
 
 

 

Copyright Statement 

The digital copy of this thesis is protected by the Copyright Act 1994 (New 
Zealand). This thesis may be consulted by you, provided you comply with the 
provisions of the Act and the following conditions of use: 

• Any use you make of these documents or images must be for 
research or private study purposes only, and you may not make 
them available to any other person. 

• Authors control the copyright of their thesis. You will recognise the 
author's right to be identified as the author of this thesis, and due 
acknowledgement will be made to the author where appropriate. 

• You will obtain the author's permission before publishing any 
material from their thesis. 

 
To request permissions please use the Feedback form on our webpage. 
http://researchspace.auckland.ac.nz/feedback  
 

General copyright and disclaimer 
 
In addition to the above conditions, authors give their consent for the digital 
copy of their work to be used subject to the conditions specified on the Library 
Thesis Consent Form

 
 



 

 

 

 

SYSTEMATIC SAMPLING IN ECOLOGY 

 

by 

Matthew David McDonald Pawley 

Supervisor: Brian McArdle 

 

 

 

 

 

A thesis 

submitted in partial fulfillment 

of the requirements for the degree of 

Doctor of Philosophy, 

 

The University of Auckland, Departments of Statistics and Biology 

March 2006. 

 



Abstract ii 

Abstract 

Random start systematic sampling (SYS) is a survey design that is simple (it selects 

the whole sample with one random start), easy to implement and that can, in theory, 

give precise estimates of ecological abundance in the presence of positive spatial 

autocorrelation. However, SYS suffers from a serious defect, namely, that it is not 

possible to obtain an unbiased estimator of sampling variance (θSYS) on the basis of a 

single sample. A variety of approximations have been suggested, and unbiased model-

based methods have been calculated, but validation of these estimators has been 

limited within the ecological literature. 

 

The heart of any spatial problem is how to deal with spatial autocorrelation. We show 

that the scale of spatial inference gives a framework that unifies the commonly 

reported, discordant views about autocorrelation (i.e. ‘autocorrelation increases the 

power of the analysis’ vs ‘autocorrelation decreases the power of the analysis’). The 

scale of spatial inference is rarely discussed or considered, but we suggest that it 

should be the first step in any (spatial) analysis. 

 

The thesis then uses computer simulation to compare the performance of eleven 

previously proposed SYS estimators (including simple random sampling, 4SRS). The 

computer simulations are designed to recreate the spatial distribution characteristics 

that are common within ecological abundances. We also develop and test a novel 

method of estimating θSYS based on ‘Krige’s Additivity Relationship’ and variography 

(geostatistics). This estimator was labelled 4KAR. 
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We found that if the right spatial model (i.e. a reference theoretical variogram) is 

used, then 4KAR appears to be an unbiased estimator of θ. Without a priori knowledge 

about the spatial structure (so the theoretical variogram is constructed solely from SYS 

data), 4KAR was generally one of the least biased and most stable estimators out of 

those examined. The other estimator that fared well, 4r1, was also model-based; it 

used an estimate of the first order autocorrelation in its estimate of θ. 4SRS performed 

comparatively well on untransformed ecological simulations, but was the worst 

performing estimator after a log(x+1) transformation.
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Preface 

This thesis has its genesis in discussions between me and my supervisor, Brian 

McArdle, about the nature of spatial autocorrelation in ecology. In earlier fieldwork, I 

had used systematic sampling extensively and we debated about the best manner in 

which to analyze the results. Brian suggested that I examine the geostatistical method 

of Block Kriging (BK) as a viable method to estimate θSYS.  

 

I discovered certain theoretical problems with using BK. These problems were further 

compounded by the fact that after considerable research in the matter other authors 

independently published a field example (in the journal Ecology) of what I had been 

working on, i.e. using BK to estimate of θSYS.  

 

However, during my foray into geostatistics I had stumbled across ‘Krige’s Additivity 

Relationship’ (KAR). KAR basically states that the variance of a ‘spatial block’ as it is 

moved around an area equals the variance of (smaller) units within the area minus the 

average variance of those units within the block. It struck me that as long as this 

‘spatial block’ could systematically cover the entire area, it didn’t matter if the block 

consisted of disjoint units, i.e. a systematic sample could be considered a ‘block’. In 

theory then KAR could be used to estimate θSYS.  

 

Initial investigations failed dismally because I thought the elements of KAR (the total 

variance and the average within-sample variance) might be well approximated using 

the variogram sill and s2. Unfortunately the use of either approximation made for an 

extremely unstable estimator. However after noticing the average γ-value in the 
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variogram cloud equalled s2 I felt that using some sort of ‘expectation of the 

variogram cloud’ might give a more stable estimate of the within sample variance. 

Using the theoretical variogram seemed like a solution, and after some further fine-

tuning (e.g. inclusion of ‘zero distances’ in the variogram calculations to make it 

unbiased), 4KAR was established. 

 

I wish to thank the Departments of Statistics and Biology for their financial support, 

forbearance and guidance. I’d also like to my supervisor, Brian McArdle for his 

trenchant comments, guidance, leeway and (most of all) patience.  

 

I also wish to thank my colleagues and friends: Carl Donovan, Monique Mackenzie, 

Cameron Walker, little Michael O’Sullivan and Giant Matt. Their discussions and 

arguments in the office and at coffee stimulated a variety of research. 

 

Finally I’d like to thank my partner Catherine and my daughter Sofia. You two may 

have delayed arrival at the destination, but you certainly enhanced the journey – and 

that’s the important thing. 
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Basic Notation 

There is no standard notation in texts on sampling theory. 

 

With respect to sampling, I will use a notation similar to that of Thompson (1992). 

Geostatistical notation may slightly differ to sampling notation (see Table II). 

 

Table I : Sampling Notation 

Symbol Meaning 

N The finite population size 

n The sample size 

µ The finite population mean 

μP The process mean 

A The survey extent, a defined area (region) of interest 

a Sample unit of particular ‘support’ (unit size/orientation) 

α A ‘block’ (of space).  

Note: With respect to the use of KAR with SYS, ‘block’ refers to the 

systematic sample 

Xi Sample locations, X1, X2, .. Xn within A 

Z(Xi) Sample value of a regionalized variable at location, Xi (see also Yi below) 

Yi Sample values Yi = y1, y2 .. yn. 

(Typically at locations X1, X2 .. Xn ) 

σP
2 The process variance 

k The SYS skip interval (distance between neighbouring points on the SYS 

grid). k = 
n
N , an integer that equals the number of possible SYS (of size n) 

y ( x ) The sample mean of a variable Y (or X): 
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πi The ‘inclusion probability’ of unit i (the probability that it is sampled) 

SRS Simple Random sampling 

SYS Random start systematic sampling 

RandSYS Stratified random (systematic) sample 

KAR Krige’s Additivity Relationship  

4KAR 
Systematic sample variance estimate using KAR and a variogram derived 

from the systematic sample data 

ρk 

Either: 

‘Cochran’s within-sample correlation co-efficient’, or 

The autocorrelation at distance, k. 
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Table II: Geostatistical Notation 

 

Symbol Meaning 

h (or d) Euclidean distance 

ξ A regionalized variable (variable distributed over a finite area, A)  

xi Sample location x1, x2, … , xn in the area, A 

Z(xi) The value of a regionalized variable ξ at position x 

 

γh 

or 

γ(xi, xj) 

The variogram function value (at distance h),  

γh = ½ [Z(xi) – Z(xi+h) ]2 

or 

γh = ½ [Z(xi) – Z(xj) ]2 

C 

(or cov) 
The covariance function of the regionalized variable 

C0 The nugget variance 

C0 + C1 The sill of the theoretical variogram 

ar Range of autocorrelation in the variogram 

m Discretization grid sample size 

M The realization mean 

m̂  An estimate of the realization mean 
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Chapter 1: Introduction 

1.1 Background 

An apparently simple, but centrally important question wildlife managers and 

ecologists must ask is: ‘What is the abundance of a particular stock of organism?’ 

The question remains one of the most fundamental problems in ecology (Krebs 1985, 

Buckland et al. 1993). 

 

Except in the circumstance of dealing with rare species in an enclosed area, logistical 

constraints mean that obtaining a complete census of a population is usually 

impossible, so invariably the next deceptively simple question to arise is: ‘How good 

is the estimate of the abundance?’ Technically, this latter question boils down to: 

‘What is the variance of the abundance estimate?’  

 

The answer has two parts. One part depends on the measurement error at the sampling 

locations (resulting from imperfections in measuring equipment and observational 

techniques) (Regan et al. 2002). The other part depends on the sampling error, i.e. the 

statistical representativity of samples taken from the population defined by the survey 

extent (the area under consideration) or sampling frame (the universe of eligible 

elements of interest). It is the placement of these samples that is the essence of survey 

design. The appropriate choice of survey design (one which minimizes the sampling 

error) is a comprehensive problem, aided by an understanding of the spatial 

composition (or ‘dispersion’) of the organism across the landscape (Fortin et al. 1989, 

Turner 1989, Tilman 1994). 
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Sampling any ecological abundance is influenced by locality and distance for two 

main reasons: firstly because the strength of interactions between ecological entities 

tends to decrease as a function of distance. Secondly because the environment is 

mostly spatially heterogeneous, i.e. biotic and abiotic conditions depend on location 

and these are important determinants of dispersion (Coomes et al. 1999).  

 

Three survey designs are often considered in spatial sampling: simple random 

sampling (SRS), stratified random sampling (STRAT) and random start systematic 

sampling (SYS) (Ripley 1981, Haining 1990, Cressie 1993). Several studies have 

demonstrated that with positively autocorrelated data (where nearby values tends to 

be comparatively similar) SYS has important advantages over alternative strategies in 

terms of statistical efficiency (Payandeh 1970) as well as ease of implementation 

(Singh and Singh 1977, Koop 1990). However, SYS does suffer from one principal 

failing. Unlike SRS and STRAT, in the presence of autocorrelation SYS is unable to 

directly give an unbiased sample-based estimate of θ , the variance of sample means 

(Cochran 1977). 

 

This problem has been extensively investigated in the one-dimensional context 

(Iachan 1982, Murthy and Rao 1988). The model-based framework has also led to 

estimators that account for autocorrelation in a one-dimensional transect (Cochran 

1946, Heilbron 1978, Wolter 1984). Research into the spatial (two-dimensional) 

framework has been less extensive (Dunn and Harrison 1993) and although some 

design-based approximations have been suggested (Yates 1960, Ripley 1981, Wolter 

1984), model-based estimators have been comparatively recent (Aubry and Debouzie 

2000, Aubry and Debouzie 2001, D'Orazio 2003). 
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In practice, ecologists have been reluctant to use any of the model-based estimators 

(Aubry and Debouzie 2000). This might be due in part to the numerical complexity of 

some of the estimators, or out of concerns that those estimators will not work as 

advertised with ‘real-world’ data. For ecologists, testing of these new estimators has 

been limited for the most part. Ecologists are right to be wary of a new estimator if it 

has not been tested with the same richness of behaviour that real systems can show. 

Testing the inference of spatial SYS estimators has typically been constrained by using 

a single ecological dataset, or by the simplicity of the simulation (D'Orazio 2003). 

 

This thesis has two principal aims: 

1. It examines the performance of a variety of design- and model-based SYS 

estimators with respect to ecological abundance data. A simulation approach 

rather than using actual data sets was chosen because it allowed comparisons 

of the outcome of each analysis with the ‘truth’, i.e. the actual SYS variance of 

sample means, θ, is known because I have generated it.  

2. It proposes a novel ‘pseudo’ model-based method of estimating θ. This 

estimator has the advantage of being conceptually simple. The new estimator 

uses ‘Krige’s Additivity Relationship’ (KAR) in conjunction with variography 

to give a (theoretically) unbiased estimate of θ.  

 

1.1.1 Scope of thesis 

This thesis is arranged into eight chapters. Chapter two discusses the method of SYS 

and outlines some of the problems that have never been satisfactorily ironed out. 

Chief amongst these is the method’s inability to compute a simple, unbiased standard 
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error. One recently proposed solution to find a standard error for SYS is through the 

use of geostatistics. Although ‘regionalized variable theory’ and the ‘kriging’ 

methodology that is collectively known as ‘geostatistics’ that is based on it has been 

around since the 1960’s (Matheron 1963, Krige 1966), its introduction into the 

ecological literature has been only relatively recently (Burrough 1987, Robertson 

1987). Two steps are generally distinguished in a geostatistical analysis: 

1. the structural analysis, which aims to describe and model the spatial structure 

of the variable, using a structural tool such as a variogram; and 

2. the use of this structure for a given evaluation problem e.g. to make a map, or 

to compute a global abundance estimate with its variance. 

 

The model-based paradigm and geostatistical methods are still unfamiliar to many 

ecologists (who commonly deal with design-based methods), so the background of the 

problems and intricacies of dealing with SYS and geostatistics are also discussed in 

Chapter two. 

 

At the heart of any problem on the analysis of spatial data is how to deal with the 

presence of spatial autocorrelation, which is a general phenomenon within ecological 

studies. Considerable confusion exists about how to analyze spatial autocorrelated 

data and there has been much misinformation spread about this particular topic. 

Chapter three discusses the problems and benefits that autocorrelation give ecological 

analyses, and gives an overall framework on how to approach it. 

 

Chapter four discusses the details of the computer simulations of ecological 

dispersion. In particular it outlines those characteristics that are commonly 
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encountered with ecological abundance data, and how they were accounted for and 

simulated within this thesis. 

 

Chapter five develops and tests a novel method to estimate the systematic sample 

variance. This method (and its variants) combines the geostatistical rule known as 

‘Krige’s Additivity Relationship’ (KAR) with the use of variography to estimate θ. 

 

Chapter six applies the KAR method of estimating θ to multiple surface realizations, 

and directly compares and contrasts it with other commonly used methods. 

 

Chapter seven examines the performance of SYS with independent sample units. It 

also examines the ‘skip interval effect’, i.e. how the lack of information at sample 

resolutions smaller than SYS neighbouring points may affect SYS model-based 

estimators. 

 

Chapter eight concludes with a short summary of the main findings, a discussion of 

these findings, and outlines possible directions for future research. 
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Chapter 2: Systematic sampling and 

Geostatistics: A review  

2.1 Introduction 

In this chapter, a concise review of the use of systematic sampling for animal 

populations will be presented. Because this thesis makes heavy use of the tools 

afforded by geostatistical methods, this review also examines and discusses the basic 

principles of geostatistics, and in particular, how they relate to systematic sampling 

inference. 

 

2.1.1 Spatial autocorrelation 

To the general consternation of statisticians, the spatial distribution of animals is 

typically not random; instead animals congregate towards important resources, for 

behavioural reasons, or away from inhospitable environments (Caughley 1977, 

Dutilleul 1993b). Since nearby points in space tend to have similar geographic 

features than would be expected by chance (Tobler 1970), this means that spatial 

organism abundance data is generally positively autocorrelated, i.e. animal counts 

taken in areas close together tend to be more similar than those that are sampled at 

greater distances (Sokal 1978, Sokal and Oden 1978, Legendre and Fortin 1989, 

Legendre 1993, Nekola and White 1999, Dale and Fortin 2002). 

 

In mathematical terms, the concept of spatial autocorrelation is derived from the 

familiar statistical concept of covariance and correlation. For two variables, x and y, 

the covariance is related to the expected value of their product: 
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Cov(x, y) = E{ (x - µx) (y - µy) }     [1] 

   = E(xy) – E(x) × E(y)     [2] 

 

The correlation between x and y is simply a standardized form of the covariance: 

ρ(x, y)  = 
)y(Var)x(Var

)y,x(Cov  

Spatial autocorrelation is simply a measure of the correlation of the values of a single 

variance for all pairs of points separated by a given spatial lag (Dale et al. 2002). 

 

Generally speaking, everyone wants to maximize the efficiency of their analysis. With 

respect to animal abundances, this means estimating the mean as precisely as possible 

for the minimum amount of effort. The presence of spatial autocorrelation in the data 

gives an opportunity to do just this - improve the precision of an estimate or increase 

the power about finite population parameters. However in order to do this, 

consideration needs to be given to the survey design (Olsen et al. 1998). Classical 

(Neyman) methods emphasize the importance of randomness to gain an unbiased 

representation of the population under scrutiny. The purest form, simple random 

sampling without replacement (SRS), is well known: each element in the sample 

frame is assigned a unique number and a pre-specified number of elements are 

selected using a random number generator. In the case of a spatial sample, x, y 

coordinate pairs might be randomly selected within the range of interest. However, 

although standard classical analysis of the SRS design will give an unbiased estimator, 

it is also inefficient in the presence of spatial autocorrelation (Cochran 1946, Wolter 

1984) and can be relatively cumbersome to implement. 
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2.2 Systematic Sampling 

In practice, one of the most widely used survey designs is single random start 

systematic sampling (SYS) (Southwood 1968, Koop 1990). The popularity of SYS is 

due in large part to its simplicity and ease of implementation (Singh and Singh 1977). 

Neither SYS nor SRS require any prior knowledge about spatial structure of the 

regionalized variable [unlike stratified sampling (STRAT)]. SYS also has the useful 

feature of selecting the entire sample with just one random start, and is intuitively 

appealing to many experimenters due to its coverage of the sample extent.  

 

2.2.1 The method of single random start systematic sampling 

(SYS) 

With SYS, the position of the first randomly chosen unit determines the position of the 

whole sample. The basic method for SYS is described below: 

 

Suppose that a finite population of N units are labelled in some natural order. To 

select the sample of n units, the initial unit is chosen at random from the first k units, 

and every kth unit is thereafter included in the sample. The integer k  = 
n
N  is called 

the ‘sampling interval’ or ‘skip interval’ because it refers to the distance between 

neighbouring sample units (Cochran 1946). In effect, SYS stratifies a population into n 

clusters, which consist of the first k units, the second k units etc. 

 

When dealing with a variable distributed over an area (i.e. a regionalized variable, ξ), 

the most common method of systematic sampling equates to imposing a theoretical 
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grid (with resolution dependent upon the size of the sample) over the area of interest. 

The selection of the first unit within the grid then determines the placement of all 

other sample points. 

 

For example, imagine measuring a regionalized variable over some simple, 

hypothetical area that is sub-divisible into 16 possible quadrats (Figure 2.1). If we 

wished to take a systematic sample of quadrats, n = 4 (i.e. 2 x 2) within this area there 

would be 4 possible different starting points (labelled A - D in Figure 2.2). 

 

 

72 81 75 89 

101 111 98 104 

83 91 90 87 

100 113 109 132 

 

Figure 2.1: Hypothetical values for a regionalized variable (e.g. counts of an organism). 
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A B   

C D   

    

    

 

Figure 2.2: Representation of an area that can be split into 16 quadrats. A-D show the 

possible starting points for a systematic sample of size n = 4. If A was the (randomly) 

chosen starting point, then the (shaded) quadrats would represent the sample positions 

for the 2 x 2 systematic sample. 

 

The data in Figure 2.1 would lead to the following k possible samples: 

 

Table 2.1: The k possible systematic samples of n = 4, using data from the regionalized 

variable shown in Figure 2.1. SYS can be thought of as a special case of cluster 

sampling (consider rows as a cluster), with only one randomly chosen cluster being 

sampled. 

 

 X1 X2 X3 X4  

k = 1 72 75 83 90 1x  = 80 

k = 2 81 89 91 87 2x  = 87 

k = 3 101 98 100 109 3x  = 102 

k = 4 111 104 113 132 4x  = 115 
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Although SYS is the most commonly executed form of systematic sampling, there are 

a variety of variants that fall under the same general description. For instance, Koop 

(1990) identifies 11 different systematic/semi-systematic methods of sampling an 

area. Some of the more common described variants of SYS are discussed. These 

include: 

 

• The stratified random (systematic) sample (RandSYS). As the name suggests, 

sample points are independently chosen at random locations within each of the 

systematic sample strata.  

• The centric systematic sample (CSYS). This chooses each unit at (or near) the 

centre of the stratum. There are grounds for expecting the centrally located 

sample will be more precise than one randomly located (see Chapter six, 

Section 6.4.2.5 [sample placement problem]). 

• Multiple random start systematic sampling (MULTISYS). This is a 

compromise between single random start systematic sampling and simple 

random sampling. It permits unbiased estimation of the variance from the 

sample, by selecting without replacement at random m units from the 1st block 

of l=mk units in the population, and every lth unit thereafter. 
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SYS CSYSSYSSYS CSYSCSYS

RandSYS SRS

 

Figure 2.3: Some common sample schemes (n = 64) for a regionalized variable. Sample 

position is depicted by hollow circles. Using SYS, the placement of all sample points 

within the strata is determined by the random position of one point. CSYS chooses 

sample points to lie at the centre of the strata. RandSYS places an independently random 

data point within each stratum. SRS randomly positions all sample points. 

 

For the purposes of this thesis, I will be principally examining SYS, although 

comparisons will be made with SRS and RandSYS. 
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2.2.2 The efficiency of SYS 

The sampling efficiency of SYS (i.e. the variance of SYS sample means) depends on 

the sample size and the autocorrelation between sample units (Murthy and Rao 1988). 

For instance, systematic sampling of a population where each unit is independent of 

each other gives identical results to a simple random sample. SYS works badly (i.e. 

inefficiently) when the population exhibits a regular periodic relationship and the 

sampling interval is a multiple of the period (see Figure 2.4 for an example). Some 

debate has occurred as to the rarity of such periodic intervals in nature. An example is 

discussed by Finney (1950), but Milne (1959) cast some doubt on the validity of the 

interpretation. Murthy and Rao (1988) suggest that certain natural variables such as 

land fertility, forest growth and some temporal events may exhibit periodic properties. 

X

Y

X

Y

 

Figure 2.4: A 1-D representation of a cyclical population with a regular period. The 

four SYS (represented by: hollow circles, solid circles, triangles and square points) have 

sample means that are highly variable. The inefficiency of the sample means is due to 

the sample spacing being a multiple of the population periodicity.  
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SYS typically works well with the type of positive, spatially autocorrelated data 

commonly found in ecology (Moloney et al. 1991, Thrush 1991, Legendre 1993, 

Christman 2000, Dale et al. 2002, Legendre et al. 2002, Orenstein et al. 2003, 

Schwarz et al. 2003). That is to say, the variance of sample means (θ), where  

θ = ∑
=

− −
k

m
mxk

1

21 )( μ        [3] 

 where k  = 
n
N ; mx  is the mth sample mean and μ  is the population mean. 

is typically smaller when using SYS compared with other schemes such as SRS or 

RandSYS on spatially autocorrelated ecological data.  

 

In fact, SYS has been shown to be the most efficient sampling strategy to estimate the 

population mean, provided the regionalized variable under consideration exhibits 

certain (relatively common) autocorrelation characteristics (Hajék 1959, Blight 1973, 

Murthy and Rao 1988). SYS is an optimal sampling strategy if the population 

autocorrelation function (with respect to distance) is: 

i. non-negative 

ii. non-increasing and 

iii. convex from below 

(See Chapter two - section 2.4.2.3 on autocorrelation-variogram functions). 

 

2.2.2.1 When is SYS more precise than SRS? 

Cochran (1946) demonstrated that the variance of sample means from SYS can be 

calculated as:  
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[ ]wSYS )n(
N

N
n

S)y(Var ρ1112
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⎞

⎜
⎝
⎛ −

=     [4] 

 

Compare this with the variance for the mean of SRS: 

 ⎟
⎠
⎞

⎜
⎝
⎛ −

=
N

nN
n

S)y(Var SRS

2

      [5] 

 

Equation [4] shows that the variance of sample means using SYS is smaller than SRS 

if, on average, there is ‘negative correlation amongst the sample units’ (Cochran 

1977). Specifically, [4] demonstrates that the SYS is more precise than SRS if and only 

if the correlation between pairs of units in the same systematic sample, ρw, is negative. 

Conversely, this means that positive correlation of points within systematic samples 

ensures that the standard error of SYS will be larger than SRS. 

 

At first glance such a statement might appear counter-intuitive. After all, it is well 

known that SYS is likely to be more efficient than SRS in the presence of positive 

autocorrelation in the underlying population (Cochran 1946, Ripley 1981, Wolter 

1984).  

 

2.2.2.2 Correlation (ρw) vs Autocorrelation (ρk) 

Confusion may occur with interpretation of the term, ρw. It should not be confused 

with the idea of intra-sample positive autocorrelation at lag k (ρk).  

 

ρw is calculated by examining the covariance based on all possible unique pairs of 

points in all possible samples, and dividing it by the total variance. 
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i.e.  ρw  = 
2)Yy(E

)Yy)(Yy(E

ij

iuij

−

−−
      [6] 

where Y  is the population mean, 

yij is the jth value of the ith sample, so that j = 1, 2, …, n and i = 1, 2, …, k 

 

The sign of ρw is not an indicator of the type of autocorrelation (whether positive or 

negative) that exists within the population. What’s more, ρw does not range between -

1 and +1, unlike the population correlation statistic (ρ), but is standardized by the 

sample size. The range of ρw is (+1, ⎟
⎠
⎞

⎜
⎝
⎛

−
−

1
1

n
) (Murthy and Rao 1988). Thus the 

value of ρw in [6] cannot by itself be examined to accurately quantify the efficiency of 

some SYS scheme.  

 

For example, examine following table: 

Table 2.2: Two situations are depicted. Situation 1 describes a situation where the 

values are random. Situation 2 describes the sampling situation where there is order in 

the data. 

 

Sample  Situation 1  Sample  Situation 2  

1 5 17 9 18 20 1 1 5 9 13 17 

2 17 20 6 9 19 2 2 6 10 14 18 

3 20 6 1 13 11 3 3 7 11 15 19 

4 2 6 3 5 7 4 4 8 12 16 20 

 

In situation 1 each cell of the table was simply an independent randomly generated 

integer between 1 and 20 and ρw is close to zero (ρw = - 0.04 for the data within 

situation 1) (Table 2.2). 
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In situation 2 the data are ordered and every sample exhibits positive autocorrelation, 

but the ρw statistic is negative ( ρw = -0.20301 for the data in situation 2). This is 

because of the large within-sample variance of situation 2 (see below). 

 

2.2.2.2.1 ρw in terms of Sums of Squares (SS) 

The calculation of ρw in Table 2.2 is perhaps most simply explained in terms of mean 

squares (MS) and sums of squares (SS). Each row (in a situation) is a possible 

systematic sample so we can make Analysis of Variance (ANOVA) type calculations 

of: 

1. ‘Between-sample mean sums of Squares’ (MSGroup) and  

2. ‘Total sum of squares’ (SSTotal) 

 

Rearrangement of [6] means that ρw is defined in these terms as: 

ρw  = 
Total

TotalGroup

SS)n(
SS)MS(n)k(

1
1

−

−−
 

which reduces to: 

ρw  = 
Total

TotalGroup

SS)n(
SS)SS(n

1−

−
  

 

ρw < 0 when the numerator is negative. 
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But since SSGroup = SSTotal - SSError  

then ρw < 0  if  

  [ n × (SSError) ]  >  [ (n - 1)×(SSTotal) ] 

→    n × E(s2
SYS)  > SSTotal / k 

because E(s2
SYS) = (1/k) ×  SSError / (n-1) 

[where E(s2
SYS) is the average sample variance calculated across all possible SYS in a 

population]. 

 

then ρw < 0   if : 

  E(s2
SYS) > SSTotal / (nk) 

→  E(s2
SYS)  >  σ2 

[where σ2 is the population variance] 

 

Therefore a useful corollary to Cochran’s results is that: 

 

 

SYS is only more efficient than SRS when E(s2
SYS) > σ2 

 

 

 

2.2.3 The problem with SYS 

SYS has a principal disadvantage that has remained unresolved. Although it will 

theoretically be more efficient than SRS when dealing with (positively) autocorrelated 

ecological data, there is no unbiased ‘design-based’ method to take advantage of this 

increased efficiency (Cochran 1977, Heilbron 1978). The use of interpenetrating 
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systematic samples is one possible way to gain an unbiased estimator, but this scheme 

results in a loss of both precision and design simplicity (Singh and Singh 1977). 

 

2.2.3.1 Design-based variance estimation of SYS 

The design-based perspective underlies most of what is usually called “sampling 

theory”, and is the sampling paradigm typically used by ecologists. With design-based 

methods, randomness arises from the random selection of the sample locations (X1, 

X2, …, Xn) within an area of interest, A. It is this randomness that enables each sample 

unit value, yi (the value of the regionalized variable at sample location Xi), to be 

deemed a random variable. With this approach, there is no inherent variability in the 

yi’s because the value of the regionalized variable is fixed at all locations. All 

variation in Y is therefore introduced by sampling; different samples result in different 

yi’s. So using the design-based perspective, the expectation E[ y ] is calculated over all 

k possible samples of the finite population. 

 

 

Horvitz-Thompson estimation 

The inability of SYS to calculate θ, (the variance of sample means) using design-based 

sampling methods is perhaps best explained by examining the Horvitz-Thompson 

estimator (Horvitz and Thompson 1952) because it deals with inclusion probabilities 

(the probability of population units, yi, being included in a sample). Such inclusion 

probabilities are necessary to describe the variance of sample means for a proposed 

estimator (Särndal et al. 1992). 
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For SYS, the first-order inclusion probability, π , is 
N
n  for all units in the finite 

population. 

 

For notational convenience I will define: 

iy(  = 
i

iy
π

        [7] 

 

HTτ̂ , the Horvitz-Thompson estimate of the population total (τ ), is therefore:  

HTτ̂   = ∑
=

n

i
iy

1

(  

  = ∑
=

n

i i

iy

1 π
 

= ∑
=

n

i

i

N
n
y

1 )(
       [8] 

and the Horvitz-Thompson estimator of the population mean, μ, is: 

HTμ̂  HTN
τ̂1

=  = y         [9] 

 

With SYS, all first-order inclusion probabilities of units in the population are positive, 

so HTμ̂  is an unbiased estimator of μ. 

 

The variance of the Horvitz-Thompson estimator of μ is: 

( )HTV μ̂  = ∑∑
= =

Δ
N

i

N

j
jiij yy

N 1 1
2

1 ((       [10] 

where jiijij πππ −=Δ  

and ijπ  are ‘joint inclusion probabilities’  
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(the joint probability that population units yi and yj are included in the sample) 

 

An unbiased estimator is: 

( )HTV μ̂ˆ  
sj,i

jiij yy
N ∈

∑∑Δ= (((
2

1 ,      [11] 

where 

⎪
⎩

⎪
⎨

⎧

=−

≠−
=

Δ
=Δ

.,1

,1

jifor

jifor

i

ij

ji

ij

ij
ij

π

π
ππ

π
(

 

 

Therefore to calculate ( )HTV μ̂ˆ , the variance of the Horvitz-Thompson estimated mean 

requires that the joint-inclusion probabilities, ijπ , of all pairs of units in the population 

are positive. With SYS, clearly some ijπ  will be zero (e.g. neighbouring data points 

are never selected using SYS).  

 

Another way of viewing the problem would be to regard SYS as a form of cluster 

sampling with the equivalent of only one recorded cluster (see Table 2.1 for 

illustration). Because only one cluster is sampled, certain combinations of pairs must 

have a zero joint inclusion probability. This makes it impossible to give an unbiased 

estimate of the population variance or of θ (the variance of systematic sample means) 

without making further assumptions about the population.  
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2.2.3.1.1 Common design-based methods  

Dunn and Harrison (1993) mention the three most widespread methods of estimating 

θSYS by ecologists. These include: 

 

  (a) Treat the SYS sample as SRS 

The only estimate that can be used without considering the spatial arrangement of the 

sample units is the one derived from SRS. However, the use of the SRS formula, 
n
s2

, 

on autocorrelated SYS data means the estimator is likely to be conservative, i.e. 

overestimate θ (Mendenhall et al. 1971, Cochran 1977, Ripley 1981). SRS gives an 

unbiased estimator of θ if the regionalized variable population under consideration is 

independently distributed, but in such situations SYS offers no precision advantages 

over SRS anyway (Osborne 1942). With typical (positively autocorrelated) ecological 

data, the sample variance of SYS generally gives a biased overestimate of the 

population variance (this result will have some bearing on the methods described in 

Chapter five). 

 

  (b) Post-stratification of SYS 

Yates (1949) proposed an alternative variance estimator constructed by forming 

artificial ‘strata’. The most common stratification uses non-overlapping strata of size 

2 (Ripley 1981, McArdle and Blackwell 1989) , although other sized strata have been 

investigated (Millar 1995). Ideally, SYS strata orientation (usually ‘across’ or ‘down’) 

is chosen based on a priori knowledge of anisotropy in the population structure (see 

Figure 2.5). Moreover, in some cases, the problem of forming strata of three adjacent 

units will arise. The idea is to group more similar data pairs - this leads to a smaller 

within-strata variance and hence a more efficient estimate of θ. 
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Figure 2.5: An example of post stratification of a systematic sample. Circles represent 

SYS sample points, and the dashed lines show a possible stratification of neighbouring 

pairs (in this instance stratum pairing was oriented ‘down’ rather than ‘across’). 

 

The SYS sample is then treated as a stratified random sample. Both overlapping and 

non-overlapping methods have been proposed. 

 

  (c) Using the method of ‘balanced differences’ (Yates 1949) 

Differencing has been popular in time series and econometrics as an effective method 

of removing trend to provide a clearer view of the true underlying behaviour of a 

series. Yates suggested a method of ‘balanced differencing’ that estimates SYS by 

using a window of weighted differences containing, say, w points with values  
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{y1, y2, …, yw}. The window is moved in discrete steps around the survey extent, and 

dw computed at each new position. If the area is small then the window positions can 

overlap. 

 

The three methods described above, although all commonly used by ecologists, are 

design-based and will therefore tend to give an overestimate of θ (with typical 

positively autocorrelated ecological data). 

 

 

2.2.3.2 Model-based variance estimation of SYS 

Rather than use a design-based method, Madow & Madow (1944) developed unbiased 

estimators for θ (in one dimension) by making certain assumptions about the 

autocorrelation structure of the population. Cochran (1946) coined the term ‘super-

population models’ as a reference to the dependence of SYS on the autocorrelation 

structure of the population. Later super-population models derived different unbiased 

estimators for various super-population structures, including Yates (1960), Kish 

(1965) and Cochran (1977). 

 

However, these super-population models have typically been formulated for SYS in 

one dimension, and despite the theoretical lack of bias, they are not universally 

accepted (Wolter 1984). More recently, Aubry & Debouzie (2000, 2001) have 

suggested the use of a different super-population (i.e. model-based) approach. Rather 

than using a classical method with a specific autocorrelation structure in mind, they 

suggested that a geostatistical approach could be used in the calculation of θ. 
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The use of geostatistics has increased in the last decade (Conan et al. 1988, Armstrong 

et al. 1989, Legendre and Fortin 1989, Rossi et al. 1992, Gonzalez-Gurriaren et al. 

1993, Petitgas 1993, van der Meer and Leopold 1995, Goovaerts 1997, Rivoirard et 

al. 2000, Bez and Rivoirard 2001), and this thesis makes heavy use of the tools 

afforded by it. This review will examine and discuss the basic principles of 

geostatistics, and how they relate to systematic sampling inference. 
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2.3 Geostatistics 

In contrast to survey statisticians, earth scientists developed a special statistical theory 

for spatial estimation. ‘Regionalized variable theory’ and the ‘kriging’ methodology 

that is collectively known as ‘geostatistics’ that is based on it (Matheron 1963, Krige 

1966) was a separate development that took place outside the regular statistical 

channels. Kriging methods have only recently been recognized and discussed as 

special cases of the model-based sampling strategies in the literature on sampling 

theory (De Gruijter and Ter Braak 1990). 

 

The super-population (model-based) approach requires the creation of a model that 

describes certain features of the stochastic distribution of ξ, the regionalized variable. 

The actual surveyed spatial distribution can then be considered to be a ‘realization’ of 

the model which describes an infinite set of possible populations (Brus and De 

Gruijter 1993, Brus and De Gruijter 1997). 

 

Model-based estimation differs from classical estimation in how the paradigm 

incorporates randomness. With the classical (design-based) approach (e.g. SRS), 

randomness arises from the random selection of the sample locations; in the model-

based approach, randomness arises from the stochastic spatial process described by 

the model. 

 

The value of a regionalized variable, z(Xi), at any location is therefore not considered 

fixed, but is instead a random variable of the underlying process that describes the 

super-population structure. The super-population paradigm deems that the spatial 
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pattern we observe in a variable is not a response to some spatially distributed driving 

factor, but is the result of a stochastic process. 

 

The models used by geostatistical estimation (kriging) are based on the relationship 

that is assumed to be present between values at different locations in the study area 

(Clark 1979). Put simply, geostatistical methods use a model of the spatial 

autocorrelation of ξ to estimate the values of the regionalized variable at unsampled 

points (‘Simple’ or ‘Ordinary Kriging’) or areas (‘Block Kriging’).  

 

2.3.1 Assumptions used in geostatistics 

Although only one realization of ξ is available in practice, the characteristics of the 

distribution are determined so that unknown points (or areas) may be determined. In 

order to do this, certain assumptions and hypotheses need to be introduced to the 

model. 

 

2.3.1.1 Stationarity 

Many practitioners are rightly troubled by the geostatistical assumption of 

stationarity, in particular its applicability or validity to complex real life data. Loosely 

speaking, a regionalized variable is said to be ‘stationary’ if the distribution of the 

random process has the same statistical properties (parameters) everywhere. For 

example, when discussing the first moment, we assume that the mean µ = E [Z(x)] 

about which individual realizations fluctuate is constant for all x. 
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It should be noted that geostatistical methods are not alone in using stationarity 

assumptions, all modelling procedures must implicitly assume some degree of 

stationarity in order to estimate the value of a variable at an unsampled point (or 

across an unknown area). Spatial inference is no different, and requires some degree 

of stationarity, which is to say, that the structure of the regionalized variable under 

consideration is consistent on some level over the area of interest. 

 

2.3.1.2 Strict (strong) stationarity 

More formally, a regionalized variable, Z(x), is considered to be strongly stationary if 

the joint distribution of ξ , for any finite number of points, Z(x1), .., Z(xn) are identical 

to the joint distribution of Z(x1 + h), …, Z(xn + h) (h typically represents a euclidean 

distance) (Cox and Miller 1965). This is why strict stationarity is sometimes called 

translation invariance (Wackernagel 1998). Stationarity is therefore defined by 

properties of the generating random function describing the regionalized variable – 

not by a single realization, and not by a sample from one realization. 

 

2.3.1.3 Second-Order (weak) Stationarity 

The rigidity and generally untestable nature of strong stationarity means that this 

assumption is impractical for use with real data. Most statistics are based on a weaker 

form of stationarity (Myers 1989). A process generating a regionalized variable is 

considered weakly-stationary if the covariance, cov[Z(x+h), Z(x)] is calculable , and 

does not depend on its position, x. This then implies that the expected value of the 

regionalized variable, E[Z(x)] and a finite variance both exist and do not depend on 

position, x. 
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2.3.1.4 The intrinsic hypothesis 

Generally speaking, models with highly rigid assumptions will seldom be of use in 

field situations, since they restrict the range of behaviour that the real system may 

show. As a result, such models will usually fail to show the full range of what could 

happen. Even weak-stationarity can be considered an unrealistic and inflexible 

assumption since regionalized variables within ecological or earth science 

applications often cannot be accurately portrayed by functions with a finite variance 

(Myers 1997).  

 

This rigidity can be somewhat circumvented by using the intrinsic hypothesis, which 

is essentially weak-stationarity for first-order differences [Z(x + h) – Z(x)] rather than 

the random function, ξ, itself. Considering increments of the random function 

(generating the regionalized variable), rather than the function itself ensures that a 

regionalized variable will satisfy the intrinsic hypothesis if the following conditions 

are met: 

1. E[Z(x + h) – Z(x)] = 0  for all x and h    [12] 

2. γh = ½ var[Z(x + h) – Z(x)] exists and depends only on h  [13] 

 

γ(h) denotes the variogram function (see following section). The variogram implies 

that the variability between any two samples can be modelled by a function that 

depends only on their separation distance, and not on their specific location. 
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A good example of a 1D process that is intrinsic, but not weakly-stationary is the 

‘random walk’, where a point process Z(n) increments either +1 or -1 each with a 

probability of 0.5.  

If Z(0) is set to zero, then: 

 E[Z(n)] = 0 

 Var[Z(n)] = n/2 

Even the relaxed conditions of the intrinsic hypothesis are seldom met in ecological or 

earth-science applications; however geostatistics has been shown to be an effective 

tool despite common violations of the assumption (Myers 1997). 

 

 

2.3.1.5 Ergodicity 

A subset of the weak-stationarity random functions exists which possesses a crucial 

property known as ergodicity. A process is said to be ergodic when the moments of 

the observable area of interest approach those of the process as the regional bounds 

expand. This property allows mathematical expectations to be estimated by spatial 

averaging and justifies using spatial average to estimate the covariance function. 

Hence it allows construction of kriging predictors based almost entirely on the data. 
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2.3.2 Semi-variogram (variogram) models 

The presence of autocorrelation in the data makes it intuitive to use some sort of 

‘inverse distance’ function as a criterion on sample data weighting. An inverse 

distance function, d-1, could be used to produce a model of the autocorrelation 

structure, but this is an arbitrary choice; the functions 
d

1 , 2

1
d

, or e-d could all be 

used just as easily.  

 

What makes kriging unique is that the model for the distance function is based on 

empirical data in the form of the variogram (sometimes referred to as the semi-

variogram) (Clark 1979). The variogram measures the relationship between the 

differences in sample values vs distance.  

 

The variogram measures the ‘semi-variance’ between pairs of sample points. This is 

defined to be the expected value of the squared difference between points: 

 

γh  =  ½ E{[Z(x) – Z(x + h)]2}     [14] 

 

Note: Following in the practice of (Gringarten and Deutsch 2001), I will not make any 

distinction between the terms ‘semi-variogram’ and ‘variogram’, except where 

mathematical rigor requires a precise definition. Both terms refer to γh as defined in 

equation [14] at distance, h, creating a scatter plot sometimes referred to as a 

variogram cloud. 
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2.3.2.1 The search neighbourhood 

With inverse-distance type of estimation, it is not necessarily true that more sample 

units will give a better estimate, since the weights will also be correspondingly 

smaller. The first step in the generation of a variogram is the choice of a ‘search 

neighbourhood’ (generally an ellipse whose orientation is dictated by any anisotropy 

in the regionalized variable). The search neighbourhood chooses those sample points 

that belong in the same group or population and might be useful in contributing to the 

estimation of the point (or area) under consideration.  

 

Many practitioners recommend that the search neighbourhood does not exceed about 

half the maximum inter-sample location distance. The critical fit is for short distances, 

hence one might not fit the variogram even up to half the maximum distance (Journel 

and Huijbregts 1978, Isaaks and Srivastava 1989, Chilés and Delfiner 1999, Webster 

and Oliver 2001). 

 

Using all sample units within the search neighbourhood, γh is calculated for all pairs 

of points at distance, h, creating a scatter plot sometimes referred to as a variogram 

cloud:  

hγ   = 2

2
1 )xx( hii +−      [15] 

 

It is generally difficult to discern meaningful pattern from the variogram cloud, so the 

common practice is to subdivide the cloud using 8-12 non-overlapping distance 

classes (bins) on the x-axis and plot only the expected γ-value for each distance class 

(Figure 2.6) (Clark 1979). 
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Figure 2.6: A variogram cloud for a random sample (n = 64). The rectangles show 

distance-classes. The width of the rectangle covers the x-range of the smoothing bin, the 

top of each rectangle is the average γ-value for those points lying in their respective bin. 

 

The bin-smoothed plot is known as the experimental variogram, also sometimes 

called the sample or empirical variogram (the points in Figure 2.7 are an example of 

an experimental variogram).  

 

2.3.2.2 Isotropy/Anisotropy 

One of the first steps in most geostatistical analyses is the detection of any anisotropy 

in the data. Anisotropy refers to those occasions where the structure of the data 

depends on direction (orientation) as well as distance. Detecting anisotropy is often 
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found by comparing experimental variograms based on data from orthogonal axes. If 

anisotropy exists, then multiple directional theoretical variograms are generated for 

use (see the following section). If the structure of autocorrelation for a regionalized 

variable only depends on distance then the data is considered to be isotropic.  

 

Note: For the sake of simplicity, I will be simulating only isotropic regionalized 

variables within this thesis. 

 

 

2.3.2.3 The spatial model – theoretical variogram 

The final step in producing a model to describe the spatial structure is the fitting of a 

continuous function called the theoretical variogram to the experimental variogram. 

This is, essentially, the model representing the spatial structure exhibited by the data 

(Figure 2.7). 

 

Because the model is typically based on the sample data, it is very important to make 

sure that the sample size is large enough to adequately estimate the theoretical model 

parameters. Webster and Oliver (1992) used simulations to show a requirement that n 

≥ 100 to reliably estimate the theoretical variogram. 
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Figure 2.7: A plot showing the experimental variogram data points (using data and 

distance-bins shown in Figure 2.6). The dashed line shows a theoretical variogram 

model fit to the bin-smoothed data (an exponential function was used as the theoretical 

variogram model). The solid lines indicate positions of the sill and range for the model. 

 

2.3.2.4 The nugget effect 

In an ‘ideal’ variogram, the expected semi-variance increases as the distance between 

points increases because the autocorrelation means points that lie closer together tend 

to be more similar. Although the value of γ = 0 when h = 0, when there is sampling 

error or extremely short scale variability in the regionalized variable, the theoretical 

variogram may appear to be discontinuous at the origin. The vertical difference from 

the origin to the value of the variogram at extremely small separation distances is 

referred to as the ‘nugget effect’ (Co). It represents the micro-scale variation which 
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cannot be predicted at the current scale of your sampling. Using a variogram, it 

represents one-half of the variance between two samples at almost exactly the same 

location. 

 

Geostatistics schools differ on whether to set the semi-variance to zero at distance, h = 

0, and software packages reflect this (Clark and Harper 2000). Clark and Harper 

suggest applying the discontinuity at the origin (if present) – they demonstrate 

counter-intuitive error terms may occur if γ(0) ≠ 0. The practice of setting γ(0) = 0 

was followed for the purposes of this thesis. 

 

2.3.2.5 The range and sill 

If at a certain lag-distance the variogram ceases to increase, this distance is called the 

range (a) and the semi-variance value of the variogram, γ, at this distance is called the 

sill (C0 + C1). Pairs of points at distances exceeding the range can be considered 

spatially independent (such models with a sill are sometimes called transition models 

(Isaaks and Srivastava 1989) or bounded models (Webster and Oliver 2001) in 

geostatistics) .  

 

 

2.3.3 Working with the variogram instead of covariances 

There is a distinct relationship between the variogram and covariances, and the 

kriging system is able to formulate its equations using either construct. If the intrinsic 

hypothesis can be assumed, then: 

γh = cov(0) – cov(h)       [16] 
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where h is the distance between points, so cov(0) is the covariance of the function at 

distance zero. 

 

The relationship between covariance and the variogram semi-variance is shown in 

Figure 2.8. 
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Figure 2.8: The variation of the semi-variance [γh] and the covariance plotted by 

distance, h, for a transition model (a second-order stationary process with a sill). 

 

The variogram is considered a more tractable tool for describing spatial variation of 

regionalized variables than using covariances, for a variety of reasons: 

1. There are less stringent restrictions in the process assumptions (see [previous] 

section 2.3.1 on geostatistical assumptions). To use covariances as the basis of 

the autocorrelation model a finite variance (sill) must be present, i.e. only 

transition models can be fashioned. The variogram, γh, does not have this 
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requisite, i.e. every covariance corresponds to a variogram but not every 

variogram corresponds to a covariance. 

2. The estimation of the variogram is insensitive to a constant being added to the 

random function; the covariance estimator depends on such a constant. 

3. The estimation of the variogram is less sensitive to trends (drift) in the data 

than covariance estimation (Isaaks and Srivastava 1989, Cressie and Grondona 

1992, Burrough 1995, Olea 1999). 

 

2.3.4 Choosing the correct theoretical model 

Geostatisticians do not, as a general rule, use automated or data driven methods to 

choose the theoretical model form (e.g. whether it is exponential, gaussian, spherical 

etc). Instead choice of the model is usually by some ad hoc manual method (i.e. by 

eye) (Clark 1979, Chilés and Delfiner 1999, Clark and Harper 2000). Such manual 

methods are also in common use when determining the parameters of the model. 

 

2.3.4.1 Problems with automated solutions to variography 

There are a variety of reasons why the ad hoc methods described above are still in 

common practice in geostatistics. Automated variography runs into a variety of 

problems: 

1. Any automatic fitting algorithm has to use an optimality criterion, e.g., 

weighted least squares. There is no single best choice for this and even in 

weighted least squares there is no absolute best choice of the weighting. 

Fitting the variogram in this manner ignores the question of how well the 

model works when it is used, e.g. in kriging (pers. comm. D. Myers). 
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2. In general, any automatic method will basically only determine the values of 

the parameters in the model (e.g. range, sill, nugget) but not the model type(s), 

e.g. spherical, gaussian, exponential, power. 

3. Early (short distance) points are more important than longer distances, since 

these are the ones which affect cross validation in particular and kriging 

results in general (Chilés and Delfiner 1999). 

 

Despite these problems, Cressie (1993) developed a 'goodness of fit statistic' that can 

be used as a relative fitness measure to compare across model types, but it is not an 

optimal fitting method (pers. comm. I. Clark). 

 

 

2.4 The Kriging Algorithm 

The kriging algorithm estimates z(x0) (the value of the regionalized variable at 

position x0) using a weighted average or linear combination of the n data values from 

samples falling within the search neighbourhood. 

 

∑
=

=
n

i
ii )x(zw)x(z

1
0        [17] 

where n is the number of samples used in the search neighbourhood,  

z(xi) are the values of those samples, and 

wi are the weights attached to each sample. 
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Figure 2.9: A survey extent with random samples (hollow dots), and a location of 

interest, x0 (depicted by a black dot). 

 

Because the theoretical variogram is a model derived from the empirical spatial 

structure of the data, it makes sense to use it as the basis for the required distance 

function. This can be used to generate the weights and produce an estimate for x0 that 

is better than a simple average.  

 

Although there are many forms of kriging, all of them are formulated to estimate a 

continuous regionalized variable at an unsampled site (x0). Specifically, kriging 

algorithms find the optimal weights to assign to the n sample points to estimate x0. 

 

 

2.4.1 Ordinary Kriging 

Ordinary Kriging (OK) is the form of kriging in most common use (Chilés and 

Delfiner 1999). If the mean of a regionalized variable is unknown, then the Ordinary 

Kriging [OK] algorithm uses the variogram to calculate a B.L.U.E. (Best Linear 

Unbiased Estimator). OK is said to be ‘best’ due to the fact that it minimizes the 
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variance of the residuals (σε2); ‘linear’ because its estimates are linear combinations of 

the sample data and ‘unbiased’ since theoretically the mean of the residuals, E(ε) are 

zero. 

 

The type of kriging this thesis will primarily use is a modified form of OK called 

Block Kriging (BK). BK is used when an estimate of the average value of a variable 

within a prescribed area (or volume) is required. For simplicity, I will show the 

derivation of OK, and the necessary modifications of the algorithm for BK. 

 

 

2.4.1.1 The estimation error 

The estimation error (or residual) is defined as: the estimated value minus the true 

(actual) value. Mathematically this can be stated as: 

ε = Ẑ (xo) – Z (xo)       [18] 

where Z(xo) equals the true value of the regionalized variable and  

Ẑ (xo) equals the estimate of the random variable Z(.) at location xo. 

 

At unsampled locations the value of ε for any particular estimate will be unknown 

because the actual value of Z(x0) is unknown. The best that can be done is to build a 

probability model in which the E(ε) and σε2 can both be calculated (and weights 

chosen for the nearby samples to minimize σε2). 
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2.4.1.2 The unbiasedness condition 

In order to make sure that the weights, wi, give units that are on the original scale of 

the data, the weights must sum to one. In addition, the mean error, E(ε) will be 

unbiased if the weights sum to one: 

 E(ε) = wi E[Z(xi)] + w2 E[Z(x2)] … + wn E[Z(xn)] – E[Z(x0)] 

  = ∑
=

−
n

i
ii )]x(Z[E)]x(Z[Ew

1
0  

But: 

E[Z(xi)] = E[Z(x0)] = µ  

(due to the stationarity assumption) 

 

So, as long as ∑
=

n

i
iw

1
= 1, then: 

 E[ε] = μμ −⎟
⎠

⎞
⎜
⎝

⎛∑
=

n

i
iw

1
 

= 0 

 

2.4.1.3 Example 1: One sample point estimate 

If there was only one measured value, x1, that is h meters away from the unknown 

data point, x0 , then w1 = 1, and the estimate will therefore be x1.  

The estimation error, ε, is: 

ε  = ẑ (x0) - z(x0) 

= z(x1) - z(x0) 
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However the theoretical variogram is a model describing the variation about all those 

pairs at a similar distance apart, so we can calculate the estimation error based on the 

following assumptions: 

Our variogram model accurately portrays the spatial structure in the regionalized 

variable. 

The assumptions used by the intrinsic hypothesis (discussed earlier) are true. 

 

The variance of the error, σ2
ε , is calculated: 

σ2
ε  = E[ (ε)2 ] 

which in the one sample point case, is simply: 

σ2
ε  = E[ (z(x1) – z(x0) )2 ] 

 

That is, the variance of the error made in this estimation is the average of the squared 

difference in value between pairs of potential samples with the same distance as 

between x1 and x0. 

 

The variogram model can be expressed as: 

 γh  = ½ E[(Z(xi) – Z(xj)2] 

so σ2
ε  = E[ Z(x1) – Z(x0)2 ] = 2γ(x1, x0) = 2γ(h) 

(where h is the distance between x1 and x0) 

 

2.4.1.4 Example 2: Two sample estimation 

If there were two samples used in the estimation of z(x0), then: 

ẑ (x0) = w1z(x1) + w2z(x2)  

(where w1 + w2 = 1) 
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The estimation variance becomes  

 σε2  = E{ (w1Z(x1) + w2z(x2) – z(x0))2 } 

  = E{ (w1z(x1) + w2z(x2) – w1z(x0) – w2z(x0))2 }  

(since the weights sum to one) 

  = E{ (w1[z(x1) –z(x0)] + w2[z(x2) – z(x0)])2 }   [19] 

 

But γ(x1, x0) = ½ E[z(x1) –z(x0)]2, so after expanding the brackets: 

σε2  = w1
2 γ(x1 - x0) + w2

2 γ(x2 - x0) +2w1w2 E{(z(x1) - z(x0))(z(x2) – z(x0))} 

  = w1
2 2γ(x1, x0) + w2

2 2γ(x2, x0) +2w1w2[γ(x1,x0) + γ(x2,x0) – γ(x1,x2)] 

  = w1 2γ (x1, x0) + 2w2
 γ(x2, x0) – 2w1w2 γ(x1, x2) 

 

 

2.4.1.5 Example 3: Three samples 

Imagine we had three sample data-points used to estimate an unknown point. 
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Figure 2.10: The position of three sample points (x1, x2, x3), and a third estimated point, 

(x0). 
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With three samples, the estimation equation extends to:  
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Examining the equation above, the estimation error depends on: 

1. the relationship between sample values at different locations (as described by 

the variogram model) 

2. the relationship between each sample point and the unknown value 

3. the relationship between every pair of samples (including each with itself) 

4. the weighting factors chosen for each of the samples. 

 

Say the appropriate theoretical variogram model, γ(h)  was an exponential model: 

⎭
⎬
⎫

⎩
⎨
⎧ −−+= )exp(110 a

hCChγ ,  

with no nugget (C0 = 0), sill (C0+C1) = 30, and range (3a) = 150 

i.e.  
⎭
⎬
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50
exp(130 h

hγ  

Then the estimation variance would be calculated as: 
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Gathering the terms together: 

σε2 =  37.927w1 + 30.205w2 + 16.431 w3  

– 45.204w1w2 – 41.928 w1w3 – 33.040w2w3 

 

A general form for calculating the estimation error using OK is: 

σ2
ε = )x,x()x,x(ww)x,x(w ji

m

i

m

i

m

j
jiii 00

1 1 1
02 γγγ −−∑ ∑∑

= = =

   [21] 

alternatively, [21] can be expressed in covariance terms by substitution  

(using [16] ), then: 

 σ2
ε = )x,xcov(ww)x,xcov(w)x,xcov( ji

m

i

m

i

m

j
jiii∑ ∑∑

= = =

+−
1 1 1

000 2 γ   [22] 

 

2.4.1.6 Ensuring Minimum variance 

Clearly the estimation variance is dependent upon the weights that are chosen. The 

‘best’ set of weights therefore, can be defined as those that give a minimum value for 

the estimation variance. Since the estimation variance is a function of the chosen 

weights, the weights that produce the unique minimum estimation variance can be 

found by finding the partial derivatives of the estimation variance function and setting 

the differential to zero. For the differential of a given weight (say w1), the other 

weights (w2, … , wn) can be treated as constants (Clark and Harper 2000). 
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So, using the three sample case (section 2.4.1.5): 

σε2 =  37.927w1 + 30.205w2 + 16.431w3  

– 45.204w1w2 – 41.928 w1w3 – 33.040w2w3 

then: 

 
1

2

w∂
∂ εσ

 = 37.927  – 45.204w2 – 41.928w3  = 0 

2

2

w∂
∂ εσ  = 30.205 – 45.204w1 – 33.040w3  = 0 

 
3

2

w∂
∂ εσ  = 16.341 – 41. 928w1 – 33.040w2  = 0 

which can be rewritten as: 

 – 45.204w2 – 41. 928w3  = 37.927  

 – 45.204w1 – 33.040w3  = 30.205  

 – 41. 928w1 – 33.040w2  = 16.341  

 

More generally, the differentiation can be expressed as: 

1

2

w∂
∂ εσ

 = 2w1γ(x1, x1) + 2w2γ(x1, x2) + …… + 2wmγ(x1, xn) = 2γ(x1 , x0) 

2

2

w∂
∂ εσ

 = 2w1γ(x2, x1) + 2w2γ(x2, x2) + …… +2wmγ(x2, xn) = 2γ(x2 , x0) 

… 

nw∂
∂ 2

εσ  = 2w1γ(xn, x1) + 2w2γ(xn, x2) + …… +2wnγ(xn, xn) = 2γ(xn , x0) 
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Dividing by the (irrelevant) 2, the following simultaneous system of equations occurs:  

iw∂
∂ 2

εσ  = w1γ(xi, x1) + w2γ(xi, x2) + …… + wmγ(xi, xn) = γ(xi , x0)  [23] 

[for i = 1,2,3… n] 

 

In the general case, there are therefore n differentials (since there are n weights) to 

simultaneously set to zero.  

 

 

2.4.1.7 The Lagrange Parameter 

As mentioned earlier an unbiasedness constraint is desirable and can be achieved by 

ensuring that ∑
=

n

i
iw

1
=1. The addition of an equation to ensure unbiasedness means 

that n+1 partial equations must be solved with only n unknowns. To avoid this 

problem, another unknown needs to be introduced into the equation for σε2 using ‘the 

technique of Lagrange parameters’. This involves the introduction of another variable, 

λ (the Lagrange parameter), in such a way that it contributes nothing to the function 

that is minimized, i.e. rather than minimizing σε2., instead minimize: 

σε2 + 2λ( Σwi - 1)        [24] 

with respect to wi and λ (2λ is minimized for mathematical convenience because the 

system of equations was divided by 2 to get [23]).  

 

λ is an unknown quantity, defined so that whatever its value, the second term is zero 

as long as the weights sum to 1. 
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Applying [24] with respect to the system of equations in [23] gives: 

iw∂
∂ 2

εσ
 = w1γ(xi,x1) + w2γ(xi,x2) + …… + wnγ(xi, xn) + λ = γ(xi , x0) [25] 

[for i = 1,2,3..n lines] 

λ
σ ε

∂
∂ 2

 = Σwi = 1  

The last equation comes from minimizing the expression with respect to λ. When 

differentiated by λ, the whole of the σε2 vanishes, the λ disappears and all that is left is 

an equation which says: 

 2(∑
=

n

i
iw

1
-1) = 0 or  ∑

=

n

i
iw

1
= 1 

 

 

2.4.2 The kriging system of equations 

The process described in 2.4.1 supplies a template to find the weighted average 

estimates providing an unbiased estimator with the smallest estimation variance 

(given the constraint that the weights sum to 1). 

 

The general layout for a sample of size n is as follows: 

w1γ(x1,x1) + w2γ(x1,x2) + … + w1γ(x1,xm) + λ =  w1γ(x1,x0) 

w1γ(x2,x1) + w2γ(x2,x2) + … + w1γ(x2,xm) + λ =  w1γ(x2, x0) 

… 

w1γ(xn,x1) + w2γ(xn,x2) + … + w1γ(xn,xn) + λ =  w1γ(xn, x0) 

w1      + w2            +      + wm           (+0) =        1 [26] 
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Or in Matrix form, ordinary kriging reduces to: 

A . B = C         [27] 

where: 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

01111
1
1
1
1

21

22212

12111

)x,x(...)x,x()x,x(
............

)x,x(...)x,x()x,x(
)x,x(...)x,x()x,x(

A

nnnn

n

n

γγγ

γγγ
γγγ

, 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

λ
nw

...
w
w

B
2

1

, 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

1
0

01

01

)x,x(
...

)x,x(
)x,x(

C

nγ

γ
γ

 

and the solution vector of weights B, is found by : 

 B = A-1 . C        [28] 
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2.4.2.1 Inference using the Lagrange parameter 

Although inference can be calculated using [21], there is a quicker calculation that 

avoids the n2 terms in the double summation using the Lagrange parameter. 

Since λγγ +=∑ ∑∑
= ==
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2.4.2.2 Ensuring a positive variance estimate 

The only complexity in the kriging calculations is the inversion of the variogram 

coefficient matrix, A. If the matrix is strictly negative definite (which is equivalent to 

the corresponding covariance matrix being strictly positive definite) then there will be 

a unique positive solution. This also guarantees a positive variance with any linear 

combination of random variables (Cressie 1993, Wackernagel 1998).  

 

In practice, the condition of negative definiteness is fulfilled by ensuring the 

variogram function γ, is a negative definite function (or a combination of negative 

definite functions). Unfortunately it is mathematically difficult to generate negative-

definite functions, so geostatisticians tend to use only a few functions that are known 

to possess this characteristic (Christakos 1984). This may seem restrictive, however 
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these functions can be additively combined to form new functions that are also 

negative definite. 

 

 

2.4.2.3 Common theoretical variogram models 

Some of the most common (negative definite) functions used as spatial models 

include: 

 

The Exponential Model: 

⎭
⎬
⎫

⎩
⎨
⎧ −−+= )exp(110 a

hCChγ       [30] 

The exponential variogram function increases exponentially with increasing distance. 

The parameter, a, determines the rate of increase in the variogram. For a value of h = 

3a, the variogram has increased to 95% of the sill value (Kitanadis 1997). 

 

The Circular Model: 
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The parameters of the circular model are the sill (C0+C1) and the range (a). The 

function curves tightly as it approaches the range. 

 

The Spherical Model: 
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This function is similar to the circular model - it reaches the sill when the range is 

reached. The spherical model is one of the most frequently used in geostatistics, in 

one, two or three dimensions. It represents transition features that have a common 

extent and which appear as patches – the average diameter of which is represented by 

the range of the model (Webster and Oliver 2001). 

 

The Gaussian Model: 

⎭
⎬
⎫

⎩
⎨
⎧

−−+= )exp(1 2

2

10 a
hCChγ , h<  a     [33] 

The Gaussian model is also very popular with geostatisticians. The function reaches 

the sill asymptotically, and it can be regarded as having an effective range of 

approximately a3 , where the function reaches 95% of its sill variance. 

 

The Bounded Linear Model: 
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This is the simplest function used as a transition model. It consists of two straight 

lines. The first increases and the other has a constant variance. 

 

The Nugget Model: 

⎩
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⎧ =

=
otherwiseC

hif
h

0

00
γ        [35] 

This model is analogous to a model containing ‘white noise’ in signal processing, i.e. 

there is no autocorrelation that was detected in the data (either due to a genuine 
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absence or because the sampling interval was greater than the scale of spatial 

variation).  

 

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Common Transition Models

0:1

0:
1

Spherical
Gaussian
Exponential

 

Figure 2.11: The shape of some negative-definite models (Exponential, Spherical and 

Gaussian model). All models shown are transitional (i.e. they have a sill).  

 

 

2.4.2.4 The relative position of samples: de-clustering & screening 

One of the most useful advantages of kriging over standard inverse distance weight 

methods is de-clustering – the kriging weights assigned to sample units are lowered to 
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the degree that its information is duplicated by nearby autocorrelated sample units. 

With the de-clustering property, several observational points close together will 

collectively have the same weight of a single observational point located near the 

centroid of the cluster. 

 

This property occurs because kriging accounts for the spatial position of sample 

points relative to one another, providing information on the clustering of the samples. 

The A matrix in [27] (or the second term in [21]) records the distances between each 

sample with every other sample. Two samples that lie in close proximity to one 

another will have a relatively small variogram value (or, conversely a large 

covariance value). The multiplication of C by A-1 adjusts the raw inverse statistical 

distance in C to account for redundancies between the samples.  

 

Such redundancies are behind what is known as the ‘screen effect’. This describes the 

weighting of a particular sample when another sample falls between it and the point or 

area being estimated. When this happens, the weights of the ‘screened’ (more distant) 

sample will decrease and may even result in a negative weighting. 

 

Ideally, samples should be as close to the estimated point (or area) as possible, but 

also as far apart from one another as possible. This situation brings maximum sample 

coverage with minimum clustering. 
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2.5 Using geostatistics to estimate the mean of an 

area 

In general, there are two separate kriging calculations suggested to estimate the mean 

of an area. Some confusion might result in the choice of the appropriate calculations 

for model-based inference of SYS. 

 

2.5.1 Kriging the (local) mean 

Wackernagel (1998) and Goovaerts (1997) derived the calculations of inference when 

sampling a survey extent, D, and the parameter of interest is the value of the mean, m. 

 

Similarly to OK, the estimate of the mean, m̂  is calculated through a weighted 

average of other sample points: 

m̂  = ∑
=

n

i
ii )x(Zw

1
       [36] 

The difference between kriging of the mean and a simple computation of the 

arithmetic mean ( x ) of the data is that the former takes into account the spatial 

arrangement of the samples and will thereby not necessarily give equal weighting to 

all sample points. 

 

The variance of the estimation error, σε2, is derived in Wackernagel (1998) as: 

Var( m̂ - m) = E[{ m̂  - m}2]     [37] 
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    [38] 

 

This is where some confusion may arise. The derivation appears to give the inference 

for a sample mean obtained by, say, systematic sampling. I suggest that this is not 

valid inference due to the model-based paradigm. 

 

Consider the expectation in the calculation of the error variance in equation [37]. 

i.e. Var( m̂ - m) = E[ m̂  - m]2 

Over what distribution is the expectation of m̂  calculated? Using the design-based 

paradigm, the expectation in E[ m̂ ] would be based on the distribution of all possible 

samples within a single realization of the process. Using SYS, for example, the 

expectation, E[ m̂ ], would be the mean of the distribution of the k possible sample 

means (where k  = 
n
N  is the sampling interval). Under the design-based paradigm, 

variability is introduced by differences in sample locations, and inference is then 

determined by the subsequent variation in the data values (e.g. the variation in sample 

means). 
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Using the model-based paradigm (such as ‘kriging the mean’ used here), variation is 

introduced by the model itself, not by the sample locations. In fact, inference for 

‘kriging the mean’ is calculated assuming the determined sample unit positions, i.e. 

inference is conditional on the sample units being placed just where they are.  

Consider equation [38], where the variance of the sample means is determined by: 

∑∑
− =

n

i

n

j
jiji )]x(Z),x(Z[Covww

1 1

 

Clearly the results of this equation depend upon the sample locations, xi. 

Consequently inference is only valid for samples with sample units located at the xi. 

 

So, what is the distribution that lends itself to the expectation of m̂  in equation [37]? 

As per usual with model-based methods, inference is based on the distribution of m̂  

across multiple realizations. The calculations determining [38] are based upon the 

assumption that E[ m̂ ] = ])x(Z[Ew
n

i
ii∑

=1

 = m.  

So what is m? Wackernagel’s derivation only holds if m is considered a constant. So 

m must be considered to be the process mean (of the spatial random generating 

function). 

 

As a comparison, let’s assume that the mean, m, is a constant and does equate to the 

process mean. If we re-derive the error variance, Var( m̂ - m), then: 

Var( m̂ - m)  = Var( m̂ )  

Var( m̂ ) = Var ⎥
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⎤
⎢
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 By the definition of variance: 
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We get the same result as in [37]. Clearly, inference for kriging the mean is the 

variance of the sample means across multiple realizations. It seems a misnomer to 

label it ‘kriging the local mean’ (Goovaerts 1997) since inference is not specific to 

any single realization – it is appropriate for inference about the process mean. 

 

 

2.5.2 Block Kriging 

With some slight modification, the ordinary kriging system of equations used to 

estimate and make inference around a point can also be applied to an area (or 

volume). Indeed, in 1963 when Matheron originally formulated and presented the 

kriging algorithm, it was in the form of kriging areas or volumes (‘block’ kriging) for 

mathematical generality (Matheron 1963).  

 

Block kriging (BK) is the generic name used when estimating the (linear) average for 

a regionalized variable for an area, surface or volume (block) of any size or shape 
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(Goovaerts 1997, Olea 1999). In contrast, OK is an algorithm that falls under the term 

point kriging because it involves the estimation of points. 

 

BK needs only slight modification of the OK algorithm to adjust for the fact that we 

are now estimating an area, and like the OK algorithm it can potentially be calculated 

using either covariances or variogram values (Isaaks and Srivastava 1989, Cressie 

1993). 

 

The difference between point and block kriging is due to the fact that when 

calculating the block average, estimation requires: 

• the average covariance between the sampled points and the block  

• the average variance of the block. 

 

Similar to ‘kriging the mean’, the BK estimate is a weighted average of the sample 

units. 

The error term for BK is also similar, but with one crucial difference: 

σ2
ε  = Var( m̂ - M)        [39] 

 

Within the ‘kriging the mean’ algorithm, m is the mean of the stationary process 

generating the realizations, and is a constant. Using BK, M represents the realization 

mean, and is therefore variable over multiple realizations.  

 

Equation [39] (the variance of BK) is conditioned by the realization mean, so the 

inference space for the standard formulation of BK is restricted to the realization from 
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which the sample is taken, i.e. the standard level of inference for BK is on the finite 

inference space. 

 

(Note: When dealing with geostatistical methods, I have used the standard model-

based notation of denoting the realization mean as M (rather than μ), because in the 

model-based framework the realization mean is considered a random variable.) 

 

The inference space used by BK is standard of geostatistical studies. Geologists seem 

well aware of the limitation of model-based methods, kriging is treated as an 

interpolation method, and best results are obtained when there are sample points 

surrounding the estimation area. Extrapolation to points beyond the range of 

autocorrelation will tend to give data estimates like the sample mean (or drift mean). 

Geostatistical inference is model-dependent; the inference about the point or block 

estimates does not actually require empirical data but rather is driven solely by the 

structure of the modelled semi-variogram/covariance. 

 

Model-based estimators are unbiased due to assumptions about stationarity. This 

implies that, on average, the difference between the estimated mean, m̂ , and the 

realization mean, M is zero.  

i.e.  E ⎥
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where M is the realization mean 
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The BK derivation of error 
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The derivation of the error is identical to OK, except that we are now estimating an 

area mean, M, instead of a point value xo (see [21]). 

 

That is, the general form for calculating the estimation error using BK is: 

σ2
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or could be expressed in covariances (using substitution): 
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The 1st term in the equation [cov(M, M)] is the variance of the area (block), M. One 

could imagine this to be the variance of the area average if one was to generate many 

surfaces (with the same covariance structure) and calculate the variance of all the 

collected values of M. Small areas will have a larger dispersion variance than large 

areas. In fact, if the area was to grow very large (compared to the range of its 

autocorrelation) then this term should tend to zero. 

 

The 2nd term [ -2∑wi cov(xi, M) ] is the covariance between the area and the sample 

points. It is calculated as the (weighted) average of the covariance between each 
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sample point (xi) and the area (M). Intuitively this term is the contribution of the 

sample data in relation to the area it is estimating. As the covariance between the 

sample points and the area goes up, then the quality of the estimate of M will increase 

(i.e. the variance of the error decreases). 

 

The 3rd term [ ∑∑wi wj cov(xi, xj) ] is the covariance between the sample points. It 

corrects for the relationship between the sample units. As the covariance between 

sample points increases, then the sample is giving less new (independent) 

information. This causes an increase in the estimation variance. 

Incidentally, this 3rd term is equivalent to the inference gained from kriging the mean, 

i.e.  ( )ji

n

i

n

j
ji x,xCovww∑∑

= =1 1

 = ∑
=

n

i
ii )xw(Var

1

 = )m̂(Var    [42] 

 

This term applies to the variance of the sample mean across all surface realizations 

(column 1 of Table 2.3). 

 

The three equations in [42] are all algebraically identical. If the BK area grows very 

large (relative to the range of autocorrelation) then the ‘area covariance terms’ (i.e. 

the first two terms in [41]) will vanish (assuming that surface structure has a sill). In 

such circumstance the BK variance estimate will tend towards the Kriging of the mean 

variance (section 2.5.1). 
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Table 2.3: This table shows a variety of different variance estimates that can be 

obtained. The systematic sample variance is given by the expected value of the 3rd 

column – this is the variance given by the full block kriging equation. 

 

Surface Sample 
Mean 

Mean of surface 
realization, M 

Block Kriging 
Error 

X 1 M1 ( X  1 – M1)2 

X 2 M2 ( X 2 – M2)2 

X 3 M3 ( X 3 – M3)2 

… … … 

X n Mn ( X n - Mn)2 

∑
=

n

i
ii xwVar

1

)( = )X(Var  Var(M) = ( )M,MCov  E( X n - Mn)2 

 

The variance of the area mean estimates can be calculated using equations [40] (or 

[41]) irrespective of the sampling methodology because the calculations assume that 

the variogram (or covariance) structure of the estimated area is known. This means 

that [40] is applicable to calculate the variance for a systematic sample. 

 

2.5.2.1 Calculating the BK terms 

As noted earlier, the BK calculation is identical in derivation to the OK algorithm. 

However, consider [40] – clearly a method is needed to calculate: 

1. the 1st term, ∑
=

m

i
ii )M,x(w

1
2 γ ,      [43] 

i.e. a variogram value between the area and the sample points, and 

2. the last term, )M,M(γ− , a variogram value of the area.  [44] 



Chapter 2: SYS and Geostatistics: A review 65 

 

Obviously the OK algorithm needs to be slightly modified to estimate an area instead 

of a point. Fortunately the modification is relatively minor (if somewhat 

computationally expensive). For instance with the 1st term ([43]), the variogram value 

between a point and an area is simply the average of all variogram values between the 

point and every point in the area. The generalization to estimate the variogram value 

of an area with itself, ([44]), is therefore the average variogram value of every point in 

the area with every other point in the area (Clark and Harper 2000). 

 

Calculating the average value of the variogram over the survey extent, and the 

variogram of the sample points with the area could be determined by finding the 

double integral of the variogram function (or respective covariance function) of the 

integral of each sample point with the area respectively, since: 

 γ (xi, A) = ∫
M

i dxxx
A

),(
||

1 γ      [45] 

 γ (M, M)  = ∫ ∫
M M

dydx)y,x(
|M|

γ
2

1     [46] 

where xi refers to the position of the ith sample point, and 

x refers to the position of all points in the area, M. 

 

Solutions to these integrals were critical for the applicability of the method, so in the 

early days of kriging there was great fascination in solving the integrals by exact 

analytical methods for any imaginable shape of block, and summarizing the results in 

the form of charts (Rendu 1978). Today the prevailing practice is to introduce further 

approximations in the estimation process and calculate the integrals by numerical 

approximations. 
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2.5.2.2 Discretization Grids 

The most common numerical approximation in practice is through the use of a 

‘discretization grid’. As the name suggests, a discretization grid acts to ‘discretize’ the 

survey extent by breaking it up into a number of discrete points set in a grid since it 

ensures good coverage of the area (see section 2.2 on SYS advantages).  

 

Other methods of numerical approximation for BK have been suggested. Aubry and 

Debouzie (2000) used Monte Carlo integration to directly approximate the terms [45] 

and [46] (Rubinstein 1981). 

 

Note: The geostatistical methodology used in this thesis is sometimes referred to as 

‘intrinsic geostatistics’. A less frequently used type of geostatistics exists called 

‘transitive geostatistics’. Transitive methods deal with a variable that rapidly tends to 

zero (or is equal to zero) when going out of a finite domain. The structural tool of 

transitive geostatistics (the transitive covariogram) does not make any distinction 

between any internal behaviour within the domain and the geometrical effect of the 

extent. The behaviour of the variable may be influenced by the geometry of the 

domain (e.g. decreasing when approaching the frontiers). Intrinsic methods, by 

contrast, generally work with a given domain, and variables are described 

independently of the geometry of the domain (Bez and Rivoirard 2001). Intrinsic 

geostatistical methods are far more common as they offer a finer description of spatial 

structure – but demand stronger hypotheses (Rivoirard et al. 2000). 

 



Chapter 3: Spatial autocorrelation: bane or bonus? 

 

67 

Chapter 3: Spatial Autocorrelation: Bane or 

bonus? 

 

3.1 Introduction 

Spatial autocorrelation is a general phenomenon within ecological studies (Legendre 

1993). However, considerable confusion exists about how to analyze spatial 

autocorrelated data. Two completely different arguments about autocorrelated data are 

commonly reported: 

It decreases the true power of a test. The reported type I error rate or confidence 

interval (CI) needs to be increased to account for this. 

It can be ignored. The reported CI and hypothesis tests will give correct type I error 

rates. 

 

This chapter discusses the mechanism that acts to separate these doctrines. We will 

identify those situations in which classical analytical methods are inadequate (and 

why), and we will show that in those circumstances where classical methods are valid, 

autocorrelation is actually a bonus - providing an opportunity for ecologists to 

improve the precision and power of their analyses. 

 

Note: We will use the terms ‘surface’ and ‘regionalized variable’ synonymously. Both 

terms refer to a variable distributed across the area of interest e.g. the number of 

beetles distributed across a field or, say, a count of shellfish in quadrats on a particular 

beach. Similarly we will use the terms ‘finite population’ and ‘realization’ more or 
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less synonymously. Both refer to the actual population (of the regionalized variable) 

within the extent of the survey. 

 

 

3.2 Spatial autocorrelation 

“everything is related to everything else, but near things are more related than 

distant things”  

(Tobler 1970). 

 

Ecologists may argue that they have long been aware of Tobler’s ‘first law of 

geography’, i.e. the phenomenon of spatial autocorrelation (Student 1914, Moran 

1950). However recent technological advances in computer processing, remote 

sensing, Global Positioning Systems (GPS), and Geographic Information Systems 

(GIS), coupled with the ideas of a number of important texts and papers have led to a 

relative renaissance in papers incorporating spatial autocorrelation (Burrough 1986, 

van der Meer and Leopold 1995, Roxburgh and Chesson 1998, Ferguson and Bester 

2002, Fisher et al. 2002, Legendre et al. 2002, Diniz-Filho et al. 2003, Schwarz et al. 

2003). 

 

A belief still commonly held by ecologists is that classical statistical methods applied 

to spatially distributed data are subject to bias because classical sampling theory, 

using the paradigm introduced by Neyman’s prominent paper (1934), is inappropriate 

for use on autocorrelated data. The standard argument is that the presence of spatial 

autocorrelation means that the sampled values are not independent, so you have less 

information than you think (i.e. your estimated degrees of freedom are too large). 

Consequently, the variance is underestimated and confidence intervals are too small 
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(or the type I error is under-reported) (Cliff and Ord 1981). In short, autocorrelation is 

viewed to be a problem. 

 

Contrary to this opinion, classical sampling theory has been demonstrated as quite 

applicable to spatial data (De Gruijter and Ter Braak 1990, Brus and De Gruijter 

1993). These papers elegantly demonstrated that classical statistics used in design-

based methods, e.g. Simple Random Sampling (SRS), are not only valid with 

autocorrelated data, but actually require fewer assumptions in the estimation of a 

spatial mean than geostatistical (model-based) methods that explicitly model the 

autocorrelation. Although some ecologists have acknowledged this (Legendre 1993), 

many continue to repeat the dogma expressed in the previous paragraph, i.e. that the 

presence of spatial autocorrelation complicates or invalidates the analysis, and 

reduces the real power and precision of statistical tests (Simard et al. 1992, Legendre 

1993, Carroll and Pearson 1998, Roxburgh and Chesson 1998, Osborne et al. 2001, 

Selmi and Boulinier 2001, Bester et al. 2002, Ferguson and Bester 2002, Fisher et al. 

2002, Diniz-Filho et al. 2003, Schwarz et al. 2003). 

 

How is it possible to have such disparate views account for the same effect? Is one of 

the views incorrect? If both views are valid, when can autocorrelation be ignored and 

when must it be accounted for?  
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3.3 Temporal vs. Spatial Autocorrelation 

Misconceptions about classical methods and spatial autocorrelation almost certainly 

arose because autocorrelation has been widely (and correctly) perceived as a problem 

with measurements in times series (Chatfield 1984). Working by analogy, it could be 

thought that equivalent non-independence in space has the same effects. 

 

In fact temporal autocorrelation is not a problem with the time series data when one is 

able to apply the same rules of inference commonly used in spatial analyses. For 

instance, suppose we wish to estimate a confidence interval for mean rainfall over a 

period of time, having sampled it within a particular finite extent (the sample extent is 

the domain [spatial and/or temporal] within which measurements are recorded) 

(Wiens 1989, Dungan et al. 2002). In the presence of positive serial correlation, the 

variability of data within the sample extent is often less than that of the whole series 

(or even a longer section of the series), leading us to possibly overestimate the 

precision of our sample mean with respect to the mean of the whole series (Pimm and 

Redfearn 1988, McArdle 1989). 

 

This problem arises when we attempt to estimate not the parameters (e.g. mean) of 

our observed section of the time series, but the parameters of the series as a whole. In 

other words we are estimating the parameters of the process that generated our 

observed section (the process parameters). In this case, rather than restrict our 

inference to the data within the boundaries of the sample extent, we are attempting to 

generalize to properties of the larger population, most of which (being in the past or 

the future) was not available for sampling.  
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If a time series analysis only required the parameters of some finite time period, then 

all the statistics derived from a random sample from that period would require no 

correction for autocorrelation. For example, an estimate of the mean rainfall for 2004 

taken from a random sample of data in that year would have confidence intervals 

(CI’s) and standard errors correctly calculated using classical methods that ignore the 

autocorrelation. If inference was constrained to the temporal period from which we 

sampled (i.e. the sample extent depicted by the dashed box in Figure 3.1), then 

autocorrelation is not a problem. The problems with autocorrelation arise only when 

we wish to generalize our description from the sampled period to other periods we 

have not sampled. Time series analyses often attempt to do such a thing in order to 

predict future values (i.e. forecasting). Such analyses of course require considerably 

more restrictive assumptions – in particular that of stationarity, i.e. that the properties 

of the system you have measured are the same in other parts of the population you 

wish to generalize to [see (Myers 1989) for a discussion on how restrictive this 

assumption must be]. 
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TIMETIME  

Figure 3.1: An autocorrelated time series, with recorded data randomly sampled in the 

extent denoted by the dashed box (sample times indicated by vertical lines). 

 

 

Sampling an autocorrelated area is different. In contrast to times series, when 

sampling a surface, the inference space, the space that we wish to make (statistical) 

deductions about, is typically restricted to that particular (finite) field and the 

confidence interval and the standard error of the sample mean refers to the mean of 

the field population. If this is the case, then classical statistical theory will perform as 

advertised. SRS, for instance would give independent sampling units and an unbiased 

estimate of the population parameters (e.g. mean and variance of the (finite) 

population of interest) (De Gruijter and Ter Braak 1990). 
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Attempting to generalize a spatial sample in the manner seen in time series may well 

lead to accusations of pseudo-replication (Hurlbert 1984). Believing the properties of 

your single field to extend beyond your sampled area so as to generalize to other 

(unsampled) fields is at best optimistic - at worst foolish. Most survey results are 

restricted to the temporal period of study or spatial area from which replicated 

sampling locations have been taken [e.g. hierarchical (spatially nested designs)], i.e. 

the ‘finite inference space’ defined by the sample extent. 

 

However, if you wish to estimate the process mean generating the surface, then 

clearly the same requisites that apply to time series analyses apply. You have to 

correct for the fact that your particular finite population (realization) doesn’t describe 

the set of all possible realisations very well (because you are pseudo-replicated). 

Generalizing inference beyond the sample extent means that the sample scheme 

cannot be properly design-based since inference includes unsampled areas. 

Consequently, using a design-based scheme such as SRS to sample a specific 

(autocorrelated) region will not ensure stochastically independent errors if results are 

then generalized to make inference about unsampled areas. In this respect stochastic 

independence depends not only on the sample design and the underlying population 

autocorrelation structure, but also on the inference space that is chosen. 

 

The smaller the range of autocorrelation relative to the extent of your realization, the 

more representative of the total process your realization becomes. Clearly, if you 

sample an area that is large relative to the range of autocorrelation, your 

generalization is likely to be more reliable than if you only sampled a small one.  
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A BA B

 

Figure 3.2: Two equal-sized surfaces simulated using an isotropic, stationary process. 

The surfaces were generated using the GaussRF function within the RandomFields 

library of ‘R’ (Schlather 2001). The range of autocorrelation relative to the extent of the 

surface is small in B compared to A. 

 

Consider the surfaces shown in Figure 3.2A and B. Apart from a difference in the 

range of autocorrelation, both were generated using the same stochastic process. The 

range of autocorrelation in the process generating surface 2A was ~90% of the surface 

extent; whilst the process in 2B had an autocorrelation range of only ~5% of the 

surface extent. Consequently surface 2B gives more information about the process 

parameters, since the extent of data in 2B is large relative to the range of 

autocorrelation. 

 

If we were to extrapolate (i.e. generalize) to all surfaces that could have been 

generated using this autocorrelation structure, then the population mean of the 

realization is only one of many, and the classical confidence intervals which cover the 

population mean of this realization with 95% probability will not cover the process 
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mean with the appropriate probability. Coverage will be too small, e.g. 95% 

confidence intervals would actually contain the process mean less than 95% of the 

time. In this situation it would be necessary to correct the classical methods with 

information about the autocorrelation. 

 

Table 3.1: Using SRS (n = 100), 10,000 samples were taken from each surface A and B 

(shown in Figure 3.2). These were used to calculate 95% coverage probabilities for the 

(i) two surface means and (ii) process mean (surface A and B have the same generating 

process mean). 

 

 Surface A 

(range of autocorrelation 

similar to the extent of data) 

Surface B 

(range of autocorrelation much 

smaller than the extent of data) 

Realization mean 
coverage 

94.8% 93.6% 

Process mean 
coverage  

40% 85% 

 

Table 3.1 shows the results from sampling the two surfaces shown in Figure 3.2 using 

SRS. Coverage probabilities in Table 3.1 were computed using t-distribution 95% 

confidence intervals. Both surfaces A and B were highly over-dispersed so as to 

reflect realistic population distributions found in ecology (Haury et al. 1977, 

Krummel et al. 1987), so coverage for the finite mean wasn’t exactly 95%. To 

examine process mean coverage, multiple realizations were created using the process 

that generated surface A & B, and a single SRS sample taken from each realization. 

Samples from the process that generated surface A had confidence intervals covering 

the process mean 40% of the time; coverage of the process mean for B was 85%. 
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In short, the confusion between the perils of serial correlation in time series and 

spatial autocorrelation in spatial samples arises from differing objectives. The time 

series methods are designed to allow extrapolation from a finite sample extent to 

subsequent unsampled time periods [a generalized inference space – analogous to the 

‘super-population’ distribution, a term first coined by Cochran (1946)]. The classical 

methods, as applied to spatial samples and occasionally time series, usually restrict 

their description and inference to the sample extent (a finite inference space). As long 

as inference is restricted to the population defined by the sample extent, then classical 

statistical methods will perform exactly as planned. 

 

So biologists need to ask themselves: What inference do they wish to make about 

their sampled population? If your target population is restricted to the finite 

population that is actually there (i.e. a definitive sample extent), then inferences made 

around the sample means will be quite valid independent of any underlying 

autocorrelation structure. If you wish to use a generalized inference and adjust your 

test according to the relevant autocorrelation, then you will be generalizing your 

inference to encompass all those areas with the same autocorrelation structure. Is this 

of practical use - will your readers accept the pseudo-replication? 
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3.4 Exploiting spatial autocorrelation 

The advantage of using a simple design-based strategy such as SRS is clear. As long 

as you have randomly sampled across the region about which you wish to make 

inference, then classical statistics on the finite inference space will perform as 

advertised (De Gruijter and Ter Braak 1990) (also see Table 3.1 – realization mean 

coverage). 

 

However, if interest is in the finite inference space, then strategies exist that are able 

to improve sampling efficiency (beyond say SRS) by adapting the sample design to 

take advantage of the autocorrelation present in the data and/or explicitly modelling it 

in the estimating procedure. In other words, if inference is restricted to the finite case, 

the presence of autocorrelation in the data should be considered a bonus to the 

researcher. 

 

Consider the following statement (from a book section that helped pioneer the use of 

geostatistics in ecology [along with (Robertson 1987)]): 

 

“For [other] applications, such as estimating the mean of an area, however, 

samples should be spaced more widely than the range [of autocorrelation], to 

avoid the effects of spatial autocorrelation.” 

 (Burrough 1987). 

 

Such advice is misleading. If you use an appropriate design the effect of spatial 

autocorrelation actually works in your favour when estimating the mean of an area. 

As long as inference is restricted to the finite space, then the adage that ‘sample points 

are autocorrelated and are therefore not independent’ actually works in your favour if 
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you know how to exploit it. If the underlying data are autocorrelated, then a sample 

unit also contains information about its neighbouring points, so you have information 

about a larger area of the (finite) population than the simple sample size implies. In 

fact, if the sample density positions units at distances much greater than the range of 

autocorrelation of the underlying data, then the efficiency of the design is decreased 

(towards SRS). 

 

 

3.4.1 Design-based methods of exploiting autocorrelation 

3.4.1.1 Stratification 

Suppose that an area under consideration covered three distinct habitats, each with 

different population characteristics (the area is therefore non-stationary). Figure 3.3 

shows an example of this. 
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Figure 3.3: A surface comprised of three independently distributed regionalized 

variables. Considered without stratification, the regionalized variable across the entire 

extent is autocorrelated. 

 

 

Even though the population was generated as spatially independent within each 

stratum, the surface is autocorrelated across the entire region of consideration. 

Autocorrelation that is an artefact of a non-stationary, exogenous process (e.g. a 

change in habitat) rather than an endogenous (inherent) process has been described as 

‘false autocorrelation’ (Legendre 1993) or ‘induced spatial dependence’ (Fortin and 

Dale 2005). 
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Most ecologists, if aware of this spatial structure would use some type of stratified 

sampling (e.g. stratified random sampling) (Cochran 1977). Although SRS taken 

across the entire extent would still ensure independence of the errors (and correct 

coverage), judicious stratification of the data would greatly improve the precision of 

the parameter estimate.  

 

For instance, using SRS (n = 60) to sample the data in Figure 3.3, gives: 

σ2
x -SRS = 

n

2σ
 = 0.8.  

 

Correct stratification with, say, allocating the number of samples proportional to the 

strata size leads to a significant improvement in precision: 

σ2
x STRAT = 0.065  

(see Figure 3.4 for an example). 
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Figure 3.4: Stratification of a surface, and allocating samples proportional to the size of 

the strata (using SRS within strata). If this data was analyzed as simply completely SRS 

then s2
x-SRS = 0.63; when taking the strata into account, s2

x-STRAT = 0.12. 

 

A typical problem with stratifying the region is variance estimation bias caused by 

model-design misspecification (i.e. misplacement of the strata boundaries), and the 

consequent necessity of defending the chosen model. Ideally, homogeneous sample 

units should be grouped based on the underlying spatial structure, but in practice (e.g. 

using post-stratification) it is often difficult to discern whether the values of sample 

units are similar due to the underlying autocorrelated structure or simply due to 

sample error. Overzealously post-stratifying similar sample units without the 

corresponding spatial structure will lead to an underestimation of the standard error. 
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Basic knowledge of the spatial structure of a variable is relatively common with 

ecologists, although stratifying variables often may form a continuous trend rather 

than distinct strata, e.g. temperature, altitude, tidal height. 

 

However if the underlying population is autocorrelated, gains in efficiency may be 

made even without clear a priori knowledge of a particular stratifying variable (this is 

a principal advantage of SYS). A systematic sample design allows the spatial co-

ordinates of the sample units themselves to be used as a simple proxy for a stratifying 

variable that determines the distribution of the response. 

 

3.4.1.2 Systematic sampling 

Systematic sampling designs are widely used in practice, due in large part to 

simplicity, convenience and practicality, and because it has an intuitive appeal 

through spreading the sample evenly over the population (Singh and Singh 1977, 

Iachan 1982). Standard use of a random start systematic sampling design (SYS) for a 

surface equates to randomly positioning a theoretical grid (with resolution dependent 

upon the size of the sample) over the region of interest, and sampling at the grid 

intersections.  

 

In fact, SYS is known to be the optimally efficient design if the autocorrelation 

function (with respect to distance) describing the structure of the underlying data 

exhibits the following characteristics: 

1. non-negative 

2. non-increasing and 

3. convex from below (Jones 1948, Hajék 1959, Blight 1973). 
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Such autocorrelation models have been proposed in forestry and land use surveys and 

geographic rainfall models (Cochran 1977, Heilbron 1978, Iachan 1982). Efficiency 

gains can then be theoretically realized when the systematic sample grid resolution is 

not considerably greater than the range of autocorrelation in the underlying data. 

 

Unfortunately capitalizing on the improved precision of SYS is difficult without 

explicit a priori knowledge of the autocorrelation structure. Ripley (1981) suggested 

stratification using non-overlapping neighbouring pairs of the SYS grid (see Chapter 

six – section 6.2.1.3). Positive autocorrelation in the data means that neighbouring 

sample units are therefore relatively homogeneous. So instead of fitting: 

Yi = μ + eij,         [1] 

the model for estimating the mean using SRS; some variant is fit, 

e.g. Yij = μ + (μi - μ) + eij      [2] 

Where eij is the jth error term from the ith stratum,  

μi is the mean of the ith stratum (or the ith region of the systematic sample). 

 

 

This removes some of the between strata or spatial variability from the error term 

before calculating the confidence intervals. The formulae for calculating confidence 

intervals from stratified samples are well known (Cochran 1977, Thompson 1992) and 

some simple methods of calculating (conservative) confidence intervals for an 

unreplicated systematic sample have been described in McArdle and Blackwell 

(1989), and Millar (1995) (see also Chapter six - section 6.2.1).  
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Although the use of stratification techniques for systematic sampling does not require 

much prior knowledge about the surface (other than the fact that the data is positively 

autocorrelated), it is still likely to overestimate the θ. Indeed, if the resolution of the 

SYS grid is greater or equal to the range of autocorrelation (i.e. if the sample units are 

not autocorrelated), then stratification is unable to demonstrate any gain in design 

efficiency (compared to SRS). In fact the loss of degrees of freedom may lead to 

larger confidence intervals than with SRS. 

 

More sophisticated techniques of exploiting spatial autocorrelation are available based 

on geostatistical techniques though generally they should only be used with larger 

sample sizes (>50) (Hughes and Lettenmaier 1981). For example, Aubry and 

Debouzie (2000, 2001) used a model-based (geostatistical) method (specifically 

‘Block Kriging’) to give precise estimates of the standard error of the mean from SYS. 

 

 

3.4.2 Model-based (geostatistical) methods of exploiting 

autocorrelation 

Model-based estimation differs from classical estimation in one important respect: 

how the paradigm incorporates randomness. With the classical (design-based) 

approach (e.g. SRS), randomness arises from the random selection of the sample 

locations; in the model-based approach, randomness arises from the stochastic spatial 

process described by the model. It considers the finite population from which the 

sample is taken to be just one out of an infinite set of populations. 
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A model-based approach such as geostatistics is therefore theoretically more flexible, 

since it may be used to estimate the parameters of the (super-population) process itself 

and perhaps extrapolate to other unsampled populations that have similar properties or 

underlying processes. However, such extrapolations are rare in geostatistical practice 

(unlike in time series analysis). The inference of geostatistics does not typically refer 

to the process parameters but rather the parameters particular to the sampled 

realization (i.e. the finite realization). Earth scientists may not recognize the term 

“pseudo-replication” but they do recognize the problem, and know to avoid it. 

 

Confusion about inference space is not uncommon even amongst geostatisticians. 

This confusion is most obviously expressed when geostatisticians discuss the method 

of estimating the variance of their data. Some geostatisticians have stated that the 

variogram ‘sill’ is the best estimate of the variance of a regionalized variable because 

the sill is the expected variance of only those pairs of points far enough apart to be 

essentially independent. Others state that this is precisely the reason why the sill 

shouldn’t be used as the variance. They argue that because the sill does not 

incorporate all those values less than the range of autocorrelation it will overestimate 

the variance (Barnes 1991). 

 

In essence such an argument is simply based on mis-definition of the inference space. 

If we calculate the variance using only those data values that are independent (i.e. 

using the sill) we get a valid estimate of the process variance (the generalized 

inference space). However, if the range of autocorrelation is large relative to the 

specified area of interest, then by discounting those values that are dependent we are 

likely to be overestimating the variance of the realization (the finite population) – the 
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small inference space. The complexity of inference space choice (when using model-

based methods) is exemplified by block kriging (BK) (Clark 1979, Cressie 1993, 

Myers 1997). 

 

3.4.2.1 An example of a model-based method - Block kriging 

Block kriging (BK) is a geostatistical method that estimates the mean of an area. As a 

model-based method, it does not require random placement of sample points, and has 

been used to calculate the systematic sample standard errors with ecological data 

(Aubry and Debouzie 2000, Aubry and Debouzie 2001).  

 

Table 3.2: Inference of model-based methods is based on multiple-realizations (J) of the 

same stochastic process. The complexity of model-based inference means that a number 

of different variance estimates can be obtained. The variance of three different columns 

(shown by the shaded squares) refers to the variance of X , µ and the block kriging 

error respectively. 

 

Surface 
Realization, 

J 

Surface Sample 

Mean, X j 

Population mean, μj, 

of the area 

Block Kriging 
Error 

j = 1 X 1 μ1 ( X 1 - μ1)2 

j = 2 X 2 μ2 ( X 2 - μ2)2 

… … … … 

j = n X n μn ( X n - μn)2 

 )X(Var j  Var(μj) E( X n - μn)2 
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For those used to classical sampling methods, the variety of variance components in 

BK may appear bewildering.  

σ2
BK = )X(Var jj μ−       [3] 

  = 2)X(E jj μ−      (see Table 3.2) 

where jX is the sample mean from surface realization j, and  

jμ is the true surface mean of surface realization j 

(see (Myers 1997) or Chapter two – section 2.5.2 for the practical formulation of [3]) 

 

Equation [3] is conditioned by the realization mean, so the inference space for the 

standard formulation of BK is restricted to the realization from which the sample is 

taken, i.e. the standard level of inference for BK is the finite inference space.  

 

Somewhat ironically, the inference appears to have been confused even by those 

authors that introduced the applicability of block kriging to ecological studies (Aubry 

and Debouzie 2000). In a follow-up paper (2001) they incorrectly identify the BK 

algorithm as generalizing to a super-population and defined their desired inference to 

be the sampled realisation: 

“The [above] approximation of σ2
E estimates E{ ( z  - E{Z})2 }, [sic] where 

E{Z} is a mean over both space and all hypothetical repetitions of the 

generating system. Often, what is wanted is only a measure of ( z - μz)2  

i.e. the likely error given the spatial population actually observed.” 

   [p1486 - In reference to the BK system of equations] 

 

The whole reason for the 2001 follow-up paper was to correct for their assumption 

that inference using BK is based on the process mean rather than the realization mean 

(in fact the inference space they describe is covered by the method known as ‘kriging 
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the mean’ described in Chapter two – section 2.5.1). The finite population inference 

mentioned in the final sentence of the quotation above is exactly the inference 

commonly defined by BK (as discussed in Chapter two – section 2.5.2).  

 

The finite population inference space used by BK is standard in geostatistical studies. 

Geologists seem well aware of the limitation of model-based methods, kriging is 

generally treated as an interpolation method, and best results are known to be obtained 

when there are sample points surrounding the estimation area. Geostatistical 

extrapolation of points positioned at distances beyond the range of autocorrelation is 

little different to simply substituting the sample mean. 

 

Whenever a model is created in order to generalize from real sample data to a larger 

population (whether finite- or super-population), there are typically a variety of trade-

offs made in the model construction. If the autocorrelation structure hinted at in the 

sample data is followed too closely, then it is less likely to be applicable in those 

unsampled areas; if the autocorrelation structure is followed too loosely then there 

will be an introduction of bias or possible loss of precision. Similarly, correct 

modelling of the autocorrelation structure of a finite population will help to increase 

precision around that population’s parameters, but it may be too specific to be useful 

in modelling the process. 

 

Whichever modelling method is used (stratification or explicit modelling of the 

autocorrelation structure), with a finite inference space autocorrelation provides an 

opportunity to decrease the standard error (compared to SRS). 
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3.4.3 Characterizing autocorrelation 

Consider the following statement: 

“Stochastic dependence or independence is not a property of any population 

or, in our case, of any region. It can be a property of a set of variables and is 

either induced by a sampling design or implied by a model” 

(De Gruijter and Ter Braak 1990) 

 

Contrary to De Gruijter and Ter Braak’s characterization of independence (or by its 

absence, autocorrelation), we suggest that its properties are inherent to a population or 

region. The underlying autocorrelation structure may well have important 

consequences irrespective of whether the sample design is designed to give 

stochastically independent sampling units. For example, consider a random start SYS 

of a (positively) autocorrelated surface. Suppose that the grid resolution of the SYS is 

large enough so that grid points are spaced at distances slightly greater than the range 

of autocorrelation. The sample units of this design are therefore designed to be 

independent due to the resolution of the grid. However, the fact that sample units 

within this design will be uncorrelated does not nullify the exploitable presence of 

autocorrelation in the underlying population. The (positive) autocorrelation in the 

underlying population means that the standard error for the SYS design is likely to be 

considerably more precise than SRS.  

(Note: This example is examined in depth in Chapter seven - section 7.3). 

 

In addition, if inference is generalized beyond the finite population then it is the 

underlying autocorrelation properties of the region/population that becomes 

important, not the autocorrelation properties of the sample design. Unbiased design-
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based methods such as SRS are unable to give inference about a super-population, 

because the sampling extent no longer covers the inference space. Design-based 

strategies give independent sampling units about a finite population, but this is not 

necessarily true if inference is then generalized about parameters from a generalized 

(super-) population. If a particular sample has sample units lying close enough 

together to be similar based on the underlying autocorrelation structure of the region, 

then they should not be considered independent observations of the super-population 

parameter. Autocorrelation in the underlying population is well known to have 

important consequences on inference about the super-population parameters (Bivand 

1980, Cliff and Ord 1981, Clifford et al. 1989, Haining 1990, Legendre 1993); 

however the interaction between autocorrelation and the scale of inference does not 

appear to be well understood by ecologists.  

 

There is some irony in the fact that independence of sample units for a finite 

population (using design-based methods) is based on the (random) position of 

multiple theoretical samples, while independence of sample units for a theoretical 

super-population depends on the actual sample realization position, i.e. the particular 

sample locations of the one actual sample. 

 

 

3.4.4 Hypothesis testing 

Clearly, the interpretation of hypothesis tests on autocorrelated data is directly related 

to the earlier discussion of the effect of autocorrelation on precision (confidence 

intervals). As long as the inference space is restricted to a finite area, then proper 

design-based methods will ensure that test statistics and hypothesis tests about finite 
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population parameters will act as expected. Moreover, the same sample designs that 

worked to increase the precision of the sample estimates may provide an opportunity 

for increased power in any hypothesis test.  

 

If one is looking to determine relationships between variables, then design-based 

arguments require an experimental design. This leads to difficulties when data 

collected is based solely on observational studies. Without controlling extraneous 

factors using a strict experimental design, the most such studies can produce are 

correlations with all the well known limitations that they involve. Consequently such 

correlations should generally be used for hypothesis generation and not hypothesis 

testing.  

 

If designing an experiment where spatial structure is a given background – you are 

often not interested in the spatial process. The variation it adds can be avoided by 

keeping your experimental variables orthogonal to (i.e. ‘blocking’) the spatial 

variation (Dutilleul 1993b). In this respect the block design is equivalent to 

stratification of the spatial variable.  

 

If interest is restricted to the finite space, then using a technique designed to 

generalize the inference to a broader inference space will give spuriously large 

confidence intervals (or decrease the power of the test) and will also give non-optimal 

parameter estimation. The parameter estimate will not be optimal by your chosen 

criterion (e.g. least squares) since you are estimating the parameter of the process 

rather than the finite population. For instance, incorporating non-independent errors 

using, say, a generalized least squares will not only increase the standard error of the 
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results, but will also give a different point estimate from the independent errors 

model. 

 

One commonly overlooked consideration about autocorrelation is that it is not the 

data values that must be independent, but the residuals after the model has been fitted 

(ANOVA, regression, t-test etc) (McArdle 1996). Of course, in the simplest case of 

the estimating of the mean, errors and data are synonymous (since the model being 

fitted is simply Yi = µ + ei). If a hypothesis test refers to super-population parameters, 

then independence of errors may be achieved by the inclusion of those variables that 

help determine the distribution of the regionalized variable. For example, some 

gregarious animal might be present at a location because of the presence of the 

particular habitat type; including some measure of the habitat in the model may partial 

out much of the spatial autocorrelation from the residuals. Inclusion of locational 

covariates (such as longitude and latitude) can also act as a proxy to some determining 

covariate variable and help remove spatial autocorrelation from the residuals 

(Legendre et al. 1990). 

 

 

3.4.5 Regression 

The classical model-based technique of regression aims to describe the linear 

dependence of a response variable (Y), on an explanatory variable (X), correcting for 

the influence of other X ’s (partialling them out of the relationship). If the X values 

used in the estimation procedure are representative of the site being studied (e.g. from 

a random sample) then the description (or prediction) identified will be valid for the 

population actually sampled (the finite inference space) irrespective of any underlying 



Chapter 3: Spatial autocorrelation: bane or bonus? 

 

93 

autocorrelation in the population. The error variance and inference about the slope 

parameters (standard errors and tests) will be correctly estimated, but only for 

statements about the site in question. This may be of limited usefulness.  

 

Most workers would like to generalize any apparent relationships between variables 

to a larger class of sites, or at least be sure that any apparent relationship was not 

simply an accident of having autocorrelated data. If the range of autocorrelation is 

large relative to the area under consideration then it is quite possible to detect a 

relationship, even if no real relationship would be apparent if a larger extent was 

studied. The problem arises when a "hill" in the response (Y) surface is accidentally 

aligned with a "hill" (or "valley") in the explanatory variable (X) surface (Legendre 

1993). The alignment of X and Y may occur due to another variable that is missing in 

the model (Z), which is autocorrelated and related to both X and Y. The impact of 

autocorrelation on this X, Y relationship is due to the missing causal variables. In other 

words, the model was actually incomplete because an important explanatory variable 

was left out. Ideally of course, those Z variables would have been measured and 

would have clarified the X, Y relationship by incorporating it into the model (e.g. by 

multiple regression, or partial correlation). With the inclusion of the Z variable(s), the 

residuals would no longer be autocorrelated. 

 

As is well known in regression, the validity of the description and inferences about 

the parameters depends crucially on the adequacy of the model. If the model is wrong 

then the parameter estimates and the tests upon them may be meaningless. Our ability 

to generalize is also dependent on the assumptions of the model. In particular, a 

crucial assumption is that all the predictor variables upon which Y depends are in the 
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model; or, if they are not, then the excluded ones are uncorrelated with the included 

ones (and can therefore be relegated to the error term with impunity).  

 

If the excluded Z variables are independent of the included X variables then the same 

relationship can be expected to appear elsewhere. If the excluded Z’s are correlated 

with the included X’s then there is the strong possibility that different areas with 

different values of the excluded X’s will produce different model parameters. 

 

An analogous situation arises when the errors are spatially autocorrelated. As long as 

excluded X variables are uncorrelated with the included ones then the parameter 

estimates will be unbiased, but the standard errors and tests associated with the larger 

more general inference space will be too liberal if the errors are assumed to be 

spatially independent. The variance of the errors (if from a small area relative to the 

scale of the autocorrelation) will be an underestimate of the variance of the underlying 

spatial process. They are fine for inference about the study area but not for the larger 

unsampled inference space. 

 

If inference is to be generalized, then in the absence of the X variables themselves, 

there have been a number of possible solutions that have been discussed. A detailed 

discussion is beyond the scope of this thesis, but briefly these methods include: 

1. Designing the sample so units are distant enough to ensure independent 

residuals (if practically feasible). 

2. Averaging out results (e.g. by aggregating data from adjacent areas). This 

method may remove the autocorrelation from the model residuals but also 

changes the scale of the model; meaning that interpretation may no longer 
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remain at the desired scale (possibly producing an artefact known as the 

‘Modifiable Areal Unit Problem’ (Openshaw 1984). 

3. Eliminating the spatial autocorrelation through the use of locational covariates 

(Legendre 1990) or constrained ordination (in the multivariate case) (McArdle 

1990, Legendre and Legendre 1998).  

4. Explicitly introducing a suitable ‘autocovariate term’ into the model (Augustin 

et al. 1998). 

5. A posteriori adjusting test statistics (Tavaré and Altham 1983, Dale et al. 

1991). 
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3.5 Discussion  

If you have autocorrelated data, one of the first steps in determining the appropriate 

analysis should be examining the scale of inference. This is a step that is rarely 

mentioned, and commonly disregarded. This has led to a relatively common 

misconception that correct analysis of autocorrelated data automatically requires a 

more sophisticated technique than the classical methods.  

 

We suggest that stochastic dependence of sampling units depends on the interaction 

between sampling design, the underlying autocorrelation structure in the population 

and the chosen inference space. 

 

Blanket statements regarding the effects of autocorrelation such as: 

“the presence of positive spatial autocorrelation violates the assumptions of 

within-species randomness, and results in an elevated Type I error rate” 

(Roxburgh and Chesson 1998)  

 

“An important assumption of standard statistical tests is violated, namely, that 

values of studied variables are independent among data points” 

(Selmi and Boulinier 2001) 

 

“Spatial autocorrelation is the tendency for random variables to covary as a 

function of their location in space, which violates the assumptions of classical 

linear regression” 

(Fisher et al. 2002) 

are misleading. Many authors simply quote or paraphrase the messages of Cliff and 

Ord (1981) and/or Legendre (1993) ad infinitum on the dangers of autocorrelation 

without looking at the detail of their analysis.  
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In fact the effects autocorrelation may have on your analysis are totally dependent 

upon the chosen scale of inference. Within the sampling frame (small inference 

space), the presence of autocorrelation may actually lead to increases in the precision 

of your estimator; whilst extrapolating outside the sampling extent to a larger 

inference space (super-population) will lead to your precision being adjusted 

downwards.  

 

When examining the scale of inference the extent of the generalization should also be 

considered. If the data is autocorrelated, but the area of generalization is small relative 

to the sampled area, then autocorrelation is likely to have little effect on the inference. 

 

Broadly speaking, there are two types of errors that arise from not determining the 

appropriate level of inference for some regionalized variable: 

 

1. The appropriate level of inference is to generalize to a larger (possibly infinite) 

space/population, but the investigator chooses an analysis that is appropriate for a 

finite region (e.g. ignoring autocorrelation). 

This error and its consequences have been well researched and documented (if not yet 

all that commonly implemented). Ignoring autocorrelation in such circumstance 

commonly leads to underestimation of the (autocorrelated) parameter variance so the 

reported confidence intervals/type I error rate are too small (Cliff and Ord 1973, 

Griffith 1978, Odland 1988, Dutilleul 1993a, Legendre 1993). 
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2. The appropriate level of inference is to restrict it to a specific surveyed area/finite 

population, but the investigator chooses an analysis that generalizes to a broader 

inference space (a process method). 

The use of some method that incorporates spatial autocorrelation does not necessarily 

mean such a method is appropriate for generalization to a broader inference space. 

The standard inference space for geostatistics is in fact restricted to the area of interest 

(although with some modifications, generalizations can be made if it is felt that the 

model assumptions hold true generally). 

 

The practice of statistical inference means that there is always some degree of 

generalization from the sample estimate to the parameter of interest (e.g. the 

population mean or variance). If one population has been extensively sampled, but 

inference is made about unsampled populations then you are considered pseudo-

replicated and there is likely to be selection bias in the parameter estimate. This is 

directly analogous with autocorrelation. In practice, sample data is examined for the 

existence (and/or structure) of autocorrelation; and based on what is seen, inference is 

then made about the autocorrelation structure of the entire finite population or the 

process structure generating the region/population. In the latter case, you are pseudo-

replicated because you have sampled only the finite realization, and there is therefore 

likely to be bias in the autocorrelation model. 

 

We suggest that autocorrelation should be considered on 3 separate levels. 

1. The process autocorrelation structure (the most general autocorrelation 

structure). 
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2. The realization autocorrelation structure (the autocorrelation structure that is 

present within a particular finite population/realization). 

3. The sample autocorrelation (autocorrelation exhibited by the available data). 

 

The effect of autocorrelation then depends on the level of inference that the 

practitioner is willing to make. For example, if we wished to make inferences about a 

particular (finite) realization, then correct modelling of the autocorrelation structure of 

that region (using say, a variogram or autocorrelogram), coupled with an efficient 

sample design may give extra precision or power to hypothesis tests. If, however, 

inference was generalized to include other (unsampled) regions then this necessitates 

use of the process autocorrelation structure (which may or not be different to the 

autocorrelation structure exhibited by the realization), and the resultant generalization 

will mean that the presence of autocorrelation is likely to decrease the power of the 

test. 

 

The trick then is to discern which autocorrelation structures visible in the sample data 

(using, e.g. variogram, covariance or autocorrelogram): 

1. contain process information  

2. are useful in predicting within the finite realization, and  

3. are simply due to sampling error. 

 

In most instances practitioners are unable to separate the finite realization 

autocorrelation structure from the process autocorrelation structure based on sample 

data. The bumps and dips of the sample autocorrelation structure are smoothed over, 

and the resultant model is often used to model both the realization and the general 
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process. The consequences are that inference about the chosen model is likely to be 

too liberal for that realization and too specific for the process in general. It would 

seem prudent to consider whether or not there is a physical reason for any bumps and 

dips of any autocorrelation model generated from a sample. Some experienced 

practitioners suggest that if a particular feature in the model is supported by some 

qualitative information about its origin, then it is worth trying to build a model that 

respects that feature. If there is no explanation, however, then the feature may well be 

spurious and not worth modelling (Isaaks and Srivastava 1989). 

 

In summary, when making inferences around a finite population:  

1. Designed-based experiments using random sampling means that inference is 

unaffected by spatial autocorrelation. Confidence intervals, hypothesis test 

statistics, regression coefficients etc will work exactly as advertised.  

2. The use of an efficient sample design (e.g. systematic sampling, stratification) 

that can exploit the presence of autocorrelation in the data may improve the 

power of hypothesis tests and decrease confidence intervals. 

3. Advantages may also be gained through the use of model-based analyses (e.g. 

geostatistics) that incorporate the autocorrelation structure of the finite 

realization into the inference calculations. 

 

If generalizing to an unsampled super-population:  

1. Autocorrelation may be problematic (depending upon the extent of the 

generalization relative to sampling). Design-based methods such as SRS are no 

longer applicable – so inference needs to be adjusted for any spatial 

autocorrelation left in the residuals after fitting the model. 
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2. Observational studies can be affected. Any inferences implying causation 

would have had to correct for unknown variables (spatial confounding or 

correlated X variables). In model-based procedures the wrong model will lead 

to a wrong inference. 

 

Consider exactly what the super-population is that you wish to make inference about. 

We suggest that in many instances ecologists should be restricting their inference to 

the finite population with a definite sample frame. Practical reasons may mean that 

generalizing inference to include non-sampled spatial populations may sometimes be 

unavoidable. However, it should be kept in mind that such practice means that you 

have pseudo-replicated data. 

 

It is worth remembering that many of the greatest applied statisticians of the 20th 

century (e.g. Fisher, Yates, Cochran, Nelder) worked in agricultural field stations and 

were well aware of spatial pattern and autocorrelation. Yet they seldom, if ever, 

suggested correcting for it. We think that ecologists should derive some comfort from 

this. 
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Chapter 4: Simulating ecological spatial 

dispersion 

 

This chapter discusses the details of the computer simulations used within this thesis. 

The chapter is split into three parts:  

4.1 Characteristics of ecological abundance data that I am trying to simulate 

4.2 The simulation parameters and simulation algorithm (with examples of the 

simulated dispersion pattern) 

4.3 The parameter estimation methods. 

 

 

4.1 Spatial patterns of abundance found in ecology  

The spatial distribution (or ‘dispersion’) of an organism over its range of habitats is a 

fundamental aspect of its interaction with its environment (Levin 1974, Andrew and 

Mapstone 1987, Kolasa and Pickett 1991, Moloney et al. 1991, Thrush et al. 1997); 

and inferring pattern from the biotic and abiotic generating processes is a central 

theme in community ecology (Legendre and Fortin 1989, Thrush 1991, Anderson and 

Neuhauser 2002, Keitt et al. 2002). 

 

There is, however, great difficulty in trying to determine and quantify the myriad of 

complex interactions between the multitude of biotic and abiotic factors that 

determine the dispersion of an organism. Indeed, while determining pattern from 

deterministic process might be a theoretical panacea, at any given time the observed 
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pattern of abundance should really be considered as just a ‘snapshot’ of processes (or 

combination of processes) that are themselves dynamic and changing (Coomes et al. 

1999, Fortin et al. 2003). The complexity and difficulty in parameterizing ecological 

systems means that it is difficult to generate any confidence in a process model 

(Higgins et al. 2001). This means that ecologists are forced to follow a reductionist 

approach when modelling those patterns seen in the field (McArdle et al. 1997).  

 

The interplay of (physical and biological) processes in different habitats may be 

crucial in determining a dispersion pattern, but it is less important with respect to this 

thesis. Emphasis of research in this thesis is on the efficacy of sampling those patterns 

that are seen in the field. So rather than build a process model to try and simulate 

those deterministic mechanisms that create those spatial dispersion patterns seen in 

the field, this thesis will concentrate on the recreation and incorporation of those 

features that are typically deemed to be characteristic of spatially distributed organism 

populations. 

 

 

4.1.1 Characteristics common in ecological abundance data 

Although clearly there are many types of different distributions of ecological 

abundance data that may be found in ecology, some characteristics are considered 

relatively standard. This section will describe some of the most common 

characteristics displayed by ecological dispersion data and how the simulation 

attempts to recreate these factors. 
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4.1.1.1 Spatial Autocorrelation  

Many species abundances are positively autocorrelated on at least one spatial scale 

(often over a wide range of scales), such that nearby points in space tend to have more 

similar values than would be expected by random chance (Legendre and Fortin 1989, 

Lichstein et al. 2002). Many ecological theories and models implicitly assume an 

underlying spatial pattern in the dispersion of organisms, driven by a mixture of 

processes that are either exogenous (‘induced’ e.g. an autocorrelated environment) or 

endogenous (‘inherent’ e.g. dispersal, con-specific attraction) (Moloney et al. 1991, 

Thrush 1991, Legendre 1993, Dale et al. 2002, Legendre et al. 2002, Orenstein et al. 

2003, Schwarz et al. 2003). Of course territorial and allelopathic processes tend to 

give negative correlation at some scales, but even these are usually positive at large 

scales. 

 

Simulating autocorrelation 

Since most changes in populations are conventionally assumed to be the result of birth 

and death processes, it seems reasonable to suggest that these processes operate on a 

multiplicative scale (Legendre and McArdle 1997). As a consequence, the variogram 

structure was chosen to represent the spatial distribution of organism density on the 

log scale. These values were then exponentiated to exhibit autocorrelated, over-

dispersed values typical of biological data. Figure 4.8 and Figure 4.9 show examples 

of a realization on the log and raw scale (after exponentiation) respectively. 

 

Spatial dispersion was simulated with an autocorrelation function using the GaussRF 

function (RandomFields package (Schlather 2001)) within the R statistical software 

(Ihaka and Gentleman 1996). This function simulated stationary spatial Gaussian 



Chapter 4: Simulating ecological spatial dispersion 

 

105 

random fields (choosing automatically between the methods of circulant embedding, 

2-D turning bands or direct matrix decomposition). 

 

The GaussRF function generated a random field, ξ, of data with the specified 

(variogram) autocorrelation parameters on the log scale. This gave satisfactory levels 

of variation, and the log scale was used since it made intuitive sense to emulate 

stochastic processes on the population level. 

 

The spherical model was chosen as the autocorrelation function because it generates 

patchy data (the size of which is determined by the range parameter of the function), 

which is commonly seen in ecological abundances. An example is shown by the 

contour plot in Figure 4.1. 
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Figure 4.1: A contour plot of a simulated random field (on the log scale) exhibiting the 

patchy nature of the spherical autocorrelation function. 

 

 

4.1.1.2 Aggregation (over-dispersion) 

Although the dispersion of any organism is likely to be the result of many complex 

interactions with a variety of ecological processes, in general organisms tend to 

aggregate towards the best conditions within what is often a heterogeneous 

environment (Meire et al. 1989), and so aggregation at the local or intermediate scales 

is the norm (Taylor et al. 1979, Brown 1984, Moloney et al. 1991, Pawley 1995, 

Osborne et al. 2001, Gaston 2003).  
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The distribution of organism abundance is in part, a function of sample unit size. In 

reality all sample units have some finite unit size, and the choice of the sample 

support/grain influences the observed spatial distribution of the organism. 

Statistically, the same attribute measured using two different unit sizes (i.e. two 

different supports) defines different variables because they will have different 

distributions. The central tendencies (first-order characteristics) of these distributions 

might be the same, but the higher order characteristics (such as the variance) will 

differ (Dungan et al. 2002). Large sample units tend to filter out short-range spatial 

variations and decrease sample variances. The extreme values recorded with small 

sampling units are diluted as larger sampling units are used, so the variance decreases 

whereas the mean remains constant. In contrast, small sample unit sizes act to 

increase sample variance and insert white noise (and more empty quadrats) (Grieg-

Smith 1979). So strictly speaking there is no ‘correct’ level of aggregation. However, 

although dispersion patterns may be regular or relatively random (Bishop 1981, 

Omland and Hoffman 1996), many show a degree of aggregation in virtually every 

scale.  

 

Ecologists are generally unsurprised when they find a lot of empty sample units with 

some patches of higher densities (Haury et al. 1977, Krummel et al. 1987). As a 

consequence the negative binomial distribution is commonly used to model over-

dispersed animal counts [see (Pawley 1995) for a list of references that use the 

negative binomial distribution in this manner]. 
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Simulating over-dispersion 

The use of the spherical model helped simulate a patchy, autocorrelated environment. 

The data was also exponentiated thereby simulating the variability of an animal 

population in a particular environment, and a poisson random error (proportional to 

the mean) was then added to the data. The result was a relatively over-dispersed 

population (Figure 4.2 gives an example of the distribution created by this method). 
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Figure 4.2: The distribution of the regionalized variable values (using the data shown in 

Figure 4.9) 
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4.1.1.3 Anisotropy  

The processes in the field that determine the spatial distribution of organisms are 

commonly anisotropic (Dale et al. 2002). Factors such as tidal height, landscape 

contouring, air or water currents, gradients in soil properties etc are generally 

directional and often play an important role in determining the spatial distribution of 

an organism (Gustafson and Gardner 1996, Bélisle 2005).  

 

Simulating Anisotropy 

For simplicity, the generating processes simulating organism abundance in this thesis 

were not anisotropic (i.e. isotropic fields were generated).  

 

Most of the methods used in this thesis can be generalized to deal with anisotropy in 

the regionalized variable. In the presence of anisotropy the geostatistical methods 

behind block kriging (BK) and the novel KAR method (see Chapters five and six) 

would require multiple variograms to be calculated dependent upon the orientation of 

pairs of units. Although this is relatively simple, dealing with anisotropy increases the 

number of parameters and complexity of the situation and makes automation of the 

analysis more difficult. Anisotropy also complicates the analysis of some of the 

design–based estimators. For instance, the performance of the 2×1 stratification 

methods would depend on the orientation of the strata to the trends in the data.  
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4.1.1.4 Variance-mean relationship  

In a seminal paper, Taylor (1961) documented the existence of a positive relationship 

between the mean and the variance in measures of density for various natural 

populations. The relationship is known as ‘Taylor’s Power Law’ and is widely 

considered to be one of the few generalities in ecology, having been established for 

more than 400 species in taxa ranging from protists to vertebrates (Taylor and 

Woiwood 1978, 1980, 1982).  

 

Taylor’s Power Plot [plotting log(variance) vs log(mean)] using data based on a 

randomly positioned square patch (5×5) (from each of the 1000 realizations) is shown 

in Figure 4.3. The regression line fit to the data has a slope of 1.54. Most species have 

slopes of between one and two (Kilpatrick and Ives 2003). 
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Figure 4.3: Taylor’s Power Plot [log(mean) vs log(variance) ] with statistics evaluated 

using a 5×5 adjacent points with random starting position from each of the 1000 

realizations. A regression line through the data has intercept = -0.,14 and slope = 1.54. 

 

 

Simulating a variance-mean relationship 

A variance-mean relationship was simulated by the addition of Poisson error with a 

distribution mean equal to the value of the underlying data. I appreciate that the 

assumption of a constant variance-mean relationship will certainly not be universally 

appropriate. However, in many instances, the deviation from this assumption is not 

large so I am content that the qualitative results will have some degree of generality. 
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4.1.1.5 Spatial heterogeneity of the mean (non-stationarity) 

Due to the complexity of nature, most systems in the natural world are not spatially 

homogenous, i.e. spatial heterogeneity is the norm (Dale et al. 2002, Wagner and 

Fortin 2005). Unfortunately the presence of non-stationarity within an area typically 

invalidates or complicates prediction of non-sampled areas/points. 

 

Simulating spatial heterogeneity 

Heterogeneity was simulated to a lesser extent by the interaction of three factors:  

1. The patchy distribution created by the spherical autocorrelation function  

2. A study extent that was larger than the range (accommodating a number of 

patches) 

3. Poisson error proportional to the mean of the data. 

 

These factors combined to generate an environment that did contain patches that had 

different means and variances (see Figure 4.5 by way of example). However, spatial 

heterogeneity was not generated using more than one process method (the same 

stochastic process function and parameters were used to generate each realization), a 

limitation compared to what may be found in the field. While environmental 

heterogeneity will always be present to some extent, I would argue that it makes little 

sense to test the application of SYS generated data based on a highly spatially 

heterogeneous environment (such as shown in Figure 2.3). By discounting this level 

of spatial heterogeneity (of the mean) I am discounting those processes that generate 

‘plateaus’ of values in the regionalized variable, since they are typically exogenous. 

Legendre uses the term ‘false autocorrelation’ as a reference to the spatial structure of 

these exogenous processes (Legendre 1993). When faced with designing a scheme to 
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sample such an environment, a forewarned and sensible biologist would opt to use a 

stratified design. [If there were autocorrelation present within each stratum, then SYS 

might be useful at that scale (the ‘within-stratum’ scale)].  

 

This is a primary consideration for the choice of scale in my simulations – simulated 

data should contain characteristics such that SYS might be considered for use by a 

sensible ecologist. 

 

 

4.1.2 The importance of scale 

One major problem with the description or simulation of a pattern of spatial 

abundance is the choice of scale, because of its great influence on the data. In 

particular the scale of: 

• the survey extent,  

• sample unit size/grain (a subset of sample ‘support’) and  

• sample resolution (i.e. lag)  

will all likely contribute to the observed spatial structure of the data (Addicot et al. 

1987, Schneider 1994, Legendre et al. 1997).  
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There is no ubiquitous choice of scale within ecology. As Levin (1992) states: 

“there is no single natural scale at which ecological phenomena should be 

studied; systems generally show characteristic variability on a range of 

spatial, temporal, and organizational scales."  

 

4.1.2.1.1 The analytical scale 

Clearly physical scale is important with regards to the actual surveying, but scale 

should also be considered in the numerical sense. That is, the scale of the analysis of 

the data.  

 

Are the questions of the analysis answered on the raw scale, or after some 

transformation [e.g. log, log(x+1)]? This in itself may have some important impact on 

the results. For instance, consider Before-After-Control-Impact (BACI) designs which 

are commonly used to determine the existence of a putative ‘impact’ on a particular 

ecological site. BACI designs work by comparing the change over time of a site 

characteristic (e.g. keystone species abundance) for both a control site and an ‘impact’ 

site. If the measured characteristic of both the control site and the ‘impact’ site track 

each other closely in time, then no impact is deemed to have occurred. If however, the 

characteristic does not track each other over time (i.e. a site × time interaction is 

found), then some putative impact may have occurred. However BACI designs are 

sensitive to the scale of the analysis.  

 

Since ecologists are commonly interested in numbers on both the population and 

individual scales, I have examined and analyzed the data on both the raw and the 

log(x+1) scales (the common nature of sampling a zero usually precludes a simple log 

transformation]. 
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4.2 Simulation parameter values 

The variation of realization parameters was a function of a variety of the stochastic 

process parameters. This includes: 

1. the size of the study extent, 

2. the process mean and 

3. the parameters of the autocorrelation function (i.e. sill, range, nugget effect 

size and shape of the autocorrelation function). 

 

4.2.1.1 The study extent 

The area of interest from which samples may be taken is known as the study extent 

(Wiens 1989, Dungan et al. 2002). The extent of a sampling protocol is of critical 

importance as it controls the maximum amount of heterogeneity that is explored and 

the larger accessible spatial scales.  

 

The extent of each simulated realization was chosen to be 120 × 120 (14,400) units in 

size. This size was large enough to allow: 

• The comparison of a variety of different SYS sample sizes. 

• A reasonable number of replicate systematic samples to be taken for any of the 

examined sample sizes.  

• An extent that is several times larger than the range of autocorrelation (which 

in turn meant a number of ‘patches’ were often generated within a realization). 

 



Chapter 4: Simulating ecological spatial dispersion 

 

116 

4.2.1.2 The process mean 

The average abundance of organisms per sample unit was simulated to be 2.5 on the 

loge scale. This process mean value was chosen because it was large enough to give a 

moderate level of counts, but small enough to simulate large numbers of zero counts 

[something regularly seen in the field (Haury et al. 1977, Krummel et al. 1987)]. After 

exponentiation and the addition of Poisson error to each data point, E(ξ) (i.e. the 

realization mean) varied from 7.88 to 63.32 across the 1,000 or so generated 

realizations.  

 

4.2.1.3 The simulated variation 

The sill of the autocorrelation function equates to the variance of the generating 

process (prior to exponentiation and the addition of Poisson error). After some 

experimentation the sill parameter of the stochastic process was set at 2.2 (on the log 

scale). This value was deliberately chosen to give large levels of variation both within 

and between realizations at the chosen study extent size. The population variance of 

realizations [var(ξ) ] ranged from 5.73 to 363,930 on the raw scale.  

 

Having a large level of process variance meant that the estimators examined a 

relatively wide range of different environments, and added generality to the 

conclusions. 

 

Histograms of the distribution of realization means and variances [E (ξ) and var(ξ)] 

are shown in Figure 4.4. 
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Figure 4.4: The distribution of realization means, E(ξ), and realization variances, var(ξ), 

for the 1000 stochastic realizations that were generated (used in Chapter six). 

 

 

While the range of variances across realizations may appear extreme, consider Figure 

4.5 and Figure 4.6. These show the distribution of data for the least and most variable 

realizations respectively. Figure 4.7 shows the histograms of the generated data from 

these realizations. Even in these most extreme datasets, the same general structure of 

over-dispersion and patchiness is generated. 
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Figure 4.5: The generated distributions of the least variable realization (out of the 1000 

generated realizations). 
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Figure 4.6: The generated distributions of the most variable realization (out of the 1000 

generated realizations). 
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Figure 4.7: The distribution of simulated counts for the least variable realization and 

most variable realization. 

 

 

4.2.1.4 The size of the nugget effect 

A simple nugget effect was not explicitly modelled. Instead poisson variation was 

introduced by substituting each (exponentiated) data-point of the random field to be 

the mean of a Poisson distribution. A random value was then generated from the 

Poisson distribution (using the R function: rpois). 
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4.2.1.5 The process range of autocorrelation 

The range of autocorrelation was important relative to the study extent. The range of 

autocorrelation was chosen to be 30 units, one quarter the length of a realization axis. 

This size generated moderate variation with regard to the number of ‘patches’ within 

each realization. 

 

I am aware that there are a variety of ways to investigate the effects of the various 

parameters (survey extent, sampling resolution, autocorrelation function parameters 

etc). I could, for instance, have examined a variety of different SYS sample sizes while 

keeping the skip interval constant (by altering the survey extent). This would have the 

advantage of separating the effect of sample size from autocorrelation but would 

confound the effect of sample size with any effects caused by the survey extent 

relative to the range of autocorrelation.  

 

When estimating abundance in the field, biologists do not typically have the luxury of 

varying their survey extent. The approach of this thesis is to imitate this, i.e. it 

investigates (for each examined SYS estimator) the effect of sampling resolution given 

a particular area of interest. 
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4.2.2 The simulation algorithm 

In an attempt to conform to the characteristics of common spatial abundance patterns 

found in ecology described in 4.1.1, I applied the following algorithm (R code is 

shown in blue italics): 

 

1. To simulate the autocorrelated processes driving abundance on the log scale, a 

stationary, autocorrelated random field was generated within the R statistical 

package (using the GaussRF function in the ‘RandomFields’ library). 

ftot <- GaussRF(x=xseq, y=yseq, model=covmodel,  

n=numsims, grid=TRUE, param=c(logmn, sill, nugget, range)) 

The parameters of the field (on the log scale) are shown in Table 4.1. 

 

Table 4.1: Parameter of the random field, ζ on the log (x+1) transformed scale. 

(Variable names used in R-code are shown in brackets) 

 

(xseq) = (yseq): {1,2, …, 120} 

Survey extent:  120×120 (14,400 units) 

Covariance model type 

(covmodel): 
“spherical” 

Variogram sill (sill): 2.2 

Variogram range 

(range): 
30 units 

Nugget variance (nugget) 0 

Log Mean (logmn): 2.5 

Realization generation  

(numsims): 
1000 
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Figure 4.8: An example of the regionalized variable on the log scale [generated using 

the parameters outlined in step (1) ]. 

 

 

2. The regionalized variables from the random field realization(s) were then 

exponentiated. 

exp.ftot<-exp(ftot) 
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3. Each exponentiated value was used as the expected value of a Poisson 

distribution. A single value was randomly chosen from this Poisson 

distribution (thereby adding Poisson error proportional to the mean). 

for (i in 1:numsims) 

{ 

  for (rw in 1:120) 

    for (cl in 1:120) 

    { 

     exp.ftot[rw,cl,i]<-rpois(1,exp.ftot[rw,cl,i])  

     } #End of rw and cl loops 

} 
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Figure 4.9: The data in Figure 4.8 after steps 2-3 of the algorithm. This is an example of 

the final regionalized variable (on the untransformed scale).. 



Chapter 4: Simulating ecological spatial dispersion 

 

125 

 

4. In order to estimate effects on the log scale, the log(x+1) transformation was 

applied to the distribution generated at the end of step (3).  

log.ftot<-log(exp.ftot+1) 

An example of the regionalized variable after step (4) is shown in Figure 4.10. 
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Figure 4.10: The data shown in Figure 4.9 after a log(x+1) transformation. 
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4.3 Estimation of the theoretical variogram 

4.3.1 The estimation of θ 

θ is the true design-based variance of sample means for SYS. That is: 

θ = ∑
=

− −
k

m
m )y(k

1

21 μ         [1] 

where k is the ‘skip interval’ (k = 
n
N

) 

 

θ was calculated for each realization by taking all possible SYS within each realization 

(for each examined sample size). For instance, when n =36 (6×6), the mean of all 400 

possible SYS was calculated for each (of the ~1000) realizations. 

 

 

4.3.2 The choice of estimation model 

A standard approach to variogram estimation is to choose a parametric variogram 

model (which by definition is conditionally negative-definite) and fit it by REML, 

maximum likelihood (ML), or weighted non-linear least squares (WNLS) (D. Myers 

pers comm.). There are a number of widely used parametric variogram models based 

on isotropic processes such as the exponential, spherical and Gaussian. The Matérn 

class (Matérn, 1960) appeared to be the best choice of parametric models to estimate 

the dependence structure of a process as it includes or approximates a number of 

common models. It has two parameters that can be adjusted to make it equivalent to 

the spherical or exponential models. Unfortunately, the maximum likelihood method 

of parameter estimation was too unstable to be suitable for the unsupervised 
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estimation of Matérn model parameters – forcing the use of a less flexible variogram 

function. 

 

As a replacement, the spherical model was deemed to be the next best choice as the 

theoretical model structure (on the log scale) (see Chapter two – section 2.4.2.3). The 

spherical function was chosen because of its common use within geostatistics 

(Webster and Oliver 2001, Morsan 2003), and because it has a clearly defined sill that 

gave a more stable parameter estimate than the exponential of the Gaussian models 

(these model sill estimates tended to vary widely due to the sill being reached 

asymptotically). 

 

 

4.3.3 The search neighbourhood distance 

Isaaks and Srivastava (1989) and Clark (1979) suggest that the maximum search 

radius be less than half the extent of the data. Following their advice, the upper limit 

of the search neighbourhood for the variogram parameter estimation was chosen to be 

80 units (just under half the distance between furthest points in the survey extent). 

This helped to ensure that the experimental variogram binned-means (see Chapter two 

- section 2.3.2.1) were based on a reasonable number of distance comparisons.  

 

 

4.3.4 Fitting criteria (Maximum likelihood method or WLS) 

The automated fitting procedure required reasonable initial parameter estimates for 

the variogram sill and the range. The initial estimate for the sill was chosen to be the 
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sample variance, and the initial estimate for the range was arbitrarily chosen to be one 

third of the area size (i.e. 30 units). In practice, parameters estimates are typically 

determined after examining the experimental variogram – but the sheer number of 

simulations made this too difficult to accomplish manually.  

 

Within each realization, variogram parameters typically needed to be estimated for: 

1. The reference sample, n = 2500 on the raw and log(x+1) scale 

2. A SYS sample on (a) the raw and (b) log(x+1) transformed data for: 

i. n = 36, 

ii. n= 64,  

iii. n= 100 and 

iv. n = 144 

3. A RandSYS sample on (a) the untransformed and (b) the log(x+1) transformed 

data for: 

i. n = 36, 

ii. n = 64,  

iii. n = 100 and 

iv. n = 144 

 

4.3.5 likfit vs variofit 

The variog function within package:geoR (Ribeiro Jr. and Diggle 2001) was used on 

each sample data set to generate an experimental variogram. Separate maximum 

likelihood fits of the theoretical variogram model (assuming a spherical shape) were 

initially assessed using both the variofit and likfit functions (package: geoR). Likfit 



Chapter 4: Simulating ecological spatial dispersion 

 

129 

took much longer to find a solution and consistently overestimated the sill of 

variogram - Figure 4.11 shows a particularly bad example for likfit. 
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Figure 4.11: A comparison of likfit and variofit parameter estimation within the geoR 

library. This particular fit was one of the worst for likfit. 

 

 

Since most changes in populations are conventionally assumed to be the result of birth 

and death processes, it seems reasonable to suggest that the process operates on a 

multiplicative scale (Legendre and McArdle 1997). As a consequence, the variogram 

structure was chosen to represent the spatial distribution of organism density on the 

log scale. These values were then exponentiated to exhibit autocorrelated, over-
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dispersed values typical of biological data. Figure 4.8 and Figure 4.9 show examples 

of a realization on the log scale and raw scale (after exponentiation) respectively. 

 

4.3.6 The discretization grid 

The discretization grid acts to ‘discretize’ the study domain by breaking it up into m 

discrete points set in a grid. It is commonly used to numerically approximate the 

double integral of the variogram: 

 

γ  (A, A)  = ∫ ∫
M M

dydx)y,x(
|A|

γ
2

1     [2] 

where x refers to the position of all points in the area, A. 

 

The double integral of the variogram model over the survey extent (equation [2]) 

equates to the modeled variance of all points in the extent (σ2). The discretization grid 

approximates this by: 

 

7 2   = ∑∑
= =

−
m

i

m

j
ji )xx(

m 1 1
2

1 γ  

 

To determine the efficacy of the grid, the following discretization grids were used to 

estimate the total variance on a randomly chosen realization (realization #444). The 

estimated variance (using the discretization grid and a reference variogram) was then 

compared with the actual realization variance (Figure 4.12). 

 

The examined discretization grids were of size: 
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m = {4,9, 16, 25, 36, 64, 100, 144, 225, 400, 576} 
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Figure 4.12: The effect of discretization grid size on the estimation of the total variance. 

The dashed blue line is the total variance of the realization (σ2). The circles show the 

estimated total variance using discretization grids of various sizes. 

 

 

The results show that as the discretization grid sample size increases, it accurately 

approximates the actual total variance (as long as the variogram model is correct).  

 

For model-based calculations, I chose the grid size m = 400 (20×20). That was the 

largest grid size m that still allowed relatively quick numerical approximations. 
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Chapter 5: The use of variography in the 

estimation of θSYS 

 

5.1 Introduction 

This chapter develops and tests a novel method to estimate the variance of systematic 

sample means, θ (also sometimes referred to as: θSYS in order to clarify it from θSRS). 

This method (and its variants) is based on Krige’s Additivity Relationship (KAR). As 

will be shown, estimating θ using KAR does not simply fall into solely the design or 

model-based category, but shares similarities with both types of estimators. 

 

Section 5.1 is an introduction to the basic idea and theory behind the KAR estimator. 

Section 5.2 outlines the methods used to test the efficacy of the KAR estimator (and 

several variants on the idea). Sections 5.3 and 5.4 show and discuss the results from 

comparing the different estimators with 4SRS (using the SRS formula s2/n as an 

estimate of θSYS) with the simulated realization. 

 

To test the basic efficacy of KAR and to gain an in depth view of the variants only a 

single surface realization is examined within this chapter. Later chapters will 

investigate this method using multiple realizations. 
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5.1.1 Sample support & dispersion variance 

Different physical sample unit sizes (e.g. a 0.1 m2 quadrat vs a 1 m2 quadrat) are 

likely to generate different sample populations, particularly with respect to the 

population variance. Data collected from smaller units are likely to be more variable 

than data from larger units. In fact the shape and orientation of the sample are also 

likely to be important considerations when characterizing any geographical area – 

different values for these parameters may give different variograms. In the geological 

field, this concept of specific sample unit type is known collectively as the support of 

the sample [i.e. a particular support describes a sample with a specific sample unit 

size (and/or volume), shape and orientation] (Clark 1979, Chilés and Delfiner 1999). 

 

The variance of a smaller support within a larger area is known as the dispersion 

variance (named because it is a measure of the ‘dispersion’ of values in cells 

partitioning a region) (Myers 1997). 

 

For example, consider a finite area A that can be partitioned into N cells with support 

ai. The variance of support ai within the area A is therefore: 

 

  (a | A)  =  ∑
=

−
N

i
i )]A(z)a(z[

N 1

21     [1] 
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5.1.2 Krige’s Additivity Relationship 

Krige’s additivity relationship (KAR) describes the simple additive relationship that 

exists between different supports for any finite region. Specifically it states that for 

any finite area (A) that is divided into blocks (α), which in turn are further subdivided 

into units (a), the dispersion variances have the following additive relationship:  

if a ⊂  α ⊂  A , then:  

 

σ2 (a | A) =  σ2 (a | α) + σ2 (α | A)    [2] 

 (Myers 1997, Armstrong 1998, Chilés and Delfiner 1999) 

i.e. the variance of units within the area  = the expected variance of units within 

blocks + the variance of average block values through the area (see section 5.5 – 

Appendix A). 

 

Note that with KAR the blocks, α, are defined as being simply a support that somehow 

partitions the area, A. The support of a single block does not necessarily need to 

consist of contiguous units. A block could, for instance, refer to the area defined by a 

two-dimensional systematic sample of specific support (see  

Figure 5.1). 
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Figure 5.1: Representation of a finite area that can be partitioned into 16 quadrats. The 

shaded area (depicting a systematic sample within the area) can represent a block (α) in 

KAR. 

 

In such a case, the components of equation [2] would refer to: 

• A = the finite region under consideration (the survey extent) 

• α = systematic samples 

• a = observations in systematic samples.  

 

Therefore with respect to SYS, KAR states that the variance of observations in the area 

must be equal to the average variance of observations within samples (α) plus the 

variance of the systematic sample means within the area. 

That is, we can define: 

σ2 (a | A) = E(xik - μ )2 

 σ2 (a | α)  = E(xik - kx )2 

σ2 (α | A) = E( kx  - μ)2 

where xik refers to the ith data value in the kth SYS sample,  

kx  is the mean of the kth systematic sample and 

μ is the mean of the survey extent 
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5.1.3 An example of KAR 

If the sixteen sample units partitioning the area in Figure 5.1 had the following 

hypothetical values (shown in Figure 5.2): 

 

72 81 75 89 

101 111 98 104 

83 91 90 87 

100 113 109 132 

 

Figure 5.2: Values for a regionalized variable (e.g. counts of an organism). 

 

In this case there are k = 4 possible systematic samples of sample size n = 4 that could 

be taken from this data. 
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Table 5.1: The k possible systematic samples of n = 4, using data from the regionalized 

variable shown in Figure 5.2. SYS can be thought of as a special case of cluster 

sampling (consider rows as a cluster), with only one randomly chosen cluster being 

sampled. 

 

 X1 X2 X3 X4  

k = 1 72 75 83 90 x  = 80 

k = 2 81 89 91 87 x  = 87 

k = 3 101 98 100 109 x  = 102 

k = 4 111 104 113 132 x  = 115 

 

Using the data in Table 5.1, KAR states that the three different dispersion variances (in 

[2]) are additive and can be calculated as: 

 

σ2 (a | α), the average within-sample realization variance  = 47.125 [3] 

σ2 (α | A), the variance of the sample realization means = 183.5 [4] 

σ2 (a | A), the variance of the regionalized variable    = 230.625  [5] 

 

Of primary interest is equation [4]. It is of interest because it calculates θ, the variance 

of the sample means.  

 

For notational convenience, I will refer to: 

• the average within sample variance as σs
2 

i.e.   σs
2  =   σ2 (a | α)   =   E(xik - kx )2   

• the total variance of the regionalized variable over the survey extent as σ2 

i.e.   σ2  =   σ2 (a | A)   =   E(xik - μ )2  
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5.1.4 Variance Components 

Ecologists are likely to recognize KAR as being directly analogous to the partitioning 

of the total variance into within and between groups sums of squares for a simple one-

way analysis of variance (ANOVA) (see section 5.6 – Appendix B).  

 

Trivial algebraic rearrangement of the dispersion variances allows the estimation of 

θSYS.  

i.e.   [4]  =  [5] - [3]     [6] 

 

Therefore the problem of estimating θ can be reduced to estimating: 

1. the average within-sample variance, equation [3], and 

2. the total variance of units in the domain of interest, equation [5]. 

 

Both of these terms are estimable using a fundamental tool in geostatistics, the 

variogram. 
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5.1.5 Estimating the average within-sample variance, (σs
2) 

5.1.5.1 Using the variogram cloud to model σs
2 
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Figure 5.3: A variogram cloud for a random sample (n = 64). The rectangles show 

distance-classes. The width of the rectangle covers the x-range of the smoothing bin, the 

top of each rectangle is the average γ-value for those points lying in their respective bin. 

 

 

The variogram cloud is a scatter-plot of variogram values (γh) against distance, h (see 

Figure 5.3). If there are n points in a sample, then there are Nh = 
2

1)n(n −  different 

distances between the sample points.  
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The average value of the variogram cloud (γ Cloud) using all Nh distances will be:  

γ cloud  =  ∑ ∑
=

−

+=

−
n

i

n

ij
ji

h

)xx(
N 1

1

1

2

2
1      [7] 

=  ∑
=

−
−

n

i
i )xx(

n 1

2

1
1   

=  s2       [8] 

i.e. for any set of n points, γ Cloud is equal to the sample variance, s2, of those n points 

(see section 5.7 - Appendix C for details). 

 

The sample variance from a systematic sample, s2
SYS is not an unbiased estimate of the 

total variance of the regionalized variable. Unbiased estimates of the total variance 

using s2 are only obtained when a sample can, in theory, contain any pair of values 

from the sample frame (see Chapter two – section 2.3.1.1 Horvitz Thompson 

estimation). The systematic methodology means that certain combinations of points 

will never be in any sample (e.g. neighbouring points of the sample frame). Although 

s2
SYS is not an adequate estimate of the total variance, it is a relatively unbiased 

estimate of the expected within-sample variance [E (xij - kx )2]. 

 

The term: 

     ∑
=

−
n

i
i )xx(

n 1

21        [9] 

= ∑∑
= =

−
n

i

n

j
ji )xx(

n 1 1

2
2

1  

= s2 × 
n

n 1−   
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is preferable (to s2) as an estimate of σs
2 when n is small because it is a totally 

unbiased estimator of σs
2. However one might expect s2 to approximate σs

 2 reasonably 

well if n is large. 

 

5.1.5.2 Using the theoretical variogram to model σs
2 

While the use of γ Cloud (or s2 × 
n

n 1− ) should give a relatively unbiased estimate of 

the expected within-sample variance, it is also likely to be highly unstable. The 

central limit theory does not apply to variances and thus the use of a single sample 

variance is likely to be a highly erratic estimate of the expected value of the 

distribution of within-sample variances. An alternative to using a single sample 

variance (or equivalently the average value of the variogram cloud) as an estimate of 

σs
2, is to stabilize the estimate by calculating average γ-values for various distance 

classes from the variogram cloud. This is equivalent to using the average value of the 

fitted theoretical variogram model (γ Model) instead of the variogram cloud (see Figure 

5.4 as an example).  
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Figure 5.4: The theoretical variogram model (shown by the dashed curve) is based on 

the variogram cloud shown in Figure 5.3. The circles equate to the binned distance-

class averages. The theoretical variogram model fit (a spherical function) is shown by 

the dashed line. 

 

The theoretical variogram is a model of the spatial structure for the entire surface 

realization. It gives the expected value of γh for any given distance h, throughout the 

realization. Applying the Nh within-sample distances to the theoretical variogram 

function calculates γ Model . This gives an estimate of the expected within-sample 

variance for all possible systematic samples of the same size (conditional on getting 

the choice of the variogram function right). 

 

In the same manner that the average value of the variogram cloud is the sample 

variance, s2, the average variogram value of the theoretical variogram model is the 
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expected sample variance (under the assumption that the chosen variogram model is 

correct).  

 

That is: 

7s
2 =  γ Model  =      γModel (a, a) 

where a is the systematic sample 

 

Note that if only the Nh (non-zero) distances of the variogram are used to estimate σs
2, 

i.e. using  ∑ ∑
−

= +=

−
1

1 1

1 n

i

n

ij
jiModel

h

)xx(
N

γ      [10] 

then the variogram model is estimating E(s2) rather than σs
2. 

 

A less biased estimate should be gained by using all n2 intra-sample distances,  

i.e. using  ∑∑
= =

−
n

i

n

j
jiModel )xx(

n 1 1
2

1 γ      [11] 

Including all n2 distances is equivalent to multiplying [10] × 
n

n 1−   

(i.e. [11] = [10] × 
n

n 1− ), and therefore [11] estimates σs
2 rather than E(s2).  

 

Equation [11] should therefore give the least biased and (hopefully) most stable 

estimate of σs
2, the average within-sample variance. 
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5.1.6 Estimating the total variance (σ2) 

5.1.6.1 Using the variogram to model σ2 

The dispersion variance of a random variable Z(x) throughout an entire region A is 

equivalent to the double integral of the variogram: 

(in the continuous case) 

σ2 =  )A,A(γ   

=  ∫ ∫ −
A A

'dxdx)'xx(
|A|

γ2

1     [12] 

(Webster and Oliver 2001) 

 

(and in the finite population case) 

σ2 =  ∑∑
= =

−
N

i

N

j
ji xx

N 1 1
2 )(
||

1 γ      [13] 

(where N is the finite population [realization] size) 

 

To calculate the total variance of the regionalized variable, the average value of the 

variogram within the confines of the survey extent is needed. This is most accurately 

obtained through double integration of the theoretical variogram. Monte Carlo 

methods for surface integration have been suggested and successfully applied for 

block kriging methods (Aubry and Debouzie 2000, Aubry and Debouzie 2001), but in 

practice the integral is usually approximated through the use of a discretization grid 

(Isaaks and Srivastava 1989, Myers 1997, Armstrong 1998). Here, a discretization 

grid of m points is laid over the domain of the regionalized variable. The average 

variogram value, γ , is then calculated for each and every unique combination of grid 

points for the variogram. The total variance is then calculated using the same method 
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that was applied to calculate the within-sample variance – the difference being that a 

finer discretization grid is used instead of the sample locations, i.e. the different 

distances are applied to the theoretical variogram and the average of these values is 

calculated.  

 

That is: 

7 2 =  )A,A(Modelγ   

  =  ∑∑
= =

−
m

i

m

j
jiModel )xx(

m 1 1
2

1 γ     [14] 

 

As is true for most averages, the more sample units used in the calculation the better. 

In fact it is imperative that the discretization grid has a finer grid resolution than the 

systematic sample (such that m > n). Using a coarser discretization grid resolution 

means that the modelled estimate of the total variance is likely to be smaller than the 

modelled estimate of the within-sample variance (see section 5.1.7 for greater detail).  

 

In short, the proposed method of estimating θ through KAR (4KAR) is simply 

calculating the difference between the discrete theoretical variogram (using all 

distances between sample points) and the integrated theoretical variogram (using the 

distances between points on the discretization grid). 

 

5.1.6.2 The sill as an approximation of the total variance 

One simple alternative method to estimate the total variance would be the use of the 

sill of the variogram as an approximation. As the extent grows larger with respect to 

the range of autocorrelation, greater proportion of paired data points will be beyond 
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the range (and thereby have a γ value equal to the value of the sill); which in turn 

means the value of the sill should asymptotically approach the total variance of the 

area. 

 

The obvious advantage of using the sill is the ease of estimation. Most (if not all) 

statistical or geostatistical software packages have readily coded methods of 

automatically estimating model parameters such as the sill. The sill would be a 

convenient estimate that does not require any custom built code to approximate the 

double integral shown in [14].  

 

However, using the sill also has some disadvantages. Firstly (and most obviously) to 

use this approach the experimental and theoretical variogram needs to have a sill. A 

sill will not occur with a regionalized variable that is not (at least) weakly stationary 

(Webster and Oliver 2001). A second disadvantage lies in the fact that the sill should 

only be a reasonable approximation of the total (realization) variance if the survey 

extent is large relative to the range of autocorrelation (Barnes 1991). If this is not the 

case, then the total variance is likely to be considerably smaller than the sill – because 

the sill does not consider the more similar, autocorrelated pairs of points. 
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5.1.7 Ensuring a positive variance 

The calculation of 4 KAR does not require inversion of the theoretical variogram matrix 

(as is required for the kriging set of equations). Consequently there is no requisite for 

the theoretical variogram to be conditionally negative-definite to ensure a single 

solution. However, the use of a conditionally negative-definite theoretical variogram 

model should ensure that 4KAR is a positive variance estimate. In fact, any 

monotonically increasing variogram function will give a positive variance. This is 

demonstrated as follows: 

 

In practice both the total variance (σ2), and the average sample variance (σs
2 ) are 

estimated using the same general formula: 

7 2 = ∑∑
= =

−
m

i

m

j
jiModel )xx(

m 1 1
2

1 γ  (estimating the total variance) 

7s
2 = ∑∑

= =

−
n

i

n

j
jiModel )xx(

n 1 1
2

1 γ  (estimating E[within-sample variance]) 

 

The only difference in the practical estimation of σ2 and σs
2 is the difference in the 

resolution of the discretization grid (grid size = m) and SYS grid (grid size = n). With 

any increase in grid size the average distance between points will also increase (the 

calculation of the average distance includes those zero distances obtained by 

comparing each sample point with itself because we are estimating σs
2, not s2). 

Therefore as long as γModel is a monotonic, non-decreasing function then if m > n it 

ensures that 7 2 > 7s
2. 
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Note: The method of adapting Krige’s Law calculates the average gamma value for 

the discretized area [i.e. γ (A, A) ] does not estimate inference using multiple 

realizations (see Chapter two) as is common with model-based (geostatistical) 

methods (Webster and Oliver 2001). Instead the estimation of inference is restricted 

to the variance of the realization, i.e. the small inference space. The average 

covariance of all the values is the variance of the block (across multiple realizations) 

(Myers 1997). 
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5.2 Methods 

5.2.1 The stochastic realization (raw and log[x+1] scale) 

A single realization of a regionalized variable representing a biological population 

was generated (using the methods described in Chapter four – section 4.2.2). The 

realization is shown in Figure 5.5. 

 

X
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Figure 5.5: The surface realization depicting untransformed organism density. The 

realization consisted of 120 x 120 (i.e. N = 14,400) different points. 
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This realization of the regionalized variable was also analyzed after transformation 

using the log(x+1) transformation. The regionalized variable after transformation is 

shown in Figure 5.6. 
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Figure 5.6: The surface realization depicting organism density after a log(x+1) 

transformation. The realization contains 120 x 120 (N = 14,400) different points.  
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5.2.2 Reference variograms 

For each of the raw (untransformed) and log(x+1) transformed realizations a bin-

smoothed ‘reference’ experimental variogram was calculated for the regionalized 

variable. Ideally the reference variogram would be based on the entire dataset to show 

the ‘true spatial structure of the realization’; however a random sample of size, n = 

2500 was substituted due to the size of the exhaustive dataset (N = 14,400). 

 

Using the data from the reference experimental variogram a reference theoretical 

variogram was modelled. The spherical function was chosen as the theoretical model 

for the variogram, and parameters for the theoretical model were chosen using 

maximum-likelihood methods through the variofit function in geoR (Ribeiro and 

Diggle 2001) (see Chapter four – section 4.2.4). The data shown in the data shown in 

Figure 5.5 (untransformed) and Figure 5.6 [log(x+1) transformed] have their reference 

theoretical variogram shown in Figure 5.7 and Figure 5.8 respectively. 

 

The use of the reference theoretical variogram models was to determine whether the 

examined estimators (see section 5.2.4) could theoretically work (with biological 

data) i.e. they examined the efficacy of these estimators assuming that the actual 

spatial structure of the data was already known. 
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Figure 5.7: The reference variogram for the untransformed data. The reference 

variogram is based on a random sample (n = 2500). The solid line represents the 

automated fit (using maximum likelihood) – a spherical model was subjectively chosen 

for the theoretical model structure. 
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Figure 5.8: The reference variogram for the log(x+1) data. The reference variogram was 

based on a random sample of n = 2500 rather than the complete dataset. The solid line 

represents the automated fit (using maximum likelihood) – a spherical model was 

subjectively chosen for the theoretical model structure. 
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5.2.3 Systematic sample variograms 

For the untransformed data, all possible systematic samples (i.e. using all possible 

different SYS starting points) were sampled for: 

1. n =36 

2. n = 64 

3. n = 100 

4. n = 144. 

 

Using both the untransformed and log(x+1) transformed data from each SYS, a 

spherical variogram model was automatically fit (using the variofit package within 

geoR). These models were used as the basis to calculate estimators described in 5.2.4. 

 

 

5.2.4 Estimating the variance of sample means (θ) 

Recall that KAR gives an unbiased estimate θ using the difference between: 

i. the total variance, and  

ii. the average within-sample variance. 

 

The total variance was estimated using the following different methods: 

1. Equation [14] using a 20 × 20 discretization grid (i.e. m = 400), and  

2. an automated estimate of the sill (using maximum-likelihood). 
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The average within-sample variance, σs
2 was estimated using four different methods. 

The first two methods were model-based (relying solely upon the variogram 

function), the latter two were empirically based: 

a. Equation [11]   [a variogram model estimate of E(σs
 2) ] 

b. Equation [10]   [a variogram model estimate of E(s2) ] 

c. s2 × (n-1)/n   [an empirical estimate of E(σs
 2) ] 

d. s2     [an empirical estimate of E(s2) ] 

 

All combinations of (i) the total variance and (ii) the within-sample variance estimates 

were examined, i.e. the following estimates were calculated using both the reference 

variogram and a theoretical variogram derived solely from SYS data: 

i. 41a = [14] - [11] 

ii. 41b = [14] -[10] 

iii. 41c = [14] - s2 × (n-1)/n 

iv. 41d = [14] - s2 

v. 42a = (C0 + C1) - [11] 

vi. 42b = (C0 + C1) - [10] 

vii. 42c = (C0 + C1) - s2 × (n-1)/n 

viii. 42d = (C0 + C1) - s2 

 

It is expected that 41a will be the most stable and least biased of the estimators, 

because neither variance component in the KAR calculation is based solely on 

empirical data. 
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Including the SRS estimate (4SRS), a total of nine different KAR estimators were 

therefore calculated for both the untransformed and the log(x+1) transformed data.  

 

Note: Using the reference variogram model to calculate the terms given by: [10], [11], 

[14] and (C0+C1) means that these terms will be invariant (across all possible SYS 

starting points). Therefore those estimates that are fully model derived (4.a and 4.b) 

will be constant,  independent of the sample values, e.g. using the reference variogram 

to calculate 41a means that the estimate is completely independent of the sample 

values, so its distribution (across all possible SYS starting points) is the same value 

each time. 
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5.3 Results  

5.3.1 Raw data: examining the distribution of (4 – θ) 

5.3.1.1 SYS variogram models 
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Figure 5.9: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including SRS) using SYS variogram model (untransformed data) when n= 36. 

The dashed horizontal lines indicate where there is no difference between the estimator 

(4) and the true variance of sample means (θ). Note the change in the scale of the y-axis 

between the different plots. 

 

Note: Estimators 42a, 42b, 42c & 42d had 15, 15, 19 and 17 differences > 1000 

respectively. The largest observed difference (4 - θ) was ≈ 370,000. 
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Figure 5.10: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including SRS) using SYS variogram model (untransformed data) when n= 64. 

The dashed horizontal lines indicate where there is no difference between the estimator 

(4) and the true variance of sample means (θ). Note the change in the scale of the y-axis 

between the different plots. 
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Figure 5.11: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including SRS) using SYS variogram model (untransformed data) when n= 

100. The dashed horizontal lines indicate where there is no difference between the 

estimator (4) and the true variance of sample means (θ). Note the change in the scale of 

the y-axis between the different plots. 
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Figure 5.12: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including SRS) using SYS variogram model (untransformed data) when n= 

144. The dashed horizontal lines indicate where there is no difference between the 

estimator (4) and the true variance of sample means (θ). Note the change in the scale of 

the y-axis between the different plots. 
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5.3.1.2 Estimator variance 
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Figure 5.13: A comparison of estimator variance (untransformed data) for the SYS-

based variogram estimators (including SRS) plotted on the log scale (y-axis). 

 

When examining the distribution of differences (4 – θ), the 42. estimators all show 

enormous variation when n = 36. This instability is principally caused by the presence 

of some gross over-estimates of θ. This over-estimation for 42.was not consistent for 

larger sample sizes. In fact estimators 42a and 42b gave comparatively good estimates 

of 4  when n ≠ 36. The variability in 42a and 42b did not greatly decrease as n 

increased beyond 64. In fact both estimators showed an increase in variability as the 

sample size increased from n = 100 to n = 144. 
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In general, estimators 4.a and 4.b were considerably less variable than 4.c and 4.d. The 

least variable estimator was consistently 41b , with a variance ranging from 8.4 (n = 

144) to 311.8 (n =36). 41a and 4SRS were also generally one of the least variable 

estimators. The variance of 41a ranged from 18.4 (n =144) – 1984 (n = 36), and 

var(4SRS
 ) ranged from 22 (n =144) – 2407 (n = 36). 

 

5.3.1.3 Bias 
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Figure 5.14: A comparison of estimator bias (untransformed data) for the SYS-based 

variogram estimators (including SRS). The line graph is truncated for some estimators 

due to the extreme positive bias when n = 36. Truncation for these estimators is 

signified by a hollow circle (○). The solid horizontal line represents when E(4 ) = θ. 
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Disregarding the unusual positive bias shown by the 42. estimators when n = 36, only 

4SRS, 4KAR and (occasionally) 42b were positively biased. All other estimators tended to 

underestimate θ. 42b was actually the least biased estimator for the larger sample sizes, 

closely followed by 41a. 41a was also the least biased estimator when n =36 or 64. As 

expected, 4SRS was consistently positively biased [its bias ranged from 12.5 (n = 144) 

to 31.2 (n = 36)]. 41b was biased by similar levels to 4SRS, albeit in the negative 

direction (i.e. 41b tended to underestimate θ) with bias ranging from -12.53 (n = 144) 

to -53.8 (n = 36). The bias in the 4.c and 4.d estimators actually got worse as the 

sample size increased from n =100 to n =144 for this simulated population. 

 

The large bias in 42. appeared to be caused by a number of gross overestimates of θ 

and extreme positive skewness when n = 36 (see Figure 5.9).  
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5.3.1.4 MSE  
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Figure 5.15: A comparison of estimator MSE (untransformed data) for the SYS-based 

variogram estimators (including SRS) plotted on the log scale (y-axis). 

 

 

All of the 42. estimators had extremely large MSE when n =36 due to the estimator 

instability (see Figure 5.9). 42b showed marked improvement, and actually had the 

smallest MSE of all estimators when n = 64. Neither 42a nor 42b improved much with 

an increase in sample size greater than n=64. In fact the MSE of 42b actually got 

larger as sample size increased from n =100 to n = 144. 
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41a had the smallest MSE for all sample sizes except n = 64, where it was narrowly 

beaten by 42b. 41b and 4SRS had very similar MSE for all sample sizes. 41c and 41d also 

had very similar MSE across all examined n. 4.c and 4.d had the largest MSE if n > 36. 
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5.3.1.5 Reference variogram models 

The use of a reference variogram (based on a random sample of size, n = 2500) was to 

examine how the estimators (ref-4..) perform with a variogram that is ‘correct’ (see 

Figure 5.7 and Figure 5.8). The results of the distribution of differences (4 – θ) using 

the reference variogram are shown in Figure 5.16 - Figure 5.19 below. 
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Figure 5.16: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including SRS) using the reference variogram model (untransformed data) 

when n= 36. The dashed horizontal lines indicate where there is no difference between 

the estimator (4) and the true variance of sample means (θ). Note the change in the 

scale of the y-axis between the different plots. 
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Figure 5.17: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including 4SRS) using the reference variogram model (untransformed data) 

when n= 64. The dashed horizontal lines indicate where there is no difference between 

the estimator (4) and the true variance of sample means (θ). Note the change in the 

scale of the y-axis between the different plots. 
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Figure 5.18: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including SRS) using the reference variogram model (untransformed data) 

when n= 100. The dashed horizontal lines indicate where there is no difference between 

the estimator (4) and the true variance of sample means (θ). Note the change in the 

scale of the y-axis between the different plots. 
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Figure 5.19: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including SRS) using the reference variogram model (untransformed data) 

when n= 144. The dashed horizontal lines indicate where there is no difference between 

the estimator (4) and the true variance of sample means (θ). Note the change in the 

scale of the y-axis between the different plots. 

 

A comparison of all 17 estimators for each sample size is shown in Table 5.2 –  

Table 5.5. 

 

Note: Due to the fact that there is no variance associated with the reference variogram 

estimate of 4.a and 4.b , the calculation of MSE is simply their bias2.  
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Table 5.2: Bias, variance and MSE [E(4–θ)2 ] for the 17 different estimators on the 

untransformed data. n = 36. Estimators are ranked by MSE (best to worst).  

 

Estimator Variogram Bias Variance MSE 

1a reference -1.79 NA 3.20 

2a reference 31.41 NA 986.37 

2b reference -38.89 NA 1512.38 

1a SYS 13.84 1983.58 2170.28 

1b SYS -53.75 311.85 3199.78 

SRS NA 31.18 2407.46 3373.51 

1b reference -72.08 NA 5196.21 

1c SYS -75.30 7.22E+04 7.76E+04 

1d SYS -145.44 7.11E+04 9.20E+04 

2d reference -33.20 3.12E+06 3.11E+06 

2c reference -105.34 3.30E+06 3.30E+06 

1c reference -138.54 3.30E+06 3.31E+06 

1d reference 1814.33 3.12E+06 6.40E+06 

2d SYS 6747.62 1.44E+09 1.48E+09 

2c SYS 6817.76 1.44E+09 1.48E+09 

2b SYS 6839.31 1.44E+09 1.48E+09 

2a SYS 6906.90 1.44E+09 1.48E+09 
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Table 5.3: Bias, variance and MSE [E(4–θ)2 ] for the 17 different estimators on the 

untransformed data. n = 64. Estimators are ranked by MSE (best to worst).  

 

Estimator Variogram Bias Variance MSE 

1a reference -1.52 NA 2.32 

2b reference -7.72 NA 59.53 

2b SYS -10.45 207.12 315.49 

1a SYS 10.03 335.64 434.76 

SRS NA 21.77 361.47 833.83 

1b SYS -28.33 58.75 861.07 

2a reference 31.67 NA 1003.18 

2a SYS 27.91 445.83 1222.62 

1b reference -40.91 NA 1673.73 

2c SYS -32.39 3.41E+04 3.49E+04 

1c SYS -50.27 3.46E+04 3.70E+04 

2d SYS -71.71 3.34E+04 3.84E+04 

1d SYS -89.58 3.40E+04 4.18E+04 

2d reference -3.16 1.48E+06 1.47E+06 

2c reference -43.10 1.53E+06 1.52E+06 

1c reference -76.29 1.53E+06 1.53E+06 

1d reference 1844.37 1.48E+06 4.88E+06 
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Table 5.4: Bias, variance and MSE [E(4–θ)2 ] for the 17 different estimators on the 

untransformed data. n = 100. Estimators are ranked by MSE (best to worst).  

 

Estimator Variogram Bias Variance MSE 

1a reference 1.60 NA 2.54 

2b reference 9.66 NA 93.24 

1a SYS 6.22 84.04 122.15 

2b SYS 1.22 184.98 185.18 

1b SYS -18.32 33.64 368.90 

SRS NA 17.53 81.01 387.73 

1b reference -23.54 NA 554.11 

2a SYS 25.75 222.95 884.66 

2a reference 34.79 NA 1210.38 

2c SYS -32.61 1.76E+04 1.86E+04 

2d SYS -57.74 1.73E+04 2.05E+04 

1c SYS -52.15 1.88E+04 2.14E+04 

1d SYS -77.27 1.85E+04 2.43E+04 

2d reference 10.50 8.10E+05 8.05E+05 

2c reference -14.88 8.27E+05 8.21E+05 

1c reference -48.08 8.27E+05 8.23E+05 

1d reference 1858.02 8.10E+05 4.26E+06 
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Table 5.5: Bias, variance and MSE [E(4–θ)2 ] for the 17 different estimators on the 

untransformed data. n = 144. Estimators are ranked by MSE (best to worst).  

 

Estimator Variogram Bias Variance MSE 

1a reference 0.39 NA 0.15 

1a SYS 4.39 18.36 37.42 

1b SYS -12.53 8.35 165.27 

SRS NA 12.53 22.08 178.76 

2b SYS 2.95 247.33 253.56 

2b reference 16.16 NA 261.16 

1b reference -17.03 NA 290.19 

2a SYS 19.87 245.23 637.44 

2a reference 33.59 NA 1128.20 

2c SYS -51.40 1.02E+04 1.28E+04 

2d SYS -68.82 1.01E+04 1.47E+04 

1c SYS -66.88 1.10E+04 1.53E+04 

1d SYS -84.29 1.08E+04 1.78E+04 

2d reference 18.07 4.58E+05 4.54E+05 

2c reference 0.53 4.64E+05 4.60E+05 

1c reference -32.67 4.64E+05 4.61E+05 

1d reference 1865.59 4.58E+05 3.93E+06 

 

 

Clearly using the reference variogram did little to solve the stability problems 

associated with the 4.c and 4.d estimators. In fact the variation of these estimators was 
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generally greater using the reference variogram model than the SYS-based variograms. 

However bias for the 42c and 42d reference estimates was always less than their 

corresponding SYS-based estimator. In contrast, ref-41d was generally the most biased 

of all estimators by several orders of magnitude (except when n = 36). 

 

ref-41a had the smallest MSE and was the least biased estimator by usually more than 

a whole order of magnitude. ref-41b showed consistent negative bias across all sample 

sizes. The bias showed by ref-42a was not consistently positive or negative, but did 

increase in magnitude with an increase in sample size.  
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5.3.2 Log(x+1) data: examining the distribution of (4 – θ) 

5.3.2.1 SYS variogram models (log[x+1] data) 
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Figure 5.20: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including SRS) using SYS variogram models [log(x+1) transformed data] when 

n= 36. The dashed horizontal lines indicate where there is no difference between the 

estimator (4 ) and the true variance of sample means (θ). Note the change in the scale of 

the y-axis between the different plots.  

 

Note: The box-plots for estimators 42. (above right) are truncated due to extreme right 

skewness. These four estimators each had 87 observations > 0.4 – the largest of which 

was ≈500. 
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Figure 5.21: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including SRS) using SYS variogram models [log(x+1) transformed data] when 

n= 64. The dashed horizontal lines indicate where there is no difference between the 

estimator (4) and the true variance of sample means (θ). Note the change in the scale of 

the y-axis between the different plots. 

 

Note: The box-plots for estimators 42. (above right) are truncated due to extreme right 

skewness. These four estimators each had 30 observations > 0.3 – the largest of which 

was ≈140. 
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Figure 5.22: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including 4SRS) using SYS variogram models [log(x+1) transformed data] when 

n= 100. The dashed horizontal lines indicate where there is no difference between the 

estimator (4) and the true variance of sample means (θ). Note the change in the scale of 

the y-axis between the different plots. 

 

Note: The box-plots for estimators 42. (above right) are truncated due to extreme right 

skewness. These four estimators each had 13 observations > 0.15 – the largest of which 

was ≈ 150. 
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Figure 5.23: The distribution of differences (4 - θ) for the KAR estimator (41a) and 

variants (including 4SRS) using SYS variogram models [log(x+1) transformed data] when 

n= 144. The dashed horizontal lines indicate where there is no difference between the 

estimator (4) and the true variance of sample means (θ). Note the change in the scale of 

the y-axis between the different plots. 

 

Note: The box-plots for estimators 42. (above right) are truncated due to extreme right 

skewness. These four estimators each had 4 observations > 0.15 – the largest of which 

was ≈160. 
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5.3.2.2 Estimator variance (log[x+1] data) 
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Figure 5.24: A comparison of estimator variance [log(x+1) transformed data] for the 

SYS-based variogram estimators (including SRS) plotted on the log scale (y-axis). 

 

The 42. estimators all had similar variances to each other, but were three to four orders 

of magnitude more variable than the other estimators (41. and 4SRS). There was also 

little difference between the variance of these other estimators. 41d was the least 

variable estimator when n =36, but its variance actually increased up to n = 100. The 

variance of all other estimators decreased with an increase in sample size. 
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5.3.2.3 Bias (log[x+1] data) 
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Figure 5.25: A comparison of estimator bias (log[x+1] transformed data) for the SYS-

based variogram estimators (including SRS). Due to the difference in scales these are 

presented as separate graphs. The solid horizontal lines on each graph represents where 

E(4 ) = θ. 

 

The 42. estimators all showed similar levels of bias to each other, but were around 

four orders of magnitude more biased than the other estimators (41. and 4SRS). Of the 

other estimators, only 41a and 4SRS were consistently positively biased (41c was 

negatively biased when n = 100). 41a was the least biased of all estimators for all n (no 

single estimator was consistently the second least biased). 
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5.3.2.4 MSE (log[x+1] data) 
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Figure 5.26: A comparison of estimator MSE [log(x+1) transformed data] for the SYS-

based variogram estimators (including SRS) plotted on the log scale (y-axis). 

 

The 42. estimators all showed similar levels of MSE to each other, but with an MSE 

typically six orders of magnitude greater than the other estimators (i.e. 41. and 4SRS). 

Of the other estimators 41a consistently had the smallest MSE for all n (no single 

estimator consistently had the second smallest MSE across all sample sizes). 
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5.3.2.5 Reference variogram models (log [x+1] data) 
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Figure 5.27: The distribution of differences (4 - θ) for the KAR estimator (1a) and 

variants (including SRS) using the reference variogram model [log(x+1) transformed 

data] when n= 36. The dashed horizontal lines indicate where there is no difference 

between the estimator (4) and the true variance of sample means (θ). Note the change in 

the scale of the y-axis between the different plots. 
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Figure 5.28: The distribution of differences (4 - θ) for the KAR estimator (1a) and 

variants (including SRS) using the reference variogram model [log(x+1) transformed 

data] when n= 64. The dashed horizontal lines indicate where there is no difference 

between the estimator (4) and the true variance of sample means (θ). Note the change in 

the scale of the y-axis between the different plots. 
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Figure 5.29: The distribution of differences (4 - θ) for the KAR estimator (1a) and 

variants (including SRS) using the reference variogram model [log(x+1) transformed 

data] when n= 100. The dashed horizontal lines indicate where there is no difference 

between the estimator (4) and the true variance of sample means (θ). Note the change in 

the scale of the y-axis between the different plots. 
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Figure 5.30: The distribution of differences (4 - θ) for the KAR estimator (1a) and 

variants (including SRS) using the reference variogram model [log(x+1) transformed 

data] when n= 144. The dashed horizontal lines indicate where there is no difference 

between the estimator (4) and the true variance of sample means (θ). Note the change in 

the scale of the y-axis between the different plots. 
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Table 5.6: Bias, variance and MSE [E(4–θ)2 ] for the 17 different estimators on the 

log(x+1) transformed data, n = 36. Estimators are ranked by MSE (best to worst).  

 

Estimator Variogram Bias Variance MSE 

1a reference 1.33E-04 NA 1.76E-08 

2b reference 0.004 NA 1.24E-05 

1a SYS 0.008 4.18E-05 1.13E-04 

1c SYS 0.014 3.39E-05 2.20E-04 

1d SYS -0.017 8.64E-06 2.89E-04 

SRS NA 0.018 3.38E-05 3.72E-04 

1b SYS -0.022 3.08E-05 5.17E-04 

1b reference -0.030 NA 8.72E-04 

2a reference 0.033 NA 0.001 

2c reference 0.008 0.041 0.041 

2d reference -0.022 0.044 0.044 

1c reference -0.087 0.046 0.054 

1d reference 0.800 0.044 0.683 

2b SYS 29.631 5090.813 5956.061 

2d SYS 29.636 5090.626 5956.190 

2a SYS 29.661 5090.772 5957.830 

2c SYS 29.666 5090.590 5957.956 
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Table 5.7: Bias, variance and MSE [E(4–θ)2 ] for the 17 different estimators on the 

log(x+1) transformed data, n = 64. Estimators are ranked by MSE (best to worst). 

 

Estimator Variogram Bias Variance MSE 

1a reference 0.002 NA 4.82E-06 

1a SYS 0.004 8.30E-06 2.12E-05 

1c SYS 0.008 1.68E-05 7.66E-05 

1d SYS -0.009 1.93E-05 1.05E-04 

SRS NA 0.013 9.95E-06 1.87E-04 

1b SYS -0.013 1.59E-05 1.97E-04 

1b reference -0.014 NA 2.07E-04 

2b reference 0.019 NA 3.49E-04 

2a reference 0.035 NA 0.001 

2c reference 0.008 0.039 0.039 

2d reference -0.009 0.041 0.041 

1c reference -0.060 0.042 0.045 

1d reference 0.813 0.041 0.701 

2b SYS 7.873 612.624 671.890 

2d SYS 7.877 612.629 671.961 

2a SYS 7.890 612.607 672.143 

2c SYS 7.895 612.612 672.213 
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Table 5.8: Bias, variance and MSE [E(4–θ)2 ] for the 17 different estimators on the 

log(x+1) transformed data, n = 100. Estimators are ranked by MSE (best to worst).  

 

Estimator Variogram Bias Variance MSE 

1a reference 8.51E-04 NA 7.24E-07 

1a SYS 0.001 2.38E-06 3.64E-06 

SRS NA 0.009 1.45E-06 7.39E-05 

1b reference -0.010 NA 9.46E-05 

1b SYS -0.010 3.18E-06 9.54E-05 

1c SYS -0.009 1.34E-05 1.01E-04 

1d SYS -0.020 1.78E-05 4.25E-04 

2b reference 0.023 NA 5.44E-04 

2a reference 0.034 NA 0.001 

2c reference 0.008 0.014 0.014 

2d reference -0.003 0.015 0.014 

1c reference -0.025 0.014 0.015 

1d reference 0.819 0.015 0.685 

2d SYS 5.795 452.727 483.168 

2b SYS 5.806 452.697 483.260 

2c SYS 5.806 452.732 483.298 

2a SYS 5.817 452.702 483.390 
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Table 5.9: Bias, variance and MSE [E(4–θ)2 ] for the 17 different estimators on the 

log(x+1) transformed data, n = 144. Estimators are ranked by MSE (best to worst).  

 

Estimator Variogram Bias Variance MSE 

1a reference 4.59E-04 NA 2.10E-07 

1a SYS 0.001 2.21E-07 2.35E-06 

1d SYS -0.002 1.83E-06 4.25E-06 

1b SYS -0.006 3.89E-07 3.74E-05 

1c SYS 0.006 2.30E-06 3.77E-05 

SRS NA 0.006 4.00E-07 3.92E-05 

1b reference -0.007 NA 4.72E-05 

2b reference 0.026 NA 6.85E-04 

2a reference 0.034 NA 0.001123 

2c reference 0.008 0.008 0.008 

2d reference 0.000 0.008 0.008 

1c reference -0.025 0.008 0.009 

1d reference 0.822 0.008 0.684 

2d SYS 2.782 322.621 327.135 

2b SYS 2.777 322.655 327.143 

2c SYS 2.790 322.623 327.178 

2a SYS 2.785 322.656 327.186 
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After a log(x+1) transformation ref-41a again had the smallest MSE and was the least 

biased of all those estimators examined (when n = 36 its MSE was approximately 

three orders of magnitude smaller than the next best estimator). ref-41b showed 

consistently negative bias, and ref-42a and ref-42b were consistently positively biased 

for all sample sizes. The ref-4.c and ref-4.d estimators were still comparatively 

unstable. However, ref-42c and ref-42d were relatively unbiased. In contrast ref-41c was 

consistently negatively biased and ref-41d showed large positive bias for all sample 

sizes. 
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5.4 Discussion 

5.4.1 The use of geostatistics with SYS 

One of the intuitive appeals of SYS is that it is a scheme that ensures good coverage 

by positioning sample points all over the survey extent. This means that the sample 

variance, s2, is unlikely to differ greatly to σ2. But I established a corollary to 

Cochran’s results in Chapter two, section 2.2.2.2 showing: 

 

SYS is more efficient than SRS iff  E(s2
SYS) > σ2    [15] 

 

The natural next question is: 

‘When is E(s2
SYS) > σ2?’ 

 

Recall: 

s2= ∑
=

−
−

n

i
i )xx(

n 1

2

1
1  

S2 = ∑
=

−
−
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i
i )x(
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N
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i )x(

N 1

21 μ  

 

Because s2
SRS is an unbiased estimate of S2, and S2 ≈ σ2 with large N, then an 

equivalent question is:  

‘When is E(s2
SYS) > E(s2

SRS).’ 

 

An intuitive explanation follows: 
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Figure 5.31: The relationship between the (exponential) variogram function and the 

realization variance (for a finite regionalized variable). The realization variance is 

depicted as the lower horizontal line. The shaded areas (A and B) are equal because the 

area under the curve also equates to the realization variance (σ2). 

 

 

Consider a ‘typical’ variogram (e.g. Figure 5.31). It is often the case in ecology (and 

geography) that the degree of autocorrelation of some regionalized variable 

diminishes with increasing distance (q.v. Tobler’s first law of geography (Tobler 

1970)) – and thus a greater variance is expected between sample points that are 

further away from one another (up to the range of autocorrelation). SYS ensures that 

there are no close distances (i.e. closer than the skip interval) so if the distance up to 

the skip interval contains comparatively high levels of autocorrelation – then because 



Chapter 5: Using variography to estimate θSYS 

 

193 

those pairs of points will have small variances, any sampling scheme that includes 

those distances is likely to give smaller variances than SYS.  

 

Alternatively, one can explain this phenomenon by considering the roles and 

differences of the process and realization variances. The process variance can be 

regarded as the total variability inherent in the process generating the observed data 

(the realization). If we assume the process generates autocorrelated data then 

consideration of only a small section of data (relative to the range of autocorrelation) 

means that the variability in the observed section (realization variance) is likely to be 

less than the process variance (see Figure 5.31). But if the skip interval is larger than 

the range of autocorrelation, then E(s2
SYS) is estimating the (larger) process variance 

rather than the realization variance.  

 

In general therefore, the presence of the skip interval means that s2
SYS , the sample 

variance of SYS, is likely to be biased towards the process variance. As a consequence 

E(s2
SYS) is likely to be larger than σ2.  

 

 

5.4.2 Confusion with regards to SYS and KAR 

KAR states:  

‘The variance of units within the survey extent (σ2) equals the sum of:  

1. the expected variance of units within blocks (SYS) and  

2. the variance of average block values through the area.’ 
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A corollary to KAR therefore is that the expected within-sample variance of SYS is 

never larger than σ2. 

 

Contrast this with the corollary established to Cochran’s results (shown in [15]), 

i.e. ‘SYS is more efficient than SRS iff  E(s2
SYS) > σ2’  

 

At first glance, these two corollaries appear to contradict each other. How can the 

expected within-sample variance never be larger than σ2, and yet SYS will only ever 

be more efficient than SRS if E(s2) > σ2 (technically S2)? 

 

The discrepancy lies in the definitions of ‘E(within-sample variance)’. E(within-

sample variance) using KAR (σs
2) differs from Cochran’s definition [E(s2)]. 

σs
2 =  ⎥

⎦

⎤
⎢
⎣

⎡
−∑

=

2

1

1 )xx(
n

E
n

i
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where the expectation is calculated across j = 1, .., k  samples 

 

The difference in the denominator might seem small: (n - 1) vs n. But this difference 

means that while E[s2
SYS] > σ2 (when SYS is efficient); σs

2 < σ2 in all instances. 
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Consider the following example: 

 

Table 5.10: An example population showing all k possible systematic samples of n = 4. 

 

Sample X1 X2 X3 X4  

k = 1 72 75 83 98 1x  = 82 

k = 2 81 89 91 111 2x  = 93 

k = 3 77 98 100 129 3x  = 101 

k = 4 71 99 113 133 4x  = 104 

 

The KAR variances are: 

σs
2, the average within-sample realization variance = E(xik - x k )2   = 268.75 [16] 

σ2 (α | A), the variance of the sample realization means = E( x k - μ)2   = 72.5 [17] 

σ2 (a | A), the variance of the regionalized variable = E[xik - μ)2  = 341.25 [18] 

 

In this example: E(s2
SYS) > σ2 > σs

2  

i.e. [E(s2
SYS) =  358.333] > (σ2 = 341.25) > (σs

2 = 268.75). 

 

So σ2
x (SYS) is more efficient than σ2

x (SRS). 

[in this example σ2
x (SYS) =  72.5 < σ2

x (SRS) = 85.3125] 

 

 

5.4.3 Inference using 4KAR 

The method of inference for the estimation of θ using KAR (4KAR) does not fall neatly 

into either the model-based or the design-based camp, but somewhere in between. The 
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KAR estimation method is model-based since inference is not reliant on the sample 

data, but depends solely upon the model. Like other model-based methods, if a 

(variogram) model is specified, the sample values do not have any influence on 

inference (only the spacing of the sample units is used). In most instances, of course, 

the variogram model is determined by the sample values, and in these cases the 

sample values have an indirect effect on inference.  

 

However 4KAR could be considered design-based in that the expected deviation of the 

mean is not calculated over multiple realizations like other model-based methods. 

Instead the expectation is based on all the possible (systematic) samples for that 

specific realization. This is equivalent to other design-based estimators (such as the 

SRS estimate), and the inference is therefore directly comparable to such methods (see 

Chapter six - section 6.4.2.5 for a more in-depth discussion about comparing model- 

and design-based estimators). 

 

5.4.4 Inference using the reference variogram 

When dealing with either the untransformed or log(x+1) transformed data, ref-41a was 

a clear winner. It consistently had the smallest MSE and was the least biased of all 

estimators (SYS- or ref-based) – often by several orders of magnitude. The dominant 

performance of ref-41a was not unexpected; after all it has the advantage of using a 

variogram model that is known to accurately reflect the actual spatial structure in the 

realization data. In practice it is relatively rare that a practitioner has an in depth a 

priori knowledge of the spatial structure, but the results suggest that if the correct 

variogram model is specified then KAR with the algorithm used to produce the 41a 
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provides a method to theoretically give a highly accurate estimate of the true variance 

of SYS sample means, θ. 

 

Although ref-41a was a good estimator of θ, the other reference estimators did not fare 

so well. 4.c and 4.d were still dominated by the variability introduced by using only 

empirical data as an estimate of σs
2. In fact when examining the untransformed data, 

ref-42c and ref-42d. generally performed more poorly than their SYS-based 

counterparts. Ironically, this is because the use of the sample variance s2 that 

generated some of the wild over-estimates of σs
2 were counteracted by the sample 

variogram generating equally large over-estimates of the sill (something which 

obviously could not occur if the reference estimate of the sill was used). 

 

ref-42b was also relatively unbiased through the same general mechanism. 42b uses the 

sill as an estimate of the total variance (with any increasing variogram function the sill 

will overestimate the total variance), and the modelled version of s2 as an estimate of 

σs
2. Since both terms were over-estimates they acted to cancel each other out (to the 

extent that ref-42b was generally one of the better estimators examined).  

 

41b was always negatively biased – often by a considerable margin when n was small. 

The only difference between 41a and 41b was that the latter estimator used the model 

to estimate E(s2) rather than σs
2 . As a rule 4.b had smaller (i.e. more negative) 

estimates than 4.a and 4.d was more negative than 4.c. The same phenomenon occurs 

with both reference and SYS-based results on either the untransformed or log(x+1) 

transformed scale. The differences in these instances are due to the use of s2 (either 

empirically or in a modelled form as with [10]) as an estimate of σs
2. This is because 
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if there is a large skip interval (i.e. n is small) relative to the range of autocorrelation, 

then s2 is estimating the (larger) process variance, rather than the realization variance. 

The consequence is therefore that using s2 instead of 7 
s
2 can lead to considerable 

negative bias in the KAR estimate.  

 

This bias is clearly shown by 42b (and 41b). In those instances where a nugget effect 

model was chosen, the effective range of autocorrelation = 0 which in turn means: 

1.    [10] (the average γ-value between non-zero sample distances) = C0+C1 (the sill).  

2.    [14] ≈ (C0+C1) [small differences exist due to the approximating nature of the 

discretization grid] 

 

As a consequence, if a nugget model is fit (i.e. if there is no autocorrelation), then: 

42b   = (C0 + C1) -  [10]  = 0, and 

 

41b   =     [14]     -  [10]  ≈ 0   

 

Contrast this with the estimation of 41a  (with a nugget effect model).  

Recall: 

41a = [14] – [11] 

If we assume that [14] ≈ (C0 + C1) then  

41a ≈ (C0 + C1) – [11] 

but [11] = [10] × 
n

n 1− , therefore: 

41a ≈ (C0 + C1) – [(C0 + C1) × 
n

n 1− ] 

 41a ≈ 
n

CC 10 +
 (if a nugget model is fit) 

  ≈ s2/n 

i.e. if there is no detectable autocorrelation then 41a ≈ 4SRS. 
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5.4.5 Inference using SYS-based variograms 

In general, the reference variogram-based methods are not really comparable to those 

methods based on SYS because they can only really show how these methods might 

work under ‘ideal’ circumstance, i.e. if there was a priori knowledge of the 

variogram. I consider the most useful comparisons to be between those methods 

solely derived from the SYS data – these comparisons reflect the situation that the 

surveyor will typically face in the field. In contrast to the reference variogram based 

estimates, the SYS estimators used only the information provided by the systematic 

sample. 

 

Within the parameters of this simulation, 41a was a considerably better estimator of θ 

than 4SRS. 41a was always less biased and less variable (and consequently always had a 

smaller MSE) than 4SRS independent of the sample size and whether the data was 

untransformed or log(x+1) transformed. The relative performance of 41a to 4SRS 

slightly improved with an increase in sample size (evidenced by the widening gap in 

MSE on the log scale [see Figure 5.15 and Figure 5.26] ). 

 

The variants of 4KAR that estimated the total variance by using the sill did not work 

well when using SYS data. There problems with stability in the estimation of the sill 

suggest that 42. is not a viable estimating algorithm for θ. This instability in the 

estimation of the sill is most evident when there was comparatively little data 

available –when n = 36 all 42. estimates were around four and six orders of magnitude 

more variable than the others on the untransformed and log scales respectively. The 

sill estimation variation was likely exacerbated by the lack of manual verification of 

the variogram parameters. Variogram parameters for the SYS-based estimates were all 
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calculated using automated maximum-likelihood parameter estimation - the sheer 

number of variograms generated made manual estimation of parameters logistically 

difficult. However the sill clearly gave gross overestimates of the total variance. This 

is indicated by the positive bias found throughout nearly all 42. estimates (although, as 

mentioned earlier estimating σs
2 with s2 did counteract this somewhat). 

 

None of the other 41. estimators (other than 41a) consistently outperformed 4SRS. 41b 

often performed better on the untransformed scale, but was usually beaten by 4SRS 

when the data was better behaved [on the log(x+1) scale]. Similarly 41c and 41d 

outperformed 4SRS on three out of four sample sizes on the log(x+1) scale, but was 

consistently outperformed on the untransformed scale. 

 

Conclusions within this chapter are dependent upon the surface appearing like that 

shown in Figure 5.5 or Figure 5.6. After all, the simulation results were carried out 

using only those two surface realizations. However the results for: 

1. ref-41a suggest that theoretically the algorithm for 41a is a viable method of 

using KAR to precisely calculate θ. 

2. SYS-41a suggest that 41a it may be a better alternative to SRS for biological 

count data [on either the raw or log(x+1) transformed scale]. 

The other 4KAR variants used to estimate θ (other than 41a) will not be examined in 

later chapters because they were comparatively substandard due to bias and/or 

estimator instability. I have used the 41a algorithm to compare and contrast it against 

other commonly used SYS estimation methods over multiple (computer simulated) 

surface realizations. This is discussed in the following chapter. 
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5.5 Appendix A:   Derivation of KAR 

Definitions 

Let’s say we have a regionalized variable population consisting of N discrete points. 

i.e. x1, x2, ..., xi, …, xN 

The surface has a total mean, μx = ∑
=

N

i
ix

N 1

1  

There are k possible systematic samples (of size n) with mean: 

i.e.  1x , 2x  ... kx . (Where x j= ∑
=

n

i
ijx

n 1

1 ) 

 

The E(within systematic-sample variance) is: 

 

E[var (xij - x j) ] 

 

Since both xij and x j are random variables  

 

E[var (xij - x j) ] = E[ var(xij) + var( x j) – 2×cov(xij, x j) ] 

 

But  Cov(xij, x j)  = E[ (xij - μx)( x j - μx) ] 

   = E[ (xij x j) – μx
2 ] 

= E[( x j
2)] – μx

2  [because E(xij x j) = E( x j
2)] 

= var( x j)  

 

Therefore: 

  var(xij - x j)  = var(xij) + var( x j) – 2 × var( x j) 

-var( x j)  = var (xij - x j) - var(xij) 

var( x j)  = -[ var (xij - x j) - var(xij)] 

var( x j)  = var(xij) - var (xij - x j)  

          = [Total Variance] – [Within-sample Variance] 
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5.6 Appendix B:   The Additivity of Variances 

 

Assume a surface has k possible systematic samples (groups), each of size n. 

 

Suppose we consider each possible systematic sample realization to be a ‘group’, and 

define: 

 ix , as the ith systematic sample realization mean, and 

μ, as the population mean of the regionalized variable.  

 

Then we may simply partition the variation of the regionalized variable the same way 

we do with any one-way ANOVA.  

i.e.  Within-‘group’ SS   = ∑∑
= =

−
k

i

n

j
iij )xx(

1 1

2    [A1] 

Between-‘group’ SS   = ∑
=

−
k

i
i )x(.n

1

2μ    [A2] 

Total SS    = ∑∑
= =

−
k

i

n

j
ij )x(

1 1

2μ    [A3] 

 

The sums of squares of an ANOVA table are additive  

i.e.  [A1] + [A2]  =  [A3] 

 

We can convert each SS into a variance by calculating the mean sum of squares. Since 

there are n × k observations in each SS calculation, this amounts to dividing each SS 

by (n×k). 
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i.e.  Within ‘group’ variance = E 2)xx( iij −  

= ⎥
⎦

⎤
⎢
⎣

⎡
−∑∑

= =

k

i

n

j
iij )xx(

nk 1 1

21   [A4] 

 

Between group variance  = E 2)x( .i μ−   

= ⎥
⎦

⎤
⎢
⎣

⎡
−∑

=

k

i
i )x(.n

nk 1

21 μ   [A5] 

 

Total variance    = E 2)x( ij μ−    

     = ⎥
⎦

⎤
⎢
⎣

⎡
−∑∑

= =

k

i

n

j
ij )x(

nk 1

21 μ   [A6] 

 

Hence [A4] + [A5] = [A6]  
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5.7 Appendix C:   E[γ-cloud] = s2 

Show that: 

The average value from the variogram cloud = the sample variance (s2) 

E(γ-Cloud)  =  ∑ ∑
−

= +=

−
1

1 1

2

2
1 n

i

n

ij
ji

h

)xx(
N

 

    =  ∑
=

−
−

n

i
i )xx(

n 1

2

1
1  

 =  s2  

Proof: 

Consider the double summation in E(γ-Cloud): 

i.e. ∑ ∑
−

= +=

−
1

1 1

2
n

i

n

ij
ji )xx(  

= (x1 - x2)2 + (x1 - x3)2 + … +(x1 - xn)2 + (x2 - x3)2 + (x2 - x4)2…+ (xn-1 - xn)2 

But: 

∑∑
= =

−
n

i

n

j
ji )xx(

1 1

2  = ∑ ∑
−

= +=

−×
1

1 1

22
n

i

n

ij
ji )xx(  [because (xi – xj)2 = 0 when i = j] 

 

Therefore the double summation in E(γ-Cloud) can be rewritten as: 

∑ ∑
−

= +=

−
1

1 1

2
n

i

n

ij
ji )xx(  = ∑∑

= =

−
n

i

n

j
ji )xx(

1 1

2

2
1  

 

Therefore E(γ-Cloud) can be rewritten as: 

= 
h

n

i

n

j
ji

N

)xx(

4
1 1

2∑∑
= =

−
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= 
h

n

i

n

j
ji

N

)]xx()xx[(

4
1 1

2∑∑
= =

−−−
 (adding a constant) 

= 
h

n

i

n

j
jiji

N

)]xx)(xx()xx()xx[(

4

2
1 1

22∑∑
= =

−−−−+−
   

(Difference of 2 squares) 

= 
h

n

i

n

i
ii

N

)xx()xx(n

4

22
1

2

1

2∑ ∑
= =

⎟
⎠

⎞
⎜
⎝

⎛
−−−

  (due to the symmetry of xi and xj). 

 

But the right hand side of the numerator = 0 

i.e.  0
2

1
=⎟

⎠

⎞
⎜
⎝

⎛
−∑

=

n

i
i )xx(  

 

Therefore E(γ-Cloud) simplifies to: 

= 
h

n

i
i

N

)xx(n

2
1

2∑
=

−
 

 

And since Nh = 
2

1)n(n −
 

E(γ-Cloud)  = 
)n(

)x(
n

i
i

1
1

2

−

−∑
=

μ
 

= s2 
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Chapter 6: A comparison of systematic 

sampling estimators 

 

6.1 Introduction 

The previous chapter used a single realization of a regionalized variable to examine 

whether KAR could (in theory) be used to estimate θ. This chapter extends that 

investigation by using multiple realizations to compare commonly used design-based, 

model-based and ‘pseudo model-based’ (e.g. 4KAR) systematic sample estimators 

(through the use of computer simulation). This chapter also examines the use of 

variography to modify an existing estimator (which uses 1st order autocorrelation) to 

make it ‘pseudo model-based’. 

 

 

6.1.1 θSYS estimation 

Single random start systematic sampling (SYS) is widely used and has been shown to 

be theoretically more efficient than simple random sampling without replacement 

(SRS) when dealing with the type of regionalized variables commonly found within 

geography and biology. That is, under repeated systematic samples of the same 

population, the variability of the sample mean will be smaller than when using SRS 

(Cochran 1946, 1977, Singh and Singh 1977). 

 

However, despite its theoretical advantage, SYS has suffered from a major limitation; 

it has no established method to estimate an unbiased standard error without a priori 
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knowledge of the regionalized variable autocorrelation structure (Cochran 1977). 

With the right algorithm, KAR was shown to be able to give relatively precise and 

stable estimates of θ (Chapter five). However the ability to judge 4KAR as a decent 

estimator was restricted because: 

1. they were based on only one stochastic realization 

2. they were compared to only one other known estimator, 4SRS. 

 

There have been a variety of different proposed SYS estimators. In fact, Wolter (1984) 

compared eight different variance estimators using spatial patterns applicable to 

establishments and people, and expressed a preference for estimators based on post 

hoc stratification methods earlier used by Milne (1959) and Ripley (1981). Dunn and 

Harrison (1993) used a similar method, and mentioned that the widespread methods 

of how to estimate SYS standard error included: 

a) treating the sample as if it were a random sample (Ripley 1981) 

b) stratifying the sample post hoc, and to treat the sample as a stratified 

random sample (Ripley 1981, McArdle and Blackwell 1989) 

c) using higher order differencing (Yates 1981). 

 

However, recent papers by Aubry & Debouzie (2000, 2001) suggested that model-

based methods (specifically ‘Block Kriging’) might be able to give a more accurate 

estimate of a standard error from a systematic sample. The model-based approach 

requires the creation of a model that describes the stochastic distribution of the 

regionalized variable (i.e. ‘surface variable’). The actual surveyed spatial distribution 

can then be considered to be a ‘realization’ of the model (which describes an infinite 

set of possible populations) (Brus and De Gruijter 1993). Unlike the design-based 
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estimators which can only approximate θ, if the model is correct when using a model-

based approach, then the estimate of θ should theoretically be unbiased (Cressie 

1993). 

 

 

6.2 Methods 

Eleven different estimators of θ were compared. These estimators included both 

design-based and model-based methods, as well as several methods that had 

characteristics that bridged both paradigms (pseudo model-based methods), e.g. 4KAR. 

 

Note: In all design-based estimators the sample finite population correction factor,  

( 1 - f ), was ignored (where f = n/N), because the sampling fraction (f) is set to be 

much less than 10% (Cochran 1977).  

 

 

6.2.1 Design-based methods of estimating θ 

The estimators outlined in the following section (6.2.1) are some of the more 

commonly used design-based methods used by ecologists.  

 

6.2.1.1 4SRS 

The most common estimator used for systematic samples is to simply treat the 

systematic sample as if it were a SRS. The only estimate that can be used without 

considering the spatial arrangement of the sample units is to treat as being derived 

from SRS. However, the use of the SRS formula on autocorrelated SYS data means the 
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estimator is likely to be conservative (i.e. overestimate θ) (Mendenhall et al. 1971, 

Cochran 1977, Ripley 1981). SRS is an unbiased estimator of θ if the regionalized 

variable population under consideration is independently distributed - but in such 

situations SYS offers no precision advantages over SRS anyway (Osborne 1942). With 

typical (positively autocorrelated) ecological data, the sample variance of SYS 

generally gives a biased overestimate of the population (realization) variance – the 

mechanism behind this is discussed in Chapter seven - section 7.2.3. 

 

4SRS =  
n
s 2

        [1] 

where s2 is the sample variation and 

n is the systematic sample size 

 

 

6.2.1.2 4strat - Overlapping post-stratification 

Millar (1995) introduced a method to estimate the variance of a total from a 

systematic sample that with only minor modification can be used to estimate θ. 

Millar’s method stratified the sample extent using overlapping 2×2 groups (see Figure 

6.1 by way of illustration).  
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Figure 6.1: An example of the 2×2 overlapping strata used by Millar (1995). The 

arrows indicate that strata are formed around every possible group of (square) 2×2 

systematic sample points. 

 

This thesis applies the same method of considering the average within-stratum 

variance of the overlapping 2×2 strata, E(sij
2), as an estimate of the average variance 

for each SYS sample point. Estimators using two different (overlapping) strata sizes 

are examined: 

1. 4Strat1 used a 2×1 strata , and  

2. 4Strat2 used a 2×2 strata.  

Of course a 2×1 stratum requires a choice of orientation, but in these simulations the 

process is isotropic so orientation does not matter. The variance estimate to calculate 

θstrat is the same in both instances: 

 

4strat = n)s(E ij
2        [2] 

where sij
2 is the within-stratum variance of the overlapping 2×2 or 2×1 stratum (the ith 

row, jth column in the upper left-hand corner of the stratum) 
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6.2.1.3 Non-overlapping pair-wise post-hoc stratification 

Yates (1949) proposed an alternative variance estimator constructed by forming 

artificial ‘strata’. A common method of stratification uses non-overlapping strata of 

size two (Ripley 1981, McArdle and Blackwell 1989).  

 

Ideally, SYS strata orientation (usually ‘across’ or ‘down’) (as with the 2×1 stratum 

described in section 6.2.1.2) is chosen based on a priori knowledge of anisotropy in 

the population structure (see Figure 6.2). Moreover, in some cases, the problem of 

forming strata of three adjacent units will arise. The idea is to group more similar data 

pairs; this leads to a smaller within-strata variance and hence a more efficient estimate 

of θ. 

 

 

Figure 6.2: An example of post stratification of a systematic sample. Circles represent 

SYS sample points, and the dashed lines show a possible stratification of neighbouring 

pairs (in the figure the chosen orientation was ‘across’ rather than ‘down’). 
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The SYS sample is then treated as a stratified random sample. Calculation of the 4strat1 

typically assumes that units within each stratum are independent, even though this is 

highly unlikely to be the case.  

 

This reduces the calculation to: 

4 =  W2 Σ (si
2 / ni)       [3] 

where si
2 is the sample variance for stratum i,  

ni is the number of points in stratum i, and 

W is the weight of each stratum (in Figure 6.2, W = 2/n) 

 

Two methods of stratification were examined within this thesis: 

1. 4Strat3 used non-overlapping strata of size 2×1, (the orientation of the strata 

was arbitrarily chosen as ‘across’ (as shown in Figure 6.2). The orientation 

of the strata will not matter in these simulations because the generating 

function was specified to be isotropic.  

2. 4Strat4 used non-overlapping strata of size 2× 2. 

 

 

6.2.1.4 4Diff – 2nd Differencing 

The balanced differencing scheme has been applied to SYS (Dunn and Harrison 1993) 

and attempts to filter out long-range fluctuation. For the purposes of this thesis, 

differencing methods were applied using both  

1. a transect, and  

2. square windows. 
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6.2.1.4.1 Transect differencing 

Consider a simple one-dimensional case, e.g. regular sampling on a transect. The 

transect is viewed through a small window containing, say, w points with values: 

{z(x1), z(x2), …, z(xw) }. 

 

Differences are then computed for the window dw: 

 

dw =  ½ z(x1) - z(x2) + z(x3) - z(x4) + … + ½ z(xw)    [4] 

 

For instance, a window of size w = 7 might be considered convenient. The window is 

moved in discrete (overlapping) steps along the transect, and dw computed at each of 

the (n – w + 1) positions.  

 

Within this thesis the transect window, dw, consisted of a simple pair of differences 

for simplicity, i.e. the window dw was: 

 

dw  =  ½ z(xi,j-1) -2z(xij) + z(xi,j+1)     [5] 

where xij refers to neighbouring sample units along one arbitrarily chosen axis (arbitrary 

chosen because the process is isotropic) 

 

This transect window was moved across each ‘row’ of each realization (the choice of 

moving across rows vs columns was arbitrary in this simulation due to the isotropic 

generating process). Each row had 120 observations, and so contained 118 different 

estimates of dw.  

 

The variance for the transect method of balanced differences (4DiffT) is: 
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 4DiffT = 
[ ]

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

6
1 2

wdE
n

       [6] 

where the expectation of the numerator is based on the (n –w+1) windows. The 

denominator is the sum of squares of the coefficients in [5]. 

 

 

6.2.1.4.2 Square differencing 

If data is collected using a 2-D grid, then the differencing window, dw, can be 

calculated using a (typically square) 2-D window. 

 

A 3×3 square was chosen as the size of the square. This size was chosen as it 

contained a reasonable quantity of differencing coefficients, but was still small 

enough to be simple. Coefficients for the square were assigned as shown in Table 6.1.  

 

Table 6.1: Coefficients assigned to the differencing window, dw 

 

+0.25 -0.5 +0.25

-0.5 +1 -0.5 

+0.25 -0.5 +0.25

 

The variance for the higher order differencing using a square (4DiffSq) was: 

 4DiffSq = 
[ ]

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

252
1 2

.
dE

n
w        [7] 

where the expectation of the numerator is based on the (n½ -2)2 windows. The 

denominator is the sum of squares of the coefficients in Table 6.1. 
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6.2.1.5 4r1 - 1st order estimation of autocorrelation (design-based) 

Wolter (1984) used an estimator based on a super-population model where the 1st 

order correlation is used between neighbouring points (at distance k).  

4r1  = [ ])ˆ()ˆln(
n
s

kk 1221 1
2

−++ −ρρ   if kρ̂  >0  [8] 

= 
n
s2

 if kρ̂  ≤ 0 

where kρ̂   =  2

1,
2

)1(

))()(())()((

sn

xzxzxzxz ji

n

j
ij

−

−− −
=
∑

 

 

 

6.2.2 Model-based (and pseudo model-based) methods 

The difference between model-based and design-based estimation lies in how each 

paradigm incorporates randomness. With the classical (design-based) approach (e.g. 

SRS), randomness arises from the random selection of the sample locations; in the 

model-based approach, randomness arises from the stochastic spatial process 

described by the model. It considers the finite population from which the sample is 

taken to be just one out of an infinite set of populations. 

 

Although 4BK (section 6.2.2.3) is a true model-based method, I also consider two 

‘pseudo-model’ based estimators (4KAR and 4r2) in this section. These estimators 

contain properties of both model and design-based estimators. Inference from both 

estimators is wholly derived from a model, (and so does not require random sampling 

positions to be unbiased), however inference is not considered across multiple 

realizations. 
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6.2.2.1 4r2 - 1st order estimation of autocorrelation (pseudo model-

based) 

A pseudo model-based alternative to 4r1 (section 6.2.1.5 above) is to estimate ρ(k) 

through variography, using the relationship: 

ρ(k) = γ (k) / (C0 + C1)       [9] 

where γ(k) is the theoretical variogram value for nearest neighbour sample distances (k), 

and (C0 + C1) is the sill. 

 

The model-based estimate of ρ(k) can then be used in equation [8] to estimate 4r2. 

 

 

6.2.2.2 4KAR (pseudo model based) 

The algorithm used to exploit KAR (41a) was developed in Chapter five (see section 

5.2.4): 

 

4KAR =  7 2 - 7s
2       [10] 

with the terms calculated as: 

7 2 =  ∑∑
= =

−
m

i

m

j
jiModel )xx(

m 1 1
2

1 γ  (estimated total variance) 

7s
2 =  ∑∑

= =

−
n

i

n

j
jiModel )xx(

n 1 1
2

1 γ  (estimated average within-sample variance) 

where m is the discretization grid size, n is the SYS size and γModel is the [spherical] 

theoretical variogram function (fit to the SYS data using maximum likelihood). 
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To give a directly comparable result to the other estimators, 4KAR is estimated in this 

chapter based using the SYS-based variogram (i.e. no reference variograms were 

generated for any surface). The use of multiple realizations will give a better picture 

of its performance than the simulation used in Chapter five. 

 

 

6.2.2.3 4BK - Block Kriging [BK] 

With only slight modification, point kriging equations can be used to estimate an area 

(block) instead of a point value (Isaaks and Srivastava 1989, Cressie 1993). This 

method is known as Block Kriging (BK). See Chapter two - section 2.5.2 for a more 

detailed discussion on BK. 

 

Once the BK algorithm is used to calculate the sample weights, the variance of the 

surface area using BK can be calculated as: 

 

4BK = )M,M()x,x(ww)M,x(w ji

m

i

m

i

m

j
jiii γγγ −−∑ ∑∑

= = =1 1 1
2   [11] 

where xi and xj refer to the ith and jth sample values of the regionalized variable. 

wi and wj refer to the weights assigned to each sample point from the BK equation, and 

M is the mean of the regionalized variable within the sample extent. 

 

The variance of the estimate of the block average can be calculated using equation 

[11], irrespective of the sampling methodology. This is because the calculations rely 

solely upon the variogram structure which can be gained from the sample (or is 

known).  
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6.2.3 Computer surface simulations 

1000 stochastic realizations were generated following the process described in 

Chapter four – section 4.1.3. 

 

Two (randomly chosen) surface realizations are shown in Figure 6.3: 
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Figure 6.3: An example of two randomly chosen realizations (using the untransformed 

data) from the set of 1000 realizations that were generated. 

 

6.2.4 Sampling methodology 

For each of the 1000 surface realizations, a single random start systematic sample 

(SYS) was taken with the following sample sizes: 

1. n = 36 (6×6) 

2. n = 64 (8×8)  

3. n = 100 (10×10) 

4. n = 144 (12×12). 
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Chapter five showed that 4KAR could, in theory, give a relatively unbiased estimate of 

θ. However, conclusions within Chapter five were constrained by the fact that only a 

single realization was examined. The use of multiple realizations extends the 

generality of the conclusions, particularly given the large amount of variation between 

the realizations (see Chapter four, section 4.2.1.3). 

 

Then for each sample: 

1. Using the SYS data, the variogram parameters were estimated for each 

realization using the method described in Chapter four – section 4.3.  

2. Using the SYS data each of the variance estimators, 4, discussed in 6.2.1 

and 6.2.2 were estimated. 

3. The actual (design-based) variance of the systematic sample means, θ, was 

determined for each realization (by taking all possible SYS samples within 

each realization, and calculating the variance of all their means). 

4. For each realization, the difference 4 – θ was also calculated as a measure 

of how well each of the SYS estimators worked. 

 

The sampling methodology described in 6.2.4 (1) – (4) was also repeated after a 

log(x+1) transformation of the data. Figure 6.4 shows the regionalized variables of 

Figure 6.3 after the log(x+1) transformation.  
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Figure 6.4: The two randomly chosen realizations shown in Figure 6.3 (after using a 

log[x+1] transformation). 

 

The log(x+1) transformation is commonly used within ecology to stabilize the 

population parameter estimates. It is often used as a surrogate for the log(x) 

transformation which is unsuitable if there are data points with value zero (because 

the logarithm of those data points is undefined) (McArdle and Gaston 1995). The 

log(x+c) transformation has also been theoretically justified as a reasonable stabilizing 

transformation for negative binomially distributed data (Anscombe 1948). The 

negative binomial distribution is commonly used to model over-dispersed animal 

counts [see (Pawley 1995) for a list of references that use the negative binomial 

distribution in this manner].  
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6.3 Results 

6.3.1 Untransformed data 

As expected, the distribution of θ showed considerable variation and skewness across 

the realizations  (McArdle et al. 1990) – particularly for the smaller sample sizes (see 

Figure 6.5).  
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Figure 6.5: The distribution of θ across multiple realizations using the untransformed 

data. 
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6.3.1.1 The distribution of 4 - θ 

The distribution of differences (4 - θ) was highly variable and (positively) skewed to 

the extent that the characteristics of the distribution were obscured. To aid the 

comparison, the ratio, log(4 / θ), is presented in Figure 6.6 - Figure 6.9, and summary 

statistics of the distribution of differences are shown in Table 6.4 - Table 6.5 for n = 

36, 64, 100 and 144 respectively.  

 

The model-based estimate of the average autocorrelation for neighbouring points  

[ 6k= γk / (C0+C1) ] is also shown below each figure. 6k can be viewed as a summary 

statistic for the autocorrelation models, giving an approximate indication of how 

much autocorrelation was present at a particular sample size [for both the 

untransformed and log(x+1) transformed data]. 
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Figure 6.6: The distribution of log(4 /θ ) i.e. log(estimated variance of sample means) / 

(‘true’ [design-based] variance of sample means) when n = 36 (on untransformed data). 

The horizontal dashed line shows when 4  = θ.  

 

The average sample autocorrelation for nearest neighbouring points, (6k) when n = 36 

was 0.167 (untransformed data). 



Chapter 6: Comparing SYS estimators 

 

224 

 

 

-8
-6

-4
-2

0
2

4

SRS KAR BK Strat1 Strat2 Strat3 Strat4 DiffTr DiffTr r1 r2

Estimator

n = 64

lo
g 

(θ
/ θ

)
^

lo
g 

(θ
/ θ

)
^

 

Figure 6.7: The distribution of log(4 /θ ) i.e. log(estimated variance of sample means) / 

(‘true’ [design-based] variance of sample means) when n = 64 (on untransformed data). 

The horizontal dashed line shows when 4  = θ.  

 

 

The average sample autocorrelation for nearest neighbouring points, (6k) when n = 64 

was 0.173 (untransformed data). 
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Figure 6.8: The distribution of log(4 /θ ) i.e. log(estimated variance of sample means) / 

(‘true’ [design-based] variance of sample means) when n = 100 (on untransformed 

data). The horizontal dashed line shows when 4  = θ.  

 

The average sample autocorrelation for nearest neighbouring points, (6k) when  

n = 100 was 0.192 (untransformed data). 

 



Chapter 6: Comparing SYS estimators 

 

226 

 

 

-8
-6

-4
-2

0
2

SRS KAR BK Strat1 Strat2 Strat3 Strat4 DiffSq DiffTr r1 r2

Estimator

lo
g 

(θ
/ θ

)
^

lo
g 

(θ
/ θ

)
^

n = 144

 

Figure 6.9: The distribution of log(4 /θ ) i.e. log(estimated variance of sample means) / 

(‘true’ [design-based] variance of sample means) when n = 144 (on untransformed 

data). The horizontal dashed line shows when 4  = θ. 

 

The average sample autocorrelation for nearest neighbouring points, (6k) when n = 

144 was 0.175 (untransformed data). 

 

An increase in SYS sample size also meant an increase in the sample grid resolution 

(i.e. sample units were closer together). An obvious consequence of this was that 

larger samples also generally contained greater levels of autocorrelation within the 
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sample data (although the estimated average 6k slightly decreased as n increased from 

n = 100 to n=144).The general increase in autocorrelation was one factor that led to 

the general increase in power for all estimators (both design and model-based and 

including 4SRS) as the sample size increased. 

 

Due to the variability in parameters across the 1000 different surface realizations, 

there were a number of large over- and under-estimates of θ for all examined 

estimators. Even when n = 100, all estimators except 4KAR and 4r2 had some estimates 

that were at least 20× the size of θ; smaller samples had some estimates that were 

more than 140x the size of θ. 

 

Although the distributions of differences (4 - θ) were highly variable, they were 

nearly all relatively symmetrical. The obvious exception was 4r2 which was 

considerably negatively skewed.  
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Table 6.2: Summary statistics for the estimator distribution of differences – 

untransformed data, n = 36. Estimators are sorted by MSE (best to worst). 

 

Estimator bias median variance MSE 

r1 12.74 -6.46 1.19E+05 1.19E+05 

Strat3 35.44 0.94 3.29E+05 3.30E+05 

Strat4 37.58 1.96 3.45E+05 3.46E+05 

r2 19.66 -7.65 3.69E+05 3.69E+05 

SRS 40.73 2.87 3.70E+05 3.71E+05 

Strat1 38.93 0.24 4.82E+05 4.83E+05 

KAR 33.52 -2.98 6.57E+05 6.57E+05 

DiffTr 42.11 -2.7 7.25E+05 7.26E+05 

Strat2 44.71 0.92 7.25E+05 7.26E+05 

BK 47.6 -1.6 9.08E+05 9.09E+05 

DiffSq 49.82 -5.04 1.53E+06 1.53E+06 
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Table 6.3: Summary statistics for the estimator distribution of differences – 

untransformed data, n = 64. Estimators are sorted by MSE (best to worst). 

 

Estimator bias median variance MSE 

r1 2.21 -4.16 8.07E+03 8.07E+03 

r2 10.84 -3.07 2.39E+04 2.40E+04 

Strat4 24.51 3.51 2.56E+04 2.62E+04 

Strat3 22.65 2.38 2.59E+04 2.63E+04 

SRS 28.87 5.56 2.69E+04 2.77E+04 

Strat1 22.59 2.29 2.90E+04 2.95E+04 

KAR 17.42 0.34 3.31E+04 3.34E+04 

DiffTr 21.18 0.89 3.71E+04 3.75E+04 

Strat2 25.56 3.15 3.86E+04 3.92E+04 

DiffSq 18.65 -1.66 5.86E+04 5.89E+04 

BK 30.56 2.97 6.41E+04 6.50E+04 
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Table 6.4: Summary statistics for the estimator distribution of differences – 

untransformed data, n = 100. Estimators are sorted by MSE (best to worst). 

 

Estimator bias median variance MSE 

KAR 10.97 1.05 6.07E+03 6.18E+03 

r2 10.15 -1.05 7.11E+03 7.20E+03 

DiffTr 15.39 1.64 1.09E+04 1.11E+04 

DiffSq 10.57 0.36 1.24E+04 1.25E+04 

Strat1 18.1 3.11 1.24E+04 1.27E+04 

r1 2.26 -2.18 1.34E+04 1.34E+04 

Strat2 19.01 3.64 1.42E+04 1.45E+04 

BK 24.39 4.84 1.71E+04 1.77E+04 

Strat3 18.67 3.6 1.88E+04 1.91E+04 

Strat4 20.08 4.53 1.95E+04 1.99E+04 

SRS 25.28 7.12 2.07E+04 2.13E+04 
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Table 6.5: Summary statistics for the estimator distribution of differences – 

untransformed data, n = 144. Estimators are sorted by MSE (best to worst). 

 

Estimator bias median variance MSE 

r1 -1.47 -1.35 289.96 291.84 

KAR 7.39 0.96 2327.52 2379.81 

DiffSq 6.08 0.25 2351.99 2386.54 

Strat3 10.59 2.45 2403.10 2512.91 

Strat4 11.69 2.91 2516.80 2651.02 

Strat1 10.55 2.35 2852.74 2961.27 

DiffTr 8.61 1.36 2983.77 3054.99 

Strat2 11.79 2.78 3436.29 3571.77 

r2 9.98 1.71 3702.58 3798.47 

SRS 17.36 5.49 3983.88 4281.17 

BK 22.96 6.33 11687.56 1.22E+04 
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6.3.1.2 Bias 
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Figure 6.10: Interaction plot of bias for the 11 examined estimators. The horizontal line 

shows where E(4) = θ. 

 

4r1 was considerably less biased than any other estimator (independent of sample 

size). The 2nd least biased estimator was 4r2 for smaller n. The bias for 4r2 did not 

appreciably decrease when n > 64, and when n = 144 4DiffTr, 4DiffSq and 4KAR were all 

less biased. 

 

4KAR was usually ranked 3rd (although 4DiffSq was slightly less biased when n = 100). 

4Strat1 – 4Strat4 ranked between 4th and 9th. There were generally little differences 
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between the stratification methods, and (4Strat1 and 4Strat2). 4BK was one of the most 

biased estimators (ranked either 10th or 11th). 4SRS performed relatively well when n = 

36 (ranked 7th), but fell to 10th and 11th when n ≥ 64. 

 

 

6.3.1.3 MSE 
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Figure 6.11: Interaction plot of MSE (shown on the log scale) for the 11 examined 

estimators. 
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When using MSE as the criterion no estimator was ranked in the top three for all n, 

although 4r2 was always ranked in the top four. 4r1 had by far the smallest MSE for 

most n, but was only the 6th best when n = 100. 4KAR was only 7th for the smaller 

sample sizes, but ranked 1st when n = 100 and 2nd when n =144. The non-overlapping 

stratification methods (4Strat3 and 4Strat4) worked comparatively well for smaller 

sample sizes, but, like 4r1 they performed comparatively poorly when n = 100. Within 

the other overlapping methods, 4Strat1 ranked 5th  or 6th (when n = 100) and 4Strat2 

ranked 7th – 9th. The differencing methods (4DiffTr and 4DiffSq) performed comparatively 

poorly for smaller sample sizes, but ranked 3rd and 4th respectively when n = 100.  

 

There was little difference between most estimators when n = 144 (the exceptions 

being 4r1 and 4BK). 4BK performed badly for smaller n, but improved slightly when n = 

100 (ranked 8th); however it was the worst by a considerable margin when n =144. 

4SRS ranked a respectable 5th by MSE for the smaller  sample sizes (n ≤ 64) but was 

last and 2nd-to-last when n = 100 or 144. 

 

The increase in MSE for 4r1 when n = 100 was unusual, but this behaviour was 

reproduced when re-examined. It seems to have been caused principally by estimator 

instability at this sample size. I am unsure as to why 4r1 was so unstable at this sample 

size. Perhaps 4r1 was sensitive due to some sort of harmonic between the survey 

extant and range of autocorrelation, or perhaps the extreme skewness of the generated 

data meant that 1000 realizations weren’t enough to clearly establish the trends in the 

estimators. 
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6.3.1.4 Comparing the systematic sample estimators with SRS 

As a useful baseline, the percentage of times each estimator was closer to θ than 4SRS 

(in absolute value) was calculated (Table 6.6). 

 

Table 6.6: Percentage of times that 4 was more accurate (i.e. closer to θ) than SRS 

(using untransformed data). 

 

Estimator n = 36 n = 64 n = 100 n = 144 

KAR 41.6% 56.8% 76.4% 84.7% 

BK 38.5% 41.0% 38.7% 36.0% 

Strat1 43.7% 52.6% 72.8% 86.5% 

Strat2 47.5% 48.6% 68.1% 84.6% 

Strat3 45.8% 56.5% 76.4% 87.8% 

Strat4 47.4% 62.3% 81.5% 89.6% 

DiffSq 39.2% 47.1% 67.2% 77.9% 

DiffTr 39.7% 49.8% 68.7% 82.8% 

r1 66.2% 58.2% 69.8% 75.6% 

r2 65.8% 66.7% 75.2% 86.2% 
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The only estimators that were more accurate than 4SRS more than 50% of the time 

when n = 36 were the 1st-order estimators (4r.). However these two estimators did not 

improve as much as most other estimators when n increased. 

 

Although 4SRS performed relatively well when n = 36, its comparative performance 

decreased as sample size (and autocorrelation) increased. The exception to this was 

4BK. 4BK comparative performance decreased vs 4SRS as sample size increased – when 

n = 144 it was better than 4SRS only 36% of the time. 

 

The four stratification methods (4Strat.) only outperformed 4SRS around 45% of the time 

when n = 36 but this improved to around 86% as n →144. This is similar to 4KAR and 

the differencing methods (4Diff.), although the performance of both these estimators 

was generally slightly poorer. 
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6.3.2 Log(x+1) transformed data 

After the log(x+1) transformation the distribution of θ was less variable (compared to 

Figure 6.5) but still showed considerable variation and skewness across all 

realizations (Figure 6.12). 
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Figure 6.12: The distribution of θ across multiple realizations using the log(x+1) 

transformed data.  
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6.3.2.1 The distribution of 4 – θ  

Although the distribution of 4 – θ was more symmetrical for all estimators after a 

log(x+1) transformation, it still exhibited some (positive) skewness (particularly for 

smaller sample sizes). These distributions (for different sample sizes) are shown in 

Figure 6.13 - Figure 6.16. 
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Figure 6.13: The distribution of 4 - θ when n = 36 (on log[x+1] transformed data). The 

horizontal dashed line shows when 4  = θ. 

 

The average sample autocorrelation for nearest neighbouring points, (6k) when n = 36 

was 0.218 [for log(x+1) transformed data]. 
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Figure 6.14: The distribution of 4 - θ when n  = 64 (on log[x+1] transformed data). The 

horizontal dashed line shows when 4  = θ. 

 

The average sample autocorrelation for nearest neighbouring points, (6k) when n = 64 

was 0.301 [for log(x+1) transformed data]. 



Chapter 6: Comparing SYS estimators 

 

240 

 

 

-0
.0

10
0.

00
0

0.
00

5
0.

01
0

0.
01

5
0.

02
0

0.
02

5

SRS KAR BK Strat1 Strat2 Strat3 Strat4 Dif DifSq r1 r2

Estimator

D
iff

er
en

ce
 (θ

-θ
)

^
D

iff
er

en
ce

 (θ
-θ

)
^

 
Figure 6.15: The distribution of 4 - θ when n  = 100 (on log[x+1] transformed data). 

The horizontal dashed line shows when 4  = θ. 

 

The average sample autocorrelation for nearest neighbouring points, (6k) when  

n = 100 was 0.407 [for log(x+1) transformed data]. 
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Figure 6.16: The distribution of 4 - θ when n  = 144 (on log[x+1] transformed data). 

The horizontal dashed line shows when 4  = θ. 

 

The average sample autocorrelation for nearest neighbouring points, (6k) when  

n = 144 was 0.437 [for log(x+1) transformed data]. 
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Table 6.7: Summary statistics for the estimator distribution of differences – log(x+1) 

transformed data, n = 36. Estimators are sorted by MSE (best to worst). 

 

Estimator bias median variance MSE 

KAR 0.012 0.012 1.53E-04 2.95E-04 

r1 0.008 0.003 2.67E-04 3.30E-04 

BK 0.015 0.015 2.16E-04 4.50E-04 

DiffSq 0.014 0.012 2.94E-04 5.03E-04 

r2 0.013 0.016 5.12E-04 6.92E-04 

DiffTr 0.023 0.022 2.10E-04 7.24E-04 

Strat1 0.025 0.025 1.50E-04 7.72E-04 

Strat3 0.025 0.025 1.91E-04 8.29E-04 

Strat2 0.027 0.026 1.28E-04 8.51E-04 

Strat4 0.027 0.027 1.41E-04 8.64E-04 

SRS 0.031 0.030 1.30E-04 1.07E-03 
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Table 6.8: Summary statistics for the estimator distribution of differences – log(x+1) 

transformed data, n = 64. Estimators are sorted by MSE (best to worst). 

 

Estimator bias median variance MSE 

r1 -0.002 -0.002 1.92E-05 2.27E-05 

KAR 0.002 0.001 2.67E-05 2.90E-05 

DiffSq 0.003 0.003 2.60E-05 3.62E-05 

BK 0.003 0.003 4.33E-05 5.53E-05 

DiffTr 0.008 0.008 2.67E-05 9.24E-05 

Strat1 0.011 0.010 2.42E-05 0.000136 

Strat3 0.010 0.010 3.18E-05 0.00014 

Strat2 0.012 0.012 2.31E-05 0.00017 

Strat4 0.012 0.012 2.63E-05 0.000172 

r2 0.006 0.001 0.000156 0.00019 

SRS 0.018 0.018 3.30E-05 0.000341 

 



Chapter 6: Comparing SYS estimators 

 

244 

 

 

Table 6.9: Summary statistics for the estimator distribution of differences – log(x+1) 

transformed data, n = 100. Estimators are sorted by MSE (best to worst). 

 

Estimator bias median variance MSE 

r1 -1.54E-03 -1.36E-03 2.46E-06 4.84E-06 

KAR 1.65E-04 -1.41E-04 5.89E-06 5.92E-06 

DiffSq 1.69E-03 1.64E-03 5.77E-06 8.62E-06 

BK 1.80E-03 1.09E-03 1.27E-05 1.60E-05 

DiffTr 4.00E-03 3.92E-03 5.22E-06 2.12E-05 

Strat1 5.92E-03 5.81E-03 5.56E-06 4.06E-05 

Strat3 5.94E-03 5.84E-03 8.05E-06 4.33E-05 

Strat2 6.90E-03 6.82E-03 5.20E-06 5.29E-05 

Strat4 6.92E-03 6.93E-03 6.62E-06 5.45E-05 

r2 4.65E-03 7.50E-04 6.74E-05 8.90E-05 

SRS 1.22E-02 1.20E-02 1.05E-05 0.00016 
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Table 6.10: Summary statistics for the estimator distribution of differences – log(x+1) 

transformed data, n = 144. Estimators are sorted by MSE (best to worst). 

 

Estimator bias median variance MSE 

KAR -3.83E-04 -3.36E-04 1.80E-06 1.94E-06 

DiffSq 8.17E-04 8.43E-04 1.87E-06 2.54E-06 

r1 -1.39E-03 -1.20E-03 1.14E-06 3.07E-06 

r2 -1.98E-03 -1.78E-03 1.12E-06 5.05E-06 

DiffTr 1.98E-03 2.05E-03 1.73E-06 5.63E-06 

BK 1.39E-03 1.15E-03 4.18E-06 6.10E-06 

Strat1 3.28E-03 3.34E-03 1.91E-06 1.26E-05 

Strat3 3.27E-03 3.23E-03 2.47E-06 1.31E-05 

Strat2 3.88E-03 3.93E-03 1.81E-06 1.69E-05 

Strat4 3.88E-03 3.96E-03 2.18E-06 1.72E-05 

SRS 8.47E-03 8.41E-03 4.50E-06 7.62E-05 
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6.3.2.2 Bias 
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Figure 6.17: Interaction plot of bias for the 11 examined estimators on the log(x+1) 

transformed data. The horizontal line shows where E(4) = θ. 

 

With the log(x+1) transformed data, 4KAR was the least biased of all estimators when n 

≥ 64. 4r1 was the least biased when n = 36 but showed negative bias when n ≥ 64 and 

ranked 2nd or 3rd for larger sample sizes. 4DiffSq and 4BK were generally 3rd - 5th least 

biased. 4r2 became even more negatively biased than 4r1 when n =144. The 4Strat 

methods were consistently the 7th – 10th most biased, and 4SRS was clearly the most 

biased of the estimators (for all n). 
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6.3.2.3 MSE 

1

1

1

1

2 
  e

-0
6

1 
  e

-0
5

5 
  e

-0
5

2 
  e

-0
4

1 
  e

-0
3

Sample size

M
SE

(s
ho

w
n 

on
 lo

g 
sc

al
e)

2

2

2

2

3

3

3

3

4

4

4

4

5

5

5

5

6

6

6

6

7

7

7

7

8

8

8

8

9

9

9

9

0

0

0

0

a

a

a

a

36 64 100 144

Estimator
1
2
3
4
5
6
7
8
9
0
a

BK
DiffTr
DiffSq
Kar
r1
r2
SRS
Strat1
Strat2
Strat3
Strat4

Estimator
1
2
3
4
5
6
7
8
9
0
a

BK
DiffTr
DiffSq
Kar
r1
r2
SRS
Strat1
Strat2
Strat3
Strat4

 

Figure 6.18: Interaction plot of MSE (shown on the log scale) for the 11 examined 

estimators on the log(x+1) transformed data. 

 

After the log(x+1) transformation the smallest MSE was either 4KAR (when n = 36 or 

144) or 4r1 (when n= 64 or 100). 4DiffSq had a smaller MSE than 4DiffTr for all n, and 

was actually the 2nd best estimator (using MSE as the ranking criterion) when n =144. 

The 4Strat methods all had MSE that were comparatively similar. 4Strat1 and 4Strat3 

performed slightly better than the other two stratified estimators and the difference 

between these two groups became slightly more marked as the sample size decreased. 
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4SRS had the greatest MSE by a reasonable margin for all n, and the difference 

between 4SRS and the other estimators increased with sample size. 

 

6.3.2.4  Comparing the systematic sample estimators with SRS 

 

Table 6.11: Percentage of times that 4 was more efficient (i.e. closer to the θ) than SRS 

(using log[x+1] transformed data). 

 

Estimator n = 36 n = 64 n = 100 n = 144 

KAR 97.4% 97.9% 99.4% 99.4% 

BK 79.3% 96.0% 99.4% 99.7% 

Strat1 73.4% 97.3% 99.9% 100.0% 

Strat2 72.1% 98.5% 100.0% 100.0% 

Strat3 68.6% 94.2% 99.6% 99.9% 

Strat4 67.1% 95.0% 99.6% 100.0% 

DiffSq 83.2% 97.6% 99.7% 99.5% 

DiffTr 74.1% 96.9% 99.8% 99.8% 

r1 97.0% 96.7% 98.9% 98.8% 

r2 96.0% 96.7% 98.8% 98.3% 

 

When compared to the untransformed results vs 4SRS (Table 6.6), it is clear that all 

estimators benefited from the log(x+1) transformation much more than 4SRS. The most 

consistent performer for smaller n was 4KAR (although 4Strat2 was slightly more 

consistent when n = 64). The 4Strat. estimators and 4DiffTr did not work particularly well 

when n = 36 but showed a marked improvement if the sample size was n ≥ 64. All 

estimators nearly always outperformed 4SRS when n ≥ 100. 
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6.4 Discussion 

The high degree of variation between the parameters of the regionalized variable 

realizations meant that the untransformed data gave highly skewed distribution for all 

estimators. Although this led to some difficulties in the interpretation of the results, it 

also suggested that the results are relatively robust in nature, i.e. the conclusions 

drawn were based on a large number of surface realizations exhibiting many different 

surface parameters (albeit with the same basic stochastic structure).  

 

As might be expected, the estimation of the (approximately) log mean was much more 

stable than the estimation of the raw mean. All systematic estimators gained 

considerable increases in precision and decreases in bias after the transformation. This 

suggests that some sort of stabilizing transformation [such as the log(x+1)] should be 

used in the presence of highly over-dispersed data commonly seen in ecology, unless 

the analysis specifically requires the estimation of raw total abundance or the 

arithmetic mean. The log(x+1) transformed data also showed higher levels of 

autocorrelation [6k was higher after a log(x+1) transformation] and this was reflected 

in the improved performance of all the 4SYS estimators relative to 4SRS. 

 

As expected, the design-based estimators (i.e. 4SRS, 4Strat., 4Diff.) were found to always 

overestimate θ. In contrast, the model-based methods such as 4r. and 4KAR were 

sometimes negatively biased (particularly after a log(x+1) transformation). 

 

With the model-based estimation there appeared to be some problems with parameter 

estimation. Some of the model parameter estimates were highly unstable on the 
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untransformed scale. This model misspecification is likely to be one of the problems 

caused by deriving models from SYS data. With SYS data there is no empirical 

information about spatial structure (e.g. the variogram function) at distances smaller 

than the sample resolution of the SYS grid (see Figure 6.19 as an example). 
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Figure 6.19: An empirical variogram generated from a sample of n = 36 (the maximum-

likelihood parameterized variogram model is shown as the solid line). Note the lack of 

available information for smaller lags - this is shown by the shaded area. This is a 

consequence of SYS design. 

 

The lack of information at small distances means that the shape of the function and 

more importantly, the size of the nugget effect will not be based on any empirical 
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evidence. Instead the size of the nugget effect will be based solely on the extrapolated 

shape of a function determined at greater lags.  

 

The three model-based methods (4KAR , 4BK and 4r2) are all likely to suffer some bias 

due this problem. 4r2 might be thought to be relatively robust to the lack of small-lag 

information, as it only requires an estimate of the autocorrelation for neighbouring 

points (a distance where there is plenty of information about the data). However, the 

shape of the model at that distance is heavily influenced by the lower lags, in 

particular the choice of parameters determining whether or not the model is a nugget 

effect model (i.e. independent error models). When n = 36, approximately 21% of the 

estimated parameter values meant that the models were effectively nugget effect 

models. This dropped to ~10% when n = 64 and only about 5% when n= 100 or 144. 

 

The effects of the lack of information at the lower lags are discussed in the following 

chapter (section 7.2). 

 

 

6.4.1 Recommendations 

6.4.1.1 Untransformed data 

For the untransformed data, 4r1 was generally the least biased estimator. It 

consistently beat 4SRS, and clearly had the smallest MSE for three of the four 

examined n (the exception being n = 100). Apart from unusual estimator instability 

when n = 100, 4r1 also suffered from being relatively more positively skewed than 

many of the other estimates, and its typical (median) estimate actually underestimated 
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θ for all examined sample sizes. This might be of some concern to those statisticians 

and ecologists who prefer a conservative estimator. If the typical (median) difference 

from θ was emphasized and a conservative estimate was preferred then 4KAR was 

arguably the most consistent performer across all n (4DiffSq was slightly better for large 

n, but highly biased when n = 36).  

 

6.4.1.2 Log(x+1) transformed data 

After the log(x+1) transformation, the best estimator was again 4KAR and 4r1. The 

latter had a slightly smaller MSE than 4KAR when n = 64 and 100 – but at these sample 

sizes it was also more (negatively) biased and its typical value (median) was more 

different from θ (in absolute terms) than 4KAR. 4KAR had the smallest MSE (slightly) 

when n = 36 and (by a considerable margin) when n = 144 and had the smallest bias 

at these sample sizes. It was also the most consistent out-performer of 4SRS across all 

n. 

 

 

6.4.2 The estimators 

6.4.2.1 SRS 

In general, as expected, lower levels of autocorrelation in the sample data correlated 

with an improvement in the relative performance of 4SRS. For instance, with the 

untransformed data 4SRS performed relatively well when n = 36. For this sample size it 

was less biased than four of the other estimators and was also relatively unskewed and 

invariant. In fact it consistently gave better estimates of θ than all other estimators 
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other than 4r1 and 4r2. Its relative performance compared to other estimators decreased 

as sample size increased (the exception being 4BK which was consistently out-

performed by 4SRS across all n on the untransformed data). The comparative decrease 

in the performance of 4SRS is likely to be due to the increase in autocorrelation as the 

sample resolution increased. When using small n, the distance between neighbouring 

sample points was greater and hence had lower levels of autocorrelation. The surface 

generating process set the range at a distance of 30, so the smallest simulated sample 

size (n = 36) had a distance of 20 units between closest points (giving some degree of 

autocorrelation). Larger systematic samples had neighbouring points considerably 

closer than the range and 4SRS became noticeably less efficient than nearly all of the 

other estimators. 

 

After the log(x+1) transformation the comparative performance of 4SRS dropped 

significantly. It was ubiquitously the most biased and had the largest MSE of all the 

examined estimators for all n. This is again likely to be attributable to an increase in 

autocorrelation. The log(x+1) transformation appeared to increase the autocorrelation 

of the realizations [the median range of autocorrelation in the SYS-based modelled 

variograms increased after the log(x+1) transformation]. [Note: The mean of the 

estimated range was actually lower on the log scale, but this was solely because of 

some gross outliers on the raw scale (the largest estimated range on the raw scale was 

285,411!) ]. 
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6.4.2.2 Stratification methods 

Stratification methods are known to overestimate θ since they only approximate and 

partially correct for autocorrelation – and this was evident in the results. The 

stratification methods gave the smallest proportion of underestimates of θ (other than 

SRS). With respect to MSE, both overlapping and non-overlapping stratification 

methods gave similar ‘middle-of-the-road’ results. The 4Strat. methods were neither the 

worst nor best estimators in any situation. In the absence of anisotropic data (as 

generated for this thesis), it was not surprising to find the estimators stratifying using 

size 2×1 (i.e. 4Strat1 and 4Strat2) and 2×2 (4Strat2 and 4Strat4) to all perform similarly. 

However, if the experimenter was able to a priori determine any anisotropic trend 

direction in the data, then the 2×1 stratification methods should outperform the square 

methods if oriented appropriately (i.e. oriented in a manner that would minimize the 

intra-stratum variation). 

 

 

6.4.2.3 Differencing methods 

Although the differencing methods (4Diff.) developed by Yates were designed for 

filtering out long-range fluctuations, they generally performed comparatively well – 

particularly after the log(x+1) transformation.  

 

The square differencing method, 4DiffSq, was generally a better estimator than 4DiffTr 

when analyzing the sort of over-dispersed, isotropic autocorrelated data that was 

simulated in this thesis. With the untransformed data, 4DiffSq was more variable than 

4DiffTr for smaller n, leading to a higher MSE (4DiffSq performed particularly poorly 
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when n = 36), but there was little difference when n ≥ 100, and4DiffSq outperformed 

4DiffTr at n=144. After the log(x+1) transformation, 4DiffSq was both less variable and 

less biased than its counterpart, and in fact was consistently one of the top three or 

four estimators. 

 

 

6.4.2.4 BK 

The performance of 4BK on the untransformed scale was poor, but improved greatly 

after a log(x+1) transformation stabilized the data. On the raw scale 4BK was more 

biased and had a considerably larger MSE than 4SRS for most n (it had a marginally 

smaller MSE than 4SRS when n = 100), and was the worst estimator by far when n = 

144. The poor performance of 4BK seemed likely to be due to model misspecification. 

The numerous gross outliers in the untransformed data made it difficult to create a 

stable model accurately depicting the autocorrelation structure of the realization, and 

the improvement in 4BK after the log(x+1) transformation might be attributable to an 

increase in the consistency of the model. 

 

However, both 4KAR and 4BK are wholly dependent upon the variogram model – why 

does 4KAR do such a better job than 4BK in the estimation of θ? I suggest two possible 

contributing reasons: model estimation and the ‘sample placement effect’.  

 

6.4.2.4.1 Model estimation 

Two of the three variogram calculations require variogram information that needs to 

be extrapolated outside the range of empirical data. 4BK requires the following 

variogram calculations (see [11]): 



Chapter 6: Comparing SYS estimators 

 

256 

i. the variogram values between the sample points, 

ii. the variogram values between the discretized grid points (calculating 

the total variance), and 

iii. the variogram values of the sample points and the survey extent. 

[12] 

 

Although (i) is based on parts of the variogram supported by the data, the latter two 

calculations rely upon the extrapolation of the variogram model outside the x-space of 

the available data.  

 

In contrast, the calculations for 4KAR (see section 6.2.2.2) only require the first two 

terms of [12], i.e. 

i. the average variogram value between sample points, and 

ii. the average variogram value between the discretization grid (calculating 

the total variance). 

 

Of these two terms only the latter term (calculating the total variance) depends upon 

extrapolated variogram values. Since 4KAR has a lower proportion of terms dependent 

upon extrapolation than 4BK, it should be inherently more stable against model 

misspecification. 

 

6.4.2.4.2 The sample placement effect 

4BK also differs from 4KAR (and all the other examined estimators) in another 

important respect. With 4BK the calculation of both mean (m) and variance (4BK) are 

conditional on sample unit position relative to the survey extent, i.e. even when using 
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the same variogram model and data, different SYS starting points give different 

estimates of the mean and variance (Figure 6.20).  
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Figure 6.20: Plots of 4  for BK and KAR from all possible SYS (size n = 36) on a single 

surface realization. The invariant reference variogram was used for each sample so 

differences between the 400 estimates were caused solely by sample unit placement. 

The red horizontal line shows where 4 = θ, the dashed line shows the E(4BK) based on 

all 400 (shown) estimates. 

 

Note: The periodic behaviour of 4BK that can be seen in Figure 6.20 is caused by the 

sequence in which all possible SYS samples were taken (the first sample starting 

position was taken in the top left corner and worked its way across a row before 

moving to the next row). As the SYS starting point becomes more central, 4BK gets 

smaller because the covariance between sample points and the survey extent increases 

(i.e. centrally located samples are considered a better estimate of the survey area than 

those close to the edge). (Figure 6.20 [BK] is not symmetrical because the 

discretization grid was not perfectly central). 
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The ‘sample placement effect’ for these two parameters causes problems for different 

reasons. 

 

While the sample mean for most estimators gives equal weight to each sample unit 

(i.e. ∑= ix
n

x 1 ), the weight for each sample unit calculated by BK also depends on 

the placement of the sample unit relative to the survey extent. Points that are near the 

centre of the survey extent get slightly higher weight. This means that m ≠ x . 

Unfortunately the position dependence of the variance (4BK) means that there is no 

direct comparison between θBK and θ, namely θBK ≠ [ ]2)m̂(E μ− . This is because the 

expected deviation between m and μ depends on the position of the samples.  

 

Rather than making inference by comparing all possible sample means within a 

realization, θBK calculated inference by determining the variance of the sample means 

(in that particular sample position) across multiple realizations. This means that 

theoretically 4BK  IS  θBK (under the assumption that the variogram model is correct).  

 

What basis is there to compare 4BK with θ?  

A reasonable comparison between 4BK and θ requires the variation in 4BK caused by 

the change in sample position (Δ4BK) to be small relative to the total MSE of 4BK.  

 

If 4BK was completely position invariant, then θBK could be estimated using the 

standard design-based manner of looking at all possible estimates within a realization. 

i.e. [ ]2)m̂(E μ−         [13] 
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A small Δ4BK relative to the total variation of 4BK (across all possible SYS within 

realizations) means that [13] should by closely approximated by θ. 

 

Unfortunately, calculating [13] for each sample size in each of the 1,000 examined 

realizations for both the untransformed and log(x+1) transformed data was not carried 

out due to constraints with processing times. Unlike x  (which can be calculated on a 

computer almost instantaneously), m takes a measurable amount of time (several 

seconds) to calculate [and I estimated that m would need to be calculated 

approximately 4 million times assuming everything had worked perfectly on the first 

try (and there was no trial and error involved)]. 

 

Consequently, comparing 4BK with θ relies on two factors: 

i. Small Δ4BK relative to the overall variance of 4BK. 

ii.  [ ]2)x(E μ−  ≈ [ ]2)m̂(E μ− , 

i.e. the difference between m  and x  is relatively small. 

[14] 
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Figure 6.21: A comparison of the total variation of 4BK and Δ4BK using the 

untransformed data in Chapter five. 

 

Figure 6.21 compares the variation introduced by Δ4BK (i.e. using the reference 

variogram for all SYS) with the total variation present in estimating 4BK (n = 36) on 

the untransformed realization data shown in Chapter five. 

 

Δ4BK was 0.13% of the total variance of the 4BK on the untransformed scale, and 

0.0072% of the total variance of 4BK after the log(x+1) transformation. 

 

Figure 6.22 shows the difference between x  (the standard design-based sample mean) 

and m for each of the 400 possible SYS when n =36 on the untransformed data in the 

single realization used in Chapter five. 
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Figure 6.22: A plot of m - x  for BK from all possible SYS (size n = 36) on a single 

surface realization. The horizontal line at 0 shows where m = x . 

 

In Figure 6.22 the differences between m and the corresponding x  for all the SYS was 

comparatively small. Consequently [ ]2)m̂(E μ− and [ ]2)x(E μ− were also extremely 

similar:  

• [ ]2)x(E μ−  =  40.908  

• [ ]2)m̂(E μ−  = 40.803. 

 

The two considerations discussed in [14] seem to be relatively small. 
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6.4.2.5 r-methods 

4r1 was the simplest of the model-based methods. This simplicity is likely the reason 

why it was generally among the least variable of the estimators. Although inference 

was model-based (i.e. using a super-population), it avoided the added variability 

created by misspecification of the variogram parameters. Instead 4r1 estimated the 1st 

order autocorrelation empirically using the SYS neighbouring points. Compare 4r1 to 

4r2 . The only difference between the two estimators is that the latter used the 

variogram model to estimate ρk – and it exhibited much more variation than 4r1. 

 

Ironically, empirical-based estimation of the 1st-order autocorrelation was clearly 

more stable than model-based estimation of the 1st-order autocorrelation because the 

reverse was true with regards to estimation of the variance (i.e. model-based estimates 

of the variance were far more stable). The problem in both cases seems likely to be 

due to instability in the estimation of the model parameters with SYS (as discussed in 

the [preceding] section 6.4.2.4.1). With regards to 4r2, the parameter instability 

appeared to manifest itself by generally overestimating the degree of autocorrelation 

in the data. This may have been caused by forcing a spherical model fit where other 

fits were more appropriate. Overestimating the 1st-order autocorrelation meant that 4r2 

generally underestimated θ. 

 

The principle of Occam’s razor dictates that the comparative performance of 4r. 

should be maximized when there is little or no autocorrelation for those sample points 

at more distant lags. At the smaller sample sizes only neighbouring points were within 

the effective range of autocorrelation (the range of autocorrelation in the data 

generating process was set at to a distance of 30 units). When n > 64, more than the 
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adjacent points were within the range of autocorrelation, and one might have expected 

these estimators to perform less effectively. However, there was little evidence of this. 

Although 4r1 did perform poorly at n = 100 on the untransformed scale it was also by 

far the best performer when n = 144, due in large part to the small variance of its 

estimates. Moreover, on the log scale both 4r. estimators performed comparatively 

well with the larger sample sizes. 

 

Despite its considerable success within this thesis, there are several key problems with 

the r-methods. Firstly it is unable to account for anisotropy within the data. Although 

all the simulated data within this thesis is isotropic, the processes in the field that 

determine the spatial distribution of organisms are commonly anisotropic (Dale et al. 

2002). In addition, Wolter (1984) found that r-method performed particularly well 

with autocorrelated populations (or with linear trends) but was mediocre with 

stratified or random populations (and stratified population at least are relatively 

common within ecological surveys). Wolter also detected a negative bias (found 

within this thesis at larger n), and expressed some concern that this meant that the 

confidence interval  may fail to cover the true population mean a sufficient proportion 

of the time.  
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6.4.2.6 KAR 

4KAR was one of the most consistent estimators of those examined. Either 4KAR or 4r1 

generally gave the best results. 4r1 was often less biased and had a smaller MSE on 

the untransformed scale, but 4r1 was also comparatively unstable when n = 100. 4KAR 

was the most consistent performer on the log scale. 4KAR performed comparatively 

most poorly when n = 36 on the untransformed scale. This was a likely consequence 

of model-misspecification caused by: 

1. unstable (untransformed) data and  

2. a lack of information with the lower lags. 

 

(The effects of model misspecification with 4KAR and 4BK are discussed in section 

6.4.2.4.1). 
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Chapter 7: Observations about systematic 

sampling 

This chapter examines two points with respect to SYS (and the relevant effect on θKAR) 

that are not discussed in the literature. These points include: 

1. confusion about when SYS is more precise than SRS. In the presence of 

autocorrelation within a population SYS is generally more optimal than SRS, 

even if sample observations are far enough apart to be independent. 

2. The effects of the skip interval on model misspecification (see Chapter six – 

section 6.4) 

 

 

7.1 SYS and independence 

7.1.1 Introduction 

The difference between autocorrelation and Cochran’s ρw statistic may have led to 

ignorance of the fact that SYS can be an efficient estimator of θ (i.e. better than SRS) 

even if sample units show little or no autocorrelation. 

 

Consider a random start SYS of a (positively) autocorrelated surface. Suppose that the 

grid resolution of the SYS is large enough so that grid points are spaced at distances 

slightly greater than the range of autocorrelation. The sample units of this design are 

therefore designed to be independent due to the resolution of the grid. However, the 

fact that sample units within this design will be uncorrelated does not nullify the 

exploitable presence of autocorrelation in the underlying population. The (positive) 
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autocorrelation in the underlying population means that the standard error for the SYS 

design is likely to be considerably more precise than SRS. 

 

This section (section 7.1) examines the scenario in which SYS samples have been 

taken from an autocorrelated population with a sampling resolution distant enough to 

ensure that the sample observations are effectively independent.  
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7.1.2 Methods 

7.1.2.1 Examining a single realization 

A single realization was randomly chosen from the 1000 realizations generated 

(originally generated for use in Chapter six). The realization was generated using an 

isotropic, autocorrelated surface of 120 x 120 using the geoR package within R. 

(Details of the realization generation process are discussed in Chapter four – section 

4.2.2).  

 

The reference variogram of the realization [from a random sample n = 2,500 – see 

Chapter five - section 5.2.2) is shown in Figure 7.1. 

0 20 40 60 80

0
10

20
30

40
50

60

distance

se
m

iv
ar

ia
nc

e

 

Figure 7.1: The reference variogram derived from the realization. The variogram model 

was fit by eye. 
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The parameters of the reference variogram were subjectively estimated using the 

eyefit command within R (package geoR) – this procedure basically involved 

choosing the appropriate model and experimenting with parameters until it was felt 

that the data effectively modelled. The R-code is shown below: 

 

> eyefit(tot.reg, silent = FALSE) 

  cov.model  sigmasq    phi  tausq   kappa kappa2 

1 spherical    49.13  24.44  10.16    <NA>   <NA> 

 

[Note : sigmasq = sill, phi = range, tausq=nugget) ] 

 

The range parameter of the reference variogram of the realization suggests that 

sample units with distances >25 are effectively independent using this stochastic 

process. 
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7.1.2.2 Multiple realizations 

In order to examine whether conclusions are generally true, 1000 realizations of a 

larger realization (realization size was 240 ×240) were generated. The following 

variogram functions were used to model the autocorrelation structure for each set of 

1000 realizations: 
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All variograms functions used the same generating parameters:  

• Nugget = 0 

• sill = 50 

 

The range of influence (i.e. effective range of autocorrelation) was set to 

approximately 15.  

 

Note: While the spherical function reaches its sill at the range (so points are 

effectively independent beyond this range), the range of influence of the exponential 

and spherical functions are approximately 3a and a3  respectively (Kitanadis 1997, 

Webster and Oliver 2001). As a consequence, the parameter a was set to 
3

15  for the 

exponential function and 
3

15  for the Gaussian function. Figure 7.2 shows the 

functions using these parameters for three models that generated the data – in each 

case the effective range was ~15 units. 

 

However, because the realization size was increased (240×240), bigger sample sizes 

could be used (with all units distant enough to be effectively independent). 
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Figure 7.2: The shape of the three models examined across multiple realizations 

(section 7.1.3.2). Each generating function had the same parameters, i.e. nugget = 0, sill 

= 50 and an effective range of 15.  

 

 

Within each realization, the variance of sample means for SYS (θSYS) was compared 

with the variance of sample means for SRS θSRS.  

 

Note: Section 7.1 deals with a comparison of realization parameters, NOT a 

comparison of estimates. 
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The simulated data was chosen to have a very small autocorrelation range so a range 

of SYS containing only independent sample units was available. This meant that with 

each examined sample size, (n = 4, 16, 25, 36, 64, 100, 144), all units were effectively 

independent. For instance, the largest sample (n = 144) had a distance of 20 units 

between nearest sample points of the SYS grid, and the expected range of the 

variogram was 15 units. 
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7.1.3 Results  

7.1.3.1 Single realization 

σ2
realization = 48.23 

Range of autocorrelation (from the reference variogram) = 24.44 

 

Table 7.1: A list of the θSYS and θSRS variances for different sample sizes. The shaded 

rows have a sample resolution with neighbouring points distant enough to be effectively 

independent (i.e. the skip interval >24) 

 

Sample size, n skip interval θSYS (2 d.p.) θSRS (2 d.p.) 

n = 4 60 8.71 12.06 

n = 16 30 1.78 3.01 

n = 25 24 1.08 1.93 

n = 36 20 1.41 1.34 

n = 64 15 0.56 0.75 

n = 100 12 0.07 0.48 

n = 144 10 0.07 0.34 

 

Table 7.1 shows that SYS is more effective than SRS even when points are effectively 

independent. In general SYS became proportionately more effective as the sample size 

increased. The obvious exception to this was when n = 36. For this sample size, on 

this particular surface θSRS was smaller than θSYS. This is likely to be due to sampling 

distances coinciding with some periodic nature in the data. 
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7.1.3.2 Multiple realizations 

Table 7.2: Three different surface generating processes (Exponential, Gaussian and 

Spherical) were used to each create 1000 realizations. θSYS and θSRS were calculated for 

each surface and the average value (of the 1000 realizations) is shown. The third 

column shows the relative efficiency of θSYS compared to θSRS (as a percentage of the 

variance).  

 

Exponential Model: 

Sample Size, n skip interval E[θSYS] E[θSRS] E[θSYS/θSRS] 

n = 4  120 12.33 12.43 99.2% 

n = 16 60 2.98 3.11 96.0% 

n = 25 48 1.86 1.99 93.6% 

n = 36 40 1.26 1.38 91.7% 

n = 64 30 0.65 0.78 84.4% 

n = 100 24 0.39 0.50 79.1% 

n = 144 20 0.25 0.35 72.0% 

 

Gaussian Model: 

Sample Size, n skip interval E[θSYS] E[θSRS] E[θSYS/ θSRS] 

n = 4 120 12.22 12.38 98.8% 

n = 16 60 2.92 3.09 94.5% 

n = 25 48 1.76 1.98 89.1% 

n = 36 40 1.22 1.37 88.4% 

n = 64 30 0.57 0.77 73.2% 

n = 100 24 0.30 0.50 59.7% 

n = 144 20 0.16 0.34 45.6% 
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Spherical Model: 

Sample Size, n skip interval E[θSYS] E[θSRS] E[θSYS/θSRS] 

n = 4 120 12.323 12.424 99.18% 

n = 16 60 2.992 3.106 96.35% 

n = 25 48 1.866 1.987 93.89% 

n = 36 40 1.269 1.381 91.98% 

n = 64 30 0.656 0.777 84.53% 

n = 100 24 0.388 0.497 78.15% 

n = 144 20 0.231 0.345 67.10% 
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Figure 7.3: The distribution of ratios (θsys/θSRS ) for the Exponential, Gaussian and 

Spherical models. Values below the dashed, horizontal line (where the ratio = 1) are 

those realizations where θSYS is more efficient than θSRS. 
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If the underlying population is autocorrelated (with an exponential, Gaussian or 

spherical structure), then E(θSYS) is smaller than E(θSRS) even though all sample units 

are far enough apart to be effectively independent. The efficiency of E(θSYS) increased 

relative to E(θSRS) as the sample density increased. 

 

The most marked increase in relative efficiency, (θSYS / θSRS ), was seen in those 

surfaces generated with a Gaussian variogram structure. θSYS was relatively less 

efficient for surfaces generated with an exponential structure, and least efficient for 

surfaces generated with a spherical variogram structure. 

 

With the very small samples (say, n = 4 or n = 16) the distance between nearest 

sampling units is very large relative to the range of autocorrelation (so we would 

expect there to be little difference between SYS and SRS in general). In fact, Figure 

7.3 shows that it is not uncommon for surfaces to be generated where SRS is more 

efficient than SYS for certain n (in some cases SRS was more than twice as efficient).  

 

The distribution of θSYS was far more variable than θSRS because θSYS is based on a 

comparatively small possible number of samples with the sort of finite population 

simulated within this study. In contrast θSRS is based on a near infinite number of 

possible samples, and is therefore less susceptible to outliers. The distribution of θSYS 

became more skewed as n increased due to a corresponding decrease in the number of 

possible samples on the finite surface. For instance, with a 240×240 surface, if n = 4 

(i.e. a 2×2 sample) then θSYS is calculated from 1202 (14,400) possible systematic 

samples. If n = 144 (i.e. a 12×12 sample) it is calculated from only 400. 
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7.1.4 Discussion 

It was not surprising that θSYS was least efficient with the exponential and spherical 

model surfaces because these variogram structure exhibit less autocorrelation than the 

Gaussian model (see Figure 7.2). The Gaussian model has greater autocorrelation for 

shorter lags due to the sigmoid shape of the function. 

 

7.1.4.1 Flexibility in sampling multiple inference spaces 

A priori knowledge of the autocorrelation structure offers what might be an important 

advantage. Ensuring a SYS resolution with distances roughly equal to the range of 

autocorrelation provides: 

1. a likely increase in precision (over SRS), and  

2. (if required) the ability to easily generalize inference beyond the sample 

extent. 

 

Such a scheme is still likely to be comparatively effective in reducing the standard 

error, but sample points are effectively independent, so generalization to a broader 

inference space is mathematically trivial (assuming that the surveyor is happy to be 

pseudo-replicated and assume stationarity in the regionalized variable of interest).  
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7.2 The effect of the skip interval on model 

misspecification 

7.2.1 Introduction 

The model-based estimation in Chapters five and six appeared to have some problems 

with the stability of the parameter estimation. It was hypothesized within these 

chapters that this model misspecification may be associated with SYS because of a 

lack of empirical information about spatial structure at distances smaller than the 

sample resolution of the SYS grid (see Figure 6.19 reprinted below as Figure 7.4). I 

have called this the ‘skip interval effect’. 

 

0 20 40 60 80

0
10

00
20

00
30

00
40

00
50

00
60

00

Distance

Va
rio

gr
am

 v
al

ue
, γ

 

Figure 7.4: [shown in the previous chapter (Figure 6.19)] - An empirical variogram 

generated from a sample of n = 36 (the maximum-likelihood parameterized variogram 

model is shown as the solid line). Note the lack of available information for smaller 

lags - this is shown by the shaded area. This is a consequence of SYS design. 
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The lack of information at small distances means that the shape of the function and 

more importantly, the size of the nugget effect will not be based on any empirical 

evidence, but rather based solely on the extrapolated shape of a function determined at 

greater lags. The choice of the behaviour of the model near the origin carries with it 

the risk of gross error: if it is not well-founded, geostatistical methods lose their 

optimality and calculated variances can be completely erroneous (Chilés and Delfiner 

1999). The three model-based methods relying on the variogram (4KAR , 4BK and 4r2) 

are all likely to suffer some bias due this problem.  

 

This section examines whether the lack of information at small lags adversely affects 

model parameter selection. It compares models based on variograms from SYS and 

RandSYS (stratified random systematic sample - see Chapter two - section 2.2.1). 
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7.2.2 Methods  

One method of quantifying the ‘skip interval effect’ on the results of this thesis is to 

compare SYS with a design that is as similar as possible but also contains information 

about the spatial structure at distances less than the skip interval. 

 

To that end a side-by-side comparison of model-based estimators (4BK, 4KAR and 4r1) 

was made between estimators using: 

1. SYS (i.e. the results of these estimators shown in Chapter six) 

2. a model derived from RandSYS (but assuming all other factors [including 

sample size and sample position] identical to its SYS counterpart).  

 

RandSYS was chosen because at a given sample size it is the design that is most likely 

to obtain variogram information similar to SYS, but also have some empirical 

comparative distances less than k [see Chapter two - Figure 2.3]). 

 

Comparisons were made at n =36, n = 64, n = 100 and n = 144 on both the 

untransformed and log(x+1) transformed scales for the 1000 realizations examined in 

Chapter six. 



Chapter 7: Some observations about SYS 

 

281 

7.2.3 Results 

7.2.3.1 Untransformed data 

 

Table 7.3: A comparison of SYS and RandSYS using bias and MSE on the 

untransformed data. 

 

  Bias MSE 

n Estimator SYS RandSYS SYS RandSYS 

36 KAR 33.52 1.16 6.57E+05 1.55E+04 

 BK 47.60 7.30 9.09E+05 1.89E+04 

 r2 19.66 -50.77 3.69E+05 9.67E+03 

64 KAR 17.42 13.11 3.34E+04 1.03E+04 

 BK 30.56 24.61 6.50E+04 2.05E+04 

 r2 10.84 -23.65 2.40E+04 1.82E+03 

100 KAR 10.97 11.43 6.18E+03 8.39E+03 

 BK 24.39 25.93 1.77E+04 2.50E+04 

 r2 10.15 -12.58 7.20E+03 489.13 

144 KAR 7.39 5.56 2.38E+03 927.30 

 BK 22.96 19.09 1.22E+04 4.71E+03 

 r2 9.98 -7.76 3.80E+03 206.52 
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7.2.3.2 Bias 
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Figure 7.5: Interaction plot of bias comparing SYS- and RandSYS using untransformed 

data.  

 

Large differences in bias were evident between the RandSYS-based variogram and 

SYS-based results when n = 36. Although RandSYS versions of 4BK and 4KAR were 

much less biased than their SYS-counterparts at this sample size, 4r2 was much more 

biased. It was highly unusual that the RandSYS estimates showed so little bias when 
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n=36 for 4KAR and 4BK. Without the reference variograms for each of the 1000 

realizations it is difficult to determine which variable may be responsible, but the 

gross underestimation of θ by 4r2 suggests that the distribution of one of the 

parameters (either the nugget or the sill) was better behaved when  n = 36 (using 

RandSYS). Examination of the distribution of the nugget effect suggests that it may be 

the parameter responsible - for some reason the nugget was comparatively stable 

when n = 36 when using the RandSYS models (see Figure 7.6).  
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Figure 7.6: The distribution of estimated nugget effects when using RandSYS. 

 

The differences between RandSYS and SYS estimators generally became less 

pronounced as the sample size increased.  
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7.2.3.3 MSE 
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Figure 7.7: Interaction plot of MSE (shown on the log scale) comparing SYS and 

RandSYS using untransformed data. 

 

All RandSYS-based estimators had much smaller MSE than their SYS-counterparts for 

all sample sizes except when n =100. At this sample size both 4BK and 4KAR performed 

slightly better using SYS-based variograms. 
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7.2.3.4 Log(x+1) transformed data 

 

Table 7.4: A comparison of SYS and RandSYS using bias and MSE on the log(x+1) 

transformed data. 

 

  Bias MSE 

n Estimator SYS RandSYS SYS RandSYS 

36 KAR 1.19E-02 5.51E-03 2.95E-04 1.48E-04 

 BK 1.53E-02 7.25E-03 4.50E-04 2.14E-04 

 r2 1.34E-02 -6.55E-03 6.92E-04 1.82E-04 

64 KAR 1.52E-03 9.14E-04 2.90E-05 2.07E-05 

 BK 3.47E-03 2.67E-03 5.53E-05 3.72E-05 

 r2 5.84E-03 -5.41E-03 1.90E-04 4.00E-05 

100 KAR 1.65E-04 3.65E-04 5.92E-06 5.10E-06 

 BK 1.80E-03 2.15E-03 1.60E-05 1.46E-05 

 r2 4.65E-03 -2.77E-03 8.90E-05 9.83E-06 

144 KAR -3.83E-04 -3.37E-04 1.94E-06 2.05E-06 

 BK 1.39E-03 1.47E-03 6.10E-06 6.68E-06 

 r2 -1.98E-03 -1.97E-03 5.05E-06 5.01E-06 
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Figure 7.8: Interaction plot of bias comparing SYS and RandSYS using the log(x+1) 

transformed data. 

 

After a log(x+1) transformation all RandSYS-based estimators had less bias than their 

SYS-counterparts for the smaller sample sizes. Differences in bias were generally less 

pronounced for larger sample sizes (the exception being 4r2 when n = 100). 
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Figure 7.9: Interaction plot of MSE (shown on the log scale) comparing SYS and 

RandSYS using the (log(x+1) transformed data. 

 

After a log(x+1) transformation all RandSYS-based estimators had a smaller MSE 

than their SYS-counterparts for all but the largest examined sample sizes. Differences 

in MSE were generally less pronounced for larger sample sizes, and there was 

(comparatively) little difference between RandSYS and SYS-based estimation at  

n = 144. 
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7.2.4 Discussion 

The results suggest that there is a significant ‘skip interval effect’, i.e. that the lack of 

information at lags smaller than the skip interval is generally detrimental to the 

parameter estimation in the theoretical variogram model. With only a few exceptions, 

the use of RandSYS-derived variograms gave less biased estimators with smaller MSE 

on both the raw and log(x+1) transformed scale. 

 

Not surprisingly, the differences between the RandSYS and SYS-based estimators were 

larger at the smaller sample sizes, because smaller SYS grids have a larger skip 

interval.  

 

In fact, with the smallest examined sample size (n = 36) the choice of survey design 

(i.e. RandSYS vs SYS) became more important than the estimator type. All RandSYS-

based estimators were less biased and had smaller MSE than any SYS-based estimator. 

 

Both 4BK and 4r2 improved considerably when using RandSYS-based variograms 

(although using RandSYS-based variograms did produce larger negative bias with 4r2). 

All model-based estimators appeared sensitive to the variogram model, and the use of 

RandSYS meant that all estimators generally gave far fewer gross over-estimates.  
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Chapter 8: Conclusions 

8.1 A summary of results 

In the first chapter I introduced some of the background in the estimation of 

ecological abundances. Knowing how many animals are there and how they are 

spatially distributed are fundamental but not simple problems in ecology. Survey 

design plays a crucial role in any spatial problem like this. 

 

Chapter two examined the method of the random start systematic sampling (SYS) 

survey design. Although SYS is theoretically a highly efficient survey design when 

estimating and mapping ecological abundance data; it has one major flaw. SYS has no 

generally accepted method of estimating the variance of sample means, θSYS. The 

model-based paradigm had previously been suggested as a framework that can, in 

theory, give an unbiased estimate of θSYS for one-dimensional data. Recently, a model-

based (geostatistical) method, block kriging (BK), was proposed (Aubry and Debouzie 

2000, Aubry and Debouzie 2001) as an estimator for a spatial SYS standard error, but 

this method has had limited testing. 

 

Spatial autocorrelation is a general phenomenon within ecological studies. However, 

considerable confusion exists about how to analyze spatial autocorrelated data. 

Chapter three resolves the two completely different arguments about autocorrelated 

data that are commonly reported: 

 

1. It decreases the power of a test.  

2. It can be ignored/used to the statistician’s advantage. 
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Chapter three shows that these apparently discordant views may be correct dependent 

upon the desired scale of inference. Although inferential statistics seeking to 

generalize to different spatial areas need to be adjusted for autocorrelation, if the 

inference is restricted to the surveyed area then standard tests are applicable. In the 

latter case, an alert ecologist may incorporate autocorrelation into their model or 

design to actually improve the precision and power of their analysis. We found that 

the scale of spatial inference is rarely discussed – although this should be the first step 

in any spatial analysis. We suggested that spatial inference should rarely be 

generalized, since it typically required assumptions of stationarity (or the intrinsic 

hypothesis) to hold over different, unsampled areas, and is vulnerable to the 

accusation of “pseudo-replication”. 

 

The thesis aimed to compare various previously proposed SYS estimators on 

ecological abundances though simulation. Chapter four outlined various 

characteristics that were common in ecological abundance data. Some of the most 

common characteristics of spatially distributed ecological abundance data included: 

• spatial autocorrelation 

• over-dispersion 

• spatial heterogeneity 

• a variance: mean relationship 

• anisotropy 

Spatially distributed ecological abundance containing most of these characteristics 

(apart from anisotropy) was simulated within the ‘R’ statistical software package 

using the RandomFields function. Approximately 1,000 multiple stochastic 

realizations of abundance (each of size 120×120 sampling units) were created (some 
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240×240 realizations were also created to investigate the effect of autocorrelation on 

SYS). 

 

Chapter five introduced a novel method to estimate θSYS . I named it 4KAR since I 

derived the method from the geostatistical law of ‘Krige’s Additivity Relationship’. 

When applied to SYS, KAR states that 4SYS is simply the difference between  

1. the total variance and  

2. the expected within-sample SYS variance. 

Both of these terms are estimable using variography (geostatistics).  

 

Eight different variants of 4KAR were proposed and compared on a single stochastic 

realization of simulated ecological abundance data (created by the algorithm 

described in Chapter four). As expected, the most stable version of 4KAR (called 41a 

within this chapter) used a theoretical variogram model to estimate both required 

terms. It estimated: 

1. the total variance by approximating the double integral of the variogram 

function across the surface using a discretization grid.  

2. the expected within-sample variance by calculating the average variogram 

model value for all the sample distances (including the zero distances). 

41a appeared to give relatively unbiased estimates of θSYS if the correct (reference) 

variogram was used. Moreover, even if no prior knowledge was assumed (i.e. all 

information was supplied by the systematic sample) then 41a still consistently 

outperformed 4SRS, sometimes by more than an order of magnitude (using MSE as the 

criterion). This suggested that 4KAR was a viable method of estimating ecological 

abundance data sampled using SYS. 
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Chapter six compared 41a (described as simply 4KAR within the context of this and 

later chapters) and 11 other estimators that had previously been proposed as an 

estimator for spatial SYS (Yates 1960, Ripley 1981, Wolter 1984, Dunn and Harrison 

1993, Aubry and Debouzie 2000). Comparisons were made over 1,000 different 

stochastic realizations of ecological abundance data. 4r1 and 4KAR were found to be 

generally the least biased and most stable of all examined estimators. Although 4SRS 

performed comparatively well compared to some estimators on the untransformed 

data, all SYS estimators outperformed it after a log(x+1) transformation. The log(x+1) 

transformed data had considerably less aggregation and generally a higher degree of 

autocorrelation, and estimation of the model parameters seemed far more stable. The 

performance of 4BK was much more stable after the log(x+1) transformation –

suggesting that that 4BK may be sensitive to model-misspecification. It was 

hypothesized that model-misspecification may occur with SYS due to a lack of 

information in the variogram at distances smaller than the skip interval (‘the skip 

interval effect’). 

 

Chapter seven compared the efficiency of SYS and SRS on autocorrelated populations, 

with sample units distant enough to be effectively independent. In these circumstances 

SYS was still considerably more efficient than SRS. This showed that a priori 

knowledge of spatial structure can benefit a survey design even if the resolution of 

units is so large as to be effectively independent. It also examined the problem of the 

‘skip interval effect’ discussed initially in chapter six by comparing model-based 

estimates using: 

1. a SYS-derived variogram 

2. a RandSYS-derived variogram 
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Other factors (such as sample size and sample position) were held constant in the 

comparison. The variograms derived from RandSYS were found to give improved 

MSE on both the untransformed and log(x+1) transformed data. 

 

 

8.2 Discussion 

8.2.1 Inference space 

The interaction between autocorrelation and inference space does not appear to be 

widely recognized or is simply not discussed in ecology and earth science literature. 

The effects of autocorrelation are complicated and sometimes it may not be obvious 

which inference space is actually wanted or calculated (particularly when using 

model-based methods). Earth scientists/geostatisticians are generally aware of the 

advantages of sticking to the small inference space – and their inference is typically 

constrained to the survey extent. Paradoxically, despite the emphasis on the evils of 

‘pseudo-replication’ in the ecological community, ecologists use more general 

models, and most publications consider autocorrelation as something to be corrected 

for.  

 

8.2.2 Limitations of thesis simulations 

Simulating data has advantages (e.g. being able to create multiple exhaustive data sets 

with known population parameters). But whenever one generates data there are 

always legitimate criticisms of simulation pertinence. How well does the simulation 

describe what is actually encountered in the field? When is this modelled data 

applicable? How often does one encounter this sort of data in the field? 
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I believe that the generating process within these simulations gave a relatively broad 

spectrum of realizations. Although the same basic autocorrelation model was used in 

the generation of all the data, the stochastic process was on the log scale and was 

subsequently exponentiated (thereby amplifying the inherent variability) and further, 

Poisson error was added onto that. This generated considerable inherent variation and 

a broad range of realization parameters.  

 

The sheer breadth of realization parameters was sometimes problematic (particularly 

on the untransformed scale). For instance it was impossible to show the difference (4 

– θ) on the untransformed data (Chapter six) due to the inherent variation in the 

generating process (the log ratio 4 / θ was shown instead).  

 

Although the variation of the generating process might help to increase the generality 

of the conclusions, the flip side was that it meant that the thesis conclusions were also 

comparatively non-specific. The results should be used only as a rough guide for what 

might be encountered in the field, and only for those field studies that exhibit similar 

spatial characteristics. But such is the nature of ecology. One should be wary of 

becoming over attentive to measurements and models and natural laws. Ecology is not 

a 'hard' science like physics or chemistry. I would argue that ecological modelling has 

its place (provided we recognize that it can never be precise), but aspects of plant and 

animal behaviour should not be forced into a quantitative mould which they may not 

really fit. 
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8.2.3 Variogram Automation 

When a specific error-structure is incorporated into a model (in order to correct the 

precision of data estimates), a new source of error is also introduced into the system. 

Design-based methods typically have several sources of error: 

1. The basic model structure (e.g. trend). For instance, you should not be fitting a 

straight line to a curve. 

2. The sampling error, i.e. the variation of the data around the model itself.  

 

Model-based methods add a third source of error. Rather than assuming that the 

sampling error is iid (due to the population structure or due to SRS), they assume a 

particular autocorrelation error structure. This may improve the precision of the 

estimate, but adds an extra assumption. In essence model-based methods fit two 

models:  

(1) the basic trend, and  

(2) the error structure,  

and calculates inference assuming both models to be correct. It is common practice in 

model-based methods to ignore the fact that the parameters of the spatial model have 

been estimated from the data and instead treat the estimated autocorrelation structure 

as if it were known without error (this is one reason why simple models are often 

preferred – they are easier to defend) (Wang and Wall 2003). Consequently, it is of 

utmost importance that the fitted model be as accurate as possible. Geostatistical 

methods are known to sometimes produce highly biased estimates of the mean and 

variances if the spatial autocorrelation structure is not modelled correctly or if it 

changes over the region (McArthur 1987).  
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The automated variogram parameter estimates used within most of the thesis 

simulations determined the values of the parameters in the model, e.g., range, sill, 

nugget but not the model type. That was a priori assumed to be the spherical model. 

The choice of the spherical model is ‘correct’ in that it was the autocorrelation 

variogram model used in the generating function; but the fact that the generated data 

was considerably transformed (i.e. exponentiated and Poisson error added) meant that 

the data did not particularly conform to the spherical model (particularly on the raw 

scale). However, it is possible that the ‘correct’ choice of the spherical model may 

have helped improve the model-based methods estimation for the log(x+1) 

transformed data. The (possible) advantage of using the correct model is mitigated 

somewhat by the fact that the practitioner is able to fir their variogram using human 

judgement and/or multiple starting points if they wish to use an automated procedure. 

The spherical model was chosen as the a priori estimating model of choice not 

because it was ‘correct’ (on the log scale), but because of a combination of: 

a. its common usage in practice and 

b. its stability in the estimation of the sill.  

 

The Matérn variogram model would have allowed a more flexible model choice, but 

unfortunately automated parameter estimation of the Matérn in geoR was unstable 

enough to make it unusable. Apart from the spherical model, the next most common 

variogram models were the gaussian and exponential models. However both of these 

functions approach the sill asymptotically, and initial investigations suggested that the 

sill parameter was less stable when they were applied. This would have had 

considerable consequences to the 42. estimators examined in Chapter five. 
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The large quantity of simulated realizations within this thesis meant that the 

variogram model-fitting needed to be automated. Ideally, each realization would be fit 

in the interactive manner that is typically carried out in the field, i.e. an appropriate 

model function is selected after examining the empirical variogram, followed by 

choosing the model parameters by eye (and hopefully verified by an automated 

method of parameter selection). Unfortunately, the spherical model was constantly 

used (for the reasons described in the previous paragraph) because at the time of 

writing this thesis there is no reliable method that automatically chooses an 

appropriate variogram model and fits its parameters (pers comm. I. Clark, D. Myers).  

 

I believe the a priori choice of using the spherical function to model the generated 

data (for all realizations) is a valid criticism of the results of this thesis. The spherical 

model often produced a reasonable fit, but given the scope of variation across 

realizations it was unlikely to be optimal in many instances (particularly on the 

untransformed data). This suggests that those model-based methods (4BK, 4KAR, 4r2) 

are all likely to have performed better if each of the modelled variograms could have 

been individually examined and tailored. 

 

I did briefly examine two options that would remove the impediment of using a 

constant (spherical) model: 

1. Using AIC model-weights/model averaging of several theoretical variogram 

models [following Buckland et al. (1997)]. 

2. Using a non-parametric method to fit the theoretical variogram model. 
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8.2.3.1 AIC model-weighting 

Buckland (Buckland et al. 1997) developed estimators for sampling variance that are 

not conditional on a particular model and include model selection uncertainty. I found 

the application of their algorithm for AIC model-averaging too cumbersome to 

implement for the simulations within this thesis.  

 

The problem was that model-weighting involved initially subdividing the data into k 

groups (I had envisaged using just three models) and calculating 4  for each of the k 

models. This led to two misgivings: 

 

1. I felt that dividing some of the small SYS samples in a spatially heterogeneous 

environment may well lead to k rather bad models instead of one incorrect (but 

better fitting model). 

2. The amount of time spent on the analysis of each of the models grew 

considerably larger. 

 

8.2.3.2 Non-parametric variogram estimation 

Several non-parametric spline options were examined: 

1. Using smoothing splines through the variogram cloud (and empirical 

variogram) 

2. Using Lele’s algorithm of estimating a valid inner product variogram matrix 

(Lele 1995). 
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The most obvious hurdle for the use of non ad hoc model fitting is the key restriction 

that the variograms function creates a variogram matrix that is negative-definite. This 

restriction ensures that: 

1. There is a stable, unique and optimum solution for the matrix inversion in the 

kriging equations,  and 

2. The variance of the estimated point is non-negative. 

 

Simply fitting a (smoothing) spline to the data meant that negative estimates of θ 

could occur. I am personally unwilling to exclude an approach simply because of this 

limitation. I would argue that in practice if your non-parametric (spline) model gave a 

negative variance, it suggests that your model is incorrect and you should refit it 

(probably with something more monotonic). Unfortunately I found that many splines 

fit to the data needed considerable attention to ensure a reasonable fit (I used the 

smooth.spline function (within the stats package in R) to generate a cubic smoothing 

spline with generalized cross-validation). This extra-effort seemed counter-productive 

so this approach was shelved. 

 

Lele’s method transforms the problem of estimating a valid variogram matrix into a 

problem of iteratively creating a valid inner product variogram matrix (Lele 1995). 

Briefly, the empirical variogram is smoothed (with a spline) to create a variogram 

matrix P. The negative eigenvalues of the spectral decomposition of P are replaced 

with a very small positive number and the variogram is recreated. This step is then 

repeated until the function is visually smooth (or for a set number of times). 

 

Unfortunately this algorithm suffered from two problems: 
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1. There was a consistent downwards bias in the final model (the fitted variance 

was generally too small). 

2. The algorithm was too slow to apply to the millions of variograms that were 

estimated within the thesis. 

Although solutions to the bias have been suggested (Kim and Boos 2004), the 

problem with speed meant that this approach was also deemed to be infeasible. 

 

 

8.2.4 Future work 

Some obvious avenues of future research involve investigating the performance of 

4KAR (and other 4SYS) with different autocorrelation structures. For example, SYS is 

known to be a relatively efficient design in the presence of linear trends, and this can 

be further generalized (more complex monotonic linear trends, anisotropy, point 

source trends). 

 

The question of variance-bias trade-offs becomes particularly relevant with model-

based methods and (in particular) non-parametric variogram methods and seems 

worthy of further investigation. The results in Chapter seven (section 7.2) suggest that 

there is a real trade-off between sampling efficiency and model accuracy (as shown by 

the comparison between SYS and RandSYS).  

 

In theory it might be a good idea to systematically separate your observations as far 

apart as possible in order (as with SYS) to maximize power for your sampling effort 

(Olsen et al. 1998). However it is also very important for model-based methods to 

accurately estimate the spatial structure of the data. After all, with these methods an 
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incorrect model equates to incorrect inference. It seems counterproductive to 

maximize the theoretical power of an analysis at the expense of determining the 

correct model structure (and thus the correct inference). 
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