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Abstract 

 

Liquid foam is a two-phase dynamic system with a myriad of industrial applications. 

Recently a polarised light scattering technique has been developed as a possible method of 

continuous and non-invasive monitoring of the bulk foam properties. The overall objective of 

this research is to investigate the utilisation of a polarised light scattering technique on 

surfactant and protein foams, which are the two foams most commonly encountered in 

industries. Examples may include mineral flotation, food processing and pharmaceuticals. 

Based on the differences in the coarsening and drainage regimes, SDS (Sodium dodecyl 

sulphate, a low molecular weight ionic surfactant) and Casein (a protein) are selected as 

foaming agents to represent small and large surface active molecules. 

In the current work, a polarised light scattering experimental set-up has been designed to 

conduct experiments using foams with monodispersed and bidispersed bubble size 

distributions. Foams are initially generated under forced drainage to maintain a uniform axial 

liquid fraction profile. Subsequently, the foams enter a free drainage period, where the axial 

liquid fraction profile varies with time. During this free drainage period, two types of 

completely polarised light (vertical-linearly polarised light and left-handed circularly 

polarised light) are shone through the foam and the Stokes vector is measured. From this 

measurement, all the five polarisation characteristic parameters (degree of polarisation P, 

degree of linear polarisation PL, degree of circular polarisation PC, orientation angle ψ and 

ellipticity angle χ) of the scattered light are determined to examine the changes in the 

polarisation state due to the foam evolution. Six independent Mueller matrix elements (M11, 

M12, M22, M33, M34, M44), which contain the information of the optical and geometrical 

properties of foam, are determined via a combination of a series of optical components. At 

the same time, the liquid fraction and the bubble size distribution of the foam are 

independently measured by the pressure gradient method and the photographic method, 

respectively. The quantitative correlations between these Mueller matrix elements and the 

liquid fraction and the bubble size distribution of the foam are then investigated. 

During the free drainage of SDS foams, the bubble size distribution remains almost constant, 

although the liquid fraction decreases. This process can be divided into three stages based on 
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the rate of the decrease in liquid fraction. This study has focused on the static stage where the 

rate of change in liquid fraction has reduced to nearly zero. Foams with three different bubble 

size distributions are investigated and it was found that four of the polarisation parameters, P, 

PL, PC and χ exhibit sensitivities to the liquid fraction and the bubble size distribution. ψ is 

largely independent of the liquid fraction and the bubble size distribution, but shows a certain 

degree of correlation with the structural rearrangement of the polydispersed foams. The liquid 

fraction affects all the six normalised independent Mueller matrix elements for all the three 

SDS foams. In particular, a simple quantitative correlation can be obtained between the liquid 

fraction and three normalised Mueller matrix elements N11, N22, N33, which reflect the 

differential scattering cross section, the bubble density and the capacity of retaining +45° 

polarised light of foams, respectively. 

In the case of Casein foams, it was found that they require higher proportions of liquid to 

maintain stability than SDS foams do. Along with the decrease in the liquid fraction, the 

bubble size distribution varies significantly due to coalescence. Therefore, multiple 

regression analysis was performed to investigate the individual effect of the liquid fraction 

and the bubble size distribution on the polarisation state. Similar to SDS foams, the variations 

of four of the polarisation parameters P, PL, PC and χ are shown to be associated with the 

liquid fraction and/or the bubble size distribution to different extents. The remaining 

polarisation parameter ψ, however, is completely independent of the liquid fraction and the 

bubble size distribution. A correlation between M11 & M22 from the Mueller matrix and the 

liquid fraction and the bubble size distribution with high correlation coefficient has been 

obtained. M12 shows dependence only on the bubble size distribution but no dependence on 

the liquid fraction. M33 is associated with both these foam parameters. For initially 

monodispersed Casein foams, M34 shows no dependence on the liquid fraction and the bubble 

size distribution, whereas M44 appears to be significantly correlated with the mean bubble 

diameter. For bidispersed Casein foam, both M34 and M44 are mainly associated with the 

liquid fraction. 

This work has shown that the polarised light scattering technique can be applied as a 

diagnostic tool to characterise surfactant and protein foams such as SDS and Casein foams 

and it can provide a basis for further foam studies using this technique. 
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Chapter 1. Introduction 

Foam is a two phase system where gas bubbles are enclosed by a small amount of liquid or 

solid [1]. Only liquid foam is considered in the present study. Liquid foams are broadly 

classified as dry and wet based on the liquid content, a.k.a. liquid fraction. In a dry foam, the 

gas bubbles are polyhedral. Two adjacent bubbles share a common thin liquid film, two films 

form an edge, and three edges meet at a vertex. A dry foam is macroscopically structured 

with a network of thin films, edges and vertices, where individual bubbles cannot move 

independently. This structure makes foam non-Newtonian and generates them a prototype 

system for studying the evolution of cellular materials [2, 3]. The sharp edges and corners of 

the polyhedral bubbles gradually round off and the bubbles approach a spherical shape as the 

liquid fraction increases. Further increase of the liquid fraction will allow bubbles to come 

apart. At this point the foam loses its rigidity and becomes a bubbly liquid [1]. 

Most foams owe their existence to the presence of surface active molecules in the liquid. 

These molecules are amphiphilic so that they can adsorb at the gas-liquid interfaces and 

reduce the surface tension associated with interfaces. Most importantly, they give rise to 

forces which stabilise the film against rupture. The stability of the individual bubbles is 

governed by the local equilibrium rules. The preferential adsorption of surface active 

materials in a foam is the basis of adsorptive bubble separation processes [4]. 

Foams are ubiquitous. They are frequently encountered in our everyday life in the form of 

foamy food, cosmetic foams, detergent foams and in the rare case of fire-fighting foams. 

Foams are also of industrial importance. For instance, foams are widely used in mineral 

recovery [5, 6], enhanced oil recovery [7], dampening explosions, isolating toxic material [8], 

specialised cleaning, dyeing and frost protection of crops [9]. Foams are the subject of 

process innovation in paper-making [10] and biological material (protein, biomass) 

harvesting [11]. Foams, however, occur as an unwelcome by-product when gas and liquid are 

vigorously mixed, e.g., in a stirred fermentation tank, or saturated solutions of gas are 

depressurised. It may then obstruct gas transport and render the practical process ineffective. 

Even washing detergent manufactures must carefully limit foam formation [1]. Nevertheless, 

whether as an essential material or an unwanted by-product, it is important to understand the 

bulk properties of foam and how they depend on the foam constituents. 
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The bulk properties of foam are dependent upon their structures. The structure of foams 

continuously evolves except for foams consisting of insoluble gases and at their dry limit. 

The bulk properties change due to a combination of the three main processes: drainage, 

coarsening, and coalescence. Drainage of wet foam is mostly due to the effect of gravity and 

density difference between gas and liquid phases. In dry foams, interfacial forces and 

capillary effects may also play a role in drainage. The main effect of drainage is a reduction 

in liquid fraction. Coarsening is the process where bigger bubbles grow in size at the expense 

of smaller bubbles. This is the result of gas diffusion from smaller bubbles to the larger 

bubbles due to a difference in pressure [12]. During drainage and coarsening, and the 

associated topological transformations, local fluctuations can cause the rupture of foam films 

and the coalescence of two or more bubbles to form a larger bubble. The direct effect of 

coarsening and coalescence is a change in bubble size distribution (enlargement and 

disproportion). Bubble coalescence affects the bubble size distribution which, in turn, affects 

drainage. 

Given the technological importance of foams in various applications, the pursuit of 

methodologies for probing the bulk properties of foams has attracted significant interests 

from both the industry and the academia. A typical means of characterising foams is to 

measure the bubble size distribution and the liquid fraction, as all the phenomena contributing 

to foam dynamic behaviour are reflected as variations in these parameters. The quality of 

foam products and the efficiency of these processes involving foams depend strongly on the 

liquid fraction and the bubble size distribution [13, 14]. Therefore, many techniques have 

been developed to measure these parameters [15]. 

The utility of conventional measurement techniques like photography and videography can 

only provide the measurement of surface layer of foam, while photoelectric probes or 

conductivity based methods disturb foam in the course of measurement. Optical tomography 

[16, 17] and Magnetic Resonance Imaging (MRI) [18, 19] have been used with success to 

study three dimensional foams. However, such techniques require an expensive and elaborate 

apparatus and complex imaging analysis processes which limit their utility as a research tool. 

As bubbles are good scatterers of light, multiple light scattering has been used to probe foam 

structural evolution. In the method of Durian et al. [20], foams are modelled as air bubbles 

separated by liquid and a model for photon transport based on random walk is applied. The 

resulting photon transport mean free path is correlated with the average bubble size. Their 
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discovery of depolarisation of scattered light has promoted the research on foam using 

polarised light scattering technique. 

Polarised light scattering based techniques have been successfully used to characterise a 

number of systems such as colloidal particle suspensions [21], soot agglomerates [22], milk 

[23], cotton fibre [24] and nanoparticle suspensions [25] based on their multiple scattering 

behaviour. The prerequisite of extending this technique to foams is that their cellular 

structures are likely to alter the polarisation of the incident radiation due to successive 

scattering events [26]. The randomisation of polarisation is expected to depend on the 

structure and concentration of scattering sites which are related to the liquid fraction and the 

bubble size distribution. If the foam properties can be correlated with the changes in 

polarisation state of the incident light, a useful diagnostic tool can be developed to monitor 

foam properties. However, only primary studies about the application of polarised light 

scattering techniques on foam have been reported in the literature. These studies have only 

focused on a shaving foam, which, however, is not a typical foam used in the industries. The 

independent measurement of the liquid fraction and the bubble size distribution is also lacked. 

1.1 Research objectives 

A polarised light scattering approach is investigated in the present study as a diagnostic 

technique for characterisation of surfactant and protein foams with independent measurement 

of the liquid fraction and the bubble size distribution. The goal is to investigate the 

correlations between the liquid fraction and the bubble size distribution of the foam studied 

and polarised light. This can provide a basis for development of optical sensors capable of 

monitoring of industrial foams. The specific goals of this project are to: 

1. Evaluate the five polarisation parameters of scattered light from different SDS 

foams to understand the evolution of polarisation state and its sensitivity to the liquid 

fraction and the bubble size distribution of surfactant foams (Chapter 4). 

2. Determine the Mueller matrix elements of free draining SDS foams to correlate and 

quantify specific polarisation components to the structural physical parameters of near 

static SDS foams (Chapter 5). 

3. Utilise Casein foams with distinct drainage and coarsening regimes from SDS 

foams to examine the sensitivity of polarised scattered light properties to the bubble 
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size distribution and the liquid fraction of protein foams through multiple regression 

analysis (Chapter 6). 

4. Investigate the utility of polarised light scattering approach to obtain the 

correlations between the Mueller matrix elements and the Casein foams properties for 

a better understanding the scattering process in protein foams (Chapter 7). 

1.2 Organization of the dissertation 

Chapter 1 introduces the overall research problem and the specific objectives associated with 

the four main chapters (Chapters 4, 5, 6, and 7). Chapter 2 provides an extensive background 

and literature review on the understanding of the physics and chemistry of foams and the 

polarised light scattering. Chapter 3 covers the materials, experimental apparatus and 

methods adopted in this study. Chapters 4, 5, 6, and 7 present and discuss the results obtained 

from the research project. Chapter 8 summarises the findings, presents the significant of the 

study and discusses the potential future work in this area. 
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Chapter 2. Background and literature review 

2.1 Foam properties 

In order to better understand the relationships between polarised light scattering and foam 

characteristics discussed in the later chapters, some essential foam properties will be 

reviewed firstly in this section. 

Foam is a two phase system composing of gas bubbles packed in a smaller amount of liquid 

or solid [1]. The solid foams are typically solidified liquid foams and hence retain a related 

structure. The current research conducts only on the liquid foam, so the remainder of the 

chapter deals only with discussions of liquid foams. A detailed description of cellular solids 

can be found in Gibson and Ashby [27]. 

Liquid foams have novel properties owing to their lightness and their very large specific 

surface area. These properties often meet the somewhat contradictory requirements of a 

number of industrial applications [28] (See Table 2.1). Now liquid foams have a wealth of 

uses, of which some are surprising such as aerated food industry, personal care products, 

enhanced oil recovery, firefighting, waste water treatment, mineral flotation and various other 

separation processes [29]. Furthermore, a foam, under carefully controlled conditions, often 

serves as a model system for a cellular material or a biological tissue [30]. 
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Table 2.1 The relation between the different functions that aqueous foams perform and their 
main uses and applications [30]. 

  

Economise 
on 
product, 
reduce 
waste 

Quickly 
fill 
large 
spaces 

Isolate, 
confine, 
smother 

Trap 
material 

Absorb 
or exert 
pressure 

Give a 
fluid the 
behaviour 
of a solid 

Confer 
structure 
and 
increase 
strength of 
a foam on a 
solid 

Cleaning ×         ×   

Surface treatment ×   ×     ×   

Building materials 
            × 

Reducing pollution × × × ×   ×   

Firefighting 
  × ×         

Extraction of 
natural resources       × × ×   

Cosmetics ×         ×   

Food ×         × × 
Army, Police 

  × × × ×   × 
 

Liquid foams are broadly divided into “wet” and “dry”, based on the volume proportion of 

liquid contained in the foam. The wet foams typically have a liquid fraction ε in the range 

0.1-0.2, while in theory the upper limit is set at 0.36, calculated on the basis of a closed 

packed sphere type configuration [20, 31]. In the dry limit, ε < 0.01, the foam consists of 

polyhedral bubbles with curved walls [32]. For most practical purposes, the foams are treated 

as being neither completely dry nor completely wet. The typical bubble size can range from 

10 µm to some centimetres, and their surface separation distance (i.e. the liquid film 

thickness) can range from 0.1-2 µm [1]. Liquid foams are continuously evolving systems far 

from equilibrium. On the aging of a foam, the foam properties such as foam structure, liquid 

fraction, bubble size distribution etc. change due to the drainage, coarsening and coalescence. 

These phenomena will be discussed in the following sections. The complex behaviours of 
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foam at various scales have attracted the interest of a wide range of researchers in physics, 

chemistry and engineering (Figure 2.1). 

 
Figure 2.1 Interest in foams at various scales (from film level dynamics to bulk properties). 

2.1.1 Foam structure 

Foam is a random, space-filling arrangement of spherical to polyhedral bubbles. Although the 

arrangement is random, it is not arbitrary as foams evolve in order to minimise the surface 

area of the films between bubbles, which gives rise to a certain universal distribution of 

polyhedron sizes and shapes [33, 34]. A bubble in the centre of a dry foam is polyhedral in 

shape because of interaction with its neighbours. Its faces are thin films that are gently curved 

either because of the pressure differences between the bubbles, or simply because its 

perimeter does not lie in one plane. In a foam the films of different bubbles intersect in threes 

along the edges (Figure 2.2), which are liquid–carrying channels known as Plateau borders. 

The curvature of the gas/liquid interfaces must remain finite by the Laplace-Young law, 

which imposes a non-zero thickness on the Plateau borders. When two bubbles with a 

difference in pressure of ∆p share a common face, the pressure-curvature relationship is given 

as [1]: 

2p
r
σ

∆ =   (2D); 4p
r
σ

∆ =   (3D)       (2-1) 

Where, σ is the surface tension and r is the local radius of curvature of the film surface. The 

cross-section of each Plateau border is a small triangle with concave sides (Figure 2.3). Four 

Plateau borders intersect at the vertices (or nodes) of each polyhedral bubble [35]. 

   
 

Engineering Physics Chemistry 

Continuum model of foam Microstructure of films Interfacial phenomena 
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Figure 2.2 Photo of a dry foam and definition of strucural elements. 

 
 

Figure 2.3 The cross-section of a Plateau border is a concave triangle as shown. 

The amount of liquid contained in a foam is defined by the liquid volume fraction ε, the ratio 

of the volume of liquid to the total volume of the foam (See Equation (2-2)). 

l

foam

V
V

ε =            (2-2) 

Depending on the liquid fraction, different types of foams possess different types of structure. 

For a bubbly liquid, the bubbles are spherical and do not touch each other; For a wet foam, 

the bubbles touch and take the shape of a squashed sphere at each bubble/bubble contact; For 

a dry foam, the bubbles are polyhedral and the Plateau borders have a negligible cross-section. 

The basic rules of foam geometry were first described by a Belgian scientist, Joseph Antoine 

Ferdinand Plateau in the 19th century. The rules, known as the Plateau’s law, are: i) 

Equilibrium of faces: the films are smooth and have a constant mean curvature which is 

determined by the Laplace-Young law (Equation (2-1)); ii) Equilibrium of edges: the films 

always meet in threes along edges, forming angles of arccos(-1/2) = 120°; iii) Equilibrium of 

Face 

(film) 
Edge 

(Plateau border) 

Vertex 

(node) 

 
 

r 
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vertices: the edges meet four-fold at vertices or nodes, forming angles of arccos(-1/3) ≈ 

109.5°. These three laws are a necessary and sufficient condition to ensure mechanical 

equilibrium of an ideal foam and provide the basis for describing the foam structure. One 

simple idealised foam structure is the Kelvin foam [36, 37], which is a collection of regular 

tetrakaidecahedral bubbles. 

2.1.2 Foam production 

Foams are formed when a gas and liquid are mixed, leading to the formation of bubbles 

which rise due to their lower density and arrange themselves in a space filling network of 

liquid with gas entrained in them. Foams made out of a pure liquid such as water have an 

imperceptibly short life span. This is because the curvature of the Plateau borders causes 

them to have a much lower pressure than the liquid films (according to the Laplace-Young 

law), as a result of which the liquid drains rapidly from the films into the Plateau borders 

causing the films to rupture [38]. The same can be explained using the energy argument in 

terms of surface energy of the liquid films. However, the life time of such foams can be 

prolonged by adding surface-active agents such as surfactants or proteins into the liquid. As 

the bubbles move through the solution before coming together as a space filling network, 

they adsorb the surface active macromolecules which reduce the surface energy by lowering 

the surface tension. When the bubbles come together, the surface active material redistributes 

through the network owing to surface tension gradients due to non-uniform bubble sizes 

and/or adsorption. Although, film drainage is not eliminated, it is smaller and much slower to 

rupture the film. The film shrinks to a thin state which is stabilised by the opposing force of 

electrostatic repulsion between the same charged polar heads of the surfactant floating in the 

liquid phase. 

The method of foam production is largely dependent on the requirement, convenience, and 

scale of production. Foams can be made in several different ways, which may be broadly 

classified as [1]: 

(i) blowing gas through a thin nozzle into a solution; 

(ii) sparging gas into a solution through a porous plug; 

(iii) nucleation of gas bubbles in a solution which is supersaturated; 

(iv) agitation of the solution by means of  shaking, beating, blending, etc. which lead to 

bubble cavitation. 
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(v) compressed gases turbulently mixed with a small amount of liquid released under 

pressure. 

Methods (i) and (ii) are very convenient for the production of laboratory samples, while 

methods (iii) and (iv) are the methods for production of most everyday foams. Examples of 

systems involving method (v) are commercial shaving foams and firefighting foams. In this 

method, an aqueous solution of ionic surfactants supersaturated with gases is stored in a can 

at a high pressure. As the contents are released under pressure, the gases mix turbulently with 

the surfactant solution to produce foam [20, 31]. 

The production method has a strong bearing on the bubble size distribution in the foams. 

Method (i) can produce monodisperse foams, if the gas flow rate is constant and rather low. If 

the gas flow rate is increased, the bubbles bifurcate and lead to alternate bubble sizes 

producing polydisperse foam. In foams produced by method (ii), the statistics of bubble size 

is largely dependent on the gas flow rate and the pore size distribution of the plug. At lower 

flow rates, the size distribution is narrow and becomes wider at higher flow rate. The bubble 

size distribution can be best approximated by normal and/or log-normal distributions [39]. 

Method (iii) can produce foams that are fairly homogeneous in bubble size. Take beer foam 

as an example, as bubbles nucleate at the container wall, they grow to sizes of the same order 

of magnitude as they travel to the surface. Nevertheless, it is important to note that the 

chemical aspects have a strong influence on the quality of beer foam. In systems such as 

shaving foam, the bubble size is even small and the polydispersity is rather low. Method (iv) 

provides a wide distribution of bubble sizes. It is often proposed that processes in which 

bubbles are repeatedly fragmented lead to a log-normal distribution of bubble size. The 

compressed gas foam produced by Method (v), especially firefighting foams, shows a 

Weibull type distribution. Figure 2.4 illustrates the foam quality corresponding to each 

method of production [1]. 

In order to make a typical monodisperse foam in which the bubble diameters are relatively 

uniform, Method (i) will be used in the present research. Gas is blown into the foaming 

solution through a pipette tip which is performed as a nozzle. The tip is touched to the base of 

the container to reduce the effects of fluctuations in the flow of surrounding liquid. Two 

different pipette tips will be used to produce a bi-disperse foam in which the bubbles are of 

two different diameters. More details of foam production method used in this study will be 

described in Section 3.1 and Section 3.2.3. 
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Figure 2.4 Effect of foam production method on the bubble size distribution in foam [1]. 

2.1.3 Coarsening 

Coarsening is the phenomenon whereby foam evolves by gas diffusion through the thin liquid 

films from bubble to bubble [1]. Diffusion is due to the pressure differences between the 

bubbles, given by the Laplace-Young law, and is evidenced by looking at the curvature of the 

bubble faces [40]. The pressure inside a smaller bubble is higher than that in a larger bubble 

owing to the inverse relationship with the radius of curvature. Thus, when a smaller bubble is 

surrounded by larger bubbles, the gas diffuses out of the smaller bubble into the surrounding 

bubbles until it vanishes leading to an increase in the average bubble size of the cluster. 

A large part of the literature on the foam coarsening deal with dry foams composed of thin 

films of negligible thickness [41]. Such studies focus on geometrical and topological aspects 

of coarsening in 2D (a single layer of bubbles) and 3D foams. For the 2D case, coarsening is 

simpler to model and is described by the von Neumann’s law [1] which states that for each 

individual cell, with n sides 
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where κ is the permeability constant for the films. According to this law, the growth rate of a 

bubble of area “An”, with “n” number of sides is proportional to n-6, meaning that bubbles 

with number of sides larger than six grow while others shrink and the six-sided bubbles 

remain constant in area until they encounter a topological change. Further, experiments and 

simulations indicate that such growth (also termed as scaling) is statistically self-similar, 

which is defined as temporal evolution in which the dimensionless statistical distributions 

remain stationary. That is the foam structure at two different times has (geometric and 

topological) statistical characteristics which differ only in their length-scale, i.e. the average 

bubble size. 

Unfortunately, the von Neumann’s law is restricted to the ideal 2D dry foam. It cannot be 

generalised directly to 3D foam because the structure of a dry 3D foam is much more 

complex and difficult to observe [42]. Very few studies have been reported in literature 

regarding the observed coarsening behaviour in 3D foam [43-45]. However, the self-similar 

growth regime appears universal [46, 47]. Thomas et al. [46] simulated the 3D foam with the 

Potts model and found that the size distribution and the number of neighbours do not depend 

on the initial state of the foam. In the self-similar growth regime Mullins [48] suggested that 

the average bubble volume should increase as t3/2 where t is the foam evolving time, but in 

fact it often occurs before the self-similar growth regime has been reached. Therefore, the 

growth of the average bubble size with t3/2 is observed much more often than the self-similar 

growth regime, and historically was recorded much earlier. 

The rate at which coarsening occurs depends on the particular characteristics of the system 

being considered; for a foam, it depends on the liquid fraction [49], the average bubble size 

[50] and the physical chemistry of the gas and the liquid [51]. For example, adding to the 

usual gas (e.g. air or CO2) tiny amounts of a much more insoluble gas slows down the 

coarsening rate. It even changes the bubble size distribution and its time evolution. If there is 

enough of such an insoluble gas then there is a coexistence volume at which the Laplace 

pressure and the partial pressure of the trapped gas balance, and the coarsening process stops 

[52-54]. Another example is surfactants of low molecular mass appear to have a much 

weaker influence. In fact, surface tension and film thickness only vary over a small range. 

Nevertheless, there are particular systems in which surface concentration and surface tension 

depend on bubble size. If the molecules adsorbed at the surface are irreversibly attached, then 

when a bubble becomes smaller the surface concentration increases and a strong reduction in 

the coarsening rate should be obtained. This is the case, in particular, for solid particles or 
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certain proteins [55]. In fact, the surface tension σ can continue to decrease and coarsening 

can be stopped entirely [56]. This behaviour is linked to the elasticity of the surface in 

compression. Based on these results, in this study, two surface active agents, SDS (sodium 

dodecyl sulphate) and Casein (a protein), were selected as the representatives of coarsening 

phenomena of small and large molecules. 

2.1.4 Liquid drainage 

Drainage is the term applied to the motion of liquid through foam. When freshly made foam 

is left to stand in a container, gravity causes the liquid to drain. Eventually, an equilibrium 

profile of liquid fraction as a function of container height is observed. In this study two types 

of foam drainage, free drainage and forced drainage, will be conducted. They are introduced 

separately in the following. 

The evolution of the liquid fraction of a foam under gravity towards the equilibrium profile is 

known as free drainage. Over time, the downward flow of the liquid dries the foam and the 

liquid accumulates at the bottom of the foam. The interface between the foam and the liquid 

rises over time. It is possible to see, at a local scale, the liquid network gradually emptying 

and the bubbles moving closer together. Although the foam drainage behaviour is complex, 

there are two important visible drainage process stages, in terms of the time at which the 

drainage front reaches the bottom of the foam: 

 (i) time before the drainage front reaches foam bottom 

During this period, the liquid fraction is only modified in the upper part of the foam 

and varies linearly with the foam height. The lower limit of this region is the so-called 

drainage front. It moves downwards at constant velocity and the width of the front 

increases. In the foam lower than the drainage front, the same amount of liquid leaves 

as that enters this region and the velocity of the liquid is constant. Thus, in this part of 

foam the liquid fraction is constant. 

 (ii) time after the drainage front reaches foam bottom 

During this period, gravity is not the only force acting on the liquid but also the 

capillary pressure, because in a drier foam, the radius of curvature of the Plateau 

borders becomes smaller and the capillary pressure becomes higher according to the 

Laplace-Young law. The capillary pressure gradient (directed from the bottom 

upwards) increases during drainage, and reduces the drainage rate until the two are in 

balance, thus leaving the foam in static equilibrium [14, 57]. At equilibrium, the 
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liquid fraction at the base of foam is close to 0.36, which corresponds to the void 

fraction between randomly close-packed spheres [51]. 

Although straightforward, free drainage is not the best choice to understand drainage, since 

there are regions with very different liquid fraction presented simultaneously. Moreover, in 

free foam drainage the initial profile of liquid fraction has a significant influence on the 

subsequent dynamics, so that to generate reproducible results requires that foams must be 

generated with an initial liquid fraction that is uniform across the full height of the foam. In 

such a situation, a forced drainage experiment can be conducted, which adds a constant flow 

of the foaming solution at the top of the foam that has already been allowed to drain freely. 

With the addition of the foaming solution, a horizontal wetting front begins to develop, 

separating wet foam (at the top) from dry foam. Until the front moves downwards to the 

bottom of the foam, a constant flow throughout the foam can be maintained. A steady-state of 

the foam will then be obtained [58]. In this study, forced drainage method will be performed 

for the purpose of generating reproducible foams used for polarised light scattering 

measurement with almost the same initial liquid fraction. More details will be described in 

Section 3.1. 

Drainage has a strong dependence on the foam structure as the liquid drains through the 

Plateau borders and the vertices. Further, the nature of the flow is also dependent on the 

properties of the solution. Drainage models are based on the formalism of porous media using 

the Darcy’s law [30], which relates the flow velocity to the driving pressure gradient (gravity 

and capillary gradient in the cases of foams), via permeability (which has a strong 

dependence on geometry) and the liquid viscosity. Liquid in the foam can be viewed as the 

interstitial phase in a porous medium and the bubbles in the foam can be treated as the grains 

in the porous medium. Unlike porous medium, the pore size distribution (i.e. Plateau border 

and vertices cross section) in foams is not constant. The fluid nature of the interfaces which 

make up the liquid networks allows the foam to expand or contract. Thus the permeability is 

a function of liquid fraction. 

The changes in the liquid fraction can be quantified by the drainage equations [59, 60]. The 

foam drainage equation can be solved by application of proper initial and boundary 

conditions which would depend on the foam generated and container geometry. Two limiting 

models of foam drainage have been developed according to the nature of flow in the Plateau 

borders and vertices. The original foam drainage mode is based upon rigid gas/liquid 

interfaces, which exhibit a Poiseuille-like flow in the Plateau borders (or channels) [60, 61]. 
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For dry foams the vertices volume is negligible and so the viscous damping of the liquid flow 

is dominated by the Plateau borders. For this case the permeability is found to be directly 

proportional to the liquid fraction and the square of the Plateau borders length [35]. This 

mode is called channel-dominated model. An alternative boundary condition stipulates that 

the gas/liquid interface is not rigid but rather freely slipping and stress-free [62]. For this case, 

the viscous damping is negligible inside the Plateau borders because there the flow is pluglike 

and the velocity gradients are small, whereas the viscous resistance of the vertices is larger 

than that of the Plateau borders. Hence the vertices (or nodes) dominate the dissipation. This 

mode is called node-dominated model. The permeability in this case is directly proportional 

to the square root of the liquid fraction and also the square of the Plateau border length. 

It is understood that smaller, low molecular weight surfactants such as SDS (Sodium Dodecyl 

Sulphate) show a node-dominated flow, while proteins which usually have higher interfacial 

elasticity and viscosity than surfactant layers show a channel-dominated flow.  This is 

another reason why SDS and Casein are chosen as the foaming surface active agents. The 

foam generated by them has different foam drainage regimes. 

It should be noted that coarsening usually occurs at the same time as drainage, and therefore 

coupling between coarsening and drainage is significant [41, 63]. Also, there are other 

experimental parameters which have an influence on the drainage dynamics, such as the 

shape of the container or the uniformity of the foam [51, 64]. 

2.1.5 Rupture/Coalescence 

After formation, the liquid foams eventually collapse after a certain length of time. The time 

scale of foam existence is one of the indicators of foam stability. One of the most important 

processes which tend to make a foam disappear is the rupture of a film between two 

neighbouring bubbles. Once the film is formed, either in isolation or within a foam, it will 

begin to thin until equilibrium is reached. This process is called film thinning. With the 

reduction in film thickness, natural (especially thermal) fluctuations in thickness or surfactant 

concentration can cause the film to rupture. The bubbles separated by the film then coalesce 

to form a larger bubble. Several of these events happening at different rates result in a 

different bubble size distribution [64]. 

The mechanisms underlying film rupture will be introduce in the following. Rupture occurs 

due to the uncontrolled growth of mechanical and/or thermal perturbations on the film 
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surface. The growth or dampening of such perturbations is primarily dependent on the 

disjoining pressure to counterbalance capillary suction. Without this disjoining pressure, the 

surfaces of a film do not repel each other and since there is nothing to prevent coalescence, it 

breaks. If the disjoining pressure increases as the film thinning, then the perturbation will be 

dampened and would not cause rupture. Conversely, if the disjoining pressure decreases with 

the reduction in film thickness, then the perturbation grows unbounded resulting in rupture. 

In addition to the disjoining pressure, the film elasticity plays an important role in controlling 

the growth of mechanical perturbations [65]. 

The coalescence rate is dramatically enhanced below a critical liquid fraction. This critical 

liquid fraction depends on the nature of the surfactant and the surfactant concentration but 

does not depend on the bubble size [38]. The reason is that the nature and the concentration 

of the surfactant/surface active molecule have a strong effect on the disjoining pressure and 

the elasticity of the films. As mentioned in Section 2.1.2, during the foam production process, 

the surface active molecule adsorbs to the gas/liquid interfaces and thus modifies the surface 

tension. Typically, these surface active molecules are amphiphilic. They are composed of a 

hydrophilic head which prefers to stay in the liquid, and a hydrophobic tail that prefers to 

associate itself with the gas phase. The configuration of molecules in the thin film is sketched 

in Figure 2.5. When the film thickness reduces due to thinning, the molecules in this double 

layer come close to each other. The electrostatic repulsive forces between the head-tail 

groups of the same charge increases but so does the van der Waals attractive force. These 

opposing forces govern the magnitude of disjoining pressure [66]. There exhibits a critical 

thickness for a given surfactant system and concentration at which the disjoining force is 

maximum. Below this critical thickness the van der Waals forces begin to dominate leading 

to rupture by perturbations[67]. In addition to these forces, depending on the surface 

concentration of the molecules, additional repulsive forces may exist due to steric effects 

and/or Born repulsion [68]. These short range repulsive forces contribute to the disjoining 

pressure in a positive way making allowance for stable films thinner than the critical 

thickness. 
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Figure 2.5 Surfactant molecules stabilise thin films. 

Surface tension of a film is dependent on the surfactant concentration on the film surface. 

Gibbs [69] recognised the dependence of surface tension on surfactant concentration, 

defining the Gibbs elasticity (or film elasticity) Γ as: 
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where σ is the surface tension, Af if the area of film surface, and C is the surfactant 

concentration. A decrease in surfactant concentration is accompanied by an increase in the 

surface tension, and by a decrease in the disjoining pressure, causing a local decrease in film 

thickness. While an increase in surfactant concentration along with a greater amount of 

surfactant adsorbed at the interface results in an increase in the elasticity of the film. An 

elastic film, consisting of a highly packed surfactant layer, reduces the film rupture and 

bubble coalescence and promotes foam stability. Especially, globular proteins such as BSA 

(bovine serum albumin) produce highly rigid, elastic films [70]. However, when the surface 

concentration increased to a critical value, the surface tension stays constant, independent of 

the concentration. This critical value is called the critical micelle concentration (CMC), at 

which the gas/liquid interfaces are saturated with surface active molecule. Above it no more 

surfactant can be placed at the interface. Thus in this study as will be described in Section 

3.2.1, the concentration of SDS and Casein are all above their CMC to ensure adequate film 

elasticity and minimise coalescence in the foam. Meanwhile, coalescence effects can be 

diminished largely by suitable choice of surfactants [41]. 

On some time-scale all foams finally collapse via a succession of film ruptures. The 

mechanisms by which a foam collapses are still poorly understood, for example the 
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correlation between stability of an isolated film and the stability of the same film within a 

foam, or even the origin of the avalanches of rupture events. 

2.2 Traditional foam properties measurement techniques 

As highlighted in the previous description of foam properties and in numerous studies in the 

literature, the bubble size & distribution and the liquid fraction express their influence in 

some form on all of the foam chemical and physical factors. In fact, it is widely accepted that 

the quality of foam products and the efficiency of these industrial processes involving foams 

are closely linked to the bubble size & distribution and the liquid fraction which are two of 

the most important parameters of foam. Therefore, the present study only concentrates on 

these two parameters of foam in addition to the polarised light parameters. 

2.2.1 Bubble size and distribution measurement 

As Bisperink [71] stated, knowledge about the bubble size distribution in a foam is essential 

for a better understanding of foam properties and the stability of those properties. The initial 

bubble size distribution and structure of foams are largely dependent on the thermodynamic 

properties of foaming solutions. For example, a decrease in surfactant concentration results in 

an increase in the surface tension and thus produces larger bubbles [69]. The viscosity and the 

density of the foaming solution affect the coarsening rate [63, 72]. A higher viscosity and a 

lower density of the solution lead to a larger coarsening rate, which in turn would increase the 

average bubble size and promote the evolution of bubble shape from sphere to polyhedral 

[49]. Changes in bubble size distributions can be used to distinguish between the physical 

processes (drainage, coalescence and gas diffusion) that contribute to the changes of foam 

properties. The decisive role of the bubble size & distribution has been demonstrated in 

various practical applications. For example, the bubble size plays a crucial role in the 

effective mineral particle separation by flotation through its influence on three key flotation 

processes: collision, adhesion and detachment [73-75]; Bubble size & distribution is also an 

important operational and design factor in a foam fractionation process. The final enrichment 

or removal ratio of proteins/waste particles strongly depend on the bubble size & distribution 

since it not only determines the interfacial area, but also affects the drainage and coalescence 

in the foam phase [13, 76, 77]. The size distribution of bubbles are the key parameters that 

govern the qualities of aerated foods [78]. For a bubble column reactor or a fluidized bed, 

bubble size & distribution is one of the fundamental parameters that determine the mass 
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transfer efficiency [79-81]. It is therefore no surprise that a great variety of techniques has 

been developed to measure the bubble size distribution in foams. 

(i) Photographic and imaging techniques 

Photography/Microphotography and imaging techniques are the most conventional methods 

of measuring the bubble size and their distributions in foams since they are quick and simple 

to perform [82]. 

At the initial stage, the bubble size distribution was usually measured by photographing the 

foam through a glass wall and analysing the obtained images [83]. The first theory for 

predicting the changes in bubble size due to inter-bubble gas diffusion was developed by 

Lemlich [84] using micro photography. Chang et al. [85]described the most unambiguous 

method: by flash freezing the foam in liquid nitrogen and observing the foam cells under a 

microscope. However, Cheng and Lemlich [86] pointed out the errors that might be made 

when bubble size distributions were measured in this way. At the surface of a glass wall a 

relatively higher number of larger bubbles were observed. The plane (or other surface) that 

was viewed discriminated against the inclusion of a sufficient number of small bubbles. In 

addition larger bubbles would be distorted at the glass wall and disproportionation and 

coalescence rates might be affected by the presence of a glass wall, leading to a locally 

different bubble size distribution.  

Later, photography techniques such as macrophotography [87], low-power light microscopy, 

high-speed video [88], cinemicrophotography, and fluorescence light microscopy [89] have 

been used extensively in the study of foam structure. 

Recently, with the development of technology, a charge-coupled device (CCD) video camera 

became the commonly-used image device. For example, Uraizee and Narsimhan [76] 

measured the changes in bubble size distribution as a function of foam height for a 

continuous foaming column using video imaging. Such image device has also been used in 

aerated food products [78], flotation system [90, 91], bubble column reactors [79], foam 

fractionation column [92] and aging wet foams [93]. 

There are several limitations on the application of photographic and imaging techniques: (a) 

the contrast between liquid and gas phases can be extremely low; (b) observations are 

generally limited to bubbles at the surface of a foam. The froth may also be contained in a 

glass or transparent vessel, yet the layer of bubbles immediately adjacent to the glass will 
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most certainly have a totally different structure from that within the bulk of the foam as 

pointed by Cheng et al. [86], the bubbles being subject to distortion by the glass wall, which 

may also enhance their coalescence [86, 94]. (c) Because they are cellular structures, foams 

exhibit strong multiple light scattering behaviour resulting in a familiar white appearance. 

This also limits the utility of photographical measurement techniques. 

(ii) Photoelectric sensor probe technique 

Du et al. [95, 96] developed a technique to measure the bubble size distribution in a 

continuous foam fractionation column using a capillary probe with photoelectric sensors. It 

was observed that log-normal distributions best approximated the bubble size distribution 

across the cross section of a foam fractionation column. In a later study, using the same 

methods, they investigated the influence of bubble size on column performance [77]. 

However, the accuracy of this method could not be guaranteed as the capillary tube was 

inserted into the foam leading to the invasion of foam. One problem was the coalescence and 

breakage of bubbles that occurred at the inlet of the capillary. Significant disturbances of the 

two-phase flow might happen at the inlet. Another problem was the preferential attraction of 

bubbles of a certain size and liquid content into the capillary. In a low-liquid fraction (<10%) 

foam column system, strong bubble interactions caused difficulties in accurately maintain 

bubble size distributions using the capillary probe. In such cases, bubble sizes tended to be 

large relative to those in the bubble column of the same foam fractionation column owing to 

coalescence, and the liquid films were thinner owing to drainage in the foam column. 

Therefore, accurate bubble size distributions of very dry foams with big bubbles could not be 

obtained by this method. 

(iii) Optical tomography techniques 

Another common measurement method for bubble size distribution is optical tomography [34, 

97-101]. Optical tomography methods were reported for the analysis of 3D foams [98]. The 

method utilised a series of images at different focal distances that were acquired 

simultaneously to obtain 3D representations of particle systems. In [16, 45, 102] modulating 

the focus of a still camera whilst acquiring images of a nearly motionless polyhedral foam 

structure produced a series of images in which particle silhouettes come in and out of focus, 

as a function of the depth field. Then, detecting the image at which a particle was best-

focused enabled the distance to the particle to be inferred. 



Chapter 2. Background and literature review 

21 

Although tomographic methods have been successful for the analysis of quasi-stable dry 

foams, they were limited for measurements of unstable wet foams [103]. In these cases, the 

intense curvature of the gas/liquid interfaces and the finite size of Plateau borders could 

highly distort the images away from the foam boundaries. In more stable foams, tomographic 

methods have been combined with 360° X-ray tomography along the depth to obtain a clear 

image of the particle outline at each level of depth [17]. Recently, results obtained by 

Meagher et al. [100] showed that X-ray tomography may be applicable for both dry and wet 

foam. A vital problem in both tomography-based or simple optical measurement methods 

was the detection of the bubble, which is hampered by numerous factors/effects such as 

occlusions, highlights, image clarity, imaging distortions and artefacts [104]. 

(iv) Magnetic Resonance Imaging techniques 

The magnetic resonance imaging (MRI) [18, 19, 44, 105-107] has been used with success to 

study the topology of 3D foams. Gonatas et al.[44] used MRI to obtain two-dimensional 

images of a whipped gelatine foam. This study provided bubble size distributions in the bulk 

of a foam for the first time. Stevenson et al. [18] measured bubble size distributions in the 

bulk of a gas-liquid foam by pulsed-field gradient nuclear magnetic resonance and found the 

bubble size distributions was approximately fit to a Weibull distribution. Although such 

techniques provided important insights on the foam structure, they usually required complex 

image reconstruction algorithms, which were computationally expensive limiting their utility 

as a research tool. 

2.2.2 Liquid fraction measurement 

Liquid fraction is another parameter of foam concerned in this study. Its influence on the 

foam drainage process is obvious according to the previous description [15]. There are a 

number of techniques that can be used to measure the evolution of the liquid fraction in the 

foam. Details are introduced in the following. 

In the early state, the average liquid fraction in a foam was crudely measured by calculating 

the volume of drained liquid after a specific time. Later, techniques have focused on 

measuring the vertical liquid fraction as a function of time rather than just the drained liquid 

[108]. 

(i) Electrical conductivity technique 
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The measurement of electrical conductivity is a common technique [109-111]. This technique 

is based on the conductivity characteristics of foams [112, 113]. It usually uses electrodes 

which consisted of either two parallel palates or two partly stripped wires mounted in the wall 

of foam column, and measure the local electrical resistance as a function of time. Initial 

studies showed that the foam conductivity was proportional to the liquid fraction and this 

method can be used to follow forced drainage fronts [57]. The main advantage of this 

technique is that it is non-invasive. However, a substantial liquid layer is established on the 

wall during the foam drainage, the traditional setups of this method may have a risk to give 

unreliable measurement results. 

(ii) Electrical capacitance technique 

Electrical capacitance technique is another non-invasive method of liquid fraction 

measurement. As with the electrical conductivity technique, this technique also need 

capacitance sensor inserted in the wall of the column filled with foam. Hutzler et al. [114] 

used a rather elaborate method to calibrate the capacitance sensor. Such technique offers a 

convenient practical method for the non-conducting foams (such as a foam stabilised by a 

non-ionic surfactant solution). 

(iii) Pressure gradient technique 

This method of liquid fraction is well-established in gas-liquid two-phase flow and later it 

was successfully applied in foam research [115-117]. The gradients of liquid in the foam 

imply the pressure gradient. Pressure gradient measurements turn out to be another non-

invasive method that can measure the liquid fraction quantitative both in free and force 

drainage. Taking the device availability into account, in the present study the liquid fraction 

of foam will be measured using this pressure gradient technique. The details of the 

measurement procedure will be described in Section 3.5. 

 (iv) Light transmission technique 

Simplistically, the more liquid in the foam results in less light transmission from the foam 

[118]. The light transmission technique can accurately determine the liquid fraction gradients 

and drainage front position/speed [35], but it remains difficult to estimate quantitatively the 

liquid fraction as the details of light transport in foams are not yet well understood (complex 

effects such as photo channelling with in Plateau borders [119] need to be taken into account) 

[51]. 

(v) Nuclear magnetic resonance imaging technique 
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The measurement methods mentioned above can only provide the average liquid fraction as a 

function of time and foam vertical height. A good spatial liquid fraction resolution is hard to 

achieve. However, excellent temporal and spatial resolution of liquid fraction in a foam 

column can be obtained by Nuclear magnetic resonance imaging method (NMRI). Using this 

technique, Assink et al. [120] measured the liquid fraction and other foam drainage profiles 

of an aqueous foam stabilised with polymer and alcohol additives. 1D (one-dimensional) 

NMRI results were presented and compared qualitatively with a simple foam drainage model. 

McCarthy [110] also examined the 1D magnetic resonance profile imaging to study the 

drainage of whipped egg white foam. Gonatas et al. [44] used 2D NMRI to observe the 

coarsening inside a foam with time, whereas Prause et al. [107] and Stevenson [105] have 

presented 3D images of a gelation solution foam and SDS aqueous foam, respectively. Since 

then not much progress seems to have been achieved in the use of NMRI to study foam liquid 

fraction during drainage. NMRI is a high-cost and high-skill technique as mentioned in the 

description of measurement method of bubble size distribution. 

In summary, most of the methods used in the measurement of foam bubble size distribution 

and liquid fraction provide for an average estimate of the foam characteristic using elaborate 

instrumentation. The direct imaging methods (i.e. photography and video imaging) can only 

provide for measurement of the surface layer of bubbles, whilst photoelectric probes or 

conductivity based methods influence the foam properties during the course of measurement 

and hence are rendered unreliable. Methods like Optical tomography and MRI required an 

expensive and elaborate apparatus and complex imaging analysis processing, which limited 

their application. In the search for a non-invasive and continuous diagnostic technique 

suitable for the purpose of controlling the foam in real time, optical technologies utilising 

multiple light scattering appear to be a suitable candidate. For better understanding 

discussions related to the multiple light scattering, the background of light scattering will be 

presented first in the next section. 

2.3 Light scattering techniques 

2.3.1 Light scattering-background 

When a light beam illuminates a medium which has a dielectric constant different from 1, it 

is absorbed or scattered, or both by the material, depending on the wavelength of the light and 
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the optical properties of the material. The extinction of incident light is the net result of the 

absorption and scattering caused by the material. 

Extinction = Absorption+ Scattering 

When light interacts with the electrons bound in the material in order to re-radiate light, 

scattering is observed. The detected scattering is from particle(s) in a scattering volume, the 

cross section between the beam and the detection cone. Because many materials exhibit 

strong absorption in the infrared and ultraviolet regions, which greatly reduces scattering 

intensity, most light scattering measurements are performed using visible light [121]. 

Therefore, a laser with a visible light wavelength 632.8 nm will be used in the current 

research. 

Scattering intensity from a unit volume of material that is illuminated by a unit flux of light is 

a function of the complex refractive index ratio between the material and its surrounding 

medium along with various other properties of the material. When the particles are much 

smaller than the wavelength of the light incident on them, two scattering modes occur. They 

are Raman scattering where the wavelength of the incident light shift during scattering and 

Rayleigh scattering where the wavelength of the incident light is unchanging during 

scattering. Raman scattering is very weak, so the predominant mode of scattering is Rayleigh 

scattering. In the regime of Rayleigh scattering, the scattering intensity is inversely 

proportional to the fourth power of the wavelength. However, in the case of foam the bubble 

dimension size is always much bigger than the wavelength of light, so the scattering intensity 

cannot be calculated according to this relationship. 

A basic scheme for light scattering geometry is shown in Figure 2.6. The incident light is 

propagating along the x direction. Part of the incident light is transmitted, passing through the 

scattering volume containing the particles and the remaining part of the light encountered by 

the particles will be scattered in all directions. Normally, the angle between the x direction 

and a specified scattering direction is called the scattering angle θ. The plane formed by the 

propagation direction of the incident, transmitted, and the scattered light defined as the 

scattering plane. The angle between the scattering plane and the z direction is called the 

azimuthal angle η. In most light scattering experiments, a collimated light source is used to 

illuminate the sample and scattering intensity is detected at a distance much larger than the 

dimension of the particles. The cross section between the incident light and the viewing cone 

of the detector is defined as the scattering volume upper inset in Figure 2.6. The viewing cone 
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of the detector is the extent of the observable field of the detector. Since particles scatter light 

in all directions, the light power received by the detector is proportional to its detection area 

and inversely proportional to the square of its distance from the scatterers. Another concept 

often used in the light scattering is the scattering cross section. The angular scattering cross 

section of a particle is defined as that cross section of an incident beam, acted on by the 

particle, having an area such that the power flowing across it is equal to the power scattered 

by the particle per solid angle at a scattering angle. The total scattering cross section of a 

particle corresponds to the total power scattered in all direction. All these definitions will be 

covered in the discussion in the next section. 

 
Figure 2.6 Scattering geometry. 

If there is only one particle in the scattering volume, the interaction between light and the 

particle is called single light scattering. The scattering intensity of a single particle, 

depending on the size and shape of particle and the relative refractive index, can be described 

by various theories [122-124]. For example, the Mie theory is a rigorous solution for the 

scattering from a spherical, homogeneous, isotropic and non-magnetic particle of any 

diameter in a non-adsorbing medium [125]. Figure 2.7 schematically shows the general 

relationships between particle and the applicable theories. 
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Figure 2.7 Application ranges for various thories. 

(m: relative refractive index; dimension: partical size; R:Rayleigh scattering; RDG: Rayleigh-
Debye-Gans Scattering)[30]. 

If there is more than one particle in the scattering volume, the scattering intensity is the 

composite of the scattering from all particles in the scattering volume. In the circumstance 

that the number of particles is small and the distance between the particles is large, multiple 

light scattering can be neglected, whereas in the circumstance that the number density of 

particles is high, multiple light scattering occurs. That is the light scattered from one particle 

serves as the incident light of another particle and is rescattered by the second particle. 

Rescattering may occur thousands of times. In addition, high particle density may cause the 

light scattered from different particles to interfere in the detection plane. This makes the 

situation more complex [126]. 

It should be noted that along with the increasing demand for on-line or inline particle 

characterisation, the back scattering intensity measurement becomes a priority. Back 

scattering is the scattering in the range field where the scattering angle θ is between 90° and 

180°. The obvious reason is that when the concentration of a suspension is high, the 

transmission or small angle scattering diminishes, so that only back scattering is accessible 

and setups for backscattering measurement are practically simple and easy [127]. 

In the case of foam, bubbles can be treated as particles in the scattering volume. Generally, 

they are close-packed with a small amount of liquid in the foam and the large mismatch of 

refractive-index at the numerous gas-liquid interfaces result in multiple scattering [118]. 
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Therefore, light scattering techniques has been applied to probe the nature of foam [20, 128, 

129] 

2.3.2 Application of light scattering techniques in foams 

Durian et al. [20, 31, 40, 130-132] were one of the first groups to exploit the multiple light 

scattering properties of foam to develop quantitative probes to investigate both the structure 

and dynamics of foams. It was shown that the time averaged transmission of light through a 

foam yields a simple, yet quantitative measure of the average bubble size [20]. The temporal 

fluctuations of the scattered light intensity implies the structural rearrangement events rate 

[31, 130]. Multiple light scattering was modelled as a diffusion process. The generic name 

given to such a technique is diffusion wave spectroscopy (DWS). In this technique, diffusion 

of light is characterised by the transport mean free path l*, which is the average distance a 

photon travels before its direction is randomised. The mean free path is then used as an 

estimate for the average bubble diameter. For their sample, l* = (3.5 ± 0.5) d. The 

investigation on the angular dependence of the light showed that the transmitted light depend 

directly on the sample boundary reflectivity [131], whereas the backscattered light depend 

both on the boundary reflectivity and the anisotropy of the scattering events [132]. These 

results made a great improvement on the diffusion approximation models. The influence of 

an external acoustic wave on the bubble displacement was also investigated  by Erpelding et 

al. [133]. 

It should be noticed that a commercial shaving foam sample has been used in all these studies 

mentioned above. This kind of foam has high specific surface area and decays very slowly. It 

is quite different from foams that are commonly used in the industries like mineral flotation 

and foam fractionation [134]. In contrast to the studies on the shaving foam, the simple 

quantitative relationships between the scattered light and the foam properties have not been 

achieved yet on the studies of the typical industrial foams [135, 136]. Nevertheless, the 

studies of Durian et al. [20, 31, 40] proved that the multiple light scattering techniques was 

potential to be a useful tool to non-invasively probe foams. Moreover, considerable 

depolarisation of the light transmitted through the foam was also observed by Durian et al. 

[20]. This suggests that inclusion of the polarisation characteristics in such measurements can 

lead to additional information of the foam properties and/or increase the accuracy of 

measurements. 
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2.4 Polarised light scattering techniques 

Polarised light scattering technique is not only a simple change of light source from 

unpolarised to polarised light in the multiple light scattering measurement, but also implies 

large changes in the theory and experimental design. In the following section, the 

methodology of polarisation related to the current study will be introduced. 

2.4.1 Polarised light background 

2.4.1.1 Polarisation 

Light in nature is a transverse, electromagnetic wave, in which electric field E and magnetic 

field H are perpendicular to each other and to the direction of the light propagation. The 

poynting vector (k), which is give as E×H, defines the direction of light propagation whereas 

the polarisation property of light is defined by the orientation of the electric field (E). A 

traveling electric field can vibrate up and down in the vertical plane, from side to side in the 

horizontal plane, or in an intermediate direction. Therefore, the preferential direction of 

oscillation of the electric filed contributes to the state of polarization. 

Fresnel and Arago [137] discovered that the polarisation property can be quantified by the 

amplitude and the phase of oscillations in two components (horizontal-x and vertical-y) of the 

electric field vector in the plane of polarisation. Figure 2.8 shows the transverse optical field 

propagating in the z direction. 

 
Figure 2.8 Propagation of the transverse optical field. 

The transverse components are represented by 

x 0x x( , ) cos( )E z t E τ δ= +         (2-5) 

y 0y y( , ) cos( )E z t E τ δ= +         (2-6) 

Where τ  is the propagator. The subscripts x and y refer to the components in the Ox and Oy 

directions, E0x and E0y are the maximum amplitudes, and xδ  and yδ  are the phases, 
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respectively. As the field propagates, Ex(z, t) and Ey(z, t) give rise to a resultant vector. This 

vector describes a locus of points in space, and the curve generated by those points can be 

derived from Equations (2-5) and (2-6) as  
22
y y 2x x

p p2 2
0x 0y 0x 0y

2 cos sin
E EE E

E E E E
δ δ+ − =       (2-7) 

where δp = δy – δx, is the phase difference between Ex(z, t) and Ey(z, t). Equation (2-7) is an 

equation of an ellipse and so shows that at any instant of time the locus of points described by 

the optical field as it propagates is an ellipse. In Figure 2.9 the polarisation ellipse is shown 

inscribed within a rectangle whose sides are parallel to the coordinate axes and whose lengths 

are 2E0x and 2E0y. In general, the axes of the ellipse are not in the Ox and Oy directions. It is 

actually a rotated ellipse. The angle of rotation (0 )ψ ψ π≤ ≤  is the angle between Ox 

direction and the major axis direction Ox’. Another important parameter of polarised light is 

the angle of ellipticity, χ. This is defined by 

tan b
a

χ ±
=      where  

4 4
π πχ− ≤ ≤        (2-8) 

where 2a and 2b are the major and minor axes of the ellipse, respectively. 

 
Figure 2.9 An elliptically polarised wave and its polarisation ellipse. 

Light emitted by separate atoms and molecules is always polarised. However, any 

macroscopic source of the light (such as the sun or a light bulb) consists of a large number of 

such separate emitters and the direction of the electric field at any moment of time may be in 

any direction, and is not predictable. Such light is called unpolarised light or naturally 

polarised light. Most of the light in nature is unpolarised light. To restrain the unwanted 

polarisation component and transmit only the component with polarisation in one direction, a 
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light polariser is needed. If the orientation of the electric field is constant, although its 

magnitude and sign may change, the light is linearly polarised or plane polarised (b = 0, χ = 

0). When a plane polarised light is passed through a birefringent medium, the parallel and 

perpendicular polarisation components travel at different speeds resulting in an elliptically 

polarised light (b ≠ 0, χ ≠ 0). A particular case of this state is when light linearly polarised at 

± 45° is passed through a quarter-wave plate (the phase difference between parallel and 

perpendicular components being 90°) leading to a circular trace of electric field, which is the 

state of circular polarisation(b = a, χ = ± π/4).  Different patterns of polarisation are indicated 

in Figure 2.10. The circular polarisation will be called right-handed or left-handed according 

to the traditional terminology in the present study. The polarisation is right-handed and left-

handed when to an observer looking in the direction from which the light is coming, the end 

point of the electric vector describes the ellipse in the clockwise sense and counterclockwise 

sense, respectively. Thus, 0 / 4χ π< ≤  is referred to as right-handed circular polarisation and 

/ 4 0π χ− ≤ <  is left-handed circular polarisation. 

 
Figure 2.10 Snapshot patterns of a travelling polairsed beam. 

(a) horizontally, (b) vertically, (c) right circularly, and (d) left circularly. 

2.4.1.2 Stokes Vector 

In Section 2.4.1.1 it is pointed out that the polarisation is an idealisation of the true behaviour 

of light but it is only correct at any given instant in time. This limitation forces us to consider 

an alternative description of polarised light in which only involves observed or measured 

quantities. George Stokes [138] discovered that any state of polarised light could be 

completely described by four measureable quantities now known as the Stokes polarisation 

parameters. The four Stokes parameters can be arranged in a column matrix and written as: 
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* * 2 2
0 x x y y 0x 0y

* * 2 2
1 x x y y 0x 0y

* * 2 2
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* * 2 2
3 x y y x 0x 0y

2 cos
( ) 2 sin

S E E E E E E
S E E E E E E
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S E E E E E E
S i E E E E E E

δ
δ

   < + > < + > 
     < − > < − >    = = =     < + > < >
        < − > < >     

    (2-9) 

The column matrix given in Equation (2-9) is called the Stokes vector. The superscript ‘*’ 

indicates a complex conjugate and the brackets < > represent a time-averaged value. As the 

nomenclature for the Stokes parameters is not universally agreed, the Collett’s notation will 

be adopted in this thesis [137]. The four Stokes parameters can all be measured in intensity 

units and therefore they have a physical meaning in terms of intensity. S0 represents the total 

intensity of the light. S1 represents the difference in the intensities of the linear parallel or 

perpendicular polarisation, S2 represents the difference in the intensities of linearly + 45° and 

- 45° polarisation, and S3 is the difference in the intensities of right and left circular 

polarisation within the beam. Thus, S1, S2, and S3 can be regarded as the “horizontal 

preference”, “+45°”, and “right circular preference” respectively. For example, if S3 has a 

positive value, it indicates that the polarisation form is right-circular polarisation, whereas a 

negative value indicates left-circular polarisation. 

Thus, the Stokes vector can be used to fully describe the intensity and polarisation states of 

light and can be expressed using the parallel and perpendicular components of the electric 

filed. Further, the total degree of polarisation P for any state of polarisation can be calculated 

as: 
2 2 2 1/2

pol 1 2 3

tot 0

( )+ +
= =

I S S SP
I S

  0 1≤ ≤P      (2-10) 

where Ipol is the intensity of the sum of the polarisation components and Itot is the total 

intensity of the beam. The value of P = 1 corresponds to completely polarised light, whereas 

P = 0 corresponds to unpolarised light, and 0 < P < 1 indicates partially polarised light. In 

addition, the degree of linear polarisation PL is defined as 
2 2 1/2
1 2

L
0

( )+
=

S SP
S

         (2-11) 

and the degree of circular polarisation PC is defined as 

3
C

0

SP
S

=           (2-12) 
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Moreover, the Stokes vector is a logical consequence of the polarisation ellipse.  Thus, the 

orientation angle ψ and the ellipticity angle χ can also be expressed in terms of the Stokes 

parameters: 

0x 0y 2
2 2
0x 0y 1

2 cos
tan 2

E E S
E E S

δ
ψ = =

−
        (2-13) 

0x 0y 3
2 2
0x 0y 0

2 sin
sin 2

E E S
E E S

δ
χ = =

+
        (2-14) 

As will be described in Section 3.3 in the present study, two types of completely polarised 

light (i.e. left-handed circularly polarised light and linear vertical polarised light) will be used 

as the incident light in the present study. The normalised Stokes vectors of left-handed 

circularly and vertical linearly polarised light are [1, 0, 0, -1]T and [1, -1, 0, 0]T respectively. 

The five characteristic parameters of polarised light, P, PL, PC, ψ, χ, will be used to 

investigate the polarisation state of scatted light. 

In theory, the measurement of the Stokes parameters should be quite simple. However, in 

practice there are difficulties. This is due, primarily, to the fact that while the measurement of 

S0, S1, and S2 is straightforward, the measurement of S3 is more difficult. There are various 

methods for measuring the Stokes polarisation parameters, including Stokes’ method, the 

circular polariser method, the null-intensity method, the Fourier analysis method, and the 

method of Kent and Lawson [137]. Taking the accuracy and practicability of the method into 

consideration, the circular polariser method will be used in this study. More details of the 

measurement will be described in Section 3.3. 

It should be also noted that Stokes vector is not the only vector that has been used to describe 

polarised light. Another vector is the Jones vector [137, 139], which is most appropriately 

used when amplitudes of beams from several independent sources are superposed. Stokes 

vector is more appropriate for polarised light scattering experiments where a single quasi-

monochromatic light beam is used. Moreover, it is important to emphasise again that the 

Stokes parameters are real quantities. The use of Stokes vectors to describe polarised light 

rather than the amplitude formulation enables us to deal directly with the quantities measured 

in an optical experiment. Due to these reasons most researchers have chosen the Stoke vector 

as the representative of light during the study of foam characteristics. 
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2.4.1.3 Mueller Matrix Formalism 

When light is incident on a surface or a particle, it is absorbed, reflected, transmitted, 

refracted or diffracted. For one or more combinations of these events, the intensity and the 

polarisation state of the incident light is subject to change. In simple terms, the interaction of 

light with lenses, surfaces or scattering medium causes a change in the Stokes vector[140, 

141]. 

If light in some arbitrary polarisation state is incident on a medium, the polarisation state of 

the scattered or transmitted light can be related to the polarisation state of the incident light 

by a 4×4 matrix. This matrix, which is called the Mueller matrix or scattering matrix M, is a 

characteristic of the medium. Assuming the Stokes parameters of the incident polarised beam 

and the emerging beam is Si and Si
’, respectively, where i=0, 1, 2, 3, then Si

’ can be expressed 

as the following equation [137] 
'

11 12 13 14 00
'

21 22 23 24 11
2 2'

31 32 33 34 22
'

41 42 43 44 33

1
M M M M SS
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    =
    
    

   

      (2-15) 

This expression can be written in a simplified form as 

2 2

1
k l

='S MS          (2-16) 

The wave number k (k = 2π/λ ) and the distance between the scatterer and the detector l are 

not optical properties of the scatterers so they are not included in the matrix. The sixteen 

elements of the matrix (Mij) depend on the wavelength of the incident light λ and the 

scattering angle θ. This matrix completely characterises any component, material, or media in 

terms of its optical properties.  For example, the Mueller matrix for an ideal perfect linear 

polariser with its transmission axis in the x direction is 

M = 

1 1 0 0
1 1 0 01
0 0 0 02
0 0 0 0

 
 
 
 
 
 

  

The Mueller matrix of a particle, surface, or medium can be obtained by solution of the 

Maxell equations and by applying appropriate boundary conditions. For example, if the 

scattering particle is a sphere, the Mueller matrix of the sphere can be obtained by using the 

Lorentz-Mie theory (analytical solution to the Maxwell equations for a homogenous sphere of 
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a given size).  For more complex systems numerical or stochastic techniques may be also 

needed to calculate the Mueller matrix of the system [140]. The Mueller matrix elements can 

be determined experimentally by use of appropriate polariser and retarder combinations to 

control the incident Stokes parameters and to measure the scattered counterpart. It can be 

shown that 49 intensity measurements with various orientations of polarisers and retarders are 

necessary to obtain all of the sixteen elements [142]. In almost all practical cases, symmetry 

reduces the number of independent elements in the Mueller matrix [143]. For an 

axisymmetric medium like the foam under study, the general Mueller matrix reduces to the 

following [22]: 

11 12

12 22

33 34

34 44

0 0
0 0

0 0
0 0

M M
M M

M M
M M

 
 
 
 
 − 

        (2-17) 

because the foam structure can be considered as a network of randomly oriented channels and 

nodes which connect them and the Plateau Borders are assumed to have a plane of symmetry. 

Hence, measurement of the six independent elements (M11, M12, M22, M33, M34 and M44) is 

usually sufficient to describe the scattering properties of the foam. If the scattering particles 

or objects are spheres, the matrix can be simplified still further [144-146].  

When looking at polarisation effects in the Mueller matrix, it is advantageous to normalise 

the matrix using the element M11. In this way, intensity dependent effects can be isolated 

from the polarisation effects, both to simplify analysis and highlight the latter [147]. 

Therefore the normalised Mueller matrix elements Nij are defined as 

11 11N M= , 12
12
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= , 22
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11

MN
M

= , 33
33

11
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M

= , 34
34

11
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M

= , 44
44

11
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M

=  (2-18) 

In order to investigate the changes in M11, N11 is defined as equal to M11. The six normalised 

Mueller matrix elements, N11, N12, N22, N33, N34, and N44 can be employed to characterise the 

axisymmetric foam in the column, therefore the relationships between the Mueller matrix 

elements and the foam properties can be verified within the experimental accuracy. 

Elements of the Mueller matrix contain invaluable information that can be used as a tool to 

determine the optical and geometrical properties of a scattering medium. M11 is the 

differential scattering cross section of the scatterer and its magnitude changes with the 

scattering angle. If normalised by the area under the M11- θ curve, it represents the phase 

function of the scatterer which is essential in estimating the distribution of radiation intensity 
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in a medium containing scatterers [22]. When the particles are perfectly spherical M22 is 

equal to M11, such that any deviation from a spherical shape is reflected by the ratio M22/M11 

(i.e. N22). The greater the deviation of the ratio from one, the greater is the deviation of the 

particles from a special shape. N22 is also indicative of the multiple scattering effects of the 

media, meaning high density of bubbles. M33 is a measure of how much of the light polarised 

at +45° is retained through the medium. M34 indicates how much of the elliptically polarised 

light is transformed to circularly polarised light because of the scatterer. M44 represents the 

amount of right and left circularly polarised light. M12 is the measure of linearly polarised 

scattered light for an incident unpolarised light. In general, the angular pattern of M12 shows 

how much the medium deviates from the Rayleigh scattering regime [148]. The knowledge of 

the matrix elements does not only help in the characterisation of spherical particles but also 

assists in detecting the presence of a species with different properties on a homogeneous 

particle [149]. Thus, if these matrix elements can be measured, one can determine the particle 

characteristics such as the size, shape, and structure of the scattering subjects. 

In addition to characterising particles, the Mueller matrix also describes the characteristics of 

the optical elements. The Mueller matrices for an ideal linear polariser [P] and a retarder [R] 

are given as [140] 
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    (2-20) 

where C = cos 2β, S = sin 2β. Here α is the rotation angle of the polariser (i.e. the angle 

between the transmission axis of the polariser and the parallel axis of the incident beam), β is 

the angle between the parallel axis of the retarder and the horizontal, and φ is the retardance 

of the retarder. 

In this study, the Mueller matrix elements for the foam is computed by using a predetermined 

set of polariser and retarder combinations by controlling the incident Stokes vector and 

analysing measurement of the corresponding scattered Stokes vector. This approach is used 

to correlate the scattering matrix elements to the properties of a pneumatic foam, i.e. bubble 
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size, shape and liquid fraction. The detailed processes for the measurement of Mueller matrix 

will be described in Section 3.4. 

2.4.2 Application of polarised light scattering techniques in foams 

Although the polarised light scattering technique has been successfully used to characterize 

several scattering media such as soot agglomerates [22], colloidal particle suspensions [21], 

milk [23], cotton fibre [24], and nanoparticle suspensions [150, 151], only limited results 

about its application on foam have been reported in the literature. 

Based on the studies of bubbles in the liquids using polarised light scattering [152, 153], the 

first application of polarised light in foams started about a decade ago. In the initial stage, 

little practical or experimental work has been conducted. Researchers tried to theoretically 

understand the interaction of light with foams, and to predict the expected physical 

phenomena using statistical simulations. The results obtained from computational simulations 

will be introduced first. 

Wong et al. [26] investigated the change in the degree of polarisation of light reflected and 

transmitted by a one-dimensional foam layer using a Monte Carlo/Ray-Tracing simulation 

approach. In their model, the foam was assumed as air-laden spherical bubbles dispersed in a 

non-absorbing substrate. Both the bubble radius and the separation distance between the 

mono- or polydispersed bubbles were assumed to be constant or normally-distributed. A 

geometric optics approximation, which is based on Fresnel reflection and transmission 

equations, was used to track the path of light propagation in the foam. The simulation results 

showed that the denser media (more bubbles) tended to depolarise the incident light more. In 

general, the degrees of polarisation for reflected light and transmitted light decreased with 

decreasing bubble size, decreasing separation distance between bubbles and increasing foam 

thickness. The larger differences between the indices of refraction of the medium, bubbles 

and the surroundings, the more depolarisation would be expected. Although, their simulation 

is confined to one-dimensional spherical foams and do not take the foam liquid fraction into 

account, the sensitivity of the depolarisation ratio to the bubble size distribution as well as the 

scattering angle suggests that polarised light can be a very useful diagnostic tool for foams if 

experimental observations are compared to model simulations. 

Building upon their past studies [26, 154, 155], Wong et al. [156] explored the potential use 

of linearly and circularly polarised light for characterisation of absorbing mono-dispersed air 
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bubbles in coal-ash-water solution using a similar Monte Carlo simulation method. 

According to their simulation results, the changes of the Stokes intensity and the 

depolarisation of right-circularly polarised light for various bubble sizes and bubble 

separation distances were clearly distinguishable. Circularly polarised light appeared to be a 

better choice than linearly polarised light in terms of characterising properties of a foamy 

medium. However, they pointed out that information about the bubble size or separation 

could be retrieved only provided one of them was known since comparable resultant 

depolarisation of light behaviour was obtained when varying bubble size or bubble separation 

distance whilst holding other parameters fixed. It should be noted that all their analyses were 

based upon certain predefined volume fractions of ash in water and refractive indices of the 

medium. Should any of these parameters change, the depolarisation effect might be different, 

so their results also required examination and verification using practical experiments. 

Previous studies [26, 156] only examined detached bubbles and hence did not include the 

scattering effects due to the Plateau borders and vertices of foam. However, simulations of 

light scattering through 2-dimensional plane foams showed Plateau borders were the main 

attributors for the propagation of light in a foam [129]. Therefore, Swamy et al. [157] used a 

similar Monte Carlo simulation approach coupled with a more realistic foam model, where 

the effects of the Plateau borders were included [158, 159], to investigate the propagation of 

an incident collimated beam of polarised light in liquid foams . The bubbles are modeled as 

polyhedral with f faces with finite film curvature and e edges constrained by the Plateau rules. 

The depolarisation ratio was computed via the Stokes-Mueller formalism. Horizontal linearly 

polarised and right circularly polarised light were both considered for the simulation. They 

found bubble size and polydispersity of foam were both sensitive to the light depolarisation 

ratios at backscattering angles. Especially at the back scattering angle of 135° a large 

dynamic range over the bubble size and polydispersity of the foam was obtained for both 

linearly and circularly polarised lights. At this scattering angle the degree of polarisation 

increased with increasing average bubble size and decreasing polydispersity. Therefore, the 

scattering angle of 135° seemed particularly useful for measurement of both bubble size and 

the polydispersity of foams. These results were different from the previous simulation results 

obtained by Wong et al. [26] that the degree of polarisation remained almost constant in all 

scattering angles. This was because their simulation methods were based on different foam 

models, one was spherical bubbles in foam and the other was polyhedral bubbles of weakly 

curved films. Although the author did not state this explicitly, the results that right circularly 
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polarised light were more sensitive to the variations of foams with polydispersed bubbles 

than the horizontal linearly polarised light coincided with Wong’s result for mono-dispersed 

bubbles [156]. 

In most light scattering applications, particle index of refraction is higher than that of the 

medium. In the case of foam, the index of refraction of the gas bubbles is smaller than that of 

the liquid. Therefore, total internal reflection (TIR) plays an important role in scattering in the 

Plateau borders [160] and the critical angle of refraction yields two distinct regions. In region 

one where incident angle is less than  the critical angle, normal scattering occurs but in region 

two where incident angle is more than the critical angle, total internal reflection occurs. 

Figure 2.11 showed the light rays on surfaces of a Plateau border. Total internal reflection 

cannot be avoided in the multiple light scattering in the foam for either unpolarised light or 

polarised light [119, 161]. This implied that some of the photons did not make it to the 

scattering volume where the scattered light signal was detected, resulting in more light 

intensity attenuation. Statistics from [157] showed that 30-50% of the scattering events were 

a result of total internal reflection in the Plateau borders, depending on the bubble size and 

polydispersity. To a certain extent, these results explained the higher depolarisation ratios for 

foam with smaller bubbles. By taking the total internal reflection into consideration, Swamy 

et al. [157] made the simulation is closer to a real foam. 

 
Figure 2.11 Parallel incident light rays undergo reflections, refractions or total internal 

reflection (TIR) on surfaces of a Plateau border. 
Note that double TIRs occur in (c) shown as the thicker curve: (a) light refractions. (b) TIR 

on the right surface. (c) TIR on bottom surface [129]. 

Vaillon et al. [154] used the Monte Carlo method to model the transfer of polarised radiation 

in optically thick, multiple scattering, particle-laden semi-transparent media. The author 

stated that the core of the general algorithm could be applied to any geometry and to any kind 

of particles, provided that the radiative properties and the scattering matrix of particles were 

 

(a) (b) (c) 
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properly calculated. Swamy et al. [157] pointed out that this approach could also be used to 

accurately compute effective Mueller matrices for foam, yet related literature has not been 

found by far. 

In summary, these results from simulations were encouraging and proved theoretically that 

the degree of polarisation of polarised light could be changed by a foam and in certain 

backscattering angles high sensitivity of depolarisation ratio to variations of foam properties 

(such as bubble size, bubble separation distance and polydispersity) was observed. This 

further proved that polarised light scattering technique could be used as a useful diagnostic 

tool for foam characterisation. However, these are only theoretical simulation statistics, and 

in the following paragraphs some limited experimental results will be reviewed. 

Aslan et al. [162] first developed an elliptically polarised light scattering (EPLS) method and 

investigated its potential use in the evaluation of micro-bubble size and gas hold-up in two-

phase gas-liquid columns. The foam bubble bed was generated in a glass bubble column and 

the amount of gas hold-up was calculated from the height variation of the column liquid layer 

before and after gas input (gas holdup + liquid fraction =1). In addition, the bubble size 

distributions were evaluated experimentally using a digital image processing system for 

different gas flows and surfactant concentrations. The measurements of scattered light 

intensity in different polarisation situations were taken at side- and back-scattering angles 

because the optical thickness of the glass column diminished the transmitted and small angle 

scattering as was mentioned in Section 2.3.1. Then the intensity data were converted to six 

independent normalised Mueller matrix elements M11, M12, M22, M33, M34 and M44. 

Experiments results of Aslan et al. [162] showed that in general the profiles of the Mueller 

matrix elements were sensitive to the gas flow rates. The average bubble size and the gas 

hold-up increased with the increasing gas flow rates. Consequently, the sensitivity of the 

Mueller matrix elements to the bubble size and the gas hold-up can be inferred. For example, 

at the surfactant concentration of 100 ppm, M11, M33, M44 increased significantly and M34 

decreased significantly with an increase of in gas flow rate. Their results also showed that the 

effect of the average bubble size and the gas hold-up on Mij depend on the surfactant 

concentration. For example, at low surfactant concentration, M22 values at θ = 120° increased 

with increasing average bubble size and decreasing gas hold-up, in contrast at high surfactant 

concentration, M22 values at θ = 120° decreased with increasing average bubble size and 

decreasing gas hold-up. Similar situations could also be observed for M34. This clearly 
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indicates that the effect of surfactant concentration should be taken into consideration for 

further application of Mij measurements on foam. Moreover, they compared Mij results 

measured from the experiment with the Monte Carlo ray tracing simulations. Large 

differences were observed since Mij were calculated using the single-scattering Lorenz-Mie 

theory whilst most of the bubble experiments were in the multiple-scattering regime, 

especially when the gas flow rate is high.  

The system investigated by Aslan et al. [162] is actually two-phase gas-liquid flow. It is not 

“real” foam. Later Swamy et al. [163] used a similar EPLS apparatus to explore the 

sensitivity of the Mueller matrix elements to a slow decaying shaving foam . The same foam 

has also been used by Durian and his colleagues as mentioned in Section 2.3.2. 

Measurements were taken over a period of 30 hours to monitor the scaling behaviour of 

bubbles. The results indicated that three of the Mueller matrix elements (M11, M12, and M33) 

were sensitive to foam age during which bubble size increased and liquid fraction decreased 

with time and it showed a dynamic range especially at backscattering angles between 120° 

and 135°. Backscattering angles close to 150° were found to be less sensitive to the variation 

in foam properties over long time scales. Swamy et al. [163] also performed Monte Carlo ray 

tracing simulations. The simulation results compared well for the case of M11 at scattering 

angles in the range 120°-135°, whilst M12 and M33 only showed a qualitative agreement with 

simulations in terms of the trend with respect to the bubble size variation but the actual data 

did not match quantitatively. The simulations over predicted M12 and M33 because the foam in 

their simulations was assumed to be composed of slightly curved polyhedral bubbles, whilst 

shaving foams presented as a close packing of nearly spherical bubbles. Specific analysis on 

M11, M12 and M33 showed that M11 increased with decreasing liquid fraction and increasing 

average bubble size. This was due to the fact that the optical thickness of the medium 

decreased leading to a shift from back to side scattering. Also, M12 and M33 increased with 

increasing average bubble size and decreasing rearrangement rates. However, it is important 

to note that the increase of average bubble size and the decrease of the liquid fraction and 

polydispersity of a shaving foam occurs simultaneously. All of them can lead to higher 

preservation of polarisation of light. The individual effects of each of these variables on 

polarisation were not made clear in their study. Nevertheless, their work contributed to the 

initial experimental results of polarised light scattering techniques applied to foam. It laid a 

basis and presented opportunities for the future exploration of this technique in the 

investigation of foam. 
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Based on the observations for the case of shaving foam, Mueller matrix elements M11, M12, 

and M33 at back scattering angles were considered for diagnostics of liquid foams evolving on 

relatively shorter time scales [164]. Foams were produced using a kitchen blender using four 

different aqueous solutions (1% LED3A, 1% LED3A with 10% glycerol, and 0.5 mg/ml 

bovine serum albumin (BSA)). As the foam drained freely, the parameters M11± M12 and 

M11± M33 were continuously measured and the data were analysed separately in the drainage 

and coarsening regime to obtain correlations between the polarised intensities and the bubble 

size as well as the liquid fraction. The parameters M11 ± M12 showed good correlation with 

the bubble size whilst the M11 ± M33 appeared affected by the polydispersity in foam. 

However, the data of bubble size and liquid fraction were obtained from models established 

by others rather than from experimental measurements. This would lead to invalidity of these 

results. 

Lastly, the utility of polarised light scattering to monitor the performance of a foam 

fractionation column was investigated by Swamy et al. [165]. The effect of pH and gas flow 

rate on the performance was measured. The enrichment ratio was chosen as a metric, 

representative of foam properties and column performance, and correlated to the M11 + M12 

parameter which was measured at a scattering angle of 125°. The time average M11 + M12 

showed a direct proportionality with the enrichment values. The linear model regressed from 

correlating the scattering data to the enrichment provided reasonable predictions, but was not 

sufficient to estimate the enrichment ratio accurately. On a general basis, it was understood 

that the parameter M11+M12 had a linear relationship with the bubble size and an inverse 

relationship with liquid fraction. The author claimed as enrichment was directly dependent on 

the bubble size and liquid fraction, thus polarised light scattering measurements were 

consequences of these parameters of foam. Since the direct correlation between polarisation 

property of light and bubble size distribution and liquid fraction was not provided, these 

results were not meaningful for foam characterisation. More efforts should be spent to 

understand the individual effects of each of these parameters on the light scattering behaviour 

of foams in the future. 
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2.5 Implications from literature review 

2.5.1 Implications from foam properties literature review 

By reviewing the literature of foam properties, the points which should be considered to 

guide the current work are briefly summarised in the following. 

(1) A wet foam and a dry foam possess quite different structure from spherical bubbles to 

polyhedral bubbles. This is based on Section 2.1.1. 

(2) The bubble size distribution is determined significantly by the foam production method. 

This is based on Section 2.1.2. 

(3) Small and large molecules differ in both coarsening phenomena and drainage regimes in 

terms of the film elasticity and stability. Forced drainage can be used to generate reproducible 

foams. This is based on Section 2.1.3 and Section 2.1.4. 

(4) The coalescence in the foam can be greatly minimised by increasing the concentration of 

the surface active molecules. This is based on Section 2.1.5. 

(5) Liquid fraction and bubble size distribution are two of the most important parameters of 

foam. The accurate measurement of these two parameters is still difficult without elaborate 

and complex instrumentation especially for the bubble size distribution. This is based on 

Section 2.2. 

2.5.2 Implications from light scattering literature review 

As discussed in Section 2.3, multiple light scattering technique is proved to be a useful tool to 

non-invasively probe foams by Durian et al. [20, 31, 40]. Their discovery of the light 

depolarisation directly promotes the research on foam using polarised light scattering 

technique.  

In the polarised light scattering measurement technique as described in Section 2.4, the 

Stokes vectors corresponding to incident and scattered light are related through the Muller 

matrix (also known as the scattering matrix) which provides for a complete description of the 

optical properties of the scattering media. The elements of the matrix can be obtained by 

detecting the intensity of the light beam in different angles and positions of the optical 

elements. 
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The theoretical simulation results showed that the effect of foam properties (i.e. bubble size 

distribution, bubble separation distance, polydispersity) on the Stokes intensity and the level 

of depolarisation (due to multiple scattering) for both reflected and transmitted light was 

significant, particularly at backscattering angles of 120°-135° [26]. Circularly polarised light 

proved to be a better choice than linearly polarised light in terms of characterising properties 

of a foam [156]. Further, the Plateau borders were identified as the major contributors to the 

depolarisation effects due to large numbers of total internal reflection events occurring within 

them [129]. These encouraging results suggested the possibility of using polarised light 

scattering for foam research. 

Limited experimental results from polarised light scattering technique applied to foam 

showed the sensitivity of different Mueller matrix elements to average bubble size, liquid 

content and polydispersity were different. For the case of shaving foam, Mueller matrix 

elements M11, M12, and M33 were sensitive to bubble size and liquid fraction and showed a 

dynamic range especially at backscattering angles between 120° and 135° [163]. For the case 

of young foams, the parameter M11 ± M12 showed good correlation with the bubble size 

whilst the M11 ± M33 affected by the polydispersity in foam [164]. For a continuous foam 

fractionation column, the time average M11+M12 showed a direct proportionality with the 

enrichment values [165]. These practical results suggested that polarised light scattering 

holds substantial promise for a real time, non-invasive diagnostic technique for the 

investigation of liquid foam properties. 

Based on these previous works, it is quite promising to continue further studies on foams 

using polarised light scattering technique, but attentions should also be paid to the problems 

in previous works. They include: 

(1) Inaccuracy of simulations 

So far the Monte Carlo/Ray-tracing simulation method developed by previous 

researchers cannot accurately predict the result from polarised light scattering 

experiment. This can be proved from the results of Aslan et al. [162]. and Swamy et 

al. [163]. Their simulations were either limited to single light scattering or limited to 

certain foam models (spherical bubbles or polyhedral bubbles). In the real world, 

various foams exist and all the dynamic interactions in the foam as described in 

Section 2.1 make the simulation of  polarised multiple light scattering in foams much 

more complex than the single light scattering. More experimental work is needed for 

further studies. 
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(2) Untypical foam sample 

The previous studies have mostly focused on the study of a commercial shaving foam. 

This kind of foam is quite stable and drains very slowly over large time scales. It is 

quite different from foams that are commonly used in the industries such as flotation 

and food. Therefore, in order to verify the industrial applicability of polarised light 

scattering technique, studies on typical industrial aqueous foam should be considered 

afterwards. 

(3) Lack of comprehensive study 

The analysis of the changes of degree of polarisation was only conducted in 

simulations whereas it has not been examined using practical experiments. In addition, 

other polarisation parameters (such as degree of linear polarisation PL, degree of 

circular polarisation PC, orientation angle ψ and the ellipticity angle χ as mentioned in 

Section 2.4.1) have been neglected by all previous studies. The studies on these 

parameters should provide us with a more comprehensive understanding of the 

polarised light scattering technique. 

(4) No direct quantitative correlations 

Up to now a direct quantitative correlation between polarisation properties of light 

and foam structure parameters (bubble size distribution and liquid fraction) has not 

been found. Only the sensitivities of six independent Mueller matrix elements were 

investigated. These previous studies can only help us select specific scattering angles 

for optimising measurement sensitivity. 

(5) No independent measurement of bubble size distribution and liquid fraction 

The bubble size distribution and the liquid fraction have not been measured 

independently in previous research. In fact, the polarisation state (polarisation 

parameters or Mueller matrix) should be influenced by the bubble size distribution 

and the liquid fraction simultaneously because they can both cause changes in the 

foam physical and chemical properties and consequently affect the light scattering 

process. Therefore, it is necessary to determine the individual effect of bubble size 

distribution and liquid fraction of foam on the polarisation state. By combining the 

results of each parameter, it is able to find the quantitative correlations between the 

polarised light and foam. However, none of the previous studies have investigated the 
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independent effect of bubble size distribution and liquid fraction, so they were not 

able to decouple the effects caused by the different parameters. 

2.5.3 Implications to present work 

Considering the problems mentioned in Section 2.5.1 and Section 2.5.2, in the present work 

polarised light scattering experiments are conducted on industrial-like foams which are 

stabilised by SDS and Casein solutions at backscattering angles. Forced drainage method will 

be applied to generate reproducible foams. SDS and Casein are selected to represent small 

and large surface active molecules based on their difference in the coarsening and drainage 

regimes. The concentration of these molecules is above CMC (Critical micelle concentration) 

to minimise the coalescence in the foam. The liquid fraction and bubble size distribution of 

the foam are independently measured by the pressure gradient method and photographic 

method respectively. All characterisation parameters of polarised light (degree of polarisation, 

degree of linear polarisation, degree of circular polarisation, orientation angle and ellipticity 

angle of polarised light) that could be affected by foam are analysed. The effect of bubble 

size distribution and the liquid fraction of both SDS and Casein foams on the six independent 

Mueller matrix elements are investigated quantitatively. Details of the experimental 

methodology will be given in the next Chapter. 
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Chapter 3. Method and materials 

3.1 Experiment setup 

Experiments are carried out using an apparatus which consists of foam generation and 

recovery units, liquid fraction measurement and control facility, and instrumentation for the 

measurement of properties of the scattered polarised light. 

The components of the apparatus used to generate foam, and to control its liquid fraction 

properties, are shown in Figure 3.1. The glass column is custom-built by the University of 

Auckland glass workshop from standard glassware. It is 70 cm tall with the internal and 

external diameters of 5.0 cm and 5.5 cm, respectively and is positioned at the centre of a 

reservoir by a holder. The column is made of glass rather than Perspex in order to eliminate 

depolarisation of the incident and the scattered light transmitted through the column [162]. 

At the bottom of the column two pipette tips with different inside diameters (a 100 µl pipette 

tip and a 1 ml pipette tip) are connected to two peristaltic pumps (pump A and B, 

MasterFlex® L/S, Vernon Hills, US) for bubble generation. These two pipette tips serve as 

the nozzle in the foam production method (i) as described in Section 2.2.2. Since it is 

necessary to choose a foam which is easy to generate, control and measure at the initial stage 

of the research on foam with polarised light scattering technique, only one or two pipette tips 

are used in the current study experiments. As the air pressure drop of one sparging hole 

remains almost constant [79], a reasonably monodisperse size-distributed foam with good 

reproducibility is expected to be obtained by using one pipette tip and a foam with 

bidispersed bubble size distribution will be gained by using two tips simultaneously. These 

two tips are fixed to the base of the reservoir for the purpose of reducing the influence of any 

fluctuation of the surrounding solution as mentioned in Section 2.2.2. 

Two ports in the mid-section of the column (30 cm and 50 cm from the bottom, respectively) 

serve as the access points for two pressure sensors (SensorTechnics®, Puchheim, Germany, 

CTEM70070GY4) to obtain the liquid fraction of the foam via pressure gradient 

measurements. They are connected to a data logger (dataTaker, Melbourne, Australia, DT82E) 

to record the liquid fraction data. Details of the liquid fraction measurement will be given in 

Section 3.5.  
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Another port at the top of the column serves as an inlet of the foaming solution which is 

continuously fed by pump C from the reservoir.  This is for the purpose of generating 

reproducible foams used in our experiments by the forced drainage method (See Section 

2.1.4). By controlling the foaming solution addition rate of pump C and the gas flow rate of 

pump A and pump B, foams with almost the same initial properties can be produced. In the 

later charters, this addition solution will be called wash water which is the term commonly 

used by foam researchers. 

The U-shaped top with 9.5 cm internal radius is designed for the column to direct the 

overflow foam into a funnel where the foam collapses and returned into the reservoir. 

 
Figure 3.1 Foam generation and recovery components and liquid fraction measurement and 

control components. 

The polarised light scattering components used for the measurement of Stokes vector are 

shown schematically in Figure 3.2. A 20 mW Helium-Neon laser (Edmund Optics Inc., 

Singapore, Singapore, 1145AP, λ = 632.8 nm) is employed as the light source which is 

chopped at a frequency of 60 Hz using an optical chopper (Scitec Instruments, Cornwall, UK, 

300CD). The optical components along the incident light beam path consist of an optical 

chopper, a linear polariser, a retarder (i.e. a quarter-wave plate) and an iris. The iris is placed 

in front of the glass column to control the incident beam diameter and to eliminate any back-

reflection from the back surface of the column. The linear polariser and the retarder are used 
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to modulate the incident light. Scattered light from the foam is filtered by another iris and a 

circular polariser. The light passes through the circular polariser is detected by a photodiode 

(Thorlabs, Newton, US, DET10A/M) at a backscattering angle of 135°. This angle is decided 

by preliminary experiments considering various determinants such as the light sensitivity and 

the measuring range of the photodiode. This angle is also in the region where the high 

sensitivity of polarised light scattering to foam properties has been found by Aslan et al. [162] 

and Swamy et al. [163]. Every polariser and retarder is fixed in a rotation mount (Thorlabs, 

Newton, US, RSP1 C/M) which is knurl-labelled with 2° increments. This allows for precise 

and repeatable angular adjustment in the experiments. For the sake of clarity, the rotation 

mount is not shown in the figure. The photodiode provides a current signal dependent on the 

detected intensity which is amplified and converted to a voltage signal by a dual phase lock-

in amplifier (Scitec Instruments, Cornwall, UK, 420) at a frequency of 60 Hz. The purpose of 

using optical chopper and lock-in amplifier is to eliminate noise from other sources by 

modulating the input at a given frequency and then measuring the output at the same 

frequency with or without a phase difference. The voltage signal from the lock-in amplifier is 

collected by a digital oscilloscope (DigiTech, Burnaby, Canada, QC-1931) and then recorded 

in a computer. Figure 3.3 illustrates the arrangement of the optical elements for light 

scattering measurement of Stokes vector. 

 
Figure 3.2 Polarised light scattering components used for the measurement of Stokes vector. 
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Figure 3.3 Outline of the optical configuration for the measurement of Stokes vector. 

The polarised light scattering components used for the measurement of Mueller matrix are 

almost the same as the optical components used for the measurement of Stokes vector except 

that the scattered light from the foam in the column is filtered by another retarder (R2) and 

another polariser (P2) before it is detected by the photodiode (Figure 3.4). Measurements 

details will be described in Section 3.4. 

 
Figure 3.4 Polarised light scattering components used for the measurement of Mueller matrix. 
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3.2 Experimental procedures 

3.2.1 Foaming solution preparation 

In our experiment, two types of foaming surface active agents are used: Sodium dodecyl 

sulphate (SDS), an anionic surfactant; and Casein (CAS), a mixture of milk proteins. These 

chemicals are selected because foams stabilised by them have very different dynamic 

behaviours. First, the interface characteristics of these foams are different. As mentioned in 

Section 2.1.3 and Section 2.1.4, SDS has a much weaker influence on the surface tension and 

the foam film thickness than Casein. Thus, with SDS, the gas-liquid interfaces are fluid like 

and the films are generally flat and uniform. On the other hand, foams generated by casein 

have highly viscoelastic interfaces [166] and non-uniform and thick films due to the 

confinement in the film of large protein aggregates [167]. Another difference is in the liquid 

drainage regime. SDS foam and Casein foam have node-dominated and channel-dominated 

drainage regimes, respectively. If these dynamic properties have an impact on the polarised 

light scattering events in the foam, it is then expected to detect it with such different systems. 

SDS and Casein foams are much like foams used in various industry processes such as 

pharmaceutical separation and mineral flotation. Therefore, the current research may provide 

valuable guidance for the application of polarised light scattering technique in these industrial 

processes.  

3.2.1.1 SDS solution preparation 

2.29 g l-1 (approximately 25% above the critical micelle concentration) SDS foaming solution is 

prepared by adding a desired amount of SDS (Ajax Finechem Pty Ltd., Auckland, New 

Zealand, technical grade) into the deionised water. The solution is then placed in an ultrasonic 

bath for 20 minutes to complete the dissolution. 

3.2.1.2 Casein solution preparation 

The Casein foaming solution contains 2 g l-1 of Casein dissolved in a phosphate buffer at 0.1 M, 

which is also well above the critical micelle concentration. The Casein used is from bovine milk, 

C5890, Sigma-Aldrich, Co.. The phosphate buffer, pH 7.0, is prepared by mixing 0.1M sodium 

dihydrogen phosphate (4680, ecp Itd.) and disodium hydrogen phosphate (4720, ecp Itd.) at a 

desired proportion. The phosphate buffer solution is incorporated to ensure the maximum 

solubility and stability of the Casein [168]. The foaming solution is then also placed in the 

ultrasonic bath for 30 minutes, so as to prevent Casein from aggregating during dissolution. 
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Moreover, in the Casein experiment, the reservoir, which is filled with the foaming solution, 

is surrounded by ice cubes to keep the solution cool. The Casein solution thus produced can 

be used for two days before protein denaturation and bacteria development. 

The concentration of SDS and Casein are all above their CMC to ensure adequate film 

elasticity and minimise coalescence in the foam (See Section 2.1.5). 

3.2.2 Instrument calibration 

Before foaming commences by the introduction of air using pumps, the light scattering 

apparatus is calibrated for alignment by filling the column with tap water and examining the 

retro-reflection of the laser beam. This is to ensure that the laser beam would illuminate the 

foam column along its axis of symmetry at normal incidence and hence the reflected light 

would be mostly in a direction at 180° of the original direction of the incident light. The 

pressure sensors are calibrated simultaneously by measuring the pressure difference of the 

column filled with air. 

3.2.3 Foam production 

After calibration, the tap water is completely drained and the foam column is washed using 

deionised water. Any dirt on the column wall may cause bubble coalescence. Then the 

foaming solution (SDS or Casein solution) is poured into the reservoir. The solution height is 

approximately 24 cm from the bottom of the column. Pump(s) connecting to pipette tip(s) 

is/are started to introduce air into the solution to generate foam. The rising bubbles then pass 

up through the solution and form a foam atop the pool. Once the foam accumulates up to the 

top of the column, pump B is also started to feed wash water into the foam from the top port 

for the control of the liquid fraction. The flow rate of the washwater is gradually increased 

from 0 to a desired value to prevent the foam from collapsing. The source of wash water is 

from the same reservoir so as to maintain the surfactant concentration and the liquid level in 

the reservoir. 

To investigate the effect of bubble size distribution on the light polarisation, foams with 

different bubble size distributions are generated by controlling the flow rate through each tip 

and the flow rate of the wash water. The flow rates used in the experiment are listed in Table 

3.1. These flow rates are predetermined from the experiments to ensure that the bubble size 

and liquid fraction are suitable for light scattering measurement. The flow ratio of Tip 2 and 
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Tip 1 is chosen as 56/7 = 8 in the present work which is in agreement with the ratio used by 

Matzke et al. [169] and Kraynik et al. [170] for the generation of bidispersed foams. 

Table 3.1 Flow rate of each tip and feed of wash water for different types of foam. 

  Tip 1 (ml min-1) Tip 2 (ml min-1) Wash water (ml min-1) Foam type 

SDS 
30 0 15 Foam I 
0 40 15 Foam II 
7 56 15 Foam III 

Casein 
50 0 18 Foam IV 
0 60 20 Foam V 
7 56 15 Foam VI 

3.2.4 Polarised light scattering measurement 

The wash water flow rates are kept constant for about 20 minutes until the system reached 

steady state when all instrumentation related to light scattering are activated. The optical 

angles of polarisers and retarders used for the measurement of different parameters are then 

adjusted to the desired values through the rotation mounts. Details of these desired values 

will be described in Section 3.3 and Section 3.4. The time average gate of the lock-in 

amplifier is also adjusted in order to minimise the oscillations of scattering light intensity 

sensed by the photodiode. Next, all the pumps are stopped simultaneously which allows the 

liquid in the foam to start draining freely. During this free drainage process, the intensity and 

the liquid fraction data are collected through the data acquisition system and recorded on the 

computer. 

The data are recorded for 600 seconds for all types of foam except Foam III. Because the 

liquid fraction of this type of foam dropped down to an extremely low level after 400 seconds, 

the data are only recorded for 400 seconds for Foam III. This will be discussed in detail in 

Section 4.2. 

3.3 Measurement of Stokes parameters 

The Stokes polarisation parameters are immediately useful because, as described in Section 

2.4.1, they are directly accessible to measurement and provide information of the polarised 

light beam and polarisation ellipse. In this section the measurement of the Stokes parameters 

of the light scattered by the foam using the circular polariser method will be described. 
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The polarisation status of polarised light can be changed by changing the amplitudes or the 

phase or the direction of the orthogonal field components. 

An optical element which changes the orthogonal amplitudes unequally is a polariser. It has 

the property that the optical field can only pass along an axis known as the transmission axis. 

Ideally, components of the optical beam at any other angle are attenuated completely. 

An optical device which introduces a phase shift between the orthogonal components is a 

retarder. It has the property that the phase of the x component (Ex) is advanced and the phase 

of the y component (Ey) is retarded. Therefore, x and y axes are referred to as the fast and 

slow axes in optics. 

If the optical device rotates the orthogonal components of the beam through an angle as it 

propagates through the element, it is a rotator. 

All three polarising elements mentioned above change the polarisation state of an optical 

beam. The utilisation of the combination of these optical elements makes it possible to obtain 

various states of polarised light such as the vertical linearly polarised light and left-handed 

circularly polarised light which are chosen as the incident light in the present study to 

investigate the effect of the type of the polarised light on the scattering process in the foam as 

described in Section 2.4.1.2. In order to generate a vertical linear polarised incident light, the 

transmission axis of the linear polariser in Figure 3.2 is set at 90° and the retarder is removed. 

To generate a left-handed circularly polarised incident light, the transmission axis of the 

linear polariser is also set at 90° and the retarder is inserted with its fast axis at 45°. The 

normalised Stokes vectors of vertical linearly and left-handed circularly polarised light are [1, 

-1, 0, 0]-1 and [1, 0, 0, -1]-1 respectively. This is also given in Section 2.4.1.2. 

 
Figure 3.5 Construction of a circular polariser using a linear polariser and a retarder. 
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To measure all four Stokes parameters of the scattered light, a circular polariser is inserted in 

the scattering path (Figure 3.2). The circular polariser is made by using a linear polariser with 

its transmission axis set at 45°, followed by a retarder (quarter-wave plate) with its fast axis at 

0°. This configuration is shown in Figure 3.5. This position is defined as 0° of the circular 

polariser. 

To obtain the Stokes parameters, the scattered light beam is allowed to first enter the circular 

side of the polarising element and rotating it to 0°, 45°, and 90°, respectively, and then flip it 

to the linear side. The measured intensities are then 

C 0 2

C 0 1
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L 0 3

1(0 ) ( )
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2
1(90 ) ( )
2

1(0 ) ( )
2

I S S

I S S

I S S

I S S

° = +

° = −

° = −

° = +

        (3-1) 

IL(0°) value is conveniently taken at 0° of the circular polariser. More details of the 

derivation of this equation can be found in [171]. The Stokes parameters are finally solved 

from the respective intensities as 

0 C C

1 0 C

2 C C

3 L 0

(0 ) (90 )
2 (45 )

(0 ) (90 )
2 (0 )

S I I
S S I
S I I
S I S

= ° + °
= − × °
= ° − °
= × ° −

        (3-2) 

These intensities measured from experiments are then used to calculate the polarisation 

parameters (P, PL, PC, ψ, χ) mentioned in Section 2.4.1. 

The circular polariser method is applied rather than the classical measurement method 

because (i) only a single rotation mount is used; (ii) the axes of the retarder and polariser are 

permanently fixed with respect to each other; and (iii) importantly, the polarising beam 

propagates through the same optical path so the problem of absorption losses can be 

neglected. In comparison to other methods, the circular polariser method should be the 

simplest and most accurate method for the measurement of Stokes polarisation parameters. 

So far none of the studies of polarised light scattering technique on foam mentioned the 

details of Stokes vector measurement procedure, but obviously measuring methods have a 
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great impact on the accuracy of the experimental result. Different optical system may result 

in different errors. 

3.4 Measurement of Mueller matrix elements 

The measurement of the Mueller matrix elements is conducted by the optical system depicted 

in Figure 3.4. The Stokes vector of scattered light detected by the optical system can be 

written as 

2 2

1( , , , ) ( , , , )sys

k r
δ γ β α δ γ β α='S M S  

P2 R2 Foam R1 P1
2 2

1 ( ) ( ) ( ) ( )
k r

δ γ β α= M M M M M S      (3-3) 

where α and δ are the angles between the scattering plane and the transmission axes of 

polariser-1 and -2, respectively (Figure 3.4); β and γ are the angles between the scattering 

plane and the fast axes of retarder-1 and -2, respectively (Figure 3.4). The Mueller matrix, 

MFoam, of the medium (foam in the column) is given by Equation (2-17). MP1, MP2, MR1 and 

MR2 represent the Mueller matrices corresponding to each optical component. It should be 

noted that the Mueller matrix of the foam column wall is ignored in Equation (3-3), because 

the narrow laser beam can be considered normally incident on the centre of the foam column 

which will not change any polarisation state when the light passes through the glass column 

wall [137]. The same situation happens for the scattered light. As the active area of the 

photodiode is very small (0.8 mm2), the scattered light received by the photodiode can also be 

considered normally incident on the glass column inside wall and directly transmits out of the 

column. 

After the light beam from the laser passes through the polariser-1, it converts to linearly 

polarised light with the transmission angle α. The Stokes vector of the light is then changed 

to 

P1

1
cos2

( )
sin 2

0

α
α

α

 
 
 =
 
 
 

M S          (3-4) 

MR1, MR2 and MP2 can be expressed as follows [137]: 
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M     (3-7) 

Substituting Equation (3-4), (3-5), (3-6), and (3-7) into Equation (3-3), the Stokes vector of 

the scattered light can then be calculated. This process is conducted by the calculation 

software Wolfram Mathematica 6.0 and the calculation code is provided in Appendix A. The 

first parameter of this Stokes vector (Isca in the calculation code) is the light intensity detected 

by the photodiode. If all of the four angles, α, δ, β, γ , are given, Isca is then only a function of 

Mij. One combination of α, δ, β, and γ results in one Mij equation according to Equation (3-3). 

Therefore, to allow for computation of the six independent elements (M11, M12, M22, M33, M34 

and M44) in the Mueller matrix, MFoam, the light scattering experiment needs to be conducted 

at six different polariser and retarder orientation combinations (six equations, six unknowns). 

Errors arising in this method of the Mueller matrix measurements may come from 

misalignment, depolarisation and incorrect retardation of the polarimetric components [172]. 

In this work, two methods are designed to measure these Mueller matrix elements to 

minimise random errors. The orientations of the polarisers and retarders (α, δ, and β, γ) for 

both methods are determined by preliminary experiments and listed in Table 3.2 with the 

corresponding equations. As the Mueller matrix is highly symmetrical, many orientation 

combinations of P1, R1, P2, R2, lead to the same result. It is therefore only seven 

independent equations are obtained from 12 combinations. They are 0.5×(M11-M12), 

0.5×(M11-M44), 0.5×(M11+M12), 0.5×(M11-M22), 0.5×(M11-M34), 0.5×(M11+M33) and 

0.5×(M11+M34). By simple mathematical calculations of these equations, the six independent 

Mueller matrix elements of the foam (M11, M12, M22, M33, M34, and M44) can be achieved. 
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Table 3.2 The orientation combinations of the polarisers and the retarders applied in the two 

methods for the measurement of six independent Mueller matrix elements in this thesis. 

  α β γ δ Equation 

Method 1 

135° 90° 90° 90° 0.5 × (M11 - M12) 
135° 90° 90° 135° 0.5 × (M11 - M44) 
135° 90° 90° 180° 0.5 × (M11 + M12) 
90° 90° 90° 180° 0.5 × (M11 - M22) 
135° 90° 45° 135° 0.5 × (M11 - M34) 
135° 135° 45° 135° 0.5 × (M11 + M33) 

Method 2 

135° 135° 45° 90° 0.5 × (M11 - M34) 
135° 135° 45° 135° 0.5 × (M11 + M33) 
135° 135° 45° 180° 0.5 × (M11 + M34) 
135° 180° 45° 180° 0.5 × (M11 - M44) 
135° 180° 0° 90° 0.5 × (M11 - M12) 
90° 180° 0° 180° 0.5 × (M11 - M22) 

3.5 Measurement of liquid fraction 

As discussed in Section 2.2.2, the pressure gradient technique will be used for the 

measurement of the liquid fraction, the liquid fraction data is obtained via the two pressure 

sensors based on the following equation: 

Pg
h

ρ ε ∆
=

∆
          (3-8) 

where ρ is the density of the solution; g is the acceleration of gravity; ε is the average liquid 

fraction of the foam between the two sensors; ΔP is the pressure difference between the two 

sensors when the column is filled with foam and Δh is the distance between the two sensors. 

As all the pumps were stopped and the foam was not moving during the pressure 

measurement, the velocity head had no contribution to the pressure difference. Even for a 

rising foam, as long as the foam reaches a steady state and thus the two pressure sensor 

positions have the same foam velocity, the velocity head still do not contribute to the pressure 

difference. This method of liquid fraction measurement in foam and gas-liquid two-phase 

flow studies has been well-established [115-117]. 

3.6 Measurement of bubble size distribution 

In addition to light scattering and liquid fraction measurements, the bubble size distribution is 

obtained separately as a function of the foam drainage age. A sequence of images is taken by 
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a Canon EOS 600D camera with Canon zoom lens EF-S 18-55 mm. The camera is mounted 

on a tripod and is focused at the centre of the glass column at the height where scattering 

measurements were taken.  

During the analysis of the captured bubble images, the diameter of each bubble is taken as the 

diameter of the circle having the same area as the contact area on the column wall of the 

bubble A. To allow greater clarity, the original images were inverted and the brightness 

adjusted. A is measured using an image analysis software, Image-Pro Plus 6.0, Media 

Cybernetics, Silver Springs, MD. First, the true length scale on the image is calibrated based 

on the external diameter of the foam column which is 55 mm. Then with the measurement 

tool of Image-Pro, A is obtained by manually defining the edges of the contact area of each 

bubble. Thus the bubble diameter equals 2×(A/π)1/2. It should be noted that only the bubbles 

attached on the column wall are considered in this study since their edges are significantly 

more identifiable in the two-dimensional images than that of the bubbles in the bulk of the 

foam. 

Given that the bubbles near the column vertical edges may become distorted from the view of 

the camera and the restricted range of scattering dependent on the laser power, the area near 

the column axis and within ±1 cm of the scattering plane is determined as the sample area. 

There are approximately 30-80 bubbles in the sample area depending on the bubble size as 

shown in Figure 3.6. Repeated trials confirm that a sample size of these bubbles represents 

well the system statistically. 

 
Figure 3.6 Schematic diagram of sample bubbles measured in each image. 
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For each image, the bubble size distribution data is then analysed statistically. Details will be 

described in Section 4.3. 

Note that the bubble size obtained by this method may not represent the bubble size 

distribution within the bulk of the foam because of the bubble distortion and bubble 

segregation at the curved glass column wall as mentioned by Cheng and Lemlich [86]. 

However, these errors can be largely reduced by selecting the appropriate sample area. The 

bubble size distribution in this field of view can be taken as a microcosm of the bubble size 

distribution of in the bulk of the foam. It is suggested that such bubble size results can be 

used as preliminary data to investigate the effect of bubble size on the polarised light 

scattering characteristics of the foam. 
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Chapter 4. Effect of SDS (Sodium dodecyl sulphate) foam on 

polarised light characteristics 

4.1 Introduction 

SDS (Sodium dodecyl sulphate) is a low molecular weight anionic surfactant. Aqueous foams 

stabilised by SDS is widely used in the field of detergency, cleaning etc. [29]. In contrast 

with proteins, the macroscopic foam mechanical properties of SDS foam have been 

extensively investigated. The properties at the liquid interface or in the bulk, together with the 

thin liquid films properties are also well known, and the relations with the mechanism of 

foaming and stability have been identified. 

The main aim of this chapter is to examine the applicability of polarised light scattering 

technique on the SDS foams. Three types of SDS foams with different bubble size 

distribution (Foam I, Foam II, Foam III, and their details are shown in Table 3.1) are 

investigated. Two types of completely polarised light (vertical-linearly polarised light and 

left-handed circularly polarised light) are incident on the foam column. After being scattered 

by the foam which is undergoing a free drainage process, the polarisation state of the initial 

light changes as a result. In this chapter, five polarisation characteristic parameters (degree of 

polarisation P, degree of linear polarisation PL, degree of circular polarisation PC, orientation 

angle ψ and ellipticity angle χ) of the scattered light will be used to fully examine the 

changes of polarisation state due to the foam evolution. It should be noted that these 

important parameters except the degree of polarisation have never been considered in 

previous studies reported in the literature.  

4.2 Evolution of liquid fraction 

Before proceeding to the discussion on the polarisation parameters, it is necessary to firstly 

identify the variances associated with foams. As has been mentioned in Section 3.5 and 

Section 3.6, the evolution of the liquid fraction and the bubble size distribution in the SDS 

foam free drainage process are also independently measured in the experiments. In this 

section, the time evolution of the liquid fraction, one of the most important parameters 

governing foam properties, is discussed. 
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After the cessation of all the pumps corresponding to the drainage time t = 0, wash water and 

air flow are also turned off, and the foam free drainage process immediately begins. During 

this process, liquid drains out from the initial foam layer into the liquid layer under the 

influence of gravity. Figure 4.1, Figure 4.2 and Figure 4.3 show the changes in the liquid 

fraction (ε) during the drainage of Foam I, Foam II and Foam III respectively. The symbol 

and the error bar represent the arithmetic mean and the range of the repeat measurements. 

The liquid fraction is calculated from the pressure gradient between the two pressure sensors 

using Equation (3-8). 

It can be seen from these figures that the liquid fraction decreases with time and eventually 

tends towards to a somewhat stable value for all the three types of foams. ε of Foam I 

decreases from about 0.022 to about 0.004. Similarly, ε of Foam II decreases from about 

0.022 to about 0.003. However, a smaller decline of ε is observed for Foam III, from about 

0.013 to about 0.003, since the initial liquid fraction of Foam III is lower than that of Foam I 

and Foam II. The reason for this difference is that Foam I and Foam II only contain bubbles 

of the same size level whereas Foam III has bubbles with two size levels (bigger ones and 

smaller ones generated by different pipette tips, Compare Figure 4.8, Figure 4.9 and Figure 

4.10) which allows for small bubbles to sufficiently fill the spaces between the big bubbles 

[173, 174]. Consequently, a more efficient packing of different-sized bubbles leaves less 

space for the liquid in the foam. Also, these data indicate that Foam I, Foam II and Foam III 

are all typical dry foams where ε < 0.1. 

The drainage period can be clearly divided into three stages based on the rate of decrease of 

the liquid fraction: (i) the initial stage where the derivative of ε with respect to t, dε /dt, is 

very close to being a constant, ε decreases rapidly with time in a linear fashion; (ii) the 

transitional stage where dε /dt keeps changing, ε decreases gradually with time; and (iii) the 

static stage where dε /dt is approximately constant and close to zero, ε decreases very slowly 

and linearly with time. The observed behaviour is attributed to the fact that gravity is the 

main driving force of drainage in the initial stage, whereas drainage rate mainly depends on 

the capillary pressure in the static stage [41, 175, 176]. The boundaries of these stages for the 

three SDS foams are listed in Table 4.1 and also shown in Figure 4.1- Figure 4.3. In general, 

εFoamI > εFoamII > εFoamIII overall, but Foam III is the quickest one to reach the static stage. 
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Figure 4.1 Variation of the liquid fraction with drainage time for Foam I. 

 
Figure 4.2 Variation of the liquid fraction with drainage time for Foam II. 

 
Figure 4.3 Variation of the liquid fraction with drainage time for Foam III. 
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Table 4.1 The boundary of the liquid fractions of the three drainage stages of SDS foams. 

 Foam I 

Drainage stage Drainage time Liquid fraction (ε) range 

initial stage 0 - 100 s ε > 0.01 

transitional stage 100 - 300 s 0.006 < ε < 0.01 

static stage 300 - 600 s ε < 0.006 

    Foam II 

Drainage stage Drainage time Liquid fraction (ε) range 

initial stage 0 - 100 s ε > 0.007 

transitional stage 100 - 285 s 0.0042 < ε < 0.007 

static stage 285 - 600 s ε < 0.0042 

   Foam III 

Drainage stage Drainage time Liquid fraction (ε) range 

initial stage 0 - 50 s ε > 0.006 

transitional stage 50 - 175 s 0.0035 < ε < 0.006 

static stage 175 - 400 s ε < 0.0035 

Foams remaining static will be more amenable to the light scattering measurement as it 

allows for a greater extent that the light travels through the same scattering paths in the bulk 

of the foam. Accordingly, in section 4.4 - 4.8 the polarisation characteristics of scattered light 

will be discussed according to these three stages and considering the above reasons the static 

stage will be given more detailed analysis. 

4.3 Evolution of bubble size distribution 

In addition to the liquid fraction, the bubble size distribution is another important parameter 

governing foam properties. In this section, the evolution of bubble size distribution of Foam I, 

Foam II and Foam III is analysed statistically. 

Firstly, the bubble diameter data measured from each image by the method described in 

Section 3.6 are divided into classes with appropriate increments (0.1 mm for Foam I, 0.6 mm 

for Foam II, 0.12 mm and 0.22 mm for small and big bubbles in Foam III respectively), and 

the number of the bubble diameters falling into each interval is counted to obtain the 

distribution in each class. Histograms of these distribution frequencies are then plotted. These 
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actual figures are shown in Appendix B. A significantly high mode is clearly observed in all 

the histograms of Foam I and Foam II and two high modes exist in all the histograms of 

Foam III. The distributions obtained confirm that the desired monodispersed and bidispersed 

foams are successfully produced by the foam generation method used in this study. Details of 

the generation method have been described in Section 3.1. 

Secondly, the results of frequencies are fitted to the Gaussian distribution function (Equation 

(4-1)) using OriginPro 8.0 software (SRO, Northampton, MA, USA). 
2

2
( )2

0 / 2

cx x
wAy y e

w π

−
−

= +          (4-1) 

The high R2 values in Appendix C, which are the coefficients of determination, indicate a 

good fit of the Gaussian distribution function to the frequencies. The resultant fitted functions 

are plotted in Figure 4.4 for Foam I, Figure 4.5 for Foam II and Figure 4.6 for Foam III. For 

the sake of clarity, the histograms of frequency are not shown in Figure 4.4-4.6. The curves in 

green, red and blue colours correspond respectively to the initial stage, transitional stage and 

static stage of the foams in terms of the liquid fraction. 

It can be observed from these figures that the type of bubble size distribution for Foam I, 

Foam II and Foam III stays almost constant during the whole drainage period especially in 

the static stage. This is particularly evident in Foam II where curves overlap substantially in 

the static stage making it hard to distinguish. 

In the following, the changes of the four parameters contained in the distribution function are 

examined. y0 is the offset of the curve; xc represents the mean bubble diameter of the foam 

and the standard deviation σ of the bubble size distribution is denoted by w/2. A is the area 

under the curve, so the height of the curve can be expressed as / / 2A w π . These parameters 

of Gaussian distribution functions of Foam I, Foam II and Foam III are listed in Appendix D. 
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Figure 4.4 Bubble size distribution of Foam I at different drainage time as determined from 

the images. 

 
Figure 4.5 Bubble size distribution of Foam II at different drainage time as determined from 

the images. 

 
Figure 4.6 Bubble size distribution of Foam III at different drainage time as determined from 

the images. 
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It can be seen from these tables the values of y0 are all close to zero. Thus, the effect of y0 can 

be neglected. The mean bubble diameters xc of the three foams show a small increase with the 

drainage time. For Foam I, xc increases from about 2.42 mm to about 2.54 mm. For Foam II, 

xc increases from about 4.24 mm to about 4.50 mm. For Foam III, xc_s (small bubbles in Foam 

III) increases from about 1.57 mm to about 1.61 mm. A bigger change of xc is observed for 

xc_b (big bubbles in Foam III), but in the static stage it only varies approximately between 

4.20 mm and 4.45 mm. These data of xc suggest that the bubbles in Foam II are almost twice 

as big as the bubbles in Foam I. However, although generated by the same pipette tip, xc_s < 

xc(Foam I) and xc_b < xc(Foam II). This may be due to the simultaneous use of the two tips 

which give rise to interacting effects. The bubbles generated by the two tips may 

mechanically interfere with each other as they rise in the liquid layer, which affects the foam 

generation. To compare these mean bubble diameters, their changes during the drainage 

period are shown in Figure 4.7. The standard deviation σ, i.e. w/2, is generally low for all the 

three types of foams. The narrowest bubble size distribution appears in Foam I, σ  < 0.124 

mm which is less than 5% of the mean bubble diameter. σ  < 0.7 mm in Foam II. σ_s < 0.229 

mm and σ_b < 0.479 mm in Foam III. The standard deviation data not only confirm that a 

desired foam with a narrow bubble size distribution has been produced but also show that a 

fitted function which is acceptable for monitoring the time evolution of the bubble size has 

been used. The values of A for these foams also show fairly small oscillations during the 

drainage period. Therefore, it can be inferred that unlike the liquid fraction, the bubble size 

distribution of these foams is almost constant during the foam drainage process. 
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Figure 4.7 The mean bubble diameters during free drainage processes of Foam I, II and III. 
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It should be noted that this bubble size calculation method does not take the bubble structural 

shape into account. Images in Figure 4.8-4.10 are the cropped pictures of Foam I, II and III 

with the corresponding drainage time and represent an area in the centre of the column where 

the scattering measurements are taken. To allow for greater clarity, the contrast of the original 

images is inverted and the brightness is adjusted. As the liquid drains out of the foam, the 

interstitial spaces between bubbles shrink leading to changes in the bubble shape. Further 

details of the interstitial spaces are given in Koehler et al. [35]. For aqueous foams, the 

typical film thickness is ≤ 100 nm [177], so most of the liquid resides in the channels and 

nodes. It can be seen from the photographs in Figure 4.8-4.10 that initially all bubbles have a 

near spherical shape especially in Foam I. As the liquid fraction decreases, the amount of 

liquid in the channels and nodes decreases. As a consequence the thickness of the films 

decreases and the channels become straight and slender with the disappearance of gaps in the 

nodes area. During the recorded drainage period, the foams gradually change from spherical 

foams to polyhedral foams as Bisperink [71] had described. These changes are particularly 

evident for Foam I. As small-molecule surfactant, the liquid flow through the SDS foam is 

basically dominated by the nodes [178]. Thus, after the disappearance of gaps in nodes area, 

the drainage rate becomes extremely slow and the liquid fraction tends to be stabilised. This 

is also substantiated by the evolution of the liquid fraction in Figure 4.1-4.3. 

It is also noticed that a large part of the bubble faces measured from the sample area are 

hexagons. However, since not all of the faces of the polyhedron bubble can be observed from 

the images and only the bubble faces contacting the column wall are measured, the average 

number of faces per bubble in the current study cannot be deduced by Coxeter’s identity 

equation [179]. More detailed discussion on the foam structure analysis with reference to a 

specific bubble “R” will be given in Section 5.3.2 to further investigate the Mueller matrix of 

the foam. 
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Figure 4.8 Bubble images of Foam I at different drainage time. Each image represents 1 cm2 

area at the centre of the column where the scattering are performed. 
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Figure 4.9 Bubble images of Foam II at different drainage time. Each image represents 1.5 

cm2 area at the centre of the column where the scattering are performed. 
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Figure 4.10 Bubble images of Foam III at different drainage time. Each image represents 1.5 

cm2 area at the centre of the column where the scattering are performed. 
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4.4 Effect of SDS foam properties on the degree of polarisation, P 

As the bubble size distribution of Foam I, II and III remains stable during the foam drainage 

processes (Figure 4.4-4.6), in the following section the effect of the liquid fraction on the 

light polarisation state in the three bubble size distribution cases will be analysed. 

Firstly, the effect of liquid fraction on the overall polarisation state through the degree of 

polarisation, P, will be examined, because P represents the entire polarised portion (including 

linear part and circular part) in a light beam. For completely polarised light, linearly or 

circularly, P equals to one. For unpolarised light, P equals to zero. P and other polarisation 

parameters, discussed later, are calculated according to Equations (2-10) - (2-14) described in 

Section 2.4.1. The variation of P with liquid fraction for Foam I, Foam II and Foam III are 

presented in Figure 4.11 for linearly polarised incident light and in Figure 4.12 for circularly 

polarised incident light. The three drainage stages are separated by the vertical dash dot lines 

in terms of the discussion on the liquid fraction in Section 4.2. Note that the liquid fraction is 

on a logarithmic scale for the sake of clarity. 

With a sharp decrease of the liquid fraction, the initial stage and the transitional stage 

occupying the right portion of Figure 4.11 and 4.12, represents an unstable period during 

foam drainage. In these two stages, the foam layer may move up and down over a small 

distance [117]. When the air pump is shut down, some bubbles still remain in the liquid layer 

and will rise up to the foam. As a result the foam layer may go down. On the other hand, 

liquid drains out from the initial foam layer into the liquid layer. Accordingly, the height of 

liquid layer will increase and the foam layer may then be pushed up through the column. The 

movement of the foam layer may cause the narrow laser light beam to be incident on the 

different parts of bubbles as time progresses and consequently influence the scattering events 

in the bulk of the foam. Thus, large measurement errors of P are observed in the initial and 

transitional stages for both linearly and circularly polarised incident light cases (Figure 4.11-

4.12). 
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Figure 4.11 Changes of degree of polarisation with liquid fraction in the static stage of SDS 

foams when the incident light is linearly polarised light. The x-axis is in the logarithmic scale.
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Figure 4.12 Changes of degree of polarisation with liquid fraction in the static stage of SDS 
foams when incident light is circularly polarised light. The x-axis is in the logarithmic scale.
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The standard deviation of the results of P in Figure 4.11 and 4.12 are listed in Appendix E. 

The maximum standard deviation in the initial and transitional stages of Foam I, II and III is 

0.390, 0.443 and 0.410, respectively. However, the maximum standard deviation of P in the 

static stage is no more than 0.1. In the static stage, foams stay almost in the same position and 

the scattering paths become stable, so the measurement error is reduced to a large extent. 

Therefore, the following discussion will only focus on the static stage. It should also be noted 

that the changes in the polarisation parameters will be described according to the decrease of 

the liquid fraction in the following discussion since that corresponds to the direction of 

increasing drainage time. This means that the points in the figures will be discussed in the 

right-to-left direction. 

It can be observed from Figure 4.11-4.12 that in the static stage the sensitivity of P to ε 

depends on the type of bubble size distribution and on the type of incident light. The solid 

line shown in the static stage is a linear best fit line between P and ε with outliers being 

ignored. The best fit function and the R2 value of the fitness are also shown in the figures. 

Although these lines may not fit the data well, they do indicate the general trend of the data.  

When vertical-linearly polarised light is used as the incident light (Figure 4.11), the degree of 

polarisation shows the strongest sensitivity to ε of Foam I based on the wide variations of P. 

In the static stage of Foam I, P shows a decreasing trend between approximately 0.64 and 

0.36 with decreasing ε. However, with an increase of bubble size in Foam II, the sensitivity 

of P due to ε is reduced. Not only that, P increases from about 0.2 to 0.38 with a decrease of 

ε in the static stage of Foam II, which is opposite to the trend in the static stage of Foam I. 

With increasing polydispersity in Foam III, P exhibits a positive trend in the static stage as in 

Foam II, increasing from about 0.15 to 0.38. 

The variation of P is different when left-circularly polarised light is used as the incident light 

instead of vertical-linearly polarised light (Figure 4.12). In the static stage of Foam I, P 

remains almost constant at 0.3 and shows no dependence on the liquid fraction. In contrast, a 

large dependence of P on ε is observed in the static stage of Foam II. P shows an obvious 

increasing trend from about 0.28 to 0.58 with the decrease of ε. For Foam III, a small 

sensitivity of P on ε is observed in the static stage. P generally varies between 0 and 0.2 with 

the liquid fraction in the case. 
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The degree of polarisation is the only polarisation parameter that has been investigated by 

previous studies and even so, the studies were confined to simulation studies. It is therefore 

useful to make a comparison. In the Monte Carlo/Ray-Tracing simulation results, the degree 

of polarisation is found to increase with increasing bubble size [26], increasing bubble 

separation distance and decreasing polydispersity [157]. In the current experimental work the 

bubble size of Foam II is larger than that of Foam I and the polydispersity of Foam III is 

higher than that of Foam I, so P of Foam I should be lower than P of Foam II and larger than 

P of Foam III according to their simulations. It can be seen from the variation range of P 

summarised in Table 4.2 that in linearly polarised incident light case PFoamI > PFoamII, PFoamI > 

PFoamIII and P of Foam II and Foam III have relatively close range. In circularly polarised 

incident light case in Figure 4.12, PFoamII > PFoamI >PFoamIII in general. Therefore, the current 

work experimental results in circularly polarised incident light case are in accordance with 

previous simulation results, but discrepancy occurs in linearly polarised incident light case. 

Table 4.2 The variation range of degree of polarisation of the three SDS foams. 

Foam type  Range of degree of polarisation a Range of degree of polarisation b 

Foam I 0.36 -0.64 0.26 - 0.30 

Foam II 0.20-0.38 0.28 - 0.58 

Foam III 0.15-0.38 0 - 0.20 

a:incident light is linearly polarised; b: incident light is circularly polarised. 

In addition, Wong et al. [156] have found that the scattered light in the circularly polarised 

light incident light case preserved its polarisation more than that of the case where linearly 

polarised light is used and P shows a distinguishable variation in circularly polarised incident 

light case. However, their simulations results are not consistent with the current work 

experimental results where P in circularly polarised incident light case has almost no 

sensitivity to the highly monodispersed foam and bidispersed foam. These differences 

between the simulation and the experiment results further demonstrate the limitations of 

theoretical simulations. Further experimental work on the foam using polarised light 

scattering technique is important for elucidating the discrepancies.  

To summarise, the degree of polarisation is found to be most sensitive to ε of Foam I in the 

linearly polarised incident light case, but the sensitivity is reduced with larger bubble size or 

higher polydispersity. In circularly polarised incident light case, the degree of polarisation 
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shows strong sensitivity to ε of Foam II but seems to be independent of ε for highly 

monodispersed foam and bidispersed foam. 

4.5 Effect of SDS foam properties on the degree of linear polarisation, PL 

In section 4.4 it has been shown that the completely polarised incident light is transformed 

into partially polarised light (P < 1). It is now necessary to further examine the effect of the 

liquid fraction on the linear and circular polarisation part of the partially polarised light. In 

this and the next section the dependencies of the degree of linear polarisation PL and the 

degree of circular polarisation PC upon the liquid fraction for all the three types of SDS foams 

will be investigated to determine whether the effects of liquid fraction on the different 

polarisation parts are the same as that on the overall state. It should be noted that no previous 

studies have been conducted on these polarisation parameters.  

PL is the linear portion of the polarised light. If circularly polarised light is used as the 

incident light, all the linear portion of the scattered light should be produced by the scattering 

events in the foam because initially PL equals to zero for circularly polarised light. Therefore, 

the circularly polarised incident light case will be discussed first in this section.  

The dependence of PL upon the liquid fraction of the three SDS foams is presented in Figure 

4.13 for circularly polarised incident light circumstance. As with the degree of polarisation P, 

the discussion of PL and other polarisation parameters discussed later will only focus on the 

static stage because of the large measurement error that is evident in the initial and 

transitional stages. 

Being a representative measure of the scattering effect, PL is expected to show 

distinguishable variations with the liquid fraction under circularly polarised light incident 

circumstances. This has been shown by the results of Foam II in Figure 4.13. PL in the static 

stage of Foam II progressively decreases from about 0.21 to around 0.08 with decreasing 

liquid fraction. However, the sensitivities of PL to ε are small in the static stages of Foam I 

and Foam III. PL of Foam I tends to remain constant around 0.27 and some fluctuations 

between 0 and 0.15 are observed in PL of Foam III. No general linear trend with high 

correlation coefficient is found for Foam I and Foam III. 
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Figure 4.13 Changes of the degree of linear polarisation PL with liquid fraction in the static 

stage of the three SDS foams when the incident light is circularly polarised light. 

The different situation of PL with ε in the small bubble system (Foam I) and big bubble 

system (Foam II) described in the last paragraph may be explained by the findings of Bicout 

et al. [180] and MacKintosh et al. [181]. Bicout et al. [180] found that the polarisation 

characteristic depended on whether it is initially linearly or circularly polarised and on the 

particle size. Similarly, MacKintosh et al. [181] discovered a striking difference of the ability 

to preserve the polarisation state between small and large scattering particles for circularly 

polarised light. For small bubbles, the helicity of circularly polarised light is flipped by the 

non-diffusive scattering paths which results in a quicker randomisation of circular 

polarisation and a slower randomisation of propagation direction. For large bubbles, the 

helicity of circularly polarised light is preserved over a longer length scale of the scattering 

paths which results in an opposite randomisation effect on the scattering process. 

Consequently, different sensitivities are shown in the results of PL for Foam I and Foam II. 

For bidispersed foam – Foam III, PL may be influenced by small bubbles and large bubbles 

simultaneously. As a consequence, a larger depolarisation ratio and less sensitivity of PL are 

found in Foam III. 
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Figure 4.14 Changes of the degree of linear polarisation PL with liquid fraction in the static 

stage of the three SDS foams when the incident light is linearly polarised light. 

In the circumstance where the incident light is linearly polarised light (Figure 4.14), large 

sensitivity of PL to ε is found in Foam I and Foam II. PL of Foam I shows a general 

decreasing trend with decreasing ε. Conversely, PL of Foam II exhibits an increasing trend 

with decreasing ε. For bidispersed foam – Foam III, the sensitivity of PL to ε is reduced and 

no clear trend is observed. Moreover, comparing Figure 4.14 and Figure 4.11, a similar trend 

is found between PL and P for the three SDS foams. This suggests that the linear portion of 

the polarised light is a good indicator of polarisation state when using linearly polarised 

incident light. 

To summarise, when the circularly polarised light is used as the incident light, PL seems to be 

only sensitive for Foam II which is a monodispersed foam containing larger bubbles than 

Foam I. By contrast, when the linearly polarised light is used as the incident light, PL shows 

sensitivity to the two monodispersed foams. For bidispersed foam – Foam III, the sensitivity 

of PL to ε is reduced. 

4.6 Effect of SDS foam properties on the degree of circular polarisation, PC 

In this section, the effect of liquid fraction and bubble size distribution on the degree of 

circular polarisation, PC, will be examined. 
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Figure 4.15 Changes of the degree of circular polarisation PC with liquid fraction in the 

static stage of the three SDS foams when the incident light is linearly polarised light. 

PC represents the circular portion of the polarised light. Therefore, if linearly polarised light is 

used as the incident light, all the circular part of the scattered light are generated during the 

scattering process in the foam since initially PC is zero. Therefore, the linearly polarised 

incident light case will be discussed first in this section. If the polarisation characteristic 

depends strongly on the liquid fraction of the foam, PC is expected to display a wide range of 

variation in the linearly polarised incident light case. This is clearly demonstrated by the 

experiment results of monodispersed foams (Figure 4.15). As can be seen from Figure 4.15, a 

linear trend line with a high correlation coefficient1 is found between PC and ε for both Foam 

I and Foam II. R2 is 0.931 for Foam I and is 0.909 for Foam II. PC of Foam I decreases 

significantly, from about 0.55 to about 0.28 with a decrease of the liquid fraction from 0.006 

to 0.0044 in the static stage. PC of Foam II decreases from about 0.15 to approximately -0.15 

as ε decreases from about 0.004 to 0.0028. In the case of Foam III in Figure 4.15, PC 

increases slightly from about 0.14 to about 0.31 as ε decreases from 0.0035 to 0.003 in the 

static stage. 

It should be also noted that except for a few points in Foam II, most of the values of PC of are 

above zero. This indicates that the initial linearly polarised incident light is transformed to 

                                                 
1 In fitting the lines, obvious outliers have been ignored. If these outliers are also considered, the correlation 
coefficient will be reduced to a certain extent. 
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right-elliptically polarised light after they are scattered by the foam because a positive value 

indicates a right-handed polarisation state as described in Section 2.4.1.2. 

 
Figure 4.16 Changes of the degree of circular polarisation PC with liquid fraction in the 
static stage of the three SDS foams when the incident light is circularly polarised light. 

In the case where the incident light is circularly polarised light, a larger sensitivity of PC to ε 

is found for Foam II in comparison with that of Foam I and Foam III as shown in Figure 4.16. 

In the static stage, PC of Foam I decreases from about 0.13 to about -0.03 with a decrease of ε 

from 0.006 to 0.0044. PC of Foam III rises slightly from about -0.08 to around 0.06 as ε 

decreases from 0.0035 to 0.003. A big increase of PC from about 0.25 to around 0.50 with 

decreasing ε from about 0.004 to 0.0028 is observed in Foam II. 

It is also noted that the trends observed for Foam I and Foam II is different in Figure 4.16. 

This may be attributed to the substantial difference of polarisation memory between small 

and large scattering particles for circularly polarised light as discussed in Section 4.5. It is 

also worth noting that except for a few points in Figure 4.16, most of the values of PC are 

positive in the circularly polarised incident light case. This suggests that not only the 

polarisation degree of the initial left-circularly polarised incident light has decayed but also 

the handedness has been changed from left-handed to right-handed. 

To summarise, it is promising that in the case of linearly polarised incident light, a clear 

linear trend is found for PC versus ε as shown in Figure 4.15 in the static stage of all the three 

types of foams. In the circularly polarised incident light case, the sensitivity of PC to ε in 
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Foam II is stronger than that in Foam I and Foam III. In addition to the changes in the 

polarisation degree, the transformation of handedness is also found. The initial incident light 

is found to be turned into right-elliptically polarised light after multiple scattering in the foam. 

Thus, PC appears to be the most suitable parameter among P, PL and PC for evaluating the 

foam properties in terms of the higher sensitivity and correlation coefficients compared with 

that of P and PL. 

4.7 Effect of SDS foam properties on the orientation angle, ψ 

The orientation angle ψ and the ellipticity angle χ are two important parameters of the 

polarisation ellipse [182]. They have been introduced in detail in Section 2.4.1.2. The 

direction and the shape of the polarisation ellipse are determined by ψ and χ, respectively. In 

this section and the next the dependencies of these two polarisation parameters will be 

investigated to examine the effect of the liquid fraction on the propagation form of polarised 

light in the three different types of foams. 

 
Figure 4.17 Changes of the orientation angle ψ with liquid fraction in the static stage of the 

three SDS foams when the incident light is linearly polarised light. 

When the incident light is linearly polarised, ψ of the light scattered by Foam I and Foam II 

show minor variations (< 15°) with decrease of the liquid fraction in the static stage as shown 

in Figure 4.17. 

However, it is noticed that there are anomalous variation in Foam III indicated by the red 
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liquid films, because bubble coalescence is not observed in current experimental work as 

discussed in Section 4.3. A possible reason for these variation may be due to the foam 

undergoing sudden structural rearrangement [183, 184]. This kind of rearrangement events 

will not alter the bubble size distribution [20], but they can completely randomise the phase 

of the light photons whose path crosses the rearranged foam region [185]; accordingly these 

events lead to large fluctuations in the intensity of the scattered light and affect the 

propagation of the light through the foam.  

The other polarisation parameters remain reasonably stable and do not exhibit the same 

sensitivity as ψ. The reason is explained in the following. Sudden structural rearrangement in 

the bulk of foam may change the reference coordinate system of the polarised light, for 

example the coordinate axes may rotate. As the orientation angle is the angle between the 

direction of the x axis of the coordinate system and the direction of the major axis of the 

polarisation ellipse, it changes consequently when the foam structure suddenly rearranges. 

The other parameters are independent of the coordinate system so they are not affected by the 

rearrangement events. If this explanation is correct, without considering the effect of 

rearrangement, it can be concluded that the orientation angle is independent of the liquid 

fraction in linearly polarised incident light case. 

 
Figure 4.18 Changes of the orientation angle ψ with liquid fraction in the static stage of the 

three SDS foams when the incident light is circularly polarised light. 
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4.18), a small decrease of ψ from about 2° to -12° is observed in Foam I. However, 

significant variation of ψ is found in Foam II and Foam III. ψ of Foam II fluctuates between 

40° and 5° and ψ of Foam III varies between around 10° to -30°. No clear linear trends are 

found for these two foams. Also no abrupt changes as in Foam III of Figure 4.17 are observed 

in the circularly polarised incident light case. The different results observed between linearly 

and circularly polarised light imply that the type of initial incident light has a strong influence 

on the polarisation characteristics [180]. 

To summarise, when the incident light is linearly polarised light, ψ tends to be independent of 

the liquid fraction for all the three types of foams; when the incident light is circularly 

polarised light, a slight change of ψ is observed in small-bubble monodispersed foam while 

distinguishable changes occurs for big-bubble monodispersed foam and bidispersed foam. 

4.8 Effect of SDS foam properties on the ellipticity angle, χ 

The changes of ellipticity angle χ with liquid fraction in the static stage of Foam I, Foam II 

and Foam III are presented in Figure 4.19 for the linearly polarised incident light case and in 

Figure 4.20 for the circularly polarised incident light case. 

 
Figure 4.19 Changes of the ellipticity angle χ with liquid fraction in the static stage of the 

three SDS foams when the incident light is linearly polarised light. 
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Figure 4.20 Changes of the ellipticity angle χ with liquid fraction in the static stage of the 

three SDS foams when the incident light is circularly polarised light. 

Comparing Figure 4.19 with Figure 4.15, Figure 4.20 with Figure 4.16, it can be found that 

the ellipticity angle χ shows identical responses to changes in the liquid fraction as PC does 

because these two parameters are both calculated from the ratio of S3 to S0. A linear trend of 

χ with ε is seen in the static stage of all the three types of foams for linearly polarised 

incident light case. χ of Foam II exhibits larger sensitivity to ε than that of Foam I and III. 

Most of the values of χ are positive which indicates that the incident light is converted into 

right-elliptically polarised light by the scattering events in the foam. 

In addition to these results, extra information about the shape of the polarisation ellipse can 

be obtained from the parameter χ. As described in Section 2.4.1.2 since tanχ = ± b/a, where a 

and b are the lengths of the semi-major and semi-minor axes of the polarisation ellipse 

respectively, the increase of the absolute value of χ implies that the ellipticity of the 

polarisation ellipse of polarised scattered light becomes more circular. If χ = 45°, then the 

polarisation ellipse grows into a perfect circle circular. In contrast, a decrease of the absolute 

value of χ indicates a more oblate polarisation ellipse. 

For Foam I the polarisation ellipse is more circular when the incident light is linearly 

polarised light in terms of the significant changes of χ between about 7° and 16° (Figure 

4.19). On the other hand, the polarisation ellipse of scattered light becomes quite oblate when 

0.004 0.005 0.006

-10

0

10

20

30
χ (

°)

ε

 χ = 2682.28 × ε - 11.70
R2 = 0.773

Foam I

0.003 0.004ε

 χ = -9085.94 × ε + 43.05
R2 = 0.380

Foam II

0.0030 0.0032 0.0034

Foam III

ε

 χ = -5704.26 × ε + 18.40
R2 = 0.701



Chapter 4. Effect of SDS foam on polarised light characteristics 

85 

the incident light is circularly polarised light because the absolute value of χ is less than 4° 

(Figure 4.20). 

The opposite situation occurs in Foam II. The polarisation ellipse of the scattered light turns 

out to be more oblate in linearly polarised incident light circumstance based on the small 

absolute value of χ of Foam II in Figure 4.19 (< 5°). In contrast, the polarisation ellipse 

becomes more circular in circularly polarised incident light circumstance since the absolute 

value of χ of Foam II is between 7° and about 20° in Figure 4.20. 

It is then reasonable to infer that small bubbles have a greater impact on the shape of 

circularly polarised incident light than on linearly polarised incident light. A flatter shape 

makes the propagation of light more convenient in the scattering paths which are short and 

narrow for small-bubble foams. By contrast, big bubbles appear to influence more on linearly 

polarised incident light by making it more oblate. Therefore, when small bubbles and big 

bubbles are present simultaneously in Foam III, the shape difference of the polarisation 

ellipse between linearly and circularly polarised incident light cases is not so obvious as that 

in Foam I and Foam II. The absolute value of χ varies between 3° and 9° in linearly polarised 

incident light case and between 0° and 3° in circularly polarised incident light case.  

In conclusion, χ has identical changes with the liquid fraction as PC does as expected, but χ 

provides valuable information about the shape changes of the polarisation ellipse during the 

free drainage period. Small bubbles tend to make circularly polarised incident light more 

oblate whereas big bubbles appears to have more influence on linearly polarised incident 

light, by making its polarisation ellipse more oblate. 

4.9 Conclusions 

In this chapter, the effect of liquid fraction and bubble size distribution of foam stabilised by 

SDS on the light polarisation state is investigated using linearly and circularly polarised 

incident light. It is found that the drainage period can be clearly divided into three distinct 

stages according to the rate of decrease of the liquid fraction. They are the initial stage, the 

transitional stage and the static stage. During all these stages, the bubble size distribution of 

all the three types of foams remains almost constant, and this is particularly so in the static 

stage. These foam properties have important consequences on the polarisation state of the 

light scattered by the foam. In the static stage the five polarisation parameters show quite 
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different behaviours with the liquid fraction and the bubble size distribution under different 

incident light situations. 

For the degree of polarisation P, the strongest sensitivity is shown to ε of Foam I in the 

linearly polarised incident light case, but the sensitivity is reduced in foams with larger 

bubble size or higher polydispersity. In the circularly polarised incident light case, P shows 

large dependence on ε for big-bubble monodispersed foam but appears to be independent of ε 

for small-bubble monodispersed foam and bidispersed foam. 

For the degree of linear polarisation PL, strong sensitivity is observed in two types of 

monodisperse foams when the incident light is linearly polarised. In the circularly polarised 

incident light case, PL appears to be only sensitive to Foam II just as P does. 

The most promising discovery is found in the results of the degree of circular polarisation PC. 

In the linearly polarised incident light case, the PC variation is easily discerned and it changes 

monotonically with ε, and this is particularly so for monodispersed foams. A large sensitivity 

of PC to ε is also found in Foam II with circularly polarised incident light. Among P, PL and 

PC, PC appears to be the most suitable parameter for evaluating the foam properties because 

of the higher sensitivity and stricter monotonic trend of PC to ε. 

The orientation angle of the polarisation ellipse ψ tends to be independent of the liquid 

fraction in the linearly polarised incident light case. ψ may be a good parameter to identify 

foam rearrangement events for polydispersed foams. 

The ellipticity angle of the polarisation ellipse χ provides useful statistics about the 

handedness and the shape changes of the polarisation ellipse during the free drainage period. 

In conclusion, for the first time in the study of foams as can be established by a search of the 

literature, all the five parameters of polarisation are investigated in a polarised light scattering 

process. Except ψ, all of P, PL, PC, and χ are shown to be sensitive to varying degrees to the 

liquid fraction and the bubble size distribution of SDS foams. Most of them display a 

dynamic range in the static stage of monodispersed foams and show less sensitivity to 

bidispersed foam overall. These results have demonstrated the feasibility of using the 

polarised light scattering approach on the SDS foam, thus providing foundations for the 

further studies. 
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Chapter 5. Correlation between Mueller matrix elements and 

SDS foam properties 

5.1 Introduction 

In Chapter 4 the polarisation scattering characteristics of SDS foams have been studied using 

two types of completely polarised incident light. The feasibility of polarised light scattering 

technique (PLST) on the SDS foams has been confirmed by the examination on five 

polarisation parameters. PLST has been shown to be an effective method for examining 

foams in terms of the high sensitivity of the polarisation parameters to the liquid fraction and 

the bubble size distribution of SDS foams. Since PLST is non-invasive, fast and economical, 

it is also a likely candidate for the purpose of monitoring foams when this is required. 

Therefore, the next stage is to further investigate the Mueller matrix (or Scattering matrix) 

which contains invaluable information about the optical and geometrical properties of a 

scattering medium (See Section 2.4.1.3 for details). Once an accurate correlation between the 

Mueller matrix elements and the foam properties is obtained, this method can be used to 

elucidate foam microstructure on the basis of experimentally measured Mueller matrix 

elements followed by an inverse analysis. 

The aim of this chapter is therefore to find the correlation between the Mueller matrix 

elements and the properties of SDS foams. The six independent Mueller matrix elements (M11, 

M12, M22, M33, M34, M44) are measured by using a predetermined set of polariser and retarder 

combinations (See Section 3.4 for details). The effect of the liquid fraction of foams with 

different bubble size distributions on these Mueller matrix elements is investigated. 

It should be noted that it is important to measure the liquid fraction and the bubble size 

distribution simultaneously with the determination of the Mueller matrix elements. In fact, 

the Mueller matrix elements are influenced by both these two parameters because they can 

both cause changes in the foam physical and chemical properties and consequently affecting 

the light scattering process. However, none of the previous studies have investigated the 

independent effect of bubble size distribution and liquid fraction, so they are not able to 

decouple the effects caused by the different parameters. 
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5.2 Evolution of liquid fraction 

To investigate the quantitative correlation between the Mueller matrix elements and foam 

properties, the variances associated with foam should be identified first. In this section, the 

time evolution of liquid fraction will be discussed. It should be noted that the SDS foams 

used in the Mueller matrix experiment are generated under the same conditions as that used 

in the Stokes vector experiment in Chapter 4. That is to say, Foam I, Foam II and Foam III 

are also used in the Mueller matrix measurement experiment in this chapter.  

The evolution of the liquid fraction (ε) during the drainage processes of Foam I, Foam II and 

Foam III in the Mueller matrix experiment are presented in Figure 5.1, Figure 5.2 and Figure 

5.3 respectively. The symbol and the error bar represent the arithmetic mean and the range of 

the repeat measurements. The liquid fraction is also calculated from the pressure gradient 

between the two pressure sensors using Equation (3-8). It should be noted that Figure 5.1, 5.2 

and 5.3 are effectively repeats of Figure 4.1, 4.2 and 4.3. 

By comparing these figures with Figure 4.1-4.3, it can be seen that the behaviours of the 

liquid fraction are essentially the same and are within the experimental repeatability. The 

repeatability of the liquid fraction of the three SDS foams is calculated using single factor 

analysis of variance (ANOVA) tests [186]. A high degree of repeatability is obtained for all 

the three SDS foams (Foam I, repeatability = 0.96, F = 135.23, P < 0.001; Foam II, 

repeatability = 0.93, F = 81.02, P < 0.001; Foam III, repeatability = 0.91, F = 58.69, P < 

0.001). Details of ANOVA results are listed in Appendix F. This confirms that SDS foams 

can be regenerated with high accuracy and repeatability. Therefore, no further discussion in 

this respect will not be repeated here, but it is still needed to list the boundary of the liquid 

fractions of the three stages because they are slightly different from that of the results in 

Figure 4.1-4.3 and the Mueller matrix elements obtained from the optical system will be 

discussed according to these stages in Section 5.4. The boundary values for the liquid 

fractions are shown in Table 5.1. Similarly, the Mueller matrix experiment is only conducted 

for 400 seconds for Foam III as there is almost no variation observed in Foam III after 400 

seconds. 
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Figure 5.1 Variation of the liquid fraction with drainage time for Foam I in the Mueller 

matrix experiment. 

 
Figure 5.2 Variation of the liquid fraction with drainage time for Foam II in the Mueller 

matrix experiment. 

 
Figure 5.3 Variation of the liquid fraction with drainage time for Foam III in the Mueller 

matrix experiment.
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Table 5.1 The boundary of the liquid fractions of the three drainage stages of SDS foams in 
the Mueller matrix experiments. 

 Foam I 

Drainage stage Drainage time Liquid fraction (ε) range 

initial stage 0 - 100 s ε > 0.009 

transitional stage 100 - 285 s 0.0065 < ε < 0.009 

static stage 285 - 600 s ε < 0.0065 

    Foam II 

Drainage stage Drainage time Liquid fraction (ε) range 

initial stage 0 - 100 s ε > 0.008 

transitional stage 100 - 285 s 0.0048 < ε < 0.008 

static stage 285 - 600 s ε < 0.0048 

   Foam III 

Drainage stage Drainage time Liquid fraction (ε) range 

initial stage 0 - 50 s ε > 0.0065 

transitional stage 50 - 175 s 0.0038 < ε < 0.0065 

static stage 175 - 400 s ε < 0.0038 

5.3 Evolution of bubbles 

In this section the evolution of bubbles during the foam drainage process will be examined 

from two perspectives. One is the evolution of bubble size distribution and the other is the 

evolution of bubble geometrical shape. As the Mueller matrix elements may contain 

information about foam structural features [22], it is then necessary to pay attention to the 

foam structural changes. 

5.3.1 Evolution of bubble size distribution 

The bubble size distribution of Foam I, Foam II and Foam III used in the Mueller matrix 

experiment is analysed statistically with the same method described in Section 4.3. 

The distribution frequencies of bubble diameters at different drainage time of Foam I, Foam 

II and Foam III are calculated first and then these frequencies are fitted to the Gaussian 

distribution function (Equation (4-1)). The resultant distribution functions are plotted in 
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Figure 5.4 for Foam I, Figure 5.5 for Foam II and Figure 5.6 for Foam III. The curves in 

green, red and blue colours correspond to the initial stage, the transitional stage and the static 

stage of foams in terms of the liquid fraction in Figure 5.1-5.3, respectively. Histograms of 

the distribution frequencies are provided in Appendix G and the R square values of the fitness 

for the three types of foams are shown in Appendix H. 

It can be seen from Figure 5.4-5.6 that the type of bubble size distribution of Foam I, Foam II 

and Foam III has a slight change during the whole drainage period particularly in the static 

stage. This can be demonstrated by the small variation of the four parameters of the Gaussian 

distribution functions which are listed in Appendix I. The repeatability of SDS foams is also 

tested using ANOVA of the mean bubble diameters (See results in Appendix J). The 

repeatability is 0.99, 0.69, 0.75, and 0.82 for Foam I, Foam II, small bubbles of Foam III and 

big bubbles of Foam III, respectively. These high repeatability values indicate that no 

significant difference exists between the results of the Mueller matrix experiment and the 

results of the Stokes vector experiment. The changes of the mean bubble diameters are given 

in Figure 5.7. 

The bubble size distribution of Foam I and Foam II can be considered as monodispersed 

since a clear single mode exists in Foam I as shown in Figure 5.4 and in Foam II as shown in 

Figure 5.5. The bubble size distribution of Foam III is bidispersed as two modes are clearly 

observed in Foam III as shown in Figure 5.6. 

In summary, with the good repeatability of SDS foams, the bubble size distribution of foams 

used in the Mueller matrix experiment remains nearly unchanged during the drainage process. 



Chapter 5. Correlation between Mueller matrix elements and SDS foam properties 

92 

 
Figure 5.4 Bubble size distribution of Foam I at different drainage time in the Mueller matrix 

experiment. 

 
Figure 5.5 Bubble size distribution of Foam II at different drainage time in the Mueller 

matrix experiment. 

 
Figure 5.6 Bubble size distribution of Foam III at different drainage time in the Mueller 

matrix experiment. 

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0
0.0

0.1

0.2

0.3

0.4
0.45

 12 s      36 s
 60 s      84 s
 108 s    132 s
 156 s    180 s
 204 s    228 s
 252 s    276 s
 300 s    324 s
 348 s    372 s
 396 s    420 s
 444 s    468 s
 492 s    516 s
 540 s    564 s
 588 s

fre
qu

en
cy

diameter (mm)

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0
0.0

0.1

0.2

0.3

0.4
0.45

 12 s     36 s
 60 s     84 s
 108 s   132 s
 156 s   180 s
 204 s   228 s
 252 s   276 s
 300 s   324 s
 348 s   372 s
 396 s   420 s
 444 s   468 s
 492 s   516 s
 540 s   564 s
 588 s

fre
qu

en
cy

diameter (mm)

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0
0.0

0.1

0.2

0.3

0.4
0.45

 8 s        24 s      40 s      56 s
 72 s      88 s    104 s   120 s
 136 s   152 s   168 s   184 s
 200 s   216 s   232 s   248 s
 264 s   280 s   296 s   312 s
 328 s   344 s   360 s   376 s
 392 s

fre
qu

en
cy

diameter (mm)



Chapter 5. Correlation between Mueller matrix elements and SDS foam properties 

93 

0 100 200 300 400 500 600
1.4

2

3

4

x c (
m

m
)

t (s)

 Foam I
 Foam II
 Foam III small bubble
 Foam III big bubble

 
Figure 5.7 The mean bubble diameters during free drainage processes of Foam I, II and III 

in the Mueller matrix experiment. 

5.3.2 Evolution of the bubble geometrical shape 

In this section, the evolution of bubbles will be examined from the perspective of bubble 

geometrical shape. Images in Figure 5.8-5.10 are cropped pictures of Foam I, II and III with 

the corresponding drainage time shown and they represent an area in the centre of the column 

where the scattering measurements are taken. 

From these pictures, no film rupture and bubble coalescence has been observed in the free 

drainage period for all the three types of foams. This is because the coalescence rate depends 

largely on the nature and the concentration of the surfactant/surface active molecule [38] as 

described in Section 2.1.5. In this chapter, the surfactant used is SDS. It is well-known as a 

highly surface active surfactant which can be firmly adsorbed at the gas-liquid interface [167]. 

At the same time, the concentration of SDS is 2.92 g l-1 which is well above the critical 

micelle concentration (CMC). This high concentration ensures that there is always enough 

surfactant adsorbed at the interface to maintain the elasticity of the films. As a result, the film 

rupture and the bubble coalescence is greatly reduced because of the high foam stability [64, 

65]. 
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Figure 5.8 Bubble images of Foam I at different drainage time in the Mueller matrix 
experiment. Each image represents 1 cm2 area at the centre of the column where the 

scattering measurements are performed and the letter “R” indicates a typical hexagon 
bubble selected in Foam I as being representative. 
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Figure 5.9 Bubble images of Foam II at different drainage time in the Mueller matrix 
experiment. Each image represents 1.5 cm2 area at the centre of the column where the 
scattering measurements are performed and the letter “R” indicates a typical hexagon 

bubble selected in Foam II as being representative. 
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Figure 5.10 Bubble images of Foam III at different drainage time in the Mueller matrix 
experiment. Each image represents 1.5 cm2 area at the centre of the column where the 

scattering measurements are performed. The letter “r” and “R” indicate a typical bubble 
selected as being representative of small bubbles and big bubbles in Foam III. 
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Some minor changes in the bubble shape can also be found in the drainage period from the 

bubble images in Figure 5.8-5.10. One example is the evolution of the nodes. In the initial 

stage of all the three types of foams, the node area which forms the junction of three adjacent 

bubbles is occupied by liquid so the Plateau borders are joined by a curved triangular shape. 

As the liquid drains out of the foam, the shape turns into a point formed by three straight lines 

in the subsequent drainage period. Another example is the evolution of the Plateau borders 

(or Channels). Plateau borders are the edges where bubble films intersect [35] (Figure 2.2 in 

Section 2.1.1). In the 2D foam images, the sides of bubbles should then be considered as the 

Plateau borders. It can be seen from Figure 5.8-5.10 that, the Plateau borders of SDS foams 

gradually change from a circular arc shape to a linear shape during the drainage period. At 

the same time, they become more and more slender with the liquid draining. These changes 

are most obvious in Foam I in Figure 5.8. 

Although the change of the films is difficult to be accurately identified from 2D images, it 

can be inferred that the films also become increasingly thin in the drainage period. Films 

form between two adjacent bubble faces (Figure 2.2 in Section 2.1.1). Since each film drains 

into its own bounding Plateau borders and does not transmit the drainage of other films [187], 

a slender Plateau border implies a thin film. In general, during the foam free drainage period, 

spherical bubbles contained in the three SDS foams gradually change into polyhedrons. 

These foam structural changes are difficult to quantify and they will affect the form of 

propagation and the scattering path of the polarised light. Hence, in the this chapter to 

demonstrate the bubble shape changes due to the evolution of films and Plateau borders, one 

or two bubbles that can be observed in all foam images during the drainage period are 

selected as being representative. As most of the bubbles in Foam I and Foam II are hexagon, 

a typical hexagonal bubble is selected. This bubble is indicated by the letter “R” in Figure 5.8 

and Figure 5.9. Foam III contains a large number of small pentagonal bubbles, thus a typical 

pentagonal bubble is selected which is indicated by the letter “r” in Figure 5.10. The typical 

bubble which is marked by the letter “R” in Figure 5.10 is selected to represent the big 

bubbles in Foam III and it has eleven sides because it is bounded by eleven neighbouring 

bubbles. The thicknesses and lengths of these bubble sides are tracked, measured and plotted 

with drainage time in Figure 5.12 for Foam I, Figure 5.13 for Foam II and Figure 5.14 & 

Figure 5.15 for Foam III. The Plateau border in the foam is treated as a “dog-bone” shape 

with a quarter of a vertex at each end [35] and the length of the sides measured is the distance 

between the centres of the two adjacent vertices of a Plateau border  [188] (Figure 5.11). . It 
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should also be noted that these measurements only start from the time when the polygonal 

shape of the bubbles is evident and the boundary of bubble sides is clearly recognisable. This 

means that the measurement starts from 132 seconds for Foam I and Foam II and 88 seconds 

for Foam III. 

  
Figure 5.11 The dog-bone shaped Plateau border (left) and the measurement of the length (L) 

and the thickness (D) of the bubble sides (right). 

L
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Figure 5.12 The thicknesses and the lengths of six sides of the “R” bubble measured from the 

images of Foam I. The error bars represent the range of repeated measurements. 
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Figure 5.13 The thicknesses and the lengths of six sides of the “R” bubble measured from the 

images of Foam II. The error bars represent the range of repeated measurements. 
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Figure 5.14 The thicknesses and the lengths of five sides of the “r” bubble measured from the 

images of Foam III. The error bars represent the range of repeated measurements. 
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Figure 5.15 The thicknesses and the lengths of sides of the “R” bubble measured from the 

images of Foam III. The error bars represent the range of repeated measurements. 
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In the following the thicknesses and the lengths data of the sides of a typical “R” bubbles will 

be discussed from two aspects. 

The first aspect is the trend of the data. The length is the distance between the centres of the 

two adjacent vertices of a Plateau border (Figure 5.11), so the area-equivalent bubble 

diameter should largely depend on the length of the bubble sides. As shown in Figure 5.7 and 

Table 5.2, the mean bubble diameters of the three SDS foams vary slightly during the 

drainage time (<10 %). Therefore, the lengths of the bubble sides should also show small 

variations. As expected, the lengths of all the sides do not vary significantly with drainage 

time. The maximum change of the length of sides is less than 0.304 mm which accounts for 

20.5 % of the initial length of the side that shows the maximum change (Table 5.2).  In 

contrast, large decreases with time are observed for the thicknesses of the sides of all the 

three types of foams. The maximum decrease in the thickness of the sides accounts for about 

64 % of the initial thickness of the side (Table 5.2). Since Plateau borders are occupied by the 

liquid, the cross section of the Plateau borders (i.e. the sides of bubbles in 2D photos) 

depends strongly on the liquid fraction [189] and it shrinks as the liquid drains out. 

Table 5.2 The maximum change of the lengths and the thicknesses of the “R” bubble sides. 

Foam type 

maximum 
change of 

mean 
bubble 

diameter 

diameter 
change 

percentage* 

maximum 
change of 
length of 

sides 

length change 
percentage** 

maximum 
change of 
thickness 
of sides 

thickness 
change 

percentage** 

 (mm)  (mm)  (mm)  

Foam I 0.126 5.2% 0.075 4.7% 0.106 60.6% 

Foam II 0.199 4.6% 0.273 11.3% 0.09 63.8% 

Foam III_s 0.140 9.3% 0.145 10.1% 0.044 45.4% 

Foam III_b 0.353 8.8% 0.304 20.5% 0.079 56.4% 
Foam III_s: the typical small bubble in Foam III; Foam III_b: the typical big bubble in Foam III; 
*: how much of the maximum change of mean bubble diameter accounts for the initial mean bubble diameter; 
**: how much of the maximum change of length/thickness accounts for the initial length/thickness of the bubble side that 
shows the maximum change. 

The second aspect is the range of the data. The range of length of the typical bubbles for three 

foams is quite different. The range of the lengths and the thicknesses of the “R” bubble sides 

are listed in Table 5.3. It can be seen from Table 5.3 that a typical bubble in Foam II has the 

longest sides corresponding to the large bubble diameter in Foam II. The range length of the 

small bubble sides in Foam III is close to that of Foam I bubble, while the sides of Foam III 
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big bubble become more in number and shorter in length which results in a larger 

circumference and consequently a larger diameter for the bubble. By contrast, the thickness 

of the typical bubbles for the three foams has a similar range (See Table 5.3). This indicates 

that unlike the length of the bubble sides, the thickness of the bubble sides is largely 

independent of the bubble diameter. 

Table 5.3 The range of the lengths and thicknesses of the “R” bubble sides. 

Foam type  length range (mm) thickness range (mm) 

Foam I 1.10-1.80 0.042-0.182 

Foam II 2.10-3.35 0.055-0.245 

Foam III_s 0.74-1.60 0.040-0.147 

Foam III_b 0.60-2.50 0.033-0.150 

Foam III_s: the typical small bubble in Foam III; Foam III_b: the typical big bubble in Foam III 

To summarise, the variation of length of typical bubbles is in agreement with the bubble 

diameter to a great extent from both the trend and range of the length variation. The thickness 

of the typical bubbles’ sides in all three foams decreases with time of drainage. More 

importantly, the thickness of the bubble sides is independent of the bubble diameter. Thus, 

the average thickness of the sides of the typical bubble will be used as a parameter to 

represent the bubble shape effect of foam and will be discussed in conjunction with the 

Mueller matrix elements in Section 5.5. 

5.4 Correlation between Mueller matrix elements and liquid fraction 

Although the bubble size distribution remains almost constant during the free drainage period 

of the three SDS foams as discussed in Section 5.3.1, the liquid fraction and the thickness of 

the bubble sides both show significant variations. Therefore, it is necessary to investigate the 

relationships between these two varying parameters of SDS foams and the Mueller Matrix. In 

this section, the correlations between the six independent Mueller matrix elements (M11, M12, 

M22, M33, M34, M44) for the three SDS foams and the liquid fraction will be examined. These 

Mueller matrix elements are measured and calculated using the method described in Section 

3.4 and then normalised by dividing by M11 according to Equation (2-18) in Section 2.4.1.3. 

This normalisation method is applied here so as to isolate the intensity dependent effects from 

the polarisation effects and also to simplify the analysis [147]. 
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5.4.1 Correlation between Mueller matrix elements and liquid fraction of Foam I 

The six normalised Mueller matrix elements Nij (N11, N12, N22, N33, N34, N44) of Foam I are 

plotted against the measured liquid fraction (ε) in Figure 5.16. The three drainage stages are 

separated by the vertical dash dot lines in terms of the discussion on the liquid fraction in 

Section 5.2. The solid lines are the fitted curves of Nij to illustrate the general trend of the 

data. Note that the liquid fraction is on the logarithmic scale for clarity. 

 
Figure 5.16 The six independent normalised Mueller matrix elements (Nij) of Foam I at 

scattering angle135° as a function of the liquid fraction. The liquid fraction is in the 
logarithmic scale. 

It can be observed from Figure 5.16 that, in terms of sensitivity, N22 and N33 show a wide 

dynamic range with a clear dependence on the liquid fraction while N11 exhibit a steady and 

discernible variation with the liquid fraction. ∆N22(variation of N22), ∆N33(variation of N33) 

and ∆N11(variation of N11) are 0.445, 0.397 and 0.201, respectively. Thus, ∆N22/∆ε, ∆N33/∆ε 

and ∆N11/∆ε are 24.9, 22.2 and 11.2, respectively. N22 and N33 have also been found to be 

most sensitive to the aspect ratio of ice crystals by Yang et al. [190]. 

In comparison, the sensitivity of other normalised Mueller matrix elements of Foam I to the 

liquid fraction becomes lower. N12 and N44 show only small variations with ε. N12 represents 

the amount of the linearly polarised light and N44 represents the amount of right and left 

circularly polarised light. Their values are all close to zero implying that only a little 

0.004 0.008 0.012 0.016 0.02
-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8
0.9

N ij

ε 

 N11

 N12

 N22

 N33

 N34

 N44

Static stage Transitional stage Initial stage 



Chapter 5. Correlation between Mueller matrix elements and SDS foam properties 

106 

completely polarised light remained in the scattered light after the multiple light scattering 

events in the foam. In the case of N34, which represents the fraction of the incident polarised 

light transformed to circularly polarised light because of the bubbles, it is almost independent 

of the liquid fraction. Theoretically, N34 should also remain close to zero at back scattering 

angles, because for scattering angles greater than the critical angle (82.8°), the bubbles cannot 

transform linearly polarised light to circularly polarised light via scattering [191]. However, 

experimentally measured N34 values are not zero because of the closely packed bubbles, 

contributing to multiple scattering instead of single scattering [162]. 

These observations are in agreement with the experimental findings of Aslan et al. [162] and 

Swamy et al. [163] who reported that some of the Mueller matrix elements are sensitive to 

the foam properties at backscattering angles. However, the most sensitive element to the 

foam observed in the present experiment is different from their results which may be due to 

the bubbly liquid and shaving foam are different with SDS foams used in the experiments of 

this chapter. Thus it can be inferred that the sensitivity of the Mueller Matrix elements 

strongly depend on the nature of the foam. As a consequence, the profiles of all of the six 

Mueller matrix elements should be identified primarily to obtain the required foam properties. 

Once this is accomplished, one or two sensitive elements may be determined to be sufficient 

for use in the further studies of foams. 

Examining of the trend of N11, N22 and N33 in more detail, it can be seen that N11 and N33 both 

decrease whereas N22 increases with decreasing liquid fraction. N11 is the differential 

scattering cross section of the scatterer. It is a measure of how an incident beam of light is 

scattered into different directions. As the liquid fraction decreases, the evolution of the 

interspace between bubbles leads to a corresponding change in the scattering cross section of 

the foam. The biggest contributor should be the decrease of the cross section of the Plateau 

borders as discussed in Section 5.3.2. This is the reason why N11 varies almost linearly with 

the liquid fraction, particularly in the static stage. N22 has been shown to deviate from 1 when 

measuring non-spherical particles [140, 192]. This element is also not equal to 1 in the case 

of SDS foam. In single light scattering case where only one bubble in the scattering volume, 

N22 may be an index of the bubble shape from perfect sphere. However, in multiple light 

scattering case where a collection of bubbles in the scattering volume, N22 is indicative of the 

multiple scattering effects of the media and reflects the density of the bubbles [162]. 

Therefore, the value of N22 is lower in the initial stage because of a high density of bubbles. 

The value of N33 represents how much of the light polarised at +45° is retained through the 
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foam. The trend of N33 indicates that more +45° polarised light is reserved when the liquid 

fraction is higher. 

Overall, N11, N22 and N33 appear to be useful for detecting or monitoring the foam 

characteristics based on their high sensitivity to the liquid fraction. 

5.4.2 Correlation between Mueller matrix elements and liquid fraction of Foam II 

As shown in Figure 5.7, the average bubble size of Foam II is almost twice of the bubble size 

in Foam I, and the length and thickness of bubble sides are much bigger than that of Foam I 

as described in Section 5.3. This section will investigate whether the features of Nij found in 

Foam II are consistent with that of Foam I and this will examine the generality of the results. 

 
Figure 5.17 The six independent normalised Mueller matrix elements (Nij) of Foam II at 

scattering angle135° as a function of the liquid fraction. 

The six normalised Mueller matrix elements Nij (N11, N12, N22, N33, N34, N44) of Foam II are 

presented in Figure 5.17 as a function of the liquid fraction. It is observed that large errors for 
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some of the elements are obvious in the initial or transitional drainage stage. These large error 

bars may be due to the larger bubble size and bigger lengths and thicknesses of bubble sides 

of Foam II. They make the scattering paths more diverse in the foam and lead to a large 

uncertainty in the measurement, particularly in the initial and transitional stages when the 

foam is still developing (See details in Section 4.4). In the following the six elements of 

Foam II will be individually compared with the corresponding elements of Foam I. 

A similar decreasing trend of N11 with decreasing ε is observed between Foam II and Foam I, 

and the sensitivity of N11 to ε in Foam II is also close to that in Foam I based on almost the 

same variation of N11 (0.20 for Foam I and 0.23 for Foam II). 

In general, N22 in Foam II also shows an increasing trend with decreasing ε as in Foam I, but 

the variation is more pronounced in Foam II. All the values of N22 in Foam II are below - 2.0 

whereas N22 in Foam I are above -0.1. The significant difference of N22 between Foam II and 

Foam I is clearly indicative of a different multiple scattering process in the foam with larger 

bubbles. Thus, high sensitivity still exists in N22 to ε based on the significant variation of N22. 

In the case of N33, although large errors are observed in the transitional stage, a clear 

decreasing trend with decreasing ε is also obtained in the static stage which is consistent with 

the trend of N33 in Foam I. This suggests that the capability of retaining +45° polarised light 

is still largely dependent on the foam’s own characteristics. 

The measurement of both N12 and N44 in the initial stage of Foam II yields large errors. 

However, in the transitional and static stage, these two elements generally increase with the 

decreasing ε and the variation is more apparent than the variation in Foam I. This indicates an 

increase in the proportion of completely polarised light in the scattered light.  

An obvious difference between Foam II and Foam I is in the trend of N34. Even though large 

errors appear in the transitional stage, overall N34 displays a decreasing trend with decreasing 

ε whereas N34 remains almost constant in Foam I. N34 represents the fraction of the incident 

polarised light converted to circularly polarised light. As discussed in Section 4.5, bubble size 

has a strong influence on the polarisation memory of circularly polarised light [180, 181]. 

The bubbles in Foam II is larger than that in Foam I so the longer length protects the helicity 

of circularly polarised light which provides a larger spatial range of variation for N34. 
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To summarise, same variation trends of N11, N22 and N33 are found between Foam II and 

Foam I. The variation of N12 and N44 suggest more completely polarised light are contained in 

the scattered light from Foam II. The inconsistent behaviour of N34 in Foam II may be 

attributed the influence of large bubbles on the circularly polarised light. 

5.4.3 Correlation between Mueller matrix elements and liquid fraction of Foam III 

The bubbles in Foam III are bidispersed. Large bubbles are surrounded by small bubbles and 

the average bubble diameter of large bubbles is approximately three times of that of the small 

bubbles as discussed in Section 5.3.1. If the Mueller matrix is related to the bubble size 

distribution, it is expected that the Mueller matrix of Foam III should exhibit differences with 

Foam I and Foam II. In this section, comparisons will be made between the features of the six 

independent normalised Mueller matrix elements of Foam III and that of Foam I and II. 

 
Figure 5.18 The six independent normalised Mueller matrix elements (Nij) of Foam III at 

scattering angle135° as a function of the liquid fraction. 

The six normalised Mueller matrix elements Nij (N11, N12, N22, N33, N34, N44) of Foam III are 

plotted against the corresponding liquid fraction in Figure 5.18. Comparing Figure 5.18 with 

Figure 5.16 and Figure 5.17, differences are observed between Nij of Foam III and Foam I 

and II. 

The value of N11 progressively decreases with the decreasing liquid fraction. This behaviour 

of N11 in Foam III is consistent with that in Foam I and Foam II. Considering the variation of 

N11 is approximately over a range of 0.20 in Foam I (Figure 5.16) and 0.23 in Foam II (Figure 
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5.17), the dynamic range of N11 in Foam III is about 0.47 which is much larger than that of 

Foam I and Foam II. This strong effect of the differential scattering cross section on the 

liquid fraction may be due to the more efficient pack of different size bubbles in Foam III 

[173, 174]. 

It is worth noting that N22 change very little with the liquid fraction of Foam III. This is 

entirely different from the situation in Foam I and Foam II where N22 is the most sensitive 

element to the liquid fraction. The reason for this inconsistency in N22 in Foam III may due to 

the efficient packing of small bubbles and big bubbles in Foam III and consequently 

weakening the sensitivity of N22. Moreover, the N22 values of Foam III are not far from unity 

as in Foam I, which indicates that small bubbles play a predominant role in how the Mueller 

matrix elements are affected by bidispersed foams.  

It is also worth noting that N33 varies slightly with the decrease in liquid fraction of Foam III. 

This is quite different compared with the significant changes of N33 in Foam I (Figure 5.16) 

and Foam II (Figure 5.17). This suggests that the correlation between N33 and foam liquid 

fraction depends strongly on the polydispersity of the foam. 

The remaining three normalised Mueller matrix elements, N12, N44, N34, do not vary 

significantly with the liquid fraction in Foam III. The general trends of N12 and N44 with the 

liquid fraction shown in Figure 5.18 are similar to their trends in Foam I (Figure 5.16), but 

are quite different with the trends in Foam II (Figure 5.17). This also suggests that the 

features of bidispersed foam are closer to the characteristics of small bubbles. 

To summarise, the correlations between the normalised Mueller matrix elements, N11, N12, 

N34, N44, and the liquid fraction in Foam III are similar to that in Foam I. This suggests that 

the characteristics of bidispersed foam are mainly expressed through its small bubbles. In 

contrast, N22 and N33 of Foam III show quite different behaviours with that of Foam I and 

Foam II which are expected to be due to the polydispersity of the foam. 

5.5 Correlation between Mueller matrix elements and thickness of bubble 

sides 

The thickness of the bubble sides is another varying parameter in addition to the liquid 

fraction during the free drainage period of the three SDS foams. In this section, the 
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correlations between the six independent normalised Mueller matrix elements (N11, N12, N22, 

N33, N34, N44) for the three SDS foams and the thickness of the bubble sides will be examined.  

In Figure 5.19-Figure 5.22, the results of Nij as a function of the thickness of the bubble sides 

of Foam I, Foam II and Foam III are shown to illustrate the effect of bubble shape on the 

Mueller matrix. The thicknesses used in these figures are the average thickness of the sides of 

the typical bubble labelled in the photos of Foam I, Foam II and Foam III (Figure 5.8- 5.10). 

Comparing Figure 5.19 with Figure 5.16, Figure 5.20 with Figure 5.17 respectively, it can be 

seen that the variation of Nij with the side thickness are consistent with the variation observed 

with the liquid fraction. This is because the changes in the thickness of the sides are 

essentially due to the decrease of the liquid fraction. A linear relationship exhibits between 

the average thickness of the bubble sides and the liquid fraction in the three SDS foams 

which is shown in Figure 5.23. Therefore, the relationship between Nij and the bubble side 

thickness of Foam I and Foam II can be deduced if the correlation between Nij and the liquid 

fraction is known. However, such deduction cannot be made for Foam III considering the 

combined effect of small bubbles and large bubbles. Comparing Figure 5.21, Figure 5.22 

with Figure 5.18, it can be seen that the sensitivity of Nij to the thickness of small bubble 

sides or the thickness of big bubble sides in Foam III are both low based on their small 

variations. As discussed in Section 5.3.2, the thickness range of small bubble and big bubble 

is close to each other so Nij show similar responses to the evolution of the side thickness of 

small and big bubbles in Foam III. 

The sensitivity of Nij to the thickness of the sides, although lower than that to the liquid 

fraction, illustrates the importance of these bubble shape parameters to the Mueller matrix for 

monodispersed foams. The foam structural parameters which cannot be observed in 2D 

images, such as the curvature and the cross section of the Plateau borders, may also have an 

influence on the Mueller matrix elements. 

Although large errors occur in the thickness measurement of bubble sides as shown in Figure 

5.12-5.15, the results of Nij with thickness obtained here can be used as preliminary data to 

enable better understanding of the effect of bubble shape on the Mueller matrix of the foam. 
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Figure 5.19 The six independent normalised Mueller matrix elements (Nij) of Foam I at 

scattering angle135° as a function of the average thickness of the typical bubble’s six sides. 

 
Figure 5.20 The six independent normalised Mueller matrix elements (Nij) of Foam II at 

scattering angle135° as a function of the average thickness of the typical bubble’s six sides.
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Figure 5.21 The six independent normalised Mueller matrix elements (Nij) of Foam III at 

scattering angle135° as a function of the average thickness of the typical small bubble’s five 
sides. 

 

 
Figure 5.22 The six independent normalised Mueller matrix elements (Nij) of Foam III at 

scattering angle135° as a function of the average thickness of the typical big bubble’s eleven 
sides. 
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Figure 5.23 The relationships between the average thickness (D) of the typical bubble sides 

and the liquid fraction (ε) of the three SDS foams. 

5.6 Conclusions 

This chapter demonstrates the quantitative measurement of the six independent Mueller 

matrix elements of SDS foams with different bubble size distribution. 

The good repeatability of SDS foams is confirmed by the single factor ANOVA of the liquid 

fraction and the mean bubble diameter during the drainage period of the three SDS foams 

used in the experiments of Chapter 4 and Chapter 5. 

Although film rupture and bubble coalescence do not occur in the measured drainage period 

of SDS foams, minor changes, such as the disappearance of gaps in the nodes and the shape 

modification of Plateau borders, are observed. Thus, the correlation between the two varying 

parameters of SDS foams, i.e. liquid fraction and average thickness of typical bubble sides, 

and the Mueller matrix elements has been investigated. 
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With almost unchanged bubble size distribution, the relationships between the six normalised 

Mueller matrix elements and the liquid fraction is different for the three SDS foams. N11, N22 

and N33 are found to be sensitive to the liquid fraction. N11 decreases gradually with the 

reducing liquid fraction in all the three SDS foams. N22, which is related to the bubble density, 

and N33, which is related to the +45° polarised light, are found to be the most sensitive 

elements to the liquid fraction for monodispersed foam (Foam I and Foam II). However, due 

to the polydispersity these two elements in Foam III perform quite differently and show low 

sensitivity to the liquid fraction. 

High sensitivity of the other independent normalised Mueller matrix elements, N12, N44, N34, 

to the liquid fraction is not found in all the three SDS foams. The trend of N12 and N44 with 

the liquid fraction is similar in Foam I and Foam III, but is different with Foam II. These 

similarities between Foam I and Foam III suggest the predominant role of small bubbles in 

bidispersed foams. Furthermore, the small values of N12 and N44 imply the small fraction of 

completely polarised light in the scattered light after the multiple light scattering events in the 

foam. Because of the influence of large bubbles on the circularly polarised light, 

discrimination appears between the behaviour of N34 with the liquid fraction in Foam II and 

that in Foam I and III where N34 is almost independent of the liquid fraction. 

In general, the variation of Nij with the thickness of bubble sides is in accordance with the 

variation with the liquid fraction in Foam I and Foam II, but lower sensitivity of Nij to the 

thickness of small or big bubble sides exhibits in Foam III.  

Based on these results, it can be concluded that with an almost constant bubble size 

distribution in the three SDS foams, the liquid fraction is shown to influence all the six 

independent Mueller matrix elements except N34. For the three most sensitive elements, N11, 

N22 and N33, there is correlation between them and the liquid fraction for all the three SDS 

foams. These three Mueller matrix elements, N11, N22, N33, reflect the differential scattering 

cross section, the bubble density and the capacity of retaining +45° polarised light of foams, 

respectively. Thus, these results strongly suggest that it is possible to use polarised light 

scattering technique to detect changes of these properties of foams. 
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Chapter 6. Effect of Casein foam on polarised light characteristics 

6.1 Introduction 

As demonstrated in Chapters 4 and 5, polarised light scattering technique can be successfully 

used in SDS foams based on the sensitivity of the parameters of polarised light to SDS foams, 

and this technique can be used to monitor SDS foams through certain Mueller matrix 

elements which may be correlated with the liquid fraction and bubble size distribution. 

In addition to the foams being stabilised by low molecular weight surfactant, for food-related 

applications, foams are mostly stabilised by protein molecules [29]. Proteins, which involve 

hydrophilic and hydrophobic amino acid ends, are natural macromolecules with surface 

activities (See details in Section 2.1.5) [193]. The biggest advantage of protein type surfactant 

is that they are non-toxic to humans, so they are widely used as the foaming agent in the 

pharmaceutical extraction and food production industries. Despite this, the stabilisation 

mechanisms and the conditions required for good foaming are not yet fully known for these 

protein foams [167]. 

From a microscopic point of view, due to the special structure of proteins, their polypeptide 

chains fold and coil together [194]. As a result most of the proteins cannot completely 

express their surface activities because some of the hydrophobic ends are trapped inside the 

protein molecules. This is the origin of the difference between the features of protein foams 

and low molecular weight surfactant foams such as gas-liquid interface features and drainage 

regimes as mentioned in Section 3.2.1. 

In this chapter, the feasibility of using polarised light scattering on protein foams will be 

examined. For this purpose, Casein is chosen as the protein foaming agent since most of its 

properties are available in the literature. Similar to the investigation on SDS foams in Chapter 

4, in this chapter two types of completely polarised light will be used on three types of Casein 

foams with different bubble size distribution (Foam IV, Foam V and Foam VI). Five 

polarisation parameters - degree of polarisation P, degree of linear polarisation PL, degree of 

circular polarisation PC, orientation angle ψ and ellipticity angle χ - of the scattered light are 

evaluated during the foam free drainage process to examine the changes of polarisation state 

of the incident light. 
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6.2 Evolution of liquid fraction 

In order to investigate the effect of the Casein foam properties on the polarisation state, it is 

necessary to firstly determine the variances of the foam. In this section, the changes of the 

liquid fraction (ε) during the free drainage period of the three Casein foams will be discussed. 

The related liquid fraction is calculated from the pressure gradient between the two pressure 

sensors using Equation (3-8). The results are plotted in Figure 6.1. The symbol and the error 

bar represent the arithmetic mean and the deviation of the repeat measurements. 
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Figure 6.1 Variation of the liquid fraction with drainage time for Foam IV, Foam V and 

Foam VI. 

It can be seen from Figure 6.1 that as for SDS foams, the liquid drains quickly at about the 

first 100 seconds. The reduced rate of the liquid fraction becomes smaller afterwards and 

becomes close to being constant. However, the scale of the liquid fractions of Casein foams is 

quite different from that of SDS foams. To clarify this, the range of the liquid fractions of 

Casein foams and SDS foams are plotted in Figure 6.2. Overall, the liquid fractions of Casein 

foams are several times larger than the liquid fractions of SDS foams. This is because the 

mechanisms of stability of Casein and SDS foams are different. For SDS foams, the repulsive 

interaction between the adsorbed layers ensures foam stability. For Casein foams, the stability 

is related to the Casein aggregates trapped in the thin films [166, 167]. Only a higher liquid 

fraction can promote the percolation of these aggregates in the film and provide a stable foam. 
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Figure 6.2 The range of the liquid fractions of SDS foams and Casein foams. 

It also can be seen from Figure 6.1 that the initial liquid fraction of Foam V and Foam VI is 

close to each other and is much lower than the initial liquid fraction of Foam IV. For Foam 

VI, the lower initial liquid fraction may be attributed to the efficient packing of bidispersed 

bubbles as can be seen in Figure 6.8 [174]. For Foam V, the lower initial liquid fraction is 

related to the high gas flow rate and rigid Plateau borders of the Casein foams. The fast rising 

foams have insufficient time to contain much liquid and the liquid from the forced drainage at 

the top is restricted by the rigid Plateau borders boundaries of the Casein foams [70]. 

It should be noted that the drainage periods of Casein foams are not divided into three stages 

as SDS foams in Chapter 4 and Chapter 5. This is because there are many incidence of bubble 

coalescence, due to the poor network-forming properties of Casein [195], making the foam 

unstable throughout the entire drainage period. Thus, the polarisation characteristic of 

scattered light is discussed based on stages as done for Chapter 4 and Chapter 5. Details of 

the coalescence phenomena will be discussed in Section 6.4. 

6.3 Evolution of bubble size distribution 

The same method of statistical analysis as described in Section 4.3 is also applied to the 

bubble diameters data of the three Casein foams. The distribution frequencies of bubble 

diameters at different drainage time of Foam IV, Foam V and Foam VI are calculated first 

and then these frequencies are fitted to Gaussian distribution function (Equation (4-1)). The 

resultant distribution functions are plotted in Figure 6.3-6.5 for Foam IV, Foam V and Foam 

VI, respectively. Histograms of the distribution frequencies are shown in Appendix K and the 
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R2 values of the fitness for the three types of Casein foams are provided in Appendix L. The 

parameters of Gaussian distribution functions of the three Casein foams are listed in 

Appendix M. 

Foam IV and Foam V are produced by one pipette tip, so their bubbles should initially in the 

same size level. In contrast, Foam VI is generated by two pipette tips, so it is initially 

composed of bubbles with two size levels as shown in Figure 6.9. 

As can be seen from Figure 6.3, the bubble size distribution of Foam IV undergoes a dramatic 

change during the recorded drainage period. A narrow bubble size distribution of Foam IV is 

observed at the beginning of the drainage, but a much flatter bubble size distribution with 

bubble diameters distributing widely around the mean appears in the subsequent drainage 

period. This process is accompanied by a large increase of the mean bubble diameter xc from 

about 2.36 mm to about 3.87 mm. As can be seen in Figure 6.6, at the beginning xc of Foam 

IV is smaller than xc of Foam V, but it exceeds xc of Foam V after about 340 seconds. This 

variation of bubble size distribution of Foam IV can also be demonstrated by the significant 

growth of the standard deviation σ (i.e. w/2), from initially about 0.35 mm to about 1.5 mm in 

the later drainage period (See Table M.1). Unlike SDS Foam I which is generated by the 

same pipette tip as Foam IV, these results indicate that the bubble size distribution in Foam 

IV changes significantly during the drainage period. The reason for this change is bubble 

coalescence which will be discussed in detail in Section 6.4. 

An evident change of Foam V in Figure 6.4 is that the initially unimodally-distributed bubble 

size changes into bimodally-distributed after about 220 seconds. Some larger bubbles appear 

more and more in the later drainage period of Foam V and form the second mode of the 

distribution. Their size distributions are the curves on the right of Figure 6.4. The 

corresponding distribution parameters y’0, xc’, w’, A’ are listed in Appendix M in Table M.3. 

These large bubbles should come from coalescence but not from the coarsening of the 

original bubbles in terms of the increasing level. The size distributions of original bubbles, 

which correspond to the curves on the left of Figure 6.4, do not show significant variations. xc 

of original bubbles slightly increases from about 3.13 mm to about 3.46 mm as shown in 

Figure 6.6. The standard deviation σ fluctuates between about 0.21 mm to about 0.57 mm 

(See Table M.2). 
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Figure 6.3 Bubble size distribution of Foam IV at different drainage time as determined from 

the images. 

 
Figure 6.4 Bubble size distribution of Foam V at different drainage time as determined from 

the images. 

 
Figure 6.5 Bubble size distribution of Foam VI at different drainage time as determined from 

the images. 
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It can be seen from Figure 6.5 that the variation of size distribution for small bubbles in Foam 

VI is not significant in terms of the slight change of the mean bubble diameter xc_s and the 

standard deviation σ_s. As shown in Table M.3 xc_s increases from about 1.57 mm to 1.80 mm, 

and σ_s changes between 0.11 mm and about 0.21 mm. In contrast, some variations are 

observed for the size distribution of big bubbles in Foam VI. Although the mean bubble 

diameter xc_b does not vary greatly, from about 4.90 mm to 5.29 mm as shown in Figure 6.6, 

the standard deviation σ_b fluctuates between 0.14 mm and 0.47 mm (See Table M.4). 

 
Figure 6.6 The mean bubble diameters during free drainage processes of Foam IV, V and VI. 

In general, compared with the bubble size distributions of SDS foams studied in Chapter 4 

and Chapter 5, the bubble size distributions of these three Casein foams show noticeable 

variations during the drainage period, particularly for Foam IV. 

6.4 Coalescence in Casein foams 

As stated in Section 6.3, the bubble size distribution of Casein foams change considerably 

during the free drainage process. The reason for this change is bubble coalescence, which is 

the rupture of the thin liquid film that separates two adjacent bubbles. The bubbles separated 

by the film then coalesce to form a larger bubble (See details in Section 2.1.5).  This 

phenomenon is clearly shown in the bubble images of Foam IV (Figure 6.7), Foam V (Figure 

6.8) and Foam VI (Figure 6.9). In these photos, the bubbles labelled “a” and “1” coalesce to a 

larger bubble labelled “A”. Similarly, bubbles “b” and “2”, “c” and “3”, “d” and “4”, “e” and 

“5”, “f” and “6”, “g” and “7” coalesce to bubble “B”, “C”, “D”, “E”, “F”, “G”, respectively. 
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Figure 6.7 Bubble images of Foam IV at different drainage time. Each image represents 1.5 

cm2 area at the centre of the column where the scattering are performed. 
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Figure 6.8 Bubble images of Foam V at different drainage time. Each image represents 1.5 

cm2 area at the centre of the column where the scattering are performed. 
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Figure 6.9 Bubble images of Foam VI at different drainage time. Each image represents 1.5 

cm2 area at the centre of the column where the scattering are performed. 
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Figure 6.10 Fractional number of bubbles remaining during the free drainage processes of 

Foam IV, Foam V and Foam VI. 

From these images, it can be seen that coalescence occurs most frequently in Foam IV and is 

rare in Foam VI. To prove this point, the fractional number of bubbles remaining in the foam 

is plotted versus the drainage time in Figure 6.10. Coalescence inevitably leads to a reduction 

in the bubble number. The more coalescence takes place, the less the fractional number of 

bubbles remaining will be. As can be seen from Figure 6.10, the highest coalescence rate is 

indeed found in Foam IV, which possesses only about 63% of the initial bubble numbers in 

the end of drainage period recorded in the experiment. About 80% of the initial bubble 

numbers remains in the end for Foam V. However, the bubble number only decreases about 5% 

for Foam VI, implying the lowest coalescence rate in the bidispersed foam – Foam VI. 

Thinner films will rupture more easily, causing the bubbles containing them to coalesce more 

easily [64]. This leads to the high coalescence rate in foams initially with small bubbles 

(Foam IV). At the same time, coalescence causes the foam to be unstable. As can be seen 

from the images in Figure 6.7-6.9, in the coalescence process the bubbles around the 

coalesced bubbles are also affected, becoming larger or smaller. Thus, even in the later 

drainage period when the mean bubble diameter of Foam IV grows larger than that of Foam 

V, coalescence still continues in Foam IV. The lowest coalescence rate in Foam VI appears to 

be related to its polydispersity. Small interstitial space dampens the mobility of the large 

Casein aggregates in the gas-liquid interface and thus enhancing the stability of the foam 

[167]. 
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It should also be noted that coalescence phenomena do not occur in SDS foams as discussed 

in Section 4.3 and Section 5.3. This may be attributed to the completely different film 

elasticity of SDS and Casein foams. Films of SDS foams are generally flat and uniform, 

whereas Casein foams have essentially rigid, elastic films [166]. These features have a strong 

effect on the foam stability and are determined by the nature of the surface active molecules. 

6.5 Effect of Casein foam properties on the degree of polarisation, P 

During the free drainage process of the three Casein foams, five polarisation parameters of 

scattered light (degree of polarisation P, degree of linear polarisation PL, degree of circular 

polarisation PC, orientation angle ψ and ellipticity angle χ) are also measured. All the 

polarisation parameters are calculated according to the Equation (2-10)-(2-14) described in 

Section 2.4.1. In this section, the degree of polarisation will be examined first. 

6.5.1 Changes of degree of polarisation with time 

The measured changes of degree of polarisation P with drainage time for Foam IV, Foam V 

and Foam VI are plotted in Figure 6.11 for the cases of linearly and circularly polarised 

incident light. Many repeats were carried out and the nature of the experiments give rise to a 

wide range of data fluctuation as can be seen from Figure 6.11. Under the circumstance that 

the liquid fraction and the bubble size distribution of Casein foams vary simultaneously 

during the drainage period, no clear linear trends of P with drainage time are observed. 

These variations of P with drainage time should arise from many factors such as the liquid 

fraction, the bubble size distribution, the foam stability and so on. In this section, how much 

the liquid fraction and the bubble size distribution contribute to the variations of P for Casein 

foams is investigated. Since these two factors change simultaneously with time, it is 

impossible to separately control one of them unchanged for Casein foams. Therefore, in order 

to investigate their independent effect on the polarisation state, multiple linear regression is 

performed using IBM SPSS Statistics version 22 (SPSS INc., Chicago, IL). Details of 

multiple regression will be introduced in Section 6.5.2. 
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Figure 6.11 Changes of the degree of polarisation P with drainage time of the light scattered 

by Foam IV, V and VI from the linearly polarised incident light (left column) and the 
circularly polarised incident light case (right column). 
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explain the greatest variability in the dependent variable, and to accurately parameterise 

regression coefficients for those variables [197]. 

For the current study the independent variables are the liquid fraction ε, and four bubble size 

distribution parameters (y0, xc, w, A). Each regression has one dependent variable which is 

one of the five polarisation parameters. In order to ensure that there is at least one 

independent variable in the regression model, the liquid fraction is forced into the model in 

the first step. In the following steps, all the other potential variables correlated to bubble size 

distribution including y0, xc, w, A, y0’, xc’, w’, A’, y0_s, xc_s, w_s, A_s, y0_b, xc_b, w_b, A_b, are 

tested using stepwise method to fit the model. The criteria for a variable entering the model is 

the probability value ≤ 0.05. Therefore, the influence of bubble size distribution on the 

dependent variable can be confirmed if one or more of these bubble size distribution variables 

are entered in the model. The correlation power of the resulting equations can be determined 

by the adjusted R2 (∆R2) statistics, which are multiple correlation coefficients. The higher the 

adjusted R2 for a step, the more contribution the variable which enters in the model in that 

step makes to the variation of the dependent variable. 

Table 6.1 and Table 6.2 show the results of multiple linear regression analyses regarding 

degree of polarisation as dependent variable for the linearly and circularly polarised incident 

light cases respectively. The estimated regression coefficient (B), the standard error of B (SE 

B), and the standardised version of the B values (β) are listed for each step. β is the number of 

standard deviation that the dependent variable will change as a result of one standard 

deviation change in the corresponding independent variable. Thus, β can provide a better 

insight into the importance of an independent variable in the model. It should be noted that 

the significant level of the regression coefficient is indicated by the asterisk next to the β 

values. *, **, and *** mean significance at 0.05, 0.01 and 0.001 levels, respectively. NS 

means non-significant level. This also applies to the regression tables in the later sections.  
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Table 6.1 Multiple regression results for correlating P of Foam IV (a), Foam V (b), Foam VI 
(c) with liquid fraction and bubble size distribution parameters in the linearly polarised 

incident light case. 
(a) Foam IV 

Regression step of P Model variable B SE B β 

Step 1 
Constant 0.53 0.04 

 
ε -8.51 1.86 -0.70*** 

Step 2 
Constant 0.23 0.11 

 
ε -2.28 2.76 -0.19* 
w 0.11 0.04 0.63* 

R2 = 0.49 for Step 1, ∆R2 = 0.14 for Step 2. 

(b) Foam V 

Regression step of P Model variable  B SE B β 

Step 1 
Constant 1.41 1.10   

ε -93.57 95.76 -0.30* 

Step 2 
 

Constant 5.48 1.91   
ε -150.89 82.09 -0.48** 

x'c -0.68 0.28 -0.63* 
R2 = 0.09 for Step 1, ∆R2 = 0.36 for Step 2. 

 (c) Foam VI 

Regression step of P Model variable B SE B β 

Step 1 
Constant 0.82 0.16 

 
ε -19.62 6.85 -0.51** 

Step 2 
Constant -0.61 0.44 

 
ε -12.40 6.03 -0.32* 

A_s 10.71 3.12 0.54** 
R2 = 0.26 for Step 1, ∆R2 = 0.26 for Step 2. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

In SDS foams, it is found that when the incident light is linearly polarised P is most sensitive 

to the liquid fraction of highly monodispersed foam and less sensitive to the foams with 

larger bubbles and higher polydispersity (See details in Section 4.4). In the case of Casein 

foams, the bubble size distributions of Foam IV and Foam V, which are generated by one 

pipette tip, are even not strictly monodispersed as discussed in Section 6.3. Therefore, the 

sensitivities of P to ε in Casein foams are expected to be less than that in SDS foams when 

the incident light is linearly polarised. This can be confirmed by the multiple regression 



Chapter 6. Effect of Casein foam on polarised light characteristics 

130 

results. It is found in Table 6.1 that 49%, 9% and 26% of the variation in P come from ε of 

Foam IV, Foam V and Foam VI, respectively. This is demonstrated by the R2 values. 

The bubble size distribution of Casein foams should also have an influence on P. It can be 

seen from Table 6.1(a) that for Foam IV, the width of the size distribution proves to be a 

relational factor of P since 14 % of the variation in P arise from w. On the other hand, the 

mean diameter of coalesced bubbles x'c is more important for P of Foam V, accounting for 

36 % of the variation in P as shown in Table 6.1(b).  For bidispersed foam – Foam VI, the big 

bubbles are more than ten times larger than the small bubbles. In general, the big bubbles can 

be considered as being formed by the edges of their adjacent small bubbles. Hence, it is 

speculated that most interactions between polarised light and foam occur in the small bubbles 

of Foam VI. The small bubbles should play an important role in the scattering process of 

bidispersed foam. According to the multiple regression result in Table 6.1(c), the area under 

the distribution curves of small bubbles A_s makes an identical contribution - 26 % - to the 

variation in P as ε does. As expected, none of the size distribution parameters of big bubbles 

features in the regression mode, indicating that big bubbles have no influence on P in the 

linearly polarised incident light case. 

During the free drainage of Casein foams, Foam IV becomes non-strictly monodispersed and 

Foam V even changes into bidispersed. In Section 4.4, almost no sensitivity of P to ε of 

small-bubble monodispersed SDS foam and bidispersed SDS foams is found when the 

incident light is circularly polarised. This is also the case for Casein foams according to the 

multiple regression result in Table 6.2. In the circularly polarised incident light case, the 

liquid fraction has little influence on P for all the three Casein foams because their R2 values 

are only 0.004, 0.009 and 0.008, respectively. Liquid fraction is still contained in the model 

as being forced-entry variable in the first step. In contrast, the effect of the bubble size 

distribution on P appears to be more significant than that of ε. Two bubble size distribution 

parameters w and A of Foam IV contribute to 39 % of the variation in P based on their R2 

values in Table 6.2(a). The mean coalesced bubble diameter x'c accounts for 46 % of P 

variation for Foam V (refer Table 6.2(b)). For Foam VI, 28 % of the variation in P can be 

explained by the mean diameter of small bubbles (refer Table 6.2(c)). 
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Table 6.2 Multiple regression results for correlating P of Foam IV (a), Foam V (b), Foam VI 
(c) with liquid fraction and bubble size distribution parameters in the circularly polarised 

incident light case. 
(a) Foam IV 

Regression step of P Model variable B SE B β 

Step 1 
Constant 0.31 0.06   

ε -0.88 2.92 -0.06* 

Step 2 
Constant 0.70 0.17   

ε -9.17 4.37 -0.67* 
w -0.14 0.06 -0.76* 

Step 3 

Constant 0.91 0.18 
 

ε -13.49 4.33 -0.98* 
w -0.53 0.17 -2.78* 
A 0.87 0.36 1.83* 

  R2 = 0.004 for Step 1, ∆R2 = 0.21 for Step 2, ∆R2 = 0.18 for Step 3. 

(b) Foam V 

Regression step of P Model variable B SE B β 

Step 1  
Constant 0.39 0.09   

ε 4.95 16.72 0.09 

Step 2 
 

Constant 3.33 1.05   
ε -4.38 13.29 -0.08 NS 
x'c -0.57 0.20 -0.70* 

R2 = 0.009 for Step 1, ∆R2 = 0.463 for Step 2. 

(c) Foam VI 

Regression step of P Model variable B SE B β 

Step 1 
Constant 0.19 0.12   

ε 2.28 5.46 0.09* 

Step 2 
Constant 4.59 1.48   

ε -24.22 10.09 -0.92* 
xc_s -2.20 0.74 -1.14** 

  R2 = 0.008 for Step 1, ∆R2 = 0.28 for Step 2. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

To summarise, both the liquid fraction and bubble size distribution have effects on P in the 

linearly polarised incident light case. However, in the circularly polarised incident light case, 

P is sensitive to the bubble size distribution but not sensitive to the liquid fraction. In both the 

linearly and circularly polarised incident light cases, the width of the size distribution is 

important for P of Foam IV and the mean coalesced bubble diameter is a determining 
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variable of P for Foam V. For initially bidispersed foam, the small bubbles play a major role 

in the variation of P. 

6.6 Effect of Casein foam properties on the degree of linear polarisation, PL 

 
Figure 6.12 Changes of the degree of linear polarisation PL with drainage time of the light 
scattered by Foam IV, V and VI from the linearly polarised incident light case (left column) 

and the circularly polarised incident light case (right column). 

In Section 6.5 it is shown that the completely polarised incident light is converted into 

partially polarised light (P < 1) by the scattering events in Casein foams. In this section, the 
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polarised light will be investigated through the polarisation parameter - degree of linear 

polarisation, PL. 

Time evolution of the degree of linear polarisation of scattered light from Foam IV, V and VI 

are shown in Figure 6.12 for the linearly and circularly polarised incident light cases. 

Although noticeable changes in the degree of linear polarisation are observed for all three 

types of Casein foams in both linearly and the circularly polarised incident light cases, a 

simple linear trend is not found for any of these changes. In order to find how much of the 

variations of PL results from the liquid fraction and the bubble size distribution of the foam, 

PL data are also analysed using multiple linear regression method. 

Table 6.3 Multiple regression results for correlating PL of Foam IV (a), Foam V (b), Foam VI 
(c) with liquid fraction and bubble size distribution parameters in the linearly polarised 

incident light case. 
(a) Foam IV 

Regression step of PL Model variable B SE B β 

Step 1 
Constant 0.39 0.05   

ε -4.29 2.36 -0.36 NS 
  R2 = 0.13. 

(b) Foam V 

Regression step of PL Model variable B SE B β 

Step 1 
Constant 0.08 0.33   

ε 12.09 29.10 0.13 NS 

Step 2 
Constant 0.80 0.42   

ε -57.23 38.56 -0.62* 
w' 0.09 0.04 0.96* 

R2 = 0.02 for Step 1, ∆R2 = 0.37 for Step 2. 

(c) Foam VI 

Regression step of PL Model variable B SE B β 

Step 1 
Constant 0.77 0.15   

ε -22.64 6.15 -0.61** 

Step 2 
Constant -0.30 0.42   

ε -17.24 5.84 -0.46** 
A_s 8.01 3.02 0.42* 

  R2 = 0.37 for Step 1, ∆R2 = 0.15 for Step 2. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 
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In the linearly polarised incident light case, PL of Foam IV appears to vary somewhat 

sinusoidally with time. However, this variation may be not caused by the changes of the 

liquid fraction or the bubble size distribution of Foam IV according to the multiple regression 

results regarding PL as dependent variable in Table 6.3(a). Although 13 % of the variation in 

PL is supposed to have come from ε, this result cannot be considered to be totally reliable 

because of the level of significance, and therefore further work need to be carried out. 

For Foam V, PL shows a general decreasing trend with time in the linearly polarised incident 

light case as shown in Figure 6.12. It is possible that at the early stage of drainage the 

variation of PL arises from ε which makes 2 % contribution to PL variation as shown in the 

multiple regression analysis in Table 6.3(b). In the ensuing time, along with the appearance 

of the second mode in the bubble size distribution, the width of the coalesced bubble size 

distribution w’ becomes the determining variable of PL since 37 % of the variation in PL is 

induced by w’. 

A sinusoidal variation of PL with time is also observed for Foam VI in the case of linearly 

polarised incident light in Figure 6.12. Foam VI is bidispersed from the beginning. In this 

case PL is found to be associated with both ε and A_s. They account for 37 % and 15 % of the 

variation in PL respectively (R2 = 0.37, ∆R2 = 0.15 in Table 6.3 (c)). 

When the incident light is circularly polarised, the fluctuation of the measured PL data is 

larger than that in the linearly polarised light case as can be seen from Figure 6.12. This could 

be due to the fact that more optical elements are needed for the production of circularly 

polarised light. It is found that PL depends much more on the bubble size distribution than on 

the liquid fraction of the three Casein foams in the circularly polarised incident light case 

based on the multiple regression results in Table 6.4. Only 4 %, 8 % and 10% of the variation 

in PL can be attributed to the liquid fraction of Foam IV, Foam V and Foam VI, respectively. 

In contrast, PL of Foam IV is found to be significantly related to w and A, which accounts for 

46 % and 13 % of its variation, respectively. For Foam V (Table 6.4(b)), the size distributions 

of coalesced bubbles express the influence on PL through the variable x’c. Other distribution 

variables of Foam V are not significant for PL. For Foam VI (Table 6.4(c)), w_b and xc_s are 

shown to be much more powerful determining variables than ε based on their R2 values 0.26, 

0.16 and 0.10. It should also be noted that the appearance of the distribution parameter of big 

bubbles in Foam VI in the model suggests that PL is not only sensitive to the changes of the 

small bubbles in bidispersed foam but also sensitive to the changes of the big bubbles. 
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Table 6.4 Multiple regression results for correlating PL of Foam IV (a), Foam V (b), Foam VI 
(c) with liquid fraction and bubble size distribution parameters in the circularly polarised 

incident light case. 
(a) Foam IV 

Regression step of PL Model variable B SE B β 

Step 1 
Constant 0.19 0.06   

ε 2.74 2.82 0.20* 

Step 2 
Constant 0.76 0.14   

ε -9.23 3.45 -0.68* 
w -0.21 0.05 -1.11*** 

Step 3 

Constant 0.94 0.14 
 

ε -12.94 3.33 -0.96** 
w -0.54 0.13 -2.87*** 
A 0.75 0.28 1.59* 

  R2 = 0.04 for Step 1, ∆R2 = 0.46 for Step 2, ∆R2 = 0.13 for Step 3. 

(b) Foam V 

Regression step of PL Model variable B SE B β 

Step 1 
Constant 0.29 0.09   

ε 16.23 17.81 0.28 NS 

Step 2 
Constant 3.08 1.22   

ε 7.40 15.41 0.13 NS 
x'c -0.54 0.24 -0.60* 

R2 = 0.08 for Step 1, ∆R2 = 0.34 for Step 2. 

(c) Foam VI 

Regression step of PL Model variable B SE B β 

Step 1 
Constant 0.32 0.10   

ε -7.06 4.33 -0.32* 

Step 2 
Constant 0.54 0.11   

ε -9.68 3.85 -0.44* 
w_b -0.25 0.08 -0.52** 

Step 3 

Constant 3.14 1.10 
 

ε -25.47 7.52 -1.16** 
w_b -0.28 0.08 -0.58** 
xc_s -1.29 0.54 -0.80* 

  R2 = 0.10 for Step 1, ∆R2 = 0.26 for Step 2, ∆R2 = 0.16 for Step 3. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

To summarise, in the linearly polarised incident light case, the dependence of PL on liquid 

fraction and bubble size distribution are quite different for the three Casein foams. No 
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significant association is found between PL and these two foam properties of Foam IV. A 

strong dependence of PL is found on the bubble size distribution on Foam V and on the liquid 

fraction of Foam VI. In contrast, in the circularly polarised incident light case, the 

determining factor of PL is the bubble size distribution for all the three Casein foams. This is 

consistent with the results of P in the circularly polarised incident light case. 

6.7 Effect of Casein foam properties on the degree of circular polarisation, 

PC 

In this section, the effect of liquid fraction and bubble size distribution on the circular portion 

of the partially polarised light will be examined in terms of the degree of circular polarisation, 

PC. Time evolution of the degree of circular polarisation of scattered light from Foam IV, V 

and VI are shown in Figure 6.13 for the linearly and circularly polarised incident light cases. 

It can be seen from Figure 6.13 that PC of initially monodispersed foam and initially 

bidispersed foam are different. For example, PC displays a general linear trend with drainage 

time in initially monodispersed foams (Foam IV and Foam V), but PC of bidispersed foam – 

Foam VI changes non-linearly with the drainage time. Another difference between 

bidispersed foam (Foam VI) and monodispersed foam (Foam IV and V) is that all the PC 

values of Foam VI in Figure 6.13 are positive, but PC of Foam IV and Foam V contain both 

positive and negative values. In other words, the initial incident light is transformed into 

right-handed elliptically polarised light by polydispersed foam, but for the monodispersed 

foams the handedness of the scattered light changes between right-handed and left-handed. 

The transformation of handedness of polarised light by air bubbles has also been 

demonstrated by Kokhanovsky [191], but the effect of polydispersity was not mentioned in 

his study. 
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Figure 6.13 Changes of the degree of circular polarisation PC with drainage time of the light 
scattered by Foam IV, V and VI from the linearly polarised incident light case (left column) 

and the circularly polarised incident light case (right column). 

When the incident light is linearly polarised light, a clear decrease of PC with the drainage 

time is observed for Foam IV and Foam V (refer to the two figures in the upper left corner of 

Figure 6.13). In monodispersed SDS foams, PC is found to decrease linearly with the liquid 

fraction in linearly polarised incident light case (refer Section 4.6). Thus, it is expected that 

the liquid fraction has a strong effect on the PC values of Casein Foam IV and Foam V. This 
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can be demonstrated by the results of multiple regression analyses with PC as the dependent 

variable in Table 6.5 (a) and (b). The liquid fraction accounts for 53 % and 58 % of the 

variation in PC for Foam IV and Foam V, respectively. In addition to the liquid fraction, PC is 

also found to have significant relationship with the mean bubble diameter xc of these two 

Casein foams. 15 % and 17 % of the variation in PC come from xc of these two Casein foams, 

respectively. For bidispersed foam – Foam VI, the non-linear variation of PC in linearly 

polarised incident light case is the result of the combined effect of the liquid fraction and the 

bubble size distribution. According to the multiple regression analysis in Table 6.5(c), PC of 

Foam VI is related to ε and A_s with significant regression coefficients. 14 % and 33 % of the 

variance in PC are from ε and A_s, respectively. It is observed that in the linearly polarised 

incident light case P, PL and PC of Foam VI have the same regression variables (ε and A_s). 

This suggests the importance of the liquid fraction and the proportion of small bubbles in 

bidispersed foam to the scattered light polarisation state when the incident light is linearly 

polarised. 

Similar to the linearly polarised incident light case, the effects of Casein foam liquid fraction 

and the bubble size distribution on PC in the circularly polarised incident light case are 

confirmed by the multiple regression results in Table 6.6. PC is found to be related to ε and xc 

in Foam IV, to ε, w, xc in Foam V and to ε, xc_s in Foam VI. For Foam IV (Table 6.6(a)), 52 % 

and 35 % of the variation in PC arise from ε and xc respectively (See R2 values). Together 

they account for up to 87 % of the variance of PC. For Foam V (Table 6.6(b)), ε, w and xc 

makes 31 %, 39% and 13% contribution to the PC variation, respectively. They account for 

83 % in total. This suggests that other variables except liquid fraction and bubble size 

distribution only have small influence on the PC for Foam IV and Foam V. It is worth noting 

that the regression coefficient of ε for Foam V is not at a significant level which reduces the 

reliability of the regression results. For Foam VI (Table 6.6(c)), ε and xc_s show same impact 

on PC according to their R2 values. They both account for 19 % of the variance. 

To summarise, among P PL and PC, PC exhibits maximum sensitivity to the liquid fraction 

and the bubble size distribution for both the linearly and circularly polarised incident light 

cases. In particular for Foam IV and Foam V, PC is largely dependent on these two foam 

properties. This is consistent with the results of SDS foams in Section 4.6 suggesting that PC 

is the most suitable parameters among P PL and PC for evaluating foam properties. 
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Table 6.5 Multiple regression results for correlating PC of Foam IV (a), Foam V (b), Foam VI 
(c) with liquid fraction and bubble size distribution parameters in the linearly polarised 

incident light case. 
(a) Foam IV 

Regression step of PC Model variable B SE B β 

Step 1 
Constant -0.32 0.05 

 
ε 11.33 2.27 0.73*** 

Step 2 
Constant 0.54 0.28 

 
ε 2.38 3.50 0.15* 
xc -0.24 0.08 -0.69** 

R2 = 0.53 for Step 1, ∆R2 = 0.15 for Step 2. 

 

(b) Foam V 

Regression step of PC Model variable B SE B β 

Step 1 
Constant -1.21 0.40   

ε 134.05 35.87 0.76*** 

Step 2 
Constant 6.69 3.16   

ε 53.04 43.37 0.30* 
xc -2.09 0.83 -0.62* 

R2 = 0.58 for Step 1, ∆R2 = 0.17 for Step 2. 

 

(c) Foam VI 

Regression step of PC Model variable B SE B β 

Step 1 
Constant 0.44 0.10 

 
ε -7.86 4.07 -0.37* 

Step 2 
Constant -0.44 0.25 

 
ε -3.38 3.50 -0.16* 

A_s 6.64 1.81 0.61** 
  R2 = 0.14 for Step 1, ∆R2 = 0.33 for Step 2. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 
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Table 6.6 Multiple regression results for correlating PC of Foam IV (a), Foam V (b), Foam VI 
(c) with liquid fraction and bubble size distribution parameters in the circularly polarised 

incident light case. 
(a) Foam IV 

Regression step of PC Model variable B SE B β 

Step 1 
Constant -0.18 0.05 

 
ε 7.22 2.76 0.49* 

Step 2 
Constant 1.05 0.30 

 
ε -5.97 3.76 -0.40* 
xc -0.34 0.08 -1.07*** 

R2 = 0.52 for Step 1, ∆R2 = 0.35 for Step 2. 

(b) Foam V 

Regression step of PC Model variable B SE B β 

Step 1 
Constant -0.25 0.06   

ε 25.03 11.87 0.55* 

Step 2 
Constant -0.43 0.07   

ε 27.27 8.35 0.60** 
w 0.29 0.09 0.62** 

Step 3 

Constant 3.31 1.58 
 

ε 0.79 13.05 0.02 NS 
w 0.20 0.08 0.42* 
xc -1.06 0.45 -0.70* 

R2 = 0.31 for Step 1, ∆R2 = 0.39 for Step 2, ∆R2 = 0.13 for Step 3. 

(c) Foam VI 

Regression step of PC Model variable B SE B β 

Step 1 
Constant -0.09 0.10 

 
ε 10.79 4.59 0.44* 

Step 2 
Constant 3.25 1.29 

 
ε -9.35 8.78 -0.38* 

xc_s -1.67 0.65 -0.93* 
R2 = 0.19 for Step 1, ∆R2 = 0.19 for Step 2. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

6.8 Effect of Casein foam properties on the orientation angle, ψ 

The direction and the shape of the polarisation ellipse are determined by the orientation angle 

ψ and the ellipticity angle χ, respectively. In this and the next section, these two polarisation 
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parameters will be investigated to examine the effect of Casein foam properties on the 

propagation form of the polarised light. 

 
Figure 6.14 Changes of the orientation angle ψ with drainage time of the light scattered by 

Foam IV, V and VI from the linearly polarised incident light case (left column) and the 
circularly polarised incident light case (right column). 

Figure 6.14 illustrates the variation of the orientation angle with drainage time of the three 

Casein foams in the linearly and circularly polarised incident light cases. In these figures 

some abrupt changes of ψ are observed for all the three Casein foams in both linearly and 
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circularly cases. Similar abrupt changes are also observed in the results of ψ in SDS foams 

(See details in Section 4.7). This is believed to be due to the foam structural changes as a 

result of the bubble coalescence. During this process, the elliptically polarised light may 

transfer part of its angular momentum to the foam to drive the rotation of the polarisation 

ellipse [198]. 

Table 6.7 Multiple regression results for correlating ψ of Foam IV (a), Foam V (b), Foam VI 
(c) with liquid fraction and bubble size distribution parameters in the linearly polarised 

incident light case. 
(a) Foam IV 

Regression step of ψ Model variable B SE B β 

Step 1 
Constant -12.12 2.54 

 
ε 79.02 128.90 0.14 NS 

R2 = 0.02. 

(b) Foam V 

Regression step of ψ Model variable B SE B β 

Step 1 
Constant -7.35 15.06 

 
ε -202.40 1012.26 -0.04 NS 

R2 = 0.002. 

(c) Foam VI 

Regression step of ψ Model variable B SE B β 

Step 1 
Constant -24.65 18.82 

 
ε 887.50 786.46 0.23 NS 

R2 = 0.052. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

The results of multiple regression analyses regarding orientation angle as dependent variable 

are presented in Table 6.7 and Table 6.8 for the linearly and circularly polarised incident light 

cases respectively. It can be seen that ψ does not produce significant associations with the 

bubble size distribution as none of the bubble size distribution parameter is included in any of 

these regression models. Although the liquid fraction is featured in the regression model, 

their regression coefficients are all non-significant with small R2 values (< 0.1). These results 

suggest that the orientation angle is completely independent of the liquid fraction and the 

bubble size distribution. The polarisation ellipse of the scattered light appears to rotate 

arbitrarily during the drainage period. However, in fact the adjustment of the direction is to 

make the polarisation ellipse suitable for various bevelled scattering paths during light 
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propagation. Nevertheless, the rotation of the polarisation ellipse demonstrates that foam is a 

medium with high optical activities [199]. 

Table 6.8 Multiple regression results for correlating ψ of Foam IV (a), Foam V (b), Foam VI 
(c) with liquid fraction and bubble size distribution parameters in the circularly polarised 

incident light case. 
(a) Foam IV 

Regression step of ψ Model variable B SE B β 

Step 1 
Constant -5.51 8.38 

 
ε -280.12 426.40 -0.14 NS 

R2 = 0.02. 

(b) Foam V 

Regression step of ψ Model variable B SE B β 

Step 1 
Constant -6.98 13.56 

 
ε -455.52 2575.40 -0.06 NS 

R2 = 0.003. 

(c) Foam VI 

Regression step of ψ Model variable B SE B β 

Step 1 
Constant -9.70 23.74 

 
ε 450.66 1076.38 0.09 NS 

R2 = 0.008. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

To summarise, no significant correlations are found between ψ and the liquid fraction and the 

bubble size distribution. In other words, these two foam properties have little influence on the 

direction of the polarisation ellipse. Other foam properties, such as scattering paths, may play 

an important role in the polarisation state of the scattered light. 

6.9 Effect of Casein foam properties on the ellipticity angle, χ 

The ellipticity angle χ is another parameter that determines the shape of the polarisation 

ellipse (See details in Section 2.4.1.2). In this section, the effect of Casein foam properties on 

this parameter will be examined. The time evolution of ellipticity angle of scattered light 

from three Casein foams are shown in Figure 6.15 for the linearly and circularly polarised 

incident light cases. 
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Figure 6.15 Changes of the ellipticity angle χ with drainage time of the light scattered by 
Foam IV, V and VI from the linearly polarised incident light case (left column) and the 

circularly polarised incident light case (right column). 

Comparing these figures with Figure 6.13, it can be observed that the variation of the 

ellipticity angle is identical to that of PC because these two parameters are both derived from 

the ratio S3 to S0. Therefore, similar to the case of PC, all the χ values of bidispersed foam – 

Foam VI are positive whereas χ of Foam IV and Foam V contain both positive and negative 
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values. This means that the scattered light from Foam VI remains to be right elliptically 

polarised light, but the polarised light scattered by Foam IV and Foam V becomes either right 

or left elliptically polarised light at different drainage time. 

In addition to these results, the variation of the shape of the polarisation ellipse can also be 

inferred from the absolute value of χ. The larger the absolute value of χ is, the more circular 

the polarisation ellipse becomes. Conversely, the smaller the absolute value of χ is, the more 

oblate the polarisation ellipse becomes. It can be seen from Figure 6.15 that for initially 

monodispersed foams (Foam IV and Foam V), the polarisation ellipses develop into more 

circular in the later drainage periods for both the linearly and circularly polarised incident 

light cases since χ is moving further away from zero. For bidispersed foam – Foam VI, χ 

fluctuates between 0° and 15° in the linearly polarised incident light case. Therefore, the 

shape of the polarisation ellipse changes with oscillation. In the circularly polarised incident 

light case, the polarisation ellipse of Foam VI gradually becomes more and more oblate in the 

drainage period. In general, all the absolute values of χ are no more than 21° indicating that 

the polarisation ellipse remains relatively flat during the whole drainage period for the three 

Casein foams. To clarify this, the most circular polarisation ellipse corresponding to the 

maximum absolute value of χ in each foam is illustrated in Figure 6.15. 

The multiple regression results regarding the ellipticity angle as the dependent variable are 

presented in Table 6.9 and Table 6.10 for the linearly and circularly polarised incident light 

cases respectively. By comparing these tables with Table 6.5 and Table 6.6, χ shows high 

sensitivity to the liquid fraction and the bubble size distribution of the three Casein foams just 

like PC does. This is demonstrated by the same R2 values of χ and PC. The difference between 

χ and PC regression results is the value of the regression coefficient, B. The B values for each 

independent variable of χ are much larger than that of PC indicating a tiny variation in the 

liquid fraction or the bubble size distribution variables will cause big changes in the ellipticity 

angle and consequently in the shape of polarisation ellipse. 

To summarise, χ also has a high association with the liquid fraction and the bubble size 

distribution of Casein foams for both the linearly and circularly polarised incident light cases 

just as PC does, but the regression coefficients of χ  is much larger than that of PC. The 

polarisation ellipse becomes more circular in the later drainage period of initially 
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monodispersed Casein foams, but overall the polarisation ellipse remains relatively oblate 

during the whole drainage period. 

Table 6.9 Multiple regression results for correlating χ of Foam IV (a), Foam V (b), Foam VI 
(c) with liquid fraction and bubble size distribution parameters in the linearly polarised 

incident light case. 
(a) Foam IV 

Regression step of χ Model variable B SE B β 

Step 1 
Constant -9.35 1.34 

 
ε 330.61 66.82 0.73*** 

Step 2 
Constant 16.11 8.31 

 
ε 65.60 102.72 0.14* 
xc -6.98 2.26 -0.70** 

R2 = 0.53 for Step 1, ∆R2 = 0.15 for Step 2. 

(b) Foam V 

Regression step of χ Model variable B SE B β 

Step 1 
Constant -36.05 11.85   

ε 3979.51 1065.33 0.76** 

Step 2 
Constant 203.13 92.74   

ε 1529.12 1270.97 0.29* 
xc -63.18 24.37 -0.63* 

R2 = 0.58 for Step 1, ∆R2 = 0.18 for Step 2. 

(c) Foam VI 

Regression step of χ Model variable B SE B β 

Step 1 
Constant 13.04 2.91 

 
ε -235.40 121.40 -0.38* 

Step 2 
Constant -13.51 7.52 

 
ε -100.99 103.80 -0.16* 

A_s 199.36 53.65 0.61*** 
  R2 = 0.14 for Step 1, ∆R2 = 0.33 for Step 2. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 
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Table 6.10 Multiple regression results for correlating χ of Foam IV (a), Foam V (b), Foam VI 
(c) with liquid fraction and bubble size distribution parameters in the circularly polarised 

incident light case. 
(a) Foam IV 

Regression step of χ Model variable B SE B β 

Step 1 
Constant -5.21 1.59 

 
ε 211.23 80.78 0.49* 

Step 2 
Constant 30.81 8.68 

 
ε -174.39 110.42 -0.40* 
xc -9.85 2.35 -1.07*** 

  R2 = 0.52 for Step 1, ∆R2 = 0.35 for Step 2. 

(b) Foam V 

Regression step of χ Model variable B SE B β 

Step 1 
Constant -7.17 1.81   

ε 727.91 343.98 0.56* 

Step 2 
Constant -12.60 2.06   

ε 792.57 242.31 0.61** 
w 8.40 2.50 0.62** 

Step 3 

Constant 95.47 45.85 
 

ε 27.74 379.64 0.02 NS 
w 5.71 2.33 0.42* 
xc -30.62 12.98 -0.70* 

R2 = 0.31 for Step 1, ∆R2 = 0.38 for Step 2, ∆R2 = 0.13 for Step 3. 

(c) Foam VI 

Regression step of χ Model variable B SE B β 

Step 1 
Constant -2.76 2.99 

 
ε 313.78 135.38 0.44* 

Step 2 
Constant 96.62 38.02 

 
ε -285.21 258.58 -0.40* 

xc_s -49.77 19.00 -0.94* 
  R2 = 0.19 for Step 1, ∆R2 = 0.19 for Step 2. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

6.10 Conclusions 

In this chapter, the effect of liquid fraction and the bubble size distribution of foam stabilised 

by Casein on the light polarisation state is investigated using linearly and circularly polarised 

incident light. It is found that Casein foams contain much higher proportions of liquid than 

SDS foams in order to maintain foam stability. Along with a decrease of the liquid fraction, 
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the bubble size distribution varies significantly during the free drainage period, particularly 

for Foam IV which is a monodispersed foam with a smaller initial bubble size. This 

significant variation of bubble size distribution is due to bubble coalescence, which occurs 

most frequently in Foam IV. The effect of Casein foam properties on five polarisation 

parameters is analysed using the multiple regression method by taking the liquid fraction and 

the bubble size distribution into consideration simultaneously. 

The degree of polarisation P shows sensitivity to both the liquid fraction and the bubble size 

distribution to different extent in the linearly polarised incident light circumstance. However, 

in the circularly polarised incident light case, P is only sensitive to the bubble size 

distribution of foams.  

The degree of linear polarisation PL shows different sensitivity to the liquid fraction and/or to 

the bubble size distribution of the three Casein foams in the linearly polarised incident light 

case. In the circularly polarised incident light case, PL is only related to the bubble size 

distribution of the Casein foams as P does. Moreover, PL is the only parameter that shows 

sensitivity to the big bubbles in initially bidispersed foam. 

It is worth noting that PC displays the maximum associations with the liquid fraction and the 

bubble size distribution for both the linearly and circularly polarised incident light cases. 

Combing the results of PC in SDS foams, PC is found to be the most appropriate parameter 

among P, PL and PC for evaluating foam properties. 

It is also worth noting that the direction of the polarisation ellipse is completely independent 

of the liquid fraction and the bubble size distribution of Casein foams in terms of the multiple 

regression result of the orientation angle ψ. This is consistent with the results of ψ in the 

linearly polarised incident light case of SDS foams. 

The liquid fraction and the bubble size distribution also have a strong influence on the 

ellipticity angle χ of the polarisation ellipse of Casein foams. At the same time, the ellipticity 

angle reflects the shape and the changes in handedness of the polarisation ellipse. The 

handedness may be related to the polydispersity of the foam. 

In conclusion, during the free drainage process of Casein foams, the liquid fraction and the 

bubble size distribution vary simultaneously with time. Under such circumstances, it is not 

possible to separately control either of them constant. The multiple regression analyses has 

been shown to be an appropriate tool for determining their individual contributions to the 
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changes in the polarisation state. The regression results show that four of the polarisation 

parameters P, PL, PC and χ are sensitive to both the liquid fraction and the bubble size 

distribution to different extents. The remaining polarisation parameter ψ exhibits no 

relationships with these two foam properties. These results are largely consistent with the 

results of SDS foams obtained in Chapter 4 and validate the feasibility of using the polarised 

light scattering technique for the study of protein foams. 



 

150 
 

Chapter 7. Correlation between Mueller matrix elements and 

Casein foam properties 

7.1 Introduction 

In Chapter 6, the feasibility of applying the polarised light scattering technique (PLST) to the 

study of the protein foams is investigated. It is found that during the free drainage period 

Casein foams show many features that are different compared to SDS foams. The liquid 

fraction of Casein foams is several times larger than that of the SDS foams and the bubble 

size distribution varies considerably as a result of bubble coalescence. The effect of Casein 

foam properties on the polarisation state is analysed using multiple regression method. Four 

of the polarisation parameters P, PL, PC and χ vary with the liquid fraction and/or the bubble 

size distribution of Casein foams to different extents. These results indicate that it is possible 

to correlate the optical and geometrical properties of protein foams to the Mueller matrix. If 

there is also a quantitative relationship between the Mueller matrix elements and the protein 

foam properties, then the application of polarised light scattering technique can be extended 

to the field of protein foams. Therefore, in this chapter the correlations between the six 

independent Muller matrix elements (M11, M12, M22, M33, M34, M44) and the properties of the 

three Casein foams will be examined. The experimental details are given in Section 3.4. 

7.2 Evolution of liquid fraction 

In order to find the relationship between the Mueller matrix elements and the liquid fraction, 

the time evolution of the liquid fraction of the three Casein foams is examined first in this 

section. It should be noted that the foam type designated as Foam IV, Foam V and Foam VI 

are also used in the work in this chapter. They are produced under the same conditions as the 

Casein foams reported in Chapter 6. Thus, the repeatability of the foam can be determined by 

comparing the results of the foam evolution properties during the free drainage period in 

Chapter 6 and this chapter. 

The variation of the liquid fraction (ε) with drainage time of Foam IV, Foam V and Foam VI 

in the Mueller matrix experiment is plotted in Figure 7.1. The symbol and the error bar 

represent the arithmetic mean and the deviation of the repeat measurements. 
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Figure 7.1 Variation of the liquid fraction with drainage time for Foam IV, Foam V and 

Foam VI in the Mueller matrix experiment. 

By comparing Figure 7.1 and Figure 6.1, it can be seen that the evolutions of the liquid 

fraction of the three Casein foams used in this chapter are similar to that of the foams used in 

Chapter 6. To test the repeatability, single factor analysis of variance (ANOVA) is performed 

on the liquid fraction of the three Casein foams [186]. The repeatability of the liquid fraction 

is 0.93, 0.92, and 0.93 for Foam IV, Foam V and Foam VI, respectively. Details of ANOVA 

results are presented in Appendix N. Considering a perfect repeatability is equal to one [200], 

the ANOVA results confirm that the Casein foams used in this study also have a high level of 

repeatability. Overall, εFoam IV is higher than εFoam VI and εFoam V which can be seen from 

Figure 7.1. The liquid fractions of Casein foams are all much larger than the liquid fraction of 

SDS foams. For a clear comparison, the liquid fractions of SDS and Casein foams used in the 

current study are plotted in Figure 7.2. The foam type and generation method is shown in 

Table 7.1. More detailed discussion on the liquid fraction of Casein foams can be found in 

Section 6.2. 

Table 7.1 Foams used in the work of each chapter and their generation methods. 

Where was used Solution Foam type 
Tip 1  Tip 2  Wash water  

(ml min-1) (ml min-1) (ml min-1) 

Chapters 4 and 5 SDS 
Foam I 30 0  15 
Foam II 0 40 15 
Foam III 7 56 15 

Chapters 6 and 7 Casein 
Foam IV 50 0  18 
Foam V 0 60 20 
Foam VI 7 56 15 
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Figure 7.2 Variation of the liquid fraction with drainage time of SDS and Casein foams used. 
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The bubble size distribution of Foam IV, Foam V and Foam VI used in the Mueller matrix 
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The distribution frequencies of bubble diameters at different drainage time of the three 

Casein foams are calculated first and then these frequencies are fitted to Gaussian distribution 

functions (Equation (4-1)). The resultant distribution functions are plotted in Figure 7.3-7.5 
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for Foam IV, Foam V and Foam VI, respectively. Histograms of the distribution frequencies 

are shown in Appendix O and the R2 values of the fitness for the three types of Casein foams 

are provided in Appendix P. The parameters of Gaussian distribution functions of the three 

Casein foams are listed in Appendix Q. 

It can be seen from Figure 7.3-7.5 that the bubble size distribution of the three Casein foams 

varies obviously with the drainage time. These changes are clearly shown by the variation of 

the mean bubble diameter xc plotted in Figure 7.6, and the standard deviation σ given in 

Appendix Q. In particular, a second mode of bubble size appears in Foam V after about 200 

seconds and Foam V becomes bimodally-distributed from then on. 

From the histograms of distribution frequencies (Appendix O), it can be seen that some larger 

bubbles, which do not exist at the beginning, occur in the later drainage period of these three 

Casein foams. Judging from the increasing extent, these larger bubbles should not arise from 

the bubble coarsening since protein foams coarsen more slowly than the surfactant foams due 

to their different thin film thickness [167]. More details can be found in Section 2.1.3 and 

Section 2.1.5. These larger bubbles come from bubble coalescence as described in Section 

6.4. This can be clearly identified from the bubble photos in Figure 7.7-7.9. As a result of the 

film rupture, two or more bubbles coalesce to form a larger bubble. For example, in Figure 

7.7-7.9 bubbles “a” and “1”, “b” and “2”, “c”, “c′” and “3”, “d” and “4”, “e” and “5”, “f” and 

“6”, “g” and “7” coalesce to the bubble “A”, “B”, “C”, “D”, “E”, “F”, “G”, respectively. 

Coalescence leads to a decline in the bubble numbers. It can be inferred from the fractional 

number of bubbles remaining in the foam (Figure 7.10) that the rate of coalescence is largest 

in Foam IV and smallest in Foam VI. 

The repeatability of the results for these three Casein foams is also examined using the 

ANOVA method on the mean bubble diameters. Results are presented in Appendix R. The 

repeatability is 0.98, 0.63, 0.86, 0.84 and 0.64 for the mean bubble diameter of Foam IV, 

Foam V non-coalesced bubbles, Foam V coalesced bubbles, Foam VI small bubbles and 

Foam VI big bubbles, respectively. These results show that the Casein foams used in the 

current study have an acceptable repeatability. 
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Figure 7.3 Bubble size distribution of Foam IV at different drainage time as determined from 

the images in the Mueller matrix experiment. 

 
Figure 7.4 Bubble size distribution of Foam V at different drainage time as determined from 

the images in the Mueller matrix experiment. 

 
Figure 7.5 Bubble size distribution of Foam VI at different drainage time as determined from 

the images in the Mueller matrix experiment.
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Figure 7.6 The mean bubble diameters during free drainage processes of Foam IV, V and VI 

in the Mueller matrix experiment. 
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Figure 7.7 Bubble images of Foam IV at different drainage time in the Mueller matrix 
experiment. Each image represents 1.5 cm2 area at the centre of the column where the 

scattering are performed. 
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Figure 7.8 Bubble images of Foam V at different drainage time in the Mueller matrix 
experiment. Each image represents 1.5 cm2 area at the centre of the column where the 

scattering are performed. 
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Figure 7.9 Bubble images of Foam VI at different drainage time in the Mueller matrix 
experiment. Each image represents 1.5 cm2 area at the centre of the column where the 

scattering are performed. 
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Figure 7.10 Fractional number of bubbles remaining during the free drainage processes of 

Foam IV, Foam V and Foam VI in the Mueller matrix experiments. 

7.4 Correlation between M11 and Casein foam properties 

As stated in Section 7.2 and 7.3, both the liquid fraction and the bubble size distribution of 

the three Casein foams vary significantly during the free drainage process. In the following 

the correlations between these foam variations and the six Mueller matrix elements (M11, M12, 

M22, M33, M34, M44) will be investigated with a view to obtain accurate quantitative 

relationships between the Mueller matrix and foam properties. 

In order to examine the individual effect of the liquid fraction and the bubble size distribution 

on the Mueller matrix elements, multiple regression analysis is also performed in this chapter 

using the method described in Section 6.5. Therefore, the Mueller matrix elements are not 

normalised by dividing by M11 in this chapter according to Equation (2-18). Since M11 itself 

may be directly related to the liquid fraction and/or the bubble size distribution, the data used 

in the multiple regression are therefore the original values of Mij instead of the ratio of 

Mij/M11. 

In this section, the first Mueller matrix element M11 is examined. The changes of M11 with 

drainage time for the three Casein foams are presented in Figure 7.11. The solid lines in 

Figure 7.11 are drawn for the purpose of indicating the general trend. A decreasing trend is 

observed for all the three Casein foams in Figure 7.11. Overall, M11_FoamIV > M11_FoamVI > 

M11_FoamV without overlap. The decreasing trend of M11 with time is in agreement with the 
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SDS foam results obtained in Chapter 5. However, this Mueller matrix element was found to 

increase with drainage in the shaving foam experiments reported by Swamy et al. [163]. This 

disagreement of M11 between SDS & Casein foams and shaving foam may be attributed to 

the significant difference in the bubble size between the shaving foam and the SDS & Casein 

foam. The bubble size of shaving foam used by Swamy et al. is 200 – 2000 nm which is 

comparable to the wavelength of the light beam (632.8 nm), but the bubble size of SDS and 

Casein foams used in the current study is millions of times larger than the wavelength of the 

incident light. Therefore, SDS & Casein foams and shaving foam are expected to display 

completely different optical properties. 

 
Figure 7.11 Changes of the Mueller matrix element M11 with drainage time of Foam IV, V 

and VI at scattering angle 135°. 

Table 7.2 shows the result of multiple regression analyses with M11 as the dependent variable. 

The estimated regression coefficient (B), the standard error of B (SE B), and the standardised 

version of the B values (β) are listed for each step. The significant level of the regression 

coefficient is indicated by the asterisk next to the β values. *, **, and *** mean significance 
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to the regression tables in the later sections. 
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0.82 for Foam VI). Together with the contribution from the bubble size distribution, these 

two foam properties account for 93 %, 79 %, 92 % of M11 variations of Foam IV, Foam V 

and Foam VI, respectively. With such high correlation coefficients, the regression equations 

are listed in Table 7.3. 

Table 7.2 Multiple regression results for correlating M11 of Foam IV (a), Foam V (b), Foam 
VI (c) using liquid fraction and bubble size distribution. 

(a) Foam IV 

Regression step of M11 Model variable B SE B β 

Step 1 
Constant 0.10 0.03   

ε 9.59 0.70 0.94*** 

Step 2 
Constant 0.29 0.06   

ε 8.00 0.74 0.79*** 
xc -0.05 0.01 -0.25** 

 R2 = 0.89 for Step 1, ∆R2 = 0.04 for Step 2. 

(b) Foam V 

Regression step of M11 Model variable B SE B β 

Step 1 
Constant 0.07 0.03   

ε 8.48 1.59 0.74*** 

Step 2 
Constant 1.72 0.32   

ε 6.72 1.15 0.59*** 
xc -0.50 0.10 -0.52*** 

 R2 = 0.55 for Step 1, ∆R2 = 0.24 for Step 2. 

(c) Foam VI 

Regression step of M11 Model variable B SE B β 

Step 1 
Constant 0.06 0.03   

ε 12.63 1.25 0.90*** 

Step 2 
Constant -0.02 0.04   

ε 11.89 1.16 0.85*** 
A_s 1.08 0.43 0.21* 

Step 3 

Constant -0.01 0.03 
 

ε 10.54 0.97 0.75*** 
A_s 3.56 0.71 0.70*** 
w_s -0.71 0.18 -0.53** 

 R2 = 0.82 for Step 1, ∆R2 = 0.04 for Step 2, ∆R2 = 0.06 for Step 3. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 
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Table 7.3 Multiple regression equations of M11 of Foam IV, Foam V and Foam VI. 

Foam type Equations 
Foam IV M11 = 8.00 × ε - 0.05 × xc 
Foam V M11 = 6.72 × ε - 0.50 × xc 
Foam VI M11 = 10.54 × ε + 3.56 × A_s – 0.71 × w_s 

The results obtained from Table 7.2 suggest that M11 is almost governed entirely by the liquid 

fraction and the bubble size distribution of the foam, particularly the liquid fraction. In other 

words, the differential scattering cross section is largely dependent on the liquid fraction. 

This is believed to be due to the evolution of the interstitial space between bubbles with the 

draining of the liquid. In this work, the laser light is normally incident on the foam column. 

Under such conditions, the scattering flux or light power is directly proportional to the 

differential scattering cross section [201]. The evolution of interstitial space between bubbles 

makes every scattering path full of sharp corners and leads to lower transmission of light. 

Thus, M11 reduces with deceasing liquid fraction. The same results are also observed in SDS 

foams where M11 varies almost linearly with the liquid fraction (See details in Section 5.4.1). 

It can thus be inferred that coalescence does not have a great impact on the differential 

scattering cross section. This scattering parameter may depend more on the thickness of the 

bubble films and the Plateau borders. 

It is worth noting that none of the parameters of size distribution of big bubbles in Foam VI 

appears in the regression model indicating that big bubbles have little influence on the 

scattering cross section. The two parameters of small bubbles, A_s and w_s, account for 10% 

of the variations of M11. This indicates that the properties of bidispersed foam are dominated 

by the small bubbles as they affect M11. 

In summary, a reliable quantitative correlation between M11 and foam properties of the three 

Casein foams is observed, but M11 is largely dependent on the liquid fraction and slightly 

dependent on the bubble size distribution. 

7.5 Correlation between M12 and Casein foam properties 

Figure 7.12 shows the changes of M12 with the drainage time of the three Casein foams. M12 

is the theoretical degree of linear polarisation. This means that M12 represents the amount of 

linearly polarised light in the scattered light.  It has been found that M12 is strongly dependent 

on the mean bubble diameter and the width of the size distribution [163]. Due to bubble 
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coalescence, the width of the bubble size distribution of the Casein foam increases which will 

lead to greater depolarisation [157] and consequently M12 will decrease. However, on the 

other hand, the mean bubble diameter increases as a result of coalescence. This will cause the 

optical thickness of the foam to decrease and therefore a shift from back scattering to side 

scattering causing M12 to increase. Therefore, the rise and fall of M12 in Figure 7.12 may be 

due to a change in the dominant factor between the mean bubble diameter and the width of 

the size distribution. This can be shown by the multiple regression with M12 as dependent 

variable given in Table 7.4. 

 
Figure 7.12 Changes of the Mueller matrix element M12 with drainage time of Foam IV, V 

and VI at scattering angle 135°. 
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In summary, M12 of the three Casein foams is only correlated with the bubble size distribution. 

The liquid fraction has little influence on the amount of the linearly polarised light in the 

scattered light from the three Casein foams. It, therefore, appears that the propagation of 

linearly polarised light in the gas phase of the foam is much more important than the 

propagation in the liquid phase. 

Table 7.4 Multiple regression results for correlating M12 of Foam IV (a), Foam V (b), Foam 
VI (c) using liquid fraction and bubble size distribution. 

(a) Foam IV 

Regression step of M12 Model variable B SE B β 

Step 1 
Constant -0.10 0.07   

ε 1.23 1.77 0.14 NS 

Step 2 
Constant -0.82 0.09   

ε 7.16 1.16 0.83*** 
xc 0.17 0.02 1.10*** 

 R2 = 0.02 for Step 1, ∆R2 = 0.74 for Step 2. 

(b) Foam V 

Regression step of M12 Model variable B SE B β 

Step 1 
Constant -0.04 0.03   

ε -0.25 1.63 -0.03 NS 

Step 2 
Constant 0.90 0.45   

ε -1.25 1.60 -0.16 NS 
xc -0.28 0.14 -0.43* 

 R2 = 0.001 for Step 1, ∆R2 = 0.17 for Step 2. 

(c) Foam VI 

Regression step of M12 Model variable B SE B β 

Step 1 
Constant -0.10 0.04   

ε 1.94 1.52 0.26 NS 

Step 2 
Constant -0.20 0.05   

ε 1.77 1.37 0.23 NS 
w_s 0.34 0.13 0.47* 

 R2 = 0.07 for Step 1, ∆R2 = 0.22 for Step 2. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

7.6 Correlation between M22 and Casein foam properties 

The changes of the Muller matrix element M22 with the drainage time of Foam IV, Foam V 

and Foam VI are illustrated in Figure 7.13. As can be seen from Figure 7.13, M22 of all the 
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three types of Casein foams displays a general increasing trend with the drainage time. The 

same trend of M22 is also found in the static stages of monodispersed SDS foams (See details 

in Section 5.4.1 and Section 5.4.2). As discussed in Section 5.4.1, in the multiple light 

scattering regime M22 indicates the multiple scattering effects of the foam on the light and a 

reflection of the bubble density [162]. The increase in M22 with time is therefore attributed to 

the thinning of the films and Plateau borders as a result of liquid draining, and to the lowering 

bubble density as a result of coalescence. Accordingly, it can be inferred that the variation of 

M22 is influenced by both the liquid fraction and the bubble size distribution. 

 
Figure 7.13 Changes of the Mueller matrix element M22 with drainage time of Foam IV, V 

and VI at scattering angle 135°. 
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Table 7.5 Multiple regression results for correlating M22 of Foam IV (a), Foam V (b), Foam 
VI (c) using liquid fraction and bubble size distribution. 

(a) Foam IV 

Regression step of M22 Model variable B SE B β 

Step 1 
Constant -0.04 0.21   

ε -45.90 5.60 -0.86*** 

Step 2 
Constant -2.04 0.39   

ε -29.37 4.75 -0.55*** 
xc 0.47 0.09 0.50*** 

 R2 = 0.75 for Step 1, ∆R2 = 0.15 for Step 2. 

(b) Foam V 

Regression step of M22 Model variable B SE B β 

Step 1 
Constant 0.22 0.09  

ε -42.99 4.60 -0.89*** 

Step 2 
Constant 0.65 0.18  

ε -42.99 4.06 -0.89*** 
A -1.61 0.58 -0.23* 

Step 3 

Constant 0.56 0.16  
ε -34.27 5.06 -0.71*** 
A -3.90 1.06 -0.56** 
w 0.72 0.29 0.42* 

 R2 = 0.79 for Step 1, ∆R2 = 0.05 for Step 2, ∆R2 = 0.04 for Step 3. 

(c) Foam VI 

Regression step of M22 Model variable B SE B β 

Step 1 
Constant 0.36 0.14   

ε -61.75 5.89 -0.91*** 

Step 2 
Constant 0.74 0.21   

ε -58.42 5.54 -0.86*** 
A_s -4.85 2.03 -0.20* 

Step 3 

Constant 0.71 0.18 
 

ε -53.09 5.11 -0.78*** 
A_s -14.61 3.76 -0.59** 
w_s 2.78 0.95 0.43** 

 R2 = 0.83 for Step 1, ∆R2 = 0.04 for Step 2, ∆R2 = 0.04 for Step 3. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

The multiple regression analysis results in Table 7.5 show that both the liquid fraction and the 

bubble size distribution affect the variation of M22 for all the three Casein foams. However, 

the liquid fraction plays a determining role. Only a small contribution is due to the bubble 
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size distribution. For Foam IV (Table 7.5 (a)), regression coefficients with high significant 

level are obtained between M22 and both ε and xc. They account for 75 % and 15 % of the 

variation of M22, respectively. Thus, 90 % of variation of M22 can be attributed to ε and xc. 

Obviously, most of the contribution is from the liquid fraction. For Foam V (Table 7.5 (b)), 

M22 is found to be significantly related to ε, A and w, but A and w only have a small influence 

on M22. This is demonstrated by their R2 values - 0.79, 0.05 and 0.04 for ε, A and w, 

respectively. That is to say, 88 % of the variation of M22 arises from the liquid fraction and 

the bubble size distribution. Among them 79 % comes from the liquid fraction. Similar 

results are obtained for Foam VI (Table 7.5 (c)), significant regression coefficients are found 

between M22 and ε, A_s and w_s with R2 values 0.83, 0.04 and 0.04, respectively. A large part 

of the contribution on the M22 may be attributed to the liquid fraction based on its R2 value 

(0.83). At the same time, 8 % of the variation of M22 is attributed to the size distribution of 

small bubbles in Foam VI. These results show a strong dependence of M22 on the liquid 

fraction. With the high R2 values of the multiple regression of M22, the regression equations 

for the three Casein foams are listed in Table 7.6. 

Table 7.6 Multiple regression equations of M22 of Foam IV, Foam V and Foam VI. 

Foam type Equations 
Foam IV M22 = -29.37 × ε - 0.47 × xc 
Foam V M22 = -34.27 × ε - 3.90 × A + 0.72 × w 
Foam VI M22 = -53.09 × ε - 14.61 × A_s + 2.78 × w_s 

In summary, a promising quantitative relationship with high correlation efficient is obtained 

between the Mueller matrix element M22 and the liquid fraction and the bubble size 

distribution, with most of the contribution to the variation of M22 coming from the liquid 

fraction. 

7.7 Correlation between M33 and Casein foam properties 

The Mueller matrix element M33 is a measure of how much of the light polarised at +45° is 

retained through the medium [140]. The ability to preserve +45° polarised light is an 

important optical characteristic of the medium. +45° polarised light is widely applied, for 

example, to the investigation into surface chirality [202], optical fibres [203] and radar 

systems [204]. 
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Figure 7.14 Changes of the Mueller matrix element M33 with drainage time of Foam IV, V 

and VI at scattering angle 135°. 
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Table 7.7 Multiple regression results for correlating M33 of Foam IV (a), Foam V (b), Foam 
VI (c) using liquid fraction and bubble size distribution. 

(a) Foam IV 

Regression step of M33 Model variable B SE B β 

Step 1 
Constant -0.13 0.06 

 
ε 3.20 1.52 0.40* 

Step 2 
Constant 0.29 0.13 

 
ε -0.23 1.61 -0.03 NS 
xc -0.10 0.03 -0.69** 

Step 3 

Constant 0.42 0.12 
 

ε -0.18 1.41 -0.02 NS 
xc -0.17 0.04 -1.19*** 
w 0.05 0.02 0.63* 

 R2 = 0.16 for Step 1, ∆R2 = 0.29 for Step 2, ∆R2 = 0.15 for Step 3. 

(b) Foam V 

Regression step of M33 Model variable B SE B β 

Step 1 
Constant -0.13 0.03 

 ε 3.64 1.29 0.51** 

Step 2 
Constant -1.17 0.32 

 ε 4.75 1.14 0.66*** 
xc 0.32 0.10 0.52** 

 R2 = 0.26 for Step 1, ∆R2 = 0.25 for Step 2. 

(c) Foam VI 

Regression step of M33 Model variable B SE B β 

Step 1 
Constant -0.04 0.03   

ε -1.22 1.23 -0.20 NS 

Step 2 
Constant -0.11 0.03   

ε -1.21 1.07 -0.20 NS 
A_b 1.23 0.43 0.51** 

Step 3 

Constant -0.16 0.03 
 ε -1.21 0.90 -0.20 NS 

A_b 4.13 0.98 1.71*** 
w_b -0.20 0.06 -1.29** 

 R2 = 0.04 for Step 1, ∆R2 = 0.26 for Step 2, ∆R2 = 0.23 for Step 3. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

The multiple regression results for M33 as the dependent variable are listed in Table 7.7. It is 

found that only the bubble size distribution has a significant association with M33 of Foam IV 

and Foam VI, whereas both the liquid fraction and the bubble size distribution are contributed 
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to the variation of M33 of Foam V. For Foam IV (Table 7.7 (a)), significant regression 

coefficients are obtained between M33 and xc, w. Although ε is involved in the regression 

model, its coefficient is at the non-significant level. Together xc and w account for 44 % of 

the variation of M33 of Foam IV according to the adjusted R2 values. For Foam V (Table 7.7 

(b)), M33 is correlated with ε and xc with a high level of significance. These two variables 

have a similar influence on M33 in terms of their R2 values (0.26 for ε and 0.25 for xc). For 

Foam VI (Table 7.7 (c)), M33 is found to correlate with A_b and w_b with R2 values of 0.26 and 

0.23, respectively. The regression coefficient of ε is at a non-significant level with a small R2 

value (0.04). It is noted that the size distribution of big bubbles in Foam VI is a determining 

factor of M33. In other words, the capacity for retaining +45° polarised light of bidispersed 

foam is determined by the big bubbles instead of the small bubbles. 

It is noted that most of the incident light have been transformed into elliptically polarised 

light after they entered the foam no matter whether the incident light is linearly or circularly 

polarised  based on the results of degree of polarisation reported in Section 6.5. Therefore, 

+45° polarised light is expected to be a small part of scattered light. Nevertheless, M33 is still 

able to identify the variation of the liquid fraction and/or the bubble size distribution of 

Casein foam, implying the power of the polarised light scattering approach in the studies of 

protein foams. 

To summarise, for initially monodispersed foam, Foam IV and Foam V, both the liquid 

fraction and the bubble size distribution appear to have an influence on its M33. For 

bidispersed foam, M33 is associated with the size distribution of big bubbles and unrelated to 

the liquid fraction. 

7.8 Correlation between M34 and Casein foam properties 

The Mueller matrix element M34 is an indicator of how much of the initial light is converted 

into circularly polarised light because of the scatterer [140]. The time evolution of M34 of 

Foam IV, Foam V and Foam VI is presented in Figure 7.15. It can be seen that M34 of the 

three Casein foams have several maxima and minima during the drainage period recorded. As 

mentioned in Section 5.4.1, theoretically, linearly polarised light cannot be transformed into a 

circularly polarised light when the scattering angle is greater than the critical angle which is 

82.8° for air bubbles in water [191]. Therefore, M34 should get close to zero in the scattering 

angle of 135°. However, the M34 values measured in the experiment are not zero because not 
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all the incident light is linearly polarised light in the Mueller matrix experiment. The incident 

light is transformed into elliptically polarised light when they entered the foam which can be 

demonstrated by the results of the degree of polarisation presented in Section 6.5. 

 
Figure 7.15 Changes of the Mueller matrix element M34 with drainage time of Foam IV, V 

and VI at scattering angle 135°. 

The multiple regression results for M34 as the dependent variable are listed in Table 7.8. The 

regression results show that M34 has no significant association with the liquid fraction and the 

bubble size distribution of the two initially monodispersed Casein foams (Foam IV and Foam 

V), whereas the liquid fraction is an important factor for M34 for initially bidispersed foam – 

Foam VI. For Foam IV (Table 7.8 (a)) and Foam V (Table 7.8 (b)), although ε appears in the 

regression model, the regression coefficients (B) are at the level of non-significant with small 

R2 values (0.14 for Foam IV and 0.08 for Foam V). For Foam VI (Table 7.8 (c)), a significant 

correlation is obtained between M34 and ε. The R2 value is 0.41 indicating 41% of the 

variation of M34 comes from the liquid fraction. None of the parameter of the bubble size 

distribution is contained in the regression model of the three Casein foams. Thus, bubble size 

distribution appears to be an unimportant factor for M34. The optical property that foam can 

transform light into circularly polarised light is similar to the property of an optical device 

called polarisation converter. The property of the polarisation converter usually depends 

largely on the homogeneity of the material which is crucial for controlling the degree of 

transformation [205, 206]. However, none of the parameters of bubble size distribution used 

in the current study show any association with the variation of the foam homogeneity. 

Therefore, M34 has been shown to be not influenced by the bubble size distribution. 
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Table 7.8 Multiple regression results for correlating M34 of Foam IV (a), Foam V (b), Foam 
VI (c) using liquid fraction and bubble size distribution. 

(a) Foam IV 

Regression step of M34 Model variable B SE B β 

Step 1 
Constant -0.07 0.02   

ε 0.95 0.50 0.37 NS 
R2 = 0.14. 

(b) Foam V 

Regression step of M34 Model variable B SE B β 

Step 1 
Constant 0.03 0.01   

ε -0.95 0.66 -0.29 NS 
R2 = 0.08. 

(c) Foam VI 

Regression step of M34 Model variable B SE B β 

Step 1 
Constant -0.12 0.02   

ε 2.92 0.72 0.64*** 
R2 = 0.41. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

It is also noted that in SDS foams, the normalised Mueller matrix element N34 only exhibits 

dependency on the liquid fraction of Foam II whose bubble size is much larger than the other 

monodispersed foam (See details in Section 5.4.2). However, for the three Casein foams, the 

Mueller matrix element M34 has been shown to be related to the liquid fraction of bidispersed 

foam – Foam VI as discussed in the last paragraph. The reason for the different results of M34 

between SDS foams and Casein foams is that only the size of big bubbles in Casein Foam VI 

is comparable to the bubble size of SDS Foam II. They are both approximately 5 mm (Figure 

7.6 and Figure 5.7). As the bubble size has a strong influence on the circularly polarised light 

[180, 181], M34 only exhibits correlations with the properties of foam comprising large 

bubbles.  

To summarise, the Mueller matrix element M34 appears to have no relationship with the 

liquid fraction and the bubble size distribution of initially monodispersed foam, but for 

initially bidispersed foam, approximately 41% of the variation of M34 is found to arise from 

the liquid fraction. Other foam properties except for liquid fraction and bubble size 

distribution such as the length of the Plateau border may have an influence on the 

transformation of light into circularly polarised light. 
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7.9 Correlation between M44 and Casein foam properties 

The Mueller matrix element M44 represents the amount of circularly polarised light in the 

scattered light from the foam, including both right and left circularly polarised light. The 

changes of M44 with the drainage time of Foam IV, Foam V and Foam VI is shown in Figure 

7.16. It can be seen that M44 of the three Casein foams exhibit changing behaviours with the 

drainage time. Only a general decreasing trend is observed for M44 of Foam VI. 

 
Figure 7.16 Changes of the Mueller matrix element M44 with drainage time of Foam IV, V 

and VI at scattering angle 135°. 

The result of multiple regression analyses regarding M44 as dependent variable is presented in 

Table 7.9. It can be seen in Table 7.9 that M44 shows dependence only on the bubble size 

distribution but no dependence on the liquid fraction of initially monodispersed foams (Foam 

IV and Foam V), but shows much larger dependence on the liquid fraction of initially 

bidispersed foam – Foam VI. For Foam IV (Table 7.9 (a)), significant regression coefficients 

(B) are obtained for both ε and xc, but only 8 % of the variation of M44 is contributed by the 

liquid fraction. In contrast, the mean bubble diameter xc accounts for 23 % of the variation of 

M44. For Foam V (Table 7.9 (b)), the liquid fraction makes only 4 % contribution to the 

variation of M44. However, its regression coefficient obtained in the model is in the non-

significant level. The validity of the B value of the liquid fraction is uncertain. On the other 

hand, a regression coefficient for xc is obtained with high significant level (< 0.001). Up to 

42 % of the variation of M44 comes from the mean bubble diameter xc. For Foam VI (Table 

7.9 (c)), M44 is significantly associated with both the liquid fraction and the bubble size 

distribution. According to the R2 value (0.58), a large part of the variation of M44 arises from 
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the liquid fraction. A significant regression coefficient is also obtained for A_s, but only 9 % 

of the variation of M44 can be explained by this variable based on ∆R2 value. 

Table 7.9 Multiple regression results for correlating M44 of Foam IV (a), Foam V (b), Foam 
VI (c) using liquid fraction and bubble size distribution. 

(a) Foam IV 

Regression step of M44 Model variable B SE B β 

Step 1 
Constant -0.06 0.02 

 
ε 0.90 0.65 0.28 NS 

Step 2 
Constant -0.22 0.06 

 
ε 2.15 0.74 0.66** 
xc 0.04 0.01 0.62* 

 R2 = 0.08 for Step 1, ∆R2 = 0.23 for Step 2. 

(b) Foam V 

Regression step of M44 Model variable B SE B β 

Step 1 
Constant -0.08 0.03   

ε 1.39 1.36 0.21 NS 

Step 2 
Constant 1.18 0.31   

ε 0.05 1.09 0.01 NS 
xc -0.38 0.09 -0.68*** 

 R2 = 0.04 for Step 1, ∆R2 = 0.42 for Step 2. 

(c) Foam VI 

Regression step of M44 Model variable B SE B β 

Step 1 
Constant -0.18 0.03   

ε 7.56 1.34 0.76*** 

Step 2 
Constant -0.26 0.05   

ε 6.81 1.26 0.69*** 
A_s 1.09 0.46 0.30* 

 R2 = 0.58 for Step 1, ∆R2 = 0.09 for Step 2. 

B: regression coefficient; SE B: the standard error of B; β: standardised version of the B values. 

Comparing the result of M12 in Section 7.5 with the result of M44, it can be seen that both the 

amount of linearly and circularly polarised light in the scattered light are significantly 

correlated with the bubble size distribution but have only a small dependence on the liquid 

fraction for initially monodispersed Casein foams. These results for M12 and M44 suggest that 

the initially monodispersed Casein foams have a similar effect on the degree of circular and 

linear polarisation of the light. However, for initially bidispersed foam, the proportion of 
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linearly polarised light in the scattered light is related to the bubble size distribution, whereas 

the liquid fraction is the only important variable to influence the amount of circularly 

polarised light in the scattered light. It appears that the correlation between M44 and the liquid 

fraction and/or the bubble size distribution depends on the polydispersity of the foam. 

To summarise, circularly polarised light in the scattered light has a much greater dependence 

on the mean bubble diameter than on the liquid fraction for initially monodispersed Casein 

foams. On the contrary, the liquid fraction of bidispersed foam has a much stronger influence 

on the circularly polarised light in the scattered light than the bubble size distribution does. 

7.10 Conclusions 

In this chapter, experiments have been conducted to measure the six independent Mueller 

matrix elements (M11, M12, M22, M33, M34, M44) of the three Casein foams with different 

bubble size distributions. The Casein foams used in the experiment are the same Casein 

foams used in the Stokes vector experiments in Chapter 6. The single factor analysis of 

variance (ANOVA) on the liquid fraction and the mean bubble diameters of the three Casein 

foams shows satisfactory repeatability in the behaviours of these Casein foams. A similar 

decrease of liquid fraction and significant variation in the bubble size distribution due to 

bubble coalescence is also observed. The correlations between the six independent Mueller 

matrix elements and the liquid fraction & the bubble size distribution of the three Casein 

foams have been investigated using the multiple linearly regression method. 

Table 7.10 Variation range of six independent Mueller matrix elements of the three Casein 
foams 

Mij Variation Range 
M22 -3 - 0 3.00 
M11 0-0.7 0.70 
M33 -0.2 -0.13 0.33 
M44 -0.17 - 0.12 0.29 
M12 -0.2 - 0.07 0.27 
M34 -0.1 - 0.07 0.17 

The elements are arranged in descending order of their variation range. 

The highest correlation with the liquid fraction and the bubble size distribution is found with 

M11, which represents the differential scattering section, and M22, which is indicative of 

bubble shape and bubble density. The regression results indicate that almost all the variation 

of M11 and M22 arise from these two foam properties. Reliable quantitative correlations 
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between M11 &M22 and the liquid fraction and the bubble size distribution have been obtained, 

but their dependence on the liquid fraction is very much larger than on the bubble size 

distribution. Moreover, M11 and M22 are found to be the elements most sensitive to the foam 

properties among the six independent Mueller matrix elements. This can be demonstrated by 

the range of variation of the elements listed in Table 7.10. The high sensitivity of these two 

elements is also found with the SDS foam properties in Chapter 5. 

The Mueller matrix element M12, which represents the amount of linearly polarised light in 

the scattered light, shows dependence only on the bubble size distribution of the three Casein 

foams but no dependence on the liquid fraction. This suggests that the scattering paths 

through the gas phase of foam dominate the proportion of linearly polarised light.  

The Mueller matrix element M33, which is a measure of how much of the light polarised at 

+45° is retained through the foam, has been found to have associations with both the liquid 

fraction and the bubble size distribution of these three Casein foams. Moreover, among the 

six independent Mueller matrix elements, M33 is the only element which is determined by the 

big bubbles in bidispersed foam instead of the small bubbles.  

Polydispersity is found to have an influence on the remaining two Mueller Matrix elements 

M34, which represent the fraction of the incident light transformed into circularly polarised 

light because of the foam, and M44, which is the amount of right and left circularly polarised 

light. Very clear regression results are observed for initially monodispersed Casein foam and 

bidispersed Casein foam. For initially monodispersed foam, M34 appears to be not affected by 

the liquid fraction and the bubble size distribution, whereas M44 exhibits significant 

correlation only with the mean bubble diameter. For initially bidispersed foam, both M34 and 

M44 are largely associated with the liquid fraction and not affected by the parameter for the 

bubble size distribution. 
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Chapter 8. Conclusions and recommendations 

This chapter summarises the main conclusions of the research described in the thesis. The 

aims and objectives are reviewed and the findings summarised. This is followed by 

recommendations for future work. 

8.1 Conclusions 

Since cellular structures like foam are expected to change the polarisation state due to 

multiple light scattering events, it would be expected that such changes can be used to 

diagnose foam dynamics. The main goal of this work is to characterise surfactant and protein 

foams based on polarised light scattering, with a view of developing the technique for the 

continuous and non-invasive monitoring of foam properties. SDS (Sodium dodecyl sulphate, 

a low molecular surfactant) and Casein (a protein) are selected as foaming agents after a 

consideration of their differences in the coarsening and drainage regimes. 

In order to examine the applicability of polarised light scattering technique on the SDS and 

Casein foams, the effect of SDS and Casein foam properties on the polarised light 

characteristics is investigated. Two types of completely polarised light (vertical-linearly 

polarised light and left-handed circularly polarised light) are applied to the foam column 

filled with SDS or Casein foams with different bubble size distributions. After being scattered 

by the foam which is undergoing a free drainage process, the polarisation state of the initial 

incident light is changes as a result. All of the five polarisation characteristic parameters 

(degree of polarisation P, degree of linear polarisation PL, degree of circular polarisation PC, 

orientation angle ψ and ellipticity angle χ) of the scattered light are determined via the 

measurement of the Stokes vector. At the same time, two of the most important properties of 

foam – liquid fraction (ε) and bubble size distribution are also measured independently with 

the pressure gradient method and the photographic method, respectively. Further 

investigation concentrates on the Mueller matrix, which contains important information about 

the optical and geometrical properties of the foam. Six independent Mueller matrix elements 

(M11, M12, M22, M33, M34, M44) are measured by using a predetermined set of polariser and 

retarder combinations. The correlations between these Mueller matrix elements and the liquid 

fraction and the bubble size distribution of the foam are studied. 
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In the free drainage process of the SDS foams, along with a decrease of the liquid fraction, 

the bubble size distribution of the three types of SDS foams remain almost constant. In the 

static stage, except for ψ, all of P, PL, PC and χ are found to be sensitive to varying degrees to 

the liquid fraction and the bubble size distribution. Most of these parameters display a 

dynamic range in the monodispersed foams and show less sensitivity to bidispersed foam. 

The degree of polarisation P shows the strongest sensitivity to ε of monodispersed Foam I 

and less sensitivity to ε of foams with larger bubble size or higher polydispersity when the 

incident light is linearly polarised. In the circularly polarised incident light case, P shows a 

large dependence on ε for big-bubble monodispersed foam but appears to be insensitive to ε 

of small-bubble monodispersed foam and bidispersed foam. The degree of linear polarisation 

PL is sensitive to the two types of monodispersed foams in the linearly polarised incident 

light case, whereas PL is only sensitive to Foam II as in the case for P. The degree of circular 

polarisation PC appears to be the most suitable parameter for evaluating the foam properties 

because of the higher sensitivity and stricter monotonic trend in the variation of PC with ε. 

The orientation angle of the polarisation ellipse ψ tends to be independent of the liquid 

fraction of the three SDS foams in the linearly polarised incident light case, but it may be a 

good parameter to identify foam rearrangement events for polydispersed foams. The 

ellipticity angle χ illustrates the development of the handedness and the shape of the 

polarisation ellipse. These results have demonstrated the feasibility of using the polarised 

light scattering technique for the SDS foams. 

With almost constant bubble size distribution, the relationships between the six normalised 

independent Mueller matrix elements and the liquid fraction is different for the three SDS 

foams. High sensitivity to ε is found in three elements N11, N22, and N33. N11 steadily 

decreases with decreasing liquid fraction of the three SDS foams. N22 and N33 are shown to be 

the most sensitive elements to ε for monodispersed foams, but they show low sensitivity to ε 

in bidispersed foam. The simple quantitative correlations obtained between ε and N11, N22, 

N33 suggest the possibility of detecting the changes of the differential scattering cross section, 

the bubble density and the capacity of retaining +45° polarised light of foams with polarised 

light scattering method. The sensitivity of the remaining three elements N12, N34, N44 to ε is 

not high in all the three SDS foams. The small bubbles in bidispersed foam appear to play a 

predominant role in terms of the similarity in trends of N12 and N44 with ε in Foam I and 
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Foam III. N34 is almost independent of ε in Foam I and Foam III but is influenced by ε in 

Foam II because of the larger bubble size. 

In the case of Casein foams, it was found that they contain higher proportions of liquid than 

SDS foams for the purposes of maintaining foam stability. During the free drainage period, 

the liquid fraction decreases and the bubble size distribution varies simultaneously due to 

bubble coalescence. In order to determine their individual contributions to the variation of 

polarisation state, the multiple regression analyses are performed. 

The regression results show that the degree of polarisation P has similar sensitivity to the 

liquid fraction and the bubble size distribution when the incident light is linearly polarised, 

but in the circularly polarised incident light case, P is only sensitive to the bubble size 

distribution of monodispersed Foam IV. The degree of linear polarisation PL shows higher 

sensitivity to the liquid fraction and to the bubble size distribution in the linearly polarised 

incident light case. In the circularly polarised incident light case, PL is only associated with 

the bubble size distribution of Foam IV and Foam VI, but is only related to the liquid fraction 

of Foam V. Similar to SDS foams, the degree of circular polarisation PC shows the maximum 

association with the liquid fraction and the bubble size distribution of the three Casein foams 

for both the linearly and circularly polarised incident light cases. The orientation angle ψ of 

the polarisation ellipse is found to be completely independent of the liquid fraction and the 

bubble size distribution of Casein foams. The liquid fraction and the bubble size distribution 

also have a strong influence on the ellipticity angle χ of the polarisation ellipse of scattered 

light from the Casein foams. These results show that it is feasible to use the polarised light 

scattering in the study of protein foams. 

The multiple regression method is also used to analysis the correlations between the six 

independent Mueller matrix elements and the liquid fraction and the bubble size distribution 

of the three Casein foams. M12 and M22 are found to be the most sensitive elements to the 

changing foam properties. A quantitative relationship between M11 & M22 and the liquid 

fraction and the bubble size distribution with high correlation efficient has been obtained. M12 

exhibits dependence only on the bubble size distribution of the three Casein foams but no 

dependence on the liquid fraction. M33 is found to have associations with both the liquid 

fraction and the bubble size distribution for the three Casein foams. It is the only element 

which is influenced by the big bubbles in bidispersed foam. M34 and M44 show different 

behaviours for initially monodispersed Casein foam and bidispersed Casein foam. For 
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initially monodispersed Casein foams, M34 has no association with either the liquid fraction 

or the bubble size distribution, but M44 show significant correlation only with the mean 

bubble diameter. For bidispersed foam, both M34 and M44 show significant correlation with 

the liquid fraction but they are not affected by the bubble size distribution. 

8.2 Recommendations for future work 

It can be concluded from all the results that polarised light scattering technique can be 

successfully applied in the study of surfactant and protein foams such as SDS foams and 

Casein foams based on the sensitivity of the parameters of polarised light to the liquid 

fraction and the bubble size distribution as found in this work. It would be possible to employ 

this technique for diagnostic purposes involving surfactant and protein foams through some 

Mueller matrix elements which have simple quantitative relationships with the liquid fraction 

and the bubble size distribution. Based on the work has been done in this these, the following 

work is recommended for the future work. 

In the present study, the bubble size distribution of foam has been examined using the 

photographic method. The analysis on the foam structure is limited by the 2D images. 

However, it is believed that some foam structural features which can only be detected from 

3D images have an important influence on the polarised light scattering as discussed in 

Section 5.5. If more sophisticated method such as Magnetic Resonance Imaging could be 

used to verify the 3D foam characteristics in the future, more precise correlations between 

foam properties and polarised light could be found. 

For the more in depth physics of polarised light investigation, polar decomposition would be 

recommended. By doing so, each of the measured Mueller matrix is composed into a 

sequence of three matrices, with each representing an ideal optical device, namely, a 

diattenuator, a retarder and a depolariser [207]. The correlations between these ideal optical 

devices and the foam properties could be examined and then compared with the results 

obtained in this thesis. 

Besides the liquid fraction and the bubble size distribution, the other foam parameters such as 

foam stability and liquid viscosity may also affect the polarised light scattering. Therefore, 

such parameters can also be considered in the future studies. 
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Further, in this thesis only the drainage process of the stationary foams has been investigated. 

This mode corresponds to batch operation implemented in many industries. However, a 

continuous operation, in which foam is continuously moving, is also widely used in industries. 

Therefore, further studies on the moving foam using polarised light scattering technique 

would be valuable. 

Finally, considering different liquid foam systems and possibly more complex foam systems 

might provide valuable insight into the application of scattering polarised light to monitor and 

ultimately control industrial foam properties. 
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In[93]:= e.d.c.b.a

Out[93]= 0.5 F11 F12 0.5 Cos 2 2 Cos 2 0.5 Cos 2 Sin 2 Sin 2 Sin 2
Cos 2 Sin 2 0.5 F12 F22 0.5 Cos 2 2 Cos 2 0.5 Cos 2 Sin 2 Sin 2
Sin 2 2 F34 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2

F33 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2
Cos 2 F44 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2

F34 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2
Cos 2 Cos 2 2 0.5 F12 F22 0.5 Cos 2 2 Cos 2 0.5 Cos 2 Sin 2 Sin 2

Cos 2 Sin 2 F34 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2
F33 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2

Sin 2 F44 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2
F34 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2 ,

0.5 F11 Cos 2 F12 0.5 Cos 2 2 Cos 2 2 0.5 Cos 2 Cos 2 Sin 2 Sin 2
Sin 2 Cos 2 Sin 2

0.5 F12 Cos 2 F22 0.5 Cos 2 2 Cos 2 2 0.5 Cos 2 Cos 2 Sin 2 Sin 2
Sin 2 2 F34 0.5 Cos 2 2 Sin 2 0.5 Cos 2 Cos 2 Sin 2

F33 0.5 Cos 2 Cos 2 2 Sin 2 0.5 Cos 2 Sin 2 2 Sin 2
Cos 2 F44 0.5 Cos 2 2 Sin 2 0.5 Cos 2 Cos 2 Sin 2

F34 0.5 Cos 2 Cos 2 2 Sin 2 0.5 Cos 2 Sin 2 2 Sin 2
Cos 2 Cos 2 2 0.5 F12 Cos 2 F22 0.5 Cos 2 2 Cos 2 2

0.5 Cos 2 Cos 2 Sin 2 Sin 2
Cos 2 Sin 2 F34 0.5 Cos 2 2 Sin 2 0.5 Cos 2 Cos 2 Sin 2

F33 0.5 Cos 2 Cos 2 2 Sin 2 0.5 Cos 2 Sin 2 2 Sin 2
Sin 2 F44 0.5 Cos 2 2 Sin 2 0.5 Cos 2 Cos 2 Sin 2

F34 0.5 Cos 2 Cos 2 2 Sin 2 0.5 Cos 2 Sin 2 2 Sin 2 ,
0.5 F11 Sin 2 F12 0.5 Cos 2 2 Cos 2 Sin 2 0.5 Cos 2 Sin 2 Sin 2 2

Sin 2 Cos 2 Sin 2
0.5 F12 Sin 2 F22 0.5 Cos 2 2 Cos 2 Sin 2 0.5 Cos 2 Sin 2 Sin 2 2

Sin 2 2 F34 0.5 Cos 2 Sin 2 Sin 2 0.5 Cos 2 Sin 2 2

F33 0.5 Cos 2 Cos 2 Sin 2 Sin 2 0.5 Sin 2 2 Sin 2 2

Cos 2 F44 0.5 Cos 2 Sin 2 Sin 2 0.5 Cos 2 Sin 2 2

F34 0.5 Cos 2 Cos 2 Sin 2 Sin 2 0.5 Sin 2 2 Sin 2 2

Cos 2 Cos 2 2 0.5 F12 Sin 2 F22 0.5 Cos 2 2 Cos 2 Sin 2
0.5 Cos 2 Sin 2 Sin 2 2

Cos 2 Sin 2 F34 0.5 Cos 2 Sin 2 Sin 2 0.5 Cos 2 Sin 2 2

F33 0.5 Cos 2 Cos 2 Sin 2 Sin 2 0.5 Sin 2 2 Sin 2 2

Sin 2 F44 0.5 Cos 2 Sin 2 Sin 2 0.5 Cos 2 Sin 2 2

F34 0.5 Cos 2 Cos 2 Sin 2 Sin 2 0.5 Sin 2 2 Sin 2 2 , 0

In[94]:= MatrixForm Out 93
Out[94]//MatrixForm=

0.5 F11 F12 0.5 Cos 2 2 Cos 2 0.5 Cos 2 Sin 2 Sin 2 Sin 2 Cos 2 Sin 2
0.5 F11 Cos 2 F12 0.5 Cos 2 2 Cos 2 2 0.5 Cos 2 Cos 2 Sin 2 Sin 2 Sin 2 C
0.5 F11 Sin 2 F12 0.5 Cos 2 2 Cos 2 Sin 2 0.5 Cos 2 Sin 2 Sin 2 2 Sin 2 C
0
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e.d.c.b.a

990.5 F11 + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DM + Sin@2 ΑD
ICos@2 ΒD Sin@2 ΒD I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Cos@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DM +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2
+

0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Sin@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2M +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D +

0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM=, 80<=

MatrixForm@Out@93DD

Sin@2 ΒD I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM + Sin@2 ΒD2 I-F34 H0.5 Cos@2 ∆D
Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@
Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 2

Isca after calibrate frame reference.nb  3

185



e.d.c.b.a

990.5 F11 + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DM + Sin@2 ΑD
ICos@2 ΒD Sin@2 ΒD I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Cos@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DM +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2
+

0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Sin@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2M +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D +

0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM=, 80<=

MatrixForm@Out@93DD

Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL + F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM + Cos

ΓD Sin@2 ∆DMM + Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM + F33 I0.5 Cos@2 ΓD Cos 2

ΓD Sin@2 ∆D2MM + Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M + F33 I0.5 Cos@2 ΓD Cos
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e.d.c.b.a

990.5 F11 + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DM + Sin@2 ΑD
ICos@2 ΒD Sin@2 ΒD I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Cos@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DM +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2
+

0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Sin@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2M +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D +

0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM=, 80<=

MatrixForm@Out@93DD

DMM + Cos@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL + F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin 2

Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM + Cos@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2
Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM + Cos@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5
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e.d.c.b.a

990.5 F11 + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DM + Sin@2 ΑD
ICos@2 ΒD Sin@2 ΒD I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Cos@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DM +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2
+

0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Sin@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2M +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D +

0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM=, 80<=
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D + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM + Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 Γ

0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM + F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM + Cos

@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M + F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM + Cos
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e.d.c.b.a

990.5 F11 + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DM + Sin@2 ΑD
ICos@2 ΒD Sin@2 ΒD I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Cos@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DM +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2
+

0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Sin@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2M +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D +

0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM=, 80<=
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Sin@2 ΓD Sin@2 ∆DMM + Cos@2 ΒD Sin@2 ΒD I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL + F33 I0.5 Cos@2
MMM + Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2
MMM + Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 2
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e.d.c.b.a

990.5 F11 + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DM + Sin@2 ΑD
ICos@2 ΒD Sin@2 ΒD I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Cos@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DM +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2
+

0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Sin@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2M +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D +

0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM=, 80<=
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0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM - Sin@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin

ΓD Sin@2 ∆DMM + Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM + F33 I0.5 Cos
D Sin@2 ∆D2MM + Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M + F33 I0.5 Cos
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e.d.c.b.a

990.5 F11 + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DM + Sin@2 ΑD
ICos@2 ΒD Sin@2 ΒD I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Cos@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DM +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2
+

0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Sin@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2M +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D +

0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM=, 80<=
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@2 ΓD Sin@2 ∆DL + F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM
I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM - Sin@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5

I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM - Sin@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin
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e.d.c.b.a

990.5 F11 + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DM + Sin@2 ΑD
ICos@2 ΒD Sin@2 ΒD I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Cos@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DM +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2
+

0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Sin@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2M +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D +

0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM=, 80<=

MatrixForm@Out@93DD

@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM + F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DM
2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M + F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2M
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e.d.c.b.a

990.5 F11 + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DM + Sin@2 ΑD
ICos@2 ΒD Sin@2 ΒD I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 H0.5 Cos@2 ∆D Sin@2 ΓD - 0.5 Cos@2 ΓD Sin@2 ∆DL +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD + 0.5 Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Cos@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DM +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2

+ 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Cos@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D2
+

0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆DMM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D2 Sin@2 ΓD - 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM=,
90.5 F11 Sin@2 ∆D + F12 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2M +

Sin@2 ΑD ICos@2 ΒD Sin@2 ΒD
I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D + 0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Sin@2 ΒD2 I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM +

Cos@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM +

Cos@2 ΑD ICos@2 ΒD2 I0.5 F12 Sin@2 ∆D + F22 I0.5 Cos@2 ΓD2 Cos@2 ∆D Sin@2 ∆D +

0.5 Cos@2 ΓD Sin@2 ΓD Sin@2 ∆D2MM +

Cos@2 ΒD Sin@2 ΒD I-F34 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F33 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MM -

Sin@2 ΒD IF44 I0.5 Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M +

F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM=, 80<=

MatrixForm@Out@93DD

- 0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ∆DM + F34 I0.5 Cos@2 ΓD Cos@2 ∆D2 Sin@2 ΓD + 0.5 Cos@2 ∆D Sin@2 ΓD2 Sin@2 ∆DMMM
Sin@2 ∆D - 0.5 Cos@2 ΓD Sin@2 ∆D2M + F34 I0.5 Cos@2 ΓD Cos@2 ∆D Sin@2 ΓD Sin@2 ∆D + 0.5 Sin@2 ΓD2 Sin@2 ∆D2MMM
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In[95]:= Isca 0.5` F11 F12 0.5` Cos 2 2 Cos 2 0.5` Cos 2 Sin 2 Sin 2 Sin 2
Cos 2 Sin 2 0.5` F12 F22 0.5` Cos 2 2 Cos 2 0.5` Cos 2 Sin 2 Sin 2
Sin 2 2 F34 0.5` Cos 2 Sin 2 0.5` Cos 2 Sin 2

F33 0.5` Cos 2 Cos 2 Sin 2 0.5` Sin 2 2 Sin 2
Cos 2 F44 0.5` Cos 2 Sin 2 0.5` Cos 2 Sin 2

F34 0.5` Cos 2 Cos 2 Sin 2 0.5` Sin 2 2 Sin 2
Cos 2 Cos 2 2 0.5` F12 F22 0.5` Cos 2 2 Cos 2 0.5` Cos 2 Sin 2 Sin 2

Cos 2 Sin 2 F34 0.5` Cos 2 Sin 2 0.5` Cos 2 Sin 2
F33 0.5` Cos 2 Cos 2 Sin 2 0.5` Sin 2 2 Sin 2

Sin 2 F44 0.5` Cos 2 Sin 2 0.5` Cos 2 Sin 2
F34 0.5` Cos 2 Cos 2 Sin 2 0.5` Sin 2 2 Sin 2

Collect Isca, F11, F12, F22, F33, F34, F44
Out[95]= 0.5 F11 F12 0.5 Cos 2 2 Cos 2 0.5 Cos 2 Sin 2 Sin 2 Sin 2

Cos 2 Sin 2 0.5 F12 F22 0.5 Cos 2 2 Cos 2 0.5 Cos 2 Sin 2 Sin 2
Sin 2 2 F34 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2

F33 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2
Cos 2 F44 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2

F34 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2
Cos 2 Cos 2 2 0.5 F12 F22 0.5 Cos 2 2 Cos 2 0.5 Cos 2 Sin 2 Sin 2

Cos 2 Sin 2 F34 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2
F33 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2

Sin 2 F44 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2
F34 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2

Out[96]= 0.5 F11 F12 0.5 Cos 2 Cos 2 2 0.5 Cos 2 2 Cos 2
0.5 Cos 2 Sin 2 Sin 2 0.5 Cos 2 Sin 2 Sin 2

F44 Cos 2 Sin 2 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2
Cos 2 Sin 2 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2

F22 Cos 2 Cos 2 2 0.5 Cos 2 2 Cos 2 0.5 Cos 2 Sin 2 Sin 2
Cos 2 Sin 2 Sin 2 0.5 Cos 2 2 Cos 2 0.5 Cos 2 Sin 2 Sin 2

F34 Cos 2 Cos 2 Sin 2 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2
Sin 2 Sin 2 2 0.5 Cos 2 Sin 2 0.5 Cos 2 Sin 2
Cos 2 Sin 2 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2
Cos 2 Sin 2 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2

F33 Cos 2 Cos 2 Sin 2 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2
Sin 2 Sin 2 2 0.5 Cos 2 Cos 2 Sin 2 0.5 Sin 2 2 Sin 2
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In[151]:=

Isca . 3 Pi 4, Pi 2, Pi 2, Pi 2
Isca . 3 Pi 4, Pi 2, Pi 2, 3 Pi 4
Isca . 3 Pi 4, Pi 2, Pi 2, Pi
Isca . 3 Pi 4, Pi 2, Pi 4, Pi 2
Isca . 3 Pi 4, Pi 2, Pi 4, 3 Pi 4
Isca . 3 Pi 4, Pi 2, Pi 4, Pi
Isca . 3 Pi 4, Pi 2, 0, Pi 2
Isca . 3 Pi 4, Pi 2, 0, 3 Pi 4
Isca . 3 Pi 4, Pi 2, 0, Pi
Isca . 3 Pi 4, 3 Pi 4, Pi 2, Pi 2
Isca . 3 Pi 4, 3 Pi 4, Pi 2, 3 Pi 4
Isca . 3 Pi 4, 3 Pi 4, Pi 2, Pi
Isca . 3 Pi 4, 3 Pi 4, Pi 4, Pi 2
Isca . 3 Pi 4, 3 Pi 4, Pi 4, 3 Pi 4
Isca . 3 Pi 4, 3 Pi 4, Pi 4, Pi
Isca . 3 Pi 4, 3 Pi 4, 0, Pi 2
Isca . 3 Pi 4, 3 Pi 4, 0, 3 Pi 4
Isca . 3 Pi 4, 3 Pi 4, 0, Pi
Isca . 3 Pi 4, Pi, Pi 2, Pi 2
Isca . 3 Pi 4, Pi, Pi 2, 3 Pi 4
Isca . 3 Pi 4, Pi, Pi 2, Pi
Isca . 3 Pi 4, Pi, Pi 4, Pi 2
Isca . 3 Pi 4, Pi, Pi 4, 3 Pi 4
Isca . 3 Pi 4, Pi, Pi 4, Pi
Isca . 3 Pi 4, Pi, 0, Pi 2
Isca . 3 Pi 4, Pi, 0, 3 Pi 4
Isca . 3 Pi 4, Pi, 0, Pi
Isca . Pi 2, Pi 2, Pi 2, Pi 2
Isca . Pi 2, Pi 2, Pi 2, 3 Pi 4
Isca . Pi 2, Pi 2, Pi 2, Pi
Isca . Pi 2, Pi 2, Pi 4, Pi 2
Isca . Pi 2, Pi 2, Pi 4, 3 Pi 4
Isca . Pi 2, Pi 2, Pi 4, Pi
Isca . Pi 2, Pi 2, 0, Pi 2
Isca . Pi 2, Pi 2, 0, 3 Pi 4
Isca . Pi 2, Pi 2, 0, Pi
Isca . Pi 2, 3 Pi 4, Pi 2, Pi 2
Isca . Pi 2, 3 Pi 4, Pi 2, 3 Pi 4
Isca . Pi 2, 3 Pi 4, Pi 2, Pi
Isca . Pi 2, 3 Pi 4, Pi 4, Pi 2
Isca . Pi 2, 3 Pi 4, Pi 4, 3 Pi 4
Isca . Pi 2, 3 Pi 4, Pi 4, Pi
Isca . Pi 2, 3 Pi 4, 0, Pi 2
Isca . Pi 2, 3 Pi 4, 0, 3 Pi 4
Isca . Pi 2, 3 Pi 4, 0, Pi
Isca . Pi 2, Pi, Pi 2, Pi 2
Isca . Pi 2, Pi, Pi 2, 3 Pi 4
Isca . Pi 2, Pi, Pi 2, Pi
Isca . Pi 2, Pi, Pi 4, Pi 2
Isca . Pi 2, Pi, Pi 4, 3 Pi 4
Isca . Pi 2, Pi, Pi 4, Pi
Isca . Pi 2, Pi, 0, Pi 2
Isca . Pi 2, Pi, 0, 3 Pi 4
Isca . Pi 2, Pi, 0, Pi

Out[151]= 0.5 F11 0.5 F12
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Out[152]= 0.5 F11 0.5 F44

Out[153]= 0.5 F11 0.5 F12

Out[154]= 0.5 F11 0.5 F44

Out[155]= 0.5 F11 0.5 F34

Out[156]= 0.5 F11 0.5 F44

Out[157]= 0.5 F11 0.5 F12

Out[158]= 0.5 F11 0.5 F44

Out[159]= 0.5 F11 0.5 F12

Out[160]= 0.5 F11 0.5 F12

Out[161]= 0.5 F11 0.5 F34

Out[162]= 0.5 F11 0.5 F12

Out[163]= 0.5 F11 0.5 F34

Out[164]= 0.5 F11 0.5 F33

Out[165]= 0.5 F11 0.5 F34

Out[166]= 0.5 F11 0.5 F12

Out[167]= 0.5 F11 0.5 F34

Out[168]= 0.5 F11 0.5 F12

Out[169]= 0.5 F11 0.5 F12

Out[170]= 0.5 F11 0.5 F44

Out[171]= 0.5 F11 0.5 F12

Out[172]= 0.5 F11 0.5 F44

Out[173]= 0.5 F11 0.5 F34

Out[174]= 0.5 F11 0.5 F44

Out[175]= 0.5 F11 0.5 F12

Out[176]= 0.5 F11 0.5 F44

Out[177]= 0.5 F11 0.5 F12

Out[178]= 0.5 F11 1. F12 0.5 F22

Out[179]= 0.5 F11 0.5 F12

Out[180]= 0.5 F11 0. F12 0.5 F22

Out[181]= 0.5 F11 0.5 F12

Out[182]= 0.5 F11 0.5 F12

Out[183]= 0.5 F11 0.5 F12

Out[184]= 0.5 F11 1. F12 0.5 F22

Out[185]= 0.5 F11 0.5 F12

Out[186]= 0.5 F11 0. F12 0.5 F22
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Out[187]= 0.5 F11 0.5 F12

Out[188]= 0.5 F11 0.5 F44

Out[189]= 0.5 F11 0.5 F12

Out[190]= 0.5 F11 0.5 F44

Out[191]= 0.5 F11 0.5 F34

Out[192]= 0.5 F11 0.5 F44

Out[193]= 0.5 F11 0.5 F12

Out[194]= 0.5 F11 0.5 F44

Out[195]= 0.5 F11 0.5 F12

Out[196]= 0.5 F11 1. F12 0.5 F22

Out[197]= 0.5 F11 0.5 F12

Out[198]= 0.5 F11 0. F12 0.5 F22

Out[199]= 0.5 F11 0.5 F12

Out[200]= 0.5 F11 0.5 F12

Out[201]= 0.5 F11 0.5 F12

Out[202]= 0.5 F11 1. F12 0.5 F22

Out[203]= 0.5 F11 0.5 F12
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Out[204]= 0.5 F11 0. F12 0.5 F22

0.5` F11 0.5` F12
0.5` F11 0.5` F44
0.5` F11 0.5` F12
0.5` F11 0.5` F44
0.5` F11 0.5` F34
0.5` F11 0.5` F44
0.5` F11 0.5` F12
0.5` F11 0.5` F44
0.5` F11 0.5` F12
0.5` F11 0.5` F12
0.5` F11 0.5` F34
0.5` F11 0.5` F12
0.5` F11 0.5` F34
0.5` F11 0.5` F33
0.5` F11 0.5` F34
0.5` F11 0.5` F12
0.5` F11 0.5` F34
0.5` F11 0.5` F12
0.5` F11 0.5` F12
0.5` F11 0.5` F44
0.5` F11 0.5` F12
0.5` F11 0.5` F44
0.5` F11 0.5` F34
0.5` F11 0.5` F44
0.5` F11 0.5` F12
0.5` F11 0.5` F44
0.5` F11 0.5` F12
0.5` F11 1.` F12 0.5` F22
0.5` F11 0.5` F12
0.5` F11 0.` F12 0.5` F22
0.5` F11 0.5` F12
0.5` F11 0.5` F12
0.5` F11 0.5` F12
0.5` F11 1.` F12 0.5` F22
0.5` F11 0.5` F12
0.5` F11 0.` F12 0.5` F22
0.5` F11 0.5` F12
0.5` F11 0.5` F44
0.5` F11 0.5` F12
0.5` F11 0.5` F44
0.5` F11 0.5` F34
0.5` F11 0.5` F44
0.5` F11 0.5` F12
0.5` F11 0.5` F44
0.5` F11 0.5` F12
0.5` F11 1.` F12 0.5` F22
0.5` F11 0.5` F12
0.5` F11 0.` F12 0.5` F22
0.5` F11 0.5` F12
0.5` F11 0.5` F12
0.5` F11 0.5` F12
0.5` F11 1.` F12 0.5` F22
0.5` F11 0.5` F12
0.5` F11 0.` F12 0.5` F22
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Appendix B. Histograms of bubble size distribution of SDS foams 

 

Figure B.1 Histograms of bubble size distributions of Foam I at different drainage time. 
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Figure B.2 Histograms of bubble size distributions of Foam II at different drainage time. 
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Figure B.3 Histograms of bubble size distributions of Foam III at different drainage time. 
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Appendix C. R2 of the fitted Gaussian distribution functions of 

SDS foams

 
t(s) R2 (Foam I) R2 (Foam II) 

12 0.857 0.785 

36 0.924 0.952 

60 0.883 0.981 

84 0.826 0.866 

108 0.802 0.922 

132 0.888 0.92 

156 0.878 0.967 

180 0.825 0.967 

204 0.925 0.92 

228 0.924 0.851 

252 0.91 0.871 

276 0.951 0.826 

300 0.943 0.808 

324 0.944 0.861 

348 0.939 0.861 

372 0.925 0.922 

396 0.925 0.79 

420 0.922 0.913 

444 0.946 0.861 

468 0.96 0.861 

492 0.96 0.861 

516 0.941 0.79 

540 0.92 0.922 

564 0.937 0.909 

588 0.914 0.928 

 

 
t(s) R2 (Foam IIIa) R2 (Foam IIIb) 

8 0.752 0.744 

24 0.68 0.956 

40 0.878 0.969 

56 0.861 0.742 

72 0.84 0.779 

88 0.903 0.791 

104 0.825 0.779 

120 0.854 0.919 

136 0.835 0.919 

152 0.723 0.919 

168 0.843 0.919 

184 0.641 0.919 

200 0.711 0.959 

216 0.715 0.911 

232 0.842 0.861 

248 0.808 0.861 

264 0.767 0.773 

280 0.789 0.92 

296 0.93 0.92 

312 0.828 0.763 

328 0.766 0.92 

344 0.837 0.92 

360 0.743 0.773 

376 0.863 0.773 

392 0.863 0.773 

a : small bubbles in Foam III; b: big bubbles in Foam III
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Appendix D. Parameters of Gaussian distribution functions of 

SDS foams 

Table D.1 Parameters of Gaussian 

distribution functions of Foam I. 

t y0 xc w A 

(s) (mm) (mm) (mm) (mm2) 

12 0.041 2.417 0.159 0.059 

36 0.038 2.425 0.178 0.063 

60 0.039 2.460 0.189 0.061 

84 0.028 2.462 0.245 0.072 

108 0.034 2.477 0.215 0.066 

132 0.028 2.463 0.232 0.072 

156 0.026 2.477 0.236 0.075 

180 0.030 2.481 0.227 0.071 

204 0.033 2.480 0.204 0.067 

228 0.031 2.497 0.209 0.069 

252 0.037 2.523 0.202 0.063 

276 0.035 2.520 0.197 0.065 

300 0.032 2.511 0.216 0.068 

324 0.033 2.519 0.213 0.067 

348 0.039 2.527 0.164 0.061 

372 0.037 2.527 0.190 0.064 

396 0.037 2.527 0.190 0.064 

420 0.030 2.514 0.222 0.070 

444 0.032 2.531 0.213 0.069 

468 0.031 2.523 0.210 0.070 

492 0.029 2.523 0.225 0.072 

516 0.028 2.523 0.226 0.072 

540 0.027 2.526 0.228 0.074 

564 0.027 2.529 0.248 0.074 

588 0.039 2.538 0.167 0.062 

Table D.2 Parameters of Gaussian 

distribution functions of Foam II. 

t y0 xc w A 

(s) (mm) (mm) (mm) (mm2) 

12 0.008 4.239 1.319 0.526 

36 0.006 4.381 1.398 0.535 

60 0.009 4.419 1.338 0.522 

84 0.033 4.507 0.818 0.399 

108 0.027 4.479 0.861 0.428 

132 0.023 4.456 0.959 0.447 

156 0.017 4.482 1.009 0.480 

180 0.017 4.482 1.009 0.480 

204 0.023 4.456 0.959 0.447 

228 0.032 4.423 0.874 0.405 

252 0.036 4.473 0.727 0.383 

276 0.042 4.468 0.626 0.349 

300 0.042 4.441 0.669 0.352 

324 0.034 4.449 0.792 0.391 

348 0.034 4.449 0.792 0.391 

372 0.027 4.479 0.861 0.428 

396 0.041 4.414 0.717 0.357 

420 0.019 4.431 1.056 0.467 

444 0.034 4.449 0.792 0.391 

468 0.034 4.449 0.792 0.391 

492 0.034 4.449 0.792 0.391 

516 0.041 4.414 0.717 0.357 

540 0.035 4.445 0.781 0.387 

564 0.034 4.502 0.799 0.392 

588 0.036 4.471 0.722 0.381 
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Table D.3 Parameters of Gaussian 

distribution functions of small bubbles in 

Foam III. 

t y0_s xc_s w_s A_s 

(s) (mm) (mm) (mm) (mm2) 

8 0.030 1.566 0.181 0.049 

24 -0.001 1.571 0.391 0.085 

40 0.009 1.560 0.337 0.072 

56 0.018 1.627 0.265 0.062 

72 0.008 1.585 0.334 0.074 

88 0.004 1.608 0.369 0.079 

104 -0.006 1.578 0.421 0.091 

120 0.015 1.600 0.298 0.067 

136 0.006 1.589 0.372 0.076 

152 -0.008 1.579 0.458 0.094 

168 0.013 1.605 0.332 0.068 

184 0.009 1.614 0.374 0.073 

200 0.027 1.634 0.248 0.053 

216 0.021 1.624 0.308 0.060 

232 0.025 1.613 0.263 0.055 

248 0.020 1.603 0.333 0.061 

264 0.014 1.586 0.367 0.067 

280 0.014 1.577 0.384 0.068 

296 0.034 1.590 0.270 0.045 

312 0.027 1.596 0.311 0.053 

328 0.027 1.602 0.308 0.053 

344 0.025 1.610 0.302 0.055 

360 0.026 1.603 0.285 0.054 

376 0.023 1.594 0.326 0.058 

392 0.023 1.594 0.326 0.058 

 

 

 

Table D.4 Parameters of Gaussian 

distribution functions of big bubbles in 

Foam III. 

t y0_b xc_b w_b A_b 

(s) (mm) (mm) (mm) (mm2) 

8 -0.011 4.008 0.640 0.092 

24 -0.009 4.032 0.621 0.088 

40 0.002 4.074 0.552 0.070 

56 -0.004 4.197 0.569 0.080 

72 -0.004 4.225 0.582 0.080 

88 -0.033 4.195 0.765 0.129 

104 -0.004 4.225 0.582 0.080 

120 -0.060 4.196 0.958 0.185 

136 -0.060 4.196 0.958 0.185 

152 -0.060 4.196 0.958 0.185 

168 -0.060 4.196 0.958 0.185 

184 -0.060 4.196 0.958 0.185 

200 -0.011 4.253 0.634 0.091 

216 -0.001 4.268 0.507 0.075 

232 -0.004 4.309 0.575 0.080 

248 -0.004 4.309 0.575 0.080 

264 0.010 4.383 0.437 0.052 

280 0.005 4.395 0.589 0.064 

296 0.005 4.401 0.592 0.064 

312 0.001 4.423 0.627 0.073 

328 0.005 4.452 0.622 0.067 

344 0.005 4.452 0.622 0.067 

360 0.010 4.439 0.461 0.055 

376 0.010 4.439 0.461 0.055 

392 0.010 4.439 0.461 0.055 
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Appendix E. Standard deviation of degree of polarisation of SDS 

foam 

standard 

deviation 

Foam I   Foam II   Foam III 

ε lineara circularb   ε lineara circularb   ε lineara circularb 

static stage 

0.0042 0.008 0.083   0.0028 0.026 0.036   0.0030 0.041 0.011 

0.0043 0.022 0.011 
 

0.0030 0.020 0.096 
 

0.0031 0.016 0.030 

0.0044 0.009 0.011 
 

0.0031 0.025 0.100 
 

0.0031 0.010 0.025 

0.0046 0.011 0.008 
 

0.0033 0.064 0.036 
 

0.0033 0.022 0.041 

0.0048 0.015 0.014 
 

0.0034 0.045 0.016 
 

0.0034 0.008 0.041 

0.0051 0.010 0.011 
 

0.0036 0.024 0.017 
 

0.0034 0.013 0.045 

0.0053 0.009 0.008 
 

0.0038 0.024 0.015 
    

0.0055 0.015 0.028 
 

0.0041 0.036 0.017 
    

0.0057 0.023 0.012 
        

0.0059 0.020 0.007                 

transitional 

stage 

0.0060 0.035 0.016   0.0044 0.113 0.023   0.0036 0.040 0.073 

0.0062 0.055 0.030 
 

0.0045 0.085 0.018 
 

0.0038 0.073 0.056 

0.0063 0.048 0.025 
 

0.0048 0.237 0.021 
 

0.0040 0.148 0.035 

0.0066 0.390 0.026 
 

0.0050 0.283 0.029 
 

0.0041 0.235 0.046 

0.0071 0.251 0.027 
 

0.0053 0.088 0.058 
 

0.0044 0.410 0.085 

0.0077 0.180 0.111 
 

0.0057 0.099 0.034 
 

0.0048 0.333 0.134 

0.0083 0.206 0.047 
 

0.0061 0.068 0.086 
 

0.0054 0.070 0.191 

0.0093 0.070 0.057   0.0067 0.107 0.069         

initial 

stage 

0.0109 0.103 0.061   0.0079 0.094 0.050   0.0066 0.093 0.074 

0.0138 0.215 0.061 
 

0.0103 0.166 0.325 
 

0.0101 0.172 0.084 

0.0192 0.055 0.079 

 

0.0151 0.116 0.443 

 

0.0128 0.237 0.045 

0.0224 0.263 0.052   0.0223 0.097 0.379         

a : the incident light is linearly polarised light; b: the incident light is circularly polarised light. 
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Appendix F. ANOVA tests for the repeatability of the liquid 

fraction of SDS foams in Mueller matrix experiments 

 

Foam I 

Source of Variation SS df MS F P-value F crit 

Between Groups 0.002671 24 0.0001113 135.2261 9.67E-78 1.604786 

Within Groups 0.000103 125 8.23063E-07 

   Total 0.002774 149         

 

repeatability = 0.957211965 

    

Foam II 

Source of Variation SS df MS F P-value F crit 

Between Groups 0.00276 24 0.000115007 81.01908 1.29E-64 1.604786 

Within Groups 0.000177 125 1.4195E-06 

   Total 0.002938 149         

 

repeatability = 0.930248035 

    

 

Foam III 

Source of Variation SS df MS F P-value F crit 

Between Groups 0.000745 24 3.10514E-05 58.69165 1.37E-56 1.604786 

Within Groups 6.61E-05 125 5.29059E-07 

   Total 0.000811 149         

 

repeatability = 0.905796121 

    

SS: sum of square 

df: degree of freedom 

MS: mean square 
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Appendix G. Histograms of bubble size distribution of SDS foams in 

Mueller matrix experiment 

 
Figure G.1 Histograms of bubble size distributions of Foam I at different drainage time in Mueller 

matrix experiment. 
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Figure G.2 Histograms of bubble size distributions of Foam II at different drainage time in Mueller 

matrix experiment. 
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Figure G.3 Histograms of bubble size distributions of Foam III at different drainage time in Mueller 

matrix experiment. 
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Appendix H. R2 of the fitted Gaussian distribution functions of 

SDS foams in Mueller matrix experiment 

t(s) R2(Foam I) R2(Foam II) 

12 0.942 0.93 

36 0.961 0.967 

60 0.932 0.967 

84 0.929 0.93 

108 0.931 0.866 

132 0.922 0.883 

156 0.969 0.837 

180 0.861 0.819 

204 0.947 0.874 

228 0.957 0.874 

252 0.965 0.932 

276 0.963 0.802 

300 0.956 0.92 

324 0.968 0.874 

348 0.963 0.874 

372 0.972 0.874 

396 0.972 0.802 

420 0.947 0.92 

444 0.953 0.926 

468 0.968 0.88 

492 0.984 0.84 

516 0.949 0.928 

540 0.927 0.96 

564 0.95 0.883 

588 0.93 0.932 

 

 

 

t(s) R2(Foam IIIa) R2(Foam IIIb) 

8 0.795 0.988 

24 0.716 0.751 

40 0.864 0.709 

56 0.82 0.89 

72 0.871 0.969 

88 0.852 0.794 

104 0.781 0.794 

120 0.727 0.96 

136 0.694 0.96 

152 0.781 0.94 

168 0.781 0.96 

184 0.781 0.96 

200 0.728 0.751 

216 0.781 0.792 

232 0.781 0.792 

248 0.876 0.792 

264 0.876 0.7 

280 0.721 0.778 

296 0.726 0.828 

312 0.743 0.778 

328 0.732 0.774 

344 0.761 0.774 

360 0.795 0.778 

376 0.761 0.761 

392 0.795 0.778 

a : small bubbles in Foam III; b: big 

bubbles in Foam III 
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Appendix I. Parameters of Gaussian distribution functions 

of SDS foams in Mueller matrix experiment 

Table I.1 Parameters of Gaussian 
distribution functions of Foam I in the 

Mueller matrix experiment. 

t y0 xc w A 
(s) (mm) (mm) (mm) (mm2) 
12 0.032 2.413 0.156 0.068 

36 0.029 2.427 0.175 0.071 

60 0.036 2.467 0.158 0.065 

84 0.023 2.459 0.218 0.078 

108 0.026 2.469 0.202 0.075 

132 0.027 2.470 0.197 0.073 

156 0.022 2.476 0.206 0.078 

180 0.024 2.481 0.219 0.076 

204 0.030 2.479 0.179 0.070 

228 0.026 2.502 0.179 0.074 

252 0.030 2.520 0.186 0.071 

276 0.029 2.523 0.178 0.071 

300 0.029 2.523 0.178 0.071 

324 0.027 2.523 0.191 0.073 

348 0.031 2.529 0.163 0.069 

372 0.029 2.523 0.170 0.071 

396 0.029 2.523 0.170 0.071 

420 0.023 2.514 0.203 0.077 

444 0.028 2.532 0.178 0.073 

468 0.026 2.526 0.186 0.075 

492 0.021 2.526 0.216 0.079 

516 0.025 2.532 0.193 0.075 

540 0.028 2.538 0.182 0.073 

564 0.023 2.532 0.215 0.077 

588 0.034 2.539 0.148 0.067 

Table I.2 Parameters of Gaussian 
distribution functions of Foam II in the 

Mueller matrix experiment. 

t y0 xc w A 
(s) (mm) (mm) (mm) (mm2) 
12 0.006 4.339 1.489 0.538 

36 0.006 4.434 1.536 0.538 

60 0.010 4.470 1.455 0.519 

84 0.038 4.538 0.849 0.374 

108 0.033 4.509 0.889 0.397 

132 0.030 4.489 0.994 0.416 

156 0.025 4.512 1.025 0.441 

180 0.025 4.512 1.025 0.441 

204 0.030 4.489 0.994 0.416 

228 0.036 4.458 0.926 0.381 

252 0.041 4.501 0.751 0.355 

276 0.047 4.497 0.646 0.323 

300 0.047 4.471 0.697 0.327 

324 0.039 4.479 0.828 0.365 

348 0.039 4.479 0.828 0.365 

372 0.033 4.509 0.889 0.397 

396 0.046 4.446 0.756 0.332 

420 0.026 4.467 1.096 0.435 

444 0.039 4.479 0.828 0.365 

468 0.039 4.479 0.828 0.365 

492 0.039 4.479 0.828 0.365 

516 0.046 4.446 0.756 0.332 

540 0.041 4.475 0.811 0.359 

564 0.040 4.532 0.822 0.363 

588 0.047 4.526 0.698 0.328 
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Table I.3 Parameters of Gaussian 
distribution functions of small bubbles in 

Foam III in the Mueller matrix experiment. 

t y0_s xc_s w_s A_s 
(s) (mm) (mm) (mm) (mm2) 
8 0.016 1.500 0.313 0.062 

24 0.021 1.584 0.262 0.055 

40 0.016 1.554 0.293 0.062 

56 0.022 1.625 0.267 0.053 

72 0.021 1.613 0.280 0.055 

88 0.018 1.604 0.318 0.059 

104 0.020 1.605 0.342 0.055 

120 0.016 1.598 0.372 0.062 

136 0.020 1.608 0.306 0.057 

152 0.024 1.627 0.250 0.050 

168 0.024 1.627 0.250 0.050 

184 0.024 1.627 0.250 0.050 

200 0.026 1.615 0.259 0.048 

216 0.024 1.627 0.250 0.050 

232 0.029 1.640 0.217 0.045 

248 0.025 1.604 0.250 0.049 

264 0.025 1.604 0.250 0.049 

280 0.027 1.560 0.280 0.047 

296 0.026 1.549 0.303 0.049 

312 0.025 1.553 0.293 0.050 

328 0.029 1.544 0.238 0.044 

344 0.029 1.544 0.239 0.044 

360 0.028 1.568 0.252 0.046 

376 0.029 1.544 0.239 0.044 

392 0.028 1.568 0.252 0.046 

 

 

 

 

Table I.4 Parameters of Gaussian 
distribution functions of big bubbles in 

Foam III in the Mueller matrix experiment. 

t y0_b xc_b w_b A_b 
(s) (mm) (mm) (mm) (mm2) 
8 -0.002 4.000 0.506 0.076 

24 0.004 4.007 0.453 0.067 

40 -0.011 4.083 0.617 0.080 

56 0.011 4.126 0.398 0.049 

72 0.002 4.119 0.473 0.060 

88 0.027 4.078 0.229 0.026 

104 0.003 4.135 0.465 0.059 

120 -0.016 4.200 0.652 0.099 

136 -0.016 4.202 0.653 0.099 

152 0.002 4.214 0.452 0.063 

168 -0.016 4.200 0.652 0.099 

184 -0.016 4.200 0.652 0.099 

200 0.004 4.229 0.453 0.067 

216 0.004 4.251 0.404 0.065 

232 0.004 4.263 0.410 0.066 

248 0.004 4.263 0.410 0.066 

264 -0.002 4.280 0.516 0.076 

280 -0.001 4.305 0.458 0.075 

296 0.007 4.291 0.446 0.062 

312 -0.005 4.327 0.535 0.081 

328 -0.003 4.353 0.503 0.079 

344 -0.003 4.353 0.503 0.079 

360 -0.005 4.327 0.535 0.081 

376 -0.003 4.353 0.503 0.079 

392 -0.005 4.327 0.535 0.081 
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Appendix J. ANOVA tests for the repeatability of mean bubble 

diameter of SDS foams in Mueller matrix experiments 

Foam I 

Source of Variation SS df MS F P-value F crit 

Between Groups 0.058055 24 0.002419 176.3079 2.25E-22 1.964306 

Within Groups 0.000343 25 1.37E-05 

   Total 0.058398 49         

 

repeatability = 0.98872 

    

Foam II 

Source of Variation SS df MS F P-value F crit 

Between Groups 0.099442 24 0.004143 5.37159 4.22E-05 1.964306 

Within Groups 0.019284 25 0.000771 

   Total 0.118726 49         

 

repeatability  = 0.686107 

    

Foam III small bubble 

Source of Variation SS df MS F P-value F crit 

Between Groups 0.04938 24 0.002058 6.918611 4.09E-06 1.964306 

Within Groups 0.007435 25 0.000297 

   Total 0.056815 49         

 

repeatability  = 0.74743 

    

Foam III big bubble 

Source of Variation SS df MS F P-value F crit 

Between Groups 0.669627 24 0.027901 10.22379 8.21E-08 1.964306 

Within Groups 0.068226 25 0.002729 

   Total 0.737853 49         

 

repeatability  = 0.821807 

   SS: sum of square; df: degree of freedom; MS: mean square 
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Appendix K. Histograms of bubble size distribution of Casein 

foams 

 
Figure K.1 Histograms of bubble size distributions of Foam IV at different drainage time. 
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Figure K.2 Histograms of bubble size distributions of Foam V at different drainage time. 
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Figure K.3 Histograms of bubble size distributions of Foam VI at different drainage time. 
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Appendix L. R2 of the fitted Gaussian distribution functions of 

Casein foams 

t (s) R2(Foam IV) R2(Foam V) R2(Foam Vc) R2(Foam VIa) R2(Foam VIb) 

12 0.629 0.858  0.976 0.604 

36 0.723 0.836  0.981 0.604 

60 0.740 0.786  0.949 0.910 

84 0.730 0.933  0.967 0.868 

108 0.764 0.841  0.968 0.991 

132 0.781 0.775  0.941 0.991 

156 0.773 0.831  0.940 0.847 

180 0.720 0.863  0.966 0.896 

204 0.673 0.920  0.973 0.698 

228 0.643 0.905  0.961 0.846 

252 0.631 0.934  0.961 0.665 

276 0.656 0.893  0.953 0.851 

300 0.667 0.915  0.938 0.665 

324 0.711 0.896 0.008 0.956 0.669 

348 0.647 0.918 1.000 0.956 0.637 

372 0.664 0.911 0.656 0.939 0.665 

396 0.838 0.962 0.691 0.986 0.604 

420 0.727 0.894 0.783 0.935 0.651 

444 0.770 0.785 0.898 0.988 0.863 

468 0.702 0.799 0.842 0.963 0.730 

492 0.795 0.816 0.998 0.979 0.711 

516 0.658 0.765 0.610 0.961 0.974 

540 0.665 0.855 0.659 0.921 0.959 

564 0.672 0.469 0.852 0.913 0.924 

588 0.672 0.814 0.750 0.965 0.974 

a: for small bubbles in Foam VI; 
b: for big bubbles in Foam VI; 
c: for the second mode in Foam V which is the Gaussian distribution curve on the 
right of Figure 6.4. 
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Appendix M. Parameters of Gaussian distribution functions of 

Casein foams 

Table M.1 Parameters of Gaussian distribution functions of Foam IV. 
t  y0 xc w A 

(s) (mm) (mm) (mm) (mm2) 
12 0.004 2.361 0.977 0.353 

36 0.013 2.394 0.808 0.315 

60 0.020 2.386 0.708 0.283 

84 0.023 2.385 0.673 0.270 

108 0.021 2.371 0.664 0.278 

132 0.033 2.595 0.641 0.233 

156 -0.003 2.678 1.267 0.401 

180 -0.010 2.776 1.519 0.444 

204 -0.011 2.769 1.579 0.457 

228 -0.008 2.726 1.387 0.442 

252 0.004 2.762 1.490 0.404 

276 0.014 2.794 1.477 0.366 

300 -0.052 3.013 2.202 0.710 

324 -0.059 3.045 2.250 0.788 

348 -0.107 3.336 2.515 1.029 

372 -0.116 3.313 2.592 1.082 

396 -0.123 3.434 2.849 1.225 

420 -0.087 3.501 2.549 0.978 

444 -0.093 3.670 2.748 1.040 

468 -0.013 3.701 2.042 0.632 

492 -0.017 3.588 1.932 0.642 

516 -0.052 3.596 2.595 0.864 

540 -0.094 3.719 3.157 1.201 

564 -0.046 3.871 2.543 0.884 

588 -0.027 3.871 2.561 0.992 
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Table M.2 Parameters of Gaussian 
distribution functions on the left of Figure 

6.4 of Foam V. 

t y0 xc w A 

(s) (mm) (mm) (mm) (mm2) 

12 0.052 3.129 0.574 0.271 

36 0.058 3.178 0.573 0.257 

60 0.063 3.228 0.446 0.222 

84 0.040 3.173 0.654 0.286 

108 0.059 3.235 0.493 0.232 

132 0.071 3.210 0.476 0.203 

156 0.042 3.269 0.631 0.252 

180 0.046 3.299 0.513 0.236 

204 0.030 3.237 0.732 0.287 

228 0.064 3.294 0.680 0.225 

252 0.055 3.259 0.655 0.239 

276 0.029 3.220 0.738 0.294 

300 0.034 3.275 0.719 0.287 

324 0.058 3.300 0.598 0.231 

348 0.054 3.284 0.461 0.230 

372 0.059 3.292 0.555 0.222 

396 0.060 3.240 0.588 0.221 

420 0.066 3.350 0.581 0.206 

444 0.074 3.376 0.436 0.174 

468 0.075 3.430 0.459 0.172 

492 0.068 3.415 0.551 0.194 

516 0.083 3.458 0.417 0.156 

540 0.012 3.353 1.149 0.364 

564 0.012 3.336 1.022 0.345 

588 0.065 3.456 0.514 0.199 

 

 

 

Table M.3 Parameters of Gaussian 
distribution functions on the right of 

Figure 6.4 of Foam V 

t y0’ xc’ w’ A’ 

(s) (mm) (mm) (mm) (mm2) 

324 -0.039 4.922 2.019 0.203 

348 -0.030 5.039 1.547 0.187 

372 0.018 5.039 0.403 0.033 

396 0.000 4.889 1.193 0.084 

420 0.014 5.231 0.572 0.088 

444 0.010 5.134 0.699 0.120 

468 0.013 4.843 0.655 0.072 

492 -0.009 5.031 1.025 0.161 

516 0.022 4.841 0.533 0.058 

540 0.023 5.187 0.459 0.071 

564 0.030 5.310 0.529 0.069 

588 0.027 5.152 0.414 0.068 
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Table M.4 Parameters of Gaussian 
distribution functions of small bubbles in 

Foam VI. 

t  y0_s xc_s w_s A_s 

(s) (mm) (mm) (mm) (mm2) 

12 0.009 1.570 0.342 0.125 

36 0.009 1.586 0.307 0.125 

60 0.020 1.677 0.217 0.099 

84 0.015 1.656 0.294 0.110 

108 0.017 1.655 0.253 0.106 

132 0.019 1.677 0.244 0.101 

156 0.018 1.711 0.251 0.103 

180 0.016 1.746 0.318 0.109 

204 0.012 1.742 0.369 0.118 

228 0.013 1.742 0.338 0.115 

252 0.011 1.810 0.385 0.120 

276 0.016 1.746 0.318 0.109 

300 0.013 1.772 0.364 0.115 

324 0.012 1.737 0.324 0.117 

348 0.009 1.819 0.401 0.126 

372 0.010 1.831 0.411 0.126 

396 0.006 1.813 0.421 0.134 

420 0.010 1.772 0.391 0.129 

444 0.009 1.761 0.394 0.129 

468 0.011 1.774 0.365 0.126 

492 0.011 1.748 0.359 0.125 

516 0.016 1.761 0.346 0.117 

540 0.013 1.765 0.389 0.124 

564 0.020 1.799 0.320 0.107 

588 0.014 1.768 0.340 0.121 

 

 

 

Table M.5 Parameters of Gaussian 
distribution functions of big bubbles in 

Foam VI. 

t  y0_b xc_b w_b A_b 

(s) (mm) (mm) (mm) (mm2) 

12 0.020 5.027 0.280 0.018 

36 0.020 5.027 0.280 0.018 

60 -0.001 4.917 0.750 0.093 

84 0.002 4.898 0.716 0.084 

108 -0.001 4.915 0.899 0.094 

132 -0.001 4.915 0.899 0.094 

156 -0.001 5.005 0.900 0.094 

180 -0.001 5.088 0.787 0.092 

204 -0.003 5.046 0.921 0.099 

228 -0.004 5.140 0.936 0.105 

252 -0.001 5.096 0.790 0.092 

276 -0.003 5.071 0.800 0.100 

300 -0.001 5.096 0.790 0.092 

324 0.002 5.085 0.712 0.082 

348 0.003 5.141 0.718 0.080 

372 -0.001 5.096 0.790 0.094 

396 0.014 5.290 0.319 0.023 

420 0.000 5.001 0.804 0.094 

444 0.002 5.074 0.652 0.075 

468 0.004 5.134 0.254 0.250 

492 0.013 5.205 0.316 0.048 

516 0.002 5.062 0.481 0.086 

540 0.002 4.968 0.569 0.088 

564 0.002 5.153 0.535 0.086 

588 0.002 5.062 0.481 0.086 
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Appendix N. ANOVA tests for the repeatability of the liquid 

fraction of Casein foams in Mueller matrix experiments 

 

Foam IV 

Source of Variation SS df MS F P-value F crit 

Between Groups 0.010219 24 0.000425792 81.83401 7.19E-65 1.604786 

Within Groups 0.00065 125 5.20312E-06 

   Total 0.010869 149         

 

repeatability =  0.93090265 

    

 

Foam V 

Source of Variation SS df MS F P-value F crit 

Between Groups 0.006246 24 0.00026 66.53656 1.09E-59 1.604786 

Within Groups 0.000489 125 3.91E-06 

   Total 0.006735 149         

 

repeatability = 0.916127 

    

 

Foam VI 

Source of Variation SS df MS F P-value F crit 

Between Groups 0.001473 24 6.13745E-05 28.28031 9.73E-13 1.964306 

Within Groups 5.43E-05 25 2.17022E-06 

   Total 0.001527 49         

 

repeatability = 0.931694723 

    

SS: sum of square 

df: degree of freedom 

MS: mean square 
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Appendix O. Histograms of bubble size distribution of Casein 

foams in Mueller matrix experiment 

 
Figure O.1 Histograms of bubble size distribution of Foam IV at different drainage time in 

Mueller matrix experiment. 
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Figure O.2 Histograms of bubble size distribution of Foam V at different drainage time in 

Mueller matrix experiment.  
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Figure O.3 Histograms of bubble size distribution of Foam VI at different drainage time in 

Mueller matrix experiment. 
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Appendix P. R2 of the fitted Gaussian distribution functions of 

Casein foams in Mueller matrix experiment 

t(s) R2(Foam IV) R2(Foam Vc)  R2(Foam Vd) R2(Foam VIa) R2(Foam VIb) 

12 0.820 0.848  0.790 0.841 

36 0.814 0.748  0.777 0.770 

60 0.753 0.645  0.797 0.753 

84 0.646 0.845  0.762 0.829 

108 0.653 0.752  0.650 0.784 

132 0.795 0.902  0.916 0.658 

156 0.877 0.877  0.966 0.861 

180 0.772 0.713  0.996 0.860 

204 0.758 0.681  0.950 0.602 

228 0.794 0.685  0.839 0.789 

252 0.706 0.709 0.923 0.961 0.865 

276 0.664 0.684 0.107 0.899 0.602 

300 0.848 0.695 0.944 0.909 0.740 

324 0.749 0.844 0.360 0.913 0.724 

348 0.672 0.831 0.685 0.947 0.744 

372 0.736 0.885 0.726 0.832 0.769 

396 0.908 0.903 0.406 0.930 0.724 

420 0.907 0.785 0.803 0.917 0.848 

444 0.682 0.661 0.995 0.963 0.738 

468 0.923 0.714 0.815 0.883 0.768 

492 0.669 0.675 0.982 0.962 0.768 

516 0.815 0.776 0.901 0.861 0.843 

540 0.655 0.757 0.729 0.847 0.715 

564 0.657 0.753 0.795 0.821 0.788 

588 0.657 0.681 0.750 0.932 0.941 

a: for small bubbles in Foam VI which  is the left Gaussian distribution curve in Figure 7.5.; 
b: for big bubbles in Foam VI which  is the right Gaussian distribution curve in Figure 7.5.; 
c: for the second mode in Foam V which  is the left Gaussian distribution curve in Figure 7.4. 
d: for the second mode in Foam V which  is the right Gaussian distribution curve in Figure 7.4.
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Appendix Q. Parameters of Gaussian distribution functions of 

Casein foams in Mueller matrix experiment

Table Q.1 Parameters of Gaussian distribution functions of Foam IV in Mueller matrix 
experiment. 

t y0 xc w A 
(s) (mm) (mm) (mm) (mm2) 
12 0.002 2.432 0.980 0.341 

36 0.012 2.381 0.769 0.300 

60 0.016 2.380 0.723 0.283 

84 0.011 2.434 0.865 0.303 

108 -0.003 2.556 1.097 0.366 

132 -0.003 2.634 1.126 0.372 

156 0.004 2.648 1.038 0.345 

180 0.019 2.669 0.876 0.291 

204 0.016 2.664 1.084 0.315 

228 0.017 2.661 1.088 0.313 

252 0.040 2.594 0.820 0.229 

276 0.035 2.650 0.970 0.249 

300 -0.273 3.183 3.628 2.072 

324 0.060 3.090 0.597 0.159 

348 -0.165 3.171 2.940 1.351 

372 -0.324 3.325 4.040 2.602 

396 -0.068 3.518 2.335 0.823 

420 -0.030 3.448 1.789 0.622 

444 -0.030 3.349 1.835 0.625 

468 -0.044 3.532 2.290 0.822 

492 -0.050 3.525 2.371 0.794 

516 -0.041 3.526 2.241 0.738 

540 -0.097 3.698 3.176 1.192 

564 -0.049 3.815 2.536 0.954 

588 -0.058 3.882 2.860 0.998 
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Table Q.2 Parameters of Gaussian 
distribution functions on the left of Figure 

7.4 of Foam V in Mueller matrix 
experiment. 

t y0 xc w A 
(s) (mm) (mm) (mm) (mm2) 
12 0.049 3.081 0.619 0.278 

36 0.054 3.120 0.645 0.266 

60 0.063 3.162 0.627 0.246 

84 0.040 3.150 0.698 0.284 

108 0.036 3.175 0.725 0.296 

132 0.031 3.127 0.800 0.316 

156 0.020 3.140 0.885 0.329 

180 0.028 3.187 0.802 0.301 

204 0.040 3.151 0.893 0.291 

228 0.042 3.179 0.986 0.285 

252 0.048 3.134 0.794 0.257 

276 0.015 3.100 1.003 0.349 

300 0.031 3.189 0.912 0.309 

324 0.077 3.251 0.627 0.198 

348 0.051 3.243 0.596 0.239 

372 0.038 3.188 0.843 0.288 

396 0.061 3.170 0.690 0.230 

420 0.073 3.291 0.652 0.201 

444 0.044 3.293 0.935 0.270 

468 0.089 3.406 0.474 0.145 

492 0.078 3.362 0.609 0.165 

516 0.084 3.376 0.420 0.156 

540 -0.006 3.241 1.247 0.405 

564 -0.011 3.231 1.173 0.411 

588 0.078 3.376 0.506 0.168 

 
 
 
 
 

 

Table Q.3 Parameters of Gaussian 
distribution functions on the right of 

Figure 7.4 of Foam V in Mueller matrix 
experiment. 

t y’0 xc’ w’ A’ 
(s) (mm) (mm) (mm) (mm2) 
252 0.005 4.660 0.411 0.031 

276 0.013 4.763 0.335 0.022 

300 0.000 4.985 0.870 0.076 

324 -0.023 5.137 1.072 0.099 

348 -0.021 5.124 1.174 0.137 

372 0.009 5.041 0.481 0.045 

396 0.008 4.928 0.688 0.048 

420 0.009 5.095 0.379 0.044 

444 -0.006 5.163 0.763 0.150 

468 0.013 4.853 0.550 0.065 

492 -0.010 4.994 1.115 0.173 

516 0.022 4.811 0.659 0.067 

540 0.037 5.193 0.524 0.057 

564 0.022 5.312 0.582 0.082 

588 0.027 5.151 0.414 0.068 
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Table Q.4 Parameters of Gaussian 
distribution functions of small bubbles in 
Foam VI in Mueller matrix experiment. 

t y0_s xc_s w_s A_s 

(s) (mm) (mm) (mm) (mm2) 

12 0.025 1.564 0.249 0.089 

36 0.016 1.597 0.305 0.103 

60 0.006 1.735 0.373 0.119 

84 0.001 1.703 0.441 0.129 

108 0.032 1.644 0.204 0.078 

132 0.002 1.755 0.373 0.124 

156 0.010 1.789 0.303 0.111 

180 0.014 1.779 0.289 0.106 

204 0.021 1.779 0.305 0.095 

228 0.022 1.766 0.286 0.094 

252 0.026 1.837 0.260 0.088 

276 0.032 1.798 0.243 0.079 

300 0.028 1.808 0.261 0.084 

324 0.024 1.778 0.272 0.091 

348 0.026 1.823 0.257 0.087 

372 0.038 1.859 0.212 0.072 

396 0.020 1.833 0.307 0.098 

420 0.014 1.817 0.396 0.111 

444 0.011 1.796 0.409 0.115 

468 0.018 1.811 0.355 0.104 

492 0.015 1.812 0.399 0.109 

516 0.027 1.785 0.333 0.092 

540 0.040 1.789 0.225 0.073 

564 0.039 1.836 0.252 0.074 

588 0.034 1.800 0.287 0.083 

 
 
 
 

Table Q.5 Parameters of Gaussian 
distribution functions of big bubbles in 
Foam VI in Mueller matrix experiment. 

t (s) y0_b xc_b w_b A_b 

(s) (mm) (mm) (mm) (mm2) 

12 -0.002 4.959 0.856 0.075 

36 0.009 5.036 0.290 0.037 

60 -0.002 5.027 0.881 0.075 

84 0.027 5.158 0.308 0.023 

108 0.008 5.125 0.365 0.040 

132 0.010 5.093 0.378 0.036 

156 0.008 5.195 0.363 0.040 

180 0.009 5.228 0.300 0.038 

204 -0.001 5.102 0.901 0.072 

228 0.009 5.180 0.300 0.038 

252 -0.002 5.122 0.933 0.074 

276 -0.001 5.102 0.901 0.072 

300 0.009 5.228 0.316 0.039 

324 0.002 5.188 0.646 0.061 

348 0.009 5.240 0.313 0.039 

372 0.000 5.181 0.939 0.069 

396 0.009 5.312 0.333 0.039 

420 0.002 5.126 0.607 0.063 

444 0.009 5.272 0.265 0.038 

468 0.002 5.171 0.689 0.064 

492 0.002 5.171 0.689 0.064 

516 0.001 5.126 0.763 0.067 

540 0.002 5.042 0.761 0.065 

564 0.002 5.226 0.566 0.064 

588 0.003 5.154 0.485 0.059 
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Appendix R. ANOVA tests for the repeatability of mean bubble 

diameter of Casein foams in Mueller matrix experiments 

Foam IV 

Source of Variation SS df MS F P-value F crit 
Between Groups 11.76489 24 0.490204 96.91772 3.57E-19 1.964306 
Within Groups 0.126448 25 0.005058 

   Total 11.89134 49         

 

repeatability = 0.979575 

   Foam V Non-coalesced bubble 

Source of Variation SS df MS F P-value F crit 
Between Groups 0.377166 24 0.015715 4.401664 0.000231 1.964306 
Within Groups 0.089258 25 0.00357 

   Total 0.466424 49         

 

repeatability = 0.629744 

   Foam V Coalesced bubble 

Source of Variation SS df MS F P-value F crit 
Between Groups 0.466814 11 0.042438 13.27525 4.48E-05 2.717331 
Within Groups 0.038361 12 0.003197 

   Total 0.505175 23         

 

repeatability = 0.859897 
   Foam VI small bubble 

Source of Variation SS df MS F P-value F crit 
Between Groups 0.22782 24 0.009492 11.32912 2.79E-08 1.964306 
Within Groups 0.020947 25 0.000838 

   Total 0.248767 49         

 
repeatability = 0.837782 

   Foam VI big bubble 

Source of Variation SS df MS F P-value F crit 
Between Groups 0.077582 24 0.003233 4.604323 0.000159 1.964306 
Within Groups 0.017552 25 0.000702 

   Total 0.095134 49         

 

repeatability = 0.643133 

   SS: sum of square; df: degree of freedom; MS: mean square 
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