
 
 
 

 
 
 

Version 
This is the Accepted Manuscript version.  This version is defined in the NISO 
recommended practice RP-8-2008 http://www.niso.org/publications/rp/ 
 
 
Suggested Reference 
 
Koehler, H., Link, S., Prade, H., & Zhou, X. (2014). Cardinality Constraints for 
Uncertain Data. In E. Yu, G. Dobbie, M. Jarke, & S. Purao (Eds.), Proceedings of 
the 33rd International Conference on Conceptual Modeling, Lecture Notes in 
Computer Science Vol. 8824 (pp. 108-121). Atlanta, U.S.A.: Springer International 
Publishing. doi:10.1007/978-3-319-12206-9_9 
 
Copyright 
 
The final publication is available at Springer via http://dx.doi.org/10.1007/978-3-
319-12206-9_9 

 
Items in ResearchSpace are protected by copyright, with all rights reserved, unless 
otherwise indicated. Previously published items are made available in accordance 
with the copyright policy of the publisher.  
 
http://www.springer.com/gp/open-access/authors-rights/self-archiving-
policy/2124 
 
http://www.sherpa.ac.uk/romeo/issn/0302-9743/ 
 
https://researchspace.auckland.ac.nz/docs/uoa-docs/rights.htm  

 

 

http://www.niso.org/publications/rp/
http://dx.doi.org/10.1007/978-3-319-12206-9_9
http://dx.doi.org/10.1007/978-3-319-12206-9_9
http://dx.doi.org/10.1007/978-3-319-12206-9_9
http://www.springer.com/gp/open-access/authors-rights/self-archiving-policy/2124
http://www.springer.com/gp/open-access/authors-rights/self-archiving-policy/2124
http://www.sherpa.ac.uk/romeo/issn/0302-9743/
https://researchspace.auckland.ac.nz/docs/uoa-docs/rights.htm
https://researchspace.auckland.ac.nz/


Cardinality Constraints for Uncertain Data

Henning Koehler1, Sebastian Link2, Henri Prade3, and Xiaofang Zhou4

1 School of Engineering & Advanced Technology, Massey University, New Zealand
2 Department of Computer Science, University of Auckland, New Zealand

3 IRIT, CNRS and Université de Toulouse III, France
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Abstract. Modern applications require advanced techniques and tools
to process large volumes of uncertain data. For that purpose we introduce
cardinality constraints as a principled tool to control the occurrences of
uncertain data. Uncertainty is modeled qualitatively by assigning to each
object a degree of possibility by which the object occurs in an uncertain
instance. Cardinality constraints are assigned a degree of certainty that
stipulates on which objects they hold. Our framework empowers users to
model uncertainty in an intuitive way, without the requirement to put
a precise value on it. Our class of cardinality constraints enjoys a natu-
ral possible world semantics, which is exploited to establish several tools
to reason about them. We characterize the associated implication prob-
lem axiomatically and algorithmically in linear input time. Furthermore,
we show how to visualize any given set of our cardinality constraints
in the form of an Armstrong instance, whenever possible. Even though
the problem of finding an Armstrong instance is precisely exponential,
our algorithm computes an Armstrong instance with conservative use of
time and space. Data engineers and domain experts can jointly inspect
Armstrong instances in order to consolidate the certainty by which a
cardinality constraint shall hold in the underlying application domain.

Keywords: Armstrong database, Cardinality constraint, Data seman-
tics, Possibility theory, Qualitative reasoning, Uncertain data

1 Introduction

Background. The notion of cardinality constraints is fundamental for under-
standing the structure and semantics of data. In traditional conceptual modeling,
cardinality constraints were introduced in Chen’s seminal paper [2]. Here, a car-
dinality constraint consists of a finite set of attributes and a positive integer b,
and holds in an instance if there are no b + 1 distinct objects in the instance
that have matching values on all the attributes of the constraint. Cardinality
constraints empower applications to control the occurrences of certain data, and
have therefore significant applications in data cleaning, integration, modeling,
processing, and retrieval.



Table 1. RFID Readings for Indiana Bat

Zone Time Rfid Conf.

Z0 07pm B0 α1

Z0 08pm B1 α1

Z0 09pm B2 α3

Z1 10pm B3 α1

Z2 10pm B4 α1

Zone Time Rfid Conf.

Z3 11pm B5 α1

Z4 12am B5 α1

Z5 01am B5 α3

Z6 02am B6 α2

Z6 02am B7 α2

Zone Time Rfid Conf.

Z7 03am B8 α3

Z7 04am B8 α3

Z8 05am B9 α3

Z9 05am B9 α3

Motivation. Traditional conceptual modeling was developed for applications
with certain data, including accounting, inventory and payroll. Modern appli-
cations, such as information extraction, radio-frequency identification (RFID),
scientific data management, data cleaning, and financial risk assessment pro-
duce large volumes of uncertain data. For example, RFID can track movements
of endangered species of animals, such as the Indiana bat in Georgia, USA. For
such an application data comes in the form of objects associated with some
discrete level of confidence (Conf.) in the signal reading; for example, based on
the quality of the signal received. More generally, uncertainty can be modeled
qualitatively by associating objects with the degree of possibility that the object
occurs in the instance. Table 1 shows such a possibilistic instance (p-instance),
where each object is associated with an element from a finite scale of possibil-
ity degrees: α1 > . . . > αk+1. The top degree α1 is reserved for objects that
are ‘fully possible’, the bottom degree αk+1 for objects that are ‘impossible’ to
occur. Intermediate degrees are used as required and linguistic interpretations
attached as preferred, such as ‘quite possible’ (α2) and ‘somewhat possible’ (α3).

As this scenario is typical for a broad range of applications, we ask how car-
dinality constraints can benefit from the possibility degrees assigned to objects.
More specifically, we investigate cardinality constraints on uncertain data, where
uncertainty is modeled qualitatively in the form of possibility degrees.

The degrees of possibility enable us to express classical cardinality constraints
with different degrees of certainty. For example, to express that it is ‘impossible’
that the same bat is read more than three times we declare the cardinality
constraint card(Rfid) ≤ 3 to be ‘fully certain’, stipulating that no bat can feature
in more than three objects that are at least ‘somewhat possible’. Similarly, to say
that it is only ‘somewhat possible’ that the same bat is read more than twice we
declare the cardinality constraint card(Rfid) ≤ 2 to be ‘quite certain’, stipulating
that no bat can feature in more than two objects that are at least ‘quite possible’.
Finally, to say that it is only ‘quite possible’ that there are readings of different
bats in the same zone at the same time we declare the cardinality constraint
card(Zone,Time) ≤ 1 to be ‘somewhat certain’, stipulating that there are no
two distinct objects that are ‘fully possible’ and have matching values on Zone
and Time. Our objective is to apply possibility theory from artificial intelligence
to establish qualitative cardinality constraints (QCs) as a fundamental tool to
control occurrences of uncertain data.



Fig. 1. Nested Possible Worlds of the p-Instance from Table 1

Contributions. (1) In Section 2 we point out the lack of qualitative approaches
to constraints on uncertain data. (2) We define a semantics for cardinality con-
straints on instances of uncertain data in Section 3. Here, uncertainty is modeled
qualitatively by degrees of possibility. The degrees bring forward a nested chain
of possible worlds, with each world being a classic relation that has some pos-
sibility. Hence, the more possible a world is the fewer objects it contains, and
the sharper the bounds of cardinality constraints can become. For example, the
possible worlds of the p-instance from Table 1 are shown in Figure 1. The cardi-
nality constraint card(Rfid) ≤ 3 is satisfied by the ‘somewhat possible’ world w3,
card(Rfid) ≤ 2 is satisfied by the ‘quite possible’ world w2 but not by w3, and
card(Zone,Time) ≤ 1 is satisfied by the ‘fully possible’ world w1 but not by w2.
(3) In Section 4 we establish axiomatic and linear-time algorithmic characteri-
zations for the associated implication problem of QCs. (4) We show in Section 5
which QC sets can be visualized in the form of a finite Armstrong p-instance,
and how such a p-instance is computed whenever it exists. That is, for any suit-
able QC set Σ we compute a p-instance that, for every given QC ϕ, satisfies ϕ
iff ϕ is implied by Σ. While the problem of finding an Armstrong p-instance is
precisely exponential, the size of our computed Armstrong p-instance is always
at most the size of a minimum-sized Armstrong p-instance times the size of the
given set of constraints. (5) In Section 6 we conclude and briefly discuss future
work. Most proofs have been omitted to meet space requirements.

2 Related work

Database constraints enforce the semantics of application domains in database
systems [14]. Cardinality constraints are one of the most influential contribu-
tions conceptual modeling has made to the study of database constraints. They
were already present in Chen’s seminal paper [2] on conceptual database design.
All major languages currently used for conceptual database design (say, the ER
model, description logics, UML and ORM) come with means for specifying car-
dinality constraints. Cardinality constraints have been extensively studied in
database design [3, 7, 8, 10, 12, 13, 17, 19].

There are many quantitative approaches to uncertain data, foremost prob-
ability theory [18]. Research about constraints on probabilistic data is still in



its infancy. Qualitative approaches to uncertain data deal with either query lan-
guages or extensions of functional dependencies [1]. Qualitative approaches to
cardinality constraints on uncertain data have not been studied yet to the best
of our knowledge. Our contributions extend results on cardinality constraints
from classic conceptual modeling, covered by the special case of two possibility
degrees. These include axiomatic and algorithmic solutions to their implication
problem, as well as properties of Armstrong databases [8].

Possibilistic logic is a well-known framework for reasoning about uncertainty
with numerous applications in AI [5], including approximate, non-monotonic
and qualitative reasoning, belief revision, soft constraint satisfaction problems,
decision-making, pattern classification and preferences. Our results show that
possibilistic logic is suitable to extend the classic notion of cardinality constraints
from certain to qualitatively uncertain data. The proposed treatment agrees with
the idea of viewing the cardinality of a fuzzy set (here, a set of weighted tuples)
as a fuzzy integer (here, an ordered set of possible cardinalities) [4].

3 Qualitative Cardinality Constraints

In this section we extend object types that model certain objects in traditional
conceptual modeling to model uncertain objects qualitatively.

An object schema, denoted by O, is a finite non-empty set of attributes.
Each attribute A ∈ O has a domain dom(A) of values. An object o over O is an
element of the Cartesian product

∏
A∈O dom(A). For X ⊆ O we denote by o(X)

the projection of o on X. An instance over O is a set ι of objects over O. As
example we use the object schema Tracking with attributes Zone, Time, and
Rfid. Objects either belong or do not belong to an instance. For example, we
cannot express that we have less confidence for the bat identified by Rfid value
B5 to be in Zone Z5 at 01am than for the same bat to be in Z4 at 12am.

We model uncertain instances by assigning to each object some degree of
possibility with which the object occurs in an instance. Formally, we have a
possibility scale, or p-scale, that is, a strict linear order S = (S,<) with k+ 1 el-
ements. We write S = {α1, . . . , αk+1} to declare that α1 > · · · > αk > αk+1. The
elements αi ∈ S are called possibility degrees, or p-degrees. Here, α1 is reserved
for objects that are ‘fully possible’ while αk+1 is reserved for objects that are
‘impossible’ to occur in an instance. Humans like to use simple scales in every-
day life to communicate, compare, or rank. Here, the word “simple” means that
items are classified qualitatively rather than quantitatively by putting precise
values on them. Classical instances use two p-degrees, i.e. k = 1.

A possibilistic object schema (O,S), or p-object schema, consists of an object
schema O and a p-scale S. A possibilistic instance, or p-instance, over (O,S)
consists of an instance ι over O, and a function Poss that assigns to each object
o ∈ ι a p-degree Poss(o) ∈ S −{αk+1}. We sometimes omit Poss when denoting
a p-instance. Table 1 shows a p-instance over (Tracking,S = {α1, . . . , α4}).

P-instances enjoy a possible world semantics. For i = 1, . . . , k let wi consist of
all objects in ι that have p-degree at least αi, that is, wi = {o ∈ ι | Poss(o) ≥ αi}.



Indeed, we have w1 ⊆ w2 ⊆ · · · ⊆ wk. The possibility distribution πι for this
linear chain of possible worlds is defined by πι(wi) = αi. Note that wk+1 is not
a possible world, since its p-degree π(wk+1) = αk+1 means ‘impossible’. Vice
versa, Poss(o) for an object o ∈ ι is the maximum p-degree max{αi | o ∈ wi} of
a world to which o belongs. If o /∈ wk, then Poss(o) = αk+1. Every object that is
‘fully possible’ occurs in every possible world, and is therefore also ‘fully certain’.
Hence, instances are a special case of uncertain instances. Figure 1 shows the
possible worlds w1 ( w2 ( w3 of the p-instance of Table 1.

We introduce qualitative cardinality constraints, or QCs, as cardinality con-
straints with some degree of certainty. As cardinality constraints are fundamental
to applications with certain data, QCs will serve a similar role for applications
with uncertain data. A cardinality constraint over object type O is an expres-
sion card(X) ≤ b where X ⊆ O, and b is a positive integer. The cardinality
constraint card(X) ≤ b over O is satisfied by an instance w over O, denoted by
|=w card(X) ≤ b, if there are no b + 1 distinct objects o1, . . . , ob+1 ∈ w with
matching values on all the attributes in X. For example, Figure 1 shows that
card(Zone) ≤ 1 is not satisfied by any instance w1, w2 or w3; card(Zone,Time) ≤
1 is satisfied by w1, but not by w2 nor w3; card(Rfid) ≤ 2 is satisfied by w1 and
w2, but not by w3; and card(Rfid) ≤ 3 is satisfied by w1, w2 and w3.

The p-degrees of objects result in degrees of certainty by which QCs hold. As
card(Rfid) ≤ 3 holds in every possible world, it is fully certain to hold on ι. As
card(Rfid) ≤ 2 is only violated in a somewhat possible world w3, it is quite certain
to hold on ι. As the smallest world that violates card(Zone,Time) ≤ 1 is the
quite possible world w2, it is somewhat certain to hold on ι. As card(Zone) ≤ 1
is violated in the fully possible world w1, it is not certain at all to hold on ι.

Similar to the scale S of p-degrees αi for objects, we use a scale ST of certainty
degrees βj , or c-degrees, for cardinality constraints. Formally, the correspondence
between p-degrees in S and the c-degrees in ST is defined by the mapping
αi 7→ βk+2−i for i = 1, . . . , k + 1. Hence, the certainty Cι(card(X) ≤ b) by
which the cardinality constraint card(X) ≤ b holds on the uncertain instance ι
is either the top degree β1 if card(X) ≤ b is satisfied by wk, or the minimum
amongst the c-degrees βk+2−i that correspond to possible worlds wi in which
card(X) ≤ b is violated, that is,

Cι(card(X) ≤ b) =

{
β1 , if |=wk card(X) ≤ b
min{βk+2−i |6|=wi card(X) ≤ b} , otherwise

.

We can now define the semantics of qualitative cardinality constraints.

Definition 1. Let (O,S) denote a p-object schema. A qualitative cardinality
constraint (QC) over (O,S) is an expression (card(X) ≤ b, β) where card(X) ≤ b
denotes a cardinality constraint over O and β ∈ ST . A p-instance (ι,Poss) over
(O,S) satisfies the QC (card(X) ≤ b, β) if and only if Cι(card(X) ≤ b) ≥ β.

Example 1. Let Σ denote the set consisting of the following qualitative cardi-
nality constraints: (card(Zone) ≤ 3, β1), (card(Time) ≤ 2, β1), (card(Rfid) ≤
3, β1), (card(Zone,Rfid) ≤ 2, β1), (card(Zone) ≤ 2, β2), (card(Rfid) ≤ 2, β2),



(card(Zone,Rfid) ≤ 1, β2), (card(Time,Rfid) ≤ 1, β2), (card(Zone,Time) ≤ 1, β3).
The p-instance ι from Table 1 satisfies all of these QCs. However, ι violates
(card(Rfid) ≤ 2, β1), (card(Rfid) ≤ 1, β2), and (card(Zone,Time) ≤ 1, β2).

4 Reasoning about Qualitative Cardinality Constraints

First, we establish a strong correspondence between the implication of QCs and
traditional cardinality constraints. Let Σ ∪{ϕ} denote a set of QCs over (O,S).
We say Σ implies ϕ, denoted by Σ |= ϕ, if every p-instance (ι,Poss) over (O,S)
that satisfies every QC in Σ also satisfies ϕ. We use Σ∗ = {ϕ | Σ |= ϕ} to denote
the semantic closure of Σ. The implication problem for QCs is to decide, given
any p-object schema, and any set Σ ∪ {ϕ} of QCs over the p-object schema,
whether Σ |= ϕ holds.

Example 2. LetΣ be as in Example 1. Further, let ϕ denote the QC (card(Rfid) ≤
2, β1). Then Σ does not imply ϕ as the following p-instance witnesses:

Zone Time Rfid Poss. degree
Z3 11pm B5 α1

Z4 12am B5 α1

Z5 01am B5 α3

.

In particular, the certainty degree of card(Rfid) ≤ 2 is β2, which means that
(card(Rfid) ≤ 2, β1) is violated.

4.1 The Magic of β-Cuts

For a set Σ of QCs over (O,S) and c-degree β ∈ ST where β > βk+1, let
Σβ = {card(X) ≤ b | (card(X) ≤ b, β′) ∈ Σ and β′ ≥ β} be the β-cut of Σ.
The following theorem can be shown by converting p-instances into traditional
instances and vice versa.

Theorem 1. Let Σ ∪ {(card(X) ≤ b, β)} be a QC set over (O,S) where β >
βk+1. Then Σ |= (card(X) ≤ b, β) if and only if Σβ |= card(X) ≤ b.

Theorem 1 allows us to apply achievements from cardinality constraints for
certain data to qualitative cardinality constraints. It is a major tool to establish
the remaining results in this article.

Example 3. Let Σ be as in Example 1. Then Σβ1 consists of the cardinality con-
straints card(Zone) ≤ 3, card(Time) ≤ 2, card(Rfid) ≤ 3 and card(Zone,Rfid) ≤
2. Theorem 1 says that Σβ1

does not imply card(Rfid) ≤ 2. The possible world
w3 of the p-instance from Example 2:

Zone Time Rfid
Z3 11pm B5
Z4 12am B5
Z5 01am B5

satisfies Σβ1
, and violates card(Rfid) ≤ 2.



Table 2. Axiomatization C′ = {T ′,R′,S ′} of Cardinality Constraints

card(O) ≤ 1

card(X) ≤ b
card(X) ≤ b+ 1

card(X) ≤ b
card(XY ) ≤ b

(top, T ′) (relax, R′) (superset, S ′)

Table 3. Axiomatization C = {T ,R,S,B,W} of Qualitative Cardinality Constraints

(card(O) ≤ 1, β)

(card(X) ≤ b, β)

(card(X) ≤ b+ 1, β)

(card(X) ≤ b, β)

(card(XY ) ≤ b, β)
(top, T ) (relax, R) (superset, S)

(card(X) ≤ b, βk+1)

(card(X) ≤ b, β)

(card(X) ≤ b, β′) β
′ ≤ β

(bottom, B) (weakening, W)

4.2 Axiomatic Characterization

We determine the semantic closure by applying inference rules of the form
premise

conclusion
condition. For a set R of inference rules let Σ `R ϕ denote the

inference of ϕ from Σ by R. That is, there is some sequence σ1, . . . , σn such
that σn = ϕ and every σi is an element of Σ or is the conclusion that results
from an application of an inference rule in R to some premises in {σ1, . . . , σi−1}.
Let Σ+

R = {ϕ | Σ `R ϕ} be the syntactic closure of Σ under inferences by R.
R is sound (complete) if for every set Σ over every (O,S) we have Σ+

R ⊆ Σ∗

(Σ∗ ⊆ Σ+
R). The (finite) set R is a (finite) axiomatization if R is both sound and

complete. Table 2 shows an axiomatization C′ for the implication of cardinality
constraints. In these rules, it is assumed that O is an arbitrarily given object
type, X,Y ⊆ O, and b is a positive integer. Theorem 1 and the fact that C′

forms an axiomatization for the implication of cardinality constraints [8] can be
exploited to show directly that the set C from Table 3 forms an axiomatization
for the implication of QCs. Here, it is assumed that (O,S) is an arbitrarily given
p-object type, X,Y ⊆ O, b is a positive integer, and β, β′ ∈ ST are c-degrees. In
particular, βk+1 denotes the bottom c-degree in ST .

Theorem 2. The set C forms a finite axiomatization for the implication of qual-
itative cardinality constraints.

The application of inference rules in C from Table 3 is illustrated on our
running example.

Example 4. Let Σ be as in Example 1. The QC (card(Zone,Rfid) ≤ 4, β2) is
implied by Σ. Indeed, applying the superset rule S to (card(Zone) ≤ 3, β1) ∈ Σ
results in (card(Zone,Rfid) ≤ 3, β1) ∈ Σ+

C . Applying the relax rule R to this
QC results in (card(Zone,Rfid) ≤ 4, β1) ∈ Σ+

C . Finally, an application of the
weakening rule W to the last QC results in (card(Zone,Rfid) ≤ 4, β2) ∈ Σ+

C .



4.3 Algorithmic Characterization

While C enables us to enumerate all QCs that are implied by a QC set Σ,
in practice it often suffices to decide whether a given QC ϕ is implied by Σ.
Enumerating all implied QCs and checking whether ϕ is among them is neither
efficient nor makes good use of ϕ.

Theorem 3. Let Σ ∪ {(card(X) ≤ b, β)} denote a set of QCs over (O,S) with
|S| = k+1. Then Σ implies (card(X) ≤ b, β) if and only if β = βk+1, or X = O,
or there is some (card(Y ) ≤ b′, β′) ∈ Σ such that Y ⊆ X, b′ ≤ b and β′ ≥ β.

Corollary 1. An instance Σ |= ϕ of the implication problem for qualitative
cardinality constraints can be decided in time O(||Σ ∪{ϕ}||) where ||Σ|| denotes
the total number of symbol occurrences in Σ.

Example 5. Let Σ be as in Example 1. Then the QC (card(Zone,Rfid) ≤ 4, β2) is
implied byΣ. Indeed, (card(Zone) ≤ 3, β1) ∈ Σ and Y = {Zone} ⊆ {Zone,Rfid} =
X, b′ = 3 ≤ 4 = b, and β′ = β1 ≥ β2 = β shows this by Theorem 3.

5 Visualization of Cardinality Constraints

In this section, we develop a theory of Armstrong p-instances for sets of qual-
itative cardinality constraints. The concept of Armstrong databases is well es-
tablished in database research [6]. They are widely regarded as an effective tool
to visualize abstract sets of constraints in a user-friendly way [6, 15, 16]. As such
data engineers exploit Armstrong databases as a communication tool in their in-
teraction with domain experts in order to determine the set of constraints that
are meaningful to the application domain at hand [9, 11, 15, 16]. While finite
Armstrong p-instances do not exist for all QC sets, we show how to compute
such instances whenever they do exist.

5.1 Armstrong Instances

We first restate the original definition of an Armstrong database [6] in our con-
text. A p-instance ι is said to be Armstrong for a given set Σ of QCs on a given
p-object type (O,S) if and only if for all QCs ϕ over (O,S) it is true that ι
satisfies ϕ if and only if Σ implies ϕ. Armstrong p-instances for Σ are exact
visual representations of Σ, as illustrated on our running example.

Example 6. Table 4 shows an Armstrong p-instance ι for the QC set Σ from
Example 1. Suitable substitutions yield the p-instance from Table 1.

Originally, an Armstrong instance ι for a set Σ of constraints in class C
reduces the implication problem Σ |= ϕ to the validation of ϕ in ι, for any
ϕ ∈ C. Armstrong p-instances ι for Σ go even further in our framework: they
allow us to reduce the problem of inferring the highest c-degree β for which a QC
(ϕ, β) is implied by Σ to the computation of the certainty degree Cι(ϕ) of ϕ in



Table 4. Armstrong p-Instance

Zone Time Rfid p-degree

cZ,1 cT,1 cR,1 α1

cZ,1 cT,2 cR,2 α1

cZ,1 cT,3 cR,3 α3

cZ,4 cT,4 cR,4 α1

cZ,5 cT,4 cR,5 α1

Zone Time Rfid p-degree

cZ,6 cT,6 cR,6 α1

cZ,7 cT,7 cR,6 α1

cZ,8 cT,8 cR,6 α3

cZ,9 cT,9 cR,9 α2

cZ,9 cT,9 cR,10 α2

Zone Time Rfid p-degree

cZ,11 cT,11 cR,11 α3

cZ,11 cT,12 cR,11 α3

cZ,13 cT,13 cR,13 α3

cZ,14 cT,13 cR,13 α3

ι, for all ϕ ∈ C. For example, Cι(card(Zone,Time) ≤ 1) = β3 for the Armstrong
p-instance ι in Table 1. Therefore, if card(Zone,Time) ≤ 1 shall actually hold
with a higher c-degree, then domain experts who inspect ι are likely to simply
notice that card(Zone,Time) ≤ 1 does not yet hold with the required certainty.

5.2 Structural Characterization

For characterizing the structure of Armstrong p-instances we define notions of
agreement between objects of an instance. Cardinality constraints require us
to compare any number of distinct objects. Let O be an object type, w an
instance, and o1, o2 two objects of O. The agree set of o1 and o2 is defined
as ag(o1, o2) = {A ∈ O | o1(A) = o2(A)}. The agree set of w is defined as
ag(w) = {ag(o1, o2) | o1, o2 ∈ w ∧ o1 6= o2}. For every b ∈ N ∪ {∞}, b > 1 we
define agb(w) = {

⋂
1≤i<j≤b ag(oi, oj) | ∃o1, . . . , ob ∈ w(∀i, j(1 ≤ i < j ≤ b ⇒

oi 6= oj))}, and ag1(w) = {O}. If w is finite, ag∞(w) = ∅.

Example 7. For the worlds w1, w2 and w3 from our running example in Figure 1
we obtain ag2(w1) = {{Zone}, {Time}, {Rfid}} and agb(w1) = ∅ for all b > 2,
ag2(w2) = {{Zone}, {Time}, {Rfid}, {Zone,Time}}, agb(w2) = ∅ for all b > 2,
ag2(w3) = {{Zone}, {Time}, {Rfid}, {Zone,Time}, {Zone,Rfid}, {Time,Rfid}},
and ag3(w3) = {{Zone}, {Rfid}} and agb(w3) = ∅ for all b > 3.

An Armstrong p-instance ι violates all QCs not implied by the given QC set
Σ. It suffices for any non-empty set X to have card(X) ≤ biX − 1 violated by
wk+1−i where biX denotes the minimum positive integer for which card(X) ≤ biX
is implied by Σβi . If there are implied card(X) ≤ biX and card(Y ) ≤ biY such
that biX = biY and Y ⊆ X, then it suffices to have card(X) ≤ biX − 1 violated

by wk+1−i. Finally, if there are implied card(X) ≤ biX and card(X) ≤ bjX such

that biX = bjX and i < j, then it suffices to have card(X) ≤ bjX − 1 violated by
wk+1−j . This motivates the following definition.

Let Σ be a set of QCs over p-object type (O,S) with |S| = k + 1. For
∅ 6= X ⊂ O and i = 1, . . . , k, let

biX =

{
min{b ∈ N | Σβi |= card(X) ≤ b} , if {b ∈ N | Σβi |= card(X) ≤ b} 6= ∅
∞ , else

.

The set dupΣβi
(O) of duplicate sets with certainty βi is defined as dupΣβi

(O) =

{X ⊆ O | biX > 1 ∧ (∀A ∈ O −X(biXA < biX)) ∧ ∀j > i(bjX < biX)}.



Fig. 2. Duplicate sets X in bold with cardinalities biX for i = 1, 2, 3 from left to right

Example 8. Consider the set Σ over p-object type (O,S) from Example 1. Fig-
ure 2 shows the non-trivial subsets X of O associated with their biX values for
i = 1, 2, 3 from left to right. Amongst these, the duplicate sets with certainty β1
(left figure), β2 (middle figure) and β3 (right figure) are indicated in bold font.
Here, Y = {Zone,Time} is not a duplicate set with certainty β1 as b2Y = 2 = b1Y .
Similarly, Z = {Rfid} is not a duplicate set with certainty β2 as b3Z = 2 = b2Z .

Next we characterize the structure of Armstrong p-instances. A given p-
instance satisfies card(X) ≤ b ∈ Σβi if there are not b + 1 distinct objects in
world wk+1−i that have matching values on X. Also, a given p-instance violates
all non-implied QCs if every duplicate set X with certainty βi is contained by
some attribute set on which biX distinct objects in wk+1−i agree.

Theorem 4. Let Σ denote a set of QCs, and let (ι,Poss) denote a p-instance
over (O,S) with |S| = k + 1. Then (ι,Poss) is Armstrong for Σ if and only
if for all i = 1, . . . , k, the world wk+1−i is Armstrong for Σβi . That is, for all
i = 1, . . . , k, for all X ∈ dupΣβi

(O) there is some Z ∈ agbiX (wk+1−i) such that

X ⊆ Z, and for all card(X) ≤ b ∈ Σβi and for all Z ∈ agb+1(wk+1−i), X 6⊆ Z.

Example 9. Consider the p-instance ι from Table 1 and the set Σ of QCs from
Example 1. Example 7 and Example 8 show that ι satisfies the conditions of
Theorem 4, and is therefore an Armstrong p-instance for Σ.

5.3 Computational Characterization

We now apply Theorem 4 to compute finite Armstrong p-instances for any given
QC set Σ over any given p-object type (O,S) where for all A ∈ O there is some
(card(A) ≤ b, β1) ∈ Σ. The latter condition is sufficient and necessary for the
existence of a finite Armstrong p-instance, which can therefore be decided in
linear time in the input. While the problem of finding an Armstrong p-instance
is precisely exponential in the size of the given constraints we show that the
size of our output Armstrong p-instance is always bounded by the product of



the number of the given constraints and the size of a minimum-sized Armstrong
p-instance. Finally, we show that there are Armstrong p-instances whose size is
logarithmic in the size of the given constraints.

Our first result characterizes QC sets for which finite Armstrong p-instances
exist. The characterization shows that the existence of finite Armstrong p-
instances for a given QC set can be decided in linear time.

Theorem 5. Let Σ be a set of QCs over some given p-object type (O,S). Then
there is a finite Armstrong p-instance for Σ if and only if for all A ∈ O there is
some b ∈ N such that (card(A) ≤ b, β1) ∈ Σ. It can therefore be decided in time
O(||Σ||) whether there is a finite Armstrong p-instance for Σ.

Proof. Suppose there is some A ∈ O such that Σ does not imply (card(A) ≤
b, β1) for any b ∈ N. Consequently, there is some duplicate set X with certainty
β1 and A ∈ X such that b1X = ∞. Theorem 4 shows that every Armstrong p-
instance for Σ must contain infinitely many objects that agree on X. Therefore,
a finite Armstrong p-instance cannot exist for Σ. The sufficiency of the condition
for the existence of finite Armstrong p-instances follows from the soundness of
our algorithm that computes them in this case. This is presented next.

For a given QC set Σ over a given p-object type (O,S) and |S| = k+1, which
meets the condition of Theorem 5, we visualize Σ by computing an Armstrong p-
instance ι forΣ. Theorem 4 provides us with a strategy for this computation. The
main complexity goes into the computation of duplicate sets and their associated
cardinalities. Here, we proceed in three stages. First, we compute for all i =
1, . . . , k and for all non-trivial X ⊂ O, biX by starting with ∞ and setting biX
to b whenever there is some card(Y ) ≤ b ∈ Σβi such that Y ⊆ X and b < biX .
Secondly, for all i = 1, . . . , k and starting with all non-trivial subsets X as the
set of duplicate sets with certainty βi, we remove X whenever biX = 1 or there
is some A ∈ O − X such that biXA = biX . Finally, whenever there is some X

in dupΣβi
(O) and dupΣβj

(O), with biX = bjX and i < j, then remove X from

dupΣβi
(O). This procedure is called in lines 1-3 by Algorithm 1, which computes

an Armstrong p-instance for a given QC set Σ over some given p-object type
(O,S) such that for all A ∈ O there is some (card(A) ≤ b, β1) ∈ Σ.

Algorithm 1 computes objects over O for each duplicate set X with certainty
βi, starting from i = k down to 1. Before moving on to another duplicate set
with certainty βi, the algorithm processes all occurrences of X as a duplicate
set with certainty βl ≥ βi (lines 8-9), introducing blX − b objects or (lines 10-19)
with p-degree αk+1−l (line 17), where b is the cardinality of the duplicate set X
already processed in the previous step (line 20). Line 24 marks X as processed
to exclude it from repeated computations in the future (line 6).

Theorem 6. Let ιmin denote an Armstrong p-instance for Σ with a minimum
number of objects, that is, there is no Armstrong p-instance for Σ with fewer
objects than those in ιmin. Algorithm 1 computes an Armstrong p-instance ι for
Σ such that |ι| ≤ |ιmin| × |Σ|.



Algorithm 1 Visualize

Require: QC set Σ over p-object type (O, {β1, . . . , βk, βk+1}) such that for every
A ∈ O there is some (card(A) ≤ b, β1) ∈ Σ . Necessary to guarantee existence

Ensure: Armstrong p-instance (ι,Possι) for Σ
1: for i = 1, . . . , k do . Compute duplicate sets X with certainty βi and biX
2: Compute (dupΣβi

(O), {biX | X ∈ dupΣβi
(O)})

3: end for
4: r ← 0; ι← ∅; dupΣ(O)← ∅;
5: for i = k downto 1 do
6: for all X ∈ dupΣβi

(O)− dupΣ(O) do . Duplicate sets not processed yet

7: b← 0; j ← r + 1;
8: for l = i downto 1 do . Represent X in all possible worlds required
9: if X ∈ dupΣβl

(O) then . X requires more objects in world wl

10: for m = 1 to blX − b do
11: r ← r + 1;
12: for all A ∈ O do
13: if A ∈ X then or(A)← cA,j ; . {cA,j : A ∈ X} represent X
14: else or(A)← cA,r; . cA,r is a unique value in ι
15: end if
16: end for
17: Possι(or)← αk+1−l; . Add p-degree to new object
18: ι← ι ∪ {or}; . Add new object to ι
19: end for
20: b← blX ; . Book-keeping for cardinalities already represented
21: end if
22: end for
23: end for
24: dupΣ(O)← dupΣ(O) ∪ dupΣβi

(O); . Mark duplicate set X as processed

25: end for
26: return (ι,Possι);

Not surprisingly, the problem of finding Armstrong p-instances is worst-case
exponential in the input size. Indeed, this is to be expected as an Armstrong
p-instance ιΣ for Σ represents the highest c-degree for which any cardinality
constraint is implied by Σ.

Theorem 7. Finding a finite Armstrong p-instance for a QC set Σ is precisely
exponential in the size of Σ. That is, a finite Armstrong p-instance for Σ can
be found in time at most exponential in the size of Σ whenever one exists, and
there are QC sets Σ such that every finite Armstrong p-instance for Σ requires
a number of objects that is exponential in the size of Σ.

Proof. Algorithm 1 computes a finite Armstrong p-instance for Σ in time at
most exponential in its size, whenever such an instance exists. Some QC sets
Σ have only Armstrong p-instances with exponentially many objects in the
size of Σ. For O = {A1, . . . , A2n}, S = {α1, α2} and Σ = {(card(A1, A2) ≤
1, β1), . . . , (card(A2n−1, A2n) ≤ 1, β1)} ∪ {(card(A1) ≤ 2, β1), . . . , (card(An) ≤



2, β1)} with size 2 ·n, dupΣβ1
(O) consists of the 2n duplicate sets

⋃n
j=1Xj where

Xj ∈ {A2j−1, A2j}. ut

Armstrong p-instances for other QC sets Σ only require a size logarithmic
in that of Σ. Such a set Σ is given by the following 2n QCs: for all i = 1, . . . , n,
(card(A2i−1) ≤ 3, β1) and (card(A2i) ≤ 3, β1), and for all X = X1 · · ·Xn where
Xi ∈ {A2i−1, A2i}, (card(X) ≤ 2, β1). Then the size of Σ is in O(2n) and there
is no equivalent set for Σ of smaller size. Furthermore, dupΣβ1

(O) consists of the

n sets O − {A2i−1, A2i} for i = 1, . . . , n. Thus, Algorithm 1 computes a finite
Armstrong p-instance for Σ whose size is in O(n).

For these reasons we recommend the use of abstract constraints sets and
their Armstrong p-instances. Indeed, the constraint sets enable design teams
to identify c-degrees of cardinality constraints that they currently perceive too
high; and the Armstrong p-instances enable design teams to identify c-degrees
of cardinality constraints that they currently perceive too low.

6 Conclusion and Future Work

Cardinality constraints occur naturally in most aspects of life. Consequently,
they have received invested interest from the conceptual modeling community
over the last three decades. We have introduced cardinality constraints to con-
trol the occurrences of uncertain data in modern applications, including big data.
Uncertainty has been modeled qualitatively by applying the framework of possi-
bility theory. Our cardinality constraints stipulate upper bounds on the number
of occurrences of uncertain data, an ability that captures many real-world re-
quirements. Our results show that cardinality constraints can be reasoned about
efficiently. We have characterized which sets of cardinality constraints can be vi-
sualized perfectly in the form of a finite Armstrong instance. In such cases, our
algorithm is always guaranteed to compute an Armstrong instance with conser-
vative use of time and space. Armstrong instances embody the exact certainty
by which any cardinality constraint is currently perceived to hold by the data
analysts. The analysts can therefore show the small instances to domain experts
in order to jointly consolidate the certainty by which cardinality constraints shall
actually hold in a given application domain.

Our framework opens up several questions for future investigation, including
the benefits of processing data with the help of cardinality constraints, more
expressive cardinality constraints and their interaction with other constraints,
as well as empirical evaluations for the usefulness of Armstrong p-instances. It
is interesting to investigate whether infinite Armstrong p-instances can still be
represented finitely in order to handle sets of cardinality constraints for which no
finite Armstrong p-instance exists. Finally, constraints have not received much
attention yet in probabilistic databases.
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