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Abstract. Let p and q be two points in a simple polygon Π. An open
problem in computational geometry asks to devise a simple linear-time
algorithm for computing a shortest path between p and q, which is con-
tained in Π, such that the algorithm does not depend on a (complicated)
linear-time triangulation algorithm. This report provides a contribution
to the solution of this problem by applying the rubberband algorithm.
The obtained solution has O(n log n) time complexity (where the super-
linear time complexity is only due to preprocessing, i.e. for the calculation
of critical edges) and is, altogether, considerably simpler than the trian-
gulation algorithm. It has applications in 2D pattern recognition, picture
analysis, robotics, and so forth.
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1 Introduction

So far, methods for computing the Euclidean shortest path (ESP) between two
points in a simple polygon, as in [3–5, 11], all rely on starting with a rather com-
plicated, but linear-time triangulation [2] of a simple polygon. In this paper, we
apply a version of a rubberband algorithm to devise a simple O(n log n) algo-
rithm for computing a shortest path between p and q, which is contained in Π,
where n is the number of vertices of Π. Our algorithm starts with a special (say,
horizontal) trapezoidal segmentation of the polygon, which is computationally
not very different to a triangulation, and thus our segmentation can also be seen
as a possible contribution to simplify the triangulation procedure.

The original rubberband algorithm was published in [1] and [6], aiming at an
(approximative) calculation of a minimum-length polygonal path (MLP) con-
tained and complete in a simple cube-curve (subsequent grid cubes of this curve
are face-adjacent) in 3D Euclidean space. Three cubes of such a curve form a
corner if all three are incident with one grid edge (called a critical edge of the
cube-curve). MLP vertices are always located on critical edges [1].

The correctness and actual time-complexity of this original rubberband algo-
rithm remained an open problem for some time. [8] proved that this algorithm is



always correct for some special cases of simple cube-curves. The algorithm was
then slightly corrected in [9], which also allowed to prove that its running time is
always linear for a special class of input curves. Finally, [10] presented two prov-
ably correct and linear-time edge-based or face based rubberband algorithms for
the general case (i.e., arbitrary simple cube-curves). The rubberband algorithm,
as applied in this paper, is a simplified version of the edge-based rubberband
algorithm, and it is presented in Section 3.1.

There is a general option provided by the studied rubberband algorithms:
the basic approach for minimizing a path does not depend upon the specific
geometric shape of grid cubes; it can be applied to a wide variety of 2D or
3D path minimization problems where segmentations into convex subsets are
appropriate. We illustrate this in this brief note for one 2D example only (and
will do for others in forthcoming publications).

In the rest of this paper, Section 2 provides necessary definitions and theo-
rems. Section 3 presents not only our algorithm but also examples and analysis
of time complexity. Section 4 concludes the paper.

2 Basics

We denote by Π = 〈v1, v2, . . . , vn〉 a simple polygon (i.e., a compact polygonal
region) in the 2D Euclidean plane (which is equipped with an xy Cartesian
coordinate system). V = {v1, v2, . . . , vn} is the set of vertices of Π, and ϑΠ =
∪n

i=1{vivi+1} (mod n) is a simple polygonal curve specifying edges forming the
frontier of Π.

For p ∈ R2, let px be the x-coordinate of p. Let s = p1p2, with p1, p2 ∈ ϑΠ
and p1x ≤ p2x . Furthermore, assume that s is parallel to the x-axis, s ⊂ Π, and
there is no v ∈ V \{p1, p2} such that v is between p1 and p2.

Definition 1. If p1 ∈ V (p2 ∈ V ) then we say that s is the right ( left) crit-
ical segment (of Π) with respect to p1 (p2). If p1 = p2 then we say that s is
degenerate. A critical segment is either a left or a right critical segment.

See Figure 1 and Table 1 for examples. – For a critical segment s of Π, let
sy be the y-coordinate of points on s. For a given y, let {s1, s2, . . . , sm} be the

Fig. 1. Critical segments of a simple polygon (see also Table 1).



Vertex Left critical segment Right critical segment

v1 degenerate v1v8

v2 degenerate v2p2

v3 degenerate degenerate

v4 p1v4 v4p4

v5 degenerate v5v6

v6 v5v6 degenerate

v7 p3v7 degenerate

v8 v1v8 degenerate

Table 1. All critical segments of vertices of the simple polygon of Figure 1.

maximal set of critical segments of Π such that siy = si+1y and si ∩ si+1 6= φ,
where i = 1, 2, . . ., m - 1.

Definition 2. The segment ∪m
i=1{si} is a maximal critical segment of Π. If

m > 1 (m = 1) then we say that the segment ∪m
i=1{si} is a non-trivial ( trivial)

maximal critical segment of Π.

In Figure 1, p1p4 is the only non-trivial maximal critical segment of the shown
simple polygon.

Definition 3. Two maximal critical segments s1 and s2 are called adjacent iff
there is no maximal critical segment s3 such that s1y < s3y < s2y or s2y <
s3y < s1y.

In Figure 1, the trivial maximal critical segment v5v6 is adjacent to the triv-
ial maximal critical segment p3v7, but not adjacent to the non-trivial maximal
critical segment p1p4.

Let {s1, s2, . . . , sk} be the set of maximal critical segments of Π. Construct
a weighted tree T as follows: Let T = [V,E], where V = {u1, u2, . . . , uk}, E =
{uiuj : si and sj are adjacent }, and each e ∈ E has a weight equal to 1.

Definition 4. We say that T is a 1-tree of Π (with respect to the given Carte-
sian coordinate system).

Figure 2 shows a 1-tree of a simple polygon, and Figure 4 that of the “non-
trivial” simple polygon which is shown in Figure 3. – Let S = {s1, s2, . . . , sk}
be a subset of the set of all maximal critical segments of Π.

Fig. 2. Left: simple polygon with six maximal critical segments. Right: its 1-tree.



Fig. 3. A “non-trivial” simple polygon Π with its critical segments.

Fig. 4. 1-tree of the simple polygon shown in Figure 3.

Definition 5. S is called a sequence of maximal critical segments of Π iff, for
each i ∈ {1, 2, . . . , k − 1}, si is adjacent to si+1.

If, for each i ∈ {1, 2, . . . , k− 1}, siy < si+1y (siy > si+1y) then S is called an
increasing (decreasing) sequence of maximal critical segments of Π. S is called
a monotonous sequence of maximal critical segments of Π iff it is either an
increasing or a decreasing sequence of maximal critical segments of it. Finally,
S is called an alternate monotonous sequence of maximal critical segments of Π
iff it is a sequence of maximal critical segments of Π, and it is the union of a
finite number of monotonous sequences of maximal critical segments of Π.

In Figure 2 (left), {s1, s2, s3, s4} is an increasing sequence of maximal critical
segments of Π while {s5, s6, s2, s1} is a decreasing sequence of maximal critical
segments. {s3, s2, s6} is an alternate monotonous sequence of maximal critical
segments of Π.



Let S = {s1, s2, s3} be a sequence of maximal critical segments of Π with
s1 6= s3 such that there is no maximal critical segment between s1 and s2 or s3

and s2, and there exist critical segments s∗1 and s∗2 such that s∗1 ⊂ s2 and s∗2 ⊂ s2,
and s∗1 and s1 are two edges of a quadrilateral, as well as s∗2 and s3. (For example,
in Figure 3, {s28, v10v13, s31} is such a sequence of maximal critical segments of
Π, with v10v11, v12v13 ⊂ v10v13; segments v10v11 and s28 are two edges of a
quadrilateral, as well as v12v13 and s31.) For such a sequence S = {s1, s2, s3} we
define the following:

Definition 6. If s1y < s2y and s2y > s3y (s1y > s2y and s2y < s3y) then s2 is
called an upward (downward) maximal critical segment of Π.

Furthermore, s2 is also called a stable maximal critical segment of Π if it is an
upward or downward maximal critical segment of Π; both s∗1 and s∗2 are called
the good critical segments of s2 with respect to Π.

In Figure 2, s2 is the unique downward maximal critical segment of the shown
simple polygon. There is no upward maximal critical segment.

Let p, q ∈ R2 be two points in the simple polygon Π. Let ρ(p, q) be a shortest
path from p to q. Let S = {s1, s2, . . . , sk} be the set of maximal critical segments
of Π such that, for each i ∈ {1, 2, . . . , k}, si ∩ ρ(p, q) 6= φ.

We modify S as follows: if si is a stable maximal critical segment, then replace
si by its good critical segments.

In Figure 3, v4v6 is a stable maximal critical segment. It has two good crit-
ical segments v4v5 and v5v6. Segment v10v13 is another stable maximal critical
segment. It has two good critical segments v10v11 and v12v13.

Definition 7. The modified set S is called a step set of maximal critical seg-
ments of Π with respect to the shortest path ρ(p, q).

For example, in Figure 1, {v2p2, p1v4, v4p4} (obtained by modifying the set
{v2p2, p1p4}) is a step set of maximal critical segments of the simple polygon Π
with respect to the shortest path ρ(v3, v7). As another example, in Figure 3,

(∪12
i=1{si})∪{v4v6}∪ (∪21

i=15{si})∪{v7v9}∪ (∪28
i=24{si})∪{v10v13}∪ (∪37

i=31{si})

is a set of maximal critical segments of Π. It can be modified into a step set

(∪12
i=1{si}) ∪ {s13(= v4v5), s14(= v5v6)}∪ (∪21

i=15{si})∪
{s22(= v7v8), s23(= v8v9)} ∪(∪28

i=24{si})∪
{s29(= v10v11), s30(= v12v13)} ∪(∪37

i=31{si})

Let S be a step set of maximal critical segments of Π with respect to the
shortest path ρ(p, q), and s1 ∈ S. Let de(p, q) be the Euclidean distance between
points p and q.

Lemma 1. If s1 is a downward (upward) maximal critical segment of Π and
s2 is a maximal critical segments of Π such that s1y > s2y (s1y < s2y), then
s2 /∈ S.



Fig. 5. Illustration for the proof of Lemma 1. Left: Case 1. s1 is a downward maximal
critical segment. Right: Case 2. s1 is an upward maximal critical segment.

Proof. The proof is by contradiction. Let {pi, pj} = s1 ∩ ρ(p, q). Suppose that
pk ∈ s2 ∩ ρ(p, q), then de(pi, pj) < de(pi, pk) + de(pk, pj). Therefore, ρ(p, q) is
not a shortest path. (See Figure 5 for an illustration.) ut

By Lemma 1 we have the following theorem:

Theorem 1. If S is a step set of maximal critical segments of Π with respect to
the shortest path ρ(p, q) then S is an alternate monotonous sequence of maximal
critical segments of Π.

This theorem and the following, previously known result are important for
proving that our ESP Algorithm (described in Section 3.4) requires only linear
computation time.

Theorem 2. ([12], Theorem 37) There is a deterministic linear time and linear
space algorithm for the single source shortest path problem for undirected graphs
with positive integer weights.

Let T be a tree and p, q vertices of T .

Corollary 1. There is a deterministic linear time and linear space algorithm to
find the unique path ρ(p, q) ⊂ T .

3 The Algorithms

A simplified 2D rubberband algorithm will be used in the main algorithm de-
scribed in Section 3.4.

3.1 A Simplified Rubberband Algorithm

Let p, q ∈ R2, S = {s1, s2, . . . , sk} be a set of consecutive, pairwise disjoint non-
degenerate critical segments, P = {p1, p2, . . . , pk} such that pi ∈ si, where i =
1, 2, . . ., k (k ≥ 3). Let ρ = 〈p, p1, p2, . . . , pk, q〉 be a polygonal arc that starts
at p, then visits p1, p2, . . ., pk, and finally ends at q.

Rubberband Algorithm

1. Let ε = 10−10 (the accuracy).



2. Compute the length l1 of the path ρ = 〈p, p1, p2, . . . , pk, q〉.
3. Let q1 = p and i = 1.
4. While i < k − 1 do
4.1 Let q3 = pi+1.
4.2 Compute a point q2 ∈ si such that

de(q1, q2) + de(q3, q2) = min{de(q1, q) + de(q3, q) : q ∈ si}

4.3 Update P by replacing pi by q2.
4.4 Let q1 = pi and i = i + 1.
5.1 q3 = q.
5.2 Compute q2 ∈ sk such that

de(q1, q2) + de(q3, q2) = min{de(q1, q) + de(q3, q) : q ∈ sk}

5.3 Update P by replacing pk by q2.
6. Compute the length l2 of the updated path ρ = 〈p, p1, p2, . . . , pk, q〉.
7. Let δ = l1 - l2.
8. If δ > ε, then let l1 = l2 and go to Step 3. Otherwise stop.

The accuracy parameter in Step 1 can be chosen such that maximum possible
numerical accuracy is guaranteed on the given computer.

3.2 Examples

In Figure 6, (upper row, left) shows start and destination points p and q, and
three critical segments s1, s2 and s3. (Upper row, middle) shows the initial points
p1, p2 and p3 which are the centers of s1, s2 and s3, respectively. (Upper row,

Fig. 6. Illustration for the Rubberband Algorithm when the initial points are selected
as centers of critical segments.



Fig. 7. Illustration for the Rubberband Algorithm when the initial points are the left
end points of critical segments.

right), (lower row, left) and (lower row, middle) show updated points p1 (by step
4.3), p2 (by step 4.3) and p3 (by step 5.3), respectively. (Lower row, right) shows
the final path.

In Figure 7, (left) shows the initial path ρ0, and the updated paths ρ1 to
rho4 of four iterations of the Rubberband Algorithm. (Right) shows the initial
path ρ0, and the updated paths ρ1 to ρ18 of eighteen iterations of this algorithm.

We can see that different initial points may lead to different numbers of iter-
ations of the algorithm until it terminates (with respect to the chosen accuracy
parameter). From Figure 6, we can see that the algorithm only needs two iter-
ations to terminate. The results of the first iteration are shown in (upper row,
right), (lower row, left) and (lower row, middle). (Lower row, right) shows the
result of the second iteration. Figure 7 (left) shows that the algorithm has to
run for at least 4 iterations in this case.

3.3 Time Complexity

Let ε be the accuracy, l the true length of the shortest path, l0 that of initial path,
and ln that of the path after n-iteration. We slightly modify the Rubberband
Algorithm as follows:1 For each iteration, we update the vertices with odd indices
first and then update those with even indices later (i.e., for each iteration, we
update the vertices with indices 1, 3, 5, . . ., then those with indices 2, 4, 6, . . .),
then {ln} is a decreasing sequence with lower bound 0. Let l0 − l = ak + b and
ln − ln+1 = ck + d, where a, b, c and d are constants such that a, c 6= 0. Then
we have

lim
k→∞

ak + b

ck + d
=

a

c

Therefore the algorithm will stop after at most da/(cε)e iterations. So the
time complexity of the Rubberband Algorithm is da/(cε)e · O(k) = O(k), where
k is the number of the vertices of the path.

1 This is just for the purpose of time complexity analysis. By experience, the Rubber-
band Algorithm runs faster without such a modification.



3.4 New Algorithm

Let p, q be the start and destination point inside of a simple polygon Π, respec-
tively. Let V be the set of vertices of Π. Let E be the set of edges of Π.

Preprocessing Procedure

1. The sorted set V = {v1, v2, . . . , vn} be the set of vertices of Π such that
viy ≤ vi+1y, where i = 1, 2, . . ., n - 1.

2. For each vi ∈ V , compute a straight line li such that li is parallel to x-axis.
3. For each e ∈ E,
3.1 let e = vivj and i < j, and i, j = 1, 2, . . ., n - 1;
3.2 if e is parallel to x-axis, let Si = Si ∪ {p} and Sj = Sj ∪ {p};
3.3 otherwise, for each m ∈ {i, i + 1, . . . , j − 1}, let p = lm ∩ e and

Sm = Sm ∪ {p}.
4. For each i ∈ {1, 2, . . . , n}, find vi ∈ Si.
4.1 Let

vileft = max{vi
′ : vi

′
x ≤ vix ∧ vi

′ ∈ Si}
and

viright = min{vi
′ : vi

′
x ≥ vix ∧ vi

′ ∈ Si}
(It follows that vileftvi and viviright are the left and right critical segments of
vi, respectively.)

5. Partition V into V1, V2, . . ., Vk such that Vi = {vi1, vi2, . . . , vini
}, vijy

=
vij+1y

, where j = 1, 2, . . ., ni - 1, and vi1y < vi+11y, where i = 1, 2, . . ., k - 1.
6. Merge all left and right critical segments of v ∈ Vi into a maximal critical

segment of Π, denoted by sv.
7. Output S = {sv : v ∈ Vi, i = 1, 2, . . . , k}.

ESP Algorithm

1. Apply the Preprocessing Procedure to compute the set of maximal critical
segments of Π, denoted by S.

2. Construct a 1-tree T .
3. Apply the algorithm of [12] to find the unique path ρ(p, q) ⊂ T .
4. Compute the step set of maximal critical segments of Π with respect to

the shortest path ρ(p, q), denoted by Sstep (see description before Definition 7).
5. Let P = {p}.
6. For each si ∈ Sstep,
6.1 let vi be the center point of si;
6.2 let P = P ∪ {vi};
6.3 let P = P ∪ {q}.
7. Apply the Rubberband Algorithm on Sstep and P to compute the shortest

path ρ(p, q) inside of Π.
8. We finally convert ρ(p, q) into the standard form of the shortest path by

deleting all vertices which are not vertices of Π.2

2 It is well known that each vertex (6= p, q) of the shortest path is a vertex of Π ([7]).



Fig. 8. The shortest path from s to t inside the simple polygon shown in Figure 3.

i (xi, yi) i (xi, yi) i (xi, yi) i (xi, yi)

1 (281.0, 734.0) 11 (342.0, 284.0) 21 (625.0, 659.0) 31 (1010.1, 302.0)

2 (281.9, 719.0) 12 (392.0, 250.0) 22 (693.0, 700.0) 32 (1024.2, 408.0)

3 (284.0, 687.0) 13 (474.0, 212.0) 23 (693.0, 700.0) 33 (1030.4, 454.0)

4 (289.9, 646.0) 14 (474.0, 212.0) 24 (750.0, 617.0) 34 (1041.4, 537.0)

5 (296.1, 603.0) 15 (548.0, 244.0) 25 (767.1, 584.0) 35 (1052.2, 618.0)

6 (303.3, 553.0) 16 (554.3, 278.0) 26 (813.8, 494.0) 36 (1058.7, 667.0)

7 (313.2, 484.0) 17 (571.2, 369.0) 27 (847.5, 429.0) 37 (1065.8, 720.0)

8 (319.0, 444.0) 18 (584.2, 439.0) 28 (877.0, 372.0)

9 (331.2, 359.0) 19 (608.1, 568.0) 29 (974.0, 271.0)

10 (331.9, 354.0) 20 (614.4, 602.0) 30 (1006.0, 271.0)

Table 2. Vertices (not including p and q) of the shortest path ρ(p, q) obtained by Step
7 in the ESP Algorithm, for the example shown in Figure 3.

i (xi, yi) i (xi, yi) i (xi, yi) i (xi, yi)

3 (284, 687) 14 (474, 212) 23 (693, 700) 30 (1006, 271)

11 (342, 284) 15 (548, 244) 24 (750, 617)

12 (392, 250) 21 (625, 659) 28 (877, 372)

13 (474, 212) 22 (693, 700) 29 (974, 271)

Table 3. Vertices (not including p and q) of the standard form of the shortest path
ρ(p, q) obtained by Step 8 in the ESP Algorithm, for the example shown in Figure 3.

We show that Step 8 is always correct. First, let p be a point in the set
of vertices of the shortest path ρ(p, q) obtained by Step 7. p must be deleted
even if it is close to some vertex of Π. To see this, note that each vertex of
the polygon is an endpoint of a critical segment. When we update a point on a
critical segment, we search for the new position on the whole segment including



its two endpoints. Any really “good” endpoint will be selected quickly. This is
illustrated by the example output in Tables 2 and 3. For a point on the shortest
path, if it is really “good” then it must be exactly a vertex of the polygon, not
just “close” to some vertex. Secondly, let pj , pj+1, pj+2 be three consecutive
points in the set of vertices of the shortest path ρ(p, q) obtained by Step 7. If
pj+1 must be deleted, then pjpj+2 must be contained inside Π. This is because,
if pj+1 is not a vertex of the polygon, then pj , pj+1 and pj+2 must be colinear.
Otherwise, there is a point p′j+1in a sufficiently small neighborhood of pj+1 such
that p′j+1 is contained in the polygon and

de(pj , p
′
j+1) + de(p′j+1, pj+2) < de(pj , pj+1) + de(pj+1, pj+2)

(This contradicts that pjpj+1pj+2 is the shortest subpath of the shortest path).
Since pj , pj+1, pj+2 are colinear, so pjpj+2 is contained in the polygon. Therefore,
if a point in the set of vertices of ρ(p, q) is not a vertex of the polygon, then it
must be redundant and must be deleted.

Figure 8 shows the initial path and the shortest path (inside the simple
polygon shown in Figure 3) computed by the ESP Algorithm. Table 4 illustrates
(for the same input example) the relationship between number of iterations and
length differences, for the last two updated paths. Initial points are the center
points of the segments.

I δ I δ I δ I δ

1 90.8685 6 0.3787 11 0.0170 16 0.0009

2 34.1894 7 0.2328 12 0.0078 17 0.0006

3 6.9828 8 0.1547 13 0.0043 18 0.0004

4 2.3697 9 0.0992 14 0.0025 19 0.0003

5 0.8061 10 0.0384 15 0.0015 20 0.0002

Table 4. Number of iterations (I) and resulting δ, for the example shown in Figure 3.

3.5 Time Complexity of the ESP Algorithm

The main step of the Preprocessing Procedure is Step 3.3. Since each vertex
can only have a left critical segment and a right critical segment, the total total
number of intersections is not more than 2n, where n is the number of edges
of Π. We assume to apply sorting in Step 1 of the Preprocessing Procedure, so
the complexity of this procedure equals O(n log n). Therefore, the total time
complexity of the ESP Algorithm is also O(n log n).

4 Conclusion

We have described a simple O(n log n) algorithm for computing a shortest
path between p and q, which is contained in a simple polygon Π, where n is



the number of vertices of Π. The maximum number of iterations is a constant
defined by the selected accuracy parameter. The algorithm is easy to implement.

Obviously, our method can also be generalized to deal with special cases of 3D
Euclidean shortest paths. However, this short note is only an initial illustration
how versions of a rubberband algorithm apply to shortest path problems.
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