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Abstract

In this thesis, we study the diffraction processes of a Bose-Einstein condensate of
87Rb atoms and outline our progress toward the realisation of an atom laser. The
experiments are carried out with a condensate that is produced ‘all-optically’; this is
covered in the first part of the thesis. For our diffraction processes, we expose the
condensate to an intense, pulsed optical standing wave. We perform mean energy
measurements and interpret our results with two different theories: one treating the
condensed atoms as particles, the other focusing on the atoms’ wave properties.

The first interpretation requires knowledge of the theoretical background of the
atom-optics δ-kicked rotor (AOKR); in our experiments, we focus on the resonances in
the early-time behaviour of the kicked atoms. The second interpretation retrieves an
observation of the temporal Talbot effect—the atomic analogue to the optical Talbot
effect. From this point of view, the full resonances represent the integer Talbot effect,
whereas the early-time behaviour corresponds to the observation of the fractional
Talbot effect. We find for both theoretical interpretations an excellent qualitative
agreement between our experimental results and the results of our computer simulation
of the AOKR.

Furthermore, we outline our future work on the realisation of an atom laser as
a tool for coherence measurements of the condensate via atom-counting statistics.
In this context, the most current progress in our laboratory is given. We aim for a
Bragg-scattering process of our condensate as a modified version of our prospective
outcoupling technique for the atom laser; this process is modelled in a semi-classical
approach, and our first experimental implementations are presented.
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Preface

With the realisation of a Bose-Einstein condensate of a dilute alkali gas in 1995 [25],
a new era in experimental atomic physics was born. The realisation was significant
not only because, finally, such a condensation left the realm of theory; as it turned
out, the tools used to create a condensate were affordable for a large number of
laboratories all over the world. Thus, since 1995, a challenge for experimentalists
has been finding alternative techniques to achieve condensation, as well as using
condensates in further experiments.

In the Quantum Information Laboratory at Auckland, we produce a Bose-Einstein
condensate of 87Rb atoms in an ‘all-optical’ manner. For this purpose, we use a
dipole trap rather than the often-used magnetic trap at the end of the atom-cooling
procedure. This still allows us to successfully perform evaporative cooling as one of
the main cooling techniques necessary for condensation. Having achieved our first
condensate in 2006, we are currently in the early stages of experimental investigations
into this new form of matter.

Besides conducting experiments to realise elements for a quantum computing device,
one of our main goals is to take elementary measurements on the wave properties of
matter. During the last year, we have commenced experiments on the diffraction of
our condensate from a periodic grating, which is formed by an optical standing wave.
As is the case for the diffraction processes of coherent light waves, these experiments
were found to be a reasonable method for examining the particle-wave duality of
matter. The diffraction can be explained and interpreted with both properties of
atoms, i. e. by treating the atoms as particles and by focusing on their wave properties.

In order to keep track of one of the ultimate goals of our laboratory, we use the
main parts of our setup for the diffraction experiments in our attempts to realise an
atom laser. The implementation of a coherent atomic beam in our experiment is one
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of the most promising future methods for taking measurements on the matter wave
of our condensate. We aim to construct a Hanbury-Brown-Twiss-like experiment. In
this way, we will seek further information about our condensate and the outcoupled
beam by using the atoms’ particle properties and counting the atoms one by one.

On the way to this setup, we currently aim for a process that brings the final
missing component of the atom laser somewhat closer. This missing component is
the coherence-maintaining outcoupling via Raman transitions. A very similar process
to these transitions is Bragg-scattering, which we currently intend to induce.

The laboratory’s current status, as described above, in the context of our group’s
ultimate goals motivates the outline of this thesis. Consisting of three main parts, we
provide the reader with essential knowledge on the achieved Bose-Einstein condensate
(Part I), its diffraction processes from a pulsed optical grating (Part II), and our
current stage on the path toward an atom laser (Part III). The following outline
gives further details on each part, while the differing historical backgrounds to each
part are provided later in the chapter introductions.

Outline of the Thesis

Part I: Bose-Einstein Condensation

The first part of this thesis covers the phenomenon of Bose-Einstein
condensation. For this purpose, we review in the first chapter the
theoretical perspective on this condensation process, and give significant
aspects for its experimental observation. In this context, we present
pictures that provide experimental verification of our condensate of
87Rb atoms.

Subsequently, the second chapter introduces some experimental tech-
niques that we use for the creation of our condensate. At this stage we
provide, in particular, a description of an entire experimental sequence
and show the possible implementation of further experiments with our
condensate.

Part II: Diffraction of a Bose-Einstein Condensate from a Pulsed Optical
Grating

We present our main experimental results of diffracting a Bose-Einstein
condensate from a pulsed optical grating. For a reasonably self-
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contained description and interpretation of our experiments, our theo-
retical considerations in this part cover two different fields, which are
given in detail in the third and fourth chapter, respectively.

The third chapter describes the diffraction process by considering the
atoms as particles. For this point of view, we introduce the atom-
optics δ-kicked rotor (AOKR)—a quantum mechanical model based
on a standard rotor system in a potential that can be pulsed on and
off. We can realise this pulsed potential with a pulsed, standing and
coherent light wave. Keeping the pulses of the potential very short
(∼ 300 ns) provides us with the desired ‘δ-kicks’ that are imposed on
our condensed atoms. Besides the theoretical background, Chapter 3
also covers a description of the computer simulation of our experiments.

In the fourth chapter, we introduce the reader to the theoretical back-
ground that explains our experiments through the wave properties of
the condensate. The same situation as in Chapter 3 (a condensate in
a pulsed optical standing wave) can be considered as a coherent mat-
ter wave—the Bose-Einstein condensate—that illuminates a periodic
potential—the standing light field. From this angle of consideration,
our experiments represent the observation of the temporal Talbot effect,
which is the atomic analogue to the known Talbot effect of diffraction
processes of light waves.

Following the two previous theoretical chapters, the fifth chapter con-
tains our experimental results in detail and provides both possible
interpretations covered in Chapter 3 and 4. Furthermore, we show the
strong agreement between our experimental data and the theoretical
predictions given by our simulation.

Part III: Path toward an Atom Laser

In the last part of this thesis, we present one of the major aims of
our laboratory: the implementation and future use of an atom laser.
Besides providing a definition of an atom laser and the analogues with
an optical laser, Chapter 6 also demonstrates the prospective use of
the atomic version as a tool to characterise the degree of the coherence
of matter waves. This will be achieved by emulating a Hanbury Brown-
Twiss-like experiment similar to the one carried out by A. Öttl et al. [59].
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We further present how we aim to use the previously implemented ion
detector for this purpose.

Subsequently, Chapter 7 introduces the reader to our most current
experiment, which will eventually lead us to the outcoupling technique
via Raman transitions. For this purpose, we intend to induce Bragg-
scattering of our condensate. By providing the theoretical model
and the resulting predictions for this process, and outlining the first
experimental implementations, we give a well-founded outlook on the
future work in our laboratory.

Over the past year, during the early stages of work with our Bose-Einstein con-
densate, part of my work was to improve and stabilise our BEC creation in both a
systematic and technical manner. Most of the elements that enabled this stabilisa-
tion (e. g. a new, homemade 100 V-power supply and other electronic work) are not
mentioned in this thesis. This is because my work entailed improving existing parts
of the setup as described in the theses of former MSc students (see in particular [80]).
During my time in the laboratory, I was not only involved in preparing future ex-
periments with optical lattices, but also carried out our first attempts to produce
a condensate in the S1/2, F = 2 ground state. Considering our main experimental
results on the AOKR, my contributions were determined by the implementation
of the control programme of the pulse generator (PPG) into our existing code of
the experiment, and the setup of the kicking laser with a frequency locking system
using Saturated Absorption Spectroscopy. Another essential part of my work on the
diffraction of our condensate was the data processing and interpretation under two
different aspects in order to point out the observed particle-wave duality.

Finally, for the implementation of an atom laser, I modelled the future Bragg-
scattering analytically. I also undertook the first steps to implement the experiment
using our setup: besides modifying the data-acquisition programme, I have set up
the required laser system.

All experimental tools learnt over the last year lead me directly to the person I
want to acknowledge the most—my supervisor, Dr. Maarten Hoogerland. It has
been a great opportunity for me to work in his laboratory. I am deeply grateful for
his support, and his continual encouragement for me to find different ways to solve
problems that arose during our work, regardless of whether they were of software,
hardware, or electronic origin.
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Chapter 1

Bose-Einstein
Condensation—Theory

1.1 Introduction

No one believed Satyendra Nath Bose (1894–1974) when, early last century, he
tried to publish his ideas on a new statistical behaviour of microscopical particles.
His predicted results, which were different from those given by the well-known
Maxwell-Boltzmann distribution, were thought to be mistakes. However, Bose
decided to send his paper to Albert Einstein (1879–1955), who managed to publish
a translated version in Zeitschrift für Physik. Thus, in 1925, his results were
accepted, and Bose and Einstein predicted together the occurrence of a new form
of matter—the Bose-Einstein condensate. As such a condensate was not verified
experimentally until 1995, it was not surprising, that the first groups that achieved
this novel form of matter in their laboratories, received the Nobel Prize in 2001.

With these verifications, questions about what a Bose-Einstein condensate is and
how it can be achieved, gained more and more in importance.

Considering a dilute gas of alkali atoms, the condensation is an effect of a purely
statistical nature. Such a dilute gas of thermal atoms can be visualised as an
accumulation of tiny billiard balls each moving with a velocity vatom that is determined
by the temperature. One way to characterise these particles is given by the de-Broglie
wavelength λB. This determines the dimension of each particle, and increases as the
temperature drops. Therefore, λB is only significant in the low temperature limit.

At the critical temperature Tc, where the gas is cold enough that the atomic dimen-
sion, λB, becomes comparable to the separation d between the atoms, the quantum
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vatom

d

(a)

λB

(b) (c) (d)

warm cold

Figure 1.1 Schematic model of a Bose-Einstein condensation: Figure (a) shows a model
for a dilute gas of thermal atoms. Their interaction is dominated by elastic collisions
as of billiard balls. At lower temperatures the de-Broglie wavelength λB of the particles
wavepackets become more significant, as sketched in (b). At the critical temperature Tc ((c))
the extension of the wavepackets λB becomes comparable to the separation between the
particles and the wavepackets start to overlap. BEC occurs. Further cooling ((d)) makes all
atoms end up in the lowest possible energy state, i. e. they all contribute to the formation
of a single macroscopic matter-wave and provide a pure condensate.

mechanical behaviour of the atoms becomes important and their wavefunctions start
to overlap with each other. If the atomic gas is cooled down further, they will even
start to form a single macroscopic wavefunction. This macroscopic wavefunction
displays coherence—a property based on the bosonic nature that allows several
particles to occupy the same energy state simultaneously. A schematic overview
of the sequence of the described phase transition, which is called Bose-Einstein
condensation (BEC), is given in figure 1.1.

Besides creating a new novel form of matter and opening up a new field of
possible applications, the realisation of BEC enabled physicists to observe one of the
fundamental laws of quantum mechanics—Heisenberg’s uncertainty principle.

The following chapter is an overview of the theoretical description of BEC. After
defining such a transition for both non-interacting and interacting particles, we
present the condensate of 87Rb atoms realised at the University of Auckland.

1.2 Definition of BEC of an Ideal Gas

1.2.1 Statistical Physics

Statistical physics describes the macroscopic behaviour of systems by linking their mi-
croscopic laws of physics with statistical principles. The main aim in this fundamental
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theory is to develop a statistical representation of the time-evolving microscopic
state. To find a statistical equivalent to the time-evolution we have to change to
a representation where all possible microscopic states exist simultaneously with an
appropriately weighted probability. Such a collection of microscopic states is called
an ensemble. It propagates in phase space and is characterised in classical physics by
its density and in quantum mechanics by the analogous density operator. Thus, one
of the key points in statistical physics is finding an appropriate ensemble.

1.2.2 The Ideal Bose Gas as a Grand Canonical Ensemble

A grand canonical ensemble describes a system in equilibrium at a given temperature
T and a given chemical potential µ. The grand canonical ensemble can be considered
as a collection of similar subsystems with different energies and different numbers of
particles. Both these quantities—energy and number of particles—can be exchanged
between the systems.

In the case of a non-interacting Bose gas the subsystems may be thought to be the
possible microstates i with the microscopic energy Ei. To determine these possible
energies, we have to sum over all energy eigenstates εk of one particle. Taking into
account the possibility for bosons to occupy the same energy state simultaneously, each
energy eigenstate εk has to be weighted by nk, the number of particles occupying the
energy eigenstate εk. Hence, the microscopic energies are calculated by Ei =

∑
k εknk.

Using these microscopic subsystems we can evaluate the canonical partition function
for N particles. It is given by

QN =
∑

i

′
e−βEi , (1.1)

where β = 1/(kBT ) and
∑′ denotes that we only sum over all possible occupation

numbers nk with N =
∑

k nk. As the number of particles in a grand canonical
ensemble is not fixed, we further have to sum over all possible particle numbers N .
This is done in the grand canonical partition function [85],

Z(β, µ) =
∞∑

N=0

eβµNQN(β). (1.2)
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Rewriting equation (1.2) in terms of the involved energies yields

Z(β, µ) =

(∑
no

(eβ(µ−ε0))n0

)(∑
n1

(eβ(µ−ε1))n1

)
· · · (1.3)

=
∏

k

[∑
nk

(eβ(µ−εk))nk

]
, (1.4)

=
∏

k

[
1

1− eβ(µ−εk)

]
, (1.5)

where in the last step the geometric series
∑

j q
j = 1

1−q
has been used.1 The statistical

behaviour of our bosons, determined by equation (1.5), enables us to calculate the
thermodynamic potential2 Ω = E − TS − µN of our system, which is given by

Ω = −kBT lnZ (1.6)

= kBT
∑

k

ln(1− eβ(µ−εk)), (1.7)

where T and S represent the temperature and entropy, respectively. One of the state
variables that can be derived from this canonical potential is the average particle
number 〈N〉. It is obtained from

〈N〉 = −∂Ω

∂µ
(1.8)

= kBT
∑

k

∂

∂µ
ln
[
1− eβ(µ−εk)

]
(1.9)

= kBT
∑

k

1

1− eβ(µ−εk)
· βeβ(µ−εk) (1.10)

=
∑

k

eβ(µ−εk)

1− eβ(µ−εk)
(1.11)

=
∑

k

1

eβ(εk−µ) − 1
. (1.12)

1A more detailed derivation can be found in [75, 77, 85] or any common book about statistical
mechanics.

2A thermodynamic potential is a state variable that can be used to derive all other state variables
of a system. It governs the complete behaviour of the system in equilibrium.

6



1.2 Definition of BEC of an Ideal Gas

 

 

T = 1 K
T = 10 K
T = 50 K

n
(ε

k
)

εk0
0

1

µ

Figure 1.2 Schematic behaviour of a Bose-Einstein distributed density n(εk) for different
temperatures.

As each term of the sum determines the averaged occupation number, i. e. 〈N〉 =∑∞
k=1 〈nk〉, equation (1.12) provides the averaged occupation number for bosons,

〈nk〉 =
1

eβ(εk−µ) − 1
, (1.13)

which is known as the Bose-Einstein-distribution and is plotted for different temper-
atures in figure 1.2. If εk < µ at any time, the occupation number would have to
be negative, which is physically impossible. But, as the graph implies, for εk → µ

the distribution diverges. In terms of the temperature we see as the gas becomes
warmer, more states of high energy are occupied, whereas for T → 0, the distribution
becomes very narrow, such that the ground state becomes macroscopically occupied.
To enable further examination of the behaviour of bosons around these temperatures,
further constraints will need to be imposed on our gas.

1.2.3 The Ideal Bose Gas in a Box

To obtain a clear indication on how to define a Bose-Einstein condensate, our bosons
will be placed in a cubic box of the volume V = L3 with periodic boundary conditions.
This so-called quantisation reduces the motion of the atoms on discrete energy levels
determined by

kx,y,z =
2π

L
nx,y,z, with nx,y,z ∈ Z. (1.14)
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Consequently, the momentum of such quantised particles with the energy εk =
~2k2

2m
= p2

2m
is determined by p= 2π~

L
n. Using these expressions, the grand canonical

potential, given in equation (1.7), can also be expressed in terms of momenta, i. e.

Ω =
1

β

∑
p

ln(1− σe−β p2

2m ), (1.15)

where the fugacity σ = eβµ describes the tendency of our rubidium atoms to expand
or to escape.3

As a next step we want to replace the summation in equation (1.15) with an
integration over continuous momentum space. This means, in mathematical terms,
replacing

∑
p with V

(2π~)3

∫
dp. In the previous section we have seen that the ground

state becomes macroscopically occupied under certain conditions, which gives us an
indication for the phase transition we are looking for. Consequently, Ω might not be a
well-behaved function, and one needs to be careful with the mathematical description
of the ground state. Therefore, the summation is split into two parts—one for the
ground state and one for the excited states. Thus, equation (1.15) may be written as

Ω =
1

β
ln(1− σ) +

V

(2π~)3

∫
p

[
ln(1− σe−β p2

2m )

]
dp, (1.16)

where the first term comes from the lowest energy state with zero momentum.
Transforming to spherical coordinates and integrating by parts yields

Ω =
1

β
ln(1− σ) +

4πV

(2π~)3

∫ ∞

0

[
ln(1− σe−β p2

2m )

]
p2dp (1.17)

=
1

β
ln(1− σ) +

2

3

4πV

(2π~)3

∫ ∞

0

[
p2

2m

σ−1eβp2/(2m) − 1

]
p2dp. (1.18)

Note that, although the ground state is represented already by the first term of the
summation, the remaining integral can still start with p = 0, since the integrand
vanishes in this case anyway.

The substitution of

z =
βp2

2m
, p dp =

m

β
dz (1.19)

3There should be a factor of (2S+1) in front of the sum over p, to include all the different possible
spins. In the following we will neglect this degeneracy for simplicity.
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gives us a grand canonical potential of

Ω =
1

β
(ln(1− σ)) +

4

3
√
π

V

βλ3
B

∫ ∞

0

z3/2

σ−1ez − 1
dz, (1.20)

=
1

β
(ln(1− σ)) +

4

3
√
π

V

βλ3
B

Γ
(

3
2

+ 1
)
g(3/2+1)(σ), (1.21)

where λB = h
√

β
2πm

is the de-Broglie wavelength, Γ
(

5
2

)
= 3

√
π

4
the Gamma function

evaluated at 5
2

and g3/2(σ) =
∑∞

l=0
σl

l3/2 is a Bose function.The second term of the sum
in equation (1.21) refers to the atoms that are not in the ground state, i. e. they are
not in the condensate and are, therefore, still thermal atoms. Their grand canonical
potential determined by equation (1.21) is

Ωthermal =
V

βλ3
B

g5/2(σ). (1.22)

For the investigation of thermal bosons near the critical temperature of condensation,
we must first calculate the number of thermal particles with equation (1.22) and the
definition of the fugacity σ = eβµ. We find

Nthermal = 〈Nthermal〉 =
∂Ωthermal

∂µ
= βσ

∂Ω

∂σ
=

V

λ3
B

g3/2(σ). (1.23)

To examine further the region of very low temperatures, we will consider the
average occupation number evaluated in section 1.2.3. Equation (1.13) shows what
happens when T → 0, that is β →∞. As the gas cools down, the occupation numbers
of higher energy eigenstates deplete (see figure 1.2), since nk = 1

eβ(εk−µ)−1
→ 0 for

k > 0. At the same time, the ground state becomes macroscopically occupied, as
evidenced by n0 = 1

eβ(ε0−µ)−1
→∞. As β →∞, the lowest energy of one particle, ε0,

converges to the chemical potential, µ. Hence, the number of thermal atoms that
undergo a phase transition to a Bose-Einstein condensate is specified by the case
ε0 = µ, i. e.

Nthermal(Tc, µ = ε0) =
V

λ3
B

g3/2(1). (1.24)

Note that the fugacity for µ = ε0 has been evaluated as limµ→ε0 σ = 1. With the par-
ticle density n = N

V
and the evaluated Bose function g3/2(1) = 2.612, equation (1.24)
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gives a definition of the critical point of Bose-Einstein condensation:

nλ3
B = 2.612. (1.25)

Substituting the de-Broglie wavelength, the critical temperature of the phase transi-
tion can be found to be

Tc =
h2

2πmkB

( n

2.612

)2/3

. (1.26)

With equations (1.23) and (1.24) the average number of bosons for the cases of
T > Tc and T = Tc have been specified, respectively. For the remaining case, T < Tc,
we will use our knowledge about the total number of atoms in the gas, given by

Ntotal = N0 +Nthermal, (1.27)

where N0 denotes the number of atoms in the condensate. By rearranging equa-
tion (1.26) to

2.612 = g3/2(1) = n

(
h2

kBTc2πm

)3/2

, (1.28)

one may use this relation for Nthermal in equation (1.24). This leads to the expression

Nthermal =
V

λ3
thermal

n

(√
h2

kBTc2πm

)3

(1.29)

=

(
T

Tc

)3/2

N. (1.30)

Finally, we can substitute the number of thermal atoms in equation (1.27) with
equation (1.30). The resulting relationship between the condensate fraction and the
temperature becomes

N0

N
= 1−

(
T

Tc

)3/2

, (1.31)

which is plotted in figure 1.3. The discontinuity at T/Tc = 1 determines the phase
transition, and the macroscopic population of the ground state begins at this so-called
critical point of the Bose-Einstein condensation.
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1.2.4 The Ideal Bose Gas in a Harmonic Trap

To gain a more realistic model than the one given in the previous section, the motion
of the bosons must be limited further. Rather than simply using a cubic box, the
atoms will be examined when confined in a harmonic trapping potential Vharm(r)

(e. g. formed by an optical dipole trap). Note that the atoms are still assumed not to
interact with each other.

A harmonic potential modifies the Hamiltonian of free bosons so that the single-
particle Hamiltonian of a trapped boson becomes

Ĥatom =
p̂2

2m
+ Vharm(r) (1.32)

=
p̂2

2m
+

1

2
m
(
ω2

xx
2 + ω2

yy
2 + ω2

zz
2
)
, (1.33)

where the particle mass is given by m, and ωx, ωy, ωz are the trapping frequencies in
the respective directions.4 The allowed energies of a single particle are given by the
eigenvalues of the Hamiltonian. They can be evaluated as

εnxnynz = εnx + εny + εnz (1.34)

=

(
nx +

1

2

)
~ωx +

(
ny +

1

2

)
~ωy +

(
nz +

1

2

)
~ωz, (1.35)

with the quantum numbers nx, ny, nz ∈ N0.
The ground state wavefunction of a single atom is given by the eigenstate with

energy ε0 = 1
2
~ (ωx + ωy + ωz), and can be evaluated as [65]

ϕ0 (r) =
(mωho

π~

)3/4

e−
m
2~(ωxx2+ωyy2+ωzz2), (1.36)

where ωho = (ωxωyωz)
1/3. The resulting harmonic oscillator length aho =

√
~

mωho
de-

termines the size of the condensate wavefunction, which is a product of all overlapping
microscopic wavefunctions of the bosons in the condensate.

With the same scheme as used in section 1.2.3, one can derive the temperature
dependence of the condensate fraction. As the detailed derivation will only distract

4These frequencies will determine the shape of the condensate, e. g.:

- almost two-dimensional “plate-condensates” are produced, if ωx = ωy � ωz

- almost one-dimensional “cigar-condensates” are produced, if ωx = ωy � ωz
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Figure 1.3 The variation of the condensate fraction with temperature for an ideal Bose
gas confined in a box and in the harmonic trapping potential Vharm. Note the rise of
the condensate fraction at temperatures below Tc, where the number of condensed atoms
exceeds the number of thermal atoms, showing the macroscopic population of the ground
state.

the reader from the essential points, the following is a summary of the key results of
the derivation. For further reading see [10, 22, 65].

Firstly, as in the case of a confining box, the thermal numbers of the gas may be
evaluated as

Nthermal =
∑

nxnynz 6=0

1

eβ(εk−µ) − 1
. (1.37)

The critical temperature of bosons in a harmonic trap has been derived by [4, 27]. It
is

T ′
c =

1

kB

~ωho

(
N

ζ(3)

)
= 0.94~ωhoN

1/3, (1.38)

where ζ(a) =
∑∞

j=1 j
−a is the Riemann zeta-function. The normalisation of the

number of atoms N = N0 + Nthermal, combined with equations (1.37) and (1.38),
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yields the desired temperature dependence of the condensate fraction. We find

N0

N
= 1−

(
T

T ′
c

)3

. (1.39)

The difference between this result and the relationship of equation (1.31) is clearly
visible in the exponent.

The two models covered so far—confinement in a box and harmonic potential—are
compared in figure 1.3. Experiments (e. g. Ensher et al., 1996 [31]) have shown, that
the prediction of the model using a harmonic trapping potential agrees quite well
with a “real” condensation. The use of dilute gases kept the perturbation, resulting
from the interaction of the atoms with each other, small enough that it could be
neglected. The effect of that perturbation on the condensate will be discussed in
section 1.3.

1.2.5 Density Profile of a BEC

Position space

To consider the remarkable density profile of a condensate, we will have a closer look
at the ground state of N non-interacting bosons in a harmonic trap. The density
distribution of the ground state is given by

n0(r) = N0|ϕ0(r)|2, (1.40)

where N0 is the number of particles in the ground state and ϕ0(r) is the wavefunction
of a single particle in the ground state given by equation (1.36).

The comparison between the different density profiles of condensed and thermal
atoms becomes straightforward by considering the standard deviation of the appropri-
ate wavefunctions. With the standard deviation ∆x for a one-dimensional Gaussian
function f(x) ∼ e

− x2

2(∆x)2 and the ground state wavefunction ϕ0(r) of equation (1.36),
we can easily determine the standard deviation ∆ri of the ground state by comparing
the exponential terms. It follows that

1

2(∆ri)2
=
mωi

2~
⇒ ∆ri =

√
~
mωi

, (1.41)
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where i denotes the three spacial dimensions.

The density distribution of thermal atoms can be approximated by the classical
Boltzmann distribution:

nT (r) ∼ e−Vext/(kBT ), (1.42)

where Vext denotes the external trapping potential. With Vext =
1
2
m
(
ω2

xx
2 + ω2

yy
2 + ω2

zz
2
)
, the standard deviation for thermal atoms in a harmonic

trap becomes

∆ri,thermal =

√
kBT

mω2
i

=

√
kBT

~ωi

√
~
mωi

=

√
kBT

~ωi

∆ri (1.43)

⇒ ∆ri,thermal � ∆ri. (1.44)

Hence, the standard deviations of thermal atoms are much larger than the deviations
of condensed atoms. Therefore, the density peak of a condensate is expected to be
much steeper than that of a cloud of thermal atoms.

Momentum space

The qualitative consideration of the density profile of the condensate in momentum
space will be conducted in a similar manner to that in position space. One can
find the wavefunction of the ground state by taking the Fourier transform of the
wavefunction in position space. Since the latter is a Gaussian, so is its Fourier
transform [84]. As above, we may calculate the standard deviation in momentum
space; we find

∆pi =
√
m~ωi, (1.45)

where i denotes the three dimensions in momentum space.
As in position space, one can approximate the density distribution of thermal

atoms in momentum space by a classical Boltzmann distribution to get

n(pi,thermal) ∼ e−p2
i /(2mkBT ). (1.46)
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Comparing the exponential term with a Gaussian function provides the standard
deviations:

1

2(∆pi,thermal)2
=

1

2mkBT
(1.47)

⇒ ∆pi,thermal =
√
mkBT =

√
kBT

~ωi

√
m~ωi =

√
kBT

~ωi

∆pi (1.48)

⇒ ∆pi,thermal � ∆pi. (1.49)

The relations of (1.44) and (1.49) are, especially for experimentalists, noteworthy.
Since the density is normalised to the number of atoms, i. e.

∫
n(r)dr = 〈N〉 = N ,

relations (1.44) and (1.49) yield a sharp peak in the density distribution for condensed
atoms in both position and momentum space. Such a peak is one of the most
significant indicators for BEC in experiments. Figure 1.4, taken from [65] shows
the numerical result for the column density of 5000 non-interacting thermal and
condensed bosons. The expected peak of condensed atoms is clearly visible. Our
experimental observations of the density peak formation are presented in section 1.4.

This figure has been removed in the digital version

as the copyright belongs to a third party.

Figure 1.4 BEC-density profile: Results for the normalised column density (the particle
density integrated along one direction and normalised to the number of particles) of 5000
bosons in a harmonic spherical trapping potential near the critical temperature Tc. The
density and the position are plotted in units of a−2

ho and aho, respectively. Note the steep
peak of the condensed atoms as opposed to the broadened thermal cloud. This figure is
taken from [65].
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1.3 BEC of Interacting Particles

Although the theory covered so far gives a good prediction for most experiments with
ultracold atoms, there are still some observed features of condensates that we have
not yet explained theoretically, for example the expansion time of the condensate
after the trapping potential is switched off. It seems that the atoms do not behave
as ideally as we assumed.

The following section briefly shows how this non-ideal behaviour, given by the
interaction between the atoms, can be taken into account in describing the dynamics
of the atoms; the experimental consequences this behaviour has is then outlined as
well.

The starting point is the dynamics of a non-interacting particle. It is governed by
the linear time-dependent Schrödinger equation

i~
d

dt
|ψ(t)〉 = Ĥ |ψ(t)〉 , (1.50)

where the total energy is given by the Hamiltonian Ĥ and the ket |ψ(t)〉 represents
the state of the system in the Dirac notation. To understand how equation (1.50) has
to be modified to determine the motion of interacting particles, one must examine
the scattering process of bosons in dilute gases.

1.3.1 Interacting Bosons in a Dilute Gas

Due to the diluteness of the gas the following calculation can be restricted to two-body
collisions. Furthermore, the wavefunction of a scattering process can be described as
a superposition of plane and spherical waves for the incoming and outgoing wave,
respectively. Thus, the wavefunction may be written as

ψscatt = ψin + ψout = eik·r + f(k)
eikr

r
, (1.51)

where f(k) is the scattering amplitude, which can be determined using the Born
approximation [52, 73]. Besides assuming a short range scattering potential, our gas
is presumed to be cold enough to allow the energy approximation of E = ~2k2

2m
≈ kBT .

Due to the low energies involved, the two-body collisions are dominated by s-wave
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1.3 BEC of Interacting Particles

scattering5. Furthermore, in the limit of k → 0 the scattering amplitude converges
to (−a), the negative scattering length of the atoms. Consequently, the wavefunction
in equation (1.51) can be approximated by

ψscatt = 1− a

r
, (1.52)

demonstrating that two-particle collisions at low temperatures are dependent on
a single parameter, the scattering length a. This parameter is determined by the
choice of atoms and their specific inter-atomic potentials, which can be measured
experimentally, for example by molecular or photoassociation spectroscopy [9].

With the simplification of the interaction in our gas leading to equation (1.52),
one can assume that the two-body inter-atomic potential is extremely localised. It
can be specified by

V (r′ − r) = gδ(r′ − r), (1.53)

where the coupling constant g is given by g = 4π~2a
m

[22, 65]. Using this interaction
potential the many-body Hamiltonian can be described by

Ĥ = − ~2

2m
∇2 + Vext(r) + gδ(r′ − r) (1.54)

Such a Hamiltonian yields a non-linear differential equation, as explicitely shown
in [22].

So as not to distract the reader from the essential, the following will only outline a
short schematic derivation of the equation of motion for a system described by the
Hamiltonian of (1.54).

The variational method will be used for this derivation.6 We first have to set up
the energy functional E(ψ) of the system. Like the Hamiltonian, it consists of a
term for the kinetic, potential and interaction energy of the gas. The variational
method finds the ground state wavefunction by minimising this energy functional.
The assumptions of mean-field theory—where the expectation value of a subsystem

5For further reading on scattering at low energies see [52, 73] or any other commonly used quantum
mechanics book.

6Note that in the following, we will neglect the non-condensate part of the atomic gas. This
simplification is only valid for ultra-cold and dilute Bose gases. It allows the replacement of
the quantum mechanical field operator in the Heisenberg equation of our gas with its classical
analogue ψ0(r), the wavefunction of the condensate [22].
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Chapter 1 Bose-Einstein Condensation—Theory

is set equal to the average value of the total system—provide a wavefunction of a
condensate of N bosons:

ψ0(r) =
√
Nϕ0, (1.55)

where ψ0(r) represents the ground state wavefunction of a single particle and is
specified for a harmonic trap in equation (1.36). The wavefunction ψ0 is normalised
to the number of particles, i. e.

∫
|ψ0|2dr = N , and is called the order parameter of

the phase transition to a condensate. Following the variational method will give a
differential equation that governs the dynamics of our bosons:(

−~2∇2

2m
+ Vext(r, t) + g |ψ0(r, t)|2

)
ψ0(r, t) = µψ0(r, t), (1.56)

where µ denotes the chemical potential. Equation (1.56) is the so-called Gross-
Pitaevskii equation, a non-linear Schrödinger equation of the order parameter ψ0.
In our case the order parameter is given by the ground state wavefunction of the
condensate.

Neglecting the two-body interaction, by setting g = 0 (i. e. a = 0) results in the
usual Schrödinger equation for a system with the energy eigenvalue ε0 = µ. It is
not only this specific case where a plays an important role for the behaviour of the
condensate. The scattering length a determines both the strength of interaction by
its magnitude |a| and the type of inter-atomic potential.

If a is negative, the interaction is attractive. In this situation the bosons try to
decrease their interaction energy by increasing their density in the center of the
trap. But if this increase is too high, the kinetic energy of the particles can no
longer prevent the condensate from collapsing. Hence, if the number of bosons in
the condensate reaches a critical value Ncritical, which is of the order of aho/a, the
condensate will collapse. Although the number N0 of atoms in a condensate is limited
in the case of a negative scattering length, this has not prevented experimentalists
from creating condensates with such atoms, e. g. C.C. Bradley et al. used 7Li [7].
Nevertheless one tries to avoid atoms with such negative scattering lengths in order
to focus on other aspects of BEC.

If the scattering length a is positive, the interaction is repulsive and the condensate
will expand [22]. As this is the case for our atoms, 87Rb, we will discuss this situation
and its effects on the behaviour of the atoms in more detail within the next section.
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1.3 BEC of Interacting Particles

1.3.2 Solution of the Gross-Pitaevskii Equation in the

Thomas-Fermi Limit

We focus in this section on repulsive interaction potentials in order to find assumptions,
which make the Gross-Pitaevskii equation solvable.

The parameters to investigate for appropriate assumptions can be found by rescaling
equation (1.56), and hence, looking for a dimensionless representation of the Gross-
Pitaevskii equation. Therefore, we introduce a scaled order parameter ψ̃ satisfying
the normalisation condition,∫

d3r̃|ψ̃|2 = 1. (1.57)

Taking the oscillator length aho as the new unit for length, the previous normalisation
condition of our condensate is rewritten to obtain

N =

∫
d3r |ψ0|2 (1.58)

⇔ 1 =

∫
d3rN−1 |ψ0|2 (1.59)

⇔ 1 =

∫
d3r

1

a3
ho
N−1a3

ho |ψ0|2 (1.60)

⇔ 1 =

∫
d3r̃

a3
ho

N
|ψ0|2 , (1.61)

with the integration in the new dimensions d3r/a3
ho ≡ d3r̃. Equation (1.61) motivates

the use of (a3
ho/N) |ψ0|2 ≡ |ψ̃|2 as the definition of the scaled order parameter:

ψ̃ =
1√
N
a

3/2
ho ψ0 ⇔ ψ0 =

√
N

1

a
3/2
ho

ψ̃. (1.62)

Inserting this into the Gross-Pitaevskii equation for atoms in a spherical harmonic
trap with frequency ωho, i. e. Vext = 1

2
mω2

ho (x2 + y2 + z2) = m
2
ω2

hor
2, leads to(

~∇2

mωho
+
mωho

~
r2 +

8π~Na
mωho

a−3
ho |ψ̃|

2

)
ψ̃ = 2

µ

~ωho
ψ̃ (1.63)

⇔

(
− (aho∇)2 +

(
r

aho

)2

+
8πNa

aho

|ψ̃|2
)
ψ̃ = 2

µ

~ωho
ψ̃, (1.64)
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where aho =
√

~/(mωho) has been used. Scaling the length and the energy by aho

and ~ωho, respectively, yields the dimensionless Gross-Pitaevskii equation:(
−∇̃2 + r̃2 + 8π

aN

aho
|ψ̃|2

)
ψ̃ = 2µ̃ψ̃. (1.65)

With this version of the Gross-Pitaevskii equation, it is obvious that the term that
determines the strength of the atom-atom interaction is given by aN

aho
, because these

parameters govern the scaled coupling constant.
We may assume that the parameter aN

aho
dominates the left-hand-side of equa-

tion (1.65), i. e.

aN

aho
� 1, (1.66)

which allows the kinetic energy term of the Gross-Pitaevskii equation to be ne-
glected. This approximation is known as the Thomas-Fermi approximation; aN

aho
is

called the Thomas-Fermi parameter, and equation (1.66) specifies the validity of the
approximation.

The Gross-Pitaevskii equation (1.56) in the Thomas-Fermi approach is given by

(
Vext(r) + g |ψTF(r)|2

)
ψTF(r) = µTFψTF(r), (1.67)

where the index TF denotes the Thomas-Fermi limit. Using equation (1.67), the
density can be evaluated as

nTF(r) =

1
g
(µTF − Vext(r)) , if µTF > Vext

0 , else.
(1.68)

Thus, we expect the shape of the density profile in the Thomas-Fermi regime to
be the inverted trapping potential—an inverted parabola. Figure 1.5 shows the
numerical solution of the Gross-Pitaevskii equation (1.56). It is taken from [65]. The
prediction of the ideal, non-interacting Bose gas is drawn with the dashed line. The
solid lines clearly illustrate how, for a rising Thomas-Fermi parameter, the ground
state wavefunction broadens and hence the density decreases.
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This figure has been removed in the

digital version as the copyright

belongs to a third party.

Figure 1.5 Wavefunctions of a condensate including the interaction between the bosons
and with positive scattering length: The dashed line represents the prediction of an ideal
Bose gas, whereas the solid lines correspond to a a Thomas-Fermi parameter of 1, 10 and
100. This figure is taken from [65].

1.4 Bose-Einstein Condensate of 87Rb in Auckland

In the last section of this chapter, we present the experimental verification of a Bose-
Einstein condensate of 87Rb atoms at the University of Auckland. For this purpose,
a sophisticated cooling sequence has been developed in the Quantum Information
Laboratory. It is described in detail in [87] and a summary can be found in Chapter 2
of this thesis.

Following the described procedure for the image processing given in section 2.6.1,
we get an absorption image, which clearly shows the difference between thermal and
condensed atoms. This difference can be seen in the absorption images presented
in figure 1.6. The temperature of the atomic cloud decreases from left to right, as
the final potential level at the end of the evaporative cooling phase is lowered by
decreasing the power of the CO2-laser that performs our dipole trap (for further
details on the dipole trap see section 2.4). The last picture shows clearly the density
peak of the column density along the z-axis of our condensate, while the first picture
illustrates a cloud of cold—but still thermal—atoms. In the central image of figure 1.6,
some of the atoms are already in the condensate, but a considerable fraction are still
thermal, giving us a blurry surrounding. The transition is particularly clearly visible
in the velocity distribution, which is shown underneath the absorption images.
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Chapter 1 Bose-Einstein Condensation—Theory

warm cold

Figure 1.6 Density profile and underneath the respective velocity distribution of an atomic
cloud of 87Rb undergoing a Bose-Einstein condensation from left to right. The pure
condensate on the right consists of about 2 × 104 atoms and the condensation starts at
about 100− 200 nK.

The shape of the atomic cloud in the xy-pictures is remarkable. During the phase
transition the shape changes from spherical to elliptical. This can be explained
by looking at the density profile resulting from the Gross-Pitaevskii equation in
the Thomas-Fermi limit (equation (1.68)), which shows that the expected density
distribution mirrors the trapping potential. To understand why the trapping potential
should be elliptical7 we have to have a closer look on the alignment of the CO2-laser.
As denoted in figure 1.7 the CO2-laser beams are slightly misaligned and do not
intersect at a right angle. Consequently, the trapping forces cannot assumed to be
isotropic and the trapping potential is elliptically shaped in the xy-plane. However,
as figure 1.7 shows, the ellipse is not yet the one seen on our absorption images.
The reason for this is to do with the Heisenberg uncertainty principle, which states
∆x∆p ≥ ~

2
; thus, a tight confinement in coordinate space (high accuracy in position,

i. e. small ∆x) yields a broad velocity distribution (low accuracy in momentum, i. e.
large ∆p). The right-hand side of figure 1.7 indicates the shape of the resulting

7Note that we split a single CO2-laser beam for the two different trapping beams (see section 2.4).
Thus, the trapping frequencies in the xy-plane are expected to be identical.
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Accuracy in position

Heisenberg

CO2 laser CO2 laser

Accuracy in momentum

Figure 1.7 Demonstration of where the elliptical shape of a Bose-Einstein condensate
comes from.

momentum distribution. Consequently, the velocity distribution is—as opposed to the
case of thermal atoms—no longer isotropic. The atoms expand in different directions
at a different speed, giving us the characteristic elliptical shape of the condensate
after a long enough expansion time. Our images of the macroscopic wavefunction
therefore even enable us to directly observe one of the main principles of quantum
mechanics—Heisenberg uncertainty principle.
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Chapter 2

Bose-Einstein Condensation—the
Experiment

2.1 Introduction

Over the last decades, tremendous progress has been made in the field of atom
trapping. In 1975, two groups1 proposed independently from each other to use
radiative forces to decrease atomic velocities. The main issue for experimentalists
in those days was the Doppler shift, which causes a change of the atomic resonance
frequencies as the atoms slow down. However, seven years after the first proposals,
W.D. Phillips and H. Metcalf successfully slowed an atomic beam with lasers [64].
To do this, they used a Zeeman-slower, i. e. they applied an additional, varying
magnetic field along the atomic trajectory and, thus, compensated the Doppler shift
by the magnetically induced Zeeman shift. Slowing an atomic beam was the first step
towards the realisation of an atom trap. Phillips and his co-workers later crowned
their work with the very first realisation of a magnetic atom trap, as suggested in
1983 by D.E. Pritchard [66]; using their slow atomic beam they were able to trap its
atoms.

The next significant events in the history of atom trapping occurred in 1986, when
S. Chu created the first magneto-optical trap (MOT) [14] and, in the same year, H.F.
Hess developed the idea of further cooling hydrogen atoms using a simple scheme
known as evaporative cooling [45]. It took nine years before a group in Boulder
successfully implemented this cooling technique with a magnetic trap. This yielded,
as the final step in a cooling sequence for 87Rb, the first creation of a Bose-Einstein

1T.W. Haensch et al. [43], and D.J. Wineland et al. [89]
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condensate of alkali atoms [2].

The following chapter briefly outlines the experimental realisation of a Bose-
Einstein condensate in the Quantum Information Laboratory in Auckland. Since the
development of our cooling sequence has occurred over the last five years, former
MSc students have covered most aspects of this sequence extensively; therefore, we
will not detail their theoretical considerations. For information on laser cooling as the
first part of our cooling sequence, we refer, in particular, to MSc theses [80, 86, 87]
and Nobel speeches [13, 17, 63], where this has been covered thoroughly.

All our experiments are based on optical manipulation of our atoms using lasers.
Since this manipulation aims for control of the hyperfine states of the atoms (with
a linewidth of about 6 MHz), it is essential to determine our lasers’ frequencies to
a very high degree of accuracy. For this reason, we introduce in the first section
of this chapter Saturated Absorption Spectroscopy (SAS)—a technique that enables
us to study the spectral lines of our atoms with an appropriate resolution—and
describe the physical background of this technique. In the second section, we outline
our experimental setup, which consists of two magneto-optical atom traps (MOTs).
Subsequently, an introduction to the background of our optical dipole trap in the
third section provides enough information to understand the improvements recently
implemented on the corresponding cooling phase—the evaporative cooling, which is
then covered in the fourth section. The fifth section explains the imaging method we
use to visualise and measure our experiments. This enables us to provide an overview
of the entire experimental sequence for producing a Bose-Einstein condensate in the
sixth and last section of this chapter.

2.2 Saturated Absorption Spectroscopy (SAS)

As mentioned in the introduction, we need to determine our lasers’ frequencies very
accurately in order to use them for a manipulation of our atoms. Furthermore, we
need to ensure that these lasers are locked at the desired frequency for a reasonable
amount of time. For this purpose, our experiment needs to include the appropriate
electronics for the locking loop of our 780 nm-diode laser. These electronics are
described in detail by former MSc students; for further reading refer in particular
to [80].
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for experimental use

probe beam

reference beam

photo diode

pump beam

diode laser

blocked

mirror

perspex beam splitter

rubidium
vapour cell

Figure 2.1 Optical alignment for frequency locking via Saturated Absorption Spectroscropy
(SAS)
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For an accurate determination of the desired frequency, we use a a vapour sample
of rubidium atoms and, hence, need to overcome the following problem: at room
temperature, the linewidths of thermal atoms are broadened by the Doppler effect to
the extent where the atomic spectral lines of their hyperfine structure are indistin-
guishable from each other. The technique we use to obtain a Doppler-free atomic
spectrum is called Saturated Absorption Spectoscropy (SAS). The optical alignment
for this technique is drawn in figure 2.1.

SAS works with the difference of two beams, the probe and reference beam, which
are derived from the same diode laser. When travelling through a vapour sample of
rubidium, the reference beam provides an ordinary Doppler-broadened spectrum. In
contrast, the probe beam not only passes through the gas cell, but also through a
region within the cell where it can be assumed to counterpropagate a pump beam
of far greater intensity. Note that this pump beam also originates from the same
diode laser as the other two beams. Consequently, the difference between probe and
reference beam, which is taken in the photo diode before the signal goes to the locking
mechanism electronics, is fully determined in the overlapping region of the probe
beam with the pump beam. Let us, therefore, take a closer look at what happens to
our atoms in this overlapping region.

Qualitative consideration SAS

The simplest atomic model to qualitatively describe the absorption and stimulated
emission of light occuring in the vapour cell is the two-level atom (see figure 2.2a).
We denote the laser frequency as ν = ν0 −∆ν, where ν0 is the transition frequency
of the atom, and ∆ν the detuning of the laser from the atomic resonance frequency.
Considering the possible atomic absorption of the laser light, we have to take the
Doppler effect into account, due to the large effect on the natural linewidths of
thermal atoms. For our rubidium lines with Γ ≈ 6 MHz, the Doppler broadening can
be determined to be in the range of 600 MHz. Thus, atoms that are moving with the
right velocity component vx toward the probe beam see, due to the Doppler effect,
the probe beam blue-shifted (into resonance), whereas the pump beam appears to be
red-shifted (away from resonance).

Considering these frequency shifts, it seems that the absorption of the probe beam
depends only on the movement of the atoms. But what happens to atoms that are
not moving with respect to the probe laser, i. e. vx = 0, the so-called stationary
atoms? If the laser is resonant with the atomic transition, i. e. ν = ν0, the stationary
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|g〉

|e〉

ν0

(a)

|g〉

|e1〉

|e2〉

ν2ν1

(b)

|g1〉

|g2〉

|e〉

ν4ν3

(c)

Figure 2.2 Atomic models for SAS.: figure (a) shows the simple two-level atom model.
Figure (b) and figure (c) have to be considered due to the multi-level structure of our atoms.
The former includes two different excited states, |e1〉 and |e2〉, whereas the latter allows one
excited state, |e〉 interacting with two different ground states, |g1〉 and |g2〉.

atoms will see both counterpropagating beams on resonance. Since the pump beam
is much stronger than the probe beam, a significant number of atoms become excited
by the pump beam and the weak probe beam can no longer be absorbed; the atoms
are saturated by the pump beam. Consequently, the probe beam spectrum still
contains the frequencies that are resonant with the stationary atoms, while they are
missing in the reference beam spectrum. The Doppler-free spectrum is retrieved by
subtracting the probe beam spectrum from the reference beam spectrum; therefore,
we observe dips at the discussed frequencies.

The simple model of a two-level atom cannot explain the entire structure visible
in the Doppler-free spectrum; we also have to take the multi-level structure of the
atoms into account.

In the case of one ground state |g〉 interacting with two excited levels, |e1〉 and
|e2〉 (see figure 2.2b), cross-over resonances can be observed. This happens when the
atom moves with a velocity vx1 such that the probe beam is in resonance with one of
its possible transition frequencies ν1 or ν2 and, simultaneously, the pump beam is
resonant with the other atomic transition frequency, ν2 or ν1, respectively. Under
these circumstances the pump beam again saturates the atom and the probe beam is
less likely to be absorbed; this results in extra dips in the Doppler-free spectrum.
Obviously, there are always two possible velocities corresponding to one cross-over
dip: one where the atom moves toward the probe beam and another where the atom
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moves away from it.

In order to predict a complete observed absorption spectrum, we also have to
include the case of two ground levels, |g1〉 and |g2〉 interacting with a single excited
state |e〉, as denoted in figure 2.2c. In this case, optical pumping comes into effect.
If a laser is resonant with only one of the transitions, e. g. |g2〉 → |e〉, the atoms in
|g2〉 will get excited to |e〉, from where they eventually decay to |g1〉 by spontaneous
emission. Once in this state, the atom cannot be excited by the the laser frequency
any more. Therefore, |g1〉 is also called a dark state.

We can assume that such optical pumping is only produced by the pump beam,
since the intensity of the probe beam is so much weaker. To see how pumping changes
the absorption spectrum, one needs to think about two different categories of atomic
velocity—velocity vx3 where the atoms become optically pumped from |g1〉 to |g2〉,
and velocity vx4, where the strong beam pumps from |g2〉 to |g1〉.

If, in the case of vx3, the probe beam is at the same time resonant with the
|g2〉 → |e〉 transition, its absorption is amplified due to the overpopulated state |g2〉.

If the atoms move with a velocity vx4 and the probe beam is resonant to |g1〉 → |e〉,
the probe beam will experience extra absorption as well.

Consequently, for both velocity groups, probe beam absorption becomes amplified
when compared to reference beam absorption. Therefore, when subtracting the probe
beam from the reference beam spectrum we expect, in the case of optical pumping,
peaks rather than dips.

Having examined the background of our work with the lasers on the optical table,
we move to the main part of our experiment: the vacuum chambers where the actual
cooling and trapping of our 87Rb atoms is performed using two MOTs and one dipole
trap. These traps are described in the following sections.

2.3 The Double-Magneto-Optical Trap

Configuration

One hurdle to overcome for successful atom cooling is the changing atomic resonance
frequency during the cooling2. Since the Doppler shift of the atomic energy levels
depends greatly on the velocity of the atoms, we have to take account of the fact

2For details about laser cooling, see [55].
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Figure 2.3 Experimental setup for the double-MOT configuration (side view).

that this shift decreases during the cooling process; therefore, we need to adjust
the frequency of the cooling laser. There are many different possibilities to realise
an appropriate adjustment; two of the most successful are implemented by using a
Zeeman-slower [64] or a double-MOT configuration [57].

In order to use a double-MOT configuration, we set up two different MOTs in
two stainless-steel vacuum chambers that are joined together by an approximately
10 cm-long tube of a diameter of (8 − 10) mm. The vacuum in these chambers is
produced by an ion pump that is connected to the second, the larger chamber. Hence,
the connection-tube yields a flow resistance between the two chambers that enables
different degrees of vacuum quality in the different chambers. The direct connection
of the pump to the second chamber is one reason for the degree of the vacuum being
higher in this chamber. The other reason is the atom source we implemented in the
first chamber to provide us with atoms to start our cooling procedure. This source
consists of several 87Rb filaments that supply atomic vapour when one heats them
up. We can adjust this heating with an appropriately chosen current.

The MOT in the first chamber traps atoms from the vapour surrounding the trap.
The atoms are then kicked into the second chamber, where they are captured by the
second MOT. This kicking is realised by a laser that is tuned to the S1/2, F = 2→
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Figure 2.4 Stainless-steel chambers housing the two MOTs.

P3/2, F
′ = 3 transition3, and pulsed with a pulse duration of 10 ms and a period of

100 ms. To optimise the kicking-transfer of the pre-cooled atoms, the lasers of the
first MOT are synchronised with the kicking pulses so that they are switched off
for the duration of the kicking. Furthermore, we focus the kicking laser on the first
trap so that the diverging part of the beam is too weak to transfer further kicks and
disturb the capturing and cooling process in the second MOT. Our setup enables the
second MOT to trap pre-cooled atoms from the kicking-transfer; thus, the second
MOT does not need a vapour surrounding the trap. Figure 2.3 shows a schematic
setup of the two chambers; a picture is provided in figure 2.4.

With this double-MOT configuration, we are able to produce a vacuum in the
second chamber that exceeds 10−11 Torr. This region of ultra-high vacuum (UHV)
provides the environment necessary to perform evaporative cooling, which we discuss
in section 2.5. This cooling technique is essential to achieving a Bose-Einstein
condensate, and is performed by a dipole trap. The trap is overlapped with the
second MOT and is formed by two horizontally aligned CO2-laser beams.

3For the energy level scheme of our atoms, see Appendix A.
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2.4 The Optical Dipole Trap

The mode of operation of a dipole trap becomes clear when one considers the force
that acts on an atom moving in a far-detuned laser field.

2.4.1 The Dipole Force for a Two-Level Atom

In the semi-classical approach of a two-level atom in an electromagnetic field, we
neglect the magnetic field; its effect on the atom is very small, compared to the
effect of the electric field. The electric field is assumed to be classical, i. e. it can be
described by Eω(r, t) = Eω0e

−iωt + E∗
ω0e

iωt. The atom-light interaction is governed
by the dipole moment µ of the atom that is induced by the electric field. Hence, our
system can be specified by a well-known free Hamiltonian of the atom, perturbed by
the interaction part

Ĥint = −µ ·Eω(r, t). (2.1)

Examining the effect of the electric field on our atom exposes us to the standard
example for time-dependent perturbation theory, which is solved in most textbooks
of quantum mechanics (e. g. [52, 73, 76]). Thus, the energy shift ∆Eg of the ground
state of this simplified model can be evaluated as [61]

∆Eg = −1

2
α(ω)

〈
Eω(r, t)2

〉
t
, (2.2)

where 〈·〉t denotes the time average and α(ω) represents the dynamical polarisability
of the atomic ground state. This polarisability is determined by the energy levels
of the atomic transition and the light inducing the dipole moment µ on the atom.
Note that equation (2.2) only holds if we assume that our laser field is far detuned
from the atomic resonance. Hence, the atom cannot be excited and we can neglect
spontaneous emission.4 Despite the far detuning in this approach the atoms are not
isolated any more; they move in the effective potential that is given by the evaluated
energy shift of equation (2.2), which is also known as the ac Stark shift5.

4Including spontaneous emission yields both a complex light shift and a complex valued polaris-
ability. This would require to use in the following only the real part of the polarisability [39, 61].

5Due to the perturbations the light imposes on the atoms, this point of view is often specified as the
‘dressed atom picture’ [61]. Note that this picture originates from a purely quantum mechanical
description of the problem. The description has been modelled by Cohen-Tannoudji [16]. A
summary of his investigation of atomic motion in laser light is provided in [23].
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This effective potential Veff, which is determined by

Veff(r) = −1

2
α(ω)

〈
Eω(r, t)2

〉
t

(2.3)

can be simplified further: with the intensity I(r) = ε0c 〈Eω(r, t)2〉t, and taking into
account the fact that the dipole moment is only induced and not permanent, we find

Veff(r) = − 1

2ε0c
α(ω)I(r). (2.4)

From this potential, we can derive the force that acts on an atom moving in the
potential. Due to its origin, this force is called the dipole force and can be found by

F dip(r) = −∇Veff(r) (2.5a)

=
1

2ε0c
α(ω)∇I(r). (2.5b)

Note that the direction of this force, i. e. its sign, depends on the sign of the
polarisability α(ω). Since one of the coefficients that determines the polarisability
is given by the laser detuning from the atomic resonance6, i. e. (ωa − ω), we can
distinguish between two different cases for α(ω):

• Blue-detuned laser:

If the laser frequency ω is larger than the atomic resonance frequency ωa, α(ω)

becomes negative and, thus, the trapping potential positive. Since this yields
after equation (2.5b) a negative dipole force F dip(r), the potential Veff(r) acts
repulsively.

• Red-detuned laser:

If the laser frequency ω is smaller than the atomic resonance frequency ωa, the
resulting positive polarisability yields a negative trapping potential Veff(r); this
acts as an attractive potential since it provides a positive dipole force F dip(r).
A useful application of this attractive dipole potential is to trap atoms in a far
red-detuned laser beam.

6For a detailed description of the determination of the polarisability refer to [61].

34



2.4 The Optical Dipole Trap
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Figure 2.5 Alignment of our CO2 laser and formation of the harmonic trapping potential
at the intersection of the two focussed laser beams.

2.4.2 The Quasi-Electrostatic Trap (QUEST)

To use the dipole force of a far red-detuned laser for our atom-trapping purposes, we
employ a commercial CO2 laser with the wavelength 10.6µm and, thus, implement
a so-called quasi-electrostatic trap (QUEST). The CO2 frequency corresponds to
∼ ωa/10, a common value for modern dipole traps. The large detuning of the trapping
beams from the atomic resonance allows us to approximate the trapping potential
given in equation (2.4) by [39]

Vtrap = − 1

2ε0c
αstaticI(r), (2.6)

where αdc denotes the static polarisability. Consequently, the spatial extent of the
trapping potential is mainly determined by the intensity distribution of the laser.
Since our CO2 laser beam is close to a single transverse mode—the TEM00-mode—the
intensity distribution can be approximated by a Gaussian.

To realise the desired harmonic trapping potential (see Chapter 1), we have to make
two Gaussian beams overlap at about a right angle. How we derived these two beams
from our single CO2 laser source is shown in our optical alignment in figure 2.5. The
CO2 beam is horizontally, linear-polarised. After passing an acousto-optic modulator
(AOM), which enables intensity adjustments, we expand the beam with a beam
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expander. This expansion is performed in order to optimise the focussing later on in
the chamber. But, beforehand, the beam has to be split with a 50/50-beamsplitter.
The resulting beams both have a power of approximately 10 W. We align them so
that they intersect at the desired right angle in the centre of the chamber. This way,
their polarisations are approximately orthogonal, and interference effects between
the two beams can be neglected. Finally, to optimise the trap, we need to focus the
beams onto their intersection region. The result are two strong, intersecting Gaussian
beams, which form a steep and well-defined harmonic potential.

The dipole trap, described thus far only traps the atoms; in order to cool them in
this purely optical trap, we employ evaporative cooling.

2.5 Evaporative Cooling

2.5.1 Operation Principles of Evaporative Cooling

Since laser cooling does not cool the atoms enough to induce the phase transition to
a Bose-Einstein condensate, one needs to apply another cooling method. It turns out
that a well-known cooling mechanism of our everyday life—the evaporative cooling
that can be observed at any cup of hot steaming liquid—is successful for our purposes.
The steam, as an accumulation of the hottest atoms in the system, escapes and leaves
a sample with lower average energy behind. This system, subsequently, rethermalises
to a lower temperature.

Consider a sample of ultra-cold atoms in an harmonic trapping potential formed
by our CO2 laser. The processes of rethermalisation not only cool our atoms down;
the escaping hot atoms leave the atoms remaining in the trap in non-equilibrium.
Subsequently, collisions among these trapped atoms yield the re-equilibration of the
system. The combination of keeping the colder atoms trapped, together with their
collisions, increases the phase space density of the atomic sample, which is defined
as [26, 48]

nPSD = nλ3
B, (2.7)

where n represents the particle density and λB the de-Broglie wavelength of the
atoms. This is exactly what one is aiming for to reach the critical point of the phase
transition to a Bose-Einstein condensate (see Chapter 1).

36



2.5 Evaporative Cooling

Limits of rethermalisation

The rethermalisation processes also impose an important condition on our system: the
lifetime of our trapped atoms has to be much longer than the rethermalisation time.
To maintain and optimise this condition in our gaseous sample, we first consider the
effects that limit the lifetime of the atoms. The major limits originate from inelastic
collisions, namely three-body recombinations and collisions with the background gas7.
Concerning the latter, we can regard the background atoms as highly energetic in

P(atoms->groundstate) ~ (N+1)

N = # of atoms already in the 

condensate

stimulated scattering 

caused by atoms in the 

groundstate

hottest atoms 

escape

two-body collisions

rethermalisa-

tion to a 

colder tem-

perature

Figure 2.6 Scheme of the dominating processes during evaporative cooling.

comparison to the trapped atoms. Hence, any collisions between these two groups of
atoms will heat up the colder, trapped atoms by a considerable amount. Consequently,
we need to find a way to prevent any contact between the trapped atoms and the

7Note that inelastic binary collisions that result in spin flips only are, for our experiment irrelevant,
since we trap all magnetic sublevels with our optical dipole trap.
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background gas. Our previously described double-MOT configuration (see section 2.3)
provides a dipole trap environment of ultra-high vacuum (UHV) that is sufficient to
suppress such unwanted collisions with the background gas.

Three-body recombinations produce molecules of liquids and solids that contami-
nate our UHV-region [22]. To avoid these effects, we keep the density of our atomic
cloud low by using only a very dilute gas of 87Rb; this still enables us to perform a
successful evaporation process.

Besides increasing the lifetime of our trapped atoms, we can also shorten the
rethermalisation time and optimise the evaporative cooling. The rethermalisation
rate is governed by the rate of elastic collisions Γelastic between the bosons, which can
be determined as [61]

Γelastic = nσsvrelative, (2.8)

where n is the atom number density, σs the cross section of s-wave scattering and
vrelative the mean relative velocity of our atoms. With equation (2.8) we see that a
shorter rethermalisation time, given by a faster collision rate, occurs with a rising
particle density n—a side-effect of the cooling itself.

Stimulated scattering

After several rethermalisation processes, the cooling toward the phase transition of a
condensate is enhanced by another process. This process is based on the diluteness
of our gas that ensures that two-body collisions dominate the scattering processes in
the gas. As soon as the critical temperature for a condensation has been reached, the
number of atoms N occupying the lowest energy state stimulate the other atoms to
scatter into this low-energy state as well. To be more precise, N bosons in a specific
quantum state increase the probability of another boson scattering into the same
quantum state by the amount of the so-called Bose-enhancement factor (N + 1). A
schematic picture of the dominating processes during the entire evaporative cooling
stage is given in figure 2.6.

Forced evaporative cooling

Although the evaporative cooling described so far seems to be the ideal cooling
method for an ultra-cold atomic sample, one needs to be aware of the fact that,
without external cause, the cooling will eventually stop. To maintain and optimise
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Figure 2.7 The shape of the dipole trap, as dependent on the intensity of the CO2 laser
during the evaporative cooling.
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the cooling process, we need to decrease the trapping potential. This has to happen
in a well-controlled manner, so that at all times, enough atoms are trapped and the
desired scattering processes are ensured.

Due to the proportionality between trapping potential and CO2 laser intensity (see
equation (2.6)), we can implement the lowering of the trapping potential by decreasing
the trapping laser intensity. How this intensity decrease affects the potential is shown
in figure 2.7. Note the remaining parabolic shape throughout the entire cooling,
despite the considerably large decrease of the potential height.

2.5.2 The Experimental Implementation of Evaporative

Cooling

Initially, we split the phase during which evaporative cooling is performed into three
phases. Each of these phases consisted out of a linear ramp of 100 steps, whereas
their characterising parameters (e. g. their gradient) differed greatly. It turned
out that having a very steep potential decrease during the first phase was useful.
This way, many hot atoms were thrown away at the beginning of the cooling; the
rethermalisation processes dominated the cooling.

Later on, and in particular during the last cooling phase, using a much smaller
gradient was more successful. During this phase, stimulated scattering increasingly
overtook the main part of the cooling effect. At this stage, we have to be careful to
maintain enough two-body collisions for the incipient stimulated scattering processes.

Since seven parameters needed to be adjusted to optimise the three cooling phases
(each linear ramp was determined by an initial and a final value, and by its duration
time), we tried to find a more efficient and a more easily reproducable way to
implement successful evaporative cooling. Therefore, we approximated the three
linear ramps by a single Lorentzian function, which still gives consideration to the
three different gradients of the previously used three phases. Implementing this
function into our control programme has provided us with the desired improvements
of our experiment for both atom densities and stabilisation of the sequence. The new
Lorentzian time evolution of the power PCO2 of the trapping lasers during the phase
of evaporative cooling is described analytically by

PCO2(t) =
Pcp

1 + (t/τ)pL/10
− Pcp

1 + (tdecay/τ)pL/10
+ Pfinal, (2.9)
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Figure 2.8 Time evolution of the lowering of the dipole trapping potential following the
Lorentzian curve of equation (2.9) for typical parameters of our experiment: Pcp = 10W,
τ = 0.9 s, pL = 30, tdecay = 9.5 s, Pfinal = 60mW.

where we can adjust the parameters Pcp as the ‘capture power’ (the amplitude of the
Loretzian), τ as the time constant of the decay, pL as the power of the Lorentzian,
tdecay as the time for the entire process and Pfinal as the final power of the ramp.
The second term of this new time dependence is implemented to ensure that the
final power remains the given value, independently on any adjustments of the other
values. This term also changes very slightly the initial capture power of our ramp;
however, here, this change is negligible small. Equation (2.9) is drawn in figure 2.8
with typical values of our experimental parameters. Note the semi-logarithmic scale
to take account of the significant difference between the gradients at different times.

2.6 Imaging the Atoms

The atomic trapping and cooling described in the previous sections nominally pro-
duced a Bose-Einstein condensate. To verify such a condensate, we have to find an
appropriate method to image our cold atoms in the science chamber. We have chosen
to use the time-of-flight (TOF) imaging method.
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2.6.1 Time-of-flight Imaging (TOF)

The TOF technique makes use of the atomic characteristic of absorbing resonant
photons. For this absorptive method, a resonant probe laser is needed. Shining
this probe beam onto the atoms makes them absorb the resonant photons and thus,
casting a shadow of the atoms in the laser beam. Consequently, the probe-laser beam
consists of an unscattered part of the light that misses the atoms, and a scattered
part that is absorbed and is, therefore, attenuated and phase-shifted. The average
intensity of such scattered light can be evaluated by

〈Iabsorbed〉 = T 2I0, (2.10)

where the initial probe laser intensity is given by I0 = 1
2
|E0|2 with the electric

field component E0 before the interaction with the atoms, and T represents the
transmission coefficient, which can be calculated using the off-resonance optical
density [46].

To capture the data, the produced shadow must then be sent to a CCD camera.
Since the imaged region is very small and we cannot put the camera close enough to
the chamber to be in focus, we set up a 4-f image transfer system. Such a system
consists of two identical, achromatic lenses that are arranged as shown in figure 2.9.
The figure also shows that no magnification results from this system; it only serves
to shift the image further backwards.

camera1 f 1 f2 f

atomic cloud
scattered light unscattered light

probe
beam

Figure 2.9 Absorption imaging of an atomic cloud with a 4-f image transfer system.

2.6.2 Experimental Setup

We have chosen to set up the imaging system vertically, i. e. the probe beam travels
through the science chamber from the top to the bottom; therefore, we have installed

42



2.6 Imaging the Atoms

fibre

camera

achromatic lenses

mirror

atomic cloud

gravity

microscope objective

mirror

science
chamberfrom first MOT

x

y

z

Figure 2.10 Side view of the alignment of the imaging system at the science chamber.

the camera at the bottom of the chamber. The schematic alignment for the imaging
sequence is shown in figure 2.10.

The camera we are using (a photonMAX CCD from Princeton Instruments)
provides images of the size of (512 × 512)pixels, where each pixel covers an area
of (16× 16)µm2. Since the condensate size is expected to be (5–10)µm, and the
4-f image transfer system itself does not magnify the object, we need the magnification
to be provided by a microscope objective placed in front of the camera. We use an
objective with a focal length of 4.5 mm, which gives a pixel size of 1.84µm.

Our probe laser is sent in short 100µs pulses to ensure that the motion of our
atoms during one pulse can be neglected. Furthermore, the intensity of the probe
laser is balanced between the lower limit—determined by having enough photons for
a satisfactory signal for the camera—and the upper limit of saturating the atoms.
The pulses are also useful for the image processing described in the following section.

43



Chapter 2 Bose-Einstein Condensation—the Experiment

2.6.3 Image Processing

For an almost noise-free absorption image, we follow the image sequence, the details
of which are contained in [87]. Below is a brief overview.

Our trapping and cooling sequence is followed by an expansion time, during which
the atoms expand ballistically. After (5–10) ms of expansion time, the first imaging
pulse of the probe beam gives us the so-called shadow image. This pulse destroys
the condensate since the atoms absorb the resonant photons and cast their shadow
in the beam. Subsequently, another pulse of the probe beam is sent to provide the
initial intensity I0 of the probe beam—a reference for the data processing later on.
Since the condensate is already lost at this point, this second picture is termed the
image without atoms or, due to the probe laser light, the laser image. Thereafter,
a third picture is taken without any laser light. As all lasers are switched off, this
third picture provides the background image.

In the following description of the creation of a complete absorption image, the
data from each of these pictures is denoted with S (shadow image), L (laser image)
and B (background image), respectively. Equations representing what is included in
each data array of the different pictures can be found:

S = atoms + probe light + background, (2.11)

L = probe light + background, (2.12)

B = background. (2.13)

Subtracting equation (2.11) from equation (2.12) results in an intermediate picture
array I, which contains the negative values of the atomic absorption since I = L−S =

−atoms. The minus sign changes the initial dark spot of the atoms into the desired
bright spot.

Next, the data has to be normalised with respect to the initial probe beam intensity
I0. Hence, the absorption is referred to the given maximum intensity, with resulting
values ranging from 0 to 1. This normalisation is done by a division through the
probe light. It is described in terms of the picture arrays by

F =
−atoms

probe light
(2.14)

=
I

L− B
, (2.15)
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where F is the final data array for the complete absorption image.
Note that the imaging setup gives a two-dimensional picture in the xy-plane. Since

the probe beam is aligned along the z-axis, the image can be considered a result of an
integration along that axis. Therefore, the resulting two-dimensional picture provides
the column density along the z-axis. This makes the TOF technique a reasonable
way of imaging the significant peak in density profile as depicted in Chapter 1.

2.7 One Entire Experimental Sequence

After covering the most important features of our atom-cooling experiment, we
need to connect them in an appropriate time sequence. The following subsections
will briefly describe the temporal connection between the corresponding parts. An
illustrative overview is given by the block diagram of one entire sequence, which
can be found in figure 2.11. Note how further experiments with a Bose-Einstein
condensate can easily be implemented before the imaging part.

MOT loading phase

During the MOT loading phase, the first MOT captures atoms from its surrounding
vapour, and the described kicking beam (see section 2.3) transfers them into the
second chamber to fill up the second MOT. The default of our control programme
is set up so that this phase starts as soon as all hardware components have been
switched on, and the lasers have been locked to the desired frequencies. Measuring
the fluorescence in the second chamber, we wait until it is filled with approximately
∼ 108 atoms. At this stage we can trigger the actual sequence by activating the Run
sequence button on our control panel. We, thereby, initiate the dipole trap loading
phase.

Dipole trap loading phase

The dipole trap loading phase is governed by two subsequent detunings of the second
MOT laser beams. Since the dipole trap lasers are switched on during the MOT
loading phase, we have to take account of the fact that these CO2 lasers induce a
light shift on our atoms. The amount of this shift is different for the atomic ground
and excited states8. It turned out that the most efficient way to compensate for this

8For further information on the light shift of our atoms see e. g. [55, 82].

45



Chapter 2 Bose-Einstein Condensation—the Experiment
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Figure 2.11 Block diagram of one experimental sequence for realising an all-optical
formation of a Bose-Einstein condensate. The dashed path denotes further experiments
that use the condensate.
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change of the atomic resonance frequency was with two subsequent detuning phases
of the trapping lasers.

The first is called ‘large detuning phase’ and corresponds to a 150 ms-long
red-detuning of the MOT lasers by 30 MHz. During this time, we also decrease
the repump power down to 1µW. This repump laser had been responsible for pump-
ing the atoms into the S1/2, F = 2 state, which can be reached by the cooling laser
with a cooling frequency of the S1/2, F = 2→ P3/2, F

′ = 3 transition. Lowering the
power of the repump laser enables some atoms to reach the F = 1 state. Hence, the
reduction of the repump results in both an increasing population of the S1/2, F = 1

state, and some remaining, still laser-cooled atoms in the F = 2 ground state.
The second detuning of the dipole trap loading phase corresponds to a detuning

of the MOT lasers by 160 MHz, and lasts for 50 ms. During this phase the repump
power stays on low power; this phase simply optimises the previous ‘large detuning
phase’.

As soon as the second detuning phase has been finished, we have to make sure that
the last laser-cooled atoms in the S1/2, F = 2 state reach the desired F = 1 ground
state and contribute to our condensation. For this purpose, we switch off the repump
laser completely for 5 ms before we switch off the laser and the magnetic fields of the
MOT. This triggers the next cooling phase—the evaporative cooling.

Evaporative cooling phase

The evaporative cooling phase has been described in detail in section 2.5. This
phase generally takes 9.5 s. Subsequently, we have two options to finalise the experi-
ment: either we undertake further experiments using the produced condensate (see
Chapter 5), or we directly trigger the image phase to visualise our condensate.

Imaging phase

Before the actual imaging process, we let the condensed atoms expand for
approximately 10 ms by switching off the last remaining trap—the dipole trap9.
Thereafter, a probe laser, which is tuned to the S1/2, F = 2→ P3/2, F

′ = 3 transition
of our atoms, is used for the imaging.

Since our condensates had only been produced in the F = 1 ground state at the
time of writing this thesis, the atoms have to be pumped into the F = 2 ground

9Note that this expansion time varies; it depends on the undertaken experiment.
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state first, before any possible condensate can be seen with our probe beam. This
is achieved by turning the repump beam for 1 ms on full power (1 mW) after the
expansion time. The probe laser is then resonant with the pumped atoms and they
can absorb the probe light for the imaging. The shadow, which the atoms cast in
the probe beam by absorbing it, is then visible in the image produced by the CCD
camera at the bottom of the chamber. Details about the optical alignment and how
an absorption image is created can be found in section 2.6.1.

Control of the experiment

We use the graphic user interface QT Designer on Linux to control our experiments
by a C++ programme. With a DAC (Digital to Analog Converter) card, we send
adjustable voltage-signals to our hardware components. This offers us a vast variety
of adjustments and settings.

Figure 2.12 The control panel of our experiment.
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Figure 2.12 shows our designed control panel. One can find the manual control
of our hardware in the blue-framed box in the lower left corner. The boxes in
the upper left and right corners (green- and red-framed) correspond to the cooling
sequence—the dipole trap loading and evaporative cooling phase, respectively. To
control the imaging sequence, the box in the lower right corner is used, whereas the
box above it varies as it specifies further experiments that we can carry out with a
created condensate.

Particularly interesting is the box right in the middle of the control panel. This box
is called the ‘Multi-Go’ feature; it enables us to undertake a sequence of experiments,
where within the sequence only one parameter is varied. Any parameter that is
determined on the panel as a so-called ‘spinbox’ can be chosen for such a variation. A
‘Multi-Go’-sequence is then specified by the ‘First’ and the ‘Last’ value of the chosen
parameter, and the ‘# of points’, i. e. the number of experiments. This feature turned
out to be very useful, as we can assume to have the same initial conditions for all
experiments of one ‘Multi-Go’-sequence.
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Chapter 3

Diffraction of Atoms as
Particles—Theory of an Atom
Optics δ-Kicked Rotor

3.1 Introduction

At the beginning of the 20th century, several physicists—like Max Planck (1858–1947),
Niels Bohr (1885–1962), Erwin Schrödinger (1887–1961) and Werner Heisenberg (1901–
1976)—contributed greatly to the physics world. At the time, the main aim of these
physicists was to find explanations to certain, then-recent experiments. However, their
investigations provided essential contributions to the development of a completely
new field in Physics—quantum mechanics.

The main issue for these physicists was to understand why newly examined
microscopic systems behaved so differently to the commonly known macroscopic
systems. One of the anomalies to be explained was the quantisations of certain
quantities, such as energy and angular momentum, for bounded systems.

Over the following decades, a new mathematical concept has been developed to
accommodate the discovered features of the microscopic world; this mathematical
depiction established quantum mechanics as an entirely new and fundamental
description of Physics. While Classical Physics identifies a state of a system most
commonly by its position and momentum, quantum mechanics describes the state by
a wavefunction in a specific complex (non-zero) vector space, a Hilbert space.

Besides being able to predict the different behaviour of microscopic systems, it
simultaneously became important to be able to distinguish between the two regimes
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of classical and quantum mechanical physics. Therefore, one started to look for purely
classical and purely quantum effects, as well as the transitions between the two.

A system that shows different behaviour in the two regimes is the δ-kicked rotor ;
this system can most simply be thought of as a pendulum that is periodically kicked
by an external potential. The stronger the kick, the more “macroscopic”—the more
classical—the system becomes. In the classical regime, the rotor exhibits chaotic
motion that can easily be told apart from the quantum mechanical behaviour. A kicked
rotor can be realised by the so-called atom optics δ-kicked rotor—an experimental
implementation by use of ultra-cold atoms.

It was in the 1990s when new, advanced atom-cooling techniques facilitated kicked
rotor experiments with pre-cooled alkali atoms and a kicking potential of a pulsed
standing light wave [1, 24, 67, 69, 88]. In those days the investigations concentrated
mostly on the chaotic behaviour of a classical δ-kicked rotor in comparison to its
quantum analogue, where this behaviour is entirely eliminated through coherence
effects. The transition from a classical to a quantum system—the dynamical local-
isation—was observed as long-time behaviour after a sufficiently large number of
δ-kicks [86].

In 1995, the first realisation of a Bose-Einstein condensate as a much colder sample
of atoms than the ones used before extended the experimentally observable regime to
the one of the so-called early-time behaviour. The condensate provides a well-defined
initial state of the atoms offering the possibility to observe the purely quantum
effects of quantum resonances and anti-resonances by examination of the energy
diffusion of the first few kicks.

As an introduction to the δ-kicked rotor, the first section of this chapter describes
the classical version by use of Hamiltonian Mechanics. The second section provides
details on the quantum analogue—the quantum δ-kicked rotor. In this context, a
description of the resonance and anti-resonance behaviour of the quantum rotors is
provided. The third section shows how the kicked rotor is realised with a condensate
as an atom optics kicked rotor in a semi-classical model of atom-light interaction. In
this context, we also provide a description of our simulation of the presented model.
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3.2 Classical Kicked Rotor

3.2.1 Hamiltonian Mechanics

To describe a system in Newtonian Mechanics, it is essential to know all interacting
forces explicitly. If that is not possible, or too complicated for an N -particle system,
one would rather use Lagrangian or Hamiltonian Mechanics. It is necessary, for both
formalisms to know the Lagrangian L of the system; this is given by the difference
between the total kinetic energy T and the total potential energy V , i. e.

L(q1, q2, . . . , qn, q̇1, q̇2, . . . , q̇n) = T − V , (3.1)

where qi are the generalised coordinates and q̇i = dqi/dt the respective generalised
velocities, with i = 1, 2, . . . , n = 3N − s. We assume that our system has n degrees of
freedom, given by the number of degrees of freedom of N particles in three dimensions,
and reduced by the number of constraints s of the system. The type and number
of these constraints also determine which formalism to use—the Lagrangian or the
Hamiltonian formalism. In using the latter to find the equations of motion of the
system, one needs to be aware of Hamilton’s principle of least action, which is also
known as the action principle. It states that any system will only evolve in time in a
way as to minimise its action, which is defined as

S(q1, q2, . . . , qn) =

∫ t2

t1

L(q1, q2, . . . , qn, q̇1, q̇2, . . . , q̇n, t)dt (3.2)

By introducing the conjugate momenta pi = ∂L/∂q̇i of the generalised coordinates
qi, the Hamiltonian H of the system can be found by a Legendre transformation of
the Lagrangian:

H(q1, q2, . . . , qn, p1, p2, . . . , pn, t) =
n∑

k=1

pkq̇k−L(q1, q2, . . . , qn, q̇1, q̇2, . . . , q̇n, t) (3.3)

The transformation shifts from the dependence of L on qi and q̇i to the dependence of
H on qi and pi. Thus, the Hamiltonian does not depend on the generalised velocities.
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Due to Hamilton’s principle of least action, we can find our system’s equations of
motion by determining the partial derivatives ∂H/∂qi and ∂H/∂pi,

∂H
∂qi

=
n∑

k=1

pk
∂q̇k
∂qi
− ∂L
∂qi
−

n∑
k=1

∂L
∂q̇k

∂q̇k
∂qi

= −∂L
∂qi

= −ṗi (3.4a)

∂H
∂pi

= q̇i +
n∑

k=1

pk
∂q̇k
∂pi

−
n∑

k=1

∂L
∂q̇k

∂q̇k
∂pi

= q̇i (3.4b)

All allowed trajectories of the system can now be found using the Hamiltonian
equations of motion,

q̇i =
∂H
∂pi

, (3.5a)

ṗi = −∂H
∂qi

, with i = 1, 2, . . . , n = 3N − s . (3.5b)

3.2.2 The Pendulum—a Classical Rotor

The pendulum, a freely rotating mass around a fixed center, is one of the simplest
classical rotors and can be described with Hamiltonian Mechanics. Its Lagrangian is
given by

L(θ, θ̇) =
1

2
ml2θ̇2 +mgl cos(θ), (3.6)

where the generalised coordinate is chosen to be θ, the angle of the pendulum with
the vertical as shown in figure 3.1.

The conjugate momentum can be found with

pθ =
∂L
∂θ̇

= ml2θ̇, (3.7)

which is also known as the angular momentum L. Thus, the Hamiltonian of the
pendulum is

H(θ, L) =
L2

2ml2
−mgl cos(θ). (3.8)
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θ
l

m

f(t)

Figure 3.1 Classical kicked rotor: Pendulum in potential field f(t)

With the moment of inertia I = ml2 and the potential well depth V0 = mgl, it
simplifies to

H(θ, L) =
L2

2I
− V0 cos(θ). (3.9)

Following the Hamiltonian formalism described in section 3.2.1, the equations of
motion for a pendulum become

θ̇ =
L

I
, and (3.10a)

L̇ = −V0 sin(θ). (3.10b)

3.2.3 The Classical δ-Kicked Rotor

Assuming that the potential field, e. g. the gravitational potential, can be pulsed, the
system of a classical rotor, is turned into a classical kicked rotor (CKR). In an ideal
case the pulsed potential field can be described mathematically by a finite train of
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δ(x)

1
ε

x0

x0 + ε
2

x0 − ε
2

x

Figure 3.2 The top head function (normalised to 1) that converges for ε → 0 to the δ-
function (also known as unit impulse function). In this limit it describes an ideal ultra-short
pulse.

shifted pulse profiles,

f(t) =
N∑

k=1

F (t− kT ), (3.11)

where F(t) is the function describing the shapes of the pulses, N the number of pulses
and T the pulse period.

If we further assume an infinitesimal pulse length and keep the area under each
pulse finite, we have a finite train of δ-functions as the pulse profile function f(t).
This is described by

f(t) =
N∑

k=1

δ(t− kT ), (3.12)

with

δ(x− x0) = lim
ε→0

1
ε

x0 − ε
2
≤ x ≤ x0 + ε

2
,

0 otherwise,
(3.13)

as shown in figure 3.2.
The Hamiltonian of the classical δ-kicked rotor is almost the same as the Hamilto-

nian of the classical rotor (3.9). Taking the time dependence of the potential into
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... ...

nthkick(n− 1)thkick kicks

1

Figure 3.3 The train of δ-kicks demonstrating the relationship between two consecutive
kicks.

account, it becomes

H(θ, L) =
L2

2I
− V0 cos(θ)

N∑
k=1

δ(t− kT ). (3.14)

This can be simplified by scaling the Hamiltonian H and the time t. For this
purpose, we divide them through I/T 2 and T , respectively. The new, dimensionless
Hamiltonian is then given by

Hdl(θ, ρ) =
ρ2

2
− κ cos(θ)

N∑
k=1

δ(τ − k) (3.15)

with Hdl = HT 2/I, ρ = LT/I, τ = t/T and κ = V0T
2/I. κ is known as the classical

stochasticity or kicking strength; it regulates the total area under each pulse.
Using the previously described Hamiltonian formalism (see section 3.2.1), the

equations of motion are determined with the Hamiltonian Hdl of equation (3.15) as

θ̇ =
∂Hdl

∂ρ
= ρ, (3.16a)

ρ̇ = −∂Hdl

∂θ
= −κ sin(θ)

N∑
k=1

δ(τ − k) = −κ sin(θ)f(τ); (3.16b)

for simplicity we substitute the train of δ-functions above with f(τ). Note that the
total time derivatives θ̇ = dθ/dτ and ρ̇ = dρ/dτ now refer to the scaled time τ and
not to t.
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Due to the the scaling towards the dimensionless Hamiltonian, the period between
two subsequent kicks becomes simply unity. We use this simplification to solve our
equations of motion (3.16) iteratively. If we consider the nth kick, ρn can be written
as

ρn = ρn−1 + ∆ρn, (3.17)

where ∆ρn is the change of ρ due to the nth kick determined by equation (3.16b).
Considering figure 3.3, it becomes clear to what (3.16b) refers: the change of the
nth kick is determined as ∆ρn = −κ sin(θn−1). Consequently, an iterative solution
of (3.16b) is given by

ρn = ρn−1 − κ sin(θn−1). (3.18a)

Equation (3.16a) can be solved in a similar way to equation (3.16b). The solution
becomes

θn = θn−1 + ρn. (3.18b)

Note that, due to the periodicity of the system, the iterative solutions for θn is taken
modulo 2π. A plot of equations (3.18) is known as the standard map.

To further investigate a CKR qualitatively, we analyse its standard map, which
is also known as the Taylor-Chirikov map. For this purpose we plot our iterative
solutions and, thus, receive Poincaré sections1. How such numerical mapping can
be calculated is extensively described by former Master students [21, 86]. We use
their concepts to show our system’s dynamics and to show how a CKR behaves in
the case of large kicking strength κ.

For a sufficiently large kicking strength κ, the CKR exhibits chaos, the mathe-
matical derivation of which can be found in [12]. Since the mathematics of inserting
chaotic motion is highly non-trivial, we will investigate it by considering our Poincaré
sections in figure 3.4. As a representation of one section of our system’s phase space,

1To describe the dynamics of an N -dimensional system one may use Poincaré sections. As sections
of the phase space, they are of a lower dimension than N . These sections are useful to investigate
periodic motion. Once one gives such a motion initial conditions, one notes the point of recurrence
in the section. By simulating different starting points, one can then construct the entire motion.
Poincaré sections are very useful for stability analysis of periodic systems.
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they are ideal to observe the change from regular to chaotic motion. For a regular
trajectory of a CKR, we expect elliptic regions in this section. Hence, by taking
the periodicity of 2π into account, we can identify large regions of regular motion
in figure 3.4a. As soon as we increase κ (figure 3.4b) we observe two significant
features—a chaotic region becomes visible by the unstructured areas, and some
additional resonances appear. An even larger kicking strength in figure 3.4c results
in interrelated chaotic regions over the whole phase space—global chaos arises. For
κ = 8 (figure 3.4d) the regions of regular trajectories are completely destroyed and
the Poincaré section remains structureless—the rotor exhibits unexceptional chaotic
motion.

An alternative method of observing the insertion of chaotic motion of a CKR
is applied by using its mean energy to investigate the system’s dynamics. This is
subject of the following subsections, giving us a hint on which parameters to study
in our experiments.

3.2.4 Momentum Diffusion Rate

The dynamics of the δ-kicked rotor can be examined by investigating its mean energy.
Hence, we aim to determine the energy change caused by the “kicks” of the applied
potential. For this purpose, let us consider the momentum distribution after a set
number of kicks. The classical momentum diffusion rate Dclass(n) for rotors can be
defined as the change of mean kinetic energy between two consecutive kicks, i. e.

Dclass(n) = 〈En+1〉 − 〈En〉 =

〈
ρ2

n+1

〉
2
− 〈ρ

2
n〉
2
, (3.19)

where the subscript ‘class’ has been introduced to avoid confusion later on, and n

determines at what scaled time τ the diffusion is calculated. The two terms 〈ρ
2
n+1〉
2

and
〈ρ2

n〉
2

represent the mean kinetic energies at times τ = n+ 1 and τ = n, respectively.
Since we solved the equations of motion (3.16) iteratively, we can write the solution

for the momentum ρn after the nth kick in dependence on the initial momentum ρ0.
Using equation (3.18a) we find

ρn = ρ0 − κ
n−1∑
i=0

sin(θi), (3.20)
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Figure 3.4 Poincaré sections for different kicking strengths κ. The developing chaotic
motion with an increasing κ becomes apparent from the decreasing structure. While (a)
with κ = 0.3 has large areas representing the structure of the rotor’s regular trajectories, the
chaotic regions grow from (b) (κ = 1) to (c) (κ = 1.7) to the extent that the extra resonance
regions of (b) (κ = 1) disappear completely, and the chaotic regions enclose the structured
regions entirely. In (d) the kicking strength κ = 8 is high enough to let chaos overtake the
entire dynamics of the CKR—the Poincaré section remains completely unstructured.
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which can be used for the calculation of the mean energy after the nth kick:

〈En〉 =
〈ρ2

n〉
2
, (3.21)

=
1

2
(
〈
ρ2

0

〉
− 2κρ0

n−1∑
i=0

〈sin(θi)〉+ κ2

n−1∑
i=0

n−1∑
j=0

〈sin(θi) sin(θj)〉). (3.22)

To evaluate the classical correlation function 〈sin(θi) sin(θj)〉 in the last term of
equation (3.22), we can assume a uniform distribution of θ over the limited range
[−π, π]. Since the average over sin2(θ) is simply 1

2
in this range, one can evaluate the

correlation function by

〈sin(θi) sin(θj)〉 =

1
2

for i = j and θ ∈ [−π, π],

0 for i 6= j and θ ∈ [−π, π].
(3.23)

Hence, the average energy after the nth kick becomes

〈En〉 =
κ2

4
n+
〈ρ2

0〉
2
. (3.24)

This yields a quasi-linear diffusion rate of

Dclass(n) = 〈En+1〉 − 〈En〉 =
κ2

4
. (3.25)

The linearity of equation (3.25) breaks as soon as the correlations between two
consecutive pulses are included. In this case, the computation of the classical
correlation function becomes very complicated. However, Rechester and White
calculated them for the first five kicks [68]:

Dclass(0) =
κ2

4
, (3.26a)

Dclass(1) =
κ2

4
, (3.26b)

Dclass(2) =
κ2

2

(
1

2
− J2(κ)

)
, (3.26c)

Dclass(3) =
κ2

2

(
1

2
− J2(κ) + J 2

3 (κ)− J 2
1 (κ)

)
, (3.26d)

Dclass(4) ≈ κ2

2

(
1

2
− J2(κ) + J 2

3 (κ)− J 2
1 (κ) + J 2

2 (κ)

)
, (3.26e)
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Figure 3.5 The classical energy diffusion rate, dependent on the kicking strength κ. The
blue line shows the quasi-linear behaviour (for n = 0), whereas the red line demonstrates
the effect of taking the correlation of two consecutive kicks into account (for n = 4).

where Jn repesents the ordinary Bessel function of the nth order. Note the labelling
of the diffusion rates; e. g. Dclass(0) belongs to the first kick. The influence of the
correlations between two consecutive kicks is shown in figure 3.5, where we have
plotted equations (3.26a) and (3.26e). Particularly interesting for experimentalists is
that one has to keep the kicking strength κ low to be able to neglect the effect that
breaks the linearity.

3.3 Quantum δ-Kicked Rotor

To describe the δ-kicked rotor in Quantum Mechanics, we need to determine the
Hamiltonian governing its dynamics in the appropriate Hilbert space. With the clas-
sical Hamiltonian of equation (3.14), the quantum mechanical version is easily found
by replacing the observable physical properties of a system with their corresponding
operators. Hence, for the unscaled version we get

Ĥ(θ̂, L̂) =
L̂2

2I
− V0 cos(θ̂)

N∑
k=1

δ(t− kT ), (3.27)
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where Ĥ, θ̂ and L̂ are the operators for the Hamiltonian, the angular displacement
and angular momentum, respectively. The other symbols are the same as in the
classical analogue.

The same scaling as for the classical considerations (see section 3.2.3) results in a
dimensionless Hamiltonian. Hence, equation (3.27) becomes

Ĥdl(θ̂, ρ̂) =
ρ̂2

2
− κ cos(θ̂)

N∑
k=1

δ(τ − k), (3.28)

with its position and momentum operator

θ̂n = θ̂n−1 + ρ̂n, (3.29a)

ρ̂n = ρ̂n−1 − κ sin(θ̂n−1), (3.29b)

the quantum analogues to equations (3.18b) and (3.18a), respectively. The Hamilto-
nian provides us with the foundation for investigating the dynamics of the quantum
kicked rotor (QKR). Before this, however, we clarify some differences between the
classical and quantum mechanical versions of the δ-kicked rotor in the next two
paragraphs.

The effective Planck’s constant k̄

The two position and momentum operators (θ̂ and ρ̂) of the scaled Hamiltonian Ĥdl

are related via the commutator[
θ̂, ρ̂
]

= ik̄, (3.30)

where k̄ is a dimensionless parameter determining the extent to which the system
behaves classically. It can be expressed in terms of Planck’s constant ~ by

k̄ ∼ ~
Iclassical

, (3.31)

where the Iclassical denotes the classical action that can be determined by use of the
system’s Lagrangian.

Relation (3.31) implies that an increase of classical action lets k̄ → 0 and, hence,
the classical motion dominates the system’s dynamics. Consequently, quantum effects
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are only significant if the total classical action of a system is kept sufficiently small2.
How k̄ is calculated will be shown in section 3.4, within the context of realising a
δ-kicked rotor in atom optics. We will first have a more detailed look at the general
quantum description of a δ-kicked rotor.

The quantum momentum diffusion rate

To find the momentum diffusion rates in quantum mechanical terms, we simply
replace the observables in equation (3.19) with their corresponding operators, i. e.

D(n) =

〈
ρ̂2

n+1

〉
2
− 〈ρ̂

2
n〉
2
. (3.32)

For a sufficiently large initial momentum distribution, as in the case of cold, yet
still thermal atoms, one can find the same quasi-linear behaviour with a diffusion
rate of κ2

4
for the first two kicks [21]. Subsequently, the diffusion rate of the quantum

δ-kicked rotor changes abruptly for several kicks. During these kicks, the system is
clearly distinguishable from its classical analogue. Taking the emerging quantum
correlations into account makes the explicit evaluation complicated; it has been
achieved by Shepelyanski [78]. His results for κ� k̄ with k̄ & 1 read

Dquant =
κ2

2

(
1

2
− J2(χquant)− J 2

1 (χquant) + J 2
2 (χquant) + J 2

3 (χquant)

)
, (3.33)

where the difference from the classical rotor is given by χquant = 2κ sin(k̄/2)/k̄.
However, Shepelyanski’s evaluation breaks down as soon as the initial momentum
distribution becomes too narrow. In that case, we must find an alternative way to
determine the system’s dynamics. For this reason, the following sections have a closer
look at the time evolution and its effects on momentum eigenstates of a rotor.

3.3.1 Time Evolution

The Schrödinger and Heisenberg picture

There are different possible representations for the description of a system within a
Hilbert space. The most common is called Schrödinger picture. In this representation,
the dynamics of a system is described through rotations of its state vectors |ψ(t)〉
in the vector space. Consequently, the basis of a system and its operators are time

2Note that, in principle, this is to be expected due to the correspondence principle.
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independent, but the states are not. With the Hamiltonian Ĥ, the time dependence
is determined by the Schrödinger equation

i~
∂

∂t
|ψ(t)〉 = Ĥ |ψ(t)〉 , (3.34)

yielding a time evolution of

|ψ(t)〉 = e−iĤt/~ |ψ(0)〉 , (3.35)

with the time-evolution operator Û(t) = e−iĤt/~.

Since scalar products are invariant under unitary transformation, we can use other
means to describe a system in a Hilbert space. Thus, it is possible to rotate the basis
of a system such that the state vectors remain constant in the time evolution and the
operators contain the time dependence. This representation of the system is called
the Heisenberg picture. The operators ÂH in this picture can be determined in terms
of operators ÂS in the Schrödinger picture by:

ÂH = eiĤt/~ÂSe
−iĤt/~ (3.36)

= Û †(t)ÂSÛ(t), (3.37)

where Û † is the adjoint operator of the time evolution operator Û in the Schrödinger
picture.

Time evolution of the quantum δ-kicked rotor

Since the Hamiltonian of an ideal quantum δ-kicked rotor (3.28) is periodic in time,
it is convenient to consider the time evolution during one period—one step—when
describing the system’s dynamics. A one-step propagation is governed by the system’s
Floquet operator 3 F̂ :

F̂ = T̂ e−i
R
Ĥdl(t

′)dt′ , (3.38)

where T̂ is the time-ordering operator, and the integral over our dimensionless
Hamiltonian Ĥdl in equation (3.38) covers only one period.

3For further reading on applications of the Floquet operator in Quantum Chaos see e. g. [42].
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In considering the Floquet operator of a quantum δ-kicked rotor, it becomes clear
why the inclusion of the time order of different parts of the Hamiltonian by the use
of T̂ is essential: with the Hamiltonian of equation (3.28) the Floquet operator can
be determined as

F̂ = Ûrotor = ÛfreeÛkick (3.39)

= e−iρ̂2/2k̄e−iκ cos(θ̂)/k̄. (3.40)

Hence, each phase of kicking, represented by Ûkick = e−iκ cos(θ̂)/k̄, is followed by a
phase of free evolution, given by the term Ûfree = e−iρ̂2/2k̄. But, since ρ̂ and θ̂ do not
commute (see equation (3.30)), their order has to be taken into account due to the
Baker-Hausdorff identity [76].

Applying the one-step operator F̂ n-times on the initial state |ψ(0)〉 of the system
will give the system’s state after n kicks, which is in the scaled units of Ĥdl exactly
after the time τ = n. Written in the Schrödinger picture the resulting system state
is

|ψ(n)〉 = Ûn
rotor |ψ(0)〉 . (3.41)

If we consider the time evolution in the Heisenberg picture (where it is completely
included in the operators) we end up with the quantum analogue of the classical
mapping of equations (3.18a) and (3.18b). The dimensionless position and momentum
observables of the classical case, θ and ρ, are then replaced by their respective
operators θ̂ and ρ̂, given by

θ̂n = θ̂n−1 + ρ̂n, (3.42)

ρ̂n = ρ̂n−1 + κ sin(θ̂n−1), (3.43)

where the subscript denotes the number of time steps τ , i. e. the number of kicks.

Although there are obvious similarities between the quantum and classical de-
scription of a δ-kicked rotor, the former shows different behaviour considering the
energy diffusion. This diffusion for the quantum system is limited due to quantum
interference effects. If one considers, for example, a kicked-rotor system realised
by a Bose-Einstein condensate of atoms (see section 3.4), one has to take the wave
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properties of the atoms into account4. From this point of view, one light pulse, i. e.
one kick, acts as a diffraction grating on the coherent matter wave of the Bose-Einstein
condensate. Hence, after a certain number of kicks, destructive interference effects
between the overlapping wavefunctions, which are diffracted from different light
pulses, are inevitable, and the energy of the system ceases to grow. This effect, which
enables us to distinguish between a classical and a quantum system, is commonly
termed dynamical localisation; the critical point where it occurs—the quantum break
time—can be determined by

Ncritical =
Dquant

k̄2 . (3.44)

Dynamical localisation has been studied previously and verified experimentally in
our laboratory [86].

In the current experiment we focus on other, purely quantum effects that charac-
terise a quantum kicked rotor—namely the quantum resonances and anti-resonances
of our system. These effects become apparent at specific periods of the kicking.
To gain an insight into these effects, the following section will concentrate on the
dynamics of our system.

3.3.2 Quantum Resonances and Anti-Resonances

To describe the phenomenon of quantum resonances and anti-resonances, we investi-
gate the time evolution of the momentum distribution. For this purpose, we consider
the time evolution of the momentum eigenstates |m〉 with their corresponding eigen-
values mk̄ as their momenta. These eigenstates are assumed to be orthonormal and
can be determined by solving the eigenvalue problem

ρ̂ |m〉 = mk̄ |m〉 , with m ∈ Z. (3.45)

Using the Floquet operator F̂ of equation (3.40), the dynamics of such an eigenstate
can be described by two phases, one belonging to the interaction with the kicking
potential and another one belonging to the free evolution.

To distinguish between quantum resonances and anti-resonances the decisive part
of the evolution is the free evolution term Ûfree. If we assume our initial state to be a

4A more detailed description of the kicked-rotor experiment, in terms of the atoms’ wave properties,
is given in Chapter 4.
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momentum eigenstate |m〉 and let Ûfree act on it, we have to distinguish between two
cases:

1. k̄ is an even multiple of 2π

The free evolution of N kicks becomes

(Ûfree)
N |m〉 = (e−iρ̂2/2k̄)N |m〉 (3.46)

= e−iN(mk̄)2/2k̄ |m〉 (3.47)

= e−iNm2k̄/2︸ ︷︷ ︸
=1

|m〉 , (3.48)

though for k̄ as an even multiple of 2π the free-evolution term is always unity.
Therefore, the free-time evolution does not have any effect on the state vector
of the system; the evolution is fully governed by the time evolution during the
interaction with the kicking potential. In this case, quantum resonances occur.

2. k̄ is an odd multiple of 2π

In this case the free evolution has an effect on our system, as

(Ûfree)
N |m〉 = (e−iρ̂2/2k̄)N |m〉 (3.49)

= e−iN(jk̄)2/2k̄ |m〉 (3.50)

=

 |j〉 if m even or N even,

− |j〉 if m odd and N odd.
(3.51)

Thus, after every second kick, the system returns to its initial state |m〉. This
effect is termed quantum anti-resonance.

So far, we have distinguished between quantum resonance and anti-resonance by
considering the period of the free evolution. To understand the quantum rotor’s
resonance behaviour, we investigate in the following the momentum distribution
resulting from the interaction time with the kicking potential. The corresponding
evolution is denoted in equation (3.40); it enables us to evaluate the momentum
distribution after N kicks in the resonant case. We assume the same initial momentum
eigenstate |m〉 as before, whereas |n〉 denotes the final state. Hence, the probability
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distribution of momentum eigenstates after the kicking can be evaluated as

P (n) =
∣∣∣〈n ∣∣∣ÛN

kick

∣∣∣m〉∣∣∣2 (3.52)

=
∣∣∣〈n ∣∣∣e−iNκ cos(θ̂)/k̄

∣∣∣m〉∣∣∣2 . (3.53)

The Jacobi-Anger identity e−iz cos(φ) =
∑∞

n=−∞ inJn (z) einφ allows us to rewrite
equation (3.53) as

P (n) =

∣∣∣∣∣
〈
n

∣∣∣∣∣
∞∑

l=−∞

ilJl

(
κN

k̄

)
eilθ̂

∣∣∣∣∣m
〉∣∣∣∣∣

2

(3.54)

=

∣∣∣∣∣
∞∑

l=−∞

ilJl

(
κN

k̄

)
〈n|m+ l〉

∣∣∣∣∣
2

, (3.55)

where the translation operator (in scaled units) in momentum space eilθ̂ has been
applied to the momentum eigenstate |m〉. Using the orthonormality of the momentum
eigenstates, i. e. 〈n|m+ l〉 = δn,m+l, the only term that remains of the sum of
equation (3.55) is that of l = n−m. Thus equation (3.55) becomes

P (n) =

∣∣∣∣in−mJn−m

(
κN

k̄

)∣∣∣∣2 . (3.56)

If we further assume an initial momentum of m = 0, we find

P (n) = J 2
n

(
κN

k̄

)
; (3.57)

this is plotted in figure 3.6 and shows explicitly how the populated momentum states
spread out with an increasing number of kicks. The evolution of the momentum
distribution for an initial cloud of finite width becomes more complicated. The more
realistic case of an initial Gaussian distribution is described in the context of our
quantum simulation in section 3.4.2.

3.4 Atom Optics Kicked Rotor

Moving on from the theoretical considerations thus far presented, we examine in
this section how a quantum δ-kicked rotor can be realised experimentally. Besides
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Figure 3.6 The momentum distribution in the case of a resonant kicking of our atoms,
i. e. k̄ = 4π, and with a kicking strength of κ = 10. This shows the ideal case of the zero
momentum eigenstate as initial state.

providing the atomic model, which covers the dynamics of a two-level atom interacting
with a near-resonant, pulsed light field, the following section will give a brief outline
of the simulation of our system—a so-called atom optics kicked rotor (AOKR).

3.4.1 Theoretical Background

In order to model the AOKR, we are interested in the stimulated scattering of atoms
from a standing light field. This standing electromagnetic wave is produced by two
counterpropagating laser beams with a frequency close to, but not in resonance
with the atoms. Their polarisation is assumed to be linear and parallel. During the
interaction with this electric field5 the atom can absorb a photon from one of the
beams and stimulated emit it in either one of the beams. Due to conservation of

5The interaction of our atoms with the magnetic field of the laser light can be neglected, since the
effect is very small compared to the one of the electric field [52].
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momentum the atom either gains the momentum of two-photon recoil (in this case
the emission is stimulated by the second, the counterpropagating, laser) or ends up
in the same momentum state as it initially was (in the case the stimulated emission
is caused by the laser, from which the first photon was absorbed).

The essential assumption for this process to occur is that the near-resonant laser
has to be sufficiently detuned from resonance. Hence, any excitation of the atom is
suppressed and spontaneous emission can be neglected, since the only way for the
absorbed photon to leave the atom is by stimulated emission into either direction of
the laser beams.

To set up the Hamiltonian of such an AOKR, we must first consider the two
interacting systems—a two-level atom in free space, and the electric field of the
standing wave—independently from each other. The internal energy states of the
atom are represented in the following by |g〉 and |e〉, for the ground and excited state,
respectively. Thus, the atom’s Hamiltonian is given by

ĤA =
p̂2

2m
+ ~ωa |e〉 〈e| , (3.58)

where m represents the mass of the atom, ωa its resonance frequency and p̂ the
momentum operator of the atom. Considering the electric field to be classical, we
can describe it with

E = eE0 cos(klx)(e
−iωlt + eiωlt), (3.59)

with the polarisation vector e of the light6, its angular frequency ωl, wavenumber kl

and amplitude E0 ∈ R. Besides assuming the light to be single-mode we take the di-
rection of propagation to be the x-direction, as denoted in the spatial variation of the
radiation cos(klx) in equation (3.59); this provides us with a one–dimensional problem.

The Hamiltonian for the interaction between the atom and the classical field is
governed by the electric dipole interaction, which yields the transitions of our atom
between the ground state |g〉 and the excited state |e〉. This interaction Hamiltonian
is determined by

ĤI = −er̂ · E, (3.60)

6Note that the polarisation vector e is always orthogonal to the direction of propagation.
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where e is the electron charge and r̂ the position operator for the bounded electron.
With the dipole moment of the atomic transition from the ground to the excited
state µ = |〈g| er̂ |e〉|, we receive the Rabi frequency Ω of that transition,

Ω =
〈g| er · eE0 |e〉

~
(3.61)

=
µE0

~
. (3.62)

Furthermore, we can represent the raising and lowering operators of the atom
by |e〉 〈g| and |g〉 〈e|, respectively. By using the rotating-wave7and the dipole ap-
proximation8, the interaction Hamiltonian of equation (3.60) may be written as

ĤI = µE0 cos(klx̂)e
−iωlt |e〉 〈g|+ µE0 cos(klx̂)e

iωlt |g〉 〈e| , (3.63)

where x̂ denotes the position operator and the other symbols hold their previous
meanings. Thus, the complete Hamiltonian for our two-level atom in the standing
wave may be constructed as

Ĥ = ĤA + ĤI (3.64)

=
p̂2

2m
+ ~ωa |e〉 〈e|+ ~Ω cos(klx̂)

(
e−iωlt |e〉 〈g|+ eiωlt |g〉 〈e|

)
. (3.65)

In order to describe the system’s dynamics, in the following part we represent any
state as superpositions of the two energy eigenstates, the ground and excited state.
Thus, an arbitary state ket |ψ(t)〉 can be written as

|ψ(t)〉 = ψg(x, t) |g〉+ ψe(x, t) |e〉 , (3.66)

where ψg(x, t) = 〈g|ψ(t)〉 and ψe(x, t) = 〈e|ψ(t)〉 are the wavefunction representations
in position space of the ground and the excited state, respectively.

7The rotating-wave approximation holds, since the detuning from the atomic resonance is small.
According to this approximation, the fast-oscillating terms in the Hamiltonian can be neglected,
and only the terms of equation (3.63) remain.

8The dipole approximation holds, as the wavelength of the radiation is much larger than the size
of the atom. In this case the spatial variation of the electromagnetic wave can be neglected [34].
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Furthermore, to solve the Schrödinger equation of our Hamiltonian (3.65), we have
to transform it into the interaction picture9. In our model we need to choose for
this transformation Ĥ0 = ~ωl |e〉 〈e| as the time-independent part of the Hamiltonian
and treat the rest as the time-dependent part. This leads us to solvable, coupled
differential equations10,

i~
∂ψg(x, t)

∂t
= − ~2

2m

∂2

∂x2
ψg(x, t) + ~Ω cos(klx)ψe(x, t), (3.67a)

i~
∂ψe(x, t)

∂t
= − ~2

2m

∂2

∂x2
ψe(x, t) + ~Ω cos(klx)ψg(x, t) + ~∆ψe(x, t). (3.67b)

We can now assume that ∆ = ωa−ωl is large enough to provide two more important
simplifications: The population of the excited state can be regarded as very small in
comparison to the population of the ground state, and the ground state population
changes very slowly. Consequently, we can neglect both derivatives—the spatial and
the temporal— in equation (3.67b). This yields the approximation

ψe(x, t) ≈ −
Ω

∆
cos(klx)ψg(x, t). (3.68)

This adiabatic elimination of the excited state amplitude followed [36, 37] and leaves
us with only one single differential equation to solve: substituting equation (3.68)
into equation (3.67a) results in

i~
∂ψg(x, t)

∂t
= − ~2

2m

∂2

∂x2
ψg(x, t)−

~Ω2

∆
cos2(klx)ψg(x, t), (3.69)

= − ~2

2m

∂2

∂x2
ψg(x, t)−

~Ω2

2∆
cos(2klx)ψg(x, t)−

~Ω2

2∆
, (3.70)

where the trigonometric identity 2 cos2(x) = 1 + cos(2x) has been used. Since the
dynamics of the system, determined by equation (3.70) is not affected by the constant
term ~Ω2

2∆
, the Hamiltonian of the interaction between the atoms and the light can be

concluded to be

Ĥ =
p̂2

2m
− ~Ω′

2
cos(2klx̂), (3.71)

9In the interaction picture—as opposed to the Schrödinger and Heisenberg picture— the time
dependence is neither entirely included in the state kets nor in the operators. Most generally,
the interaction picture is used if the Hamiltonian can be split into a time-dependent and a
time-independent part, e. g. for time-dependent perturbation theory.

10The explicit derivation of these equations can be found in Appendix B of [72].
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with the effective potential strength of the interaction Ω′ = Ω2

∆
.

Since we were initially interested in the Hamiltonian of a kicked rotor, we need to
adjust the evaluated Hamiltonian to form one of an atom optics kicked rotor. With
a series of pulses the Hamiltonian of equation (3.71) has to be modified to

Ĥ =
p̂2

2m
− ~Ω′

2
cos(2klx̂)

N∑
l=1

f(t− lT ), (3.72)

where f(t) is the pulse shape function, N the number of kicks and T the period
of the pulses. This Hamiltonian includes both phases of the rotor’s dynamics: the
evolution during the interaction with the light, and the free evolution between the
kicks. The interaction time between atoms and light is controlled by f(t).

Similar to the scaling used for equation (3.28), we simplify the Hamiltonian further
by transforming it to dimensionless units. This requires the substitutions τ = t

T
,

θ̂ = 2klx̂, ρ̂ = 2klT p̂
m

and Ĥdl =
4k2

l T 2

m
Ĥ and yields the unitless Hamiltonian

Ĥdl =
ρ̂2

2
− κ cos(θ̂)

N∑
l=1

f(τ − l), (3.73)

with the classical stochasticity given by κ = 4Ω′ωrT , where ωr =
~k2

l

2m
is the angular

frequency of one-photon recoil. We recognise that in these dimensionless units we
have the same Hamiltonian as for the QKR in equation (3.28). This justifies our
atomic model as a suitable model for the QKR.

The scaled Planck’s constant k̄ in an atom optics kicked rotor

By introducing the effective Planck’s constant k̄—a scaled version of the usual
Planck’s constant ~—as

k̄ ≡ 8ωrT, (3.74)

the commutation relation of the dimensionless position and momentum operator
becomes[

θ̂, ρ̂
]

=
4k2

l T

m
[x̂, p̂] = i8T

~k2
l

2m
= ik̄, (3.75)
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thus justifying the definition in equation (3.74).
Furthermore, as described in section 3.3, k̄ gives an indication on how ‘classically’

a system will behave. Hence, with equation (3.31), k̄ goes to zero for a system with
a large classical action Iclassical; in this case the commutation relation (3.75) gives the
classical behaviour of position and momentum.

Concerning the units of the scaled Hamiltonian with respect to the measured
parameters in the laboratory, it is worth while mentioning the difference between the
dimensions of the scaled and unscaled momentum, ρ̂ and p̂, respectively. With the
scaling factors of equation (3.73) and ωr =

~k2
l

2m
, it may be written

ρ̂

k̄
=

2klT p̂

m

1

8ωrT
=

p̂

2~kl

; (3.76)

which clearly demonstrates the different units of the scaled and the unscaled momen-
tum.

Since the possible momentum gain originates from the absorption and stimulated
emission of near-resonant photons, the possible momentum gain of the atoms is
quantised by 2~kl. Thus, with equation (3.76), the quantised steps in dimensionless
units can be taken to have the unit k̄.

3.4.2 Simulating the Atom Optics Kicked Rotor

To simulate the AOKR we use the idea of the Floquet operator (equation (3.40))
that distinguished between an evolution period for the kicking and a period for the
free expansion between the kicks. If we want to apply these two parts on an initial
wavefunction, we will have to take account of the fact that they act in different
spaces: the kicking part acting in position space and the free-evolution part acting in
momentum space. Hence, for a complete simulation of the time evolution, we have
to transform our wavefunction into momentum space and back again. In numerical
calculations of wavepropagation of optical waves, this technique is also known as
convolution approach and is used to simulate Fresnel diffraction [84].

In our simulation we use equation (3.69) we find the full Hamiltonian. It is given
by

Ĥ =
p̂2

2m
+ E with E =

~Ω2

∆
cos2

(
2πx̂

λ

)
, (3.77)
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Figure 3.7 Block diagram of one step of the quantum simulation of the AOKR

where kl has been replaced by 2π
λ

and ~Ω2

∆
represents the induced light shift of the

ground state [83]. The kicking period is governed by the second part of equation (3.77);
its duration tkick is given by the pulse duration, which is kept constant for our
investigations on quantum resonance and anti-resonance. The period of free evolution
corresponds to the free Hamiltonian—the first part of equation (3.77). The duration
tfree of this evolution can be controlled by the pulse period, since it is given by
pulse period minus constant pulse duration. For an overview over the described
simulation see figure 3.7, which shows a block diagram for a single step of the time
evolution of our simulation. The results of the simulation are presented along with
our experimental observations in Chapter 5.
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Chapter 4

Diffraction of Atoms as
Waves—Theory of the Talbot
Effect

4.1 Introduction

In 1836, William Henry Fox Talbot (1800–1877) investigated characteristic properties
of optical gratings as part of his research in photography. By illuminating a grating
with an incoherent light source and placing a magnifying lens in front of it, he observed
a pattern behind the grating; this pattern consisted of sequences of complementary
colours. Moving the lens further away from the grating kept the pattern surprisingly
in focus. However, the coloured pattern changed as the lens-grating distance varied.
Moving the lens away recovered a particular coloured sequence several times at
well-defined distances. In repeating this experiment with monochromatic light,
Talbot observed blurry and refocused images of the grating at certain distances. This
repeated self-imaging of the grating was not explained until 1881, when Lord Rayleigh
(1842–1919) derived it as a result of the diffraction of highly spatially coherent
plane waves from gratings. In this explanation of Talbot’s observation, Rayleigh
determined the distances between the grating’s self-imagings as the Talbot distance
zT = 2g2/λ, where g represents the grating period and λ the wavelength of the
incident light. The Talbot effect has, due to its simplicity, found many applications in
experimental physics. It is considered a convenient alternative to Young’s double-slit
experiment for proving the spatial coherence of different types of waves [18, 41, 60, 62].
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With the development of quantum mechanics during the last century, the question
of the quantum analogue of the Talbot effect arose; this question has been answered
in terms of quantum revivals. Quantum revivals can generally be observed in systems
where periodic boundary conditions lead to quantised energies. The resulting bounded
states of such systems can show time-dependent interference phenomena; the ‘fully
constructive interference’ is described by the full quantum revival of a quantum state.

The theoretical investigation of these revivals in our atom optics kicked rotor
(AOKR) in terms of quantum resonances has been demonstrated in the previous
chapter. In contrast, this chapter focuses now on the consideration of these effects as
a result of the wave properties of our Bose-Einstein condensate—namely the atomic
Talbot effect.

We begin with the theoretical derivation of the optical integer and fractional Talbot
effect. Using these derivations, we then describe how this effect can be observed with
coherent atomic waves in a temporal realisation of this effect.

4.2 The Optical Talbot Effect

4.2.1 Propagation of Light

To describe the propagation of optical waves in a preferred direction in space, it is
generally sufficient to consider only a scalar wave equation rather than a complete
vector equation. In Cartesian coordinates the scalar version is given by

∆ψ =
∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
=

1

c2
∂2ψ

∂t2
. (4.1)

For a monochromatic and coherent light wave with ψ (x, y, z, t) = ψ (x, y, z, 0) e−iωt

the wave equation becomes the Helmholtz equation,

∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
= −k2ψ, (4.2)

where the magnitude of the wavenumber k has been determined with the angular
frequency ω of the light by k = cω.

We choose the direction of propagation to be the z-axis. If we assume an amplitude
function f (x, y, z) that varies slowly in the z-direction, we find

ψ (x, y, z, 0) = f (x, y, z) eikz. (4.3)
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Plugging this Ansatz into the Helmholtz equation (4.2) provides us with

(
∂2f (x, y, z)

∂x2
+
∂2f (x, y, z)

∂y2
+
∂2f (x, y, z)

∂z2

+2ik
∂f (x, y, z)

∂z
− k2f (x, y, z)

)
eikz = −k2f (x, y, z) eikz. (4.4)

Since we assumed that f (x, y, z) varies only slowly with z, the paraxial wave equation
can be found by neglecting the second derivative in z in equation (4.4); we then get

∂2f (x, y, z)

∂x2
+
∂2f (x, y, z)

∂y2
+ 2ik

∂f (x, y, z)

∂z
= 0. (4.5)

Assuming that an initial distribution at z = z0 is known, equation (4.5) enables us
to evaluate the amplitude distribution at any other position z = z1.

The paraxial wave equation (4.5) is particularly easy to solve in its Fourier space.
Since it is known that the derivatives of the Fourier pair, f (t)

FT←→ F (ν), are related
by1

−2πitf (t)
FT←→ dF (ν)

dν
(4.6)

df (t)

dt

FT←→ 2πiνF (ν) , (4.7)

we can perform a two-dimensional Fourier transform of equation (4.5). This yields

(2πiu)2 F (u, v, z) + (2πiv)2 F (u, v, z) + 2ik
∂F (u, v, z)

∂z
= 0, (4.8)

where F (u, v, z) represents the Fourier transform of the amplitude distribution
f(x, y, z). Equation (4.8) leads to

∂F (u, v, z)

∂z
= −2π2i

k

(
u2 + v2

)
F (u, v, z), (4.9)

1A proof for these two relations can be found in Appendix B. For more details on Fourier transforms
and their properties refer to [84].
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which can easily be integrated over z, the direction of propagation. This way, we find
the desired amplitude distribution in Fourier space,

F (u, v, z) = F (u, v, 0)e−
2π2i

k (u2+v2)z. (4.10)

This enables us to describe in detail what is understood as the optical Talbot effect.

4.2.2 The Optical Talbot Effect

The Talbot effect is observed when a grating is illuminated by coherent plane
waves. The amplitude distribution f(x, y, z ≈ 0) of the light field immediately after
the grating, is identical to the transmission function t(x, y, z = 0) of the grating.
Therefore, the Talbot effect is often referred to as the occurrence of self- or re-imaging
of the grating.

The integer Talbot effect

To observe an exact re-imaging of the diffraction object, which is called the integer
Talbot effect, we assume our diffraction object to be infinitely large. Restricting our-
selves for analytical simplicity to a one-dimensional periodic grating, we approximate
the slits of the grating by a one-dimensional infinite train of δ-functions. Thus, the
transmission function can be found as

t(x, z = 0) ≈ f(x, z = 0) =
∞∑

n=−∞

δ(x− nd), (4.11)

where d determines the separations of the slits. The one-dimensional Fourier transform
of equation (4.11) can be determined as [84]

F (u, z = 0) =
∞∑

l=−∞

δ(u− l

d
). (4.12)

Using the amplitude distribution in Fourier space of equation (4.10) yields

F (u, z) = F (u, 0)e−
2π2iu2

k
z =

∞∑
l=−∞

δ(u− l

d
)e−

2π2iu2

k
z, (4.13)

which enables us to evaluate F (u, z) at any distance behind the grating.
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A complete re-imaging of the grating can be observed if F (u, z) = F (u, 0), i. e. at
distances where e−

2π2iu2

k
z = 1. Hence, for ‘sharp’ interference patterns we find the

condition

e−
2π2il2

d2k
z = 1, (4.14)

where we have used equation (4.12) to determine u as l
d
.

Since equation (4.14) has to be valid for all l, the exponent for the case of the first
complete re-imaging can be further specified as

2π2

d2k
z = 2π. (4.15)

With the wavenumber k = 2π
λ

of the light, this leads us to a spatial condition for
complete re-imaging, known as the Talbot distance:

zT =
2d2

λ
. (4.16)

If one wants to determine an amplitude distribution that is closer to the grating than
the Talbot distance one will observe the fractional Talbot effect.

The fractional Talbot effect

Besides the integer Talbot effect as an entire re-imaging at the Talbot distance zT ,
we can find other interesting cases at fractional multiples of zT , i. e. at

z =
n

m
zT , (4.17)

where n and m are integers forming a rational number (n/m) ≤ 1, for which n

is a relative prime to m. Thus, investigating the amplitude distributions at these
distances from the grating limits our considerations to a plane that spans from the
grating to the Talbot distance zT .

For an explicit evaluation of the amplitude distributions in this plane, one can use
our method of the previous paragraph by applying basic Fourier transform properties.
Particularly useful are therefore the shifting and scaling properties that can be found
in [84]. However, since this becomes quickly very complicated, we will briefly outline
an alternative method. For this purpose, we follow the derivations in [15] based on
the work of J. P. Guigay [40].
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This alternative method uses the parabolic approximation of Fresnel diffraction
where a Fresnel diffraction integral needs to be solved. To simplify the involved
integration, one exploits the periodicity of the transmission function to determine
the amplitude distribution. A detailed mathematical derivation of this method can
be found in [40]. The main result reads

f(x, z) =
1√

2inm

∑
p=0,1,...,(n−1)

cT (n,m, p)t(x+
pd

n
), (4.18)

where z has been determined by equation (4.17), t(x) represents the transmission func-
tion of the grating and d its periodicity. The coefficients cT (n,m, p) in equation (4.18)
are called fractional Talbot coefficients and can be determined by

cT (n,m, p) =
∑

j=0,1,...,(m−1)

e
iπ(p+nj)2

2nm . (4.19)

These coefficients can be found for the particular case when m = 1:

cT (n, 1, p) = (1 + (−1)pin) e
iπp2

2n , (4.20)

where e
iπ
2 = i and eiπ = −1 have been used. For n = m = 1, we find the expression

for the integer Talbot effect, i. e. for z = 2d2/λ it is f(x, z) = t(x). Other interesting
cases are

f(x,
zT

2
) = t(x+

d

2
), (4.21)

f(x,
zT

4
) =

1√
2i

(
t(x) + it(x+

d

2
)

)
. (4.22)

These evaluations remain simple as long as equation (4.20) holds. For n/m = 3/4 it
has been determined [15] as

f(x,
3

4
zT ) =

1√
2i

(
it(x) + t(x+

d

2
)

)
. (4.23)

With these investigations of the amplitude distribution, we can consider the fractional
Talbot effect described by equation (4.18) as a superposition of shifted and (complex)
weighted copies of the initial amplitude distribution. Note in this context that, after
equation (4.21) and as shown in figure 4.1, the amplitude distribution is expected
to provide a fully-sized copy of the transmission function already at half the Talbot
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zT

2

d

P

Figure 4.1 The fractional Talbot effect at half the Talbot distance (equation (4.21)). This
simple model illustrates how the transmission function reappears at zT

2 , but shifted in the
imaging plane.

distance. However, since this copy is shifted in space by half the grating period, it
does not match the description of a complete ‘re-image’.

4.3 The Atomic Talbot Effect

Since we aim to investigate the atomic Talbot effect of a Bose-Einstein condensate,
we have to take account of the fact that initially the coherent atoms in a condensate
are assumed to be at rest. Therefore, the atoms are not incident on a grating, as
occurs in the case of the diffraction of light. Thus, we need to control the interaction
time between the grating and the atomic wave in a different way. This can be done
by pulsing the light, which produces the grating in form of a standing wave. Hence,
the interaction time between the atoms and the grating is controlled by the duration
of one light pulse. Subsequently, the Talbot effect can be observed by examining the
atomic interference pattern after a certain time delay rather than at a certain distance.
This justifies the often used expression temporal Talbot effect as a description of the
atomic version of the optical Talbot effect. The time between complete re-imagings
of the grating is called Talbot time tT , and can be determined by the velocity that
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the atoms gain from the interaction with the grating’s photons.2 Consequently, tT
can be evaluated by

tT =
zT

va

=
2d2

λBva

, (4.24)

where va denotes the atomic velocity. λB refers to the wavelength of the diffracted
wave that is, in atomic diffraction, given by the de-Broglie wavelength of the atoms; it
is determined by λB = h

mava
, where ma represents the atomic mass. Furthermore, the

separation d of the slits in an optical standing-wave grating is given by d = λl

2
= π

kl
,

where kl and λl are the wavenumber and wavelength of the light, respectively. Hence,
the Talbot time tT can be evaluated as

tT =
2π2

λBvak2
l

=
2maπ

2

hk2
l

=
π

2ωrec
; (4.25)

we have substituted the recoil frequency ωrec =
~k2

l

2ma
, which represents the angular

frequency that an atom gains by absorbing or emitting a resonant photon [82].
With equation (4.25) we find

8ωrectT = 4π, (4.26)

the same condition that can be found with definition (3.74) for the quantum resonance
of the atom optic δ-kicked rotor. This analogue becomes apparent if one considers
the atom optic δ-kicked rotor as a result of the particle properties of the condensed
atoms, and the Talbot effect as a description of the same effect but based on the
wave properties of our atoms. We present our experimental results of these two
interpretations together in the following Chapter 5.

2As described in Chapter 3 (subsection 3.4.1), the atom-light interaction can be assumed to be
entirely determined by absorption and stimulated emission.
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Chapter 5

Diffraction of a Bose-Einstein
Condensate—the Experiment

5.1 Introduction

After the analytic verification of the wave-particle duality of light had been completed
at the beginning of last century, Louis de Broglie (1892–1987) took this idea a step
further. In his PhD thesis 1924, he claimed wave-properties for matter, too. His
explanations accommodated the two characteristics of atoms as particles and waves
coexistently. In the following decades, physicists became interested in investigating
these two characteristics in a single system. Nevertheless, the explanation of observed
properties of matter by use of both—particle- and wave-like—properties often
remained as a long term goal.

The two previous chapters have introduced seemingly very different effects—the
quantum resonances and anti-resonances of an atom optics δ-kicked rotor (AOKR)
and the atomic Talbot effect. Nevertheless, these two effects describe exactly the
same investigation, but explain the observations by use of a different property of
the atom. The quantum (anti-)resonances focus on the particle behaviour of atoms
whereas the atomic Talbot effect results in the same observation but explaining it by
the wave-like property of matter. Consequently, if one aims to observe either one of
these effects experimentally, one can make use of a single experimental setup.

This chapter provides, firstly, a short outline about which components have to be
added to implement the desired experiment. Then, we present in the second section
our first investigations of quantum resonances and anti-resonance—a verification
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of the integer Talbot effect. The third section describes then an alternative way
to further the understanding of our observations as consequences of the wave-like
properties of matter. This is realised by applying two phase gratings on our coherent
matter wave. The following fourth section deepens the gained knowledge of the
Talbot effect by implementing an experimental tool—the constant κ-feature, the
exigence of which becomes apparent considering the interpretation of our system as
an AOKR. This enables us to observe the fractional atomic Talbot effect as well as
the Talbot carpet of our condensate.

5.2 The Experimental Implementation of an Atom

Optics δ-Kicked Rotor

In the Quantum Information Laboratory in Auckland, we realised an AOKR by
pulsing a near-resonant optical standing wave, derived from a 780 nm-diode laser
onto our Bose-Einstein condensate of 87Rb. By using the Littrow configuration for
the grating of the diode laser to outcouple a strong and narrow beam of the optical
cavity [51], we apply Saturated Absorption Spetroscopy (SAS) to lock the lasing
spectrum to the desired frequency1. The actual locking mechanism is carried out by
an electronic feedback loop; it controls the cavity length by adjusting the grating
position to a very high degree of accuracy. These adjustments are carried out by the
electronically controlled piezo element, on which the grating is mounted.2

We lock the kicking laser to the S1/2, F = 2 → P3/2, F
′ = 3 transition of 85Rb—

the repump transition of this isotope of our condensed atoms. Hence, the kicking
beam has a detuning of 2.22 GHz from the atomic resonance of the Bose-Einstein
condensate. An overview of the hyperfine energy levels of 85Rb and 87Rb is given in
Appendix A. The resulting kicking laser is then linearly polarised and focused on the
condensate. The optical alignment of the focusing at the vacuum chamber is drawn
in figure 5.1.

To realise experimentally the δ-kicks for the kicked rotor, we use a programmable
pulse generator (PPG) constructed by Sze Tan and Harry Oudenhoven. Technical
details of the PPG can be found in [72]. Particularly interesting for our experiments
is the possibility of programming the PPG by the computer before running the

1The atomic physics of SAS is described in more detail in section 2.2.
2A more detailed description of the electronics behind the frequency locking can be found in [80].
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fibre

kicking beam

mirror

science

chamber

BEC

from the 1st chamber

lens

Figure 5.1 Top view of the alignment of the kicking beam through the science chamber.

experiment. This way, an uploaded pulse train ‘waits’ inside the PPG and needs only
to be triggered during the experiment. This trigger comes directly from our Digital
to Analogue Converter (DAC), which is controlled by our C++ programme. Thus,
any timing error caused by the creation and uploading of the pulse train is excluded.

The PPG enables us to completely control the kicked-rotor experiments using
the C++ programme; this programme is based on the version already used for
the creation of our Bose-Einstein condensate. The implementation of the control
programme of the pulse generator3 into our existing code allows us to define the
pulse period and pulse duration for each experiment on our control panel. Besides
this, the ‘Multi-Go’ button, as described in Chapter 2, enables the computer to run a
sequence of experiments by itself simply by adjusting one previously chosen kicking
parameter for each experiment. An experiment always consists of the creation of a
condensate, followed by periods of kicking, atomic expansion and, finally, a period
of imaging. Due to this long sequence, ‘Multi-Go’ turns out to be very useful for
the kicked-rotor experiments. Since temperature fluctuations and air draughts cause
the frequency-locked lasers to be less stable, it is desirable to have as few people in
the room during the experiments as possible. By using the ‘Multi-Go’ button, we

3The original version of the programming code of the PPG was written by Mark Sadgrove and Sze
Tan.
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could ideally leave the room and assume to have the same initial conditions for each
experiment of a ‘Multi-Go’-sequence.

5.3 Observing Quantum Resonances and

Anti-Resonances

5.3.1 Strong Kicking

In our experiments with the AOKR, we demonstrate convincingly the occurrence
of both quantum resonances and anti-resonances. By leaving the dipole-trapping
potential on after the evaporative cooling, we directly pulse our kicking potential onto
the still trapped Bose-Einstein condensate and observe the two quantum features.
To visualise the occupation of different momentum states using our time-of-flight
imaging method (see section 2.6), we give the atoms 3 ms of free expansion time
after the kicking period. By use of ‘Multi-Go’-experiments, we sweep through the
pulse period and observe resonance and anti-resonance behaviour at pulse periods
of about 66.3µs and 33.1µs, respectively. These two values match the resonance
and anti-resonance conditions of the atomic model of the quantum δ-kicked rotor
described theoretically in previous sections. The scaled Planck’s constant k̄ is, in the
resonant case, expected to be an even multiple of 2π. Therefore, the first resonance is
expected at k̄ = 4π; this corresponds with definition (3.74) a pulse period of 66.3µs.
In a similar matter, one can determine the first expected anti-resonance at k̄ = 2π

satisfied by a pulse period of 33.1µs, giving us again a smooth agreement with the
experiments.

Figures 5.2 and 5.3 show our results for the cases of resonance and anti-resonance,
respectively. Next to strips out of our absorption image in the left column, the
middle column shows the experimental cross-sections of the strips, visualising the
peak heights in comparison to each other. The height represents the column density
of the corresponding atom cloud. The third column displays results of the quantum
simulation outlined in subsection 3.4.2. From top to bottom six experiments are
shown with the same initial conditions, but a rising number of kicks. These kicks
are temporally separated by the corresponding pulse period, i. e. by either 66.3µs

or 33.1µs. Note that both, the experimental cross-sections and the results of the
simulation, are plotted in units of ~kl, with the wavenumber kl of the kicking laser.
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5.3 Observing Quantum Resonances and Anti-Resonances

Considering the relative heights of the densities and the well-defined positions of the
different momentum states, we received very good agreement between experiment and
theory. Consequently, the expected mean field effects [30], which were not included
in the simulation, failed to appear.

Nevertheless, due to the low signal-to-noise ratio, the data processing of the 5- and
6-kick experiments was not very reliable. This made it difficult to find the appropriate
fits to evaluate the experimental energy diffusion.

Another problem was the rotation of the axis where the momentum states were
positioned. The misplacement in the cross-sections of higher-order momentum states,
visible for 4 and more kicks, arises from this rotation. The higher the momentum
state, the bigger the effect on the energy of such a measurement. Hence, since we
aim to investigate the energy diffusion caused by the kicks, we had to find a way to
improve the experiment.

5.3.2 Weak Kicking

For our experiments, lowering the power of the kicking laser was a great help.
Lowering the laser power at the fibre output (with a 1/e2 radius of 1.7 mm) from
1.4 mW for the strong kicking to 600µW for the weak kicking decreased the overall
signal to the extent that the absorption images no longer showed any meaningfully
populated higher-order momentum states. By decreasing the number of photons,
we lowered the probability of the atoms being coupled into a different momentum
states, and therewith their corresponding number, significantly. Hence, due to a
higher signal-to-noise ratio we were able to fit their cross-sections in Matlabr.
The cross-sections for the resonance and anti-resonance case are plotted in the left
column of figure 5.4 and figure 5.5 respectively. The right column with the quantum
simulation demonstrates an excellent agreement between experiment and theory.
Even with an increase of the expansion time (after the kicking) to 5 ms, we were able
to go up to 10 kicks.

With the weaker kicking laser, the noise was lowered enough to fit all the peaks, and
thus, calculate the corresponding energy. The calculated energy diffusion depending
on the number of kicks is plotted for resonance and anti-resonance in figures 5.6
and 5.7, respectively. Since the exact number of particles in the initial condensates
can vary for different experiments, we normalised the evaluated energies to the
number of particles. Plotting in units of recoil energy of one particle resulted in
a formidable agreement between experiment and theory. The predicted quadratic

93



Chapter 5 Diffraction of a Bose-Einstein Condensate—the Experiment

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

  

  

  

  

−16−16

−16−16

−16−16

−16−16

−16−16

−16−16

−16−16

−16−16

−16−16

−16−16

−12−12

−12−12

−12−12

−12−12

−12−12

−12−12

−12−12

−12−12

−12−12

−12−12

−8−8

−8−8

−8−8

−8−8

−8−8

−8−8

−8−8

−8−8

−8−8

−8−8

−4−4

−4−4

−4−4

−4−4

−4−4

−4−4

−4−4

−4−4

−4−4

−4−4

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

11

11

11

11

11

0.50.5

0.50.5

0.50.5

0.50.5

0.50.5

44

44

44

44

44

44

44

44

44

44

88

88

88

88

88

88

88

88

88

88

1212

1212

1212

1212

1212

1212

1212

1212

1212

1212

1 kick

2 kicks

3 kicks

4 kicks

5 kicks

6 kicks

7 kicks

8 kicks

9 kicks

10 kicks

Figure 5.4 Experimental cross-section in the left column and results of the simulation in
the right column for weak resonant-kicking with k̄ = 4π. The cross-sections are plotted in
units of one recoil momentum ~kl and the free expansion time has been increased to 5ms.
Note the different scaling to resolve higher kick images.
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Figure 5.5 Experimental cross-section in the left column and results of the simulation in
the right column for weak anti-resonant-kicking with k̄ = 2π. The cross-sections are plotted
in units of one recoil momentum ~kl and the free expansion time has been increased to
5 ms.
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Figure 5.6 Energy diffusion in units of recoil energy Er, depending on the number of kicks.
The first resonant case, i. e. k̄ = 4π, is shown with a dashed line representing the simulation
for comparison. Note that the discrete measurements of the theory are linearly interpolated
for illustrative reasons only; the dashed line is not to be taken to represent continuous data.

growth in the energy for the resonant case, as well as the energy oscillation for the
anti-resonance-case followed the theoretical predictions (see Chapter 3).

The observed damping in the mean energy of the anti-resonant case (figure 5.7) can
be ascribed to the initial state of the condensate. The finite width of the Gaussian
distribution, which the quantum simulation uses as the initial state, breaks the
assumption that the condensate has exactly zero momentum. Consequently, the
particularly high sensitivity of the energies on the initial momentum distribution
that has been demonstrated by Duffy et al. [30] is confirmed by our observations.

5.3.3 Another Interpretation: the Integer Talbot Effect

Considering our experiments from the point of view we presented in Chapter 4 the
optical kicks on our condensate can also be understood as thin phase gratings that we
induce on the coherent matter wavefunction. Consequently, our experiments on the
AOKR depict the situation of a periodic structure—the optical standing wave—that
is coherently illuminated by a coherent matter wave—the Bose-Einstein condensate.
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Figure 5.7 Energy diffusion in units of recoil energy Er, depending on the number of kicks.
The first anti-resonant case, i. e. k̄ = 2π, is shown with a dashed line representing the
simulation for comparison. Note that the discrete measurements of the theory are linearly
interpolated for illustrative reasons only; the dashed line is not to be taken to represent
continuous data.

As predicted in section 4.3, we observed a re-imaging of the grating at the Talbot
time, which can be evaluated with equation 4.25 as

tT =
π

2ωrec
≈ 66.3µs, (5.1)

with a angular recoil frequency ωrec =
~k2

l

2ma
≈ 23692.25 s−1 determined by the use of

reference [82]. After the Talbot time of free evolution between the two diffraction
processes, the wavefunction is identical to that directly after the grating; the second
grating then basically doubles the duration of the first grating. This results in the
energy increase we observe in figure 5.6.

If we wait for half of the Talbot time, i. e. for about 33.1µs, we expect a re-image
that is given by the inverse of the original grating (see figure 4.1). Consequently,
an even number of gratings with half the Talbot time in between them results in
the entire destruction of the effect of an odd number of gratings. Hence, the energy
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alters with an increasing number of gratings. Our experimental confirmation of this
situation is shown in figure 5.7.

In the following we further our understanding of this interpretation of AOKR
experiments. For this purpose, we apply two consecutive phase gratings on the
condensate wavefunction and investigate the energy of the resulting system.

5.4 Analysing the Time Evolution Using Two

Gratings

We aim to examine the diffraction of our Bose-Einstein condensate from a single
grating constructed by an optical standing wave. In order to resolve the time
evolution after such a diffraction, we apply a second grating—a second light pulse—
and investigate the resulting wavefunction.

To be able to neglect the atomic motion during the atom-light interaction, we
only apply light pulses that are very short (280 ns) in comparison to the time delay
in between them ((1–75)µs). Furthermore, through focusing our laser onto the
condensate, we provide enough photons to maintain a high probability for the
diffraction process. The situation of a short interaction time corresponds, in terms of
atom optics, to a thin grating for the atoms.

With the first pulse, we diffract the condensate a first time inducing a sinusodial
phase change to the initial wavefunction of our condensate. After an adjustable time
of free evolution, we diffract the wavefunction a second time by applying another
grating. The free evolution between the two gratings determines the final double-
diffracted wavefunction emphatically. Hence, investigating the final wavefunction
enables us to draw conclusions on the effect of the free evolution between the two
gratings.

As shown in Chapter 3, a period of free evolution ideally results in an additional
phase factor, which can act in a manner whereby the second interaction process
is resonant or anti-resonant to the first one. In atom optics, these two cases can
be explained by the phase shifts that the gratings induce on the coherent matter
wave, and the relation of these diffraction phase shifts to the phase shift of the free
evolution. To gain information about this relationship, we examine the energy stored
in the final wavefunction. For this purpose, we use the time-of-flight imaging method

98



5.4 Analysing the Time Evolution Using Two Gratings

and evaluate the energy in the pictures in the same manner as in the experiments on
quantum (anti-)resonances (see section 5.3).

To obtain an illustrative measurement providing information about the relationship
between different phase-shifts, we investigate the dependence of the energy on the
pulse period T of the previous experiments on the atom optics kicked rotor (AOKR).
This is based on the assumption to consider T as a representation of the time delay
between two consecutive diffraction gratings4. Varying this time delay in our energy
measurements described above, provides us with an excellent way to measure the
atomic Talbot time and investigate the fractional Talbot effect.

Figure 5.8 shows the desired energy dependence of a double-diffracted condensate.
The black, solid curve represents the theoretical results provided by the simulation
(described in detail in section 3.4.2). Our measurements go up to a time delay of
70µs. Due to this large range, and for a finer stepsize between the measurements,
we divided our ‘Multi-Go’-sequences into two sets (indicated in the graph with two
different symbols for the data). This, presumably, caused slightly different initial
conditions for the two data sets and the observed deviation of the second data set,
which is drawn as red triangles.
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Figure 5.8 Dependence of the energy (in units of the energy of one photon recoil) on
the time delay between two gratings. The black, solid line denotes our theoretical results.
Distinguished by two different symbols, the two sets of experimental data are received by
twice applying a strong grating for 280 ns. The kicking laser has a power of 1.8 mW before
we focus it, and the time delay between the two gratings is determined by varying the pulse
period T .

4This is only an approximation, but gives for our first measurements a sufficient degree of accuracy.
The implementation of the constant kicking strength κ will correct this approximation later on.
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Chapter 5 Diffraction of a Bose-Einstein Condensate—the Experiment

Note that the electric field amplitude is the only free parameter in the simulation,
which is justified by the difficulty in predicting the exact position of the condensate
within the focused laser beams. Although the results of the simulation and the
experiment match very well, we have to keep in mind that the measurement was only
taken once; currently, further, identical measurements are being carried out to verify
our measurement and to enable the calculation of a statistical variation. This way,
we also hope to determine the electric field amplitude more accurately.

Figure 5.8 shows well-defined peaks and dips that correspond to the integer and
fractional Talbot effect. The latter will be examined more closely in subsection 5.6.2.
Striking in figure 5.8 is the maximum in energy at about 66µs, which corresponds to
the theoretical prediction of the Talbot time tT = π

2ωrec
(see equation (5.1)). Further-

more, we observe a global minimum of the energy at about 33µs. A free evolution
of approximately 33µs corresponds to a phase shift for which the second grating
negates exactly the induced phase shift of the first grating. Using equation (4.21) for
the theoretical prediction for tT/2, we find once more a sound agreement between
experiment and theory.

A particularly interesting extension to these observations of two gratings, is to add
a third grating and undertake the same experiment as earlier outlined5. Figure 5.9
shows our results for the energy dependence on the time delay for three gratings. The
global energy minimum at 33µs in figure 5.8 is now replaced by a local maximum
since the diffraction of the third grating rises the energy again by inducing another
phase shift that destroys the complete negation of the previous phase shifts. This
behaviour is expected whenever there is an odd number of gratings. Although the
energy for three gratings differs considerably from that of two gratings, the global
maximum at about tT = 66µs remains. This is not surprising, as this specific amount
of free evolution between consecutive gratings is still expected to not induce a phase
change. Consequently, every grating will increase the mean energy of our system
through the induced atom-light interaction, as described in Chapter 3 in the context
of quantum resonance.

5Note that for more than two gratings the time delay always represents the time between two
consecutively applied diffraction gratings.
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Figure 5.9 Dependence of the energy (in units of the energy of one photon recoil) on the
time delay between three gratings. The black, solid line denotes our theoretical results,
whereas the experimental data is received by three consecutive diffractions similar to those
of figure 5.8. The kicking laser has a power of 1 mW before we focus it, and the time delay
between two successive gratings is determined by the varied pulse period T .

5.5 Constant κ

To accurately compare two measurements with different time delays between the
gratings, we need to ensure that we only change one parameter at a time. However, the
quantum description of our experiments as an AOKR means that our measurements
with a varying time delay (corresponding to the pulse period T of the AOKR) always
change two parameters at the same time. This is due to the proportionality of T to
both the scaled Planck’s constant k̄ and the kicking strength κ.6

Furthermore, if our particular aim is to examine short time ranges, we have
to account for the fact that our gratings with a duration of 280 ns are, strictly
speaking, not described by δ-functions. Their actual shape as top-hat functions
becomes especially important for short times, since the pulse periods T include
the pulse durations7. Hence, the approximation as δ-functions significantly reduces
the accuracy of our experiments for small T . This can be avoided by considering
the kicking strength for a general (not δ-) kicked rotor. If the pulse shapes can be
described mathematically as top-hat functions, the general kicking strength κgen

can be determined as κgen = κtkick, where tkick determines the pulse duration [21].
Consequently, by keeping the general kicking strength —i. e. the product T · tkick—

6Remember the previous determinations of k̄ and κ by: k̄ = 8ωrT and κ = 4Ω′ωrT with the recoil
frequency ωr and the effective Rabi frequency Ω′ (see Chapter 3).

7A period consists, in general, of a pulse followed by a time delay.
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constant for each experiment, the only parameter varied is the time delay. This delay
is then represented by the pulse period T , which only changes k̄.

Implementing this ‘constant-κ-feature’ into the C++ code enabled us to increase
the accuracy of our measurements for small T ; such accuracy is essential for the
following observations.

5.6 Early Time Evolution—Two Aspects

5.6.1 Observing Early Time Diffusion for an AOKR

As demonstrated in section 5.3, we observed significant resonance and anti-resonance
behaviour of our kicked Bose-Einstein condensate at k̄’s of even and odd multiples
of 2π, respectively. In order to further investigate this behaviour of the atoms,
one considers the early-time evolution of an AOKR. For this purpose, one has to
assume a narrow initial momentum distribution, which can be realised experimentally
using a Bose-Einstein condensate. Analytic and numerical investigations have been
conducted by Daley et al. [19, 20]. They discovered a rich and sophisticated structure
of resonances within the early time range.

Investigating the early time evolution of our AOKR experimentally requires mea-
surements with a varying kicking period T . Our experimental results for 1–6 kicks are
shown together with the prediction of our simulation (black, solid line) in figure 5.10.
Considering the dimensionless energies in our system for different kicking numbers, we
find the predicted increase in complexity for a rising number of kicks. Unfortunately,
we only had one analysable measurement for one kick, which makes it difficult to
observe the expected constant energy for a varying k̄. All other experimental data
is retrieved from two ‘Multi-Go’ sequences each (see Chapter 2). Due to fitting
problems, we are currently taking further similar measurements. We also hope to
achieve a finer step-size between the recorded data, in order to verify in greater detail
the complexity occurring at higher kicks.

5.6.2 Observing the Fractional Talbot Effect With our BEC

The measurements presented in figure 5.10 can also be interpreted as results of a
successful observation of the fractional Talbot effect of a Bose-Einstein condensate [28].
The following will cover this interpretation briefly.
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Figure 5.10 Early time evolution for an increasing number of kicks/applied gratings. The
solid, black lines represent the simulation results, while the experimental data is drawn
with an error bar denoting the shot-to-shot variations (except for (a), which represents the
results from a single measurement). The different ranges of the energies correspond to the
different powers of the kicking lasers; they range from 600µW to 1.8 mW.
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For the purpose of examining the fractional Talbot effect, we need to investigate
the diffraction of the condensate shortly after the phase gratings have been applied.
To take accurate measurements in this early time evolution range, we make use of the
implemented ‘constant-κ-feature’. Hence, we can resolve the early time evolution and,
thus, measure the dependence of the final wavefunction of the time delays between
the gratings to a sufficiently high degree of accuracy.

Our results for 1–6 gratings (figure 5.10) show a considerable increase in the
complexity of the energy dependence for multiple gratings. This can be explained by
the complexity of the diffraction, which rises with each induced phase grating. The
more gratings applied, the stronger the wavefunction and thus, the energy depends
on the time delay between the diffractions. Consequently, our energy dependence
becomes more sophisticated.

5.7 The Talbot Carpet

If we reduce the experiments on the evolution of a diffracted Bose-Einstein condensate
to a single grating, we can investigate another important curiosity caused by the
Talbot effect: a specific, very well-defined spatio-temporal structure.

The so-called Talbot carpet can generally be observed through any coherent illumi-
nation of a periodic object [6]. In our case of a coherent matter wave ‘illuminating’ a
light grating, we consider the times t = (n/m)tT as in the investigation of the frac-
tional Talbot effect. At these times we observe a superposition of m grating-copies [6].
Visualising such (partial) re-imaging in a spatial-temporal plane provides us with
an area filled with superimposed copies of the periodic grating—the Talbot carpet.
A closer look reveals a structure of diagonal canals of intensity minima behind the
grating. These canals in the carpet can be explained by correlations of adjacent
image planes as destructive interference. For a full, causal interpretation of Talbot
carpets of slit gratings, refer to [74].

In the experiments with our coherent matter wave as illumination, we have to
take account of the fact that we aim to observe a temporal Talbot carpet. Thus,
instead of considering the spatial evolution at small distances behind a static grating,
we aim for investigations shortly after the grating has been applied. Furthermore,
we have to take account of the fact that, due to the quantum description of our
diffracted condensate as an AOKR (see section 5.5 for more details), the desired
investigation requires changes to both the time after the grating has been applied, and
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Figure 5.11 A Talbot carpet of a Bose-Einstein condensate after a single diffraction grating.
The left column contains time-of-flight images of our experiment, and the right picture
shows the corresponding result of the simulation.

the duration of the interaction between the atoms and the standing wave. By making
these changes, we can observe a carpet produced by our Bose-Einstein condensate
after a single grating.

The right-hand-side of figure 5.11 shows the theoretical prediction of our simulation,
while the left column contains the corresponding pictures of the experimentally
diffracted condensate (using the time-of-flight imaging method). Note that the time
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axis refers to the pulse period in our experiment. Simultaneously, to keep the kicking
strength constant, the pulse duration was decreased from top (1008 ns) to bottom
(280 ns). The occurrence of the intensity minima confirms the theoretical predictions
of the described canals. Particularly remarkable is once more the sound agreement of
the occurrence of the canals, e. g. the vanishing first order peaks at ∼ 12µs or the
destruction of the zeroth order at ∼ 18µs.
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Part III

Path toward an Atom Laser
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Chapter 6

The Atom Laser and its
Prospective Use

6.1 Introduction

In 1924, the French physicist and Nobel Prize laureate Louis Victor de Broglie
(1892–1987) proposed the particle-wave duality of matter in his PhD thesis. De
Broglie’s predictions about the quantum-mechanical wave nature of mass particles
provided the theoretical basis for many successive experiments on the interference
effects of matter; examples include Fresnel diffraction [29] and specular reflection of
neutral atoms [50, 79]. Experimentalists have always aimed to improve such atom
interference experiments by use of a more suitable atomic source than a cloud of
thermal atoms; and so they looked for a source that emits a coherent matter wave, as
does an optical laser for light. The first creation of a Bose-Einstein condensate in 1995

provided them a ideal example of the desired source. This led to the development
of the first atom laser in 1997 [56], just two years after the creation of the first
Bose-Einstein condensate.

Atom lasers are still in the early stages of development. Hence, the possible
field of applications of such a device—which ranges from precision measurements
of fundamental constants to atomic beam deposition for atom lithography—is
continually extended, the further we deepen our knowledge of coherent matter waves.

The first all-optical creation of a Bose-Einstein condensate in our laboratory
offered us the possibility to realise an atom laser. One of the main goals of our group
is the realisation of a Hanbury Brown-Twiss-like experiment for atoms. For this
purpose, we aim to use the atom laser, outcoupled from our Bose-Einstein condensate
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of 87Rb atoms, by counting the atoms in its beam. After a photoionisation process
we plan to count the ions one-by-one with an ion detector.

The first section of this chapter defines an atom laser by comparing it to its optical
analogue. In this context, we specify in particular our outcoupling technique via
stimulated Raman transitions.

In the second section, we present the prospective use of our atom laser. For this
purpose, we introduce the reader to counting statistics—our final aim of the experi-
ments with the atom laser. Furthermore, we provide some theoretical background
information for the implementation of the atom-counting in our experiments where
we offer an alternative atom detection to other groups by ionising our atoms first.

6.2 Definition of an Atom Laser

The literal meaning of the term LASER (Light Amplification by Stimulated
Emission of Radiation) denotes the usage of light. More generally, however, a
laser can be understood as a device generating a coherent beam of particles by the
use of a stimulated process. This stimulated process brings many particles into the
lasing mode, so that, in the case of a commonly used optical laser, coherent light can
be outcoupled in a typically narrow and low-divergent beam.

How and why one can use the term atom laser1 becomes clear as one considers
its different parts and their functions, and compares them to their equivalents in
the well-known optical version. The following section will do this, thus deepen the
understanding of the atomic laser device.

6.2.1 The Cavity

The laser cavity of an optical laser usually consists of two mirrors, which enclose the
gain medium and are responsible for trapping the lasing mode.

There have already been many different realisations of cavities for a matter lasing
mode in the form of magnetic traps. The cavity, also called the resonator, of our

1Note that atom laser is—due to the literal meaning of LASER—often considered a misnomer.
It has been suggested [49] to use instead the expression CSAASSA, which stands for Coherent
State Atom Amplification by Stimulated Scattering of Atoms. Nevertheless, the term atom
laser has become accepted and will probably persist.
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atom laser is an optical dipole trap; it is produced by a CO2 laser and described in
more detail in Chapter 2.

Generally, an atom laser cavity only supports one particular lasing mode. De-
pending on what the atom laser is used for, it is sometimes also useful to have a
multi-mode atom laser. The realisation of such a multi-mode cavity for matter waves
is more sophisticated than in the case of an optical laser and is described in the
context of the lasing mode in the following subsection.

6.2.2 The Lasing Mode

A common optical laser can radiate several modes at the same time, whereas the
atom lasers realised so far are all limited to one lasing mode. This mode, created by
a Bose-Einstein condensate, is a state where all the bosons occupy the lowest energy
level simultaneously and therefore have exactly the same properties2.

Although we trap all magnetic sublevels with an optical dipole trap, our atom laser
is considered to be single mode.

There have been suggestions how to populate several atomic lasing modes. One of
them is to use optical pumping: after exciting the atoms of the condensate (‘BEC-
mode’) with a pump laser, the atoms decay spontaneously and can end up in a
different momentum state3. As soon as this different ’momentum-mode’ is populated
macroscopically, the same amplification process as used to amplify the ‘BEC-mode’
(discussed in subsection 6.2.4) will stimulate more and more atoms to populate this
macroscopically occupied mode [47].

6.2.3 The Gain Medium, Pumping and Laser Threshold

The medium that exhibits the gain (generated by stimulated scattering ; see subsec-
tion 6.2.4), is, in an atom laser, the reservoir of Rb87 atoms. As described later,
the stimulated process for atoms is only efficient for an ultracold atomic sample.
Therefore, before the gaseous atomic sample can serve as a gain medium, our atoms
must first be prepared by some cooling techniques. These cooling techniques, namely
the laser and evaporative cooling, are discussed further in [87].

2Further details on such a condensate can be found in Chapter 1.
3Note that the final momentum state achieved by optical pumping is generally different from the

those reached via Raman transitions described in section 6.2.5. A momentum state reached by
a Raman transition is a result of a single two-photon process with a well-defined momentum
transfer. However, the spontaneous decay of the pump-process is in a random direction. The
transfered momentum of the pumping as two one-photon processes can therefore vary.
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In contrast to the excitation of the gain medium for the optical laser, the gain
medium of the atom laser has to be cooled down to the threshold, the critical
temperature Tc, which initiates the population of the lasing mode BEC. Consequently,
the atomic equivalent of the pump of the optical laser is the last cooling step of the
atoms—the evaporative cooling in the CO2 dipole trap.

6.2.4 The Stimulated Process

To enhance the number of atoms in the lasing mode, we use one of the properties of
bosons in our favour: in the case of two-body scattering between two bosons, the
probability for one of the participating particles to scatter into a specific state is
proportional to the Bose-enhancement factor (N+1), where N represents the number
of atoms already in that state. The described process that causes an avalanche of
more and more atoms reaching the ground state is called stimulated scattering and
serves as the stimulated process we need for an atomic lasing device.

Thus, besides providing a very dilute gas of atoms to prevent three or more body
collisions, the gas has to be cooled down far enough that a sufficient number of atoms
occupy the ground state. At this stage, stimulated scattering starts to dominate the
two-body collisions in the gas, and subsequently, more and more bosons scatter into
the ground state. This provides the avalanche effect for our lasing device. The effect
can be enforced by cooling the gas in a controlled way further down; more details
about the evaporative cooling can be found in the second chapter of this thesis.

6.2.5 The Output-Coupler

The components of the atom laser described so far have all been realised in Auckland
by the creation of a Bose-Einstein condensate. Nevertheless, as a last step toward an
atom laser we need to extract a small number of atoms from the condensate in such
a way that their coherence is maintained.

The majority of Bose-Einstein condensates produced by other groups have been
realised by evaporative cooling in magnetic traps. [2, 25, 70] Since these traps confine
only atoms with a specific magnetic moment, it has been sufficient to flip these
moments by use of rf-pulses. The atoms thus targeted are no longer trapped, and,
due to the downward acceleration caused by gravity, they form pulses of a coherent
matter wave.
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Figure 6.1 Energy level scheme of a Raman transition of 87Rb.

Such atom laser beams have two major disadvantages: Firstly, it is not possible to
choose the direction of the beam due to its dependence on gravity. Secondly, the
divergence of such atom laser beams is determined by the intrinsic repulsion of the
atoms. Consequently, we look for an alternative method for the outcoupling that
ensures a highly directional and well-collimated atom laser beam.

Since our laser cavity consists of a dipole trap that confines all magnetic moments,
a change of the magnetic moment will not achieve the outcoupling of the atoms of
our all-optically-formed Bose-Einstein condensate. However, this problem can be
overcome by using an optical outcoupling technique: Raman outcoupling. As the
name suggests, the atoms are made to undergo a Raman transition by directing two
counterpropagating optical laser beams onto the condensate. These two laser beams
are tuned close to the resonance for Rb87 with a detuning of several GHz to avoid any
unwanted excitation of our atoms. The schematic energy level scheme for a Raman
transition of our atoms is drawn in figure 6.1. A suitable transition to lock these
lasers to is the transition 52S1/2, F= 2→ 52P3/2, F= 3 of Rb85, which is the repump
transition of an isotope of our atoms.4 Besides polarising these beams linearly and
mutually orthogonally to avoid interference effects, we have to impose a frequency

4Since we use Saturated Absorption Spectroscopy (SAS)—explained in more detail in subsection 2.2—
to lock the lasers, it is suggested to lock them to one of the transitions of Rb85, which has
well-defined transition in SAS and is sufficiently far detuned from resonance. An energy level
scheme of both Rb85 and Rb87 can be found in Appendix A.
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difference between the beams with the frequencies f1 and f2, respectively. This
frequency difference corresponds to the energy difference between the ground state
hyperfine splitting of our atoms, i. e. ∆f = 6.835 GHz [82]. During the interaction
with the described two beams, the atoms undergo a Raman transition by exchanging
photons from one laser frequency into the other one. The atoms absorb one frequency
and “reach” the intermediate state |i〉, from which they emit another photon at the
other laser frequency induced by stimulated emission. Note that a Raman transition is
a two-photon transition, which means that the processes of absorption and stimulated
emission occur simultaneously.

Another essential factor in using Raman transitions as an outcoupling technique
becomes clear when the conservation of momentum is considered. Choosing a
coordinate system such that the atom gains the photon’s momentum of the absorption
of the first laser in direction of the positive x-axis, the stimulated emission of the
second photon will direct the emitted photon into the second, counterpropagating
laser, which is then the negative x-axis. Due to momentum conservation, the atom
receives from this stimulated emission a further momentum kick in the positive
x-direction, as already the one gained by the absorption.

The recoil energy, gained by an atom of mass m via absorbing or emitting a
resonant photon with wavenumber kL is given by [82]

Erec = ~ωrec =
~2k2

L

2m
, (6.1)

where ωrec denotes the angular recoil frequency.
Thus, the magnitude of the recoil momentum of a Raman transition, which is

given by pRa = prec,abs + prec,em, can be evaluated in the assumption of two perfectly
counterpropagating beams as

|pRa| = ~ (kL1 − kL2) , (6.2)

where kL1 and kL2 refer to f1 and f2, respectively.
As equation (6.2) denotes, the momentum kick of a Raman transition is relatively

large compared to a non-moving condensate. Hence, atoms that undergo a Raman
transition not only overcome the trapping potential and leave the trapping region,
but their movement is also primarily channeled into one direction, thus providing a
well-collimated atomic beam.
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Furthermore, since the transferred momentum kick given by equation (6.2) is
completely determined by the direction of the optical outcoupling lasers, the direction
of the atomic beam is not restricted to the downwards direction, as in the case of
gravitational outcoupling. Pulsing the optical outcoupling lasers provides several
outcoupled wavepackets that will overlap in the case of a sufficiently fast pulse rate
to form the desired coherent atomic beam.

The creation of our source for the atom laser, namely the creation of a BEC, must
occur in a well-controlled sequence (see Chapter 2 for details). The first step of
optical cooling in the MOT, with an atom-photon scattering rate of ∼ 107 photons/s,
is mutually exclusive with evaporative cooling, which requires a scattering rate of
lower than ∼ 0.1 photons/s to avoid any unwanted heating effects. Consequently,
laser and evaporative cooling cannot happen at the same time making it impossible
to create condensates continuously. Therefore, an atom laser seems to be feasible
only in a quasi-continuous version—with a pulse duration corresponding to how long
one condensate lasts.

Nevertheless, there have been several theoretical suggestions of how to realise a
completely continuous atomic lasing device by, for example, cooling a slow atomic
beam evaporatively down into the lasing mode [53], or by optically pumping the
atoms into the lasing mode [58, 81]. An experimental realisation of a continuously
loadable optical dipole trap has so far only been achieved by Chikkatur et al. [11],
who used moving optical tweezers to periodically replenish their condensates.

6.2.6 Overview: Optical Laser Versus Atom Laser

The following table summarises the previously described analogues between a quasi-
continuous atom laser and its well-known optical counterpart.

Optical Laser Atom Laser

1./2. Cavity 

with photons in 

the lasing mode  

ΨBEC = Ψo(1)Ψo(2)…Ψo(N)

macroscopic 

wavefunction

microscopic 

wavefunctions
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dipole trap intensity:
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si
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Table continued on the next page.
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Figure 6.2 Analogies between an atom laser and an optical laser. The numeration refers
to the one of the previous subsections.
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6.3 Applications of our Atom Laser

The variety of applications for a coherent atomic lasing source is huge. Not only
can high precision measurements be improved in research laboratories, the atom
laser may also be needed in a more commercial contexts, for example, for precision
deposition of matter for nano-fabrications.

The interest of our laboratory in the atom laser concerns more fundamental research
on the counting statistics of atoms. Therefore, we aim to set up a Hanbury Brown-
Twiss-like experiment [8] for atoms in a similar way to A. Öttl et al. [59]. Instead of
using an optical high-finesse cavity to count the atoms, we want to use an ion detector,
which counts the previously ionised atoms one-by-one. The following subsections will
briefly outline our aims and intentions.

6.3.1 Counting Statistics

The best method of demonstrating the statistical differences between thermal and
coherent bosonic atoms is to consider the optical equivalent: the statistics of photons.
Thus, the following two paragraphs provides a short overview of the relevant points
in photon statistics.

Classification of light by the photon statistics

Going beyond the classical description of light as an electromagnetic wave, one reaches
the field of quantum optics, which focuses on the particle properties of light. In this
field a light beam is considered as a photon flux, rather than as an electromagnetic
wave. If we regard such a flux on very short time scales, the nature of light as
discrete energy portions becomes apparent by the detection of single photons. The
fluctuations one can observe are theoretically described by photon statistics.

In the ideal case, a monochromatic and coherent light beam is described as a
stream of photons with an average photon flux of

Φ ≡ P

~ω
, (6.3)

where P represents the laser power related to the constant intensity I and the cross-
sectional area A of the beam through P = IA, and ω is the angular frequency of the
light.
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Considering a beam segment of length L, a constant power P can be assumed to
provide an average number n̄ of photons of

n̄ =
L

c
Φ, (6.4)

where c is the speed of the photons and L/c the time the photons need to travel the
distance L.

To find the probability P (n) for n photons within a segment of length L, we
divide the segment into N subsegments. The desired probability is then equivalent
to the probability of finding n subsegments with exactly one photon in each of
them and (N − n) subsegments with no photons. Including all possible orderings of
these subsegments, the task of finding P (n) has been reduced to a simple Bernoulli
experiment with the probability p to find a photon in one of the subsegments and
q = 1− p as the probability of failure. The binomial distribution resulting from a
Bernoulli experiment provides us with P (n) as

P (n) =

(
N

n

)
pnq(N−n) (6.5)

=

(
N

n

)
pn (1− p)(N−n) , (6.6)

where
(

N
n

)
is a binomial coefficient determined by N !

n!(N−n)!
. After some algebra, we

find the expression for the resulting Poissonian distribution:

P (n) =
n̄n

n!
e−n̄ with n ∈ N0, (6.7)

where the average photon number n̄ is given in equation (6.4).
The mean value n̄ in Poissonian statistics is (∆n)2, where ∆n represents the

standard deviation. Thus, the standard deviation of the fluctuation in photon
number of a monochromatic and coherent light beam can be determined by

∆n =
√
n̄. (6.8)

This condition gives us a defining property by which to classify light.

In the case where the standard deviation is measured to be larger than
√
n̄, the

distribution is called super-Poissonian and describes partially coherent, incoherent
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This figure has been removed in the digital version

as the copyright belongs to a third party.

Figure 6.3 The three different types of photon statistics for a mean number of photons of
n̄ = 100. This figure has been taken from [33].

or thermal light. Note that in this case, the intensity of the light cannot assumed to
be constant.

If ∆n <
√
n̄, the distribution is termed sub-Poissonian and the intensity can be

assumed to be constant. This type of photon statistics has no classical equivalent; it
is a purely quantum effect and can only be explained by the particle nature of light.

How one can distinguish between these different types of light becomes clear by
considering the plot of the different statistical distributions with the same mean value
n̄. Figure 6.3 shows such a plot for n̄ = 100; it is taken from [33].

In the same manner as light, atomic beams of bosons can be distinguished by their
statistics. Consequently, for a coherent atomic beam of our atom laser we expect a
Poissonian statistics. The following section will discuss how we aim to measure this
in the experiment.

Second-order correlation function

To demonstrate the coherence of an atomic beam one can use the wave properties
of the atoms and carry out interference experiments, as did, for example, M. A.
Andrews et al. [3]. Nevertheless, it is easier—though perhaps less obvious—to use the
particle properties by counting the atoms one-by-one and noting their arrival times
at the detector. The resulting data enables us to evaluate the second-order particle
correlation function g

(2)
q (τ), of which the classical analogue g(2)

cl (τ) determines the
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Figure 6.4 Schematic plot of the different correlation functions for (a) chaotic light and
(b) coherent light.

intensity fluctuations of the atomic beam in time and is given by

g
(2)
cl (τ) =

〈I (t) I (t+ τ)〉
〈I (t)〉 〈I (t+ τ)〉

, (6.9)

where I(t) represents the beam intensity at time t, and τ denotes the time delay
between two measured intensities. Representing the intensity as a flux of photons,
g

(2)
cl (τ) has to be replaced for small count rates by its quantum analogue, given by

g(2)
q (τ) =

〈: n̂ (t) n̂ (t+ τ) :〉
〈n̂ (t)〉 〈n̂ (t+ τ)〉

, (6.10)

where n̂(t) is the number operator determining the number of counts at time t and :

denotes the normal and time ordering.
Equation (6.10) shows the dependence of the particle correlation function on the

conditional probability of detecting a particle at the time t = τ after detecting one
at time t = 0.

Due to the Poissonian distribution we expect completely random time intervals
between the particles in a perfectly coherent beam and, therefore, a correlation
function of one. How this differs from the correlation function of a chaotic beam is
shown in figure 6.4; this figure provides us with a preview of the predictions of future
experiments on the counting statistics of chaotic and coherent atomic beams.

120



6.3 Applications of our Atom Laser

6.3.2 Photo-Ionasation for Counting the Atoms

Theoretical background

Alkali atoms—of which 87Rb is an example—are very reactive atoms and have only
one weakly bound outer electron—the valence electron. All other electrons are
arranged in inner closed shells. In order to count such atoms with an ion detector we
have to ionise them first. Since the energy in a process of photoionisation is conserved,
we find in the atom’s reference frame (i. e. assuming the atom to be initially at rest)
the Einstein relation,

~ω = Eion +
mv2

2
, (6.11)

as the appropriate energy balance for a single photoionisation event. Note that in
equation (6.11) the energy of the incident photon is denoted by ~ω, whereas the
energy potential to be overcome to ionise the atom is given by Eion, and mv2

2
repesents

the final kinetic energy of the photoelectron. If we consider our atom to be initially
in a discrete internal state |Si〉 (e. g. the ground state), there will be—in a very
simplified model of the process—two different posssible arrangements of energy levels:

• If ~ω > Eion, as shown in figure 6.5a, the ionisation potential is overcome by
absorbing one single photon. Hence, the atom is excited to the final state |Sf〉
in the ionisation continuum by a one-photon process.

• If ~ω < Eion, it is still possible for the atom to surmount the ionisation energy.
This can be done by a multi-photon process, as sketched in figure 6.5b. By
absorbing n photons the atom may obtain an energy n~ω that is larger than
the ionisation energy.

For such a multi-photon ionisation to occur, a high intensity of the ionising
beam is required to provide enough photons simultaneously. Furthermore,
a multi-photon process occurs, in particular, when the photon frequency is
quasi-resonant to an atomic excitation; i. e. if the photon frequency is only
slightly detuned from the atomic resonance [16].

Experimental use

The ultimate goal of the realisation of an atom laser in Auckland is to obtain counting
statistics of atoms. After outcoupling the atoms from the Bose-Einstein condensate,

121



Chapter 6 The Atom Laser and its Prospective Use

|Si〉
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Figure 6.5 Energy level scheme for (a) single- and (b) two-photon photoionisation. The
latter is enhanced if the intermediate state |Sint〉 is only slightly detuned from the atomic
resonance, i. e. if the laser is quasi-resonant. The orange region denotes the ionisation
continuum.

we will shine a blue laser (λ = 473 nm) onto the atomic beam. The energy of one of the
photons of this laser is ∼ 2.623 eV. With the ionisation energy Eion = 4.177 eV [82]
of Rb87, a two photon-process has to be induced by focusing the blue laser beam onto
the interaction region with the atomic beam. In this way, the ionisation potential
can be overcome by simultaneously providing enough ionising photons to sustain
a two-photon process. The received ions can then be detected by an ion detector,
which is already built in the 2nd vacuum chamber (science chamber).

The ionisation provides an alternative way to perform a Hanbury Brown-Twiss
experiment with atoms, similar to the one of A. Öttl et al. [59], who used a high-
finesse optical cavity to count the atoms. The resulting one-by-one counting of
our atoms can, for example, be used to prove that the outcoupling technique is
coherence-maintaining, by giving us the necessary data to calculate the second-order
correlation function. As described above, this function is for a coherent beam required
to be equal to one for all times.
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Chapter 7

Toward the Atom Laser: Atomic
Bragg Scattering

7.1 Introduction

The last component required for the realisation of the atom laser is the outcoupling
of the atoms via Raman transitions (as described in subsection 6.2.5). Solving the
technical difficulties in locking the two counterpropagating beams to the desired
frequency difference of 6.835 GHz is part of our current work in the laboratory.

In the meantime, we focus on a modified version of a Raman transition. A
similar laser-stimulated two-photon transition can be applied without changing
the hyperfine state of the atoms. This means that we couple the atoms into the
same internal, but different external, energy state. Such a coupling is procured
by a transfer of energy to the external energy of the atoms in the form of kinetic
energy; this energy transfer is much smaller than in the case of a Raman transition.
Thus, the transfer is not high enough to overcome the trapping potential of the
dipole trap and outcouple an atomic laser beam. However, the required frequency
difference between the two participating lasers is much smaller, and it is easily
realised through the use of acousto-optic modulators (AOMs). The described
atomic transition that only changes the external and not the internal energy state
is also called a Bragg transition, as we essentially enforce Bragg scattering of our atoms.

The first part of this chapter will explain, why the depicted process can be termed
‘Bragg scattering’ by describing the scattering process in detail. In this context,
we reveal two possible approaches: one using the particle properties of atoms and
another one focusing on the wave-nature of atoms.
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Figure 7.1 Two-dimensional model of Bragg scattering of a slow atomic beam at a standing
light wave formed by two counterpropagating laser beams. The specular reflection at the
intensity maxima provides a retardation of the atomic beam of 2ξ = λlaser cos θ.

Subsequently, we present our model and the analytic calculation of the transition
probabilities of the Bragg process, in order to give a good prediction of the experiments,
which are currently prepared in our laboratory.

7.2 Bragg Scattering of a Bose-Einstein

Condensate

To observe Bragg scattering of a Bose-Einstein condensate, we, firstly, have to find
a target suitable for our condensate to scatter from. As a second step, we need to
find the appropriate Bragg condition; this determines the successful scattering for a
‘stationary incident beam’ such as our Bose-Einstein condensate.

For the determination of a suitable scattering target, we consider the Bragg
diffraction of a slow atomic beam, as shown in figure 7.1. The crystal planes required
for Bragg diffraction are represented by the intensity maxima of a standing light
wave formed by a set of counterpropagating laser beams. To adjust the incident
angle of the Bragg scattering, we can simply vary the angle between the standing
wave and the atomic beam. The Bragg condition for a slow atomic beam with a
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Figure 7.2 Bragg scattering as a transfer of frequencies.

de-Broglie wavelength of λB can be determined when one considers the geometry
given in figure 7.1. The retardation of 2ξ = λlaser cos θ yields a Bragg condition for
constructive interference of the scattered atoms of

λlaser cos θ = nλB with n ∈ N. (7.1)

Furthermore, it is clear that the time, during which the atoms pass through the
standing wave, gives us the interaction time between the atoms and the scattering
potential. However, in the case of a stationary atomic sample as a Bose-Einstein
condensate, the atoms cannot pass through the potential since they have no velocity.
Nevertheless, by pulsing the standing wave, we can expose the condensate to the
optical potential for a certain amount of time. This way, the interaction time is given
by the duration of the laser pulse.

We still need to find a way for the condensate to fulfil a Bragg condition—a
condition that most generally determines the dependence of successful scattering on
the angle of incidence. Before we can derive this condition, we need to find a way to
let our stationary condensate incident on the grating—the standing wave. Therefore,
we need to simulate the motion of the atomic beam against the scattering planes.
For this purpose, we simply turn the table and move the planes on to the stationary
atoms. This is realised by a moving standing wave. The movement is given by the
frequency difference of the two counterpropagating lasers that form the standing
wave.
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Figure 7.2 sketches how a frequency detuning δ1 between the two lasers effects the
atoms. Referring to this scheme, it becomes clear what happens to the atoms in the
moving standing wave. Similarly to Raman transitions, the atoms simultaneously
absorb a photon from one of the laser beams with frequency ωL1 and become stimulated
to emit another photon with a frequency of the second laser with ωL2 = ωL1 − δ1;
the atom ‘transfers’ a photon of frequency ωL1 into another photon of frequency
ωL2 . Unlike a Raman transition, a Bragg transition couples the atoms in the same
hyperfine ground state.

Note that as in the case of a Raman transition the atom has never been excited
to any energy level |i〉, since the two lasers are assumed to be sufficiently detuned
from the atomic resonance.1 The energy level scheme in figure 7.3 points out how a
detuning of the lasers from the atomic resonance frequency can prevent the atoms
from getting excited. The parabolic behaviour of the ground state |g〉, the virtual
state |i〉 and the excited state |e〉 denotes the external energy in the form of kinetic
energy Ekin =

p2
atom
2m

, with the atomic momentum patom and its mass m.
With these considerations so far, we are able to formulate the Bragg condition for

our condensate by investigating the particle properties of our atoms in the following.

7.2.1 Atomic Bragg Scattering as a Result of Particles

Properties

If we treat our atoms as particles and concentrate on the quantum behaviour that
allows them to absorb and emit light quanta, energy conservation results in

∆Elasers = Ekinetic (7.2)

⇔ ~δ1 =
p2

atom

2m
, (7.3)

where ∆Elasers denotes the energy transfer of the two lasers, and Ekinetic the resulting
kinetic energy of an atom. To calculate this kinetic energy, we need to determine the
atomic momentum patom after the energy transfer. Due to momentum conservation,
patom is given by the two-photon-recoil momentum resulting from the absorption and
emission of one photon, respectively. Figure 7.4 demonstrates the dependence of
the momentum transfer on the angle between the two laser beams. Note that the
atomic momentum gain from the stimulated emission is directionally opposite to the

1This assumption justifies the often used expression of ‘virtual energy state |i〉’.
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Figure 7.3 Energy level scheme of Bragg scattering of a Bose-Einstein condensate. The
first Bragg transition is inked in red, whereas the grey dashed line denotes the improbable
reversed Bragg transition, i. e. the absorption and stimulated emission of ωL2 and ωL1 ,
respectively.

travel direction of the stimulating laser itself. Considering figure 7.4, the transferred
momentum patom is easily determined with the two-photon-recoil momenta by using
the cosine rule. With pabs and pem as the gained momentum of the atom due to the
absorption and emission, respectively, we find

precoil = pabs + pem (7.4)

⇔ |precoil| =
√
|pabs|

2 + |pem|
2 − 2 |pabs| |pem| cos θ (7.5)

= 2~kL2

√
1− cos θ

2
(7.6)

= 2~kL2 sin

(
θ

2

)
(7.7)
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Figure 7.4 Beam alignment for Bragg scattering.

where θ denotes the angle between the two optical lasers, which are assumed to have
the same wavenumber, i. e. kL1 ≈ kL2 . This approximation is valid due to the only
slight detuning δ1 by some kHz (as compared to the lasers’ frequencies, which are in
the range of THz). Using equation (7.7) in equation (7.3) results in

~δ1 =
2~2k2

L2
sin2

(
θ
2

)
m

. (7.8)

Since in our setup the two incident light waves are nearly counterpropagating, i. e.
θ ≈ 180◦, equation (7.8) can be simplified to

~δ1 =
2~2

m
k2

L2
. (7.9)

This finally represents the desired Bragg condition for the first-order Bragg scattering
of a Bose-Einstein condensate from a ‘moving standing wave’. With the recoil
frequency of an atom given by [82]

~ωrec =
~2k2

l

2m
, (7.10)

we can rewrite equation (7.9), and thus, find

~δ1 = 4
~2k2

L2

2m
(7.11)

⇐⇒ δ1 = 4ωrec. (7.12)

Hence, the laser detuning for the first-order Bragg scattering amounts to 4ωrec
2π

.

128



7.2 Bragg Scattering of a Bose-Einstein Condensate

nth-order Bragg scattering

So far, we have only considered the absorption and emission of single photons. A
coherent succession of n two-photon processes is called nth-order Bragg scattering.
Such a transition transfers n photons from ωL1 to ωL2 and provides a momentum
gain of n2~k1 for the atom. Consequently, the laser detuning needs to be modified for
a higher order of the Bragg process; this is given by δn = nδ1. The Bragg condition
of equation (7.7) is still valid. However, we need to consider the fact that, besides
a different detuning of the lasers from the atomic resonance, we will also have a
different final momentum state for the atoms. Therefore, for the nth-order Bragg
scattering, equation (7.9) becomes

~nδn = n2 2~2

m
k2

L2
. (7.13)

A more detailed treatment of the nth-order Bragg scattering can be found in [35].

7.2.2 Atomic Bragg Scattering as a Result of Wave

Properties

Considering the wave-like properties of atoms, Bragg scattering is an effect of the light
field that induces, due to the position-dependent Stark shift, a phase grating on the
atomic wave with λB. How this consideration leads to the same prediction as found
by the particle properties can be demonstrated by changing to a moving reference
frame. Thus, when seen from a frame moving with the speed v, the laser frequencies
ωL1 and ωL2 are shifted due to the Doppler effect to ω′L1

and ω′L2
, respectively. These

new frequencies can be determined by

ω′L1
= ωL1

(
1− v

c

)
and ω′L2

= ωL2

(
1 +

v

c

)
. (7.14)

In order to create a standing light wave in the moving reference frame, we choose
a frame that moves with vs along the laser beams such that ω′L1

= ω′L2
. Hence,

according to the Doppler shifts of equations (7.14), we find

vs = c
ωL1 − ωL2

ωL1 + ωL2

⇐⇒ vs = c
δ1

2ωL2 + δ1
, (7.15)
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where the relationship between the frequencies in the laboratory frame, i. e. ωL1 =

ωL2 + δ1, has been used. Replacing v in equations (7.14) with vs of equations (7.15)
leads to

ω′L2
= ωL2

(
1− v

c

)
⇐⇒ ω′L2

=
2ωL2 (ωL2 + δ1)

2ωL2 + δ1
. (7.16)

In the moving reference frame, the atoms are obviously no longer at rest; they
move with vs. Consequently, the transformation to the new reference frame provides
us with the situation described earlier, where an atomic beam passes through the
standing wave. Therefore, we can use the Bragg condition given in equation (7.1)
(which predicts the first-order scattering (n = 1) if λlaser cos θ = λB). The de-Broglie
wavelength is determined by the motion of the atoms as λB = h/mvs. As a result of
the wave properties of the atoms, the first-order Bragg condition with θ ≈ 180◦ is
given by

λB = λlaser, (7.17)
h

mvs

= 2π
c

ω′L2

. (7.18)

Using earlier derivations, we can express vs and ω′L2
in terms of parameters of the

laboratory frame (see equation (7.15) and equation (7.16), respectively), such that
equation (7.18) becomes

~
mc2

=
δ1

2ωL2 (ωL2 + δ1)
. (7.19)

In the final step, we replace ωL2

c
with the wavenumber kL2 and, due to the large

difference between the magnitudes of δ1 (kHz) and ωL2 (THz), we can approximate
δ1

ωL2
� 1. Hence, we find

~δ1 =
2 (~kL2)

2

m
= 4~ωrec, (7.20)

which gives us the same Bragg condition as the one derived from the considerations
of the atoms as particles (equation (7.9)).
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In the following section we focus on the first-order Bragg process. This way, we
present an analytic model of atomic Bragg scattering in order to derive predictions
for our experiments.

7.3 Theoretical Prediction: the Outcoupling

Probability

7.3.1 The Model: First-Order Bragg Scattering

A model for the first-order Bragg scattering can be found by treating the occuring
atom-light interaction semi-classically. For this purpose, we follow the basic ideas of
Gupta et al. [71]. Hence, in the following derivations, the atomic energy is quantised,
whereas the light is described as a classical electromagnetic wave. The part of the
light field that has a significant impact on the atom is the electric field; it is known
from Maxwell’s equations that the influence of the magnetic field is much smaller.

The system Hamiltonian is split into two parts: one describes the quantised atom
and the other models the atom-light interaction. Hence, it is given by

Ĥ = Ĥ0 + Ĥint. (7.21)

Since, in Bragg scattering, we aim to impart a momentum kick on our atoms without
changing the internal energy, it is convenient to choose momentum eigenstates as
the basis vectors to model the system. The energy level scheme of our semi-classical
model has been given in figure 7.3. For the analytic investigation, we choose our
basis as |g, 0〉, |e, 1〉 and |g, 2〉 representing the eigenstate of the ground state with
no momentum; the intermediate state |i〉 with one-photon-recoil momentum2 and
the ground state with two-photon-recoil momentum, respectively. Thus, the atomic
Hamiltonian Ĥ0 can be written as

Ĥ0 = Ĥinitial state + Ĥintermediate state + Ĥfinal state (7.22)

= 0 · |g, 0〉 〈g, 0|+ (~ω0 + ~ωrec) |e, 1〉 〈e, 1|+ 4~ωrec |g, 2〉 〈g, 2| (7.23)

= (~ω0 + ~ωrec) |e, 1〉 〈e, 1|+ 4~ωrec |g, 2〉 〈g, 2| , (7.24)

2Note that by choosing an appropriate laser detuning, we can ensure that the probability of the
atom to get excited is so small that the atom can be considered of never occupying this so-called
virtual state.
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where ω0 denotes the atomic resonance frequency and ωrec the angular recoil frequency
of the absorption or emission of one resonant photon.

For the interaction part of the Hamiltonian Ĥint, the main difference between
Raman transitions and Bragg scattering gains importance. As noted earlier, the
difference between these two transitions lies in the final energy states, which are
analytically determined by the Rabi frequencies representing the strength of the
coupling between the atom and the light. If we consider an electric field with
polarisation ε, amplitude E and frequency ω = kc propagating in x-direction, we can
describe the field by

E = εEf (t) sin (kx− ωt) , (7.25)

where f (t) denotes the temporal envelope function. This electric field enables us
to determine the coupling strength by evaluating the single-photon Rabi frequency
Ω ≡ µ·E

~ , where µ = 〈e| er · ε |e〉 is the dipole matrix element.
Furthermore, it is possible for Bragg scattering to assume the same Rabi frequency

for the transitions induced by the two different laser frequencies ωL1 and ωL2 . This is
in contrast to Raman transitions, where the lasers’ mutual detuning is much larger,
and the Rabi frequencies can generally not be assumed to be the same for the two
different but simultaneous atom-photon processes.

However, taking account of the detuning between the two almost counterpropagat-
ing lasers by using ωL1 and ωL2 , the Hamiltonian describing the atom-light interaction
via absorption and stimulated emission can be found as

Ĥint = ĤL1 + ĤL2 (7.26)

= −ie−iωL1 t ~Ω

2
|e, 1〉 〈g, 0|+ ieiωL1 t ~Ω

2
|g, 0〉 〈e, 1|

+ ie−iωL2 t ~Ω

2
|e, 1〉 〈g, 2| − ieiωL2 t ~Ω

2
|g, 2〉 〈e, 1| ,

(7.27)

with the respective angular frequencies of the lasers, ωL1 and ωL2 .

Using our three basis vectors with the appropriate probability amplitudes and
time-evolution operators, we can set up the ansatz,

|ψ (t)〉 = c0 (t) e−i·0·t |g, 0〉+ c1 (t) e−i(ω0+ωrec)t |e, 1〉+ c2 (t) e−i4ωrect |g, 2〉 , (7.28)
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to solve the general time-dependent Schödinger equation,

i~
d

dt
|ψ (t)〉 = Ĥ |ψ (t)〉 , (7.29)

for our system. Thus, we substitute the ansatz and the full Hamiltonian into the
Schrödinger equation and obtain a condition, which is used for eliminating the three
basis states |g, 0〉, |e, 1〉 and |g, 2〉. This may be done by simply multiplying the
condition with the respective bra-vectors of our basis, i. e. 〈g, 0|, 〈e, 1| and 〈g, 2|. The
resulting conditions for the probability amplitudes are then found as

d

dt
c0 (t) =

Ω

2
ei∆tc1 (t) , (7.30a)

d

dt
c1 (t) =

Ω

2
e−i∆t (c2 (t)− c0 (t)) and (7.30b)

d

dt
c2 (t) = −Ω

2
ei∆tc1 (t) , (7.30c)

where the exponents have been simplified by introducing the detuning of the lasers
from the atomic resonance. This detuning is given by

∆ ≡ − (ω0 − ωrec − ωL2) = ωL1 − ω0 − ωrec, (7.31)

with ωL1 = ωL2 + 2ωrec.
With the first-order differential equations of (7.30) we can determine the initial

conditions. At the beginning, the atoms are assumed to all be in the in the ground state
|g, 0〉 with zero momentum. Consequently, the initial conditions for the transitions
probability amplitudes result in

c0 (0) = 1; (7.32a)

c1 (0) = 0⇒ d

dt
c0 (t) = 0,

d

dt
c2 (t) = 0; (7.32b)

c2 (0) = 0. (7.32c)

These conditions will later be necessary to specify the solutions of the differential
equations. But we first need to find the general solution.
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7.3.2 Analytic Solution of the Differential Equations

In order to solve the system of three coupled first-order differential equations (equa-
tions (7.30)), we first have to remove the time-dependence from the coefficients by
inserting equations (7.30a) and (7.30c) into equation (7.30b). Hence, we find two
coupled second-order differential equations, given by

d2

dt2
c0 (t)− i∆ d

dt
c0 (t) +

Ω2

4
(c0 (t)− c2 (t)) = 0 (7.33a)

d2

dt2
c2 (t)− i∆ d

dt
c2 (t) +

Ω2

4
(c2 (t)− c0 (t)) = 0. (7.33b)

These equations can be solved by eliminating the second derivatives. Henceforth,
we replace the first derivatives d

dt
c0 and d

dt
c2 in equation (7.33a) and (7.33b) by the

parameters b0 and b2, respectively. These substitutions give us two more conditions
and the entire system of the coupled differential equations becomes

0 =
d

dt
b0 (t)− i∆b0 (t) +

Ω2

4
(c0 (t)− c2 (t)) (7.34a)

0 =
d

dt
b2 (t)− i∆b2 (t) +

Ω2

4
(c0 (t)− c2 (t)) (7.34b)

0 =
d

dt
c0 (t)− b0 (7.34c)

0 =
d

dt
c2 (t)− b2. (7.34d)

In matrix form this is given by

d

dt


c0

c2

b0

b2

+


0 0 −1 0

0 0 0 −1
Ω2

4
−Ω2

4
−i∆ 0

−Ω2

4
Ω2

4
0 −i∆




c0

c2

b0

b2

 = 0. (7.35)

With equation (7.35) we present our coupled differential equations in the form
ḋ (t) = Ad (t), for which we can construct the solutions.3 The solutions for the state
d (t) may be found by using

d (t) = BeΛtB−1d (0) , (7.36)

3For the proof of a general construction of the solution of equation (7.36), some algebra is necessary;
refer to Appendix C for further details.
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where B−1 is the inverse of B—the representation of the transformation matrix into
a vector space, in which our initial matrix A given by its diagonalised representation
Λ, which is determined by

Λ = B−1AB. (7.37)

To calculate the transformation matrices B and B−1 for the basis transformation, we
have to calculate the eigenvalues ξi of the initial matrix A. They can be evaluated as

ξ1,2,3,4 = 0,−i∆,
−i∆−

√
−2Ω2 + i∆2

2
,
−i∆ +

√
−2Ω2 + i∆2

2
. (7.38)

Consequently, Λ may be constructed with a 4× 4-matrix out of zeros, but with the
calculated eigenvalues of A on the main diagonal. The corresponding eigenvectors
of the eigenvalues of (7.38) represent the columns of the transformation matrix B.
Subsequently, B−1 can be determined by the usual method of inverting a matrix.

Constructing the solutions by use of equation (7.36) for our differential equations,
and using the initial conditions of equations (7.32), we find exact solutions for
equation (7.35):

c0 (t) =
1

4
√
−∆2 − 2Ω2

[
e
− t

2

“
−i∆+
√
−∆2−2Ω2

” (
i∆− i∆et

√
−∆2−2Ω2

)]
1

4

[(
1 + et

√
−∆2−2Ω2

+ 2e
− t

2

“
−i∆+
√
−∆2−2Ω2

”)] (7.39a)

c2 (t) =
1

4
√
−∆2 − 2Ω2

[
e
− t

2

“
−i∆+
√
−∆2−2Ω2

” (
−i∆ + i∆et

√
−∆2−2Ω2

)
−
√
−∆2 − 2Ω2

(
1 + et

√
−∆2−2Ω2 − 2e

− t
2

“
−i∆+
√
−∆2−2Ω2

”)]
.

(7.39b)

These solutions can be simplified by using a common approximation for an atomic
Bragg scattering process. Since we aim to neglect any atomic excitation of our atoms,
the detuning ∆ of the lasers from the atomic resonance is assumed to be large when
compared to the Rabi frequency Ω of the atomic transition [71]. Therefore, we find
∆2 � Ω2, and the square roots in equation (7.39a) and equation (7.39b) can be
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approximated as follows:

√
−∆2 − 2Ω2 = i∆

√
1 + 2

Ω2

∆2
≈ i∆

(
1 +

Ω2

∆2

)
, (7.40)

where we used (1 + x)α ≈ 1 + αx, for |x| � 1. Equation (7.40) simplifies equa-
tions (7.39) to

c0 (t) =
∆2
(
1 + e−i Ω2

2∆
t
)

+ Ω2
(
1 + ei∆

2
t cos[∆

2t+Ω2

2∆
]
)

2 (∆2 + Ω2)
(7.41a)

c2 (t) =
∆2
(
1− e−i Ω2

2∆
t
)

+ Ω2
(
1− ei∆

2
t cos[∆

2t+Ω2

2∆
]
)

2 (∆2 + Ω2)
. (7.41b)

Since ∆2 � Ω2, we can further neglect in equations (7.41) the terms with Ω2 as a
coefficient; from this we gain

c0 (t) =
1

2

(
1 + e−i Ω2

2∆
t
)

= e−
i
2

Ω2

2∆
t 1

2

(
e

i
2

Ω2

2∆
t + e−

i
2

Ω2

2∆
t
)

= e−
i
2
Ωefft cos

(
Ωeff

2
t

)
(7.42a)

c2 (t) =
1

2

(
1− e−i Ω2

2∆
t
)

= e−
i
2

Ω2

2∆
t 1

2

(
e

i
2

Ω2

2∆
t − e−

i
2

Ω2

2∆
t
)

= ie−
i
2
Ωefft sin

(
Ωeff

2
t

)
,

(7.42b)

where Ωeff ≡ Ω2

2∆
defines the effective Rabi frequency of the complete Bragg transition.

The transition amplitudes c0 (t) and c2 (t) of equations (7.42) let us determine the
transition probabilities into the respective momentum states. Particularly interesting
for us is the transition probability into the ground state |g, 2〉 with the desired
two-photon recoil momentum. With equation (7.42b) it is

P|g,2〉 (t) = |c2 (t)|2 = sin2

(
Ωeff

2
t

)
. (7.43)

This evaluated probability gives an idea of what we can expect in our experiments with
the Bose-Einstein condensate. Figure 7.5 shows the time evolution of the probability
evaluated in equation (7.43) for different electric field amplitudes E. Considering a
π-pulse, i. e. a pulse of the length where the probability reaches the first time the

136



7.3 Theoretical Prediction: the Outcoupling Probability

0

0

0

0

0

0

1

1

1

0.8

0.8

0.8

0.6

0.6

0.6

0.2

0.2

0.2

0.4

0.4

0.4

0.01

0.01

0.01

0.015

0.015

0.015

0.02

0.02

0.02

0.025

0.025

0.025

0.03

0.03

0.03

0.035

0.035

0.035

0.04

0.04

0.04

0.005

0.005

0.005

0.045

0.045

0.045

0.05

0.05

0.05

t(s)

t(s)

t(s)

Probability for a successful 1st-order Bragg scattering
P

ro
b
ab

il
it
y

P
ro

b
ab

il
it
y

P
ro

b
ab

il
it
y

Figure 7.5 Probability for one atom to be Bragg-scattered is plotted for three different
electric field amplitudes, the values of which have been doubled for each graph from top to
bottom. The corresponding effective Rabi frequencies are evaluated as 103.5 s−1, 414.1 s−1

and 1656.6 s−1 from top to bottom.

maximum value, we note the high significance of the exact value of the electric field
amplitude for our result.

7.3.3 Experimental Implementation of Bragg Scattering

Our progress in the experimental realisation by the time of writing this thesis can be
summarised in two main parts: major implementations of the corresponding code
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into our control programme to talk to the appropriate hardware components and the
alignment of the two laser beams with the appropriate frequency difference.

SAS

AOM

AOM

Faraday

isolator

λ
2
-plate

mechanical
shutter

variable
attenuator

50/50-
beam splitter

others:

mirror

lens

blocked

blocked

fibre
fibre

Figure 7.6 The optical alignment for the two beams that form the moving standing wave for
the Bragg scattering. The alignment of the part for the Saturated Absorption Spectroscopy
(SAS) can be found in figure 2.1. Note that the variable attenuator after the shutter and the
λ/2-plates in front of the fibre holders are only used to optimise and balance the coupling
efficiency of the beams.

A scheme of the latter is given in figure 7.6. After frequency-locking our 780 nm-
diode laser by use of Saturated Absorption Spectroscopy (SAS) (see section 2.2) we
align the single laser beam through the appropriate optics (Faraday isolator followed
by a λ/2-waveplate) to ensure that there is no optical feedback coupling back into the
laser cavity. Subsequently, a mechanical shutter, which is controlled by the control
panel, is used to block the beam entirely throughout the sequence of creating a
Bose-Einstein condensate. After the shutter, the beam is split into two parts with
a 50/50-beamsplitter. Focussing the two resulting beams on two different AOMs
enables us to impose different, well-controlled frequency shifts on the two beams by
using the first order of the grating of the AOM and blocking the zeroth-order. The
AOMs are hooked up to an arbitrary function generator (AFG)4 that provides us

4We use an AFG 3252 manufactured by Tektronix.
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with two signals for the AOMs with the desired frequency difference of 15.08 kHz.
This figure results from the condition for the first order Bragg scattering of our 87Rb
atoms [82]: equation (7.9) becomes

δ1 =
2~
m
k2

L2
= 2π · 15.08 kHz, (7.44)

which corresponds to the angular frequency difference.
The use of the AFG provides us with two phase-locked beams with a well-controlled

frequency difference since this AFG can easily be controlled by our control programme
as an external trigger.5

Nevertheless, by the time of writing this thesis we were still in the setup’s last
throes. Consequently, the modifications of the experiment and the experimental
results will be presented by future Master and/or PhD students.

5Note that, due to the limited range of the possible frequency detuning of the AOMs, we are not
able to extent the described setup for the outcoupling of our condensate via Raman transitions
for the atom laser.
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Chapter 8

Conclusion and Future Work

8.1 Conclusion

In the present thesis, we have studied diffraction processes of our condensate of 87Rb
atoms from a pulsed optical grating. Our results were presented and interpreted
against the background of two different theories.

The first theory provided an explanation of our results by considering the condensate
as an accumulation of particles in the lowest energy state. In this context, we
introduced the reader to the atom-optics δ-kicked rotor (AOKR), with which we
experimentally investigated resonance and anti-resonance behaviour at the evolution
times of about 66.3µs and 33.1µs, respectively. The theoretical model of an AOKR
provided us with the essential information for adjustments to our measurements.
These adjustments served to keep the kicking strength κ of different measurements
constant (‘constant κ feature’). Thus, consistency during our investigations on the
early-time behaviour of kicked atoms was facilitated.

The second theory explained our experimental results in terms of the wave property
of the condensate, and revealed a different situation: a coherent matter wave—the
Bose-Einstein condensate—illuminates a periodic grating—the optical standing wave,
which was previously termed the ‘kicking potential’. From this point of view, we
observed a specific type of the Talbot effect. In contrast to the optical Talbot effect,
where light illuminates a static grating of matter, we investigated the temporal Talbot
effect, where a matter wave illuminates an optical grating. Against this background,
the same experiments as those examining the early-time behaviour of the AOKR
were used to assess the observation of the fractional Talbot effect.
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For both considerations, we found excellent qualitative agreement between the
experimental data and the theory retrieved from our simulation of the AOKR.

On the way to realising an atom laser, we commenced work to implement Bragg-
scattering of our condensate. For this purpose, we aim to use the same 780 nm-diode
laser employed for previous diffraction processes. The desired process has been
retrieved and modelled analytically in this thesis, and reasonable predictions for future
experiments have been derived. Furthermore, we presented our first experimental
implementations in our current setup.

8.2 Future Work

One of the main goals has been achieved with the realisation of a Bose-Einstein
condensate; reaching this goal in 2006 opened up a vast variety of possible applications.
With a deeper understanding of our condensate (gained through the diffraction
processes presented in this thesis), we are on the path toward one of the main aims
of our laboratory: realising an atom laser that will offer us, in a long term, the
possibility of single atom detection. Such detection will enable us, for example, to
carry out coherence measurements of our condensate. We therefore, aim to emulate
a Hanbury-Brown-Twiss-like experiment similar to the one of A. Öttl et al. [59].

As soon as the initiated Bragg-scattering is achieved, we need to overcome the
technical problems related to imposing a larger frequency difference between the
two laser beams that induce the Bragg process. With a frequency difference of
∼ 6.8 GHz, we will be able to outcouple a coherent atomic beam of our condensate
via Raman-transitions, as outlined in Chapter 6. Ionising this beam by using our
blue laser (λ = 473 nm) will provide us with the necessary ions to employ our built-in
ion detector in the second vacuum chamber. This way, we will be able to retrieve
one-by-one counting statistics of the outcoupled atoms, and draw conclusions from
these statistics. With the derivations outlined in section 6.3, we will use the atoms’
particle properties to make coherence measurements, a property one would rather
term a wave property of the condensate. With these measurements we will be able
to offer an alternative to previously undertaken coherence measurements, which were
based on the interference of two condensates, see for example reference [3].
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Rubidium hyperfine structure

F=0

F=1

F=1

F=1

F=2

F=2

F=2

F=2

F=3

F=3

F=3F=4

780.2412097nm

(384.2304845THz)

+100.3 MHz

−20.5 MHz

−83.9 MHz
−113.2 MHz

+1264.9 MHz

−1770.8 MHz

+193.9 MHz

−73.0 MHz

−230.1 MHz
−302.4 MHz

+2563.0 MHz

−4271.7 MHz

5
2
P

3/2

5
2
S

1/2

85
Rb

87
Rb

Figure A.1 Energy level scheme of the hyperfine structure of the D2 transition of the
two isotopes 85Rb (green-inked) and 87Rb (red-inked). The energy displacements of the
hyperfine structure splittings refer to the difference to the respective finestructure level and
are not to scale. The numbers are taken from [5, 82]
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Appendix B

Differentiation of the Fourier
transform

To show:

−2πitf(t)
FT↔ dF (ν)

dν
(B.1a)

df(t)

dt

FT↔ 2πiνF (ν) (B.1b)

Proof:

1. For equation (B.1a), we start with the Fouriertransform (FT) of tf(t). Per
definition, it is given by

tf(t)
FT↔
∫ +∞

−∞
tf(t)e−2πiνtdt (B.2)

=

∫ +∞

−∞
f(t)

1

−2πi

d

dν
e−2πiνtdt (B.3)

= − 1

2πi

d

dν

∫ −∞

+∞
f(t)e−2πiνtdt︸ ︷︷ ︸
=F (ν)

(B.4)

= − 1

2πi

d

dν
F (ν), (B.5)

where we have made use of the linearity of integration. This property of
integration also results in the linearity of the Fourier transform that allows us
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to multiply (B.5) by −2πi to receive

−2πitf(t)
FT↔ d

dν
F (ν). (B.6)

2. For equation (B.1b) we first take the inverse Fouriertransform of 2πiνF (ν). It
becomes

2πiνF (ν)
FT↔
∫ +∞

−∞
2πiνF (ν)e2πitνdν (B.7)

=

∫ +∞

−∞
F (ν)

d

dt
e2πitνdν (B.8)

=
d

dt

∫ +∞

−∞
F (ν)e2πitνdν︸ ︷︷ ︸

=f(t)

(B.9)

=
d

dt
f(t), (B.10)

providing us (B.1b).

q.e.d.
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Derivation of the solution of
first-order coupled differential
equations

We consider in the following the general case of a system of inhomogenous coupled
first-order differential equations. (One possibility to solve 2nd-order ones is given in
the chapter.)

Such a system of equation in matrix form is given by

d

dt
d (t) = Ad (t) + w, (C.1)

where d represents the state vector of the system, A the matrix that describes the
coupling in the initial vector space and w determines the inhomogeneity of the
equations.

With B as the transformation matrix that transforms A into a vector space, in
which A is represented by its diagonal form Λ. Therefore, it is

Λ = B−1AB. (C.2)

A multiplication of equation (C.1) with B−1 from the left yields

d

dt

(
B−1d (t)

)
= B−1AB︸ ︷︷ ︸

=Λ

B−1d (t) + B−1w. (C.3)
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Seperation of the variables and a subsequent integration results then in∫
Λd (B−1d(t))

ΛB−1d(t) + B−1w
=

∫
Λdt (C.4a)

ln(ΛB−1d(t) + B−1w) = Λt+ c′ (C.4b)

ΛB−1d(t) + B−1w = eΛtc, (C.4c)

where c′ is an integration constant, which is replaced by ec′ = c. For the initial vector
d(0), we find: c = ΛB−1d(0)+B−1w. Substituting this condition into equation (C.4c)
yields

ΛB−1d(t) + B−1w = eΛt
(
ΛB−1d(0) + B−1w

)
, (C.5)

which is multiplied in the following with Λ−1 and B from the left to retrieve

d(t) + BΛ−1B−1︸ ︷︷ ︸
=A−1

w = BeΛt
(
B−1d(0) + Λ−1B−1w

)
, (C.6)

with which we find

d(t) = BeΛtB−1
(
d(0) +A−1w

)
−A−1w, (C.7)

by substituting Λ−1 = B−1A−1B (see equation (C.2)). Thus, with equation (C.7) a
complete general solution of equation (C.1) has been found.

Note the simplification in the homogeneous case, i. e. for w = 0: the system of
differential equations is given by

d

dt
d (t) = Ad (t) . (C.8)

With Λ = B−1AB and equation (C.7), we find the solution as

d(t) = BeΛtB−1d(0). (C.9)

q.e.d.
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