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On modelling large deformations of heterogeneous biological tissues using 

a mixed finite element formulation 

This paper addresses the issue of modelling material heterogeneity of incompressible 

bodies. It is seen that when using a mixed (displacement-pressure) finite element 

formulation, the basis functions used for pressure field may not be able to capture the 

nonlinearity of material parameters, resulting in pseudo residual stresses. This problem 

can be resolved by modifying the constitutive relation using Flory’s decomposition of 

the deformation gradient. A two-parameter Mooney-Rivlin constitutive relation is used 

to demonstrate the methodology. It is shown that for incompressible materials, the 

modification does not alter the mechanical behaviour described by the original 

constitutive model. In fact, the modified constitutive equation shows a better 

predictability when compared against analytical solutions. Two strategies of describing 

the material variation (i.e. linear and step change) are explained and their solutions are 

evaluated for an ideal two-material-interfacing problem. When compared with the 

standard tied coupling approach, the step change method exhibited a much better 

agreement due to its ability to capture abrupt changes of the material properties. The 

modified equation in conjunction with integration points based material heterogeneity 

is then used to simulate the deformations of heterogeneous biological structures to 

illustrate its applications. 

Keywords: heterogeneous material; hyperelastic constitutive relation; isochoric 

deformation tensor; mixed formulation; incompressibility 

1 Introduction 

Until recently, mechanical characteristics of most of the soft tissue continuum models have 

been treated as homogeneous where a uniform structure is assumed throughout the 

computational domain. However, biological tissues often exhibit inhomogeneous mechanical 

behaviour and therefore exclusion of heterogeneity compromises the accuracy of the 

predicted results. For example, the mechanical response of a bone is a function of the mineral 

density which varies spatially (Zannoni et al. 1998). Similarly, in soft tissue organs such as 

the breast (Riggio et al. 2000) and the face (Mendelson 2009), material heterogeneity exists 

due to structural variations both at the organ level and locally within each of the tissue types. 

In addition, when studying the mechanical behaviour of diseased structures, pathologic 

tissues often display different response to their healthy counterparts (Gupta et al. 1994; Chen 
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et al. 2008). 

Using state-of-the-art imaging techniques, locally varying structural information of 

biological tissues can often be inferred. However, the challenge in simulating the 

biomechanics of a heterogeneous body is the modelling complexity. One of the most 

common methods for handling heterogeneity is through automatic or semi-automatic meshing 

methods where the geometry of the heterogeneous body is captured using several finite 

element (FE) meshes. An example is the FE face model in (Barbarino et al. 2009) where a 

unique mesh is created to describe each individual structure. However, this meshing process 

is not only time consuming, but can also be computationally expensive due to a large number 

of degrees of freedom, and the requirement of additional constraints such as tied contact and 

coupling. Moreover, in many cases, due to the intricacy and microscopic details of 

heterogeneous structures, it is difficult to replicate the structural variation using this 

approach. 

To simplify the complexity involved in modelling heterogeneous materials, methods 

have been proposed, in which instead of modifying the mesh geometry, material properties 

are directly assigned at the numerical integration points (Chen et al. 2010; Mithraratne et al. 

2010). However, if a nonlinear, incompressible and hyperelastic constitutive relation is used, 

this heterogeneous integration points method can become numerically unstable, especially 

when simulating large deforming bodies.  The numerical issue is caused by pseudo residual 

stresses resulted from the interpolation errors of the pressure field (for incompressible 

materials) in a mixed FE formulation (Zienkiewicz et al. 2005). In this paper, it is shown that 

by modifying the constitutive equation using Flory’s decomposition of the deformation 

gradient tensor (Flory 1961), pseudo residual stresses can be eliminated regardless of the 

interpolatability of the pressure field. Accordingly, using the modified constitutive relations, 

the integration point based material heterogeneity method can now be applied to nonlinear 

and incompressible problems for bodies undergoing large deformations. While the method of 

modifying the constitutive relation for incompressible materials was extensively described by 

Sussman and Bathe (1987), but to our knowledge, it is the first time that its numerical 

performance is demonstrated in a heterogeneous setting. 

2 Background 

Finite elasticity theory is a commonly used approach for describing the mechanics of 

biological soft tissues, which often undergo large non-linear deformations. A comprehensive 
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description regarding to the theory of finite elasticity can be found in (Oden 1972). In order 

to close the system of equations, a constitutive relation that relates the material stress to its 

strain is required. Although most biological tissues exhibit viscoelastic and sometimes plastic 

behaviour (Fung 1993), it is a common practice to simplify the materials to be hyperelastic in 

which only the steady-state elastic deformations are considered. Some examples include the 

modelling of human facial tissues (Mithraratne et al. 2010), brain tissues (Pezzernenti et al. 

2008), breast tissues (Babarenda Gamage, Rajagopal, Nielsen et al. 2011), skeletal muscles 

(Rohrle et al. 2008) and skin (Hendriks et al. 2003). For hyperelastic materials, the stress-

strain relationship can be obtained from a scalar valued strain energy density function w , in 

which w  is the elastic potential energy stored per unit volume due to deformation. The 

hyperelastic, two-parameter Mooney-Rivlin constitutive relation is used in this study for the 

purpose of demonstration. 

Let X  denotes the position of a material point in the reference configuration, and x  

denotes the position of the same material point after some deformation. From this, the 

deformation gradient tensor F , the Jacobian of transformation J  and the Finger deformation 

tensor B  can be obtained. 

T

det

FF

F

XxF







B

J                          (1) 

The strain energy density function for the Mooney-Rivlin model can be described by a set of 

strain measures ( Btr1 I  and 22

2 tr-tr2 BBI ) which are invariant under coordinate system 

transformation. 

     JFIcIcw V 33 2211    (2)  

In equation (2), 1c  and 2c  are the parameters characterising the mechanical stiffness specific 

to the material, and  JFV  is the volume regulating term. Since, most biological soft tissues 

are incompressible due to the high water content (Fung 1993), a Lagrange multiplier function 

is often introduced to enforce this constraint. 

   1 JJFV 
   (3) 
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The Lagrange multiplier   is determined to satisfy the incompressibility condition ( 1J ). 

From the strain energy density function, the Cauchy stress tensor σ  can be evaluated as 

   IBBBσ   2

121

12 IccJ    (4) 

where I  is the identity tensor. For incompressible materials, σ  can be further simplified to 

   IBBBσ  2

1212 Icc    (5) 

Hence equation (5) defines the stress-strain relationship derived from the two-parameter 

Mooney-Rivlin constitutive relation for incompressible materials. Note that the Lagrange 

multiplier   can be seen as a pressure term created to satisfy the incompressibility condition 

(Oden 1972). This direct method of enforcing incompressibility (without modification to the 

original strain energy density function) has been widely used for simulating homogeneous 

structures (see e.g. Whiteley et al. 2007, Rohrle et al. 2008, Flynn et al. 2011). 

3 Finite element modelling with material heterogeneity 

In finite elasticity with mixed-FEM implementation (Zienkiewicz et al. 2005), the 

displacement and pressure fields are approximated as piecewise polynomials. In order to 

satisfy the physical conditions for realistic deformations such as bending and torsion, we use 

derivative continuous cubic-Hermite basis functions to interpolate the displacement field 

(Bradley et al. 1997). Moreover, linear-Lagrange basis functions are chosen to interpolate the 

Lagrange multiplier (pressure) field so that the inf-sup condition for the mixed-FEM 

formulation is satisfied (Bathe 2001). 

In most biomechanical simulations, it is often assumed that deformation is measured 

from an unstrained reference configuration ( IB 0 ) where the material is also free of 

external forces. If we substitute IB  into equation (5), we arrive at:   0210 22  ccσ , 

where 0  is the linearly interpolated reference pressure, and 0σ  is a scalar representing the 

isotropic residual stress ( Iσ 00 σ ). 

In a homogenous problem, 1c  and 2c  are constants throughout the domain; a common 

practise is to assign an initial value (at the reference configuration) of  210 22 cc   such 

that the initial residual stresses is set to zero as required for the equilibrium condition. Now 

consider a heterogeneous problem where the material properties are spatially varying and 
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arbitrary functions of ξ  (  ξ11 cc   and  ξ22 cc  ). Since   is interpolated from polynomial 

functions of a fixed order, it is clear that residual stresses cannot, in general, be 

mathematically set to zero, resulting in a pseudo residual stress. 

The reason that 0  is dependent on the material parameters is because their respective 

kinematic tensors are not mutually orthogonal (Criscione et al. 2000), e.g. 0: IB  and 

  0:2

1  IBBI , with B  and  2

1 BBI  being the kinematic tensors related to 1c  and  2c ,  

while I  is the kinematic tensor for  . Therefore, to resolve this problem, it is necessary to 

modify the constitutive equation such that this dependency is removed. Once this is addressed, 

zero residual stress can be achieved independent of the element basis functions throughout 

the domain. 

3.1 Modification of the Mooney-Rivlin constitutive relation 

Flory (1961) postulated that any deformation F  can be broken into an isochoric (constant 

volume) distortion component F  and a dilatational (volume changing) component I
3/1J , 

such that FF
3/1J  and 1det F . Based on the isochoric deformation gradient tensor F , a 

new set of invariants can be determined for isochoric strains. 

     

     FFF

FFF

2
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   (6) 

If we redefine the strain energy density function of the Mooney-Rivlin constitutive relation in 

terms of the isochoric strain invariants, we arrive at the modified Mooney-Rivlin model as 

shown by Sussman and Bathe (1987). 

     133 2211  JIcIcw     (7) 

In equation (7), 1c  and 2c  are parameters characterising the mechanical behaviour of 

isochoric strain, and   is a new Lagrange multiplier introduced to enforce material 

incompressibility in the modified equation. From the modified strain energy density function, 

the Cauchy stress tensor σ  can be evaluated as 

  IIBBBσ 
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and setting 1J  explicitly for incompressible materials, σ  becomes 

  IIBBBσ 















 2211

2

121
3
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3

1
2 IcIcIcc   (9) 

It can be shown that, the term within the bracket is the stress deviator tensor devσ , whereas   

is equivalent to the mean normal pressure p , defined as: 3/trσp  (see appendix for 

proof). Consider again, the unstrained reference configuration by substituting IB   into 

equation (9), we arrive at 00   , where zero residual stresses are automatically satisfied 

when 00  , regardless of the choice of element basis functions. 

In the modified Mooney-Rivlin strain energy density function (equation (7)), a new 

pair of material parameters ( 1c , 2c ) has to be determined. However, for incompressible 

materials, 11 II   and 22 II  , hence, it is clear that with the same material parameters 

( 11 cc   and 22 cc  ), the two strain energy density functions are in fact identical. 

3.2 Numerical validation 

In order to validate the modified constitutive model, the closed-form beam flexure problem 

proposed by Rivlin (1949) was reproduced in the FE setting. Table 1 shows the values used 

to obtain the flexure deformation. To ensure that numerical solutions converge to the 

analytical geometry, a convergence study was conducted (Figure 1). Euclidean errors were 

calculated from a regular grid of 100 points sampled within the beam. It is important to note 

that not only did the modified constitutive equation reproduce the analytical solutions 

accurately, it in fact perform better than the original equation (approximately one order of 

magnitude more accurate at each refinement step). Figure 2 depicts the simulation results 

using the most refined mesh consisting of 512 tricubic Hermite elements and 891 nodes. 
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Table 1. Parameters used for flexure deformation, see (Rivlin 1949) for detail 

descriptions of the parameters. 

Parameter Value 

Reference beam dimensions 1×1×4mm
3
 

Mooney-Rivlin constant 1c  1.0kPa 

Mooney-Rivlin constant 2c  0.5kPa 

Inner flexing radius, 1r  2.0mm 

Outer flexing radius, 2r  1.0mm 

 

 

 

Figure 1. Maximum Euclidean errors convergence with successive mesh refinements for 

the simulation of beam flexure. 
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Figure 2. Finite element simulation of flexure deformation using the original and 

modified Mooney-Rivlin constitutive models. The Euclidean errors are calculated from 

analytic displacements. 

 

In addition to the flexure deformation, analytic solutions of tensile, compressive and 

simple shear deformations (Rivlin 1948) on a cube were also simulated. Since the material 

displacements in these fundamental deformations are linear and homogeneous, converged 

results were reproduced from a single-element mesh with average Euclidean errors of less 

than 1×10
-8

mm, which was the tolerance threshold for the numerical solver. Therefore, it is 

clear that identical solutions can be obtained using the modified constitutive equation. 

4 Simulating heterogeneous materials 

4.1 Simulating material interface 

Consider an ideal two-material heterogeneous body in which there is a distinct border that 

separates the materials. When the system is in equilibrium, the normal and shear stresses 
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acting on the interface, for material points on either side of the boundary, must be equal. If 

we further assume the materials are kinematically coupled (i.e. displacements in-plane at the 

interface is bonded), then the physical boundary conditions across this interface can be 

established as given in table 2 (Zienkiewicz and Gerstner 1960). The normal stress acting on 

a plane orthogonal to the interface and the normal and shear strains on the interface are 

discontinuous across the boundary due to the heterogeneity condition, where each material 

region is required to satisfy a unique and different stress-strain equation. 

 

Table 2. Physical interface condition across material boundaries 

 Acting on the interface Acting on an orthogonal plane 

Normal stresses continuous discontinuous 

Normal strains discontinuous continuous 

Shear stresses continuous 

Shear strains discontinuous 

 

 

Conventionally, these physical conditions are imposed through contact constraints 

(e.g. tied contact) between the two materials. However, this approach requires large 

computational resources for constraint calculations. In addition, biological structures are 

often complex, with transitions from one tissue type to another occurring at the microscopic 

level. Therefore, it can be difficult to generate meshes that represent the anatomical 

geometry. 

Alternatively, if the two-material body is assumed to be a single continuum with 

heterogeneous properties defined at the integration points, then a separated mesh for each 

material is not required. However, the integration points approach is not an exact 

representation of the physical conditions described in table 2. Specifically, the FEM explicitly 

ensures strain continuity through the interpolation of basis functions (intra-element continuity 

in the case of C0-continuos basis functions and both intra- and inter-element continuity in the 

case of C1-continuos basis functions). In addition, when Gaussian quadrature scheme is used 

to evaluate the integrals, it is further anticipated that the internal work, which we are 

integrating for mechanical analysis, is a continuous polynomial field. As a result, internal 

stresses and material properties are also continuous. 
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In order to assess the discrepancies associated with the assumption of a single 

continuum as opposed to the ideal two-body interfacing condition, an example was set up 

where a cube of stiff material ( 1c =10kPa and 2c =5kPa) is coupled to a cube of compliant 

material ( 1c =1kPa and 2c =0.5kPa). Two types of material variations within the material were 

examined; firstly, the material property was described as piecewise linearly varying field 

(referred to as the linear field method); and secondly, the material property was directly 

assigned at the integration points allowing more abrupt change to be depicted (referred to as 

the step change method). Figure 3 illustrates the tensile and compressive deformation of the 

example problem using the two single continuum methods described above and the tied 

coupling method (two bodies). In the two body scenario, a distinct discontinuity in the 

resulting strain was observed. While the sharp discontinuities were smoothed out in both 

single body cases, the strain profiles were more accurately represented in the step change 

method where a more abrupt change of the material variation can be captured under the same 

order of element discretisation.  

Moreover, in both cases, the difference in strain was only local to the interface region, 

and it decreases rapidly further away from the material boundary. Hence, both approaches 

can be used to approximate the ideal interfacing condition, with the step change method 

providing a more accurate approximation at the interface region. 
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Figure 3. Simulation of compressive and tensile deformations of an ideal two-material-

interfacing problem, by applying tied contact between two materials (top), and by 

assigning heterogeneous material parameters at the integrations points as a step 

function (centre) and as a piecewise linear field (bottom). 

4.2 Application to biomechanical problem 

4.2.1 Muscle-tendon complex 

Biomechanics of musculoskeletal system is an active area of research in the field of sport 

science and orthopaedics. In biomechanical analyses of the musculoskeletal system, muscle-

tendon units are modelled as one-dimensional linear elements, see e.g. (Li et al. 2002; 

Cheung and Zhang 2008). This is mostly due to the structural complexity of the muscle-

tendon complex. In addition, tendons are on average more than 10000 times tougher than 

skeletal muscles, hence differences in mechanical stiffness can destabilise a poorly set up 

nonlinear FE problem. However, having a three-dimensional model of the muscle-tendon 

complex which undergoes large deformations is a useful tool as the precise location of the 

maximum stress can provide valuable information for studying muscle damage and fatigue 
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(Tsui et al. 2004).  

The step change method for describing material heterogeneity can be a robust and 

efficient approach to model the muscle-tendon complex. Figure 4 shows a muscle-tendon 

complex that has undergone uniaxial stretching. The integration points of tendinous tissue 

were assigned the material parameters of 1c =43.3MPa (43300kPa) and 2c =0, while the 

integration points of muscular tissue had the material parameters of 1c =2.5kPa and 

2c =1.175kPa. The Mooney-Rivlin parameters for skeletal muscles were adapted from 

(Nazari et al. 2010) and the parameters for tendons were estimated relative to the muscle 

stiffness. 

The surface strain field in figure 4 indicates little deformation of the tendinous region 

due to its much stiffer material properties. Large strain concentrations can be seen at the 

muscular regions in proximity to the tendons. When under excessive stretch, the blood vessel 

and other structures in high strain region risk being ruptured or damaged.  

 

 

 

Figure 4. Simulation of the muscle-tendon complex. The spheres on the left represent 

the material integration points, with white spheres showing the region of tendinous 

tissue. 

4.2.2 Pathologic muscle 

The stiffness of skeletal muscle comes primarily from its titin isoforms and the extracellular 

matrix (Wang et al. 1991; Prado et al. 2005). In pathologic muscles, the structural changes in 

either titin or the extracellular matrix can significantly reduce their mechanical stiffness 

(Chen et al. 2008). Modelling the deformation of pathologic muscles can be useful in 

designing rehabilitation programmes.  
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A pathologic skeletal muscle model was created in which a portion of the tissue is 

assumed to be damaged. In our simulations, damaged tissues were assigned material 

parameters of 1c =0.75kPa and 2c =0.352kPa, representing a 70% reduction in the tissue 

stiffness form the healthy muscles ( 1c =2.5kPa and 2c =1.175kPa). Figure 5 shows the 

difference between the mechanical response of healthy and pathologic muscles. It can be seen 

that the pathologic muscles experience non-uniform deformations that lead to localised strain 

concentration at the interface between pathologic and healthy tissues. This occurrence is 

expected as the pathologic region undergoes larger strain due to lower mechanical stiffness. 

 

Figure 5. Simulation of healthy muscle (top) and muscles with increasing area of 

damaged tissues (centre, bottom). The spheres on the left represent the material 

integration points, with black spheres showing the pathologic region. 

5 Conclusion and discussion 

When using the mixed (displacement-pressure) FE formulation to study the mechanical 

behaviour of an incompressible and heterogeneous body, it was shown that the presence of 

pseudo residual stresses compromise the stability of the solution. However, these residual 

stresses can be removed by modifying the constitutive relation using the isochoric 

deformation gradient tensor. In addition, this study demonstrated that the modified 
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constitutive relation leads to an improved numerical performance for homogeneous materials 

(flexure of a homogeneous beam). 

The most important difference between the modified and the original constitutive 

equations is the representation of the pressure field (  and  ) . In the modified equation, the 

mean normal pressure is evaluated directly as an independent field ( p ). Whereas in the 

original equation, pressure is related to the material parameters and the strain invariants (i.e. 

  3/42 2211 IcIcp  ). Accordingly, the numerical properties of these two equations are 

fundamentally different. We believe the improvement observed when using the modified 

constitutive equation, is due to   field being more linear than  , therefore, when 

approximating it with the same polynomial order, using linear-Lagrange basis functions,   

can be represented more accurately. The nonlinearity of   field is possibly due to its 

dependence on 1I  and 2I , which are derived from the cubic-Hermite interpolated 

displacement field. As a result, the variation of 1I  and 2I  which constitutes   cannot be 

represented as accurately when using linear basis functions. 

This study also demonstrated that when modelling a heterogeneous continuum with 

distinct material boundary, it is more appropriate to assign material properties directly at the 

integration points of the FE mesh, rather than interpolating them from a polynomial field (e.g. 

linear). This is because interpolation of the material field results in a loss of accuracy, 

whereas assigning the values directly at the point of interest retains the step change 

characteristic of the material. By assigning material properties at the integration points, 

together with the modified constitutive relation, two musculoskeletal problems were 

examined. In both cases, converged results were obtained with a relatively coarse FE mesh. 

Furthermore, since the modification strategy described here operates on the deformation 

gradient tensor, it can be intuitively extended to other hyperelastic constitutive relations for 

modelling more complex material behaviours. 

In practice, the structural information of heterogeneous biological tissues can be 

determined at the integration points from imaging modalities such as computed tomography 

(for bone and cartilage), and magnetic resonance imaging or ultrasound imaging (for soft 

tissue structures). This structural information in combination with mechanical testing 

procedures for identifying tissue properties enables modellers to create complex, subject-

specific biomechanical models. Examples of mechanical tests include in vivo surface 

indentation (Tran et al. 2007; Flynn et al. 2011), suction (Barbarino et al. 2011; Hendriks et al. 
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2006), uniaxial extension (Lim et al. 2008) and experiments involving gravitational loading 

(Babarenda Gamage, Rajagopal, Ehrgott et al. 2011). 
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Appendix 

This appendix reviews the proof that   in equation (9) is equivalent to the mean normal 

pressure of the Cauchy stress. We begin by setting the first terms in the equation (9) as σ : 

Iσσ   with   















 IBBBσ 2211

2

121
3

2

3

1
2 IcIcIcc  

By definition, the Cauchy stress tensor can be expressed as a sum of the stress deviator tenor 

devσ  and the volumetric stress tensor ( Iσ ), where σ  is mean normal stress ( 3/trσσ ): 

IσIσσ  σdev  

Taking the trace of this equation (Note that 0tr σ  according to our designation of σ  and 

0tr dev σ  by definition), we arrive at: pσ  , where p  is the mean normal pressure of 

the Cauchy stress tensor ( 3/trσp ). And from this, devσIσσ  p  is the stress deviator 

tenor.  
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