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Abstract

The paper introduces a new approximation scheme for planar digital curves. This
scheme defines an approximating sausage ‘around’ the given digital curve, and
calculates a minimum-length polygon in this approximating sausage. The length of
this polygon is taken as an estimator for the length of the curve being the (unknown)
preimage of the given digital curve. Assuming finer and finer grid resolution it is
shown that this estimator converges to the true perimeter of an r-compact polygonal
convex bounded set. This theorem provides theoretical evidence for practical
convergence of the proposed method towards a ‘correct’ estimation of the length of a
curve.
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Abstract

The paper introduces a new approximation scheme for planar digital curves. This scheme
de�nes an approximating sausage `around' the given digital curve, and calculates a mini-
mum-length polygon in this approximating sausage. The length of this polygon is taken as
an estimator for the length of the curve being the (unknown) preimage of the given digital
curve. Assuming �ner and �ner grid resolution it is shown that this estimator converges
to the true perimeter of an r-compact polygonal convex bounded set. This theorem provides
theoretical evidence for practical convergence of the proposed method towards a `correct'
estimation of the length of a curve.
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1 Introduction and Preliminary De�nitions

Curve length estimation in image analysis may be based on methods ensuring convergence
of estimated values towards the true length assuming an increase in grid resolution. For
example, the digital straight segment approximation method (DSS method), see [2, 7],
and the minimum length polygon approximation method assuming one-dimensional grid
continua as boundary sequences (GC-MLP method), see [8], are methods for which there
are convergence theorems when speci�c convex sets are assumed to be the given input
data, see [5, 6, 9]. This paper studies the convergence properties of a new minimum
length polygon approximation method based on so-called approximation sausages (AS-
MLP method).

Motivations for studying this new technique are as follows: the resulting DSS approxima-
tion polygon depends upon starting point and the orientation of the boundary scan, it is
not uniquely de�ned, but it may be calculated for any given digital object. The resulting
GC-MLP approximation polygon is uniquely de�ned, but it assumes a one-dimensional
grid continua as an input polygon which is only possible if the given digital object does
not have cavities of width 1 or 2. The new method leads to a uniquely de�ned polygon,
and it may be calculated for any given digital object. Furthermore, it will be of interest
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Figure 1: De�nition of the forward and backward approximating segments associated with a

vertex vi.

to compare experimental data for this new technique with others. However, we will not
report on experiments in this paper.

Let r be the grid resolution de�ned as being the number of grid points per unit. We
consider r-grid points gri;j = (i=r; j=r) in the Euclidean plane, for integers i; j. Any r-grid
point is assumed to be the center point of an r-square with r-edges of length 1=r parallel
to the coordinate axes, and r-vertices.

The digitization model for our new approximation method is just the same as that con-
sidered in case of the DSS method, see [3, 4, 5]. That is, let S be a set in the Euclidean
plane, called real preimage. The set Cr(S) is the union of all those r-squares whose center
point gri;j is in S. The boundary @Cr(S) is the r-frontier of S. Note that @Cr(S) may
consists of several non-connected curves even in the case of a bounded convex set S. A
set S is r-compact i� there is a number rS > 0 such that @Cr(S) is just one (connected)
curve, for any r � r0. This de�nition of r-compactness has been introduced in [5] in the
context of showing multigrid convergence of the DSS method.

As a main result in this paper we show that the length of the approximating polygonal
curve generated by the new scheme converges to the real perimeter of a given curve when
it is convex.

2 Approximation Scheme

Given a connected region S in the Euclidean plane and a grid resolution r, the r-frontier
of S is uniquely determined. We consider r-compact sets S, and grid resolutions r � rS
for such a set, i.e. @Cr(S) is just one (connected) curve. In such a case the r-frontier of S
can be represented in the form P = (v0; v1; : : : ; vn�1) in which the vertices are clockwise
ordered so that the interior of S lies to the right of the boundary. Note that all arithmetics
on vertex indices is modulo n.

Let Æ be a real number between 0 and 1=(2r). For each vertex of P we de�ne forward and
backward shifts: The forward shift f(vi) of vi is the point on the edge (vi; vi+1) at the
distance Æ from vi. The backward shift b(vi) is that on the edge (vi�1; vi) at the distance
Æ from vi.

For example, in the approximation scheme as detailed below we will replace an edge
(vi; vi+1) by a line segment (vi; f(vi+1)) interconnecting vi and the forward shift of vi+1,
which is referred to as the forward approximating segment and denoted by Lf (vi). The
backward approximating segment (vi; b(vi�1)) is de�ned similarly and denoted by Lb(vi).
Refer to Fig. 1 for illustration. Now we have three sets of edges, original edges of the
r-frontier, forward and backward approximating segments. Based on these edges we de�ne
a connected region Ar(S), which is homeomorphic to the annulus, as follows:



Given a polygonal circuit P describing an r-frontier in clockwise orientation. By reversing
P we obtain a polygonal circuit Q in counterclockwise order. In the initialization step of
our approximation procedure we consider P and Q as the external and internal bounding
polygons of a polygon PB homeomorphic to the annulus. It follows that this initial polygon
PB has area contents zero, and as a set of points it coincides with @Cr(S).

Now we `move' the external polygon P `away' from Cr(S), and the internal polygon Q `into'
Cr(S) as speci�ed below. This process will expand PB step by step into a �nal polygon
which contains @Cr(S), and where the Hausdor� distance between P and Q becomes non-
zero. For this purpose, we add forward and backward approximating segments to P and
Q in order to increase the area contents of the polygon PB .

To be precise, for any forward or backward approximating segment Lf (vi) or Lb(vi) we
�rst remove the part lying in the interior of the current polygon PB and updating the
polygon PB by adding the remaining part of the segment as a new boundary edge. The
direction of the edge is determined so that the interior of PB lies to the right of it.

De�nition 2.1 The resulting polygon PB is referred to as the approximating sausage of
the r-frontier and denoted by Ar(S).

The width of such an approximating sausage depends on the value of Æ. It is easy to see
that as far as the value of Æ is at most half of the grid size, i.e., less or equal 1=(2r),
the approximating sausage Ar(S) is well de�ned, that is, it has no self-intersection. It is
also immediately clear from the de�nition that the Hausdor� distance from the r-frontier
@Cr(S) to the boundary of the sausage Ar(S) is at most Æ < 1=(2r).

We are ready to de�ne the �nal step in our AS-MLP approximation scheme for estimating
the length of a digital curve. Our method is similar to that of the GC-MLP as introduced
in [8].

De�nition 2.2 Assume a region S having a connected r-frontier. An AS-MLP curve for
approximating the boundary of S is de�ned as being a shortest closed curve r(S) lying
entirely in the interior of the approximating sausage Ar(S), and encircling the internal
boundary of Ar(S).

It follows that such an AS-MLP curve r(S) is uniquely de�ned, and that it is a polygonal
curve de�ned by �nitely many straight segments. Note that this curve depends upon the
choice of the approximation constant Æ. An example of such a shortest closed curve r(S)
is given in Fig. 2.
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Figure 2: Construction of approximating sausage and approximation by shortest internal path.



Figure 3: Interior r-grid points (�lled circles) and exterior points (empty circles) with the convex

hulls CHin of a set of interior points and CHout of a set of exterior points adjacent to interior

ones.

3 Convergence Theorem

In this section we prove the main result of this paper about the multigrid convergence of
the AS-MLP curve based length estimation of the perimeter of a given set S.

Theorem 3.1 The length of the approximating polygonal curve r(S) converges to the
perimeter of a given region S if S is a r-compact polygonal convex bounded set.

We begin a proof of this theorem with an investigation of geometric properties of the
r-frontier of a convex polygonal region S.

We �rst classify r-grid points into interior and exterior ones depending on whether they
are located inside of the region S or not. Then, CHin is de�ned to be the convex hull of
the set of all interior r-grid points. CHout is the convex hull of the set of those exterior
r-grid points adjacent horizontally or vertically to interior ones. See Fig. 3 for illustration.

Lemma 3.2 The di�erence between the lengths of CHin and CHout is exactly 4
p
2=r.

Now, we are ready to prove the following lemma which will be of crucial importance for
proving the convergence theorem.

Lemma 3.3 Given an r-compact polygonal convex bounded set S, the approximating
polygonal curve r(S) is contained in the region bounded by CHin and CHout.

Proof We �rst note that any convex vertex of the r-frontier is located between CHin

and CHout. Any such vertex is characterized by an interior r-grid point p and two exterior
r-grid points horizontally and vertically adjacent to p. Then, the polygonal edge of CHout

cannot come closer to CHin beyond the edge between the two exterior points, which passes
through the convex corner vertex. Thus, such a convex corner vertex is always located
between CHin and CHout. This guarantees that the approximating polygonal curve r(S)
cannot go beyond CHout.

On the other hand, a concave vertex can be inside CHin. However, such a concave corner
is excluded from the approximating sausage Ar(S). Suppose that the horizontal r-edge
incident to a concave corner vertex p is intersected by a polygon edge of CHin and hence



p is located inside CHin. Then, by the de�nition of Ar(S), the approximating segment
associated with the polygon edge is parallel to the edge. Since r(S) is a shortest closed
circuit in Ar(S), it never comes into the concave part by crossing the approximating
segment. Therefore, the shortest path cannot cross any polygonal edge of CHin. QED

Let CH be the convex hull of the set of vertices of the approximating polygonal curve (S).
The convex hull CH is also bounded by CHin and CHout. Obviously, the vertices of CH
are all intersections of approximating segments. Furthermore, exterior intersections do not
contribute to CH , where external (internal, resp.) intersections are those on the external
(internal, resp.) boundary of the approximating sausage. Therefore, we can evaluate the
perimeter of CH . How far an internal intersection from the boundary of CHin? the
longer an approximating segment, the closer its associated intersection to the inner hull
CHin. Thus, it is farthest at a corner de�ned by two unit edges. Thus, the maximum
distance from CHin to CH is bounded by

p
2=6, which implies that the perimeter of CH

is bounded by
p
2�=3.

Lemma 3.4 Let CH be the convex hull of all internal intersection de�ned above. Then,
the approximating polygonal curve r(S) lies between the two convex hulls CHin and CH.
The maximum gap between CHin and CH is bounded by

p
2=6, and for their perimeter

we have

Perimeter(CH) � Perimeter(CHin) + 4
p
2=r: (1)

So, if the approximating polygonal curve r(S) is convex, then we are done. Unfortunately,
it is not always convex. In the remaining part of this section we evaluate the largest possible
di�erence on lengths between r(S) and CH .

Lemma 3.5 The approximating polygonal curve r(S) is concave when two consecutive
long edges of lengths di�1 and di with intervening unit edge satisfy di > 3di�1 + 1.

By careful calculation we �nd that the di�erence Æ for each concave part depicted in Fig. 4
where di = q; di�1 = p is expressed by

Æ = P1P2 + P2P3� P1P3

=
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It is veri�ed that Æ is monotonically decreasing with p while monotonically increasing for
q. Then, we have a bound Æ < 0:0234=r. Also we can see that such concave parts can
happen at most 8 times.

Theorem 3.6 S is a bounded, convex polygonal set. Then, there exists a grid resolution
r0 such that for allr � r0 it holds that any AS-MLP approximation of the r-frontier @Cr(S)
is connected polygon with perimeter lr and

jPerimeter(S)� lrj � (4
p
2 + 8 � 0:0234)=r = 5:844=r: (2)
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Figure 4: A concave part.

4 Conclusions

We have presented a new scheme for approximating a digital curve and compared its
performance with the existing methods, DSS and MLP. We proved that the length of the
approximating polygonal curve generated by the scheme converges to the real perimeter
of a given curve when it is convex. The error bound for our scheme is about 5:844=r,
which is between DSS and MLP. The new method has been tested for several examples of
digitized curves following [4]. However, experimental results will be reported in another
paper due to space limitations in this publication.
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