrett et al., 2012, q.v. Chapter 3).

Value
0.116 mM
9.26 mM
50 %
2.6
36 mmHg
50 %
94.4 mmHg
85.6 mmHg
[81.2, 59.7, 39.6, 41.3] mmHg
22.4 mmHg
[0.74, 0.08, 0.18]
[15, 135] µm
[0.29, 0.44, 0.27]
34.8
0.133
v∗
1.46 µM mmHg−1

Description

O2 conc. leakage
Hill equation max. O2 conc.
Proportion of shunt feasible range
Hill equation exponent
Hill equation O2 P50
SNP-induced pressure drop
Experimental femoral artery PO2
Reference state femoral artery PO2
Reference state baseline vascular PO2
Reference state baseline tissue PO2
Baseline vascular resistance fraction
Krogh cylinder radii
Baseline vascular volume fraction
Tissue volume fraction
Vascular PO2 weight
Vascular compartment weight
Tissue O2 solubility coefficient

Symbol

CO2 ,l
CO2 ,max
prop(gs )
h
P50
∆PSN P
PO2 ,0?
PO2 ,0∗
PO∗2
PO2 ,0∗
r∗
[R1 , R2 ]
v∗
vt
wb
wi0
σO2

and are given with appropriate units.

Barrett and Suresh (2013), q.v. Chapter
Cartheuser (1993)
Barrett and Suresh (2013), q.v. Chapter
Cartheuser (1993)
Cartheuser (1993)
Masamoto et al. (2008)
Jones et al. (2002)
Vovenko (1999)
Vovenko (1999)
Barrett and Suresh (2013), q.v. Chapter
Barrett et al. (2012), q.v. Chapter 3
Barrett and Suresh (2013), q.v. Chapter
Barrett et al. (2012), q.v. Chapter 3
Barrett and Suresh (2013), q.v. Chapter
Barrett and Suresh (2013), q.v. Chapter
Barrett and Suresh (2013), q.v. Chapter
Dash and Bassingthwaighte (2004)

Reference

4
4
4

4

4

4

4

values represent x = [x0,1 , x1,2 , x2,3 , x3,4 ]. Parameters with lower case symbols are dimensionless, while parameters with upper case symbols are not

Table 5.2: List of model parameters in the reference state. Parameters with three values represent x = [x1 , x2 , x3 ] while parameters with four
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The derivation and additional mathematical detail can be found in the original publication
(Barrett et al., 2012, q.v. Chapter 3). Briefly, the volume of blood within a vascular
compartment i, vi (t), is conserved according to the equation
dvi
= fi−1,i (t) − fi,i+1 (t),
dt

(5.1)

where fi,j (t) is the blood flow from compartment i to j. To conserve energy, the pressure
at the entrance to each compartment, pi (t), can be written as
pi (t) = 12 ri (t)fi−1,i (t) +

vi (t)
.
ci (t)

(5.2)

Here, the viscous resistance ri (t) is based on Poiseuille’s law and depends on vi (t). The
vascular compliance ci (t) incorporates the effects of volume stiffening, viscoelasticity and
smooth muscle activation. Finally, the pressure drops across each compartment, ∆pi (t),
must sum to the total (reference) pressure drop, ∆pr , such that
∆pr −

3
X

∆pi (t) = 0.

(5.3)

i=1

With three vascular compartments, Equations (5.1) to (5.3) define a system of seven
differential-algebraic equations in four flows and three volumes.

5.2.2

Oxygen transport model

The oxygen transport model couples to the model of fluid dynamics, and predicts
changes in PO2 and haemoglobin saturation (SO2 ) in response to functional activation.
Since the pathways responsible for neurovascular coupling are complex and remain
uncertain, changes in CMRO2 are modelled using an empirical ‘stimulus’ applied to
baseline CMRO2 . The model generates predictions that are consistent with in vivo
experimental measurements of tissue and vascular PO2 at baseline and during functional
activation (Barrett and Suresh, 2013, q.v. Chapter 4).
Further detail can be found in the original publication (Barrett and Suresh, 2013,
q.v. Chapter 4), but briefly, the amount of oxygen in each vascular compartment,
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nO2 ,i (t), is conserved according to
dnO2 ,i
= fi−1,i (t)cO2 ,i−1,i (t) − fi,i+1 (t)cO2 ,i,i+1 (t) − jO2 ,i (t),
dt

(5.4)

where cO2 ,i,j (t) is the oxygen concentration of flow fi,j (t), and jO2 ,i (t) is the flux of
oxygen to tissue, which is defined from Fick’s first law as
jO2 ,i (t) = gi [p̄O2 ,i (t) − p̄O2 ,t (t)] ,

(5.5)

where gi are oxygen conduction coefficients, p̄O2 ,i (t) is the mean vascular PO2 , and
p̄O2 ,t (t) is the mean tissue PO2 . The amount of oxygen in the tissue compartment,
nO2 ,t (t), is conserved according to
3
dnO2 ,t X
jO2 ,i (t) − cmrO2 (t),
=
dt
i=1

(5.6)

where cmrO2 (t) is the CMRO2 imposed on the model.
For simplicity, the small fraction of oxygen dissolved in plasma is ignored, and input
and output partial pressures are calculated using a Hill equation formulation to describe
the oxygen-haemoglobin saturation curve, such that

pO2 ,i,i+1 (t) = p50

"

cO2 ,max
−1
cO2 ,i,i+1 (t)

#− 1

h

,

(5.7)

where the constant p50 represents the PO2 at which haemoglobin is 50 % saturated,
cO2 ,max represents the maximum concentration of oxygen in whole blood, and h is
the Hill exponent. In tissue, the average oxygen partial pressure, p̄O2 ,t (t), is calculated from Henry’s law so
p̄O2 ,t (t) = cO2 ,t (t)/σO2 ,

(5.8)

where the constant σO2 represents the solubility of oxygen in tissue.
Assuming that haematocrit remains constant, the amount of haemoglobin, nX,i (t) where
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X ∈ {HbT, HbO, dHb}, can be calculated such that
nHbT,i (t) = vi (t),

(5.9a)

nHbO,i (t) = vi (t)sO2 ,i (t), and

(5.9b)

ndHb,i (t) = vi (t) [1 − sO2 ,i (t)] ,

(5.9c)

where HbT , HbO, and dHb, correspond to total, oxy-, and deoxyhaemoglobin, and
sO2 ,i (t) is the oxygen saturation. Note that the dimensionless values above do not
explicitly depend on the haematocrit, and the absolute level of haematocrit enters into
the model only through its influence on cO2 ,max in the Hill equation.
Recent experimentally reports have directly observed oxygen flux from arterioles to
venules (Lecoq et al., 2011) and venous PO2 values that increase with increasing vessel
diameter (Vazquez et al., 2010a; Vovenko, 1999). Therefore, the model also includes
an arterio-venous diffusive shunt in addition to the other terms in Equation (5.4). The
flux through the shunt, jO2 ,i (t), is subtracted from the arterial and added to the venous
compartments, and is calculated such that
jO2 ,s (t) = gs [p̄O2 ,1 (t) − p̄O2 ,3 (t)]

(5.10)

where the constant gs is the shunt conduction coefficient.
Previous work demonstrated that a dynamic increase in net capillary permeability, an
effect that may be the result of functional recruitment, is necessary to obtain predictions
consistent with the data (Barrett and Suresh, 2013, q.v. Chapter 4). Therefore, this
mechanism is included here, and capillary permeability is allowed to vary according to
g2 (t) = g2∗ (1 + kCapP erm [f0,1 (t) − f ∗ ])

(5.11)

where the constants g2∗ and f ∗ represent values at baseline, and kCapP erm describes the
magnitude of the change in capillary permeability for a given change in CBF.

136

Chapter 5. Modelling Haemoglobin Saturation

For a total of three vascular and one tissue compartments, Equations (5.4) and (5.6)
expand to four ordinary differential equations in four oxygen amounts, and can be solved
using the flows and volumes predicted by the blood flow model.

5.2.3

Estimating CMRO2

Under steady-state conditions where the derivative terms equal zero, Equations (5.4)
and (5.6) reduce to a statement of Fick’s principle, and the rate of oxygen extraction
from the blood, eO∗2 , is equivalent to cmrO∗2 such that
eO∗2 ≡

3
X

jO2 ,i (t) = cmrO∗2 = f ∗ (cO2 ,0,1∗ − cO2 ,3,4∗ ).

(5.12)

i=1

However, when the derivative terms in Equations (5.4) and (5.6) are non-zero, it is not
valid to make Equation (5.12) dynamic; mathematically:
cmrO2 (t) 6= f¯(t) [cO2 ,0,1 (t) − cO2 ,3,4 (t)] ,

(5.13)

where f¯(t) is the dynamic mean blood flow, and can be calculated as a weighted
average such that
f¯(t) =

3
X

,

vi (t) [fi−1,i (t) + fi,i+1 (t)]

2

i=1

3
X

vi (t) .

(5.14)

i=1

However, as discussed in the introduction to this chapter (Section 5.1), many approaches rely on the normalised form of Equation (5.13), subject to the additional
assumption that
cO2 ,0,1 (t) − cO2 ,3,4 (t)
cO2 ,0,1∗

−

cO2 ,3,4∗

≈

ndHb,3 (t)
ndHb,3∗

(5.15)

(Davis et al., 1998; Dunn et al., 2005; Hoge et al., 1999b; Jones et al., 2001; Mandeville
et al., 1999; Mayhew et al., 2000). (Note, the left hand side of Equation (5.15) can
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be made mathematically equal to the right hand side subject to the extra assumptions
cO2 ,0,1 (t) ≈ 1 and v3 (t)/v3∗ ≈ 1.)
While Equations (5.13) and (5.15) are not strictly true in the physical sense, it is
not clear whether the resulting CMRO2 calculation is ‘close enough’ to be used as an
approximation. Therefore, in order to quantify the error, the following metrics calculated
from model simulations were compared:
Imposed = cmrO2 (t) cmrO∗2 ,
.

Extracted =

3
X
i=1

, 3
X

jO2 ,i (t)

jO2 ,i∗ , and

(5.16a)
(5.16b)

i=1

Calculated = f¯(t)ndHb,3 (t) f ∗ ndHb,3∗ ,
.

(5.16c)

where ‘Imposed’ is the true rate of oxygen consumption imposed on the model, ‘Extracted’
is the true rate of oxygen extracted from the vascular compartments, and ‘Calculated’ is
the rate of oxygen consumption that would be calculated from perfect measurements
of CBF and venous haemoglobin concentration, using the most common approach
(Davis et al., 1998; Dunn et al., 2005; Hoge et al., 1999b; Jones et al., 2001; Mandeville
et al., 1999; Mayhew et al., 2000).

5.2.4

Experimental design

This section gives an overview of the design of the numerical experiments, which were
carried out in two stages.

5.2.4.1

Model-only simulations

The first stage of simulations considered three illustrative scenarios that are representative
of the in vivo situation under certain conditions, in order to characterise the behaviour of
the model. The scenarios were: (1) an increase in CBF without any increase in CMRO2
(similar to hypercapnic inhalation, as per Jones et al., 2002, but without any change
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in blood gas conditions, and with a more rapid onset and offset); (2) an increase in
CMRO2 without any increase in CBF (similar to stimulation under sodium nitroprusside
application, as per Masamoto et al., 2008, but without any change in baseline CBF); and
(3) an increase in both CBF and CMRO2 (similar to functional activation).

5.2.4.2

In vivo spectroscopic data

The second stage of simulations considered measurements of CBF and haemoglobin from
Jones et al. (2002) in response to 20 s electrical stimulation of vibrissae in rats. These
simulations were performed to determine whether the results from the model-only simulations persisted under conditions that are consistent with in vivo data. The measurements
were made at four graded stimulus intensities, so include a range of flow and haemoglobin
values. First, the model baseline conditions were adjusted for the measured femoral artery
PO2 (94.4 mmHg, Jones et al., 2002), as per previous work (Barrett and Suresh, 2013, q.v.
Section 4.3.3). For each stimulus intensity independently, the vasodilatory stimulus was
then adjusted to fit the model predictions of CBF to the observations (Barrett et al., 2012,
q.v. Chapter 3). Finally, the CMRO2 stimulus (Barrett and Suresh, 2013, q.v. Chapter 4)
was adjusted to minimise the error between the model predictions and experimental
measurements of haemoglobin (oxy- and deoxyhaemoglobin simultaneously).
Spectroscopic measurements of haemoglobin use assumed baseline concentrations to
calculate relative changes (Dunn et al., 2005; Jones et al., 2001; Mayhew et al., 2000).
Therefore, in order to ensure the model predictions were comparable with the experimental
data, the predictions were adjusted to use the same baseline conditions that were assumed
in the experimental data. These adjusted predictions of relative change in haemoglobin
calculation, ∆c?X (t), where X ∈ {HbO, dHb}, were calculated according to
∆cHbO? (t)
∆cdHb? (t)

=
=

3 h
X

nHbO,i (t) −

i=1
3 h
X
i=1

nHbO,i∗

i

,

sO?2

3
X

nHbT,i∗ , and

(5.17a)

i=1

ndHb,i (t) −

ndHb,i∗

i

,


1 − sO?2

3
X
i=1

nHbT,i∗ ,

(5.17b)
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Table 5.3: List of parameters modified in the sensitivity analysis simulations and the
amount of perturbation imposed. For parameters with multiple values (e.g. pO2∗ ), each

value was perturbed individually.

Parameter

Perturbation

prop(gs )
pO2?
pO2∗
[R1 , R2 ]
v∗
vt
κ
ν

± 40 %
± 10 %
± 10 %
± 10 %
± 10 %
± 10 %
± 10 %
± 10 %

where sO?2 is the average baseline saturation assumed in the experimental data (50 %
in Jones et al., 2002). Since the model predictions are non-dimensionalised and total
haemoglobin concentration is assumed constant in the blood, the model predictions of
total haemoglobin were not adjusted. Figure 5.3 shows a comparison of the raw and
adjusted dynamic model predictions, and Figure 5.4 summarises the raw and adjusted
predictions from all simulations in the sensitivity analysis.

5.2.5

Optimisation, parameter sensitivity, and data analysis

All optimisation was implemented in MATLAB R2010a (The MathWorks Inc., Natick,
MA) using either a constrained Nelder-Mead simplex (Lagarias et al., 1998) or trust-regionreflective (Coleman and Li, 1996) algorithm, with initial parameter values chosen from
a uniform random distribution. Each stage of optimisation was repeated with different
initial guesses, typically more than four times, to ensure that the values converged to a
true optimal solution, and the combination with the lowest error was chosen.
For the simulations of in vivo conditions, analyses were also conducted to determine
whether the model predictions were sensitive to the choice of key parameters. Each
parameter was independently perturbed by a representative amount, typically ± 10 % (see
Table 5.3), and the appropriate optimisation stage(s) was (were) repeated in each case.
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Raw experimental data was not available, so it was not possible to compare model
predictions to the data directly using statistical methods. However, statistical tests were
used to provide evidence of differences between model predictions, given some variation
in the parameters. To test for statistically significant differences, metrics (e.g. different
types of CMRO2 increases) from the simulations in the sensitivity analysis were compared
using either a t-test or a non-parametric Wilcoxon rank sum test, depending on the
result of a Shapiro-Wilk normality test. In all analyses, two tailed tests were used unless
specified otherwise, and results were considered significant for P < 0.05.

5.3
5.3.1

Results
Model-only simulations

Figure 5.1 shows the model predictions under three illustrative sets of conditions, and
compares the true CMRO2 imposed on the model with the CMRO2 calculated as per
Equation (5.16). In the first scenario, where CBF increased but there was no CMRO2
increase imposed on the model, the calculation predicted a substantial (∼ 20 %) increase
in CMRO2 . Under the opposite conditions, where there was no CBF increase but a
10 % increase in CMRO2 imposed on the model, the calculation was much closer to the
true imposed CMRO2 , predicting an ∼ 8 % increase in CMRO2 . When the increases
in both CBF and CMRO2 were imposed on the model, the calculation predicted a
larger (∼ 30 %) increase in CMRO2 than the simulation with CBF increase alone. The
CMRO2 extracted from the blood to tissue differed from the imposed CMRO2 during
periods of rapid change, such as during onset and offset of stimulation, but tended
toward the imposed CMRO2 as the conditions approached steady-state, such as toward
the end of the 20 s stimulation period (Figure 5.1B). The predictions of haemoglobin
(Figure 5.1C) and tissue PO2 (Figure 5.1D) appeared reasonable and consistent with
the conditions imposed on the model.
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CBF only

A

CMRO2 only

CBF + CMRO2

CBF (a.u.)

1.6
1.4
1.2
1

CMRO2 (a.u.)

D

Haemoglobin (a.u.)

C

1.3

1.3

Tissue PO2 (a.u.)

B

1.6

Imposed
Calculated
Extracted

1.2
1.1
1

HbO
HbT
dHb

1.2
1.1
1
0.9
0.8

1.4
1.2
1
0.8
20s

20s

20s

Figure 5.1: Comparison of the true cerebral metabolic rate of oxygen (CMRO2 )
imposed on the model and CMRO2 calculated from haemoglobin predictions. Model
predictions of (A) cerebral blood flow (CBF); (B) CMRO2 ; (C) oxy- (HbO), deoxy(dHb) and total (HbT) haemoglobin; and (D) tissue oxygen partial pressure (PO2 )
in response to 20 s stimulation (scale bars on bottom row). Predictions are shown
under three conditions: CBF increase only (left column); CMRO2 increase only (middle
column); and increases in both CBF and CMRO2 (right column). Imposed, calculated
and extracted CMRO2 increases are calculated as per Equation (5.16).

5.3.2

Simulations of in vivo data

Figure 5.2 shows the optimal model predictions of CBF (Figure 5.2A), haemoglobin
(Figure 5.2B-D), and tissue PO2 (Figure 5.2E) fitted to in vivo data obtained by Jones
et al. (2002). In general, the model predictions of CBF were a good fit to the data,
although the model was unable to capture some of the more complex dynamics of the
CBF data in response to 1.6 mA stimulation (Figure 5.2A). Therefore, although the
CBF predictions would have been unlikely to cause major errors, they may have had
a small impact on the dynamics of the other predictions at 1.6 mA stimulation. The
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1
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HbO (a.u.)
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1.1
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1
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Figure 5.2: Model predictions fitted to in vivo data from Jones et al. (2002). Optimal
predictions of (A) cerebral blood flow (CBF); (B) oxy- (HbO), (C) total (HbT) and
(D) deoxyhaemoglobin (dHb); and (E) tissue oxygen partial pressure (PO2) in response
to 20 s stimulation (scale bars below bottom row). Stimulus intensities are graded from
0.4 (far left column) to 1.6 (far right column) milliamps (mA). Model predictions of
oxy- and deoxyhaemoglobin are adjusted to match the assumed baseline values (see
Section 5.2.4.2 and Figs. 5.3 and 5.4).

model predictions of total haemoglobin were generally consistent with the data, although
had a slight tendency to predict larger increases than the measured data (Figure 5.2C).
This is unlikely to have had a significant impact on the predictions of oxygenationrelated variables, since the oxygen transport model is not strongly affected by changes in
total haemoglobin (effectively CBV). The model predictions of oxy- (Figure 5.2B) and
deoxyhaemoglobin (Figure 5.2D) were generally a good fit to the data, although the
predictions in response to 1.6 mA stimulation may have been influenced by the minor
discrepancies between model predictions of CBF and the data. The model predictions of
tissue PO2 (Figure 5.2E) appeared reasonable and consistent with the measurements
of other physiological variables.
Figure 5.5 compares predictions of the different estimates of CMRO2 under the con-
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Figure 5.3: Comparison of dynamic raw model predictions and predictions adjusted to
match the assumed baseline values, both fitted to in vivo data from Jones et al. (2002).
Optimal predictions of: (A) cerebral metabolic rate of oxygen imposed on the model
(Imp. CMRO2 ), as per Equation (5.16); (B) oxy- (HbO) and (C) deoxyhaemoglobin;
and (D) tissue oxygen partial pressure (PO2 ) in response to 20 s stimulation (scale bars
below bottom row). Stimulus intensities are graded from 0.4 (far left column) to 1.6
(far right column) milliamps (mA). Adjusted HbO and dHb predictions are calculated
from raw predictions using Equation (5.17). A summary of results from all simulations
in the sensitivity analysis is shown in Figure 5.4.

ditions shown in Figure 5.2. The CMRO2 increase calculated from blood flow and
haemoglobin differed significantly from the true CMRO2 increase that was imposed on
the model across all stimulus intensities (all P < 0.01). There was also a small but
significant difference between the increases in extracted and imposed CMRO2 across
all stimulus intensities (all P < 0.05).
Figure 5.6 shows the global correlation, across all stimulus intensities, between calculated
CMRO2 and other state variables, separated by the stimulus phase. (The raw data
used to calculate the correlation coefficients are plotted in Figure 5.7, and correlation
coefficients calculated separately for each stimulus intensity are shown in Figure 5.8.)
Across all stimulus phases, there was a weak correlation between calculated CMRO2 and
the true CMRO2 imposed on the model (Pearson coefficient ρ < 0.4). There was moderate
correlation between calculated and extracted CMRO2 during stimulation onset (ρ = 0.66),
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Figure 5.4: Summary of raw model predictions, and predictions adjusted to match the
assumed baseline values, both fitted to in vivo data from Jones et al. (2002). Increases
of: (A) cerebral metabolic rate of oxygen (CMRO2 ) imposed on the model, as per
Equation (5.16); (B) oxy- (HbO) and (C) deoxyhaemoglobin; (D) tissue oxygen partial
pressure (PO2 ); and (E) root mean square (RMS) error from all simulations in the
sensitivity analysis (n = 36 simulations for each stimulus intensity; shown as mean ± s.d.;
* where P < 0.05 vs adjusted metrics). Stimulus intensities are graded from 0.4 (far left
column) to 1.6 (far right column) milliamps (mA). Adjusted HbO and dHb predictions
are calculated from raw predictions using Equation (5.17).
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Figure 5.5: Estimates of cerebral metabolic rate of oxygen (CMRO2 ) from the simulations of in vivo data shown in Figure 5.2. (A) Solid lines: dynamic CMRO2 imposed
on the model to achieve optimal fit to the data; dashed lines: CMRO2 calculated
from haemoglobin predictions; dotted lines: rate of O2 extraction from blood to tissue.
CMRO2 estimates are calculated as per Equation (5.16). (B) Increases in CMRO2 from
all simulations in the sensitivity analysis (n = 36 simulations for each stimulus intensity;
shown as mean ± s.d.; * where P < 0.05 vs imposed CMRO2 ). Stimulus intensities are
graded from 0.4 (far left column) to 1.6 (far right) milliamps (mA).

but weaker correlation during the plateau and offset phases (ρ < 0.4). There was a weak
to moderate correlation between calculated CMRO2 and CBF during stimulus onset (ρ =
0.41), and a very strong correlation (ρ > 0.95) during the plateau and offset phases.
Figure 5.9 shows the predicted ‘coupling’ between increases in CBF and imposed CMRO2
using the four stimulus intensities that were considered in this study. There was a very
weak correlation between the increases in CBF and imposed CMRO2 (ρ < 0.15), and
the predicted coupling ratio n (= ∆CBF/∆CMRO2 , see Buxton, 2010) varied by nearly
an order of magnitude across the four different stimulus intensities.

5.4

Discussion

In this study a mathematical modelling approach was used to investigate the validity
of a method that is widely-used to calculate CMRO2 from measurements of cerebral
blood flow and haemoglobin saturation (Davis et al., 1998; Dunn et al., 2005; Hoge
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Figure 5.6: Correlation between other state variables and cerebral metabolic rate
of oxygen (CMRO2 ) calculated from blood flow and haemoglobin predictions. (A)
Representative simulation showing dynamic predictions of cerebral blood flow (CBF)
and estimates of imposed, calculated, and extracted CMRO2 calculated as per Equation (5.16). Dashed vertical lines divide the stimulation into three phases. (B) Pearson
correlation coefficients calculated between calculated CMRO2 and the other state variables. Correlation coefficients are calculated separately for the three stimulus phases
by pooling a sample of data points (n = 8) from all sensitivity analysis simulations
(n = 36) and all stimulus intensities (n = 4). The raw data are plotted in Figure 5.7,
and correlation coefficients that were calculated separately for each stimulus intensity
are shown in Figure 5.8.

et al., 1999b; Jones et al., 2001; Mandeville et al., 1999; Mayhew et al., 2000). The
CMRO2 calculated in this way was compared with the true CMRO2 imposed on the
model and the true rate of oxygen extraction from blood to tissue using both illustrative
model-only simulations (Figure 5.1) and simulations under conditions that are consistent
with in vivo data (Figures 5.2 to 5.9, Jones et al., 2001).
The results showed that the calculated CMRO2 differed substantially from the imposed
CMRO2 in terms of both the dynamic (Figure 5.1B and Figure 5.2A) and steadystate changes (Figure 5.2B). In addition, despite the approach being derived from Fick’s
principle, which is used to estimate steady-state oxygen extraction, the calculated CMRO2
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Figure 5.7: Raw data used to calculate correlation between other state variables and
cerebral metabolic rate of oxygen (CMRO2 ) calculated from haemoglobin predictions as
per Equation (5.16). Increases in calculated CMRO2 are plotted against: (A) CMRO2
increases imposed on the model; (B) rate of oxygen extraction from blood to tissue; and
(C) cerebral blood flow (CBF). Each plot contains data points (n = 8) from each of the
simulations in the sensitivity analysis (n = 36) at each of the stimulus intensities (n = 4).
The correlation coefficients calculated by pooling data from all stimulus intensities are
shown in Figure 5.6, and coefficients calculated separately for each stimulus intensity
level are shown in Figure 5.8.

also differed substantially from the extracted CMRO2 for most phases of stimulation.
While the extracted CMRO2 tended toward the imposed CMRO2 as the conditions approached steady-state, there were important differences between these two metrics during
periods of rapid change, such as stimulus onset and offset. Therefore, the results suggest
that the widely-used calculation method based on measurements of CBF and haemoglobin
are not sufficient to provide an accurate estimate of the underlying CMRO2 , and that a
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Onset

Stimulus Phase

more sophisticated approach is required. In addition, the predictions suggest that oxygen
extraction is not an appropriate proxy for CMRO2 outside of steady-state conditions.

5.4.1

Estimating CMRO2 using a model-based approach

While it is not possible to validate the model predictions of dynamic CMRO2 definitively
without data from a ‘gold standard’ measurement technique, the model represents an
improvement on the existing calculation method for three primary reasons.
First, as with previous models (Boas et al., 2008; Huppert et al., 2007, 2009; Zheng et al.,
2005), there is an explicit distinction between the rate of oxygen consumption in the
tissue and the rate of oxygen extraction from the blood to the tissue. This ensures that
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Figure 5.9: ‘Coupling’ between increases in cerebral blood flow (CBF) and cerebral
metabolic rate of oxygen (CMRO2 ) imposed on the model (as per Equation (5.16)).
The data are pooled from all sensitivity analysis simulations (n = 36 for each stimulus
intensity; shown as mean ± s.d.). Dashed lines are contours of constant coupling ratio
n = ∆CBF/∆CMRO2 .

the model estimates of CMRO2 are not unduly influenced by rapid changes in oxygen
extraction which can be driven by either haemodynamic or metabolic changes.
Secondly, on the basis of recent in vivo evidence (Kasischke et al., 2011; Yaseen et al.,
2011), the model does not assume that the arteries and arterioles that supply regions of
cortical tissue are completely saturated, and it also allows oxygen flux from arteries to
tissue. This ensures that all compartments relevant to blood flow and oxygen exchange
are involved in estimating CMRO2 .
Thirdly, even ignoring any limitations in the derivation of the existing calculation methods,
the practical implementations of these approaches are complicated by the need to assume
or estimate venous deoxyhaemoglobin changes based on a signal that is made up of
the combined contributions of all vascular and tissue compartments (Dunn et al., 2005;
Jones et al., 2001; Mayhew et al., 2000). This requirement introduces an additional
layer of uncertainty into the approach, and has the potential to misattribute effects
caused by the measurement modality to the underlying physiology. In contrast, the
model explicitly describes the biophysical interactions between the arterial, capillary,
venous, and tissue compartments, and the estimates of CMRO2 are therefore based on the
aggregated contributions of all compartments. In addition, it is possible to superimpose
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an ‘observation model’ (Huppert et al., 2007), which characterises the behaviour of a
particular measurement modality, onto the biophysical model.
To the author’s knowledge, this is the first study which directly compares estimates of
CMRO2 calculated from measurements of CBF and haemoglobin to those predicted by a
validated biophysical model. Huppert et al. (2007, 2009) developed a similar model which
estimated dynamic changes in CMRO2 using data from a range of imaging modalities;
however, the study considered only brief (< 2 s) neural activation tasks, and did not
compare the model predictions of CMRO2 to those that would be calculated from the
data. Another compelling report from the same group (Boas et al., 2008) introduced a
spatial component to explore the dynamics in both locally activated and surrounding
regions; however, the activation task was also brief, and the report did not compare
model-predicted CMRO2 with calculated. In an earlier model, Zheng et al. (2005) did
consider data from more extended stimulation (20 s), but did not report the dynamic
CMRO2 increases that were imposed on the model to produce fits to the data.
The model developed here is a powerful tool to investigate neurovascular physiology,
but it has certain limitations. Some of these limitations, such as the assumptions of
well-mixed compartments and instantaneous transport between compartments, have
been discussed in more detail previously (Barrett and Suresh, 2013; Barrett et al., 2012,
q.v. Chapters 3 and 4). In addition, although there are a number of noteworthy spatial
models that are developing the capability to explore the more complex interactions
between structure and function (Fang et al., 2008; Lorthois et al., 2011; Reichold et al.,
2009), reducing the complex cerebrovascular network to four dimensionless compartments
is an approach which makes the model sufficiently tractable to consider the dynamics
of bulk mechanisms in detail.
In this study, the model predictions were assumed to accurately represent physiological
variables that were not directly measured, such as venous deoxyhaemoglobin levels. While
it is not possible to prove the validity of the predictions in the case of this particular set
of data, both the blood flow (Barrett et al., 2012, q.v. Chapter 3) and oxygen transport
(Barrett and Suresh, 2013, q.v. Chapter 4) models have previously been successfully
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validated by comparing model predictions to independent data sources that were not used
in any fitting. In particular, model predictions were previously reported to be consistent
with in vivo measurements of arterial and venous PO2 in response to forepaw stimulation
(Barrett and Suresh, 2013, q.v. Chapter 4). Given the strong similarities between the
experimental conditions considered here and previously, this validation suggests that the
model is likely to provide reasonable estimates of the underlying physiology.
Finally, since not all of the parameters required for the model were directly measured
during the experiment, it was necessary to use values from the literature in some
cases. However, to ensure that the model predictions were not unduly sensitive to the
choice of parameters, a sensitivity analysis was conducted whereby the values of key
parameters were modified and the simulations repeated (see Table 5.3). The results
demonstrated that the substantial differences between the calculated and imposed CMRO2
were not influenced by a reasonable degree of variation in the parameters. This also
suggests that the findings here should remain valid even if there was some error in
the measurement or selection of parameters.

5.4.2

Physiological implications of the improved CMRO2 estimates

Although a detailed investigation of the coupling between blood flow and metabolism
was not the primary focus of this study, the estimates of CMRO2 predicted by the model
may have important physiological implications. In particular, the fact that the coupling
ratios predicted here varied by nearly an order of magnitude across the four stimulus
intensities is unexpected, given that coupling ratios reported from fMRI and PET data
appear more consistent (c.f. Figure 5.9 in this study with Figure 3 in Buxton, 2010).
Since both approaches derive from the same interpretation of Fick’s principle (Davis et al.,
1998; Dunn et al., 2005; Hoge et al., 1999b; Jones et al., 2001; Mandeville et al., 1999;
Mayhew et al., 2000), estimates of CMRO2 calculated from BOLD-fMRI data may suffer
from the same limitations as the CMRO2 calculated from haemoglobin measurements
in this study. As such, it is possible that the apparent consistency between coupling
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ratios calculated from fMRI data does not derive from the underlying physiology, and
is instead a function of the strong correlation that is observed between increases in
calculated CMRO2 and CBF during the plateau phase (Figure 5.6). However, CMRO2
estimates derived from PET measurements rely on different assumptions (Mintun et al.,
1984), so are not likely to be affected in the same way.
In addition to the measurement modality, stimulus nature, and stimulus intensity, there
are a number of other sources of variation between studies that estimate CMRO2 , a fact
which may confound meaningful comparison of the coupling ratio. For example, there
are differences in: the species (e.g. animal, human); surgical preparation (e.g. cranial
window, thinned skull, intact); ventilation (e.g. artificial ventilation, free breathing);
and anaesthesia (e.g. urethane, alpha-chloralose, awake). These differences are all the
more important since baseline conditions are thought to influence the magnitude of the
vascular and metabolic response to activation (Buxton, 2010).
There are also plausible physiological hypotheses which could contribute to the actual
or apparent variation in coupling ratios. First, as discussed in more detail by Buxton
(2010), the coupling ratio may vary between different cortical (and subcortical) regions.
Secondly, the CBF and CMRO2 responses may have different spatial extents or profiles,
which could make the calculation of the coupling ratio dependent on the selection of
the region of interest. This hypothesis is consistent with observations of the spatial
variation in haemoglobin and arterial diameter response (Devor et al., 2007); however,
the author is not aware of any corresponding spatial measurements of CMRO2 , although
the same study did observe spatial variation in cellular electrical activity using voltage
sensitive dye and electrode arrays (Devor et al., 2007).
Thirdly, the coupling between the CBF and CMRO2 response may vary through different
cortical layers. Such a mechanism is plausible given that the responses of arterial diameter
(Tian et al., 2010), BOLD-fMRI (Goense et al., 2012; Tian et al., 2010), electrophysiological signals (Devor et al., 2007; Li et al., 2011), and tissue PO2 (Li et al., 2011)
vary with cortical depth, as does the baseline activity of the oxidative metabolic enzyme
cytochrome oxidase (COX, Weber et al., 2008). Any physiological variation through
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cortical layers is particularly relevant for results obtained from optical imaging techniques,
since their sensitivity typically decreases with cortical depth (Tian et al., 2011).
However, none of the physiological hypotheses discussed above offer a satisfactory
explanation for the substantial variation in coupling ratio that is observed within a
single set of experiments (Figure 5.9). Further studies involving a wider range of in vivo
data are needed to provide a more detailed investigation into the relationship between
the increases in CBF and CMRO2 that are triggered by neural activation. The results
suggest that techniques more sophisticated than the existing calculation method, like
the model-based approach used in this study, will be necessary to estimate increases
in CMRO2 from oxygenation measurements.

Chapter 6

Conclusions
The body of work presented in this thesis set out to achieve three objectives, as discussed
in Section 1.2 (on page 3). In addition to the individual summaries and conclusions
found in Chapters 3 to 5, this chapter summarises how the thesis has addressed these
objectives, highlights the major conclusions from the body of research, and makes
suggestions for future work in this area.

6.1

Summary of objectives

Objective 1. To develop and validate a dynamic, predictive mathematical model of the
changes in blood flow, blood volume, and oxygen transport that follow neural activation.
A dynamic model of CBF and CBV was developed in Chapter 3, and this model was
constrained to physiological behaviour by fitting to in vivo data. The model features
a novel description of vascular compliance. To validate the model, predictions were
compared to in vivo measurements that were not involved in the fitting process. The
model was used to predict the haemodynamic response under conditions that are not
easily replicable in vivo. In addition, a dynamic model of oxygen transport was developed
in Chapter 4, and coupled to the model of CBF and CBV. This coupled system was
fitte to in vivo data and validated using additional in vivo measurements that were not
155
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involved in fitting. The model was also used to predict the response when including a
range of plausible additional mechanisms. Finally, in Chapter 5, the coupled system
was used to investigate the validity of a widely-used method for calculating CMRO2
from certain types of in vivo data.
Objective 2. To integrate observations from multiple neurovascular imaging modalities
into a common modelling framework.
The modelling framework developed in this thesis does integrate observations from
multiple imaging techniques: Chapter 3 uses MRI and PET measurements of CBF and
CBV, ultrasound measurements of vessel cross-sectional area, laser Doppler flowmetry
(LDF) measurements of CBF, and measurements of vessel diameter and RBC velocity
made with two-photon microscopy; Chapter 4 uses LDF measurements of CBF and
PO2 measurements made with O2 -sensitive electrodes and two-photon microscopy; and
Chapter 5 uses LDF measurements of CBF and measurements of haemoglobin saturation
made with spectroscopy (optical imaging of intrinsic signals). In addition to these
techniques, the modelling framework has the potential to integrate measurements from
almost any other neuroimaging modality, such as BOLD-fMRI (see Section 6.3).
Objective 3. To investigate the biophysical and physiological mechanisms that dynamically govern blood flow, blood volume, and oxygen transport in the brain.
Two of the studies that make up this thesis were specifically designed to investigate
the mechanisms that are relevant to blood flow and oxygen transport during functional
hyperemia. Specifically, Chapter 3 investigated an apparent discrepancy between CBV
observations made by different imaging modalities as to the presence and significance
of CBV changes in post-arteriole vessels. In addition, Chapter 4 investigated whether
conventional oxygen transport mechanisms were sufficient to explain the observed PO2
response following neural activation, or whether other plausible but poorly-observed
mechanisms were necessary to produce predictions consistent with the data.

6.2. Conclusions

6.2
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Conclusions

A dynamic, predictive model of CBF and CBV was developed in Chapter 3. This
model was used to investigate apparent discrepancies in the presence and significance of
post-arteriole volume changes between observations made with ‘bulk’ imaging modalities,
such as PET or MRI, and observations made with local techniques, such as two-photon
microscopy. The results in this chapter led to the following conclusions:
• For short stimulation, the model predicted that increases in CBV occur mainly in
arteries and arterioles.
• However, the predictions also suggested that dilation of capillaries and/or veins is
increasingly important during longer periods of stimulation.
• These predictions are consistent with a range of in vivo observations, suggesting
that the apparent discrepancies between techniques were methodological—rather than physiological—in origin.
In Chapter 4, a model of oxygen transport was coupled to the description of CBF and CBV
developed in Chapter 3. This coupled system was used to investigate the mechanisms relevant to oxygen transport during neural activation. Functional recruitment of capillaries
was hypothesised to play an important role, based on previous experimental measurements
and mathematical modelling. The results in this chapter demonstrated the following:
• Using only conventional oxygen transport mechanisms, the model could not produce
predictions consistent with the observed PO2 response.
• However, dynamically increasing net capillary permeability, a mechanism which approximates functional recruitment, was sufficient to generate predictions consistent
with the data.
• Increasing vascular permeability globally had a similar effect, but two other plausible
mechanisms were unable to produce predictions consistent with the data.
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• These results suggest that functional recruitment—or another mechanism
with a similar effect—may be important during the functional hyperemia response.
In Chapter 5, the coupled system developed in Chapter 4 was used to investigate the
validity of a widely-used method to calculate CMRO2 from measurements of CBF and
haemoglobin saturation. The model was used to compare the activation-induced change
in CMRO2 calculated using this method with the true CMRO2 imposed on the model.
The results in this chapter led to the following conclusions:
• As expected, the model predicted that the rate of oxygen extraction from the
blood approaches CMRO2 as the conditions approach steady state; however, the
predictions suggested that O2 extraction may not be an appropriate proxy
for CMRO2 under rapidly changing conditions.
• Under simulated conditions and conditions consistent with in vivo data, CMRO2
calculated using the existing method differed substantially from the true CMRO2
imposed on the model, suggesting that more sophisticated approaches are
required to estimate dynamic CMRO2 changes.
• In addition, other neuroimaging modalities that calculate CMRO2 based on the
same underlying mathematical approach, such as BOLD-fMRI, are likely to suffer
from the same limitations.

6.3

Future work

Guided by the two general areas of inquiry that motivated this thesis (see Section 1.1),
this body of research has highlighted a number of potential topics for future work. These
areas can be broadly classified as one or more of: developing the model further to include
new functionality; applying the existing model to address new questions in physiology or
imaging; and/or using the conclusions from the existing model predictions as the basis
for experimental investigations. A list of suggestions for future research follows.
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• The model predictions in Chapter 4 provided evidence suggesting that functional
recruitment of capillaries may be an important mechanism for oxygen transport
during functional hyperemia. Therefore, experiments could be designed and conducted to test this hypothesis. For example, in vivo measurements demonstrating a
significant decrease in the heterogeneity of capillary RBC velocity and/or intravascular PO2 between baseline and stimulated conditions would be strong evidence in
support of functional recruitment.
• As discussed in Section 2.1.7.3, it still remains unclear what the function of
the functional hyperemia response is. This uncertainty partly stems from the
difficulty in blocking neurovascular coupling (Leithner et al., 2010; Liu et al., 2012;
Paisansathan et al., 2010). Therefore, modelling could be used to predict what
would happen in neural tissue during activation but without any flow increase,
with the aim of understanding what its function is (or is not). The validity of such
predictions would depend on the model being able to represent the heterogeneous
properties of the tissue accurately (see next bullet points).
• A novel method for predicting the dynamic PO2 response of tissue with baseline
values different to the average was developed in Chapter 4 and Appendix A of
this thesis. While the results in Chapter 4 were not sensitive to the particular
assumptions of this method, it does not completely represent the heterogeneous
distribution of baseline tissue PO2 . Recent measurements of this distribution using
two-photon microscopy (e.g. Devor et al., 2011) could be used to extend the method
developed in Chapter 4 and Appendix A, and improve the model’s representation
of baseline tissue PO2 . This functionality could enable more detailed investigation
of dynamic oxygen transport in the brain, and potentially include the effect of
differences in cortical depth.
• There is also an alternative, or perhaps complementary, extension to the one
discussed in the previous bullet point. Although the model developed in this thesis
focuses on the dynamic rather than the spatial domain of functional hyperemia,
there are other models that consider CBF and oxygen transport in more complex
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or anatomical geometries (e.g. Boas et al., 2008; Drysdale et al., 2010; Fang et al.,
2008; Reichold et al., 2009). Bridging the gap between these models and the
one developed in this thesis could allow investigation into phenomena like the
centre-surround response observed during functional hyperemia (Devor et al., 2008),
and address more general questions about the extent to which the structure of the
vasculature has an impact on its function.

• The model predictions in Chapter 5 suggested that there were discrepancies in
a widely-used method for calculating CMRO2 from measurements of CBF and
haemoglobin saturation. There is a similar calculation, using BOLD-fMRI measurements instead of haemoglobin saturation, that relies on the same underlying
mathematical framework and assumptions (Davis et al., 1998; Hoge et al., 1999a).
As such, it is likely that this method suffers from the same limitations as the
method using spectroscopy. Therefore, the approach developed in Chapter 5 of
this thesis could be used to investigate the validity of CMRO2 calculations using
BOLD-fMRI data.
• BOLD-fMRI measurements often feature a post-stimulus undershoot, whereby the
signal decreases below its baseline value after the stimulation period; however,
partly due to the complexity of the origins of the BOLD signal (see Section 2.2.5.4),
it remains unclear what causes this undershoot (for a review, see van Zijl et al.,
2012). The two dominant hypotheses are that the undershoot is caused by either a
delay in CBV returning to baseline, or by increases in CMRO2 that remain elevated
after the cessation of stimulation. Therefore, in conjunction with the appropriate
imaging data, a predictive mathematical model could be used to investigate the
origins of the BOLD post-stimulus undershoot.
• As discussed in Chapter 2 (Sections 2.1.5 and 2.1.7), there remains considerable
uncertainty about the nature and extent of metabolic changes during functional
hyperemia. Therefore, extending the model developed in this thesis to include
glucose transport and metabolism, in addition to oxygen, would enable more comprehensive investigations of neuroenergetics. While there are a number of models
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designed to study the compartmentalisation of activation-induced metabolism (e.g.
DiNuzzo et al., 2010; Jolivet et al., 2009), to the author’s knowledge no metabolic
model has yet been coupled to a validated, predictive model of dynamic blood flow
and oxygen transport like the one developed in this thesis.

Appendix A

Mathematical Detail

A.1

Blood flow model derivation

Similarly to previous models (Huppert et al., 2007; Zheng et al., 2005), fluid flow from
compartment i to j, Fi,j (T ), is treated as analogous to current flow in an electrical circuit.
Viscous resistance, Ri (T ), is analogous to electrical resistance, and vessel compliance,
Ci (T ), is analogous to electrical capacitance. Following Reichold et al. (2009), inertial
effects are ignored as the Reynolds number has been shown to remain < 2 for all but
the largest blood vessels in the brain.
The pressure drop (analogous to voltage drops) caused by component X, ∆PX (T ),
is given by
∆PR (T ) = R(T )F (T ), and

(A.1a)

∆PC (T ) = V (T )/C(T )

(A.1b)

where V (T ) is the volume. Considering a cylindrical compartment of length Li and
diameter Di (T ), and assuming Poiseuille flow with a fluid of viscosity µ, it is possible
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to describe the resistance of this compartment as
128µLi
.
πDi (T )4

Ri (T ) =

(A.2)

The volume of this compartment, Vi (t), equals π/4Di (T )2 Li , and therefore Equation (A.2) becomes
Ri (T ) =

8πµL3i
.
Vi (T )2

(A.3)

To conserve energy, pressure gains and losses around a closed loop must sum to zero;
therefore, the pressure at the entrance to a compartment, Pi (T ), can be represented
from ground upwards as
Pi (T ) = 12 Ri (T )Fi−1,i (T ) +

Vi (T )
+ Picp ,
Ci (T )

(A.4)

where Picp is the intracranial pressure. To reduce the number of variables, Pi (T ) can
also be defined from Pin , the inlet pressure boundary condition, down such that

Pi (T ) =






 Pin




 Pin −

: i = 1,
i−1
X

∆Pj (T ) : otherwise.

(A.5)

j=1

The pressure drop over a compartment, ∆Pi (T ), is defined as
∆Pi (T ) = 12 Ri (T ) Fi−1,i (T ) + Fi,i+1 (T ) .




(A.6)

The pressure drops over all compartments must sum to the difference between the inlet
and outlet pressure boundary conditions, so
3
X
i=1

∆Pi (T ) = Pin − Pout = ∆Pr ,

(A.7)
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where Pout is the outlet pressure boundary condition, and ∆Pr is the total (reference) pressure difference.
To conserve mass, the compartment must change volume when blood flow into and
out of it differs, so
dVi
= Fi−1,i (T ) − Fi,i+1 (T ).
dT

(A.8)

Continuing the assumption of cylindrical geometry, vessel diameter, Di (T ), and blood
velocity, Ui (T ), are respectively given by
Di (T ) =



4Vi (T )
πLi

1/2

, and

(A.9)

Ui (T ) = F̄i (T ) Ai (T )
.

= Li [Fi−1,i (T ) + Fi,i+1 (T )] 2Vi (T ),
.

(A.10)

where Ai (T ) is the cross sectional area, and F̄i (T ), the average flow, is defined as
F̄i (T ) =

3
X

Vi (T ) [Fi−1,i (T ) + Fi,i+1 (T )]

i=1

A.2

,

2

3
X

Vi (T ) .

(A.11)

i=1

Nondimensionalisation

This section summarises the nondimensionalisation that was applied to the governing
equations of the blood flow and oxygen transport models to simplify the system and improve numerical stability. Derived variables not specifically mentioned in Equation (A.12)
are nondimensionalised using the scale with the correct dimensions. The dimensionless
equations in the main body of the thesis do not include any of the scales defined in
Equation (A.13), so the model results are independent of their value.
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Scales were chosen such that
ci (t) = Ci (T )/Ĉ ;

cO2 ,i (t) = CO2 ,i (T )/ĈO2 ; cmrO2 (t) = CM RO2 (T )/JˆO2 ;

di (t) = Di (T )/D̂;

fi (t) = Fi (T )/F̂ ;

gi = Gi/Ĝ;

jO2 ,i (t) = JO2 ,i (T )/JˆO2 ;

li = Li/L̂;

nO2 (t) = NO2 (T )/N̂O2 ;

pi (t) = [Pi (T )−Picp ]/P̂ ;

pO2 ,i (t) = PO2 ,i (T )/P̂O2 ;

ri (t) = Ri (T )/R̂;

t = T/T̂ ;

ui (t) = Ui (T )/Û ;

vi (t) = Vi (T )/V̂ .

(A.12)

The scales were defined as

L̂ =

q

4V̂ /π L̂;

Ĉ = V̂ /P̂ ;

ĈO2 = CO2 ,ref ; D̂ =

F̂ = F ∗ ;

Ĝ = N̂O2/P̂O2 T̂ ;

JˆO2 = N̂O2/T̂ ;

N̂O2 = ĈO2 V̂ ;

P̂ = ∆Pr ;

R̂ = P̂/F̂ ;

T̂ = V̂ /F̂ ;



P̂ V̂ 2/8πµF̂

1/3

P̂O2 = PO2 ,ref ;
Û = F̂ L̂/V̂ ;

;

V̂ =

(A.13)

∗
i=1 Vi ;

P3

where CO2 ,ref is the reference value for oxygen concentration calculated from PO2 ,ref ; F ∗ is
the flow at baseline ; µ is the whole blood viscosity; ∆Pr , the reference pressure difference,
is defined in Equation (A.7) on page 164; PO2 ,ref is the reference value for oxygen partial
pressure; and

A.3

P3

∗
i=1 Vi

is the total volume of the three compartments at baseline.

Modelling PO2 in tissue

This section describes how the oxygen transport model calculates PO2 in tissue, and
provides the basis for calculating the value of mean baseline tissue PO2 , p̄O2 ,t∗ . Although
using an assumed or estimated PO2 value would partially remove the need for this
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additional modelling, the equations in this section represent a more rigorous approach.
As a consequence, the predictions in the main body of this thesis do not depend on the
details of the following model, but do rely on the baseline PO2 value it produces.
While including these equations adds an additional layer of complexity, there are a number
of advantages of doing so. For example, this technique makes it possible to estimate
baseline tissue PO2 using the radial measurements of tissue PO2 made by Vovenko (1999),
whose vascular PO2 measurements define the model’s reference state (see below). In
addition, this approach enables the model to predict the dynamic PO2 of tissue with a
baseline PO2 value different to the average, as discussed in Appendix A.3.4. For brevity,
the notation used for most of this section is different to that of the main body.

A.3.1

Derivation for a single cylinder1

Oxygen transport in an annular slice of tissue of radius R2 surrounding a blood vessel
of radius R1 can be described by the differential equation
1 d
dp
r
r dr
dr




=

m
D

(A.14)

where r is the radial co-ordinate, p(r) is the oxygen partial pressure, and the constants
m and D are the tissue consumption rate and diffusivity of oxygen, respectively. Solving
this equation subject to the boundary conditions
p(R1 ) = pb ;

dp
dr

r=R2

=0

(A.15)

leads to
p(r) = pb +

 mR2
m  2
r
2
r − R12 −
ln
,
4D
2D
R1

where the constant pb is the PO2 in the blood vessel.
1

The derivation in this section is based on the classical Krogh cylinder model

(A.16)
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Making the substitution k = m/D and applying the additional boundary condition
p(R2 ) = pt0 , where pt0 is the PO2 at radius R2 (assumed to be the lowest value in
the tissue), Equation (A.16) becomes
p(r) = pb + 14 k r2 − R12 − 12 kR22 ln




r
,
R1

(A.17)

where
k = (pt0 − pb )/α ,

(A.18)

and
α=

1
4



R22 − R12 − 12 R22 ln


R2
.
R1

(A.19)

The average PO2 in the tissue area, p̄, can be calculated by substituting Equation (A.17)
into the integral
p̄ =

,Z
R2

Z R2

rp(r)dr
R1

rdr ,

(A.20)

R1

and solving analytically (by parts) to obtain
p̄ = pb + k



R24 − R14
R24
R2
2
2
1

 ln
k
R
−
R
−
k
.
+
2
1
4
2
2
2
2
R1
8 R2 − R1
2 R2 − R1

(A.21)

Equation (A.21) can also be written as a weighted sum of the two boundary partial pressures, such that
p̄ = wb pb + (1 − wb )pt0 ,

(A.22)

where wb , the weight applied to the oxygen partial pressure in the blood, is given by
R24 − R14
R22 − R12
R2
R24

 ln
−
wb = 1 −
+
.
2
2
2
2
4α
R1
8α R2 − R1
2α R2 − R1


(A.23)
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A.3.2

Combining multiple cylinders

For a tissue compartment made up of three of the annuli described by the equations in
Appendix A.3.1 (representing arteries, capillaries, and veins), the average oxygen partial pressure, p¯t , can be written as a weighted sum of the individual compartment
averages such that
p¯t =

3
X

wi0 p¯i ,

(A.24)

i=1

where wi0 is the weight applied to compartment i (weights must sum to 1), and p¯i is
the average partial pressure, which is calculated from Equation (A.22). The baseline
vascular volume fractions, vi∗ , were used as compartment weights (wi0 ). For simplicity,
the radii R1 and R2 were assumed to be identical in the different vascular compartments.
On the basis of recent evidence from two-photon microscopy (Devor et al., 2011), the
minimum PO2 was assumed to be the same for tissue surrounding each of the vascular
compartments. As such, by substituting in Equation (A.22), Equation (A.24) can also
be written in terms of the vascular PO2 and the minimum PO2 in the tissue so
p¯t = wt0 pt0 +

3
X

wi pbi ,

(A.25)

i=1

where wi = wi0 wb , wt0 = 1 −

i=1 wi ,

P3

and pbi are the boundary partial pressures in

the three vascular (blood) compartments. Using the same notation as the main body,
Equation (A.25) would be written as
p̄O2 ,t (t) = wt0 pO2 ,t0 (t) +

3
X

wi p̄O2 ,i (t).

(A.26)

i=1

A.3.3

Determining mean baseline PO2

To determine the average baseline tissue PO2 , the annular radii [R1 , R2 ] were first set to
equal [15, 135] µm on the basis of recent measurements of radial PO2 in tissue (Devor
et al., 2011); modifications to these parameters were also included in the sensitivity
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Figure A.1: Predictions of radial tissue oxygen partial pressure (PO2 ) from the
model developed in Appendix A.3 fit to in vivo measurements made by Vovenko (1999).
The black dotted line represents PO2 ,t0∗ , the (dimensional) minimum tissue PO2 . See

Appendices A.3.1 to A.3.3 for more detail, including the derivation.

analysis. Next, to determine the baseline value for the minimum tissue PO2 , pO2 ,t0∗ ,
the model described in Equation (A.17) was fit to radial measurements of tissue PO2
in all three vascular compartments (Vovenko, 1999, see Figure A.1). Then, measurements of vascular PO2 made by Vovenko (1999) were used to calculate baseline O2
concentrations (cO2 ,i,i+1∗ ), baseline O2 amounts (nO2 ,i,i+1∗ ), the leak concentration (cO2 ,l ),
and average vascular PO2 (p̄O2 ,i∗ ), as described in the main body (Section 4.3.2 on
page 104). This makes it possible to calculate the average tissue PO2 (p̄O2 ,t∗ ) from
the steady-state form of Equation (A.26).

A.3.4

Adjusting tissue PO2 predictions

Section 4.3.4 in the main body (on page 110) outlines the principle behind adjusting
the tissue PO2 predictions and the rationale for doing so. In practice there are five
steps required to produce these additional predictions.
First, the mean baseline tissue PO2 , p̄O2 ,t∗ , is calculated by adjusting the reference state
for different experimental conditions, as described in Section 4.3.3 and Appendix A.3.3.
? (where X ∈ {t0, i}), were chosen to satisfy the equation
Second, new weights, wX

p̄O2 ,t? = wt0? pO2 ,t0∗ +

3
X
i=1

wi? p̄O2 ,i∗ ,

(A.27)
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where p̄O2 ,t? is the measured tissue PO2 at baseline. The new weights must sum to one,
but since Equation (A.27) is still underconstrained, the new weights are calculated by
? − w ).
minimising the change from the original weights (i.e. wX
X

Third, the dynamic mean tissue PO2 , p̄O2 ,t (t), is calculated by solving the ordinary
differential equations in the main body, as discussed in Sections 4.3.2 and 4.3.3. Fourth,
the minimum tissue PO2 , pO2 ,t0 (t), is calculated by rearranging Equation (A.26). Finally
the additional dynamic tissue PO2 prediction is calculated from
p̄O2 ,t? (t) = wt0? pO2 ,t0 (t) +

3
X

wi? p̄O2 ,i (t).

(A.28)

i=1

In this way it is possible to estimate the dynamic PO2 of tissue with any baseline
value between the minimum tissue value, pO2 ,t0∗ , and the maximum vascular (arterial) value, pO2 ,1∗ .
Steps three, four, and five are repeated during each iteration of the optimisation in order
to determine the CMRO2 parameters that generate the best fit between Equation (A.28)
? , are only calculated
and the experimental observations. However, the new weights, wX

once to match the model-predicted and measured baseline tissue PO2 , and are not used
as fitting parameters in the dynamic simulations.
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