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Abstract. This paper informs about estimates of worst-case bounds
for quantization errors in calculating features such as moments, moment
based features, or perimeters in image analysis, and about probability-
theoretical estimates of error bounds (eg. standard deviations) for such
digital approximations. New estimates (with proofs) and a review of
previousely known results are provided.

1 Introduction

Representations of sets in euclidean spaces E” by corresponding digital sets
cause an inherent loss of information. There are infinitely many different sets
in an euclidean space with an identical corresponding digital set. This paper
studies resulting accuracy limitations of reconstructions of original sets, and of
their features such as moments (eg. the area), perimeters and features derived
from moments (eg. the centroid or the orientation).

1.1 History

The problem of area estimation of a set by the number of grid points contained
in the considered set has an extensive history in number theory. It has already
been studied by C.F. Gauss for disks. C.F. Gauss (1777-1855) and P. Dirichlet
(1805-1859) knew already that the number of grid points inside of a planar
convex curve 7 estimates the area of the set bounded by this curve within an
order of O(l), where [ is the length of curve 4. The situation when ~ is a circle is
studied most carefully. M.N. Huzley’s result [7] from 1990 is a very good result
for 3-smooth planar convex curves and improves even the best known worst-case
error bound [9] previousely known for circles. Huxley’s theorem is critical for all
moment related results reported in this paper.

The important problem of volume estimation was studied by C. Jordan [11]
based on gridding techniques. Any grid point (4,4, k) € E® is assumed to be
the centre point of a cube with faces parallel to the coordinate planes and with
edges of length 1. The boundary is part of this cube. Let S be a set contained in
finitely many of such cubes. Dilate the set S with respect to an arbitrary point
p € E2 in a ratio r : 1. This transforms S into S?. Let [E(S) be the number



of all cubes completely contained in the interior of SE, and let w£(S) be the
number of all cubes having a non-empty intersection with SZ. Then it holds
[11] that »=3 - [2(S) and r=3 . uE(S) always converge to limit values L(S) and
U(S), respectively, for r to infinity, independent upon the chosen point p. Jordan
called L(S) the inner volume and U (S) the outer volume of set S, or the volume
vol(S) of S'if L(S) = U(S). Volume definition based on gridding techniques was
studied, eg., in [19, 22]. This paper will not focus on sets in 3D space, but the
volume definition of 3D sets is used in proofs.

The problems of measuring the length of a curve or the perimeter of a 2D
set, or the area of a closed or open surface of a 3D set based on gridding tech-
niques have been studied in the context of digital image analysis, see, eg., [24]
for the curve length problem and [14] for the surface area problem. However,
H. Minkowski [19] proposed already solutions for both problems in his pioneer-
ing work on morphological operations. This paper discusses the convergence of
one technique for grid-point based estimations of the length of a curve.

1.2 Multigrid digitization

We assume an orthogonal grid with grid constant 0 < ¥ < 1 in n-dimensional
euclidean space E”, n > 1, ie. ¥ is the uniform spacing between grid points par-
allel to one of the coordinate axes. Furthermore, let » > 1 be the grid resolution
defined as being the number of grid points per unit, ie. any grid edge is of length
v=1/r.

In this paper we discuss the two-dimensional case only. We consider r-grid
points gf ; = (V4,7 j) in the euclidean plane, for integers 7, j and ¥ = 1/r. For
r = 1 we simply speak about grid points (i, j) in the euclidean plane EZ.

Definition1. For a set S in the euclidean plane its digitization D, (S) is defined
to be the set of all r-grid points contained in the given set S, ie.

Dy (S)=Agi; : 9i;=(/r,i/r) €S},
In the case r = 1 the digitization is denoted by D(S).

The sets D(S) and D, (S) are also called digital sets. The dilation of aset S C E?
by a factor r > 1 1s defined to be

r-S ={(r-=zry :(z,y)€S}.

Following Jordan [11] this is a dilation with respect to the origin (0, 0), and other
points in E? could be chosen to be the fixpoint as well. Sometimes it may be
more adequate to consider sets of the form r- S (the preferred approach, eg., by
Jordan and Minkowski) digitized in the orthogonal grid with unit grid length,
instead of sets S digitized in r-grids with 1/7 grid length. The study of » — oo
corresponds to the increase in grid resolution, and this may be either a study
of repeatedly dilated sets r - S in the grid with unit grid length, or of a given
set S in repeatedly refined grids. This 1s a general duality principle for multigrid
studies.



1.3 Features

Assume a planar set S in the euclidean plane and a Cartesian zy-coordinate
system in this plane. The (p, ¢)-moments of set S are defined by

mypq(S) = // Pyt de dy
5

for integers p, ¢ > 0. The moment m, 4(S5) has the order p+ ¢.
In image analysis, the exact values of moments m, 4(5) remain unknown.
They are estimated by discrete moments pp 4(S) where

fip,qg(S) = Z g

(4,7)eD(S)

which can be calculated from the corresponding digitized set D(S) of set S.
The grid constant ¢ has to be used as scaling factor if the approach involves
repeatedly refined grids. The moment-concept has been introduced into image
analysis by M. Hu [5].

We are interested in analyzing the accuracy of estimates of the following
features of a set S. Note that ¥ has always to be used for scaling if the refined
grid approach is taken, otherwise r - S replaces S if the dilation approach is
prefered:

1. The area A(S) of a planar set 5, ie. the moment mg o(S) of order zero, is
estimated by the number of grid points in D(S), ie. by the discrete moment
to,0(5).

2. The perimeter of S may be estimated by the perimeter value calculated by a
mazimum-length digital straight segment approzimation procedure, see, eg.,
[15] and Fig.1 for an example. Another choice may be the minimum-length
polygon approximation as discussed in [24, 25]. Both techniques have been
compared in [15]. In this paper we discuss the digital straight segment (DSS)
approximation technique. A complete discussion of multigrid behavior of the
minimum-length polygon (MLP) approximation technique may be found in
[24].

Each r-grid point in D,(S) is a mid-point of an r-grid square. The digi-
tal boundary B,(S) is the boundary of the union of all those closed r-grid
squares where the mid point is in S. A maximum-length digital straight
segment approximation procedure [18, 20] calculates a sequence of DSS’s
connecting vertices of the digital boundary. Its result may vary with the al-
lowed maximum Hausdorff distance ! between the digital boundary B,(S)

! The Hausdorff distance for sets of points A, B,

dz (A, B) = max {max inf dz(p,q), max inf ds( 7q)} ,
pEA q¢€B pEB g¢€A

generalizes the euclidean distance ds between points to a metric between sets of
points.
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Fig.1. [15] A simply-connected set S in the real plane, its digitization D(S) and
a (clockwise, starting at the uppermost-leftmost vertex) DSS approximation of its
digital boundary which is used for perimeter estimation, and which consists of DSS’s
connecting vertices of grid squares.

and the calculated polygonal curve (in the “classical” paper [20] the thresh-
old 1/r, ie. the grid constant, has been used), the used orientation (clockwise
or counter-clockwise), and the chosen inital vertex.

If the digital boundary B, (S) is not split into several poygonal curves (eg.,
in Fig. 3 there is a split into two polygonal curves) then the resulting DSS
approximation is also a single (connected) polygonal curve. Its total length
is used as an estimate of the perimeter of S.

3. For the center of gravity of a set S,

(s o)

the estimate

(m,o(S) ﬂo,l(S))

#10,0(5) " pro,0(S5)
is calculated from its digital set D(S).

4. The orientation of a set S can be described by its axis of the least second
moment. That is the line for which the integral of the squares of the distances
to points in the digital set D(S) is a minimum. That integral is

I(SaSDaP) = //Tz(x,y,go,p)dxdy,
S



where r(z,y, ¢, p) is the perpendicular distance from the point (z,y) to the
line given in the form

T-cosp —y-sing =p.

We are looking for the value of ¢ for which I(S, ¢, p) takes its minimum,
and by this angle we define the orientation of the set S. This ¢-value will be
denoted by or(S), i.e.
rgiglI(S, w,p) = I(S,or(S),p), for some value of 7 .

Again, this feature is estimated by replacing integration and set S by a
discrete addition and a digital set D(S), respectively. With respect to ap-
plications note that this feature requires sets with ”a main orientation”, ie.
ma,0(S) # mg 2(5). For (“noisy”) circular sets it would be distributed within
the full 360 degree range.

5. The elongation of S (see [10, 31]) in direction ¢ is the ratio of maximum and
minimum values of I(S, ¢, p), i.e.

max I(S, ¢, p)
E(S) = 22 |
(%) minI(S, ¢, p)
@, p
It will be estimated by digital approximations of the I-function values as in

case of the orientation of set S.

The feature perimeteris not defined by moments, and we list it here because of
its general importance. It is known that the defined perimeter estimate converges
towards the true value if a convex polygonal set is digitized with increasing grid
resolution [18], see Theorem 12 below. This theorem comprises the theoretical
fundamental for the given perimeter definition.

Central moments are also of common use in image analysis. Let

(Ze (S) 3 (9)) = (:zzg :z;g;)

and

) B _ (#1,0(5)  poa(S)
(4 (S),ya(S)) = (uo,o(S)’ ﬂo,O(S))

be the centroids of S and D(S), respectively. Then,
M(8) = [[ =29 - m()" do dy
s

are the central (p, ¢)-moments of order p+ ¢, and
Fog(S) = Y (i =Za(S) - (7 = Fa(S))"
(i,§)€D(S)

are the discrete central (p,q)-moments of order p + ¢q. The central moments of
order 1 are equal to zero.



1.4 Convergence of calculated features

Let F be a family of sets S in the euclidean plane, such as the family of all
convex set, or the family of all straight line segments. Assume that feature M is
defined for all sets in F.

Definition2. We call an estimator M of M convergent on F iff
M (S)= lim M (D, (S)),

—00
for all sets S € F also meaning that M is defined on any digital set D, (S) if
S € F, for all r > rg where rg may exclude a finite range of r-values smaller
than rg.

This multigrid convergence approach has been used by different authors, see,
eg., [12, 14, 18, 24, 27] for related work and references. Note that there is an
equivalent definition for the dilation-based multigrid technique. Analyzing the
accuracy of estimators means that the convergence (towards the true value, see
Fig. 2 for a trivial convergence of the length of a curve towards a false value)
needs to be satisfied, and that the speed of convergence may be analyzed by
specifying the worst-case or probability-theoretical error bounds. Considerations
with respect to statistical values require a probability model of the digitization
process for the given family of sets.

The determination of worst-case error bounds is a problem typically studied
in number theory. Assume that the complexity size of a problem is characterized
by a non-negative real number. In the studies in this paper this number is the
grid resolution r. Depending upon variable r a function f(r) > 0 may specify
one 1important aspect of the problem such as a worst-case error defined for this
grid resolution.
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Fig. 2. The zig-zag curve approximates the straight line segment with respect to the
Hausdorff distance. However, the length of the zig-zag curve remains constant and
equal to twice the length of the approximated straight line segment assuming that we
started with an equilateral triangle.



Definition 3. The function f(r) > 0 is in the asymptotic complexity class
O(g(r)) (we write f(r) = O(g(r))) iff there exist a constant ¢ > 0 and a constant
rg > 1 such that f(r) < c-g(r), for all » > rg. In this case we say that function
f(r) has the worst-case bound or upper bound g(r).

The constant ¢ is called the asymptotic constant of the given worst-case bound,
and rqo is its wvalidity parameter. The values of the asymptotic constant and
the validity parameter are of practical importance and its specification 1s often
desirable, but unimportant for asymptotic characterizations. If f is an error
measure then g specifies a worst-case error bound.

1.5 Organisation of the paper

The paper informs about new and previously published results in the area
of multigrid feature calculations including number-theoretical, geometrical and
probability-theoretical studies.

Besides the two-dimensional case we are also interested in one-dimensional
digitizations (eg. straight line segments on a one-dimensional grid) and in digi-
tizations of higher-dimensional sets such as volumes in 3D euclidean space. In
the three-dimensional case the surface area specifies another interesting feature
to be analyzed, see [19, 14]. The volume value may be estimated by pg 0,0(95), ie.
the number of grid points contained in the given 3D set [11, 22]. However, this
paper is limited to 1D and 2D problems.

The paper is organized as follows: Section 2 discusses number-theoretical
worst-case, or upper error bounds for estimates of moments, and estimates of
moment based features. The approach taken allows to cover different classes of
sets, and the given (new) results specify sharp error bounds for moments of
any order. Section 3 discusses the perimeter estimation problem and specifies
an upper error bound for convex sets. This section is very much based on [18],
but informs about an improved error bound compared to [18]. Section 4 finally
informs on probability-theoretical error bounds based on work reported in [3].
Here, the contribution is that this previousely published work is formulated in
the formal context of this paper. Finally, Section 5 concludes with a list of open
problems.

2 Worst-case Error Bounds for Moment Estimates

In this section we consider worst-case error bounds in estimating real moments
of sets S C E? from corresponding discrete moments.

Definition4. A planar n-smooth convexr sel is a convex set in the euclidean
plane whose boundary consists of a finite number of C™ arcs (ie., having contin-
uous nth order derivatives) with positive curvature at every point on these arcs
except arc endpoints, for n > 0.



Note that the claimed positive curvature excludes straight boundary segments.
Let F,,s¢ be the family of all planar n-smooth convex sets, for n > 0. Through-
out this Section 2 we assume that S is a planar 3-smooth convex set, or one
obtained from planar 3-smooth convex sets by a finite number of intersections,
set differences, or unions.

2.1 Huxley’s theorem

Planar 3-smooth convex sets have been analyzed in [16, 17] for moments up
to second order. A recent result [7] in number theory could be used as the
basic mathematical tool in these studies. M.N. Huzley's theorem [7] is a strong
mathematical result, related to the number of grid points inside of a 3-smooth
convex set of the form r - S, where r is a positive real number.

Theorem 5. (Huxley 1990) If S is a convex set in the euclidean plane with an
C? boundary and a positive curvature at every point of the boundary, then the
number of grid points belonging to r - S is

poo(r - S) =12 A(S) + O (r% - (log r)%) .

This theorem improves the previously best known upper bound of the error term
even for the famous “circle problem”, i.e. when S is the unit disk [9].

The precondition of Huxley’s theorem can be relaxed. Actually it is sufficent
to assume that S € Fzg¢ holds, ie. S may have a finite number of “corners”.
This follows from the proof method used in [7]. This generalisation allows in
consequence that the theorem can be applied, eg., to intersections of two planar
3-smooth convex sets or to difference sets of two planar 3-smooth convex sets.
Note that the theorem also holds for (not necessarily connected) unions of a
finite number of planar 3-smooth convex sets. Altogether this allows a generic
definition of families F () of sets given in the next subsection.

In [16, 17] actually a weaker result (a conclusion of Huxley’s theorem)

poo(r-S) = r? - A(S) 4+ O (r%'l'ﬁ) , forevery ¢ >0

has been used for deriving upper error bounds for moments up to second order.

Theorem 6. (Klette/Zunié¢ 1999) If a set S € Fasc is digitized in a grid with
grid resolution v = 1/9, then the absolute value of the difference

mpyq(S) - mﬁ'ﬂp,q(r's)a Jor p+q <2,

has a worst-case bound of

1 1
0 (rg_g) ~ 0 <r1.363636...) )




The same upper error bound holds for central and discrete central moments up
to order 2, see [17], and this result can also be extended to sets in the closure
cl(Fssc) which may be obtained from planar 3-smooth convex sets by finite ap-
plications of unions, intersections or set differences. The worst-case error bound
remains the same which converges to zero with an increase in grid resolution »
towards infinity.

So far it has been known that discrete moments or discrete central moments
up to order 2 are convergent estimators of moments or central moments up to
order 2 on the class cl(Fsgc) of sets, respectively. This paper provides a more
elegant and general proof for families Fy(,) of sets and moments of arbitrary
order.

2.2 Families of sets defined by zero-order moments

The main result of this Section 2 is an upper error bound for estimating real
moments (of an arbitrary order) based on corresponding discrete moments, for
families F (. of sets. These families are defined by differences between real and
discrete moments of order zero.

Definition 7. Let a function f(r) > 0 be given, for r > 0. Then a class C of sets
is a closed subclass of family Fy () iff it satisfies the following conditions:

(i) € is nonempty;
(i) if S € C then it satisfies

poo(r-S) =1 A(S) = O (f(r)) ; (1)

(iii) if a set .S belongs to C then any isometric transformation of S belongs to C
as well;

(iv) any set which can be represented by a finite number of unions, intersections
and set-differences of sets from C also belongs to C.

We give some comments on conditions (ii), (iii) and (iv). In (ii) we consider the
difference between the area of r - .S and the number of grid points inside of - S
when r tends to infinity, for an arbitrary set S from a subclass C of Fy(,.y. We
assume that O(f(r)) is a common upper bound for such differences of all sets in
F(y). It will enable the calculation of a common upper error bound for moment
estimations of sets in Fy ).

Condition (iii) reflects a standard assumption in image analysis that a real set
and the used digitization grid can be in arbitrary positions, i.e., translation, rota-
tion or a different orientation of the grid axes are equivalent to the application of
suitable chosen translations, rotations or reflection operations to the considered
set. Formally speaking, C is closed with respect to isometric transformations.

Condition (iv) reflects situations in common image analysis where objects
of interest are overlapping, grouping etc., which implies that their intersections,
unions and consequently set differences should be allowed. Formally speaking, C
is closed with respect to the applications of a finite number of unions, intersec-
tions and set-differences, ie. ¢/(C) = C.



The role of function f(r) is actually to describe the impact of the applied
grid resolution onto the worst-case error in real moment estimations. It will turn
out that the precision in the reconstruction of moments is bounded above by
(’)(r_l) for a set having a straight section on its boundary, and by

O (log 7“)% ~0O (r—%-l-a)
Pt
for all sets in c/(Fsg¢).

Throughout this Section 2 it can be assumed that the order of magnitude
of f(r) is between /2 and r. Namely, our derivations are based on asymptotic
estimations of the differences between the number of grid points inside of a
convex set S (bounded by a curve ) belonging to some specified class, and the
area A(S) of set S, see Equ. (1). Gauss and Dirichlet knew already that the area
of a convex set bounded by curve v estimates this number within an order O({),
where [ is the length of the curve 5. That gives f(r) = O(r) as upper bound.

Under additional assumptions about the boundary of S the error term in
Equ. (1) can be smaller. The curvature of the boundary plays an important
role. If f(r) is going to be expressed as f(r) = O (r¥) then « decrease if some
additional smoothness conditions are assumed. It has been proved that Equ. (1)
would be false for o < 0.5, see [6, 13]. Huzley’s theorem bounds the error term
in Equ. (1) by

(@) (r% - (log r)%)

for a set S in the class F3s¢.

We conclude this subsection with some examples. The closure ¢/(Fsg¢) of
the class Fssc with respect to finite numbers of unions, intersections or set-
differences is a closed subclass of the family

F

r % (logr) %
because the conditions (i) ... (iv) are obviously satisfied.

A class of sets containing convex sets whose boundary consists of a finite
number of C?-arcs, also allowing straight line segments (ie. arcs with zero curva-
ture), and which is closed with respect to finite numbers of unions, intersections
or set-differences, is a closed subclass of the family F,.. For details see [7]. Note
that just one straight boundary segment makes already a difference compared
to 3-smooth convex sets. Particularly, the class ¢/(P) containing all convex poly-
gons, and being closed with respect to finite numbers of unions, intersections or
set-differences, is a closed subclass of the family F.,..

2.3 Convergence theorems

The following theorems and the lemata in the Appendix are formulated for sets
in families F (). This was done for several reasons. It enables us to deal with two
absolutely different situations (either there is at least one straight section on the



boundary of the considered set or not) in a uniform way. Furthermore, it would
support an immediate application of any possible theoretical improvement in the
error bound in Equ. 1, ie. a better estimation of f(r) will contribute to improved
error bounds for estimations of moments of arbitrary order. As an illustration,
Swinnerton-Dayer’s result [26] suggests that the exponent « in the error term
f(r) = r* of Equ. 1 should be % or less, under the assumption that the boundary
of set S consists of a finite number of C3 arcs. If this can be shown then it would
imply an improvement of the upper error bound for moment estimations. Finally
this approach of using families F; () has been chosen to enable direct applications
of further results (from number theory) related to specific (closed) subclasses C
of a family F(,).

The next two theorems are the main (new) results in this section which
characterise the efficiency of estimations of real moments. As mentioned before,
the curvature of the boundary of the considered set plays an important role.
It makes an essential difference whether at least one straight section on the
boundary is allowed (Theorem 8) or not (Theorem 9).

Theorem 8. Let S be a convex set whose boundary consists of a finite number
of C? arcs. Then my, (S) can be estimated by

1

1
rptatz Hpa (-

S)  within an error of O (—) .

r

This error term is the best possible.

Proof. The upper bound is a direct consequence of Lemma 23 (in the Appendix)
and the fact that a straight section on the boundary is allowed. In this case we

have f(r) = r [7] and

max{f(r), It (logr)%} =0(r).

The following example shows that the established upper bound is the best pos-
sible. Let S be the unit square with vertices (0, 0), (1,0),(1,1),(0,1) . Then we
have

1
my 4(S) = —————~ .
ralS) = G D
For a given resolution r, the square S, with vertices
1 1 1 1
0,0), (14+—,0), 14+ —,14—), (0,1 4+ —
(0,0), (14500, (L ooy 14 o), (0,14 o)

has the same digitization as S, i.e., D.(S) = D,(S;). But, the difference
Mp ¢(S) — myp 4(Sr) is equal to

1 1+ 1+ 1+
My 4(S) — mp ¢ (Sr) :/0 J:pdx/l yqdy—l—/1 J:pdx/o yldy

p+q+2 1 (1)
= -+ 0=
2-(¢g+1)-(p+1) r+ P2




In other words, for any choice of resolution r there exists a real square S, such
that the digitization of r - S, coincides with the digitization of » - S, while the
real moments m, 4(S,) differ from m, 4(S) by

p+q+2 1 (1)
Zro(=).
2-(¢g+1)-(p+1) PO\

So, the error term (’)(%) is the best possible. O

However, if S is 3-smooth and convex, ie. the boundary does not possess
any straight segment, then the application of Huzley’s theorem finally leads to
a reduced upper error bound.

Theorem 9. Let a planar 3-smooth conver set S be given. Then my o(S) can
be estimated by

1 o (log ) %) 1
ey lp g(r - S)  within an error of O (71 ~0 TTses. )

15
rii

Proof. The statement follows because of

SeF

e 47
P11 ~(log7') 22

and Lemma 23 (in the Appendix). O

Remark. While in the case when at least one straight section is allowed on the
boundary of S the error bound derived here is the best possible; in the case when
the considered set is 3-smooth there is no guaranty whether the error bounds in
Huzley’s Theorem, and consequently in Theorem 9 are the best possible or not.
An improvement is expected to be characterised by an estimation of function
f(r) for a specific class of sets S.

Even in the case of the most frequently studied sets, the circles, an exact
order of magnitude of f(r) is unknown up to now. The best known upper bound

is given by
@) (r%'l'a)

see [8] in the case when S is (before dilation) a unit circle with a midpoint at
grid point location. On the other hand, in the case of such circles it is known
that f(r) has an order of magnitude described by the lower bound

0 (r%) .
Just as a reminder, ¢(r) = £2(h(r)) implies that

m 9(r)
A

£0.



Let us consider the discrete moment i1 o(7 - S) where S is a circle with a center
having integer coordinates. Then i o(r-S) is equal to the number of grid points
belonging to the 3D set

{(xy2) : (ryerSAw<z}.
This number is half of the number of grid points belonging to the 3D set
{(z,9,2) : (y)€r-S A z2<r (Zmin + Tmaz)} -

Consequently,

o) = Tz (2 s) 4 0 (v£)) = 0 o(s) 4.2 (7).

In other words O(r~ %) is a lower bound for the error in reconstructing ms o(5)
when S is a circle having a center with integer coordinates. For any circle in
general position due to Huzley’s Theorem an upper error bound in moment
estimation is given by

(logr)%)) _ 1
0( s ~ 0 713636,

as shown in [32].

2.4 Moment-based features

Let S be a set in Fzgeo. With respect to the listed features in Section 1 and
Theorems 5 and 6 we may state the following upper error bounds for feature
estimations (see also [17]):

1. An upper error bound for area estimates T% foo (7-S) is directly given by
Huzley’s theorem, ie.

|A(S) = Hpop(r-S)| = 0( = ) .

p117°

2. The same upper error bound holds for the estimates

Lopo(rS) g L pea(reS)
r poo(r-S) r oo (r-S)
of the coordinates () ()
mio mo 1
) d )
moo (S) an moo (S)

of the center of gravity.
3. For the estimate of the orientation only sets S with ms o(S) # mg 2(S) are
relevant. Then S’s orientation or(S) can be recovered within an worst-case

error of O(r~11%¢), by using the estimate [17]
2 4(r-95)
Hoo(r - S) — g »(r - S)

tan(2 - or(S)) ~



4. The elongation of a 3-smooth convex set S can be estimated by £(r - 5)

where
E(r-5) = ti(r-S)+ Jta(r - 9)
Sty (r-S) = Ja(r- S)
where
t1(A) = 13 o(A) + g 2 (A)
and

ta(A) =4 (ﬁ1,1(A))2 + (ﬁz,o(A) - ﬁo,z(r ) )2 )
for a planar set A. The error in the approximation FE(S) = £(r-S) has an
upper error bound in O (r_%‘l'a), see [17].

Theorems 8 and 9 may be used to derive error bounds for sets with straight
boundary segments, or for features defined by moments of higher order than
just up to order two.

3 Worst-case Error Bounds for Perimeter Estimates

In this section we study the problem of estimating the perimeter of a convex
polygonal set. In general a DSS approximation may be a set of polygonal curves
calculated with respect to the digital boundary B, (S), see Fig. 3. For all r > rq,
a convex set S generates exactly one polygonal curve 5, as DSS approximation
being the boundary of a convex polygon. For these connected DSS approxi-
mations 7, there exists a positive real epgs such that the Hausdorff distance
between B, (S) and 4, does not exceed epgg/r,

dy(B, (5),7) < 225, 2)

r

The value of epgsg is a general approximation constant, and the “classical” value
is 1, see [20].

For the proof of the following theorem we cite two lemata as given and
proved in [18]. The first lemma shows that the perimeter decreases if a convex,
not necessarily polygonal set is eroded into a smaller convex polygonal set. Note
that the assumption of convexity of set S is essential for proving this lemma.

Lemma 10. Assume that a convex polygonal set S s contained in a conver set
C' of the euclidean plane, S C C'. Then it follows that the perimeter of S is less
or equal to the perimeter of C.

An e-sausage of a curve 4 (as originally discussed in [19]) is the set of all
points p whose Hausdorff distance ds ({p},7) is less or equal to . The border
of any e-sausage which is homeomorphic to the annulus splits into two curves,
the shorter inner boundary and the longer outer boundary assuming that the
boundary is rectifiable (ie. “shorter” and “longer” is defined in this case). The
following second lemma from [18] shows how the perimeter of a convex polygonal
set increases if the set 1s dilated towards the outer boundary of the e-sausage of
its boundary.
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Fig.3. A given polygonal convex set S and its digital boundary B,(.S) which splits
into two simple polygonal curves.

Lemma 11. The length of the outer boundary of the e-sausage of the boundary
of a convex planar polygonal set S is equal to Perimeter(S) + 2me.

Now we are prepared to state the following theorem about multigrid conver-
gence of the estimated perimeter. Note that this theorem provides not only an
asymptotic worst-case bound but even an explicit specification of the asymptotic
constant. This theorem and most of its proof is basically a citation of work done
by V. Kovalevsky and S. Fuchs reported in [18]. However, the theorem as stated
below may not be found in [18]. Therefore we provide a proof in this paper. With
respect to the given proof of this theorem the mentioned DSS approximation in
this theorem needs to be such that it circumscribes a convex (!) polygonal set.
This aspect was not explicitely mentioned in [18§].

Theorem 12. (Kovalevsky/Fuchs 1992) Let S be a convex polygonal set in the
euclidean plane. Then there exists a grid constant ro such that for all v > rq it
holds that the DSS approzimation of Br(S) is connected and its length and the
perimeter of S do not differ by more than

Zn (EDSS + 1/\/5) .

Proof. At first note that there exists a grid constant rg such that for all » > rg
it holds that the DSS approximation of B, (S) is connected. This connected DSS
approximation will be denoted by ~,.

Let Bd(S) be the boundary of set S. For B,(S) it holds that

1
—l )

for all » > rg. For proving this inequality assume that this Hausdorff distance
would be greater than (r - \/5)_1. Then there exists at least one point p on
B, (S) whose minimum euclidean distance to Bd(S) is greater than (r - \/5)_1.
Therefore the circle with centre p and radius (r - \/5)_1 would not contain any
point of Bd(S), ie. this circle is disjoint to set S.

da(BA(S), By (S)) <



Now assume that p is on the boundary of an r-grid square with mid-point
gi;- Then the r-grid point g;; would be inside of this circle around point p with
radius (7 - \/5)_1 le., it cannot be in the set S, le. the r-grid point g;; is not
in D,(S). Tt follows that p cannot be a point on B,(S) which contradicts our
assumption. Therefore such a point p does not exist and the distance must be
always smaller than (r -1/2)~!. This concludes the proof of inequality (3).

This inequality (3), the inequality (2), and the general triangular inequality
of a metric, satisfied by the Hausdorff distance, leads to the conclusion that
eDss | 1 .

r r - \/5
Let ¢ =epgg/r + 1/(r- \/5) Then it follows that the perimeter of S and the
length of «, differ by 27e at most. For showing this we assume that 5, is the
boundary of a convex (polygonal) set C' ie. it holds

dy(Bd(S5), ) <

do(Bd(S), Bd(C)) < ¢ . (4)

We show that
|Perimeter(S) — Perimeter(C)| < 2me , (5)

and this concludes the proof of the theorem.

According to the specified Hausdorff distance it follows that the boundary
Bd(C) lies in the e-sausage of the boundary Bd(S) of set S. Let Bd.(S) be the
outer boundary of the e-sausage of Bd(S). By Lemma 10 it follows that

Perimeter(C) < |Bd.(S)] .
By Lemma 11 it follows that
|Bd: (S)| = Perimeter(S) + 2w .

Therefore
Perimeter(C) < Perimeter(S) + 2me . (6)

The Hausdorff distance is a metric and thus symmetric, ie. the boundary Bd(S)
lies also in the e-sausage of the boundary Bd(C). Let Bd.(C') be the outer
boundary of the e-sausage of Bd(C'). By Lemma 10 it follows that

Perimeter(S) < |Bd.(C)] .
By Lemma 11 it follows that
|Bd: (C')| = Perimeter(C) + 2re .

Therefore
Perimeter(S) — 2me < Perimeter(C) . (7)

From inequalities (6) and (7) it follows that
Perimeter(S) — 2me < Perimeter(C) < Perimeter(S) + 2ne |

what proves Equ. (5) and thus the theorem. O
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Fig. 4. Digitization of a line segment of length [ in a one-dimensional grid of grid
resolution r = 1/9.

If the set S is assumed to be more general than just polygonal convex then
we may also conclude that

EDSS 1

=22 4 .
r r- \/§

However, Equ. (5) is only valid for polygonal convex sets S and C, ie. the final

conclusion about differences of perimeters cannot be drawn if S is not known to

be polygonal convex (and thus C' as well).

dy(Bd(S5), ) <

4 Probability-theoretical Error Bounds

The determination of probability-theoretical error bounds such as standard de-
viations or expected errors, is a problem in probability theory [2] or integral
geometry [21]. A probability model is required for specifying the distribution of
input data. In our case, the probability model has to specify how the digitiza-
tion process performs on the chosen family of sets. For example, the standard
deviation, ie. the square root of the variance, requires an analysis of the mean
as well, and variance and mean are defined by the underlying probability model.

4.1 Digital straight line segments

Digital sets of specific shape (finite unions of digitized line segments) may be
analysed based on results obtained for line digitizations. Digitization effects for
measuring the area of a set have been studied in [28, 29, 30] utilizing this ap-
proach. The stochastic analysis of positional variations has also been discussed
in Section 20.2 in [3]. Their analysis follows [4] who also studied digitizations
of a line segment in a one-dimensional grid. Following the Definition 1, a grid
point is in the digital set of a line segment if it is on the line segment (see Fig.4).
Consider a line segment of length ! going from xy to xo + I, see Fig.4. Let e
be the integer denoting the rightmost grid point in the digitization of the given



line segment, and let b be the integer denoting the leftmost grid point in the
digitization of the given line segment.

The following digitization model has been used in [3]: For a uniform random
variable ¢, 0 < ¢ < 1, let zg+{ =19 (¢* — 0.5+ ¢q), where e* = V”Tf"l — 0.5] is
an integer. The assumed quantization model

o — e* with probability ¢
“ |l e*—1 with probability 1 — ¢

(8)

specifies the relationship between e and e*. For the line’s left endpoint xy assume
the representation zp = ¥ - (b* + 0.5 — s), where s is a uniform random variable
with 0 < s < 1, and " = L%” + 0.5J is an integer. The assumed quantization
model is
b— { b* with probability s ()
b* + 1 with probability 1 — s .

This digitization model leads to the following theorem. This theorem may not be
found exactly in this formulation in [3] but all the relevant material is specified
there.

Theorem 13. (Haralick/Shapiro 1993) Assume that line segments are digitized
according to Equ. (8) and Equ. (9). Then é = ¥ - (e + 0.5) is an unbiased estima-
tor for the position xg +1, and b=1- (b —0.5) is an unbiased estimator for the
position xg. The standard deviation of the estimated length of the line segment
1s given by

S(é—b) = \/— 7‘\/3

and the standard deviation of the estimated centroid of the line segment s

btey 9 1
S =E T

Proof. (Sketch only, see [3] for details) From Equ. (8) it follows that e has the

mean F(e) = quj-l —0.5 and the variance V (e) = % what means that V (&) = 196—2.
From Equ. (9) it follows that b has the mean E(b) = £ + 0.5 and the variance

V(b) =1

It follows that é — b (é and b as defined in the theorem) is an unbiased

estimator for the length of the line segment, E(¢é — b) = E(é) — E(b) = (20 +
) — 29 = [. The variance of this estimator is V(é — b) Vi(é) + V(b) %.

For the centroid of the line 1t follows that the mean is equal to E( ) = -ge
and the variance is V(b‘l'e) = %. a

4.2 Digital sets composed of parallel lines

Now assume a set S in the real plane which may be digitized by digitizing
N > 1 line segments in different one-dimensional subgrids of a two-dimensonal
orthogonal grid, all parallel to the z-coordinate axis. Line n begins at z, and
ends at y, = x, + [, with respect to the z-coordinate axis. The digitization of



all of these line segments forms a digital set D(S). Note that this set does not
need to be connected.

We assume that there is no systematic alignment of the digitized line seg-
ments with the row and colum axes of the given orthogonal grid. Theorem 13
allows to derive error bounds for features of digital sets D(S) composed of a set
of N lines as specified as shown in [3]. This section briefly informs about what
has been done there.

The (discrete) column centroid of such a set S is defined to be equal to

© (e - ) (5ER) 2 0, ()
E(S) — n=1 — n=1

N N

n=1 n=1
This is considered to be an approximation of the moment m o(S) or of the
discrete moment pq o(S). A (discrete) row centroid #(S) could be defined in a

similar way for connected runs of grid points.
The chosen definition of a column centroid suggests the estimator

(3 — 20) (2422)

N

N

¢(S) = =—
n; (9n — 2n)

It follows E (¢(5)) = é(S) for the mean and

| %,

3 [(gz= —o(s))’ 4 lazal

V(e(S)) = —"= (% (yn_%))z

(10)

N 2
3r2 ( > ln)
n=1

for the variance. The standard deviation of the column centroid of set S follows
as being the square root of this variance. This result of [3] simplifies for specific
sets.

Ezample 1. (Haralick/Shapiro 1993) Assume a digital set D(S) that is symmetric
about a vertical axis running through its column centroid. Then it follows that
y’“"Tx" =¢(S),forn=1,..,N,and




As a further example, consider a disk S with diameter ¥#- N ie. N is the number
of rows it takes to cover the disk. This leads to

R 0.09 - 92 0.09
VES) = S =

as a first-order approximation of the variance of the column centroid with stan-
dard deviation

0.3.-9 0.3
S(e(S)) = —— = ,
N ="TF =7 UR
and a similar result
R 0.3.-9 0.3
S(r(S)) = =

Ve VR

holds for the estimated row centroid #(S) where @ is the number of colums it
takes to cover the disk. If the disk is in symmetric position with respect to the
grid then N = Q. In [3] also a rectangle oriented parallel to the rows of an image
has been discussed as a further specific example.

5 Conclusions

For most of the given upper bounds it is not yet known whether they are optimum
or not. The situation is sketched in Table 1. The upper error bounds for straight
line segments are trivial. The analysis of standard deviations seems to be an
open problem for the discussed 2D features in general. Of course, trivial bounds
may be stated, eg. the given upper error bounds.

The curvature of the boundary is important for moment estimations. Let us
just consider Lemma 16 in the Appendix. It 1s proved that the difference between
the area of (r - S)(k) and the number of grid points inside of it is equal to half
of the number of integer points on the vertical line # = &k plus an error term
O(f(r)). So, the considered difference is at least half of the number of integer
points on the line # = k, ie. it has an order of magnitude equal to the grid
resolution r. On the other hand, (r - S)(k) has only one straight section on its
boundary. Another example which reaches the upper error bound O(r) was given
in the proof of Theorem 8 for an example of a polygonal region (only straight
boundary sections).

Note that the given error bounds in Table 1 are always related to one specific
convergent estimator. It is also of interest whether there are better estimators
supporting faster convergence. For example, if the perimeter R of a circle C :
(x —a)* + (y — b)* < R? is estimated by

#@(TC) : \/ﬂz,o(r(]) p0.0(rC) — (p1,0(rC))?

then the error in the perimeter estimation is (’)(r_%‘l'a), see [33].



Table 1. Multigrid error bounds: the feature estimates are defined as specified in this
paper.

SET TYPE FEATURE UPPER BOUND STAND.DEV.
straight line segment length % T.1 =
straight line segment centroid % ﬁ

simple polygon moment (any order) O (%) unknown

convex polygon perimeter 27” <6Dss + 1/\/5) unknown

3-smooth convex area @ (r% - (log r)% unknown

3-smooth convex moment of any order O ( 1_51_ ) unknown
r11”F

3-smooth convex center of gravity O ( e ) unknown
ritr <

3-smooth convex orientation O ( 1_51_5) unknown
rI1

3-smooth convex elongation O ( e ) unknown
r11”F
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Appendix: Lemata for Subsection 2.3

This appendix contains a few lemata which are used for proving the convergence
theorems in Subsection 2.3. We use the following definitions.

Definition 14. For a planar set S, a given integer k and a real number r, the

set (r - S)(k) is defined to be
(r-S)(k) ={(z,y) : (z,y) €(r-S) A x>k},

Consequently, D((r - S)(k)) is the set of grid points in the digitization of r - S
lying in the closed half plane determined by = > k.

Definition15. For a planar set S, a given integer k and a real number r, the
grid point set L(r - S, k) is defined to be

L(r-S k)={(k,j) : (k,j)eD(r-9)}.

In other words, L(r - S, k) is the set of grid points in the digitization of r - S
which belongs to the vertical line z = k.

Lemma16. For a planar convex set S from a closed subclass C of a family
F; .y, and for a given integer k, the discrete (0,0)-moment of set (r - S)(k) can
be expressed as

poo((r-S)(k)) = A((r-5)(k)) + l~uo,o(L(7°~5J<f)) + O(f(r)) .

2
Proof. Let r - S be the set symmetrical to r - S, with respect to the line x = k.
It follows that the convex set »-SNr- S belongs to the closed subclass C. So,
the number of grid points belonging to » - SNy - .S can be determined as

uoyo(wSﬁ%?):A(r~Sﬂr~§)—|—(’)(f(r))

The statement of the lemma follows because the set - SN r - S is symmetrical
with respect to the line x = k . a

Obviously, the moments i, o(r - S) and po 4(7 - 5), because of symmetry, can
be derived in an identical way, while the estimation of up, o(r - S) where p >0
and ¢ > 0 needs some modifications. The following definitions of 3D-sets W;
and W/ are used in the sequel:

Definition17. For a planar convex set r - .S and an integer ¢ from the set
r2minls [ Zmin | +1,. .., |7 @maz | — 1}, we define 3D sets (see Fig. 5)

Wi={(z,y,2) : (myy)€r-S Aae>i AN¥F<z<(i+ 1P}

and
W! ={(z,y,2) : (z,y) €r-S ANax>i ANl <z<(i+1)"}.

K3



What follows is the calculation of discrete moments g, o(r - S) . As a reminder,
the function vol denotes the volume of a 3D set.

Lemma 18. Let S be a conver set having a boundary consisting of a finite num-
ber of C3 arcs. Then it holds that

7 & max]—1 L7 & max|—1
nNo— sl p_p_ P o1 P
rz] vol (W) rz] L(r S,z)((l—l—l) =g )—I—(’)(r).

Proof. The boundary of r - S can be divided into two arcs of the form y = y; ()
and y = ya2(x), such that y,(z) < ya(x). Then it holds that

lr@mas =1 lremac] =1 nig1 (i+1)7 ya(z)
Z vol(W}) = Z / da:/ dz/ dy
1=[r Tmin] i=[rCmin] °° @y yi()

7 & max]—1

i+l (i+1)P y1(i) [y1(i)] Ly=2(3)]
= Z / da:/ dz / dy + / dy + / dy
i zP y1(z) y1(i) [y1(d)]

(=[r T min |

y2(4) y2(z)
+ / dy + / dy
Ly=2(3)] y2(1)

Fig. 5. Illustration of the decomposition for moment calculations with p = 2. For the
general case exponent 2 needs to be replaced by exponent p.



Lr- xmaIJ 1

i= [r Tmin |

note that /dy
ya(x) y2(i)

because yi(z) and ya(z) have a continuous first derivative)

(
S
=
9:
=
o
2
<
(
S
=

lrwmael =1 g1
= > / (ly2 (D] = T (D) - ((+ P —aP)de  +  O0F)

(=[r T min |

7 & max]—1

= Y (@ - m@)- (G+1 - =Lt 0 (%) + 0@

(=[r T min |

7 & max]—1

- 3 L(r.s,i).((i+1)P—ip—§.ip—1) v o) O

(=[r T min |

The discrete moments pp o(r - .S) and g 4(r - S) are evaluated by Lemma 19,
while Lemma 21 evaluates pp, o(r - S) , where p,q > 0.

Lemma19. Let S be a conver planar set in Fy(,y . Then the following (equiv-
alent) asymptotic expressions are satisfied:

(i S) = P = //xpdxdy + O )

(4,3) EDTS

and

pio(r - S) = it = // yldedy + O (f(r) -r9)

(7‘7

Proof. Let us notice that pp o(r - S) is equal to the number of grid points be-
longing to the 3D set B given by

B = {(z,y,2) : (z,y)€r - S AO<z<2!} = B u B
where B’ and B’ are defined as follows:
B ={(z,y,2) : (z,y) €r-S AN O0<z<[r zminl"}

and
B ={(x,y,2) : (x,9) €r-S A [r-2min]’ <z < 2P},



where %,,;, 1s defined to be
Tmin = min{ =z : (z,y) €S }.
Analogously, 4, 18 defined to be
Tmar = max{ z : (z,y)€S }.
First, consider the number of grid points belonging to B’. It follows that
po,0,0(B') = [r-@min]" - (A(r - 5) + O (f(r)))

=wol(B') + O(f(r) ).
Now we calculate the number of grid points belonging to B”. According to
Definition 17 of the 3D sets W; and W/, and by using O(r?) as a trivial estimation
for the volume of the 3D set defined by
{(z,y,2) : (wyy) €r-S A ax>|r tmew| A z<al },
it follows that

7 & max]—1
wi(B') =Y (wol(Ws) — vl () + O()

(=[r T min |

7 & max]—1 7 & max]—1
= > wl(Wi)— > wol(W])+O(F)
1=[r T min | 1=[r T min |
7 & max]—1 7 & max]—1
= D> G+ =) A(r-S)E) = D vl (W) +0()
i:[rm‘m,n] i:rT'l'mzn-l

(by using Lemata 16 and 18, it follows)

7 & max]—1

= > (4D =) (pool(r-9)()

1=[r T min |

_% oo(L(r - S,1)) + O (f(r)))

7 & max]—1

- > NO,O(L(T~S,i))~((i—i—l)p—ii’_g.ip—l) L 00”)

(=[r T min |

7 & max]—1

= Y (G =) (pool(r - 8)(0) = poo(L(r-8,1) +0 (f(r)))

1=[r T min |



7 & max]—1
1
= X gmolLlr S ) (41 = —p T O ()
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- > 5 Hoo(L(r-8,9) -0 (F77) + O (17)

1=[r T min |
= po,0,0(B")+ 0O (- f(r))
Note that for a fixed integer ¢, with 7 - @ <@ <7 Zpae, 1t holds that
(0 +1)F =) - (po,0((r - S)(E) = po,0(L(r - 5,1)))
equals the number of grid points belonging to W;, and consequently

7 & max]—1

Do (4D =) (oo 8)(0) = o o(poo(L(r - 5.0)))

(=[r T min |

equals the number of grid points inside of B”.
The sum of pgoo(B’) and pg,0,0(B”) is the number of grid points in B.
Together with the already derived expression for po o o(B’) , we have

fip,0(r - S) = po,0,0(B) = pto,0,0(B’) + po,0,0(B")
=vol(B' Y+ O - f(r)) + wol(B") + O@FF-f(r)
=wvol(B) + O -f(r)) = mpo(r-S) + OFF-f(r)). O

It remains to estimate pp (7 - .S) , where p,¢ > 0. The next definition and
lemma are some analogons to Definition 14 and Lemma 16, respectively.

Definition 20. For a planar set S, given integers k, p, ¢, and a real number

r, the set (r-S)(k,p,q) is defined to be
(r-S)(k,pq) ={(z,y) : (x,y) €(r-S) AP y? >k} .

Consequently, D((r - S)(k,p, ¢)) is the set of grid points in the digitization of
r- S lying in the closed part of the plane determined by zf - y? > k.



Lemma 21. For a planar conver set S in a closed subclass C of family Fy,y ,
and for given integers k,p,q, the discrete (0,0)-moment of the set (r-S)(k,p, q)
can be expressed as

uool((r-S)(p, g, k) = A((r-S)(p,¢, k) + O (max{f(r)’ PiT .(]Ogr)%}) )

Proof. Since the boundary of (r-S)(p, ¢, k) consists of a finite number of C3-arcs
the statement follows. Namely, if there is a straight section on the boundary of S

then f(r) = O(r) = max{f(r), Pt (log r)%}, else, the strongest result which
can be used (up to now) is

O (e f, -5 #) =0 15 o) o

Lemma 22. Let S be a conver set in Fy(,y. Then the following asymptotical
expression holds,

pnalr-5) = [ [ 2 ypdndy+.0 (40 (max{s0), ¥ - (o #}))

Proof. Note that up, o(r - S) is equal to the number of grid points belonging to
the 3D set E given by

E={(z,y,2) : (z,y)€r-SANO<z2<2l 4y} = F U E’
where E' and E'" are defined as follows:
E'={(z,y,2) : (z,y) €r-S A O0<2z< T 2z}

and
E'={(z,y,2) : (wy)€r-S NPTz, <z <afyl},

where z,;, 1s defined to be

Zmin = min{ z : z2=af - y? A (z,y) €S }.
Analogously, z,4, 1s defined to be

Zmaw = max{z : z=af - y? A (z,y) €S }.

First, consider the number of grid points belonging to the set E’. From Equ. (1)
it follows that

pro,00(E") = ([r7+7 - zpnin] = 1) - (A(r - S) + O (f(r)))
=wol(E") — Pt . 20, - A(r - S)
F([rPF zmin] = 1) - (A(r-S) 4+ O(f(r)))

=wol(E")+ A(r - S) - ([rp-l_q < Zmin] — P9 me) +0 (rp-l—q : f(r)) .



A(r-S) = O(?*) and p+g¢ > 2 have been used in this derivation. Now,
let us calculate the number of grid points belonging to set E”. What follows is
a definition of 3D-sets w; and w! , for @ = [PPT7 -z, [PPT7 - 2pin] +
Lo (PP 2pan |

wi = {(z,y,2) : (wmyy)€r-S AP -y >i ANi<z<min{z? y? i+1}}

wi = {(z,y,2) s (myy)er-SAi<al gy <i+l1 A2l yi<z<i+1}.

Now, we can estimate the volume of E”. By using (r?) as a trivial upper
bound for the volume of

{(z,y,2) : (myy)€r-S Aal -y < [rp+q~zmm] Axf oyl <2< [rp+q~zmm]}
1t holds that
vol (E")

|_7‘p+q'2mazJ
_ Z vol(w;) + ([rp+q Zmin| — PPta . me) CA(r - S) + (’)(r2)

1=[rPFa .z,

|_rp+q Fmaz)

= Y. (A((r-9)(p.q) — vol(w}))

i1=[rPta.z,,,,]

+ ([PPF - zpin] = P9 2) - A(r - S) + O(r?)

(PP 2 s | PP+ 2 s |
= > Alr-9)pg) - > vol(w))
i:f“’ﬂ"zmzﬂ i:[rp+q.zmln'|

+ ([P 2] = PP zin) - A(r - S) + O(r?)

|_7‘p+q'2mazJ
note that Z vol(w}) < r?- A(S) because the projections of

1=[rPFa -z,55,]

w, onto the xy-plane belong to r - S)

|_rp+q 'Zmaa:J
47

= > (NO,O((T S)lpa)) +0 ((max{f(r)’ i (logr) })))

1=[rPFa .z,

+ ([P 2pin ] — PP 20 - A(r - S) + O(r7)



_ ﬂo,o,o(E”) + ({rp+q . me] _ yppta. me) ~A(r . S)

+ O (rp+q . (max{f(?“), PiT (logr)%}))
Thus,

/Joyoyo(E”) = wol(E") - ([rp‘l'q Zmin | — rPte. zmm) “A(r - S)

+ 0 (rp+q ~max{f(r), PiT ~(logr)%}) .
The proof of the lemma is finished by adding g 0,0(E’) and po,00(E") :
fp,q(r-S) = pooo(E) +  pooo(E”)
= wol(E")+ A(r-95) - ([rp‘l'q Zmin] — P9 zmm)
+0 (rp+q ~max{f(r), PIT (logr)%})

+ wol(E") — ([rp'l'q Zmin | — PPre . zmm) ~A(r - S)

+ 0 (rp+q ~max{f(7°), PiT (logr)%})

el

|

— wl(E) + © (rp+q ~max{f(7°), P (logr) 7 })

= myg(r-5) + O(Tp+q~max{f(r), r%~(logr)%}). O

The errors in estimating real moments m, o(r - S) by their discrete analogs
Up g(r - S) are derived separately depending upon whether both p and ¢ are
strictly positive or not. It turns out that in both cases the error terms can be

upper bounded by

(@) (rp'l'q ~max{f(r), T (logr)%}) )

The next lemma describes the efficiency in calculating real moments of an arbi-

trary order from the corresponding digital sets.

Lemma 23. Assume a conver set S in Fy(,y. Then my o(S) can be estimated by

1
rrarz Hpal(rS)

within an error of

max{f(r), Pt (logr)%}

2

0

r



Proof. 1t holds that

1
myq(S) — ptat? “Hp,q(r - 5)

i
+ O (rp'l'q ~max{f(r), It (logr)%}))

1 max{f(r), r%~(logr)%}
= malS) - W'//xp'yqd”y + 0 ;

r
r-S

2

= mype(S) — mpy(S) + O (Hlax{f(r), r%.(]ogr)%})
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