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ABSTRACT

In this paper we analyze a speci�c problem within the context of recovering the geometric shape of an unknown

surface frommultiple noisy shading patterns generated by consecutive parallel illuminations by di�erent light-sources.

Shading-based single-view shape recovery in computer vision often leads to vector �elds (i.e. estimated surface

normals) which have to be integrated for calculations of height or depth maps. We present an algorithm for enforcing

the integrability condition of a given non-integrable vector �eld which ensures a global suboptimal solution by local

optimizations. The scheme in question relies neither on a priori knowledge of boundary conditions nor on other

global constraints imposed on the so-far derived noise contaminated gradient integration techniques. The discussion

is supplemented by examples illustrating algorithm performance.

Keywords: Integrability, Photometric Stereo Method, vector �elds, surface normals, surface integration, height

map.

1. INTRODUCTION

A monochrome picture of a smooth object surface typically exhibits brightness variation or shading. Of interest to

researchers in computer vision has been the problem of how object shape may be extracted from image shading.

It has been shown in Subsection 10.10 in Horn10 that this shape-from-shading problem corresponds to solving a

�rst-order partial di�erential equation. Speci�cally, one seeks a surface function u, representing the depth map (i.e.

the distances between the focal point of the camera and surface points) in the direction of the z�axis, satisfying the

so-called image irradiance equation. In the case of a Lambertian surface (a perfect light di�user), illuminated from

direction (p1; p2; p3), the image irradiance equation takes the special form

p1ux(x; y) + p2uy(x; y) � p3p
p21 + p22 + p23

q
u2x(x; y) + u2y(x; y) + 1

� �(x; y) = E(x; y) (1)

over a compact image domain 
. Here E is an image intensity formed by orthographic projection of light onto a plane

parallel to the xy-plane de�ned on an image domain 
, and � denotes the surface albedo. In practice the irradiance

values E are degraded by measurement errors, see Schl�uns.25 The unknown surface S is the graph of function

u. This corresponds to an assumption that the surface S is visible with respect to the given camera position. In
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shading-based shape recovery it is only reasonable to try to determine the surface function u up to shape preserving

translations u + c (relative depth values), in contrast to multiple-view situations which may allow to reconstruct

absolute depth values. A single image shape-from-shading problem (with no additional constraints) constitutes, in

general, an ill-posed problem. For this we refer to Brooks and Chojnacki,4 Brooks, Chojnacki, and Kozera,2,3,1 Deift

and Sylvester,5 Dupuis and Oliensis,6,7 Kimmel and Bruckstein,12 Chapter 7 in Klette, Schl�uns, and Koschan,14

Kozera,16{18 Oliensis,21 Onn and Bruckstein22 and Rouy and Tourin.23

In contrast to single image shape-from-shading, the shape of a Lambertian surface is uniquely/generically uniquely

determined by a triplet/pair of images. Related shape recovery techniques in computer vision are called three/two

source Photometric Stereo Methods (2S PSM or 3S PSM). Di�erent shading patterns are obtained by consecutive

illuminations of a given surface from three/two di�erent light-sources, see Subsection 10.16 in Horn,10 Chapter 8

in Klette, Schl�uns, and Koschan,14 Kozera,16,17 Onn and Bruckstein,22 and Woodham.27 The three/two source

Photometric Stereo Method, for a Lambertian surface, is modelled by the following system of �rst-order non-linear

PDE's:
pi1ux(x; y) + pi2uy(x; y) � pi3p

p2i1 + p2i2 + p2i3

q
u2x(x; y) + u2y(x; y) + 1

� �(x; y) = Ei(x; y); (i = 1; 2; 3 or i = 1; 2) (2)

de�ned over an intersection of three/two image domains. Here, for each i as speci�ed above, the corresponding vector

(pi1; pi2; pi3) represents a direction vector to a light source. The albedo varies in general for di�erent (x; y) positions,

but remains constant for the di�erent images i = 1; 2; 3 or i = 1; 2.

As it turns out the entire shape reconstruction process can often be decomposed into two independent steps:

gradient computation (an algebraic step) and gradient integration (an analytic step). It can be shown that Photometric

Stereo Methods allow that the gradient ~vgrad = (ux; uy) can be uniquely/generically uniquely expressed in terms

of three/two images and light-source directions, see Subsection 10.16 in Horn,10 Chapter 8 in Klette, Schl�uns, and

Koschan,14 Kozera,16,17 Onn and Bruckstein,22 and Woodham.27 Practically, non-uniform albedo, non-Lambertian

reectance (existence of highlights or of a mirroring component), and the presence of di�erent types of shadows are

the most critical problems. Several sections in Klette, Schl�uns, and Koschan14 discuss ways of albedo-independent

shape recovery, for the problem of eliminating highlights see e.g. Schl�uns and Teschner,24 and the presence of shadows

is discussed in Schl�uns.26

Subject to integrability conditions a given vector �eld can be subsequently integrated. In the case of a surface

function u 2 C2(
) and 
 being simply connected, the integrability condition reads as

uxy(x; y) = uyx(x; y): (3)

In the case of a surface function u 2 C1(
), 
 connected and l � 
 being a loop, the corresponding integrability

condition is Z
l

uxdx+ uydy = 0: (4)

The reconstructed surface S coincides then with the graph of the surface function u which is de�ned, up to a constant,

by

u(x; y) = u(x0; y0) +

Z


uxdx+ uydy; (5)

with  � 
 being an arbitrary path connecting a starting point (x0; y0) 2 
 with an end point (x; y) 2 
.

In this paper, we present a simple geometric global algorithm (we call it the Lawn-Mowing Algorithm for obvious

reasons) which globally corrects a given, integrable or non-integrable vector �eld

~v(x; y) = (v1(x; y); v2(x; y)):

For testing this algorithm we study a non-integrable vector �eld derived from a genuine gradient vector �eld sub-

sequently contaminated by noise. This corresponds to situations in image acquisition, where each captured image

Ei(x; y) is inuenced by the presence of camera noise and further measurement errors.25

The techniques developed so-far for integrating a vector �eld ~v(x; y) are based on �nding a surface function that

best �ts a given imperfect needle diagram, i.e. a vector �eld ~v(x; y) subject to some additional constraints. Klette



and Schl�uns13 provide a review of integration techniques as suggested in computer vision, and propose experimental

evaluation approaches for testing such techniques. Basically, there are two di�erent categories of approaches, local

path integration techniques following (5) such as Healey and Jain,9 Luo and Schl�uns,19 and Wu and Li,28 or global

optimisation techniques incorporating the integrability condition (3) as well as further global constraints. Horn

proposes a global method, see [10, Subsections 11.7-11.8] or [11], that relies on minimizingdi�erent best �t functionals.

For example, one of Horn's variants minimizes the following functionalZ



((ux(x; y)� v1(x; y))
2 + (uy(x; y) � v2(x; y))

2)d
 (6)

whose Euler-Lagrange equation, is the speci�c Poisson equation 4u = f . The problem with this is the necessity

to provide additional boundary conditions. Such a constraint contravenes somehow the main premise favoring the

Photometric Stereo Method as an alternative to single image shape from shading. The latter with no boundary

conditions, as opposed to the Photometric Stereo Method, is generically ill-posed. In addition, resorting to calculus

of variations increases the order of the PDE in question. This in turn, seems to be not natural and not advantageous

from the point of view of numerical discretization of di�erential operators. Another global minimization variant was

introduced by Frankot and Chellappa,8 where the projection to the closest function eu expanded by Fourier series is

used. A related integration algorithm is detailed in Klette, Schl�uns and Koschan.14 Both the local as well as the

global techniques produce incorrect results for surfaces with a large variance in depth, and both are very sensitive to

noise.13 The Frankot-Chellappa method may be the best choice so far. However, a de�ciency of this method comes

from the implicit requirement that eu be periodic.

This paper presents an algorithm which combines, local adaptation with global optimisation. The algorithm

is oriented towards correcting a non-integrable vector �eld ~v prior to gradient integration. For the new algorithm

neither a priori boundary nor periodicity constraints are assumed. The proposed scheme is based on least-square

optimization directly applied to the contaminated vector �eld ~v(x; y), with no recourse whatsoever to variational

calculus. A discrete image domain 
 (i.e. a homogeneously two-dimensional cellular complex as discussed by Klette

and Kovalevsky15) is �rst decomposed into a family of translated subsquares fSQtgt2T intersecting along common

boundaries. The suboptimal solution is then determined by �nding an optimal solution over each 
�partitioning

subsquare. We start with the bottom-left subsquare and scan the whole domain 
 along the horizontal direction.

Consequently, the proposed Lawn-Mowing Algorithm, is sequential and obeys a straightforward principle. Namely,

upon correcting the values of ~v to ~̂v over a particular SQi, the SQi gradient boundary values are inherited by

adjacent subsquares for which the Lawn-Mowing Algorithm has not been applied so-far. The following discussion

is supplemented by a number of (initial) illustrative examples, pictures and pertinent experimental results. In the

future the new algorthm should be studied in combining and comparing it with existing integration techniques,

especially for real images. In this short note we stay with synthetic examples.

2. PRELIMINARIES

We �rst recall some classical results and notations used in linear algebra which will be invoked later in this paper.

Let L : IRn ! IR
m be a linear operator (represented by a matrix) with n > m. Given L(~v) 6= ~u, for some ~v 2 IR

n and

~u 2 IR
m, the task is to �nd the closest ~̂v 2 IR

n such that L(~̂v) = ~u. It is well-known in linear algebra that k~v � ~̂vk is

minimized by the orthogonal projection of ~v on the a�ne subspace (see Fig. 1)

AL = f~va 2 IR
n : ~va = ~vs +

kX
i=1

�i ~fig ;

where vectors f~f1; ~f2; : : : ; ~fkg span Ker(L) � IR
n, the kernel of L, and ~vs forms a particular solution to the problem

L(~x) = ~u, where ~u 2 IR
m.

We assume here that Ker(L) 6= f~0g. The explicit formula for ~̂v = ~vs +
Pk

i=1 �̂i
~fi can be found by noting that

~v � ~̂v ? ~fj , for each j 2 [1; 2; : : : ; k], which leads ultimately to the following k � k-linear system:

kX
i=1

�̂i < ~fij~fj > = < ~v � ~vsj~fj > ; (7)



f2

f1

v

v
∧

e1

e2

e3

vs

A L

→

→

Figure 1. The best integrable �t ~̂v to the inconsistent vector �eld ~v forms an orthogonal projection of ~v onto an

a�ne subspace AL.

which in principle be solved by Gaussian elimination. An alternative would be to apply the pseudoinverse matrix

technique. In doing so the following lemma can be proved:

Lemma 2.1. The vector ~v � ~̂v is orthogonal to Ker(L) if and only if there exists ~w 2 IR
m such that ~v� ~̂v = LT (~w).

The proof is here omitted. If we additionally assume that L has maximal Rank(L) = m it is clear that LLT :

IR
m
! IR

m is non-singular. Otherwise, there would exist a vector ~x 6= ~0 in IR
m such that LLT (~x) = 0, and therefore

< LLT (~x); ~x > = 0. Furthermore, 0 = < LLT (~x); ~x > = < LT (~x); LT (~x) > implies that LT (~x) = 0 and as

m = Rank(L) = Rank(LT ) we arrive at ~x = ~0, a contradiction.

Consequently, since (LLT )�1 is well-de�ned and as L(~v) = ~u, there exists a unique vector ~w such that ~v � ~̂v =

LT (~w). In order to �nd ~w note that

~v � ~̂v = LT (~w) ;

L(~v)� L(~̂v) = LLT (~w) ;

L(~v) � ~u = LLT (~w) ;

~w = (LLT )�1(L(~v)� ~u) :

(8)

With this in mind the corrected vector ~̂v stands as

~̂v = ~v � LT (LLT )�1(L(~v)� ~u) : (9)

The transformation Lps : IRm ! IR
n, where Lps = LT (LLT )�1, is usually called pseudoinverse of L. It should

be emphasized, however, that in speci�c applications, taking into account the computational cost, it might be

more e�cient to solve directly L(~v) � ~u = LLT (~w) and then substitute for ~̂v = ~v � LT (~w) instead of �nding the

pseudoinverse matrix Lps. Indeed, theoretically Photometric Stereo Methods may also lead to situations where the

direct application of pseudoinverses is practically impossible due to the size of matrices involved - about 70 Gbyte

RAM (for more details see Noakes and Kozera20).

The main premise favoring the use of our Lawn-Mowing Algorithm refers to the computational di�culty which

arises in a corresponding global optimization problem. We show that the integrability condition (4) transformed

into its discrete analogue (11) yields, over a discrete image domain 
, a large system of linear equations in many

unknowns. Solving such a system in the least-square sense (see above) constitutes a formidable computational task.
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Figure 2. Covering a square image domain 
 by a family fSQ23
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ij

consists of 24 atomic squares.

Dividing such a task into local and thus computationally tractable subproblems constitutes a major motivation

justifying the derivation of the Lawn-Moving Algorithm. The annotated experimental results which are presented in

Section 4, fully support the above expectations and conjectures.

3. THE LAWN-MOWING ALGORITHM

This section introduces the Lawn-Mowing Algorithm designed to correct a given non-integrable vector �eld ~v into an

integrable vector �eld ~̂vLM 2 AL \close" to ~̂v. It only determines a global suboptimal solution. As already mentioned

in Section 1, we partition an image domain 
 into translated subdomains and then compute the best local �t to the

inconsistent vector �eld separately over each image subdomain.

Assume that (k; l) 2 IN� IN is a �xed tuple with k < l. We divide 
 = [0; 1]� [0; 1] into 22l atomic subsquares of

the form

Sliqjg = [(ig � 1)=2l; ig=2
l]� [(jg � 1)=2l; jg=2

l]

for 1 � ig ; jg � 2l. In order to decrease the computational cost of a global minimization procedure outlined in the

previous section (with k = l), we decompose 
 into a family of smaller subsquares each comprising of 22k atomic

subsquares Sliqjg . Each subsquare has the form

SQkl
ij = [(i� 1)2k�l; i2k�l]� [(j � 1)2k�l; j2k�l];

where 1 � i; j � 2l�k. The case when l = 3 and k = 2 is shown in Fig. 2.

>From now on we con�ne our analysis to each SQkl
ij having 22k atomic squares. Abbreviated we call it Sk in

the sequel. We also consider a local Cartesian coordinate system embedded in each subsquare Sk and thus a grid of

indexed points (vertices of atomic squares) (i; j), where 0 � i; j � 2k.

The unknown surface function u is considered to be indexed accordingly, i.e. u
j
i denotes its value at point (i; j).

For �x = �y = 1=2k+1, central-di�erence approximations of derivatives are de�ned as

vx[i; j] =
u
j
i+1 � u

j
i

2k
and vy[i; j] =

u
j+1
i � u

j
i

2k
(10)

for each side of a subsquare in x and y directions, respectively whether the side is horizontal or vertical. The case

for k = 1 is illustrated in Fig. 3.

Note that the y-component of the path integration formula (4), i.e.
R

uydy vanishes along each horizontal line

(as then _1(t) = 0). Similarly the x-component of the path integration formula (4), i.e.
R

uxdx vanishes along each



Z0
2

Z0
1

Z0
0

Z1
2

Z1
1

Z1
0

Z2
2

Z2
1

Z2
0

X

X

X

Vx 0, 2[ ]

Vx 0,1[ ]

Vx 0,0[ ]

X

X

X

Vx 1, 2[ ]

Vx 1,1[ ]

Vx 1,0[ ]

Z0
2

Z0
1

Z0
0

Z1
2

Z1
1

Z1
0

Z2
2

Z2
1

Z2
0

X

X XX

X X

Vy 0,1[ ]

Vy 0,0[ ]

Vy 1,1[ ]

Vy 1,0[ ]

Vy 2,1[ ]

Vy 2,0[ ]

(a) (b)

Figure 3. Central di�erence derivative approximations (when k = 1): (a) for ux and (b) for uy.

vertical line (as then _2(t) = 0). Thus along horizontal lines we consider only ux derivatives and along vertical lines

only uy derivatives, accordingly. Consequently, along each atomic subsquare, the integrability condition (4) (modulo

truncation error assumed to be dominated by noise errors) translates into a simple geometrical form

vx[i; j] + vy[i+ 1; j]� vx[i; j + 1]� vy[i; j] = 0: (11)

The latter holds (modulo truncation error) for any integrable vector �eld.

Reconstructed vector �elds using shading-based shape recovery techniques are noisy. For modelling noisy vector

�elds on synthetic surface functions, we add Gaussian noise, with zero mean and a selected standard deviation, to

each vx[i; j] and to each vy[i; j], independently. In general, for real as well as for synthetic surfaces, the problem is to

reconstruct a surface function u from 2k+1(2k + 1) noise contaminated di�erences. In order to introduce our global

Lawn-Mowing Algorithm we consider �rst four separate cases with di�erent a priori constraints imposed on Sk. The

next four subsections discuss each case in question.

3.1. Subsquare Grid with no Constraints

In this case we assume that no Sk�boundary constraints have been given. We assign to the non-integrable vector

�eld ~vh = (vx[i; j]; vy[i; j]) in total 2k+1(2k + 1) free variables ~vz corresponding to the unknown corrected values of

the integrable vector �eld ~̂vh. More speci�cally, for ux[i; j] we have 2
k(2k + 1) free variables

x1 = vx[0; 0]; : : :; x2k = vx[2
k
� 1; 0]; x2k+1 = vx[0; 1]; : : : ; x22k = vx[2

k
� 1; 1];

x22k = vx[0; 2
k]; : : : ; x2k(2k+1) = vx[2

k
� 1; 2k]:

Analogously, for uy[i; j] we have 2
k(2k + 1) variables

y1 = vy[0; 0]; : : :; y2k = vy[0; 2
k
� 1]; y2k+1 = vy[1; 0]; : : : ; y2k = vy[1; 2

k
� 1];

y22k = vy[2
k; 0]; : : : ; y2k(2k+1) = vy[2

k; 2k � 1]:

Applying 22k integrability constraints (11) (along each atomic square) we arrive at a homogeneous system of 22k

linear equations in 2k+1(2k + 1) unknowns. Using notation from Section 2 this system can be treated as

Lh
k(~vz) = ~uh for Lh

k(~vh) 6= ~uh;where ~vz; ~vh 2 IR
2k+1(2k+1);~0 = ~uh 2 IR

22k

and

Lh
k : IR2

k+1(2k+1)
! IR

22k

is a linear operator. Note that for n = 2k+1(2k + 1) and m = 22k condition n > m holds. It holds Rank(Lh
k) = m.

Consequently, ~̂vh can be found as shown in Section 2. Note that as k increases the dimensions of both linear spaces

IR
m and IR

n grow exponentially making the computational task not feasible. For that reason the global optimization

algorithm has been abandoned and a suboptimal approach is alternatively proposed. More precisely, the original
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Figure 4. Subsquare grids with (a) no constraints, (b) left constraints, (c) bottom constraints, and (d) left and

bottom constraints, for k = 1.

l�resolution problem is reduced to a collection of computationally tractable k�resolution problems, for k < l. { In

the case of k = 1 (see also Fig. 4a) we have Lh
1 (~vz) = ~uh, where L

h
1 : IR12 ! IR

4 is de�ned as

Lh
1 =

0
BB@

1 0 �1 0 0 0 �1 0 1 0 0 0

0 1 0 �1 0 0 0 0 �1 0 1 0

0 0 1 0 �1 0 0 �1 0 1 0 0

0 0 0 1 0 �1 0 0 0 �1 0 1

1
CCA ;

~vz = (x1; x2; x3; x4; x5; x6; y1; y2; y3; y4; y5; y6) and ~uh = (0; 0; 0; 0) 2 IR
4. Analogously, for any 1 < k < l one can

�nd an explicit formula for Lh
k. For example, for k = 2 an explicit formula determining Lh

2 : IR40 ! IR
16 can still

be quickly established by hand. It is evident, however, that �nding the matrix Lh
k (for k > 2) consitutes a more

laborious task and soon requires the use of a computer.

3.2. Subsquare Grid with Left Constraints

In this case we assume that left Sk�boundary constraints are given. Following the notation from the previous

subsection the variables y1 = vy[0; 0]; : : : ; y2k = vy[0; 2
k � 1] are assumed to be already assigned to the speci�c

corrected values, namely, y1 = y01; y2 = y02; : : : ; y2k = y0
2k
. Note that the noisy vector �eld ~vl has now a lower

dimension. Indeed, a simple inspection shows that upon using 22k integrability constraints (11) (along each atomic

square) we arrive at an inhomogeneous system of 22k linear equations in 2k+1(2k+1)�2k = 2k(2k+1+1) unknowns.

Applying the notation from Section 2 this system can be treated as Ll
k(~vz) = ~ul, for L

l
k(~vl) 6= ~ul, where

~vz; ~vl 2 IR
2k(2k+1+1); ~0 6= ~ul 2 IR

22k and Ll
k : IR

2k(2k+1+1)
! IR

22k

is a linear operator. Note that for n = 2k(2k+1 + 1) and m = 22k the condition n > m holds. As in the previous

subsection it is Rank(Ll
k) = m. Consequently, ~̂vl can be found as shown in Section 2. { In the case of k = 1 (see

also Fig. 4b) we have Ll
1(~vz) = ~ul, where L

l
1 : IR

10
! IR

4 is de�ned as

Ll
1 =

0
BB@

1 0 �1 0 0 0 1 0 0 0

0 1 0 �1 0 0 �1 0 1 0

0 0 1 0 �1 0 0 1 0 0

0 0 0 1 0 �1 0 �1 0 1

1
CCA ;

~vz = (x1; x2; x3; x4; x5; x6; y3; y4; y5; y6), and ~ul = (y01 ; 0; y
0
2; 0). Similarly to the last subsection the other matrices

Ll
k, for k � 2, can be determined with the aid of a computer.



(c) (d)

(a) (b)

S21
13S11

13

S12
13 S22

13

Figure 5. A global suboptimal Lawn-Mowing Algorithm applied for k = 1 and l = 3.

3.3. Subsquare Grid with Bottom Constraints

In this case we assume that bottom Sk�boundary constraints are given. Similarly to the convention introduced in

Subsection 3.2 the variables x1 = vx[0; 0]; : : :; x2k = vx[2
k � 1; 0] are assumed now to be already assigned to the

\corrected values", namely, x1 = x01; x2 = x02; : : : ; x2k = x0
2k
. Similarly to the previous subsection the noisy vector

�eld ~vb has now a lower dimension. It is evident that 22k integrability constraints (11) lead to an inhomogeneous

system of 22k linear equations in 2k+1(2k+1)� 2k = 2k(2k+1+1) unknowns. Using the notation from Section 2 this

system can be treated as Lb
k(~vz) = ~ub, for L

b
k(~vb) 6= ~ub, where

~vz; ~vb 2 IR
2k(2k+1+1); ~0 6= ~ub 2 IR

22k and Lb
k : IR

2k(2k+1+1)
! IR

22k

is a linear operator. It it easy to verify that Rank(Lb
k) = m. Consequently, ~̂vb can be found as shown in Section 2.

{ In the case of k = 1 (see also Fig. 4c) we have Lb
1(~vz) = ~ub, where L

b
1 : IR

10
! IR

4 is de�ned as

Lb
1 =

0
BB@

�1 0 0 0 �1 0 1 0 0 0

0 �1 0 0 0 0 �1 0 1 0

1 0 �1 0 0 �1 0 1 0 0

0 1 0 �1 0 0 0 �1 0 1

1
CCA ;

~vz = (x3; x4; x5; x6; y1; y2; y3; y4; y5; y6) and ~ub = (�x01;�x
0
2; 0; 0). Matrices Lb

k, for k � 2, as in the previous sections,

can be determined.

3.4. Subsquare Grid with Left and Bottom Constraints

Finally, we assume that left and bottom Sk�boundary constraints are provided. Following the notation from Subsec-

tion 3.1 the variables y1 = vy[0; 0]; : : :; y2k = vy[0; 2
k�1] are assigned to y1 = y01 ; y2 = y02; : : : ; y2k = y0

2k
and variables

x1 = vx[0; 0]; : : : ; x2k = vx[2
k � 1; 0] are assigned to x1 = x01; x2 = x02; : : : ; x2k = x0

2k
. Clearly, by using 22k integra-

bility constraints (11) we arrive at an inhomogeneous system of 22k linear equations in 2k+1(2k + 1)� 2k+1 = 22k+1

unknowns. Using notation from Section 2 this system can be treated as Llb
k (~vz) = ~ulb, for L

lb
k (~vlb) 6= ~ulb, where

~vz; ~vlb 2 IR
22k+1 ; ~0 6= ~ulb 2 IR

22k and the mapping Llb
k : IR2

2k+1

! IR
22k



is a linear operator. One can easily show that Rank(Llb
k ) = m. Consequently, ~̂vlb can be found as shown in Section

2. { In the case of k = 1 (see also Fig. 4d) we have Llb
1 (~vz) = ~ulb, where L

lb
1 : IR8 ! IR

4 is de�ned as

Llb
1 =

0
BB@

�1 0 0 0 1 0 0 0

0 �1 0 0 �1 0 1 0

1 0 �1 0 0 1 0 0

0 1 0 �1 0 �1 0 1

1
CCA ;

~vz = (x3; x4; x5; x6; y3; y4; y5; y6), and ~ulb = (�x01 + y01 ;�x
0
2; y

0
2; 0). Matrices Llb

k , for k � 2, as in the previous cases

can be found.

3.5. Global Suboptimal Lawn-Mowing Algorithm

In this subsection we present a global suboptimal Lawn-Mowing Algorithm by gathering together the so-far discussed

cases. We assume that (k; l) 2 IN � IN satisfy k < l. The Lawn-Mowing Algorithm can be summarised as follows:

� We start with the left bottom subsquare and apply the least-square optimization algorithm with no constraints

over SQkl
11 (see Subsection 3.1). The computed best �t values of ~̂v over SQkl

11 provide the left boundary

conditions to the next subsquare SQkl
21 (see Fig. 5a, where l = 3 and k = 1).

� We apply now the least-square optimization algorithm with left constraints (see Subsection 3.2) over SQkl
21 (see

Fig. 5b). This step is repeated until the last subsquare in the �rst row, i.e. the subsquare SQkl
2l�k1

, is reached

and the optimization algorithm with left constraints is performed over SQkl
2l�k1

.

� In the sequel, we pass to the second row and apply the least-square optimization algorithm with the bottom

constraints inherited from SQkl
11 (see Subsection 3.3) over the most left subsquare SQkl

12 (see Fig. 5c). Computed

values of ~̂v provide the left boundary conditions to the next subsquare SQkl
22. The latter also inherits bottom

boundary conditions from the subsquare SQkl
21. Therefore the least-square optimization algorithm with left

and bottom constraints (see Subsection 3.4) over SQkl
22 (see Fig. 5d) is now applied. The latter step is repeated

up until the last subsquare in the second row, i.e. the subsquare SQkl
2l�k2

, is reached and the optimization

algorithm with left and bottom constraints is applied.

� The entire procedure is continued over each row until the right top subsqaure SQkl
2l�k2l�k

is optimized. The

compositions of all local optimal solutions constitute a global suboptimal corrected vector �eld ~̂vLM .

The integrable vector �eld ~̂vLM rendered by the Lawn-Mowing Algorithm usually does not coincide with the closest

integrable vector �eld ~̂v to ~v. In Section 4 it is shown that this algorithm still produces a very good initial estimate

of ~̂v, at least in the examples considered.
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Figure 6. (a) A graph of a surface function u(x; y) = x2+3xy+2y2 forming a test surface for shape reconstruction.

The reconstructed surface (for k = l = 4) computed from (b) a contaminated gradient vector �eld ~v, and (c) a

recti�ed vector �eld ~̂v via a global least-square optimization algorithm.



4. EXPERIMENTATION AND CONCLUSIONS

We briey outline the performance of the introduced algorithm. The test programs were run in Mathematica on

a PC 233MHz Pentium 2 with 64Mb RAM. In evaluating the Lawn-Mowing Algorithm one global least-square

optimization algorithm is performed (when k = l) as well as essential cases with k < l. Of course, the case k = l

is only possible for small test grids. In practice the global optimum is found by some more costly method, such as

Leap-Frog Algorithm (see Noakes and Kozera20). In doing so the Gaussian noise was added (with a mean set to

zero and a standard deviation set to 0:04) to the consistent gradient vector �eld (ux; uy) obtained from the surface

function u : [0; 1]� [0; 1]! [0; 6] de�ned as u(x; y) = x2 + 3xy + 2y2. The graph of u is shown in Fig. 6a.

Upon using a standard trapezoidal integration scheme applied to the contaminated vector �eld ~v(x; y) the surface

~vgrad = (x; y; uc(x; y)) is �rst reconstructed (see Fig. 6b). This result is obviously improved by using a global least-

square optimization algorithm correcting ~v(x; y) and then by integrating analogously ~̂v. The reconstructed surface

(x; y; ur(x; y)) is plotted in Fig. 6c. The absolute errors u � uc and u � ur are plotted in Fig. 7a and Fig. 7b,

accordingly.

The Lawn-Mowing Algorithm was tested for di�erent parameters k and l. The following run-time results have

been obtained:

SQt size k = 1 k = 2 k = 3 k = 4 k = 5

run-time for l = 4 1.07sec. 1.02sec. 4.96sec. 15.74sec. not applicable

run-time for l = 5 3.90sec. 2.38sec. 6.16sec. 65.67sec. 1 out of memory

We close this section by emphasizing the following conclusions and observations:

� Note that for l = 5 the global optimization fails to �nd the solution. With a real image resolution of e.g.

l = 7 > 5 a global optimization will clearly fail accordingly. The Lawn-Mowing Algorithm, applied with k = 3,

alleviates the above \out of memory problem" in run-time performance equal to 31:16 sec << 1.

� The algorithm implemented in a more e�cient language provides much shorter execution times. The tendency

of an improvement, with k < l as opposed to k = l, remains however intact. It should also be noticed that

for k1 < k2 the relationship tlk1 < tlk2 may not always hold. This was experimentally con�rmed for both k1
and k2 being close to one. Clearly, the latter reects the computational trade-o� between the number of local

optimizations to be performed and the dimension of the Sk-space over which the least-square algorithm is

consecutively applied.
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Figure 7. The absolute errors between the ideal surface and the reconstructed one (for k = l = 4) computed from

(a) the contaminated gradient vector �eld, and (b) the recti�ed vector �eld via a global least-square optimization

algorithm.
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Figure 8. The reconstructed surface by using the Lawn-Mowing Algorithm for l = 4 and (a) k = 3, (b) k = 2, and

(c) k = 1:

� Note that the Lawn-MowingAlgorithm (based on least-square optimization) cannot remove the entire noise from

~̂v and thus is unable to retrieve the genuine ~vgrad. First of all it does not produce the global optimum ~̂vLM 6= ~̂v:

Secondly, recall that the omission of the truncation error (treated as negligible) is only a minor contributor to

the above mentioned property. Indeed, as Gaussian noise is added in all directions, any perturbation within the

a�ne subspace AL (comprising integrable vector �elds, modulo truncation error) remains undetectable since

then ~v = ~̂v. The only detectable and removable noise component belongs to the orthogonal complement A?L . In

the case of a homogeneous system, assuming that rank(Lh
k) = m, the ratio of (dim(ker(Lh

k )))=(2
k+1(2k+1))) =

(2k(2k + 2))=(2k+1(2k + 1)) � 0:5 indicates the proportion of the unremovable noise from the total noise

incorporated in a perturbed vector �eld ~v. A similar ratio can be calculated for subsquares SQt with various

boundary constraints.

� the Lawn-Mowing Algorithm �nds a suboptimal solution (but not a local minimum as the least-square has

only one critical point being a global minimum) which still renders a very good surface estimate (see Fig. 8).

A more sophisticated Algorithm which provably computes a global optimum (called 2-D Leap-Frog Algorithm)

is discussed in a paper by Noakes and Kozera.20
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