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Abstract
Video sequences capturing real scenes may be interpreted with respect to a dominant plane which is a planar
surface covering ‘a majority’ of pixels in an image of a video sequence, i.e. that planar surface which is
represented in the image by a maximum number of pixels. In this paper, we propose an algorithm for the
detection of dominant planes from optical flow fields caused by camera motion in a static scene. We, in
particular, intend to adopt this algorithm as a module for obstacle detection in vision-based navigation of
autonomous robots.
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1 Introduction

Video sequences capturing real scenes may be inter-
preted with respect to a dominant plane which is a
planar surface covering a majority of an image in a
video sequence, i.e. that planar surface which is repre-
sented in the image by a maximum number of pixels.
We are interested in analyzing the geometric situation
as a case study to support future image analysis work
for determining dominant planes in video sequences.

In this paper, we deal with the problem of detecting
a dominant plane from optical flow fields [1] caused by
camera motion in a static scene. We, in particular, in-
tend to use this algorithm as a module for vision-based
navigation of autonomous robots. In robot naviga-
tion, it is important to find free-space regions, through
which robots can freely move, in the environment. The
purpose of the algorithm is to find a flat free-space re-
gion in the direction of robot motion from the video se-
quence captured by the camera mounted on the robot.
In robot navigation, a dominant plane is often observed
as the projection of a planar surface such as a floor
and a road in the environment. If a moving robot on
a flat region observes that the flat region continues in
the direction of motion, the robot can safely move in
the direction. Conversely, if the moving robot observes
discontinuous surfaces with respect to the flat region,
such as obstacles and walls, the robot must find an-
other paths in the environment. Therefore, the domi-
nant plane plays an important role for the search of a
feasible path in the environment.

There are many methods for autonomous robot nav-
igation. A recent survey for robot navigation is found

in [2]. For the detection of free-space regions, or con-
versely the detection of obstacles in the environment, a
variety of visual cues in video sequences are used. For
example, color and texture cues [3], landmarks [4] are
used. These visual cues give high performance of nav-
igation in a specific scene such as roadway and indoor
scenes. In addition to these cues, some navigation sys-
tems are controlled by the visual cues which are inde-
pendent of specific scenes. For example, for the detec-
tion of ground plane obstacles, Li and Brady [5], and
Zheng et al. [6] estimate the disparity map between
a stereo pair of images. In this paper, for dominant
plane detection, we employ optical flow fields caused
by a monocular moving camera. Our flow-based algo-
rithm assumes that the ground plane is a planar surface
and visual texture on the image is sufficiently viewed
to detect dense optical flows. These assumptions are
valid in the environments such as rooms and gardens
where robots can collaborate with humans. Further-
more, since we only use a single camera, our navigation
system will be implemented in a more simple and com-
pact way than that of stereo-based navigation systems.

In the following, we first develop a flow-based al-
gorithm for dominant plane detection, and then we
demonstrate some results of the algorithm for com-
puter generated scenarios.

2 Ground Plane Detection

In robot navigation, it is often valid to assume that
a dominant plane is the ground plane. In this sec-
tion, we focus on the detection of the ground plane in
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Figure 1: Camera coordinate system and camera mo-
tion.

the environment from a video sequence measured by a
monocular moving camera. In our navigation system,
we assume that the camera moves with either transla-
tional motion, or circular motion around a fixed axis.
This assumption means that the robot behaves in the
following way.

• The robot moves in a straight line.

• The robot stops when the robot try to change its
motion direction, turns toward a different direc-
tion at the position, and moves in the new direc-
tion.

Furthermore, we assume that the translational and cir-
cular motion are parallel to the ground plane, as shown
in Fig 1. This assumption derives a simple matching
algorithm for the detection of the ground plane.

2.1 Planar Surface Motion

We define an XY Z camera coordinate system in such
a way that the origin O is at the center of the camera
and the Z-axis coincides with the optical axis, as shown
in Fig. 1. Let X = (X,Y,Z)� be a three-dimensional
point defined in the camera coordinate system. Setting
n = (a, b, c)� and d to be the unit surface normal
and the distance from the origin, the planar surface is
expressed by

n�X = d. (1)

We also define an xy image coordinate system in such
a way that the origin is on the Z-axis and the x- and
y-axes are parallel to the X- and Y -axes, respectively.
Let x = (x, y, f)� be a perspective projection of X
onto the image plane.

Suppose that the camera coordinate system moves
in a stationary scene with an infinitesimal rigid motion
{ω,v}, where ω and v are rotational and translational
velocities of the camera, respectively [7]. The infinites-
imal rigid motion induces planar surface motion as fol-
lows

ṅ = −ω×n, ḋ = −n�v. (2)

Throughout this paper, we use dots to denote time
derivatives.

(a)

v

(b)

(c)

ω

l
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Figure 2: Fig. (a) and (c) are local displacement fields
arising from the translational and circular motion de-
picted in (b) and (d), respectively. The translational
motion in (b) and the circular motion in (d) are parallel
to the ground plane.

Our camera mounted on the robot moves with either
translational motion, or circular motion around a fixed
axis. If the camera system moves with translational
motion in a stationary scene, the planar surface motion
in eq. (2) is given by

ṅ = 0, ḋ = −n�v. (3)

Also, if the camera system moves with circular mo-
tion in a stationary scene, the planar surface motion
in eq. (2) is given by

ṅ = −ω×n, ḋ = −n�(ω×C), (4)

where C is the center of the orbit of circular motion
[7]. Here, we assume that the camera rotates around a
fixed point C which does not coincide with the origin
in the camera coordinate system, as shown in Fig. 1.

2.2 Static Local Displacement Field

The infinitesimal rigid motion {ω,v} produces a local
displacement field ẋ on the image plane1. If the cam-
era system is moving parallel to the ground plane with

1In this paper, we distinguish a local displacement from a
optical flow: the one is the motion of perspective projections on
the image, which is derived from purely geometric computation,
and the other is the apparent motion of brightness patterns on
the image.
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either the translational or circular motion, as shown
Fig. 2, the ground plane induces the local displacement
fields which are invariant with respect to time. This
means that the local displacement fields, as shown in
Fig. 2 (a) and 2 (c), are observed at any time unless
obstacles appear in sight of the camera. This geomet-
rical relationship plays a central role in our algorithm
for the detection of the ground plane.

Lemma 2.1 Let n and d be the surface normal and
the distance of the ground plane, respectively. If the
camera system is moving parallel to the ground plane
with a constant translational velocity v, and the focal
length is unchanged, the local displacement ẋ of the
ground plane is invariant with respect to time.

Proof. If the camera coordinate system is moving par-
allel to the planar surface, the translational velocity v
and the surface normal n are mutually perpendicular,
that is,

n�v = 0. (5)

From this and eq. (3), we obtain

ṅ = 0, ḋ = 0. (6)

Therefore, the translational motion produces the same
local displacement ẋ of the ground plane at any time.
�

Lemma 2.2 Let n and d be the surface normal and
the distance of the ground plane, respectively. If
the camera system is moving on a circle which is
parallel to the ground plane with a constant rotational
velocity ω, and the focal length is unchanged, the local
displacement ẋ of the ground plane is invariant with
respect to time.

Proof. If the camera coordinate system is moving on
a circle which is parallel to the ground plane with a
constant rotational velocity ω, the rotational velocity
ω and the surface normal n are mutually parallel, that
is,

n ‖ ω, (7)

where a ‖ b indicates that vector a is parallel to vector
b. From this and eq. (4), we obtain

ṅ = 0, ḋ = 0. (8)

Therefore, the circular motion produces the same local
displacement ẋ of the ground plane at any time. �

2.3 Matching Algorithm

Let ẋ(x, y) be the local displacement of the ground
plane at position (x, y) on the image plane, and ẋt be
a local displacement at the same position (x, y) at time
t. From Lemmas 2.1 and 2.2, if the camera system is
moving parallel to the ground plane with either the
translational or circular motion, and if an obstacle is
not projected at position (x, y), ẋt(x, y) is equal to
ẋ(x, y). In this case, the following relationship

ẋt(x, y)�ẋ(x, y)
‖ẋt(x, y)‖‖ẋ(x, y)‖ = 1,

‖ẋt(x, y)‖
‖ẋ(x, y)‖ = 1. (9)

holds. On the other hand, if ẋt(x, y) is a local dis-
placement of an obstacle, ẋt(x, y) is generally different
from ẋ(x, y). In this case, the following relationship

ẋt(x, y)�ẋ(x, y)
‖ẋt(x, y)‖‖ẋ(x, y)‖ �= 1,

‖ẋt(x, y)‖
‖ẋ(x, y)‖ �= 1. (10)

generally holds. Equation (10) does not hold if xt(x, y)
is a local displacement of the boundary between the
ground plane and another planar surface. Since the
boundary between the ground plane {n, d} and an-
other planar surface {n′, d′} is projected onto the im-
age as follows

(
n

d
− n′

d′

)�
x = 0, (11)

equation (10) holds except for the case that eq. (11)
holds. We summarize this geometrical relationship of
local displacement fields.

Theorem 2.1 Let ẋ(x, y) be the local displacement of
the ground plane at position (x, y) on the image plane,
and ẋt(x, y) be a local displacement at the same posi-
tion (x, y) at time t. If xt(x, y) is the local displace-
ment of the ground plane, the relationship

ẋt(x, y)�ẋ(x, y)
‖ẋt(x, y)‖‖ẋ(x, y)‖ = 1,

‖ẋt(x, y)‖
‖ẋ(x, y)‖ = 1. (12)

holds. Otherwise this relationship does not hold except
for the case that (n/d − n′/d′)�x = 0 holds.

Equation (12) in Theorem 2.1 enables us to check
whether ẋt(x, y) is the local displacement of the ground
plane or not, if ẋ(x, y) is known. The local displace-
ment ẋ(x, y) can be easily obtained by pre-measuring
the ground plane scene where there does not exist any
obstacles. If we use the pre-measured ẋ(x, y) as the
template, we can detect the ground plane region in a
video sequence by matching the template with a local
displacement at time t according to eq. (12). There-
fore, we obtain a simple matching algorithm for the
detection of the ground plane on the image at time t,
dipicting Fig. 3.
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procedure Ground Plane Detection
input ẋ(x, y) for 1≤x≤M, 1≤y≤N :

the optical flow of the ground plane
ẋt(x, y) for 1≤x≤M, 1≤y≤N :
the optical flow observed at time t

for x = 1 to M
for y = 1 to N
if (ẋt(x, y)�ẋ(x, y))/(‖ẋt(x, y)‖‖ẋ(x, y)‖) = 1
if ‖ẋt(x, y)‖/‖ẋ(x, y)‖ = 1

then output xt(x, y)
end

end

Figure 3: Matching Algorithm

Setting f(x, y, t) to be a time-dependent gray-scale
image, the linear optical flow ẋ = (ẋ, ẏ, 1)� of pixel
m = (x, y)� is the solution of the linear equation

(
∂f(x, y, t)

∂x
,
∂f(x, y, t)

∂y
,
∂f(x, y, t)

∂t

)�
ẋ = 0. (13)

Assuming that flow vector ṁ = (u, v)� is constant in
an area Ω, whose center is at m = (x, y), optical flow
for time t = τ at point m = (x, y)�, is the solution of
a system of equations

aαu + bαv + cα = 0, α = 1, 2, · · · , n, n ≥ 2 (14)

where

aα = fx(x, y, t)|x=xα,y=yα,t=τ ,

bα = fy(x, y, t)|x=xα,y=yα,t=τ , (15)

cα = ft(x, y, t)|x=xα,y=yα,t=τ ,

and mα = (xα, yα)� is a point in the windowed area
Ω.

For calculating optical flow, we adopt an efficient
statistical method, which is recently developed in our
laboratory [10].

3 Experiments

For an experimental evaluation of our algorithm perfor-
mance, we prepared computer generated images shown
in Figs. 4 (a), 5 (a) and 6 (a). These images were cre-
ated using the rendering software, Persistence of Vision
Ray Tracer (POV-Ray), which is copyrighted freeware
[8]. All images are digitized in 256× 256 pixels.

For the creation of templates used in our matching
algorithm, we first created two sequences consisting of
three successive images for translational and circular

(a) (b)

(c) (d)

Figure 4: Fig. (a) is a ground plane scene where there
do not exist obstacles. Fig. (b) shows the configuration
between the camera and the ground. The optical flow
fields in Fig. (c) and (d) are induced from the trans-
lational and circular motion, respectively. These flow
fields were used as the templates in the experiments.

motion, respectively. Fig. 4 (a) is an example image,
and this scene shows a ground plane scene where there
do not exist obstacles. Fig. 4 (b) shows the configura-
tion between the camera and the ground in this scene.
Using the subpixel flow detection algorithm [10], we
detected the optical flow fields of the scene from each
image sequences. Fig. 4 (c) and 4 (d) show the optical
flow fields arising from the translational and circular
motion, respectively. Each optical flow vector was de-
tected at intervals of 4 pixels over the image plane.

In the experiment as shown in Fig. 5, we created
a scene where the ground plane and the wall appear
in sight of the camera, shown in Fig. 5 (a). In the
scene, the ground plane and the wall are mutually per-
pendicular, and the configuration between the ground
and the wall is depicted in Fig. 5 (b). Fig. 5 (c) and
(d) show the detected optical flow fields of the scene
arising from the translational and circular motion, re-
spectively. Fig. 5 (e) and (f) show the experimental
results which are estimated from the optical fields in
Fig. 5 (c) and (d), respectively. Table 1 summarizes
the error rate of pixels for the ground and wall regions.
“Ground” column in the table represents the ratio of
the pixels estimated as the ground to those of the ac-
tual ground region, and “Wall” column as well. From
Fig. 5 (e) and (f), the incorrectly estimated pixels form
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Scene Motion
Error Rate

Ground Wall

1 (Fig. 5)
Translation 7.4% 14.6%

Circle 10.7% 21.0%

2 (Fig. 6)
Translation 20.7% 30.0%

Circle 20.5% 46.0%

Table 1: This table shows the error rate of pixels for
the ground and wall regions. “Ground” column in the
table represents the ratio of the pixels estimated as
the ground to those of the actual ground region, and
“Wall” column as well.

isolated regions consisting of a few pixels over the im-
age plane. Then these isolated regions can be removed
using an appropriate image processing. For example,
the median filter is suited for this task. Fig. 5 (g) and 5
(h) shows the ground plane regions obtained after the
median filter is applied to the images in Fig. 5 (e) and
5 (f). The results in Fig. 5 (g) and 5 (h) can be inter-
preted in such a way that the ground plane does not
continue in the direction of motion, because the upper
half of the image is not recognized as the ground plane.
Therefore, if the robot obtains the results in Fig. 5 (g)
and 5(h), the robot can automatically stop, and then
turn to a different direction.

In the experiment as shown in Fig. 6, we created a
scene where the ground plane and the wall appear in
sight of the camera, and the wall is in the half size
of Fig. 5 (a). Fig. 6 (c) and (d) show the detected
optical flow fields of the scene arising from the trans-
lational and circular motion, respectively The results
in Fig. 6 (e) and (f) show the estimated ground plane
regions. Table 1 summarizes the error rate of pixels for
the ground and wall regions. As well as the experiment
shown in Fig. (5), the incorrectly estimated pixels form
isolated regions over the image plane. Then these iso-
lated regions can be removed using the median filter.
The results in Fig. 6 (g) and 6 (h) can be interpreted
in such a way that the ground plane continues ahead
of the scene on the left. Therefore, if the robot ob-
tains the result in Fig. 6 (g) and 6 (h), the robot can
automatically find a path on the free-space region.

4 Conclusions

A projection of circular light beams yields a distribu-
tion of ellipses as a texture on a plane in 3D space.
The analysis of these ellipses and circles enables us to
recover this plane in 3D space. Therefore differences
in textons of these ellipse distributions also enable us
to classify points in 3D space, and this might be useful
for the detection of a dominant plane as an application
of shape from texture.

A pair of successive images measured by a moving
camera produces optical flow on the image plane. It
is possible to consider optical flow as a texture whose
textons are the flow vectors at each point. We call
textures actively generated by camera motion or light
beams “active textures”. As we showed in this paper,
it is possible to classify points on an image plane using
such an active texture. Furthermore, we also showed
that a collection of flow vectors allows to recover planes
in 3D space. Therefore, our method is considered to
be a specific form of “structure from active texture”.
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A Stable Optical flow Detection

Our problem is to estimate a two-dimensional vector
u = (u, v)� from a linear equation Au + c = 0 for

A =




a1, b1

a2, b2

...
...

an, bn


 , u =

(
u
v

)
, c =




c1

c2

...
cn


 ,

(16)
when the rank of matrix A is two. Each equation aαu+
bβv + cα = 0 is considered to be a constraint.

If a pair of vectors aα = (aα, bα)� and aβ =
(aβ, bβ)� are independent, we have

u0 =
1

aαbβ − aβbα
(cα(bβ − bα), cβ(−aα + aβ))� .

(17)
Equation (16) yields at most nC2 solutions including
(∞,∞)�, which derived from pairs of equation for
aα = aβ , and (−aαcα/(a2

α + b2
α),−bαcα/(a2

α + b2
α))�

which derived from pairs of equations for fα = fβ ,
if matrix A is an n × 2, where aα = (aα, bα)� and
fα = (aα, bα, cα)�.

For fα = (aα, bα, cα)� and fα = (aβ, bβ , cβ)�, if
e�

3 (fα × fβ) �= 0, a pair of equations from system of
linear equations Au + c = 0, derives the solution

uαβ = Tvαβ , T =
(

1 0 0
0 1 0

)
,

vαβ =
fα × fβ

e�
3 (fα × fβ)

, e3 = (0, 0, 1)�. (18)

The estimation of solutions from pairs of equations
is mathematically the same procedure as the Hough
transform for the detection of lines on a plane from a
collection of sample points. Therefore, to speed up the
computation time, we can adopt a random sampling
process for the selection of pairs of constraints. This
procedure derives the same process with the random-
ized Hough transform such as

1. Randomly select a pair of equations from the sys-
tem of equations.

2. Solve this system of linear equations, if a pair of
equations are independent, otherwise go back to
step 1.

3. Vote this solution to (u, v) plane.

4. After an appropriate number of iterations from
step 1 to step 3, detect peaks in (u, v) space.

5. Apply statistical analysis to the peaks for the de-
tection of the accurate solution.

Since a pair of points on plane determines a line,
for the estimation of a line from scatted data with
many outliers, Theil-Sen estimator computes the medi-
ans of two parameters computed pairs of sample points.
Theil-Sen estimator computes the medians of parame-
ters which are computed from triplets of sample points
from samples [9]. Estimation of the solution of lin-
ear system of equation using the common points of
a collection of linear constraints has the same math-
ematical structure with Theil-Sen estimator. There-
fore, for our problem setting uαβ = (uαβ, vαβ)�, we
adopt medianuαβ = (medianuαβ,medianvαβ)� as the
solution from nC2 solutions which are yield from col-
lections of linear constraints. When n � 2, this post-
processing becomes effective.

Setting s = kt, we have the equation,

fx
dx

ds
+ fy

dy

ds
+ fs

ds

dt
= 0. (19)

Since ds/dt = k, this constraint between the flow vec-
tor and the spatiotemporal gradient of an image derives
the expression v(k) = (dx/ds, dy/ds, k)� for the flow
vector detected from a pair of images f(x, y, (−k + 1))
and f(x, y, 0). If the speed of an object in a se-
quence is 1/k-voxels/frame, the object moves 1/k vox-
els during k frames. Therefore, in the spatiotemporal
domain, we can estimate the average motion of this
point between a pair of frames during the unit time as
vk = ( 1

k uk,
1
kvk, 1)�.

In the accumulator space, we vote w(k) for u(k) for
a monotonically decreasing function w(k), such that
w(1) = m and w(m) = 1. In this paper, we adopt
w(k) = {(m + 1) − k} and w(k) = 1. The first weight
of voting means that we define large weight and small
weight for short-time motions and long-time motions,
respectively.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5: Fig. (a) and (b) show a scene where the
ground plane and the wall appear in sight of cam-
era, and the configuration between the camera and
the scene, respectively. Fig. (c) and (d) are the de-
tected optical flow fields of the scene arising from the
translational and circular motion, respectively. Fig. (e)
and (f) show the detected ground surface regions from
the optical flow fields in Fig. (c) and (e), respectively.
Fig. (g) and (h) show the ground surface regions ob-
tained after the median filter is applied to the images
in Fig. (e) and (f), respectively.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6: Fig. (a) and (b) show a scene where the
ground plane and the wall appear in sight of cam-
era, and the configuration between the camera and the
scene, respectively. Fig. (c) and (d) show the detected
optical flow fields of the scene arising from the transla-
tional and circular motion, respectively Fig. (e) and (f)
show the detected ground surface regions from the op-
tical flow fields in Fig. (c) and (d), respectively. Fig. (g)
and (h) show the ground surface regions obtained af-
ter the median filter is applied to the images in Fig. (e)
and (f), respectively.
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