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Abstract

We consider the biobjective shortest path (BSP) problem as the natural ex-
tension of the single objective shortest path problem. BSP problems arise in
various applications where networks usually consist of large numbers of nodes
and arcs. Since obtaining the set of efficient solutions to a BSP problem is
more difficult (i.e. NP-hard and intractable) than solving the corresponding
single objective problem there is a need for fast solution techniques. Our aim
is to compare different strategies for solving the BSP problem. We consider a
standard label correcting and label setting method, a purely enumerative near
shortest path approach, and the two phase method, investigating different ap-
proaches to solving problems arising in phase 1 and phase 2. In particular, we
propose to combine the two phase method with ranking in phase 2. In order
to compare the different approaches, we investigate their performance on three
different types of networks. We employ grid networks and random networks,
as is generally done in the literature. Furthermore, road networks are utilized
to compare performance on networks with a structure that is more likely to
actually arise in applications.

Keywords: Biobjective shortest path problem, two phase method, label cor-
recting algorithm, label setting algorithm, near shortest path algorithm.



1 Introduction

Shortest path problems have been studied intensively in the literature (e.g. Gallo
and Pallotino 1988; Cherkassy et al. 1996). The single objective shortest path
problem is most widely studied. However, it is often not sufficient to restrict
oneself to one objective. Applications often indicate the necessity of taking two
or more objectives into account, resulting in biobjective or multiple objective
shortest path problems. Examples include transportation problems (Pallottino
and Scutellà 1998), routing in railway networks (Müller-Hannemann and Weihe
2006), and problems in satellite scheduling (Gabrel and Vanderpooten 2002).

We consider the biobjective shortest path (BSP) problem as the natural
extension of the single objective case. BSP belongs to the class of multiple
objective combinatorial optimization (MOCO) problems. In BSP the aim is
to find efficient solutions. BSP is an NP-hard problem (Serafini 1986) and it
also is intractable, i.e. the number of efficient solutions may be exponential in
the number of nodes (Hansen 1980). Despite this fact, Müller-Hannemann and
Weihe (2006) suggest that in practical applications with certain characteristics
we can expect to find a reasonably small number of efficient solutions.

There are two main approaches to solving BSP problems: enumerative ap-
proaches such as label correcting (Skriver and Andersen 2000; Brumbaugh-
Smith and Shier 1989) and label setting (Martins 1984; Tung and Chew 1988,
1992) or ranking methods (Cĺımaco and Martins 1982).

Labelling methods work similarly to their single objective (e.g. Bertsekas
1998) counterparts. In BSP problems a node can have several labels, which do
not dominate one another. The set of efficient solutions of the BSP problem
corresponds to all labels at the target node after a labelling algorithm finishes.
In label correcting and label setting methods, either one label at a certain node
is extended by all arcs out of that node (label-selection) or all labels at a node
are extended simultaneously (node-selection).

Ranking methods are single objective k-shortest path methods. Starting
with the optimal value for one objective, the second-best solution, the third-
best solution etc. is obtained until the k-best solution is reached. For BSP,
the process continues until it is guaranteed that all non-dominated points have
been found. K-shortest path methods have been found not to be competitive
with label correcting methods (Huarng et al. 1996; Skriver 2000). Instead, we
investigate the application of a near-shortest path method by Carlyle and Wood
(2005), which the authors successfully apply to the k-shortest path problem.

Another approach, the two phase method, is taking advantage of the prob-
lem structure (Mote et al. 1991; Ulungu and Teghem 1995). In the first phase,
the extreme supported efficient solutions (efficient solutions which define ex-
treme points of the convex hull of the set of feasible objective vectors) are
computed. In the second phase the remaining efficient solutions are computed
with one of the enumerative approaches mentioned before. The enumerative
methods can be employed in a very effective way as enumeration can be re-
stricted to small areas of the objective space.

We present well known strategies to solve the BSP problem and introduce
the two phase method with near shortest path ranking by an adaptation of a
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near shortest path approach in phase 2. Our aim is to compare the performance
of the different solution approaches. We investigate performance on two differ-
ent artificial network structures and also on road networks, to include some
real world network structures into our considerations as is done by Zahn and
Noon (1998) for single criterion shortest path problems. This comparison is in
contrast to earlier studies, where a single type of networks has been used.

The rest of the paper is organized as follows: In Section 2 basic concepts of
BSP problems are introduced. Recent literature is discussed in Section 3. In
Section 4 we present the different algorithms we use to solve BSP, that is label
correcting, label setting, near shortest path and the two phase method. Finally,
numerical results are presented in Section 5.

2 Biobjective Shortest Path Problems

In this section, terminology and basic theory of biobjective shortest path prob-
lems is introduced following the notation of Przybylski et al. (2007).

Let G = (N,A) be a directed network with a set of nodes N = {1, . . . , n}
and a set of arcs A = {(i1, j1), . . . , (im, jm)} ⊆ N × N . Two positive costs
cij = (c1

ij , c
2
ij) ∈ N × N are associated with each arc (i, j) ∈ A. In a road

network, for example, the costs c1
ij and c2

ij could represent time and distance
for traversing arc (i, j), respectively.

A path in G from node i0 ∈ N to node il ∈ N is a sequence {(i0, i1), (i1, i2),
. . . , (il−1, il)} of arcs in A. The biobjective shortest path problem (BSP) with
source node s ∈ N and target node t ∈ N can be formulated as a network flow
problem:

min z(x) =

{
z1(x) =

∑
(i,j)∈A c1

ijxij

z2(x) =
∑

(i,j)∈A c2
ijxij

(1)

s.t.
∑

(i,j)∈A

xij −
∑

(j,i)∈A

xji =


1 if i = s
0 if i 6= s, t
−1 if i = t

(2)

xij ∈ {0, 1}, for all (i, j) ∈ A. (3)

Here x is a vector of flows on the arcs and the constraints (2) represent flow
balance at the different nodes. A balance of 1, −1, and 0 indicates that there
exists a surplus of one unit of flow, a demand of one unit of flow, or neither of
the two, respectively. The model ensures that one unit of flow is transported
through the network from s to t. The arcs with flow value 1 form a path from
s to t. The feasible set X is described by constraints (2) and (3) and its image
under the objective function is Z := z(X).

In the remainder of this paper we use the following orders on R2:

y1 5 y2 ⇔ y1
k 5 y2

k for k = 1, 2,

y1 ≤ y2 ⇔ y1
k 5 y2

k for k = 1, 2; y1 6= y2, and

y1 < y2 ⇔ y1
k < y2

k for k = 1, 2.
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We are seeking those feasible solutions that do not allow to improve one
component of the objective vector z(x) without deteriorating the other one.

Definition 1 A feasible solution x̂ ∈ X is called efficient if there does not
exist any x′ ∈ X with (z1(x′), z2(x′)) ≤ (z1(x̂), z2(x̂)). The image z(x̂) =
(z1(x̂), z2(x̂)) of x̂ is called non-dominated. Let XE denote the set of all efficient
solutions and let ZN denote the set of all non-dominated points. We distinguish
two different types of efficient solutions.

• Supported efficient solutions are those efficient solutions that can be ob-
tained as optimal solutions to a (single objective) weighted sum problem

min
x∈X

λ1z1(x) + λ2z2(x) (4)

for some λ1 > 0, λ2 > 0. The set of all supported efficient solutions
is denoted by XSE, its non-dominated image ZSN . The supported non-
dominated points lie on the boundary of the convex hull conv(Z) of the
feasible set in objective space.

• Supported efficient solutions which define an extreme point of conv(Z) are
called extreme supported efficient solutions.

• The remaining efficient solutions in XNE := XE\XSE are called non-
supported efficient solutions. They cannot be obtained as solutions of a
weighted sum problem as their image lies in the interior of conv(Z). The
set of non-supported non-dominated points is denoted by ZNN . There is
no known characterization of non-supported efficient solutions that leads
to a polynomial time algorithm for their computation.

The two objective functions z1 and z2 do generally not attain their individual
optima for the same values of x̂. We will assume in the following that there
exists no x̂ such that x̂ ∈ argmin{z1} and x̂ ∈ argmin{z2} for a problem of the
form (1) - (3).

Definition 2 Two feasible solutions x and x′ are called equivalent if z(x) =
z(x′). A complete set XE is a set of efficient solutions such that all x ∈ X\XE

are either dominated or equivalent to at least one x ∈ XE.

We will only consider solution approaches that compute a complete set XE .
Another notion of optimality that is used in the context of biobjective op-

timization is lexicographic minimization. Here, we choose among all optimal
feasible solutions for the preferred component k of the objective vector one
that is optimal for the other component l.

Definition 3 Let k ∈ {1, 2} and l ∈ {1, 2}\{k}. Then z(x̂) 5lex(k,l) z(x′) if
either zk(x̂) < zk(x′) or both zk(x̂) = zk(x′) and zl(x̂) 5 zl(x′). We call x̂ a
lex(k, l)-best solution if z(x̂) 5lex(k,l) z(x) for all x ∈ X. Let xlex(k,l) denote a
lex(k, l)-best solution.
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When solving a single objective version of the BSP problem (parametric
approach in Section 4.4.2) with the network simplex algorithm (e.g. Helgason
and Kennington 1995), the formulation (1) - (3) is not favourable. Problems
arise as the network simplex method performs many basis exchanges without
an actual flow change because the flow on all basic arcs that are not part of the
actual path from s to t is zero. If a basis exchange involves only those arcs, there
is no flow change at all. To avoid this situation we use another formulation, the
biobjective shortest path tree (BSPT) problem. This formulation is also used
by Mote et al. (1991):

min z(x) =

{
z1(x) =

∑
(i,j)∈A c1

ijxij

z2(x) =
∑

(i,j)∈A c2
ijxij

(5)

s.t.
∑

(i,j)∈A

xij −
∑

(j,i)∈A

xji =
{

n− 1 if i = s
−1 if i 6= s

(6)

xij = 0 and integer for all (i, j) ∈ A. (7)

By modifying the constraint set of (BSP), we now state the problem of
finding the shortest path from source node s to all other nodes, resulting in
nonzero flow on all basic arcs. Although not every basis exchange leads to a
change of the shortest s-t path, it does lead to some change in the shortest
path tree rooted at s. This approach ensures a flow change whenever the basis
changes.

3 Previous Research Results

The most recent survey on BSP problems is by Skriver (2000). The sur-
veys on MOCO problems by Ehrgott and Gandibleux (2000) and Ehrgott and
Gandibleux (2002) both include a section about shortest path problems. In the
following we mention literature that was to our knowledge not yet covered in a
survey. There are heuristic approaches to solve the BSP problem, but we focus
on exact methods. We do not include literature on multi-objective shortest
path problems with other types of objectives (e.g min-max objectives).

Martins and Dos Santos (2000) discuss labelling algorithms for the multi-
objective shortest path (MSP) problem with arbitrary arc costs. They prove
boundedness and finiteness results for the MSP problem and also correctness of
the label setting and label correcting approach. They present a generic labelling
algorithm with label selection. They also propose a label setting algorithm
based on node selection for acyclic networks, taking advantage of the fact that
acyclic networks can be put in topological order.

Guerriero and Musmanno (2001) investigate label correcting and label set-
ting methods for the multicriteria shortest path tree problem. They propose
several strategies for label-selection and node-selection. Computational results
are presented for two different classes of test problems. There are problem
instances where label-selection is superior and others where node-selection is
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superior. Furthermore, label setting is superior for some instances, and label
correcting is superior for others.

Sastry et al. (2003) propose several algorithms for multi-objective shortest
path problems with positive and negative arc costs. They detect negative cycles
by a repeated application (at most once for every objective) of some single
objective shortest path algorithm that can detect negative cycles. For networks
without negative cycle, they propose a label correcting multi-objective shortest
path algorithm with node-selection similar to the one presented by Brumbaugh-
Smith and Shier (1989). Sastry et al. also propose two other label correcting
approaches. They are both variations to the approach by Corley and Moon
(1985). In each iteration of the algorithm, the labels at each node are updated
from all predecessor nodes. The algorithm stops when either none of the label
sets is changed in an iteration or when after n iterations the existence of a
negative cycle is asserted. In each iteration nodes are chosen randomly by
Sastry et al. whereas Corley and Moon choose nodes in order of their indices
1, 2, . . . , n. The other variation by Sastry et al. is to change the manner in
which label sets are updated, the approach is similar to Yen (1970). Each
iteration is split into two phases now. In the first phase, nodes are updated by
labels at nodes with smaller index than the current node only, in the second
phase nodes are updated by labels at nodes with bigger index. They mention
that their first algorithm performs best in practical tests.

Müller-Hannemann and Weihe (2006) investigate the cardinality of the set
of efficient solutions that arises in practical applications. They examine the
characteristics of shortest path problems in train networks with two and three
objectives. They relate network and problem characteristics to the actual num-
ber of efficient solutions. They find that this number is very low despite the
fact that biobjective shortest path problems are in general intractable.

A summary of approaches found in the literature is given in Table 1.

4 Solution Methods for the BSP Problem

We investigate different methods to solve BSP exactly. Three main approaches
are identified. One is biobjective labelling. We distinguish a label correcting al-
gorithm with node-selection, which is identified as the most successful approach
to solve BSP problems by Skriver and Andersen (2000) and label setting as in
Guerriero and Musmanno (2001). Another approach is the adaptation of a
near shortest path procedure by Carlyle and Wood (2005) to BSP. We also
investigate the two phase method for BSP by Mote et al. (1991). A formu-
lation of the two phase method for general MOCO problems can be found in
Ulungu and Teghem (1995). We compare different strategies that can be used
for initialization and in phases 1 and 2.

4.1 Biobjective Label Correcting

A biobjective label correcting method is a straightforward extension of the
single objective version. The main difference for two or more objectives is that
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Table 1: Literature on the exact solution of BSP/MSP problems.
Reference Problem Solution approach
Hansen (1980) BSP Label setting
Cĺımaco and Martins (1982) BSP Ranking
Martins (1984) MSP Label setting
Corley and Moon (1985) MSP Label correcting
Hartley (1985) MSP Label correcting
Henig (1985) BSP Label correcting
Brumbaugh-Smith and Shier (1989) BSP Label correcting, node-selection
Mote et al. (1991) BSP Two phase method
Tung and Chew (1988) BSP Label setting, label-selection
Tung and Chew (1992) MSP Label setting, label-selection
Huarng et al. (1996) BSP computational comparison
Skriver and Andersen (2000) BSP Label correcting, node-selection
Martins and Dos Santos (2000) MSP Label setting and correcting

node- and label-selection
Guerriero and Musmanno (2001) MSP Label setting and correcting

node- and label-selection
Sastry et al. (2003) MSP Label correcting, node-selection

there may be several labels at a node, each corresponding to one path. The
labels at one node do not dominate one another.

Approaches to label correcting differ in whether they employ label-selection
or node-selection. Label-selection means that all labels are treated separately. A
label l at some node i is extended by all arcs (i, j) with tail node i. The extended
label l + cij is inserted into the label set at node j if it is not dominated. The
new label may dominate other labels at node j which are deleted. Also, a non-
dominated extended label l+ cij at j has to be reconsidered in a later iteration.
Node selection means that a node i is selected and all its labels are extended
via all outgoing arcs. We explain node-selection together with Algorithm 1.

Despite the results of Guerriero and Musmanno (2001), we opt for node-
selection, the approach also chosen by Skriver and Andersen (2000) (see also
Brumbaugh-Smith and Shier 1989), which will be described below, refer to
Algorithm 1.

Initially, the only labelled node is the source node s with its label set
Labels(s) = {(0, 0)}. All labels at a particular node i are extended along all
outgoing arcs (i, j). Dominated labels are eliminated from the extended labels
from node i and the labels already present at the end node j. The remaining
labels form the new label set at node j. Whenever the label set of a node
changes, the node has to be marked for reconsideration. At reconsideration,
the mark of the node is deleted. When no nodes are marked for reconsideration
any more, the algorithm terminates. When traversing an outgoing arc from a
node with multiple labels, every label has to be extended along this arc and
tested for dominance with the labels of the end node of the arc, this operation is
called merging. Merging is the most expensive component of a biobjective label
correcting algorithm. The label sets are ordered so that the first component is
increasing to reduce computational effort of the merge operation, which in our

6



Algorithm 1 Biobjective Label Correcting
1: input: network (N,A), cost function c = (c1, c2), source node s
2: modNodes = {s}: list of nodes with modified labels that have not yet been

reconsidered, treated in FIFO order
3: Labels(s) = {(0, 0)} and Labels(i) = ∅, i ∈ N\{s}: Labels(i) is the list of

labels at a particular node i
4: while modNodes is nonempty do
5: remove first node i from modNodes /* FIFO */
6: for all (i, j) with j ∈ {k ∈ N |(i, k) ∈ A} do
7: merge(Labels(i) + cij , Labels(j)) /* extend all labels at i by cij and

merge with labels at j, eliminating all dominated labels */
8: if the label set of j has changed and j /∈ modNodes then
9: append j to modNodes /* FIFO */

10: end if
11: end for
12: end while
13: output: efficient path length from source node s to all other nodes, paths

can be backtracked using labels

case is O(|L| + |M |) when the sets L and M are merged (Brumbaugh-Smith
and Shier 1989). We also implement Skriver and Andersen’s condition to detect
dominance of the whole label set.

Once the label correcting algorithm terminates, the set Labels(t) contains
all non-dominated path costs at the target node t. The corresponding efficient
solutions (the paths) can be obtained by backtracking the appropriate labels.

4.2 Biobjective Label Setting

To explain the label setting algorithm, we only mention the main differences to
the label correcting algorithm described in Section 4.1.

Biobjective label setting approaches always employ label-selection. In par-
ticular, a lexicographically smallest label with respect to all nodes is selected
among all tentative labels in each iteration. This label is guaranteed to belong
to an efficient path. A lexicographically smallest label l belongs to a node i in
the network. The label is extended via all outgoing arcs (i, j) with tail node i
similar to the procedure described in Section 4.1. Only one label is extended
at a time and compared with all labels at the head node j. Dominated labels
are deleted from the label list at node j and also from the tentative labels.

A lex(1, 2)-best element needs to be extracted from allLabels in every itera-
tion. We implement allLabels as a binary heap to facilitate this. Among other
data structures, heaps are used to efficiently store labels in single-objective label
setting algorithms (Ahuja et al. 1993).
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Algorithm 2 Biobjective Label Setting
1: input: network (N,A), cost function c = (c1, c2), source node s
2: Labels(s) = {(0, 0)} and Labels(i) = ∅, i ∈ N\{s}: Labels(i) is the list of

labels at a particular node i
3: allLabels = {(0, 0) . s}: all tentative labels and the node each label is

associated with, the first element is a lex(1,2)-best tentative label
4: while allLabels is nonempty do
5: remove first label (l1, l2) . i from allLabels /* first element is a lex(1,2)-

best label among all tentative labels */
6: for all (i, j) with j ∈ {k ∈ N |(i, k) ∈ A} do
7: merge((l1, l2) + cij , Labels(j)) /* extend label (l1, l2) at i by cij and

merge with labels at j, eliminating all dominated labels */
8: if the label set of j has changed then
9: insert new label (l1, l2) + cij . j into allLabels

10: remove all deleted labels at j from allLabels
11: end if
12: end for
13: end while
14: output: efficient path length from source node s to all other nodes, paths

can be backtracked using labels

4.3 Ranking – Near Shortest Path

Methods such as the k-shortest path method generate one path after the other,
in order of increasing length. According to the literature, k-shortest path ap-
proaches could not be successfully applied to BSP problems as the cost of finding
paths in order of their lengths is quite high (Huarng et al. 1996; Skriver 2000).
Instead of a k-shortest path procedure, we use the near shortest path method
by Carlyle and Wood (2005), which aims at finding all paths the length of which
is within a certain deviation ε from the optimal path length ω, thus having a
maximal path length of δ = ω + ε. We use their implementation of the method
ANSPR0, which the authors identify as best approach, and carry out some slight
modifications. On the basis of computational tests, Carlyle and Wood conclude
that their near shortest path routine solves the k-shortest path problem faster
than other algorithms dedicated to solving the k-shortest path problem.

In order to use the near shortest path (NSP) procedure, a weighted sum
problem (4) corresponding to BSP is considered. Thus weighting factors λ1 > 0
and λ2 > 0 are defined:

λ1 = z2(xlex(1,2))− z2(xlex(2,1)) and λ2 = z1(xlex(2,1))− z1(xlex(1,2)). (8)

The lex(1, 2)- and lex(2, 1)-best solutions are determined in an initialization
phase. We investigate the usage of different algorithms in initialization, see
Section 4.4.1.

Upper bounds originating from the two lexicographically best solutions
xlex(1,2) and xlex(2,1) can be used to restrict enumeration. For every candidate

8



b

b rs

rs nadir point
z(xlex(2,1))

z(xlex(1,2))
z

N

Figure 1: Bounds on z1 and
z2.

b

b rs

⊕

z(xlex(2,1))

z(xlex(1,2))
z

N

rs nadir point

⊕ nadir moved

Figure 2: Improved bounds on z1 and
z2.

solution x̂ with z(x̂) = (z1(x̂), z2(x̂)) we get:

z1(x̂) 5 z2(xlex(2,1)) and z2(x̂) 5 z1(xlex(1,2)). (9)

zN = (z1(xlex(2,1)), z2(xlex(1,2))) is called the nadir point of the BSP problem,
the situation is indicated in Figure 1.

The bounds (9) can be further improved by the fact that we are dealing
with integer problems. Efficient solutions, which are not equivalent to solutions
obtained previously, can only be situated one unit below and one unit to the left
of the nadir point zN as indicated in Figure (2). We get the following improved
bounds:

z1(x̂) 5 z1(xlex(2,1))− 1 and z2(x̂) 5 z2(xlex(1,2))− 1. (10)

Algorithm 3 gives a description of the NSP algorithm for a directed graph
G = (N,A) with source node s and target node t. A cost cλ

ij > 0 is associated
with each arc (i, j), where cλ

ij = λ1c1
ij + λ2c2

ij . The maximum path length is
δ = λ1(z1(xlex(2,1)) − 1) + λ2(z2(xlex(1,2)) − 1), the weighted sum value of the
improved nadir point. We modify NSP slightly to integrate bounds (10) on the
respective objectives. We simply add two label sets d1 and d2 that keep track
of the current value of the two objectives and thus allow for comparison with
the respective upper bounds. See Algorithm 3 which incorporates our changes
to the original NSP.

The NSP algorithm repeatedly computes candidate solutions within the
bounds (10) and with length 5 δ. Only after the algorithm terminates, we
know that the remaining candidate solutions are indeed efficient. It is, however,
possible to exploit candidate solutions in order to improve the upper bound δ.
We take advantage of the fact that every computed candidate excludes a certain
area of the objective space by domination.

First, define the local nadir point of two points zk = (zk
1 , zk

2 ) and zl = (zl
1, z

l
2)

with zk
1 < zl

1 and zk
2 > zl

2 to be zLN = (zl
1, z

k
2 ).

We consider straight lines parallel to the line connecting z(xlex(1,2)) and
z(xlex(2,1)) through the local nadir point of any two consecutive candidate points
and z(xlex(1,2)) and z(xlex(2,1)) as indicated in Figure 3. The upper bound
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Algorithm 3 NSP
1: input: network (N,A), cost function c = (c1, c2), source and target nodes

s, t
2: L(i): the weighted sum path length at i
3: d1(i), d2(i): length of the path at i for the first and second objective, resp.
4: for all i ∈ N do
5: d(i) = weighted shortest path distance from i to t
6: end for
7: stack = s
8: L(s) = 0 and dk(s) = 0; k = 1, 2
9: while the stack is not empty do

10: i = top node of stack
11: if nextArcOutOf (i) 6= ∅ then
12: (i, j) = next arc out of i
13: if L(i) + cλ

ij + d(j) 5 δ AND d1(i) + c1
ij 5 z1(xi+1)− 1 AND

d2(i) + c2
ij 5 z2(xi)− 1 then

14: L(j) = L(i) + cλ
ij and dk(j) = dk(i) + ck

ij ; k = 1, 2
15: if j is target node t then
16: save current candidate solutions /* possibly eliminating previous

candidate solutions that are now dominated */
17: pop j from stack
18: else
19: put j on top of stack
20: end if
21: end if
22: else
23: pop i from stack /* no more outgoing arcs */
24: end if
25: end while
26: output: efficient paths from node s to node t and their lengths

corresponds to the line through the point that has maximal distance from the
straight line connecting z(xlex(1,2)) and z(xlex(2,1)). Let zj

c = (z1(x
j
c), z2(x

j
c))

with j ∈ {1, . . . , p} be the candidate solutions ordered by increasing z1. This
yields the upper bound ∆:

γ = max{λ1z1(x1
c) + λ2z2(xlex(1,2)), λ

1z1(xlex(2,1)) + λ2z2(xp
c)}

∆ = max{γ, max{λ1z1(xj+1
c ) + λ2z2(xj

cj); j = 1, . . . , p− 1}}.

Again, the upper bound can be improved by considering the point one unit
below and one unit to the left of the local nadir point between each pair of con-
secutive points. But we also have to account for the candidate points themselves
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Figure 3: Weighted sum bounds (two
candidate points).

b

b

×

×
rs

rs

rs

⊕

⊕

⊕

z(xlex(2,1))

z(xlex(1,2))

b supp. non-dom.

× candidate for

nonsupp. non-dom.

rs local nadir

⊕ local nadir moved

Figure 4: Improved weighted sum
bounds (two candidate points).

as illustrated in Figure 4. This yields the improved upper bound ∆′:

γ1 = max{λ1(z1(x1
c)− 1) + λ2(z2(xlex(1,2))− 1),

λ1(z1(xlex(2,1))− 1) + λ2(z2(xp
c)− 1)}

γ2 = max{λ1z1(xj
c) + λ2z2(xj

c), j = 1, . . . , p}
γ3 = max{λ1(z1(xj+1

c )− 1) + λ2(z2(xj
c)− 1), j = 1, . . . , p− 1}

∆′ = max{γ1, γ2, γ3}. (11)

We refer to Przybylski et al. (2007) for a more detailed presentation of the
upper bounds (10) and (11).

In Algorithm 3, we can insert an additional step: δ can be updated by ∆′ 5 δ
whenever a new candidate solution is computed. We insert the following step
between steps 15 and 16:

Compute ∆′ and update δ = ∆′.

The shortest path distances from all nodes i to t in steps 4-6 in Algorithm
3 are computed with a single-objective label correcting algorithm in the im-
plementation of NSP by Carlyle and Wood (2005). We replace their label
correcting algorithm by Dijkstra’s algorithm, for details refer to Section 4.4.1,
and denote this approach by NSPD.

4.4 Two Phase Method

The two phase method (Mote et al. 1991; Ulungu and Teghem 1995) is based
on computing supported and non-supported non-dominated points separately.
In phase 1 extreme supported efficient solutions are computed, possibly taking
advantage of their property of being obtainable as solutions to the weighted
sum problem (4), for an illustration see Figure 5. In phase 2 the remaining
supported and non-supported efficient solutions are computed with an enu-
merative approach, as there is no theoretical characterization for their efficient

11



calculation. It is expected that the search space for the enumerative approach
in phase 2 is highly restricted due to information obtained in phase 1 so that
the associated problems can be solved a lot quicker than by solving BSP with
a purely enumerative approach only. The search space in phase 2 can be re-
stricted to triangles given by two consecutive supported non-dominated points
as indicated in Figure 6. An initialization phase is needed in the two phase
method that computes one or two initial solutions. We investigate the usage of
different solution methods in initialization, phase 1, and phase 2.

b

b

b

b

b supp. non-dom.

Figure 5: Supported non-dominated
points.

b

b

b

b

×
×

×

b supp. non-dom.

× nonsupp. non-dom.

Figure 6: All non-dominated points.

In phase 1 we pursue two main approaches. On the one hand we use single
objective label setting and correcting shortest path methods. On the other hand
we use a network simplex implementation (e.g. Helgason and Kennington 1995)
to solve (BSPT) in a parametric approach. We modify an implementation called
MCF (Löbel 2003) for our purposes. The network simplex implementation takes
advantage of strongly feasible trees (Cunningham 1976) to prevent cycling.

In phase 2 we employ ranking or biobjective labelling approaches as dis-
cussed in the previous sections.

4.4.1 Initialization

In the initialization phase we need to compute a lex(1, 2)-best or lex(2, 1)-
best solution or both, depending on the approach chosen in phase 1. Here,
single objective shortest path problems are solved with appropriate objective
functions, the relations < and > in the following algorithms are adapted to
lex(1, 2) and lex(2, 1) respectively. We investigate the following options:

• Single objective label correcting algorithm (L). Refer to Bertsekas (1998)
for label correcting shortest path algorithms. We modify an implementa-
tion of L by Carlyle and Wood (2005).

• Single objective label setting algorithm: Dijkstra’s algorithm (D). We
modify an implementation of the DIKBD algorithm presented in Cherkassy
et al. (1996).
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Figure 7: Dichotomic method, first it-
eration.
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Figure 8: Dichotomic method, second
iteration.

4.4.2 Phase 1

Phase 1 is dedicated to the computation of supported efficient solutions. This
can be done by solving several single objective problems in weighted sum formu-
lation (4), which happens in the two dichotomic approaches LDIC and DDIC
described below. The network simplex algorithm gives rise to a parametric
approach. Basic entering arcs are chosen in such a manner that all extreme
supported efficient solutions are generated. This approach is introduced below
as SPAR.

In a dichotomic approach, weights are chosen to obtain a supported non-
dominated point that has the maximal distance to the straight line connecting
the two initial points z(xlex(1,2)) and z(xlex(2,1)) as illustrated in Figure 7 for
the same example as in Figures 5 and 6. The efficient solution x̂ thus obtained
leads to two new weighted sum problems: one between z(xlex(1,2)) and z(x̂)
(yielding no new solution), and one between z(x̂) and z(xlex(2,1)) (yielding one
more solution), see Figure 8. If the image of the efficient solution of such a
problem is distinct from the images of the two supported solutions defining it,
two new sub-problems can be formulated. Otherwise, there is nothing else to do.
The dichotomic method iterates until all weighted sum problems and arising
sub-problems have been solved and a complete set of the extreme supported
efficient solutions is obtained.

The dichotomic method might not allow us to find all non-dominated points
on conv(Z) in case there are more than two solutions on the same facet. How-
ever, all extreme points will be computed. Missing supported solutions are
computed in phase 2.

We employ two different solution strategies:

• Label correcting dichotomic (LDIC). We use the label correcting method,
see initialization (Section 4.4.1) to solve the single objective weighted sum
problems that arise from the dichotomic approach.

• Label setting dichotomic (DDIC). We use the label setting method, see
initialization (Section 4.4.1) to solve the single objective weighted sum
problems that arise from the dichotomic approach.
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It remains to explain the parametric network simplex approach. Starting off
with a lex(1, 2)-best solution the supported efficient set XSE is explored from
the upper left to the lower right. The goal is to reach a lex(2, 1)-best solution of
the problem, and basic entering arcs are chosen so that every supported efficient
solution is computed on the way to the lex(2, 1)-best solution. In each simplex
iteration, the basic entering arc is chosen to be an arc with the least ratio
between improvement of z2 and the deterioration of z1, both expressed through
reduced costs. Whenever the shortest path from s to t changes, another efficient
solution is found. The disadvantage of SPAR is, that all non basic arcs have to
be considered when choosing a basic entering arc, as an arc with minimal ratio
has to be chosen. Thus partial pricing cannot be used to speed up the simplex
algorithm. For further detail please refer to Mote et al. (1991). We call this
approach:

• Network simplex parametric (SPAR).

4.4.3 Phase 2

In phase 2 it is possible to benefit from the work already done in phase 1 to
significantly reduce computation time of the enumerative methods used. Let
z1, . . . , zk, where zi = (z1(xi), z2(xi)) and zi are sorted by increasing z1, be (at
least) the extreme points of a complete supported efficient set obtained in phase
1. It was mentioned before that non-supported non-dominated points can only
be situated in the area defined by two consecutive supported non-dominated
points, as indicated in Figure 6. For every pair of consecutive supported non-
dominated points z(xi) and z(xi+1) with i ∈ {1, . . . , k − 1} an enumerative
shortest path method is used to obtain non-supported solutions (if there are
any).

We investigate different enumerative solution procedures. We again employ
bounds on each objective and on their weighted sum, in the same manner
that was presented in the context of NSP in Section 4.3. For every pair of
consecutive supported non-dominated points, zk and zl are substituted by zi =
z(xi) and zi+1 = z(xi+1), respectively, in (10) and (11). We investigate a
label correcting method (LCOR), a label setting method (LSET) and a ranking
method (NSP/NSPD).

• Biobjective label correcting (LCOR) as described in Section 4.1. LCOR
can be run for every pair of consecutive supported non-dominated points.
Labels are discarded as soon as they violate any bounds. We found that a
lot of effort is put in the enumeration of paths that are discarded at a very
late stage of the algorithm. In particular, lots of paths are enumerated for
every pair of consecutive solutions that do not end up within the bounds
for any of them.

Therefore, in phase 2 we run LCOR just once (instead of once for every
triangle), and discard labels if they are not in any of the areas defined by
two consecutive supported non-dominated points or cannot be extended
to end up within any of them.
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• Biobjective label setting (LSET) as described in Section 4.2 is employed
in a similar fashion as LCOR above.

• Near shortest path (NSP and NSPD) as described in Section 4.3, is ex-
ecuted for every pair of consecutive supported non-dominated points.
Paths are only expanded if they do not violate any bounds. Due to the
lower bounds considered in NSP/NSPD, paths can often be discarded
early on during computations.

5 Numerical Results

We investigate the performance of the different solution methods on three dif-
ferent kinds of networks. We introduce the types of networks considered and
then present computational results.

5.1 Test Sets

We investigate three different network types: grid networks, random NetMaker
networks and road networks. We did also experiment with networks generated
by NETGEN (Klingman et al. 1974), which we modified to incorporate two costs
for each arc. The networks thus generated had very few efficient paths, of-
ten only between one and three. Therefore we decided not to include NETGEN
networks in our considerations.

Table 2: Grid network test problems.
Name h×w Nodes Arcs |ZN | Name h×w Nodes Arcs |ZN |
G1 30× 40 1202 4720 37 G15 2450× 2 4902 19596 6
G2 20× 80 1602 6240 80 G16 1225× 4 4902 19592 6
G3 50× 90 4502 17820 124 G17 612× 8 4898 19586 10
G4 90× 50 4502 17900 46 G18 288× 17 4898 19550 15
G5 50× 200 10002 39600 290 G19 196× 25 4902 19550 18
G6 200× 50 10002 39900 12 G20 140× 35 4902 19530 32
G7 100× 150 15002 59700 149 G21 111× 44 4886 19448 54
G8 150× 100 15002 59800 122 G22 92× 53 4878 19398 53
G9 100× 200 20002 79600 247 G23 79× 62 4900 19468 77
G10 200× 100 20002 79800 132 G24 70× 70 4902 19460 93
G11 200× 150 30002 79800 204 G25 62× 79 4900 19343 95
G12 50× 50 10002 39600 52 G26 53× 92 4878 19320 93
G13 100× 100 10002 39800 113 G27 44× 111 4886 19314 137
G14 200× 200 40002 159600 309 G28 35× 140 4902 19320 209

G29 25× 196 4902 19208 244
G30 17× 288 4898 19008 371
G31 8× 612 4898 18360 819
G32 4× 1225 4902 17150 1383
G33 2× 2450 4902 19596 1594

5.1.1 Grid Networks

Nodes are arranged in a rectangular grid with given height and width. Every
node has at most four outgoing arcs (up, down, left and right), to its immediate
neighbours. Only nodes on the boundary of the grid have less outgoing arcs.
There are two distinct nodes beyond the grid structure: A source node s and
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a target node t. There is an arc from s to every node on the left margin of the
grid and an arc from every node of the right margin of the grid to the target
node t. The costs (c1

ij , c
2
ij) for arc (i, j) are chosen randomly from a discrete

uniform distribution with ck
ij ∈ {1, 2, . . . , 10}, k = 1, 2. Carlyle and Wood

(2005) use grid networks for numerical tests on NSP algorithms. Refer to Table
2 for a listing of problem instances. Instances G15-G33 are grid networks with
approximately the same number of nodes, but varying in width and height.

5.1.2 NetMaker

Skriver and Andersen (2000) propose an alternative, NetMaker, to using a pure
random network generator such as NETGEN. They state that NETGEN generates
networks containing very few efficient paths, an observation we agree with.
Here, nodes are numbered from 1 to n, where node 1 is the source node, node n
is the target node. We use a random number generator that generates discrete
uniformly distributed random numbers. NetMaker networks are constructed
by first generating a random Hamiltonian cycle. Then a random number of
arcs out of every node is generated, in between a minimum and maximum
number of outgoing arcs. An arc out of node i can only reach nodes j with
j ∈ [i − d Inode

2 e, i + d Inode
2 e], where Inode denotes the node interval, the max-

imum allowed range for an arc. Arc costs are determined randomly. It is
randomly chosen whether c1

ij ∈ {1, 2, . . . , 33} or c1
ij ∈ {67, 68, . . . , 100} and a

number in the chosen interval is randomly allocated as cost. The cost c2
ij is then

randomly chosen from the other interval. We investigate three modifications to
the structure of NetMaker:

a) Penalize the cycle: Arc weights ck
ij , k = 1, 2 as above but for all arcs in

the Hamiltonian cycle, choose ck
ij , k = 1, 2 randomly in {1, 2, . . . , 10000}.

b) To make NetMaker networks more comparable to grid networks, we en-
force that roughly half of the arcs out of a node go to nodes with higher
node numbers and half of them to nodes with lower numbers. Arc weights
are chosen like in a) for all arcs of the Hamiltonian cycle, for all other
arcs choose ck

ij ∈ {1, 2, . . . , 10}, k = 1, 2.

c) More penalty on cycle: For all arcs that are part of the Hamiltonian cycle
ck
ij = 10000, k = 1, 2. Everything else is the same as in b).

For problem instances of NetMaker refer to Table 3.

5.1.3 Road Networks

The road networks of the states of the US were extracted by Schultes (2005)
from US Census (2000). We use road networks to test our methods on real
world data. In the original data networks are undirected, we convert them into
directed networks by duplicating arcs. We also add a Hamiltonian cycle with
high arc costs to ensure connectedness of the networks. In the original data,
there is not always a path from a node to every other node. This happens
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Table 3: NetMaker network test problems.
Outgoing arcs Var a) Var b) Var c)

Name Nodes Inode min max Arcs |ZN | Arcs |ZN | Arcs |ZN |
NM1 3000 20 5 15 31559 6 31502 1 31646 3
NM2 3000 20 1 20 33224 8 33122 1 33229 4
NM3 3000 50 5 15 31345 9 31548 2 31775 2
NM4 3000 50 1 20 33536 15 32641 3 32963 4
NM5 3000 50 10 40 76095 6 76924 3 77388 3
NM6 7000 20 5 15 73524 6 73940 1 73575 2
NM7 7000 20 1 20 77024 5 76775 3 76547 3
NM8 7000 50 5 15 73676 3 73282 2 73369 3
NM9 7000 50 1 20 76821 7 77518 1 76658 3
NM10 7000 50 10 40 178476 6 178292 6 180611 4
NM11 14000 20 5 15 146598 6 147388 2 146979 2
NM12 14000 20 1 20 154159 6 154115 4 154252 1
NM13 14000 50 5 15 146919 2 146900 2 147187 1
NM14 14000 50 1 20 153742 17 154213 2 153068 4
NM15 14000 50 10 40 357866 7 358264 3 356367 3
NM16 21000 20 5 15 220313 5 220685 3 220794 3
NM17 21000 20 1 20 231402 4 230403 1 230432 1
NM18 21000 50 5 15 220687 7 219606 3 219931 1
NM19 21000 50 1 20 230497 4 231876 2 232465 1
NM20 21000 50 10 40 534288 5 536151 3 533980 3

Table 4: Road network test problems.
Name State Nodes Arcs |ZN |: Average Min Max

DC1-DC9 Washington DC 9559 39377 3.33 1 7
RI1-RI9 Rhode Island 53658 192084 9.44 2 22
NJ1-NJ9 New Jersey 330386 1202458 10.44 2 21

for example for the Rhode Island data, as there are a few islands that are not
connected to the mainland via roads. Each arc (i, j) is equipped with arc costs
where c1

ij is the time needed to travel the arc and c2
ij is the travel distance in

meters. Travel time is determined by multiplying the travel distance of an arc
by one of four different road quality factors. Source and target node are chosen
randomly from a discrete uniform distribution.

We run tests with three different kinds of road networks. We use the net-
works of the states Washington DC, Rhode Island and New Jersey, the network
sizes are listed in Table 4. For each road network we test nine instances with
different (randomly chosen) source and target nodes.

5.2 Results

All numerical tests are performed on a Linux (Fedora Core 6, kernel 2.6.20)
computer with 2.40GHz Intel R© CoreTM2 Duo processor and 2GB RAM. We
use the gcc compiler (version 4.1.1) with compile option -O3. The methods are
implemented in C, we adapt program code from Carlyle and Wood (2005) for
NSP and L. For D we adapt program code for the DIKBD algorithm presented in
Cherkassy et al. (1996). The network simplex is a modified version of MCF (by
Löbel 2003). For storing tentative labels in LSET, we modify an implementation
of a binary heap (Weiss). When measuring run-time, we disregard the time it
takes to read the problem from a problem file. Run-time does include the
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generation of all non-dominated path labels together with the actual paths. In
LCOR and LSET the paths can be obtained by backtracking the labels at each
node. We do not include the time for the backtracking process in the run-time.
Runtime is measured with a precision of 1/100 seconds, any run time less than
0.01 seconds, will appear in the tables as 0.00. All figures are in logarithmic
scale, in order to display all runtimes, we modify run times that appear as 0.00
in tables to 0.001 in figures. Whenever the run time exceeds 3600 seconds,
the computation is stopped, this is indicated in tables by “-”. Detailed results
are presented for Section 5.2.4, figures and tables for Sections 5.2.1-5.2.3 are in
Appendix A.

We first attempt to compare the performance of LCOR and LSET. We
then comment on the performance of NSP and NSPD. We also identify the
best approaches to use in initialization, phase 1 and phase 2 of the two phase
method. Finally, we compare the two phase method with the best biobjective
labelling approach and the near shortest path approach.

5.2.1 Best Biobjective Labelling Approach

A comparison of run-times of LCOR and LSET is shown in Figures 12 - 14 and
Table 9. LSET performs better than LCOR only for road networks. LCOR
performs better than LSET for grid and most NetMaker networks. Despite the
superior performance of single-objective label setting (D) this is an expected
result. In a BSP problem, there are significantly more labels than in a single-
objective problem, as there may be several labels at every node. A label setting
algorithm entails the additional effort of extracting in every iteration a lexico-
graphically minimal label among all the tentative labels that currently exist at
all nodes. Another advantage of our implementation of LCOR is that all labels
at a node i are extended along arc (i, j) and compared to all labels at node
j. A label setting algorithm only allows to extend and compare one label at a
time again presenting an advantage in run-time for LCOR.

Guerriero and Musmanno (2001) report that biobjective label setting out-
performs label correcting for random network instances with between 500 and
1000 nodes and high density, i.e. big ratio m/n. In our results, however,
problems with high density such as NetMaker instances are solved particularly
badly by the label setting algorithm. Also, LSET and LCOR perform similar
for their grid networks (which are different to ours as they contain additional
random arcs). Since the authors do not give details about their implementation
of LSET, we are unable to explain why our results differ.

5.2.2 Best Near Shortest Path Approach

To run NSP/NSPD the lex(1, 2)-best and the lex(2, 1)-best solution are needed
to set up initial bounds and find a weighting factor. We use the best initializa-
tion approach as identified in the next section.

Results are presented in Figures 15 - 17 and Table 10. Clearly, NSPD
performs better than NSP for NetMaker and road networks. The reason is
that the near shortest path algorithm computes single-objective shortest path
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distances from every node i to t before enumerating paths. As D is the best
approach to solve the single-objective problem for both network types (refer to
Section 5.2.3), we expect NSPD to perform best here.

The pure near shortest path algorithm is badly suited to solve grid network
problems which is due to the structure of the solution space. In objective space
a lot of feasible solutions are very close to the nondominated points. The near
shortest path algorithm benefits from an upper bound on the weighted sum
objective value to restrict enumeration. For grid networks this bound is quite
far from the optimal weighted sum objective value, hence very many feasible
paths are enumerated. Most grid network instances were stopped when running
NSP and NSPD after an hour.

NSP was tested by Carlyle and Wood (2005) on grid networks of size 40×25
and 100× 50 but with upper bound values varying from δ = 1 to δ = 6. These
values of δ are significantly smaller than the values that arise when solving our
BSP problems instances. For grid networks, we get values of δ that mostly
exceed 10000 intially (with an average initial value of 967551). In our instances
the value of δ can be improved to at most 0.4 times its original value (this is a
lower bound on δ). We observe that problem instances with an initial value of
δ ≤ 10000 can be solved within not even a second, whereas the algorithm does
not terminate within 3600 seconds for instances with larger δ.

5.2.3 Best Approaches for Two Phase Method

We present several different approaches for each phase of the two phase method.
They are

• initialization with L/D,

• phase 1 with LDIC/DDIC/SPAR, and

• phase 2 with LCOR/LSET/NSP/NSPD.

Initialization results are shown in Figures 18 - 20 and Table 11. Our experi-
ments show that Dijkstra’s algorithm is clearly the best approach for NetMaker
and road networks. For grid networks both Dijkstra’s algorithm (D) and the
label correcting algorithm (L) show similar performance. There is no clear win-
ner for grid networks, as the problems are fairly small single-objective shortest
path problems so that the running times never exceed 0.01 seconds. Results
by Cherkassy et al. (1996) indicate that performance of label setting and label
correcting algorithms is fairly similar for simple grid networks like we use them
in our tests. We choose to use Dijkstra’s algorithm for initialization for all three
network types.

Whenever there is only one efficient solution to a problem, this is detected af-
ter initialization for any dichotomic approach (LDIC or DDIC) as the lex(1, 2)-
best and the lex(2, 1)-best solution are identical. In this case there is no need to
run phases 1 and 2 which is indicated by “NA” in Tables 12 and 13; in Figures
21 - 26 the corresponding results do not appear.
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In phase 1 we investigate the dichotomic approach where the arising single-
objective problems are solved by the label correcting algorithm (LDIC) or Dijk-
stra’s algorithm (DDIC). Another approach is the parametric simplex approach
(SPAR). For results, refer to Figures 21 - 23 and Table 12.

Our experiments show that the parametric approach is not competitive with
the others. DDIC is clearly the best approach for NetMaker and road networks.
For grid networks LDIC performs slightly better than DDIC, the reason being
that for grid networks the single-objective L is slightly better than D, and this
slight advantage adds up when solving several single-objective problems in the
dichotomic approach. For grid networks phase 1 is solved in less than one
second by LDIC and DDIC and their run-times are fairly similar. We choose
DDIC as best phase 1 approach for all network types.

For phase 2 we investigate biobjective label correcting (LCOR) and biobjec-
tive label setting (LSET) and also the usage of a near shortest path algorithm,
one variety using single-objective label correcting to initialize shortest paths
(NSP) and the other using Dijkstra’s algorithm (NSPD). For results, refer to
Figures 24 - 26 and Table 13.

The run-times in phase 2 for grid networks show, that LCOR performs
better than LSET. For road networks, however, LSET is better than LCOR.
For NetMaker instances, all run-times of both LCOR and LSET are less than
0.01 seconds. The advantage of the two phase method becomes apparent here,
as pure LSET performs very poorly for almost all NetMaker networks. Utilized
in phase 2, however, LSET is a very successfull approach.

Similar to Section 5.2.2, NSPD outperforms NSP. We can also see the benefit
of the two phase method again – despite the bad performance of NSP and NSPD
for grid networks in Section 5.2.2, the two phase method with NSP and NSPD
in phase 2 finishes quickly for most grid instances, with only few timeouts.
Here, NSP is slightly better than NSPD.

We choose LCOR and LSET as best phase 2 approaches. For grid networks,
LCOR and LSET are not always the best approaches but reasonably fast and
more reliable as there are no extreme run-times as happens for NSP for instances
with a large number of efficient solutions.

5.2.4 Numerical Results – Comparing Best Approaches

We compare the best approaches as discussed in the previous sections, hence
we compare the following:

• biobjective label correcting (LCOR),

• biobjective label setting (LSET),

• near shortest path (NSPD),

• the two phase method with initialization D, phase 1 DDIC, and phase 2
LCOR (2LCOR).

• the two phase method with initialization D, phase 1 DDIC, and phase 2
LSET (2LSET).
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Figure 9: best approach - grid networks; 0.001 represents runtime < 0.01

Figure 10: best approach - NetMaker networks; 0.001 represents runtime < 0.01

We do not investigate the performance of the pure near shortest path algo-
rithm for grid networks as they performed badly as shown in the last Section.

• Grid networks (Figure 9 and Table 5): Both LCOR and 2LCOR perform
quite well, and LCOR is the best solution approach for grid networks.
With increasing number of efficient solutions the run-time of the different
approaches increases in a similar way, this can be observed for problems
G15-G33. G15 is very high and thin, then the instances decrease in height
but increase in width. As the instances grow in width, the problems
contain more and more efficient solutions. Other examples of instances
with lots of efficient solutions are large instances such as G9, G11, and
G14. As mentioned above, the run-time of NSP for grid networks was not
investigated as most instances were stopped after 3600 seconds.

• NetMaker networks (Figure 10 and Table 6): NSPD and both two phase
approaches (2LCOR and 2LSET) show similar very good performance
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Figure 11: best approach - road networks; 0.001 represents runtime < 0.01

Table 5: final results for grid networks, run-time in seconds
LCOR LSET 2LCOR 2LSET |ZN | LCOR LSET 2LCOR 2LSET |ZN |

G01 0.01 0.01 0.02 0.02 37 G15 0.00 0.01 0.01 0.01 6
G02 0.05 0.05 0.06 0.05 80 G16 0.01 0.01 0.01 0.01 6
G03 0.21 0.53 0.27 0.49 124 G17 0.01 0.01 0.01 0.01 10
G04 0.07 0.10 0.08 0.10 46 G18 0.01 0.02 0.02 0.02 15
G05 3.14 16.19 3.78 15.49 290 G19 0.03 0.04 0.03 0.03 18
G06 0.15 0.44 0.18 0.34 44 G20 0.04 0.07 0.05 0.07 32
G07 2.62 11.21 2.83 9.83 149 G21 0.06 0.10 0.08 0.11 54
G08 1.00 5.04 1.22 4.53 122 G22 0.08 0.15 0.10 0.12 53
G09 6.93 32.86 7.77 30.52 247 G23 0.11 0.22 0.13 0.20 77
G10 1.54 6.99 1.63 5.85 132 G24 0.18 0.53 0.20 0.44 93
G11 5.82 35.01 6.17 30.24 204 G25 0.18 0.46 0.21 0.39 95
G12 0.03 0.05 0.05 0.05 52 G26 0.22 0.62 0.27 0.57 93
G13 0.59 2.57 0.69 2.27 113 G27 0.32 1.25 0.41 1.16 137
G14 15.14 114.56 17.42 104.59 309 G28 0.62 2.41 0.76 2.23 209

G29 1.03 4.89 1.25 4.71 244
G30 2.54 10.98 2.97 10.87 371
G31 8.72 57.33 11.67 57.53 819
G32 18.10 153.97 26.22 154.35 1383
G33 20.85 183.93 28.27 184.17 1594
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Table 6: final results for NetMaker networks, run-time in seconds
LCOR LSET NSPD 2LCOR 2LSET |ZN | LCOR LSET NSPD 2LCOR 2LSET |ZN |

NM01a 21.64 173.16 0.01 0.00 0.01 6 NM11a 240.73 3260.00 0.02 0.02 0.02 6
NM01b 72.80 62.22 0.00 0.00 0.00 1 NM11b 1103.90 1486.70 0.01 0.01 0.01 2
NM01c 2.45 16.28 0.00 0.01 0.01 3 NM11c 325.31 3090.00 0.01 0.01 0.01 2
NM02a 16.76 160.79 0.00 0.01 0.01 8 NM12a 199.80 3519.00 0.02 0.02 0.02 6
NM02b 46.61 45.24 0.00 0.00 0.01 1 NM12b 1424.13 2935.00 0.02 0.01 0.02 4
NM02c 2.55 15.71 0.00 0.01 0.00 4 NM12c 330.86 3019.00 0.01 0.01 0.01 1
NM03a 4.33 28.00 0.00 0.01 0.01 9 NM13a 86.36 907.54 0.02 0.01 0.02 2
NM03b 7.10 3.65 0.00 0.00 0.00 2 NM13b 684.42 995.65 0.02 0.01 0.01 2
NM03c 0.55 1.44 0.01 0.00 0.01 2 NM13c 63.74 477.96 0.01 0.01 0.00 1
NM04a 8.81 58.77 0.00 0.01 0.01 15 NM14a 102.97 1137.95 0.02 0.04 0.03 17
NM04b 7.18 4.19 0.00 0.01 0.00 3 NM14b 517.02 541.96 0.02 0.01 0.01 2
NM04c 0.68 1.70 0.00 0.01 0.01 4 NM14c 74.44 444.82 0.01 0.02 0.02 4
NM05a 27.93 174.34 0.00 0.01 0.01 6 NM15a 312.65 2985.00 0.02 0.04 0.04 7
NM05b 14.68 4.80 0.00 0.01 0.01 3 NM15b 1467.20 1098.58 0.02 0.03 0.03 3
NM05c 1.34 2.34 0.00 0.01 0.01 3 NM15c 96.33 580.16 0.02 0.03 0.03 3
NM06a 67.91 972.42 0.01 0.01 0.02 6 NM16a 432.66 - 0.03 0.04 0.05 5
NM06b 475.19 519.49 0.00 0.00 0.01 1 NM16b 1857.96 3407.00 0.02 0.02 0.02 3
NM06c 40.83 278.42 0.00 0.01 0.01 2 NM16c 1091.88 - 0.02 0.02 0.03 3
NM07a 71.74 857.47 0.01 0.01 0.01 5 NM17a 413.13 - 0.03 0.04 0.05 4
NM07b 257.42 439.81 0.00 0.01 0.01 3 NM17b 2080.91 - 0.02 0.01 0.01 1
NM07c 36.79 298.43 0.01 0.01 0.01 3 NM17c 1085.21 - 0.01 0.01 0.02 1
NM08a 37.39 294.95 0.01 0.01 0.00 3 NM18a 193.88 1697.10 0.03 0.03 0.04 7
NM08b 107.48 80.70 0.01 0.01 0.00 2 NM18b 892.60 1374.62 0.02 0.02 0.02 3
NM08c 9.85 41.12 0.00 0.01 0.01 3 NM18c 204.35 2005.44 0.02 0.01 0.01 1
NM09a 26.91 230.66 0.01 0.02 0.02 7 NM19a 99.37 854.51 0.03 0.02 0.01 4
NM09b 196.27 148.19 0.01 0.01 0.01 1 NM19b 1478.49 2278.00 0.02 0.01 0.01 2
NM09c 8.55 43.45 0.01 0.01 0.01 3 NM19c 204.50 1958.59 0.02 0.01 0.01 1
NM10a 165.92 1262.47 0.02 0.02 0.02 6 NM20a 881.79 - 0.06 0.05 0.05 5
NM10b 213.73 120.94 0.01 0.02 0.04 6 NM20b 1842.54 1647.66 0.04 0.03 0.03 3
NM10c 11.01 51.73 0.01 0.01 0.01 4 NM20c 341.01 2614.00 0.04 0.03 0.03 3

Table 7: final results for road networks, run-time in seconds
LCOR LSET NSPD 2LCOR 2LSET |ZN | LCOR LSET NSPD 2LCOR 2LSET |ZN |

DC1 0.16 0.08 0.01 0.09 0.06 2 RI6 11.03 2.44 2.36 8.28 2.09 3
DC2 0.24 0.14 0.16 0.03 0.02 6 RI7 4.27 1.89 0.07 1.99 1.15 3
DC3 0.40 0.18 0.01 0.01 0.01 3 RI8 5.83 0.97 0.07 1.59 0.53 4
DC4 0.21 0.10 0.01 0.04 0.03 2 RI9 9.43 4.10 53.89 0.54 0.47 22
DC5 0.26 0.07 0.00 0.00 0.00 1 NJ1 19.77 7.53 0.26 0.74 0.41 2
DC6 0.15 0.05 0.03 0.11 0.05 7 NJ2 32.47 20.61 0.85 1.36 1.28 6
DC7 0.31 0.13 0.01 0.02 0.02 2 NJ3 23.70 13.13 1.10 8.03 6.77 21
DC8 0.13 0.04 0.00 0.00 0.01 1 NJ4 29.48 19.20 0.39 1.07 0.88 5
DC9 0.45 0.26 0.09 0.04 0.05 6 NJ5 16.42 7.18 - 4.91 3.45 7
RI1 1.54 0.34 0.09 0.10 0.10 3 NJ6 62.41 66.33 - 13.52 14.43 12
RI2 7.74 1.97 71.80 2.21 1.06 15 NJ7 24.66 6.30 3.02 1.88 1.39 6
RI3 0.77 0.24 0.05 0.13 0.09 2 NJ8 11.76 5.07 0.65 6.50 3.84 13
RI4 2.68 0.99 0.82 0.73 0.58 17 NJ9 53.44 32.35 - 39.07 29.00 24
RI5 5.48 3.22 794.01 0.80 0.77 16

dash (-): run time exceeds 3600 seconds
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Table 8: Best approaches for different network types.
type best second best

grid LCOR 2LCOR
NetMaker 2LCOR, 2LSET, and NSPD -
road 2LSET 2LCOR

with run-times well under 1 second. LCOR and LSET on the other hand
are significantly worse with an average run-time of 368 and 1205 seconds
and a minimum run-time of 0.55 and 1.44 seconds. It should be noted
that this is the only network type where the pure NSPD approach does
not have a high variance in runtime (on the instances we tested). We
cannot relate the number of solutions to the run-time of an approach,
compared to grid networks there are not many efficient solutions at all.
It appears that increasing problem size does not significantly increase the
run-time of 2LCOR, 2LSET, or NSPD, run-times of NM16-NM20 are not
much longer than of NM11-NM15 for example.

• Road networks (Figure 11 and Table 7): The two phase method (2LCOR
and 2LSET) is clearly the best approach, with run-times less than LCOR
and LSET. This shows again the strength of the two phase method as
phase 1 restricts the area to be enumerated by LCOR in phase 2. Among
the two phase approaches, 2LSET performs best. NSPD performs very
well for some instances (in fact better than 2LCOR and 2LSET), but
its performance is very bad for others such as RI2, RI5, RI9, NJ5, NJ6,
and NJ9. This illustrates that small variations in the problem such as
the selection of source and target node may significantly complicate a
problem.

Again, there are not many efficient solutions compared to grid networks.
The number of efficient solutions and problem size do not influence the
run-time in an obvious way – other factors, such as distance between
source and target node and how branched the roads between source and
target are, play an important role as well. For example, run-times for
2LSET and the biggest road network, NJ, vary from 0.41 to 29.00 with
an average of 6.83.

In Table 8 the best approaches for the different network types are listed.

6 Conclusion

We are able to show that the two phase method is competitive with other com-
monly applied approaches to solve the BSP problem. The two phase method
works well with both a ranking, a label correcting, and a label setting ap-
proach in phase 2, but the label correcting and setting approaches appear to
be preferable as they are more stable. The purely enumerative near shortest
path approach is a very successful approach to solve some problem instances,
but the run time on others is very long.
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We illustrate all this on various test instances. It also becomes clear that
it depends a lot on the network type which approach performs best, and even
small variations on the network may have a high impact on performance.

An area of future research is the generation of test instances. It is difficult
to randomly generate networks with a high number of efficient solutions; we
were unable to obtain high numbers of efficient solutions in networks without
a grid structure.

Speedups of biobjective label correcting and label setting should be inves-
tigated in the future. For single-objective shortest path problems, the efficient
utilization of data structures did provide significant speedups and similar im-
provements may be obtained for BSP problems.
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A Tables and Figures from Section 5

Table 9: biobjective labelling with LCOR and LSET, run-time in seconds
LCOR LSET LCOR LSET LCOR LSET

G01 0.01 0.01 DC8 0.13 0.04 NM07c 36.79 298.43
G02 0.05 0.05 DC9 0.45 0.26 NM08a 37.39 294.95
G03 0.21 0.53 RI1 1.54 0.34 NM08b 107.48 80.70
G04 0.07 0.10 RI2 7.74 1.97 NM08c 9.85 41.12
G05 3.14 16.19 RI3 0.77 0.24 NM09a 26.91 230.66
G06 0.15 0.44 RI4 2.68 0.99 NM09b 196.27 148.19
G07 2.62 11.21 RI5 5.48 3.22 NM09c 8.55 43.45
G08 1.00 5.04 RI6 11.03 2.44 NM10a 165.92 1262.47
G09 6.93 32.86 RI7 4.27 1.89 NM10b 213.73 120.94
G10 1.54 6.99 RI8 5.83 0.97 NM10c 11.01 51.73
G11 5.82 35.01 RI9 9.43 4.10 NM11a 240.73 3260.00
G12 0.03 0.05 NJ1 19.77 7.53 NM11b 1103.90 1486.70
G13 0.59 2.57 NJ2 32.47 20.61 NM11c 325.31 3090.00
G14 15.14 114.56 NJ3 23.70 13.13 NM12a 199.80 3519.00
G15 0.00 0.01 NJ4 29.48 19.20 NM12b 1424.13 2935.00
G16 0.01 0.01 NJ5 16.42 7.18 NM12c 330.86 3019.00
G17 0.01 0.01 NJ6 62.41 66.33 NM13a 86.36 907.54
G18 0.01 0.02 NJ7 24.66 6.30 NM13b 684.42 995.65
G19 0.03 0.04 NJ8 11.76 5.07 NM13c 63.74 477.96
G20 0.04 0.07 NJ9 53.44 32.35 NM14a 102.97 1137.95
G21 0.06 0.10 NM01a 21.64 173.16 NM14b 517.02 541.96
G22 0.08 0.15 NM01b 72.80 62.22 NM14c 74.44 444.82
G23 0.11 0.22 NM01c 2.45 16.28 NM15a 312.65 2985.00
G24 0.18 0.53 NM02a 16.76 160.79 NM15b 1467.20 1098.58
G25 0.18 0.46 NM02b 46.61 45.24 NM15c 96.33 580.16
G26 0.22 0.62 NM02c 2.55 15.71 NM16a 432.66 -
G27 0.32 1.25 NM03a 4.33 28.00 NM16b 1857.96 3407.00
G28 0.62 2.41 NM03b 7.10 3.65 NM16c 1091.88 -
G29 1.03 4.89 NM03c 0.55 1.44 NM17a 413.13 -
G30 2.54 10.98 NM04a 8.81 58.77 NM17b 2080.91 -
G31 8.72 57.33 NM04b 7.18 4.19 NM17c 1085.21 -
G32 18.10 153.97 NM04c 0.68 1.70 NM18a 193.88 1697.10
G33 20.85 183.93 NM05a 27.93 174.34 NM18b 892.60 1374.62
DC1 0.16 0.08 NM05b 14.68 4.80 NM18c 204.35 2005.44
DC2 0.24 0.14 NM05c 1.34 2.34 NM19a 99.37 854.51
DC3 0.40 0.18 NM06a 67.91 972.42 NM19b 1478.49 2278.00
DC4 0.21 0.10 NM06b 475.19 519.49 NM19c 204.50 1958.59
DC5 0.26 0.07 NM06c 40.83 278.42 NM20a 881.79 -
DC6 0.15 0.05 NM07a 71.74 857.47 NM20b 1842.54 1647.66
DC7 0.31 0.13 NM07b 257.42 439.81 NM20c 341.01 2614.00

dash (-): run time exceeds 3600 seconds
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Figure 12: LCOR vs LSET - grid networks; 0.001 represents runtime < 0.01

Figure 13: LCOR vs LSET - NetMaker networks

Figure 14: LCOR vs LSET - road networks
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Table 10: enumeration with NSP and NSPD, run-time in seconds
NSP NSPD NSP NSPD NSP NSPD

G01 - - DC8 0.00 0.00 NM07c 0.01 3.82
G02 - - DC9 0.09 0.12 NM08a 0.01 0.08
G03 - - RI1 0.09 0.11 NM08b 0.01 0.80
G04 - - RI2 71.80 72.25 NM08c 0.00 2.34
G05 - - RI3 0.05 0.17 NM09a 0.01 0.04
G06 - - RI4 0.82 0.86 NM09b 0.01 0.00
G07 - - RI5 794.01 806.67 NM09c 0.01 1.59
G08 - - RI6 2.36 2.45 NM10a 0.02 0.16
G09 - - RI7 0.07 0.20 NM10b 0.01 2.24
G10 - - RI8 0.07 0.15 NM10c 0.01 2.54
G11 - - RI9 53.89 55.20 NM11a 0.02 0.21
G12 - - NJ1 0.26 0.82 NM11b 0.01 1.84
G13 - - NJ2 0.85 0.87 NM11c 0.01 9.38
G14 - - NJ3 1.10 1.39 NM12a 0.02 0.18
G15 0.01 0.01 NJ4 0.39 0.55 NM12b 0.02 3.89
G16 0.00 0.01 NJ5 - - NM12c 0.01 0.01
G17 0.00 0.01 NJ6 - - NM13a 0.02 0.16
G18 0.03 0.03 NJ7 3.02 2.84 NM13b 0.02 1.74
G19 0.79 0.79 NJ8 0.65 0.84 NM13c 0.01 0.01
G20 - - NJ9 - - NM14a 0.02 0.10
G21 - - NM01a 0.01 0.02 NM14b 0.02 2.89
G22 - - NM01b 0.00 0.00 NM14c 0.01 26.61
G23 - - NM01c 0.00 0.12 NM15a 0.02 0.75
G24 - - NM02a 0.00 0.03 NM15b 0.02 6.85
G25 - - NM02b 0.00 0.00 NM15c 0.02 119.67
G26 - - NM02c 0.00 0.85 NM16a 0.03 0.49
G27 - - NM03a 0.00 0.02 NM16b 0.02 4.19
G28 - - NM03b 0.00 0.14 NM16c 0.02 86.09
G29 - - NM03c 0.01 0.11 NM17a 0.03 0.40
G30 - - NM04a 0.00 0.02 NM17b 0.02 0.02
G31 - - NM04b 0.00 0.12 NM17c 0.01 0.01
G32 - - NM04c 0.00 0.06 NM18a 0.03 0.27
G33 - - NM05a 0.00 0.08 NM18b 0.02 5.62
DC1 0.01 0.05 NM05b 0.00 0.56 NM18c 0.02 0.01
DC2 0.16 0.16 NM05c 0.00 1.04 NM19a 0.03 0.37
DC3 0.01 0.04 NM06a 0.01 0.07 NM19b 0.02 2.23
DC4 0.01 0.01 NM06b 0.00 0.00 NM19c 0.02 0.01
DC5 0.00 0.00 NM06c 0.00 3.19 NM20a 0.06 0.96
DC6 0.03 0.06 NM07a 0.01 0.06 NM20b 0.04 23.45
DC7 0.01 0.05 NM07b 0.00 0.40 NM20c 0.04 255.35

dash (-): run time exceeds 3600 seconds
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Figure 15: NSP vs NSPD - grid networks; 0.001 represents runtime < 0.01

Figure 16: NSP vs NSPD - NetMaker networks; 0.001 represents runtime < 0.01

Figure 17: NSP vs NSPD - road networks; 0.001 represents runtime < 0.01
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Table 11: initialization, run-time in seconds
L D L D L D

G1 0.00 0.00 DC8 0.06 0.00 NM7c 4.58 0.00
G2 0.00 0.00 DC9 0.04 0.00 NM8a 0.08 0.00
G3 0.00 0.00 RI1 0.13 0.02 NM8b 0.26 0.01
G4 0.00 0.00 RI2 0.20 0.03 NM8c 3.58 0.01
G5 0.00 0.00 RI3 0.11 0.03 NM9a 0.07 0.00
G6 0.01 0.01 RI4 0.23 0.02 NM9b 0.26 0.01
G7 0.01 0.00 RI5 0.21 0.02 NM9c 19.38 0.00
G8 0.00 0.00 RI6 0.14 0.02 NM10a 0.47 0.01
G9 0.00 0.01 RI7 0.16 0.03 NM10b 0.71 0.00

G10 0.01 0.00 RI8 0.15 0.03 NM10c 3.60 0.01
G11 0.01 0.01 RI9 0.17 0.02 NM11a 0.38 0.01
G12 0.01 0.00 NJ1 0.78 0.20 NM11b 3.77 0.01
G13 0.00 0.00 NJ2 0.92 0.20 NM11c 153.64 0.01
G14 0.01 0.01 NJ3 0.85 0.21 NM12a 0.49 0.01
G15 0.01 0.01 NJ4 0.90 0.19 NM12b 3.50 0.01
G16 0.00 0.01 NJ5 0.87 0.20 NM12c 799.07 0.00
G17 0.01 0.00 NJ6 0.95 0.21 NM13a 0.21 0.01
G18 0.00 0.00 NJ7 0.89 0.22 NM13b 0.88 0.01
G19 0.00 0.00 NJ8 0.85 0.21 NM13c 38.43 0.01
G20 0.00 0.00 NJ9 0.77 0.22 NM14a 0.29 0.01
G21 0.00 0.01 NM1a 0.05 0.01 NM14b 0.97 0.01
G22 0.00 0.00 NM1b 0.21 0.00 NM14c 18.04 0.01
G23 0.01 0.01 NM1c 3.95 0.00 NM15a 0.81 0.01
G24 0.00 0.01 NM2a 0.04 0.00 NM15b 2.30 0.01
G25 0.00 0.00 NM2b 0.18 0.00 NM15c 91.25 0.01
G26 0.00 0.00 NM2c 1.02 0.00 NM16a 0.57 0.01
G27 0.00 0.00 NM3a 0.02 0.00 NM16b 2.89 0.02
G28 0.00 0.01 NM3b 0.07 0.00 NM16c 790.97 0.01
G29 0.00 0.00 NM3c 0.25 0.00 NM17a 0.75 0.02
G30 0.00 0.00 NM4a 0.03 0.00 NM17b 4.05 0.01
G31 0.00 0.00 NM4b 0.08 0.01 NM17c - 0.01
G32 0.00 0.00 NM4c 0.19 0.00 NM18a 0.41 0.02
G33 0.00 0.00 NM5a 0.10 0.00 NM18b 2.33 0.02
DC1 0.06 0.00 NM5b 0.18 0.00 NM18c 69.75 0.01
DC2 0.09 0.00 NM5c 1.66 0.00 NM19a 0.48 0.01
DC3 0.03 0.00 NM6a 0.20 0.01 NM19b 1.83 0.01
DC4 0.02 0.00 NM6b 0.55 0.00 NM19c 407.42 0.01
DC5 0.05 0.00 NM6c 6.79 0.01 NM20a 1.79 0.02
DC6 0.06 0.00 NM7a 0.15 0.01 NM20b 7.03 0.02
DC7 0.03 0.00 NM7b 1.30 0.00 NM20c 204.62 0.02

dash (-): run time exceeds 3600 seconds
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Figure 18: initialization - grid networks; 0.001 represents runtime < 0.01

Figure 19: initialization - NetMaker networks; 0.001 represents runtime < 0.01

Figure 20: initialization - road networks; 0.001 represents runtime < 0.01
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Table 12: phase 1, run-time in seconds
SPAR LDIC DDIC SPAR LDIC DDIC

G1 0.05 0.00 0.00 NM1a 5.18 0.15 0.00
G2 0.10 0.01 0.01 NM1b 2.72 NA NA
G3 0.98 0.02 0.04 NM1c 1.61 1.42 0.01
G4 0.92 0.01 0.02 NM2a 5.56 0.11 0.01
G5 5.46 0.07 0.12 NM2b 3.08 NA NA
G6 4.98 0.02 0.02 NM2c 1.64 0.98 0.00
G7 13.37 0.07 0.11 NM3a 5.72 0.07 0.00
G8 15.26 0.08 0.12 NM3b 2.72 0.06 0.00
G9 32.34 0.12 0.18 NM3c 2.10 0.11 0.00

G10 32.64 0.09 0.13 NM4a 7.20 0.06 0.01
G11 82.92 0.18 0.28 NM4b 2.86 0.56 0.00
G12 0.28 0.00 0.01 NM4c 2.34 0.20 0.00
G13 5.05 0.03 0.06 NM5a 20.16 0.17 0.00
G14 164.62 0.38 0.60 NM5b 9.05 0.88 0.00
G15 0.48 0.00 0.00 NM5c 7.40 1.40 0.00
G16 0.65 0.00 0.00 NM6a 32.84 0.38 0.01
G17 0.77 0.01 0.00 NM6b 20.28 NA NA
G18 0.92 0.01 0.01 NM6c 8.95 0.98 0.00
G19 1.04 0.01 0.00 NM7a 34.30 0.44 0.01
G20 1.12 0.00 0.02 NM7b 20.90 1.44 0.00
G21 1.15 0.00 0.02 NM7c 9.34 2.01 0.01
G22 1.13 0.02 0.02 NM8a 39.22 0.04 0.00
G23 1.15 0.01 0.01 NM8b 21.54 0.34 0.00
G24 1.24 0.02 0.02 NM8c 12.14 1.25 0.00
G25 1.13 0.02 0.03 NM9a 37.90 0.30 0.02
G26 1.19 0.02 0.03 NM9b 23.43 NA NA
G27 1.18 0.02 0.04 NM9c 13.05 8.03 0.00
G28 1.19 0.03 0.04 NM10a 139.21 0.46 0.01
G29 1.12 0.02 0.05 NM10b 73.85 5.24 0.02
G30 1.14 0.05 0.08 NM10c 45.56 2.80 0.01
G31 0.92 0.08 0.14 NM11a 170.45 0.41 0.02
G32 0.66 0.10 0.19 NM11b 103.98 3.50 0.00
G33 0.30 0.09 0.19 NM11c 44.62 5.66 0.00
DC1 1.86 0.04 0.01 NM12a 174.00 0.47 0.02
DC2 1.52 0.10 0.02 NM12b 119.01 5.32 0.00
DC3 1.72 0.02 0.00 NM12c 45.70 NA NA
DC4 1.64 0.01 0.01 NM13a 193.63 0.08 0.00
DC5 1.33 NA NA NM13b 138.57 0.76 0.00
DC6 1.82 0.12 0.01 NM13c 62.62 NA NA
DC7 1.50 0.02 0.00 NM14a 202.46 0.75 0.03
DC8 1.76 NA NA NM14b 124.53 1.54 0.00
DC9 1.55 0.06 0.02 NM14c 62.50 11.00 0.01
RI1 48.88 0.10 0.06 NM15a 541.43 1.69 0.04
RI2 44.46 1.52 0.52 NM15b 328.52 13.80 0.02
RI3 48.03 0.07 0.02 NM15c 190.96 41.24 0.02
RI4 54.60 1.03 0.34 NM16a 398.40 1.26 0.04
RI5 53.34 0.89 0.42 NM16b 243.50 2.15 0.01
RI6 49.70 0.18 0.15 NM16c 107.48 192.37 0.02
RI7 51.27 0.28 0.11 NM17a 408.82 1.58 0.04
RI8 47.44 0.08 0.05 NM17b 264.65 NA NA
RI9 47.88 0.66 0.31 NM17c 108.63 NA NA
NJ1 2439.00 0.42 0.09 NM18a 490.24 0.68 0.02
NJ2 2443.50 2.66 1.08 NM18b 324.76 3.48 0.00
NJ3 2491.00 3.00 1.17 NM18c 151.72 NA NA
NJ4 2450.50 1.24 0.42 NM19a 484.05 0.22 0.00
NJ5 2583.50 3.16 2.13 NM19b 325.62 2.06 0.00
NJ6 2389.00 4.88 2.64 NM19c 157.09 NA NA
NJ7 2617.00 2.26 1.06 NM20a 1283.35 2.62 0.03
NJ8 2686.00 3.08 1.36 NM20b 778.32 5.58 0.01
NJ9 2602.50 3.28 2.30 NM20c 434.38 26.24 0.01

NA: no need to run phase 1, as there is only one efficient solution, which is detected after

initialization.
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Figure 21: phase 1 - grid networks

Figure 22: phase 1 - NetMaker networks

Figure 23: phase 1 - road networks
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Table 13: phase 2, run-time in seconds
LCOR LSET NSPD NSP LCOR LSET NSPD NSP

G01 0.02 0.02 0.00 0.01 NM01a 0.00 0.00 0.01 0.09
G02 0.05 0.04 0.01 0.01 NM01b NA NA NA NA
G03 0.23 0.45 0.07 0.07 NM01c 0.00 0.00 0.00 0.19
G04 0.07 0.08 0.01 0.00 NM02a 0.00 0.00 0.00 0.10
G05 3.67 15.37 15.52 15.57 NM02b NA NA NA NA
G06 0.15 0.31 0.02 0.01 NM02c 0.00 0.00 0.00 0.26
G07 2.72 9.71 99.98 99.46 NM03a 0.00 0.00 0.00 0.06
G08 1.11 4.42 0.17 0.15 NM03b 0.00 0.00 0.00 0.00
G09 7.59 30.34 328.95 330.37 NM03c 0.00 0.00 0.00 0.00
G10 1.52 5.73 0.20 0.18 NM04a 0.00 0.00 0.01 0.09
G11 5.91 29.99 1.52 1.43 NM04b 0.00 0.00 0.00 0.23
G12 0.04 0.04 0.01 0.01 NM04c 0.00 0.00 0.00 0.07
G13 0.63 2.21 0.22 0.21 NM05a 0.00 0.00 0.01 0.21
G14 16.85 104.03 163.46 164.91 NM05b 0.00 0.00 0.00 0.00
G15 0.00 0.00 0.00 0.00 NM05c 0.00 0.00 0.00 1.00
G16 0.00 0.00 0.00 0.00 NM06a 0.00 0.00 0.01 0.20
G17 0.00 0.00 0.00 0.00 NM06b NA NA NA NA
G18 0.01 0.01 0.01 0.00 NM06c 0.00 0.00 0.00 2.84
G19 0.02 0.02 0.01 0.01 NM07a 0.00 0.00 0.01 0.15
G20 0.03 0.05 0.00 0.01 NM07b 0.00 0.00 0.00 0.90
G21 0.06 0.09 0.01 0.00 NM07c 0.00 0.00 0.00 0.00
G22 0.08 0.10 0.02 0.02 NM08a 0.00 0.00 0.00 0.06
G23 0.11 0.18 0.03 0.02 NM08b 0.00 0.00 0.00 0.73
G24 0.18 0.41 0.08 0.08 NM08c 0.00 0.00 0.00 2.01
G25 0.19 0.37 0.59 0.58 NM09a 0.00 0.00 0.01 0.17
G26 0.24 0.54 0.16 0.15 NM09b NA NA NA NA
G27 0.37 1.12 0.50 0.49 NM09c 0.00 0.00 0.01 2.83
G28 0.71 2.18 - - NM10a 0.00 0.00 0.01 0.26
G29 1.19 4.66 3.06 3.04 NM10b 0.00 0.00 0.01 2.71
G30 2.88 10.79 2.97 2.97 NM10c 0.00 0.00 0.00 1.25
G31 11.53 57.39 185.81 186.44 NM11a 0.00 0.00 0.01 0.32
G32 26.03 154.16 - - NM11b 0.00 0.00 0.01 1.64
G33 28.08 183.98 - - NM11c 0.00 0.00 0.01 7.09
DC1 0.08 0.06 0.00 0.04 NM12a 0.00 0.00 0.02 0.42
DC2 0.01 0.00 0.07 0.09 NM12b 0.00 0.00 0.00 3.43
DC3 0.01 0.00 0.01 0.04 NM12c NA NA NA NA
DC4 0.04 0.03 0.01 0.01 NM13a 0.00 0.00 0.01 0.12
DC5 NA NA NA NA NM13b 0.00 0.00 0.00 1.46
DC6 0.10 0.03 0.01 0.06 NM13c NA NA NA NA
DC7 0.01 0.01 0.01 0.04 NM14a 0.00 0.00 0.02 0.38
DC8 NA NA NA NA NM14b 0.00 0.00 0.01 2.19
DC9 0.03 0.04 0.09 0.13 NM14c 0.00 0.00 0.01 63.27
RI1 0.02 0.02 0.06 0.09 NM15a 0.00 0.00 0.03 1.80
RI2 1.67 0.53 0.43 1.13 NM15b 0.00 0.00 0.00 0.00
RI3 0.10 0.05 0.01 0.12 NM15c 0.00 0.00 0.01 40.80
RI4 0.38 0.23 0.16 0.56 NM16a 0.00 0.00 0.03 1.29
RI5 0.37 0.36 0.32 0.60 NM16b 0.00 0.00 0.01 3.81
RI6 8.12 1.93 1.21 1.32 NM16c 0.00 0.00 0.00 0.00
RI7 1.86 1.02 0.07 0.29 NM17a 0.00 0.00 0.03 1.07
RI8 1.53 0.47 0.05 0.12 NM17b NA NA NA NA
RI9 0.22 0.15 74.38 87.16 NM17c NA NA NA NA
NJ1 0.50 0.17 0.11 0.66 NM18a 0.00 0.00 0.03 0.43
NJ2 0.14 0.08 0.67 1.59 NM18b 0.00 0.00 0.01 4.42
NJ3 6.73 5.49 0.69 2.25 NM18c NA NA NA NA
NJ4 0.52 0.32 0.33 0.82 NM19a 0.00 0.00 0.01 0.28
NJ5 2.67 1.23 - - NM19b 0.00 0.00 0.00 0.00
NJ6 10.78 11.70 1.46 2.60 NM19c NA NA NA NA
NJ7 0.73 0.28 0.71 1.36 NM20a 0.00 0.00 0.03 2.19
NJ8 5.09 2.44 0.71 2.04 NM20b 0.00 0.00 0.01 18.71
NJ9 36.71 26.69 - - NM20c 0.00 0.00 0.01 166.87

dash (-): run time exceeds 3600 seconds;

NA: no need to run phase 2, as there is only one efficient solution, which is detected after

initialization.
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Figure 24: phase 2 - grid networks; 0.001 represents runtime < 0.01

Figure 25: phase 2 - NetMaker networks; 0.001 represents runtime < 0.01

Figure 26: phase 2 - road networks; 0.001 represents runtime < 0.01
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