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Abstract

Probing the response of an oscillator to a perturbation is an important tool for under-

standing the underlying dynamics of the oscillator. Mathematically, we can determine

these responses by finding the so-called isochrons of the underlying periodic orbit. Each

isochron is the set of points that converge to the periodic orbit in phase with each other.

In this thesis, we investigate planar systems, for which isochrons are curves that can have

very complex geometries; we study how these complexities arise.

We start by considering the isochrons of a periodic orbit in the FitzHugh-Nagumo

system, an example from the 1970s of a system with two time scales for which the overall

structure of the isochrons could not be determined with the computational methods of

that time. We show, via numerical continuation, that the isochrons exhibit extreme

sensitivity and feature sharp turns. We observe that the sharp turns and sensitivity of

the isochrons are associated with the slow-fast nature of the FitzHugh-Nagumo system;

more specifically, they occur near a repelling (unstable) slow manifold.

In order to characterise such sharp turns, we introduce the notion of backward-time

isochrons and also extend the concept of an isochron to isochrons of a focus equilib-

rium. The backward-time isochrons are isochrons of the reversed-time system, and by

considering their interaction with the forward-time isochrons, we are able to identify a

new bifurcation: a cubic tangency of curves, which gives rise to non-transverse intersec-

tions between forward-time and backward-time isochrons. We call this bifurcation a cubic

isochron foliation tangency, or CIFT bifurcation. It is not a local feature but happens

along trajectories in the annulus where both sets of isochrons coexist. We construct and

discuss examples of three mechanisms for a CIFT bifurcation: a global time-scale sepa-

ration; a perturbation that increases the velocity along trajectories in a local region of

phase space; and a canard explosion (in the Van der Pol system).

Finally, we present our method for computing isochrons of periodic orbits and focus

equilibria, and a novel approach for computing phase response curves, which is accurate

for any size of the perturbation.
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Keane, Ricardo Gutierrez, Ben Lawrence, Cris Hasan, Sylvia Han, Barak Shani, Karen

Wiggins, Alastair Litterick, Maree Hawkins, Saeed Farjami and many more. These last

three years would not have been such an amazing adventure without you all.

I specifically thank Paul Hawkins, the first person I met in Auckland, for being reliable

and supportive through my toughest times, and also Claire, for your love and support,

and the happiness you have brought me.

Finally, I would like to thank my family. Living on the other side of the world is an

exciting but di�cult choice to make, but it is even harder for my family who nevertheless

simply accepted the idea, and have remained loving and supportive unconditionally.

v



vi



vii



viii



Contents

1 Introduction 1

1.1 A motivating example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Overview of literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Overview of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Isochrons in planar systems:

Winfree’s puzzle 11

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Winfree’s Isochrons of the FitzHugh-Nagumo

model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Geometric properties of Winfree’s isochrons . . . . . . . . . . . . . . . . . 14

2.3.1 The slow manifold . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.3.2 Computing the slow manifold . . . . . . . . . . . . . . . . . . . . . 21

2.3.3 The role of the slow manifold . . . . . . . . . . . . . . . . . . . . . 23

2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 Forward-time and backward-time isochrons, and their interactions 27

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Setting and definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2.1 Isochrons of a repelling periodic orbit . . . . . . . . . . . . . . . . . 29

3.2.2 Isochrons of a saddle periodic orbit . . . . . . . . . . . . . . . . . . 30

3.2.3 Isochrons of a spiralling equilibrium in planar systems . . . . . . . . 30

3.2.4 The CIFT bifurcation in planar systems . . . . . . . . . . . . . . . 31

3.3 Winfree’s model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.4 Interactions of forward-time and backward-time isochrons in the FitzHugh-

Nagumo model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.4.1 Local picture of the CIFT bifurcation . . . . . . . . . . . . . . . . . 36

3.4.2 Global picture of the CIFT bifurcation . . . . . . . . . . . . . . . . 39

3.4.3 Non-transverse isochrons past the Hopf bifurcation . . . . . . . . . 42

ix



x Contents

3.4.4 Non-transverse isochrons for larger time-scale separations . . . . . . 43

3.5 Model equations with a CIFT bifurcation . . . . . . . . . . . . . . . . . . . 44

3.5.1 Global time-scale separation . . . . . . . . . . . . . . . . . . . . . . 45

3.5.2 Local generation of a CIFT bifurcation . . . . . . . . . . . . . . . . 48

3.5.3 CIFT bifurcation in a canard explosion . . . . . . . . . . . . . . . . 52

3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4 Details on the numerics of computing isochrons 61

4.1 Isochrons for periodic orbits . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.1.1 Computing the linear bundle . . . . . . . . . . . . . . . . . . . . . . 63

4.1.2 Computing isochrons using only v
0

. . . . . . . . . . . . . . . . . . 65

4.1.3 Shifting both � and its linear bundle . . . . . . . . . . . . . . . . . 67

4.1.4 An illustrative example . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.2 Isochrons of equilibria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.2.1 Computing a linear approximation of an isochron . . . . . . . . . . 72

4.2.2 An illustrative example . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.3 Comparison of isochron computations for the

Aircraft ground dynamics model . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3.1 Isochrons of a periodic orbit . . . . . . . . . . . . . . . . . . . . . . 75

4.3.2 Isochrons of an equilibrium . . . . . . . . . . . . . . . . . . . . . . 77

4.4 Computation of phase response to perturbations . . . . . . . . . . . . . . . 78

4.4.1 Phase response of perturbations in the

FitzHugh-Nagumo model . . . . . . . . . . . . . . . . . . . . . . . . 81

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5 Conclusions 85



List of Figures

1.1 Ten isochrons of the periodic orbit � of the example model (1.7). The

isochrons are distributed uniformly in time over one period and coloured

according to their associated phases as indicated by the colour bar. Also

shown are orbits �t(p
1

) and �t(p
2

) that start on two di↵erent isochrons at

the points p
1

and p
2

, respectively. Panel (b) shows the time series of the

x-coordinates of �t(�
0

), �t(p
1

) and �t(p
2

). . . . . . . . . . . . . . . . . . . . 5

2.1 Ten isochrons of the FitzHugh-Nagumo model (2.1) computed by Win-

free [50]. The outer dashed curve is the stable periodic orbit, and the inner

dashed curves are other orbits. The solid curves are isochrons of the peri-

odic orbit uniformly distributed in time over one period. Panel (b) shows

an enlargement near the equilibrium. Reproduction of Box C in Chapter

6 p 171 of The Geometry of Biological Time 2nd ed. (Springer-Verlag,

New York 2001) by Arthur Winfree. With kind permission from Springer

Science and Business Media. . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Ten isochrons of the periodic orbit � (black) of the FitzHugh-Nagumo

model (2.1) as computed using our BVP method; compare with Fig. 2.1.

The isochrons are uniformly distributed in time over one period, and coloured

according to their phases; see the colour bar in Fig. 1.1. Panel (b) shows

an enlargement of the isochrons near the equilibrium point. . . . . . . . . . 15

2.3 Panel (a) shows � and the isochron I(�
0.5

) of �
0.5

, which is the isochron

of the FitzHugh-Nagumo model labelled 5 in Figs. 2.1 and 2.2. Panel (b)

is an enlargement of this isochron near the equilibrium point q. Panel (c)

shows the segment of I(�
0.5

) in panel (b) as a function of arclength L in

the (L, u, v)-space, and panel (d) shows the same I(�
0.5

) segment projected

onto the (u, L)-plane. In both panels (c) and (d) the black curve represents

the equilibrium point q, and the points labelled A and B are the tips of the

sharp turns from panel (b). . . . . . . . . . . . . . . . . . . . . . . . . . . 17

xi



xii LIST OF FIGURES

2.4 Panel (a) shows the phase portrait of the FitzHugh-Nagumo model (2.1)

projected onto the (u, v)-plane; shown is the periodic orbit �, the cubic

x-nullcline, the linear y-nullcline and a number of trajectories. Panel (b)

shows one hundred isochrons of �, distributed equidistantly in time; see

the colour bar in Fig. 1.1. Panels (c) and (d) show two consecutive en-

largements near q. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.5 The continuation of orbit segments for the FitzHugh-Nagumo model (2.1)

with fixed arclength L⇤ = 1.9, and initial points on the line ⌃ (dark green)

parametrised by distance d from the critical manifold (green). Panel (a)

shows the total integration time T of the orbits segments as a function of d.

The point marked u
max

has maximal T and corresponds to a portion of the

slow manifold Sr

✏

. Panel (b) shows a selection of orbit segments, coloured

purple to red. The black orbit segment is the solution u
max

. Also shown

are the periodic orbit � (black) and the equilibrium q. . . . . . . . . . . . . 21

2.6 Interactions of the isochrons with the slow manifold Sr

✏

; compare with

Figs. 2.3(a), 2.3(b), 2.4(b) and 2.4(c) with Sr

✏

overlaid in black. . . . . . . . 24

3.1 Panel (a) shows one hundred isochrons of the FitzHugh-Nagumo model (2.1)

for c = 3. The isochrons are associated with the attracting periodic orbit

� and are uniformly distributed in phase according to the colour bar; the

repelling slow manifold Sr

✏

is also shown. Panel (b) shows an enlargement

near the equilibrium x⇤, where the isochron I(�
0.8

) is highlighted in grey. . 28

3.2 Isochrons of (3.2) with a = 0.25 in the left column where both periodic

orbits �
s

and �
u

exist, and a = 0 in the right column where only �
s

ex-

ists. Row (a) shows ten forward-time isochrons of �
s

. Row (b) shows ten

backward-time isochrons of the repelling periodic orbit �
u

(b1) and the re-

pelling equilibrium x⇤ (b2). Row (c) shows both sets of isochrons together.

The isochrons are uniformly distributed in phase and coloured according

to their phases as indicated by the colour bars. . . . . . . . . . . . . . . . . 34

3.3 One-parameter bifurcation diagram in the (c, x)-plane of the FitzHugh-

Nagumo model (2.1), showing the equilibrium x⇤ and maximum and mini-

mum x-values of the branch of attracting periodic orbits �
s

and the repelling

periodic orbits �
u

emanating from the Hopf bifurcation at cH ⇡ 2.1192.

The two branches meet at a saddle-node bifurcation of periodic orbits at

cSNP ⇡ 1.9527; blue curves correspond to attractors and red curves to re-

pellers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35



LIST OF FIGURES xiii

3.4 Isochrons of the FitzHugh-Nagumo model (2.1) for c = 2.05. Panel (a)

shows ten forward-time isochrons of �
s

, and panel (b) ten backward-time

isochrons of �
u

. Both sets of isochrons are uniformly distributed in phase.

Panel (c) shows the same ten forward-time isochrons from panel (a) with

a single backward-time isochron U(�
0.78

); an enlargement near the top left

of U(�
0.78

) is shown in panel (d). . . . . . . . . . . . . . . . . . . . . . . . 36

3.5 CIFT bifurcation of the forward-time isochron I(�
0

) of the FitzHugh-

Nagumo model (2.1); shown are selected forward-time and backward-time

isochrons for c = 2.05, c = 2.0071 and c = 2. The left column shows only

I(�
0

) with backward-time isochrons before, at and after the CIFT bifurca-

tion, that illustrate the transition from two quadratic tangencies through

a cubic tangency to a transverse intersection; the right column also shows

some isochrons Im(�
0

) that are the images of I(�
0

) under the time-T
u

map. 38

3.6 Isochrons of (2.1) for c = 2; shown are 26 forward-time isochrons with

phases from 0.5 to 1 in steps of 0.02, which transversally intersect a selection

of 26 backward-time isochrons. . . . . . . . . . . . . . . . . . . . . . . . . 39

3.7 Isochrons of (2.1) for c = 2.0071 approximately at the CIFT bifurcation;

shown are 26 forward-time isochrons with phases from 0.5 to 1 in steps

of 0.02 that have cubic tangencies with 26 corresponding backward-time

isochrons; also shown is the trajectory O⇤ that passes through the cubic

tangencies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.8 Isochrons of (2.1) for c = 2.03; shown are 26 forward-time isochrons with

phases from 0.5 to 1 in steps of 0.02 that have quadratic tangencies with

52 corresponding backward-time isochrons. Also shown are the trajectories

O+ and O� that pass through respective tangencies. . . . . . . . . . . . . 41

3.9 Illustration of isochrons of (2.1) through a Hopf bifurcation. Panel (a)

shows ten isochrons of �
s

and of �
u

for c = 2.1 before the Hopf bifurcation,

and panel (b) shows ten isochrons of �
s

and of x⇤ for c = 2.2 after the Hopf

bifurcation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.10 Isochrons for c = 2.5. Shown are 26 forward-time isochrons with phases

from 0.5 to 1 in steps of 0.02, and a selection of backward-time isochrons

that have quadratic tangencies with them; also shown are the trajectories

O+ and O� that pass through the respective tangencies. . . . . . . . . . . 44

3.11 Isochrons of the reduced Hodgkin-Huxley model, see [41, pp.1212]. Shown

is the forward-time isochron I(�
0

) of the relaxation oscillation and a backward-

time isochron U(�
✓

) of the equilibrium x⇤ that makes a quadratic tangency

with I(�
0

). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45



xiv LIST OF FIGURES

3.12 Shown is a CIFT bifurcation that occurs between forward-time and backward-

time isochrons in system (3.4). Row (1) shows the phase portrait for

" = 0.1, where no tangencies occur between the two sets of isochrons.

Row (2) shows the phase portrait for " = 0.08, where each forward-

time isochron locally forms a cubic tangency with a particular backward-

time isochron; the trajectory O⇤ passes through all of the cubic tangen-

cies. Row (c) shows the phase portrait for " = 0.05, where each forward-

time isochron locally forms a quadratic tangency with two backward-time

isochrons; the trajectories O+ and O� pass through each of the tangencies. 46

3.13 The CIFT bifurcation for system (3.5); compare with Fig. 3.12. The sector

outlined in black is the region where the flow velocity is increased; its

magnitude is determined by the greyscale within the box ⌦. . . . . . . . . 49

3.14 Canard explosion of the Van der Pol system (3.6) with " = 0.05. Panel (a)

shows a one-parameter bifurcation diagram in the (�, L)-plane, where L is

the arclength of the solutions. Shown is the equilibrium x⇤, (stable when

blue, unstable when red) and attracting periodic orbit �
s

that emanates

from a Hopf bifurcation at �H = 1. The five labelled points correspond

to the periodic orbits �
s

when it has arclengths L = {0.7, 1.2, 1.5, 1.8, 2.3},
which is shown in panel (b) together with the critical manifold (green), and

the equilibrium x⇤ = (1,�2

3

) at � = �H (black dot). Panel (c) shows ten

forward-time isochrons of �
s

with L = 0.7 and ten backward-time isochrons

of x⇤. Panel (d) shows one hundred forward-time isochrons of �
s

with

L = 2.3 and ten backward-time isochrons of x⇤. . . . . . . . . . . . . . . . 54

3.15 Canard explosion of the Van der Pol system (3.6) with " = 0.2. Panel (a)

shows a one-parameter bifurcation diagram in the (�, L)-plane, where L

the is arclength of the solutions. Shown is the equilibrium x⇤, (stable when

blue, unstable when red) and the family of attracting periodic orbit �
s

that

emanates from a Hopf bifurcation at �H = 1. The four labelled points

correspond to cases when the periodic orbit �
s

has arclength L = 0.4,

L = 1.2, L ⇡ 1.7842 and L = 2, which are shown in panel (b), together

with the critical manifold (green), and the equilibrium x⇤ = (1,�2

3

) at

� = �H (black dot). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55



LIST OF FIGURES xv

3.16 The CIFT bifurcation for (3.6) with " = 0.2. Panels (a), (b), (c1) and

(d1) show �
s

at the four points labelled in Fig. 3.15 at di↵erent stages of

the canard explosion. Each panel shows ten forward-time isochrons of �
s

uniformly distributed in phase. Panels (a) and (b) show ten backward-

time isochrons of x⇤ uniformly distributed in phase, which only intersect

the forward-time isochrons transversally. Panel (c1) is approximately at the

moment of the CIFT bifurcation where thirteen backward time isochrons

of x⇤ make cubic tangencies with the shown forward-time isochrons; the

trajectory O⇤ passes through all the cubic tangencies. Panel (d1) is after

the CIFT bifurcation, showing twelve pairs of backward-time isochrons that

make quadratic tangencies with the forward-time isochrons; the trajectories

O+ and O� pass through each of the tangencies. Panels (c2) and (d2) show

enlargements of panels (c1) and (d1), respectively, in a region near x⇤. . . 57

4.1 Computation of the isochron I(�
0.7

) at the point �
0.7

⇡ (�0.3090, 0.9511)

on the attracting periodic orbit � of system (4.21). In each panel, the left

shows a global view of the (x, y)-plane, and the right shows an enlargement

of a region near �
0

. The periodic orbit � is the black unit circle, the

computed portion of I(�
0.7

) is the cyan curve emanating from �
0.7

, the

linear approximation E(�
0

) is the blue line at �
0

= (1, 0), and the last

computed orbit segment u(t) at each stage of the continuation is the green

curve. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.2 Computation of a backward-time isochron I(x⇤
0.6

) of the attracting equilib-

rium x⇤ of system (3.6). Each panel shows an enlargement of the (x, y)-

plane near x⇤. The linear approximation R
0.6

is the blue line from the

equilibrium x⇤, the computed portion of I(x⇤
0.6

) is the magenta curve em-

anating from x⇤, and the current orbit segment u(t) at each stage of the

computation is the green curve. . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3 One-parameter bifurcation diagram in the (↵, x)-plane of system (4.26),

showing the equilibrium x⇤ (blue when stable, red when unstable) and the

maximum and minimum x-values of a branch of the attracting periodic

orbits �
s

, which emanates from a Hopf bifurcation at ↵H = 13. . . . . . . 75

4.4 Ten forward-time isochrons of the equilibrium x⇤ of system (4.26) with

↵ = �12 equidistantly distributed in phase over one period T
x

⇤ ; the phase

of each isochron is given by the colour bar in Fig. 3.1. Also shown is an en-

largement near the equilibrium x⇤, which shows the linear approximations

of the isochrons in green, and the ellipse D used to determine the direction

of the linear approximations. . . . . . . . . . . . . . . . . . . . . . . . . . 78



xvi LIST OF FIGURES

4.5 Phase response for the FitzHugh-Nagumo model (2.1) with a = 0.7, b = 0.8,

c = 2.5, and z = �0.4. Panel (a) shows the periodic orbit � and the line

⌃ = {�
0.6

+�xV
p

| �x 2 [0, 0.75]} (green) at �
0.6

; the background colour

indicates the asymptotic phase of points according to the colour bar in

Fig. 3.2. Panel (b) shows the asymptotic phase ⌫ (mod 1) of points on ⌃

as a function of the distance �x from �. . . . . . . . . . . . . . . . . . . . 82

4.6 Phase response for the FitzHugh-Nagumo model (2.1) with c = 2.5. Panel (a)

shows the periodic orbit � and the perturbed cycle �
p

, perturbed by

�x = �0.75; the background colour indicates the asymptotic phase of

points according to the colour bar in Fig. 3.2. Panel (b) shows the asymp-

totic phase ⌫ (mod 1) of points on �
p

as a function of the phase ✓ of the

point on � from which they were perturbed. . . . . . . . . . . . . . . . . . 83



List of Tables

4.1 Auto accuracy constants used in the continuation runs in Section 4.3.1. . 76

4.2 Comparison of di↵erent methods for computing the point �
0.4

, using the

Euclidean distance to the reference �R
0.4

as measures of the error. . . . . . . 77

4.3 Comparison of di↵erent methods for computing the vector v
0.4

, using the

angle with the reference vR

0.4

as measures of the error. . . . . . . . . . . . . 77

xvii



xviii LIST OF TABLES



1
Introduction

Understanding the e↵ects of specific perturbations on biological oscillators are an impor-

tant area of research in biological modelling [2, 16]. In a typical physiological experiment,

an oscillator is perturbed away from its regular oscillation, and one is interested in the

time it takes, relative to the duration of the oscillation, until it relaxes back to its regular

rhythm. Mathematically, the biological oscillator is an attracting periodic orbit. Each

point on the periodic orbit has a particular phase, and any point in the basin of attraction

converges to the periodic orbit with a certain phase. Hence, one can assign the asymptotic

(or latent) phase to any point in the basin of attraction. In experiments, the resulting

phase-shift of an oscillator in response to a particular perturbation gives insight into the

underlying dynamics of the oscillator; this has been used to study the dynamics for a

variety of oscillators, e.g. circadian clocks [50], yeast cells [50] and the cell cycle [2, 50].

Arthur Winfree had a keen interest in the phase resetting of biological oscillators. In

1974 he published his seminal paper [49], where he formally introduced the concept of

an isochron. He established a formal definition of asymptotic (latent) phase in order to

define an isochron, and posed important conjectures regarding the geometry of isochrons.

For each point on the periodic orbit, there is an associated isochron, which is the set of

points with the same asymptotic phase as the point on the periodic orbit. Hence, if the

point on the periodic orbit is perturbed with any magnitude and direction, the isochrons

determine the resulting phase and, in particular, one can predict if the perturbation

will result in a phase advance or lag. Isochrons have many applications in biological

1
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modelling [2, 15, 19, 39]. For example, for the case of a spiking neuron, knowledge of

the isochrons can determine the stimulus required to advance or delay the next spike.

Consequently, an appropriate stimulus applied to a network of coupled neurons controls

the time to the next spike for each neuron, and can lead to the network synchronising,

for example, to support memory processes [16]. Moreover, isochrons have been used to

identify regions of phase space with extreme phase sensitivity [35, 39]. A network of

oscillators perturbed into such a region of sensitivity can be desynchronised by applying a

small amount of noise. This point of view has been suggested for the treatment of certain

symptoms of Parkinson’s disease, which is thought to be caused by synchronising neurons

in the basal ganglia and thalamus regions of the brain [48].

A directly related concept is that of a phase response curve (PRC) [2, 3, 15, 19, 22, 23].

A PRC is found by perturbing an oscillator with a fixed (small) perturbation, away from

the periodic orbit and measuring the resulting phase-shift from the unperturbed periodic

orbit [23]. Experimentally obtained PRCs have been known to contain discontinuities for

perturbations of a certain size. Isochrons give insight into the general shape and structure

of PRCs [2, 3, 15, 19], and the geometry of isochrons has been used to help understand

the mechanisms that cause these discontinuities [3, 19].

To formulate isochrons mathematically, consider an n-dimensional autonomous vector

field of the form
dx

dt
= F(x), (1.1)

where F is su�ciently smooth. The vector field induces a flow ' : R ⇥ Rn ! Rn,

prescribing that after time t 2 R, an initial point x
0

2 Rn maps to the point '(t, x
0

) 2 Rn;

we will also use the equivalent notation 't(x
0

) = '(t, x
0

). We assume that (1.1) has an

attracting periodic orbit � with period T
�

and basin A(�). To associate a unique phase

✓ 2 [0, 1) with a point �
✓

on the periodic orbit, we fix a reference point �
0

2 � that has

zero phase. Since � = {'(t, �
0

) | 0  t < T
�

}, the point �
✓

= '(✓T
�

, �
0

) 2 � has the

given phase ✓. Winfree [49] introduced the notion of asymptotic phase for any given point

x
0

2 A(�). The unique asymptotic phase ✓
s

(x
0

) of a point x
0

2 A(�) is given by the

condition

lim
t!1

|'(t, x
0

)� '(t+ ✓
s

(x
0

)T
�

, �
0

) |= 0. (1.2)

Hence, the orbit starting at x
0

converges asymptotically to � in such a way that it will

be in phase with the point '(✓
s

(x
0

)T
�

, �
0

) on �. The level sets of the function

✓
s

: A(�) ! [0, 1)

x
0

7! ✓
s

(x
0

),
(1.3)

are called the isochrons of �. All points in A(�) with equal asymptotic phase form a
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single isochron. Moreover, each point � 2 � lies on a unique isochron I(�), namely,

I(�) = {x
0

2 A(�) | ✓
s

(x
0

) = ✓
s

(�)}. (1.4)

In [49], Winfree reasoned that, for an n-dimensional vector field, isochrons are (n�1)-

dimensional manifolds and that they fill the basin of attraction. He introduced the notion

of a phaseless set, which consists of points on the boundary of the basin of attraction

of �. He claimed that the phaseless set is not empty and discussed the geometry of the

isochrons as they approach the phaseless set. He argued that, typically, all isochrons must

pass through an arbitrarily small neighbourhood of every point in the phaseless set.

Guckenheimer [21] provided rigorous existence and smoothness arguments by consid-

ering isochrons from the point of view of Manifold Theory [24]. He explained how each

isochron I(�) can be viewed as the stable manifold of � under the time-T
�

map 'T�(·); the
point � 2 � is a fixed point of 'T� and points on I(�) converge to � under iteration of this

map. If we assume that � is hyperbolic then the Jacobian matrix D'T�(�) evaluated at �

is an n⇥n matrix with one (neutral) eigenvalue equal to 1, and n�1 (stable) eigenvalues

inside the unit circle. Furthermore, the associated eigenvectors are tangent and transverse

to �, respectively. The Stable Manifold Theorem [24] ensures that I(�) is tangent at �

to the stable linear eigenspace Es(�) that is spanned by the n� 1 stable eigenvectors of

D'T�(�). Moreover, I(�) is a smooth codimension-one immersed manifold. Each isochron

is the di↵eomorphic image of another isochron under the flow: for �
✓

2 �, we have

I(�
✓

) = '(✓ T
�

, I(�
0

)). (1.5)

Therefore, the set of all isochrons covers the entire basin A(�) of �; this means that

I(�) := {I(�) | � 2 �} is a foliation of A(�) over � with leaves I(�).

The problem of existence of asymptotic phase for non-hyperbolic periodic orbits in

planar systems has been addressed by Chicone and Liu [6]. They also provide a di↵erent

proof of the existence of asymptotic phase for hyperbolic periodic orbits. Dumortier

extended their result and proved that, as a consequence of asymptotic phase, a foliation

as smooth as the vector field must exist, which is made up of leaves that intersect the

periodic orbit transversally [12].

For two-dimensional (planar) systems, as considered throughout this thesis, each

isochron is, hence, a single one-dimensional smooth curve that is tangent to the eigenspace

Es(�) spanned by the stable eigenvector of D'T�(�).
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1.1 A motivating example

To illustrate the notion of an isochron, we consider an example model that was introduced

by Winfree [50], which is given in polar coordinates as

(
ṙ = (1� r)r2,

 ̇ = �r.
(1.6)

In Euclidean coordinates, system (1.6) becomes

8
<

:
ẋ =

p
x2 + y2

⇣
x (1�

p
x2 + y2) + y

⌘
,

ẏ =
p

x2 + y2
⇣
y (1�

p
x2 + y2)� x

⌘
.

(1.7)

System (1.7) has a stable periodic orbit �: the unit circle with period T
�

= 2⇡. The

periodic orbit � has the basin A(�) = R2 \ {0}; that is, except for the origin, any point

in the (x, y)-plane converges to �. The origin is a repelling equilibrium that forms the

boundary of A(�); this point is the phaseless set of �. We choose the point �
0

= (x, y) =

(1, 0) 2 � as the reference point with zero phase, and we are interested in the isochrons

of system (1.7).

The isochrons can be calculated explicitly for this example from the formulation (1.6)

in polar coordinates; see [50, pp.168–169]. The isochron with phase ✓ is the curve

I(�
✓

) = {(r cos , r sin ) | r 2 R+, = ✓ � 1

r

(1� r)}, (1.8)

where �
✓

= (cos 2⇡✓, sin 2⇡✓) lies on �.

Figure 1.1(a) shows ten of the isochrons of (1.7) distributed equidistantly in time along

the periodic orbit � in the (x, y)-plane. The isochrons are shown according to their phases

as given by the colour bar. The white point in the centre is the phaseless set where the

isochrons accumulate. Figure 1.1 also shows two orbits 't(p
1

) and 't(p
2

) that start at the

points labelled p
1

and p
2

, respectively. Note that the point p
1

lies on I(�
0

), which means

that p
1

has the same asymptotic phase as �
0

. The point p
2

lies on a di↵erent isochron,

and has asymptotic phase equal to the fraction ✓
s

(p
2

) = 4

10

of the period T
�

= 2⇡. This

phase di↵erence is illustrated in Fig. 1.1(b), where we plot time series of the x-variables

of the three orbits starting at �
0

, p
1

and p
2

. We observe that the orbits 't(�
0

) and 't(p
1

)

are synchronising, while 't(p
2

) remains out of phase with respect to 't(�
0

), and attains

its maximum 4

10

⇥ 2⇡ later each time.

In general it is not possible to calculate explicit expressions for isochrons and, hence,

numerical methods are required to compute them. In Chapter 4, we present our numerical

method that is based on the numerical continuation of solutions to a suitably defined two-
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Figure 1.1: Ten isochrons of the periodic orbit � of the example model (1.7). The isochrons are
distributed uniformly in time over one period and coloured according to their associated
phases as indicated by the colour bar. Also shown are orbits �t

(p
1

) and �t
(p

2

) that start
on two different isochrons at the points p

1

and p
2

, respectively. Panel (b) shows the time
series of the x-coordinates of �t

(�
0

), �t
(p

1

) and �t
(p

2

).

point boundary value problem (BVP).

1.2 Overview of literature

There has recently been a renewed interest in isochrons. We discuss here methods from

the literature that have been developed to compute isochrons. We also discuss some recent

applications of isochrons that have arisen from such computational developments.

The first numerical computations of isochrons were performed by Winfree. He com-
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puted the asymptotic phase of points in phase space by considering several orbits in

forward time that end close to some reference point on the periodic orbit. By stepping

backward along the orbit in time, he would assign a phase to each point. The isochrons

are then constructed in a post-processing step (performed “by hand” at the time) by con-

necting the points with the same asymptotic phase. As Winfree discovered, this method is

unable to resolve the isochron structure in regions of phase sensitivity where all isochrons

come very close to each other; we provide a more detailed overview of Winfree’s method

for computing isochrons in Chapter 2.

Numerical integration has also been used to compute isochrons by extending a first

local approximation. A selection of points on some local approximation of the isochron,

for example, on the linear stable eigenspace Es(�), are integrated backward in time for

exactly one period of the periodic orbit; the resulting end points (or initial points in

forward time) give a good approximation of the extended isochron, provided they lie not

too far apart. Unfortunately, backward-time integration is even more exposed to phase

sensitivity than forward-time integration, and propagation of the numerical integration

error can have a dramatic e↵ect on the accuracy of the computed isochron. Moreover,

the distribution of points along an isochron is controlled by the mesh distance of points

on the local approximation and the contraction rate (stretching factor backward in time)

of the periodic orbit. Particularly for slow-fast systems, as discussed in Chapters 2 and 3,

the contraction to the periodic orbit can be so strong that the required mesh size of points

on the local approximation exceeds the limits of double precision arithmetic.

Despite its disadvantages, backward integration is relatively straightforward to im-

plement and is commonly used to approximate isochrons. For example, Akam and his

collaborators used it in [2] to compute isochrons for a two-dimensional model of oscilla-

tions in a particular region in the brain; as a local approximation they used a line nor-

mal to the periodic orbit. Sherwood and Guckenheimer used the backward-integration

method in [45] to study the isochron geometry of the two-dimensional fast subsystem of

a Hindmarsh-Rose model close to a homoclinic bifurcation; their findings explained the

shape and sensitivity of the recorded phase response. They determined a local approxi-

mation of the isochrons simply by considering a small perturbation of the selected point

on the periodic orbit.

In [37], Mauroy et al. extended the work by Guckenheimer and Sherwood by com-

puting the two-dimensional isochrons of the full Hindmarsh-Rose system via the method

in [34]. This algorithm, which was developed my Mauroy and Mezić, uses forward-time

integration, and computes the asymptotic phase of points in the basin of the periodic orbit

by using the concept of the Fourier average of an observable along a trajectory. In [34],

Mauroy and Mezić used the method to compute isochrons for the Van der Pol oscillator;

they also showed the method’s usefulness for higher-dimensional systems by computing
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isochrons for a four-dimensional reduced Hodgkin-Huxley oscillator. Their method is sim-

ilar in style to that of Winfree and, unfortunately, it is also exposed to the problems of

phase sensitivity. In [35] Mauroy and Mezić considered systems that exhibit isochrons

with fractal geometry, and showed that such geometry leads to a very sensitive phase

response. In [36], Mauroy, Mezić and Moehlis adapted the method in order to compute

so-called isostables of an equilibrium. Isostables are the sets of points that converge to

an equilibrium synchronously. As one of their examples, they computed the isostables of

the FitzHugh-Nagumo model.

Guillamon and Huguet also used backward integration in [22] to extend the local

isochrons, but their local approximation is determined with a high-order parametrisation

method for computing invariant manifolds, where they solve a functional equation for the

parametrisation of the periodic orbit and its isochrons. In their paper, Guillamon and

Huguet generalised the concept of a PRC to three-dimensional phase response surfaces.

Their method computes both isochrons and phase response surfaces simultaneously. More

recently, in [26], Huguet and de la Llave extended this parametrisation method such that

the functional equation can be solved e�ciently with Newton’s method. In [5], Guillamon,

Huguet and Castejón, used isochrons to create phase-response functions and amplitude-

response functions, in order to investigate perturbations that lead to transient behaviour.

In [46], Takeshita and his collaborators obtained partial derivatives of the phase func-

tion to arbitrary order to compute higher approximations of the local isochron. However,

these authors do not globalise the isochrons beyond the neighbourhood of a periodic orbit.

In [41], Osinga and Moehlis computed isochrons as the initial points of orbit segments

that end on the local linear approximation; rather than numerical integration, they used

continuation of solutions of a family of a two-point boundary value problem to find each

isochron; see Chapter 4 for more details. This approach is quite general [1, 29], and

its significant advantage is that each isochron is found directly as a parametrised curve.

As well as producing a good mesh resolution for the isochron, their approach in [41] is

not a↵ected by areas of extreme phase sensitivity that occur in systems of multiple time

scales; see also [13].

In [38], Moehlis considered the geometry of the isochrons for the planar Hopf normal

form oscillator and the planar Hindmarsh-Rose oscillator to understand fluctuations in

the periods of oscillators with noise, and how perturbations to regions of di↵use isochrons

can reduce such fluctuations. Nakao et al. [40] generalised the notion of an isochron in

order to study phase response in reaction-di↵usion-type systems.
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1.3 Overview of the thesis

In this thesis, we investigate the geometry of isochrons in two-dimensional systems, and

give a comprehensive overview of the complexity of a geometric feature that can occur

along each isochron. This feature is an N-shaped sharp turn that corresponds to phase

sensitivity in the system. We observe the turns in several example systems by computing

isochrons with our method that is based on continuation of two-point boundary value

problems; we also adapt this approach to compute phase response curves. We define the

onset of sharp turns formally via the interaction of the sets of forward-time as well as

backward-time isochrons. A more specific outline of the thesis follows.

In Chapter 2 we complete Winfree’s puzzle by using a numerical technique to compute

the isochrons of the FitzHugh-Nagumo model accurately with continuation of two-point

boundary-value problems. In this way, we produce a rendering of Winfree’s original phase

portrait both to confirm and complement his work. In Section 2.2, we first highlight some

important features of the model and go on to explain the method Winfree used to compute

the isochrons. We then present our rendering of the same isochrons that Winfree tried to

find in Section 2.3; we find that the isochrons exhibit very sharp turns. These turns were

first observed in the slow-fast two-dimensional reduced Hodgkin-Huxley oscillator [41],

where Osinga and Moehlis referred to them as “boomerang turns.” These complicated

isochrons are topologically the same as the rotationally symmetric, spiralling isochrons

in Fig. 1.1(a), which do not exhibit sharp turns. However, their geometric properties

are obviously radically di↵erent. We also compute the so-called repelling slow manifold

to identify regions of phase sensitivity, which give rise to sharp turns, and discuss how

the presence of two di↵erent time scales in the FitzHugh-Nagumo model organises the

isochrons. It is precisely these regions of extreme phase sensitivity near the repelling slow

manifold that account for the numerical problems experienced by Winfree. Since the slow

manifold arises from a time-scale separation in the system, it is a natural hypothesis that

the creation of sharp turns is a feature of systems that exhibit multiple time scales.

In Chapter 3, we investigate this hypothesis in more detail and argue that the pres-

ence of a repelling slow manifold is neither su�cient nor necessary. The central idea

is to introduce the notion of backward-time isochrons of a repelling periodic orbit and

consider the interactions of foliations of both forward-time and backward-time isochrons.

Backward-time isochrons are the (forward-time) isochrons of the reverse-time system for

which the repelling periodic orbit is attracting. We also generalise these definitions to

isochrons of equilibria with complex-conjugate eigenvalues in planar systems. We look

at the interactions of the two foliations of isochrons as we vary the vector field. We

observe the isochrons curving, and eventually the isochrons have such curvature that
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a forward-time isochron forms a cubic tangency with a backward-time isochron, which

can be interpreted as the moment when sharp turns are created. In this way, the onset

of sharp turns is well defined as a bifurcation in the system, which we call the cubic

isochron foliation tangency (CIFT) bifurcation. Before the bifurcation, the two folia-

tions of isochrons intersect only transversally, and after the bifurcation, the two foliations

of isochrons have non-transverse quadratic intersections. In Section 3.2, we give formal

definitions of forward-time and backward-time isochrons for periodic orbits and equilib-

ria, and in Section 3.3, we illustrate these concepts for an example system. Note that

throughout this thesis, forward-time isochrons are coloured shades from cyan to blue,

and backward-time isochrons are coloured shades from yellow to red. In Section 3.4, we

present the CIFT bifurcation in the FitzHugh-Nagumo model. We describe the unfold-

ing of a generic CIFT bifurcation, and show that the points of tangency between the

isochrons lie along trajectories of the system. In Section 3.5, we address the question how

a CIFT bifurcation can be generated. We construct two di↵erent vector fields; the first

model creates a CIFT bifurcation via the introduction of a global time-scale separation

between the two variables; the second model illustrates that it su�ces to slow down the

trajectories only in a local region of phase space. As a third mechanism we consider

the isochrons in a canard explosion in the Van der Pol system. We end with concluding

remarks in Section 3.6.

In Chapter 4, we give an overview of our numerical method for computing forward-

time and backward-time isochrons of both a periodic orbit and an equilibrium, and also

how this method can be adapted to compute phase response curves. We present three

di↵erent adaptations of our approach for computing an isochron, which are based on the

method [41], that is, it uses the numerical continuation of solutions of a suitably defined

two-point boundary value problem.

In this way, each isochron is computed accurately as a single curve parametrised by

arclength. In the case of isochrons of a periodic orbit, we obtain the base point and

linear approximation via either Lagrange interpolation or a novel approach that shifts the

periodic orbit in time with continuation. We then explain how these approaches can be

adapted to compute isochrons of a focus equilibrium in Section 4.2. In Section 4.3 we

compare the errors associated with each approach by computing the base point and the

linear approximation of an isochron in the simplified aircraft ground dynamics model [42];

this establishes the accuracy and reliability of the three approaches. In Section 4.4, we

show how our numerical method can be employed to determine the phases of points along

an arc in the phase plane, such as the perturbed periodic orbit in the computation of a

phase response curve. The advantage of our method is that we can consider the phase of

points in the basin of the periodic orbit that lie at a large distance from it. We can also
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resolve phase-sensitive regions and compute the phase response as a continuous curve.

We give examples of PRCs for the FitzHugh-Nagumo model in Section 4.4.1.

Finally, in Chapter 4, we draw some overall conclusions with a specific emphasis on

future work. We discuss how isochrons and the CIFT bifurcation occur in other systems,

and describe steps towards proving the conjectures posed in this thesis. Finally, we

address the question of how the methods and phenomena manifest themselves in higher-

dimensional systems.



2
Isochrons in planar systems:

Winfree’s puzzle

The results in this chapter were published in [33].

2.1 Introduction

As a specific example Winfree studied the two-dimensional FitzHugh-Nagumo model,

which mimics a pacemaker neuron with a repelling steady state and attracting cycle.

Importantly, this model features a separation between two time scales. Winfree computed

ten isochrons of the FitzHugh-Nagumo model, which are presented in the 2nd edition of

his book The Geometry of Biological Time [50]; He notes: “To the best of my knowledge,

the 1978 FHN calculation [...] has never been repeated and refined.” His numerical

method was based on solving initial value problems, and he encountered sensitive regions

of phase space, where he was unable to resolve the isochrons as a family of individual

continuous curves. He explains doubts he has about his method, and how implementing

a few small improvements to his method may significantly alter his results.

In this chapter, we compute these isochrons as curves parametrised by arclength.

This allows us to render the isochrons in their entirety and to compare them directly with

Winfree’s original calculations. The reason for his di�culty lies in the extreme phase

sensitivity that leads to very sharp turns along the isochrons of the FitzHugh-Nagumo

11
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model. In fact, this is a feature that appears to be typical in slow-fast models; it was

also observed in the Hodgkin-Huxley-type model considered in [41]. Such sharp turns are

closely associated with the so-called slow manifold, along which trajectories move much

slower than in the rest of the phase space.

This chapter is organised as follows. We begin by introducing the FitzHugh-Nagumo

model and the parameter set that Winfree used in Section 2.2; we highlight some im-

portant features of the model and go on to explain the method he used to compute the

isochrons. In Section 2.3 we present our rendering of the same isochrons that Winfree

tried to find; we follow this with a discussion of the geometry of the isochrons. We also

compute the repelling slow manifold to identify regions of phase sensitivity, which give rise

to sharp turns and discuss how the presence of two di↵erent time scales in the FitzHugh-

Nagumo model organises the isochrons. Finally, we make some concluding remarks in

Section 2.4.

2.2 Winfree’s Isochrons of the FitzHugh-Nagumo

model

In [50], Winfree computed isochrons for the planar FitzHugh-Nagumo model, which was

suggested in 1961 by FitzHugh [18] to describe an excitable system, such as a neuron.

The model is given by the equations

8
>><

>>:

ẋ =
dx

dt
= c

✓
y + x� x3

3
+ z

◆
,

ẏ =
dy

dt
= �x� a+ by

c
.

(2.1)

We use the same parameters as in [50], namely, a = 0.7, b = 0.8, c = 3 and z = �0.4.

The parameter c controls the time-scale separation between the two variables: for c = 3

we have that x is c2 = 9 times faster than y. Indeed, x represents the fast (excitation)

variable, and y the slow (recovery) variable.

System (2.1) has a single equilibrium at x⇤ := (x⇤, y⇤) ⇡ (0.9066,�0.2582), which is a

source with the complex conjugate pair of eigenvalues µ
1,2

⇡ 0.1339± 0.9163 i. There is a

stable periodic orbit �, on which points rotate clockwise with period T
�

⇡ 11.2279. The

basin of attraction A(�) is the plane R2, with the exception of the equilibrium x⇤. Hence,

the situation is topologically as that for the example model (1.7) and Winfree expected

that all isochrons accumulate on x⇤, which is the phaseless set.

To his surprise, Winfree was unable to find the isochrons of system (2.1) to a suitable

accuracy and found that he could not determine how the isochrons accumulate on the

phaseless set. Figure 2.1 is a reproduction of his figure in Chapter 6, Box C of [50].
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(b)

(a)

Figure 2.1: Ten isochrons of the FitzHugh-Nagumo model (2.1) computed by Winfree [50]. The outer
dashed curve is the stable periodic orbit, and the inner dashed curves are other orbits. The
solid curves are isochrons of the periodic orbit uniformly distributed in time over one period.
Panel (b) shows an enlargement near the equilibrium. Reproduction of Box C in Chapter
6 p 171 of The Geometry of Biological Time 2nd ed. (Springer-Verlag, New York 2001) by
Arthur Winfree. With kind permission from Springer Science and Business Media.

Panel (a) shows ten isochrons of system (2.1). Here the outer dashed curve is the stable

periodic orbit �, and the other dashed curves are other orbits that Winfree used for

his computations. The solid curves are segments of isochrons, which are distributed
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equidistant in time at intervals T
�

/10. The isochron labelled 0 corresponds to the point

on the periodic orbit with phase 0. Panel (b) shows an enlargement near the equilibrium

which is the point marked in the centre. As before, the solid curve segments are the

isochrons as found by Winfree and the dashed curve is part of the periodic orbit. Winfree

mentions that “a linear transformation of variables was e↵ected in plotting the trajectories

and isochrons. This was done in order to display trajectories near the steady state as

exponential spirals and to give the whole diagram polar symmetry.” He does not indicate

the transformation he used; however, numerical simulations of (2.1) indicate that he must

have worked with a coordinate system (u, v) defined (approximately) by

 
u

v

!
=

 
cos(9.5) � sin(9.5)

sin(9.5) cos(9.5)

!  
x

y

!
. (2.2)

In the (u, v)-coordinate system, x⇤ is the point q := (u
q

, v
q

) ⇡ (0.9368,�0.1050). Winfree

computed the isochrons as follows. He first computed � and established a reference point

which he assigned phase 0. He then rescaled time by T
�

such that the period of � was

scaled to 1. By choosing a grid of points in phase space, he generated a collection of time

points via numerical integration using time steps �t until reaching the point with phase

0 on � to within a certain tolerance. For each orbit segment, he marked the asymptotic

phase ✓ = �k�t (mod 1), k = 1, 2, 3, . . . at the kth time point back along it, up until

the initial point of the orbit segment. After carrying out this process for quite a number

of initial points, he generated the isochrons by connecting the points with equal phases by

hand. Winfree acknowledges the limitations of the accuracy of this approach; he notes:

“The isochrons are interrupted where the calculations become too delicate, along the

spiral separator.” Even though each isochron should be a single curve, he was unable to

decide how to achieve this with his data; note that the isochrons have gaps in both panels

of Fig. 2.1.

2.3 Geometric properties of Winfree’s isochrons

We now present our computations and detailed renderings of Winfree’s isochrons. Fig-

ure 2.2(a) shows the same ten isochrons from Fig. 2.1 computed with the continuation

approach described in Section 4.1.2. The isochron labelled 0 is our best approximation

of the reference isochron Winfree chose; it is unclear how he chose this reference point.

The isochrons are computed for system (2.1) and we then use the coordinate transfor-

mation (2.2) to obtain a similar projection as in Fig. 2.1. Note that all the figures that

illustrate the FitzHugh-Nagumo model in this chapter are shown in the transformed (u, v)-

plane and with the aspect ratio used by Winfree. Figure 2.2(a) shows the periodic orbit

� (black) of the FitzHugh-Nagumo model (2.1) with the ten isochrons coloured according
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Figure 2.2: Ten isochrons of the periodic orbit � (black) of the FitzHugh-Nagumo model (2.1) as com-
puted using our BVP method; compare with Fig. 2.1. The isochrons are uniformly dis-
tributed in time over one period, and coloured according to their phases; see the colour
bar in Fig. 1.1. Panel (b) shows an enlargement of the isochrons near the equilibrium point.

to a colour gradient which indicates the phase; see the colour bar in Fig. 1.1. Again, the

isochrons are distributed equidistantly in time at phase intervals T
�

/10. Our approach

of using continuation of a two-point boundary value problem is able to compute each

isochron as a one-dimensional curve parametrised by arclength. Hence, each isochron in

Fig. 2.2 is a single connected curve.
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Figure 2.2(b) shows an enlargement near the equilibrium q which shows the isochrons

spiralling to q. The approach to q is complicated: the isochrons periodically change

direction and accumulate in narrow regions on each other. Comparing Figs. 2.1 and 2.2,

we observe that the areas where Winfree could not compute the isochrons are where

several isochrons accumulate. The asymptotic phase of points in this area is very sensitive,

meaning that a slight perturbation from any point will result in a completely di↵erent

phase.

We now focus on the actual geometry of isochrons in Fig. 2.2. Figure 2.3(a) shows a

single isochron of system (2.1) in the (u, v)-plane, the isochron I(�
0.5

) which is the one

labelled 5 in Fig. 2.2. The figure illustrates how I(�
0.5

) approaches the equilibrium q.

Panel (b) is an enlargement of the isochron near q, which shows that I(�
0.5

) approaches q

by way of complicated turns with extremely high curvature. The isochron I(�
0.5

) enters

Fig. 2.3(b) from the left, it starts to spiral around q anti-clockwise for about a 3/4 turn; it

then makes a sharp turn at the point marked A and starts to spiral around q in a clockwise

direction. Note that I(�
0.5

) appears to lie on top of itself, but it cannot self-intersect, so

it must lie in an extremely narrow region of itself, forming an extremely sharp turn at

the point A. Figure 2.3(b) shows that I(�
0.5

) makes another sharp turn at the point B,

but at a slightly smaller scale and rotated by about a 3/4 turn with respect to the sharp

turn at A. We can discern a third sharp turn very close to and just to the right of q.

The continuation method described in Section 4.1.2, computes each isochron as a curve

parametrised by arclength L. In the (u, v)-plane, the sharp turn associated with the point

A, that is, the two arcs of I(�
0.5

) that lie on either side of A are very close together. To

illustrate that I(�
0.5

) is indeed a single smooth curve, we plot in Fig. 2.3(c) the portion of

I(�
0.5

) in panel (b) as a function of arclength L in the three-dimensional (L, u, v)-space;

the equilibrium q is represented as the black line and the points A and B at the tips of the

sharp turns are labelled. The arclength L is measured in the original (x, y)-coordinates

from the point �
0.5

, so that arclength in Fig. 2.3(c) increases from right to left. Panel (d)

shows a projection of this same portion of I(�
0.5

) onto the (u, L)-plane. The points A and

B are labelled again as well. Figures 2.3(c) and (d) illustrate that I(�
0.5

) is a continuous

curve, and the sharp turns are indeed turns and not discontinuities. Figure 2.4(a) shows

a phase portrait of system (2.1) in the (u, v)-plane. Shown is the periodic orbit � and a

few trajectories computed for reference. Also shown are the (u, v)-projections of the cubic

x-nullcline, given by

y =
x3

3
� x� z, (2.3)

and of the linear y-nullcline, given by

y =
a� x

b
. (2.4)
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Figure 2.3: Panel (a) shows � and the isochron I(�
0.5) of �

0.5, which is the isochron of the FitzHugh-
Nagumo model labelled 5 in Figs. 2.1 and 2.2. Panel (b) is an enlargement of this isochron
near the equilibrium point q. Panel (c) shows the segment of I(�

0.5) in panel (b) as a func-
tion of arclength L in the (L, u, v)-space, and panel (d) shows the same I(�

0.5) segment
projected onto the (u, L)-plane. In both panels (c) and (d) the black curve represents the
equilibrium point q, and the points labelled A and B are the tips of the sharp turns from
panel (b).

Figure 2.4(b) shows one hundred isochrons of system (2.1) that are distributed uniformly

with time intervals of T
�

/100. The isochrons are coloured as before according to their

phases. The reference isochron assigned phase 0 is the same reference isochron as in

Figs. 2.1 and 2.2. Figure 2.4(b) illustrates how the isochrons form a foliation of the
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�

(a)
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ẋ = 0

 q

(b)

�

 q

�

(c)

 q
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q

Figure 2.4: Panel (a) shows the phase portrait of the FitzHugh-Nagumo model (2.1) projected onto
the (u, v)-plane; shown is the periodic orbit �, the cubic x-nullcline, the linear y-nullcline
and a number of trajectories. Panel (b) shows one hundred isochrons of �, distributed
equidistantly in time; see the colour bar in Fig. 1.1. Panels (c) and (d) show two consecutive
enlargements near q.

basin A(�), clearly displaying regions where isochrons accumulate and regions where

they are spread out. The isochrons in the region where � passes close to q lie very close

together; similarly, the isochrons accumulate near the centre branch of the x-nullcline.

Figures 2.4(c) and (d) show successive enlargements of Fig. 2.4(b) near q. The two figures
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show how the isochrons organise themselves near q whilst maintaining the complicated

sharp turns seen in Fig. 2.3(b). The two enlargements show isochrons accumulating along

a spiral, which indicates that these areas are sensitive to initial conditions. The spiral gives

the isochrons a self-similar structure which appears to persist up to the equilibrium q.

2.3.1 The slow manifold

The time-scale separation causes orbits to move faster or slower as they pass through

certain regions of phase space. The periodic orbit � itself experiences fast intervals inter-

spersed with slow intervals. Multiple time scales have a significant e↵ect on the geometric

structure of the isochrons; see also [41]. We find that in slower regions of phase space

isochrons bunch up and lie closer together, whereas they are more dispersed in faster

regions of phase space. We now use standard techniques of Geometric Singular Perturba-

tion Theory [27] to study the dynamics of the two time scales independently to identify

the faster and slower regions of phase space; for an overview, see [7].

We can rescale system (2.1) so that it evolves on the fast time scale t
f

= c t to give

the fast system 8
>><

>>:

dx

dt
f

= y + x� x3

3
+ z,

dy

dt
f

= �✏(x� a+ b y),

(2.5)

where we use ✏ = 1/c2 to write the system in the conventional form. Equivalently,

system (2.1) can be written using the slow time scale t
s

= t/c to give the slow system

8
>><

>>:

✏
dx

dt
s

= y + x� x3

3
+ z,

dy

dt
s

= �(x� a+ b y).

(2.6)

The two systems (2.5) and (2.6) are equivalent if ✏ 6= 0. To explore the fast and slow

dynamics separately we take the singular limit ✏! 0.

In the singular limit, the fast system converges to the layer equations

8
>><

>>:

dx

dt
f

= y + x� x3

3
+ z,

dy

dt
f

= 0,

(2.7)

which describe the dynamics on the fast time scale, where there is no movement in the

slow y-direction. In the singular limit, the dynamics of the slow system converge to the
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reduced system 8
>><

>>:

0 = y + x� x3

3
+ z,

dy

dt
s

= �(x� a+ b y).

(2.8)

This is a di↵erential-algebraic equation that describes the dynamics on the slow time scale.

The algebraic equation defines a one-dimensional manifold S onto which the dynamics is

restricted; for the FitzHugh-Nagumo system, S is the manifold

S =

⇢
(x, y)

���� y + x� x3

3
+ z = 0

�
.

This manifold is called the critical manifold of the full system (2.1), which is the cubic-

shaped x-nullcline given by (2.3). The di↵erential equation in (2.8) describes how points

on S move on the slow time scale, hence, the flow described by (2.8) is known as the slow

flow.

Note that S is equal to the set of equilibrium points for the layer equations. A point

(x, y) 2 S is called normally hyperbolic if it is a hyperbolic equilibrium of the layer

equations, that is, if
@

@x

✓
y + x� x3

3
+ z

◆
6= 0.

A subset Sa ⇢ S is called attracting if all (x, y) 2 Sa satisfy @

@x

⇣
y + x� x

3

3

+ z
⌘
< 0;

a subset Sr ⇢ S is called repelling if all (x, y) 2 Sr satisfy @

@x

⇣
y + x� x

3

3

+ z
⌘

> 0.

There are two points that are not normally hyperbolic, namely, p
1

:= (x, y) = (�1, 2
3

� z)

and p
2

:= (x, y) = (+1,�2

3

� z), which are the two fold points of the cubic manifold

S with respect to the fast flow. These points divide S into attracting and repelling

branches. The portion of S to the left of p
1

and to the right of p
2

make up the attracting

parts of the critical manifold, which we denote by Sa,� = {(x, y) 2 S | x < �1} and

Sa,+ = {(x, y) 2 S | x > 1}. The middle portion of S, between points p
1

and p
2

make up

the repelling part of the critical manifold, denoted Sr = {(x, y) 2 S | � 1 < x < 1}.

Given a normally hyperbolic submanifoldM
0

⇢ S, Fenichel Theory [17] guarantees the

persistence ofM
0

for ✏ > 0 small enough. The corresponding manifold M
✏

is di↵eomorphic

to M
0

and it is a locally invariant manifold, which means that M
✏

can and will have

boundaries through which trajectories enter or leave. The manifold M
✏

lies within O(✏)

of M
0

, and has the same stability properties as M
0

. Note that M
✏

is usually not unique,

but all representations of M
✏

lie within a distance of O(e�K/✏) from each other, for some

K = O(1) > 0; we refer to [17] for more details.



2.3 Geometric properties of Winfree’s isochrons 21

�
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Figure 2.5: The continuation of orbit segments for the FitzHugh-Nagumo model (2.1) with fixed ar-
clength L⇤

= 1.9, and initial points on the line ⌃ (dark green) parametrised by distance d
from the critical manifold (green). Panel (a) shows the total integration time T of the orbits
segments as a function of d. The point marked u

max

has maximal T and corresponds to
a portion of the slow manifold Sr

✏ . Panel (b) shows a selection of orbit segments, coloured
purple to red. The black orbit segment is the solution u

max

. Also shown are the periodic
orbit � (black) and the equilibrium q.

2.3.2 Computing the slow manifold

The repelling part Sr of the critical manifold gives rise to a (non-unique) one-dimensional

repelling slow manifold Sr

✏

. In the FitzHugh-Nagumo model, where ✏ = 1

c

2 , the represen-

tations of the repelling slow manifold Sr

✏

are at distance O( 1

c

2 ) away from Sr and distance

O(e�Kc

2
) from each other. On either side of the O(e�Kc

2
) region of Sr

✏

, points evolve

on the fast time scale. Points that lie in the O(e�Kc

2
) region evolve on the slow time

scale but eventually move left or right and make fast transitions away from the slower

region. Each representation of Sr

✏

must be locally invariant, that is, each has boundaries
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through which trajectories enter or leave. Hence, the representations correspond to orbit

segments. Furthermore, the orbit segments are the forward trajectories of initial points

that stay O( 1

c

2 ) close to Sr for time O(1). These orbit segments lie extremely close to

each other, and rapidly converge to each other in backward time. We impose conditions

to select a particular orbit segment as the representation of Sr

✏

.

We fix an initial section perpendicular to Sr at some point on Sr close to the repelling

equilibrium q. We consider the one-parameter family of orbit segments originating from

this section with a fixed arclength. Each orbit segment will eventually move to the left or

the right of Sr

✏

into the fast regions of phase space. We pick Sr

✏

as the orbit segment that

evolves on the slow time scale for the longest time before moving into the faster regions;

since we fix the total arclength, this orbit segment is characterised as having the largest

integration time. We formulate these orbit segments as solutions of a boundary value

problem in Auto[10, 11] and perform a continuation where the initial point is free to

move to generate a continuous family of solutions. The solution u
max

with the maximal

integration time is selected from the family of solutions as a fold point with respect to

the parameter T ; see also [10].

The setup is as follows. We use the time-rescaled version of the vector field (2.1),

specifically,

u̇ = TF(u), (2.9)

so that each orbit segment of the FitzHugh-Nagumo system is represented on the time

interval [0, 1] with the explicit integration-time parameter T .

The initial point of each orbit segment must lie in a region near the repelling branch

of the critical manifold Sr, but su�ciently far from the fold points of Sr at p
1

and p
2

where hyperbolicity is lost. We choose a suitable point u
c

:= (x, y) ⇡ (0.5953,�0.125)

on Sr, and restrict each initial point u(0) to the section ⌃ that is spanned by the vector

w
n

:= [0.5424, 0.8401]T normal to Sr at u
c

.

We impose the boundary conditions:

(u(0)� u
c

) ·w
t

= 0, (2.10)

(u(0)� u
c

) ·w
n

= d, (2.11)
Z

1

0

|| u̇ ||
2

dt = L, (2.12)

where w
t

is the vector tangent to Sr at u
c

, and L is the arclength of the orbit segment

defined by using the L
2

-norm over the rescaled derivative directions u̇(t) along u(t).

Condition (2.10) means that u(0) 2 ⌃ and condition (2.11) monitors the distance d

between u(0) and u
c

; the parameter d defines the one-parameter family of orbit segments.

To compute an initial orbit segment, we use u
c

2 Sr as an initial point with d = 0,
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L = 0, and set T = 0. We then continue in integration time T for fixed d, up to a

suitable arclength L = L⇤ := 1.9. The resulting orbit segment is the first solution of the

one-parameter family defined by boundary conditions (2.10)–(2.12). We now fix L and

continue in d, which moves the initial point away from Sr in the direction of w
n

to a

distance d from u
c

. We decrease d to d = �0.05, during which a local maximum of the

integration time T is detected; we label this solution u
max

.

Figure 2.5(a) shows the total integration time T during the continuation as a function

of the distance d along ⌃. The maximum T occurs at the point d ⇡ �0.03458 and

corresponds to the solution u
max

. Figure 2.5(b) shows a selection of orbit segments in the

(u, v)-space resulting from the continuation in d. These orbit segments all have arclength

L⇤ and start on ⌃. The orbit segment u
max

is shown in black and the cubic critical manifold

Sr is also shown. Figure 2.5(b) illustrates that the orbit segments are all initially very

close to u
max

, but rapidly move away; this indicates that the region near u
max

is very

sensitive to initial conditions.

The orbit segment u
max

is a portion of our uniquely defined repelling slow manifold

Sr

✏

. We truncate u
max

to the suitable arclength L = 1.65 to avoid regions near the fold

at p
1

, and then globalise u
max

by extending it backward in time to q, that is, by freeing

the end point u(0) and increasing T . The thus computed slow manifold Sr

✏

is shown in

Fig. 2.6(a).

2.3.3 The role of the slow manifold

Figures 2.6(a) and (b) show isochron 5 for the FitzHugh-Nagumo model (2.1) as in

Figs. 2.3(a) and (b), together with the approximation of the repelling slow manifold Sr

✏

(black). Recall that isochron 5 corresponds to a phase of 0.5 along the periodic orbit. Fig-

ure 2.6(a) shows that I(�
0.5

) lies very close to Sr

✏

as it approaches q. Figure 2.6(b) shows

an enlargement near q displaying the interaction of I(�
0.5

) and Sr

✏

in the neighbourhood

of q. Note that, I(�
0.5

) has segments that lie very close to Sr

✏

, interspersed with transients

where the isochron changes direction and moves from one segment of Sr

✏

to another. In

Fig. 2.6(b), as we follow I(�
0.5

) from the left of the figure, the isochron moves away from

Sr

✏

before changing direction where it approaches another segment of Sr

✏

. This segment of

I(�
0.5

) lies extremely close to Sr

✏

and spirals around q in a clockwise direction up to the

point A. Here, the isochron makes a sharp turn and again lies very close to Sr

✏

, spiralling

around q in an anti-clockwise direction. The isochron continues to stay extremely close

to Sr

✏

up to the next transient which lies to the right of label B.

It is important to realise that Sr

✏

is a trajectory segment, while I(�
0.5

) is an isochron

that is everywhere transverse to trajectories. Each time point on the trajectory Sr

✏

has

a particular phase, which is where the isochron with the corresponding phase crosses it.

Since, Sr

✏

evolves on the slow time scale, the phase points on Sr

✏

lie much closer together
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Figure 2.6: Interactions of the isochrons with the slow manifold Sr
✏ ; compare with Figs. 2.3(a),

2.3(b), 2.4(b) and 2.4(c) with Sr
✏ overlaid in black.

than the phase points of trajectories in faster regions of space.

As a point moves along Sr

✏

in forward time, the phase of each point increases. Hence,

although I(�
0.5

) appears to lie on Sr

✏

, it must locally intersect Sr

✏

once and cannot lie

on Sr

✏

. However, the phase function is periodic, so that I(�
0.5

) must periodically return

to Sr

✏

, with period T
�

, and intersect it again. The points labelled A and B mark two
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consecutive intersections between I(�
0.5

) and Sr

✏

. The point B is the image backward in

time of the point A after time T
�

. We can determine more intersection points by taking

further backward iterations

'�nT�(A), n 2 N, (2.13)

of the time-T
�

map. In the neighbourhood of q, the turns must be organised by the

spiralling nature of the flow near q. We can approximate the rotation of the turns by

using the linearisation of the flow at q, which has complex conjugate eigenvalues µ
1,2

=

↵± � i ⇡ 0.1339± 0.9163 i. Hence, we can approximate the map (2.13) by

'�nT�(A) ⇡ q + c
1

e�n↵T� cos(n � T
�

� c
2

),

where c
1

and c
2

are constants determined by the position of A. The exponential term

determines the contraction to q and the first cosine argument term determines the rotation

of the turn. Hence, for each iteration of the map, the sharp turn will rotate by roughly

1.6374 complete rotations.

Figures 2.6(c) and (d) are as Figs. 2.4(b) and (c), but now we also plot the critical

manifold in green, and the repelling slow manifold Sr

✏

in black. Both panels show a dense

region of isochrons surrounding Sr

✏

as the isochrons accumulate on each other near Sr

✏

.

Figure 2.6(d) illustrates how the sharp turns that intersect Sr

✏

are mapped backward along

the orbit segment Sr

✏

.

The points on Sr

✏

between the points A and B compose an interval of all phases that

all isochrons must pass through; this is true of any time-T
�

segment of Sr

✏

. The slow time

scale in the region of Sr

✏

means that such a time-T
�

segment of Sr

✏

has shorter arclength

than an equivalent segment in a region of faster dynamics. This causes the isochrons to

accumulate on each other and to form sharp turns in order to intersect the shorter interval

of Sr

✏

. We observe that this feature organises the isochrons in a complicated structure

where the narrow region of space between each sharp turn is foliated by other isochrons.

The periodic nature of the phase creates a self-similar structure along Sr

✏

, with a dense

region of isochrons near Sr

✏

making the region extremely sensitive to initial conditions.

2.4 Discussion

In this chapter we demonstrated how the isochrons in the FitzHugh-Nagumo system

can be computed accurately. This allowed us to determine the overall structure of the

isochrons to complete the puzzle posed by Winfree. Our rendering of Winfree’s isochrons,

besides confirming the accuracy of Winfree’s method, illustrates regions of extreme phase

sensitivity that account for the di�culties he experienced when computing the phase in

this region.
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Isochrons in planar systems:

Winfree’s puzzle

We have shown that the isochrons do not simply spiral onto the equilibrium as for

the simple example in Section 1.1, but instead each isochron approaches the equilibrium

by way of forming a complicated structure of sharp folds. We were able to present in

detail the geometry of how such complicated isochrons foliate the basin of attraction. We

showed regions where the isochrons accumulate on themselves and the entire family is

locally compressed due to sharp turns. These regions indicate areas of extreme phase

sensitivity. We observed that the sharp turn of each isochron occurs near the repelling

slow manifold, and we related the occurrence of these sharp turns with the slow dynamics

of the region surrounding the slow manifold.

The development of the sharp turns of isochrons gives insight into how the regions

of sensitivity surrounding the slow manifold develop. Hence, a better understanding

of the formation of the turns would give a better understanding of the origin of the

regions of sensitivity. In order to characterise how these turns form, we propose a second

independent set of backward-time isochrons of repelling periodic orbits and aim to explore

the interaction between the two sets. The possible interaction between these di↵erent sets

of isochrons is the subject of the next chapter.



3
Forward-time and backward-time

isochrons, and their interactions

3.1 Introduction

As we saw in the previous chapter, complicated turns with high curvature can be observed

along isochrons in the slow-fast FitzHugh-Nagumo model. Such turns were first observed

in the slow-fast two-dimensional reduced Hodgkin-Huxley oscillator [41], where Osinga

and Moehlis referred to them as “boomerang turns.” In both of these example models,

the oscillators are examples of relaxation oscillations with fast and slow segments; these

will be discussed in more detail in Section 3.5.3.

In this chapter, we use the original coordinates of the FitzHugh-Nagumo system.

Figure 3.1(a) shows one hundred isochrons of its periodic orbit � (black); these are the

isochrons that were shown in Fig. 2.6(c) and (d) in the coordinates Winfree used. Again,

the isochrons are uniformly distributed in phase and accumulate on a repelling equilibrium

x⇤; their phase is given by the colour bar. Figure 3.1(b) shows an enlargement of a region

near the equilibrium x⇤, where one particular isochron is emphasised in grey. As before,

the isochron approaches x⇤ periodically, undergoes very sharp turns and appears to go

back over itself. The subject of this chapter is what the mechanisms are that lead to the

creation of sharp turns.

As for the reduced Hodgkin-Huxley oscillator in [41], in the FitzHugh-Nagumo system

27
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Figure 3.1: Panel (a) shows one hundred isochrons of the FitzHugh-Nagumo model (2.1) for c =

3. The isochrons are associated with the attracting periodic orbit � and are uniformly
distributed in phase according to the colour bar; the repelling slow manifold Sr

✏ is also
shown. Panel (b) shows an enlargement near the equilibrium x

⇤, where the isochron
I(�

0.8) is highlighted in grey.

the isochrons accumulate very tightly on the repelling slow manifold, labelled Sr

"

and

shown in black in Fig. 3.1. Since the slow manifold arises from a time-scale separation

in the system, it seems natural to assume that the creation of sharp turns is a feature of

systems that exhibit multiple time scales. We now investigate this further by introducing

backward-time isochrons of a repelling periodic orbit, which are simply forward-time

isochrons when time is reversed. We also generalise these definitions to equilibria with

complex-conjugate eigenvalues. More specifically, we study interactions between the two

foliations by forward-time and backward-time isochrons as a parameter is varied. These

two foliations may intersect transversally or not. The transition between these two generic

cases happens at what we call the cubic isochron foliation tangency (CIFT) bifurcation.

We consider how this new type of bifurcation comes about and how it is related to the

phase sensitivity of isochrons.

The chapter is organised as follows. In Section 3.2, we introduce definitions of forward-

time and backward-time isochrons for periodic orbits and equilibria. This section is fol-

lowed, in Section 3.3, with an example and a brief description of the numerical methods

we use. In Section 3.4, we present the CIFT bifurcation in the FitzHugh-Nagumo model.

We describe the unfolding of a generic CIFT bifurcation, and show that the tangent points

on the isochrons form trajectories of the dynamical system. In Section 3.5, we address

the question how a CIFT bifurcation can be generated. We construct two di↵erent vector

fields; the first model creates a CIFT bifurcation via the introduction of a global time-

scale separation between the two variables; the second model illustrates that it su�ces to

slow down the trajectories only in a local region of phase space. As a third mechanism
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we consider the isochrons in a canard explosion in the Van der Pol system. We end with

concluding remarks in Section 3.6.

3.2 Setting and definitions

In Section 1 we gave the definition of an isochron, as the set of points that have the same

asymptotic phase in forward time. We generalise this definition to isochrons of repelling

and saddle periodic orbits, and also of equilibria with complex conjugate eigenvalues.

We consider the n-dimensional smooth vector field (1.1) that was introduced in Sec-

tion 1, which induces the flow '(t,x
0

) = 't(x
0

). Here, we assume that (1.1) has a

hyperbolic periodic orbit � with period T
�

, meaning that only the trivial Floquet multi-

plier equal to 1 lies on the unit circle of the complex plane. We choose a reference point

�
0

2 � (a typical choice is the maximum with respect to a variable) and define points

�
✓

= '(✓T
�

, �
0

) on � according to their (unique) phase ✓ = [0, 1); here, �
0

has zero phase.

Recall in Section 1 on page 2, that when � is attracting, it has an n-dimensional basin

of attraction A(�), and each point x
0

2 A(�) has a unique (forward-time) asymptotic

phase ✓
s

(x
0

), which is given by (1.2). A forward-time isochron I(�) associated with the

point � 2 �, is the set of points with the same (forward-time) asymptotic phase, which is

given in (1.4).

3.2.1 Isochrons of a repelling periodic orbit

We now introduce the concept of a backward-time isochron U(�) for a repelling periodic

orbit �. In this case � has an n-dimensional basin of repulsion defined as the set

R(�) = {x 2 Rn | '(t,x) ! �, t ! �1}

of points that converge to � in backward time. This is the setup that Winfree considered

in [49] to introduce the notion of asymptotic phase, but where time is reversed. The

unique backward-time asymptotic phase ✓
u

(x
0

) of a point x
0

2 R(�) is given implicitly

as

lim
t!�1

|'(t, x
0

)� '(t+ ✓
u

(x
0

)T
�

, �
0

) | = 0.

Hence, the trajectory starting from x
0

asymptotically converges to � (in backward time)

such that it will be in phase with the trajectory that is initially at '(✓
u

(x
0

)T
�

, �
0

) 2 �.

A backward-time isochron of � is a level set of the asymptotic phase function

✓
u

: R(�) ! [0, 1).
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Each point � 2 � corresponds to a unique isochron, namely,

U(�) = {x
0

2 R(�) | ✓
u

(x
0

) = ✓
u

(�)}.

The arguments used in Section 1 can be applied trivially by reversing time. Specifi-

cally, each backward-time isochron U(�) is the unstable manifold of the time-(T
�

) map

'T�(·). Consequently, the Stable Manifold Theorem [24] ensures that each isochron U(�)

is tangent to the unstable linear eigenspace that is spanned by the n� 1 unstable eigen-

vectors of the Jacobian matrix D'T�(·) evaluated at �. Each backward-time isochron

is also everywhere transverse to the flow and is the di↵eomorphic image of the other

backward-time isochrons under the flow. Hence, as before, the set of all backward-time

isochrons

U(�) = {U(�) | � 2 �} (3.1)

is a foliation of the basin R(�) over � with leaves U(�).

3.2.2 Isochrons of a saddle periodic orbit

When � is a saddle periodic orbit, k of the n� 1 non-trivial Floquet multipliers lie inside

and n� (k+1) Floquet multipliers lie outside the unit circle. In this case, � has a (k+1)-

dimensional stable manifold W s, which is the set of points that converge to � in forward

time, and an (n � k)-dimensional unstable manifold W u, which is the set of points that

converge to � in backward time. The definition of a stable manifold W s agrees with the

definition of the basin of attraction for the case of isochrons of an attracting periodic orbit.

Similarly, the definition of an unstable manifold W u agrees with the definition of the basin

of repulsion for the case of isochrons of a repelling periodic orbit. As a consequence, there

is a foliation on each of the two manifolds [24], which can be considered as the set of

forward-time or backward-time isochrons and the properties discussed in the above two

sections apply.

3.2.3 Isochrons of a spiralling equilibrium in planar systems

A focus equilibrium x⇤ has complex-conjugate eigenvalues and, hence, an associated rota-

tion. We use this rotation to define a set of isochrons associated with x⇤, which extends

the notion of an isochron to focus equilibria. In higher-dimensional systems, there may

be multiple pairs of complex-conjugate eigenvalues so that the set of isochrons for x⇤ is

not unique. Here, we are interested in the case of planar systems for which x⇤ has a single

pair of complex-conjugate eigenvalues; in this case, we can apply results from the litera-

ture. Isochrons for an equilibrium of a planar vector field are also known as isochronous

sections. Sabatini [44, Definition 2] introduced the concept of an isochronous section of a
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focus equilibrium x⇤ in a planar system of the form (1.1). In our notation, an isochronous

section is a C1-curve ⌘ : [0,+1) ! R2 with lim
s!1 ⌘(s) = x⇤, such that ⌘ is invariant

under the time-T map for some T > 0, but not for any time smaller than T . Sabatini also

shows that (1.1) has isochronous sections at x⇤ if there exists a local di↵eomorphism at

x⇤ such that the system (1.1) can be written in polar coordinates with non-zero rotation

at x⇤.

Isochronous sections are not unique and may exist for any choice of T . Sabatini [44]

proves the existence of isochronous sections for a particular choice of T , namely for

T = T
x

⇤ = 2⇡

�

, where � is the imaginary part of the eigenvalues of x⇤; we call T
x

⇤

the natural period of x⇤. The isochronous sections converge to x⇤ radially if T is the

natural period of x⇤, or an integer multiple of T
x

⇤ ; otherwise, the isochronous sections

will approach x⇤ in a spiralling manner, as in Fig. 1.1. We define the (forward-time and

backward-time) isochrons of a focus equilibrium of a planar vector field as the isochronous

section associated with the natural period T = T
x

⇤ . In this way, the isochrons of a focus

equilibrium are the direct generalisation of isochrons for periodic orbits by way of a polar

blow-up in R2 [4].

3.2.4 The CIFT bifurcation in planar systems

We are interested in what happens when forward-time and backward-time isochrons inter-

act. To this end, we consider the setting of planar systems from now on, and assume that

there exists a region where foliations by both forward-time and backward-time isochrons

exist. We consider two settings: in the first case, there is an attracting periodic orbit

�
s

surrounding a repelling periodic orbit �
u

that lies on the basin boundary of �
s

; in the

second case, the attracting periodic orbit �
s

encloses a repelling equilibrium x⇤. For each

case, there exist forward-time isochrons with an associated period T
s

, and backward-time

isochrons with an associated (natural) period T
u

. The isochron foliations I(�
s

) and U(�
u

)

(or U(x⇤)) coexist in the annulus bounded by �
s

and �
u

(or x⇤).

If �
s

and �
u

(or x⇤) have the same period, that is, T
s

= T
u

, then the two forward-time

and backward-time isochron foliations are identical in the annulus; this is a maximally

degenerate situation. In general, there exists a parameter regime such that the isochrons

intersect in one of the following two possibilities:

(G1 ). The two foliations I(�
s

) and U(�
u

) (or U(x⇤)) are everywhere transverse to each

other. That is, any intersection between a forward-time isochron I(�s) and a backward-

time isochron U(�u) is transverse.

(G2 ). The two foliations I(�
s

) and U(�
u

) (or U(x⇤)) are non-transverse. That is,

at least one forward-time isochron I(�s) and one backward-time isochron U(�u) do not

intersect transversally but have a tangency; generically, such tangencies are quadratic.

The points of tangency occur along particular trajectories, which accumulate on �
s

in
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forward and �
u

(or x⇤) in backward time.

These two generic situations are structurally stable, that is, properties (G1 ) and (G2 )

are not destroyed under small variation of the vector field. Hence, the transition from

one to another yields a bifurcation of the two foliations; we call this a cubic isochron

foliation tangency (CIFT) bifurcation. At a CIFT bifurcation, the two foliations I(�
s

)

and U(�
u

) (or U(x⇤)) are non-transverse in such a way that at least one forward-time

isochron and one backward-time isochron have a higher-order tangency; generically, this

tangency is cubic. There exists a single corresponding trajectory O⇤ along which points of

cubic tangency occur; O⇤ accumulates on �
s

in forward and �
u

(or x⇤) in backward time.

At a CIFT bifurcation, two trajectories O± are created from the special trajectory

O⇤ and the CIFT bifurcation can be seen as a fold bifurcation that gives rise to the two

trajectories O± along which the two foliations are (quadratically) tangent. We remark

that further CIFT bifurcations can occur in parameter regime (G2 ) giving rise to more

tangencies between the two foliations.

The trajectories O⇤ and O± pass through each isochron in both foliations. Hence,

in the non-transverse regime (G2 ), all isochrons in the foliations have a tangency. We

can map the point of tangency between a forward-time isochron I(�s) and a backward-

time isochron U(�u), together with the isochrons themselves, forward and backward in

time under the flow to points of tangency between other forward-time and backward-

time isochrons. At integer multiples mT
s

, m 2 Z, of the period of T
s

, the point of

tangency returns to I(�s), and at these points there are tangencies between I(�s) and other

backward-time isochrons. The time mT
s

corresponds to a phase shift of m Ts
Tu

(mod 1).

Hence, the set of backward-time isochrons {U(�u
#

) | # = (✓
u

(�u) +m Ts
Tu
) (mod 1), m 2 Z}

forms a tangency with I(�s). If the ratio of periods Ts
Tu

is rational, then this set is finite;

conversely, if this ratio is irrational, then the set is infinite. With the same reasoning,

at integer multiples of the period of �
u

the point of tangency returns to U(�u), and at

these points there are tangencies between U(�u) and the set of forward-time isochrons

{I(�s
#

) | # = (✓
s

(�s) +mTu
Ts
) (mod 1), m 2 Z}.

We stress that throughout both the foliation I(�
s

) and the foliation U(�
u

) remain

transverse to all orbits of the vector field regardless of whether they are non-transverse

to each other or not.
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3.3 Winfree’s model

We illustrate the organisation of forward-time and backward-time isochrons by considering

the simple model introduced by Winfree [50], given in polar coordinates by:

(
ṙ = (1� r)(r � a)r,

 ̇ = �(1 + !(1� r)).

In Euclidean coordinates, the system is

8
<

:
ẋ = f

1

(x, y) = (1�
p
x2 + y2)

⇣
x (
p
x2 + y2 � a) + !y

⌘
+ y,

ẏ = f
2

(x, y) = (1�
p
x2 + y2)

⇣
y (
p

x2 + y2 � a)� !x
⌘
� x,

(3.2)

where 0  a < 1 and ! < 0. System (3.2) has the unit circle as an attracting periodic orbit

�
s

with period T
s

= 2⇡. The origin is an equilibrium x⇤. It is attracting for 0 < a < 1,

in which case there also exists a repelling periodic orbit �
u

, namely, the circle r = a with

period T
u

= 2⇡

(1+!(1�a))

. For a = 0, the point x⇤ is non-hyperbolic and weakly repelling,

but the rotation at r = 0 in (3.2) is non-zero. Hence, isochrons of x⇤ exist [44]. In this

case, the eigenvalues of x⇤ are µ = ± i

2

, so that its natural period is T
x

⇤ = 4⇡. We fix

! = �0.5 and consider two cases: we choose a = 0.25 as a representative value for the

case when �
u

exists, and a = 0 for the case where there is only one periodic orbit, which

is also the example shown in Fig. 1.1.

Figure 3.2 shows isochrons of (3.2) for the case a = 0.25 (left column) and for a = 0

(right column). We plot the unit circle �
s

, the equilibrium x⇤ at the origin and also include

the circle r = 0.25 for �
u

in the left column. In both cases, row (a) shows ten forward-time

isochrons of �
s

; see also Fig. 1.1(a). The isochrons are uniformly distributed in phase,

where their phases are measured relative to the point �s
0

:= (x, y) = (1, 0) with zero phase

as indicated by the colour bar. The isochrons accumulate on �
u

in panel (a1) and on x⇤

in panel (a2). Row (b) shows ten backward-time isochrons for �
u

and x⇤ in panels (b1)

and (b2), respectively. In panel (b1), the point �u
0

:= (x, y) = (0.25, 0) is assigned zero

phase, and in panel (b2), the direction of zero phase is chosen to be v
0

= [1, 0]T. Again,

these isochrons are uniformly distributed in phase, where their phases are indicated by the

colour bar in row (b). In both panels (b1) and (b2) the isochrons accumulate on �
s

and

on x⇤. We use ⌘
max

= 10�6 for the computation of the isochrons of both �
s

and �
u

, and

⌘
max

= 10�2 for the computation of the isochrons of x⇤ in Fig. 3.2(b2). Row (c) shows both

sets of forward-time and backward-time isochrons in one figure. The isochrons coexist in

the annulus bounded by �
s

and �
u

in panel (c1), and the punctured disk excluding x⇤ in

panel (c2). Observe that the two isochron sets intersect each other transversally, which

illustrates that the two foliations (and also the example in Fig. 1.1) satisfy condition (G1 )
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Figure 3.2: Isochrons of (3.2) with a = 0.25 in the left column where both periodic orbits �

s

and �

u

exist, and a = 0 in the right column where only �

s

exists. Row (a) shows ten forward-
time isochrons of �

s

. Row (b) shows ten backward-time isochrons of the repelling periodic
orbit �

u

(b1) and the repelling equilibrium x

⇤ (b2). Row (c) shows both sets of isochrons
together. The isochrons are uniformly distributed in phase and coloured according to their
phases as indicated by the colour bars.

of Section 3.2.4.
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Figure 3.3: One-parameter bifurcation diagram in the (c, x)-plane of the FitzHugh-Nagumo
model (2.1), showing the equilibrium x

⇤ and maximum and minimum x-values of the branch
of attracting periodic orbits �

s

and the repelling periodic orbits �

u

emanating from the Hopf
bifurcation at cH ⇡ 2.1192. The two branches meet at a saddle-node bifurcation of periodic
orbits at cSNP ⇡ 1.9527; blue curves correspond to attractors and red curves to repellers.

3.4 Interactions of forward-time and backward-time

isochrons in the FitzHugh-Nagumo model

In this section we show that there is a CIFT bifurcation in the planar FitzHugh-Nagumo

model (2.1) that was introduced in Section 2.2. Recall that it is a typical planar slow-

fast system with a cubic-shaped nullcline, which gives rise to relaxation oscillations for

a su�ciently large time-scale separation. The FitzHugh-Nagumo model is given by the

equations 8
>><

>>:

ẋ = c

✓
y + x� x3

3
+ z

◆
,

ẏ = �x� a+ by

c
.

We now fix parameters a = 0.7, b = 0.8 and z = �0.4 to those used by Winfree and

in Section 2.2, and explore how the intersections of forward-time and backward-time

isochrons change as we vary the time-scale separation parameter c. For c2 > 1, the variable

x evolves on a faster time scale than y. There is an equilibrium at x⇤ ⇡ (0.9066,�0.2582);

the parameter c does not influence the location of x⇤ but changes its stability properties.

Figure 3.3 shows a bifurcation diagram of (2.1) in the (c, x)-plane. The equilibrium

x⇤ (horizontal line) is attracting (blue) for c < cH ⇡ 2.1192 and repelling for c > cH.

At c = cH, a subcritical Hopf bifurcation occurs and a family of repelling periodic orbits

�
u

(red) emanates; only the maximum and minimum x-values of the periodic orbits are

plotted in Fig. 3.3. A family of attracting periodic orbits �
s

exist for all c > cSNP ⇡ 1.9527.
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Figure 3.4: Isochrons of the FitzHugh-Nagumo model (2.1) for c = 2.05. Panel (a) shows ten forward-
time isochrons of �

s

, and panel (b) ten backward-time isochrons of �

u

. Both sets of
isochrons are uniformly distributed in phase. Panel (c) shows the same ten forward-time
isochrons from panel (a) with a single backward-time isochron U(�

0.78); an enlargement
near the top left of U(�

0.78) is shown in panel (d).

At c = cSNP the periodic orbits �
s

and �
u

coalesce in a saddle-node bifurcation of periodic

orbits. Hence, for c < cSNP, the equilibrium x⇤ is the only attractor. We are interested

in the parameter range c > cSNP. More specifically, we explore the interaction of the

forward-time isochrons of �
s

and the backward-time isochrons of �
u

when cSNP < c < cH,

and the interaction of the forward-time isochrons of �
s

and the backward-time isochrons

of the focus equilibrium x⇤ when c � cH.

3.4.1 Local picture of the CIFT bifurcation

If we vary the time-scale separation parameter c, a CIFT bifurcation occurs in the

FitzHugh-Nagumo model (2.1). Figure 3.4 shows isochrons of (2.1) for c = 2.05. Panel (a)

shows ten forward-time isochrons of the attracting periodic orbit �
s

uniformly distributed

in phase. Here, we observe that, as the forward-time isochrons approach �
u

, they de-
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velop high-curvature features as described in [33]. Panel (b) shows ten backward-time

isochrons of the periodic orbit �
u

, again uniformly distributed in phase. Notice similar

high-curvature features as the backward-time isochrons approach �
s

. Here, T
s

⇡ 10.98 and

T
u

⇡ 7.45, and the forward-time and backward-time isochrons with zero phase are associ-

ated with the points with maximum x on �
s

and �
u

, respectively. Panel (c) shows the ten

isochrons from panel (a) together with the single backward-time isochron U(�
0.78

). The

enlargement in panel (d) illustrates clearly that U(�
0.78

) actually intersects I(�
0

) locally

three times, while it intersects the other forward-time isochrons shown in this region only

once. From Fig. 3.4(d) we can conclude that there must be two backward-time isochrons

near U(�
0.78

) that have quadratic tangencies with I(�
0

). Hence, the foliations I(�
s

) and

U(�
u

) are not transverse for c = 2.05.

To investigate how this non-transversality arises we consider isochron interactions

as we decrease c. Figure 3.5 shows enlargements of intersections of I(�
0

) and certain

backward-time isochrons for c = 2.05, c = 2.0071 and c = 2. Row (a) shows the forward-

time isochron I(�
0

) for c = 2.05 as in Fig. 3.4, but now with the two backward-time

isochrons U(�
+

) and U(��) that have quadratic tangencies with I(�
0

) in this region of

the phase plane. Backward-time isochrons to the left of U(�
+

), or to the right of U(��)

intersect I(�
0

) only once in the region shown in panel (a1), whereas a backward-time

isochron that lies between U(�
+

) and U(��) locally intersects I(�
0

) three times; compare

with Fig. 3.4(d). The points of tangency between I(�
0

) and U(�
+

) and U(��) are mapped

under the flow of system (2.1). Hence, we can find other forward-time isochrons that have

quadratic tangencies with U(�
+

) and U(��), namely, Im(�
0

) := '(mT
u

, I(�
0

)) for m 2 Z,
where I0(�

0

) = I(�
0

). In Fig. 3.5(a2) we show the forward-time isochrons I0(�
0

), I�1(�
0

)

and I�2(�
0

). Figure 3.5(b1) shows the situation approximately at the moment of the CIFT

bifurcation, which occurs at c ⇡ 2.0071. In the region shown, I(�
0

) forms a cubic tangency

with the single backward-time isochron U(�⇤). Panel (b2) shows the five forward-time

isochrons Im(�
0

), m 2 {�3,�2,�1, 0, 1}, which have cubic tangencies with U(�⇤) near

I(�
0

). Figure 3.5(c) shows isochrons for c = 2. In panel (c1), we show the backward-

time isochron U(�) intersecting I(�
0

) transversally. Here, we chose U(�) such that it

intersects I(�
0

) in roughly the same region as where the CIFT bifurcation occurs locally;

this backward-time isochron is not unique, but we selected one that can be viewed as a

continuation of U(�⇤). Even though system (2.1) still exhibits a time-scale separation,

I(�
0

) and all other forward-time isochrons now intersect all backward-time isochrons U(�)

transversally. Panel (c2) shows the forward-time isochrons Im(�
0

), m 2 {�2,�1, 0, 1},
that intersect U(�) near I(�

0

).

Figure 3.5 shows the local unfolding of a CIFT bifurcation of I(�
0

) as we decrease c.

The cubic tangency shown in row (b) separates the parameter regime with non-transverse

intersections, illustrated in row (a), from that with only transverse intersections as illus-
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Figure 3.5: CIFT bifurcation of the forward-time isochron I(�
0

) of the FitzHugh-Nagumo model (2.1);
shown are selected forward-time and backward-time isochrons for c = 2.05, c = 2.0071 and
c = 2. The left column shows only I(�

0

) with backward-time isochrons before, at and after
the CIFT bifurcation, that illustrate the transition from two quadratic tangencies through a
cubic tangency to a transverse intersection; the right column also shows some isochrons
Im(�

0

) that are the images of I(�
0

) under the time-T
u

map.

trated in row (c). Note that each of the panels in the right column only show relevant

connected parts of the isochrons near the cubic tangency; other transverse intersections

occur, which are not shown here, but examples can be seen in Fig. 3.4(d).
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Figure 3.6: Isochrons of (2.1) for c = 2; shown are 26 forward-time isochrons with phases from 0.5 to
1 in steps of 0.02, which transversally intersect a selection of 26 backward-time isochrons.

3.4.2 Global picture of the CIFT bifurcation

Figures 3.6–3.8 show a series of images before, at and after the CIFT bifurcation, which

illustrate how the unfolding of a CIFT bifurcation manifests itself globally in the annulus

bound by �
s

and �
u

. Each figure shows 26 forward-time isochrons of �
s

, which have phases

✓
j

= 0.5 + 0.02j, 0  j  25, as well as a suitable set of backward-time isochrons. The

inset in each figure shows an enlargement of a region between �
s

and �
u

to help illustrate

some of the detail. Figure 3.6 is at c = 2 before the CIFT bifurcation and also shows

26 backward-time isochrons for �
u

. Although both isochron foliations I(�
s

) and U(�
u

)

feature regions with high curvature, the two sets of isochrons intersect each other only
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Figure 3.7: Isochrons of (2.1) for c = 2.0071 approximately at the CIFT bifurcation; shown are 26

forward-time isochrons with phases from 0.5 to 1 in steps of 0.02 that have cubic tangen-
cies with 26 corresponding backward-time isochrons; also shown is the trajectory O⇤ that
passes through the cubic tangencies.

transversally. Figure 3.7 is at c = 2.0071, which is approximately at the moment of

the CIFT bifurcation, and shows 26 corresponding backward-time isochrons of �
u

, whose

phases are chosen such that the isochrons have cubic tangencies with the forward-time

isochrons. Figure 3.8 is at c = 2.03, which is after the CIFT bifurcation, and shows the

26 corresponding pairs of backward-time isochrons of �
u

that have quadratic tangencies

with the forward-time isochrons.

In Fig. 3.5(a) and (b), the forward-time isochron I(�
0

) only has tangencies with certain

backward-time isochrons and each tangency is a local feature. However, the point of

tangency is transported to other forward-time and backward-time isochrons under the



3.4 Interactions of forward-time and backward-time isochrons in the
FitzHugh-Nagumo model 41

−0.3

1.4

x

y

�1.5 1.8

�0.3

1.4

x

⇤

�

s

�

u

O+

O�

�

s

O+

O�

Figure 3.8: Isochrons of (2.1) for c = 2.03; shown are 26 forward-time isochrons with phases from
0.5 to 1 in steps of 0.02 that have quadratic tangencies with 52 corresponding backward-
time isochrons. Also shown are the trajectories O+ and O� that pass through respective
tangencies.

flow. We determine the backward-time isochrons shown in Figs. 3.6–3.8, by mapping

under the flow in forward and backward time, the intersection point of I(�
0

) and the

corresponding backward-time isochrons before, at and after the bifurcation that are shown

in the left column of Fig. 3.5. Hence, at the CIFT bifurcation in Fig. 3.7, the cubic

tangency occurs along a single orbit O⇤ that converges to �
s

in forward time and to �
u

in backward time. Similarly, there are two orbits O+ and O� along which one finds

quadratic tangencies after the CIFT bifurcation in Fig. 3.8; these orbits are shown in

green. The selection of backward-time isochrons were chosen such that their tangencies

with the forward-time isochrons occur along a portion of O⇤, O+ and O� that lies near
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Figure 3.9: Illustration of isochrons of (2.1) through a Hopf bifurcation. Panel (a) shows ten isochrons
of �

s

and of �
u

for c = 2.1 before the Hopf bifurcation, and panel (b) shows ten isochrons
of �

s

and of x⇤ for c = 2.2 after the Hopf bifurcation.

�
s

. The insets in Figs. 3.7 and 3.8 show that other portions of O⇤, O+ and O� away

from �
s

are associated with tangencies between di↵erent forward-time and backward-time

isochrons.

The orbits O⇤, O+ and O� transport the respective tangency through the annulus

bounded by �
s

and �
u

. One can particularly see the tangency between forward-time

and backward-time isochrons close to �
s

, where the forward-time isochrons are relatively

straight while the backward-time isochrons have high curvature; compare with the oppo-

site situation in Fig. 3.5(a2), which is near �
u

. The CIFT bifurcation can be viewed as a

regular fold point where the cubic tangency orbit O⇤ gives rise to the quadratic tangency

orbits O±.

3.4.3 Non-transverse isochrons past the Hopf bifurcation

The Hopf bifurcation in the FitzHugh-Nagumo model occurs at cH ⇡ 2.1192, which is after

the occurrence of the CIFT bifurcation at c ⇡ 2.0071. We can continue the backward-

time isochron foliations through the Hopf bifurcation as isochrons of the focus equilibrium

x⇤. Hence, we still expect to observe the corresponding tangencies with the forward-time

isochrons.

Figure 3.9 shows ten forward-time and backward-time isochrons for c = 2.1 and c =

2.2, that is, before and after the Hopf bifurcation. In each panel, both isochron sets are

uniformly distributed in phase. Panel (a) is for c = 2.1 and shows the backward-time

isochrons of the periodic orbit �
u

with period T
�u ⇡ 6.941. Panel (b) is for c = 2.2 and

shows the backward-time isochrons after the Hopf bifurcation for the repelling equilibrium

point x⇤. The equilibrium point x⇤ has eigenvalues µ = ↵ ± �i ⇡ 0.0141± 0.926i, which
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gives a natural period of T
x

⇤ ⇡ 6.786.

The selection of ten isochrons I(�s
✓

) and U(�u
✓

) with ✓ 2 {0, 0.1, ..., 0.9} makes it

harder to see that both panels show a situation past the CIFT bifurcation. However, we

clearly see pairs of intersections between two particular backward-time and forward-time

isochrons. Similarly, observe in both panels that I(�s
0.9

) (which exits the image along the

top) is almost tangent to U(�u
0.2

) (just to the right of I(�s
0.9

) near the top).

The isochrons of �
u

before the Hopf bifurcation and of x⇤ after the Hopf bifurcation are

well defined, and a comparison of the two panels in Fig. 3.9 suggests that both isochron

foliations, U(�
u

) and U(x⇤), converge to the same limit at c = cH. This is evidence

that we can, indeed, follow an isochron foliation through a Hopf bifurcation and that our

definition of a backward-time isochron foliation of a focus equilibrium is compatible with

that of an associated repelling periodic orbit.

Note that, at the Hopf bifurcation, the equilibrium x⇤
H is non-hyperbolic (its eigenval-

ues µ ⇡ ±0.9260i, are purely imaginary). However, there is a non-zero rotation and its

natural period is T
x

⇤
H
⇡ 6.785 well defined. As stated in Lemma 1 from [44], there is a

well-defined foliation of equilibrium isochrons U(x⇤
H) of x⇤

H at c = cH that are invariant

under the flow for the time-T
x

⇤
H
map; compare with the isochrons of the non-hyperbolic

equilibrium in system (3.2) for a = 0 in Section 3.3.

With well-defined isochrons before, at and after the Hopf bifurcation, we conjecture

that, for each phase ✓, there exists a C1-smooth c-dependent family that continues the

isochron with phase ✓ through a Hopf bifurcation.

3.4.4 Non-transverse isochrons for larger time-scale separations

Figure 3.10 shows isochrons for c = 2.5 that is, well past the CIFT bifurcation and the

subsequent Hopf bifurcation. We show again the same 26 forward-time isochrons of �
s

as in Figs. 3.6–3.8, and 26 pairs of backward-time isochrons of x⇤ that form quadratic

tangencies with the forward-time isochrons; note that x⇤ is repelling, and has a natu-

ral period T
u

⇡ 6.801. Also shown are the two trajectories O+ and O� (green curves)

that pass through these tangencies. Figure 3.10 shows a typical relaxation oscillation,

which actually has non-transverse isochron intersections. We also considered the reduced

Hodgkin-Huxley model studied in [41]. We computed forward-time isochrons of the relax-

ation oscillation for this model and backward-time isochrons of the corresponding repelling

equilibrium x⇤ and found that the model also features tangencies between forward-time

and backward-time isochrons. Figure 3.11 shows that the reduced Hodgkin-Huxley model

features tangencies between its forward-time and backward-time isochrons. Shown are the

forward-time isochron I(�
0

) of the relaxation oscillation, and one of the backward-time

isochrons, denoted U(�
✓

), that makes a quadratic tangency with I(�
0

). These examples

provide strong numerical evidence for the conjecture that a relaxation oscillation in a
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Figure 3.10: Isochrons for c = 2.5. Shown are 26 forward-time isochrons with phases from 0.5 to 1 in
steps of 0.02, and a selection of backward-time isochrons that have quadratic tangencies
with them; also shown are the trajectories O+ and O� that pass through the respective
tangencies.

planar system with a cubic nullcline has non-transverse forward-time and backward-time

foliations, provided the time-scale separation parameter is su�ciently small.

3.5 Model equations with a CIFT bifurcation

In this section we are interested in what mechanisms lead to a CIFT bifurcation. In the

FitzHugh-Nagumo system, it is due to a variation in the time-scale separation parameter

c. We isolate this property by first constructing a simple model that has only trans-
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Figure 3.11: Isochrons of the reduced Hodgkin-Huxley model, see [41, pp.1212]. Shown is the
forward-time isochron I(�
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) of the relaxation oscillation and a backward-time isochron
U(�✓) of the equilibrium x

⇤ that makes a quadratic tangency with I(�
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).

verse isochron foliations, and introduce a time-scale separation parameter that globally

scales one variable. This provides more control of this property than in the FitzHugh-

Nagumo system and, indeed, we show in Section 3.5.1 that, if the time-scale separation

is su�ciently large, a CIFT bifurcation occurs.

In Section 3.5.2, we show that only a local perturbation to the dynamics is required

for creating a CIFT bifurcation. In the same spirit as Section 3.5.1, we start with a

simple model that exhibits only transverse isochron foliations and, by perturbing a small

region of the vector field via a bump function, we can create a CIFT bifurcation when

the magnitude of the bump function is large enough. Importantly, the trajectory curves

in the phase plane remain unchanged in this construction.

In Section 3.5.3, we show the isochrons associated with a relaxation oscillation aris-

ing from a canard explosion in the Van der Pol system, which is another example of

a relaxation oscillation with a cubic nullcline. We show, firstly, that the relaxation os-

cillation exhibits non-transverse isochron foliations, which supports the conjecture from

Section 3.4.4 and, secondly, that the canard explosion is a mechanism for creating the

CIFT bifurcation.

3.5.1 Global time-scale separation

In this section we demonstrate that a su�ciently large global time-scale separation creates

a CIFT bifurcation. Specifically we present a simple model with transverse isochron

foliations and then introduce a time-scale separation parameter. Namely, we consider the



46 Forward-time and backward-time isochrons, and their interactions

−1

1 (a1)

x

y

�0.3 0.3

�1

1

�

s

�

u

−0.1

0.5
(a2)

x

y

0.15 0.25

�0.1

0.5

�

u

I(�
0.9)

−1

1 (b1)

x

y

�0.3 0.3

�1

1

�

s

�

u

O⇤

bO⇤

−0.1

0.6 (b2)

x

y

0.15 0.25

�0.1

0.6

�

u

O⇤

I(�
0.9)

−1

1 (c1)

x

y

�0.3 0.3

�1

1

�

s

�

u

O+

O�

bO�
bO+

−0.1

0.6 (c2)

x

y

0.15 0.25

�0.1

0.6

�

u

O�

O+

I(�
0.9)

Figure 3.12: Shown is a CIFT bifurcation that occurs between forward-time and backward-time
isochrons in system (3.4). Row (1) shows the phase portrait for " = 0.1, where no tan-
gencies occur between the two sets of isochrons. Row (2) shows the phase portrait for
" = 0.08, where each forward-time isochron locally forms a cubic tangency with a particu-
lar backward-time isochron; the trajectory O⇤ passes through all of the cubic tangencies.
Row (c) shows the phase portrait for " = 0.05, where each forward-time isochron locally
forms a quadratic tangency with two backward-time isochrons; the trajectories O+ and
O� pass through each of the tangencies.

model given in polar coordinates by

8
<

:
ṙ = �(r � 1)(r � a),

 ̇ = �
�
! r�1

a�1

+ 1� r�1

a�1

�
,

(3.3)
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where we fix the parameters a = 0.25, ! = 0.5. The model (3.3) is qualitatively the simple

model (3.2) introduced by Winfree, and the isochrons can be calculated explicitly. There

is an attracting periodic orbit �
s

, which is the unit circle, a repelling periodic orbit �
u

at

r = a, and the family of trajectories of system (3.3) is invariant under any translation of

 (mod 2⇡). The flow on both periodic orbits is clockwise, where the angular velocity

on �
s

is constant at  ̇ = �1 and on �
u

it is constant at  ̇ = �!. Since we set ! = 0.5,

the rotation on �
s

is faster than on �
u

, with T
s

= 2⇡ and T
u

= 4⇡. Here, we are only

interested in the forward-time isochrons I(�
s

) and the backward-time isochrons U(�
u

)

of the periodic orbits �
s

and �
u

, respectively, and consider the annulus where the two

foliations coexist. The angular velocity in the region a < r < 1 between �
s

and �
u

varies

linearly with r.

We write system (3.3) in Cartesian coordinates, and introduce a time-scale separation

between the x- and y-variables given by the parameter 0 < "⌧ 1, which yields:

8
>>><

>>>:

ẋ = "

✓⇣
1�

p
x2 + y2

⌘
x

✓p
x

2
+y

2�ap
x

2
+y

2

◆
� y

�
!�1

a�1

��
+ y

◆
,

ẏ =
⇣
1�

p
x2 + y2

⌘
y

✓p
x

2
+y

2�ap
x

2
+y

2

◆
+ x

�
!�1

a�1

��
� x.

(3.4)

When the time-scale separation parameter " = 1, system (3.4) has the properties discussed

above. Note that system (3.4) is not defined at the origin, but we only consider the

region in between the two periodic orbits, well away from the origin. As soon as " < 1,

system (3.4) only has the symmetry generated by the map (x, y) 7! (�x,�y). The

periodic orbits �
s

and �
u

persist and remain nested; the flow on each periodic orbit is

still clockwise, but the rotation is no longer constant and the period changes. We are

interested in the intersections of I(�
s

) and U(�
u

) in the region between �
s

and �
u

as we

decrease ".

Figure 3.12 illustrates the isochrons in the region bounded by �
s

and �
u

for three

values of ", namely, " = 0.1 before, " = 0.08 approximately at, and " = 0.05 after the

CIFT bifurcation. The left column shows the entire region, and the right column shows

an enlargement of some isochron intersections. In each panel, we computed ten forward-

time isochrons uniformly distributed in phase, and a selection of backward-time isochrons.

The panels of Fig. 3.12 show that the forward-time isochrons accumulate on �
u

clockwise

because the period T
u

is larger than T
s

, that is, �
u

rotates with a slower speed than �
s

.

For this reason the backward-time isochrons also accumulate on �
s

clockwise.

Figure 3.12(a) shows the situation for " = 0.1. At this parameter value, T
s

⇡ 24.626,

and T
u

⇡ 54.296. This figure illustrates the situation before the CIFT bifurcation, where

I(�
s

) is transverse to U(�
u

). For example, consider the dark-blue isochron I(�
0.9

), which

is almost a straight line before it begins to spiral around �
u

. Panel (a2) shows how I(�
0.9

)
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crosses three backward-time isochrons of U(�
u

) transversally; compare also panel (a1).

Figure 3.12(b) for " = 0.08 illustrates the moment of the CIFT bifurcation: ap-

proximately at this parameter value cubic tangencies appear. Here, T
s

⇡ 28.426 and

T
u

⇡ 64.799. We show ten corresponding backward-time isochrons that have cubic tan-

gencies with the forward-time isochrons shown. We also show in green the trajectory O⇤

and its symmetric copy, denoted bO⇤, along which cubic tangencies occur. At the point

at which a forward-time isochron intersects O⇤ or bO⇤, it has a cubic tangency with a

backward-time isochron. For example, the forward-time isochron I(�
0.9

) is still transverse

to most of the backward-time isochrons in Fig. 3.12(b), but the enlargement in panel (b2)

shows that it has a cubic tangency as it crosses O⇤.

Figure 3.12(c) shows the phase plane for " = 0.05, after the CIFT bifurcation. Here,

T
s

⇡ 38.635 and T
u

⇡ 95.542. For each of the ten forward-time isochrons in row (b), we

computed a corresponding pair of backward-time isochrons that have quadratic tangen-

cies with the forward-time isochrons. We also show the symmetrically related pairs of

trajectories O± and bO±, along which we find quadratic tangencies.

Observe how I(�
0.9

) now curves anti-clockwise after it crosses O�, until it intersects

O+, where it curves clockwise again. This behaviour can be observed for all forward-time

isochrons. Similarly, the backward-time isochrons curve clockwise, as they cross O+ ( bO+),

and back as they approach O� ( bO�); see the bottom right or (symmetric) top left region

of the annulus in Fig. 3.12(c1).

As in Section 3.4, regions of varying dynamics play a role in the formation of the

isochron geometry. The higher curvature of I(�
0.9

) and other forward-time isochrons near

O+ means that trajectories starting close to O+ are some of the fastest trajectories in the

system. Similarly, initial points near O� correspond to some of the slowest trajectories in

the system.

This example provides a distilled version of what happens in the FitzHugh-Nagumo

model where the parameter c creates a CIFT bifurcation. It shows that scaling a system

globally with a time-scale separation in this way provides a mechanism for creating a

CIFT bifurcation.

3.5.2 Local generation of a CIFT bifurcation

In this section, we show that a CIFT bifurcation can be created by a local perturbation of

a system with transverse isochron foliations. Indeed, any locally created cubic tangency is

mapped forward and backward in time under the flow throughout the respective basins so

that the tangency actually has a global e↵ect. Moreover, we apply the local perturbation

only to the time parametrisation, which means that the actual trajectories are unchanged

as curves in the phase plane and the periods of �
s

and �
u

also remain unchanged.

We consider again the simple model (3.2) that was introduced by Winfree [50], with
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Figure 3.13: The CIFT bifurcation for system (3.5); compare with Fig. 3.12. The sector outlined in
black is the region where the flow velocity is increased; its magnitude is determined by
the greyscale within the box ⌦.

a = 0.25 and ! = �0.5. Recall that �
s

is the unit circle, which is attracting and has period

T
s

= 2⇡, and inside �
s

there is a repelling periodic orbit �
u

, which is the circle r = 0.25,

and has period T
u

= 3.2⇡. The system is rotationally symmetric under any rotation about

the origin, and the forward-time and backward-time isochrons are spiralling curves that

are also symmetric under any rotation.

We now introduce a perturbation as a time parametrisation, which scales both the
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x- and y-variables equally, in a small domain ⌦ of the annulus between �
s

and �
u

. More

specifically, we let ⌦ be the angular sector with r 2 [0.725, 0.775] and  2 [� ⇡

24

, ⇡
24

]. We

define a bump function g(x, y;) with g ⌘ 1 outside ⌦ that depends on a parameter 

inside ⌦. We require that g has maximum  at the midpoint in ⌦ and equals 1 along the

boundary of ⌦. To this end, we construct a 12th-degree polynomial in one variable over the

interval [�1, 1], which has maximum 1 and is 0 at the boundary. We apply this polynomial

to the radial direction r and to the angular direction  , rescaled to the corresponding r-

or  -interval, as defined above. We write g(x, y;) in Cartesian coordinates, and define

it to be 1 outside of ⌦, and 1 plus  times the value of the polynomial bump function in

r and  . We could construct the bump function g(x, y;) such that it is C1-smooth on

the boundary of ⌦; however, C3-di↵erentiability is su�cient for our purposes. We define

g(x, y;) as follows.

We consider a symmetric polynomial P (z) on the interval z 2 [�1, 1] such that

P (±1) = 0, P 0(±1) = 0, P 00(±1) = 0, and P 000(±1) = 0.

Furthermore, we require at the midpoint

P (0) = 1, P 0(0) = 0, and P 00(0) = 0.

These eleven conditions are satisfied by a symmetric polynomial of degree twelve, namely,

P (z) = 1� 9z4 + 16z6 � 9z8 + z12.

We evaluate P (z) for z = r�0.75

0.025

, where r =
p
x2 + y2 is the radial variable in the interval

[0.725, 0.775], and for z = 24 

⇡

, where  = arctan
�
y

x

�
is the angular variable in the interval

[� ⇡

24

, ⇡
24

]. The bump function g(x, y;) is now defined as

g(x, y;) =

(
1 + P

�
r�0.75

0.025

�
P
�
24 

⇡

�
, if r 2 [0.725, 0.775] and  2 [� ⇡

24

, ⇡
24

],

1, otherwise.

We now modify (3.2) as follows:

8
<

:
ẋ = g(x, y;)f

1

(x, y),

ẏ = g(x, y;)f
2

(x, y).
(3.5)

We consider the parameter range  � 1, such that g(x, y;) has the e↵ect of a local

acceleration. Since, g(x, y;) only alters the time parametrisation of trajectories, the

trajectory curves in the phase plane are still symmetric under rotation, but the underlying

dynamics is not. As a consequence, the forward-time and backward-time isochrons change
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with  and are no longer symmetric.

Figure 3.13 shows forward-time and backward-time isochron foliations before, at and

after the CIFT bifurcation for system (3.5) at  = 0.25,  = 1.3, and  = 50, respectively.

The left column shows the annulus bounded by �
s

and �
u

with ten forward-time isochrons

of �
s

, which are uniformly distributed in phase, and selected backward-time isochrons of

�
u

. The right column shows an enlargement near ⌦. In each panel, the sector ⌦ is outlined

and the greyscale in the interior of ⌦ indicates the magnitude of , that is, the magnitude

of the local acceleration applied to the flow.

Figure 3.13(a) is at  = 0.25, for which we plot sixteen backward-time isochrons.

Panel (a1) illustrates that all intersections are still transverse, even though the isochrons

are no longer perfect spirals; this can particularly be observed in the forward-time isochrons,

e.g., in the top-right corner of panel (a2). Figure 3.13(b) shows the situation for  = 1.3,

which is the approximate parameter value of the CIFT bifurcation, where the forward-

time isochrons form cubic tangencies with sixteen backward-time isochrons. Note how

the trajectory O⇤ that passes through each cubic tangency remains a perfect spiral even

though it passes through ⌦. Figure 3.13(c) shows the case for  = 50. Here non-transverse

intersections occur by way of quadratic tangencies between each forward-time isochron

and sixteen pairs of backward-time isochrons. These tangencies occur along the two tra-

jectories O+ and O�, which are again perfect spirals even though they both pass through

⌦.

In this example, the curved geometry of the isochrons that give rise to tangencies are

created solely due to the acceleration along trajectories that pass through ⌦. Although

not all isochrons pass through ⌦, the trajectories that do pass through it intersect all

isochrons. Therefore, the influence of the perturbation is felt throughout both sets of

isochrons in the annulus as given by the trajectories O⇤, O+ and O�.

Since the ratio between the periods of �
s

and �
u

is rational, each forward-time isochron

has tangencies with a finite set of backward-time isochrons. If the forward-time isochron

I(�s) is tangent to the backward-time isochron U(�u), then I(�s) has infinitely many tan-

gencies with only 8 backward-time isochrons, namely, {U(�u
#

) | # = ✓
u

(�u)+5

8

m (mod 1),m 2
N}. Similarly, U(�u) has infinitely many tangencies with only 5 forward-time isochrons

separated by the phase di↵erence 2⇡

5

.

This example shows that increasing the amplitude of the bump function in the sector ⌦

is indeed a su�cient mechanism to create non-transverse isochron foliations. Furthermore,

since we only rescale time, the phase curves remain unchanged in the (x, y)-plane as we

vary the magnitude of the bump function. Hence, the vector fields before and after the

CIFT bifurcation in system (3.5) provide an example of two vector fields that are orbitally

topologically equivalent, but are not conjugate.

Our construction of the local perturbation in this example uses a C3-smooth polyno-
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mial bump function on a sector domain made up of angular and radial intervals; however,

we conjecture that the construction is entirely general. Given any planar vector field with

an annulus where both forward-time and backward-time isochron foliations coexist, then

a rescaling of time in a small domain in the annulus will cause non-transverse forward-

time and backward-time foliations for the vector field, provided the magnitude of the

time rescaling is su�ciently large; the required magnitude will depend on the area of the

domain in which the rescaling is applied.

3.5.3 CIFT bifurcation in a canard explosion

A canard explosion is a rapid transition from a periodic orbit born in a Hopf bifurcation

to a relaxation oscillation that exhibits clear epochs of fast and slow dynamics. During

this transition, which occurs in an exponentially small parameter interval, there is a rapid

growth in the amplitude of the periodic orbit while it follows the repelling slow manifold

of the system before jumping to attracting branches [7, 8]. In this section we show that

a canard explosion is also a mechanism for creating a CIFT bifurcation.

We present this mechanism with the example of the canard explosion in the planar

Van der Pol system [47]; this example also demonstrates how one can observe a CIFT

bifurcation between isochrons of a periodic orbit and a focus equilibrium. The Van der

Pol system is the planar slow-fast system given by

8
<

:
"ẋ = y � 1

3

x3 + x,

ẏ = �� x.
(3.6)

For " ⌧ 1, system (3.6) has a time-scale separation, where x is fast and y is slow; the

x-nullcline is given by the cubic curve

y =
1

3
x3 � x, (3.7)

and the y-nullcline is given by the line

x = �.

Hence, system (3.6) has an equilibrium x⇤ =: (x, y) = (�, 1
3

�3 � �), which is stable for

|�| > 1 and unstable for |�| < 1. At � = ±1, supercritical Hopf bifurcations occur. Here,

we are interested in the interaction between forward-time and backward-time isochrons

near the bifurcation for � = �H = 1.

Theory predicts that the periodic orbit born in the Hopf bifurcation is initially small.

Generically, the period of the periodic orbit and the natural period of the equilibrium move
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away from each other with a non-zero speed as the periodic orbit grows in amplitude when

� decreases away from the Hopf bifurcation point. Hence, each set of isochrons spiral to

their respective accumulation limits, and the two sets spiral in opposite directions. In

particular, close to the Hopf bifurcation, this means that the two isochrons foliations

intersect transversally. On the other hand, system (3.6) exhibits relaxation oscillations.

These are typically attributed to trajectories following the slow branches of the critical

manifold separated by fast jumps. The x-nullcline given by (3.7) is the critical manifold

of system (3.6). The maximum and minimum of the cubic curve at x = ±1 separate the

critical manifold into three branches, where the left and right branches are attracting,

and the middle branch is repelling. When " > 0 is su�ciently small, a trajectory slowly

follows each attracting branch of the critical manifold order O(") close, until it reaches

an extremum where there is a fast jump to the other attracting branch, creating the

typical relaxation oscillation of the Van der Pol system. Such relaxation oscillations

typically exhibit large time-scale separations; hence, we expect the isochron foliations

of a relaxation oscillation in system (3.6) and of its equilibrium to have non-transverse

intersections.

Figure 3.14 illustrates the canard explosion near �H and associated isochron foliations.

Figure 3.14(a) shows a one-parameter bifurcation diagram in the (�, L)-plane of (3.6)

for " = 0.05, where L is the arclength of the solution. The line L = 0 represents x⇤.

A curve representing attracting periodic orbits �
s

emanates from �H, which undergoes a

canard explosion as � decreases from �H. Close to the Hopf bifurcation, the arclength of

the periodic orbits grows like
p
�H � � [32]. This is then followed by a steep segment at

� ⇡ 0.9935, which signifies a rapid increase in arclength, before a plateau of the arclength

L of the periodic orbits is reached. The points labelled in Fig. 3.14(a) correspond to

periodic orbits with arclengths L 2 {0.7, 1.2, 1.5, 1.8, 2.3}. The three intermediate periodic

orbits are examples of canard orbits and their �-values only vary in the eighth decimal

place; however, with numerical continuation the periodic orbits of this family can be found

reliably and distinguished by arclength. The periodic orbits with L = 0.7 and L = 2.3

are at � ⇡ 0.9944 and � ⇡ 0.9850, respectively.

Figure 3.14(b) shows the periodic orbit �
s

in the (x, y)-plane for the five di↵erent values

of the arclength L as labelled in panel (a), together with the critical manifold (green) and

also the equilibrium x⇤ at the moment of Hopf bifurcation at �H = 1. Observe that all

three canard orbits track a significant part of the repelling branch of the critical manifold

before making a fast jump to an attracting branch. The small periodic orbit with L = 0.7

lies close to the equilibrium and only briefly follows the repelling critical manifold. The

periodic orbit with L = 1.2 follows the repelling slow manifold for longer before making

a fast jump to the right attracting branch. The periodic orbit with L = 1.5 is known as

the maximal canard, as it follows the repelling branch for the longest time before making
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Figure 3.14: Canard explosion of the Van der Pol system (3.6) with " = 0.05. Panel (a) shows a
one-parameter bifurcation diagram in the (�, L)-plane, where L is the arclength of the so-
lutions. Shown is the equilibrium x

⇤, (stable when blue, unstable when red) and attracting
periodic orbit �

s

that emanates from a Hopf bifurcation at �H = 1. The five labelled points
correspond to the periodic orbits �

s

when it has arclengths L = {0.7, 1.2, 1.5, 1.8, 2.3},
which is shown in panel (b) together with the critical manifold (green), and the equilib-
rium x

⇤
= (1,� 2

3

) at � = �H (black dot). Panel (c) shows ten forward-time isochrons of
�

s

with L = 0.7 and ten backward-time isochrons of x⇤. Panel (d) shows one hundred
forward-time isochrons of �

s

with L = 2.3 and ten backward-time isochrons of x⇤.

a fast jump to the right attracting branch of the critical manifold. Finally, the periodic

orbit with L = 1.8 again follows the repelling branch, but not quite as far, and then jumps

to the left attracting branch. The periodic orbit with L = 2.3 is a typical example of a

relaxation oscillation: it almost immediately jumps to the left attracting branch, which it

follows until just after the maximum, where it makes a fast jump to the right attracting

branch, before closing up on itself.

Figure 3.14(c) shows the interaction between forward-time and backward-time isochrons

before the rapid increase in arclength of the canard explosion, when the attracting peri-

odic orbit �
s

has arclength L = 0.7. Shown are ten forward-time isochrons of �
s

and ten
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Figure 3.15: Canard explosion of the Van der Pol system (3.6) with " = 0.2. Panel (a) shows a
one-parameter bifurcation diagram in the (�, L)-plane, where L the is arclength of the
solutions. Shown is the equilibrium x

⇤, (stable when blue, unstable when red) and the
family of attracting periodic orbit �

s

that emanates from a Hopf bifurcation at �H = 1. The
four labelled points correspond to cases when the periodic orbit �

s

has arclength L = 0.4,
L = 1.2, L ⇡ 1.7842 and L = 2, which are shown in panel (b), together with the critical
manifold (green), and the equilibrium x

⇤
= (1,� 2

3

) at � = �H (black dot).

backward-time isochrons of the repelling equilibrium x⇤. The forward-time isochrons ac-

cumulate on x⇤ and the backward-time isochrons accumulate on �
s

. Both sets of isochrons

are uniformly distributed in phase; here, T
s

⇡ 1.8078 and T
u

⇡ 0.6666. The foliations

of forward-time and backward-time isochrons intersect each other only transversally, and

the situation is topologically equivalent to that in Fig. 3.2(c2).

Figure 3.14(d) shows I(�
s

) and U(x⇤) when �
s

has arclength L = 2.5. We plot one

hundred forward-time isochrons of �
s

and ten backward-time isochrons of x⇤, which are

both uniformly distributed in phase; here, T
s

⇡ 3.8392 and T
u

⇡ 0.9876. The foliations

I(�
s

) and U(x⇤) are no longer transverse for this case. This can be seen, for example,

in the circled region of Fig. 3.14(d), where the backward-time isochron U(�
0.9

) is almost

tangent near the bottom part of �
s

to one of the hundred forward-time isochrons shown

from I(�
s

).

Figures 3.14(c) and (d) illustrate that a CIFT bifurcation occurs at some point during

the canard explosion. During the canard explosion, �
s

grows very fast with �, and the

isochrons are very sensitive, which makes it di�cult to compute them for small ". Hence,

in order to visualise isochrons in the canard explosion and identify the actual moment

of the CIFT bifurcation, we consider a larger time scale separation parameter, namely,

" = 0.2. For this parameter value the two distinct time scales are less pronounced, but as

shown in Figs. 3.15 and 3.16, a CIFT bifurcation still occurs and we are able to visualise

it.
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Figure 3.15(a) shows the bifurcation diagram in the (�, L)-plane for (3.6) with " = 0.2.

It is qualitatively as Fig. 3.14(a) and shows x⇤ as a line at L = 0 and �
s

as a branch of

attracting periodic orbits emanating from the Hopf bifurcation at �H = 1. Here, the steep

segment of the branch of periodic orbits is less pronounced than in Fig. 3.14(a), due to

the weaker time-scale separation. Nevertheless, close to �H, the periodic orbit �
s

grows

as
p
�H � �, which is followed by a clear region of more rapid growth in arclength. The

four labelled points correspond to arclengths of �
s

for L = 0.4 (� ⇡ 0.9931), L = 1.2

(� ⇡ 0.9690), L
CIFT

⇡ 1.7842 (� ⇡ 0.9434) and L = 2 (� ⇡ 0.8943). Panel (b) shows �
s

at the corresponding points in the (x, y)-plane, and also the equilibrium x⇤ at the Hopf

bifurcation.

Figure 3.16 shows the associated forward-time isochrons for each of the four periodic

orbits �
s

, and backward-time isochrons of x⇤. In each case, ten forward-time isochrons are

shown, which are uniformly distributed in phase, and also a selection of backward-time

isochrons of x⇤ . Panel (a) shows forward-time isochrons of the periodic orbit �
s

with

arclength L = 0.4, which is near the Hopf bifurcation. Also shown are ten backward-time

isochrons of x⇤, which are uniformly distributed in phase; here, the two sets of isochrons

intersect transversally. Compared to Fig. 3.14(c), the periodic orbit �
s

is more circular

and the forward-time isochrons are better distributed around �
s

. Figure 3.16(b) shows

forward-time isochrons for �
s

with arclength L = 1.2 and ten backward-time isochrons of

x⇤ with the same phases as in panel (a). Here, the distribution of isochrons around �
s

is

less uniform due to the slow-fast dynamics, but the sets of forward-time and backward-

time isochrons still intersect transversally. Panel (c1) shows ten forward-time isochrons at

� ⇡ 0.9434, which is the approximate moment of the CIFT bifurcation. Also shown are

thirteen backward-time isochrons of x⇤ that make cubic tangencies with the forward-time

isochrons, as well as the trajectory O⇤ that passes through each of the cubic tangencies.

Panel (c2) shows an enlargement of a region near the equilibrium x⇤, which shows sev-

eral instances of cubic tangencies between the forward-time and backward-time isochrons

along O⇤. Panel (d1) shows ten forward-time isochrons for the periodic orbit �
s

with

arclength L = 2 and twelve corresponding pairs of backward-time isochrons of x⇤ that

make quadratic tangencies with these forward-time isochrons. Also shown are the trajec-

tories O+ and O�, which pass through each of the quadratic tangencies. Panel (d2) is

an enlargement of a region near x⇤, which shows how the forward-time isochrons bend in

order to make quadratic tangencies with the more radial backward-time isochrons along

both O+ and O�.

Figures 3.14–3.16 provide numerical evidence to support the conjecture in Section 3.4.4

that a relaxation oscillation with a large time-scale separation exhibits non-transverse

isochron intersections. On the other hand, close to the Hopf bifurcation, we expect

the isochron intersections to be transverse. At a generic Hopf bifurcation a periodic
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Figure 3.16: The CIFT bifurcation for (3.6) with " = 0.2. Panels (a), (b), (c1) and (d1) show �

s

at
the four points labelled in Fig. 3.15 at different stages of the canard explosion. Each
panel shows ten forward-time isochrons of �

s

uniformly distributed in phase. Panels (a)
and (b) show ten backward-time isochrons of x⇤ uniformly distributed in phase, which
only intersect the forward-time isochrons transversally. Panel (c1) is approximately at the
moment of the CIFT bifurcation where thirteen backward time isochrons of x⇤ make cubic
tangencies with the shown forward-time isochrons; the trajectory O⇤ passes through all
the cubic tangencies. Panel (d1) is after the CIFT bifurcation, showing twelve pairs of
backward-time isochrons that make quadratic tangencies with the forward-time isochrons;
the trajectories O+ and O� pass through each of the tangencies. Panels (c2) and (d2)
show enlargements of panels (c1) and (d1), respectively, in a region near x⇤.

orbit �
s

is created with the same period as the natural period T
x

⇤ of the equilibrium x⇤.

All the forward-time isochrons are transverse to �
s

and accumulate on x⇤, and all the

backward-time isochrons are radial at x⇤ and accumulate on �
s

. Hence, near a generic

Hopf bifurcation, the foliations must be transverse. These arguments lead to the natural
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conjecture that for a su�ciently large time-scale separation, that is, for su�ciently small

", a canard explosion is a general mechanism for creating a CIFT bifurcation.

3.6 Discussion

We addressed the question of how isochrons may change when parameters are varied, for

example, in the well-known planar FitzHugh-Nagumo system that was already studied by

Winfree. More specifically, we considered not only the usual (forward-time) isochrons of

an attracting periodic orbit, but also introduced backward-time isochrons of a repelling

periodic orbit or repelling equilibrium with complex-conjugate eigenvalues. The key ob-

servation is that, in an annulus where they coexist, the two foliations by forward-time

and by backward-time isochrons may generically either be transverse to each other or

have quadratic tangencies. The transition happens at what we call a cubic isochron foli-

ation tangency or CIFT bifurcation, which is a bifurcation of codimension one. In fact,

the quadratic tangencies of isochrons that are created must necessarily occur along two

trajectories O+ and O�. Furthermore, the CIFT bifurcation is a regular, quadratic fold

where these two trajectories of quadratic tangencies come together in a trajectory O⇤ of

cubic tangencies and then disappear.

By computing isochrons with a boundary-value problem setup, we showed that a

CIFT bifurcation indeed occurs in the FitzHugh-Nagumo system, namely when the time-

scale separation parameter is increased. This led to the natural realisation that a CIFT

bifurcation can be generated by a su�ciently strong di↵erence in time scales. To verify

this observation we created two simple planar normal-form-type model vector fields with

a parameter that introduces a time-scale separation in the phase plane. In the first model

the time-scale separation acts globally between the two variables, while in the second

model we rescale time in a small domain. Starting from two isochron foliations that

intersect each other transversally, increasing the time-scale separation parameter indeed

induces a CIFT bifurcation in both cases. Finally, we showed with the example of the Van

der Pol system that a CIFT bifurcation also occurs naturally during a canard explosion,

that is, in the transition from small periodic solutions created in a Hopf bifurcation to

large relaxation oscillations.

Overall, the CIFT bifurcation emerges as a natural bifurcation in the context of

multiple-time-scale systems. Roughly speaking, the foliations by forward-time and by

backward-time isochrons are transverse when the time-scale separation is su�ciently small

in the annulus where they coexist. When the time-scale separation is large, on the other

hand, the two foliations must be expected to be non-transverse. Indeed, a first CIFT

bifurcation can be identified as the transition mechanism. We remark that our local

time-scale-perturbation model provides a generic example of two vector fields that are
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topologically (orbitally) equivalent in an annulus, but not conjugate, while having the

same periodic orbits with the same periods.

When the respective time-scale parameter is increased further, the quadratic tan-

gencies that have been created quickly develop into very sharp turns of (forward-time)

isochrons that are associated with regions of strong phase sensitivity; see for example,

[33, 41]. It is di�cult to quantify this phase sensitivity by considering geometric proper-

ties (such as curvature) of the forward-time isochrons. Therefore, it is very helpful from

a practical point of view that the well-defined and computable first CIFT bifurcation can

be interpreted as the creation of phase sensitivity in the system. The price to pay, so to

speak, is that one also needs to consider and compute backward-time isochrons.
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4
Details on the numerics of computing

isochrons

We now give details of di↵erent continuation approaches used in this thesis for comput-

ing forward-time and backward-time isochrons. Computing a backward-time isochron is

equivalent to computing a forward-time isochron for the time-reversed system. In what

follows, we only describe the computation of a forward-time isochron I(�
✓

) associated

with a point �
✓

on an attracting periodic orbit �, and of a forward-time isochron I(x⇤
✓

)

associated with a focus equilibrium x⇤, where ✓ is the corresponding phase; we also discuss

how we implement this in Auto [11]. Section 4.3 provides an analysis of the accuracy

of the computation, in particular for finding the linear approximation of I(�
✓

). Finally,

we show how the general approach of our computational algorithms can be adapted to

compute phase response curves.

To implement these methods in Auto we rescale the vector field (1.1), such that an

orbit segment {x(t) | 0  t  T } of (1.1) is the orbit segment {u(t) | 0  t  1} of the

vector field

u̇ = TF(u), (4.1)

and T is now a parameter of the system. For the purpose of this thesis, it su�ces to

consider only planar systems.

61
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4.1 Isochrons for periodic orbits

Our approach for the computation of (both forward-time and backward-time) isochrons

of periodic orbits in planar systems is an improved adaptation of the method presented

by Osinga and Moehlis [41]. As in [41], our method is based on the continuation of an

orbit segment that solves a well-posed two-point boundary-value problem (2PBVP), of

which one end point is guaranteed to lie on I(�
✓

) in very good approximation.

Let us begin by explaining the general idea of computing I(�
0

) as given in [41]. We

approximate I(�
0

) as the set of initial points of orbit segments that map to the linear

approximation E(�
0

) of I(�
0

) close to �
0

after integer multiples of the period. These

points are formulated as initial points u(0) of orbit segments u, which end on E(�
0

) at a

distance ⌘ from �
0

; hence, ⌘ defines a one-parameter family of orbit segments. Each orbit

segment in this family is a solution to (4.1) with T = T
�

, with the following boundary

conditions

(u(1)� �
0

) · v?
0

= 0, (4.2)

(u(1)� �
0

) · v
0

= ⌘, (4.3)

where v
0

is the normalised vector that spans E(�
0

) and v?
0

is perpendicular to it.

Note that � itself, when starting from �
0

, is a solution to the 2PBVP (4.1), (4.2) and

(4.3) with T = T
�

and ⌘ = 0. This gives us a first solution to start the continuation,

which we call the starting segment throughout. We fix T and continue the orbit segment

in ⌘ up to a maximum pre-specified tolerance ⌘
max

. As the end point u(1) is pushed away

from �
0

along E(�
0

), the initial point u(0) traces out a segment of I(�
0

).

Once we reach ⌘ = ⌘
max

, we extend I(�
0

) further by considering points that map to

E(�
0

) after another period, that is after time T = kT
�

for k = 2. We create a starting

orbit segment by concatenating � to the end of the final orbit segment from the first

continuation run. We rescale this extended orbit segment such that 0  t  1 again.

The rescaled concatenated orbit segment contains a discontinuity at t = 1

2

, but this

discontinuity is small and Auto corrects it such that the orbit segment is continuous.

This correction typically causes ⌘ to move away from 0, but it still remains small (in

absolute value). We can keep extending I(�
0

) further in this way, by continuation with

T = kT
�

, for integers k > 2.

In this thesis, I(�
0

) is computed in exactly this way. However, for ✓ 6= 0, the approach

in [41] uses interpolation of both the base point �
✓

and the linear approximation of I(�
✓

)

from the respective mesh discretisation, that is, the values for �
0

and v
0

are simply

replaced by the interpolated values for �
✓

and v
✓

, respectively.

We developed two di↵erent approaches to improve the computations. In Section 4.1.2,

we compute an isochron with phase ✓ by using the linear approximation of I(�
0

) at �
0

.
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Specifically, we compute a family of solutions to the 2PBVP (4.1), (4.2) and (4.3), where

the total integration time is equal to one plus (1 � ✓) times the period. We discuss

two di↵erent ways of obtaining the starting segment. This approach then proceeds in the

same way as the method for ✓ = 0, that is, computing segments of I(�
✓

) by continuing the

starting segment in ⌘ up to the tolerance ⌘ = ⌘
max

. Now we seek orbit segments that map

to E(�
0

) after time T = [k + (1� ✓)]T
�

for k = 2, where we create the starting solution

by concatenating � to the end of the final solution of the continuation run; note that the

end point of the extended orbit segment u(1) still lies at �
0

, and the small discontinuity

now occurs at t = 1+(1�✓)
2+(1�✓) . We can keep extending I(�

✓

) further in this way for integers

k > 2.

The second approach, in Section 4.1.3, computes I(�
✓

) by shifting both the periodic

orbit and its linear bundle so that the base point lies at �
✓

; here, both end points of the

orbit segment lie on the isochron with phase ✓. We then proceed in the same way as

in [41], where conditions (4.2) and (4.3) are replaced with the conditions

(u(1)� �
✓

) · v?
✓

= 0, (4.4)

(u(1)� �
✓

) · v
✓

= ⌘. (4.5)

This computational method avoids explicit interpolation altogether.

In general, for a boundary-value problem to be well posed, such that one obtains a

one-parameter solution family by continuation, it must satisfy the condition NPAR =

NBC�NDIM+1 [9], where NPAR is the number of free parameters, NBC is the number

of boundary conditions, and NDIM is the dimension of the problem. Both of the 2PBVPs

described here are systems with dimension NDIM = 2, with NBC = 2 boundary condi-

tions, and NPAR = 1 free parameter, namely ⌘. Hence, the 2PBVPs are well posed and

the isochrons are computed as ⌘-dependant families.

4.1.1 Computing the linear bundle

Our approach for computing isochrons relies on an approximation of the (un)stable linear

bundle associated with the periodic orbit �.

As before, we assume that � is an attracting periodic orbit. The periodic orbit � can

readily be obtained in Auto; we refer to the user manual for details. However, for our

purposes we need to formulate the associated 2PBVP manually. The periodic orbit � is

a solution of (4.1) with T = T
�

and the boundary condition

u(0) = u(1). (4.6)

Note that, if u(t) is a solution to (4.1) and (4.6), then so is u(t + �). To select a unique
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solution we impose a phase condition; instead of the standard integral phase condition

used in Auto, we impose u(0) = �
0

, so that the orbit segment always starts at the

maximum point on � with respect to a particular variable, denoted x. This is given as

the following additional boundary condition

F
x

(u(0)) = 0, (4.7)

where F
x

is the x-component of the vector field.

We assume that we already found �, and we want to compute the linear eigenbundle.

Recall that the linear approximation of each isochron I(�
✓

) is spanned by the eigenvector

ns

✓

associated with the stable Floquet multiplier ⇣
s

of the Jacobian matrix D'T�(�
✓

)

evaluated at the point �
✓

2 �. The family of vectors ns

✓

for all �
✓

2 � defines the linear

stable normal bundle associated with �.

We compute the linear stable bundle by solving the first variational equation together

with � as an extended system as the solution to a 2PBVP; this was also described in

detail in [31]. The first variational equation is given as

ṅs = T
�

DF(u)ns, (4.8)

where DF(u) is the Jacobian matrix evaluated at each point u(t) along �. In our set-

up, the first vector ns(0) of this bundle spans the linear approximation E(�
0

) of I(�
0

)

associated with the point u(0). The linear stable normal bundle is periodic in the sense

that each vector ns

✓

in the bundle, has the same direction when mapped under the flow

for one period T
�

, but the length shrinks (expands) by a factor equal to the Floquet

multiplier ⇣
s

associated with the bundle. This yields the following boundary condition

ns(1) = ⇣T�
s

ns(0). (4.9)

In several of the examples that we consider, the Floquet multiplier associated with the

eigenbundle is close to 0, for example in slow-fast systems. Hence, we prefer to use

a logarithmic formulation of the first variational equation in terms of the (unknown)

Floquet exponent �
s

, where ⇣
s

= e�s and ns = e�stv. Equations (4.8) and (4.9) become

v̇ = T
�

DF(u)v � �
s

v, (4.10)

v(0) = v(1). (4.11)

The trivial solution {v(t) = 0 | 0  t  1} solves (4.10)–(4.11) for any �
s

. A non-

trivial solution exists only when �
s

is equal to the log of the stable Floquet multiplier of

�, specifically �
s

= ln(⇣
s

). This means that we can detect the correct value for �
s

as a
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branching bifurcation point in Auto. Starting from an arbitrary value �
s

and the vector

bundle v ⌘ 0, we continue in �
s

until �
s

= ln(⇣
s

) in the continuation. The dimension of

the 2PBVP (4.1), (4.6), (4.7), (4.10) and (4.11) is NDIM = 4, we impose the conditions

(4.6), (4.7), (4.11), which gives NBC = 5, and during the continuation both T
�

and �
s

are free, which gives NPAR = 2. Hence, the 2PBVP is well posed and we obtain a

�
s

-dependant family, where T
�

remains approximately equal to the period of �.

We then switch branches, at �
s

= ln(⇣
s

), in order to compute the linear bundle. To

this end, we impose the additional condition

||v(0)|| = L, (4.12)

where L is the length of the initial vector v(0) of the bundle, and continue in L until

L = 1, such that v(0) has unit length. Here, we have an extra boundary condition and

also an extra free parameter in the system. Hence, the 2PBVP is well posed. Here, only

L changes and �
s

and T
�

, while free, remain at their appropriate values.

We now store the point �
0

and the vector v
0

as parameters of the solution, so that

these can be accessed even if we shift u and v with respect to their starting points.

4.1.2 Computing isochrons using only v
0

Recall the di↵eomorphic property of the isochrons that the image of I(�
✓

) mapped under

the flow ' for time (1� ✓)T
�

is equal to I(�
0

); in other words,

I(�
0

) = '(I(�
✓

), (1� ✓)T
�

). (4.13)

Instead of working with �
✓

and v
✓

with T = T
�

, we use (4.13) to compute I(�
✓

) as the

set of initial points of the family of orbit segments that end on the linear approximation

E(�
0

) at the base point �
0

2 � after time T = [k + (1� ✓)]T
�

. To ensure accuracy, we

work with at least one full rotation, which means that we start with k = 1, as for I(�
0

).

We are only interested in orbit segments for which the end point u(1) lies on the

linear approximation E(�
0

) at some small distance ⌘ from �
0

. Hence, via continuation,

we compute the one-parameter family of orbit segments that satisfy the 2PBVP (4.1),

(4.2) and (4.3) with T = [1 + (1� ✓)]T
�

. The isochron I(�
0

) also corresponds to phase

✓ = 1, for which this method is exactly the same approach as in [41]. If ✓ = 0 or 1, then

we can use � as the starting segment, but for 0 < ✓ < 1, we need to construct a first orbit

segment to start the continuation. We have two di↵erent methods to obtain a solution

with u(0) = �
✓

and u(1) = �
0

, where T = [1 + (1� ✓)]T
�

.

A first intuitive approach is to reorganise the periodic orbit data such that the base

point u(0) = u(1) is at the point �
✓

2 �. We then extend the orbit segment by freeing u(1)
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and continuing in T to the required time. Note that this method requires interpolation

to obtain �
✓

. Since Auto uses piecewise Lagrange polynomials to represent a periodic

orbit, we propose to find the new base point �
✓

with Lagrange interpolation of the data

for �. Since the underlying mesh distribution of the shifted orbit has now been altered,

we must first perform a correction step to ensure that it is an accurate solution of the

discretised system. To this end, we continue in a problem-independent parameter whilst

imposing the periodicity condition (4.6). It is important that the point �
✓

does not move

along �, as this will alter the phase of �
✓

. To prevent such phase shifts, we allow the end

point u(0) to move only along a line that is perpendicular to the direction of the flow at

the point �
✓

; this is expressed as the following boundary condition

u(0) · F(�
✓

) = 0. (4.14)

The 2PBVP (4.1) with conditions (4.6) and (4.14) yields a problem of dimension NDIM =

2, with NBC = 3 boundary conditions. In order for a numerical solution to exist, the

period T
�

must also be a free parameter, although the boundary condition (4.6) will ensure

it varies very little. Here, NPAR = 2 and hence, the 2PBVP is well posed.

As the second step, we extend the corrected periodic orbit such that u(1) = �
0

by

freeing the end point u(1) and continuing in integration time T until T = [1 + (1� ✓)]T
�

.

Since �
0

is the maximum point on � with respect to the x-variable, we could alternatively

choose to stop when ẋ = 0. Specifically, we impose the condition

F
x

(u(0)) = ↵,

where ↵ is also a free parameter, which is initially set to ↵ = F
x

(u(0)). We then continue

in T with ↵ = 0 implemented as a stopping condition.

We extend the periodic orbit forward in time since � is attracting. One could try

skipping the shifting step and extending the periodic orbit backward in time by moving

u(0) instead, but this is very sensitive to small perturbations and will result in an orbit

segment that does not lie on �.

We can also obtain an appropriate starting segment without applying an interpolation

step to find �
✓

. Here, we e↵ectively compute a starting segment by extending � backward

in time. In order to avoid the sensitivity of backward-time integration, we set up a 2PBVP

as follows. We work with a system of twice the dimension. The first part represents �

with its base point fixed at �
0

. We now use the second part to define an orbit segment w

that satisfies (4.1) with w(1) = �
0

and set up the continuation so that w(0) moves away

from w(1) as the integration time increases from 0 to [1 + (1� ✓)]T
�

. In order to ensure

that w(0) remains on �, we rotate the system for u such that w(0) = u(0); hence, w(0)
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acts as a phase condition on u. The 2PBVP then becomes

u̇ = TF(u),

ẇ = ⌫T
�

F(w), (4.15)

u(1) = u(0),

u(0) = w(0). (4.16)

w(1) = �
0

. (4.17)

Here, ⌫ is the free parameter that determines the total integration time of w, and conse-

quently the phase of the point w(0). Hence, we start with u ⌘ �, T = T
�

, w ⌘ u(0) and

⌫ = 0. We then continue this 2PBVP by increasing ⌫, which grows the orbit segment w

along � up to ⌫ = 1 + (1� ✓).

Note that we shift the head point of u, which means that T = T
�

must be a free

parameter in order to ensure that a discretised solution exists. Nevertheless, T will not

change much, and the time of w only depends on ⌫.

Here, we have NDIM = 4, NBC = 6 and NPAR = 2, which implies that we have too

many boundary conditions. We relax condition (4.17), and fix w(1) to a point on the

linear approximation E(�
0

) at �
0

that is spanned by the vector v
0

. In this way, any small

variations of w(1) along E(�
0

) result in a negligible shift in phase. We achieve this with

the condition

(w(1)� �
0

) · v?
0

= 0. (4.18)

The orbit segment u is now the shifted periodic orbit � with base point �
✓

and w is an

orbit segment that starts at �
✓

and ends at �
0

after time [1 + (1� ✓)]T
�

. We now proceed

with w as the starting segment. One could also use u and apply the approach of [41], but

then one still needs to find the linear bundle. Our approach on the other hand, requires

the bundle only at �
0

.

4.1.3 Shifting both � and its linear bundle

So far, we have represented an isochron I(�
✓

) by the set of points u(0) of the family of

orbit segments that end on E(�
0

). This approach is inherently di↵erent from computing

I(�
0

), for which the orbit segments e↵ectively map back to I(�
0

). We can use this same

approach for the computation of I(�
✓

), but instead of interpolating, we use the idea from

Section 4.1.2 to shift the extended system, comprising of both � and its linear bundle,

by continuation such that the head point is �
✓

rather than �
0

. Hence, after the shift, the

base point u(0) = u(1) lies at �
✓

, and the initial point v(0) of the vector bundle is the

vector v
✓

, which spans the linear approximation E(�
✓

) of I(�
✓

).
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Shifting the periodic orbit and linear bundle with continuation in this way has been

performed before (see [15]), but the implementation in [15] requires accurate knowledge

of the point �
✓

in space in order to determine when to stop shifting. We present a method

that shifts the periodic orbit and its bundle in time while monitoring the phase shift

during the continuation. Hence, we determine both �
✓

and v
✓

up to Auto accuracy.

We start with the four-dimensional 2PBVP (4.1), (4.6), (4.7) and (4.10) – (4.12), with

T = T
�

, for which the periodic orbit � with head point �
0

and its vector bundle v with

head point v
0

together is a solution, as discussed in Section 4.1.1.

We then relax the phase condition (4.7) whilst everything else is fixed, which allows

the head point u(0) to shift along �. We control the phase shift by introducing an orbit

segment w, where we fix the end point w(1) = �
0

and fix the head point u(0) to the

initial point w(0). Hence, w is a portion of � that ends at �
0

, and the integration time of

w determines the phase of u(0). Specifically, w is a solution of (4.1) with T = (1� ⌫)T
�

and the condition

w(0) = u(0). (4.19)

Here, the parameter (1 � ⌫) controls the portion of � that w traces out as a fraction of

the period T
�

. Initially, w ⌘ �
0

with ⌫ = 1 and consequently u(0) = �
0

, but as ⌫ changes

and w grows, u(0) moves and the point u(0) has phase ⌫.

The 2PBVP comprising of (4.1) with T = T
�

, (4.6), (4.10) – (4.12), (4.1) with T = ⌫T
�

,

and (4.19), yields a problem of dimension NDIM = 6, with NBC = 7 boundary conditions.

During the computation, as well as ⌫, the parameters T
�

and �
s

also need to be free in

order for a discretised solution to exist. Since there are NPAR = 3 free parameters, the

equation NPAR = NBC � NDIM + 1 is not satisfied and we need one extra boundary

condition. As with the method described in Section 4.1.2, we constrain the end point

w(1) to move along the linear approximation E(�
0

) at �
0

, which is spanned by the vector

v
0

. This is implemented with condition (4.18), namely,

(w(1)� �
0

) · v?
0

= 0.

The initial setup consists of the extended solution, and the point w(0) = w(1) = �
0

, with

⌫ = 1. We then grow w by continuing the initial solution in the parameter ⌫ to ⌫ = ✓,

such that u(0) = u(1) = �
✓

. With this solution, we only keep the periodic orbit part of

the solution u, and the linear approximation v
✓

= v(0) at �
✓

. This yields a first solution

to the 2PBVP (4.1) with T = T
�

and conditions (4.4) and (4.5); we then proceed as

in [41].
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Figure 4.1: Computation of the isochron I(�
0.7) at the point �

0.7 ⇡ (�0.3090, 0.9511) on the attracting
periodic orbit � of system (4.21). In each panel, the left shows a global view of the (x, y)-
plane, and the right shows an enlargement of a region near �

0

. The periodic orbit � is the
black unit circle, the computed portion of I(�

0.7) is the cyan curve emanating from �
0.7,

the linear approximation E(�
0

) is the blue line at �
0

= (1, 0), and the last computed orbit
segment u(t) at each stage of the continuation is the green curve.

4.1.4 An illustrative example

To illustrate our method of using v
0

for computing I(�
✓

), we consider the simple system

introduced by Winfree [50], which is given in polar coordinates as

(
ṙ = a(1� r)r2,

 ̇ = �(1 + !(1� r)).
(4.20)

In Euclidean coordinates, the system is

8
<

:
ẋ = (1�

p
x2 + y2)

⇣
ax (

p
x2 + y2) + !y

⌘
+ y,

ẏ = (1�
p

x2 + y2)
⇣
ay (
p

x2 + y2)� !x
⌘
� x.

(4.21)

We fix the parameters a = 1 and ! = �0.5, for which system (4.21) has a repelling

equilibrium x⇤ at the origin and an attracting periodic orbit �, which is the unit circle

with period T
�

= 2⇡. We assign zero phase to the point �
0

= (1, 0). The speed of rotation

varies linearly with the distance from the origin to � and ! determines the rate of change.

The parameter a determines the strength of the contraction in the radial direction.
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Figure 4.1 shows four panels that illustrate the steps in the computation of the forward-

time isochron I(�
0.7

) at the point �
0.7

⇡ (�0.3090, 0.9511). Shown on the left is a global

phase portrait in the (x, y)-plane, and on the right is an enlargement of a region near �
0

.

In each panel, the periodic orbit � is shown in black. We plot the linear approximation

E(�
0

) (blue) at �
0

, spanned by the vector v
0

⇡ [�0.8944, 0.4472]T, which corresponds

to the Floquet exponent �
s

= �2⇡. In the enlargement, E(�
0

) has length ⌘
max

= 10�2,

whereas in the global view E(�
0

) has length 20⇥ 10�2, so we can actually see it.

The stages of the computation illustrate how I(�
0.7

) (cyan) emanates from �
0.7

trans-

verse to �; in panel (a), only �
0.7

on I(�
0.7

) is shown. The green curve is the orbit segment

u(t) for the last computed value of ⌘ at that stage of the continuation run. Figure 4.1(a),

for ⌘ = 0, shows the first solution u(t) to the boundary value problem (4.1), (4.2) and

(4.3). Here, u(t) is an extension of � such that u(0) = �
0.7

and u(1) = �
0

, and T = 1.3T
�

,

that is, u(t) covers � exactly 1.3 times. The value for �
0.7

was obtained with Lagrange

interpolation; after correction, this point lies at distance O(10�10) in the direction per-

pendicular to the original periodic orbit �. Panel (b) shows an intermediate stage in the

continuation at ⌘ = 5⇥ 10�2, where u(1) has moved half way along E(�
0

), as shown in

the enlargement, and a first portion of the isochron has been computed. Panel (c) shows

the end of the continuation at ⌘ = ⌘
max

; the enlargement shows that ⌘ has reached the

maximum distance along E(�
0

). Panels (b) and (c) indicate that quite a large isochron

extension is computed from only a small variation in u(1); more precisely, the arclength of

the extension is of the order ⌘
max

(e�1.3�s � 1). Panel (d) shows a solution with T = 2.3T
�

.

Here, � is concatenated to the end of the solution from panel (c); this causes a small dis-

continuity as indicated by the enlargement in panel (c). The orbit segment in panel (d) is

the corrected solution, which has moved slightly in order to close the discontinuity; here,

⌘ ⇡ 1.77056⇥ 10�5. Using the solution from panel (d), we can extend I(�
0.7

) further by

repeating the process illustrated in panels (a)–(c) with T = [2 + (1� ✓)]T
�

and so on.

4.2 Isochrons of equilibria

An isochron I(x⇤
✓

) of an equilibrium x⇤ with complex conjugate eigenvalues µ
1,2

= ↵± �i

can be computed in a very similar way, by continuing a family of orbit segments that

end on the linear approximation of I(x⇤
✓

) after a specific total integration time. Here,

the local linear approximation of the isochron I(x⇤
✓

) is given by the line segment R
✓

=

{R
✓

(⌘) := x⇤+⌘v
✓

| 0  ⌘  ⌘
max

} from x⇤ in the direction v
✓

, with length ⌘
max

. Provided

⌘
max

⌧ 1, the line segment R
✓

is a good local approximation of I(x⇤
✓

). However, it is not

immediately clear which direction corresponds to what phase; this is discussed in detail

in Section 4.2.1.

If we assume that the direction v
✓

is known, then we can approximate I(�
✓

) by consid-
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ering the initial points of orbits segments that end on R
✓

after time T
x

⇤ , where T
x

⇤ = 2⇡

�

is the natural period of x⇤. More specifically, we continue the 2PBVP (4.1) in ⌘ with

T = T
x

⇤ and the boundary conditions

(u(1)� x⇤) · v?
✓

= 0, (4.22)

(u(1)� x⇤) · v
✓

= ⌘, (4.23)

such that the end point u(1) lies on R
✓

at a distance ⌘ from x⇤, where we restrict the

length of the linear approximation to a pre-specified maximum length ⌘
max

. During the

continuation, the end point u(1) of the orbit segment is pushed along R
✓

, and the initial

points u(0) of these orbit segments make up a portion of I(�
✓

).

In order to compute the family of orbit segments, we need a starting segment as an

initial solution to the boundary value problem (4.1), (4.22) and (4.23). We can achieve

this as follows. We select a point R
✓

(⌘
start

) on R
✓

for some 0 < ⌘
start

⌧ ⌘
max

. We then

define the orbit segment {u(t) = R
✓

(⌘
start

) | 0  t  1} and set T = 0. We then free the

initial point u(1) and continue in T until we reach the point T = T
x

⇤ . It is also possible to

use the equilibrium point x⇤ as a starting segment, that is, u = {u(t) = x⇤ | 0  t  1}.
Note that u ⌘ x⇤ satisfies (4.1), (4.22) and (4.23) for ⌘ = 0 and any T so certainly also

T = T
x

⇤ . Obtaining the starting segment x⇤ with ⌘ = 0 and T = T
x

⇤ is straightforward

to obtain, and can serve as the starting segment for the computation of I(x⇤
✓

) for any ✓.

Once we reach the tolerance ⌘ = ⌘
max

, we can extend I(x⇤
✓

) further by considering

points that map to R
✓

after twice the natural period, that is, we set T = kT
x

⇤ for k = 2.

As a start solution, we concatenate the last orbit segment from the continuation to the

front of the starting segment, such that we have a solution with time T = 2T
x

⇤ and

⌘ ⌧ ⌘
max

. Note that this start solution has a discontinuity at t = 1

2

, but this gap is

typically so small that Auto corrects it in the first Newton step. More precisely, we run

the 2PBVP (4.1), (4.22) and (4.23) with T = 2T
x

⇤ and obtain a family of continuous orbit

segments that start at the corrected value ⌘ ⇡ 0 or ⌘ ⇡ ⌘
start

depending on the starting

segment used. We can extend I(�
✓

) further by considering integers k > 2 and starting

from a solution that has another copy of the starting segment concatenated to the end of

the final orbit segment from the previous continuation run.

As was the case for periodic orbits, we can also compute each isochron I(x⇤
✓

) with the

linear approximation v
0

of I(x⇤
0

) in the same spirit as the method in Section 4.1.2. That

is, we consider solutions to the 2PBVP described above, but with total integration time

T = [1 + (1� ✓)]T
x

⇤ , and the conditions (4.22) and (4.23) are replaced by the following
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conditions

(u(1)� x⇤) · v?
0

= 0,

(u(1)� x⇤) · v
0

= ⌘.

As a starting segment, we use the solution u = {u(t) = x⇤ | 0  t  1}, but here we set

T = [1 + (1� ✓)]T
x

⇤ .

This approach then proceeds in the same way as for computing isochrons of periodic

orbits. That is, once we reach ⌘ = ⌘
max

, we can extend I(x⇤
✓

) further by considering

points that map to R
✓

after an additional full natural period. The starting segment for

this step will be the concatenation of the last completed orbit segment at ⌘ = ⌘
max

from

the previous continuation run followed by the starting segment.

Note that near a non-hyperbolic equilibrium, such as at a Hopf bifurcation, which we

discuss in Section 3.4.3, the expansion or contraction to the equilibrium is polynomial

rather than exponential at the non-hyperbolic point. Hence, as the end point of an orbit

segment moves along the linear approximation, the initial point of the orbit segment

only moves an almost equally small distance, which results in only a small extension to

the isochron. In this situation, one needs to compute a larger extension by repeating

the continuation for orbit segments with successively larger integer multiples of T
x

⇤ ; this

requires impractically long orbit segments. A remedy is to allow for a large ⌘
max

.

4.2.1 Computing a linear approximation of an isochron

The main di↵erence between computing isochrons of a periodic orbit and those of an equi-

librium is the construction of a local approximation. For a periodic orbit, this local linear

approximation is found by determining its (un)stable linear eigenbundle, as described in

Section 4.1.1. The linear approximation of an isochron I(x⇤
✓

) of an equilibrium x⇤ is given

by a line from x⇤ in a particular direction. Each direction corresponds to a particular

phase, but a uniform distribution of angle does not correspond to a uniform distribution

of phase, which depends on the linearised system at x⇤. The Jacobian matrix DF at

x⇤ has complex-conjugate eigenvalues µ = ↵ ± �i and corresponding complex-conjugate

eigenvectors w,w 2 C2. Hence, the trajectories of the linearised system about x⇤ are of

the form

x̂(t) = {x⇤ + cwe(↵+�i)t + cwe(↵��i)t | 0  t < T
x

⇤},

where T
x

⇤ = 2⇡

�

is the natural period of x⇤, and the coe�cient c 2 C defines the initial

point x̂(0) 2 R2. We write this rotation about x⇤ in terms of an amplitude and a phase,



4.2 Isochrons of equilibria 73

so that we obtain the more convenient form

x̂(t) = {x⇤ + c
1

e↵t cos (�t+ c
2

) | 0  t < T
x

⇤}, (4.24)

where c
1

= 2abs(cw) 2 R2 and c
2

= angle(cw) 2 R2. Note that we abused notation here

and equation (4.24) should be interpreted component-wise as is standard in Matlab; in

particular, c
1

and c
2

are the component-wise norm and argument of cw, respectively, and

the cosine function is vector valued.

In the absence of growth or decay, that is, if ↵ = 0, the linearised system (4.24) traces

out an ellipse D = {x⇤ + c
1

cos (�t+ c
2

) | 0  t < T
x

⇤}, which represents the rotation

near x⇤. For ||c
1

|| small enough, the ellipse D is a good approximation of the trajectory

segment x̂(t) and, thus, of the phase distribution near x⇤. We now choose c 2 C, and
consequently c

1

, c
2

2 R2, such that ||c
1

|| is small and x̂(0) is the point on D with maximal

x-value. As is customary for periodic orbits, the normalised vector v
0

through x⇤ and

x̂(0) defines the linear approximation of the isochron associated with zero phase. For

any other given phase ✓, we approximate the corresponding linear approximation by the

normalised vector v
✓

through x⇤ and the point x̂(✓T
x

⇤) = x⇤ + c
1

cos (�✓T
x

⇤ + c
2

) on D.

4.2.2 An illustrative example

We illustrate the computation of equilibrium isochrons with the Van der Pol model (3.6)

that was discussed in Section 3.5.3, where we set the parameters � = 1.1 and " = 0.2.

For these values, there is an attracting equilibrium at x⇤ = (x, y) ⇡ (1.1,�0.6563), which

has complex conjugate eigenvalues µ
1,2

= ↵± �i ⇡ �0.5250± 2.1736i, and corresponding

eigenvectors w
1,2

⇡ [0.9129, 0.0959 ± 0.3968i]T. Hence, x⇤ has a natural period T
x

⇤ ⇡
2.8907 and an associated set of forward-time isochrons that are invariant under the time-

T
x

⇤ map.

Figure 4.2 is an illustration of the steps involved in the computation of the forward-

time isochron I(x⇤
0.6

) of x⇤ with phase ✓ = 0.6 in the (x, y)-plane. For this system, the

direction of zero phase lies in the direction of the vector v
0

⇡ [0.9945, 0.1044]T. Hence,

in this example,

R
0.6

= {R
0.6

(⌘) := ⌘v
0.6

| 0  ⌘  ⌘
max

}, (4.25)

which is spanned by the vector v
0.6

⇡ [�0.9785, 0.2063]T.

Figure 4.2(a) shows R
0.6

(blue) and the first solution of the boundary value prob-

lem (4.1), (4.22) and (4.23) for ⌘ = 0, which is the orbit segment u(t) with u(0) =

u(1) = x⇤ = R
0.6

(0). Panel (b) shows the orbit segment u(t) when ⌘ = 5 ⇥ 10�3, where

u(1) = R
0.6

(1
2

⌘
max

) is half way. During the continuation, the initial point u(0) traces out

the isochron I(x⇤
0.6

), which is the magenta curve emanating from x⇤. Panel (c) shows
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⇤
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Figure 4.2: Computation of a backward-time isochron I(x⇤
0.6) of the attracting equilibrium x

⇤ of sys-
tem (3.6). Each panel shows an enlargement of the (x, y)-plane near x

⇤. The linear
approximation R

0.6 is the blue line from the equilibrium x

⇤, the computed portion of I(x⇤
0.6)

is the magenta curve emanating from x

⇤, and the current orbit segment u(t) at each stage
of the computation is the green curve.

the last orbit segment in this continuation run where u(1) has moved along R
0.6

to the

maximum distance ⌘
max

= 10�2. Figure 4.2(d) shows the orbit segment from panel (c)

concatenated with the starting segment u ⌘ x⇤, and corrected such that the discontinuity

between the orbit segments is closed. The total integration time is now T = 2T
x

⇤ . Note

that ⌘ ⇡ 2.1689⇥ 10�3 6= 0 for this corrected orbit segment.

4.3 Comparison of isochron computations for the

Aircraft ground dynamics model

As an example to illustrate the computational methods, we consider the planar simplified

model of aircraft ground dynamics from [42]. The model was studied in [42] to understand

the limits in aircraft turning stability of the realistic aircraft ground dynamics model

investigated in [43]. Unfortunately, there is a sign error in the model as presented in [42];



4.3 Comparison of isochron computations for the
Aircraft ground dynamics model 75
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Figure 4.3: One-parameter bifurcation diagram in the (↵, x)-plane of system (4.26), showing the equi-
librium x

⇤ (blue when stable, red when unstable) and the maximum and minimum x-values
of a branch of the attracting periodic orbits �

s

, which emanates from a Hopf bifurcation at
↵H = 13.

the model as corrected is

"ẋ = �y + (a� x) exp
�
x

b

�
,

ẏ = x� ↵.
(4.26)

The model is a slow-fast system, where " gives the time-scale separation, which makes x

fast and y slow. The parameters a and b determine the shape of the x-nullcline, namely,

y = (a� x) exp
⇣x
b

⌘
,

and the y-nullcline is x = ↵; note, there is a fold in the x-nullcine at x = a� b.

We fix a = �3, b = 10 and " = 0.05, and show isochrons for di↵erent values of ↵.

Figure 4.3 is a bifurcation diagram in the (↵, x)-plane. Shown is a line of equilibria x⇤,

where blue is stable and red is unstable. At ↵ = ↵H = a � b = �13, the y-nullcine

crosses the fold of the x-nullcline and a supercritical Hopf bifurcation occurs, giving rise

to a branch of stable periodic orbits �
s

; the maximum and minimum x-values of �
s

are

plotted in Fig. 4.3. For this value of " the isochrons for this example nicely illustrate the

subtleties of our computational approach.

4.3.1 Isochrons of a periodic orbit

Here, we analyse the numerical error for the di↵erent approaches we use for computing

an isochron of a periodic orbit. We consider system (4.26) at ↵ = �14, for which x⇤ is

repelling and an attracting periodic orbit �
s

exists. The Auto constants used for the
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IPS = 4, ILP = 0

NCOL = 4, IAD = 3, ISP = 0, IPLT = 0

NMX = 5000, NPR = 0, MXBF = 0, IID = 2

ITMX = 8, ITNW = 5, NWTN = 3, JAC = 0

EPSL = 10�9, EPSU = 10�9, EPSS = 10�7

DS = 10�4, DSMIN = 10�8, DSMAX = 1, IADS = 1

Table 4.1: Auto accuracy constants used in the continuation runs in Section 4.3.1.

continuation throughout this section are given in Table 4.1.

Our goal is to investigate the accuracy of determining a phase point and the associated

linear approximation of the isochron, either by interpolation or continuation as discussed

in Section 4.1. To this end, we first compute a reference solution with NTST = 5000 mesh

points; we find �
s

as a user-specified solution for ↵ = �14 along the branch of periodic

orbits by continuation from the Hopf equilibrium point x⇤
H = (x, y) ⇡ (�13, 2.7253) at

↵ = ↵H = �13; here, we use the 2PBVP (4.1), (4.6) and (4.7) so that the head point is �
0

,

that is, the point on �
s

with maximal x-coordinate. We also compute the associated stable

linear eigenbundle with NTST = 5000 with the method from Section 4.1.1. This highly

accurate reference solution gives �R
0

⇡ (�7.5104, 2.1284) and vR

0

= (0.9997,�0.0239).

We now set NTST = 50 mesh points, which is far more realistic for typical compu-

tations. With the same 2PBVP set up as for the reference solution, we now compute

approximations of �
0

and v
0

. We compare �
0

with �R
0

by calculating the Euclidean dis-

tance between the two points, and we compare the vectors v
0

and vR

0

by calculating the

angle between the two vectors. Although the meshes di↵er, �
0

and �R
0

and v
0

and vR

0

are

identical with respect to the accuracy of the Auto output, that is, to ten digits.

Next, we consider the point �
✓

and its linear approximation v
✓

for the point with

phase ✓ = 0.4 on �
s

. We find �R
0.4

and vR

0.4

by shifting the solution comprising of �
s

and its

eigenbundle via continuation with NTST = 5000 mesh points, so that the head point lies

at �
✓

with ✓ = 0.4; see Section 4.1.3. The values for �R
0.4

and vR

0.4

are given in Tables 4.2

and 4.3.

As before, we now set NTST = 50 and compute approximations �
0.4

and v
0.4

. A

natural method for finding �
0.4

and v
0.4

is by interpolation of the periodic orbit �
s

and

the linear bundle. We first consider linear interpolation, which is the method used in [41].

To this end, we compute �
0.4

and v
0.4

as the fraction between two consecutive data points

with respect to the times of these data points. Both the di↵erence ||�
0.4

� �R
0.4

|| and the

angle between v
0.4

and vR

0.4

are of order O(10�4).

We also approximate �
0.4

and v
0.4

with Lagrange interpolation. Auto calculates the

periodic orbit �
s

by orthogonal collocation with piecewise polynomials, that is, between

each pair of consecutive mesh points are three collocation points (we use the default
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�
0.4

||�
0.4

� �R
0.4

||

Reference (�17.27871908, 3.61886566)

Linear interpolation. (�17.27847867, 3.61870346) 2.90011574⇥ 10�4

Lagrange interpolation (�17.27871885, 3.61886575) 2.44210887⇥ 10�7

Continuation (�17.27871908, 3.61886566) < 10�8

Table 4.2: Comparison of different methods for computing the point �
0.4, using the Euclidean distance

to the reference �R

0.4 as measures of the error.

v
0.4

\(v
0.4

,vR

0.4

)

Reference (�0.99714144, 0.07555753)

Linear interpolation (�0.99713361, 0.07566084) 1.03605810⇥ 10�4

Lagrange interpolation (�0.99714144, 0.07555756) 3.12874491⇥ 10�8

Continuation (�0.99714144, 0.07555753) < 10�8

Table 4.3: Comparison of different methods for computing the vector v

0.4, using the angle with the
reference v

R

0.4 as measures of the error.

NCOL = 4). When interpolating, we first need to determine the mesh interval and

the corresponding collocation points in order to construct the correct polynomial. The

approximation of �
0.4

obtained this way satisfies ||�
0.4

� �R
0.4

|| = O(10�7), and the angle

between v
0.4

and vR

0.4

is now of order O(10�8).

If we shift �
s

and its linear bundle with NTST = 50 with ✓ = 0.4 via continuation

then �
0.4

and v
0.4

are both identical to �R
0.4

and vR

0.4

, respectively, to within the accuracy

of Auto output. The results are summarised in Tables 4.2 and 4.3.

The linear interpolation approach already provides a good approximation of both �
✓

and v
✓

, and the Lagrange interpolation approach approximates them withAuto accuracy.

Furthermore, �
✓

and v
✓

computed with the continuation approach are as accurate as the

reference solution, while the approach is more e�cient because only a hundredth of the

mesh points is used.

4.3.2 Isochrons of an equilibrium

We illustrate the computation of I(x⇤
✓

) by choosing ↵ = �12, which is before the Hopf

bifurcation. For this value, the equilibrium x⇤ = (x, y) ⇡ (�12, 2.7107) is attracting

and has eigenvalues µ = ↵ ± �i ⇡ �0.3012 ± 4.4620i, and corresponding eigenvectors

w ⇡ [0.9759,�0.01470± 0.2177i]T. Hence, x⇤ has a natural period of T
x

⇤ = 2⇡

�

⇡ 1.4082.
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Figure 4.4: Ten forward-time isochrons of the equilibrium x

⇤ of system (4.26) with ↵ = �12 equidis-
tantly distributed in phase over one period T

x

⇤ ; the phase of each isochron is given by the
colour bar in Fig. 3.1. Also shown is an enlargement near the equilibrium x

⇤, which shows
the linear approximations of the isochrons in green, and the ellipse D used to determine
the direction of the linear approximations.

The initial point of the linearised system about x⇤ (4.24), namely, x̂(0) = x⇤ +

c
1

cos (c
2

), is maximal with respect to the x-variable when the x-component of c
2

is

0. Since, here, the x-component of the eigenvector is real, the associated coe�cient c that

fixes x̂(0) must also be real. We first fix the distance ||x̂(0)� x⇤|| = 5⇥ 10�2, which fixes

c ⇡ 2.5614⇥ 10�2 and, consequently, c
1

⇡ [4.9994, 1.1179]T ⇥ 10�2 and c
2

⇡ [0, 1.6382]T.

Hence, the linear approximation for the isochron with zero phase is the line from x⇤ in

the direction

v
0

=
c
1

cos(c
2

)

||c
1

cos(c
2

)|| ⇡ [0.9999,�0.01506]T . (4.27)

Figure 4.4 shows ten isochrons of x⇤ equidistantly distributed over one period T
x

⇤ ; the

isochrons were computed from a starting segment obtained by continuation in T up to

T = T
x

⇤ from a point at x⇤. The enlargement near x⇤ in the top right corner shows the

ellipse D = {x⇤ + c
1

cos (�t+ c
2

) | 0  t < T
x

⇤} and the linear approximations (green) of

the ten isochrons (blue).

4.4 Computation of phase response to perturbations

We can also compute the asymptotic phases of points along a given arc in the basin of

attraction of an attracting periodic orbit �. This is particularly useful for the computa-

tion of a phase-response curve (PRC), which shows the phase shift caused by a specific

perturbation at each point on the periodic orbit as a function of the phase at which the
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perturbation is applied [14]. The computation of such curves is related to the computation

of isochrons.

Recall that we can compute an isochron by moving the end point of an orbit segment,

with integration time equal to one period, along the linear approximation of the isochron to

some distance ⌘ from the periodic orbit, where the initial point of the orbit segment traces

out a new portion of the isochron. If we reverse the problem, and move the initial point

along the computed isochron, the end point will move along the linear approximation of

the isochron. Instead, if we move the initial point transverse to the isochron, the end point

will move transverse to the linear approximation and lie on the linear approximation of an

isochron with a di↵erent phase, where its distance to the periodic orbit can also change.

Our approach here is to determine the phase shift by tracking � and its corresponding

vector bundle as part of an extended system, such that the head point of � moves with

the phase-shifted point. In this way, we can determine the phase along any arc traced out

by the initial point that lies in the basin of attraction of �.

The basic setup is made up of four components; we start with the 2PBVP for a periodic

solution, that is, (4.1) with (4.6), which leads to

u̇ = T
�

F(u),

u(0) = u(1),

where we already set T = T
�

. We also compute the first variational equation over � as

defined in Section 4.1.1, using (4.10), (4.11) and (4.12) as given by the following equations

v̇ = T
�

(DF(u)v � �
s

v),

v(0) = v(1),

||v(0)|| = 1.

Here, �
s

is the known Floquet exponent. This yields the stable eigenbundle of �, where

each point v(t) represents the stable eigendirection at u(t). In particular, v(0) is the

normalised local linear approximation of the isochron associated with u(0).

We have not specified a phase condition and, indeed, we allow u to shift along �.

Consequently, the linear bundle v will also shift such that v(0) remains the stable eigendi-

rection at u(0). Recall that �
0

2 � and the associated eigendirection v
0

are stored as

parameters. In order to control the phase of the shift, we introduce an orbit segment w,

with initial point w(0) equal to u(0), and end point w(1) equal to �
0

. Hence, the associ-

ated integration time of this orbit segment determines the phase of u(0) in the same way

as was done in Section 4.1.2 and 4.1.3. The orbit segment w is a solution to (4.1) with
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T = ⌫T
�

and conditions (4.16) and (4.18), that is, of

ẇ = ⌫T
�

F(w)

u(0) = w(0)

(w(1)� �
0

) · v?
0

= 0,

where (4.18) replaces the condition w(1) = �
0

, which allows w(1) to move in the direction

of v
0

at �
0

to ensure a numerical solution exists, as described in Sections 4.1.2 and 4.1.3.

The final part of the 2PBVP defines the arc that we wish to trace in the basin A(�)

of �. We introduce the orbit segment s that is a solution to the following equations

ṡ = kT
�

F(s), (4.28)

(s(1)� u(0)) · v(0) = ⌘, (4.29)

(s(1)� u(0)) · v(0)? = 0, (4.30)

where v(0)? is the vector perpendicular to v(0). Equations (4.29) and (4.30) constrain

the end point s(1) of the orbit segment s to the linear approximation spanned by the

vector v(0) at a distance ⌘ from u(0). Hence for k 2 N, the point s(0) has the same phase

as s(1). For s(0) close to the periodic orbit, k = 1 is su�cient. In order to consider s(0)

further away, we need k > 1. We fix k such that ⌘ ⌧ 1.

The combined 2PBVP comprises of a system of dimension NDIM = 8, with NBC = 10

boundary conditions and NPAR = 4 free parameters, namely, ⌫, ⌘, T
�

, and �
s

. We satisfy

the condition NPAR = NBC � NDIM + 1, by imposing an extra condition where we

allow s(0) to move along an arc in the phase plane. As kT
�

is fixed, this forces s(1)

to move, and u(0) along with v(0) shift accordingly. This causes a variation in ⌫ to

maintain w(0) = u(0), and these ⌫-values precisely define the phase-response curve in the

continuation run.

The 2PBVP described above is set up to measure the asymptotic phase of a point s(0)

as it traces an arbitrary (continuous) arc. Typically, one is interested in the asymptotic

phase of a point perturbed from a particular point �
✓

2 � with phase ✓, where the

perturbation from �
✓

is in a fixed direction V
p

, and either the magnitude �x of the

perturbation varies, or the phase ✓ at which the perturbation is applied varies. In order

to control how ✓ varies we use the same approach as described above; we introduce another

periodic orbit solution u
D

, which we allow to shift in phase, and also an orbit segment

w
D

, with initial point w
D

(0) = u
D

(0) and end point that lies on the linear approximation

of the isochron at �
0

. Hence, the associated integration time of w
D

determines the phase

of the base point of u
D

. The di↵erence here is that u
D

and w
D

drive the shift in phase ✓,

whereas u and w measure the the phase shift resulting from the perturbation. The orbit
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segments u
D

and w
D

are solutions to the following equations

u̇
D

= T
(2)

�

F(u
D

), (4.31)

u
D

(0) = u
D

(1), (4.32)

ẇ
D

= (1� ✓)T (2)

�

F(w
D

), (4.33)

u
D

(0) = w
D

(0), (4.34)

(w
D

(1)� �
0

) · v?
0

= 0. (4.35)

Here, we decrease ✓ from 1 to 0, during whichw
D

grows and u
D

shifts in phase to the point

�
✓

. In order for a discretised solution to exist, the periods T
�

and T
(2)

�

must be di↵erent

free parameters, although they remain constant (and equal) to within the accuracy of the

computation. We apply a perturbation in the chosen direction V
p

with magnitude �x to

the shifted point u
D

(0) and measure the asymptotic phase of this point with the following

equation

s(0) = u
D

(0) +�xV
p

. (4.36)

This extended 2PBVP now comprises of a system of dimension NDIM = 12, with

NBC = 17 boundary conditions and NPAR = 6 free parameters, that is, two additional

free parameters, namely, T (2)

�

and either ✓ or �x. Hence, the relation NPAR = NBC �
NDIM+1 is still satisfied and the problem is well posed. As the starting segment, we use

the known solution u = s = u
D

= �, with v the stable linear bundle and w = w
D

= �
0

;

then ⌫ = ⌘ = �x = 0, ✓ = 1, and T
�

, T (2)

�

, �
s

are as defined above but are free parameters;

initially k = 1.

4.4.1 Phase response of perturbations in the

FitzHugh-Nagumo model

We illustrate the computation of the phase response curve with the FitzHugh-Nagumo

system (2.1), as introduced in Chapter 2. We set a = 0.7, b = 0.8, c = 2.5, and

z = �0.4, for which there is an attracting periodic orbit � and a repelling equilibrium x⇤;

see Fig. 3.10 for an impression of the forward-time isochrons of � and the backward-time

isochrons of x⇤. Recall that there is a region where forward-time isochrons accumulate

densely that passes through the centre of the figure.

We first consider the phase response of a perturbation applied at a fixed phase, in a

fixed direction, where we vary its magnitude. Specifically, we calculate the asymptotic

phase of a point that is perturbed from �
0.6

2 � in the positive x-direction, that is,

V
p

= [1, 0]T, with magnitude �x 2 [0, 0.75], which is a line that passes through the
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Figure 4.5: Phase response for the FitzHugh-Nagumo model (2.1) with a = 0.7, b = 0.8, c = 2.5, and
z = �0.4. Panel (a) shows the periodic orbit � and the line ⌃ = {�

0.6 + �xVp | �x 2
[0, 0.75]} (green) at �

0.6; the background colour indicates the asymptotic phase of points
according to the colour bar in Fig. 3.2. Panel (b) shows the asymptotic phase ⌫ (mod 1) of
points on ⌃ as a function of the distance �x from �.

phase-sensitive region where the forward-time isochrons accumulate.

We first shift � and, consequently, the whole system, such that the base point of �

lines at �
0.6

. To this end, we continue the extended system (4.1), (4.6), (4.10)–(4.12),

(4.1) with (4.16) and (4.18), (4.28)–(4.30) and (4.31)–(4.36) in ✓ while �x = 0 is fixed,

to ✓ = 0.6. We then fix ✓ and continue in �x up to �x = 0.75. Here, we record the value

of ⌫ as �x increases.

Figure 4.5(a) shows � in the phase plane, where the background colour is the asymp-

totic phase of each point according to the colour bar in Fig. 3.2. The green line ⌃ illus-

trates the size of the perturbation �x 2 [0, 0.75]. Figure 4.5(b) shows the corresponding

asymptotic phase ⌫. Note that the graph of ⌫ has a discontinuity near �x ⇡ 0.67, where

⌫ reaches 1 and reappears at ⌫ = 0 since we calculate the asymptotic phase modulo 1.

Our computational set-up finds this part of the graph by lifting the phase ⌫ to R, which
is indicated by the dotted line. Initially, ⌫(�x) has a negative gradient, which gradually

becomes steeper until, eventually, it is near vertical, at �x ⇡ 0.4180. The curve ⌫(�x)

then undergoes a very sharp turn in a narrow �x-interval and changes direction to have

a positive gradient where, again, it is near vertical, before it levels o↵. Note that ⌫(�x)

is computed as a single continuous curve; hence, although the curvature of the turn at

�x ⇡ 0.4180 is very high, it is continuous. The gradient of the curve corresponds to how

sensitive the asymptotic phases of points are to perturbations in the x-direction. The

near-vertical region corresponds to the highly sensitive region in the phase plane, near
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Figure 4.6: Phase response for the FitzHugh-Nagumo model (2.1) with c = 2.5. Panel (a) shows the
periodic orbit � and the perturbed cycle �

p

, perturbed by �x = �0.75; the background
colour indicates the asymptotic phase of points according to the colour bar in Fig. 3.2.
Panel (b) shows the asymptotic phase ⌫ (mod 1) of points on �

p

as a function of the phase
✓ of the point on � from which they were perturbed.

the accumulation of isochrons.

As a second illustration, we apply a fixed-magnitude perturbation to each point �
✓

2 �,

and calculate the resulting asymptotic phase as a function of the phase ✓ at which the

perturbation is applied. This is classically known as a phase-transition curve (PTC) [23],

which is a one-dimensional map from the unit interval to the unit interval; recall the PRC

shows the resulting phase shift rather than the asymptotic phase.

As for the previous run, we start with the extended system (4.1), (4.6), (4.10)–(4.12),

(4.1) with (4.16) and (4.18), (4.28)–(4.30) and (4.31)–(4.36), but now ✓ = 1 is fixed and

we continue in �x from 0 to �0.75. We then fix �x and continue in ✓ until ✓ = 0. This

yields the perturbed cycle �
p

= {�
#

+�xV
p

| # = [0, 1)}.
Figure 4.6(a) shows � and the perturbed cycle �

p

. The associated PTC is given by the

phases associated with the colours given to each point on �
p

; see the colour bar in Fig. 3.2.

We use the extended 2PBVP setup to calculate the PTC, where we let s(0) trace the cycle

�
p

. Figure 4.6(b) shows the resulting PTC. As was also the case in Fig. 4.5(b), the PTC

becomes near-vertical at ✓ ⇡ 0.2236, when �
p

passes through the highly phase-sensitive

region.

This example shows that even for a very phase-sensitive system, the continuation

setup from Section 4.4 is able to compute the phase response reliably and e�ciently.

Typically the phase response of points in space is calculated using the linear approximation

of isochrons, and hence, only the phase response for perturbations close to � can be
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calculated accurately, that is, the linear approximation is an accurate representation of

the phase. Our approach uses the non-linear information about the isochrons in order to

compute the phase response of points accurately anywhere in the basin A(�) of �.

4.5 Discussion

In this chapter we presented our numerical approaches for computing isochrons of periodic

orbits and equilibria, which improve on the method given in [41]. In the first approach, we

use the property that each isochron can be mapped to another under the flow of the system

and compute each isochron with the linear approximation of a single reference isochron.

This is advantageous in systems where obtaining an accurate linear approximation is

di�cult and/or expensive, which is the case for slow-fast systems as discussed throughout

this thesis. The second approach computes each isochron by first finding the base point

and linear approximation of the isochron. In the case of isochrons of periodic orbits, we

present a novel method for finding the base point and linear approximation by shifting

the periodic orbit in time with continuation. We also adapted this approach to compute

phase response curves, which works even for large perturbations. All of these approaches

are formulated as boundary value problems and solved by continuation with Auto.

We also gave an overview of the accuracy of the di↵erent approaches for finding the

base point and linear approximation of the isochron. Although the use of interpolation

still leads to an accurate approximation of the isochrons, the method that shifts the base

point by continuation (Section 4.1.3) was most e�cient since we gained the same accuracy

as the reference solution but with one hundred times fewer mesh points.



5
Conclusions

In this thesis we gave a detailed overview of a geometric feature of isochrons in planar

systems; specifically, this is a high-curvature turn that corresponds to phase sensitivity in

the system. With a method based on the continuation of solutions to two-point boundary-

value problems, we computed each isochron as a single parametrised curve even in sensitive

regions of phase space. We introduced backward-time isochrons of a repelling periodic

orbit and also of an equilibrium with complex conjugate eigenvalues. The backward-

time isochrons are forward-time isochrons of the time-reversed system. This allowed us

to define the onset of the sharp turns as a cubic tangency between forward-time and

backward-time isochrons. Moreover, we are able to detect the moment of tangency, which

we call a CIFT bifurcation. We investigated mechanisms for creating a CIFT bifurcation,

and showed examples illustrating three di↵erent mechanisms.

While the investigation of phase sensitivity in terms of the CIFT bifurcation is quite

complete for planar systems, there is clearly scope for future work.

Firstly, we would like to be able to detect a CIFT bifurcation in any planar vector

field with an attracting periodic orbit. We use the notion of rotation of an equilibrium

with complex conjugate eigenvalues to define a set of associated backward-time isochrons.

However, when the equilibrium has real eigenvalues and no rotation, defining a set of

isochrons for the equilibrium is not straightforward. There is a need for such a concept

because without a second set of of isochrons, a CIFT bifurcation cannot be detected. For

example, in [3], Borek et al. modify the Van der Pol system such that it still has a cubic

85
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nullcline, but inside the periodic orbit, there is a saddle and two source equilibria. We

conjectured that a su�ciently large time-scale separation leads to a CIFT bifurcation in

systems with a cubic nullcline. Hence, we would expect a CIFT bifurcation to occur as we

increase the time-scale separation; indeed, the forward-time isochrons contain the high-

curvature turns. However, the phaseless set associated with the periodic orbit comprises

of the equilibria and the heteroclinic connections between each source and the saddle;

defining and computing isochrons for this set would be an interesting challenge.

An interesting question is how the CIFT bifurcation depends on the shape of the

nullcline. The aircraft ground dynamics model (4.26) in Chapter 4 was only used as an

example to compare the computational approaches; however, we computed the isochron

foliations of the periodic orbit and the equilibrium and found that, although the time-scale

separation was significantly large, the two isochron foliations always appear to intersect

transversally. In other words, for this system, we do not observe a CIFT bifurcation.

Our conjecture states that a large time-scale separation will lead to a CIFT bifurcation

in systems with a cubic nullcline, but for the aircraft ground dynamic model the nullcline

is not of that shape. Hence, whether a CIFT bifurcation occurs seems to depend on

properties of the nullcline. On the other hand, the example model in Section 3.5.1 in

Chapter 3, where we introduce a global time-scale separation, does not have a cubic

nullcline, but it does exhibit a CIFT bifurcation.

Another interesting direction for future research is to consider the implications of the

CIFT bifurcation for phase sensitivity in a system subject to noise. Phase reductions for

periodic orbits in stochastic systems subject to weak Gaussian noise have been investi-

gated, for example in [20, 51]. Here, a definition of phase for the system with noise is given,

but such phase reductions are only valid close to the oscillator. The phase itself for such

systems would have a probability density and studies to date again consider only a small

neighbourhood of the oscillation, which is used to fit the noise and oscillator frequency

distribution to inter-spike interval data of actual experiments; for example, see [25] for a

review. By computing the isochrons of the noise-free system in a much larger region of

phase space, sparse and dense regions of isochron accumulation would provide informa-

tion about the intrinsic phase sensitivity of the system, indicating where noise would be

expected to have a small or a large e↵ect, respectively.

We provided evidence for several general observations. Indeed, providing actual proofs

is future research. First of all, due to non-hyperbolicity it would require quite careful

arguments to prove the continuity of isochrons through a Hopf bifurcation. A related

question is to prove the transversality near a Hopf bifurcation of the isochron foliations

between the bifurcating periodic orbit and the equilibrium. It also seems possible to prove

the non-transversality of the isochron foliations associated with a relaxation oscillation of

a planar system with a cubic nullcline; the idea would be to show that the singular case
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perturbs generically in such a way that forward-time and backward-time isochrons must

have tangencies. These results would also imply the occurrence of a first CIFT bifurcation

during a canard explosion. Turning these ideas into rigorous proofs is beyond the scope

of this thesis.

An interesting and challenging direction for future research is to consider isochrons

of system of dimension at least three. Indeed, our definitions are not restricted to the

planar case and the CIFT bifurcation must also be expected to occur in higher dimensions.

However, the topology and geometry of the isochrons may be much more complicated.

Already in three dimensions the leaves of the forward-time and backward-time isochron

foliations are surfaces. An important di↵erence is also that, because periodic orbits do

not form boundaries in this case, the region of existence of both types of isochrons is not

necessarily a bounded domain of phase space. In fact, boundaries of basins may involve

stable and unstable manifolds of saddle objects, including saddle equilibria and saddle

periodic orbits. Mauroy and Mezić [34, 37] showed examples of two-dimensional isochrons

of periodic orbits computed as level sets of the Fourier average evaluated along trajectories.

The next step in our approach would be to compute two-dimensional isochrons of a

periodic orbit or an equilibrium with complex conjugate eigenvalues as stable manifolds

of the time-T
�

map. This is feasible, in principle, with any method that computes two-

dimensional manifolds of maps, such as those in [28, 30]. Computing isochrons in large-

or even infinite-dimensional phase spaces, such as those of partial di↵erential equations or

delay di↵erential equations, is even more challenging and would require some dimension

reduction of the phase space; exactly how this can be approached is an open problem.



88 Conclusions



Bibliography

[1] P. Aguirre, E. J. Doedel, B. Krauskopf, and H. M. Osinga. Investigating the conse-

quences of global bifurcations for two-dimensional invariant manifolds of vector fields.

Discrete and Continuous Dynamical Systems Series A, 29(4):1309–1344, 2011.

[2] T. Akam, I. Oren, L. Mantoan, E. Ferenczi, and D. M. Kullmann. Oscillatory dynam-

ics in the hippocampus support dentate gyrus-CA3 coupling. Nature Neuroscience,

15(5):763–768, 2012.

[3] B. Borek, L. Glass, and B. E. Oldeman. Continuity of resetting a pacemaker in an

excitable medium. SIAM Journal on Applied Dynamical Systems, 10(4):1502–1524,

2011.

[4] H. W. Broer, F. Dumortier, S. Van Strien, and F. Takens. Structures in Dynam-

ics: Finite Dimensional Deterministic Studies, volume 2 of Studies in Mathematical

Physics. Elsevier Science Publishers B.V., 1991.

[5] O. Castejón, A. Guillamon, and G. Huguet. Phase-amplitude response functions for

transient-state stimuli. Journal of Mathematical Neuroscience, 3(13), 2013. 13.

[6] C. Chicone and W. Liu. Asymptotic phase revisited. Journal of Di↵erential Equa-

tions, 204(1):227–246, 2004.

[7] M. Desroches, J. Guckenheimer, B. Krauskopf, C. Kuehn, H. M. Osinga, and

M. Wechselberger. Mixed-mode oscillations with multiple time scales. SIAM Re-

view, 54(2):211–288, 2012.

[8] M. Diener. The canard unchained or how fast/slow dynamical systems bifurcate.

The Mathematical Intelligencer, 6(3):38–49, 1984.

[9] E. J. Doedel. Lecture notes on numerical analysis of nonlinear equations. In

B. Krauskopf, H. M. Osinga, and J. Galán-Vioque, editors, Numerical Continua-

tion Methods for Dynamical Systems: Path following and boundary value problems,

Understanding Complex Systems, pages 1–49. Springer-Verlag, New York, 2007.

89



90 BIBLIOGRAPHY

[10] E. J. Doedel, B. Krauskopf, and H. M. Osinga. Global bifurcations of the Lorenz

manifold. Nonlinearity, 19(12):2947–2972, 2006.

[11] E. J. Doedel and B. E. Oldeman. Auto-07P: Continuation and bifurcation software

for ordinary di↵erential equations, with major contributions from A. R. Champneys,

F. Dercole, T. F. Fairgrieve, Yu. A. Kuznetsov, R. C. Pa↵enroth, B. Sandstede, X.

J. Wang, and C. Zhang; available via http://cmvl.cs.concordia.ca/auto/ 2007.

[12] F. Dumortier. Asymptotic phase and invariant foliations near periodic orbits. Pro-

ceedings of the American Mathematical Society, 134(10):2989–2996, 2006.

[13] J. P. England, B. Krauskopf, and H. M. Osinga. Computing one-dimensional global
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