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Abstract

Generalised inverse limits are a new topic of study in the area of continuum
theory. Although similarly defined to the more traditional inverse limits of
continuous functions on continua, they have a much richer structure. It was
realised early on that many of the theorems relating to the inverse limits of
continuous functions do not carry over to generalised inverse limits, which use
set valued functions. Much of the research in generalised inverse limits to this
point has been to attempt to characterise their structure.

This thesis contains three main chapters, each of which is based on a topic
in generalised inverse limits research. In the first of these we explore the
structure of a particular generalised inverse limit known as Ky ;y. This is
the inverse limit of a generalised tent map. The inverse limits of tent maps
have played an important role in continuum theory in the past, and with the
introduction of generalised inverse limits we can include generalised tent maps
that are not continuous functions. The only such generalised tent map whose
inverse limit does not have a very simple structure is Kg1). In this chapter
we prove a number of topological properties of K (1), and give an embedding
of Koy into R3.

For the second topic we characterise a certain kind of disconnection in
generalised inverse limits over Hausdorff continua. This generalises a result
by Greenwood and Kennedy for generalised inverse limits over intervals. Con-
nectedness is a property that has attracted much interest in generalised inverse

limits, as these are not necessarily connected, unlike the inverse limits of con-
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iv ABSTRACT

tinuous functions, which are.

In the final chapter we prove a result relating to path connectedness in
generalised inverse limits. Path connectedness in generalised inverse limits
is in some ways a very different property to connectedness. For example, a
generalised inverse limit may not be path connected even though all its finite
approximants are path connected. This cannot happen if we replace the words
“path connected” with “connected” in the previous sentence. The result proved
in this chapter links the path connectedness of a generalised inverse limit with

path connected properties of its finite approximants.
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Chapter 1

Introduction

This thesis is on the topic of generalised inverse limits, a relatively new area
of study in continuum theory. Generalised inverse limits are defined in a very
similar manner to the inverse limits of continuous functions on continua that
have been central to continuum theory for the last 50 years, but their structure
is much richer. Generalised inverse limits use upper semicontinuous set valued
functions as bonding functions, rather than continuous single valued functions
that have been more commonly used in the past. Many of the standard theo-
rems regarding inverse limits of continuous functions on continua do not carry
over to the generalised case, and much of the work that has been done to this
point has been to look for theorems for generalised inverse limits analogous to

those of the inverse limits of continuous functions.

This thesis contains three fairly self contained main chapters, each explor-
ing a different topic in the field of generalised inverse limits. In Chapter 2, we
explore the structure of a particular generalised inverse limit known as K 1).
This inverse limit is a very complicated continuum that has a single bonding
function: a generalised tent map. This is the only inverse limit of a generalised
tent map that is difficult to describe, despite many inverse limits of tent maps

which are continuous functions having a very complicated structure. In Chap-
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ter 2 we prove a number of topological properties of K (1), including that it
has the fixed point property, and we also give an embedding into R3, which

will give the reader a good intuition into its structure.

In Chapter 3, we give a result characterising a certain type of disconnection
in generalised inverse limits on continua, by defining what is called an HC-
sequence. This is a generalisation of a result by Greenwood and Kennedy
[GK], we extend this result to work for compact Hausdorff factor spaces from
the intervals used in the original theorem. Although the extended result looks
similar in nature, the proof uses quite different ideas. A corollary of the main
result of this section is that if an HC-sequence exists, the generalised inverse
limit is disconnected. Connectedness is an area where generalised inverse limits
on continua differ from inverse limits of continuous functions on continua, the

latter being always connected.

In Chapter 4, we look into path connectedness in generalised inverse lim-
its. This property is very different to the connectedness explored in Chapter
3. It is possible for an inverse limit to be path connected for each finite ap-
proximation, and then not path connected in the limit (this is not possible
for connectedness). This gives two somewhat distinct problems when trying
to characterise path connectedness in generalised inverse limits. Firstly, we
need to know whether all the finite approximations are path connected, and
secondly, if all the finite approximants are path connected, we have the distinct
question of whether the inverse limit itself is path connected. Chapter 4 focuses
on the latter question, and gives a result that to some extent characterises path
connectedness in the inverse limit, assuming all finite approximants are path

connected.

For the remainder of this chapter we will firstly introduce some notation
and basic definitions that will be used throughout the thesis. We will then
look into the current state of knowledge in generalised inverse limits, giving

an overview of results obtained to date.
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1.1 Notation and Definitions

The field of generalised inverse limits is a relatively new area of study, and
not all notation is standard. In this section we present preliminaries and a
few basic results for generalised inverse limits that will be used in following
chapters.

The subset notation c will allow for equality of sets when used throughout
this thesis. For example if A and B are sets, then if we write A c B then it is
possible that A = B. If we want strict inclusion, ie A # B, then we will write
Ag¢B.

We take N to be the set of natural numbers {0,1,2,...}.

¢ is the cardinality of the continuum.

A point in R? is denoted with angle brackets, as (a, b).

We include the following basic topological definitions, due to their impor-

tance in this thesis.

Definition 1.1.1. If X is a topological space, we say X is connected if X
does not contain a proper non-empty clopen subset. Otherwise we say X is
disconnected. If x € X, the largest connected subspace of X containing z is

called the component of v in X.

Definition 1.1.2. A path in X is a continuous function 7 : [0,1] - X. We
say X is path connected if for all pairs of points x, y € X, there exists path
v :[0,1] > X such that v(0) = z and (1) = y. If x € X, the largest path

connected subspace of X containing x is called the path component of x in X.

Definition 1.1.3. A continuum is a compact, connected, metric space. A

Hausdorff continuum is a Hausdorff, compact, connected topological space.

Note that if a space X is a continuum, then X is also a Hausdorff contin-
uum.
The main topic of this thesis is inverse limits, which we will begin to define

NOwW.
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Definition 1.1.4. An inverse sequence is a sequence of pairs (X, fi;1) for
1 > 0, where for each i, X; is a Hausdorff continuum, and f;;1: X;,1 = X; is a

continuous function.
From this we can define the inverse limit of the inverse sequence.

Definition 1.1.5. If (X, fi;1) is an inverse sequence, then the inverse limit

of the inverse sequence, denoted LiLH(Xz', fi), is defined as:
LiLH(Xi, fi) = {X = (550,9017952, .- ) € [L;enX;: forall e N, x; = fi+1($i+1)}-

If only one function, f, is being used for every function, then often we will
shorten l(iLn(Xi,fi) to lim f.

The spaces X; are called factor spaces, and the functions f; are called
bonding functions.

To avoid confusion, often we will refer to the inverse limits of continuous
functions defined above as classical inverse limits, as opposed to generalised
inverse limits, the topic of this thesis.

If X is a topological space, we use 2X to denote the collection of nonempty

closed subsets of X.

Definition 1.1.6. If X and Y are continua, a function [ : X — 2Y is called
upper semicontinuous at a point x € X if for each open set V' in Y containing
f(z), there is an open set U in X containing x such that if y is in U, then
f(y) c V. If f is upper semicontinuous at x for all x € X, then we say f is

upper semicontinuous.

If f:X — 2Y is a function, then the graph of f is the subset of X x Y,
denoted G(f), defined as

G(f) ={{z,y) e X xY 1y e fa)}.

The following theorem gives an equivalent definition for upper semicontinuity,
and this is usually easier to use as a working definition. See [IM, Theorem 2.1]

for the proof.
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Theorem 1.1.7 (Ingram and Mahavier). If X and Y are continua, then f :
X — 2Y s upper semicontinuous if and only if the graph of f is closed in

XxY.

An upper semicontinuous set valued function f : X — 2V is said to be
surjective if for every y € Y, there exists x € X such that y € f(x).

Now we can define a generalised inverse limit. The definition looks very
similar to that of classical inverse limits, but we need to take into account the
set valued functions. So for a point x = (g, x1, 2, ... ) to be in the generalised
inverse limit, we only require that each coordinate z; is contained in the image

of the following coordinate, x;.1, by the function f;,;.

Definition 1.1.8. An generalised inverse sequence is a sequence of pairs
(X5, fiz1) for i@ > 0, where for each i, X; is a Hausdorff continuum, and
fis1 2 Xjp1 = 2% is an upper semicontinuous set valued function.

With a slight abuse of notation, often we will refer to a (generalised) inverse
sequence by (X;, f;).

If (X5, fiz1) is a generalised inverse sequence, then the generalised inverse

limit, denoted l(iLn(Xi, fi), is defined by
LiLn(Xi’ fi) ={x=(wg,x1,29,...) € WenX; : for all i e N x; € fiy1(2541)}-

Again, the spaces X; are called factor spaces, and the functions f; are called
bonding functions, and if only one function, f, is being used for every bonding
function, then often we will shorten l(iI_n(Xi, fi) to lim f. In this thesis, when
an inverse sequence (I;, f;) is written, it can be assumed that the factor spaces
are intervals, that is I; = [0, 1] for all i € N.

In the above definitions, the factor spaces are indexed over the natural
numbers, N. This is a special case of a more general indexing which is done
over a directed set. The details of this will not be included here, and we note
that unless it is mentioned otherwise, all inverse limits in this thesis will be

indexed over the natural numbers, N.
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Often it is useful to look at finite restrictions of the inverse limit. With

this in mind, we have the following definition.

Definition 1.1.9. If (X}, f;) is a generalised inverse sequence, and 1 <m < n,

then we define

G(fms--o fn) =

UTmet1, Ty -+ Tn) € Ty 1<ien Xt @ € fiy1(2441) for all m—1<i<n}.

G(f1,--., fn) is known as the Mahavier product from f; to f,. If m =1, then
often we will abbreviate G(f1,..., f,) as G,. These are sometimes called finite
approximants of an inverse limit.

We also denote the graph of a set valued function f, : X, - 2%»1 by
Gn, that is, G, = {{zp,2p1) € Xy x X1 2 2, € X, and z,1 € fr(x,)}.
Alternatively, if f is a set valued function, its graph can be denoted G(f).

Note that if m = n then G(f,,) is the graph of f.!, so G(f,,) is homeomor-
phic to G, = G(fim)-

The following notation will be used for projection functions.

Definition 1.1.10. Given a generalised inverse sequence (Xj, f;) and j € N,
we define 7; : LEl(X“ fi) = G; to be the projection map into the graph Gj, ie
i ((wo, 21,

Ta,...)) = (z;,xj_1). Given a graph G;, we also define p;; : G; - X; and
pjj-1+Gj =~ X,_1 to be projection maps into factor spaces, ie p;;({(z;, z;-1))
=x;, and p;j1((xj,2-1)) = xj—1. If a function f: X — 2Y with graph G is not
indexed, the notation px : G - X and py : G - Y will denote the projection

maps into X and Y respectively.

1.2 Background

In this section we present some background on previous work done in the area

of generalised inverse limits. We begin with a brief introduction into classical
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inverse limits.

Inverse limits have been shown to be a very useful tool in continuum theory.
One application is that inverse limits give an easy way to construct compli-
cated continua from simple bonding functions. A famous example of this is
a tent map as a bonding function gives as an inverse limit the buckethandle
continuum, an example of an indecomposable continuum (there will be more
on this later in the thesis). Another example by Henderson [H] is a pseudo-arc
being the inverse limit of a single bonding function. A pseudo-arc is a one
dimensional arc-like continuum that is hereditarily indecomposable, that is,

all of its subcontinua are indecomposable.

Inverse limits describe a type of ‘backward dynamics’ - the bonding func-
tions are defined as going backwards in ‘time’. Inverse limits of continuous
functions have been used to model a variety of different phenomena. Often a
phenomenon being modelled by discrete dynamics will be modelled by relations
which are not functions, but their inverses are functions. So an inverse limit
in some sense represents the forward dynamics of the inverses of the relations.

Some examples of applications include the following.

In physics, inverse limits play a central role in the theory of tiling spaces,
which are used to model aperiodic crystals, see [S]. In economics, the ‘over-
lapping generations model” and the ‘cash in advance model’ both use inverse
limits to model economic phenomena. See for example [AR] and [K]. The
Christiano - Harrison model [CH] is an example of a model in economics util-
ising relations that are not functions in either the forward or reverse direction,
so requires the use of generalised inverse limits. Inverse limits also appear in

areas such as game theory and functional analysis, see [P], [TY].

The field of generalised inverse limits is relatively new, but in the last
few years there has been considerable research in the area. The first paper
published on the subject was by Mahavier in 2004 [M]. This paper introduced

many of the basic theorems that are used, and concentrated exclusively on
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inverse limits of set valued functions over intervals. A little later, Ingram and
Mahavier published an article [IM] which generalises many of these results to
Hausdorff continua.

The first two results given here from [IM] confirm that the generalised

inverse limits of compact Hausdorff spaces are indeed compact (and Hausdorff).

Theorem 1.2.1 (Ingram and Mahavier). Suppose for eachi >0, X; is compact
and Hausdorff, and fori> 1, f;: X; — 2% is upper semicontinuous. Then G,

18 nonempty and compact.

Theorem 1.2.2 (Ingram and Mahavier). Suppose for eachi >0, X; is compact
and Hausdorff, and for i > 1, f; : X; — 2%Xi-1 is upper semicontinuous. Then

@(Xia fi) is nonempty and compact.

The following theorems also appear in [IM], and are the first theorems
regarding connectedness in generalised inverse limits, a topic that will be ex-

plored in more detail in Chapter 3.

Theorem 1.2.3 (Ingram and Mahavier). Suppose that for each i >0, X; is a
Hausdorff continuum, and for each i > 1, f;: X; » 251 is an upper semicon-
tinuous function, and for each x € X;, fi(x) is connected. Then liLH(Xi, fi) is

a Hausdorff continuum.

Theorem 1.2.4 (Ingram and Mahavier). Suppose that for each i > 0, X
18 a Hausdorff continuum, and for each v > 1, X; is a Hausdorff continuum,
fi: X = 2%X1 s an upper semicontinuous function, and for each x € X;_1, {y €
X, :x e fi(y)} is non-empty and connected. Then @(Xz,fz) is a Hausdorff

continuum.

A very useful theorem regarding connectedness in generalised inverse limits

was given by Nall in [Nal2] (it appears as Lemma 3.2).
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Theorem 1.2.5 (Nall). Suppose X is a Hausdorff continuum, and f : X —
2X 4s a surjective upper semicontinuous set valued function. Then l(iLnf 18

connected if and only if G, is connected for every n € N.

The proof given for this theorem allows for the spaces and functions to be
different, and it will be generalised as Lemma 3.1.1 in Chapter 3.

Theorem 1.2.5 is very powerful in that it means that if an inverse limit is
disconnected, then there will be some finite n such that G, is disconnected.

This illustrates a common problem in generalised inverse limits - knowing
whether if G, has a certain property for all n implies that @(Xi, fi) has
the same property. The above result says that it does for the property of
connectedness, but as we will see in Chapter 4, Theorem 1.2.5 does not have
an analogy for path connectedness. There are upper semicontinuous functions
f:[0,1] - 2[91 such that G, is path connected for all n, but lim f is not path
connected (the usual surjective tent map has this property).

Much of the early research into generalised inverse limits has been in the

property of indecomposability.

Definition 1.2.6. A continuum X is decomposable if X contains proper sub-
continua A and B such that X = Au B. Otherwise X is said to be indecom-
posable.

For example, the interval [0,1] is decomposable as [0,1] = [0, 3]u[3,1]. It
is not clear a prior: from the definition that an indecomposable continuum even
exists. Two examples of indecomposable continua are the buckethandle con-
tinuum and the pseudo-arc that were mentioned earlier in this section. These
are difficult to define, however the following theorem, appearing in [Nad] as
Theorem 2.7, links inverse limits of certain continuous functions with indecom-
posable continua.

We say that an inverse sequence (X, f;) is an indecomposable inverse se-

quence if for each i > 0, whenever A;,; and B;,; are subcontinua of X;,; such
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that X1 = Aji1 U Bjyq, then fi1(Ai) = X; or fia(Bia) = Xi.

Theorem 1.2.7. If (X}, ;) is an indecomposable inverse sequence with inverse

limat im(XG, f;), then im(X;, ;) is an indecomposable continuum.

This gives an easy way to create indecomposable continua - by defining
them as the inverse limit of a particular indecomposable inverse sequence. A
simple bonding function can be used to give rise to a complex continuum.
Perhaps the most famous example is the buckethandle continuum, which will
be described in detail in Chapter 2. The buckethandle continuum is homeo-
morphic to the continuum defined as the inverse limit of the tent map shown
in Figure 1.1 [Nad, 2.9]. The usual description of the buckethandle as given
in Chapter 2 requires a rather involved definition and defining the continuum
using the inverse limit is a much simpler method.

The function shown in Figure 1.1 is an example of a tent map. The in-
verse limits of tent maps have been studied extensively, and are the subject of
Chapter 2. Tent maps have played a huge role in the study of classical inverse
limits and in topological dynamics. See for example [BBS], [BM], [H]. One of
the major areas of research in classical inverse limits has been to classify the

inverse limits of tent maps. A tent map is defined as follows.

Definition 1.2.8. For a € (0,1) and b € [0,1], we define a tent map fp) :
[0,1] - [0,1] to be a continuous function with a graph consisting of two lines:

one from (0,0) to (a,b), and another from (a,b) to (1,0).

The classification of the inverse limits of tent maps is still incomplete,
but following a large amount of work on the specific question, Barge, Bruin,
and Stimac proved the following theorem, which was known as the Ingram

Congecture.

Theorem 1.2.9 (Barge, Bruin, Stimac). Let % <a<bg<l, and let f(%ﬂ) and

fei,y be tent maps. Then lim f,1 \ and lim f;1,, are not homeomorphic.
(2’b) <— (270‘) < (27b)
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Figure 1.1: The graph of f(%J).

There have been numerous results concerning indecomposability for gen-
eralised inverse limits. One of the properties of classical inverse limits is that
any subcontinuum of an inverse limit whose projection onto a factor space is
the whole space for infinitely many factor spaces is the entire inverse limit.
This is called the full projection property, and in general it does not hold for a

generalised inverse limit; this is a topic of research in its own right.

Ingram gives a result regarding indecomposability in [Inl], where a suf-
ficient condition called the ‘two pass condition’ is given. This condition is

similar to the condition of an indecomposable inverse sequence defined earlier
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in the section. The two pass condition, along with the full projection property,
guarantees indecomposability of the resultant inverse limit. If f: [0,1] — 2[0:1]
is upper semicontinuous, f is said to satisfy the two-pass condition provided
there exist two mutually exclusive connected open subsets U and V' of [0, 1]

such that f|y and f|y are continuous functions and f(U) = f(V') =[0,1].

Theorem 1.2.10 (Ingram). If for each i >0 X; =[0,1], and for each i > 1, f;:
[0,1] - 2[01) s upper semicontinuous and satisfies the two-pass condition, and

Lil_n(Xi, fi) has the full projection property, then Lil_n(Xi, fi) is indecomposable.

As can be seen, one premise of the theorem is that l(igl(XZ-, fi) has the full
projection property. It remains open as to what conditions on the bonding
functions will guarantee the full projection property.

Theorem 1.2.10 has been generalised by Varagona [Val, and then further
again by Kelly and Meddaugh [KM]. An example of an upper semicontinuous
set valued function that gives an indecomposable inverse limit is shown in
Figure 1.2. It contains a Cantor set of vertical lines, with endpoints of the
Cantor set joined by lines whose inverses are functions. Further details can be
found in [KM].

This represents one of the most complicated classes of bonding functions
whose inverse limits are guaranteed to be indecomposable. A full characterisa-
tion of indecomposability in generalised inverse limits still remains some way
away.

Inverse limits (in the classical sense at least) derive from the category the-
ory notion of an inverse limit. For a good introduction to category theory
see [M]. Bani¢ and Sovi¢ investigated generalised inverse limits in terms of
category theory [BS]. Although Hausdorff continua (as objects) and upper
semicontinuous set valued functions (as arrows) form a category, generalised
inverse limits as defined in Definition 1.1.8 are not always inverse limits in

this category. The authors of [BS] introduced the notion of a weak inverse
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Figure 1.2: A bonding function giving an indecomposable inverse limit.

limit, and showed that generalised inverse limits are weak inverse limits in this
category.

One of the reasons for this work in category theory was to study generalised
inverse limits that were indexed over arbitrary directed sets. Some of the basic
theorems mentioned earlier in this chapter have been proved for directed set
indices in [IM2]. To this point in time, the majority of results regarding gen-
eralised inverse limits have been done indexing over the positive integers. An
exception to this is the work of Vernon in [Ve|, where indexing over the integers
in their entirety is investigated. One of the advantages of indexing over the

integers is that the shift map on the inverse limit space is a homeomorphism.
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This fact is exploited by Vernon in his proof that if a single bonding function
is used, and a generalised inverse limit is a finite graph, then it contains no
loops. This is a generalisation of Theorem 1.2.12 by Illanes below.

Indexing over the integers allows for continua to be constructed that cannot
be constructed when indexing over only the positive integers. For example,
Vernon shows how to construct a two-cell (a space homeomorphic to a unit
disc) using a single bonding function where the factor spaces are intervals. The

graph of the bonding function is shown below in Figure 1.3.

Figure 1.3: A bonding function giving an inverse limit that is a two-cell, when

indexed over Z.

Nall has shown in [Nall] that this is not possible when indexing by N. It is
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not known whether it is possible when indexing over the integers to construct
an n cell for n > 2. The method that Vernon uses cannot be generalised to
produce such an n cell.

There has been research into what spaces can be obtained as the inverse
limit of a single bonding function. To date, this work has focussed on the
factor spaces being intervals. Nall showed in [Nal3| that the only finite graph
that can be obtained as a generalised inverse limit of a single bonding function

over intervals is an arc.

Theorem 1.2.11 (Nall). If f:[0,1] - 2091 is a surjective upper semicontin-

uous function such that Linf s a finite graph, then Linf s an arc.

[llanes showed that a circle cannot be a generalised inverse limit of a single

bonding function over intervals in [Il].

Theorem 1.2.12 (Illanes). There is no upper semicontinuous set valued func-

tion f:[0,1] = 2001 such that lim f is a simple closed curve.

These results were both replicated for the case when indexing over the
integers is used by Vernon [Ve].

In classical inverse limits, if the factor space is an arc, then every finite
approximation G(fi,..., f,) for each n > 1 will be an arc, so these finite ap-
proximations are not very interesting to study. With generalised inverse limits
however, a finite approximation can be much more interesting. Even if the
factor spaces are arcs, the first bonding function could have a graph that is,
for example, a pseudo-arc. If we allow different bonding functions, then any
space that can be produced by a finite number of bonding functions, ie any
G(f1,---,[n), can be produced as an inverse limit by extending the sequence
of functions to include f,, to be the identity function for m > n.

Because it seems somewhat unnecessary to have to include these identity

functions, we often simply refer to the Mahavier product G(fi,..., fn)-
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As can be seen from the selection of results given above, this area of study
is very new (the first mention of generalised inverse limits was in 2004) To
date there has been much research into a number of areas. The results so far
indicate that there is a rich structure inherent in generalised inverse limits and

there is still a long way to go before the structure is fully explained.



Chapter 2
Generalised Tent Maps: K 1)

Recall from Definition 1.2.8 that a tent map is a continuous function f(,p) :
[0,1] - [0,1] with a graph consisting of two lines: one from (0,0) to (a,b),
and another from (a,b) to (1,0). This definition can be extended to allow for
set valued functions, which we call generalised tent maps (defined in the next
section).

This chapter concentrates on a specific generalised inverse limit known as
K(o,1), the inverse limit of a generalised tent map. The inverse limits of tent
maps have been the subject of much research. Tent maps are very simple
functions, yet inverse limits of tent maps can be very complex. In Chapter
1, we introduced the buckethandle continuum, which is homeomorphic to the
inverse limit of the tent map f( 11 shown in Figure 1.1. We will now give a
construction of the buckethandle continuum.

Let n > 1. If S c R" is a set of points in R?, a € R, and b € R”, then by

a-S+b we mean the set
{x eR": there exists y € S such that x=a-y +b}.

Let Cy =[0,1], and for all i > 1, let

Ci==-Coa (5

2
3 3 Crat3)

17
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Note that N;ey C; = C, where C' is the Cantor middle thirds set.
Now, define:

1 1
Dy = {X= (w1, 72) e R?: HX—(5,0>H <52 20},
and for n > 1, define
9 1 1
Dn= X=(LL’1,JI2)ER : X—<§,O> Gg‘cn_1,$220 s

so D,, is a collection of half annuli with thicknesses related to the sets C),_;.

For n > 0, define

Dy ={x=(x1,19) e R2:
there exists y = (y1,¥y2) € D,, such that y; = x; and x5 = -y},

so D} is the set D,, reflected about the x-axis.

Finally, let By = Dy, and for n > 1, define

B,=D,u | (l.-D;;_Z-+( L —1))
1<i<n \ 3" 2-3" 2

We can now define the buckethandle continuum B to be the intersection of all

the sets B,,, so
B = Bn.

neN
The first few sets B,, are shown in Figure 2.1

The reader can appreciate how the use of an inverse limit with a simple
bonding function (in this case f 1 1)) to construct an indecomposable contin-
uum is much simpler than the construction of the buckethandle above.

The problem of the classification of the inverse limits of tent maps is a
highly non-trivial, open problem. Much work has been undertaken, and there
are many partial results. For example in the article [BCMM], the authors
describe curves on [0,1]2 such that if two tent maps have their peaks on the
same curve, their respective inverse limits are homeomorphic, and their inverse

limits are not homeomorphic if the peaks lie on different curves. Another



Figure 2.1: The sets By, B1, By, and Bjs in the construction of the buckethandle

continuum.

major result is found in [BBS], where the Ingram conjecture (Theorem 1.2.9)
is proven. The full classification however, is still incomplete.

With the conception of generalised inverse limits, it is natural to extend the
problem of the classification of inverse limits of tent maps to the classification
of generalised inverse limits of generalised tent maps.

Including these ‘extra’ generalised inverse limits in this classification makes
the problem more difficult, purely due to there being more cases to consider.
Fortunately, there are not as many cases as there might appear. All but one of
these generalised tent maps that cannot be expressed as continuous functions
have inverse limits that are easy to describe. In [BCMM], Bani¢ et al show
that Koy and K1) for b e [0,1) are a single point (the point (0,0,0,...)),
Ko (for be (0,1)) is homeomorphic to an arc, and K1) is homeomorphic
to a harmonic fan (the notation K, ;) will be defined in Section 2.1).

This leaves only one additional generalised tent map that is not a contin-
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uous function, f(p1). The function f(o ) that has Ky as an inverse limit is

shown below.

Figure 2.2: The function f(o ) that has K1) as its inverse limit.

Some work has been done in understanding the structure of K 1). In
[BCMM] it is shown that K1) contains harmonic fans and sin% continua,
and that K1) is one dimensional. In [CR] it is shown that K1) has trivial
shape and is thus tree-like. In his book [In2], Ingram gives a basic model for the
structure of K (g ). In this he shows, in addition to what is already mentioned,
that K, is nonplanar, and contains many mutually exclusive n-ods for each
positive integer n.

In this chapter we will describe the topological properties of K1y in more
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detail. In Section 2.1, we will cover preliminary results that will be required for
later sections, including the structure of a typical point in Ko 1). In Section 2.2
we prove some of the topological properties of K (g 1). In Section 2.3 we show
K 0,1y has the fixed point property. In Section 2.4, we describe an embedding
of Koy into R3.

2.1 The Basic Structure of K

In this section we develop some notation and explore the basic structure of
K(o,1)- Tent maps were defined in Chapter 1, Definition 1.2.8. Here we extend

this definition to generalised tent maps.

Definition 2.1.1. A generalised tent map with a peak at (a,b), where a € [0,1]
and b € [0,1] is a function f(ap) : [0,1] - 2[%1] that has a graph consisting of
two straight lines. One from the point (0,0) to the point (a,b), and another
from the point (a,b) to the point (1,0).

If feap) is a generalised tent map, then we denote l(iglf(mb) by Kap)-

Note that a generalised tent map is an upper semicontinuous set valued
function, so K, is well defined.

The function we are interested to study in this chapter is f(o 1), and more
specifically its resulting inverse limit K1) = l(ln feo,y- First we look at what
a typical point in K (o) looks like.

Suppose that x = (2, 21,72,...) € Kp1). Then as Ko is surjective,
zo € [0,1]. Now, to find a suitable z1, we need to find what values in [0, 1]
map to xg. It is clear from the graph that only 0 and (1 — xy) map to x.
So there are points in the inverse limit that begin with (z, (1 - x¢),...) and
(20,0,...). Now consider what x5 can be. If x; = (1 - zg), then we have the
same choice as before, either x5 =1 - (1 -xg) = 2o (in which case we are back

where we started), or xo = 0. If 21 = 0, then we have two choices, either x5 =0
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(and we are back where we started), or xo = 1. If x9 = 1, then there is only one
choice, it must be that x3 = 0. In other words, if x; = a, the choice is always
between 0 and (1 -a).

We have now fully described the structure of what the coordinates of a

point can look like, so a typical point can be summarised as follows:

e The sequence of coordinates begins with a € [0,1], and is followed by a
sequence of alternating 1 -a and a (note this following sequence may be

of length zero).

e If the alternating sequence ends after finitely many terms, say after x,,

then z,,1 =0 (unless n =0 and z( = 0).

e After the first term of 0, each subsequent term is either O or 1, but there

is also the condition that a 1 is always followed by a 0.

In order to explore the structure of Ky further, we will define a certain
class of points that will be particularly useful. The set of vertices of K
(which we denote by V) is the set of all points that have coordinates consisting
of only 0s and 1s. This set V' is a Cantor set, as mentioned in [BCMM].

The set V' is totally disconnected, and from Theorem 1.2.3 we know that
K(o,1) is connected [IM, Theorem 4.7], so the other points in Ky ) must con-
nect the vertices. We saw earlier that a point in K 1y consists of two sections.
It starts with an alternating sequence of a and 1 —a for a € [0,1], and then

(if at all) there is a 0, followed by a sequence of 1s and Os (where a 1 is also

followed by a 0).

Definition 2.1.2. Two vertices a and b € K¢ 1) are directly connected if there
exists a path in Ky that has a and b as end points, and the path does not
contain any other vertices.

If either a or b (or both) is not a vertex, a and b are directly connected

if there exists a path in Ky that has a and b as end points, and the path
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does not contain any other vertices. If a vertex is directly connected to only

one other vertex, this is an end vertez.

Note that any point a = (ag,a1,as,...) € K1) that has ag = a; = 0 will be
an end vertex.
Above we mentioned that two vertices, a = (ag, a1, as,...) and b = (bg, by, ba, . . .

are connected if there exists n € Nu{oco} such that:
e a,, b, for m <n, and
e a; =0b for k>n.

It is clear that if this property holds the vertices will be directly connected.

This statement is also true in the other direction.

Lemma 2.1.3. Two distinct vertices a and b € Ko 1y are directly connected if

and only if there exists n e Nu {oo} such that:
® a,, + b, form<n, and
o a,=by for k>n.

Proof. Suppose a and b are directly connected, and a # b. If a,, # b, for all
m € N, then the conditions are satisfied (n = o).

Suppose a,, = b,,, m is minimal with respect to this property, and m > 1.
Then it follows that a,, = b,, = 0, since if a,, = b,, = 1 then either a,,.1 =1 or
b1 = 1, so one sequence will have two consecutive 1s. As m is minimal, this
means either a,, =1 or b,, = 1. Without loss of generality, suppose b,, = 1, so
a,, = 0. Now suppose a, # b, for some n >m. Then for any path connecting
a and b will need to contain points p® = (p§,p,ps...) € K1) for every
a € (0,1) such that p3 = . Then as a p, € K(o1), for every such p®, we have
pe,=1-a, p?,=a, etc. Also, if there is a path between a and b that does
not contain any other vertices, every point in the path must be either a, b, or

p® for some a € (0,1).
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Then if there is a path in K ;) between a and b, the points p* must
converge coordinate-wise to a. But as a,,_1 = a,, = 0, if a sequence of points
po_, converges to 0, p%, converges to 1.

Therefore we conclude such a path cannot exist, so a and b are not directly
connected.

Finally, suppose ag = bg. Then for the same reason above, a, = b, for all
n > 1. This means that a = b, contradicting a and b being distinct. This
finishes the proof of the forward direction.

For the reverse direction, suppose there exist distinct vertices a and b ¢
K(o,1), and n € Nu{oo} such that a, # by, for m <n and a;, = by, for k > n. Then

the path directly connecting a and b is given by «: [0,1] = K 1), defined as:

(,1-z,2,...,0,ap41,0n42,...) ifn<oo
y(x) =
(z,1-z,2,...) if n = o0.
Then either 4(0) =a and (1) = b, or v(0) =b and v; = a, meaning a and
b are endpoints of v, and furthermore, if z # 0 and = # 1, y(z) is not a vertex,
so a and b are directly connected.
A figure showing how two vertices are directly connected is given in Figure
2.3.
O

Finally, we will introduce some notation that will be helpful in the next

section.

Definition 2.1.4. If a = (ag, a1, as,...) is a vertex, we say a has a 01-sequence
of length n for some n € N if a, = a,41 =0, and a; # a;_; for all 1 <i <n. If

a; # a;—1 for all 2 > 1, then we say a has a 0I-sequence of length oo.

This means that if a has a 01-sequence of length n, then there is an alter-

nating sequence of Os and 1s at the start of a, up to the nth coordinate.
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t (0,1,0,1,0,0,0,1,0,0,0,...)

¢+ (a,1-a,a,1-a,a,0,0,1,0,0,0,...)

! (1,0,1,0,1,0,0,1,0,0.0....)

Figure 2.3: Two vertices in K (g ) connected by an arc.

One important function that is applied to vertices if what is called a forward
move, defined below. A forward move essentially increases the 01-sequence at

the start of a vertex by one.

Definition 2.1.5. Let a = (ag,ay,as,...) be a vertex with a 0l-sequence of
length n. Then we define a forward move by the function m: V -V, m(a) =

(bo, b1, bg,...), where b; + a; for i <n, and b; = a; for i > n.

Note that m(a) is directly connected to a by Lemma 2.1.3. Also note that
m is a well defined function, but it is not injective, so m~! is not well defined.
We will however, use the term backwards move to denote the reverse of a
forwards move (ie given a vertex a, a backwards move on a gives a vertex b
such that m(b) = a). It should be remembered that a backwards move is not a

well defined function, for example m((0,1,0,0,0,0,...)) =(1,0,1,0,0,0,...) =
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m((0,0,1,0,0,0,...)).

There is another important subset of Ko 1y that is helpful in understanding
the structure. That is the arc with endpoints (0,1,0,...) and (1,0,1,...). We
call this the limat line, abbreviated [1.

Lemma 2.1.6. Every point in Koy is directly connected to a vertez.

Proof. Let a = (ag,a1,as,...) € K1), and a is not a vertex. Then the coordi-
nates of a are of the form ag, 1 - ag, ag for length n, where n € (N~ {0})u{oco}.

Then a will be directly connected to the vertex v = (vg, v, va,... ), where

vi=1-v;,_qy ifi<n, and
V; = @y if 2 >n.

This path v:[0,1] = K(o1) is defined as v(x) = (po, p1,p2), where

pO:x-(l—ao),
pi=1-v;4 if 1 <n, and
i = a; if i >n.

If a is a vertex, then a is directly connected to the vertex obtained under
a forward move.

]

We end this section with the model of K(g ) that was given by Ingram in
[In2]. Some notation has been changed slightly to align with the notation in
this chapter, but the description is largely taken from the text. Ingram begins
by creating subsets of K1y defined as B, := {x € K1) : 541 = 0} for each
n > 0. Each of these sets B,, will be the product of a Cantor set with an arc.
B,, denotes the collection of arcs in B,,.

We then partition the vertices V' into sets Cp := {x € V : 2o = 0} and
Cy:={x eV :xy=1}. Then for each n > 1, let p, € {0,1}" be a string of n
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symbols starting with 0 and alternating between 0 and 1, and similarly define
dn € {0, 1} to be a string of n symbols starting with 1 and alternating between
0 and 1.

Now define for each n > 0 the sets D,, := {pn} x Cp and E, := {qn} x Cp.
Also, let p=(0,1,0,...)and q=(1,0,1,...). Then Cy = D;uD3uDsU---U{p},
and C1 = EsuEyu Egu---u{q}.

Note that for each positive odd integer n, each element of B, is an arc
directly connecting a point in D, with a point in F, = E,,1 U E,», and if n
is even, each element of B, is an arc directly connecting a point in F,, with a
point in D,, = D,,,1 U D,,,5. Also, for ne N and x€ D,, U F,,, x is the endpoint
for some arc in B,,.

We conclude the construction by picking two skew lines in R? and embed-
ding Cj in one and Cf in the other. Asnoted above, Cy = D;uDsuDsu---U{p},
and C7 = Fou Ey, U Egu---uq, so from each point in D;, directly connect it
to an appropriate point in F;, then for every point in F5, directly connect it
to an appropriate point in Ds, repeating this for all n € N. Finally, connect p
and q with the limit line arc.

Figure 2.4 gives a schematic of Ingram’s model.

2.2 The Topology of K

Now that we know the basic structure of Ky, we can look at some of its
topological properties. We present them here as a series of propositions.

As mentioned earlier, it is easy to see using Theorem 1.2.3 that K ) is a
continuum. In Section 2.1, we showed how vertices in K1) are connected by
paths: direct connections. By extending this, we will be able to find the path

components of K ).

Definition 2.2.1. Let V,, = {x € V : there exists n € N such that z;;; = 1 -

x; for all i > n}.
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Figure 2.4: A schematic of Ingram’s model of K 1).

Given a vertex a = (ag,a1,as,...), if a ¢V, we define

Ba={x=(x,21,%2,...) € K(o1): there exists

n € N such that z; = a; for all i > n}.

If aeVy, we define

Ba = {X = ($0,$1,.T2, R ) € K(O,l) :

there exists n € N such that z; = 1 — 2,1 for all i >n}.

Then it is easy to check that the relation ~ on K (g ) defined by a ~ b if and
only if B, = By, is an equivalence relation. We call these equivalence classes
the branches of K(y1y. There is clearly more than one branch, for example
(0,0,0,0,...) and (0,1,0,1,0,...) are in different branches. In fact, it is not

hard to see there are uncountably many branches.

Lemma 2.2.2. There are ¢ many branches, and each branch contains count-

ably many vertices.
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Proof. First we will show that there are countably many vertices in each
branch. Let c be a vertex, B. its branch, and let V. be the set of all ver-
tices in B.. Now we define inductively Ay = {a = (ag,a1,a9,...) € Ve : a; =
¢; for all i > 0}, and for all other n € N, define A, = {a = (ag,a1,a2,...) €
(Ve N Uosian Ai) = a; = ¢; for all i > n}. So we have partitioned V, into sets
defined by the last coordinate at which a vertex differs from c. These sets are
clearly disjoint, and U;ey A; = V.. Also note that each A; is a finite set, as
for each 7, there are only finitely many possible combinations of points in the
coordinates less than 7. Therefore, V, is a countable union of finite sets, so
countable.

As V is a Cantor set, we know there are ¢ many vertices, and these are
disjointly partitioned into branches, each branch containing only countably
many vertices. Therefore, there must be ¢ many branches.

]

Lemma 2.2.3. Two vertices a and b of K1) are in B for some vertex c if
and only if there is a finite chain of vertices vo, Vi, Va,..., v, such that vy = a,

vy =b, and for all 1 <i < q, v; is directly connected to v;_;.

Proof. Suppose a and b are vertices in B.,. Then there exists n; € N such that
for ¢ > ny we have a; = ¢;, and also there exists ny € N such that for ¢ > nq, b; = ¢;.
Let n = max{ni,ns}, then for all i > n, a; = b;. Suppose a has a 01-sequence
of length m;, and b has a 0l-sequence of length ms let k; = min{n, m;}, and
ks = min{n,ms}. Now, by applying a total of n — k; forward moves to a, we
have a finite sequence of vertices pg,Pp1,-..,p; where pg = a, p; = d (where
d has a Ol-sequence of length n, and d; = ¢; for i > n), and p; is directly
connected to p;_; for all 1 <7 <. Similarly by applying n — ko forward moves
to b, we have a finite sequence of vertices p;, pi+1,...,p; (where j > 1), where
p: =d, p; = b, and p; is directly connected to p;_y for all [ +1 < ¢ <j. Then

Po,P1,- - -, Pj is the sequence we require.
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For the reverse direction note that by Lemma 2.1.3 if two vertices are
directly connected, their coordinate sequences have the same tail. So any finite
collection as described by vy, vy,...,v, will have the same tail, and hence are
in the same branch B..

]

The next lemma will help us to see what the path components of K )

are.

Lemma 2.2.4. Suppose a and b are vertices in K 1y. Then there is a path
v+ [0,1] - K1) between a and b if and only if there is a finite chain of
vertices Vo, Vi, Va,...,V, such that vo =a, v, = b, and for all 1 <i < q, v; is

directly connected to v;_y.

Proof. Let v :[0,1] - K1) be a path, let A c K1y be the image of v, and
suppose A contains k vertices for some infinite cardinal . Let V{ be the set of
all vertices with first coordinate 0 contained in A, and let V; be the set of all
vertices with first coordinate 1 contained in A. Then either Vj or V; is infinite.
Suppose, without loss of generality, that Vj is infinite. Then as V; ¢ K (o1 and
K 0,1y is compact, V; has an accumulation point, call this b. As A is compact,
be A, so bel.

Let (b; : i € N) be a sequence of points in V converging to b. If we take
the inverse image of each b;, and their limit point b, we have a collection
of points in [0,1], B = {77 1(b),yv ' (by),7'(b1),7!(b2),...}. Then as we
have an infinite collection of points in a compact interval, they will have an
accumulation point p. Choose a sequence (¢; : i € N) in B that converges to p.
Then (¢; : i € N) is convergent, and hence (v(¢;) : 7 € N) must be a subsequence
of (b; :i€N), hence v(p) = b, so v(p) had first coordinate 0.

By Lemma 2.1.3, for any ¢ € N, the vertices b; and b;,; cannot be directly
connected since they both have first coordinate 0. Therefore, for each i € N,

there exists a point d; € [0,1] such that d; lies between ¢; and ¢, and y(d;)
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has first coordinate 1. Then we have a sequence of points (d; : i € N) that
converges to p, and for each i € N, v(d;) has first coordinate 1. Therefore
(v(d;) i € N) converges to a point in K 1y with first coordinate 1, hence v(p)
must have first coordinate 1.

So we have a contradiction, and conclude the image of any path contains
only finitely many vertices. That there is a chain with the necessary properties
is clear from the existence of a path and the definition of a direct connection.

For the reverse direction, for i € {1,...q}, let 7; : [0,1] - K1) be a
path between v;_; and v; that exists as they are directly connected. Then
let 7/ : [0,%] — K1) be defined as v/(x) = v(¢-x). Then ~:[0,1] = K1)
defined as

a ifx=0
(z) = o n
Yi(r-7)  ifwe( 7]
is a path in K ) from a to b.

]

Corollary 2.2.5. Two points a and b in K1y are connected by a path if and

only if they are in the same branch B for some ceV.

Proof. 1f a and b are vertices, this follows from Lemma 2.2.3 and Lemma 2.2.4.
If a or b is not a vertex, by Lemma (above) it will be directly connected to a

vertex in the same branch, so again we can obtain a path.

]

This shows that the path components of Ko ) are precisely the branches,

{By :veV}. As there is more than one branch, we have:
Proposition 2.2.6. K ) is not path connected.

In addition to being not path connected, we also have that K ) is not

locally connected anywhere.

Proposition 2.2.7. Ky is not locally connected anywhere.
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Proof. Let x = (x9,1,%2,...) € Kg). Let

U = (((IO - é,xo + %) n [0, 1]) x [0, l]w) N Ko,1)

(the actual value § used here and later in the proof has no real significance
other than it needs to be less than %) Let V c U be open, with x € V. We will
show that V' is disconnected. Let V,, be a basic open set in V' that contains x.
Then as V,, must have as factors [0, 1] for infinitely many coordinates, we can
conclude that there must exist y = (yo, y1,¥2, - - . ) € Vi, such that there is at least
one occurrence of consecutive Os in y, and y has a different tail to x. Suppose
the first occurrence of consecutive Os begins at coordinate y,. Let m >n+2 be
such that y,, # x,, (such a point exists as x and y have different tails), and let
I* = [Ym—2pm| and I = & Let d € [0, 1]\ ((zo— 1, 2o +2)u(1-(20+3), 1-(z0-1))).
Now, let

Ay = (Wian((wi = .75+ 5) n[0,1])) x [0, d) x [0, d)
[O’ 1]m7(n+1) X ((yz - layi + l) n [Oa 1]) X [07 1]w) n K(O,l)a

and

Ay = ((Mien([i = 32+ 510 [0,1])) x [0, d] x [0, d]x
[0, 1] ([ys = Lys + 1] 0 [0,1]) x [0,1]) 0 K 0,1y

Then Ay nU is open in U, and A}, nU is closed in U. A, nU = Ay, as
any point in Koy that has an ith coordinate on the boundary of (z; - %,xi +
£)n[0,1] for i < n, or on the boundary of [0,d) for the the nth and (n +1)th
coordinate, or on the boundary of (y; —I,y; +1) n[0,1] for the mth coordinate
will not be in U.

Therefore, Ay is clopen , so if we let By = U \ Ay, then Ay is open and
nonempty (y € Ay), By is open and nonempty (x € By), and Ay u By = U.

Then if we define A = AynV, B=BynV then A and B are nonempty,

open, and AuB =V, so V is disconnected.
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Earlier in this thesis, we encountered the buckethandle continuum, an in-
decomposable continuum. In addition to the buckethandle continuum being
homeomorphic to l(ﬂl I 11y, it is also true that the buckethandle continuum
is homeomorphic to 1(&1 fa,) for a € (0,1). The next proposition shows that
although there are tent maps f(,,1) with peaks arbitrarily close to that of f(g 1),
K 0,1y is not homeomorphic to the buckethandle continuum, and it is not even

indecomposable.

Proposition 2.2.8. K1) is decomposable.

Proof. Consider the following decomposition. Let

Dy =[0,1]° ~ ([0 i) N [0, i) . [0, i) « [0, 1]w).

Then Dy is closed, so Dy n K (g is closed. We can then see that Dy n K
includes all vertices in K (g 1) except vertices beginning with at least three Os.
Furthermore, we can then see that it will include all points in Ko ) except
those with first three coordinates a,0,0, where a € [0,1). As these excluded
points all occur at the ends of the path components, ie we have removed some
of the end vertices and a portion of the arc that directly connects them to the
next vertex, so what remains is homeomorphic to what we began with. So
Din K, is connected, hence it is a continuum, ie a proper subcontinuum of
Ko,)-
Now, let

Dy =[0,1]° ~ ([0 i) . [0, i) . (Z 1] « [0, 1]w),

then similarly to above Dy n K1y contains all vertices in K (g ) except those
that start with exactly two Os, and then it will include all points in K )
except those that start with (a,0,1,...), where a € [0,1). Then similarly to
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above, Dy n K (o) is a proper subcontinuum of Ky, and we have K1) =
(D1 nK@1y)u(Dan Kgay), so K1) is decomposable.
m

Definition 2.2.9. A dendrite is a locally connected continuum that contains
no simple closed curves. A finite dendrite is a dendrite which can be written
as the union of finitely many arcs, any two of which are either disjoint, or

intersect at one of their endpoints. A finite dendrite is sometimes called a tree.

Definition 2.2.10. If x € K(g 1), the degree of x is the maximum number of

distinct arcs whose pairwise intersection is x.

As K(o,1) is not locally connected, it is not a dendrite. One could then ask
the question “Does Koy contain a universal dendrite?”. Equivalently “Does
K 0,1y contain every dendrite?” - such dendrites exist, for example Wazewski’s
universal dendrite [Nad, 10.37]. The answer to this question is no. K1) has
exactly two points of degree w, (0,1,0,1,0,...) and (1,0,1,0,1,...). These
are the only points of degree w, since are the only vertices directly connected to
infinitely many other vertices. To see this, suppose a vertex x = (xg, €1, Z2,...)
is such that x # (0,1,0,1,...), and x # (1,0,1,0,...). Then x has a finite 01
sequence, which will be followed by a 00. Say the first 0 in the 00 happens
at the nth coordinate. Note that from Lemma 2.1.3, two vertices are directly
connected if and only if their initial coordinates are not equal. Then any point
directly connected to x will only be able to differ in every coordinate in the
first n — 1 coordinates (or else there will be a 11), and only finitely many can
do this.

If we concentrate instead on finite dendrites, we have the following propo-

sition.
Proposition 2.2.11. K1) contains every finite dendrite.

Proof. Let a = (0,0,0,0,...). After applying 4n + 1 forward moves to a, we

have m?n*1(a) = b is directly connected to at least n vertices. This is because
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after 4n + 1 forward moves, there will be at least 2n 1s in the 01 sequence
of b. Then, By Lemma 2.1.3, b will be be directly connected to at least 2n
other vertices, each obtained by replacing a 1 in the 01 sequence of b by a 0,
and then changing the coordinates before this to make a 01 sequence. By the
same reasoning, the vertices obtained by replacing 1 by 0 for each 1 occurring
between the (n + 1)st occurrence of 1 through to the 2nth occurrence of 1 will
all be directly connected to at least n vertices.

So after 4n+1 forward moves, we have (at least) n vertices that are directly
connected to (at least) n vertices each. Let the point m("+*D"(a) = ¢, and let
A be the union of the collection of all vertices obtained as backwards moves
from c, and the arcs directly connecting these vertices. Then A contains a
continuum containing at least n vertices, each of which is directly connected
to at least n vertices in A. Moreover A is locally connected (it is a finite
portion of one branch). Then given any finite dendrite D with n vertices, we

can embed D into A, and hence into K 1).

]

Note that the proof of Proposition 2.2.11 shows that each branch actually
contains every finite dendrite. This strengthens Ingram’s result [In2, Example
2.1.5] of K1) containing many mutually exclusive n-ods for each n (an n-od

is is a collection of n arcs, all intersecting at a single point).

2.3 The Fixed Point Property in K

In this section we show K (g 1) has the fixed point property.

Definition 2.3.1. A continuum A has the fizxed point property if for every

continuous function f: A - A, there is a point = € A such that f(z) = z.

Before proving that Koy has the fixed point property, we first present

some background on the fixed point property.
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We begin with the definition of P-like, where P is the collection of spaces
that share a particular property, for example the collection of all arcs, or the

collection of all trees.

Definition 2.3.2. Let X and Y be compact metric spaces and f : X - Y.
Then f is called an e-map provided that f is continuous, and the diameter of
f(f(x)) <efor all x e X.

Let P be a collection of compact metric spaces. Then X is said to be P-like

provided that for each € > 0, there is an e-map f. from X onto some member

Y. of P.

It is shown in Nadler [Nad, Corollary 12.30], that all arc-like continua have
the fixed point property. In [CR, Example 2], it is shown that K1y is tree-
like. There are examples of tree-like continua that do not have the fixed point
property, for example in [B] and [OR]. It is, however, shown in [Nad, Theorem
10.31] that every dendrite (and hence every tree) has the fixed point property
(this result will be used repeatedly in the proof). These results indicate that
K (o,1) having the fixed point property is not a trivial result.

We will call the path component that contains the limit line L. That is,
L is the collection of all points in K,y that have a (0,1,0,1,...) tail (Given
two sequences of values in [0,1], a = (ag, a1,as,...) and b = (by, by, bs,...), we
say a has a b-tail if there exists N € N such that for all n > N, ay., = b,).
Whereas all other path components look essentially the same, L has some
different properties.

For any point x € L, either x is on the limit line, or after finitely many
forward moves, x will be directly connected to a point in the limit line. We
can think of L as being an arc (the limit line) that has (countably) infinitely
many trees attached at each end.

For example, from the point (0,1,0,1,0,1,...) we can obtain the point
(1,0,1,0,0,1,0,...) by a backward move. From there we can also (through
backwards moves) obtain the vertices (0,0, 1,0,0,1,0,...), (0,1,0,0,0,1,0,...),
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(1,0,0,0,0,1,0,...), and (0,0,0,0,0,1,0,...). These vertices (along with the
lines joining them) form one of the trees coming out of (0,1,0,1,0,1,...). This

is illustrated in Figure 2.5.

(0,1,0,1,0,1,...)

(1,0,1,0,0,1,0,...)

(0,1,0,0,0,1,0....)

(0,0,1,0,0,1,0....)
(1,0,0,0,0,1,0....)

(0,0,0,0,0,1,0,...)

Figure 2.5: A tree in L.

The trees arrange to something similar to a ‘harmonic fan’ around the limit
line (I1). To see this, note that the first line in a tree coming out of one of the
endpoints of [/ is closer to [l the greater the coordinate that the first backwards
move originates from. These lines will then converge to the limit line as this
coordinate becomes large.

Note that L is not compact, as we can create a sequence of points (X;)en
in L, where x; consists of ¢ Os followed by a 01 sequence. This sequence of
points converges to the point (0,0,0,0,...) which is not in L.

Figure 2.6 is a schematic of L. The limit line is the centre line, and the
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trees are emerging from each end of the limit line, converging back to the line

a4

Figure 2.6: A schematic of L. The limit line is shown in blue.

We will proceed first to show that L has the fixed point property, and from
there show that K (g ) has the fixed point property.
The following well known theorem of Brouwer is used in the proof. In

particular, we use the case in one dimension.

Theorem 2.3.3 (Brouwer [Br]). Every compact convex set in R has the fized
point property.

In the next lemma we use the notion of a ball around a set. In this context,
given a set A c K1) and € > 0, we define the closed ball m ={xeKpa:
d(x,y) < ¢ for some y € A}. Here the distance function on K1) is the metric
generated by the norm ||z|| = ;50 |3, where ; is the ith coordinate in x. This
means that for x € Ko7, [|x]| < 2.

The lemma also uses the term continuous sequence of length m in reference

to a point x € K(g1y. This simply refers to an initial subsequence (z;)o<icm of
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x where for all 1 <7< m we have z; =1 —x;_;. This is a generalisation of a 01

sequemnce.

Lemma 2.3.4. For every e > 0, there exists a compact set C' in Ko 1y contained

in B:(ll) that is connected, and a neighbourhood of Il.

Proof. Let £ >0. Let
Cn = {x € K1) : x has a continuous sequence of length at least n}.

We make two claims about C,,.

1. C,, c B.(ll) for some suitably large (finite) n, and
2. €, is homeomorphic to K (g 1).

For the first claim, given € > 0, note that there exists some k € N such that
Yisk %2 < e. Then given x € C}, the first k£ coordinates of = are the same as
some y € ll, so since for all i > k we have |z; —y;| < 1, [z —y|| < Ty % < €.
Hence Cj, ¢ B.(11).

For the second claim, note that C,, restricted to all coordinates after n is
homeomorphic to K (g, as it contains all possible points in K ). Also, the
string of coordinates before the nth coordinate is uniquely determined by the
nth coordinate.

C, is a neighbourhood of Il because it contains the open set

([0.5) % (5.1 [0.§) > [0, §) < [0,1])
(G 1] [0,3) > (5 1] (1] < [0,1])

(here the products are restricted for the first n + 1 coordinates).

So given € > 0, we can simply define C' = C,, for some suitably large n.

]

The following is a slightly modified version of the Brouwer theorem in one

dimension.
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Lemma 2.3.5. Suppose f: K1y = K1) is continuous, and ll c f(Il). Then
Il has a fized point.

Proof. First we make the claim that there exist x and y € [l such that f[x,y] =
[l (here [x,y] denotes the arc in [l between x and y). To prove this, first note
that [l is an arc, and if points « € [l and (3 ¢ Il are path connected, the path
connecting them contains one of the endpoints of [l. Call the endpoints of [/
w and v (so Il = [w,v]). As Il c f(ll), there exists a and b € Il such that
f(a) =w and f(b) = v. Suppose that a < b (here the ordering comes from the

identification of [l with an arc). Then let
d=inf{xell:x>a and f(x)=v}.
As f is continuous d > a. Now let
c=sup{xell:x<d and f(x)=w}.

As f is continuous c < d.

Then f(c)=w, f(d) =v, so as f is continuous, by the intermediate value
theorem, f([c,d]) o ll, but as there is no z € (c,d) such that f(z) = w or
v, and these are the only points through which the image can ‘exit’ ll, we
conclude f([c,d]) =1l. The proof works entirely similarly if b < a.

Now consider the function f|jcq): [c,d] = l. By identifying Il with [0, 1],
using the homeomorphism A : [l - [0,1] defined by simply taking the first
coordinate of a point in [l (it is easy to see this is a homeomorphism), we
can define the function g : [c,d] — [0,1] by g(x) = A(f(h7'(x))). Then g is
continuous, so by the intermediate value theorem the (continuous) function
g(x) — x has a 0, which corresponds to a fixed point for g, and hence a fixed
point for f.

0

Lemma 2.3.6. Let B be a branch, and suppose B # L. Then any continuum

contained in B s a tree.
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Proof. Let A be a continuum contained in a branch B. We will show that A
has only finitely many vertices. Suppose with a view to contradiction A has
infinitely many vertices, these being the set V* := {v; : i € N}. We claim that
as there are infinitely many vertices, there are vertices in V* with arbitrarily
long 01 sequences. Suppose there is a maximum length of a 01 sequence, say
n, and let v, have a 01 sequence of length n. Then v,, cannot be connected
to any other vertices with a 01 sequence of length n. For v, to do so would
require at least one forward move and corresponding backward moves (with
all vertices associated with these moves included in V*), and this would mean
there is a vertex in A with a 01 sequence of length n + 1. So the only vertices
included in A come from backward moves from v,,, and there are only finitely
many of these. So we conclude that if there are infinitely many vertices, there
are arbitrarily long 01 sequences in the set of these vertices.

Now consider the open cover of A by the following sets. For ¢ > 0, let U; be

defined as I1;50.X;, where:

0,3) ifj=iorj=i+1lorj=i-kfork even

| if j=i-k for k odd

=

[
Xj=1(i1
[0,1] ifj>i+1
Then a point in K1y ~ [l will be in some U; if it has a 01 sequence of
length i, so {U; : i > 0} covers A, but as there are arbitrarily long 01 sequences
of vertices in A, there is no finite subcover of {U; : i > 0} for A, so A is not
compact.
Therefore, we conclude that there must be only finitely many vertices in

A, so by [Nad, Theorem 9.10], we have that A is a tree.
]

Lemma 2.3.7. If A is a continuum in K1y that does not contain any points

in the limit line, then A is contained in a single branch.
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Proof. As Ais compact, using a similar argument to Lemma 2.3.6, we have that
there exists some n € N such that A only contains vertices with 01 sequences
of length less than n (if not we can construct the same open cover and show
that A is not compact). Therefore, for any point x € A, the value of z,, for
m >n is either 0 or 1.

Suppose that A contains points from two branches, a € By and b € Bs.
Then as a and b have different tails, there exists some k > n such that a; =0

and by = 1. Then let

Ua = ([0,1]F x [0, %) x [0,1]“) n A,
and

Up = ([0,1]F x (%, 1] x [0,1]¥) n A.

Then U, and U, are nonempty, open, disjoint, and A = U, u Uy, so A is
disconnected.

Therefore, we conclude that A is contained in a single branch. m
Now we will show L has the fixed point property.
Lemma 2.3.8. L has the fized point property.

Proof. Given a continuous f : L — L, we will consider what happens to the

limit line, ([, under f. There are four cases:

1. f(ll) c ll. Here we have an arc mapping into itself, so by the Brouwer

theorem (Theorem 2.3.3), f|; has a fixed point, hence so does f.

2. Il c f(Il). This time, by Lemma 2.3.5, f|; has a fixed point, and therefore

so does f.

3. One of the end points of the limit line Il (call this point w), has f(w) in
a tree that is rooted at w (one of the trees that arrange as a harmonic fan

and are rooted at w, as mentioned earlier in the section). We can assume
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f(w) #w, or else w is a fixed point. Call this tree T, so f(w) e T. Let
g:T - T be defined as follows:

Fx) )T
9(x) =
w if f(x)¢T

Then ¢ is continuous on T, since if x € T, if g(x) is either equal to f(x)
(which is continuous), or w, and since the two possible cases agree on

the boundary (as f is continuous), g will be continuous.

Then as g is a continuous map from a tree 1" to itself, and trees have
the fixed point property [Nad, Theorem 10.30], ¢ has a fixed point. This
fixed point cannot possibly be w, as f(w) # w, so the fixed point must
be some x € T~ {w}. Then as g(x) =x €T, we have f(x)=x€T, so x

is a fixed point for f.

4. In the last case, we have all other possibilities. As none of the other three
cases can apply, we conclude that in this case, one of the endpoints of []
(call it w) maps to a tree coming from the other endpoint of Il (call this
v), and v maps inside /l. Then as v is a disconnection point for L, there
exists x € [l such that f(x) =v. Then similarly to the proof in Lemma
2.3.5, we can obtain a maximum value for such a point x, and by the

intermediate value theorem f|; has a fixed point, and hence so does f.

In all cases, f has a fixed point, so we conclude that L has the fixed point

property.
[

Now we can prove the main theorem of this section.

Theorem 2.3.9. K1) has the fized point property.



44 CHAPTER 2. GENERALISED TENT MAPS: K1)

Proof. Let f: K1) = K1) be continuous. Note that as f is continuous,
path components are mapped by f to path components. We have two cases,

depending on where f maps the limit line, [I.

1. Il maps into L. In this case L maps to itself, so since L has the fixed

point property, f|; has a fixed point, and hence f has a fixed point.

2. Il maps to a branch B that is not L. In this case, consider f(ll). Here
f(ll) is compact and connected, hence by Lemma 2.3.6, f(Il) is a tree.
As f(ll) is compact, and maps outside I, then d(il, f(ll)) = a > 0 (here
d(ll, f(I1)) = inf e {infyepy{d(x,y)}). Then for e = ¢, as f is (uniformly)
continuous, there exists a d > 0 such that d(Il, f(Bs(il))) > g>0.

Therefore f(By(Il)) does not contain /. By Lemma 2.3.4, By(ll) con-
tains a continuum that contains a neighbourhood of [l, call this C'. Then
f(C) is compact, connected, and does not contain the limit line, so by
Lemma 2.3.7, f(C) is contained in a single branch. But as C'is a neigh-
bourhood of /I, C' meets every path component in K ), ie points from
every branch. Then as f is continuous, all these path components must
map under f to the same branch (the branch that C' maps to), so we

conclude the image of K (o) under f is contained in a single branch.

Then as K1) is compact and connected, its image is compact and con-
nected, so by Lemma 2.3.6, f(K(1)) is a tree, call it 7. Then if we
restrict f to T, flr : T — T is a continuous function from a tree into
itself, and as trees have the fixed point property [Nad, Lemma 10.30],

flr has a fixed point, and hence so does f.

In either case, f has a fixed point, and hence K ;) has the fixed point
property.
m
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2.4 An Embedding of K(;;) into R*

In this section we will describe an embedding of K 1y into R3. This embedding
will be particularly useful for visualising the structure of Ko y. In Section 2.1
we gave a basic model of K1) due to Ingram. In this section we will develop
this further into an explicit embedding in R3.

We know that the set of vertices of K (g 1), which we are calling V', is home-
omorphic to the Cantor set, C' of all binary sequences. For the purposes of the
embedding, it will be helpful to refer to the vertices by their coordinates under
a particular homeomorphism that re-labels each vertex as a binary sequence in
the Cantor set. This homeomorphism h:V — C acts on a vertex by (starting
at the left of the sequence) removing a 0 that appears directly to the right of
each 1, and shifting the remainder of the sequence to the right of the 1 one place
to the left. For example: h((0,1,0,0,1,0,1,0,0,...))=(0,1,0,1,1,0,...).

We will describe the vertex relations (ie which vertices are joined by direct
connections) under the new coordinates. For the remainder of this section,
unless otherwise specified, when mentioning the coordinates of a vertex, now
we are referring to the coordinates after the homeomorphism is applied, eg
(1,1,1,1,...) is now a perfectly valid point in K1) (and corresponds to the
limiting point whose pre-homeomorphism coordinates are (1,0,1,0,1,...)).
The reason for doing this is that it makes it easier to describe the embedding
by describing the position of the point in terms of the usual Cantor middle
thirds set.

We now need to redefine some terminology. For any a = (ag,a1,as,...) € C,

we say that a has a 1 sequence of length n for n e Nu{oo} if a,, = 0, and either:

1. a;=1forall0<i<n, or

2. ag=0,and a; =1 for all 1 <i<n.

Note that if ag = a; = 0, then a has a 1 sequence of length 1. The concept of a

1 sequence is analogous to that of a 01 sequence.
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We can describe a forward move by the function m’ : C' - C as follows.
Suppose an element a = (ag,a,as,...) in C' has a 1 sequence of length n. We

can then define:

(1,1,...,1,ap41, Qpsay - - - ) if ag=0
m'(a) =
(0,1,1,...,1,aps1, Gpyo,...) ifag=1
(in each case there are n 1s before a,.1).

For notational purposes, we will split C' into a number (countably infinite)
of disjoint subsets. Let s = (sg,1,...,1,0) be a finite sequence of 0s and 1s of
length n + 1 such that s =0or 1, s, =0, and s; =1 for all 1 <4 <n. Then
let Cs be the set of all binary sequences such that the first n + 1 coordinates
match the coordinates of s. Also, define C(o1,1,1,..) = {(0,1,1,1,...)}, and
Caiin,.y=1(1,1,1,1,...)}. It is easy to see that the sets Cs form a disjoint
union to give C - the Cantor set. We call these sets partition sets of C'. In doing
this we have partitioned the points C' by the 1 sequence of the coordinates at
the start of the point.

The concept of a direct connection is still used in the same way as before.
The end vertices (vertices directly connected to only one other vertex) have
sequences that begin with at least two Os, ie the end vertices are C(oy. These
vertices have the natural structure of a Cantor set (we simply ignore the first
two 0s, and we can represent them on a compact interval as the points of the
usual middle thirds Cantor set).

In representing C(g) in this way, we see that it can be divided into two
classes - those whose third coordinate is a 1, and those whose third coor-
dinate is a 0. Consider what happens if the next coordinate is a 0. Sup-
pose a = (0,0,0,as3,a4,...). After applying a forward move to a we have
m/(a) = (1,0,as,ay,...). This means the 1 sequence of m’(a) also has length
1, and m’(a) has first coordinate 1, and second coordinate 0. So m/(a) € C(y ).

Now suppose that a € C(g ), but a; = 1. Then m'(a) = (1,1,a3,a4,...).

We cannot tell yet what partition set of C' m/(a) is in. To do this we need
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to know what a3 is. If ag = 0, then m/(a) = (1,1,0,ay4,...), so in this case
m/(a) € C(11,0). If however, ag = 1, we still don’t know what partition set a
is in, so we need to keep repeating this process until a, = 0 for some n, or if
a; =1 foralli>2, thenaeCy ..

This means that given an end vertex a (in C(g)), we can easily find which
partition set m’(a) is in. We simply find where the first 0 is (after the initial
two 0s). Suppose it occurs at a,, then a will be directly connected to a vertex

in C1,1,..1,0), where the 0 occurs at s,.

Suppose that we have two points in C(q ) that are sufficiently close (where
they have the same beginning to their sequences for n coordinates for some
arbitrarily large n - say at least until the first 0 if it exists). Then the images
of these points are similarly close under m/. In this sense, the Cantor set

structure is preserved under m/'.

We can now consider what partition sets will be ‘close’ together. FEach
partition set Cs, where s is a finite sequence, has the natural structure of
a Cantor set, so for points within the partition set we know which ones are
‘close’. The partition sets themselves also have a natural ‘closeness’ relation
based on the points that are in them. Firstly, suppose a = (0,ay,as,...), and
b =(1,b1,bs,...). Then a and b are not particularly close, as they will always
differ at the first coordinate. Therefore Cg11,...1,0) and C(q,11,...1,0) can never

be close, no matter how many 1s each has (including infinitely many).

Also, suppose Cs, and Cs, have the same first coordinate, but different
(finite) lengths (suppose sy has length m, and s has length n, where m < n).
Then as two points, one in each partition set, will differ at the mth coordinate,
Cs, and Cg, will also not be close (they get closer as m gets larger). On the
other hand, Cg1,1,..) has sets of the form Cg1,1,.1,) arbitrarily close (as the
1 sequence of the second set becomes arbitrarily large). Similarly, Can,.)

has sets of the form C(y 11,10y arbitrarily close.

Now that we know how the vertices are directly connected, and how the



48 CHAPTER 2. GENERALISED TENT MAPS: K1)

vertices and partition sets relate to each other in terms of distance, we can
begin to look for an embedding of K1y into R3. We will put the embedding
into a unit cube [0,1] x [0,1] x [0,1] in R3.

We start with the end vertices, ie Cg ). We will embed these points into
the line in the unit cube which has coordinates (0,x,1), where z € [0,1]. We
order the points in the way described above (as a middle thirds Cantor set),
by putting the point (0,0,1,1,1,...) at (0,0,1), and the point (0,0,0,0,...)
at (0,1,1). This is what we mean by a canonical embedding of a Cantor set
into {0} x [0,1] x {1}, ie the point with all coordinates 0 to the right, and the
point with all coordinates 1 to the left. These points all have a first coordinate
of 0, and we know that points with first coordinate 0 will converge to the point
(0,1,1,1,...) as part of a sin% curve. Now we need to consider what happens
to these points after a forward move. As mentioned above, if we have a point
a, where a = (0,0, aq,...), and ay = 0, then m’(a) € C(1,9). Therefore all points
with coordinates (0, z, 1), where z € [%, 1], will be directly connected to points
in C(y0).

Now we must consider where to place C; y. Similarly to the points begin-
ning with 0, the points beginning with 1 converge to the point (1,1,1,...) as
part of a Sin% curve. So we will embed C(y ) in a different plane to C ), and
indeed all points that begin with a 1 in a different plane to those that begin
with a 0. As only the points in C(gg) that have a third coordinate of 0 will
directly connect to points in C(; oy, we only need half of the length of Cantor
set as for Co ). Therefore, we can embed C(; ) as a Cantor set in the line
in the cube with coordinates (3,,0), where z € [2,1]. The first coordinate
of this embedding being 3 is because, as the length of the 1 sequence of the
1

points is increasing, we are proceeding further along the sin ¢ curves, which

will have a limiting line that has a first coordinate of 1 (in the cube).

A diagram showing the placement of these sets is shown in Figure 2.7, along

with the intended position of the limit line.
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j

1 Co0) (0,1,0)

Limit Line

Figure 2.7: The placement of sets C(g0), C(1,0), and Cg,1,0)-

Now we have to consider how to lay out the points of C 1y in the interval.
Remembering that a point a = (0,0, a9, as,...) will have a direct connection
to a point b = (1,0,b,b3,...) if and only if a; = b; for all i > 2, there is the
obvious way to lay them out. This involves having (1,0,1,1,1,...) at (3, %, 0),
and (1,0,0,0,...) at (3,1,0) so they will be connected with a straight line.
This will however cause problems later, so we will lay it out slightly differently.
To do this, we will now introduce two different ways to rearrange a Cantor set,
called a type 1 switch, and a type 2 switch. Each of these is a homeomorphism

of C'. We denote a type 1 switch by the function s;, and a type 2 switch by

the function sp. They are defined as follows: let a = (ag,a1,as,...) € C. Then
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we define:
sl(a)=(1—a0,1—a1,1—a2,...)

(1,&1,@2,@3,...) if CL():O
s2(a) =
(0,1-@171—CL2,1—CL3,...) ifa0=1

As the intent of these functions is to show the way in which we make direct
connections, in Figure 2.8 the Cantor set at the top is transformed by s; (on
the left), and sy (on the right), and in each case, for each a € C, a is directly
connected to s;(a), for i € {1,2}. This is a representation of how an embedding

in R3 of a particular section would look.

0

¢ \\\W \”H |

51(C) 5,(C)
Figure 2.8: The effects of the functions s; and sy on C.

Now we can see how () will be arranged. We apply a type 2 switch
(the function s;) to the canonical arrangement of C( ), so we have the point

(1,0,0,1,1,1,...) at (3,%,0), and (1,0,1,1,1,...) at (3,1,0), etc.

273
Now, similarly to the case for C(o ), the points in C(; ) that have a third

coordinate of 0 will be directly connected to points in Cg ). We will embed

the points of C(g 1,0y in the cube on the line of points (2,z,1), where x € [%, g]

These are again at the top of the cube (the same plane as C(g ) - note that
1

in C(o,1,0) we are ‘further along’ the sin - curve than at C(g), but both are

converging to the same point in the limit line). C(o1 ) sits at the left of C(y o),
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whereas C(1) sat to the right of C(yy. This time we will embed Cg ;) in

the canonical way, ie (0,1,0,1,1,1,...) is at (2,2,1), and (0,1,0,0,0,...) is
at (1,5,1)-

We now have embeddings for the first three partition sets. These have

4’3’

created a pattern we will now specify how to follow. Let s = (sg, s1,...,8,-1,0)
be a finite sequence of Os and 1s of length n + 1 such that sp =0 or 1, s, =0,
and s; = 1 for all 1 <7 < n, as defined above. Now, we can embed Cy into the

line in the cube as follows (note that a € Cs has a 1 sequence of length n):
e [f n =1, then the line has coordinates:
(0,z,1) ifs9=0
(3,4,0) ifsy=1
where x € [0,1], and y € [%, 1], or
e If n > 1, the line has coordinates:

(22n221“ T, ) ist:O

(2211 12173/70) if50=1

where

and

ye 23 1’1+;( 32i- 2) :

In terms of the arrangement of the points in each partition set in the
line, every partition set whose coordinates begin with a 0 is arranged in the
canonical way, and every partition set whose coordinates begin with a 1 is
given a type 2 switch (the function s,).

This embedding of the vertices can be seen in Figure 2.9 (Figure 2.9 also
includes the arcs connecting them). The numbers on the left refer to the initial

coordinates of the partition set in that row.
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Limit Line

Figure 2.9: A plan view of the embedding in R3 of K 1.

We will now specify how the non-vertex points will be embedded. First
we note that any non-vertex point in Koy will be in an arc between two
vertices, so we only need to specify how arcs that directly connect vertices are
embedded.

Suppose we have two partition sets embedded in the cube, and they are
directly connected (or at least parts of them are). How the arcs connecting
them will be arranged will depend on the order of the Cantor sets. Suppose
that the two Cantor sets are embedded in the line segments with coordinates
{a} x[b,c] x {d} and {e} x [ f,g] x {h} respectively, where (wlog) a < e and d,
h€{0,1}. We have the following cases:
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e If there has been no change in order (ie no switches relative to each
other), the arcs can be embedded in the plane that is bound by the
line segments the Cantor sets are embedded in. That is, we have taken
C x [0,1], and resized it appropriately to fit between the two sets of

vertices being connected, embedded in a plane.

e [f there has been a type 1 switch, then similarly to the first case, we can
embed the arcs as C'x [0,1], but the ‘strip’ that they are embedded into
needs to be given a ‘twist’. This can be resized to fit into a box [a,e] x
[min{b, f},max{c, g}]x[s,t], where [s,¢] 2 [d, h]. This is essentially the
box bounded by the Cantor sets of vertices, the extra height of [s,t] is
possibly needed in order to accommodate the ‘twist’ (but the height of

the twist can be resized to be arbitrarily small).

e If there has been a type 2 switch, then this requires a combination of the
above two cases. Again, it can be fit into an appropriate sized box as

per the previous case.

A picture of what the embedding for type 1 and type 2 switches will look
like can be seen in Figure 2.8.

Note that in the embedding of the vertices in each partition set, half the
vertices will be directly connected to the partition set one step closer to the
limit line, then half the remaining vertices will be directly connected to the
partition set a further two steps closer to the limit line, then the next remaining
half connect to a partition set a further two steps, and so on. Finally, the last
vertex will be directly connected to the limit line.

The way the vertices have been laid out, the limit line is somewhere near the
centre of the cube horizontally (as seen in Figure 2.9), and the further toward
the edge of the cube the vertex is embedded in its particular partition set, the

greater the number of steps the partition set is that it is directly connected to.
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This was the reason for introducing the type 1 and type 2 switches, to keep
these points on the outside, making the embedding easier.

We will now describe how the various sets of arcs are embedded. Let
x € K(p,1) be a non-vertex point. Then x will be in an arc between two vertices
that are directly connected. How the arc will be embedded will depend on
how many steps apart the partition sets of the vertices are in terms of distance
to the limit line. Suppose the vertices are embedded as a = (ay,as,a3) and
b = (b1,b2,b3), where a1 = 1- 57 and by = 1- 7, with n <m, and as, by € {0,1}
(note that az # by). The following cases apply.

e The distance is one, ie m =n + 1. In this case, if az3 =1 and b3 = 0, then
the vertices in the partition set of a that have next coordinate 0 will be
directly connected to the vertices in the partition set of b with arcs that
have been rearranged with a type 2 switch mentioned above. The box
that this fits into is spanned by the vertices being connected. If a3 =0
and b3 = 1, then the vertices in the partition set of a with next coordinate
0 are directly connected to the vertices in the partition set of b with arcs
that go straight through without a switch, the kind mentioned in the

first case above.

e The distance is greater than one, but finite. In this case we proceed
in two steps. First suppose az = 1 and b3 = 0. Here we embed all the
arcs that directly connect vertices in these two partition sets as follows.
Firstly, we create a copy of the vertices of the partition set of a that are
to be connected, and embed these in the line {1- 3 — 51} x[a, b] x{1},
where [a, b] is the coordinate interval of vertices in the partition set of a
that are being directly connected. These undergo a type 2 switch, and
the arcs are embedded as per the description above, in the box [1- 2%, 1-
7] % [a,b] x[1 - 55, 1]. These copied vertices are then directly connected

to the vertices in the partition set of b, via straight arcs between the
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sets.

These straight arcs then do not intersect any others in the embedding
as they pass underneath any arcs inside them, the arcs inside stay suffi-
ciently close to the top of the cube. The type 2 switch was necessary to
cancel the type 2 switch that the vertices in the partition set of b had

been subject to.

If a3 =0 and b3 = 1, the process is essentially the same, except the switch
occurs at the bottom of the cube, where the vertices of the partition set
of a are embedded, and are then connected upwards to the vertices in
the partition set of b. Also in this case a type 1 switch is performed

instead of a type 2.

e The distance is greater than one, but infinite. In this case the vertex is
directly connected to the limit line, so b is a vertex in the limit line. The
embedding is done by embedding a straight line from a to c = (1, az, a3),
and a straight line from c to b. This can be viewed as the completion of

the previous step.

We have now completely described the embedding of K1y into [0,1] x
[0,1]x[0,1]. A picture of what the three dimensional embedding will look like
is shown in Figure 2.10.

A summary of the key structural properties of Ko 1) that can be seen from

the embedding are:

e cach collection of points that have the same (finite) initial sequence form

a Cantor set;

e two vertices that have opposite initial sequences immediately followed by

the same sequence are joined by a line; and

e collections of lines having coordinates with the same tail converge to the

‘limit line’.
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Figure 2.10: A view of the embedding in R? of K 1). The limit line is shown

in blue.

There are similarities of the embedding with Ingram’s model in Section 2.1.
In particular, we have Dy = C(g ), D3 = C0,1,0), F2 = C(1,0), etc. B, (for each

n) represents all the direct connections between the vertices.



Chapter 3

Connectedness over Hausdorft

Continua

As mentioned in Chapter 1, one of the properties of classical inverse limits
is that they are always connected [Nad, Theorem 2.4]. It was realised early
on that this is not necessarily the case for generalised inverse limits, even
with a single bonding map with a connected graph. The standard example
of such a generalised inverse limit first appeared in [IM, Example 1]. In this
example, each factor space X; = [0,1], and each bonding function f; is the
(upper semicontinuous) set valued function with the graph shown in Figure
3.1.

To see that this is disconnected, consider the subset of lin f that is

o-((2)+ 2} {3 ot s

This subset is closed, nonempty, and a proper subset of 1(£n f. Now consider

the open subset

o[22+ () (] o)

Let x = (zg,x1,22...) € U. From the first graph of f, G;, the first two

coordinates of x must have values such that % < xg < }1 and % <x < i. But

o7
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Figure 3.1: A function f whose inverse limit is not connected.

then from the second graph of f, G5, we have }l <xp < g and 3 < x5 <

7
) :

8

x
SO X = }l and o = %. Hence C = U, so C' is a nonempty

Therefore x;, = i,
proper clopen subset of gn f.
This discovery that generalised inverse limits are not necessarily connected

led Ingram to pose the following problem in his 2011 paper [Inl].

Problem 3.0.1 (Ingram). Suppose for each nonnegative integer i, X; is a
compact Hausdorff (metric) space and f;,q @ X;11 = 2% is an upper semicon-
tinuous function. Find necessary and sufficient conditions (preferably on the

bonding functions) such that lim(X;, f;) is connected.
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In Chapter 1 we gave some partial solutions: Theorem 1.2.3 and Theorem
1.2.4, both appearing in [IM]. Also mentioned in the opening chapter was The-
orem 1.2.5 from [Nal2], if a generalised inverse limit lim(.X;, f;) is disconnected,
then one of its corresponding Mahavier products G, will be disconnected for
some n € N. If this is the case we say a disconnection happens over the first n
functions.

An important result in [Nal2] states that if the graph of an upper semicon-
tinuous set valued function F' can be represented as a union of the graphs of
upper semicontinuous set valued functions, each of which has the property that

at each point in the domain its image is connected, then 1<£nF is connected.

Theorem 3.0.2 (Nall). Suppose X is a compact metric space, and {F,}aen
is a collection of closed subsets of X x X such that for each x € X and each
a el the set {y e X : (x,y) € Fy} is nonempty and connected, and such that
F =Ugen Fo is a connected closed subset of X x X such that for each y e X the

set {x € X : (x,y) € F'} is nonempty. Then lim F' is connected.

It was mentioned in Chapter 1 that if f is an upper semicontinuous set
valued function, then so is f~'. Another result from [Nal2] states that if lim f

is connected, then lim f~! is connected.

Theorem 3.0.3 (Nall). Suppose X is a Hausdorff continuum, and f : X —
2X s a surjective upper semicontinuous set valued function. Then l(inf 18

connected if and only ifLiLnf‘l s connected.

Ingram and Marsh [Imar] give an example of a generalised inverse sequence
(X, fi) having a connected inverse limit, but the generalised inverse sequence
(X, gi), where for each i € N, g; = f7!, has a disconnected inverse limit. This
means that extending Theorem 3.0.3 to allow for different bonding functions
is not possible.

Ingram [In3] gives a sequence of upper semicontinuous set valued functions

f1, f2, f3,... with the property that the graph of f? is not connected, but the



60 CHAPTER 3. CONNECTEDNESS OVER HAUSDORFF CONTINUA

graph of f¥ is connected for each 1 < k < n. This means that l(in fn is not
connected for each n, but longer sequences of functions need to be examined
to see this as n increases.

Throughout this chapter, we assume that for every generalised inverse se-
quence (Xj, f;), the graph G; of each f; is connected. This is because if there is
a graph that is disconnected, then the inverse limit will also be disconnected,

as seen in the next lemma.

Lemma 3.0.4. Let (X, f;) be a generalised inverse sequence, and suppose
fi is surjective for each v > 1. Then if there exists an © € N such that G; 1is

disconnected, then l(iLn(Xi, 1) is disconnected.

Proof. Suppose G; is disconnected, then there exist disjoint nonempty open
sets A, B c G, such that G; = Au B. Then if we let A* = (Ijc;ci—2X; x A x
Ij2501.X5) nlim(X;, f;), and B* = (Ilogjei-2 X x B x 11j51 X;) nlim(X5, f;), we
have A* and B* are open, disjoint, nonempty (since each f; is surjective), and
A*u B* =lim(X;, f;), so lim(X;, f;) is disconnected.

L]

The main theorem in this chapter, Theorem 3.0.6, is a generalisation of
the following theorem from Greenwood and Kennedy [GK]. This theorem
essentially selects a sequence of closed sets, subsets of the spaces I; x I;_; (each
I; is a closed interval), that are appropriately aligned so that they give rise
to what is called a C-sequence. We do not define a C-sequence here but note
that it is very similar to an HC-sequence defined in the next section. Theorem
3.0.5 characterises a certain kind of disconnection in the inverse limit, one
where there is a nonempty proper ‘basic’ clopen subset (the term basic is a

slight abuse of notation, but its meaning should be clear from the definition).

Theorem 3.0.5 (Greenwood and Kennedy). Suppose that for each i > 0, I
is a closed interval, and for each i > 0, f; : I; — 251 is a surjective upper

semi-continuous function and the graph, G; of f; is connected. There exists
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m >0 and n>m+1 such that if m <i <n then there exists an open interval

U; and a closed interval A; such that A; cU; c I;, U; # I;,

len ([17 fl) N (HKmIz X Hmsiani X Hz>nIz)
=lim (7, fi) 0 (Ticm L x Wincicn Ai x sy 1) # @,

and m([mfz) # Wity x peienAi x Wisn I, if and only if {f; - i > 0} has a

C-sequence.

Theorem 3.0.5 deals only with generalised inverse limits over intervals. The
aim of this chapter is to generalise this result to generalised inverse limits over

Hausdorff continua. The main result of the chapter is formulated as follows:

Theorem 3.0.6. Let (X, f;) be a generalised inverse sequence, and suppose
every function f; has a connected graph. Then {f; : i > 0} admits an HC-

sequence if and only if there exists a connected basic open set
U = pciem X X HppcicnUs x Wiy X € Iien X5
containing a closed set
A = TlogiemXi x Wngicn Ai x Wi X5,

such that
I(LH(XZ,fZ)ﬂU:@(Xl,fl)ﬂA:/:@,

and lim (X5, f;) ¢ U.
This then gives the following sufficient condition for disconnectedness:

Corollary 3.0.7. Suppose that for all i € N, X; is a Hausdorff continuum,
fis1 © Xio1 = 2% 4s a surjective upper semicontinuous function, the graph G;
of fi is connected. If {f; -1 > 0} admits an HC-sequence then l(iLn(Xi,fi) is

disconnected.



62 CHAPTER 3. CONNECTEDNESS OVER HAUSDORFF CONTINUA

Subsequently Greenwood and Kennedy [GK3| have given conditions similar
to a C-sequence and HC-sequence, known as a CC-sequence, which give a

characterisation of disconnectedness of generalised inverse limits over intervals.

Theorem 3.0.8 (Greenwood and Kennedy). Suppose that for each i >0, I; =
[0,1] and f; is an upper semicontinuous set valued function. Then @(Iia fi)

is disconnected if and only if {f; 1 >0} admits a CC-sequence.

The work presented in this chapter has been published in [GL].

3.1 HC-Sequences

In this section we will give some definitions and basic results specific to this
chapter, and in particular, define an HC-sequence.
We begin with Lemma 3.1.1, which generalises Theorem 1.2.5. The proof

is the same proof given in [Nal2], which will work in both cases.

Lemma 3.1.1. Let (X;, f;) be a generalised inverse sequence. Then lim (X5, fi)

is connected if and only if G(fm,-- -, fa) is connected for every m,n, 0 <m <n.

Since the inverse of an upper semicontinuous function is also an upper

semicontinuous function (the graph is compact) we have:

Lemma 3.1.2. Let (X, f;) be a generalised inverse sequence. Then for every

n>0, G(f1,..., fn) connected if and only if G(f;1,..., f{') is connected.

Proof. The proof comes from the fact that (xo,...x,) € G(fi1,..., fn) if and
only if (z,...20) € G(f;',...,fr!), and this gives the obvious homeomor-
phism.

[

Lemma 3.1.4 generalises [GK, Lemma 2.5]. The aim is to show that without

a loss of generality we can assume that the disconnection starts with the first
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function. In order to state the lemma we require the notation of the following

definition.

Definition 3.1.3. Let (X, fi) be a generalised inverse sequence. Let X" =
Xi+m7 and fl'm = fi+m and define l(iﬂ(Xz, fz)zzm = Lin(XZna me)

Lemma 3.1.4. Let (X;, f;) be a generalised inverse sequence, and suppose f;
is a surjective function for all i > 1. If there exists m,n € N such that m <n

and whenever m < i < n there exists an open set U; and a closed set A; such

that A; c U; ¢ X;, then:

@(Xi, fi) 0 (Mogicm X x WyngicnUs x Wi X))
= liLn(Xia [i) 0 (Hogiam X x Wopgian Ai x s X5)

if and only if

Lln(Xh fi)iZm N (HmsiSnUi X Hz>nX7,)
= @(Xza fl)lzm n (HmSiSnAi X Hz>an)

Proof. Let:

= 1m(XG, fi) 0 (Hogiam Xi x MincicnUs x s X5),
= 1m(X5, f3) 0 (MosicmXi x Mncicn Ai x ILisn X5),
LLH(XZ, fl)’LZm N (HmSiSnUi X Hi>nXi)7 and

W < = <
I

= @(Xi, fi)izm 0 (Wncicn Ai x Tinn X5).

Suppose U = A. Clearly Bc V. Let (x;) € V. Then as each f; is surjective,
there exists an element (y;) € U, where for each i € N, y;.,,, = x;. But (y;) € A,
and so (z;) € B, hence V = B.

Now suppose V = B. Clearly, A c U. Let (z;) € U and for each i € N let
Yi = Tiym. Then (y;) € V. As this implies (y;) € B, we conclude that (x;) € A,
so A=U.

O
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We can now begin to define an HC sequence. An HC sequence is a fi-
nite sequence of sets of consecutive factor spaces, which will isolate a proper
(nonempty) clopen subset of the inverse limit. The details will be presented

over the following three definitions.

Definition 3.1.5. Suppose m, n € N with m + 2 < n, for each i, m <i < n,
X; is a Hausdorff continuum, U; is a connected open subset of X;, U; + X;, A;
is a closed subset of X; such that A; c U;, and for m < j < n there exist sets
P;,S; c UjN Aj such that PinS; =@, PinA; # @+ S;nA;, and U; = A;uP;US;.
Then let

(Sms1 X Up) U (A1 x A,

Tp,, = (UyxPo1)u(A,xA,1),

and for each k, such that m+1 <k <n, let
TLSk:Pk—l = (Uk x Pkfl) U (Sk X kal) U (Ak X Ak—l)

(and if each of the sets S; and P; are clear from the context we will simply
write Ly.1, T, and T'Ly,).

The regions can be seen schematically in Figure 3.2

Sm+1 Am+1 Pm+1 Sk Ak Pk Ul'l
Ls,., TLs, p,, Tp,,

Figure 3.2: A graphical representation of the regions defined in Definition
3.1.5.
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Definition 3.1.6. Suppose X and Y are Hausdorff continua, f: X — 2Y is
an upper semicontinuous function, and G ¢ X x Y is the graph of f. Suppose

UC,DcXxYand CcDcU. Then Geye Dit GnUcD and GNnC #@.

When it is clear from the context what the sets U and C' are, we will drop

the subscripts and simply write G € D.

Definition 3.1.7. Let (X, f;) be a generalised inverse sequence. Then {f; :
i >0} admits a Hausdorff cropping-sequence, or HC-sequence {(U;, A;) : m <
i < n}, over [m,n], if m,n € N, m+1 < n, and whenever m < i < n, there
exists a connected open set U; c X;, a closed set A; c U; ¢ X;, U; + X,
G(fimsts- -+ fn) NneicnA; # @, and whenever m < j < n, there exist disjoint
nonempty sets P;,S; c U; \ A; such that P;nS; = @, S_ijj +P# ﬁjr‘nAj, and
the graphs G; of f; have the following properties:

1. G"m-+—1 @Uerlem,AmeAm Lm+1;
2. Gn @UnXUnq,AnXAnJ Tn; and
3. if m+1<i<n then GZ CU,xU;_1,AixAiq TL;.

The collection of functions {f; : 7 >0} admits an HC-sequence if there exist m,

n € N such that {f;:7¢ >0} admits an HC-sequence over [m,n].

The definition of an HC-sequence is very similar to that of a C-sequence
in [GK]. The main difference is that since we are now working with the more
general Hausdorff continua instead of intervals, notions of ‘top’ (7'), ‘bottom’
(B), ‘left’ (L), and ‘right’ (R) no longer make sense, so we only have the more
abstract T sets (which cover both 7" and B in the C-sequence case) and L sets
(which cover L and R). This is discussed further in Section 3.3.

The following lemma is a partial extension to Theorem 3.0.3.

Lemma 3.1.8. Let (X;, f;) be a generalised inverse sequence, suppose each f;

is a surjective function, and {f; :i >0} admits an HC-sequence {(U;, A;) :m <



66 CHAPTER 3. CONNECTEDNESS OVER HAUSDORFF CONTINUA

i <n} over [m,n]. For each i, m<i<mn, let V; = U, (i-m) and B; = Ay_(i-m),
and or each i, m <i<n, let g; = f;_l(i_m)ﬂ. Then {(V;,B;) :m <i<n} is an

HC-sequence admitted by {g;:m <i<n}.

Proof. This result follows from the symmetry between the sets S; and P; in

the definition of an HC-sequence and Theorem 3.1.2. O

3.2 Connected Generalised Inverse Limits

We will prove the main result of this chapter, Theorem 3.0.6 by proving each
direction of the equivalence separately, as Theorem 3.2.1 and Theorem 3.2.4.
The forward direction is relatively simple. Remember that due to Lemma 3.1.4

we can assume that the disconnection starts at the first factor space, Xj.

Theorem 3.2.1. Let (X, f;) be a generalised inverse sequence, suppose each
fi is a surjective function, the graph Gi.1 of fii1 ts connected, and there exists
n>1 such that {f;:i >0} admits an HC-sequence over [0,n]. Then for each
1 < n, there exists an open set U; c X;, a closed set A; c U; ¢ X;, such that

UZ‘ * Xi, gn N stnAz = gn N HlSTLUl + @ and gn * gn N stnAz

Proof. Suppose there exists an HC-sequence {(U;, A;) : i <n} over [0,n].

Since Gy € Ly, x1 € (S; U Ay), and hence, since Gy € T'Ly, x5 € (S5 U Ay).
Suppose 1 < k <n. If xy € (Sp U Ag), then since Gyy1 € T'Lyy1, i1 € (Spiq U
Apy1). Hence by induction z; € S; U A; if 0 <i < n.

Thus, since G, € T,,, ,.1 € A,_1 and x, € A,. Suppose 1 < k < n and
xy € Ay, then since xy_1 ¢ Py and Gy € T'Ly, xx1 € Ap_1. Thus for each i
such that 0 <i < n, x; € A;, and since G € Ly, z¢ € Ap.

Thus G, NIl A; = G, n1l;,U;. Since we are dealing with an HC-sequence,
G, N1, A; # @, and since each f; is surjective, there exists (zo,...,z,) € G,
such that z ¢ Uy, and so G, ¢ I, U;.

O
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For the next lemma, we will require a version of the ‘Boundary Bumping
Theorem’ from continuum theory. A proof can be found in [Nad, Theorem

5.6]. Here Bd(FE) denotes the boundary of E.

Theorem 3.2.2 (Boundary Bumping Theorem). Let X be a continuum, and
let E be a nonempty proper subset of X. If K is a component of E, then
KnBd(E) + 2.

To prove the backwards direction, first we prove the case where the dis-
connection happens over the first two functions, so the HC sequence happens

over three factor spaces.

Lemma 3.2.3. Let (X;, f;) be a generalised inverse sequence, and suppose
each f; is a surjective function, the graph G;1 of fiy1 is connected, and there
exists a connected open set U; ¢ X; and a closed set A; c U; ¢ X;, such that

Ui * XZ', and
Gan (Agx Ay x Ag) =Gon (Up x Uy x Us) # @.
Then {f; :i € N} admits an HC-sequence.

Proof. Let

A = A

A = A,

B = fo(A2) nAin fil(A)
S = (Uinfi'(Uo)) N By
P = (Unfy(Uy))N B
Al = U~ (Siub).

Then we have

ggﬂ(A()XAlXAQ)ZQQQ(A()XBlXAQ)
:ggﬂ(UOXleUz):#@.
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We claim that {(U;, A}) : 7 <2} is an HC-sequence admitted by {fi, f2}.

Observe that ((A]\ By) xUp) NGy =g and (Uy x (A]\By))nGy = 2.
Suppose (z,y) € (G1n (Uy x Up)):

e If z € By, then there exists z € Ay such that x € f(z), hence (y,z, z) € G,
and so y € Ap.

e If z € P, then there exists z € Uy such that x € f(z), and hence (y,z, z) €
Go N Uy x Uy x Uy, but z ¢ By giving a contradiction, so x ¢ P, and thus
Gl € L.

We can show similarly, by Lemma 3.1.8, that if (z,y) € (Gon (Uz x Uy)),
then y ¢ S1, and if y € By then = € Ay, and so G5 € Ts.
Suppose that S; = @, then G; n (Uy x Up) € Ay x Ag. Since Uy # X,

W:=Gin (X1 xXo) N (A1 x Ay)) + @.

Let K be a component of W, then by the Boundary Bumping Theorem (The-
orem 3.2.2), there exists a point p € WA xAg, but A; x A is a closed subset
of the open set U; x Uy, so p € A; x Ay and p does not have a neighbourhood
in Uy xUy. Thus S; + @.

Similarly, P, + @. Also, P, nS; = @, since if there exists y € P, n S;, then
there exist x € Uy and z € Uy such that (y,z) € G; and (z,y) € G2, and hence
(x,y,2) € Gy, but y ¢ By.

Since for every (x,y) € (G1n(U; xUp)), x ¢ P, and if x € By then y € Ay,
and G is connected, S; n By # @ by the Boundary Bumping Theorem, and
hence S; N Al # @. Similarly, P,nB;+ @, and hence P n Al +@.

Thus {(U;, Al) :i <2} is an HC-sequence admitted by {f1, fo}.

O

We can now use Lemma 3.2.3 to complete the proof of the backwards

portion of the main theorem.
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Theorem 3.2.4. Let (X, f;) be a generalised inverse sequence, and suppose
each f; is a surjective function with a connected graph Gi,,. If for each i, m <

1 < n, there exists a connected open set U; c X;, and a closed set A; c U; c X;,

such that U; #+ X;, and

g(fm+17 e fn) N HmSiSnAi = g(fm+1> ey fn) N ngiani * @,
then {f; :i € N} admits an HC-sequence.

Proof. Without loss of generality, assume that n —m is minimal. That is, for

any p, q such that m <p < q<n and either p + m or q # n,

G(fpers--s f) N (A x-xAy) #G(fps1s -y fo) 0 (Up x - x Uy).

By Lemma 3.1.4 we can also assume that m =0, and by Lemma 3.2.3 assume
n>2.

For each j such that 0 < j <n, let

B; = mj(G,nllic,A)
P = mi(G(fjs1,---5 fn) n1LiuicnUs) N B
S; = mi(G; nlli,;U;) \ B
Qi = Uin(BjuFus))
A, = BjuQy.
Also, let A = Ay, and A, = A,,.
We claim that {(U;, A}) : i < n} is an HC-sequence admitted by { f1,..., fn}.

Suppose (x,y) € (G1n(UyxUy)). Then x ¢ By if and only if z € S;. Suppose
x ¢ By and x € P; then there exists (x1,...,2,) € (G(f2..., fn) Nli<i<,U;) such

that x = 27 and hence

(y,2,29,...,2,) € G, N1, Uy),

|
Q

but = ¢ A; so we have a contradiction. Therefore, = ¢ P;, and S;n P, =

If z € By, then there exists (zg,...,x,) € (G, N i<y A;) such that z; =

I
8
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hence (y,z,z2,...,2,) € (G, n1;,U;, and so y € Aj. Observe that for each
(r,y) e (G1n(Uy xUy)), x ¢ Q1. Thus G € L;.

If (z,y) € (G,n (U, xUy,-1)), then we can show similarly, by Lemma 3.1.8,
that ¢ S, .1 U Qpn-1, Sp-1 N P,y =@ and if y € B,,_; then z € B,,, and hence
G, €T,.

Suppose 1 < j <n and (z,y) € G;n(U; xU;_1). Suppose x € P;. Then there

exists
(z, - wn) € (G(fi - fo) 0 Wjcicnli)
such that x = z;. If y € (Bj_; USj_1), then there exists
(l’o, . ,l’j_1> € (gj_l n HKJUI)
such that y = z;_;, but then
<$07 ey L2, Y, Xy Ljidy - 7$n> € (gn N HlénUz)

giving a contradiction since = ¢ B}, so y ¢ (B,-1 US;_1). Furthermore, y ¢ Q;_1,

since x € P;, and
(Y, 2, @jsns s ) €(G(fj oo fr) 0 1jo1gicnUn),
implies that y € P;_;. Hence
G;n(Px(Bj1uSjau@ja))=2.
If x € B; and y € S;_1, then there exists
(o ..., wjm1) € (Gjoy NTigj1 Uy)
such that y = z;_1, and there exists
(Yo, - yn) € (G NI, Ay),

such that y; = . Hence (xg,...,%j-2,y,2,Yjs1, .., Yn) € (G, n 1L, U;), a con-

tradiction, and so G, N (B; x Sj_1) = @.
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If z € @ and y € Sj_1, then again there exists (xo,...,xj_1) € Gj_1 such
that y = x;_1, but then (zo,...,z;_1,x) € G; and hence = € S;. Similarly,
(x,y) ¢ (Pj xQj-1) (in fact, we can show similarly that both G; n (Q; x Bj_1)
and G, n (B, x Qj_1) are empty, but this is not required in order to construct
an HC-sequence.)

By the same argument as in the proof of Lemma 3.2.3, S; n By # & and
P,1nB,1=0.

Suppose P; = @. Then

Ti(G(fis1s- o fa) 0 (Uj x - x Uy)) € Ay

Hence

(G(fjers s fu) 0 (Uj x - x Up)) € Aj o x A,
giving a contradiction since
G(fists -y fu) N (A x - x Ap) #G(fis1s-- s fo) 0 (Uj x - x Uy,).
Similarly, S; # @, otherwise
(G5 0 (Ur % xUj)) € Ag x - x A;.

Suppose Fj N B; = @. Then we can choose an open set V' c U; such that
B; CVCVCU]- and V' n P; = @. But then

gn mHiSnAi = gn n (UO X X Ujg X V x Uj+1 Xoeee X Un) *+J,

and had we started with V' in place of U;, we would obtain P; such that
P;nBj=@. Thus, P,n B, # @.

Similarly, by Lemma 3.1.8, S;,1 n Bj.1 # @.

Thus it follows that G; € TLarxar_y«(uixv,_,) for each 4, and {(U;, A}) i <
n} is an HC-sequence admitted by {fi,..., fn}- O

We now prove the main theorem of this chapter, Theorem 3.0.6.
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Proof. Suppose that for each ¢ > 0, X; is a Hausdorff continuum, and f;,; :
X1 — 2% is an upper semicontinuous surjective function with a connected
graph G,1.

If {f;:i>0} admits an HC-sequence over [m,n], then {f:7> 0} admits
an HC-sequence over [0,n —m] and hence by Theorem 3.2.1, for each ¢ < n,
there exists an open set U;,,, € X, and a closed set A;,,, € Uiy € Xii0m, such

that Ujim # Xivm,

g(fm+17 B fn) N ngiSnAi = g(fm+17 o fn) N ngiSnUi + O

and
g(fm+17 s fn) # (g(fm+1> s fn) n ngignAi~

Hence

U = Hociem X X IncicnUs x isn X5
is a basic open subset of II;,yX; containing the closed set
A = TlogiemXi x Wgicn Ai x Wi X5,
such that Liﬂl(Xﬁ fi)nU= Liin(Xi, fi)n A+ @, and Lin(XZ,fz) ¢U.
Suppose there exists a connected basic open set
U = Hocicm X X ncicn U x isn X5
in IT;50X; containing a closed set
A =Tlogicm Xi x Wpcicn Ai x i X5,

such that lim (X, f;) nU =lim (X;, f;) n A # @, and lim (X, f;) ¢ U. Then by
Lemma 3.1.4,
l(il_n(Xi, fi)izm 0 (WngicnUi x Hisn X)
=lim (X, fi)izm N (Hmsicn Ai x Wi X;)
and hence by Theorem 3.2.4 {f; : i > m} admits an HC-sequence over [0, n—m].

Thus {f; :7 >0} admits an HC-sequence over [m,n]. ]
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3.3 Connectedness of Sets U;, A;, S; and B,

If each set X; is a closed interval, then a C-sequence as defined in [GK] gives an
HC-sequence in the current setting. A C-sequence as defined in [GK] imposes
stronger properties on the various sets involved. In particular, each of the sets
Ji, K; (which are the analogue to S;, P;) and A; is connected. The following
examples show that in general we can’t expect that if there is an HC-sequence
then there is an HC-sequence in which any of these sets is connected.

Recall from Chapter 1 that for each ¢ > n, f; is the identity function,
then lim (X, fi) is homeomorphic to G,. Thus we need only consider finite

sequences of functions.

Example 3.3.1. Let T be the triod consisting of three line segments in R?
that meet at the point (}1, O) as shown in Figure 3.3.

(1,1)

{(0,0) (+,0)

<19_1>
Figure 3.3: The triod space T" in Example 3.3.1.
Let Xo=X5=[0,1], and let X; =T. Define f;: X7 — 2%0 by

{0,z} ifzx<
fil{zy)) =4 [0,1] ifz=
{0} otherwise,

and fy: Xy —» 251 by
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{{0,0)} if v <3
fo(x) =1 {(0,0),(3z - 2,42 - 3),(3z-2,3-4z)} if3<z<1
T z=1.

See Figures 3.4 and 3.5 for the graphs G of f; and G of fs.

Figure 3.4: The graph G; of f; in Example 3.3.1.

Lot 0 = (13), 0 = (89 % ()T U = (50), Ao = (3) A -
{(1,0)}, Ao = {3}, S1 = (Ui n fi*(Uo)) ~ Ay = {(,0) : g <z < 3} and

1
4

(Uin fo(Us)) N Ay

Py
{(3x—2,4x—3):§<x<g}u{<3x—2,3—4x):2<x<g}.
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Figure 3.5: The graph G5 of f; in Example 3.3.1.

Then G; € Ry and Go @ Ty with respect to these sets, and hence {(U;, A;) :
i <2} is an HC-sequence where P; is the union of the two disjoint sets {(3z —
2,4z -3):3<x< I} and {(3z-2,3-4x): 3 <z < I}.

Then if {(V;, B;)} is any HC-sequence, we have that B; o A; for each i < 2,
and since V; is open, and V; o B;, then P; will contain points from two arcs in

the triod, so P; will be disconnected.

Note that any HC-sequence admitted by {f;!, f{'} will render S; discon-

nected.

Example 3.3.2. Let C ={c,:aec}cC {i} X [%, g] be a Cantor set embedded



76 CHAPTER 3. CONNECTEDNESS OVER HAUSDORFF CONTINUA

in R2, and let X, be the subset of R? indicated in Figure 3.6, namely, the

union of the the line segments with end points:
e (0,0) and (1,0),
e (1,0) and (1,1),
e (1,1) and (3,1), and

e (0,0) and ¢, for each a € c.

Figure 3.6: The space X in Example 3.3.2.

Let X; = X5 =[0,1], define f;: X; - X by fi(z) = {{zo,21) € Xo : 7 = 2},
and let fs be the function whose graph is that shown in Figure 3.7.
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N
Bl
ENE
~~

Figure 3.7: The function f; in Example 3.3.2.

Let Uy = ((5:3) < (5:8)) n Xo, v = (§:3): U2 = (§:5), and let 4y =
({3} x[£.2]) n Xo, A1 = {}}, and Ay = {2}. Then clearly {(U;, A;) : i <2} is
an HC-sequence, Ay is disconnected, and Uy is disconnected.

Furthermore, for any HC-sequence {(V;, B;) : i <2} (and hence
{((1/4, Ca> s 1/4,3/4) Q€ D} c (BO X Bl X BQ) N g(fl, fg)

for some D ¢ ¢), it must be the case that By is a neighbourhood of some point

1 3

(1 a) where a € [g, §], and hence both By and V| say, are disconnected.

1)
Example 3.3.2 demonstrates that the clopen subset of an inverse limit that

is “trapped” by an HC-sequence need not be a component, and can in fact be
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a Cantor set. The following example shows that this can be the case even if

our spaces are intervals.

Example 3.3.3. Let Xy = X; = Xy =[0,1], let f; : X3 — 2%0 be the function
whose graph is shown in Figure 3.6 (the graph of f; is space X; in Exam-
ple 3.3.2), and let f;: X5 - X be the function whose graph is that shown in
Figure 3.7.

The set W = {(m, 13eG(fi, fo) 0} is a Cantor set. Any one of the
points in W can be captured by an HC sequence {(U;, 4;) : i < 2}, but the
definition of an HC-sequence requires that Agx A; x A, includes other members
of W, and hence for any HC-sequence {(V;, B;) : ¢ < 2}, it must be the case

that By is a neighbourhood of some point (1,a) where a € [1,2], and hence

878
(By x By x B) nG(f1, f2) contains a Cantor set.

3.4 Consequences

In this chapter we have generalised the notion of a C-sequence to that of an
HC-sequence. This gives a sufficient condition on the graphs that is often easy
to recognise for the inverse limit to be disconnected.

Connectedness is a central property in the study of generalised inverse
limits. Theorem 1.2.2 states that a generalised inverse limit will always be
compact, hence a generalised inverse limit will be a continuum if and only if
it is connected. Knowing if a particular generalised inverse limit is connected
is therefore very useful to a researcher, even when looking at other properties.
For example, one of the main current areas of study is indecomposability, which
will require the inverse limit to be connected. Any conditions that guarantee
indecomposability will therefore also require the inverse limit to be connected,
and so will need to incorporate some result to guarantee connectedness.

Further work is required to extend this result to characterise disconnected

generalised inverse limits completely. A starting point is to generalise the main
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result in [GK3], where the result is given for factor spaces being intervals.

79
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Chapter 4
Path Connectedness

Related to the question of the connectedness of generalised inverse limits is the
question of path connectedness. There are important differences between the
two properties in this context. As we saw in Chapter 1 from Theorem 1.2.5,
if l(ill(Xi, fi) is disconnected, then G, must be disconnected for some n € N.
This is not the case for path connectedness, for example the usual tent map
f(% 1), whose graph is shown in Figure 1.1, has G, homeomorphic to an arc for
all n € N, but l(in it 11y is homeomorphic to the indecomposable buckethandle
continuum, which is not path connected.

Of course, for LiLn(Xi’ fi) to be path connected, it is necessary that G, is
path connected for all n € N, so this means that in addition to ensuring that G,
is path connected for all n € N, there is the separate problem of finding when
LiLH(Xi, fi) is path connected. This chapter deals with the latter problem.
Throughout this chapter we assume for all n that G, is path connected, and
look for conditions that will ensure im(X;, f;) is path connected.

The main theorem that will be proved in this section is the following (some

of the terms will be defined in Section 4.1.

Theorem 4.0.1. For all i >0, let I; =[0,1], and for all i > 1 let f;: I; > 2%

be upper semicontinuous. Let a and b € Lgl([l,fz) Then there exists a path

81
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n @(Iz,f,) between a and b if and only if for every n € N, for every open
interval U c I, there is an upper bound k € N such that for all | € N, where
| > n, there exists a finite extension sequence (V! :i<1) for (a,b) such that 7},

covers U fewer than k times.

This theorem links the path connectedness of a generalised inverse limit to
a condition on the path connectedness of its finite Mahavier product approxi-
mants, G, for each n > 1.

The method for proving Theorem 4.0.1 is as follows. First we show that
the question of whether a path exists between two points a and b € LiLn(Iiv fi)
can be reduced to whether there exists a sequence of paths in the individual
graphs that have the property that the coordinates of these paths will line up
in such a way that they will create a path in 1(i£1([i, fi). This sequence is called
a limit extension, and is properly defined later. This step is relatively straight
forward.

For the second step, we show that there is a limit extension if and only if for
each open U c I, there is an upper bound k such that there is an arbitrarily
long finite extension sequence that covers U less than k times (many of these
terms are more rigorously defined later). The forward direction of this step
is trivial. For the reverse direction, we concentrate on individual graphs, and
show that if there is an arbitrarily long number of finite extension sequences
that cover each open set less than some maximum number of times (for that
set), then the paths on each graph can be reparameterised to what are known
as well parameterised functions. These well parameterised functions will then
converge to a path in each graph, by the Arzela Ascoli Theorem. These paths
have the necessary properties to be a limit extension, and hence correspond to
a path in the inverse limit.

In the next section we will introduce some definitions and preliminary lem-
mas required for proving the main theorem in the following section. In the final

section we give some examples of the application of this theorem to deciding
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whether a generalised inverse limit is path connected.

4.1 Paths and Coverings

In this chapter the norms used are the usual ones, ie if x € R? then ||x|| =
\/M, and if f:[0,1] - [0,1] x[0,1] is a continuous function, then ||f]| =
sup{[|f ()l : z € [0,1]}.

Throughout this chapter, we will assume all spaces X; = I; = [0,1]. The
concept of a cover of a set is used throughout this chapter, and is defined as

follows:

Definition 4.1.1. Let x be a cardinal, I, = I = [0,1], f: Iy - 21 an upper
semicontinuous set valued function with graph G, U c I; (resp. U c I3) an
open interval, and v :[0,1] - G a continuous function. Then we say 7 covers
U k many times if there are exactly x many components {C, : « < Kk} of
(U x I) nG) (resp. v 1((U x I1) nG)) such that py, o v(C,) = U (resp.
pr, ©v(Cy) =U). Each of these components C,, is called a covering of U.

The following lemmas about coverings will be useful later.

Lemma 4.1.2. Let I} = I, = [0,1], f : I, » 25t an upper semicontinuous
set valued function with graph G, let v : [0,1] > G be continuous, and let
x,y € [0,1] with x < y. Suppose U = (a,b) c (pr, o v(x),pr, o v(y)) (or U c
(pr,ov(x), pr,0v(y))). Then 7|y covers U at least once.

Proof. Suppose U c I,. Define g : [x,y] = Iy by g = pr, © V|[zy], 50 g is a
continuous function from a compact interval to a compact interval. Suppose
g(x) < g(y), then (a,b) c (g(x),9(y)), and g(x) <b. Then by the intermediate

value theorem, there exists s € (z,y] such that g(s) =b. Let

d=inf{se (z,y] : g(s) =b}.
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Then as ¢ is continuous, d > x. Also, we have (by the intermediate value

theorem again) there exists ¢ € [z, d) such that g(t) = a. Let

c=sup{te[xz,d) : g(t) =a}.

As g is continuous, g(c) = a, g(d) = b, and ¢ < d.

Furthermore, for all z € (¢,d), we have that g(z) € (a,b). To justify this
claim, suppose there exists z € (¢,d) such that g(z) < a. Then by the interme-
diate value theorem, there exists z’, where ¢ < z < 2z’ < d such that g(z') = a,
contradicting ¢ = sup{t € [z,d) : ¢g(t) = a}. Similarly for g(z) > b.

Therefore, we have (¢, d) is a covering of U.

The proof works entirely the same if g(y) < g(x), or if U c I;. O

Lemma 4.1.3. Let Iy = I = [0,1], f: Iy - 2 an upper semicontinuous set
valued function with graph G, let U be an open interval in Iy or I, and let
k be some cardinal. Suppose a continuous function v :[0,1] > G covers U k

many times. Then k is finite.

Proof. Suppose k is infinite. Let U = (a,b) for a,b € I. Then yv(U x I)
must be open, so it is a union of x many disjoint intervals. Furthermore, the
endpoints of these intervals correspond to (infinite) subsets of v~ '({a} x I1)
and vy~ 1({b} x I ), call these A and B respectively. Suppose (ag,a1,...) is a
monotone injective infinite sequence of points in A (one will exist as there are
k many disjoint intervals in v=1(U)), then this sequence converges, to a point
¢ € [0,1]. Then since between any two points a,, and a,,; there is a point in
B, call it b,,, we can construct a sequence (bg, by, ...) that also converge to c.
But if v is continuous, both (y(ag),v(a1),...) and (y(bo),v(b1),...) converge
to the same point, y(c¢). But in fact they converge to two distinct points, that
are at least a distance of |a — b| apart, so we have a contradiction and + is not
continuous.

The proof works similarly if U c I;. [
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The next definition introduces the terms ‘pairwise joining property’ and
‘limit joining property’. They are important concepts, and used throughout

the chapter.

Definition 4.1.4. Let (I;, f;) be a generalised inverse sequence. Suppose
(7 :[0,1] = G, :i € N) is a sequence of continuous functions. We say (74, Vi+1)
have the pairwise joining property if p;; o vi(t) = pir1.i 0 Yi+i(t) for all ¢ € [0, 1].
The sequence (; : [0,1] = G, : i € N) has the limit joining property if (7;,Vis1)

have the pairwise joining property for all ¢ € N.

Lemma 4.1.5. Let (I;, f;) be a generalised inverse sequence. Suppose for all
i > 1, we have ~; : [0,1] = G; is a path in G; where v;(0) = {(a;,a;1) and
~i(1) = (b;,b;_1), and the sequence (v;) has the limit joining property. Then
there exists a path 7 : [0,1] - Lim([;, f;) where v(0) = a = (ag, a1, as,...) and
v(1) =b = (bo, by, ba,...).

Proof. We have that v : [0,1] — im(Z;, f;) defined by v(¢) = (70(¢), ..., (1),.-.)
is a well defined function, as for all j > 0, we have v;(t) € fj+1(7j:+1(¢)). It re-
mains to show that 7 is continuous. Let U be a basic open set in the image
of v. As U is a basic open set, it is restricted at finitely many coordinates,
call the projection of U onto the ith coordinate U;. As each +; is a path, the
inverse image of each U; is open in [0,1], and the intersection of the inverse
image of the union of the sets U; for all ¢ is the inverse image of U (for a point
pe€ 1(131([2, fi) to be in U, each coordinate of p must be in the corresponding
U;). As each U; = I; for all but finitely many spaces, the inverse image of U;
is [0,1] for all but finitely many spaces, and hence the inverse image of U is

open, so 7 is continuous and hence a path. O]

The converse of Lemma 4.1.5 is also true, as if we have a path v :[0,1] —
lir_n([i, fi), then the projections p; : [0,1] - G; will be continuous for all i > 0,
and for all j > 1, p;;0p;(t) = pjs1,;0pj+1(t). Therefore, we can extend Lemma

4.1.5 to an equivalence:
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Lemma 4.1.6. Let (I;, f;) be a generalised inverse sequence. There exists
a path v : [0,1] — lim(Z;, f;) where ¥(0) = a = (ao,a1,...) and ¥(1) = b =
(bo,b1,...) if and only if for all i > 1, there exists a path v; : [0,1] - G; in
G where v;(0) = (a;,a;_1) and v;(1) = (b;,b;_1), and the sequence (vy;) has the

limat joining property.

This lemma then means we only need to look at paths through the graphs
of the corresponding bonding functions to establish whether there is a path in
the inverse limit. We can now justify our assumption that each graph is path
connected, as if it isn’t the inverse limit will be not path connected, by Lemma

4.1.6. The following is a corollary of Lemma 4.1.6.

Corollary 4.1.7. Let (I;, f;) be a generalised inverse sequence. Suppose for
all n € N we have G, is both connected and path connected. Then @([i,fi)
is mot path connected if and only if there exists a = (ag,a1,a9,...) and b =
(bo,b1,ba,...) such that there is no sequence of paths (7; : [0,1] — G;) with
7i(0) = (a;,a;—1) and v;(1) = (b;,bi_1) that have the limit joining property.

Proof. Suppose there is an appropriate sequence of continuous functions (~; :
[0,1] = G;) that have the limit joining property. Then by Lemma 4.1.6,
lim(Z;, f;) is path connected. Conversely (also by Lemma 4.1.6), if lim(Z;, f;)
is path connected, there exists a sequence of continuous functions (v; : [0,1] —
G;) with the limit joining property.

O

4.2 Paths in Generalised Inverse Limits

We begin with some terminology that will be used extensively in this section.

Definition 4.2.1. Suppose (I;, f;) is a generalised inverse sequence, and the

graph G; of each function f; is path connected. Let a = (ag,a1,as,...), b =
(bo, blu b27 s ) € l(in(]-“ f’L)
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Given n € N, a finite extension sequence of length n for (a,b) is a finite
sequence (77 :[0,1] = G : i < n) of continuous functions, such that for all i <n
¥(0) = (a;,a;-1), ¥ (1) = (b;,b;-1), and 4 and 7, have the pairwise joining
property.

A limit extension for (a,b) is an infinite sequence of paths (+; : [0,1] —»

G, :ieN) from a to b that have the limit joining property.

Note that a limit extension will not always exist. By Lemma 4.1.6 we have
that there is a path between a and b if and only if there is a limit extension
for (a,b). But as we are assuming that G, is path connected for all n € N, a
finite extension sequence of length n will exist for all n € N.

The next few lemmas make use of the well known Arzela Ascoli Theorem.
The following (standard) terminology is used.

Given a collection of continuous functions F = {f, :[0,1] = [0,1] x [0,1] :
a € A} for some indexing set A, we say that F is equicontinuous if for every
e > 0, there exists 0 > 0 such that for all z € [0,1], and all f € F, if y € [0,1],
and |z —y| < 9, then ||f(x) - f(y)|| <e. Also, a collection F is totally bounded
if there exists M > 0 such that for all f € F, and all x € [0,1], we have
1/ (@)l < M.

From the condition on F given above, that the codomain is [0,1] x [0, 1],
it is clear that in this context every collection F = {f, :[0,1] - [0,1] x [0,1] :
a € A} is totally bounded (M = 2 will suffice). Now we present the Arzela
Ascoli Theorem (a proof can be found in [Be]). Here C(I) denotes the space
of continuous real valued functions defined on a compact interval, however as
noted in [Be], the proof is virtually identical if the codomain is changed to R¢,

and in particular (for our purposes), R2.

Theorem 4.2.2 (Arzeld, Ascoli). If F is a totally bounded , equicontinuous
family of functions in C(I), then every sequence in F contains a subsequence

that converges in norm to an element of C'(1).
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To prove the main result of the chapter, we need to introduce the concept
of a well parameterised function. This will be done over the the next few
lemmas and definitions. We begin with the definition of a reparameterisation

of a path.

Definition 4.2.3. If X is a topological space and v : [0, 1] - X is a continuous
function, we say that +': [0, 1] = X is a reparameterisation of 7 if there exists
a continuous function f : [0,1] - [0,1] with fixed points 0 and 1 such that
Y =qef.

Note that if v : [0,1] - I,, x [,_1 is a path (where I,, = I,,; = [0,1]), and
aset Ucl,  (or Ucl,)is covered by a collection of sets {C, : a € A} for
v, f:[0,1] = [0,1] is a homeomorphism, and ~' is a reparameterisation of
where 4/ = v o f, then U will be covered by a collection of sets {C’é : B € B}
(with respect to 4/), and there will be a bijection between {C, : a € A}, and
{C’é : € B}. This bijection is simply given by the homeomorphism f, ie the
bijection b: {C} : B € B} » {C, : a € A} is given by b(C}) = f(C}). In this
case we say that C and b(C’é) are corresponding covering.

The next lemmas will help us to reparameterise certain paths into well

parameterised paths.

Lemma 4.2.4. For someneN, let S be a collection of n disjoint open subin-
tervals of [0,1], S = {U; = (as,b;) i < n}, such that U, U; = [0,1]. For each
i <mn, let m; € R*, and suppose that ¥, (b; — a;) - mi = 1. Then there is a
piecewise linear homeomorphism f : [0,1] — [0,1] such that for all x € Uj,

where i < n, the slope of the function f at f~'(x) is m;.

Proof. Note that as the indexing of the set S is arbitrary, we can assume
(possibly after reindexing) S is indexed such that if i < j then if x € U; and
y € U;, then z <y, ie they are indexed ‘in order’.

Note that as the closure of the union of the sets in S gives the whole line

[0,1], a3 = 0, and b, = 1, and the union of the sets in S gives the whole line
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[0,1] minus a finite set of points, namely the points by = as, ..., b1 = a,.

Let f be the function with the graph G(f), where G(f) is the union of
line segments L;, where ¢ < n, defined inductively as follows: let L; be the line
between (0,0) and ((by —ay) - m%,bl). Then for k < n, if Lj_; is defined, and
Ly is the line segment between (lj_1,ar_1) and (tx_1,bx-1), let Ly be the line
segment between (ty_1,ax) and (tx_1 + (by — ax) - mik, br).

Then f :[0,1] — [0,1] is well defined (as ¥,;.,(b; — a;) - m% = 1), piece-
wise linear (n pieces), continuous (as for i < n the line segments L;, L;,; are
connected), injective (the slope is always strictly positive), and surjective (as
Yicn(bi —a;) - mi =1, f(1) =1 and f is continuous), and the inverse f~! is
continuous (as f is piecewise linear and continuous).

Therefore, f:[0,1] - [0,1] is a homeomorphism with the necessary prop-

erties.

]

If S c [0,1] is a set of real numbers, we denote by |S| the sum of the lengths

of the open intervals in S.

Lemma 4.2.5. LetneN, I, =1, 1 =[0,1], f.: I, = 21 an upper semicon-
tinuous set valued function with graph G, and let v : [0,1] - G,, be a path.
Let U ={Uyc I, :a<kiyu{Uycl,:k <a<k} bea finite collection of
k open intervals of I,y and I,. Let C = {C; :i < m} be the collection of all
coverings of all sets in U for ~v, with m € N. To each covering C;, assign a
positive real number I} such that y;.,, 1! < %

Then there exists a reparameterisation of vy, call it v', such that v =yo f
where f is a piecewise linear homeomorphism, and for each i < m, the covering

C; of v has a corresponding covering C! of ', such that C! has length at least
ll.

Proof. Firstly, note that as there are m many coverings C;, and the indexing

is arbitrary, we can assume that each C; is indexed by increasing value of %,
@
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ie % < % <-e < %, where [; = |C].

For each ¢ < m, let C; = (a;,b;). Then let {¢; : j < p} be the collection
of all endpoints of the intervals C;, such that ¢; < ty < --- < t,. Now, let
A = {(t;,tj+1) : (tj,t;01) ¢ C; for some ¢ < m}. Then A is a finite disjoint
collection of open intervals of [0, 1], say A has cardinality ¢ € N, and A = {4, :
i < q}, ordered such that if x € A; and y € A;;q, then x < y. Then we have

Ua<qg Aa = Uiem Cs, and A, is the intersection of a number of the coverings
C;, hence a subset of C; for at least one ¢ < m. Intuitively, we have ‘taken
intersections’ of the coverings Cj, for i < m.

Now, for all a < ¢, we define D,, := {k: A, c C}}, and

L.
I s K
my, = %21 {4, l;}

Looking at it another way (and in a way that will commonly be used),

1 1l
mr = MaXiep, {Zv i}
. 1 3
Claim: ¥ Aa| < 5.

< T
asq my,

To prove this, first define, for i < m,
Bi:={a<q:A,cC; A, ¢ Cy for k <i}.

Then for all 4,5 <m, B;n Bj =@, and U<, B; = {a: a < ¢}
Now, define [} = 3,5, |Aal. Then ¥, l; <1, and I} < ;. Then we have

for kK <m:

1 ~ L L . Lo
Z —,|Aa]—max{é—l,ﬁ}-lk—max{z, }

OéEBk o lk‘

Ul I 1 L 1 .
Then as Ypem 75 < Ypam I, < 5, and Yo, 3 < 7, We have:

L4 - Loa- z_,:z,;-z,:}§
I ENED MW |Aa|—2max{4, e

a<q Mq k<m aeBy '« k<m

This completes the proof of the claim.
Now, let L = |Ujcm Ci]. We have two cases:
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1. L <1. In this case, we have U := [0, 1] \ U, A; has nonempty interior,
so let V be the collection of components of the interior of U. Then
V ={V;:i<r} for some r € N, where each V; is an open interval. Then
Yier Vil =1- L. Let
L* = JZ;; E | A, < -
Let p=g+r, and for j <gq, let D; = A; and m; =m/, and for ¢ < j <,
let D; =V, , and m; = ==& . Then

1-L*
1 1 1- L C1-L
Z—'IDJ-|=ZW~|A]-I+Z T WVil=L"

jsp M3 Jj<q % q<j<p

L)=1.

2. L=1. In this case, we have U;¢, 4; = [0,1], so for each j < ¢, let D; = A;,
and let p = ¢. Again, let

L= —A<—
|4;]

J<q J
, ) Ay
Then for all j <p, let m; =m/, and m,, = m
Then
|Ap\ ( L*)
Siso ;1031 = Egep y +1Ds| + 22— |4l

—Zj<p |D|+(1 L*)y=L*+(1-L*)=1.

In either case, 1 - L* > i and 1-L <1, so 11__LL* <4. Also, Y

|1Dsl =1,
and {D; : i < p} is a disjoint collection of open sets such that U, Ui, Di = [0,1].

J<p m

So by Lemma 4.2.4, there is a piecewise linear homeomorphism f, such that f
has slope m; for x € A;. Also, note that as m; <m/ for all j <g, and 11 LL* <4,
the maximum slope of f is 4, and the slope of f is always positive. Then given
a covering Cj, for « of length i, the slope of f at any point x € f~1(C}) is
at most %, so C; = f71(Cy) is a corresponding covering for Cj, and (where

= [71(A)), we have |Cy] = ¥ iascc) Al = Siiaiccy) o Ai 2 % Yiecyy i =

it l’“ =1}, so Cj has length at least [] .
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If v:[0,1] - G, is a path and 4" a reparameterisation of 4 such that
v =y o0g where g is a piecewise linear homeomorphism, then we say that ' is
a linear reparameterisation of . Note that the reparameterisation constructed
in Lemma 4.2.5 is a linear reparameterisation.

We can now define a well parameterised path.

Definition 4.2.6. Given n € N, suppose I, = [0,1], then for i > 1, let S”* be

the collection of open intervals in I,, of length 2—11 defined by
J

SPt=19(%

i {( i

Definition 4.2.7. Let n € N, I,, = I,y = [0,1], f, : [0,1] - 2[%1 an upper

J+1
i

)c]n:je{O,...,T—l}}.

semicontinuous set valued function with corresponding graph G,,, a path ~ :
[0,1] = G,,, and an open interval U c I,,, or U c I, 1, we define the covering
number of U for 7, denoted K, (U) to be the number of times that « covers
U.

Note that from Lemma 4.1.3, the covering number K. (U) will always be
finite.

Definition 4.2.8. Let n > 1, let I,, = I,,.; = [0,1], let f, : I, > 2/»-1 be an
upper semicontinuous set valued function with graph G, and v:[0,1] - G,
a continuous function. Let k = (ki, ks, k3,...) be a sequence of non-negative
integers. Then we say that ~ is well parameterised with respect to k if for each

i € N, and for each S e SP~1u S", each covering of S for y has length at least

1

T, If the sequence k is obvious, or if we only need to know that a

path v is well parameterised with respect to some k, we will often simply say

that ~ is well parameterised.

The 2" that appears in the denominator of the fraction appears because
eventually we will want to apply the following lemma, which deals with repa-
rameterising a path in one graph, to paths in a sequence of graphs. The

sequence k will be related to the covering numbers of the sets ST.
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Lemma 4.2.9. For some n > 1, let I, = I,.; = [0,1], f, : I, = 2I»1 an
upper semicontinuous set valued function with graph G,, and v :[0,1] - G,
a continuous function. Let k = (ki, ko, ks,...) where for each i > 1, k; >
max{K,(S):S e STt uSr}. Then there exists v':[0,1] - G, such that ' is

well parameterised with respect to k, and a reparameterisation of ~y.

Proof. Let [ € N, and let ¢ == {S7" : 1< j<l,me{nn-1}}. Then Y] is a
collection of 2- ¥, 27 open sets. Let {Cy: 1< a <p} be the collection of all

coverings of all sets in ;.

Finally, for each a < p, let I/, = 555725, where C,, is a covering of v of a

T 22272720k
set S € S]’.” eU;. Then we have:

YoU< > 2.2 k- BN S o
2:2:20.2m.20 f;  2.20 &4 2) T 2.0n

1<as<p 1<y<l 1<5<

<

N =

Here the first inequality comes from possibly overestimating the number
of coverings (there are p many), by taking the number of open sets in i, and
multiplying by the maximum number of coverings a set can have (which is less
than or equal to ;).

So by Lemma 4.2.5, there is a linear reparameterisation v, = v o f; of 7,
where f; is a piecewise linear homeomorphism with a maximum slope of 4,

and each covering Cy, of 7 of a set in ST (where 7 < [) has length at least

1
2227272,k

So if for all 4 € N we construct such a 7/ = v o f;, we have a sequence of
homeomorphisms (f;) that are totally bounded and equicontinuous (as the
maximum slope is 4), so by the Arzeld Ascoli Theorem (Theorem 4.2.2), there
is a subsequence of (f;), call it (f;,), such that (f;,) converges to a continuous
function f.

Note that as each f; is a homeomorphism, it is strictly increasing (ie if
<y, fi(x) < fi(y)), and so f is increasing (ie if z <y, f(z) < f(y)).

Claim: ~":=yo f is well parameterised with respect to k.
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To prove this, for j e N, let S € S]m, and let C,, be a covering of S for v, and
suppose C,, has length [,. Then C, has a corresponding covering C”, for ~'.
Suppose (with a view to contradiction) that C?, has length (% <!, = m
Let C, = (a,b), and f~((a,b)) = (¢,d), ie |(¢,d)| =1z < L.

From the construction of each f; (from Lemma 4.2.5), for all f; where i > j,
and for all x € (a,b), the slope at f;!(z) is at most ZTZ

As the sequence (f;) converges to f (uniformly), given ¢ > 0, there exists

N € N such that for all n > N, |f.(c) —a|] < e, and |f,,(d) - b| < e. Now, let

la—l} -4

€ := —5—= (which is greater than 0 as [}, <1).

Now, given the ¢ just defined, we have that there exists N € N such that
for n > N, |f.(¢) —a| +|f.(d) = b| < 2¢, so (by two applications of the triangle

inequality) we have:

[fn(e) = fu(d) 2 |a = b = |fn(e) = al + |f(d) = 0] > |a - b] - 2¢
=lo—(la—l5 o) =12 b,

a[:l al{l

This means that | f,(c)- f,(d)| > [c-d|-%, but this is impossible, as the slope
of f, at z for = € (¢, d) is no more than ﬁ% Therefore, we have a contradiction,
so we conclude C? has length at least [/, completing the proof of the claim,

and the proof of the lemma.

]

The preceding lemma reparameterised a path on one graph to a well pa-
rameterised function. The next lemma extends this to reparameterise a finite
extension sequence of arbitrary length so each path in the sequence is well

parameterised.

Corollary 4.2.10. Let (I;, f;) be a generalised inverse sequence, a and b €
Liin(]i,fi), and let n € N. Suppose (Y : i < n) is a finite extension sequence
for (a,b). Let k = (ki,ky, ks,...) where for each i 21, k; 2 maxcje,{ K5, (5) :

S €SIt uSIY. Then there exists a finite extension sequence (VP i <n) for
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(a,b), such that for each i < n, we have v

™ is well parameterised with respect

to k, and a reparameterisation of y'.

Proof. Let (7 :i<n) be a finite extension sequence. Then any reparameteri-
sation f given to 7" to obtain a well parameterised /' must also be given to
7 for all j <n, in order to maintain the pairwise joining property.

For 1<i<nandleN,let U == {S7:1<j<l,me{ii-1}}. Then each
U} is a collection of 2- ¥, ;27 open sets. Let {Cy : a < p} be the collection of

all coverings of all sets in ¢ for all i < n.

Finally, let I, = m, where C, is a covering for 77 of aset S e ST e U]

Then we have (as in Lemma 4.2.9):

1

2la< ) 2 2'2j'kj'2.2.2j.2i.2j.k <X

asp 1<i<n 1<5<i Jj  1<i<n

1
2.2 2

Then using the same method as in the proof of Lemma 4.2.9, we can create
a sequence of functions (f;) that converge to f such that 4" =~ o f is well
parameterised with respect to k for all 7+ < n, and as we have used the same
function to reparameterise all paths in the finite extension sequence, we have
that (7 : 4 < n) is a well parameterised (with respect to finite extension
sequence of length n between a and b.

]

We now have the necessary tools to prove the following lemma, from which

together with Corollary 4.1.7, Theorem 4.0.1 will follow.

Lemma 4.2.11. Let (I;, f;) be a generalised inverse sequence, and let a =
(ag,a1,as,...) and b = (bg,by,ba,...) € Lﬂl([l,fl) Then a limit extension for
a and b exists if and only if for every n € N, for every open interval U c I,
there is an upper bound k € N such that for all | € N, where | > n, there exists a
finite extension sequence (7! :i<1) for (a,b) such that v}, covers U less than

k times.
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Proof. Suppose (; : i € N) is a limit extension for (a,b). For every [ € N there
is a finite extension sequence (4! : i < [) for (a,b), which is obtained from
the limit extension (~; : i € N) by ‘forgetting’ all coordinates greater that [, so
4t =~; for each 1 <7 <[. Then as each 7! is a continuous function, by Lemma
4.1.3 for every open interval U c I; there exists a k € N such that 7; covers U

less than k£ times.

For the converse, let n € N. Let k = (ko, k1, k2 ...), where for each i € N,
k; is the maximum number of times a set in S or SI""! is covered by 7}, in a
finite extension sequence for [ > n. Then we have that for all [ € N, where [ > n,
there exists a finite extension sequence (7! :4 <) for (a,b), and for each i € N,
7% covers each S € S less than k; times, and also 7}, covers S e S'! less than
k; times. Therefore, by Corollary 4.2.10, we can assume each ! in the finite

extension sequence is well parameterised with respect to k.

Now, for all I > n we have a finite extension sequence (7! :¢ <) that is well
parameterised with respect to k. Let C,, be the sequence of functions defined
by C, == (7 : [0,1] > G, : 1 > n). So C, is an infinite sequence of totally
bounded functions. We will now show the functions in C,, are equicontinuous.

Let € >0, f:[0,1] > G, €C,, and x € [0,1]. As f =~ for some [ > n, f
is well parameterised with respect to k. Let 2 € N be such that 2%_2 <e. Let
0 = m, and let y € [0,1] such that |z —y| < 0..

Suppose ||f(z) - f(y)|| > &, ie f(y) ¢ B-(f(x)). Then we have that either
onn F(©)=uno F(@)] > 5, 0 [pun 10 F(5) ~prn 10/ (x)] > 5. WLOG, suppose
om0 f(Y) = pupno f(x)] > 5. Then as the interval (pnno f(y), pnno f(2)) € I,

£
2

S c(pano f(y),pnno f(x)) cl, Butthen by Lemma 4.1.2, f|;,,] covers S.

has length greater than £, and 2% < £, there exists an interval S € S} such that

But as f is well parameterised, every covering of s must have length at least

1 1 . . .
5339 S0 [T=Y| > 555mmary » contradicting our assumption that [z—y| < 0..

Hence the functions in C, are equicontinuous, and so by the Arzela Ascoli

Theorem (Theorem 4.2.2), there is a subsequence of C, that converges to a
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function v, : [0,1] - [0,1] x [0,1]. Then we have:
e v, is continuous, as the convergence is uniform,

e the image of v, is contained in G, as this is the case for each function

in the sequence, and G, is closed, and

* ’}/n(O) - <a”+1’a”>7 and ’y”(l) = <bn+labn>7 as 7’2(0) = (an+17an>7 and
V(1) = (bpy1,b,) for all I >n.

Hence 7, : [0,1] - G,, is a path from (a,,1,a,) to (b,1,b,) in G,. Note
that such a path obtained from convergent finite extension sequences is not in
general unique, as there may be another subsequence of C,, that converges to
a different path ~': [0,1] - G,,. This means that in general, picking a -, for
each n € N will not give a limit extension (v, : n € N). It is, however, possible
to select a sequence (7, : n € N) that is a limit extension, using the following
process.

Firstly, consider v;, which is obtained as the limit of a subsequence of C;.
This subsequence is then (7 : [ € N7), where Nj is a strictly increasing sequence
in N. The sequence C; was obtained from a sequence of finite extension se-
quences of well parameterised functions, and the convergent subsequence used
only certain of these finite extension sequences, the finite extension sequences
(7i : 1€ V1),

Now, we have a sequence of well parameterised functions in Gy, (74 : [ € Ny).
Just like above, these will have a convergent subsequence, (v} :1 € Ny), where
N ¢ N;. These will converge to a path 45 in Gy between (as,a;) and (by, by).
Furthermore, 7; and 7, have the pairwise joining property. To see this, note
that for each k € Ny, there is a pair of paths 4¥ and v} in G} and G4 respectively
that have the pairwise joining property (as they are in the same finite extension
sequence (7F:i<k)), so pr1ovi(x) = pa1ovi(x) for I € Ny, for each z € [0,1].
Therefore in the limit p11 0y (2) = pa1 0 y2(x) for all z € [0,1], so v; and 72

have the pairwise joining property.
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Repeating this process for all n > 1, we have a subsequence of finite exten-
sion sequences (7% : k € N,,) that converge to a path 7, : [0,1] > G,, that will
have the pairwise joining property with v, : [0,1] = G,,_1.

So, by induction over N, we have for all n € N, each ~, is a path in G,, from
(n,an_1) to (by,b,_1), and 7, and ~v,,; have the pairwise joining property.
Therefore, (7, : n € N) is a limit extension for (a,b).

]

The proof of Theorem 4.0.1 then follows from Lemma 4.1.6 and Lemma

4.2.11.

4.3 Examples
In this section we will apply Theorem 4.0.1 to some examples.

Example 4.3.1. The first example is the inverse limit of the function f,
where f has as its graph the union of a line between (0,0) and (1,1), and a
line between (0,1) and (1,0). The graph of f is shown in Figure 4.1.

Let a = (ag,a1,as,...) and b= (by,b1,bs,...) € liLnf- We will define induc-

tively a finite extension sequence of length [ for each [ € N. For ~{, define 711|[0’%]

by the (constant speed) path between (ai,ao) and (3,3%), and 711|[%71] by the
(constant speed) path between (1,1) and (b1, b). Then define 4{ : [0,1] > G4

as the union of 711|[0’%] and 711|[%71]. This is then a finite extension sequence of
length 1. Note that each open set in [y and I; is covered a maximum of two
times.

Now suppose we have a finite extension sequence of length n, and there is

a path 47 with the property that ’Ym[o,%] is a (constant speed) path between

(an,a,-1) and (%,%

), and 7;‘|[%71] is a (constant speed) path between (3, ) and

(b, bn-1). Then we define )7} as being the union of 7'}, 17, a (constant

speed) path between (an.1,a,) and (3,3), and 7 (1] & (constant speed)
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Figure 4.1: The graph of f in Example 4.3.1.

path between (3, 3) and (bys1,b,). Then 47 and ™! will have the pairwise
joining property (as each section of the path was at constant speed), so we can
extend the finite extension sequence (71" :4 <n) to a finite extension sequence
(v i <n+1), where for each ¢ < n we have v = 4", Furthermore, each

path in the sequence will only cover each open set a maximum of two times.

So for all [ € N there is a finite extension sequence such that each open set
in I, for n <[ is covered a maximum of two times. Therefore, by Theorem
4.0.1 we have a path in @ f between a and b, and as a and b were arbitrary,

we can conclude that l(in f is path connected.
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That Example 4.3.1 is path connected becomes more obvious when it is
known that gn f is homeomorphic to a ‘Cantor star’ (ie a cone over a Cantor

set) [In2, Example 2.7].

Example 4.3.2. This example is the inverse limit of the function g, where ¢
has as its graph the union of a line between (0,0) and (1, 5), and a line between

(0,1) and (1,1). The graph of g is shown in Figure 4.2.

Figure 4.2: The graph of ¢ in Example 4.3.2.

Let a = (ag,a,as,...) and b = (by, by, bs,...) € 1(£1f Again we will induc-
tively define a finite extension sequence of length [ for each [ € N. For ~} we

can use any path between (ay, ag) and (b1, by). By Lemma 4.1.3, each open set
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in Iy and I; is only covered finitely often by ~;.

Suppose we have a finite extension sequence (77 : i < n) of length n. As
g is injective in the sense that for each y € [0,1] there is a unique x € [0,1]
such that y € f(x), we can define a path "] that has the pairwise joining
property with ~7, and do this without making any changes to 2. Therefore,
we can extend (7 :4 <n) to a finite extension sequence of length n + 1, and

n+1

keep 7]

! is continuous, all open sets in [,,; are

=~ for all i <n. As Ant}
covered finitely often.

So although sets in I,, are possibly being covered increasingly often as n
increases, for each n there is a limit to how many times any open set U c [,

will be covered. Hence, by Theorem 4.0.1, l(in g will be path connected.

The final example is an inverse limit of a single valued bonding function,

whose inverse limit is not path connected.

Example 4.3.3. This example is the inverse limit of the function h, where h
has as its graph the union of a line between (0,0) and (1,1), a line between
(1.1) and (3, 3), and a line between (3, 5) and (1,1). The graph of h is shown
in Figure 4.3.
= = (1 L1 i i
Let a = (0,0,0,...) and b = (2,2,2,...) € 1<£nh, and consider a path

between these two points. Consider 7 in a limit extension sequence (7; 14> 1)

1
29

that gives rise to this path, and the interval U = ( 1) c Iy. Then ~; clearly
must cover U at least twice. Now consider 5. This must have the pairwise
joining property with ~;, so for this to occur, we must reparameterise v; to
pass through the point (1,1). Then ; must cover U at least four times. Then
it is not hard to see that with every additional path we add to increase the
length of the finite extension sequence by one, U must be covered at least two
more times. So there is no finite k£ such that U is covered less than k times
by an arbitrarily long finite extension sequence. Therefore, by Theorem 4.0.1,

lim h is not path connected.
P
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Figure 4.3: The graph of h in Example 4.3.3.

As shown in [IM2, Example 103], l(ith from Example 4.3.3 is homeomor-

phic to a the closure of a sin% curve.

4.4 Further Work

The main theorem in this chapter gives a condition that reduces the problem
of path connectedness in generalised inverse limits to a condition on the finite
approximants G,. It would be of great interest if this could be extended to
conditions on the graphs of the functions that will guarantee the conditions

on the G, approximants.



4.4. FURTHER WORK 103

The other main extension that can be done is to find conditions that guar-
antee that the finite approximants will be path connected. This is what was
assumed throughout this chapter, but it is not a trivial problem. Perhaps this
could be incorporated with the proposed conditions mentioned in the previous
paragraph.

The factor spaces used in this chapter have all been compact intervals.
There does not seem any reason why Theorem 4.0.1 cannot be extended to
compact Hausdorff spaces. This may even be possible using a very similar
method of proof to the one in this chapter, for example there is an extension of
the Arzeld Ascoli Theorem to compact Hausdorff spaces in [DS]. Most other
concepts used in the proof can probably be generalised, at least to metric

spaces.
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as an inverse limit, 15

classical inverse limit, see inverse
limit

component, 3
connected, 3

inverse limits, 8, 57
continuous sequence, 38
continuum, 3
corresponding coverings, 88
covering, 83

covering number, 92
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of a point, 34
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finite, 34
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direct connection, 22
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equicontinuous, 87

factor space, 4
finite approximant, 6
finite extension sequence, 82, 87
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