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Abstract  

In recent decades, the evaluation of the actual behaviour of in-service bridge structures and 

their safety throughout their life cycle, by measuring structural responses, has been attracting 

increasing research efforts worldwide as an alternative to visual inspections or localised non-

destructive tests. The vibration-based structural health monitoring methodology is a 

representative approach, based on the direct relationship of stiffness, mass and damping to 

the modal properties of a structure. Dynamic properties can thus be used to determine 

deterioration, damage, or change in structural state. For instance, the reduction in natural 

frequencies is the most easily observable change in the modal data and investigators have 

linked it to various structural deterioration mechanisms. However, real-world bridges are 

exposed to time-varying environmental and operational conditions such as changes in 

temperature as well as vibration level, which can influence the variability of modal 

parameters. These effects must be understood and quantified so that changes in vibration 

response resulting from damage can be discriminated from changes resulting from other 

factors.  

There is an abundant literature concerned with the effects of temperature on modal 

parameters, the quantitative relationships between temperature and modal properties, and data 

normalisation to account for environmental variability. However, comprehensive explorations 

of the influence of vibrational magnitude on the variability in dynamic characteristics of 

bridge structures are limited, because this operational variable is difficult to control in situ. In 

this research, in order to experimentally identify the amplitude-dependent properties of a 

bridge, a series of steady-state harmonic forced-vibration tests with different forcing levels 

were undertaken on the Nelson Street off-ramp bridge, an eleven-span, post-tensioned 

concrete motorway bridge located in Auckland, New Zealand. Both the natural frequencies 

and the damping ratios were identified from a series of frequency response functions 

constructed at different levels of excitation, and were subsequently quantitatively correlated 

with the displacement amplitude. The influence of vibration response amplitude on bridge 

structure damage detection was studied by comparing the calculated frequency shifts caused 

by the damage simulated on a beam element girder numerical model of the bridge with the 

experimental amplitude-dependent frequency data. 



 

ii 

 

Accurate identification of the dynamic characteristics of the monitored bridge structure from 

the collected response data by using modal parameter identification techniques is essential for 

obtaining reliable evaluation results by using dynamic-based condition assessment methods. 

Unfortunately, unlike the ideal test environment in a laboratory, external disturbances and 

elevated sensor measurement noise is unavoidable at an outdoor testing site, which poses 

great challenges to extracting weakly excited modes from noisy data in ambient vibration 

testing.  The important issue of the feasibility and reliability of the dynamic tests under the 

circumstances of relatively weak excitation has rarely been investigated in detail. In this 

thesis a set of dynamic tests with different excitation sources, which included environmental 

sources, people jumping, broad-band linear chirp excitation induced by electro-dynamic 

shakers, and sinusoidal sweeping excitation by eccentric mass shakers, were conducted on the 

motorway bridge. The mode identifiability, and the accuracy of modal properties identified 

from relatively weak excitation cases were studied through comparison with a large-capacity 

shaker excitation case at strong forcing level. In order to investigate the ability of different 

identification algorithms to capture signal characteristics from the noise contaminated 

response data, various operational modal parameter identification algorithms in the frequency 

domain (the peak picking and the frequency domain decomposition methods) and the time 

domain (data-driven stochastic subspace identification method and Eigensystem realisation 

algorithm) were employed to extract natural frequencies, damping ratios and mode shapes for 

each excitation case. Cross-validation between different identification techniques was carried 

out to determine their efficiency, robustness and accuracy. 

Finite element (FE) updating, in which the physical parameters of a FE model are calibrated 

to match the measured modal properties of the structure, also plays a significant role in 

vibration-based condition assessment, because the updated model parameters can be used to 

trace the evolution of stiffness deterioration. However, due to the unique characteristics of 

bridge structures, such as their large size, soil-structure interaction, complex structural 

member connections as well as uncertain material properties and boundary conditions, 

hindrances can be encountered to solving the updating problem in highly nonlinear solution 

spaces, as is the case for real-world bridges. For the present analysis, relatively large 

differences were observed in the natural frequencies and mode shapes between the results 

calculated from even a very detailed initial shell-element numerical model of the bridge and 

the field vibration testing results, due to the complex and uncertain boundary conditions. 

Manual model refinements through tuning the connection stiffness between the main girder 
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and piers/abutments were proposed for reducing the modelling errors of the initial FE model. 

Then, two different types of non-linear optimisation algorithms, the subproblem 

approximation method (SAM) and the first order method (FOM), were utilised to further 

update the manually tuned FE model. The initial attempt of the FOM captured a local 

minimum. After the initially assumed values of the updating parameters were perturbed, the 

FOM was rerun. The consistency of the final FE model updating results between the two 

methods enabled confirmation of the updating results. 
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  Chapter 1

Introduction 

 

 Research background and motivations 1.1

The construction of multiple-span continuous concrete girder bridges has been a commonly 

used solution for fitting large, complex, highway/motorway interchanges into densely 

populated areas throughout the world. They have many advantages including excellent 

overall performance, high structural stiffness, small distortion, better driving. However many 

such in-service bridges are suffering cumulative and continuous deterioration and damage 

over time with increasing traffic flows and due to unfavourable factors, such as defects 

created during their fabrication and construction, direct exposure to harsh operational 

conditions, physical aging and natural as well as man-made hazards (Moon and Aktan 2006). 

Consequently, accurate and timely assessment of maintenance and repair requirements of 

such bridges is necessary to ensure they provide continued and safe service. The common 

methods used for  finding deficiencies and estimating bridge condition include visual 

inspections (White et al. 1992) and localised experimental methods (Doherty 1987; Burke et 

al. 1994; Alers 1997; Zilberstein et al. 2001), including acoustic emission, X-ray inspection, 

and ultrasonic and eddy current scanning. However, many of these methods can be costly and 

time consuming, and require knowledge of, and direct access to, the location of the structural 

problem (Alampalli et al. 1995). The need for alternative, non-destructive ways to assess the 

structural condition and performance of bridges has led to the development of dynamic-based 

condition assessment methods which are based on one-off or periodic field dynamic testing 

(Salawu and Williams 1995a; Aktan et al. 1996; Enright and Frangopol 1999; Brownjohn and 

Xia 2000; Shama et al. 2001; Brownjohn et al. 2003; Ren et al. 2004a; Ren et al. 2004b; Xia 

and Brownjohn 2004; Ren et al. 2007; Gentile and Gallino 2008; Jang et al. 2012; Costa et al. 

2013; Türker and Bayraktar 2014), and long term vibration-based structural health 

monitoring (VBSHM) methods which rely on permanent instrumentation of a structure with 

sensors (Farrar et al. 2000; Zhao and  DeWolf 2002; Carden and Fanning 2004; Feng, et al. 
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2004; Moyo et al. 2004; Soyoz and Feng 2009; Hedegaard et al. 2012; Londono et al. 2013). 

Despite both the dynamic test-based condition assessments and VBSHM methods having 

been implemented in numerical simulations, laboratory studies, well-controlled experiments 

and on real bridges, challenges remain, especially for complex, real-world bridge structural 

systems. 

Firstly, VBSHM methods are typically based on the well-known principle that structural 

damage changes the mechanical properties, such as stiffness, thereby altering the dynamics of 

the structure as shown by the responses and characteristics measured (e.g. modal properties). 

One of the major hindrances in the practical application of VBSHM methods is that there are 

other factors to take into account. The dynamic characteristics of a structure will often be 

significantly affected by changing environmental conditions (such as temperature) (Peeters 

and De Roeck 2001a), and will depend on response amplitude, which is directly related to the 

external excitation levels (Butt and Omenzetter 2012; 2014). Thus, sound understanding of 

the variability in dynamic properties of a bridge structure due to typical environmental and 

loading level variations is required when using VBSHM techniques, to reliably discern the 

changes caused by actual structural damage or deterioration. The literature concerned with 

the effects of temperature on modal parameters, quantitative relationships between 

temperature and modal properties, and data normalisation to account for environmental 

variability is abundant (Cornwell et al. 1999; Rohrmann et al. 1999; Lloyd et al. 2000; 

Peeters et al. 2001; Yan et al. 2005; Xia et al. 2006; Moser and Moaveni 2011; Hu et al. 

2012; Hu et al. 2013). However, comprehensive explorations of the influence of excitation 

force level on the variability in dynamic characteristics of bridge structures are limited, 

because this operational variable is difficult to measure precisely.  

In fact, concrete structures generally behave at least weakly nonlinearly, even at moderate 

excitation levels, due to the nature of the stress-strain relationship in reinforced concrete. 

With increasing response amplitude, structural stiffness tends to deteriorate because of the 

material and structural nonlinearities; this deterioration can be observed as a decrease in 

natural frequencies. Damping, on the other hand, represents energy dissipation in a vibrating 

structure, and plays a significant role in reducing structural response to a dynamic excitation 

near resonance. Experimental determination is currently the only reliable way of quantifying 

damping (Chopra 1995). An analytical evaluation from first principles is extremely difficult, 

if not impossible, due to the complexity of damping mechanisms. A large volume of ambient 

excitation data for bridge structures has been collected and analysed by many researchers. 
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However, Ren et al. (2005) pointed out that the applicability of damping ratios identified 

through ambient dynamic testing requires further evaluation using alternative identification 

techniques and other dynamic tests with large vibration amplitudes. Previous tests conducted 

under varying magnitudes of excitation have often shown that both natural frequency and 

damping are strongly dependent on the magnitude of response, even though the structure may 

behave elastically (Udwadia and Trifunac 1973; Leonard and Eyre 1975; Eyre and Tilly 1977; 

Minami 1987; Li et al. 2003; Butterworth et al. 2004; Kim et al. 2011; Au et al. 2012; 

Westgate et al. 2015). These studies provide some insights into the influence of the excitation 

and response level on the variability in the dynamic characteristics of structures. However， 

a precise and quantitative understanding of the amplitude-dependent dynamic properties of 

bridge structures has not yet been achieved due to the relative lack of adequate response data 

under broadly varying force excitation levels. This is especially true for multiple-span 

highway/motorway concrete bridges, many of which have been equipped with dynamic 

monitoring systems in recent years (Feng et al. 2004; Brownjohn et al. 2005; Petroff et al. 

2012; Londono et al. 2013). 

The second challenge with both dynamic-based condition assessments and VBSHM methods 

is their reliance on an accurate 3D finite element (FE) model, with the exception of the 

feature based, data driven VBSHM approaches (Doebling et al. 1998; Omenzetter et al. 2004; 

Omenzetter and Brownjohn 2006; Zhang 2007; Beskhyroun, et al. 2010; Beskhyroun et al. 

2012; Döhler et al. 2014). However, the accuracy of the FE model produced is not easily 

assessed. The FE models of real bridge structures are constructed based on the highly 

idealised engineering blue prints and designs, and uncertainties associated with assumptions 

of material properties, structural geometry, boundary conditions and connectivity in the 

resulting as-built structures (Friswell and Mottershead 1995). Significant differences between 

the actual behaviour of bridge structures and even detailed FE model predictions have been 

noted by various researchers (Brownjohn et al. 1994; Deger et al. 1996; Ndambi et al. 2005; 

Zong et al. 2005; Živanović et al. 2006; Lakzaeian and Cantieni 2013; Zabel and Gössinger 

2014). In order to reduce these discrepancies, calibration of the FE model based on dynamic 

information collected from a real bridge structure is necessary. Refined mathematical models 

capable of representing the true behaviour of the object structure can then be developed.  

Model updating procedures are usually formulated to minimise a mathematical objective 

function based on the residuals between the measured modal information and the analytically 
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derived counterpart, in which pre-selected sets of physical parameters for the FE model are 

iteratively adjusted under appropriate constraints, based on the adopted optimisation 

algorithm. The issues with FE model updating in relation to structural dynamics have been 

studied by many investigators (Imregun and Visser 1991; Mottershead and Friswell 1993; 

Link 1999; Friswell et al. 2001; Haralampidis et al. 2005; Mottershead et al. 2011). However, 

most of the relevant research is limited to numerically simulated or laboratory scale structures.  

The challenges for a civil structural engineer in conducting a successful updating exercise for 

a real-world, complex, full-scale bridge structure remain. Uncertainties and obstacles, such as 

the complexity of structural modelling, setting-up an objective function and constraints, 

selecting updating parameters and utilising robust optimisation algorithm are among the 

issues.   For example, if extremely large discrepancies exist between the experimental and 

analytical modal responses, numerical difficulties and/or physically unrealistic parameter 

changes during the updating process can result (Pavic et al. 1998, Brownjohn and Xia 2000, 

Brownjohn et al. 2001, Živanović et al. 2007). The evidence shows that manually tuning the 

initial FE model (by trial and error and engineering judgement to make the difference 

between the analytical and experimental modal response as small as practicable) should be 

conducted prior to implementing an automatic updating procedure, so as to obtain suitable 

starting parameter values. 

Conducting manual tuning for created numerical models is fairly common in mechanical and 

aerospace engineering, but it is not standard procedure among civil infrastructure engineers. 

Unlike the production of large numbers of identical structural units (e.g. car, airplanes, etc.), 

each civil structure such as a bridge is virtually a unique „prototype‟, never to be built again. 

In other words, each bridge built has its own distinctive dynamic behaviour, which generally 

requires implementers to have a thorough understanding of its uniqueness for proper manual 

tuning of FE models. However, successful exercises in manually tuning bridges can provide 

valuable experience for future tuning of similar types of bridge, even though the tuning 

procedures won‟t be exactly the same. Case studies of manual tuning can be found for a 

composite-girder cable-stayed footbridge (Pimentel 1997), a steel box-girder footbridge 

(Živanović et al. 2007), reinforced concrete footbridges (Pavic et al., 1998; Lakzaeian and 

Cantieni 2013; Cismaşiu et al. 2014), cable-stayed bridges (Daniell and Macdonald 2007; 

Benedettini and Gentile 2011; Asgari et al. 2013), concrete arch bridges (Zong et al. 2005; 

Schlune et al. 2009), and a three-span steel concrete-composite bridge (Mosavi et al. 2014). 

However, there are fewer cases documented (Baber et al. 2009, Bedon and Morassi 2014, 
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Benedettini et al. 2015) of tuning the numerical models for multi-span curved reinforced 

concreted bridges which are often part of the motorway/highway network of a city. Devoting 

more effort to updating exercises for this type of bridge would be a valuable addition to the 

knowledge base for manual tuning, as well as providing deeper insights into the actual 

dynamic behaviour of these bridges.  

FE model updating is an inverse problem and is usually posed as an optimisation problem. 

The mathematical capability of the optimisation algorithm utilised is important to obtaining 

good results. Two categories of optimisation methods are commonly seen in the structural 

model updating field, i.e. non-iterative methods and iterative methods. The non-iterative 

methods directly modify the mass and stiffness matrices in a one-step procedure (Baruch and 

Bar-Itzhack 1978; Berman and Nagy 1983). However this approach is not suitable for a large 

size structural system with a large number of unknown parameters within the matrices, and 

dramatic manipulations are required before and after matrix updating. The iterative, 

sensitivity-based updating method (Friswell and Mottershead 1995; Link 1999) directly 

updates physical design parameters. It is one of the most popular methods in the civil 

engineering community, because it can be conveniently implemented using existing FE codes 

as well as offering physical interpretation of the selected updating parameters. However, this 

method creates a tendency to become trapped in local minima due to the characteristics of the 

iterative steepest-gradient approach (Deb 1998).  

In other research, the evolutionary algorithms, such as genetic algorithms (GA) (Holland 

1975), particle swarm optimisation (PSO) (Kennedy and Eberhart 1995), and simulated 

annealing algorithms (SA) (Kirkpatrick 1984) were found to increase the chance of obtaining 

the global minimum (Mares and Surace 1996; Levin and Lieven 1998; Hao and Xia 2002; 

Perera et al. 2010; Shabbir and  Omenzetter 2014), because they do not need the derivative 

information for response with respect to the updated parameters, and usually work on a 

population of points in parallel in a stochastic search-based fashion. While there has been 

some documentation of their application to model updating, these applications remain largely 

limited to numerically simulated structures, simple laboratory scale structures, and 

uncomplicated and small real bridges.  The large number of initial population points required 

has the potential to cause the consumption of computational resources to grow exponentially 

as the complexity of the FE model increases. This can be a major obstacle to their feasibility 

for practical engineering applications despite being theoretically possible.  Consequently, 
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more practical and efficient ways of updating real-world large size and complex bridges are 

necessary for bridge engineers. 

Last but not least, is the challenge of accurately acquiring the global dynamic characteristics 

of the bridge, that is the natural frequencies, damping ratios and mode shapes from the 

vibration responses collected. The use of incorrect data for model updating is prone to cause 

an ill conditioned optimisation calculation, which would lead directly to unreliability of the 

updated results. In this context, the testing approach and data processing technology emerge 

as key tasks, since both significantly impact the precision and validity of the measured results.  

In situ dynamic testing of a bridge is the process of using a dispersed set of sensors to 

measure the time-varying structural responses induced by external dynamic excitation. The 

exerted excitation commonly utilised in the testing usually occurs in one of two forms; either 

ambient or forced excitation. In recent years practitioners have tended to opt for the cheaper 

ambient vibration tests (AVT) which rely on natural sources of excitation like wind, traffic 

and waves. The popularity of this experimental approach is largely due to its advantage in 

terms of rarely disrupting normal traffic, as well as often being the only practical way of 

imparting excitation (Cunha et al. 2013). However, this testing method is subject to some 

uncertainty because information on the actual characteristics of the uncontrolled and 

unmeasured dynamic excitation is lacking. For instance, if there is not enough input energy 

distributed over the frequency band of interest, some modes of the bridge structure may not 

be well excited, and the corresponding modal properties may not be identified or accurately 

extracted from test measurements. There are few examples in the literature of studies 

associated with the identifiability of modes from ambient vibration responses.  

On the other hand, forced vibration tests (FVT), where different types of excitation 

equipment can be used, generally concentrate the forcing excitation at one, or less frequently 

several, discrete points of the structure. The advantage of FVT is the fact that deterministic 

input excitation can be controlled and optimised to the response of vibration modes of interest. 

For instance, the conventional forced excitation provided by a mechanical shaker with 

unbalanced rotational masses is capable of applying a harmonically varying force of known 

frequency and amplitude to the structure in the required frequency band. Devices such as 

electro-dynamic shakers also produce various types of excitation signal (sine, random, quasi-

random, or others) to excite small-size, light-weight, flexible footbridges, cable-stayed 

bridges or single short-span concrete bridge in the scheduled frequency range.  
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Despite many successful applications of either AVT or FVT to bridge structural systems 

(Varney 1971; Kuribayashi and Iwasaki 1973; Crouse et al. 1987; Gentile and Cabrera 1997; 

Huang  et al. 1999; Cunha et al. 2001; Chang et al. 2001; Ren et al. 2004c; Brownjohn et al. 

2010; Magalhães  et al. 2012; Bedon and Morassi  2014), relatively limited effort has been 

devoted to exploring the feasibility and reliability of modal parameter estimates obtained 

from the different types of excitations. More field dynamic testing and comparative studies of 

different excitation sources could help to clarify this issue.  

The difficulty of extracting the modal parameters of a bridge structure from vibration 

measurements by using system identification techniques constitutes another possible 

uncertainty in the results obtained in real-life deployments. A negative influence on the 

results is the existence of noise in the measurement data. Field testing in noisy open-space 

environments is totally different to testing in controlled laboratory conditions. This is 

especially detrimental in the case of AVT. The acceleration response of a bridge structure 

associated with ambient excitation is typically very small. Trying to extract weakly excited 

modes from noisy data poses a great challenge to the ability of the identification algorithms 

applied to capture the vibrational signal characteristics. Significant efforts have been devoted 

to the development and enhancement of modal parameter identification algorithms (Maia and 

Silva 2001; Peeters and De Roeck 2001b; Cunha et al. 2005; Cunha et al. 2007; Rainieri and 

Fabbrocino 2014; Reynders and De Roeck 2014), and thus comparative studies are of much 

interest. There have been efforts to produce qualitative and quantitative comparisons between 

different methods, mostly based on numerically simulated data (Yi and Yun 2004), pseudo-

experimental data from benchmark structures (Lew et al. 1993), or from data for full-scale 

bridges (Magalhães et al. 2007). The robustness of different identification techniques in terms 

of dealing with data contaminated by real testing noise is still not clear, especially when they 

are subjected to different types of excitation source. Furthermore, the quality of mode shape 

estimation has generally been ignored or not studied in detail in previous work, due to time 

restricted testing schedules and limited spatial resolution of measuring grids on complex large 

civil structures. Consequently, more effort is required in examining actual performance of 

different modal parameter identification techniques for providing different insights about 

various applications and conditions, especially when facing the major challenge of the 

unavoidable measurement noise which sensors are exposed to. 
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 Objectives, scope and contribution of this research 1.2

The overall goal of this research was to gain better insights into the realistic challenges 

associated with crucial aspects of in situ dynamic testing, modal parameter identification, and 

dynamic model updating for application in dynamic-based condition assessments and 

VBSHM strategies for real-life bridge structures; and then to propose useful and practical 

solutions and recommendations for bridge engineers.  

Detailed objectives of this research were as follows: 

 Examine experimentally the influences of excitation level and response amplitude on 

the variability of modal parameters of bridges in a quantitative way and assess 

whether the observed amplitude dependence of modal frequencies would pose a 

challenge for accurate damage detection by the VBSHM methods. 

 Investigate the performance of modal extraction techniques and excitation sources on 

the modal parameter identification results and evaluate the feasibility, reliability as 

well as limitations of different bridge dynamic excitation methods and system 

identification approaches. 

 Explore efficient and practical updating procedures for complex full-scale bridges by 

using manual tuning strategies and complementary optimisation techniques. 

The Nelson Street off-ramp is an eleven-span post-tensioned concrete motorway bridge, built 

in 1976, as part of the Auckland motorway network. It located on the southern fringe of the 

central business district of Auckland, New Zealand. In order to quantitatively ascertain the 

amplitude dependency of modal properties of real-life bridges, several dynamic tests were 

conducted on the bridge using eccentric to exert forces in both vertical and lateral directions 

with different excitation levels. The frequency sweeping technique using small incremental 

steps in the vicinity of resonant frequencies was employed to construct frequency response 

functions at different shaking levels from which the natural frequencies, damping ratios and 

mode shapes were identified for several vertical, mixed vertical-torsional and lateral modes. 

Softening dynamic force-displacement relationships were observed for all the modes, and the 

natural frequencies showed clear and consistent decreasing trends with increasing response 

amplitude. In contrast, modal damping ratios initially increased with increasing response 

amplitude, but later stabilised at elevated levels (for the modes where experimental data were 

available). Quantitative relationships between modal parameters and response amplitude were 
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used to describe the amplitude-dependent behaviour of the bridge in the tested amplitude 

ranges. To numerically assess whether the observed amplitude dependence of modal 

frequencies would cause hindrance to the implementation of VBSHM techniques, a beam-

element girder model of the bridge was created, and the experimental modal properties were 

compared to the numerical ones. In general, a good agreement was noticed for the lower 

modes but there was more discrepancy at the higher modes. The FE model was then used for 

simulating two damage scenarios and comparing the frequency shifts due to damage and 

response amplitude effects. It was found that that even significant damage may cause modal 

frequency variability less noticeable than that due to the response level effects. 

To study the performance of different modal parameter identification algorithms in relation to 

different excitation sources, a series of dynamic tests were conducted on the same motorway 

bridge to generate the level of vibrational responses that are comparable to those in the 

serviceability state. The various tests were separately provided by ambient sources, people 

jumping, eccentric mass shakers and electro-dynamic shakers in sequence. A series of system 

identification approaches comprising both frequency- and time-domain methods were used to 

extract natural frequencies, damping ratios and mode shapes from the collected dynamic 

measurements. The results suggest that stochastic subspace identification (SSI) algorithm, a 

time domain method, was more robust in terms of mode shape estimation, especially under 

conditions created by relatively weak excitation sources such as AVT. 

The mode identifiability and accuracy was investigated by the cross-validation of the 

identification results from different excitation sources. It revealed that operational modal 

analysis, based on AVT, was able to obtain satisfactory information on multiple lateral 

bending modes even without vehicles crossing the bridge, as well as recovering the first 

several vertical bending modes. However some modes could potentially be missed, perhaps 

even the first two lateral modes. In addition, despite the frequency value of certain vertical 

modes being identifiable, the corresponding mode shape was either not identifiable, or only 

part of the full mode shape was identifiable. The estimation of the damping values from the 

low signal noise ratio (SNR) data in AVT tended to overestimate the real damping values, 

and a large scatter between independent setup identification was also observed possibly due 

to the varying testing environments. Based on the free decay of jumping tests (JT), high 

quality in several vertical fundamental modal parameters could be achieved, especially for 

the estimation of damping ratios at low force excitation levels. But using JT to extract the 
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higher order modes was not easy due to the difficulty of providing a high-frequency resonant 

jumping force.  

Good mode shape estimation for several relatively low order modes could also be attained 

from the sweeping excitation of electro-dynamic shakers. However the highest mixed 

vertical/torsional mode was not identifiable and the reliability of the mode shapes, as well as 

the damping ratios for certain extracted vertical modes, was relative low due to the 

inadequate input forcing energy in the corresponding frequency band. The eccentric mass 

shaker tests (EMST) yielded the best identification results, both in terms of the estimated 

quality of mode shapes as well as the accuracy of damping ratios. However, the high cost of 

transporting heavy equipment, mounting shakers on the bridge, supplying power and so on 

have to be considered when carrying out this kind of testing.  

In view of the relatively large differences in frequencies between analytical and experimental 

results in terms of the lateral modes, a manual tuning strategy was adopted to reduce this 

error. It was found adjusting the connection stiffness between girder and piers/abutments 

could effectively achieve this goal. Based on the comprehensive eigenvalue sensitivity 

analysis, as well as the bridge structural form characteristics, it was determined that dividing 

the bridge into the two sub structures gave more freedom to update the various types of 

modes. As a result, the potential updating candidates were selected from each sub structure 

on the basis of both the parameter uncertainty and modal sensitivity. Frequency residues 

alone were utilised in the updating objective function, in consideration of practical 

engineering applications as well as high measuring accuracy for natural frequencies in 

general. Two complementary non-linear optimisation techniques, the subproblem 

approximation method (SAM) (Powell 1964) and the first order method (FOM) (Denn 1969; 

Morris 1982), were employed to iteratively optimise the manually tuned FE model. At first 

the updated results showed a disagreement between the two methods. The optimised 

objective function value found by SAM was much lower than that from FOM, indicating that 

FOM found a local updating solution. The starting value of the updated parameters was 

subsequently perturbed by +10% and 10% and the updating procedure rerun using FOM. 

Both results then showed good agreement with those of SAM, which confirmed the reliability 

of the final updating results. 

In the thesis, a further quantitative relationship between natural frequencies/ damping ratios 

and response amplitude in a broad vibration intensity range was set up realised via shaker 
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forced vibration testing experiments for the investigated bridge structure. The obtained 

amplitude dependent model of the modal properties can be used for data normalisation to 

account for variability of vibration response level, which has not yet been taken into account 

in the application of dynamic-based condition assessment methods/VBSHM methods. The 

proposed sinusoidal excitations method can be used for acquiring similar quantitative 

relationship between natural frequencies/ damping ratios and response amplitude of other 

bridge structure so as to effectively increase the accuracy of bridge condition assessment 

results/damage detection results. 

A series cost-effective, novel vibration methods, which make use of different weak excitation 

souses such as ground vibration generated by nearby vehicles traveling adjacent and 

underneath the bridge, people jumping, and light, small size electro-dynamic shakers were 

proposed to acquire the dynamic information of this multiple-short-span, continuous concrete  

bridge. The proposed dynamic testing methodology enrich the experimental ways of 

extracting modal properties of the similar type of bridge structures by taking advantage of 

cheap excitation sources. The real performance of three modal parameter identification 

algorithm including both frequency- and time-domain methods were examined by using the 

response date corresponding to different weak excitation souses. The comparative results 

provide a reference for modal parameter identification in weak excitation source testing. 

An efficient and practical updating procedure for complex, full-scale bridges by using manual 

tuning strategies and complementary optimisation techniques were developed. The proposed 

procedure manually tunes the uncertain boundary condition of the initial FE model to reduce 

the possible modelling errors, perturb the starting value of the updating parameters to avoid 

the local minimum, and implement two different optimization methods to enable 

confirmation of the updating. Results from the studied updating case show that the proposed 

methodology can reliably update real-life bridge models with reasonable explanations. 

 

 Thesis outline 1.3

The outline of this thesis is as follows:  

Chapter 1 describes background, motivations, objectives, scope and contributions of this 

research.  
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Chapter 2 presents a literature review on the following topics: 

1. Dynamic testing of full scale bridges  

2. Modal parameter identification  

3. Amplitude-dependent modal properties  

4. Finite element model updating of bridge structures 

In Chapter 3, the structural characteristics of the tested multiple-span motorway bridge as 

well as the beam-element girder FE model created are described in detail. The comprehensive 

field dynamic testing programmes, involving various vibration tests induced separately by 

excitation sources such as ambient sources, people jumping, broad-band linear chirp 

excitation produced by electro-dynamic shakers, and sinusoidal forcing generated by rotating 

eccentric mass shakers, are subsequently presented. 

In Chapter 4, the modal parameter identification based on a series of frequency response 

functions constructed at different shaking levels in EMST with respect to each mode is 

outlined. The quantitative relationship between displacement amplitude/forcing magnitude 

and natural frequencies/damping ratios of the bridge are developed to describe the amplitude 

dependent dynamic behaviour of the bridge. The modal parameters identified for the smallest 

forcing magnitude are correlated with the analytical results calculated from the beam-element 

girder FE model of the bridge. The FE model is then used for simulating two damage 

scenarios and comparing the frequency shifts due to damage and response amplitude effects. 

In Chapter 5, a brief introduction is given to basic concepts of the modal parameter 

identification techniques utilised. After pre-processing the raw data collected, system 

identification results based on the various identification algorithms described were obtained 

for different excitation cases, respectively. Then comparisons of estimation accuracy for 

natural frequencies as well as mode shapes were carried out between the different 

identification methods. Finally, based on the extracted natural frequencies, damping ratios 

and mode shapes calculated by using SSI, the comparison between different sources of 

excitation was carried out to explore their feasibility and reliability for identifying the 

vibration modes.  

In Chapter 6, another FE model of the shell-element girder of the bridge for is described. The 

correlation analysis was conducted between the analytical results and experimental results 

obtained from the lowest level forced vibration testing by using the eccentric mass shaker. 
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Results from adjusting the parameters of lateral and longitudinal connection stiffness at piers 

and abutments are displayed, and the proper starting value of the corresponding updating 

parameters relating to boundary conditions is determined. The basic theory of using two 

complimentary non-linear optimisation methods, SAM and FOM, for an automatic updating 

procedure is introduced. The principles adopted for updating parameter selection, as well as 

the determination of objective function and target responses, are explained. The model 

updating results achieved by using the two optimisation approaches are then compared and 

discussed. 

In Chapter 7, a summary of the key results along with recommendations for future work are 

given. 
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  Chapter 2

 Literature review 

 

 Introduction 2.1

A literature review, covering the topics of full-scale bridge dynamic testing, modal 

parameters identification, amplitude-dependent modal properties and model updating, is 

presented in this chapter. A thorough understanding of methods and the practical challenges 

associated with these fields is fundamental to the successful implementation of dynamic-

based condition assessments and VBSHM methods to real-life bridge structures. The review 

mainly focuses on the literature related to the following issues of relevance and interest to 

this research: 

 The feasibility and reliability of various types of field bridge dynamic tests conducted 

using different excitation sources. 

 The comparison of the performance of different modal parameter identification 

techniques during bridge vibration testing in relation to different excitation sources. 

 The effect of the amplitude of vibration response on modal properties of bridges. 

 The manual tuning and different automatic model updating methods implemented for 

real-life bridge structures.   

 

 Dynamic testing of full scale bridges 2.2

Dynamic testing of full scale bridges is considered to be the most reliable method of 

determining the true global dynamic properties (e.g. natural frequencies, damping ratios and 

mode shapes and, possibly also, modal masses) of large as-built bridge structures, due to the 

presence of real boundary conditions, actual loading and response mechanisms and absence 

of scaling, which will never be fully replicated in the lab or in numerical modelling, 

notwithstanding some intrinsic difficulties such as nonstationary excitation (Catbas et al. 
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2007), nonlinear boundary or continuity conditions, and non-ideal connections/interfaces 

between structural members and components (Farhey 2005).  

These full-scale experiments can aid in overcoming the following challenges: verifying the 

analytical dynamic characteristics and response calculations made during stages of bridge 

design; improving the understanding of complex damping mechanisms so as to develop the 

best possible theoretical models (Littler 1995); tracking down trends in the variation of 

natural frequencies and damping ratios under low, moderate and strong intensity excitation 

events, which can be useful in model updating (Zapico et al. 2003; Malveiro et al. 2014); and 

structural health monitoring studies (Farrar et al. 2001; Brownjohn et al. 2005).   

There are three types of dynamic tests: ambient vibration, forced vibration and free vibration. 

In AVT, ambient excitations are uncontrollable, widely distributed on structures, and are 

typically small in magnitude with the exception of strong winds and earthquakes. They may 

come from several concurrent sources, such as vehicular traffic, human activities, wind, 

waves, tremors, and so on. The usual AVT procedure consists of collecting several 

measurements simultaneously, at one or more reference points along the structure. Assuming 

that the excitation has the characteristics of a flat spectrum in the frequency band of interest, 

natural frequencies and mode shapes can be estimated based on the amplitude and phase 

relations between the structural responses at the several points of measurement (Felber 1993). 

The main advantages of AVT are that the bridge does not have to be taken out of service 

during testing, and that no expensive equipment is required to excite the bridge. Nevertheless, 

AVT does have some inherent drawbacks, due to the possibly variable nature of the actual 

excitation in terms of amplitude, direction, duration, frequency and content which is per 

definition not measured. For example, in theory the ambient excitation should be random 

„white noise‟ having a constant magnitude of excitation over the frequency range of interest, 

but in practice the excitation may be stronger at certain frequencies, which cannot be taken 

into account during the analysis phase due to the unavailability of excitation measures. In 

addition, as the input forcing level of AVT is usually weak, these tests are not so effective in 

obtaining accurate estimation of the higher modes and uncertainties remain as to whether the 

identified modal information applies to higher strain ranges.  

In FVT, the bridge structure is excited by a known input or inputs which are provided by 

purpose designed excitation systems, such as mechanical eccentric mass shakers or 

instrumented impact hammers. For smaller structures, this method enables higher signal-to-



2. Literature review 

16 

 

noise ratios to be achieved in the response measurements by providing higher input forces, 

and is based on the causal relationship between measured system inputs (forcing) and 

resulting outputs (response), expressed as frequency response functions (FRFs), hence the 

structural characteristics can be more unambiguously determined (Salawu and Williams 

1995b). However, FVT is substantially more expensive and time consuming (Hoshino et al. 

1997; Okauchi et al. 1997) and often requires special permission as there is a likelihood of 

damaging the structure.  

Free vibration tests are the simple vibrations induced via a single impulse produced by 

hammer impact, dropping a weight, suddenly releasing applied deflection and so on.  For 

example, Ventura et al. (1996) attached the target bridge to abandoned railway piers with a 

fusible connection using a tensioned cable, and then released the load. The resulting bridge 

motion in the transverse direction was measured for free vibration of the structure at several 

locations. Delgado et al. (1998) suddenly released a heavy mass suspended from a testing 

cable onto the bridge deck to vertically excite the bridge into the state of free vibration. Saiidi 

et al. (1994) placed wooden blocks on the deck of the test bridge and a relatively heavy truck 

was driven over the block to apply an impact load. The free vibration responses induced were 

then collected. The free vibration test is superior to AVT for accuracy of damping estimations 

for large cable-stayed or suspension bridges. Damping plays a crucial role in condition 

analysis and design in terms of flutter aerodynamic instability (Jones et al. 1998). However, 

this type of pullback test is generally more expensive than AVT and there is potential 

difficulty in that it is usually not easy to separate the effects of the individual modes of 

vibration in a complicated bridge structure. It is also usually difficult to accurately control the 

test conditions for repeat testing.  

Since the late 19th century, a great number of field dynamic tests have been carried out on 

various types of bridges (Kato and Shimada 1981). The following section reviews the 

feasibility and reliabiltiy of bridge vibration tests corresponding to different excitation 

sources for estimating dynamic characteristics, which is one of the main focuses of the thesis. 

Tezcan et al.(1975) tested the the first Bosporus (Bogazici) suspension bridge in Istanbul, 

Turkey between completion and commissioning. It was found the eccentric-mass exciters 

based FVT were only effective for exciting the modes above about 1 Hz, which meant the 

important lower modes were miseed. Brownjohn et al.(1989), on the other hand, extracted all 

the modes which lie in the range 0-1.1 Hz from the main span and tower of the same bridge 
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by using ambient traffic and wind excitation. However, the authors believed that they 

overestimated the „true‟ damping values, due to some recordings having low signal levels or 

significant equipment noise. 

Rainer and Pernica (1979) conducted dynamic tests on the Ottawa River Parkway Service 

Road Bridge in the City of Ottawa, a continuous, three-span, posttensioned, reinforced 

concrete bridge with the longest span measuring 21.64 m. Forced harmonic vibrations 

generated by an electro hydraulic inertial shaker, as well as traffic-induced vibrations, were 

separately recorded. Good agreement was found between the two methods in terms of natural 

frequencies and damping ratios. 

Brownjohn et al.(1992) utilised accelerations induced by wind and traffic excitation from the 

Fatih Sultan Mehmet (second Bosporus) suspension bridge to recover natural frequencies, 

mode shapes and damping ratios for vertical, lateral and torsional modes from the deck and 

tower up to 2 Hz. However, they had difficulty identifying the lateral modes due to low 

vibrational levels. 

Gentile and Cabrera (1997) collected both traffic-induced and free vibration measurements 

on  the Polcevera Creek Viaduct, a cable-stayed bridge. The results for ambient and free 

vibration methods compared well in terms of natural frequencies and mode shapes, but a 

greater number of dominant modes were identified during free vibration tests. Noticeable 

differences were detected for the damping ratios, with the ambient estimates being generally 

much higher than those for free vibration. Gentile and Cabrera (2004) investigated the 

dynamic behaviour of two curved cable-stayed bridges in northern Italy using the same two 

excitation techniques. They also found excellent agreement  in terms of modal frequencies 

and mode shapes. 

Farrar et al. (1997) used hammer impact and ambient excitations sources in their vertical 

dyanmic testing on the Alamosa Canyon Bridge which has seven spans (15.2 m single span 

length) and a composite slab-on-girder. The ambient source was ground motion induced by 

tractor-trailer trucks descending the hill on the highway next to the bridge, and transmitted 

via its piers and abutments. Only 1% difference in the modal frequencies was found for most 

modes and no observable trends for mode shapes could be related to the two excitation 

methods. The damping values obtained, however, did show significant differences. Lower 

damping was found during the ambient test, which can be attributed to the significantly lower 
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levels of excitation. Another difference between the results was that one of the modes 

identified from the hammer test data was not identifiable in the ambient data set. 

Farrar and James III (1997) conducted both AVT (traffic flow on the bridge) and standard 

FVT (a hydraulic shaker) on the I-40 Bridge (three spans with a combined length of about 

130 m) over the Rio Grande River in Albuquerque, New Mexico. Results of this comparison 

showed a maximum discrepancy of 3.6%  in modal frequencies and 10% difference in the 

average modal damping values. Another attempt of AVT using only traffic on the adjacent 

bridge as the source was also carrried out. Background sources of ambient vibration from 

nearby traffic were found to be of sufficient magnitude to determine the vertical dynamic 

properties of the bridge structure.  

Huang et al. (1999) reported free vibration testing using a loaded truck to generate impulsive 

forces on a three-span, continuous, pre-stressed concrete box-girder bridge, 360 m long in 

total. AVT were also conducted for the purpose of verification. Both field tests were 

performed just before the bridge was opened to the public. The results showed that the first 

12 modes identified from AVT correlated very well with those from the free vibration test, 

but  many more modes could be identified from the free vibration test due to the higher 

quality of data. 

Peeters et al. (2001) compared the identified natural frequencies and damping ratios of 

different excitation types which included band-limited noise generated by two reaction mass 

shakers, impact from a drop weight and ambient sources from wind and traffic. All the testing 

were implemented on the Z24 bridge in Switzerland, which is a post-tensioned concrete box-

girder bridge with a main span of 30 m and two side-spans of 14 m. The authors concluded 

that ambient excitation yielded results comparable to those produced by the use of (expensive) 

shakers. 

Alwash et al. (2009) undertook a variety of dynamic forcing tests in the vertical direction on 

the three-span 100.5m long continuous reinforced concrete Red Deer River bridge in Canada. 

The testing encompassed controlled dynamic truck loading, unregulated traffic, and 

environmental (wind and flowing water) excitation.  Modal parameters estimated on the basis 

of the free vibration response after the truck had left the bridge were reported to be 

significantly more reliable than those derived from the forced vibration phase when the truck 

was present. In addition, it was difficult to generate reproducible mode shapes from the 

forced response phase of truck loading events in most cases. In the case of AVT with no 
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traffic crossing the bridge, resonant response at the fundamental natural frequency could not 

be distinguished from background vibration, while higher modal responses could be 

identified. 

He et al. (2009) carried out a set of dynamic field tests, which included AVT mainly induced 

by wind and FVT by using controlled traffic loads, on a newly built long-span suspension 

bridge in California. The natural frequencies identified based on data from the two types of 

test were in excellent agreement apart from the first antisymmetric vertical mode, due to its 

very low relative contribution to the measured bridge vibration in both the ambient and 

forced dynamic tests. Excellent agreement was also found between the mode shapes based on 

the high modal assurance criterion (MAC) (Allemang and Brown 1982) values, with the 

exception of a few higher torsional modes. The identified modal damping ratios were 

response amplitude dependent, because for most vibration modes the modal damping ratios 

identified using forced vibration data were higher than those identified using ambient 

vibration data. 

Caetano and Cunha (2009) compared comprehensive response measurements developed 

under natural excitation with those induced by the releasing of a load applied at the central 

span of the cable-stayed Vasco da Gama Bridge bridge (free vibration test). The correlation 

of mode shapes from both types of testing was good with very high MAC values. The natural 

frequencies and damping ratios from the free vibration test were systematically slightly lower 

than for their AVT counterparts. 

Magalhães et al. (2012) performed both ambient and free vibration tests on the Millau 

Viaduct, an outstanding multi-span cable-stayed bridge located in southern France. The 

modal damping ratio estimates obtained with the two testing approaches were compared. The 

authors concluded that more reliable estimates could be derived from the free vibration tests, 

while AVT provided a rough estimate of damping ratios and had the advantage of providing a 

more complete set of modal estimates, including the lateral modes which were not easily 

excited with artificial loads.  

Grimmelsman et al. (2014) evaluated the uncertainty in the dynamic parameters identified 

from actual ambient dynamic excitation of an in-service truss bridge through comparisons 

with several controlled excitation cases that simulated the excitation characteristics normally 

assumed in AVT, and controlled variations to these characteristics. It was found that the 

natural frequencies of the identified modes were generally consistent between the four 
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excitation cases evaluated, while the damping values identified from the actual AVT were 

generally larger than those from the controlled excitation cases. They also pointed out that 

damping estimates obtained from AVT are often associated with a high degree of uncertainty 

due to the low vibration amplitudes generally measured in such tests. 

In summary, for long-span and flexible bridges such as suspension and cable-stayed bridges, 

AVT and free vibration tests are the only practical means to acquire the modal property 

information within the low frequency bands, since it is challenging and costly to deliver 

controlled reliable excitation below 1 Hz by using rotating eccentric mass exciters or similar 

equipment for a significant level of response. As to the identification agreement between 

AVT and FVT, most researchers agree that natural frequencies and mode shapes can match 

well, but damping ratios diverge. Some investigators believe that the calculated damping is 

overestimated, or tends to be erroneous, while others think the damping values are amplitude 

dependent. For reinforced concrete motorway/highway bridges, both AVT and FVT are 

commonly utilised. It is generally believed that the higher frequency modes are not always 

well excited by ambient sources, whilst the forcing location in FVT needs be carefully 

selected in order to avoid missing some modes. With regard to span length limitations for the 

application of vibration testing, no clear consensus can be found. For example, although 

Green (1995) concluded that shakers produced the best results for short to medium span 

bridges (spans<100 m), while AVT was most appropriate for medium to long span bridges 

(spans＞70m), Farrar et al. (1999) pointed out that AVT was also used with smaller bridges 

when other constraints prevented the bridge from being taken out of service during the tests.   

Another interesting point is that the dynamic characteristics in the frequency band of interest 

can be identified in AVT merely by vibration wave transmitted from nearby traffic or other 

environmental sources other than vehicles on the bridge. Without traffic load, ambient 

excitations were much less intensive, and the bridge responses to such ambient excitation 

were also less intensive. Some of the studies cited above focused on testing in one direction 

(either vertical direction or lateral direction). No relevant research was found reporting 

identifiability of modes in both vertical and lateral directions. With regard to accuracy, the 

discrepancy in natural frequencies was generally small and the MAC value high for the mode 

shape between the two kinds of tests, but different observations were given by different 

investigators. The current research continues the work to clarify the feasibility and reliability 

of dynamic testing to different excitation sources in terms of  acquiring natural frequencies, 
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damping ratios and mode shapes by testing the eleven-span concrete motorway bridge at 

Nelson Street. 

 

 Modal parameter identification 2.3

Experimental modal parameter identification of a structure involves the extraction of modal 

quantities (i.e. natural frequencies, damping ratios, mode shapes, and possibly also modal 

masses) from the collection of dynamic measurements, and has been an active research area 

in both engineering mechanics and civil-structural engineering since the 1960s. The 

conventional experimental modal analysis methods, which utilise the well-established input-

output modal identification techniques originally developed in the fields of mechanical and 

aeronautical engineering, were first used by civil engineering researchers to accurately 

identify the main modal properties of large structures, such as bridges (Cantieni et al. 1994; 

Pietrzko et al. 1996) and dams (Keightley et al. 1961; Cantieni 2001). These methods 

essentially rely on the construction of to a set of estimates of either the FRFs in the frequency 

domain, or the impulse response functions (IRFs) in the time domain, by simultaneously 

measuring the controlled excitation force and the corresponding structural responses. The 

modal parameters are subsequently determined by employing optimisation approaches to 

perform fitting between the measured and theoretical FRFs/IRFs. An extensive overview of 

input–output modal parameter estimation methods can be found in the textbooks written by 

Ewins (1986), Maia and Silva (1997), Allemang (1999), and Heylen et al. (2007).  

In recent decades, practitioners have become increasingly reluctant to use very heavy and 

expensive devices to excite large-size civil infrastructures due to cost and safety concerns, 

inconvenience, and the impossibility of accurately measuring input excitation forces. As a 

result, the newly developed and more practical operational modal analysis (OMA) (Peeters 

and De Roeck 2001b; Zhang and Brincker 2004), also known as output-only modal analysis, 

has received increasing attention, become popular among civil engineerings due to the 

following factors: only response measurements of structures in operational condition are 

utilised to derive modal information; no elaborate excitation equipment is needed; OMA is 

cheap and quick; and OMA is a type of multi-input/multi-output method, making closely 

spaced or even repeated modes identifiable. In OMA, either natural or environmental sources 

such as wind loading, traffic loading and ocean waves, or artificial force induced by relatively 

small excitation devices are utilised to excite structures. For the purpose of data analysis the 
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input is assumed to be a realisation of a stochastic process (zero-mean Gaussian white noise). 

This theoretical assumption of white noise has turned out to be not too restrictive in practical 

applications. Peeters and De Roeck (2001b) point out as long as the (unknown) input 

spectrum is quite flat, output-only methods will work fine.  

A great number of techniques have been developed to extract the operational modal 

parameters of engineering structures by using output measurement only (Maia and Silva 2001; 

Peeters and De Roeck 2001b). The methods available are usually classified as frequency 

domain or time domain methods. Frequency domain methods start from output spectrum or 

half-spectrum matrices previously estimated from the measured outputs. These methods can 

be either non-parametric or parametric. The non-parametric frequency domain methods are 

simpler and were therefore the first ones to be used (MacLamore et al. 1971). They comprise 

the peak-picking (PP) method (Bendat and Piersol 1993; Felber 1993), the frequency domain 

decomposition (FDD) method (Brinker et al. 2001), and the enhanced frequency domain 

decomposition (EFDD) method (Jacobsen et al. 2006).  

Alternatively, parametric identification for frequency domain is realised by fitting a model 

such as the modal model (Heylen et al. 2007), the common-denominator model (Peeters et al. 

2004), and the right and left matrix-fraction descriptions (de Callafon et al. 1996) to the 

output spectrum, from which modal parameters are extracted in a second phase. Other typical 

methods are the PolyMAX (Guillaume et al. 2003; Peeters et al. 2004) and the poly-Least 

Squares Complex Frequency Domain (p-LSCF) methods (Magalhães et al. 2009).  

The time domain methods are essentially parametric, and mainly include the Natural 

Excitation Technique (NeXT) (James et al. 1992), eigensystem realisation algorithm (ERA) 

(Juang and Pappa 1985; Juang 1994), random decrement (RD) technique (Vandiver et al. 

1982), Ibrahim Time Domain (ITD) method (Ibrahim and Mukulcik 1977; Ibrahim and Pappa 

1982), the auto-regressive moving average vector (ARMAV) technique (Andersen et al. 

1996), and the SSI technique (Van Overschee and De Moor 1996, Peeters and De Roeck 

2000). Given the great number of documented identification algorithms, comparisons in 

terms of their performance when used for dealing with field dynamic testing data from real 

world bridges are of significant interest. The following section summarises the relevant 

studies. 

Ren and Zong (2004) applied two complementary modal analysis methods (PP and SSI) to 

the AVT data from a concrete-filled steel tubular-arch bridge.  They found that both 
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techniques were effective in identifying the frequencies. However the SSI technique was able 

to detect frequencies that could possibly be missed by the PP method and gave more 

reasonable mode shapes in most cases. Ren et al. (2004c) also identified the modal properties 

of a steel arch bridge by using PP and SSI from ambient responses. Good agreement in 

identified frequencies was found between the two methods. However, the SSI method 

provided a much better mode shape than the PP method. Ren et al. (2005) subsequently 

observed that the PP method cannot identify all important mode shapes from the ambient 

responses of a large span cable-stayed bridge.  

Magalhães et al. (2007) compared the performance of four output-only identification 

techniques (PP, FDD, covariance-driven SSI, and data-driven SSI) based on modal 

identification of the International Guadiana cable-stayed bridge. They observed good 

agreement between the techniques in the results for the identified natural frequencies, while 

the modal damping ratios exhibited significant scatter. Magalhães et al. (2012) processed the 

acceleration time series recorded during AVT of the Millau Viaduct using both the p-LSCF 

and SSI methods. The natural frequencies were found to almost coincide and the mode 

shapes were very similar. The largest discrepancies observed were in the modal damping 

ratios. 

Siringoringo and Fujino (2008) employed two output-only time-domain system identification 

methods (namely, RD-IDT and NEXT-ERA) to determine the dynamic characteristics of the 

Hakucho Suspension Bridge in Japan. Both methods were found to be in good agreement in 

terms of identifying natural frequencies, but the performance of the NEXT-ERA technique 

was much better in regard to efficiency in dealing with voluminous measurement data. 

He et al. (2009) applied three different output-only system identification algorithms (ERA, 

EFDD and SSI) to the data collected from AVT and FVT induced by controlled-traffic loads 

on a newly built long span suspension bridge in California. It was found that for all three 

methods the estimation bias and variability for the natural frequencies and mode shapes were 

very small, while the relative difference in the identified damping ratios was larger than that 

of the corresponding identified natural frequencies. 

Altunişik et al. (2010) experimented with both EFDD and SSI to estimate the dynamic 

characteristics of the posttensioned Gülburnu Highway Bridge from AVT. An approximate 

2.2% natural frequency difference was found between the two techniques. Based on the 
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observation of MAC values between 0.90 and 0.97, it was concluded that the mode shapes 

obtained from both techniques almost overlapped. 

Brownjohn et al. (2010) compared several operational modal analysis techniques 

(NeXT/ERA, SSI and p-LSCF) for system identification of the Humber suspension bridge. 

Of all the methods, SSI performed the best, identifying practically all possible modes. Next 

best was NeXT/ERA, although the resulting damping estimates from this technique were the 

highest of the three. No systematic differences were observed for frequency values between 

the three techniques. 

Gentile and Saisi (2011) reported the operational modal analysis of the historic Paderno iron 

arch bridge. The two output-only identification techniques FDD and SSI were used. It was 

found that the natural frequencies estimated by the two different methods were practically 

coincident. A similar correspondence was found for most mode shapes except for the last 

vertical bending mode, where the FDD technique seemed to provide a better estimation of the 

mode shape. 

Dorvash and Pakzad (2013) passed the ambient measured responses from a steel 

cantilevered-truss bridge through different time- and frequency-domain algorithms. The 

results obtained were compared and their variation extracted. The identified frequencies and 

mode shapes were quite consistent (the normalised standard deviation was less than 1%), 

whereas the damping ratios showed significantly higher deviation (up to 30%). 

According to existing research, the majority of the comparative analyses for different output-

only identification techniques have been carried out by utilising AVT responses recorded 

from relatively long span, flexible, suspension or cable-stayed bridges. The general 

conclusion is that the discrepancy in natural frequencies is much smaller than in damping 

ratios. Also the mode shapes are similar based on the high value of the global indicator MAC, 

detailed comparisons of mode shape are rare.  Little research effort has been put into 

comparing various system identification methods for the relatively stiff, multi- short to 

medium span highway bridges using data from different excitation sources. Reliably 

identifying the dynamic characteristics of such types of bridge is desirable for civil engineers, 

due to increasing demand for condition assessments by vibration-based methods.   

To address these gaps in engineering knowledge, the current research carried out a detailed 

comparison in terms of the efficiency and reliability of different types of modal parameter 
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identification algorithms, when applied to processing the vibration data from dynamic testing 

of the eleven-span concrete motorway bridge at Nelson Street with different excitation 

sources. 

 

 Amplitude-dependent modal properties 2.4

In reality, in-service bridge structures are subject to changing environmental and operational 

conditions and such changes, notably in temperature as well as vibration level, may have 

effects on their underlying dynamic properties A thorough understanding of the effects of 

these factors on the variability of modal parameters is critical in structural health monitoring, 

as these influences can often mask subtle changes in the system‟s vibration response due to  

damage.   

Many researchers have devoted considerable effort to monitoring the effects of temperature 

on the extracted modal parameters of bridges. Researchers from Los Alamos National 

Laboratory (Cornwell et al. 1999) found that the first three natural frequencies of the 

Alamosa Canyon Bridge varied about 4.7%, 6.6% and 5.0% during a 24 h period due to the 

thermal gradient across the deck. Peeters and De Roeck (2001a) reported that the first four 

vibration frequencies of the Z24 Bridge in Switzerland varied by 14%–18% over 10 months. 

The significant shifts in frequency between the above and below freezing temperatures have 

been attributed to an increase in stiffness explained by Young‟s modulus of the asphalt layer 

on the deck at colder temperatures. Other researchers have studied the impact of temperature 

fluctuations on the structural vibration properties including Rohrmann and Rucker (1994), 

Rucker et al. (1995), Cawley (1997), Askegard and Mossing (1998), Khahil et al. (2000), 

Rohrmann et al. (2000), Fu and DeWolf (2004), Liu and DeWolf (2007) and Cross et al. 

(2013). They all concluded that vibration frequencies decrease with temperature increase.  

To discriminate between the changes in modal parameters due to temperature changes and 

those caused by structural damage or other environmental effects, Sohn et al. (1999) used the 

monitoring data from the Alamosa Canyon Bridge to build a multiple linear regression model. 

The model was used to predict changes in modal parameters of the bridge due to 

environmental temperature. Peeters and De Roeck (2001a) derived an autoregressive and 

moving average model using long-term measurement data of the Z24 Bridge to distinguish 

normal modal frequency changes due to environmental effects, from abnormal changes due 
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to damage. Ni et al. (2005) quantified the effect of temperature on the modal frequencies for 

the cable-stayed Ting Kau Bridge (Hong Kong) by using the support vector machine 

technique. Ni et al. (2009) used neural network techniques to formulate a frequency-

temperature correlation model by making use of the long-term monitoring data of modal 

frequencies and temperatures from an instrumented bridge. The model developed was then 

used for eliminating the temperature-caused modal variability.  

The influence of varying temperature conditions on bridge structural modal properties has 

been extensively investigated via field measurements. However, comprehensive explorations 

of the effects of vibration response level on the variability of modal properties (i.e. amplitude 

dependent modal properties) of bridge structures are relatively rare. The existing studies are 

described below. 

Shepherd and Charleson (1971) undertook a series of steady-state vibration tests at several 

stages during construction of a multi-span continuous deck bridge. They observed the 

relationship between the eccentric weight of a large mechanical shaker and the natural 

frequency of the tested abutment was essentially linear across the range of the tests. 

Farrar et al. (2000) noted that the modal frequencies and mode shapes extracted from 

different vibration intensity tests on the Alamosa Canyon bridge were almost consistent. 

However there were significant changes in the damping ratios, which were correlated with 

excitation amplitude. 

Zhang et al. (2002) found that the natural frequencies of a cable-stayed bridge could exhibit 

up to 1% variation within a day, due to different vibration intensity under varying traffic 

conditions. Damping ratios were also reported as sensitive to the vibration amplitude, 

especially when the deck vibration exceeded a certain level.  

Daniell and MacDonald (2005) ascribed clear trends of decreasing frequency with increasing 

wind speed from ambient vibration measurements of the Second Severn Crossing cable-

stayed bridge to changes in cable geometry and/or a drop in effective stiffness due to joint 

movements. 

Rebelo et al. (2008) reported that increasing amplitude of the free vibration signal 

corresponded consistently to a decrease in the first natural frequency, based on the results of 

experimental measurements on a number of existing small to medium single span ballasted 
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railway bridges in Austria. The tendency for the damping to increase with the vibration 

amplitude could be observed in the analysis. 

Siringoringo and de Fujino (2008) observed that dynamic characteristics of the Hakucho 

suspension bridge exhibited dependencies for natural frequency, damping ratio and the modal 

phase angle on response amplitude level (i.e. wind velocity).  

Fink and Mähr (2009) reported experimental findings from a scaled laboratory model of a 

ballasted railway bridge which supported the hypothesis that the non-linear behaviour of 

ballast is one of the main sources of amplitude-dependent behaviour. 

Kim et al. (2011) discussed some reasons for amplitude-dependent modal properties of 

flexible structures. In the case of flexible structures such as cable-stayed bridges and large-

space structures, the presumption is that the natural frequency changes with response 

amplitude are caused by change in geometrical stiffness. Increasing damping on the other 

hand is generally due to increasing friction within the structures and the growth of 

aerodynamic damping. 

Ülker-Kaustell and Karoumi (2011) found the first vertical bending mode natural frequency 

declined linearly with increasing vibrational amplitude in a ballasted single span concrete–

steel composite railway bridge. They analysed the free vibration response after a freight train 

passed. An opposite trend for the equivalent viscous modal damping ratio was observed.  

Magalhães et al. (2012) observed the influence of the amplitude of the bridge vibration on the 

natural frequencies by long term monitoring of a 280-m long concrete arch bridge. They 

found pronounced drops in frequencies during morning rush hour. 

Cross et al. (2013) reported that the first five modal frequencies of a deck had a tendency to 

decrease with the increased root-mean-square values of the vertical and lateral deck 

accelerations. Their findings were based on the analysis of three years of monitoring data for 

the Tamar suspension bridge.  

Gentile and Saisi (2013) performed dynamic tests on an iron arch bridge at different levels of 

ambient excitation (i.e. levels of intensity of road traffic) with the temperature being constant, 

in order to check the invariance of the modal parameters. They confirmed that the natural 

frequencies of both vertical and transversal bending modes tended to decrease as the response 
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amplitude increased. This behaviour seemed generally more pronounced for the first vertical 

bending mode and the higher transversal modes. 

Gomez et al. (2013) analysed six seismic records of a three-span curved highway bridge 

observing that, in general, larger earthquake intensities resulted in reduced vibration 

frequencies and higher damping ratios of the bridge. A significant reduction (nearly 20%) of 

the lower natural frequencies occuring when the structure was subjected to the Chino Hills 

earthquake was also noted. This was due to the change of the support conditions caused by 

softening of the soil surrounding the foundations during the shaking. 

Al Sehnawi et al. (2014) carried out free vibration and shaking table tests on two similar 

reinforced concrete pier models to determine the dependency of natural frequency and 

damping ratio on vibration amplitude in the elastic and inelastic stages of bridge piers. The 

results indicate that for maximum acceleration amplitude the natural frequency tended to 

decrease, while the damping ratio tended to increase remarkably. They concluded that these 

changes in the dynamic characteristics could be an effect of the fixity and radiation damping 

at the pier base. 

There is general agreement in the literature cited above that both natural frequencies and 

damping ratios vary with the amplitude of vibration. Stiffness exhibits an amplitude softening 

behaviour, as described in some reports, leading to frequency decreases. Most of the studies 

reported were conducted on flexible long-span bridges. Investigations of the commonly 

encountered concrete highway/motorway bridges are less common.  

These observations from the research literature help in gaining some insights into the 

influence of the excitation and response level on the variability in the dynamic characteristics 

of bridge structures. However, a detailed quantitative analysis of the amplitude-dependent 

dynamic properties of bridge structures has not been achieved, nor has the question of 

whether the observed amplitude dependence of modal frequencies actually hinders successful 

damage detection in real bridge structures using VBSHM methods been addressed.  

Accordingly, this research aimed to: 1. Provide further insights into the quantitative 

amplitude dependency of the natural frequencies and viscous modal damping ratios of short-

span concrete motorway bridge structures in a broad vibration intensity range; and 2. 

Examine whether damage detection errors could occur after considering the obtained 

amplitude dependent effects. 
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 FE model updating of bridge structures 2.5

Accurate FE models are needed for a large number of applications including validating new 

innovative structural designs (Chen and Duan 2014), investigating vehicle-structure 

interactions (Khalifa 1993), evaluating the seismic response of structures (Jaishi et al. 2003), 

and the implementation of structural control (Caetano et al. 2008) and structural health 

monitoring strategies (Brownjohn 2007). In these contexts, FE model updating has received a 

great deal of attention in the past decade. The aim is to achieve the best agreement between 

the analytical predictions of a FE model and experimental results from a structural system by 

modifying uncertain inertia/stiffness parameters or geometrical properties of the numerical 

model using extracted information from the test data (such as natural frequencies and/or 

mode shapes).  

Comprehensive literature surveys of updating techniques have been carried out, including 

Imregun and Visser (1991), Mottershead and Friswell (1993), and Friswell and Mottershead 

(1995). The effectiveness of some updating techniques has been confirmed on uncomplicated 

structures such as simply supported beams, cantilever beams and space truss structures. But 

for complex structures, such as full-scale bridges, there are still considerable challenges for 

the application of the updating algorithms due to the following structural characteristics: 

 The huge structural size with large degrees of freedom, but relatively limited 

information from measurements 

 The complex connections between structural components and boundary conditions 

which are usually hard to simulate precisely  

 The uncertainty and non-uniformity of structures, material and environment effects 

 The abundance of selectable updating parameters further complicates the typical 

inverse problems of model updating, such as high nonlinearity, non-uniqueness or 

non-continuous dependence of the solution on the data 

The potential challenges in bridge model updating make constructing a detailed FE model 

that can well represent the main physical characteristics of the target bridge a challenging 

task for the engineer. An inappropriately developed FE model cannot be corrected by 

changing the values of the selected model-updating parameters, due to the risk of producing 

physically meaningless changes in some parameters. Achieving the appropriate FE model of 

a large, complex bridge structure is dependent to a large extent on subjective factors such as 

the skills, experience and expertise of the engineer. Various modelling errors or deficiencies, 
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relating to the extent of simplification of structural representations, the choice of element 

types and size, boundary conditions, loading, material parameters, and material models and 

so on are encountered regularly by practicing engineers. Generally speaking, analysts can 

find whether potential deficiencies exist in developed FE models by conducting correlation 

analysis between the experimental and numerical modal analysis results. If natural frequency 

values and/or shapes of certain modes have noticeably large discrepancies compared to other 

modes, then the practitioner is responsible for tracking down the sources of modelling errors 

and making necessary adjustments to their FE models so as to eliminate these model 

deficiencies.  

In the field of bridge structural engineering, the most commonl source of modelling errors is 

the representation of the connections between structural members and/or supporting 

conditions. For instance, foundation systems are commonly modelled as rigid and unmovable 

in a structural analysis, whilst in reality the behaviour of the foundations might exhibit 

deformations and/or translations and rotations. In this case, the corresponding location in the 

FE model needs to be modelled, for example by springs with appropriate stiffness values.  

The manual tuning process normally involves trial and error and is guided by engineering 

intuition, which results to appropriate adjustments. The following section summarises the 

manual tuning exercises carried out for bridge model updating.  

Brownjohn et al. (1994) reported that after they took the stiffness contribution of the asphalt 

and the railing, as well as the actual friction performance of the sliding bearing, into 

consideration for the FE model of a suspension footbridge under investigation, the relatively 

large errors up to 10% between the measured and predicted natural frequencies were greatly 

reduced to 3%. 

Deger et al. (1996) incorporated the pile stiffness at the main pylon foundation of a cable- 

stayed pedestrian bridge into the constructed FE model to improve the correlation between 

the original model and experimental results. They had observed that when the foundation was 

assumed to be fixed, it could lead to average errors as high as 7.6% in the estimated natural 

frequencies of the primary modes compared to the experimental ones. 

Pimentel (1997) adjusted the horizontal stiffness of the elastomeric bearings to nearly 300 

times greater than the manufacturer‟s design static value for the FE model of a single span 

composite footbridge, after they found the use of' the design values would lead to computed 

dynamic properties in complete disagreement with the measurements. They believed that this 



2. Literature review 

31 

 

was due to uncertainties in the material properties of the bearings and/or confinement 

conditions. 

Pavic et al. (1998) determined the vertical and horizontal support stiffness in the FE model of 

a pre-stressed ribbon footbridge required to achieve the best agreement with the experimental 

results before the application of the automatic updating. 

Spring elements with appropriate stiffness values were used by Zong et al. (2005) to connect 

nodes between the cross-girders and bridge deck for the developed FE model of a concrete-

filled steel tubular half-through arch bridge. If the connections were assumed fixed, then the 

first transverse frequency was considerably larger than that for the test result. 

Daniell and Macdonald (2007) carried out a series of systematic manual tunings to ensure the 

development of an appropriate model for a relatively complex cable-stayed bridge. The 

manual tuning included optimisation of the mesh configuration, modification of different 

parameters at different areas of the structure, and further simulation of the non-linear 

relationship between the deck mass and the cable moduli. 

Zivanovic et al. (2007) added longitudinally flexible supports to the free edges of the girder 

end in the preliminary FE model of a tested steel box-girder footbridge, after they found the 

initial FE model could not be updated in a physically meaningful way due to the maximum 

natural frequency error of 30%. The correlation between the numerical and the experimental 

models subsequently improved considerably.  

Translation constraints were introduced at either end of the metal guard railing in the FE 

model of a multi-span curved girder bridge, achieving more accurate mode shapes and 

frequencies of the lower modes (Baber et.al 2009). 

Schlune et al. (2009) introduced an elastic-perfect plastic model into the bearings of a single 

arch concrete bridge FE model. They also used lumped mass to account for the mass of non-

structural parts to increase the agreement with the measured natural frequencies. The manual 

model refinements proved to be decisive in the success of the updating in this case. 

Benedettini and Gentile (2011) introduced rotational springs at the base of the FE model of 

cable-stayed bridge pylons to address discrepancies in frequency, which ranged up to about 9% 

for the tower modes but was less than 3% for the vertical modes. Significant improvement of 
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the match with the experimental results for the modes of the tower was seen in the tuning 

results. 

Asgari et al. (2013) conducted model tuning of highly redundant cable-stayed bridges based 

on sensitivity analysis. In the analysis, the transverse stiffness of the springs was added to 

represent the actual behaviour of bearings in the deck-to-tower connections. Its value was 

determined as ten times the longitudinal spring stiffness of the bearings to achieve the closest 

natural frequencies for the deck torsional-lateral modes to the experimental ones. 

Based on their observation of visual discrepancies between measured and analytical mode 

shape pairs, Lakzaeian and Cantieni (2013) introduced flexible spring supports at both mid-

span supports and end abutments for the FE model of a concrete footbridge. Subsequently, a 

parametric study was performed to determine the most appropriate range of the spring 

stiffness by computing the ratio of analytical to measured frequency. 

Cismaşiu et al. (2014) manually tuned the bending stiffness of the main girders of the deck, 

the stiffness of the piles, and the stiffness of the neoprene bearings for the FE model of a 

simply-supported footbridge to reduce the initial errors, and this subsequently enabled the 

successfully automatic update of the FE model.  

Bedon and Morassi (2014) considered the influence of the footways in the FE model of a 

two-span post-tensioned reinforced concrete bridge, which had been ignored in the 

preliminary model. The shear stiffness of the isolators was adjusted to about 2.2 times the 

nominal value expected for comparable deformation levels based on a theoretical approach, 

by using analytical models of the bridge and natural frequency data. After tuning the FE 

model, the maximum differences between experimental and numerical natural frequencies 

were less than 3% for most modes. 

Mosavi et al. (2014) added both translational and rotational spring elements with appropriate 

stiffness values at pier supports, expansion joints, abutment supports, construction joints and 

suspender links to simulate the realistic boundary conditions for developing a high-fidelity 

FE model of a steel-concrete composite bridge. They concluded that fair engineering 

judgements about the level of detail for the FE model are significant for the success of the 

manual model updating procedure. 

Benedettini et al. (2015) found the value of the shear stiffness of the seismic isolators in the 

FE model of a curved, fifteen-span post-tensioned concrete viaduct needed to be increased 
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seven times the nominal value supplied by the manufacturer, in order to avoid poor prediction 

of the properties of the vibration modes. 

The research on manual tuning of FE models for real-life bridges has mainly concentrated on 

reducing uncertainties at the bearings between piers and girder, pile foundation connections 

with the ground, and structural member connections in the initial FE model construction. It is 

clear that special attention needs to be paid to the uncertain boundary conditions when 

conducting manual tuning for the FE model of real-world bridges.  In addition, most of the 

manual tuning studies are for relatively flexible bridges, such as cable-stayed bridges. There 

are not many tuning cases for the FE models of stiff multi-span, curved highway bridges 

which have different structural configurations and characteristics. More effort is needed to 

accumulate successful tuning experience for these types of bridge.  

The parameter correction-based FE model updating method has become mainstream in the 

field of FE model updating. Model design parameters (e.g., structural material properties, 

geometric properties and boundary conditions) are tuned iteratively and because these 

parameters have physical meanings in engineering, the method is widely accepted by both the 

owners and engineers of structures. This parametrical updating method usually needs to solve 

a constrained non-linear optimisation problem to minimise the given objective function. 

Many state-of-the-art optimisation algorithms have been proposed, developed and enhanced 

in the process of finding successful applications of model updating technology for real-world 

bridges.  

The iterative sensitivity-based technology is most commonly seen in the updating exercises 

of civil structures. Brownjohn and Xia (2000) successfully applied the sensitivity-based 

method to update a model of the Safti Link Bridge, a curved cable-stayed bridge in Singapore. 

The simulated dynamic properties obtained via FE analysis were significantly improved by 

modification of uncertain structural parameters such as Young‟s modulus of concrete and 

structural geometry. Zhang et al. (2001) adopted an improved sensitivity-based approach, in 

which the lower and upper bounds were set as the constraints of parameters, for updating the 

FE model of the 430m main span, double-deck, cable-stayed Kap Shui Mun bridge in Hong 

Kong. The final updated analytical natural frequencies showed a good agreement with the 

measured ones. Jaishi and Ren (2005) presented a practical and user-friendly sensitivity-

based updating procedure to calibrate the FE model of a real concrete-filled steel tubular arch 

bridge. Both the calculated natural frequencies and MAC values of the modes concerned 
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were in close agreement with the experiment results after updating, and updating parameters 

still preserved their physical meaningfulness. Zivanovic et al. (2007) successfully updated 22 

uncertain structural parameters in the FE model of a steel footbridge by using the sensitivity-

based method. A physical interpretation of all parameter changes was also given. Wang et al. 

(2013) applied the sensitivity-based method with multi-objective problems for optimising the 

initial multi-scale model of the Runyang suspension bridge in China. The updated model 

showed good consistency with the data from the field test. Mosavi et al. (2014) succeeded in 

calibrating a high-fidelity FE model of a state highway bridge using a multi-variable 

sensitivity-based optimisation technique.  

There are many examples of the successful application of the sensitivity-based method. 

However a drawback of the iterative steepest-gradient method is that it has a tendency to 

converge to a local minimum (Deb 1998). Accordingly, the model updating cases listed 

above generally reported a single solution but acknowledged there might be other solutions as 

well. 

Many research efforts to locate the global solution to optimisation have proposed nature-

inspired algorithms for updating full-scale bridges. These algorithms use controlled random 

steps during the searching procedure, where the new search position is based on the previous 

one. Lin et al. (2009) implemented dynamic updating for the shell element numerical model 

of a three span pre-stressed concrete continuous box-girder bridge by using a real-coded 

accelerating GA. After updating, a much better correlation between the analytical and 

experimental frequencies (the relative errors of the natural frequencies less than 3.0%) and 

mode shape (MAC larger than 0.91) was achieved.  Araujo et al. (2011) updated the FE 

model of a simply supported beam bridge using GA. They concluded that the application of 

GA as an optimisation technique showed great versatility to optimise any number and type of 

variables in the model calibration. Ribeiro et al. (2012) optimised the numerical model of a 

bowstring-arch railway bridge using GA, and significant improvements in the numerical 

model were subsequently found. The average error in the frequencies of vibration of global 

modes decreased from 4.7% before calibration to 1.9% after calibration. Jung and Kim (2013) 

successfully minimised the updating error for natural frequency and mode shape of the 

analytical model of a pre-stressed, simply supported, skewed bridge using the hybrid GA they 

developed. Jin et al. (2014) reported the use of non-dominated sorting GA for updating the 

FE model of a curved steel-box girder bridge, in which the multi-objective function was 

defined. The relative errors in natural frequencies were significantly improved to to less than 
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5% and MAC values dramatically increased above 0.9 compared to the initial FE model. 

Shabbir and Omenzetter (2015) developed PSO with sequential niche technique for dynamic 

FE model updating of a pedestrian cable-stayed bridge. Their method enabled a systematic 

search for multiple minima and considerably increased the confidence in finding the global 

minimum.  

The intelligent optimisation algorithms generally behave more robustly when dealing with 

optimisation problems associated with an ill-behaved and high-dimensional solution space, as 

well as highly nonlinear objective function.  However, adequate studies on a better 

configuration of the various algorithm parameters such as population size, cross-over 

probability and mutation probability are needed in order to achieve the expected updating 

results when applied to different specific optimisation cases. In addition, due to the heavy 

computational load, special attention needs to be paid to control the extent of both the size 

and detail of the FE models created. 

To circumnavigate the time-consuming FE calculation in each optimisation iteration during 

updating, a cost-efficient model updating method using a model called response surface (RS), 

has been applied by some researchers. RS is a surrogate model by which the implicit function 

between certain physical parameters and responses of a structural system is approximated by 

an explicit mathematical formula, Deng and Cai (2009) combined RS and GA to update the 

model of a three-span simple supported bridge. The updated bridge model was verified by 

field strain testing data, and reasonable physical explanations were able to be given for the 

updated parameters. Ren and Chen (2010) updated a tested full-scale box-girder bridge using 

a RS model constructed for the central composite design. The updating results exhibited 

accuracy comparable to the traditional sensitivity-based method, and the model updating 

process was efficient and converged quickly. Ren et al. (2010) had further success in 

updating a five-span continuous box-girder bridge using RS models constructed with the 

uniform design based on structural static response. Xiao et al. (2014) employed the RS 

method by selecting a few parameters for updating the multi-scale FE model of a long-span 

bridge. The results showed the differences between the measured and computed modal 

frequencies were greatly reduced.  

Despite the evidence of progress in using RS methodology, the number of selectable 

parameters usually needs to be limited. Otherwise the experimental design can be very 

complicated and the constructed response surface function can sometimes be difficult to 
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interpret. However when updating more complex civil engineering structures, a much larger 

number of parameters are normally encountered. RS methodology is also basically an 

approximation method and the accuracy of updating results needs to be carefully checked 

when updating more complex bridge structures, where the relation between the unknown 

parameters and the response quantities of interest is more complex. 

To incorporate the underlying uncertainties of both the modelled structural system and 

measurements which may degrade the accuracy of the obtained updating results, non-

deterministic algorithms following probabilistic approaches, including Bayesian (Beck and 

Katafygiotis 1998; Beck and Au 2002), have been developed. In Bayesian model updating, 

the probability of a given parameter is assumed to possess a certain distribution based on 

prior information, and the Bayes‟ theorem is employed to update this prior belief when new 

evidence is obtained. Notwithstanding the advantage of the ability to estimate the level of 

confidence on the model updating results, there have been few applications of Bayesian FE 

model updating methods to large-scale operational civil structures due to the existing 

challenges of dealing with real data and large modelling errors. Another hindrance in the 

application of Bayesian model updating methods for real-world bridge structures are the high 

computational costs. The cost arises from solving multi-dimensional integrals to calculate 

marginal posterior probability distributions of model parameters or structural response 

quantities of interest.  

In accordance with the evolution in the FE updating methods, both the intelligent and non-

deterministic algorithms were not considered for the current research due to the complexity 

and size of the FE model of the eleven span concrete motorway bridge under survey. The 

iterative method FOM that makes use of the gradient information was employed to update the 

FE model of the bridge due to its practicability. To corroborate the final updating results, the 

approximation RS method SAM, which updates the surrogate model for target responses and 

updates parameters at each iterative step to achieve better approximation accuracy, were also 

be implemented. 

 

 Summary 2.6

In this chapter, an extensive literature review on the topics of dynamic testing of full scale 

bridges, modal parameter identification, amplitude-dependent modal properties, and FE 
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model updating has been presented.  In the course of the review, both the progress made by 

previous researchers and the gaps still existing in engineering knowledge have been clarified. 

The following chapters will continue the line of exploration for addressing these knowledge 

gaps by combining real-life bridge experimentation and FE analytical model analysis. 
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  Chapter 3

In situ dynamic testing programme for 

the eleven-span concrete motorway 

bridge 

 

 Introduction 3.1

An eleven-span concrete motorway bridge was chosen for in-situ dynamic testing. A series of 

different dynamic tests, where excitations were generated by ambient sources, people 

jumping, eccentric mass shakers and electro-dynamic shakers, were conducted in sequence. 

The chapter is arranged as follows: firstly the bridge structure characteristics are described in 

detail; then a beam-element girder model is created for grasping the global vibration 

properties of the bridge, as well as providing information to guide test planning; finally a 

series of comprehensive field dynamic testing programmes, comprising dynamic response 

measurements from environmental sources, people jumping, broad-band linear chirp 

excitation induced by electro-dynamic shakers, and sinusoidal forcing generated by rotating 

eccentric mass shakers, are presented.   

 

 Description of the bridge 3.2

The structure investigated was the Nelson St. off-ramp bridge located on the southern fringe 

of the Central Business District of Auckland, New Zealand, at a confluence of three major 

motorways. The bridge was built in 1976 and used for a number of years thereafter. Currently, 

it is closed to traffic and kept as a redundant link in the motorway junction for emergency and 

possible regular future use. The closed bridge created an excellent opportunity for an 

extended, undisturbed and comprehensive testing campaign. Three views of the bridge appear 
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in Figure 3.1, while Figure 3.2 is a sketch explaining the bridge‟s overall structural form and 

arrangement and showing major dimensions. The bridge has a horizontal as well as vertical 

curvature (see Figure 3.1a). Its total length is 272 m and it comprises 11 post-tensioned 

concrete spans. The main span is 40 m long and the remaining spans vary in length between 

18 and 26 m, with the majority of them being 24 m long. The superstructure was built of a 

total of 137 precast single-cell box girder segments delivered to the site (see Figure 3.1b), 

placed in their final position on movable scaffolding and then post-tensioned. Two different 

precast cross-sections, of heights 1.73 m and 1.09 m respectively, were used and are shown in 

Figure 3.3. The cantilevered extremities of the girder‟s upper flange were precast separately 

and connected to the box section using reinforcement bars protruding from the box section. 

Steel guardrails were bolted to the cantilever slab of the girder on both sides along the whole 

length of the bridge, while a concrete channel was installed along one side of the girder 

cantilever slab for rainwater drainage. A 40 mm thick layer of mixed asphalt and crushed 

stone gravel or sand was used for the bridge roadway paving. 

Ten solid octagonal piers of heights between 4.27 and 14.43 m and maximum width and 

thickness of 2.85 m and 1.42 m respectively, provide intermediate supports (refer to Figure 

3.2 for pier numbers). The north and south ends of the bridge are supported by a pile-bent 

type abutment and a gravity abutment, referred to as Abutment 1 and Abutment 2 

respectively. Abutment 1 and Piers 1-3 are founded on piles, whereas the remaining piers and 

Abutment 2 sit on footing type foundations. 

Pot type elastomeric bearings were installed at the top of each pier and abutment to support 

the superstructure (see Figure 3.1c). The pot type bearings feature a circular elastomeric pad 

encapsulated inside a metal “pot” with a close fitted lid, which acts as a “piston”. Fixed type 

pot bearings, arranged such that they allow only for free rotations but not translations, were 

used at Piers 1, 2, 4, 6-10 and Abutment 2. Sliding type pot bearings, which allow for 

unidirectional free sliding, were used at Piers 3, 5 and Abutment 1. The sliding direction is 

aligned with the longitudinal bridge axis at Piers 3 and 5 but forms an angle of 20.6° with the 

axis at Abutment 1. Shear keys were also installed at the top of Piers 2-10 to meet aseismic 

requirements by providing additional resistance for the superstructure should it undergo large 

lateral motion. 

There is a hinge in the girder located between Piers 4 and 5 at a distance of 9 m from Pier 4. 

The hinge is shown in Figure 3.4. It consists of two steel cantilevered I-sections protruding 
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from the girder segment on one side of the hinge with a fixed pot bearing at the tip of each 

cantilever. The girder segment on the other side of the hinge rests on the bearings. The depth 

of the box section segments between Pier 4 and the hinge varies gradually between 1.73 m to 

1.09 m. 

a)  

b)  

c)  

Figure 3.1 a) Nelson St. off-ramp bridge: aerial view looking South (bridge indicated by arrow), b) 

side view of the longest span looking North, and c) view of piers and bearings 
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Figure 3.2 General structural arrangement of Nelson St. off-ramp bridge (all dimensions in m) 

 

Figure 3.3 Two typical cross-sections (all dimensions in m; refer to Fig. 2 for their location) 

 

Figure 3.4  Hinge details 
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 The beam-element girder model 3.3

It is recognised that some form of analytical dynamic analysis should precede in-situ 

vibration testing to aid in selecting the correct transducer locations and frequency range for 

capturing the modes that contribute the most to bridge responses (Brownjohn and Xia 2000). 

Creating an FE model before actually carrying out field testing is very useful for the 

following specific reasons: predicting of the significant natural frequency range of interest; 

observing spatial vibration modes; and providing reasonable guidance for the number, 

measuring position, and excitation of reference stations.  

As a result, a beam-element girder model of the Nelson St off-ramp bridge was constructed 

using the ANSYS FE code (ANSYS 13.0 2012) and adopting the geometry and structural and 

material properties indicated in the bridge design documentation and confirmed visually on 

site. The main structural components, such as the box girder and hexagonal piers, were 

modelled using 2-node, three-dimensional (3D) elastic beam elements (Beam188). The 

values of material parameters used for the main components of the FE model were as follows: 

Young‟s modulus of girder concrete was 35 GPa and for the piers and cantilever girder 

extremities it was 30 GPa; the density concrete was 2,550 kg/m
3
 for the girder and 2,450 

kg/m
3 

for the piers and cantilever girder extremities; and a Poisson‟s ratio of 0.17 for the 

girder concrete, the piers and cantilever girder extremities. The stiffness of non-structural 

members such as steel rails, the asphalt layer and concrete rainwater channel were ignored. 

However their masses were accounted for as 208 kg per 1 m length of the bridge in the 

longitudinal direction and modelled by point mass elements (Mass21), including the 

corresponding rotary inertia along the longitudinal axis of the deck. 

Appropriate modelling of boundary and connectivity conditions always plays a significant 

role in accurately representing the actual structural dynamic behaviour. The hinge in the 

girder was modelled as an ideal one for simplicity, i.e. with no rotational stiffness. The fixed 

and sliding type pot bearings were modelled by coupling the restrained translational degrees 

of freedom at the corresponding nodes of the piers and girder, but allowing rotations. At Piers 

3 and 5, a spring element (Combin14) was used to simulate the longitudinal frictional 

resistance of the sliding bearings. The manufacturer‟s design values for stiffness of the 

sliding type pot bearing were adopted (2  1   and 5  1   N/m, respectively). All the piers 

were modelled as fully fixed at the base. The bridge girder was discretised into 0.1 m long 

elements and the piers into 0.2 m long elements. The FE model comprised 3,920 nodes and 
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3,460 elements (3,314 beam elements, 143 mass elements and 2 spring elements) and is 

shown in Figure 3.5.  

 

 

Figure 3.5 The beam-element girder model of the Nelson St. off-ramp bridge 

The shifted Block-Lanczos method (Grimes et al. 1994) in ANSYS was chosen to extract the 

eigenvalue/eigenvector pairs from the FE model. A total of six vertical, one mixed vertical-

torsional and eight lateral modes were identified, indicated in the figures respectively by 

symbols V, V/T and L and the mode number. Based on the preliminary analytical results, the 

vibrational modes of interest lay mainly within 0-10 Hz. Table 3.1 lists all the modes 

identified from the analytical model analysis of the beam-element girder model. In addition to 

the natural frequencies, information on mode shapes was also included. This takes the form 

of the ratio of the maximum amplitudes in the vertical (V), torsional (T) and lateral (L) 

direction normalised with respect to the largest of the three components, and is referred to as 

mode coupling ratio. It can be seen from Table 3.1 that because the bridge is curved both 

vertically and horizontally, all the modes show some degree of coupling between the three 

components. Thus, while referring to the modes as, for example, „vertical‟, it should be born 

in mind they are not purely vertical but rather „vertically dominant‟. One mode, designated 

V7/T1, showed a quite different pattern on one side of the hinge (vertical dominance) 

compared to the other side (torsional dominance) and hence was singled out. It will be 

referred to as the mixed vertical-torsional mode. Table 3.1 shows that for the vertical modes, 

mode V5 had the largest mode coupling ratio between either V and T or L, while those from 

the remaining modes were generally small (less around 0.1). For the mixed vertical-torsional 
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mode, the mode coupling ratio between V and L was relatively large north of hinge, whilst 

the mode coupling ratio between V and T was relatively large to the south of the hinge. For 

the lateral modes, mode L5 had the largest mode coupling ratio between L and V or T, while 

the coupling ratios from higher order modes were generally greater than those for lower order 

modes.    

Table 3.1 Modes identified from the initial beam-element girder model 

Mode 
Frequency 

[Hz] 

Mode coupling ratio 

V T L 

Vertical modes 

V1 3.133 1 0.07 0.04 

V2 3.881 1 0.02 0.05 

V3 4.269 1 0.11 0.05 

V4 4.732 1 0.11 0.17 

V5 5.532 1 0.31 0.39 

V6 7.139 1 0.09 0.13 

Mixed vertical-torsional mode 

V7/T1 8.322 

North of hinge 

1 0.04 0.28 

South of hinge 

0.05 0.49 0.13 

Lateral modes 

L1 2.148 0.11  0.13 1 

L2 2.803 0.17 0.21 1 

L3 3.598 0.22 0.09 1 

L4 4.824 0.24 0.15 1 

L5 5.873 0.40 0.32 1 

L6 7.506 0.26 0.17 1 

L7 9.657 0.35 0.23 1 

L8 11.854 0.31 0.19 1 

 

Figure 3.6 and Figure 3.7 display the mode shape contour pictures and corresponding natural 

frequencies of the modes in this frequency range. The vertical mode shape graphs show that 

the bending deflection of the deck was usually dominated by a limited number of bridge 

spans. In addition, the deck deflection magnitude was enlarged at the position of the hinge 

and the slope of mode shape curves became not continuous at this point.  The mode shape 

component of the main span between Pier 2 and Pier 3 for each mode was generally relatively 

larger and suitable for the positioning of forced excitation source. As seen in the graphs for 

the lateral modes, the movement was mainly controlled by the movements of piers, in 

contrast to the movement of the vertical modes which occured practically only in the 

superstructure. The wave pattern of the vibration modes changed regularly with increasing 
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mode order. The number of half-sine waves rose from 2 to 9 and the stationary points of the 

corresponding mode shape curve increased from 1 to 8 when the mode order varied from L1 

to L8.  Based on the observation above, it was expected that a relatively high density 

measuring grid along the bridge‟s longitudinal axis would be required to acquire both the 

higher lateral modes, as well as the vertical modes, with reasonable resolution.  

 

   

                           V1: 3.133 Hz                                                          V2: 3.881 Hz 

 

   

                              V3: 4.269 Hz                                                     V4: 4.732 Hz 

 

   

                               V5: 5.532 Hz                                                    V6: 7.139 Hz 

 

 

V7/T1:  8.322 Hz 

Figure 3.6 Analytical mode shape and corresponding natural frequencies for vertical and torsional 

modes 
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L1: 2.148 Hz                                                    L2: 2.803 Hz 

 

           
                                L3: 3.598 Hz                                                   L4: 4.824 Hz 

 

         

       L5: 5.873 Hz                                               L6: 7.506 Hz    

 

       

   L7: 9.657 Hz                                          L8: 11.854 Hz 

Figure 3.7 Analytical mode shape and corresponding natural frequencies for lateral modes  

 

 Instrumentation and field dynamic testing programme 3.4

The bridge underwent an extensive scheduled vibration testing programme, which included 

forced vibration tests using controllable excitation sources such as people jumping, electro-

dynamic shakers and eccentric mass shakers. Ambient vibration tests, in which the excitation 

sources came from naturally occurring sources such as wind, nearby traffic and possible 



3. In situ dynamic testing programme for the eleven-span concrete motorway bridge 

47 

 

micro tremors, were also performed. The most significant mode shapes and associated natural 

frequencies, and damping ratios were determined in the frequency range 0-10 Hz for each 

type of testing.   

Eight uni-axial Honeywell Q-Flex QA-750 wired accelerometers were utilised to collect data 

simultaneously during the vibration testing. The data from wired sensors were mainly for 

monitoring bridge structure responses and performing quick data analysis on site. When 

measuring vertical acceleration responses, the four wired sensors were placed along each side 

curb of the bridge deck (see Figure 3.8a). They were positioned in sequence at the mid-span 

points between Piers 1 and 2, Piers 2 and 3, Piers 3 and 4 and Piers 4 and 5. When measuring 

lateral acceleration responses, all wired sensors were positioned along the centreline of the 

bridge deck (see Figure 3.8b), and located in sequence at Piers 1 and 2, the 1/4 and 3/4 span 

points between Piers 2 and 3, at Pier 3, the 1/2 span point between Piers 3 and 4, at Pier 4, 

and the 1/2 span point between Piers 4 and 5. A desktop computer fitted with an NI DAQ 

9203 data acquisition card, a grey box data equipped with channel cards, and Matlab based 

data acquisition tool-box (Compact DAQ V2) software were used to record the wired sensor 

data on site, as shown in Figure 3.9. 

a)  b)  

Figure 3.8  The installed Honeywell Q-Flex QA-750 accelerometers: a) along the bridge curb side, 

and b) along the centreline of the bridge deck 
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Figure 3.9 Data acquisition system used for collecting data from Honeywell wired accelerometers 

A total of 62 battery powered tri-axial Micro-electro-mechanical system (MEMS) based 

accelerometers (Haritos 2009) were arrayed to record the acceleration responses of the 

bridge; the recordings were used for detailed post-testing data analysis. The MEMS based 

accelerometers were used to capture the vibration response of the tested bridge structure.  

The MEMS based accelerometers have been at the heart of many recent developments and 

applications in the aerospace, automotive, computer manufacturing and home entertainment 

industries, among others (Beskhyroun and Ma 2012). They incorporate over-sampling and 

anti-aliasing, and the real time data is streamed digitally via an I2C bus. An 8bit Silicon Labs 

8051 microprocessor collects the data, processes the stream and logs it to a micro SD card. 

These sensors offer a cost effective alternative to both the traditional wired systems on the 

one hand, and wireless platforms on the other. They provide data of sufficient quality and 

reliability while avoiding the time consuming and expensive cabling required for the wired 

systems and also the vagaries of wireless systems, including not infrequent data loss (Chen et 

al. 2013). The battery powered tri-axial MEMS accelerometers include models X6-1A and 

the X6-2 from Data Concepts (see Figure 3.10). The X6-1A model is powered by a D-cell 

battery and the X6-2 by an internal hardwired, rechargeable Lithium-Polymer battery.  

The D-cell battery units for the accelerometers were wrapped tightly onto small plywood 

blocks and attached to the bridge deck using a silicone adhesive (see Figure 3.11). The 

physical sensor installation process involves the following aspects: the real time clocks 

(RTC) of all the accelerometers, which controls the timing of the MEMS sensor, were firstly 

synchronised to a computer clock within 10 mins; all the sensor units were installed on the 

bridge deck according to the scheduled arrangement within a short time by several 
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experimenter; each test do not last more than 3 hours to avoid the time drift among each 

installed sensors; old batteries were replaced and synchronization for new test was conducted. 

A 12-bit resolution was set, giving 1milli-g resolution in ±2 g range. During the tests, time 

stamped data in three perpendicular directions were simultaneously recorded at a user 

selectable rate on micro SD memory cards. The data were subsequently uploaded to a 

computer via a USB connection. 

a)  b)  

Figure 3.10 Tri-axial MEMS accelerometers: a) X6-1A, and b) X6-2 

 

Figure 3.11 The accelerometer/battery units arranged along the bridge curb 

 Ambient dynamic tests  3.4.1

The vibrational mode identifiablity of bridges from ambient excitation is of great interest, 

especially in the case of weak environmental excitation where there is no contribution from 

moving vehicles, as this is the cheapest way to extract the significant dynamic signatures of a 

bridge. The Nelson Street off-ramp bridge which has been closed to motorists provided a 
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good testing bed. The environmental excitation sources for this bridge come mainly from 

wind, possible micro tremors, and ground vibration generated by nearby activity such as 

vehicles traveling on the motorway sections adjacent and underneath the bridge.  

A scheme for high spatial resolution of measuring stations on the bridge deck was 

formulated, based on the following considerations: 1) a grid made up of a large number of 

measurement points on the bridge deck is preferable to achieve a good resolution of the 

identified mode shapes and, as a result, show the effects of different excitation sources as 

well as different modal parameter identification techniques on the smoothness of mode 

shapes; and 2) the feasibility of identifying higher mode shapes of the bridge can be better 

realised. 

Figure 3.12a depicts the field measuring nodes in AVT. The defined coordinates can be found 

in Figure A.1a and Table A.1 of Appendix A. A typical arrangement for the measurement 

stations on the longest span between Pier 2 and Pier 3 can be seen in Figure 3.12b, where the 

representative positions of the bridge span selected (i.e. 1/2 and 1/4  span-length points and 

points over piers) are shown. To increase the measuring node density, two extra nodes were 

added between each of the two neighbouring representative positions described above. The 

arrangement of sensors on the other spans was similar. As a result, the distance between 

measurement stations over the bridge ranged from 2m to 4m. A total of 188 locations on the 

bridge deck were measured, and four separate recording setups were required to cover the 

chosen positions along the bridge spans. Each setup point collected data from 4 reference 

measurement stations and 46 roving measurement stations. The design of four references is to 

avoid the possibility that some sensor may not work suddenly during the testing or the 

selected reference sensors may locate at the nodal points of certain vibrational mode of 

interest. The selection of the reference station points was based on the analytical mode shapes 

provided by a preliminary  FE analysis (see Figures 3.6 and 3.7), the principle being that the 

selected reference points should be as far as possible from nodal points of each vibrational 

mode of interest. Accordingly two locations at the hinge position and another two at the 1/4 

span-length points between Pier 6 and Pier 7 (near Pier 6) were selected (see Figure 3.12a). 

The measurement station numbering and reference station nodes for each setup are 

summarised in Table 3.2.  The sampling rate on site was 160 Hz, and the ambient vibration 

response of the bridge was simultaneously recorded for 20 minutes at all the roving 

accelerometers and base stations for each setup. Once the data were collected at one setup, 
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the roving stations were moved to the location of the next setup, while the base stations 

remained in their original locations. This sequence was repeated four times to obtain 

measurements at all stations on the bridge deck, progressing from the north to the south end 

of the bridge. 

a)  

b)  
h 

Figure 3.12 Measurement station arrangements in AVT: a) Bird‟s eye view and testing node 

numbering, and b) Detailed accelerometer layout of the longest span (all dimensions are in m) 
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Table 3.2 Measurement and reference locations in AVT 

Setup Measurement nodes 
Recorded 

duration [min] 
Reference nodes 

Setup 1 
All nodes between 1 and 23, all nodes 

between 94 and 116 
20 

40, 55, 133, 148 

Setup 2 
All nodes between 24 and 47, all nodes 

between 117 and 140 
20 

Setup 3 
All nodes between 48 and 71, all nodes 

between 141 and 164 
20 

Setup 4 
All nodes between 72 and 93, all nodes 

between 165 and 186 
20 

 

 Jumping vibration tests 3.4.2

Following each setup test during AVT, people jumping excitation was used to vibrate the 

bridge.  Because JT were conducted between AVT, the measurement station arrangement and 

reference station selection were the same as for AVT (refer to Figure 3.12 and Table 3.2). In 

JT, four people (each weighing approximately 65 kg) jumped vertically in unison at a 

constant frequency, following sounds of the tempo produced by a mobile phone metronome, 

for about 20~40s to make the bridge oscillate at its resonant frequency. The jumpers then 

came to a sudden standstill. The bridge vibrated freely subsequently. Jumping positions were 

adjusted for different setup tests in order to locate the jumping force as close to sensor 

installation range as possible. Figure 3.11 shows the jumping locations and the corresponding 

sensor installation zone during the test. The frequencies of the first two vertical bending 

modes (approximately 3.2 Hz and 3.8 Hz), which were selected from the peaks of the auto 

power spectral density graph for pilot AVT data, were determined as the jumping frequencies. 

Jumping was repeated three times for each setup to minimise the testing errors.  
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Figure 3.13 Jumping locations and accelerometers range in JT 

 Eccentric mass shaker tests 3.4.3

When suitably large exciters are employed, the frequency sweep forced-vibration method can 

determine high quality dynamic characteristics of structures due to its capability for achieving 

good signal-to-noise ratios in the measured structural responses (Farrar et al. 1999). In the 

present study, two large capacity eccentric mass shakers (ANCO Model MK-140-10-50) 

were anchored with several M16 bolts to the bridge deck (Figure 3.14a), to perform 

frequency sweeps in both the vertical and lateral direction in the frequency range of up to 10 

Hz. Each shaker system consisted of a dual-arm rotating adjustable eccentric mass, Danfoss 

VLT-5011 variable frequency drive controller, drive motor, timing belt speed reducer, and 

interconnecting three-phase cables (Ma et al. 2007). The total mass of each shaker system 

was approximately 600 kg. The required 440 V electrical power for the shakers was supplied 

by a 60 kVA diesel generator located outside the bridge near Abutment 1, to avoid the effect 

of the generator on bridge vibrating responses (see Figure 3.15). Each mechanical vibrator 

had the maximum unidirectional frequency and force capacities of 30 Hz and 92 kN 

respectively. The amplitude and frequency of the applied force was controlled by varying the 

rotational speed, and the magnitude and eccentricity of the attached masses. The force output 

generated by each shaker,   𝑡 , can be expressed as: 

                                           𝑡  4 2𝑢2𝑀𝑅𝑠𝑖𝑛2 𝑢𝑡                                                (3.1) 

where 𝑀𝑅 is the shaker mass-eccentricity (kg-m), 𝑢 is the rotating frequency of eccentric 

mass (Hz), and  𝑡 is time (sec). By adjusting the number of the steel masses attached to the 

flywheels (see Figure 3.14b), unidirectional harmonic excitations with low, moderate and 

high amplitude could be generated.  
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Both shakers were positioned on the longest span between Piers 2 and 3 at the location 

selected based on the preliminary FE modal analysis, avoiding the nodal points of the modes 

predicted to be excited (Shaker locations are shown in Figure 3.2). The laterally configured 

shaker was positioned at the mid-span and at the centreline of the bridge deck and the vertical 

shaker at 1/3 of the span length and 2.5 m off the centreline, to provide torsional forcing as 

well (see Figure 3.16). Figure 3.17 displays the measuring nodes and numbering for the 

vertical and lateral sweeping tests in EMST. The defined coordinates can be seen in Figure 

A.1b , Figure A.1c, Table A.2 and Table A.3  of Appendix A.  

During vertical sweeping tests, the 62 accelerometers were arranged along the curbs of the 

bridge deck generally at the 1/4, 1/2 and 3/4 points of span-length (with the exception of two 

short spans at the south end and one short span at the north end that were only measured in 

the middle, and the 1/4 span point near abutments) and at the hinge location. During lateral 

sweeping tests, the accelerometers on the bridge deck were placed along the centreline of the 

bridge generally at 1/4, 1/2 and 3/4 points of the span-lengths (with the exception of the two 

longest spans between Piers 2 and 4 where additional measurements were taken at the 1/8, 

3/8, 5/8 and 7/8 points of their span length) and at the pier, abutment and hinge locations. The 

rationale behind why the sensors locations were altered between vertical and horizontal 

excitation cases is that this way can better compare the smoothness of the mode shapes 

curves between the eccentric mass shaker and the vibration testing in relation to diferernt 

weak exccation sources, which is one of the detained objectives in the thesis. It should be 

noted that the original sensor arrangement on both two sides of the bridge are able to give 

more comprehensive pictures of the modes, such as torsional components of lateral modes. A 

bird‟s eye view of the in situ testing grid shows that due to the large number of sensors, a 

single setup for each type of test sufficed to map the whole mode shapes. Figure 3.16 shows 

the detailed arrangement of measurement stations for the longest span between Pier 2 and 

Pier 3, which further demonstrates the general principles of the accelerometer setup. An on-

site sampling frequency of 80 Hz, which is half that for the AVT, was set to reduce the 

amount of collected data. 

The EMST had two purposes. The first was to acquire the most important dynamic 

characteristics of the bridge in the frequency range of interest.  The other was to investige the 

amplitude-dependence of the modal properties of the bridge. The following testing 

programme was designed to meet the objectives of the EMST.  
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Each mechanical vibrator was configured with a 3.6 kg out-of-balance rotating mass attached 

to each flywheel.  The rotating frequency of the actuator was gradually increased from 0.0 to 

10.0 Hz in increments of 0.1 Hz, with a 20 second hold time at each frequency increment, 

and a 5 seconds ramp-up time from one frequency value to the next. In this way, the relevant 

vibration mode in the frequency band of interest was able to be identified. The resonant 

frequencies of the bridge were roughly determined by picking the peaks of the power spectral 

densities from the recorded data signals on site. Several detailed frequency sweeps with 

varying forcing mass-eccentricity were conducted in the vicinity of the identified natural 

frequencies, taking advantage of the ability to control the excitation force. A series of tests 

with a much smaller step of 0.01 Hz and gradually increasing mass-eccentricity values were 

carried out by sweeping through narrow frequency bands centred at the previously identified 

resonant frequencies. At each frequency step, the excitation was held constant for 

approximately 60 seconds to allow the bridge response to attain steady state condition. 

Because of the motor torque limit for the vertically configured shaker, the maximum number 

of masses that could be installed was 1 big mass (15.5 kg) plus 1 small mass (3.6 kg). For the 

laterally configured shaker, up to 8 big masses were gradually added to each flywheel. For 

safety reasons (loosening of anchors and avoiding damage to the bridge), the output force of 

the shaker was limited to 60 kN. After the bridge experienced the highest dynamic force level, 

it was excited again for the final time by a shaker with 1 small mass to check whether the 

previous high force level testing had had any permanent effects on the dynamic 

characteristics. The testing programme for the vertical shaker is shown in Table 3.3 and the 

programme for the lateral shaker in Table 3.4. 

The entire testing campaign was completed within a few days, during which the weather 

conditions were stable. This, together with the large thermal mass of concrete, is believed to 

have largely avoided any possible influence of variations in temperature and humidity on the 

dynamic characteristics of the structure. 
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a)  b)  

Figure 3.14 Eccentric mass shakers: a) anchored to the bridge deck (shaker in the front is for vertical 

excitation and shaker at the back is for lateral excitation), and b) inside of shaker showing rotating 

masses on flywheels 

a)  b)  

Figure 3.15 GENSET 60KVA Power Generator: a) the view of outside the bridge near Abutment 1, 

and b) close view 

 

Figure 3.16 The detailed accelerometer layout of the typical longest span for EMST (all dimensions 

are in m) 
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a)  

 

b)  

 

Figure 3.17 Measurement station arrangements in EMST: a) the experimental testing nodes and 

numbering in vertical sweeping tests, and b) the experimental testing nodes and numbering in lateral 

sweeping tests 
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Table 3.3 Testing programme for vertical shaker 

Excitation 

direction 

Frequency 

range 

[Hz] 

Number of masses 

per shaft 

Mass-eccentricity 

[kg-m] 

Frequency 

increment 

[Hz] 

Holding 

time 

[s] 

Preliminary fast, wide band, large step sweep 

Vertical 0.0-10.0 1 small mass 0.245 0.1 20 

Series of detailed, narrow band, small step sweeps 

Vertical 2.80-3.40 1 small mass 0.245 0.01 60 

Vertical 2.80-3.40 1 big mass 0.918 0.01 60 

Vertical 2.80-3.40 1 big plus 1 small 

mass 

1.041 0.01 60 

Vertical 2.80-3.40 1 small mass 0.245 0.01 60 

Similar series of detailed tests for frequency ranges 3.56-3.96 Hz, 4.00-4.40 Hz, 4.50-4.90Hz, 

6.90-7.30 Hz, and 7.60-8.20 Hz 

 

Table 3.4 Testing programme for lateral shaker 

Excitation 

direction 

Frequency 

range 

[Hz] 

Number of masses 

per shaft 

Mass-

eccentricity 

[kg-m] 

Frequency  

increment 

[Hz] 

Holding 

time 

[s] 

Preliminary fast, wide band, large step sweep 

Lateral 0.0-10.0 1 small mass 0.245 0.1 20 

Series of detailed, narrow band, small step sweeps 

Lateral 1.60-1.95 1 small mass 0.245 0.01 60 

Lateral 1.60-1.95 1 big mass 0.918 0.01 60 

Lateral 1.60-1.95 2 big masses 1.633 0.01 60 

Lateral 1.60-1.95 3 big masses 2.296 0.01 60 

Lateral 1.60-1.95 4 big masses 2.806 0.01 60 

Lateral 1.60-1.95 5 big masses 3.316 0.01 60 

Lateral 1.60-1.95 6 big masses 3.724 0.01 60 

Lateral 1.60-1.95 7 big masses 4.286 0.01 60 

Lateral 1.60-1.95 8 big masses 4.592 0.01 60 

Lateral 1.60-1.95 1 small mass 0.245 0.01 60 

Similar series of detailed tests for frequency ranges 2.20-2.90 Hz, 3.20-3.9Hz, 6.20-

6.80 Hz, 7.4-8 Hz and 9-9.9 Hz 
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 Electro-dynamic shaker tests 3.4.4

Electro-dynamic shakers, which convert an input electrical signal into an alternating magnetic 

field that drives the shaker by using hydraulic actuators, were placed close by the position of 

the eccentric mass shakers. Two APS Dynamics Model 400 ELECTRO-SEIS® long stroke 

shakers with APS 0412 Reaction Mass Assembly were deployed together to excite the bridge 

in the vertical and lateral direction, respectively. In this configuration, the two shakers were 

synchronised and were able to provide sine excitation force peaking at 890 N in the 

frequency range 1Hz to 12Hz. The MEMS accelerometer arrangements and sampling rate 

were the same as those in the EMST.  

The shakers operating in the vertical and lateral direction are show in Figure 3.18. Because 

there are no previous reports on using electro-dynamic shakers to excite such large size multi-

span concrete motorway bridges, a special programme was designed as follows. Broad-band 

linear chirp excitation sweepings were performed firstly up to 10 Hz, with long excitation 

duration to avoid missing any potential vibration modes.  A series of narrow linear chirp 

excitation sweepings were subsequently implemented around each approximately identified 

resonant frequency, from 𝑓′ to 𝑓′ + 1 Hz (𝑓′ is the selected starting frequency in the narrow 

band sweeping), and a relatively long excitation duration of 1200 seconds was set.  

This excitation protocol allowed the structure to vibrate adequately as much as possible at 

every small frequency increment point, within a very narrow frequency sweeping band. It 

was predicted to be capable of exciting the relevant modes in the frequency range of interest, 

despite the weak forcing level and large size of the bridge structure. The detailed testing 

programme is shown in Table 3.5, and the linear chirp excitation signal is expressed as 

follows: 

                                                          𝑎 𝑡  𝑔𝑠𝑖𝑛 𝜔𝑡                                                         (3.2) 

                                                𝜔  2 * 𝑓1
′ − 𝑓0

′  
𝑡−𝑡0

𝑡1−𝑡0
+ 𝑓0

′+                                          (3.3) 

where  𝑎 𝑡  is the time history of linear chirp excitation signal; 𝑔 is the signal amplitude; 𝜔 is 

the circular frequency; 𝑓0
′ is the start frequency at the time of 𝑡0; 𝑓1

′ is the end frequency at 

the time of 𝑡1 in Hz. 
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a)  b)  

Figure 3.18 Electro-dynamic shakers operating: (a) in the vertical mode, and (b) in the horizontal 

mode 

Table 3.5 Testing programme for EDST 

Excitation 

direction 

Target  natural 

frequency  

[Hz] 

Sweeping 

frequency band 

[Hz] 

 

The number of  

electro-dynamic  

shakers   

Exciting 

duration 

[s] 

Slow, wide band, linear chirp sweeps 

Vertical − 2.5-10 2 3600 

Lateral − 0-10 2 3600 

Series of detailed, narrow band, linear chirp sweeps 

Vertical 3.18 (V1) 2.5-3.5 2 1200 

Vertical 3.91 (V2) 3.5-4.5 2 1200 

Vertical 4.19 (V3) 3.5-4.5 2 1200 

Vertical 4.79 (V4) 4.3-5.3 2 1200 

Vertical 5.66 (V5) 5.2-6.2 2 1200 

Vertical 7.15 (V6) 6.5-7.5 2 1200 

Vertical 7.92 (V7/T1) 7.4-8.4 2 1200 

Lateral 1.86 (L1) 1.3-2.3 2 1200 

Lateral 2.56 (L2) 2.1-3.1 2 1200 

Lateral 3.65 (L3) 3.2-4.2 2 1200 

Lateral 4.54 (L4) 4.3-5.3 2 1200 

Lateral 5.57 (L5) 5.2-6.2 2 1200 

Lateral 6.61 (L6) 6.2-7.2 2 1200 

Lateral 7.61 (L7) 7.2-8.2 2 1200 

Lateral 9.32 (L8) 8.7-9.7 2 1200 
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 Summary 3.5

A set of in situ vibration testing exercises, comprising ambient as well as purposely imparted 

dynamic loads, induced by jumping people, eccentric mass shakers and electro-dynamic 

shakers, were scheduled on a full-scale eleven-span concrete motorway bridge. The bridge 

structure characteristics and the development of an initial beam-element girder model are 

described in detail. Extensive field vibration testing programmes were designed based on the 

information from field inspections and preliminary FE analysis. The field dynamic testing 

provided the basis for subsequent investigations of amplitude-dependent modal properties, 

modal parameter identification and model updating, which will be presented in the following 

chapters.      
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  Chapter 4

Experimental investigation into 

amplitude-dependent modal properties 

of the bridge  

   

 Introduction 4.1

This chapter describes the experimental application of the response data of the tested eleven-

span motorway pre-stressed concrete off-ramp bridge to examine the effect of forcing and 

response amplitude on the variability of modal parameters of the bridge, as well as 

numerically assesses whether the observed amplitude dependence of modal frequencies 

would pose a challenge to the application of modal based damage detection techniques. As 

described in Chapter 3 the bridge was subjected to multiple dynamic tests with varying 

excitation levels by using eccentric mass shakers exerting forces in the vertical and lateral 

direction to collect/generate the response data. The outline of this chapter is as follows. 

Firstly, modal parameter identification using a series of frequency response functions 

constructed at different shaking levels with respect to each mode is explained. Secondly, the 

extracted values of forcing and response amplitudes and modal frequencies and damping 

ratios at different forcing and displacement levels are quantitatively evaluated. Next, the 

experimental modal properties at the lowest forcing level are compared with the numerical 

results obtained from the developed beam-element girder FE model of the bridge. The 

verified FE model is subsequently used to assess the levels of structural damage likely to 

have a similar effect on the natural frequencies as the amplitude dependence. Finally, a set of 

conclusions summarising this part of investigation are presented. 
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 Modal property extraction 4.2

The potential resonant frequencies within the 0.0-10.0 Hz frequency band of interest were 

identified using the PP method to give the power spectra of responses from the quick 

sweeping tests with a shaker equipped with one small mass (see section 3.4.3). Figure 4.1 

displays typical quick sweeping vibration responses from the mid-span measuring station 38 

located on the longest span (see Figure. 3.12a), during the vertical and lateral sweeps (Note 

these two types of sweeps were not conducted concurrently and are only superimposed in the 

figure to compare them and to save space). It can be seen in Figure. 4.1 how the sweeping 

excitation mobilises each mode in turn.  

 

Figure 4.1 Vertical and lateral acceleration responses recorded during preliminary, fast frequency 

sweeps 

The averaged normalised power spectral density (ANPSD) plots were used to detect the 

resonate frequencies on site. The ANPSD is defined as: 
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where kf  is the k -th discrete frequency (k=1, …, n), iPSD  is the auto-power spectrum of the 

i -th channel, and m is the total number of measurement channels (Felber and Ventura 1996). 

The ANPSD makes full use of the vibrational data from all the channels and while it does not 

have clear physical meaning, due to averaging the spectra from different channels, it enables 

quick identification of modal frequencies – an attractive alternative to examining a large 

number of individual spectra.  

Figures 4.2a and b show the ANPSD graphs for the vertical and lateral response data, 

respectively. From these plots, a total of six vertical, one mixed vertical-torsional and eight 
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lateral modes were identified, indicated in the figure respectively by symbols V, V/T and L 

and the mode number. The majority of modes were identified on site immediately after 

testing. However, some other modes with less clearly discernible peaks in the ANPSD plots, 

namely V5, L4 and L5, were confirmed only after more careful examination conducted off 

site. There was not enough time for such detailed analyses on site and only the clearest modes 

were pursued in the subsequent detailed sweeps. A high degree of similarity was found 

between the behaviour of the identified modes, and so the exclusion of the modes less 

strongly excited in the preliminary tests arguably had no consequences for the general 

conclusions.  

a)  

b)  

Figure 4.2 Averaged normalised power spectral densities: a) vertical response, and b) lateral response 

Table 4.1 lists all the modes identified from the preliminary tests. Mode coupling ratio is also 

included as in Table 3.1 in Chapter 3. Note the values in Table 4.1 were in fact determined 

from the detailed frequency sweeps using one small mass (i.e. the smallest force amplitude, 

see Tables 3.3 and 3.4 in Chapter 3), except for modes V5, L4 and L5 where the preliminary 

sweep data was used, but are reported earlier for completeness. The vertical modal 

component was determined by averaging the values from two accelerometers placed on the 

opposite sides of the deck, whereas the torsional component was reached by taking their 
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difference and dividing by two. There were no measurements taken at the deck edges during 

the lateral sweeps to allow for torsional component determination, so these values were 

extracted from the beam-element girder model of the bridge to complement the experimental 

information and are reported in parentheses.  

Table 4.1 Modes identified from preliminary sweeps and peak picking 

Mode 
Frequency 

[Hz] 

Mode coupling ratio 

V T L 

Vertical modes 

V1 3.18 1 0.03 0.08 

V2 3.91 1 0.03 0.08 

V3 4.19 1 0.16 0.07 

V4 4.79 1 0.17 0.13 

V5 5.66 1 0.41 0.35 

V6 7.15 1 0.06 0.09 

Mixed vertical-torsional mode 

V7/T1 7.92 

North of hinge 

1 0.09 0.21 

South of hinge 

0.02 0.57 0.08 

Lateral modes 

L1 1.86 0.26  (0.13)
*
 1 

L2 2.56 0.21 (0.21) 1 

L3 3.65 0.27 (0.09) 1 

L4 4.54 0.13 (0.15) 1 

L5 5.57 0.45 (0.32) 1 

L6 6.61 0.32 (0.17) 1 

L7 7.61 0.42 (0.23) 1 

L8 9.32 0.48 (0.19) 1 
*
 Values in () from FE model 

After the preliminary quick testing, a series of detailed, small-step frequency sweeps at 

different excitation levels were performed in the vicinity of the identified frequencies to 

accurately quantify the amplitude-dependent dynamic behaviour (see Tables 3.3 and 3.4 in 

Chapter 3).  

Figure 4.3 shows an example of steady-state acceleration response from a mid-span 

measuring station when sweeping around the frequency of mode V1, using a shaker with one 

big mass. A series of ladder-shaped steady state responses segments can be clearly observed 

in Figure 4.3, a. The excitation was very close to the resonant frequency around Time 2000 

sec. The characteristics of the forced response demonstrate good quality data with high 

signal-to-noise ratio, which is crucial for the reliable identification of modal properties. 
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Figure 4.3 Response due to detailed sweeping test around mode V1 

For each frequency step 𝑓 , an approximately 40 seconds long section of steady state 

acceleration response data was selected, and a sine wave was fitted to the experimental data 

using a least square error procedure. The frequency and amplitude of response were then 

obtained from the fitted sine wave. The acceleration amplitudes were converted to 

displacement amplitudes by dividing them by 4 𝑓2 . Furthermore, to account for the 

dependence of forcing amplitude on frequency (see Eq. 3.1), displacement amplitudes were 

further divided by 𝑓2. Standard FRFs in the displacement versus force format would usually 

require further division of the displacement amplitudes by 24 MR . However, this last 

normalisation step was skipped in order to better accentuate the changing response amplitude 

and frequency shifts in the FRF figures.  

As explained above, the displacement amplitudes obtained are plotted as functions of 

frequency (Figures 4.4 and 4.5) for the vertical and lateral modes respectively, using the data 

from the measuring station with the largest response for the corresponding mode to ensure the 

best signal-to-noise ratio and thus small identification errors. Note the displacement 

amplitudes for some modes are not shown because they were either not identified on site and 

therefore excluded from detailed testing as explained before (modes V5, L4 and L5), or poor 

quality data made reliable identification difficult (mode L3). Furthermore, for some other 

modes (L2, L6, L7 and L8) the testing programme had to be curtailed when strong bridge 

vibrations felt by the testing personnel led to concerns about inflicting damage to the bridge. 

Figures 4.4 and 4.5 show clear peak shifts to the left in the response curves, indicating the 

modal frequency of each vibration mode decreased with increasing shaking and response 

amplitude. However, compared with the vertical bending modes, the shifts in the lateral 

bending modes are clearer because a broader range of excitation force was applied. Based on 
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these response curves, the estimates of natural frequencies were obtained by finding the 

frequencies corresponding to the peak response magnitude, while damping ratios were 

determined by using the half-power method (Chopra 1995). Mode shapes were determined 

based on the normalised displacement amplitudes at the identified natural frequencies for all 

the measurement locations on the bridge. 

   

   

   

Figure 4.4 Displacement amplitudes as functions of frequency for vertical and vertical-torsional 

modes  
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Figure 4.5 Displacement amplitudes as functions of frequency for lateral modes 
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 Amplitude-dependent modal properties 4.3

Tables 4.2 and 4.3 list (respectively for the vertical and vertical-torsional, and lateral modes) 

the extracted values of forcing and response amplitudes and modal frequencies and damping 

ratios at different forcing and displacement levels. In order to better visualise the nonlinearity 

in the force-displacement relationships, the amplitudes of displacement were plotted versus 

forcing amplitudes for the vertical and vertical-torsional modes in Figure 4.6 and for the 

lateral modes in Figure 4.7. Simple power formulas of the general form 𝐹  𝐴  𝑑𝐵, where F 

is the forcing amplitude in kN, 𝑑 is the displacement amplitude in mm and 𝐴 and 𝐵 are fitting 

coefficients, were adopted to interpolate the observed relationships and their coefficients 

calculated via least squares fitting; these are also displayed in Figures 4.6 and 4.7. Note the 

power formulas respect the physical reality that there must be no displacement without 

forcing. It is clear that for the vertical and vertical-torsional modes the trends depart from 

straight line even in the relatively narrow range of the forcing amplitudes applied. For lateral 

modes L1, L2 and L6, a clear departure from straight line can also be seen. Some departure 

can still be discerned for modes L7 and L8, even with very limited testing points available. 

The relationships between the displacement amplitude and forcing amplitude indicate 

softening dynamic force-displacement characteristics of the structural system within the 

tested range. 

 

 

 

 

 

 

 

 

 

 



4. Experimental investigation into amplitude-dependent modal properties of the bridge 

70 

 

Table 4.2 Dependence of modal frequencies and damping ratios on forcing and response amplitude 

for vertical and vertical-torsional modes 

Mode Mass per shaft 

Force 

amplitude 

[kN] 

Displacement 

amplitude 

[mm] 

Modal 

frequency 

[Hz] 

Damping 

ratio 

[%] 

MAC
a
 

V1 1 small  0.95 0.20 3.17 0.99 − 

 1 big 3.55 0.76 3.16 1.63 0.99 

 1 big + 1 small 4.02 0.86 3.16 1.65 0.99 

 1 small (final) 0.95 0.19 3.17 1.05 0.99 

V2 1 small  1.41 0.12 3.85 0.66 − 

 1 big 5.25 0.56 3.84 0.79 0.99 

 1 big + 1 small 5.94 0.66 3.84 0.79 0.99 

 1 small (final) 1.40 0.13 3.85 0.71 0.99 

V3 1 small 1.64 0.08 4.16 0.56 − 

 1 big 6.14 0.40 4.16 0.65 0.99 

 1 big + 1 small 6.95 0.47 4.15 0.63 0.99 

 1 small (final) 1.64 0.10 4.16 0.57 0.99 

V4 1 small 2.14 0.03 4.75 0.56 − 

 1 big 7.99 0.16 4.74 0.56 0.99 

 1 big + 1 small 9.04 0.19 4.74 0.56 0.99 

 1 small (final) 2.14 0.04 4.75 0.55 0.99 

V6 1 small 4.83 0.10 7.14 1.46 − 

 1 big 17.96 0.53 7.11 1.59 0.99 

 1 big + 1 small 20.29 0.61 7.10 1.63 0.99 

 1 small (final) 4.83 0.10 7.14 1.50 0.99 

V7/T1 1 small 5.93 0.07 7.91 1.67 − 

 1 big 21.67 0.35 7.81 1.76 0.99 

 1 big + 1 small 24.48 0.41 7.76 1.85 0.99 

 1 small (final) 5.93 0.08 7.91 1.70 0.99 
a
 With respect to the lowest excitation level 
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Table 4.3 Dependence of modal frequencies and damping ratios on forcing and response amplitude 

for lateral modes 

Mode Mass per shaft 

Force 

amplitude 

[kN] 

Displacement 

amplitude 

[mm] 

Modal 

frequency 

[Hz] 

Damping 

ratio 

[%] 

MAC
a
 

L1 1 small 0.33 0.08 1.87 0.82 − 

 1 big 1.20 0.31 1.84 1.13 0.99 

 2 big 2.07 0.53 1.81 1.16 0.99 

 3 big 2.87 0.79 1.80 1.12 0.99 

 4 big 3.48 1.00 1.79 1.11 0.99 

 5 big 4.10 1.20 1.79 1.13 0.99 

 6 big 4.58 1.37 1.78 1.16 0.99 

 7 big 5.23 1.57 1.78 1.13 0.99 

 8 big 5.60 1.66 1.78 1.18 0.99 

 1 small (final) 0.33 0.08 1.87 0.88 0.99 

L2 1 small 0.62 0.05 2.56 1.27 − 

 1 big 2.27 0.22 2.53 1.85 0.99 

 2 big 3.93 0.47 2.49 1.82 0.99 

 3 big 5.49 0.72 2.49 1.74 0.99 

 4 big 6.70 0.85 2.48 1.82 0.99 

 5 big 7.85 1.07 2.47 1.83 0.99 

 6 big 8.73 1.15 2.46 2.03 0.99 

 1 small (final) 0.62 0.05 2.56 1.32 0.99 

L6 1 small 4.13 0.01 6.60 1.88 − 

 1 big 15.29 0.05 6.56 1.98 0.99 

 2 big 26.92 0.10 6.54 2.16 0.99 

 3 big 37.63 0.15 6.52 2.32 0.99 

 4 big 45.26 0.20 6.48 2.41 0.99 

 5 big 53.53 0.24 6.47 2.44 0.99 

 1 small (final) 4.13 0.01 6.60 1.91 0.99 

L7 1 small 5.56 0.01 7.66 1.74 − 

 1 big 20.75 0.03 7.64 2.00 0.99 

 1 small (final) 5.56 0.01 7.66 1.75 0.99 

L8 1 small 8.43 0.02 9.43 2.30 − 

 1 big 31.45 0.11 9.41 2.45 0.99 

 1 small (final) 8.42 0.02 9.43 2.31 0.99 
a
 With respect to the lowest excitation level 
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Figure 4.6 Displacement amplitude vs. forcing amplitude for vertical and vertical-torsional modes 
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Figure 4.7 Displacement amplitude vs. forcing amplitude for lateral modes 
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The trends in modal frequencies and damping ratios with increasing response amplitude are 

examined in Figures 4.8 – 4.11. For vertical and vertical-torsional modes (see Figure 4.8), the 

natural frequencies declined practically linearly with displacement amplitude in the tested 

range varying between 0.030 mm and 0.858 mm. (While there were only three data points 

available for each mode from which to draw trend lines, the required slopes at the right hand 

side end suggest straight lines rather than the concave curves used later for lower lateral 

modes). For the lower modes V1, V2, V3 and V4, the total frequency drops were small, at 

around 0.01 Hz (i.e. less than 0.35%). However, the higher modes V6 and V7/T1 exhibit 

larger total frequency drops in the tested response range of 0.041 Hz (0.6%) and 0.155 Hz 

(1.9%), respectively. These different sensitivities of modal frequencies to response amplitude 

are also visible in the linear formulas quantifying the dependence of frequencies on response 

amplitude, where the negative slopes vary between 0.02 Hz/mm and 0.43 Hz/mm and 

increase as one moves from the lower to higher modes. 

For the lateral bending modes (see Figure 4.9), the decrements of the natural frequency with 

the increasing response amplitude are more noticeable, and are generally non-linear. The 

range of displacement amplitudes varied between 0.008 mm and 1.660 mm, i.e. it was wider 

but still of the same order as for the vertical response range. The total decreases in frequency 

for modes L1, L2, L6, L7 and L8 within the tested response range were 0.09 Hz (4.8% or, 

when expressed in relation to the total response amplitude change, 0.06 Hz/mm), 0.114 Hz 

(3.7%, 0.09 Hz/mm), 0.133 Hz (2.0%, 0.57 Hz/mm), 0.019 Hz (0.25%, 0.73 Hz/mm) and 

0.021 Hz (0.22%, 0.24 Hz/mm) respectively. The comparison between different modes is the 

most meaningful when looking at the frequency changes in relation to the response amplitude 

changes. For modes L1, L2, L6 and L7, these values were between 0.06 Hz/mm and 0.73 

Hz/mm and showed an increasing trend as one moved from the lower to higher modes. Also, 

compared to the corresponding values for the vertical and vertical-torsional modes they were 

between two and three times larger. However, mode L8 had a lower value of 0.24 Hz/mm, 

which was also approximately in the middle of the values for the vertical and vertical-

torsional modes. Another obvious observation is that the frequencies of modes L1, L2 and L6 

initially decreased faster, but subsequently the rates of decrease gradually became slower 

with the increasing response amplitude. On the other hand, the interpolating curves became 

closer to straight lines as one moved from mode L1 to L2 to L6, as confirmed by both visual 

inspection of the plots, as well as the power coefficients of the frequency-displacement 

curves that gradually approach 1. 
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The damping ratios for the vertical and vertical-torsional modes are shown in Figure 4.10. All 

the values were within the 0.55% to 1.85% range, and there was an increasing trend for the 

larger response amplitudes. The fundamental vertical bending mode V1 had the largest 

increment, and the damping ratio for the response amplitude of 0.86 mm increased by 0.66% 

in absolute terms compared to the initial value. On the other hand, damping ratio of mode V4 

remained constant. The other vertical and vertical-torsional modes had intermediate absolute 

increments of around 0.15%. Linear trends were used to interpolate between the limited 

available experimental data; these had slopes between 0 and 1.1%/mm, with the majority of 

modes having slopes of 0.2 – 0.5%/mm. 

Similar to the frequencies, there were more data points available for the damping ratios of the 

lower lateral modes (see Figure 4.11). The rising damping levels with increasing response 

amplitude are obvious and the maximum increment for the lateral modes is 0.36%, 1.52%, 

0.56%, 0.25% and 0.15% for modes L1, L2, L6, L7 and L8, respectively. However, for 

modes L1 and L2 the damping ratio only rose for lower response amplitudes of less than 

approximately 0.25 mm, while remaining practically constant afterwards. Bilinear 

relationships were used to fit the available data points, with the slopes of the initial parts 

being 1.4%/mm and 3.4%/mm for L1 and L2 respectively. For mode L6, the damping ratio 

grew continuously and linearly with the response amplitude (slope 2.6%/mm), but 

experimental results were only available up to approximately 0.25 mm. While there is no 

direct experimental evidence, it can be hypothesised that the linear trend for low amplitudes 

actually observed for L6 confirmed the similar linear trends assumed for L1 and L2. It could 

also be expected that mode L6 damping ratio would plateau for larger response amplitudes. 

Modes L7 and L8 were only tested at two, relatively small values of response amplitude 

using linear interpolation. Mode L8 had an average slope of 1.7%/mm but mode L7 had the 

largest overall slope of 9.7%/mm. Given that the response amplitudes were small for these 

modes, it can be hypothesised that the available data points were within the linear damping 

ratio-response amplitude range observed for the remaining lateral modes. 

The question is how can the observed changes be physically explained? Both material and 

structural nonlinearities could be involved. The decreasing stiffness, which manifested itself 

in the softening dynamic force-displacement relationships (Figure 4.6 and 4.7) and falling 

natural frequencies (Figure 4.8 and 4.9), could be a result of the similar, well-known 

nonlinear force-displacement characteristics of concrete and fixed elastomeric bearings. 

Furthermore, at elevated response levels resistance in the hinge and sliding bearings could 
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gradually be overcome, resulting in a „looser‟ structural system. Likewise, the observed 

increases in damping ratios (Figure 4.10 and 4.11) could be a result of increased energy 

dissipation through friction at the hinge and bearings. In the case of damping, however, after 

a certain level of damping was reached no further increase occured, likely because all 

frictional mechanisms were already activated. It is important to recognise that the softening 

dynamic stiffness in fact indicated even larger decreases in the static stiffness. This is because 

the relationship between the modal displacement amplitude (Chopra 1995), d, modal force 

amplitude, p , modal damping ratio, ξ, and modal static stiffness, K, is:  

                                                                  
1

2 ξ

d

p K
                                                      (4.2)         

As can be seen in Figures 4.10 and 4.11 and Tables 4.2 and 4.3, the modal damping ratios 

never decreased and in some cases increased by as much as approximately 70%. The 

corresponding modal static stiffness drops had to overcome, by a certain margin, these effects 

of elevated damping. 

After having experienced the highest level of excitation, the bridge was again shaken using 

only one small mass attached to the shaker. The natural frequency and damping for each 

mode, and broadly across the entire FRFs were found to be practically identical to those 

registered when the bridge was initially tested at the same level of excitation (see Tables 4.2 

and 4.3 and Figures 4.4 and 4.5 where this case is indicated as „1 small mass (final)‟). This 

shows that the identified amplitude dependent nonlinearities did not relate to any 

irrecoverable damage to the bridge as a result of testing. The potential variability of mode 

shapes at different forcing levels was also checked by calculating the MAC with respect to 

the lowest level of excitation 
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                        (4.3)                        

where 𝜙𝑖and 𝜙𝑗are the two modal vector sets compared. The calculation was devised to 

provide a single numerical value indicating the correlation between mode shapes. Mode 

shapes with a MAC value equal to 1 represent a perfect correlation (i.e. linear dependence), 

whereas modes which are completely orthogonal (i.e. linearly independent) have 0 MAC 

value.   
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The MAC value results are listed in Tables 4.2 and 4.3. The MACs are all larger than at least 

0.995, which means the mode shapes stayed constant regardless of the level of excitation.  

      

   

   

Figure 4.8 Modal frequencies vs. displacement amplitudes for vertical and vertical-torsional modes 
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Figure 4.9 Modal frequencies vs. displacement amplitudes for lateral modes 
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Figure 4.10 Damping ratios vs. displacement amplitudes for vertical and vertical-torsional modes 
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Figure 4.11 Damping ratios vs. displacement amplitudes for lateral modes 
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 Comparison of experimental and numerical modal parameters 4.4

One of the main benefits of field vibration testing can be validation of numerical models to be 

used for structural performance and condition evaluation. On the other hand, correlating the 

experimental results with the eigenvalue/eigenvector pairs calculated from a mathematical 

model helps in the interpretation of, and increases confidence in, the modal properties 

identified from tests. Thus, physical testing and numerical modelling should be used hand in 

hand whenever possible, and inform each other.  

This section focuses on the comparison of the natural frequencies and mode shapes identified 

experimentally at the lowest excitation level (shaker with one small mass) with their 

counterparts derived from the FE model. The development of the 3D linear elastic beam-

element girder model of the Nelson St off-ramp bridge was covered in Section 3.3 of Chapter 

3.  The mode shape of each mode was compared in terms of vertical, lateral and torsional 

direction. Because the bridge is curved both vertically and horizontally, all the modes showed 

some degree of coupling between the three components. A comparison between the 

experimental and numerical modal frequencies and mode shapes is shown in Table 4.4 and 

mode shapes are displayed in Figures 4.12 and 4.13. A general trend can be seen for the 

natural frequency and mode shape differences between the experimental and numerical 

results to be relatively small for the lower modes, but to increase for the higher modes (Table 

4.4, a).  

It is evident there are big difficulties estimating higher modes from either measurements 

(even employing large mechanical eccentric shakers providing strong excitation), or FE 

predictions. One reason is higher modes may involve more complex vibration mechanisms 

governed by local material and structural characteristics, nonlinearities, and larger 

measurement errors (Zivanovic et al. 2005). The vertical modes had relatively lower 

frequency errors, less than 2.0%, compared to the vertical-torsional and lateral modes (up to 

32.7%), indicating that the FE model better captured the mass and stiffness distribution 

influencing vertical vibrations. This stiffness is overwhelmingly dependent on the girder 

stiffness and does not pose significant challenges in modelling. However, there appears to be 

a general systematic bias in all but one estimate of the lateral frequencies, and the numerical 

model yielded consistently larger values. It could be that soil and lateral bearing flexibility 

were ignored in the FE model, leading to its lateral „overstiffening‟. The MAC values of both 

the first three vertical and lateral modes and mode V6 are above 0.90, which shows a good 
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agreement. Amongst the remaining modes, V4 and L5 still had respectable MAC values of 

about 0.82, but V5, V7/T1, L6, L7 and L8 had MAC values of only between 0.47 and 0.74, 

indicating a less satisfactory outcome. The varying degrees of alignment between the 

experimental and numerical mode shapes are visually confirmed in Figures 4.12 and 4.13. 

Notable discrepancies include much larger experimental displacements north of the hinge for 

modes V2-V5, L5 and L7. However, because dynamic responses of bridge structures due to 

external excitation are generally dominated by the lowest modes, the good agreement 

between the experimental results of the lowest few modes and their numerical counterparts 

shows that the FE model can be considered adequate for practical engineering applications. 

Table 4.4 Correlation between experimental and numerical modal parameters 

Mode
a
 Frequency MAC 

Test 

[Hz] 

FE model 

[Hz] 

Error
a
 

[%] 

Vertical modes 

V1 3.171 3.133 -1.2 0.993 

V2 3.852 3.865 0.3 0.944 

V3 4.164 4.147 -0.4 0.928 

V4 4.750 4.762 0.3 0.817 

V5 5.640 5.526 -2.0 0.479 

V6 7.140 7.139 0.0 0.916 

Mixed vertical-torsional mode 

V7/T1 7.913 8.322 5.2 0.544 

Lateral modes 

L1 1.866 2.169 16.2 0.980 

L2 2.556 2.837 11.0 0.966 

L3 3.638 3.509 -3.5 0.906 

L4 4.487 4.666 4.0 0.723 

L5 5.570 5.868 5.4 0.819 

L6 6.602 7.464 13.1 0.737 

L7 7.660 9.015 17.7 0.528 

L8 9.430 12.513 32.7 0.628 
a
 With respect to experimental frequency 
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Figure 4.12 Experimental and FE model vertical and vertical-torsional mode shapes 
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Figure 4.13 Experimental and FE model lateral mode shapes 
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 Influence of amplitude-dependent natural frequencies on damage 4.5

detectability 

Since the amplitude dependence of modal properties has a similar influence on the modal 

frequencies as structural damage, it can make detecting true damage more challenging. Both 

false negative and false positive damage detection errors are possible if an accurate model for 

amplitude dependent effects is not available. It is of interest, therefore to explore how the 

detectability of different types and extents of damage can be affected. To that end, the FE 

model developed in the previous section was used to simulate the following two simple 

damage scenarios, shown schematically in Figure 4.14: 

 Scenario 1: A 20% reduction in the static vertical bending stiffness of a 2 m long 

girder segment in the middle of the longest span (between Piers 2 and 3); this type of 

numerical damage scenario could simulate cracking due to traffic overload or effects 

of advanced corrosion. 

 Scenario 2: A 30% reduction in the static lateral bending stiffness of 1.5 m long 

segments at the top and bottom of the highest pier, Pier 3; this type of numerical 

damage scenario could simulate pier damage due to seismic excitation. 

Table 4.5 shows the results of the simulations where the frequency drops caused by damage 

Scenarios 1 and 2 are compared to those due to the amplitude dependence of modal 

frequencies. Note that only the vertical and vertical-torsional modes were considered for 

Scenario 1, as the lateral modes were not strongly affected by the type of damage assumed in 

the scenario. Only lateral modes were considered for Scenario 2 for the same reason. The 

frequency drops in relation to the amplitude dependency were those corresponding to the 

largest level of response. It was beyond the scope of this preliminary assessment to ascertain 

if the bridge would indeed develop these levels of vibration, when subjected to the typical 

excitations (such as traffic or microtremors) it would normally be monitored under, that could 

cause these maximum frequency drops. Also, the influence of temperature, humidity and 

other factors was ignored, as was the effect of measurement noise on system identification 

results. 

With these limitations in mind, it can be seen that the level of damage assumed in Scenario 1 

would only cause frequency shifts in modes V1 and V3 with a margin of a factor of two 

compared to the amplitude dependent variations, whereas the frequency shifts would be less 

than the amplitude dependent changes for modes V2, V4, V6 and V7/T1. In Scenario 2, the 
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damage related change in the frequency of mode L1 barely exceeded 50% of the drop due to 

amplitude dependence. The other lateral modes had damage related frequency shifts 

significantly smaller than those due to the amplitude dependence. Thus, it can be concluded 

that amplitude dependent frequency changes were, if not properly modelled, of such an order 

as to make even significant damage challenging to discern. However, a more detailed study is 

required to confirm and quantify this preliminary conclusion. 

 

Figure 4.14 Numerical damage scenarios 

 

Table 4.5 Natural frequency change due to damage vs. due to response level and damage detectability 

Mode 

Frequency drop 

[Hz] 
 

Damage detection 

[Y/N] 

Scenario 1 Scenario 2 
Amplitude 

dependent 
Scenario 1 Scenario 2 

Vertical modes 

V1 0.026 − 0.011 Y − 

V2 0.009 − 0.012 N − 

V3 0.021 − 0.010 Y − 

V4 0.007  − 0.011 N − 

V6 0.039 − 0.041 N − 

Mixed vertical-torsional mode 

V7/T1 0.022 - 0.155 N − 

Lateral modes 

L1 − 0.048 0.090 − N 

L2 − 0.018 0.114 − N 

L6 − 0.006 0.133 − N 

L7 − 0.005 0.020 − N 

L8 − 0.003 0.021 − N 
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 Summary 4.6

The patterns of amplitude-dependent modal properties of a multi-span prestressed concrete 

bridge were experimentally studied by imparting a series of vertical and lateral frequency 

sweep excitations at different forcing levels using large-capacity eccentric mass shakers. 

Frequency response functions were constructed from the acquired vibration data and several 

vertical, mixed vertical-torsional and lateral modes were identified. In the tested forcing and 

response amplitude ranges, all the identified vertical, mixed vertical-torsional and lateral 

modes exhibited amplitude-dependent behaviour. The relationships between the dynamic 

forcing amplitude and response amplitude were found to have a softening character for all the 

identified modes. A general trend of decreasing natural frequencies with response magnitudes 

was also clearly identified and quantified. The rate of decrease of natural frequencies was 

observed to be generally higher for higher modes. Modal damping ratios were shown to 

increase initially with increasing response amplitudes. For several modes it was possible to 

continue the tests into a larger amplitude range, and then damping ratios stabilised at an 

elevated level. There was no clear pattern in the rate of damping ratio changes between 

modes. 

The model numerical frequencies and mode shapes obtained from the beam-element girder 

model created were compared with their experimental counterparts and a good agreement 

was noted for the lower modes, however more marked discrepancies occurred for the higher 

modes. The FE model was used in simple simulations to assess whether the observed 

amplitude dependence of modal frequencies would pose a challenge for the application of 

modal based damage detection techniques. The first numerical damage scenario assumed a 

20% reduction of stiffness in the middle of the main span and indicated that damage related 

frequency shifts of some vertical modes would be larger than those due to the amplitude 

effects. However, for other vertical modes the amplitude dependence could mask frequency 

drops due to damage. The second numerical damage scenario assumed a 30% reduction of 

stiffness at the top and bottom of the highest pier. This type and extent of damage caused only 

up to 50% of the frequency drop due to amplitude dependence in the most strongly affected 

first lateral mode. Thus the amplitude dependent effects can be seen as able to influence the 

bridge dynamics to a similar or even larger extent as significant and marked damage.  
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  Chapter 5

Effects of system identification 

techniques and excitation sources on 

modal parameter identification 

 

 Introduction 5.1

A large volume of data was collected through an extensive experimental programme 

conducted on an eleven-span motorway post-stressed concrete off-ramp bridge bridge, as  

described in Chapter 3. This chapter deals with the estimation of dynamic properties of the 

bridge structure based on the measured responses to different types of excitation, such as 

ambient sources, people jumping, broad-band linear chirp excitation induced by electro-

dynamic shakers, and harmonic forcing generated by rotating eccentric mass shakers. A range 

of system identification techniques which include both the frequency- and time-domain 

algorithms were used to extract natural frequencies, damping ratios and mode shapes from 

the dynamic responses to the different excitation sources. Two specific aspects are focused on: 

the performance of different system identification techniques in capturing the vibrational 

signal characteristics under different excitation sources is evaluated; and the feasibility and 

reliability of modal parameter estimation using vibration response to different excitation 

sources are studied through comparative analysis.  

The chapter is organised as follows. The theory and working scheme of the system 

identification techniques adopted are introduced. Next, a series of identification results 

obtained through different output-only techniques are presented, and comprehensive 

comparative studies, including the estimation accuracy and robustness, algorithmic efficiency, 

and computational costs are described. Finally, cross-validation of different excitation source 
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tests is reported, revealing their advantages and disadvantages for the process of modal 

identification. 

 

 Modal parameter identification methods 5.2

Experimental modal parameter identification of bridge structures involves the extraction of 

modal quantities (i.e. natural frequencies, damping ratios and mode shapes) from dynamic 

measurements. Generally, different system identification techniques need to be employed to 

gain reliable results, since in reality system identification is an inverse problem and can often 

be ill-posed or non-unique. In the present work, several modal parameter identification 

techniques commonly used in engineering were executed concurrently to recover the 

dynamic characteristics of the bridge from dynamic responses due to different excitation 

sources. The techniques used included frequency domain methods, the PP and FDD; and time 

domain methods, ERA, logarithmic decrement technique (LDT) (Magalhães et al. 2010) and 

SSI. A brief review of these system identification methods is conducted in the sections 

following. 

 Peak picking  5.2.1

The PP is considered to be the most popular method used in practical engineering exercises. 

It is based on the fact that the frequency response functions go through extremes around the 

natural frequencies. In the context of operational modal analysis, the frequency response 

function is replaced by the power spectral density (PSD) of the output-only data to identify 

the natural frequencies based on the following principle: The vibrational response at any 

location of a structure can be measured as displacement  𝑥 𝑡 , velocity �̇� 𝑡 , or 

acceleration  �̈� 𝑡 . The displacements of the structure can be expressed as a linear 

combination of the mode shapes:  

                              {𝑥 𝑡 }  {𝜑1}𝑦1 𝑡 + ⋯+ {𝜑𝑗}𝑦𝑗 𝑡 + ⋯ + {𝜑𝑛}𝑦𝑛 𝑡                       (5.1)   

where 𝑛 is the number of modes, 𝑦𝑗 𝑡  is the normalised coordinates of the 𝑗th mode in time 

domain, and {𝜑𝑗} is the mode shape of the 𝑗th mode. 

For convenient manipulation, Eq. (5.1) can be transferred into the frequency domain to yield: 

                               {𝑥 𝜔 }  {𝜑1}𝑌1 𝜔 + ⋯+ {𝜑𝑗}𝑌𝑗 𝜔 + ⋯+{𝜑𝑛}𝑌𝑛 𝜔                   (5.2) 
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where {𝑥 𝜔 } is the Fourier transformation of {𝑥 𝑡 }, and the  normalised coordinates 𝑌𝑗 𝜔  

of the 𝑗th mode in frequency domain are defined as: 

                                                        𝑌𝑗 𝜔  𝐻𝑗 𝜔  𝑗 𝜔                                                     (5.3) 

where  𝑗 𝜔  is the spectrum of 𝑗th modal force, and the FRF of the 𝑗th mode 𝐻𝑗 𝜔  is given 

by:  

                                                         𝐻𝑗 𝜔  
1

𝐾𝑗−𝜔2𝑀𝑗+𝑖𝜔𝜉𝑗
                                                (5.4) 

where 𝐾𝑗  is the 𝑗th modal stiffness, 𝑀𝑗  is the 𝑗th modal mass, and 𝜉𝑗  is the 𝑗th modal damping 

ratio. Using the fact �̈� 𝜔  −𝜔2𝑥 𝜔 , acceleration response �̈� 𝜔  in the frequency domain 

can be expressed as: 

                                             {�̈� 𝜔 }  −𝜔2 ∑ 𝜑𝑗𝐻𝑗 𝜔  𝑗 𝜔 𝑛
𝑗=1                                       (5.5) 

based on Eq. (5.2) and Eq. (5.3). 

According the assumption that the input is the white noise with input spectrum being flat, the 

spectrum of 𝑗th modal force  𝑗 𝜔  can be expressed as follows: 

                                                                      𝑗 𝜔  𝐿                                                        (5.6)                                    

where 𝐿 is a constant and Eq. (5.5) can be given by: 

                                                     {�̈� 𝜔 }  −𝜔2 ∑ 𝜑𝑗𝐻𝑗 𝜔 𝐿𝑛
𝑗=1                                       (5.7)        

                𝑆𝐷 𝜔  
1

𝑚
�̈� 𝜔 ∙ 𝑐𝑜𝑛𝑗(�̈� 𝜔 )  

1

𝑚
|�̈� 𝜔 |2  

𝜔4∙𝐿2

𝑚
|∑ 𝜑𝑗𝐻𝑗 𝜔 𝑛

𝑗=1 |
2
           (5.8) 

From Eq. (5.8), the auto spectral power spectral density  𝑆𝐷 𝜔  and the FRF 𝐻𝑗 𝜔  have the 

square relationship and therefore they have the same extreme points. Consequently, natural 

frequencies can be identified by reading the peak frequencies from the PSD 

functions  𝑆𝐷 𝜔 . Mode shapes can be obtained using the ratios of the PSD functions at the 

corresponding peak frequencies as follows: 

                                          𝜑𝑎𝑗  
𝑃𝑆𝐷𝑎 𝜔𝑗 

𝑃𝑆𝐷𝑏 𝜔𝑗 
, 𝝋𝑗  {𝜙1𝑗  ⋯ 𝜙𝑎𝑗  ⋯ 𝜙𝑚𝑗}

𝑇
                         (5.9) 

where 𝜑𝑎𝑗 is the 𝑗th mode shape component at point 𝑎, 𝜔𝑗 is the 𝑗th natural frequency, and 

 𝑆𝐷𝑎 and  𝑆𝐷𝑏 are the PSD functions of the measurement data at points 𝑎 and 𝑏; 𝑚  is the 

number of the measured stations. From Eq. (5.9) it can be seen that the PSD of the reference 

channel is set as the denominator.   𝑆𝐷𝑏(𝜔𝑗)  with low values tend to magnify the PSD 

estimation errors in the numerator. As a result, selecting the appropriate reference stations 

with power spectral energy strong for each mode is important to obtain good quality mode 

shapes.  
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Modal damping can be estimated using the well-known half power band width approach 

(Clough and Penzien 1975). However in the low frequency area, the error of calculated 

damping is relatively large even though the error of peak frequency value is slight. Moreover, 

when frequency resolution is not very high, interpolation is required to estimate damping for 

for this approach. Therefore, damping cannot normally be reliably obtained via the PP 

method. Finally, it should be noted that despite the simplicity and processing speed of the PP, 

the validity of the algorithm relies on the assumption of low damping and well-separated 

modes. 

 Frequency domain decomposition 5.2.2

FDD is based on the evaluation of the spectral matrix 𝑺xx 𝜔 , collecting the frequency-

dependent power cross-spectral densities of the experimental responses at different 

measurement points. Each measurement point selected as a reference corresponds to a 

different column, containing the cross spectra relating its single response to all the other 

measurement points, which correspond to different rows. If all the measurement points are 

retained as a reference point, 𝑺xx 𝜔  is the power spectral matrix of outputs. Denoting output 

response vector 𝒙  {𝑥1 𝜔 , 𝑥2 𝜔 ,⋯𝑥𝑚 𝜔 }𝑇, which is the vector collecting the frequency 

domain transforms of the 𝑚 output measuring, the spectral matrix is defined as follows: 

                     

1 1 1 1

2 1 2 2 2

1 2

2( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( ) ( )

m

m

m m m m

x x x x x x

x x x x x x

xx

x x x x x x
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S S S

S S S

   
 

   
   

 
    

S                            (5.10) 

where 𝑆𝑥𝑖𝑥𝑗
 𝜔  is the power spectrum between 𝑥𝑖 𝑡  𝑎𝑛𝑑 𝑥𝑗 𝑡 ; and 𝑥𝑖 𝑡  𝑎𝑛𝑑 𝑥𝑗 𝑡  is the 

collected response at point 𝑖 and point 𝑗, respectively. The relationship between excitation 

inputs and output response can be expressed in the frequency domain through the FRF matrix 

as follows: 

                                           𝑺𝑥𝑥 𝜔  𝑯 𝜔 𝑺𝐹𝐹 𝜔 𝑯 𝜔 ∗𝑇                                 (5.11)                                       

where ∗ 𝑇  denotes conjugate and transpose operations; 𝑺𝐹𝐹 𝜔  is the power spectral matrices 

of inputs; and 𝑯 𝜔  is the FRF matrix. 

The FRF matrix can be expressed in the form of residues/poles: 

                              𝑯 𝜔  ∑  
𝒂𝑖

𝑗𝜔−𝜆𝑖
+

𝒂𝑖
∗

𝑗𝜔−𝜆𝑖
∗ 

𝑛
𝑖  ∑  

𝛾𝑖𝝓𝑖𝝓𝑖
𝑇

𝑗𝜔−𝜆𝑖
+

𝛾𝑖
∗𝝓𝑖

∗𝝓𝑖
∗𝑇

𝑗𝜔−𝜆𝑖
∗  𝑛

𝑖               (5.12)                                
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where 𝑛  is the number of modes; 𝑎𝑖  and 𝜆𝑖  are 𝑖th complex residue and complex pole 

respectively; in which 𝑎𝑖  𝛾𝑖𝝓𝑖𝝓𝑖
𝑇 for light damping and 𝜆𝑖  −𝜉𝑖𝜔𝑖 + 𝑗𝜔𝑖√1 − 𝜉𝑖

2; 𝜔𝑖, 𝜉𝑖 

are the 𝑖th natural frequency and damping ratio, respectively; and 𝝓𝑖 , 𝛾𝑖  are the 𝑖th mode 

shape vector and scaling factor, respectively. 

If the inputs are uncorrelated white noise inputs, the input power spectral matrix of the inputs 

is diagonal constant one, 𝑺𝐹𝐹 𝜔  𝑑𝑖𝑎𝑔 𝑐1, 𝑐2 ⋯𝑐𝑛  and damping is light, one can obtain 

the output power spectral matrix at frequency 𝜔𝑖 decomposed modally as follows: 

                                     𝑺𝑥𝑥 𝜔  ∑  
𝑑𝑖𝝓𝑖𝝓𝑖

𝑇

𝑗𝜔−𝜆𝑖
+

𝑑𝑖
∗𝝓𝑖

∗𝝓𝑖
∗𝑇

𝑗𝜔−𝜆𝑖
∗  𝑛

𝑖                                        (5.13)                          

where 𝑑𝑖 is 𝑖th scalar constant. Expression of the output power spectral matrix in Eq. (5.13) 

can be used to decompose the output power spectral matrix. The output power spectral matrix 

has been orthogonally decomposed by using singular value decomposition (SVD) to obtain 

spectral eigenvalues and spectral eigenvectors: 

                                     𝑺𝑥𝑥 𝜔  𝛙𝑛 𝜔 𝚺𝑛 ω 𝛙𝑛 𝜔 ∗𝑇                                     (5.14)                                

where the diagonal matrix 𝚺𝑛 collects the real positive singular values in descending order 

and 𝛙𝑛 is a complex matrix containing the corresponding singular vectors as columns. 

The singular values, a function of the varying frequency, are assumed as a modal indicator. 

Under the assumptions of white noise excitation, low damping, and orthogonal mode shapes 

for close modes, the singular values of the spectral matrix are auto-spectral density functions 

of single degree of freedom systems with the same frequency and damping as the structure‟s 

vibration modes. Therefore, if only one mode is dominant at a certain frequency, the spectrum 

is expected to be well approximated by a rank-one matrix, corresponding to a local maximum 

of the highest singular value dominating the others. Thus, the peaks of the highest singular 

value curve in the frequency domain, allow the identification of the system frequencies, while 

the singular vectors at the peaks estimate the corresponding mode shapes. The method is also 

able to detect closely spaced modes, in which more than one singular value will reach a local 

maximum around the close frequencies. 

 Data-driven stochastic subspace identification 5.2.3

The SSI algorithms extract a state-space model in discrete time by using measured data 

directly. This model is a good representation of a linear-time-invariant structure system, 

which is represented by the following equations: 
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𝒙𝑘+1  𝑨𝒙𝑘 + 𝑩𝒖𝑘 + 𝒘𝑘 

                                                       
𝒚𝑘  𝑪𝒙𝑘 + 𝑫𝒖𝑘 + 𝒗𝑘   

                                             (5.15) 

where 𝑨, 𝑩, 𝑪 and 𝑫 are the discrete time state, input, output and direct transmission matrices 

respectively, whereas 𝒙𝑘  and 𝒚𝑘  are the state and output vectors and 𝒖𝑘  is the excitation 

vector; 𝑘 is the discrete time variable. Vectors 𝒘𝑘 and 𝒗𝑘 represent process and measurement 

noises, which are always present in real-life applications. The process noise is due to 

disturbances and modeling inaccuracies, whereas the measurement noise is due to sensor 

inaccuracy. It is difficult to determine accurately the individual process and measurement 

noise characteristics and thus some assumptions are required. Here the process noise 𝒘𝑘 and 

measurement noise 𝒗𝑘  are assumed to be uncorrelated zero-mean stationary white noise 

vector sequences. In the case of output-only system identification, it is impossible to 

distinguish the input term 𝒖𝑘 from the noise terms 𝒘𝑘 and 𝒗𝑘 in Eq. (5.15), since the input 

sequence 𝒖𝑘 remains unmeasured. Implicitly modeling the input term 𝒖𝑘 by the noise terms 

𝒘𝑘, and 𝒗𝑘 results in a purely stochastic system, as follows: 

   
𝒙𝑘+1  𝑨𝒙𝑘 + 𝒘𝑘  

 

                                                              
𝒚𝑘  𝑪𝒙𝑘 + 𝒗𝑘                                                    (5.16)                             

                                        

Thereafter, the identification involves two steps. The first step takes projections of certain 

subspaces calculated from input and output observations (in the block Hankel matrix), or the 

projection of the row space of the future outputs into the row space of the past outputs, to 

estimate the state sequence of the system. This is usually achieved by using QR-factorisation 

and SVD. In the second step, a least square problem is solved to estimate the system 

matrices 𝑨, 𝑩, 𝑪 and 𝑫. Then the modal parameters, i.e., natural frequencies, damping ratios 

and mode shapes, are found by eigenvalue decomposition (Alvin and Park 1994) of the 

system matrix 𝑨. It is noted that for the identification of mode shapes it was assumed that the 

bridge is a classically or proportionally damped system, i.e. its mode shapes are purely real.  

This assumption is commonly adopted for such structures and there is no reason to suspect it 

could be violated in any significant way in this case. (Exceptions could be, for example, 

strong soil-structure interaction or self-excited aerodynamic interactions – none of them are 

relevant in this case). In these complex modes of mode shape, the largest component is the 

real part, and imaginary part is very small and thus can be negligible. The accuracy of using 

equation 5.21 to handle the complex mode shapes for the case of the Nelson St. off ramp 

bridge is adequate. 



5. Effects of system identification techniques and excitation sources on modal parameter 

identification 

94 

 

                                                                 𝑨  𝝍𝑟𝜇𝛾𝝍𝛾
−1                                                   (5.17) 

                                                                 𝜇𝛾  exp 𝛬𝑟                                                     (5.18) 

The frequency 𝑓𝑟 , damping ratio  𝜉𝑟  and mode shape 𝝓𝑟 of the 𝑟𝑡 mode can be determined 

from complex eigenvalues (𝛬𝑟) and eigenvectors (𝝍𝑟) as: 

                                                                     𝑓𝑟  
|𝛬𝑟|

2𝜋
                                                          (5.19) 

                                                                   𝜉𝑟  
𝑅𝑒 𝛬𝑟 

2𝜋𝑓
                                                       (5.20) 

                                                        𝝓𝑟  |𝑪𝝍𝑟|𝑠𝑖𝑔𝑛[𝑅𝑒 𝑪𝝍𝑟 ]                                      (5.21) 

In practical exercises, the determination of the appropriate dimensions of the model order for 

the state-space model poses a challenge due to the following reasons: the limited number of 

samples and contamination of noise may render the assumption of linear estimation of the 

state-space model inaccurate; and the existence of residues of high singular values should 

theoretically be zero but is not the case in practical analysis. One simple way to address this 

difficulty is trying an order number that is much higher than double the number of the 

physical modes in the considered frequency range. Although the relatively high order of the 

state-space model can conservatively offer less information leakage of vibration parameter 

estimations, it introduces noisy modes that may lead to false modal identification.  To aid in 

discriminating spurious modes from correct SSI results, stabilisation diagrams, in which a 

series of modal parameters identified from a set of models with different orders are drawn 

together, are widely used. The presentation of natural frequencies on the horizontal axis and 

model orders on the vertical axis allows for a judgment of the physical modes which are 

consistently identified at the same frequency, with increasing model orders forming a vertical 

line of stable poles. The frequencies found consistently to have the highest number of orders 

are most likely corresponding to the physical modes, while those appearing at scattered 

orders are regarded as numeral modes. 

 Eigensystem realisation algorithm  5.2.4

ERA uses the concept of minimum realisation, which originates from the Ho–Kalman method 

(Kalman and Ho 1965) further developed by Juang and Pappa (1985), to identify a system 

model with the smallest state dimension that holds an equivalent relationship with the real 

system. The implementation of ERA is based on the singular value decomposition of the 

Hankel matrix associated with the impulse or free vibration response of the system. The 

matrices of state-space model in discrete time are then determined and the modal parameters 
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of the system obtained from the state-space matrices. Considering the discrete-time state-

space representation of the systems represented in Eq. (5.15), in the case of a free vibration 

with an impulsive excitation at the beginning, i.e.,  𝒖0  1, 𝒖𝑘     𝑘  1,2,⋯  ,  the 

observation vector 𝒚𝑘  can be obtained as a Markov process, as follows: 

                                                                   𝒚𝑘  𝑪𝑨𝑘−1𝑩                                                  (5.22) 

The  𝑚  𝑠  𝑠  Hankel matrix is then formed by overparameterizing Markov parameters to 

compensate the rank deficiency as: 
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where 𝑠 is the integer that determines the size of the Hankel matrix. To extract an estimate of 

the system‟s matrices, the Hankel data block matrix,
s

H 0 , is decomposed using singular value 

decomposition (SVD) for  𝑘  1: 

                                        𝑯0
𝑠  𝑼𝚺𝑽  [𝑼𝑞 𝑼𝑝] [

𝚺𝑞 𝟎

𝟎 𝚺𝑝
] [

𝑽𝑞
𝑇

𝑽𝑝
𝑇]                                    (5.24) 

The singular value decomposition is partitioned according to the selected number 𝑞 of the 

largest singular values as shown in Eq (5.24), in which the diagonal matrix 𝚺 is split up into 

two diagonal sub matrices:  𝚺𝑞 and 𝚺𝑝 . 𝚺𝑞  contains the 𝑞  largest singular values 

(corresponding to the order of the realised system) and remaining 𝑝 smallest singular values 

(corresponding to computational errors or noise) respectively. The size of the singular value 

matrix 𝜮q  is determined by considering the condition 

that  min 𝑑𝑖𝑎𝑔 𝚺𝑞  > max 𝑑𝑖𝑎𝑔 𝚺𝑝 ≈   . The truncated matrices,  𝑼𝑞 , 𝚺𝑞  and 𝑽𝑞
𝑇 , are 

used to estimate the state-space matrices for the discrete-time structural model, as follows: 

                                                   𝑨  𝚺𝑞
−1/2

𝑼𝑞
𝑇𝑯1

𝑠𝑽𝑞𝚺𝑞
−1/2

                                                (5.25) 

                                                          𝑪  𝐄𝑙
𝑇𝑼𝑞𝚺𝑞

1/2
                                                          (5.26) 

in which 𝐄𝑙
𝑇  [𝐈 𝑙 𝟎] and 𝐈 𝑙  𝑙  𝑙 is unit matrix, 𝑙 is the number of measured channels. 

Based on matrices 𝑨 and 𝑪, the modal parameter (natural frequencies and damping ratios) 

𝑁  𝑞/2  vibration modes can be obtained as: 

                                                            𝜔𝑖  |ln 𝜂2𝑖−1 /Δ𝑡|                                              (5.27) 

                                  𝜉𝑖  −cos  𝑎𝑛𝑔𝑙𝑒 ln 𝜂2𝑖−1   ,       𝑖  1,2,⋯ , 𝑁                (5.28) 
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where 𝜂𝑖 is 𝑖th eigenvalue of matrix 𝑨 and Δ𝑡 is sampling time. It should be noted that 𝜂2𝑖−1 

and 𝜂2𝑖  ( 𝑖  1,2,⋯ , 𝑁  are complex conjugate pairs of eigenvalues, with each pair 

corresponding to a vibration mode, i.e. the frequency and damping ratio obtained from 

𝜂2𝑖−1 are that same as those obtained from 𝜂2𝑖.  The vibration mode shapes are obtained as: 

                                                                𝜙𝑖  𝑪 ∙ 𝑻2𝑖−1                                                     (5.29) 

where 𝑻𝑖  denotes the 𝑖th eigenvector of matrix 𝑨. Similarly, 𝑻2𝑖−1 and 𝑻2𝑖 , (𝑖  1,2,⋯ ,𝑁  

are complex conjugate pairs of eigenvectors; each pair corresponds to a vibration mode. 

 Logarithmic decrement technique 5.2.5

LDT is a very convenient way to directly estimate modal damping from the free vibration 

response of a single mode by fitting an exponential function to the relative maxima or 

minima. The amplitude logarithmic decrement and the damping ratio of 𝑖th  mode are 

estimated from its measured freed functions, as follows: 

                                                         𝛿  
1

𝑗
𝑙𝑛

𝑋𝑘

𝑋𝑘+𝑗𝑇
 

2𝜋𝜉

√1−𝜉2
                                              (5.30) 

                                                             𝜉  
𝛿

√4𝜋2+𝛿2
≈

𝛿

2𝜋
                                                   (5.31) 

where 𝛿 and 𝜉 are logarithmic decrement and damping ratios respectively; 𝑋𝑧 and 𝑋𝑧+𝑗𝑇 are 

amplitudes at 𝑧 and 𝑧 + 𝑗𝑇  wave cycles; and 𝑇 is the natural period. 

 

 Comparison of modal identification results among different 5.3

identification algorithms 

In this section, for the each of the excitation sources described in Chapter 3, the separate 

system identification techniques described in section 5.2 are applied to the acceleration 

records to identify the dynamic properties of the bridge, i.e. vibration frequencies, associated 

damping ratios and mode shapes. Based on the identification results, an extensive 

comparative analysis is conducted to probe into the performance of different system 

identification techniques for each excitation source case.   

 Ambient and broad-band linear chirp excitation cases 5.3.1

In AVT, excitation measurement is not available and in ESDT, the input force of the electro-

dynamic shakers were not measured. As a result, three output-only identification methods, 

namely PP, FDD and SSI, were executed independently to extract the modal parameters in 
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the frequency band of interest. For AVT, testing in four setups was conducted to cover 188 

positions along the bridge spans, and an independent identification was performed with each 

setup dataset. As a result, every setup yielded independent information about natural 

frequencies, modal damping coefficients and a part of the mode shapes. The final estimates of 

the natural frequencies and damping ratios were obtained by averaging the values provided 

by different setups and, at the same time, their standard deviations were calculated based on 

results from the four setups to measure how widely values were dispersed from the average 

value. The mode shape segments were glued by using the common reference sensors 133, 

because the response of each mode from this reference sensor located at the hinge is strong 

enough for the subsequent modal parameter identification.  In contrast, only one setup over 

the whole bridge length was implemented in EDST, and so the obtained modal parameters 

provide a global estimation. A MATLAB based system identification toolbox was developed 

at the University of Auckland (Beskhyroun 2011) to deal with the large volume of 

acceleration data collected from the testing. 

It is widely accepted that pre-processing of the measurement data, which involve operations 

such as trend removal, filtering and decimation, leads to more accurate identification results 

(Hu et al. 2010). Accordingly, several signal processing operations were adopted to clean the 

noisy raw data prior to operational modal analysis. The measured acceleration records were 

first plotted in the time and frequency domains channel by channel, so that unreliable or non-

functioning channels could be identified and discarded from further processing and analysis. 

The measurement signals were de-trended which involves computing the least-squares fit of a 

straight line to the data and subtracting the resulting function from the data. The natural 

frequencies of the dominant modes of interest in this study were below 10 Hz, which is much 

lower than the Nyquist frequency corresponding to the sampling frequency adopted on site. 

Decimation was applied for down-sampling the data with a sixfold decrease in data size for 

AVT, and threefold decrease for EDST. After decimation, the modal identification algorithms 

ran much faster due to the substantial reduction in data size. The data was subsequently 

filtered by a 5th order digital Butterworth band pass filter, with the cut-off frequencies at 0.5 

and 11 Hz to reduce the low and high frequency components embedded in the data that would 

adversely affect further data processing. It was noted that it was better not to let the bounds 

value chosen for filtering approach the frequency value of potential vibration modes too 

closely. Otherwise, the signal characteristic of corresponding modes could be weakened by 

the filter.  For example, the frequencies of the lowest and highest modes of interest for the 



5. Effects of system identification techniques and excitation sources on modal parameter 

identification 

98 

 

tested bridge were around 1.8 Hz and 9.3 Hz based on pilot testing analysis, and filtering 

within the band of 0.5-11 Hz enabled more than 1 Hz margin on either side.  

Figure 5.1 shows the typical recorded acceleration time history during AVT, from the mid-

span measuring station 116 located on the longest span (see Chapter 3, Figure. 3.9b). After 

pre-processing the data, clearer signal characteristics were able to be represented due to 

elimination of unwanted high frequency noise. By inspecting the maximum acceleration 

response (denoted with the red circle), the vertical peak acceleration value 0.018 𝑚/𝑠2 is 

seen to be a little higher than the lateral one of 0.012 𝑚/𝑠2. But both of them are very small 

indicating the weak excitation characteristics.  

In the application of PP, the ANPSD, defined in Section 4.2 of Chapter 4, was used to spot the 

resonance frequencies of potential corresponding vibration modes. Figure 5.2 shows ANPSD 

of output sensor data from measuring stations of setup 2 in AVT. The auto PSD calculated in 

ANPSD was generated using the Welch‟s method (Welch 1967).  For the analysis shown, 

1024-point segment sampled at 26.7 Hz and the Hamming windowing (Maia and Silva 1997) 

with 50% segment overlap were used.  

The frequency content signature pattern in the ANPSD graphs shows that four and eight 

relatively clear peaks were detected in the vertical and lateral directions respectively. The 

frequency range of the excited vertical modes lies between 3 to 6 Hz, and 1.5 to 10 Hz for the 

lateral modes. When just considering the frequency band of interest within 10 Hz, it can be 

inferred that the dominant frequency contents of the excitation sources of wind, wave 

propagation from vehicles traveling on the motorway sections adjacent and underneath the 

bridge lay in the range 3-6 Hz vertically and 1.5-10 Hz laterally. The ANPSD graphs also  

show that the spectral amplitude at vertical modes 3.17 Hz and 4.13 Hz, and lateral modes 

1.88 Hz and 2.62 Hz were relatively low. This shows that the corresponding external 

excitation energy at these frequency points was weak, and although these natural frequencies 

can be identified, their corresponding mode shapes were not necessarily able to be excreted.  

More system identification approaches were needed to corroborate whether their mode shape 

could be successfully identified.  

Figure 5.3 displays the typical acceleration time series collected in EDST at the mid-span 

measuring station 38 of the longest span (Chapter 3, Figure. 3.12a). Again pre-processing 

operations produced better response data for subsequent modal identification by reducing 

noise. The peak acceleration response in the vertical direction was 0.03 𝑚/𝑠2, almost two 
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times that for AVT. On the other hand, the lateral maximum response was nearly the same 

compared with that in AVT. It is inferred that excitation capability in the lateral direction 

provided by electro-dynamic shakers was small compared with that from ambient sources.  

The excitation energy in the vertical direction was much less that in the lateral direction in 

AVT as the equivalent excitation energy in the vertical direction provided by electro-dynamic 

shakers caused a great increase of peak acceleration response.  

Figure 5.4 displays the ANPSD graphs created by using responses from all measuring 

stations in EDST. It shows that two more peaks with relatively high frequencies (4.77 Hz and 

7.11 Hz), and two clearer peaks with large spectral amplitude in the low frequency range 

(1.87 Hz and 2.58 Hz) were  detected in comparison with the results for AVT. It is evident 

the electro-dynamic shakers provided extra excitation energy vertically in the higher 

frequency band, and enhanced the lateral excitation energy in the low frequency band. 

a)  

b)  

Figure 5.1 Ambient response data from the mid-span measuring station 116 of the longest span: a) in 

the vertical direction, and b) in the lateral direction 
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a)  

b)  

Figure 5.2 Averaged normalised auto power spectral densities base on the response of measuring 

stations of setup 2 in AVT: a) in the vertical direction, and b) in the lateral direction 
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a)  

b)  

c)  

Figure 5.3 Linear chirp sweeping response data from the mid-span measuring station of the longest 

span: a) broad band sweeping 2.5-10 Hz in the vertical direction, b) broad band sweeping 0-10 Hz in 

the lateral direction, and c) narrow band sweeping around 1.9 Hz 
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a)  

b)  

Figure 5.4 Averaged normalised auto power spectral densities based on the response of measuring 

stations in EDST: a) in the vertical direction, and b) in the lateral direction 

In the application of the FDD methods to the bridge structure being investigated, the auto-and 

cross-spectra were calculated based on Welch's method using 38.5 s long (1024-point) 

segments, which resulted in a frequency resolution of    26  Hz. The Hanning window was 

used to minimise spectral leakage. In addition, 50% overlaps between the neighbouring data 

segments were allowed, as applying a window overlooks the contribution of the beginning 

and end data in a segment.  
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SSI was implemented with a Hankel matrix of size 50 and system order between 2 and 100 to 

produce stability diagrams.  The algorithm divided the entire frequency range tested (0-10Hz) 

into 0.2 Hz bands, and the generated poles were compared within each band. If two 

consecutive poles within ±0.1 Hz of the singular value had a change in frequency within 1%, 

change in damping within 20% (a looser criterion was used for damping due to its relatively 

large variability), and the modal assurance criterion value was greater than 0.90, both poles 

were kept and averaged. If the poles did not meet these criteria, the first pole was discarded 

and the second pole was compared to the subsequent one. These series of comparisons were 

continued until all the stable poles in the frequency range of interest had been identified and 

averaged. Those bands with the most stable poles were considered to contain true modes, and 

the resulting mode shapes and natural frequencies are the combination of several stable poles.  

The application of FDD and SSI techniques to AVT vertical data series led to the 

identification of two and three vibration modes respectively, in the frequency range of 0-10 

Hz. The results of natural frequency identification can be summarised through the plots of 

Figures 5.5a and b, showing the first singular value (SV) curve of the spectral matrix and 

stabilisation diagrams obtained by applying the FDD and SSI techniques respectively. Figure 

5.5a clearly highlights that FDD techniques provided a clear indication of the bridge modes 

through well-defined local maxima in the first SV graph. Figure 5.5b shows the alignment of 

the stable poles in the stabilisation diagram of the SSI method, providing a clear indication of 

these modes as well. However one more mode around 5.6 Hz was found by SSI, which could 

indicate that SSI can capture vibration modes that may possibly have been missed by the 

FDD method in the weak excitation conditions.  

Similarly, FDD and SSI techniques were implemented on AVT lateral data, EDST vertical 

and lateral data. The corresponding first SV graphs and stabilisation diagrams are displayed 

in Figures 5.6a and b, Figures 5.7a and b and Figures 5.8a and b, respectively. These figures 

show the correspondence of the natural frequency estimates between the two techniques, with 

the resonant peaks of SV curve being placed practically at the same frequencies as the 

vertical stable poles. However, compared with AVT, more vibration modes were excited in 

EDST due to the stronger excitation level, as evidenced by the appearance of more peaks and 

more vertical stable pole lines in the SV graphs.  
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a)  

b)  

Figure 5.5 Modal parameter identification based on AVT vertical data: a) FDD first singular value 

curve, and b) SSI stabilisation diagram 
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a)  

b)  

Figure 5.6 Modal parameter identification based on AVT lateral data: a) FDD first singular value 

curve, and b) SSI stabilisation diagram 
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a)  

b)  

Figure 5.7 Modal parameter identification based on EDST vertical data: a) FDD first singular value 

curve, and b) SSI stabilisation diagram 
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a)  

b)  

Figure 5.8 Modal parameter identification based on EDST lateral data: a) FDD first singular value 

curve, and b) SSI stabilisation diagram 
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Table 5.1 and Table 5.2 list the identified natural frequencies and damping ratios, where the 

vertical and lateral modes are indicated respectively by symbols V and L and the mode 

number (note that only the modes for which both the natural frequencies and mode shapes 

could be recovered are listed). For AVT, the identified natural frequencies and damping ratios 

from each setup are referenced in Table B.1 of Appendix B.  The frequency differences 

between the different methods were generally small and had small standard deviations. It is 

evident that both frequency domain methods PP, FDD and time domain method SSI were 

able to yield mutually consistent natural frequency estimations from either AVT or EDST, and 

the natural frequency results are of high reliability. However, computationally PP is much 

faster and preferable for using on site to quickly estimate the overall dynamic characteristics 

of structures. The damping ratio was identified with SSI and a significant scatter of the modal 

damping ratio for AVT can be observed in the 0.2% to 0.5% range found for standard 

deviation. It is clear that the estimate of this parameter is associated with high uncertainty, 

possibly due to a combination of factors such as the nonstationarity of the excitation process, 

identification algorithms, and presence of noise.  

Table 5.1 Mean and standard deviations (in parentheses) of the identified natural frequencies and 

damping ratios identified from AVT 

Mode
a
 

AVT 

Natural frequencies [Hz] Damping ratio [%] 

PP FDD SSI SSI 

V1 3.22(0.02) 3.17(0.01) 3.19(0.01) 1.7(0.4) 

V2 3.83(0.01) 3.83(0.01) 3.82(0.01) 0.7(0.2) 

 

 

V5 − − 5.56(0.02) 3.2 (0.4) 

 

 

 

L3 3.72(0.05) 3.72(0.02) 3.65(0.04) 2.1(0.5) 

 
L4 4.50(0.03) 4.50(0.02) 4.49(0.03) 2.2(0.3) 

L5 5.57(0.02) 5.59(0.02) 5.58(0.03) 2.0(0.4) 

L6 6.60(0.03) 6.61(0.03) 6.63(0.04) 2.3(0.4) 

L7 7.61(0.05) 7.61(0.04) 7.68(0.02) 2.7(0.3) 

L8 9.30(0.04) 9.30(0.05) 9.38(0.03) 1.7(0.3) 
      a 

V- vertical bending mode; L-lateral bending mode 
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Table 5.2 Natural frequencies and damping ratios identified from EDST 

Mode
a
 

EDST 

Natural frequencies [Hz] 

 

 

 

 

Damping ratio [%] 

PP FDD SSI SSI 

V1 3.17 3.17 3.17 0.9 

V2 3.87 3.87 3.87 1.0 

V3 4.18 4.18 4.18 0.7 

V4 4.78 4.77 4.73 6.5
b
 

V5 5.63 5.63 5.65 3.8
b
 

V6 7.15 7.15 7.16 1.0 

L1 1.88 1.88 1.85 0.9 

L2 2.58 2.58 2.57 1.1 

L3 3.63 3.71 3.62 1.1 

L4 4.47 

 
4.53 4.50 1.4 

 L5 5.50 5.50 5.50 1.6 

 L6 6.72 6.64 6.70 1.4 

 L7 7.62 7.66 7.67 1.3 

 L8 9.41 9.38 9.42 0.8 

 
              a 

V- vertical bending mode; L-lateral bending mode 

           
b 
Not a reliable estimate; the MAC between FDD and SSI is relatively low (see Figure5.10)  

Mode shape is the indispensable identification component in vibration testing, providing both 

global as well as more local information for understanding the dynamic behaviour of 

structures in comparison with natural frequency. The corresponding mode shape consistency 

for different identification algorithms was evaluated with MAC, and the identified mode 

shapes for AVT (Tables B.2 – B.4) and EDST (Tables B.6 – B.10) are shown in Appendix B. 

Figure 5.9 presents a visual comparison of the MAC value results. It is clear that the highest 

MAC values (most of them are above 0.9) are for the correlation between FDD and SSI, 

meaning FDD and SSI yielded the most mutually similar mode shape estimates. The MAC 

values of PP/SSI and PP/FDD for the mode V2 (Figure 5.9a) and modes V1, V3, V4, V5, and 

V6 (Figure 5.9b) are not shown because they were low (below 0.2). This reflects the fact that 

PP was not able to give the right mode shape estimates for these modes, even though the 

modes from the tested bridge structure were well separated. On the other hand, FDD and SSI 

were more powerful in accurately extracting the mode shapes as they employ robust 
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numerical techniques, such as QR-factorisation (resulting in a significant data reduction), 

singular value decomposition (separating noisy data from disturbance caused by un-modelled 

dynamics and measurement noise) and least squares fitting. 

The MAC graphs also show relatively low MAC values between FDD and SSI for modes V4 

and V5 (Figure 5.9b).Their full mode shapes are shown in Figure 5.10 and also indicate 

unsatisfactory agreement between the two methods. The MAC values and mode shapes imply 

that the credibility of these modes identified from vibration tests tends to be weak. The 

possible explanation is that there was not enough external input provided by EDST to 

strongly excite these modes.  

 

 

Figure 5.9 Mode shape correlation between PP, FDD and SSI: a) AVT, and b) EDST 
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Figure 5.10 Unreliable identification of mode shape cases in EDST 

The following comparative analysis was conducted to study the detailed performance of FDD 

and SSI in terms of mode shapes. For AVT, MAC values obtained from FDD and SSI for 

modes L3, L4, L5, L6, L7, L8 were very high (over 0.95), as shown in Figure 5.9a, which 

indicates very high correlation of the identified modes.  Similarly, for EDST, the MAC values 

in Figure 5.9b for modes L1 to L8 are also very high (over 0.88). However, because MAC is 

a global correlation measure, more detailed local comparisons between the mode shapes 

identified from the different identification techniques were also carried out using data from 

the high density sensor grid set up on the bridge deck for this research. To that end, full views 

of the identified mode shapes are displayed in Figure 5.11 and Figure 5.12 for visually 

comparison of the smoothness of the vibration mode shapes. It is evident that for both AVT 

and EDST, the identified mode shapes from SSI were typically smoother than those from 

FDD. This is especially clear for mode L3 under AVT; SSI gave much better identified 

results without the discontinuity seen in the FDD results. It was demonstrated that SSI is 

more robust for dealing with in-situ dynamic testing data with noise disturbance from weak 

excitation source measurements.  The mode shapes identified by SSI were based on 

averaging several stable poles from the approximate system state-space models with different 

dimensions and therefore provided smoother identification outcomes. However, because the 

SSI technique normally requires a significantly high computational load and is therefore time 

consuming, it is more appropriate to carry out SSI for detailed analysis off site to obtain 

quality mode shapes. The nonparametric FDD method, which is less computationally 

demanding compared to the SSI method, could be beneficial for gaining a quick first insight 

into the identification problem to guide the setting of the analysis parameters in the SSI 

algorithm. 
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Figure 5.11 Comparison of full mode shapes from AVT 
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Figure 5.12 Comparison of full mode shapes from EDST 

 Jumping excitation case 5.3.2

For JT, ERA and SSI were used to extract the modal parameters of the first two vertical 

vibration modes from free vibration response, and LDT was also used for modal damping 

estimation. Because jumping was repeated three times for each setup, an independent 

identification was conducted for the recorded data of each jumping test. The modal 

parameters of each setup were determined according to the jumping data which yielded the 

best quality mode shapes (the smoothest mode shape curve).  
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Figure 5.13 shows a typical recorded time series when jumping was undertaken at Location 1, 

(see Figure 3.10 in Chapter 3) from the mid-span measuring station 116 of the longest span 

between Pier 2 and Pier 3. As shown in Figure 5.13, the first three readings are for jumping at 

3.2 Hz and the last three readings for jumping at 3.8Hz. The free vibration response denoted 

by the rectangle with dotted line in Figure 5.13 is an example of the type of response used to 

extract the modal parameters of the bridge. As for the preprocessing of the free vibration data, 

only trend removal was applied. The peak response amplitude of the first three readings 

reached a relatively high value of 0.47 𝑚/𝑠2, while the peak response amplitude of the last 

three readings was less than half that of the first threes ones. This is consistent with the 

observed phenomenon: the people involved in the experiment could feel remarkable vertical 

vibration of the bridge girder at 3.2 Hz but only weak vertical vibration response at 3.8 Hz 

when jumping at Location 1. On the other hand, when jumping at the second location, notable 

vertical vibration of the bridge girder could be felt at 3.8 Hz, but relatively week vertical 

vibration response at 3.2 Hz. The phenomena described above are in accordance with the 

mode shape identification results where the vertical bending mode shape around 3.2 Hz 

showed large values north of the hinge, while the vertical bending mode shape  around 3.8 Hz 

showed large values south of the hinge. 

 

Figure 5.13 Typical acceleration time series collected from the mid-span measuring station of the 

longest span in JT 

No pre-processing operations were conducted on the free vibration data used for modal 

parameter identification.  As with AVT and EDST, the same criteria for judging stable poles 

were used for SSI. Dimension 50 was used to construct the Hankel matrices in both ERA and 

SSI. For the implementation of LDT, the exponential function was fitted to the extremes of 
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the free vibration time series truncated from the raw data. The fitting was performed for 

amplitudes between 0.9 and 0.2 of the maximum acceleration. Figure 5.14a displays the 

stabilisation diagram for SSI based on free vibration response after jumping at 3.2 Hz. It can 

be seen that an extraordinarily clear vertical line of stable poles was found around 3.16 Hz, 

which indicates good identification results. Similarly, Figure 5.14b displays the stabilisation 

diagram for SSI using the free vibration response after jumping at 3.8 Hz. A very clear 

vertical line of stable poles was found around 3.81Hz.  These observations show that the SSI 

algorithm was able to generate good identification results based on the data of the free 

vibration responses. 

a)  

b)  

Figure 5.14 Stabilisation diagram of SSI based on free decay: a) jumping at the frequency of 3.2 Hz, 

and b) jumping at the frequency of 3.8 Hz 

The identification results reported in Table 5.3 and Figure 5.15 show that the natural 

frequencies, damping ratios and mode shapes identified from the different system 
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identification approaches agreed very well. The identified mode shapes are referenced in 

Table B.5 of Appendix B. Compared with AVT, the standard deviation was also much 

smaller. All of these results indicate very high reliability across the different identification 

algorithms utilised based on free vibration responses.  

Table 5.3 Mean and standard deviations (in parentheses) of the identified natural frequencies and 

damping ratios identified from JT 

Mode
a
 

JT 

Natural frequencies [Hz] Damping ratio [%] 

 

 

 

ERA SSI LDT ERA SSI
 

V1 3.15(0.01) 3.16(0.01) 0.6(0.02) 0.6(0.05) 0.6(0.08) 

V2 3.81(0.01) 3.81(0.01) 0.6(0.03) 0.7(0.08) 0.6(0.07) 
                     a 

V- vertical bending mode. 

  

  

Figure 5.15 Vertical bending mode shape comparison in JT 
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 Harmonic sweeping excitation case 5.3.3

For the testing using mechanical forced shaker excitation, the modal parameters were 

extracted by using the output-only algorithms of PP, FDD and SSI, as the input of the shaking 

force was not directly measured. Figure 5.16 shows the typical recorded acceleration time 

history from the mid-span measuring station 38 on the longest span (see Figure. 3.12a in 

chapter 3), for the fast sweeping programme of EMST. It can be seen how the sweeping 

excitation gradually mobilised each mode from 0 Hz to 10 Hz in turn. Similar pre-processing 

operations as used in the AVT and EDST cases were implemented for the data collected for 

EMST under one small mass configuration of the shakers. However, in contrast to the 

responses for AVT (see Figure 5.1) and EDST (see Figure5.3), the responses of EMST were 

only subjected to minor corrections following pre-processing operations, because EMST 

actually yielded good signal-to-noise ratios in the measured structural responses. By 

comparing the peak acceleration response between the vertical and lateral directions, the 

vertical maximum was found to be greater than the lateral one, as with AVT and EDST. The 

difference was that the vertical peak acceleration value was almost 3 times that for the lateral 

peak in EMST, compared to 2 times in EDST and 1.5 times in AVT. Figure 5.16 also shows 

that the response magnitude of the later parts of the time history was generally far greater 

than in the earlier parts, which is the result of the larger force in the higher frequency band 

provided by the eccentric mass shaker. 

In operational or output-only modal analysis, parameter estimation algorithms are based on 

the assumption of stationarity of the measurements, which implies that the excitation within 

frequency band of interest contains equal energy at every frequency. But the excitation force 

magnitude exerted by the mechanical shaker increased with the square of increasing rotating 

frequency of the flywheels, which can be seen from the frequency-shaker forcing relationship 

of the Eq. (3.1) in Chapter 3. As a result the acceleration records needed to be force 

normalised before performing analysis to avoid spurious modal identifications at high 

frequencies caused by larger input forces. To this end, both a speed transducer sensor and a 

reed switch proximity sensor were installed onto the shakers, as shown in Figure 5.17. The 

speed transducer sensor measured the voltage, which increased linearly with the rotating 

frequency of the shaker, and the reed switch proximity sensor recorded the times at which the 

shaker force reached its maximum positive value during each revolution. A series of 

calibration experiments were carried out in the lab to obtain the relationship between 

recorded voltage and rotation frequency for the speed transducer sensor. The calibration 
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procedure for both the horizontally and vertically configured shakers went as follows: by 

manipulating the variable frequency drive controller, the shaker rotated at a series of 

frequency values within 0-10 Hz; the voltage signal from the speed traducer sensor as well as 

the pulse signal from the reed switch proximity sensor were measured synchronously for 120 

seconds in each testing frequency point, and the sampling rate was 500 Hz; the rotating 

frequency was determined by averaging the interval of the recorded pulse signal; and the  

voltage value was then obtained by performing a linear regression on the data. Figure 5.18 

and Table 5.4 show the calibration results. It can be seen that the linear calibration line does 

not cross the original point of the coordinate axis. The reason is that when the rotating 

frequency is zero, the measurement of speed transducer reading is not zero due to 

interference from electrical noise. 

a)  

b)  

Figure 5.16 Forced shaking response data from the mid-span measuring station of the longest span: a) 

in the vertical direction, and b) in the lateral direction 



5. Effects of system identification techniques and excitation sources on modal parameter 

identification 

119 

 

a)  

b)  c)  

Figure 5.17 Sensors installed for measuring rotating speed of the horizontally configured shaker: a) 

installed position on the shaker, b) detailed view of the speed transducer sensor, and c) detailed view 

of the reed switch proximity sensor 
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a)  

b)  

Figure 5.18 Calibration line of speed transducer sensor in the laboratory for the eccentric mass 

shakers: a) vertically configured shaker, and b) horizontally configured shaker 
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Table 5.4 Eccentric mechanical shaker calibration results. 

Scheduled testing 

frequency points 

[Hz] 

Vertically configured shaker Horizontally configured shaker 

Experimental 

Frequency 

[Hz] 

Voltage [V] 

Experimental 

Frequency 

[Hz] 

Voltage [V] 

0.5 0.491 0.311 0.489 0.425 

1 0.981 0.408 0.988 0.727 

1.5 1.489 0.509 1.492 1.019 

2 1.984 0.606 1.988 1.330 

2.5 2.488 0.713 2.489 1.621 

3 2.984 0.809 2.993 1.936 

3.5 3.485 0.906 3.487 2.223 

4 3.983 1.004 3.993 2.542 

4.5 4.488 1.102 4.491 2.828 

5 4.984 1.201 4.993 3.150 

6 5.984 1.401 5.993 3.758 

7 6.992 1.601 6.990 4.366 

8 7.984 1.797 7.994 4.974 

9 8.996 1.998 8.993 5.582 

 10 9.992 2.195 9.993 6.191 

 

Figures 5.19a and 5.19b display the recorded speed transducer readings when the shaker 

performed frequency sweeping from 0 Hz to 10 Hz, in the vertical and lateral directions 

respectively. Scatter can be seen, typically for the measured voltage signal, during the whole 

sweeping test due to the disturbance of testing noise. Accordingly, the noisy voltage data was 

smoothed by using the Robust Lowess linear fit method (Cleveland and Devlin 1988) to 

obtain the experimental voltage, since this approach is less sensitive to outliers than the 

ordinary least squares method. The smoothed voltage line followed an approximately step 

wise linear increase in excitation frequency, as used in the excitation protocol. Based on the 

prior calibration relationship between the voltage and rotating frequency, as well as the 

known frequency and shaking force relationship, Figure 5.20 shows the calculated shaking 

force amplitude from smoothed excitation frequency. It can be seen the shaking force 

amplitude in both the vertical and lateral directions fell within around 10 kN, and increasing 

speed had a greater effect in the higher frequency band. By using these forcing amplitude 

relationships, the sweeping response data was normalised at each time step. Figure 5.21 
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displays the typical normalised time history samples from the mid-span measuring station of 

the longest span. The time samples of the first 300 seconds in the vertical direction and 500 

seconds in lateral direction are not shown, because the speed transducer voltage at the lower 

frequencies was more vulnerable to the noise disturbance. In addition, the lowest mode of the 

bridge was far above 1 Hz and the response at the low frequency band was irrelevant to the 

modal identification. 

a)  

b)  

Figure 5.19 Noisy recorded voltage data of speed transducer data when sweeping from 0 Hz to 10Hz: 

a) vertical sweeping, and b) lateral sweeping 
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a)  

b)  

Figure 5.20 Calculated force input from smoothed excitation frequency: a) vertical shaking force 

amplitude, and b) lateral shaking force amplitude 
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a)  

b)  

Figure 5.21 Normalised frequency sweeping response data from the mid-span measuring station of 

the longest span: a) in the vertical direction, and b) in the lateral direction 

Figure 5.22 depicts the ANPSD graphs based on the normalised frequency sweeping response 

in EMST. All relevant modes in the frequency range of 0-10 Hz can be spotted except the 

vertical mode around 5.6 Hz. This could be a result of the normalising data procedure, which 

reduced the spectral magnitude as well as the weak modal force at this frequency point. 

Figure 5.23 shows the corresponding first SV graphs as well as the stabilisation diagrams. 

Compared with the auto PSD curves, more peaks can be clearly identified from the SV 

curves, and the resonant peaks of the SV curve match well with the position of the 

corresponding vertical lines of the stable poles.  

Table 5.5 lists the natural frequencies identified from the different identification techniques, 

and the discrepancy among them is generally small, which indicates high credibility for the 



5. Effects of system identification techniques and excitation sources on modal parameter 

identification 

125 

 

frequency results. The damping ratios obtained by using SSI were small and fall into the 

range between 0.5% to 2.3%, and no clear changing trend can be observed among the 

vibration modes. 

a)  

b)  

Figure 5.22 Averaged normalised auto power spectral densities base on the response of measuring 

stations in EMST: a) in the vertical direction, and b) in the lateral direction 
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a)  

b)  

Figure 5.23 Modal parameter identification based on EMST vertical data: a) FDD first singular value 

curve, and b) SSI stabilisation diagram 
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a)  

b)  

Figure 5.24 Modal parameter identification based on EMST lateral data: a) FDD first singular value 

curve, and b) SSI stabilisation diagram 

The identified mode shapes are referenced in Tables B.11–B.16 of Appendix B. Mode shape 

comparison between paired combinations of the identification methods is visualised by the 

bar graph of MAC values in Figure 5.25. It is evident that generally the MAC values between 

FDD and SSI were larger than those between other combinations of method. This implies that 

the mode shape identification results between FDD and SSI were more consistent and these 

two methods are more robust than the PP. In terms of the mode shape correlations between 

FDD and SSI, most of the modes had very high MAC values close to 1 except for modes V5, 

L3 and L8. The lowest MAC value came from mode L3, but it still had a relatively high value 

of 0.87. Further inspection of the full mode shapes between FDD and SSI found the two 

techniques actually yielded comparable mode shape results. This indicates that unlike the 
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weak excitation cases from AVT and EDST, FDD and SSI performed similarly under the 

relatively strong excitation case study of EMST. In addition, the height of the MAC bars in 

EMST was higher overall than those for either AVT or EDST (see Figure 5.9), which clearly 

shows the influence of exaction level on the performance of each system identification 

method. 

Table 5.5 Natural frequencies and damping ratios identified from EMST 

Mode
a
 

EMST 

Natural frequencies [Hz] 

 

 

 

 

Damping ratio [%] 

PP FDD SSI SSI 

V1 3.19 3.17 3.18 1.0 

V2 3.85 3.87 3.91 0.7 

V3 4.16 4.18 4.19 0.5 

V4 4.77 4.77 4.79 0.6 

V5 5.63 5.66 5.66 0.6 

V6 7.11 7.15 7.15 1.5 

 V7/T1 7.89 7.93 7.92 1.7 

L1 1.88 1.88 1.86 0.8 

L2 2.58 2.54 2.56 1.2 

L3 3.67 3.63 3.65 1.1 

L4 4.49 

 
4.53 4.54 1.4 

L5 5.55 5.55 5.57 1.9 

L6 6.64 6.64 6.61 1.9 

L7 7.76 7.66 7.61 1.8 

L8 9.38 9.38 9.32 2.3 
              a 

V- vertical bending mode; T- torsional bending mode; L-lateral bending mode 
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Figure 5.25 Mode shape correlations between PP, FDD and SSI based on EMST 

 

 Comparison of modal parameters identified from different excitation 5.4

sources 

In this section, AVT, JT and EDST are compared for the relatively strong excitation case 

(EMST) to explore the feasibility and reliability of modal system identification from these 

weak excitation cases. Because the SSI gave the best mode shape estimation, all the 

following comparisons are based on the identification results from SSI.  

 Mode shapes 5.4.1

Figures 5.26 – 5.30 display the comparison between the identified vertical mode shapes from 

AVT/JT/EDST and EMST respectively, based on SSI results. For vertical modes, only the 

mode shape curve along the east curb side of the bridge deck is shown because the identified 

mode shape along the west curb side were similar.  

For the AVT and EMST comparison (see Figure 5.26 and Figure 5.27), it can be seen that the 

mode shape curves generally agreed well, despite some relatively large differences at certain 

measuring points or longer lengths. Mode L7 had the lowest MAC value of 0.78, which 

suggested that this mode was poorly excited in AVT.  In addition, only around half the mode 

shape from mode V1 in AVT was recovered due to the unique characteristics of the tested 

bridge structure itself; the whole span length of the bridge is composed of two differently 

dimensional girder segments and these two segments are connected via the hinge located near 

Pier 4. The northward segment was much more easily excited for mode V1. Similarly, 
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approximately 3/4 of the mode shape from mode V5 was reliably identified. The 

phenomenon described above indicates that possibly mode shapes of only the partial bridge 

structure, rather than the full mode shape of the whole bridge, were able to be successfully 

excited for certain modes in the condition of weak excitation sources for this large size, 

complex bridge structure. Typically, the curves of mode shapes from EMST were generally 

much smoother and more accurate because the large eccentric shaker was able to produce a 

clean harmonic input and stronger excitation force, maximising the signal-to-noise ratio.  

Identification of the mode shape of the first two lateral bending modes (L1 and L2) from AVT 

failed, despite their resonant frequency peak being observed from ANPDS (see Figure 5.2b). 

This is probably because the spectral energy of the environmental sources below 3 Hz in the 

lateral direction was too weak to excite these modes. On the other hand, the mode shapes of 

the lower first two vertical bending modes V1 and V2, as well as V5, were identified from 

AVT. However the mode shape for vertical mode V3 could not be extracted either despite the 

natural frequency being identified, as was the case with L1 and L2. Both the natural 

frequencies and mode shapes of the high vertical modes, such as V4, V6 and V7, were not 

identified from AVT due to lack of excitation energy at the corresponding frequency point. 

The number of lateral modes that could be identified with AVT was obviously greater than for 

the vertical ones, possibly because the stiffness of the bridge structure in the lateral direction 

is smaller, and this caused the lateral modes to be more easily excited by relatively weak 

forcing. It should be noted that being able to identify with confidence lateral natural modes as 

high as above 9 Hz without traffic on the bridge, when conducting AVT on a continuous 

concrete bridge, has rarely been reported; the high-frequency modes are not always well 

excited by ambient sources. The identification of such modes in this research was possible 

most likely because of the high frequency wave transmission from traffic crossing underneath 

the bridge deck. The identification results described above show that for multi-short-span, 

continuous reinforced concrete bridges, AVT could be used to acquire satisfactory 

information on multiple lateral bending modes even without vehicles crossing the bridge, as 

well as possibly obtain mode shapes for several low order vertical bending modes. 
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Figure 5.26 Mode shape comparison in terms of vertical modes between AVT and EMST 
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Figure 5.27 Mode shape comparison in terms of lateral modes between AVT and EMST 

For the comparison between JT and EMST (see Figure 5.28), a very good consistency can be 

seen for the identified first two vertical bending modes, which is rarely reported in the 

existing literature for this type of large size, multi-span, concrete bridge.  This demonstrates 

that free vibration response induced by JT can be reliably used to obtain the mode shapes of 

the several fundamental modes for such large size bridge structures. However, it should be 

noted that exciting higher vertical modes or lateral modes, at above 4 Hz for example, would 

be much more difficult due to the limitations of the human jumping rate.               

 

Figure 5.28 Mode shape comparison between JT and EMST 

For the EDST and EMST comparison (see Figure 5.29 and Figure 5.30), most of the mode 

shapes from the two excitation methods had high MAC values and agreed well, 

demonstrating that the EDST successfully excited these modes of the bridge. The MAC 

values for modes V4 and V5 are relatively low. It can also be seen from the graphs that the 

mode shapes exhibit relatively large differences at certain nodes or part of the curves, which 

indicates that these two modes identified from EDST are not very reliable. This observation is 

in accord with that from the mode shape comparison between FDD and SSI for EDST (see 

Figure 5.10). It is easy to see that the mode shapes from EMST were generally smoother and 

more accurate. But the mode shapes of modes V1, L1 and L2 obtained between EDST and 

EMST almost overlapped and had the same high quality. This suggests that the fundamental 

modes are much more accurately extracted, even when using a weak excitation source.  

With regard to EDST, all modes identified from EMST could also be identified from EDST 

except for the highest order mode V7/T1. These identified results from EDST exceeded initial 

expectations, considering the extent of excitation forcing level, huge size of the bridge, total 

span length, and relatively stiff characteristics. The EDST demonstrated that it could offer 

practitioners more dynamic property information for the bridge structure compared with AVT, 

and only required a two-man portable APS 400 ELECTRO-SEIS shaker (73 kg total weight). 
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EMST successfully excited all vibration modes in the frequencies of interest owing to the 

stronger level of excitation force. However, more resources were required, since the total 

mass of eccentric mass shakers (ANCO Model MK-140-10-50) is approximately 600 kg, 

making it so heavy that a hiab truck and crane were required to transport and place it on the 

bridge. 

 

Figure 5.29 Mode shape comparison in terms of vertical modes between EDST and EMST 
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Figure 5.30 Mode shape comparison in terms of lateral modes between EDST and EMST 

 Natural frequency and damping ratio 5.4.2

Figure 5.31 comapares the natural frequency difference from various excitation methods for 

EMST. It is noted that the frequency discrepancy was typically small (all within ±1.5%), and 

furthermore the results were not expected to agree completely due to possible frequency-

response amplitude dependency, or variations in the environmental temperature and so on. In 

addition, no systematical frequency change could be seen among different vibration testing 

methods. 
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Figure 5.31 Identified natural frequency comparison between different vibration testing methods 

Figure 5.32 displays the modal damping ratios estimated from different excitation methods 

using the SSI technique. These damping ratios were broadly found in the range from 0.5% to 

3.2%, which is small but expected for concrete bridges. Contrary to the small dispersion of 

the natural frequencies, a significant scattering of the identified damping ratios was observed 

across different excitation methods. The damping ratios identified from AVT were obviously 

larger than those from other excitation vibration methods, whilst the damping among the 

other testing methods showed relatively more consistency. This indicates that there may be a 

higher chance of error for damping estimations extracted from AVT. In addition, damping 

(which reflects the amount of energy dissipation of oscillating structure systems) was highly 

dependent on the response amplitude, as previously studied and verified for EMST (Chapter 

4). The bridge structure in the AVT case of this research obviously had the lowest vibration 

intensity, which could logically lead to the minimum damping value. The over-estimation of 

the damping ratios in AVT was possibly due either, to violating the assumption of non-

stationarity of the excitation process, or the fact that damping identification is very sensitive 

to the strength of SNR of the collected data, and vibration signals with relatively low SNR 

tend to give the unreliable estimation of damping ratios, even when using advanced time 

domain methods such as SSI. The identified damping ratios, as well as the damping 

difference among vibration modes, for EDST were generally smaller than those for EMST. 

This aspect was much more obvious for higher order modes (such as modes V6, L5, L6, L7 

and L8). This is due to the fact that EMST was able to provide stronger excitation force than 

EDST, which was especially true within the range of relative high frequency band since the 

output force of the eccentric mass shaker is proportional to the square of the rotating 

frequency. The damping obtained from JT was less than the corresponding one from EMST, 
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since the force level generated from JT does not exceed that from EMST.     

 

Figure 5.32 Identified damping ratio comparison between different vibration testing methods 

 

 Summary 5.5

This chapter has reported the effects of both different excitation sources, which included 

ambient as well as purposely imparted dynamic loads and different system identification 

techniques on modal parameter identification, which were studied experimentally through 

corresponding vibration testing cases conducted concurrently on a full-scale multi-span 

concrete motorway bridge. A range of modal parameter identification techniques were 

applied to each excitation testing case, and the most significant modal natural frequencies, 

and damping ratios and mode shapes were determined in the frequency range of 0-10 Hz. 

Comprehensive comparisons of the identified modal parameter results were made between 

the different system identification approaches, as well as different vibration testing methods.  

The following conclusions were reached: 

 For multiple-short-span, continuous concrete bridges, AVT could be used to acquire 

satisfactory information on multiple lateral bending modes, even without vehicles 

crossing the bridge. AVT could also be used to obtain the fundamental vertical 

bending modes. However, deficient modes may exist that cannot be identified even in 

fundamental lower-order modes in the lateral direction, because the frequency content 

of the excitation may not cover all the frequency bands of interest, or the 

corresponding excitation energy was not adequate, especially for the relatively stiff 
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bridge structure with relatively high natural frequencies under analysis. In addition, 

though the frequency value of certain vertical modes was identifiable, the 

corresponding mode shape was not identifiable, or only part of the full mode shape 

could be recovered due to the limitation of excitation forcing level. The identified 

damping ratios in AVT tended to overestimate the real damping due to the low SNR of 

the collected data, or uncertainties associated with the assumption of non-stationarity 

of the excitation process. A large scatter of the damping ratios among independent 

setup identification was also observed, due possibly to variation in the testing 

environment.  

 JT could be a cost-effective choice for accurately obtaining the dynamic information 

of several vertical fundamental vibration modes, especially for extracting the reliable 

damping value in the state of low vibration intensity. However, due to physical 

limitations on the human jumping rate, excitation of higher order modes seems not to 

be feasible. 

 EDST provided a relatively cheap way of exciting most of the vibration modes of the 

bridge. The extracted mode shapes of fundamental modes in particular were of very 

high quality. However, other difficulties exist in terms of successfully exciting the 

highest order mode due to limits on forcing level. In addition, the credibility of the 

mode shapes as well as the damping ratios for some identified vertical modes was 

weak due to the inadequate input forcing. 

 The EMST produced the best quality modes shapes as well as exciting all vibration 

modes in the frequencies of interest. However, significant resources were required 

such as transporting heavy equipment, mounting the shaker on the bridge, and high 

power needs. 

 The discrepancy in natural frequency estimated from different excitation methods was 

small (within ±1.5%). However, the identified damping ratios differed greatly across 

the excitation methods. Damping value was found to be highly dependent on vibration 

response, and stronger excitation forcing level resulted in higher damping ratios in 

terms of the same corresponding modes. The identification mode shapes across 

different vibration testing methods corroborated each other, which bolsters confidence 

that the identified modes are the true mode shapes of the bridge. 

 Reliable natural frequency values could be extracted from either the frequency 

domain methods or the time domain methods due to the small identified frequency 
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difference between the modal parameter identification techniques utilised. For the 

testing with relative weak excitation sources such as AVT and EDST, SSI performed 

best in handling the real bridge testing data contaminated by noise. Much smoother 

mode shape curves were extracted, and some modes that may have been missed by PP 

and FDD, could still be recovered by SSI. In the case of the relative strong excitation 

case of EMST, FDD and SSI produced almost overlapping results.  
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  Chapter 6

Updating the FE model of the real-life 

motorway bridge by using manual 

tuning and optimisation techniques 

 
 Introduction  6.1

This chapter describes a model updating procedure for a shell-element girder model of the 

real-world motorway bridge, implemented with the purpose of obtaining an accurate FE 

model which can be used for more precise dynamic response prediction and future 

investigations of a diagnostic character. Owing to the uncertainties that exist for real-life 

bridges, such as the uncertain boundary conditions and the nature of inverse problems, 

manual adjustments of the initially created FE model and two optimisation techniques were 

utilised to enhance confidence in the accuracy of the updating results. The chapter outline is 

as follows: In the first section, the development of the initial shell-element girder model of 

the bridge is described; next a series of manual tuning exercises are described which included 

correlation analysis between analytical and experimental results, as well as parametric study 

of effects of the boundary connection stiffness between the piers and abutments and the 

girder carried out to identify the potential deficiencies of the initial FE model. Then the 

theory of the two different kinds of non-linear optimisation methods, i.e. the SAM and the 

FOM, subsequently adopted for model updating is explained. This is followed by a 

description of updating parameter selection as well as the determination of the objective 

function and target responses.  Finally, the model updating results produced from the two 

optimisation approaches are listed and discussed. 

 



6. Updating the FE model of the real-life motorway bridge  

140 

 

 Initial FE modelling of the bridge   6.2

The creation of the initial FE model of the full-scale bridge provided the updating candidates 

for the later updating process. There are many examples where a number of physically 

plausible FE models have been found capable of correlating the experimental data with their 

analytical predictions. Three types of FE models are generally used for multi-span concrete 

box girder bridges: the beam-element girder model, the shell-element girder model, and the 

solid-element girder model. Beam-element girder models are generally suitable for 

representing the dynamic behaviour of the whole bridge and have the advantage of high 

computational efficiency due to relatively fewer elements. Solid- element and shell-element 

girder models can better capture the torsional vibration modes, as well as the local 

distortional behaviours, of a bridge with box girder sections that the beam model is unable to 

duplicate. For the present analysis, a detailed shell-element girder model was developed for 

the bridge under study in ANSYS, one of the most powerful engineering design and analysis 

software packages. The following subsection explains the development of the shell-element 

girder model. 

 Shell-element girder model 6.2.1

A detailed 3D shell-element girder model of the Nelson St off-ramp bridge was created, 

based on the current as-built configuration, with the geometry and structural properties taken 

from the design drawings of the bridge. The concrete box-girder segment was modelled by 

the 3D 4-node shell elements (SHELL 63). A second set of 4-node shell elements was added 

on top of the concrete girder shell elements to simulate the asphalt pavement on the bridge 

deck. Other components such as piers, steel rails, and concrete water channel were modelled 

by the 2-node 3D beam elements (BEAM188). The values of material parameters used for the 

components of the FE model were as follows: Young‟s modulus of girder concrete was 35G 

Pa, and 30G Pa for the piers and cantilever girder extremities; density of girder concrete was 

2,550 kg/m
3
, and 2,450 kg/m

3 
for the piers and cantilever girder extremities; Young‟s moduli 

of the steel railing, asphalt layer, and concrete channel were 206G Pa, 9G Pa and 30G Pa 

respectively; the density of the steel railing, asphalt layer, and concrete channel were 7,550 

kg/m
3
, 2,280 kg/m

3
 and 2,400 kg/m

3
 respectively; Poisson‟s ratio of all concrete was 0.17, 

and for the steel railing and asphalt layer it was 0.3. The hinge was modelled by a 3D pin 

joint COMBIN7 element, in which both translational stiffness in the x-y plane and stiffness in 

the z direction were assumed to be rigid (modelled as a very large stiffness of 1  1 20 N/m), 
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and rotational stiffness about the x, y and z axes was set as zero for free rotation. The fixed 

type and sliding type pot bearing were modelled by coupling the restrained translational 

degrees of freedom at the nodes of both the pier and girder. At Pier 3 and 5, spring elements 

(COMBIN14) were used to simulate the longitudinal frictional resistance of the sliding 

bearings. The manufacturer‟s design values for stiffness (2 5  1   and 6 25  1   N/m per 

meter width of the bridge deck, respectively) of the sliding type pot bearing were adopted. 

All the piers were modelled as fully fixed at the base. The shell model consisted of 58,665 

nodes and 66,064 elements (57,280 shell elements, 8,784 beam elements, and 16 spring 

elements, 1 pin joint element). Figure 6.1 shows the resulting shell-element bridge model. 

 

Figure 6.1 Shell-element girder model of the Nelson St. off-ramp bridge 

 

 Manual tuning of the initial FE model 6.3

Developing a FE model of a civil engineering structure that has sufficiently reliable dynamic 

properties is not a trivial task, and largely depends on the skill and experience of the analyst. 

Usually, if large differences between calculated modal properties and their experimental 

counterparts exist, the FE model updating process is prone to divergence, and the updating 

parameters can lose their physical meaning (Brownjohn and Xia 2000; Živanović et al. 2007). 

Another noteworthy issue is that the inaccuracies and uncertainties in the structure must be 

expressed as parameters in the FE model, such that these uncertainties can be assessed 
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quantitatively in the updating process. Therefore, prior to estimating parameters by non-linear 

optimisation, identifying any potential gross deficiencies in the initial FE model, and 

adjusting the values of the physical parameters through manual tuning (an intelligent trial-

and-error based approach calibrating selected parameter values according to engineering 

judgment and intuition) is often necessary.  

 Correlation analysis 6.3.1

The governing philosophy of model correlation analysis is the comparison of the FE 

simulations against in-situ measurements, the necessary first-step for model calibration. The 

analytical eigenvalue/eigenvector pairs were extracted by using the shifted Block-Lanczos 

method in ANSYS. The correlation was evaluated by comparing the values of the natural 

frequencies and mode shapes obtained from the detailed sweeping tests by the eccentric mass 

shaker with one small mass configuration (see Table 4.2 and Table 4.3, Chapter 4,), and those 

calculated numerically.  

For comparison of mode shapes, the MAC, which is defined by Eq. (4.3) (Chapter 4) was 

used. Table 6.1 summarises these comparisons, where the labels V, L and T stand for vertical 

bending, lateral bending and torsional mode respectively. The results show that all modes 

identified experimentally had their counterparts in the FE model, which implies that generally 

satisfactory modelling assumptions were made in the process of numerical modelling. 

Fundamentally, the purpose of this correlation analysis was to examine potential FE 

modelling errors, as well as identify those aspects that might have not been considered 

correctly when building the FE model. The differences between the numerical and 

experimental natural frequencies are considered first.  

The vertical modes had relatively lower frequency errors, at less than 5% compared to the 

vertical-torsional and lateral modes (up to 20.8%), indicating that the FE model better 

captured the mass and stiffness distribution influencing vertical vibrations. This stiffness is 

overwhelmingly dependent on the girder stiffness and does not pose significant challenges in 

modelling. On the other hand, the first two fundamental lateral modal frequencies were 

overestimated compared to the experiential identifications, while the remaining higher lateral 

modal frequencies were underestimated. In terms of mode shapes, the MAC values of both 

the first three vertical and six lateral modes were almost all above 0.80, which showed a good 

agreement. MAC values of 0.7 can normally be considered acceptable in civil engineering 

applications due to imperfect measurements typically made in noisy environments and 
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challenges of accurate FE modelling (Zivanovic et al. 2005). Although some other higher 

order modes, V5, V6, V7/T1, and L7 had MAC values of only between 0.472 and 0.685, 

indicating a less satisfactory agreement, the created initial FE model still preserved 

reasonable accuracy for practical engineering applications, due to the fact that dynamic 

responses of bridge structures due to external excitation are generally dominated by the 

lowest few modes. Based on the correlation analysis described above, the priority of the 

manual tuning was to reduce differences in natural frequencies for the lateral modes.  

Table 6.1 Correlation between calculated and identified modal parameters 

 

 

Mode
a
 

Modal testing FE analysis 

Frequency 

[Hz] 

Initial shell-element girder model 

Frequency 

[Hz] 

Error 

 [%] 
MAC 

V1 3.171 3.157 -0.4 

 

 

 

 

 

 

0.865 

 
V2 3.852 3.973 3.1 0.798 

V3 4.164 4.156 -0.2 0.830 

V4 4.750 4.670 -1.7 0.704 

V5 5.640 5.371 -4.8 0.472 

V6 7.140 6.814 -4.6 0.685 

V7/T1 7.913 8.503 7.5 0.649 

L1 1.866 2.255 20.8 0.965 

L2 2.556 2.894 13.2 0.925 

L3 3.638 3.297 -9.4 0.843 

L4 4.487 4.437 -1.1 0.866 

L5 5.570 4.860 -12.7 0.876 

L6 6.602 6.013 -8.9 0.893 

L7 7.660 6.769 -11.6 0.599 

L8 9.430 8.263 -12.4 0.745 
          a 

V- vertical bending mode; L-lateral bending mode, T-torsional bending mode 

 Parametric study of effects of boundary conditions 6.3.2

The observed discrepancy in natural frequencies between the FE solutions and the 

corresponding experimental measurements is usually attributed to material and geometrical 

properties, and boundary conditions (Friswell and Mottershead 1995). An attempt to force 

those lateral modes with large frequency differences to match the measurement values by 
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manually adjusting the material parameters of the girder and piers in the FE model failed to 

produce physically meaningful changes in some parameters. It was concluded that the most 

likely reasons came from uncertain boundary conditions of the bridge structure, such as the 

complexities of bearing details, since the difficulties of accurate modelling as well as 

parameterisation of boundary conditions posed a special challenge to the initial FE modelling.  

The lateral and longitudinal connection stiffness at piers and abutments, foundation stiffness 

at the bottom of the piers, which directly relate to the stiffness of lateral modes, were 

considered firstly. Releasing the stiffness of fully fixed foundations by adding soil springs 

was carried out, but it did not produce effective improvement in reducing the frequency 

errors for the lateral modes. As a result, attention shifted to the connection stiffness at piers 

and abutments. By trial and error, the longitudinal frictional resistance of the sliding bearings 

at Piers 3 and 5 was found to be very influential on the natural frequencies of the first two 

lateral modes. The linear stiffness of the corresponding spring element in the FE model was 

examined in the range of 10-10
15

 N/m, where the low limit corresponded to a very flexible 

connection, while the upper limit corresponded to a stiff connection. The longitudinal 

stiffness value was varied separately within this zone to select the appropriate stiffness value. 

Figure 6.2 shows the relationships between the natural frequencies of the first two lateral 

modes and the longitudinal stiffness value of the bearings. It is evident that these changing 

frequency trends were similar, i.e. the natural frequency reduced with decreasing longitudinal 

stiffness of the bearing. A large frequency increase occured in the range 10
5 

– 10
11

 N/m 

(except for the 10
4
-10

8
 N/m for mode L1, Fig. 6.2a).  The largest decrement of around 0.27 

Hz was for mode L1, due to the bearing stiffness value changing at Pier 3. The value of 10
3
 

N/m was determined as the adjusted stiffness value, due to the fact of the overestimation of 

the corresponding natural frequencies. Column 4 of Table 6.2 lists the results after the manual 

tuning, Step 1: adjusting the longitudinal bearing stiffness at the piers. Noticeable 

improvement is evident, i.e. the errors of modes L1 and L2 reduced from 20.8%, 13.2% to 

5.0% and 9.4% respectively. 
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Figure 6.2 The effect of stiffness change of bearing at piers on the natural frequencies: a) pier 3/mode 

L1, b) pier 3/ mode L2, c) pier 5/ mode L1 and d) pier 5/ mode L2 
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Table 6.2 The analytical results of the manually tuned shell-element girder model 

Mode
a
 

Testing 

 

 

Manually tuning the initial FE model 

Frequency 

[Hz] 

Step1：longitudinal bearing 

stiffness at piers 

 

 

 

 

Step2：girder connection 

stiffness at abutments 

Frequency 

[Hz] 

Error 

[%] 
MAC 

Frequency 

[Hz] 

Error 

[%] 
MAC 

V1 3.171 3.290 3.8 0.781 3.304 1.8 0.933 

V2 3.852 3.958 2.8 0.799 4.009 3.8 0.804 

V3 4.164 4.106 -1.4 0.863 4.236 -0.2 0.870 

V4 4.750 4.660 -1.9 0.720 4.767 1.6 0.730 

V5 5.640 5.364 -4.9 0.474 5.398 -4.5 0.486 

V6 7.140 6.815 -4.6 0.719 6.840 

 

-4.7 0.718 

V7/T1 7.913 8.515 7.6 0.630 8.736 10.3 0.687 

L1 1.866 1.959 5.0 0.981 1.969 5.1 0.980 

L2 2.556 2.795 9.4 0.972 2.882 11.0 0.930 

L3 3.638 3.290 -9.6 0.821 3.486 -8.5 0.827 

L4 4.487 4.363 -2.8 0.801 4.241 -1.9 0.788 

L5 5.570 4.820 -13.5 0.881 5.325 -6.2 0.842 

L6 6.602 5.990 -9.3 0.888 6.551 -2.6 0.895 

L7 7.660 6.767 -11.7 0.594 7.884 -3.9 0.602 

L8 9.430 8.250 -12.5 0.740 9.290 -2.4 0.744 
                   a 

V- vertical bending mode; L-lateral bending mode, T-torsional bending mode 

The calculated frequencies of the high lateral modes (L5, L6, L7 and L8) tended to 

underestimate the experimental frequencies based on the previous correlation analysis. The 

likely reason might be the inadequate constraints for the girder end at the abutments. The 

Nelson Street off-ramp bridge is a part of the motorway, and the adjacent span at Abutment 2 

can be assumed to exert some stiffness constraints to the bridge girder end, which is 

displayed in Figure 6.3. However, in the initial shell-element girder model, the edge of the 

girder end at Abutment 2 was free of constraints. Likewise, additional constraints may exist 

for the girder end at Abutment 1, due to the possible accumulation of debris, gravel and 

clogging by cementation debris, built up over the life time of the bridge.  Indeed, introducing 

longitudinal and lateral springs at the girder ends instead of free edges improved the 
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correlation between measured and analytical higher order lateral modes. Figure 6.4 illustrates 

the spring elements added at the top and centre of the girder end cross section at Abutment 2. 

The lateral springs at the abutments are labeled as 𝑟𝑥_𝑎𝑏𝑢𝑡1, 𝑟𝑥_𝑎𝑏𝑢𝑡2, and the longitudinal 

springs are 𝑟𝑦_𝑎𝑏𝑢𝑡1, 𝑟𝑦_𝑎𝑏𝑢𝑡2. The linear stiffness of the springs was expected to be in the 

range 10-10
15 

N/m. The stiffness values of 𝑟𝑥_𝑎𝑏𝑢𝑡1, r𝑥_𝑎𝑏𝑢𝑡2  and 𝑟𝑦_𝑎𝑏𝑢𝑡2  were all 

temporarily set as 1  1   N/m and the stiffness of 𝑟𝑦_𝑎𝑏𝑢𝑡1 as zero. To investigate the 

influence of stiffness parameters 𝑟𝑥_𝑎𝑏𝑢𝑡2  and 𝑟𝑦_𝑎𝑏𝑢𝑡2   on the frequency of the high 

lateral modes, the analytical frequencies were generated by changing one model parameter to 

its lower and upper bounds as well as the median value of the two.  

Table 6.3 lists the frequency results and it it is evident that the analytical frequencies of the 

relevant modes were generally larger than the corresponding ones from the initial shell-

element model (see Column 6, Table 6.1), and much closer to the target experimental 

frequencies. This implies that adding the constraints at the girder ends of the abutments 

yielded reductions in the frequency errors.  From Table 6.3, it can be seen that the frequency 

value of each mode had an increasing tendency, with the rise in spring stiffness. Specifically, 

mode L7 has the largest increment with respect to the increase of stiffness 𝑟𝑥_𝑎𝑏𝑢𝑡2, and the 

increment of mode L5 frequency was mostly affected by the increase in stiffness 𝑟𝑦_𝑎𝑏𝑢𝑡2. 

Based on the onsite inspection of Abutment 2 (see Figure 6.3), it was concluded that the 

girder end at Abutment 2 needed to be constrained by using a relatively stiff spring, due to 

the constraints from adjacent bridge spans.   As a result, the stiffness value of  𝑟𝑥_𝑎𝑏𝑢𝑡2 and 

𝑟𝑦_𝑎𝑏𝑢𝑡2 were both adjusted to 1  1 12 N/m. To determine the appropriate spring stiffness 

of  𝑟𝑥_𝑎𝑏𝑢𝑡1, the spring stiffness value was varied between 10-10
15

 N/m. Figures 6.5 (a) – (d) 

display the natural frequency change. The stiffness of 𝑟𝑥_𝑎𝑏𝑢𝑡1 was adjusted to 1  1 11 

N/m, since above 1  1 10 N/m the frequencies did not show any noticeable increment. A 

trial parametric analysis showed that keeping the value of 𝑟𝑦_𝑎𝑏𝑢𝑡1 as zero is acceptable, 

taking into account trade-offs among different modes.  

Through manual calibrations, the test and analysis results were ultimately able to achieve 

reasonable agreement. The discrepancy between experimental identification results and FE 

calculation results of higher order lateral modes L5, L6, L7 and L8 (see Table 6.1 column 7 

and Table 6.2 column 7) were reduced greatly from -12.9%, -9.0% , -11.7%  and -12.5% to      

-6.4%, -2.6%, -1.3% and -2.6% respectively. The MAC values of the corresponding modes 

were also improved to some extent (especially the MAC value of mode V1 rising from 0.865 
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to 0.932) except for slight drops for modes L3 and L5.  The clear improvements in terms of 

both natural frequencies and mode shapes enhanced the confidence of the manual tuning 

procedure.   

Table 6.3 Effect of selected parameters on the FE-computed natural frequency 

Parameters 
Spring stiffness 

[N/m] 

Natural frequency [Hz] 

L5 L6 L7 L8 

𝑅𝑥_𝑎𝑏𝑢𝑡2 10 4.942 6.198 6.777 8.929 

 1  1   4.974 6.215 7.159 9.013 

 1  1 15 4.989 6.225 7.208 9.035 

𝑅𝑦_𝑎𝑏𝑢𝑡2 10 4.891 6.161 7.254 8.977 

 1  1   4.974 6.215 7.159 9.013 

 1  1 15 5.191 6.399 7.307 9.118 

 
Figure 6.3 The adjacent span at Abutment 2 of the Nelson St. off-ramp bridge 

 
Figure 6.4 The added spring constraints at the top and centre of the girder end cross section at 

Abutment 2 in the FE model 
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Figure 6.5 The effect of  𝑹𝒙_𝒂𝒃𝒖𝒕𝟏  stiffness change on the frequencies of the high order lateral 

modes: a) mode L5, b) mode L6, c) mode L7 and d) mode L8 

5.1

5.2

5.3

5.4

5.5

5.6

1.E+01 1.E+03 1.E+05 1.E+07 1.E+09 1.E+11 1.E+13 1.E+15

L5

Measurement

N
at

u
ra

l f
re

q
u

en
cy

 (
H

z)
 

Lateral stiffness value at Abutment 1 (N/m)  

a) 

6

6.1

6.2

6.3

6.4

6.5

6.6

6.7

1.E+01 1.E+03 1.E+05 1.E+07 1.E+09 1.E+11 1.E+13 1.E+15

L6

Measurement

N
at

u
ra

l f
re

q
u

en
cy

 (
H

z)
 

Lateral stiffness value at Abutment 1 (N/m)  

b) 

7.2

7.3

7.4

7.5

7.6

7.7

1.E+01 1.E+03 1.E+05 1.E+07 1.E+09 1.E+11 1.E+13 1.E+15

L7
Measurement

N
at

u
ra

l f
re

q
u

en
cy

 (
H

z)
 

Lateral stiffness value at Abutment 1 (N/m)  

c) 

8.7

8.9

9.1

9.3

9.5

1.E+01 1.E+03 1.E+05 1.E+07 1.E+09 1.E+11 1.E+13 1.E+15

L8
Measurement

N
at

u
ra

l f
re

q
u

en
cy

 (
H

z)
 

Lateral stiffness value at Abutment 1 (N/m)  

  d) 



6. Updating the FE model of the real-life motorway bridge  

150 

 

 Automatic non-linear optimisation methods for model updating 6.4

The automated FE model updating is generally performed by constructing a series of loops 

based on a non-linear optimisation procedure under some constraints, in which the 

measurement results are targets and the designed model parameters are variables to be 

updated in an iterative manner. A great number of optimisation techniques (Mottershead and 

Friswell 1993) are available to solve the constrained optimisation problem. Two 

complementary methods, SAM and FOM, which had not yet been applied in the updating 

cases of multi-span, curved, post-tensioned concreted bridges, were chose in this research to 

corroborate the updating results. The basic theory of each method is described in this section. 

 The subproblem approximation method  6.4.1

Unlike the traditional sensitivity-based model updating method (Brownjohn et al. 2001), 

where sensitivity matrix needs to be formulated at each iterative step, SAM only requires the 

values of the dependent variables (objective function and state variables), and not their 

derivatives. The dependent variables are first replaced with approximations by means of least 

squares fitting and the constrained minimisation problem is converted to an unconstrained 

problem using penalty functions. Minimisation is then performed at every iteration on the 

approximated penalty function until convergence is achieved. The relevant equations are 

listed below (Jaishi and Ren 2005):  

Suppose that the objective function 𝑄 is:  

                                                                    𝑄  𝑄                                                              (6.1) 

with the constraints: 

                                                𝑟𝑖  𝑟𝑖  𝑟
𝑖
            𝑖  1,2,3,⋯ , 𝑛1                                     (6.2) 

                                               𝑔𝑗    �̅�𝑗             𝑗  1,2,3,⋯ ,𝑚1                                    (6.3) 

                                               𝑘  𝑘                𝑘  1,2,3,⋯ ,𝑚2                                  (6.4) 

                                              𝑤𝑙  𝑤𝑙    𝑤𝑙    𝑙  1,2,3,⋯ ,𝑚3                                   (6.5) 

where 𝑛1 is the number of design variables; 𝑔𝑗, 𝑘 and 𝑤𝑙 are the state variables related to the 

vector of design variable  ;  𝑚1,  𝑚2 and  𝑚3 are the number of state variables; 𝑟𝑖 and 𝑟𝑖 are 
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the lower bound and upper bound of design variable 𝑟𝑖, respectively; 𝑔
𝑗
 is the upper bound of 

state variable 𝑔𝑗;  𝑘 is the lower bound of state variable 𝑘; and  𝑤𝑙 and 𝑤𝑙 are the lower 

bound and upper bound of state variable 𝑤𝑙 , respectively. The bounds for updating 

parameters in Eq. (6.2) will be discussed later. The type of constraints Eq. (6.3) is used for 

the state variable, where the relative error between the analytical and identified frequencies 

should be  1% for all the modes except mode V7/T1, where it should be  3%. Eq. (6.1) can 

be approximated using the fully quadratic representation as: 

                                             �̂�  𝑎0 + ∑ 𝑎𝑖
𝑛1
𝑖 𝑟𝑖 + ∑ ∑ 𝑏𝑖𝑗𝑟𝑖

𝑛1
𝑗

𝑛1
𝑖 𝑟𝑗                                     (6.6) 

where �̂� is the approximate expression of the objective function 𝑄, and 𝑎0, 𝑎𝑖 and 𝑏𝑖𝑗 can be 

determined by weighted least squares. Similarly �̂� can be changed by �̂�𝑗, �̂�𝑘 and �̂�𝑙 to obtain 

the approximate expressions of  𝑔𝑗, 𝑘 and 𝑤𝑙, respectively.  

A certain number of design sets must exist in order to form the approximations, otherwise 

random designs sets will be generated until the required number is obtained. This can be 

expressed as: 

                                       𝑛𝑑  𝑛1 + 2  generate random design sets                            (6.7) 

                                        𝑛𝑑  𝑛1 + 2  form the approximations                                 (6.8) 

where 𝑛𝑑  is the number of design sets. Using the approximation given in Eq. (6.6), the 

constrained optimisation problem given in Eq. (6.1)-(6.5) can be transformed into an 

unconstrained optimisation problem using the penalty function method leading to the 

following subproblem statement: 

      Min      , 𝑝𝑘  �̂� + 𝑄0𝑝𝑘  ∑ 𝑍 𝑟𝑖 + ∑ 𝐺 �̂�𝑖 + ∑ 𝐻(�̂�𝑘)
𝑚2
𝑘=1 +

𝑚1
𝑗=1

𝑛1
𝑖=1

∑   �̂�𝑙  
𝑚3
𝑙=1   

(6.9) 

where    , 𝑝𝑘  is the unconstrained objective function; 𝑄0 is the reference objective function 

value introduced to achieve consistent units; 𝑝𝑘 is the parameter related to the response 

surface, and the subscript 𝑘 reflects the use of subiterations performed during the subproblem 

solution, whereby the response surface parameter is increased in value (𝑝1 < 𝑝2 < 𝑝3 etc.) in 

order to achieve accurate, converged results; 𝑍 is the penalty function used to enforce design 

variable constraints; and 𝐺, 𝐻 and   are the penalty functions for state variable constraints. 
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All penalty functions used are of the extended-interior type. For example, near the upper 

limit, the design variable penalty function is formed as: 

𝑍 𝑟𝑖  {
𝐶1 + 𝐶2/ 𝑟 ̅ − 𝑟𝑖    

𝐶3 + 𝐶4 𝑟𝑖 − 𝑟𝑖  

   𝑖𝑓 𝑟𝑖  𝑟𝑖 − 휀 𝑟𝑖 − 𝑟𝑖 

   𝑖𝑓 𝑟𝑖  𝑟𝑖 − 휀 𝑟𝑖 − 𝑟𝑖 
}             𝑖  1,2,3,⋯ , 𝑛1   (6.10) 

where 𝐶1, 𝐶2, 𝐶3 and 𝐶4 are constants, and 휀 is a very small positive number. State variable 

penalties take a similar form. At each design iteration  𝑗 , a sequential unconstrained 

minimisation algorithm (Byrne 2008), is used to solve the minimisation problem of Eq. (6.9). 

The final step performed at each design iteration is the determination of the design variable 

vector to be used in the next iteration 𝑗 + 1 . Vector   𝑗+1  is determined according to the 

following equation: 

                                                      𝑗+1    𝑏 + 𝐶   𝑗 −   𝑏                                        (6.11) 

where   𝑏  is the best design set constants, and 𝐶  is chosen to vary between 0 and 1 

randomly. Convergence is assumed when one of the following conditions is satisfied:  

                                                          |𝑄 𝑗 − 𝑄 𝑗−1 |                                                      (6.12) 

                                                          |𝑄 𝑗 − 𝑄 𝑏 |                                                         (6.13) 

                                                          |𝑟𝑖
 𝑗 

− 𝑟𝑖
 𝑗−1 

|   𝑖         𝑖  1,2,3,⋯ , 𝑛1                (6.14)                                                                

                                                          |𝑟𝑖
 𝑗 

− 𝑟𝑖
 𝑏 

|   𝑖            𝑖  1,2,3,⋯ , 𝑛1                (6.15)                                     

where 𝑄 𝑗  is the value of the objective function at the 𝑗th iteration; 𝑄 𝑏  is the optimal result 

of the objective function among all the previous iterations;  𝑟𝑖
 𝑗 

 is the value of the 𝑖th design 

variable among all the previous iterations; and   and  𝑖  are the tolerance values for the 

objective function and design variables, respectively. A small value 1  1 −4  is set as the 

tolerance value to avoid the updating procedure converging prematurely.  

 The first order method  6.4.2

In FOM, as in SAM, the constrained problem statement is transformed into an unconstrained 

one via adding penalty functions to the objective function. But FOM calculates and makes 

use of derivative information. Derivatives are formed for the objective function and the state 

variable penalty functions, leading to a search direction in design space. Various steepest 
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descent and conjugate direction searches are performed during each iteration process until 

convergence is reached. Each iteration procedure is composed of sub-iterations that include 

search direction and gradient (i.e., derivatives) computations. In other words, one first order 

optimisation iteration will perform several analysis loops. The constrained optimisation 

problem given by Eq. 6.1 – 6.5 can be transformed into an unconstrained one using a penalty 

function technique, as follows: 

          , 𝑞′  
 

 0
+ ∑  𝑟 𝑟𝑖 + 𝑞′ ∑  𝑔(𝑔𝑗) + ∑   𝑘 

𝑚2
𝑘=1 + ∑    𝑤𝑙  

𝑚3
𝑙=1

𝑚1
𝑗=1

𝑛1
𝑖=1         (6.16) 

where 𝑄 is the dimensionless, unconstrained objective function;  𝑟 ,  𝑔 ,   , and    are the 

penalties applied to the constrained design and state variables; and 𝑄0  is the reference 

objective function value selected from the current group of design sets. Constraint 

satisfaction is controlled by a response surface parameter 𝑞′, the exterior penalty function  𝑟 

of Eq. (6.10)  are applied for the design variables. The applied constraint values for each 

mode in terms of Eq. (6.2) – (6.3) are the same as in the SAM. State variable constraints are 

represented by extended-interior penalty functions ( 𝑔 ,  ,    ). For example, for a state 

variable constrained by an upper limit (Eq. 6.17), the penalty function is written as: 

                                                               𝑔 𝑔𝑖  (
𝑔𝑖

𝑔𝑖+ 𝑖
)
2 

                                                (6.17) 

where   is a large integer and  𝑖 is a small positive tolerance, so that the function will be very 

large when the constraint is violated, or very small when the constraint is not violated. The 

functions used for the remaining penalties are of a similar form.  

The optimisation problem of Eq. (6.16) can be divided into two parts: 

                                                         , 𝑞′       +  𝑝  , 𝑞
′                                         (6.18) 

where       
  𝑏𝑗

  𝑏𝑗0
 depends only on the original objective function for the constrained 

optimisation problem, and: 

          𝑝  , 𝑞
′  ∑  𝑟 𝑟𝑖 + 𝑞 ∑  𝑔(𝑔𝑗) + ∑ 𝐻𝑔 𝑘 

𝑚2
𝑘=1 + ∑  𝑔 𝑤𝑙  

𝑚3
𝑙=1

𝑚1
𝑗=1

𝑛1
𝑖=1             (6.19) 

The function   𝑝  is only related to the penalty functions of updating parameters and 

constrains conditions. For each optimisation iteration (𝑗 , a search direction vector   𝑗  is 
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devised. The values of the design parameters for the next iteration (𝑗 + 1) is obtained from 

the following equation: 

                                                               +1    𝑗 + 𝑠𝑗 
 𝑗                                             (6.20) 

Measured from   𝑗 , the line search parameter 𝑠𝑗 corresponds to the minimum value of   in 

the direction   𝑗 . The solution for 𝑠𝑗 uses a combination of a golden-section algorithm (Press 

et al. 1986) and a local quadratic fitting technique. The range of 𝑠𝑗 is limited to: 

                                                                 𝑠𝑗  
𝑠 𝑎 

100
 𝑠𝑗

∗                                              (6.21) 

where 𝑠𝑗
∗  is the largest possible step size for the line search of the current iteration and 𝑠𝑚𝑎𝑥 

is a maximum (percent) line search step size.  Vector   𝑗  in Eq. (6.18) is the corresponding 

direction of searching, for the initial step it is defined as: 

                                                0   𝑓
 0 

+  𝑝
 0 

 and   𝑓
 0 

 −∇𝑄𝑓  
 0  ,                       (6.22) 

                                                                   𝑝
 0 

 −∇ 𝑝  
 0                                             (6.23) 

where  ∇  denotes the gradient of corresponding function and for the subsequent iterations 

(𝑗 > 1 , it is given by: 

                                                           −∇ (  𝑗 , 𝑞′) + 𝑅𝑗−1 
 𝑗−1                              (6.24) 

where 𝑅𝑗−1  
[∇ (  𝑗 ,𝑞 )−∇ (  𝑗 1 ,𝑞 )]∇ (  𝑗 ,𝑞 )

|∇ (  𝑗 ,𝑞 )|
2   is the gradient derived by: 

                                                      
     𝑗  

 𝑟𝑖
≈

 (  𝑗 +∆𝑟𝑖 )−  𝑟 𝑗  

∆𝑟𝑖
                                         (6.25) 

and   is vector with 1 in its 𝑖th component and 0 for all other components, ∆𝑟𝑖  
∆𝐷

100
 𝑟𝑖 − 𝑟𝑖 , 

∆𝐷  is a given parameter for controlling the iterative increment and 𝑟𝑖  ands 𝑟𝑖  are the 

maximum  and minimum values of the updating parameters, respectively. The iterative 

process will be stopped when one of the following convergence conditions is satisfied: 

                                                           |𝑄 𝑗 − 𝑄 𝑗−1 |                                                     (6.26) 

                                                           |𝑄 𝑗 − 𝑄 𝑏 |                                                        (6.27) 
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where 𝑄 𝑗  is the result of the objective function at the 𝑗th iteration, 𝑄 𝑏  is the optimal result 

of the objective function among all the previous iterations,    is the tolerance value for the 

objection function (a small value of 1  1 −4  is set for it). 

 

 Updating parameter selection 6.5

A challenging but important aspect of conducting any updating exercise is the choice of 

which parameters to vary, because it requires considerable physical insight into the target 

structure and its model, and trial and error approaches are often used with different sets of 

selected parameters for large complicated structures (Jaishi and Ren 2007). In addition, the 

selection of parameters in model updating plays a critical role because the parameter 

selection directly affects the efficiency and physical meaning of the final updating results. 

Previous researchers (Zhang et al. 2001; Jaishi and Ren 2005) proposed two principles: the 

selected parameters must be uncertain in the model; and these parameters should also be most 

effective in producing a genuine improvement in the modelling of the structure. Parameter 

uncertainty can be deduced from specimen tests or by prior knowledge of the structure. The 

sensitivity of the model to parameter changes can be determined by a sensitivity analysis that 

measures the changes in the model outcomes due to a unit change in the model parameter. 

In this research, the calibration parameters were selected taking into account both the 

parameter uncertainty and model sensitivity. Discrepancies between the predicted and the 

measured natural frequencies come largely from the inaccurate estimation of structural 

parameters such as material properties, geometrical parameters and boundary conditions. For 

the present bridge model, geometrical parameters, e.g. the lengths and width of the girder 

cross section, were not considered uncertain, since clear dimensional information could be 

retrieved from the engineering drawings, and, furthermore, the precast girder segment 

dimensions could be controlled and measured quite accurately during production. On the 

other hand, because of the unavailability of precise data relating to the physical properties of 

the FE model, such as Young‟s modulus and mass density, these two types of parameters 

were considered uncertain. Boundary conditions were also included in updating because they 

regularly present relatively large uncertainties and were also influential, which can easily be 

seen from the prior manual tuning process.  The whole span length of the bridge in this case 

could be divided into two substructures, i.e. Segment 1 and Segment 2 (see Figure 6.6), 
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connected via the hinge located near Pier 4.  The general parameter selection principle was 

based upon these two sub segments separately, because each sub segment has different girder 

and pier cross sections, which would cause different stress level of corresponding members in 

their service life. Accordingly, the extent of deterioration and service conditions could differ 

for each sub segment. In fact, satisfactory updating results could not be obtained in a trial 

updating run by treating the bridge as a whole, and dividing the bridge into the two sub 

segments offered more freedom to update the various types of modes. 

The potential updating candidates are shown in Figure 6.7, where 𝐸𝑔1 and 𝐸𝑝1 denote the 

elastic modulus of girder segments and piers from Segment 1, respectively; 𝐸𝑔2 and 𝐸𝑝2 

denote the elastic moduli of girder segments and piers from Segment 2, respectively; 𝑀𝑔1 

and 𝑀𝑝1 denote the mass density of girder segments and piers from Segment 1, respectively; 

and 𝑀𝑔2 and 𝑀𝑝2 denote the mass density of girder segments and piers from Segment 2, 

respectively. In contrast to the parameters described above selected from the two sub-

segments separately, 𝐸𝑐 and  𝑀𝑐 are the elastic modulus and mass density of the cantilever 

slab from the whole bridge respectively, as the cantilever slab is a secondary member 

compared to the girder segment and piers. Other physical parameters from non-structural 

members included the elastic modulus of rails  𝐸𝑟 , mass density of rails 𝑀𝑟 , the elastic 

modulus of concrete channel 𝐸𝑐, mass density of concrete channel 𝑀𝑐, the elastic modulus 

of asphalt layers 𝐸𝑙, mass density of asphalt layers 𝑀𝑙 and thickness of asphalt layers 𝑡. 

Boundary condition parameters 𝐾𝑦3 and 𝐾𝑦5 were the longitudinal stiffness values of the 

bearing at Pier 3 and Pier 5, respectively; 𝑟𝑥_𝑎𝑏𝑢𝑡1, 𝑟𝑥_𝑎𝑏𝑢𝑡2 and 𝑟𝑦_𝑎𝑏𝑢𝑡2 denote lateral 

spring constant at Abutment 1, lateral spring constant at Abutment 2 and longitudinal spring 

constant at Abutment 2 respectively. 

 

Figure 6.6 The elevation layout of the bridge structure consists of two substructures: Segment 1 and 

Segment  
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Figure 6.7 The potential updating candidates for the shell element girder model 

A comprehensive eigenvalue sensitivity analysis was carried out to study the effects of the 

potential structure parameters describe above. The dimensionless number, i.e. the normalised 

relative sensitivities of response to updating parameters defined in Eq. (6.28), was used for 

the sensitivity analysis. This was done by using the forward finite difference approach with 

assumed parameter perturbation of 1% with respect to their initial values:   

                                                          Γ𝑛,𝑖𝑗  
∆ 𝑖/∆𝑟𝑗

 𝑖/𝑟𝑗
                                                             (6.28) 

where Γ𝑛,𝑖𝑗  is the normalised sensitivity of the target response,  𝑖  is the value of the 𝑖th 

response at the current state of the parameter 𝑟𝑗 , while ∆ 𝑖  is the value of the same 𝑖th 

response when the parameter 𝑟𝑗 is increased by value ∆𝑟𝑗.  

The calculated eigenvalue sensitivity values to all possible parameters are shown in Figure 

6.8. Figure 6.8a displays the normalised relative eigenvalue sensitivities of the 15 identified 

modes with respect to the parameters from Segment 1, except for 𝐸𝑐. Figure 6.8b displays the 
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normalised relative eigenvalue sensitivities with respect to the parameters from Segment 2 

except for 𝑀𝑐.  From these two figures, it can be observed that the eigenvalue sensitivities 

range between -0.4 and 0.4. The sensitivity curves for 𝐸𝑔1, 𝐸𝑔2, 𝑀𝑔1 and 𝑀𝑔2 are the 

largest, which indicates these parameters from the main girder segments were the most 

influential. The parameters from the piers such as 𝐸𝑝1 , 𝐸𝑝1,𝑀𝑝1 and 𝑀𝑝2  had more 

influence on the lateral modes compared with the vertical and the torsional modes. The 𝐸𝑐 

and 𝑀𝑐  from the secondary members had nearly equal impact on each mode. A close 

symmetry of the curves between the mass parameters and stiffness parameters can be 

observed. This implies that the mass parameters and stiffness parameters had almost equal 

influence on the corresponding modes at this local point in the design space, but the effect 

was opposite. It is noted that in common practice, the value of mass parameters is generally 

provided by the drawings with confidence, and only stiffness parameters are need to be 

included in the updating process in such situation due to their large uncertainty. However, in 

the case of Nelson St. off ramp bridge, no definite parameter data for the mass density of 

cantilever slab, piers and girder or others can be retrieved from the original design drawings.  

Consequently, the mass parameters are involved in the updating process considering they still 

bear relatively large uncertainty during the process of building the FE model. But only 15% 

variation of the mass parameter was allowed for, because based on previous engineering 

experience, the mass parameters normally have relatively less scatter compared with stiffness 

parameters.   

By comparing Figure 6.8a with Figure 6.8b, it can be seen that the same type of parameters 

from different sub segments had different effects on the same vibration modes. For example, 

the frequency of mode V1 was very sensitive to 𝐸𝑔1 but did not show the same sensitivity 

to 𝐸𝑔2. This is because the modal response for mode V1 mainly came from the movement of 

Segment 1; the frequencies of modes V2, V3, V4 and V5 were very sensitive to 𝑀𝑔2 but not 

so sensitive to 𝑀𝑔1. The same reason as given for mode V1 applies to these modes. This 

shows that the division of the whole bridge into two sub segments was reasonable for 

updating.  

Figure 6.9c shows the normalised relative eigenvalue sensitivities of the 15 identified modes 

to the non-structural parameters. The sensitivities of these parameters normally ranged 

between -0.025 and 0.025, which was much less than for the main structural parameters.  In 

addition, the influence of the non-structural parameters on each mode was generally equal 



6. Updating the FE model of the real-life motorway bridge  

159 

 

except for certain modes. It was plausible to remove those insensitive parameters from the 

updating process. However, the insensitive parameters were kept, since they have relative 

large uncertainties when creating the FE model. An attempt to calculate the sensitivity of the 

spring parameters used to simulate the boundary condition on the piers and abutments was 

also undertaken. Their eigenvalue sensitivities were not comparable to those of the 

parameters associated with the mass and stiffness properties of the bridge. However, these 

spring parameters, such  y3,  y5, 𝑟𝑥_𝑎𝑏𝑢𝑡1, 𝑟𝑥_𝑎𝑏𝑢𝑡2 and 𝑟𝑦_𝑎𝑏𝑢𝑡2 were still selected as 

the updating candidates due to the uncertainty of their values. To preserve the physical 

meaning of the updating parameters, the bounds of variation were set around the initial values 

according to engineering judgment. In studies by Zhang et al. (2001) and Brownjohn et al. 

(2001), the maximum variation range from ±20% to ±40% is given for some uncertain 

parameters. In this work, the value of the mass density of concrete was assumed to have 

relatively less scatter based on previous engineering experience, so a 15% variation was 

allowed for. The static elastic modulus of concrete was used in the dynamic analysis, which 

had relative high uncertainties. As a result, it was allowed a 30% variation. As for the spring 

parameters, no variation bounds were assumed and these parameters could vary freely in 

updating, since the required information about their accurate values could not be found in the 

engineering drawings.   
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a)  

b)  

c)  

Figure 6.8 Sensitivity of eigenvalues of the shell-girder model to potential parameters: a) parameters 

from Segment 1, b) parameters from Segment 2, and c) parameters of secondary members 

 

 Objective function and target response selection 6.6

The purpose of FE model updating is to minimise the objective function, which is normally 

built up by the residuals between the measured results and the numerical predictions. Many 

choices are available for use in the objective functions, such as natural frequencies, mode 

shape, modal flexibility, modal strain energy, and so on.  Many researchers prefer hybrid 

objective functions. Jaishi and Ren (2006), for example, proposed a combination of 
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frequency residuals, mode shape related function and modal flexibility residuals for the 

purpose of damage detection by updating. It is recommended that the selection of calibrating 

target metrics needs to be based on the purpose of the updated model, as well as the updated 

structure type.  Most of the cases FE updating of real-world bridge reported have considered 

only the eigenvalue residual (Brownjohn and Xia 2000; Zhang et al. 2000). In this study, only 

natural frequencies were utilised as the reference features due to their high measuring 

accuracy. The reason for not including the measured mode shape information in the objective 

function is that mode shapes are not sensitive to global parameters like girder stiffness, so 

including them in updating would not change them much. In addition, from the view of the 

engineering simplicity, if an engineer only acquire the nature frequency information, and has 

no time to obtain the mode shape information by arrange a large number of sensor along the 

bridge, he can only include the nature frequency information in the objective function for 

updating the initial FE model. Nevertheless, if he wants to use the obtained based line FE 

model for the purpose of damage detection by updating, it is recommended to include mode 

shape information in the objective function, because the mode shapes are more sensitive to 

the local damage compare with the nature frequencies.The objective function takes the form: 

                                                       𝑄    ∑  
𝑓𝑎𝑖−𝑓 𝑖

𝑓 𝑖
 2𝑛

𝑖=1                                                  (6.27) 

where   𝑓𝑎𝑖  and 𝑓𝑒𝑖  are the FE and experimental natural frequency of the 𝑖th  mode 

respectively. Selecting the number of comparative features is another important aspect for the 

success of model updating. In this study, all identified modes (15 target responses) from the 

forced shaking testing by using eccentric mass shaker under one small mass configuration 

were used as the target responses during the updating process. 

 Model updating results 6.7

Figure 6.9 illustrates the convergence of the objective function during each optimisation 

iteration step. It can be seen the initial objective function value of 4.59% decreased to 1.57% 

for the SAM and 1.90% for the FOM. In the SAM, the convergence of the model updating 

process was essentially reached after 49 iterations.  On the other hand, for the FOM 

convergence was achieved after 9 iterations and optimisation then terminated.  
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a)  

b)  

Figure 6.9 Convergence of the objective function for the shell-element girder model:  a) SAM 

updating procedure, and b) FOM updating procedure 

Table 6.4 lists the frequencies and MAC values obtained as a result of the updating process 

for the shell-element girder model. It shows the difference between FE and experimental 

frequencies of most significant modes were reduced below  3%, except for modes V2, V6, 

V7/T1 and L2. In particular, the difference in frequencies of modes V1, V5, L1, L2, L3, L5, 

L7 and L8 were greatly decreased from 1.8%, -4.5%, 5.1%, 11.0%, -8.5%, -6.2 %, -3.9% and 

-2.4% to -0.2%, -0.2%, 1.1%,3.4%, 1.3%,-2.0%, -0.4%, and -1.5% respectively, using SAM. 

On the other hand, the frequency discrepancies of modes V2, V6, V7/T1 and L6 did not show 

improvement possibly due to the measurement errors or the inherent limitations of the FE 

model. The MAC values underwent small variations for all of the 14 modes.  

Table 6.5 shows the physical structural member updating values of the 17 structural 

parameters, as compared to the initial estimations of the parameters. It is evident none of the 

parameters exceeded their limiting bounds except -29.7% for 𝐸𝑝2 (the elastic modulus of 

piers from Segment 2 in SAM), which suggests a good parameter choice. The change of 

boundary condition type parameters was generally due largely to their relatively larger 

uncertainties (see Table 6.6). Table 6.5 shows that the deviation of updating parameters from 
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SAM was generally larger than those from FOM, whist the updating results found by SAM 

were better than those from FOM, due to the relatively lower objective function value. It was 

assumed that the updating results obtained by using FOM most likely corresponded to a local 

solution in the design space, since it was very close to the initial estimation of the parameter 

set. As a result, it was decided to use different initial parameter values and then rerun the 

updating procedure in FOM. In this way, it was expected the local updating solution could be 

avoided.  

Table 6.4 Results of the FE model updating for the shell-element girder model 

Modes
a
 

Measured 

frequencies 

[Hz] 

SAM FOM 

Computed frequencies 

from updated model 

[Hz] 

MAC 

Computed frequencies 

from updated model 

[Hz] 

MAC 

V1 3.171 3.166 (-0.2)
b
 

 
0.922 3.180 (0.3)

b
 

 
0.906 

V2 3.852 3.993 (3.7)
b
 0.792 4.026 (4.5)

b
 0.801 

V3 4.164 4.147 (-0.4)
b
 0.845 4.172 (0.2)

b
 0.852 

V4 4.750 4.668 (-1.7)
b
 0.728 4.767 (0.4)

b
 0.773 

V5 5.640 5.626 (-0.2)
b
 0.534 5.700 (1.1)

b
 0.490 

V6 7.140 6.831 (-4.3)
b
 0.636 6.885 (-3.6)

b
 0.643 

V7/T1 7.913 8.652 (9.3)
b
 0.739 8.800 (11.2)

b
 0.691 

L1 1.866 1.887(1.1)
b
 0.983 1.869 (0.2)

b
 0.987 

L2 2.556 2.642(3.4)
b
 0.892 2.653 (3.8)

b
 0.913 

L3 3.638 3.687 (1.3)
b
 0.868 3.689 (1.4)

b
 0.865 

L4 4.487 4.357 (-2.9)
b
 0.828 4.407 (-1.8)

b
 0.850 

L5 5.570 5.456 (-2.0)
b
 0.850 5.494 (-1.4)

b
 0.860 

L6 6.602 6.446 (-2.4)
b
 0.884 6.430 (-2.6)

b
 0.884 

L7 7.660 7.627 (-0.4)
b
 0.608 7.629 (1.2)

b
 0.611 

L8 9.430 9.287 (-1.5)
b
 0.727 9.300 (-1.4)

b
 0.718 

      a 
V- vertical bending mode; L-lateral bending mode; T-torsional bending modes 

       
b  

Relative difference between computed and measured frequency in per cent 
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Table 6.5 Physical structural member parameters of the shell-element girder model before and after 

updating 

Parameters updated 
Starting 

value 

Allowed 

bounds 

[%] 

Updated parameter value 

SAM FOM 

Elastic modulus of  girder Segment 1  
 𝐸𝑔1 (GPa) 

35 ±30 31.1 (-11.1)
a
 36.0 (2.9)

a
 

Elastic modulus of  girder Segment 2  
 𝐸𝑔2 (GPa) 

35 ±30 37.0 (5.7)
a
 36.9 (-3.1)

a
 

Elastic modulus of  cantilever slab 𝐸𝑐 

(GPa) 
30 ±30 35.1 (17)

a
 30.7 (-0.3)

a
 

Elastic modulus of  piers  from 

Segment 1 𝐸𝑝1 (GPa) 
30 ±30 27.3 (-9)

a
 26.5 (0)

a
 

 Elastic modulus of  piers  from 

Segment 2 𝐸𝑝2 (GPa) 
30 ±30 21.1(-29.7)

a
  23.7 (3)

a
 

Mass density of girder Segment 

1 𝑀𝑔1 (kg/m
3
) 

2550 ±15 2217.9 (-13.0)
a
 2570.7 (-0.3)

a
 

Mass density of girder Segment 

2 𝑀𝑔2 (kg/m
3
) 

2550 ±15  2545.9 (-0.2)
a
 2542.8  (0.6)

a
 

Mass density of cantilever slab 𝑀𝑐 

(kg/m
3
) 

2450 ±15 2565.4 (4.7)
a
 2444.2  (0)

a
 

Mass density of piers from Segment 1 

𝑀𝑝1 (kg/m
3
) 

2450 ±15 2628.8 (7.3)
a
 2459.3 (0)

a
 

Mass density of piers from Segment 2 

𝑀𝑝2 (kg/m
3
) 

2450 ±15 2376.4 (-3.0)
a
 2445.0 (3.2)

a
 

Elastic modulus of rails 𝐸𝑟 (GPa) 206 ±30 231.5  (-0.7)
a
 206.0 (0)

a
 

Elastic modulus of concrete channel 

𝐸𝑐 (GPa) 
30 ±30 23.1 (-23)

a
 30.1(0.3)

a
 

Elastic modulus of layers 𝐸𝑙 (GPa) 9 ±30 9.3 (3.3)
a
 9.0 (0)

a
 

Mass density of rails 𝑀𝑟 (kg/m
3
) 7850 ±15 7980.9 (16.7)

a
 7848.3 (0)

a
 

Mass density of concrete channel 

𝑀𝑐 (kg/m
3
) 

2400 ±15 2047.1 (-14.7)
a
 2400.0 (0)

a
 

Mass density of layers 𝑀𝑙 (kg/m
3
) 2280 ±15 1969.0 (-15.8)

a
 2280.3 (0)

a
 

Thickness of layers 𝑡 (m) 0.04 0~ 0.1
b
 0.077 (92.5)

a
 0.041 (0)

a
 

a 
Percent change of the updated parameters; 

b
 Value variation range of the updated parameters 
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Table 6.6 Boundary condition parameters of the shell-element girder model before and after updating 

Parameters updated 
Starting 

value 

Allowed 

bounds 

[%] 

Updated parameter value 

SAM FOM 

Longitudinal spring stiffness of 

the bearing on the Pier3 𝐾𝑦3 

(N/m per metre width) 
1×10

3
 No limit 

0.72×10
3
 

(-28)
a
 

1.05×10
3
 

(5)
a
 

Longitudinal spring stiffness of 

the bearing on the  Pier5  y5 

(N/m per metre width ) 
1×10

3
 No limit 

1.66×10
3
 

( 66)
a
 

1.16×10
3
 

(16)
a
 

Lateral spring stiffness at 

Abutment 1 𝑟𝑥_𝑎𝑏𝑢𝑡1 (N/m) 
1×10

11
 No limit 

5.68×10
10

 

(-43)
a
 

1.28×10
11

 

(28)
a
 

Lateral spring stiffness at 

Abutment 2 𝑟𝑥_𝑎𝑏𝑢𝑡2 (N/m) 
1×10

12
 No limit 

7.66×10
11

 

(-23.4)
a
 

  9.21×
10

11
 (-7.9)

a
 

Longitudinal spring stiffness at 

Abutment 2 𝑟𝑦_𝑎𝑏𝑢𝑡2(N/m) 
1×10

12
 No limit 

1.13×10
12

 

(13)
a
 

8.55×10
11

 

(-14.5)
a
 

               
a 
Percent change of the updated parameters 

 FOM updating based on the perturbed parameters 6.7.1

For the present analysis, all the initially assumed values of the updating parameters were 

perturbed simultaneously by 10% or -10%, respectively. For each case (10% perturbation / -

10% perturbation) the updating procedure was rerun using FOM. Figure 6.10 displays the 

convergence procedure in terms of the objective function It shows that for both cases the 

objective function values were reduced from around 5% to 1.64% and 1.62% after 17 and 15 

iterations, respectively.  The final updated objective function values between the two cases 

were almost overlapping.  In addition, these final updating objective function values were 

very close (with a maximum 4.5% relative difference) to the objective function value of 1.57% 

obtained by SAM (see Fig. 6.9a). This means that SAM and FOM achieved practically the 

same result in terms of updating the objective function.  

Table 6.7 lists the results of correlation analysis between the experimental and the FOM 

updating results. The natural frequency results between the two perturbation cases matched 

well. In addition, it can be seen the updated frequencies results between SAM, and both 

perturbation cases using FOM, agreed well. All frequency discrepancies were within 1% 

except for modes V4 (1.7%) and V5 (1.2%) from the 10% perturbation case. The MAC 
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values did not show any noticeable differences compared with the MAC results obtained by 

using SAM.  

Table 6.8 shows the physical structural member updated parameter results based on FOM 

updating and using the perturbed parameters. A good agreement for the physical parameter 

updated results can be obviously seen between the two perturbation cases. Compared to the 

results by SAM, the largest discrepancy of 2.8% was for the elastic modulus of piers from 

Segment 2 𝐸𝑝2 . Table 6.9 shows the updated boundary condition parameters exhibited 

relatively large differences between the two perturbation cases, compared to the results for 

the physical structural member parameters. However, considering the uncertainties for the 

boundary conditions of the real-life bridge, these relatively large differences (the largest 

relative error was 42% from the longitudinal spring stiffness of the bearing at Pier 5  𝐾𝑦5) 

between the two cases can be seen to be within the normal range. In addition, the discrepancy 

between the results of SAM and the perturbation cases from FOM, in terms of the updated 

boundary condition parameters, were below 21%.   

Based on the analysis described above, it can be concluded that the two types of FE model 

updating approaches (i.e. SAM based updating and FOM updating based on the perturbed 

parameters) achieved consistent updating results. This bolsters the reliability of the final 

updating results. 

 

Figure 6.10 Convergence of the objective function by rerunning FOM updating based on the 

perturbed parameters 

 

0.00

0.01

0.02

0.03

0.04

0.05

0.06

1 4 7 10 13 16 19

10% perturbation

-10% perturbation

V
al

u
e

  o
f 

o
b

je
ct

iv
e 

fu
n

ct
io

n
 

0.0162 

0.0164 

Number of iterations 



6. Updating the FE model of the real-life motorway bridge  

167 

 

Table 6.7 Frequency results of the FOM updating based on the perturbed parameters 

Modes
a
 

Measured 

frequencies 

[Hz] 

FOM 

10% perturbation 

[Hz] 
MAC 

-10% perturbation 

[Hz] 
MAC 

V1 3.171 3.172(0.2)
b
 

 
0.919  3.176(0.3)

b 

 
0.913 

V2 3.852 3.998(0.1)
b
 0.801  4.010(0.4)

b
 0.790 

V3 4.164 4.173(0.6)
b
 0.822  4.166(0.5)

b
 0.838 

V4 4.750 4.747(1.7)
b
 0.735  4.690(0.5)

b
 0.731 

V5 5.640  5.560(1.2)
b
 0.544  5.574(0.9)

b
 0.535 

V6 7.140  6.845(0.2)
b
 0.636  6.861(0.4)

b
 0.641 

V7/T1 7.913        8.674(0.3) 0.735   8.689(0.4)
b
 0.739 

L1 1.866 1.901(0.7)
b
 0.989 1.895(0.2)

b 
0.982 

L2 2.556 2.662(0.8)
b
 0.890 2.651(0.3)

b
 0.889 

L3 3.638 3.697(0.3)
b
 0.862 3.700(0.4)

b
 0.885 

L4 4.487 4.395(0.9)
b
 0.833  4.376(0.4)

b
 0.846 

L5 5.570 5.481(0.5)
b
 0.867 5.479(0.4)

b
 0.886 

L6 6.602  6.462(0.2)
b
 0.875  6.475(0.4)

b
 0.893 

L7 7.660 7.658(0.4)
b
 0.822 7.662(0.5)

b
 0.821 

L8 9.430  9.310(0.2)
b
 0.723  9.330(0.5)

b
 0.718 

           a 
V- vertical bending mode; L-lateral bending mode; T-torsional bending modes 

             
b 
Relative difference between SAM and perturbed FOM updating results  in per cent 
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Table 6.8 Physical structural member parameters of the shell-element girder model based on FOM 

updating by using the perturbed parameters 

Parameters updated 

10% perturbation -10% perturbation 

Starting 

value 

Updated 

parameter value 

Starting 

value 

Updated 

parameter value 

Elastic modulus of  girder Segment 1  
 𝐸𝑔1 (GPa) 

38.5 31.1(0)
a
 31.5 31.3(0.6)

a
 

Elastic modulus of  girder Segment 2  
 𝐸𝑔2 (GPa) 

38.5 36.9(0.3)
a
 31.5 37.0(0)

a
 

Elastic modulus of  cantilever slab 

𝐸𝑐 (GPa) 
33 35.0(0.3)

a
 27 35.2(0.3)

a
 

Elastic modulus of  piers  from 

Segment 1 𝐸𝑝1 (GPa) 
33 27.6(1.1)

a
 27 26.4(3.3)

a
 

 Elastic modulus of  piers  from 

Segment 2 𝐸𝑝2 (GPa) 
33 21.2(0.5)

a
 27 21.7(2.8)

a
 

Mass density of girder Segment 

1 𝑀𝑔1 (kg/m
3
) 

2805 2208.4(0.4)
a
 2295 2206.8(0.5)

a
 

Mass density of girder Segment 

2 𝑀𝑔2 (kg/m
3
) 

2805  2537.8(0.3)
a
  2295 2538.2(0.3)

a
 

Mass density of cantilever slab 𝑀𝑐 

(kg/m
3
) 

2695 2555.1(0.4)
a
 2205 2556.3(0.4)

a
 

Mass density of piers from 

Segment 1 𝑀𝑝1 (kg/m
3
) 

2695 2610.5(0.7)
a
 2205 2613.1(0.6)

a
 

Mass density of piers from 

Segment 2 𝑀𝑝2 (kg/m
3
) 

2695 2379.8(0.1)
a
 2205 2346.7(1.2)

a
 

Elastic modulus of rails 𝐸𝑟 (GPa) 226.6 231.4(0.1)
a
 185.4 226.1(2.3)

a
 

Elastic modulus of concrete 

channel 𝐸𝑐 (GPa) 
33 22.7(1.7)

a
 27 22.7(1.7)

a
 

Elastic modulus of layers 𝐸𝑙 (GPa) 9.9 9.4(1.1)
a
 8.1 9.4(1.1)

a
 

Mass density of rails 𝑀𝑟 (kg/m
3
) 8635 7969.8(0.1)

a
 7065 7987.9(0.1)

a
 

Mass density of concrete channel 

𝑀𝑐 (kg/m
3
) 

2640 2045(0.1)
a
 2160 2057.5(0.5)

a
 

Mass density of layers 𝑀𝑙 (kg/m
3
) 2508 1973.9(0.2)

a
 2052 1977.3(0.4)

a
 

Thickness of layers 𝑡 (m) 0.044 0.077 (0)
a
 0.036 0.075(2.6)

a
 

a 
Relative

 
percent change of the updated parameters between SAM and perturbed FOM updating results 
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Table 6.9 Boundary condition parameters of the shell-element girder model before and after updating 

Parameters updated 

10% perturbation -10% perturbation 

Starting 

value 

Updated 

parameter value 

Starting 

value 

Updated parameter 

value 

Longitudinal spring stiffness of 

the bearing on the Pier3 𝐾𝑦3 

(N/m per metre width) 
1.1×10

3
 0.91×10

3
(20.9)

a
 9×10

2
 0.82×10

3
(13.9)

a
 

Longitudinal spring stiffness of 

the bearing on the  Pier5  y5 

(N/m per metre width ) 
1.1×10

3
 1.38×10

3
(16.9)

a
 9×10

2
 1.96×10

3
 (18.1)

a
 

Lateral spring stiffness at 

Abutment 1 𝑟𝑥_𝑎𝑏𝑢𝑡1 (N/m) 
1.1×10

11
 6.28×10

10
(10.6)

a
 9×10

10
 4.91×10

10
 (13.6)

a
 

Lateral spring stiffness at 

Abutment 2 𝑟𝑥_𝑎𝑏𝑢𝑡2 (N/m) 
1.1×10

12
 7.94×10

11
(3.7)

a
 9×10

10
   8.29×10

11
 (8.2)

a
 

Longitudinal spring stiffness at 

Abutment 2 𝑟𝑦_𝑎𝑏𝑢𝑡2(N/m) 
1.1×10

12
 1.33×10

12
(17.7)

a
 9×10

10
 1.03×10

12
 (8.8)

a
 

   
a
 Relative

 
percent change of the updated parameters between SAM and perturbed FOM updating results 

Figure 6.11 – Figure 6.13 display the natural frequency pairing between the analytical and 

experimental results before and after the complete process of model updating (including the 

manual tuning and automatic non-linear optimisation). The frequency errors are visually 

represented by the departure from the diagonal line with a unit slope. Comparing Figure 6.11 

with both Figure 6.12 and Figure 6.13, it can be observed clearly that after the updating, the 

departure distance from the diagonal line for all pairs of points was significantly reduced, 

except for the high order mixed mode V7/T1, which shows the updated model, in comaprison 

to the initial model, was able to produce frequencies much closer to the measured values.   

In addition, the consistency of the updating results between SAM and FOM can be easily 

seen by comparing Figure 6.12 and Figure 6.13. 

 

. 
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Figure 6.11 Pairing of frequencies from the FE analysis and experimental modal analysis before 

model updating 

 

Figure 6.12 Pairing of frequencies from the FE analysis and experimental modal analysis based on 

SAM 
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a)  

b)  

Figure 6.13 Pairing of frequencies from the FE analysis and experimental modal analysis based on 

FOM updating: a) 10% perturbed parameters, and b) -10% perturbed parameters 
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 Summary 6.8

The complete updating procedure, comprising initial FF modeling, manual tuning of the 

numerical model, and automatic FE model updating for a full-scale, multi-span concrete 

motorway bridge were presented. The modelling deficiencies of the initial shell-element 

girder model were remedied by a series of systematic manual tuning trials, to adjust the 

uncertain connection stiffness between the girder and the piers and abutments. Two different 

kinds of optimisation approach (SAM and FOM) were utilised to find the optimal parameter 

set in the solution space. The following conclusions were drawn from the updating 

implementation and comparative analysis:  

 As for the initial FE model developed for the curved concrete motorway bridge, 

relatively large differences in terms of the natural frequencies and mode shapes 

between the calculated results and field vibration testing results were encountered due 

to the complex and uncertain boundary conditions. Such large discrepancies are 

generally not able to be compensated for fully by automatic updating procedures. 

Performing manual tuning based on engineering insights to identify potential model 

deficiencies, as well as to obtain the suitable initial values of the updating parameters 

when the relevant information is lacking, was useful and often necessary in order to 

reconcile differences and then successfully produce correct updating results in the 

subsequent automatic updating steps. 

 For the updating exercises of multi-span, curved, concrete continuous girder bridges, 

the representation of joint properties between piers/abutments and the main girder in 

the FE model should be reviewed to check whether additional physical phenomena 

have to be introduced into the FE model to obtain a more realistic description, since 

the dynamic characteristics of the bridge were found to be highly influenced by 

changes in the connection stiffness at these locations. In contrast, physical parameters 

from non-structural members such as steel railings, concrete channels, and deck 

asphalt layers had little influence on the dynamic properties for this type of bridge, 

based on the eigenvalue sensitivity of analysis. 

 Both SAM and FOM were able to produce sufficient improvements in the natural 

frequencies in most modes of interest, while still preserving the physical meaning of 

the updated parameters. However, the frequency error of the high order mixed mode 

V7/T1 improved little after updating, indicating that complete elimination of the 
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frequency differences may not always be possible because the selected updated 

parameters may not account for all the sources of modelling errors and measured 

frequency errors. 

 The good consistency of the updated results for the bridge structural members 

achieved by the two complementary optimisation methods, demonstrates the 

reliability of the final updating results. However, the updated boundary condition 

parameter results between the SAM and the two perturbation-based FOM attempts 

showed relatively large discrepancy. 

 The FOM appeared to have more chance of becoming trapped in a local minimum 

when the starting point was too close to the local minimum in the solution space, 

since it starts from one existing point in the design space and works its way to the 

minimum. SAM, on the other hand, showed better ability for covering the full design 

space and thus avoiding the potential local minimum. Perturbing the initially assumed 

parameter values and rerunning the updating FOM algorithm was a good way to 

check whether the updating results obtained from FOM corresponded to a local 

minimum. In terms of computation efficiency, SAM ran much faster, since only the 

approximations by means of least squares fitting were used. FOM required much 

more computational resource and time because the sensitivity matrix needed to be 

formulated at each iterative step. But the number of iterations needed for convergence 

in FOM was much less than that for SAM. 
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  Chapter 7

Conclusions and recommendations 

 

 Introduction 7.1

In this thesis, the several challenges that exist in the practical application of dynamic-based 

evaluation methods for real-world bridges have been explored by way of combining field 

vibration experiments and FE analytical analysis for an eleven-span concrete motorway 

bridge. This chapter presents the conclusions reached based on this work, and gives 

suggestions and recommendations for future research 

 

 Conclusions 7.2

The following conclusions can be drawn from this research: 

1. Forced excitation tests under different forcing levels, which were realised via 

mechanical eccentric mass shakers, were conducted to investigate the effects of the 

amplitude of the bridge structural response on the modal properties. A certain amount 

of departure from straight line was evident between modal forcing and response 

amplitudes, indicating the existence of softening dynamic force-displacement 

characteristics in the bridge structural system. In the relatively narrow range for 

excitation force, an approximately linear decreasing trend in modal frequencies / 

linear increasing trend in damping ratios with increasing response amplitude was 

found for the vertical and mixed vertical-torsional modes. In the broader excitation 

range, a pronounced non-linear drop of the natural frequency with the increasing 

response amplitude was observed for the lateral bending modes, and the damping 

ratios initially increased but later stabilised for those modes where testing continued 
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into a larger response amplitude range. The mode shapes stayed constant regardless of 

the level of excitation for all the vibrational modes.  

2. A beam element girder model of the bridge, which has been verified by the 

experimental modal properties, was used to investigate the influence of the amplitude 

dependent modal propriety of the bridge on damage detection. The analytical 

eigenvalue shifts caused by the damage simulated on the FE model were compared 

with the experimental amplitude-dependent frequency data. One numerical damage 

scenario indicated that a reduction of 20% of stiffness in the middle of the main span 

would cause larger frequency shifts of some modes, but amplitude dependent effects 

would dominate in other modes. The other numerical damage scenario was a 

reduction of stiffness by 30% at the top and bottom of the highest pier. It was shown 

this type of damage would have to be twice as severe to result even in changes 

comparable to the response amplitude effect in a single most affected mode, and when 

compared to the frequency shifts due to damage and response amplitude effects. 

3. Frequency domain methods, i.e. PP and FDD, and the time domain method SSI were 

used to identify the dynamic characteristics of the bridge for excitation cases 

including AVT, EDST and EMST. It was found that the natural frequencies could be 

reliably extracted by any one of the techniques, due to the small frequency errors 

among the different identification algorithms. No comparative analysis was carried 

out for damping ratios, since it was only able to be extracted by SSI. However, the 

modal damping ratios identified still showed a significant scatter among independent 

identification results in AVT, indicating the large uncertainty of the identified 

damping of the bridge structure system. In terms of mode shape recovery, SSI 

performed better for obtaining quality results in the weak excitation cases of AVT and 

EDST, but FDD and SSI achieved comparable results in the stronger excitation case 

of EMST. Two time domain methods, ERA and SSI were used for JT, and an 

extraordinary agreement in terms of the identified natural frequencies, damping ratios 

and modes shapes was observed between the two methods, which confirms the 

accuracy of the results obtained. 

4. The feasibility and reliability of different dynamic testing methods were investigated 

by cross-validation, in which the modal properties extracted from different excitation 

cases by robust SSI algorithms were compared. The estimation accuracy for mode 

shapes and damping ratios was much more vulnerable to the type of excitation source 

in comparison with the natural frequencies. The variation of natural frequencies 
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between different excitation cases was typically small (within ±1.5%). Noticeable 

variability of the extracted damping ratios were observed, and relatively higher 

damping values were obtained from the stronger excitation case, EMST. The damping 

ratios tended to be overestimated in AVT and EMST produced the mode shapes with 

the best smoothness due to the stronger level of excitation force. 

5. In AVT, the mode shape information of lateral modes (except the first two low-order 

modes) as well as several low-order vertical modes could still be extracted, despite no 

vehicles driving across the bridge. The free vibration responses generated by JT were 

used to reliably obtain the natural frequencies, damping radios and mode shapes of the 

first several fundamental modes. EDST provided a cost-effective way to obtain 

satisfactory information in terms of the dynamic characteristics of the bridge except 

for certain high order modes which were either unidentifiable, or identifiable with low 

reliability. EMST undoubtedly yielded the best estimation but considerable resources 

were needed in terms of equipment and in executing the test. 

6. Even a very detailed initial shell-element numerical model of the bridge 

overestimated the low order lateral modes (the maximum error being 20.8%), and 

underestimated the high order lateral modes (the maximum error being -12.7%). 

Manual FE model tuning by trial and error found extra spring constraints needed to be 

added to the girder end at the position of the abutments, to improve the correlation 

between the measured and analytical higher order lateral modes. The longitudinal 

stiffness of the sliding bearings at two of the piers also needed to be reduced to make 

the frequency values of the first two lateral modes approach the testing frequency 

values. This significantly reduced the maximum frequency error of the low order 

lateral modes to 11% and of the high order lateral modes to -6.2%. 

7. The individual configuration of a bridge should be considered when selecting 

updating parameters, which play a significant role in the success of an updating 

procedure. In this research, the girder of the tested motorway bridge had two cross 

sections of different dimensions, connected by the hinge. The updating results showed 

that the different parameter candidates selected for the two parts of the bridge 

provided more flexibility in terms of updating different vibrational modes. In addition, 

the use of a frequency residual based objective function was preferable, due to the fact 

that the natural frequencies could be measured with high reliability. It was also 

adequate for achieving the final accurate updated FE model of the real-world bridge 

that could be used for predicting structural responses under various loading cases. 
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8. The FOM that utilises derivative information can become trapped in a local minimum 

when the initial updating solution is close to it. Perturbing the initially assumed 

parameter values and carrying out the updating again provided an effective way to 

escape the problem. The final updated objective function values and the updated 

parameter values for the bridge structural members obtained by the SAM and the two 

cases of the perturbation-based FOM showed a good consistency. The agreement 

confirmed the reliability of the final updating results, despite the updated boundary 

condition parameter results between the two methods showing more discrepancy. 

These two complementary optimisation techniques can be used simultaneously to 

effectively update future real-world bridge updating cases. 

 

 Recommendations for future research 7.3

The research work in this thesis revealed the following recommended areas for further 

research: 

1. With regard to study of the amplitude dependent properties of the bridge, the 

excitation range in the vertical direction was still relatively narrow and the forcing 

level was also low due to the limits on configuring the mechanical shaker; broader 

and higher forcing level excitations are desirable in future field dynamic testing. 

2. In the shaking testing with different force levels, the smallest step used for excitation 

was 0.01 Hz. Smaller steps are preferable to construct the FRFs at different levels of 

excitation, on the basis of which more accurate identification of natural frequencies 

and damping ratios could be achieved.  

3. The effect of the dependency of modal frequencies of the response amplitude of the 

bridge on damage detectability was investigated. However in reality, bridges operate 

in complex environmental conditions which could also have an influence on the 

dynamic characteristics of the bridge. As a result, future studies should continue this 

line of inquiry and adopt an updated FE model to evaluate damage detectability by 

vibration based techniques under both response level and environmental influences, 

such as temperature.  

4. For other bridges in the operational status, the amplitude dependent modal properties 

could detected in the following way: collecting long-term acceleration data, dividing 

different operational conditions based on traffic volume, identifying modal parameters 
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from different operational conditions, calculating the vibration intensity based on the 

square root of acceleration response of the corresponding vibration mode, establishing 

the quantitative relationship between natural frequencies/damping ratios and 

vibrational levels. 

5. The effects of other types of excitation source on vibration testing results should be 

further investigated, such as traffic excitation. For example, dynamic responses could 

be collected when a vehicle is controlled while traveling over the bridge at different 

speeds, or vehicles of different weights drive over the bridge at the same speed. Then 

the influence of speed and vehicle weight on the modal parameter identification 

results could be explored. 

6. More recently developed modal parameter identification techniques, such as ERA 

with observer/Kalman filter identification (Vicario et al. 2015), auto-regressive with 

exogenous terms models (Xu et al. 2009), and the blind source separation method 

(Zhou and Chelidze 2007), should be included in the investigation into the effects of 

system identification techniques on modal parameter identification. 

7. The feasibilty and realibilty of more novel intelligent optimisation algorithms, as well 

as efficiently implementing non-deterministic optimisation algorithms for real-world 

bridge model updating, is worth further exploring.  
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Appendix A  

The lists of measurement stations 

This appendix includes coordinates and numbering of measurement stations in AVT, JT, 

EMST and EDST. 
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Figure A.1 The coordinate graph of measurement stations during the field dynamic testing: a) AVT 

and JT, b) EMST and EDST when vertical excitation was applied, and c) EMST and EDST when 

lateral excitation was applied. (Note: Figure A.1(a) corresponds to Figure 3.12(a), Figure A.1(b) 

corresponds to Figure 3.17(a), and Figure A.1(c) corresponds to Figure 3.17(b)) 
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Table A.1 The coordinates for the measurement stations in AVT and JT 

Measurement nodes x y Measurement nodes x y 

 Setup 1 

 
1 122.8 242.9 94 134.8 239.9 

2 122.1 241.1 95 134.1 238.0 

3 121.4 239.2 96 133.4 236.2 

4 120.7 237.4 97 132.7 234.3 

5 119.6 234.6 98 131.6 231.6 

6 118.5 231.9 99 130.5 228.8 

7 117.7 230.0 100 129.8 227.0 

8 117.0 228.2 101 129.0 225.1 

9 116.2 226.4 102 128.3 223.3 

10 115.0 223.6 103 127.1 220.6 

11 113.8 220.9 104 125.9 217.9 

12 112.2 217.3 105 124.2 214.3 

13 110.9 214.6 106 123.0 211.6 

14 109.6 212.0 107 121.7 208.9 

15 107.8 208.4 108 119.9 205.4 

16 106.4 205.8 109 118.5 202.8 

17 105.0 203.2 110 117.0 200.2 

18 103.0 199.8 111 115.1 196.7 

19 101.5 197.2 112 113.6 194.1 

20 100.0 194.7 113 112.0 191.6 

21 98.4 192.1 114 110.4 189.1 

22 96.8 189.7 115 108.8 186.6 

23 94.6 186.4 116 106.6 183.3 

Setup 2 

24 92.3 183.1 117 104.4 180.0 

25 90.6 180.7 118 102.6 177.6 

26 88.8 178.3 119 100.9 175.2 

27 87.0 175.9 120 99.1 172.9 

28 85.2 173.6 121 97.2 170.5 

29 82.7 170.5 122 94.8 167.4 

30 80.8 168.2 123 92.9 165.1 

31 79.0 165.9 124 91.0 162.8 

32 76.5 162.8 125 88.5 159.7 

33 74.6 160.5 126 86.6 157.5 

34 72.7 158.2 127 84.7 155.2 

35 70.2 155.2 128 82.2 152.1 

36 68.3 152.8 129 80.4 149.8 

37 66.4 150.5 130 78.5 147.5 

38 64.6 148.2 131 76.6 145.2 

39 62.7 145.9 132 74.8 142.8 

40 60.9 143.5 133 73.0 140.5 

41 59.1 141.2 134 71.2 138.1 

42 57.3 138.8 135 69.4 135.7 

43 55.5 136.4 136 67.6 133.3 
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44 53.8 134.0 137 65.9 130.9 

45 52.1 131.5 138 64.2 128.5 

46 50.5 129.1 139 62.5 126.0 

47 48.8 126.6 140 60.9 123.5 

Setup 3 

48 47.3 124.1 141 59.3 121.0 

49 45.7 121.5 142 57.8 118.5 

50 44.2 119.0 143 56.3 115.9 

51 42.8 116.4 144 54.8 113.3 

52 41.4 113.8 145 53.4 110.7 

53 40.0 111.1 146 52.1 108.1 

54 38.7 108.5 147 50.7 105.4 

55 37.4 105.8 148 49.4 102.7 

56 36.1 103.1 149 48.2 100.0 

57 34.9 100.4 150 46.9 97.3 

58 33.7 97.7 151 45.7 94.6 

59 32.5 94.9 152 44.6 91.9 

60 31.3 92.2 153 43.4 89.1 

61 30.2 89.5 154 42.3 86.4 

62 29.1 86.7 155 41.2 83.6 

63 28.0 83.9 156 40.1 80.9 

64 26.9 81.2 157 39.0 78.1 

65 25.8 78.4 158 37.9 75.4 

66 24.7 75.6 159 36.8 72.6 

67 23.6 72.9 160 35.7 69.8 

68 22.6 70.1 161 34.6 67.1 

69 21.5 67.3 162 33.6 64.3 

70 20.4 64.6 163 32.5 61.5 

71 19.3 61.8 164 31.4 58.7 

Setup 4 

72 18.3 59.0 165 30.3 56.0 

73 17.2 56.3 166 29.3 53.2 

74 16.1 53.5 167 28.2 50.4 

75 15.1 50.7 168 27.2 47.6 

76 14.1 47.9 169 26.1 44.8 

77 13.1 45.1 170 25.1 42.1 

78 12.0 42.3 171 24.1 39.3 

79 11.1 39.5 172 23.1 36.5 

80 10.1 36.7 173 22.2 33.6 

81 9.1 33.9 174 21.2 30.8 

82 8.2 31.1 175 20.3 28.0 

83 7.3 28.2 176 19.4 25.2 

84 6.4 25.4 177 18.5 22.3 

85 5.6 22.5 178 17.6 19.5 

86 5.0 20.6 179 17.1 17.6 

87 4.5 18.7 180 16.5 15.7 

88 3.9 16.8 181 16.0 13.8 
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89 3.2 14.0 182 15.2 10.9 

90 2.4 11.1 183 14.5 8.0 

91 2.0 9.2 184 14.0 6.1 

92 1.5 7.2 185 13.6 4.2 

93 1.1 5.3 186 13.1 2.2 
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Table A.2. The coordinates for the measurement stations in EMST and EDST during vertical 

sweeping 

Measurement 

nodes 
x y 

Measurement 

nodes 
x y 

Deck middle 

line points 
x y 

1 121.4 239.2 32 133.4 236.2 63 127.4 237.7 

2 119.6 234.6 33 131.6 231.6 64 125.6 233.1 

3 113.8 220.9 34 125.9 217.9 65 119.8 219.4 

4 110.9 214.6 35 123.0 211.6 66 116.9 213.1 

5 107.8 208.4 36 119.9 205.4 67 113.8 206.9 

6 100.0 194.7 37 112.0 191.6 68 106.0 193.1 

7 94.6 186.4 38 106.6 183.3 69 100.6 184.8 

8 88.8 178.3 39 100.9 175.2 70 94.8 176.8 

9 79.0 165.9 40 91.0 162.8 71 85.0 164.3 

10 74.6 160.5 41 86.6 157.5 72 80.6 159.0 

11 70.2 155.2 42 82.2 152.1 73 76.2 153.6 

12 64.6 148.2 43 76.6 145.2 74 70.6 146.7 

13 60.9 143.5 44 73.0 140.5 75 66.9 142.0 

14 59.1 141.2 45 71.2 138.1 76 65.1 139.7 

15 55.5 136.4 46 67.6 133.3 77 61.6 134.9 

16 48.8 126.6 47 60.9 123.5 78 54.9 125.1 

17 45.7 121.5 48 57.8 118.5 79 51.8 120.0 

18 42.8 116.4 49 54.8 113.3 80 48.8 114.8 

19 37.4 105.8 50 49.4 102.7 81 43.4 104.3 

20 34.9 100.4 51 46.9 97.3 82 40.9 98.9 

21 32.5 94.9 52 44.6 91.9 83 38.5 93.4 

22 28.0 83.9 53 40.1 80.9 84 34.0 82.4 

23 25.8 78.4 54 37.9 75.4 85 31.8 76.9 

24 23.6 72.9 55 35.7 69.8 86 29.7 71.4 

25 19.3 61.8 56 31.4 58.7 87 25.4 60.3 

26 17.2 56.3 57 29.3 53.2 88 23.2 54.7 

27 15.1 50.7 58 27.2 47.6 89 21.1 49.2 

28 9.1 33.9 59 21.2 30.8 90 15.2 32.4 

29 7.3 28.2 60 19.4 25.2 91 13.3 26.7 

30 3.2 14.0 61 15.2 10.9 92 9.2 12.4 

31 2.0 9.2 62 14.0 6.1 93 8.0 7.6 
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Table A.3. The coordinates for the measurement stations in EMST and EDST during lateral sweeping 

Measurement nodes x y Measurement nodes x y 

1 128.8 241.4 28 65.1 139.7 

2 127.4 237.7 29 61.6 134.9 

3 125.6 233.1 30 58.2 130.0 

4 123.8 228.5 31 54.9 125.1 

5 122.2 224.8 32 51.8 120.0 

6 119.8 219.4 33 48.8 114.8 

7 116.9 213.1 34 46.0 109.6 

8 113.8 206.9 35 43.4 104.3 

9 111.0 201.7 36 40.9 98.9 

10 107.5 195.7 37 38.5 93.4 

11 106.0 193.1 38 36.2 87.9 

12 102.8 188.1 39 34.0 82.4 

13 100.6 184.8 40 31.8 76.9 

14 96.6 179.2 41 29.7 71.4 

15 94.8 176.8 42 27.5 65.8 

16 91.2 172.1 43 25.4 60.3 

17 88.8 169.0 44 

 

 

23.2 54.7 

18 86.9 166.6 45 21.1 49.2 

19 85.0 164.3 46 19.1 43.6 

20 82.5 161.3 47 17.1 38.0 

21 80.6 159.0 48 15.2 32.4 

22 78.7 156.7 49 13.3 26.7 

23 76.2 153.6 50 11.6 21.0 

24 74.3 151.3 51 10.5 17.2 

25 72.4 149.0 52 9.2 12.4 

26 68.7 144.4 53 8 7.6 

27 66.9 142.0 54 7.1 3.8 
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Appendix B 

Results from modal parameter identification of the 

bridge 

This appendix contains the modal parameter identification results from AVT, JT, EMST and 

EDST by using different identification methods. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Appendix B 

208 

 

Table B.1 The natural frequencies and damping ratios identified from AVT 

Mode  

AVT 

Natural frequencies [Hz]  

PP
  

 Setup1 Setup2 Setup3 Set up4 
V1 3.23 3.22 3.22 3.19 

V2 3.83 3.84 3.83 3.82 

 

 

V5 − − − − 

 

 

L3 3.76 3.65 3.72 3.74 

 L4 4.54 4.49 4.46 4.53 

L5 5.59 5.56 5.56 5.58 

L6 6.63 6.58 6.61 6.57 

L7 7.55 7.64 7.65 7.59 

L8 9.33 9.24 9.34 9.30 

 FDD
 

V1 3.17 3.16 3.17 3.18 

V2 3.83 3.82 3.84 3.83 

V5 − − − − 

 

 

L3 3.74 3.73 3.69 3.70 

L4 4.48 4.49 4.51 4.52 

L5 5.59 5.58 5.57 5.62 

L6 6.57 6.60 6.62 6.63 

L7 7.66 7.62 7.57 7.58 

L8 9.35 9.32 9.26 9.25 

 SSI
 

V1 3.18 3.19 3.19 3.21 

V2 3.82 3.84 3.81 3.82 

V5 5.57 5.56 5.58 5.54 

L3 3.67 3.69 3.64 3.61 

L4 4.46 4.48 4.50 4.52 

L5 5.55 5.58 5.58 5.62 

L6 6.58 6.60 6.65 6.67 

L7 7.65 7.68 7.68 7.69 

L8 9.35 9.41 9.40 9.37 

 Damping ratio [%] (SSI)
 

V1 2.0 1.4 2.1 1.3 

V2 0.6 0.4 0.8 0.8 

 

 

V5 − − − − 

 

 

L3 2.2 2.3 2.5 1.4 

 L4 2.3 1.8 2.6 2.2 

L5 2.2 1.9 2.5 1.5 

L6 2.4 2.1 1.8 2.7 

L7 2.8 2.6 2.9 2.3 

L8 2.1 1.5 1.6 1.4 
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Table B.2 The mode shapes identified from AVT by using PP 

Node AVT (PP) 

V1 V2 V5 L3 L4 L5 L6 L7 L8 
94 0.107 − − -0.007 0.094 -0.192 0.631 -0.603 0.302 

95 -0.093 − − -0.013 0.183 -0.261 0.703 -0.723 0.418 

96 -0.056 − − -0.034 0.248 -0.345 0.807 -0.863 0.569 

97 0.120 − − -0.040 0.297 -0.483 1.000 -0.747 0.681 

98 -0.067 − − -0.048 0.324 -0.457 0.883 -0.613 0.639 

99 0.213 − − -0.096 0.457 -0.506 0.700 -0.549 0.556 

100 -0.099 − − -0.080 0.587 -0.705 0.736 -0.515 0.491 

101 -0.096 − − -0.089 0.647 -0.543 0.709 -0.486 0.228 

102 -0.090 − − -0.152 0.668 -0.583 0.662 -0.720 -0.064 

103 -0.100 − − -0.114 0.785 -0.419 0.682 -0.572 -0.158 

104 -0.092 − − -0.169 0.902 -0.509 0.357 -0.174 -0.126 

105 -0.187 − − -0.184 0.977 -0.434 0.257 -0.259 -0.374 

106 -0.278 − − -0.214 0.939 -0.304 0.103 0.133 -0.404 

107 -0.096 − − -0.216 0.897 -0.262 0.072 0.266 -0.546 

108 -0.130 − − -0.214 0.984 -0.217 -0.094 0.524 -0.375 

109 − − − − − − − − − 

110 0.200 − − -0.248 0.745 -0.114 -0.181 0.730 -0.329 

111 0.215 − − -0.190 0.625 -0.053 -0.229 0.564 -0.186 

112 0.386 − − -0.199 0.391 0.063 -0.345 0.496 -0.146 

113 0.560 − − -0.162 0.259 0.150 -0.397 0.692 0.374 

114 0.815 − − -0.143 0.190 0.136 -0.433 0.801 0.333 

115 0.981 − − -0.161 0.147 0.269 -0.655 0.786 0.515 

116 − − − − − − − − − 

117 − − − − − − − − − 

118 1.000 − − -0.093 -0.021 0.208 -0.243 -0.267 0.547 

119 0.696 − − 0.078 -0.330 0.136 -0.045 -0.318 0.296 

120 − − − − − − − − − 

121 0.251 − − 0.115 -0.336 0.110 0.087 -0.474 0.167 

122 -0.195 − − 0.134 -0.656 0.064 0.224 -0.475 0.067 

123 -0.244 − − 0.113 -0.709 0.035 0.282 -0.385 -0.123 

124 -0.362 − − 0.163 -0.636 0.020 0.294 -0.486 -0.215 

125 -0.347 − − 0.138 -0.648 -0.020 0.356 -0.420 -0.307 

126 -0.388 − − 0.179 -0.374 -0.054 0.340 -0.062 -0.419 

127 -0.421 − − 0.182 -0.343 -0.112 0.382 0.252 -0.630 

128 -0.405 − − 0.180 -0.165 -0.134 0.279 0.186 -0.489 

129 -0.208 − − 0.198 -0.069 -0.249 0.226 0.474 -0.379 

130 0.176 − − 0.181 -0.026 -0.294 0.118 0.354 -0.282 

131 0.189 − − 0.193 0.043 -0.388 0.059 0.789 -0.117 

132 0.385 − − 0.190 0.186 -0.405 0.089 1.000 -0.112 

133 0.461 − − 0.247 0.329 -0.427 -0.096 0.890 0.052 

134 0.530 − − 0.245 0.554 -0.428 -0.156 0.900 0.145 

135 0.320 − − 0.090 1.000 -0.011 -0.619 0.166 1.000 

136 0.281 − − -0.056 0.824 0.025 -0.394 -0.280 0.693 

137 0.213 − − -0.045 0.648 0.069 -0.303 -0.428 0.452 

138 -0.179 − − -0.089 0.540 0.201 -0.201 -0.392 0.174 
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139 -0.422 − − -0.157 0.451 0.344 -0.120 -0.830 0.048 

140  − − -0.215 0.348 0.429 -0.107 -0.717 0.073 

141 − − − -0.321 0.248 0.608 -0.085 -0.792 -0.281 

142 − − − -0.396 0.085 0.801 0.216 -0.811 -0.218 

143 − − − -0.557 -0.125 0.735 0.211 -0.686 -0.359 

144 − − − -0.612 0.074 0.647 0.200 -0.371 -0.383 

145 − − − -0.728 0.067 0.499 0.296 -0.345 -0.342 

146 − − − -0.794 -0.036 0.325 0.220 -0.200 -0.305 

147 − − − -0.832 -0.038 0.263 0.188 0.132 -0.214 

148 − − − -0.860 -0.060 0.135 0.241 0.195 -0.162 

149 − − − -0.864 -0.065 0.139 0.173 0.337 -0.065 

150 − − − -0.787 -0.080 0.109 0.197 0.349 -0.063 

151 − − − -0.712 -0.114 0.126 0.173 0.564 -0.058 

152 − − − -0.693 -0.115 -0.181 0.228 0.814 0.219 

153 − − − -0.632 -0.147 -0.209 0.157 0.673 0.349 

154 − − − -0.500 -0.147 -0.353 0.199 0.714 0.430 

155 − − − -0.356 -0.101 -0.542 -0.188 0.635 0.541 

156 − − − − − − − − − 

157 − − − -0.293 -0.092 -0.644 -0.245 0.607 0.522 

158 − − − -0.183 -0.031 -0.665 -0.087 0.211 0.334 

159 − − − 0.128 -0.194 -0.656 -0.193 0.141 0.447 

160 − − − 0.118 -0.024 -0.692 -0.176 0.117 0.124 

161 − − − 0.120 0.060 -0.657 -0.228 -0.259 0.093 

162 − − − 0.156 0.072 -0.456 -0.345 -0.242 0.102 

163 − − − − − − − − − 

164 − − − 0.203 0.038 -0.373 -0.213 -0.400 -0.099 

165 − − − 0.316 0.123 -0.202 -0.196 -0.395 -0.348 

166 − − − − − − − − − 

167 − − − 0.601 0.261 -0.198 -0.187 -0.496 -0.383 

168 − − − 0.768 0.242 -0.183 -0.167 -0.432 -0.378 

169 − − − 0.861 0.288 0.219 -0.095 -0.337 -0.370 

170 − − − 0.926 0.160 0.244 -0.088 -0.476 -0.218 

171 − − − 1.000 0.304 0.458 0.072 -0.367 -0.191 

172 − − − 0.967 0.230 0.480 0.082 -0.294 -0.078 

173 − − − 0.879 0.313 0.776 0.444 -0.266 -0.342 

174 − − − 0.937 0.314 0.983 0.273 0.278 0.176 

175 − − − 0.765 0.206 0.860 0.232 0.362 0.279 

176 − − − 0.641 0.158 1.000 0.320 0.492 0.368 

177 − − − 0.658 0.085 0.886 0.319 0.376 0.574 

178 − − − 0.510 0.296 0.845 0.259 0.411 0.404 

179 − − − − − − − − − 

180 − − − 0.433 0.181 0.921 0.262 0.486 0.527 

181 − − − 0.245 0.173 0.570 0.313 0.591 0.446 

182 − − − 0.233 0.210 0.575 0.241 0.461 0.340 

183 − − − 0.177 0.194 0.537 0.198 0.436 0.294 

184 − − − 0.106 0.110 0.349 0.210 0.559 0.130 

185 − − − 0.095 0.293 0.369 0.283 0.512 0.195 

186 − − − 0.036 0.080 0.222 0.117 0.339 0.087 
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Table B.3 The mode shapes identified from AVT by using FDD 

Node AVT (FDD) 

 V1 V2 V5 L3 L4 L5 L6 L7 L8 
94 -0.047 -0.049 − 0.064 0.289 0.379 0.625 -0.653 0.336 

95 -0.105 -0.042 − 0.105 0.313 0.456 0.782 0.779 0.465 

96 -0.085 -0.053 − 0.135 0.413 0.495 0.881 0.824 0.553 

97 -0.053 -0.026 − 0.159 0.475 0.486 1.000 0.865 0.619 

98 -0.085 -0.072 − 0.209 0.515 0.496 0.945 0.742 0.663 

99 0.067 -0.012 − 0.183 0.600 0.461 0.943 0.680 0.516 

100 0.042 -0.012 − 0.259 0.669 0.538 0.903 0.671 0.224 

101 0.120 -0.028 − 0.255 0.792 0.607 0.777 0.499 0.131 

102 -0.031 0.045 − 0.282 0.697 0.535 0.783 0.643 0.095 

103 -0.086 0.081 − 0.288 0.844 0.541 0.714 0.363 -0.168 

104 -0.133 0.143 − 0.365 0.836 0.583 0.581 0.251 -0.244 

105 -0.266 0.185 − 0.398 0.871 0.561 0.484 0.083 -0.426 

106 -0.133 0.183 − 0.410 0.863 0.484 0.291 -0.231 -0.423 

107 -0.243 0.212 − 0.400 0.876 0.463 0.088 -0.383 -0.501 

108 -0.231 0.156 − 0.396 0.906 0.395 0.113 -0.268 -0.502 

109 − − − − − − − − − 

110 -0.092 0.081 − 0.442 0.796 0.266 -0.266 -0.479 -0.320 

111 0.241 -0.135 − 0.392 0.598 0.088 -0.437 -0.557 -0.083 

112 0.398 -0.253 − 0.385 0.513 -0.141 -0.463 -0.610 -0.158 

113 0.587 -0.375 − 0.360 0.398 -0.092 -0.431 -0.613 0.303 

114 0.843 -0.501 − 0.312 0.258 -0.297 -0.503 -0.290 0.204 

115 0.901 -0.513 − 0.303 0.203 -0.350 -0.456 -0.313 0.275 

116 − − − − − − − − − 

117 − − − − − − − − − 

118 1.000 -0.373 − 0.304 0.034 -0.333 -0.370 -0.244 0.476 

119 0.868 -0.301 − 0.275 -0.535 -0.393 -0.102 0.380 0.471 

120 − − − − − − − − − 

121 0.352 -0.105 − 0.291 -0.570 -0.327 0.069 0.580 0.444 

122 0.052 -0.043 − -0.271 -0.788 -0.257 0.343 0.655 0.213 

123 -0.217 -0.094 − -0.259 -0.864 -0.151 0.378 0.386 -0.171 

124 -0.476 -0.091 − -0.288 -0.826 -0.076 0.434 0.333 -0.396 

125 -0.501 -0.182 − -0.282 -0.786 0.020 0.574 0.360 -0.606 

126 -0.629 -0.236 − -0.312 -0.608 0.197 0.554 0.112 -0.679 

127 -0.658 -0.243 − -0.320 -0.527 0.264 0.474 -0.179 -0.843 

128 -0.586 -0.214 − -0.323 -0.393 0.402 0.541 -0.258 -0.602 

129 -0.312 -0.148 − -0.355 -0.169 0.438 0.391 -0.607 -0.535 

130 0.079 0.041 − -0.375 0.020 0.575 0.324 -0.548 -0.434 

131 0.157 0.223 − -0.410 0.168 0.692 0.183 -0.631 -0.350 

132 0.502 0.445 − -0.434 0.396 0.718 -0.160 -0.871 -0.092 

133 0.626 0.740 − -0.488 0.574 0.802 -0.289 -0.877 0.259 

134 0.960 0.918 − -0.479 0.769 0.761 -0.425 -0.855 0.386 

135 0.674 0.784 − -0.287 1.000 0.175 -0.681 -0.513 1.000 

136 0.596 0.573 − -0.190 0.937 -0.060 -0.606 0.366 0.753 

137 0.345 0.323 − 0.136 0.803 -0.209 -0.485 0.469 0.573 

138 0.175 -0.121 − 0.234 0.799 -0.453 -0.407 0.480 0.330 
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Table B.3 (Cont.)         

139 0.220 -0.259 − 0.343 0.638 -0.643 -0.342 0.733 0.164 

140  -0.498 − 0.427 0.640 -0.725 -0.180 0.762 -0.132 

141  -0.404 − 0.544 0.453 -0.918 -0.127 1.000 -0.314 

142 − -0.435 − 0.661 0.343 -0.709 0.152 0.468 -0.332 

143 − -0.306 − 0.742 0.293 -0.746 0.246 0.404 -0.600 

144 − -0.409 − 0.820 0.136 -0.837 0.306 0.283 -0.652 

145 − -0.361 − 0.893 -0.105 -0.831 0.301 0.130 -0.609 

146 − 0.141 − 0.963 -0.085 -0.751 0.361 -0.114 -0.532 

147 − 0.555 − 0.991 -0.094 -0.566 0.327 -0.191 -0.395 

148 − 0.555 − 0.999 -0.117 -0.519 0.352 -0.246 -0.332 

149 − 0.755 − 0.996 -0.098 -0.392 0.397 -0.289 -0.180 

150 − 0.991 − 0.972 -0.156 -0.169 0.400 -0.293 -0.118 

151 − 1.000 − 0.913 -0.210 -0.129 0.269 -0.544 0.282 

152 − 0.659 − 0.910 -0.216 -0.059 0.342 -0.558 0.351 

153 − 0.278 − 0.875 -0.232 0.275 0.366 -0.416 0.529 

154 − 0.124 − 0.818 -0.330 0.435 0.163 -0.422 0.542 

155 − -0.196 − 0.676 -0.126 0.605 -0.018 -0.475 0.648 

156 − − − − − − − − − 

157 − -0.387 − 0.616 -0.121 0.770 -0.093 -0.451 0.628 

158 − -0.580 − 0.437 -0.120 0.857 -0.229 -0.096 0.613 

159 − -0.528 − 0.286 -0.097 0.970 -0.284 -0.112 0.451 

160 − -0.408 − -0.145 -0.071 0.772 -0.286 0.178 0.290 

161 − -0.246 − -0.227 0.023 0.781 -0.342 0.223 0.089 

162 − -0.218 − -0.334 0.232 0.892 -0.316 0.278 0.104 

163 − − − − − − − − − 

164 − 0.372 − -0.350 0.128 0.781 -0.388 0.406 -0.345 

165 − 0.186 − -0.507 0.215 0.474 -0.305 0.471 -0.565 

166 − − − − − − − − − 

167 − 0.148 − -0.666 0.340 0.282 -0.292 0.312 -0.654 

168 − 0.133 − -0.886 0.316 0.116 -0.191 0.273 -0.650 

169 − -0.120 − -0.878 0.410 -0.278 -0.178 0.322 -0.569 

170 − -0.229 − -0.964 0.406 -0.346 0.157 0.284 -0.409 

171 − -0.294 − -0.986 0.404 -0.494 0.205 0.175 -0.285 

172 − -0.352 − -0.927 0.446 -0.653 0.318 0.237 -0.072 

173 − -0.405 − -0.973 0.415 -0.749 0.516 -0.195 -0.086 

174 − -0.352 − -1.000 0.450 -0.936 0.359 -0.368 0.384 

175 − -0.375 − -0.912 0.464 -0.890 0.526 -0.378 0.566 

176 − -0.249 − -0.841 0.479 -1.000 0.640 -0.433 0.663 

177 − -0.220 − -0.812 0.411 -0.882 0.662 -0.458 0.698 

178 − -0.114 − -0.731 0.410 -0.877 0.550 -0.465 0.629 

179 − − − − − − − − − 

180 − -0.005 − -0.670 0.397 -0.804 0.622 -0.459 0.660 

181 − 0.067 − -0.555 0.355 -0.706 0.526 -0.503 0.585 

182 − 0.034 − -0.470 0.240 -0.576 0.424 -0.469 0.406 

183 − 0.087 − -0.418 0.247 -0.512 0.475 -0.370 0.382 

184 − 0.100 − -0.285 0.092 -0.297 0.441 -0.341 0.196 

185 − 0.025 − -0.312 0.042 -0.309 0.453 -0.323 0.323 

186 − 0.006 − -0.236 -0.073 -0.266 0.244 -0.311 0.206 
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Table B.4 The mode shapes identified from AVT by using SSI 

Node AVT (SSI) 

 V1 V2 V5 L3 L4 L5 L6 L7 L8 
94 0.051 -0.044 − -0.073 -0.302 -0.426 -0.653 -0.631 -0.362 

95 0.102 -0.028 − -0.114 -0.417 -0.530 -0.792 -0.784 -0.484 

96 0.131 -0.061 − -0.148 -0.484 -0.551 -0.890 -0.820 -0.524 

97 0.166 -0.057 − -0.168 -0.493 -0.562 -1.000 -0.908 -0.582 

98 0.085 -0.075 − -0.199 -0.577 -0.560 -0.908 -0.703 -0.645 

99 0.086 -0.041 − -0.236 -0.641 -0.616 -0.941 -0.781 -0.491 

100 0.033 -0.046 − -0.300 -0.748 -0.606 -0.862 -0.573 -0.241 

101 -0.051 -0.017 − -0.282 -0.819 -0.597 -0.789 -0.405 -0.123 

102 -0.115 0.043 − -0.325 -0.814 -0.597 -0.691 -0.393 0.081 

103 -0.098 0.102 − -0.328 -0.903 -0.610 -0.677 -0.283 0.122 

104 -0.207 0.131 − -0.408 -0.920 -0.592 -0.594 -0.195 0.287 

105 -0.252 0.219 − -0.383 -1.000 -0.566 -0.433 0.120 0.388 

106 -0.266 0.215 − -0.422 -0.967 -0.453 -0.256 0.284 0.509 

107 -0.241 0.235 − -0.429 -0.977 -0.380 -0.140 0.418 0.538 

108 -0.229 0.167 − -0.436 -0.962 -0.391 -0.101 0.353 0.481 

109 − − − − − − − − − 

110 0.115 0.037 − -0.427 -0.853 -0.215 0.244 0.426 0.423 

111 0.362 -0.177 − -0.388 -0.681 -0.050 0.426 0.490 0.188 

112 0.497 -0.279 − -0.309 -0.556 0.089 0.517 0.356 0.078 

113 0.703 -0.447 − -0.248 -0.425 0.192 0.502 0.268 -0.233 

114 0.833 -0.610 − -0.193 -0.268 0.271 0.499 0.211 -0.372 

115 1.000 -0.607 − -0.164 -0.156 0.269 0.484 0.228 -0.365 

116 − − − − − − − − − 

117 − − − − − − − − − 

118 0.831 -0.411 − -0.111 0.019 0.329 0.421 -0.183 -0.555 

119 0.735 -0.358 − -0.119 0.378 0.346 0.298 -0.523 -0.485 

120 − − − − − − − − − 

121 0.336 -0.116 -0.029 -0.118 0.544 0.279 -0.057 -0.517 -0.358 

122 0.200 -0.043 -0.051 -0.052 0.734 0.266 -0.366 -0.649 -0.078 

123 -0.131 -0.063 -0.091 0.052 0.794 0.125 -0.446 -0.457 0.197 

124 -0.336 -0.070 -0.104 0.057 0.749 0.023 -0.519 -0.382 0.382 

125 -0.455 -0.179 -0.090 0.142 0.738 0.078 -0.584 -0.267 0.515 

126 -0.468 -0.190 -0.070 0.152 0.584 -0.167 -0.595 -0.138 0.646 

127 -0.535 -0.219 -0.043 0.204 0.500 -0.358 -0.534 -0.196 0.730 

128 -0.343 -0.197 0.044 0.233 0.379 -0.373 -0.506 0.268 0.686 

129 -0.326 -0.145 0.053 0.307 0.166 -0.483 -0.360 0.471 0.585 

130 0.085 0.053 0.088 0.321 0.011 -0.528 -0.294 0.605 0.430 

131 0.197 0.244 0.141 0.346 -0.182 -0.562 -0.116 0.694 0.284 

132 0.466 0.507 0.115 0.385 -0.355 -0.673 0.112 0.894 0.094 

133 0.814 0.816 0.069 0.383 -0.540 -0.686 0.289 0.889 -0.191 

134 0.548 0.970 -0.059 0.400 -0.692 -0.654 0.418 1.000 -0.356 

135 0.338 0.865 -0.066 0.131 -0.931 0.090 0.749 0.450 -1.000 

136 0.343 0.601 0.045 0.048 -0.842 0.129 0.648 -0.501 -0.800 

137 0.267 0.276 0.124 -0.083 -0.759 0.301 0.519 -0.480 -0.597 

138 -0.112 -0.133 0.223 -0.197 -0.699 0.425 0.433 -0.612 -0.384 
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Table B.4 (Cont.)         

139 -0.038 -0.253 0.188 -0.320 -0.610 0.584 0.344 -0.793 -0.172 

140 − -0.468 0.228 -0.408 -0.534 0.609 0.197 -0.715 0.119 

141 − -0.932 0.205 -0.518 -0.452 0.803 0.117 -0.943 0.301 

142 − -1.000 0.168 -0.601 -0.232 0.886 0.071 -0.389 0.367 

143 − -0.911 0.112 -0.698 -0.193 0.908 -0.199 -0.362 0.482 

144 − -0.904 0.025 -0.712 -0.119 0.882 -0.219 -0.187 0.565 

145 − -0.689 -0.039 -0.750 0.094 0.814 -0.244 -0.155 0.488 

146 − -0.381 -0.055 -0.793 0.066 0.745 -0.361 -0.072 0.487 

147 − 0.155 -0.071 -0.777 0.126 0.659 -0.384 0.137 0.437 

148 − − -0.018 -0.795 0.170 0.520 -0.405 0.221 0.319 

149 − 0.328 -0.042 -0.772 0.195 0.389 -0.405 0.317 0.183 

150 − 0.479 -0.034 -0.756 0.208 0.228 -0.357 0.384 0.138 

151 − 0.488 -0.042 -0.708 0.229 0.067 -0.337 0.476 -0.222 

152 − 0.296 -0.028 -0.675 0.258 -0.102 -0.309 0.534 -0.400 

153 − 0.037 -0.095 -0.648 0.255 -0.293 -0.271 0.457 -0.544 

154 − -0.248 -0.029 -0.541 0.282 -0.454 -0.166 0.439 -0.623 

155 − -0.488 -0.051 -0.445 0.215 -0.566 -0.072 0.442 -0.679 

156 − − − − − -0.723 − − − 

157 − -0.671 -0.220 -0.373 0.195 -0.925 0.118 0.380 -0.708 

158 − -0.734 -0.331 -0.215 0.113 -0.971 0.226 0.146 -0.620 

159 − -0.565 -0.281 0.100 0.052 -0.936 0.294 0.092 -0.490 

160 − -0.363 -0.194 0.205 0.052 -0.893 0.381 -0.180 -0.365 

161 − -0.238 -0.119 0.270 0.017 -0.819 0.378 -0.219 -0.201 

162 − 0.357 0.079 0.400 -0.068 -0.753 0.408 -0.306 -0.129 

163 − − − − − − − − − 

164 − 0.681 0.089 0.451 -0.112 -0.569 0.439 -0.384 0.200 

165 − 0.502 0.036 0.613 -0.215 -0.282 0.375 -0.355 0.509 

166 − − − − − − − − − 

167 − 0.414 -0.016 0.762 -0.272 -0.077 0.264 -0.418 0.586 

168 − 0.249 -0.026 0.874 -0.331 0.190 0.173 -0.344 0.519 

169 − 0.177 -0.032 0.884 -0.382 0.352 0.137 -0.367 0.495 

170 − -0.156 0.032 0.993 -0.382 0.544 -0.130 -0.243 0.367 

171 − -0.251 0.033 1.000 -0.412 0.661 -0.178 -0.166 0.285 

172 − -0.360 0.157 0.936 -0.428 0.742 -0.278 -0.116 0.118 

173 − -0.368 0.187 0.961 -0.452 0.914 -0.395 0.220 0.091 

174 − -0.361 0.201 0.954 -0.435 0.920 -0.410 0.295 -0.288 

175 − -0.390 0.194 0.946 -0.416 0.970 -0.520 0.350 -0.490 

176 − -0.251 0.154 0.788 -0.419 0.990 -0.665 0.454 -0.645 

177 − -0.223 0.099 0.820 -0.380 1.000 -0.619 0.412 -0.684 

178 − 0.040 0.060 0.762 -0.339 0.887 -0.576 0.485 -0.626 

179 − − − − − − − − − 

180 − 0.042 -0.057 0.724 -0.314 0.799 -0.586 0.440 -0.623 

181 − 0.056 -0.053 0.548 -0.247 0.728 -0.529 0.409 -0.580 

182 − 0.112 -0.059 0.487 -0.207 0.623 -0.498 0.446 -0.506 

183 − 0.072 -0.042 0.433 -0.176 0.512 -0.456 0.345 -0.415 

184 − 0.094 -0.043 0.330 -0.130 0.464 -0.403 0.301 -0.283 

185 − 0.083 -0.009 0.281 -0.115 0.403 -0.389 0.267 -0.249 

186 − 0.002 0.051 0.193 -0.088 0.799 -0.296 0.192 -0.189 
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Table B.5 The mode shapes identified from JT 

JT 

JT Node ERA SSI Node ERA SSI 

V1 V2 V1 V2 V1 V2 V1 V2 
1 -0.010 0.014 -0.018 -0.010 94 -0.072 0.010 -0.022 0.005 

2 -0.027 0.057 -0.029 0.007 95 0.048 -0.012 0.015 -0.013 

3 -0.050 0.050 -0.040 0.030 96 0.058 0.003 0.014 -0.020 

4 -0.069 0.046 -0.059 0.032 97 0.072 -0.026 0.039 -0.027 

5 -0.070 0.048 -0.061 0.032 98 0.076 -0.039 0.032 -0.033 

6 -0.050 0.029 -0.058 0.030 99 0.014 -0.025 0.032 -0.021 

7 -0.045 0.051 -0.044 0.018 100 0.053 0.013 0.025 -0.021 

8 -0.011 -0.024 -0.004 -0.008 101 0.035 0.026 0.003 0.013 

9 − − − − 102 -0.056 0.031 -0.027 0.018 

10 0.085 -0.108 0.100 -0.077 103 -0.045 0.079 -0.076 0.054 

11 0.158 -0.185 0.172 -0.119 104 -0.144 0.113 -0.162 0.103 

12 0.166 -0.168 0.203 -0.135 105 -0.244 0.185 -0.238 0.156 

13 0.168 -0.169 0.203 -0.140 106 -0.269 0.189 -0.266 0.176 

14 0.126 -0.138 0.163 -0.112 107 -0.249 0.197 -0.276 0.184 

15 0.048 -0.027 0.054 -0.042 108 -0.202 0.177 -0.232 0.147 

16 -0.053 0.006 -0.056 0.028 109 0.029 -0.028 0.008 -0.016 

17 -0.237 0.171 -0.299 0.169 110 0.273 -0.068 0.267 -0.187 

18 -0.408 0.301 -0.471 0.271 112 0.515 -0.324 0.487 -0.326 

19 -0.555 0.398 -0.662 0.380 113 0.683 -0.473 0.692 -0.448 

21 -0.689 0.469 -0.811 0.447 114 0.849 -0.559 0.890 -0.549 

22 -0.776 0.502 -0.922 0.498 115 1.000 -0.654 1.000 -0.605 

23 -0.851 0.520 -1.000 0.519 116 − − − − 

24 -0.913 0.409 -0.978 0.426 117 − − − − 

25 -1.000 0.316 -0.884 0.365 118 0.858 -0.364 0.917 -0.418 

26 -0.843 0.258 -0.704 0.266 119 0.682 -0.274 0.755 -0.307 

27 -0.492 0.141 -0.467 0.160 120 − − − − 

28 − − − − 121 0.267 -0.088 0.316 -0.099 

29 -0.301 0.066 -0.249 0.080 122 0.031 -0.037 0.039 -0.028 

30 0.037 0.051 -0.014 0.039 123 -0.132 -0.068 -0.161 -0.027 

31 0.173 0.053 0.163 0.039 124 -0.268 -0.113 -0.313 -0.078 

32 0.483 0.171 0.418 0.143 125 -0.347 -0.207 -0.431 -0.153 

33 0.525 0.217 0.455 0.208 126 -0.392 -0.261 -0.464 -0.220 

34 0.438 0.234 0.414 0.234 127 -0.401 -0.286 -0.430 -0.245 

35 0.342 0.196 0.316 0.208 128 -0.267 -0.229 -0.319 -0.218 

36 0.149 0.098 0.155 0.117 129 -0.159 -0.145 -0.185 -0.129 

37 -0.032 -0.080 -0.023 -0.032 130 0.019 0.050 0.004 0.049 

38 -0.172 -0.218 -0.196 -0.204 131 0.267 0.258 0.198 0.270 

39 -0.459 -0.477 -0.417 -0.459 132 0.373 0.570 0.426 0.575 

40 -0.693 -1.000 -0.715 -1.000 133 0.506 0.821 0.602 0.821 

41 -0.575 -0.875 -0.584 -0.887 134 0.517 1.000 0.619 1.000 

42 -0.457 -0.755 -0.457 -0.745 135 0.413 0.797 0.474 0.809 

43 -0.305 -0.341 -0.280 -0.515 136 0.231 0.568 0.318 0.569 

44 -0.176 -0.274 -0.132 -0.293 137 0.123 0.297 0.163 0.290 

45 -0.019 -0.015 0.021 0.008 138 0.008 -0.034 0.009 -0.045 
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Table B.5 (Cont.)         

46 0.127 0.277 0.143 0.265 139 -0.070 -0.301 -0.081 -0.318 

47 0.074 0.512 0.221 0.518 140 -0.115 -0.555 -0.162 -0.579 

48 0.220 0.789 0.227 0.653 141 -0.192 -0.736 -0.182 -0.746 

49 0.365 0.733 0.165 0.725 142 -0.193 -0.706 -0.175 -0.805 

50 0.247 0.658 0.116 0.612 143 -0.131 -0.660 -0.151 -0.737 

51 − − − − 144 -0.100 -0.527 -0.107 -0.571 

52 0.191 0.540 0.077 0.498 145 -0.096 -0.279 -0.039 -0.313 

53 0.082 0.298 0.043 0.170 146 0.084 -0.040 0.039 -0.013 

54 0.087 0.045 -0.044 -0.025 147 0.061 0.235 0.070 0.301 

55 -0.085 -0.408 -0.048 -0.371 148 0.111 0.401 0.091 0.547 

56 -0.182 -0.793 -0.176 -0.708 149 0.187 0.609 0.132 0.721 

57 -0.233 -0.731 -0.159 -0.722 150 0.191 0.577 0.082 0.773 

58 -0.190 -0.657 -0.156 -0.638 151 0.222 0.493 0.097 0.668 

59 -0.173 -0.535 -0.121 -0.493 152 0.105 0.402 0.055 0.524 

60 − − − − 153 0.100 0.195 0.051 0.276 

61 -0.065 -0.203 -0.046 -0.224 154 0.038 -0.052 0.021 -0.051 

62 -0.115 -0.091 -0.050 -0.020 155 -0.075 -0.195 0.013 -0.282 

63 -0.086 0.193 0.054 0.266 156 − − − − 

64 0.170 0.410 0.041 0.453 157 -0.109 -0.433 -0.030 -0.616 

65 0.195 0.475 0.050 0.553 158 -0.157 -0.493 -0.012 -0.644 

66 0.156 0.422 0.055 0.504 159 -0.101 -0.398 -0.016 -0.563 

67 0.107 0.419 0.012 0.362 160 -0.055 -0.323 -0.021 -0.403 

68 0.054 0.180 0.012 0.184 161 -0.055 -0.107 0.006 -0.195 

69 0.044 0.059 0.027 0.012 162 0.061 0.024 0.028 0.049 

70 -0.037 -0.324 0.026 -0.169 163 − − − − 

71 -0.120 -0.294 0.049 -0.290 164 0.156 0.338 0.045 0.398 

72 − − − − 165 0.001 0.506 0.033 0.550 

73 -0.072 -0.484 0.047 -0.387 166 − − − − 

74 -0.068 -0.479 0.028 -0.385 167 0.010 0.469 0.033 0.515 

75 -0.062 -0.416 -0.044 -0.319 168 0.017 0.353 0.024 0.395 

76 -0.051 -0.281 -0.039 -0.207 169 -0.016 0.209 0.028 0.230 

77 -0.043 -0.111 -0.034 -0.068 170 0.030 0.054 0.042 0.057 

78 -0.021 0.075 -0.022 0.078 171 -0.008 -0.066 0.010 -0.080 

79 -0.054 0.342 -0.030 0.284 172 0.041 -0.144 0.002 -0.192 

80 -0.022 0.348 -0.015 0.322 173 0.051 -0.189 -0.028 -0.243 

81 0.032 0.331 0.002 0.312 174 0.024 -0.242 -0.012 -0.250 

82 0.048 0.288 0.013 0.259 175 0.034 -0.169 -0.024 -0.208 

83 -0.020 0.209 0.027 0.189 176 0.025 -0.109 0.016 -0.140 

84 0.032 0.114 -0.001 0.116 177 -0.034 -0.035 0.011 -0.052 

85 0.015 0.038 -0.012 0.044 178 0.045 0.015 0.025 0.017 

86 0.022 -0.049 -0.031 0.007 179 − − − − 

87 -0.010 -0.054 -0.012 -0.019 180 -0.037 0.070 0.014 0.077 

88 -0.021 -0.057 0.006 -0.030 181 -0.019 0.077 0.008 0.087 

89 0.014 -0.068 -0.032 -0.031 182 -0.016 0.066 -0.004 0.080 

90 -0.023 -0.010 0.019 -0.020 183 − − − − 

91 -0.042 -0.036 0.034 -0.012 184 -0.015 0.036 0.010 0.044 

92 -0.005 -0.034 0.012 -0.002 185 -0.013 0.018 0.009 0.024 

93 -0.007 0.016 -0.005 0.002 186 -0.022 -0.002 0.010 0.007 
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Table B.6 The mode shapes of vertical modes identified from EDST by using PP and FDD 

Node EDST 

PP FDD 

 V2 V3 V1 V2 V3 V4 V5 V6 
32 − − − − − − − − 

33 -0.043 -0.076 0.098 -0.118 -0.027 -0.515 -0.367 -0.280 

34 0.228 0.237 -0.182 0.109 0.055 0.254 0.216 0.596 

35 0.056 0.060 -0.240 0.135 0.128 0.516 1.000 1.000 

36 0.073 0.059 -0.206 0.105 0.103 0.510 0.287 0.558 

37 -0.150 -0.104 0.599 -0.323 -0.271 -0.231 -0.198 -0.285 

38 -0.266 -0.209 1.000 -0.510 -0.415 -0.349 -0.300 0.118 

39 -0.104 -0.074 0.656 -0.240 -0.195 -0.077 -0.082 0.332 

40 -0.052 -0.050 -0.275 -0.071 -0.103 -0.422 -0.247 -0.253 

41 -0.216 -0.291 -0.353 -0.148 -0.266 -0.461 -0.123 -0.359 

42 -0.054 -0.094 -0.283 -0.134 -0.224 -0.923 -0.179 -0.224 

43 0.086 0.139 0.181 0.242 0.319 -0.773 0.109 -0.062 

44 1.000 1.000 0.594 1.000 1.000 -0.408 0.213 -0.420 

45 0.728 0.742 0.480 0.825 0.823 0.407 0.346 -0.398 

46 0.612 0.536 0.265 0.535 0.390 -0.081 -0.251 -0.229 

47 -0.474 -0.218 -0.157 -0.419 -0.263 0.300 0.196 -0.159 

48 − − − − − − − − 

49 -0.406 0.165 -0.087 -0.498 0.068 -0.089 0.174 -0.342 

50 0.237 -0.073 0.082 0.429 -0.201 0.156 -0.166 -0.207 

51 0.461 -0.199 0.121 0.610 -0.404 -0.716 -0.030 0.222 

52 − − − − − − − − 

53 -0.268 0.342 -0.058 -0.375 0.514 -0.316 -0.207 0.323 

54 -0.413 0.681 -0.014 -0.519 0.758 -0.505 -0.257 0.264 

55 -0.173 0.368 -0.022 -0.384 0.565 0.275 -0.400 0.425 

56 0.147 -0.362 0.021 0.351 -0.567 1.000 -0.709 0.266 

57 0.245 -0.706 0.043 0.463 -0.798 0.018 0.122 0.142 

58 0.125 -0.315 0.030 0.322 -0.525 -0.302 0.181 0.320 

59 -0.072 0.346 -0.034 -0.188 0.555 0.307 0.033 0.229 

60 -0.029 0.143 0.027 -0.102 0.344 -0.309 0.148 0.156 

61 0.038 -0.047 -0.056 0.095 -0.073 -0.546 -0.222 0.138 

62 0.044 -0.031 0.007 0.017 -0.023 0.245 -0.104 -0.056 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Appendix B 

218 

 

Table B.7 The mode shapes of vertical modes identified from EDST by using SSI 

Node EDST 

SSI 

 V1 V2 V3 V4 V5 V6 
32 − − − − − − 

33 0.043 -0.013 -0.033 -0.276 -0.213 -0.280 

34 -0.158 0.076 0.038 0.239 0.624 0.596 

35 -0.263 0.158 0.122 0.479 1.000 1.000 

36 -0.241 0.131 0.067 0.587 0.135 0.558 

37 0.694 -0.321 -0.257 -0.576 -0.497 -0.285 

38 1.000 -0.414 -0.324 -0.764 -0.457 0.118 

39 0.699 -0.242 -0.172 -0.547 -0.177 0.332 

40 -0.303 -0.074 -0.109 -0.450 -0.282 -0.253 

41 -0.430 -0.208 -0.298 -0.635 -0.132 -0.359 

42 -0.308 -0.195 -0.208 -0.797 -0.111 -0.224 

43 0.174 0.213 0.251 0.643 0.240 -0.062 

44 0.681 1.000 1.000 0.705 0.199 -0.420 

45 0.563 0.870 0.819 0.689 0.508 -0.398 

46 0.301 0.482 0.538 0.900 0.088 -0.229 

47 -0.152 -0.463 -0.265 0.336 0.384 -0.159 

48 − − − − − − 

49 -0.091 -0.532 -0.192 0.172 0.134 -0.342 

50 0.095 0.478 -0.222 -0.821 -0.126 -0.207 

51 0.111 0.691 -0.443 -1.000 -0.208 0.222 

52 − − − − − − 

53 -0.017 -0.445 0.580 -0.699 -0.173 0.323 

54 -0.022 -0.604 0.805 -0.304 -0.153 0.264 

55 -0.014 -0.381 0.571 0.750 -0.234 0.425 

56 0.031 0.340 -0.604 0.615 0.431 0.266 

57 0.025 0.433 -0.844 0.257 0.456 0.142 

58 0.026 0.300 -0.542 0.383 0.251 0.320 

59 -0.010 -0.239 0.559 0.743 0.334 0.229 

60 0.005 -0.142 0.324 -0.851 0.168 0.156 

61 0.030 0.030 -0.106 -0.494 -0.067 0.138 

62 -0.002 0.024 -0.050 0.558 -0.268 -0.056 
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Table B.8 The mode shapes of lateral modes identified from EDST by using PP 

Node EDST 

PP 

 L1 L2 L3 L4 L5 L6 L7 L8 
1 0.053 -0.035 -0.135 0.330 -0.268 0.629 0.623 0.489 

2 0.016 -0.020 -0.152 0.343 -0.236 0.751 0.809 0.555 

3 0.031 -0.039 -0.269 0.465 -0.290 1.000 1.000 0.337 

4 0.086 -0.082 -0.368 0.502 -0.265 0.872 0.432 0.056 

5 0.061 -0.125 -0.320 0.858 -0.098 0.389 0.389 -0.136 

6 0.122 -0.180 -0.589 0.738 -0.162 0.420 0.441 -0.239 

7 0.174 -0.275 -0.510 0.704 -0.092 0.106 -0.234 -0.357 

8 0.289 -0.372 -0.561 0.302 -0.025 -0.273 -0.391 -0.224 

9 0.400 -0.451 -0.388 0.821 0.068 -0.299 -0.998 -0.268 

10 0.452 -0.424 -0.188 0.117 0.039 -0.261 -0.213 0.091 

11 0.610 -0.473 -0.123 0.338 0.078 -0.326 -0.581 0.272 

12 − − − − − − − − 

13 0.870 -0.409 0.078 -0.309 0.113 -0.223 0.456 0.473 

14 0.836 -0.267 0.102 -0.184 0.098 -0.069 0.214 0.292 

15 1.000 -0.199 0.144 -0.431 0.156 0.099 0.382 0.253 

16 0.972 -0.104 0.256 -0.355 0.054 0.189 0.261 0.063 

17 0.973 -0.049 0.424 -0.285 0.010 0.260 0.269 -0.066 

18 0.973 -0.022 0.366 -0.381 0.012 0.382 0.320 -0.128 

19 0.997 -0.007 0.406 -0.253 -0.025 0.282 0.200 -0.251 

20 − − − − − − − − 

21 0.896 0.051 0.355 -0.231 -0.102 0.385 -0.234 -0.391 

22 − − − − − − − − 

23 − − − − − − − − 

24 − − − − − − − − 

25 0.788 0.464 0.180 0.202 -0.398 0.090 -0.549 -0.108 

26 0.735 1.000 -0.093 0.719 -0.156 -0.487 -0.223 1.000 

27 0.575 0.928 -0.146 1.000 -0.022 -0.919 -0.368 0.744 

28 − − − − − − − − 

29 0.428 0.701 -0.141 0.486 0.071 -0.507 0.281 0.291 

30 0.294 0.516 -0.261 0.528 0.300 -0.072 0.501 0.186 

31 0.208 0.380 -0.362 0.358 0.595 0.184 0.869 -0.118 

32 0.155 0.235 -0.400 0.295 0.432 0.119 0.650 -0.267 

33 0.074 0.161 -0.474 0.305 0.776 0.146 0.603 -0.318 

34 0.038 0.087 -0.492 0.121 0.323 0.144 0.153 -0.202 

35 0.036 0.047 -0.436 0.276 0.101 0.147 -0.595 -0.220 

36 0.019 0.041 -0.385 0.206 -0.082 0.195 -0.619 0.122 

37 0.052 0.043 -0.483 0.194 -0.147 -0.237 -0.718 0.352 

38 0.010 0.009 0.309 0.082 -0.331 0.089 -0.579 0.447 

39 -0.007 0.004 0.344 -0.081 -0.690 -0.090 -0.462 0.385 

40 0.008 -0.007 0.443 0.086 -0.656 -0.170 -0.274 0.253 

41 0.056 0.044 0.780 -0.368 -0.429 -0.999 0.387 0.162 

42 -0.017 -0.015 0.749 0.295 -0.704 -0.299 0.606 -0.167 

43 -0.009 -0.008 0.902 0.655 -0.243 -0.215 0.874 -0.248 

44 

 

 

0.013 -0.007 1.000 -0.201 -0.178 -0.131 0.713 -0.399 
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Table B.8 (Cont.)        

45 -0.008 -0.006 0.984 -0.113 0.045 0.150 0.623 -0.262 

46 -0.005 -0.009 0.960 0.106 0.240 0.081 0.323 -0.159 

47 − − − − − − − − 

48 -0.037 -0.022 0.614 -0.238 0.954 0.378 -0.423 0.217 

49 -0.009 -0.004 0.403 -0.113 1.000 0.281 -0.332 0.345 

50 -0.006 -0.007 0.227 -0.088 0.780 0.314 -0.616 0.315 

51 -0.007 -0.004 0.186 -0.127 0.620 0.335 -0.728 0.375 

52 0.035 0.011 0.093 -0.269 0.901 0.221 -0.999 0.307 

53 -0.010 -0.003 0.035 -0.096 0.392 0.125 -0.690 0.131 

54 0.014 -0.006 0.022 -0.125 0.213 0.109 -0.630 0.074 
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Table B.9 The mode shapes of lateral modes identified from EDST by using FDD 

Node EDST 

FDD 

 L1 L2 L3 L4 L5 L6 L7 L8 
1 0.082 0.037 0.232 0.326 0.750 0.684 0.603 0.390 

2 0.131 0.122 0.343 0.467 0.857 0.791 0.850 0.613 

3 0.264 0.185 0.431 0.488 0.598 0.978 1.000 0.775 

4 0.329 0.279 0.518 0.565 0.686 0.882 0.870 0.667 

5 0.293 0.361 0.533 0.655 0.636 0.668 0.554 0.049 

6 0.345 0.418 0.691 0.858 0.457 0.691 0.269 -0.269 

7 0.470 0.507 0.662 0.761 0.419 0.375 0.109 -0.544 

8 0.696 0.613 0.654 0.854 0.159 0.103 -0.252 -0.569 

9 0.732 0.706 0.562 0.562 -0.253 -0.339 -0.489 -0.469 

10 0.678 0.611 0.426 0.465 -0.279 -0.457 -0.711 -0.421 

11 0.754 0.663 0.304 0.242 -0.304 -0.517 -0.461 0.162 

12 − − − − − − − − 

13 0.909 0.614 -0.201 0.064 -0.522 -0.536 -0.355 0.647 

14 0.945 0.475 -0.275 -0.300 -0.463 -0.311 0.159 0.592 

15 0.927 0.437 -0.318 -0.466 -0.278 -0.094 0.283 0.455 

16 1.000 0.282 -0.459 -0.691 -0.239 0.164 0.375 0.272 

17 0.974 0.184 -0.580 -0.849 -0.174 0.370 0.445 -0.155 

18 0.963 0.106 -0.566 -0.580 0.205 0.551 0.418 -0.375 

19 0.973 0.018 -0.592 -0.641 0.187 0.597 0.406 -0.493 

20 − − − − − − − − 

21 0.954 -0.209 -0.571 -0.541 0.457 0.588 0.261 -0.738 

22 − − − − − − − − 

23 − − − − − − − − 

24 − − − − − − − − 

25 0.835 -0.650 -0.407 -0.340 0.621 0.438 0.039 -0.706 

26 0.671 -1.000 -0.266 0.302 0.341 -0.113 -0.537 0.141 

27 0.725 -0.945 0.234 0.983 0.136 -0.788 -0.243 1.000 

28 − − − − − − − − 

29 0.501 -0.812 0.353 1.000 -0.284 -1.000 -0.155 0.817 

30 0.470 -0.702 0.498 0.769 -0.648 -0.385 0.307 0.336 

31 0.456 -0.590 0.632 0.656 -0.790 -0.243 0.657 -0.246 

32 0.239 -0.488 0.699 0.468 -0.813 0.107 0.700 -0.513 

33 0.291 -0.395 0.758 0.379 -0.818 0.305 0.689 -0.789 

34 0.183 -0.287 0.791 0.280 -0.593 0.379 0.480 -0.632 

35 0.069 -0.221 0.719 0.190 -0.368 0.368 0.183 -0.349 

36 0.118 -0.164 0.646 0.221 -0.060 0.424 -0.236 -0.102 

37 0.100 -0.089 0.621 0.119 0.385 0.363 -0.498 0.466 

38 0.042 -0.083 0.520 -0.021 0.567 0.207 -0.757 0.663 

39 0.058 -0.046 -0.509 -0.040 0.839 -0.110 -0.661 0.793 

40 0.008 -0.028 -0.589 0.026 0.890 -0.218 -0.624 0.585 

41 -0.109 -0.034 -0.720 0.060 0.812 -0.237 -0.355 0.305 

42 -0.063 0.010 -0.804 0.088 0.502 -0.274 -0.115 0.064 

43 0.060 0.029 -0.926 0.126 0.357 -0.423 0.389 -0.431 

44 

 

 

0.073 0.039 -0.988 0.159 0.024 -0.249 0.581 -0.669 
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Table B.9 (Cont.)        

45 0.023 0.038 -0.987 0.150 -0.365 -0.074 0.665 -0.627 

46 0.060 0.046 -1.000 0.113 -0.556 0.189 0.654 -0.525 

47 − − − − − − − − 

48 0.101 0.060 -0.811 0.196 -0.815 0.269 0.493 -0.160 

49 0.010 0.040 -0.698 0.112 -1.000 0.447 -0.175 0.528 

50 -0.010 0.040 -0.524 0.074 -0.912 0.467 -0.401 0.728 

51 0.065 0.036 -0.452 0.054 -0.793 0.435 -0.658 0.732 

52 -0.031 0.033 -0.283 0.038 -0.749 0.342 -0.692 0.596 

53 0.041 0.018 -0.188 0.068 -0.521 0.259 -0.842 0.353 

54 -0.034 0.028 -0.106 0.052 -0.461 0.208 -0.789 0.105 
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Table B.10 The mode shapes of lateral modes identified from EDST by using SSI 

Node EDST 

SSI 

 L1 L2 L3 L4 L5 L6 L7 L8 
1 -0.009 -0.081 -0.188 -0.349 -0.563 -0.705 -0.598 -0.357 

2 -0.048 -0.121 -0.292 -0.456 -0.613 -0.809 -0.800 -0.572 

3 -0.095 -0.182 -0.389 -0.520 -0.714 -1.000 -1.000 -0.703 

4 -0.181 -0.236 -0.442 -0.603 -0.665 -0.927 -0.805 -0.557 

5 -0.225 -0.341 -0.529 -0.697 -0.653 -0.794 -0.511 -0.178 

6 -0.304 -0.367 -0.629 -0.844 -0.520 -0.644 -0.297 0.187 

7 -0.419 -0.484 -0.613 -0.725 -0.317 -0.470 -0.126 0.473 

8 -0.540 -0.568 -0.586 -0.802 -0.030 -0.083 0.292 0.587 

9 -0.632 -0.616 -0.474 -0.547 0.175 0.377 0.463 0.466 

10 -0.668 -0.596 -0.343 -0.516 0.296 0.608 0.499 0.284 

11 -0.763 -0.635 -0.139 -0.214 0.373 0.585 0.421 0.175 

12 − − − − − − − − 

13 -0.916 -0.582 0.158 0.116 0.502 0.562 0.310 -0.361 

14 -0.935 -0.474 0.246 0.316 0.460 0.291 -0.168 -0.579 

15 -0.975 -0.400 0.304 0.460 0.370 0.144 -0.334 -0.498 

16 -1.000 -0.282 0.443 0.613 0.234 -0.182 -0.438 -0.277 

17 -0.994 -0.176 0.534 0.635 0.153 -0.324 -0.480 0.168 

18 -0.992 -0.081 0.538 0.627 0.087 -0.474 -0.440 0.311 

19 -0.994 

 

0.040 0.557 0.659 -0.148 -0.524 -0.389 0.420 

20 − − − − − − − − 

21 -0.954 0.227 0.528 0.530 -0.343 -0.515 -0.307 0.552 

22 − − − − − − − − 

23 − − − − − − − − 

24 − − − − − − − − 

25 -0.894 0.655 0.367 0.423 -0.688 -0.510 0.109 0.599 

26 -0.817 1.000 0.203 -0.322 -0.245 0.118 0.612 -0.276 

27 -0.817 0.928 -0.250 -0.822 -0.079 0.726 0.285 -1.000 

28 − − − − − − − − 

29 -0.751 0.792 -0.312 -1.000 0.334 0.902 -0.111 -0.782 

30 -0.624 0.717 -0.490 -0.769 0.644 0.401 -0.383 -0.484 

31 -0.531 0.607 -0.588 -0.642 0.933 0.229 -0.604 -0.204 

32 -0.441 0.463 -0.621 -0.522 0.983 -0.146 -0.745 0.208 

33 -0.320 0.375 -0.663 -0.411 0.848 -0.217 -0.748 0.458 

34 -0.252 0.294 -0.646 -0.286 0.605 -0.330 -0.542 0.487 

35 -0.182 0.199 -0.577 -0.153 0.264 -0.341 -0.195 0.440 

36 -0.137 0.171 -0.476 -0.087 -0.101 -0.340 0.230 0.228 

37 -0.093 0.114 -0.323 0.085 -0.434 -0.225 0.509 -0.148 

38 -0.050 0.059 0.129 0.178 -0.691 -0.246 0.710 -0.374 

39 -0.032 0.029 0.444 0.189 -0.881 0.050 0.747 -0.524 

40 -0.017 0.010 0.562 0.208 -0.942 0.214 0.665 -0.533 

41 -0.010 -0.025 0.753 0.171 -0.912 0.302 0.391 -0.428 

42 0.028 -0.036 0.827 0.181 -0.688 0.277 0.123 -0.243 

43 0.010 -0.064 0.900 0.145 -0.436 0.326 -0.312 0.146 

44 

 

 

0.025 -0.048 1.000 0.108 0.136 0.232 -0.614 0.368 
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Table B.10 (Cont.)        

45 0.006 -0.042 0.993 -0.068 0.421 0.138 -0.741 0.513 

46 0.009 -0.055 0.970 -0.078 0.661 -0.146 -0.757 0.505 

47 − − − − − − − − 

48 -0.011 -0.029 0.817 -0.184 0.976 -0.214 -0.554 0.220 

49 0.005 -0.061 0.653 -0.081 1.000 -0.554 0.195 -0.248 

50 0.001 -0.050 0.503 -0.091 0.817 -0.493 0.479 -0.475 

51 0.008 -0.019 0.409 -0.158 0.631 -0.437 0.729 -0.573 

52 0.018 0.030 0.278 -0.083 0.413 -0.445 0.821 -0.628 

53 0.002 -0.025 0.161 -0.033 0.274 -0.302 0.903 -0.475 

54 -0.006 -0.025 0.101 0.039 0.038 -0.195 0.879 -0.366 
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Table B.11 The mode shapes of vertical modes identified from EMST by using PP 

Node EMST 

PP 

 V1 V2 V3 V4 V5 V6 V7/T1 
32 0.034 -0.018 -0.025 0.022 0.076 -0.244 -0.022 

33 0.041 -0.030 -0.049 0.088 0.100 -0.335 0.032 

34 -0.149 0.058 0.046 -0.135 -0.303 0.648 0.029 

35 -0.259 0.102 0.091 -0.220 -0.562 1.000 0.089 

36 -0.218 0.079 0.083 -0.158 -0.367 0.613 0.136 

37 0.648 -0.243 -0.186 0.465 0.952 -0.329 0.687 

38 1.000 -0.335 -0.246 0.572 1.000 0.182 1.000 

39 0.696 -0.170 -0.130 0.291 0.465 0.363 0.876 

40 -0.300 -0.103 -0.143 0.128 0.152 -0.288 0.132 

41 -0.437 -0.231 -0.303 0.256 0.116 -0.388 0.038 

42 -0.307 -0.223 -0.260 0.237 0.079 -0.230 0.043 

43 0.184 0.240 0.247 -0.203 -0.081 -0.090 -0.083 

44 0.712 1.000 1.000 -0.823 -0.204 -0.464 -0.109 

45 0.590 0.868 0.840 -0.653 -0.151 -0.412 -0.105 

46 0.301 0.494 0.410 -0.256 -0.050 -0.224 -0.060 

47 -0.153 -0.460 -0.139 -0.275 0.243 -0.260 -0.030 

48 -0.192 -0.635 -0.116 -0.529 0.355 -0.376 -0.054 

49 − − − − − − − 

50 0.100 0.405 -0.326 0.704 0.118 0.262 -0.004 

51 0.121 0.559 -0.544 1.000 0.119 0.401 -0.005 

52 − − − − − − − 

53 -0.023 -0.351 0.607 -0.315 -0.244 0.298 -0.001 

54 -0.030 -0.464 0.897 -0.272 -0.379 0.470 -0.002 

55 -0.015 -0.291 0.663 -0.084 -0.273 0.292 -0.002 

56 0.032 0.277 -0.681 -0.449 -0.121 0.188 0.005 

57 0.057 0.352 -0.924 -0.766 -0.134 0.341 -0.006 

58 0.023 0.237 -0.619 -0.606 0.057 0.239 -0.005 

59 -0.016 -0.147 0.606 0.918 0.386 0.171 0.001 

60 -0.010 -0.086 0.369 0.581 0.286 0.144 0.001 

61 0.023 0.055 -0.132 -0.237 0.146 -0.103 0.001 

62 -0.011 0.025 -0.065 -0.116 -0.084 0.053 0.000 

Note:  Mode shapes identified from the lowest levels of excitation 
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Table B.12 The mode shapes of vertical modes identified from EMST by using FDD 

Node EMST 

FDD 

 V1 V2 V3 V4 V5 V6 V7/T1 

32 0.028 -0.024 -0.019 0.049 0.106 -0.245 -0.133 

33 0.030 -0.037 -0.048 0.090 0.121 -0.333 0.170 

34 -0.148 0.147 0.105 -0.200 -0.227 0.653 0.158 

35 -0.258 0.251 0.208 -0.364 -0.518 1.000 0.272 

36 -0.218 0.207 0.176 -0.268 -0.351 0.627 0.359 

37 0.648 -0.627 -0.514 0.813 0.881 -0.210 0.835 

38 1.000 -0.861 -0.748 1.000 1.000 0.297 1.000 

39 0.695 -0.497 -0.351 0.500 0.370 0.452 0.949 

40 -0.300 -0.075 -0.047 0.082 0.107 -0.253 0.415 

41 -0.436 -0.126 -0.203 0.194 0.091 -0.358 0.257 

42 -0.307 -0.140 -0.203 0.200 0.086 -0.203 0.250 

43 0.183 0.227 0.240 -0.190 0.035 -0.073 -0.306 

44 0.711 1.000 1.000 -0.882 -0.185 -0.489 -0.294 

45 0.590 0.891 0.831 -0.706 -0.109 -0.427 -0.287 

46 0.301 0.530 0.436 -0.325 -0.049 -0.221 -0.223 

47 -0.152 -0.610 -0.249 -0.178 -0.126 -0.251 -0.162 

48 -0.189 -0.866 -0.268 -0.358 -0.129 -0.378 -0.212 

49 − − − − − − − 

50 0.099 0.639 -0.124 0.614 0.123 0.218 -0.061 

51 0.121 0.908 -0.251 0.868 0.081 0.348 -0.068 

52 − − − − − − − 

53 -0.020 -0.624 0.410 -0.311 0.086 0.218 -0.034 

54 -0.025 -0.833 0.631 -0.304 0.229 0.353 -0.049 

55 -0.010 -0.541 0.470 -0.093 0.178 0.222 -0.049 

56 0.031 0.519 -0.542 -0.364 -0.086 0.123 0.065 

57 0.037 0.671 -0.726 -0.630 -0.273 0.237 -0.075 

58 0.021 0.458 -0.484 -0.504 -0.027 0.168 -0.065 

59 -0.004 -0.317 0.534 0.810 -0.220 0.116 0.022 

60 -0.003 -0.182 0.317 0.520 -0.164 0.099 0.033 

61 0.015 0.094 -0.105 -0.211 0.131 -0.070 0.030 

62 -0.005 0.049 -0.057 -0.098 -0.048 -0.035 0.019 

Note:  Mode shapes identified from the lowest levels of excitation 
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Table B.13 The mode shapes of vertical modes identified from EMST by using SSI 

Node 
EMST 

SSI 

V1 V2 V3 V4 V5 V6 V7/T1 
32 0.022 -0.024 -0.023 0.037 -0.102 -0.240 -0.133 

33 0.030 -0.040 -0.026 0.067 -0.143 -0.332 0.163 

34 -0.150 0.149 0.084 -0.168 0.362 0.649 0.156 

35 -0.255 0.284 0.162 -0.292 0.548 1.000 0.276 

36 -0.216 0.214 0.131 -0.215 0.352 0.621 0.362 

37 0.648 -0.656 -0.365 0.649 -0.921 -0.239 0.834 

38 1.000 -0.902 -0.492 0.786 -1.000 0.223 1.000 

39 0.704 -0.518 -0.244 0.388 -0.452 0.406 0.956 

40 -0.296 -0.039 -0.095 0.114 -0.069 -0.261 0.403 

41 -0.424 -0.110 -0.234 0.242 -0.133 -0.355 0.244 

42 -0.299 -0.131 -0.223 0.240 -0.110 -0.205 0.243 

43 0.181 0.225 0.240 -0.215 0.028 -0.081 -0.305 

44 0.692 1.000 1.000 -0.912 0.231 -0.485 -0.287 

45 0.568 0.909 0.842 -0.735 0.179 -0.414 -0.283 

46 0.291 0.538 0.434 -0.308 0.037 -0.217 -0.217 

47 -0.145 -0.628 -0.212 -0.237 0.223 -0.274 -0.161 

48 -0.179 -0.889 -0.213 -0.469 0.370 -0.404 -0.213 

49 − − − − − − − 

50 0.097 0.668 -0.188 0.704 -0.105 0.257 -0.058 

51 0.116 0.946 -0.343 1.000 -0.117 0.403 -0.062 

52 − − − − − − − 

53 -0.020 -0.655 0.473 -0.333 -0.238 0.272 -0.030 

54 -0.023 -0.896 0.716 -0.310 -0.331 0.435 -0.047 

55 -0.010 -0.571 0.522 -0.090 -0.267 0.272 -0.047 

56 0.031 0.565 -0.573 -0.436 0.117 0.164 0.068 

57 0.045 0.718 -0.785 -0.745 0.111 0.301 -0.078 

58 0.018 0.491 -0.529 -0.596 -0.011 0.214 -0.067 

59 0.002 -0.330 0.542 0.920 0.374 0.149 0.024 

60 -0.002 -0.192 0.329 0.583 0.288 0.128 0.037 

61 0.008 0.093 -0.115 -0.238 -0.133 -0.090 0.030 

62 -0.003 0.048 -0.060 -0.123 -0.070 -0.046 0.020 

Note:  Mode shapes identified from the lowest levels of excitation 
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Table B.14 The mode shapes of lateral modes identified from EMST by using PP 

Node EMST 

PP 

 L1 L2 L3 L4 L5 L6 L7 L8 
1 0.031 -0.069 -0.316 0.475 -0.483 0.711 0.672 0.411 

2 0.072 -0.125 -0.407 0.578 -0.527 0.851 0.875 0.687 

3 0.127 -0.194 -0.565 0.713 -0.569 1.000 1.000 0.235 

4 0.186 -0.281 -0.709 0.915 -0.586 0.848 0.868 -0.020 

5 0.225 -0.364 -0.869 0.936 -0.552 0.678 -0.082 0.089 

6 0.315 -0.447 -0.908 1.000 -0.501 0.403 -0.040 -0.291 

7 0.419 -0.531 -0.965 0.981 -0.361 -0.144 -0.373 0.417 

8 0.507 -0.613 -1.000 0.826 -0.179 -0.376 -0.899 0.253 

9 0.608 -0.655 -0.924 0.640 0.123 -0.585 -1.163 0.048 

10 0.701 -0.679 -0.821 0.413 0.194 -0.649 -0.611 0.069 

11 0.783 -0.660 -0.743 -0.274 0.316 -0.628 0.116 0.251 

12 0.833 -0.646 -0.633 -0.271 0.386 -0.521 0.118 0.434 

13 0.914 -0.608 -0.584 -0.425 0.424 -0.384 0.641 0.496 

14 0.938 -0.530 0.554 -0.600 0.428 -0.199 1.223 0.360 

15 0.943 -0.448 0.589 -0.800 0.404 0.145 1.223 0.195 

16 0.964 -0.324 0.602 -0.934 0.377 0.306 0.934 0.063 

17 0.984 -0.199 0.631 -0.931 0.342 0.444 0.424 -0.098 

18 1.000 -0.119 0.628 -0.890 -0.338 0.507 0.194 -0.204 

19 0.968 -0.047 0.612 -0.856 -0.342 0.534 0.165 -0.332 

20 0.983 0.133 0.537 -0.729 -0.377 0.542 0.155 -0.479 

21 0.917 0.221 0.586 -0.612 -0.407 0.501 -0.204 0.506 

22 0.941 0.332 0.526 -0.477 -0.452 0.434 -0.272 0.446 

23 0.924 0.466 0.439 -0.221 -0.509 0.311 -0.355 -0.306 

24 0.918 0.565 0.379 -0.139 -0.555 0.204 -0.464 -0.173 

25 0.898 0.661 0.346 0.249 -0.594 0.120 -0.528 0.082 

26 0.844 0.881 0.290 0.601 -0.690 -0.311 -0.604 0.128 

27 0.819 1.000 0.287 0.831 -0.715 -0.438 -0.538 1.000 

28 0.715 0.953 -0.285 0.974 -0.320 -0.633 -0.570 0.718 

29 0.602 0.826 -0.388 0.786 0.358 -0.452 0.448 0.243 

30 0.485 0.694 -0.469 0.601 0.617 -0.257 0.592 0.066 

31 0.392 0.589 -0.608 0.200 0.951 -0.153 0.559 -0.265 

32 0.327 0.476 -0.651 0.402 0.796 0.183 0.288 -0.122 

33 0.240 0.385 -0.669 0.037 0.886 0.303 0.539 -0.308 

34 0.176 0.287 -0.634 -0.173 0.690 0.355 0.033 -0.184 

35 0.133 0.214 -0.591 -0.280 0.415 0.359 -0.121 -0.054 

36 0.085 0.160 -0.520 -0.378 0.137 0.310 -0.388 -0.070 

37 0.058 0.101 -0.402 -0.386 -0.318 0.206 -0.710 -0.211 

38 0.038 0.050 -0.351 -0.356 -0.624 0.145 -0.772 -0.415 

39 0.020 0.026 0.367 -0.279 -0.821 -0.208 -0.654 0.328 

40 0.022 -0.024 0.425 -0.196 -0.979 -0.337 -0.198 0.166 

41 -0.017 -0.028 0.526 0.148 -0.842 -0.369 -0.022 0.047 

42 -0.017 -0.041 0.639 0.210 -0.739 -0.375 0.155 0.078 

43 -0.017 -0.045 0.748 0.327 -0.479 -0.315 0.458 -0.250 

44 

 

 

-0.015 -0.057 0.790 0.431 -0.154 -0.228 0.722 -0.346 
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Table B.14 (Cont)        

45 -0.028 -0.058 0.832 0.498 0.251 -0.143 0.646 -0.254 

46 -0.021 -0.057 0.821 0.532 0.551 0.192 0.340 -0.087 

47 -0.017 -0.057 0.784 0.513 0.741 0.323 0.060 -0.165 

48 -0.028 -0.051 0.680 0.495 0.930 0.433 -0.135 0.336 

49 -0.015 -0.044 0.576 0.432 1.000 0.470 -0.330 0.361 

50 0.026 -0.033 0.434 0.329 0.868 0.456 -0.743 0.326 

51 0.020 -0.033 0.336 0.267 0.776 0.434 -0.891 0.207 

52 -0.026 -0.026 0.244 0.181 0.587 0.354 -0.893 0.083 

53 0.017 -0.130 0.369 0.101 0.370 0.288 -0.688 -0.063 

54 -0.021 -0.022 0.102 -0.051 -0.190 0.217 -0.368 0.861 

Note:  Mode shapes identified from the lowest levels of excitation 
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Table B.15 The mode shapes of lateral modes identified from EMST by using FDD 

Node EMST 

FDD 

 L1 L2 L3 L4 L5 L6 L7 L8 
1 0.024 -0.067 -0.095 0.449 -0.561 0.699 0.669 0.403 

2 0.067 -0.124 -0.079 0.545 -0.616 0.855 0.820 0.584 

3 0.118 -0.193 -0.142 0.671 -0.682 1.000 1.000 0.244 

4 0.171 -0.281 -0.154 0.861 -0.713 0.830 0.630 -0.237 

5 0.218 -0.362 -0.215 0.881 -0.688 0.708 0.130 -0.436 

6 0.305 -0.447 -0.178 0.940 -0.640 0.384 -0.226 -0.589 

7 0.408 -0.531 -0.175 0.921 -0.497 -0.144 -0.534 -0.516 

8 0.508 -0.612 -0.206 0.630 -0.144 -0.384 -0.763 -0.235 

9 0.586 -0.654 -0.219 0.595 0.134 -0.592 -0.779 0.250 

10 0.658 -0.679 0.198 0.381 0.150 -0.655 -0.542 0.499 

11 0.778 -0.660 0.238 -0.249 0.277 -0.637 -0.157 0.728 

12 0.806 -0.646 0.298 -0.254 0.354 -0.508 0.349 0.820 

13 0.905 -0.608 0.385 -0.405 0.366 -0.372 0.736 0.863 

14 0.905 -0.530 0.475 -0.573 0.321 -0.197 0.968 0.794 

15 0.968 -0.447 0.556 -0.764 0.264 0.132 0.954 0.660 

16 0.994 -0.324 0.617 -0.893 -0.284 0.289 0.837 0.435 

17 0.990 -0.198 0.678 -0.889 -0.384 0.415 0.590 0.233 

18 1.000 -0.115 0.674 -0.850 -0.464 0.469 0.446 -0.208 

19 0.990 -0.045 0.688 -0.818 -0.541 0.510 0.409 -0.319 

20 1.005 0.133 0.612 -0.696 -0.615 0.486 -0.392 -0.452 

21 0.947 0.221 0.681 -0.584 -0.649 0.471 -0.386 -0.585 

22 0.979 0.332 0.614 -0.455 -0.672 0.420 -0.424 -0.621 

23 0.967 0.466 0.512 -0.207 -0.673 0.298 -0.487 -0.628 

24 0.962 0.565 0.448 -0.127 -0.665 0.198 -0.563 -0.561 

25 0.951 0.661 0.384 0.233 -0.637 -0.118 -0.626 -0.453 

26 0.897 0.880 0.285 0.573 -0.577 -0.317 -0.666 -0.245 

27 0.879 1.000 0.220 1.000 -0.543 -0.373 -0.704 1.000 

28 0.784 0.953 -0.292 0.929 0.328 -0.586 -0.748 0.979 

29 0.644 0.826 -0.441 0.751 0.553 -0.442 0.526 0.685 

30 0.531 0.694 -0.529 0.573 0.792 -0.246 0.635 0.415 

31 0.422 0.589 -0.706 0.191 1.000 -0.163 0.643 0.363 

32 0.349 0.475 -0.745 0.383 0.924 0.158 0.499 -0.154 

33 0.265 0.385 -0.780 0.032 0.876 0.267 0.655 -0.540 

34 0.181 0.286 -0.727 -0.165 0.628 0.337 0.181 -0.525 

35 0.135 0.213 -0.688 -0.267 0.329 0.338 -0.272 -0.406 

36 0.095 0.160 -0.599 -0.360 0.161 0.292 -0.529 -0.182 

37 0.081 0.098 -0.442 -0.368 -0.424 0.194 -0.733 0.246 

38 0.015 0.048 -0.395 -0.234 -0.655 0.137 -0.785 0.503 

39 0.018 0.023 0.411 -0.265 -0.894 -0.195 -0.725 0.592 

40 -0.015 -0.015 0.485 -0.183 -0.994 -0.321 -0.417 0.539 

41 -0.008 -0.026 0.619 0.135 -0.851 -0.344 -0.139 0.304 

42 -0.006 -0.039 0.748 0.196 -0.686 -0.333 0.325 0.123 

43 -0.014 -0.044 0.883 0.310 -0.405 -0.304 0.580 -0.369 

44 

 

 

-0.015 -0.054 0.936 0.410 -0.116 -0.218 0.749 -0.563 
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Table B.15 (Cont.)        

45 0.001 -0.054 1.000 0.475 0.336 -0.139 0.719 -0.538 

46 -0.011 -0.056 0.972 0.508 0.630 0.184 0.541 -0.356 

47 -0.016 -0.056 0.928 0.490 0.804 0.294 0.235 -0.306 

48 0.015 -0.045 0.799 0.472 0.979 0.398 -0.124 0.256 

49 -0.006 -0.042 0.672 0.413 0.999 0.438 -0.483 0.490 

50 0.014 -0.022 0.501 0.314 0.865 0.426 -0.751 0.581 

51 -0.010 -0.028 0.366 0.254 0.775 0.404 -0.845 0.592 

52 -0.012 -0.024 0.280 0.172 0.575 0.334 -0.844 0.519 

53 0.009 -0.011 0.083 0.095 0.348 0.284 -0.762 0.312 

54 -0.007 -0.010 0.050 -0.030 0.041 0.209 -0.560 -0.191 

Note:  Mode shapes identified from the lowest levels of excitation 
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Table B.16 The mode shapes of lateral modes identified from EMST by using SSI 

Node EMST 

SSI 

 L1 L2 L3 L4 L5 L6 L7 L8 
1 0.026 -0.067 -0.103 0.357 -0.431 0.706 0.654 0.405 

2 0.064 -0.124 -0.208 0.456 -0.533 0.870 0.778 0.514 

3 0.116 -0.193 -0.335 0.555 -0.610 1.000 1.000 0.708 

4 0.170 -0.281 -0.419 0.683 -0.672 0.869 0.882 0.369 

5 0.219 -0.361 -0.520 0.869 -0.709 0.746 0.779 -0.120 

6 0.304 -0.446 -0.650 0.895 -0.709 0.610 0.363 -0.339 

7 0.405 -0.531 -0.669 0.952 -0.663 0.363 -0.326 -0.529 

8 0.504 -0.613 -0.691 0.932 -0.525 -0.109 -0.537 -0.576 

9 0.580 -0.653 -0.667 0.707 -0.315 -0.312 -0.583 -0.650 

10 0.653 -0.677 -0.606 0.597 -0.110 -0.469 -0.456 -0.127 

11 0.774 -0.660 -0.468 0.376 0.047 -0.564 -0.161 0.308 

12 0.803 -0.646 -0.270 0.234 0.181 -0.545 0.135 0.558 

13 0.896 -0.608 -0.114 -0.235 0.259 -0.451 0.432 0.695 

14 0.896 -0.530 0.040 -0.391 0.253 -0.326 0.620 0.736 

15 0.966 -0.448 0.117 -0.560 0.160 -0.161 0.650 0.636 

16 0.990 -0.323 0.211 -0.755 0.037 0.116 0.598 0.484 

17 0.987 -0.199 0.328 -0.881 -0.249 0.284 0.432 0.232 

18 0.999 -0.114 0.409 -0.876 -0.409 0.416 0.286 -0.182 

19 0.985 -0.044 0.471 -0.834 -0.501 0.477 0.233 -0.318 

20 1.000 0.133 0.491 -0.802 -0.596 0.488 -0.207 -0.440 

21 0.970 0.220 0.502 -0.680 -0.700 0.495 -0.225 -0.606 

22 0.975 0.332 0.498 -0.567 -0.716 0.466 -0.274 -0.637 

23 0.962 0.466 0.472 -0.440 -0.741 0.402 -0.341 -0.624 

24 0.956 0.565 0.448 -0.187 -0.707 0.276 -0.424 -0.549 

25 0.945 0.660 0.374 0.114 -0.673 0.176 -0.474 -0.428 

26 0.892 0.879 0.382 0.237 -0.640 -0.090 -0.529 -0.305 

27 0.868 1.000 0.296 0.577 -0.456 -0.299 -0.521 0.239 

28 0.779 0.952 0.114 1.000 -0.180 -0.646 -0.324 1.000 

29 0.641 0.827 -0.155 0.927 0.331 -0.586 0.411 0.877 

30 0.521 0.694 -0.310 0.749 0.613 -0.416 0.494 0.532 

31 0.417 0.588 -0.458 0.571 0.835 -0.228 0.485 0.217 

32 0.350 0.475 -0.669 0.186 0.969 -0.118 0.528 -0.003 

33 0.264 0.385 -0.655 0.109 0.948 0.154 0.499 -0.247 

34 0.183 0.286 -0.742 0.027 0.827 0.284 0.114 -0.551 

35 0.137 0.213 -0.773 -0.163 0.564 0.332 -0.231 -0.454 

36 0.096 0.160 -0.709 -0.262 0.252 0.330 -0.419 -0.254 

37 0.082 0.098 -0.521 -0.352 -0.169 0.290 -0.566 0.164 

38 0.018 0.048 -0.274 -0.357 -0.444 0.159 -0.600 0.357 

39 0.020 0.023 -0.191 -0.269 -0.753 0.105 -0.517 0.469 

40 -0.014 -0.015 0.123 -0.248 -0.883 -0.183 -0.311 0.557 

41 -0.010 -0.026 0.313 -0.164 -0.936 -0.313 -0.073 0.414 

42 -0.005 -0.040 0.504 0.126 -0.813 -0.345 0.245 0.195 

43 -0.015 -0.044 0.695 0.199 -0.612 -0.355 0.444 -0.206 

44 

 

 

-0.014 -0.054 0.874 0.315 -0.334 -0.293 0.573 -0.448 
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Table B.16 (Cont.)        

45 -0.005 -0.053 0.983 0.414 -0.093 -0.207 0.545 -0.560 

46 -0.011 -0.056 1.000 0.477 0.368 -0.106 0.402 -0.502 

47 -0.015 -0.056 0.989 0.507 0.657 0.171 0.169 -0.307 

48 0.012 -0.044 0.975 0.486 0.814 0.296 -0.105 -0.064 

49 -0.009 -0.042 0.803 0.465 0.970 0.412 -0.380 0.325 

50 0.017 -0.022 0.707 0.405 1.000 0.449 -0.584 0.515 

51 -0.014 -0.028 0.499 0.306 0.868 0.432 -0.645 0.551 

52 -0.015 -0.024 0.439 0.246 0.766 0.424 -0.648 0.537 

53 0.007 -0.010 0.302 0.165 0.598 0.342 -0.571 0.409 

54 -0.008 -0.010 0.258 0.089 0.409 0.283 -0.418 0.252 

Note:  Mode shapes identified from the lowest levels of excitation 
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