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Abstract

In this paper we study the ADR shape descriptor ρ(S) where ADR is short for

“asymmetries in the distribution of roughness”. This descriptor was defined

in 1998 as the ratio of the squared distance between two different shape

centroids (namely of area and frontier) to the squared shape diameter. After

known for more than ten years, the behaviour of ρ(S) was not well understood

till today, thus hindering its application. Two very basic questions remained

unanswered so far:

– What is the range for ρ(S), if S is any bounded compact shape?

– How do shapes look like having a large ρ(S) value?

This paper answers both questions. We show that ρ(S) ranges over the

interval [0, 1). We show that the established upper bound 1 is the best

possible by constructing shapes whose ρ(S) values are arbitrary close to 1.
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In experiments we provide examples to indicate the kind of shapes that have

relatively large ρ(S) values.

Keywords: Shape, shape descriptor, shape centroid, shape diameter, image

analysis, computer vision.

1. Introduction1

Shape is an object characteristic that is most suitable for recognition,2

classification, or identification tasks. This is because shape allows various3

numerical characterizations which are particularly suitable when performing4

computer-based data analysis. These numerical characteristics are used as5

components of feature vectors allowing object comparisons, as necessary for6

pattern or image data analysis. It is widely accepted that comparing the7

objects in feature space is often more efficient than object comparison in the8

original object space.9

A broad variety of shape descriptors has been developed so far. Some10

of them are very generic, such as Fourier descriptors [1], Zernike moments11

[15] or moment invariants [2, 6], while some other relate to specific object or12

shape characteristics: circularity [17, 31], convexity [18, 21, 30], rectangular-13

ity [19, 27], sigmoidality [20], orientability [32], elongation [23], tortuosity [5],14

and so forth. Notice that due to the diversity of shapes, we cannot expect15

that a particular shape descriptor would dominate others in all situations,16

even for a class of objects in a given application only. For this reason, dif-17

ferent methods are developed to measure shape properties (e.g., convexity,18

circularity, rectangularity, and so forth).19

In order to match a spectrum of specific demands for efficient object20
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recognition, identification or classification systems, different techniques have21

been used to describe the shape: algebraic invariants [6], integral invariants22

[14], Fourier analysis [26], statistics [16], wavelets [13], fractals [7], curvature23

[8, 12], integral transformations [18], computational geometry [29], and so24

forth.25

Also note that requests vary when shape descriptors were created. A26

common request is that they should be invariant with respect to translation,27

rotation and scaling transformations, and sometimes an invariance with re-28

spect to affine transformations in general is also required. Robustness of29

created descriptors (e.g., required when working with low quality data) is30

usually ensured by considering area-based descriptors. On the other hand,31

high sensitivity (e.g., required when performing high-precision tasks) is usu-32

ally satisfied by deciding for frontier-based descriptors. Among many other33

desirable properties, we just mention the tuning possibility (e.g., a possibility34

to control the behaviour of the descriptor by changing its parameters).35

One of the properties, that is not so much studied in literature, is the36

geometric interpretation of designed shape descriptors. For example, the Hu37

moment invariants [6] were introduced almost 50 years ago but just recently38

analysed with respect to their geometric interpretation. They had been de-39

fined to satisfy invariance under similarity transforms. As such, they were40

used in a wide spectra of applications. But, to be able to predict (or under-41

stand) the performance to some extent (e.g. how a particular Hu descriptors42

will suit a certain application), it is required to have a geometric interpreta-43

tion of the used descriptor. More than 45 years since the Hu moments were44

introduced, the authors of [25] have fully explained the geometric meaning45
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of those similarity-invariant features. A further step forward is due to [31].46

There, the authors considered which shapes maximize or minimize a particu-47

lar shape feature. For example, it has been shown that the first Hu moment48

invariant µ2,0(S) +µ0,2(S) is minimized by circular discs, while relatively big49

values of µ2,0(S) + µ0,2(S) are assigned to “linearly” structured shapes.50

Basic geometric properties of shapes such as area A(S), perimeter P(S),51

or diameter D(S) have been used to define shape descriptors where the ge-52

ometric interpretation often remains straightforward. The shape factor or53

shape circularity measure54

κ(S) =
4π · A(S)

P(S)2
(1)

follows the ancient isoperimetric inequality (see, e.g., Chapter 1 in [9]) that55

a circle has the maximum area among all shapes having the same perimeter.56

Values of κ(S) range over the interval (0, 1], and κ(S) = 1 is true if and57

only if S is a circular disc. κ(S) is translation and rotational invariant since58

both shape area and shape perimeter are such invariants. Finally, elementary59

calculus shows that κ(S) is scaling invariant as well.60

In this paper we consider a shape descriptor which has been introduced61

in [11] and therein characterized to be a measure for asymmetries in the dis-62

tribution of roughness (ADR). This ADR-descriptor ρ(S) is defined as the63

ratio between the squared distance between the area-based shape centroid64

and the frontier-based centroid of a shape S, and the square of the shape65

diameter (i.e., the longest distance between two shape points). Even though66

ρ(S) considers the ratio of two very basic geometric shape features, its be-67

haviour was not well-understood so far, and two natural questions were not68

answered yet:69
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(1) What is the range for ρ(S)?70

(2) Which shapes reach relatively large values of ρ(S)?71

In this paper we answer both questions. We show that the best upper bound72

for ρ(S) is 1. For doing so, we give a sequence of shapes S(k) whose ρ(S(k))73

value tends to 1 as k → ∞. We also provide an informal, but intuitively74

clear description of shapes having large ρ(S) values.75

Notice that both shape centroids (i.e., of area or of frontier) are used76

widely in image normalization procedures. The area centroid of a shape is77

actually an average value of all the points belonging to the shape considered,78

while the frontier centroid is the average value of all the frontier points.79

Shape centroids are often used to define the shape’s position, and they also80

play a significant role in the construction of other shape descriptors. E.g.,81

a recent work [28] considers the distance between both shape centroids and82

shows that this distance is upper bounded by one fourth of the diameter, and83

that this upper bound cannot be improved. For another possibilities to use84

shape centroids to derive shape descriptors, see, for example [3, 4, 10].85

The paper is organized as follows: Section 2 provides two theorems with86

proofs, the theoretical results of the paper. For discussions and experiments,87

see Sections 3 and 4. Section 5 concludes. An Appendix gives technical88

details for the proof of Theorem 2.89

2. The Minimum Upper Bound90

In this section we derive the main results of the manuscript. Before we91

start with theoretical considerations, we give formal definitions and denota-92

tions as used in this paper.93
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Throughout this paper we assume that a shape is represented by a bounded94

and compact planar region having a non-empty interior (i.e., a shape always95

has positive area contents).96

For any shape S, its frontier ∂S is given in an arc-length parametrization97

x = x(s) and y = y(s), where s ∈ [0,P(S)]. See Chapter 8 in [9] for a98

discussion of historic origins and variants of such a curve parametrization.99

For a shape S, the area-based centroid Carea(S) = (xarea(S), yarea(S)) is100

defined as101

Carea(S) = (xarea(S), yarea(S))

=

(∫∫
S
x dx dy∫∫
S

dx dy
,

∫∫
S
y dx dy∫∫
S

dx dy

)
(2)

and the frontier-based centroid Cfron(S) = (xfron(S), yfron(S)) as102

Cfron(S) = (xfron(S), yfron(S))

=

(∫
∂S
x(s) ds∫
∂S

ds
,

∫
∂S
y(s) ds∫
∂S

ds

)
(3)

The Euclidean distance between points p1 = (x1, y1) and p2 = (x2, y2) is103

denoted by d2(p1, p2). The shape diameter D(S) is the maximum distance104

between two shape points:105

D(S) = max
p,q∈S

{d2(p, q)} (4)

The ADR shape descriptor is computed from two very basic shape fea-106

tures: the distance between the shape centroids and the shape diameter, and107

it has been introduced in [11]. This shape descriptor is denoted by ρ(S) and108

designed to be able to measure asymmetries in the distribution of roughness109

indices. A formal definition is as follows:110

ρ(S) =
d2(Carea(S), Cfron(S))2

D(S)2
(5)
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For its application for measurements in scanning electron microscopy, see111

[11], while some performances in classification tasks are considered in [28].112

This shape measure ρ(S) is translation, rotation, and scale-invariant. The113

range of ρ(S) was unknown so far, and this is a problem for normalization114

procedures as commonly requested for classification tasks.115

The minimum value of ρ(S) is obviously 0, and this is reached for many116

shapes. For example, we have ρ(S) = 0 for all rotationally symmetric shapes117

S since area and frontier centroids coincide in this case. The next theorem118

shows that ρ(S) is upper bounded by 1.119

Theorem 1. Let S be a shape. The diameter of S is upper-bounded by120

the distance between centroids Carea(S) and Cfron(S). In other words, the121

following estimate is true:122

ρ(S) =
d2(Carea(S), Cfron(S))2

D(S)2
< 1 (6)

123

Proof. Let l be the straight line incident with two non-identical shape124

centroids Carea(S) and Cfron(S), and let larea and lfron be the lines orthogonal125

to l which pass through Carea(S) and Cfron(S), respectively. See Figure 1 for126

an example. We derive the required d2(Carea(S), Cfron(S)) < D(S) from127

the fact that each line passing through Carea(S) or Cfron(S) must split the128

set S such that each of the two open half planes, defined by this line, has a129

non-empty intersection with S. We prove this statement by contradiction.1130

1The authors believe that this statement can be found elsewhere, but the proof is given

here to make the paper self-contained.

7



Figure 1: Straight line l is defined by the centroids of S. The straight lines larea and lfron

are orthogonal to l, and each is incident with one of the centroids of S.

Let straight line larea be given by a ·x+b ·y+c = 0, for some constants a,131

b, and c. Assume that S is contained in one of the closed half-planes defined132

by straight line larea. Then, either a · x+ b · y + c ≥ 0 or a · x+ b · y + c ≤ 0133

must be satisfied, for all (x, y) ∈ S. Let us assume that a · x+ b · y + c ≤ 0.134

Furthermore, since S has a positive area contents, there is a subset S ′ of135

S which also has a positive area contents and whose points even satisfy the136

strict inequality a · x + b · y + c < 0; otherwise all the points of S would be137

on the line larea, what is impossible because the area contents of S is greater138

than zero. This implies139 ∫∫
S\S′

(a · x+ b · y + c) dxdy ≤ 0 (7)

and140 ∫∫
S′

(a · x+ b · y + c) dx dy < 0 (8)
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These two inequalities give the following strict inequality141 ∫∫
S

(a · x+ b · y + c) dx dy =

a ·
∫∫

S

x dx dy + b ·
∫∫

S

y dx dy + c ·
∫∫

S

dx dy < 0 (9)

which contradicts142

Carea(S) =

(∫∫
S
x dx dy∫∫
S

dx dy
,

∫∫
S
y dx dy∫∫
S

dx dy

)
∈ larea (10)

Indeed, (10) is equivalent to143

a ·
∫∫
S
x dx dy∫∫
S

dx dy
+ b ·

∫∫
S
y dx dy∫∫
S

dx dy
+ c = 0 (11)

and obviously, Equality (11) is in contradiction to the strict Inequality (9).144

We have proven that S must intersect both open half-planes determined by145

the line larea.146

In an analogous way it can be shown that S intersects both open half-147

planes determined by the line lfron by considering shape perimeter, frontier-148

based centroid, and line integrals instead of shape area, area-based centroid,149

and area integrals.150

Finally, since any of the four open half-planes determined by lines larea and151

lfron contains points from S, there must be two points, say p and q, in S such152

that the distance d2(p, q) is larger than the distance d2(Carea(S), Cfron(S)).153

�154

Irrespectively of the strict Inequality (6), the upper bound provided by155

Theorem 1 cannot be improved, as stated by the next theorem.156
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Figure 2: As k →∞, the area-based centroid Carea(S(k)) converges to point (1, 0), while

the frontier-based centroid Cfron(S(k)) goes to point (0, 0). We use t = 1/k for shorter

notation.

Theorem 2. For each ε > 0 there is a shape S such that157

ρ(S) =
d2(Carea(S), Cfron(S))2

D(S)2
> 1− ε (12)

158

Proof. We prove this statement by showing that there is a sequence of159

shapes S(k), k = 1, 2, . . . , with160

lim
k→∞

d2(Carea(S(k)), Cfron(S(k)))

D(S(k))
= 1 (13)

For the definition of shapes S(k), see the self-explaining Figure 2. For the161

sake of simplicity, we have chosen shapes symmetric about the x-axis. In162
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such a way we ensure that both centroids Carea(S(k)) and Cfron(S(k)) lie on163

the x-axis.164

Next, let us compute the distance between the centroids of shapes S(k).165

This is done in several intermediate steps. Calculations as given in the ap-166

pendix show the following:167

The area of S(k) equals168 ∫∫
S(k)

dx dy =
2

k2
+

1

k3
+

2

k4
− 3

k5
(14)

The perimeter of S(k) equals169 ∫
∂S(k)

ds = 4 · k2 +
4

k
− 2 (15)

We use the following estimate of the x-coordinate of the area-based cen-170

troid of S(k):171 ∫∫
S(k)

x dx dy∫∫
S(k)

dx dy
≥

2
k2 − 1

k3

2
k2 + 1

k3 + 2
k4 − 3

k5

(16)

For an estimate of the x-coordinate of the frontier-based centroid of S(k),172

we have173 ∫
∂S(k)

x(s) ds∫
∂S(k)

ds
≤

2 · k + 1 + 4
k2 − 2

k3

2 · k2 + 4
k

(17)

174

Now, from Equation (16) and from the fact that the centroid Carea(S(k))175

belongs to the convex hull of S(k) [24], we have that176 ∫∫
S(k)

x dx dy∫∫
S(k)

dx dy
∈
[ 2

k2 − 1
k3

2
k2 + 1

k3 + 2
k4 − 3

k5

, 1

]
(18)

which leads to177

lim
k→∞

∫∫
S(k)

x dx dy∫∫
S(k)

dx dy
= 1 (19)
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Similarly, from Equation (17) and the fact that Cfron(S(k)) belongs to178

the convex hull of S(k) [24], we have that179 ∫
∂S(k)

x(s) ds∫
∂S(k)

ds
∈
[
0,

2 · k + 1 + 4
k2 − 2

k3

2 · k2 + 4
k

]
(20)

which leads to180

lim
k→∞

∫
∂S(k)

x(s) ds∫
∂S(k)

ds
= 0 (21)

Since both centroids of S(k) (due to the symmetry of S(k)) lie on the x-axis,181

the last two limits give182

lim
k→∞

d2(Carea(S(k)), Cfron(S(k)))

= d2((1, 0), (0, 0)) = 1 (22)

To complete the proof it remains to show that183

lim
k→∞
D(S(k)) = 1 (23)

This is a consequence of the fact that the diameter D(S(k)) of S(k) is less

than √
1 +

4

k2

which equals the diameter of the minimum isothetic rectangle (i.e. with184

edges parallel to the coordinate axes) which encloses S(k). Thus, D(S(k)) ∈185

[1,
√

1 + 4
k2 ] proves Equation (23). �186

3. Comparison with CD-Descriptor187

Both kinds of shape centroids have been utilized for defining shape de-188

scriptors before. In most cases they have been used in a shape normalisation189
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Figure 3: P (t) depends on the parameter t. As t→ 0, the area-based centroid Carea(P (t))

converges to (0, 0) while the frontier-based centroid Cfron(P (t)) converges to
(

1
4 , 0
)
. The

perimeter of P (t) converges to 1 as t→ 0.

phase (e.g., see [2, 6]) to provide translation invariance. But they have also190

been used for other purposes. A shape descriptor which is closely related to191

the ADR-descriptor ρ(S) was introduced in [28]. The authors define a shape192

centredness descriptor µ(S), also called here CD-descriptor, by considering193

the distance between area-based and frontier-based centroids, divided by the194

shape perimeter P(S) (rather than the diameter). One result reported in195

[28] says that the quantity µ(S) is upper bounded by 1/4 of the shape’s196

perimeter:197

µ(S) =
1

P(S)
· d2(Carea(S), Cfron(S)) <

1

4
(24)

The upper bound of 1/4 cannot be improved as shown in [28].198

Figure 3 introduces a family of polygons P (t), with t > 0, which satisfy

lim
t→0

1

P(P (t))
· d2(Carea(P (t)), Cfron(P (t))) =

1

4

Actually, these polygons indicate that the shapes which have a unit perimeter199

and a relatively big distance between the centroids consist of a big “head”200

and a long tail.201
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Measures ρ(S) and µ(S) are different.202

Indeed, for small t values, the polygons P (t) do not have any large ρ(P (t))203

value assigned. From Figure 3 we conclude that204

0.5− t ≤ D(P (t)) ≤
√
t2 + (0.5− t)2 (25)

which implies that205

lim
t→0
D(P (t)) =

1

2
(26)

Next, consider the centroids of P (t) whose coordinates are computed in [28],206

and they are207

Carea(P (t)) =

(
1

4
· 5t3 − 4t4

2t2 + t3 − 4t4
,

1

2
· 2t3 + t6 − 4t7

2t2 + t3 − 4t4

)
Cfron(P (t)) =

(
1

4
− t+ 2t2 +

t3

2
− 2t4, 2t2 +

t3

2
− t4

)
Obviously, when t → 0, the area centroid Carea(P (t)) approaches the ori-208

gin (0, 0) while the frontier centroid Cfron(P (t)) approaches the point
(

1
4
, 0
)
.209

Thus, d2(Carea(P (t)), Cfron(P (t))) converges to 1/4 as t→ 0, which, together210

with Equation (26), gives211

lim
t→0

ρ(P (t)) =
d2(Carea(P (t)), Cfron(P (t)))2

D(P (t))2

=
1/16

1/4
=

1

4
(27)

Equality (27) shows that shapes which maximize the CD-descriptor µ(S) (i.e.212

the distance between shape centroids with respect to their perimeter), are213

far away to be extreme (i.e. maximal) in the sense of the ADR-descriptor214

ρ(S).215
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The opposite is true as well. Shapes S(k) as considered above, which216

maximize the ADR-descriptor ρ(S) in the limit case as k → ∞, do not217

maximize the CD-descriptor.218

More precisely, since the perimeter of the shapes S(k) (see Figure 2) is219

equal to 4 · k2 − 2 + 4/k due to Equation (15), and by also using a trivial220

estimate d2 (Carea (S(k)) , Cfron (S(k))) ≤ 1 (see Fig.2), we derive that221

1

P(S(k))
· d2 (Carea (S(k)) , Cfron (S(k)))

≤ 1

P(S(k))
=

1

k2 − 2 + 4/k
(28)

Thus, in the limit case as k → ∞, the distance between centroids of the222

shapes S(k) divided by the perimeter of S(k) tends to 0, which is the theo-223

retical minimum and far away from 1/4 which is the best upper bound for224

CD-measure µ(S). We summarize:225

Corollary 1. There are shapes which maximize the CD-descriptor (e.g. min-226

imise µ(S) values), but only define a ρ-value that is one forth of the best upper227

bound of the ADR-descriptor. There are shapes which maximize the ADR-228

descriptor (e.g. maximize ρ(S) value) but minimize the CD-descriptor (e.g.229

minimise µ(S) value).230

4. Experiments231

For an experimental illustration that the ADR-descriptor and the CD-

descriptor are uncorrelated shape measures we show how they lead to dif-

ferent rankings of shapes for selected examples. We consider the shapes

15



(a) (b) (c) (d) (e)

(f)

Shape descriptor (a) (b) (c) (d) (e) (f)

µ(S) 0.0407 0.0391 0.0342 0.0246 0.0153 0.0068

ρ(S) 0.0204 0.0126 0.0266 0.0123 0.0025 0.0010

Figure 4: Shapes are listed in accordance with their decreasing CD-descriptor values

µ(S). The area-based centroids are marked with “+′′ while the frontier-based centroids

are marked with “∗′′. The table shows CD- and ADR-values for the selected shapes.

shown in Figure 4, taken from [28]. We see that the ranking according to a

decreasing ADR-descriptor ρ(S) equals

(c)− (a)− (b)− (d)− (e)− (f )

while the ranking according to a decreasing CD-descriptor equals

(a)− (b)− (c)− (d)− (e)− (f )

The CD-descriptor results have already been reported in [28].232

With our final experiment we aim at illustrating the behaviour of the233

ADR-descriptor only. We apply this descriptor to shapes from the well known234
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5: Shapes with small ADR-values. Actually, for all the shown cases we have that

ρ(S) = 0.0001.

Kimia data base2 which depicts about 22,000 different shapes.235

Shapes with small ρ(S) values.236

First we discuss some shapes from the Kimia data base which have a237

very small ρ-value. Figure 5 shows shapes for which ρ(S) = 0.0001. Not238

surprising, some of those are “nearly symmetric”, and we know that ρ(S) = 0239

for all rotationally symmetric shapes. The diversity of shapes with small240

ρ(S) values is obvious. Some of them are rather symmetric (e.g., the shape241

in Figure 5(h)), some are not (e.g. the shape in Figure 5(b)), some are242

elongated (e.g. the shape in Figure 5(a)), and some are “robust” (e.g. see243

Figure 5(e). These are only a few examples for the observable diversity of244

shapes having small ADR-values.245

2www.lems.brown.edu/∼dmc/
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Shapes with large ρ(S) values.246

Next, we consider shapes with relatively high ρ(S)-values. As proved247

before, there is no shape with a largest possible ρ(S) value, since the lowest248

upper bound for ρ(S) (which is 1) is never reached by any shape. This249

makes it more difficult to give a formal description of shapes with very large250

ρ(S)-values. However, the ADR-descriptor is not the only shape descriptor251

having this property. For example, the CD-descriptor from [28], the standard252

elongation measure (defined as the ratio of the maxima and minima of the253

second moment of inertia of a shape with respect to a line passing through the254

shape centroid; see Chapter 17 in [9]), the frontier-based elongation measure255

defined in [23], and others do have the same property that there is no shape256

defining the best upper bound.257

On the other hand, a shape measure whose maximum value is reachable by258

some shapes usually allows us an easier description of shape which maximize259

measured values. Examples of such measures are the compactness measure260

κ(S) (see, e.g. [17] for a definition) which is maximized by circles, or the261

squareness measure defined in [22] which is maximized by squares.262

For large k, shapes S(k) as introduced in Figure 2) are shapes having a263

large ρ(S)-value. It can be said that shape S(k) consist of three geometric264

parts:265

R-1: a “head” (on the right) whose area is O (t2) and whose perimeter is266

O(t),267

R-2: a “neck” (in the middle) whose area is O (t4) and whose perimeter is268

O(1), and269
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R-3: a “tail” (on the left) whose area is O (t3) and whose perimeter is270

O
(

1

t2

)
.271

R-4: Diameters of the “head,” “neck,” and “tail” are O(t), O(1), and O(t),272

respectively.273

Even though sets S(k) are just defining one example, they indicate that274

“real” objects whose shape has a ρ(S)-value close to 1 are very rare. Indeed,275

as t =
1

k
decreases (i.e. k tends to ∞), the relation between the orders of276

magnitude of area and perimeter of the “head”, “neck,” and “tail” are very277

extreme (see the asymptotic estimates in items R-1, R-2, R-3).278

For example, the areas of all three parts of S(k) have different orders of279

magnitude. The same is true for the perimeters of those parts. Also, the280

diameter of the “neck” is larger than the order of magnitude of the “head”281

or “tail”; see item R-4.282

Based on the above observations, ρ(S)-values are not expected to be very283

close to 1 for real shapes because we do not expect that a real shape actually284

satisfies all the relations stated in R-1 to R-4. A tendency to smaller ρ(S)-285

values of real shapes is caused by the fact that ρ(S) is defined as the ratio of286

squared values which are from the interval [0, 1).287

In Figure 6 we list some shapes from the Kimia data base whose ρ(S)288

values are among the few largest values detected by us in this data base.289

The Kimia data base is widely used for shape studies. Because it consists290

of more than 22,000 shapes, it is reasonably good to represent the diversity291

of “real situations”. Even though that such a large number of shapes was292

used, it turns out that none of them matches well all relations listed in items293

R-1 to R-4, thus coming with its ADR-value close to 1. Relatively small294
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ρ(S)-values can be expected for the shapes in the Kimia data base.295

The shapes shown in Figure 6 are highly ranked with respect to their296

ρ(S)-value. Note that they also match well with most of the relations given297

in R-1 to R-4. Basically we notice a “good balance” between shape diameter298

and the distance between their shape centroids.299

A relatively small diameter is caused by “multiple” tails [e.g., see Figure 6,300

shapes (a), (e), and (f)] or by a wrapped tail [e.g., see Figure 6 shapes (b), (c),301

(d), and (j)]. On the other hand, a single and stretched tail would increase302

the CD-value µ(S) and decrease the ADR-value ρ(S). This is illustrated by303

shapes in Figure 7. It is worth mentioning that shapes in Figure 7 have304

similar characteristics as the shapes in Figure 3, that is a head with a long305

stretched tail.306

5. Conclusion307

The ADR-shape descriptor ρ(S) was created in [11] to be able to charac-308

terize shapes with some degree of asymmetric distributions of roughness; the309

authors verified its usefulness by several experiments. However, two impor-310

tant questions were not answered so far, thus limiting the application of this311

shape descriptor: What is the range of ρ(S), and how do shapes look like312

having a large ρ(S)-value? In this paper we have answered both questions.313

Since there are no shapes satisfying ρ(S) = 1 it is not possible to say314

what is the shape which maximizes the ADR-shape descriptor. But the pa-315

per provided an informal description of shapes having a large ρ(S)-value.316

These shapes are characterized by317

318
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(i) a “head” (a part which “pulls” the area-based centroid to one side),319

(ii) a “tail” which is not straight (i.e., it is crumpled or consists of several320

components) and which defines most of the perimeter, thus “pulling” the321

(a): 0.0491 (b): 0.0510

(c): 0.0559 (d): 0.0576

(e): 0.0617 (f): 0.0639

(i): 0.0866 (j): 0.0886

Figure 6: Samples of shapes from the Kimia data base having largest ADR-values ρ(S)

given immediately bellow each shape).
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frontier-based centroid in the other side, and322

(iii) a long “neck” which bridges those two parts.323

324

Notice that apart from the descriptive characterization of shapes with325

a large ρ(S)-value, given above, a formal characterization of such shapes326

cannot be given. Simply, there can be many sequences of shapes, such that327

their corresponding ρ(S)-value converge to 1. For example, the rectangular328

“head” of the polygon Sk, in Figure 2, can be replaced by elliptical/oval ones,329

and the new sequence of polygons S ′k will also satisfy lim
k→∞

ρ(S ′k) = 1. There330

are many more variations in Sk which would lead to the same asymptotic,331

and such modifications can be done on the “tail” and “neck” part, as well.332

We included several examples to illustrate how shapes look like with rel-333

atively large ρ(S)-values. Shapes were selected from the well-known Kimia’s334

µ=0.062275
(ρ=0.0283)

µ=0.061525
(ρ=0.0172)

µ=0.0613
(ρ=0.0129)

µ=0.060975
(ρ=0.0218)

µ=0.058325
(ρ=0.0240)

Figure 7: Samples of shapes from the Kimia database having the largest CD-values µ(S)

given immediately below each shape. The ρ(S)-values are given in brackets for comparison.
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data base consisting of around 22,000 shapes.335

Similar to the ADR-descriptor, [28] defined a centredness measure, the336

CD-descriptor. The similarity lies in the fact that the authors of [28] also337

consider the distance between the shape centroids, but with respect to the338

shape perimeter rather than to the shape diameter. The paper showed that339

centredness and ρ(S)-values are basically uncorrelated. In conclusion we340

can now state that the difference between shapes having a large µ(S)-value341

and shapes having a big ρ(S)-value is actually more significant than it was342

hypothised in [28]. Perhaps a most illustrative example for a possible big343

difference is the family of shapes S(k) whose ρ(S(k)) values converge to 1 as344

k →∞, while µ(S(k)) converges to 0 (as k →∞), and the provision of this345

example is also a main contribution of the paper.346

It is expected that the given analysis of the ADR-descriptor will attract347

more interest in applying this measure in real-world shape analysis applica-348

tions.349
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We prove the statement of the theorem by showing that there is a sequence

of shapes S(k) such that

lim
k→∞

d2(Carea(S(k)), Cfron(S(k)))

D(S(k))
= 1

Shapes S(k) are described in Figure 2. For reasons of simplicity, we have436

chosen shapes which are symmetric about the x-axis. In such a way we437

guarantee that both centroids Carea(S(k)) and Cfron(S(k)) lie on the x-axis.438

We compute the centroids of shapes S(k).439

• The Area of S(k).∫∫
S(k)

dx dy =
2

k2
+

1

k3
+

2

k4
− 3

k5

Indeed, if we compute subareas of shapes S(k) bounded by the vertical440

lines x = 0, x = 1/k, x = 1− 1/k, and x = 1, we obtain that:441

The area of the shape S(k) bounded by the vertical lines x = 0 and

x = 1/k is

k4 ·
(

2

k4
· 1

2 · k5
+

2

k2
· 1

2 · k5

)
=

1

k5
+

1

k3

The area of shape S(k) bounded by the vertical lines x = 1/k and

x = 1− 1/k is
2

k4
·
(

1− 2

k

)
=

2

k4
− 4

k5

The area of shape S(k) bounded by the vertical lines x = 1− 1/k and

x = 1 is
2

k
· 1

k
=

2

k2
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• The Perimeter of S(k).442

The perimeter equals

4 · k2 − 2 +
4

k

The total sum of horizontal edges is 2. The total sum of vertical edges

is

4 · k4 ·
(

1

k2
− 1

k4

)
+

4

k
= 4 · k2 − 2 +

4

k

• Estimate of the x-coordinate of the area centroid of S(k).443

We show the following estimate:∫∫
S(k)

x dx dy∫∫
S(k)

dx dy
≥

2
k2 − 1

k3

2
k2 + 1

k3 + 2
k4 − 3

k5

The inequality follows from the estimate for the area of S(S) and the

following estimate:∫
S(k)

∫
x dx dy ≥

∫
S(k)

x≥1−1/k

∫
x dx dy =

1∫
x=1− 1

k

1/k∫
y=−1

k

x dx dy =
2

k2
− 1

k3
.

• Estimate of the x-coordinate of the frontier-centroid of S(k).444

We show the following estimate:∫
∂S(k)

x(s)ds∫
∂S(k)

ds
≤

2 · k + 1 + 4
k2 − 2

k3

2 · k2 + 4
k

This estimate follows from the expression of the perimeter of S(k) and445

from the following derivation.446

We split the frontier ∂S(k) of S(k) into the part ∂Sh(k) that consists447

of horizontal edges, and part ∂Sv(k) that consists of vertical edges. We448

obtain449
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∫
∂S(k)

x(s) ds =

∫
∂Sh(k)

x(s) ds +

∫
∂Sv(k)

x(s) ds

= 2 ·
∫ 1

x=0

xdx +

∫
∂Sv(k)

x(s) ds = 1 +

∫
∂Sv(k)

x(s) ds

= 1 +

∫
∂Sv(k)

x≤ 1
k

x(s) ds +

∫
∂Sv(k)

x=1− 1
k

x(s) d +

∫
∂Sv(k)

x=1

x(s) ds

< 1 +

∫
∂Sv(k)

x≤ 1
k

x(s) ds +

∫ 1/k2

t=−1/k2

(
1− 1

k

)
dt +

∫ 1/k2

t=−1/k2

dt

= 1 +

∫
∂Sv(k)

x≤ 1
k

x(s) d +
2

k2
·
(

1− 1

k

)
+

2

k2

< 1 +
4

k2
− 2

k3
+ k4 ·

∫
∂Sv(k)

x= 1
k

x(s) ds

< 1 +
4

k2
− 2

k3
+ k4 ·

∫ 1/k2

t=−1/k2

1

k
dt

= 2 · k + 1 +
4

k2
− 2

k3

Now, also take into account that the centroid Carea(S(k)) belongs to the

convex hull of S(k). We have that∫∫
S(k)

x dx dy∫∫
S(k)

dx dy
∈
[ 2

k2 − 1
k3

2
k2 + 1

k3 + 2
k4 − 3

k5

, 1

]
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This leads to

lim
k→∞

∫∫
S(k)

x dx dy∫∫
S(k)

dx dy
= 1

Similarly, from the fact that the centroid Cfron(S(k)) belongs to the con-

vex hull of S(k) we have∫
∂S(k)

x(s)ds∫
∂S(k)

ds
∈
[
0,

2 · k + 1 + 4
k2 − 2

k3

2 · k2 + 4
k

]
and thus

lim
k→∞

∫
∂S(k)

x(s)ds∫
∂S(k)

ds
= 0

The last two limits, (6) and (6), give

lim
k→∞

d2(Carea(S(k)), Cfron(S(k))) = 0

It remains to prove that

lim
k→∞
D(S(k)) = 1

But this is just a consequence of that the diameter D(S(k)) of S(k) is less450

than the diameter
√

1 + 4
k2 of the minimum area isothetic rectangle (i.e. with451

edges parallel to the coordinate axes) which encloses S(k). Thus, D(S(k)) ∈452

[1,
√

1 + 4
k2 ] shows the convergence towards 1. �453
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