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Abstrat
This study investigated the performane of orthotropi onstitutive laws de-sribing the passive mehanial behaviour of the myoardium. The perfor-mane was validated against simple shear experiments of pig hearts whihwere available from earlier studies.First, a homogeneous deformation model was developed whih apturedthe main features of the deformation proess. This served as the basis for aomparative study between three phenomenologial material laws that hadbeen published in the literature. Two of these laws exhibited ertain limita-tions and two further onstitutive laws were therefore developed that removedthese limitations. Thus, �ve material laws were investigated in terms of theirperformane to �t the given experimental data by reduing a least{squareobjetive funtion between the experimental and model data. Furthermorethe onsisteny of the material parameters amongst experiments was inves-tigated. As part of this study, a modi�ed least{squares objetive funtionwas developed that dereased the omputational time involved by about twoorders of magnitude with omparable error.Seond, the assumption of a homogeneous deformation of simple shearwas removed and the parameters were estimated using a �nite element en-vironment using an inverse estimation tehnique and therefore ful�lling theequations of motion that underpin ontinuum mehanis. It was found thati



iithe material parameters of all laws were in the same range ompared to thoseobtained from the homogeneous study. Relaxing the homogeneous assump-tions slightly redued the objetive funtion error although the omputationaltime inreased by three orders of magnitude.Third, the experimental protool of six simple shear modes was supple-mented with three uniaxial deformations modes. The material parametersfor the same onstitutive relations were estimated. It was possible to showthat the material parameters that were assoiated with shear strain were verysimilar to those obtained from the simple shear study. The axial materialparameters, however, were onsiderably di�erent.Finally, sine it is reognised that phenomenologial material laws donot provide insight into the underlying miro{strutural mehanisms, theframework for a multi{sale onstitutive relation was developed. This isbased on multi{sale images of rat myoardium.
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Chapter 1
Introdution
Although it is well understood that taking preventative measures to main-tain a healthy lifestyle are amongst the major means to derease the risk ofheart failure, a better understanding of the heart's mehanial and eletri-al properties is ruial in supporting treatment of ourring ardiovasulardiseases.At a simpli�ed level the heart an be desribed as a soure of bloodow or pressure and its mehanial behaviour an be understood in terms ofthe time-varying relationship between ventriular blood pressure and avityvolume. For many years this relationship has been used by liniians as ameasure of ardia funtion [115, 59℄. More reently, it has beome apparentthat an understanding of the regional variation of myoardial material prop-erties is important to understand the fundamental mehanisms underlyingventriular mehanis. Moreover, in order to estimate the energy onsump-tion of various portions of the myoardium, the distribution of mehanialstress throughout the ardia musle is important [101, 57℄. More reent ev-idene has shown that hanges in wall stress due to altered haemodynamiload ontribute to the remodelling of myoardial tissue with respet to its1



2 CHAPTER 1. INTRODUCTIONellular and onnetive tissue omposition [34℄. In addition, it may also in-uene tissue hanges due to ishaemia and hypertrophy [77℄.Myoardial stress an be distinguished into ative and passive stress. A-tive stress is developed through alium ativated ontration of the musle�laments and passive stress arises from the ollageneous network that main-tains the strutural integrity of the musle.Among the �rst alulations of myoardial stress were formulated byWoods [122℄ based on a simple thin walled sphere with uniform internalpressure. A similar idea was employed by Sandler and Dodge [98℄ to modelthe left ventrile using an axisymmetri ellipsoid.The last deades have shown tremendous improvement in the desriptionof myoardial stress via the use of omputational tehniques suh as theFinite Element Method (FEM) and improved experimental observations. Forexample, Guione et al. [39℄ modelled the equatorial region of the anine leftventrile as a thik{walled ylinder onsisting of an inompressible Fung{typehyperelasti material with homogeneous properties. The tissue was assumedto be loally transversely isotropi with respet to the �ber axis. Nielsen etal. [88℄ developed a anatomially realisti tri{ubi Hermite �nite elementmodel that aptured the detailed transmural �bre distribution.Based on histologial studies from LeGrie and oworkers [66℄ and ex-perimental investigation from Dokos and oworkers [30℄ it is now aeptedthat the most suitable way of desribing the myoardial material symmetryis via an orthotropi onstitutive relation. Menzel and Steinmann [80℄ havereently ompared two strategies to formulate orthotropi hyperelastiity, i.e.the lassial approah based on the inorporation of an enrihed sets of in-variants in the free energy funtion and on �titious isotropi on�gurationsvia an appropriate tangent map. This study, however, was mainly of theoret-



1.1. OBJECTIVE 3ial harater and did not apply the �ndings to available experimental datafor the myoardium. It therefore remains to ompare existing orthotropionstitutive relations and determine their suitability to model myoardialmehanis.1.1 ObjetiveThe aim of this researh was to determine the most suitable onstitutive re-lation for desribing passive mehanial behaviour of the myoardium.1.2 Thesis SummaryChapter 1 provides a motivation for the study of myoardial onstitutiverelations and outlines the objetive of this study.Chapter 2 provides bakground on the myoardial anatomy on several sales.It introdues the gross struture, the laminar arrangement of the mus-le, the miro{strutural onstituents and their respetive arrangement.Furthermore it desribes simple shear experiments, upon whih the ma-jor part of this study is based, as well as uniaxial extension experiments,whih served to further the investigations.Chapter 3 introdues the neessary bakground of ontinuum mehanis.In partiular, it derives the kinemati relationships, the balane equa-tions and the onstitutive theory.Chapter 4 presents a short overview of the �nite element method, a briefintrodution to standard optimisation tehniques as well as some funda-mental statistial measures. Furthermore it introdues a newly devel-



4 CHAPTER 1. INTRODUCTIONoped optimisation tehnique for inverse material parameter estimationbased on Gaussian quadrature.Chapter 5 provides a bakground of literature of myoardial onstitutiverelations and the details of those investigated in this study.Chapter 6 introdues a homogeneous simple shear deformation model andthe results of the estimation proess.Chapter 7 introdues a �nite element simple shear deformation model andthe results of the estimation proess.Chapter 8 introdues a �nite element simple shear deformation model aswell as uniaxial extension and the results of the estimation proess.Chapter 9 gives a summary and presents the onlusion of the study.Chapter 10 shows initial results for investigating the onnetion betweenthe maro{strutural material parameters and the miro{struturalonstituents and its topology.1.3 Publiations Resulting from this ThesisSome of the work desribed in this thesis was published in the followingpapers and an be found in the related hapters.:Chapter 6: H. Shmid, M.P. Nash, A.A. Young and P.J. Hunter, Myoar-dial Material Parameter Estimation { A omparative Study for SimpleShear, Journal of Biomehanial Engineering, 2006, aepted.Chapter 6: H. Shmid, M.P. Nash, A.A. Young, O. R�ohrle and P.J. Hunter,A omputationally eÆient optimization kernel for material parameter



1.3. PUBLICATIONS RESULTING FROM THIS THESIS 5estimation proedures, Journal of Biomehanial Engineering, 2006, atreview.Chapter 7 H. Shmid, M.P. Nash and A.A. Young and P.J. Hunter, My-oardial Material Parameter Estimation from Simple Shear Tests |A Non{homogeneous Finite Element Study, Journal of BiomehanialEngineering, 2006, at review.Chapter 10 H. Shmid, M.P. Nash, C. Walker, G.B. Sands, A. Pope,I.J. LeGrie, A.A. Young, P. Nielsen and P.J. Hunter, A frameworkfor multi-sale modeling of the heart, IFMBE Proeedings, Prague:IFMBE, ISSN 1727-1983. Eds: Jiri Hozman, Peter Kneppo (Proeed-ings of the 3rd European Medial & Biologial Engineering Conferene- EMBEC 05. Prague, Czeh Republi, 20-25.11.2005), Id. 2535, 11,2005, 4201{4205.
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Part I
Bakground
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Synopsis
This part presents the required bakground for the models built in this re-searh.Chapter 2 presents the anatomy of the heart as well as the experimentalprotool of simple shear and uniaxial tests. Chapter 3 introdues the basisof ontinuum mehanis and Chapter 4 gives a summary of the requirednumerial tools.
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Chapter 2
The Heart
The human heart an be onsidered a pump, whih sustains the whole bodywith required nutrients through a network of blood vessels of varying size.The heart onsists of four hambers, the left ventrile (LV), the right ventrile(RV), the left atria (LA) and the right atria (RA). For a detailed desriptionof the individual funtionality of these hambers please refer to [61℄. The leftventrile plays a key role, as it has the largest volume of all four hambersand is responsible for distributing blood throughout the body.Myoardial tissue onsists of disrete layers of musle ells whose three{dimensional struture is arranged in a omplex hierarhy of extraellularonnetive tissue, largely ollagen. For modelling purposes the myoardiumis usually modelled as an orthotropi material (having three mutually or-thogonal diretions of distint material response). This assumption is basedon mirostrutural observations at eah point within the myoardium [66℄.Mathematial models of total heart funtion have ranged from axissym-metri shapes with isotropi, homogeneous myoardium [121℄ to aurategeometries [88℄ with detailed desriptions of the �brous miro{struture ofmyoardium. 11



12 CHAPTER 2. THE HEARTThis hapter presents the maro{struture (2.1) and miro{struture (2.2)of the myoardium in more detail as required for this study.2.1 Gross StrutureThe primary funtion of the heart is to pump blood throughout the body, de-livering nutrients and removing waste from eah organ. The thinner{walledatria at as large{volume low{pressure blood reservoirs for the ventriles,whih are responsible for the predominant pumping funtion. Two atrioven-triular valves onnet eah atria to its respetive ventrile. The remainingtwo semilunar valves join the outow trats of eah ventrile with the greatarteries into whih the ventriles ejet blood.2.1.1 VentrilesThe LV is a thik{walled musular hamber that pumps blood at physiolog-ially high pressures (up to approximately 15 kPa or 120 mmHg during thenormal heart yle) to distal loations throughout the body. The avity ofthe LV resembles a trunated ellipsoid in whih both the inow and outowtrats are adjaent. In ontrast, the RV pumps blood at omparatively lowpressures (about one seventh the pressure of the LV) and wraps around theLV in a resent{like fashion, so that its avity forms a shallow U{shape.The ventriles are separated by the interventriular septum, whih normallyfuntions as part of the LV, and moves toward the LV free wall during systole.See piture 2.1 for an illustration.



2.1. GROSS STRUCTURE 13
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Left atriumAorta
Right atriumLeft atrium
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Figure 2.1: Longitudinal ross{setion of the heart, from [61℄.2.1.2 Connetive Tissue NetworkThe endoardial surfaes of the atria and ventriles are overed with on-netive tissue whih also extends over the valves. In addition, ventriularendoardial surfaes inlude a omplex network of ardia ells that are ar-ranged in disrete bundles alled trabeulae. The trabeulae are arranged insuh a manner as to form small invaginations whih are �lled by blood fromthe avities during systole. The systoli phase loses these invaginations,foring the blood bak into the main avity. The periardium is a �broussa that enompasses the entire heart to resist rapid inreases in ardia size.The inner wall of this sa is alled parietal periardium and is ontinuouswith the epiardium or viseral periardium (the layer of onnetive tissue



14 CHAPTER 2. THE HEARTon the outer surfae) at the base of the heart, where the great vessels en-ter and leave. A small amount of uid within the periardial sa provideslubriation for the ontinuous movement of the heart.2.2 Mirostrutural arhiteture of the heartCardia musle ells or myoytes are typially brik{shaped with lengthsthat range from 80 to 100�m and diameters ranging from 10 to 20�m. Thefundamental ontratile unit within eah myoyte is the saromere, whih isabout 2�m long at rest. The saromere spans between adjaent Z{lines alongthe longitudinal axis of the ell, and ontains the ontratile apparatus. Theontratile apparatus onsist of myo�brils that onsists of 40{50 saromeresin series, with the ells branhing and interonneting end{to{end throughinteralated diss juntions. The branhing angle is usually aute, so thatadjaent ells run almost parallel with one another. In this way the on-tratile apparatus between ells is aligned for eÆient mehanial funtion.Interalated diss ontain gap juntions, whih provide eletrial ontinuitybetween ells. Consequently, the eletrial impulses propagate more rapidlyalong rather than aross the axis of the onstituent �bres.Studies of myoardial arhiteture date bak to the turn of last enturywhen MaCallum [70℄ and Mall [72℄ viewed the heart as an assembly ofdisrete �bre bundles originating at the base of the ventriles and spiralingtowards the ventriular apies. More reent studies [114, 4℄ found a smoothtransmural variation of �bre orientation, whih led to the predominant viewthat myoardium is a single musle mass that is more appropriately desribesas a ontinuum than as disrete musle bundles. These studies, however, wererestrited to measurements at not more than eight sites on a single heart.



2.2. MICROSTRUCTURAL ARCHITECTURE OF THE HEART 15It was not until Nielsen et al. [87℄ and MLean and Prothero [78℄ that asystemati approah was adopted to haraterise the musle �bre orientationin all regions of the ventriular myoardium.To date, the most thorough study of ardia musle �bre orientation isthat of LeGrie [65℄, who progressively removed �ne layers of myoardiumfrom a mounted intat preparation. Musle �bre orientation was measuredtogether with the absolute oordinates at a large number of sites over sues-sive myoardial surfaes (see [88℄ for further details). Using this proedure,spatial registration is impliitly preserved and loal musle �bre orientationmay be determined with referene to the surrounding myoardium. Mea-surements from this study on�rm the seletive �ndings reported by Streeteret al. [114℄.Streeter [113℄ was one of the researhers who found extensive extrael-lular gaps within the myoardium, partiularly in the midwall. These gapsare alled leavage planes. He also aknowledged that there was substantialdisontinuity in the musular arhiteture of the ventriles at both the mi-rosopi and marosopi level. These �ndings were essentially qualitativeuntil reent anatomial studies of LeGrie and oworkers [66℄, who report thatthe ventriular myoardium should not be viewed as a uniformly ontinuousstruture. Their detailed studies reveal that ardia tissue is a ompositeof disrete layers of myoardial musle �bres tightly bound by endomysialollagen, as illustrated in Figure 2.2. These myoardial laminae are looselyoupled by perimysial ollagen and have the ability to slide over eah otherwith relative ease. Laminae are on average four to six ells thik and ontin-uously branh in eah diretion throughout the ventriular walls. As for themusle �bre study of LeGrie [65℄, sheet orientation was aurately quan-ti�ed with respet to ventriular geometry, so that the three{dimensional



16 CHAPTER 2. THE HEARTorthotropi struture of the ventriles ould be ompletely haraterised.

Figure 2.2: Shemati of ardia miro{struture showing �bre orientation and branhingsheet strutures, from [66℄.For modelling purposes, it is onvenient to de�ne a natural set of materialdiretions to haraterise the struture of myoardial tissue at an arbitrarypoint in the heart wall. The �rst of these diretions is referred to as the �breaxis and it oinides with the musle �bre orientation at eah point. Thesheet axis is de�ned to lie in the plane of the musle layer and is perpendiularto the �bre diretion. The third axis is de�ned to be orthogonal to the �rsttwo and is referred to as the normal axis as it is perpendiular to the muslelayer, see Fig.(2.3). This set of miro{strutural axes is utilised throughoutthis study in the formulation of orthotropi material laws. This is desribedin detail in Chapter 5.
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Figure 2.3: Shemati illustrating the three miro{strutural axes, from [30℄.2.3 Tissue ExperimentsKnowledge of the myoardial morphology an be very useful in determiningthe gross features of the mehanial behaviour, i.e. elastiity, visoelasti-ity, homogeneity, heterogeneity, isotropy, anisotropy. As disussed in theprevious setion it is lear that the myoardial mirostruture suggests anorthotropi material response di�ering in varying loation of the heart wall,therefore being heterogeneous. To determine whether the response is elastior visoelasti, experiments whih enable haraterisation of these featuresneed to be performed, for further details see also [47, 47℄.2.3.1 Pressure{Volume MeasurementsQuantifying the global mehanial behaviour of whole ventriles, atria, orhearts via simultaneous measurements of avity pressure and volume hasbeen an extremely useful tool in ardia physiology and mehanis for manyyears.



18 CHAPTER 2. THE HEARTAlthough appropriate for determining global behaviour and ertain fea-tures of the harateristi tissue behaviour, pressure{volume studies are notas useful in studying loal phenomena suh as regional behaviour or a onsti-tutive relation (whih are loal relations between �eld quantities). Moriarty[82℄ and Vogel [119℄ give further insight into this.However, reently the determination of transmural strain distribution ofin vivo behaviour has beome available, through the use of Magneti Reso-nane Imaging in onnetion with �nite element models. This opens a new�eld of haraterising myoardial material properties [9, 83, 8℄.2.3.2 Uniaxial TestsBy far the most ommonly performed experiment on isolated, exised ardiatissue is the uniaxial test. More reently tests have been performed on papil-lary musles and trabeulae arnae rather than uniaxial strips of myoardium[62℄. Uniaxial data have been extremely useful in determining general har-ateristis of the tissue behaviour, inluding both the nonlinear quasistatimaterial behaviour of quiesent musle and the Frank{Starling behaviour ofontrating musle. The review artile by Mirsky [81℄ an be onsulted fordetails in uniaxial data. Uniaxial tests, however, are insuÆient to determinea more omplete three{dimensional onstitutive relation.2.3.3 Biaxial TestsBiaxial tests of exised slabs of myoardium an be more useful in identifyingthree{dimensional mehanial harateristis. Demer and Yin [29℄ were the�rst to do so. Also Humprey and oworkers [48℄ and Smaill and Hunter [107℄have reported on data olleted from biaxial tests under various protools.



2.3. TISSUE EXPERIMENTS 19In partiular, the fat that stress{extension relations for uniaxial loadinglosely resemble those obtained under equibiaxial load indiates that therewas little mehanial oupling between the �bre and ross{�bre diretions inmidmyoardial speimen [107℄.2.3.4 Triaxial TestsBiaxial tests are useful in studying the anisotropi material response of my-oardium. There are, however, some inherent disadvantages. For examplethe samples usually need to be very thin to be a membrane for the attah-ment points. Therefore biaxial tests that quantify the material response inthe normal diretion ontinue to elude invetigators, sine the ollagen strutsbetween leavage planes are easily destroyed in in vitro onditions.Therefore triaxial tests of myoardium without the limitation of a spei�thikness would be bene�ial in determining the full three{dimensional ma-terial response. Furthermore, various studies have proven the importane ofshear deformation in myoardial mehanis [5, 67℄ sine ertain shear modesprovide a mehanism to explain endoardial wall thikening.Dokos et al. [30℄ ombined these �ndings in a series of simple shear ex-periments, whih will be desribed in some detail in the following setion.2.3.5 Multiaxial Simple Shear ExperimentsThe passive shear properties of six pig hearts were determined. Samples(� 3� 3� 3 mm) were ut from adjaent regions of the lateral left ventri-ular midwall, with sides aligned with the prinipal material axes (f; n; s;f iber, normal, sheet). This position in the midwall ensured a more onsis-tent distribution of �bre and sheet angles. Cyles of sinusoidal shear (sheardisplaement range [-50%, 50%℄) were applied separately to eah speimen



20 CHAPTER 2. THE HEARTin two orthogonal diretions. Three speimens from eah heart were testedin two diretions, giving all six possible shear modes. Data for the �ttingwere taken from yles after strain softening had diminished. The six pos-sible shear modes are presented in Fig.(2.4). Maximum displaement was

Figure 2.4: A sketh of all six possible shear modes for myoardium. The �rst letterindiates the normal vetor of the fae that is shifted, and the seond letter indiates thediretion in whih it is shifted. Narrow lines represent �bres in a sheet. Piture fromDokos et al. [30℄presribed to be half of the height of the ube, therefore all strain tensorshave the same magnitudes. The fores on the top fae of the ube were mea-sured and taken as the data for the material parameter optimization. Thisis desribed in further detail in Se.(6).A typial fore displaement urve is presented in Fig.(2.5). Note thetypial S- and U{shaped urves.2.3.6 Simple Shear & Uniaxial ExtensionThe rig used in the study by Dokos and oworkers [30℄ was only apable ofapplying simple shear deformations. Sine this was thought to be potentially
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Figure 2.5: The �gure shows the fore in the N{diretion for the NS{mode throughoutthe omplete experimental loading protool.restritive for the material parameter estimation proess, the rig was modi�edsuh that it was also possible to apply uniaxial extension.Samples as in Se.(2.3.5) underwent �rstly simple shear deformation andsubsequently uniaxial extension and ompression protools with an extension,ompression ratio of 20% of the height of the ube. This ensured that theaxial strain omponents had a omparable magnitude to the shear strains inthe simple shear deformation.A typial extension{ompression urve is given in Fig.(2.6), while thesimple shear deformation urves remained equivalent to those in Se.(2.3.5).Note that myoardial tissue exhibits a markedly sti�er behaviour under om-pression than in extension.
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Figure 2.6: The �gure shows the fore in the F{diretion for uniaxial extension andompression throughout the omplete experimental loading protool.2.4 SummaryThis hapter presented the bakground of the heart anatomy as well as anoverview of experimental tehniques that allow for a haraterisation of themehanial response of the myoardium. In partiular, the simple shearexperiments from Dokos et al. [30℄ were utilised to estimate material param-eters for various onstitutive equations as outlined in the following hapters.This allowed to determine the three{dimensional mehanial response of theorthotropi myoardium.Furthermore the uniaxial extension served as additional data to determinethe e�ets of di�erent experimental protools on the material parameter es-timation proess. This is presented in Chapter 8.



Chapter 3
Continuum Mehanis
This hapter presents a formal desription of the mehanial behaviour of aontinuous body. This outline is restrited to the ase of elasti solids. Fora thorough and general treatment, see [13, 44, 75℄. First, the geometrialdesription of body is presented in Se.(3.1), then in Se.(3.2) the oneptof fore and stress as well as the balane onepts are introdued and �nallySe.(3.3) links these three together by introduing the notion of a hyperelastimaterial.3.1 KinematisThis setion is onerned with desribing the deformation or motion of a bodyfrom an initial setting, the so{alled referene on�guration, to a deformedon�guration. The movement itself is due to external fores and it ful�llsertain balane equation and is desribed in the subsequent setions.
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24 CHAPTER 3. CONTINUUM MECHANICS3.1.1 Body & MotionA body B is a set of points X with the property that eah point X an beuniquely identi�ed with a vetor in Eulidean 3{spae R3 for eah time t.� : B �! R3X 7! x = �(X ) (3.1)� is alled a on�guration of B if ��1 exists and if � and ��1 are twieontinuously di�erentiable.The motion of a body B is a set of on�gurations parametrised by thetime t. x = �t(X ) � �(X ; t) (3.2)desribes the loation of point X at time t.3.1.2 Con�gurationsTwo speial on�gurations are expliitly de�ned in this setion due to theirimportane in the subsequent onsiderations.The referene on�guration of a body B is de�ned as the motion at timet = 0, i.e. B0. There is no need to de�ne the referene on�guration in thismanner, however, it is hosen due to its onveniene and pratiality. A pointX in B0 is denoted as X = �(X ; 0).The urrent on�guration is de�ned as the motion of B at time t, i.e. Bt,and a point X in Bt is denoted as x = �(X ; t).3.1.3 Representation of FuntionsLet � be a time{dependent �eld quantity on B. Then � an be expressed inthree di�erent ways.



3.1. KINEMATICS 25� Material DesriptionThe independent variables are X ; t and � is expressed as follows:� = �(X ; t) (3.3)� Referene or Lagrangian DesriptionThe independent variables are X; t and � is expressed as follows:� = �(X; t) (3.4)� Spatial or Eulerian DesriptionThe independent variables are x; t and � is expressed as follows:� = �(x; t) (3.5)Aording to Truesdell and Noll [118℄ there is a fourth desription of motion,the so-alled relative desription.The material desription is usually not utilised sine the quantities X donot belong to R3 but an abstrat spae of material partiles. The Lagrangiandesription is used in the subsequent setions and a motion is therefore ex-pressed with respet to X: x = �(X; t).The Eulerian representation, on the other hand, is usually used in theontext of uid mehanis. It an, however, be also useful in in solid me-hanis, indeed this is the most ommon form in analytial solutions. Also,in �nite element solutions, this approah an be very useful in biomehanis[71℄ beause the stress free referene on�guration is usually not availablelinially.



26 CHAPTER 3. CONTINUUM MECHANICS3.1.4 Deformation Gradient TensorTo haraterise the deformation of a body B time t is �xed and the refer-ene and urrent on�guration of B are ompared. Let X;Y and x;y be thevetors of the points X ;Y in the referene and urrent on�guration, respe-tively. Sine x = �(X; t) and y = �(Y; t), the di�erene between x and yan be written as:y � x = ��(X; t)�X (Y �X) + r(X;Y �X) (3.6)where limkY�Xk!0 r(X;Y �X)kY �Xk = 0 : (3.7)Therefore the deformation gradient tensorF = ��(X; t)�X (3.8)represents a measure to desribe the deformation within the viinity of abody point X . It has a few properties that demonstrate how F haraterisesthe deformation. These are desribed below.3.1.4.1 Transformation of Line ElementsLet C(�) be a material line in B0 parametrised by � 2 I; I � R. (A materialline is a line whih onsists of the same partiles throughout the deformation.)Due to the deformation proess C(�) deforms into a line (�) in the urrenton�guration: (�) = �(C(�); t) : (3.9)Let X = C(�0); �0 2 I be the vetor of a body point in the referene on�g-uration, then x = (�0) is the vetor of the same body point in the urrenton�guration. Let us now de�ne material line elements with the help of the



3.1. KINEMATICS 27tangent vetors on C and , respetively:dX := C0(�0)d� ; C0(�0) = �C(�)�� �����=�0dx := 0(�0)d� ; 0(�0) = �(�)�� �����=�0 : (3.10)Considering dx = �(�)�� �����=�0 d�= ��(X; t)�X ����X=C(�0)| {z }=F ��C(�)�� ��=�0 d�| {z }=dX=) dx = FdX ; (3.11)
one an onlude that F transforms material line elements of the refereneon�guration into material line elements in the urrent on�guration. Thisholds for any arbitrary material line and therefore F haraterises deforma-tion proess, sine e.g. a rigid body rotation would imply that dx is onlyrotated with respet to dX. In total F desribes the hange in diretion andmagnitude of dX. It is important to note here that F is a so{alled two pointtensor, i.e.: F projets tangent vetors at the point X to tangent vetors atthe point x.3.1.4.2 Transformation of normal vetors of material surfaesLet �(X) =  = onst (3.12)a material surfae in the referene on�guration. (A material surfae is asurfae that onsists of the same partiles throughout the deformation.) Withthe help of X = ��1(x; t), � an be transformed aording to: = �(��1(x; t)) =: �(x; t) : (3.13)



28 CHAPTER 3. CONTINUUM MECHANICS�(x; t) desribes the same material surfae in the urrent on�guration. When�xing t one an dedue the following:d = ��(X)�X � dX = ��(x; t)�x � dx= ��(x; t)�x � FdX = FT ��(x; t)�x � dX (3.14)or (Grad�� FTgrad�) � dX = 0 : (3.15)This equation has to hold for all dX, hene the expression within the braketshas to hold by itself,Grad� = FTgrad� () grad� = F�TGrad� : (3.16)The deformation gradient or more preisely the inverse transposed of thedeformation gradient F�T therefore transforms normal vetors on materialsurfaes in the referene on�guration to normal vetors at the same pointin the urrent on�guration. Sine this property holds for every materialsurfae, F�T an also be utilised as a measure for deformation. A rigid bodyrotation for example would not alter the magnitude of the normal vetor.3.1.4.3 Transformation of Area and Volume ElementsThis setion will derive the relations between area and volume elements ofthe referene and urrent on�guration. Firstly, the relation between volumeelements is derived from whih the area element relation follows immediately.Let dX; dY; dZ be non{oplanar material line elements at a point X inthe referene on�guration with a positive orientation. This an be ensuredby the following relation of the triple produt:dV := (dX� dY) � dZ > 0 : (3.17)



3.1. KINEMATICS 29Then dV is alled the volume element spanned by dX; dY; dZ. The threeline elements transform into:dx = FdX; dy = FdY; dz = FdZ (3.18)in the urrent on�guration. There they span the volume elementdv := (dx� dy) � dz > 0= (FdX � FdY) � FdZ : (3.19)From a well{known relation in linear algebra, [112℄, this an be rewritten as:dv = (detF)(dX � dY) � dZ = (detF)dV : (3.20)If one requires dv > 0 to physial reasoning then detF > 0, whih will alwaysbe assumed in the following.Realling that the ross{produt between two vetors gives the normalof the spanned plane one an utilize Eq.(3.20) to derive the relation betweenarea elements da and dA in the urrent and referene on�guration, respe-tively. dv = (dx� dy) � dz = da � FdZ = FTda � dZ= (detF)(dX � dY) � dZ = (detF)dA � dZ : (3.21)or (FTda� (detF)dA) � dZ = 0 : (3.22)Sine this equation has to hold for all dX with dA � dX > 0 we an onludethat: da = (detF)F�TdA : (3.23)This is relation is also alled Nanson's formula.Note that if a deformation is isohori (inompressible) that dv = dVand therefore detF � 1. Please refer to setion 3.3.5 for further details andonsequenes of inompressibility.



30 CHAPTER 3. CONTINUUM MECHANICS3.1.4.4 Polar DeompositionAny seond order tensor F with detF > 0 an be deomposed in the followingway, see also [44, 75℄ for proofs of existene and uniqueness:F = RU = VR : (3.24)R is a proper orthogonal seond order tensor and desribes the rotationalpart between the referene and urrent on�guration, whereas U and V aresymmetri positive de�nite seond order tensors and are alled the right andleft streth tensor, respetively. U \lives" in the referene on�guration anddesribes the strething part of the deformation, i.e. it takes material line el-ements of the referene on�guration and strethes them within the refereneon�guration. R then takes these strethed line elements and rotates theminto the urrent on�guration. Equivalent onsideration hold for V whihlives in the urrent on�guration. It is noteworthy that R is a two pointtensor.3.1.5 Deformation MeasuresThe polar deomposition lari�es the struture of the deformation gradienttensor. Sensible deformation measures are therefore independent of the ro-tational tensor R, but an be related to either U or V solely. The next twosetions deal with these measures.3.1.5.1 Right & Left Cauhy{Green Deformation TensorAlthough these two measures are not expliitly utilized in our later studies,it is helpful to disuss these in a bit more detail. The right and left Cauhy{



3.1. KINEMATICS 31Green tensors are de�ned as follows:C := FTF = U2 right Cauhy{Green tensorB := FF T = V2 left Cauhy{Green tensor : (3.25)One an show that the eigenvalues of C and B have the same numerial valuewhih is equivalent to the fat that the invariants have the same numerialvalues. Furthermore, if u is an eigenvetor of U, then v = Ru is an eigen-vetor of B with the same eigenvalue as u. The three invariants are de�nedas follows: I1 = tr(C ) = tr(B )I2 = 12(tr(C )2 � tr(C 2)) = 12(tr(B )2 � tr(B 2))I3 = det(C ) = det(B ) : (3.26)These three invariants form a so{alled integrity basis. They are not unique,rather there exist in�nitely many possible integrity bases. The ones pre-sented, however, are the most ommonly used ones.3.1.5.2 Green & Almansi Strain TensorA ommon way to measure the strain between the urrent and the refereneon�guration is to investigate the following di�erene � from whih the Greenstrain tensor is derived:� := 12(kdxk2 � kdXk2)= 12(dx � dx� dX � dX) : (3.27)With the help of dx = FdX that gives:� = 12(FdX � FdX � dX � dX)= 12(dX � FTFdX � dX � dX)= dX � f12(FTF � I)gdX : (3.28)The tensor E = 12(FTF � I) = 12(C � I) (3.29)



32 CHAPTER 3. CONTINUUM MECHANICSis alled the Green strain tensor. One an see from Eq.(3.28) that it is atensor �eld in the referene on�guration. This is sometimes denoted as aLagrangian tensor �eld.One ould also utilize the relation dX = F�1dx in Eq.(3.27) whih leadsto the following expression:� = 12(dx � dx� F�1dx � F�1dx)= 12(dx � dx� dx � F�TF�1dx)= dx � f12(I� F�TF�1)gdx : (3.30)The tensor A = 12(I� F�TF�1) = 12(I� B�1) (3.31)is alled the Almansi strain tensor and from Eq.(3.30) it follows that A is atensor �eld in the urrent on�guration or as sometimes alled in the Euleriansetting.A and E obey the following transformation rule:E = FTA F : (3.32)One an also utilise normal vetors on material surfaes rather than ma-terial line elements to de�ne strain measures. This results in the so-alledPiola strain tensor and the Finger strain tensor.3.2 Stress & Balane EquationsDuring the movement of a material body B the interation between its variousparts and between B and its environment is desribed by means of fores.3.2.1 ForesThere exist three di�erent kinds of fores:



3.2. STRESS & BALANCE EQUATIONS 33� Contat Fores t between various parts of B� Contat Fores t on the surfae of the body �B� Volume Fores b in the interior of B, generated by its environment3.2.2 Cauhy's HypothesisIn the ontext of ontat fores the Cauhy hypothesis is assumed, i.e. thereexists a surfae{fore{density relationship whih is alled the stress vetor tand it is de�ned as follows:t(n;x; t) = lim�a!0 �F�a : (3.33)Here n de�nes the normal vetor on the in�nitesimal surfae �a, �F is thebulk fore on �a, x is the point within B, and t is the time at whih thestress vetor is evaluated. An equivalent assumption holds for the volumefores b = b(x; t). The pair (t;b) is alled the fore system ating on a bodyB or on a part of B, i.e. �B. The resulting fore K(�B; t) on a part �B attime t is then alulated by:K(�B; t) := Z��B t da+ Z�B b dv : (3.34)The resulting angular momentum Mx0 with respet to a point x0 an bealulated by:Mx0(�B; t) := Z��B (x� x0)� t da+ Z�B (x� x0)� b dv : (3.35)These two quantities now serve as a basis to derive the balane of linear andangular momentum.



34 CHAPTER 3. CONTINUUM MECHANICS3.2.3 Balane of Linear & Angular MomentumLet x = �(X; t) be a motion of B and x0 the vetor to an arbitrary �xedpoint in spae. ThenI = I(�B; t) := Z�B _x dm = Z�B0 %0 _x dV = Z�Bt % _x dv (3.36)is alled the linear momentum of �B in the motion x = �(X; t) andDx0 = Dx0(�B; t) := Z�B (x� x0)� _x dm= Z�B0 %0(x� x0)� _x dV= Z�Bt %(x� x0)� _x dv (3.37)
is alled the angular momentum of �B with respet to x0 in the motionx = �(X; t). � is the mass density and dm is a mass inrement. Theatual balane priniples are axioms or assumptions and are the equivalentof Newton's seond law of motion.3.2.3.1 Global FormThere exists a referene system, suh that the following equations hold rela-tive to it:ddtI(�B; t) = K(�B; t) BLM: balane of linear momentumddtDx0(�B; t) = Mx0(�B; t) BAM: balane of angular momentum :(3.38)The balane of linear and angular momentum an be rewritten in the follow-ing omprehensive form with respet to the urrent on�guration:Z��Bt t da+ Z�Bt (b� %�x) dv = 0 ; (3.39)



3.2. STRESS & BALANCE EQUATIONS 35and Z��Bt (x� x0)� t da+ Z�Bt (x� x0)� (b� %�x) dv = 0 : (3.40)3.2.4 Cauhy Stress TensorThe BLM and BAM have two major onsequenes. Firstly the BLM guar-antees that for eah point x within B and eah normal vetor n(knk = 1)there exists a seond order tensor alled the Cauhy stress tensor T ful�llingthe relation: t(n;x; t) = T(x; t)n : (3.41)Seondly the BAM guarantees that the Cauhy stress tensor T is symmetri:T = TT : (3.42)Eq.(3.42) represents the \loal" form of the BAM. The loal form is obtainedby applying the divergene theorem for integrals and imposing that the in-tegrand has to hold for arbitrary parts �B. The same an be applied to theBLM, whih then reads like this:divT + b = %�x : (3.43)The operator \div" is de�ned as the derivative with respet to the oordinatesof the urrent on�guration.3.2.5 1st Piola{Kirhho� Stress TensorBy de�ning the �rst Piola{Kirhho� stress tensorP := (detF)TF �T ; (3.44)whih is a two point tensor, and the body fore in the referene on�gurationb0 = (detF)b, one an dedue the loal form of the BLM in the referene



36 CHAPTER 3. CONTINUUM MECHANICSon�guration: DivP + b0 = %0�x : (3.45)The operator \Div" is de�ned as the derivative with respet to the oordi-nates of the referene on�guration.Note that P is not a symmetrial tensor. P ats on a normal vetor of thereferene on�guration N and yields the stress vetor t0, whih is de�ned ast0 = dF=dA. dA is denoting the area in the referene on�guration. t0 onlyequals t = dF=da if the area element da in the urrent on�guration is thesame as dA. This relationship an be expressed as:t0 = PN : (3.46)3.2.6 2nd Piola{Kirhho� Stress TensorSine the �rst Piola{Kirho� stress tensor is not symmetri the seond Piola{Kirho� stress tensor S is introdued:S := (detF)F�1TF�T : (3.47)S is symmetri and will �nd use in the formulation of onstitutive laws inSe.(3.3).Eah strain tensor introdued in Se.(3.1) has its assoiated stress tensor.The stress tensors are assoiated to the strain tensors by means of the strainenergy density W funtion whih desribes the work done by a ertain strainand stress �eld. This is the topi of the next setion.3.3 Constitutive TheoryAt this stage three equations of the BLM (3) we have been introdued whereasnine unknowns x (3) and T (6) remain to be properly onstrained. There



3.3. CONSTITUTIVE THEORY 37are therefore 6 equations missing to have a fully de�ned system whih anbe solved. The missing equations are introdued in the subsequent setionsin form of a relationship between E and S. The main objetive is to formu-late them in a way that they ful�ll properties as observed in experiments.Furthermore they have to obey general physial priniples.3.3.1 HyperelastiityIn a very general sense the funtional relationship between E and S an beformulated as: S = f(E ). This type of material would be alled a Cauhy{elasti material. If one assumes that for an elasti material all deformationis reoverable, then one an postulate the existene of a so{alled strain en-ergy density funtionW =W (F) whih depends on the deformation gradienttensor and serves as a potential. The relationship between the �rst Piola{Kirho� stress tensor and the deformation gradient is presented in variousequivalent notations. It an be derived from the seond law of thermody-namis [75℄.P = �W (F)�F = DFW (F) = Pmn(Fij) em 
 en = �W�Fmn (Fij) em 
 en : (3.48)3.3.2 ObjetivityThe priniple of material objetivity states that W must remain the sameviewed from di�erent observers whih only di�er by a rigid body rotation.Let (x; t) be an event relative to an observer and let (~x; ~t) be the same eventfrom an observer with:~x = Q(t) + (t) and ~t = t� t̂ ; (3.49)where Q denoted any arbitrary proper orthogonal tensor,  a displaementand t̂ a �xed time. Then the form of the material equations and therefore



38 CHAPTER 3. CONTINUUM MECHANICSalso W must be invariant. W (F) =W (~F ) (3.50)By keeping in mind that ~F = QF and starting withW (F) = W (~F ) = W (QF )= W (QRU ) (3.51)we an onlude that W (F) = W (U) ; (3.52)sine Eq.(3.51) has to hold for an arbitrary Q and therefore also for Q = RT .W an now also equivalently expressed as being a funtion of either C or E ,sine these also do not depend on the rotational part of F.3.3.3 Stress{Strain RelationshipEq.(3.48) gives the starting point for the derivation of relation between S andE whih is utilised in this work. The reader is referred to Appendix(A) forthe detailed derivation of the stress{strain relationship and the requirementsimposed for formulating the strain energy density funtion with respet to theomponents of the Green strain tensor. Here we just state the relationshipfor S and C : S(C ) = F�1P(C ) = 2 sym[DCW (C )℄ : (3.53)or for S and E : S(E) = sym[DEW (E )℄ : (3.54)These equations form the orret de�nition of the stress{strain relationshipin symboli notation. It is, however, neessary to restate it in index notationsine Eq.(3.54) will be extensively used in the next hapter. It then reads:Sij = �W�Eij (3.55)



3.3. CONSTITUTIVE THEORY 39when omplying to the onditionW (E11; E22; E33; E12; E21; E13; E31; E23; E32)= W (E11; E22; E33; E21; E12; E31; E13; E32; E23) (3.56)for the strain energy density funtion.3.3.4 Isotropy & AnisotropyIf a body exhibits the same material response within eah diretion it is saidto be isotropi. The strain energy density an therefore only depend on thethree invariants of C , see Eq.(3.26).W (C ) =W (I1; I2; I3) (3.57)3.3.4.1 Neo{Hookean and Mooney{RivlinThe simplest strain energy funtion that an be formulated using these in-variants is the so{alled Neo{Hookean strain energy funtion. A materialobeying this strain energy funtion is alled a Neo{Hookean material.W (C ) = 1 � (I1 � 3) (3.58)Although of high importane for theoretial onsiderations, this formulationdoes not prove useful in pratial appliations.An extension of this formulation is the so{alled Mooney{Rivlin materialwith the following strain energy density funtion:W (C ) = 1 � (I1 � 3) + 2 � (I2 � 3) : (3.59)Peng & Chang [94℄ give an exellent review of these and more general isotropilaws.



40 CHAPTER 3. CONTINUUM MECHANICS3.3.4.2 Considerations for myoardiumAs pointed out in Ses.(2.2 & 2.3) the myoardium exhibits a lear or-thotropi behaviour, both in terms of its mirostruture and its marosopiresponse. Orthotropy is de�ned as having three orthogonal diretions inwhih the material exhibits a distint behaviour. The strain energy densitymust then inorporate these three diretions. Two general approahes arepossible to desribe this kind of anisotropy.Firstly one an introdue so{alled strutural tensors whih represent thepreferred diretion. Depending on the kind of anisotropy a ertain numberof these strutural tensors must be introdued whih then form a set of newinvariants on whih the strain energy density will depend.The literature existing about the myoardium, however, uses materiallaws whih are formulated with respet to the omponents of the Green straintensor. A thorough treatment of the material investigated in this study arepresented in the next hapter. Before this presentation, however, a speiallass of materials is onsidered and in partiular the e�et of this lass onthe stress{strain relationship.3.3.5 InompressibilitySine the myoardium predominantly onsists of water, and sine water al-most does not hange its volume, the myoardium is modelled as being in-ompressible. This assumption an be justi�ed in the experimental situationwhere the myoardial ubes are bathed in a physiologial solution. Yet it hasto be noted that this is only likely to be true after a few loading yles sothat the tissue has equilibriated its state. This assumption might not holdtrue in vivo where there is blood ow (perfusion) in the heart during the



3.3. CONSTITUTIVE THEORY 41heart yle, whih will hange the volume regionally [43, 19℄.As stated in Eq.(3.20) inompressibility an be desribed by requiringdetF � 1. This ondition is enfored by means of the hydrostati pressurep = �13tr(T). To aount for this a Lagrange multiplier is introdued in thestress{strain relation in Eq.(3.54):S(E) = ��C �1 + sym[DEW (E )℄ ; (3.60)where � is the Lagrange multiplier and C �1 is the eqivalent of the identitytensor in the referene on�guration, or in other words the \push{bak"transformation of the identity tensor in the urrent on�guration into thereferene on�guration [13℄. � will equal the hydrostati pressure if the strainenergy density is restrited to depend on the deviatori part of E , �E only:�E = 12(detF� 23 C � I) : (3.61)The numerial implementation of this requirement is disussed in Se.(4.1.1.1).



42 CHAPTER 3. CONTINUUM MECHANICS



Chapter 4
Numerial Tools
This hapter briey summarises the �nite element method in Se.(4.1) aswell as some standard optimisation tehniques in Se.(4.2) and statistialmeasures in Se.(4.4). Furthermore it introdues a novel objetive funtionin Se.(4.3) whih was utilised throughout this study.4.1 Finite Element MethodTo analyse stress in a body undergoing large elasti deformations the equa-tions that govern �nite deformation elastiity, developed in hapter 3, mustbe solved. For materials with regular geometries this may be done analyt-ially, as is presented in setion 6.1. However, a more realisti deformationan be modelled by disretising the domain of interest into a number of�nite elements (uboidal hexahedral elements). Thereby the partial di�eren-tial equation is broken down into a set of algebrai equations. The type ofinterpolating funtions used to interpolate the independent and dependentvariables (in this thesis) are tri{linear Lagrange basis funtions. See Bathe[11℄ or Zienkiewiez & Taylor [129℄ for details of the onept of the �nite43



44 CHAPTER 4. NUMERICAL TOOLSelement method.For eah element, the equations governing �nite elastiity are expressedin terms of known material properties and the unknown displaements ofthe element verties or nodes. These equations are formulated as integralequations whih are evaluated via Gaussian quadrature.Element ontributions are assembled into a global system of algebraiequations to ensure that the solution is ompatible aross element boundaries.The system of nonlinear equations are then solved, subjet to boundary on-straints, to yield a set of deformed nodal oordinates from whih deformationpatterns are approximated using the spei�ed interpolating funtions.4.1.1 Galerkin Finite Element EquationsHere we sketh the Galerkin weighted residual tehnique whih is derivedfrom integral form of the balane equation Eq.(3.45). We neglet body andinertia fores. Therefore Eq.(3.45) reads:DivP = 0 : (4.1)When the displaement variables are approximated by an interpolating fun-tion, the equation will not be ful�lled identially and a residual will remain:DivP̂ = e () R = DivP̂ � e ; (4.2)where are e denotes the error, P̂ the approximated �rst Piola{Kirhho� stresstensor �eld and R the residual.To minimise this residual it is �rstly multiplied by NR linear indepen-dent weighting funtions !j and then integrated over the domain volume.Furthermore it is required that all these integrals vanish:ZB R!jdB != 0 for all j = 1; : : : ; NR : (4.3)



4.1. FINITE ELEMENT METHOD 45These onditions may then be used to determine the unknown parametersof the approximating funtion. If the funtions !j are hosen to be the basisfuntions (the tri{linear basis funtions in our ase), then it is alled theGalerkin method.4.1.1.1 InompressibilityThe myoardium is typially modelled to be inompressible. There are twomain ways of modelling this behaviour: (i) by introduing a Lagrange mul-tiplier that an then be identi�ed with the hydrostati pressure; or (ii) bymodelling the material as being nearly inompressible, and splitting the strainenergy density funtion into volumetri and deviatori parts. The volumetripart then serves to mimi the nearly inompressible behaviour. Dell & M-Culloh [28℄ reported that this may improve numerial stability for forwardsolutions using the �nite element method.The �nite element ode CMISS [124℄ whih was used in this study has aGalerkin inompressibility onstraint implemented whih is briey skethedhere.The inompressibility onstraint introdues another free variable, the hy-drostati pressure �eld. The extra onstraint neessary to determine theparameters of the hydrostati pressure �eld arise from the requirement thatI3 = 0 (see Eq.(3.26) for the de�nition of I3). This onstraint is realised inan element based sense rather than pointwise and modi�ed to reet volumehange: pI3 � 1 = 0.To be onsistent when alulating stress omponents and to avoid nu-merial ill{onditioning, Oden ([90℄, p.239) suggests that the interpolationsheme hosen to desribe the deformed geometri oordinates should be of ahigher order than that hosen to approximate the hydrostati pressure �eld.



46 CHAPTER 4. NUMERICAL TOOLSThis arises beause the strain energy ontribution to stress omponents isrelated to the �rst derivatives of the geometri displaement �elds, whereasthe hydrostati pressure diretly ontributes to the stress omponents. In ourase the hydrostati pressure �eld is approximated by a element{wise piee-wise onstant salar �eld to satisfy this ondition, sine the displaementvariables are approximated with tri{linear basis funtions. Nash & Hunter[84℄ desribe the implementation of this tehnique into the �nite elementenvironment in detail.The resulting system of nonlinear algebrai equations is then solved us-ing standard solvong tehniques like the Newton method. It is explained inSe.(4.2.2), however, it will be explained in the ontext of material parame-ter estimation rather in the ontext of minimising the residual of the �niteelement equations. The tehnique itself an be applied equivalently in bothases.4.2 Optimisation Tehniques for ParameterEstimationThis setion desribes the utilisation of experimental y and model f(#) datafor the use of parameter estimation tehniques. Here # denotes the modelparameters, in our ase material parameters. A spei� estimator will bepresented now whih is most ommonly used, i.e. the least{square objetivefuntion. Firstly though, the error e is de�ned as:e(#) = y � f(#) () em = ym � fm(#) : (4.4)From here one an move to the spei� estimator.



4.2. OPTIMISATION TECHNIQUES FOR PARAMETER ESTIMATION474.2.1 Least{Squares Objetive FuntionThe objetive funtion, whih is to be minimised later on, an then be de�nedas: 
(#) = 12eTe () 
(#) = 12Xm e2m : (4.5)This squares the error and for suÆiently smooth data will represent a onvexshaped valley, in whih parameter estimation an be performed. However,due to the non{linearity of the model the initial guess of the optimisationplays a ruial role. This is addressed in more detail in Chapter 6.Furthermore a weighted least{square objetive funtion an be de�nedas: 
(#) = 12eTWe () 
(#) = 12Xm Xn emWmnen ; (4.6)where W , Wmn is the matrix of weights.Both inner produts of the residual vetor utilise all existing data points inthe region being modelled. In Se.(4.3) a novel objetive funtion is presentedthat is based on the idea of a weighted objetive funtion, whih redues thenumber of data points required by two magnitudes.Also other objetive funtions an be de�ned with various metris. Forthe purpose of this study, however, the modi�ed objetive funtion will beapplied for all models. The atual optimisation steps are explained in thesubsequent setions.4.2.2 Newton MethodTo �nd the minimum of 
 we have to �nd a sequene of steps "k in theparameter spae whih suessively dereases 
:
(#k+1) < 
(#k) with #k+1 = #k + "k : (4.7)



48 CHAPTER 4. NUMERICAL TOOLSIt an be shown [10℄ that this is guaranteed if "k is hosen to be:"k = �Rr#
 ; (4.8)where r#
 is the gradient of 
 and if R is a positive de�nite matrix.If the valley was paraboli, it would be a natural hoie to hose R asbeing the inverse of the Hessian of 
. However, in pratial appliations thisannot be assumed to be true, espeially sine the initial guess may lie faroutside a onvex region. Therefore the Hessian might not be positive de�nite.This also highlights the need to �nd good initial guesses with our methodfor FEM inverse estimations.4.2.3 Levenberg{Marquardt MethodLevenberg [69℄ proposed to utilize a modi�ed R, namely R = (H + �I)�1,whih allows one to adapt � in a way that R beomes positive de�nite. Inpartiular, if � = 0, it is the Newton{Raphson method and if � = 1, it isthe steepest desent method.As stopping riteria we hose the di�erene of two suessive steps for theobjetive funtion j�
j and of the length of the material parameter vetorj�#j to be smaller than 10�5.4.3 A Novel Optimisation TehniqueThe onventional least squares objetive funtion, Eq.(4.5), would sum overall data points, about �5000 data points for the experiments performed byDokos et al. [30℄. By adding a\weight" to eah addend in Eq.(4.6), namely thewidth �x of eah interval of two suessive data points, the objetive funtionapproximates the following integral, assuming that the data points imply a



4.3. A NOVEL OPTIMISATION TECHNIQUE 49pieewise linear funtion and that the data stems from a one{dimensionalreording. 
(#) = 12Xm e2m(# )�xm � 12 xmaxZxmin (e(#; x))2 dx (4.9)This weighting was hosen beause the integral forms a L2{norm in the fun-tional spae of squared integrable funtions, and an therefore serve as ameasure of the length of the error. The same holds for the pieewise linearapproximating funtions and this measure an be interpreted as a "pseudo{energy ontent" (pseudo, beause the dimensions of the integrals in this ap-pliation are Joule2=metre) and serves as a referene for the minimized ob-jetive funtion to obtain a relative error.The above formulation suggests that it would be numerially more ef-�ient to approximate the integral via a Gaussian quadrature integrationmethod, see for example [96℄. This would then read:xmaxZxmin (e(#; x))2 dx � MXj=1 !j �e(#; xj�2 ; (4.10)where M is the number of Gauss quadrature points for over the data rangeand xj are the assoiated evaluation points. The objetive funtion thenreads: 
(#) = 12 MXj=1 !j �e(#; xj�2 ; (4.11)If f in Eq.(4.4) is set to zero, Eq.(4.11) gives the energy ontent 
EC.Naturally the question arises whether this modi�ed least square methodonverges to Eq.(4.9). The onvergene analysis is presented in Se.(6.1.4).For further details the reader is referred to [105℄.



50 CHAPTER 4. NUMERICAL TOOLS4.4 Statistial ToolsIn this setion, measures to ompare the material laws against eah otherand amongst experiments are investigated. These measures as well as theleast{squares method in the previous setion are based on the assumptionthat the data follows a Gaussian distribution. Yin and oworkers have alsoinvestigated the possibility of non{parametri bootstrapping methods ratherthan simple Gaussian (parametri) statistis [127℄.These measures were investigated to see how well they �t to the data fordi�erent experimental sets (goodness of �t) and how well they are de�nedfor a given set of experimental data in terms of numerial determinability.These measures are desribed below.4.4.1 Normalised Standard DeviationThe quantity ommonly referred to as \the" mean of a set of values is thearithmeti mean: �x = 1n NXi=1 xi ; (4.12)where N is number of data samples. This measure is also alled the (un-weighted) average. The sample variane �2 is the seond sample entralmoment and is de�ned by:�2x = 1N � 1 NXi=1 (xi � �x)2 : (4.13)The square root of the sample variane of a set of N values is the samplestandard deviation: �x =vuut 1N � 1 NXi=1 (xi � �x)2 : (4.14)



4.4. STATISTICAL TOOLS 51The oeÆient of variation CoV is de�ned as:CoVx = �x�x ; (4.15)and therefore gives a relative measure of deviation from the mean. Thestandard error is de�ned as: se = 1N �x : (4.16)4.4.2 Goodness of FitThe measure of the objetive funtion value at the optimum 
(#0) whennormalised by the energy ontent gives the \relative objetive funtion value"
rel = 
(#0)=
EC. We an then alulate the mean values �
 and �
rel, thestandard deviation �
 and �
rel over all experiments for eah material lawand thus the oeÆient of variation CoV
 = �
�
 and CoV
rel = �
rel�
rel an beformed .4.4.3 Akaike Information Criterion (AIC)The relative objetive funtion has limited use as a \goodness of �t" riterionto ompare the �ve models, sine it does not take into aount the number ofparameters of eah model. This hallenge is usually overome by introduingan information riterion that reets both the objetive funtion value andthe model omplexity via a ommon measure, see also Nelles [86℄.The idea of an information riterion was derived from a similar question.The hallenge was to selet an approximating model from a set of models.This was overome by de�ning a \distane" between two models (similarto the distane between to funtions over a given interval), the so{alledKullbak{Leibler \distane". In the mid-1970s Akaike introdued his \en-tropy maximisation priniple" in a series of papers [1, 2, 3℄ as a theoretial



52 CHAPTER 4. NUMERICAL TOOLSbasis for model seletion. This priniple is a simple relationship between theKullbak{Leibler distane and Fisher's maximised log-likelihood funtion.From this Akaike derived an information riterion (AIC)whih is named af-ter him: AIC = N ln( 1N
(#)) + 2K : (4.17)The \best" model is de�ned as the model with the lowest information rite-rion. K denotes the number of material parameters and N the number ofdata points.Starting from di�erent statistial assumptions, a number of proposals forthe omplexity have been made. All of them monotonially inrease with thenumber of parameters in the model. Sine it is not lear whih informationriterion is the best, the Akaike information riterion (AIC) as suggested byBurnham et.al. [16℄ was hosen. The information riterion yields a relativemeasure and an therefore only at to selet the best model within a set ofmodels. However, if all the models were very poor, the riterion would stillselet the one with the best estimate, but that model may be poor in anabsolute sense. This is why the goodness of �t riterion was also utilised.4.4.4 M{ & D{OptimalityThe above riteria form a basis for omparing the goodness of �t for the ma-terial laws, but it is also important to ask the question whether the materialparameters are sensitive to disturbanes in the data values, or in other words,how the objetive funtion varies in the neighbourhood of the optimum. Fora detailed and thorough disussion of this issue see [64, 85, 10℄. Here thebasi ideas are desribed.Given the optimal point in the parameter spae #0, various riteria tomeasure di�erent aspets of the behaviour of the material in onsideration



4.4. STATISTICAL TOOLS 53an be formed. If one onsiders a small deviation Æ# around the optimum#0 then the following equation:Æ#TH0Æ# � 2� (4.18)implies an K{dimensional hyperellipsoid, where K is the number of materialparameters for the material law in onsideration and H0 is the Hessian at theoptimum. This region is sometimes also alled the \�{indi�erene region".The determinant det(H0) at the optimal point represents the volume of theindi�erene region and is also referred to as the D{optimality riterion. Thehigher this number, the lower the variane of the material parameters.The ondition number of the Hessian at the optimum, ond(H0), de-sribes the ratio between the highest and the lowest eigenvalue of H0 andan be shown to be the square of the eentriity of the hyperellipsoid. Thiseentriity is important to harterise the numerial stability of the opti-misation proess. It is desirable to have a low eentriity ([96℄, p.54 andreferenes above) sine it ensures that errors are not overly magni�ed.The so{alled M{optimality riterion relates the interation between ma-terial parameters. It is de�ned as:det( ~H0) where ~Hij = HijHiiHjj (no sum) ; (4.19)and desribes the alignment of the hyperellipsoid with the material param-eter axes. ( ~Hij = Æij for perfet alignment, orresponding to no orrelationbetween the material parameters.)4.4.5 Material Parameter Variability amongst Exper-imentsThe statistial analysis of the objetive funtion gives insight into the over-all ability of the material law to �t a ertain set of experimental data. It



54 CHAPTER 4. NUMERICAL TOOLSis, however, also important to onsider the variability of eah individual pa-rameter as well as the overall variability. Therefore alulated the mean �iand standard deviation �i of eah individual parameter was alulated overall experiments for eah material law and thus the oeÆient of variationCoVi = �i�i was formed.4.4.6 Material Parameter Variability amongst ModelsIn the omparison of the values between the homogeneous simulations andthe FEM simulations or between several re�nements of the �nite elementstudy for the onvergene analysis, it is important to aount for the varyingmagnitudes of the individual parameters. Therefore the following measure�m�nm�� was utilised to ompare a spei� quantity � between two di�erentmodels � and �: ��n�� = j�� � ��j�� ; (4.20)for example, if � is the material parameter a, then �homonFEMa would denotethe omparison of the material parameter a of the homogeneous model withthe one obtained from the �nite element solution, whereas �222n333
 denotesthe di�erene in the objetive funtion between two di�erently re�ned ubes,i.e. one with 8 = 2� 2� 2 elements (two elements in eah diretion) and onewith 27 = 3� 3� 3 elements (three elements in eah diretion).Furthermore it is helpful to employ an overall measure that ompares allmaterial parameters: ��n�MP = KXi=1 ��n�i ; (4.21)whereK denotes the number of material parameters for the given onstitutiverelation and i a material parameter.
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Synopsis
This part presents the independent researh undertaken during this projet.Chapter 5 presents the �ve material laws that were investigated in this study.The Costa Law (CL), Pole{zero law (PZL) and the Langevin eight hainlaw (LECL) were hosen as published laws. The separated FUng{type law(SFL) and the Tangent law (TL) were hosen to investigate whether ertainrestritions of the CL and PZL, respetively, ould be enhaned.Chapters 6{8 present the development of the three models. Firstly, thehomogeneous simple shear deformation model is derived and the respetiveresults are presented as well as a modi�ed objetive funtion. Seondly,a �nite element simple shear model is presented to attain a more realisitdesription of the deformation proess. Furthermore its respetive resultsare also presented. Thirdly, a uniaxial extension model and its results arepresented to investigate the e�ets of a varying experimental protool on thematerial parameter estimation. Lastly, Chapter 9 presents the onlusion ofthis study.
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Chapter 5
Myoardial Material Laws
The mehanial behaviour of the heart has been modelled over the last 30years with di�erent material law (ML) onepts, (elasti  ! visoelasti,phenomenologial ! mirostruturally based). A brief summary of the at-tempts to model the passive elasti behaviour of myoardium is given below.5.1 Historial IntrodutionFung [33℄ was amongst the �rst to suggest a onstitutive relation for the pas-sive myoardial behaviour. The strain energy proposed within there was aombination of a linear and an exponential term. Various modi�ed versionsof this original strain energy density funtion have been used to model themyoardium as being transversely isotropi [39℄. Costa et al. [25℄ extendedthis to an orthotropi formulation by leaving out the linear term and mod-ifying the exponential term. This law is presented in Se.(5.2.1). Anothermiro{struturally motivated yet phenomenologial law was introdued byNash & Hunter [84℄ and is desribed in further detail in Se.(5.2.2). The fatthat the myoardium exhibits a \strain{limit" was taken into aount into59



60 CHAPTER 5. MYOCARDIAL MATERIAL LAWSthe formulation of the funtional form. These two laws seem to be amongstthose most frequently used in the literature to desribe the orthotropi pas-sive mehanial response for the myoardium. A onstitutive law based onmirostruture was introdued by Bisho� et al. [12℄ whih is based on miro{strutural modelling of maromoleules. It has the advantage of onsiderablyreduing the number of material parameters. This orthotropi law is pre-sented in Se.(5.2.3). However, other funtional forms have been proposedwhih are desribed below.Humphrey et al. [48℄ introdued a transversely isotropi strain energybased on both theory and experiment in terms of two oordinate invariantmeasures with �ve material parameters. This was extended by Holzapfel &Gasser [45℄ for the orthotropi ase applied to arterial walls, but would be ap-pliable for the desription of orthotropi myoardium as well. However, theinvariant formulation may make inverse material parameter estimation morediÆult, sine it might be hard to perform experiments that separate thekinemati tensors of the invariants [27℄. Crisione [27℄ proposed a onstitu-tive framework based on the laminar struture of the myoardium. This lawwas based on the idea to deouple the the kinemati tensors and introdueda series of strain attributes. Finally, it is worth mentioning that Hartmann& Ne� [41℄ introdued the onept of polyonvexity for hyperelasti strainenergy funtions whih guarantees a global optimiser for the �nite elementequations. This was then extended by Itskov & Aksel [56℄ for the orthotropiase. Additionally, these polyonvex formulations are based on a di�erentset of invariants whih might enhane their suitability for inverse parameterestimations.Lanir [63℄ published a miro{struturally based onstitutive relation for�brous onnetive tissues whih extended by Horowitz et al. [46℄ who took



5.2. PUBLISHED LAWS 61up this idea and developed a onstitutive relation for passive myoardium.Caillerie et al. [18℄ proposed a onstitutive law for the myoardium basedon a ell to musle homogenisation tehnique. It was based on to the repet-itive arrangement of myoytes and did not inlude the sheet struture andwas therefore limited to apture transversely isotropi behaviour. It is to benoted that the onept within this publiation ould be extended to aountfor the orthotropi response of myoardium.5.2 Published LawsThe next setion will present in detail the strain energy density funtion forthe Costa law (CL) [25℄, the Pole{Zero law (PZL) [84℄ and the Langevin eighthain law (LECL) [12℄. The CL and PZL were hosen, sine they depend onthe omponents of the Green{strain tensor whih have physial meaning andtherefore enable an interpretation of the material parameters with respetto the underlying miro{struture. The LECL was hosen sine it is basedon an assumption of miro{strutural arrangement and therefore ensured aoverage of di�erent onstitutive laws.Although the theoretially desirable polyonvexity annot be establishedunder large strain onditions for the following onstitutive relations, they doprove in pratie to provide very useful parametrisation of experimental dataand the material properties. See also Se.5.3.4.5.2.1 Costa LawCosta et al. [25℄ published the following strain energy density funtion. Thepolynomial form of the exponent Q an be onsidered as the �rst order terms



62 CHAPTER 5. MYOCARDIAL MATERIAL LAWSof a series expansion of the Green strain omponents.	1(Eff ; Efn; Efs; Enf ; Enn; Ens; Esf ; Esn; Ess) = 12a(eQ � 1)whereQ=bffE2ff+2bfn( 12 (Efn+Enf ))2+2bfs( 12 (Efs+Esf ))2+bnnE2nn+2bns( 12 (Ens+Esn))2+bssE2ss (5.1)Note that the funtional form was adapted suh that the shear terms arenow formulated as the symmetri part of the strain tensor rather than uti-lizing a produt between shear strain terms as proposed by Costa et al. [25℄.The meaning of the o�{diagonal material parameters, however, remains un-hanged.The material law is based on a general exponential Fung type law, thedetails of whih an be found in [35℄. The 1 in the term (eQ�1) is subtratedto ensure that the strain energy density funtion is zero in the refereneon�guration, where Q = 0.The multipliative parameter a ouples the other six parameters b��.Initial simulations indiated that this oupling might derease the �ttingapabilities. Therefore a separated exponential formulation was developed,see Se.(5.3.1).Smaill & Hunter [107℄ found that there was little mehanial ouplingbetween the �ber and sheet diretion in midmyoardial speimen in biaxialtests. Sine the CL exhibits inherent oupling of all strain omponents henealso for a biaxial deformation mode, it was believed that this might redue theapability of the CL to �t a multiaxial set of experimental data. Se.(5.3.1)therefore presents another exponential Fung{type material law in whih thisinherent oupling is released and therefore the theoretial apability to �tmultiaxial data is enhaned.



5.2. PUBLISHED LAWS 635.2.2 Pole{Zero LawA rather di�erent funtional form was initially proposed by Hunter [53℄ (seealso Nash & Hunter [84℄), alled the Pole{zero law (PZL), whih is basedon the idea that the tissue has a strain or extensibility limit aij in eahdiretion, a strength kij and parameter bij that aounts for the nonlinearityof the stress{strain urve. The parameters bij were all set to 2, sine thisensured a stable optimization:	3(Eff ; Efn; Efs; Enf ; Enn; Ens; Esf ; Esn; Ess) =kffE2ffjaff � jEff jjbff + kfn(12(Efn + Enf ))2jafn � j12(Efn + Enf)jjbfn + kfs(12(Efs + Esf))2jafs � j12(Efs + Esf)jjbfs+ knnE2nnjann � jEnnjjbnn + kns(12(Ens + Esn))2jans � j12(Ens + Esn)jjbns + kssE2ssjass � jEssjjbss : (5.2)5.2.3 Langevin Eight{Chain LawAnother law was proposed by Bisho� and oworkers [12℄. This onstitu-tive law di�ers from the two before mentioned in that it is based on miro{strutural modelling of maromoleules. Although the maro{moleular modelunderlying this approah may not reet the myoardial miro-struture, itmay desribe orthotropi mehanial behaviour on a marosopi level.For the in{depth derivation of the material law please refer to the originalpaper [12℄. Here, we simply restate the major quantities of the law andthe strain energy density funtion. The dimensions a; b;  were rede�ned asaf ; an; as for orthotropi unit ell in the �ber, normal and sheet diretion,af ; an; as are the unit vetors in the diretion of the unit ell axes and n isthe density of hain moleules, see Fig.(5.1). The onstant k is the Boltzmanonstant, � the absolute temperature, N number of freely jointed links1of1Please note that the number N is also used later on for the number of data points.



64 CHAPTER 5. MYOCARDIAL MATERIAL LAWS

Figure 5.1: Eight-hain, three{dimensional orthotropi unit ell. The eight urved linesin the unit ell represent the onstituent maromoleules and the straight lines representthe boundaries of the unit ell. The ell has dimensions a� b�  along the material axesa, b, , respetively, oriented with respet to the referene oordinate system Xi. Piturefrom [12℄length l in the maromoleule, and 	0 is a onstant to ensure zero strainenergy at zero strain. The four vetors P(1);P(2);P(3);P(4) de�ned in Eq.(5.3)follows and represent the diretion of the start to end point vetors of themaromoleules: P(1) = af2 af + an2 an + as2 asP(2) = af2 af + an2 an � as2 asP(3) = af2 af � an2 an + as2 asP(4) = af2 af � an2 an � as2 as : (5.3)
The deformed length of the individual hains are:�(i) = pP(i) � C �P(i) ; (5.4)where C = 2E +I is the right Cauhy{Green streth tensor and with E beingHowever, N with the urrent meaning is only used in this paragraph for simpliity toadapt the notation from [12℄.



5.3. MODIFIED LAWS 65the Green strain tensor. Let �(i)� = L�1(�(i)=N) be the normalised deformedhain length, P = 12qa2f + a2n + a2s the normalised undeformed hain length,�P = L�1(P=N) and L(x) = oth(x)� 1=x the so{alled Langevin funtion.Finally the strain energy density reads like:	5(Eff ; Efn; Efs; Enf ; Enn; Ens; Esf ; Esn; Ess) =	0 + nk�4  NP4i=1 "�(i)N �(i)� + ln �(i)�sinh �(i)� #� �PpN ln[�a2a �b2b �2 ℄!+B�2 (osh[�(J � 1)℄� 1) : (5.5)The inverse Langevin funtion is used during the omputation of the stress{strain relationship. Sine no losed form of the inverse funtion exists weutilise the so{alled Pad�e approximant funtion, see [23℄:L�1(x) = x3� x21� x2 +O(x6) : (5.6)The symbol O(x6) is the Landau symbol, indiating that the error is re-strited in the following way: 0 < lim supx!a ����L�1(x)x6 ���� <1.5.3 Modi�ed LawsAs mentioned in the above setion, the CL and the PZL have theoretialdisadvantages due to the oupling and the in�nite slope, respetively. Inpartiular preliminary studies had shown that the CL was not able to �t er-tain modes whih was believed to be due to the oupling e�et of the term Q.The pole aij of the PZL introdues a limited strain, whih is physiologiallysensible, however, the in�nite slope at the strain limit is not. Furthermorethe numerial implementation of suh a funtional form makes it likely thatunreasonably high values might our during omputation.



66 CHAPTER 5. MYOCARDIAL MATERIAL LAWSThe following two subsetions present the modi�ations of these lawswhih were developed to release these limitations.5.3.1 Separated Fung LawThe Q{term in (eQ � 1) in the CL was deoupled in the following way, suhthat no inherent oupling would exist:	2(Eff ; Efn; Efs; Enf ; Enn; Ens; Esf ; Esn; Ess) =12aff(ebffE2ff � 1) + 12afn(ebfn( 12 (Efn+Enf ))2 � 1) + 12afs(ebfs( 12 (Efs+Esf ))2 � 1)+12ann(ebnnE2nn � 1) + 12ans(ebns( 12 (Ens+Esn))2 � 1) + 12ass(ebssE2ss � 1) : (5.7)This law was termed the separated Fung law (SFL). It is similar to an ideaby Choi and Vito [20℄ for anine periardium.5.3.2 Tangent LawThe idea of a strain limit was adapted from the PZL. The tangent fun-tion f(x) = tan(x) also has an in�nite slope at �=2. When saling with twoparameters a; b to f(x; a; b) = a tan(b x) the pole an be shifted along the ab-sissa with the parameter b and saled along the ordinate with a. The in�niteslope, however, still exists, whih is why the tan{funtion was approximatedby its series expansion. Sine the stress{strain relationship is the derivativeof the strain energy funtion with respet to the strain we hose the funtionIntTan(x), the inde�nite integral of tan(x), and trunated after the �fthterm of its Taylor series. This had the e�et of removing the in�nite slopeat the pole { instead the urve monotonially inreases. The IntTan(x) washosen to omply to the onvexity requirements of 	. The funtional form



5.3. MODIFIED LAWS 67then reads:	4(Eff ; Efn; Efs; Enf ; Enn; Ens; Esf ; Esn; Ess) =12affIntTan(bffE2ff) + 12afnIntTan(bfn(12(Efn + Enf ))2)+12afsIntTan(bfs(12(Efs + Esf))2) + 12annIntTan(bnnE2nn)+12ansIntTan(bns(12(Ens + Esn))2) + 12assIntTan(bssE2ss) : (5.8)Sine the tangent funtion was hosen as the basis for the formulation of thislaw, it was termed Tangent law (TL).It is worth noting that the number of addends after whih the TL istrunated only plays a minor role. The material parameter estimation wasperformed for various numbers of addends ranging from 3{20 and they alteredthe objetive funtion value by less than 0.01%.5.3.3 Theoretial ConsiderationsThere exist a variety of mathematial onditions on the funtional form ofa given strain energy density funtion whih enhane the numerial perfor-mane espeially in the ontext of �nite element simulations. For example,the requirement of loal onvexity [45℄ of the strain energy density funtionensures the quadrati onvergene of ertain iterative solution tehniquesthat arise when using �nite{element methods to solve linearised versions ofthe equilibrium equations in their weak form (see [44℄, Se.(6.6)).Important onsequenes also follow from other loal onvexity propertiesof the strain energy density funtion. One an use ertain onditions likestrong elliptiy as well as the Legendre{Hadamard ondition [120℄ to prove anumber of lassial results on the loal uniqueness and stability of solutionsto nonlinear boundary{value problems as well as on the existene, unique-ness, and stability of solutions to the orresponding linearisations of theseproblems. See for example [40, 91, ?℄. For hyperelasti materials, however,



68 CHAPTER 5. MYOCARDIAL MATERIAL LAWSglobal onvexity of the strain energy density funtion is inompatible, in aertain sense, with frame indi�erene ([22℄, Se(4.8)).One having hosen the funtional form, it is possible to restrit the rangeof material parameters even further. Some of these restritions stem fromthe strong{elliptiity or the Legendre{Hadamard onditions, [120℄, Se.(5).There are also other kinds of restritions like the Baker{Erikson inequalities[75℄, p.16, whih stem from ertain physial onsiderations. These, however,only hold for isotropi materials. Similar onditions were investigated byHumphrey [49℄ for a number of transversely isotropi Fung{type laws.Eah of the onstitutive relations investigated in this study is onvex ineah of its omponents. This ensures some very basi shape requirementsof the stress{strain urves. Yet, they do not ful�l the Legendre{Hadamardonditions, see Se.(5), [120℄. Further investigations into the mathematialproperties of the onstitutive relations presented in this hapter need to beinvestigated in the future.In partiular, it would be desirable to investigate the restritions on thematerial parameters of the e.g. CL, whih have negative values for some ofthe estimates. These investigations would shed more light on the disussionsin Se.(6.2), i.e. whether the material parameters are a result of the experi-mental data, the deformation model assumptions or the lak of assumptionsfor the material parameter range.5.3.4 Pratial ConsiderationsIt has been reognised only lately that the myoardial mirostruture suggestan orthotropi material response. The questions arises whether all ompo-nents of the funtional form are neessary to desribe the set of experimentaldata available.



5.4. SUMMARY 69Therefore a test was performed by leaving out omponents of the fun-tional form in the homogeneous model as desribed in Se.(6.2). For example,the dependene of the CL on the Green strain omponent Eff was left outby setting the material parameter bff = 0. This was done for all materialparameters separately. The inrease in the relative objetive funtion errorranged from 11.1% (for setting bnn = 0) to 34.8% (for setting bff = 0), indiat-ing that all material parameters were neessary to desribe the experimentaldata. Similar values were obtained for the other material laws.5.4 SummaryThis hapter presented the �ve material laws that were investigated in thisstudy. The CL, PZL and LECL were hosen as published laws. The SFLand TL were hosen to investigate whether ertain restritions of the CL andPZL, respetively, ould be enhaned.
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Chapter 6
Homogeneous DeformationModel
The last hapter introdued the onstitutive laws neessary to develop thethree models whih build on eah other.Firstly, the material parameters for the six simple shear modes of Dokos etal. [30℄ as desribed in Se.(2.3.5) are modelled. A homogeneous deformationas depited in Fig.(2.4) is assumed. From this assumption the objetivefuntion is onstruted.Seondly, parameters for the same data were estimated by releasing theassumption of a homogeneous deformation and by modelling the deformationin the �nite element environment, suh that Eq.(3.45) were ful�lled. Thedetails of the �nite element method is desribed in Se.(4.1).Thirdly, the simple shear experiments were extended to inlude uniaxialextension data as desribed in Se.(2.3.6). This was done to ensure thatthe material parameters would be validated against another experimentalprotool. It is to be noted, however, that the data available with this set ofexperimental protool was limited to one experiment, whih does not allow71



72 CHAPTER 6. SHEAR HOMOGENEOUS MODELfor a statistial analysis, but rather only provides insight into issues thathave to be onsidered for further examinations.6.1 Homogeneous Analytial DeformationModel for Simple ShearGiven the onstitutive relations and the homogeneous model assumptions,an analytial form of the top fae fore in terms of any given displaementwas derived. This is presented for one material law (CL) and one sheardeformation mode (NS{mode) as an example. A global oordinate system(x; y; z) is introdued where the diretion of shear was aligned with the x{axis and the normal of the top fae with the z{axis. This serves to obtainan easier expression for the objetive funtion and was also used in Chap.(7)for the �nite element model.6.1.1 Derivation of Analytial ModelAssuming material dimensions �, � and  in the x; y; z{diretions or f; n; s{diretions, respetively, the following deformation gradient is obtained:F = 0BBB� 1 0 k0 1 00 0 1 1CCCA(x;y;z) =
0BBB� 1 0 00 1 00 k 1 1CCCA(f;n;s) ; (6.1)where now k ranges between �12 and 12. From that the Green strain tensorin both oordinate systems an be derived:E = 0BBB� 0 0 k0 0 0k 0 k2 1CCCA(x;y;z) =
0BBB� 0 0 00 k2 k0 k 0 1CCCA(f;n;s) : (6.2)



6.1. DEVELOPMENT OF HOMOGENEOUS MODEL 73The stress strain relationship reads S = �pI+ �	�E . Sine deformation wasonstrained to be homogeneous simple shear and was therefore isohori, thehydrostati pressure term vanishes as it would only ome into play to enforethe volume onstraint (J = 1). The stress{strain relationship then beomesS= �	�E . From this the seond Piola{Kirhho� stress tensor an be derived:S= 0BBB� 0 0 12a1bnske 14 bnnk4+ 12 bnsk20 0 012a1bnske 14 bnnk4+ 12 bnsk2 0 12a1bnnk2e 14 bnnk4+ 12 bnsk2 1CCCA(x;y;z)= 0BBB� 0 0 00 12a1bnnk2e 14 bnnk4+ 12 bnsk2 12a1bnske 14 bnnk4+ 12 bnsk20 12a1bnske 14 bnnk4+ 12 bnsk2 0 1CCCA(f;n;s) :
(6.3)

From this the analyti fore on the top fae an be derived by means ofNanson's formula Eq.(3.23) :tana = F S �N = 0BBB� 12��a1 �bnske 14 bnnk4+ 12 bnskbnnk2e 14 bnnk4+ 12 bnsk3�012��a1bnnk2e 14 bnnk4+ 12 bnsk2 1CCCA(x;y;z)= 0BBB� 012��a1bnnk2e 14 bnnk4+ 12 bnsk212��a1 �bnske 14 bnnk4+ 12 bnskbnnk2e 14 bnnk4+ 12 bnsk3� 1CCCA(f;n;s) ; (6.4)where N = (0; 0; ��)(x;y;z) = (0; ��; 0)(f;n;s) is the normal vetor in the refer-ene on�guration multiplied with the area of the top fae.There is an analogue of tana from the experiment, i.e. texp the measuredfore on the top fae from the experiment. The number of data points ob-tained from the experiment are approximately 250 data points over the rangeof deformations from �12 to 12 for eah mode.



74 CHAPTER 6. SHEAR HOMOGENEOUS MODELThe usual approah of a least squares objetive funtion is adopted, butmodi�ed to aount for the expensive numerial omputations whih arise ininverse parameter estimations as desribed in Se.(4.3).6.1.2 Derivation of Objetive FuntionThe onventional least squares objetive funtion would sum over all sixmodes, all three diretions of the top fae fore and all data points of eahmode and fore diretion, resulting in approximately 6�3�250 = 4500 datapoints: 
(#) = 12 Xmodes Xx,y,z-fore Xdatapoints jtana(#)� texpj2 ; (6.5)where # is the vetor of all material parameters. By adding a\weight" toeah addend, namely the width �x of eah interval of two suessive datapoints, the objetive funtion approximates the following integral, assumingthat the data points imply a pieewise linear funtion.
(#) = 12 Xmodes Xx,y,z-fore Xdatapoints jtana(#)� texpj2�x� 12 Xmodes Xx,y,z-fore 12 iZ� 12 i jtana(#; x)� texp(x)j2 dx (6.6)
This weighting was hosen beause the integral forms a L2{norm in the fun-tional spae of squared integrable funtions, and an therefore serve as ameasure of the length of the error. The same holds for the pieewise linearapproximating funtions and this measure an be interpreted as a "pseudo{energy ontent" (pseudo, beause the dimensions of the integrals are J2=m)



6.1. DEVELOPMENT OF HOMOGENEOUS MODEL 75and serves as a referene for the minimized objetive funtion to obtain arelative error.The above formulation suggests that it would be numerially more ef-�ient to approximate the integral via a Gaussian quadrature integrationmethod, see for example [96℄. This would then read:12iR� 12i jtana(#; x)� texp(x)j2 dx � GXj=1 !j ��tana(#; xj)� texp(xj)��2 ; (6.7)where G is the number of Gauss quadrature points for eah of the twelvedisplaement{fore urves. The objetive funtion then reads:
(#) = 12 Xmodes Xx,y,z-fore GXj=1 !j ��tana(#; xj)� texp(xj)��2 (6.8)If we hoose for example G = 12, the number of total funtion evaluationsrequired has been redued to 144 ompared to �4500 in the full model,orresponding to 97% saving.The hange to the Gaussian least squares objetive funtion also hasa signi�ant hange in meaning, i.e. one now also has a way to obtain aphysially meaningful objetive measure for eah experiment. To be morepreise, setting tana(#; xj) = 0 in Eq.(6.8) gives the \energy ontent (EC)",
GEC. Most importantly this an be used as a way to sale the value of theobjetive funtion at the optimal solution #0 to 
Grel = 
G(#0)=
GEC, whihould then serve as a relative measure to ompare amongst experiments [105℄.6.1.3 Convergene Analysis of Optimisation TehniqueNaturally the question arises whether this modi�ed least{squares methodonverges to Eq.(6.6)1, whih is examined in this setion. For this pur-pose Eq.(6.6) is denoted as the Weighted Least Square Objetive Funtion



76 CHAPTER 6. SHEAR HOMOGENEOUS MODEL�Gnfull
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Figure 6.1: Convergene analysis of the objetive funtion 
Grel and the di�erene vetor�Gnfull#k plotted against the number of Gauss points G.(WLSOF) and Eq.(6.8) as the Gaussian Least Square Objetive Funtion(GLSOF). Furthermore the optimal solution of the WLSOF is de�ned as#WLSOF and the orresponding value of the objetive funtion as 
WLSOF.A onvergene analysis was performed by plotting (Fig.(6.1)) the numberof Gauss points G used, against the relative error of the GLSOF 
G(#0) withrespet to 
WLSOF of the WLSOF of Eq.(4.6), i.e. �GnWLSOF
 = j
G(#0)�
WLSOF j
WLSOF .The left graph of Fig.(6.1) shows that 12 Gauss points suÆe to give lessthan 0.01% error ompared with the full model approah. The right graph ofFig.(6.1) shows that the relative error in the length of the di�erene vetor ofthe parameters is below 0.4% when saled by the absolute length of #WLSOF,�GnWLSOF# = j#G�#WLSOF jj#WLSOF j � 0:4%Sine the material parameters have di�erent sales it is important toompare the behaviour of eah parameter. Therefore the error was omputed\point{wise" for eah individual parameter �GnWLSOF#k = j#kG�#kWLSOF jj#kWLSOF j , and thenthe mean amongst all of them whih resulted in 0.6%, whih again on�rmsthe onvergene.The omputational time involved for the 12 Gauss point model was 9.6se, whereas the full model took 415.6 se. It was therefore possible toredue the time by 98% whih oinides with the funtional evaluation ount



6.1. DEVELOPMENT OF HOMOGENEOUS MODEL 77in Se.(6.1.2).6.1.4 Appliability of Optimisation TehniqueA novel optimization kernel has been investigated in order to improve highomputational expense typially present in material parameter optimizationproblems. The kernel was able to redue the omputational time by 98% andmaintain auray to within 1%.This saving is ritial for inverse material parameter estimation proe-dures for whih the omputational time ould be redued to the order ofdays, whih otherwise would easily run into months if all available data weretaken into aount [54, 104℄. Furthermore, this kernel also provides a sounderror analysis.It should be noted that by hoosing the number of integration pointsand its respetive integration method, one an easily inorporate any kindof nonlinear behaviour and key features of the urve. Moreover, instead ofa Gaussian integration formula, as presented in Eq.(6.7), one ould also useother standard integration tehniques based on other integration points, e.g.Lagrange or Chebyhev polynomials. The big advantage here is that we anmake us of a large lass of standard numerial integration tehniques (e.g.[7℄) with well established error analysis. This takes the guess work out ofhandpiking key points that ould represent the nonlinear behaviour andtherefore gives ontrol over the smoothing error. Furthermore, error analysisof Gaussian integration shows that G integration points are the minimalnumber of integration points to exatly integrate polynomials up to degree2G� 1. No other hoie of integration points would deliver the same result.Furthermore, it is important to note that problems with larger data setswould lead to even further redution, sine the evaluation time is only de-



78 CHAPTER 6. SHEAR HOMOGENEOUS MODELpendent on the amount of Gauss points neessary to evaluate the integraland not the number of data points. In other words, as a data set would getlarger the evaluation of the integral stays more or less onstant.The data of a single fore{displaement urve ful�lled two onditions.Firstly, there were numerous data points (>250) and seondly, the meanwidth between two suessive data points was below 1% of the total width.This enabled an approximation of the data set by a pieewise linear funtion.Further theoretial investigations into the preise requirements for the dataset would shed more light onto the appliability of this kernel.6.1.5 Determination of Initial GuessesThis setion desribes the strategy that was employed to �nd reasonableinitial guesses for the estimation proess exampli�ed for the CL.6.1.5.1 Paired Mode OptimisationThe experimental data was grouped into three pairs of modes (NS,NF),(FN,FS) and (SF,SN) aording to Fig.(2.4). The result of this groupingwas that only four out of the seven material parameters needed to be esti-mated, e.g. (a; bfn; bnn; bns) for the pair (NS,NF). This redution of materialparameters ombined with the visual aid of plotting the four relevant urvesagainst the experimental urves ensured that these four material parame-ters ould easily be pre{guessed. It was started with values (1,1,1,1) forthese four material parameters and adjusted by hand until the four urvesappeared to be in the right range. From there the Levenberg{MarquardtSe.(4.2.3) method was employed and yielded results for this pair of modes.The same was repeated for the other two pairs, resulting in the following



6.2. HOMOGENEOUS RESULTS 79three sets of material parameters:(a; bfn; bnn; bns) = (0:427; 1:373; 2:712; 0:957)(a; bff ; bfn; bfs) = (0:739; 3:203; 1:115; 1:421)(a; bfs; bns; bss) = (0:102; 3:657; 2:732; 3:088) (6.9)6.1.5.2 Averaging of Paired EstimatesThese results were averaged and used as an initial guess for the full optimi-sation inluding all six simple shear modes. This strategy usually yieldedvery good �rst estimates for all four material laws from whih the optimisa-tion onverged. For some rare ases this was not the ase and the averagedresults and to be adjusted by hand until the visual aid of plotting all twelvefore{displaement urves suggested that it was more likely to happen.It an therefore be onluded that this strategy was helpful in �ndinggood initial guesses for the estimation proess. However, it was sometimesneessary to employ adjustment by hand.6.2 Results for the Homogeneous Deforma-tion ModelThe homogeneous model was solved starting from varying sets of initial val-ues, whih yielded idential results for those ases when it onverged. Toensure a stable optimisation the Levenberg{Marquardt Se.(4.2.3) methodwas employed. The detailed numerial results are given in Tables (6.1){(6.6). All material parameter values are listed and for eah of these entriesthe mean, standard deviation and oeÆient of variation (CoVi = �i�i ) arepresented aross the experiments. The total pseudo energy ontent (
T) isalso listed for eah experiment in the last olumn of Table (6.1).



80 CHAPTER 6. SHEAR HOMOGENEOUS MODELComparing the mean of the relative goodness of �t amongst all four mate-rial laws, the CL obtained the best relative goodness of �t (2.50%), whereasthe oeÆient of variation for the CL is 54.9%. Comparing the AIC on�rmsthis result.The ondition number for all material laws show that the SFL had thehighest eentriity with 3:2 � 1011, whereas LECL was lowest 5:3 � 103. Con-sidering the orrelation or M{optimality, the CL was best with 2:8 � 10�3.In ontrast the result for the TL was dramatially distorted in experiment 2where the programme suggested that signi�ant numerial errors might ourduring the omputation of the M{optimality due to a bad ondition number.Comparing the variability in terms of the oeÆients of variation for eahmaterial law over all material parameters shows that LECL has the lowestCoVMax (40.0%) and SFL has the highest (-246%). The same holds for the�CoV where LECL has the lowest (19.4%) and SFL the highest (79.0%).It is important to note that experiments 2 and 4 yielded omparably poorresults for all material laws. These an be seen in all material laws for theparameters that desribe the axial response in the normal diretion, whihwas likely to be the ase sine the normal modes usually had the smallestpartial energy ontent. In partiular, bnn for the CL, ann for the SFL and theTL and knn for the PZL have negative values. Note that these values mightnot be physially sensible. A theoretial way of investigating this would be toextend the Baker-Erikson inequalities to the orthotropi ase ([75℄, p.16 andSe.(5.3.4)). It is important to point out that the other material parametersseemed to be well within the on�dene intervals with respet to the otherexperiments. The e�et of these negative material parameters an also beseen in the graphs in App.(B). Leaving out experiments 2 and 4 wouldtherefore yield a muh loser material parameter set for all material laws.



6.2. HOMOGENEOUS RESULTS 81These poor results may be due to heterogeneous variations in the miro{strutural �ber orientation aross the sample. Inverse �nite element studiesthat inlude this aspet may shed some more light on the possible reasons.Fig.(6.2) shows all twelve fore displaement urves using the CL forexperiment 3. The graphs show exellent agreement of the analytial urves(solid) with the experimental data (dotted). Similar results were obtained forall other material laws inluding LECL whih exhibited the highest relativeerror, Fig.(6.3). A summary of all graphs for all experiments and all laws isgiven in App.(B.2).From these results we an see that the CL had both the best �t proper-ties and the best determinability properties of the �ve laws tested in simpleshear, whereas the LECL exhibits the least variane while having worse �t-ting properties.
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CL 
 
Rel AIC Rank det(H) ond(H) det( ~H) a bff bfn bfs bnn bns bss 
TExp1 1023 2.57% 136.6 1 1.1E+13 1.6E+05 3.1E-03 0.383 40.6 9.19 10.6 11.3 7.10 12.3 39747Exp2 1359 5.18% 154.4 1 1.0E+12 6.5E+05 2.1E-03 0.182 31.1 14.8 13.3 -3.23 13.6 33.9 26217Exp3 128 1.59% 6.55 1 1.8E+09 7.8E+05 3.1E-03 0.171 34.0 11.1 12.6 19.3 9.01 13.0 8021Exp4 183 2.17% 29.0 1 1.9E+09 3.6E+05 3.5E-03 0.226 39.6 9.93 9.23 -0.18 9.21 10.1 8456Exp5 558 1.97% 98.7 1 1.1E+12 6.1E+05 2.9E-03 0.212 38.3 9.68 9.45 10.0 6.39 16.8 28332Exp6 204 1.50% 35.9 1 2.4E+10 1.8E+06 2.1E-03 0.154 71.4 10.7 10.7 9.56 8.33 25.7 13612� 576 2.50% 2.1E+12 7.3E+05 2.8E-03 0.221 42.5 10.9 11.0 7.78 8.95 18.6 20731� 511 1.37% 4.2E+12 5.7E+05 5.9E-04 0.084 14.6 2.02 1.65 8.22 2.54 9.27 12746CoV 88.8% 54.9% 197% 78.0% 21.1% 37.8% 34.3% 18.6% 15.0% 106% 28.4% 49.7% 61.5%Table 6.1: Comparison of material parameter estimates for CL aross all experiments

SFL 
 
Rel AIC Rank det(H) ond(H) det( ~H) aff bff afn bfn afs bfs ann bnn ans bns ass bssExp1 989 2.49% 144.5 3 3.6E+28 4.7E+08 1.9E-11 0.693 54.8 0.0380 25.1 0.0411 26.3 0.0378 93.0 0.0408 20.0 0.0505 94.8Exp2 1545 5.89% 172.4 3 7.3E+27 1.9E+12 9.5E-12 0.073 116 0.0494 24.5 0.0706 21.6 -0.0005 234.2 0.0843 19.0 0.2863 66.2Exp3 127 1.58% 16.0 2 2.9E+23 1.1E+09 2.3E-11 0.279 56.7 0.0514 19.6 0.0382 24.2 0.0761 70.9 0.0458 17.1 0.0132 127Exp4 165 1.95% 32.6 3 2.9E+20 2.2E+10 1.4E-11 0.257 70.1 0.0507 20.2 0.0615 17.8 -51.86 0.0366 0.0709 16.3 0.0137 118Exp5 569 2.01% 110.0 3 1.4E+28 8.7E+08 2.7E-11 0.269 63.2 0.0328 22.7 0.0326 22.6 0.0232 90.3 0.0358 16.6 0.0376 86.9Exp6 316 2.32% 73.1 3 6.4E+23 5.0E+08 2.1E-11 0.254 102 0.0446 18.7 0.0465 19.9 0.0928 34.9 0.0421 16.4 0.0738 78.9� 618 2.71% 9.6E+27 3.2E+11 1.9E-11 0.304 77.0 0.0445 21.8 0.0484 22.1 -8.60 87.2 0.0533 17.5 0.0792 95.3� 554 1.59% 1.4E+28 7.8E+11 6.3E-12 0.205 25.5 0.0076 2.68 0.0147 3.01 21.2 80.3 0.0196 1.54 0.1040 23.3CoV 89.7% 58.8% 147% 241% 33.3% 67.6% 33.0% 17.1% 12.3% 30.3% 13.6% -246% 92.1% 36.8% 8.75% 131% 24.4%Table 6.2: Comparison of material parameter estimates for SFL aross all experiments
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PZL 
 
Rel AIC Rank det(H) ond(H) det( ~H) kff aff kfn afn kfs afs knn ann kns ans kss assExp1 944 2.37% 141.6 2 1.3E+53 8.3E+04 1.1E-11 2.14 0.393 0.0760 0.357 0.0867 0.351 0.0845 0.271 0.0728 0.392 0.109 0.266Exp2 1529 5.83% 171.7 2 1.9E+54 4.5E+04 1.3E-11 0.146 0.236 0.0985 0.361 0.133 0.380 -0.0013 0.173 0.153 0.404 0.771 0.341Exp3 142 1.95% 23.3 4 3.1E+47 1.1E+04 8.8E-12 0.670 0.361 0.0859 0.391 0.0769 0.371 0.194 0.325 0.0728 0.416 0.027 0.224Exp4 162 1.91% 31.3 2 2.5E+24 1.2E+18 1.5E-12 0.669 0.328 0.0906 0.390 0.109 0.414 -2.5E+05 513.8 0.128 0.434 0.026 0.231Exp5 548 1.93% 107.5 2 1.3E+52 8.7E+03 8.1E-12 0.759 0.354 0.0606 0.370 0.0596 0.370 0.0525 0.276 0.0644 0.431 0.085 0.282Exp6 308 2.26% 71.5 2 5.7E+45 1.0E+06 3.1E-12 0.520 0.253 0.0808 0.407 0.0854 0.394 0.414 0.565 0.0771 0.435 0.175 0.300605 2.71% 3.5E+53 1.9E+17 7.7E-12 0.817 0.321 0.0821 0.379 0.0917 0.380 -4.2E+04 85.9 0.0947 0.419 0.199 0.274� 542 1.54% 7.9E+53 4.7E+17 4.6E-12 0.684 0.063 0.0131 0.020 0.0256 0.0218 1.0E+05 209.6 0.0366 0.018 0.286 0.044CoV 89.6% 56.8% 225% 245% 59.7% 83.7% 19.6% 15.9% 5.2% 28.0% 5.8% -244.9% 244.0% 38.7% 4.27% 144% 16.0%Table 6.3: Comparison of material parameter estimates for PZL aross all experiments

TL 
 
Rel AIC Rank det(H) ond(H) det( ~H) aff bff afn bfn afs bfs ann bnn ans bns ass bssExp1 1034 2.60% 147.3 4 4.7E+30 2.9E+05 7.1E-10 3.17 15.5 0.1155 13.1 0.123 13.5 0.269 18.7 0.114 11.6 0.362 18.9Exp2 1577 6.01% 173.7 4 -5.0E+27 2.6E+04 -7.6E+42 0.620 20.4 0.1606 12.7 0.201 12.1 -3.1E-13 3.1E-13 0.227 11.3 1.51 16.7Exp3 133 1.65% 18.8 3 1.1E+26 4.4E+05 2.6E-09 1.30 15.8 0.1407 11.5 0.119 12.7 0.425 17.1 0.112 10.9 0.124 21.0Exp4 172 2.03% 35.1 4 4.6E+22 8.9E+06 1.1E-09 1.40 17.1 0.1443 11.7 0.156 11.1 -5.34 0.410 0.169 10.7 0.123 20.4Exp5 597 2.11% 112.9 4 5.7E+30 5.3E+05 3.2E-09 1.36 16.4 0.0994 12.3 0.100 12.3 0.162 18.5 0.085 10.8 0.249 18.4Exp6 333 2.45% 76.4 4 4.8E+26 1.4E+06 4.1E-09 1.90 19.5 0.1160 11.3 0.127 11.7 0.311 12.9 0.097 10.8 0.451 17.7� 641 2.81% 1.7E+30 1.9E+06 -1.3E+42 1.62 17.5 0.1294 12.1 0.138 12.2 -0.695 11.3 0.134 11.0 0.471 18.8� 567 1.60% 2.7E+30 3.5E+06 3.1E+42 0.859 2.04 0.0228 0.702 0.0358 0.83 2.28 8.82 0.054 0.374 0.528 1.64CoV 88.4% 57.1% 156% 178% -245% 52.9% 11.7% 17.6% 5.80% 26.0% 6.76% -328% 78.2% 40.1% 3.40% 112% 8.71%Table 6.4: Comparison of material parameter estimates for TL aross all experiments
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LECL 
 
Rel AIC Rank det(H) ond(H) det( ~H) af an as nExp1 1807 4.55% 166.2 5 2.8E+18 9.7E+03 1.4E-04 1.98 1.06 1.12 2.34�1020Exp2 2859 10.90% 194.9 5 9.1E+19 4.9E+03 7.4E-04 1.44 1.34 1.42 1.26�1020Exp3 283 3.88% 50.3 5 1.0E+18 1.9E+03 5.9E-04 1.58 1.32 1.33 0.881�1020Exp4 530 6.27% 89.5 5 1.5E+16 3.2E+03 1.7E-04 2.01 1.07 1.06 1.28�1020Exp5 1147 4.05% 137.8 5 1.4E+18 2.8E+03 1.1E-04 2.02 1.07 1.06 1.21�1020Exp6 1211 8.90% 141.2 5 2.7E+19 9.6E+03 1.3E-04 1.75 1.21 1.22 0.949�1020� 1306 6.42% 2.1E+19 5.3E+03 3.1E-04 1.80 1.18 1.20 1.32�1020� 932 2.89% 3.6E+19 3.5E+03 2.8E-04 0.250 0.131 0.151 0.528�1020CoV 71.4% 45.0% 175% 65.0% 89.0% 13.9% 11.1% 12.6% 40.0%Table 6.5: Comparison of material parameter estimates for LECL aross all experiments


Rel det(H) ond(H) det( ~H) CoVMax �CoVCL 2.50% 2.1E+12 7.3E+05 2.8E-03 106% 41.4%SFL 2.71% 9.6E+27 3.2E+11 1.9E-11 -246% 79.0%PZL 3.35% 8.2E+53 2.7E+08 9.4E-10 -94.7% 47.0%TL 2.81% 1.7E+30 1.9E+06 -1.3E+42 -328% 57.6%LECL 6.42% 2.1E+19 5.3E+03 -3.1E-04 40.0% 19.4%Table 6.6: Comparison of all material laws
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Figure 6.2: The table depits the experimental (dotted) and �tted fore{displaementurves (solid) of the Costa{law for all six modes for experiment 3. It is grouped aordingto Fig.2.4, whereas groups of two pitures show the x{ and z{fore, respetively. The y{fore is left out due its negligible energy ontent. The overall relative error is 1.59%. Notethe di�erent sales on eah graph. The absissa shows the displaement in mm, whereasthe ordinate shows the top fae fore in mN , where e.g. FNSx indiates the x{fore for theNS{mode.
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Figure 6.3: The table depits the experimental (dotted) and �tted fore{displaementurves (solid) of the Langevin Eight{Chain{law for all six modes for experiment 3. It isgrouped aording to Fig.2.4, whereas groups of two pitures show the x{ and z{fore,respetively. The y{fore is left out due its negligible energy ontent. The overall rel-ative error is 3.88%. Note the di�erent sales on eah graph. The absissa shows thedisplaement in mm, whereas the ordinate shows the top fae fore in mN , where e.g.FNSx indiates the x{fore for the NS{mode.



6.3. DISCUSSION 876.3 DisussionThe optimisation for CL, SFL and TL ould be started from a wide varietyof initial guesses, whereas for the PZL and LECL a more elaborate strategyhad to be applied.For the PZL and LECL the optimisation was initially setup for so{alledpaired{mode optimisation was arried out, where the material parameterswere �tted to only two out of the six modes. The analytial equation ofthe PZL for the top{fae fore indiated that it would be advantageous toestimate for the NS & NF, FS & FN or SN & SF modes together, sine inthese pairs similar parameters would be \ative". For example, �rst estimatesould be obtained for the material parameters aff ; kff ; afn; kfn; afs and kfsfor PZL when �tting for the FS & FN mode only. When done for all pairedmodes the mean of the parameters was omputed and used as the initial guessfor the full optimisation. This typially proved to be a suessful tehniqueto obtain globally minimising material parameters.A similiar tehnique was applied for the LECL although all material pa-rameters were \ative" in all paired modes. Nevertheless the proedure gavereliably good �rst estimates to �nd the global optimum. The optimum,however, did not provide a good �t to all twelve fore{displaement urves,Fig.(6.3), see also App.(B.2).6.4 SummaryThis hapter develops the homogeneous model to estimate myoardial ma-terial parameters. It is lear from Se.(6.2) that the CL is the most suitableonstitutive law to model passive myoardial mehanis in homogeneous sim-ple shear.



88 CHAPTER 6. SHEAR HOMOGENEOUS MODELThe major limitation of this model was that in a real experiment the edgesof the ubes do not remain straight, rather they bulge and the overall defor-mation is non{homogeneous. The next hapter relaxes this and introdues a�nite element model for inverse material parameter estimation.



Chapter 7
Non{Homogeneous FiniteElement Deformation Modelfor Simple Shear
The last hapter presented the homogeneous deformation model. The veryassumption of a homogeneous deformation, however, does aount for bulging(Poynting) e�ets that are observed in simple shear experiments [95℄. Toallow for this, a �nite element model for eah of the 3 separate tissue bloksin eah of the 6 sets of experiments was reated to aount for the non{homogeneous deformation. Eah blok was given a uboid geometry withthe reorded dimensions. Two shear modes were applied in eah blok inorder to over the 6 di�erent shear modes for eah experiment.7.1 Development of FE ModelThe forward solution of the �nite elastiity equations of the mathematialrepresentations of the ventriular myoardium were solved using the Galerkin89



90 CHAPTER 7. SHEAR FE MODEL�nite element method inorporating tri-linear 8-node elements. Fig.(7.1)shows a sample �nite element model used in this study. The simple sheardeformation was modelled as a xz{shear, i.e. the top fae with a normal inthe z{diretion was displaed in the x{diretion. The mesh inorporated the�bre and the sheet orientation of the tissue equivalent to the experimentaltests by assigning a globally homogeneous �bre, sheet, normal distributionthroughout the ube for eah mode. A variety of mesh resolutions were anal-ysed and the results of the onvergene analysis are presented in Se(7.1.3).The inompressibility onstraint was implemented via the bakend of CMISS

Figure 7.1: This graph shows the undeformed and deformed �nite element mesh. Themesh has �ve elements in eah diretion. The boundary onditions are imposed on thebottom and top surfae. The bottom surfae is �xed and the top surfae is displae intothe positive x{diretion by half the height of the ube.



7.1. DEVELOPMENT OF FE MODEL 91as explained in [84℄, see also Se.(4.1.1.1).7.1.1 Validation of onstitutive lawsThe onstitutive relations were implemented by means of an XML basedmarkup language alled CellML [123℄, whih is ompatible with the �niteelement environment. All laws were validated against the same funtionalform of the stress{strain relationship using the mathematial omputationaltool Matlab [125℄.7.1.2 Optimisation KernelA sequential quadrati programming (SQP) algorithm was used to optimisethe material parameters for eah onstitutive law. SQP involves the solutionof a quadrati problem at eah step in the optimisation proess with linearonstraints for eah material parameter. This has an analyti solution thatan be solved diretly. In addition, the algorithm performs a line searh to�nd an improved position. The Hessian was approximated using the loalgradient, as is ommon for sums of squares problems. The derivatives of theobjetive funtion with respet to the optimisation variables (the materialparameters) was performed using one{sided di�erenes. Initial estimates ofthe material parameters were taken from the homogeneous solutions [103℄and tables (7.1{7.4). Constraints in terms of interval bounds on the mate-rial parameters were imposed to ensure a valid forward solution. For eahoptimisation iteration, a series of �nite elastiity problems was solved. Onefor the urrent solution, and one for eah �nite di�erene derivative approxi-mation. In eah of these �nite element solutions the solver was started fromthe previous mehanis solution.



92 CHAPTER 7. SHEAR FE MODEL7.1.3 Convergene AnalysisTri{linear ubes were used with an equal number of elements in eah diretionfrom an eight element ube (222ube) (two elements in eah diretion) upto an 888ube (512 elements). Convergene was heked with respet to tworiteria: the objetive funtion value and �m�nm�MP , see Se.(4.4.6).The sequene was repeated with di�ering starting values and limits, untila minimum least{squares error between the predited and observed rea-tion fores was obtained. The initial estimates from the homogeneous studyproved to be very lose to the optimum for almost all ases.The detailed tables of the onvergene analysis are shown in App.(C.2)and suggest that a 555ube was suÆient to apture the main riteria of thedeformation.The LECL did not onverge for any of the experiments when starting fromthe homogeneous values. Even onsiderable tests from varying initial param-eters did not result in a suessful optimisation. The LECL was thereforenot studied using the FEM model.7.2 Results for the Non{Homogeneous FiniteElement Model during Simple ShearThe detailed numerial results for all material laws are given in Tables (7.1{7.4). All material parameter values are listed and for eah of these entriesthe mean, standard deviation, and oeÆient of variation (CoV= ��) arossthe experiments are presented. We also list the total pseudo energy ontent(
T) for eah experiment is also listed in the last olumn of Table (7.1).
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CL 
 
Rel AIC Rank det(H) ond(H) det( ~H) a bff bfn bfs bnn bns bss 
TExp1 982.4 2.5% 134.1 3 2.2E+22 4.1E+08 1.4E-14 0.41 36.3 10.7 12.7 12.3 7.96 11.4 39748Exp2 1798 6.9% 171.9 3 -2.4E+18 5.4E+08 -1.6E-09 0.33 20.7 14.4 11.3 0.00 17.0 33.8 26217Exp3 123.9 1.5% 4.6 4 2.6E+20 2.1E+09 4.0E-11 0.19 30.5 12.1 13.9 17.8 9.86 13.6 8021Exp4 222.8 2.6% 41.3 3 6.6E+18 3.4E+08 2.3E-11 0.23 38.0 11.3 11.5 4.43 11.2 9.60 8457Exp5 432.4 1.5% 82.8 4 -1.3E+22 1.1E+10 -2.0E-12 0.20 35.7 11.4 10.5 13.0 8.35 18.9 28332Exp6 175.2 1.3% 26.3 1 -1.4E+21 1.2E+09 -2.4E-12 0.18 62.3 12.0 12.3 7.06 10.9 26.3 13613� 622.4 2.7% 76.8 1.2E+21 2.6E+09 -2.5E-10 0.26 37.2 12.0 12.0 9.11 10.9 18.9 20731� 656.5 2.1% 65.4 1.1E+22 4.3E+09 6.4E-10 0.091 13.8 1.30 1.21 6.49 3.28 9.46 12746CoV 105.5% 77.2% 85.1% 904.8% 161.1% -256.6% 35.8% 37.0% 10.9% 10.1% 71.2% 30.1% 50.0% 61.5%Table 7.1: Comparison of material parameter estimates for CL aross all experiments

SFL 
 
Rel AIC Rank det(H) ond(H) det( ~H) aff bff afn bfn afs bfs ann bnn ans bns ass bssExp1 742.4 1.9% 126.6 1 4.2E+61 4.0E+07 2.8E-35 0.85 42.2 0.024 58.4 0.014 75.2 0.0087 157.9 0.040 35.8 1.02 11.7Exp2 1499 5.7% 170.5 2 2.1E+56 1.2E+11 4.3E-20 0.12 66.6 0.012 75.7 0.059 45.4 2.95 0.38 0.082 52.0 0.78 34.2Exp3 94.2 1.2% -2.5 1 5.9E+54 2.4E+12 4.7E-10 0.28 50.3 0.017 51.6 0.022 55.0 0.18 36.4 0.015 46.1 0.045 56.8Exp4 188.7 2.2% 40.9 2 1.5E+47 3.3E+13 6.0E+01 0.22 73.7 0.051 37.9 0.025 48.8 0.00 100.0 0.058 33.0 0.011 89.1Exp5 301.2 1.1% 70.2 2 9.7E+61 9.0E+12 6.6E-15 0.27 57.6 0.016 54.1 0.018 47.5 0.10 39.6 0.0066 57.0 0.017 123.2Exp6 175.7 1.3% 36.4 2 5.9E+57 7.2E+10 2.5E-22 0.25 98.4 0.0061 70.3 0.021 51.3 1.49 2.61 0.0090 59.3 0.15 53.8� 500.2 2.2% 73.7 2.3E+61 7.4E+12 9.9E+00 0.33 64.8 0.021 58.0 0.026 53.9 0.79 56.1 0.035 47.2 0.34 61.5� 540.9 1.8% 64.0 4.0E+61 1.3E+13 2.4E+01 0.26 19.9 0.016 13.6 0.016 11.0 1.20 61.5 0.030 10.9 0.44 39.7CoV 108.1% 79.5% 86.8% 171.8% 174.6% 244.9% 78.0% 30.7% 76.5% 23.5% 62.0% 20.4% 152.6% 109.6% 87.2% 23.2% 131.9% 64.6%Table 7.2: Comparison of material parameter estimates for SFL aross all experiments
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PZL 
 
Rel AIC Rank det(H) ond(H) det( ~H) kff aff kfn afn kfs afs knn ann kns ans kss assExp1 804.4 2.0% 131.6 2 -3.E+107 9.5E+10 -5.E-61 2.46 0.43 0.049 0.34 0.038 0.31 0.050 0.24 0.032 0.37 10.9 1.37Exp2 1698 6.5% 178.3 4 6.E+101 5.2E+06 1.E-86 0.098 0.24 0.040 0.32 0.189 0.43 0.000 0.58 0.51 0.49 0.80 0.34Exp3 96.8 1.2% -0.8 2 2.E+113 9.5E+04 6.E-97 0.79 0.39 0.037 0.36 0.039 0.34 0.35 0.39 0.031 0.38 0.16 0.36Exp4 183.2 2.2% 39.0 1 1.E+117 1.2E+07 3.E-107 0.59 0.32 0.080 0.40 0.040 0.35 0.000 0.24 0.106 0.44 0.031 0.28Exp5 283.3 1.0% 66.3 1 7.E+123 2.3E+06 3.E-109 0.83 0.38 0.029 0.34 0.031 0.36 0.30 0.46 0.011 0.33 0.037 0.23Exp6 178.9 1.3% 37.6 3 7.E+115 1.4E+07 2.E-91 0.55 0.26 0.015 0.31 0.037 0.35 0.34 0.60 0.021 0.34 0.43 0.38� 540.8 2.4% 75.3 1.E+123 1.6E+10 -9.E-62 0.89 0.34 0.04 0.35 0.06 0.36 0.17 0.42 0.12 0.39 2.05 0.49� 621.4 2.1% 66.9 3.E+123 3.9E+10 2.E-61 0.81 0.08 0.02 0.03 0.06 0.04 0.17 0.16 0.20 0.06 4.32 0.43CoV 114.9% 87.4% 88.8% 244.9% 244.8% -244.9% 91.8% 22.7% 52.7% 8.7% 100.1% 10.7% 100.0% 38.1% 164.5% 15.9% 210.7% 87.8%Table 7.3: Comparison of material parameter estimates for PZL aross all experiments

TL 
 
Rel AIC Rank det(H) ond(H) det( ~H) aff bff afn bfn afs bfs ann bnn ans bns ass bssExp1 1034 2.6% 147.3 4 1.4E+62 1.2E+08 2.4E-36 3.32 14.6 0.16 13.7 0.11 14.8 0.31 18.7 0.092 12.9 1.08 11.2Exp2 1470 5.6% 169.3 1 -8.4E+68 1.3E+11 -1.3E-40 0.53 18.1 0.043 17.5 0.21 14.1 0.00 18.1 0.49 13.4 3.62 9.91Exp3 102.6 1.3% 2.8 3 1.9E+65 1.1E+09 2.4E-34 1.25 14.6 0.11 13.1 0.15 13.5 0.71 12.3 0.078 12.7 0.23 14.8Exp4 193.8 2.3% 42.6 4 -2.8E+65 2.1E+09 -1.0E-30 1.26 17.4 0.26 11.4 0.15 12.8 0.0087 19.2 0.23 11.2 0.11 16.9Exp5 323.9 1.1% 74.7 3 5.6E+69 1.1E+09 8.6E-38 1.30 15.7 0.10 13.5 0.11 12.7 0.36 13.4 0.049 13.6 0.16 20.7Exp6 250.2 1.8% 58.6 4 8.9E+60 1.1E+08 3.1E-34 1.84 19.7 0.039 14.6 0.17 12.0 0.69 6.44 0.089 12.7 0.62 17.4� 562.5 2.5% 82.5 8.0E+68 2.2E+10 -1.7E-31 1.58 16.7 0.12 14.0 0.15 13.3 0.35 14.7 0.17 12.7 0.97 15.2� 556.5 1.6% 63.7 2.4E+69 5.1E+10 4.3E-31 0.95 2.06 0.084 2.00 0.038 1.03 0.31 4.96 0.17 0.84 1.35 4.05CoV 98.9% 66.7% 77.2% 299.2% 234.5% -245.1% 59.9% 12.4% 70.5% 14.3% 25.2% 7.7% 90.0% 33.8% 98.5% 6.6% 138.9% 26.7%Table 7.4: Comparison of material parameter estimates for TL aross all experiments



7.2. RESULTS FE SHEAR MODEL 95Before making any omparison, it is important to note that experiments 2and 4 yielded omparably poor results for all material laws. Leaving out theseexperiments would therefore yield a muh loser material parameter set forall material laws. These poor results may be due to heterogeneous variationsin the miro{strutural �ber orientation aross the sample. Inverse �niteelement studies that inlude this aspet may shed some more light on thepossible reasons. However, the Dokos experimental studies did not measurethis so assumptions of straight �bres were neessary.Comparing the mean of the relative goodness of �t of the �nite elementstudy amongst all four material laws, the SFL obtained the best relativegoodness of �t (2.2%), whereas the oeÆient of variation of the objetivefuntion was lowest for the TL (66.7%). The AIC on�rms the result for theSFL.Comparing the CoV of material parameters for all laws we �nd that theCL has the lowest (71.2%) for the parameter bnn whereas PZL has the highest(210%) for ann.The CL onverged without any ompliations and took the shortest time(�8hrs) on an IBM 1.9GHz Power 5 Proessor when starting from the homo-geneous values. Varying the initital starting point of # had no e�et on the�nal outome and we ould therefore onlude that the CL was very stablefor the estimation proess. The SFL was rather unstable and needed on-siderable additional strategies to onverge. It was neessary to start at the222ube while �xing the axial parameters and only optimising for the shearparameters. Subsequently, the shear parameters were �xed and the modelwas optimised by varying the axial parameters. Then a onverged solutionfor the 222ube was obtained when optimising for all material parameters.Furthermore it was neessary to do that for all intermediate meshes as well to



96 CHAPTER 7. SHEAR FE MODEL�nally obtain a fully onverged 555ube. A similar proedure was neessaryfor the PZL. The TL also onverged after hoosing the homogeneous valuesas initial values. However, the step size in the parameter spae needed to bedereased for a stable optimisation whih resulted in an optimisation time ofbetween 4{8 days.The D{optimality for all laws reets the stability of the optimisationproess. The higher the numbers, the worse the onvergene. The onditionnumber for all material laws showed that the SFL had the highest eentriitywith 7:4 � 1012 whereas CL was lowest 2:6 � 109. The M{optimality showedthat the CL had the lowest material parameter orrelation whereas the PZLhad the highest.One of the advantages of the homogeneous model were thought to bethat it gives good �rst estimates for more realisti �nite element studies. It istherefore also useful to omment on the performane of the material laws withrespet to the onvergene behaviour and the omputational time involvedwhen ompared to the homogeneous model. This is done in Se.(7.4).Guione and oworkers [39℄ published a transversely isotropi materialwhih we also �tted to all six experiments. It exhibited very poor behavioursine it was only able to �t three out of the six modes, those with the highestpartial energy ontent. It an therefore be onluded that a transverselyisotropi material is not suitable to model the passive myoardial behaviourin simple shear.
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Figure 7.2: The graphs depit the experimental (dotted) and �tted fore{displaementurves (solid) of the SFL for all six modes for experiment 3. They are grouped aordingto Fig.2.4, where groups of two pitures show the x{ and z{fore, respetively. The overallerror is 1.2%. Note the di�erent sales on eah graph. The absissa shows the displaementin mm, whereas the ordinate shows the top fae fore in mN , where e.g. NSx indiatesthe x{fore for the NS{mode.
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Figure 7.3: The graphs depit the experimental (dotted) and �tted fore{displaementurves (solid) of the CL for all six modes for experiment 3. They grouped aording toFig.2.4, where groups of two pitures show the x{ and z{fore, respetively. The overallerror is 1.5%. Note the di�erent sales on eah graph. The absissa shows the displaementin mm, whereas the ordinate shows the top fae fore in mN , where e.g. NSx indiatesthe x{fore for the NS{mode.



7.3. DISCUSSION 997.3 DisussionThe results show that the CL performed best for both homogeneous simu-lations and inverse �nite element material parameter estimations. This islear from the fat that although the goodness of �t and AIC of the SFL isslightly better than that for the CL in the FEM study (see Figs.(7.2 & 7.3)),the CL has by far the highest material parameter onsisteny, see Fig.(7.4)and the lowest omputational time involved when ompared to the otherlaws. For the grpahs of the other laws and experiments the reader is referredto App.(C.3).There are some omments to be made about the CL. It exhibits a the-oretial ross{oupling of strain terms for eah stress omponent, whereasthat is not the ase for the other three laws. In the homogeneous simulation(whih has a sparsely populated strain tensor), this ross{oupling did notour in the analyti expression of the top fae fore. Therefore aution waspaid to the fat that this might di�erentiate the CL from the other threelaws when using FEM inverse parameter estimations, espeially with moreomplex deformation modes. The results of the �nite element study indi-ate that the ross{oupling does not play a major role for the �nite elementsimulations. Smaill & Hunter [107℄ found that there was little mehanialoupling between the �ber and sheet diretion in midmyoardial speimen inbiaxial tests. It therefore remains an open question whether results for theonstitutive relations of inverse material parameter estimation proedureswould di�er in biaxial extension tests.



100 CHAPTER 7. SHEAR FE MODEL7.4 Comparison of FE and HomogeneousModelWhen we ompare the homogeneous study with the FEM study we �nd thatthe di�erene in information by adding the �nite element study in terms ofthe mean of the goodness of �t riterion �homonFEM
 was lowest for the CL(8.19%) and highest for the SFL (21.7%). The same holds for the meaninrease in the �homonFEMAIC , where CL has the lowest value (0.05%) and theSFL the highest (24.1%). These numbers are obtained by omparison of thetables listing the results of the homogeneous model in [103℄.When omparing the individual �homonFEMi the SFL, PZL and TL haveone outlier in the order of 105 and higher for ann; knn; ann for the fourthexperiment, respetively. The CL also has the highest �homonFEMi for bnn forthe fourth experiment (104.1%). However, the on�dene intervals for bothstudies were very similar. They are presented in Fig.(7.4).The results of the other laws are pointing towards the poorer materialparameter estimation apability of the homogeneous simulations, sine itusually reahed large negative values for experiments 2 and 4, as well astowards the fat that the optimisation pakage of the �nite element envi-ronment reahed the lower bound imposed on the material parameter. (Thelower bound was zero for all material parameters of the CL, SFL and TL aswell as for k�� for the PZL. The lower bound for the parameters k�� of thePZL was hosen to be 0.125, sine this was the lowest entry of the Green{strain tensor for the homogeneous ase.) Furthermore this points towardsthe fat that the parameters of the normal diretion are those being mostdiÆult to estimate due to the lowest partial energy ontent of the NF{mode(4.0%) vs (44.9%) in the FN{mode.



7.5. SUMMARY 101The omparison of �homonFEM
rel and �homonFEMAIC may be interpreted thefollowing way. Firstly it means that the SFL is ideally used in the �niteelement environment where it performs best. The CL, however, seems toperform almost identially in the homogeneous simulations and in the �niteelement simulations, while performing almost as well as the SFL in terms ofthe goodness of �t riteria.When omparing the material parameter onsisteny by looking at themean of all �homonFEMi then CL performs best with 15.3%. If one disregardsthe seond and fourth experiment, then �homonFEMi for the TL (27.1%) andit therefore also performs well. The PZL and SFL, however, have values of67.7% and 138.0%, respetively.7.5 SummaryThis hapter introdued the �nite element model to estimate myoardialmaterial parameters. It is lear from Se.(7.2) that the CL is the mostsuitable onstitutive law to model passive myoardial mehanis in non{homogeneous simple shear.The experimental protool in this study onsisted of six simple shearmodes. As a onsequene the maximal axial entries in the Green{straintensor were limited to 0.125 ompared to 0.25 for the shear entries. Toobtain similar magnitudes for both axial and shear entries, the experimentalprotool was extended to inlude uniaxial extension modes with axial entriesof 0.22. This promised to result in more realisti estimates for the materialparameters.
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Figure 7.4: Modi�ed box whisker plots of all material parameters of the CL. Eah graphompares the homogeneous data set (left, dark grey) and the FE data set (right, light grey).The dashed line indiates the mean of the material parameter. The box enapsulates allvalues between the lower and upper quartile and the \whiskers" indiate the lowest andhighest value. The graphs indiate the good agreement between homogeneous and �niteelement values.



Chapter 8
Non{Homogeneous FiniteElement Deformation Modelfor Simple Shear & UniaxialExtension
The previous hapter introdued the �nite element model for the estima-tion of material parameters of all material laws. The estimation proedure,however, was limited to the set of simple shear experiments.An extension of the experimental protool analysing from six simple shearmodes to six shear modes plus three uniaxial extension modes along the threepreferred diretions of material response was presented in Se.(2.3.6). Theadditional uniaxial extension modes were inluded to provide extension dataunoupled from shear, sine simple shear modes result in both shear and axialextension. The axial extension modes ontributed to the objetive funtionwith axial strain values (0.22) very lose to the shear strain values of theshear modes (0.25), rather than one half of the shear strain as in simple103



104 CHAPTER 8. FULL FE MODELshear (0.125).Although data from only one animal was obtained with all axial and allshear modes, the result from the FE model may indiate whether data fromaxial modes e�et the resulting material parameters.8.1 Development of FE ModelTo estimate material parameters for all these modes the same model as inChap.(7) was used. However, the boundary onditions for the three uniaxialextension were adapted and the modi�ed objetive funtions for these modeswere added to Eq.(6.8).Fig.(8.1) depits the deformed model under a �nite element mesh for uni-axial extension. Material parameters obtained from the homogeneous modelas desribed in Chap.(6) were hosen as initial values for the optimisationproess. This is desribed in detail in the following setions.8.2 Estimation StrategyThis setion desribes the elaborate estimation strategy that was neessaryfor obtaining an optimal set of material parameters. This strategy was ap-plied for all four material laws (CL, SFL, PZL, TL). It is explained in detailfor the CL. The same strategy was applied for all other laws and the resultsfor all material laws are presented in Se.(8.3).Initially it was attempted to start o� with estimating the material param-eters (MP's) with the homogeneous model and then �t all material parame-ters to all �fteen urves (6 shear modes � x; z{fores & 3 uniaxial extensionmodes, z{fores) within the �nite element environment. This, however, did
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Figure 8.1: The deformed �nite element mesh under uniaxial extension. The mesh has�ve elements in eah diretion. The boundary onditions are imposed on the bottom andtop surfae. The bottom surfae was �xed and the top surfae was displaed in the positivez{diretions 20% of the height of the ube.not prove to be suessful. In partiular the three uniaxial extension modeswere exhibiting high errors.It was found that the following estimation strategy was suessful in �nd-ing good material parameter �ts for the CL, SFL and TL, whereas it was notpossible to obtain a onverged solution for the PZL in the last optimisationstep.



106 CHAPTER 8. FULL FE MODEL8.2.1 All Parameters to Shear ModesFor the sake of larity, a notation is introdued to indiate three fatorsinvolved in eah step. MPstartnendMP ; (8.1)so that MPHomonShearAll ; (8.2)indiates that in the initial step all (All) MP's were �tted to all shear(Shear) modes starting from the homogeneous (Homo) set of MP's.After eah estimation step the residual for the shear modes and for theaxial modes was omputed as well as the total residual. The omplete tablesfor all material laws are presented in Se.(8.3).CL Modes EC 
 
relShear 4378.7 101.54 2.32%MPHomonShearAll Axial 2494.3 4338.87 173.95%Full 6872.9 4440.41 64.61%Table 8.1: Results of the �rst material parameter estimation step. The relative residual
rel of the axial modes is 173.95% indiating that the axial parameters are overestimated,or that the estimation spae is not properly onstraining the axial parameters.It is lear from Tab.(8.1) that the estimation yields very good results forthe shear modes with a relative error of 2.32% indiating that the result liesin the range of those from the previous hapter. The seond row, however,with an relative error of 173.95% indiates that the the axial parameters arelearly overestimated in this step (see also (Fig.(8.3)(a)) or in other wordsthat the shear modes are not properly onstraining the axial parameters.



8.2. ESTIMATION STRATEGY 107The total relative error for all �fteen modes of 64.61% was not an aeptableerror and further estimations had to be undertaken.
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Figure 8.2: These graphs show the fore{displaement urves for the shear modes afterthe �rst optimisation step. The relative error is 2.32%. Experimental data: (dotted);Model data: (solid).
8.2.2 Axial Parameters to Uniaxial Extension ModesThe next step used the MP's from the previous setion and �tted just theaxial parameters to the axial modes whereas the shear parameters remained�xed. Using the notation above, this is denoted:MPShearnAxialAxial : (8.3)



108 CHAPTER 8. FULL FE MODELAs an be seen from the axial residual of 173.95% after the �rst step inTab.(8.1) and also from Fig.(8.3)(a), the axial model fore was substantiallydi�erent from the experimental measurement. To ensure a stable optimisa-tion, the axial parameters were adjusted by hand to an extent that eyeballingthe data would ensure a notiable similarity between model and experimentaldata. After this adjustment by hand the optimisation was stable and yieldedthe results as listed in Table(8.2), see also Fig.(8.4).CL Modes EC 
 
relShear 4378.7 667.56 15.25%MPShearnAxialAxial Axial 2494.3 69.02 2.77%Full 6872.9 736.59 10.72%Table 8.2: Results of the seond material parameter estimation step. The relativeresidual 
rel of the shear modes is 15.25% indiating that the estimation step yielded axialparameters whih did not optimally �t the shear modes. The axial relative error 2.77%,however, indiates that the new set of MP's �ts the axial modes very well. Additionallythe total relative error was redued down to 10.72%.Results of the �rst material parameter estimation step show that the rela-tive residual 
rel of the shear modes is 15.25%, indiating that the estimationstep yielded axial parameters whih did not optimally �t the shear modes.The axial relative error 2.77%, however, indiates that the new set of MP's�ts the axial modes very well. Interestingly, the total relative error ould beredued down to 10.72% from 64.61% of the previous step.



8.2. ESTIMATION STRATEGY 1098.2.3 All Parameters to All ModesThe last step used the MP's from Se.(8.2.2) and �tted all parameters to thefull set of all �fteen modes. This was denoted:MPAxialnFullAll : (8.4)This estimation step resulted in the set of residuals as listed in Table(8.3):CL Modes EC 
 
relShear 4378.7 209.77 4.79%MPAxialnFullAll Axial 2494.3 93.68 3.76%Full 6872.9 303.45 4.42%Table 8.3: Results of the last material parameter estimation step. The relative residual
rel of the shear modes is 4.79% indiating that the estimation step yielded MP's �tthatthe shear modes onsiderably better than the previous step. The axial relative error 3.76%indiates that the new set of MP's still �t the axial modes very well. Additionally thetotal relative error was redued down to 4.42%.Results of the last material parameter estimation step show that the rel-ative residual 
rel of the shear modes is 4.79% indiating that the estimationstep yielded MP's �t the shear modes onsiderably better than the previousstep. The axial relative error 3.76% indiates that the new set of MP's still�t the axial modes very well. Additionally the total relative error ould beredued down to 4.42%.
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() Axial Graphs Last StepFigure 8.3: (a) Axial fore displaement urves for the CL with MP's �tted to just theshear modes has been done in the previous hapters. The relative error of these modes is173.95%. The overestimated axial parameters an be learly seen. (b) The same urvesafter the axial parameters have been �tted to the axial modes. The relative error for thesemodes is now 2.77%. () The urves after all MP's have been �tted to all �fteen modes.The relative error of the axial modes is now 3.76%. Note the signi�ant hange in theN{modes due to the altered parameter bnn. This is due to the higher energy ontent ofthe N{extension mode. Experimental data: (dotted); Model data: (solid).
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Figure 8.4: Fore{displaement urves for the shear modes after the seond optimisationstep. The relative error is 15.25%. Experimental data: (dotted); Model data: (solid).
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Figure 8.5: Fore{displaement urves for the shear modes after the seond optimisationstep. The relative error is 4.79%. Note that the N{modes are yet the ones worst �tted.Experimental data: (dotted); Model data: (solid)



8.3. RESULTS FULL FE MODEL 113In summary this 3{step estimation strategy was found to be suitable forobtaining a set of globally optimal MP's.8.3 Results Full FE ModelThe previous setions detailed the 3{step estimation strategy for obtaininga material parameter set for �tting all �fteen fore{displaement urves anddemonstrated the proess for the CL. The same strategy was applied to allmaterial laws and the full set of tables inluding the relative errors and theset of material parameters is presented in Tables (8.4){(8.7).It was found for all material laws that the shear parameters remainedin the same range whereas the axial parameters onsiderably hanged of thethree steps. The �nal set of shear parameters of the CL stayed within 13% oftheir original values. The axial parameters, however, all dereased by 25% ormore. The axial parameters bff ; bnn; bss of the SFL and the TL all dereasedby �50%. For the PZL both axial parameters kff ; aff hanged by more than50% whereas the parameters kss; ass did not hange as signi�antly. Theparameters knn; ann, however, both hanged substantially and knn reahed itsupper bound of 5 imposed by the optimisation pakage. It was not possiblefor the PZL to obtain a fully onverged set of material parameters, whih isalso reeted by the inreased relative objetive funtion value of 43.04%.Note also the tradeo� between the pair of material parameters for theSFL, PZL and the TL. For example, while the parameter aff of the SFLalmost doubled from 0.130 to 0.206, the parameter bff more than halvedfrom 59.0 to 27.3.
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CL Modes EC 
 
rel a bff bfn bfs bnn bns bssShear 4378.7 101.54 2.32%MPHomonShearAll Axial 2494.3 4338.87 173.95% 0.101 32.8 10.8 12.7 31.6 10.5 22.8Full 6872.9 4440.41 64.61%Shear 4378.7 667.56 15.25%MPShearnAxialAxial Axial 2494.3 69.02 2.77% 0.101 27.8 10.8 12.7 9.4 10.5 23.7Full 6872.9 736.59 10.72%Shear 4378.7 209.77 4.79%MPAxialnFullAll Axial 2494.3 93.68 3.76% 0.102 24.8 12.4 14.0 22.2 11.9 16.8Full 6872.9 303.45 4.42%Table 8.4: Results of all material parameter estimation steps for the CL. The total relative error dereases from 64.61% to 10.72% inthe seond and 4.42% in the last step.SFL Modes EC 
 
rel aff bff afn bfn afs bfs ann bnn ans bns ass bssShear 4378.7 84.45 1.93%MPHomonShearAll Axial 2494.3 163100 6539% 0.130 59.0 0.0146 41.2 0.00913 53.2 0.0685 78.6 0.0202 36.1 0.0222 108.7Full 6872.9 163185 2374%Shear 4378.7 969.8 22.15%MPShearnAxialAxial Axial 2494.3 197.4 7.91% 0.123 29.4 0.0146 41.2 0.00913 53.2 0.0379 28.4 0.0202 36.1 0.0095 61.5Full 6872.9 1167.2 16.98%Shear 4378.7 530.2 12.11%"MPAxialnFullAll " Axial 2494.3 109.3 4.38% 0.206 27.3 0.0221 38.7 0.01073 53.4 0.1281 29.4 0.0201 40.2 0.0159 55.8Full 6872.9 639.54 9.31%Table 8.5: Results of all material parameter estimation steps for the SFL. The total relative error dereases from 2374% in the �rststep to 16.98% in the seond and 9.31% in the last step.
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PZL Modes EC 
 
rel kff aff kfn afn kfs afs knn ann kns ans kss assShear 4378.7 78.36 1.79%MPHomonShearAll Axial 2494.3 799962 32072% 0.41 0.381 0.0263 0.386 0.019 0.347 0.167 0.304 0.0374 0.415 0.0430 0.243Full 6872.9 800041 11640%Shear 4378.7 828.8 18.93%MPShearnAxialAxial Axial 2494.3 53.9 2.16% 0.48 0.507 0.0263 0.386 0.019 0.347 0.822 1.01 0.0374 0.415 0.0868 0.393Full 6872.9 882.7 12.84%Shear 4378.7 2822.7 64.47%MPAxialnFullAll Axial 2494.3 135.6 5.44% 1.85 0.733 0.0162 0.350 0.015 0.332 5.00 1.39 0.0147 0.346 0.0637 0.381Full 6872.9 2958.3 43.04%Table 8.6: Results of all material parameter estimation steps for the PZL. The total relative error dereases from � 105% in the �rststep to 12.84% in the seond and inreases to 43.04% in the last step.TL Modes EC 
 
rel aff bff afn bfn afs bfs ann bnn ans bns ass bssShear 4378.7 239.89 5.48%MPHomonShearAll Axial 2494.3 11259574 451415% 0.229 14.76 0.121 7.43 0.368 6.43 0.379 12.33 0.116 7.44 0.151 14.2077Full 6872.9 11259814 163828%Shear 4378.7 709.8 16.21%MPShearnAxialAxial Axial 2494.3 40.8 1.64% 1.31 6.09 0.121 7.43 0.368 6.43 0.532 4.92 0.116 7.44 0.400 7.37013Full 6872.9 750.6 10.92%Shear 4378.7 390.4 8.92%MPAxialnFullAll Axial 2494.3 77.0 3.09% 1.68 5.61 0.0620 8.62 0.0481 9.35 0.800 5.69 0.052 8.82 0.239 7.86137Full 6872.9 467.4 6.80%Table 8.7: Results of all material parameter estimation steps for the TL. The total relative error dereases from � 106% in the �rststep to 10.92% in the seond and 6.80% in the last step.



116 CHAPTER 8. FULL FE MODEL8.4 DisussionAfter applying the estimation strategy the results show that the CL is mostsuitable for estimating myoardial material properties for a ombined ex-perimental protool of simple shear and uniaxial deformation. This beomeslear from analysing Tables(8.4){(8.7), whih shows that the CL has the low-est total relative error of 4.42%. Note that the axial material parameters forthe CL in Tab.(8.4) demonstrate very learly that they are overestimated inthe simple shear �nite element model.The SFL and the TL seemed to be able to produe aeptable �ts for thefull FE model that but they are worse than those of the CL. It is possiblethat the deoupling of the SFL and the TL derease the suitability �t inversematerial parameter estimation for the full model.For the PZL it was not possible to obtain a onverged solution for thefull FE model. This might be due to the highly non{linear nature of theoverall estimation proess. More spei�ally, Table(7.3) shows for a meanof 0.17 the MP knn. For this experiment this value is very lose, 0.167 forthe �rst estimation step, see Table(8.6). For the subsequent steps, however,it inreases dramatially and reahes its upper bound in the last step. Asan be seen in Fig.(8.3)() for the CL as well, the energy ontent of the N{shear modes and the N{axial mode seemed to be inompatible, whih is apossible reason that the material parameters knn and ann drifted o� in thelast estimation step.Overall, aution must be paid to these observations sine they are onlybased on one experimental data set. Further studies will be neessary toobtain statistially sound results. However, it appears that both uniaxialextension and simple shear data are needed to haraterise all material pa-rameters.



8.5. SUMMARY 1178.5 SummaryThis hapter presented the �nite element model to estimate myoardial ma-terial parameters under simple shear and uniaxial extension. It is lear fromSe.(8.3) that the CL is the most suitable onstitutive law to model pas-sive myoardial mehanis in non{homogeneous simple shear and uniaxialextension.Future improvements for omparative studies would involve the measure-ment of the non{homogeneous �bre distribution.
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Chapter 9
Conlusion
This study investigated the suitability of a number onstitutive laws in theontext of material parameter estimation. Three models were examined andompared. Firstly, a homogeneous deformation model that �tted materialparameters to a set of six simple shear modes. Seondly, the deformation wasmodelled more aurately with a �nite element model to the same experi-mental protool. Lastly, the same �nite element model was used to estimatematerial parameters for a ombined experimental protool of simple shearand uniaxial extension modes.The homogeneous and the FE shear models showed that the CL is themost suitable law for inverse material parameter estimations. In partiularthe set of material parameters was very lose and it ould be onluded thatthe homogeneous model serves very well to obtain omputationally heapinitial estimates, whih is a ruial advantage in inverse material parame-ter estimation. The CL was very stable for the forward solution and onlyrequired a minimal number of load steps to onverge to the �nal solutions.This appeared to be almost independent of the hoie of material parame-ters. Similarly, for inverse material parameter estimation the CL onverged119



120 CHAPTER 9. CONCLUSIONfor seemingly any possible starting point to the same solution. This is amarkedly important feature whih annot be overstressed in light of the dif-�ulties experiened with the other onstitutive relations.Most �ndings ould also be supported by the study whih inluded boththe simple shear deformations and the uniaxial extension data. The onlymarked di�erene is that the axial material parameters hanged due to thedi�erent energy ontent of the axial modes.Initial onerns that the theoretial ross{oupling of the CL might on-strain the �tting abilities ould not be on�rmed. Rather the opposite seemsto hold, i.e. the oupling onstrains the MP's in a reasonable way suh thatit seems to stabilise both the forward solution and the estimation proedurefor all three models.The SFL and TL exhibited very good �tting properties espeially for the�nite element shear model. However, it was obvious from the full �nite ele-ment model that the axial material parameters were markedly overestimated.It is therefore important to supply these material laws with a omplete setof experimental protools whih ensures that the strain values for all entriesof the Green strain have similar magnitudes.The PZL had exellent �tting properties for the homogeneous model. Forthe �nite element models, however, it was lear that this behaviour ould notbe reprodued. Even with onsiderable extra e�ort in the hoie of initialparameters and estimation parameters (suh as step size) in the parameterspae ould not ensure a stable optimisation. Moreover, the material param-eters exhibited a great variane.The LECL had the worst �tting properties for the homogeneous modeland it was not possible to �t it to any of the other two models. It is possiblethat the underlying miro{strutural assumption underpinning the onstru-



121tion of this model is not valid for the simulation of myoardial mehanis.The transversely isotropi material law from Guione et al. [39℄ exhibitedvery poor behaviour in the FE shear model sine it was only apable of �ttingthree out of the six modes, those with the highest partial energy ontent.It an therefore be onluded that a transversely isotropi material is notsuitable to model the passive myoardial behaviour in simple shear.Future work will inlude the investigation of two other kinds of materiallaws. The �bre splay model as introdued by Lanir [63℄ and the polyonvexformulations by Itskov & Aksel [56℄.Novak et al. [89℄ investigated regional di�erenes in the passive aninemyoardial behaviour in four regions, interventriular septum and the inner,middle and outer layers of the lateral left ventriular free wall. An existing(transversely isotropi) three{dimensional onstitutive relation desribed thenonlinear and anisotropi behaviour exhibited in the four regions equally well.The anisotropy was similar in eah region. There were, however, regionaldi�erenes in the strain energy stored by speimens during idential �nitedeformations. In partiular, speimen from subendoardial and subepiardialregions tended to be sti�er than those from the midwall and septum.It remains to quantify these regional di�erenes for an orthotropi on-stitutive relation. This quanti�ation will be impeded by the fat that thehange in �ber, sheet and normal diretion are varying to a larger extent inthe subendo- and subepiardial regions, suh that extrations of small ubesaligned with these diretions will be almost impossible.New experimental tehniques are needed to extrat these regional di�er-enes. Also improved imaging tehniques would enhane the model buildingproess, ideally enabling one to inlude the variations of the orthotropi vari-



122 CHAPTER 9. CONCLUSIONations within a speimen.Lastly, it remains to determine these material parameters in vivo. Again,improved experimental as well as imaging tehniques are neessary for this.Furthermore, all these laws are phenomenologial formulations and itis desirable to investigate the relation between these material parametersand the underlying mirostrutural onstituents like ollagen and elastin. Aframework for the determination of suh a relation and initial investigationsof the mirostrutural topoplogy are presented in the next hapter.



Part III
Outlook: MirostruturalModels

123





Synopsis
This part presents a multi{sale framework that assoiates marostruturalmaterial parameters with underlying mirostrutural topology and onstituents.In partiular, a system identi�ation proess is presented and an algorithmthat quanti�es the topology of ardia myoytes.
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Chapter 10
Multi{Sale ModelingFramework
Part II examined suitability of several onstitutive relations for desribingand quantifying the marosopi mehanial response in relation to the my-oardial laminar struture [66℄.Ideally, spatially varying material properties should be taken into aountas ours, for example, with transmural hanges in the ollagen ontent [66,128℄. Measuring the spatially varying material properties in a quanti�ableway is not yet feasible. However, it is possible to observe struture on variouslength sales, and therefore establish a relationship between the mehanialbehaviour and struture.Sands et al. [99℄, were able to image extended volumes of myoardialmirostruture whih enabled them to utilize an anatomially realisti rep-resentation of the leavage planes to simulate wave propagation throughouta myoardial blok [100, 116℄. These advanes in imaging make it possibleto �rstly take spatial variation of mehanial properties into aount andseondly attribute physiologial meaning to the maro{sale parameters. A127



128 CHAPTER 10. MULTI{SCALE MODELING FRAMEWORKommon approah is to onsider ompartments on the miro{sale and usehomogenization tehniques to relate the miro parameters to those on themaro{sale. This, however, requires a ertain repeatability of this om-partment and is therefore not a feasible approah for the myoardium whihexhibits marked heterogeneities on several sales (see Figs.(10.1),(10.2)).

Figure 10.1: A transmural blok of rat myoardiumFor the mehanial onstitutive relations it remains to haraterise theonnetion between the material parameters at the maro{sale and the mi-rostrutural onstituents. The next setion proposes a multi{sale frame-work in the ontext of mehanial behaviour that allows one to identify suhonnetions, [102℄. These ideas are also appliable for modelling eletrialproperties of myoardium [108, 111℄.Firstly, the underlying experimental data from Sands and oworkers [99℄is briey summarised and a broad onept of a system identi�ation proessis presented. This is followed by the results of a digitisation proess of theimage data, the subsequent statistial analysis, and �nally by an algorithmthat aurately aptures the myoardial topology.
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(a) (b)Figure 10.2: These images show magni�ed samples of ross{setional areas of rat my-oardium orthogonal to the �ber diretion. The dimension are 200� 200�m. Individualmyoytes and sheets an easily be reognised. These uoresent images were stained withpirosirius red to highlight perimysial ollagen bundles (white).10.1 Topology of Myoardial Mirostrutureand its Role in Mehanial FuntionFig.(10.1) shows a transmural blok of rat myoardium and the heterogeneityan easily be diserned. Furthermore Fig.(10.3) depits the transmural olla-gen distribution of the same sample. It is lear that the mehanial responsewill dramatially hange between subepiardial, midwall and subendoar-dial regions. For this purpose it is helpful to onsider mirostrutural ol-lageneous omponents and their respetive mehanial funtion. Figs.(10.2)show highly magni�ed ross{setional samples of rat myoardium in the mid-wall whih are orthogonal to the �bre diretion. The myoardial onnetivetissue, like that in skeletal musle, is generally onsidered to be organisedin three levels. Epimysium is the sheath that surrounds the entire musle,
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Figure 10.3: Transmural ollagen distributionendomysium is the �ne onnetive tissue that surrounds and interonnetsindividual ells, and perimysium is assoiated with groups or bundles of ells[97℄.A digitisation of these levels of ollagen will enable one to determine afuntional onnetion between these levels and maro{strutural onstitutiveparameters. It is ritial to understand the topology of myoyte and sheetbranhing sine the ollagen matrix and the topology interat geometrially.Furthermore, it has been reported that an inrease in interstitial ollagenonentration, seondary to pressure overload, results in an inrease of sti�-ness in myoardium [58℄. In ontrast, a redution in ollagen onentrationharaterised by a disruption and disappearane of �brillar ollagen leads toa markedly dilated left ventrile that is signi�antly more ompliant. Witha model that onnets the mirostrutural onstituents and the marostru-tural material parameters, it will be possible to model these e�ets as wellas growth phenomena in general.



10.2. SYSTEM IDENTIFICATION MODEL 13110.2 System Identi�ation ModelThe digitisation of the myoardial topology and the ollageneous onstituentsare neessary to onnet the miro{ and maro{sales. The topology and theollagen distribution have been desribed in terms of algorithms whih areparametrised by two sets of parameters: � for the topology and � for theollagen distribution. These algorithms are based on the digitised statistialdata and need to be repliable. Suh an algorithm would be the base toeasily generate numerous models with varying parameters.It is assumed that the mehanial behaviour on the maro{level is de-sribed by, see Eq.(3.48): P(F; �) = �W (F); ��F ; (10.1)where � are the material parameters, e.g. the material parameters of the CL,Se.(5.2.1).The relationship g between the maro{material parameters � and themiro{parameters for the topology � and the ollagen distribution �,� = g(�; �) (10.2)an be determined by a \blak box" system identi�ation proess as outlinedin detail by Sj�oberg et al. [106℄, and Ghoniem et al. [36℄.The nonlinear blak box situation, as is the ase here, is hard to omputeas a very rih spetrum of model desriptions must be handled. The area isquite diverse and overs topis from mathematial approximation theory, viaestimation theory and regression analysis to neural networks, wavelets andfuzzy logi models. If the priniple of parsimony is applied in the sense of sim-pliity then one an start the identi�ation proess by setting up polynomialrelationships between the miro{ and maro{parameters determining the pa-rameters via a nonlinear least square minimization method. If this approah



132 CHAPTER 10. MULTI{SCALE MODELING FRAMEWORKis either too restrited or requires too many parameters, tehniques suh asradial basis funtions or geneti algorithms remain as other possibilities [15℄.It is important to note that other desriptions for the maro{sale needto be onsidered. This is the ase, sine one of the major assumptions ofontinuum mehanis is that the body onsists of the same material partilesthroughout the deformation proess. Several fators like development, aging,healing, growth, atrophy and remodelling [93, 17℄, however, inuene themakeup of the tissue in onsideration. Theories that are apable of dealingwith these kind of ontinuously altering omposition on the miro{sale aretherefore ruial in modelling the above mentioned mehanisms. One of thepossible andidates to desribe these, mixture theory, were introdued in theontext of biomehanis by Humphrey and Rajagopal [51, 52℄. This theoryallows for a number of onstituents with hanging densities at eah point inthe mathematial spae. It is therefore suitable to model their homeostatitendeny to adapt in response to hanges in their mehanial environment.Furthermore, other theories need to be developed to desribe ompetinghypothesis on the various spatial and temporal sales.10.3 Digitisation of Myoardial TopologyThe last setion skethed the proess of quantifying the relation between themiro{ and maro{parameters. The myoardial mirostruture is believed tobe omprised of three parts forming a sensible strutural hierarhy. Theseare the leavage planes, the myoytes and the ollageneous network. Trewand oworkers [116℄ were able to digitise the leavage planes. It remains,however, to perform a statistial analysis of these planes.This setion presents a geometrial digitisation proess of a tissue blok



10.3. DIGITISATION OF MYOCARDIAL TOPOLOGY 133200�200�200�m, whih is used to reate an algorithm apable of repliatingthe major features of the myoyte topology.10.3.1 Digitisation of Myoyte TopologyFig.(10.4) depits the speimen that was digitised. The left shows a 3Drendered volume image and the right one of its ollageneous networks. The

Figure 10.4: Left, shows a 3D rendered volume image of the blok that was digitized;right, one of its orresponding ollagenous branhing networks.image data onsisted of 492 two{dimensional images aligned with the �brediretion. The resolution of these images was 0:4�m/voxel. Fig.(10.5) depitsthe digitisation proess for these images. This was done manually using thetool Labview [126℄.
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(a) (b)Figure 10.5: Left: a ross setional image showing myoyte areas and the sheet struture;right: the digitised image, inluding ell boundaries, entroids and ell numbers.



10.3. DIGITISATION OF MYOCARDIAL TOPOLOGY 135The images were digitised to extrat information about the onnetivitypattern, the mean length of myoyte segments, their diretion and ross{setional area. Myoytes form a omplex network and branh and onnetwith eah other. This brahing and onneting pattern was termed \split-ting" and \merging". Note that this is an arbitrary terminology dependingon the diretion one views the network from. A split or merge was de�nedwhen the endomysial ollagen hanged from one ontour into two ontoursfrom one image to the subsequent one, or vie versa. The straight line be-tween the entroids of the start and end ontour is denoted as a �bre ormyoyte segment. These segments do not oinide with atual myoardialells, sine the images were stained for ollagen. Other staining tehniqueswould allow to identify the interalated disks and therefore for myoardialells. The whole blok yielded a total number of 287 segments whih gave asolid basis for a statistial analysis of diretional data [74℄. Furthermore themean laminae orientation was extrated.The statistial analysis yielded a number of distributions. For example,Fig.(10.6)(a) shows the length distribution of the �bre segments. This dis-tribution is displayed as a histogram as well as a ontinuous distributionwhih was found to be the optimal distribution by the Statistial Toolboxfrom Matlab [125℄. This distribution quanti�es the geometrial arrangementwithin the mean �bre diretion. For a omplete desription of the topology itis also important to obtain information about the geometrial arrangementwithin the sheet{normal plane. This is desribed in Se.(10.3.2).The diretion of the segments and sheets were averaged and the imageswere rotated so that they were preisely aligned with the mirostruturalf; n; s oordinate system. This enabled a preise omputation of the ross{setional area and angles between entroids.
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(b)Figure 10.6: Left: length distribution of the �bre segments with mean �L = 21:4�m;right: normalised area distribution of the Voronoi ells aross all images with mean �A =600�m2.10.3.2 Voronoi CellsAs mentioned above it is important to obtain information about the arrange-ment of the entroids in the sheet{normal plane. Voronoi ells are a standardtool for suh a two dimensional analysis [92℄.The sheet boundaries and the entroids as displayed in Fig.(10.7)(a) wereutilised to reate Voronoi meshes [14℄ as an be seen in Fig.(10.7)(b). Eventhough the boundaries of the Voronoi ells do not exatly math the digitisedboundaries, they do resemble the gross density pattern of the distribution ofross{setional areas within a sheet. With these data it was possible to per-form a statistial analysis on a number of variables like area and orientation ofthe ells that haraterise the in{plane topology of the myoardial segments.Fig.(10.6)(b) shows the Voronoi ell area distribution aross all images witha mean of �A = 600�m2. The mean is alulated by the area of the sheetdivided by the number of ells in the sheet.
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(a) (b)Figure 10.7: Left: shows a rotated image with just entroids; right shows the Voronoiells of this image.The detailed list of variables and the regression analysis based on theseare presented in the subsequent setions.10.4 Algorithm of Myoyte TopologyThis setion presents the regression model used to deide whih mirostru-tural variables best explain the branhing pattern of myoardial segments.Furthermore an algorithm is presented for generating a sequene of two{dimensional Voronoi meshes. This algorithm is alibrated to our image dataand run repeatedly to verify its validity and the auray of the regressionmodel.The branhing pattern of the segments an be viewed as either a split ora merge depending on the orientation of the oordinate system. For this asethe orientation was �xed and the resulting number of splits and merges was



138 CHAPTER 10. MULTI{SCALE MODELING FRAMEWORKalmost equal, indiating that the other viewing diretion should have yieldedvery similar results.For the merging regression model every possible merge ombination in all519 rotated images was inluded. A merge was deemed possible for any twoadjaent ells i and j within a sheet. This yielded a total of � 5 �104 possiblemerge ombinations out of whih 110 merges ourred. The response variablefor this model was Mij, a boolean variable (true/false) indiating whetherthe ombination merged. The following explanatory variables (AMij , RMij , Mij ,�Mij ) were onsidered for the regression model:AMijk: AMijk = Aik + Ajk�A , normalised area of the two Voronoi ells i; j in imagek.RMijk: RMijk = AikAjk , ratio of area small/large in image k.Mijk: Mijk = artan� yjk � yikxjk � xik�, alignment of line onneting entroids withrespet to sheet diretion (x{axis), (xki ; yki ), (xkj ; ykj ) are the oordinatesin the image plane of the points i and j in image k, respetively.�Mijk: �Mijk = q(xkj � xki )2 + (ykj � yki )2q(xk+1j � xk+1i )2 + (yk+1j � yk+1i )2 , measure whether entroidsmove towards eah other in two suessive images k and k + 1.For the splitting regression model a total of � 2:5�104 individual segmentsover all images were onsidered out whih 123 splits ourred. The responsevariable for this model was Si, a boolean variable (true/false) indiatingwhether the segment split. Below is a list of the response variables (ASi , RSi ,�Si ) that were onsidered as possible fators explaining the response of a split(Si) of a segment:ASik: ASik = Aik�A , normalised area of the Voronoi ell i in image k.



10.4. ALGORITHM OF MYOCYTE TOPOLOGY 139RSik: RSik = dmindmaj , ratio of minor dmin and major dmaj axes of Voronoi ell iin image k.�Sik: �Sik = ℄(~dmaj; ~s), angle between diretion of major axis ~dmaj of the ellwith respet to sheet diretion ~s in image k.The area was onsidered to be an important explanatory variable, sineit was believed that a high density of ells would would inrease the haneof merging and that an large ross{setional area of a ell would inrease thehane of splitting.The variables presented in these lists were used in the regression modelsthat are presented in the next setion.10.4.1 Regression AnalysisA logistial regression model was �t to the data using a ombination offorward and bakward regression [79℄ as implemented in the program R [26℄.The initial model in forward regression ontains the response variable butno explanatory variables (referred to as the null model). All explanatoryvariables are iteratively inluded in the model in a greedy manner, so asto improve some measure of �t (suh as the Akaike Information Criterion).The algorithm terminates when the inlusion of no remaining explanatoryvariable will improve the �t by a prede�ned minimum tolerane, or whenall explanatory variables are inluded into the model (referred to as the fullmodel). In bakward regression one starts with the full model and iterativelyremoves explanatory variables so as to redue the measure of the �t by aslittle as possible. The algorithm terminates when no variable an be removedwithout reduing the measure of the �t by some predetermined maximumtolerane, or when the null model is reahed.



140 CHAPTER 10. MULTI{SCALE MODELING FRAMEWORKFrom these models, the probability �Mij that two adjaent segments i andj will merge is given by [31℄: �Mij = ekij1 + ekij ; (10.3)where kij = �4:70� 1:34AMij + 1:00RMij�0:182Mij + 3:61�Mij : (10.4)The probability �Si that segment i will split in the next image is given by:�Si = eki1 + eki ; (10.5)where ki = �5:96� 0:52ASi : (10.6)The values in Eqs.(10.4)&(10.6) are the oeÆients of the explanatory vari-ables determined by the orresponding logistial regression. There was strongevidene that AMij ; �Mij explained the merging of two ells, with p{values of3:8 � 10�13; 4:9 � 10�13. Furthermore there was weak evidene that RMij ; Mijexplained the merging of two ells with p{values of 0:11 and 0:12, respe-tively. For the splitting only the variable ASi seemed to explain the split ofany given ell with a p{value of 0:049.10.4.2 Algorithm for Segment TopologyUtilising the results of the regression analysis, a model was built to repliatethe arrangement of myoytes within a sheet. Sine the data set reated fromthe images produed by Sands et al. [99℄ is based on two dimensional sliesthrough the ventriular wall, the model was designed to repliate these twodimensional slies.



10.4. ALGORITHM OF MYOCYTE TOPOLOGY 141Starting with a de�ned sheet boundary an initial grid of seed points withinthe sheet boundary was generated that orresponds to the entroids of themyoyte segments. This was ahieved by �rst generating an initial �eld ofrandomly generated points. To reate the required area distribution Matern'shard ore proess with a parameter p = 0.2 was used [42℄. The statistis of�bre deviation from mean �bre diretion were used to attribute a randomdegree of deviation from the mean �bre diretion and diretion in the sheetnormal plane for eah segment.This initial sheet slie served to generate a Voronoi mesh of the pointswithin the sheet using the sheet boundary as the external boundary for allVoronoi ells with an external edge as above. The mean area of this initialgrid was very stable with 596:6� 37:6�m2 ompared to 600:0� 61:9�m2 ofthe experimental mean area. Using the equation from the regression modelthe probability that a segment ell within the mesh would split or mergewas alulated. These probabilities were used in ombination with a randomnumber generator to deide whether splitting or merging would our for thenext image.The algorithm stepped forward in spae along the mean �bre diretionand positions of ell entroids were updated based on their alloated dire-tions. If a ell or ell pair had been designated to split or merge a new segmententroid was generated aordingly. Its diretion was assigned aording tothe distribution of the �bre diretion.Two pitures of a typial run of the model an be seen in Fig.(10.8).10.4.3 Preliminary ResultsThe model was run ten times with the probabilities from the regressionmodel. The same statistial analysis as for the original image set was per-
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(b)Figure 10.8: Two onseutive images in a typial model run. Left: a sheet sample withtwo highlighted Voronoi ells that are about to merge; right: the same sheet with thesetwo Voronoi ells having merged into one.formed, i.e. the mean, the standard deviation, as well as the standard errorwere omputed for the length and density distributions.Fig.(10.9) shows a typial set of �tted distributions and the similaritybetween these an easily be reognised. For an easier visual omparison it ishelpful to �t ontinuous distributions to both the disrete sample and modeldistribution for length and density. It is lear that the length distributionof the model is very lose to this of the sample distribution. The area dis-tribution of the model, however, exhibits a lower standard deviation fromthe mean and seems to be related to the area distribution of the initial grid.Therefore, further investigations are neessary to obtain a loser resemblanebetween sample and model.
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(b)Figure 10.9: Left: the �tted sample (dotted) and model (solid) length distributions;right: the �tted sample (dotted) and model (solid) density distributions10.5 DisussionThe algorithm in the previous hapter presented a ritial milestone towardsa multi{sale model of myoardial mehanis that allows one to mutuallyidentify miro{onstituents and maro{material parameters.Further steps involve the digitisation of more samples and a ross{samplestatistial analysis. This will be done for samples of the same region of otheranimals of the same health and ompared with distributions from diseasedsamples. This will enable the identi�ation of the dependene of the algo-rithm parameters on pathologial onditions and therefore the inuene ofdisease on the mehanial performane at the di�erent sales.



144 CHAPTER 10. MULTI{SCALE MODELING FRAMEWORK10.6 SummaryThis hapter presented the multi{sale modelling framework that allows oneto identify maro{strutural material parameters as those of the CL withmiro{strutural onstituents and their topologial arrangement. This wasdone by presenting a system identi�ation proess as well as a �rst steptowards an anatomially realisti algorithm to reate arti�ial myoardialbloks.Further steps will involve the development of algorithms for the sheetstruture as well as the ollagenous network. Finally, a �nite element modelwill be reated that ombines these three algorithms.
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Synopsis
This part presents additional researh that was undertaken during this studyas well as additional data and sample �les for the three models presented PartII: Appliation.Appendix A presents the detailed derivation of the stress{strain relation-ship (Eq.(3.54)) depending on the formulation of the funtional form of thestrain energy density funtion. Appendix B lists a sample �le for the homoge-neous model as well as all graphs for all laws and all experiments. AppendixC lists a sample �le for the FE model as well as all graphs for all laws andall experiments.
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Appendix A
Ambiguities in HyperelastiConstitutive Law Formulations
Within the framework of ontinuum mehanis materials are said to be hy-perelasti or Green{elasti, when work done on the boundaries and by bodyfores an be fully reovered from a stored strain energy density funtion.There is, however, ambiguity in the literature on how the strain energydensity funtion should be formulated with respet to the omponents ofthe strain measure when using ertain stress strain relationships. This se-tion lari�es the requirements that yield onsistent formulations, refer toSe.(3.3.3).A.1 IntrodutionAmong the �rst authors to introdue the onept of the strain energy densityfuntion (SEDF) and the orresponding stress{strain relationship (SSR) areGreen & Zerna, 1954, [38℄. Sine 1954 numerous books and artiles have beenpublished on these so{alled \hyperelasti" or \Green{elasti" materials, but149



150 APPENDIX A. AMBIGUITIESfrequently with di�erent ways of expressing the dependene on the shearstrain omponents. The underlying risks of using a inonsistent pairing ofSEDF and related SSR an lead to errors of a fator two for the shear strainomponents. The last years in the biomehanial treatise of material lawshave shown that it is ruial to formulate ever new onstitutive laws to overthe wide range of biologial tissue; this is espeially the ase for formulatingthem in terms of the atual omponents rather than the usual invariants, see[39, 84, 25℄, and that is where potential errors our.In Fung, [35℄, we an �nd two di�erent requirements for the SEDF al-though the same SSR is used. This an lead to erroneous results for theshear strain omponents.On page 269 he writes:Example A:\If a material is elasti and has a strain energy funtion W ,whih is a funtion of the strain omponents e11; e22; e33; e12; e23; e31, thenthe stress an be obtained from the strain energy funtion by di�erentiation:�ij = �	�eij "Whereas on page 300 he writes:Example B:\Let 	 be expressed in terms of the nine strain omponentsE11, E12, E13, E21, E22, E23, E31, E32, E33, and be written in a form that issymmetri in the symmetri omponents E12 and E21, E23 and E32, E13 andE31. The nine strain omponents are treated as independent variables whenpartial derivatives of W are formed." Here the same SSR is used.Let us now onsider a simple example of a linear elasti material desribedby the following SEDF and let them be expressed aording to both examplesabove:Example A:	A(Eij) = a11E211 + a22E222 + a33E233 + a12E212 + a23E223 + a31E231 (A.1)



A.2. DERIVATION OF STRESS{STRAIN RELATIONS 151Example B:	B(Eij) = a11E211 + a22E222 + a33E233+a12 �12(E12 + E21)�2 + a23 �12(E23 + E32)�2 + a31 �12(E31 + E13)�2 (A.2)Note that both SEDF's would now have the same value if being evaluatedat the same strain state, for all possible E . If we now apply the derivativeformula without srutinizing the underlying mathematial impliations of thesymmetry of E we obtain the following results.Example A: Using the SSR Sij = �	�Eij then, for S12, we obtain:SA12 = 2a12E12 (A.3)Example B: Using the same SSR, we obtain for S12SB12 = a12E12 (A.4)Clearly we get a di�erent result for S12 even though the SEDF's are numer-ially equal for all E . In atuality, we must hange the SSR for the SEDFin example A. The authors believe that it is therefore neessary to presenta detailed derivation of existing SSR's and the related requirements for theSEDF's.A.2 Derivation of Stress{Strain RelationsHere we derive the two existing forms of the SSR and orresponding require-ments for the funtional form of the SEDF. This derivation is based on thegeneralized version of the diretional derivative, see also [13, 24℄. It was ho-sen beause it lari�es the onnetions between the various stress and strainmeasures, where they are all onsidered as 3� 3{matries; initially, we hoseto derive the relationship between the �rst Piola{Kirhho� stress tensor P



152 APPENDIX A. AMBIGUITIESand the right Cauhy{Green streth tensor C , based on the relationship be-tween the �rst Piola{Kirhho� stress tensor P and the deformation gradienttensor F. Then the SSR between S and C is obtained and eventually therelation between S and E is then easily obtained in the end by a fator of 2.We start with the �rst Piola{Kirhho� stress tensor P, whih an beidenti�ed as the �rst part of a Taylor series expansion of the SEDF 	 = 	(F).	(F + H ) = 	(F) + hDF	(F); H i + higher order terms (A.5)hA ; B i = tr(A TB ) desribes the inner produt of two 3� 3{matries. There-fore P(F) = DF	(F); (A.6)whih reads as follows in index notation:P(F) = Pmn(Fij) em 
 en = �	�Fmn (Fij) em 
 en; (A.7)where 
 de�nes the dyadi produt and em are the base vetors of Eu-lidean 3{spae. The above relationship, in partiular the Taylor expansionan be found in e.g. [75℄, pp.180 and is also onneted to a onsideration ofthe Clausius{Duhem inequality, whih we leave out here, sine it suÆes toonsider the relationship between P and F. The di�erential operator DF(�)annot be misinterpreted sine F in general is a non{symmetri fully pop-ulated matrix and ould therefore equally well be expressed in omponentform where the omponents are formed as partial derivatives Pij = �	�Fij asgiven in Eq.(A.7).If we now want to dedue the relationship between the seond Piola{Kirhho� stress tensor and say the right Cauhy{Green streth tensor C =FTF then we start with the inner produt of the above series expansion andgradually perform hanges whih eventually lead to the desired relationship.



A.2. DERIVATION OF STRESS{STRAIN RELATIONS 153If we reall the priniple of material objetivity, see [75℄, p.152, then theSEDF, 	 an be rewritten as 	 = 	̂(FTF) = 	̂(C ). Before we proeed letus �rst de�ne the symmetry operator sym[A ℄ = A + A T2 . Then the innerprodut, whih is the diretional derivative then reads:hDF	̂(FTF); H i = hDC 	̂(C ); FTH + H TFi= 2hDC 	̂(C ); FTH + H TF2 i= 2hDC 	̂(C ); sym[FTH ℄i= 2hsym[DC 	̂(C )℄; FTH i= 2hFsym[DC 	̂(C )℄; H i: (A.8)
Again identifying the �rst Piola{Kirhho� stress tensor leads toP(F) = DF	̂(FTF) = 2Fsym[DC 	̂(C )℄ = P(C ) (A.9)and �nally to the seond Piola{Kirhho� stress tensor reads:S(C ) = F�1P(C ) = 2 sym[DC 	̂(C )℄: (A.10)We will now disuss the omponent formulation sine this is where poten-tial errors our. The priniple of material objetivity gives as stated abovethat 	 = 	̂(FTF) = 	̂(C ) and therefore if 	 is expressed in terms of C that	̂(C ) = 	̂(C T), whih in omponent form e.g. reads:	̂(C11; C22; C33; C12; C21; C13; C31; C23; C32)= 	̂(C11; C22; C33; C21; C12; C31; C13; C32; C23): (A.11)The order of the omponents an of ourse be hosen arbitrarily; we hosethis spei� one, so that the transposition operation an be easily identi�ed,sine 	 an now be understood as a salar funtion of nine omponents,rather than a matrix.



154 APPENDIX A. AMBIGUITIESEq.(A.10) implies that the seond Piola{Kirhho� stress tensor an beexpressed in the following omponent form:Sij =  �	̂�Cij + �	̂�Cji! (Cij) (A.12)but sine Eq.(A.11) holds this an be simpli�ed to the following formula,whih is prevalent in the urrent ontinuum mehanis literature:S= 2 �	̂�C (C ) () Sij = 2 �	̂�Cij (Cij): (A.13)Note that the symmetri nature of the di�erential operator still holds al-though it annot be seen anymore and that a symmetri stress is generatedindependent of the onservation of angular momentum.Of ourse, the SEDF an be expressed in terms of only six independentomponents of C like in example A of the introdution. This an be expressedin the following way (There are others as well and none is orret or wrong,just di�erent.): 	̂(C11; C22; C33; C12; C21; C13; C31; C23; C32)= ~	(C11; C22; C33; 2C12; 0; 2C13; 0; 2C23; 0)= ~	(C1; C2; C3; C4; C5; C6) (A.14)Here we hose to rename the omponents to avoid ambiguity. But thenEq.(A.11) does not hold anymore or in other words there are only six om-ponents left: ~	(C ) 6= ~	(C T); (A.15)and we annot perform the above simpli�ation of the di�erential operatoranymore and therefore the SSR for 	 = ~	(~C ) reads:S(C ) = 2 sym[DC ~	(C )℄: (A.16)



A.2. DERIVATION OF STRESS{STRAIN RELATIONS 155or in index notation Sij =  � ~	�Cij + � ~	�Cji! (Cji): (A.17)We omplete the disussion by introduing the SSR between S and Ewhen the SEDF is expressed in terms of E with ~~	(E ) 6= ~~	(ET). ThenEqs.(A.16&A.17) only di�er by a fator 2 sine E = 12(C � I).S(E) = sym[DE ~~	(E )℄; (A.18)or in index notation Sij = 12  � ~~	�Eij + � ~~	�Eji! (Eij): (A.19)The above equation is exatly the SSR as introdued by Green & Zerna,1954, [38℄. It is important to note that no mistake is introdued when theSSR Eq.(A.18&A.19) are used even if the SEDF is not hanged down to sixomponents.To �nish the disussion it is helpful to apply Eq.(A.19) to example A ofthe introdution to show that it works. We therefore remind ourselves aboutthe form of the SEDF of example A.Example A:	A(Eij) = a11E211 + a22E222 + a33E233 + a12E212 + a23E223 + a31E231 (A.20)And now we an apply the SSR Eq.(A.19), then, for S12, we obtain:SA12 = 12 � �	A�E12 + �	A�E21� (E12) = 12 (2a12E12 + 0) (E12) = a12E12 (A.21)whih now oinides with the result from example B.



156 APPENDIX A. AMBIGUITIESA.3 ConlusionWe have shown that the erroneous use of SEDF's and SSR's may lead to afalse result by a fator of two. It is straightforward, though not trivial, whihSSR to use depending on the funtional form of the SEDF. As a summary wegive a table of onsistent, inonsistent and potentially ambiguous formul� inthe literature, see Table A.1.A.4 Nomenlature for this SetionC right Cauhy{Green streth tensorE Green strain tensorP 1st Piola{Kirhho� stress tensorS 2nd Piola{Kirhho� stress tensor	 strain energy density funtion in its general sense	̂ strain energy density funtion dependent on nine independent tensor om-ponents~	 strain energy funtion dependent on six independent omponents of C~~	 strain energy funtion dependent on six independent omponents of E
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Table A.1: A non{exhaustive summary of onsistent, inonsistent and po-tentially ambiguous formul�1.) Consistent formul�Atkin & Fox, 1980, [6℄, pp.62, 63Chung, 1996, [21℄, p.102Fung, 1965, [32℄, p.449Fung, 1993, [35℄, pp.300, 301Green & Adkins, 1960, [37℄, pp.5-28Green & Zerna, 1954, [38℄, p.71Lemaitre & Chabohe, 1990, [68℄, pp. 122, 123Malvern, 1969, [73℄, pp.283, 284Marsden & Hughes, 1983, [75℄, pp.197{217Spener, 1980, [110℄, pp.138, 139Truesdell, 1966, [117℄, pp.54, 552.) Inonsistent formul�Fung, 1993, [35℄, p.269Holzapfel, 2000, [44℄, pp.209, 2103.) Potentially ambiguous formul�Humphrey, 2002, [50℄, pp.91{92Hunter, 1976, [55℄, pp.152{154Jaunzemis, 1967, [60℄, p.299Mase, 1970, [76℄, p.141Sokolniko�, 1964, [109℄, p.339
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Appendix B
Additional Data forHomogeneous Model
This hapter gives additional data for the homogeneous model, i.e. Se.(B.1)shows a sample �le of the homogeneous model for experiment 3 in Mathemat-ia format (omments are in apital letters), version 5.1, whereas Se.(B.2)shows all graphs for all laws and all experiments.B.1 Example File for Homogeneous ModelZX shear, "Z" indiates the normal of the top fae, and "X" indiates the diretion in whih this fae is sheared. All isdesribed in the FNS (MNS) systemOff[General::spell1℄Off[General::spell℄<<LinearAlgebra`MatrixManipulation`Deformation Gradient and Green strainFNS = 1, 0, 0, 0, 1, 0, 0, k, 1;FNF = 1, k, 0, 0, 1, 0, 0, 0, 1;FFN = 1, 0, 0, k, 1, 0, 0, 0, 1;FFS = 1, 0, 0, 0, 1, 0, k, 0, 1;FSF = 1, 0, k, 0, 1, 0, 0, 0, 1;FSN = 1, 0, 0, 0, 1, k, 0, 0, 1;EENS = (1/2)*(Transpose[FNS℄ . FNS - IdentityMatrix[3℄);EENF = (1/2)*(Transpose[FNF℄ . FNF - IdentityMatrix[3℄);EEFN = (1/2)*(Transpose[FFN℄ . FFN - IdentityMatrix[3℄);EEFS = (1/2)*(Transpose[FFS℄ . FFS - IdentityMatrix[3℄);EESF = (1/2)*(Transpose[FSF℄ . FSF - IdentityMatrix[3℄);EESN = (1/2)*(Transpose[FSN℄ . FSN - IdentityMatrix[3℄);General strain energy funtion | Costa law 159



160 APPENDIX B. ADDITIONAL DATA, HOMOGENEOUS MODELW[Emm , Emn , Ems , Enm , Enn , Ens , Esm , Esn , Ess ℄:=(1/2)*1*Exp[mm*Emm2̂ + nn*Enn2̂ + ss*Ess2̂ + 2*mn*((1/2)*(Emn + Enm))2̂ +2*ms*((1/2)*(Ems + Esm))2̂ + 2*ns*((1/2)*(Ens + Esn))2̂℄Stress{strain{relationshipSS[ffEmm , Emn , Ems g, fEnm , Enn , Ens g, fEsm , Esn , Ess gg℄ :=ffD[W[Emm, Emn, Ems, Enm, Enn, Ens, Esm, Esn, Ess℄, Emm℄,D[W[Emm, Emn, Ems, Enm, Enn, Ens, Esm, Esn, Ess℄, Emn℄,D[W[Emm, Emn, Ems, Enm, Enn, Ens, Esm, Esn, Ess℄, Ems℄g,fD[W[Emm, Emn, Ems, Enm, Enn, Ens, Esm, Esn, Ess℄, Enm℄,D[W[Emm, Emn, Ems, Enm, Enn, Ens, Esm, Esn, Ess℄, Enn℄,D[W[Emm, Emn, Ems, Enm, Enn, Ens, Esm, Esn, Ess℄, Ens℄g,fD[W[Emm, Emn, Ems, Enm, Enn, Ens, Esm, Esn, Ess℄, Esm℄,D[W[Emm, Emn, Ems, Enm, Enn, Ens, Esm, Esn, Ess℄, Esn℄,D[W[Emm, Emn, Ems, Enm, Enn, Ens, Esm, Esn, Ess℄, Ess℄ggSSEval[ffEmm , Emn , Ems g, fEnm , Enn , Ens g, fEsm , Esn , Ess gg℄ :=Evaluate[SS[ffEmm, Emn, Emsg, fEnm, Enn, Ensg, fEsm, Esn, Essgg℄℄SSEvalNS = SSEval[EENS℄;SSEvalNF = SSEval[EENF℄;SSEvalFN = SSEval[EEFN℄;SSEvalFS = SSEval[EEFS℄;SSEvalSF = SSEval[EESF℄;SSEvalSN = SSEval[EESN℄;Calulation of First PKPPNS = FNS . SSEvalNS;PPNF = FNF . SSEvalNF;PPFN = FFN . SSEvalFN;PPFS = FFS . SSEvalFS;PPSF = FSF . SSEvalSF;PPSN = FSN . SSEvalSN;Fore alulation on top fae, Area to be defined later onNormalVetorNS = 0, AreaNS, 0;NormalVetorNF = 0, AreaNF, 0;NormalVetorFN = AreaFN, 0, 0;NormalVetorFS = AreaFS, 0, 0;NormalVetorSF = 0, 0, AreaSF;NormalVetorSN = 0, 0, AreaSN;tNS = PPNS . NormalVetorNS;tNF = PPNF . NormalVetorNF;tFN = PPFN . NormalVetorFN;tFS = PPFS . NormalVetorFS;tSF = PPSF . NormalVetorSF;tSN = PPSN . NormalVetorSN;tNSFunt[khelp ℄ := Evaluate[tNS /. fk -> khelpg℄;tNSFuntX[k ℄ := Evaluate[tNSFunt[khelp℄ /. fkhelp -> kg℄[[3℄℄;tNSFuntZ[k ℄ := Evaluate[tNSFunt[khelp℄ /. fkhelp -> kg℄[[2℄℄;tNFFunt[khelp ℄ := Evaluate[tNF /. fk -> khelpg℄;tNFFuntX[k ℄ := Evaluate[tNFFunt[khelp℄ /. fkhelp -> kg℄[[1℄℄;tNFFuntZ[k ℄ := Evaluate[tNFFunt[khelp℄ /. fkhelp -> kg℄[[2℄℄;ModelOutomeForeNS[f1 , nn , ns g, k ℄ :=Evaluate[tNS /. f1 -> 1, nn -> nn, ns -> nsg℄ModelOutomeForeNF[f1 , mn , nn g, k ℄ :=Evaluate[tNF /. f1 -> 1, mn -> mn, nn -> nng℄tFNFunt[khelp ℄ := Evaluate[tFN /. fk -> khelpg℄;tFNFuntX[k ℄ := Evaluate[tFNFunt[khelp℄ /. fkhelp -> kg℄[[2℄℄;tFNFuntZ[k ℄ := Evaluate[tFNFunt[khelp℄ /. fkhelp -> kg℄[[1℄℄;tFSFunt[khelp ℄ := Evaluate[tFS /. fk -> khelpg℄;tFSFuntX[k ℄ := Evaluate[tFSFunt[khelp℄ /. fkhelp -> kg℄[[3℄℄;tFSFuntZ[k ℄ := Evaluate[tFSFunt[khelp℄ /. fkhelp -> kg℄[[1℄℄;ModelOutomeForeFN[f1 , mm , mn g, k ℄ :=Evaluate[tFN /. f1 -> 1, mm -> mm, mn -> mng℄ModelOutomeForeFS[f1 , mm , ms g, k ℄ :=Evaluate[tFS /. f1 -> 1, mm -> mm, ms -> msg℄tSFFunt[khelp ℄ := Evaluate[tSF /. fk -> khelpg℄;tSFFuntX[k ℄ := Evaluate[tSFFunt[khelp℄ /. fkhelp -> kg℄[[1℄℄;tSFFuntZ[k ℄ := Evaluate[tSFFunt[khelp℄ /. fkhelp -> kg℄[[3℄℄;tSNFunt[khelp ℄ := Evaluate[tSN /. fk -> khelpg℄;tSNFuntX[k ℄ := Evaluate[tSNFunt[khelp℄ /. fkhelp -> kg℄[[2℄℄;tSNFuntZ[k ℄ := Evaluate[tSNFunt[khelp℄ /. fkhelp -> kg℄[[3℄℄;ModelOutomeForeSF[f1 , ms , ss g, k ℄ :=



B.1. EXAMPLE FILE FOR HOMOGENEOUS MODEL 161Evaluate[tSF /. f1 -> 1, ms -> ms, ss -> ssg℄ModelOutomeForeSN[f1 , ns , ss g, k ℄ :=Evaluate[tSN /. f1 -> 1, ns -> ns, ss -> ssg℄Dimensions for the ubes, MNS oordinate system, experimental fore generationMDimNS = 3.4; NDimNS = 3.; SDimNS = 4.6; AreaNS = MDimNS*SDimNS;MDimNS = 3.4; NDimNS = 3.; SDimNS = 4.6; AreaNF = MDimNS*SDimNS;MDimFN = 3.4; NDimFN = 3.4; SDimFN = 3.4; AreaFN = NDimFN*SDimFN;MDimFS = 3.4; NDimFS = 3.4; SDimFS = 3.4; AreaFS = MDimFS*SDimFS;MDimSF = 3.2; NDimSF = 2.7; SDimSF = 3.1; AreaSF = MDimSF*SDimSF;MDimSN = 3.2; NDimSN = 2.7; SDimSN = 3.1; AreaSN = MDimSN*SDimSN;SetDiretory["E:nnMathematiann HomogeneousFittingnn SP17"℄;NSFullExperimentalData = Import["NSFullExperimentalData.txt", "Table"℄;NFFullExperimentalData = Import["NFFullExperimentalData.txt", "Table"℄;FNFullExperimentalData = Import["FNFullExperimentalData.txt", "Table"℄;FSFullExperimentalData = Import["FSFullExperimentalData.txt", "Table"℄;SFFullExperimentalData = Import["SFFullExperimentalData.txt", "Table"℄;SNFullExperimentalData = Import["SNFullExperimentalData.txt", "Table"℄;NSExperimentalDisplaement = Transpose[NSFullExperimentalData℄[[1,All℄℄;NSExperimentalXFore = Transpose[NSFullExperimentalData℄[[2,All℄℄;NSExperimentalZFore = Transpose[NSFullExperimentalData℄[[3,All℄℄;NFExperimentalDisplaement = Transpose[NFFullExperimentalData℄[[1,All℄℄;NFExperimentalXFore = Transpose[NFFullExperimentalData℄[[2,All℄℄;NFExperimentalZFore = Transpose[NFFullExperimentalData℄[[3,All℄℄;FNExperimentalDisplaement = Transpose[FNFullExperimentalData℄[[1,All℄℄;FNExperimentalXFore = Transpose[FNFullExperimentalData℄[[2,All℄℄;FNExperimentalZFore = Transpose[FNFullExperimentalData℄[[3,All℄℄;FSExperimentalDisplaement = Transpose[FSFullExperimentalData℄[[1,All℄℄;FSExperimentalXFore = Transpose[FSFullExperimentalData℄[[2,All℄℄;FSExperimentalZFore = Transpose[FSFullExperimentalData℄[[3,All℄℄;SFExperimentalDisplaement = Transpose[SFFullExperimentalData℄[[1,All℄℄;SFExperimentalXFore = Transpose[SFFullExperimentalData℄[[2,All℄℄;SFExperimentalZFore = Transpose[SFFullExperimentalData℄[[3,All℄℄;SNExperimentalDisplaement = Transpose[SNFullExperimentalData℄[[1,All℄℄;SNExperimentalXFore = Transpose[SNFullExperimentalData℄[[2,All℄℄;SNExperimentalZFore = Transpose[SNFullExperimentalData℄[[3,All℄℄;NSMaxExperimentalDisplaement = Max[Abs[NSFullExperimentalData[[All,1℄℄℄℄;NFMaxExperimentalDisplaement = Max[Abs[NFFullExperimentalData[[All,1℄℄℄℄;FNMaxExperimentalDisplaement = Max[Abs[FNFullExperimentalData[[All,1℄℄℄℄;FSMaxExperimentalDisplaement = Max[Abs[FSFullExperimentalData[[All,1℄℄℄℄;SFMaxExperimentalDisplaement = Max[Abs[SFFullExperimentalData[[All,1℄℄℄℄;SNMaxExperimentalDisplaement = Max[Abs[SNFullExperimentalData[[All,1℄℄℄℄;Graphstl = 0.015;NSExpXPlot = ListPlot[Transpose[fNSExperimentalDisplaement,NSExperimentalXForeg℄, AxesLabel -> fd/mm, Subsript[F, NSx℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff-40, -40, tlg, f-20, -20, tlg, f20, 20, tlg, f40, 40, tlggg℄;NSExpZPlot = ListPlot[Transpose[fNSExperimentalDisplaement,NSExperimentalZForeg℄, AxesLabel -> fd/mm, Subsript[F, NSz℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff5, 5, tlg, f15, 15, tlg, f25, 25, tlggg℄;NFExpXPlot = ListPlot[Transpose[fNFExperimentalDisplaement,NFExperimentalXForeg℄, AxesLabel -> fd/mm, Subsript[F, NFx℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff-60, -60, tlg, f-30, -30, tlg, f30, 30, tlg, f60, 60, tlggg℄;NFExpZPlot = ListPlot[Transpose[fNFExperimentalDisplaement,NFExperimentalZForeg℄, AxesLabel -> fd/mm, Subsript[F, NFz℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff20, 20, tlg, f40, 40, tlggg℄;FNExpXPlot = ListPlot[Transpose[fFNExperimentalDisplaement,FNExperimentalXForeg℄, AxesLabel -> fd/mm, Subsript[F, FNx℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff-70, -70, tlg, f-35, -35, tlg, f35, 35, tlg, f70, 70, tlggg℄;FNExpZPlot = ListPlot[Transpose[fFNExperimentalDisplaement,FNExperimentalZForeg℄, AxesLabel -> fd/mm, Subsript[F, FNz℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff20, 20, tlg, f40, 40, tlggg℄;FSExpXPlot = ListPlot[Transpose[fFSExperimentalDisplaement,



162 APPENDIX B. ADDITIONAL DATA, HOMOGENEOUS MODELFSExperimentalXForeg℄, AxesLabel -> fd/mm, Subsript[F, FSx℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff-80, -80, tlg, f-40, -40, tlg, f40, 40, tlg, f80, 80, tlggg℄;FSExpZPlot = ListPlot[Transpose[fFSExperimentalDisplaement,FSExperimentalZForeg℄, AxesLabel -> fd/mm, Subsript[F, FSz℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff35, 35, tlg, f70, 70, tlggg℄;SFExpXPlot = ListPlot[Transpose[fSFExperimentalDisplaement,SFExperimentalXForeg℄, AxesLabel -> fd/mm, Subsript[F, SFx℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff-40, -40, tlg, f-20, -20, tlg, f20, 20, tlg, f40, 40, tlggg℄;SFExpZPlot = ListPlot[Transpose[fSFExperimentalDisplaement,SFExperimentalZForeg℄, AxesLabel -> fd/mm, Subsript[F, SFz℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff7.5, 7.5, tlg, f15, 15, tlggg℄;SNExpXPlot = ListPlot[Transpose[fSNExperimentalDisplaement,SNExperimentalXForeg℄, AxesLabel -> fd/mm, Subsript[F, SNx℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff-20, -20, tlg, f-10, -10, tlg, f10, 10, tlg, f20, 20, tlggg℄;SNExpZPlot = ListPlot[Transpose[fSNExperimentalDisplaement,SNExperimentalZForeg℄, AxesLabel -> fd/mm, Subsript[F, SNz℄/mNg,TextStyle -> fFontSize -> 5g,Tiks -> fff-1.5, -1.5, tlg, f-0.5, -0.5, tlg, f0.5, 0.5, tlg,f1.5, 1.5, tlgg, ff6, 6, tlg, f12, 12, tlggg℄;�InitGuessNS = f1, 3, 1g; NSModelXPlot =Plot[ModelOutomeForeNS[�InitGuessNS,k/(2*NSMaxExperimentalDisplaement)℄[[3℄℄,fk, -NSMaxExperimentalDisplaement, NSMaxExperimentalDisplaementg℄;NSModelZPlot = Plot[ModelOutomeForeNS[�InitGuessNS,k/(2*NSMaxExperimentalDisplaement)℄[[2℄℄,fk, -NSMaxExperimentalDisplaement, NSMaxExperimentalDisplaementg℄;�InitGuessNF = f1, 2, 0.8g; NFModelXPlot =Plot[ModelOutomeForeNF[�InitGuessNF,k/(2*NFMaxExperimentalDisplaement)℄[[1℄℄,fk, -NFMaxExperimentalDisplaement, NFMaxExperimentalDisplaementg℄;NFModelZPlot = Plot[ModelOutomeForeNF[�InitGuessNF,k/(2*NFMaxExperimentalDisplaement)℄[[2℄℄,fk, -NFMaxExperimentalDisplaement, NFMaxExperimentalDisplaementg℄;�InitGuessFN = f1, 3, 1g; FNModelXPlot =Plot[ModelOutomeForeFN[�InitGuessFN,k/(2*FNMaxExperimentalDisplaement)℄[[2℄℄,fk, -FNMaxExperimentalDisplaement, FNMaxExperimentalDisplaementg℄;FNModelZPlot = Plot[ModelOutomeForeFN[�InitGuessFN,k/(2*FNMaxExperimentalDisplaement)℄[[1℄℄,fk, -FNMaxExperimentalDisplaement, FNMaxExperimentalDisplaementg℄;�InitGuessFS = f1, 2, 0.8g; FSModelXPlot =Plot[ModelOutomeForeFS[�InitGuessFS,k/(2*FSMaxExperimentalDisplaement)℄[[3℄℄,fk, -FSMaxExperimentalDisplaement, FSMaxExperimentalDisplaementg℄;FSModelZPlot = Plot[ModelOutomeForeFS[�InitGuessFS,k/(2*FSMaxExperimentalDisplaement)℄[[1℄℄,fk, -FSMaxExperimentalDisplaement, FSMaxExperimentalDisplaementg℄;�InitGuessSF = f1, 3, 1g; SFModelXPlot =Plot[ModelOutomeForeSF[�InitGuessSF,k/(2*SFMaxExperimentalDisplaement)℄[[1℄℄,fk, -SFMaxExperimentalDisplaement, SFMaxExperimentalDisplaementg℄;SFModelZPlot = Plot[ModelOutomeForeSF[�InitGuessSF,k/(2*SFMaxExperimentalDisplaement)℄[[3℄℄,fk, -SFMaxExperimentalDisplaement, SFMaxExperimentalDisplaementg℄;�InitGuessSN = f1, 2, 0.8g; SNModelXPlot =Plot[ModelOutomeForeSN[�InitGuessSN,k/(2*SNMaxExperimentalDisplaement)℄[[2℄℄,fk, -SNMaxExperimentalDisplaement, SNMaxExperimentalDisplaementg℄;SNModelZPlot = Plot[ModelOutomeForeSN[�InitGuessSN,k/(2*SNMaxExperimentalDisplaement)℄[[3℄℄,fk, -SNMaxExperimentalDisplaement, SNMaxExperimentalDisplaementg℄;NSXCombPlot = Show[fNSExpXPlot, NSModelXPlotg, DisplayFuntion -> Identity℄;NSZCombPlot = Show[fNSExpZPlot, NSModelZPlotg, DisplayFuntion -> Identity℄;NFXCombPlot = Show[fNFExpXPlot, NFModelXPlotg, DisplayFuntion -> Identity℄;NFZCombPlot = Show[fNFExpZPlot, NFModelZPlotg, DisplayFuntion -> Identity℄;FNXCombPlot = Show[fFNExpXPlot, FNModelXPlotg, DisplayFuntion -> Identity℄;FNZCombPlot = Show[fFNExpZPlot, FNModelZPlotg, DisplayFuntion -> Identity℄;FSXCombPlot = Show[fFSExpXPlot, FSModelXPlotg, DisplayFuntion -> Identity℄;FSZCombPlot = Show[fFSExpZPlot, FSModelZPlotg, DisplayFuntion -> Identity℄;SFXCombPlot = Show[fSFExpXPlot, SFModelXPlotg, DisplayFuntion -> Identity℄;



B.1. EXAMPLE FILE FOR HOMOGENEOUS MODEL 163SFZCombPlot = Show[fSFExpZPlot, SFModelZPlotg, DisplayFuntion -> Identity℄;SNXCombPlot = Show[fSNExpXPlot, SNModelXPlotg, DisplayFuntion -> Identity℄;SNZCombPlot = Show[fSNExpZPlot, SNModelZPlotg, DisplayFuntion -> Identity℄;Show[GraphisArray[ffNSXCombPlot, NSZCombPlotg, fNFXCombPlot, NFZCombPlotg,fFNXCombPlot, FNZCombPlotg, fFSXCombPlot, FSZCombPlotg,fSFXCombPlot, SFZCombPlotg, fSNXCombPlot, SNZCombPlotgg℄℄;Create omplete fore vetor for all load stepsNSLegendreData = Import["NSLegendreData.txt", "Table"℄;NSLegendreGaussWeights = Transpose[NSLegendreData℄[[1,All℄℄;NSLegendreGaussPoints = Transpose[NSLegendreData℄[[2,All℄℄;NSExpXForeAtGaussPoints = Transpose[NSLegendreData℄[[3,All℄℄;NSExpZForeAtGaussPoints = Transpose[NSLegendreData℄[[4,All℄℄;NSArea = Flatten[Import["NSArea.txt", "Table"℄℄;NFLegendreData = Import["NFLegendreData.txt", "Table"℄;NFLegendreGaussWeights = Transpose[NFLegendreData℄[[1,All℄℄;NFLegendreGaussPoints = Transpose[NFLegendreData℄[[2,All℄℄;NFExpXForeAtGaussPoints = Transpose[NFLegendreData℄[[3,All℄℄;NFExpZForeAtGaussPoints = Transpose[NFLegendreData℄[[4,All℄℄;NFArea = Flatten[Import["NFArea.txt", "Table"℄℄;SFLegendreData = Import["SFLegendreData.txt", "Table"℄;SFLegendreGaussWeights = Transpose[SFLegendreData℄[[1,All℄℄;SFLegendreGaussPoints = Transpose[SFLegendreData℄[[2,All℄℄;SFExpXForeAtGaussPoints = Transpose[SFLegendreData℄[[3,All℄℄;SFExpZForeAtGaussPoints = Transpose[SFLegendreData℄[[4,All℄℄;SFArea = Flatten[Import["SFArea.txt", "Table"℄℄;SNLegendreData = Import["SNLegendreData.txt", "Table"℄;SNLegendreGaussWeights = Transpose[SNLegendreData℄[[1,All℄℄;SNLegendreGaussPoints = Transpose[SNLegendreData℄[[2,All℄℄;SNExpXForeAtGaussPoints = Transpose[SNLegendreData℄[[3,All℄℄;SNExpZForeAtGaussPoints = Transpose[SNLegendreData℄[[4,All℄℄;SNArea = Flatten[Import["SNArea.txt", "Table"℄℄;FNLegendreData = Import["FNLegendreData.txt", "Table"℄;FNLegendreGaussWeights = Transpose[FNLegendreData℄[[1,All℄℄;FNLegendreGaussPoints = Transpose[FNLegendreData℄[[2,All℄℄;FNExpXForeAtGaussPoints = Transpose[FNLegendreData℄[[3,All℄℄;FNExpZForeAtGaussPoints = Transpose[FNLegendreData℄[[4,All℄℄;FNArea = Flatten[Import["FNArea.txt", "Table"℄℄;FSLegendreData = Import["FSLegendreData.txt", "Table"℄;FSLegendreGaussWeights = Transpose[FSLegendreData℄[[1,All℄℄;FSLegendreGaussPoints = Transpose[FSLegendreData℄[[2,All℄℄;FSExpXForeAtGaussPoints = Transpose[FSLegendreData℄[[3,All℄℄;FSExpZForeAtGaussPoints = Transpose[FSLegendreData℄[[4,All℄℄;FSArea = Flatten[Import["FSArea.txt", "Table"℄℄;Initialize omplete fore vetorNSModelXForeAtGaussPoints =Flatten[Transpose[tNSFuntX[NSLegendreGaussPoints/(2*NSMaxExperimentalDisplaement)℄℄℄;NSModelZForeAtGaussPoints =Flatten[Transpose[tNSFuntZ[NSLegendreGaussPoints/(2*NSMaxExperimentalDisplaement)℄℄℄;NFModelXForeAtGaussPoints =Flatten[Transpose[tNFFuntX[NFLegendreGaussPoints/(2*NFMaxExperimentalDisplaement)℄℄℄;NFModelZForeAtGaussPoints =Flatten[Transpose[tNFFuntZ[NFLegendreGaussPoints/(2*NFMaxExperimentalDisplaement)℄℄℄;SFModelXForeAtGaussPoints =Flatten[Transpose[tSFFuntX[SFLegendreGaussPoints/(2*SFMaxExperimentalDisplaement)℄℄℄;SFModelZForeAtGaussPoints =Flatten[Transpose[tSFFuntZ[SFLegendreGaussPoints/(2*SFMaxExperimentalDisplaement)℄℄℄;SNModelXForeAtGaussPoints =Flatten[Transpose[tSNFuntX[SNLegendreGaussPoints/(2*SNMaxExperimentalDisplaement)℄℄℄;SNModelZForeAtGaussPoints =Flatten[Transpose[tSNFuntZ[SNLegendreGaussPoints/(2*SNMaxExperimentalDisplaement)℄℄℄;FNModelXForeAtGaussPoints =Flatten[Transpose[tFNFuntX[FNLegendreGaussPoints/(2*FNMaxExperimentalDisplaement)℄℄℄;



164 APPENDIX B. ADDITIONAL DATA, HOMOGENEOUS MODELFNModelZForeAtGaussPoints =Flatten[Transpose[tFNFuntZ[FNLegendreGaussPoints/(2*FNMaxExperimentalDisplaement)℄℄℄;FSModelXForeAtGaussPoints =Flatten[Transpose[tFSFuntX[FSLegendreGaussPoints/(2*FSMaxExperimentalDisplaement)℄℄℄;FSModelZForeAtGaussPoints =Flatten[Transpose[tFSFuntZ[FSLegendreGaussPoints/(2*FSMaxExperimentalDisplaement)℄℄℄;NSXDiffFore = N[NSModelXForeAtGaussPoints℄ - NSExpXForeAtGaussPoints;NSZDiffFore = N[NSModelZForeAtGaussPoints℄ - NSExpZForeAtGaussPoints;NFXDiffFore = N[NFModelXForeAtGaussPoints℄ - NFExpXForeAtGaussPoints;NFZDiffFore = N[NFModelZForeAtGaussPoints℄ - NFExpZForeAtGaussPoints;FNXDiffFore = N[FNModelXForeAtGaussPoints℄ - FNExpXForeAtGaussPoints;FNZDiffFore = N[FNModelZForeAtGaussPoints℄ - FNExpZForeAtGaussPoints;FSXDiffFore = N[FSModelXForeAtGaussPoints℄ - FSExpXForeAtGaussPoints;FSZDiffFore = N[FSModelZForeAtGaussPoints℄ - FSExpZForeAtGaussPoints;SFXDiffFore = N[SFModelXForeAtGaussPoints℄ - SFExpXForeAtGaussPoints;SFZDiffFore = N[SFModelZForeAtGaussPoints℄ - SFExpZForeAtGaussPoints;SNXDiffFore = N[SNModelXForeAtGaussPoints℄ - SNExpXForeAtGaussPoints;SNZDiffFore = N[SNModelZForeAtGaussPoints℄ - SNExpZForeAtGaussPoints;Computing pseudo energyNSXForeObjetive = NSLegendreGaussWeights . NSXDiffFore2 ;NSZForeObjetive = NSLegendreGaussWeights . NSZDiffFore2 ;NFXForeObjetive = NFLegendreGaussWeights . NFXDiffFore2 ;NFZForeObjetive = NFLegendreGaussWeights . NFZDiffFore2 ;FNXForeObjetive = FNLegendreGaussWeights . FNXDiffFore2 ;FNZForeObjetive = FNLegendreGaussWeights . FNZDiffFore2 ;FSXForeObjetive = FSLegendreGaussWeights . FSXDiffFore2 ;FSZForeObjetive = FSLegendreGaussWeights . FSZDiffFore2 ;SFXForeObjetive = SFLegendreGaussWeights . SFXDiffFore2 ;SFZForeObjetive = SFLegendreGaussWeights . SFZDiffFore2 ;SNXForeObjetive = SNLegendreGaussWeights . SNXDiffFore2 ;SNZForeObjetive = SNLegendreGaussWeights . SNZDiffFore2 ;Objetive funtion
 = (1/2)*(NSXForeObjetive + NSZForeObjetive + NFXForeObjetive +NFZForeObjetive + FNXForeObjetive + FNZForeObjetive +FSXForeObjetive + FSZForeObjetive + SFXForeObjetive +SFZForeObjetive + SNXForeObjetive + SNZForeObjetive);Grad
1 = D[
, 1℄;Grad
2 = D[
, mm℄;Grad
3 = D[
, mn℄;Grad
4 = D[
, ms℄;Grad
5 = D[
, nn℄;Grad
6 = D[
, ns℄;Grad
7 = D[
, ss℄;Grad
 = Grad
1, Grad
2, Grad
3, Grad
4,Grad
5, Grad
6, Grad
7;Hessian
1 = D[Grad
, 1℄;Hessian
2 = D[Grad
, mm℄;Hessian
3 = D[Grad
, mn℄;Hessian
4 = D[Grad
, ms℄;Hessian
5 = D[Grad
, nn℄;Hessian
6 = D[Grad
, ns℄;Hessian
7 = D[Grad
, ss℄;Hessian
 = N[Partition[Flatten[Hessian
1, Hessian
2, Hessian
3,Hessian
4, Hessian
5, Hessian
6, Hessian
7℄, 7℄℄;Define Gradient and Hessian as funtions of the material parameters
Funt[f�1 , �mm , �mn , �ms , �nn , �ns , �ss g℄ :=Evaluate[
 /. f1 -> �1, mm -> �mm, mn -> �mn, ms -> �ms,nn -> �nn, ns -> �ns, ss -> �ssg℄Grad
Funt[f�1 , �mm , �mn , �ms , �nn , �ns , �ss g℄ :=Evaluate[Grad
 /. f1 -> �1, mm -> �mm, mn -> �mn, ms -> �ms,nn -> �nn, ns -> �ns, ss -> �ssg℄Hessian
Funt[f�1 , �mm , �mn , �ms , �nn , �ns , �ss g℄ :=Evaluate[Hessian
 /. f1 -> �1, mm -> �mm, mn -> �mn, ms -> �ms,nn -> �nn, ns -> �ns, ss -> �ssg℄Initialization of material parameter vetor �



B.1. EXAMPLE FILE FOR HOMOGENEOUS MODEL 165�Prev = 2, 2, 2, 2, 2, 2, 2;
Now = 
Funt[�Prev℄;�
 = 1;�� = 1;i = 1;� = 1;Optimisation LoopWhile[�
 > 10�5 && �� > 10�5,
Prev = 
Funt[�Prev℄;� = -Inverse[Hessian
Funt[�Prev℄ + �*IdentityMatrix[7℄℄ . Grad
Funt[�Prev℄;�Now = Flatten[�Prev + �℄;
Now = 
Funt[�Now℄;If[
Now < 
Prev,�� = (�Now - �Prev) . (�Now - �Prev);�
 = N[Abs[
Now - 
Prev℄℄;�Prev = �Now;Print[
Now℄;Print[�Now℄;� = �/10,� = 10*�℄;i = i + 1;℄(Relative & ) Absolute Total Error{ total error over total area
Total = 
Now;TotalEnergyContent = NSArea[[1℄℄ + NSArea[[2℄℄ + NFArea[[1℄℄ + NFArea[[2℄℄ +FNArea[[1℄℄ + FNArea[[2℄℄ + FSArea[[1℄℄ + FSArea[[2℄℄ +SFArea[[1℄℄ + SFArea[[2℄℄ + SNArea[[1℄℄ + SNArea[[2℄℄;
TotalRel = 
Now/TotalEnergyContent;Covariane Matrix and D - optimalityHessian
Funt[�Prev℄Inverse[Hessian
Funt[�Prev℄℄DetH = Det[Hessian
Funt[�Prev℄℄CondH = MatrixConditionNumber[Inverse[Hessian
Funt[�Prev℄℄, 2℄MatrixConditionNumber[Hessian
Funt[�Prev℄, 2℄M { optimalityH = Hessian
Funt[�Prev℄;NormalisedH = Array[f, Dimensions[H℄℄;For[i = 1, i <= Length[H℄,For[j = 1, j <= Length[H℄,NormalisedH[[i,j℄℄ = H[[i,j℄℄/Sqrt[H[[i,i℄℄*H[[j,j℄℄℄;j++℄;i++℄;DetNormH = Det[NormalisedH℄Printout optimized fore displaement urves�InitGuess = �Prev;�InitGuessNS = Flatten[Flatten[Take[�InitGuess, 1, 1℄℄,Flatten[Take[�InitGuess, 5, 6℄℄℄;�InitGuessNF = Flatten[Flatten[Take[�InitGuess, 1, 1℄℄,Flatten[Take[�InitGuess, 3, 3℄℄, Flatten[Take[�InitGuess, 5, 5℄℄℄;�InitGuessFN = Take[�InitGuess, 1, 3℄;�InitGuessFS = Flatten[Flatten[Take[�InitGuess, 1, 2℄℄,Flatten[Take[�InitGuess, 4, 4℄℄℄;�InitGuessSF = Flatten[Flatten[Take[�InitGuess, 1, 1℄℄,Flatten[Take[�InitGuess, 4, 4℄℄, Flatten[Take[�InitGuess, 7, 7℄℄℄;�InitGuessSN = Flatten[Flatten[Take[�InitGuess, 1, 1℄℄,Flatten[Take[�InitGuess, 6, 7℄℄℄;NSModelXPlot = Plot[ModelOutomeForeNS[�InitGuessNS,k/(2*NSMaxExperimentalDisplaement)℄[[3℄℄,k, -NSMaxExperimentalDisplaement, NSMaxExperimentalDisplaement℄;NSModelZPlot = Plot[ModelOutomeForeNS[�InitGuessNS,k/(2*NSMaxExperimentalDisplaement)℄[[2℄℄,k, -NSMaxExperimentalDisplaement, NSMaxExperimentalDisplaement℄;NFModelXPlot = Plot[ModelOutomeForeNF[�InitGuessNF,k/(2*NFMaxExperimentalDisplaement)℄[[1℄℄,k, -NFMaxExperimentalDisplaement, NFMaxExperimentalDisplaement℄;NFModelZPlot = Plot[ModelOutomeForeNF[�InitGuessNF,k/(2*NFMaxExperimentalDisplaement)℄[[2℄℄,k, -NFMaxExperimentalDisplaement, NFMaxExperimentalDisplaement℄;FNModelXPlot = Plot[ModelOutomeForeFN[�InitGuessFN,k/(2*FNMaxExperimentalDisplaement)℄[[2℄℄,



166 APPENDIX B. ADDITIONAL DATA, HOMOGENEOUS MODELk, -FNMaxExperimentalDisplaement, FNMaxExperimentalDisplaement℄;FNModelZPlot = Plot[ModelOutomeForeFN[�InitGuessFN,k/(2*FNMaxExperimentalDisplaement)℄[[1℄℄,k, -FNMaxExperimentalDisplaement, FNMaxExperimentalDisplaement℄;FSModelXPlot = Plot[ModelOutomeForeFS[�InitGuessFS,k/(2*FSMaxExperimentalDisplaement)℄[[3℄℄,k, -FSMaxExperimentalDisplaement, FSMaxExperimentalDisplaement℄;FSModelZPlot = Plot[ModelOutomeForeFS[�InitGuessFS,k/(2*FSMaxExperimentalDisplaement)℄[[1℄℄,k, -FSMaxExperimentalDisplaement, FSMaxExperimentalDisplaement℄;SFModelXPlot = Plot[ModelOutomeForeSF[�InitGuessSF,k/(2*SFMaxExperimentalDisplaement)℄[[1℄℄,k, -SFMaxExperimentalDisplaement, SFMaxExperimentalDisplaement℄;SFModelZPlot = Plot[ModelOutomeForeSF[�InitGuessSF,k/(2*SFMaxExperimentalDisplaement)℄[[3℄℄,k, -SFMaxExperimentalDisplaement, SFMaxExperimentalDisplaement℄;SNModelXPlot = Plot[ModelOutomeForeSN[�InitGuessSN,k/(2*SNMaxExperimentalDisplaement)℄[[2℄℄,k, -SNMaxExperimentalDisplaement, SNMaxExperimentalDisplaement℄;SNModelZPlot = Plot[ModelOutomeForeSN[�InitGuessSN,k/(2*SNMaxExperimentalDisplaement)℄[[3℄℄,k, -SNMaxExperimentalDisplaement, SNMaxExperimentalDisplaement℄;NSXCombPlot = Show[fNSExpXPlot, NSModelXPlotg, DisplayFuntion -> Identity℄;NSZCombPlot = Show[fNSExpZPlot, NSModelZPlotg, DisplayFuntion -> Identity℄;NFXCombPlot = Show[fNFExpXPlot, NFModelXPlotg, DisplayFuntion -> Identity℄;NFZCombPlot = Show[fNFExpZPlot, NFModelZPlotg, DisplayFuntion -> Identity℄;FNXCombPlot = Show[fFNExpXPlot, FNModelXPlotg, DisplayFuntion -> Identity℄;FNZCombPlot = Show[fFNExpZPlot, FNModelZPlotg, DisplayFuntion -> Identity℄;FSXCombPlot = Show[fFSExpXPlot, FSModelXPlotg, DisplayFuntion -> Identity℄;FSZCombPlot = Show[fFSExpZPlot, FSModelZPlotg, DisplayFuntion -> Identity℄;SFXCombPlot = Show[fSFExpXPlot, SFModelXPlotg, DisplayFuntion -> Identity℄;SFZCombPlot = Show[fSFExpZPlot, SFModelZPlotg, DisplayFuntion -> Identity℄;SNXCombPlot = Show[fSNExpXPlot, SNModelXPlotg, DisplayFuntion -> Identity℄;SNZCombPlot = Show[fSNExpZPlot, SNModelZPlotg, DisplayFuntion -> Identity℄;FinalGraph = Show[GraphisArray[Transpose[ffNSXCombPlot, NSZCombPlot, NFXCombPlot, NFZCombPlotg,fFNXCombPlot, FNZCombPlot, FSXCombPlot, FSZCombPlotg,fSFXCombPlot, SFZCombPlot, SNXCombPlot, SNZCombPlotgg℄℄℄;SetDiretory["E:nnMathematiannHomogeneousFittingnnGraphsForThesis"℄;Export["CLSP17FinalGraphBW.eps", FinalGraph, "eps"℄;SP17CLawAllData = Join[f
Now, 
TotalRel, DetH, CondH, Re[DetNormH℄g, Flatten[�Prev, 2℄℄;



B.2. ALL GRAPHS, HOMOGENEOUS MODEL 167B.2 All Graphs for all Experiments, Homo-geneous ModelThis setion gives a list of all graphs obtained from the homogeneous model.They are listed in the order of experiments and within one experiment CL,SFL, PZL, TL, LECL. The dotted lines denote the experimental data and thesolid lines denote the model results. This setion is referred to in Se.(6.3).



168 APPENDIX B. ADDITIONAL DATA, HOMOGENEOUS MODEL
Graph of homogeneous model, experiment 1, CL
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Figure B.1: This graph shows the result of the homogeneous model for experiment 1,CL.
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Graph of homogeneous model, experiment 1, SFL
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Figure B.2: This graph shows the result of the homogeneous model for experiment 1,SFL.
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Graph of homogeneous model, experiment 1, PZL
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Figure B.3: This graph shows the result of the homogeneous model for experiment 1,PZL.



B.2. ALL GRAPHS, HOMOGENEOUS MODEL 171
Graph of homogeneous model, experiment 1, TL
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Figure B.4: This graph shows the result of the homogeneous model for experiment 1,TL.
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Graph of homogeneous model, experiment 1, LECL
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Figure B.5: This graph shows the result of the homogeneous model for experiment 1,LECL.
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Graph of homogeneous model, experiment 2, CL

-1.5 -0.5 0.5 1.5

d
��������

mm

10

FNFz
���������������

mN

-1. 1.

d
��������

mm

25

50

FFSz
���������������

mN

-1.5-0.5 0.5 1.5

d
��������

mm

50

100

FSNz
���������������

mN

-1.5 -0.5 0.5 1.5

d
��������

mm

-30

30

FNFx
���������������

mN

-0.5 0.5

d
��������

mm

-140

-70

70

FFSx
���������������

mN

-1.5 -0.5 0.5 1.5

d
��������

mm

-120

-60

60

120

FSNx
���������������

mN

-1.5 -0.5 0.5 1.5

d
��������

mm

5

10

FNSz
���������������

mN

-1.5 -0.5 0.5 1.5

d
��������

mm

35

70

FFNz
���������������

mN

-1.5-0.5 0.5 1.5

d
��������

mm

50

100

FSFz
���������������

mN

-1.5 -0.5 0.5 1.5

d
��������

mm

-25

25

FNSx
���������������

mN

-1.5 -0.5 0.5 1.5

d
��������

mm

-160

-80

80

FFNx
���������������

mN

-1.5 1.5

d
��������

mm

-120

-60

60

120

FSFx
���������������

mN

Figure B.6: This graph shows the result of the homogeneous model for experiment 2,CL.
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Graph of homogeneous model, experiment 2, SFL
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Figure B.7: This graph shows the result of the homogeneous model for experiment 2,SFL.
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Graph of homogeneous model, experiment 2, PZL
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Figure B.8: This graph shows the result of the homogeneous model for experiment 2,PZL.
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Graph of homogeneous model, experiment 2, TL
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Figure B.9: This graph shows the result of the homogeneous model for experiment 2,TL.
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Graph of homogeneous model, experiment 2, LECL
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Figure B.10: This graph shows the result of the homogeneous model for experiment 2,LECL.



178 APPENDIX B. ADDITIONAL DATA, HOMOGENEOUS MODEL
Graph of homogeneous model, experiment 3, CL
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Figure B.11: This graph shows the result of the homogeneous model for experiment 3,CL.
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Graph of homogeneous model, experiment 3, SFL
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Figure B.12: This graph shows the result of the homogeneous model for experiment 3,SFL.
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Graph of homogeneous model, experiment 3, PZL
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Figure B.13: This graph shows the result of the homogeneous model for experiment 3,PZL.
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Graph of homogeneous model, experiment 3, TL
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Figure B.14: This graph shows the result of the homogeneous model for experiment 3,TL.
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Graph of homogeneous model, experiment 3, LECL
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Figure B.15: This graph shows the result of the homogeneous model for experiment 3,LECL.



B.2. ALL GRAPHS, HOMOGENEOUS MODEL 183
Graph of homogeneous model, experiment 4, CL
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Figure B.16: This graph shows the result of the homogeneous model for experiment 4,CL.
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Graph of homogeneous model, experiment 4, SFL
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Figure B.17: This graph shows the result of the homogeneous model for experiment 4,SFL.
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Graph of homogeneous model, experiment 4, PZL
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Figure B.18: This graph shows the result of the homogeneous model for experiment 4,PZL.
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Graph of homogeneous model, experiment 4, TL
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Figure B.19: This graph shows the result of the homogeneous model for experiment 4,TL.
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Graph of homogeneous model, experiment 4, LECL
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Figure B.20: This graph shows the result of the homogeneous model for experiment 4,LECL.
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Graph of homogeneous model, experiment 5, CL
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Figure B.21: This graph shows the result of the homogeneous model for experiment 5,CL.



B.2. ALL GRAPHS, HOMOGENEOUS MODEL 189
Graph of homogeneous model, experiment 5, SFL
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Figure B.22: This graph shows the result of the homogeneous model for experiment 5,SFL.
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Graph of homogeneous model, experiment 5, PZL
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Figure B.23: This graph shows the result of the homogeneous model for experiment 5,PZL.
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Graph of homogeneous model, experiment 5, TL
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Figure B.24: This graph shows the result of the homogeneous model for experiment 5,TL.
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Graph of homogeneous model, experiment 5, LECL
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Figure B.25: This graph shows the result of the homogeneous model for experiment 5,LECL.
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Graph of homogeneous model, experiment 6, CL
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Figure B.26: This graph shows the result of the homogeneous model for experiment 6,CL.
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Graph of homogeneous model, experiment 6, SFL
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Figure B.27: This graph shows the result of the homogeneous model for experiment 6,SFL.
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Graph of homogeneous model, experiment 6, PZL
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Figure B.28: This graph shows the result of the homogeneous model for experiment 6,PZL.
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Graph of homogeneous model, experiment 6, TL
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Figure B.29: This graph shows the result of the homogeneous model for experiment 6,TL.



B.2. ALL GRAPHS, HOMOGENEOUS MODEL 197
Graph of homogeneous model, experiment 6, LECL
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Figure B.30: This graph shows the result of the homogeneous model for experiment 6,LECL.
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Appendix C
Additional Data for FE Model
This hapter gives additional data for the �nite element model, i.e. Se.(C.1)shows a sample �le of the �nite element model for experiment 3, i.e. a om-mand �le for the bakend of the �nite element pakage CMISS. Se.(C.2)presents the tables of the onvergene analysis of the �nite element meshes(referred to in Se.(7.1.3)) and Se.(C.3) shows all graphs for all four lawsand all experiments (referred to in Se.(7.3)).C.1 Example File for FE Model, Exp. 3, CL# Optimization_Costa.om# Read data from file(open datafile, "StepPerentage.ipdata" );�Lines=<datafile>;lose(datafile);�Gauss=();foreah $Line (�Lines) {$Line=$Line+0;�Gauss=(�Gauss, "$Line");}$animal = "SP17"�modes=("NS","NF","SN","SF","FS","FN") $ModeNum = 1;if($RESOLVE ne "TRUE") {# Don't need to redo these ommands when# resolving during optimisationfem define parameters;r;111ube;fem define oordinate;r;111ube;fem define base;r;111ube;}#loop over the shear modes $modenum = 0; foreah $mode ( �modes )199



200 APPENDIX C. ADDITIONAL DATA FOR FE MODEL{ $modenum = $modenum + 1;printf("======\nMode %s;numbner%d\n",$mode,$modenum========);# Read data from file before enter IF LOOP(open datafile, "${mode}_SQRTweight.ipdata");�Lines=<datafile>;lose(datafile);�Weight=();foreah $Line (�Lines) {$Line=$Line+0;�Weight=(�Weight, "$Line");}print "\n Gauss:�Gauss \n Weight : �Weight"fem define node;r;555ube_${animal}_${mode};fem define fibre;r;555ube_${mode};if($RESOLVE ne "TRUE") {fem define element;r;555ube;fem define element;r;555ube fibre;# grouping elements at boundaryfem group elements all external s3=0 as Z0FACE_ELEM;fem group elements all external s3=1 as Z1FACE_ELEM;# grouping nodes at boundaryfem group nodes xi3=0 external element Z0FACE_ELEM as Z0FACE_NODE;fem group nodes xi3=1 external element Z1FACE_ELEM as Z1FACE_NODE;#grouping all elementsfem group elem all_elements as ALL_ELEMfem define equations;r;shear_ube lokfem define materials;r;CellML# Solve in 1/2 (# of Gauss pts = 12) steps$number_steps=6;fem define initial;r;shear_${animal}_${mode};fem define solve;r;shear_ube#=====================================================================%#===========Setup-material-law-throught-CellML-environment============%#=====================================================================%if($FIRST ne "FALSE") {fem define grid;r;111ube gauss lass 2fem update grid geometryfem group grid element ALL_ELEM as ALL_GRID_PTfem define equation;r;shear_CellML lass 2fem define mater;d lass 2fem define ell;r;Costa_seven_parameters lass 2fem define material;r;Costa_seven_parameters ell lass 2fem define initial;d lass 2fem define solve;r;CellML lass 2fem solve lass 2 to 0;$FIRST = "FALSE";}#=====================================================================%#=======================CellML-Setup-Ends=============================%#=====================================================================%# Load the experimental fore omponents.# x and z diretions are in indiies 1 and 3, respetivelyfem define data;r;${animal}_${mode};for($loadnum=1;$loadnum<=$number_steps;$loadnum++) {printf("=========================================\nStep %d\n",$loadnum);# solve for original (initial) material parametersfem solve inrement $Gauss[$loadnum-1℄ iterate 40 error 0.00000001;



C.1. EXAMPLE FILE, FE MODEL 201# Save intermediate solutionfem define initial;w;solution_${animal}_${mode}_step_${loadnum};#fem define initial;r;solution_${animal}_${mode}_step_${loadnum}_Initial;# Create a vetor of the experimental reation fore for use by the optimiser## We rearranged Dokos data, suh that the x fore of the first G/2 entries are positive# and all z fore entries are positive to aount for both, model output and only# solving for positive displaements to save omputational time## positive foresfem update residual data point $loadnum index 1 residual%1+($loadnum-1)*2+($modenum-1)*4*$number_steps weight $Weight[$loadnum-1℄;fem update residual data point $loadnum index 3 residual%2+($loadnum-1)*2+($modenum-1)*4*$number_steps weight $Weight[$loadnum-1℄;# negative foresfem update residual data point $loadnum+$number_steps index 1 residual%1+($loadnum-1)*2+($modenum-1)*4*$number_steps+$number_steps*2 weight $Weight[$loadnum-1℄;fem update residual data point $loadnum+$number_steps index 3 residual%2+($loadnum-1)*2+($modenum-1)*4*$number_steps+$number_steps*2 weight $Weight[$loadnum-1℄;} #for $loadnum}else { # i.e. if($RESOLVE eq "TRUE")# Need to update the material parameters to those being evaluated by the optimiserfem update optimisation;for($loadnum=1;$loadnum<=$number_steps;$loadnum++) {printf("=========================================\nStep %d\n",$loadnum);# read intermediate solution for urrent mode and loadfem define initial;r;solution_${animal}_${mode}_step_${loadnum};fem define solve;r;shear_ube;# solve for perturbed material parametersfem solve inrement 0.0 iterate 40 error 0.00000001;# evaluate new (predited-expt) reation fores# positive foresfem evaluate reation node Z1FACE_NODE diretion 1 residual%1+($loadnum-1)*2+($modenum-1)*4*$number_steps weight $Weight[$loadnum-1℄;fem evaluate reation node Z1FACE_NODE diretion 3 residual%2+($loadnum-1)*2+($modenum-1)*4*$number_steps weight $Weight[$loadnum-1℄;# negative foresfem evaluate reation node Z1FACE_NODE diretion 1 residual%1+($loadnum-1)*2+($modenum-1)*4*$number_steps+$number_steps*2 weight $Weight[$loadnum-1℄;fem evaluate reation node Z1FACE_NODE diretion 3 residual%2+($loadnum-1)*2+($modenum-1)*4*$number_steps+$number_steps*2 weight $Weight[$loadnum-1℄;fem define initial;w;solution_${animal}_${mode}_step_${loadnum};} #for $loadnum} #if $RESOLVE} #foreah $mode# Store the updated parameters into Optimized_Parameters femdefine optimise;w;Optimized_Parameters_555;if($RESOLVE ne "TRUE") {$ITERATION = 1;$RESOLVE = "TRUE";# do the optimisationfem define optimise;r;new_shear_555_parameters;optimise;set output off;}



202 APPENDIX C. ADDITIONAL DATA FOR FE MODELC.2 Convergene Analysis of the �nite ele-ment meshesTable (C.1) shows the numerial results of the onvergene analysis for theCL. The analysis indiated that a 555ube was ideal for the study sine the666ube did only improve �m�nm�MP by 0.89% and 
 by 0.50%. The stressonvergene also suggested this.Furthermore the onvergene analysis for the SFL, PZL and TL showedvery similar results, whih on�rmed our hoie of the 555ube. The notationused in the tables is de�ned in Se.(4.4.6).
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CL 
 ��n�
 max(��n�i ) ��n�MP a ��n�a bff ��n�bff bfn ��n�bfn bfs ��n�bfs bnn ��n�bnn bns ��n�bns bss ��n�bss111 127.2 0.171 34.0 11.1 12.6 19.3 9.0 13.1222 121.4 4.82% 25.7% 10.6% 0.189 9.3% 36.7 7.3% 10.4 6.6% 12.1 3.9% 22.8 15.5% 8.5 5.7% 17.6 25.7%333 121.3 0.06% 22.4% 12.4% 0.184 2.6% 32.2 13.7% 11.6 10.1% 13.4 9.5% 19.3 18.3% 9.5 10.3% 14.4 22.4%444 122.6 1.05% 5.0% 2.9% 0.185 0.38% 31.2 3.5% 11.9 2.7% 13.7 2.6% 18.4 5.0% 9.7 2.5% 13.8 3.9%555 123.9 1.07% 3.2% 1.9% 0.187 0.94% 30.5 2.3% 12.1 1.7% 13.9 1.7% 17.8 3.2% 9.9 1.3% 13.6 2.1%666 124.6 0.50% 1.4% 0.91% 0.187 0.51% 30.2 0.97% 12.2 0.90% 14.1 0.94% 17.6 1.4% 9.9 0.74% 13.4 0.89%777 124.8 0.21% 0.99% 0.67% 0.188 0.36% 30.0 0.65% 12.3 0.68% 14.2 0.72% 17.4 0.99% 10.0 0.57% 13.3 0.70%888 124.9 0.09% 0.58% 0.42% 0.189 0.20% 29.9 0.35% 12.3 0.48% 14.3 0.50% 17.3 0.58% 10.0 0.43% 13.3 0.38%Table C.1: Convergene analysis for CL.
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SFL 
 �
 aff ��n�aff afn ��n�afn afs ��n�afs ann ��n�ann ans ��n�ans ass ��n�ass111 126 0.279 0.0514 0.0380 0.0762 0.0454 0.0147222 115 9.58% 0.287 2.8% 0.0218 136% 0.0199 90.6% 0.0819 7.0% 0.0211 115% 0.0316 53.5%333 101 13.91% 0.264 8.6% 0.0214 2.0% 0.0211 5.8% 0.117 30.0% 0.0170 24.6% 0.0590 46.4%444 96.2 5.22% 0.274 3.7% 0.0179 19.5% 0.0220 4.1% 0.168 30.4% 0.0144 17.8% 0.0507 16.3%555 96.2 0.06% 0.280 1.8% 0.0172 4.1% 0.0221 0.38% 0.184 8.9% 0.0145 0.74% 0.0449 13.0%666 97.4 1.15% 0.270 3.7% 0.0179 4.0% 0.0223 0.65% 0.175 5.4% 0.0171 15.0% 0.0414 8.4%�max � bff ��n�bff bfn ��n�bfn bfs ��n�bfs bnn ��n�bnn bns ��n�bns bss ��n�bss111 56.7 19.6 24.2 70.8 17.1 122222 136% 84.2% 57.9 2.1% 42.3 53.7% 49.6 51.2% 74.3 4.7% 36.6 53.2% 102 20.0%333 78.6% 38.3% 55.2 5.0% 45.7 7.4% 53.4 7.1% 53.3 39.6% 42.1 13.1% 56.9 78.6%444 34.2% 21.9% 52.1 5.9% 50.0 8.5% 54.0 1.2% 39.7 34.2% 45.6 7.6% 54.7 4.0%555 13.0% 7.3% 50.3 3.6% 51.6 3.2% 55.0 1.8% 36.4 9.1% 46.1 1.1% 56.8 3.7%666 15.0% 7.8% 51.4 2.2% 51.1 0.93% 55.1 0.17% 37.8 3.9% 43.9 5.0% 59.8 4.9%Table C.2: Convergene analysis for SFL.
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PZL 
 �
 kff ��n�kff kfn ��n�kfn kfs ��n�kfs knn ��n�knn kns ��n�kns kss ��n�kss111 547.6 1.93% 0.759 0.0606 0.0596 0.053 0.0644 0.0847222 312.5 1.10% 0.774 1.9% 0.0204 198% 0.0271 120% 0.068 23.0% 0.0172 275% 0.0559 51.5%333 286.1 1.01% 0.803 3.6% 0.0261 22.0% 0.0297 8.6% 0.306 77.7% 0.0105 64% 0.0418 33.9%444 282.8 1.00% 0.822 2.3% 0.0280 6.7% 0.0304 2.2% 0.352 13.1% 0.0102 3.0% 0.0368 13.4%555 283.3 1.00% 0.831 1.2% 0.0291 4.1% 0.0307 1.1% 0.298 18.3% 0.0111 8.0% 0.0365 0.84%max(��n�i ) ��n�MP aff ��n�aff afn ��n�afn afs ��n�afs ann ��n�ann ans ��n�ans ass ��n�ass111 0.354 0.370 0.370 0.276 0.431 0.282222 275% 60.6% 0.358 0.94% 0.339 9.3% 0.365 1.5% 0.259 6.8% 0.369 16.8% 0.229 23.0%333 77.7% 22.4% 0.372 3.9% 0.339 0.032% 0.360 1.3% 0.444 41.7% 0.331 11.5% 0.229 0.12%444 13.4% 4.3% 0.377 1.3% 0.339 0.24% 0.359 0.32% 0.479 7.2% 0.326 1.42% 0.228 0.54%555 18.3% 3.5% 0.381 1.0% 0.339 0.09% 0.357 0.54% 0.457 4.8% 0.327 0.31% 0.232 1.6%Table C.3: Convergene analysis for PZL.
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TL 
 �
 aff ��n�aff afn ��n�afn afs ��n�afs ann ��n�ann ans ��n�ans ass ��n�ass111 132 1.30 0.141 0.118 0.426 0.111 0.134222 124 6.8% 1.38 5.5% 0.128 10.2% 0.124 5.0% 0.472 9.8% 0.108 2.83% 0.234 43.0%333 108 14.1% 1.25 10.5% 0.130 2.0% 0.142 12.6% 0.553 14.6% 0.0930 16.49% 0.301 22.0%444 103 5.7% 1.24 0.42% 0.115 12.9% 0.150 5.0% 0.681 18.8% 0.0790 17.70% 0.256 17.6%555 103 0.00% 1.25 0.74% 0.112 3.0% 0.151 0.46% 0.713 4.5% 0.0784 0.78% 0.231 10.8%666 103 0.64% 1.28 2.09% 0.110 2.1% 0.142 6.4% 0.715 0.33% 0.0864 9.22% 0.234 1.3%�max � bff ��n�bff bfn ��n�bfn bfs ��n�bfs bnn ��n�bnn bns ��n�bns bss ��n�bss111 15.8 11.5 12.7 17.1 10.9 20.7222 43.0% 7.7% 15.8 0.38% 11.9 3.2% 12.9 1.4% 17.5 2.3% 11.2 2.98% 19.6 5.7%333 30.5% 11.8% 15.3 3.2% 12.4 3.7% 13.3 2.7% 14.9 16.9% 12.0 6.60% 15.0 30.5%444 18.8% 8.6% 14.9 2.6% 12.9 4.2% 13.3 0.49% 12.8 16.3% 12.6 4.50% 14.6 2.8%555 10.8% 2.7% 14.6 2.1% 13.1 1.7% 13.5 1.0% 12.3 4.5% 12.7 0.90% 14.8 1.7%666 9.2% 2.5% 14.4 1.8% 13.3 0.95% 13.7 1.8% 12.2 0.92% 12.5 1.35% 14.7 1.2%Table C.4: Convergene analysis for TL.
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Figure C.1: This graph shows the result of the FEM model for experiment 1, CL.
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Figure C.2: This graph shows the result of the FEM model for experiment 1, SFL.
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Figure C.3: This graph shows the result of the FEM model for experiment 1, PZL.
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Figure C.4: This graph shows the result of the FEM model for experiment 1, TL.



212 APPENDIX C. ADDITIONAL DATA FOR FE MODELGraph of FE model, experiment 2, CL
−1 0 1

−50

0

50

NSx

−1 0 1

0

5

10

NSz

−1 0 1

−20

0

20

NFx

−1 0 1
−4

−2

0

2

4

6

8

NFz

−2 0 2
−100

0

100

SNx

−2 0 2
0

20

40

60

80

SNz

−2 0 2

−100

0

100

SFx

−2 0 2
0

50

100

SFz

−1 0 1
−50

0

50

FSx

−1 0 1

0

10

20

30

FSz

−1 0 1

−100

0

100

FNx

−1 0 1
0

20

40

60

FNz

Figure C.5: This graph shows the result of the FEM model for experiment 2, CL.
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Figure C.6: This graph shows the result of the FEM model for experiment 2, SFL.
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Figure C.7: This graph shows the result of the FEM model for experiment 2, PZL.
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Figure C.8: This graph shows the result of the FEM model for experiment 2, TL.
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Figure C.9: This graph shows the result of the FEM model for experiment 3, CL.
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Figure C.10: This graph shows the result of the FEM model for experiment 3, SFL.
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Figure C.11: This graph shows the result of the FEM model for experiment 3, PZL.
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Figure C.12: This graph shows the result of the FEM model for experiment 3, TL.
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Figure C.13: This graph shows the result of the FEM model for experiment 4, CL.
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Figure C.14: This graph shows the result of the FEM model for experiment 4, SFL.
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Figure C.15: This graph shows the result of the FEM model for experiment 4, PZL.
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Figure C.16: This graph shows the result of the FEM model for experiment 4, TL.
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Figure C.17: This graph shows the result of the FEM model for experiment 5, CL.
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Figure C.18: This graph shows the result of the FEM model for experiment 5, SFL.
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Figure C.19: This graph shows the result of the FEM model for experiment 5, PZL.
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Figure C.20: This graph shows the result of the FEM model for experiment 5, TL.
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Figure C.21: This graph shows the result of the FEM model for experiment 6, CL.
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Figure C.22: This graph shows the result of the FEM model for experiment 6, SFL.
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Figure C.23: This graph shows the result of the FEM model for experiment 6, PZL.
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Figure C.24: This graph shows the result of the FEM model for experiment 6, TL.
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