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Abstract

The simplest free boundary in a 3-dimensional space is a moving plane. For the
numerical analyses of such simple free boundary problems, it is necessary to express
moving planes in a grid space. A simple example of 3-dimensional grid spaces is a set
of 3-dimensional lattice points whose coordinates are all integers. In this paper,
therefore, we study geometric and topological properties of planes in such a 3-
dimensional integer lattice space.
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XZY\[&p\_Kac[�o\]`_Klno
lUg ¯ _K]'[�Ì�mLrUd+e`lce`Y\[�acrE��_ya&mqa"p\_ya�[#o\]j_ylno
lUg$pq_y]`x�h`[�e�[�]j_ya�b\dy[¥��[#]'��Yq_yxIY
k7[#dylUo\|Ze�l ¯ ~+·'[�h`[�rEg1e�[#h����>[�rUk\k\hj[�z{_}r�e`[ � uvpq_ya�[#o\]j_ylnoLr�dUp\_K]`x#hj[�e`[>x�lnacbqdy[���[�]/e`l � uvx�lna�b\dy[¥�q[�]?rU]
�>[#dyd\rU] � u�]`_ya�b\dK[���[#]�~$ý�m\bqb�ln]j[Ze�YLr�e ¯ _y]$rUo � uvx�lnacbqdy[���~+��g�e`Y\[#hj[Z[���_y]fe�r�e�dy[#rU]je$lUo\[ � u�]`_ya�b\dK[��
ª��W±/ó ¯ gilnhZ[�zU[#hjsT»�u�]`_ya�b\dK[���ª�ª�±?ó ¯ ]`mqxIY�e�Y\r�e^ª�ª�±/ó¼�´�-����»`ª��n±1ÀZrUoqp½»:� � � ¯ _K]Zx�rUdKdy[#p�bqm\h`[�~
�vo�rUp\p\_�e�_Klno<�7_Kg$�>[�x�rUo�´Lo\p�r�xIY\rU_yo�lUg�p\_K]`x�h`[�e`[�]`_Kacb\dK[���[#]�k�[�ev�H[�[#o�ev�Hl
rUhjk\_Ke`h�rUhfs�[�dy[�ac[�o�e`]
ª��¥±²çFª�¾W±<ó ¯ �wª��'<÷±7ä ª��¥±²çFª�� õ ±²ç'>'>?>#çFª���@�±7ä ª�¾n±Â�\]jm\xIY�e�YLr�e�ª��G¿y±/r�o\p�ª��G¿jÀ´<÷±²�\æ+äî«nçI­�ç'>'>'>�ç¥é^ô¨«n�\Y\rU]�r
x#lUaca�lno�gÉrUx�[¡_Ko ¯ � ¯ _K]�x#rUdydK[#p�x�lno\o\[�x�e�[�p<~
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¹�lnhj[�pq_y]`x�m\]`]j_ylno
lno
p\_K]`x�h`[�e`[Zx#lna�k\_yoLrEe�lnhj_}rUd{]`m\hfgÉrUx#[�]�_yo&e�Yq[�]j[#o\]j['l�g�x�lna&k\_KoLr�e`lnh`_yrUd{e`lnb7lnd�u
ln|Us�_y]Z|n_�zn[#o�_Ko¢ª ½�±²~

Æ Ö�����Õ+�������Z�$���c� �
ÒËÎÐ��Õ�����Ï'��Ï ÇåÛ�Ú���Ú^� Ü����$ÒWÚ^��Ï9Õ

Þw[�e�Èÿk�[¡r�x#dKln]`[�p�]jm\k\]`[�e�l�g*þ�á�lUg?e�Y\[�gilnhja

È"äÓí�»�É/çQÊ7çGËWÀHó�þ á ê,Ì�<Hø¬É�ø�Ì õ ç`ûÍ<Åø�Ê%ø§û õ ç � <Hø�Ëcø � õ ú^ç »É¯WÀ

��Y\[�h`[,Ì§¿��Lû3¿+rUo\p � ¿*r�h`[�_yoWe�[�|n[#hj]ZgilnhZæ+äî«nç¥­{~�Þ/[�e�Î k�[¡r�b\dyrUo\[�_yoWÈÿ]`m\xIY�rU]

ÎÓäÓí�»�É/çQÊ7çGËWÀÅó½È ê,��É�öÏªGÊ�öÄ�fË'öÏ¾�ä4¿�ú�ç »ÂÁUÀ

��Y\[�h`[,��çQªFçQ�EçG¾crUh`[�hj[�rUdwo�m\a�k�[�h`]#~�XZY\[�o�e`Y\[�gilndydKlF��_Ko\|�ev�>lchj[#|n_Klno\]�rUhj[�]`[#b\rUh�r�e`[#p�k�s3Îcê

�¼Ð�äîí�»�É/çQÊ7çGËWÀHó½È ê,�pÉ
öÏªGÊ�öÄ�fË'öÏ¾�ø¦¿�ú&ç »²½nÀ

� À äîí�»�É/çQÊ7çGËWÀHó½È ê,�pÉ
öÏªGÊ�öÄ�fË'öÏ¾4Ñ¦¿�ú�> »ÂÝUÀ
Ã kWz�_Klnm\]jdKsn���H[¡YLr�zn[

� Ð · � À äÒÎÓ> »²¼nÀ
['lR�4�H[¡b\mqe

Ô äÒÈ · ß á > »²¾nÀ
�Lh`lna »É¯�À¥�

Ô äËí�»/É/çQÊ7çGËWÀHó¤ß á êAÌ�<Hø¬É�øÒÌ õ ç�ûÍ<ÅøÕÊ%ø§û õ ç � <Hø�Ëcø � õ úA> »f«R¿nÀ

Ö [�x�rUo�x#lUo\]`_Kp\[#hHe`YLr�e Ô _K]Zr&]`b\rUx#[�lUg+r
tEu�p\_ya�[#o\]j_ylno\rUd�p\_y|n_�eIrUd�_Ka%rU|U['��Y\ln]j[�]`_yÈ�[9_y]�ª�Ì�<�çQÌ õ ±�×
ª ûÍ<�ç�û õ ±=×�ª � <�ç � õ ±²~�ØUm\]je�rU]�� Ð rUo\p¬� À _KoÏÈ���e�Y\[�h`[�rUh`[�ev�Hl¤h`[�|n_ylnoq]�_Ko Ô �>��Y\_KxIYBrUhj[
]`[�bLrUh`r�e�[�p�kWs�Î rU]ZgilndKdylR��]#ê

Ù Ð äÓí�»�É/çQÊ7çGËWÀHó Ô ê��pÉ
öÄªqÊ9öÏ��Ë�öÄ¾%ø¦¿�ú^ç »f«n«RÀ

Ù À äÓí�»�É/çQÊ7çGËWÀHó Ô ê��pÉ
öÄªqÊ9öÏ��Ë�öÄ¾�Ñ¦¿�ú,> »f«F­UÀ
Ö [¡]`r�s�e�YLr�e Ù Ð rUo\p Ù À rUhj[�e�Y\[�p\_K|n_Ke`_yÈ�rEe�_ylUo%lUg�� Ð rUo\pT� À �Lh`[�]`b7[#x�e`_KzU[#dKsU~sZHdy[�r�h`dKsc�H[¡YLr�zn[

Ù Ð · Ù À ä®Î · Ô > »f«RtnÀ

��g*e`Y\[#hj[�_y]Zo\l
d}rEe`e�_Kx#[9b7ln_Ko�e�lUoTÎ��yÎ · Ô _y]Z[#a�bqevsU��rUo\p
Y\[#o\x�[ Ù Ð · Ù À _K]�rUdy]jl�[#a�bqevsn~
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X+rUk\dy[�­�ê���_K|nYWeHb7ln]j]`_ykqdy[�x#lno�´L|nm\h`r�e�_Klno\]�lUg<k\dyrUxIº
rUo\p���Y\_Ke`['b7ln_Ko�e`]>_Ko%rM�FÞ�»iæ`çvènç¥éqÀ�]jm\xIY�e�YLrEe
k7lUe�Y�kqd}rUxIº�rUo\p���Y\_�e�[&b7ln_Ko�e`]�[¥�q_K]je�_Koß�FÞ�»iæ`çvènçIé\À�~��'o�[��qrUa�b\dy[^lUg0Î�_K]�rUdK]`l%_KdydKm\]je`h�r�e`[#p�gilUh
[�r�xIY¶x#lUoq´L|nm\h`r�e�_Klno<~Ä['l�e�[�e�YLr�e
�>[�_K|no\lnhj[�e�Y\[�x�lno\|nhjm\[#oWe�x�lnoq´L|Um\h�r�e`_ylnoq]&e�YLr�e�p\_�âÄ[�h�gih`lna
e�Yqln]`[�[#_K|nYWe�x#lno�´L|nm\h`r�e�_Klno\]�kWs�h`lUe�r�e�_Klno�rUo\p�e�h`rUo\]jd}r�e`_ylno<~

�Llnh�k�lUe`Y Ù Ð rUo\p Ù À �W�>['x#rUo%x�lno\]je`h`m\x�e>e`Y\[�k�lnmqo\pLrUhj_y[#]���Y\_KxIY%rUhj['pq_y]`x�h`[�e�[�x#lna&kq_yoLr�e`lnh`_yrUd
]`mqhjgÉrUx�[#]���_Ke`Y£e�Y\[�û%u�o\[#_K|nY�k�lUh`Y\l{l�p¢]js{]je`[#a gilnh^û ä ½qç#«R¼qç¥­U½���p\[#oqlUe�[�p¨kWsáà Ù Ðì rUoqp¸à Ù Àì �
m\]j_yo\|�e�Yq[Z]`_ya�_ydyrUh+rUdy|nlUh`_Ke`Y\aËgilnh�k7lnm\o\p\rUhjs�[¥�{e�h�r�x�e�_Klno
ª ½�±Â~�ÊHlUe�Y4à Ù Ðì rUo\p4à Ù Àì r�h`[Zx#lUo\]`_Kp\[#hj[#p
e�lck�[�e�Yq[�p\_K|n_Ke`_yÈ�rEe�_ylUo�lUgaÎ rUoqp�x�rUdKdy[�p�p\_K]`x�h`[�e`[^bqd}rUoLr�h�]jm\hjgÉr�x#[#]'��_Ke�Y�h`[�]`b7[#x�e'e�l�Îc~Å�vo�e�Y\_K]
]`[�x�e`_ylno<�+�H[cY\[#o\x�[�gilnhfe�Y©b\hj[#]j[#oWe
Y\lR� e�l�|n[#o\[�h�r�e`[�à Ù Ðì gihjlna Ù Ð ~�XZY\[%]�rUa�[%b\hjl�x�[#p\mqh`[%x#rUo
k7[�rUb\bqdy_y[�p�e`l�|n[�o\[#h`r�e�[�à Ù Àì _Kg Ù Ð rUo\pâà Ù Ðì rUh`[�h`[�b\d}rUx�[#p£kWs Ù À rUo\páà Ù Àì �*h`[�]`b7[#x�e�_KzU[#d�sn~��
p\_K]`x#hj[�e`[¡x�lna&k\_KoLr�e`lnh`_yrUd�]jm\hjgÉr�x#[,à Ù Ðì _K]�lUkqeIrU_Ko\[#p�_Ko�e�Y\[�gilndKdylR��_yo\|^ev�Hlc]jeIr�|n[#]�ê

«n~ZgilnhZ[#rUxIY
x#m\k\_Kx�h`[#|U_ylno�lUg+[#_K|nYWe�b�ln_KoWe�]Z_yo Ô ]jm\xIY�rU]

�,Þ9»Éæjçvènç¥é\À�äîí�»�É/çQÊ7çGËWÀHó Ô ê^æ�ø¬É�ø¦æ7ö¦«nçvècøÕÊ%ø è9öµ«Uç¥é�ø�Ë
øµé¡öµ«Uú^çî»f«�¯WÀ

à Ù Ðì »iæ`çvènç¥éqÀ�_K]�lUkqeIrU_Ko\[#pcrU]�r�]`[�eHlUg/­Ruv]`_Kacbqdy[���[�]�rUo\pce`Y\[#_Kh�gÉrUx#[�]HkWs
h`[�gi[#hjh`_yoq|¡e`l�r�eIrUkqdy[Uà
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1

X+rUk\dy[¡tqê>��]j[�e°à Ù Ðì »Éæ`ç�ènç¥é\ÀÅgilnh�[�rUxIY�x�lnoq´L|Um\h�r�e`_ylno
lUg*k\d}rUxIº�r�o\p���Y\_�e�[¡b�lU_yoWe�]�_yo\�FÞ�»iæ`çvènçIé\À
x#lUh`h`[�]`b7lno\p\_Ko\|ce`lce`Y\[�x�lnoq´L|nmqh�r�e`_ylno\]�_yo
X+rUk\dy[�­��7û äÓ½�ç�«R¼qç¥­�½q~ÅXZY\[&x�lnoq´L|Um\h�r�e`_ylnoq]���_�e�Y\_Ko
bLrUhj[#oWe�Yq[#]`[�]$rUhj[�_K|no\lnhj[#p�gilnh<e�Yq[>x�lno\]je`h`m\x�e�_Klno�lUgCà Ù Ðì k7[#x#rUm\]`[�k\dyrUxIº�b�lU_yoWe�]/_yo�]jm\xIY��FÞ�»iæ`çvènçIé\À
rUhj[¡hj[#|Wr�h`p\[�p�rU]�¿Fu�lnh�«�u�gÉr�x#[#]�lUg�­Fu�]`_ya�b\dK[���[#]Z_Ko�e`Y\[¡rUpE³`rUx�[#oWe�x#m\k7[#]�lUg0�FÞ�»iæ`çvènç¥éqÀ�~

­�~Ze`Y\[#o<�\�>[¡lnkqeIr�_yo
à Ù Ðì ä �¦ ¿§ã äLã @ ¨å¡ Þ à Ù Ðì »iæ`çvènçIé\À »f«FÁUÀ

rU]�r�p\_K]`x#hj[�e`[¡x�lna&k\_KoLr�e`lnh`_yrUd�]jm\hjgÉr�x#[U~

�vo�e�Y\[�´\h`]jeÅ]jeIr�|n[U�q�>[�rU]j]`_y|Uo�[�zn[�hjs�b7ln_Ko�eH_yo Ô [#_�e�Y\[�hZr&k\d}r�xIºcb7ln_yoWeHlnhÅr���Y\_�e�[9b7ln_Ko�e#~��vo
e�Yq_y]$x�r�]`[U�{rUdKd\b7ln_yoWe�]*_yo Ù Ð rUoqp
e`Y\[�x#lna�b\dK[#a�[#oWe'» Ù Ð Àxæ\ä Ô � Ù Ð rUhj[�rU]`]j_y|no\[�pckqd}rUxIº�rUo\p���Y\_Ke`[
b7ln_yoWe�]��+hj[#]jb�[�x�e�_�zn[�dKsn~��vo¢rUoWs¸�FÞ9»Éæjçvènç¥é\À�]`m\xIY¤e�YLr�e��FÞ�»iæ`çvènçIé\À · Ù Ð ¹äçº�rUo\p¸�,Þ9»Éæjçvènç¥é\À ·
» Ù Ð À æ ¹äÒº\��e`Y\[�k\dyrUxIº�rUo\p���Y\_�e�['b�ln_KoWe�]�YLrU]Å[�_Ke�Yq[#hHl�gw[#_K|nYWeÅp\_�âÄ[�h`[#oWeHx#lnoq´\|nm\h�rEe�_ylUo\]ÅrU]>]`Y\lR��o
_yoÇX*r�k\dy[�­��Å_�g�¿§øè�4øéª£øé��rUoqp¬�áê ¿q~µ�Llnh�[�rUxIY¶lUg9e�Yq[#]`[�[#_y|UY�ecx#lUoq´L|nm\h`r�e�_Klno\]���rUo
[��qrUa�b\dK[¡l�g�b7ln]`]j_yk\dK[FÎå_y]�rUdy]jlc_KdydKm\]je`h�r�e`[#p�_yo
X+rUk\dy[^­�~H�LlnhZ[�rUxIY�x#lnoq´\|nm\h�rEe�_ylUo
l�gs�FÞ�»iæ`çvènçIé\À
_yo�X+rUk\dK[�­��-à Ù Ðì »Éæjçvènç¥é\À*_K]$p\[�e`[#h`a�_yoq[#p
]`l�e�YLrEe�rUdydq¿Euv]j_ya�b\dy[¥�q[�]�_yo4à Ù Ðì »iæ`çvènç¥éqÀ�rUh`[Zk\dyrUxIº&b7ln_yoWe`]



an example 
of P

N N186 N26
configuration 

of black points 

PJ1

PJ2

PJ3

and

C  (i  , j  , k  )Y 2 2 2C  (i  , j  , k  )Y 1 1 1

C  (i  , j  , k  )Y 1 1 1

U

C  (i  , j  , k  )Y 2 2 2

X+rUk\dy[�¯\ê
XZY\[
x#lno�´L|nm\h`r�e�_Klno\]
lUg9kqd}rUxIº©b7ln_yoWe`]
r�eë�FÞ9»Éæ8<�çvè�<¥ç¥éN<jÀ · �,Þ�»Éæ õ çvè õ ç¥é õ À&]`mqxIY¶e�YLrEe�FÞ�»iæL<�çvè�<�çIéC<÷À · �FÞ�»iæ õ ç�è õ ç¥é õ À%x#lnoq]`_y]fe�]�lUg�gilnmqh�d}r�eje�_yx�[�b7ln_yoWe`]#~ Ö [�_y|Uo\lnh`[�e�Y\[�x#lUo\|nh`mq[#oWe
x#lUoq´L|nm\h`r�e�_Klno\]Åe`YLr�e�p\_Kâ�[#hÅgihjlna�e`Y\ln]j[�e`Y\h`[�[�x#lnoq´\|nm\h�rEe�_ylUo\]�k�s�h`lUe�r�e�_Klno�rUo\p�e�h`rUo\]`dyr�e�_Klno<~

rUo\pÇ[�zU[#hjs¶[#a&k7[#pqp\[#p¦­Ruv]`_Kacbqdy[���[�]�_Ko¬à Ù Ðì »iæ`çvènç¥éqÀ
_K]cdKl�x#r�e�[�pBrU]�x#dKln]`[�rU]%b7ln]j]`_ykqdy[�e�lÃÎÐ_Ko
È���rU]&]jY\lR��o _yo£X+rUk\dK[�tqà�gilnh�a�lnhj[%p\[�eIrU_Kdy]�l�g�Y\lR��e`l�|n[#oq[#h�rEe�[�X+rUk\dy[%tq�$]`[�[�_yo¦ª ½�±²~���g�o\l
­Fu�]`_ya�b\dK[���[¥��_y]je`]H_KoW�FÞ9»Éæ`ç�ènç¥é\À����>[']j_ya�b\dKs�]j[�e=à Ù Ðì »Éæ`ç�ènç¥é\À$ä�º\~$�Llnh�_Ko\]je�rUo\x#[���x�lnoq´L|Um\h�r�e`_ylnoq]
ì «¡rUo\p ì ­�_Ko�X*r�k\dy[�­&YLr�zU[¡oql%­Ruv]`_Kacbqdy[��c]j_yo\x�[9e�Y\[�h`[¡rUh`[�lUo\dKsclno\[�rUoqp�ev�>l�k\d}rUxIºcb�lU_yoWe�]Å_Ko
�FÞ�»iæ`çvènçIé\À���h`[#]jb�[�x�e`_Kzn[�dKs7àqe`Y\[#]j[9k\d}r�xIº�b7ln_Ko�e`]>x�lno\]fe�_Ke`mqe�[�¿Eu�rUo\p�«�uÂgÉrUx#[�]HlUg/­Fuv]j_ya�b\dy[¥�q[�]>_Koce`Y\[
rUpE³`r�x#[#oWe�x#m\k7[#]�lUg%�,Þ9»Éæjçvènç¥é\À¥~�ý�_Kac_Kd}rUhjdKsU�<x#lno�´L|nm\h`r�e�_Klno\] ì t�r�o\p ì ¯nk©rUhj[%_K|no\lnhj[#p¤gilUh¡e`Y\[
½Eu�o\[#_K|nY�k�lnhjY\l{l�pc]js{]je`[#a¸]j_yo\x�[9k\d}r�xIºcb7ln_yoWe`]Åx#lnoq]je�_�e�mqe`[�ev�>l
rUo\p�e�Yqh`[#[�«�u�gÉrUx�[#]ÅlUg+­Ruv]`_Kacbqdy[���[�]
_yo�e`Y\[¡rUpE³`rUx�[#oWe�x#m\k7[#]�lUg0�,Þ9»Éæjçvènç¥é\À¥�Lh`[�]`b7[#x�e`_KzU[#dKsU~

�vo£e�Y\[%]`[#x�lno\p ]je�rU|n[����H[�acrUºU[%r�m\o\_Klnoâà Ù Ðì lUg�rUdKd=à Ù Ðì »iæ`çvènçIé\À¡��Y\_KxIY rUh`[�lUkqeIrU_Ko\[#p¢k�s
h`[�gi[#hjh`_yoq|�e`l�X+rUk\dK[�tq~
�vo¤lnhjp\[#h�e`l�b\hjlRzn[
e�YLr�e,à Ù Ðì _y]�r�p\_y]jx#h`[�e�[�x#lna�k\_yoLrEe�lnhj_}rUd?]`m\hfgÉrUx#[��?�>[
x#lUo\]`_Kp\[#h*ev�>l�rUpE³`r�x#[#oWe$mqo\_Ke+x#m\k7[#]=�FÞ9»Éæ8<�çvè�<¥ç¥éN<jÀ?rUo\p��FÞ�»iæ õ çvè õ ç¥é õ À+]`mqxIY&e�YLr�eu�FÞ�»Éæ8<¥çvè�<�ç¥éN<jÀ ·�FÞ�»iæ õ çvè õ çIé õ À9x#lno\]j_y]fe�]¡lUg>gilUm\h�d}r�eje�_yx�[&b7ln_yoWe�]��*r�o\pÅà Ù Ðì »iæL<¥ç�è�<�ç¥éN<jÀ�rUo\pßà Ù Ðì »Éæ õ ç�è õ ç¥é õ À�~���rUxIY
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