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Abstract

Electrical impedance tomography (EIT) is an imaging modality which can be applied to

conductive targets. In EIT electrodes are placed on the boundary, or surface, of an ob-

ject and weak electrical currents are injected into the target through the electrodes. The

resulting voltages are measured and an estimate for the internal conductivity distribution

of the target is computed. There are numerous applications of EIT, from monitoring a pa-

tient’s pulmonary or brain function to imaging of multi-phase flows or subsurface geophysical

structures.

The difficulty in EIT, as with all diffuse tomography modalities, is that the estimation

of the internal conductivity distribution is an ill-posed inverse problem. This implies that

the estimates are unstable and often non-unique. As a consequence, attention must be paid

to the mathematical modelling of the measurements as well as to the estimation methods.

Furthermore, in any practical situation where a mathematical model is applied there are pa-

rameters which are unknown or uncertain. In order to handle these uncertainties simplifying

assumptions or approximations are usually made. These approximations for the modelling

uncertainties are typically made since the information is impossible or infeasible to measure.

Failing to account for these modelling uncertainties leads to systematic errors, which destroy

estimates. Moreover, in practical situations there is limited computational power and time

so there is pressure to compute the estimates with a approximative model.

A typical way of reducing the computational cost is to shrink the computational domain

in which estimates are computed. For example, in geophysical EIT the region of interest may

only be very small in comparison to the area where the current flows resulting from the EIT

current injections can stretch. If these current flows are not correctly modelled, estimates of

the conductivity distribution may have severe artefacts rendering estimate meaningless.

In this thesis, we develop a computationally feasible model for practical absolute EIT

imaging. Such a model will have to account for the modelling uncertainties which are present

in all practical measurements. Also it will have to be sufficiently low dimensional so that

the online computation of the conductivity estimates is feasible.

In order to achieve this, we develop a model which accounts for the current flows when

the computational domain is truncated. The resulting domain truncation model involves the

stochastic Dirichlet-to-Neumann operator over the truncation boundary. The Karhunen-

Loève decomposition is then adapted to give a low-dimensional model for the stochastic

Dirichlet-to-Neumann operator. In order to take the modelling errors into account, we use

the recently developed Bayesian approximation error approach. In particular, we use the

Bayesian approximation error approach to compensate for errors induced from unknown

contact impedances, model reduction and the use of an approximative domain shape.
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1
Introduction

Electrical impedance tomography (EIT) is a diffuse imaging modality in which the internal

conductivity distribution of a target is estimated. In order to estimate the conductivity

distribution, electrodes are attached to the boundary of a target and currents are injected

through the electrodes. The resulting voltages on all electrodes are then measured and the

conductivity distribution of the target is estimated. Electrical impedance tomography is the

modern application of Calderón’s inverse conductivity problem which he originally posed in

his 1980 paper [19].

In this paper, Calderon posed the following problem. Let Ω be a bounded domain in Rd,
d = 2, 3, . . . , with Lipschitz boundary ∂Ω and suppose σ ∈ L∞ (Ω) is bounded away from

zero. Then he considered the differential operator

Lσ(u) = ∇ · (σ∇u) ,

and the associated quadratic form

Qσ (g) =

∫
D
σ |∇u|2 dx, u ∈ H1

(
Rd
)
, u|∂Ω = g, (1.1)

where u ∈ H1
(
Rd
)

satisfies Lσu = 0 in the weak sense. Then the question Calderón posed

was, does the quadratic form Qσ uniquely determine the parameter σ. Furthermore, if this

is true can we reconstruct σ from Qσ. In other words Calderón asked: can we determine

the conductivity of a body by making arbitrary current and voltage measurements on the

boundary of the domain Ω. Such problems arise in geophysical prospecting and it has been

reported that Calderon thought of the problem while working as an engineer in Argentina

[117].

Over the next thirty years many researchers took Calderon’s results and ideas and ex-

tended them giving a wealth or results. The main contributions can be found in [110, 56,

97, 85, 86]. The main differences in these articles was the smoothness requirements on the

conductivity and the boundary ∂Ω. These results are all centred around using complex geo-

metrical optics. The results largely focused on the case when d ≥ 3, however, recently in [4]

1



CHAPTER 1. INTRODUCTION

Calderón’s original question was answered in the affirmative for d = 2.

In the above papers, it is assumed that currents and electrode potentials are measured

continuously over the entire boundary or an open subset of the boundary. However, practical

EIT measurements are performed using electrodes attached to the boundary of a target. As

a result, real measurements are a, typically, small list of numbers. Models were developed

to handle the various physical effects of the electrodes. In [28] the complete electrode model

was proposed as it accounts for the shunting effect caused by the electrodes and the contact

impedances between the surface of the target and the electrodes. In [109] the complete

electrode model was shown to be well-posed in the sense of Hadamard [50]. In Chapter 2 we

will discuss the complete electrode model in more detail.

There are numerous applications of EIT. The geophysical applications include detecting

leaks in underground storage tanks, imaging of subsurface structures or determining hy-

draulic properties of the soil [96, 30, 29]. In biomedical imaging, EIT has been applied for

monitoring of the lungs and heart [27, 84, 123, 10, 43], breast cancer detection [67, 132] and

even for monitoring brain activity [115]. Electrical Impedance Tomography has also been

used in an industrial setting to image and monitor multi-phase flows [26, 52], slurry mixing

[127] and optimal control [105], to name a few. It has also been applied in the non-destructive

imaging of concrete [69, 68].

In these applications, there is a wide range of uncertainties present. A common uncer-

tainty is an unknown domain shape. As an example, consider using EIT to monitor the of

pulmonary function of a patient. Here, the electrodes are attached to the patient’s thorax

region and continuous EIT data is used to monitor the pulmonary function of the patient.

In principle, the shape of the thorax of the patient can be found using another imaging

technique such as computerised tomography (CT) or magnetic resonance imaging (MRI).

However, such information is typically not available or is expensive to collect, so often an

approximative shape is used. Even if the shape information is available the patient’s thorax

changes over time due to breathing and orientation of the patent, so such information would

be approximate at best. The use of an incorrect domain in absolute EIT imaging has been

shown to cause severe errors in the estimates [44, 130].

Another common error is the placement of the measurement electrodes [75]. When

using a simple geometry, such as a cylindrical tank, to compute measurements electrode

placement is usually not of major concern. Computational methods such as the finite element

method (FEM), allow accurate modelling of electrode placement. However, the placement

of electrodes in a practical situation is hardly ever exact. Consider placing electrodes in

the pulmonary function situation discussed above. The exact electrode placement is often

unknown, moreover, if the shape of the domain is unknown it is practically impossible to

know the correct placement of the electrodes.

Even when considering laboratory experiments many uncertainties still exist. The highly

controlled environment of a laboratory means we can accurately measure the shape of the

domain and electrode placement. Yet there are still many uncertainties present. The most
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common uncertainty in EIT, even with laboratory experiments, are the contact impedances.

Most current approaches for absolute EIT imaging treat the contact impedances as fixed

and known. However, in practice they are always unknown and in industrial applications

when measurements are temporal as well as spatial the contact impedances can change while

taking measurements. When estimating the internal conductivity distribution the contact

impedances are often of minimal interest, yet using the incorrect values can render estimates

meaningless [124, 53].

Another uncertainty, most often ignored, is the level of discretisation used for estima-

tion. The estimation of the internal conductivity distribution from EIT measurements is

a highly non-linear, ill-posed inverse problem. This means, ideally, that the conductivity

estimates would be computed with a fine discretisation. However, since computational time

and resources are often limited there is pressure to reduce the computational burden. This

often is achieved by using a coarser discretisation or using an approximative model. The

use of reduced models often leads to mismodelling of the data. When these modelling errors

are not accounted for, the estimates can be riddled with artefacts and reflections [62, 63],

making them useless for inference.

In addition, the computational domain is often truncated to decrease the computational

cost. This means, when estimating a conductivity distribution the computations are per-

formed using a domain smaller than the domain where the measurements were physically

taken. For example consider geophysical EIT, here the area which includes all current flows

can be in the order of kilometres. In order to make the problem computationally feasible,

estimates are computed in a small region of interest close to where the current injections.

We discuss this in more detail in Chapter 2.

The Bayesian framework for inverse problems is a natural setting when uncertainties are

present. Through the use of Bayes theorem we are able to probabilistically account for many

of the uncertainties we have mentioned above. If the uncertainties can be parametrised by

a small number of unknowns, they could be estimated simultaneously with the conductivity

[23]. In many practical situations the uncertainties can not be feasibly modelled with a small

number of parameters.

In this thesis, we use the Bayesian approximation error approach (BAE) to handle mod-

elling uncertainties [62, 63]. The key idea in the BAE approach is, loosely speaking, to

treat not only the measurement error but also the effects of the discretisation and modelling

uncertainties as an additional additive error. We call this additional additive error the ap-

proximation error (AE). Often, the true value of the approximation error is unknown since

its value depends on the unknown conductivity and modelling uncertainties. However, the

statistics of the approximation error can be approximately estimated when prior information

of the uncertainties are considered. The statistical model of the approximation errors are

then used in the computation of estimate to compensate for the effect of the modelling errors.

The BAE approach was originally used in [62] to compensate for discretisation errors

in a range of inverse problems, including absolute EIT imaging. Later the approach has
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been applied to different errors and other inverse problems. The BAE approach for the

approximate marginalisation of unknown auxiliary parameters was proposed in [74]. Here

computed examples were related to diffuse optical tomography, in which the absorption

coefficient is usually the primarily interesting parameter and the scattering coefficient can

be considered as an auxiliary parameter. In geophysical EIT, the discretisation errors and

errors due to truncation of the computational domain were studied in [76]. In [94], a linear

approximation for the forward solution was used in EIT inverse problem. The error caused

by the linearisation was accounted for using the BAE approach. In optical tomography, a

coarse discretisation, domain truncation and unknown anisotropy structures were treated

in [3, 73, 54, 55]. In [112], again related to optical tomography, an approximative physical

model (diffusion model instead of the radiative transfer model) was used for the forward

problem. In [88, 89], the BAE approach was applied to real data. They reconstructed

three-dimensional conductivity distributions when approximation errors were used to account

for discretisation error, unknown contact impedances and domain truncation. Recently, in

[90, 91] the uncertain boundary problem was considered. They found that the BAE approach

was able to compensate for the modelling errors induced from the use of an approximative

domain. Furthermore, they were able to recover an estimate for the boundary shape.

The aim of this thesis is to develop a feasible computational model for practical absolute

EIT imaging. Such a model will have to account for the modelling uncertainties which

are present in all practical measurements. Also such a model should be sufficiently low

dimensional so that the online computation of the conductivity estimates is not burdensome.

We adopt the Bayesian framework for inverse problems to develop such a model.

First, we propose a model which accounts for the current flows when the computa-

tional domain is truncated. The resulting domain truncation model involves the stochastic

Dirichlet-to-Neumann operator over the truncation boundary. The Dirichlet-to-Neumann

operator is a non-local boundary operator which depends on the conductivity from the

truncated region and maps Dirichlet data to Neumann data. This physically corresponds

to mapping boundary voltages to the corresponding current flows across the boundary. We

prove the proposed domain truncation model is well-posed in the sense of Hadamard [20, 21].

The finite element method (FEM) is then used to develop an approximation to the DtN map

and the weak solution of the domain truncation model. The proposed model is then tested

numerically against the complete electrode model. This work builds on the results originally

presented in [61]. In this paper the DtN map is used to account for domain truncation when

data is measured continuously on the boundary. Using this model they derive many analytic

results relating to domain truncation. When the the EIT inverse problem is considered they

treat σ2 as known and homogeneous.

When considering the EIT inverse problem the conductivity is unknown, and in par-

ticular, the conductivity distribution of the truncated region is unknown. This means the

Dirichlet-to-Neumann map is unknown. However, in the Bayesian framework we have a

probabilistic model for the conductivity distribution. The Dirichlet-to-Neumann map inher-

its the stochastic nature of the conductivity. We employ the Karhunen-Loève decomposition

4



to model the random nature of the stochastic Dirichlet-to-Neumann map. Typically, the

Karhunen-Loève theorem is used to represent a random field over a separable basis. We

adapt the Karhunen-Loève theorem to allow the representation of a stochastic operator as

a countable sum of appropriate basis operators. As an example of the representation, we

consider a convolution operator with Gaussian kernel and unknown precision parameter.

We then consider estimates of an internal conductivity distribution for various 2D simula-

tions and experiments are computed using the proposed low-dimensional domain truncation

model.

Next, we consider the EIT inverse problem with domain truncation when modelling

uncertainties are present. We compute estimates using the domain truncation model and

employ the recently developed Bayesian approximation error approach. In particular, we use

the Bayesian approximation error approach to compensate for errors induced from the use

of a coarse discretisation and an approximative domain shape.

Finally, three-dimensional absolute EIT imaging is considered. To achieve this we first

implement the Dirichlet-to-Neumann map, and hence the domain truncation model, in 3D

and estimates are computed from simulated and experimental data. Also we extend the

results from [90, 91] regards the use of approximative domain shapes to three-dimensional

domains. Using these results we then consider a simulation which contain many of the

uncertainties present in real thorax measurements. The data for this simulation is generated

using a domain with an irregular boundary shape, a fine discretisation and heterogeneous

contact impedances. To test our computational model estimates are computed using the

domain truncation model over an approximative domain with a very coarse discretisation

and fixed homogeneous contact impedances.

This thesis is organised as follows. In Chapter 2 we consider the domain truncation model

and test the model with a four numerical examples. Chapter 3 considers the low-dimensional

representation of a stochastic compact operator. The basic theory for inverse problems is

reviewed in Chapter 4. In Chapter 5, the reduced order domain truncation model is applied

to the EIT inverse problem. Modelling uncertainties and the domain truncation model are

considered in Chapter 6. Finally, in Chapter 7, we consider three-dimensional absolute EIT

imaging.
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2
Domain Truncation Model for Electrical

Impedance Tomography

In electrical impedance tomography (EIT), the aim is to reconstruct the internal conductivity

distribution of a target from voltage measurements taken over the boundary. In order to

perform the EIT inverse problem just described we first require a forward model which

connects current injections over the boundary with the resultant boundary voltages.

There are several different forward models in EIT. A common feature of all these models

is that electric currents are assumed to only pass through electrodes attached to the bound-

ary. In practice, this would mean that the forward computations need to be performed over

a domain large enough that it includes all current flows within the target. However, in some

applications the solution of the EIT forward problem may be computationally excessive.

This is in particular when the computational domain is very large (especially in 3D). Such

situations arise in imaging of underground water or oil reservoirs. In these cases the area

which includes all current flows can be in the order of kilometres. If one shrinks the com-

putational domain without compensating for the subsequent lost current flows then severe

reconstruction errors occur [122].

Domain truncation has been considered since the conception of EIT. In [35] Dey and

Morrison considered geophysical ERT. For computational reasons they truncated the com-

putational domain. In this paper the computational domain was chosen so that the potential

near the boundary is asymptotic to a potential corresponding to a homogeneous conductivity

distribution in a half space. They then applied a mixed boundary condition on the trun-

cation boundary which corresponds to the fundamental solution of the half-space using the

homogeneous conductivity. This approach had varying levels of success. In practice, one

does not know the what value the homogeneous conductivity should be. Moreover, a large

computational domain is typically still required to ensure the asymptotic behaviour.

Other methods such as perfectly matched layers or the method of infinite elements have

been considered in [15, 122, 11]. Again these methods have had some success but are ad

hoc in nature, with no natural way of setting the various parameters involved. Recently the
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Bayesian approximation error (BAE) approach, which will be discussed in detail in Chapter

6, has been applied to the truncation problem. In [76] and [89] approximation errors were

used to compensate for domain truncation. Geophysical ERT was considered in [76], and

Bayesian approximation error (BAE) approach was used to compensate for the unknown

flux across the induced truncation boundary. They found that the reconstructions were

significantly improved, however there was still room for improvement. In [89] the BAE

approach was used to compensate for a range of modelling errors, one such error was domain

truncation. They found that BAE approach improved their estimates.

The methods from this previous work are largely ad hoc in nature and worked with var-

ious levels of success. In this chapter we propose a new model which is able to handle the

truncation of the computational domain. This method uses a partial Dirichlet-to-Neumann

(DtN) map to model the electrical currents over the induced truncation boundaries. How-

ever, the DtN map is infinite dimensional so we also seek a feasible, finite, preferably low,

dimensional approximation.

Local Dirichlet-to-Neumann maps have previously been suggested as an artificial bound-

ary conditions in scattering theory. Here domain truncation has obtained considerable atten-

tion and various non-reflecting boundary conditions at the truncation boundary have been

proposed. In [45, 46, 48, 49, 70] the idea of using the Dirichlet-to-Neumann boundary condi-

tion as a perfect non-reflecting condition was developed and demonstrated that the approach

is computationally viable.

Typically with scattering problems, the outside domain is usually known to be free space,

and the Dirichlet-to-Neumann map for outgoing solutions is readily computed. A different

situation occurs in domain decomposition methods, in which the computational domain is

partitioned in subdomains that need to be connected so as to not create a reflection from the

artificial boundary. In the 1990’s the idea of using the Steklov-Poincarè map (an alternative

name for the Dirichlet-to-Neumann map) was advocated by numerous authors, see [95] and

its subsequent references.

This chapter is structured as follows. First we review the complete electrode model

(CEM), the forward model we shall use, and its associated weak form. We then review

the Dirichlet-to-Neumann map in terms of the Dirichlet problem and examine some of its

associated properties. This is followed by the derivation of the proposed domain truncation

model. Finally, we develop the finite element method (FEM) approximation to the DtN map

and the proposed domain truncation model.

2.1 The Complete Electrode Model

As noted above, there are many models which describe the EIT forward problem. In this

thesis we choose to use CEM as it is currently the most accurate known model since, for

example, it takes into account the shunting effects of electrodes being in contact with the

targets boundary [28, 109]. Furthermore in [109] it was reported that the complete electrode
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model predicted measured potentials within the error of their measurement system. See

[27, 118, 121] for general reviews of EIT forward models.

2.1.1 Mathematical Model

Let Ω be a bounded domain with Lipschitz boundary ∂Ω and outward normal denoted by

ν. The model for the electromagnetic field in Ω is given by the Maxwell equations

∇ ·D = ρc (2.1)

∇ ·B = 0 (2.2)

∇× E = −∂B
∂t

(2.3)

∇×H = J +
∂D

∂t
. (2.4)

Here E is the electric field, H is the magnetic field, B magnetic induction and D is the

electrical displacement, ρc is the charge density and J is the current density. The current

density can be represented by J = Js + Jo = source current + ohmic current. Furthermore,

if we have a linear isotropic medium the following are also valid

D = εE (2.5)

B = µH (2.6)

J = σE (2.7)

where ε, µ and σ are scalar valued functions representing the permittivity, permeability

and conductivity of the medium, respectively. We note that conductivity is the inverse of

resistivity and is bounded, that is there are c, C > 0 such that 0 < c ≤ σ ≤ C <∞ and we

suppose σ is piecewise continuous. For more details about admissible conductivities see [65].

In low frequency EIT, the quasi-static approximation is usually made. That means even

though alternating currents are used the time-dependence can be ignored. This approxima-

tion is valid whenever the frequencies of the alternating currents are small [118]. As a result

the derivatives in equations (2.3) and (2.4) are zero. We suppose the internal source Js is

zero, if this is not the case we redefine the domain as the original Ω less the support of the

source.

Putting this together gives ∇× E = 0, so there is an electric potential u such that

E = −∇u. (2.8)

Taking the divergence of (2.4) and applying (2.7) with (2.8) we get the homogeneous Poisson

equation

∇ · σ∇u = 0. (2.9)
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Therefore the homogeneous Poisson equation models the electric potential in the interior of

the domain Ω. An alternative derivation is found by considering a power series expansion of

the permeability µ when it is small. This derivation can be found in Appendix 2 of [109].

Suppose we have Nel ∈ N electrodes attached to ∂Ω. In order to correctly model these

electrodes we define a set of surface regions e` ( ∂Ω when ` ∈ {1, 2, . . . , Nel}. These regions

are disjoint, ei ∩ ej = ∅ for i 6= j. If d = 2 then the e`’s are intervals when d = 3 each e` is

a region, typically rectangular, with piecewise smooth boundary.

We wish to define Neumann data on the boundary. However, this data is often hard (if

not impossible) to measure in practice, since, only the total current I` over each electrode

can be controlled. The total current I` ∈ R over electrode e` is given by∫
e`

ν · (σ∇u) dS = I`, ` ∈ {1, . . . , Nel} (2.10)

when I` is a known real number. Furthermore, since the electrodes are made from metal,

this means the potential under each electrode can be accurately modelled by a constant [27],

i.e. u(x) = U` ∈ R for all x ∈ e`. This is not the full story however, there is also a chemical

reaction going on between the electrodes and ∂Ω. Specifically there is a voltage drop across

each electrode which is modelled as the product of a contact impedance with the boundary

flux [93] giving

u+ z`ν · (σ∇u) = U` when x ∈ e`, ` ∈ {1, . . . , Nel}, (2.11)

where z` > 0 denotes the contact impedance of the `th electrode.

Finally CEM assumes the boundary is insulated everywhere except the electrodes

ν · (σ∇u) = 0, when x ∈ ∂Ω \
Nel⋃
`=1

e`. (2.12)

Equations (2.9) − (2.12) define the complete electrode model when accompanied with

the conditions ∑
`≤Nel

I` = 0 and
∑
`≤Nel

U` = 0. (2.13)

These conditions ensure a unique solution and physically correspond to charge conservation

and grounding the voltage respectively.

For the rest of this thesis we let U, I, z ∈ RNel where U`, I` and z` are the elements

respectively with z` ≥ ε > 0. We call I the current pattern, U the electrode potentials and

z the contact impedances.
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2.1.2 Weak Formulation

In Section 2.4 we use the finite element method (FEM) to solve the forward problem. In

order to use FEM we need the weak form of the CEM.

The weak form of a partial differential equation (PDE) is an alternate formulation of

the original PDE and boundary conditions. The weak form is formulated by multiplying

the PDE, and related boundary conditions, by a test function, typically denoted by v, and

integrating over the domain. Once we have the weak form, the Lax-Milgram Theorem gives

the existence, uniqueness and stability of a weak solution [106, Thm. 6.5]. For more details

about weak solutions see texts on partial differential equations such as [40, 101, 107].

Let us define the following sets,

H = H1 (Ω)× RNel and Ḣ = H \ R. (2.14)

The set Ḣ identifies R with the subspace {a1 ∈ H|a ∈ R} of H in the natural way, when 1 is

the constant function with value one. We equip H and the quotient space Ḣ with the typical

norms

‖(u, U)‖2H = ‖u‖2H1(Ω) + ‖U‖2RNel

‖(u, U)‖Ḣ = inf
a∈R
‖(u− a, U − a)‖H .

The quotient norm tells us (u, U) ∈ H and (v, V ) ∈ H are equivalent in Ḣ if

u− v = U1 − V1 = · · · = UNel
− VNel

= constant.

Physically, the use of a quotient space is analogous to the freedom of choice in the ground

voltage level.

The weak form of the complete electrode model is derived by considering CEM as Pois-

son’s equation with mixed boundary values. The PDE is then multiplied by a test function

v ∈ H1 (Ω) and integrated using Green’s identity∫
Ω
v∇ · (σ∇u) dx =

∫
∂Ω
v ν · (σ∇u) dS −

∫
Ω
σ∇u · ∇v dx, (2.15)

when u, v and σ are sufficiently smooth functions [83, Lemma 4.1]. Note that H1(Ω) =

W 1,2(Ω) is the Sobolev space consisting of square in functions which have a square integrable

weak derivative. For more on Sobolev spaces see [1, 83], alternatively see [101, Chp. 7] for a

gentler introduction.

It was shown in [109] that, with some algebraic manipulation and rearranging, we get∫
Ω
σ∇v · ∇u dx+

∑
`≤Nel

1

z`

∫
e`

(u− U`)(v − V`) dS =
∑
`≤Nel

V`I`,
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for all (v, V ) ∈ Ḣ with
∑

`≤Nel
I` = 0 and

∑
`≤Nel

V` = 0, when (u, U) ∈ Ḣ with
∑

`≤Nel
U` = 0.

This weak form leads us the following theorem.

Theorem 2.1. Let σ be an admissible conductivity and z denote the contact impedances.

Then the complete electrode model, defined by equations (2.9) − (2.12), has a unique weak

solution (u, U) ∈ Ḣ. The weak solution (u, U) satisfies

B0 ((u, U), (v, V )) = f((v, V )), for all (v, V ) ∈ Ḣ.

Here B0 and f are the bilinear and linear forms defined by

B0 ((u, U), (v, V )) =

∫
Ω
σ∇v · ∇u dx+

∑
`≤Nel

1

z`

∫
e`

(u− U`)(v − V`) dS (2.16)

f ((v, V )) =
∑
`≤Nel

V`I`. (2.17)

This theorem was proved in [109] and uses the observation that the space Ḣ can be

equipped with the norm ‖·‖? defined by

‖(u, U)‖2? =

∫
Ω
|∇u|2 dx+

∑
`≤Nel

∫
e`

|u− U`|2 dS.

Using this norm one can show that the bilinear form B0 satisfies

c ‖(u, U)‖2? ≤ B0 ((u, U), (u, U)) for all (u, U) ∈ Ḣ,

and

|B0 ((u, U), (v, V ))| ≤ C ‖(u, U)‖? ‖(v, V )‖? for all (u, U), (v, V ) ∈ Ḣ,

for some 0 < c ≤ C < ∞ which depend only on σ and z. Then the Lax-Milgram Theorem

can be applied to show that there is a unique weak solution to the complete electrode model.

In Section 2.3 we extend the complete electrode model and the associated weak form to

account for domain truncation. Specifically, we use the Dirichlet-to-Neumann map to model

the current flows over the truncation boundaries.
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2.2 The Dirichlet-to-Neumann Map

The DtN map is a non-local operator which maps Dirichlet data (boundary data) to Neumann

data (flux data). To derive the DtN map we consider the general Dirichlet problem.

The following discussion is classical and the results can be found in a number of texts.

For the rest of this section suppose that d ≥ 2 and Ω ⊂ Rd is a bounded domain with

Lipschitz boundary ∂Ω and outward normal ν. This section is based on [40, 113, 114, 116].

The Dirichlet Problem

Suppose σ is a bounded isotropic conductivity with

ess inf σ = sup {a ∈ R | µ ({x | σ(x) < a}) = 0} > 0,

where µ(·) is the Lebesgue measure in Rd. The following results reviewed in this section are

also valid when σ is anisotropic (matrix valued). For simplicity we restrict our review to

isotropic fields. The Dirichlet problem can be stated as: Find u such that

Lσu = ∇ · (σ∇u) = f in Ω, u = g on ∂Ω. (2.18)

In order to solve this problem we first seek weak solutions and then show that, under

some additional assumptions, the weak solution can be a strong (or even classical) solution.

In order to find weak solutions the Dirichlet problem is redefined in terms of Sobolev spaces.

Specifically the operator Lσ is defined as an operator from H1 (Ω) to H−1 (Ω). Here Hs (Ω)

is the Sobolev space W s,2 (Ω) and H−1(Ω) is the dual of H1
0 (Ω), when H1

0 (Ω) is the set of

H1 (Ω) functions which go to zero on the boundary [1].

In order to define Lσ over H1 (Ω) we recall Green’s identity equation (2.15). Then we

define the operator Lσ : H1 (Ω)→ H−1 (Ω) such that

(Lσu, v)1 =

∫
Ω
σ∇u · ∇v dx, (2.19)

where (·, ·)1 denotes the pairing of H1
0 (Ω) and its dual space H−1 (Ω), this pairing is the

generalisation of the L2 inner product. Hence if σ ∈ L∞(Ω) with ess inf σ > 0, f ∈ H1 (Ω)

and g ∈ H1/2 (∂Ω) then the Dirichlet problem can be stated: Find u ∈ H1 (Ω) such that

− (Lσu, v)1 =

∫
Ω
σ∇u · ∇v dx =− (f, v)1 , ∀v ∈ H

1
0 (Ω) (2.20)

and Tu =g,

here T : H1 (Ω) → H1/2 (∂Ω) is the trace operator. If σ ∈ C∞(Ω) then the above pairing

is the action of a differential operator on a distribution. The following theorem gives the

existence of a unique weak solution u ∈ H1 (Ω) to (2.20).
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Theorem 2.2. Let f ∈ H−1 (Ω) and g ∈ H1/2 (∂Ω). Then there is a u ∈ H1 (Ω) which is

the unique weak solution to the Dirichlet problem defined in equation (2.20). Furthermore

there exists a C > 0, independent of f and g, such that

‖u‖H1(Ω) ≤ C
(
‖f‖H−1(Ω) + ‖g‖H1/2(∂Ω)

)
(2.21)

This theorem is classical and the proof can be found in most texts on elliptic PDE’s,

see [42, Chp. 6] for example. It is interesting to note that equation (2.21) implies that the

interior regularity of u depends on the source and boundary data. In fact if σ ∈ C∞ then

our solution u is as smooth as the data naturally admit i.e. if f and g are smooth enough

then our weak solution is our strong (or even classical) solution. This can be seen by the

estimate

‖u‖Hs(Ω) ≤ C(s)
(
‖f‖Hs−2(Ω) + ‖g‖Hs−1/2(∂Ω)

)
, (2.22)

when s ≥ 1. This estimate follows from regularity theory of elliptic PDE’s and is valid for

σ ∈ Cs−1(Ω). For more on regularity theory of elliptic PDE’s see [40, 113] for a discussion.

The Dirichlet-to-Neumann Map

Consider the Dirichlet problem stated in equation (2.20) with σ ∈ W 1,∞ (Ω) , f = 0 and

g ∈ H3/2 (∂Ω). From equation (2.22) we have u ∈ H2 (Ω), hence σ∇u ∈ H1 (Ω) and ∇u|∂Ω =

T (∇u) ∈ H1/2 (∂Ω).

Let us define the Dirichlet-to-Neumann operator by

Λ̃σ : H
3/2 (∂Ω) −→ H

1/2 (∂Ω)

g 7−→ ν · (σ∇u)|∂Ω ∈ H
1/2 (∂Ω) . (2.23)

As we can see this is well defined but it is not sufficient for the EIT forward problem.

Theorem 2.1 tells us the EIT forward solution u ∈ H1 (Ω) and the above formulation requires

u ∈ H2 (Ω). If u ∈ H1 (Ω) then, u|∂Ω ∈ H
1/2 (∂Ω) and ∇u ∈ L2 (Ω), consequently ∇u|∂Ω is

not well-defined in L2(Ω). The following proposition defines the Dirichlet-to-Neumann map

in a setting appropriate for the EIT problem.

Proposition 2.3. Let σ ∈ L∞ (Ω) with ess inf σ > 0. Then there exists a unique bounded

operator Λσ : H1/2 (∂Ω)→ H1/2 (∂Ω) such that, for all g, h ∈ H1/2 (∂Ω) we have

(Λσg, h)1/2 =

∫
Ω
σ∇u · ∇v dx, (2.24)

where u, v ∈ H1 (Ω) with T (u) = g, T (v) = h and (Lσu,w)1 = 0 for all w ∈ H1
0 (Ω). Also

note that (·, ·)1/2 denotes the duality pairing of H1/2 (∂Ω) and H−1/2 (∂Ω).
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Proof. By equation (2.21) there exists a C1 > 0 such that

‖u‖H1(Ω) ≤ C1 ‖g‖H1/2(∂Ω) ,

for all g ∈ H1/2 (∂Ω), where u ∈ H1 (Ω) is the unique element with (Lσu,w)1 = 0 for all

w ∈ H1
0 (Ω) and T (u) = g. By the Trace theorem, [83, Thm. 3.37], there exists a C2 > 0 so

that for all h ∈ H1/2 (∂Ω) there is a v ∈ H1 (Ω) with T (v) = h and

‖v‖H1(Ω) ≤ C2 ‖h‖H1/2(∂Ω) .

Now fix g ∈ H1/2 (∂Ω), then there exists a unique u ∈ H1(Ω) such that Tu = g and

(Lσu,w)1 = 0 for all w ∈ H1
0 (Ω). Also fix h ∈ H1/2 (∂Ω). Then there exists a v ∈ H1 (Ω)

with Tv = h. If v is unique then equation (2.19) is well-defined,. However, v is not unique,

so take v1, v2 ∈ H1(Ω) with T (v1) = g = T (v2), giving T (v1 − v2) = 0 and consequently

v1 − v2 ∈ H1
0 (Ω). So (Lσu, v1 − v2)1 = 0 and from equation (2.20)∫

Ω
σ∇u · ∇(v1 − v2) dx = 0.

Hence ∫
Ω
σ∇u · ∇v1 dx =

∫
Ω
σ∇u · ∇v2 dx,

so the operator is well-defined unique. It remains to show that Λσ is bounded. Using the g

and h fixed above, one can choose v such that T (v) = h with ‖v‖H1(Ω) ≤ C2 ‖h‖H1/2(∂Ω) . So

we have

(Λσg, h)1/2 =

∫
Ω
σ∇u · ∇v dx ≤ ‖σ‖∞ ‖u‖H1(Ω) ‖v‖H1(Ω)

≤C1C2 ‖σ‖∞ ‖g‖H1/2(∂Ω) ‖h‖H1/2(∂Ω) .

Hence the operator Λσ is bounded as

‖Λσg‖H−1/2(∂Ω) ≤ C1C2 ‖σ‖∞ ‖g‖H1/2(∂Ω) . (2.25)

The operator Λσ exists and appears to describe the mapping we are interested in. The next

theorem confirms that Λσ is the mapping we are interested in as it is an extension of Λ̃σ.

Theorem 2.4 (Extension of the DtN Map).

Let σ ∈W 1,∞ (Ω) with ess inf σ > 0. Then Λσ is the unique extension of Λ̃σ from H1/2 (∂Ω)

to H−1/2 (∂Ω).

Proof. Let g ∈ H3/2 (∂Ω). Then g ∈ H1/2 (∂Ω) and hence there exists a unique u ∈ H1(Ω)

such that T (u) = g and 〈Lσu,w〉1 = 0 for all w ∈ H1
0 (Ω), so ∇ · (σ∇)u = 0.

Let h ∈ H1/2 (∂Ω). Then there exists a v ∈ H1(Ω) such that T (v) = h. Then Green’s
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identity from equation (2.15) gives∫
∂Ω
hΛ̃σg dx =

∫
∂Ω
h ν · (σ∇u) dx =

∫
Ω
σ∇u · ∇v dx+

∫
Ω
v ∇ · (σ∇u) dx

=

∫
Ω
σ∇u · ∇v dx = (Λσg, h)1/2 .

So the choice of v does not matter. Hence Λσ is an extension of Λ̃σ. Since H3/2 (∂Ω) is dense

in H1/2 (∂Ω) it follows that the extension is unique.

Hence we use the definition of Λσ as for the DtN map throughout the rest of this thesis.

The following proposition gathers some useful properties about the DtN map.

Proposition 2.5 (Properties of the DtN Map). Let g, h ∈ H1/2(∂Ω). Then

(Λσg, h)1/2 = (Λσh, g)1/2 . (2.26)

Moreover, for any g ∈ H1/2(∂Ω), it follows (Λσg, g)1/2 ≥ 0, (Λσg,1)1/2 = 0 and Λσ1 = 0.

Proof. In order to show equation (2.26) let g, h ∈ H1/2(∂Ω) with u, v ∈ H1(Ω) such that

T (u) = g, T (v) = h and (Lσu,w)1 = 0 = (Lσv, w)1 for all w ∈ H1
0 (Ω).

Then we have

(Λσg, h)1/2 =

∫
Ω
σ∇u · ∇v dx =

∫
Ω
σ∇v · ∇u dx = (Λσh, g)1/2 .

Also

(Λσg, g)1/2 =

∫
Ω
σ∇u · ∇u dx ≥

∫
Ω

ess inf(σ) |∇u|2 dx ≥ 0. (2.27)

The rest follows easily. Let us consider the function 1, since Ω is bounded we have

1 ∈ H1 (Ω), T (1) = 1 ∈ H1/2(∂Ω) and ∇1 = 0. Hence, when h and v are arbitrary but

related as above

(Λσh,1)1/2 = (Λσ1, h)1/2 =

∫
Ω
σ∇1 · ∇v dx

∫
Ω
σ 0 · ∇v dx = 0.

Here h was arbitrary so we can conclude Λσ1 = 0 and (Λσh,1)1/2 = 0.

The last two properties we demonstrated are of interest as they are relative to current

flows across the boundary. In particular, (Λσh,1)1/2 = 0 shows that the DtN map satisfies

charge conservation and Λσ1 = 0 means when there is a constant voltage across the trunca-

tion boundary there is no current flow. Also, we note that, with a restriction of the domain,

the DtN map can be shown to be self-adjoint. See [2] for more details.

These above results and definitions are for g ∈ H1/2 (∂Ω), however they are also valid for

when then DtN is defined on part of the boundary. That is if we consider equation (2.20)
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but then define the DtN map as in equation (2.24) but only on Γ ( ∂Ω and homogeneous

Neumann on ∂Ω \ Γ, then it is clear that the results will follow through. See [61] for more

details on this partial boundary data problem.

2.3 Domain Truncation with CEM

Let us consider imaging of a patient’s thorax region. Here electrodes are attached at var-

ious locations on their body below the neck and above the bottom of the rib cage. Recall

the description of EIT given in the introduction of this chapter. We estimate the internal

conductivity distribution of a target from current injections and resulting voltage measure-

ments from electrodes attached to the boundary. This tells us we need to model the electric

potential in the interior of our target, the influence of the electrodes on the boundary and

any other flows of current across the boundary.

It is clear from our description of imaging a patient’s thorax region current can still flow

through the neck and below the rib cage. However, equation (2.12) means that the complete

electrode model has no current flows across the boundary, except over the electrodes. To

compensate for this the DtN map is applied to the regions of unknown boundary flux.

We shall proceed as we did in Section 2.1 by first giving the mathematical model. This is

then followed by the derivation of the weak form and the proof of existence and uniqueness

for our CEM with domain truncation.

2.3.1 Mathematical Model

First we will need some notation to aid our derivation. Let d = 2, 3 and S ⊂ Rd be a

smooth hypersurface intersecting Ω (see Figure 2.1). For simplicity, assume that Γ = S ∩ Ω

σ1

σ2

Ω1

Ω2



�

S1

S

Γ

S2

��/ν1
��7ν2 A

A
AK

HHY
���9
e`

Figure 2.1: Example domain with notation used in the domain truncation model.

is non-empty and consists of a single component, i.e., S is a piece of a smooth hypersurface

that splits Ω in two mutually disjoint parts, denoted by Ω1 and Ω2. Furthermore, we assume

17



CHAPTER 2. DOMAIN TRUNCATION MODEL FOR ELECTRICAL
IMPEDANCE TOMOGRAPHY

that all electrodes are attached to the boundary of the first sub-domain, i.e. e` ⊂ S1 for

` = 1, . . . , Nel.

Let Sj = Ωj ∩ ∂Ω, j = 1, 2, denote the two components of the boundary of Ω. Then

the boundaries of the sub-domains are ∂Ωj = Γ ∪ Sj , j = 1, 2. We assume Γ to be open

relative to ∂Ω1 and ∂Ω2. Also, denote the exterior unit normal vector of the surface of the

sub-domain Ωj by νj . Thus ν1 = −ν2 along the surface Γ.

The notations σj = σ|Ωj and uj = u|Ωj are adopted for the conductivity and the electric

potential in the sub-domains. Let us denote

g = u|Γ .

Assuming for a moment that g would be known, the restrictions u1 and u2 satisfy the

boundary conditions

∇ · (σ2∇u2) = 0, x ∈ Ω2

u2 = g, x ∈ Γ (2.28)

ν2 · (σ2∇u2) = 0, x ∈ S2

and

∇ · (σ1∇u1) = 0, x ∈ Ω1∫
e`

ν1 · (σ1∇u1) dS = I`, ` ∈ {1, . . . , Nel}

u1 + z`ν1 · (σ1∇u1) = U`, x ∈ e`, ` ∈ {1, . . . , Nel} (2.29)

ν1 · (σ1∇u1) = 0, x ∈ S1 \
⋃
`≤Nel

e`

u1 = g, x ∈ Γ.

We now consider the problem in Ω2 given by (2.28). This is an elliptic PDE with mixed

boundary conditions. Thus, supposing that g ∈ H3/2 (Γ) is given, we have a unique solution

ug2 [40]. Hence we can then define a mapping Λσ2 as in equation (2.24)

Λσ2 : H
3/2 (Γ)→ H

1/2 (Γ) , g 7→ ν2 · (σ2∇ug2)|Γ , (2.30)

where the restriction of Γ is in the sense of trace. This is a partial Dirichlet-to-Neumann

map for the Ω2 boundary value problem [20].

Now if we choose g so that u2 = u|Ω2 when u is the solution to CEM for Ω then we have

u1|Γ = g = u2|Γ and hence

ν1 · (σ1∇u1)|Γ = − ν2 · (σ2∇u2)|Γ = −Λσ2u2|Γ = −Λσ2u1|Γ.

18
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Putting all this together leads to the following mixed boundary value problem. Given

current pattern I find (u, U) ∈ Ḣ such that

∇ · (σ1∇u1) = 0, x ∈ Ω1 (2.31)∫
e`

ν1 · (σ1∇u1) dS = I`, ` ∈ {1, . . . , Nel} (2.32)

u1 + z`ν1 · (σ1∇u1) = U`, x ∈ e`, ` ∈ {1, . . . , Nel} (2.33)

ν1 · (σ1∇u1) = 0, x ∈ S1 \ ∪Nel
`=1e` (2.34)

ν1 · (σ1∇u1) = −Λσ2u1, x ∈ Γ. (2.35)

2.3.2 Weak Formulation

As in Section 2.1.2 we wish to derive the weak form of the CEM domain truncation model.

In this section, we will consider only the solution in the sub-domain Ω1, therefore to simplify

notation we drop the indices from u1 and ν1. Also we drop the subscript from the partial

DtN map and will denote it by Λ.

In order to find the weak form we apply the same ideas as we discussed in Section 2.1.2.

Doing so gives the same bilinear and linear forms as previous plus one additional integral∫
Ω
σ∇v · ∇u dx +

∑
`≤Nel

1

z`

∫
e`

(u− U`)(v − V`) dS +

∫
Γ
vΛu dS =

∑
`≤Nel

V`I`

⇐⇒ B0 ((u, U), (v, V )) +

∫
Γ
vΛu dS︸ ︷︷ ︸

BΛ((u,U),(v,V ))

= f ((v, V )) , (2.36)

for all (v, V ) ∈ Ḣ with
∑

`≤Nel
I` = 0 when (u, U) ∈ Ḣ with

∑
`≤Nel

U` = 0.

Note that this bilinear form involves
∫

Γ vΛu dS = (Λg, v|Γ)1/2 so the extended definition

of the DtN map can be applied. Hence the above bilinear form is valid for u, v ∈ H1(Ω), in

particular it is valid for (u, U), (v, V ) ∈ Ḣ. The following theorem uses the above bilinear

form to prove that the CEM with domain truncation has a unique weak solution.

Theorem 2.6. Let σ and z be admissible as in Theorem 2.1, furthermore let Λ be the partial

Dirichlet-to-Neumann map defined in equation (2.30).

Then the domain truncation model, defined in equations (2.31)-(2.35), has a unique weak

solution (u, U) ∈ Ḣ. This weak solution (u, U) satisfies

BΛ ((u, U), (v, V )) = f((v, V )), for all (v, V ) ∈ Ḣ.

Where the bilinear form BΛ and f are defined in equation (2.36).
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Before we proceed with the proof we recall the reason for employing the quotient space

Ḣ, defined in equation (2.14), is only technical in nature and it allows ambiguity of the

constant level in the solution. Physically this non-unique constant level is analogous to the

freedom of choice in the ground voltage level.

Proof. If we consider the second line in equation (2.36) then we have the bilinear form B0.

This bilinear form corresponding to using Λ ≡ 0. The bilinear form B0 was shown to be

bounded and coercive in [109]. In order to show that BΛ is bounded and coercive the integral∫
Γ vΛu dS needs to be bounded above for all u and v and non-negative when u = v.

We note that
∫

Γ vΛu dS = (Λg, v|Γ)1/2. From this observation and recalling equations

(2.25) and (2.27) it is clear that the integral is bounded for all u, v ∈ Ḣ and is non-negative

whenever u = v.

Hence BΛ is a bounded and coercive bilinear form. Thus by the Lax-Milgram Theorem,

the domain truncation model has a unique weak solution in Ḣ.

2.4 Computational Implementation

In practice a numerical approximation to the weak solution is computed. In this thesis

we use the Finite Element Method (FEM) to numerically approximate our weak solutions.

The choice of FEM is made since it easily deals with complicated geometries and boundary

conditions.

Historically FEM was used to solve complex elasticity and structural analysis problems in

civil and aeronautical engineering. However over the years FEM has been used to numerically

solve certain classes of differential, partial differential and integral equations [17, 18]. Such

problems typically come down to an integration problem.

In FEM the target Ω is divided into a finite number of disjoint regions called elements.

These elements are line segments in one dimension, triangles or quadrilaterals in two dimen-

sions and tetrahedra, hexahedra or wedges in three dimensions. The mathematical problem

is then solved over each element. Some advantages of FEM is that it is not limited by di-

mension, time dependence or non-linearities. Also, the convergence of the method is well

developed for a large class of partial differential equations. Convergence results hold for

various types of boundary conditions such as Dirichlet, Neumann or Robin [106]. For a basic

introduction on solving partial differential equations using FEM see [106] or a more general

analysis of the finite element method see [18].

2.4.1 Complete Electrode Model

Let φi, i = 1, . . . , N < ∞ and ϕi, i = 1, . . . , Nσ < ∞ be basis functions corresponding to

two meshings of Ω. In the finite element method these functions are typically piecewise

polynomial functions with compact support, such that if {xi|i = 1 . . . N} is the set of nodes
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from the FEM mesh we have

φi(xj) =

{
1, i = j

0, otherwise

The internal electric potential and conductivity distribution are approximated using such

bases

uh =
∑
i≤N

aiφi, σ
h =

∑
i≤Nσ

σiϕi.

Here we use different bases for u and σ, this is a typical choice as often the potential requires

a different level of accuracy than the conductivity. However, it is also possible to approximate

both the internal potential and conductivity using the same basis.

To find a basis for the electrode potentials recall equation (2.13). The choice of grounding

voltages gives
∑

i≤Nel
Ui = 0 or in other words U1 = −

∑
1<i≤Nel

Ui, we have

U =



∑
1<i≤Nel

Ui

−U2

−U3

...

−UNel


= U2



1

−1

0
...

0


+ · · ·+ UNel



1

0
...

0

−1


=
∑
i<Nel

Ui+1ni. (2.37)

Thus ni = e1 − ei+1, i = 1, . . . Nel − 1, forms the basis for electrode potentials, here ei is the

the ith standard Euclidean basis vector of RNel . So we have

u ≈ uh =
∑
i≤N

aiφi, U ≈ Uh =
∑
j<Nel

cjnj = Cc, (2.38)

where

C = [n1 n2 . . . nNel−1] ∈ RNel×(Nel−1). (2.39)

In the following we will write a = (a1, a2, . . . , aN )T , c = (c1, c2, . . . , cNel−1)T and θ =

(aT , cT )T .

The Galerkin choice is made for the test functions, this choice is a usual choice for

Poisson’s equation [18]. The Galerkin choice is where the test functions are chosen to be the

basis functions used in the approximation of the weak solution. Take v = φi for each i, this

gives to a system of equations which is then solved to find θ.
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The linear form is constructed using the above bases in B0 and f from equations (2.16)

and (2.17) ∑
i≤N

aiB0 ((φi, 0) , (φj , 0)) +
∑
`<Nel

c`B0 ((0, n`) , (φj , 0)) = f((φj , 0))

(2.40)∑
i≤N

aiB0 ((φi, 0) , (0, nj)) +
∑
`<Nel

c`B0 ((0, n`) , (0, nj)) = f ((0, nj)) .

This can be rewritten as a system of equations

Aθ = F ∈ RN+Nel−1. (2.41)

Where A and F are of the form

A =

(
B(σ, z) D(z)C
CTD(z)T CTE(z)C

)
, F =

 0

CT I

 . (2.42)

The blocks of A are

Bij(σ, z) =

∫
Ω
σh∇φi · ∇φj dx+

∑
`≤Nel

1

z`

∫
e`

φiφj dS, i, j ≤ N (2.43)

Dij(z) =
−1

zj

∫
ej

φi dS, i ≤ N, j < Nel (2.44)

Eij(z) =

{
|ei|
zi
, i = j

0, otherwise
i, j < Nel (2.45)

where |ej | is the Lebesgue measure of the jth electrode.

The above derivation can also be found in [65, 119, 121] with minor differences. For an

alternative formulation and solution of the complete electrode model using FEM see [93].

2.4.2 Domain Truncation Model

Here we derive the FEM approximation of the partial DtN map and the CEM with domain

truncation model. First we consider the problem in Ω2 in order to find a finite element

approximation of the DtN map over Γ. We then formulate the finite element approximation

to CEM with domain truncation.

In the following we assume that the finite element meshes for Ω1 and Ω2 are constructed

in such a way that ensures the nodes on the truncation boundary Γ are the same in both

meshes. Furthermore, suppose the nodes are organised so that those nodes along Γ are the

first NΓ nodes for both Ω1 and Ω2.

Let m = 1, 2 and φmi (i = 1, . . . , Nm) be basis functions corresponding to the computa-
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tional mesh in Ωm. By the above assumption, the first NΓ basis functions are same on the

boundary Γ. In particular we have φ1
i

∣∣
Γ

= φ2
i

∣∣
Γ

for i = 1, . . . , NΓ and φmi |Γ = 0 if i > NΓ

for m = 1, 2.

Discretisation of DtN Map

Consider the Ω2 problem defined by equation (2.28)

∇ · (σ2∇u2) = 0, x ∈ Ω2

u2 = g, x ∈ Γ

ν2 · (σ2∇u2) = 0, x ∈ S2

recalling the notational conventions set out in Section 2.3.1.

We seek the approximation in two steps, we decompose Λ into two mappings

g 7→ u2 (2.46)

u2 7→ ν2 · (σ2∇u2)|Γ , (2.47)

here u2 is the solution of (2.28) for g ∈ H1/2 (Γ).

In order to apply the finite element method the weak formulation of our Ω2 problem

is computed. Applying the techniques discussed previously and Green’s identity, equation

(2.15), gives

ā(u, v) :=

∫
Γ
ν2 · (σ2∇u) v −

∫
Ω2

σ2∇v · ∇u = 0.

Let u2 ∈ H1 (Ω2) be the weak solution of the Ω2 problem. Then using the above basis

gives

u2 ≈ uh2 =
∑
i≤N2

αiφ
2
i .

The Galerkin choice is made meaning in order to solve the Ω2 problem we find α =

(α1, α2, . . . , αN2)T such that∑
i≤N2

αiā(φ2
i , φ

2
j ) = 0, for all j = 1 . . . N2.

This can be reformulated as: Find α ∈ RN2 such thatAα = 0, whereA =
[
ā(φ2

i , φ
2
j )
]
i,j=1...N2

.

Thanks to the ordering of the basis functions mentioned above, A can be written as a

block matrix

A =

(
A11 A12

A21 A22

)
and α =

(
g̃

ũ

)
.

Here g̃ ∈ RNΓ are the first NΓ of the αi’s, these correspond to the basis vectors with support

on Γ. Also ũ are the remaining coefficients of the basis functions with no support of Γ. This
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ordering means Aα = 0 is equivalent to

A11g̃ +A12ũ = 0 and A21g̃ +A22ũ = 0.

The second equation above can be used to find ũ since A22 is invertible by the coercivity

of a(u, v), giving ũ = −A−1
22 A21g̃. Note that g̃ can be considered as an approximation of g

in the finite element method. Since g is “known” (i.e. Dirichlet data) g̃ can be computed

independent of ũ once the basis functions are fixed. As a result the FEM approximation for

equation (2.46) is

g̃ 7→ α =

(
g̃

ũ

)
=

(
INΓ

−A−1
22 A21

)
g̃ ⇐⇒ α = Kg̃, (2.48)

where INΓ
is the NΓ ×NΓ identity matrix.

In order to discretise the computation of the DtN map we consider in equation (2.47).

The FEM approximation for the DtN map, using a given discretisation, over Γ is given by

Λu2 = ν2 · (σ2∇u2) |Γ ≈ Ih =
∑
i≤NΓ

Iiφ2
i |Γ.

This means discretising the DtN map is the same as finding I = (I1, I2, . . . , INΓ
)T .

In order to capture the behaviour of the DtN map we consider its action in terms of its

duality pairing equation (2.24)

∑
i≤NΓ

Ii
∫

Γ
φ2
iφ

2
j =

〈
Ih, φ2

j

〉
≈
〈

Λuh2 , φ
2
j

〉
=

∫
Ω2

σ2∇uh2 · ∇φ2
j =

∑
i≤N2

αi

∫
Ω2

σ2∇φ2
i · ∇φ2

j .

Let us make the following definitions

S =
[∫

Ω2
σ2∇φ2

i · ∇φ2
j

]
ij
∈ RNΓ×N2 , L =

[∫
Γ
φ2
iφ

2
j

]
ij
∈ RNΓ×NΓ .

Then the above can be written as LI = Sα, hence Λu2 ≈ I = L−1Sα = L−1SKg̃. The last

equality above follows since α represents u2 and equation (2.48) gives α. Thus the discretised

DtN map over Γ is

Λ ≈ Λh = L−1SK ∈ RNΓ×NΓ . (2.49)

Discretisation of CEM with Domain Truncation

Finally we turn to the computational implementation of the domain truncation model. We

continue with the notation used above.

The internal potential u1 is described by φ1
i , i = 1, 2, . . . , N1 and the electrode potentials
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are described using the {ni}i<Nel
basis. Hence we have the following approximations

u1 ≈ uh1 =
∑
i≤N

αiφ
1
i , U ≈ Uh =

∑
j<Nel

cjnj . (2.50)

Using these approximations and making the Galerkin choice in the bilinear form BΛ gives

a linear system as previous

(A+ B)θ = F.

Here A, θ and F are those found in equation (2.41) and B is given by

[B]ij =

∫
Γ
φ1
jΛφ

1
i .

This matrix B is very sparse, in particular if we employ the nodal ordering mentioned at the

beginning on this section then

B =

(
BΛ 0

0 0

)
where BΛ =

[∫
Γ
φ1
jΛφ

1
i

]
i,j≤NΓ

∈ RNΓ×NΓ .

So the question becomes how is this BΛ computed.

The discretised DtN map Λh can be considered as a mapping from VΓ to VΓ when

VΓ = span{φ1
i

∣∣
Γ
| i = 1, . . . ,Γ} ⊂ H1/2(Γ).

The subspace VΓ can be with RNΓ using the coefficient of the basis functions. If i = 1, . . . , NΓ,

the vector in RNΓ corresponding to φ1
i is the ith unit vector in the Euclidean space RNΓ and

therefore Λφ1
i is the ith column vector of the matrix Λh. So applying this to BΛ we get

BΛ
ij =

∑
k≤NΓ

Λhkj

∫
Γ
φ1
kφ

1
i ⇐⇒ BΛ = LΛh

where the matrix L is

L =

[∫
Γ
φ1
iφ

1
j

]
i,j≤NΓ

∈ RNΓ×NΓ .

In practice the number of elements in BΛ
(
N2

Γ

)
can be large. The actual number of

unknowns is less due to the symmetry of Λh. However, in practice the number of unknowns

can still be too large to estimate from the measured data while simultaneously maintaining

the positive definite nature of the DtN map. Therefore it is preferable to approximate the

DtN map using a low-dimensional basis which maintains the positive definite nature. In

Chapter 3 we form such a basis using the Karhunen-Loéve theorem.
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2.5 Numerical Studies

In this chapter we have proposed a model for EIT which accounts to current flows across

a boundary with no electrode attached. Such a model is of use when domain truncation

is considered. Our model uses the Dirichlet-to-Neumann map to account for the current

flows across the boundaries created by the domain truncation. We proved that a weak

solution exists and is unique for the domain truncation model. Also we have given a method

to numerically implement the DtN map for a given domain and hence computationally

implement the proposed domain truncation model.

To verify that the domain truncation is able to model electrode potentials with the same

accuracy as the complete electrode model we consider four simulations. These simulations

consist of different types of domain truncation and conductivity distributions.

In all the simulations the CEM solution was computed over the whole domain Ω (i.e.

without domain truncation), denoted VF . The CEM solution VN was also computed over the

truncated domain Ω1, this corresponds to the use of a Neumann condition along the trun-

cation boundary Γ. Finally, the solution VD to the domain truncation model was computed

over the truncated domain Ω1. Note that in practical applications voltage measurements V

are the differences between two electrode potentials, V (i) = Uj −Uk for some 1 ≥ i, k ≤ Nel.

In matrix form we can write

V =MTUh =MTCc, (2.51)

we call the matrix M the measurement pattern. In Section 4.4 we discuss measurement

patterns in more detail.

We found that for all simulations considered the modelling error induced from using the

domain truncation model was negligible, ‖VF − VD‖ ≈ 1 × 10−14. This indicates that the

proposed domain truncation model, computationally, has the same accuracy as the complete

electrode model. Whereas, the error from using the Neumann condition on Γ is not negligible.

The minimum value of ‖VF − VN‖ for the simulations was ≈ 1.7, errors of this magnitude

destroy estimates of the internal conductivity distribution.

In Chapter 5 we make estimates of the internal conductivity distribution using the domain

truncation model. Also we will see how using a Neumann condition instead of the proposed

DtN map effects the estimates. For now we proceed to give details of the simulated results

summarised above.

2.5.1 Simulations

The four simulations considered are shown in Figure 2.2. Note that in the red lines in

the meshings represent the truncation boundaries Γ and the thick black lines represent the
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electrodes. Also in all simulations the contact impedances are fixed at z = 0.001.

The first two cases use the same geometry and domain truncation. In these cases the full

domain Ω is a disc with radius 10 (units arbitrary), the line when y = 0 forms the truncation

boundary Γ and divides the domain into two equal parts Ω1, the upper semi-disc, and Ω2,

the lower semi-disc. There are eight electrodes of length 2 attached to the boundary of Ω1.

We shall refer to such a geometry and domain truncation as a half tank geometry.

Case 1: Case 2: Case 3: Case 4:

Figure 2.2: The four domains and conductivities used to verify the domain truncation
model. Top row are the meshings used for each simulation. The red line represents the
truncation boundary Γ and the black lines represent the electrodes. Bottom row are the
internal conductivity distributions for each simulation. Note that in case 4 there are 16
equispaced electrodes along the top of the domain of interest. Also, for case 1 and 2 inject
current between adjacent electrodes, case 3 uses an opposite current pattern and case 4 uses
a current pattern discussed below, each current pattern uses 1mA. The conductivity of the
inclusions ranges from 0.1 to 2 for case 1, 1 × 10−5 to 1000 for case 2, 0.01 to 3 for cases 3
and 4.

The conductivity distribution for the first simulation has a background conductivity of 2

and one Gaussian inclusion, with minimum 0.1, high in the region of interest Ω1. We expect

this simulation to have the lowest error when using the Neumann condition along Γ, since

there is no variation of the conductivity within Ω2. The second simulation consists of three

discrete inclusions, two circular inclusions with conductivity 1 × 10−5 and one rectangular

inclusion with conductivity 1000. The rectangular inclusion sits 1 unit below the truncation

boundary Γ, this means it should be harder for the models to account for the current flows

across the boundary. The measurements for the first two cases were simulated using an

adjacent current pattern and an adjacent measurement pattern. These computations are

performed using the FEM meshings described in Table 2.1.

The third case uses the same geometry as the first two, however, the domain truncation
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Table 2.1: Meshes used for Case 1 and Case 2. The internal electric potential u is approxi-
mated using quadratic basis functions and conductivity σ is approximated using linear basis
functions.

Elements Nodes
σ u

Mesh for Ω 1944 1045 4033
Mesh for Ω1 1129 614 2356
Mesh for Ω2 815 1728 457

is different. Here the truncation boundary Γ is the circle with radius 7 dividing the disc

into two sub-domains Ω1, an annular domain with radi 10 and 7, and Ω2, a circular domain

with radius 7. There are sixteen electrodes of length 2 attached to the boundary of Ω1.

We shall refer to such a geometry and domain truncation as an annulus geometry. The

conductivity distribution has a background conductivity of 3 and three low conductivity

Gaussian inclusions with minimum 0.01.

Table 2.2: Meshes used for Case 3. The internal electric potential u is approximated using
quadratic basis functions and conductivity σ is approximated using linear basis functions.

Elements Nodes
σ u

Mesh for Ω 1944 1045 4033
Mesh for Ω1 1284 741 2766
Mesh for Ω2 660 1375 358

The measurements were simulated using an opposite current pattern and an adjacent

measurement pattern. These computations are performed using the FEM meshings described

in Table 2.2. This annular domain truncation will lose almost all information about the

current flows resulting from the opposite current injections. Hence we expect this to have

the largest error when using the Neumann condition along the truncation boundary Γ.

Table 2.3: Meshes used for Case 4. The internal electric potential u is approximated using
quadratic basis functions and conductivity σ is approximated using linear basis functions.

Elements Nodes
σ u

Mesh for Ω 8106 4192 16489
Mesh for Ω1 3412 1798 7007
Mesh for Ω2 4694 9607 2457

The fourth and final case is motivated by geophysical EIT, the simulation models under-

ground conductivity imaging using surface electrodes. In this case the computational domain

is modelled as a rectangle 40 wide and 30 long, we choose the meshing so that x = 0, y = 0 is
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in the centre of the top boundary. The truncation boundary Γ is the semi-circle with radius

6 dividing the disc into two sub-domains Ω1 and Ω2. There are twelve electrodes of length

0.6 attached to the surface of Ω1. We shall refer to such a geometry as a half plane geometry.

The conductivity distribution has a background conductivity of 1.5 and various Gaussian

inclusions with maximum conductivity of 3 and minimum conductivity of 0.1.

The current pattern used to simulate the data first injects current between adjacent

electrodes (1 → 2, 2 → 3, . . . , 12 → 1), then current is injected between electrodes three

apart (1→ 5, 2→ 6, . . . , 8→ 12) and finally between electrodes 6 apart starting at electrode

9 (9 → 5, 10 → 6, . . . , 12 → 8). The measurement pattern computes the difference between

each electrode and the first, i.e. V (i) = U1 − Ui. These computations are performed using

the FEM meshings described in Table 2.3.

Voltages Differences
Case 1:
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Case 4:
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Figure 2.3: Results for the four domain truncation forward model simulations. The Voltages
column shows VF (black dashed), VD (blue) and VN (red). The Differences column shows
VF − VD (blue) and VF − VN (red). When VF is the solution to CEM over Ω, VN is the
solution to CEM over Ω1 and VD is the solution to the domain truncation model over Ω1.
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The results of these for simulations can be found in Figure 2.3, here we plot the electrode

voltages VF , VN , VD and the associated differences VF − VN and VF − VD. Here VF is the

solution to CEM over Ω, VN is the solution to CEM over Ω1 and VD is the solution to the

domain truncation model over Ω1. Clearly the voltages simulated by the domain truncation

model are indistinguishable from VF , those simulated by CEM over the full domain Ω.

Whereas, the voltages simulated using the Neumann condition on Γ do not fit very well

to VF . For example, typically in EIT the difference in measurements with a homogeneous

conductivity and measurements with inclusions is much smaller than the differences we

observe between VF and VN .

This is reaffirmed the differences plots are considered, the difference between VF and VD

is negligible when compared to the difference between VF and VN . To get a more quantitative

idea of the differences in the models in Table 2.4 we show the modelling error (the norm of

the differences) for each simulation.

Table 2.4: Modelling error for the four domain truncation forward model simulations. The
top row gives ‖VF − VN‖ and the bottom row gives ‖VF − VD‖. When VF is the solution
to CEM over Ω, VN is the solution to CEM over Ω1 and VD is the solution to the domain
truncation model over Ω1.

Model Case 1 Case 2 Case 3 Case 4

CEM 1.7551 3.2961 11.9391 3.5353
DT 1.1361× 10−14 1.6701× 10−14 3.5251× 10−14 1.0513× 10−14

The modelling errors show there is no computational difference between VF and VD. This

indicates that the domain truncation model is computationally able to capture the current

flows lost from truncating the computational domain.
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3
Representation of Stochastic Compact

Operators

In this chapter we develop a low-dimensional representation for stochastic compact opera-

tors. When considering the EIT inverse problem with domain truncation the conductivity

is unknown. In particular, the conductivity distribution of the truncated region is unknown.

As a result the corresponding Dirichlet-to-Neumann map is also unknown.

In the Bayesian framework the conductivity distribution is typically a random field.

So the DtN map inherits the stochastic nature of the truncated conductivity. This means

the entries of Λh (equation (2.49)) can be treated as correlated random variables. When

the probability model for conductivity is known the distribution for the entries could, in

principle, be computed and hence estimated. This would lead to a very high dimensional

estimation problem. Hence we seek a low-dimensional representation which is able to capture

the stochastic nature of the DtN map.

When finding a low-dimensional representation for a variable, a finite dimensional sub-

space is typically used. Such a subspace is often chosen to ensure a particular level of

discretisation or accuracy. An example of such a choice is the number and placement of

the nodes in a FEM mesh. However, with stochastic entities the properties of a particular

realisation are unknown. So choosing a discretisation level is not always a simple task. The

Karhunen-Loève (KL) theorem (decomposition) provides a technique for choosing such a

low-dimensional representation.

The Karhunen-Loève theorem gives a representation of a random field as a countable

linear combination of orthogonal functions. This representation is analogous to a Fourier

series representation of a function on a compact set. With a Fourier series the basis is made

up of sinusoids of varying frequencies. Whereas, the basis functions in the Karhunen-Loève

theorem are determined by the random field being considered. In fact, these orthogonal

functions are determined by the covariance function of the field. One can think of the

Karhunen-Loève transform adapting to the field in order to produce the best possible basis for

a given level of series truncation. Depending on the field of application, it is also named the
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Hotelling transform in multivariate quality control, the discrete Karhunen-Loève transform

(KLT) in signal processing, principle Component Analysis (PCA) in statistics or proper

orthogonal decomposition (POD) in mechanical engineering.

The KL theorem has been widely used in different types of data and model reduction

problems [60]. In data reduction, for example, the data is represented in a low-dimensional

space spanned by the KL eigenvectors. When the covariance matrix of the data is unknown

the KL eigenvectors are approximated by the eigenvectors of the sample covariance matrix

corresponding to the data set. The data reduction applications of PCA include image pro-

cessing [36, 131], facial recognition [37, 71, 108], and data clustering [129]. For more on the

current applications see [36, 60].

In almost all of the above applications the KL theorem is used to give a low-dimensional

approximation of the inputs or the outputs. The idea of using a low dimensional approxima-

tion for a stochastic model is virtually untouched. In this chapter we adapt the KL theorem

to develop a low-dimensional representation for a compact stochastic operator such as the

Dirichlet-to-Neumann map used in the EIT domain truncation model.

In this chapter, and those which follow, make use of the various aspects from probability

theory. Specifically, we deal with conditional densities, d-dimensional random variables and

random fields. Some of the basic ideas from probability theory are discussed in Appendix

A.2.

This chapter is structured as follows. First we discuss the the Karhunen-Loève Theorem.

Then we adapt the KL theorem to compact stochastic operators. Finally, the representation

is applied to a convolution operator with a Gaussian kernel where the precision parameter

is stochastic.

3.1 The Karhunen-Loève Theorem

The Karhunen-Loève theorem allows us to represent a random field Xt as a countable linear

combination of orthogonal functions. This representation also provides a low-dimensional

basis. This low-dimensional basis is best in the sense that, the first p basis functions form a

p dimensional subspace Vp which satisfies

min
Vp s.t. dim(Vp)=p

E
∥∥Xt − PVpXt

∥∥2
, (3.1)

where PVp is the projection operator for the subspace Vp.

This section discusses the proof of the Karhunen-Loève theorem and the optimality of

the KL decomposition. Before the KL theorem is stated and proven we first discuss Mercer’s

Theorem. Mercer’s theorem gives a representation of a symmetric positive-definite function

on a square as a sum of a convergent sequence of product functions.
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Let D ⊂ Rd be compact, K : D ×D → R and define

TKf(x) =

∫
D
K(x, s)f(s) ds, (3.2)

then we call K a kernel. If for all x, y ∈ D we have K (x, y) = K (y, x) then we say K is a

symmetric kernel. We say that K is positive semi-definite if for any f 6= 0 we have∫
D
f(x)

∫
D
K(x, s)f(s) dsdx ≥ 0,

we say K is positive definite if the above holds with strict inequality.

Theorem 3.1 (Mercer’s Theorem).

Let D ⊂ Rd be compact and suppose K is a continuous symmetric positive definite kernel. Let

TK : L2 (D) → L2 (D) be defined by (TKf) (x) =
∫
DK(x, s)f(s) ds. Then the eigensystem

{λi, φi}i∈N, organised so λ1 ≥ λ2 ≥ · · · ≥ 0, of TK forms an orthonormal basis of L2 (D)

and K has the representation

K(x, y) =
∑
i∈N

λiφi(x)φi(y),

with uniform convergence.

Proof. See [102, Sec.97-98] for details but the idea of the proof is as follows.

First the map K 7→ TK is shown to be injective and use the Arzelá-Ascoli theorem [40,

Appendix C] to show that TK is a positive, self-adjoint, semi-definite compact operator on

L2 (D).

Applying the spectral theorem for compact self-adjoint operators over a Hilbert space

gives an orthonormal basis {λi, φi}i∈N for L2 (D) such that

(TKφi) (x) =

∫
D
K(x, y)φi(y) dy = λiφi(x).

Then it is shown if λi > 0 then φi is continuous over D. Finally, the estimate∑
i∈N

λi |φi(x)φi(y)| ≤ sup
x∈D
|K (x, x)|2 ,

is computed, demonstrating that the sequence {KN}N∈N with

KN =
∑
i≤N

λiφi(x)φi(y)

converges uniformly to some kernel K ′. With some simple manipulations one can show that

K ′ ≡ K and thus Mercer’s theorem follows.
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In the sequel we shall refer to a kernel satisfying the assumptions of Mercer’s Theorem

as a Mercer kernel. Here we gave a typical statement of Mercer’s theorem, however, many of

the assumptions can be generalised. In [41] conditions on D are relaxed and a wider class of

kernels are used, in [128] K and f are generalised to be multidimensional or product-space

valued.

Theorem 3.2 (Karhunen-Loève Theorem).

Let (Ω,S,P) be a probability space, D ⊂ Rn compact and {Xt}t∈D a square integrable ran-

dom field over Ω. Suppose that Xt has bounded expectation E(Xt) and covariance operator

KX(t, s). Then KX(t, s) is a Mercer kernel of the integral operator

(TKf) (t) =

∫
D
KX(t, s)f(s) ds.

Furthermore, the eigensystem {λi, φi}i∈N of TK forms an orthonormal basis of L2 (D). Hence

we can write

Xt(ω) = E(Xt) +
∑
i∈N

Zi(ω)φi(t) for all ω ∈ Ω,

where convergence of the series is in the mean uniformly in t.

Proof. First, suppose without loss of generality that Xt is a centred random field, if this is

not the case then consider Xt − E(Xt). We note KX satisfies the conditions for Mercer’s

theorem. Hence there is an orthonormal basis {λi, φi}i∈N of L2(D) such that

KX(t, s) =
∑
i∈N

λiφi(t)φi(s).

Here convergence of the above series is uniform and the eigensystem forms a countable basis

for L2(D) by Mercer’s theorem.

Let p ∈ N and define

Xp(t, ω) =
∑
i≤p

Zi (ω)φi(t), where Zi (ω) = 〈Xt (ω) , φi〉 =

∫
D
Xt (ω)φi(t) dt.

So we need to show that Xp converges uniformly to Xt in L2(D). Before doing this we shall

state a couple of properties about the projection coefficients.

Since the projection coefficients Zi’s are random variables we can find their expecta-

tion and covariance. Fubini’s theorem tells us we are able to evaluate the expectations by

switching the expectation and integration [51]. Hence

E (Zi) =E (〈Xt, φi〉) = 〈E (Xt) , φi〉 = 0, (3.3)
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and

Cov(Zi, Zj) =E (ZiZj) = E
(
〈Xt, φi〉 〈Xs, φj〉

)
=E

∫
D

∫
D
XtXsφj(t)φi(s) dtds =

∫
D

∫
D
E (XtXs)φj(t)φi(s) dtds

=

∫
D

∫
D
K(t, s)φj(t)φi(s) dtds =

∫
D
φi(s)

∫
D
K(t, s)φj(t) dtds

= 〈TKφj , φi〉 = λjδij , (3.4)

where δij is the Kronecker delta.

Now consider convergence of Xp, let p ∈ N then

E ‖Xt −Xp‖2L2 = E ‖Xt‖2L2 + E ‖Xp‖2L2 − 2E (〈Xt, X
p〉)

= Tr (KX) +
∑
j≤p

λj − 2E
∫
I
Xt

∑
i≤p
〈Xt, φi〉 φi(t)

 dt

=
∑
i∈N

λi +
∑
j≤p

λj − 2
∑
k≤p

E (〈Xt, φk〉 〈Xt, φk〉)

=
∑
i∈N

λi −
∑
j≤p

λj =
∑
i>p

λi, (3.5)

which goes to 0 as p→∞ by Mercer’s Theorem. So we can write

Xt (ω) =
∑
i∈N

Zi (ω)φi(t).

From equation (3.3) we immediately see that the projection coefficients are centred uncor-

related random variables. This is useful information as it gives a starting point for modelling

their distribution.

It also should be noted that if two random variables are uncorrelated they need not be

independent. For example consider X ∼ N (0, 1) and Y = X2. Then clearly X and Y are

not independent yet

Cov (X,Y ) = E (XY )− E(X)E(Y ) = E(X3)− 0 = 0.

We will see another example in Section 3.3.

There is an alternative derivation of the KL decomposition which demonstrates that the

KL basis is the best basis [60]. Let {fi}i∈N ⊂ L2(D) be a complete orthonormal basis of

L2(D). Let Ai = 〈Xt, fi〉 and Xp(t, ω) =
∑

i≤pAi(ω)fi(t) when p ∈ N. Then for p ∈ N we

define the error of Xp by

r(p) := E ‖Xt −Xp‖2L2 =
∑
i>p

E ‖Aifi‖2L2 =
∑
i>p

E
(
A2
i

)
‖fi‖2L2 =

∑
i>p

〈TKXfi, fi〉 ‖fi‖
2
L2 .
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Then we consider the minimisation in equation (3.1). This gives a constrained optimisa-

tion problem

min
f1,f2···∈L2(D)

{r(p)} s.t. 〈fi, fj〉 = δij ,

where δij is the Kronecker delta and {fi}i∈N forms a complete orthonormal basis of L2(D).

So the minimisation problem can be written as

min
{fi}

∑
i>p

〈TKXfi, fi〉 − αi (〈fi, fi〉 − 1) = min
{fi}

∑
i>p

〈(TKX − αiI) (fi), fi〉 + αi,

where αi are the Lagrange Multipliers and I is the identity operator. Clearly this is minimised

when fi are the eigenfunctions and αi are the eigenvalues of TKX .

This shows that the KL basis gives minimal error when the truncated series is used.

Hence the basis used in the KL decomposition is the optimal basis to form a low-dimensional

approximation of a random field over a compact set.

Brownian Motion

As an example of how the KL theorem can be used, we consider the decomposition of

Brownian Motion, also known as the Wiener Process. Brownian Motion is a centred Gaussian

process Bt over [0, 1] with covariance function KB(s, t) = Cov (Ws,Wt) = min(s, t). Clearly

Bt satisfies the assumptions of the KL theorem.

In order to find the eigenvalues and eigenvectors we consider the integral equation which

defines TK ,

TKf = λf ⇐⇒
∫ 1

0
min(s, t)f(s) ds = λf(t)⇐⇒

∫ t

0
sf(s) ds+ t

∫ 1

t
f(s) ds = λf(t).

Differentiating with respect to t and using the first and second fundamental theorems of

calculus gives

tf(t) +

∫ 1

t
f(s) ds− tf(t) = λf ′(t)⇐⇒

∫ 1

t
f(s) ds = λf ′(t).

Again differentiating gives −f(t) = λf ′′(t).

Boundary conditions are found by considering

λf(0) =

∫ 0

0
sf(s) ds+ 0

∫ 1

0
f(s) ds = 0 and λf ′(1) =

∫ 1

1
f(s) ds = 0.

This gives

f(t) = A sin

(
t√
λ

)
+B cos

(
t√
λ

)
, and f(0) = 0, f ′(1) = 0.

Hence B = 0 and λ is such that cos
(

1/
√
λ
)

= 0 or 1/
√
λn = (2n − 1)π/2, where n ∈ N.
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Choose A in such a way that it normalises the eigenvectors

1 = A2

∫ 1

0
sin2

(
(2n− 1)

π

2
t
)

=
A2

2

∫ 1

0
1− cos ((2n− 1)πt) =

A2

2
=⇒ A =

√
2.

Since Bt is Gaussian we have Zn (ω) ∼ N (0, λn) [66]. This can be alternatively written as

Zn =
2

(2n− 1)π
Xn where Xn ∼ N (0, 1) .

Hence we can write

Bt =
∑
n∈N

√
8Xn

(2n− 1)π
sin
(

(2n− 1)
π

2
t
)
, where Xn

iid∼ N (0, 1) .

Application to Data Reduction

Let us consider how to apply the KL theorem to data reduction. Suppose we have an

ensemble of data {Xi}i≤N , where Xi ∈ Rm. In terms of data reduction we typically think of

the components of Xi being highly correlated and m being greater than or equal to N .

The ensemble is organised into a data matrix

X = [X1 X2 . . . XN ] ∈ Rm×N .

Once the data matrix is formed the sample mean X̄ and covariance ΓX are computed using

X̄ =
1

N

∑
i≤N

Xi ∈ Rnm, ΓX =
1

N − 1
XX T − N

N − 1
X̄X̄T ∈ Rm×m. (3.6)

Once ΓX is computed the eigensystem {λi, φi}i≤min(N,m) is calculated.

To reduce the order of the data we then choose p � m eigenvectors and use them to

represent the data. Now any new data is stored as p projection coefficients instead of a

vector length m.

3.2 Application to Compact Operators

With many inverse problems there are uninteresting parameters which are partially or totally

unknown, for example the contact impedances in EIT. When a fixed value for these uninter-

esting parameters is used estimates are often effected by artefacts. Furthermore, using fixed

values reduces uncertainty estimates which leads to over confidence in estimates [62]. With

many applications we can’t know the value of these parameters, so approximate information

is used inducing modelling errors. For example in imaging genes, a Gaussian convolution

kernel is used and approximate values for the precision are known but the “true” value for

a particular experiment is not [13].
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The Bayesian approach to inverse problems treats any unknown as a random variable.

One approach to treat the randomness of our uninteresting parameters is to simultaneously

estimate the interesting and uninteresting parameters. Such techniques are similar to hyper

priors or hierarchical priors [12, 62]. See [23] for the application of hyper priors in the

deconvolution problem.

Alternatively, we could use the Bayesian approximation error approach, discussed in

Section 4.3. The BAE approach provides a way to approximately marginalise over the unin-

teresting parameters. However, this approach is not always able to capture all higher order

effects resulting in meaningless estimates, see [76] for example. Also, if our uninteresting

parameters are high dimensional the above techniques can be costly to compute. The KL

theorem provides a technique to overcome this.

Now we consider the derivation of the low-dimensional approximation of a real compact

operator. Let (Ω,S,P) be a probability space and suppose that H is a separable real Hilbert

space. Further, suppose that we have discrete noiseless observations D ∈ Rm and let Kκ be

a compact operator from H to Rm which connects the parameters f ∈ H to the noiseless

observations D so that

D = Kκf.

In Chapter 4, we discuss noisy observations and observation models in more detail. Here Kκ
depends on stochastic parameter κ, which can be a random variable/vector or a random field

over Ω. In the following one can think of κ as a random variable. However, in subsequent

chapters κ will be a random field.

When we say Kκ is compact we mean for all ω ∈ Ω the operator is compact. Also we

suppose Kκ is uniformly bounded in Ω. This means for all ω ∈ Ω there is a 0 < C < ∞,

independent of ω, such that

‖Kκ‖ = sup
‖f‖=1

‖Kκf‖Rm ≤ C.

Since κ is stochastic Kκ inherits the stochastic nature and can therefore be considered a

stochastic operator. For simplicity suppose f is represented over a subspace V ⊂ H where

dim(V) = N <∞. Let {φi}i≤N be the basis for V, then we have

f(x) ≈
∑
i≤N

αiφi(x).

This representation is analogous to our use of the FEM in Chapter 2. Applying this to our

operator we have

Kκf ≈
∑
i≤N

αiKκφi =
[
Kκφ1 . . . KκφN

]
α1

...

αN

 = KNα.
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The operator KN : RN×m is a representation of Kκ over the finite dimensional basis for f .

Furthermore when ω ∈ Ω is fixed, each entry in KN is a fixed real number. Hence we can

think of KN as a matrix of random variables.

In order to apply the KL theorem we vectorise the operator and define

Y = vec(KN ),

by vectorise we mean

vec(KN ) =


Kκφ1

Kκφ2

...

KκφN

 ∈ RNm and vec−1


Kκφ1

Kκφ2

...

KκφN

 = KN .

Since the operator is uniformly bounded in Ω the expectation

Ȳ = E (Y ) =


E (Kκφ1)

...

E (KκφN )

 ∈ RNm,

and covariance operator

ΓK = E
((
Y − Ȳ

) (
Y − Ȳ

)T) ∈ RNm×Nm,

exist. Hence the KL theorem tells us that we can write

ΓK =
∑
i≤Nm

λiYiY
T
i and Y = Ȳ +

∑
i≤Nm

βiYi,

where {λi, Yi}i≤Nm is the eigensystem of ΓK with λ1 ≥ λ2 ≥ · · · ≥ λNm ≥ 0 and βi =

〈Yi, Y 〉 = Y T
i Y . Furthermore, let p ∈ N and define

Y p = Ȳ +
∑
i≤p

βiYi.

Then from the KL theorem that one has

E ‖Y − Y p‖2RNm =
∑
i>p

λi −→ 0 as p −→∞.

The approximation of KN is thus given by

Kp = K̄ +
∑
i≤p

βiKi, (3.7)
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where βi is as above and

K̄ = vec−1
(
Ȳ
)
, Ki = vec−1 (Yi) .

Now consider

E ‖KN −Kp‖2z = E ‖Y − Y p‖2RNm =
∑
i>p

λi,

where ‖·‖z denotes the Frobinius norm of a matrix. Hence we have convergence of the

truncated series. We use the truncated series Kp as our low-dimensional model. We call

Kp the PC approximation of Kκ, K̄ is the expectation of the operator, the Ki’s are the PC

modes and the βi’s are the PC coefficients.

Finally consider the error of the PC approximation. Fix f ∈ H, as above let V be a

finite-dimensional subspace of H with basis {φi}i≤N . Then let

εf =

∥∥∥∥∥∥f −
∑
i≤N

αiφi

∥∥∥∥∥∥
H

.

The Hilbert space projection theorem says there is αf ∈ RN which minimises εf . So the

expected error of the PC approximation can be calculated as

E ‖Kκf −Kpαf‖2Rm ≤ E ‖Kκf −KNαf‖2Rm + E ‖KNαf −Kpαf‖2Rm

≤ E

∥∥∥∥∥∥Kκf −Kκ
∑
i≤N

αiφi

∥∥∥∥∥∥
2

Rm

+ E ‖KN −Kp‖2z ‖αf‖
2
RN

≤ C2ε2
f + ‖αf‖2RN

∑
i>p

λi.

Since ‖αf‖2RN is fixed and we can choose p to make
∑

i>p λi as small as we desire, the error

is dominated by εf , which is controlled by the choice of the subspace V.

3.2.1 Implementation of PC Decomposition

In principle, if the distribution of κ is know then the eigenvalue decomposition can be ana-

lytically computed. Hence, we could have an analytic expression for the PC approximation.

This would be similar to the KL decomposition of Brownian motion above. However, when

Kκ is highly non-linear or high dimensional such computations are intractable.

Alternatively, the covariance matrix can be approximated through a sample covariance

matrix. Here the sample covariance matrix is computed by taking samples of κ and then

computing Kκ for each of the samples. There are various ways samples can be obtained.

The samples can come from real data or observations. They also can come from sampling a

distribution which models the behaviour of κ. In the Bayesian framework this is equivalent

to constructing a prior for κ. In this thesis, we choose to construct a prior for κ and draw
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samples from the distribution. This is chosen as in most practical situations data is sparse

or unavailable and closed form expressions for the covariances do not exist [62].

So putting this all together, the following procedure can be formulated for computing a

sample based PC approximation of a stochastic operator:

1. Generate an ensemble {κ(`)}`≤Ns of Ns ∈ N stochastic parameters. This ensemble can

be generated in various ways. We choose to model a prior distribution and take draws

from said distribution.

2. Compute the corresponding discretised operator Kκ(`) ∈ Rm×N for each κ(`) in the

ensemble. The resulting operators are then vectorised giving X` = vec (Kκ(`)) ∈ RmN ,

forming an ensemble of vectorised operators {X`}`≤Ns .

3. Compute the sample mean and covariance as

X̄ =
1

Ns

∑
i≤Ns

Xi ∈ RmN , ΓX =
1

Ns − 1
XX T − Ns

Ns − 1
X̄X̄T ∈ RmN×mN ,

where X = [X1 X2 . . . XNs ] ∈ RmN×Ns .

4. Compute the eigensystem of ΓX computed above, giving {λi, φi}i≤Ns .

5. Finally we have

Kκ = K̄ +
∑
i≤Ns

β̃iKi and Kp = K̄ +
∑
i≤p

β̃iKi

where K̄ = vec−1
(
X̄
)
,Ki = vec−1 (φi) and β̃i = φTi

(
vec (Kκ)− vec

(
K̄
))
.

3.3 Decomposition of Convolution Operator

In this thesis, the PC approximation developed above is going to be applied to the stochastic

Dirichlet-to-Neumann map. However, the DtN map is a high-dimensional non-linear map.

In order to better understanding of the various elements involved with the PC approximation

we first consider a simpler example. In this section we consider the PC approximation of

a convolution operator with a Gaussian kernel is considered. In this example the precision

parameter of the Gaussian kernel is stochastic. For simplicity we consider a one-dimensional

convolution operator. Such an operator often arises in signal analysis [36].

The convolution operator is an integral operator similar to equation (3.2). The Gaussian

kernel is given by

Γκ : Ω× Ω→ R, Γκ (t, τ) = (κ/π)1/2 exp
(
−κ(t− τ)2

)
.

In this example D = [−1 1] ⊂ R and κ is the stochastic precision of the Gaussian kernel,
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giving

Kκf(t) =

∫ 1

−1
Γκ (t, τ) f(τ) dτ.

In order to compute the PC approximation of Kκ the procedure set out in Section 3.2.1

was followed. An ensemble of 1000 κ’s was sampled from a normal distribution with mean

37 and variance of 400 where draws below 5 were rejected. On the left of Figure 3.1 we have

a distribution used to generate the ensemble. On the right we have three examples of the

resulting convolution kernels. The convolution operator Kκ was approximated with a matrix

which implements the convolution using the trapezoid numerical integration scheme. The

trapezoid rule is implemented over an equispaced mesh with N = 100 nodes. The numeric

implementation of the convolution operator is denoted by Kκ.
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Figure 3.1: Left: Distribtution of the draws of κ. Right: Discretised Convolution kernel
when κ = 7.5 (blue), 40 (green), 108 (red).

From this ensemble we generated different realisations of the operator Kκ. These samples

are then vectorised and the sample covariance matrix, ΓK , is computed. The eigenvalue

decomposition of ΓK is computed, giving the eigensystem {λi,Ki} and hence

Kκ = K̄ +
∑
i∈N

βiKi.

Here K̄ is the expectation of the vectorised operators and βi are the projection coefficients

corresponding to the vectorised convolution operator. When p ∈ N the PC approximation

of Kκ is given by

Kp = K̄ +
∑
i≤p

βiKi.

We now face the question of how small can we make p and still capture as much variation

as possible. On the left axis of Figure 3.2 we have plotted
(∑

i≤p λi

)
/
(∑

i∈N λi
)

for varying

values of p. This quantity represents how much of the variation in Kκ is captured in the

truncated series Kp. We can see that when p ≥ 4 we have captured over 99.9% of the

variation within the ensemble. This is also seen on the right axis in Figure 3.2 where the

eigenvalues decrease rapidly, only 4 eigenvalues are greater than 1×10−4. This demonstrates

the benefit of the PC modes. Since the KL decomposition adapts the basis functions to the
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Figure 3.2: Left Axis: The blue line is the value of the pth Eigenvalue. The black line is the
difference between the sample variance of the projection coefficients and the corresponding
eigenvalue. Right Axis: The captured variance as p increases.

process being considered a basis is constructed in which the greatest amount of variation is

captured by each basis function. In Figure 3.4 the shape of the mean and first eight PC
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Figure 3.3: Mean and first 5 eigenvectors of the covariance matrix.

modes are plotted. We clearly see that as the eigenvalue decreases the PC modes become

more and more variable. We see that the first 2 or 3 modes describe the bell shape of the

Gaussian kernel well. Due to the smooth nature of the Gaussian kernel this indicates a low

number of PC modes are required to approximation the convolution operator well.

In Figure 3.4 we consider the convergence of Kp for three values of κ = 7.5, 40, 108.

These shall be refereed to as the low, mid and high κ respectively. We plot the kernels

corresponding to Kp for the three cases of κ and successive values of p. Also for each value

of p we give the expectation and true values of the truncation error, the expectation is given

in equation (3.5). It is useful to note that p = 0 corresponds to only using the operator mean

K̄. For the low, mid and high cases we see that when p = 3, 4 we have Kp converging to Kκ.

This agrees with the conclusions we drew when considering the captured variation.

In this example the stochastic nature of convolution operator depends on a single pa-
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Truncation
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Figure 3.4: Convergence of the PC approximation for a convolution operator. The black
curve is the true convolution kernel and the red is the KL approximation to the convolution
kernel.

rameter. In Chapter 5 we use the PC approximation to represent the stochastic DtN map

from. From Chapter 2 we know that the DtN operator depends on σ2, which is inherently

high-dimensional, thus we expect more basis vectors will be required.

Finally, we shall look at the behaviour of the projection coefficients. From the KL

theorem we know that the projection coefficients are uncorrelated with expectation 0 and

Var(βi) = λi. To verify this we consider the sample mean and covariance matrix. The
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Figure 3.5: βi vs β1 for the various realisations of Kκ.

cross-covariance (the off diagonal entries of the sample covariance matrix) and the sample

mean computed and converge to zero as the sample size increases. This demonstrates that

the coefficients are centred and uncorrelated. However, the coefficients being uncorrelated

does not imply they are independent.

In Figure 3.5 we have plots of βi vs β1 for i = 2 . . . 7. Here there appears to be a

(orthogonal) polynomial relationship between βi and β1. Hence the coefficients are clearly

not independent, yet by construction we know they are uncorrelated. In Figure 3.2 the black

line on the right axis shows the difference between the sample variance of the projection

coefficients and the eigenvalue. As can be seen there is no difference between the sample

variance and the eigenvalues. Thus the projection coefficients behave as the theorem suggests.

3.4 Summary

This chapter dealt with a low-dimensional representation for stochastic compact operators.

We first reviewed the proof of the Karhunen-Loève theorem and the optimality of the basis

functions used in the Karhunen-Loève decomposition. This was followed by the derivation of

the PC approximation for a discretised stochastic compact operator. Also a procedure was

outlined to construct the PC modes. Finally, as an example, we considered the PC approxi-

mation of a convolution operator with a Gaussian kernel where the precision parameter was

stochastic.

The PC approximation of a stochastic operator is analogous to the Karhunen-Loève

decomposition of a random field. In order to derive the PC approximation we considered a

finite dimensional approximation of the compact stochastic operator. The finite dimensional

approximation is then considered as a vector of correlated random variables. Applying

45



CHAPTER 3. REPRESENTATION OF STOCHASTIC COMPACT
OPERATORS

the KL theorem to the random vector gives a series representation the finite dimensional

approximation of the compact stochastic operator. Truncating the series representation to

only include p ∈ N terms gives the PC approximation. The derivation presented in this

chapter is for a discrete operator, further research needs to be done in order to extend the

argument to a more general case.

One way to use the PC approximation in an inverse problem is to estimate the PC

coefficients simultaneously with the parameters of interest. The computation of the PC ap-

proximation requires a probabilistic model for our parameters. Once a probability model

is chosen the PC modes can, in principle, be computed analytically. However, such com-

putations are typically infeasible so we outlined a procedure to compute sample based PC

modes.

Finally, we considered the PC approximation of a convolution operator with a Gaussian

kernel. In this example we treated the precision parameter κ as a random variable. As a re-

sult the convolution operator is a stochastic compact operator. We saw in this example that

approximately four PC modes were sufficient to model the stochastic convolution operator.

We also found that the PC coefficients were uncorrelated yet there was also a polynomial re-

lationship between the various coefficients. This polynomial relationship may exists because

this example only involves of a single stochastic parameter. Such an exact relationship is

unlikely to occur when more stochastic parameters are involved. We shall see an example of

this in Chapter 5 when we consider the stochastic Dirichlet-to-Neumann map.
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4
Inverse Problem Theory

The term inverse problems defines a broad class of problems which occur in numerous fields,

including medical and industrial imaging, image processing, mathematical finance, astron-

omy and geophysics [62]. Inverse problems, typically, occur when questions are asked based

on observations. For example, a question such as “Given a set of X-ray images for a patient

what is the structure and placement of their organs?” This question is the inverse problem

associated with Computerised Tomography (CT) imaging. Implicitly, an inverse problem

involves another problem, the forward problem. A forward problem occurs when asking

question based on knowledge. For example, the CT forward problem is associated with “If

we know the structure and placement of a patient’s organs, what X-ray cross-sections should

we expect to see?”

To get a more explicit definition let H1 and H2 be separable Hilbert spaces. The pa-

rameters of interest x ∈ H1 are connected to the observations D ∈ H2 through the model

A : H1 → H2, so that

D = A(x). (4.1)

If A is linear then we write D = Ax. In practice observations are hardly ever exact, this

means the model A is influenced by noise e ∈ H2 according to some mapping f , so that

D = f (x, e) . (4.2)

This noise can corrupt the observations and be modelled in various ways. The most common

model is the additive noise model

D = A(x) + e. (4.3)

Another common model is the multiplicative noise model

D = eA(x).

Often the choice of error model is motivated by the physics involved with observing the data.

In EIT the additive noise model is typically used.
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We call equations which connect parameters with observation, such as those above, an

observation model. The forward problem associated with an observation model is to compute

A(x) for a given x. We call the estimation of the parameters x from a noisy observation

model the inverse problem.

Inverse problems are often more difficult than simply reversing the associated forward

problem. Typically an inverse problem is ill-posed. This means that solutions are not

unique and are highly unstable with respect to errors. As a result research into inverse

problems largely focuses on developing techniques to handle the ill-posed nature and accurate

modelling of the forward problem. We have seen an example of accurate modelling the

forward problem in Chapter 2 where we developed the domain truncation model. This

chapter reviews some of the existing techniques used to handle the ill-posed nature of an

inverse problem.

There are two common approaches to handling the ill-posed nature of inverse problems.

The first is the deterministic framework. In this framework there is a single best estimate

and techniques such as Tikhonov regularisation or truncated singular value decomposition

are used in an ad hoc way to regularise the problem. The second framework is Bayesian

framework. Here we recast the inverse problem in the form of statistical quest for information.

In many problems there are quantities which can be observed and others which cannot be

observed. In inverse problems, some of the unobservable quantities are of primary interest.

Bayesian theory allows us to gather information and assess the uncertainty of the variables

based on all knowledge available before and after measurements are taken.

This chapter is structured as follows. We first briefly review some classical methods from

the deterministic framework. This is followed by a review of the basic notions of Bayesian

inversion theory and then discuss the Bayesian approximation error (BAE) likelihood model.

Finally, we discuss the observation model used in EIT.

4.1 Deterministic Methods

Here we review a few methods of computing deterministic estimates. Under the deterministic

framework the goal is to infer the most suitable estimate of x using a noisy observation model

such as equation (4.3). For simplicity in the following discussion let H1 = Rn and H2 = Rm.

This means if A is linear then it is an m by n matrix.

Least Squares

The least squares estimator minimises ‖D−A(x)‖2

x̂LS(D) = argmin
x

‖D−A(x)‖2 .

If A is non-linear then we solve the minimisation problem using techniques such as Gauss-

Newton iterations. If A is linear then we can find an explicit condition which least squares
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estimates must satisfy. Moreover, when A has a trivial null-space there is an explicit formula.

Let A be a bounded linear operator then R (A) is a closed subspace of H2. Hence by

Theorem A.1 there is an element y ∈ R (A) such that

‖D− y‖ = inf
m∈R(A)

‖D−m‖ .

Since y ∈ R (A) there is a xD ∈ H1 such that y = AxD. From Theorem A.1 we know that

D− y ∈ R (A)⊥ = N (A∗) giving

0 = A∗ (D− y) = A∗ (D−AxD)⇐⇒ A∗AxD = A∗D. (4.4)

This is known as the least squares normal equation and all least squares estimates satisfy it.

It easily follows that if N (A) 6= {0} then the least squares estimator is not unique. Inverse

problems where this is true are referred to as ill-posed.

When N (A) = {0} we have N (A∗A) = {0} hence xD is unique. So setting x̂LS(D) = xD

gives the least squares estimator as

x̂LS(D) = (A∗A)−1A∗D. (4.5)

Tikhonov Regularisation

If the least squares estimator from above is ill-posed techniques need to be employed to

select a single estimate. Traditionally one way to handle this problem is to choose such a LS

estimate with the smallest norm

x̂MN (D) = argmin
x

{
‖x‖

∣∣∣∣ x = argmin
x

‖D−A(x)‖2
}
.

This estimator x̂MN is called a minimum norm estimator. The minimum norm estimator

is widely used in mathematical theory, however it is usually not used for inverse problems.

With ill-posed problems the estimation error ‖x− x̂MN‖ is typically arbitrarily large [62,

111].

Another technique to choose a single least squares estimate is to modify the functional

being minimised. That is instead of minimising ‖D−A(x)‖2 we minimise ‖D−A(x)‖2 +

α2Φ(x), where α is called a regularisation parameter, and Φ is a convex regularising func-

tional, or penalty function, which ensures that estimates are unique.

When x ∈ Rn a widely used choice for the regularising functional is Φ(x) = ‖L(x− x∗)‖2.

If we choose L = I (the identity matrix) and x∗ = 0 we get the traditional Tikhonov

functional

‖D−A(x)‖2 + α2 ‖x‖2 .

The Tikhonov estimator is therefore defined as

x̂α(D) = argmin
x
{‖D−A(x)‖2 + α2 ‖L(x− x∗)‖2}.
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When A is linear we can get an explicit form for x̂α. This is achieved in finite dimensions by

‖Ax−D‖2 + ‖αL(x− x∗)‖2 =

∥∥∥∥∥
(
A

αL

)
x−

(
D

αLx∗

)∥∥∥∥∥
2

= ‖Hx− z‖2 .

So minimising the Tikhonov functional results in finding the least squares estimate of ‖Hx− z‖2,

where H and z are as above. This leads us to

x̂α(D) = (H∗H)−1H∗z =
(
A∗A+ α2L∗L

)−1 (
A∗D + α2L∗Lx∗

)
. (4.6)

There is a myriad of techniques which aid in the selection of the regularisation parameter

α. Some of the most well known methods are, the Morozov discrepancy principle, L-curve

criterion or generalised cross validation.

Truncated SVD

If A : H1 → H2 is a compact operator then A∗A : H1 → H1 and AA∗ : H2 → H2

are symmetric positive semi-definite compact operators. Hence they have an eigenvalue

decomposition, {λi, vi}i∈N and {λi, ui}i∈N respectively where λ1 ≥ λ2 ≥ · · · ≥ 0. Then

Avi = ςiui and A∗ui = ςivi,

where ςi =
√
λi. We call {ςi, vi, ui}i∈N the singular value system of A.

We note that {vi}i∈N is an orthonormal basis for R (A∗A) = N (A∗A)⊥ = N (A)⊥ ⊂ H1

and {ui}i∈N is an orthonormal basis for R (AA∗) = N (AA∗)⊥ = N (A∗)⊥ ⊂ H2. So

x =
∑
i∈N
〈x, vi〉H1

vi and D =
∑
i∈N
〈D, ui〉H2

ui.

We wish to have an expression of x in terms of D. To this end we consider

〈D, ui〉H2
=

1

ςi
〈Ax,Avi〉H2

=
1

ςi
〈x,A∗Avi〉H1

=
λi
ςi
〈x, vi〉H1

=⇒ 〈x, vi〉H1
=

1

ςi
〈D, ui〉H2

Using this we can define the singular value decomposition (SVD) estimator as

x̂SVD(D) =
∑
i∈N

〈D, ui〉H2

ςi
vi.

If the inverse problem is ill-posed then the basis vectors corresponding to smaller singular

values vary rapidly and are blown up by 1/ςi thus destroying estimates. To overcome this

we truncate the series. That is we only use the first p ∈ N terms of the series,

x̂TSVD(D) =
∑
i≤p

〈D, ui〉H2

ςi
vi.
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This technique is called truncated Singular Value Decomposition (TSVD).

4.2 Bayesian Methods

The classical regularisation methods discussed above produce estimates by a more or less

ad hoc removal of the ill-posed nature of the problem. Bayesian techniques do not produce

simply point estimates, rather, they attempt to remove the ill-posed nature by restating the

inverse problem. The information we find forms a posterior probability distribution for the

solution to the inverse problem.

In the Bayesian paradigm all parameters are viewed as random variables with associated

joint and marginal probability distributions. Treating the parameters as random variables

allows us to encode our level uncertainty into the estimates. Using this information often

improves estimates and allows us to quantify our level of confidence in such estimates.

If we consider a noisy observation model then we treat x and e as random variables. As

a result a probability distribution is induced on D, hence there is a joint density π (D, x, e),

This Bayes theorem, equation (A.18), is then applied to joint distribution is to determine

πpost(x), the posterior distribution of x. The posterior distribution contains all information

about x given the observed D. With the aid of Bayes theorem we can formulate this as

πpost(x) = π (x|D) ∝ π (D|x)π(x).

Here π (D|x) is called the likelihood and π(x) is the prior. The prior density is a statistical

model for the parameters x based on properties known before we have observed the data.

The likelihood embodies the relationship between the parameters and the observations, it

expresses the likelihood of different observed data when x is known.

Estimators

In order to gather an intuition of the solution, one would like to visualise this posterior

probability distribution. However, in many problems the high dimensionality means we

cannot directly visualise the posterior distribution. As a result point and spread estimates

are calculated. Such estimates answer questions such as, given our data and our prior beliefs

what is the most probable value of our unknown x.

The most popular point estimator in statistics would be the Maximum Likelihood (ML)

estimator

x̂ML(D) = argmax
x

π(D|x),

if the maximum exists. The ML estimator provides a point estimate which is most likely to

produce the observed data D. In terms of ill-posed problems the computation of the ML

estimate has the same stability as computing the unregularised least squares solution.

One estimator which is widely used for ill-posed problems is the Maximum a Posterior
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(MAP) estimator. The MAP estimate is

x̂MAP(D) = argmax
x

π(x|D),

provided the maximiser exists. The MAP estimate corresponds to the mode (point where

the density is at its maximum) of the posterior density and as such it is not always unique.

Computation of the MAP estimate is done by solving an optimisation problem. When the

operator A is non-linear such an optimisation is usually done with iterative gradient-based

techniques.

Another common estimator is the Conditional Mean (CM)

x̂CM(D) = E (x|D) =

∫
H1

xπ(x|D) dx,

provided the integral is exists. The CM estimate does not exist when the posterior dis-

tribution is very flat indicating that the model combined with our prior beliefs contain no

information about the parameter of interest.

Computation of the CM estimator comes down to computation of an integral. The

main technical problem of CM estimation is that the integration is typically over a high-

dimensional space, in which quadrature methods are not applicable.

A common spread estimator is the Conditional Covariance

Cov (x|D) =

∫
H1

(x− xCM) (x− xCM)T π(x|D) dx,

provided the integral exists. The computation of this integral suffers from the same draw

backs as the CM estimator.

Markov chain Monte Carlo methods

Another way to explore the posterior distribution using sampling methods such as Markov

chain Monte Carlo (MCMC) methods. Markov chain Monte Carlo methods are used for

sampling from a probability distribution. These techniques involve constructing a Markov

chain where the equilibrium distribution is the desired distribution. Computing the Markov

chain results in an approximative sampling of πpost. Hence the statistics of πpost can be

approximated by the sample statistics of the chain. These sample statistics are then used to

answer questions such as: what interval do the values of x lie in with 95% probability, given

the observed data.

We can also use MCMC to compute integrals. The Markov chain generated is a se-

quence of points xi, i = 1, . . . , N approximately distributed as πpost(x). If they were drawn

independently, the law of large numbers would guarantee that

1

N

∑
i≤N

f(xi) −→ E (f(x)|D) =

∫
H1

f(x)π(x|D) dx as N →∞.
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This convergence can also occur, but is not guaranteed, when the draws are not independent.

As a result MCMC can be used to compute the integrals in the CM and conditional covariance

estimators above.

A large variety of MCMC methods have been proposed. Most MCMC methods are based

on one of two basic sampling schemes, Metropolis-Hastings or Gibbs Sampling. However, no

single method is known, which has a good performance for all varieties of distributions. Fur-

thermore, MCMC can be computationally expensive for high-dimensional non-linear models

as large sample sizes are often required for convergence of the Markov chain. For a com-

prehensive overview of MCMC see [81], for the application to inverse problems see [62].

Likelihood Models

The construction of the likelihood is often a straight forward task in a Bayesian inversion.

The likelihood function contains the forward model used in the classical inversion techniques

as well as information about the noise, modelling uncertainties and other measurement un-

certainties.

We first consider the definition of the likelihood and apply Bayes theorem, equation

(A.9),

π(D|x) =

∫
H2

π(D, e|x) de =

∫
H2

π(D|x, e)π(e|x) de.

This is valid for any observation model. Applying the general observation model from equa-

tion (4.2) means

D = f(x, e).

In particular, when x and e are fixed we know D precisely, hence π(D|x, e) is a point mass.

Using this in the above equation gives

π(D|x) =

∫
H2

δ (D− f(x, e))π(e|x) de.

This formula, however, may be of little use without knowing f .

In Chapter 3 of [62] the likelihood for various observations models are considered. Here

we only discuss the additive noise model, in this case f(x, e) = A(x) + e giving

π(D|x) =

∫
H2

δ(D−A(x)− e)π(e|x) de = πe|x(D−A(x)|x). (4.7)

So the posterior distribution for additive errors is

πpost(x) ∝ πe|x (D−A(x)|x)πx(x). (4.8)

If x and e are independent, which is assumed in most applications, then πe|x = πe and

πpost(x) ∝ πe (D−A(x))πx(x). (4.9)
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4.2.1 Gaussian Densities

There are very few closed forms for the above densities and estimators. However, when

everything is jointly Gaussian (Normal) then all marginal and conditional distributions are

also Gaussian, as discussed in Appendix A.2.2. When A is linear this leads to closed forms

for the above estimators.

Let x and e be independent and Gaussian with expectations x∗, e∗ and covariances Γx

and Γe. If A is linear then D is Gaussian [62, Sec. 3.4], hence everything is jointly Gaussian

and the above gives

π(D|x) ∝ exp

{
−1

2
‖Le (D−Ax− e∗)‖2

}
and π(x) ∝ exp

{
−1

2
‖Lx (x− x∗)‖2

}
. (4.10)

Here Le and Lx are such that

Γ−1
e = LTe Le and Γ−1

x = LTxLx, (4.11)

such matrices exist when Γ−1
e and Γ−1

x are positive definite. We adopt this notation when

computing estimates throughout the rest of this thesis.

For ill-posed problems the ML estimator is equivalent to solving the deterministic un-

regularised problem, which is unstable. This can be seen as

x̂ML(D) = argmax
x

π(D|x) = argmax
x

exp

{
−1

2
‖Le (D−Ax− e∗)‖2

}
= argmin

x
‖Le (D−Ax− e∗)‖2 =

(
ATLTe LeA

)−1 (
ATLTe Le(D− e∗)

)
=⇒ x̂ML(D) =

(
ATΓ−1

e A
)−1 (

ATΓ−1
e (D− e∗)

)
,

which is an unregularised Gauss-Markov estimate. Hence the ML estimator has, at most,

the stability of the unregularised problem.

The posterior density is constructed by multiplying the likelihood and the prior giving

π (x|D) ∝ exp

{
−1

2
‖Le (D−Ax− e∗)‖2

}
exp

{
−1

2
‖Lx (x− x∗)‖2

}
,

= exp

{
−1

2

(
‖Le (D−Ax− e∗)‖2 + ‖Lx (x− x∗)‖2

)}
.

Using this posterior we are able to calculate closed forms for the estimators discussed above.

In general the CM and MAP estimates are different. However, since Gaussian distribu-

tions are symmetric and unimodal (density with a single peak) the mean is the same as the

mode. So it follows for a Gaussian posterior we have x̂CM = x̂MAP and this is indeed the

case. The theorem which shows this is called The Matrix Inversion Lemma see [62, Sec. 3.4]

for more details.

The computation of the CM estimator is done with the application of equation (A.24).
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For this we require the joint distribution π(D, x), specifically

E

(
D

x

)
=

(
Ax∗

x∗

)
and Cov

(
D

x

)
=

(
AΓxA

T + Γe AΓx

ΓxA
T Γx

)
,

for the proof of these see [62, 111]. Hence applying equation (A.24) gives the CM estimator

as

x̂CM(D) = x∗ + ΓxA
T
(
AΓxA

T + Γe
)−1

(y −Ax∗ − e∗) . (4.12)

The MAP estimator is found by a simple computation

x̂MAP(D) = argmax
x

[
exp

{
−1

2

(
‖Le (D−A(x)− e∗)‖2 + ‖Lx (x− x∗)‖2

)}]
= argmin

x

{
‖Le (D−A(x)− e∗)‖2 + ‖Lx (x− x∗)‖2

}
. (4.13)

So the MAP estimate is the minimiser of the above functional. This estimator is similar

to the Tikhonov estimator from equation (4.6) but requires no tuning parameter. If A is

non-linear iterative minimisation techniques such as Gauss-Newton are used. When A is

linear the minimiser can be computed in the same manner as the Tikhonov estimate

x̂MAP(D) = argmin
x

∥∥∥∥∥
(
LeA

Lx

)
x−

(
Le(D− e∗)

Lxx∗

)∥∥∥∥∥
2

=
(
ATΓ−1

e A+ Γ−1
x

)−1 (
ATΓ−1

e (D− e∗) + Γ−1
x x∗

)
. (4.14)

In practical situations choosing the CM or MAP depends on the dimension of the measure-

ments n, the number of parameters being estimated m and the existence of the matrices Γx

and Γe or their respective inverses. In particular, if the standard smoothness priors, which

are rank deficient, are used Γx does not exist and equation (4.12) cannot be used.

These results were found for D, x and e jointly Gaussian. If A is not linear then we

cannot conclude that D is Gaussian from x and e being jointly Gaussian. So in order to

explore π(D, x, e) we would have to use techniques such as MCMC. However, this would

require us to compute the non-linear forward problem hundreds of thousands of times. Such

an action is computationally intensive.

Furthermore the likelihoods involved built from ill-posed problems are typically non-

linear manifolds with very small variances [64]. In other words ill-posed problems tolerate

(measurement and modelling) errors poorly. In terms of probability densities modelling

errors which are not taken into account shift the centre of the likelihood away from the

true parameters. This makes it hard for sampling based methods such as MCMC to give a

feasible sample.

However, if A is non-linear and a Gaussian prior and noise model are used equation (4.13)

is still valid. The MAP estimate is then found using non-linear minimisation techniques [92].
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We adopt this approach in this thesis as it results in a computationally feasible estimate.

Finally, we consider the conditional, or posterior, covariance. When the operator A

is linear the posterior distribution is a conditional Gaussian distribution. So by applying

equation (A.24) we find that

Γpost = Γx − ΓxA
T
(
AΓxA

T + Γe
)−1

AΓx. (4.15)

Alternatively, the posterior covariance can be computed directly from equation (4.14) giving

Γpost =
(
ATΓ−1

e A+ Γ−1
x

)−1
. (4.16)

These two representations occur as a consequence of the MAP and CM estimates being the

same for Gaussian densities. Again the matrix inversion lemma is employed to show that

equation (4.15) and equation (4.16) give the same covariance structure.

For non-linear maps the posterior is, in general, not a Gaussian distribution, hence there

is no simple closed form for the posterior covariance. In order to get an approximative idea

of the spread of the posterior distribution the local approximative covariance is used

Γpost =
(
JTΓ−1

e J + Γ−1
x

)−1
, (4.17)

here J is the Jacobian of A with respect to x computed when x = x̂MAP.

It is good to note that, in terms of quadratic forms we have

Γpost ≤ Γx,

that is Γx−Γpost is a positive semidefinite matrix. This inequality means that measurements

will never increase our uncertainty about the parameters x.

4.3 Approximation Error Likelihood Model

The estimation of an internal conductivity distribution from EIT measurements is a highly

non-linear ill-posed problem. This means it handles measurement and, more importantly,

modelling errors poorly. In a real-life measurement setting of EIT measurements there are

more unknowns than simply the conductivity distribution. For example consider the medical

application of EIT where the thorax of a patient is imaged. Here we do not know the exact

location of the electrodes, the contact impedances or the exact boundary shape. If any or

all of these auxiliary unknowns are not accounted for the resulting estimates have severe

artefacts [8, 16, 75, 62].

Furthermore, estimates are typically performed with limited computational power and

time. As a result the computational domain is truncated as we discussed in Chapter 2 and

a rough discretisation is used. This can lead to large error as the ill-posed nature of the
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problem requires a fine discretisation.

There are various methods to account for these auxiliary uncertainties. A typical choice

is to treat them as known and use some best approximation in the computation of estimates

of the conductivity distribution. However, mismodelling the parameters often leads to the

same problems as not modelling the parameters at all [62, 63].

Difference imaging has also been used to cancel out the effects of the incorrect mod-

elling. With difference imaging the parameters are reconstructed using differences between

EIT measurements corresponding to two time instances or frequencies [7]. The scheme is

based on the idea that modelling errors are partially removed by the difference of the two

measurements. This makes intuitive sense as the auxiliary unknowns remain unchanged from

one measurement to the other. However, the results are only approximative as it relies on

the linearisation of a highly non-linear model. The estimates using this linearisation can be

rendered useless for inference if the linearisation is performed at a point distant from the

true distribution.

Another method is to estimate the auxiliary unknowns simultaneously with the conduc-

tivity distribution. This approach requires the CEM forward map to be Fréchet differentiable

with respect to the various unknowns. Then the unknowns are included in the estimation

problem. In [124, 53] the contact impedances were estimated, using Gauss-Newton iterations

simultaneously, with the conductivity. The proposed algorithm was verified with simulations

and experimental data. In [31] a fine-tuning of the electrode placement was considered and

the resulting algorithm tested with simulated data. Recently these ideas have been used

in [32, 33] to recover the boundary shape of a target simultaneously with the internal con-

ductivity distribution of simulations and experimental data. Simultaneous estimation of the

auxiliary unknowns increases the computational complexity of the inverse problem. Meaning

that in practical applications the computations will be outside the computational capabilities

available. Also computing more parameters can increase the instability of problems which

are already highly unstable.

The Bayesian framework provides a natural approach for modelling all the uncertainties

involved with EIT. If we can parameterise our uncertainties with a small number of unknowns

then we can use hyperprior models in order to approximate the uncertainties. However, in

many cases a low-dimensional parameterisation of the uncertainties is not possible [64], so

we seek an alternative.

As was discussed earlier in this chapter, the solution to an inverse problem, in the

Bayesian framework, is the posterior distribution. In order to find the posterior distri-

bution we marginalise over the auxiliary unknowns. This could be achieved using MCMC. If

we have computed the Markov chain the marginalisation over the uncertainties is a straight

forward task. However, using a sampling approach such as MCMC in a practical situation,

where time is factor, is not feasible due to the excessive computational time and complexity.

Alternatively we can adopt the Bayesian approximation error (BAE) approach to ap-

proximately marginalise over the uncertainties. The BAE approach, loosely speaking, treats
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the modelling error, referred to as the approximation error, as an additional additive error.

The true value of the approximation error is unknown, as it depends on all the unknowns

involved with the inverse problem. However, we can form an approximate distribution for the

approximation errors and thus approximately marginalise the uncertainties over the prior.

This is achieved through the inclusions of the statistics of the approximation errors in the

likelihood model.

Originally the technique was used to compensate for discretisation error [62, 63], hence

the term approximation error. For example, in EIT/ERT and deconvolution problems it

was shown that a very coarse discrestisation was able to be used without significant loss in

the accuracy of the estimates. This means, for example, in EIT we can use a very coarse

FEM approximation. Following this, the approach was used to handle various kinds of

approximation and modelling errors in a wide range of inverse problems. See [64] for more

details.

4.3.1 The Bayesian Approximation Error Approach

Let the unknowns be (x̄, γ, e), where x̄ are the parameters of interest, γ are auxiliary (unin-

teresting) quantities such as boundary shape or contact impedances and e represent centred

additive errors independent of x̄ and γ. The (sufficiently) accurate forward model

D = Ā (x̄, γ) + e (4.18)

connects the parameters to the observations D, typically in a non-linear way. This model

is such that errors caused by discretisation of the model are smaller than the measurement

error.

Often time and computational constraints require the use of a (often highly) approxima-

tive model A(x, γ0) as Ā can be costly to compute. Here x is a coarser version of x̄, that

is, there exists a projection P such that x = Px̄. Furthermore our uninteresting parameters

γ are often unknown, or impossible to know, hence γ0 is typically some fixed (non-random)

best guess/approximation of γ.

Using the approximative model gives

D ≈ A(x, γ0) + e,

however this equation is only approximate and prone to systematic errors [62, 63]. To

overcome this we use one of the oldest of mathematical tricks, we add and subtract A(x, γ0)

to the accurate model in equation (4.18). This gives

D = Ā (x̄, γ) + e+A (x, γ0)−A (x, γ0)

= A (x, γ0) +
[
Ā (x̄, γ)−A (x, γ0)

]
+ e (4.19)

= A (x, γ) + ε(x̄, γ) + e = A (x, γ) + η(x̄, γ).
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The approximation error ε is the difference between the true model Ā (x̄, γ), given the un-

knowns, and the approximative model used A (x, γ0) . We note that equation (4.19) is exact

and we can think of η(x̄, γ) as we did e in Section 4.2. The difference is that the noise is

modelled as independent of the interesting parameters x and η is not independent. In fact

η(x̄, γ) typically will be highly correlated with x. Note that we are writing η(x̄, γ) instead

of η (x̄, x, γ, γ0) since γ0 is fixed and x = Px̄ i.e. x is a linear function of x̄.

4.3.2 Approximation Error Marginalisation

Adopting the Bayesian framework all unknown’s, such as x̄ and γ, are treated as random

variables. The parameters x̄ and γ can often be modelled as mutually independent, for

example when γ represents boundary shape parameters and x is conductivity [91].

Mathematically once we fix Ā and A we have

π (ε|x̄, γ) = δ
(
ε−

[
Ā (x̄, γ)−A (Px̄, γ0)

])
and π (η|x̄, γ, e) = δ (η − ε− e) . (4.20)

Since we are wanting to avoid using x̄ we approximate x̄ with x in the above, thus π (ε|x̄, γ) ≈
π (ε|x, γ). Such an approximation holds for a large class of inverse problems. The approxi-

mation is the same as assuming the model predictions are essentially the same for x̄ and x.

However, when a very coarse discretisation is used this approximation may not be valid and

the effect of the projection may have to be considered, see [87] or [64].

If η is treated as an additive error equation (4.8) gives

πpost(x) ∝ πη|X (D−A(x, γ0)|x)πX(x), (4.21)

recall that we are treating γ0 as a chosen fixed value. So the only question left is what does

πη|X look like. In general there is no analytic expression for πη|X . However, we know that η

depends on x, γ and e. Thus there is a joint density connecting the parameters, so applying

Bayes theorem repeatedly gives

π (η|x) =

∫∫∫
π (η, ε, γ, e|x) dedγdε

=

∫∫∫
π (η|ε, γ, e, x)π (ε, γ, e|x) dedγdε

by equation (4.20), =

∫∫∫
δ (η − ε− e)π (ε, γ, e|x) dedγdε

by independence of e, =

∫∫
πe (η − ε)π (ε, γ|x) dγdε =

∫
πe (η − ε)π (ε|x) dε,

which is a convolution w.r.t. ε. Hence

πAEpost(x) ∝ πη|X (D−A (x, γ0))πX(x)

= πX(x)

∫
πe (D−A (x, γ0)− ε)π (ε|x) dε. (4.22)
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Still the exact form of the posterior is not known. However, we could apply techniques

such as MCMC to compute the above integral and consequently explore πAEpost.

Another alternative is to make a Gaussian approximation of πε. Such an approximation

treats all relevant random variables as jointly Gaussian
x

γ

ε

e

 ∼ N


x∗

γ∗

ε∗

e∗

 ,


Γx Γxγ Γxε 0

Γγx Γγ Γγε 0

Γεx Γεγ Γε 0

0 0 0 Γe


 . (4.23)

Such approximations have been shown to give a feasible approximation for the posterior

distribution [62, 63].

Since all parameters are Gaussian, so equation (4.21) can be applied giving

πAEpost(x) ∝ exp

{
−1

2

(∥∥Lη|x (D−A (x, γ0)− η∗|x
)∥∥2

+ ‖Lx (x− x∗)‖2
)}

, (4.24)

recall Lη|x is such that Γ−1
η|x = LTη|xLη|x. The conditional expectation and covariance are

computed using equation (A.24),

η∗|x = e∗ + ε∗|x = e∗ + ε∗ + ΓεxΓ−1
x (x− x∗) (4.25)

and Γη|x = Γe + Γε|x = Γe + Γε − ΓεxΓ−1
x Γxε. (4.26)

Even though it is clear that ε and x are not independent it has been shown in several

applications that treating x and ε as if they are independent gives a feasible approximation

[74, 3, 76]. This approach is known as the enhanced error model [62, 63], although the

independence approximation would be a better name. This approximation means that we

set Γεx = 0 giving

η∗|x ≈ η∗ = e∗ + ε∗ and Γη|x ≈ Γη = Γe + Γε. (4.27)

The enhanced error model is not perfect. In [62, 63] the approximation was found to have a

significant affect on estimates in a deconvolution example.

4.3.3 Prior Models and Approximation Error Samples

In equation (4.23) above, we wrote the Gaussian approximation for the joint distribution of

(x, γ, ε, e). This approximation is typically done to provide an efficient computation of the

MAP estimate. If the errors are Gaussian the marginal distributions would also be Gaussian.

This implies that our prior π (x, γ) should be Gaussian, however in practice the prior, and

the associated marginal distributions, need not be Gaussian.

Regardless of the prior model, in order to compute the sample based Gaussian approx-

imation to π(ε) an ensemble
{
x(`), γ(`)

}
`=1...Ns

is drawn from the prior. This ensemble is
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then used to compute the approximation errors

ε(`) = ε
(
x(`), γ(`)

)
= Ā

(
x(`), γ(`)

)
−A

(
x(`), γ0

)
, ` = 1 . . . Ns,

where Ns is the number of samples drawn. Once the approximation error ensemble {ε(`)}`≤Ns
is computed, the sample statistics are computed using

ε∗ =
1

Ns

∑
i≤Ns

ε(`), (4.28)

Γε =
1

Ns − 1

∑
i≤Ns

(
ε(`) − ε∗

)(
ε(`) − ε∗

)T
, (4.29)

and Γεx =
1

Ns − 1

∑
i≤Ns

(
ε(`) − ε∗

)(
x(`) − x∗

)T
. (4.30)

Using the above sample statistics and equations (4.25) and (4.26) we can computationally

implement the BAE MAP estimate

x̂ε(D) = argmax
x

{∥∥Lη|x (D−A (x, γ0)− η∗|x
)∥∥2

+ ‖Lx (x− x∗)‖2
}
. (4.31)

In some applications a closed form prior model for γ is not needed. For example in

[90, 91] Nissinen et al. considered EIT with an uncertain boundary shape. Here they used

an anatomical atlas of body shapes, built from CT images, to construct π(γ) when γ were

boundary shape parameters. In Section 6.2 we will discuss uncertain boundary shapes in

more detail.

4.3.4 Subsequent Estimation of Auxiliary Unknowns

In some applications, the auxiliary unknowns can be of interest, such as the parameters

which determine the shape of the domain [91]. Using the conditional distributions of the

approximation errors we are able to form an estimate for the auxiliary parameters.

Consider the residual induced by the BAE MAP estimate from equation (4.31)

D−A(x̂ε, γ0) = ε(x̂ε, γ) + e = η (x̂ε, γ) =: ηMAP.

Here ηMAP contains all available information about γ. Subsequently, using this residual the

MAP estimate of γ can be computed as

γMAP = argmax
γ

π (γ|η = ηMAP ) .

In general, the form of π (γ|η) depends on the prior for γ and the distribution of the

approximation errors. However, if the Gaussian approximation is made then the parameters

are treated as jointly Gaussian, so π (γ|η) is approximated by a Gaussian. Application of
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equation (A.24) gives

γMAP = γ∗ + ΓγηΓ
−1
η (ηMAP − η∗) (4.32)

and Γγpost = Γγ − ΓγηΓ
−1
η Γηγ , (4.33)

where γ∗ and Γγ are the expectation and covariance of the prior for γ. A simple calculation

confirms that Γγη = Γγε which can be computed from the existing AE sample using equation

(4.30) and Γη = Γε + Γe.

This estimate is computed as a post-processing step and simply requires the addition

computation of Γγη.

In [91] they used the same approach, however, in the computation of Γη they omitted

Γe. This meant their Γη was rank deficient, as a result they represent Γη using the first r

eigenvectors. The resulting estimates of the boundary shapes were accurate, however, the

number of samples needed to construct Γη was very high.

4.4 EIT Inverse Problem

The rest of the chapter discusses the observation model we shall use for the EIT inverse

problem. In this section the current injections, denoted by I, are treated as fixed and

voltage measurements are denoted by V .

4.4.1 Observation Model

In Chapter 2 we formulated a model which maps σ to the EIT electrode potentials over a

domain Ω. The EIT electrode potentials are modelled by equation (2.38),

Uh = Cc = CR (σ, z) CT I = CR (σ, z) CT I, (4.34)

where C is from equation (2.39). The R (σ, z) matrix is the bottom right block of A−1

R (σ, z) =
[
CTE(z)C − CTD(z)TB (σ, z)−1D(z)C

]−1
, (4.35)

where B,D and E are the blocks from equations (2.43)-(2.45). As we mentioned at the end

of Chapter 2, practical voltage measurements V are the differences between two electrode

potentials, equation (2.51). As a result a measurement pattern M is used to connect Uh

with real measurements V ,

V =MTUh =MTCR (σ, z) CT I = H(σ, z; Ω, I,M).

There are many types of measurement patterns, a common choice is adjacent measure-

ments. Here voltages are the potential differences between adjacent electrodes, V (1) =
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U1 − U2, V (2) = U2 − U3, . . . , V (Nel) = UNel
− U1. Other common choices are opposite mea-

surements, i.e. V (1) = U1 − UNel/2+1, or all against the first electrode V (i) = U1 − Ui+1.

This last measurement pattern gives M = C.

In practise the EIT measurements are corrupted by noise. We treat the noise as an

additive error giving

V = H(σ, z) + e. (4.36)

It has been shown in with real measurement systems that e is not simple noise, it contains

structure to do with the specific current injections and measurement patterns being used

[88]. Also note here we have suppressed the Ω, I and M as, typically, these are known and

unchanging when performing an inversion. In many simulations within this thesis z is not

of interest, in these cases we will write H(σ) = H(σ, z; Ω, I,M).

4.4.2 Posterior Model

In this thesis we adopt the Bayesian framework for inverse problems. The use of additive

errors means the posterior density is of the same form as equation (4.8). Specifically, we

model the additive error e as a centred Gaussian with covariance Γe independent of all other

parameters. This gives the posterior of the same form as equation (4.9)

π (V |θ) ∝ exp

(
−1

2
‖Le (V −H(θ))‖2

)
, (4.37)

where θ is the collection of all parameters to be estimated i.e. conductivity σ and contact

impedances z.

Throughout this thesis we use Gaussian priors for our parameters θ

π (θ) ∝ exp

(
−1

2
‖Lθ (θ − θ∗)‖2

)
π+(σ). (4.38)

The function π+ is specified to ensure positivity of σ1 and is defined as π+(σ1) = 1 if all

components of σ1 are positive and zero otherwise. For the rest of the thesis the prior of

conductivity always includes π+(σ) even though it is not explicitly stated. The Gaussian

priors are constructed using a priori physical information or sample based methods combined

with a Gaussian approximation when appropriate. We give details about the various priors

used when considering a specific inversion. Gaussian priors are used since they lead to a

posterior density which make the MAP and posterior covariance estimates feasible. This is

beneficial, as alternatively we need to use sample based techniques requiring a hundreds and

thousands of computations, such as MCMC, to compute the CM and spread estimates. In

other words the use of Gaussian densities gives a computationally feasible model for the EIT

inverse problem.

63



CHAPTER 4. INVERSE PROBLEM THEORY

So putting this all together gives

πpost (θ) ∝ exp

{
−1

2

(
‖Le (V −H(θ))‖2 + ‖Lθ (θ − θ∗)‖2

)}
π+(σ). (4.39)

So the MAP estimate can be computed as

θMAP = argmin
θ s.t. σ>0

(
‖Le (V −H(θ))‖2 + ‖Lθ (θ − θ∗)‖2

)
. (4.40)

Also the posterior covariance is approximated as

Γpost =
[
JH(θMAP)TΓ−1

e JH(θMAP) + Γ−1
θ

]−1
, (4.41)

where JH(θMAP) is the Jacobian of H with respect to θ calculated at θMAP. The MAP

estimate is computed by solving the minimisation problem through iterative quadratic pro-

gramming. Such techniques require the Jacobian of H, also we require the Jacobian for

the approximate posterior covariance. The Jacobian of H is computed using the technique

discussed in the appendix of [65], also the appendix of [124] has a good formulation. See [92]

for more details on quadratic programming.
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5
The Stochastic Dirichlet-to-Neumann Map

and Electrical Impedance Tomography

This chapter deals with the inverse problem associated with EIT domain truncation. That

is, using notation from Chapter 2, we wish to estimate the internal conductivity distribution

over Ω1 from EIT measurements taken over Ω. To achieve this we use the domain truncation

model developed in Chapter 2. This model uses the Dirichlet-to-Neumann (DtN) map Λ to

model the current flows across the induced truncation boundary, Γ.

In order to solve the inverse problem mentioned above we require knowledge regards the

DtN map Λ along the associated truncation boundary Γ. However, as we saw in Chapter 2,

relies on knowing the conductivity σ2 from the truncated domain. In order to compute the

DtN map we require exact information about σ2 but such information is typically limited,

and often unavailable. Furthermore, Λ is a high dimensional operator, with a non-linear

dependance on σ2. Meaning if we tried estimating the entries of Λ it would be equivalent

to estimating σ2. This is computationally equivalent to solving the inverse problem over the

full domain Ω, which we are trying to avoid.

To overcome these problems we employ the Bayesian framework for inverse problems.

Here all unknowns are treated as random variables. This means we treat both σ1 and σ2

as random fields, specifically Gaussian random fields. As a result Λ inherits the stochastic

nature of σ2 and becomes a stochastic operator. We saw an example of this when con-

sidering the convolution operator with stochastic precision in Section 3.3. So applying the

Karhunen-Loève Theorem (Theorem 3.2) we can form a PC approximation to our finite

element approximation of the stochastic DtN map.

Recently, PCA has been used in the reduction of PDE models [25, 34, 57, 82, 100]. In

these papers, PCA was used to construct the basis functions for the FEM approximation to

the PDE. The PCA modes were computed based on the conventional FEM approximation

of the PDE.

Projection-based model reduction methods such as PCA have also been applied to inverse

problems induced by PDEs. Initially PCA was applied to constraining the solution of the

inverse problem (i.e., the unknown parameter distribution) to a desired subspace that is

selected based on the known properties of the target. In EIT, the PCA modes for the
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internal conductivity distribution have been selected based on anatomical information in

imaging of the thorax [119]. PCA has also been used to construct a reduced-order basis for

the unknown material parameters in other electromagnetic inverse problems [6, 5].

Recently, in inverse problems, PCA has been used to reduce the number of basis functions

for the forward solution. In [59] the temperature distribution was represented in a reduced-

order PCA basis for an inverse heat conduction problem. Here, the inverse problem was to

estimate a scalar Robin coefficient using temperature measurements from the boundary of

the domain. An ensemble of temperatures for constructing the PCA basis was obtained by

solving the heat equation corresponding to an randomly selected set of Robin coefficients.

PCA modes have been used in other studies [25, 34, 57, 82, 100] for constructing the FEM

basis for the solution of a PDE.

In all these works, the number of unknown parameters in the inverse problem was small

and PCA was applied only in the forward solution of the system. However, in a recent

paper [77], PCA was proposed as a model reduction technique for high-dimensional statistical

inverse problems. Here an optimisation-based greedy sampling method was used to construct

the bases for the unknown high-dimensional parameter distribution and the solution of the

system simultaneously. The feasibility of the proposed approach was demonstrated with

an example of a statistical inverse problem of groundwater flow. By using the reduced

model, they computed an estimate for the posterior distribution of the hydraulic conductivity

parameters by a Markov Chain Monte Carlo (MCMC) method. The results of the numerical

simulations showed a significant acceleration in the MCMC computations when reduced-

order bases were used.

Building on this result [80] presented a PCA based reduced order model for the velocity

field in non-stationary EIT imaging. Here they simultaneously estimated the time-varying

conductivity and non stationary flow. The flow was described by the PCA model and the

PCA coefficients were estimated. In [79], a PCA based reduced order model for stationary

EIT imaging. Here the electrical conductivity distribution and the electric potential were

represented in a PCA reduced basis. They tested the feasibility of the reduced order model

with both simulations and experimental data. High quality reconstructions were obtained

with significant speed up.

This chapter is structured as follows. We first construct observation model used to

estimate conductivity with the domain truncation model. We then test the method with two

simulations and consider various aspects involved with the estimates. Finally, we present

results of some domain truncation laboratory experiments.

5.1 Domain Truncation Observation Model

Recall the EIT observation model from equation (4.36)

V = H(σ, z) + e =MTCR (σ, z) CT I + e.
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If we consider the EIT domain truncation problem then the work from Section 2.3. Then

R now depends on σ1 and Λ since the block B in equation (4.35) has changed, so

V =MTCR (σ1, z,Λ) CT I + e. (5.1)

This model still relies on knowing Λ, this is equivalent to knowing σ2. In practice this is not

possible. So we either have to estimate σ2, which we are trying to avoid, or reconstruct the

entries of Λ, which is high dimensional. In order to decrease the dimension of the problem

we apply the PC decomposition from Chapter 3. This gives us a reduced order model

Λ ≈ Λp (βp) = Λ̄ +
∑
i≤p

βiΛi, (5.2)

where βp = (β1, . . . , βp)
T . In this representation the Λi’s are fixed and the βi’s are part of

the estimation problem.

So the observation model for the domain truncation problem can be written as

V =MTCR (σ1, z,Λ
p (βp)) CT I + e = D(σ1, z, β

p; Ω, I,M) + e. (5.3)

As previous we suppress Ω, I,M as they are typically fixed for the inverse problem. Also

when z is known and not of interest we will write D(σ1, β
p) = D(σ1, z, β

p; Ω, I,M) without

confusion.

In the above construction p is the number of PC modes used in the PC approximation

of the DtN map. Naturally p = 0 corresponds to only using the expectation of the DtN map

Λ̄ on Γ. The expectation of the DtN map is equivalent to using a homogeneous conductivity

for σ2, similar to Dey and Morrison [35]. It will also be convenient to adopt the notation

p = −1. We shall use p = −1 to denote the use of a Homogeneous Neumann condition along

Γ. In other words, p = −1 means

Λ(−1)
(
β(−1)

)
:= 0. (5.4)

5.1.1 Selection of Prior Model

The inversions are done using the Bayesian framework, and the posterior model is the same

as in Section 4.4. This gives MAP estimates of the from equation (4.40). This functional

relies on knowing θ∗ and Γθ. Here we describe the prior model we shall use in this chapter.

For now we suppose the contact impedances are known, this means θ =
(
σT1 , (β

p)T
)T

.

We choose a prior model which assumes the independence between σ1 and βp,

Γθ = blockdiag(Γσ1 ,Γp).

This independence is a simplifying approximation, typically σ1 and σ2 are not mutually
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independent. For example consider σ to be a realisation of Gaussian random field with long

correlation length then σ1 and βp would not be independent. In principle, the correlation

between σ1 and βp can be taken into account by calculating the cross-covariance matrix.

This could be achieved when the procedure from Section 3.2.1 for computing the PC modes

is used. However, sample based approximations of covariances are often (at least numerically)

singular.

Prior for βp

In general a model for the true PC coefficients is not easy to obtain. As despite the un-

correlated nature the coefficients are typically not independent. In order to simplify the

estimation problem our modelling we make a Gaussian approximation of π(βp). That is we

model the PC coefficients with a Gaussian random variable.

From Section 3.1 we know that the βi’s are uncorrelated with expectation 0 and variance

λi. Where λi is the eigenvalue corresponding to the ith PC mode Λi. When a Gaussian

approximation to π(βp) is made these properties give us natural choices for β∗ and Γp. That

is we choose

β∗ = 0 and Γp = diag(λ1, . . . , λp). (5.5)

Prior for σ

We model σ as a random field over Ω. The random field model offers a model to encode spacial

correlation. In other words, a random field model allows us to model how the conductivity

at a particular location depends on neighbouring values. This means we are then able to

detect and ultimately estimate structures present in a target.

Specifically we use a Whittle-Matérn correlation prior [104] to specify a smoothness prior

for σ. The conductivity is modelled to be

σ = σ∗ +X,

where σ∗ is a prior mean of the conductivity and X is a centred Markov random field with

the Matérn autocovariance function [99, 78, 104]

Cov(X(x), X(y)) = a2 21−$

Γ($)

(
‖x− y‖

b

)$
K$

(
‖x− y‖

b

)
, x, y ∈ Rd. (5.6)

where K$ is the modified Bessel function of the second kind, $ > 0 is the smoothness

parameter and a2 is the marginal variance. The length-scale parameter b > 0 represents a

correlation length: ` = b
√

8$ corresponds to the distance at which the correlations are near

0.1. The Whittle-Matérn prior replaces a gradient based prior, it promotes smoothness. If

sharp edges are present the use of a prior which preserves edges, such as a total variation
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prior, could be used. Some examples of random fields with Matérn covariances are shown in

Figure 5.1.

Figure 5.1: Three random fields with Matérn covariances computed using the above tech-
nique. All fields are centred and have unit variance, also the fields are plotted on the same
colour scale. Left: b = 1 Middle: b = 3 Right: b = 7 .

Random fields with the Matérn covariances are solutions of the stochastic partial differ-

ential equation [78, 125, 104]

(
1− b2∆

)($+d/2)/2
X =

√
αbdW, (5.7)

where (1 − b2∆)($+d/2)/2 is a pseudo-differential operator, W is white noise on Rd and the

coefficient

α =
2dπd/2Γ ($ + d/2) a2

Γ($)
.

The Rd white noise is a generalised Gaussian random variable such that E(W (x)W (y)) =

δ(x− y).

In order to avoid complicated fractional derivative in equation (5.7), we choose $ =

2 − d/2 in which case the pseudodifferential operator corresponds to a regular differential

operator 1−b2∆ where ∆ is the Laplace operator. We solve the stochastic partial differential

equation with the finite element method and use the resulting covariance structure as the

covariance of σ.

The Whittle-Matérn covariances are defined over an infinite domain. In EIT Ω is typically

a bounded domain. In order to compute the Whittle-Matérn covariances we define a Robin

zero condition (
X + λ

∂X

∂ν

)∣∣∣∣
∂Ω

= 0 (5.8)

with λ = 1.42b. This Robin condition has been experimentally found to give a reasonable

approximation for the Whittle-Matérn prior without significant errors due to the boundary

condition [104].

For the finite element method, X is approximated with a finite dimensional basis X ≈
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∑N
i=1Xiϕi where Xi are random variables and ϕj are the finite element basis functions in

Ω. The FEM approximation of the system described by equations (5.7) and (5.8) can be

written as [104]

(M + S +R)X̄ = W̄ .

Here the vectors are

X̄ = (X1, . . . , XN )T and W̄ =
(
〈W,
√
αbdϕ1〉, . . . , 〈W,

√
αbdϕN 〉

)T
and the elements of the matrices M , S and R are given by

Mij =

∫
Ω
ϕjϕj dx, Sij = b2

∫
Ω
∇ϕi · ∇ϕj dx, Rij =

b2

λ

∫
∂Ω
ϕiϕj dS.

The vector W̄ has a covariance given by

cov(W̄ )ij = E
(
〈W,
√
αbdϕi〉〈W,

√
αbdϕj〉

)
= αbd(ϕi, ϕj)L2(D) = αbdMij .

Thus covariance of X̄, and consequently σ, is

Γσ = αbd(M + S +R)−1M(M + S +R)−1.

This definition of Γσ gives the covariance structure for the full domain Ω. If the nodes

from the FEM meshing are ordered correctly then Γσ is a block matrix and the marginal

covariances of σ1 and σ2 are obtained by selecting the diagonal blocks.

If the number of nodes is large, a computationally more efficient way to compute the

covariances of σ1 and σ2 is the use of Schur complements. The inverse covariance of Γθ can

be written as

Γ−1
σ = α−1b−d(M + S +R)M−1(M + S +R)

For notational convenience, we assume that nodes are indexed such that first N1 nodes are

in Ω1 which allows as to denote the block of Γ−1
σ as

Γ−1
σ =

(
Q11 Q12

Q21 Q22

)
.

where Q11 is a N1 × N1-matrix corresponding to nodes in Ω1. Then the inverse of Γσ1 is

given by the Schur complements equation (A.22)

Γ−1
σ1

= Q11 −Q12Q
−1
22 Q21. (5.9)

The inverse of Γσ2 is obtained similarly by reindexing the nodes (recall that nodes on the

boundary Γ belongs to both Ω1 and Ω2).
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5.2 Domain Truncation Simulations

In this section we investigate the performance of the proposed method in two different 2D

simulations. We consider the Gaussian approximation for π(βp) and compute estimates for

various values of p to test the viability of the domain truncation model.

5.2.1 Simulation 1: Annulus Geometry

In the first problem, the entire body Ω is a disc of radius 10 (units arbitrary). On the outer

boundary, sixteen electrodes are attached. We divide the disc in subdomains Ω1 and Ω2 by

a circle Γ of radius 6, concentric with the outer boundary. The problem is to estimate the

conductivity in the annular domain Ω1 alone. To achieve this the inner disc Ω2 is replaced

with the Dirichlet-to-Neumann map along Γ. Moreover, the geometry is easy to reproduce

in a laboratory experiment.

Figure 5.2: The computational domain for simulation 1 (left) and the target conductivity
distribution (right). The black circle is the artificial boundary Γ which creates the subdo-
mains Ω1 and Ω2 and the electrodes are indicated by blue arc segments. The mesh shown
in grey corresponds to the first order mesh used for the representation of σ in the solution
of the inverse problem.

The target conductivity considered as unknown comprises of four resistive Gaussian

humps which have same minimum value 0.05 (units arbitrary) while the conductivity on the

background is 1.05 (see Figure 5.2). The contact impedances in the electrode model are

chosen to be z = 10−6 and are also assumed to be known in the reconstructions.

For the generation of simulated data, the CEM from Chapter 2 has been solved using

a very dense discretisation and second order finite-element basis functions. The details

concerning the mesh sizes both for data generation and and for solving the inverse problem

are given in Table 5.1.

An opposite current pattern is used. This is where the current injection ` is between

electrodes ` and Nel/2 + ` for ` = 1 . . . Nel/2, where Nel is the total number of electrodes.

It has been reported that such current patterns lead to data that are strongly sensitive to
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Table 5.1: The computational meshes for test problem 1. The internal potential u is
approximated using second order basis and the conductivity distribution σ is approximated
a the first order basis.

Elements Nodes
σ u

Data generation 3716 1971 7657
Mesh for Ω 2134 1148 4429
Mesh for Ω1 1665 943 3551
Mesh for Ω2 469 266 1000

conductivities in the truncated domain Ω2 [75]. Voltages are measured between adjacent

electrodes. Random noise e, was added to the simulated measurements V . In particular

e is sum of two centred independent Gaussians, one with standard deviation of 0.5% of

the difference between the maximum and minimum values of V and one with a standard

deviation of 1% of |V |. Noise structures such as the above are often found when dealing

with real measurement devices [89]. We shall use noise models similar to this throughout

this thesis.

When estimating σ, we represent the internal potential u with second order basis func-

tions while the conductivity is discretised using first order functions. We use the Whittle-

Matérn prior discussed above as our smoothness prior for σ. The values σ∗ = 1 for the mean,

a2 = 0.52 for the variance, and b = 3 for the correlation length. These parameters are chosen

as they roughly correspond to the size and variability of the inclusions.

Decomposition of the DtN Map

The procedure from Section 3.2.1 was followed to compute the PCA decomposition of the

DtN map. An ensemble of Ns = 2000 conductivity samples {σ(`)} was generated from the

prior. The procedure gives Λ̄ and {λi,Λi}i≤Ns . Hence the PC approximation to the DtN

Map is

Λ ≈ Λp = Λ̄ +
∑
i≤p

βiΛi,

where the βi are estimated simultaneously with σ1.

The prior model for βp is the Gaussian approximation to π(βp). To test how appropriate

this approximation is, in Figure 5.3 we have plotted the histograms and Q-Q plots for the

first five PC coefficients.

The top row of Figure 5.3 shows the histograms of the PC coefficients corresponding to

the sample. The shapes of the histograms are not in conflict with the normal approximation.

Although the weight of the tails is difficult to assess with the size of the sample. As a further

test, we compute the Q-Q plots of the coefficients, shown in the bottom row of Figure 5.3.

The Q-Q plots who an almost linear relationship, suggesting that the normal approximation
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is reliable. For an introduction to Q-Q plots see [126]. In equation (5.5) we see that Γp is
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Figure 5.3: Histograms and Q-Q plots for first 5 βj ’s computed from the ensemble of
conductivities used to compute the PC modes.

diagonal. Such covariance matrices, for Gaussian random variables, mean the variables are

mutually independent. So the Gaussian approximation to π(βp) treats the PC coefficients as

independent even though they are mutually dependent. We saw such mutual independence

with the convolution operator in Figure 3.5. To see if there is dependence between the PC

coefficients we consider scatter plots of some of the components against each other. Results,

shown in Figure 5.4, indicate that the components can be well modelled as independent.
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Figure 5.4: Scatter plots of some selected components βj against each others over the sample
generated with the annular geometry of the first numerical test.

Estimates

To test the domain truncation model a series of estimates were computed:
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1. The MAP estimate for σ in the full domain

σΩ = argmin
σ>0

[
‖Le (V −H(σ))‖2 + ‖Lσ (σ − σ∗)‖2

]
.

This estimate is computed as a reference to compare the domain truncation model

with.

2. The MAP estimate for σ1 over Ω1 u using the Neumann condition on Γ

σN = argmin
σ1>0

[∥∥∥Le (V −D(σ, β(−1))
)∥∥∥2

+ ‖Lσ1 (σ1 −Rσ∗)‖2
]
.

We shall refer to this estimate as the Neumann estimate.

3. The MAP estimate for σ1 over Ω1 using the PC approximation to the DtN map on Γ

σ(p) = argmin
σ1>0,βp

[
‖Le (V −D(σ, βp))‖2 + ‖Lσ1 (σ1 −Rσ∗)‖2 + ‖Lpβp‖2

]
.

We shall refer to this estimate as the DtN estimate, except when p = 0, then we shall

say mean estimate.

Note in the above R is the restriction map from Ω to Ω1.

The computed estimates are shown in Figure 5.5, from left to right we have σtrue, σΩ, σN

and σ(40). These estimates show that using the Neumann condition fails to model the current

Figure 5.5: Reconstructions for the first test problem. From left to right: True distribution
σtrue, reference estimate σΩ, Neumann estimate σN and DtN estimate with p = 40 σ(40).
Note: the colour scale is restricted to 1.2. as the maximum value based on the homogeneous
Neumann boundary condition ∼ 5.5 and therefore significantly out of colour range.

flows across the truncation boundary. mismodelling these flows causes large reflections which

destroy the Neumann estimate. When the DtN map is used, the current flows across the

truncation boundary are modelled accurately. The resulting estimate is almost free from

reflections and is able to recover the three inclusions within Ω1. Visually there is little

difference between σΩ and σ(40).
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To get a more quantitative idea, we also plot vertical intersection profiles of the various

estimates. These plots include point-wise marginal posterior one standard deviation bounds

computed from the posterior covariance matrix estimate equation (4.41). The profiles are

−10 −9.5 −9 −8.5 −8 −7.5 −7 −6.5 −6
0

1

2

3

4

5

y

σ(
0,

y)

Figure 5.6: Cross-sections of the various estimates along the line x = 0,−10 ≤ y ≤ −6.
Black curve: σtrue, Blue curve: σΩ, Red curve: σN , Magenta curve: σ(40). The
dashed curves indicate the approximate posterior one standard deviation bounds.

shown in Figure 5.6. The results indicate that the accuracy of the computed estimates with

the proposed algorithm is almost as good as the estimates based on discretisation of the

entire domain Ω. While, in contrast, the estimates in Ω1 using the homogeneous Neumann

boundary condition are useless for inference.

5 10 15 20 25 30 35 40

−50

0

50

β
i

i

Figure 5.7: The estimated PC coefficients βi in the first test problem. The blue curve
indicates the estimated β with dotted curves showing the posterior credible envelope of
one standard deviation. The black curve shows the reference values β∗j computed with the
conductivity corresponding to the data. Finally, the dashed red curves indicate the prior
standard deviations (

√
λj) of the coefficients computed from the prior sample.

The primary interest in the current approach is to estimate σ1, while the PC coefficients

of the DtN map are of only of marginal interest. However, to have an idea of the sensitivity

of the data to the boundary operator, we show the estimated values of the coefficients βj in

Figure 5.7. For comparison, we compute the DtN map corresponding to the true conductivity

σtrue in Ω. This operator is then projected onto the PC modes giving β∗j , the reference PC

coefficients.
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The estimated coefficients correspond reasonably well to the reference values β∗j . While

in general, the estimated values correspond quite poorly to the sample-based values. A

possible explanation for the poor match is that the voltage potential on Γ is very smooth.

Consequently the data are minimally affected by the higher order oscillatory details of the

map Λ, leading to a reduced sensitivity. Observe that for j ≥ 10, the estimated components

βj are almost vanishing, indicating that the number p of relevant basis vectors can be quite

small.

This result raises the question, how small can the truncation index p chosen without

significant degradation of the quality of estimated conductivity. To shed light on this, we

computed the DtN estimates σ(p) for different values of p ranging from 0 to 40. Some of

these estimates are shown in Figure 5.8.

p=0 p=1 p=2 p=3

p=4 p=5 p=6 p=40

Figure 5.8: Estimates for the first simulation using a different number of PC modes in the
PC approximation of the DtN map.

The results confirm that increasing p beyond p ≈ 5 has little effect on the quality of the

estimate. It is interesting to note that the use of a Dey-Morrison type estimate, σ(0), also

leads to large reflections across the truncation boundary which make the estimate of no use

for inference. This all indicates we are able to accurately represent the DtN map with a PC

approximation with p non-zero but small.

To quantify the effect of the series truncation of the DtN map, we computed the L2(Ω1)

estimation error for successive values of p,∥∥σ(p) − Pσtrue

∥∥
L2(Ω1)

=
√

(σ(p) − Pσtrue)TM(σ(p) − Pσtrue). (5.10)

Here P represents the projection from the fine forward mesh to the coarse inverse mesh of

the truncated domain so that σtrue and σ(p) are expressed in the same basis. Here M is the
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Figure 5.9: The L2(Ω1)-error (equation (5.10)) with respect to the truncation index p
(red curve) and the expected Frobenius norm error estimate for the DtN map using PC
approximation (blue curve) given by the formula equation (3.5).

mass matrix corresponding to the meshing of Ω1 used in the inverse problem,

Mij =

∫
Ω1

ϕ1
iϕ

1
i dx.

The L2(Ω1)-errors are shown in Figure 5.9. This plot further confirms that including more

than approximately five PC modes adds little predictive value. Figure 5.9 also includes an

estimate error level for DtN map for each p given by equation (3.5). The estimated error

does not converge as fast as the estimates. This suggest that the error of DtN does not have

a significant effect on the accuracy of the estimates.

5.2.2 Simulation 2: Half Plane Geometry

The second test problem models underground conductivity imaging using surface electrodes.

In this simulation, we use fourteen surface electrodes and the computational domain corre-

sponds to a two–dimensional slice shown in Figure 5.10. Here, the domain of interest, Ω1,

is the semi-disk, and Ω2 the infinite complement in the half-plane. The EIT measurement

are mostly affected by the conductivity in Ω1. Although the truncation boundary may cause

significant artefacts in the estimates. The target is comprised of several conductive inclusions

in more resistive background, thought to represent ore in ground.
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Figure 5.10: Computational mesh (left) and the target conductivity distribution (right) for
the second test problem. The black semicircle is the artificial boundary Γ which cuts the
domain to the subdomains Ω1 and Ω2, and the blue line segments indicate the electrodes.

The data generation and conductivity estimates are computed similarly as in the previous

numerical experiment. The computational meshes are described in Table 5.2. The current

pattern is chosen so the first currents are injected between adjacent electrodes (1 → 2,

2 → 3,. . . , including 14 → 1), then over three electrodes (1 → 5, 2 → 6,. . . , 10 → 14), and

finally over eight electrodes (1 → 10, 2 → 11, . . . 5 → 14) resulting in total of 29 current

patterns. The voltages are measured between adjacent electrodes and the noise level is the

same as in the first test problem.

Table 5.2: Computational meshes for domain truncation simulation 2. The EIT forward
problem is solved using second order basis and the the conductivity distribution σ is presented
using the first order basis.

Elements Nodes
Conductivity σ Forward model

Data generation 3063 1658 6378
Mesh for Ω 1938 1065 4067
Mesh for Ω1 364 240 843
Mesh for Ω2 1574 855 3283

Again we choose a Whittle-Matérn prior for σ, with the prior mean σ0 = 0.5, variance

a2 = 0.52, and correlation length b = 0.5. The PC modes for the DtN map were constructed

as previous, using a sample of 2000 independent draws from the prior.

We have computed the same estimates as in the previous simulation. The Reference

estimate σΩ, here Ω is the large rectangle as indicated in Figure 5.10, the Neumann estimate

σN , the mean estimate σ(0) and the DtN estimate with p = 30. The results are shown in

Figure 5.11.

Again we see that the Neumann and mean estimates are destroyed by reflections making

them useless for inference. However, in this case the DtN estimate is able to recover the

inclusion within Ω1 with more accuracy than the reference estimate. This is possibly due
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Figure 5.11: Conductivity estimates for the second test case. Top Left: True Distribution
σtrue, Top Right: Reference estimate σΩ, Bottom Left: Neumann estimate σN , Bottom
Middle: Mean estimate σ(0), Bottom Right: DtN estimate with p = 30 σ(30). Note:
the colour scale is restricted based on the reconstruction in whole domain. Observe that he
maximum value of the estimate using the homogeneous Neumann condition is 3.31, compared
to the limit of 1 in other estimates.

to the smoothness prior. The reference estimate is pushed towards a distribution which is

smooth between Ω1 and Ω2. Whereas, σ(30) does not suffer from this same smoothing.

We computed the vertical intersection profiles across the semi disk. These are shown on

the left of Figure 5.12. The computed estimates of the coefficients βi are shown on the right

of Figure 5.12. Even in this geometry, in which the current densities are mostly far from the

truncation boundary, the adverse effect of the homogeneous Neumann boundary condition

is strongly present in the estimate. While the proposed DtN boundary condition is capable

of reducing the artefacts almost completely.
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Figure 5.12: Left: Cross-sections of the estimates along x = 0, 0 ≤ y ≤ 1, colours the same
as Figure 5.6. Right: The reconstructed PC coefficients, colours the same as Figure 5.7.

5.3 Domain Truncation Laboratory Experiments

To test the methodology with real data, we carried out two laboratory experiments using

a cylindrical tank with a radius of 14cm and sixteen electrodes attached to the boundary.

79



CHAPTER 5. THE STOCHASTIC DIRICHLET-TO-NEUMANN MAP AND
ELECTRICAL IMPEDANCE TOMOGRAPHY

The tank was filled with saline, objects with varying conductivities were immersed in it.

Measurements were performed using Radic Research SIPFIN instrument. The SIPFIN device

is based on a Radic Research SIP256 instrument with slight modifications for Electrical

Resistance tomography. For more information on SIP256, see http://www.radic-research.de

In this thesis, the phase information was neglected and only the (RMS) amplitude of the

voltage data was used.

Figure 5.13: Target (left), inclusion schematic (middle) and computational meshes (right)
for the laboratory experiments. The black circle (top) and the horizontal line (bottom) are
the artificial boundaries Γ in these experiments, dividing the domain to the subdomains Ω1

and Ω2. The electrodes are indicated in blue.

The first experiment is similar to the first simulation: we estimate the conductivity dis-

tribution in an annular domain, with the outer and inner radii of 14cm and 9cm respectively.

As in the first simulation, we used an opposite current pattern and adjacent voltages are

measured. The injected currents varied between ∼ 3.5 − 4 mA and the maximum of the

resulting voltages was ∼ 1.7 V.

In the second experiment, we estimate the conductivity in half of the tank using mea-

surements from the 8 electrodes on this half, the other half being considered as the truncated

domain. In this experiment, the electrodes on the other half were covered using plastic tape

to avoid shunting that would have an influence on the internal electric potential. In this

experiment we placed a plastic rod in the truncated domain, this rod was placed to see how

sensitive the measurements were to the conductivity in the truncated region. Both current

injections and voltage measurements were between adjacent electrodes, the injected currents

were approximately 1 mA and the maximum of resulting voltages was of the order of 1 V.

80



5.3. DOMAIN TRUNCATION LABORATORY EXPERIMENTS

With any current pattern the current density near the inclusion in the truncated domain is

very low therefore the sensitivity is very low in this region.

Photos of the targets immersed in the saline and images computational meshes are shown

in Figure 5.13. Details of computational meshes are given in Table 5.3. Observe that in

reality, the measurement configuration is three dimensional; however, the conductivities are

constant in the axial direction, and a two-dimensional model approximates well the average

quantities over axial direction.

Table 5.3: The computational meshes for conductivity estimates from laboratory experi-
ments. The voltage potential u in the EIT forward problem is computed using second order
basis functions, while the conductivity distribution σ is presented using a first order basis.

Elements Nodes
σ u

Experiment 1: Annulus
Mesh for Ω 1200 657 2513
Mesh for Ω1 932 545 2022
Mesh for Ω2 268 158 583

Experiment 2: Half Tank
Mesh for Ω 932 532 1977
Mesh for Ω1 466 272 1009
Mesh for Ω2 466 272 1009

In the computation of the estimates we use a Gaussian noise model with standard de-

viation 1% range of the data plus 1% of the level of the data. As the contact impedances

are not known for practical measurements, they are included as unknowns in the model and

estimated.

A Whittle-Matérn prior was used to model σ, with variance a2 = 1, and correlation

length b = 2. The prior mean for conductivity σ∗ and the contact impedances z0, are chosen

to be the best homogeneous estimates of the conductivity and contact impedances based

on the data. This means σ∗ and z0 are chosen to be constants which are estimated from

data. This construction corresponds to a prior model conditional on σ∗ and z0 interpreted

as hyperparameters that are first estimated with an uninformative prior from the data. The

contact impedances are considered a priori as independent normal random variables each

distributed normally with mean z0 and variance z2
0/9. Finally, the PC modes of the DtN

map are computed using a sample of 600 draws from the prior, the same sample being used

for both geometries.

As in the simulated results, we compute three estimates, one with the full computational

domain for reference, one estimate in Ω1 with a homogeneous Neumann condition on the

truncation boundary and one estimate in Ω1 with the PC approximation to the DtN map

on the truncation boundary with p = 40. These estimates are shown in Figure 5.14.

Observe that in the half tank experiment, the current injection is such that the data are

not sensitive to the object deep in the truncated domain Ω2. Consequently, the reference
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Figure 5.14: Left column: Conductivity estimates using the full computational domain Ω.
Centre column: Estimates of the conductivity in Ω1, imposing a homogeneous Neumann
boundary condition on Γ. Right column: Conductivity estimates with the DtN condition
along Γ. The maximum values of the estimates with homogeneous Neumann boundary
condition are significantly out of colour range.

estimate fails to see it. However, the homogeneous Neumann boundary condition produces a

significant artefact near the truncation boundary and causes a significant non-local distortion

of the estimate also further away. As expected, the annular reconstruction with the Neumann

boundary condition is useless for inference. In both cases, the estimate based on the DtN

boundary condition is almost as good as reference estimate.

We also tested the sensitivity of the algorithm to the number of PC modes included in

the model. The findings are in line with the simulated examples. Only a few components

need to be included, after p = 5 the results are essentially unaltered. The estimates using

different number of PC modes are shown in Figures 5.15 and 5.16.

In these laboratory experiments, the number of PC modes p does not have a large effect.

Meaning estimates with reasonable accuracy can be achieved using very few basis functions.

This is possibly due to the fact that, in the annulus geometry, there are no inclusions within

the truncated region, and, in the half tank geometry, the measurement protocol is only

marginally sensitive to the conductivity in Ω2.
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p=0 p=1 p=2 p=3

p=4 p=5 p=6 p=40

Figure 5.15: Estimates of σ1 in domain truncation experiment 1, for varying values of p.

p=0 p=1 p=2 p=3

p=4 p=5 p=6 p=40

Figure 5.16: Estimates of σ1 in domain truncation experiment 2, for varying values of p.

5.4 Summary

In this chapter, we considered the EIT inverse problem using the domain truncation model

with a stochastic Dirichlet-to-Neumann (DtN) map. The EIT observation model was modi-

fied to use the domain truncation model with a stochastic DtN map. To test the proposed

observation model we considered two different simulations and two laboratory experiments.

The FEM approximation to the domain truncation model was used. As the conductivity

of the truncated region is unknown in the inverse problem the PC approximation to the

stochastic DtN map was used. The PC approximation was constructed using the sample

based procedure set out in Section 3.2.1.

Since the PC coefficients were to be estimated we required a prior model. The true

distribution of these coefficients is unknown. We made a Gaussian approximation of their
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true distribution. That is, the prior for the PC coefficients was chosen to be a centred

Normal distribution with diagonal covariance matrix. The accuracy of this approximation

was discussed for the first simulation. This discussion was restricted to the first simulation

for brevity, results are similar for the other geometries considered.

The first simulation was an annulus geometry. Here the region of interest was the annulus

with radii 10 and 6 and data was computed over the disc with radius 10. The second

simulation was a half plane geometry. Here the region of interest was the lower semi-disc

of radius 1 and data was computed over a large rectangular domain. In both simulations

we found using a simple homogeneous Neumann estimate, along the truncation boundary,

lead to large reflections in the estimates. These reflections render the estimates useless for

any practical inference. When the PC approximation of the stochastic DtN map was used

the estimates were practically free from the previous reflections. Finally, the number of PC

modes required for a sufficiently accurate estimate was also considered. We found that using

6 or more PC modes contributed little to the estimates.

Two laboratory experiments were also considered. The first experiment was an annulus

geometry similar to the first simulation with radii of 14 and 9. The second experiment

was a half tank geometry. In this experiment the interesting region is the upper semi-disc

with radius 14. The estimates computed from the laboratory data gave results similar to

the simulations. The estimates corresponding to the use of the stochastic DtN map are as

accurate as using the full computational domain.

When using the laboratory data, the contact impedances are unknown. So we estimated

the values simultaneously with the internal conductivity distribution. This added to the

computational complexity of the inverse problem. Alternatively, the Bayesian approximation

error approach could have been used to compensate for the unknown contact impedances.

The BAE approach was not used here as we wished to isolate the effect of the stochastic

DtN map. However, the Bayesian approximation error approach will be considered later in

this thesis.

In the computation of the above estimates we have ignored the constraint that the DtN

map must be positive semi-definite, equation (2.27). The PC modes are fixed symmetric

matrices, by construction, yet if one (or more) of the PC coefficients are too large (in absolute

values) the resulting approximation of the DtN map may not be positive semi-definite. In the

simulations and experiments considered, the PC modes were computed using samples from

the conductivity prior. Also the true conductivity distributions had relativity high posterior

density. If the true conductivity distribution has small prior density we may see estimated PC

coefficients which do not give a positive semi-definite approximation. A possible method to

over come this is to place constraints on the PC coefficients to ensure the PC approximation

is positive semi-definite. However, the implementation of such constraints is not always a

straight forward task and can increase the computational complexity of the estimates.
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6
Errors due to Discretisation and an

Uncertain Domain Shape with Domain

Truncation in Two-Dimensions

The estimation of an internal conductivity distribution from EIT measurements is a highly

non-linear ill-posed problem. This means it handles measurement and, more importantly,

modelling errors poorly. We have seen an example of this in Chapters 2 and 5 when the

Neumann condition is used on Γ. In Section 2.5 we saw the use of the Neumann condition

along Γ leads to large errors in the computation of the forward problem. When this mod-

elling error was not accounted for the resulting estimates were useless for inference. This

modelling error was able to be compensated for by modifying the forward model. This is

also possible for other modelling errors such as electrode placement [31, 58] or boundary

shape [32, 33, 72]. The known quantities are then estimated simultaneously with the in-

ternal conductivity distribution using the modified forward operator. As we discussed in

Section 4.3, estimating the parameters increases the computational burden and often fails

to fully capture the uncertainty present.

In this thesis we use the Bayesian Approximation Error approach to handle discretisa-

tion and modelling errors. Specifically, in this chapter we consider the estimation of a 2D

internal conductivity distribution using domain truncation with a coarse discretisation and

an unknown domain shape. This is a step towards developing a feasible model for practical

3D EIT imaging. Often in practical situations we do not know the true shape of the target.

Even if we do approximately know the shape of the domain it can change while measurements

are being taken, i.e. a patient breathing in-between measurements. If the boundary shape

is mismodelled it can lead to artefacts in estimates rendering them meaningless. Further-

more, due to limited computational resources the use of a coarse discretisation and domain

truncation are often required.

The BAE approach as been used to compensate for domain truncation before. Domain

truncation in geophysical EIT was considered in [76], with some success. They then com-
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puted the approximation errors by finding the difference of CEM computed over Ω and Ω1.

They were able to get significantly improved estimates using the existing models. However,

the approach could not handle a highly conductive inclusion just outside the truncation

boundary. Also they found that their approximation error ensemble for domain truncation

was mean dominated. This means ‖ε∗‖ is significantly larger than
√

Tr (Γε). Hence a low

number of approximation error samples was needed to get a reasonable estimate. In [89]

the BAE approach was used to compensate for modelling induced by domain truncation, a

coarse discretisation and unknown contact impedances. The domain truncation was consid-

ered when imaging an inclusion within a pipe. They found that the approximation errors

were able compensate and hence their estimates were fairly good. However, the truncation

planes used were quite far from the electrodes meaning the domain truncation artefacts were

less severe. Also the inclusion did not extend beyond the truncation planes, so the conduc-

tivity in Ω2 was homogeneous. We expect that using the BAE approach and the domain

truncation model with a small number of PC modes to give good reconstructions.

In [90] and [91] the approximation error approach is used to compensate for the mod-

elling errors induced from an unknown domain shape. In these papers data is simulated and

collected over domains with boundary shapes motivated by thorax imaging. Using this data

estimates of the internal conductivity distribution were computed using a circular domain.

The BAE approach was used to compensate for the mismodel of the domain shape. The

sample based Gaussian approximation to the AE distribution was generated from AE sam-

ples computed using domain shapes generated from human thorax CT images. The result

was feasible estimates of the internal conductivity distribution and the boundary shape. The

domain truncation model has been shown to be capable of accurately modelling EIT mea-

surements. Hence we expect the approximation error approach will give feasible estimates

when an approximative domain shape is used in conjunction with the domain truncation

model.

The chapter is structured as follows. First we consider errors induced from a coarse

discretisation and the truncation of the PC approximation of the DtN map. Then we consider

estimates when the shape of the domain is uncertain. Finally, we summarise the results of

the chapter.

6.1 Discretisation Error and Domain Truncation

In this section we apply the approximation error approach to compensate for modelling

errors induced from the use of a low dimensional approximation of the domain truncation

model. We can reduce the computational burden of the domain truncation model in two

ways. The first being the use of a coarse discretisation, the second being a low dimensional

representation of the DtN map. We combine these through the use a coarse discretisation

and examine how many PC modes are needed when AE’s are used to compensate for the

resulting modelling errors.
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6.1.1 Simulations

To examine the effectiveness of the BAE approach with the domain truncation problem we

use the annulus geometry from Section 5.2.1. We use this geometry as it has been shown

in Chapter 5 to be a good test case for domain truncation. The full domain Ω is the disc

centred at the origin with radius 12, the interior disc with radius 8 forms Ω2 and is truncated

making Ω1 an annulus with radii of 12 and 8 and the truncation boundary Γ is the circle of

radius 8. There are sixteen electrodes of length 2.5 equi-spaced on the boundary of Ω.

We consider two cases, in both cases the inclusions are made up of a collection of Gaus-

sian humps. The first simulation, left of Figure 6.1, has two inclusions with a maximum

Figure 6.1: The conductivity distributions used for the data generation in the domain
truncation model reduction simulations, case 1 on the left and case 2 on the right. The black
circle represents the truncation boundary Γ.

conductivity of 1.2 and one inclusion with a minimum conductivity of 0.08. This forms an

easy case for domain truncation, as there is no inclusion which causes large current flows

across Γ. The second simulation, right of Figure 6.1, has two inclusions with a minimum

conductivity of 0.1 and one elongated inclusion with a maximum conductivity of 1.1. This

forms a harder case for domain truncation, as the elongated inclusion causes large current

flows across Γ.

To generate data we use opposite current injections and adjacent measurements, result-

ing in 128 measurements in total. The data is simulated using a high dimensional FEM

approximation to the complete electrode model and noise is added. We discuss the meshes

used in more detail below. In order to model the noise we use measurements V corresponding

to constant conductivity of σ = 1. In particular, e is the sum of two centred independent

Gaussians, one with standard deviation of 1% of the difference between the maximum and

minimum values of V and one with a standard deviation of 1% of |V |. For simplicity we

treat the contact impedances as known each with the same value z = 1× 10−3.

Before we discuss the computations of the approximation errors or the estimates com-

puted we discuss the prior which will be used for the conductivity distribution.
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6.1.2 Squared Exponential Prior

In this chapter, we model σ as a random field with squared exponential (SE) covariances

[99]. Specifically we choose σ = σ∗ +X where σ∗ is the prior mean of the conductivity and

X is a centred random field with squared exponential correlation [99, 77, 38]

Cov (X(x), X(y)) = a2 exp

(
−d(x, y)2

b̄2

)
, x, y ∈ Rd, (6.1)

where a2 is the marginal variance, b̄ controls the correlation length and d(x, y) is a metric.

Suppose that b is the desired correlation length, then d(x, y) = b. From this it is easy to

verify setting b̄ = b/
√
− ln(c) means points b units apart have a correlation of c ∈ (0, 1). In

this thesis, we fix c = 0.05 i.e. we set nodes b units apart to have 5% correlation.

Computationally we set d(x, y) = ‖x− y‖ and hence form the covariance matrix Γσ by

direct evaluation of equation (6.1)

[Γσ]ij = a2 exp

(
ln(c) ‖xi − xj‖2

b2

)
,

where xi is the ith node in the FEM mesh. We shall refer to such a prior as an isotropic

squared exponential prior since, the formulation in equation (6.1) treats all directions the

same i.e. creates an isotropic field.

(a) (b) (c) (d)

Figure 6.2: Draws from a centred squared exponential random field with a = 1 and corre-
lation lengths: (a) b = 7, (b) b = 2, (c) bx = 3, by = 10, (d) bx = 10, by = 1.

It is also possible to define an anisotropic prior by choosing

d(x, y) = ‖x− y‖b =

√√√√∑
i≤d

(xi − yi)2

b2i
, (6.2)

here b = (b1, . . . , bd)
T ∈ Rd represents the correlation length for each direction. So

Cov (X(x), X(y)) = a2 exp

(
−‖x− y‖2b

b̄2

)
, x, y ∈ Rd, (6.3)
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defines the covariance of an anisotropic squared exponential prior.

Setting b̄ = 1/
√
− ln(c) gives the same interpretation as above for each bi. We again

implement the anisotropic prior by direct evaluation of equation (6.3) at the FEM nodes.

In Figure 6.2 there are examples of two isotropic SE random fields and two anisotropic SE

random fields.

The squared exponential prior is a special case of the Whittle-Matérn prior we used in

Chapter 5 [99]. If we let the smoothness parameter $ in equation (5.6) tend to infinity then

we have

a2 2(1−$)

Γ($)

(√
2$ ‖x− y‖

b̄

)$
K$

(√
2$ ‖x− y‖

b̄

)
−→ a2 exp

(
−‖x− y‖2

2b̄2

)
.

We choose to use this prior as it is computationally simple to implement and only requires

a small number of parameters to describe physically prior information.

6.1.3 Computation of approximation errors

In order to compute the approximation errors we require an accurate model and an (very)

approximative model. Our accurate model H̄ (σ̄) is the complete electrode model, equation

(4.36), computed over Ω using a quadratic FEM basis sufficiently dense. Here σ̄ is conduc-

tivity represented over a sufficiently high dimensional linear FEM basis. Our approximative

model is H (σ) the complete electrode model, equation (4.36), computed over Ω using a low

dimensional linear FEM basis. Here σ is a coarser version of σ̄, let P̄ be the projection such

that σ = P̄ σ̄. This projection is numerically implemented by a linear interpolation.

In order to see that the approximation error approach can compensate for domain trun-

cation we employ D (σ1, β
p). Here D is the domain truncation model, equation (5.3), com-

puted over Ω1 using the coarse linear discretisation. This is the complete electrode model

with domain truncation computed over Ω1 using a low dimensional linear FEM basis, where

σ1 = σ|Ω1
=
(
P̄ σ̄
)∣∣

Ω1
, We let R be the restriction map such that σ1 = Rσ and P = RP̄ so

that σ1 = Pσ̄. Finally, recall in the domain truncation model p = −1 denotes the use of a

homogenous Neumann condition along Γ and p = 0 denotes the using only the expectation

of the DtN map Λ̄ over Γ.

We computed the approximation errors for the eight different discretisations of Ω detailed

in Table 6.1, the mesh MD was used as the computational mesh for H̄. An ensemble

{σ̄(`)}`≤Ns of Ns = 1000 conductivities for Ω was generated from a squared exponential prior

with parameters σ∗ = 1, a = 0.3, b = 6 and a positivity constraint as in equation (4.38).

Two types of approximation errors are computed. The first is the approximation error

for discretisation using mesh Mi defined by

E
(`)
i =

[
H̄
(
σ̄(`)
)
−H

(
P̄iσ̄

(`)
)]
, (6.4)
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Table 6.1: Meshes used to compute the approximation errors.
Mesh Elements Nodes

Conductivity Internal Potential

MD 12762 6582 25925
M1 6222 3256 3256
M2 3392 1825 1825
M3 2036 1123 1123
M4 1502 848 848
M5 1022 584 584
M6 734 432 432
M7 686 384 384
M8 404 235 235

here P̄i is the projection P̄ for mesh i. We compute this in order to find a baseline for the

discretisation error so we can better determine the modelling error caused by truncating the

PC approximation to the DtN map. The other is the approximation error for discretisation

using mesh Mi and domain truncation with truncation value p, defined by

ε
(`)
i,p =

[
H̄
(
σ̄(`)
)
−H

(
Piσ̄

(`), βp
)]
, (6.5)

here Pi is the projection P = RP̄ for mesh i. Once we have these ensembles we compute the

sample mean and covariance using equations (4.28) and (4.29).

0 10 20 30 40 50 60 70 80 90 100

4

6

8

10

12

14

16

18

E
xp

ec
te

d 
R

e
la

tiv
e 

M
od

el
lin

g
 E

rr
o

r

Figure 6.3: Plot of expected relative modelling error for the various meshes as the truncation
value for the DtN map p changes. Navy -MD, Green -M1, Red -M2, Cyan -M3, Magenta
-M5, Gold -M6, Grey -M7, Blue -M8. Black solid line at the bottom of the plot represents
the measurement noise.

We plot the expected relative modelling error for the different meshes and truncation
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values in Figure 6.3. The expected relative modelling error is given by

ErΩ1
i (p) =

1

Ns

∑
`≤Ns


∥∥∥ε(`)

i,p

∥∥∥∥∥H̄ (σ̄(`)
)∥∥
× 100 and ErΩ

i =
1

Ns

∑
`≤Ns


∥∥∥E(`)

i

∥∥∥∥∥H̄ (σ̄(`)
)∥∥
× 100,

for i = 1 . . . 8 and p = −1 . . . 100. Here ErΩ1
i (p) is the expected relative modelling error of

domain truncation (Solid Lines of Figure 6.3) and ErΩ
i is the expected relative discretisation

error (Dashed Lines of Figure 6.3). Note that we do not plot the error for p = −1, as the

minimum error is ≈ 52% and as a result the other errors would dwarfed. Also the solid black

line at the bottom of the plot corresponds to the relative error induced from the noise model.

The first observation from Figure 6.3 is that a coarser mesh leads to a higher baseline level

of modelling error. Also as more terms are used in the PC approximation to the DtN map

the modelling error converges to the baseline, this convergence is slower for the finer meshes.

One can clearly see that the error from the PC approximation in M1 has not converged to

the baseline when 100 basis vectors are used, whereas in M8 converges at around 30 basis

vectors.

Another way of looking at this is a coarse discretisation causes greater modelling error

than a low dimensional representation of the DtN map. These observations imply that a
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Figure 6.4: Statistics of approximation errors as the truncation for p = −1 . . . 100. The

dashed line is ‖ε∗(p)‖, solid line is
√

Tr(Γε(p)) and the bold line is
√

Tr(Γe)

low number of basis vectors will result in a sufficient approximation to the DtN map. This

agrees with what we saw in the simulations and experiments discussed in Chapter 5.

In our simulations we use MD to generate the data and M8 as our coarse mesh used

for the inverse problem. This means our approximation errors used in the inverse problem

are ε(p) = εi,p. To gather more insight into π(ε(p)) in Figure 6.4 we consider ‖ε∗(p)‖ and√
Tr(Γε(p)) for the various values of p. As we can see for all truncation values ‖ε∗(p)‖ is

higher than
√

Tr(Γε(p)) indicating that we may be able to infer an effective sample based

Gaussian approximation to π(ε(p)) from a small number of samples as was done in [76]. Also

clearly
√

Tr(Γε(p)) >
√

Tr(Γe) for all truncation values, which tells us the modelling errors
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corrupt the forward computations more than observation noise does. Clearly, if these errors

are not compensated for estimates will contain artefacts and reflections. We saw an example

of this when using the Neumann condition in Chapter 5. Also since
√

Tr(Γε(p)) >
√

Tr(Γe)

the posterior covariances will be underestimated. As a result we will be over confidence in

our poor estimates.

In Figure 6.4, we see that when p ≈ 6 both ‖ε∗(p)‖ and
√

Tr(Γε(p)) converge to a fixed

level. This again indicates that the Bayesian approximation error approach should be able

to compensate for errors due to truncation of the PC approximation. Also we note that

the largest just in these values is moving from p = −1 to p = 0. To test this we consider

estimates computed using only the Neumann (p = −1) condition and the expectation of the

DtN map (p = 0).

6.1.4 Estimates

For both test cases described in Section 6.1.1 we use meshM8 from Table 6.1. The Bayesian

framework is adopted to compute the estimates. We use the error model described previously

for both cases and the isotropic squared exponential prior with σ∗ = 0.5, a = 1/6 and b = 5.

The Gaussian approximation is made for the distribution of the approximation errors. In

order to get feasible estimates we employ the enhanced error model, that is we model ε and

σ as independent.

As model reduction is the goal, estimates from the most approximative models were

considered. In terms of domain truncation that corresponds to using only the Neumann con-

dition on Γ (p = −1) or using only the expectation of the DtN map (p = 0). Both of these

cases reduce the computational domain without estimating any auxiliary parameters. Con-

sequentially, estimates with more PC bases are not computed in order to see the capability

of the BAE approach.

The following estimates were computed:

1. MAP estimate of conductivity computed over the full domain Ω

σΩ = argmin
σ>0

[
‖Le (V −H (σ))‖2 + ‖Lσ (σ − σ∗)‖2

]
.

This reconstruction serves as a reference of the best we can do without approximation

errors being used.

2. MAP estimate of conductivity computed over Ω1 when a homogeneous Neumann con-

dition is used over Γ and no approximation errors are used,

σN = argmin
σ1>0

[∥∥Le (V −D (σ1, β
−1
))∥∥2

+ ‖Lσ1 (σ1 −Rσ∗)‖2
]
.

We shall refer to this as the Neumann estimate.
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3. MAP estimate of conductivity computed over Ω1 when a homogeneous Neumann con-

dition is used over Γ and the enhanced error model is used,

σεN = argmin
σ1>0

[∥∥Lε(−1)+e

(
V −D

(
σ1, β

−1
)
− ε∗(−1)

)∥∥2
+ ‖Lσ1 (σ1 −Rσ∗)‖2

]
.

We shall refer to this as the compensated Neumann estimate.

4. MAP estimate of conductivity computed over Ω1 when the expectation of the DtN

map is used over Γ and no approximation errors are used,

σ0 = argmin
σ1>0

[∥∥Le (V −D (σ1, β
0
))∥∥2

+ ‖Lσ1 (σ1 −Rσ∗)‖2
]
.

We shall refer to this as the mean estimate.

5. MAP estimate of conductivity computed over Ω1 when the expectation of the DtN

map is used over Γ and the enhanced error model is used,

σε0 = argmin
σ1>0

[∥∥Lε(0)+e

(
V −D

(
σ1, β

0
)
− ε∗(0)

)∥∥2
+ ‖Lσ1 (σ1 −Rσ∗)‖2

]
.

We shall refer to this as the compensated mean estimate.

Here R is the restriction map from Ω to Ω1 and Γσ1 is computed using equation (5.9).
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Case 1:

Case 2:

Figure 6.5: Reference estimates for Domain Truncation Model Reduction. Left: True con-
ductivity distributions. Middle: True conductivity distributions with a coarse discretisation
Right: Reference estimates, σΩ.
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Case 1:

Case 2:

Figure 6.6: MAP estimates for Domain Truncation Model Reduction. Left: σtrue over the
annulus geometry. Middle: Top - σN , Bottom - σεN . Right: Top - σ0, Bottom - σε0.
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The reference estimates for both cases can be found in Figure 6.5. The reference estimates

are able to detect the inclusions but do not recover the background level fully. Also in the

second case it struggles to completely recover the elongated inclusion. The estimates with

domain truncation for both cases can be found in Figure 6.6. In both cases the Neumann

estimates produce artefacts well out of the colour scale, the maximum values ≈ 3.3 for case

1 and ≈ 2.8 for case 2. When the enhanced error model is used, the compensated Neumann

estimate σεN for the first case can recover the inclusions in Ω1. Whereas, in the second case

there are various artefacts and it cannot recover the inclusions in Ω1 correctly. This was also

observed in [76], when there is a high conductivity inclusion of just outside the truncation

boundary. The approximation error approach was not able to compensate for the errors

when th Neumann condition is used.

The mean estimate σ0 has the same artefacts as in Chapter 5, the expectation of the DtN

map fails to correctly model the current flows across Γ. On the other hand the compensated

mean estimate σε0 is able to compensate for this modelling error in both cases. As a result the

inclusions in Ω1 are recovered with minimal artefacts. From our previous work on domain

truncation the compensated mean estimate σε0 is as accurate as could be expected.
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Figure 6.7: The difference between the true PC coefficients and the MAP estimates com-
puted using equation (6.6). Left: Estimates using Neumann condition on Γ. Right: Es-
timates using the expectation of the DtN map on Γ. Red is case 1, Black is case 2, the
dashed lines are estimates computed without approximation errors and the solid lines are
with approximation errors. Blue dashed lines are the two standard error bounds from the
posterior covariance for βp.

To test the sensitivity of the compensated mean estimates to the approximation errors the

DtN map was estimated, specifically we estimate the PC coefficients. The residuals contain

all the remaining information about the DtN map, so the PC coefficients are estimated using

the technique discussed in Section 4.3.4

βpMAP = Γβpε(p)
(
Γε(p) + Γe

)−1
([V − VMAP ]− ε∗(p)) . (6.6)

Here V −VMAP is the residual corresponding to an estimated conductivity and Γβpε(p) is the

covariance of βp and ε(p).

The difference between the MAP estimates for the PC coefficients and the true coefficients

96



6.2. UNCERTAIN BOUNDARY WITH DTN MAP

are in Figure 6.7. Here the left plot is for the estimates using the Neumann condition and

the right plot is for estimates using the expected DtN map. The red lines are for case

1, black is case 2 and the blue dashed lines are the two standard error bounds from the

posterior covariance for βp. The black and red dashed lines are estimates computed without

approximation errors and the solid lines are with approximation errors.

On the whole the estimation errors sits within the 2 standard error bounds. However, the

errors corresponding to the use of the Neumann condition or not using approximation errors

have elements outside these bounds. Statistically speaking the estimates using constructed

from σε0 are accurate. However, they may not be of practical use.

Figure 6.8: Estimate of σ2 using the technique from Section 4.3.4. for p = 30. Left: Case
1. Right: Case 2

If there is useful information about βp in the residuals then there should be information

as βp contains the stochastic information of σ2. The estimates for σ2 can be found in Figure

6.8, the estimate for case 1 is on the left and case 2 on the right. These estimates for σ2 are

computed using the residuals relating to the σε0 estimates by application of the technique

from Section 4.3.4.

Clearly the residuals do not contain enough information about the conductivity in the

truncated region. This is not a surprise as the map connecting σ2 to the measurements is

highly non-linear and ill-posed.

6.2 Uncertain Boundary with DtN Map

Another challenge with practical implementation of EIT is that the shape of the compu-

tational domain is often uncertain. This is particularly the case with biomedical EIT, the

exact shape of a patient is unknown. One method to overcome this is to use computerised

tomography (CT) images of the patient to build an approximative computational boundary

shape. However, this would not always be possible, for example a patient who is critical and

should not be moved. Even if CT images are obtained the shape can change with breathing
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or orientation, so any knowledge gained from the CT images is approximate at best. As a

result reconstructions are typically performed over a fixed approximative body shape Ω.

Furthermore due to constraints on computational power and time there is pressure to

use a coarse discretisation and truncate the computational domain in the forward model.

The work above has shown that not accounting for discretisation or truncation error can

lead to significant artefacts in estimates. In this section we consider the reconstruction of

an internal conductivity distribution using an approximative boundary shape with domain

truncation and a coarse discretisation.

6.2.1 Forward Model for an Arbitrary Body Shape

In clinical applications there is rarely sufficient time to make accurate measurements of a

patient’s body shape Ω̄. As a result reconstructions are performed over a fixed approximative

body shape Ω.

This means that two domains Ω̄ and Ω are involved with the inverse problem. As such,

a representation for the conductivity, defined over over Ω̄, is required for the approximative

domain Ω. To accomplish this, a deformation T̄ : Ω→ Ω̄ is introduced such that

σΩ (x) = σ̄
(
T̄ (x)

)
,

here σ̄ is the conductivity distribution in Ω̄ and σΩ is the representation over Ω. That is T̄

T̄

θ θ
r

r

r(0)

r(θ)

(
r(θ)
2

cos(θ),
r(θ)
2

sin(θ)

)

( r2 cos(θ), r2 sin(θ))

Figure 6.9: An illustration of the deformation T̄ : Ω→ Ω̄ and the parametrisation of ∂Ω̄.

deforms points from the approximative domain into points from the true domain. Naturally

we cannot know the true deformation between Ω and Ω̄, nor is it unique, and as such a

numerical model must be chosen. Figure 6.9 illustrates the deformation used in this thesis.

The deformation is chosen so that the angle and distance from the boundary, relative to

the centre of Ω̄, of a co-ordinate is preserved. Numerically, T̄ is implemented through linear

interpolation such that σ̄ = T̄ σ.

In order to computationally model an arbitrarily shaped domain a Fourier parametrisa-
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tion of ∂Ω̄ is used. Let x∂Ω̄ represent the Cartesian representation of ∂Ω̄, then

x∂Ω̄ = [r(θ) cos(θ), r(θ) sin(θ)] , θ ∈ [0, 2π].

As x∂Ω̄ is an arbitrary boundary we treat the radius as a function of angle. Assuming that

r(θ) is smooth then we have a Fourier series representation. By choosing a truncation value

N∂ a computational model for the boundary shape is obtained

r(θ) = a0 +
∑
n≤N∂

an cos (nθ) + bn sin (nθ) = F (θ)γ. (6.7)

Given a discretisation of Ω̄ the boundary nodes have fixed angles hence F (θ) becomes a fixed

matrix. Therefore ∂Ω̄ is parameterised by γ = (a0, a1, . . . , aN∂ , b1, . . . , bN∂ )T ∈ RNγ , where

Nγ = 2N∂ + 1. The number of Fourier components was choose to be N∂ = 12, resulting

in γ ∈ R25. This was experimentally found to approximate boundary shapes well. If the

boundary varies more or less rapidly then more or less Fourier components respectively can

be added as higher order Fourier components oscillate at higher rates.

6.2.2 Simulations

Two simulations were conducted to examine if it is possible to recover a conductivity dis-

tribution and boundary shape using the domain truncation model. Once again the annulus

geometry from Section 5.2.1 is employed. The approximative domain Ω is a disc centred at

the origin with radius 12. The interior disc with radius 9 forms Ω2 and is truncated making

Ω1 an annulus with radii of 12 and 9 and the truncation boundary Γ is the circle of radius

9. The domains, true and approximative, have 16 electrodes of length 2.5 on the boundary.

The true domains used in the simulations are in Figure 6.10, case 1 on the left, case 2 on

Figure 6.10: Left: Measurement domain for simulation 1. Middle: Reconstruction domain
used in both simulations. Right: Measurement domain for simulation 2. The blue lines
represent the electrodes and the thick black lines represent the domain truncation. The
truncation is only done on in the inverse problem but is plotted on the measurement domains
to give perspective.

the right and in the middle the approximative (reconstruction) domain. The domain used
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in case 1 is a draw from π(γ) which we discuss in Section 6.2.3 below. The domain used in

case 2 is a ellipse rotated 45◦ anti-clockwise with semi-major axis of 14 semi-minor axis of

8.5.

The data was generated using the complete electrode model, from Chapter 2, computed

on a very dense quadratic FEM mesh. The contact impedances are treated as known for

simplicity and are given a homogeneous value z = 5 × 10−3. An opposite current pattern

of unit amplitude and adjacent measurement pattern are used. The noise added to the

simulated measurements is the sum of two centred Gaussians, one Gaussian has standard

deviations 1% the range of the data the other 1.5% the level of each measurement.

The same mesh is used for data generation in both cases, it is a circular mesh which

is deformed using the deformation described above. The inverse problem is solved using

a coarse linear FEM basis, Table 6.2 contains all information about the meshes used. In

Table 6.2: Computational meshes for the simulations. When generating the data quadratic
basis functions were used for the internal potential u. Whereas u is represented by linear
basis functions in the estimates. In all cases conductivity is represented by linear basis
functions.

Elements Nodes
σ u

Mesh for Ω̄ 6666 3486 13637
Mesh for Ω 1120 625 625
Mesh for Ω1 734 461 461
Mesh for Ω2 386 224 224

this work the approximation errors are only computed over the uncertain domain. The error

caused by domain truncation is treated is not considered. We do this to isolate the modelling

errors induced by the use of an approximative domain shape.

As the domain truncation is performed over Ω only, the same DtN information can be

used for both simulations. The PC approximation to the DtN map was computed using

the procedure described in Section 3.2.1. In order to compute the DtN samples required for

the PC approximation, an ensemble of 1200 conductivity draws was taken from an isotropic

squared exponential prior with parameters σ∗ = 1.5, a = 0.45 and ` = 6.

In both simulations the inclusions are made up of a collection of Gaussian humps. The

first simulation, left of Figure 6.11, is made of two inclusions, one inclusion has maximum

value 2.1 the other with minimum 0.05. The second simulation, right of Figure 6.11, is made

of three inclusions with minimum conductivity of 0.1 s and a background of 1. In both cases

the elongated inclusions are expected to cause significant reflections along the truncation

boundary.
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0
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Figure 6.11: Conductivity distributions used in the simulation of data, case 1 on left and
case 2 on the right.

Construction of γ Prior

In order to find the sample based approximation of π(ε) we require a prior model for the

domain shape parameters. So the question then is how best to choose π (γ). In [90, 91] the

authors used an atlas of human chest shapes obtained from CT images to obtain an ensemble

of γ’s corresponding to human torsos. A sample based Gaussian approximation of π (γ) was

then made using γ∗ and Γγ computed using equations (4.28) and (4.29).

We choose to adopt a similar approach, by constructing an ensemble of boundary shapes.

An ensemble
{
r(`)(θ)

}Nε
`=1

of boundary shapes was generated by sampling from a proper

(second order) smoothness prior [62]. That is draws are taken from a normal distribution

with some expectation R and covariance matrix Γr, where Γr corresponds to Aristotelian

prior [22]. Once we have the ensemble of boundary shapes the Fourier coefficients for each

draw are computed, giving an ensemble of coefficients
{
γ(`)
}Nε
`=1

. The sample mean γ∗ and

covariance Γγ of the γ ensemble are computed and used in the sample based Gaussian

approximation of π(γ).

Figure 6.12 plots two examples of such ensembles, a circle like ensemble and a square

like ensemble. The circle like ensemble has high variance and expectation corresponding to

a circle radius 12. The square like ensemble has a lower variance and expectation which

looks like a rectangular blob We note that square like distribution on the right is used as the

boundary shape prior in this chapter. This choice was thought to be more realistic since,

for example, a human thorax on average is not a simple shape such as a circle.

In Figure 6.13 we plot the measurement domains used in the simulations against the

expectation γ∗ of π(γ) with 2 standard deviation bounds. The boundary shape (solid line)

and standard deviations (dashed lines) are calculated using

E(r(θ)) = Fγ∗ and Cov(r(θ)) = F TΓγF. (6.8)
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Figure 6.12: Example of boundary shapes generated by draws from two different models
for π(γ). Left: Circle like distribution. Right: Square like distribution.

The geometry for the first case represents an easy case, as the boundary of Ω̄ mainly lies

within the two standard deviation bounds from the prior. Whereas, the ellipse in the second

case lies largely outside the two standard deviation bounds, indicating that it will be harder

to reconstruct.

Figure 6.13: The boundary shapes used in the simulations compared against γ∗ with 2
standard deviation bounds.

6.2.3 Computation of the Approximation Errors

In order to apply the approximation error approach, we require an accurate and an approxi-

mative model. The accurate model is the complete electrode modelcomputed over Ω̄ using a

quadratic FEM basis sufficiently dense, H̄ (Tγ σ̄, γ). Here γ is the parametrisation of ∂Ω̄ and

σ̄ is conductivity represented over Ω a high dimensional linear FEM basis. We have includes

γ in the model from equation (4.36) to denote the shape of the domain. The deformation

Tγ maps points in Ω to points in Ω1.
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The approximative model H (σ, γ0) is is the complete electrode model computed over

the approximative domain Ω using a low dimensional linear FEM basis. Here σ is a coarse

version of σ̄ and γ0 = (12, 0, 0, . . . 0)T parameterises ∂Ω. The meshing information used

Table 6.3: The computational meshes for computation of the approximation errors. Note
that the internal potential u is represented by quadratic basis functions in Ω̄ and linear basis
functions in Ω. Also in both cases we represent conductivity σ is represented with linear
basis functions.

Elements Nodes
σ u

Mesh for Ω̄ 3434 1862 7157
Mesh for Ω 1022 562 562

for the computation of the approximation errors is given in Table 6.3. We let P be the

projection from the high dimensional linear basis to the low dimensional linear basis which

is numerically implemented by a linear interpolation so that

σ = Pσ̄.

When computing approximation error ensemble the conductivity and boundary shape

are treated as independent random random variables

π(σ̄, γ) = π(σ̄)π(γ).

An ensemble of Ns = 4000 boundary shapes {γ(`)}`≤Ns is computed from π(γ), the square

distribution on the right of Figure 6.12. And an ensemble {σ̄(`)}`≤Ns of Ns = 4000 conduc-

tivities was generated from a isotropic SE prior with parameters σ∗ = 0.9, a = 1/3, b = 5.3

and a positivity constraint as in equation (4.38). It is good to point out these conductivity

draws are taken using the dense meshing of the approximative domain. They are then de-

formed using the deformation maps Tγ(`) . Three draws from π(σ̄, γ) are shown in the top

row of Figure 6.14 with the corresponding deformed coarse conductivity in the bottom row.

Using these ensembles and the above observation models the approximation errors were

computed as

ε(`) = H̄
(
Tγ(`) σ̄(`), γ(`)

)
−H

(
Pσ̄(`), γ0

)
.

Using the AE ensemble, the sample mean and covariance were computed and consequently

used in the sample based Gaussian approximation to π(ε).

6.2.4 Estimates

In the following estimates the prior for conductivity is selected as a squared exponential

prior with parameters a = 0.23, b = 6.5 and σ∗ = 1 for case 1 and σ∗ = 0.6 for case 2.
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0 1.5

Figure 6.14: Top: Three Draws from π (σ̄, γ). Bottom: The corresponding conductivity
projected onto Ω.

Note σ∗ is different for the two simulations as the average conductivity is different in the two

simulations. These parameters were set to reflect the size of the inclusions expected.

Since we are modelling the noise, approximation errors, γ and the conductivity as Gaus-

sian the MAP estimates are of the form of equation (4.13). The estimates depicted in Figure

6.15 are as follows:

1. MAP estimate of conductivity over the coarse mesh and true domain Ω̄ with no domain

truncation

σΩ̄ = argmin
σ>0

[
‖Le (V −H (Tγσ, γ))‖2 + ‖Lσ (Tγ(σ − σ∗))‖2

]
.

This estimate serves as reference estimate when domain boundary is modelled correctly

so that the modelling errors are negligible.

2. MAP estimate of conductivity computed over the approximative domain Ω without

using approximation errors

σΩ = argmin
σ>0

[
‖Le (V −H (σ, γ0))‖2 + ‖Lσ (σ − σ∗)‖2

]
.

We call this estimate the approximative estimate. It is computed to see the effects

form mismodelling the boundary shape.

3. MAP estimate of conductivity computed over the approximative domain Ω using the

enhanced error model

σεΩ = argmin
σ>0

[
‖Lε+e (V −H (σ, γ0))‖2 + ‖Lσ (σ − σ∗)‖2

]
.
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We call this estimate the compensated or approximation error (AE) estimate.

In the above we use γ to denote the parametrisation of the shape of the true domain Ω̄.

Applying equation (4.32) MAP estimates for γ can be computed using the residuals from σΩ

and σεΩ

γMAP = γ∗ + Γγε (Γε + Γe)
−1 ([V −H (σΩ, γ0)]− ε∗)

and γεMAP = γ∗ + Γγε (Γε + Γe)
−1 ([V −H (σεΩ, γ0)]− ε∗) .

We refer to γMAP as the approximative shape estimate and γεMAP as the compensated shape

estimate. The estimated boundary shapes and the standard deviation bounds in Figure 6.15

are computed in the same way as those from Figure 6.13.

The estimates using the true domain give very good reconstructions as expected. When

the approximative domain is used and approximation errors are not (middle column), we

see that both the conductivity and shape estimates are useless when compared against the

truth.

The application of the enhanced error model compensates for the modelling errors almost

completely, the estimates are practically free from artefacts. In the first case σεΩ is almost

exactly the same as σΩ̄ and the boundary shape is recovered fairly accurately, the true

boundary completely lines within the standard error bounds. Whereas, with case 2 there are

also no artefacts, however, the elongated inclusion is not recovered perfectly and the true

boundary shape lies completely outside the standard deviation bounds. Despite the true

boundary lying well outside the standard deviation bounds, the estimate was still able to

recover the general shape, which is quite impressive as this ellipse does not have a large prior

density.

Turning to the domain truncation problem. To compute the estimates we use the domain

truncation model D(σ1, β
p, γ0) from equation (5.3). Here we have modified the model so γ is

a parameter which indicates the domain shape used. This model is the coarse implementation

of the domain truncation model computed over the approximative domain Ω. In this model

the DtN map is defined by p PC modes with corresponding coefficients βp. Also σ1 = Rσ

where R is the restriction map from Ω to Ω1. The prior for βp is the same as that was

discussed in Section 5.1.1,

βp∗ = 0 ∈ Rp, Γp = diag (λ1, . . . , λp) ∈ Rp×p and Lp = diag
(
λ
−1/2
1 , . . . , λ−1/2

p

)
.

A series of DtN estimates, shown in Figure 6.16, were computed using

σp = argmin
σ1>0,βp∈Rp

[
‖Le+ε (V −D (σ1, β

p, γ0)− ε∗)‖2 + ‖Lσ1 (σ1 −Rσ∗)‖2 + ‖Lpβp‖2
]
,

when p = 1, 2, 4, 6, 10, 50. We only consider estimates using the PC approximation to the

DtN map with p > 0. This is done as Chapter 5 shows that using no DtN or only the

expectation of the DtN map leads to unusable estimates.
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Case 1

Case 2

Figure 6.15: Estimates for conductivity and boundary shape for simulations 1 and 2 with
no domain truncation. Left: Top - True conductivity distribution used in the simulation of
the data. Bottom - σΩ̄. Middle: Top - σΩ Bottom - FγMAP (Solid Line) with approximate
posterior 2 standard error bounds (Dashed Lines) and the true domain (Grey Patch). Right:
Top - σεΩ Bottom - FγεMAP (Solid Line) with approximate posterior 2 standard error bounds
(Dashed Lines) and the true domain (Grey Patch).

Estimates for the boundary shape are computed using the residual corresponding to each

estimate

γpMAP = γ∗ + Γγε (Γε + Γe)
−1 ([V −D (σp, βp, γ0)]− ε∗) ,

we shall refer to this estimate as the DtN boundary estimate.

The conductivity estimates corresponding to p = 1 contain many reflections making them

of no use for inference. For example in the first simulation the high conductivity inclusion is
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over estimated and there are reflections at the bottom of the domain. The second case over

estimates the background conductivity but is able to recover the low conductivity inclusions.

When p = 4 the estimates start to look more accurate. We are able to see the location of the

maximum conductivity in case 1 and the background level has improved in case 2. There is

little improvement in the conductivity estimates when more than four PC modes are used

in the inversion.

To get a more quantitative idea of the accuracy in the σp estimates, in Table 6.4 we have

computed the relative estimation error for each estimate,

∆(σ) =
‖R(Pσ̃true)−R(σ)‖
‖R(Pσ̃true)‖

× 100%,

where σ̃true is a coarse version of σtrue over the approximative domain Ω.

Table 6.4: Relative Estimation error for the various estimates.

Estimate Case 1 Case 2
σΩ̄ 6.5854 7.8979
σΩ 19.2186 31.6154
σεΩ 6.9191 10.7361

σp − p = 1 16.0481 17.7302
p = 2 12.8672 14.3181
p = 4 7.9215 13.3021
p = 6 7.3742 12.8121
p = 10 7.2964 12.1271
p = 50 7.1640 11.7100

The relative errors show that, in both cases, the accurate estimate σΩ̄ has the least error,

the approximative estimate σΩ has the largest error and the compensated estimate σεΩ is as

accurate as using the true domain. We observe ,as the number of PC modes increase, in

the domain truncation estimates, the relative estimation error converges close to the relative

error of σεΩ. Also, the error for the compensated estimates in case 2 is higher than that in

case 1. This is expected as the geometry in second simulation is not easily modelled by π(γ),

hence the modelling errors will be more extreme making it harder for the enhanced error

model to compensate.

If we consider the DtN boundary estimates for γpMAP case 1 we see that the boundary

estimates have the true boundary within the 2 posterior standard deviation bounds when

four or more PC modes are used. In case 2 we see that all the estimates looks similar and are

not accurate. The general elliptical shape is recovered but the precise shape is not estimated

accurately. The image on the left of Figure 6.17 shows the error between the true boundary

parameters γ and the DtN boundary estimates γpMAP as p increases. We clearly see that as

p increases the boundary shape parameters converge to the same error level as γεMAP . The

image on the right of Figure 6.17 shows the error of the PC coefficient estimates. The solid

lines are βi−β∗i , where β∗i is the true ith PC coefficient and the dashed lines are the posterior
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Case 1 Case 2

0 21 0 1.20.6

Figure 6.16: The true conductivity distribution over the annulus geometry with the bound-
ary and Conductivity Estimates for p = 1, 2, 4, 6, 10, 50.
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2 standard deviation bounds. The differences for case 1 (blue) lie completely within the

standard error bounds, indicating that the enhanced error model sufficiently compensates

for the boundary mismodel. The error for the second simulation lies well outside of the

standard error bounds. Yet the conductivity estimate is still accurate. This could indicate

the PC coefficients are slightly compensating for the boundary mismodel. If this is the case,

there is likely to be a cross-covariance between the DtN map and the shape parameters γ.

Such a cross-covariance could be used to improve estimates. However, if the domain shape is

not extreme such cross-covariances are not necessary. We saw this with the first simulation.
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Figure 6.17: Error for the MAP estimates of γ̄ and β∗p for case 1 (Blue) and case 2 (Red).
Left: Error of the DtN boudnary estimates. Solid -

∥∥γ̄ − γpMAP

∥∥, Dashed - ‖γ̄ − γεMAP ‖.
Right: Error of the PC coefficients. Solid - βi − β∗i , Dashed - Posterior covariance for the
PC coefficients.

6.3 Summary

In this chapter, we demonstrated the ability of the Bayesian approximation error approach

to compensate for severe model reduction and modelling uncertainties. Initially, we applied

the Bayesian approximation error approach to compensate for errors induced from using a

coarse discretisation. Along with a coarse discretisation we considered errors caused from

the use of a small number of PC modes in the approximation of the stochastic DtN map.

Next we considered estimates computed using the domain truncation model when modelling

errors are present. Specifically, we considered the use of an approximative domain shape.

6.3.1 Discretisation Error

We considered an annulus geometry with radii of 12 and 8. We considered the expected

modelling error caused from using various discretisation levels and truncation of the PC

approximation. Here we found as the discretisation grew coarser a lower number of PC modes

was required to converge to the expected error of the mesh used. Results from previous BAE

work has shown that errors due to a coarse discretisation are able to be compensated for
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by the BAE approach. These facts combined indicated that a small number of PC modes

combined with the BAE approach would give feasible estimates.

The sample based Gaussian approximation was made using the AE samples for the coarse

mesh. Using this mesh we considered ‖ε∗‖ and
√

Tr (Γε) for different number of PC modes.

An interesting observation was that, when more than approximately 6 PC modes are used

these values do not change. This indicates that using more than six PC modes will add little

to estimates. This is in line with the observations made in the previous chapter. Also we

found that the approximation errors were mean dominated. This means it could be possible

to compute a feasible approximation of the approximation error distribution with a small

number of samples.

With this in mind, estimates were computed using the homogeneous Neumann condition

and the expectation of the DtN map. The BAE approach was used to compensate for the

induced discretistation errors. Two simulations were considered. In both cases when the

discretisation and truncation errors are not compensated for the estimates are riddled with

reflections and artefacts. When the BAE approach is used to compensate for these errors

the estimates are significantly improved.

In the first simulation the enhanced error model compensates for the errors when the

Neumann condition or the DtN mean is used. Whereas, in the second simulation, the

estimate using the Neumann condition is improved but is again rendered meaningless by

many artefacts. This is similar to what was observed in [76]. The high conductivity inclusion

just outside the truncation boundary was too much for the enhanced error model. When

the DtN mean is used, the enhanced error model is able to handle the high conductivity

inclusion in Ω2.

These estimates were MAP estimates computed when a sample based Gaussian approx-

imation of distribution for the approximation errors was made. Also, the estimates used the

enhanced error model which treats the approximation errors and the conductivity as inde-

pendent. If we were able to use the true distribution of the approximation errors and take

the cross-covariances into account the estimates may improve. In particular, the estimates

using the Neumann condition might be improved. Techniques such as MCMC could be used

to achieve this. However, this would increase the computational cost of the estimate.

6.3.2 Modelling Uncertainties

We considered the the EIT inverse problem when domain truncation and an approximative

domain shape is used. The ideas from [90, 91] were followed in building our the observation

model for an arbitrary domain. In their work an atlas of thorax shapes constructed from

CT images was used used to construct the distribution of γ. In our work we constructed an

atlas using a second order smoothness prior on the radius function of the domains boundary.

We considered two simulations where an approximative domain was used. The first

simulation used a blob-like domain shape, the second simulation used a rotated ellipse and the
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approximative domain was a circle radius 12. For both simulations we computed estimates

using the approximative domain. Estimates were computed for the internal conductivity

distribution and the domain shape. The domain shape was estimated using equation (4.32).

When these modelling errors were unaccounted for the estimates contained various arte-

facts. Also the corresponding boundary shape estimates were highly inaccurate. The ap-

proximation error approach was able to compensate for the mismodel of the boundary shape.

The conductivity estimates computed using the enhanced error model are reasonable. The

boundary estimate for the first simulation is accurate, the true shape lies mainly within

the approximate posterior two standard deviation bounds. The boundary estimate for the

second simulation is very inaccurate, the true shape lies completely outside the posterior two

standard deviation bounds. This is to be expected because the ellipse shape is not probable

in terms of the prior distribution of the boundary shape.

We then considered domain truncation. As the estimates are computed over the approx-

imative domain, we only truncate the approximative domain. Here we once again employed

an annulus geometry with radii 10 and 8. Estimates were computed for various truncation

levels of the PC approximation. We found when approximately 6 PC modes are used both

the conductivity and boundary shape estimates are accurate. Since we are able to recover

the boundary shape accurately these results indicate that the domain truncation model is

able to accurately model EIT measurements.

In Chapter 7 we extend the uncertain boundary shape model to three-dimensions. We

also combine the use of an approximative domain with a coarse discretisation and unknown

contact impedances. The combination of these modelling errors is an example of the uncer-

tainties experienced within practical measurements.
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7
Errors due to Discretisation and an

Uncertain Domain Shape with Domain

Truncation in Three-Dimensions

This chapter deals with three-dimensional electrical impedance tomography imaging. So far

in this thesis we have only considered the Dirichlet-to-Neumann (DtN) map in two dimen-

sions. Also we have considered two-dimensional simulations with an uncertain boundary.

This chapter deals with the extension of these ideas to three-dimensions.

Also we consider a simulation which combines all the work within this thesis. This

simulation is motivated by EIT imaging of a patient’s thorax. In such a situation the shape

of the domain is unknown, the contact impedances are also unknown and the computational

domain is typically truncated. We consider a simulation where all these uncertainties are

present.

As we are using the finite element method to approximate our solutions we do not need

to modify the numerical implementation of our models. See [120, 121] for more details on

the implementation of the complete electrode model in three-dimensions.

This chapter is structured as follows. First, we discuss some of the distributions which will

be used throughout this chapter. This is followed by the three-dimensional implementation

of the stochastic Dirichlet-to-Neumann operator and the domain truncation model. We then

consider the uncertain boundary problem in three-dimensions. Combining this work, we

then consider the thorax type simulation. Finally, we summarise the results of this chapter.
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7.1 Distributions Used in this Chapter

7.1.1 Smoothness Prior

In this chapter the internal conductivity is modelled as a three-dimensional random field of

the form

σ = σ∗ +X.

As in Chapter 5 X is modelled as a centred random field with Whittle-Matérn covariance,

equation (5.6). The technique from Chapter 5 for implementing this prior made use of the

stochastic PDE (
1− b̄2∆

)($+d/2)/2
X =

√
αb̄dW,

which involves a pseudo-differential operator. As the application was for a two-dimensional

random field $ = 1 was chosen so that fractional derivatives were avoided. However, in

order to apply the same technique to a three-dimensional random field we would have to set

$ = 1/2.

Setting such a smoothness parameter causes the the random field X to be rough [99]. In

fact when $ = 1/2, Whittle-Matérn covariances correspond to exponential covariances

Cov(X(x), X(y)) = a2 exp

(
−‖x− y‖

b̄

)
.

Random fields with exponential covariances are mean squared continuous but not mean

squared differentiable. We say X is mean squared continuous if x1, x2, · · · ∈ Rd is a

sequence converging to x̄ and X is a random field with

E
(
|X(xn)−X(x̄)|2

)
→ 0 as n→∞,

and X is mean squared differentiable if, for all i ≤ d, there is a process X ′i such that

X ′i(x̄) = lim
h→0

E

(∣∣∣∣X(x̄+ hei)−X(x̄)

h

∣∣∣∣2
)
,

where ei is the ith standard basis vector of Rd.

Alternatively, we can employ the squared exponential prior discussed in Section 6.1.2.

Application of a squared exponential prior assumes the conductivity distribution is infinitely

differentiable. Such an assumption is not always realistic, so we still wish to use the Whittle-

Matérn prior. Random fields with Whittle-Matérn covariances are k times mean squared

differentiable for all N 3 k < $.

To implement a Whittle-Matérn prior for three-dimensional random fields we directly

evaluate the Whittle-Matérn covariance function

Cov(X(x), X(y)) = a2 2(1−$)

Γ($)

(√
2$ d(x, y)

b̄

)$
K$

(√
2$ d(x, y)

b̄

)
,
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where d(x, y) is a distance metric.

Although, there is a problem with direct evaluation. As x → y one has d(x, y) → 0, by

definition of a metric, and as such K$

(√
2$ d(x,y)

b̄

)
→∞ and

(√
2$ d(x,y)

b̄

)$
→ 0. However,

they converge at that same rate [99]. So d(x, y)→ 0 gives(√
2$ d(x, y)

b̄

)$
K$

(√
2$ d(x, y)

b̄

)
−→ 1.

Therefore, an isotropic Whittle-Matérn prior is computationally implemented as

[Γσ]ij = a2

 1, i = j

2(1−$)

Γ($)

(√
2$‖xi−xj‖

b̄

)$
K$

(√
2$‖xi−xj‖

b̄

)
, i 6= j

(7.1)

where d(x, y) = ‖x− y‖ is chosen and xi is the ith node in the FEM mesh.

The selection of b̄ is handled in the same way as in Section 6.1.2. We define b̄ in terms

of a desired correlation length b. This is make sense as

2(1−$)

Γ($)

(√
2$ ‖x− y‖

b̄

)$
K$

(√
2$ ‖x− y‖

b̄

)
−→ exp

(
−‖x− y‖2

2b̄2

)
,

as $ → ∞. Hence selecting b̄ = b/
√
−2 log(c), corresponds approximately to nodes b units

apart have a correlation of c ∈ (0, 1). Furthermore, as in equation (6.3) using the ‖·‖` norm

from equation (6.2) and selecting different correlation lengths for the x, y and z directions

and setting b̄ = 1/
√
−2 log(c), we are able to construct an anisotropic Whittle-Matérn prior.

7.1.2 Boundary Shape

In Sections 7.3 and 7.4 we estimate a three-dimensional conductivity distribution using ap-

proximative boundary shape. The Bayesian approximation error approach is used to com-

pensate for the induced modelling errors and to estimate the boundary shape. As a result

we require a distribution for the boundary shapes.

In Section 6.2 we parameterised the boundary of a 2D domain Ω̄ in terms of polar co-

ordinates. Using this we represented the radius as a function of angle. The radius function

was then represented with a truncated Fourier series. Hence, ∂Ω̄ was parameterised by

the first 25 Fourier coefficients. We use the same idea in this chapter to parameterise a

three-dimensional domain.

Let Ω̄ ⊂ R3 be a bounded domain with boundary ∂Ω̄, suppose the length in the z

direction is H <∞. For x ∈ ∂Ω̄ using cylindrical co-ordinates we write

x = [r(θ, h) cos(θ), r(θ, h) sin(θ), h] , θ ∈ [0, 2π], h ∈ [0, H].
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Here the radius is treated as a function of angle and height. In theory, we can then

parameterise r(θ, h) with a truncated two-dimensional Fourier series. There are various

ways we can truncate the series such as using only a cosine or a sine series for the variation

in the z direction. Alternatively, we can define ∂Ω̄ as the interpolation of cross-sections. In

order to define these cross-sections a number of heights 0 = h1 < h2 < · · · < hNz = H are

chosen. For each of these heights the boundary shape of the two-dimensional cross-section

is then represented using equation (6.7)

r(θ, hi) = F (θ)γi, .

Hence γi are the Fourier coefficients for the shape of the ith cross-section. We then use linear

interpolation between the cross-sections. This results in Nγ ×Nz parameters defining ∂Ω̄,

γ =
(
γT1 γT2 . . . γTNz

)T
∈ RNγNz ,

thus we represent r(θ, h) = F(θ)γ.

Figure 7.1: Three examples of 3D domains generated by linear interpolation of seven cross-
sections. The cross-sections are depicted by the red curves.

To generate an ensemble of 3D boundary shapes the cross-section heights are fixed and a

prior distribution for each of the γi’s is generated using the techniques discussed in Chapter

6. Using these distributions we can make draws and hence generate arbitrary 3D domains.

We use this technique in Sections 7.3 and 7.4 to generate an ensemble of boundary shapes.

Such ensembles are then used to compute approximation error statistics.

7.1.3 Distribution for Contact Impedances

In Sections 7.2.2 and 7.4, we use the approximation error approach to compensate for un-

known contact impedances.

An inverse-chi-squared distribution was chosen as the prior for each contact impedance,

z` ∼ inv-χ2(k). The inverse-chi-squared distribution with parameter k is a continuous prob-

ably distribution with density

π (z`) =
2−k/2

Γ (k/2)
z
−(k/2+1)
` e−1/(2z`),
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where Γ(·) is the gamma function. The expectation, mode (peak of the density) and variance

are given by 1/(k− 2), 1/(k+ 2) and 2/
(
(k − 2)2(k − 4)

)
provided they exist. In Figure 7.2

we plot π(z`) for three different values of k.
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Figure 7.2: Inverse-chi-squared density function for three different parameter values. Blue:
k = 4, red: k = 7 and black: k = 12, the dashed lines correspond to the expectation.

The contact impedances z are modelled as mutually independent and identically dis-

tributed inverse-chi-squared random variables with parameter k. Hence the joint density of

the contact impedances is

π(z) =
∏
`≤Nel

π(z`) =
∏
`≤Nel

(
2−k/2

Γ (k/2)
z
−(k/2+1)
` e−1/(2z`)

)
.

A skewed distribution was chosen to model the contact impedances, since the bulk of

the mass is on small positive values and a long tail for larger values. It has been shown

that distributions with these characteristics approximately agree with the values of contact

impedances in physical situations [89].

7.2 Three-Dimensional Stochastic Dirichlet-to-Neumann

Map

In this section we investigate the performance of the proposed domain truncation model

in the estimation of a three-dimensional conductivity distribution. In almost all practical

EIT applications measurements are performed over three-dimensional domains. Often two-

dimensional models are used since 3D models increase the computational complexity.

In order to decrease the computational burden when using 3D models the computational

domain is typically shrunk. This is usually the case in geophysical EIT [35, 76]. This domain

truncation is usually done without consideration of the current flows across the truncation

boundary. In this section we apply the domain truncation model with the PC approximation

of the stochastic DtN map to 3D EIT imaging.

The DtN map is numerically implemented using the finite element method as we described
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in equation (2.49). This means little is changed to the numerical technique used to compute

the DtN map. The only difference if the integrals are three-dimensional instead of two-

dimensional.

We analyse the three dimensional DtN map with a simulation and the laboratory data

used for the annulus experiment in Section 5.3.

7.2.1 Simulated Data

In the simulation the full domain Ω is a cylinder with radius 12 and height 14. Sixteen rect-

angular electrodes (2.5 wide and 7 long) are equi-spaced on the lower half of the boundary.

We divide Ω into Ω1 and Ω2 by Γ which is a disc of radius 12 at height 8. The inverse

Figure 7.3: Geometry for the 3D domain truncation Simulation. The dark rectangles are
the electrodes, the red circle represents the truncation plane Γ and the black discs represent
the visualisation cross-sections.

problem is to estimate the conductivity in Ω1 from measurements taken over Ω. This ge-

ometry is of interest since it is common with biomedical EIT. For example, when imaging a

patient’s thorax their lower and upper body are not computationally modelled. Hence the

computational domain is truncated in the same way as this simulation.

The geometry is shown in Figure 7.3. The dark rectangular patches represent the elec-

trodes, the red circle shows the truncation boundary Γ and the black circles show the loca-

tions of the cross-sections used for visualising the conductivity distribution. The visualisation

cross-sections are at h = 2, 4.8, 7.6, 10.4 and 13.2. The interesting domain Ω1 is the portion

of Ω below Γ and the truncated region is the portion above Γ.

Cross sections of the true conductivity σtrue used for the generation of measurements are

shown in Figure 7.4. The true distribution is made up of three low conductivity Gaussian

inclusions with conductivity 0.13 with a background conductivity of 1. We adopt the nota-

tional conventions from Chapter 2 to denote the conductivity in Ω1, σ1 and the conductivity

in Ω2, σ2.

The data was simulated using a FEM approximation of the complete electrode model

using dense quadratic basis functions. Estimates were computed using a coarse discretisation.
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Slice 1: Slice 2: Slice 3: Slice 4: Slice 5:
h = 2 h = 4.8 h = 7.6 h = 10.4 h = 13.2

Figure 7.4: Cross-sections, corresponding to the visulisation cross-sections, of the True
Conductivity for the 3D domain truncation Simulation. The cross sections are at h =
2, 4.8, 7.6, 10.4 and 13.2.

In particular, the internal potential u is represented using quadratic basis functions and

conductivity is represented using linear basis functions. Information regards the various

meshes used is contained in Table 7.1.

Table 7.1: Meshing information for the simulated 3D domain truncation.

Elements Nodes
σ u

Data generation 39494 8269 59137
Mesh for Ω 10177 2263 15737
Mesh for Ω1 7054 1692 11371
Mesh for Ω2 3990 746 5667

The contact impedances were treated as fixed and chosen to be z = 1×10−3. An opposite

current pattern and an adjacent measurement pattern were used, resulting in 128 simulated

measurements. Noise was added to the simulated measurements. The noise was made from

two centred Gaussian components, one with a standard deviation of 1% of the range of the

data and the other with standard deviation 1% of the level of the data.

To model the domain truncation we employ the PC approximation of the DtN map.

The PC approximation was computed using the procedure set out in Section 3.2.1. Twelve

hundred conductivity draws were taken from a Gaussian random field with expectation 1

and isotropic Whittle-Matérn covariances with parameters a = 0.3, $ = 1 and b = 5. From

this procedure we get Λ̄ and {λi,Λi}, hence when p ∈ N the PC approximation to the DtN

Map is

Λ ≈ Λ̄ +
∑
i≤p

βiΛi,

where we estimate βp = (β1, . . . , βp)
T simultaneously with the internal conductivity distri-

bution.
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Figure 7.5: Histograms and Q-Q plots for the 5 first βi’s computed from the sample used
to created the PC modes of the DtN map.

As previous, the prior for βp is the Gaussian approximation to π(βp) when β∗ = 0 and

Γp = diag(λ1, . . . , λp).

This approximation uses a diagonal covariance matrix. This means the PC coefficients

are modelled as independent. In Section 5.2.1 this approximation was tested, the results

supported the use of the approximation. We wish to see if this approximation is supported

by the data.
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Figure 7.6: Scatter plots of the first four PC coefficients for the 3D domain truncation
Simulation.

In Figure 7.5, we have plotted the histograms and Q-Q plots for the first five PC co-

efficients computed from the conductivity sample used to construct the PC modes. The
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histograms have a normal shape and the Q-Q plots indicate that the tails are not heavy.

This all supports that the Gaussian approximation of π(β).

To check independence of the PC coefficients, scatter plots, shown in Figure 7.6, of the

first four projection coefficients were considered. The scatter plots show Gaussian scatter,

indicating that the modelling the coefficients as independent is an appropriate approximation.

Estimates

When computing estimates in this chapter we treat measurement errors as additive and

independent of all parameters. So using Bayes theorem means the posterior density is of the

form in equation (4.8). Since the noise and prior distributions are Gaussian, the likelihood

and prior are of the form from equation (4.37) and equation (4.38) respectively. As a result

MAP estimates are feasible to compute and are of the form of equation (4.13).

In order to compute the estimates an anisotropic Whittle-Matérn prior, with parameters

σ∗ = 0.7, a = 0.23, $ = 1 and bx = 5 = by, bz = 3 is used as the prior for σ. The prior for σ1

is built from the prior for σ using equation (5.9).

To test the three-dimensional DtN map a series of estimates were computed:

1. The MAP estimate for σ in the true domain

σΩ = argmin
σ>0

[
‖Le (V −H(σ))‖2 + ‖Lσ (σ − σ∗)‖2

]
.

Here H is the complete electrode model for Ω computed using the second mesh de-

scribed in Table 7.1. This reference estimate is computed to compare the domain

truncation model against.

2. The MAP estimate for σ1 using the Neumann condition on Γ

σN = argmin
σ1>0

[∥∥∥Le (V −D(σ, β(−1))
)∥∥∥2

+ ‖Lσ1 (σ1 −Rσ∗)‖2
]
.

Recall β(−1) denotes the use of the Neumann condition on Γ as in equation (5.4). We

shall refer to this estimate as the Neumann estimate.

3. The MAP estimate for σ1 using the PC approximation, with p = 40, to the DtN Map

on Γ

σD = argmin
σ1>0,βp

[
‖Le (V −D(σ, βp))‖2 + ‖Lσ1 (σ1 −Rσ∗)‖2 + ‖Lpβp‖2

]
.

We shall refer to this estimate as the DtN estimate.

In the above R is the restriction map from Ω to Ω1.

The estimates are shown in Figure 7.7, from left to right we have σtrue, σΩ, σN and σD.

The Neumann estimate is off the colour scale and is of no use for inference. The reference and
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Figure 7.7: Cross-sections of the estimates for the 3D domain truncation Simulation. From
left to right: the true conductivity distribution, the MAP estimate computed over Ω, the
MAP estimate computed over Ω1 with homogeneous Neumann condition on Γ, and the MAP
estimate computed over Ω1 with PC approximation to the DtN map on Γ using p = 40.

p = 0 p = 1 p = 5 p = 12 p = 40

Figure 7.8: Cross-sections of the estimates for σ1 using the PC approximation of the DtN
map for different values of p.

DtN estimates give good approximations to the true distribution. More importantly the DtN

estimate is almost identical to the reference estimate computed over the full domain. Note

that the estimate for σ2 using the full domain model is close to the expectation of the prior

σ∗. This happens since the measurement set up is minimally sensitive to the conductivity in

Ω2.

In the computation of σD we used p = 40, however, in previous work we found p ≈ 5 gave

sufficiently accurate estimates. In Figure 7.13 we have plotted estimates of σ1 for different

values of p. It is clear from these plots that using only the expectation of the DtN map
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is an improvement over the Neumann estimate yet it is still not useful for inference. Also

these results show that one addition basis function is able to compensate for the domain

truncation almost completely.
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Figure 7.9: Estimation error of σ1 as a function of the truncation value.

In Figure 7.9 the error of approximation has been plotted as a function of the truncation

value p. The error is defined as

‖Rσtrue − σp‖ ,

where R is the restriction map from Ω to Ω1. The estimate σp is computed using the domain

truncation model when p PC modes are used. This plot shows that the error flattens when

a single PC mode is used. This agrees with the observations from Figure 7.13, the use of the

first PC mode first PC mode significantly improves the estimates. However, when p ≈ 7 the

error converges to its minimum.
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Figure 7.10: The estimated PC coefficients of the first 40 coefficients. The solid black line
is the estimated coefficients, the black dashed lines are the posterior 1 standard deviation
bounds and the red line are the true PC coefficients.

As we did in Section 5.2.1, the PC coefficients are considered to see how sensitive the data

is to the truncated current flows. The DtN map was computed using the true conductivity

σtrue. The resulting operator was then projected onto the PC modes, giving the true PC

coefficients. Figure 7.10 shows the first 40 estimated PC coefficients (black) and the first

40 true PC coefficients (red), also the dashed lines are the posterior 1 standard deviation
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bounds. The estimated coefficients do not reach the same extremes as the true coefficients.

However, the majority of the true coefficients fall within the posterior 1 standard deviation

bounds. A possible reason we observe this damping could be the diffuse nature of EIT, i.e.

a couple of extreme values do not have a large effect on the measurements.

7.2.2 Experimental Data

To assess the three-dimensional implementation of the DtN map, we use the three-dimensional

DtN map data from a laboratory experiment. We use the data from the annulus geometry

experiment discussed in Section 5.3.

Figure 7.11: Left: Target from the laboratory experiment used for annulus geometry do-
main truncation. Middle: Schematic of inclusions. Right: The mesh used in the estimates.
The dark rectangles represent the electrodes, the red curve represents Γ and the black curves
represent the visualisation cross-sections.

In this experiment Ω is a cylinder of radius 14cm and height 7cm, Ω2 is the inner cylinder

of radius 9cm and height 7cm making Ω1 the cylindrical annulus of height 7cm, inner radius

9cm and outer radius of 14cm. There were 16 rectangular metallic electrodes of height 7 and

width 2.5 attached to the boundary of the tank. The target consists of one plastic and one

metallic cylindrical inclusions were immersed in saline. Voltage measurements resulting from

opposite current injections of approximately 3.5 − 4mA were taken between adjacent elec-

trodes, the resulting voltages were approximately 1V. The physical setup and computational

mesh are shown in Figure 7.11.

Table 7.2: Meshing information for the three-dimensional domain truncation Experiment.

Elements Nodes
σ u

Mesh for Ω 8547 1931 13331
Mesh for Ω1 5738 1456 9548
Mesh for Ω2 2809 635 4367

The inverse problem is computed using a FEM approximation to complete electrode

model H and the compete electrode model with domain truncation D. The internal electric
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potential u is represented using quadratic basis functions and the conductivity is approxi-

mated using linear basis functions. We use 5 cross-sections located at h = 1, 2.4, 3.8, 5.2 and

6.6 to view the estimates of the internal conductivity distribution.

As the data came from a laboratory experiment the contact impedances are unknown. In

Section 5.3 we estimated the contact impedances simultaneously with the internal conductiv-

ity distribution. In this chapter we use the approximation error technique, used extensively

throughout Chapter 6, to compensate for the unknown contact impedances.

To compute the approximation error ensemble, the complete electrode model was solved

over Ω using an ensemble z of 1000 of conductivities and contact impedances. The con-

ductivity ensemble {σ(`)}`≤1000 was drawn from an anisotropic Whittle-Matérn prior with

σ∗ = 1, a = 1/3, $ = 1.5 and bx = 5 = by and bz = 3. The contact impedances ensem-

ble {z(`)}`≤1000 was drawn from an inverse-chi-squared distribution with parameter k = 8,

as discussed in Section 7.1.3. The approximative model uses a fixed homogeneous contact

impedance z0 = 0.03. Using these ensembles the `th approximation error was computed is

ε(`) = H
(
σ(`), z(`)

)
−H

(
σ(`), z0

)
.

Here H is the EIT model from equation (4.36) computed using the mesh for Ω from Table

7.2. From the approximation error ensemble the sample mean ε∗ and covariance Γε were

computed using equations (4.29) and (4.28).

Now let us consider the estimates to be computed. Estimates are computed using

Bayesian inversion theory. We model the observation errors as the sum of two centred

Gaussian random variables, one with a standard deviation of 1% of the range of the data

and the other with standard deviation 1% of the level of the data. The Gaussian approxima-

tion to the distribution of the approximation errors is made using ε∗ and Γε computed above.

The enhanced error model, equation (4.27), is used to compensate for the modelling errors

caused from the unknown contact impedances. The prior for conductivity was chosen to be

an isotropic Whittle-Matérn prior with parameters σ∗ = 0.22, a = 0.2, $ = 1 and b = 5.

The decomposition of the DtN map was performed as usual. The DtN ensemble was

computed using the conductivity ensemble from the construction of the approximation error

samples. This procedure gives {λi,Λi}i≤1000. When using the domain truncation model,

are modelled as above. The Gaussian approximation to the distribution of βp is made with

β∗ = 0 and

Γp = diag(λ1, . . . , λp).

Here λi is the ith eigenvalue from the PC decomposition of the DtN map.

Using these models and distributions the following estimates were computed:

1. The MAP estimate for σ in the true domain Ω with approximative contact impedances

z0 and without approximation errors

σ0 = argmin
σ>0

[
‖Le (V −H(σ, z0))‖2 + ‖Lσ (σ − σ∗)‖2

]
.
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We shall refer to this estimate as the reference estimate.

2. The MAP estimate for σ in the true domain Ω with approximative contact impedances

z0 using the enhanced error model

σε = argmin
σ>0

[
‖Lε+e (V −H(σ, z0)− ε∗)‖2 + ‖Lσ (σ − σ∗)‖2

]
.

We shall refer to this estimate as the compensated reference estimate.

3. The MAP estimate for σ1 using the Neumann condition on Γ, approximative contact

impedances z0 and the enhanced error model

σN = argmin
σ1>0

[∥∥∥Lε+e (V −D(σ, β(−1), z0)− ε∗
)∥∥∥2

+ ‖Lσ1 (σ1 −Rσ∗)‖2
]
.

We shall refer to this estimate as the Neumann estimate.

4. The MAP estimate for σ1 using the PC approximation, with p = 40, to the DtN Map

on Γ, approximative contact impedances z0 and the enhanced error model

σD = argmin
σ1>0,βp

[
‖Lε+e (V −D(σ, βp, z0))− ε∗‖2 + ‖Lσ1 (σ1 −Rσ∗)‖2 + ‖Lpβp‖2

]
.

We shall refer to this estimate as the DtN estimate.

In the above R is the restriction map from Ω to Ω1.

Figure 7.12: Cross-sections of the estimates for the 3D domain truncation experiment. From
left to right: σ0, σε, σN and σD.

The cross-sections corresponding to reference estimate in Figure 7.12 have the conduc-

tivity at the boundary too high, as a result artefacts are throughout the estimate. These

artefacts are caused by the mismodel of the contact impedance. However, when the approx-

imation error approach is used the artefacts are almost completely gone in the compensated

reference estimate.
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As expected the use of the Neumann condition on the truncation boundary causes sig-

nificant reflections and artefacts in σN . The maximum value of the Neumann estimate is

approximately 1.7 which is four times larger than the maximum of any other estimate. The

estimate using the domain truncation σD is, almost, identical to the compensated reference

estimate. This indicates that the domain truncation model is capable for modelling the

current flows across the truncation boundary in three dimensional problems.

p = 0 p = 1 p = 5 p = 12 p = 40

Figure 7.13: Cross-sections of the estimates for σ1 using the PC approximation of the
DtN map for different values of p. In all these estimates approximation errors were used to
compensate for the errors due to the unknown contact impedances.

In Figure 7.13 we have the estimates for various truncation values of the PC approxima-

tion. The estimates corresponding to using only the expectation or a single PC mode are still

affected by artefacts. When at least 5 of the PC modes are used the estimate is no different

than when 40 PC modes are used. Again suggesting that an accurate approximation to the

DtN map can be achieved with a small number of PC modes.

7.3 Uncertain Boundary in Three Dimensions

In this section we extend the work of Nissinen et al. from [90, 91] on unknown domain

geometries. In this work they considered the estimation of two-dimensional conductivity

distribution using an approximative geometry shape. They were motivated by biomedical

imaging of a patient. However, the imaging of a patient is three-dimensional, so we wish

to extend their results to three-dimensional imaging. For more on the estimation of a 2D

domain shape refer back to Section 6.2 of this thesis.

In this section, we consider the estimation of a three-dimensional conductivity distribu-

tion using an approximative geometry Ω from measurements taken over a true geometry Ω̄.

There are two simulations considered. In both simulations we use the technique described in

Section 7.1.2 to generate and simulate the 3D boundary shapes. This technique represents

∂Ω̄ in terms of various Fourier components. Measurements were simulated using the FEM

approximation to the complete electrode model over the true domain Ω̄ with a fine discreti-
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sation. Noise e is added to the simulated measurements to simulate noisy data from a real

experiment. The simulated noise e is chosen to be the sum of two centred Gaussians, one

Gaussian has standard deviation 1% the range of the data the other 1% the level of each

measurement.

In computation of the inverse problem the true shape of the domain Ω̄, parameterised

by γ, is unknown. To overcome this we employ a domain Ω with an approximative shape,

parameterised by γ0. As we have seen in Section 6.2 using an approximative domain leads

to severe modelling errors. These modelling errors, if not taken into account, cause large

artefacts and reflections in estimates, rendering them useless for inference. We have already

seen, in Chapter 6, that the BAE approach is a feasible technique to account for such

modelling errors. Moreover, we have seen that the BAE approach is able to provide a feasible

estimate of the unknown boundary parameters γ, and hence the shape of the domain is able

to be estimated.

In the following simulations we use the Bayesian approximation error approach to com-

pensate the the modelling errors caused by the use of the approximate domain Ω only. We

do not consider errors induced from a coarse discretisation or unknown contact impedances.

In Section 7.4 below we consider a simulation where all of these uncertainties are present.

Computation of the Approximation Errors

To compute the approximation errors the forward model Hδ (σ, γ) is used. This model

implements the complete electrode model using a fixed current pattern, measurement pattern

and contact impedances over the domain parameterised by γ and using conductivity σ. Here

the subscript δ is a parameter representing the level of discretisation used in the FEM

approximation.

Furthermore, we require an ensemble of domain parameters γ and conductivity distri-

butions σ. The in both simulations the boundary ensemble {γ(`)}` consists of 4000 draws

generated using the technique discussed in Section 7.1.2. We note that the height, average

radius and number of cross-sections used in each simulation is different. The ensemble for

conductivity is generated by taking 4000 draws of an anistropic Whittle-Matérn prior with

parameters σ∗ = 1, a = 1/3, bx = 6 = by and bz = 3. The conductivity draws were taken over

the approximative domains and then deformed according to the domain parameters γ(`).

This is achieved using a deformation T̄γ : Ω → Ω̄, similar to that from the two-dimensional

case, such that

σΩ(x) = σ̄
(
T̄γ(x)

)
.

Here σΩ represents σ̄ over the approximative domain Ω. Naturally we cannot know the true

deformation between Ω and Ω̄, nor is it unique, and as such a numerical model must be

chosen. The deformation is chosen so that the height, angle and distance from the boundary

(relative to the centre of Ω̄), of a co-ordinate is preserved. Numerically T̄γ is implemented

through linear interpolation such that σ̄ = Tγσ.
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Using the above ensembles, the approximation errors are then computed as

ε(`) = Hδ

(
Tγ(`)σ(`), γ(`)

)
−Hδ

(
σ(`), γ0

)
. (7.2)

Here the first term is the forward model using conductivity σ(`) computed over the domain

parameterised by γ(`) and the second term is the forward model computed using conductivity

σ(`) over the approximative domain.

The sample mean ε∗ and covariance Γε are computed using equations (4.29) and (4.28).

The sample based Gaussian approximation to the distribution of the approximation errors

is then used.

Estimates

Estimates to the internal conductivity distribution are computed with the forward model in

equation (4.36) and using Bayesian inversion theory. The enhanced error model was used to

compensate for the modelling errors induced from using an approximative domain shape.

The following estimates were computed:

1. The MAP estimate over the true domain Ω̄ parameterised by γ is computed as

σΩ̄ = argmin
σ>0

[
‖Le (V −H (Tγσ, γ))‖2 + ‖Lσ (σ − σ∗)‖2

]
.

We call this estimate the reference estimate, it is computed as a reference of the best

possible estimate.

2. The MAP estimate over the approximative domain Ω without compensating for the

modelling errors

σΩ = argmin
σ>0

[
‖Le (V −H (σ, γ0))‖2 + ‖Lσ (σ − σ∗)‖2

]
.

We call this estimate the approximative estimate. It is computed to see the effects

form mismodelling the boundary shape.

3. The MAP estimate over the approximative domain Ω using the enhanced error model

built from the sample statistics of approximation error ensemble

σεΩ = argmin
σ>0

[
‖Lε+e (V −H (σ, γ0))− ε∗‖2 + ‖Lσ (σ − σ∗)‖2

]
.

We call this estimate the compensated or approximation error (AE) estimate.

As in Section 6.2, the residuals corresponding to the σΩ and σεΩ estimates are used to
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estimate γ. The estimates are computed using equation (4.32), giving

γΩ = γ∗ + Γγε (Γε + Γe)
−1 ([V −H (σΩ, γ0)]− ε∗)

and γεΩ = γ∗ + Γγε (Γε + Γe)
−1 ([V −H (σεΩ, γ0)]− ε∗) .

We refer to γΩ as the approximative shape estimate and γεΩ as the compensated shape esti-

mate.

7.3.1 Simulation 1

In this simulation the true geometry Ω̄, shown in Figure 7.14, has height of 7 and and an

average radius of 14.6. The shape, parameterised by γ ∈ R250, was generated using linear

interpolation of 10 draws from the 2D square like prior depicted on the right of Figure 6.12.

The dark patches in Figure 7.14 represent the 16 rectangular (2 by 7) electrodes equally

Figure 7.14: Domain used in the first uncertain boundary simulation. The dark rectangles
are the electrodes and the black cures represent the visualisation cross-sections.

spaced on the boundary of Ω̄. The four black curves located h = 1, 2.75, 4.5 and 6.25 are the

cross-sections used to visualise the internal 3D conductivity distribution.

The data was simulated using the FEM approximation to the complete electrode model.

The internal electric potential u was represent using dense quadratic basis functions and

conductivity was represented using dense linear basis functions. The inverse problem is

Table 7.3: Meshing details for the first uncertain boundary simulation.

Elements Nodes
σ u

Mesh for Ω̄ 45292 9299 67143
Mesh for Ω 6215 1390 9633
Mesh for Ωδ 18777 4088 28720

computed on a coarser mesh again representing electric potential u with quadratic basis

functions and conductivity with linear functions. More details about the discretisation can

be found in Table 7.3. The data was simulated from adjacent voltage measurements that
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result from opposite current injections. The true conductivity distribution σtrue, shown in

Slice 1: Slice 2: Slice 3: Slice 4:
h = 1 h = 2.75 h = 4.5 h = 6.25

Figure 7.15: Cross-sections of the conductivity distribution used in the first uncertain
boundary simulation.

Figure 7.15, consists of two low conductivity inclusions, with minimum conductivity of 0.1

and a background conductivity of 1. In this simulation we use a fixed homogenous contact

impedance of z = 5 × 10−3, for simplicity we treat the contact impedances as know in the

inverse problem.

The approximation errors were computed using equation (7.2) and the discretisation

described by the Ωδ meshing in Table 7.3. The accurate, approximative and compensated

estimates (cross-sections shown in Figure 7.16) were computed using the above equations

and an anisotropic Whittle-Matérn smoothness prior with σ∗ = 0.8, a = 1/4, $ = 1.5, bx =

5, by = 4 and bz = 3.

σtrue σΩ̄ σΩ σεΩ

Figure 7.16: Cross-sections of the conductivity estimates for the first uncertain boundary
simulation. From left to right: σtrue, σΩ̄, σΩ and σεΩ.

The cross-sections of the approximative and compensated conductivity estimates are

plotted using the the corresponding shape estimates. As expected the reference estimate+

is able to recover the inclusions and the background conductivity fairly accurately. From
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the cross-sections we can see that the approximative estimate is riddled with artefacts and

reflections, making it useless for inference. Furthermore, the boundary shape is not close

to the true shape. The compensated estimates for the conductivity and shape appear to be

almost identical to the accurate estimate. The compensated conductivity estimate is free

from artefacts, and is able to recover the inclusions with the same accuracy as the reference

estimate.

Slice 1 Slice 2 Slice 3 Slice 4

Figure 7.17: Boundary shape estimates for the first uncertain domain simulation. Top: γΩ.
Bottom: γεΩ.

Making sensible conclusions about the estimated boundary shapes from these cross-

sections is difficult. As a result, in Figure 7.17 we compare the estimated boundary shapes

(solid black lines) against the true shape (grey patches). To help with the assessment we

use the have also plotted the corresponding posterior 2 standard deviation bounds (dashed

lines). The boundary shapes are computed using

r(θ, h) = F(θ)γ, (7.3)

where F(θ) is the linear mapping from the shape parameterisation to the radius function.

The posterior standard deviations are calculated using

Cov(r(θ, h)) = F(θ)TΓγpostF(θ), (7.4)

where Γγpost is computed using equation (4.33). The top row corresponds to the estimate

γΩ and the bottom row corresponds to γεΩ.

Clearly the approximative shape estimate is not close to the true shape, the true geometry

consistently lies outside the 2 standard deviation bounds. Whereas, the compensated shape

estimate is very accurate. In all the cross-sections the true boundary shape is within the 2

standard deviation bounds of the estimate.
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7.3.2 Simulation 2

In this section we consider a measurement configuration similar to that seen in Section 7.2.1.

That is, measurements are carried out on the lower half of the domain. We expect that

this geometry will yield estimates for the boundary shape which are not as accurate for the

upper half of the domain. This is expected since the measurements are performed on the

lower half only and are minimally sensitive to the domain shape an conductivity distribution

in the upper part of the domain. This is of interest as when imaging a patient’s thorax, of

example, measurements are performed on a part of the domain. We wish to see how accurate

the boundary estimates can be when such measurements are performed.

Figure 7.18: Domain used in the second uncertain boundary simulation. The dark rectangles
are the electrodes and the black cures represent the visualisation cross-sections.

In this simulation the true geometry Ω̄, shown in Figure 7.18, has height of 14 and and

an average radius of 11.3. The shape, parameterised by γ ∈ R325, was generated using linear

interpolation of 13 draws from the circle like prior depicted on the left of Figure 6.12. The

dark patches in Figure 7.18 represent the 16 rectangular (2 by 7) electrodes equally spaced

on the boundary of Ω̄. The four black curves located h = 1.5, 4.5, 7.5, 10.5 and 13.5 are the

cross-sections used to visualise the internal 3D conductivity distribution.

Table 7.4: Meshing details for the second uncertain boundary simulation.

Elements Nodes
σ u

Mesh for Ω̄ 54014 10685 78527
Mesh for Ω 7319 1743 1743
Mesh for Ωδ 31491 6521 46891

The data was simulated using the FEM approximation to the complete electrode model.

The internal electric potential u was represent using dense quadratic basis functions and

conductivity was represented using dense linear basis functions. The inverse problem is
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computed on a coarser mesh, representing electric potential u with quadratic basis functions

and conductivity with linear functions. More details about the discretisation can be found

in Table 7.4.

Slice 1: Slice 2: Slice 3: Slice 4: Slice 5:
z = 1.5 z = 4.5 z = 7.5 z = 10.5 z = 13.5

Figure 7.19: Cross-sections of the conductivity distribution used in the second uncertain
boundary simulation.

The data was simulated from adjacent voltage measurements that result from opposite

current injections. The true conductivity distribution σtrue, shown in Figure 7.19, consists

of two low conductivity inclusions, with minimum conductivity of 0.1, with a background

conductivity of 1. Again we use a fixed homogenous contact impedance of z = 5× 10−3. For

simplicity we treat the contact impedances as know in the inverse problem.

The approximation errors were computed using equation (7.2) and the discretisation

described by the Ωδ meshing in Table 7.4. The accurate, approximative and compensated

estimates (cross-sections shown in Figure 7.20) were computed using the above equations

and an isotropic Whittle-Matérn smoothness prior with σ∗ = 0.7, a = 0.4, $ = 1 and ` = 5.

We have plotted the cross-sections of the approximative and compensated conductivity

estimates using the the corresponding shape estimates in Figure 7.20. As expected the

reference estimate is able to recover the inclusions and the background conductivity fairly

accurately. We see the same behaviour in the estimates above the electrodes as was observed

in the simulation from Section 7.2. The approximative conductivity and shape estimates

are useless. Whereas, the compensated estimates for the conductivity and shape appear

to be similar to the reference estimate. The compensated conductivity estimate is almost

free from artefacts, and is able to recover the inclusions with the approximately the same

accuracy as the reference estimate. Also, the compensated shape estimate looks accurate

near the electrodes, and poor away from the electrodes. This is because the upper part

of the geometry has no electrodes attached, consequently the measurements are minimally

sensitive to the conductivity or boundary shape in this region.
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σtrue σΩ̄ σΩ σεΩ

Figure 7.20: Cross-sections of the conductivity estimates for the second uncertain boundary
simulation. From left to right: σtrue, σΩ̄, σΩ and σεΩ.

Slice 1 Slice 2 Slice 3 Slice 4 Slice 5

Figure 7.21: Boundary shape estimates for the second uncertain domain simulation. Top:
γΩ. Bottom: γεΩ.

In Figure 7.21 we compare the estimated boundary shapes for (solid black lines) against

the true shape (grey patches). To help with the assessment we use the have also plot-

ted the corresponding posterior 2 standard deviation bounds (dashed lines). The top row

corresponds to the estimate γΩ and the bottom row corresponds to γεΩ.

The approximative shape estimate is not close to the true shape, the true geometry

consistently lies outside the 2 standard deviation bounds. Whereas, the compensated shape

estimate is accurate in the first three cross-sections and gets worse in the fourth and fifth

cross-section. This is caused by the fact that the measurements are insensitive to the shape

and conductivity in the upper region. The insensitivity to this region can also be seen in the
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posterior covariances. The uncertainty grows for locations further away from the electrodes.

The widening of the posterior standard deviation bounds indicates that the measured data

contains less information about the boundary as you move away from the electrodes.

7.4 Thorax Type Simulation

In this section we consider a simulation in which all the uncertainties and model reduction we

have discussed is present. The simulation is motivated by EIT imaging of a human thorax.

In this application we cannot know the exact shape of the patient’s body, as we discussed

in Chapter 6, or the contact impedances of each electrode. Furthermore, due to limited

computational time and resources there is pressure truncate the computational domain and

use a coarse discretisation. We have included all these modelling errors and uncertainties in

this simulation.

The geometry shown in Figure 7.22 is the domain Ω̄ used to simulate measurements for

this section. The domain has height of 16, an average radius of 12.5, and the boundary,

Figure 7.22: Domain used in the Thorax type simulation. The dark rectangles are the
electrodes, the red curve represents the truncation planes and the black cures represent the
visualisation cross-sections.

parameterised by γ ∈ R350, was generated using linear interpolation of 14 2D cross-sections

drawn from the square like prior depicted on the right of Figure 6.12. We note this domain

shape has more variation that would be seen when imaging a patient’s thorax. The red curves

denote the truncation boundaries used in the domain truncation we consider in Sections 7.4.2

and 7.4.3. The black curves located at h = 1, 4.5, 8, 11.5, 15, in Figure 7.1.2 denote the cross-

sections used to visualise the 3D conductivity distribution

The dark 3×3 squares in Figure 7.1.2 represent the two rings of twelve electrodes on the

boundary of Ω̄, the electrodes are numbered from 1 to 24 sequentially moving anti-clockwise

from top to bottom. The current pattern is chosen so that current is injected between oppo-
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Figure 7.23: The values used for the contact impedances in the Thorax type simulation.

site electrodes on alternative rings (1→ 19, 2→ 20, . . . , 12→ 18) and voltage measurements

are taken between adjacent electrodes, resulting in 288 independent measurements. The

contact impedances z are chosen to be random

z ∼ U (0, 1/2) ,

where U (0, 1/2) is the continuous uniform distribution over [0, 1/2]. The realisation of z used

to simulate the measurements is shown in Figure 7.23. The contact impedances are treated

as unknown with the inverse problem and a homogeneous contact impedance z0 = 0.01

is used in the inverse problem. We have chosen the true contact impedances to be large,

this corresponds to poorly attached electrodes, and our homogenous contact impedance to

be small small, this corresponds to securely attached electrodes. Often this is the case,

electrodes are attached poorly for measurements but estimates are computed assuming they

are attached perfectly. These choices are made so the simulation is closer to reality.

Slice 1: Slice 2: Slice 3: Slice 4: Slice 5:
z = 1 z = 4.5 z = 8 z = 11.5 z = 15

Figure 7.24: Cross-sections, corresponding to the visualisation cross-sections, of the True
Conductivity for the Thorax simulation. The cross sections are at z = 1, 4.5, 8, 11.5 and 15.

The measurements V were simulated using the FEM approximation of the complete

electrode model over Ω̄ using the conductivity distribution σ̄ shown in Figure 7.24. The

internal electric potential u was represented using second order basis functions and con-

ductivity was represented using first order basis functions. For computation of the inverse

problem we use a coarse first order discretisation for both the electric potential and the con-

ductivity. Details of the meshing are shown in Table 7.5. Noise was added to the simulated
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Table 7.5: Meshing information for the thorax simulation inverse problem.

Elements Nodes
σ u

Mesh for Ω̄ 66024 12616 94286
Mesh for Ω 4332 969 969
Mesh for Ω1 2413 577 577
Mesh for Ω2 1919 543 543

measurements from a centred Gaussian with standard deviations 1% the range of the data

plus 1% of the absolute value of the data. In the inverse problem we model the internal

conductivity distribution as an anisotropic Whittle-Matérn random field with parameters

σ∗ = 0.6, a = 0.3, $ = 1, `x = 5 = `y and `z = 3.

We proceed in stages, first we consider the inverse problem associated when using an

approximative domain. That is an approximative domain shape with a very coarse discreti-

sation. Following this we consider the domain truncation problem when using the approxi-

mative domain. Finally, we estimate the internal conductivity distribution using the domain

truncation model when a fixed choice for the DtN map is used with the approximative

domain.

7.4.1 Approximative Domain Estimate

In this section we consider estimating σ̄ from the simulated measurements U over an ap-

proximative domain Ω. The approximative domain Ω is a cylinder radius 10 and height 16,

parametrised by γ0. The inverse problem is performed over Ω using the FEM approximation

to the complete electrode model with the discretisation described in Table 7.5.

The discretisation of Ω is very coarse and as a result will induce modelling errors as we

discussed in Section 6.1. Furthermore, the approximative domain Ω is quite distant from

the true domain, inducing more more modelling errors. To compensate for these modelling

errors the approximation error approach is applied.

Table 7.6: Meshing information for approximation error calculations.

Elements Nodes
σ u

Mesh for Ωδ 46045 9128 67032
Mesh for Ωh 22575 4639 4639
Mesh for Ωh

1 15398 3372 3372
Mesh for Ωh

2 7177 1760 1760

To compute the approximation errors we require an accurate and an approximate model,
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to achieve this we employ the forward models

Hδ (σ̄, z, γ) and Hh (σ, z, γ) .

Here Hδ (σ̄, z, γ) implements the complete electrode model using conductivity σ̄ and contact

impedances z over the domain parametrised by γ. The discretisation used for Hδ is that

formed by deforming Ωδ from Table 7.6 according to the deformation operator T̄γ . The

forward model Hh (σ, z, γ) is the same as Hδ (σ̄, z, γ) but uses the discretisation Ωh from

Table 7.6 and σ is the low-dimensional analogue of σ̄.

We generated an ensemble of Ns = 4000 three-dimensional boundary shapes by linear

interpolation from 14 cross-sections with average radius of 13 drawn from the 2D shape

distribution discussed in Chapter 6. This process gives an ensemble of shape parameters

{γ(`)}`≤Ns which are used in the computation of the approximation errors. Also the sample

mean γ∗ and sample covariance Γγ of these parameters are computed, which are then used

in the Gaussian approximation of π(γ). For each domain generated a draw from an isotropic

Whittle-Matérn random field with parameters σ∗ = 1, a = 1/3 and ` = 6.3 is computed giving

{σ(`)}`≤Ns , 4000 independent conductivities. Finally, an ensemble {z(`)}`≤Ns of contact

impedances were computed using the distribution π(z) from Section 7.1.3 with parameter

k = 8.

Using these forward models and the ensembles of the parameters an two ensembles of

approximation errors was computed

ε̄(`) = Hδ

(
σ(`), z(`), γ(`)

)
−Hh

(
Pγ(`)σ(`), z0, γ

(`)
)
.

ε(`) = Hδ

(
σ(`), z(`), γ(`)

)
−Hh

(
Pγ(`)σ(`), z0, γ0

)
.

Here z0 is the homogeneous contact impedance discussed above, γ0 is the parametrisation

of the cylinder used as the approximative domain Ω and Pγ(`) implements the coarsening of

conductivity and the deformation from the domain parametrised by γ(`) to approximative

domain Ω. The ensemble {ε̄(`)}`≤Ns computes the approximation errors to do with discreti-

sation and unknown contact impedances only. The sample mean ε̄∗ and sample covariance Γε̄

are then used to compute the best estimate when the true boundary is used. The ensemble

{ε(`)}`≤Ns computes the approximation errors to do with discretisation, unknown contact

impedances and unknown boundary. The sample mean ε∗ and sample covariance Γε are then

used to compute the estimates over the approximative domain.

The estimates were computed using the forward model H (σ, z, γ). This model imple-

ments the complete electrode model using conductivity σ, the contact impedances z and the

domain parameterised by γ with the meshing of Ω described in Table 7.5. The following

estimates were computed:

1. The MAP estimate over the true domain Ω̄ using the coarse mesh and no approxima-
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tion errors

σΩ̄ = argmin
σ>0

[
‖Le (V −H (σ, z0, γ̄))‖2 + ‖Lσ (σ − σ∗)‖2

]
.

This estimate is computed to see the effects from mismodelling the contact impedances

and the level of discretisation.

2. The MAP estimate over the true domain Ω̄ using the coarse mesh. The enhanced error

model built from the ε̄ ensemble is used to compensate for modelling errors caused by

the contact impedances and the level of discretisation

σε̄Ω̄ = argmin
σ>0

[
‖Lε̄+e (V −H (σ, z0, γ̄))− ε̄∗‖2 + ‖Lσ (σ − σ∗)‖2

]
.

This estimate is computed as a best approximation to the internal conductivity dis-

tribution.

3. The MAP estimate over the approximative domain Ω using the coarse mesh and no

approximation errors

σΩ = argmin
σ>0

[
‖Le (V −H (σ, z0, γ0))‖2 + ‖Lσ (σ − σ∗)‖2

]
.

This estimate is computed to see the effects form mismodelling the contact impedances,

boundary shape and the level of discretisation.

4. The MAP estimate over the approximative domain Ω using the coarse mesh. The

enhanced error model built from the ε ensemble is used to compensate for modelling

errors caused by the contact impedances, the approximative domain and the level of

discretisation

σεΩ = argmin
σ>0

[
‖Lε+e (V −H (σ, z0, γ0))− ε∗‖2 + ‖Lσ (σ − σ∗)‖2

]
.

The above estimates are shown in Figure 7.25, the estimates computed over the approx-

imative domain Ω are plotted using the corresponding boundary estimate. The boundary

estimates are made using the technique we discussed in Section 4.3.4, since the Gaussian

approximation is made equation (4.32) can be applied giving

γΩ = γ∗ + Γγε (Γε + Γe)
−1 ([V −H (σΩ, z0, γ0)]− ε∗)

and γεΩ = γ∗ + Γγε (Γε + Γe)
−1 ([V −H (σεΩ, z0, γ0)]− ε∗) .

The cross-sections of σΩ̄ contain many artefacts from the mismodelling of the contact

impedances discretisation. These artefacts are almost completely compensated for in σε̄
Ω̄

through the use of the statistics of ε̄.

When using the approximative domain Ω the modelling errors caused by mismodelling the
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σtrue σΩ̄ σε̄
Ω̄

σΩ σεΩ

Figure 7.25: Cross-sections of the estimates for the Thorax Simulation. From left to right:
True conductivity distribution, σΩ̄, σ

ε̄
Ω̄
, σΩ and σεΩ. The estimates σΩ and σεΩ are plotted

using the corresponding estimated boundary shapes γΩ and γεΩ respectively.

domain result in unusable estimates for the conductivity σΩ and boundary shape γΩ. When

the statistics of ε are used in the enhanced error model the modelling errors are compensated

for and the estimates are improved. We can see this as the conductivity estimate σεΩ is very

close to σε̄
Ω̄

, the best estimate using the true domain.

Slice 1 Slice 2 Slice 3 Slice 4 Slice 5

Figure 7.26: Cross-sections of the estimates for the boundary shape in the Thorax Simula-
tion. The grey patches are the true shape, the solid line is the estimate and the dashed line
is the posterior 2 standard deviation bounds. Top row are the cross-sections from γΩ and
the bottom row are the cross-sections from γεΩ.

Furthermore, the resulting boundary shape estimate γεΩ is very close to the true boundary

shape. In Figure 7.26 we have shown the estimated boundary shapes at the 5 cross-sections

with 2 posterior standard deviation bounds. The boundary shape and standard deviations

were computed using equation (6.8). The boundary estimate γΩ is not close to the true

domain at any of the slices. Whereas, the true boundary shape is within the 2 standard

deviation bounds for the γεΩ estimate. It is good to note the standard deviation bounds for
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slices 1 and 5 are considerably wider than slices 2-4. This occurs for the same reasons as

those in Section 7.3, slice 1 and 5 are far from the electrodes so the measurements are less

sensitive to the mismodel of the boundary shape in these regions.

7.4.2 Domain Truncation Estimate

In this section we consider the domain truncation problem associated with the Thorax sim-

ulation. Here we define Ω̄1 as the portion of Ω̄ which lines between the two truncation

boundaries, illustrated by the two red curves in Figure 7.22. Consequently Ω̄2 is the portion

of Ω̄ above the red curve at h = 12 and below the red curve at h = 4. The truncation bound-

ary Γ is the disjoint union of the truncation planes at h = 4 and h = 12. Furthermore, σ̄i

denotes the conductivity distribution in Ω̄i and is visualised using cross-sections two through

four.

The domain truncation estimates are computed using the truncated approximative do-

main Ω1. We use the same notation conventions with the approximative domain as we did

with the true domain. As a result our primary inverse problem is: estimate σ̄1 from mea-

surements computed over Ω̄ using the truncated approximative domain Ω1. The secondary

problem is: estimate γ, the boundary shape of Ω̄, when using a truncated approximative

domain. This secondary problem is feasible as the domain truncation model has been shown

to accurately model full domain measurements. So applying the approximation errors ε

from above a relatively accurate estimate for γ can be computed using the residuals from

the domain truncation estimate.

The fact that Γ is made from two components does not change how the DtN map is

computed. The DtN map is computed using equation (2.49) as previously, in this situation

there will be blocks of zeros as the basis functions from the upper plane do not share support

with the basis functions from the lower plane. The PC modes of the DtN map were computed

using the 4000 conductivity draws used in the computation of the approximation errors and

the procedure set out in Section 3.2.1.

Using the information from the PC decomposition of the DtN map we define the prior

for the projection coefficients βp as a Gaussian with expectation β∗ = 0 and covariance

Γp = diag(λ1, . . . , λp) with Lp = diag(λ
−1/2
1 , . . . , λ−1/2

p ),

where λi is the ith eigenvalue from the PC decomposition. The prior for σ1 is constructed

from the prior for σ. Specifically we choose it to be a Gaussian with expectation Rσ∗, where

R is the restriction map from Ω to Ω1, and the covariance matrix Γσ1 is constructed using

equation (5.9).

The estimates were computed using the forward model D (σ1, z, β
p, γ). This model im-

plements the domain truncation model using conductivity σ1, the contact impedances z,

the PC approximation to the DtN map when the coefficients βp are used and the domain

parameterised by γ with the meshing of Ω1 described in Table 7.5. Recall the same nota-
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tional convention that p = −1 refers to the use of the homogenous Neumann condition and

p = 0 to using the expectation of the DtN map. In all the following estimates the enhanced

error model was used to compensate for modelling errors induced by the unknown contact

impedances, boundary shape and use of a coarse discretisation level.

The following estimates were computed:

1. The MAP estimate for σ1 using the homogeneous Neumann condition on Γ

σN = argmin
σ1>0

[∥∥∥Lε+e (U −D (σ1, z0, β
(−1), γ0

)
− ε∗

)∥∥∥2
+ ‖Lσ1 (σ1 −Rσ∗)‖2

]
.

This estimate is referred to as the Neumann estimate.

2. The MAP estimate for σ1 using the PC approximation, with p PC modes, to the DtN

Map on Γ

σp = argmin
σ1>0,βp

[
‖Lε+e (U −D (σ1, z0, β

p, γ0)− ε∗)‖2 + ‖Lσ1 (σ1 −Rσ∗)‖2 + ‖Lpβp‖2
]
.

This estimate will be refereed to as the DtN estimate.

Since these estimates are computed using the approximative domain Ω we compute esti-

mates of the boundary shape

γN = γ∗ + Γγε (Γε + Γe)
−1
([
U −D

(
σN , z0, β

(−1), γ0

)]
− ε∗

)
and γp = γ∗ + Γγε (Γε + Γe)

−1 ([U −D (σp, z0, β
p, γ0)]− ε∗) .

σtrue σεΩ σN σ20

Figure 7.27: Cross-sections of the domain truncation estimates for the Thorax Simulation.
From left to right: True conductivity distribution, σεΩ, σN and σ20. The estimates σN and
σ20 are plotted using the corresponding estimated boundary shapes γN and γ20 respectively.

The estimates computed are shown in Figure 7.27, going from left to right we have σtrue,

σεΩ, σN and σ20. We have plotted the relevant part of the true conductivity and the estimate

σεΩ along side the estimates σN and σ20 for comparison. Clearly the estimate corresponding to
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the use of a homogenous Neumann condition σN gives an estimate which is of no use. There

are serious reflections from the boundaries caused by the use of the Neumann condition

on the truncation boundary, whereas, the DtN estimate σ20 is able to account for these

reflections. The DtN estimate is relatively good, there are some minor boundary artefacts

but the estimate mostly agrees with the σεΩ estimate. This is a good, as this implies that

the domain truncation model is robust when other modelling errors are present.

Slice 1 Slice 2 Slice 3 Slice 4 Slice 5

Figure 7.28: Cross-sections of the domain truncation estimates for the boundary shape in
the Thorax Simulation. The grey patches are the true shape, the solid line is the estimate and
the dashed line is the posterior 2 standard deviation bounds. Top row are the cross-sections
from γN and the bottom row are the cross-sections from γ20.

To get a better idea about the ability of the domain truncation model we consider the

boundary estimates displayed in Figure 7.28. The boundary estimate γN (top row) is able

to recover the general variation within the boundary. However, the modelling errors still

dominate the σN estimate, preventing the corresponding boundary estimate from being

accurate. The boundary estimate relating to the use of the DtN map γ20 has the true

boundary shape within the 2 standard deviation bounds.

As the goal is to develop a feasible low dimensional model for three-dimensional biomedi-

cal imaging we wish to see low we can choose p to be without loosing quality in the estimate.

To this end Figure 7.29 shows cross-sections of the DtN estimate σp for different values of

p, also we show the corresponding boundary estimates γp. The we can see that the lower p

values have a few more artefacts and seem to not quite recover the conductivity distribution

fully.

At around p = 7 the estimate is indistinguishable from the p = 20 estimate, indicating

a lower dimensional model could be feasible. The boundary estimates in all cases are very

reasonable, with the true boundary shape falling within the 2 standard deviation bounds

more often than not. The estimate when using only the expectation of the DtN map (p = 0)

has potential to produce accurate estimates when the approximation error approach is used

to (approximately) marginalise over the other PC modes. This is considered in the following
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section.

p = 0 p = 1 p = 4 p = 7 p = 20

Figure 7.29: Cross-sections of the σp and γp estimates from the Thorax simulation using
different values of p.

Finally, in Figure 7.30 we show the estimated PC coefficients (black solid line) and the

true PC coefficients (red solid line). Again we see that the estimated coefficients do not reach

the same extremes as the true values, but they do roughly have the same structure. Also

observe that all but two of the true coefficients fall within the posterior 1 standard deviation

bounds (dashed lines).
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Figure 7.30: The estimated PC coefficients of the first 20 coefficients. The solid black line
is the estimated coefficients, the black dashed lines are the posterior 1 standard deviation
bounds and the red line is the true PC coefficients.
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7.4.3 Approximative Estimate

The results from the previous section indicate that combining the domain truncation model

with the approximation error approach can lead to a feasible model for practical three-

dimensional imaging. Using only the expectation of the DtN map provides further reduction

of our model making the implementation in practical situations with low levels of computa-

tional power possible. It was indicated above that such a reduction could be possible when

the approximation error approach is used to approximately marginalise over the other AE

components.

To test this hypothesis we compute approximation errors corresponding to the use of the

homogeneous Neumann condition and the expectation of the DtN map,

ε
(`)
N = Hδ

(
σ(`), z(`), γ(`)

)
−Dh

(
Pγ(`)σ(`), z0, β

(−1), γ0

)
ε

(`)
0 = Hδ

(
σ(`), z(`), γ(`)

)
−Dh

(
Pγ(`)σ(`), z0, β

0, γ0

)
,

where ` ≤ Ns = 4000. Here Hδ is the accurate complete electrode model over the full domain

as previous and we have used the same conductivity, contact impedance and domain shape

ensembles as in Section 7.4.1. The model Dh is the domain truncation model described above

computed using the coarse meshing for Ω1 from Table 7.5. The ensemble {ε(`)
N } computes

the approximation error caused by the use of the Neumann condition. The same mean εN∗

and covariance ΓεN are used in the enhanced error model to compensate for the mismodel

caused by the Neumann condition. The ensemble {ε(`)
0 } computes the approximation error

caused by the use of the use of the expectation of the DtN map. The same mean ε0∗ and

covariance Γε0 are used in the enhanced error model to compensate for the mismodel caused

by using only the expectation of the DtN map. Both ensembles of approximation errors also

contain information about the mismodel of the boundary shape, contact impedances and

discretisation.

Two estimates were computed to test our very approximate models. The estimates are

computed using the model D (σ, z, βp, γ) described in the previous section. The following

estimates were computed:

1. The MAP estimate for σ1 using the homogeneous Neumann condition on Γ and the

enhanced error model built from {ε(`)
N }`≤Ns

σεN = argmin
σ1>0

[∥∥∥LεN+e

(
U −D

(
σ1, z0, β

(−1), γ0

)
− εN∗

)∥∥∥2
+ ‖Lσ1 (σ1 −Rσ∗)‖2

]
.

We call this estimate the compensated Neumann estimate.

2. The MAP estimate for σ1 using the expectation of the DtN map on Γ and the enhanced

error model built from {ε(`)
0 }`≤Ns

σε0 = argmin
σ1>0

[∥∥Lε0+e

(
U −D

(
σ1, z0, β

0, γ0

)
− ε0∗

)∥∥2
+ ‖Lσ1 (σ1 −Rσ∗)‖2

]
.
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We call this estimate the compensated mean estimate.

Here Lσ1 and R are as above, LTεN+eLεN+e = (ΓεN + Γe)
−1 and LTε0+eLε0+e = (Γε0 + Γe)

−1.

σtrue σεΩ σ20 σεN σε0

Figure 7.31: Cross-sections of the domain truncation estimates for the Thorax Simulation
using the approximation error approach to compensate for the error induced from truncating
PC approximation of the DtN Map. From left to right: True conductivity distribution, σεΩ,
σ20, σεN and σε0.

In Figure 7.31 we show σtrue, σ
ε
Ω, σ20, σ

ε
N and σε0, again we have plotted the relevant

portion of the σtrue and σεΩ for comparison. The compensated Neumann estimate σεN is

vastly improved when compared to σN but it still fails to recover the inclusions. On the

other hand the compensated Mean estimate σε0 is able to recover the inclusions. In fact

the compensated Mean estimate σε0 gives a better estimate when compared to the DtN

estimate σ20 or the approximative domain estimate σεΩ. This improvement in the estimate

could be due to the estimation of a smaller number of parameters overall thus improving the

Slice 1 Slice 2 Slice 3 Slice 4 Slice 5

Figure 7.32: Estimates for the domain shapes using the Neumann condition (Top) and the
mean of the DtN map (Bottom) when the enhanced error model is used to compensate for
the induced modelling errors.
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stabilityof the problem while the approximation error approach handles the modelling errors

thus maintaining the quality of the estimate.

The boundary estimates, shown in Figure 7.32, confirms what we expect. The com-

pensated Neumann estimate γεN is a better estimate than γN but still does not estimate

the boundary as well as γ20 or γεΩ did. The compensated Mean estimate γε0 estimates the

boundary with the same accuracy, if not better, as γ20 or γεΩ.

7.5 Summary

This chapter dealt with three-dimensional EIT. We considered the domain truncation model

with the PC approximation to the stochastic Dirichlet-to-Neumann map. Also we extend

the uncertain boundary results to the three-dimensional case. Finally, we considered a

simulation which involves all aspects of the research contained within this thesis. This

simulation involves domain truncation, the use of an approximative domain shape, a coarse

discretistion and unknown contact impedances. All of these uncertainties are present when

using EIT to image the thorax of a patient.

7.5.1 Three-Dimensional Stochastic Dirichlet-to-Neumann map

In Section 7.2 we considered domain truncation in three-dimensional EIT. The results in this

section were similar to those in Chapter 5.

The computational implementation of the DtN map for three dimensions is a straight

forward task since the FEM approximation discussed in Section 2.4 has no restriction on

dimension. Furthermore, the PC approximation to the stochastic Dirichlet-to-Neumann

map is computed using the same procedure set out in Section 3.2.1. To analyse the three-

dimensional DtN map we considered a simulation and the laboratory data from the annulus

geometry in Section 5.3.

The geometry used for the simulation was a cylinder of height 14 and radius 12. The

truncation boundary Γ is the disc of radius 12 at height 8, splitting the domain into two

cylinders. The PC approximation of the stochastic DtN map for this geometry was computed.

In the inverse problem we simultaneously estimate the PC coefficients with the conduc-

tivity distribution. As a result we require a prior model for the PC coefficients. A feasible

model exists when the Gaussian approximation is made to the distribution of the PC co-

efficients. In order to see the suitability of this approximation we considered histograms

and Q-Q plots of the first five PC coefficients. These plots all exhibited normality. More-

over, scatter plots of the first five coefficients exhibit uncorrelated Gaussian scatter. This all

supports the suitability of the Gaussian approximation approximation to π(β).

Estimates of the internal conductivity distribution were computed using the domain

truncation model and the PC approximation of the DtN map. The estimates using the PC
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approximation were visually indistinguishable from the estimates computed using the full

computational domain. Once again we found that using a small number, in this case, a single

PC modes was sufficient to compute reasonable estimates. To use the true distribution of

the PC coefficients techniques such as Markov chain Monte Carlo (MCMC) can be used.

Using the true distribution of the PC coefficients means we may be able to capture some

dependency which the Gaussian approximation ignores. Such dependencies could potentially

improve estimates and reduce the number of PC modes required for an accurate estimate.

The data from the annulus laboratory experiment was used. This problem was identical

to that in Section 5.3 but computed with a three-dimensional EIT model. Here the domain

was a cylinder of radius 14 and height 7. The truncated domain was the central cylinder

with radius 9 and height 7, making the region of interest an annular cylinder with radii

of 14 and 9. When we considered this experiment in two dimensions we estimated the

contact impedances simultaneously. In this section we used the Bayesian approximation error

approach to compensate for the unknown contact impedances. The estimates computed using

the laboratory data gave results similar to the simulation and the two-dimensional estimate.

Again the estimates corresponding to the use of the stochastic DtN map are as accurate as

using the full computational domain. Also, using more than approximately five PC modes

adds little to the estimates.

These results, combined with those from Section 2.5 and Chapter 5, indicate that the

DtN map is able to compensate for the mismodelled current flows when the computation

domain is truncated. In the rest of this chapter we apply the domain truncation model to a

thorax type simulation.

There are many other applications for the domain truncation model and the stochastic

DtN map. An important application is in geophysical imaging, here the true domain is

often treated as a three-dimensional half space. As a result the computational domain is

truncated. This domain truncation is typically ignored or highly approximative models are

used. The domain truncation model is a feasible alternative.

7.5.2 Three-Dimensional Uncertain Domain Shape

In Section 7.3 we extended the result results from [90, 91], regards an unknown two-dimensional

domain shape. This is done by considering two simulations with non-standard boundaries

and estimates computed using an approximative domain.

To achieve this in Section 7.1.2 we gave a parametrisation of a three dimensional boundary

shape based. This was motivated by the Fourier series representation used in the two-

dimensional case. Using this parametrisation an ensemble of approximation errors could be

computed and a sample based Gaussian approximation of their distribution computed. The

statistical information of the approximation error distribution is then used to compensate

for the modelling errors induced from the use of an approximative domain.

In the first simulation the electrodes are attached the full height of the domain. The
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estimates for conductivity and domain shape when the enhanced error model is not used are

meaningless due to reflections and artefacts. When the enhanced error model is used the

resulting boundary estimate is accurate. Also, the conductivity estimate is almost identical

to the estimate computed using the true domain shape.

In the second simulation the electrodes are attached on the bottom half of the domain.

Again, the estimates for conductivity and domain shape when the enhanced error model is

not used are meaningless. The enhanced error model compensates for the modelling errors

induced from the use of the approximative domain. It is interesting to observe that the

boundary shape estimates in the upper half of the domain are not as accurate. Yet they still

lie within the error bounds which are wider for the upper half of the domain. The estimates

of the upper boundary shape are worse since the measurements are less sensitive to changes

in that region.

These two simulations demonstrate, with some success, that the approximation error

approach is able to compensate for modelling errors induced from mismodelling the boundary

in three-dimensional EIT. The proposed uncertain boundary model could be validated further

with real data. However, real data involves additional uncertainties such as unknown contact

impedances or placement of electrodes. Other work on the Bayesian approximation error

approach indicates that, in many cases, these additional modelling errors can to be handled.

7.5.3 Thorax Type Simulation

Finally, in Section 7.4 we considered a simulation which involves many of the modelling

uncertainties involved with imaging of a patient’s thorax. The simulation involved unknown

contact impedances, domain truncation, a coarse discetisation and the use of an approxima-

tive domain. The domain was a cylinder with variable boundary of height 16 and average

radius of approximately 12.5. This domain is has more variation than would be present

when imaging a human thorax. The approximative domain was a cylinder with radius 10

and height 16 discretised coarsely.

We employed the Bayesian approximation error approach to handle the various mod-

elling errors. We computed a series of estimates for this simulation. This mean a different

approximation error ensemble was computed for each of the estimates. This ensemble was

then used to construct a sample based Gaussian approximation to the distribution of the

approximation errors.

First we considered the estimate computed using the full approximative domain. This

estimate is similar to those computed in Section 7.3. These results were inline with previous.

The use of the enhanced error model was able to compensate for the modelling errors induced

only from the use of an approximative domain. The resulting estimates of the conductivity

distribution and the boundary were reasonably accurate.

Following this we combined domain truncation with the approximative domain. Here,

the estimates were computed with the domain truncation model and the enhanced error
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model was used to compensate for the modelling errors. The Bayesian approximation error

approach was used to handle the errors from unknown contact impedances and using the

approximative domain. Here the errors from truncating the PC approximation to the DtN

map are not included in the approximation error statistics. As in Section 6.2, we found that

when the PC approximation to the DtN map is used the estimate is as approximately as

good as the estimate computed using the full domain. Also we found that when more than

7 PC modes are used the estimates for conductivity and domain shape change very little.

Finally, we considered estimates when a fixed approximation to the DtN map was used.

We considered estimates computed using the homogeneous Neumann condition and the ex-

pectation of the DtN map. We computed estimates when the enhanced error model was

used to compensate for the induced modelling errors. We did not consider estimates without

the enhanced error model. The results from Section 6.1 demonstrated that such estimates

will always be rendered meaningless due to reflections from the truncation boundary. Also

the enhanced error model was used to compensate for errors induced from the use of the

approximative domain and unknown contact impedances.

The conductivity estimate when the Neumann condition are used fail to pick up any

of the inclusions. This estimate cannot be used for any meaningful inference. The domain

shape estimates are improved when compared to the estimate without the enhanced error

model. However, the estimated boundary shape lies outside the error bounds more often than

not. The conductivity estimate when the expectation of the DtN map is vastly improved.

This estimate is practically the same as the estimate when 20 PC modes are used. Also, the

estimate for the boundary shape lies completely within the error bounds.

Here we have used the a coarse implementation of the domain truncation model with

fixed homogeneous contact impedances and the expectation of the DtN map on Γ computed

over an approximative domain. This model is highly approximative and has severe modelling

errors. So we combine this model with the Bayesian approximation error approach which

is able to compensate for the induced modelling errors. These results indicate that our

proposed reduced order model is capable of yielding accurate estimates. To further test

this model estimate using real data should be considered. This data would, preferably, be

bio-medical data since there are many uncertainties present, such as an uncertain domain

shape.
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8
Concluding Remarks

With any real world electrical impedance tomography (EIT) measurements there are nu-

merous modelling uncertainties present. If these uncertainties are not taken into account

estimates are often rendered meaningless. Also computational power is often limited so a

low-dimensional model is required for a practical implementation of absolute EIT imaging.

This thesis deals with the development of a computationally feasible model for practical

absolute EIT imaging. Our proposed computational model for practical EIT is a coarse

implementation of the domain truncation model computed over an approximatively shaped

domain with fixed homogeneous contact impedances and a low-dimensional representation of

the Dirichlet-to-Neumann map. This model is highly approximative and has severe modelling

errors. So we combine this model with the Bayesian approximation error (BAE) approach

which is able to compensate for the induced modelling errors. Furthermore, we used Gaus-

sian distributions making the MAP estimate a feasible computation. By a low-dimensional

representation of the Dirichlet-to-Neumann map we mean the PC approximation of the DtN

map using a small number, or even no, PC modes.

There was two primary foci of this research. The first was to develop a sufficiently reduced

order model so that the computation of the conductivity estimates is not burdensome. The

second was to account for the modelling uncertainties which are present in all practical

measurements.

In order to achieve the computationally feasible model we first considered the EIT domain

truncation problem. We developed a model which uses the DtN map to account for the

current flows lost when the computational domain is truncated. This model built on the

work from [61]. This domain truncation model was shown to be well-posed in the sense of

Hadamard and we presented a finite element method (FEM) discretisation of the DtN map.

Simulations were computed to verify the validity of the domain truncation model. In all

cases we found that the domain truncation model was computationally as accurate as the

complete electrode model.

The Bayesian framework was used to handle the inverse problem. In this framework all

unknowns are treated as random variables and used Bayes theorem to estimate the inter-

nal conductivity distribution. So when the domain truncation model is used to estimate
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an unknown conductivity distribution the DtN map inherits the stochastic nature of the

conductivity. As a result the DtN map becomes a stochastic operator which is unknown

in the inverse problem. Since the goal of the domain truncation model is to reduce the

computational complexity, we wish to avoid estimating the entries of the DtN map or the

conductivity in the truncated region. To overcome this we developed the PC approximation

of a stochastic compact operator and applied it to the stochastic DtN map. The PC ap-

proximation represents a stochastic compact operator as a linear combination of fixed basis

operators with stochastic coefficients. This representation is an adaptation of the Karhunen-

Loève decomposition. The derivation of the PC approximation developed in this thesis was

for a discretised operator. Such a derivation was sufficient for the needs of this research,

however, further research needs to be done in order to extend the argument to the general

case.

By combining the domain truncation model with the PC approximation of the DtN map,

accurate conductivity estimates can be computed over a truncated computational domain.

Estimates were computed in both two and three-dimensions using a varying number of PC

modes. We found that, in most cases, using between 3 and 8 PC modes gave estimates which

were almost identical to the corresponding reference estimate. The estimates were computed

by approximating the PC coefficients with a Gaussian distribution and then simultaneously

estimating the coefficients with the conductivity distribution. This was a simplifying ap-

proximation, however, we demonstrated that the Gaussian approximation of the coefficients

is feasible. The true distribution of the coefficients could be used in the estimation of the

conductivity distribution through methods such as MCMC. Also MCMC techniques could

possibly be used to explore the dependencies between the various coefficients. These de-

pendences could lead to a further reduction in the number of basis operators required for a

sufficiently accurate approximation to the stochastic DtN map.

To further reduce the computational burden a very coarse mesh and a small number

of PC modes was used to compute estimates. These estimates were accurate when the

Bayesian approximation error approach was used to compensate for the modelling errors

induced by the highly approximative model. Also we found, in some cases, that it was

possible to completely embed the distribution of the PC coefficients in the approximation

error distribution. Doing this means reasonably accurate estimates can be computed using

only the mean of the DtN map. Hence, in some cases, the accuracy of the forward model can

be increased without increasing the computational complexity of the estimation problem.

Next, we considered how to handle modelling uncertainties. The Bayesian approximation

error approach was used. The BAE approach allows the approximate marginalisation of these

modelling uncertainties over the prior. In particular, we considered modelling errors induced

from the use of an approximative domain shape. This was motivated by [90, 91], where

two-dimensional uncertain domain shapes was considered. We also extended the uncertain

boundary model to three-dimensional domains.

Finally, a thorax type simulation was considered. This simulation was designed to sim-
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ulate many of the uncertainties which would be simultaneously present when imaging a

patient’s thorax. In order to effectively simulate the uncertainties, data was simulated us-

ing a domain with an irregular boundary shape, very fine discretisation and heterogeneous

contact impedances. Conductivity estimates were computed with the domain truncation

model over an approximative domain with a coarse discretisation and fixed homogeneous

contact impedances. We found that estimates for the conductivity distribution and the do-

main shape were reasonably accurate when the approximation error approach was used to

compensate for the various modelling uncertainties. If these modelling errors were not taken

into account we found that estimates were rendered meaningless with multiple reflections

and artefacts. Furthermore, we found that using only the expectation of the DtN map lead

to accurate conductivity and domain shape estimates when the BAE approach was used. Us-

ing this highly reduced model means the computational complexity is significantly reduced.

These results suggest that, for cases similar to our simulations, estimates from practical EIT

measurements are feasible.

In this thorax type simulation we chose a domain shape with more variation than is

present in human bodies. Also we used contact impedances corresponding to poorly attached

electrodes and estimates were computed assuming they were accurately attached. These

choices were more extreme than would be present with real data. Such choices were made

to test the ability of the proposed model. Yet the uncertainties were still simulated. With

practical measurements there are additional uncertainties to be considered, such as incorrect

placement of the electrodes. So actual biomedical measurements are required to truly test

the feasibility of the proposed computational model.

In conclusion, feasible conductivity estimates are possible when the domain truncation

model is used in conjunction with the Bayesian approximation error approach and Gaus-

sian distributions. Thus, it seems that absolute EIT imaging is a step closer to practical

implementation in applications such as biomedical imaging.
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[32] J. Dardé, N. Hyvönen, A. Seppänen, and S. Staboulis. Simultaneous reconstruction of outer

boundary shape and admittivity distribution in electrical impedance tomography. SIAM Jour-

nal on Imaging Sciences, 6(1):176–198, 2013.
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A
Mathematical Appendices

A.1 The Hilbert Space Projection Theorem

Theorem A.1 (Hilbert Space Projection Theorem).

Let H be a real Hilbert space with associated inner product 〈·, ·〉. Furthermore let M ⊂ H be a closed

subspace.

Then for every x ∈ H there is a unique element xM ∈M such that

‖x− xM‖ = inf
m∈M

‖x−m‖ .

Furthermore we have (i) xM = x ifandonlyifx ∈M and (ii) if we let x⊥ = x− xM then x⊥ ∈M⊥

with ‖x‖2 = ‖xM‖2 + ‖x⊥‖2 i.e. H = M ⊕M⊥.

Proof. Let x ∈ H and set d = inf
m∈M

‖x−m‖, then by the completeness of M we can select a

sequence {vn}n∈N ⊂ M such that ‖vn − x‖ → d, as n → ∞. Infact we can choose vn such that

d ≤ ‖vn − x‖ ≤ d+ n−1.

Now we wish to show that {vn} is a Cauchy sequence. To achieve this we use the parallelogram

law on vi − x and vj − x. This gives

2 ‖vi − x‖2 + 2 ‖vj − x‖2 = ‖vi − vj‖2 + ‖vi + vj − 2x‖2 .

Which means

‖vi − vj‖2 ≤ 2 ‖vi − x‖2 + 2 ‖vj − x‖2 − 4d2, (A.1)

since ‖vi + vj − 2x‖2 = 4
∥∥∥vi+vj2 − x

∥∥∥2

≥ 4d2. Letting i, j →∞ then the RHS of equation (A.1) goes

to 0 and we get ‖vi − vj‖2 −→ 0. Since M is complete and {vn} is Cauchy there exists an element

xM ∈M such that

‖vn − x‖ → ‖xM − x‖ = d as n −→∞.

So far we have shown the existence of xM , we now need to show uniqueness and the statements

(i) and (ii).
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For uniqueness suppose there is another element w ∈ M such that ‖w − x‖ = d. Then by the

parallelogram law we have

‖xM − w‖2 = 2 ‖w − x‖2 + 2 ‖xM − x‖2 − 4

∥∥∥∥w + xM
2

− x
∥∥∥∥2

≤ 2 ‖w − x‖2 + 2 ‖xM − x‖2 − 4d2 = 0,

hence w = xM .

To prove (i) we observe that since M is closed d = 0 if and only if x ∈ M which then implies

xM = x if and only if x ∈M .

For (ii) let x⊥ be as in the statement of the theorem, m ∈M, t ∈ R and observe that xM+tm ∈M
for all t. Then we have

d2 ≤ ‖x− (xM + tm)‖2 = ‖x⊥ − tm‖2 = d2 + t2 ‖m‖2 − 2t 〈x⊥,m〉 .

Rearranging supposing when t > 0 gives 2 〈x⊥,m〉 ≤ t ‖m‖2, which says 〈x⊥,m〉 ≤ 0 when t = 0. If

t < 0 then we have 2 〈x⊥,m〉 ≥ t ‖m‖2, which tells us that 〈x⊥,m〉 ≥ 0 when t = 0. Hence we can

conclude that 〈x⊥,m〉 = 0 and x⊥ ∈M⊥.

To conclude the proof we do a calculation, let x ∈ H then

‖x‖2 = ‖xM + x⊥‖2 = ‖xM‖2 + ‖x⊥‖2 + 2 〈x⊥, xM 〉 = ‖xM‖2 + ‖x⊥‖2

We can define an operator called the projection operator

PM : H −→M, PMx = xM , (A.2)

it is easy to verify that PM is a bounded linear operator.

A.2 Probability Theory

In this section the discussion on probability theory is based largely on [66, 14, 39, 103]. For a text

on the basics of probability the reader is pointed to [36, 47]. The discussion on inverse problems is

based on [24, 62, 111]. It is assumed that the reader is familiar with the basics of measure theory, if

not see the texts stated above or [9, 51].

A.2.1 Probability Theory

Probability Space

Let the triple (Θ, E ,P) be a measure space. That is let Θ an arbitrary set, E a σ-algebra over Θ and

P a measure over (Θ, E).

Definition A.1 (Probability Space). We say that (Θ, E ,P) is a probability space and P is a

probability measure if P (Θ) = 1. In a probability space we call ω ∈ Θ a sample or realisation and
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E ∈ E an event. The probability of event E is denoted by P (E) and we say E is a null event if

P (E) = 0.

In the sequel we assume that (Θ, E ,P) denotes a probability space unless otherwise stated.

A statement S is said to hold almost surely (a.s.) if

ES := {ω|S (ω) is true } =⇒ P (ES) = 1.

Definition A.2 (Independence). We say that two events, E,F ∈ E , are independent if and only

if P (E ∩ F ) = P (E)P (F ).

Example A.1. Let us consider the flipping of two coins. We set

Θ = {HH,HT, TH, TT},

where HT means heads comes up on the first coin and tails comes up on the second coin. Furthermore

we take E to be the power set of Θ and set P (ω) = 1
4 for each ω ∈ Θ. Then it should be clear from

the definitions that (Θ, E ,P) stated above form a probability space.

Consider the two events H1 = {HH,HT} where a head occurs on the first coin and T2 =

{HT, TT} where a tail occurs on the second coin. These two events are independent because

P (H1 ∩ T2) = P (HT ) =
1

4
=

1

2
× 1

2
= P (H1)P (T2) .

Random Variables and Expectation

Definition A.3 (Random Variable). A random variable over (Θ, E ,P) is a function

X : Θ→ Rd, X(ω) = (X1(ω), X2(ω), . . . , Xd(ω))
T
,

which is E-measurable.

That is X−1 (G) = {ω|X (ω) ∈ G} ∈ E for any G ⊂ Rd open. Observe that we have placed the

Borel σ-algebra on Rd, we denote this by Bd. If we consider the set σ (X) := {X−1 (B) |B ∈ Bd}
then σ (X) forms a σ-algebra. This fact is handy when dealing with conditional distributions. We

call X a discrete random variable if X (Θ) is a countable subset of Rd.

A random variable X ∈ Rd induces a Law, or probability measure, over
(
Rd,Bd

)
which we denote

by ΠX : Bd → [0 1],

ΠX (B) = P
(
X−1 (B)

)
= P ({ω|X(ω) ∈ B}) ∀B ∈ Bd. (A.3)

We often call ΠX the distribution of X and say X is continuous if ΠX is absolutely continuous with

respect to the d-dimensional Lebesgue measure µd typically denoted dx.

We can use the distribution of X to get the familiar cumulative distribution function (CDF) of

X by considering the sets

{X ≤ x} := {ω ∈ Θ|X(ω) ≤ x},

note here X(ω) ≤ x ⇐⇒ Xi(ω) ≤ xi for i = 1, . . . , d. Then we can define the CDF of X by
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FX : Rd −→ [0 1],

FX(x) = P ({X ≤ x}) = ΠX ((−∞, x1]× · · · × (−∞, xd]) . (A.4)

We now wish to define the probability density function, for this we use the Radon-Nikodym

theorem, see [51, §31]. This theorem tells us that ΠX is absolutely continuous if and only if there us

a Borel-measurable positive function πX such that

ΠX(B) =

∫
B

πX dµd =

∫
B

πX(x) dx. (A.5)

We call πX the probability density function, or density, of X and is µd-almost everywhere unique. It

is also known as the Radon-Nikodym derivative of ΠX with respect to µd. Applying this to the CDF

of X gives

FX(x) =

∫
(−∞,x1]×···×(−∞,xd]

πx(x) dµd.

Definition A.4 (Expectation). Let X ∈ Rd be a random variable over (Θ, E ,P). Suppose that

X ∈ L1 (E ,P) then we define the expectation of X as

EX :=

∫
Ω

XdP =

(∫
Ω

X1dP, . . . ,
∫

Ω

XddP
)T

=

∫
Rd

x dΠX(x) =

∫
Rd

x πX(x) dx (A.6)

The last equality above is read only when X is a continuous random variable. One can think

of the expectation as a linear operator from L1 (E ,P) to Rd. That is E : L1 (E ,P) −→ Rd satisfies

E (aX + bY ) = aE(X) + bE(Y ) for X,Y ∈ L1 (E ,P) and a, b ∈ R. Furthermore if a ∈ Rn and

B ∈ Rn×d then

E (a+BX) = a+BE(X).

We can find the probability of a set A ∈ E by

P (A) =

∫
A

dP =

∫
Ω

χAdP = EχA,

where χA is the indicator function of the set A. Hence we have a way to represent probability as

expectation. We will also write E (X;A) = E (χAX) =
∫
A
XdP for any A ∈ E .

If we suppose that X ∈ L2 (E ,P) then we can define

ΓX := Cov(X) = E
(
(X − EX)(X − EX)T

)
(A.7)

=


E
(
(X1 − EX1)2

)
. . . E ((X1 − EX1)(Xd − EXd))

...
. . .

...

E ((Xd − EXd)(X1 − EX1)) . . . E
(
(Xd − EXd)

2
)

 .

We call ΓX the covariance matrix of X. If X is scalar valued then ΓX ∈ R and we typically write

Var(X) = σ2 = E
(
(X − EX)2

)
and say σ2 is the variance of X. Furthermore if a ∈ Rn and B ∈ Rn×d

then

Cov(a+BX) = E
[
(B(X − E(X))) (B(X − E(X)))

T
]

=BE
[
(X − E(X)) (X − E(X))

T
]
BT = BCov(X)BT .
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Now lets consider two random variables X ∈ Rd and Y ∈ Rd′ over (Θ, E ,P). These random

variables induce a distribution

ΠXY : Bd+d′ → [0 1], ΠXY (E) = P ({ω|(X(ω), Y (ω)) ∈ E}) , ∀E ∈ Bd+d′ .

If ΠXY is absolutely continuous with respect to the (d+ d′)-dimensional Lebesgue measure then by

the Radon-Nikodym theorem there is a density function πXY such that

ΠXY (E) =

∫
E

πXY dµ
d+d′ =

∫
Rd′

∫
Rd

χE(x, y) πXY (x, y) dxdy. (A.8)

The last equality is valid through Fubini’s theorem [51, §36].

If πXY exists then we can write

πX(x) =

∫
Rd′

πXY (x, y) dy and πY (y) =

∫
Rd

πXY (x, y) dx, (A.9)

we call πX (or πY ) defined above the marginal density of X (or Y ). This implies that we can define

the distribution of X as

ΠX(E) =

∫
E

πX(x) dx =

∫
E

∫
Rd′

πXY (x, y) dydx = ΠXY (E × Rd
′
). (A.10)

We say that X and Y are independent if σ (X) and σ (Y ) are independent. Alternatively X,Y

are independent if {X ∈ A} and {Y ∈ B} are independent events for all A ∈ Bd, B ∈ Bd′ . This is the

same as saying X and Y are independent if Xi and Yj are independent if all i = 1, . . . , d, j = 1, . . . , d′.

We can define the covariance of X and Y in a similar fashion as equation (A.7)

ΓXY = Cov(X,Y ) = E
(
(X − EX)(Y − EY )T

)
∈ Rd×d

′
.

If X and Y are independent then ΓXY = 0 since

ΠXY (EX × EY ) = P ({ω|X(ω) ∈ EX} × {ω|Y (ω) ∈ EY })

= P ({ω|X(ω) ∈ EX})P ({ω|Y (ω) ∈ EY }) = ΠX(EX)ΠY (EY ).

In our work we often have functions which depend on random parameters. The following theorem

tells us that those functions inherit the random nature from the random parameters. Furthermore it

tells us how to handle such functions.

Theorem A.2. Let f : Rd → R be a Borel measurable function then f(X) is P-integrable and we

have

Ef (X) =

∫
Ω

f (X) dP =

∫
Rd

f(x)dΠX(x) =

∫
Rd

f(x)πX(x) dx.

The last equality is read if X is a continuous random variable.

This theorem also extends to when f depends on two random variables X and Y .

Proof.

To show that f is P-integrable you consider the positive functions f+ := max{f, 0} and f− :=

−min{f, 0}. Then use a monotone sequence of simple functions in conduction with the monotone

convergence theorem. The result then follows simply by applying f = f+ − f−.
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Example A.2. Suppose we have the set up from example A.1 in addition let X be the number of

heads which is are face up and E = (0.5 2.5) ⊂ R. This means we have X (Θ) = {0, 1, 2} ⊂ R and

X−1 (E) = {HH,HT, TH} ∈ E.

The σ-algebra σ (X) is created from {∅,Θ, {HH}, {TT}, {HT, TH}} in the usual fashion. We

note {HT} and {TH} are not in σ (X) hence σ (X) is a proper sub-algebra of E.

The Distribution for X is

ΠX(E) =



1 0, 1, 2 ∈ E
3/4 0, 1 ∈ E or 1, 2 ∈ E
1/2 1 ∈ E or 0, 2 ∈ E
1/4 0 ∈ E or 2 ∈ E

0 Otherwise

,

which tells us that the CDF for X is

FX(x) =


1 x ≥ 2

3/4 1 ≤ x < 2

1/4 0 ≤ x < 1

0 x < 0

.

Finally the expectation and variance of X are given by

EX = 0× 1

4
+ 1× 1

2
+ 2× 1

4
= 1

Var(X) = (2− 1)2 × 1

4
+ (1− 1)2 × 1

2
+ (0− 1)2 × 1

4
=

1

2
.

Conditional Expectation and Probability

Conditional expectation and probability is important in context of statistical estimation theory. Al-

though conditioning on a single point is taught in early probability courses the idea of conditioning

on a σ-algebra is more detailed. In general the result of taking the expectation over the σ-algebra

gives a random variable which is measurable with respect to the given σ-algebra.

To handle this we follow Kolmogorov’s model for conditional expectation. Once we have condi-

tional expectation we can develop conditional probability using indicator functions as we have done

above.

Theorem A.3 (Conditional Expectation - [66, Theorem 6.1]). Let (Θ, E ,P) be a probability

space and F ⊂ E a sub-σ-algebra.

As a result there exists a linear operator EF : L1 (E ,P) −→ L1 (F ,P), which is unique a.s., which

satisfies

1. Averaging - E
(
EFX;E

)
= E (X;E) , for X ∈ L1, E ∈ E

2. Positivity - X ≥ 0 =⇒ EFX ≥ 0 a.s.

3. L1-Contractivity - E
∣∣EFX∣∣ ≤ E |X|
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4. Monotone Convergence - 0 ≤ Xn ↑ X =⇒ EFXn ↑ EFX a.s.

Where 0 ≤ Xn ↑ X means Xn converges monotonically to X, 0 ≤ Xn ≤ Xn+1 and Xn → X

5. Pull-Out - EF (Y X) = Y EFX a.s. when Y is F-measurable

6. Self-Adjoint - E
(
Y EFX

)
= E

(
XEFY

)
= E

(
EFY · EFX

)
7. Chain Rule - EFEGX = EFX for all sub-σ-algebras G ⊃ F

There are other notations, such as E (·|·), for conditional expectation. We will use EF and E (·|F)

interchangeably.

We make note that existence of such a map is ensured by the Radon-Nikodym theorem, then all

that is left would be to verify the properties listed in the theorem. However, we choose to give a more

constructive proof through projections.

Proof. Let X be a random variable over (Θ, E ,P), L1 = L1 (E ,P) and L2 = L2 (E ,P).

Initially let us assume that X ∈ L2, which is a Hilbert space. Then we can apply the Hilbert

space projection theorem, theorem A.1, to a closed subspace MF . We choose MF to be the set

of functions which are F-measurable, then MF forms a closed subspace of L2. As a result we set

EF = PMF , where PMF is the projection operator, from equation (A.2), over our subspace MF . It

should be clear that EF satisfies the statement of theorem when we are over L2.

We now seek to extend this operator to the L1 case.

Let EF denote the L2 projection operator described above, we adopt the notation from theorem

A.1. Then for any E ∈ E we have X⊥ := X − EFX orthogonal to χE . Hence we get

E
∣∣EFX∣∣ = E

(
EFX; {X ≥ 0}

)
− E

(
EFX; {X < 0}

)
= E (X; {X ≥ 0})− E (X; {X < 0}) ≤ E |X| ,

which shows that EF is uniformly L1-continuous over L2 and proves statement 3. Since a probability

space is an example of a finite measure space we have that L2 is dense in L1, [9, Ex. 6.K]. This fact

combined with the completeness of Lp spaces tells us that EF extends uniquely (a.s.) to a continuous

linear operator over L1. Similarly properties 1. and 3. extend simply by continuity for X ∈ L1.

Let X ≥ 0 then by property 1. we have

0 ≥ E
(
EFX; {EFX ≤ 0}

)
= E

(
X; {EFX ≤ 0}

)
≥ 0,

since X is positive. Hence we have E
(
EFX; {EFX ≤ 0}

)
= 0 which says X ≡ 0 a.s., which is false,

or P
(
{EFX ≤ 0}

)
= 0. Thus we have shown 2., EFX ≥ 0 (a.s.).

Let 0 ≤ Xn ↑ X then Xn → X in L1 by the dominated convergence theorem. So combining this

with 3. we have EFXn → EFX in L1. By 2. the sequence
{
EFXn

}
n∈N is a monotone sequence so

the convergence holds in an a.s. sense proving 4.

Statements 6. and 7. are immediate in L2 and we extend through the use of monotonic sequences

of L2 functions and statement 4.

Finally for statement 5. we note that 1. gives EFX = X a.s. when X is F-measurable. Then

the statement follows (a.s.) immediately from 6.

Let us consider the case when the information about X is provided by another random variable

Y . Set F = σ (Y ) then EFX is a function of Y , this is a result of the Doob-Dynkin lemma. This

171



APPENDIX A. MATHEMATICAL APPENDICES

is useful in statistical estimation theory as it tells us that our parameters of interest depend on the

observed data, as we would expect.

The impact of the lemma is that Eσ(Y )X = h(Y ) for some measurable h. We often denote

Eσ(Y )X by E (X|Y ), for a particular realisation y with ω ∈ Y −1 (y) we write h(y) = E (X|Y = y) =

E (X|σ (Y )) (ω).

Definition A.5 (Conditional Probability). Let (Θ, E ,P) be a probability space and F ⊂ E a

sub-algebra. We define the conditional probability of an event E ∈ E given F as

P (E|F) := E (χE |F) .

We note that for an event E the conditional probability P (E|F) is also a random variable. That

means we can think of the conditional probability P (·|F) (·) as a map over F ×Θ.

We adpot the same notational conventions for conditional probabiility as we have for conditional

expectation. That is for a random variable Y P (E|σ (Y )) is often denoted by P (E|Y ) and P (E|Y = y)

is written for P (E|Y ) (ω) when ω ∈ Y −1 ({y}). Finally if B is an event then P (E|B) denotes

P (E|σ (B)) (ω) when ω ∈ B and σ (B) = {∅, B,Bc,Θ}.

Let us determine what P (E|σ (B)) looks like, when P(B) ∈ (0 1). Let X : Θ→ R be a candidate

function for E (χE |B). This means X should be σ (B)-measurable, this means X must be constant

in B and Bc. Therefore we have∫
B

XdP = X(ω)

∫
B

dP = X(ω)P(B), when ω ∈ B (A.11)∫
B

χE dP =

∫
E∩B

dP = P (E ∩B) . (A.12)

Appling the definition of conditional probability implies that equation (A.11) and equation (A.12) are

equal, which results in X(ω)P(B) = P(E ∩B) when ω ∈ B. You can go through the same argument

for Bc.

This results in

P (E|σ (B)) (ω) =


P (E ∩B)

P(B)
ω ∈ B

P (E ∩Bc)
P(Bc)

ω ∈ Bc

or in general we have

P (E|B) =
P (E ∩B)

P(B)
. (A.13)

Definition A.6 (Regular Conditional Probability).

A mapping P̃ (·, ·) : E ×Θ→ [0 ∞) is called a regular conditional probability if P̃ (·, ω) when ω ∈ Θ,

is a probability measure P-a.e. Also P̃ (A, ·) is F-measurable when F is a sub-algebra with A ∈ E .

We connect P̃ with P by

P (E ∩B) =

∫
B

P̃ (E,ω) dP (ω) , E ∈ E , B ∈ F . (A.14)

The conditional probability P (·|F) (ω) satifies all the conditions for being a regular conditional

probability except it is not always a measure a.s. However if X is a random variable such that
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X (Θ) ∈ Bd then P (·|F) (·) restricted to σ (X) has a version which is a regular conditional probability

[98].

If P (·|F) is a regular conditional distribution for an integrable random variable X then we have

E (X|F) (ω) =

∫
Ω

X(ω′) dP (ω′|F) (ω).

We can then define the conditional distribution of X given F as

ΠX|F : Bd ×Θ→ [0 1], ΠX|F (A|F) (ω) = P (X ∈ A|F) (ω).

We note ΠX|F is a probability measure a.s. and

E (X|F) (ω) =

∫
Rd

x dΠX|F (x|F) (ω).

Let X be a d dimensional random variable and Y be a d′ dimensional random variable. Then taking

our notational convention and use equation (A.14) then we have

P
(
X−1 (BX) ∩ Y −1 (BY )

)
=

∫
Y −1(BY )

ΠX|Y (BX |Y ) (ω) dP(ω)

=

∫
BY

ΠX|Y (BX |y) dΠY (y),

when BX ∈ Bd, BY ∈ Bd
′

and ΠY is the marginal distribution of Y as defined in equation (A.10).

If there is a function πX|Y (·|·) : Rd × Rd′ → R such that for all Borel-measurable functions

f : Rd → R we have

E (f(X)|Y = y) =

∫
Rd

f(x) πX|Y (x|y) dx

then for y ∈ Rd′ we have

ΠX|Y (A|y) =

∫
A

πX|Y (x|y) dx.

We call πX|Y the conditional density of X given Y . Note within this thesis we shall often drop the

subscripts on probability densities and distributions if there is no confusion to the meaning.

Example A.3. Once again we take the set up from example A.1, choose Y = χH1 and let X be the

random variable from example A.2.

Let F = σ (Y ) = {∅, {TT,HT}, {HT,HH},Θ} then F is a sub-algebra and we have

E (X|σ (Y )) (ω) =

{
3/2 Y (ω) = 1

1/2 Y (ω) = 0
.

To do these computations we use the intuitive interpretation of conditioning. The result from A.3

show us that conditioning is similar to making a new probability space by excluding some elements.

We compute E (X|Y = 1) = E (X|σ (Y ))
(
{ω|Y −1(1)}

)
= 3/2 by looking at the values of X when we

have seen H occur on the first coin,

HH =⇒ X = 2, HT =⇒ X = 1.

Given we have a head on the first coin we have a 1/2 chance of getting a head or a tail on the second.
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Hence

E (X|Y = 1) = 2× 1

2
+ 1× 1

2
=

3

2
.

A similar computation gives E (X|Y = 0) = 1/2.

We now seek to derive Bayes theorem which will play an important role in our inverse theory.

Bayes theorem gives a way of incorporating prior statistical knowledge into the estimators of our

unknown parameters. This is done in the hopes of improving estimates of the unknown parameters

and their stability.

Lemma A.4. Let X : Θ → Rd and Y : Θ → Rd′ be continuous random variables with joint density

πXY . Let S = {y ∈ Rd′ |πY (y) > 0}, f : Rd → R be a Borel-measurable function and define

g(y) =

{ ∫
Rd f(x)πXY (x,y)

πY (y) dx, y ∈ S
0, y ∈ Rd′ \ S

.

Then E (f (X) |Y = y) = g(y).

Proof. First to verify the above representation we observe that g is σ(Y )-measurable. This follows

due to Fubini’s theorem since f and the density functions are Borel-measurable.

Then we need to show for all E ∈ σ(Y ) we have E(g(Y );E) = E(f(X);E). To this end let

Sc := Rd′ \ S, E ∈ σ(Y ) and EY = Y (E) then we have

E(g(Y );E) =

∫
E

g(Y ) dP =

∫
EY

g(y)πY (y) dy

=

∫
EY ∩S

g(y)πY (y) dy +

∫
EY ∩Sc

g(y)πY (y) dy

=

∫
Rd′

χEY ∩S(y)

∫
Rd

f(x)
πXY (x, y)

πY (y)
dx πY (y) dy + 0

=

∫
Rd′

∫
Rd

χEY ∩S(y)f(x)πXY (x, y) dxdy + 0

=

∫
Ω

χEY ∩S(Y )f(X) dP +

∫
Ω

χEY ∩SC (Y )f(X) dP

=

∫
E

f(X) dP = E(f(Y );E),

hence E (f (X) |Y = y) = g(y).

Corollary A.5. If we take the assumptions of the previous lemma then we have

πX|Y (x|y) =

{
πXY (x,y)
πY (y) , y ∈ S

0, y ∈ Rd′ \ S
.

Proof. Let E ∈ Bd+d′ then fix y ∈ Rd′ and choose f(x) = χE(x, y). Then applying the above lemma

and equation (A.8) we have the result.

Corollary A.6. Suppose we take the assumptions of the previous lemma and B ∈ Bd an event given

Y = y then we have

P (X ∈ B|Y = y) =

∫
B

πXY (x, y)

πY (y)
dx
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Proof. Let A = X−1 (B) then

P (A|Y ) = E (χA|σ(Y )) (ω) =

∫
Rd

χB(x)πX|Y (x|Y (ω)) dx =

∫
B

πXY (x, Y (ω))

πY (Y (ω))
dx.

Since ω ∈ A when x ∈ B we have the result.

Theorem A.7 (Law of Total Probability). Let (Θ, E ,P) be a probability space then for all A,B ∈ E
we have

P(A) = P(A|B)P(B) + P(A|Bc)P(Bc). (A.15)

Moreover suppose {En}Nn=1 ⊂ E is a partition of Θ, that is En are all disjoint and Θ = ∪Nn=1En,

then

P(A) =

N∑
n=1

P (A|En)P (En) . (A.16)

Proof. First we prove the statement regards the partition, equation (A.16), then equation (A.15)

follows immediately.

We note that A = A ∩Θ = A ∩
(
∪Nn=1En

)
= ∪Nn=1 (A ∩ En) , which means

P(A) = P
(
∪Nn=1 (A ∩ En)

)
=

N∑
n=1

P (A ∩ En) .

From equation (A.13) if P(En) 6= 0 for all n then P (A ∩ En) = P (A|En)P (En) and hence the result

follows. We note that if P(En) = 0 for some n then the result still holds since P (A ∩ En) ≤ P (En).

To get equation (A.15) we just note that B ∩Bc = ∅ and hence forms a partition.

Theorem A.8 (Bayes Theorem).

Let (Θ, E ,P) be a probability space and suppose {En}Nn=1 is a partition of Θ.

1. Bayes Theorem for Events

For any A,B ∈ E and suppose P(A) > 0 then we have

P (B|A) =
P (A|B)P (B)

P(A)
=

P (A|B)P (B)∑N
n=1 P (A|En)P (En)

. (A.17)

2. Bayes Theorem for Random Variables

Let X : Θ → Rd and Y : Θ → Rd′ be continuous random variables with joint density πXY . If

y ∈ Rd′ such that πY (y) > 0 then we have

πX|Y (x|y) =
πY |X (y|x)πX (x)

πY (y)
=
πY |X (y|x)πX (x)∫
Rd πXY (x, y) dx

. (A.18)

Proof.

Both statements follow easily by the definitions and theorems stated above. Bayes Theorem for

Events follows easily from equation (A.13) and the Law of Total Probability (Theorem A.7). Bayes

Theorem for Random variables follows from Corollary A.5 and equation (A.9).
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A.2.2 Gaussian Random Variables

In this section we talk about some basic result about Gaussian random variables. Note in the following

we will use the terms Gaussian and Normal interchangeably.

Definition A.7. A random variable X : Ω → Rd is Gaussian (Normal) with expectation x∗ and

covariance ΓX if it has a density of the form

πX(x) =
1

(2π)
n/2
√
|Γx|

exp

{
−1

2
(x− x∗)T Γ−1

x (x− x∗)
}

=
1

(2π)
n/2
√
|Γx|

exp

{
−1

2
‖Lx (x− x∗)‖2

}
,

where x∗ ∈ Rd, Γx ∈ Rd×d is a symmetric positive definite matrix and Γ−1
x = LTxLx. If the above is

true we write X ∈ Rd is Gaussian or x ∼ N (x∗,ΓX).

When n = 1 we have

πX(x) =
1√

2πσ2
exp

{
− (x− x∗)2

2σ2

}
,

here σ2 ∈ R is the variance and we call σ the standard deviation.

If X : Ω → R is Gaussian with expectation zero and variance 1 we say X is a standard normal.

If each component of X ∈ Rd is a standard normal we call X a d-dimensional standard normal. If X

and Y are random variables, we say they are Jointly Gaussian if their joint density is Gaussian.

Example A.4. Consider X = (X1, X2)T where X1 a standard normal and X2 = 1 +X1. One would

like to think of X as a Normal random variable but X does not satisfy the above definition because

E(X) =

(
0

1

)
and ΓX =

(
1 1

1 1

)
,

hence Γ−1
X does not exist.

We can generalise the definition of a Gaussian random variable by considering the characteristic

function (or Fourier transform) of X.

Definition A.8. The characteristic function of a random variable X : Ω → Rd is a function φX :

Rd → C defined by

φX(u) = E
(
eiu

TX
)

=

∫
Ω

eiu
TXdP =

∫
Rd

eiu
T xdµX(x)

where µX is the distribution of X as discussed above and i =
√
−1.

If X ∈ Rd is Gaussian the the characteristic function is

φX(u) = E
(
eiu

T x∗eiu
T (X−x∗)

)
= eiu

T x∗E
(
eiu

T (X−x∗)
)

= eiu
T x∗

∫
Rd

eiu
T (x−x∗) 1

(2π)n/2
√
|ΓX |

e
−1
2 ‖Lx(x−x∗)‖2 dx. (A.19)
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If we set z = Lx(x− x∗) then

(x− x∗) = L−1
x z, ΓX = L−1

x L−Tx and

∣∣∣∣dxdz
∣∣∣∣ =

∣∣L−1
x

∣∣ =
√
|ΓX |.

So equation (A.19) becomes

φX(u) = eiu
T x∗

∫
Rd

eiu
TL−1

x z 1

(2π)n/2
e
−1
2 ‖z‖

2

dz ⇐⇒ φX(u) = eiu
T x∗F−1

{
(2π)n/2e−1/2‖z‖2

}
(L−Tx u),

where F−1 denotes the inverse Fourier transform, giving

φX(u) = exp
(
iuTx∗

)
exp

(
−1

2

∥∥L−Tx u
∥∥2
)

= exp

(
iuTx∗ −

1

2
uTL−1

x L−Tx u

)
.

So the characteristic function of a d-dimensional Gaussian X is

φX(u) = exp

(
iuTx∗ −

1

2
uTΓXu

)
. (A.20)

It is clear now random variables such as those we saw in example A.4 can indeed be considered

Gaussian.

With the aid of the characteristic function we now show that

Y = a+BX

is Gaussian when X ∈ Rd is Gaussian, a ∈ Rd and B ∈ Rd×d. In order to show that Y is Gaussian we

require its expectation and covariance. By previous work y∗ := E(Y ) = a+ Bx∗ and ΓY = BΓYB
T

so

φY (u) = E
(
eiu

TY
)

= E
(
eiu

T (a+BX)
)

= eiu
T (a+Bx∗)E

(
eiu

T (B(X−x∗))
)

= eiu
T (a+Bx∗)E

(
ei(B

Tu)T (X−x∗)
)

= eiu
T (a+Bx∗)φX−x∗(B

Tu) = eiu
T (a+Bx∗)e(−

1
2 (BTu)T ΓX(BTu))

= exp

(
iuT (a+Bx∗)−

1

2
uTBΓXB

Tu

)
= exp

(
iuT y∗ −

1

2
uTΓY u

)
,

which shows that affine transforms of Gaussians are Gaussian.

Now we shall consider X : Ω→ Rd and Y : Ω→ Rd′ . If X and Y are jointly Gaussian with

E

(
X

Y

)
=

(
x∗

y∗

)
and Γ = Cov

(
X

Y

)
=

(
ΓX ΓXY

ΓY X ΓY

)
,

then the marginal and conditional distributions are also Gaussian.

First we shall consider the marginal distributions, it is sufficient to consider πX . We apply the

above result regards affine transformations

X =
(
Id×d 0d×d′

)(X
Y

)
.
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So by the above X is Gaussian with

E(X) =
(
Id×d 0d×d′

)(x∗
y∗

)
= x∗ and Cov(X) =

(
Id×d 0d×d′

)( ΓX ΓXY

ΓY X ΓY

)(
Id×d

0d×d′

)
= ΓX ,

here Id×d is the d-dimensional identity matrix and 0d×d′ is a d× d′ matrix of zeros.

Turning to the conditional distributions we suppose without loss of generality x∗ = 0 = y∗ and

the covariance matrix is invertible. In other words we have

π(x, y) ∝ exp

{
−1

2

[(
xT yT

)
Γ−1

(
x

y

)]}
.

Since Γ is a symmetric block matrix then Γ−1 is also a symmetric block matrix Γ−1 =

(
A B

BT C

)
.

Using Schur compliments A,B and C can be written in terms of Γx,Γy and Γxy. So consider

Γ−1Γ = I ⇐⇒

(
A B

BT C

)(
Γx Γxy

ΓTxy Γy

)
=

(
I 0

0 I

)
,

or in other words

AΓx +BΓTxy = I, AΓxy +BΓy = 0, B = −AΓxyΓ−1
y =⇒ A(Γx − ΓxyΓ−1

y ΓTxy) = I,
=⇒

BTΓx + CΓTxy = 0, BTΓxy + CΓy = I, BT = −CΓTxyΓ−1
x =⇒ C(Γy − ΓTxyΓ−1

x Γxy) = I

(A.21)

Hence we have

A−1 = Γx − ΓxyΓ−1
y ΓTxy

C−1 = Γy − ΓTxyΓ−1
x Γxy (A.22)

and B = − (Γx − ΓxyΓ−1
y ΓTxy)−1ΓxyΓ−1

y ,

these blocks are commonly known as Schur complements [62].

Now considering the conditional distribution π(x|y) gives

π(x|y) =
π(x, y)

π(y)
∝ exp

{
−1

2

[(
xT yT

)( A B

BT C

)(
x

y

)]}
exp

{
1

2

[
yTΓ−1

y y
]}

= exp

{
−1

2

[
xTAx+ xTBy + yTBTx+ yT (C − Γ−1

y )y
]}
.

Using Schur compliments we know that Γ−1
y = C −BTA−1B giving

π(x|y) ∝ exp

{
−1

2

[
xTAx+ xTBy + yTBTx+ yTBTA−1By

]}
= exp

{
−1

2

[
xTAx+ xTAA−1By + yTBTA−1Ax+ yTBTA−1AA−1By

]}
= exp

{
−1

2

[(
x+A−1By

)T
A
(
x+A−1By

)]}
.
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Thus dropping the assumption of zero mean then

X|Y ∼ N
(
x̄−A−1B(Y − ȳ), A−1

)
. (A.23)

This representation relies on the blocks of Γ−1, using Schur compliments equation (A.22) gives

X|Y ∼ N
(
x̄+ ΓxyΓ−1

y (Y − ȳ),Γx − ΓxyΓ−1
y ΓTxy

)
.

Or in other words when x and y are jointly Gaussian we have

E (x|Y = y) = x̄+ ΓXY Γ−1
Y (y − ȳ) and Cov (x|Y = y) = ΓX − ΓXY Γ−1

Y ΓY X . (A.24)
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