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Abstract

This paper presents two novel interdependent techniques for random digital sim-
ple curve generation. The first one is about generating a curve of finite length,
producing a sequence of points defining a digital path ρ ‘on the fly’. The second
is for the creation of artistic sketches from line drawings and edge maps, using
multiple instances of such random digital paths. A generated digital path ρ never
intersects or touches itself, and hence becomes simple and irreducible. This is
ensured by detecting every possible trap formed by the previously generated part
of ρ, which, if entered into, cannot be exited without touching or intersecting ρ.
The algorithm is completely free of any backtracking and its time complexity is
linear in the length of ρ. For artistic emulation, a curve-constrained domain is
defined by the Minkowski sum of the input drawing with a structuring element
whose size varies with the pencil diameter. An artist’s usual trait of making irreg-
ular strokes and sub-strokes, with varying shades while sketching, is thus captured
in a realistic manner. Algorithmic solutions of non-photorealism are perceived as
an enrichment of contemporary digital art. Simulation results for the presented
algorithms have been furnished to demonstrate their efficiency and elegance.

Key words: Random curve, random polyomino, non-photorealism, Minkowski
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1. Introduction

The generation of random digital curves of finite length is, for example, re-
quired when testing geometric algorithms in image analysis. Assume that algo-
rithm A takes a digital curve as its input; see, for example, [2, 6, 7, 16, 20, 26, 30].
Ideally, one would like to test the behaviour and performance of A on various
real-world digital curves being of practical relevance and having also ground truth
(e.g., length or curvature of the curve) available for the studied curves. However,
it is often very difficult to obtain a sufficiently large number of practically rele-
vant input data sets. An other option is to run A on a reasonably large number
of random curves (e.g., using high-resolution curves for generating ground truth,
and lower resolution curves for the actual input), which necessitates a proven al-
gorithm that can generate a sufficiently large set of random curves of finite length
in the digital plane in feasible time.

1.1. Previous Work and Outline
Work on generating random curves can be traced back to studies on Brown-

ian motion in R2, see [9, 10], or on random walks, see [12, 23]. Closed random
digital curves also find a resemblance with (digital) polygons in the sense that
each vertex and each edge-point of such a polygon is a digital point (i.e., having
integer coordinates) as in the case of a digital curve. The problem of generat-
ing random polygons (in R2) has received considerable attention over the last few
decades. For example, the problem of uniform random generation of triangula-
tions has been studied in [11]. An algorithm for generating x-monotone polygons
on a given set of n vertices has been presented in [33]. A heuristic for the gener-
ation of simple polygons was studied in [27], which included the identification of
polygon-type profiles based on the number of random points in a set and descrip-
tion of the complexity of such sets. In another paper [1], random generation of
simple polygons on a given set of points has been dealt with, using several heuris-
tics, such as Steady Growth, Space Partitioning, Permute and Reject, Incremental
Construction, or Backtracking.

Not many proposals have been published so far for generating random digital
curves. Ad-hoc polygon-generating algorithms use a-priori generated input ver-
tices which ‘guide’ a subsequent calculation of a polyline. On the contrary, our
algorithm generates new points on the fly (also called online in [16]) while cre-
ating a simple digital curve ρ, starting at a random point (or vertex) p1, choosing
the next point p2 randomly, connecting points p1 and p2, choosing the next point
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Figure 1: Three instances of irreducible, 4- or 8-connected, random, simple curves generated by
the proposed algorithm on a 400 × 400 canvas. Interiors of curves are shown in grey for better
visibility of the curves.

p3 randomly, connecting it with p2, and so forth, eventually returning to the start
point p1.

The difficulty in generating such a digital curve ρ is to guarantee that ρ is one
pixel wide everywhere, and never intersects or ‘touches’ itself, hence becoming
irreducible and simple. The online-construction requires that we detect every pos-
sible “narrow-mouthed” trap formed by the previously generated part of ρ, which,
if entered into, cannot be exited without touching or intersecting ρ. A trap may
be multiply nested and needs to be detected ‘fast’ (i.e., without any backtracking
through the mouth of the trap) in order to ensure linear computation time. Fur-
thermore, it must be ensured that the (4- or 8-connected) path ρ, traced by the
algorithm, finally reaches the start point again. The proof of correctness of our al-
gorithm follows mathematical induction. We also show that the time complexity
is linear in the length of ρ. Instances of random digital curves, produced by our
algorithm, are shown in Fig. 1.

1.2. Preliminaries
We use both the grid point and the cell model of digital geometry in the plane

[16]. The canvas is a set Gn of grid cells, forming an n × n square in the plane.
Vertices and centres of cells in Gn are assumed to be grid points in Z2, also simply
called points for brevity in this paper. Let n = 2k.

The canvas may be partitioned into a set Gm of m ×m square cells, m ≤ n,
each of size s × s, where s = 2t, with t ≥ 2. The cell belonging to the ith row
and the jth column of Gm is denoted by c(i, j); it is a border cell if and only if
{i, j} ∩ {1,m} 6= ∅, and a corner cell if and only if (i, j) ∈ {1,m} × {1,m}.
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Figure 2: (a) The canvas and its initialization: Blocked cells are shown in grey. Cells not shown
have β = 0 and δ = X. The initialized part of the curve (passing through the boundary cells) is
shown as a solid line and the random part is shown as dotted. (b) 0-neighbourhood of a cell c.
(c) Cells in (ci), shown as ticked, are labelled by L or/and R as shown in different combinatorial
cases in (d). The current cell ci is shown in dark grey, and the previous and the next cells in
light grey.

In the digital plane, 1- or edge-adjacency [0- or vertex-adjacency] of cells is
equivalent to 4-adjacency [8-adjacency] of centres of cells. For a cell c, adjacency
sets are denoted by Aα(c) and neighbourhoods by Nα(c) = Aα(c) ∪ {c}, for
α ∈ {0, 1}. For a centre point p, the sets are Aα(p) and Nα(p) = Aα(p)∪{p}, for
α ∈ {4, 8}.

A cell c(k, l), that is 0-adjacent to c(i, j), is denoted by c(t) if

t = tan−1((k − i)/(l − j))/(π/4)

considering that tan−1 x ∈ [0, 2π). We have that t ∈ {0, 1, 2, . . . , 7} in case of
0-adjacency, and t ∈ {0, 2, 4, 6} in case of 1-adjacency (see Fig. 2, lower left).

In this paper, a curve ρ is a simple, irreducible, α-connected digital path
〈p1, p2, . . . , pn〉 of points in Z2 such that each of p1 and p2 has at least one (at
most two), and each other point exactly two α-neighbours in ρ. If both p1 and pn
have one α-neighbour in ρ only, then ρ is a simple arc with end points p1 and pn.
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If each point in ρ has exactly two α-neighbours in ρ, then ρ is a simple curve.
A hole in an α-connected set S ⊂ Z2 is a finite ᾱ-component of Z2 r S. If

α = 8 then ᾱ = 4, and vice versa. A simple arc defines no hole, whereas a
simple curve always defines exactly one hole. A simple curve divides Z2 r ρ into
two regions, namely the interior (the hole) and the exterior (also known as the
‘background’).

We generate a random simple arc or curve ρ such that points pi ∈ ρ are in the
canvas Gn only (see Fig. 1).

2. Algorithm to Generate Random Curves

A cell c is said to be occupied if and only if the generated part of curve ρ
already passes through c ; otherwise it is free. We use the following parameters
for a cell c :

The blocking factor β(c) is a 5-bit number given by the combinatorial arrange-
ment of the occupied and the free cells in N1(c). The most significant bit of β(c)
corresponds to c itself, and the other four bits correspond to the four cells lying
right, top, left, and below of c in that order. If a cell in N1(c) is occupied, then the
corresponding bit of β(c) equals 1, otherwise 0. Thus, β(c) = 0 implies that ρ is
not (yet) passing through any cell in N1(c). If 0 < β(c) < 16, then c is free but
one or more cells in A1(c) are occupied. If β(c) ≥ 16, then c is occupied.

The directional label δ(c) is used if 0 < β(c) < 16 which takes its value then
from {L, R, B}, with the interpretation: L = left, R = right, B = both left and
right, depending on the position of c relative to the direction of traversal of ρ in
the cell(s) of A0(c). We use X for the initialized value. While the construction of
ρ is in progress, blocking factors and directional labels have interim values, which
are updated and become final values when ρ is finished.

2.1. Initialization of the Canvas
The initialization of the canvas is illustrated in Fig. 2. A cell c(u, 1) is ran-

domly chosen from {c(i, 1) : 2 < i < m−2}. Curve ρ is assumed to enter c(u, 1)
from its left edge, and then progresses (in straight or right-angle moves) through
the border cells, finally reaching cell c(u+ 2, 1). From c(u+ 2, 1), ρ is now enter-
ing c(u+ 2, 2). In other words: by this initialization, c(u+ 1, 1) is free and has B
as δ-value, whereas all other border cells are occupied. The free cells, adjacent to
the border cells, have L as δ-value, as shown in Fig. 2, top. While generating the
random curve, if some cell c is visited which is adjacent to some border cell, then
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the corresponding parameters of c are updated accordingly. These parameters help
advancing the curve in a random and yet ‘safe’ direction.

Clearly, that virtual part of ρ lying in the border cells [except c(u + 1, 1)] of
Gm is not random, and hence not considered as being a part of the random curve.
The random curve starts and ends at the cell c1 = c(u+ 2, 2). In general, the start
cell c1 has three cells in A1(c1) which are free. We enter randomly one of those
via either the right, top, or bottom edge of c1. On the selected edge, a random start
point p1 is selected (i.e., p1 is not a grid point in general). After initialization of
the canvas, all cells except those adjacent to already occupied cells have β = 0,
as shown in Fig. 2, top. Blocking factors and directional labels of those cells are
later updated while generating the random curve.

2.2. Updating the Cell Parameters
The current cell, which ρ has currently entered, is denoted by ci (i > 1),

unless mentioned otherwise. The cell ci corresponds to the ith iteration of our
algorithm. Parameters β and δ are updated in (appropriate cells of) A0(ci), as
shown in Fig. 2, bottom row. Each current cell ci has a previous cell, ci−1, from
where ρ has entered ci, and a next cell, ci+1, where ρ will enter next. We do not
label those cells of A0(ci) that are common with A1(ci−1) or A1(ci+1), because
cells in A0(ci) ∩ A1(ci−1) have been already labelled when ci−1 was the current
cell in the previous (i.e., (i − 1)th) iteration, and those in A0(ci) ∩ A1(ci+1) will
be labelled when ci+1 is the new current cell in the next [i.e. (i+ 1)th] iteration.

Thus, only the cells belonging to the region Ñ(ci) = A0(ci) r (A1(ci−1) ∪
A1(ci+1)) are labelled in the ith iteration, as illustrated in Fig. 2. In the (i + 1)th
iteration, there are at most three possibilities of choosing the next cell, since there
can be at most three free cells in A1(ci), as given by β(ci). In each case, a cell
of A0(ci), which is not labelled in the ith iteration, is either labelled or chosen as
the next cell (i.e., gets occupied) in the (i+ 1)th iteration. As evident from Fig. 2,
bottom row, at least two and at most three cells will be labelled in each iteration.
For the current cell ci, the entry point of ρ can lie on one of its four edges, and the
exit point on one of the remaining three edges. As a result, there are three types of
turns at ci, each having four sub-types, considering the previous cell ci−1 and the
next cell ci+1, which are dealt with as follows:

NO TURN: Ñ(ci) consists of two cells; the one lying left to the direction of
the traversal of ρ is labelled by L, and the other, lying right to the direction of
traversal, by R.

LEFT TURN: All three cells in Ñ(ci) get label R.
RIGHT TURN: All three cells in Ñ(ci) get label L.
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Figure 3: Open and blocked regions and holes formed during construction of ρ. Left: There exists
at least one free path ρ(ci, c1) from the current cell ci to c1 where ρ could also enter (e.g., the
white cell when leaving ci). On the contrary, there exists no free path from any cell of the blocked
region to c1. Right: Part of a random curve with four holes. Cells in holes are free but do not offer
any path to start cell c1 (not shown here).

The most significant bit of β(ci) is updated from 0 to 1 because cell ci is now
occupied. Blocking factors of the free cells [as given by β(ci)] in A1(ci) are
updated accordingly. Cells in Ñ(ci) which are free (β < 16) are labelled with
proper directional labels.

2.3. Choosing the Next Cell
From the current cell ci, the next cell ci+1 is (randomly) chosen in such a way

that there exists at least one free path from ci+1 to c1.1 A safe edge of ci is a
possible exit edge; the algorithm selects randomly one of the safe edges for exit.

For the current cell ci we have the free regionRi of all free cells c of the canvas
Gm such that there exists still at least one free path from c to the free border cell
[i.e. to c(5)

1 ]. Similarly, a blocked region H is a maximal (connected) region of
free cells such that there does not exist any free path from any cell of H to c(5)

1 . A

1 A free path from a cell ci to a cell ci+k, k > 1, is given by a sequence of cells, ρ(ci, ci+k) =
〈ci, ci+1, . . . , ci+k〉, such that each cell in 〈ci+1, . . . , ci+k−1〉 is free and distinct, and every two
consecutive cells in ρ(ci, ci+k) are 1-adjacent.
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cell in H is said to be blocked, and edges of a blocked cell are also blocked.

Theorem 1. There exists a free path from the current cell ci to the start cell c1 if
and only if A1(ci) ∩Ri 6= ∅.

Proof: If A1(ci) ∩ Ri 6= ∅, then there exists a free cell c(t)i ∈ A1(ci) lying in
Ri. Thus, by definition of a free region, there exists a free path from c

(t)
i to c(5)

1 ∈
A0(c1) rA1(c1). Since c(6)

1 is the only free cell (of the canvas, after initialization)
in A1(c

(5)
1 ), a free path from c

(t)
i to c(5)

1 always contains c(6)
1 ∈ A1(c1). Thus, there

exists a free path from ci to c1.
Conversely, the existence of a free path from ci to c1 implies that at least one

cell of A1(ci) is in Ri, thus A1(ci) ∩Ri 6= ∅. �

Using Theorem 1 we can decide whether an edge e of the current cell ci is safe
or not, since e is also incident with another cell c(t)i that lies in A1(ci). Since ci
is occupied, it does not lie in a blocked region, wherefore c(t)i lies in a blocked
region if and only if the edge e belongs to (the border of) a blocked region. If e
is selected as the exit edge of ci, then c(t)i becomes the next cell from where a free
path to c1 is not possible:

Corollary 1. The edge between ci and c(t)i is safe if and only if c(t)i belongs to Ri.

2.3.1. Determining Safe Edges
To ensure that ρ is simple and irreducible, it is allowed to enter and exit a

cell at most once. Hence, an exit edge of the current cell ci cannot be an entry
edge of the next cell if the latter is already occupied. This is determined using the
blocking factor β(ci). Furthermore, a blocked edge cannot be an exit edge (see
Sec. 2.3). The crux of the problem is, therefore, to decide whether or not an edge
of ci is a blocked edge. Since a hole is surrounded by occupied cells, and the next
cell is never an occupied cell, ρ enters a hole H if and only if ci (which had been
free until ρ entered ci) gives rise to such a hole H . Thus, each event of forming
a hole is detected based on changes in the components of the cells in A0(ci). The
advantage of detecting such a hole event is that, once ρ enters the next cell ci+1

from ci by selecting a safe edge, it can never enter the hole H formed by ci, since
H gets surrounded by occupied cells after it is formed.
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Thus, it has to be ensured that the exit edge of ci is a safe edge, which is
determined using the “interim label” of a cell.2 However, only the interim label
of a cell is insufficient to decide about a hole event. Further characterizations of
cells in the local neighbourhood of ci are required to distinguish whether there is
a hole event or an event of an ensuing hole, as explained next. We use the notation
δ(c, i) to indicate the label of cell c when the current cell is ci.

Definition 1. Ei ⊂ Ri is an ensuing hole corresponding to ci if and only if
(e1) there exists c ∈ Ñ(ci) such that δ(c, i) = B,
(e2) for each c′ ∈ Ei, we have that δ(c′, i) ∈ {L, R, X},
(e3) there exists a free path ρ(ci+1, c

(5)
1 ), and for any such path, c is on ρ(ci+1, c

(5)
1 ).

The formation of an ensuing hole is illustrated in Fig. 4. The initialization
of the canvas (see Fig. 2) is done in a way that gives rise to an ensuing hole E1

corresponding to c1 as the current cell. The ensuing hole E1 comprises of all the
cells inside the canvas except the border cells and c1, the reason being as follows:

The cell c(5)
1 = c(1, u+ 1) had its label L with c(1, u), c(1, u− 1), . . . , c(1, u+ 2)

as the current cells, which changed to B when the current cell becomes c1. Thus,
the condition (e1) of Definition 1 is true. It is easy to see that conditions (e2) and
(e3) are also true.

Such an ensuing hole E1 is formed during the initialization to ensure that ρ
finally returns to c(5)

1 in order to become closed. In short, the algorithm finally
converts the cell of each ensuing hole into a occupied cell or a hole-cell by the
time ρ is closed; and more importantly, each cell having the interim label B is
finally occupied.

The following theorem expresses this concept in a short form.

Theorem 2. When the construction of ρ is over, each cell c can have either β(c) ≥
16 (c is occupied) or δ(c) ∈ {L, R, X}; that is, B can be the interim label but cannot
be the final label of any free cell.

Proof: Assume that cell c had the interim label δ(c) = R when the current cell
was ci−k, and let it be updated to δ(c) = B when the current cell becomes ci. Thus,

2 As mentioned in Sec. 2, the directional label δ(c) provides only an interim value, since δ(c)
may be updated when ρ visits some other cell(s) in A0(c) later on.
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Figure 4: Distinguishing the formation of a hole (a,b) from an ensuing hole (b,c). Ensuing hole:
(a) Before formation, all the concerned cells have label L. (b) After formation, label of bi = c

(2)
i

gets modified to B, and a free path exists from each free cell inEi∩A1(ci+1) = {c(2)i+1, c
(4)
i+1, c

(6)
i+1}

to bi. Hole: (c) Before formation, cells have label L. (d) After formation, label of bi = c
(2)
i

becomes B, and a free path to bi is not possible from c
(4)
i+1 and c(6)i+1, as c(3)i+1 is occupied.

both ci and ci−k belong to A0(c). With ci as the current cell, the part of ρ from
ci−k to ci, therefore, corresponds to a sequence of occupied cells 〈ci−k, . . . , ci〉
with two options:
Case 1: The (only possible) next cell is c with label B.
Case 2: The next cell can be c or some other cell in A1(ci) having a label different
from B.

If 〈ci−k, . . . , ci, c〉 does not enclose any free cell, then the only possible next
cell is c (Case 1), and c becomes occupied. If 〈ci−k, . . . , ci, c〉 encloses a region
R consisting of one or more free cells, then, in Case 1, there does not exist any
free path from a cell in R to the cell c(5)

1 once c becomes the current cell; thus, R
becomes a hole. In Case 2, if the next cell is different from c, then ρ will visit c at
a later point of time after visiting (and blocking) some cells of R, which implies
that R would be dissociated from the free region in future. In Case 2, therefore,
either all free cells of R finally get occupied or some get occupied and the rest
gives rise to one or more blocked regions. Hence, the region R in Case 2 is an
ensuing hole. From ci on, ρ visits cells of the ensuing hole, and later on ρ must
come out of the ensuing hole, failing which ρ cannot reach c(5)

1 in order to become
a simple curve. The only cell through which ρ comes out of the ensuing hole is
c (Definition 1), whereby c becomes finally occupied. Thus, if a cell c has the
interim label B, then it would finally have β(c) ≥ 16; otherwise, its final label is

10



δ(c) ∈ {L, R, X}. �

From the proof of Theorem 2, it is clear that a change of label L or R (of a free
cell) in Ñ(ci) indicates either a hole event or an ensuing hole event, as stated in
the following corollary.

Corollary 2. Either a hole or an ensuing hole is created if and only if at least one
free cell in Ñ(ci) gets the label B as ci becomes the current cell.

It is, therefore, necessary to distinguish a hole event from an ensuing hole
event if there occurs a label B in Ñ(ci) corresponding to the current cell ci. The
following theorem explicates the necessary and sufficient conditions to decide
whether such a label B corresponds to an ensuing hole event. If not, then the only
other possible event associated with the label B is a hole event, based on which the
safe edges can be determined accordingly.

Theorem 3. The current cell ci gives rise to an ensuing hole Ei if and only if
there exists a free cell bi ∈ Ñ(ci) such that
(E1) δ(bi, i) = B;
(E2) there exists ρ(ai, bi) ⊆ A0(ci+1) for each ai ∈ Ei ∩ A1(ci+1).

Proof: Condition E1 follows from Corollary 2. W.l.o.g., let ci+1 lie left of ci, and
let the the cell bi = c

(1)
i+1 get the label B when there is a left turn at the current cell ci

(see Fig. 4). In order that the concerned region Ei is an ensuing hole, the cell next
to ci+1 should be one of the cells constitutingA1(ci+1)r{ci} = {c(2)

i+1, c
(4)
i+1, c

(6)
i+1}.

IfEi ⊂ A0(ci+1), andEi be such that a free path from a cell ai inEi∩A1(ci+1)
cannot be made to bi, then ρmay enter the cell ai in the next iteration from where a
free path to bi is not possible. This preventsEi to be an ensuing hole. For example,
if Ei = {c(2)

i+1, c
(4)
i+1} and the cell next to ci+1 is c(4)

i+1, then a free path from c
(4)
i+1 to

bi is not possible; the free path, however, exists if Ei = {c(2)
i+1, c

(3)
i+1, c

(4)
i+1}. Hence,

if Ei ⊂ A0(ci+1) be such that a free path from each cell ai ∈ Ei ∩ A1(ci+1) to bi
is possible, then Ei is an ensuing hole. Conversely, if there exists a free path from
each ai ∈ Ei ∩ A1(ci+1) to bi, then there is always a free path from ci+2 ∈ Ei to
bi. Thus, Ei ⊂ A0(ci) is an ensuing hole if and only if E1 and E2 are true.

The general proof for E2, corresponding to the case Ei 6⊂ A0(ci+1), follows
from mathematical induction on the number n of (free) cells in Ei. Let there exist
a free path ρ(ai, bi) for each ai ∈ Ei ∩ A1(ci+1). The basis of induction is n = 1,
which occurs only when Ei = {c(2)

i+1}. The inductive hypothesis is, if E2 is true

11



for less than n cells, then the correspondingEi is an ensuing hole. In the inductive
step, we show that, if E2 is true for n cells, then Ei is an ensuing hole.

The cell ci+1 is the current cell in the (i+1)th iteration. If the label of some cell
bi+1 in Ñ(ci+1) is B, then either a hole or an ensuing hole Ei+1 is again formed
in the (i + 1)th iteration (Corollary 2). Considering the facts that bi+1 ∈ Ei,
bi+1 6∈ Ei+1 (since δ(bi+1, i+ 1) = B), ci+2 ∈ Ei, and ci+2 6∈ Ei+1, we get
Ei+1 ⊂ Ei, whence |Ei+1| < |Ei| = n. If the label of no cell in Ñ(ci+1) is B, then
also |Ei+1| < n, since Ei+1 = Ei r {ci+2}. We have the following three cases
corresponding to Ei+1:
Case 1: E1 and E2 are true; Ei+1 is an ensuing hole (inductive hypothesis).
Case 2: E1 is true, but E2 is not; Ei+1 is a hole (Corollary 2).
Case 3: E1 is not true; Ei+1 is neither a hole nor an ensuing hole (Corollary 2).3

In Case 1, there exists a free path ρ(ci+2, bi+1). Since bi+1 ∈ Ñ(ci+1) ⊂
A0(ci+1) and bi+1 ∈ Ei, we have bi+1 ∈ Ei ∩ A0(ci+1), which means either
bi+1 ∈ Ei∩A1(ci+1) or bi+1 ∈ Ei∩(A0(ci+1)rA1(ci+1)). If bi+1 ∈ Ei∩A1(ci+1),
then we get a free path from bi+1 to bi, and hence a free path from ci+2 to bi
(via bi+1). If bi+1 ∈ Ei ∩ (A0(ci+1) rA1(ci+1)), then bi+1 is adjacent to some cell
in Ei ∩A1(ci+1), and since each cell in Ei ∩A1(ci+1) has a free path to bi (E2), a
free path exists from ci+2 to bi.

In Case 2, since Ei+1 is a hole, ρ does not enter Ei+1; i.e., cj 6∈ Ei+1 for
j > i+1. Since ci+2 ∈ Ei∩A1(ci+1), a free path exists from ci+2 to bi, wherefore
Ei is an ensuing hole.

In Case 3, Ei+1 has size n − 1, and is neither a hole nor an ensuing hole.
Hence, after entering ci+2 ∈ Ei ∩ A1(ci+1), in case the next cell ci+3 leads to a
hole, ρ would traverse the free path ρ(ci+2, bi) ⊆ A0(ci+1), whence Ei becomes
an ensuing hole.

Conversely, ifEi is an ensuing hole, then E1 is true, and each path from ci+1 ∈
Ei (via any cell in Ei) to c(5)

i contains bi (Definition 1). Hence, there exists a free
path from each cell in Ei ∩ A1(ci) to bi, which implies E2 is true. �

A hole event is evident from Corollary 2 and Theorem 3:

Corollary 3. ci gives rise to a hole Hi if and only if E1 is true and E2 is false.

The strength of Theorem 3 and Corollary 3 is that, starting from c1, each cell is
randomly and ‘safely’ selected from the available free cells in the neighbourhood

3 For example, in Fig. 4(b), for ci+2 = c
(2)
i+1, Ei+1 is a hole; for ci+2 = c

(4)
i+1 or c(6)i+1, Ei+1 is

an ensuing hole as δ(c(2)i+1) changes from L to B.
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of the current cell using the cell components β and δ. Whether there arises any
ensuing hole, or hole is determined at the current cell by checking E1 and E2,
which needs constant time. Since each cell, getting the interim label B, is finally
occupied (Theorem 2), and the canvas is initialized in such a way that δ(c(5)

1 ) = B

(see Fig. 2), ρ reaches the cell c(6)
1 prior to c(5)

1 [as any free path from c1 to c(5)
1

contains c(6)
1 ] after traversing randomly in the canvas. The algorithm is made to

terminate when the next cell ci+1 is c(6)
1 so that the point pk−1 (selected randomly)

on the right edge of c(6)
1 can be joined with the point pk on the top edge of c(6)

1 , and
then to p1, as shown in Fig. 2, thereby producing a random curve. Leaving aside
the initialization time of the canvas, the time complexity of generating a random
curve that blocks k cells of the canvas is, therefore, given by Θ(k).

3. Artistic Emulation

Non-photorealistic rendering, originated as a promising digital art about two
decades back [5, 31, 32], has gained significant impetus in recent times [8, 13, 18,
19, 21, 29]. Work in this area is mostly based on simulating the physical model
through frictional coefficient, viscosity, smear factors, force factors, and so forth;
see [15, 17, 14, 22, 24]. The factors of irregularity and obscurity arising out of
an artist’s creative mind – which prevail in an artistic creation and hence differen-
tiate it from a machine-generated product – are, however, seldom noticed in the
existing approaches. In fact, unless some (artistic) randomization is imparted, it is
practically impossible to simulate an artistic creation, since the mystical, fanciful
mind of an artist can hardly be scientifically modelled.

To incorporate a randomization factor while sketching a figure out of a set
S of (irreducible) digital curve segments, corresponding to a real-world object,
a novel simulation technique is proposed (see Fig. 5). The fact that an artist of-
ten uses irregular strokes and sub-strokes with varying shades while sketching
is rightly captured in our randomized curve sketching. Some sketched segments
get lightly shaded in our technique compared to other heavily-shaded ones, and
a sub-segment also may be lighter or deeper in shade compared to the rest of the
segment, which demonstrates the usefulness of our algorithm.

3.1. Curve Randomization in CCD and Final Sketch
The input (thinned) digital image is first decomposed into a set S = {Ch}Nh=1

of digital curves, each of which is simple and irreducible [16]. For each curve
Ch, we prepare its curve-constrained domain (CCD), namely Dh, in which the
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Figure 5: Proposed algorithm. Left-top: Input image. Left-mid: After edge detection. Left-
bottom: Skeletal image. Right: Final output by our algorithm, which resembles a crayon-drawn
line sketch on a piece of handmade paper.

segment (corresponding to Ch) sketched by the pencil will lie. Figure 6 illustrates
a simple case where the segment starts from the point p and ends at the point q.
Notice that the points p and q lie in two cells of Dh. Vertices and centres of cells
in Dh are assumed to be grid points in Z2, also simply called points for brevity
in this paper. For each point p ∈ Ch, we take its Minkowski sum [16], namely
Mp = {q : q ∈ Z2 ∧ ||p − q|| ≤ bt/2c}, t being the width (or thickness) of the
pencil-tip; then Dh is defined by

⋃
p∈Ch

Mp.

As explained earlier, the curve ρ starts from p = p1 and randomly chooses
all the successive points, eventually ending at the destination point q (see Fig. 6).
Cells cp and cq, corresponding to p and q, are obtained first (see Fig. 6). The
initialized curve ρ enters c(6)

q and then progresses through the border cells, to
finally reach the cell cp. By this initialization, cq is free and has B as δ-value,
whereas all other border cells are occupied, the (actual) random curve starts from
p, and the free cells, adjacent to the border cells, have L or R as δ-value. While
generating the random curve, if some cell c is visited which is adjacent to some
border cell, then the corresponding parameters of c are updated accordingly. The
initialized and the runtime parameters help advancing the curve in a random-yet-
‘safe’ direction. Clearly, that virtual part of ρ lying in the border cells of Dh is not
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(a) p

q

(b)
p

q

Figure 6: (a) Minkowski sum (in blue) of a typical (simple and irreducible) digital curve
(deep green) from p to q; red lines show the borderlines through p and q for CCD initialization.
(b) Cells occupied (β > 0) by the initialized curve are shown in violet.

random, and hence not considered as being a part of the random curve.
For each curveCh in S, we createm random curves. In our work, S is obtained

by Canny edge detection [4] and thinning [25]. If p and q be the respective start
and end points of the curve Ch, then each of these m random curves is made to
start from p and end at q. Further, due to the curve-constrained domain Dh, corre-
sponding to Ch, each random curve strictly lies in Dh. The cells of Dh are always
(re-)initialized for creating each instance of the m random curves corresponding
to Ch.

Let Sh =
{
C

(z)
h

}m
z=1

be the set of m random curves corresponding to Ch.

Let ch be a cell of the domain Dh. We maintain a counter, namely COUNT[ch],
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corresponding to each ch ∈ Dh. Each such COUNT[ch] is initialized to 0 before
generating the random curves in Dh. Whenever a random curve C(z)

h visits ch,
COUNT[ch] is incremented. Thus, after all m random curves are constructed in
Dh, we get 0 ≤ COUNT[ch] ≤ m, for all ch ∈ Dh.

In order to create the artistic curve C̃h corresponding to Ch, we use the counter
values {COUNT[ch] : ch ∈ Dh}. For each ch ∈ Dh, the corresponding image pixel
is intensified to the value

γmax −
(
γ0 +

COUNT[ch]

m
× (γmax − γ0)

)
since we consider 8-bit intensity of the image (with γmax = 255, γ0 = 0) as
the final output corresponding to the input set S. To achieve an overall darker
intensity (as in Fig. 12) in simultaneity with the randomized finish, we scale the
colour spectrum to a smaller interval, namely [γ0, γmax − γ0], and assign the pixel
intensity by setting γ0 to an appropriately high value.

4. Experimental Results

We have tested the algorithm for random curve generation and its applica-
tion software for artistic emulation in JavaTM API, version 1.5.2, the OS being
Linux Fedora Release 7, Kernel version 2.6.21.1.3194.fc7, Dual Intel Xeon Pro-
cessor 2.8 GHz, 800 MHz FSB. The results and relevant observations are given in
Sec. 4.1 and Sec. 4.2.

4.1. Testing Random Curve Generation
We have considered canvas sizes varying from 128× 128 to 1024× 1024, and

cell sizes varying from 4× 4 to 64× 64, and have generated 16,000 closed digital
curves whose lengths are seen to vary from 37 to 54709. The average CPU time,
as estimated for these curves, is only 0.013 milliseconds per curve-point/pixel,
which demonstrates the real-time speed of the algorithm.

The algorithm is endowed with several variations, and can generate micro-
random as well as macro-random curves, whether using 8-adjacency or 4-adja-
cency. Figure 7 shows an instance of a simple, 8-connected, closed, random digi-
tal curve generated by the proposed algorithm. The curve is not irreducible since
consecutive cell-edge points are joined by digital straight segments. Two more
instances on a smaller canvas are shown in Fig. 8. Applying 4-adjacency, the dig-
ital curve, thus generated, resembles a random polyomino [16] as shown in Fig. 1.
Some instances of such random polyominoes, as generated by our algorithm, are
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Figure 7: A simple, 8-connected, closed, random digital curve generated by the proposed algo-
rithm on a 512×512-canvas with cell size 8. Labels L, R, and B have been shown in green, yellow,
and red respectively. The first image is shown with all labels (including the initialized cell labels
and the grid), the second is shown with only B, and the third is the actual output.
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Figure 8: Two simple, irreducible, 8-connected, closed, and random digital curves generated by
the proposed algorithm on a 256× 256-canvas with cell size 16.

shown in Fig. 9. To generate a random polyomino by our algorithm, we simply
choose the centre of each cell (instead of randomly choosing a point on the en-
try or exit edge of a cell) and join the centres of two consecutive cells by digital
straight segments. Further, if we place the horizontal and the vertical grid lines
randomly on the canvas so that the cells are of random size, then the shape of the
generated curve also changes depending on the cell size, thus giving a different
output. A result for such a nonuniform grid is shown in Fig. 10.

While joining two points that are generated randomly on the cell edges—one
being the entry edge and the other being the exit edge, we initialize each current
cell ci (as done for the canvas). During (cell-)initialization, we subdivide ci into a
mini-canvas consisting of mini-cells of uniform/nonuniform size (at least 3 × 3).
If the exit point pi of ci is an edge-point (and not a grid point4) of the mini-cell
µi, then the initialized curve is made to start from an appropriate mini-cell, say
µ′i ∈ N8(µi), such that µ′i just lies outside ci. From µ′i, we wrap the initialized
curve outside the border of ci, and drag it back around the border just above µ′i
in a suitable way so as to reach the mini-cell µi−1 whose edge-point is the entry
point pi−1 of ci. From µi−1 on, the curve segment of ci is randomly generated
by choosing random-yet-safe mini-cells (as in the algorithm explained in Sec. 2)
and joining the consecutive (and possibly randomly selected) mini-edge-points.

4If pi happens to be a grid point, then we shift it to the left/right/top/bottom of its actual position
by one pixel so that it is strictly an edge-point.
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Figure 9: Four simple, irreducible, 4-connected, closed, and random digital curves generated by
the proposed algorithm on a canvas of size 512 × 512 pixels with cell sizes 32 (top left), 12 (top
right), 8 (bottom left), and 3 (bottom right). Label B has been shown in red. The initialized curve,
shown in red, starts from the left border cell of the canvas, and wraps the canvas along its border
to create a label B, which gives rise to the first ensuing hole E1 in which the curve plies randomly
until it comes back to the very starting cell.

Evidently, due to the initialized label B of a mini-cell b ∈ N4(µi), the curve blocks
the mini-cell b at a point of time (Lemma 2), thereby giving a successful random
curve segment from pi−1 to pi.

For example, for a cell ci, if the entry point pi−1 is selected on the top edge
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Figure 10: A simple, irreducible, 4-connected, closed, and random digital curve generated for
nonuniform cell size (varying from 4 to 32).

and the exit point pi on the left edge of ci, and the respective mini-cells whose
edges contain pi−1 and pi are µi−1 and µi, then we consider µ′i = µ

(5)
i , which lies

just outside the left border of ci. The initialized curve is made to pass vertically
down from µ′i right up to the cell lying south-west of the (bottom-left) corner
mini-cell of ci, take a left turn, move horizontally right and take again a left turn
at the cell lying south-east of the (bottom-right) corner mini-cell of ci, and so on;
and on reaching µ(3)

i , it is given a 1800 turn through µ(2)
i and made to traverse

vertically upwards, take a right turn at the (left-top) corner mini-cell of ci and
finally reach the mini-cell µi−1 containing the entry point. It may be noticed that
such an initialization produced the label B of the mini-cell µ(4)

i , which is, therefore,
blocked by the time when the curve segment of ci is generated.

To test the behaviour of the algorithm, we were running it for different sizes
of the canvas A. For a particular canvas size |A|, we have taken different numbers
m of rows (and columns), and different cell sizes s. For each canvas with a fixed
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(i) |A| = 1024×1024 m = 8 s = 128 N = 800

Figure 11: Frequency f of visiting (i.e. blocking) the cells when the algorithm is run N times on
a square canvas A of size |A| pixels consisting of m2 cells, each of size s× s pixels.
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Table 1: Summary of simulation results, where w denotes image width, h image height, n the
number of curve points in the input image, t width (or thickness) of the pencil-tip, m the number
of random curves, and T the CPU time in seconds for the algorithm to produce the final output.

Image w h n t m T
houses 480 320 3441 8 10 10.871
houses 480 320 3441 5 5 6.257
nestle 320 480 2579 8 10 9.755
elephants 480 320 6256 5 5 10.306
vase 220 400 5048 5 5 3.333

(m, s)-specification, we have run the algorithm for a sufficiently large number
N of times. Let Xk(i, j) be the random event that a cell c(i, j) is visited by the
random curve ρk; Xk(i, j) = 1 if ρk visits c, and 0 otherwise. Then

f(i, j) =
N∑
k=1

Xk(i, j)

indicates the expected value of Xk(i, j) over all N iterations for a particular can-
vas. Figure 11 shows the distribution of f(i, j) over all cells (i, j) constituting a
particular canvas, for N = 800. From these frequency plots it is evident that the
distribution of ‘blocked cells’ over the entire canvas is almost uniform. In partic-
ular, the uniformity is gradually becoming clear when the number of cells is made
quite large for a large number of iterations. For the cells lying near the border
of the canvas, the frequency is relatively low due to the reason that some cells
lying on the border were blocked during initialization. The effect is, in fact, more
prominent for a small canvas. For example, in Fig. 11a, the cells with 31 ≤ x ≤ 35
or 31 ≤ y ≤ 35 have f = 0.

4.2. Creating Artistic Sketches
The algorithm for random curve generation, with certain modifications as ex-

plained in Sec. 3, has been employed for the creation of artistic sketches from
many line diagrams and edge maps, only a few of which are presented in this pa-
per. Snapshots on a typical set are already given in Fig. 5. A summary of results
for a few images presented in Table 1 shows that as the width of the pencil-tip
increases, the run-time also increases, since it needs a larger number of iterations
to create sufficient stroke intensity.

24



S t = 7,m = 3 t = 7,m = 5

t = 7,m = 7 t = 12,m = 5 t = 12,m = 9

Figure 12: Effect of varying m versus t (γmax = 255, γ0 = 0).
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Figure 13: Results for a photo. Top-left: Original photograph. Top-right: Product of our algorithm.
Bottom: After overlaying on a textured background.

Figure 14: Effect of using mixed pencils. Left: Input image. Middle: Product of our algorithm.
Right: After overlaying on a textured background. Note that our algorithm uses thick curves in
the relevant portion (e.g., nose) and thin curves for small details, which creates the desired artistic
touch.
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Figure 12 shows the effect of the number of iterations m with changing width
t of the pencil-tip. Clearly, for a given value of t, the stroke intensity increases
with increase in m. An appropriate combination of m and t is, therefore, required
to achieve aesthetic quality. Finer details can be captured with a fine-tipped pencil
(low value of t), as presented in Fig. 12. Figures 13 and 14 show how our algo-
rithm successfully produces the desired artistic impression – whether the type of
input be a line-sketch or a photograph. Figure 14 also shows the usage of mixed
pencils to take care of different regions of interest. For a fairly long curve that
possibly signifies a strong structural information, demanding a bold stroke from
the artist, a thick and bold line is sketched by our algorithm. The non-uniformity
of shade gives a crayon-like appeal, thus creating an artistic finish.

5. Conclusions

The algorithm proposed here is quite effective in generating random curves
and random polyominoes which have many applications, as mentioned in Sec. 1.
One new application is artistic emulation of sketches as a potential state-of-the-art
practice in non-photorealism which is explained in this paper. Exhaustive exper-
imentation quantifies the true randomness in the nature of the algorithm. Results
of artistic emulation, although not quantifiable, show indeed the practicality of the
algorithm for the creation of digital art when it is used in a judicious and mean-
ingful way. Studies and experimentation with random curve generation may be
relevant in future research in other contexts as well. One of this might be, given
a canvas with a certain specification, how to generate random curves or polyomi-
noes whose length lie within a prescribed range.
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