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Abstract 

The reliable simulation of the complex process of rainfall-runoff transformation is crucial 

to the design of water resources and management projects such as flood forecasting, urban 

sewer design, drainage system design and catchment management. The use of hybrid 

wavelet data driven models for simulating the complex rainfall-runoff process is 

increasing in the field of hydrological modelling. Wavelet Transformation (WT) 

decomposes the main time series data into its sub-components, thereby yielding hybrid 

wavelet data driven models. These models use multi scale-input data to improve the 

performance of data driven models by simultaneously capturing the spectral and the 

temporal information concealed in the main time series data in its raw form. Successful 

implementation of hybrid wavelet data driven models is very much dependent on various 

unresolved issues. One of the core issues in the development of hybrid wavelet models is 

the selection of appropriate data driven models, as a number of models/approaches exist 

including Artificial Neural Network (ANN), Adaptive Neuro Fuzzy (ANF), Gene 

Expression (GEP) and the multi-model combination approach for example. Moreover, 

there are two types of wavelet transformations, namely, the continuous wavelet 

transformation (CWT) and the discrete wavelet transformation (DWT). The choice of 

suitable WT type is another important concern. Likewise, WT requires a mathematical 

function called wavelet function in order to transform input data. There are several wavelet 

functions available and the choice of most appropriate function is also very crucial for the 

development of hybrid wavelet data driven models. Also, the selection of a suitable 

decomposition level for hybrid wavelet hydrologic models has no clear guidelines. In 

general, the decomposition level depends on both the length and the features of the 

temporal data. In addition, the performance of the hybrid wavelet models is also reliant on 

the choice of a proper input vector. The selection of the optimum input vector to be used 
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in conjunction with the hybrid wavelet models has also not yet been addressed adequately. 

A major shortcoming associated with the wavelet-coupled model is the use of a large 

number of inputs. The use of a large number of inputs results not only in increase 

simulation time, but also the increased computational complexity and makes the 

calibration of the network more difficult. Identification of the wavelet sub-series of data 

containing significant information regarding the system is also another important issue in 

the successful implementation of wavelet coupled hydrological models.  

The study presented in this thesis was, therefore, conducted to establish general guidelines 

for the development of hybrid wavelet data driven rainfall-runoff simulation models. Eight 

data driven models, two wavelet transformation types, twenty three mother wavelet 

functions and nine decomposition levels were investigated in this study. The data driven 

models considered in this study included Multiple Linear Regression (MLP), Multilayer 

Perceptron Neural Network (MLPNN), Modular Neural Network (MNN), Generalized 

Feed Forward Neural Network (GFNN), Radial Basis Function Neural Network 

(RBFNN), Co-active Neuro Fuzzy Inference System (CANFIS), Time Lagged Recurrent 

Neural Network (TLRNN) and Gene Expression Programming (GEP) models. A wide 

range of the wavelet functions were tested in this study by considering various wavelet 

functions from five most commonly used wavelet families, namely, Haar, Daubechies, 

Symlets, Coiflets and Meyer wavelet families. Additionally, various input vectors and four 

approaches regarding identification of dominant wavelet sub-series containing significant 

information about the hydrological system under investigation were also investigated in 

this thesis. Finally, a hybrid wavelet multi-model combination approach was also 

presented in this thesis. A total of 1243 models were developed and examined in this study 

to formulate general rules for successful implementation of hybrid wavelet data driven 

simulation models.  
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The results of the study suggested that the hybrid wavelet data driven models developed 

using both the continuous wavelet transformation (CWT) and the discrete wavelet 

transformation (DWT) types outperformed their counterpart simple models developed 

without applying WT on the input time series data. However, the DWT was found to 

outperform the CWT. The results of the study supported the use of three types of data 

driven models, namely, the MLPNN, the MNN and the GFNN for the development of 

hybrid wavelet data driven models. This was because of their superior performance among 

eight models tested in the present study. The performance of all hybrid data driven 

simulation models was found to be sensitive to the selection of appropriate wavelet 

function. Of the twenty three wavelet functions tested in this study, two were favoured, 

the db8 and the dmey wavelet functions. The db8 wavelet function belongs to the most 

popular Daubechies wavelet family while the dmey is the discrete approximation of the 

Meyer wavelet family. The good performance of db8 and dmey wavelet functions may be 

attributed to their wider support length and good time-frequency localization property. 

Both wavelet functions yielded good results with all data driven models tested in this study 

except for hybrid wavelet GEP models which produced good results only with dmey 

wavelet function. The choice of suitable decomposition level in the development of hybrid 

wavelet models is also very vital as many seasonal and periodic features may be embedded 

in the hydrological data. The maximum number of decomposition levels depends on the 

length of data available. The study advocated the use of level nine decomposition of the 

input data for the development of hybrid wavelet models. The level nine decomposition 

was found to yield best results as it was able to capture the significant and leading annual 

seasonal cycle of the hydrological time series data. The study also favoured the use of 

dominant wavelet sub-series only as input for the wavelet coupled models instead of using 

all sub-series of data obtained by the WT. This has considerably reduced the 
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computational complexity and the simulation time as well. The dominant wavelet sub-

series identified on the basis of an approach called the relative weight analysis (RWA) 

was found to be better compared with the ones identified on the basis of cross-correlation 

analysis. This may be due to the fact that cross-correlation provides a linear relationship 

embedded in the data which did not provide good results for the non-linear rainfall-runoff 

transformation process. The study further investigated the problem of selection of an 

appropriate input vector for the successful implementation of hybrid wavelet data driven 

models. Various input vectors were tested in the study. It was found that the hybrid 

wavelet data driven models gave best results with the parsimonious input vectors only. On 

the other hand, it was established that the performance of the simple models kept 

increasing by the adding of more and more lag-time rainfall data series in the input vector, 

and that simple models developed without applying WT performed even better than their 

counterpart hybrid wavelet models with large input vectors. This may be owing to the WT, 

which revealed the hidden information of the rainfall-time series data, thus making the 

hybrid wavelet models perform better with parsimonious input vector. On the other hand, 

simple models performed better with the input vector containing a large number of lagged 

rainfall time series in order to get the temporal and the spectral information of the data. 

Finally, the impact of WT on the performance of the multi-model combination approach 

was evaluated. The multi-model combination approach relies on the fact that various 

models capture different features of the data, and hence the combination of these features 

would yield better results. The performance of the developed hybrid wavelet multi-models 

was compared with their counterpart simple multi-modes developed without WT. The 

study advocated the use of the hybrid wavelet multi-model approach as it outperformed 

the simple multi-model approach.  
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Chapter 1  

Introduction 

1.1 General  

Reliable simulation of runoff generated from a watershed in response to a rainfall event is 

an important area of research in hydrology and water resource engineering, as it plays an 

important role in planning, design and sustainable management of water resources projects 

such as flood forecasting, urban sewer design, drainage system design and watershed 

management. The rainfall-runoff process is a complex non-linear outcome of numerous 

hydrological factors. These include precipitation intensity, evaporation, watershed 

geomorphology, infiltration rate of soil as well as interactions between groundwater and 

surface water flows, all of which cannot be modelled by simple linear models. Since the 

establishment of rational method in 1850 (Mulvany, 1850) for calculation of peak 

discharge, numerous hydrological models have been proposed. Approaches used for 

simulating the rainfall-runoff transformation process include two main categories: 

physically-based and data driven approaches. Each approach has associated pros and cons. 

The physically based models includes, for example, systeme hydrologique Européen with 

sediment and solute transport model (SHETRAN) (Birkinshaw, 2013) and Gridded 

Surface Subsurface Hydrologic Analysis model (GSSHA) (Downer and Ogden, 2004). 

These models usually involve the solution of a system of partial differential equations to 

model various components of hydrological cycle in the catchment. However, although, 

these physically-based models are helpful in understanding the underlying physics of 

hydrological processes, their application is limited because of the requirements of large 

input data and computational time. The black-box data-driven models, on the other hand, 
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are based primarily on the measured data and map the input-output relationship without 

giving consideration to the complex nature of the underlying process. Among data-driven 

models, ANNs have appeared as powerful black-box models and received great attention 

during the last two decades. The ANN approach has been successfully applied for different 

modelling problems in various branches of science and engineering. In the field of 

hydrology, French et al. (1992) were the first to use ANN for forecasting rainfall. 

Shamseldin (1997) pioneered the use of ANN in modelling rainfall-runoff relationships. 

The ANN has been successfully applied in many hydrological studies (e.g. Hsu et al., 

1995; Dawson and Wilby, 1998; Sajikumar, and Thandaveswara, 1999 ; Tokar  and 

Johnson, 1999:  Sudheer et al ., 2000; Lallahem and Maina, 2003; Jain et al., 2004; Senthil  

Kumar et al., 2005; Antar  et al., 2006; Nourani  et al., 2009a, 2011; Aziz et al., 2014).The 

merits and shortcomings of using ANNs in hydrology are discussed in ASCE Task 

Committee (200a,b) and Abrahart et al. (2012).  

Despite good performance of data driven models in modelling non-linear hydrological 

relationships, these models may not be able to cope with non-stationary data if pre-

processing of input and/or output data is not performed (Cannas et al., 2006). Application 

of WT has been found to be effective in dealing with this issue of non-stationary data 

(Nason and Sachs, 1999). WT is a mathematical tool that improves the performance of 

hydrological models by simultaneously considering both the spectral and the temporal 

information contained in the data. Generally, WT can be carried out in a continuous 

(Continuous Wavelet Transformation (CWT)) form as well as in a discrete (Discrete 

Wavelet Transformation (DWT)) form. WT decomposes the main time series data into its 

sub-components and these sub-constituents are used as external inputs to the data driven 

models. The resulting model is known as the hybrid wavelet model. These hybrid wavelet 

data driven models, using multi scale-input data, result in improved performance by 
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capturing useful information concealed in the main time series data in its raw form. 

Different studies used WT in order to increase accuracy of data driven hydrological 

models. A comprehensive review of applications of WT in hydrology can be found in  

Nourani et al. (2014) . 

1.2 Scope of the Study 

The performance of hybrid wavelet data driven models is very much dependent on the 

selection of numerous factors. These factors include the selection of WT type (continuous 

or discrete). Likewise, WT require a mother wavelet function to perform transformation. 

The performance of hybrid models is also extremely sensitive to the selection of 

appropriate wavelet function from a number of available wavelet functions. The 

performing efficiency of hybrid wavelet models is further relying heavily on the selection 

of suitable decomposition level. Furthermore, choice of data driven model is another vital 

factor as there are different types of data driven models available, including the MLPNN, 

the GFFNN, the RBFNN, the MNN, Neuro-Fuzzy Neural Network (NFNN), TLNN 

models and GEP models based on theory of evaluation. This study is therefore, aimed to 

investigate various factors associated with the development of hybrid wavelet data driven 

models. 

1.3 Research Questions 

The present study is concerned, not with a single research topic, but with a suite of research 

topics related to the development of hybrid wavelet- data driven models for the purpose 

of accurate estimation of runoff from the rainfall data. The overall objective of this study 

is intended to develop comprehensive guidelines for successful implementation of hybrid 

wavelet data driven models, after examining numerous crucial factors associated with it. 
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The specific research questions addressed in this study are to: 

 Compare the performance of CWT and DWT in modelling rainfall-runoff process. 

 Identify the most appropriate mother wavelet function for transforming the input 

rainfall data in rainfall-runoff modelling. 

 Find the most suitable scale to be used for the development of hybrid continuous 

wavelet transformed based data driven models 

 Investigate the impact of various decomposition levels on the performance of hybrid 

discrete wavelet transformed data drive rainfall-runoff models.  

 Test various statistical methods for identification of dominant wavelet sub-series. 

 Evaluate the impact of input wavelet transformation on the performance of different 

types of data driven models including Artificial Neural Network, Neuro-Fuzzy and 

Gene Expression Programming models.  

 Assess the impact of input vector on the performance of various hybrid wavelet data 

driven rainfall-runoff models.  

 Comprehend the effect of WT on the performance of multi-model approach of 

modelling rainfall-runoff process. 

1.4 Data and Study area 

The daily rainfall-runoff data of seven catchments located in different geographical and 

Hydro-Climatic regions throughout the world are used in this study. The data have been 

extracted from the database of the Department of Engineering Hydrology, University 

College Galway, Ireland. Most of the data were brought by the former participants in the 

series of six International River Flow Forecasting Workshops which were held during the 

period 1985-1995. This data has already been used in many studies e.g. Shamseldin 

(1997), Shamseldin et al. (1997), Xiong et al. (2001), Jacquin and Shamseldin (2006), 
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Jacquin and Shamseldin (2009), Fernando et al. (2011), Phukoetphim et al. (2013), Shoaib 

et al. (2014a) , Shoaib et al. (2014b), Shoaib et al. (2015) etc. Further details of study area 

and the data used are given in their respective chapters in this thesis. 

1.5 Thesis outline 

As described earlier in section 1.2, this study deals with a range of research topics in the 

context of hybrid wavelet data driven models for the purpose of accurate estimation of 

runoff from rainfall data. Each issue relating to the development of hybrid models is 

considered as a separate one and is presented in a separate chapter.  

This thesis contains a total of ten chapters, including the introduction. For each chapter a 

relevant introduction and literature review, as well as the appropriate analysis, summary 

and conclusions are given as appropriate.  

Chapter 1 Introduction introduces the background, scope of the study and thesis outline. 

Chapter 2 Wavelet Transformation describes the theoretical background of wavelet 

transformation. Wavelet transformation types are described briefly in addition to various 

types of mathematical transformations in this chapter. Furthermore, twenty three mother 

wavelet functions from five most commonly used wavelet families are also briefly 

described in this chapter  

Chapter 3 Hybrid Wavelet Neural Network Models explores the potential of hybrid 

wavelet MLPNN and RBFNN models using both types of wavelet transformations, 

namely, the CWT and the DWT. The effect of twenty three mother wavelet functions on 

the performance of the hybrid wavelet artificial neural network rainfall-runoff models is 

also evaluated in this chapter.  



Chapter 1 

6 

Chapter 4 Hybrid Wavelet Neuro-Fuzzy Approach examines the potential of hybrid 

Wavelet Co-Active Neuro Fuzzy Inference System (WCANFIS) models for simulating 

the transformation of rainfall-runoff process. The study investigates the selection of 

suitable settings for wavelet based neuro-fuzzy rainfall-runoff models. These settings 

include the choice of a suitable wavelet function and the number of decomposition levels 

to be employed. The study also investigates ten input vectors in order to compare the two 

approaches of input vector selection to be used in conjunction with the WCANFIS models. 

Chapter 5 Hybrid Wavelet Feedforward Neural Network Models compares the 

performance of five hybrid wavelet feedforward neural network models including 

MLPNN, GFNN, RNFNN, MNN and CANFIS. The results of the study are further 

compared with the MLR model. 

Chapter 6 Static Versus Dynamic Hybrid Wavelet Models provide a comparison 

between static hybrid neural network models against the dynamic recurrent hybrid wavelet 

models. The static and dynamic models considered in the study includes MLPNN and the 

TLRNN models, respectively. The performance of these models is further evaluated with 

different input vectors  

Chapter 7 Implementation of Hybrid Wavelet Models explores various approaches 

regarding identification of dominant wavelet sub-series for the development of hybrid 

wavelet neural network models. The study presented in this chapter also evaluated the 

effect of various approaches on other crucial factors relating to hybrid wavelet models. 

These factors includes the selectin of wavelet function, the selection of decomposition 

level and the selection of the appropriate input vector. 

Chapter 8 Hybrid Wavelet Gene Expression Programming Approach explores the 

potential of integration of WT with the gene expression programming modelling 
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approach. The study also investigates the suitable wavelet function and the decomposition 

level to be used in conjunction with the hybrid wavelet gene expression programming 

(WGEP) models. The study further investigates the selection of the optimum input vector 

for the WGEP models by considering nine different input vectors. 

Chapter 9 Hybrid Wavelet Multi-Model Combination Approach presents a novel 

wavelet based multi-model combination approach for simulating rainfall-runoff process. 

The simulated output of five selected conventional rainfall-runoff models from seven 

different catchments located in different parts of the world is used in the current study. 

Chapter 10 Summary and conclusions summarises the findings of this research thesis. 

1.6 Overview of Methodology 

The main purpose of this study is to formulate general guidelines for the development of 

hybrid wavelet data driven models for modelling rainfall-runoff process. In the context of 

hybrid wavelet models, the main issues can be classified into two categories: the issues 

relating to wavelet transformation and the issues pertaining to the choice of data driven 

models. The issues relating to wavelet transformation includes selection of wavelet 

transformation type (CWT or DWT), choice of wavelet function, selection of scale for 

CWT, choice of decomposition level for DWT and the selection of suitable input vector. 

The issue, on the other hand, relating to data driven models is the selection of suitable data 

driven model for the hybrid wavelet models as there are number of data driven models 

available. Chapter three to chapter nine of this thesis addressed different critical issues 

relating to development of hybrid wavelet data driven models. The hybrid wavelet models 

are developed in this study by first pre-processing the input rainfall data by the wavelet 

transformation and then pre-processed data is used as input for the data driven models. A 
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flow chart is presented in Figure 1.1 which highlighted different issues addressed in 

different chapters of this thesis.  

1.7  Summary 

This chapter presented an overview of research conducted in this study. An introduction 

of this chapter contains importance of rainfall-runoff modelling process along with 

description of available approaches to model this rainfall-runoff process. Scope of this 

study highlighted various factors associated with the development of hybrid wavelet 

models. The research questions addressed in this study are presented next in this chapter. 

The data and the study area used in this study is described next. Brief description of 

contents of all chapters of the thesis is presented in Thesis outline. Lastly, an overview of 

adopted methodology is presented.  
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Figure 1.1: Flow chart of thesis 
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Chapter 2  

Wavelet Transformation 

2.1 Introduction 

Mathematical transformations are applied to temporal data in order to extract additional 

information from the data that is not readily available in its raw form in the time domain. 

In most cases, important information is veiled in the frequency domain of the time series 

data. Mathematical transformations are aimed to extract frequency information from the 

temporal data. This chapter briefly describes history of development of wavelet 

transformation which includes description of Fourier Transformation (FT), Short Term 

Fourier Transformation (STFT) and finally Wavelet Transformation (WT). Furthermore, 

different types of WT are also summarized in this Chapter. A wavelet function is required 

in application of WT for extracting hidden temporal and spectral information   contained 

in the time series data in its raw form. Therefore, a brief explanation of different wavelet 

functions is also provided in this Chapter.   

2.2 Fourier Transformation  

There are several transformations available and probably the Fourier transformation (FT) 

was the first popular attempt for extracting the frequency information of a signal. FT 

converts the signal from one domain (time) to another domain (frequency). 

Mathematically, FT of a continuous function f(t) is represented by the following equation: 

𝐹(𝜔) =  ∫ 𝑓(𝑡)𝑒−𝑗𝜔𝑡𝑑𝑡
+∞

−∞
        (2.1) 



Chapter 2 

11 

where F(ω) is the integral of the function f(t) over time multiplied by a complex 

exponential e-jωt . The FT maps a function of single variable (time t) into another function 

of a single variable (frequency ω). The FT uses a mathematical tool called inner product 

for measurement of similarity between the function f(t) and an analysing function. The 

complex valued Fourier coefficients F(𝜔) calculated for each value of 𝜔 describes the 

similarity between the two signals. Conceptually, multiplying each value of F(ω) by a 

complex exponential (sinusoid) of frequency ω gives the constituent sinusoidal 

components of the original signal. Graphically, it can be represented as shown in Figure 

2.1. 

 

 

 

 

Figure 2.1. Fourier Transformation 

2.3 Short Term Fourier Transformation (STFT) 

The FT converts the signal from the time domain to the frequency domain with the loss 

of time information. There is no information of frequency available in the time domain 

and similarly there is no information of time available in the frequency domain. The FT 

provides the information of frequency in the signal without giving any information about 

time. This works well for the stationary signals where all of the frequencies are present all 

the time but the FT does not suit for the non-stationary signals where different frequencies 

may be present at different times. In order to overcome this difficulty, Gabor (1948) 
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the signal where it is considered as stationary. Mathematically, it can be represented by 

the following equation: 

𝐹(𝜔, 𝜏) =  ∫ 𝑓(𝑡)𝜔(𝑡 − 𝜏)𝑒−𝑗𝜔𝑡𝑑𝑡         (2.2) 

where f(t) is the signal itself and ω(t-τ) is the window function. As it can be seen from Eq. 

(2.2), a STFT maps a function of one variable ‘t’ into a function of two variables ‘ω’ and 

‘τ’. The STFT attempts to provide information on both time and frequency in contrast with 

the FT which only provides information about the frequency. Graphically, STFT of a 

signal can be represented as shown in Figure 2.2. However, information on both time and 

frequency can be provided with limited precision depending on the size of the window 

selected. The major disadvantage associated with the STFT is that once a particular 

window size is selected it cannot be changed. 

 

 

 

 

Figure 2.2. Short term Fourier Transformation 
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the non-stationary data. The variable size of window in WT makes it possible to have 

more precise information of time and frequency information of a signal as shown in Figure 

2.3. In WT, wavelet function is used to decompose the time series data in different 

components at different resolution levels. Wavelet function ψ(t) called the mother wavelet 

has finite energy and is mathematically defined as: 

∫ 𝜓(𝑡)
∞

−∞
𝑑𝑡 =  0          (2.3) 

where ψ a,b(t) is the wavelet function and can be obtained by the following equation as: 

𝜓𝑎,𝑏(𝑡) =  |𝑎|
−
1

2 𝜓 (
𝑡−𝑏

𝑎
)        (2.4) 

where a and b  are the real numbers; a is the scale or frequency parameter; b is the 

translation parameter. Thus, the WT is a function of two parameters a and b. The 

parameter a is interpreted as dilation (a >1) or contraction (a <1) factor of the wavelet 

function ψ(t) corresponding to different scales. The parameter b can be interpreted as a 

temporal translation or shift of the function ψ(t). The temporal data can be analysed either 

by translation (moving the wavelet at different locations along the time axis of the data) 

or by squeezing or stretching of the wavelet (referred as scale or dilation) for 

transformation of the data under consideration.  

 

 

 

 

 

Figure 2.3. Wavelet transformation 
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Wavelet transformation is believed to be capable of revealing aspects of the original time 

series data such as trends, breakdown points, and discontinuities that other signal analysis 

techniques might miss (Adamowski and Sun, 2010; Singh, 2012). 

2.4.1 Types of Wavelet Transformation 

There are two types of wavelet transformations, namely, the CWT and the DWT. These 

two types are described in detail in the coming sections.  

2.4.1.1 Continuous Wavelet Transformation  

The Continuous Wavelet Transform (CWT) is a modified form of STFT which is 

introduced to address the issue of fixed window size in the STFT. Mathematically, it can 

be represented by the following equation: 

𝐶𝑊𝑇𝑎,𝑏(𝑡) =  ∫ 𝑓(𝑡)
1

√𝑎
 𝜓∗  (

𝑡−𝑏

𝑎
)𝑑𝑡

+∞

−∞
                                      (2.5) 

where CWTa,b is the wavelet coefficient, * refers to the complex conjugate of the function 

while ψ(t) is called the wavelet function or the mother wavelet. The entire range of the 

signal is analysed by the wavelet function by using two parameters, namely, a and b. The 

parameters a and b are known as the dilation (scale) parameter and translation (position) 

parameter, respectively while f(t) is the original temporal data required to be transformed. 

The product of wavelet Ψ (t) and the function f(t) in Eq. (2.5) are integrated over the entire 

range of the temporal data and mathematically, it is called convolution. In CWT, the 

analysing wavelet function Ψ(t) compares the temporal data to be transformed at different 

scales and locations. The scale parameter a is associated with the frequency of the signal 

in CWT and it varies as 𝑎 ∝
1

𝜔
. This means that low scale corresponds to compress wavelet 

and it capture rapidly changing details of the signal (High frequency) while high scale 

corresponds to stretched wavelet and capture slowly changing features of the signal (low 
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frequency). The CWT algorithm consists of selecting a particular type of mother wavelet 

or simply wavelet and then compares it to the section of original signal at the start. The 

CWT coefficients ‘CWTa,b(t)’ are calculated using Eq. (2.5) for particular values of scale 

‘a’ and the translation ‘b’. The value of ‘CWTa,b(t)’ varies between 0 (no similarity) and 

1 (complete similarity). Different values of ‘CWTa,b(t)’ are calculated by varying ‘a’ and 

‘b’ in CWT using Eq. (2.5) and are plotted graphically as a contour map known as 

scalogram. 

2.4.1.2 Discrete Wavelet Transformation  

The calculation of CWT coefficients at each scale a and translation b results in a large 

amount of data. However, if the scale and translation are chosen on powers of two (dyadic 

scales and translation), then the amount of data can be reduced considerably resulting in 

more efficient data analysis. This transformation is called the discrete wavelet 

transformation (DWT) and can be defined as (Mallat, 1989): 

𝜓𝑚,𝑛 (
𝑡−𝑏

𝑎
) =  𝑎𝑜

−
𝑚

2  (
𝑡−𝑛𝑏𝑜𝑎𝑜

𝑚

𝑎𝑜
𝑚 )       (2.6) 

where m and n are integers that govern the wavelet scale/dilation and translation, 

respectively; ao is a specified fined scale step greater than 1; and bo is the location 

parameter and must be greater than zero. The commonest and simplest choice for 

parameters ao and bo are 2 and 1, respectively. This power of two logarithmic scaling of 

the dilations and translations is known as dyadic grid arrangement and is the simplest and 

most efficient case for practical purposes (Mallat, 1989). For a discrete time series f(t), the 

DWT becomes: 

𝐷𝑊𝑇(𝑚, 𝑛) =  2−
𝑚

2  ∑ 𝜓∗ (2−𝑚𝑡 − 𝑛)𝑁−1
𝑡−0 𝑓(𝑡)     (2.7) 
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where DWT(m,n) is the wavelet coefficient for the discrete wavelet of scale a = 2m and 

location b = 2m n. f(t) is a finite time series (t = 0,1,2,…….,N-1), and N is an integer power 

of 2 (N = 2M); This yields the ranges of m and n as, respectively, 0 < n< 2M-m- -1 and 1 < 

m< M. At the largest wavelet scale (i.e. 2m where m = M) only one wavelet is required to 

cover the time interval, and only one coefficient is produced. At the next scale (2m-1), two 

wavelets cover the time interval, hence two coefficients are produced, and so on down to 

m = 1. At m = 1, the a scale is 21, i.e. 2M-1 or N/2 coefficients are required to describe time 

series data at this scale. The total number of wavelet coefficients for a discrete time series 

of length N = 2M is then 1+2+4+8+….+2M-1 = N-1.  

In addition to this, a signal smoothed component, �̅� is left, which is the signal/time series 

data mean. Thus, a time series of length N is broken into N components, i.e. with zero 

redundancy. The inverse discrete transformation is given by: 

𝑓(𝑡) =  �̅� + ∑ ∑ 𝐷𝑊𝑇𝑚,𝑛
2𝑀−𝑚−1
𝑛=0

𝑀
𝑚−1 2−

𝑚

2  𝜓 ∗ (2−𝑚𝑡 − 𝑛)    (2.8) 

Or in a simple format as: 

𝑓(𝑡) =  �̅�(𝑡) + ∑ 𝑊𝑚(𝑡)
𝑀
𝑚=1         (2.9) 

where �̅� (t) is called the approximation sub-signal at level M and Wm (t) are detail sub-

signals at levels m = 1, 2, ……., M.  

DWT operates on two sets of functions called scaling function (low pass filter) and the 

wavelet function (high pass filter). In DWT, the signal/original time series data is passed 

through the low-pass and high-pass filters and subsequently decomposes the signal into 

approximation (as) and detail (ds) components, respectively. This decomposition process 

is then iterated with successive approximations being decomposed in turn, so that the 

signal is broken down into many lower resolution components as shown in Figure 2.4.  
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Figure 2.4. n-level wavelet decomposition tree 
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At each decomposition level, the low pass and high pass filters produce signals spanning 

only half of the frequency band. This makes the frequency resolution double as uncertainty 

in frequency is reduced by half. The high pass filters are used to analyse the high 

frequencies while on the other hand the low pass filters are used to analyse the low 

frequency content of the signal. The approximations are the high scale, low frequency 

components of the signal while detail represents the low scale, high frequency 

components. The low frequency content of the signal is the most significant part and it is 

what gives the signal its identity while on the other hand, the high frequency content 

imparts flavour or nuance. The detail signals can catch trivial attributes of interpretational 

value in data while the approximation shows the background information of data (Nourani 

et al., 2009a ; Tiwari and Chatterjee, 2010). 

2.4.2 Wavelet Families 

There are different wavelet families available and each family comprises different wavelet 

functions. These wavelet functions are characterized by their distinctive features including 

their region of support and the corresponding number of vanishing moments. The wavelet 

support region is associated with the span length of the given wavelet function which 

affects its feature localization abilities. However, the vanishing moment limits the 

wavelet’s ability to represent polynomial behaviour or information of the data. For 

example, the db1, coif1, sym1 wavelet functions, with one moment, encrypts one 

coefficient polynomials, or constant signal components. The db2, coif2, sym2 functions 

encrypts two-coefficient polynomials i.e., a process having one constant and one linear 

signal component. Likewise, the db3, coif3, sym3 functions represents three-coefficient 

polynomials which encode a process having constant, linear and quadratic signal 

components. The present study, used different wavelet functions. These wavelet functions 

are from the five most frequently used wavelet families. These five families are, namely, 
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Haar, Daubechies, Coiflets, Symlets and Meyer. The Haar wavelet has a single member 

and it is regarded as the simplest wavelet available. The other four wavelet families are 

normally considered as irregular wavelets. More details on these wavelet families can be 

found in many standard text books such as Daubechies (1992) and Addison (2002). 

2.4.2.1 Haar wavelet family (Haar) 

The Haar wavelet was proposed by Haar (1910). It is the first and simplest of all available 

wavelets. The Haar wavelet is discontinuous and resembles a step function. It is 

considered as suitable for time series with sudden transitions. The same property of 

discontinuity is considered as disadvantage of the Haar wavelet as it is not differentiable. 

The Haar wavelet is shown in Figure 2.5. 

 

 

 

 

 

 

Figure 2.5. Haar wavelet 

2.4.2.2 Daubechies wavelet family (db) 

It is named after Ingrid Daubechies who invented compactly supported (finite length) 

orthonormal wavelets thus making discrete wavelet analysis possible (Daubechies, 1988). 

It is denoted by dbN where N refers to the number of zero moments or vanishing moments. 

A vanishing moment limits the wavelet's ability to represent the polynomial behaviour or 

the information in a signal. For example, the db1, with one moment, easily represents 
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polynomials of one coefficient, or constant signal components. The db2 represents 

polynomials with two coefficients, i.e. constant and linear signal components; and the db3 

represents 3-polynomials, i.e. constant, linear and quadratic signal components and so on. 

The db2, db3, db4, db5, db6, db7, db8, db9 and db10 are the common members of the 

Daubechies wavelet family and these are shown in Figure 2.6. 

2.4.2.3 Coiflets wavlet family (Coif) 

This wavelet is named after R.Coifman who requested Daubechies to build this wavelet 

(Daubechies, 1992). This wavelet function has 2N moments and the scaling function 2N-

1 equal to 0. The difference between the well-known Daubechies wavelets and the Coiflet 

wavelets is that Coiflet was constructed such that both the wavelet function and the scaling 

function have vanishing moments. This method facilitates the wavelet transformation 

process and allows a very good approximation of polynomial functions at different 

resolutions, thereby increasing the computation efficiency. This wavelet family contains 

four members from coif1 with 1 vanishing moment to coif4 with 4 vanishing moments of 

this wavelet family and are represented in Figure 2.7. This wavelet family has four 

members from coif1 with 1 vanishing moment to coif4 with 4 vanishing moments. 

2.4.2.4 Symlets wavelet family (Sym) 

This wavelet was also proposed by Daubechies as a modification to the db family. It is 

also known as the Daubechies least asymmetric wavelet. Its construction is very similar 

to the Daubechies wavelet except that it has a minimal phase while the Daubechies 

wavelet has a maximal phase. The Sym2, Sym3, Sym4, Sym5, Sym6, Sym7 and Sym8 

are the members of this wavelet family and are shown in Figure 2.8. 
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Figure 2.6. Daubechies wavelet family 
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Figure 2.7. Coiflet wavelet family 
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  (sym6)     (sym7)     (sym8) 

Figure 2.8. Symlet wavelet family 
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2.4.2.5 Meyer wavelet family (mey) 

Meyer (1985) constructed the second orthogonal wavelet called the Meyer wavelet. The 

frequency domain is used to define the Meyer wavelet ψ(t) function and the corresponding 

scaling functions ϕ(T). The Discrete approximation of Meyer (dmey) wavelet (Meyer, 

1990) is used in this study as the mother wavelet function for DWT. The Meyer wavelet 

function is shown in Figure 2.9. 

 

 

 

 

 

 

 

 

Figure 2.9. Meyer wavelet 

2.5 Summary 

A brief theoretical background of mathematical transformation including FT, STFT and 

WT is presented in this Chapter.  The superiority of WT over its ancestors FT and STFT 

is also briefly explained here. Difference between different types of WT which are CWT 

and DWT is also briefly explained in this Chapter. Lastly, a brief details of available 

wavelet functions is also summarized.
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Chapter 3  

Hybrid Wavelet Neural Network 

Models 

This chapter include partial contributions from the paper: 

Shoaib, M., Shamseldin, A.Y., Melville, B.W. (2014).”Comparative study of different 

wavelet based neural network models for rainfall-runoff modeling”.Journal of Hydrology, 

515: 47-58. 

 

Abstract 

The use of wavelet transformation in rainfall-runoff modelling has become popular 

because of its ability to simultaneously deal with both the spectral and the temporal 

information contained within time series data. The selection of an appropriate wavelet 

function plays a crucial role for successful implementation of the wavelet based rainfall-

runoff artificial neural network models as it can lead to further enhancement in the model 

performance. The present study was therefore conducted to evaluate the effects of 23 

mother wavelet functions on the performance of the hybrid wavelet based artificial neural 

network rainfall-runoff models. The hybrid Multilayer Perceptron Neural Network 

(MLPNN) and the Radial Basis Function Neural Network (RBFNN) models were 

developed in this study using both the continuous wavelet and the discrete wavelet 

transformation types. The performances of the 92 developed wavelet based neural network 

models with all the 23 mother wavelet functions were compared with the neural network 
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models developed without wavelet transformations. It was found that among all the 

models tested, the discrete wavelet transform multilayer perceptron neural network 

(DWTMLPNN) and the discrete wavelet transform radial basis function (DWTRBFNN) 

models at decomposition level nine with the db8 wavelet function has the best 

performance. The result also showed that the pre-processing of input rainfall data by the 

wavelet transformation can significantly increase performance of the MLPNN and the 

RBFNN rainfall-runoff models. 

3.1 Introduction 

The performance of different hybrid wavelet based models such as ANN-Wavelet model 

is very sensitive to the selection of the mother wavelet function. There are a number of 

wavelet families available each having different members. Examples of these families 

include the most popular Daubechies db wavelet family containing db2, db3, db4, db5, 

db6, db7, db8, db9 and db10 members and the Coiflet wavelet family having Coif1, Coif2, 

Coif3, Coif4, Coif 5 as members (Daubechies, 1992). Different studies have used the 

CWT with different types of mother wavelet functions. Nakken (1999) used the CWT 

with the Morlet wavelet function to identify the temporal variability of rainfall-runoff data.     

Labat et al. (2000, 2001) applied the CWT with the Morlet wavelet and the DWT with the 

Haar wavelet to explain the non-stationarity of karstic watershed data. Wang and Ding 

(2003) used the DWT with a trous algorithm for making prediction in hydrology.  Cannas 

et al. (2006) developed hybrid wavelet-ANN models using both the CWT and the DWT 

with the db4 wavelet function. Likewise, Tiwari and Chatterjee (2010) and Kisi (2011) 

employed the db wavelet family for comparing the performance of three ANN flood 

forecasting models. 
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 In general, a limited number of studies which evaluated the effects of the wavelet function 

types on the performance of the ANN models. Nourani et al. (2009a) found that the db4 

and the Meyer wavelets provide performance superior to that of the Haar wavelet when 

developing a Wavelet-ANN model for prediction of monthly precipitation. Similarly, 

Nourani et al. (2011) developed multivariate ANN-wavelet rainfall-runoff models and 

tested the performance of seven wavelet functions, namely Haar, db2, db3, db4, Sym2, 

Sym3 and Coif1 functions. The results show that the Haar and the db2 mother wavelet 

functions provide better results than the other five wavelet functions. In the context of 

Wavelet-ANN flood forecasting models, Singh (2012) found the db2 wavelet function 

yields better performance than the db1 function. In similar vein, Maheswaran and Khosa 

(2012b) noted that the db2 function has better performance than five wavelet functions, 

namely db1, db3, db4, Sym4 and B-spline functions when developing a Wavelet-Volterra 

hydrologic forecasting models. The above noted wavelet comparative studies can be 

considered as limited in scope as only few a wavelet functions are included in these 

comparative studies. Furthermore, there is no sound scientific reasoning why a particular 

wavelet function should be used in hydrological applications.  The present study was, 

therefore, conducted to address the three critical issues governing the performance of 

hybrid wavelet-ANN based rainfall-runoff models. These issues were: 1) the selection of 

wavelet transformation type (CWT or DWT); 2) the selection of appropriate mother 

wavelet function and 3) the selection of the optimum scale for CWT and the optimum 

decomposition level for DWT. In this study, two neural network types which are widely 

used in hydrological applications (McGarry et al., 1999) were utilized to examine the 

effects of these three issues on the performance of wavelet-ANN models. These two types 

are, namely, the Multilayer Perceptron Neural Network (MLPNN) and the Radial Basis 

Function Neural Network (RBFNN). These two types were used in this paper to 
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investigate the effects of 23 selected mother wavelet functions on performance of the 

hybrid Wavelet-ANNs models developed with both CWT and DWT. The paper is 

organized in the following manner.  

3.2 Methodology 

3.2.1 Wavelet Transformation 

The input rainfall data is transformed by employing both continuous and discrete wavelet 

transformation in this study. Further details on wavelet transformation can be found in 

Chapter 2.  

3.2.1.1 Choice of Wavelet Families 

Different wavelet functions are characterized by distinctive features, including their region 

of support and the corresponding number of vanishing moments. The present study, for 

the first time, compares the effects of 23 selected wavelet functions on the performance 

of hybrid Wavelet-ANN models. These wavelet functions are from the five most 

frequently used wavelet families. These five families are namely, Haar, Daubechies, 

Coiflets, Symlets and Meyer. The Haar wavelet has a single member and it is regarded as 

the simplest wavelet available. The other four wavelet families are normally considered 

as irregular wavelets. More details on these wavelet families can be found in Chapter 2. 

3.2.2 Multilayer Perceptron Neural Network  

ANNs are widely used for solving problems such as input-output mapping, pattern 

recognition and time series prediction. They are considered well suited to problems where 

the underlying physical relationships are not fully understood (Kasabov N. K., 1996). 

There are different ANN types available, however, the Multilayer Perceptron Neural 

Network (MLPNN) and the Radial Basis Neural Network Function (RBFNN) are 
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considered the most widely used neural network types in the hydrology (McGarry et al., 

1999). The MLPNN consists of several neurons (computational elements) arranged in 

different layers. Typically, it consists of an input layer, a hidden layer and an output layer. 

A layer usually contains a group of neurons each of which has the same pattern of 

connections to the neurons in other layers. Each layer has a different role in overall 

operation of the network. Each neuron is connected to the neuron in the next layer through 

connections called weights as shown in Figure 3.1. In Figure 3.1, x1, x2, xn constitute the 

external input to the ANN. However, wH
12 refers to the connection weight between the 

first neuron in the hidden layer and the second neuron in the input layer. Likewise, wO
12 

represents the connection weight between the first neuron in the output layer and the 

second neuron in the hidden layer. Similar weight notation is assigned to each connection 

weight in Figure 3.1.   

 

 

 

 

 

 

 

Figure 3.1. Feed Forward Multilayer Perceptron Neural Network 
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Each neuron receives an input array and produces a single output. The output of a neuron 

in the input layer will be the input for the neuron in the hidden layer. Similarly, the output 

of the neuron in the hidden layer will be the input for the neuron in the output layer. Each 

hidden and output neuron processes its input by a mathematical function known as the 

neuron transfer function. However, in the case of the neurons in the input layer the transfer 

function is the identity function. The neurons in the input layer have connections with the 

neuron in the hidden layer while the neuron in the output layer is only connected to the 

neuron in the hidden layer. There is no direct connection between the the neuron in input 

layer with those neurons in the output layer. 

3.2.3 Radial Basis Function Neural Network  

The RBFNN is quite similar to the MLPNN in configuration. It was first proposed by (Luo 

and Unbehauen, 1998) as an alternative to the MLPNN. A schematic diagram of the 

RBFNN model appears in Figure 3.2. Similar to the MLPNN, the RBFNN has three layers, 

namely, the input, the hidden and the output layer. The hidden layer uses Gaussian transfer 

functions, rather than the standard sigmoidal functions employed by the MLPNN. The 

centers and widths of the Gaussian functions are set by unsupervised learning rules, and 

supervised learning is applied to the output layer. These networks tend to learn much faster 

than the MLPNN. 

 

 

 

 

Figure 3.2. Radial Basis Function Neural Network 

Wn 

W1 

 ⬚

G 

G 

G 

G 

X1 

Xn 

X2 

F(x) 



Chapter 3 

31 

 

3.2.4 Hybrid Wavelet Based Model Development 

3.2.4.1 Continuous Wavelet Neural Network Models 

In the present study, the wavelet analysis was used in conjunction with MLPNN and 

RBFNN to develop hybrid Wavelet-ANN rainfall-runoff models. For this purpose the 

rainfall data was transformed using the CWT with the 23 selected mother wavelet 

functions including the simplest Haar wavelet and 22 irregular wavelets. These irregular 

wavelets were, namely, Daubechies (with sub classes db2, db3,db4, db5, db6, db7 db8, 

db9 and db10), Coiflets (sub classes coif1, coif2, coif3, coif 4, coif5), Symlets (sub classes 

Sym2, Sym 3, Sym 4, Sym5, Sym6, Sym7, Sym8) and a discrete approximation of Meyer 

(dmey) wavelets. The following two options were considered for examining the impacts 

of transformed input data on the performance of ANN models: 

Option 1: Develop the simple MLPNN and the RBFNN models with the observed rainfall 

as the ANN input and the observed discharge as the target output. 

Option 2: Develop the continuous wavelet transform multilayer perceptron neural network 

CWTMLPNN and the continuous wavelet transform radial basis neural network 

CWTRBFNN models with CWT coefficients of the observed rainfall at the best scale as 

the ANN input and the observed discharge as the ANNs target output.  

3.2.4.2 Discrete Wavelet Neural Network Models 

Like the CWT, the DWT was employed to decompose the observed rainfall data into 

approximations (low frequency, large scale) and details (High frequency,small scale) 

using the 23 selected mother wavelet functions. The following option was considered in 

order to examine the effect of DWT input transformation on the performance of ANN 

models: 
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Option 3: Develop the discrete wavelet transform multilayer perceptron neural network 

DWTMLPNN and the discrete wavelet transform radial basis function DWTRBFNN 

models. The input to the DWTMLPNN and the DWTRBFNN models was the 

decomposed rainfall data at the best level and the target ANN output is the observed 

discharge.  

In the present study, the simple MLPNN, the simple RBFNN, the CWTMLPNN, the 

CWTRBFNN, the DWTMLPNN and the DWTRBFNN models are comprised of three 

layers, namely the input, hidden and output layers. The number of neurons in the input 

layer varied based on model type (simple or CWT or DWT) while the output layer contains 

only one neuron for all of the models developed in this study. The selection of the number 

of hidden neurons is important in obtaining reliable modelling results. The selection of a 

small number of neurons in the hidden layer may decrease performance of the network as 

the network will have few degrees of freedom. However, the use of too many hidden 

neurons may lead to over-fitting. In the present study, the selection of an appropriate 

number of hidden neurons was done by a trial and error procedure in a similar vein to 

previous studies (e.g. Shamseldin, 1997; Wang and Ding, 2003; Tiwari and Chatterjee, 

2010; Adamowski and Sun, 2010; Nourani et al., 2011; Singh, 2012; Kisi et al., 2013) . 

The trial and error procedure involves training the network and evaluating its performance 

over a range of different increasing values of number of hidden layer neurons in order to 

obtain near maximum efficiency with the smallest number of neurons as necessary 

(Hammerstrom, 1993).   

3.3 Performance Measures 

The performance of the developed rainfall-runoff models can be determined by using 

various statistical tests that describe errors associated with the models. The performance 
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of the developed models can be evaluated in terms of statistical measures of goodness of 

fit. In the present study, two statistical measures, namely, the Root Mean Squared Error 

(RMSE) and the Nash-Sutcliffe Efficiency (NSE) coefficient (Nash and Sutcliffe, 1970) 

were used. These two are defined by the following equations: 

𝑅𝑀𝑆𝐸 = √
1

𝑛
 ∑ (𝑄𝑜𝑏𝑠 − 𝑄𝑚𝑜𝑑 )2
𝑁
𝑖=1        (3.1) 

𝑁𝑆𝐸 = 1 − 
∑ (𝑄𝑜𝑏𝑠−𝑄𝑚𝑜𝑑 )

2𝑁
𝑖=1

∑ (𝑄𝑜𝑏𝑠− 𝑄𝑜𝑏𝑠̅̅ ̅̅ ̅̅ ̅ )
2𝑁

𝑖=1

        (3.2) 

where Qobs and Qmod are the observed and modelled discharges respectively while 𝑄𝑜𝑏𝑠̅̅ ̅̅ ̅̅   is 

the  mean of observed discharge of training/calibration data. The RMSE is used to measure 

the estimated output accuracy. The RMSE values range between zero and ∞.  An RMSE 

value of zero and ∞ indicates perfect match and no match respectively between the 

estimated and the observed outputs. Karunanithi et al. (1994) suggested that the RMSE 

value is a good measure for indicating the goodness of fit at high flows. The NSE 

coefficient is one of the most widely used criteria for assessment of the hydrological 

models performance and its value varies between -∞ to 1. For convenience, the NSE 

coefficient in the current study was expressed as a percentage which is obtained by 

multiplying the result of Eq. (3.1) by 100.  The NSE coefficient has been expressed in 

percentage in many earlier hydrological studies (e.g. Shamseldin and O’ Connor, 1996; 

Shamseldin, 1997; Shamseldin et al., 1997; Shamseldin and O’ Connor, 1999; Shamseldin 

et al., 2002; Goswami et al., 2005; Jacquin and Shamseldin, 2006; Shamseldin et al., 

2007).  The NSE coefficient provides a measure of the ability of the model to predict 

observed values. In general, high values of NSE (up to 100%) and small values for RMSE 

indicate a good model. These two statistical measures can be used to evaluate performance 

of hydrological models satisfactorily (Legates and McCabe, 1999). 
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3.4 Data 

The Brosna catchment located in Ireland, having a drainage area of 1207 km2 up to the 

Ferbane flow gauging station was used in this study. The catchment has a very flat 

topography except for some undulations caused by glacial deposits. There is no noticeable 

evidence of substantial groundwater movement across the topographical boundary of the 

catchment. Daily rainfall data for a period for ten years (1st January1969 to 31st December 

1978) were lumped by averaging the data from four rain gauge stations. Arithmetic mean 

method was employed to compute average rainfall because of flat topography of the 

Brosna catchment. The concurrent discharge data used in the study was the daily averaged 

data measured at the Ferbane station. The first eight years data was used for the 

training/validation purpose while the remaining two years data was used for the testing 

purpose. The same above mentioned partition of ten years rainfall-runoff data of the 

Brosna catchment between training and testing has already been used in many previous 

hydrological studies (e.g. Shamseldin and O’ Connor, 1996; Shamseldin, 1997; 

Shamseldin et al., 1997; Shamseldin and O’ Connor, 1999; Shamseldin et al., 2002; 

Jacquin and Shamseldin, 2006; Shamseldin et al., 2007; Jacquin and Shamseldin, 2009; 

Phukoetphim et al., 2013). The summary of statistical characteristics of the training and 

the testing data is given in the Table 3.1. The location of the catchment along with rainfall 

gauging sites appears in Figure 3.3. 

3.5 Results and Discussions 

3.5.1 Simple MLPNN and RBFNN Models without wavelet transformation 

At first, three layered simple MLPNN and the RBFNN models without any data pre-

processing (wavelet transformation) were developed to simulate the rainfall-runoff 

transformation process in the Brosna catchment. 



Chapter 3 

35 

 

Table 3.1. Summary statistics for the Brosna catchment 

Training (1969-1976) 

  Max  Min  Mean  Mode  S.D. 

Rainfall (mm)    32.66  0  2.19  0  3.57 

Flow (m3/s)   97.0  2.260  13.68  11.30  11.33 

Testing (1977-1978) 

Rainfall (mm)  27.56  0  2.47  0  3.71 

Flow (m3/s)   92.50  2.90  17.05  25.50  14.59 

 

 

Figure 3.3. Brosna catchment in Ireland 

The observed daily discharge (m3/sec) of Brosna catchment at Ferbane station was taken 

as the target (output) and the average lag-1 day rainfall (mm) from four rain gauging 

stations was used as the ANN input. The input and output layers of the simple MLPNN 
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and the RBFNN models contain only one neuron to process the input average lag-1 day 

rainfall and the observed discharge data respectively. The simple MLPNN models was 

trained in a process called supervised learning. In supervised learning, the input and output 

are repeatedly fed into the neural network. With each presentation of input data, the model 

output is matched with the given target output and an error is calculated. This error is back 

propagated through the network to adjust the weights with the goal of minimizing the error 

and achieving simulation closer and closer to the desired target output. The Levenberg-

Marquardt algorithm (LMA) was used in the current study to train the network because of 

its simplicity. It is an iterative algorithm that locates the minimum function value which 

is expressed as the sum of squares of nonlinear functions. As stated earlier, the optimum 

number of neurons in the single hidden layer was determined using trial and error 

procedure. The model was trained up to either maximum of 1000 epochs reached or when 

MSE drops below the 0.01 threshold value. Sigmoid function was used for the neurons of 

the hidden and output layers to process their respective inputs for the simple MLPNN 

models.  The RBFNN models use Gaussian transfer function in the RBF/hidden layer. 

Learning in the RBFNN is conducted in two stages: first for the hidden layer and then for 

the output layer. The centres and widths of the gaussians were set by unsupervised learning 

rules which used a competitive rule with full conscience. The LM learning rule was 

applied for supervised learning of the output layer with sigmoid activation function. The 

unsupervised learning stage is based on 100 epochs and the supervised learning control 

uses a maximum epoch 1000 or MSE threshold of 0.01.  

The training of the MLPNN and RBFNN models yielded the best values of the weights of 

the network. The training of the network was considered to be completed when the 

network performance determined by the validation/testing was satisfactory. The resulting 

network weights are saved for later application on the testing data. The trained network 
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was then tested by presenting different sets of two years rainfall-runoff data of Brosna 

catchment it has not been trained with. The network was re-trained, if it failed to perform 

satisfactorily during the testing phase. Testing of the network ensures that it has learned 

the general patterns of the system and has not simply memorized a given set of data. All 

the models were trained using eight years rainfall-runoff data (1969-1976) of Brosna 

catchment. Two years rainfall-runoff data (1977-1978) of the Brosna catchment was used 

to test all the models.  

It may be argued that the selection of only one input is not optimum. However, the 

objective of this study was limited to evaluating the effects of different mother wavelet 

functions with the CWT and the DWT rather than the selection of the optimum number of 

inputs. The results of the simple MLPNN and the RBFNN models are shown in Table 3.2. 

Both the simple MLPNN and the RBFNN models show very poor results in terms of 

performance indices. The NSE values are found to be in the range of 3 to 5% while the 

RMSE values are observed to be in the range of 11 to 14 cumecs for both the simple 

MLPNN and the RBFNN models. 

Table 3.2: MLPNN and RBFNN model results without wavelet transformation 

       Training   Testing 

   RMSE  NSE (%) RMSE  NSE (%) 

   

MLPNN  11.12  3.87  14.56  5.47  

RBFNN  11.09  4.36  14.68  4.00  
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3.5.2 Continuous Wavelet Neural Network (CWTNN) Model 

In the present study, the wavelet analysis was integrated with the ANN for modelling the 

rainfall-runoff relationship process of Brosna catchment. For development of the 

CWTMLPNN and the CWTRBFNN models, the average of observed lag-1 day rainfall 

was firstly transformed using the CWT. For this, the lag-1 day rainfall data was 

transformed using 23 selected mother wavelet functions from scales 1 to 200 in order to 

cover the maximum range of scales in the current study. The low scale (Scale=1) 

corresponds to the compressed wavelet and the high scale (Scale=200) corresponds to 

stretched wavelet. In order to select the optimum scale to be used for the hybrid CWT 

models, a statistical correlation analysis was carried out between the CWT coefficients at 

each scale and the observed discharge. Subsequently, both CWTMLPNN and 

CWTRBFNN models were developed having a single neuron in both the input and output 

layers. The wavelet coefficients at the best scale were used as input and the observed 

discharge as the target output for the hybrid wavelet CWTMLPNN and the CWTRBFNN 

models. The number of neurons in the hidden layer was determined by trial and error 

procedure.  

The schematic diagram of the developed models is illustrated in Figure 3.4. Both the 

CWTMLPNN and the CWTRBFNN models were trained and tested following the similar 

procedure described in section 3.5.1. The impact of CWT using 23 selected mother 

wavelet functions on the performance of both MLPNN and RBFNN models is determined 

by comparing the NSE and the RMSE values of the CWT models with the respective 

simple MLPNN and the RBFNN models developed without the CWT. The performance 

of the hybrid wavelet models is compared by computing the percentage increase or 

decrease in the NSE and the RMSE values relative to their respective simple models. 
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Figure 3.4. Schematic Diagram of the Continuous Wavelet Transform ANN model 

Figure 3.5 and Figure 3.6 indicate change in the NSE (%) values of the CWTMLPNN and 

the CWTRBFNN models respectively relative to their counterpart simple MLPNN and 

RBFNN models. The percentage changes are shown for the 23 selected mother wavelet 

functions. Examination of the figures revealed that the db2 wavelet function yields the 

best results for both the CWTMLPNN and the CWTRBFNN models. The NSE is found 

to increase around 15% for the CWTMLPNN and about 13% for the CWTRBFNN models 

relative to the simple MLPNN and RBFNN models respectively. Figure 3.7 and Figure 

3.8 show the percentage change in the RMSE value for the CWTMLPNN and the 

CWTRBFNN models relative to the simple MLPNN and RBFNN models respectively. 

Furthermore, the CWTMLPNN and the CWTRBFNN models decrease the RMSE by 

approximately 10%. This may suggest better fitting for the higher flows by the 

CWTMLPNN and the CWTRBFNN models with db2 wavelet relative to the simple 

models. Examination of Figure 3.5 to Figure 3.8 indicate that some CWT models 

performed poorly relative to their respective simple models by having negative percentage 

change in the NSE and positive percentage changes in the RMSE values.  
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Figure 3.5. Relative change in NSE (%) of the CWTMLPNN models 

 

Figure 3.6. Relative change in NSE (%) of the CWTRBFNN models 

 

Figure 3.7. Relative change in RMSE (%) of the CWTMLPNN models 

-20

-15

-10

-5

0

5

10

15

20

H
aa

r

d
b
2

d
b
3

d
b
4

d
b
5

d
b
6

d
b
7

d
b
8

d
b
9

d
b
1

0

C
o
if

1

C
o
if

2

C
o
if

3

C
o
if

4

C
o
if

5

S
y

m
2

S
y

m
3

S
y

m
4

S
y

m
5

S
y

m
6

S
y

m
7

S
y

m
8

d
m

ey

C
h
an

g
e 

in
 N

S
E

 (
%

)

Training Testing

-20

-15

-10

-5

0

5

10

15

20

H
aa

r

d
b
2

d
b
3

d
b
4

d
b
5

d
b
6

d
b
7

d
b
8

d
b
9

d
b
1

0

C
o
if

1

C
o
if

2

C
o
if

3

C
o
if

4

C
o
if

5

S
y

m
2

S
y

m
3

S
y

m
4

S
y

m
5

S
y

m
6

S
y

m
7

S
y

m
8

d
m

ey

C
h
an

g
e 

in
 N

S
E

 (
%

)

Training Testing

-20

-15

-10

-5

0

5

10

15

H
aa

r

d
b
2

d
b
3

d
b
4

d
b
5

d
b
6

d
b
7

d
b
8

d
b
9

d
b
1

0

C
o
if

1

C
o
if

2

C
o
if

3

C
o
if

4

C
o
if

5

S
y

m
2

S
y

m
3

S
y

m
4

S
y

m
5

S
y

m
6

S
y

m
7

S
y

m
8

d
m

ey

C
h
an

g
e 

in
 R

M
S

E
 (

%
)

Training Testing



Chapter 3 

41 

 

 

Figure 3.8. Relative change in RMSE (%) of the CWTRBFNN models 

This may be due to the fact that the optimum/best CWT coefficients selected at a particular 

scale are lacking the temporal and the spectral information of the raw temporal data, 

resulting in the poorer performance. The continuous wavelet transformation based hybrid 

models with different wavelet functions behave inversely. It is also revealed from probing 

the performance of models developed with different selected wavelet functions that the 

dmey wavelet can be considered as second on the performance scale after db2 wavelet. 

The performance of the models developed with wavelets Haar, db10, Coif1, Coif2, Coif3, 
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poorly compared with their counterpart simple MLPNN and RBFMM models. It can be 

inferred that the db2 wavelet enhances the ability of the hybrid continuous wavelet 

conjunction models to predict observed discharge by about 15% compared with the simple 

models developed without wavelet transformation. The best results of CWTMLPNN and 

CWTRBFNN models with db2 may be due to fact that by selecting the CWT coefficients 

at the best scale, only limited information of the data is contained in the coefficients that 
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polynomial with two coefficients. The above analysis concludes that the CWT with db2 

wavelet simultaneously captures the temporal and spectral content of the input rainfall 

data more efficiently compared with the other 22 selected wavelet functions.   

3.5.3 Discrete Wavelet Neural Network (DWNN) Model 

The daily observed rainfall data of Brosna catchment was transformed by the DWT using 

23 selected mother wavelet functions. Misiti et al. (2012(b)) reported that a DWT 

decomposition consist of Log2N levels/stages at most. Since there are only 730 data points 

available for testing/validation in the current study, the input rainfall data can be 

decomposed into approximations and details by using the DWT from levels 1 to level 9 at 

most. In order to obtain the best level of decomposition, the average of lag-1 day rainfall 

data was decomposed using 23 selected wavelet functions for all possible levels from 1 to 

9 and a total of 207 levels are analysed in this study. The regression analysis between the 

observed runoff and the DWT of lag-1 day rainfall was performed on each decomposition 

level in order to find the best decomposition level to be used in the development of the 

DWTMLPNN and the DWTRBFNN models. The results at the best decomposition level 

for all the mother wavelet functions are shown in Table 3.3. The regression analysis 

revealed that the R2 value has a minimum value at the first level and a maximum value at 

the last level i.e. level nine. Basically, the R2 value increases as the decomposition level 

increases. All the wavelets behave similarly and the typical result of this variation for the 

Sym7 wavelet is shown appears in Figure 3.9. 

Aussem et al. (1998) and Nourani et al. (2009a, 2009b) used the following equation to 

calculate optimum decomposition level: 

𝐿 = 𝑖𝑛𝑡[𝑙𝑜𝑔(𝑁)]         (3.3) 
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Table 3.3: Best decomposition level (level nine) regression analysis results 

Mother wavelet Sub class Training R2 (%) Testing R2 (%) 

Haar Haar 21.00 44.40 

Daubechies db2 22.20 55.00 

 db3 22.90 58.40 

 db4 28.40 44.30 

 db5 29.30 46.80 

 db6 29.90 57.70 

 db7 25.80 54.50 

 db8 31.10 50.30 

 db9 29.70 53.00 

 db10 29.80 59.70 

Coiflets Coif1 20.90 45.00 

 Coif2 25.80 59.90 

 Coif3 27.00 63.00 

 Coif4 27.30 66.00 

 Coif5 28.40 61.10 

Symlets Sym2 22.20 55.00 

 Sym3 22.90 58.40 

 Sym4 22.10 47.60 

 Sym5 25.90 54.30 

 Sym6 25.10 58.40 

 Sym7 31.80 47.60 

 Sym8 26.50 63.00 

Discrete Meyer dmey 27.50 50.40 
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Figure 3.9. Variation of R2 with decomposition level for Sym7 wavelet 

Where L is the level and N is the total data points in data. This equation was derived for 

fully autoregressive data by only considering length of data without giving attention to the 

hydrological process seasonal signature (Nourani et al., 2011). On the basis of Eq. (3.3) 

and with N = 730, the corresponding L value is two which contains one approximation at 

level 2 (a2) and two details d1 and d2. However, using decomposition at level two only a 

little temporal and spectral variation in input rainfall data may be captured. The above 

regression analysis reveals that the best results are obtained at the last level i.e. level nine 

for all the 23 mother wavelets and thus level nine is selected as the best decomposition 

level in this study. It appears from the regression analysis that more and more temporal 

and spectral variation in the input rainfall data is captured with an increase in the 

decomposition level. The DWTMLPNN and the DWTRBFNN models are developed with 

the input being the average of lag-1 day rainfall decomposed at level nine. The level nine 

decomposition is comprised of one approximation at level nine a9 and nine details d9, d8, 

d7, d6, d5, d4, d3, d2, d1. The structure of hybrid DWTMLPNN and DWTRBFNN models 
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contains ten neurons in the input layer including nine details and one approximation. The 

number of neurons in the output layer is one to process the observed discharge. The 

number of neurons in the hidden layer is determined by trial and error procedure. The 

schematic diagram of the hybrid DWT models is shown in Figure 3.10. The DWT models 

are trained and tested in a manner similar to the procedure explained in section 3.5.1. 

 

 

 

 

 

 

 

 

 

Figure 3.10. Discrete Wavelet Transformation Neural Network model 

The performance of the 23 selected wavelet functions was assessed by calculating the 

percentage increase or decrease in the NSE and the RMSE values of the DWTMLPNN 

and DWTRBFNN models using 23 selected wavelet functions relative to the respective 

simple MLPNN and RBFNN models without wavelet transformation respectively. The 

percentage change in the NSE and the RMSE values caused by the DWTMLPNN model 

with the 23 selected wavelet functions are given in Figure 3.11and Figure 3.12, 

respectively. Examination of figures indicates that the DWTMLPNN model developed 

with the db8 wavelet performed best and the corresponding increase in the NSE value is 

about 40% while decreases in the RMSE value are about 25% relative to the simple 
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MLPNN model. The performance of the DWTMLPNN models developed with functions 

db9, db10, Coif1, Coif2, Coif3, Coif4, Coif5, Sym3, Sym4, Sym5 and demy are not 

significantly different. For these models, the increase in the NSE (%) value is about 30% 

relative to the simple MLPNN models. However, the corresponding decrease in the RMSE 

value is about 15%. The performance of the DWTMLPNN models developed by using 

db3, db5, db7 and Sym6 wavelet functions are observed to be poor even by comparison 

with the simple MLPNN models. Figure 3.13 and Figure 3.14 show the relative 

performance of the DWTRBFNN models with 23 selected mother wavelet functions 

compared with the simple RBFNN models. Examination of the figures reveals that the 

DWTRBFNN model with db8 wavelet performed best among other tested wavelets in this 

study. When the results of the DWTRBFNN models are benchmarked relative to those of 

the simple RBFNN models, the corresponding increase in the NSE value is about 35% 

while the corresponding decrease in the RMSE value is about 20%. In general, the NSE 

value provides overall model ability to predict observed runoff values, while the RMSE 

value reflects test of goodness for high flows. On the basis of the two performance 

measures collectively, it can be concluded on the basis of the above analysis that the 

DWTMLPNN and the DWTRBFNN models with the db8 wavelet function performed 

best among all the 23 wavelets being tested in this paper. The db8 wavelet function with 

eight vanishing moments best describes the temporal and the spectral information in the 

input rainfall data for the DWTMLPNN and DWTRBFNN hybrid models as suggested by 

the results of the present study. This may be due to the fact that by decomposing a signal 

up to maximum level, the information contained in the data can be extracted more 

efficiently by a complex wavelet function such as db8. Furthermore, most of the time 

series data having high frequencies exist only for short durations, while low frequencies 

covers almost the entire range of the signal/temporal data. 
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Figure 3.11. Relative change in NSE (%) of the DWTMLPNN models 

 

Figure 3.12. Relative change in RMSE (%) of the DWTMLPNN models 

 

Figure 3.13. Relative change in NSE (%) of the DWTRBFNN models 
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Figure 3.14. Relative change in RMSE (%) of the DWTRBFNN models 

Therefore, the wavelets having higher support length are capable of catching the low 

frequencies more accurately. The db8 wavelet has a wider support length of 15. The 

Daubechies wavelets of order N having support width equal to 2N-1(Misiti et al., 2004).  
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improvement in the RMSE values is better for the DWTMLPNN models compared with 

the CWTMLPNN models. Although performance of DWT based models is found 

significantly better relative to CWT based models and simple models, but 44% NSE value 

may be considered as significantly lower against maximum possible 100% NSE value. 

This may be due to reason that only lagged-1 day rainfall data was used in this study which 

does not contain enough information of hydrological system under consideration to yield 

100% NSE value.  

In order to further investigate the issue of selection of optimum decomposition level, the 

best performing DWTMLPNN and DWTRBFNN models with db8 wavelet function were 

selected. The average of lag-1 day rainfall data was transformed using the DWT with the 

db8 wavelet function from level one to level nine and consequently nine different 

DWTMLPNN and DWTRBFNN models each were developed. The external input to each 

model was the transformed rainfall at a particular decomposition level. The corresponding 

NSE (%) and RMSE values at different decomposition levels are shown in Figure 3.17 

and Figure 3.18, respectively. The figure shows that the NSE (%) values increase with the 

increase in the decomposition level with maximum value being obtained at level nine. 

Likewise, Figure 3.18 indicates that the RMSE value decreases (improvement in result) 

as the decomposition level increases. These results suggest that the best results are 

obtained at the maximum decomposition level. However, Eq. (3.3) recommends a 

decomposition level below the maximum level. Basically Eq. (3.3) suggests the use of 

level 3 and the level 2 decomposition for the training and the validation data sets, 

respectively. Thus, the use of Eq. (3.3) recommended decomposition level does not 

guarantee obtaining the best performance. 
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Figure 3.15. Performance comparison (NSE %) of the different best models 

 

 

Figure 3.16. Performance comparison (RMSE) of the different best models 
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.  

Figure 3.17. Variation of NSE (%) with decomposition level 

 

 

Figure 3.18. Variation of RMSE with decomposition level 
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In addition to the above analysis, the test of significance of analysis of variance using 

ANOVA at the 99% confidence level is also applied. Table 4 show the ANOVA test 

results for the DWTMLPNN model with db8 wavelet for the nine decomposition levels. 

The F significance value shows the likelihood that the model as a whole describes a 

relationship that emerged as random, rather than a real relationship. A low F-value 

corresponds to a greater chance that the relationship between independent and dependent 

variables is real rather than random. Examination of Table 3.4 shows that the F value 

decreases with the increase in the decomposition level. The results also support the use of 

decomposition at level nine.  

 Table 3.4: Results of Test of significance for DWTMLPNN with db8 wavelet function 

Dec. 

Level 
Independent Variable 

Dep. 

Var. 

Significance F 

Training Testing 

1 A1, D1 q(i) 0 0 

2 A2, D1, D2 q(i) 3.68E-63 4.56E-21 

3 A3, D1, D2, D3 q(i) 1.93E-95 1.47E-39 

4 A4, D1, D2, D3, D4 q(i) 1.13E-123 5.58E-45 

5 A5, D1, D2, D3, D4, D5) q(i) 1.07E-132 2.22E-64 

6 A6, D1, D2, D3, D4, D5, D6 q(i) 2.97E-148 1.72E-79 

7 A7, D1, D2, D3, D4, D5, D6, D7 q(i) 3.15E-208 6.79E-81 

8 A8, D1, D2, D3, D4, D5, D6, D7, D8 q(i) 1.21E-212 5.97E-98 

9 

A9, D1, D2, D3, D4, D5, D6, D7, D8, 

D9 q(i) 1.41E-226 5.04E-102 

A summary of the performance statistics along with the ANN structure of the best models 

with and without wavelet transformation during training and testing phases is presented 

in Table 3.5. 



Chapter 3 

53 

 

Table 3.5: Summary of results of best performing models with and without WT 

Model 
Mother 

Wavelet 

ANN 

Structure** 

Training   Testing 

RMSE 
NSE 

(%) 
  RMSE 

NSE 

(%) 

Simple MLPNN  1,6,1 11.12 3.87  14.56 5.47 

Simple RBFNN  1,3,1 11.09 4.36  14.68 4.00 

CWTMLPNN db2 1,3,1 10.21 21.36  12.96 19.43 

CWTRBFNN db2 1,3,1 9.75 18.53  11.95 16.95 

DWTMLPNN db8 10,30,1 8.44 44.53  11.19 44.18 

DWTRBFNN db8 10,37,1 8.99 37.15  11.75 38.44 

**Number of neurons in the input, hidden and output layers 

The ANN structure (1, 6, 1) represents an ANN model which has one node in the input 

layer, six nodes in the hidden layer and one node in the output layer.As stated earlier, the 

numbers of nodes in the hidden layer are determined by trial and error process. 

Examination of Table 5 also reveals that simple and CWT models (both MLPNN and 

RBFNN) possess simple ANN structure with only one node each in the input and output 

layers. These models performed best with small numbers of nodes in the hidden layer (3 

to 6 nodes in the hidden layer). Further, it is evident from Table 5 that DWTMLPNN and 

DWTRBFNN models possess complex structures with 10 nodes in the input layer and one 

node in the output layer. The DWT models require large number of nodes in the hidden 

layer (30 to 37) to perform well during both the training and the testing phases.  

The observed and the simulated hydrographs of the simple MLPNN, CWTMLPNN model 

with the db2 wavelet and the DWTMLPNN model with the db8 wavelet function for 

testing/validation data are represented in Figure 3.19 while the corresponding hydrographs 

obtained using the RBFNN models are presented in Figure 3.20. Analysis of the figures 
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indicates that the simulated discharge hydrographs yielded by the simple MLPNN and the 

simple RBFNN models without wavelet transformation are only representing average 

behaviour of the observed hydrograph without capturing the low flows as well as the 

moderate and higher peak flows. These may be considered as worthy for capturing only 

the moderate flows. It is obvious from the figures that the simulated hydrographs produced 

by the CWTMLPNN and CWTRBFNN models with the db2 wavelet function performs 

better than their counterpart simple models. The hydrograph generated by the 

CWTMLPNN model captures some of the low and moderately higher trails of the 

observed hydrograph while it is superior when tracking the moderate flows of the observed 

hydrograph as shown in Figure 3.19. Further as shown in Figure 3.20, the CWTRBFNN 

model generated hydrograph is unable to capture most of the lower trails of the observed 

hydrograph. This hydrograph only successfully captures the moderate flows and the 

moderately higher peaks of the observed hydrograph. It can be further seen that the 

hydrographs of CWTMLPNN and CWTRBFNN models with the db2 wavelet function 

are unable to track the higher peaks of the observed hydrograph. The hydrograph yielded 

by the DWTMLPNN model with the db8 wavelet function shown in Figure 3.19 catches 

most features of the low flows and moderately higher flows of the observed hydrograph. 

Figure 3.20 illustrates that the hydrograph yielded by the DWTRBFNN model only 

tracked the moderate flows well and missed most of the lower trails of the observed 

hydrograph. It is further revealed that this hydrograph is also able to track some of the 

higher peak flows of the observed hydrograph. Flow duration curves (FDCs) were further 

developed and presented in Figure 3.21 and Figure 3.22 to test the ability of the best 

developed models to capture low, medium and high flows of the observed hydrograph. 

The FDC illustrates the percentage of time a given flow was equalled or exceeded during 

a specified period of time. 
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Figure 3.19. Observed and simulated Hydrographs for MLPNN 

 

Figure 3.20. Observed and simulated Hydrographs for RBFNN 
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The FDCs of the observed discharge and the predicted discharges of the simple MLPNN 

model, the CWTMLPNN mode with the db2 wavelet and the DWTMLPNN model with 

the db8 wavelet function are illustrated in Figure 3.21 while their counterpart FDCs of the 

RBFNN models are illustrated in Figure 3.22. The medium flow percentile can be further 

divided into high medium flow percentile and low medium flow percentile from 11 to 49 

percentile and 0 to 89 percentile flows respectively. Examination of the figures illustrates 

that for high and medium high percentile flows, FDC of the RBFNN model with the db8 

wavelet function better ties with the FDC of the observed flow relative to all other FDCs. 

For medium low and low percentile flows, FDC of the DWTMLPNN model with the db8 

wavelet function tracked the observed discharge FDC better, in comparison with all other 

FDCs.  

On the basis of the above analysis of the hydrographs and the FDCs, it can be inferred that 

the DWTMLPNN and the DWTRBFNN models with the db8 wavelet function are found 

to track most variations of the observed hydrograph. However, the ability of the 

DWTRBFNN model with db8 wavelet function in capturing high and medium high flows 

is greater while the DWTMLPNN model with the db8 wavelet function performed better 

for capturing medium low to low flows relative to all other models. The hydrographs 

generated by the DWTMLPNN and DWTRBFNN models with the db8 wavelet are not 

able to simulate most of the higher peaks of the observed hydrographs. This may be due 

to the fact that this study is only considering 1-day lag rainfall, which is not taking into 

account the antecedent moisture conditions of the catchment.  



Chapter 3 

57 

 

 

Figure 3.21. Flow duration curves for MLPNN 

 

Figure 3.22. Flow duration curves for RBFNN 
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3.6 Conclusions 

The study was conducted to evaluate the effect of 23 mother wavelet functions on the 

performance of the hybrid wavelet MLPNN and RBFNN rainfall-runoff models by using 

the CWT and the DWT techniques. It further investigated the selection of a suitable 

decomposition level for the DWT. The following conclusions can be drawn from the 

study: 

 The wavelet based neural network models for rainfall-runoff modelling performed 

better than the simple traditional Artificial Neural Networks. This agrees with the 

many previous studies like Wang and Ding (2003), Cannas et al. (2006), Nourani et 

al. (2009b, 2011). The study further revealed that the hybrid wavelet based MLPNN 

and RBFNN models perform equally well and the wavelet based RBFNN may be 

considered as an alternative to the MLPNN for rainfall-runoff modelling.  

 Most of the previous hydrological studies only used the DWT, ignoring the CWT 

because CWT generates large amounts of data and requires more computational time 

and resources (Adamowski and Sun, 2010; Tiwari and Chatterjee, 2010). The problem 

of generating too much data in the CWT should not be regarded as a limitation with 

the advent of high speed computers. This may be a serious concern in digital signal 

analysis studies where a huge amount of data is to be analysed. The present study has 

successfully demonstrated that the CWTMLPNN and CWTRBFNN models with db2 

wavelet function enhance the performance of the neural network models compared to 

the simple Artificial Neural networks.  However, the selection of suitable wavelet 

function and the optimum scale are very important.  

 Many of the former studies have generally used irregular db2 and db4 wavelets (e.g. 

Cannass et al., 2006; Nourani et al., 2009a; Singh, 2012; Maheswaran and Khosa, 

2012). However, this study successfully demonstrated that the DWT based MLPNN 
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and RBFNN models yield best results with the db8 mother wavelet function instead of 

the db2 or db4.   

 The DWT gave best results at the maximum possible decomposition level. However, 

Eq. (3.3) used by Aussem et al. (1998) and Nourani et al. (2009a, 2009b) to select an 

optimum decomposition level does not guarantee obtaining the best performance. 

Nourani et al. (2011) also reported that this equation is not suitable for the Hybrid 

Wavelet Adaptive Neuro Fuzzy Inference System rainfall-runoff model. Further 

studies should be aimed at validating the results obtained in this study, using other 

catchments across the globe. 
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Chapter 4  

Hybrid Wavelet Neuro-Fuzzy Approach  

This chapter includes partial contributions from the paper: 

Shoaib, M., Shamseldin, A.Y., Melville, B.W., Khan, M.M. (2014). Hybrid Wavelet 

Neuro-Fuzzy Approach for Rainfall-Runoff Modeling. J. Comput. Civ. Eng. DOI: 

10.1061/(ASCE)CP.1943-5487.0000457.  

 

Abstract 

This study explored the potential of hybrid Wavelet Co-Active Neuro Fuzzy Inference 

System (WCANFIS) models for simulating the transformation of rainfall-runoff process 

in the Baihe catchment located in China. The study investigated the selection of suitable 

settings for wavelet based neuro-fuzzy rainfall-runoff models. These settings include the 

choice of a suitable wavelet function and the number of decomposition levels to be 

employed. For the development of wavelet neuro-fuzzy rainfall-runoff models, the input 

rainfall data was transformed by using the Discrete Wavelet Transformation (DWT). Ten 

different wavelet functions, including the simple mother wavelet Haar, db2, db4, db8 

wavelet functions from the most popular wavelet family Daubechies, the Sym2, Sym4, 

Sym8 wavelets with sharp peaks, Coif2, Coif4 wavelets and the discrete meyer (dmey) 

wavelet functions, were used in this study.  The study also investigated ten input vectors 

in order to compare the two approaches of input vector selection to be used in conjunction 

with the WCANFIS models. The five input vectors were selected using the commonest 
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approach in which selection of the input vector was comprised of the sequential time series 

data. Using this approach, the first input vector contains only lag-one day time series of 

data and then modifies the input vector by successively adding one more lag time series 

into the input vector and this continues up to a specific lag time (lag-5 day in the present 

study). The remaining five input vector combinations were selected on the basis of cross-

correlation analysis. The performance of the developed WCANFIS models were 

compared with the simple Co-active Neuro Fuzzy Inference System (CANFIS) models 

developed without WT and a total of 101 models were investigated in this study. The study 

revealed that the WCANFIS models performed better with the parsimonious input vector 

containing lagged time rainfall series having poor correlation with the observe runoff. The 

developed hybrid WCANFIS models performed best with the db8 mother wavelet 

function at the maximum possible decomposition level. 

4.1 Introduction 

Despite good performance of data driven models in hydrology, there is considerable 

potential for improving their performance. In this regard, one potent modelling trend is to 

integrate these data-driven models so that individual strengths of each approach can be 

exploited in a synergistic manner (Nayak et al., 2004). Integration of ANN with fuzzy-

rule based has introduced a new model type known as Adaptive Fuzzy Inference System 

(ANFIS) for modelling rainfall-runoff process. ANFIS is a soft computing technique 

which makes use of benefits of both the ANN and the fuzzy systems in a single framework. 

The potential of ANIFS has been explored in many previous hydrological studies (e.g. 

Cheng, et al., 2005b; Nayak et al., 2004, 2005a, 2005b; Jacquin and Shamseldin ,2006; 

Nayak et al., 2007; Talei et al.,2010a, 2010b; Lohani et al., 2012; Karimi et al., 2013; He 

et al., 2014).  However, ANN based data driven models may not be able to cope with non-

stationary data if pre-processing of input and/or output data is not performed (Cannas et 
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al., 2006). In order to cope with this issue of non-stationary data, integration of discrete 

wavelet transform (DWT) technique with the data driven models has recently appeared in 

the hydrology.  

Very few studies have been conducted to investigate the ability of wavelet based ANFIS 

models to model hydrological problems which involve some degree of uncertainty. Partal 

and Kişi (2007) used the db2 wavelet function to decompose the observed lag rainfall data 

at decomposition level ten and developed a wavelet-neuro fuzzy model for one day ahead 

precipitation forecast. The performance of the wavelet-neuro fuzzy models was compared 

with the classical neuro-fuzzy models using five input combinations ranging from lag-1 

to lag-5 day rainfall series. The wavelet-neuro model is found to outperform the classical 

neuro fuzzy model for all input vectors. Shiri and Kisi (2010) also used the db2 wavelet 

function and four, three and two decomposition levels for forecasting daily, monthly and 

annual stream flow. The three input vector containing up to lag-3 day stream flows were 

identified based on partial auto-correlation function. The best results are obtained with 

input vector containing all three inputs. Kisi and Shiri (2011) developed wavelet neuro-

fuzzy and wavelet gene expression programming models to forecast daily precipitation 

and used db2 wavelet function and three decomposition levels. Five input vectors 

containing up to lag-5 day precipitation (t, t-1 and t-2, t-3, t-4 and t-5) values were 

considered in the study and the wavelet based models performed best with input vector 

containing up to lag-four precipitation time series data. Nourani et al. (2011) proposed the 

wavelet neuro fuzzy approach for modeling rainfall-runoff processes. Two inference 

system models  were compared by Nourani et al. (2011) by employing wavelet functions 

such as Harr, db4, Sym3 and Coif1. The inference system models were a combination of 

hybrid seasonal auto-regressive integrated moving average model with wavelet adaptive 

neuro fuzzy models. Time series data of rainfall and runoff is decomposed into 
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decomposition levels ranging from three to eight while five different input combinations 

comprised of rainfall and runoff at different lag times were also considered in the study. 

The Haar and db4 wavelet functions were found to perform better. 

A review of available literature shows the research gap in selection of suitable model 

settings for the wavelet neuro fuzzy hydrological models. Different wavelet families are 

available with different members. For example, the most popular Daubechies (db) wavelet 

family consists of nine members namely db2, db3, db4, db5, db6, db7, db8 and db10, and 

the Coiflet wavelet family consists of five members namely coif1, coif2, coif3, coif4, and 

coif5. Most of the previous studies based on wavelet neuro-fuzzy models have used only 

db2 wavelet function (Partal and Kisi, 2007; Shiri and Kisi, 2010; Kisi and Shiri, 

2011).  Nourani et al. (2011) attempted using different wavelet functions. However, no 

study has been attempted to search for best wavelet function(s) to be used in conjunction 

with the hybrid neuro-fuzzy rainfall-runoff models. Furthermore, the selection of suitable 

decomposition levels for wavelet based neuro-fuzzy hydrological models has no clear 

guidelines. In general, the decomposition level depends on the length and features of the 

temporal data in addition to the type of wavelet used. Also, the performance of the data 

driven hydrological models depends on the choice of a suitable input vector. Different 

researchers have employed different input vectors ranging from lag-1 day to lag-5 day 

rainfall time series.  The selection of optimum input vector to be used in conjunction with 

the wavelet neuro-fuzzy models has not been addressed in any previous study. Hence, the 

present study was aimed to address the issues related to a) the selection of suitable wavelet 

function, b) the selection of suitable decomposition level and c) the selection of suitable 

input vector.  
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4.2 Methodology 

4.2.1 Wavelet Transformation 

Discrete wavelet transformation (DWT) was used in this study to transform input rainfall 

data as the DWT outperformed the CWT with two data driven models, namely, the 

MLPNN and the RBFNN as shown in Chapter 3. More details on the DWT can be found 

in section 2.4.1.2 and in many text books including Daubechies (1992) and Addison 

(2002) 

4.2.1.1 Choice of Wavelet Function 

The present study used ten different wavelet functions from five different wavelet families 

in order to cover a wide range of wavelet functions.  The details of different wavelet 

families can be found in section 2.4.2 and in Daubechies (1992) and Addison (2002). 

4.2.2 Co-Active Neuro Fuzzy Inference System (CANFIS) 

The CANFIS is considered as the more general class of ANFIS introduced by Jang et al. 

(1997). The CANFIS model integrates the modular neural network with the fuzzy 

inference system (FIS) in the same topology. An FIS is a system that uses the fuzzy set 

theory to map inputs to outputs. An adaptive network is a feed-forward network which 

employs a collection of modifiable parameters for determining the output of the network. 

Like other neural networks, an adaptive network also consists of a set of nodes connected 

through directional links and each node is a process unit that performs a static node 

function on its incoming signal to generate the signal output. Unlike other neural networks, 

the links in an adaptive network only indicate the flow direction of signals between nodes 

and no weights are associated with these links.  
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4.2.2.1 CANFIS Architecture   

The CANFIS architecture generally uses a neural network learning algorithm for 

constructing a set of fuzzy-if-then rules with appropriate membership function (MF) from 

the stipulated input-output pairs. The fundamental component of CANFIS is a fuzzy axon 

which applies MF to the inputs. Different fuzzy structures, characterized by their 

respective parameters, are found in literature (Mamdani and Assilian , 1975;  Tuskamoto, 

1979;  and Takagi and Sugeno, 1985). The fuzzy structures proposed by Mamdani and 

Assilian (1975) and Takagi and Sugeno (1985) are considered as the most well-known 

fuzzy structures (Cheng et al., 2005) and the differences between them arise from the 

consequent part where Mamdani’s method uses fuzzy membership functions, while linear 

or constant functions are used in Sugeno’s method. The present study uses the well-known 

fuzzy structure suggested by Takagi and Sugeno (1985) owing to its simplicity. Also, this 

structure suits well for multi-input and single-input system (Aytek, 2009). The Sugeno’s 

fuzzy model has already been applied in many hydrological applications (e.g. Nayak et 

al., 2004; Nayak et al., 2005b; Nourani et al., 2011; Partal and Kisi, 2007; Shiri and Kisi, 

2010;Talei et al., 2010a, 2010b; Xiong et al., 2001). The general structure of the CANFIS 

is shown in Figure 4.1.  

Consider the example of simple CANFIS with only two inputs x and y and one output z. 

The first order Sugeno fuzzy model (Takagi and Sugeno, 1985), a typical rule set with two 

fuzzy if-then rules, can be expressed as:  

Rule 1: If x is A1 and y is B1, then f1 =  p1x + q1y + r1, 

Rule 2: if x is A2 and y is B2, then f2 =  p2x + q2y + r2 

where A1, A2 and B1, B2 are the MFs of input x and y respectively; p1, q1, r1 and p2, q2, r2 

are the parameters of the output functions. The fuzzy reasoning mechanism for this Takagi 
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and Sugeno model to derive and output function with input x and y is represented in Figure 

4.1 (a). An equivalent 5 layer CANFIS architecture is illustrated in Figure 4.1 (b). The 

function of each layer is described as below: 

 

 

Figure 4.1. (a) Fuzzy inference system; (b) equivalent ANFIS architecture 
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membership functions can be any continuous and piecewise differentiable functions such 

as Gaussian, generalized bell shaped, trapezoidal and triangular shaped functions. The 

generalized bell shaped function is usually used as the membership function (Jang, 1993) 

with maximum equal to 1 and the output Oi
1 can be computed as: 

𝑂𝑖
1 = 𝜇𝐴𝑖(𝑥) =  

1

1+(
𝑥−𝑐𝑖
𝑎𝑖
)
2𝑏𝑖        (4.3) 

The shape of the bell shaped membership function with maximum equal to 1 and 

minimum equal to 0 changes with the set of (ai, bi, ci) parameter. The parameters a and 

b change the width of the curve and the parameter c finds the centre of the curve. 

These parameters are known as premise parameters.  The bell shaped function is 

considered as relatively more flexible because it has three parameters to modify, 

versus two parameters for the Gaussian function.  The generalized bell shaped MF has 

already been used in many previous hydrological studies (e.g. Moosavi and Vafkhah, 

2013; Lohani et al., 2012; Kisi and Shiri, 2011; Nourani et al., 2011; Nayak et al., 2004).  

Similar to the number of hidden neurons in the hidden layer of ANN, there is also no basic 

rule to find the number of MF’s and these are determined in the present study iteratively. 

However, a large number of MF’s should be avoided to reduce the computational time 

and effort. The number of MF’s in the present study is selected by trial and error. 

Layer 2 

This layer determines the membership function of the whole input vector by aggregating 

the fuzzified results of the individual scalar functions of the every input variable. The 

output of each node in this layer is obtained by multiplying the incoming signals and 

represents the firing strength of a rule as given by: 

𝑂𝑖
2 = 𝑤𝑖 = 𝜇𝐴𝑖(𝑥)𝜇𝐵𝑖(𝑦), for i = 1, 2      (4.4) 
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Layer 3 

Each node in this layer computes the normalized firing strength by calculating the ratio of 

the ith rule’s firing strength to the sum of all rules’ firing strengths as: 

𝑂𝑖
3 = 𝑤 𝑖 =

𝑤𝑖

𝑤1+𝑤2
  , for i = 1, 2       (4.5) 

Layer 4 

The output of each node in the fourth layer is calculated by the sum of the signals of the 

third and second layer of the network as: 

𝑂𝑖
4 = 𝑤 𝑖𝑓𝑖 = 𝑤 𝑖(𝑝𝑖𝑥 + 𝑞𝑖𝑦 + 𝑟𝑖)       (4.6) 

where 𝑤 𝑖 is the output of the layer 3 and (𝑝𝑖𝑥 + 𝑞𝑖𝑦 + 𝑟𝑖)  is the parameter set referred to 

as consequent parameters.  

Layer 5 

The only single node present in this layer performs summation of all incoming signals to 

compute the overall output of the ANFIS, which is described as: 

∑ 𝑂𝑖
5 = ∑ 𝑤 𝑖𝑓𝑖𝑖 =

∑ 𝑤𝑖𝑓𝑖𝑖

∑ 𝑤𝑖𝑖
        (4.7) 

The learning rule specifies how the premise parameters of layer 1 and consequent 

parameters of layer 4 should be updated to minimize the difference between the network 

actual output and the target output. The Levenberg-Marquardt algorithm (LMA) 

(Levenberg, 1944; Marquardt, 1963) was used in the current study to train the network 

because it is considered as fast, accurate and reliable (Adamowski and Karapataki, 2010; 

Adamowski and Sun, 2010). It is an iterative algorithm that locates the minimum function 

value which is expressed as the sum of squares of nonlinear functions. LMA is a 
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combination of nonlinear optimization technique using steepest descent combined with 

the Gauss-Newton method to solve a set of nonlinear equations using least-squares. 

4.2.2.2 Development of Hybrid Wavelet CANFIS Models 

In this study, the hybrid wavelet CANFIS models were developed by integrating the 

CANFIS models with the DWT. The CANFIS models were developed with and without 

WT. The DWT was used to decompose the daily observed rainfall data into 

approximations and details using ten different selected mother wavelet functions.  Various 

DWT algorithms such as Mallat (1989) and ả Trous algorithm (Shensa, 1992; Aussum, et 

al., 1998) are available in the literature. Although, ả Trous is a simple and fast algorithm 

but it is considered as a redundant algorithm and its key is to find out a suitable low-pass 

filter (frequently a Spline is used) and its determination is not typically handy for an 

inexpert. The Mallat’s algorithm is used in the present study for DWT as it is the most 

efficient algorithm (Misiti, 2012(b)) and is successfully applied in many previous 

hydrological studies (e.g. Partal and Kisi, 2007; Kisi, 2009, 2011; Kisi and Shiri, 2011; 

Nourani et al., 2009a, 2009b, 2011; Singh, 2012; Shoaib et al., 2014). The ten selected 

mother wavelet functions were used to decompose the observed rainfall data in this study. 

The mother wavelet functions selected in this study included the simple mother wavelet 

Haar, wavelet family Daubechies db2, db4, db8, the sym2, sym4, sym8 wavelets with 

sharp peaks, coif2, coif4 wavelets and the discrete meyer (dmey) wavelets. The following 

two options were considered in order to observe the impact of the DWT on the 

performance of the CANFIS models: 

Option 1: Develop the CANFIS model with the observed rainfall as input and the observed 

discharge as output without the WT of input rainfall. These models are referred to as 

Simple CANFIS models in this study 
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Option 2: Develop the hybrid discrete wavelet transform co-active neuro fuzzy inference 

system WCANFIS model for transformation of rainfall into runoff with transformed 

rainfall data as the input and the observed discharge as the output.  

The stopping criteria for the training of the developed models in the present study was 

either a maximum of 1000 epochs or training is set to terminate when the mean squared 

error (MSE)  of the cross validation testing data set begins to increase. This is an indication 

that the network has begun to overtrain. Overtraining is when the network simply 

memorizes the training set and is unable to generalize the problem.  The trained network 

was then tested by presenting different sets of two years rainfall-runoff data of Baihe 

catchment it has not been trained with. The network was re-trained by changing the 

number of MF’s per input if it failed to perform satisfactory during testing phase. Testing 

of the network ensures that it has learned the general patterns of the system and has not 

simply memorized a given set of data. 

4.3 Performance Parameters 

The performance of the developed models can be evaluated in terms of statistical measures 

of goodness of fit. In the present study, two statistical measures, namely, the Root Mean 

Squared Error (RMSE) and the Nash-Sutcliffe Efficiency (NSE) (Nash and Sutcliffe, 

1970) were used. Further details of these performance indices are given in section 3.3. 

4.4 Study area and data 

The observed rainfall-runoff data for a period of eight years from 1972 to 1979 of Baihe 

catchment located in China was used in this study. The Baihe catchment, with an area of 

61780 km2 is a sub-basin of Upper Hanjian River basin as shown in Figure 4.2.The 

Hanjian River is the largest tributary of the Yangtze River in China, covering a total 

drainage area of approximately 151000 km2 (340 30ʹ- 300 49ʹ N, 1060 14ʹ- 1140 56ʹE) with 
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a total length of 1577 km.  The altitude of the basin decreases from 3500 m in the 

northwest to 88 m at the Danjiangkou reservoir in the southeast (Sun et al., 2014). The 

Hanjian River is about 737 km long from northwest to Baihe station in the southeast. The 

average width of the main stream of Hanjiang is about 200-300 m with an average slope 

of 6% and surrounded by high and steep mountains, narrow valleys and swift torrents. 

This mountainous basin is semi-arid in nature, lies in a typical subtropical monsoon 

climate region with rainfall mainly during the summer and autumn seasons. Normally, 

evaporation is greater than rainfall from November to April and in August, whereas 

rainfall is less in the other months. The daily rainfall data for a period of eight years 

starting from 1st January1972 onwards from nineteen rain gauge stations and three 

hydrological stations were used to obtain daily average rainfall. The concurrent discharge 

data used in the study was the daily averaged data measured at the Baihe station.  The 

accuracy of the data driven models is very much dependant on the sample size needed to 

make a reasonable estimate. As a rule of thumb, a bigger sample size is generally 

preferable as it helps to better understand better the structure and pattern of the data. 

Nevertheless, a longer time series is not necessarily expected to have more information, 

since there can be numerous duplications of similar types of information (Wagener et al., 

2003) in the time series data. This may result only in large computational time and 

numerous over-fit series rather than improving the forecasting efficiency (Gaweda, et al. 

2001; Fernando, et al. 2009). Generally it is recommended that the sample size must not 

be smaller than the number of parameters used in the model (Hyndman and Kostenko, 

2007). In this context, a sample of 2190 data point used in present study for training of the 

developed models should be considered sufficient to produce satisfactory results. The 

summary of statistical characteristics of the training and the testing data of Baihe 

catchments can be found in Table 4.1. 
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Figure 4.2. Baihe catchment in China 

Table 4.1: Summary statistics for the Baihe catchment (China) 

Training (1972-1977) 

   Max   Min      Mean         Mode Median         S.D. 

Rainfall (mm)   47.08    0      2.592         0  0.310  5.630  

Flow (m3/s)  20200    78.5  743.039     111 371  1400.034 

Testing (1978-1979) 

Rainfall (mm)  79.98    0  2.491         0   0.170  6.291 

Flow (m3/s) 16200    60.50  558.058       160 255 1243.935 

4.5 Results and Discussion 

4.5.1 Selection of Input Vector 

The performance of rainfall-runoff data driven models is dependent on selection of 

appropriate input vector. The two common approaches for input selection of data driven 



Chapter 4 

73 

 

models are found in literature. The first approach is the selection of the input vector 

comprising the sequential time series data which starts from containing only lag-one day 

time series data in the input vector and then modifying the input vector by successively 

adding one more lag time series into the input vector and this continues up to a specific 

lag time (e.g. Furundzic, 1998; Tokar and Markus, 2000; Riad et al., 2004; Chua et al., 

2008; Moosavi et al., 2013). 

The second approach is selection of input variables around the most correlated lag time 

series data in the input vector (Nayak et al., 2005a, 2005b, 2007). The present study, 

therefore, investigates the appropriate selection of the size of input vector for the CANFIS 

and WCANFIS models by considering both approaches found in the literature. The input 

vectors M1 to M10 given below were developed in order to investigate both approaches: 

M1  r(i-1) 

M2 r(i-1), r(i-2) 

M3 r(i-1), r(i-2), r(i-3) 

M4 r(i-1), r(i-2), r(i-3), r(i-4) 

M5 r(i-1), r(i-2), r(i-3), r(i-4), r(i-5) 

M6 r(i-3) 

M7 r(i-2), r(i-3) 

M8 r(i-2), r(i-3), r(i-4) 

M9 r(i-2), r(i-3), r(i-4), r(i-5) 

M10 r(i-2), r(i-3), r(i-4), r(i-5), r(i-6) 

The first five combinations (M1 to M5) represents the first approach, the selection of a 

sequential time series of input variables which starts from lag-1 day rainfall r(t-1) in M1 

input vector. The input vector M2 is obtained by adding lag-2 day rainfall r(t-2) in M1. 

Likewise, M3 and M4 are obtained by adding lag-3 day rainfall series r(i-3) in M2 and r(i-
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4) in M3 respectively. Finally, M5 is obtained by adding lag-5 day r(t-5) rainfall series in 

M4 . The next five combinations (M6 to M10) are based on correlation analysis as shown 

in Figure 4.3. It is found from the correlation analysis that the lag-3 day rainfall time series 

r(i-3) has the maximum correlation with the observed discharge.  

 

Figure 4.3. Cross-correlation analysis of rainfall-runoff data 

The M6 to M10 combinations are developed based on selecting rainfall series around r(i-

3) rainfall. The M7 contains lag-2 and lag-3 day rainfall series. The addition of lag-4 day 

rainfall r(i-4) in M7 forms input vector for M8. Finally, the M9 and M10 input vectors are 

obtained by adding lag-5 and lag-6 day rainfall time series in M8 and M9 input vectors.  

4.5.2 Selection of Decomposition Level  

The daily observed rainfall data of Baihe catchment was transformed by the DWT using 

the ten selected mother wavelet functions. A DWT decomposition consists of Log2N 

levels/stages at most. With N = 730 testing/validation rainfall data points in current study, 

the input rainfall data can be decomposed into approximations and details by using the 

DWT from level 1 to level 9 at most. To obtain the optimum level of decomposition, the 
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lag-1 day rainfall r (i-1) was decomposed by using all 10 selected mother wavelet 

functions for all possible levels from 1 to 9 and a total of 90 decomposition levels were 

analysed in this study.  In order to find the optimum decomposition level to be used for 

development of the WCANFIS models, the regression analysis between the observed 

runoff and the DWT of lag-1 day rainfall was performed at each decomposition level. The 

results of the regression analysis for all ten selected wavelet functions for Baihe catchment 

are already presented in Figure 4.4. Examination of Figure 4.4 reveals that the value of 

regression R2 is found to be minimum at the first level and maximum at the last 

decomposition level i.e. level 9 for all the ten selected mother wavelet functions. 

 

Figure 4.4. Variation of Regression R2 with decomposition level 

Aussem et al. (1998) and Nourani et al. (2009a, 2009b) used the formula given in Eq. (3.3) 

to calculate optimum decomposition level. This equation was derived for fully 

autoregressive data by only considering length of data without giving attention to seasonal 

signature of a hydrological process (Nourani et al., 2011). With N = 730 testing data 
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points, L is calculated as 2 by using Eq. (3.3) which contains one approximation at level 

2 a2 and two details d1 and d2. Hence, when using decomposition at level 2, only small 

temporal and spectral variation in input rainfall data might be considered. The above 

regression analysis shows that the best results are obtained at the final level i.e. level 9 for 

all the 10 selected mother wavelets. Thus level 9 is selected as the appropriate 

decomposition level in this study. It appears from the regression analysis that more and 

more temporal and spectral variation in the input rainfall data is captured with the increase 

in decomposition level. 

4.5.3 The CANFIS model Development 

The CANFIS rainfall-runoff model was developed without WT to model the Baihe 

catchment rainfall-runoff transformation process. For this, the observed daily rainfall 

(mm) and the daily discharge (m3/sec) were used as the input and the target output 

respectively. The CANFIS models developed without WT are referred to as simple 

CANFIS models in this study. To develop WCANFIS models, the daily observed rainfall 

data of each input combination of M1 to M10 of Baihe catchment was decomposed into 

series of approximation and details using the DWT employing ten selected mother wavelet 

functions. Decomposition at level nine was employed in the present study which contains 

one large scale (lower frequency) sub-signal approximation (a9) and nine small scale 

(higher frequency) sub-signals details (d1, d2, d3, d4, d5, d6, d7, d8 and d9) in order to obtain 

the temporal and the spectral information contained in the original time series rainfall data. 

The detail sub-series d1 corresponds to the time series of 2-day modes which represents 

the features of original data discernible at a scale of up to two days. The d2 sub-series 

correspond to 4-day modes which represents features detectable at a scale of 2-4 days. 

Likewise, d3 corresponds to 8-day mode, d4 to 16-day mode, d5 to 32-day mode, d6 to 64-

day mode, d7 to 128-day mode, d8 to 256-day mode and d9 to 512-day mode. The 
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decomposition of signal/rainfall data of Baihe catchment into approximation (a9) and nine 

details (ds) of testing data using db8 mother wavelet are shown in Figure 4.5. The 

forecasting efficiency of the data driven model can be greatly improved by only using the 

data containing high information content as some data epochs contain more information 

than others about the system. The wavelet technique can be used to skip the data that 

contain weak or no information about the system (Singh et al., 2014). In order to select fit 

sub-time series as input of wavelet conjunction CANFIS models, a correlation analysis 

was performed between each sub-time series and the observed discharge for all 10 mother 

wavelet functions. This phase is considered as the utmost and significant part of hybrid 

model estimates. The typical correlation results of the db8 mother wavelet are shown in 

Table 4.2. It is revealed from the correlation analysis results that the d1 and d2 sub signals 

have a very poor correlation with the observed discharge for all the ten mother wavelet 

functions during both the training and testing phases. The d1 and d2 sub-series are the high 

frequency components of the data at decomposition level 1 and 2 and correspond to the 2-

day and the 4-day modes respectively. The weak correlation of d1 and d2 with the runoff 

ensures that very week information regarding the system is present in these sub-series. 

Furthermore, a lag-time of 2-3 days for the study area also supports this weak correlation. 

This weak correlation of d1 and d2 sub-series with the observed discharge at Baihe station 

may be due to the fact that the main information contained in the data is not significantly 

detectable at a scale of 2-4 days. Based on correlation analysis results, the d1 and the d2 

coefficients are eliminated and a new series is formed by adding d3, d4, d5, d6, d7, d8, d9 

and a9. The main point in the development of the wavelet conjunction CANFIS model is 

the decomposition of original rainfall data using DWT and the utilization of the 

decomposed data as the input. Furthermore, a lag-time of 2-3 days for the study area also 

supports this weak correlation. 



Chapter 4 

78 

 

  

    

   

   

   

 

 

 

 

Figure 4.5. Decomposition of precipitation data of Baihe catchment using db8 wavelet 
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Table 4.2:Correlation between each sub-time and observed discharge for db8 mother wavelet 

Sub  

Signal 

r(i-1) r(i-2) r(i-3) r(i-4) r(i-5) r(i-6) 

Training Testing Training Testing Training Testing Training Testing Training Testing Training Testing 

d1 -0.072 -0.099 -0.026 0.009 0.102 0.156 -0.035 -0.144 -0.042 -0.021 0.015 0.093 

d2 -0.201 -0.196 0.007 -0.015 0.204 0.222 0.190 0.224 0.036 0.025 -0.116 -0.123 

d3 0.040 0.032 0.206 0.221 0.322 0.339 0.333 0.341 0.207 0.178 0.055 -0.042 

d4 0.111 0.282 0.219 0.376 0.315 0.413 0.373 0.421 0.379 0.414 0.345 0.394 

d5 0.257 0.208 0.276 0.238 0.291 0.260 0.302 0.273 0.308 0.273 0.310 0.261 

d6 0.274 0.361 0.283 0.367 0.291 0.372 0.298 0.375 0.304 0.378 0.308 0.379 

d7 0.247 0.155 0.250 0.163 0.253 0.170 0.257 0.176 0.260 0.180 0.263 0.182 

d8 0.332 0.342 0.333 0.342 0.335 0.342 0.337 0.342 0.338 0.342 0.340 0.342 

d9 0.031 0.127 0.030 0.131 0.031 0.134 0.032 0.135 0.034 0.135 0.037 0.135 

a 0.113 0.063 0.113 0.057 0.113 0.051 0.114 0.050 0.115 0.051 0.117 0.053 
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This weak correlation of d1 and d2 sub-series with the observed discharge at Baihe station 

may be due to the fact that the main information contained in the data is not significantly 

detectable at a scale of 2-4 days. Based on correlation analysis results, the d1 and the d2 

coefficients are eliminated and a new series is formed by adding d3, d4, d5, d6, d7, d8, d9 

and a9. The main point in the development of the wavelet conjunction CANFIS model is 

the decomposition of original rainfall data using DWT and the utilization of the 

decomposed data as the input. 

4.5.4 Effect of Wavelet Function and Input Vector 

The performance of the WCANFIS models is sensitive to the selection of appropriate 

wavelet function. The WCANFIS models developed with ten selected wavelet functions 

behaved differently with ten different input vectors for modelling the rainfall-runoff 

transformation process of the Baihe catchment. The performance of WCANFIS models 

developed with ten selected wavelet functions is assessed by calculating the percentage 

increase or decrease in the NSE and the RMSE values relative to their respective simple 

CANFIS models developed without wavelet transformation. The relative percentage 

changes in the NSE and the RMSE values by the WCANFIS model with the ten selected 

wavelet functions are given in Figure 4.6 to Figure 4.10 for input vectors M1 through M5. 

For input vector M1, Figure 4.6 shows the relative percentage change in the NSE values 

of all the WCANFIS models developed with the ten selected wavelet functions relative to 

their respective simple CANFIS models. Examination of the figure shows that all the 

WCANFIS models developed with the ten selected wavelet functions performed better 

relative to their respective simple CANIFS models. However, the relative improvement in 

NSE (%) values is found to be in the range of 7%, with the WCANFIS model developed 

with the Haar wavelet function up to 20% with the WCANFIS model developed with the 

db8 wavelet function. 
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Figure 4.6. Relative change of NSE (%) for input vector M1 

 

Figure 4.7. Relative change of NSE (%) for input vector M2 

 

Figure 4.8. Relative change of NSE (%) for input vector M3 
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Figure 4.9. Relative change of NSE (%) for input vector M4 

 

Figure 4.10. Relative change of NSE (%) for input vector M5 
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about 50% relative to the simple CANFIS model. It is further revealed from the figure that 

all the WCANFIS models developed with the ten selected wavelet functions improved the 

relative NSE (%) considerably compared to the simple CANFIS model. Figure 4.8 and 

Figure 4.9 shows the relative improvement of the NSE (%) values of the WCANFIS 

models developed with the ten selected wavelet functions for input vectors M3 and M4, 

respectively. Examination of the figures shows that the WCANFIS models developed with 

the wavelet functions db2 and Sym2 for input vector M3 and the WCANFIS models 

developed with the Haar, db2, Sym2 wavelet functions are yielding negative relative NSE 

(%) values. This shows that the WCANFIS models are yielding poor performance 

compared to their counterpart simple CANFIS models. However, all other WCANFIS 

models developed for input vectors M3 and M4 result in better performance compared to 

their respective simple CANFIS models. The WCANFIS models developed with the 

wavelet functions db8 and Coif4 have maximum relative NSE values of about 30% and 

15% for input vectors M3 and M4 respectively. For input vector M5 as shown in Figure 

4.10, all the WCANFIS models developed show poor performance relative to the simple 

CANFIS model as all WCANFIS models result in negative change in NSE (%) values. 

The relative percentage change in the RMSE value of the developed WCANFIS models 

with ten wavelet functions is shown in Figure 4.11 for input vector M1. The negative 

relative RMSE (%) values correspond to the improvement while the positive ones 

correspond to the poor results relative to the simple CANFIS models. Similar to Figure 

4.11, it is obvious that maximum improvement (% decrease in the RMSE values) of about 

10% is found with the db8 wavelet function while minimum improvement of about 4% is 

found with the Haar wavelet function. For the input vector M2 as shown in Figure 4.12, 

maximum relative improvement of about 30% in the RMSE values is found with the db8, 

Sym8 and dmey wavelet functions.  For the input vectors M3 and M4 as shown in Figure 
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4.13 and Figure 4.14 respectively, the WCANFIS models developed with the wavelet 

functions db2 and Sym2 for input vector M3 and the WCANFIS models developed with 

the Haar, db2 and Sym2 wavelet functions for input vector M4 show poor performance 

relative to their counterpart simple CANFIS models in terms of positive relative RMSE 

(%) values. The WCANFIS models developed with the wavelet functions db8 and Coif4 

reveal maximum relative improvement of about 15% in RMSE value for input vector M3 

and the WCANFIS models developed with the wavelet functions db8 and Coif2 shows a 

maximum relative improvement of about 10% in the RMSE values for input vector M4. 

As shown in Figure 4.15, all the WCANFIS models produce a positive relative percent 

change in RMSE values, which shows poor performance compared to the simple CANFIS 

models. The relative performance of the WCANFIS models developed with ten selected 

wavelet functions for input vector M 6 through M10 is shown in Figure 4.16 to Figure 4.25. 

These figures indicate the relative percentage change in the NSE and the RMSE values of 

the WCANFIS models developed with the ten selected wavelet functions relative to their 

counterpart simple CANFIS models, respectively. For input vectors M6 and M7 as shown 

in Figure 4.16 and Figure 4.17, the relative percentage NSE values of the WCANFIS 

models with wavelet functions db8 and Coif4 for M6 and db8 and dmey for M7 are found 

to have a maximum of about 35%  relative to their respective simple CANFIS models. For 

input vector M8 as shown in Figure 4.18 , the WCANFIS models developed with the Haar, 

db2, db4 and Sym2 display poor performance relative to the simple CANFIS models by 

having negative values while the db8 and dmey based WCANFIS models show good 

relative performance, having a relative percent NSE value of about 15%. Figure 4.19 and 

Figure 4.20 show the negative relative change in NSE(%) values of all the WCANFIS 

models, indicating that these models performed poorly relative to their respective simple 

models. 
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Figure 4.11. Relative change of RMSE (%) for input vector M1 

 

Figure 4.12. Relative change of RMSE (%) for input vector M2 

 

Figure 4.13. . Relative change of RMSE (%) for input vector M3 
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Figure 4.14. Relative change of RMSE (%) for input vector M4 

 

Figure 4.15. Relative change of RMSE (%) for input vector M5 

 

Figure 4.16. Relative change of NSE (%) for input vector M6 
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Figure 4.17. Relative change of NSE (%) for input vector M7 

 

Figure 4.18. Relative change of NSE (%) for input vector M8 

 

Figure 4.19. Relative change of NSE (%) for input vector M9 
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Figure 4.20. Relative change of NSE (%) for input vector M10 
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Figure 4.21. Relative change of RMSE (%) for input vector M6 

 

Figure 4.22. .Relative change of RMSE (%) for input vector M7 

 

Figure 4.23. Relative change of RMSE (%) for input vector M8 
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Figure 4.24. Relative change of RMSE (%) for input vector M8 

 

Figure 4.25. . Relative change of RMSE (%) for input vector M10 
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together facilitate the hybrid wavelet models developed with the db8 wavelet function to 

capture both the underlying trend and the short term variability in the time series data 

better than the other 9 wavelets tested in the current study.  

To further elaborate the effect of WT on different input vectors, the performance of the 

WCANFIS models with db8 wavelet function relative to their respective simple CANFIS 

models for each input vector was examined. The results in terms of change in the NSE 

(%) and RMSE (%) of the WCANFIS models for all the input vectors are shown in Figure 

4.26 and Figure 4.27. Examination of the figure reveals that considering the relative 

performance of the WCANFIS models for input vectors M1 to M5, the WCANFIS models 

perform significantly better relative to their respective simple CANFIS models with the 

input vector M1, M2 and M3 and M4. The M1 results in about 20% and 10% improvement 

in the NSE and RMSE values respectively of the WCANFIS model compared to their 

counterpart simple CANIFS models. An improvement of 55% and 33% in the relative 

NSE and RMSE values respectively is found for the M2 input vector containing lag-1 and 

lag-2 day rainfall data series in the input vector. The M3 input vector yields a relative 

improvement of about 33% and 18% in the NSE and the RMSE values respectively while 

M4 shows 20% and 10% better results of NSE and RMSE values respectively. The M5 

input vector discloses poor performance of the WCANFIS model relative to the simple 

CANFIS model by showing negative relative percentage change in the NSE value and 

positive relative change in the RMSE value. The best results of about 55% (increase) and 

33% (decrease) in the relative NSE (%)  and the RMSE (%) respectively values  are 

obtained with the input vector M2 containing the lag-1 and lag-2 rainfall data series.  

Furthermore, considering the input vectors M6 to M10, the WCANFIS models with input 

vectors  
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Figure 4.26. . Effect of input vector on the relative performance of WMLPNN models 

 

Figure 4.27. Effect of input vector on the relative performance of WMLPNN models 
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On the basis of the above analysis, it can be stated that the performance of the WCANFIS 

models is also sensitive to the selection of the suitable input vector. The WCANIFS 

models yield better results with the first approach of input vector selection comprised of 

the sequential time series data than the second approach in which input variables around 

the most correlated lag time series data in the input vector are selected. The WCANFIS 

models gave relatively better results with the input vector containing lag-rainfall data 

series which are not highly correlated with the observed discharge. Credit for this may go 

to the WT which better revealed the hidden temporal and the spectral information 

contained in the time series data, having weak linear correlation with the observed 

discharge than the data which is already highly correlated with the observed discharge. 

Furthermore, it can be stated that the WCANFIS models performed better relative to their 

counterpart simple CANFIS models with input vectors M1, M2, M3 and M4. The relative 

NSE(%) values of the WCANFIS models with input vector M1, M2, M3 and M4 are found 

as respectively 20%, 55%, 33%, 20% while their corresponding relative RMSE values are 

found as -10%, -33%, -20% and -10%. This means that the ability of the WCANFIS 

models to simulate the rainfall-runoff process relative to its counterpart simple CANFIS 

model increases significantly from input vector M1 to M2. 

Although, the WCANFIS models with M3 and M4 input vectors also performed better 

relative to their respective simple models, the degree of accuracy from M2 to M3 and then 

from M3 to M4 is not as high as it was from M1 to M2. On the other hand, it can also be 

stated that the performance of the simple CANFIS models continues to improve by adding 

more and more lag-time rainfall data series in the input vector and simple models 

performed better than their counterpart WCANFIS model with input vector M5. This may 

be attributed to the WT, which revealed the hidden information of the rainfall-time series 

data and this makes the WCANFIS models perform better with parsimonious input 
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vectors. On the other hand, the simple CANFIS models performed better with the input 

vector containing large numbers of lagged rainfall time series in order to get the temporal 

and spectral information of the data. The simple CANFIS model is getting the temporal 

and spectral information of the data only from the lagged time rainfall data series. Addition 

of more and more lagged time rainfall data in the input vector means more and more 

information is given to the model and this results in the better performance. This may be 

considered as the reason for the better performance of the simple CANFIS model with 

input vector M5 containing up to 5-day lagged rainfall data series compared with its 

counterpart WCANFIS model.   

Moreover, to determine statistically significant improvement of the WCANFIS models 

developed with the ten selected wavelet functions over simple CANFIS models, the 

Kruskal-Wallis test, which is the non-parametric counterpart of the one–way ANOVA, 

was applied. One-way ANOVA test may lead to inaccurate estimation of P-value when 

the data is not normally distributed. The Kruskal-Wallis test does not make any 

assumption about normality of samples. Therefore, this approach was employed to 

determine the statistically significant improvement produced by WCANFIS models. The 

procedure to perform the test is as follows: 

 All the data were sorted from smallest to largest and were ranked while the 

smallest was ranked first and the largest was ranked nth. 

 Average rank of observation was computed and then test statistics were calculated 

to compare the possible difference amongst the average ranks 

 Finally, a P-value was calculated to test the null (all groups median are equal) and 

alternative hypothesis (all group medians are not equal).  

The residual of each developed model was calculated in order to perform the test and then 

they were compared using Kruskal-Wallis test. Table 4.3 shows the Kruskal-Wallis test 
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that examines the null hypothesis that the medians within each of the 11 developed models 

are the same. It is evident from the table that a zero P-value is obtained for all the 

developed models for all ten input vectors considered in the present study. Since the P-

value is less than 0.05 for all the models, there is a statistically significant difference 

amongst the medians at the 95.0% confidence level. Based on the results of the Kruskal-

Wallis test, it can be stated that all the WCANFIS models show statistically significant 

improvement relative to their counterpart simple CANIFS models. However, this test 

alone cannot be used to state which WCANFIS model is performing better relative to 

others. Therefore, the Kruskal-Wallis test results should be used together with the relative 

NSE (%) and the RMSE (%) values of the developed models to determine the best 

WCANFIS model.  

The observed and simulated hydrographs of the best WCANFIS model with the db8 

wavelet function for input vector M2 for testing/validation data are represented in Figure 

4.28. The simulated hydrograph produced by the WCANFIS model with the db8 function 

is found to capture most variations of the observed hydrograph. Flow duration curves 

(FDCs) were further developed and presented in Figure 4.29 to test ability of the best 

developed models to capture low, medium and high flows of the observed hydrograph. 

The FDC illustrates the percentage of time a given flow was equalled or exceeded during 

a specified period of time. The FDCs of the observed discharge and the simulated 

discharges of the WCANFIS model with the db8 wavelet function are illustrated in Figure 

4.29. From the FDC, the 10 percentile flow, the flow that is equalled or exceeded 10 per 

cent of the period of record can be considered as high flow percentile. Likewise, the 11 to 

89 percentile flow is considered as medium flow percentile while 90 percentile flows are 

considered as low flow percentile.  

 



Chapter 4 

96 

 

Table 4.3: Kruskal-Wallis Test Results 

Model Average Rank 

M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 

Simple CANFIS 4173.59 3458.07 4628.59 4865.57 3300.28 3168.71 3626.35 3451.69 2854.80 4364.95 

WCANFIS (Haar) 1604.40 4470.60 3606.46 2016.21 3983.58 3419.11 3782.75 3328.64 4962.99 6106.82 

WCANFIS (db2) 4833.93 2644.21 4614.20 5003.99 5230.33 3759.00 3000.11 3096.13 3947.76 4799.88 

WCANFIS (db4) 3541.33 3129.57 3687.37 4017.07 3426.45 4535.48 4558.49 4247.26 5721.42 3163.40 

WCANFIS (db8) 5309.17 5784.34 2568.49 5437.23 4816.67 3907.37 4336.11 5147.89 3845.78 4543.05 

WCANFIS (Coif2) 3090.91 3236.98 2896.60 3403.60 2349.40 4942.16 4399.01 2705.74 4636.56 2340.92 

WCANFIS (Coif4) 3174.48 2696.17 5527.04 3847.09 3811.25 5495.65 4168.18 3084.89 3992.70 4479.62 

WCANFIS (Sym2) 3683.94 6126.38 5336.53 2884.43 4937.07 4161.51 3719.23 6028.98 3709.10 2899.74 

WCANFIS (Sym4) 4842.17 3660.70 4786.62 5310.86 5285.13 2052.13 2897.36 4081.63 2650.66 3796.46 

WCANFIS (Sym8) 4633.37 4507.89 3337.67 3299.11 3786.25 4087.45 4186.50 4006.51 3900.67 3327.08 

WCANFIS (dmey) 5101.71 4274.08 2999.43 3903.85 3062.58 4460.44 5314.93 4809.65 3766.57 4167.08 

Total statistic  1680.56 1847.75 1427.87 1528.34 1256.72 1165.74 662.54 1396.53 1037.11 1489.70 

P-value  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
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Figure 4.28. Comparison of temporal variation of observed and simulated discharge 

during testing 

 

Figure 4.29. Flow duration curves 
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Inspection of the figure illustrates that the best WCANFIS model developed with db8 

wavelet function with M2 input vector better ties in better with the FDC of the observed 

discharge and tracks successfully the peak, medium and low flow periods of the observed 

flow hydrograph. On the basis of the above analysis of the hydrograph and the FDCs, it 

can be inferred that the WCANFIS model developed with the db8 wavelet function with 

input vector M2 are found to track most of variations of the observed hydrograph. 

4.6 Conclusion 

The CANFIS rainfall-runoff models were developed with and without the WT of the input 

rainfall data in this study. The ten selected mother wavelet functions Haar, db2, db4, db8, 

Sym2, Sym4, Sym8, Coif2, Coif4 and dmey were used to transform the data. The 

performance of the developed CANFIS models with and without WT are compared for 

ten different input vectors M1 to M10. The Kruskal-Wallis test was also performed to 

statistically determine the improvement of the WCANFIS models over the simple 

CANFIS models. The following conclusions were hereby drawn from the study: 

 The performance of the WCANFIS models was sensitive to the selection of the 

wavelet function. The study demonstrated that the db8 wavelet function performed 

best among the ten selected wavelet functions with all ten input vectors tested in the 

study. This may be due to good time-frequency localization property of the db8 

wavelet function in addition to its property of having reasonable support width.  

 The performance of the wavelet based WCANFIS models was revealed to be 

significantly better relative to their respective simple CANFIS models. Although, the 

WCANFIS models performed better relative to their counterpart simple CANFIS 

models with input vector containing up to lag-4 day rainfall data series, the WCANFIS 

models outperformed the simple CANFIS models with lag-1 and lag-2 day rainfall 

data series in the input vector.  
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 The two approaches of the input vector selection for the WCANFIS models were 

compared in the study. The results of the study revealed that the WCANIFS models 

yielded better results with the common approach in which input vector comprises of 

the sequential time series data than the approach in which input variables around the 

most correlated lag time series data in the input vector were selected. The WCANFIS 

models gave relatively better results with the input vector containing lagged rainfall 

data series which are not highly correlated with the observed discharge. As the data 

driven models were considered to have severe limitations of capturing space- time 

correlation of rainfall-runoff processes, future studies should be devoted to address 

this issue. 

 The DWT gave best results at the maximum possible decomposition level. However, 

the equation used to recommend a decomposition level in Aussem et al. (1998) and 

Nourani et al. (2009a, 2009b) does not guarantee obtaining the best performance. 

Nourani et al. (2011) also reported that this equation is not suitable for Hybrid Wavelet 

Adaptive Neuro Fuzzy Inference System (WANFIS) rainfall-runoff model.  

The results of the study were considered as robust as models were developed using 

training data and then these models were tested with the testing data set which has not 

been used in the model development or training. However, further studies should be 

aimed at validating the results obtained in this study using catchments located in 

different hydrological and climate zones. Furthermore, because only six years of daily 

rainfall-runoff data was used in the current study for training the models, it is also 

recommended to validate the results of this study by using longer time series data for 

training the models.  
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Chapter 5  

Hybrid Wavelet Feedforward Neural 

Network Models 

This chapter includes partial contributions from the paper: 

Shoaib, M., Shamseldin, A.Y., Melville, B.W., Khan, M.M. (2015). Impact of Wavelet 

Transformation on the Performance of Neural Network Rainfall-Runoff Models 

Stochastic Environmental Research and Risk Assessment (under review). 

 

Abstract 

There are different types of neural network models available, but most of the hybrid 

wavelet neural network (WNN) model studies are confined to the use of Multilayer 

Perceptron Neural Network (MLPNN) model type. This study, for the first time, was 

conducted to compare the performance of five hybrid WNN models for simulating the 

rainfall-runoff transformation process. The neural network models used in the study 

included the MLPNN, Generalized Feed Forward Neural Network (GFFNN), Radial Basis 

Function Neural Network (RBFNN), Modular Neural Network (MNN) and Neuro-Fuzzy 

Neural Network (NFNN) models. The results of the study were further compared with the 

Multiple Linear Regression (MLR) model. It was revealed that the hybrid WNN models 

outperformed their counterpart simple models. The hybrid wavelet models developed 

using MLPNN, the GFFNN and the MNN models performed best among the six selected 

data driven models explored in the study. Moreover, the performance of the three best 

models was found to be similar and thus the hybrid wavelet GFFNN and the MNN models 
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can be considered as an alternative to the most commonly used hybrid WNN models 

developed using MLPNN. The study further reveals that the wavelet coupled models 

outperformed their counterpart simple models only with the parsimonious input vector.   

5.1 Introduction 

There are various types of neural networks available and selection of a suitable type is one 

of the most important and difficult tasks. Network type determines the number of 

connection weights and the way information flows through the network. The Multilayer 

Perceptron Neural Network (MLPNN), Generalized Feed forward Neural Network 

(GFFNN), Radial Basis Function Neural Network (RBFNN), Modular Neural Network 

(MNN) and Adaptive Neuro-Fuzzy Inference System (ANFIS) types are the most 

commonly used neural network types in hydrology. Different studies employed different 

types of neural networks in order to map non-linear hydrological processes. The  MLPNN 

type has been used in many rainfall-runoff studies (e.g.  Minns and Hall, 1996; Dawson 

and Wilby, 2001;  Dibike et al., 2001; Riad et al, 2004;  Srinivasulu and Jain, 2006; Jain 

et al., 2007; Modarres, 2009;  El-Shafie et al, 2011;  Phukoetphim et al., 2013; Shoaib et 

al., 2014a; Aziz et al., 2014). Likewise, Waszczyszyn (1999), Motter and Principe (1994), 

Van Iddekinge and Ployhart (2008), Anthony and Bartlett (2009), Kişi (2009); and Dibike 

et al. (1999) employed RBFNN type for modelling rainfall-runoff process. Integration of 

neural network with fuzzy-rule based has introduced a new model type known as the 

adaptive neuro fuzzy inference system (ANFIS). The potential of ANIFS has been 

explored in many previous hydrological studies (e.g. Cheng, et al., 2005; Nayak et al., 

2004, 2005a, 2005b; Jacquin and Shamseldin ,2006; Nayak et al., 2007; Talei et al.,2010a, 

2010b; Lohani et al., 2012;Aziz et al., 2013;      Shoaib et al., 2014b). The modular neural 

network is another type of neural network which has been successfully used for rainfall-

runoff modelling in some of previous studies including Zhang (2000) and Rajurkar et al. 
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(2004a). During the last decade, various studies successfully applied WT in order to 

increase forecasting efficiency of neural network models. However, the MLPNN type is 

found to be the most widely used neural network type for the purpose of developing 

wavelet coupled neural network models (e.g., Wang  and Ding, 2003; Cannas et al., 2006; 

Adamowski and Sun, 2010; Tiwari and Chatterjee, 2010; Kisi, 2011; Nourani et al., 

2009a, 2009b; Singh, 2012; Shoaib et al., 2014a). Furthermore, some studies also 

investigated the ability of wavelet coupled neuro-fuzzy models to map non-linear 

hydrological processes (e.g. Kisi and Shiri, 2011; Nourani et al., 2011; Partal and Kisi, 

2007; Shiri and Kisi, 2010; Shoaib et al., 2014b).  

It can be revealed from the literature cited above in this paper that different network model 

types have been successfully applied in various hydrological applications. However, these 

studies can be considered as limited as the network type was selected without giving sound 

scientific reasoning. For instance, MLPNN is considered to produce accurate results, yet 

it does have some disadvantages. For example, it takes more time to train an MLPNN 

network because of the number of parameters to be determined. The RBFNN, on the other 

hand, is trained in a fraction of the time as it has fewer parameters to be determined. 

Similarly, a majority of the wavelet coupled neural network studies are also considered to 

be limited as they used either the MLPNN type or the neuro-fuzzy network type only. 

Different network types may behave differently with increased number of inputs in case 

of the wavelet coupled models. No study has yet been conducted to evaluate the effect of 

network type on the performance of wavelet coupled neural network models. This study 

was therefore conducted to compare the performance of wavelet coupled neural network 

models by considering five most commonly used neural network types. The neural 

network types used in the study included MLPNN, GFFNN, MNN, RBFNN and ANFIS.  
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5.2 Methodology 

5.2.1 Wavelet Transformation 

The discrete wavelet transformation using db8 wavelet function is used in this study to 

transform the input rainfall data because of its superior performance over the CWT as 

shown in Chapter 3. 

5.2.2 Data driven models 

5.2.2.1 Multiple Linear Regression (MLR) 

MLR is a statistical approach to modelling the relationship between a dependent variable 

y and independent variables x1, x2…….xm which can be expressed as: 

𝑦 = 𝑎 + 𝑏1𝑥1 + 𝑏2𝑥2 +⋯+ 𝑏𝑛𝑥𝑛        (5.1) 

a, b1, b2, bn are the coefficients which are evaluated using the least square method and the 

training data set in this study.  

5.2.2.2 Multilayer Perceptron Neural Network (MLPNN) 

The MLPNN consists of a number of neurons (computational elements) arranged in a 

series of different layers. Typically, it consists of an input layer, hidden layer and an 

output. Further details regarding MLPNN can be found in section 3.2.2. 

5.2.2.3 Generalized Feed Forward Neural Network (GFFNN) 

The GFFNN is a simplification of the MLPNN such that connections can jump over one 

or more layers. The GFFNN theoretically can solve any problem that a MLPNN can solve. 

However, in practice, GFFNN can often solve problems much more efficiently. A classic 

example of this is the two-spiral problem (Hassoun, 1995). The advantage of GFFNN is 

in the ability to project activities forward by bypassing layers. The result is that the training 
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of the layers closer to the input becomes much more efficient. The architecture of GFFNN 

having two hidden layers is illustrated in Figure 5.1. The circles represent processing 

elements (PEs) called neurons arranged in input, hidden and output layers. The lines 

represent weighted connections between neurons. By adapting its weights, the network 

evolves towards an optimal solution.  

 

 

 

 

 

 

 

 

 

Figure 5.1. Schematic diagram of Generalized Feed Forward Neural Network 

The back propagation algorithm is normally used for training of the GFFNN which 

propagates the error through the network and allows adaption of the hidden neurons 

weights.  

5.2.2.4 Radial Basis Function Neural Network (RBFNN) 

The RBFNN closely resembles the MLPNN in configuration with the difference that the 

hidden layer uses Gaussian transfer functions instead of standard sigmoidal functions used 

by the MLPNN. More theoretical details regarding RBFNN can be found in section 3.2.3 
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5.2.2.5 Modular Neural Network (MNN) 

Modular feed forward networks are a special class of MLPNN, such that layers are 

segmented into independent modules. All modules are functionally integrated and each 

module operates on separate inputs to accomplish some sub-task of the neural network’s 

global task. This tends to create some structure within the topology (i.e. how the 

connections are made), which will foster specialization of function in each sub-module. 

In contrast to the MLPNN, modular networks do not have full interconnectivity between 

their layers. Therefore, a smaller number of weights are required for the same size network 

(i.e. the same number of PEs). This tends to speed up training times and reduce the number 

of required training data samples. A MNN generally trains faster than a MLPNN, due to 

the fact that it has "short-cut" connections to the output, aiding in the weight adaptation 

for the hidden and input layers. There are many ways to segment a MNN into modules. 

There is no strict rule available to select best modular topology based on the data. The 

schematic diagram of MNN along with topology selected in the present study is shown in 

Figure 5.2. Application of MNN in the field of rainfall-runoff modelling can be found in 

many studies (e.g. Zhang and Govindaraju, 2000a, 200b; Toth, 2009; Deshmukh and 

Ghatol, 2010; Wu and Chau, 2011; Jajarmizadeh et al., 2014). 

5.2.2.6 Co-Active Neuro-Fuzzy Inference System (CANFIS) 

The CANFIS model integrates the modular neural network with the fuzzy inference 

system (FIS) in the same topology. Further theoretical details of CANFIS can be found in 

section 4.2.2. 
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Figure 5.2. Schematic diagram of Modular Neural Network 

5.2.3 Development of Wavelet coupled Data driven models 

The wavelet coupled data driven models were developed by integrating them with the 

DWT in this study. In order to examine impact of WT on model performance, the models 

were developed with and without WT. The DWT was used to decompose the daily 

observed rainfall into approximations and details. The Mallat’s algorithm (Mallat, 1989) 

was used in the present study for DWT as it is the most efficient algorithm. The following 

two options were considered in order to observe the impact of WT on the performance of 

selected rainfall-runoff data driven rainfall models. 

Option 1: Develop the models with observed rainfall as input and observed discharge as 

output without applying WT on input rainfall data. These models are referred to as Simple 

models in this study.  
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Option 2: Develop the coupled wavelet rainfall-runoff models with wavelet transformed 

rainfall data as the input and the observed discharge as the output. These models are 

referred to as wavelet models. 

5.3 Performance Indicators 

Statistical measures of goodness of fit can be used to evaluate performance of the 

developed models. Two statistical measures, namely, the Root Mean Squared Error 

(RMSE) and the Nash-Sutcliffe Efficiency NSE (Nash, 1970) were used in the present 

study to measure performance of the models. More details of these performance 

parameters are given in section 3.3. 

5.4 Study area and Data 

The daily rainfall runoff data of two catchments located in different hydrological 

conditions in the world was used in the present study. The two catchments are the Baihe 

catchment located in north eastern China and the Brosna catchment located in Ireland. The 

details of the Brosna catchment are given in section 3.4 while section 4.4 contains details 

of Baihe catchment The results of cross correlation analysis between lagged rainfall data 

and discharge is shown in Figure 5.3 and Figure 5.4 for Baihe and Brosna catchments, 

respectively. 

5.5 Results and Discussion 

5.5.1 Selection of Input Vector 

The performance of rainfall-runoff data driven models is dependent on the selection of 

appropriate input vector. 
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Figure 5.3. Cross-correlation analysis results for Baihe catchment 

 

Figure 5.4. Cross-correlation analysis results for Brosna catchment 
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The common approach for input selection of data driven models is the selection of input 

vector comprising sequential time series data which starts from containing only lagged-1 

day time series data in the input vector and then modifying the external input vector by 

successively adding one more lag time series into input vector and this continues up to a 

specific lag time (e.g. Furundzic, 1998; Tokar and Markus, 2000; Riad et al., 2004; Chua 

et al., 2008; Moosavi and Vafakhah, 2013).  

The present study investigates the size of input vector by considering the following five 

input vectors: 

M1  r(i-1) 

M2 r(i-1), r(i-2) 

M3 r(i-1), r(i-2), r(i-3) 

M4 r(i-1), r(i-2), r(i-3), r(i-4) 

M5 r(i-1), r(i-2), r(i-3), r(i-4), r(i-5) 

The first input vector M1 contains only lagged-1 day rainfall r(i-1) in input vector. The 

input vector M2 is obtained by adding lagged-2 day rainfall r(i-2) in M1. Likewise, M3 and 

M4 are obtained by adding lagged-3 day rainfall series r(i-3) in M2 and r(i-4) in M3 

respectively. Finally, M5 is obtained by adding lagged-5 day r(i-5) rainfall series in M4. 

5.5.2 Selection of Mother Wavelet Function  

The performance of different wavelet coupled based models is very sensitive to the 

selection of the mother wavelet function to be used for transformation of data using DWT. 

A number of wavelet families are available, each having different members. Examples of 

these families include the most popular Daubechies db wavelet family containing db2, 

db3, db4, db5, db6, db7, db8, db9 and db10 members and the Coiflet wavelet family 

having Coif1, Coif2, Coif3, Coif4, Coif 5 as members (Daubechies, 1992). These different 
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wavelet functions are characterized by their distinctive features including the region of 

support and the number of vanishing moments. The region of support of a wavelet is 

associated with the span length of the wavelet which affects its feature localization 

properties of a signal and the vanishing moment limits the wavelet’s ability to represent 

polynomial behaviour or information in a signal. The details of different wavelet families 

can be found in many text books such as  Daubechies (1992) and Addison (2002). The 

present study employed the db8 wavelet function to decompose the input rainfall data. 

The db8 wavelet function with eight vanishing moments has the ability to best describes 

the temporal and spectral information in the input rainfall data, Shoaib et al. (2014a, 

2014b). 

5.5.3 Selection of decomposition level 

The choice of suitable decomposition level in the development of wavelet coupled data 

driven models is very vital. A DWT decomposition consists of Log2N levels/stages at 

most. Aussem (1998) and Nourani et al., (2009a, 2009b) used Eq. (3.3) to calculate 

suitable decomposition level. This equation was derived for fully autoregressive data by 

only considering the length of data without giving attention to the seasonal signature of 

the hydrologic process (Nourani et al., 2011). With N = 730 testing data points in the 

present study, the L value is calculated as three by using Eq. (3.3) which contains one 

approximation at level three ‘a3’ and three details ‘d1’ and ‘d2’ and ‘d3’. Hence, using 

decomposition at level 3, only small temporal and spectral variation of input rainfall data 

may be considered. In the present study, the daily observed rainfall data of two selected 

catchments was transformed by DWT using the db8 mother wavelet functions. The input 

rainfall data was decomposed up to maximum decomposition level nine as suggested by 

Shoaib et al. (2014a, 2014b). The decomposition of data at level nine contains one large 

scale (lower frequency) sub-signal approximation (a9) and nine small scale (higher 
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frequency) sub-signals detail (d1, d2, d3, d4, d5, d6, d7, d8 and d9) in order to get the temporal 

and the spectral information contained in the original time series rainfall data. The detail 

sub-series d1 corresponds to time series of 2-day mode which represents the features of 

original data discernible at a scale of up to two days. The d2 sub-series correspond to a 4-

day mode, which represents features detectable at a scale of 2-4 days. Likewise, d3 

corresponds to 8-day mode, d4 to 16-day mode, d5 to 32-day mode, d6 to 64-day mode, d7 

to 128-day mode, d8 to 256-day mode and d9 to 512-day mode.  All ten data series were 

used as input for the development of wavelet coupled data driven models in this study 

except for the wavelet coupled CANFIS model because of the exponential relationship 

between the number of inputs and the number of internal processing elements in case of 

neuro-fuzzy modelling.  

5.5.4 Simple and Wavelet Coupled Data Driven Models 

Firstly, simple selected data driven models including the MLR, MLPNN, GFFNN, MNN, 

RBFNN and CANFIS models were developed without applying any data pre-processing 

(wavelet transformation) on the rainfall data to simulate the rainfall-runoff transformation 

process of the two selected catchments. The observed daily discharge was taken as the 

target (output) and the observed rainfall was used as the input. The selected models of 

MLPNN, GFFNN, MNN, RBFNN and CANFIS are comprised of three layers; input, 

hidden and output layer. The input layer of all simple neural network models and the 

wavelet coupled CANFIS model contain one neuron for input vector M1 to five neurons 

for input vector M5.  

The wavelet coupled models were developed next using the wavelet transformed rainfall 

data as input and the observed discharge as the target output. The input layers of all 

wavelet coupled neural network models except CANFIS contain ten neurons for input 
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vector M1 to fifty neurons for input vector M5. As an exponential relationship exists 

between the number of input variables and the number of internal processing elements in 

case of the CANFIS model, all wavelet transformed data series cannot be used. To avoid 

this, a special procedure was adopted as suggested by Krishnapura and Jutan (1997) and 

Nourani et al. (2011). Firstly, a correlation analysis was performed between each wavelet 

sub-time series and the observed. It was revealed from the correlation analysis results that 

the d1 and d2 sub signal has a very poor correlation with the observed discharge for both 

selected catchments of Baihe and Brosna. Based on correlation analysis results, the d1 and 

the d2 coefficients were eliminated and a new series is formed by adding d3, d4, d5, d6, d7, 

d8, d9 and a9.  

The number of neurons in the output layer was fixed as one for all the simple and wavelet 

coupled models developed in the present study. The selection of the number of neurons in 

the hidden layer is important for better enhancing the simple and wavelet coupled models 

performance. The selection of the appropriate number of neurons in the hidden layer was 

done by trial and error procedure in the present study.  This was accomplished by training 

the network and evaluating its performance over a range of different increasing values of 

number of hidden layer neurons in order to obtain near maximum efficiency with as few 

neurons as necessary (Hammerstrom, 1993). The sigmoid activation function was used 

for the neurons of the hidden and the output layer for the simple and wavelet coupled 

models except for RBFNN and the CANFIS models. Training/calibration is a process of 

adjusting connection weights in the network so that the network’s response best matches 

desired response (Muttil and Chau, 2006).  The simple and the coupled wavelet MLPNN, 

GFFNN and MNN models were trained in a process called supervised learning. In 

supervised learning, the input and output are repeatedly fed into the neural network. With 

each presentation of input data, the model output is matched with the given target output 
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and an error is calculated. This error is back propagated through the network to adjust the 

weights with the goal of minimizing the error and achieving simulation closer and closer 

to the desired target output. The RBFNN models use Gaussian transfer function in the 

RBF/hidden layer. Learning in the RBFNN is conducted in two stages: first for the hidden 

layer, and then for the output layer. The centres and widths of the gaussians are set by 

unsupervised learning rules which use a competitive rule with full conscience. For simple 

and wavelet coupled CANFIS models, the generalized bell shaped function was used as 

the membership function (Jang, 1993) in hidden layer, as it is considered to be more 

flexible because it has three parameters to modify, versus two parameters for the Gaussian 

function.  Similar to the number of hidden neurons in the hidden layer of MLPNN, GFFNN 

and MNN models, there is also no basic rule to find the number of MF’s in the CANFIS 

model and these are determined in the present study iteratively. However, a large number 

of MF’s should be avoided to reduce the computational time and effort. The number of 

MF’s in the present study was selected by trial and error. The Levenberg-Marquardt 

algorithm (LMA) (Levenberg, 1944; Marquardt, 1963) was used in the current study to 

train all selected simple and wavelet coupled models because it is considered to be  fast, 

accurate and reliable (Adamowski, 2010). It is an iterative algorithm that locates the 

minimum function value which is expressed as the sum of squares of nonlinear functions. 

LMA is a combination of nonlinear optimization techniques using the steepest descent 

combined with the Gauss-Newton method to solve a set of nonlinear equations using least-

squares. The stopping criteria for the training of all the developed models in the present 

study was either a maximum of 1000 epochs or training was set to terminate when the 

mean squared error (MSE)  of the cross validation testing data set begins to increase. This 

is an indication that the network has begun to overtrain. Overtraining is when the model 

simply memorizes the training set and is unable to generalize the problem. The trained 
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models are then tested by presenting different sets of two years rainfall-runoff data of the 

selected catchments it has not been trained with. The models are re-trained by changing 

the number of neurons in the hidden layer if it failed to perform satisfactory during testing 

phase. Testing of the network ensures that it has learned the general patterns of the system 

and has not simply memorized a given set of data. 

The performance of the developed simple and wavelet coupled models were determined 

in terms of performance indicators of NSE (%) and the RMSE. For input vector M1 

corresponds to one day lead time, the NSE(%) and the RMSE values of all developed 

models including MLR, MLPNN, GFFNN, RBFNN and CANFIS models for selected 

catchments of Baihe and Brosna are shown in Figure 5.5 and Figure 5.6 respectively.  

  

Figure 5.5. Performance of models for input vector M1 for Baihe catchment 

  

Figure 5.6. Performance of models for input vector M1 for Brosna catchment 
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Examination of these figures shows that all wavelet coupled data driven models 

outperformed relative to their counterpart simple models in terms of higher values of NSE 

(%) and lower RMSE values. It can be further revealed that for input vector M1, the simple 

and the wavelet coupled MLPNN, GFFNN and MNN models outperformed relative to the 

other three models, namely, MLR, RBFNN and CANFIS. The best performing wavelet 

coupled models MLPNN, GFFNN and MNN yields NSE values of about 60 % and 50% 

for Baihe and Brosna catchments respectively against 6% NSE values for the respective 

simple models. The wavelet coupled MLPNN, GFFNN and MNN models yield RMSE 

values of about 865 cumecs for Baihe and 9 cumecs for Brosna catchments against RMSE 

value of 1350 cumecs for Baihe and 14 cumecs for Brosna.  

Figure 5.7 and Figure 5.8 show the results for input vector M2 containing lagged one and 

two rainfall data series for both selected catchments. Similar to input vector M1, simple 

and wavelet coupled MLPNN, GFFNN and MNN yields best performance out of six 

models tested in the study. The NSE and RMSE values of about 85% and 500 cumecs is 

obtained for the Baihe catchment with wavelet coupled best models against NSE value of 

20% and RMSE value of 1200 cumecs with simple best models as shown in Figure 5.7. 

Figure 5.8 shows the NSE (%) and RMSE values for the Brosna catchment with input 

vector M2. The simple and wavelet coupled MLPNN, GFFNN and MNN are among the 

best performing models. The wavelet coupled best models yield the NSE value of about 

65% against 10% value with the simple models as shown in Figure 5.8. The RMSE values 

for the Brosna catchments are about 6 cumecs for the wavelet coupled best models against 

RMSE value of about 13 cumecs for the simple best models as shown in Figure 5.8. For 

input vector M3, MLPNN, GFFNN and MNN outperform the other three models tested in 

this study both for Baihe and Brosna catchments as shown in Figure 5.9 and Figure 5.10. 

The best wavelet coupled models yield NSE and RMSE values of about 85% and 400 
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cumecs respectively for the Baihe catchment. The respective simple models  give NSE 

and RMSE values of about 60% and 800 cumecs respectively as shown in Figure 5.9 and 

Figure 5.10. Figure 5.10 reveals that the best wavelet coupled models yields the NSE value 

of about 65% against 20% NSE value for the respective simple model for Brosna 

catchment. The RMSE value for the best wavelet coupled models is found to be about 13 

cumecs against the RMSE value of 6 cumecs for the best simple models as shown in Figure 

5.10. The performance of the simple and wavelet coupled models for input vector M4 

containing up to lagged four day rainfall data series is shown in Figure 5.11 and Figure 

5.12 for both selected catchments. Similar to M1, M2 and M3 input vectors, the simple and 

wavelet coupled MLPNN, GFFNN and MNN models are deemed best. The performance 

of the simple and wavelet coupled models for input vector M4 contains up to lagged four 

day rainfall data series for both selected catchments. Similar to M1, M2 and M3 input 

vectors, the simple and wavelet coupled MLPNN, GFFNN and MNN models are found to 

be best. The NSE values for Baihe and Brosna catchments with wavelet coupled best 

models is found to be about 85% and 70% respectively against their counterpart simple 

models with NSE value of about 70% for Baihe catchment and 25% for Brosna catchment 

as shown in Figure 5.11 and Figure 5.12. The wavelet coupled best models yields RMSE 

value of about 400 cumecs against an RMSE value of about 700 cumecs for the simple 

best models, as shown in as shown in Figure 5.11 and Figure 5.12. Figure 5.12 reveals an 

RMSE value of about 7 with wavelet coupled best models against the RMSE value of 

about 12 with simple best models for the Brosna catchment. Finally, the results for input 

vector M5 which contains one to five days lagged rainfall data series are shown in Figure 

5.13 and Figure 5.14 for Baihe and Brosna catchments, respectively. The performance in 

terms of NSE (%) and RMSE values for both simple and wavelet coupled models 

resembles the Baihe catchment.  
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Figure 5.7. Performance of models for input vector M2 for Baihe catchment 

  

Figure 5.8. Performance of models for input vector M2 for Brosna catchment 

  

Figure 5.9. Performance of models for input vector M3 for Baihe catchment 

  

Figure 5.10. Performance of models for input vector M3 for Brosna catchment 
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Figure 5.11. Performance of models for input vector M4 for Baihe catchment 

  

Figure 5.12. Performance of models for input vector M4 for Brosna catchment 

  

Figure 5.13. Performance of models for input vector M5 for Baihe catchment 

  

Figure 5.14. Performance of models for input vector M5 for Brosna catchment 
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It is evident from Figure 5.13 that the NSE value of about 85% and RMSE value of about 

500 cumecs is obtained both for best simple and wavelet coupled models, namely, 

MLPNN, GFFNN and MNN for Baihe catchment. Figure 5.14 presents NSE (%) and 

RMSE values for the Brosna catchment with input vector M5. NSE and RMSE values of 

about 60% and 8 cumecs respectively for the wavelet coupled best models, namely, 

MLPNN, GFFNN and MNN. The respective simple models yield the NSE value of about 

30% and RMSE value of about 11 cumecs for Brosna catchment as shown in Figure 5.14. 

It can be inferred from the above analysis that both simple and wavelet coupled MLPNN, 

GNNN and MNN performed best among the six data driven approaches tested in this study 

5.5.5 Effect of Size of Input Vector 

The effect of size of input vector on the performance of best simple and wavelet coupled 

models, namely, MLPNN, GFFNN and MNN was investigated next and the results are 

presented in Figure 5.15 for both selected catchments. Examination of the figure reveals 

that wavelet coupled models outperformed their counterpart simple models for all five 

input vectors considered in the study for both catchments. However, Figure 5.15(a) reveals 

that as the size of input vector becomes dense by adding more and more lagged time 

rainfall series in the input vector, the gap in the NSE (%) values between both simple and 

wavelet coupled models constantly decreases. The performance of the simple and wavelet 

coupled models becomes almost similar for the input vector M5 as shown in Figure 

5.15(a). The NSE value of wavelet coupled models, on the other hand, exponentially 

increases from 60% with M1 to about 85% with M2 and thereafter it almost remains 

constant as shown in Figure 5.14(a). A similar trend of NSE (%) values can be found for 

the Brosna catchment as shown in Figure 5.15(c). The performance of the simple models 

keeps on increasing as the size of input vectors increases by adding more and more raw 

lagged rainfall data series in the input vector. 
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Figure 5.15. Impact of input vector 
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addition of further transformed lagged rainfall data series in the input vector results in no 

significant improvement as all or most of the hydrologic information of the catchment has 

already been utilized by the model.  

Finally, Flow Duration Curves (FDCs) were developed and presented in Figure 5.16 to 

test ability of the best developed models to capture low, medium and high flows of the 

observed hydrograph. The FDC illustrates the percentage of time a given flow was 

equalled or exceeded during a specified period of time. From the FDC, the 10 percentile 

flow, the flow that is equalled or exceeded in 10 per cent of the period of record, can be 

considered as high flow percentile. Likewise, the 11 to 89 percentile flow is considered as 

the medium flow percentile while 90 percentile flows are considered as the low flow 

percentile. The medium flow percentile can be further divided in to high medium flow 

percentile and low medium flow percentile from 11 to 49 percentile and 50 to 89 percentile 

flows respectively. Examination of the figures illustrates that for high, medium and low 

flow percentile flows, FDCs of the WMLPNN, WGFFNN and WMNN models provide 

good matches to the FDCs of the observed flow. On the basis of the above analysis of the 

hydrographs and the FDCs, it can be inferred that the WMLPNN, WGFFNN and WMNN 

models are found to track most of the variation of the observed hydrograph. 

5.6 Conclusions 

The study was conducted to evaluate the effect of neural network type on the performance 

of wavelet coupled neural network models. The rainfall-runoff data from two catchments 

located in two hydrologically different conditions was utilized in the study. The six data 

driven models, namely, MLR, MLPNN, GFFNN, MNN, RBFNN and CANFIS were used 

in the study. The input rainfall data was transformed by applying DWT using db8 wavelet 

function. Decomposition at level nine was selected to decompose the input rainfall data. 
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Figure 5.16. Flow duration curves of the best models 
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The study found that the wavelet coupled data driven models outperformed their 

counterpart simple models which do not use DWT. The MLPNN, GFFNN and MNN 

models performed best among the six selected data driven models. Moreover, the 

performance of the three best models resembled one another and thus GFFNN and MNN 

models can be considered as an alternative to the most commonly used MLPNN models. 

The study further revealed that the wavelet coupled models outperformed their counterpart 

simple models only with the parsimonious input vector.  
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Chapter 6  

Static Versus Dynamic Hybrid Wavelet 

Models  

This chapter includes partial contributions from the paper: 

Shoaib, M., Shamseldin, A.Y., Melville, B.W., Khan, M.M. (2015). A comparison 

between wavelet based static and dynamic neural network approaches for runoff 

prediction Journal of Hydrology ( Accepted). 

 

1.7Abstract 

In order to simulate the non-linear rainfall-runoff transformation process accurately, the 

multilayer perceptron type of neural network models are commonly used in hydrology. 

Furthermore, the wavelet coupled multilayer perceptron neural network (MLPNN) models 

has also been found to be superior relative to the simple neural network models which are 

not coupled with wavelet. However, the MLPNN models are considered as static and 

memory less networks, without the ability to examine the temporal dimension of data. 

Recurrent neural network models, on the other hand, have the ability to learn from the 

preceding conditions of the system and hence are considered as dynamic models. This 

study for the first time explored the potential of wavelet coupled time lagged recurrent 

neural network (TLRNN) models for simulating the rainfall-runoff transformation 

process. The discrete wavelet transformation (DWT) was employed in this study to 

decompose the input rainfall data using six of the most commonly used wavelet functions. 
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The performance of the simple and the wavelet coupled static MLPNN models was 

compared with their counterpart dynamic TLRNN models.  The study found that the 

dynamic wavelet coupled TLRNN models can be considered as alternative to the static 

wavelet MLPNN models. The study also investigated the effect of memory depth on the 

performance of static and dynamic neural network models. The memory depth refers to 

how much past information (lagged data) is required as it is not known a priori. The db8 

wavelet function was found to yield the best results with the static MLPNN models and 

with the TLRNN models having small memory depths. The performance of the wavelet 

coupled TLRNN models with large memory depths was discovered to be insensitive to 

the selection of the wavelet function as all wavelet functions have similar performance.  

6.1 Introduction 

Among data-driven models, the artificial neural network (ANN) models have emerged as 

powerful black-box models, receiving great attention during the last two decades. Most of 

the ANN models including the simple and the wavelet coupled models used in hydrology 

are of static in nature, relying on the MLPNN model to learn the relationship between the 

observed input and the observed output. MLPNN is a static network, allowing only one-

way information flow from the input layer to the output layer. Moreover, it is also regarded 

as a memory less network because of absence of any memory or recursion component to 

store the past information at any given time step. However, the ease of MLPNN models 

and their potential to transform input data into desired response made them popular. 

Nevertheless, quite often the static MLPNN gives sub-optimal solutions due to numerous 

factors such as getting stuck in local minima, huge number of epochs, over-fitting of data 

and computational time. Furthermore, the MLPNN models lack the capability to examine 

the temporal dimension of data and cannot instinctively learn from the preceding 

conditions of the system (Saharia and Bhattacharjya, 2012). This is vital in the case of 
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hydrological systems since the current response of a hydrological system can be extremely 

reliant on their preceding states. In order to incorporate temporal features in static 

MLPNN, a sliding window of input sequences is usually considered (Jain et al., 1999; 

Coulibaly  et al., 2000a,b). This approach consists of choosing lagged inputs, providing 

the network with a form of static memory. However, the incapability of this method to 

decrypt the temporal information with arbitrary time intervals makes it inappropriate for 

conditions involving high forecast efficiency. In contrast, the recurrent neural network 

(RNN) models have the capability to learn from preceding conditions of the system. This 

is achieved by using feedback connections to store representations of recent input events 

in the form of short-term memory. Another potential advantage of RNN is that they 

perform better when the data is noisy (Gençay and Liu, 1997; Williams and Zipser, 

1989; Krishnapura and Jutan, 1997). The application of RNN can be found in many 

hydrological applications. Dibike et al. (1999) employed a RNN for development of 

numerical hydraulic models. Anmala et al. (2000) compared the performance of feed-

forward static neural networks and RNN for predicting monthly runoff. RNN was superior 

compared to the feed-forward static neural network. Similarly, Coulibaly et al. (2000a) 

and Kote and Jothiprakash (2008) employed RNN for reservoir inflow and river levels 

predictions, respectively. Furthermore,  Badjate and Dudul (2009) and Kale and Dudul 

(2009) showed that the RNN models deliver superior performance when compared with 

the standard static feed-forward neural network models.  

Clearly, the literature reviewed and cited in this paper indicates that the use of static 

MLPNN and dynamic RNN models is increasing in hydrological studies, but most of the 

hybrid wavelet ANN models are relying only on the static MLPNN models. However, to 

our present knowledge, no study has yet been conducted to evaluate the potential of 

wavelet coupled dynamic neural network models. This study, was therefore conducted to 



Chapter 6 

127 

 

compare the performance of hybrid wavelet static MLPNN models and dynamic time 

lagged recurrent neural network models for rainfall-runoff modelling.  

6.2 Methodology 

6.2.1 Artificial Neural Networks (ANN) 

6.2.1.1 Multilayer Perceptron Neural Network (MLPNN) 

The MLPNN consists of a number of neurons arranged in a series of consecutive layers. 

Typically, it consists of an input layer, hidden layer and an output. Further details 

regarding MLPNN can be found in section 3.2.2.  

6.2.1.2 Time-Lagged Recurrent Neural Network (TLNN) 

Conventionally, MLPNN, where neurons in one layer are only connected to neurons in 

the next layer, have been used for prediction and forecasting applications. Nevertheless, 

recurrent networks, where neurons in one layer can be connected to neurons in the next 

layer, the previous layer, the same layer and even to themselves, have been proposed as 

alternatives to MLPNN (Warner and Misra, 1996). Time is an important aspect of 

learning. We may include time in neural network design implicitly or explicitly (French 

et al., 1992). A time lagged recurrent neural network (TLNN) is used in the present study. 

The static processing elements/neurons of the MLPNN are replaced by the neurons with 

short term memories in the TLRNN models. These short term memories may be attached 

to any layer in the network, producing very sophisticated neural topologies which may be 

very useful for time series prediction and system identification (Charaniya and Dudul, 

2013). The addition of a short term memory structure only in the input layer of the static 

MLPNN is a straightforward method of implicit representation of time. The resulting 

neural network type is called Focused time-lagged recurrent neural network (FTLRNN). 

This memory is used to store past information, which can be used to analyse the temporal 
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variations in the dataset in a more effectively. There are two methods to implement the 

short term memory structure in the TLRNN models, the Tapped delay line (TDL) memory 

and the Gamma memory. The TDL memory may be viewed as single input-multiple 

output network consisting of p unit delays with (p+1) terminals as shown in Figure 6.1(a). 

In the figure, the Z-1 represents the unit delay. The memory depth (D) is fixed as k and its 

memory resolution (R) is fixed as unity. The memory depth (D) refers to how far into the 

past the memory stores information while the memory resolution (R) refers to the degree 

to which information regarding input is stored. The Gamma memory introduced by 

Hopfield (1982) provides control over the memory depth by building a feedback loop 

around each unit delay as represented in Figure 6.1(b). The unit delay Z-1 of TDL is 

replaced by the transfer function G(z) given below: 

𝐺(𝑧) =  
𝜇𝑍−1

1−(1−𝜇)𝑍−1
         (6.1) 

and the output of each tap of a discrete Gamma memory structure is given by the following 

two equations(Motter and Principe, 1994): 

X0 (t) = X(t)          (6.2) 

Xk (t) =  (1-μ) Xk (t-1) + μ Xk-1 (t-1); k = 1,…….., k     (6.3) 

where μ is an adjustable parameter used to find an optimal compromise between memory 

depth  and resolution during training. The order of gamma memory (k) is the product of 

(D) and (R). For a kth
 order Gamma memory, the memory depth is approximated by (k/μ) 

and memory resolution  is μ. Lallahem and Mania (2003), Coulibaly et al. (2000b) 

Sajikumar and Thandaveswara (1999b) and Coulibaly et al. (2000a) have successfully 

demonstrated application of time-lagged recurrent models in hydrology. 
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Figure 6.1. Schematic diagram of TLRNN with (a) TDL memory, (b) Gamma memory 
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6.2.2 Wavelet Transformation (WT) 

There are two types of the wavelet transformations; Continuous Wavelet Transformation 

(CWT) and Discrete Wavelet Transformation (DWT). The discrete wavelet 

transformation was used in this study to transform the input rainfall data 

6.2.3 Development of Hybrid Wavelet Models 

The static MLPNN and the dynamic TLNN models were integrated with the DWT in this 

study to form hybrid wavelet models. The DWT was used to decompose the rainfall time 

series into sub-series of approximation and details in order to reveal its temporal and 

spectral information. The hybrid wavelet multilayer perceptron neural network 

(WMLPNN) and the hybrid wavelet time lagged neural network (WTLNN) models were 

then developed using the decomposed data as input and the observed runoff as the output. 

The performance of the hybrid wavelet models were compared with their respective 

simple multilayer perceptron neural network (SMLPNN) and the simple time lagged 

neural network (STLNN) models. A schematic diagram of the hybrid wavelet model is 

presented in Figure 6.2. The SMLPNN and the STLNN models possess three layers: input, 

hidden and output layer. The number of neurons in the input and output layers were fixed 

as one for the simple models. For the wavelet coupled models, the number of neurons in 

the input layer was determined on the basis of the selected decomposition level. The 

selection of the number of neurons in the hidden layer is important for maximizing the 

ANN performance. The selection of appropriate number of neurons in the hidden layer in 

the present study is done by trial and error procedure. This was accomplished by 

calibrating the network and evaluating its performance using an increasing number of 

hidden neurons in order to obtain near maximum efficiency with as few neurons as 

necessary (Hammerstrom, 1993).  
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Figure 6.2. Schematic diagram of hybrid wavelet models 
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6.3 Performance Indices 

In this study, the performance of the developed rainfall-runoff models is determined by 

using various statistical tests that define errors associated with the models. The 

performance of the developed models is assessed in terms of statistical measures of 

goodness of fit. In the current study, two statistical indices, namely, the Root Mean 

Squared Error (RMSE) and the Nash-Sutcliffe Efficiency (NSE) Nash (1970) were used. 

More details of these performance parameters are given in section 3.3.  

6.4 Study area and Data 

The daily rainfall runoff data of two catchments located in different hydro-climatic 

conditions in the world was used in the present study. The two catchments are the Baihe 

catchment located in north eastern China and the Brosna catchment located in Ireland. The 

details of Brosna catchment are given in section 3.4 while section 4.4 contain details of 

Baihe catchment.  

6.5 Results and Discussion 

6.5.1 Selection of suitable wavelet function 

In order to decompose the raw time series data into approximation and details using WT, 

a wavelet function is required. There are different wavelet families available each 

containing different wavelet functions. For example Daubechies wavelet families contains 

db1, db2, db3 and so on as the wavelet functions. These different wavelet functions are 

categorized by their unique features including the region of support and the number of 

vanishing moments. The region of support of wavelet is related to the span length of the 

wavelet which affects its feature localization possessions of a signal while the vanishing 

moment confines the wavelet’s ability to signify polynomial behaviour or information in 

a signal. The details of different wavelet families can be found in many text books such 
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as Daubechies (1992) and Addison (2002). This study used the six most commonly used 

wavelet functions in hydrology. These wavelet functions includes the simple wavelet 

functions Haar wavelet, the db4 and db8 wavelet functions of the commonest wavelet 

family Daubeches, sym4 and sym8 wavelet functions with the sharp peak of Symlet 

wavelet family and discrete approximation of Meyer (dmey) wavelet function. 

6.5.2 Selection of decomposition level 

A DWT involves the decomposition of the raw time series data into approximation and 

details. A DWT decomposition consist of Log2 (N) levels or stages at most where N is the 

total number of data points. Selection of suitable decomposition level for the development 

of hybrid wavelet models is considered as one of the important factors to be considered. 

This decomposition is associated with the seasonal and periodic variations embedded in 

the hydrologic data under consideration. Level one decomposition yield approximation at 

level one (a1) and one detail (d1), level two decomposition gives approximation (a2) and 

two details (d1 and d2), level three decomposition results in approximation (a3) and three 

details (d1, d2 and d3) and so on. Level one detail sub-series d1 describes the features of 

original data detectable at a scale of up to two days. The d2 sub-series represents features 

of the raw data measurable at a scale of 2-4 days. Likewise, d3 can detect features on an 

approximately weekly basis in the original data. Various methods have been applied in 

different studies to select suitable decomposition level. Adamowski and Sun (2010), Partal 

(2007), Kisi and Shiri (2011) used trial and error method to select decomposition level 

and employed level eight, level ten and level three decompositions respectively. Aussem 

et al. (1998), Nourani et al., (2009a, 2009b), Tiwari and Chatterjee (2010) and Adamowski 

and Chan (2011) used the following given in Eq. (3.3) to select a suitable decomposition 

level. Nevertheless, Nourani et al. (2011) and Moosavi et al. (2013) argued that this 

equation  was derived only for fully autoregressive data by considering the length of data 
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only without giving consideration to the seasonal signature of the hydrologic process. 

Shoaib et al. (2014a, b) and Shoaib et al. (2015) favoured the use of level nine 

decomposition based on the results of regression analysis between wavelet transformed 

rainfall data at each decomposition level and runoff data. Therefore, a regression analysis 

between wavelet transformed rainfall data and observed runoff was implemented in the 

present study for the two selected catchments to determine the appropriate decomposition 

level. For this purpose, lagged-1 rainfall data was transformed for all possible 

decomposition levels (i.e. from level one to level nine at most) using six selected wavelet 

functions. A total of 108 decomposition levels were obtained for both selected catchments. 

The results of the regression analysis are presented in Figure 6.3 for both selected 

catchments. Figure 6.3 indicates that the coefficient of determination R2 has the lowest 

value at the first decomposition level. The value of R2 is found to increase with the 

increase in decomposition level and the R2 value is found to be maximum at 

decomposition level nine. Therefore, level nine decomposition was also selected in the 

current study as it yields best results for both selected catchments. Level nine 

decomposition contains one large scale sub-signal approximation (a9) and nine small scale 

sub-signals details (d1, d2, d3, d4, d5, d6, d7, d8 and d9). The detail sub-series d4 corresponds 

to variation up to 16-day, d5 up to 32-day (about month), d6 to 64-day, d7 to 128-day (about 

four month), d8 to 256-day (about eight and half month) and d9 to 512-day mode (about 

seventeen month). Therefore, selected level nine decomposition holds d8 and d9 sub-

signals which are liable for detecting seasonal variations in the input rainfall data on an 

almost annual basis. This annual periodicity is regarded as the foremost seasonal cycle in 

the hydrological time series data.  
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Figure 6.3. Variation of Regression R2 with decomposition level (a) Baihe, (b) Brosna 
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I1 r(i-1) 

I2 r(i-1), r(i-2) 

I3 r(i-1), r(i-2), r(i-3) 

I4 r(i-1), r(i-2), r(i-3), r(i-4) 

I5 r(i-1), r(i-2), r(i-3), r(i-4),  r(i-5) 

The first input vector contains only lagged-1 day time series data. The input vector is then 

modified by adding lagged-2 day data series in the first input vector and then the external 

input vector is further modified by successively adding one more lagged time data series 

into the input vector and this continues up to a 5-day lagged rainfall data series to predict 

runoff at the current time step. The performances of the static simple and the wavelet 

MLPNN models in terms of performance indices of NSE (%) and the RMSE for both 

selected catchments and for all selected six wavelet functions are shown in Figure 6.4 and 

Figure 6.5 respectively. Figure 6.4 (a) and Figure 6.4 (b) illustrate the NSE (%) and RMSE 

values of WMLPNN models for Baihe catchment with input vector I1. It is evident from 

the figure that WMLPNN models outperformed their counterpart simple MLPNN models 

for all six selected wavelet functions. The NSE and RMSE values are found to be 4.5% 

and 1369 cumecs respectively with input vector Ii for the simple models. The WMLPNN 

models developed with wavelet functions db8 and sym8 are found best among all the 

wavelet functions and yielded NSE and RMSE values of about 50% and 900 cumecs 

respectively with the I1 input vector. For the I2 input vector containing both lagged one 

and two day rainfall data series in the input vector, the NSE is increased to about 20% and 

RMSE value is decreased to about to 1200 cumecs in case of the simple models as shown 

in Figure 6.4 (c) and Figure 6.4 (d). 
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Figure 6.4. Performance of static MLPNN models for the Baihe catchment 
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Figure 6.5. Performance of static MLPNN models for the Brosna catchment 
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The WMLPNN model developed in this study with the wavelet function db8 is found to 

be the best among all WMLPNN models developed and gives the NSE and RMSE values 

of about 82% and 400 cumecs, respectively. As shown in Figure 6.4 (e) and Figure 6.4 (f), 

the NSE (%) value is further increased from 20% with I2 input vector to about 55% with 

I3 input vector while the RMSE value decreases from 1200 cumecs with I2 to 800 cumecs 

with I3 input vector. For input vector I3, the performance of WMLPNN models developed 

with all selected wavelet functions except Haar wavelet is approximately equivalent to 

NSE and RMSE values of about 80% and 400 cumecs, respectively. 

For input vector I4 and I5, the NSE values are further increased to 72% and 75%, 

respectively for the simple MLPNN models while RMSE values are reduced to 700 

cumecs with I4 and 600 cumecs with I5 input vector as shown in Figure 6.4 (g) and Figure 

6.4 (j) respectively. However, no significant improvement can be seen for WMLPNN 

models with input vector I4 and I5 relative to input vector I3. For input vector I3, I4 and I5, 

the NSE and RMSE are found about 80% and 400 cumecs respectively as shown in Figure 

6.4(g) The NSE and RMSE values of simple and wavelet coupled models for the Brosna 

catchment with all five input vectors is represented in Figure 6.5. It is evident from the 

figure that the simple MLPNN model yielded an NSE value of about 6% with input vector 

I1, 12% with I2, 19% with I3, 25% with I4 and 30% with I5 input vector containing one to 

five lagged rainfall data series to predict runoff at the current time step as shown in Figure 

6.5 (a), Figure 6.5 (c), Figure 6.5 (e), Figure 6.5 (g) respectively. A RMSE value of about 

10 cumecs is calculated for simple models with all five input vectors considered without 

showing any significant improvement as shown in Figure 6.5 (b), Figure 6.5 (d), Figure 

6.5 (f), Figure 6.5 (h), Figure 6.5 (j). In the case of the WMLPNN models, the wavelet 

coupled MLPNN model with db8 wavelet function performs best among all the wavelet 

coupled models for input vector I1 with NSE value of about 40% and RMSE value of 
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about 8 cuemecs as shown in Figure 6.5 (a) and Figure 6.5 (b) respectively. For input 

vector I2, the WMLPNN models developed with wavelet functions db8 and sym4 

performed best, yielding NSE and RMSE values of about 52% and 8 cumecs, respectively, 

as indicated in Figure 6.5 (c) and Figure 6.5 (d). For input vector I3 and I4, it is evident 

from Figure 6.5 (e) to Figure 6.5 (h). that the wavelet models developed with wavelet 

functions db8, sym4, sym8 and dmey wavelet functions are the best models with NSE and 

RMSE values of about 60% and 7 cumecs respectively. However, the wavelet coupled 

model developed with wavelet function db8 is superior to all wavelet coupled models for 

input vector M5 with NSE and RMSE values of abou 60% and 7 cumecs respectively. On 

the basis of the above analysis that the db8 wavelet function is the only function which 

performed well for all the selected input vectors considered and for both selected 

catchments of Baihe and Brosna in this study during training as well as testing phases.  

6.5.3.2 Dynamic TLRNN model 

Time lagged recurrent neural networks (TLRNN) are the extended form of static MLPNN 

models with short term memory structure and recurrent connections. The input layer used 

the inputs lagged by multiple time steps before being presented to the network, thus 

forming the short term memory. There are several memory structures to choose from such 

as TDL, Gamma and Laguarre. As stated earlier in section 6.2.1.2, the gamma memory 

was selected for the present study. It is very critical to determine how much short memory 

is required to describe the temporal pattern of the data in case of TLRNN. This is because 

as it is not known a priori where, in time, the relevant information is. It is the depth (D) 

parameter which determines the memory depth. The depth parameter (D) of the gamma 

memory is used to compute the number of taps to be used for storing past information. 

The number of taps in the case of Gamma memory was calculated by the formula T = 

2D/3. The performance of the TLRNN is extremely dependent on the depth of the memory 
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used. This study therefore investigated the depth of the memory required by varying the 

D from one to six both for the simple and wavelet coupled models and thus varying the 

number of taps.  A short term of memory of 0.67 to 4 days is considered in the present 

study, where D = 1 refers to the tap of 0.67 days and D = 6 refer to the tap of 4 days 

Typically, the TLRNN has three layers, namely, the input layer, the hidden layer and the 

output layer with feedback connection from the hidden layer back to the input layer. 

Training of the TLRNN is accomplished with the back-propagation through time with 

trajectory learning factors.  The simple time lagged recurrent neural network (STLRNN) 

models are developed with rainfall r(t)  and runoff q(t) at the current time as the input and 

desired target respectively. The hybrid wavelet time lagged recurrent neural network 

(WTLRNN) were developed using discrete wavelet transformed input rainfall data at 

current time as input and observed runoff q(t) as the desired target. The level nine 

decomposition was also employed for wavelet transformation of the input rainfall data r 

(t) which contains one approximation and nine details sub-signal of the data. Results of 

the STLRNN and WTLRNN models for Baihe and Brosna catchments are presented in 

Figure 6.6 and Figure 6.7 respectively for different values of D ranging from 1 to 6. Figure 

6.6 (a) to Figure 6.6 (d) demonstrate that the STLRNN models are the least performing 

models. The STLRNN model yielded NSE and RMSE values of about 2% and 1200 

respectively for D = 1 and D = 2 which refers to the tap of about 0.67 to 1.34 days. 
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Figure 6.6. Performance of TLRNN models of Baihe catchment 
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Figure 6.7. Performance of TLRNN models of Brosna catchment 

Furthermore, the WTLRNN models developed with wavelet functions db8 and sym4 are 

the best performing models for D equals to one and two. The WTLRNN models yielded 

the NSE and RMSE values of about 50% and 1000 cumecs, respectively as shown in 

Figure 6.6(a) to Figure 6.6(d). It is further apparent from Figure 6.6(e) and Figure 6.6(f) 

that the performance of simple models is increased exponentially when D is set as three 

which corresponds to the tap of two days. It yielded the NSE and RMSE values of about 

60% and 800 cumecs respectively against the 75% NSE value and 600 cumecs RMSE 

values of best WTLRNN model with db8 wavelet function. The NSE value of TLRNN is 

further increased to about 69% and 77% with D set as three and four respectively as shown 

in Figure 6.6 (g) and Figure 6.6 (i) The corresponding RMSE values of the simple models 

are approximately 750 and 600 cumecs as given in Figure 6.6 (h) and Figure 6.6 (j). The 

WTLRNN model developed with the db8 wavelet function is again found to be best 

performing wavelet models by yielding NSE and RMSE values of about 80% and 550 

cumecs, respectively with D set as four as given in Figure 6.6 (g) and Figure 6.6 (h). The 

performance of all simple and wavelet models are found to be similar, for D is taken as 

five and six as shown in Figure 6.6 (i) and Figure 6.6 (l). It is evident from the above 

analysis for the Baihe catchment that D has an important role in the performance of 

TLRNN models. Furthermore, the performance of simple models is lowest with D ranging 

from one to two compared to their counterpart wavelet coupled models. However, the 

0

10

20

30

40

50

60

70

80

90

100

Simple Haar db4 db8 sym4 sym8 dmey

N
S

E
 (

%
)

(k) D = 6Training

Testing

0

2

4

6

8

10

12

14

16

Simple Haar db4 db8 sym4 sym8 dmey

R
M

S
E

(l) D = 6 Training

Testing



Chapter 6 

145 

 

difference between performance of simple and wavelet models in terms of NSE (%) and 

RMSE values is very small for D ranging from three to six. In addition, the performance 

of wavelet coupled models is found to be insensitive of wavelet function with higher 

values of D (five and six) as all the wavelet functions are found to be performing equally 

well. This may be due to the fact that the larger memory depths contained maximum 

temporal information which can be retrieved well by all the wavelet functions including 

the simpler Haar wavelet function as well. Figure 6.7 (a) to Figure 6.7 (l) show the 

performance of simple and wavelet coupled TLRNN models for the Brosna catchment 

with different values of D ranging from one to six. The performance of simple TLRNN 

models for D from one to two remains almost the same in terms of NSE (%) and RMSE 

values. The simple TLRNN models yield NSE and RMSE values of about 3% and 11 

cumecs, respectively as shown in Figure 6.7 (a) to Figure 6.7 (d). The WMLPNN models 

developed with the db8 wavelet function are the best wavelet coupled models for D values 

one and two. The best wavelet coupled models yields the NSE and RMSE values of about 

45% and 9 cumecs, respectively as shown in Figure 6.7 (a) and Figure 6.7 (b). Similarly, 

the best WMLPNN model yields about 50% NSE value and 8 cumecs, respectively as 

given in Figure 6.7 (c) and Figure 6.7 (d). Like the Baihe catchment, the NSE values of 

simple models are exponentially increased to about 40% with D as three and four, to about 

45% with D  as five and to about 48% with the D set as six as shown in Figure 6.7 (e), 

Figure 6.7 (g), Figure 6.7 (i) and Figure 6.7 (k). Similarly, the RMSE value decreases from 

10 cumecs with D set as two to about 8 cumecs with D set as six for the simple models. 

The wavelet coupled TLRNN models developed with wavelet functions db4 and db8 

perform best models among WTLNN models developed with the other four wavelet 

functions considered in this study with D set as three and four as shown in Figure 6.7 (e) 

to Figure 6.7 (h). The best WTLRNN models yield NSE values of about 65% and 70% 
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for D values set as three and four respectively. Likewise, the corresponding RMSE values 

of about 7 cumecs are found for the best WTLRNN models as shown in Figure 6.7 (f) and 

Figure 6.7 (h). Similar to Baihe catchment, the WTLRNN models developed with selected 

six wavelet functions are found to be performing well for the D value set as five and six 

as shown in Figure 6.7 (i) to Figure 6.7 (l).  

6.5.4 Discussion 

The performance of the best wavelet coupled static MLPNN and dynamic TLRNN models 

were compared in this section with different memory depths. From the above analysis 

shown, the db8 wavelet function produces the best results for small as well as for large 

memory depths, so wavelet coupled models developed with db8 wavelet functions are 

considered for this comparison. The best performance of the db8 wavelet function may be 

due to the point that by decomposing a time series data up to maximum level, the 

information embedded in the data can be effectively revealed well by a composite wavelet 

function such as db8. Moreover, time series data with high frequencies only occur only 

for short periods, while low frequencies spans almost whole range of the signal/temporal 

data. Consequently, the wavelets having higher support length are capable of capturing 

the low frequencies more precisely.  The db8 wavelet performed well compared to other 

wavelets used in the present study as it possesses reasonable support width and also 

contains good time-frequency localization property. All these characteristics together 

allow the hybrid wavelet models developed with the db8 wavelet function to capture both 

the underlying trend as well as the short term variability in the time series data. Figure 6.8 

and Figure 6.9 represent performance of different models for the Baihe and the Brosna 

catchments respectively, considering different memory depths. Figure 6.8(a) and Figure 

6.8 (b) show the performance of static wavelet coupled MLPNN models while Figure 6.8 

(c) and Figure 6.8 (d) represent the performance of TLRNN models with different memory 
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information. It is evident from Figure 6.8 (a) and Figure 6.8 (b) that performance in terms 

of NSE (%) and RMSE of the wavelet coupled static MLPNN model increases drastically 

(increase in NSE (%) value and decrease in RMSE value) from I1 with only one day lagged 

rainfall data series to I2 input vector with lagged one and lagged two rainfall data series, 

and thereafter it almost remains constant with I3, I4 and I5 input vector. The addition of 

one more lagged data series in I2 and thereafter did not improve the performance 

significantly. This may be attributed to the fact that maximum temporal and spectral 

information contained in the data has been presented to the network by the lagged one and 

lagged two wavelet transformed rainfall data series. The addition of lagged three, four and 

five day input rainfall data did not provide any further information to the network and thus 

resulted in no significant improvement. However, the simple static MLPNN model which 

uses lagged rainfall data in its raw form in the input vector behaved entirely differently 

from its counterpart wavelet coupled model. It is evident from Figure 6.8 (a) and Figure 

6.8 (b) that the performance of the simple model kept on increasing from I1 to I2 then I3 

and up to I4 and then it remained almost constant. This may be due to the fact that the 

rainfall data in its raw form did not contain too much temporal information.  That is why 

with the addition of one more lagged time data series in the input vector, the performance 

of the simple models improved significantly and this continues up to the I4 input vector 

which contains lagged one to lagged four rainfall data series in the input vector. With the 

addition of one more lagged rainfall data series in the input vector I4, no significant 

improvement can be seen. This means the maximum temporal information contained in 

the rainfall data has been presented to the network. As for the performance of wavelet 

coupled TLRNN models is concerned with different memory depths, the results are 

presented in Figure 6.8 (c) and Figure 6.8 (d). The figures clearly show that the memory 

depth has significantly affected the performance. The trend is almost similar for both 
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simple and wavelet coupled models. It can be seen from the figures that the performance 

of both the simple and wavelet coupled models increases drastically from memory depth 

two to memory depth three. The memory depth two and three refers to the memory of 

about 1.5 and 2 days, respectively. The performance of the wavelet coupled TLRNN 

model is consistent with the static MLPNN model as both are giving maximum 

performance at the memory depth of two days. Both the simple and wavelet coupled 

models are found to perform best with memory depth of five which corresponds to about 

three days and thereafter it starts decreasing. It can be further seen from Figure 6.8 that 

the performance of wavelet coupled MLPNN models outperformed their counterpart 

simple MLPNN models with input vector I1, I2 and I3.  

  

  

Figure 6.8. Impact of memory depth on the performance of models for Baihe catchment 

0

10

20

30

40

50

60

70

80

90

100

I1 I2 I3 I4 I5

N
S

E
 (

%
)

(a)

Simple

Wavelet

0

200

400

600

800

1000

1200

1400

I1 I2 I3 I4 I5

R
M

S
E

 (
cu

m
ec

s)

(b)

Simple

Wavelet

0

10

20

30

40

50

60

70

80

90

100

D1 D2 D3 D4 D5 D6

N
S

E
(%

)

(c)

Simple

Wavelet

0

200

400

600

800

1000

1200

1400

D1 D2 D3 D4 D5 D6

N
S

E
(%

)

(d)
Simple

Wavelet



Chapter 6 

149 

 

  

  

Figure 6.9. Impact of memory depth on the performance of models for Brosna catchment 
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simple models with memory depth of one and two only. With D taken as three up to six 

the performance of simple TLRNN models is not significantly different from their 

counterpart wavelet coupled models. It can, therefore, be concluded on the basis of the 

above analysis that wavelet coupled static MLPNN and dynamic TLRNN models 

performed better relative to their counterpart simple models. However, the performance 

of the simple TLRNN models with memory depth of about 1.5 days is not significantly 

less than their counterpart wavelet coupled models in contrast with the simple MLPNN 

models. Furthermore, the performance of the wavelet coupled MLPNN and TLRNN 

models is almost similar for both selected catchments in contrast to their simple 

counterpart models This may be due to the fact that the wavelet transformed data contains 

temporal and spectral information which when presented to any network type, either static 

or recurrent, enhances the performance significantly which is not the case of simple 

models which make use of rainfall input data in its raw form.  

Finally, In order to check the ability of the best models to simulate the high, low and 

medium trails of the observed hydrograph, flow duration curves (FDCs) of the observed 

and best models were prepared and presented in Figure 6.10 and Figure 6.11 for Baihe 

and Brosna catchments, respectively. From the FDC, the 10 percentile flow (the flow that 

is equalled or exceeded 10 per cent of the period of record) can be considered as the high 

flow percentile threshold. Similarly, the 11 to 89 percentile flow is considered as medium 

flow range while 90 percentile flows are considered as the low flow threshold.  The 

medium flow percentile can be further divided into high medium flow percentile and low 

medium flow percentile from 11 to 49 percentile and 50 to 89 percentile flows 

respectively. Figure 6.10 (a) and Figure 6.10 (b) shows the FDCs of static MLPNN and 

dynamic TLRNN models, respectively for the Baihe catchment while Figure 6.11 (a) and 

Figure 6.11 (b) presents the FDCs for the corresponding models of Brosna catchment.  
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Figure 6.10. Flow duration curves for Baihe catchment 
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Figure 6.11. Flow duration curves for Brosna catchment 
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It is evident from  Figure 6.10 (a) that the simple model with input vector I2 (containing 

lagged one and lagged two rainfall data series) can only capture the high flow trails of the 

observed hydrograph while it over estimates during the medium and low flow trails of the 

observed hydrograph. The performance of the corresponding wavelet model is much 

better than its counterpart simple model as it effectively tracks the high, medium and low 

flow trails of the observed hydrograph. It can be further seen that the performance of the 

simple and wavelet coupled models with I5 input vector (containing from lagged rainfall 

data series to lagged five day rainfall data series) in tracking low, medium and high flows 

of the observed hydrograph are almost the same and these modes are equally good as the 

wavelet coupled models with input vector I2. An almost identical trend appears for the 

dynamic TLRRNN models for the Baihe catchment as shown in Figure 6.10 (b). 

Wavelet coupled TLRNN models with input vector I2 input vector can be considered as 

the best model. It is apparent from Figure 6.11 (a) and Figure 6.11 (b) for the Brosna 

catchment that the simple and wavelet models (both static and dynamic models) with input 

vector I2 and I5 capture the features of the observed hydrograph well only for the high flow 

and medium high flows. The wavelet coupled models outperformed their counterpart 

simple models for the medium low and low flow trails of the observed hydrographs shown 

in Figure 6.11 (a). For the TLRNN models, the simple models with D take as 2 only 

describes the average behaviour of the hydrograph without giving any information rearing 

low, medium and high flow trails of the observed hydrograph. The performance of the 

wavelet coupled TLRNN model with D taken as 2 is much better than its counterpart 

simple mode in tracking low, medium and high flows of the observed hydrographs. It is 

further evident from Figure 6.11 (b) that the simple TLRNN model with D taken as 6 is 

unable to follow the medium low and low flow periods of the observed hydrograph. The 

counterpart wavelet coupled TLRNN model is found to be the best in tracking all the 
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features of the observed hydrograph.  It can be concluded on the basis of above analysis 

of FDCs that the wavelet coupled models can effectively captures the features of the 

observed hydrograph compared with their outperformed simple models and this is true for 

both static MLPNN and dynamic TLRNN models.  

6.6 Conclusions 

The following conclusions can be drawn from the present study: 

 The dynamic TLRNN models were found to perform equally well compared 

to the commonly used static MLPNN models and hence can be considered as 

an alternative to the MLPNN models.  

 The performance of the wavelet coupled MLPNN models was sensitive to the 

selection of wavelet function. The db8 wavelet function was best among the 

six selected wavelet functions. However, performance of the dynamic TLRNN 

models is only sensitive to the selection of the wavelet function with less 

memory depth and again the db8 wavelet function is found to yield the best 

results. With large memory depth, the performance of the all wavelet coupled 

TLRNN models resembled all six wavelet functions even with the simple Haar 

wavelet function. It can therefore be concluded that it is best to use the db8 

wavelet function with static MLPNN models and also for dynamic TLRNN 

models with smaller memory depth. However, any wavelet function can be 

used with dynamic TLRNN models with larger memory depth. 

 The performance of the wavelet coupled MLPNN and TLRNN models was 

equally effective for all input vector/memory depths. However, the simple 

TLRNN models outperformed their counterpart simple MLPNN models with 

small memory depth. 
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Chapter 7  

Implementation of Hybrid Wavelet 

Models  

This chapter includes partial contributions from the paper: 

Shoaib, M., Shamseldin, A.Y., Melville, B.W., Khan, M.M. (2015). Successful 

implementation of Hybrid Wavelet Neural Network Appraoch for Rainfall-Runoff 

Modelling. J. Hydrol. Eng. (ASCE) (under review). 

 

1.7Abstract 

The use of hybrid wavelet artificial neural network (ANN) models is increasing in the 

field of hydrological modelling. Wavelet Transformation (WT) produce useful 

decomposition of original time series data, so that wavelet transformed input data boost 

the potential of hydrological models by catching useful info on various resolution levels. 

The selection of appropriate wavelet function, the decomposition level of data to be 

employed and the selection of appropriate input vectors play a key role in the successful 

execution of the hybrid wavelet ANN models. However, the hybrid wavelet ANN models 

inherit the disadvantage of containing more complex structure and enhanced simulation 

time as a result of use of increased multiple input sub-series obtained by the WT. 

Therefore, the identification of dominant wavelet sub-series containing significant 

information regarding the hydrological system and subsequently using those dominant 

sub-series as the input only is also crucial for the development of wavelet coupled ANN 
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models. The present study aimed to investigate these critical issues in a holistic manner 

rather than atomistic manner. The discrete wavelet transformation (DWT) was used to 

transform the input rainfall data of two selected catchments. Ten different wavelet 

functions, nine decomposition levels, five different input vectors and four different 

approaches to selecting dominant wavelet sub-series were considered in the present study. 

The performances of the developed hybrid wavelet models were compared with the simple 

ANN models developed without WT and a total of 330 models were developed and 

examined in this study. The study showed that the wavelet coupled models performed 

better relative to the simple models for the two selected catchments located in different 

hydro-climatic regions. The db8 and the dmey wavelet functions at level nine were found 

to provide the best performance in both catchments. The study advocated the use of 

relative weight analysis (RWA) method for the selection of dominant input wavelet sub-

series for the development of wavelet coupled models. 

7.1 Introduction 

Despite good performance of wavelet coupled ANN models in hydrology, successful 

implementation of these hybrid models depends heavily on taking into account various 

critical issues. These issues include the selection of appropriate wavelet function, the 

selection of decomposition level and the selection of appropriate input vector.  

Furthermore, a major shortcoming associated with the wavelet coupled model is the use 

of large numbers of inputs as WT decomposes the input data into several sub-data series. 

The use of large numbers of inputs results not only in increasing the simulation time, but 

also increasing the computational complexity and makes the network calibration more 

difficult. Likewise, some of the data series obtained by the WT contains more information 

regarding hydrological signature of the catchment while others may be simply noisy or 

contain no/less significant info. Identification of wavelet sub-series of data containing 



Chapter 7 

   157 

significant information regarding the system is also another important issue in the 

successful implementation of wavelet coupled hydrological models. Different researches 

investigated these critical issues for the wavelet coupled models in an atomistic manner 

by considering some issues and ignoring others. Nourani et al. (2009a), Nourani et al. 

(2011), Singh (2012), Maheswaran and Khosa (2012a) and Shoaib et al. (2014a)  only 

investigated the issue of selection of appropriate wavelet function and decomposition level 

without considering other important issues including choice of suitable wavelet sub-series 

and the input vector. Furthermore, these studies recommended that different wavelet 

functions and decomposition levels to be employed. 

Analysis of linear correlation coefficient between input sub-series/predictor and output 

has been widely used for determination of important wavelet sub-series to be used as input 

for the development of wavelet coupled ANN models. Additionally, there are two 

different approaches found in literature which employ linear correlation coefficients for 

this purpose. In the first approach, a correlation analysis is performed between each 

decomposed sub- series and the observed output. The wavelet sub-series having strong 

correlation with the observed output are only considered as the input for the wavelet 

coupled ANN models, while the ones having weak correlation are simply ignored. This 

approach has been successfully used in some of the hydrological studies. (e.g. 

Maheswaran and Khosa ,2012b; Rajaee et al., 2011). Likewise, another approach 

regarding selection of dominant wavelet sub-series based on the cross correlation analysis 

has also been employed in developing ANN and the neuro-fuzzy hydrological models (e.g. 

Partal and Kisi, 2007; Shiri and Kisi, 2010; Kisi,2011, Kisi and Shiri 2011 Shoaib et al., 

2014b). In this approach, a correlation analysis is performed between each decomposed 

sub- series and the observed output. The wavelet sub-series having very weak correlation 

are ignored and the new input data series is obtained by adding the wavelet sub-series 
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having good correlation with the observed output. This new data series is subsequently 

used as input for the development of wavelet coupled ANN models.  Nevertheless, 

Nourani et al. (2012, 13) criticize the selection of dominant wavelet sub-series on the basis 

of  linear correlation, since a strong non-linear relationship may exist between input and 

target output despite the presence of weak linear correlation.  Likewise, some other studies 

tested different mathematical methods to select dominant wavelet sub-series in the 

development of wavelet coupled models in hydrology. Vahid et al. (2014) advocated the 

use of self-organizing feature maps (SOP) and entropy based approaches to select the 

dominant wavelet sub-series for developing a wavelet coupled rainfall-runoff model. It is 

therefore obvious from the above literature cited that some of the previous hydrological 

studies used all wavelet sub-series as input, while some others identified dominant wavelet 

sub-series using different methods and subsequently used them as input in the 

development of wavelet coupled models. It is therefore vital to compare these different 

strategies for the development of wavelet based models, so that an optimal strategy can be 

identified. 

It can be further noted from the above literature that even though an extensive work has 

been done to investigate different issues for a wavelet coupled models, these studies may 

be considered limited as most of the studies focuse on the selection of appropriate wavelet 

function and decomposition level only. However, some research has been conducted for 

the selection of dominant wavelet sub-series but those studies ignored or give less focus 

on other important issues including the selection of wavelet function and the 

decomposition level. This study was, therefore, conducted to address all critical issues 

related to the development of hybrid wavelet ANN models in a holistic way. These issues 

were a) the selection of suitable wavelet function, b) the selection of suitable 

decomposition level and c) the selection of suitable input vector. Furthermore, this study 
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also aims to compare different widely used approaches regarding selection of dominant 

wavelet sub-series based on correlation analysis. Likewise, a new approach, namely, 

Relative Weight Analysis (RWA) was also utilized for the first time for the purpose of 

selection of dominant wavelet sub-series. 

7.2 Methodology 

7.2.1 Wavelet Transformation 

The DWT was used in this study to transform the input rainfall data. The details of the 

DWT can be found in section 2.4.1.2. 

7.2.1.1 Choice of Wavelet Families 

The present study utilized ten different wavelet functions from five different wavelet 

families in order to cover a wide range of wavelet functions. The wavelet functions being 

utilized in the current study included, Haar, db2, db4,db8,  Coif2, Coif4, Sym2, Sym4, 

Sym8 and the Discrete approximation of Meyer (dmey) wavelet function. The details of 

different wavelet families can be found in many text books such as (Daubechies, 1992) 

and Addison (2002) and also in section 2.4.2. 

7.2.2 Artificial Neural Networks (ANN) 

7.2.2.1 Multilayer Perceptron Neural Network (MLPNN) 

There are different types of the Artificial Neural Networks, but the Multilayer Perceptron 

Neural Network (MLPNN) with back propagation is considered as the most widely used 

ANN in hydrology (Principe, 2000). The MLPNN consists of a number of neurons 

(computational elements) arranged in a series of different layers. Typically, it consists of 
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an input layer, hidden layer and an output layer. Further details can be found in section 

3.2.2.  

7.2.3 Relative predictor importance 

There are mainly four statistical methods available to determine the relative predictor 

importance (Van Iddekinge and Ployhart, 2008) : (i) examination of regression 

coefficients, (ii) analysis of correlation coefficients, (iii) dominance analysis and (iv) 

relative weight analysis (RWA). The first method makes use of regression coefficients in 

the regression equation. The regression coefficient describes the rate of change of 

dependent variable as a function of predictor variable(s). Thus the importance of the 

predictor variable can be estimated by the magnitude and sign of its coefficient value. The 

second method explores the use of the correlation coefficient value for the determination 

of relative importance of each predictor variables. This index gives an indication of how 

much of the variance in a dependent variable can be attributed to the selected predictor 

variable.  Lebreton et al. (2004) performed a Monte Carlo study and established that as 

the mean validity of the predictors, amount of predictor collinearity, or the number of 

predictors increased (beyond 3), the interpretability of the beta and correlation coefficients 

suffered seriously due to coefficient instability. Thus, they warned against using either of 

these first two methods in isolation, and instead supported the use of Dominance Analysis 

(Azen and Budescu, 2003; Budescu, 1993) or a form of Relative Weight Analysis (RWA), 

the epsilon (ε) statistic Johnson (2000).  

The Dominance Analysis (DA) and the Relative Weight Analysis (RWA) are the recently 

developed strategies for assessing relative importance of predictor variables.  However, 

Johnson and LeBreton (2004) found weakness associated with the DA that as the number 

of predictor increases, it becomes more computationally difficult because of the 



Chapter 7 

   161 

exponentially increasing number of sub models involved. The final strategy for identifying 

the relative importance of the predictor is RWA, which involves variable transformation 

of the original predictors into orthogonal (uncorrelated) variables that are related to 

dependent variables, but not to each other, which are then related back to the original 

predictors Van Iddekinge and Ployhart (2008) . One of the weaknesses of the RWA 

method lay in how to estimate the orthogonal variables. The Johnson (2000) epsilon (ε) 

statistic addressed this weakness and has become one of the more recommended 

methodologies of RWA (Johnson and LeBreton, 2004; VanIddekinge and Ployhart, 2008). 

An epsilon statistic is calculated for each predictor variable for its relative importance. 

Epsilon can also be easily transformed into a statistic that can be interpreted as the 

percentage of the model R2 associated with each predictor. Further details on RWA can 

be found in many readings (e.g. Johnson, 2000; Johnson and LeBreton, 2004; LeBreton 

and Tondiandel, 2008). 

7.2.4 Development of Hybrid Wavelet MLPNN Models 

The MLPNN models were integrated with the DWT in this study to form hybrid 

WMLPNN rainfall runoff models.  The MLPNN models were developed with and without 

WT. The DWT is used to decompose the daily observed rainfall data into approximations 

(low frequency and large scale) and details (high frequency and small scale) using ten 

different mother wavelet functions.  The filtering procedure proposed by Mallat (1989) 

was adopted for this transformation. The ten mother wavelet functions were used to 

decompose the above rainfall data used in this study. The ten mother wavelet functions 

selected in this study included the simple mother wavelet Haar, the most popular wavelet 

family Daubechies db2, db4, db8, the sym2, sym4, sym8 wavelets with sharp peaks, coif2, 

coif4 wavelets and the discrete meyer (dmey) wavelets.  
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In the present study, the MLPNN comprises three layers; input, hidden and output layer. 

The number of neurons in the input and output layers were fixed as one for the simple 

MLPNN models. For WMLPNN models, the number of neurons in the input layer was 

determined on the basis of the selected decomposition level. The selection of the number 

of neurons in the hidden layer is important for better enhancing the ANN performance. 

The selection of appropriate number of neurons in the hidden layer was done by trial and 

error procedure in the present study similar to many other studies (e.g. Shamseldin, 1997; 

Wang and Ding, 2003; Tiwari and Chatterjee, 2010; Adamowski and Sun, 2010;Nourani 

et al., 2011; Singh, 2012; Kisi et al., 2013) . This was accomplished by training the 

network and evaluating its performance over a range of different increasing values of the 

number of hidden layer neurons in order to obtain near maximum efficiency with as few 

neurons as necessary (Hammerstrom, 1993).  The sigmoid activation function was used 

for the neurons of the hidden and the output layer for the simple MLPNN and WMLPNN 

models. Training or calibration is a process of adjusting connection weights in the network 

so that the network’s response best matches the desired response (Muttil and Chau, 2006). 

Training of the feed forward MLPNN models with and without WT in the present study 

was done by using the Levenberg-Marquardt algorithm (LMA) because of its simplicity. 

This iterative technique locateing the minimum of a function is expressed as sum of 

squares of nonlinear functions. The stopping criteria for the training of the developed 

models in the present study was either a maximum of 100 epochs or training is set to 

terminate when the mean squared error (MSE)  of the cross validation testing data set 

begins to increase. This indicates that the network has begun to overtrain. Overtraining is 

when the network simply memorizes the training set and is unable to generalize the 

problem. The trained network was then tested by presenting different sets of testing data 

it has not been trained with. The network was re-trained by changing the number of 
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neurons in the hidden layer, if it failed to perform satisfactorily during the testing phase. 

Testing of the network ensures that it has learned the general patterns of the system and 

has not simply memorized a given set of data. 

7.3 Performance Parameters 

In this study, the performance of the developed rainfall-runoff models is determined by 

using various statistical tests that describe errors associated with the models. The 

performance of the developed models is evaluated in terms of statistical measures of 

goodness of fit. In the present study, two statistical measures, namely, the Root Mean 

Squared Error (RMSE) and the Nash-Sutcliffe Efficiency (NSE) Nash (1970) were used. 

Further details of these performance indices are given in section 3.3. 

7.4 Study area and data 

The daily rainfall runoff data of two catchments located in different hydrological 

conditions in the world was used in the present study. The two catchments are the Baihe 

catchment located in north eastern China and the Brosna catchment located in Ireland. 

7.4.1 Baihe catchment 

Baihe catchment is located in China. The daily rainfall data for a period of eight years 

starting from 1st January1972 onwards from nineteen rain gauge stations and three 

hydrological stations were used to obtain daily average rainfall. The concurrent discharge 

data used in the study was the daily averaged data measured at the Baihe station. Further 

details regarding Baihe catchment can be found in section 4.4.  

7.4.2 Brosna catchment 

The Brosna catchment used in this study is located in Ireland and embodies a drainage 

area of 1207 km2 up to the Ferbane flow gauging station. Further details regarding Brosna 
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catchment can be found in section 3.4 while Figure 3.3 shows catchment location. The 

summary of statistical characteristics of the training and testing data for both test 

catchments is given in the Table 7.1 and Table 7.2. 

7.5 Results and Discussion 

7.5.1 Selection of Input Vector 

The performance of rainfall-runoff data driven models is dependent on the selection of 

appropriate input vector. As the present response of a hydrological system is inherently 

dependent on their previous states, so the use of time lagged (past) data is necessarily 

required in order to encode temporal features of the input data. This can be achieved by 

considering a sliding window of input sequences in the input vector. With this approach, 

the input vectors starts by containing only lagged-1 day time series data in the input vector. 

The input vector is then modified by successively adding one more lagged time series into 

it and this continues up to a specific lag time (e.g. Furundzic, 1998; Tokar and Markus, 

2000; Riad et al., 2004; Chua et al., 2008; Moosavi and Vafakhah, 2013). This specific 

lag time can be determined either by trial and error or may be selected from present time 

to the point where the lagged/antecedent rainfall is most correlated with the observed 

discharge/runoff. However, although WT is supposed to reveal temporal and spectral 

information contained in the raw data, the use of lagged transformed data in the input 

vector is also common in the wavelet based neural network studies in order to describe 

the temporal behaviour of the wavelet transformed data (e.g Kisi, 2011; Kisi and Shiri 

201; Liu et al., 2014; Moosavi et al., 2013; Rajaee, 2011; Shiri and Kisi, 2010). The 

present study therefore investigated the size of input vector by considering the following 

five input vectors: 
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Table 7.1. Summary description of test catchments of data used 

 

 

 

 

 

Table 7.2. Statistical summary of data of test catchments 

Catchment Data type Calibration Period Validation Period 

Maximum 

(mm/day) 

Average 

(mm/day) 

Coefficient  

of Variation 

Maximum 

(mm/day) 

Average 

(mm/day) 

Coefficient  

of Variation 

Baihe Rainfall 47.08 2.59 2.17 79.98 2.48 2.53 

Evaporation 12.80 2.89 0.80 8.10 2.53 0.71 

Discharge 28.25 1.04 1.89 22.66 0.78 2.23 

Brosna Rainfall 32.67 2.20 1.63 27.56 2.47 1.51 

Evaporation 9.80 1.31 1.04 6.90 1.32 1.04 

Discharge 6.94 0.98 0.83 6.62 1.22 0.86 

Catchment Country Area Calibration 

Period 

Verification 

Period 

Data 

starting 

 

Climate 

 

Topography Km2 (years) (years) date 

Baihe China 61780 6 2 1/01/1972 Semi-arid Mountainous 

Brosna Ireland 1207 8 2 1/01/1969 Temperate Flat 
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M1  r(t-1) 

M2 r(t-1), r(t-2) 

M3 r(t-1), r(t-2), r(t-3) 

M4 r(t-1), r(t-2), r(t-3), r(t-4) 

M5 r(t-1), r(t-2), r(t-3), r(t-4), r(t-5) 

The first input vector M1 contained only lagged-1 day to predict runoff at the current time. 

The input vector M2 is obtained by adding lagged-2 day rainfall r(t-2) in M1. Likewise, 

M3 and M4 are obtained by adding lagged-3 day rainfall series r(t-3) in M3 and r(t-4) in 

M4 respectively. Finally, M5 is obtained by adding lag-5 day r(t-5) rainfall series in M4 to 

predict runoff at the current time.  

7.5.2 Selection of Decomposition Level 

The choice of suitable decomposition level in the development of hybrid wavelet-ANN 

models is vital. The formula given in Eq. (3.3) is used in some of the previous studies such 

as , Nourani et al., (2009a, 2009b), Tiwari and Chatterjee (2010) , Adamowski and Sun 

(2010)  to select suitable decomposition level without giving any scientific reasoning. 

However Nourani et al. (2011) and Moosavi et al. (2013) criticize this equation by stating 

that it was derived only for fully autoregressive data by considering the length of data 

without giving attention to the seasonal signature of the hydrological process. With 730 

testing data points in the present study, the L value is calculated as three by using Eq. (3.3) 

which contains one approximation at level three ‘a3’ and three details ‘d1’ and ‘d2’ and 

‘d3’. The detail sub-series d1 corresponds to a time series of 2-day mode which represents 

the features of original data discernible at a scale of up to two days. The d2 sub-series 

corresponds to 4-day mode which represents features detectable at a scale of 2-4 days. 

Likewise, d3 corresponds to 8-day mode and can detect features on approximately weekly 
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basis in the original data. Hence, seasonal and periodic variations present in the raw data 

up to a weekly scale can be captured by the model in case of application of Eq. (3.3). 

Nevertheless, according to the hydrological base of the time series data, there might be 

other significant seasonal and periodic variations present in the data. Likewise, some other 

previous hydrological studies employed different decomposition levels without giving any 

logical reasoning. Adamowski and Sun (2010) used level eight decomposition for 

developing wavelet coupled neural network model,  Partal and Kişi (2007) employed 

decomposition at level ten for developing a wavelet coupled neuro-fuzzy model and Kisi 

and Shiri (2011) used three level decomposition for developing wavelet based genetic 

programming and neuro-fuzzy models.  

Since many seasonal and periodic features may be embedded in the hydrological data, a 

detailed intuition into the process and consideration of the periodicity of the process might 

be helpful in selecting of an appropriate decomposition level for the DWT. The maximum 

number of decomposition level depends on the length of data available. A DWT 

decomposition consists of Log2 (N) levels or stages at most where N is the total number 

of data points. Since only two year daily data are available for testing or validation in the 

current study, the input rainfall data can therefore be decomposed into approximation and 

details by using the DWT from level one to level nine at most. As the selection of optimum 

decomposition level for the DWT is associated with the seasonal and periodic variations 

in the hydrological data of a particular catchment, the rainfall data was decomposed using 

ten selected wavelet functions for all the possible decomposition levels from one to nine. 

Level one decomposition yielded one approximation (a1) and one detail (d1), level two 

decomposition gives one approximation (a2) and two details (d1 and d2), level three 

decomposition results in one approximation (a3) and three details (d1, d2 and d3) and so 

on.  A total of 180 decomposition levels were obtained for the two selected catchments in 
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this study. An overall increasing trend of R2 is found with the increase of decomposition 

level. Furthermore, the maximum R2 value was obtained at maximum possible 

decomposition level which is level nine in the present study for all the two catchments 

with ten selected wavelet functions. The results of regression analysis for Baihe catchment 

are already presented in Figure 4.3 while Figure 7.1 presents results for Brosna catchment. 

Therefore, level nine decomposition was employed in the present study as it is gives best 

results for all the selected catchments. This is also in accordance with many previous 

studies such as Shoaib et al. (2014a, 2014b). 

 

Figure 7.1. Variation of Regression R2 with decomposition level for Brosna catchment 

7.5.3 Selection of appropriate decomposed sub-series 

To develop WMLPNN models, daily observed rainfall data was decomposed into 

approximation (low frequency and large scale) and details (high frequency and small 

scale) using the DWT and ten selected mother wavelet functions. Each input rainfall data 
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series was decomposed at level nine and the decomposed data contains one approximation 

(a9) and nine details (d1, d2, d3, d4, d5, d6, d7, d8 and d9). The decomposition of 

signal/rainfall series (s) into approximation (a) and nine details (ds) of training data using 

the db8 mother wavelet function for the Brosna catchments are shown in Figure 7.2. Due 

to multiple data series obtained through wavelet decomposition, the number of input data 

series (input neurons) for the WMLPNN is increased considerably and subsequently 

results in a complex neural network and enhanced computational time. For example, level 

nine wavelet decomposition of each rainfall data series employed in the present study 

resulted in ten sub-series. Thus M5 input vector in this study containing up to lagged-5 

day rainfall data series will have fifty sub-series obtained by the WT. Some of the input 

data series may contain useful information about the hydrological signature of the 

watershed while some may be noisy or have no significant relationship with the observed 

discharge. In order to view the effect of different wavelet-sub series on the performance 

of the WMLPNN models, the following four options were considered. Option 1: First, one 

day lagged rainfall data r(t-1), two day lagged rainfall data (t-2) and so on up to six day 

lagged rainfall data r (t-6) are transformed using DWT and ten selected wavelet functions. 

A correlation analysis was then performed between each decomposed sub- series of all 

lagged rainfall data and the observed discharge for all ten mother wavelet functions and 

for the two selected catchments used in this study. The correlation results show that the d1 

and d2 sub-signals have a very poor correlation with the observed discharge for all the ten 

selected mother wavelet functions. The typical correlation results of the db8 mother 

wavelet for one of the selected Brosna catchments are shown in Table 7.3. On the basis of 

correlation analysis results, the d1and the d2 coefficients which corresponds to the features 

of the data detectable at a scale of 2-day and 4-day mode are eliminated and a new series 

is formed by adding d3, d4, d5, d6, d7, d8, d9 and a9.  
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Figure 7.2. Decomposition of precipitation into approximation and details using db8 
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Table 7.3: Correlation analysis results 

Sub  

Signal 

r(t-1) r(t-2) r(t-3) r(t-4) r(t-5) r(t-6) 

Training Testing Training Testing Training Testing Training Testing Training Testing Training Testing 

d1 -0.07 -0.09 0.04 0.06 0.03 0.03 -0.05 -0.05 0.01 0.00 0.00 0.02 

d2 -0.05 -0.03 0.07 0.09 0.11 0.13 0.03 0.03 -0.07 -0.07 -0.06 -0.08 

d3 0.03 -0.02 0.11 0.05 0.15 0.11 0.14 0.11 0.09 0.07 0.01 0.02 

d4 0.08 0.17 0.12 0.22 0.16 0.25 0.18 0.23 0.19 0.21 0.18 0.18 

d5 0.13 0.09 0.16 0.10 0.19 0.11 0.21 0.11 0.22 0.13 0.23 0.14 

d6 0.16 0.21 0.17 0.18 0.18 0.20 0.19 0.08 0.20 0.12 0.21 0.21 

d7 0.08 0.42 0.09 0.43 0.10 0.43 0.11 0.41 0.11 0.39 0.12 0.40 

d8 0.35 0.56 0.36 0.59 0.38 0.59 0.38 0.58 0.38 0.58 0.39 0.61 

d9 0.10 0.25 0.12 0.25 0.15 0.25 0.29 -0.04 0.11 0.27 0.11 0.27 

a9 0.23 -0.06 0.26 -0.05 0.29 -0.05 0.29 -0.04 0.22 -0.02 0.22 -0.01 
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This approach is commonly used when implementing the neuro-fuzzy hydrological 

models (e.g. Partal and Kisi, 2007; Shiri and Kisi, 2010; Shoaib et al., 2014b).  

Option 2: The WMLPNN models were developed using all the sub-series obtained by 

wavelet transformation irrespective of their linear correlation with the observed discharge. 

This is the most common approach used in most of the wavelet-ANN studies.  

Option 3: The WMLPNN models were developed using all the wavelet sub-series except 

the ones having very weak correlation with the observed discharge and these are d1 and d2 

in the present study. 

Option 4: The input wavelet sub series were selected based on the results of RWA for the 

development of WMLPNN models.  

At first, a feed forward MLPNN with back propagation training algorithm was developed 

without any WT to model the rainfall-runoff transformation process of the two selected 

catchments. For this, the observed daily rainfall and daily discharge was used as input and 

target output respectively. The MLPNN developed without WT were referred to as Simple 

MLPNN models in this study.  Afterwards, the WMLPNN models were developed with 

DWT using ten selected mother wavelet functions for the first three options stated above 

in order to evaluate the effect of different wavelet functions with different input vectors. 

In order to compare performance of WMLPNN models relative to their counterpart simple 

MLPNN models, the relative percentage increase or decrease in the NSE and the RMSE 

values were calculated for both selected catchments with ten different wavelet functions 

and the results are shown in Table 7.4 to Table 7.7.   
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Table 7.4. Relative percent change in NSE for Baihe catchment 

Model Haar db2 db4 db8 sym2 sym4 sym8 coif2 coif4 dmey 

Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. 

 OPTION 1 

M1 11.42 10.68 19.79 17.60 12.99 11.07 18.66 14.78 19.79 17.23 14.42 14.14 16.31 14.74 16.99 16.47 13.24 12.50 16.95 16.15 

M2 38.27 40.74 29.63 35.78 46.99 37.68 55.17 52.06 33.02 25.42 42.94 46.81 49.79 46.99 47.45 39.17 51.32 54.35 53.58 55.90 

M3 -4.99 -18.90 -16.15 -6.31 29.00 29.66 36.06 28.41 -34.47 -13.30 9.12 19.70 35.30 42.21 24.88 21.00 27.99 37.61 41.19 40.94 

M4 -27.83 -55.09 -66.36 -84.32 -14.10 -12.80 12.19 -8.34 -35.85 -53.42 -10.55 -35.18 15.38 -0.76 -22.59 -56.84 4.67 -10.77 16.67 -10.20 

M5 -56.70 -49.28 -72.09 -2.99 -38.17 11.72 -7.98 7.88 -38.68 -24.83 -4.81 26.20 0.01 1.37 -29.57 1.01 -6.82 -7.61 -7.76 -1.15 

 OPTION 2 

M1 35.34 38.36 52.79 45.84 33.97 31.16 48.86 45.44 47.27 38.21 38.16 35.88 54.70 49.55 76.10 39.15 75.81 47.49 40.78 38.19 

M2 59.15 52.78 76.15 70.58 62.21 62.77 85.61 79.92 68.57 61.80 72.71 74.36 71.77 73.79 79.45 70.91 75.75 69.44 85.34 83.34 

M3 31.79 28.87 53.17 49.15 63.50 55.15 72.43 68.93 53.11 49.16 74.56 74.84 64.00 60.87 71.70 64.78 63.35 60.99 67.27 74.65 

M4 40.93 14.59 36.51 16.40 29.79 20.55 62.69 43.76 35.89 17.77 64.46 41.08 55.61 37.89 51.24 35.31 47.06 26.59 52.88 55.75 

M5 27.03 26.02 29.97 -0.22 36.39 6.89 36.60 28.34 11.79 -52.57 39.36 3.90 24.21 2.00 -5.24 4.16 -14.41 -2.25 40.93 23.17 

 OPTION 3 

M1 41.65 42.20 33.53 28.65 29.96 27.27 56.20 51.35 32.66 27.97 56.75 50.33 46.99 47.10 33.41 32.96 38.14 40.07 34.96 32.75 

M2 40.80 43.59 53.89 50.96 59.17 58.75 72.66 66.46 53.89 50.96 72.95 74.30 76.86 75.32 60.78 63.25 70.86 68.04 76.15 73.16 

M3 -2.36 11.51 6.03 15.45 28.36 40.33 47.29 49.73 6.61 14.43 55.16 61.12 54.79 55.70 41.62 43.44 44.81 46.12 53.99 52.28 

M4 -21.43 -31.98 -30.99 -38.52 21.71 -1.64 25.14 27.04 -30.99 -38.52 16.96 15.09 8.61 1.95 15.14 11.34 16.77 0.14 32.01 12.76 

M5 -35.06 -27.91 -59.07 -19.09 -11.25 24.29 7.72 7.75 -57.57 -56.30 3.94 49.84 11.32 -26.62 7.97 14.60 -1.78 -24.21 7.25 10.28 

Tr = Training data set, Ts = Testing data set 
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Table 7.5. Relative percent change in RMSE for Baihe catchment 

Model Haar db2 db4 db8 sym2 sym4 sym8 coif2 coif4 dmey 

Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. 

 OPTION 1 

M1 -19.67 -21.49 -31.36 -26.41 -6.81 -5.70 -9.90 -7.68 -10.53 -9.02 -7.58 -7.34 -8.61 -7.66 -8.98 -8.60 -6.94 -6.46 -8.95 -8.43 

M2 -36.08 -29.05 -51.16 -42.49 -27.20 -21.05 -33.05 -30.76 -18.16 -13.64 -24.46 -27.07 -29.14 -27.19 -27.51 -22.01 -30.23 -32.43 -31.87 -26.07 

M3 -17.41 -11.20 -31.57 -20.52 -15.74 -16.13 -20.04 -15.39 15.96 6.44 -4.67 -10.39 -19.57 -23.98 -13.33 -11.12 -15.14 -21.01 -23.32 -23.15 

M4 -23.14 -7.58 -20.32 -8.57 6.82 6.21 -6.29 4.09 16.56 23.86 5.14 16.27 -8.01 0.38 10.72 25.24 -2.36 5.25 -8.71 4.98 

M5 -14.58 -13.99 -16.32 -13.89 17.55 16.50 3.91 11.82 17.76 24.93 2.38 7.32 -0.01 6.59 13.83 6.05 3.36 10.01 3.81 10.64 

 OPTION 2 

M1 -19.67 -21.49 -31.36 -26.41 -18.82 -17.03 -28.56 -26.13 -27.46 -21.39 -21.44 -19.92 -32.76 -28.97 -22.54 -21.99 -29.05 -27.54 -23.12 -21.38 

M2 -36.08 -29.05 -51.16 -42.49 -38.53 -36.20 -62.07 -51.24 -43.94 -35.46 -47.76 -69.45 -46.86 -45.31 -45.97 -42.77 -45.64 -41.52 -61.71 -54.95 

M3 -17.41 -11.20 -31.57 -20.52 -39.59 -23.63 -47.49 -31.66 -31.53 -20.53 -49.56 -35.66 -40.00 -26.79 -37.77 -29.08 -32.39 -26.86 -42.79 -35.52 

M4 -23.14 -7.58 -20.32 -8.57 -16.21 -10.87 -38.92 -25.01 -19.93 -9.32 -40.39 -23.24 -33.37 -21.19 -34.65 -19.57 -25.63 -14.32 -31.36 -33.48 

M5 -14.58 -13.99 -16.32 -13.89 -20.24 -16.91 -20.38 -29.66 -6.08 -13.12 -22.13 -14.83 -12.94 -15.68 -21.96 -17.46 -18.69 -16.53 -23.14 -26.84 

 OPTION 3 

M1 -23.68 -23.97 -18.55 -15.53 -16.39 -14.72 -33.88 -30.25 -18.02 -15.13 -34.30 -29.53 -27.26 -27.27 -37.38 -39.38 -46.02 -43.47 -19.43 -17.99 

M2 -23.06 -24.89 -32.10 -29.97 -36.10 -35.77 -47.71 -42.09 -32.10 -29.97 -47.99 -49.25 -51.90 -50.32 -23.59 -24.79 -25.71 -26.60 -51.16 -48.19 

M3 1.17 -5.93 -3.06 -8.05 -15.36 -22.75 -27.40 -29.10 -3.36 -7.49 -33.04 -37.64 -32.76 -33.44 -7.88 -5.84 -8.77 -0.07 -32.17 -30.92 

M4 10.19 14.88 14.45 17.69 -11.52 0.81 -13.48 -14.58 14.45 17.69 -8.87 -7.85 -4.40 -0.98 -4.07 -5.03 0.89 5.85 -17.54 -6.60 

M5 16.22 13.10 26.12 23.42 5.48 7.39 -3.94 3.15 25.53 28.96 -1.99 -8.67 -5.83 2.77 0.00 0.00 0.00 0.00 -3.69 0.26 

Tr = Training data set, Ts = Testing data set 
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Table 7.6. Relative percent in NSE for Brosna catchment 

Model Haar db2 db4 db8 sym2 sym4 sym8 coif2 coif4 dmey 

Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. 

 OPTION 1 

M1 5.95 2.16 6.35 7.27 4.96 6.45 6.33 5.12 6.86 4.66 5.79 6.22 5.54 7.04 4.87 7.46 5.59 6.33 5.11 7.00 

M2 7.65 8.00 5.96 11.77 5.74 8.77 5.81 9.74 4.52 2.30 5.81 8.73 6.01 8.90 5.32 8.44 5.07 8.47 5.95 11.18 

M3 5.22 5.05 3.26 2.49 3.89 3.10 6.96 10.29 3.09 -1.45 5.45 5.29 5.89 5.92 5.53 4.60 6.97 5.52 8.96 10.02 

M4 0.39 -0.53 0.11 0.81 4.89 -0.17 6.54 13.36 -0.87 0.25 9.69 10.66 7.34 13.25 5.66 7.37 15.29 15.55 13.60 15.28 

M5 -0.62 -5.67 -0.33 4.98 -1.36 -0.70 1.05 2.36 -1.42 -7.13 6.79 10.03 -0.38 -11.43 3.99 7.57 8.48 6.80 4.30 -5.42 

 OPTION 2 

M1 36.78 30.58 27.43 18.31 26.47 18.43 44.05 39.89 30.33 28.34 34.64 33.07 24.96 20.26 48.63 25.35 40.63 28.87 28.96 25.01 

M2 43.12 37.63 40.77 34.32 24.79 17.86 45.22 42.61 18.52 16.17 49.73 51.52 44.10 38.70 55.98 42.67 41.70 34.82 40.35 38.68 

M3 30.75 21.84 5.69 1.39 23.01 12.00 50.54 48.48 8.03 -

10.50 
46.78 38.89 43.65 41.25 41.50 47.75 51.30 29.35 40.34 43.49 

M4 43.08 21.08 6.14 -5.37 62.61 37.90 48.32 50.05 10.88 -1.43 47.54 44.92 44.07 36.87 22.53 34.65 42.07 28.22 56.06 36.36 

M5 30.84 1.34 -17.63 -6.68 31.99 12.69 51.74 50.57 26.15 19.90 1.05 -7.00 40.04 26.54 -39.01 0.54 -39.01 20.74 21.95 16.17 

 OPTION 3 

M1 37.07 36.10 8.45 6.50 23.01 16.42 43.64 41.29 16.01 6.25 37.38 34.08 23.47 22.48 33.20 24.41 32.03 21.78 37.49 35.12 

M2 36.03 34.62 36.31 32.19 21.97 19.95 56.82 54.26 26.24 16.72 50.59 48.85 17.78 17.36 47.62 39.70 55.41 44.17 41.96 42.31 

M3 26.61 18.15 3.78 -8.85 57.53 26.49 56.03 52.18 10.92 -1.48 40.98 40.13 46.18 33.98 43.84 43.41 42.32 25.72 62.66 25.88 

M4 38.43 26.45 19.28 1.79 39.79 29.35 48.30 43.57 19.68 16.64 42.09 47.21 36.08 28.56 33.25 32.80 35.57 33.55 24.40 20.32 

M5 18.84 10.42 -18.15 -24.90 63.04 31.85 48.54 33.73 31.63 34.89 23.02 -16.04 32.45 18.15 17.37 11.63 30.43 8.40 35.95 25.39 

Tr = Training data set, Ts = Testing data set 
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Table 7.7. Relative percent change in RMSE for Brosna catchment 

Model Haar db2 db4 db8 sym2 sym4 sym8 coif2 coif4 dmey 

Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. Tr. Ts. 

 OPTION 1 

M1 -3.02 0.33 -3.23 -2.32 -2.51 -1.89 -3.22 -2.69 -3.49 -0.96 -2.94 -1.77 -2.81 -3.67 -2.46 -3.84 -2.84 -3.31 -2.59 -3.63 

M2 -3.90 31.89 -3.03 -4.53 -2.91 -2.93 -2.95 -4.67 -2.29 0.46 -2.95 -2.91 -3.05 -4.23 -2.70 -3.93 -2.57 -3.95 -3.02 -5.38 

M3 -2.65 -0.87 -1.64 0.46 -1.96 0.15 -3.54 -5.38 -1.56 2.47 -2.76 -0.99 -2.99 -3.75 -2.81 -3.05 -3.55 -3.39 -4.59 -5.67 

M4 -0.20 0.27 -0.05 -0.41 -2.48 0.09 -3.33 -6.94 0.43 -0.13 -4.97 -5.48 -3.74 -6.96 -2.87 -4.13 -7.96 -8.23 -7.05 -8.37 

M5 0.31 2.80 0.16 0.20 0.68 0.55 -0.52 -3.05 0.71 2.84 -3.46 -2.45 0.19 0.71 -2.01 -1.81 -4.34 -5.67 -2.18 -1.95 

 OPTION 2 

M1 -20.49 -15.49 -14.81 -8.32 -14.24 -8.39 -25.20 -21.36 -16.53 -14.13 -19.15 -17.02 -13.38 -9.42 -15.38 -12.36 -16.24 -14.85 -15.72 -12.16 

M2 -24.58 -19.74 -23.04 -17.63 -13.28 -7.89 -25.99 -23.01 -9.73 -6.94 -29.10 -29.24 -25.23 -20.43 -24.91 -23.05 -19.27 -18.77 -22.77 -20.41 

M3 -16.78 -10.05 -2.89 1.03 -12.25 -4.56 -29.68 -26.98 -4.10 6.94 -27.05 -20.47 -24.93 -22.02 -30.59 -26.46 -20.12 -15.12 -22.76 -23.52 

M4 -24.55 -11.16 -3.12 2.65 -38.85 -
21.20 

-28.11 -29.32 -5.60 0.71 -27.57 -25.78 -25.21 -20.55 -21.28 -19.16 -28.17 -15.44 -33.71 -20.22 

M5 -16.84 -0.67 8.46 3.29 -17.53 -6.56 -30.53 -29.69 -14.06 -10.50 -0.53 3.44 -22.57 -14.29 -9.55 -0.27 -21.79 -11.41 -11.65 -8.44 

 OPTION 3 

M1 -20.67 -18.92 -4.32 -1.92 -12.25 -7.27 -24.93 -22.28 -8.35 -1.79 -20.87 -17.65 -12.52 -10.70 -27.62 -21.08 -33.22 -25.36 -20.94 -18.30 

M2 -20.02 -17.82 -20.19 -16.31 -11.67 -9.07 -34.29 -31.26 -14.12 -7.25 -29.71 -27.31 -9.32 -7.61 -25.06 -23.47 -24.05 -13.24 -23.82 -22.81 

M3 -14.33 -7.96 -1.91 6.14 -34.83 -12.77 -33.69 -29.64 -5.62 2.49 -23.17 -21.28 -26.64 -17.34 -18.30 -18.02 -19.73 -18.53 -38.89 -12.41 

M4 -21.54 -14.24 -10.15 -0.90 -22.40 -15.95 -28.10 -24.88 -10.38 -8.70 -23.90 -27.35 -20.05 -15.48 -9.10 -5.99 -16.59 -4.49 -13.05 -10.74 

M5 -9.91 -5.35 8.70 11.76 -39.20 -17.45 -28.27 -18.59 -17.31 -19.31 -12.26 7.72 -17.81 -9.53 0.00 0.00 0.00 0.00 -19.97 -13.62 

Tr = Training data set, Ts = Testing data set 
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Examination of Table 7.4 which presents the relative percentage change in NSE for the 

Baihe catchment reveals that with input vector M1, the best results (shown in bold) are 

obtained with the db2, db8, sym2, coif2 and the dmey wavelet functions which enhance 

the NSE values of about 16-18% relative to their counterpart simple MLPNN model. The 

wavelet functions db8, coif4 and dmey wavelet functions are most efficient enhancing the 

relative NSE (%) values of about 50% with input vector M2 which corresponds to the lead 

time of two days. The WMLPNN models developed with the input vector M3 which 

corresponds to the lead time of three days yielded best results with the db4, db8 and dmey 

wavelet functions in option 1, but these results are poor compared with the M2 input 

vector. Furthermore, the negative change in NSE percentage with input vectors M4 and 

M5 with almost all the WMLPNN models show the poor performance of the WMLPNN 

models relative to their respective simple MLPNN models for option 1. The performance 

of the WMLPNN models relative to their respective simple MLPNN models is superior 

with input vector M2. A similar trend of relative percentage change in the RMSE values 

of the developed WMLPNN models for option 1 can be found in Table 7.5. The 

improvement in the RMSE values (negative values) shows the WMLPNN models ability 

to capture the high flow trails of the observed hydrograph. The best results shown in bold 

of WMLPNN models are found with the input vector M2 with wavelet functions db8 and 

dmey which improves the relative RMSE values of about 30% as shown in Table 4 for 

Baihe catchment. For option 2, the WMLPNN models are developed by considering all 

the sub-series obtained by WT. Different wavelet functions performed differently and the 

examination of Table 7.4 and Table 7.5 shows that the best results are again obtained with 

input vector M2 with wavelet function db8 and dmey. The percentage change in NSE value 

is found to be about 85% for WMLPNN models developed with db8 and dmey wavelet 

functions relative to their counterpart simple MLPNN models. Similarly, the relative 
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percentage change in RMSE values for the best models with M2 input vector is found to 

be in the range of about 60% as for the best models as shown bold in Table 7.5 for Baihe 

catchment. It can be further revealed that for option 2 with all the sub-series used in the 

development of WMLPNN, considerable improvement of WMLPNN models relative to 

their counterpart simple MLPNN models is found with all the five input vectors 

considered in the present study which is in contrast to option 1 where improvement in the 

results is found only with input vector M1 and M2. 

For option 3 which used all sub-series obtained by the WT except d1 and d2 which correlate 

weekly with the observed discharge for the development of WMLPNN models.  The best 

results are shown in bold in Table 7.4 and Table 7.5. The tables show that the WMLPNN 

models developed with the M2 with the wavelet functions db8 and dmey. An improvement 

of 70% and 47% is found in the NSE and RMSE values respectively for the WMLPNN 

models developed with the db8 and the dmey wavelet functions as shown (bold) in Table 

7.4 and Table 7.5. Similar to option 2, the relative performance of best WMLPNN models 

relative to their counterpart simple MLPNN models is better for all the five input vectors 

considered in the study. The percentage change in the NSE and the RMSE values of the 

developed WMLPNN models relative to their counterpart simple MLPNN models for the 

Brosna catchment is shown in the Table 7.6 and Table 7.7 for all the first three options 

considered based on correlation analysis in the study. The performance of the best 

WMLPNN models is shown in bold in Table 7.6 and Table 7.7. 

For option 1, where a new rainfall series is formed by subtracting the contribution of sub-

series d1 and d2 having very weak correlation with the observed discharge and 

subsequently used as input for the development of the WMLPNN models. It can be seen 

from Table 5 that the percentage improvement in the NSE values is only found with input 

vector M1, M2 and M3 only and is in the range of about 6 to 10% for the best WMLPNN 
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models. However, Table 7.7 reveals that the relative improvement in the percentage 

change in RMSE values for all the best models (shown in bold) is very marginal which is 

in the range of about 2 to 5%.  For options 2 and 3, it can be seen from Table 7.6 and Table 

7.7 that the best WMLPNN models are developed with the wavelet function db8 and 

dmey. The above analysis suggests that different wavelet functions behaved differently 

for each input vector. However, out of all ten wavelet functions tested, the db8 and the 

dmey wavelet performed best for all the input vectors and for the two selected catchments.  

To further elaborate on the effects of DWT on different input vectors, the performance of 

the WMLPNN models with the db8 and the dmey wavelet functions relative to their 

respective simple MLPNN models for each input vector is made and the testing results are 

displaced in Figure 7.3 to Figure 7.6 for Baihe catchment. Examination of the figures 

reveals that the performance of WMLPNN models developed under options 2 and 3 

performed better for all input vectors M1 to M5 with the two wavelet functions. However, 

WMLPNN models developed under option 2 produce poor performance with M4 input 

vector by having negative NSE and RMSE relative percentage values. The best results are 

obtained with option 2 with input vector M2. It can be further revealed from figures that 

the option 1 is having poorer results among the three options considered. Figure 7.7 to 

Figure 7.10 show the results for the Brosna catchment for the two best wavelet functions 

db8 and dmey.  

Examination of figures reveals that the performance of the WMLPNN models under 

option 1with both db8 and dmey wavelet functions are very poor compared with the 

WMLPNN models developed under option 2 and 3. The performance of the WMLPNN 

models developed for options 2 and 3 resembles with the best performance obtained with 

input vector M3. The above analysis confirms that options 2 and 3 gives best results for 

both catchments. 
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Figure 7.3. Effect of input vector on NSE (%) of DWTMLPNN models with db8 

 

Figure 7.4. Effect of input vector on RMSE (%) of DWTMLPNN models with db8 

 

Figure 7.5. Effect of input vector on NSE(%) of DWTMLPNN models with dmey  
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Figure 7.6. Effect of input vector on RMSE (%) of DWTMLPNN models with dmey 

 

Figure 7.7. Effect of input vector on NSE (%) of DWTMLPNN models with db8  

 

Figure 7.8. Effect of input vector on RMSE (%) of DWTMLPNN models with db8 
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Figure 7.9. Effect of input vector on NSE (%) of DWTMLPNN models with dmey 

 

Figure 7.10. Effect of input vector on RMSE (%) of DWTMLPNN models with dmey 
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identified wavelet functions db8 and dmey are only used for Option 4. RWA of the input 

wavelet sub-series was conducted using RWA-Web (Tonidandel and LeBreton, 2011) for 

both selected catchments in order to find the relative importance of all sub-series obtained 

by the WT. Confidence intervals for the individual relative weights (Johnson, 2004) and 

all corresponding significance tests were based on bootstrapping with 10,000 replications 

as recommended by Tonidandel et al. (2009) . Bias corrected and accelerated confidence 

intervals were used because of their superior coverage accuracy as suggested Tonidandel 

et al. (2009) and 95% confidence intervals (CI) were used in all cases. Typical results of 

RWA of Baihe catchment for lagged-2 day wavelet transformed rainfall data series are 

shown in Table 7.8. These results indicate that a weighted linear combination of our ten 

transformed sub-series explained 44% of the variance in the observed discharge. The raw 

weight provides estimates of variable importance. These weights represent an additive 

decomposition of the total model R2 and can be interpreted as the proportion of variance 

in observed discharge that is appropriately attributed to each sub-series obtained by the 

WT. By summing the raw weights of all the predictors, the total model R2 can be 

determined. These results show that a weighted linear combination of our ten transformed 

sub-series explained 44% of the variance in the observed discharge. The raw weight 

provides estimates of variable importance. These weights represent an additive 

decomposition of the total model R2 and can be interpreted as the proportion of variance 

in observed discharge that is appropriately attributed to each sub-series obtained by the 

WT. By summing the raw weights of all the predictors, the total model R2 can be 

determined. The Rescaled weights were obtained by dividing each raw relative weight by 

the model R2. These rescaled weights provide estimates of relative importance using the 

metric of percentage of predicted variance attributed to each variable. For example, the d4 
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sub-series explains about 10 % of the predicted variance in the observed discharge. The 

next column in the table provides confidence intervals (CIs) around the raw weights. 

Table 7.8: Relative weight analysis results.  

R2 = 0.442 CI around 

raw weight 

CI Test of  

significance 

Variable Raw 

weight 

Rescaled 

Weight 

Lower CI Upper CI Lower CI Upper CI 

d1 0.001 0.152 0.000 0.006 0.012 0.023 

d2 0.000 0.011 0.000 0.000 -0.004 0.006 

d3 0.042 9.564 0.015 0.082 -0.007 0.001 

d4 0.048 10.859 0.025 0.081 0.015 0.082 

d5 0.077 17.334 0.056 0.100 0.026 0.080 

d6 0.080 18.004 0.056 0.107 0.055 0.099 

d7 0.062 14.119 0.039 0.086 0.055 0.106 

d8 0.107 24.202 0.088 0.128 0.038 0.086 

d9 0.007 1.599 0.004 0.011 0.087 0.127 

a9 0.018 4.156 0.013 0.024 0.002 0.011 

These CIs are useful for describing the precision of the raw relative weights with larger 

values indicating less precision and small values indicating greater precision. The 

confidence interval tests of significance is given in the last two columns of the Table 7.8 

which provides information about the statistical significance of the raw relative weights 

obtained by calculating bias corrected and accelerated CIs as described by Tonidandel et 

al. (2009). Examination of the relative weights revealed that all ten predictor variables are 

found to be statistically significant as none of the 95% CIs for the tests of significance 

contained zero. Based on results of the RWA approach, any wavelet sub-series having 

least importance in explaining the variance of the observed discharge are identified.  The 
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new WMLPNN models with db8 and dmey wavelet functions are then developed by 

excluding wavelet sub-series having less relative importance (up to 5% rescaled weigh 

value). The percentage improvement in the NSE and the RMSE values relative to the 

simple MLPNN models are then calculated. The results of WMLPNN models developed 

using all wavelet sub-series (All) and with wavelet sub-series identified based on the RWA 

are presented in Figure 7.11 and Figure 7.12 for Baihe catchment and Figure 7.13 and 

Figure 7.14 present the results for Brosna catchment during testing. Figure 7.12 and Figure 

7.13 illustrate that the WMLPNN model developed using all wavelet sub-series obtained 

by the dmey wavelet function performs poorly in terms of percentage change in NSE and 

RMSE among all the models developed. Furthermore, the other three models developed 

perform similarly. The best results in terms of percentage change in NSE and the RMSE 

are obtained with WMLPNN models using RWA wavelet series obtained by the dmey 

wavelet function. Figure 7.13 and Figure 7.14 shows the performance in terms of 

percentage change in NSE and the RMSE for the Brosna catchment. It can be revealed 

from the figure that all the developed models including the ones developed using all 

wavelet sub-series and those employing wavelet sub-series identified on the basis of RWA 

produce similar performance. It can therefore be concluded on the basis of above analysis 

that the WMLPNN models developed using wavelet sub-series identified on the basis of 

RWA yielded results that are comparable with the models developed using all wavelet 

sub-series. RWA can be used for identification of wavelet-series that are having least 

significant and these can be neglected without loss of performance of the WMLPNN 

models.  

Finally, Table 7.9 presents model structures for WMLPNN models developed using all 

wavelet sub-series (All) and the ones developed using wavelet sub-series identified on the 

basis of an RWA approach.  
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Figure 7.11. Performance comparison of DWTMLPNN models for Baihe catchment 

 

Figure 7.12. Performance comparison of DWTMLPNN models for Baihe catchment 

 

Figure 7.13. Performance comparison of DWTMLPNN models for Brosna catchment 
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Figure 7.14. Performance comparison of DWTMLPNN models for Brosna catchment 
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Table 7.9: Structure** of wavelet coupled models for best wavelet functions 

Model Baihe Brosna 

db8 dmey db8 dmey 

All RWA All RWA All RWA All RWA 

M1 10, 3,1 5,7,1 10, 2,1 6,6,1 10, 2,1 5,2,1 10, 2,1 6,6,1 

M2 20,2,1 11,12,1 20,2,1 13,2,1 20,2,1 10, 10, 1 20,3,1 13,6,1 

M3 30,2,1 18, 15,1 30,2,1 20, 10,1 30,3,1 16, 8, 1 30,7,1 20,13,1 

M4 40,3,1 25,8,1 40,3,1 25,9,1 40,7,1 23, 13, 1 40,5,1 27,10 , 1 

M5 50,2,1 31,8,1 50,2,1 31, 7, 1 50,6,1 28, 9, 1 50,4,1 34, 9 ,1 

**
Number of Input, hidden and output neurons  
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Figure 7.15. Scatter plots flow of simple model for Baihe catchment 

 

Figure 7.16. Scatter plots of wavelet model (All) for Baihe catchment 

 

Figure 7.17. Scatter plots of simple model (RWA) for Baihe catchment 
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Figure 7.18. Scatter plots of simple model for Brosna catchment 

 

Figure 7.19. Scatter plots of wavelet model (All) for Brosna catchment 

 

Figure 7.20. Scatter plots of wavelet model (RWA) for Brosna catchment 
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FDC demonstrates the percentage of time a given flow was equalled or exceeded during 

a specified period of time. From the FDCs, the 10 percentile flow, the flow that is equalled 

or exceeded 10 per cent of the period of record, can be considered as high flow percentile. 

Likewise, 11 to 89 percentile flow is considered as medium flow percentile while 90 

percentile flows are considered as low flow percentile. The medium flow percentile can 

be divided in to high medium flow percentile and low medium flow percentile from 11 to 

49 percentile and 50 to 89 percentile flows respectively. It is obvious from flow duration 

curves that modelled hydrographs generated by the WMLPNN models using all wavelet 

sub-series and the ones developed with wavelet sub-series based on the RWA are equally 

good. For Baihe catchment, both simulated hydrographs efficiently captured the high, high 

medium, low medium and low flow trails of the observed hydrograph. The FDC generated 

by the simple ANN model underestimated the observed flow during medium flow range 

while overestimating the observed flow. It is further evident from Figure 7.22 that the 

performance of both simulated hydrographs is equal in capturing low, medium and high 

flow trails of the observed hydrograph. However, both the simulated hydrographs 

overestimated the flows only during the low medium flow trails of the observed 

hydrograph. The FDC generated by simple ANN model yield underestimated flows during 

the high and medium flow trails and overestimated flows during the low flow trails of the 

observed hydrographs. It can therefore be concluded that the hybrid wavelet ANN models 

outperformed their counterpart simple ANN models for the two selected catchments and 

modelled hydrographs have the ability to satisfactorily track the low, medium and low 

flow features of the observed hydrograph. 
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Figure 7.21. Comparison of Flow duration curves for Baihe catchment 

 

Figure 7.22. Comparison of Flow duration curves for Brosna catchment 
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7.6 Conclusion 

The following conclusions are hereby drawn from the study: 

 The study favoured the use of hybrid wavelet models as the performance of the 

wavelet based models is significantly better relative to their respective simple models 

for the two catchments located in different regions of the world.  

 Hybrid wavelet models are found to outperform their counterpart simple models with 

parsimonious input vector. The best results were found with input vector M2 

containing up to two day lagged rainfall data series and M3 containing up to three day 

lagged rainfall data series for the Baihe and Brosna catchments respectively. This may 

be due to different concentration time and the antecedent moisture conditions of the 

selected catchments.  

 Of the ten wavelet functions tested in this study, the db8 and dmey wavelet functions 

performed better in both selected catchments for all five input vectors considered. This 

may be due to good time-frequency localization property of the db8 and the dmey 

wavelet functions. The study advocated the use of level nine decomposition of the 

input data for the development of hybrid wavelet models. The level nine 

decomposition yielded the best results as it is able to capture the significant and 

leading annual seasonal cycle of the hydrological time series data.  

 The study also favoured the use of dominant wavelet sub-series only as input for the 

wavelet coupled models instead of using all sub-series of data obtained by the WT. 

This considerably reduces the computational complexity and the simulation time as 

well. The dominant wavelet sub-series identified on the basis of RWA are superior 

compared with those identified on the basis of correlation analysis. This may be due 

to the fact that cross correlation provides a linear relationship embedded in the data 
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which did not provide good results for the non-linear rainfall-runoff transformation 

process. 

Although, performance of the best developed models was consistent during both 

training/calibration and testing/validation periods for both selected catchments located in 

different hydro-climatic regions of the world, the results of the study should be validated 

on other catchments with bigger data sets. 
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Chapter 8  

Hybrid Wavelet Gene Expression 

Programming Approach 

This chapter includes partial reproductions from the technical paper: 

Shoaib, M., Shamseldin, A.Y., Melville, B.W., Khan, M.M. (2015). Runoff forecasting 

using hybrid Wavelet Gene Expression Programming (WGEP) approach. Journal of 

Hydrology, 527: 326-344. 

 

Abstract 

This study presented a novel approach, using the hybrid Wavelet Gene Expression 

Programming (WGEP) model to forecast the runoff using rainfall data. The rainfall-runoff 

data from four different catchments located in the different Hydro-Climatic regions of the 

world is used in the study. The WGEP model was developed by integrating the discrete 

wavelet transform (DWT) with the Gene Expression Programming (GEP) models so that 

individual strengths of each approach can be exploited in a synergistic manner. It was 

implemented by transforming the input rainfall data using the DWT in order to reveal the 

temporal and spectral information contained in the data and subsequently this transformed 

data is used as input for the GEP models. Ten different mother wavelet functions from 

different wavelet families were employed in the study in order to transform the data. The 

mother wavelet functions used in the study included the simple mother wavelet function 

Haar, the db2, db4, db8 wavelet functions of the most popular wavelet family Daubechies, 

sym2, sym4, sym8 wavelet functions with sharp peaks, coif2, coif4 wavelet functions and 
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the discrete approximation of meyer (dmey) wavelet. The study further investigated 

selection of the optimum input vector to be used in conjunction with the WGEP models 

by considering nine different input vectors. The first five input vectors contained only one 

rainfall data series ranging from lagged-1 day to lagged-5 day rainfall data series. The 

remaining four input vectors were selected using the most common approach with 

selection of the input vector comprising the sequential time series data. The performance 

of the hybrid WGEP models was compared with the simple GEP models developed 

without the wavelet transformation for the four selected catchments. The study found that 

the performance of the WGEP models is superior relative to the simple GEP model for all 

nine input vectors considered. However, the WGEP models outperformed their respective 

simple GEP models only for the first five input vectors. Furthermore, the WGEP models 

exhibited better results with the dmey wavelet function for all four catchments during both 

training and testing.  

8.1 Introduction 

In recent years, the data driven approach known as the genetic programming (GP) (Koza, 

1992a) based on evolutionary computing emerged as a powerful modelling tool for 

solving hydrological and water resource problems (e.g. Aytek and Alp, 2008;  Babovic 

and Abbott , 1997a, 1977b; Babovic, 2005; Babovic and Keijzer, 2005; Chang and Chen, 

2009; Drecourt, 1999; Khu et al., 2001; Savic et al., 1999; Shiri and Kisi, 2011). Gene 

Expression Programming (GEP) is a variant of GP and has been found to show better 

performance than other data driven approaches such as the artificial neural network 

(ANN) and the adaptive neuro-fuzzy inference system (ANFIS) (e.g. Aytek and Alp, 

2008; Azamathullah et al., 2011; Guven  and Aytek, 2009;  Kisi et al., 2012; Kisi et al. 

2013; Shiri et al., 2012).  Aytek and Alp (2008) compared the performance of rainfall-

runoff models using the ANN and the GEP modelling approaches. The study showed that 
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the GEP based rainfall-runoff models can be considered as an alternative to the ANN 

based models.  Guven and Aytek, (2009) and Azamathullah et al., (2011) used the GEP 

for modelling stage-discharge relationships. They found that the GEP model performance 

is better than those of the conventional stage rating curve and the multiple linear regression 

techniques (MLR). Kisi et al. (2012) forecast lake levels in Turkey by using the ANN, the 

ANFIS, the GEP and the autoregressive moving average (ARMA) models. The GEP 

model was found to perform better among all the data driven models considered in the 

study. Shiri et al. (2012) presented a GEP approach for estimating daily evapotranspiration 

in the Basque country (Northern Spain). The GEP based estimation was compared with 

those obtained from the ANFIS, the Priestley-Taylor and the Hargreaves-Samani models. 

The study concluded that the GEP model has the best performance followed by the AFNIS 

model.  Kisi et al. (2013) compared the ANN, the ANFIS, the GEP and the MLR models 

for simulating the rainfall-runoff transformation process. The study provided evidence 

that the GEP model is a feasible alternative to other artificial intelligence and MLR time-

series models.  

Recently, wavelet transform (WT) of non-stationary time series data has proved effective 

in dealing with the non-stationary data (Shensa, 1992). The potential of hybrid wavelet 

ANN models have been explored in many hydrological studies (e.g., Wang and Ding, 

2003; Cannas et al., 2006; Nourani et al., 2009a, 2009b; Tiwari and Chatterjee, 2010; 

Adamowski and Sun, 2010; Kisi, 2011; Singh, 2012, Shoaib et al., 2014a). Likewise, the 

wavelet based ANFIS models are also investigated in some of the previous studies (e.g. 

Partal and Kisi, 2007; Shiri and Kisi, 2010; Nourani et al., 2011; Shoaib et al., 2014b). 

However, only Kisi and Shiri (2011) compared the performance of hybrid wavelet-GEP 

and wavelet-neuro fuzzy models for precipitation forecasting. The results of the study 
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revealed that the hybrid wavelet-GEP models are more effective than the wavelet-neuro 

fuzzy models for daily precipitation forecasting.  

It can be noted from the literature reviewed and cited above that the potential of hybrid 

wavelet data driven models like wavelet-ANN, wavelet-ANIFS models has been explored 

extensively in many  of the previous hydrological studies. However, to our present 

knowledge, no study has yet been conducted to assess potential of the hybrid wavelet-

GEP models for simulating rainfall-runoff transformation process. This study was 

therefore conducted to explore this potential. Furthermore, the study also explored the 

typical critical issues related to the development of hybrid wavelet data driven models 

which involve the selection of suitable wavelet function and the suitable input vector.  

8.2 Methodology 

8.2.1 Data Used 

The data from four diverse catchments, Baihe, Brosna, Yanbian and Nan, located in 

different parts of the world and displaying different hydrological and climatic conditions 

was used in the current study.  

8.2.1.1 Baihe catchment 

The Baihe is a mountainous basin with semi-arid climate. Semi-arid climate is defined as 

having low average rainfall, associated with high temperatures.  It is located in a typical 

subtropical monsoon climate region with rainfall mainly during the summer and autumn 

seasons. This catchment provides extremely low flows during most parts of the year, but 

can experience peak flows which are ten times the dry flows during the flood season. 

Baihe basin receives an average rainfall of 2.59 mm/day and average high evaporation 
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rate of 2.89 mm/day resulting in lower average runoff of 1.04 mm/day during the 

calibration period. 

8.2.1.2 Brosna catchment 

The Brosna catchment located in Ireland has a very flat topography except for some 

undulations caused by glacial deposits. The climate in Brosna catchment is mild, and 

generally warm and temperate. There is a significant rainfall throughout the year. It 

receives an average rainfall of 2.20 mm/day with an average of 1.31 mm/day evaporation 

loss resulting in average runoff of 0.98 mm/day during the calibration/training period of 

the data.  A strong seasonal flow variation and a substantial base flow element is a 

significant characteristic of the catchment.   

8.2.1.3 Yanbian catchment 

The Yanbian catchment is also located in the monsoon climatic region of China. The 

rainfall occurs mainly during the summer when the rainfall is greater than the evaporation. 

The river flow rate is also high during this period. The peaks of the rainfall usually occur 

between June and September while discharge peaks mainly occur between July and 

September. The evaporation is almost uniform over the whole year except from November 

to the next May, when it is higher than the rainfall. The hydrograph of the flood rises and 

falls rapidly and the flood peaks are usually high. Most flooding happens during the wet 

season that lasts from June to October, and the flow rate gradually recedes to reach 

tremendously low levels from November to May until the rains starts in June. The 

summers are generally hot while winters are mild to cold in the humid climatic regions. 

8.2.1.4 Nan catchment 

Nan river basin is located in Thailand and topographically it is a plain area surrounded by 

the mountains. The overall climate of the area is tropical monsoon and categorized by 
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winter, summer and rainy seasons. The area is affected by the northeast and southwest 

monsoons. The rainy season, accomplished by the southwest monsoon generating in the 

Indian Ocean, persists from mid-May until the end of October. July and August are usually 

months of strong rainfall. During the winter season, the weather is cold and dry because 

of the northeast monsoons, commencing in November and ending in February. From 

February until mid-May the weather is slightly warm. More than eighty percent of the 

rainfall is concentrated in the wet season. Both Yanbian and Nan catchments are located 

in humid/monsoon climatic zones. Humid climate is associated with an excess of moisture 

from the precipitation.  

A brief detail of these catchments is presented in Table 8.1and Table 8.2. The data is 

divided into two parts. The first part was used for training/calibration and the second part 

was used for testing/validation purposes. About three quarter of the data was used for 

training purposes while the remaining one quarter was used for testing purpose in the 

present study. A cross correlation analysis was conducted between the observed rainfall 

and runoff for the four selected catchments. The results of the correlation analysis for 

Baihe and Brosna catchments are given in Figure 4.3 and Figure 7.1, respectively. The 

results of the correlation analysis for Yanbian and Nan catchments are presented in Figure 

8.1.  

8.2.2 Gene Expression Programming (GEP)  

Gene Expression Programming (GEP) is based on evolutionary algorithms similar to 

Genetic Algorithm (GA) and Genetic Programming (GP). It uses a population of 

individuals and better individuals are chosen from the population by using fitness function 

and genetic variations. The genetic variations are introduced by employing genetic 

operators.  GEP is considered to be a learning algorithm which attempts to learn the 

relationship between variables in sets of data. 
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Table 8.1: Summary description of test catchments of data used 

 Catchment Country Area Calibration 

Period 

Verification 

Period 

Data 

starting 

 

 

Climate 

 

 

Topography 
Km2 (years) (years) date 

Baihe China 61780 6 2 1/01/1972  

Semi-arid 

 

Mountainous 

Brosna Ireland 1207 8 2 1/01/1969  

Temperate 

 

Flat 

Nan Thailand 4609 6 3 1/04/1978  

Humid 

 

Flat 

Yanbian China 2350 6 2 1/01/1978  

Humid 

 

Flat to Mountainous 
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Table 8.2: Statistical summary of data of test catchments 

Catchment Data type Calibration Period Validation Period 

Maximum 

(mm/day) 

Average 

(mm/day) 

Coefficient  

of Variation 

Maximum 

(mm/day) 

Average 

(mm/day) 

Coefficient  

of Variation 

Baihe Rainfall 47.08 2.59 2.17 79.98 2.48 2.53 

Evaporation 12.80 2.89 0.80 8.10 2.53 0.71 

Discharge 28.25 1.04 1.89 22.66 0.78 2.23 

Brosna Rainfall 32.67 2.20 1.63 27.56 2.47 1.51 

Evaporation 9.80 1.31 1.04 6.90 1.32 1.04 

Discharge 6.94 0.98 0.83 6.62 1.22 0.86 

Nan Rainfall 128.01 3.89 2.39 113.83 4.05 2.33 

Evaporation 4.70 3.33 0.20 4.70 3.33 0.20 

Discharge 41.20 1.82 1.68 25.78 1.82 1.68 

Yanbian Rainfall 70.53 3.28 2.40 72.07 3.36 2.42 

Evaporation 17.70 5.79 0.58 15.60 6.08 0.55 

Discharge 29.56 2.55 1.36 22.43 2.65 1.32 
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Figure 8.1. Cross-correlation of the data 

GEP differs from its precursors GA and GP as it programmes individuals as linear strings 

of fixed length (chromosomes) which are afterwards represented by expression trees 

(simple diagram representation).However, GA and GP expresses individuals as linear 

strings of fixed length (chromosomes) and nonlinear entities of different sizes and shapes 

(parse trees), respectively. One of the strengths of GEP over GA and GP is that genetic 

operators work at the chromosome level which makes genetic diversity creation extremely 
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simplified. The other strong point of GEP is its unique, multi-genic nature which allows 

the evolution of more complex programs composed of several sub-programs. GEP 

combines the benefits of both GA and GP, while overcoming some of their individual 

limitations. These strengths of GEP allow it to surpass the old GP system by a factor of 

100-60,000 (Ferreria, 2001, 2002, 2006).  

8.2.2.1 GEP Architecture 

The chromosomes and the expression trees (ETs) are two important features in GEP.  ETs 

hold the genetic information programmed in the chromosomes. The translation is the 

process of information decoding and it includes a genetic code and a set of rules. The 

genetic code and the set of rules in GEP are very simple. The genetic code of GEP 

represents a one-to-one relationship between the symbols of the genes and the nodes in 

the ETs. The rules in GEP determine spatial organization of nodes in the ETs and the type 

of interaction between sub-ETs. The gene in GEP can be better read in terms of Open 

Reading Frame (ORF) - a coding sequence of the gene. A GEP gene always starts from 

the first position of a gene while the termination point of a GEP gene is not always the last 

position of the gene. Subsequently, the GEP gene has non-coding regions downstream of 

the termination point. For instance, the ET of an algebraic formula √(𝑎 − 𝑏) + (𝑐 + 𝑑) 

is shown in Figure 8.2, where Q is the square root function. This ET is considered as a 

phenotype in GEP while the genotype can be easily inferred from the phenotype in the 

form of k-expressions as in the following: 

Q+-+abcd          (8.1) 

The above equation is an ORF (reading of ET from left to right and from top to bottom) 

which starts at “Q” (position 0) and terminate at “d” (position 7). The GEP gene is 

comprised of a head and a tail. The functions and the terminals form the head while only 
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terminals are present in the tail of a GEP gene. The chromosomes of GEP are usually 

composed of more than one gene of equal length. 

 

 

 

 

 

 

 

Figure 8.2. Expression Tree (ET) 

Each gene codes for a sub-ET and various sub-ETs interact with each other through a 

linking function to form a more complex sub-ET. The major steps in mapping a non-linear 

rainfall-runoff relationship in the present study using GEP are shown in Figure 8.3 in the 

form of a flow chart. The flow chart of GEP starts with random generation of chromosome 

of initial population (genotype). The chromosomes are then translated into computer 

programs/models (phenotypes) and then their fitness is tested using the selected fitness 

function. On the basis of fitness test, the individuals are selected to re-produce with 

modification, leaving offspring with new traits. These new individuals are subject to the 

same developmental process of expression of genomes, fight of the selection environment, 

and reproduction with modification. The process is iterated until an acceptable solution of 

the problem is found. During reproduction, the chromosomes are modified by genetic 

operators. 
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Figure 8.3. Flow chart of a Gene Expression Programming (GEP) Algorithm 
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In GEP, several genetic operators are used including mutation, inversion, inversion 

sequence (IS) transposition, root insertion sequence (RIS), single or double crossover, 

gene crossover and gene transposition. The functionality of each genetic operator 

described above is explained in detail in Ferreira (2001, 2002, 2006). 

8.2.3 Wavelet Transform (WT) 

Mathematical transformations are applied to temporal data in order to extract additional 

information from the data that is not readily apparent in its raw form in the time domain. 

In most cases, important information is veiled in the frequency domain of the time series 

data. Discrete wavelet transformation type was used in the current study to transform the 

input rainfall data. Ten different mother wavelet functions from five different wavelet 

families were employed in the study in order to transform the data. These wavelet 

functions include Haar, the db2, db4, db8 wavelet functions of the most popular wavelet 

family Daubechies, sym2, sym4, sym8 wavelet functions with sharp peaks, coif2, coif4 

wavelet functions and the discrete approximation of meyer (dmey) wavelet. 

8.2.4 Hybrid Wavelet Gene Expression Programming Model Development 

At first, the temporal rainfall data was fully decomposed into sub-series of approximation 

and details using the DWT in order to obtain the temporal and spectral information of the 

time series rainfall data. The DWT of the input rainfall data was obtained using the ten 

selected mother wavelet functions. The hybrid WGEP models were developed using the 

transformed input rainfall data as input and the observed runoff as the output. The 

schematic diagram of the hybrid WGEP model is presented in Figure 8.4. The 

performance of the hybrid WGEP models was determined relative to the simple GEP 

models in order to observe the effect of the DWT.  

 



Chapter 8 

   208 

 

 

 

 

 

 

Figure 8.4. Schematic representation of Hybrid WGEP model 

In the present study, the simple GEP rainfall-runoff models were developed with the 
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fitness function could be a measure of the error (i.e. the objective function) indicating the 

difference between the function outcome and the actual expected value. The Mean 

Squared Error (MSE) was selected as the fitness function in the current study. The GEP 

gene is then created by selecting a set of Terminals T and functions F. In the present study, 

the set of terminals T is composed of time lagged rainfall and runoff data. The set of 

functions includes arithmetic operators, testing and Boolean functions.  The chromosomal 

architecture was selected and it comprises the head size, the number of genes and the 

linking function. Subsequently, the final step is the selection of the genetic operators. The 
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Squared Error (RMSE) and the Nash-Sutcliffe Efficiency (NSE) (Nash and Sutcliffe, 

1970) were used. More details of these performance parameters are given in section 3.3. 

Table 8.3: Summary of GEP parameters 

Number of chromosomes 30 

Head size 12 

Number of genes 5 

Linking functions Addition 

Mutation 0.44 

Inversion 0.1 

IS transposition 0.1 

RIS transposition 0.1 

One-point recombination 0.3 

Two-point recombination 0.3 

Gene transposition 0.1 

Gene recombination 0.1 

Gene transposition 0.1 

Constants per gene 2 

RNC mutation 0.01 

DC mutation 0.044 

DC inversion 0.1 

DC IS transposition 0.1 

Number of Iterations 10000 
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8.4 Results and Discussions 

Firstly, the simple GEP models were developed to simulate the rainfall-runoff 

transformation process of four selected catchments. The observed daily rainfall and the 

runoff were used as the input and the output respectively for the development of simple 

GEP models of all four selected catchments. For WGEP models, the input rainfall data 

was transformed using the DWT and the ten selected wavelet functions. The DWT 

transformed rainfall data was subsequently used as input in the development of hybrid 

WGEP models. GeneXpro Tools 4.0 (Gepsoft Inc., 2006), a powerful soft computing 

software, was utilized to develop the simple GEP and the wavelet based WGEP models 

in this study. 

8.4.1 Selection of Decomposition Level  

The choice of suitable decomposition level in the development of hybrid wavelet WGEP 

models is vital. Aussem et al. (1998), Nourani et al., (2009a, 2009b), Tiwari and Chatterjee 

(2010), Adamowski and Chan (2011) used the formula given in Eq (3.3) to select a suitable 

decomposition level without giving any scientific reasoning. However, Nourani et al. 

(2011) and Moosavi et al. (2013) criticize this equation by stating that it was derived only 

for fully autoregressive data by considering the length of data without giving attention to 

the seasonal signature of the hydrological process. With 730 testing data points in the 

present study, the L value is calculated as three by using Eq. (3.3) which contains one 

approximation at level three ‘a3’ and three details ‘d1’ and ‘d2’ and ‘d3’. The detail sub-

series d1 corresponds to time series of 2-day mode which represents the features of original 

data discernible at a scale of up to two days. The d2 sub-series correspond to 4-day mode 

which represents features detectable at a scale of 2-4 days. Likewise, d3 corresponds to 8-

day mode and can detect features on an approximately weekly basis in the original data. 



Chapter 8 

   211 

Hence, seasonal and periodic variations present in the raw data up to weekly scale can be 

captured by the model in case of application of Eq. (8.6). However, according to the 

hydrological base of the time series data, there might be other significant seasonal and 

periodic variations present in the data. Likewise, some other previous hydrological studies 

used different decomposition levels without giving any logical reasoning. Adamowski and 

Sun (2010) used level eight decomposition for developing wavelet coupled neural network 

models, Partal and Kişi (2007) employed decomposition at level ten for developing 

wavelet coupled neuro-fuzzy model and Kisi and Shiri (2011) used three level 

decomposition for developing wavelet based  genetic programming and neuro-fuzzy 

models.  

Since many seasonal and periodic features may be embedded in the hydrological data, a 

detailed consideration of the process and its periodicity might help with the selection of 

an appropriate decomposition level for the DWT. The maximum number of 

decomposition level depends on the length of data available. See and Abrahart (2001) 

reported that a DWT decomposition consist of Log2 (N) levels/stages at most where N is 

the total number of data points. Since there are only two year daily data available for 

testing/validation in the current study, the input rainfall data can therefore be decomposed 

into approximation and details by using the DWT from level one to level nine at most. As 

the selection of optimum decomposition level for the DWT is associated with the seasonal 

and periodic variations in the hydrological data of a particular catchment, the rainfall data 

was decomposed using ten selected wavelet functions for all the possible decomposition 

levels from one to nine. Level one decomposition yielded one approximation (a1) and one 

detail (d1), level two decomposition gives one approximation (a2) and two details (d1 and 

d2), level three decomposition results in one approximation (a3) and three details (d1, d2 

and d3) and so on.  A total of 360 decomposition levels were obtained for all four selected 
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catchments in this study.  The regression analysis between the observed discharge and the 

transformed rainfall data in terms of approximation and details was then carried out. 

Typical results of regression analysis for the Nan catchment and one of the selected dmey 

wavelet functions are presented in Figure 8.5. An overall increasing trend of R2 was found 

with the increase of decomposition level. Furthermore, the maximum R2 value was 

obtained at maximum possible decomposition level which is level nine in the present study 

for all the four catchments with ten selected wavelet functions as shown in Figure 8.5(a). 

Decomposition at level nine contains one large scale (lower frequency) sub-signal 

approximation (a9) and nine small scale (higher frequency) sub-signals details (d1, d2, d3, 

d4, d5, d6, d7, d8 and d9). The detail sub-series d4 corresponds to time series 16-day mode, 

d5 to 32-day mode (about monthly mode) , d6 to 64-day mode, d7 to 128-day mode (about 

four months ), d8 to 256-day mode (about eight and half months) and d9 to 512-day mode 

(about seventeen months). To further investigate, variation of R2 with the decomposition 

level was analysed in detail for all the ten selected wavelet functions and for all four 

catchments. The results of variation of regression R2 with one of the selected wavelet 

functions dmey are illustrated in Figure 8.5(b).  It is evident from Figure 8.5(b) that the 

data from four different catchments contained different seasonality and periodic 

variations. This may be due the fact that the four selected catchments are located in 

different climatic and geographic regions. There is a sharp increase in R2 value from level 

one up to level 4 for Baihe, Yanbian and Nan catchments and thereafter it remains almost 

constant. This may be due to the fact that these catchments contained dominant seasonal 

and periodic variations detectable on a scale of a 16- day mode. Furthermore, it is evident 

from Figure 8.5(b) that for Brosna catchment, the R2 value increases exponentially from 

level one up to level four then it remains almost constant from level four to level 7.  
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Figure 8.5. Decomposition level analysis (a) Nan catchment (b) demy wavelet 
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There is an exponential increase in R2 from decomposition level seven to decomposition 

level eight and thereafter it remains constant. This may be attributed to the fact that Brosna 

catchment contained several seasonal and periodic variations and these are detected at 

different decomposition levels. Baihe, Yanbian and Nan catchments yielded 

approximately maximum R2 value at decomposition level four and thereafter it almost 

remains constant, but the Brosna catchment yielded best results at level nine. Therefore, 

level nine decomposition was employed in the present study, giving best results for all the 

four selected catchments.  This is also in accordance with many previous studies such as 

Shoaib et al. (2014a, 2014b). Furthermore, decomposition at level nine contains d8 and d9 

sub-series which are responsible for detecting seasonal variations in the input rainfall data 

on almost annual basis. This annual periodicity is considered the extremely significant and 

leading seasonal cycle in the hydrological time series data. 

8.4.2 Selection of Input Vector 

The performance of rainfall-runoff data driven models is very much dependent on the 

selection of appropriate input vector. Two common approaches for input selection of data 

driven models are found in literature. The first approach is the selection of input vector 

comprising sequential time series data which starts from containing only the lagged-1 day 

time series data in the input vector and then modifying the external input vector by 

successively adding one more lagged time series into input vector and this continues up 

to a specific lag time (e.g. Furundzic, 1998; Tokar and Markus, 2000; Riad et al., 2004; 

Chua et al., 2008; Moosavi and Vafakhah, 2013). This specific lag time can be determined 

either by trial and error or may be selected from present time to the time where the 

lagged/antecedent rainfall is best most correlated with the observed discharge/runoff. The 

second approach is selection of input variables around most correlated lagged time series 

data in the input vector (Nayak et al., 2005a, 2005b, 2007).  Sudheer et al. (2002) presented 
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a method for the selection of the external input vector for ANN models on the basis of 

cross-correlation, auto-correlation and partial auto-correlation properties of the series. It 

was argued, however, that these properties of time series depend on the linear relationship 

between the variables and that additional variable effects to capture any non -linear 

residual dependencies is not addressed in the procedure (Nayak et al., 2004; Kumar et al., 

2005). Furthermore, Shoaib et al. (2014b) advocated the use of the first approach for the 

wavelet based coupled models. Therefore, the following nine input vectors were 

considered in the present study to predict runoff at the present time: 

M1 r(i-1) 

M2 r(i-2) 

M3 r(i-3) 

M4 r(i-4) 

M5 r(i-5) 

M6 r(i-1), r(i-2) 

M7 r(i-1), r(i-2), r(i-3) 

M8 r(i-1), r(i-2), r(i-3), r(i-4) 

M9 r(i-1), r(i-2), r(i-3), r(i-4), r(i-5) 

The first five input vectors M1 to M5 contain only one day lagged rainfall data series in 

the input vector to predict runoff at the present time. The input vector M1, M2, M3, M4 and 

M5 contains lagged-1 day rainfall, lagged-2 day rainfall, lagged-3 day rainfall, lagged-4 

day rainfall and lagged-5 day rainfall each to predict runoff at the present time. The next 

four input vectors M6 to M9 represents the first approach of input vector selection which 

is based on the selection of sequential time series input variables starting from lagged-1 
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day rainfall r(i-1) in M1 input vector. The input vector M6 is obtained by adding lagged-2 

day rainfall r(i-2) in M1. Likewise, M7 and M8 are obtained by adding lagged-3 day rainfall 

series r(i-3) in M6 and r(i-4) in M7 respectively. Finally, M9 is obtained by adding lag-5 

day r(i-5) rainfall series in M8 . 

8.4.3 Selection of Wavelet function  

The selection of appropriate wavelet function for decomposing the raw data into details 

and approximation is very crucial in the development of wavelet coupled models. In order 

to detect spectral and temporal information contained in the raw data, the proposed 

wavelet function must be localized in the frequency plane; this implies a high regularity 

for the mother wavelet function (fast decay in the Fourier domain). The regularity is 

strongly linked to the number of vanishing moments (i.e. the higher the number, the higher 

the regularity (Daubechies, 1992). As the data to be analysed have no specific orientation 

(left to right or vice versa), therefore only a zero phase (symmetric) wavelet function 

should be selected.  Considering these conditions, the ten wavelet functions were selected 

to decompose the input rainfall data. The raw and the wavelet transformed rainfall data 

was used as input for the development of simple GEP and WGEP models, respectively. 

The variation in NSE (%) and the RMSE (cumecs) values for the simple GEP and the 

WGEP models for Baihe catchment for all ten selected input vectors are given in Figure 

8.6 and Figure 8.7, respectively. Examination of the figures revealed that for input vector 

M1 containing only one day-lagged rainfall data series, all the WGEP models developed 

with ten selected wavelet functions performed better relative to the simple GEP model in 

terms of performance indices of (%) and the RMSE. 

Figure 8.6 demonstrates that for M1 input vector, the WGEP models only developed with 

the three wavelet functions db4, db8 and dmey performed well during both training and 

testing phases.  
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Figure 8.6. Variation in NSE (%) for Baihe catchment 

0

10

20

30

40

50

60
Training TestingM1

0

10

20

30

40

50

60
Training TestingM2

0

10

20

30

40

50

60

70

80
M3

Training Testing

0

10

20

30

40

50

60

70

80 Training TestingM4

0

10

20

30

40

50

60

70

80 Training TestingM5

0

10

20

30

40

50

60

70

80
Training TestingM6

0

10

20

30

40

50

60

70

80
Training TestingM7

0

10

20

30

40

50

60

70

80

90
Training TestingM8

0

10

20

30

40

50

60

70

80

90

Training TestingM9



Chapter 8 

   218 

 

  

  

  

  

Figure 8.7. Variation in RMSE for Baihe catchment 
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All other WGEP models developed with the seven other selected wavelet functions exhibit 

overfitting. Overfitting is when the model performance in the training period is markedly 

inferior to that of the testing period. This may be because of over-parameterization of the 

model as the model has too many degrees of freedom for the information carrying capacity 

of the observed data (Viney et al., 2009). The model learns to reproduce noise of data or 

the data pairs itself rather than the general trends in the data set as whole in case of over-

fitting. This results in yielding good performance during the training phase but poor 

performance during the testing phase. The NSE (%) value of the WGEP models which 

showed good performance during both training and testing is found to be in the range of 

30-40% compared to the NSE(%) value of about 5% for the simple GEP model. The 

RMSE value of WGEP models is approximately 1000 cumecs against the value of 1200 

cumecs for the simple GEP model for input vector M1 as shown in Figure 8.7. However, 

no significant over-fitting in the RMSE value is observed for the WGEP models. Similarly 

as shown in Figure 8.6 for input vector M2, the WGEP models develop with the wavelet 

functions db4, db8, sym8 and dmey yielded the NSE (%) value in the range of 40-50% 

against the 22% NSE value for simple GEP model. All other WGEP models exhibit over-

fitting, which means they produce good results during the training phase but are unable to 

produce good results during the testing phase. Figure 8.6 shows that for input vector M2, 

the WGEP model has RMSE value of about 950 cumecs against the 1100 cumecs RMSE 

value for the simple GEP model. For input vector M3 containing only lag-3 day rainfall, 

the WGEP models developed using db2, db4, sym2, sym4, coif4 and dmey functions  

yielded NSE (%) and the RMSE values of about 70%  and 750 cumecs respectively as 

shown in Figure 8.6 and Figure 8.7. The simple GEP models yielded NSE and RMSE 

values of about 45% and 900 cumecs respectively for input vector M3. For input vector 

M4, the WGEP models with the wavelet functions db4, db8 and sym4 produced NSE and 
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the RMSE values of about 60-70% and 600-800 cumecs without overfitting. The estimated 

NSE and the RMSE values for the simple GEP models are found to be about 25% and 

1000 cumecs as shown in the Figure 8.6 and Figure 8.7. The simple model generates NSE 

and RMSE values of about 20% and 1200 cumecs with input vector M5. The db2, db4, 

db8, sym4, coif2 and dmey based WGEP models shows no- over-fitting with NSE and the 

RMSE values of about 65% and 800 cumecs as shown in Figure 8.6 and Figure 8.7.  

For input vector M6 containing lag-1 and lag-2 rainfall data series both, the WGEP models 

yielded NSE and the RMSE values of about 50% and 900 cumecs respectively with the 

wavelet functions db4 and dmey only without over-fitting as shown in Figure 8.6 and 

Figure 8.7. The NSE and the RMSE values of about 70% and 750 cumecs are found with 

the WGEP models developed with db4 and dmey wavelet functions for input vector M7. 

The corresponding NSE and the RMSE values for the simple GEP models are found as 

50% and 900 cumecs, respectively. With input vector M8, the WGEP models developed 

with the wavelet functions db2, coif2 and dmey results in NSE and the RMSE values of 

about 70-80% and 600-800 cumecs respectively without over-fitting. However, the 

counterpart simple GEP model results in 60% and 700 cumecs for NSE and the RMSE 

values as shown in the figures. Finally, in input vector M9 containing lag-1, lag-2, lag-3, 

lag-4 and lag-5 day rainfall data series, the performance of the WGEP models developed 

with the db2, db4, sym4 and dmay functions is found to avoid over-fitting. Furthermore, 

the WGEP models without over-fitting and the simple GEP models show similar 

performances in terms of NSE (%) and the RMSE cumecs values as shown in Figure 8.6 

and Figure 8.7. 

It can be seen from the above analysis that for Baihe catchment, the WGEP models 

performed better relative to their counterpart simple GEP models for all input vectors 

considered in this study except input vector M9. The above analysis indicates that different 
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wavelet functions performed better with different input vectors considered in this study 

and only a few wavelet functions are found to avoid overfitting while most of the wavelet 

functions exhibit overfitting. This is logical as different wavelet functions are supposed to 

capture different features of the data and different input vectors also containing different 

rainfall series, encapsulating different features of the data. Table 8.4 presents the results 

of WGEP models which avoids over-fitting for all nine input vectors considered and with 

all the four catchments selected in this study. Examination of the table discloses that the 

db4 wavelet function produces results without over-fitting for all nine selected input 

vectors for the Baihe and the Yanbian catchments only. The WGEP models developed 

using db4 wavelet functions evade overfitting only for M2, M3, M4, M5 and M7  input 

vectors for Brosna catchment and for M4, M5 and M6 input vectors for the Nan catchment. 

Table 8.4 clearly reveals that the dmey is the only wavelet function which produces results 

without over-fitting for all four selected catchments with all input vectors considered in 

the study except for only M4 input vector for the Baihe catchment.  The better performance 

of the dmey wavelet may be due to the fact that it is a complex wavelet having good time-

frequency localization property which enables it to extract the temporal and spectral 

information contained in the data more precisely than the other selected wavelet functions. 

Daubechies (1992) also reported better frequency resolution of the data by the dmey 

wavelet function. Moreover, most of the hydrological data is characterized by having high 

frequencies exist only for short duration followed by low frequencies spreading over 

almost the entire length of the temporal data. The high frequencies in the hydrological 

data appear in the form of sharp peaks while low frequencies exist in the form of base and 

medium flows. Therefore the wavelets displaying large support length are capable of 

catching the low frequencies more accurately.  
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Table 8.4: WGEP models without over-fitting 

Model Haar db2 db4 db8 sym2 sym4 sym8 coif2 coif4 dmey 

Baihe           
M1   √ √     √ √ 

M2   √ √ √  √  √ √ 

M3  √ √ √   √  √ √ 

M4   √ √  √  √   

M5 √ √ √ √  √  √  √ 

M6   √     √ √ √ 

M7   √       √ 

M8  √ √   √  √  √ 

M9  √ √  √     √ 

Yanbian          

M1  √ √ √   √ √ √ √ 

M2   √ √ √ √ √ √ √ √ 

M3   √ √ √ √ √ √ √ √ 

M4   √ √ √   √ √ √ 

M5  √ √ √  √ √ √ √ √ 

M6   √ √ √  √ √ √ √ 

M7   √ √   √ √  √ 

M8   √ √ √  √ √ √ √ 

M9   √ √ √ √ √ √ √ √ 

Brsona          

M1 √    √ √ √ √  √ 

M2 √  √     √  √ 

M3 √ √ √   √  √ √ √ 

M4   √  √ √ √ √  √ 

M5 √  √  √ √ √ √ √ √ 

M6 √ √  √  √ √ √ √ √ 

M7 √ √ √ √  √ √ √ √ √ 

M8 √   √ √ √ √ √  √ 

M9 √ √  √ √ √ √ √ √ √ 

Nan           

M1 √         √ 

M2 √     √ √   √ 

M3 √   √  √ √ √ √ √ 

M4 √  √   √ √ √ √ √ 

M5 √  √ √  √ √ √ √ √ 

M6 √  √       √ 

M7 √     √    √ 

M8 √     √ √ √ √ √ 

M9 √         √ √   √ √ 
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The properties of symmetry, larger support length despite rapid decay and complex shape 

of dmey wavelet make it suitable to perform best with the wavelet coupled GEP models. 

8.4.4 Impact of WT on input vector 

To further investigate the effect of wavelet transformation, the results of the simple GEP 

and WGEP models developed with the dmey wavelet function in terms of NSE (%) and 

the RMSE are presented in Figure 8.8 and Figure 8.9, respectively. Examination of the 

figures reveals that the WGEP models performed better relative to their counterpart simple 

GEP models (having high NSE (%) and low RMSE values) for all four selected 

catchments and for all ten input vectors considered. For the Baihe catchment, the best 

results are obtained with M3 input vector out of the first five input vectors considered. The 

M3 vector yielded NSE values of about 46% and 68% for the simple GEP and the WGEP 

models respectively and the corresponding RMSE values are found to be 921 and 707 

cumecs. For the next four input vectors (M6 to M9) the best results are obtained with M8 

input vector having NSE values of about 62% for simple GEP model and 81% for WGEP 

model and the corresponding RMSE values are found to be 765 cumecs and 546 cumecs. 

It can be further revealed that the WGEP models outperformed the simple GEP models 

for the first five input vectors (M1 to M5) containing only one respective lagged-day 

rainfall data series compared with the next four input vectors (M6 to M9).  

For the Yanbian catchment, the simple GEP model performed best with the M2 input 

vector. The corresponding NSE and RMSE values are 40% and 73%, respectively. The 

WGEP model yields the best performance with the M4 input vector among the M1 to M5 

input vectors. It results in NSE and the RMSE values of about 57% and 60%, respectively. 

It is further evident that the performance of the simple GEP models is getting closer and 

closer to their counterpart WGEP models for the last four input vectors. 
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Figure 8.8. Comparison of NSE (%) for the four catchments 

  

  

Figure 8.9. Comparison of RMSE for the four catchments 
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For input vectors M1 to M5 in the case of Brosna catchment, the M3 input vector with the 

NSE value of about 15% and the RMSE value of about 14 is found to be best as shown in 

Figure 8.8 and Figure 8.9. The WGEP model performs best with input vector M5 resulting 

the NSE and the RMSE values of about 36% and 12 cumecs respectively. Furthermore, it 

is evident that the WGEP models outperformed with the input vectors M1 to M5. For the 

Nan catchment, the simple GEP and the WGEP models performed best with the M5 input 

vector among M1 to M5 input vectors. These models produces the NSE values of about 

11% for the simple GEP model and 42% for the WGEP model and their corresponding 

RMSE values are found to be 154 and 123 cumecs, respectively. Among the remaining 

four input vectors M6 to M9, only M9 vector performed best compared to its counterpart 

M5 input vector.  The above analysis can be summarized as confirming the WGEP models 

outperformed their counterpart simple GEP models for the first five input vectors 

containing only one rainfall time series data. However, although, the WGEP models also 

performed better than the simple GEP models for the next four input vectors, but their 

relative performance compared to simple GEP models is not significant.  

It is further revealed from the analysis of the Figure 8.8 and Figure 8.9 that the 

performance of the simple GEP models for the first five input vectors follows an 

increasing trend at the start and then start decreasing for all the four selected catchments. 

For example, the NSE values of Baihe, Brosna and Yanbian and Nan catchments increase 

up to M3, M3, M2 and M5 input vectors respectively and then begin decreasing except for 

the Nan catchments. This reveals that the simple GEP models performed better with the 

lagged-time rainfall data series having high linear correlation with the runoff in the input 

vector. For instance, it is apparent from Fig. 1 that lagged-3 day rainfall data series has 

maximum correlation with the observed runoff and that the simple GEP model also gives 

best results with M3 vector which also contains only lagged-3 day rainfall data series. The 
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performance of the simple GEP models for the last four input vectors considered (M6 to 

M9) is following an increasing trend with M9 as the best performing input vector for all 

four selected catchments. This is due to the fact that by adding more and more rainfall 

data series into the input vector, more and more temporal and spectral information 

contained in the data is being utilized by the simple GEP models resulting in better 

performance. As for as the WGEP models for the first five input vectors, it is evident from 

the figures that they follows the same trend of first increasing and then decreasing for the 

Baihe, Yanbian and Nan catchments only. The WGEP model performed best with M3 

input vector for Baihe, M4 input vector for Yanbian and Nan, and M5 input vector for 

Brosna catchment. For a large and semi-arid catchment like Baihe, the simple GEP and 

the WGEP models performed best with M3 input vector among the first five input vectors 

considered. This result is supported by the maximum cross correlation value of about 0.70 

between rainfall and the observed discharge for Baihe catchment as shown in Figure 4.3. 

But for the other catchments, the simple and WGEP models performed best with different 

input vectors. These three relatively small catchments, namely, Yanbian, Brosna and Nan 

are located in temperate to humid climates with flat topography. For the Yanbian 

catchment, the simple GEP and the WGEP performed best with M2 input vector containing 

lagged-2 day rainfall and M4 input vector containing lagged-4 day rainfall data series 

respectively. Figure 8.1(a) shows a maximum correlation value of about 0.6 at lagged-2 

day between rainfall and runoff.  Likewise, M3 and M5 input vectors performed best with 

simple and wavelet coupled GEP models, respectively for Brosna catchment. A maximum 

correlation value of about 0.4 between rainfall and runoff at lagged-3 day rainfall is found 

as shown in Figure 7.1. Similarly, the simple and wavelet coupled GEP models yield best 

results with input vector M5 and M4, respectively for Nan catchment. Like Yanbian and 

Brosna catchments, the simple GEP model performed best with input vector M5 containing 
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lagged-5 day rainfall and Figure 8.1(b) also shows that a maximum correlation value is 

obtained at lagged-6 day for the Nan catchment.  

The above analysis reveals that simple GEP models performed best with input vector 

containing lagged rainfall data series having highest correlation with the observed 

discharge for four selected catchments for the first five input vectors (M1 to M5) 

considered. However, this is not the case for the WGEP models for the four selected 

catchments for the first five input vectors except for Baihe catchment. The WGEP model 

yields best performance with input vector M4 for Yanbian catchment in contrast to M2 

input vector for the simple GEP model. Likewise, the WGEP model performed best with 

M5 input vector and simple GEP model gives best results with M3 input vector for the 

Brosna catchment. Finally, the Nan catchment yielded best performance with input vector 

M4 and M5 for the WGEP and simple GEP model respectively. Thus, it can be concluded 

that for the first five input vectors (M1 to M5) considered, the WGEP models performed 

best with the input vector containing rainfall data series, which does not have maximum 

correlation value instead it gives best result with rainfall data series beyond the one having 

highest correlation coefficient value for all the four selected catchments, except for the 

Baihe catchment. For instance, the WGEP model gives best result with input vector M4 

containing 4-day lagged rainfall data series while the maximum value of correlation 

coefficient is obtained with the lagged-2 day rainfall data series. The case is similar for 

Brosna and Nan catchments. This may be due to the fact that the WGEP models are using 

wavelet transformed data series instead of using raw rainfall data series. This would be 

because the input and the greater temporal and spectral information are contained in the 

lagged-time series rainfall data, which is not highly correlated with the observed rainfall 

data series in the input vector for the three small selected catchments located in temperate 

to humid climatic region in the study. However, this is not true for the Baihe catchment 
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located in a semi-arid region. This may be due to the fact that the Baihe catchment is quite 

large and therefore maximum temporal and spectral information is contained in the data 

which is also highly correlated with the observed runoff.  

The performance of the WGEP models for the next four input vectors (M6 to M9) 

considered almost follows an increasing trend in NSE (%) and decreasing trend in the 

RMSE values similar to simple GEP models with best performance obtained with M9 input 

vector as shown in Figure 8.8 and Figure 8.9 except for Baihe catchment. The M9 input 

vector contains wavelet transformed lagged-1, lagged-2, lagged-3, lagged-4 and lagged-5 

rainfall data series in the input vector. This may be attributed to the fact that by adding 

more and more temporal and spectral information in the input vector, the WGEP models 

are able to better describe the hydrological signature of the watershed. However, this is 

not true for a large semi-arid Baihe catchment where the WGEP models performed best 

with M4 input vector. The addition of further spectral and temporal information contained 

in the wavelet transformed rainfall data in the lagged-5 rainfall data series in the input 

vector M4 results in a decrease in the performance of the WGEP model. 

8.4.5 Discussion on Performance of the Best Models 

In order to evaluate performance of the best simple GEP and wavelet coupled GEP 

models, Figure 8.10(a-j) represents the correlation between the observed and predicted 

runoff values for the four catchments for the best simple GEP and the WGEP models 

among the first five input vectors (M1 to M5). The WGEP models show a noticeably better 

scatter about the observed values compared with the simple GEP models for all the four 

catchments.  
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Figure 8.10. Predicted versus observed flow: (a) Baihe (Simple with M3; (b) Baihe 

(WGEP with M3; (c) Yanbian (Simple with M2); (d) Yanbian (WGEP 

with M2); (e) Yanbian (WGEP with M3) ; (f) Brosna (Simple with M3); 

(g) Brosna (WGEP with M3); (h) Brosna (WGEP with M5) (i) Nan 

(Simple with M5); (j) Nan (WGEP with M5) 

Flow duration curves (FDCs) were further developed to test the ability of developed 

models to capture low, medium and high flows of the observed hydrograph. The FDC’s 

are prepared and presented in Figure 8.11(a-d) for the best developed simple GEP and 

WGEP models for the four selected catchments during the testing phase. The FDC 

illustrates the percentage of time a given flow was equalled or exceeded during a specified 

period of time. From the FDCs, the 10 percentile flow, the flow that is equalled or 

exceeded 10 per cent of the period of record, can be considered as the high flow percentile. 

Likewise, 11 to 89 percentile flow is considered as medium flow percentile while 90 

percentile flows are considered as low flow percentile. The medium flow percentile can 

be further divided into high medium flow percentile and low medium flow percentile from 

11 to 49 percentile and 50 to 89 percentile flows respectively. It is apparent from Fig. 14 

that the FDC’s of the simple GEP and the WGEP models tracked well with the FDC of 

the observed discharge for the high flows for all the Baihe and Yanbain catchments. For 

Brosna and Nan catchments, the FDC of the simple GEP model underestimate the 

observed flow for the high and medium high flows while significantly over-estimating the 

flows for lower medium and the lower flows.  
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Figure 8.11. Flow duration curves (a) Baihe, (b) Yanbian, (c) Brosna, (d) Nan 

However, for medium and low flows, the FDC generated by the WGEP model FDC curve 

catches the observed flow features more accurately compared to a simple GEP curve.  

Furthermore, the FDCs generated by the WGEP models are able to catch most features of 

the observed flows during the high, medium and low flow trail of the observed flows. It 

can be further revealed that the simple GEP model is unable to track the features of the 

observed flow during lower medium and lower flows, instead producing a straight line. It 

can therefore be concluded on the basis of the above analysis that the WGEP models 

outperformed their counterpart simple GEP models for all four selected catchments during 

high, low and medium flow trails of the observed hydrograph. 
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8.5 Summary and Conclusions 

The study was conducted to examine the influence of the DWT on the performance of the 

GEP rainfall-runoff models. Ten wavelet functions, namely, Haar, db2, db4, db8, sym2, 

sym4, sym8, coif2, coif4 and the dmey were used to decompose the input rainfall data.  

The performances of the developed hybrid WGEP models were compared with their 

respective simple GEP models without WT for nine different input vectors. The first five 

input vectors contained only one day lagged rainfall data series. The remaining four input 

vectors were obtained by adding different lagged-time rainfall data series in the input 

vector. The following conclusions can be drawn from the study on the basis of the analysis 

of results of the four selected catchments: 

 The study showed that performance of the wavelet coupled GEP models was better 

relative to their counterpart simple GEP models developed using raw rainfall data 

for all four selected catchments. Therefore, the study favoured the use of wavelet 

coupled GEP models using wavelet transformed rainfall data as input over the 

simple GEP models using raw rainfall data as input for modelling the rainfall-

runoff process.  

 The performance of the wavelet coupled GEP models was discovered to be 

sensitive to the selection of the appropriate wavelet function. Different wavelet 

functions behaved differently with different input vectors. However, it is 

recommended to use the dmey wavelet function for the development of wavelet 

coupled GEP models because of its good time-frequency localization and wider 

supporting length properties.  

 The results of the study revealed that the wavelet coupled GEP models performed 

better relative to their respective simple GEP models for all the nine different input 
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vectors considered in the study. However, the wavelet coupled GEP models did 

not yield significantly improved results with the common approach in which the 

input vector comprises of the sequential time series data than the approach in 

which the input vector contains only one lagged-time rainfall data series. It is 

therefore suggested to use parsimonious input vector for the wavelet GEP models 

for modelling the rainfall-runoff process. This pattern may be due to the fact that 

with parsimonious input vector, the WT provided the information regarding the 

hydrological signature of the watershed. Nevertheless, as the input vector becomes 

dense by adding more lag-day rainfall data series, the hydrological response of the 

watershed is equally manipulated both by the simple GEP models and the hybrid 

WGEP models.  

Level nine decomposition was selected in the present study to decompose the rainfall data 

based on the results of the regression analysis and previous reported results. As the 

decomposition level depends on the length of available data and it is also closely related 

with the seasonal and the periodic variations in the data, a further insight is recommended 

for the future studies.  . 
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Chapter 9  

Hybrid Wavelet Multi-Model 

Combination Approach  

This chapter includes partial reproductions from the technical paper: 

Shoaib, M., Shamseldin, A.Y., Melville, B.W., Khan, M.M. (2015). A wavelet based 

multi-model combination approach for simulating rainfall-runoff process. Hydrological 

Processes (under review). 

 

Abstract 

This study for the first time presented a novel wavelet based multi-model combination 

approach for simulating rainfall-runoff process. The wavelet transformation (WT) is being 

extensively used in hydrological modelling because of its capacity to concurrently reveal 

the temporal and spectral information concealed in the hydrological data in its raw form. 

The simulated output of five selected conventional rainfall-runoff models from seven 

different catchments located in different parts of the world was used in the current study. 

The multilayer perceptron neural network method was used to develop combined coupled 

wavelet models to evaluate the effect of WT. The performance of the developed coupled 

wavelet combination models was compared with their counterpart simple combination 

models developed without WT. It was concluded that presented coupled wavelet 

combination approach outperformed the existing approaches. The study also 

recommended that different models in a combination approach should be selected on the 

basis of their individual performance. 
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9.1 Introduction 

The rainfall-runoff modelling, being a stochastic process, in nature is dependent on 

various climatological variables and catchment characteristics and therefore numerous 

hydrological models have been developed to simulate this complex process. One approach 

to modelling this complex non-linear rainfall-runoff process is to combine the outputs of 

various models to get more accurate and reliable results. The idea of combining different 

models into an ensemble is not new and has been explored in many hydrological studies. 

(e.g., Abrahart and See, 2002; Ajami et al., 2006; Coulibaly et al., 2005; Hsu et al., 2009; 

See and Openshaw, 2000; Shamseldin and O’ Connor, 1999; Shamseldin et al., 2007; 

Viney et al., 2009; Xiong et al., 2001). The main concept behind combining the outputs 

from various models relies on the fact that different models catch different features of the 

data, and hence combinations of these features would yield better estimations than those 

yielded by any one of the single models used in combination. The methods employed in 

previous studies for combining forecasts of different models are either linear or non-linear 

combination methods. Linear combination methods used included simple average method 

(SAM) and weighted average method (WAM) while non-linear combination methods 

comprised Artificial Neural Network (ANN), Artificial Neuro-Fuzzy Inference System 

(ANFIS) and Gene Expression Programming (GEP) methods. Shamseldin et al. (1997) 

compared three methods including SAM, WAM and ANN to combine five rainfall runoff 

models on 11 catchments and demonstrated that the ANN and WAM combination 

methods outperformed the SAM method. Furthermore, Xiong et al. (2001) demonstrated 

that the use of the first-order Takagi-Sugeno fuzzy system approach for combining outputs 

of rainfall-runoff models is as good as the WAM and ANN approaches. The five rainfall-

runoff models used by Shamseldin et al. (1997) and Xiong et al. (2001) include the simple 

linear model (SLM) (Nash and Foley, 1982 and Kachroo and Liang, 1992), the linear 
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perturbation model (LPM) (Liang and Nash, 1988 and Liang and Guo, 1994), the linearly 

varying variable gain factor model (LVGFM) (Ahsan and O’Connor, 1994),  the 

constrained linear systems with a single threshold (CLS-Ts) (Todini and Wallis, 1977 and 

Kachroo and Natale, 1992) and the soil moisture accounting and routing (SMAR) model 

(Kachroo and Liang, 1992). See and Abrahart (2001) combined stream flow forecasts of 

four models, namely ANN, fuzzy logic, autoregressive moving average (ARMA) and 

persistence forecasts and tested ANN models as a data fusion tool. The study showed that 

the ANN fusion methods performed better than the SAM methods. Likewise, Fernando et 

al. (2011) successfully applied GEP non-linear method on four catchments to combine 

outputs of four conventional rainfall-runoff models, namely, the LPM model, the LVGFM 

model, the SMAR model and the probability distributed interacting storage capacity 

(PDISC) model. 

Despite success using the ANN combination method, it may not be able to cope with non-

stationary data. Cannas et al. (2006) reported that the ANN models may not be able to 

cope with non-stationary data if pre-processing of input and/or output data is not 

performed. The wavelet coupled data driven models are developed by applying WT on 

raw non-stationary input data. These coupled data driven models are being widely used as 

they lead to further enhancement of forecasting accuracy of the hydrological models in 

many studies (e.g. Adamowski and Prokoph, 2014; Liu et al, 2014; Mehr et al., 2014; 

Moosavi et al., 2014; Shoaib et al., 2014a; 2014b, 2015, Wang et al, 2014; Rathinasamy 

et al., 2013; Sang, 2013). A comprehensive review of the application of the WT in 

hydrology can be found in Nourani et al. (2014).  Likewise, the WT may further enhance 

the forecasting accuracy of the multi-model combination approach as this uses the 

forecasts of different individual models and these individual predictions are necessarily 

non-stationary in nature. The present study was therefore conducted to evaluate the impact 
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of WT on the performance of the multi-model rainfall-runoff combination approach. The 

wavelet analysis was integrated in this study with the multi-model rainfall-runoff 

combination method to develop the coupled wavelet multi-model combination approach. 

The present study used estimates of the five rainfall-runoff models, which were previously 

used by Shamseldin et al. (1997), to develop coupled wavelet multi-model rainfall-runoff 

combination models to test its combination forecasting efficiency. Four out of five (SLM, 

LPM, CLS-Ts and LVGFM) selected models are the black-box data driven models and 

the fifth model (SMAR) is the conceptual model. The SLM model assumes a linear time 

invariant relationship between the rainfall and the runoff, the LPM model exploits the 

seasonality of the data, the CLS-TS model uses different response functions to simulate 

nonlinear rainfall-runoff relationships and the LVGFM model employs a linear variation 

of the runoff coefficient with discharge.  

9.2 Methodology  

9.2.1 Data 

The data from seven different catchments around the world was used in the current study. 

These catchments are located in different parts of the world and represent different 

hydrological and climatic conditions.  

9.2.1.1 Baihe catchment 

Baihe catchment is a mountainous basin in China, is semi-arid in nature and lies in a 

typical subtropical monsoon climate region with rainfall mainly during the summer and 

autumn seasons. 
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9.2.1.2 Brosna catchment 

Brosna catchment located in Ireland has a very flat topography except for some 

undulations caused by glacial deposits. There is no noticeable evidence of substantial 

groundwater movement across the topographical boundary of the catchment. 

9.2.1.3 Kelantan 

Kelantan River basin is one of the major basins in Malaysia. It is located between latitudes 

40 40’ and 60 12’ North, and longitudes 1010 20’ East. The maximum length and width of 

the basin are 150 km and 140 km, respectively. The river is about 248 km long. About 

95% of the catchment is steep mountainous country rising to a height of 2135 m while the 

remainder is undulating land. The basin has an annual rainfall of about 2500 mm and most 

of it occurs between mid-October and mid-January. 

9.2.1.4 Nan 

Nan river basin is located in Thailand and topographically it is a plain area surrounded by 

the mountains. The overall climate of the area is tropical monsoon and is categorized by 

winter, summer and rainy seasons. The area is affected by the northeast and southwest 

monsoons. The rainy season, accomplished by the southwest monsoon generating in the 

Indian Ocean, persists from mid-May until the end of October. July and August are usually 

months of strong rainfall. During the winter season the weather is cold and dry because of 

the northeast monsoons, commencing in November and ending in February. From 

February until mid-May, the weather is slightly warm. More than eighty percent of the 

rainfall is concentrated in the wet season. 

9.2.1.5 Yanbian 

The Yanbian catchment is also located in monsoon climatic region of China. The rainfall 

occurs mainly during the summer when the rainfall is greater than the evaporation. The 
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river flow rate is also high during this period. The rainfall peaks usually occur between 

June and September while peaks of the discharge mainly occur between July and 

September. The evaporation is almost uniform over the whole year except from November 

to May when it is higher than the rainfall. The hydrograph of the flood rises and falls 

rapidly and the flood peaks are usually high. Most of the flooding happens during the wet 

season that lasts from June to October, and the flow rate gradually recedes to reach 

extremely low levels from November to May until the rains starts in June. The summers 

are generally hot while winters are mild to cold in the humid climatic regions.  

9.2.1.6 Bird Creek 

The Bird Creek river basin is located in Oklahoma, USA. The basin comprises gently 

rolling hills and there are no mountainous or large water surfaces to influence local 

climatic conditions. The elevation in the basin ranges from 200 to about 350 m with an 

aerial weighted average elevation of about 220 m. Spring and summer are the wettest 

seasons with rainfall occurring as showers and thundershowers of convective origin. 

Significant evapotranspiration losses occur in the basin during July and September 

because of the high air temperatures accompanied by low relative humidity and a good 

southerly breeze. 

9.2.1.7 Sg. Bermam 

Sg. Bernam catchment is located in a tropical forested climate region of Malaysia. It is 

influenced by monsoon and is considered to be a humid climate. The rainfall occurs 

mainly over two periods, one during the spring and early summer, the other being in late 

autumn and early winter. The rainfall is higher than the evaporation throughout the year, 

except for January. There is a strong serial correlation between the rainfall and runoff. The 

peak of the rainfall and discharge usually occur in April-May and October-November. An 

almost uniform evaporation rate of about 5.0 mm/hr is found throughout the year.  
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A brief detail of these catchments along with summary of statistical characteristics of the 

data is presented in Table 9.1. The data is divided into two parts. The first part is used for 

training/calibration and the second part is used for testing/validation purposes. About three 

quarters of the data is used for training purposes while the remaining one quarter is used 

for testing purposes in the present study. 

9.2.2 Wavelet Transformation 

DWT was used to transform the input simulated data in the present study. Details 

regarding Wavelet Transformation can be found in Chapter 2. 

9.2.3 Multilayer Perceptron Neural Network (MLPNN) 

There are different types of the Artificial Neural Networks, but the Multilayer Perceptron 

Neural Network (MLPNN) with back propagation is considered the most widely used 

ANN in hydrology (Principe, 2000). The MLPNN consists of a number of neurons 

(computational elements) arranged in a series of different layers. Further details on 

MLPNN can be found in section 3.2.2. 

9.2.4 Performance Measures 

In the present study, two statistical measures, namely, the Root Mean Squared Error 

(RMSE) and the Nash-Sutcliffe Efficiency (NSE) (Nash and Sutcliffe, 1970) were used. 

More details of these performance parameters are given in section 3.3. 

9.2.5 Development of Coupled Wavelet MLPNN (WMLPNN) Model 

The coupled wavelet multilayer perceptron neural network (WMLPNN) models are those 

which integrate the wavelet analysis with the multi rainfall-runoff models.  
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Table 9.1. Data used in the study 

Catchment `Country Area Average 

Rainfall 

Average 

Evaporation 

Average 

Discharge 

Calibration 

Period 

Verification 

Period 

Data 

starting 

    Km2 (mm/d) (mm/d) (mm/d) (years) (years) date 

Baihe China 61780 2.59 2.89 1.04 6 2 1/01/1972 

Brosna Ireland 1207 2.2 1.31 0.98 8 2 1/01/1969 

Kelantan Malaysia 12867 6.58 4.84 3.5 6 2 1/01/1975 

Nan Thailand 4609 3.89 3.33 1.82 6 3 1/04/1978 

Yanbian China 2350 3.28 5.79 2.55 6 2 1/01/1978 

Bird Creek USA 2344 2.66 3.58 0.61 6 2 1/10/1955 

Sg. Bermam Malaysia 1090 7.08 5.06 2.86 5 2 1/01/1977 
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In the present study, the DWT was used to decompose the simulated outputs of the five 

selected rainfall-runoff models into approximations (low frequency, large scale) and 

details (High frequency, small scale). Two crucial issues related to the development of 

Coupled WMLPNN models: the selection of an appropriate (1) wavelet function and 

selection of (2) the decomposition level. There are numbers of wavelet functions available, 

each of which is characterized by its distinctive properties including region of support and 

the corresponding number of vanishing moments. The wavelet support region is 

associated with the span length of the given wavelet function which affects its feature 

localization abilities. However, the vanishing moment describes the wavelet function 

ability to represent polynomial behaviour or information contained in the data. Daubechies 

wavelets are one of the widely used wavelet families which are written as dbN where db 

refers to the wavelet family and the N is the number of vanishing moments.  

The present study employed the db8 wavelet function and decomposition at level nine as 

suggested by Shoaib, et al. (2014a, 2014b) in order to decompose input data. The db8 

wavelet function belongs to the most popular wavelet family, Daubechies, and it contains 

good time-frequency localization property. The db8 wavelet contains eight vanishing 

moments and a wider support length of 15. The decomposition of a signal at level nine 

contains one approximation at level nine (a9) and nine details d1, d2, d3, d4, d5, d6, d7, 

d8 and d9. A level nine decomposition of simulated output from the LPM model/signal of 

Baihe catchment is shown in Figure 9.1. For development of coupled three layered 

WMLPNN models, the simulated discharges from the SLM, LPM, CLS-TS, LVGFM and 

SMAR models were decomposed using the db8 wavelet function at level nine. The level 

nine decomposition of the simulated discharges from the SLM, LPM,CLS-TS, LVGFM 

and SMAR models  results in one approximation at level nine and nine details respectively 

for each simulated discharge output. 
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Figure 9.1. Level nine decomposition of a signal 
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This yielded a total of five approximations and forty five details from all five simulated 

outputs from the SLM, LPM, CLS-TS, LVGFM and SMAR models. Figure 9.2 presents 

a schematic diagram of combined coupled WMLPNN model with input being 

decomposed simulated output of five models and output being the observed discharge. 

Figure 9.2 presents  schematic diagram of combined coupled WMLPNN model with input 

being decomposed simulated output of five models and output being the observed 

discharge. The performance of the coupled WMLPNN combination models are then 

compared with their respective simple models developed without WT. The simple 

multilayer perceptron neural network (SMLPNN) combination models are developed with 

input being simulated output of five selected rainfall-runoff models without any 

transformation and the target output being observed runoff. 

 

 

 

 

 

 

 

 

 

 

Figure 9.2. Schematic representation of combined coupled WMLPNN model 

The optimum number of neurons in a single hidden layer was determined using trial and 
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SMLPNN and the WMLPNN combination models were calibrated/trained in a process 

called supervised learning. In supervised learning, the input and output are recurrently fed 

into the ANN. With each exhibition of input data, the model output is matched with the 

given target output and an error is measured. This error is back propagated through the 

network to alter the weights with the objective of minimizing the error and attaining 

simulations increasingly close to the target output. The Levenberg-Marquardt algorithm 

(LMA) was employed in the current study to calibrate the network because of its 

simplicity. It is an iterative algorithm that finds the minimum function value which is 

articulated as the sum of squares of nonlinear functions. The stopping criteria for the 

training of the developed models in the present study was either a maximum of 1000 

epochs, or training is set to terminate when the mean squared error (MSE) of the cross 

validation testing data set begins to increase. This is an indication that the network has 

begun to over-train. Overtraining is when the network simply memorizes the training set 

and is unable to generalize the problem. The calibration/training of the network was 

considered to be accomplished when the network performance determined by the 

validation/testing was reasonable. The final network weights are saved for later use on the 

testing data. The calibrated/trained network is then tested by presenting different set of 

testing data it has not been trained with. The network was re-trained if it failed to perform 

satisfactorily during testing stage. Testing of the network guarantees that it has learned the 

universal patterns of the system and has not simply memorized a given set of data. 

9.3 Results and Discussion 

The study was conducted to evaluate the effect of the WT on performance of the multi 

rainfall-runoff model combination approach. The estimates of the same five rainfall-runoff 

models, which were previously used by Shamseldin et al. (1997), are used in this study. 

Out of these five models, four models, namely, the SLM, the LPM, the CLS-Ts and 



Chapter 9 

   246 

LVGFM are the black-box models while the SMAR model is the conceptual hydrological 

model. At first, three layered simple multilayer perceptron neural networks (SMLPNN) 

are developed using observed daily discharge and the simulated daily discharges of the 

five models as input and target output respectively. Similarly, coupled wavelet multilayer 

perceptron neural network (WMLPNN) combination models are developed using wavelet 

transformed forecasts of five selected rainfall-runoff models. The DWT using db8 wavelet 

function is used to obtain wavelet transformed forecasts of five selected rainfall-runoff 

models. The results of the developed SMLPNN and the WMLPNN combination models 

as well as corresponding results of SLM, LPM,CLS-TS, LVGFM and SMAR models 

presented by Shamseldin et al. (1997) are shown in Table 9.1 for the seven selected 

catchments. The number in parenthesis shows the rank of the models. Examination of the 

table shows that the value of NSE (%) for the WMLPNN combination model ranked as 

first for all the seven selected catchments during the calibration/training period. During 

the validation/testing period, the WMLPNN again outperformed the SMLPNN 

combination model and also the other five models except for the Yanbian catchment where 

it is ranked at second position. Furthermore, the RMSE results of the two combination 

methods are presented in Table 9.3. It can be clearly seen that RMSE values of the 

WMLPNN combination models are lower than the SMLPNN combination models during 

both the training and testing, which is an indication of the improvement in RMSE values. 

In fact, the WMLPNN combination model has the aptitude to hold the best simulation 

results from the several different models for calibration and verification periods.  

To determine statistically significant improvement of the WMLPNN combination method 

over the SMPLNN method, the Kruskal-Wallis test (Kruskal and Wallis, 1952) which is 

the non-parametric counterpart of One-Way ANOVA was applied in this study. When the 

data are not normally distributed, One Way ANOVA test may lead to inaccurate 
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estimation of P-value. The Kruskal-Wallis test does not make any assumption about 

normality of samples. Therefore, this approach was applied to determine the statistically 

significant improvement produced by the WMLPNN combination method. To perform 

the test, the residual of each model was calculated and then all the data were sorted from 

smallest to largest and were ranked while the smallest is ranked first and the largest is 

ranked nth. Average rank of observation was computed and then the total statistic was 

calculated to compare the possible differences amongst the average ranks. Finally, a p-

value was calculated to test the null (all groups median are equal) and alternative 

hypothesis (all group medians are not equal). Table 9.4 shows Kruskal-Wallis test that 

tests the null hypothesis that the medians within each of the seven models are the same.  

Since the p-value is less than 0.05 for all the seven selected catchments, there is a 

statistically significant difference amongst the medians at the 95.0% confidence level.  

11.3.1 Effect of the components models on the combination efficiency 

It has been demonstrated in this paper that the combination forecasts of the WMLPNN 

models are superior to those of corresponding forecasts of the SMLPNN combination 

model and also superior to those of each individual models both during training and testing 

periods. The effect of different models used in the combination method is further analysed 

in this study to get best results. 

The following four combinations were selected based on the NSE (%) values of individual 

models reported in Table 9.2. 

MC1   SLM+LPM 

MC2  SLM+LPM+CLS 

MC3  LPM+CLS+LVGMFM+SMAR 

MC4  SLM+LPM+CLS+LVGFM 
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Table 9.2: The NSE (%) results of five models and two combination methods 

Model Baihe Brosna Kelantan Nan Yanbian Bird Creek Sg. Bermam 

Training/Calibration        

SLM 70.40 (7) 40.12 (7) 62.81 (7) 65.87 (7) 73.66 (7) 59.52 (7) 62.27(7) 

LPM 74.26 (6) 70.28 (4) 76.71 (6) 75.81 (5) 83.00 (4) 63.56 (6) 74.87 (3) 

CLS 83.27 (5) 46.95 (5) 79.49 (4) 74.33 (6) 81.59 (5) 65.35 (5) 72.48 (4) 

LVGFM 87.16 (2) 41.37 (6) 78.91 (5) 76.53 (4) 78.05 (6) 86.10 (4) 72.15 (5) 

SMAR 83.29 (4) 85.83 (3) 89.24 (3) 84.02 (3) 85.87 (3) 88.69 (3) 71.01 (6) 

SMLPNN 86.46 (3) 92.19 (2) 92.21 (2) 87.17 (2) 89.22 (2) 89.86 (2) 79.28 (2) 

WMLPNN 93.51 (1) 94.1 (1) 97.27 (1) 90.96 (1) 93.11 (1) 94.76 (1) 85.48 (1) 

Testing/Validation        
SLM 70.52 (5) 45.68 (7) 37.49 (6) 60.48 (7) 75.74 (7) -53.21 (7) 47.08 (4) 

LPM 73.17 (3) 77.53 (4) 37.89 (5) 75.73 (5) 79.21 (5) -38.99 (5) 47.92 (3) 

CLS 65.5 (6) 60.25 (5) 37.49 (6) 79.12 (4) 81.10 (4) -43.72 (6) 31.65 (5) 

LVGFM 61.45 (7) 48.06 (6) 43.84 (4) 69.56 (6) 76.38 (6) 24.90 (4) 20.60 (6) 

SMAR 72.79 (4) 85.39 (3) 50.55 (1) 83.70 (2) 83.93 (3) 73.31 (2) -18.30 (7) 

SMLPNN 85.41 (2) 90.87 (2) 48.24 (3) 81.24 (3) 87.09 (1)  70.72 (3) 54.54 (2) 

WMLPNN 89.5 (1) 92.13 (1) 49.25 (2) 87.36 (1) 84.59 (2) 70.78 (1) 64.20 (1) 
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Table 9.3: The RMSE results of two combination methods 

Model Baihe Brosna Kelantan Nan Yanbian Bird 

Creek 

Sg. 

Bermam 

Training/Calibration        

SMLPNN 0.73 0.21 1.15 1.11 1.15 0.90 1.08 

WMLPNN 0.51 0.18 0.60 0.93 0.79 0.65 0.90 

Testing/Validation        

SMLPNN 0.67 0.33 2.10 1.49 1.26 0.55 1.34 

WMLPNN 0.57 0.30 2.08 1.09 1.34 0.55 1.19 
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Table 9.4: Kruskal-Wallis Test Results 

Model Average Rank 

Baihe Brosna Kelantan Nan Yanbian Bird Creek Sg. Bermam 

SLM 2369.28 1576.38 1268.04 2358.43 2156.64 3227.94 2738.37 

LPM 3228.99 3699.5 3096.27 2447.29 2877.42 1766.81 2658.05 

CLS 3084.57 3893.6 2770.34 2447.29 1969.21 2536.32 2712.72 

VGM 1503.13 3715.11 2848.91 2183.68 2047.01 2457.34 2565.77 

SMAR 2228.19 1892.86 2675.84 2611.7 2430.10 2489.60 2905.46 

SMLPNN 3248.64 1706.09 2903.63 3097.65 3093.84 3154.80 2291.81 

WMLPNN 2225.7 1404.96 2325.46 2742.45 3314.29 2255.70 2016.32 

Test Statistics  862.68 2645.37 761.66 178.62 585.73 515.72 184.98 

P-Value 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
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It is apparent from Table 9.2 that the SLM model yielded lowest performance as it is 

ranked at seven positions for all seven selected catchments when comparing the 

performance of five individual models. The LPM model is at rank six for the three 

catchments, namely, Baihe, Kelantan and Bird Creek and is at rank five position for the 

Nan, at rank four for the Brosna and Yanbian catchments and is at rank three position for 

the Sg. Bermam catchment. The first combination MC1 is thus formed by combining the 

two least performing models, namely, the SLM and the LPM models. The MC2 

combination is formed by adding another least performing model, the CLS model in MC1. 

The remaining two combinations are formed by excluding least performing model SLM 

in the MC3 combination and excluding the highest performing SMAR model in MC4 

combination.  

To evaluate the effect of different models having different performance in terms of NSE 

(%) value, firstly, the effect of WT on the performance of individual models was 

determined. For this purpose, the individual coupled WT models were developed for each 

of all five selected rainfall-runoff models (i.e. WSLM, WLPM, WCLS, WVGM, 

WSMAR) with input being the decomposed simulated output of that particular single 

rainfall-runoff model and target output as the observed discharge/runoff as shown in 

Figure 9.3.  Secondly, like the above four combinations MC1, MC2, MC3 and MC4, the 

four coupled wavelet combination models, namely, WMC1, WMC2, WMC3 and WMC4 

were developed by using the output of individual coupled wavelet models. The 

performance of the eight combinations in terms of NSE (%) and the RMSE values along 

with their respective ranks in the parenthesis is presented in Table 9.5 and Table 9.6 

respectively. Examination of Table 9.5 and Table 9.6 reveals that the performance of all 

the wavelet coupled combinations for all seven selected catchments is superior compared 

to their counterpart simple combination models during both training and testing periods. 
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Figure 9.3: Schematic representation of individual coupled WMLPNN model 

On the basis of the mean rank calculated of all seven catchments, the MC3 and WMC3 

combination models performed better relative to other respective combinations tested in 

this study. The MC3 and the WMC3 combinations contains four best performing models 

in terms of NSE(%) and the RMSE values and the least performing model SLM is not 

included in the combination. It was therefore recommended that different model 

combinations should be made on the basis of the performance of the individual models. A 

comparison between the observed and the best simulated hydrographs is presented in the 

Figure 9.4 for all the seven selected catchments. The figure shows that for all the selected 

catchments, the hydrographs obtained from the simple combination model MC3 and the 

wavelet coupled combination model WMC3 successfully tracked different segments of the 

observed hydrograph. All the combination models are capable of tracking the lower, 

medium and even higher flows segments of the observed hydrograph effectively. It can 

be inferred from above analysis that the coupled wavelet combination models improve 

performance of the models considerably compared to their counterpart simple 

combination models. Furthermore, the best combination of the selected models is obtained 

based on their individual performances.  
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9.4 Conclusions 

The study was conducted to evaluate the effect of the wavelet transformation on 

performance of the conventional rainfall-runoff model combination approach. The 

simulated output of five selected conventional rainfall-runoff models, namely, the SLM, 

the LPM, the CLS-TS, the LVGFM and the SMAR models from seven different 

catchments across the globe was used in the present study. It is concluded that the wavelet 

transformation significantly enhanced the performance of the multi-model combination 

approach and outperformed the existing combination approaches of SAM, WAM and 

ANN. It is further concluded that the multi-model combination approach yields better 

results if the models in the combination are selected based on their individual 

performance. 
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Table 9.5: NSE (%) values of eight combination models 

Model Baihe Brosna Kelantan Nan Yanbian Bird Creek Sg. Bermam Mean 

Rank 

Training/Calibration       
MC1 87.07 (1) 76.89 (4) 90.56 (3) 85.00 (3) 83.15 (3) 86.72 (2) 78.21 (1) 2.0 

MC2 84.10 (4) 83.22 (3) 90.90 (2) 85.59 (1) 79.46 (4) 86.59 (3) 76.59 (2) 2.7 

MC3 85.77 (2) 91.34 (1) 92.51 (1) 85.01 (2) 90.46  (1) 88.49 (1) 73.88 (3) 1.6 

MC4 85.69 (3) 87.11 (2) 89.58 (4) 83.77 (4) 87.80 (2) 76.38 (4) 72.75 (4) 3.7 

WMC1 88.29 (3) 84.32 (4) 91.66 (4) 86.87 (3) 87.58 (3) 94.49 (2) 78.79 (2) 3.0 

WMC2 86.44 (4) 89.26 (2) 93.25 (2) 85.94 (4) 88.18 (2) 93.98 (3) 79.33 (1) 2.6 

WMC3 91.62 (1) 94.51 (1) 96.68 (1) 90.77 (1) 94.77 (1) 95.75 (1) 74.28 (3) 1.3 

WMC4 91.47 (2) 86.70 (3) 93.12 (3) 90.54 (2) 83.60 (4) 84.47 (4) 67.57 (4) 3.1 

Testing/Validation        

MC1 84.07 (3) 77.68 (4) 44.08 (4) 79.60 (4) 78.56 (3) 54.67 (3) 59.64 (4) 3.6 

MC2 85.12 (1) 84.81 (3) 45.34 (3) 80.39 (3) 77.37 (4) 56.20 (2) 62.53 (3) 2.7 

MC3 84.46 (2) 92.48 (1) 52.14 (1) 83.67 (1) 89.03 (1) 75.37 (1) 69.26 (1) 1.1 

MC4 83.53 (4) 91.84 (2) 51.14 (2) 83.57 (2) 86.37 (3) 50.68 (4) 67.91 (2) 2.7 

WMC1 87.34 (3) 80.02 (4) 49.56 (2) 86.12 (3) 82.11 (3) 62.11 (2) 69.12 (2) 2.7 

WMC2 87.32 (4) 89.11 (2) 50.20 (1) 81.64 (4) 82.50 (2) 56.89 (3) 74.40 (1) 2.4 

WMC3 90.05 (2) 93.29 (1) 42.71 (4) 86.42 (2) 87.40 (1) 64.38 (1) 67.27 (3) 2.0 

WMC4 90.41 (1) 81.88 (3) 44.61 (3) 86.74 (1) 81.52 (4) 53.69 (4) 62.63 (4) 2.9 

Table 9.6: RMSE values of eight combination models 
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Model Baihe Brosna Kelantan Nan Yanbian Bird 

 Creek 

Sg.  

Bermam 

Mean 

Rank 

Training/Calibration       

MC1 0.71 (1) 0.36 (4) 1.11 (3) 1.20 (3) 1.44 (3) 1.03 (2) 1.10 (1) 2.4 

MC2 0.79 (4) 0.31 (2) 1.09 (2) 1.18 (1) 1.59 (4) 1.04 (3) 1.14 (2) 2.6 

MC3 0.75 (2) 0.22 (1) 0.99 (1) 1.20 (2) 1.08 (1) 0.96 (1) 1.21 (3) 1.6 

MC4 0.75 (3) 0.27 (2) 1.17 (4) 1.25 (4) 1.23 (2) 1.38 (4) 1.23 (4) 3.3 

WMC1 0.68 (3) 0.30 (4) 1.05 (4) 1.12 (3) 1.24 (4) 0.67 (3) 1.09 (2) 3.3 

WMC2 0.73 (4) 0.25 (2) 0.94 (2) 1.16 (4) 1.21 (3) 0.70 (2) 1.08 (1) 2.6 

WMC3 0.57 (1) 0.18 (1) 0.66 (1) 0.94 (1) 0.80 (1) 0.59 (1) 1.20 (3) 1.3 

WMC4 0.58 (2) 0.28 (3) 0.95 (3) 0.95 (2) 1.04 (2) 1.12 (4) 1.22 (4) 2.9 

Testing/Validation        

 0.70 (4) 0.51 (4) 2.19 (4) 1.38 (4) 1.62 (3) 0.68 (3) 1.26 (4) 3.7 

MC2 0.68 (2) 0.42 (3) 2.16 (3) 1.36 (3) 1.66 (4) 0.67 (2) 1.22 (3) 2.9 

MC3 0.69 (3) 0.30 (1) 2.02 (1) 1.36 (2) 1.16 (1) 0.50 (1) 1.10 (1) 1.4 

MC4 0.64 (1) 0.31 (2) 2.04 (2) 1.24 (1) 1.29 (2) 0.71 (4) 1.13 (2) 2.0 

WMC1 0.63 (3) 0.48 (4) 2.08 (2) 1.14 (2) 1.48 (3) 0.62 (2) 1.11 (2) 2.6 

WMC2 0.63 (4) 0.36 (2) 2.06 (1) 1.31 (4) 1.46 (2) 0.66 (3) 1.01 (1) 2.4 

WMC3 0.56 (2) 0.28 (1) 2.21 (4) 1.27 (3) 1.24 (1) 0.60 (1) 1.14 (3) 2.1 

WMC4 0.55 (1) 0.46 (3) 2.18 (3) 1.12 (1) 1.50 (4) 0.69 (4) 1.22 (4) 2.9 
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Figure 9.4. Comparison of hydrographs for the best combination models 
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Chapter 10  

Summary and Conclusions 

10.1 Summary 

A range of research topics related to the development and successful implementation of 

hybrid wavelet data driven models for the purpose of accurate estimation of runoff 

generated from a catchment as a result of a rainfall event have been explored at length in 

the present thesis. Chapters One and Two of the present thesis provides background 

material and theoretical description of wavelet transformation. Each of the remaining 

chapters (3 to 9) in this thesis deals with a single or a group of related topics. Finally, an 

attempt is made to recapitulate the main findings of the present thesis in Chapter Ten. 

Chapter Three explored the issues concerning the selection of continuous wavelet 

transformation (CWT) or discrete wavelet transformation (DWT) types, selection of 

appropriate wavelet function, and selection of decomposition level for the development of 

hybrid wavelet models. A total of 23 mother wavelet functions from five wavelet families, 

namely, Haar, Daubechies, Coiflet, Symlet and Meyer were employed to transform the 

input rainfall data. The two most common data driven models, namely, the Multilayer 

Perceptron Neural Netwrok (MLPNN) and the Radial Basis Function Neural Network 

(RBFNN) models were used to develop hybrid wavelet models. The rainfall-runoff data 

of Brosna catchment located in Ireland was used. The performances of the developed 

hybrid wavelet models with all the 23 mother wavelet functions were compared with the 

neural network models developed without wavelet transformations. The hybrid wavelet 

MLPNN and the RBFNN models developed using the CWT and the DWT were found to 

perform significantly better than their counterpart simple MLPNN and the RBFNN 
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models developed without applying the WT. However, it was found that among all the 

models tested, the discrete wavelet transformed multilayer perceptron neural network 

(DWTMLPNN) and the discrete wavelet transformed radial basis function 

(DWTRBFNN) models at decomposition level nine with the db8 wavelet function has the 

best performance. The best DWTMLPNNN and DWTRBFNN yielded NSE values of 

about 44% and 38%, respectively against about 4% NSE value with the simple model. 

Likewise, these best wavelet models yielded about 10 cumecs RMSE value against the 12 

cumecs RMSE value of simple models.    

Chapter Four investigated the issue of identification of dominant wavelet sub-series. The 

hybrid wavelet data driven models inherits disadvantage of  containing more complex 

structure and enhanced simulation time as a result of the use of increased multiple input 

sub-series obtained by the WT. Therefore, the identification of dominant wavelet sub-

series containing significant information regarding the hydrological system and 

subsequently using those dominant sub-series as the input only is also very crucial for the 

development of wavelet coupled data driven models. The issue of selection of wavelet 

function, decomposition level, optimum input vector and identification of dominant 

wavelet sub-series were investigated holistically rather than atommistically in this chapter. 

The DWT was used to transform the input rainfall data of two selected catchments, 

namely, the Brosna and the Baihe catchments located in Ireland and China. Ten different 

wavelet functions, nine decomposition levels, five different input vectors and four 

different approaches to selecting dominant wavelet sub-series were considered in this 

chapter. The most commonly used MLPNN type in hydrology was employed to develop 

hybrid wavelet data driven models. The performance of the developed hybrid wavelet 

models were compared with the simple MLPNN models developed without WT and a 

total of 330 models were developed and examined in this study. The db8 and the dmey 
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wavelet functions at level nine were found provided the best performance in both 

catchments. The study advocated the use of the relative weight analysis (RWA) method 

for the selection of dominant input wavelet sub-series for the development of wavelet 

coupled models. The best models yielded about 80% and 50% improvement in NSE and 

RMSE values relative to the simple models for Baihe catchment with input vector M2 

containing lagged one and two day rainfall data series. Likewise, about 50% and 30% 

improvement in NSE and RMSE values, were found with input vector M3 containing up 

to three day lagged rainfall data series for Brosna catchment.  

Chapter Five evaluated the selection of suitable settings for hybrid wavelet neuro-fuzzy 

rainfall-runoff models called Co-Active Neuro Fuzzy Inference System (CANFIS). 

CANFIS is a soft computing technique which makes use of benefits of both the ANN and 

the fuzzy systems in a single framework. These investigated settings include the choice of 

a suitable wavelet function, the number of decomposition levels, and the selection of 

optimum input vector for the hybrid wavelet CANFIS models. For the development of 

wavelet neuro-fuzzy rainfall-runoff models, the input rainfall data was transformed by 

using the DWT. Ten different wavelet functions including the simple mother wavelet 

Haar, db2, db4, db8 wavelet functions from the most popular wavelet family Daubechies, 

the Sym2, Sym4, Sym8 wavelets with sharp peaks, Coif2, Coif4 wavelets and the discrete 

meyer (dmey) wavelet functions were used in the study.  Two approaches of input vector 

selection for the hybrid wavelet CANFIS models were also considered. The five input 

vectors were selected using the most common approach in which selection of the input 

vector was comprised of the sequential time series data. Using this approach, the first input 

vector contains only lag-one day time series data and then modifying the input vector by 

successively adding one more lag time series into input vector, and this continues up to a 

specific lag time (lag-5 day in the present study). The remaining five input vector 
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combinations were selected on the basis of cross-correlation analysis. The performance of 

the developed hybrid wavelet CANFIS models were compared with the simple CANFIS 

models developed without WT and a total of 101 models were investigated in this study. 

The study revealed that the hybrid wavelet CANFIS models performed better with the 

parsimonious input vector containing lagged time rainfall series having poor correlation 

with the observed runoff. Although, the hybrid wavelet CANFIS models performed better 

relative to their counterpart simple CANFIS model with input vector containing up to lag-

4 day rainfall data series, however, hybrid wavelet CANFIS models outperformed the 

simple CANFIS models with lag-1 and lag-2 day rainfall in the input vector. The 

developed hybrid wavelet CANFIS models performed best with the db8 mother wavelet 

function at the maximum possible decomposition level. The best hybrid wavelet CANFIS 

model yielded an improvement of about 50% and 30% in NSE and RMSE values relative 

to the simple models with input vector M2. 

Chapter Six examined the performance of five different feedforward hybrid wavelet neural 

network (WNN) models for simulating the rainfall-runoff transformation process. There 

are different types of neural network model available, but most of the WNN models 

studies were confined to the use of MLPNN model. The neural network models used in 

the study included the MLPNN, Generalized Feed Forward Neural Network (GFFNN), 

Radial Basis Function Neural Network (RBFNN), Modular Neural Network (MNN) and 

Neuro-Fuzzy Neural Network (NFNN) models. The results of the study were further 

compared with the Multiple Linear Regression (MLR) model. The DWT using db8 

wavelet function was employed to transform the input rainfall data of two catchments, 

namely, the Brosna catchment located in Ireland and the Baihe catchment located in 

China. The five input vectors containing lagged rainfall data ranging from lagged one day 

rainfall to up to lagged five day rainfall data series were also considered in this study. A 
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total of 100 models were developed and tested in this study and it was found that the 

hybrid wavelet data driven models outperformed their counterpart simple models which 

did not use the DWT. The MLPNN, the GFFNN and the MNN models performed best 

among the six selected data driven models. Moreover, the performance of the three best 

models closely resembled one another and thus GFFNN and MNN models were 

considered as an alternatives to the most commonly used MLPNN models. The study 

further revealed that the hybrid wavelet models outperformed their counterpart simple 

models only with the parsimonious input vector containing lagged one and lagged two day 

rainfall data series. With input vectors containing up to lagged five day rainfall data series, 

the performance of simple and best hybrid wavelet models was almost similar. The best 

models with M2 input vector containing lagged-1 and lagged-2 day rainfall data series 

yielded an improvement of about 60% and 50% in NSE and RMSE values, respectively 

for Baihe catchment while Brosna catchment showed an improvement of about 50% and 

35% in NSE and RMSE values, respectively.  

Chapter Seven explored the impact of WT on another important type of data driven models 

known as recurrent neural networks. The study investigated critical matters regarding 

development of hybrid wavelet recurrent models. The issues investigated included the 

selection of appropriate wavelet function and the suitable memory depth for the hybrid 

wavelet recurrent models. The performance of the hybrid wavelet recurrent models was 

matched with the static hybrid wavelet models. MLPNN models are considered as static 

and memory less networks and lack the ability to examine the temporal dimension of data. 

Recurrent neural network models, on the other hand, have the ability to learn from the 

preceding conditions of the system and hence are considered as dynamic models. The time 

lagged recurrent neural network (TLRNN) model type was chosen for the development of 

hybrid recurrent models for simulating the rainfall-runoff transformation process. The 
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DWT was employed in this study to decompose the input rainfall data of two catchments, 

namely, the Brosna catchment located in Ireland and Baihe catchment located in China. 

Six most commonly used wavelet functions were employed in this study. These wavelet 

functions included the simple wavelet function Haar wavelet, the db4 and db8 wavelet 

functions of most commonly wavelet family Daubeches, sym4 and sym8 wavelet functions 

with sharp peak of Symlet wavelet family and discrete approximation of Meyer (dmey) 

wavelet function. The performance of the all 154 simple and the hybrid wavelet static 

MLPNN models was compared with their counterpart dynamic TLRNN models.  The 

study found that the dynamic wavelet coupled TLRNN models can be considered as 

alternative to the static wavelet MLPNN models. The study also investigated the effect of 

memory depth on the performance of static and dynamic neural network models. The 

memory depth refers to how much past information (lagged data) is required as it is not 

known a priori. The db8 wavelet function was found to yield the best results with the static 

MLPNN models and also with the TLRNN models having small memory depths. The 

performance of the hybrid wavelet TLRNN models with large memory depths was found 

to be insensitive to the selection of the wavelet function as all wavelet functions were 

found to have similar performance. The performance of the wavelet coupled MLPNN and 

TLRNN models succeeded equally well for all input vector/memory depths. An 

improvement of about 40% to 45% was found in NSE while about 20% improvement was 

found in the RMSE values for the best models. However, the simple TLRNN models 

outperformed their counterpart simple MLPNN models with small memory depth. 

Chapter Eight probed a relatively newly developed data driven approach, namely, the 

Gene Expression Programming (GEP) approach to simulate rainfall-runoff process. The 

typical issues relating to the development of hybrid wavelet data driven models were 

considered in this chapter.  The issues explored included the selection of appropriate 
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wavelet function, choice of right decomposition level and selection of suitable input vector 

for the hybrid wavelet gene expression programming (WGEP) models.  The WGEP 

models were developed by integrating the DWT with the GEP models so that individual 

strengths of each approach can be exploited in a synergistic manner. It was implemented 

by transforming the input rainfall data using the DWT in order to reveal the temporal and 

the spectral information contained in the data and subsequently this transformed data is 

used as input for the GEP models. The rainfall-runoff data from four different catchments 

located in the different Hydro-Climatic regions of the world was used in the study. Ten 

different mother wavelet functions from different wavelet families are employed by the 

study in order to transform the data. The mother wavelet functions used in the study 

included the simple mother wavelet function Haar, the db2, db4, db8 wavelet functions of 

the most popular wavelet family Daubechies, sym2, sym4, sym8 wavelet functions with 

sharp peaks, coif2, coif4 wavelet functions and the discrete approximation of meyer 

(dmey) wavelet. Nine different input vectors were considered in order to find the optimum 

input vector for the WGEP models. The first five input vectors contained only one rainfall 

data series ranging from lagged-1 day to lagged-5 day rainfall data series. The remaining 

four input vectors were selected using the most common approach in which selection of 

the input vector comprised the sequential time series data. The performance of the hybrid 

WGEP models were compared with the simple GEP models developed without WT for 

the four selected catchments and a total of 396 models were analysed. Furthermore, the 

WGEP models exhibited better results with the dmey wavelet function for all four 

catchments during both training and testing. The study also found that the performance of 

the WGEP models was superior relative to the simple GEP model for all the nine input 

vectors considered. However, the WGEP models outperformed their respective simple 

GEP models only for the first five input vectors. The WGEP model for the Baihe and 
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Yanbian, yielded best results with input vector containing lagged three day rainfall data 

series. The WGEP models for Brosna and Nan catchments yielded best results with input 

vectors containing lagged five and lagged four day rainfall data series, respectively. An 

improvement of about 20 to 30% was found with the WGEP models relative to the simple 

models for all four selected catchments in this study.  

Chapter Nine prodded the effect of WT on the performance of the multi-model 

combination approach for simulating rainfall-runoff process. The study also compared the 

performance of the hybrid wavelet multi-model approach with the conventional 

combination methods of simple average method (SAM), weighted average method 

(WAM) and the ANN multi-model method. The multi-model approach made use of 

simulated outputs of various conventional rainfall-runoff models to simulate the rainfall-

runoff process. The main concept behind combining the outputs from various models 

relied on the fact that different models catch different features of the data, and hence 

combination of these features would yield better estimations than those yielded by any 

one of the single models used in combination. The simulated output of five selected 

conventional rainfall-runoff models, namely, the simple linear model (SLM), the linear 

perturbation model (LPM), the constrained linear systems with a single threshold (CLS-

Ts), the linearly varying variable gain factor model (LVGFM) and the soil moisture 

accounting and routing (SMAR) model from seven different catchments located in 

different parts of the world was used in the study. The db8 wavelet function was used to 

transform the input simulated data using DWT. The MLPNN model type was used to 

develop both hybrid wavelet multi-models and simple multi-models developed without 

applying WT.  It was found that the WT significantly enhanced the performance of multi-

model combination approach and outperformed the existing combination approaches of 

SAM, WAM and ANN. It was further concluded that the multi-model combination 
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approach yields better results if the models in the combination were selected based on 

their individual performance. A total of 70 models were developed and tested in this study. 

10.2 Conclusions 

It can be inferred from the above summary that the performance of hybrid wavelet data 

driven models were sensitive to the selection of type of data driven model, the appropriate 

wavelet function, the use of right decomposition level and the suitable input vector. The 

following conclusions can therefore be drawn in this thesis: 

 The study compared the performance of eight different hybrid data driven models. 

The study favoured the use of three data driven models, namely, Multilayer 

perceptron neural network, Modular neural network and Generalized feedforward 

neural network models for the development of Hybrid wavelet models.  

 Two types of wavelet transformations including the continuous and discrete 

wavelet transformation were tested in this study. It was suggested to use discrete 

types of wavelet transformation for the development of hybrid wavelet data driven 

simulation models.  

 A total of twenty three wavelet functions were tested in the study. The study 

recommended the use of db8 wavelet function with all neural network based data 

driven models as it yielded best results. However, data driven model GEP based 

on genetic algorithm produced good results with dmey wavelet function instead.  

 The study favoured the use of level nine decomposition for the development of 

hybrid wavelet models, as all eight data driven models tested in this study 

produced best results at level nine. 

 The hybrid wavelet models were found to outperform with parsimonious input 

vector. As the number of inputs in the input vector increases, the performance of 
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simple and hybrid wavelet models come closer to each other. This suggests the use 

of parsimonious input vector for the development of hybrid wavelet models.  

 Finally, the study favoured the use of the hybrid wavelet multi-model approach 

instead of development of simple multi-model without application of WT.  

Extensive research is conducted on different crucial issues relating to the development of 

hybrid wavelet models in this thesis, however, the results of this study should be validated 

on some other catchments in the world. Furthermore, while a total of eight to ten years 

data is used in this study to develop and test the hybrid wavelet models, it is recommend 

to use data of extended length to further validate this study.  

10.3 Recommendations for further study 

Although, an extensive research has been done in this study in order to establish general 

guidelines for the development of hybrid wavelet rainfall-runoff models. However, 

following may be considered as recommendations for future research in this subject: 

 A wide range of commonly used data driven models are tested in this study. 

Nevertheless, the effect of WT on other data driven approaches like Support 

Vector Machine (SVM), Principal Component Analysis (PCA), Self-Organizing 

Feature Map Network (SOFM), Decision Tree (DT), k-means Clustering, Group 

Method of data handling etc. may also be evaluated. 

 A variety of wavelet functions are tested in this study. But all these wavelet 

functions were originally developed for signal processing field. It is therefore 

recommended that a wavelet functions explicitly suitable for hydrological data 

should be developed in order to increase accuracy of prediction.  

 The performance of hybrid wavelet models is very much sensitive to the selectin 

of WT type i.e. CWT or DWT. The present study focused more on DWT and less 
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on CWT. It is therefore suggested that more research dimensions of CWT should 

be explored in future.  

 Only eight to ten years rainfall-runoff data of various catchments in the world is 

considered in this study. The results of this study should be validated with 

extended number of years of data of different catchments.  

 The present study employed global approach by selecting only one wavelet 

function for capturing low, medium and high intensities of input rainfall data. It is 

suggested to use modular approach by employing different wavelet functions each 

for low, medium and high intensities of input rainfall data. This may result in 

increase in prediction accuracy of hybrid wavelet data driven models for capturing 

low, medium and high flow trails of the observed hydrograph.   
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