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Abstract. We discuss the process of formalisation from the viewpoint
of understanding. Our experience is based on a formalisation carried out
in the Isabelle generic proof assistant.

Introduction

The act of formalisation of a proof or concept involves ensuring that
each step or notion is explicitly defined and explained, that no detail has
been overlooked or ignored and that no intuition is required to reach a
conclusion. Formal proofs, in the style of Hilbert, are widely assumed to
exist for every correct informal proof. However in general proofs are not
formalised, since much extra e↵ort is required for what is perceived to be
an uninformative task.

A major objection to the use of formal proofs is that they hinder
understanding of the very concepts they are proving. This was discussed
in a 2009 paper by Calude and Müller [4], where a proposal of certain
symptoms of understanding was given. The fundamental issue we seek
to address is how the process of formalisation can help (and hinder) the
process of understanding.

We have undertaken a case study in formalisation in the Isabelle inter-
active proof assistant [1]. The topic of our formalisation was computability
theory, specifically the formalisation of theorems appearing in [3]. This
report gives impressions on the process undertaken, both positive and
negative, and focusses less on the output of our work than the way in
which it was achieved. Our findings are as follows.

– A discussion of the merits and di�culties of using Isabelle to for-
malise computability theory, including suggestions for improvements
and additions to what is currently possible.

– Comments on the process of formalisation generally, and its relation
to the concept of mathematical understanding.



We present any formal proofs and definitions required in full. Such
theorems are, in general, model examples to illustrate points.

This report has been written entirely within the Isabelle system. Any
definitions or results are therefore presented in the order they are needed.

1 The Isabelle Generic Proof Assistant

We begin with a brief discussion of the Isabelle generic proof assistant,
upon which our experiences are based. Isabelle is derived from the Higher
Order Logic (HOL) theorem proving software, which in turn is a de-
scendant of Logic for Computable Functions (LCF). LCF was developed
in 1972, HOL became stable around 1988, and development of Isabelle
started in the 1990s [5]. Isabelle is based on a small core set of logical
principles from which theories can be built up. As such, the confidence
with which we can claim any theorem proven in Isabelle to be true is the
same confidence with which we can claim that small core is true.

Isabelle provides a formal language to work in, and a set of proof meth-
ods, which allow it to prove statements using logical rules, definitions,
and axioms, as well as already proved statements. Proofs in Isabelle are
essentially natural deduction style. A structured proof language, Isar, is
provided which aims to make proofs more human readable, and which
serves to greatly reduce the learning curve required to use Isabelle. In ad-
dition to the standard proof methods, Isabelle has a feature called sledge-

hammer, which calls external automated theorem provers in an attempt
to prove the current goal. Isabelle is developed jointly at the University
of Cambridge, Technische Universität München and Université Paris-Sud
[1].

The currently recommended interface for Isabelle is jEdit,1 which is pack-
aged with the distribution. This interface allows for correct parsing of
special symbols in theories, and integrates well with Isabelle output. Syn-
tax highlighting makes clear which statements are being processed, and
when a proof is taking longer than might be expected. This results in a
very useable interface, with a low learning curve.

General Usage and Proof Methods Isabelle provides a variety of
tools for formalisation. Datatypes can be specified and built up from
existing datatypes. Definitions for concepts can be expressed in a number

1 http://www.jedit.org/

http://www.jedit.org/


of ways. Both recursive and non-recursive functions can be defined, and
this can be inductive.

Propositions can be proved in Isabelle through the use of lemmas, the-
orems and corollarys. In keeping with general practice, these have no
semantic di↵erence in their use, and so distinctions can be arbitrarily
made [2]. Proofs of propositions are given using any of a range of proof
methods and, as with informal proofs, deductions can often be completed
in a number of ways.

The metis proof method is supplied with previously proved propositions,
and attempts to use these to prove the current goal. Metis can take some
time as it searches for solutions to problems, but it is very useful when
all the theorems needed to prove the goal are explicitly known. The more
powerful simp proof method attempts to solve the goal by way of sim-
plification rules and general reasoning. Any lemma can be marked as a
simplification rule, which simp will make use of automatically. simp has
access to far more resources that metis and will often run faster, though it
is important to note that simp can be too over zealous and fail wheremetis

succeeds. auto, which calls simp as a subroutine, is more powerful still,
and is adept at handling first-order logic applications, especially those
involving quantifier rules. For even more advanced logic handling, blast,
fastforce and force are provided. A wide variety of other proof methods
exist, including rule for applications directly matching previously proved
results and ind-cases, which is used for rule inversion with inductive def-
initions [6].

Proofs can be completed in two main ways: by applications of proof meth-
ods to the lemma, or through the Isar proof language. The latter of these
closely models the style of informal proofs, and so allows for greater hu-
man readability as well as a reduction in the learning curve required for
formalisation. As an example of the distinction, we give two proofs for
the same result. First, we give a proof without Isar.

lemma (x ::nat) ⇤ (x � 1 )  xˆ2

by (metis comm-semiring-1-class.normalizing-semiring-rules(29 )
comm-semiring-1-class.normalizing-semiring-rules(7 ) di↵-le-self mult-le-mono1 )

We simply supply metis with the required results to prove the statement.
In many cases it is convenient and tidy to have a proof as short as this,
however by way of exemplar, we give a fully detailed Isar proof.

lemma (x ::nat) ⇤ (x � 1 )  xˆ2

proof �
have Suc x ⇤ (Suc x � (1 ::nat)) = (Suc x )ˆ2 � Suc x



by (metis add-di↵-cancel-left

0
comm-semiring-1-class.normalizing-semiring-rules(29 )

di↵-Suc-1 mult-Suc-right)
moreover have (Suc x )ˆ2 � Suc x  (Suc x )ˆ2 by simp

ultimately show ?thesis

by (metis comm-semiring-1-class.normalizing-semiring-rules(29 ) di↵-le-self

mult-le-mono2 )
qed

Isabelle actively interacts with the user during proofs such as that above,
o↵ering help as to what the current goal(s) are, any counter examples or
quick solutions it has found and information on why proof methods may
have failed.

Sledgehammer is an incredibly useful tool built into Isabelle. Sledgeham-
mer uses a number of external automated theorem provers and searches
all available facts in an attempt to prove the current goal. While this
sounds as though it may detract from understanding of the proof on the
part of the user, sledgehammer is only practicable on quite basic state-
ments, which the user is generally already sure is true. In this manner,
sledgehammer provides an e�cient means to search for the particular
theorem needed to reach the goal.

2 Formalisation as a Tool for Understanding

A proof is “something that proves a statement; evidence or argument
establishing a fact or the truth of anything”. Mathematically, a proof is a
“sequence of steps by which a theorem or other statement is derived from
given premises” [7]. While informal proofs are the norm in most areas of
mathematics and computer science, formal proofs such as those created in
Isabelle are becoming more practical. It is readily apparent that a formal
proof of a statement has a greater degree of correctness than an informal
proof - we need not appeal to any leaps of faith or intuition, and can (at
least in principal) verify every step of the proof.

A question which naturally arises when discussing formal proof is that
of understanding. In their 2009 paper [4], Calude and Müller discuss this
question, and more fundamentally the question of what understanding
really means. They propose a series of symptoms of understanding, and
discuss how these relate, or do not relate, to formal theorem proving. Fur-
ther, they envisage an active proof environment (APE), “in which users
can write and check formal proofs as well as query them with reference
to the symptoms of understanding”.



In this section, we discuss the experience of formalisation from this per-
spective. We consider the interaction of formalisation and understanding,
which symptoms have been experienced and which have not. We give
consideration as to how well Isabelle matches the ideals of an APE, both
from the perspective of a reader and a writer of proofs.

Formalisation in Isabelle immediately provides a number of the symptoms
of understanding given in [4].

Symptom 1 Fill in simple details of the proof, like explication of nota-
tion and definitions.

Symptom 4 Cast the proof in di↵erent terms.
Symptom 7 Give natural examples and counter-examples for various

notions used in the proof.
Symptom 20 Program (parts of) the proof in a programming language.

The last of these is clearly satisfied by formalisation in Isabelle, which
uses a process very similar to programming. Since a formalisation re-
quires all details to be complete, Symptom 1 is achieved. By rewriting an
informal proof formally, we change radically the style of the proof, clearly
an instance of Symptom 4. Symptom 7 is provided by tools such as Auto
Quickcheck, which searches for counterexamples to the current goal.

2.1 Facts and Assumptions

An important feature of formalisation we encountered was the explicit re-
alisation of which facts and assumptions were required in order to deduce
a proposition. In many cases, underlying assumptions not immediately
obvious were uncovered. In other cases, assumptions that seemed nec-
essary were in fact superfluous. We also encountered situations where a
slight di↵erence in our assumptions resulted in a di↵erence in our con-
clusion, compared with the informal proof. These relate closely to the
second, eighth and eleventh symptoms of understanding given in [4]:

Symptom 2 Justify other results implicitly used in the proof and infer-
ences.

Sympton 8 Indicate where certain hypotheses are needed.
Symptom 11 Discuss interesting modifications of hypotheses and their

corresponding modifications of conclusions.



A good example of the impact of unexpectedly required assumptions is in
the use of the use of IN, rather than ZZ+, which is what appeared in the
source [3]. The addition of the number 0 changed a number of important
properties in the fundamental, with the result that some of our theorem
statements di↵er from that given informally. This gives an instance of
Symptom 11.

An interesting issue which arose when proving one proposition surrounded
the definition of a critical function. We defined this function in three ways
and were able to show correctness for all three definitions, but termination
on appropriate inputs (which was critical) only for one. While all three
definitions intuitively matched the informal definition given in [3], only
one led to the required conclusion. This is another instance of Symptom
11.

The use of assumptions is made clear in Isabelle by the fact that they
must be referenced by assms whenever used. It is thus easy to tell from
the proof where the assumptions are required and where they are not,
showing Symptom 8. In a number of cases, it was found that assumptions
were not used at all, and could thus safely be removed, giving a stronger
proof. A good improvement would be if Isabelle were able to highlight
such unused assumptions in a manner similar to how Integrated Developer
Environments often highlight unused variables.

The sledgehammer tool is also very useful from this perspective. While
it may seem that some understanding is lost through the application of
sledgehammer, in practice, it is useful mainly for locating the names of
theorems which the user already knows exists. The result of sledgehammer
is a metis command which explicitly states which assumptions, facts and
theorems are being used to prove the goal, demonstrating Symptom 2.

A notable ommission in our formalisation is the explicit expression of
the concept of infinity. We implicitly give this by stating various propo-
sitions to be dependent on arbitrary universal functions. Since there are
infinitely many universal functions, this implies that the propositions hold
for infinitely many cases. However, it could be seen that formalising this
information constitute a large project of its own. While arguably a mark
against formalisation, this reinforces that concepts we informally take for
granted are in fact subtly complex.

2.2 A Higher Level of Constructive Proof

As [4] notes, “a constructive proof gives more insight than a non-
constructive argument”.



Symptom 19 Recognise the constructive or non-constructive character
of a proof.

Formalisation of computability theory can arguably lead to a more con-
structive proof for certain statements. For example, in proofs of univer-
sality, we actively construct the required functions, and prove that our
constructions meet the requirements of the definition. Rather than claim-
ing such functions can exist, or inferring their computability from abstract
results, we build the functions from scratch and demonstrate their cor-
rectness. In some cases we are even able to construct a working Isabelle
function for those given in the proofs, another symptom of understanding.

Symptom 14 Calculate a quantity used in the proof.

For one function defined informally in [3], we constructed an Isabelle
function which successfully calculated values of the function. In this way,
we were able to check that the function was behaving as expected (on
small inputs). It was interesting to see how long the function took to
calculate values, as this gave an idea of the e�ciency of the algorithm.

2.3 Balancing Understanding and Tedium

An interplay was observed during formalisation between the ideas of un-
derstanding and tedium. A discussion of the tedious nature of termination
proofs has already been given, but here we present some other comments
on how formalisation can help explain proofs or tire provers.

A type of proof that was avoided as much as practicable was that involv-
ing the manipulation of algebraic expressions, especially with a mixture of
natural and real numbers, and functions defined only on naturals or only
on reals. It could charitably be said that such a task is best avoided. It
is interesting to compare the process of manipulating expressions by pen
and paper with the level of formalisation required to achieve the same re-
sults in Isabelle. Further di�culties arise when expressions involve more
than just variables, but numbers. A error that reappeared many times
involved the requirement that numerals be given explicit types in some
cases. Expressions involving, for example, 2ˆm need to be specified more
carefully as (2 ::nat)ˆm. This simple inclusion of a type allows a myriad
of theorems to apply to the phrase, but is easy to forget. It is interesting
to note that were we completing a formalisation in ring theory, for ex-
ample, such proofs could be the focus of our work. Rather than being a



tedious means to an higher level end, they would be the very fundamental
operations we would be studying. The relevant level of understanding is
dependent on the field being proved in. While it would be tempting to au-
tomate such proofs to a greater degree in proof assistants, consideration
must be given to the fields proofs are being formalised for.

In other cases we found that Isabelle proofs could be very brief where
a human would require more detail. A number of times, we found, after
giving a lengthy proof of correctness for some function, that a single
application of simp would have satisfied Isabelle. However, such a short
proof would do very little to convince a human reader. For example, we
give a proof of the following statement twice. The first proof is entirely
obscure.

lemma rec-exec (Cn 1 (Pr 1 (id 1 0 ) (id 3 1 )) [z , (id 1 0 )]) [x ] = x � 1

by simp

For the second proof, we use Isar to explain how this function works.

lemma rec-exec (Cn 1 (Pr 1 (id 1 0 ) (id 3 1 )) [z , (id 1 0 )]) [x ] = x � 1

proof cases

assume First :x = 0

then have rec-exec (Cn 1 (Pr 1 (id 1 0 ) (id 3 1 )) [z , (id 1 0 )]) [x ] = rec-exec (Pr
1 (id 1 0 ) (id 3 1 )) [0 , 0 ]

by simp

moreover have rec-exec (Pr 1 (id 1 0 ) (id 3 1 )) [0 , 0 ] = rec-exec (id 1 0 ) [0 ] by
simp

ultimately have rec-exec (Cn 1 (Pr 1 (id 1 0 ) (id 3 1 )) [z , (id 1 0 )]) [x ] = 0 by

simp

thus ?thesis using First by simp

next assume Second :x 6= 0

then have rec-exec (Cn 1 (Pr 1 (id 1 0 ) (id 3 1 )) [z , (id 1 0 )]) [x ] = rec-exec (Pr
1 (id 1 0 ) (id 3 1 )) [0 , x ]

by simp

moreover have rec-exec (Pr 1 (id 1 0 ) (id 3 1 )) [0 , x ] = rec-exec (id 3 1 ) [0 , x �
1 , rec-exec (Pr 1 (id 1 0 ) (id 3 1 )) [0 , x � 1 ]]

using Second by simp

moreover have rec-exec (id 3 1 ) [0 , x � 1 , rec-exec (Pr 1 (id 1 0 ) (id 3 1 )) [0 , x
� 1 ]] = x � 1

by simp

ultimately show rec-exec (Cn 1 (Pr 1 (id 1 0 ) (id 3 1 )) [z , (id 1 0 )]) [x ] = x � 1

by simp

qed

This second proof is still not complete. However, it elucidates greatly on
why the function gives that output when compared with the first proof.
We have refrained from commenting within the proof to reinforce this



point - at each step only one or two basic applications of the definitions
for recursive functions are used.

An interesting note can be made here about the di↵erence between our
intuition of what a formal proof should be, and the realisation in Isabelle.
The first proof could optimistically be described with the word “brief”.
However, we expect a formal proof to be much longer and more involved
than an informal one. In the second proof, the level of detail is wholly
unnecessary for the Isabelle system, yet it seems to more closely resemble
what we would expect as a formal proof (or even an informal proof).
Were we to try to convince someone that the lemma was true, the first
proof would almost certainly not su�ce. So where is the ability to test
correctness? How can a reader perform, as Hilbert put it, “a mechanical
procedure that will check whether the proof is correct or not, whether
it obeys the rules or not” when the proof is by simp? The answer is
by studying the code which makes up Isabelle, and deriving a proof by
themselves. This seems highly unsatisfactory. While the first proof may
technically constitute a formal proof in the strict sense, it does not match
the ideology of what a formal proof should be.

In some cases, however, understanding served well to decrease tedium.
In formalising recursive functions, we developed a standard practice of
proving correctness and termination for these functions immediately af-
ter definition. This allowed subsequent proofs of correctness and termi-
nation to proceed quickly, especially if they were for functions utilising
subroutines. Understanding which functions could be combined to give
new functions allowed for must faster correctness and termination proofs,
greatly reducing tedium.

2.4 The Reader and the Prover

A di↵erence may readily be discerned between the level of understanding
a formal proof gives the prover and the reader. It would seem that formal
proofs o↵er a huge window of insight to the prover, but may be quite
opaque to the reader.

An example of this is in the abstraction of goals. When proving a state-
ment, it is convenient to abstract the current goal, and prove a more
general statement of a given step. In this way, proofs are kept to a man-
ageable length, and general statements are able to be reused. A negative
e↵ect of is that the reader is presented with a seemingly irrelevant proof,
the justification for which is only provided later. It is up to the prover
to explain a general overview of the theory, and why each proposition is



proved when it is. This clearly fails the requirements of a few symptoms
of understanding from [4]:

Symptom 3 Give presentations of the proof for di↵erent audiences hav-
ing various degrees of expertise.

Symptom 5 Motivate the proof.

This seems a problem for formalisation. If formal proofs are to be used
extensively, they need to be human understandable. At present, they often
do not meet this criterion for humans not involved in the proof process.
A solution to this problem may be to present theories with only the
high level lemmas, with more detailed proofs available by selecting the
appropriate theorem references.

In fact, the process of abstraction can hinder understanding even on the
part of the prover. A di�culty which regularly appeared was that of losing
sight of the goal, or proving without motivation. This situation occurs
easily in Isabelle and is characterised by a series of incomplete proofs,
each dependent on the last. When proving high level theorems, many
abstractions present themselves easily. It is very easy to become highly
involved in such proofs, and end up trying to prove a statement which has
seemingly little bearing on the original theorem. While it is interesting to
see the fundamental principles a theorem relies upon, after three or four
abstractions the original statement is completely forgotten. Having lost
sight of the goal, the prover begins to wonder what purpose there is in
proving the current statement. This confusion is often compounded when
an abstracted proof fails to help in proving the original goal.

In order to avoid this problem, we found the use of sorry statements very
useful. sorry is a command which causes Isabelle to accept a given state-
ment without proof. In order to avoid disappearing down a rabbit hole of
abstraction, it is convenient to map out complex proofs using statements
justified by sorry. These proof overviews often contain approximately the
same amount of detail as an informal proof. Any steps which should follow
easily can be justified as required, and then more complex justifications
can be completed as abstractions. This firstly prevents abstraction of use-
less statements (if we can prove the theorem assuming a statement is true,
then proving that statement will give us the theorem). Also, sorry state-
ments mean that once we have finished an abstraction, there is only one
justification to change to finish the original proof. sorry statements allow
us to regain the big picture of a proof and go some way to stop us being
bogged down in detail.



Another e↵ective solution to the problem of forgotten goals is to complete
informal proofs of the theorem on pen and paper. While this may seem
like an obvious first step to proving a theorem, in many cases a formal
proof seems like it should be able to proceed easily. Informally proving a
statement serves to both convince the user that the proposition is true,
and to give a good outline of how the formal proof should look (similar to
the use of sorry statements). Further, the flexibility of presentation with
informal pen and paper proofs means that solutions can often be found
quicker than with a rigid notation mechanism.

It is interesting to consider this last solution. This says that in order to
complete a formal proof it is helpful to complete an informal proof of the
same statement. Does this mean that formal proofs o↵er no understand-
ing to the prover? Not at all. Rather, the formal proof is the source of
the statement that we prove informally; if not for the process of formali-
sation we would never have tried to prove what is likely to be an abstract
theorem.

2.5 Isabelle as an APE

In conclusion, we find that Isabelle still has some way to go to being a good
model of an APE. While the creative aspects of APEs (discovering and
verifying proofs) are well served, the accessibility of formalised proofs to
a general readership is not yet as envisioned. Isabelle does well as a proof
assistant (as would be expected), but not yet as an intelligent interface
for exploring proofs.

As a tool for general formalisation of the proof process, Isabelle arguably
still has some way to go. While the act of proving is highly satisfying
when it works, di�culties arising due to use of the system (rather than
underlying problems with the mathematics) are too common and can
be quite frustrating. The level of documentation provided is at quite a
high level, and a lot is not suitable for a more general audience. A user
interested in Isabelle as a tool for formalisation, rather than as an object
of study itself, is likely to find the current learning curve unjustifiably
large.

An example of such a di�culty which led to great tediousness was in
certain proofs of termination. Specifically, if Isabelle is expecting an ar-
gument in the form ([x , y ] @ [z ]), and it is instead provided in the form
([x , y , z ]) (both of which evaluate to the same), it will not apply relevant
theorems. This can be quite frustrating, especially when the list in ques-
tion has been automatically generated. A number of similar issues, while



small, are nonetheless important in preventing the system from feeling
e�cient.

However, it seems highly likely that Isabelle will mature well, and that
in the future such systems will become much more widespread. It seems
inevitable that systems such as Isabelle will very soon reach the point
where they are practical for widespread use.

3 Conclusion

Any concern that the process of formalisation hinders understanding is
clearly unfounded. At its best, formalisation makes the prover consider
and evaluate every assumption and step required to prove their goal, re-
inforcing just what’s needed and what isn’t. At its worst, formalisation
can be a tedious task in determining the reasons basic algebra isn’t ac-
cepted, or a far too unilluminating verification of correctness. Cases of
the latter are uncommon and easily overcome - indeed when formalising
one gets into the habit of elaborating by default and so is not satisfied
by unjustified brevity. Cases of the former may increase frustration but
in no way curb understanding - the inherent problem is that the prover
is being made to understand more than they wish to.

An argument can be made that formalisation hinders understanding on
the part of the reader. Indeed, the original four line informal proof would
be much more accessible than our 40 page formalisation of it. However
it is arguable that this is a problem with informal proofs too - surely
(in general) the reader of an informal proof understands less of the topic
than someone who can create the proof themselves. Further, were a reader
dedicated enough to make it through all 40 pages, would they not under-
stand more than the reader of the informal proof? Such questions warrant
further investigation. This being said, if systems such as Isabelle are to
be used in contexts of presentation, rather than simply formalisation,
capacity for accessibility on the part of the reader needs to be increased.

An interesting issue to consider is the impact greater automation of for-
malisation would have on understanding. In our formalisation, only basic
Isabelle tools were used. Isabelle’s arsenal of automation is much larger
than that which we wielded. Greater automation would lead to shorter
proofs, missing more details, which might impair understanding. But per-
haps in implementing the automation, that understanding would be re-
covered, or a deeper understanding would be found. This would make a
fascinating project.



As a general tool for formalisation, Isabelle still has some way to go. While
formalisation in Isabelle is rewarding and overall enjoyable, there is still
a reasonable learning curve and small annoyances which can a↵ect the
experience. It will be interesting to see how the jEdit interface develops
to make Isabelle more accessible. It seems clear that within a decade,
Isabelle (or future developments) will be not only able but will be second
nature to be used by general mathematicians and computer scientists.

Acknowledgements

The author would greatly like to thank Cris Calude for all his advice and
guidance. I could not have been written this without his generous help.
Thanks is also given to Robert Drummond, Mostafa Raziebrahimsaraei
and Marcus Triplett for useful discussions on various issues encountered
during formalisation.

References

1. Isabelle hompage. http://isabelle.in.tum.de/. Accessed: 2014-10-25.
2. C. Ballarin. Belgrade 2008 - Tutorial: Introduction to the proof assistant. http:

//www21.in.tum.de/⇠ballarin/belgrade08-tut/. Accessed: 2014-10-25.
3. C. S. Calude and D. Desfontaines. Universality and almost decidability. Fundamenta

Informaticae, 21:1001–1006, 2014.
4. C. S. Calude and C. Müller. Formal proof: reconciling correctness and understand-

ing. In Intelligent Computer Mathematics, pages 217–232. Springer, 2009.
5. M. Gordon. From LCF to HOL: a short history. In Proof, Language, and Interaction,

pages 169–186, 2000.
6. T. Nipkow. Programming and proving in Isabelle/HOL, 2013.
7. OED Online. proof, n. http://www.oed.com/view/Entry/152578?rskey=bJkM38,

October 2014.

http://isabelle.in.tum.de/
http://www21.in.tum.de/~ballarin/belgrade08-tut/
http://www21.in.tum.de/~ballarin/belgrade08-tut/
http://www.oed.com/view/Entry/152578?rskey=bJkM38

