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Abstract

The well-known three-dimensional Lorenz system is classically studied via its reduction to

the one-dimensional Lorenz map, which captures the full behaviour of the dynamics of the

system. The reduction requires the existence of a stable foliation. We study a parameter

regime where this so-called foliation condition fails for the first time and, consequently, the

Lorenz map no longer accurately represents the dynamics of the full system. To this end,

we study how the three-dimensional phase space of the Lorenz system is organised by the

global invariant manifolds of saddle equilibria and saddle periodic orbits. Specifically, we

explain and define two phenomena, observed by Sparrow in the 1980’s. First, the so-called

‘half-swing’ of the one-dimensional stable manifolds W s(p±) of the secondary equilibria

p± from one side to the other. Secondly, the development of hooks in the Poincaré return

map that marks the loss of the foliation condition. To investigate both these phenomena,

we make extensive use of the continuation of orbit segments formulated by two-point

boundary value problems.

To explain the ‘half-swing’ we characterise geometrically a bifurcation in the α-limit of

W s(p±), which we call an α-flip. We accurately compute the parameter value at which

this first α-flip occurs and find many subsequent α-flips. In two parameters, we show

that each α-flip ends at a different codimension-two bifurcation point, called a T-point,

many of which have not been found before. In particular, we discuss the α-flip in the

context of the known bifurcation structure around the first T-point. To study the foliation

condition we calculate the intersection curves of the two-dimensional unstable manifold

W u(Γ) of a periodic orbit Γ with the classic Poincaré section. We identify when hooks

form in the Poincaré map as a point of tangency of W u(Γ) with the stable foliation.

Subsequent continuations show that this point lies on a curve through the first T-point in

two-parameter space, which provides a connection with the α-flip. Our approach allows

us to identify in a convenient way the region of existence of the classic Lorenz attractor

in two- and three-parameter space.
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The Quantum Weather Butterfly (Papilio tempestae) is an undistinguished

yellow colour, although the Mandelbrot patterns on the wings are of

considerable interest. Its outstanding feature is its ability to create weather.

This presumably began as a survival trait, since even an extremely hungry

bird would find itself inconvenienced by a nasty localized tornado. From there

it possibly became a secondary sexual characteristic, like the plumage of birds

or the throat sacs of certain frogs. Look at me, the male says, flapping his

wings lazily in the canopy of the rain forest. I may be an undistinguished

yellow colour but in a fortnight’s time, a thousand miles away, Freak Gales

Cause Road Chaos.

This is the butterfly of the storms.

It flaps its wings ...

– Terry Pratchett, Interesting Times
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1
Introduction

The emergence in the 1970’s of a paper written in 1963 by meteorologist called Edward

Lorenz had a big impact on the mathematics community. In it Lorenz detailed a system

that he had derived from a model of fluid convection based on the work of Saltzman,

which displayed some unusual behaviour [54, 55]. What Lorenz had discovered, quite by

accident, was chaos. Nowadays the Lorenz system is regarded as a paradigm example of

a chaotic system. It consists of the set of three non-linear coupled ordinary differential

equations 
ẋ = σ(y − x),

ẏ = ρx− y − xz,

ż = xy − βz.

(1.0.1)

It has the particular property that it is symmetric under a rotation by π around the

z-axis, that is, the flow is invariant under the transformation

(x, y, z) 7→ (−x,−y, z). (1.0.2)

It has three positive dimensionless parameters: the Rayleigh number ρ, the Prandtl

number σ, and the coupling strength β. Lorenz discovered that this relatively

simple-looking system exhibits sensitive dependence on initial conditions for the now

1
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classical parameter values of ρ = 28, σ = 10 and β = 8
3
[54, 70]. This means that

system (1.0.1) has a chaotic attractor, called the Lorenz attractor, at these parameter

values. The property of sensitivity on initial conditions has been popularised as the

butterfly effect; the idea that, if a butterfly flaps its wings in Chile, it can quickly alter

storm systems in New Zealand [33]. Because of this metaphor and its classic winged

shape, the Lorenz attractor is also known as the butterfly attractor. Lorenz-like chaotic

attractors have appeared in many other systems relating to real-world phenomena, such

as lasers [74] and chemical reactions [32], as well as purely theoretical studies [66, 68].

Because of its wide applicability, the Lorenz system continues to be of great interest to

the mathematical community.

1.1 Background and notation

We begin in the standard way, by considering the parameter dependence of the Lorenz

system by first keeping σ = 10 and β = 8
3
fixed and varying ρ [69]. The origin

0 = (0, 0, 0) is always an equilibrium, and it is stable for 0 < ρ < 1. At ρ = 1 the origin

undergoes a pitchfork bifurcation and becomes a saddle. More specifically, for ρ > 1 the

origin is hyperbolic and has two negative real eigenvalues λss and λs and a third positive

eigenvalue λu, where λss < λs < 0 < λu and the saddle value λs + λu > 0, so 0 is

expansive. The corresponding eigenvectors are vss, vs and vu, respectively.

The Stable Manifold Theorem [59] guarantees the existence of a two-dimensional stable

manifold W s(0) for ρ > 1, consisting of trajectories that tend to 0 in forward time, and

a one-dimensional unstable manifold W u(0), consisting of trajectories that tend to 0 in

backward time. At 0, the manifold W s(0) is tangent to the stable eigenspace Es(0), the

plane spanned by vss and vs, and W u(0) is tangent to the unstable eigenspace Eu(0)

spanned by the vector vu. The manifold W s(0) is invariant under the symmetry (1.0.2)

and the two sides of W u(0) map to one another. The stable manifold of the origin

W s(0) plays a significant role in organising the dynamics of the system, and it is called

the ‘Lorenz manifold’.

The Lorenz manifold is a global invariant object in three-dimensional phase space.

There are no simple formulae to compute it and, therefore, advanced numerical

techniques must be used. The first studies of the global structure of W s(0) and its

dependence on ρ were performed in the 1980’s by Perelló [60], Jackson [44, 45] and

Abraham and Shaw [1]. They created hand-drawn sketches of W s(0) based on their

solutions of initial value problems by numerical integration. More recently, the survey
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Figure 1.1: Increasingly larger pieces of the Lorenz manifold W s(0) for ρ = 28, σ = 10 and β = 8
3 ,

shown for |x| < 96 and |z| < 158. Each surface is computed as a family of orbit segments
with arclength Lmax = 20 (a), Lmax = 70 (b), Lmax = 100 (c) and Lmax = 150 (d).

paper [52] details different approaches for computing global stable (and unstable)

manifolds in vector fields, where the Lorenz manifold is used as the example throughout.

In this thesis we compute the Lorenz manifold as a one-parameter family of orbit

segments in the continuation package Auto and render the orbit segments as a surface

in Matlab. Figure 1.1 shows increasingly larger pieces of W s(0) for the classical

parameter values. Here, one end of each orbit segment is on Es(0) near 0 and each orbit

segment in a family has the same maximum arclength Lmax; see Chapter 4 for more

details. Locally W s(0) forms a disk around 0, which can be seen in panel (a) where

Lmax is small. Further away from 0, as Lmax is larger, W s(0) spirals around the

secondary equilibria p± shown in panel (b) and forms a helical structure around the

z-axis as shown in panels (c) and (d).

As already discussed in Figure 1.1, system (1.0.1) has a pair of secondary equilibria

p± = (±
√
β(ρ− 1), ±

√
β(ρ− 1), ρ− 1),

which exist for ρ > 1 and are each other’s image under (1.0.2). These are initially

attractors with real eigenvalues below ρ ≈ 1.3456 and a pair of complex conjugate

eigenvalues and one real eigenvalue µss above this value. Therefore, p± have a

one-dimensional strong stable manifolds W ss(p±) tangent to the corresponding

eigenvectors wss.
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The equilibria p± undergo a Hopf bifurcation at

ρ = ρH =
σ(β + σ + 3)

σ − β − 1
, (1.1.1)

where ρH ≈ 24.7368 for σ = 10 and β = 8
3
. This Hopf bifurcation is subcritical for β > 0

and σ > β + 1 [58]. For ρ > ρH the equilibria are saddle foci, each with a pair of

complex conjugate eigenvalues µu and µ̄u, which give rise to two-dimensional unstable

manifolds W u(p±). One real negative eigenvalue µs remains, now with corresponding

eigenvector ws and one-dimensional stable manifolds W s(p±). The saddle value

µs +Re(µu) is negative and so p± are locally contracting. The eigenvalues and

eigenvectors of the system can readily be calculated, for example, with Maple.

Stable manifolds cannot intersect by definition but can spiral around each other in phase

space. For example, at the classic parameter values W s(0) confines the one-dimensional

stable manifolds W s(p±) shown in Figure 1.1; see also Figure 2.2 in Chapter 2.

1.1.1 The route to chaos

The route to chaos and the birth of the Lorenz attractor for σ = 10 and β = 8
3
fixed and

0 < ρ ≤ 28 was originally explored in 1979 by Kaplan and Yorke [47] and, subsequently,

has been the subject of much study; see, for example, [10, 27, 29, 47, 62]. In 1977

Afraimovich, Bykov and Shilnikov independently studied the analogous situation for β

and ρ fixed at the classic values and 0 < σ < 10 [2]. Recently, the use of two-point

boundary value problems and continuation for the study of the stable and unstable

manifolds of (1.0.1) has revealed the geometric mechanisms in the full three-dimensional

phase space of (1.0.1) that are behind the transition to chaotic dynamics. We briefly

explain the main bifurcations and refer to their exact characterisation in [25, 28] and

references therein.

The stages of the route to chaos are summarised in the bifurcation diagram shown in

Figure 1.2; similar bifurcation diagrams can be found in [15, 25, 28, 69]. In Figure 1.2,

the symbol P denotes the pitchfork bifurcation at ρ = 1, which gives rise to the only two

attractors, equilibria p±. The next bifurcation of interest is a homoclinic bifurcation of 0

where W u(0) is contained in W s(0), it is labelled hom and occurs at ρ ≈ 13.9266. This

generates a chaotic saddle S containing infinitely many saddle periodic orbits; this

bifurcation is also called the ‘homoclinic explosion’. The bifurcation hom creates the

periodic orbit Γ+, which loops once around p+, and its symmetric counterpart Γ−, which
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Figure 1.2: Bifurcation diagram of 0 and p± for fixed σ = 10 and β = 8
3 . The symbol P denotes the

pitchfork bifurcation at ρ = 1. The periodic orbits Γ± exist between the Hopf bifurcation H
at ρ ≈ 24.7368 and homoclinic explosion hom at ρ ≈ 13.9266. The heteroclinic connection
between Wu(0) and Γ± labelled EtoP occurs at ρ ≈ 24.0579.

loops once around p−. Each periodic orbit Γ± has a two-dimensional stable manifold

W s(Γ±) and a two-dimensional unstable manifold W u(Γ±). A heteroclinic connection

from 0 to Γ± forms when W u(0) is contained in W s(Γ±) at ρ = 24.0579; we call this an

EtoP connection as it is between an equilibrium and a periodic orbit. The parameter

interval between the hom bifurcation and EtoP connection was named the ‘preturbulent’

regime by Kaplan and York [46, 47]. In this regime the equilibria p± remain the only

attractors but trajectories with arbitrarily long chaotic transients can be found. The

EtoP bifurcation creates the Lorenz attractor [2, 47, 63]. The Lorenz attractor coexists

with the attractors p± in the region EtoP < ρ < ρH, until the stability of p± changes at

the Hopf bifurcation. The periodic orbits created in the homoclinic explosion, except

Γ±, persist through the Hopf bifurcation and there are infinitely many saddle periodic

orbits in the chaotic attractor [54, 73].

Doedel, Krauskopf and Osinga consider the role of the global stable and unstable

manifolds of the equilibria and periodic orbits in the Lorenz system in the transition to

chaos. In [25] these authors consider the two-dimensional manifolds W s(0) and W u(p±)

and their intersections for a wide range of ρ values, including through the homoclinic

explosion and the preturbulent regime. Using advanced numerical techniques they find

512 heteroclinic connections between 0 and p± and continue each one in the parameter ρ

to find the values at which these orbits exist. In [27] they study the role of W s(0) and
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W s(Γ±) in the organisation of phase space through the transition to preturbulence and

then to chaos. They use a boundary value problem set-up to compute the intersection

curves of these three manifolds with a suitably large sphere SR with radius R. These

curves form boundaries of the basins of attraction for p±, which, in the transition to

chaos, undergo dramatic changes. As the parameter ρ increases towards the EtoP

connection the authors of [27] find that the three sets of intersection curves accumulate

on each other in a Cantor structure. Only W s(0) remains in the chaotic regime and is

dense in phase space due to the sensitivity on initial conditions [70]. Therefore, the

intersection curves of W s(0) with SR form a dense set.

1.1.2 Chaos in the Lorenz system

For the classical parameter values the only attractor of the Lorenz system is the Lorenz

attractor, which we call the classic Lorenz attractor and denote as L. The classic Lorenz

attractor L is an attracting set in the Lorenz system that consists of an infinite number

of two-dimensional surfaces, parametrised by a Cantor set, which are sewn together

along the unstable manifold of the origin W u(0) [2, 37]. The point 0 and W u(0) are

contained in L [2, 75]; indeed the first part of W u(0) forms a natural boundary of L.
Furthermore, L does not enter the region locally near p± and so has a ‘hole’ around each

equilibrium. Points on the stable manifolds of p± are the only points in phase space that

do not tend to L. The dynamics on L can be described by a semi-flow on a branched

two-manifold called the Lorenz template [37]. The Lorenz template can be thought of as

consisting of all points on all trajectories that lie arbitrarily close to the attractor after a

transient period [27]. A sketch of the Lorenz template was presented in Lorenz’s original

paper [54]. One of the most convenient ways of representing L is as the unstable

manifold of one of the periodic orbits that are within L. Figure 1.3 shows L represented

by the unstable manifold W u(Γrl) of the symmetric periodic orbit Γrl which is a

figure-eight that loops once around p+ and once around p−; representations of L are

discussed in Chapter 3.

The classic way of studying L is to reduce it from the three-dimensional system (1.0.1)

to a one-dimensional non-invertible map called the Lorenz map [37]. The first step is to

consider a Poincaré section Σρ, which is the plane defined by z = ρ− 1. The dynamics

of L can be described by a two-dimensional invertible Poincaré map defined on Σρ. The

section Σρ is foliated by stable and unstable foliations, each consisting of infinitely many

curve segments, or leaves, and the construction requires that the points in the Poincaré

map are projected along the leaves of the stable foliation; one speaks of the geometric
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Figure 1.3: The classic Lorenz attractor L for ρ = 28 represented by the unstable manifold Wu(Γrl)
(red) of the symmetric periodic orbit Γrl (yellow). The three equilibria are shown (black) as
is the unstable manifold of the origin Wu(0) (dark red).

Lorenz model [38]. The dynamics on L is accurately described by the geometric Lorenz

model provided the leaves of the stable foliation are locally transverse to L, map

injectively under the flow and the dynamics on the stable leaves is a contraction towards

L; this is called the ‘foliation condition’. Descriptions of the geometric Lorenz model

first appeared in 1976 by Guckenheimer [36] and independently in 1977 by Afraimovich,

Bykov and Shilnikov [2, 4] and further in 1979 by Guckenheimer and Williams [38] and

Williams [75]. Tucker proved in 1999 that the reduction of (1.0.1) to the geometric

Lorenz model is rigorous and the foliation condition holds for the classical parameter

values [70]; hence, the associated chaotic dynamics are described by the one-dimensional

Lorenz map.

Figure 1.4 shows L at the classic parameter values in panel (a) and the corresponding

graph of the Lorenz map in panel (b). The classic Lorenz attractor L is as in Figure 1.3

and is shown here with the Poincaré section Σρ and some curves of the stable foliation

in Σρ. The curves of the stable foliation shown in Figure 1.4 are the intersection curves

of the Lorenz manifold with the Poincaré section and were computed directly on Σρ;

details in Chapter 4. We denote the first intersection curve of W s(0) with Σρ by W s
1 (0).

Any point on W s
1 (0) will go directly to the origin and not return to Σρ. Therefore,
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Figure 1.4: Panel (a) shows the classic Lorenz attractor for ρ = 28 as in Figure 1.3 with the Poincaré
section Σρ (green) and some curves of the stable foliation (blue) computed as intersection
curves of W s(0) with Σρ; the first intersection curve is labelled W s

1 (0). Panel (b) shows the
one-dimensional Lorenz map with the vertical line of discontinuity at 0 due to W s

1 (0) (blue).

W s
1 (0) forms a line of discontinuity at 0 in the Lorenz map, it is shown in blue in panel

(b). The boundaries of the Lorenz map are ±a which map onto the x-component of p±.

1.1.3 Research questions

The majority of research on the Lorenz system focuses on the range ρ ≤ 28. By

contrast, for ρ > 28 much less is known and many open problems remain. This thesis is

about the dynamics of the Lorenz system near the loss of the foliation condition. We

focus on two research questions which are based on observations in the book by Sparrow

from 1982 [69]. The first is to explain the observation that the stable manifolds W s(p±)

of p± make a series of ‘half-swings’ around the z-axis as ρ is increased from its classic

value ρ = 28. The second is to find the moment of the loss of the foliation condition.

Sparrow computed W s(p±) for various values of ρ by means of initial value

computations and observed that W s(p±) undergo a sudden transition in terms of the

direction from which they approach p±. He described this phenomenon as a

“half-swing” around the z-axis; however, he could not find any of the stages of the

actual transition [69]. We call this “half-swing” an α-flip as this is a bifurcation in the

α-limits of W s(p±). We use a boundary value problem set up and pseudo-arclength
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continuation in Auto [26] to follow this sudden transition of W s(p±) as a continuous

family of orbit segments. In this way, we geometrically characterise and define the α-flip

to be the moment the α-limit of W s(p±) lies in the stable-unstable eigenspace of the

origin E = span(vs, vu). This plane is the correct choice because the change in the

α-limit set of W s(p±) is with respect to the compliment of E. This is a codimension-one

bifurcation at infinity and does not involve an invariant object in phase space. We also

investigate how the α-flip takes place relative to W s(0), which shows no apparent

topological change before or after the α-flip. We determine that the α-flip first happens

at ρ ≈ 29.7191, very close to, but below, the estimated value of loss of the foliation

condition. Once the problem is formulated as a two-point boundary value problem, our

approach allows for easy detection and subsequent two-parameter continuation of the

first and further α-flips. We illustrate this for the first 25 α-flips and find that they end

at terminal points, or T-points [6], where there is a heteroclinic connection from 0 to p±.

The behaviour of systems, including the Lorenz system, near T-points has been and still

is a subject of great interest. For general theory see, for example, the review

papers [43, 48] and the textbook [67]. There are three types of T-points with heteroclinic

connections between: firstly, two saddle equilibria with real eigenvalues [17]; secondly,

two saddle foci, also called a Bykov cycle [20]; and, thirdly, a saddle and a saddle

focus [18, 34]. This last type of T-point is found in the Lorenz system; more specifically,

the case where the saddle equilibrium is expansive (has positive saddle value) and the

saddle focus is contractive (has negative saddle value). T-points have been found to play

an important role in organising the chaotic dynamics of the Lorenz system globally. The

first T-point in the Lorenz system was found by Petrovskaya and Yudovich [61] in 1980,

and independently by Alsfen and Frøyland [6] in 1985 who identified a total of 14

T-points in the (ρ, β)-plane for 0 < β < 100, 0 < ρ < 10000 and σ = 10 fixed. The first

or principal T-point is the one that relates to the principal heteroclinic path, the most

basic connection from 0 straight to p± [6]. The principal T-point lies on the locus where

the foliation condition fails and the classic Lorenz attractor ceases to exist [22].

Approximate values of the position of a second T-point in the (ρ, σ)-plane are given by

Afraimovich, Bykov and Shilnikov [3] and Bykov [19]. A more recent investigation of

T-points in the (ρ, σ)-plane of (1.0.1) was performed by Barrio and Shilnikov [15], who

use kneading sequences of W u(0) to reveal intricate patterns with multiple spiral

structures around each T-point. In particular, they show the approximate locations of

five T-points in the range 0 < ρ < 400 and 0 < σ < 60. We find the first 25 T-points, for

increasing values of ρ and σ, many of which have not been found before, via the

continuation of the first 25 α-flips. We find scaling relations for these 25 T-points that

allow us to predict further T-points and to improve the efficiency of our computations.
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The bifurcation structure near a T-point has been studied theoretically by Bykov [18]

and independently by Glendinning and Sparrow [34]. Each T-point has a countably

infinite set of subsidiary T-points corresponding to the termination of related

heteroclinic orbits and Shilnikov homoclinic loops of the saddle foci [67]. They lie in a

region bounded by two curves, of the main homoclinic and the main heteroclinic

connections, respectively, which end at the initial T-point [6]. We investigate the

bifurcation structure around the principal T-point and it turns out that α-flips must

occur naturally near T-points; the details can be found in Section 2.3.1. In addition, at

the principal T-point the foliation condition has been lost because the equilibria p± are

part of the chaotic attractor. This leads to the suggestion that the first α-flip is a

precursor to the the loss of the foliation condition.

It is well known that for ρ well above 30 the geometric Lorenz model is not a strict

reduction of L [72]. Numerical investigations by Hénon and Pomeau [40, 41],

Sparrow [69], Bykov and Shilnikov [22] and, more recently, by Luzzatto and

Viana [56, 57], show that the two-dimensional return map appears to develop “hooks”,

which persist for large values of ρ. The corresponding one-dimensional Lorenz map

develops additional maxima and minima from the boundaries of the interval [−a, a] and

no longer faithfully represents the dynamics on the Lorenz attractor.

The only specific numerical estimate available for the precise ρ-value at which the

foliation condition is lost, for σ = 10 and β = 8
3
, was computed by Sparrow [69] as lying

in the interval ρ ∈ [30.1, 30.2]. He found this via the numerical integration of small

vectors on Σρ. A figure by Bykov and Shilnikov from 1989 [21] shows the locus in the

(ρ, σ)-plane along which the Poincaré map develops hooks; see also the translation from

1992 [22]. Although no precise values are given, the value for σ = 10 appears to be

ρ ≈ 31.0. Their sketch of the corresponding locus in the (ρ, σ)-plane is reproduced

in Figure 3.8(a). Bykov and Shilnikov identify this locus as a topological change of the

chaotic attractor of the Lorenz system, where it changes from L to a ‘non-orientable’ or

‘quasi-attractor’. A quasi-attractor is a complex limit set that contains a dense set of

stable periodic orbits with narrow basins of attraction [4, 66]. The quasi-attractor

contains infinitely many T-points and windows of stability related to the creation and

destruction of stable periodic orbits; hence, the dynamics in this region are far more

complicated.

To define the change between the two types of chaotic attractors Bykov and Shilnikov

consider the separatrix W u(0) at the boundary of the chaotic attractor [22]. Specifically

they use the concept of a ‘separatrix value’ A, which is a parameter of the Poincaré

return map; when the return map has a hook-shape A < 0 and A > 0 when it does not.
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Therefore, the locus at which A = 0 are the points that correspond to the onset of hooks

in the return map and a topological change in the chaotic attractor. Bykov and

Shilnikov in [22] estimate the value of A by determining a change in the orientation of

homoclinic orbits of 0. The manifold W s(0), when followed around a homoclinic loop of

W u(0), may form either an orientable surface, homeomorphic to a cylinder, or

non-orientable, homeomorphic to a Möbius band. An inclination flip is a

codimension-two bifurcation where the homoclinic orbit switches from being orientable

to being non-orientable [43], and it occurs when A = 0. Other computational details

are not given in [22]. In fact, these authors computed the change in orientation by

following a trajectory close to a homoclinic loop of W u(0) as it returns to a cross section

transverse to W s(0) close to 0 and checking on which side of the local stable manifold

the trajectory returns to this section [65]. Without a homoclinic orbit this technique can

be used to see on which side of the local stable manifold a trajectory returns, even

though this is not immediately related to an inclination flip. The cross section used by

Bykov and Shilnikov must be chosen carefully, especially near T-points [65]. This

technique effectively considers the direction of a vector as it returns to a section and,

consequently, it is similar in spirit to the approach taken by Sparrow [69]. However,

Sparrow used the classic Poincaré section Σρ, which may explain the considerable

difference between his ρ-value and the one obtained by Bykov and Shilnikov.

Dullin, Schmidt, Richter and Grossmann show “final state diagrams” of the (ρ, σ)-plane

for 0 < ρ < 2000 and 0 < σ < 2000 for β = 8
3
[29]. These diagrams are coloured

according to the asymptotic behaviour of trajectories in phase space and clearly show an

‘onion’-like layering periodic pattern due to the alternating stability of symmetric and

non-symmetric periodic orbits. Barrio and Serrano use maximum Lyapunov exponents

and look for chaotic orbits at points in the planes given by each pair of parameters ρ, σ

and β [10, 11]. Their computations show the regions in the parameter-planes where

chaos exists. The scan methods of Dullin, Schmidt, Richter and Grossmann and of

Barrio and Serrano do not pick up the intricate bifurcation structure around the

T-points nor do they show where topological changes in the chaotic attractor occur. The

method presented in [22] was used to find the quasi-attractor in the Shimizu-Morioka

model [64, 66].

Our approach to investigate the loss of the foliation condition (the development of hooks

in the two-dimensional return map), is to identify and calculate a point of tangency

between the stable and unstable foliations of the Poincaré section Σρ. In particular, we

compute the intersection curves of W u(Γrl) with Σρ, which lie in the unstable foliation,

and the intersection curves of W s(0) with Σρ, which lie in the stable foliation; see

Figure 1.4(a). We formulate a multi-segment boundary value problem, based on Lin’s
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method [51], to compute the tangent at the end point of a curve segment on the

unstable foliation. We then continue this tangent in ρ and detect the first tangency of

the foliations by a condition that the tangent is parallel to the stable direction; the

details are given in Chapter 3.

The main advantage of our approach is that the boundary value problem formulation is

well defined theoretically for any point in (ρ, σ, β)-space. We are only using the

condition that the foliations on Σρ become tangent and are not making assumptions

about the underlying dynamics such as the existence of homoclinic orbits. The boundary

value problem set up is well defined and has user-specified accuracy parameters to allow

for the convenient continuation of solutions in any of the parameters. The boundary

value problem can be set up for different invariant objects, in fact, for any saddle

periodic orbit in L. We checked with examples that the detected loss of the foliation

condition for such different invariant objects gives the same result within the accuracy of

the computations. Overall our numerical method is practical and efficient.

We find the value of the loss of the foliation condition to be ρ ≈ 31.01 for σ = 10 and

β = 8
3
. Once formulated as a boundary value problem, it is simple to continue its

solutions and, hence, the loss of the foliation condition, in any parameters. In particular,

we compute the locus in the (ρ, σ)-plane and find good agreement with the sketch by

Bykov and Shilnikov. Via continuation of our solutions we find that the region of

existence of L in three-parameter space is an ice-cream-cone shaped region bounded by

the surface of the EtoP connection and the surface F of the loss of the foliation

condition. The curve of first T-points lies on F . The tip of the ice-cream cone is a

T-point-Hopf bifurcation, which is a codimension-three bifurcation and organising centre

in (ρ, σ, β)-space [31].

1.2 Outline of thesis

We start Chapter 2 with details of Sparrow’s observations of W s(p±) as outlined in [69].

We consider the interaction between W s(p±) and W s(0) and show that W s(p±) lies on

the same ‘side’ of W s(0) before and after the first α-flip. We describe the formulation of

our boundary value problem to compute W s(p+) inside a suitably large sphere SR and

continue it in ρ through the α-flip. By considering the positions of the orbit segments of

W s(p+) within SR we are able to characterise geometrically, define and accurately

compute the moment of the α-flip. We compute W s(0) within SR and, in the spirit

of [27], use stereographic projection to visualise the intersection curves. The
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ρ-dependent intersection curves of W s(p+) and W s(p−) with SR are compared with the

intersection curves of W s(0) on SR, and this shows that there is no apparent topological

change in W s(0) due to the α-flip. Having set up our boundary value problem to find

alpha flips, we detect a further ten up to ρ = 400 and show that each adds a half turn

around the z-axis to the trajectory of W s(p+). We continue each of these first ten

α-flips in ρ and σ up to the first ten T-points. The α-flip is placed into context within

the known bifurcation structure around T-points. The ρ-values at which the T-points

occur appear to scale exponentially. Therefore, we use ln(ρ) to compute the first 25

α-flips for σ = 10 and continue them to the first 25 T-points; thus, we demonstrate that

finding α-flips is a systematic and convenient way to detect T-points. We also determine

the scaling relations of α-flips and T-points.

In Chapter 3 we begin with discussing details of L and the stable and unstable foliations

of Σρ. We compute three representations of L via the unstable manifolds: W u(Γrl) of

the symmetric periodic orbit Γrl; W
u(Γrll) of the non-symmetric periodic orbit Γrll; and

W u(p+). We use W u(Γrl) to demonstrate our methods in this chapter, having repeated

the computations with W u(Γrll) and W u(p+) and finding consistent results. We

compute the intersection curves of W u(Γrl) and W s(0) with Σρ for ρ = 28 and ρ = 60.

We compute the intersection points of W u(0) with Σρ that lie at the ends of the

intersection curves of W u(Γrl) in Σρ. The loss of transversality in the stable and

unstable foliations of Σρ is clearly visible at ρ = 60. We identify a specific curve of

W u(Γrl) that has a hook for ρ = 32, just after the apparent loss of the foliation

condition. We use this curve to observe that the onset of the hook occurs when the

tangent at the end of the curve is parallel to the (well-defined) direction of the stable

foliation. We describe the multi-segment boundary value problem set-up that we use to

detect the ρ-value at which the foliation condition is lost and to continue its locus in the

(ρ, σ)-plane. We place this locus F into the context of the other bifurcations in the

(ρ, σ)-plane. In particular, we find two-intersection points of F and the EtoP bifurcation

curve that signals the birth of the attractor. These two curves provide the boundary of

existence of L in two-parameter space. By computing the bifurcation curves in the

(ρ, σ)-plane for many instances of 1 < β < 7 we compute the surface F in (ρ, σβ)-space

together with the surfaces of the EtoP connection and Hopf bifurcation it forms an

ice-cream-cone shaped region of existence of L.

The work in Chapters 2 and 3 requires extensive use of boundary value problems and

continuation with Auto [26]. Our methods are described in general terms in each

chapter but precise details of the boundary conditions and accuracy parameters used are

presented in Chapter 4. In particular, we give the details of the computations of the

one-dimensional and two-dimensional stable and unstable manifolds and of the
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heteroclinic and homoclinic bifurcations that are computed in this thesis.

Finally, in Chapter 5 we draw some conclusions and discuss future work and open

questions. These include the detection of subsidiary α-flips around T-points, the further

investigation of the bifurcation structure around all T-points, and determination of the

organising role of the Hopf-T-point bifurcation. We also briefly discuss some links to

other systems of dimension at least three and the connection with what is known as

‘wild chaos’.



2
α-flips and T-points

The results presented in this chapter have been published in [23].

In this chapter our object of study is the phenomenon that we call α-flips, which turn

out to be related to terminal points, or T-points [6]. We first investigate the dynamics of

(1.0.1) for ρ > 28 while σ = 10 and β = 8
3
are kept fixed at their classical values. We

then consider the region of parameter space 0 < ρ < 10000 and 1 < σ < 21, while β

remains fixed.

Sparrow observed in 1982 that the branches of W s(p±) “swing” around the z-axis [69].

By using numerical integration to solve initial value problems, he computed and plotted

W s(p±) for σ = 10 and various values of ρ ≥ 14. By employing bisection, he narrowed

down to the interval [29.719, 29.720] the value of ρ at which the branches of W s(p±) first

make a “half-swing”. However, even at this accuracy, he was not able to give any details

of the transition of W s(p±) in phase space. Sparrow notes that the branches of W s(p±)

continue to “swing” around the z-axis:

As r increases beyond 29.72, more “half-swings” around the z-axis occur in

the stable manifolds of C+ and C−. Each new half-swing appears to be

15
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presaged by the manifold passing very close to (and below) the origin. This

phenomenon is not well understood. [69, p.121]

In our notation r is ρ and C± are p±. Sparrow illustrates that, when ρ = 100, the

manifold W s(p+) has made three “half-swings” around the z-axis.

Figure 2.1 is our representation of Sparrow’s findings and shows W s(p±) for ρ = 29 in

panels (a) and for ρ = 30 in panels (b). Panels (a1) and (b1) show the projection onto

the (x, y)-plane and panels (a2) and (b2) the projection onto the (x, z)-plane. The

manifolds W s(p±) each consist of two branches, a large-amplitude branch, denoted

W s
A(p

±), and a small-amplitude branch, denoted W s
a (p

±). Since W s(p−) is the image of

W s(p+) under the symmetry (1.0.2) it suffices to consider only one of these manifolds,

and we choose W s(p+). For ρ = 29, the small-amplitude branch W s
a (p

+) spirals into the

equilibrium point p+ from the direction of positive x, while the large-amplitude branch

W s
A(p

+) tends to p+ from the direction of negative x, spiralling around W s
a (p

−). For

ρ = 30, we observe that W s
A(p

+) now approaches p+ from the positive x-direction,

spiralling around W s
a (p

+) instead. There is no significant change for the small-amplitude

branch W s
a (p

+). It is unclear from Figure 2.1 how the manifolds make this transition.

We describe this dramatic change of W s(p±) as a flip of the α-limits of W s
A(p

±). The

α-limit of a stable manifold is the set of accumulation points of the manifold in

backward time. As t → −∞ both branches of W s(p±) tend to infinity in the direction of

positive or negative x and we refer to the respective direction as the α-limit of the

branch. For ρ = 29, the α-limit of W s
A(p

+) is the negative x-direction and the α-limit of

W s
A(p

−) is the positive x-direction. For ρ = 30, the α-limits of W s
A(p

+) and W s
A(p

−) have

switched so that the α-limit of W s
A(p

+) it is now the positive x-direction and that of

W s
A(p

−) it is the negative x-direction. The Lorenz system (1.0.1) depends continuously

on its parameters. Therefore, we seek a bifurcation value ρf that marks the moment

when the branches W s
A(p

±) are ‘in between’ these two α-limits. We call this an α-flip

and it turns out to be a well-defined codimension-one global bifurcation at infinity. We

investigate the transition of W s(p±) and give a geometric characterisation of an α-flip

that enables us to determine the value of ρf ≈ 29.7191 which lies in the interval

[29.719, 29.720] of Sparrow. His observation that there are further “half-swings” as ρ is

increased leads us to expect more α-flips; indeed we find that, when ρ is increased from

28 to 100, the system undergoes three α-flips. Moreover, we have found 25 α-flips in the

interval 28 < ρ < 1300, and it is natural to conjecture that there are infinitely many.

The one-dimensional manifolds W s(p±) for ρ ∈ [29, 30], as in Figure 2.1, can be found

by solving the initial value problem from points on the stable eigenvector ws close to p±,
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Figure 2.1: The stable manifolds W s
a (p

+) and W s
A(p

+) (light blue) and W s
a (p

−) and W s
A(p

−) (dark blue)
of the secondary equilibria p± projected onto the (x, y)-plane for ρ = 29 (a1) and ρ = 30
(b1), and onto the (x, z)-plane for ρ = 29 (a2) and ρ = 30 (b2). The large-amplitude
branches W s

A(p
±) change from spiralling around the small-amplitude branches W s

a (p
∓) of

the other manifold to spiralling around their own small-amplitude branches W s
a (p

±).
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we used continuation in integration time with the package Auto [26] for this purpose.

In order to follow the continuous transition of W s
A(p

+) from one α-limit to the other we

view W s
A(p

+) as a ρ-dependent family of orbit segments that are solutions of a

well-posed boundary value problem (BVP). We use pseudo-arclenth continuation in

Auto [26] to compute this family; see Chapter 4 for further details. The continuation

step size of the pseudo-arclength continuation in Auto is determined not by a fixed

change in ρ, but by the change in the norm of the entire orbit segment as well as the

parameters [5]. This allows us to determine and visualise the stages of the transition

through an α-flip that cannot be found by numerical integration alone.

Of particular interest is the stable manifold of the origin W s(0) which plays a significant

role in organising the dynamics of the system and, assuming that sensitivity on initial

conditions persists in the range 29 < ρ < 30, is dense in phase space [27]. Since W s(p±)

and W s(0) cannot intersect, one might expect there to be consequences for W s(0)

during an α-flip. We compute W s(0) and its intersections with a sphere using the BVP

set-up from [27]; see also Chapter 4.

Overall, we compute the first 25 α-flips ρfn for n = 1, . . . , 25 for σ = 10 and β = 8
3
fixed

and then continue each one in ρ and σ for fixed β = 8
3
. We find that each curve of

α-flips ends at a terminal point, denoted Tn for n = 1, . . . , 25. At a terminal-point or

T-point [6] the branches W s
A(p

±) coincide with W u(0) in a codimension-two connection.

We find that the first α-flip ρf1 connects to the principle T-point, denoted T1. Moreover,

we show that the α-flip is a necessary ingredient of the bifurcation structure near the

T-point. In fact, finding α-flips and continuing them in ρ and σ provides a systematic

and reliable way of finding the sequence of main T-points. Our values for T1 and T2

agree with those given by Bykov [19]. The first five T-points T1 to T5 that we found

appear to be the five T-points shown in [15], by visual inspection (the ρ- and σ-values

are not specified in [15]). Our findings are evidence for the conjecture that there are

infinitely many main T-points in the Lorenz system, and we present numerical results on

the scalings of their position in the (ρ, σ)-plane.

This chapter is organised as follows. In Section 2.1 we consider in detail the manifolds

W s(p±) and W s(0) for 29 < ρ < 30. We follow the manifolds in ρ, which allows us to

determine the exact moment of the α-flip and characterise it geometrically. Moreover,

we investigate the role of the stable manifold of the origin W s(0) and its interaction

with W s(p±), and illustrate how the branches W s
A(p

±) move through the phase space

and around W s(0). In Section 2.2 we compute and discuss the first ten α-flips. In

Section 2.3 we investigate the connection with T-points; showing them in the
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(ρ, σ)-plane with curves of α-flips and of homoclinic and heteroclinic orbits of the saddle

foci. We present a total of 25 α-flips and T-points and show that, in good

approximation, the latter lie on a degree-three polynomial in the (ln(ρ), σ)-plane. We

end in Section 2.4 with a summary of results.

2.1 Global behaviour of the manifolds for 29 < ρ < 30

We begin by considering the stable manifold of the origin W s(0) and its interaction with

the manifolds W s(p±) for values of ρ around the α-flip 29 < ρf < 30. Here, we take the

approach in [27] where suitably large parts of the invariant objects of the Lorenz system

are contained within a carefully chosen sphere SR. Our definition of SR is the same as

in [27] but we keep SR fixed on the entire interval ρ ∈ [29, 30] so that it corresponds to

the choice for ρf . Therefore, SR is the sphere with centre (0, 0, ρf − 1) in the plane

Σρf = {z = ρf − 1} and radius R = 70.9529 defined by the second intersection point of

W s
a (p

±) with Σρf .

Figure 2.2 shows an initial piece of W s(0) inside the sphere SR for ρ = 29 in panel (a)

and for ρ = 30 in panel (b). The manifold W s(0) is rendered as a transparent blue

surface. Also shown are the equilibria 0 and p±, and the one-dimensional stable

manifolds W s(p±); compare with Figures 2.1(a2) and (b2). The manifolds W s(0) and

W s(p±) cannot intersect and we can see in Figure 2.2 that W s(0) wraps around the

small-amplitude branches W s
a (p

±) while the large-amplitude branches W s
A(p

±) spiral

around the surface of W s(0). The branch W s
A(p

+) comes close to the origin where it is

in front of the surface of W s(0), in this projection, in both panels (a) and (b). We

conclude that for ρ = 29 and ρ = 30, the branches W s
A(p

±) are on the same side of

W s(0). Although one might expect the α-flip of W s
A(p

±) to be accompanied by a change

in W s(0), there is no apparent topological change in Figure 2.2 between the pieces of

W s(0) in panels (a) and (b). Indeed there appears to be ‘space’ in between the layers of

W s(0) in which W s
A(p

±) can move but it is not immediately obvious how W s
A(p

±)

behave during the transition.

2.1.1 Characterisation of the α-flip

To understand the nature of the α-flip in more detail, we compute W s
A(p

+) as a

ρ-dependent family of orbit segments for ρ ∈ [29, 30]. We represent the branch W s
A(p

+)
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Figure 2.2: The stable manifolds W s(p±) and W s(0) for ρ = 29 (a) and for ρ = 30 (b); compare with
Figure 2.1.
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for ρ = 29 as a single orbit segment with one end point at distance δ = 10−2 from p+

and the other end point on the sphere SR. We continue this orbit segment, with ρ as the

main continuation parameter, up to ρ = 30. In this way, we compute a ρ-dependent

family of manifold segments that show the transition of W s
A(p

+) from ρ = 29 to ρ = 30.

We denote this family by W+
ρ ; the symmetrically related family of manifold segments

corresponding to the transition of W s
A(p

−) is denoted W−
ρ .

Figure 2.3 shows W+
ρ rendered as a surface inside the grey sphere SR. The manifolds

W s
A(p

+) for ρ = 29 and ρ = 30 are highlighted along with the particular manifold

segment of W s
A(p

+) on W+
ρ that points vertically down to SR in the direction of negative

z. The curve of intersection Ŵ+
ρ : =W+

ρ ∩SR is shown in black and panel (b) shows the

x-coordinate of this curve, denoted xS, versus ρ. Note the small range of ρ in

Figure 2.3(b) and the steep gradient of the curve indicating that the transition of the

end point of W s
A(p

+), from the negative x-direction to the positive x-direction, happens

in a very tiny interval of ρ. The majority of the manifold segments on W+
ρ correspond to

points on the nearly vertical part of the graph. The fact that the change of the α-limits

of W s
A(p

±) happens in such a tiny interval of ρ is the reason that the initial value

problem is unable to capture the transition itself.

We define the moment of α-flip as the ρ-value for which W s
A(p

+) points vertically down

to SR. More precisely, we consider the position of the end point on SR with respect to

the plane E = span(vs, vu) spanned by the weak stable eigenvector vs and the unstable

eigenvector vu of 0. We define the α-flip ρf as the value of ρ for which the α-limit of

W s
A(p

±) lies in E. In this way the α-flip is defined as a codimension-one global

bifurcation at infinity. We approximate this α-limit by the intersection point of W s
A(p

+)

with SR in E and find ρf ≈ 29.7191. We find that the value of ρf is accurate and

remains the same provided R is sufficiently large. In practical terms the key is that a

sufficiently long part of the orbit segment closely follows the z-axis; then accuracy is

ensured by the strong contraction towards the z-axis. The blue dot on the graph in

Figure 2.3(b) corresponds to W s
A(p

+)[ρ = ρf ], which appears to lie on the line xS = 0.

Indeed, W s
A(p

+) (and W s
A(p

−)) comes very close to the z-axis at the moment of the

α-flip; at this point xS = 1.3120× 10−5 and yS = −2.9295× 10−5.

Figure 2.4 shows W s
A(p

+) and W s
a (p

+) only for ρ = 29, ρ = 30, and the moment of the

α-flip at ρ = ρf . The pink square is the relevant part of the plane E that contains the

end point of W s
A(p

+)[ρ = ρf ] on SR. Panel (a) shows W
s
A(p

+), W s
a (p

+) and E as seen

from the positive y-direction and panels (b)–(d) show the views from positive z-direction

for ρ = 29, ρ = ρf , and ρ = 30, respectively. Panels (a) and (c) show that

W s
A(p

+)[ρ = ρf ] ∩ SR lies in E.
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Figure 2.3: The ρ-dependent family of one-dimensional manifolds W s
A(p

+) inside SR rendered as the
surface W+

ρ in panel (a). The manifolds W s
A(p

+) and W s
a (p

+) are highlighted for ρ = 29,
ρ = ρf and ρ = 30. The curve of intersection Ŵ+

ρ =W+
ρ ∩SR is coloured black; the inset

panel (b) shows the x-coordinate xS of this curve versus ρ. The α-flip value ρf is marked
as a blue dot on this graph.
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Figure 2.4: A geometric representation of the approximation of the α-flip. Manifold segments of
W s

A(p
+) and W s

a (p
+) are shown for ρ = 29, ρ = ρf and ρ = 30 viewed from the posi-

tive y-direction in panel (a). The panels on the right show the corresponding views of the
manifold segments W s

A(p
+) and W s

a (p
+) from the positive z-direction before (b), at (c) and

after (d) the α-flip. A piece of the plane E = span(vs, vu) is shown in pink. The end point of
W s

A(p
+)[ρ = ρf ] on SR lies in E; this represents the condition that the limit of W s

A(p
+) lies

in E.

2.1.2 W s(0) during the α-flip

We now consider the interaction of W+
ρ with W s(0). Recall that we could not discern

any change of W s(0) before and after the α-flip in Figure 2.2. We compute W s(0) for

ρ = ρf and compare it with W+
ρ . Figure 2.5 shows the surface W+

ρ from Figure 2.3 with

the initial piece of W s(0) computed for ρ = ρf inside SR. The manifolds W s
A(p

+) and

W s
a (p

+) for ρ = 29, ρ = ρf , and ρ = 30 are highlighted as before. The surfaces W+
ρ and

W s(0) lie very close together in phase space but W+
ρ is always in front of W s(0) in this

projection. This confirms that, as ρ increases from 29 to 30, the manifold W s
A(p

+)

remains on the same side of W s(0). Symmetrically, W−
ρ lies on the other side very close

to W s(0) in phase space and will always remain on this side. Computer-generated

artefacts can be seen on W+
ρ in Figure 2.5, which are due to the surface rendering, in
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light of the close proximity of W+
ρ and W s(0) in phase space. In fact, the artefacts

highlight the computed branches of W s
A(p

+) in the family W+
ρ .

Figures 2.2 and 2.5 show only the initial piece of W s(0) computed for ρ = 29, ρ = ρf

and ρ = 30. We compute a larger portion of it that continues to intersect SR, that is, we

consider many more intersection curves in Ŵ s(0)=W s(0)∩SR on SR for ρ = ρf . Due

to symmetry (1.0.2), it suffices to visualise only half of SR and we use stereographic

projection of (x, y, z) ∈ SR, along the positive x-axis with the transformation

(x, y, z) → (u, v) :=

(
y

x+R
,
z − (ρ− 1)

x+R

)
. (2.1.1)

Here, we choose the hemisphere for x ≤ 0, see [27] for further details. Figure 2.6(a)

shows Ŵ s(0) mapped onto a disk by the stereographic projection (2.1.1). In this same

figure, we plot the curves Ŵ±
ρ ; since we only consider the hemisphere for x ≤ 0, only the

portion of Ŵ+
ρ with 29 < ρ < ρf and the portion of Ŵ−

ρ with ρf < ρ < 30 are shown.

The light-blue dot indicates the position of Ŵ s
A(p

+) at ρ = 29 and the light-blue curve

shows the intersection of Ŵ+
ρ for 29 < ρ < ρf . Similarly, the dark-purple dot indicates

the position of Ŵ s
A(p

−) at ρ = 30 and the dark-purple curve shows the intersection of

Ŵ−
ρ for ρf < ρ < 30. Note that the small-amplitude branches W s

a (p
±) change

imperceptibly in the small interval of ρ in which the α-flip occurs. Therefore, the

intersection point Ŵ s
a (p

−)=W s
a (p

−)∩SR on the hemisphere for x ≤ 0 is shown only for

ρ = ρf ; it is the dark-purple dot in the centre of the disk in Figure 2.6(a). Figure 2.6(b)

is an enlargement of the small black square in panel (a); a further enlargement of the

small black square in panel (b) is shown in panel (c). Panels (b) and (c) show parts of

three curves, Ŵ s
A(p

+), Ŵ s
A(p

−) and Ŵ s
1 (0), where Ŵ s

1 (0) is the intersection curve of the

initial piece of W s(0) (containing the z-axis) with SR, as shown in Figure 2.5.

Note that W s(0) is dense in the phase space and, therefore, Ŵ s(0) is dense on SR. Due

to the finite-time nature of our computations Figure 2.6 shows how the first part of

Ŵ s(0) fills SR when the computation is run with maximum integration time τmax = 8.

As a result, several white regions can still be seen, which are eventually filled as one

allows for larger values of τmax [27]. The point Ŵ s
A(p

+) at ρ = 29 sits in one of these

regions. As ρ increases, Ŵ s
A(p

+) traces the light blue path that approaches the curve

Ŵ s
1 (0). When ρ ≈ 29.7123, very close to ρf , Ŵ s

A(p
+) suddenly makes a sharp bend; see

panel (b). As ρ continues to increase toward ρf , the curve Ŵ s
A(p

+) follows Ŵ s
1 (0) around

anticlockwise and squeezes in between the curves of Ŵ s(0). When ρ = ρf , the point

Ŵ s
A(p

+) lies at the bottom edge of the disk in Figure 2.6(a) just to the right of Ŵ s
1 (0)

and, similarly, Ŵ s
A(p

−) lies as the bottom edge just to the left of Ŵ s
1 (0). For
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ρ for

29 < ρ < ρf (light-blue) and the curve Ŵ−
ρ for ρf < ρ < 30 (dark-purple). Panel (b) is an

enlargement of the square [0.1, 0.17] × [0.22, 0.28] and panel (c) is an enlargement of the
square [0.104, 0.105] × [0.2756, 0.2766]. The curve Ŵ s

1 (0) is the primary intersection curve
in Ŵ s(0).

ρf > ρ > 30, the curve Ŵ+
ρ lies on the hemisphere for x ≥ 0 and, by symmetry, Ŵ−

ρ lies

on the hemisphere for x ≤ 0 and is shown here in panel (a). As ρ increases from ρf , the

point Ŵ s
A(p

−) moves up clockwise on the opposite side of Ŵ s
1 (0) from the bottom of the

disk; see panel (c). The dark-purple curve of Ŵ s
A(p

−) moves away from Ŵ s
1 (0) for

ρ ≈ 29.7192 just above ρf , and at ρ = 30 the point Ŵ s
A(p

−) sits in another white region

of SR. Figure 2.6 illustrates how the ρ-dependent curves Ŵ±
ρ of end points of W s

A(p
±) on

SR lie in between the curves of Ŵ s(0) for 29 < ρ < 30. We conclude that the branches

W s
A(p

±) move in between the layers of W s(0). Hence, at this scale, we do not observe

any topological change in W s(0) as a result of the α-flip.
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2.2 Further α-flips

As ρ is increased further, the α-limit of the branch W s
A(p

+) switches again from the

positive x-direction, to the negative x-direction. We detect this, and further α-flip

points, in the same way as before, as a transition of the end point of W s
A(p

+) through

the plane E = span(vs, vu) of 0 on a suitably large sphere SR. Indeed, we can use our

continuation set-up to track W s
A(p

+) over a large ρ interval. As ρ increases, the

manifolds in the Lorenz system increase in size; therefore, the radius R of SR needs to

be increased. As was already noted, the radius R needs to be large enough to ensure

that a sufficiently long part of the orbit segment representing W s
A(p

+) follows the

negative z-axis closely. We set R = R(ρ) = 4.5ρ because, as we checked, for this choice

the above criterion is satisfied for the entire ρ-range considered; in other words, the

ρ-values of the detected α-flips do not change within the accuracy of the computation if

R is made even larger. We continue W s
A(p

+) as ρ is increased further and detect ten

α-flips in the interval ρ ∈ [25, 400]. For convenience, we denote these α-flips successively

as ρfn for n = 1, . . . , 10, where ρf1 = ρf ≈ 29.7191; these ten values are listed in Table 2.1

and we determined that they are accurate to four decimal places. Specifically, we

checked this by varying the number of mesh points along each orbit segment, the

distance from p+ and the radius R of SR; see Chapter 4 for further details.

Table 2.1: The first ten α-flip values ρf1 to ρf10 and the differences ∆n = ρfn − ρfn−1 with their ratios
∆n/∆n−1.

n ρfn ∆n ∆n/∆n−1

1 29.7191
2 57.6817 27.9626
3 89.5040 31.8223 1.1380
4 124.4925 34.9884 1.0995
5 162.2217 37.7292 1.0783
6 202.4018 40.1801 1.0650
7 244.8209 42.4191 1.0557
8 289.3161 44.4952 1.0489
9 335.7575 46.4414 1.0437
10 384.0383 48.2808 1.0396

Figure 2.7 shows the x-coordinate xS of Ŵ s
A(p

+) versus ρ, for 25 < ρ < 400. The ten

blue dots correspond to the first ten α-flips, labeled along the top axis of the graph.

Note that xS ≈ 0 for ρ = ρfn, because at an α-flip W s
A(p

+) lies very close to the z-axis.

As we saw for the first α-flip in Figure 2.3, each time xS changes rapidly in a tiny

interval of ρ, which is indicated by the very steep gradient of the graph near each of the
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Figure 2.7: The x-value xS of the end point of W s
A(p

+) on SR versus ρ; here R = 4.5ρ. The graph is
almost vertical near each α-flip, represented by the blue dots that indicate the values ρfn
for n = 1, . . . , 10. The diamonds labeled (a)–(f) are ρ-values for the corresponding phase
portraits shown in Figure 2.8.

ρfn-values. The position of the points ρfn for n = 1, . . . , 10 on this graph appear to occur

at regular intervals. Table 2.1 lists the differences ∆n = ρfn − ρfn−1, and the ratios

∆n/∆n−1 of the points ρfn for n = 1, . . . , 10. The differences decrease as n increases and

the ratios appear to tend to 1. However, they remain larger than 1 and so the α-flips do

not occur exactly at regular intervals for 25 < ρ < 400.

The diamonds (a)–(f) in Figure 2.7 correspond to panels (a)–(f) of Figure 2.8, which

show the projections onto the (x, y)-plane of the first parts of W s
A(p

+) and W s
a (p

+) for

ρ-values selected in between the first five α-flip points, specifically, for

ρ ∈ {28, 44, 74, 107, 143, 182}. Observe that W s
a (p

+) always approaches p+ from the

positive x-direction; its amplitude gradually increases as ρ increases but notice that we

adjusted the scale in the panels of Figure 2.8. The range in the x-direction increases

from x ∈ [−100, 100] to x ∈ [−180, 180]; the increase is particularly dramatic in the

y-direction with the range increasing from y ∈ [−40, 40] in panel (a) to y ∈ [−420, 420]

in panel (f). Figures 2.8(a) and (b) show W s
A(p

+) and W s
a (p

+) before and after the first

α-flip at ρ = ρf = ρf1 ; compare with Figures 2.1(a1) and (b1). This projection clearly

shows how W s
A(p

+) approaches p+ from the negative x-direction in panel (a) and from

the positive x-direction in panel (b). As we saw before, W s
A(p

+) loops around the z-axis

before reaching p+ in Figure 2.8(b). Panel (c) shows W s
A(p

+) and W s
a (p

+) after the

second α-flip where W s
A(p

+) tends to p+ from the negative x-direction, but it now
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Figure 2.8: The stable manifolds W s
A(p

+) and W s
a (p

+) with equilibria p+ and 0 for ρ = 28, |x| ≤ 100,
|y| ≤ 40 (a), for ρ = 44, |x| ≤ 130, |y| ≤ 70 (b), for ρ = 74, |x| ≤ 145, |y| ≤ 140 (c), for
ρ = 107, |x| ≤ 160, |y| ≤ 220 (d), for ρ = 143, |x| ≤ 170, |y| ≤ 320 (e), and for ρ = 182,
|x| ≤ 180, |y| ≤ 420 (f).

completes a full loop around the z-axis as it approaches p+. Figure 2.8 illustrates the

observation by Sparrow that, as ρ increases from 29.72, there are further “half-swings”

of W s
A(p

±) around the z-axis [69], which we find are the effect of consecutive α-flips.

Figure 2.9 shows a projection onto the (y, z)-plane of W s
A(p

+) inside SR at the α-flip

points ρ = ρfn for n = 2, . . . , 10; notice that the radius R = 4.5ρf2 ≈ 260 in panel (a) and

has increased to R = 4.5ρf10 ≈ 1728 in panel (i). A part of the plane E = span(vs, vu) is

shown in pink near the end point of W s
A(p

+) on SR; while it is not clear from this

projection, the end points are indeed contained in E. Each half-loop around the z-axis

can be seen in this (y, z)-projection as an additional sharp bend in W s
A(p

+). Notice, in

particular, in Figure 2.9 that a considerable part of each shown orbit segment indeed

follows the z-axis closely.
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2.3 Continuation of α-flips and the link to T-points

With the BVP set-up we can continue the α-flips in two parameters; we select ρ and σ.

At the first α-flip, shown in Figure 2.9(a), we see that the movement of W s
A(p

+) involves

a close passage by 0. When continuing the first α-flip in the direction of increasing ρ

and σ, we find that the computation stops when the orbit segment of W s
A(p

+) passes

extremely close to 0; in fact, part of this orbit segment appears to lie on the z-axis,

which is contained in W s(0), and the rest of the orbit segment approximates part of the

unstable manifold of the origin W u(0). Our orbit segment, by definition, has an end

point near p+ along a linear approximation of W s
A(p

+) and it comes close to 0 and the

linear approximation of W u(0). This configuration is exactly the codimension-two

bifurcation known as a T-point; we call the associated connecting orbit from 0 to p+ a

T-point orbit. For each of the first ten α-flips, when continued in the direction of

increasing ρ and σ, the computation stops at a T-point. In order to find the T-points

properly, we used the final points of the α-flip curves αn for n = 1, . . . , 10 as first

approximations for a genuine connecting orbit from 0 to p+, where the second end point

is forced to lie in the unstable eigenspace of the origin Eu; see Chapter 4 for details.

Figure 2.10 shows the continuation of the first ten α-flips (blue) in the (ρ, σ)-plane for

σ ∈ [10, 18] and ρ ∈ [0, 1450]; each curve αn ends at a T-point (purple). Observe that ρf1

and T1 in Figure 2.10 lie very close in the (ρ, σ)-plane, and in Figure 2.9(a) the manifold

W s
A(p

+) for ρ = ρf1 passes very close to 0. The distance between W s
A(p

+) and 0 for

σ = 10 increases as n increases; for ρf10, shown in Figure 2.9(i), this distance is relatively

large and the curve α10 is correspondingly longer, showing that ρf10 lies much further

away from T10. The values ρTn and σT
n of each T-point are computed separately, which

shows that Tn is indeed the end point of the α-flip curve αn. Also shown in figure 10

are pairs of curves of main homoclinic and heteroclinic orbits of p±; they are

indistinguishable, labelled hn and discussed next.

2.3.1 Global bifurcation curves near T1

Figure 2.11 shows the situation near the main T-point T1 with representative phase

portraits. Panel (a) is the bifurcation diagram in the (ρ, σ)-plane, showing the curves of

α-flip and of the associated main heteroclinic orbits hetp1 (light green) and homoclinic

orbits homp
1 (dark green), respectively. To identify these bifurcations we perform a
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Figure 2.10: The curves αn for n = 1, . . . , 10 in the (ρ, σ)-plane are continued for increasing ρ and
σ from the first ten detected α-flips (blue dots) to T-points Tn (purple dots); the param-
eter values of the Tn are labelled ρTn and σT

n . The curves of the main homoclinic and
heteroclinic orbits (green) associated with each T-point are indistinguishable and labeled
hn.

continuation along the circle Cη with radius η around T1 in the (ρ, σ)-plane given by{
ρ = ρT1 + η cos(θ),

σ = σT
1 + η sin(θ),

(2.3.1)

where we choose η = 2 and let 0 ≤ θ < 2π. Specifically, we continue in θ the

one-parameter family of orbit segments of W s
A(p

+) starting near p+ and ending on the

sphere SR for R = 70.9529. The α-flip is detected at θ = θα ≈ 3.28720 (blue dot); the

corresponding orbit is shown in panel (b). As θ increases from θα (along the upper arc

of Cη), the α-limit of W s
A(p

+) is the positive x-direction. Further away from θα, the

manifold W s
A(p

+) develops an increasing number of turns around p−; see panel (c). The

continuation then stops at a heteroclinic bifurcation hetp1; the corresponding heteroclinic

orbit is shown in panel (d). As θ decreases from θα (along the lower arc of Cη), the

α-limit of W s
A(p

+) is the negative x-direction. Now W s
A(p

+) develops an increasing

number of turns around p+ as θ moves further away from θα; see panel (e). The

continuation then stops at a homoclinic bifurcation homp
1; the corresponding homoclinic

orbit is shown in panel (f). The θ-value for which the homoclinic bifurcation and the

heteroclinic bifurcations are detected is θ = θh ≈ 0.14097 in each case. In other words,

the two bifurcation curves hetp1 and homp
1 are indistinguishable on Cη within the

accuracy of the computations. Nevertheless, as panels (d) and (f) show, they correspond
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Figure 2.11: Bifurcations and phase portraits near the main T-point T1. Panel (a) shows T1 and the
curves α1 (black), hetp1 (light green) and homp

1 (dark green), as well as the circle Cη for
η = 2; on Cη the curve α1 intersects at θ = θα ≈ 3.28720 (blue dot) and hetp1 and homp

1

both intersect at θ = θh ≈ 0.14097 (green dot). Panel (b) shows the corresponding α-flip
with the sphere SR for R = 70.9529. Panel (c) shows a computed orbit segment and (d)
the limiting heteroclinic orbit hetp1; panel (e) shows a computed orbit segment and (f) the
limiting homoclinic orbit homp

1; in panels (d) and (f) −1 ≤ z ≤ 55, |x| ≤ 28.

to two very different objects, which can be computed reliably with the BVP set-up

employed here; see Chapter 4 for details.

The curves hetp1 and homp
1 of main heteroclinic and homoclinic bifurcations have

theoretically been shown to form the boundary of a wedge in the (ρ, σ)-plane with apex

at T1 [18, 34]. As Figures 2.10 and 2.11(a) show, this wedge is extremely narrow; in fact

for all T-points Tn shown in Figure 2.10 the curves hetpn and homp
n are indistinguishable,

which is why they are simply labelled hn. Hence, all subsidiary T-points and associated

further bifurcation phenomena are restricted to the area between these pairs of curves;

in practical terms, this means that they lie extremely close to the curves hn. A

preliminary investigation showed that subsidiary T-points, homoclinic and heteroclinic

bifurcations as well as subsidiary α-flips can be found and continued with the methods

described here; however, a detailed discussion of the bifurcations near the sequence of

main T-points in the Lorenz system is beyond the scope of this chapter.
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Figure 2.11 also provides the insight why each T-point Tn comes with a curve αn of

α-flips. Crossing the global bifurcations hetpn and homp
n leads to a change of the α-limits

of the manifold W s
A(p

±); see panels (c) and (e). Therefore, as the parameters ρ and σ

change along a circle around Tn, there must be a mechanism to return the α-limit sets of

W s
A(p

±) to their original positions. Indeed, this happens at the α-flip αn. This α-flip is

necessarily a bifurcation at infinity, because there are no other invariant objects in the

phase space of the Lorenz system that might be involved in a global bifurcation to

achieve this. Therefore, we conjecture that α-flips, that is, global changes at infinity of

the α-limit set of one-dimensional invariant manifolds, are naturally associated with

T-points in vector fields with this property.

The T-point orbits associated with the first six T-points, Tn for n = 1, . . . , 6, are shown

in Figure 2.12 projected onto the (x, z)-plane in panels (a1)–(f1) and the (y, z)-plane in

panels (a2)–(f2). The codimension-two connections from 0 to p± are coloured purple

and we also show the codimension-zero connections from p± to 0 (pink), that is, the two

symmetrically related intersection curves of the two-dimensional manifolds W s(0) and

W u(p±). The classic image of a T-point is the picture of T1 in panel (a1) in the

projection onto the (x, z)-plane. Note the similarity of columns (b2)–(f2) in Figure 2.12

with the α-flips shown in Figure 2.9(a)–(e). As n increases the T-point orbits exhibit

additional sharp bends in the (y, z)-projection that are characteristic of the half-loops

around the z-axis seen in the α-flips, ρfn; the difference is that the T-point orbits connect

to 0, while the α-flip orbits bypass zero and the lower part of the orbit lies below 0,

parallel to the negative z-axis.

We also continue the α-flips ρfn for n = 1, . . . , 10 at σ = 10 in the other direction, for

decreasing ρ and σ. Figure 2.13 shows the resulting curves αn for σ < 10, with the start

values ρfn, n = 1, . . . , 10, marked in blue along the top of the graph; compare with

Figure 2.9. The red curve labeled H is a curve of Hopf bifurcation given by (1.1.1). The

curves αn cross H as σ and ρ decrease, at which moment p± stabilise to become

attractors with one strong stable eigenvalue and a pair of complex conjugate (weaker)

stable eigenvalues. There still exists a well-defined one-dimensional strong stable

manifold W ss(p±) associated with the strong stable eigenvalue, which is a continuation

of W s(p±) on the other side of H. The manifold W ss(p±) has a large-amplitude branch

W ss
A (p±) and a small-amplitude branch W ss

a (p±) and we again define its α-flip as the

value of ρ for which the α-limit of W ss
A (p±) lies in E. In our continuation we use explicit

formulae for the stable eigenvalue µs and eigenvector ws of p+, calculated with the

Eigenvectors command in Maple. These explicit formulae are a convenient way of

calculating µs and ws as ρ and σ decrease, until the expressions become singular at the

curve D and the continuation of each α-flip stops. The inset graph shows an
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Figure 2.12: The first six T-point orbits shown in purple, together with the codimension-zero connec-
tions shown in pink, projected onto the (x, z)-plane in (a1)–(f1) and onto the (y, z)-plane
in (a2)–(f2). The configuration of T1 is shown for −1 ≤ z ≤ 54, |x| ≤ 26, |y| ≤ 36 (a), T2

for −3 ≤ z ≤ 161, |x| ≤ 55, |y| ≤ 95 (b), T3 for −6 ≤ z ≤ 318, |x| ≤ 86, |y| ≤ 179 (c), T4 for
−10 ≤ z ≤ 524, |x| ≤ 119, |y| ≤ 287 (d), T5 for −15 ≤ z ≤ 779, |x| ≤ 152, |y| ≤ 419 (e) and
T6 for −21 ≤ z ≤ 1081, |x| ≤ 186, |y| ≤ 575 (f).
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enlargement of the area within the box ρ ∈ [1, 10], σ ∈ [2, 5].

2.3.2 Scaling of T-points

The T-point values (ρTn , σT
n ) for n = 1, . . . , 10 are listed in Table 2.2. We calculate the

difference between the σ-values, denoted ∆σ
n, and the ρ-values, denoted ∆ρ

n, then find

the ratios of these differences to seek a pattern in the T-points; these values are also

listed in Table 2.2. It is clear that ∆σ
n decreases and ∆ρ

n increases as n increases. The

ratios of both sequences of differences appear to tend to 1; however, the ρTn values

appear to increase in an exponential way rather than linearly.

We now wish to follow W s
A(p

+) by continuation for large ρ-values to detect further

α-flips. Tables 2.1 and 2.2 show that the ρ-values of the α-flips and associated T-points

appear to grow exponentially. Therefore, to improve the efficiency of the computations,

we use ln(ρ) instead of ρ as the continuation parameter in the BVP set-up; the radius of

the sphere SR remains R = 4.5ρ throughout. As ln(ρ) increases we detect an additional

15 α-flips in the interval ρ ∈ [400, 1300]. As before, we continue the α-flips in the

direction of increasing ln(ρ) and σ, starting at the α-flip values ln(ρfn) for σ = 10 and

n = 11, . . . , 25. Each continuation stops at a T-point, which is then computed by a
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Table 2.2: T-point values σT
n and ρTn for n = 1, . . . , 10. The differences ∆σ

n = σT
n − σT

n−1 and ∆ρ
n =

ρTn − ρTn−1 are shown, as well as the ratios ∆σ
n/∆

σ
n−1 and ∆ρ

n/∆
ρ
n−1.

n σT
n ∆σ

n ∆σ
n/∆

σ
n−1 ρTn ∆ρ

n ∆ρ
n/∆

ρ
n−1

1 10.1673 30.8680
2 11.8279 1.6606 85.0292 54.1612
3 12.9661 1.1382 0.6854 164.1376 79.1084 1.4606
4 13.8424 0.8763 0.7699 267.6019 103.4643 1.3079
5 14.5578 0.7154 0.8164 394.9239 127.3220 1.2306
6 15.1633 0.6055 0.8464 545.6849 150.7611 1.1841
7 15.6888 0.5254 0.8677 719.5287 173.8438 1.1531
8 16.1530 0.4642 0.8835 916.1474 196.6187 1.1310
9 16.5689 0.4159 0.8959 1135.2714 219.1240 1.1145
10 16.9456 0.3767 0.9058 1376.6619 241.3905 1.1016

separate BVP as before. The T-point values ln(ρTn ) and σT
n for n = 1, . . . , 25, are listed

in Table 2.3, again to four decimal places; see Chapter 4 for details. The differences

between the T-point values in both ln(ρTn ), denoted ∆
ln(ρ)
n , and σT

n , denoted ∆σ
n, and the

ratios of these distances, are also listed. As n increases, ∆
ln(ρ)
n increases and ∆σ

n decreases

and the ratios of both sequences appear to tend to 1, as seen for the first ten T-points;

however, even with 15 additional data points convergence is still not conclusive.

The T-points listed in Table 2.3 appear to lie on a curve. We used the

(ln(ρ), σ)-coordinates for the 25 T-points to fit a polynomial that expresses ln(ρ) as a

function of σ. With the function polyfit from Matlab we find that the cubic

polynomial

ln(ρ) = T (σ) := a0 + a1σ + a2σ
2 + a3σ

3, (2.3.2)

with

a0 = −4.8883, a1 = 1.0523, a2 = −0.0277, a3 = 0.0005, (2.3.3)

is the best fit to the data.

The cubic polynomial T (σ) matches the 25 data points to within 10−3. Note that the

leading coefficient is very small so ln(ρ) is almost quadratic in σ. However, we checked

that a quadratic polynomial approximation fits the data points only to within 10−1. We

also checked that a quartic polynomial fit did not improve this error; in particular, the

leading coefficient is 100 times smaller than a3. Overall, we conclude that the cubic

approximation (2.3.2) and (2.3.3) is the best fit. Apart from being interesting in its own

right, (2.3.2) can be used to predict the values of subsequent T-points by computing

T (σ) for larger values of σ, and estimating the position of the next T-point along the
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Figure 2.14: The position of the first 25 α-flips for σ = 10 (blue) and corresponding T-points (purple)
in the (ln(ρ), σ)-plane; compare Figure 2.10. The black curves αn and green curves hn

end at the T-points for σ > 10, which lie on the purple curve T (σ). The other ends of the
αn curves lie on D for σ < 10; compare Figure 2.13.
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Table 2.3: The α-flip values ρfn and ln(ρTn ) for σ = 10, and the T-point values σT
n , ρTn and ln(ρTn ) for

n = 1, . . . , 25. The differences ∆σ
n = σT

n − σT
n−1 and ∆

ln(ρ)
n = ln(ρTn ) − ln(ρTn−1) are shown,

as well as the ratios ∆σ
n/∆

σ
n−1 and ∆

ln(ρ)
n /∆

ln(ρ)
n−1 .

n ρfn ln(ρfn) σT
n ∆σ

n ∆σ
n/∆

σ
n−1 ρTn ln(ρTn ) ∆

ln(ρ)
n ∆

ln(ρ)
n /∆

ln(ρ)
n−1

1 29.7191 3.3918 10.1673 30.8680 3.4297
2 57.6817 4.0549 11.8279 1.6606 85.0292 4.4430 1.0133
3 89.5040 4.4943 12.9661 1.1382 0.6854 164.1376 5.1007 0.6577 0.6491
4 124.4925 4.8242 13.8424 0.8763 0.7699 267.6019 5.5895 0.4888 0.7432
5 162.2217 5.0890 14.5578 0.7154 0.8164 394.9239 5.9787 0.3892 0.7962
6 202.4018 5.3103 15.1633 0.6055 0.8464 545.6849 6.3020 0.3233 0.8308
7 244.8209 5.5005 15.6888 0.5254 0.8677 719.5287 6.5786 0.2766 0.8553
8 289.3161 5.6675 16.1530 0.4642 0.8835 916.1474 6.8202 0.2416 0.8735
9 335.7575 5.8164 16.5689 0.4159 0.8959 1135.2714 7.0346 0.2144 0.8877
10 384.0383 5.9507 16.9456 0.3767 0.9058 1376.6619 7.2274 0.1928 0.8990
11 434.0686 6.0732 17.2900 0.3443 0.9140 1640.1053 7.4025 0.1751 0.9082
12 485.7715 6.1857 17.6070 0.3171 0.9208 1925.4086 7.5629 0.1604 0.9159
13 539.0803 6.2899 17.9009 0.2938 0.9266 2232.3962 7.7108 0.1479 0.9224
14 593.9360 6.3868 18.1746 0.2737 0.9317 2560.9072 7.8481 0.1373 0.9280
15 650.2864 6.4774 18.4308 0.2562 0.9360 2910.7937 7.9762 0.1281 0.9328
16 708.0843 6.5626 18.6716 0.2408 0.9399 3281.9182 8.0962 0.1200 0.9370
17 767.2874 6.6429 18.8988 0.2272 0.9433 3674.1533 8.2091 0.1129 0.9408
18 827.8569 6.7188 19.1137 0.2150 0.9463 4087.3797 8.3157 0.1066 0.9441
19 889.7575 6.7909 19.3177 0.2040 0.9490 4521.4856 8.4166 0.1009 0.9470
20 952.9566 6.8596 19.5118 0.1941 0.9515 4976.3659 8.5125 0.0959 0.9497
21 1017.4240 6.9250 19.6969 0.1851 0.9537 5451.9213 8.6037 0.0913 0.9521
22 1083.1319 6.9876 19.8739 0.1769 0.9557 5948.0582 8.6908 0.0871 0.9543
23 1150.0540 7.0476 20.0433 0.1694 0.9576 6464.6875 8.7741 0.0833 0.9563
24 1218.1662 7.1051 20.2058 0.1625 0.9593 7001.7246 8.8539 0.0798 0.9581
25 1287.4456 7.1604 20.3620 0.1562 0.9609 7559.0891 8.9305 0.0766 0.9598

curve using the fact that ∆
ln(ρ)
n /∆

ln(ρ)
n−1 ≈ 1.

Figure 2.14 shows all 25 T-point values Tn for n = 1, . . . , 25, and the curve T (σ), in the

(ln(ρ), σ)-plane. The curves αn of the α-flips are shown in black and the α-flip values

are shown as blue dots on the line σ = 10. The curves hetpn and homp
n of the main

heteroclinic and homoclinic bifurcations are shown in green. They are still extremely

close to each other; indeed, they cannot be distinguished in Figure 2.14 and again are

labeled hn The red curve H and the orange curve D are as in Figure 2.13, but note the

logarithmic scaling in Figure 2.14. We can make the natural conjecture from this

numerical evidence that there are infinitely many α-flips and T-points in the Lorenz

system. Moreover, the T-point values scale as given by (2.3.2) and it is quite a

straightforward exercise to compute α-flips and T-points for higher ρ-values using our

BVP set-up.
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2.4 Discussion

We investigated a transition in the Lorenz system that was first observed by Sparrow in

the 1980’s [69], namely, where the large-amplitude branches of W s(p±) “swing” around

the z-axis. We showed that these “swings” are the effect of α-flips. An α-flip is a

codimension-one bifurcation at infinity that we define geometrically as the value of ρ for

which the α-limit of W s
A(p

±) lies in the plane E spanned by the weak stable and

unstable eigenvectors of the origin. We compute an α-flip as the intersection point of

W s
A(p

+) with E on a sphere SR with radius R. This gives a well-defined approximation,

provided R is sufficiently large. We found that, despite the dramatic changes of W s(p±),

there is no apparent topological change in W s(0) in response to the first α-flip. We

computed the first 25 α-flips for 28 < ρ < 1300 with fixed σ = 10 and β = 8/3, and our

conjecture is that there are infinitely many of them. Our computations are performed

with a two-point boundary value problem set-up, which allows for a two-parameter

continuation of the α-flips. In the direction of increasing ρ and σ, all α-flip curves end at

T-points, which are codimension-two bifurcations at which W s
A(p

±) connects to 0. In

the (ln(ρ), σ)-plane, the T-points lie in very good approximation on a cubic polynomial

T (σ). Because each α-flip leads to a T-point, we conjecture that there are also infinitely

many T-points. In particular, finding α-flips first constitutes an efficient method for

finding this family of T-points. We illustrated the first six T-points; the point T1

corresponds to the principal T-point in the Lorenz system as found by Petrovskaya and

Yudovich [61] and Alfsen and Frøyland [6].



3
The loss of the foliation condition

In this chapter we consider in detail the loss of transversality between the stable and

unstable foliations in the Poincaré section Σρ. An additional motivation for this study is

that the first α-flip from Chapter 2 appears to be a precursor to this loss of the foliation

condition. The first α-flip for σ = 10 occurs at ρf ≈ 29.7191, which is very close to the

estimated ρ-interval [30.1, 30.2] of Sparrow [69] for the loss of the foliation condition. In

particular, at the principal T-point T1 in the (ρ, σ)-plane, the foliation condition is lost

because the chaotic attractor now encompasses the equilibria p±.

The foliation condition is inextricably related to the classic Lorenz attractor L which is

a chaotic attractor that can be represented by the geometric Lorenz attractor [37].

Initially we consider σ = 10 and β = 8
3
fixed and find the parameter value at which the

foliation condition fails. We then compute the region of existence of L in the

(ρ, σ)-plane and make the observation that it runs smoothly through the first T-point T1

discussed in Chapter 2. We make the comparison with the sketch in [22] and find good

agreement. We place the locus F , along which the foliation condition is lost, in the

context of the known bifurcation structure around T1 and other main bifurcations in the

(ρ, σ)-plane. In particular, we show that the EtoP bifurcation curve intersects the curve

F in two places showing that the region of existence of L is bounded in the (ρ, σ)-plane.

41
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We find similar results for the (ρ, β) and (σ, β)-planes. In three parameters we find an

ice-cream cone shaped region of existence of L.

The geometric Lorenz attractor and the associated Lorenz map provide a way of

accurately describing the dynamics on the attractor L provided the technical conditions

of the reduction hold. Recall from Chapter 1 that the first step of the reduction

considers the two-dimensional Poincaré map P of L on Σρ. In particular, each point of

each intersection curve of L with Σρ locally needs to intersect exactly one leaf of the

stable foliation [37]. For large ρ the intersection curves of L with Σρ have a “hooked”

shape and so locally some curves of L on Σρ intersect one leaf of the stable foliation

twice. Here, the one-to-one relationship on Σρ is violated and L can no longer be

accurately represented by the geometric Lorenz model and the Lorenz map. The

moment of onset of these “hooks” is a tangency point between the stable and unstable

foliations. We define and calculate the loss of the foliation condition as the first

tangency between the stable and unstable foliations on Σρ.

The value most commonly quoted for the loss of the foliation condition is ρ ≈ 30, for σ

and β fixed. This is based on the estimate by Sparrow from 1982 [69]. Due to the strong

contraction in the system the sheets of L lie very close together in phase space, so much

so that the attractor appears one dimensional. Sparrow assumes that the intersection

points of W u(0) form a one-dimensional curve near the equilibria p±, which lie in Σρ.

He uses numerical integration to compute the direction of a small vector chosen to be

approximately tangent to the end of this curve. He observes a sudden change in this

direction and determines the value at which this happens to be in the interval

ρ ∈ [30.1, 30.2]. Bykov and Shilnikov published a sketch of part of the region of

existence of L in the (ρ, σ)-plane [21, 22]; it is reproduced below as Figure 3.8(a). One

of its boundaries corresponds to a topological change of L from the classic chaotic

Lorenz attractor to a quasi-attractor which contains a dense set of stable periodic orbits

each with their own narrow basin of attraction. This locus is the loss of the foliation

condition. Using a carefully chosen cross-section near the origin, transverse to W s(0),

Bykov and Shilnikov computed the return map of these trajectories and noted the side

of W u(0) on which the trajectories return [65]. If a trajectory returns on the same side

it departs then a hook has not formed, if it returns on the opposite side it is presumed

that a hook has formed. The graph in [22] shows that for σ = 10 the loss of the foliation

condition occurs for ρ ≈ 31.
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3.0.1 Discussion of stable and unstable foliations

The Poincaré section considered in the construction of the geometric Lorenz attractor

has a tangency locus C, which divides the plane into regions where the flow points

upwards and regions where the flow points downwards [53]. Traditionally the return

map in the downward region of Σρ is considered in the construction of the geometric

Lorenz model [38]. Hao, Liu and Zheng compute the Poincaré maps of W u(0) on Σρ, to

find stable periodic orbits in L for large ρ values [39]. They parameterise the points in

the upward region of Σρ and compute a one-dimensional map. They note the limitation

of the one-dimensional map approach for large ρ, as the Poincaré maps are actually two

dimensional. The authors compare the results of the one-dimensional maps to the

two-dimensional Poincaré maps. In particular, they compute some “forward contracting

foliations” of Σρ, noting that intersection points of W u(0) are part of the “backward

contracting foliations” [39]. The forward contracting foliations are found with the

technique described in [35], where a linearisation of each point of Σρ is taken to

determine the stable and unstable directions. Taking a fine enough grid of points on Σρ

gives the contours of the foliations. Although Hao, Liu and Zheng show some curves on

the stable and unstable foliations of Σρ they do not use these to find the loss of the

foliation condition. We wish to compute the stable and unstable foliations on Σρ

directly and find moment the foliation condition is lost.

We wish to consider the intersection curves of L with Σρ and consider them in relation

to the stable foliation on Σρ. Typically, L is found numerically by integrating forward in

time from an arbitrary initial condition [27]. However, these trajectories only show a

very small subset of L. Taking the closure of the unstable manifold of the origin W u(0)

gives the whole of L [37] and the hooks are traditionally seen by computing the

intersection points of W u(0) with Σρ, which can be done with, for example, DSTool

[8]. It is very difficult to discern the onset of a hook in a set of points and so we wish to

represent L another way.

Recall from Chapter 1 that saddle periodic orbits are dense in the classic Lorenz

attractor L [54, 73]. Indeed, L contains the sheets of all the two-dimensional unstable

manifolds of the periodic orbits and equilibria [37]. As the periodic orbits are part of L,
their unstable manifolds will cover L due to the stretching nature of the dynamics. Each

sheet of L intersects Σρ in a one-dimensional curve that is part of one of the leaves of the

unstable foliation [35]. Therefore, the intersection curves of an unstable manifold of a

periodic orbit with Σρ, will be a subset of the intersection curves of L with Σρ. Similarly,

the stable foliation contains the intersection curves of the two-dimensional stable
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manifolds of the equilibria and periodic orbits as invariant submanifolds [39]. Therefore,

we consider the intersection of the stable manifold of the origin W s(0) with Σρ.

Our approach is to compute the intersection curves of the two-dimensional manifolds

with Σρ directly using suitable boundary value problems (BVP) in Auto. We outline

our methods in this chapter and give the details of the computational set-up in

Chapter 4.

The layout of this chapter is as follows. In Section 3.0.1 we discuss the relationship

between the two-dimensional stable and unstable manifolds and the stable and unstable

foliations. We consider the intersections of the manifolds W u(Γrl), W
s(0) and W u(0)

with Σρ for ρ = 28 in Section 3.1, and for ρ = 60 in Section 3.2. In Section 3.3 we set-up

a multi-segment BVP based on Lin’s method [51] to find the moment of tangency

between the stable and unstable foliations and compute the value at which the foliation

is lost to be ρ = ρF ≈ 31.01. In Section 3.4 we extend this result to compute the locus of

existence of L in the (ρ, σ), (ρ, β) and (σ, β)-planes. We compute the region of existence

of L in three-parameter space for 0 < ρ < 120, 0 < σ < 50 and 0 < β < 7 in Section 3.5.

Finally in Section 3.6 we summarise and discuss our results.

3.1 Stable and unstable foliations in Σ28

First we consider the stable and unstable manifolds and their intersection curves with

Σρ for ρ = 28, σ = 10 and β = 8
3
. From the theory discussed above, computing a

two-dimensional unstable manifold of a periodic orbit or equilibria gives part of L. We

consider the unstable manifolds of the two simplest periodic orbits, W u(Γrl) of the

symmetric periodic orbit Γrl that loops once around p+ and once around p−, and

W u(Γrll) of the non-symmetric periodic orbit Γrll that loops once around p+ but twice

around p−; note that Γrll exists with its symmetric counterpart Γlrr. The locations of

some periodic orbits in L for ρ = 28, σ = 10 and β = 8
3
are given in the paper by

Viswanath [73]. Using his starting data we compute and continue Γrl and Γrll to any

parameter value we require and find their unstable manifolds W u(Γrl) and W u(Γrll)

respectively. We also consider the unstable manifold W u(p+) of the equilibrium p+.

We begin at the classic parameter values, ρ = 28, σ = 10 and β = 8
3
. Figure 3.1 shows

the unstable manifold W u(Γrl) with Γrl in panel (a), W u(Γrll) with Γrll in panel (b) and

W u(p+) of the equilibria p+ in panel (c). Panel (d) shows all three W u(Γrl), W
u(Γrll)

and W u(p+) plotted together with Σρ. Note that the manifold W u(p+) accumulates on
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L, however, note that the small part W u
loc(p

+), which includes p+ is shown in panel (c)

and (d) but not part of L. The first part of each of the two symmetrically related

branches of the unstable manifold W u(0) of the origin 0 are shown in panels (a)-(d).

The first part of W u(0) lies on the edge of W u(Γrl), W
u(Γrll) and W u(p+) and can be

seen as the boundary of these manifolds. We compute each of W u(Γrl), W
u(Γrll) and

W u(p+) as a one-parameter family of orbits segments that start in the linear

approximation to the unstable direction of the periodic orbit or equilibria and are

computed up to a maximum chosen integration time τmax. The manifolds W u(Γrl) and

W u(p+) are computed up to a maximum integration time τmax = 7 and W u(Γrll) is

computed up to τmax = 5; see Chapter 4 for more details.

Due to the strong contraction in the system it is impossible to distinguish each of the

unstable manifolds shown in panel (d). The theory indicates that any of these manifolds

gives a good representation of L, therefore, we choose to focus on W u(Γrl); note that we

performed the same computations with W u(Γrll) and W u(p+) and these gave consistent

results to our chosen accuracy.

The intersection curves

W̃ u(Γrl) := W u(Γrl) ∩ Σρ

are shown in Figure 3.1(e) computed up to τmax = 9 on Σρ; the plane Σρ has been

rotated 45 degrees such that the diagonal x = y is on the horizontal axis. The points

Γ̃rl := Γrl ∩Σρ lie on W̃ u(Γrl), and the points Γ̃rll := Γrll ∩Σρ are also shown in (e). The

first eight intersection points of

W̃ u(0) := W u(0) ∩ Σρ

correspond to the end points of the visible segments of W̃ u(Γrl). The intersection points

of the left-hand branch of W u(0) are labelled on and the intersection points of the

right-hand branch are labelled o′n for n = 1, ..., 4. Further points in W̃ u(0) correspond to

the end points of shorter curve segments of W̃ u(Γrl) which cannot be distinguished on

the scale of panel (e) and so are not shown.

On the level of this figure it appears that W̃ u(Γrl) consists of only four disjoint curves

due to the strong contraction in the system; we will loosely refer to such sets of infinitely

many strongly contracted curves as one intersection curve. The tangency locus C runs

through p± and separates Σρ into regions where the flow is upward (⊙) and downward

(⊗) [53]. The intersection curves W̃ u(Γrl) do not cross C when ρ = 28. The intersection

curves in the outer regions, where the flow is up, are the images under the flow of the

central intersection curves, on which the flow points down.
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Figure 3.1: The (red) unstable manifolds Wu(Γrl) with Γrl (yellow) (a), Wu(Γrll) with Γrll (orange) (b)
and Wu(p+) (c), all with Wu(0) for ρ = 28. Panel (d) shows all three manifolds intersecting
Σρ. Panel (e) shows W̃u(Γrl) on Σρ with the intersection points Γ̃rl (yellow), Γ̃rll (orange)
and W̃u(0) (brown) with the tangency locus C (grey). The plane Σρ has been rotated so
that the diagonal x = y is the horizontal axis in (e).
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The intersection curves W̃ u(Γrl) are part of the unstable foliation. These curves are

computed directly as end points of a one-parameter family of solutions of a suitable

BVP. Specifically, we compute an orbit segment with one end point at a distance of

δΓ = 10−1 from the periodic orbit Γrl in an unstable fundamental domain and the other

end point on Σρ. We continue this orbit segment across a fundamental domain to create

a family of orbit segments whose end points on Σρ form the intersection curves of

W̃ u(Γrl); see Chapter 4 for more details.

We also wish to find intersection curves in the stable foliation on Σρ. In particular, the

stable foliation contains the intersection curves

W̃ s(0) := W s(0) ∩ Σρ

of the two-dimensional stable manifold W s(0) with Σρ. To compute these intersection

curves we start with the same approach as in Section 2.1 where W s(0) is computed

inside a suitably large sphere SR with radius R; see also [27]. Here, we choose R = 70 to

ensure the entire attractor and, hence W u(Γrl), are fully contained within SR. The

sphere is centred at (0, 0, ρ− 1) and therefore Σρ bisects SR at the equator into two

equal halves. We first compute an orbit segment with one end point on an ellipse in the

stable eigenspace of the origin, and the other end point on SR. We then continue the

orbit segment around the ellipse and detect each time the end point on SR intersects Σρ

at the equator. For each of the detected solutions we fix the end point on Σρ and

continue around the ellipse to generate a family of orbit segments whose end points

trace out the curves on W̃ s(0); further details can be found in Chapter 4.

Figure 3.2(a) shows the initial piece of W s(0) within SR. The plane Σρ is also shown in

panel (a) and W s(0) is rendered as a solid blue surface beneath Σρ and transparent

above. The equator of SR is drawn as a black circle on Σρ. The intersection curves

W̃ s(0) on Σρ lie inside the equator circle and are shown as blue curves in panel (a) and

projected onto the (x, y)-plane in panel (b). Panel (b) also shows the curve C with the

points p±, Γ̃rl and W̃ u(0) as in Figure 3.1(e). Recall, the manifold W s(0) is dense in the

phase space for ρ = 28 [70] and, therefore, the set of intersection curves W̃ s(0) is dense

on Σρ. However, as in Figure 2.6, due to the finite-time nature of our computations we

only compute finitely many curves W̃ s(0).

Figure 3.2(b) shows that, locally near the attractor, the intersection curves W̃ s(0) and

W̃ u(Γrl) are transverse, each W̃ s(0) curve intersects each W̃ u(Γrl) curve only once. At

the level of Figure 3.2(b) there is no evidence of hooks in W̃ u(Γrl), in line with what is

known [22, 38, 69].
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Figure 3.2: The first piece of W s(0) for ρ = 28 inside the sphere SR for R = 70. Panel (a) shows the
intersection with Σρ (green) and the surface is rendered transparent above Σρ and solid
below. The edge of the surface W s(0) has been highlighted in black. Panel (b) shows the
intersection curves W̃ s(0) projected onto the (x, y)-plane with W̃u(Γrl), Γ̃rl and W̃u(0) as
in Figure 3.1.
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3.2 Stable and unstable foliations in Σ60

To visualise the manifestation of the loss of the foliation condition we compute the

intersection curves W̃ u(Γrl) and W̃ s(0) for ρ = 60, well past the loss of the foliation

condition. Figure 3.3(a) shows W u(Γrl) for ρ = 60 with Σρ. Panel (b) shows the curves

W̃ u(Γrl) on Σρ, which has been rotated 45 degrees such that the diagonal x = y is the

horizontal; compare with Figure 3.2(b). The points Γ̃rl lie on W u(Γrl) and the points on

and o′n for n = 1, ..., 2 of W̃ s(0) lie at the end of the visible curve segments. Figure 3.3

appears to show two curve segments, but we actually plot 60. These curve segments

cross the tangency locus C of Σρ that separates the upward (⊙) and downward (⊗)

sections of Σρ. Compared with Figure 3.1(e), two of the four red curves W̃ u(Γrl) ending

at o2 and o3 (and by symmetry o′2 and o′3) have merged at the curve C and disappeared;

we find that W u(0) forms a point of tangency with Σρ exactly on C for ρ ≈ 30.4318. We

compute this directly by continuing the point o2 in ρ to a fold at ρ ≈ 30.4318 which

generates o2 and o3; for more details see Chapter 4. This transition happens near the

loss of the foliation condition but does not correspond to the formation of hooks.

Figure 3.3 shows hooks in W̃ u(Γrl) in the central region of Σρ where each curve in

W̃ s(0) now intersects each curve in W̃ u(Γrl) twice. Due to the strong contraction of the

system the images of the visible hook, seen in the central region of Figure 3.3(b), are

very thin and the hook shape is impossible to distinguish by eye. Each hook in the

central region in Figure 3.3(b) has a tangency point with a curve of W̃ s(0). The

manifestation of these hooks in the two-dimensional manifold W u(Γrl) is shown in

Figure 3.3(a) where the sheets of W u(Γrl) near p
± have been pulled up and folded back;

compare with Figure 3.1(a).

3.3 Onset of hooks in the unstable foliation

Each intersection curve of W̃ u(Γrl) is diffeomorphic to another curve of W̃ u(Γrl) under

the flow (1.0.1). Therefore, if one curve of W̃ u(Γrl) forms a hook then all curves form

hooks simultaneously. From the estimates of Sparrow [69] and Bykov and Shilnikov [22]

hooks form in the Poincaré map between ρ = 30 and ρ = 32. Figure 3.4 shows the

computed curves of W̃ s(0) and W̃ u(Γrl) on Σρ projected onto the (x, y)-plane for ρ = 30

in panels (a) and for ρ = 32 in panels (b). Note that there is no discernible topological

change in W̃ s(0) and W̃ u(Γrl) between ρ = 28 and ρ = 30; compare Figure 3.2(b) and

Figure 3.4(a1). A change in W̃ u(Γrl) occurs near the equilibria p± between ρ = 30 to
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Figure 3.3: The unstable manifold Wu(Γrl) (red) for ρ = 60 shown together with Γrl (yellow), Wu(0)

and Σρ in panel (a) and as intersection curves W̃u(Γrl) (red) with W̃ s(0) (blue) and on Σρ

(b). The plane Σρ has been rotated so the diagonal x = y is the horizontal axis. The points
Γ̃rl (yellow) lie on W̃u(Γrl) and the first four points of W̃u(0) (brown) lie at the end of the
visible curve segments; compare with Figures 3.1(e) and 3.2(b).
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Figure 3.4: Intersection curves W̃u(Γrl) (red) and W̃ s(0) (blue) in Σρ at ρ = 30 (a) and ρ = 32 (b).
The points W̃u(Γrl) (yellow) and W̃u(0) (brown) are as before. Row 1 shows the region
|x|, |y| < 45 and enlargements are shown in (a2), where |x|, |y| < 13.7939, and in (b2),
where |x|, |y| < 13.4921. The direction V (light blue) is shown in each panel through p±

and a parallel line is drawn through o4 (a2) and o2 (b2).
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ρ = 32, although this is hard to distinguish on the scale of panels (a1) and (b1). Since

p+ is the image of p− under the symmetry (1.0.2) it suffices to consider the area around

only one and we choose p+. Panel (a2) shows W̃ u(Γrl) in the region |x|, |y| < p+ + 5

with the points on for n = 2, .., 5. Panel (b2) shows W̃ u(Γrl) in the region

|x|, |y| < p+ + 4.4 with the points o2 and o3. These regions were chosen to show parts of

the curves of W̃ s(0), visible in the corners.

Figure 3.4 suggests that we should consider W̃ u(Γrl) and W̃ s(0) locally around the

equilibria p± to determine the onset of hooks, but it is far from straightforward to detect

a tangency numerically between these two intersection sets. The curves W̃ s(0) have

been computed up to an integration time of τmax = −5 in Figure 3.4. Unfortunately,

even for much higher integration times, the computed intersections curves W̃ s(0) do not

come sufficiently close to p+ to make the comparison with W̃ u(Γrl). Since W s(0) winds

around W s(p+) without intersecting it, we approximate the tangents of W̃ s(0) locally

near p+ by the stable eigenspace of p± projected orthogonally onto Σρ, that is we define

V := ΠΣρE
s(p±)

We use the line V as a local approximation of the stable foliation for any point near p+.

The curves of W̃ s(0) closest to p± in Figure 3.4(a1) and (b1) appear to be practically

parallel to V and, indeed, we checked that V is a good approximation to the stable

foliation in the vicinity of p+; see Chapter 4 and Table 4.1 for details. In particular, V is

indicated in light blue in Figure 3.4 passing through p± as well as through o4 in panel

(a2) and o2 in panel (b2).

The foliation condition holds for ρ = 30 because W̃ u(Γrl) intersects each line V in the

downward region of Σρ only once, as shown in Figure 3.4(a2). In particular, the line

through o4 has only one intersection with each of the curves in W̃ u(Γrl). Figure 3.4(b2)

for ρ = 32 shows that the line through o2 has additional intersections with the curves in

W̃ u(Γrl), which means that a hook has formed with respect to V and the foliation

condition no longer holds.

We select one curve from W̃ u(Γrl) that ends at the point o2 and forms a visible hook,

which can be seen with the naked eye, for ρ = 32; we denote this curve W̃ u
F(Γrl). We

seek to detect numerically the moment when the hook in W̃ u
F(Γrl) with respect to V at

o2 disappears. This happens when the tangent of W̃ u
F(Γrl) at o2 is equal to V . We define

the normalised direction vector Zκ as the tangent vector to W̃ u
F(Γrl) at o2. The angle

between Zκ and V has a sign change between ρ = 30 and ρ = 32, and the moment when

the angle is zero approximates the onset of hooks, which marks the loss of the foliation
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Figure 3.5: The set-up of the BVP at ρ = 32. The orbit segment uΓ(t) lies on Wu(Γrl) and orbit
segment u0(t) lies on Wu(0). The periodic orbit Γrl (yellow) is shown with Σρ for |x|, |y| <
34. Part of the curve W̃u

F (Γrl) and the direction vector V (light blue) lie on Σρ.

condition.

We approximate the tangent Zκ as follows. We define o2 as the central point of a circle

Cκ with radius κ on Σρ and find another point fκ that lies on W̃ u
F(Γrl) and on Cκ. We

now define the secant

Zκ = o2 − fκ,

which is a good approximation of the tangent vector to W̃ u
F(Γrl) at o2, provided

κ = |o2 − fκ| is sufficiently small. We now have a well-defined numerical set-up with a

test function that can be monitored during continuation of a BVP.

To compute Zκ and continue it in ρ, we take the approach in [51] and construct a

multi-segmented BVP in Auto [26]. We start at ρ = 32 and compute two orbit

segments. The first orbit segment u0(t) lies on W u(0) with one end point at distance

δ0 = 10−7 from 0 and the other end point at o2 on Σρ. The second orbit segment uΓ(t)

lies on W u(Γrl) with one end point at distance δΓ = 10−1 from Γrl and the other end

point at a point fκ on a suitable curve W̃ u
F(Γrl).
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Figure 3.5 shows the set up of the BVP used to compute Zκ for ρ = 32. The orbit

segment u0(t) has one end point near 0 and the other is o2 on Σρ, very close to p+. The

orbit segment uΓ(t) has one end point near Γrl, follows Γrl for a while before diverging

from Γrl, and its other end point is fκ on Σρ. The portion of W̃ u
F(Γrl) between o2 and fκ

is shown in red. The line V is shown through p±.

The distance κ in Figure 3.5 was chosen to be very large so that the set up can be seen.

This distance κ measures the accuracy of Zκ with respect to the actual tangent of

W̃ u
F(Γrl) at the end point o2. As κ → 0, the secant Zκ converges to this tangent and we

expect ρ → ρF . However, as κ decreases, the orbit segment uΓ(t) gets closer to u0(t),

which implies that uΓ(t) passes very close to 0. In the limit, as uΓ(t) connects to 0, the

integration time τ → ∞. Numerically, this means that the distribution of points along

the orbit segment becomes uneven and it is difficult to calculate the trajectory

accurately enough. Hence, there is a trade-off between the two effects and we chose

κ = 10−4 as the most suitable value; see Chapter 4 and the data in Table 4.2. There are

infinitely many solutions uΓ(t), which are parameterised by κ; we select the solution

that satisfies κ = 10−4.

Having found a unique solution to our BVP for ρ = 32 we continue u0(t) and uΓ(t) with

ρ as a free continuation parameter. We compute two ρ-dependent families of orbit

segments, the end points of which define Zκ on Σρ as ρ decreases. We monitor our test

function

V ⊥ · Zκ, (3.3.1)

where V ⊥ is perpendicular to V on Σρ. When quantity (3.3.1) is zero V and Zκ are

parallel signalling the moment the hook disappears from the curve W̃ u
F(Γrl). We find

that the foliation condition is lost at ρ = ρF ≈ 31.01. Using κ = 10−4, we have

confidence in our value of ρF ≈ 31.01 to two decimal places.

Figure 3.6 shows the curve W̃ u
F(Γrl) with the line V for ρ = 30 (a), ρ = ρF ≈ 31.01 (b)

and ρ = 32 (c); row 1 show the situation locally near p+ and substantial enlargements

near o2 are shown in row 2. Panel (b1) illustrates how difficult it was for Sparrow to

detect the tangency between W̃ u
F(Γrl) and V . An accuracy that resolves the situation in

a O(10−4) neighbourhood of o2, as shown in panels (a2)–(c2) is needed to detect the

onset of a hook. The point fκ lies on W̃ u
F(Γrl) and on Cκ. The secant Zκ is shown in

pink and appears to lie on the piece of W̃ u
F(Γrl) within Cκ. The angle between Zκ and V

has undergone a sign change between panels (a2) and (b2) Panel (b2) shows that, for

ρ = ρF , the angle between Zκ and V is zero and the pieces of W̃ u
F(Γrl), V and Zκ within

Cκ are parallel.



3.4 The locus of the classic Lorenz attractor 55

y

(a1)

p+

V

W̃u
F
(Γrl)

o2

(b1)

p+

V

W̃u
F
(Γrl)

o2

(c1)

p+

V

W̃u
F
(Γrl)

o2

y

x x x

(a2)

Cκ

V

Zκ

W̃u
F
(Γrl)

o2

fκ

(b2)

Cκ

V

Zκ

W̃u
F
(Γrl)

o2 fκ

(c2)

Cκ

V

Zκ

W̃u
F
(Γrl)

o2

fκ

Figure 3.6: The curve W̃u
F (Γrl) with the line V in 7.9150 < x, y < 8.9932 on Σρ for ρ = 30 (a1), in

8.6053 < x, y < 9.0255 for ρ = ρF ≈ 31.01 (b1) and in 8.0615 < x, y < 9.3203 for ρ = 32
(c1). Panels (a2)–(c2) show the circle Cκ for κ = 10−4 around the point o2 (brown). The
point o2 ≈ (8.5375, 8.2937) is the end point of the curve W̃u

F (Γrl) (a2), o2 ≈ (8.8296, 8.7580)

(b2) and o2 ≈ (8.7185, 8.5192) (c2). The point fκ lies on W̃u
F (Γrl) and on Cκ and the secant

Zκ is shown in pink inside Cκ in (a2)–(c2).

3.4 The locus of the classic Lorenz attractor

The set up of the multi-segmented BVP is relatively complicated. However, the

advantage is that we can now continue the detected zero in our test function (3.3.1) for

any pair of the three system parameters.

3.4.1 The (ρ, σ)-plane

We first find the locus of the loss of the foliation condition F in the (ρ, σ)-plane for fixed

β = 8/3 by continuing a zero of (3.3.1). To extend the BVP set-up to two parameters

we take the same approach as in Section 2.3.1 and perform a continuation along a circle

Cη with radius η and centre T1, the first T-point in the (ρ, σ)-plane. Here, we choose

η = 2.8729 so that the point (ρ, σ) = (28, 10) lies on Cη. Specifically, we compute two
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orbit segments for a fixed value of θ around the circle Cη; one starting near 0 and ending

at o2 and the other starting near Γrl and ending at fκ as described in Section 3.3 to find

Zκ, the approximate tangent to W̃ u
F(Γrl) at o2. We continue Zκ in θ until we detect a

zero in our test function (3.3.1). We then compute F by continuing this zero in ρ and σ.

Figure 3.7 shows part of the bifurcation diagram in the (ρ, σ)-plane with phase portraits

corresponding to different parameter values on Cη. Panel (a) shows the circle Cη with

the curves F , the first α-flip curve α1 and the homoclinic and heteroclinic bifurcation

curves h of p±; compare with Figure 2.11. The point (28, 10) is marked (b) on Cη and

the points (c) and (d) lie at the radial angles θ = 0 and θ = 0.3142, respectively. These

points correspond to panels (b), (c) and (d) which show the intersection curves W̃ u(Γrl)

on Σρ near p+ with the intersection points o2, ..., o5 of W̃ u(0) and the line V .

We observe that the two phase portraits in Figure 3.7(c) and (d), which correspond to

parameter values on either side of h are topologically different. In both panels (c) and

(d) the curve W̃ u
F(Γrl) with end point o2 is labelled in the downward region of Σρ and its

image can be seen in the upward region of Σρ ending at o3. Starting at θ = 0 on Cη we

identify W̃ u
F(Γrl) shown in panel (c) and continue the BVP with θ decreasing to detect

F at θF ≈ −0.7680. We continue this point in ρ and σ and find that the continuation

stops when the point o2 gets very close to p+ on Σρ. The orbit segment u0(t), by

definition, has one end point near 0 and so when o2 lies very close to p+ this is the

configuration of the T-point T1 shown in Figure 2.12(a1). We cannot continue through

the T-point as this is a singularity in our set up. However, as we have a regular test

function we can approach the T-point from either side of the curve h. To find F above

T1 we start at θ = 0.3142 on Cη and identify W̃ u
F(Γrl) shown in panel (d). We continue

the BVP with θ increasing to detect F at θF ≈ 2.1231. We conjecture that the curve F
is a smooth curve through the T-point T1.

The sketch of part of the F curve in the (ρ, σ)-plane published by Bykov and Shilnikov

[21, 22] is shown in Figure 3.8(a) with our extended bifurcation diagram in panel (b).

The curves lk and la in panel (a) correspond to the curves F and EtoP in panel (b). The

curves hom, H and h are also shown in panel (b). Recall, along the EtoP bifurcation

curve there are two symmetric heteroclinic bifurcations from 0 to the two periodic orbits

that are created in the homoclinic bifurcation of 0, labelled hom, and disappear in the

Hopf bifurcation, given by (1.1.1), labelled H. The classic Lorenz attractor L exists in

the shaded region between the curves lk and la in panel (a), which correspond to the

purple regions between the curves EtoP and F in panel (b).

The sketch by Bykov and Shilnikov is in good agreement with our computations. Panel
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Figure 3.7: Bifurcation diagram (a) and associated phase portraits (b)–(d) near the T-point T1. Panel
(a) shows bifurcation curves of F (brown), h (green) and α-flip (teal) in the (ρ, σ)-plane with
the circle Cη for η = 2.8729 centred on T1. On Cη the curve F intersects at θF ≈ 2.1231 and
θF ≈ −0.7680. The curve h intersects Cη at θh ≈ 0.14097, and the α-flip at θα ≈ 3.28720.
The three points are θ ≈ 3.1999, where ρ and σ are at the classical values (28, 10) (b);
θ = 0 (c) and θ = 0.3142 (d). Panels (b)–(d) show the intersection curves of Wu(Γrl) on Σρ

for |x− p+x |, |y − p+y | < 5 at the different parameter values indicated by black dots on Cη in
panel (a).



58 The loss of the foliation condition

(a)

(b)
hom F EtoP H

T

h

K1

K2

ρ12 18 28 42 60

σ

0

10

28

Figure 3.8: Bifurcations in the (ρ, σ)-plane for β = 8/3, as found by Bykov and Shilnikov in [22] (repro-
duced with kind permission of Springer Science + Business Media) (a) and our representa-
tion (b). The curve lk in (a) corresponds to F (brown) in (b) and the curve la (a) corresponds
to EtoP (blue) (b). The point Q ≈ (30.4, 10.2) (a) is the T-point T1 ≈ (30.8680, 10.1673) (Pur-
ple)(b). The intersection point K ≈ (27.7, 17.7) (a) corresponds to K1 ≈ (27.7371, 17.8731)
(b); K2 ≈ (48.0239, 4.0183) (b). The curves H (red), h (green) and hom (black) are shown
in (b). The region A in panel (a) corresponds to the purple regions between the points K1

and K2 in panel (b). In panel (b) the region of preturbulence is shaded grey, the regions of
multi-stability are shaded in blues and dark purple.
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(a) marks the T-point Q ≈ (30.4, 10.2) on the lk curve which we find to lie at

T1 ≈ (30.8680, 10.1673) on F . One intersection of the lk and la curves is marked in panel

(a) at K ≈ (27.7, 17.7), this corresponds to the point K1 ≈ (27.7371, 17.8731) in panel

(b). We compute the bifurcation curves, F , hom and h directly by continuation as

detailed in Chapter 4. We compute the bifurcation curve EtoP using Lin’s method as

described in [51] and H is given by the formula (1.1.1). In panel (b) we have computed

the curves in a larger portion of the (ρ, σ)-plane than shown in panel (a). In particular,

we show that the curves F and EtoP cross a second time at K2 ≈ (48.0239, 4.0183).

This naturally leads to the conjecture that the region of existence of L is bounded in ρ

and σ for β = 8/3. The Hopf bifurcation curve H bisects the region of existence of L.
On the left of H is a region of multi-stability with three attractors, the equilibria p± and

L; on the right of H the only attractor is L.

The other coloured regions in Figure 3.8(b) are as follows. In the white region to the left

of the hom curve the equilibria p± are stable and the only attractors. The region

between the EtoP and hom curves is called the preturbulent regime [47] where p± are

still the only attractors, but trajectories with arbitrarily long chaotic transients can be

found. The blue regions in panel (b) are where the so-called quasi-attractor exists [4, 66].

The region containing the quasi-attractor undergoes many more bifurcations and

periodic doubling cascades not shown here; for more details see [10, 29, 69].

3.4.2 The (ρ, β)-plane and (σ, β)-plane

Starting from suitable points on the (ρ, σ)-plane, we compute the bifurcation diagrams

in the (ρ, β)-plane for fixed σ = 10 and the (σ, β)-plane for fixed ρ = 28. Figure 3.9

shows the bifurcation diagram in the (ρ, β)-plane in panel (a) and the (σ, β)-plane in

panel (b). The curves F , EtoP, hom, H and h are shown in each panel; compare

Figure 3.8. The T-point T1 and intersections points K1 and K2 are marked at the

intersections between the curves F and EtoP. The shading is as in Figure 3.8; in

particular, the region of existence of L between the points K1 and K2 is divided into

light and dark purple regions by the Hopf curve H in both panels.

In Figure 3.9 the region of existence of L appears bounded in both panels. Indeed, we

conjecture that the region of existence of L is bounded in the (ρ, β)-plane for σ = 10 and

in the (σ, β)-plane for ρ = 28. Our work is corroborated by Barrio and Serrano who

state in [10, 11] that the chaotic regime is bounded in σ and β for any value of ρ. The

bifurcation diagrams shown in Figures 3.8 and 3.9 give slices through the region of
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Figure 3.9: Bifurcations in the (ρ, β)-plane for σ = 10 panel (a) and in the (σ, β)-plane for ρ = 28. The
shading is the same as in Figure 3.8 with F (brown), EtoP (blue), H (red) and h (green).
The T-point (purple) lies on F at T1 ≈ (30.4744, 2.6232) (a) and T1 ≈ (8.9466, 2.3490) (b).
The F and EtoP curves intersect at K1 = (18.8618, 1.6388) and K2 = (155.9821, 9.0338) in
(a), and K1 = (3.2307, 1.5308) and K2 = (18.0972, 2.6964) in (b).
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existence of L in the whole three parameter space, which we study in the next section.

3.5 The region of existence of L in (ρ, σ, β)-space

We use the observation that the region of existence of L is bounded in the (ρ, σ)-plane.

We are interested in the region of existence of L which lies between the intersection

points K1 and K2 of curves F and EtoP. The Hopf bifurcation bisects this region in

two-parameter space. We wish to compute the surfaces F , EtoP and H in

three-parameter space. To this end, we compute the bifurcation curves F , EtoP and H

in the (ρ, σ)-plane for 60 different values of β ∈ [1, 7]. For each β value we restrict each

curve F and EtoP to its section that lies between the intersection points K1 and K2. We

compute the curve H and restrict it to the section between intersection points of H with

F . In this way we compute three sets of 60 curve segments, one set for each of F , EtoP

and H for each β-value. We render each set of curve segments as surfaces in Matlab.

Figure 3.10 shows the three surfaces F , EtoP and H in (ρ, σ, β)-space. The surfaces F
and EtoP form a cone shape that is closed for β ≈ 1.0324 and increases in size as β

increases. The surface H lie entirely inside this cone. The (ρ, σ)-plane for β = 8/3 is

shown in grey with the corresponding intersection curves of the surfaces F , H and

EtoP; compare Figure 3.9(a). The points K1 and K2 form two intersection curves of the

surfaces F and EtoP, which meet at β ≈ 1.0324. The curves of intersection of H and F
also meet at β ≈ 1.0324. The curve of the T-point T1 meets the surface H and EtoP at

the point (ρ, σ, β) ≈ (16.4907, 3.9297, 1.0324). This point is at the intersection of all

three surfaces; it is called a T-point-Hopf bifurcation point [31] and is labelled T-H in

Figure 3.10. It is a codimension-three bifurcation point that acts as an organising centre

for the dynamics of the system [31]. From Figure 3.10 we conjecture that the region of

existence of L is an open cone with its tip at a T-point-Hopf bifurcation; the cone

increases in size as all three parameters increase.

Three-parameter studies of the Lorenz system for large values of the parameters have

been performed by Barrio and Serrano; see [10, 11] and, more recently, [13]. They

compute two-parameter bifurcation diagrams of the chaotic and non chaotic regions by

considering Lyapunov exponents at each point in the parameter plane and find bounds

for where chaotic dynamics may be detected in the Lorenz system. They do not consider

the region of existence of L within the large chaotic region. By computing the

bifurcation diagram in the (σ, β)-plane for various values of ρ they build up a picture of

the chaotic regime that has the shape of a “cave”. Our cone of existence for L appears
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H

EtoP
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T-H

Figure 3.10: The surfaces F (brown), Hopf (red) and EtoP (blue) in three-parameter space for 10 <
ρ < 120, 0 < σ < 50 and 1 < β < 7. The intersection curves K1 and K2 of the surfaces F
and EtoP are brown. The intersection curves of the surfaces Hopf and F are red. These
curves meet at a T-point-Hopf bifurcation point at (ρ, σ, β) ≈ (16.4907, 3.9297, 1.0324) la-
belled T-H. The (ρ, σ)-plane for β = 8/3 is shown in grey.

to fit into the top of the first part of their “cave”, for low values of the parameters ρ, σ

and β.

3.6 Discussion

In this chapter we approximated the classic Lorenz attractor L via the computation of

the unstable manifolds of saddle periodic orbits and equilibria. In particular, we focused

on the unstable manifold W u(Γrl) of the symmetric periodic orbit Γrl. The accuracy of

the reduction of L to the one-dimensional Lorenz map relies on the condition that the

stable and unstable foliations in the classic Poincaré section Σρ are transverse. We

computed the intersection curves of W u(Γrl) with Σρ, which lie in the unstable foliation

and the intersection curves of the stable manifold W s(0) of the origin 0 with Σρ, which
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lie in the stable foliation. For large values of ρ, we identified hooks in the unstable

foliation, which indicate that the foliation condition is lost. As soon as these hooks form

the geometric Lorenz map no longer accurately describes the dynamics of L.

By defining a suitable two-point boundary value problem formulation, solved within

Auto [26], we identified the value ρ = ρF ≈ 31.01 at which hooks first appear for

σ = 10 and β = 8
3
. We note that we performed the same computations with the unstable

manifold W u(Γrll) of the non-symmetric periodic orbit Γrll and W u(p+) of the equilibria

p+ and also found ρF ≈ 31.01; this provides independent verification of this ρ-value

where the foliation condition is lost. We directly and conveniently computed the locus of

the loss of the foliation condition in the (ρ, σ)-plane via the continuation of solutions to

the boundary value problem. Our findings showed good agreement with the sketch by

Bykov and Shilnikov [22]. Moreover, by computing the respective bifurcation curves

directly by continuation we were able to extend their results. In particular, we showed

that the locus of the loss of the foliation condition and the EtoPconnection cross twice

in each two-parameter plane. This showed that the region of existence of L is bounded

in ρ and σ for fixed β = 8
3
; it is also bounded in the (ρ, β)-plane for σ = 10 and in the

(σ, β)-plane for ρ = 28. By computing the bifurcation curves in the (ρ, σ)-plane for 60

values of β ∈ [1, 7] we show that the region of existence of L forms an ice-cream cone

shape in the three-parameter (ρ, σ, β)-space, which is consistent with the findings of

Barrio and Serrano [10, 11, 13]. We conjecture that this cone is open at one end and

increases in size as all three parameters increase. We find that the tip of the cone at

(ρ, σ, β) = (16.4907, 3.9297, 1.0324) is a codimension-three T-point-Hopf bifurcation

point.
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4
Technical details of the BVP

formulations

In this chapter we explain the numerical continuation set-up used for the computation of

the stable and unstable manifolds considered in this thesis, and for their bifurcations.

The main idea is that finite parts of global invariant manifolds of a vector field can be

approximated by solutions of a suitable two-point boundary value problem (BVP). For

example, W s(p+) is a one-dimensional manifold that can be approximated by two orbit

segments. Similarly, the first part of a two-dimensional manifold W s(0) is formed by a

one-parameter family of orbit segments. We use the boundary value solver of Auto [26]

to formulate and compute approximations of stable and unstable global manifolds of the

Lorenz system. Here we discuss the specific boundary conditions used to compute

W s(0) and W s(p±) in Chapter 2, and W s(0), W u(Γrl), W
u(Γrll) and W u(p+) in

Chapter 3; for the general theory see, for example, [24, 50].

To set up a suitable two-point BVP we consider the time-rescaled Lorenz system

u′(t) = τf(u(t)), (4.0.1)

65
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where f is given by (1.0.1). A solution u(t) of (4.0.1) is an orbit segment defined with

t ∈ [0, 1]. The integration time τ of (1.0.1) is a parameter of system (4.0.1). When

computing stable manifolds τ is negative, and for unstable manifolds τ is positive.

4.1 One-dimensional stable manifold W s(p+)

In order to compute one branch of W s(p+) we consider the orbit segment u(t) with

u(0) = p+ + δp+ws. (4.1.1)

Here ws is the normalised (strong) stable eigenvector of p+, which is the linear

approximation of W s(p+) near p+. We choose u(t) with u(0) at a small distance

δp+ = 10−2 from p+. Since τ is a free parameter, the BVP given by (4.0.1)–(4.1.1) has

infinitely many solutions, which can be obtained by continuation in τ . We select one by

imposing a second boundary condition, namely,

∥u(1)− (0, 0, ρ− 1)∥2 = R2, (4.1.2)

so that u(1) ∈ SR. This two-point BVP can be used to monitor how W s
A(p

+) changes as

ρ is increased. We generate a family of solutions of system (4.0.1)–(4.1.2) by setting ρ as

a free continuation parameter. We monitor the quantity

u(1) · n̂α, (4.1.3)

where n̂α is the vector normal to the plane E defined in Section 2.1. When

quantity (4.1.3) is zero, u(1) lies in E, which defines an α-flip. Figure 2.7 was computed

in a single continuation run, starting from ρ = 25 to ρ = 400, detecting the α-flip values

as zeroes of (4.1.3).

We can continue an α-flip in two-bifurcation parameters, namely, σ and ρ, by using this

set-up. Having detected a zero of (4.1.3) we fix this condition and it becomes the

boundary condition

u(1) · n̂α = 0. (4.1.4)

We then continue the orbit segment of system (4.0.1)–(4.1.2) with (4.1.4); here, σ and ρ

are free continuation parameters. The paths αn for n = 1, . . . , 25 shown in Figures 2.10

and 2.13 were computed in this way, and the same approach was taken for Figure 2.14,

where the two-parameter continuation was in ln(ρ) and σ.
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To compute the T-points given in Tables 2.2 and 2.3 and to produce the pictures in

Figure 2.12, we require that one end point u(0) of u(t) lies close to p+ and the other end

point u(1) lies close to 0. We extract an approximate T-point orbit from the α-flip data

by continuing the orbit segment in system (4.0.1)–(4.1.1) and (4.1.4); note that u(1) is

not required to be on SR any longer. The parameters ρ or σ are kept fixed and we

monitor

uz(1), (4.1.5)

the z coordinate of u(1). A zero of (4.1.5) indicates that u(1) lies on the unstable

eigenvector vu of 0, because u(1) ∈ E. We then set the additional boundary condition

uz(1) = 0 (4.1.6)

and continue the orbit segment of system (4.0.1)–(4.1.1), (4.1.4) and (4.1.6) with both ρ

and σ again as free continuation parameters. We monitor the quantity

∥u(1)∥ − δ0, (4.1.7)

where δ0 is a small distance from 0; here we use δ0 = 10−2. When a zero of (4.1.7) is

detected, we consider the orbit segment a good approximation of the T-point orbit.

We are confident of the ρf -, ρT - and σT -values listed in Tables 2.1 and 2.3 to at least

O(10−4). Namely, we checked that decreasing the distance δp+ for the α-flip orbit and

distances δp+ and δ0 for the T-point orbits does not change the quoted four digits, nor

does increasing the number of mesh points along each orbit segment.

4.2 One-dimensional unstable manifold W u(0)

The first intersection points of the unstable manifold of the origin W u(0) with the

Poincaré section are shown in Figures 3.1–3.7. To find these points we start with a fixed

value of the parameters ρ, σ and β. We then consider the orbit segment with one end

satisfying

u(0) = δ0vu. (4.2.1)

where δ0 = 10−2 and vu is the normalised unstable eigenvector of 0, the linear

approximation of W u(0) near 0. Integrating in forward time from (4.2.1) we monitor

the quantity

uz(1)− (ρ− 1), (4.2.2)
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where uz(1) is the z-coordinate of u(1). A zero of (4.2.2) indicates that the end point of

the orbit segment lies in Σρ. We detect the first five intersection points in one run as the

first five zeros of (4.2.2). The right-hand branch of W u(0) is the image under the

symmetry (1.0.2) of the left-hand branch and, therefore, the intersection points of the

other branch on Σρ are the symmetric images of the computed ones.

In Chapter 3 we compute the ρ-value at which W u(0) is tangent to Σρ, on the tangency

locus C. To find C we compute an orbit segment in the system (4.0.1) with one end

point satisfying (4.2.1) and the second end point being the second zero of (4.2.2),

corresponding to the second intersection point of W u(0) with Σρ. We then impose the

boundary condition

uz(1)− (ρ− 1) = 0 (4.2.3)

and continue system (4.0.1), (4.2.1) and (4.2.3) with ρ as our free continuation

parameter. The flow in the z-direction is zero along C, so we monitor the quantity

ux(1)uy(1)− βuz(1), (4.2.4)

where ux(1) and uy(1) are the x and y-coordinates of u(1), respectively. A zero

of (4.2.4) indicates that u ends on the curve C on Σρ.

In Figures 3.8–3.9 we show the bifurcation curve hom of the homoclinic orbit of the

origin. This is a codimension-one connection that can be found by varying ρ for fixed β

and σ. We compute this connection by first fixing ρ and considering an orbit segment

with one end point satisfying (4.2.1) and the other satisfying

u(1) · n̂s = 0, (4.2.5)

where n̂s is the normal vector of the plane spanned by the stable eigenvectors of 0. We

then continue the orbit segment in system (4.0.1),(4.2.1) and (4.2.5) with ρ as the main

continuation parameter and monitor (4.1.7), which, when zero, ensure that the end

point lies at distance δ0 = 10−2 from 0, the same distance from 0 as the begin point but

in the stable direction. Having detected a zero in (4.1.7) we set the boundary condition

∥ u(1) ∥ −δ0 = 0 (4.2.6)

which allows us to continue the system (4.0.1),(4.2.1), (4.2.5) and (4.2.6) in any pair of

system parameters.
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4.3 Two-dimensional stable manifold W s(0)

We view W s(0) as a family of orbit segments that start on a linear approximation near

0, given by an ellipse defined by

u(0) = 0+

(
cos(θ)

vs

|λs|
+ sin(θ)

vss

|λss|

)
(4.3.1)

in the stable eigenspace Es(0) = span(vs, vss). The family is parameterised by θ, where

0 < θ < 2π, and λs and λss are the stable eigenvalues of 0 with corresponding

normalised eigenvectors vs and vss. The principle axes of the ellipse are in the directions

given by the eigenvectors vs and vss.

In Figure 1.1 the second boundary condition is the maximum allowed arclength

L = Lmax, where L is given by

L = τ

∫ 1

0

∥ f(u(s)) ∥ ds. (4.3.2)

In Chapters 2 and 3 the formulation of the two-point BVP for the computation of

W s(0) is the same as in [27]. We compute W s(0) as a family of orbit segments with one

boundary given by (4.3.1) and the second boundary condition is (4.1.2), which fixes u(1)

to the sphere SR; for further details see [27].

Figure 2.12 shows the T-point orbit and the codimension-zero connections from p± to 0.

These are formed by the intersection curves of W s(0) with W u(p±). We can detect such

special trajectories in the θ-parameterised family on W s(0) as follows. First we fix

ρ = ρTn and σ = σT
n for n = 1, . . . , 6 and compute one orbit segment with end point

satisfying (4.3.1). We monitor the quantity

(u(1)− p+) · n̂u, (4.3.3)

where n̂u is the normal vector of the plane Eu(p+) = span(wu
ℜ, w

u
ℑ), and wu

ℜ and wu
ℑ are

the normalised real and complex parts of the complex eigenvectors of p+, respectively.

When zero, (4.3.3) ensures that u(1) lies in Eu. We impose the second boundary

condition

(u(1)− p+) · n̂u = 0, (4.3.4)

and continue the orbit segment in system (4.0.1), (4.3.1) and (4.3.4) with θ as the main
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continuation parameter. We monitor the quantity

∥u(1)− p+∥2 − δp+, (4.3.5)

which, when zero, ensures the end point lies in Eu at a small distance δp+ from p+.

Figures 3.2, 3.3 and 3.4 show the intersection curves of W s(0) with the Poincaré section

Σρ. To compute W̃ s(0), we first compute W s(0) as in [27], as a family of solutions of

the system (4.0.1), (4.3.1) and (4.1.2), and monitor

u(1) · n̂Σ, (4.3.6)

where n̂Σ is the normal vector of the plane Σρ. When (4.3.6) is zero the end point u(1)

is on both SR and Σρ. Using (4.3.6), we detect a subset of orbit segments of W s(0) that

start near 0 and end on Σρ. We then impose the boundary condition

u(1) · n̂Σ = 0 (4.3.7)

and continue each of these orbit segments in system (4.0.1), (4.3.1) and (4.3.7) with θ as

the main continuation parameter so that the end point u(1) traces out a curve on Σρ.

Due to the symmetry (1.0.2), each starting orbit segment has a symmetric counterpart,

which will also have been detected as a zero in (4.3.6), that traces out the same curve on

Σρ, these are removed in a post processing step.

4.4 Unstable manifolds W u(Γrl), W
u(Γrll) and W u(p+)

The two point boundary value set-up can also be used for computing manifolds of

periodic orbits or for equilibria with complex conjugate eigenvalues. Here we discuss

how to adapt the approach in Section 4.3 for these cases. We describe the approach to

compute W u(Γrl) and note that it is the same for computing W u(Γrll), by simply

replacing Γrl with Γrll everywhere.

Viswanath gives the location of several periodic orbits in L in his paper [73]. In

particular, he provides the location of an intersection point Γrl with Σρ to 14 significant

figures. Using the start point on Σρ, for the classic parameter values, we compute Γrl as

an initial value problem and then continue it to the parameter values required.

The periodic orbit Γrl has two positive Floquet multipliers. There exists a well-defined
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unstable linear eigenspace at each point q ∈ Γrl given by the vector vu(q) which

corresponds to the Floquet multiplier greater than 1. The vector family {vu(q); q ∈ Γrl}
forms the unstable eigenbundle Eu(Γrl) of Γrl. We find a discretised version of Eu(Γrl)

by extending the system of equations to include the first variational equations;

see [30, 51] for more details.

Since trajectories on W u(Γrl) spiral away from Γrl, it suffices to consider only one

normalised vector vu(q), associated with the unstable Floquet multiplier, from the

eigenbundle Eu(Γrl). Here, we make the convenient choice of q as the intersection point

of Γrl with Σρ. The point wu
0 is then defined as

wu
0 = q + δΓvu(q), (4.4.1)

where δΓ is the distance from Γrl along vu(q). We define the point wu
1 as the first return

of the trajectory passing through wu
0 to the local planar section Q = span(vu(q), vΣ),

where vΣ lies in Σρ perpendicular to vu(q). We then define the approximate

fundamental domain as the line segment between wu
0 and wu

1 , that is, we consider the

boundary condition

u(0) = wu
0 + ζ(wu

1 − wu
0 ), (4.4.2)

where ζ ∈ [0, 1).

An initial orbit segment is computed as satisfying (4.0.1) and (4.4.2) up to integration

time τ = τmax for ζ = 0. This orbit segment is continued in ζ with fixed τ = τmax up to

ζ = 1 to compute a family of orbit segments on W u(Γrl). We choose τmax = 7, which is

approximately 4.5 times the period of Γrl, to ensure that the piece of W u(Γrl) computed

is large enough to give a good representation of L.

For large values of τmax some orbit segments of W u(Γrl) spend a very long time near the

origin. These orbit segments correspond to an intersection curve of W u(Γrl) with W s(0),

which is a heteroclinic connection from Γrl to 0. The computation stops at such

connecting orbits as the integration time cannot exceed its prescribed maximum.

Therefore, it is advantageous when computing the initial orbit segment for fixed ζ = 0,

with end point in the fundamental domain, to monitor the quantity

(τ − τmax)(L− Lmax) = ε, (4.4.3)

where, L is the arclength given by (4.3.2) of the orbit segment and Lmax is some
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prescribed maximum. We detect when ε = 10−3 and set the boundary condition

(τ − τmax)(L− Lmax)− ε = 0. (4.4.4)

We then continue the orbit segment satisfying (4.0.1), (4.4.2) and (4.4.4) as ζ increases

with τ and L as free parameters. Condition (4.4.4) ensures that, when the integration

time τ of an orbit segment reaches τmax, the arclength L decreases until τ subsides and

L can increase to Lmax again; this means that the computation can proceed past

heteroclinic orbits [28].

The surface W u(Γrl) is orientable which means that it is comprised of two half cylinders

that join smoothly at Γrl. We compute each side of W u(Γrl) separately by using first

+vu(q), then −vu(q) in the BVP set-up described above.

The computation of W u(p+) is effectively the same as W u(Γrl). Here, the point wu
0

in (4.4.2) is chosen as

wu
0 = p+ + δp+wu

ℑ, (4.4.5)

and the point wu
1 is the first return of the trajectory passing through wu

0 to section

Q = span(wu
ℑ, v

Σ), where vΣ lies in Σρ perpendicular to wu
ℑ. We compute W u(p+) as a

ζ-dependent family of solutions of the BVP (4.0.1) and (4.4.2) for either a fixed choice

of τ = τmax or satisfying (4.4.4).

In Chapter 3 we show the intersection curves of W u(Γrl) with Σρ in Figures 3.1–3.4 and

3.7. These are also computed directly by continuation. We consider an orbit segment

with one end point satisfying (4.4.2) for ζ = 0 fixed. We continue in time from (4.4.2)

up to maximum integration time τmax and detect zeros of (4.2.2). For each solution that

corresponds to a zero of (4.2.2), we impose the second boundary condition (4.2.3) and

continue the system (4.0.1), (4.4.2) and (4.2.3) with ζ as the main continuation

parameter. As ζ is varied, the end point u(1) traces out the curve on Σρ. The

continuation stops when ζ = 1 or the end point u(1) gets very close to an intersection

point of W u(0) on Σρ, where part of the orbit segment lies very close to the heteroclinic

connection from Γrl to 0 and the other part of the orbit segment lies very close to first

part of W u(0).

For Figure 3.6 we show only one curve, namely W̃ u
F(Γrl). To compute W̃ u

F(Γrl) we

identify the first solution that, when continued in the system (4.0.1), (4.4.2) and (4.2.3),

traces a curve on Σρ that has a visible hook. In our computations this corresponds to

the 16th zero of (4.2.2).
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4.5 Loss of the foliation condition

In Chapter 3 we describe the set-up of a multi-segmented BVP to find the loss of the

foliation condition. Here we give the specific boundary conditions for this computation.

We first fix ρ = 32, σ = 10 and β = 8/3. We compute an orbit segment u0(t) on W u(0)

with one end point satisfying (4.2.1) and monitor

u0
z (1)− (ρ− 1),

where u0
z (1) is the z-component of u0(1). When this quantity is zero the end point

u0(1) lies on Σρ. We choose the second detected zero, which is the point o2 on Σρ, and

impose the boundary condition

u0
z (1)− (ρ− 1) = 0. (4.5.1)

We compute a second orbit segment uΓ(t) on W u(Γrl) as in Section 4.4 with one end

point satisfying (4.4.2) and monitor

uΓ
z (1)− (ρ− 1),

where uΓ
z (1) is the z-component of uΓ(t). To ensure the end point uΓ(1) lies on W̃ u

F(Γrl)

we choose the 16th zero, which is the point fκ. We impose the boundary condition

uΓ
z (1)− (ρ− 1) = 0. (4.5.2)

The secant Zκ is as defined in Section 3.3, namely

Zκ = u0(1)− uΓ(1) = o2 − fκ.

The length of the secant, that is, the distance between the two points u0(1) and uΓ(1)

on Σρ, is initially very large. We continue the BVP (4.0.1), (4.2.1), (4.5.1), (4.4.2)

and (4.5.2) with ζ as a free continuation parameter and monitor

|o2 − fk| = |u0(1)− uΓ(1)| = κ,

until κ = 10−4. We impose the additional boundary condition

|o2 − fk| = |u0(1)− uΓ(1)| − κ = 0 (4.5.3)
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and continue the BVP (4.0.1), (4.2.1), (4.5.1), (4.4.2), (4.5.2) and (4.5.3) with the

system parameter ρ as a decreasing continuation parameter. During the continuation we

monitor the quantity (3.3.1), which, when zero, indicates that Zκ is parallel to the line

V given by

V := ΠΣρE
s(p±) =

(
?

?

)
.

Once a zero of (3.3.1) has been detected it can be continued in any pair of the system

parameters. For this we impose the boundary condition

V ⊥ · Zκ = 0 (4.5.4)

and continue the BVP (4.0.1), (4.2.1), (4.5.1), (4.4.2), (4.5.2), (4.5.3) and (4.5.4) with ρ

and σ (or ρ and β, or σ and β) as free parameters. In this way we find the locus F of

the loss of the foliation condition in any two-parameter plane.

The value ρF computed as a zero of (3.3.1) depends on the choice of V and κ. As

discussed in Section 3.3, the intersection curves of W̃ s(0) do not come sufficiently close

to p± to make a comparison with W̃ u(Γrl). On the other hand, the vector V gives the

direction of the stable foliation at the points p± and can be readily computed and

continued. Therefore, V is a good practical choice providing a good approximation of

the direction of the stable foliation at the point o2. To check the influence of the choice

of V on the accuracy of the computed value of ρF we proceed in the following way. We

compute the curves of W̃ s(0) as in Section 4.3 up to τmax = −5 for ρ = 31.0 and

consider the curve nearest p+ in the central region of the Poincaré section, where the

flow points downwards. We determine the tangent vector to this curve at its intersection

point with W̃ u
F(Γrl) as the vector

VF =

(
−0.94203910

0.33550312

)
.

Generically, the stable direction changes linearly along W̃ u
F(Γrl) in first approximation.

Therefore, we interpolate linearly between VF and V to find the improved vector at o2,

given by

Vint =

(
−0.85751589

0.34066195

)
.

We then use the improved vector Vint as well as the more inaccurate vector VF as (fixed)

vectors in the procedure to compute ρF as described above. For both choices we find

that the two decimal places quoted for the calculation with V remain unchanged at
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ρF = 31.01, in spite of an angle difference of up to 2.26 degrees between V and VF ; see

Table 4.1.

Table 4.1: The value of ρF depends on the choice of tangent vector to the stable foliation. The angle
of rotation from the eigenvector V is given in radians and degrees with ρF . The value of ρF

is consistent to 2 decimal places for each vector.

Vector Angle (radians) Angle (degrees) ρF

V 0 0 31.007145

Vint 0.003453 0.197854 31.007306

VF 0.039461 2.260963 31.008982

We now discuss the influence of κ on the accuracy of ρF . Table 4.2 shows how ρF

changes with the choice of κ when computed with each of the manifolds W u(Γrl),

W u(Γrll) and W u(p+). The relative error ∆ for the values computed with W u(Γrl) is

also shown and appears to decrease quadratically with κ. This is in line with the

theoretical expectation because we are approximating a tangent of a generically

quadratic curve with a secant through points at distance κ. The computations with the

chosen mesh size (see Table 4.6) could be performed down to κ = 10−4 for W u(Γrll) and

down to κ = 10−5 for W u(Γrl) and W u(p+); as was mentioned in Chapter 3 this is due

to the trade-off between taking κ smaller and the resulting closer passage of the orbit

segment near the origin. We also checked that increasing the number of mesh points

along each orbit segment does change the values of ρF in Table 4.2 only in the fourth

decimal place. Overall, this is evidence that the value ρF ≈ 30.01 is accurate to 2

decimal places for the choice of κ = 10−4.

Table 4.2: Loss of the foliation condition value ρF computed using each of the unstable manifolds
Wu(Γrl), Wu(Γrll) and Wu(p+) for various choices of κ. The relative error ∆ is computed
for the values of Wu(Γrl).

κ ρF using W u(Γrl) ∆ ρF using W u(Γrll) ρF using W u(p+)

10−1 32.67338078 32.67348098 32.67337765

10−2 31.08704778 1.58633300 31.08707035 31.08704696

10−3 31.01406849 0.07297928 31.01410824 31.01406675

10−4 31.00714539 0.00692311 31.00740473 31.00713356

10−5 31.00653795 0.00060743 31.00642548
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4.6 Homoclinic and heteroclinic orbits of p±

The homoclinic and heteroclinic orbits and bifurcation curves hetpn and homp
n associated

with the T-points Tn shown in Figures 2.10, 2.11 and 2.14 are computed in a similar way

to the codimension-zero connections from p± to 0. We choose ρ > ρTn and σ < σT
n near

Tn and continue the BVP given by (4.0.1)–(4.1.1) in the integration time τ ; this

produces a growing orbit segment representing W s(p+). We then detect and select the

orbit segment that also satisfies (4.3.3) and continue it in a system parameter (for

example, in σ), while monitoring the quantity (4.3.5) until it is zero. The resulting orbit

segment is the sought approximation of the homoclinic orbit homp
n.

To compute the corresponding bifurcation curve in the (ρ, σ)-plane it is advantageous to

ensure that u(1) lies along a fixed vector w ∈ Eu. This can be achieved by a short

continuation with εp+ in (4.3.5) as a free parameter until the boundary condition

uz(1) = p+z = ρ− 1 (4.6.1)

is satisfied. The curve homp
n is then computed as the solution of the BVP given

by (4.0.1)–(4.1.1), (4.3.3) and (4.6.1), where both ρ (or ln(ρ)) and σ are continuation

parameters; during this continuation εp+ varies slightly and is monitored to ensure it

stays small. The heteroclinic orbit hetpn and the associated bifurcation curve can then be

found and continued in exactly the same way by replacing p+ by p− in (4.3.3)–(4.3.5).

4.7 Accuracy Parameters

The accuracy of a computation depends on the number and distribution of mesh points

and the starting distances in the (un)stable eigenspace from the equilibrium or periodic

orbit [24]. The values used in the computation of W s(0) and W u(Γrl) in Chapter 1 are

summarised in Table 4.3. The first column gives the figure numbers. The subsequent

columns give the following data: the type of manifold computed; the accuracy

parameter δ0 or δΓ indicating the distance from u(0) to 0 or Γrl, respectively; the

maximum arclength Lmax; the maximum allowed integration time τmax; the number

NTST of mesh intervals used for discretisation; and the maximum and minimum

absolute values DSMIN and DSMAX of the pseudo-arclength step size. Figure 1.2 was

computed with the lrz demo in Auto [26].

The values for the computation of the manifolds W s(0) and W s(p±) in Chapter 2 are
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Table 4.3: The accuracy parameters for Chapter 1.

Fig Manifold δ0 δΓ Lmax |τmax| NTST DSMAX DSMIN
1.1 W s(0) 100 20 400 10−1 10−4

100 70 400 10−1 10−4

100 100 400 10−1 10−4

100 150 400 10−1 10−4

1.3 W u(Γrl) 10−1 700 7 400 10−1 10−6

1.4 W u(Γrl) 10−1 700 7 400 10−1 10−6

Table 4.4: The accuracy parameters for Chapter 2.

Fig Manifold δp± δ0 R |τmax| NTST DSMAX DSMIN
2.1 W s(p±) 10−2 200 400 10+2 10−5

2.2 W s(p±) 10−2 200 400 10+2 10−5

W s(0) 10−2 70.9529 2.1 200 10−1 10−4

2.3 W s(p+) 10−2 70.9529 400 100 10−5

2.4 W s(p+) 10−2 70.9529 400 100 10−5

2.5 W s(p+) 10−2 70.9529 400 100 10−5

W s(0) 10−2 70.9529 2.1 200 10−1 10−4

2.6 W s(p±) 10−2 70.9529 400 100 10−5

W s(0) 10−2 70.9529 8 200 10−1 10−5

2.7 W s(p+) 10−2 4.5ρ 400 10+2 10−5

2.8 W s(p+) 10−2 4.5ρ 400 10+2 10−5

2.9 W s(p+) 10−2 4.5ρfn 400 10+2 10−5

2.10 W s(p+) 10−2 4.5ρ Table 4.5 10+2 10−2

2.11 W s(p+) 10−2 70.9529 800 10+2 10−5

2.12 W s(p±) 10−2 10−2 Table 4.5 10+2 10−5

2.13 W s(p+) 10−2 4.5ρ Table 4.5 10+2 10−3

2.14 W s(p+) 10−2 10−2 4.5ρ Table 4.5 10+2 10−2

summarised in Table 4.4. The first column gives the figure numbers. We then specify

the following data: the type of manifold computed; the accuracy parameter δp± or δ0

indicating the distance from u(0) to p± or 0, respectively; the radius R of the sphere SR;

τmax; NTST; DSMIN and DSMAX.
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Figures 2.10, 2.12, 2.13 and 2.14 use varying values for NTST as indicated in Table 4.5.

The number n at the top of each column indicates which α-flip and T-point the

computations refer to. Here, the first row gives the NTST values used to compute the

α-flip ρfn, the continuation curve αn and the T-point orbit Tn. The second row gives the

NTST values used to compute the homoclinic and heteroclinic bifurcation curves hn.

Table 4.5: The number NTST of mesh intervals used in the computation of each α-flip ρfn and T-point
Tn, and in the computation of continuation curves αn and hn in Figures 2.10, 2.12, 2.13
and 2.14.

n 1 2 3 4 5 6 7 8 9 10
NTST 200 200 200 200 200 300 300 400 400 400

NTST (hn) 800 800 800 800 800 800 800 1000 1000 1000

n 11 12 13 14 15 16 17 18 19 20
NTST 300 300 300 400 400 500 550 600 650 700

NTST (hn) 1200 1200 1300 1300 1400 1400 1500 1500 1600 1600

n 21 22 23 24 25
NTST 750 850 900 950 950

NTST (hn) 1700 1700 1700 1700 1700

The values used to compute the manifolds W u(Γrl), W
u(Γrll) W

u(p+), W s(0) and

W u(0) and bifurcation curve hom in Chapter 3 are summarised in Table 4.6. The first

column indicates the figure number, as before. We then specify the following data: the

type of manifold or bifurcation curve computed; the accuracy parameter δΓ, δ0 or δp+

indicating the distance from u(0) to Γrl or Γrll, 0 or p+, respectively; Lmax; τmax; NTST;

DSMIN and DSMAX. In Figures 3.7–3.9 the α-flip and h curves are computed as in

Figure 2.11. The EtoP connection in Figures 3.8, 3.9 and 3.10 was computed with Lin’s

method as described in [51].
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Table 4.6: The accuracy parameters for Chapter 3.

Fig Manifold δΓ δ0 δp+ Lmax |τmax| NTST DSMAX DSMIN
3.1 W u(Γrl) 10−1 700 7 400 10−1 10−6

W u(Γrll) 10−1 500 5 400 10−1 10−6

W u(p+) 100 700 7 400 5−1 10−4

3.2 W s(0) 100 3 300 5−1 10−3

3.3 W u(Γrl) 10−1 12 1200 10−1 10−6

W̃ s(0) 100 5 1000 10−3 5−1

3.4 W̃ s(0) 100 5 300 10−1 10−4

W̃ u(Γrl) 100 9 300 10−1 10−4

3.6 W̃ u(Γrl) 10−1 400 100 10−5

W̃ u(0) 10−7 400 100 10−5

3.5 W u(Γrl) 10−1 400 100 10−5

W u(0) 10−7 400 100 10−5

3.7 W u(Γrl) 10−1 7 400 100 10−5

W s(p+) 10−2 800 10+2 10−5

W u(0) 10−7 400 100 10−5

3.8–3.9 W u(Γrl) 10−1 400 100 10−5

W u(0) 10−7 400 100 10−5

hom 10−2 400 100 10−5

3.10 W u(Γrl) 10−1 400 100 10−5

W u(0) 10−7 400 100 10−5
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5
Discussion and outlook

In this thesis we investigated the Lorenz system in a parameter regime where it can no

longer be accurately represented by the one-dimensional Lorenz map. In particular, we

considered two previously unexplained phenomena occurring in the Lorenz system that

appear as open questions in the book by Sparrow [69]. These are the “swinging” of the

one-dimensional stable manifolds W s(p±) of the secondary equilibria p± around the

z-axis and the loss of the so-called foliation condition corresponding to the point where

the Lorenz map no longer accurately represents the dynamics on the classic Lorenz

attractor L.

We characterised the “swinging” geometrically as an α-flip bifurcation where the

α-limits of W s(p±) switch sides. Our investigations not only enabled us to explain this

previously unknown phenomenon, but we also made the connection between α-flips and

T-points, which are codimension-two bifurcations that are organising centres for the

dynamics of the Lorenz system. In order to do this, we formulated and set up

appropriate boundary value problems, which allow for fast and accurate detection and

continuation of α-flips and T-points. For example the bifurcation curve of the first α-flip

to the first T-point is computed in a matter of minutes. We found a total of 25 α-flips

and continued them in two parameters to the first 25 T-points. We conjecture that there

81
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are infinitely many α-flips and T-points in the Lorenz system and demonstrate how to

find T-points in a systematic way via the continuation of α-flips. In addition, we found

the formula of a curve through the set of T-points, which is a helpful tool to estimate

where the next T-point can be found, as well as being interesting in its own right.

It is known theoretically that a wedge exists between the bifurcation curves of the main

homoclinic and heteroclinic bifurcations that end at each T-point [18, 34]. We showed

numerically that this wedge is extremely small. For topological reasons the α-limit set of

W s
A(p

+) must return to its original position at some other point near the T-point. The

α-flip is the mechanism that does this, in the absence of a suitable invariant set in the

Lorenz system. There are infinitely many subsidiary T-points in the wedge between the

main heteroclinic and homoclinic bifurcations for each T-point [18, 34]; therefore, the

wedge must also contain infinitely many subsidiary α-flips. The methods we present in

this thesis can be used to compute any of these subsidiary α-flips, but this is left for

future work. We conjecture that α-flips occur in any other system with T-points that

contain neither other invariant objects in the phase space nor other global bifurcations

that can return the α-limit set of the manifolds to its original position. Examples are

the Shimizu-Morioka system [68], which is analogous to the Lorenz system for large ρ,

and the more general system constructed by Kokubu in [49].

A connection between the loss of the foliation condition and the first α-flip is provided

by the first T-point. By taking the novel approach of using a multi-segment boundary

value problem we determined the value of ρ ≈ 31.01 for σ = 10 and β = 8
3
at which the

foliation condition fails. This value lies outside the interval Sparrow computed via the

integration of vectors [69], but is very close to that in the work of Bykov and

Shilnikov [22]; the latter can be considered a mutual verification of our results. We

computed the locus of the loss of the foliation condition for three different invariant

objects, which provides an independent check of the accuracy of our computations. Our

BVP, although complex to set up, allows for the convenient computation of the locus of

the loss of the foliation condition in two and three parameters. We extended the result of

Bykov and Shilnikov in two-parameters and showed for the first time that the region of

existence of L is bounded for each pair of parameters when the third parameter is fixed

at its classic value. This work is in agreement with but goes beyond the simulations of

the region of existence of chaotic behaviour by Barrio and Serrano [10, 11]. We showed

in three-parameter space that the region of existence of L has an ice-cream cone shape.

Moreover, the curve of the first T-point lies on the surface of the loss of the foliation

condition and, hence, is part of the boundary. In particular, we showed that the tip of

the ice-cream cone is a T-point-Hopf bifurcation point, which is a codimension-three

bifurcation [7]. Investigation of the bifurcation structure near a T-point-Hopf bifurcation
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in the Lorenz system has recently been considered by Algaba, Fernández-Sánchez,

Merino and Rodŕıgues-Luis but is not yet complete [7]; our ice-cream cone is consistent

with and forms a new part of this bifurcation structure. The full locus of the loss of the

foliation condition in three-parameters is born in the T-point-Hopf bifurcation point;

however, the exact connection between the T-point-Hopf bifurcation and the loss of the

foliation condition is still unclear. Future work is to investigate whether T-point-Hopf

bifurcations lie on the continuation curves of the other T-points in the Lorenz system

and to find out if they are associated with dynamics of interest.

Recall that the loss of the foliation condition coincides with the formation of hooks in

the unstable foliation, which manifests itself as additional maxima or minima (also

called critical points) in the one-dimensional Lorenz map. Luzzatto and Viana study

Lorenz-like families of one-dimensional maps with such extra critical points in an

attempt to describe the change in dynamics before and after the loss of the foliation

condition [56, 57]; however they do not use them to find the moment of the loss of the

foliation condition. Hao, Lui and Zheng created a series of one-dimensional maps of the

Lorenz system, called first-return maps, for 28 < ρ < 200 [39]. Their first-return maps

develop additional maxima and minima as ρ is increased, corresponding to tangency

points between the stable and unstable foliations on Σρ. The first of these tangencies

appears to correspond to the loss of the foliation condition, although this is not the

focus of their paper. Their first-return maps continue to change as ρ is increased up to

ρ = 200.

Recent work on the existence of the Lorenz-like attractor of the Shimizu-Morioka

model [68] may provide some insight into the boundary of existence of L in the Lorenz

system. This model was created to model the Lorenz system for large ρ-values, when the

Lorenz system can be transformed into the Shimizu-Morioka system with suitable

coordinate and parameter substitutions [68]. The bifurcations of the Shimizu-Morioka

model are investigated by Shilnikov in [64], alongside other normal-form systems by

Shilnikov, Shilnikov and Turaev in [66]. More recently Xing, Barrio and Shilnikov

performed two-parameter analysis with numerical techniques related to kneading

sequences [76]. In [64, 66] the authors classify the chaotic attractors of the

Shimizu-Morioka model into two types: the first is a Lorenz-like attractor, the other is a

non-orientable or quasi-attractor. This is analogous to the loss of the foliation condition

in the Lorenz system. The locus or curve between the two types of attractors in the

two-parameter space of the Shimizu-Morioka model is shown in [64, 66, 76]. Computed

with the method from [22, 65], the authors of [76] find that the points of intersection of

this locus with the curves of other homoclinic orbits in the system correspond to

inclination flip bifurcation points. Some homoclinic bifurcation curves spiral into a
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T-point; hence, there is a countably infinite set of inclination flip bifurcations along the

locus between the two types of attractors. Bifurcations analogous to those in the

Shimizu-Morioka model occur in the Lorenz system at the boundary of existence of

L [22, 64]. Therefore, in the Lorenz system, one may expect that additional homoclinic

bifurcation curves crossing F will also have inclination flip bifurcations.

A related question is how other global bifurcations of the Lorenz system relate to the

bifurcation diagrams presented in this thesis. Doedel, Krauskopf and Osinga [25]

consider the structure of heteroclinic bifurcations from p+ to 0 for 0 ≤ ρ ≤ 200 and

show that all but one of these bifurcations disappear in folds for high values of ρ. In

particular, they identify many secondary homoclinic bifurcations as limits of such

heteroclinic connections. The associated curves of homoclinic bifurcations accumulate

on the EtoP bifurcation curve and, therefore, will cross the curve F . Hence, these

homoclinic bifurcation curves are excellent candidates to check for inclination flip

bifurcations. This computation and the investigation of the role of subsequent T-points

is also left for future work.

In [66] Shilnikov, Shilnikov and Turaev show bifurcation curves through some of the

main and subsidiary T-points in the Shimizu-Morioka system which, when crossed, add

a turn to the return map. Each turn corresponds to a twist in the boundary of the

chaotic attractor. Additional twisting of homoclinic connections of the origin was

observed in the Lorenz system by Sparrow in his results for small β [69]. Such additional

twisting would lead to additional tangencies of the stable and unstable foliations on Σρ.

The boundary value problem formulation detailed in this thesis would be a suitable

method for identifying and continuing these additional tangencies; finding these types of

tangency curves in the Lorenz system is left for future work.

We computed leaves of the stable foliation before and after the foliation condition is

lost. A major part of Tucker’s 1999 proof [70] showed the existence of a strong stable

foliation transverse to the attractor on Σρ. In our work we have assumed that the stable

foliation exists past the loss of the foliation condition, because the intersection curves of

the stable manifold of the origin do not appear to undergo dramatic topological changes

between ρ = 28 and ρ = 32. A very interesting question for future research, from a

theoretical point of view, is whether the stable foliation still exists beyond where the

foliation condition is lost.

All calculations in this thesis are performed with boundary value problems and

continuation in Auto. These are very reliable computations, especially in comparison

with the initial value calculations used in earlier studies [69]. If boundary value
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problems are set up carefully, meaning they are well posed with well-defined test

functions, one can have great confidence in the results. This was independently verified,

for example, by the computations in Chapter 3 for different invariant objects giving the

same results up to the chosen accuracy. Solution procedures for boundary value

problems, such as the collocation scheme used in Auto [24, 26], come with error bounds

and convergence results. In principle some calculations could be made rigorous,

although this may be impractical.

Investigations into the type of bifurcations discussed in this thesis that lead to the

creation and destruction of a chaotic attractor, may also be relevant to other systems.

In particular, these techniques may be used in the context of other three-dimensional

dissipative systems, such as the Rössler system and the Rosenzweig-MacAuther models

considered by Barrio, Blesa and Serrano [12, 14]. In these papers the authors compute

the one-dimensional map reductions of the attractors in each system and look for the

appearance of additional maxima in these maps. Any appearance of such a maximum

corresponds to a topological change in the structure of the attractor between spiral

shaped and screw shaped [12]. It would be an interesting project to use the methods

described in Chapter 3 to determine the role of the stable and unstable manifolds in the

full systems in relation to the formation of the additional maxima in the

one-dimensional map, with the goal of computing this locus directly by continuation.

A related question not addressed in this thesis is the generalisation of our results to

Lorenz-like attractors in higher dimensions. T-points in the Lorenz system are organising

centres for the dynamics in two-parameter space [15]. A generalisation of a T-point in a

higher-dimensional system could be a ‘heterodimensional cycle’: a cycle formed by the

intersection of the stable and unstable manifolds of two hyperbolic sets with different

unstable dimensions [16]. A minimal example of a heterodimensional cycle would be a

heteroclinic connection between two saddle periodic orbits in a four-dimensional vector

field [77]. Heterodimensional cycles have been identified as possible organising centres

for more complicated dynamics in higher dimensions [16]. Higher-dimensional geometric

Lorenz attractors have been constructed, for example, by Bamón, Kiwi and

Rivera-Letelier [9] and Shilnikov and Turaev [71]. These systems have richer dynamics

than can be found in three-dimensional systems (in a well-specified sense). The system

constructed in [9] contains a so-called ‘wild’ Lorenz-like chaotic attractor, that is, a

higher-dimensional version of a Lorenz attractor that contains a hyperbolic set with

robust homoclinic tangencies. The bifurcations that generate this wild chaotic attractor

were studied by Hittmeyer, Krauskopf and Osinga in [42]. In particular, they identify

tangency bifurcations of stable and unstable manifolds of different hyperbolic sets.

Understanding the boundaries of chaos in the Lorenz system might help to understand
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the boundaries of the wild chaotic regimes. Specifically, higher-dimensional α-flips and

tangencies may well emerge as organising centres in this context.
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l’Institut des Hautes Études Scientifiques, 50(1):73–99, 1979.

[76] T Xing, R Barrio, and A L Shilnikov. Symbolic quest into homoclinic chaos.

International Journal of Bifurcation and Chaos, 24(8), 2014.

[77] W Zhang, B Krauskopf, and V Kirk. How to find a codimension-one heteroclinic

cycle between two periodic orbits. Discrete and Continuous Dynamical Systems –

Series A, 32(8):2825–2851, 2012.


