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Abstract 

 

Harvesting low frequency vibration energy poses significant challenges: difficulty in resonant 

frequency matching, large displacement amplitude and low electromechanical coupling. The aim 

of this project was to develop, model and experimentally validate a new vibration energy 

harvesting structure utilising a novel mechanical frequency up-conversion method to address 

these challenges. 

A new method for mechanical frequency up-conversion was proposed leveraging a non-linear 

effect which has not previously been studied in energy harvesting. In this method an oscillation 

in a cantilever beam may be induced at a higher frequency than both the cantilever resonant 

frequency and excitation frequency through impact with a high restitution end-stop placed near 

the neutral position of the beam, when exposed vibration excitations below the resonant 

frequency of the cantilever. 

A structure to implement this method was developed, mathematically modelled and 

experimentally validated. Simulation indicated that, relative to a simple cantilever structure, the 

RMS velocity of the proof mass may be increased, while the displacement of the mass is 

simultaneously decreased, resulting in an improved energy density and this was confirmed by 

experimental results. 

The frequency up-conversion mechanism was used to implement an energy harvester using 

electromagnetic transduction. The energy harvester was modelled mathematically and this model 

was validated experimentally. Simulation results suggested a potential increase in the power 

output of the harvester at low electromagnetic damping factors and were confirmed by 

experimental results. The output voltage was, however, very low and was determined to be 

insufficient for a stand-alone harvester. 

Adopting the frequency up-conversion mechanism using piezoelectric transduction was 

considered and a new soft piezoelectric transducer utilising PVDF and a PDMS central shim was 
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proposed, modelled and experimentally investigated. The transducer demonstrated potential for 

high voltage outputs, however at the cost of low power output and high resonant frequency. It 

was therefore determined unsuitable for implementation in the mechanical frequency up-

conversion mechanism. 

Finally a new approach using a hybrid electromagnetic-piezoelectric scheme was investigated 

and a structural implementation was proposed, modelled and experimentally validated. With this 

structure, the high power output of the electromagnetic transducer was retained, while an 

auxiliary output at a high voltage level, suitable for powering a low-power conditioning circuit, 

was produced by the piezoelectric transducer.  
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Chapter 1 

 

Introduction 
 

Portable and wearable electronic devices for personal use as well as biomedical applications 

are rapidly becoming an essential part of modern life. The integration of a portable energy 

harvester, which can convert the mechanical energy generated by the human body into electrical 

energy, is a very attractive solution to the inherent power challenges presented by such devices. 

While many approaches to human body energy harvesting have been explored, inertial harvesting 

from vibrations induced by human motion is one of the most promising due to the ubiquity of 

vibration as an energy source and ease of integration. 

1.1 Motivation 

Despite the potential for inertial energy harvesting from human motion, the reality has proven 

to be very challenging, and as a result there has been limited success in development of a device 

for this purpose. In particular, the low frequency of the vibration generated through human 

motion makes resonance frequency matching challenging, requires very large mass displacement 

amplitudes and reduces electromechanical coupling. Additionally, human motion tends not to be 

at a particular frequency and so an energy harvesting device targeting human motion must have a 

wide bandwidth. 

These challenges have led researchers to develop non-linear energy harvesting devices which 

exploit non-linear stiffness, utilise mechanical end-stops to limit mass displacement or employ 

mechanical frequency up-conversion to increase the oscillation frequency of the inertial mass. 

Each of these methods however, has significant disadvantages which make them not well suited 
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to application in human generated vibration harvesting. Particularly, in each case it is typically 

required that there is a resonator matched in resonant frequency to the dominant excitation 

frequency, which in turn requires large device sizes at low frequency. Similarly, most frequency 

up-conversion and non-linear stiffness techniques do not limit the large mass displacements 

inherent to low frequency energy harvesting. It is therefore necessary to develop a new structure 

which is targeted at increasing the harvesting performance at a wide range of dominant excitation 

frequencies below the resonant frequency of the oscillating structure while simultaneously 

reducing the mass displacement. 

1.2 Proposed research 

In this research, it is proposed to develop a new method for mechanical frequency up-

conversion using a single cantilever beam, which can increase power transfer to a proof mass and 

decrease vibration amplitude, relative to a simple cantilever device, under wide-band excitation 

at a range of dominant excitation frequencies below that of the beam resonant frequency.  

This proposed structure consists of a low resonant frequency cantilever beam suspended 

above an end-stop with a high coefficient of restitution between itself and the cantilever end 

mass. The end-stop inherently reduces the displacement amplitude of the mass, while the 

frequency up-conversion effect allows a higher frequency cantilever beam to be used than in a 

simple cantilever device. Both of these effects allow for a smaller device size, better suited to 

inertial energy harvesting from human motion than previous devices.  

In the course of this work, this structure will be presented and the operation detailed. A 

mathematical model will be developed and used to analyse the behaviour of the structure. A 

prototype device will be fabricated and used to experimentally validate the model predictions. 

The structure can then be used to implement a low frequency energy harvester. In order for an 

energy harvester output to be used to power external electronic devices, it must be rectified to a 

DC voltage and be of a sufficiently high voltage level. This in turn requires a conditioning circuit 

in order to rectify the output voltage and boost the voltage level if required. In order for the 

energy harvesting device to function independently, the output must be sufficient to power such a 

conditioning circuit in addition to any external electronics. Therefore, several transduction 

methods will be investigated: electromagnetic (typically high current, low voltage), piezoelectric 
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(typically low current, high voltage) and hybrid energy harvester incorporating both. Each energy 

harvester will be modelled mathematically and analysed through simulation.  

1.2.1 Project objectives 

From the proposed research, the objectives of this work may be summarised as: 

1. Develop and mathematically model a new mechanical frequency up-conversion 

mechanism for sub-resonance application. 

2. Investigate transduction methods for implementation of a low-frequency energy harvester 

using the frequency up-conversion mechanism. 

3. Experimentally validate the frequency up-conversion structure and energy harvesting 

devices using fabricated prototype structures. 

The development of an electronic circuit for boosting and rectifying (conditioning) the energy 

harvester voltage output is beyond the scope of this work. 

1.2.2 Summary of contribution 

In this research, a new mechanical frequency up-conversion structure is developed an 

analysed. The potential for application of this structure in a low frequency vibration energy 

harvester was investigated using electromagnetic transduction. A new piezoelectric bi-morph 

beam incorporating a soft piezoelectric material (PVDF) and a soft central shim (PDMS) is 

investigated as a potential low-frequency energy harvesting transducer. A new application of 

hybrid electromagnetic-piezoelectric transduction is proposed, using the frequency up-conversion 

mechanism, to provide an auxiliary high voltage output. For all of these structures, mathematical 

models are developed and simulated to analyse the behaviour. Additionally, for each structure, an 

experiment was conducted and results compared to those from simulation in order to validate the 

mathematical models. 

1.3 Thesis outline 

The development of low frequency vibration energy harvesting technology is investigated in 

Chapter 2, with a particular focus on vibration excitation from human motion. These 

technological developments are traced towards state-of-the-art non-linear energy harvesting 
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devices. From these previous works, short comings of current, low frequency, vibration energy 

harvesting devices and potential directions for improvement are identified. 

A new mechanical structure for achieving mechanical frequency up-conversion from low 

frequency vibration excitation is proposed in Chapter 3. The principles of the device operation 

are discussed and a mathematical model of the structure is developed. From this mathematical 

model, simulations are conducted to analyse the mechanical dynamics of the structure and effects 

of key model parameters. 

A prototype mechanical frequency up-conversion structure is fabricated and used in 

experiment in Chapter 4. The experiments are conducted using a wide band vibration excitation 

in order to more closely model real-world vibration conditions. The results of the experiment are 

used to demonstrate that the frequency up-conversion mechanism can increase the RMS velocity 

of the structure end-mass compared to a simple cantilever structure, and to perform a statistical 

validation of the mathematical model. 

The proposed frequency up-conversion mechanism is used to implement a vibration energy 

harvester in Chapter 5, using electromagnetic induction. A simplified mathematical model of the 

electromagnetic transducer is developed and the resultant electro-mechanical coupling effects are 

used to modify the existing mechanical model. Simulations using this model are conducted in 

order to analyse the effects of the transducer on power and voltage outputs of the harvester. A 

prototype energy harvester is fabricated and experiments used for experiment. The results of this 

experiment are used to demonstrate the potential increase in average power output in a harvester 

incorporating the frequency up-conversion mechanism relative to a simple cantilever structure. 

Additionally the experimental results are used to perform a statistical validation of the 

mathematical model of the energy harvester. Low output voltage is identified as a significant 

problem using this transduction method. 

In Chapter 6, an alternative transduction method using soft piezoelectric materials is 

investigated as an approach to increasing the output voltage of the energy harvester. A new 

piezoelectric bi-morph beam using two sheets of PVDF with a soft central shim of PDMS is 

proposed and a mathematical model is developed. Analysis from simulation and experimental 

results demonstrate that the potential average power output from the transducer is likely to be 

very low, while the resonant frequency is too high for application in a low vibration frequency 

environment. 
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A hybrid transduction method using electromagnetic transduction and an additional auxiliary 

piezoelectric transducer is proposed in Chapter 7. A mathematical model of this structure is 

developed and prototype structure is fabricated. Experimental and simulation results demonstrate 

that the structure is able to retain the high power output performance of the electromagnetic 

energy harvester while providing an auxiliary output at high voltage which may be used to power 

an electronic conditioning circuit. The experimental and simulation results are compared to 

validate the mathematical model. 

Important directions for future work are discussed in Chapter 8. Additionally, the work as a 

whole is discussed and final conclusions are drawn. 
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Chapter 2 

 

Energy Harvesting Technologies for Low Frequency and 
Human Induced Vibration 

 

In 1996, Starner [1] proposed a future of wearable portable computer systems which would be 

powered by energy harvested from the human body, and presented several potential energy 

sources including body heat, blood pressure, breath and motion. When we consider the now 

almost ubiquitous integration of portable personal electronics into daily life; the impact of the 

ability to augment or replace traditional stored energy systems with a clean, free energy source 

becomes immediately apparent. Indeed, there are a number of researchers actively working 

towards developing energy harvesting systems with a focus on application in personal electronic 

devices [2].  

Beyond personal electronics, the growing prominence and realisability of micro 

electromechanical (MEMS) devices has created the potential for new wearable and implantable 

biomedical devices. Wearable biometric sensors [3] are an increasingly attractive solution to 

expensive patient monitoring costs [4], and new sensors and applications are constantly being 

developed [5-8]. While the potential of these devices is impressive, there is a significant 

drawback in their reliance on stored energy; requiring frequent recharging which may be 

inconvenient or unavailable. Implantable medical devices, such as traditional pace-makers and 

new MEMS based local drug delivery systems [9], are similarly reliant on stored energy. A 

stored energy source is even less desirable in this case however, as battery size is significantly 

restricted by the environment and replacing depleted batteries requires invasive and expensive 

surgery.  
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In both wearable and implanted biomedical and personal electronic devices, the integration of 

a human body energy harvester provides an elegant solution to the power challenges inherent in 

such systems. While the potential of energy harvesters for these applications has been expounded 

for many years in literature [10], few successful devices have been demonstrated [11] thus far. 

2.1 Vibration harvesting from human motion 

2.1.1 Human motion energy harvesters 

There have been a number of approaches to harvesting energy from human motion [12, 13] 

outside of wearable and portable inertial vibration harvesting. One of the earliest of these is a 

‘direct force’ approach, first proposed in [14]. In this, a piezoelectric element was placed inside 

of a shoe and directly compressed during heel strike in the gait cycle (Figure 2.1(a)). The 

attractiveness of this idea is immediately apparent, due to ease of implementation and large, 

though intermittent, peaks in power delivery. There has therefore, been significant work in this 

area which continues today [15] and novel structures [16] utilising dielectric elastomers [17, 18] 

are reported to produce peak power outputs of up to 800mW. 

A large scale vibration harvesting approach employs large backpacks (Figure 2.1(b)) as an 

inertial mass. In the initial proposal of this idea [19], one of the first vibration harvesting 

techniques directed towards human motion, a 38 kg backpack was employed on a sprung support 

structure to produce 7.4W while walking. This idea was later developed to replace the bulky 

spring structure [20] by integrating a polyvinylidene fluoride (PVDF), a piezoelectric material, 

into the shoulder straps. This design allowed for less interference with the natural motion of the 

wearer, however also resulted in significantly lower mean power outputs of approximately 

50mW. A more recent evolution of this idea [21] utilises a novel, front mounted suspension 

structure to reduce the required backpack weight to 2kg while delivering enough power to 

“power 40 LEDs”.  

Another approach utilises ‘direct drive’ of an energy harvester mechanism. Placing the 

mechanism across a joint, such as the knee, the relative motion of the upper and lower leg can be 

used to provide power directly (Figure 2.1(c)). Such an application, proposed in [22] and 

developed in [23-25], utilises a geared motor driven by the knee joint to produce power outputs 

up to 5W from a 1.2kg device. A novel feature of this structure allows energy to be collected 
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during the negative work portion of the gait cycle and so significantly reduce the caloric energy 

expended to drive the mechanism. 

 

(a) 

 

(b) 

 

(c) 

Figure 2.1: Alternative approaches to human motion energy harvesting (a) Direct force energy harvester 
for heel strike (Reproduced from [14]) (b) Backpack based vibration energy harvester (Reproduced from 
[19]) (c) Direct drive knee-brace energy harvester (Reproduced from [23]) 

While the harvesting approaches described above provide significant power outputs and can 

be well suited to particular applications, each has significant drawbacks. Direct force devices are 

typically restricted to being located in shoes underneath the feet. This in turn leads to difficulty in 

integrating the device as power source for other portable devices. Additionally, given the location 

under the foot, there is potential to interfere with the gait of the user. Backpack based vibration 

harvesters demonstrate very large power output potential, however they require significant loads 

to be carried by the user. Designs of such systems tend to be large and obtrusive, while more 

subtle designs such as integration into the backpack straps [20] severely reduces the power 
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output. Due to placement being restricted to joints, direct drive methods suffer similar limitations 

to integration with application devices, while also being potentially obtrusive to wear.  

Wearable and portable inertial vibration harvesting shows potential to address these issues; 

being lightweight and compact, such a harvester may be integrated more easily into target 

applications while having minimal effect on the wearer’s natural motions. There are, however, 

significant challenges to the design of efficient portable inertial vibration harvesters for human 

motion and consequently, the power output of such devices is significantly lower than that of the 

approaches discussed previously.  

A miniature inertial vibration energy harvester [26] designed for implant within a prosthetic 

hip (Figure 2.2(a)) highlights the challenges involved when subject to severe constraints. In this, 

the researchers acknowledge a target resonant frequency of the device of approximately 4Hz for 

optimal power generation in the application location. However, the natural frequency of the 

device presented by the authors was significantly higher than this, at 30Hz. At this resonance 

frequency, the reported maximum power output of the device was 0.96μW with an output voltage 

of 15.5mV. Given that this frequency is significantly higher than that of the target excitation 

frequency, it can be expected that the power output of the device in application (implanted in a 

prosthetic hip) would be negligible.   

The work in [27] has had more success utilising an inertial generator implanted within a shoe 

(Figure 2.2(b)) to harvest vibration energy from foot-swing. While this device has displayed 

power output in the range of 1 – 2mW, it suffers from the same drawback of difficult application 

integration as other shoe mounted approaches which provide greater power output. One of the 

most promising recent implementations of human motion vibration harvesting utilises a wrist-

mounted rotational generator and two similar such devices are presented in [28, 29]. The device 

presented in [28] has demonstrated potential power outputs of up to 3.8μW from a 30mm 

diameter structure, while that in [29] (Figure 2.2(c)) has shown up to 43μW power output in 

laboratory conditions from a 20mm diameter structure. Another approach [30] uses an 

omnidirectional vibration harvesting mechanism (Figure 2.2(d)) designed for battery charging 

and which can be mounted at any point on the body. From this device, the authors have achieved 

a maximum power output of 250μW with a wrist mounted configuration while jogging. While 

this power output is impressive, with a volume of 100cm3 the device is significantly larger than 

other vibration harvesters presented here and potentially obtrusive to wear. 
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(a) 

 

(b) 

 

(c) 
 

(d) 

Figure 2.2: Recent portable inertial vibration energy harvesters for human motion showing a (a) 
linear electromagnetic harvester for prosthetic hip (reproduced from [26], (b) shoe mounted 
linear electromagnetic harvester for footswing (reproduced from [27]), (c) wrist-mounted 
frequency up-converted piezoelectric generator (reproduced from [29]) and (d) omnidirectional 
electromagnetic harvester (reproduced from [30]). 

Altogether, while there has been significant theoretical work in portable and wearable inertial 

energy harvesting with a direction towards human motion [31], there is comparatively little 

development of practical wearable vibration energy harvesting devices. From some of the most 

recent devices which have been presented and discussed above, there is still much room for 

improvement in terms of development of a general use vibration energy harvester. The presented 

results [26, 28-30] tend to have low power output, while those with higher output are 

significantly larger or restricted in terms of location or obtrusiveness. From this, there is still a 
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need to develop a relatively high power device in a significantly more compact package than 

current devices which may be worn unobtrusively from a range of mounting positions. 

2.1.2 Human induced vibration modelling 

Early studies [32-35] have shown human motion to have a frequency in the range of 1-6 Hz 

and accelerations between 0.3-2.7 g depending on the location on the body and activity being 

conducted. Riemer and Shapiro [36] quantified the available energy during normal walking for 

various body locations for an 80kg human, framed in terms of muscle energy expenditure in one 

gait cycle at a frequency of 1Hz, with the results being summarised in Table 2.1. 

Table 2.1 Muscle work and power during walking (Adapted from [36]) 

Joint Work (J) Power (W) 
Ankle 33.4 66.8 
Knee 18.2 36.4 
Hip 18.96 38 

Elbow 1.07 2.1 
Shoulder 1.1 2.2 

Not all of this power is used for motion and not all of it can be collected by a vibrational 

harvester – the amount of energy transferred to the harvester being proportional to the mass. In 

[37], the authors consider the maximum power from an amplitude constrained linear vibration 

harvester with a proof mass of 30g. With this, the authors used experimental measurement of 

ankle motion during running between speeds of 6 to 8km/h to optimise the harvester and from 

this found a maximum power output of approximately 200mW. A more comprehensive study of 

ankle dynamics during running was presented in [38], tracking the ankle path with computer 

vision and recreating the path numerically to find the accelerations induced. From this, frequency 

domain analysis revealed that while the dominant frequency in the motion lay between 3-4Hz, 

there were significant additional higher frequency components of up to 20Hz, and variations 

between gait cycles suggest that the vibration source is stochastic in nature. The implications of 

this are that in order to provide maximum power, a robust harvester design should have a large 

bandwidth to cover the most energetic frequency ranges. 

While in reality it can be observed that vibration from human motion is relatively noisy and 

contains considerable higher frequency components, which can affect the response of the system. 

Most theoretical work on human motion energy harvesting follows from earlier studies and 
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approximates the vibration excitation as a sinusoid at a specific acceleration and frequency. 

While this is useful for comparison between devices in literature, it is a poor approximation of 

the excitation which would be experienced in human induced vibration. Effects of noise and wide 

frequency distribution may potentially become more significant and more difficult to predict with 

the trend towards non-linearity in low frequency harvesters. In relation to the design of efficient 

generators in wireless sensor networks, the importance of modelling the excitation vibration is 

suggested in [39], and a frequency domain model is developed. An alternative stochastic 

vibration model is presented in [40]. Developing such a vibration model of human motion for 

common activities in several body locations will provide a more accurate data source for 

optimisation and testing. 

2.2 Linear vibration energy harvesting 

While all of the different potential human energy sources proposed in [1] have been explored 

[41-44], motion induced vibration energy is one of the most promising [32, 33]. Vibration as an 

ambient energy source for miniature/micro scale energy harvesting gained significant popularity 

for application in low power wireless sensor networks [45, 46], and there has been significant 

research in the field since early efforts by such groups as Amirtharajah and Chandrakasan [40] 

focussing on linear, or ‘resonant’, vibration harvesting techniques. 

The basic conceptual mechanism for a linear vibration energy harvesting consists of a sprung 

mass attached to a rigid support structure [47], most commonly and simply implemented as a 

cantilever beam. When an external vibration source is applied to the support structure, energy is 

translated through the spring to produce an out of phase vibration at the mass. This system can 

then be described by a lumped spring-mass-damper model, which is well understood. To convert 

such a structure to an energy harvester requires the addition of a transducer to extract mechanical 

energy from the vibrating mass and transfer this energy to the electrical domain. This can be 

most simply conceptualised as an additional viscous damping element in parallel (Figure 2.3). 
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Figure 2.3 Basic linear vibration energy harvesting model 

Treated in this simple way, the optimal power output of the harvester can be analysed 

mathematically, and from this, design guidelines can be derived for an optimal linear energy 

harvester excited by a particular vibration frequency [48] as: 

 Optimal power transfer to the mass when the resonant frequency of the sprung mass 

matches the excitation frequency. 

 Optimal power transfer from the mass to the electrical domain when the damping 

introduced by the transducer matches the parasitic damping in the sprung mass system. 

 Optimal power transfer from the transducer to the load when the load input impedance 

matches the transducer output impedance. 

This generalised model is the focus for most previous work in vibration energy harvesting due 

to the optimality of the solution; with efforts being directed at meeting the optimal design 

conditions under the constraints imposed by specific applications. 

2.3 Transduction methods 

Several transduction techniques for converting the mechanical energy in the vibrating system 

to electrical energy have been investigated and developed in literature. Of these, the main 

techniques are piezoelectric (Figure 2.4(a)), electrostatic (Figure 2.4(b)) and electromagnetic 

(Figure 2.4(c)).  
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(a) (b) (c) 

Figure 2.4: Primary vibration energy harvesting transduction methods (a) piezoelectric, (b) electrostatic 
and (c) electromagnetic transduction 

2.3.1 Piezoelectric transduction 

Piezoelectric transduction employs the piezoelectric effect, demonstrated in particular 

materials, whereby an electric charge is induced across the material through mechanical stress. In 

regards to the mechanical model of a vibration energy harvester, the piezoelectric material 

functions as the spring with a voltage being produced as the spring deforms during vibration. In 

general, piezoelectric transduction can be characterised as producing high voltage and low 

current, having very high output impedance. Micro-scale devices employing piezoelectric 

transduction have demonstrated energy densities in the range of 0.1-10 μW/mm3 in an 

operational frequency range of 500-1000 Hz [49-52], while devices with operational frequencies 

around 100 Hz have shown significantly lower energy densities [53-55]. The relatively high 

frequency range of piezoelectric harvesters is due largely to the stiffness of common ceramic 

piezoelectric materials such as lead zirconate titanate (PZT). Alternative, polymeric piezoelectric 

materials such as PVDF have much lower Young’s modulus, however with a lower coupling 

coefficient of 0.12 as compared to 0.44 for PZT [56] the conversion efficiency is significantly 

reduced. Nevertheless, Jiang et al [57] have explored using PVDF as a cantilever beam for low 

frequency energy harvesting, achieving a resonant frequency of 14Hz with a maximum power 

output of 16 μW. 

2.3.2 Electrostatic transduction 

Electrostatic transduction functions essentially as a variable capacitor, with an electrode on the 

vibrating mass moving relative to a second electrode attached to the supporting structure. The 

changing capacitance between the two electrodes is then used to generate useful electrical power. 
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Similarly to piezoelectric transduction, electrostatic transduction produces high voltage levels 

with low current and has relatively high output impedance. Unlike piezoelectric transduction 

however; electrostatic transduction is more suitable for low frequency operation with devices 

operating at a frequency range of 10-100 Hz, albeit at very low energy densities [58-61]. Due to 

this low energy density, electrostatic transduction is typically only employed in MEMS scale 

devices where the integration of either piezoelectric or electromagnetic transducers is 

significantly more challenging for fabrication. 

2.3.3 Electromagnetic transduction 

Electromagnetic transduction exploits Faraday's law to induce a voltage across a coil through 

the relative motion of a permanent magnet, with the induced voltage being proportional to the 

magnetic field strength, number of turns in the coil and the relative velocity between the magnet 

and the coil. As opposed to piezoelectric and electrostatic transduction, electromagnetic 

transduction produces high currents and low voltages with low output impedance. Large-scale 

energy harvesters employing electromagnetic transduction in the literature have demonstrated 

high energy densities of up to 100μW/mm3 at frequencies lower than 100Hz [62-65]. Attempts at 

micro-scale electromagnetic transduction have been less successful, with energy densities below 

0.1μW/mm3 [66-69]. Moss et. al. [70] develops scaling laws that agree with this general 

observation, showing large drops in achievable power density as electromagnetic devices are 

scaled down. This is particularly problematic at low frequencies where larger displacement 

amplitudes are required per unit of mass velocity. As the electromagnetically induced voltage is 

proportional to the velocity, there is consequently a significant decrease in the achievable power 

when the vibration amplitude and frequency are constraint by the device size. 

2.3.4 Hybrid transduction methods 

Besides these fundamental transduction methods, another approach exists in combining 

piezoelectric and electromagnetic transduction methods in a single harvester. Challa et. al. [71] 

posits damping matching as a motivation for such an approach. As stated in section 2.2.1, there is 

optimal energy transfer between the mechanical and electrical domains for a vibration energy 

harvester when the mechanical and electrical damping factors are equal. Such cases may be 

difficult to accomplish with small transducers that have low coupling factors or for mechanical 

structures with high damping. By combining multiple transduction types and thus increasing the 
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electrical damping ratio, it may be possible to extract optimal power between the two 

transducers. Lallart and Inman confirm this as a potential benefit in an analytical study on hybrid 

transduction [72], however they find no increase in potential power output outside of this case. 

The authors additionally put forward that a hybrid harvesting technique leads to “greater 

robustness” to variances in the load and potentially larger bandwidth. 

One of the first hybrid harvesters was proposed in [73], extracting energy from typing on a 

keyboard. Vibrational energy harvesters utilising hybrid transduction have been proposed in [74, 

75], both employing a piezoelectric cantilever with a magnetic end mass for electromagnetic 

transduction. In all of these, the electromagnetic energy is significantly lower than that of the 

piezoelectric, however the authors in [73] suggest that for their design, the electromagnetic 

power could be increased to match that of the piezoelectric with a redesigned coil. 

2.2.5 Comparison of transduction methods 

Piezoelectric transduction is attractive due to the high output voltage and wide use in MEMS 

applications; however most of the devices in the literature operate at much too high of a 

frequency for human energy harvesting. Additionally, piezoelectric transduction requires the use 

of advanced materials for efficient energy conversion [76, 77]. Current electrostatic and 

electromagnetic transduction techniques both show potential for low frequency operation [78-

81]. The low power density of electrostatic devices, however, implies that a significantly larger 

area would be required to provide sufficient power, while also requiring a more complex 

structure. While micro-scale electromagnetic harvesters have not been very successful thus far, 

the high energy densities at low frequency in the macro-scale are very promising for this 

application. Hybrid transduction techniques have potential to improve power in low frequency 

applications where there is low electromechanical coupling, but there have not been many 

examples of such systems developed in the literature. 

2.4 Non-linear vibration energy harvesting 

Methods for increasing the operational bandwidth of vibration energy harvesters have been 

the subject of a significant amount of study for harvesters operating at all ranges of frequencies 

[82], due to the wide bandwidth nature of ambient vibrations in real world environments [83]. 

Wide bandwidth is especially useful for low frequency applications as it allows efficient power 
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generation across the full spectrum of the excitation vibration. In order to achieve widened 

bandwidth, researchers have developed novel non-linear [84-86] structures. 

2.4.1 Mono-stable harvesters 

One approach is to use non-linear springs [87], in that the effective stiffness of the spring 

varies as a function of the displacement. Such a system can be described in terms of the Duffing 

equation [88] in (2.2), with U(x) representing the stored energy as a function of the displacement, 

x, and where f(t) describes a forcing function and c is a viscous damping factor. In typical non-

linear spring systems, this energy function can be generally represented with a quadratic form in 

(2.3), with two coefficients a and b. 

 
(2.2)

1
2

1
4

 
(2.3)

Where the coefficient a in (2.3) is less than or equal to zero, the spring system can be classed 

as mono-stable [88], having one equilibrium point and a potential energy function similar to that 

in Figure 2.5. 

 

Figure 2.5: Potential energy curve of mono-stable nonlinear springs (where a<0), for varied b. 

Considering the example in Figure 2.5 where the coefficient b is less than zero, the spring 

becomes stiffer with increased displacement as the gradient of the energy function increases 
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nonlinearly. When subjected to an upwards frequency sweep, as the excitation approaches the 

resonant frequency, there is a large increase in displacement which in turn results in stiffening of 

the spring at these displacements. As a result the resonant frequency is shifted upwards, away 

from the current excitation frequency. This ‘chasing’ of the resonant frequency results in a 

distinctive, ‘leaning’ frequency response similar to that in Figure 2.6(a). The converse case in 

Figure 2.6(b) displays the response for a softening spring, resulting from the coefficient b being 

greater than zero, where the frequency is swept downward. The primary idea behind this 

approach is that the bandwidth is extended by the shifting resonant frequency while the 

maximum power remains the same [89]. 

 

(a) 

 

(b) 

Figure 2.6: Frequency sweep response for nonlinear spring systems with (a) stiffening springs and (b) 
softening springs 

Mann and Sims [90] first investigated the effects of specifically designed non-linear 

generators using magnetic levitation as a suspension method, and were able to demonstrate an 

increase in operational bandwidth. Barton et. al. [91] applied this theory to a traditional cantilever 

design by using iron mounted on the support structure with magnets at the end of an oscillating 

cantilever beam. The interaction between the iron and magnets then produce a force that varies 

non-linearly with the beam tip position. In this work, the increased bandwidth due to non-

linearity was confirmed and the authors also demonstrated the presence of superharmonics where 

the oscillator resonated at the centre frequency of 25Hz under excitation at 4.6Hz and 7.8Hz. In 

[92] a non-linear generator was proposed using a negative spring structure to reduce static 

deflection in harvesters with a low spring constant, however exploitation of the non-linearity of 

the device was not considered in this work.  
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More recently, this behaviour has been investigated using beams clamped on both ends, an 

idea proposed by Hajati and Kim [93]. Under large displacements, such a structure induces linear 

stresses into the beam beyond pure bending in compensation for stretching due to the clamping 

condition. This structure has since been further developed by Gafforelli et. al. [94] as an energy 

harvester with an operating frequency range of 50 to 70Hz and power output of approximately 

200μW. An extension to this has been proposed in [95] for low frequency, low amplitude 

vibration sources using a novel ‘M-shaped’ structure to increase the range of deflection of the 

beam. In this work the authors achieve an operating frequency range of 10 to 20Hz at excitation 

accelerations between 0.03 and 0.07g, claiming a bandwidth increase between 3200 and 8900% 

as compared to an equivalent linear system.  

Another approach [96] uses a guided contact along the length of the beam, such that the 

cantilever beam wraps along the surface of the contact during deflection. In this way the effective 

length of the cantilever is shortened and the effective stiffness increased as a function of the 

displacement and contact curvature, thus allowing the nonlinearity of the system to be tightly 

controlled. The device developed in [96] has been targeted towards low frequency, unpredictable 

vibration sources such as human motion and has been optimised for experimental vibration 

measurements taken from a human hip while walking. From this, the authors were able to 

produce average power outputs of up to 20mW from a 15.7cm cantilever beam and 60g mass 

with 13cm peak to peak displacement. 

A more compact low frequency nonlinear oscillator has been presented by Xie et. al. [97], 

fabricated as a laminate of multiple orthogonally pre-stressed sheets of polydimethylsiloxane 

(PDMS). The device presented in this work actually exhibits bi-stable behaviour as will be 

discussed in Section 2.4.2, however the authors investigate the behaviour of the structure within 

one of the potential wells where the device exhibits spring softening nonlinear behaviour. This 

spring softening implies reduced resonant frequency with increased excitation acceleration and 

the device demonstrates peak displacement amplitude at 12Hz under an acceleration of 1g from a 

2cm by 2cm square laminate sheet. 

2.4.2 Bi-stable harvesters 

Bi-stable structures are essentially a special case of the mono-stable nonlinear structures 

presented in 2.4.1, utilising nonlinear spring stiffness. As such, they can be similarly described 

with the Duffing equation and potential energy function in (2.3). However, where the coefficient 
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a in the potential energy function is greater than zero, two potential wells develop [88] as shown 

in Figure 2.7.  

These minima represent two stable equilibrium points and can be exploited under large 

amplitude excitations to provide large impulse deflections of the spring. Considering the curve in 

Figure 2.7, in moving from one potential well in the direction of the other, there is a significant 

amount of energy, δ, stored in the spring as it reaches the midpoint. Beyond this however, energy 

required to continue displacement along the x direction is less than that already stored in the 

spring, resulting in a large and sudden increase in kinetic energy as the spring moves towards the 

new equilibrium position, a phenomenon commonly referred to as ‘snap-through’. 

 

Figure 2.7: Potential energy curve for a bi-stable nonlinear spring 

Ramlan et. al. first investigated this phenomenon in relation to vibration energy harvesting in 

[89], with results suggesting significant improvements over linear designs at frequencies below 

the natural frequency of the system. A piezoelectric pendulum harvester in [98] developed this 

idea, utilising two attractive magnets on either side of the pendulum to generate the bi-stability. 

In this, the prediction of Ramlan was confirmed, with increases in the harvester output voltage 

being observed below the resonance frequency as compared to a linear harvester configuration. 

Cottone et. al. developed a similar structure [99] using magnetic repulsion to investigate the 

response of such bi-stable structures to stochastic excitation. This work has shown that, as much 

of the kinetic energy in a bi-stable harvester is collected during the ‘snap-through’, excitation 

frequency becomes less important as long as sufficient energy is transferred to the spring to 

overcome the potential energy well and initiate ‘snap-through’. In turn this leads to good 

performance under wide-spectrum stochastic vibration [100]. 
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The method of achieving bi-stability using magnetic interaction in early work has been further 

developed by  Zhu et al. and has presented a device utilising spring mounted magnets to provide 

the bi-stable behaviour [101] in a wearable scale device. With this, the authors have displayed 

wide bandwidth response to harmonic excitation with several distinct resonance peaks in the 

frequency range of 35-40 Hz. Apart from magnetic interactions; Cottone et al. have proposed a 

method using a buckled beam [102]. In this, a beam is clamped at both ends with the distance 

between the clamps being shorter than that of the beam length and resulting in buckling. This is 

further developed in [103] for a device with an operational frequency range of 30 to 50Hz and 

maximum power output of 8mW. A similar device, developed by Ando et al. [104] has been 

designed for low frequency operation with a frequency range of 4 to 10Hz and power outputs 

between 284.8μW and 313μW across that range with a 10cm beam. The same principle has also 

been applied in micro scale [105] with an operational frequency range spanning over 700Hz. 

2.4.3 Mechanical end-stops 

Additionally, researchers have considered the use of mechanical end stops to induce non-

linear behaviour through contact, while simultaneously constraining oscillation amplitude [83]. 

In this technique, a contact point is placed at a particular point along the length of the beam and 

functions as a pivot. When oscillation amplitude is sufficient, the beam makes contact with the 

pivot point, which effectively shortens and stiffens the spring.  

Blystad and Halvorsen [106] showed using a rigid end stop below an oscillating piezoelectric 

cantilever; the output power of the harvester becomes saturated once the oscillation amplitude is 

sufficient to engage the end stop. However, due to the stiffening effects of the spring in contact, 

there is a shift in resonance frequency similar to that for mono-stable Duffing effect type 

nonlinear oscillators. This then effectively increases the bandwidth at the saturation power while 

decreasing the maximum power output relative to a linear device.  

Apart from the bandwidth widening effects presented by devices using end-stops, some 

researchers have utilised the end-stop contact for additional benefit. An electrostatic micro 

energy harvester mechanism was presented in [107], where an auxiliary transducer was used to 

collect energy from the contact. In this, the bandwidth widening effects were still observed, while 

combination with power generated from the end-stop allowed for greater maximum power output 

compared to an end-stop based device without auxiliary transducers. More recently, a wideband 
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piezoelectric generator utilised the bandwidth increasing end-stops as mechanical switches [108] 

to replace transistors in an efficient conditioning circuit.  

2.4.4 Frequency up-conversion 

Frequency up-conversion is an approach to low frequency vibration energy harvesting, first 

proposed in [109], whereby a high frequency oscillation is induced from a low frequency source, 

as demonstrated in Figure 2.8.  

 

Figure 2.8: Typical frequency up-conversion time series (reproduced from [113]) 

Ashraf et. al. [110] presented an analysis of frequency up-conversion where they proposed a 

basic conceptual mechanism for a frequency increased generator. In this, it describes a frequency 

increased generator as consisting of two structures; with one structure absorbing mechanical 

energy from the environment (the ‘driving’ oscillator) and then transferring this energy to a high 

resonant frequency oscillator (the ‘generating’ oscillator) for electrical transduction. By allowing 

energy to be converted at a higher frequency, the efficiency of the harvester is improved as the 

electromechanical coupling is increased with frequency [111] for most transducer designs. 

Additionally, with respect to electromagnetic transduction, the relative velocity of the mass per 

unit of displacement is increased with increased frequency, thereby allowing lower displacement 

amplitudes for similar induced voltages. The method for collecting energy from the environment 

can be either resonant or non-resonant, and the design of an efficient mechanism for transferring 

energy between the two structures is the focus of much research [112]. 
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The frequency up-conversion mechanism proposed in  Kulah and Najafi [109] consisted of a 

magnet suspended by a diaphragm with a low resonance frequency and an array of high 

frequency cantilever beams magnetically attracted to the magnet. Upon displacement of the 

magnet, when the spring return force in the beams exceeded the magnetic attraction force, the 

cantilever beams would separate and oscillate at their natural frequency. Using this, frequency 

up-conversion of a 1 Hz source to 50 Hz was demonstrated with an average power of 64 nW at a 

millimetre-scale. A micro-scale implementation of this mechanism was presented in [113] 

capable of converting a 25 Hz source to 15 kHz with an average power of 0.5 μW. Sari et. al. 

expanded on this design for a broadband frequency up-converter [114] producing an average 

power of 400 pW at 95 Hz with a bandwidth of 50 Hz.  

An alternative mechanism, presented in [115], combines a nonlinear bi-stable approach with 

frequency up-conversion. In this, a buckled bridge is lined with high resonant frequency 

piezoelectric cantilevers. On sufficient acceleration, a mass in the centre of the beam provides a 

force to snap the beam between two stable states. This snap-through creates an impulse 

acceleration at the cantilevers which in turn induces vibration at their natural frequency. Using a 

prototype device, an average power of 2.9 μW from a 30 Hz excitation signal at 2.7 g acceleration 

was achieved. A similar approach [116] using electromagnetic transduction generated 39 μW 

average power from a 10 Hz source at 1 g acceleration, having however, a significantly larger 

device volume than that of [115]. Recent work using a buckled beam approach [117] has been 

able to improve the power density of such devices; achieving 10μW average power outputs from 

a 15Hz excitation with a beam length of only 4cm. 

Another approach utilises ‘plucking’ of a high frequency cantilever to achieve frequency up-

conversion. The forerunner to such designs, presented by Lee et al. [118], utilises a low 

frequency sprung mass with micro comb ridges on the top surface. As this mass oscillates due to 

external excitation, cantilever is plucked periodically by the surface ridges of the mass inducing a 

vibration at the cantilever’s own natural frequency. With this approach, it predicted a power 

density of 2.25mW/cm3 at 60Hz in an optimised device. More recent implementations of this 

paradigm utilise a piezoelectric beam with a magnetic end mass mounted on a low frequency 

oscillator. Magnets are placed along the piezoelectric beams path, creating potential wells which 

effectively ‘pluck’ the piezoelectric beam as it passes over [119]. Such devices have already 

demonstrated good potential for low frequency and human motion applications as demonstrated 

by the wrist-mounted devices [28, 29] described in section 2.1.1. 
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An alternative impact based design is proposed by Gu and Livermore in [120], where a high 

frequency piezoelectric oscillator is struck periodically by a low frequency oscillator. This 

impulse force then induces an oscillation in the piezoelectric beam at the resonance frequency. 

This design has recently been further developed in [121], utilising two piezoelectric cantilever 

beams and optimisation through an approximated analytical model of the structure. In this 

design, an average power output of 250μW at a 7Hz excitation frequency and with a power 

density of 39μW/cm3  was achieved. Tang et al. [122] proposed a very similar frequency up 

conversion method using magnetic repulsion to provide the force interaction between the two 

oscillators while additionally employing a non-linear magnetic suspension for the low frequency 

oscillator in order to increase the bandwidth. Recent work [123] on this magnetic impact method 

employed a multimodal low frequency oscillator in order to increase bandwidth and was able to 

achieve a maximum power output of 24.56μW in an operating frequency range of 10 to 30Hz. 

2.4.5 Comparison of non-linear energy harvesting approaches 

Mono-stable nonlinear oscillators are one of the most studied vibration energy harvesting 

designs due to the very large bandwidth increases reported in the literature. However, due to the 

nature of the Duffing type response exhibited by these devices, they require a sweep in the 

excitation frequency in order to build up the stiffening or softening behaviour. From this, such 

devices would not be suitable for operation in an environment, such as human motion, where the 

excitation vibration is highly variable and unpredictable. Bi-stable type designs have, on the 

other hand have shown good performance under stochastic excitations. In [103] a mono-stable 

and a bi-stable harvester are compared directly under a band-limited noise excitation and in this 

test the bi-stable harvester demonstrated a 2.5 times bandwidth increase over that of the mono-

stable device. Of course, while bi-stable harvesters do display significantly less frequency 

dependence than that of linear harvester designs, they are not frequency independent and so face 

similar challenges to other devices in terms of the low frequency range of human motion. As 

such, the bi-stable devices targeted to low frequency in the literature are all too large to be 

comfortably worn or integrated into electronic devices. 

Vibration harvesters exploiting the end-stop induced nonlinearity suffer similarly to mono-

stable Duffing resonators in that the increased bandwidth is only observed if the frequency is first 

swept up past a frequency, which results in contact being established. Additionally, it has been 

questioned [84] whether the trade-off between lowered maximum power output and increased 
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bandwidth is truly advantageous. Regardless of that, however, one of the most interesting 

features of end-stop devices in the literature is not the bandwidth broadening effect but the novel 

uses to which researchers put the energy that is transferred to the end-stop during collision [107, 

108]; the potential of which, especially for powering active electrical conditioning circuits, has 

not been fully explored and is a unique feature of this approach. 

Unlike the previous three nonlinear harvester designs, frequency up-conversion does not 

specifically work to increase the device bandwidth. Instead, this approach focusses on improving 

energy conversion efficiency and improving power density of the generating oscillator in terms 

of the displacement amplitude. This approach can however, as in many recent designs 

[117,121,123], incorporate the other nonlinear resonator designs in order to improve bandwidth 

as well.  

More than any other nonlinear harvester design discussed, the benefits of frequency up-

conversion are immediately apparent for low frequency applications and already several 

vibration energy harvester implementations targeted specifically towards human motion 

incorporate frequency up-conversion in their design. While frequency up-conversion is very 

promising, designs reported in the literature still rely on matching resonance frequency of the 

‘driving’ oscillator with the vibration excitation frequency. As a consequence, much like with bi-

stable designs, most low-frequency frequency up-conversion harvesters are too large to serve as 

general purpose wearable devices. 

If however, an application poses a tight constraint on allowable size, then the allowable 

displacement amplitude of the harvester must be similarly constrained and likely lower than 

typically large displacement amplitudes. In such a case, the resonance requirement becomes less 

important – requiring only that the amplitude reaches the bounds of the constraint under the 

application excitation conditions. In this, the primary interest becomes increasing the efficiency 

of the harvester at frequencies below that of the resonance frequency and would allow for smaller 

device volumes. From the review of available literature, there have been no investigations into 

using the nonlinear energy harvesting approaches discussed here in such a context. 
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2.5 Chapter Summary 

This chapter presented a comprehensive review of the research issues relevant to the 

development of miniaturised vibrational energy harvesters with a particular view to aspects 

concerning implementation in human motion applications. The review focussed firstly on energy 

devices for human motion and in particular the latest developments in miniaturised devices for 

harvesting the ambient vibration energy resulting for human motion. Traditional linear vibration 

harvesting and with the challenges arising from such an approach when applied to human motion 

as well as common transduction methods were then briefly discussed. The four most common 

nonlinear vibration harvesting techniques were discussed along with the latest developments in 

each and then compared. From this several research opportunities requiring further investigation 

were identified. Finally, the latest developments in novel electrical conditioning circuits were 

investigated with a view to identifying designs suitable for low-power, low-voltage applications. 
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Chapter 3 

 

Mechanical Frequency Up-Conversion Concept 

 

As discussed in Chapter 2, traditional resonant energy harvester designs require the resonant 

frequency of the structure to match that of the excitation frequency [1] for maximum efficiency, 

which is difficult to achieve at low frequencies in the order of those from human motion [2]. 

Further, in real world applications such as human motion, the vibration source is not of constant 

frequency and is stochastic in nature, while a resonant harvester would typically have a narrow 

bandwidth around the resonance. Additionally, at miniature and micro scale, there are problems 

with large static deflections and vibration amplitudes due to the low stiffness required for 

resonance at low frequency in small structures. 

The frequency up-conversion [3] technique, proposed by Kulah and Najafi [4], whereby a 

high frequency oscillation is induced from a low frequency source aims to address problems 

inherent to low frequency vibration energy harvesting. The basic conceptual mechanism for 

achieving this effect utilises two resonant structures, with one low frequency resonator being 

used to excite one or more high frequency resonators. The various methods already proposed 

within this conceptual framework [5-8] are designed specifically for a low frequency resonator 

matched to the excitation frequency, do not sufficiently constrain the vibration amplitude of the 

low frequency resonator and employ multiple structural elements. These design approaches 

therefore lead to complex structural designs resulting in intricate fabrication processes and 

potentially increased device volume. 

The alternative approach to improving low frequency harvester performance through the 

introduction of end-stops [9] has been shown to reduce issues with large vibration amplitudes 

while simultaneously increasing the device bandwidth [10]. These designs, however, still depend 
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on a resonant element with a resonant frequency in the range of the source vibration and trade 

maximum-power output for increased bandwidth. 

In this Chapter, a new method for mechanical frequency up-conversion is proposed utilising 

an end-stop with a high restitution coefficient as a means to achieve a frequency up-conversion 

effect in mass suspended by a low frequency cantilever. By combining these approaches in this 

way, the structural complexity of the device may be decreased as it requires a single cantilever as 

opposed to multiple vibrating structures, while simultaneously decreasing the vibration amplitude 

and thereby allowing a greater power density to be achieved. Additionally, the particular focus of 

this design, in contrast to previous work, is in consideration of the case where the resonant 

frequency of the resonating beam is constrained to be greater than that of the target dominant 

excitation frequency range. Further, the performance of the proposed mechanism is compared to 

a simple cantilever structure under such conditions. 

3.1 Impact based frequency up-conversion concept 

The mechanical structure of the frequency up-conversion mechanism is composed of a low 

resonant frequency cantilever beam with an end-mass. This end-mass is suspended by the beam 

at a particular height h, under static deformation conditions, over an end-stop material which 

provides a high coefficient of restitution between itself and the mass. This structure is illustrated 

in the schematic diagram in Figure 3.1. 

 
Figure 3.1 Schematic diagram of the mechanical frequency up-conversion mechanism. 

Under external vibration excitation, the supporting structure is displaced downwards, creating 

a relative upwards acceleration in the mass. This in turn results in an upwards displacement of 
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the mass relative to the supporting structure and bends the cantilever beam. This results in elastic 

potential energy being stored in the cantilever beam, as shown in Slide 2 of Figure 3.2. 

As the supporting structure reaches the lowest point of the displacement cycle (Slide 3, Figure 

3.2), the relative downwards acceleration of the mass due to the deceleration of the supporting 

structure, as well as the energy stored in the cantilever beam drives the mass downwards towards 

the supporting structure. This in turn leads to an impact between the mass and the end-stop 

material. 

As shown in Slide 4 of Figure 3.2, the impulse force on the mass during the collision creates 

an upwards acceleration and therefore small relative upwards displacement on the mass. This 

deformation of the beam again stores elastic potential energy in the cantilever beam. 

During the upward motion of the supporting structure from the lowest displacement point to 

the mid-point of the displacement cycle, there is an upward acceleration and resulting downwards 

relative acceleration of the mass. This acceleration of the mass, combined with the downwards 

force due to the energy stored in the cantilever beam again drive the mass downwards towards 

the support structure. This then leads to an additional contact between the mass and end-stop as 

shown in Slide 5 of Figure 3.2. 

 

Figure 3.2: A typical operating cycle of the mechanical frequency up-conversion mechanism. 

1. Position before excitation 2. Supporting structure is 
displaced downwards due to 
external excitation. The mass 
moves upwards relative to the 
support structure, bending the 
cantilever beam.

3. As the supporting structure 
approaches the bottom of the 
displacement cycle,  elastic 
potential energy in the cantilever 
will pull the mass downward 
and cause it to impact with the 
end-stop material.

4. The impact between the mass 
and the end-stop causes the 
mass to bounce upwards.

5. Now the support structure 
moves upwards. It catches up 
with the mass and causes and 
impact between the mass and 
the end-stop.

6. This contact creates an 
additional upward deflection of 
the mass and this cycle 
continues, with the amplitude of 
the post-contact mass deflection 
decreasing and the frequency of 
contacts increasing with each 
impact.
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The impact between the mass and end-stop again creates an impulse acceleration on the mass 

which reverses the direction of travel and results in an upwards displacement of the mass from 

the end-stop (Slide 6, Figure 3.2). Following on from this, multiple contacts between the mass 

and end-stop are induced in the same way, with the frequency of contacts increasing and 

displacement of the mass decreasing after each collision until the kinetic energy of the mass is 

lost through damping effects or the cycle repeats. 

A similar effect has been previously demonstrated, with multiple contacts occurring in a 

single excitation cycle, by Van Min et al. in a MEMS scale device targeting significantly higher 

frequencies [11]. By utilising this effect, it is possible to achieve an oscillation frequency at the 

cantilever tip which is significantly higher than both the resonant frequency of the cantilever 

beam and the source excitation frequency when the excitation frequency is very low and at high 

amplitude, and the cantilever resonant frequency is higher than that of the dominant excitation 

frequency. 

3.2 Modelling of the frequency up-conversion mechanism 

In order to analyse the dynamic behaviour of the frequency up-conversion mechanism, a 

mathematical model of the structure was formulated by considering an equivalent mass-spring-

damper representation of the structure. From this equivalent model, a differential equation 

describing the acceleration of the cantilever end-mass relative to the supporting structure as a 

function of the relative velocity, relative displacement and time was derived. The solution to this 

equation then provides the time response behaviour of the structure. 

3.2.1 Equivalent mass-spring-damper model 

The proposed frequency up-conversion mechanism can be modelled as an equivalent mass-

spring damper system as shown in Figure 3.3. In this model, the effective stiffness and damping 

contributions from the cantilever beam can be modelled spring and damping elements k1 and c1 

connected between the mass m and the rigid supporting structure.  

The interaction between the mass and the end-stop material during collision may also be 

modelled in terms of effective spring and damping elements, kc and cc respectively in this model. 

In such a collision model, the spring element provides the restoring force, while the damper 

accounts for energy losses during the collision.  
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Additionally, it is assumed with this model that the supporting structure is rigid and that there 

is no energy transfer from the mass to the support structure through the end-stop spring and 

damper system. By this assumption, no acceleration is created in the support structure due to the 

contact interaction and as such all energy not dissipated through damping is returned to the mass. 

Unlike in the cantilever beam structure, the end-stop spring and damper is fixed only to the 

supporting structure. Due to this, the end-stop spring and damper can produce a force on the mass 

only in the positive vertical direction. The separation between the mass and the end-stop material 

under the condition where there is no deformation of the cantilever beam is given by h. While the 

displacement, y, of the mass, relative to the support structure and measured from the position of 

the mass where the cantilever beam has no deformation, is greater than –h, the end-stop spring 

and damping elements have no effect on the mass. 

Figure 3.3 Equivalent mass-spring-damper model of the frequency up-conversion mechanism. 

3.2.2 Mathematical model 

To describe the dynamics of the structure mathematically, it is firstly more useful to describe 

the spring and damping element representation of the end-stop from the mass-spring-damper 

model in terms of the more physically meaning for parameters of restitution coefficient between 

the end-stop and the mass ec, the contact time Tc, and the mass m. These parameters have been 

related to the equivalent mass-spring-damper parameters kc and cc by Nagurka and Huang [12] 

through (3.1) and (3.2) respectively. 

m

kc cc
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(3.1)

2 ln
 

(3.2)

The acceleration of the supporting structure due to external excitation creates an acceleration 

of the mass relative to the supporting structure. This relative acceleration may be modelled as an 

external, time varying force Fe(t) which is applied to the mass. In terms of a time varying 

acceleration of the support structure (the excitation acceleration) ae(t), the excitation force may 

be described by (3.3). 

 (3.3)

The sum of the forces acting on the mass while the mass is not in and out of contact with the 

end-stop can be considered independently. While not in contact, there is a force produced due to 

the cantilever spring stiffness k1 proportional to and in the opposite direction to the displacement 

of the mass y. The cantilever damping c1 produces a force on the mass proportional to and in the 

opposite direction to the velocity of the mass relative to the supporting structure, . Finally, as 

the displacement of the mass is measured relative to the position of the mass where the cantilever 

beam is not deformed, the force exerted on the mass due to gravity must be included, where g is 

the acceleration due to gravity in the direction of y. Together, these give the sum of forces acting 

on the mass when out of contact , ,  in (3.4). 

, ,  (3.4)

During contact between the mass and end-stop, the two spring systems function in parallel, 

however the force exerted on the mass by the end-stop spring element kc is proportional to the 

displacement of the mass relative to the end-stop, .  The force exerted by the end-stop 

damper cc is again proportional to the relative velocity of the mass , as there is no relative 

velocity between the supporting structure and the end-stop. As the end-stop spring and damping 

elements are not connected to the mass, a saturation function is introduced in order to limit the 

force exerted on the mass by the end-stop to the positive direction. The force exerted on the mass 

during contact by the end-stop alone is then described as ,  by (3.5), using (3.1) and (3.2). 
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, max
ln 2 ln

, 0  
(3.5)

As the two spring systems are in parallel, they may be added directly in order to produce the 

sum of all forces acting on the mass while the system is in contact. The contact condition can be 

distinguished by the displacement of the mass relative to the end-stop, such that 0 

describes the non-contact state. The dynamic equation for the acceleration of the mass, relative to 

the support structure, , ,  can then be described by the division of the forces acting on the 

mass by the mass, using the contact condition to form the piecewise non-linear equation in (3.6). 

, ,
1 , , , 0

, , , , 0
 

(3.6)

The solution to (3.6) gives the time response of the mass relative velocity and displacement. 

From this solution, the RMS velocity of the mass can be calculated by (3.7), as a measure of the 

average mass relative velocity over a period T. 

1
 

(3.7)

Given that the instantaneous kinetic energy of the mass relative to the support structure, Uk, is 

proportional to the square of the mass relative velocity by , then an increase to the 

RMS mass velocity implies an increase to the average kinetic energy of the mass and thus an 

increase in the transfer of mechanical energy to the mass. 

Additionally, the peak-to-peak mass displacement can be found by (3.8) for the range 

0 . If the structural dimensions are assumed to be constant except for in the displacement 

direction, then the minimum device volume is constrained by the peak-to-peak displacement of 

the mass. A proportional energy density of the structure u can then be formed as in (3.9) from 

(3.7) and (3.8), which is proportional to the average amount of energy which may be transferred 

to the mass for an amount of space occupied per unit of mass. 

max min  (3.8)
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(3.9)

 

3.3 Simulated response of the frequency up-conversion mechanism 

In order to investigate the system response and gain insight into the behaviour of the system 

and to identify key parameters which may be optimised to provide maximum energy density, the 

mathematical model described in Section 3.2 was solved numerically in simulation. Simulations 

were conducted using MATLABTM and Simulink® using a fixed step Dormand-Prince solver 

(‘ode5’), with a time-step of 10μs. The mathematical model, as implemented in Simulink® is 

shown in Figure 3.4. 

Figure 3.4: Simulink® implementation of the mathematical model. 

The Contact Dynamics subsystem in Figure 3.4 calculates the force exerted on the mass by the 

end-stop and is detailed in Figure 3.5. 

 
Figure 3.5 Contact dynamics subsystem of the Simulink® model. 
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The system was investigated in three ways; firstly in terms of the time response characteristics 

of the velocity and displacement of the end mass, secondly in terms of the proportional energy 

density described by (3.9) and finally, the RMS velocity of the end mass. In the time response 

analysis, it was of interest to observe how the peak displacement and velocity, and the decay rate 

and frequency of the up-converted oscillation vary with changing parameters. For the energy 

density analysis, the proportional energy density of the mass was observed as the model 

parameters were varied. In this way, the structural configurations of the device which provide a 

benefit to the potential output power of the device as an energy harvester, as compared to a 

simple cantilever beam, could be identified. The RMS velocity, the square of which is 

proportional to the average kinetic energy of the mass and thus energy transfer to the mass, was 

investigated for a single cantilever frequency across a range of excitation frequencies in order to 

analyse how the total energy transfer to the mass may be affected by the frequency up-conversion 

mechanism as compared to a simple cantilever. 

The excitation frequency range used was from 3 to 8Hz and the excitation acceleration 

amplitude was held constant at 9.81ms-2, as these values are representative of the conditions of 

human induced vibration which have been reported [13]. The range used for the cantilever 

resonant frequency was between 7.5 and 12.5Hz. The contact separation was between 12.5mm 

and 0.5mm, giving a range between separations so large that no contact occurs and so small that 

the oscillation amplitude is significantly diminished. The coefficient of restitution between the 

contact material and the mass ranged between 0.5 and 0.9; a value higher than this being difficult 

to achieve physically, while a value lower than this would be expected to extract too much 

energy from the system.  

The effect of contact time was not investigated and this parameter was kept constant at 1ms. 

The damping ratio was taken as a constant at 0.02, being a typical value of soft polymer 

materials, such as Polydimethylsiloxane (PDMS) [14], which may be used to achieve a low 

resonant frequency at small device sizes. It was assumed that this damping ratio accounts for the 

combined contribution of damping from material, structural and air damping. For all simulations, 

it was assumed that the length and width of the cantilever structure were kept constant and 

therefore variations in device volume would be due entirely to changes in vibration amplitude. 

The mass was held at a constant value of 3g across all simulations. 
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3.3.1 Velocity and displacement time response 

In these simulations, the time response of the end mass velocity and displacement relative to 

the supporting structure was recorded and analysed. Of particular interest were variations in the 

mass peak-peak displacement and velocity, as well as the decay time and frequency of the up-

converted oscillations. While there is significant interaction between the model parameters; for 

these initial tests, the parameters are treated in isolation with only a single parameter being varied 

by ±15% from a single reference configuration common to all tests. As such, these results serve 

to provide a general understanding of how each of the model parameters affects the dynamic 

response of the system and how sensitive the system is to changes in the various parameters. 

The reference model used a cantilever with a resonant frequency of 10Hz and damping ratio 

of 0.02, and a contact with a coefficient of restitution of 0.7, contact time of 1ms and separation 

distance of 2.5mm. The input excitation to the system was a sinusoidal oscillation with 

acceleration amplitude of 9.81ms-2 at a frequency of 4Hz. The steady state solution of the mass 

velocity and displacement relative to the end-stop using this configuration is shown in Figure 3.6. 

Figure 3.6: Simulated mass velocity and displacement time response showing an induced high frequency 
oscillation 

The simulation result demonstrates the frequency up-conversion effect, with a period of sharp 

reversals in the velocity of the mass where the mass and end-stop come into contact for 

approximately half of each excitation cycle. During this contact period, there is an induced 

oscillation frequency beginning at 28.5Hz and increasing through an exponential function with 
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each subsequent contact to a maximum of 400Hz after the eighth impact. Additionally, it can be 

observed that there is a gradual decay in the peak velocity of the mass after each impact, due to 

energy being lost from the system during contact between the mass and end-stop. These results 

together suggest a correlation between the mass velocity at impact and the contact frequency, 

with the contact frequency increasing with decreased impact velocity.  

Due to the high frequency of the oscillation in this contact region, high average mass velocity 

is maintained over this period. The end stop, however, effectively removes one half of the 

displacement cycle and so reduces the peak-to-peak displacement of the mass. From this, it can 

be expected that the RMS velocity of the mass per unit of displacement would be increased when 

utilising the proposed frequency up-conversion mechanism as compared to a simple cantilever 

beam in the same conditions. This in turn suggests potential for greater energy transfer density to 

the mass. 

It is also of interest to observe how the velocity and displacement profiles vary as each 

parameter of the model is changed in order to understand how the model parameters affect the 

dynamic response of the cantilever end mass. Figure 3.7 shows two simulations using different 

restitution coefficients, one at 0.53 and the other at 0.88, while the other parameters are 

maintained from the reference simulation model. 

(a) (b) 
 

Figure 3.7: Simulated mass velocity and displacement time response for (a) ec=0.53 and (b) ec=0.88 
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From the results in Figure 3.7(b), the effect of increasing the restitution coefficient is to 

increase the peak velocity during the contact period, while also decreasing the rate of decay of 

the high frequency oscillation. This in turn reduces the frequency up-conversion factor. 

Decreasing the restitution coefficient (Figure 3.7(a)) has the opposite effect; increasing 

oscillation frequency and decay rate while decreasing peak velocity.  

There appears to be a direct relationship RMS velocity and the restitution coefficient. In the 

case where the restitution coefficient is increased, there is an increase from 67.7mms-1 to  

76mms-1, with respect to the reference configuration. This is likely due to the decreased energy 

losses associated with the decreased oscillation frequency resulting in fewer impacts as well as 

the reduced energy losses with each impact. The RMS velocity for the configuration with 

decreased restitution coefficient was decreased relative to the reference, being approximately 

62.6mms-1, due to the high rate of impacts due to increased oscillation frequency and increased 

energy losses with each impact resulting in an increased rate of decay. There is no significant 

effect from the restitution coefficient on the peak displacement of the mass relative to the end-

stop as the peak displacement is reached during the non-contact region of the excitation cycle. 

This is supported by the simulation results which show no change in the peak displacement 

between the three cases. 

From these results, there appears that in order to maximise the RMS velocity and energy 

density of the structure, the restitution coefficient should be made as high as possible. At the 

same time, the increase in restitution coefficient reduces the oscillation frequency which may 

have a negative effect on the electromechanical coupling [3] when converting mechanical energy 

from the mass to electrical energy in an energy harvesting device. Therefore, there is a trade-off 

to be considered when designing the restitution coefficient of the end-stop, between mechanical 

power transfer to the mass and electrical energy transfer for energy harvesting for which an 

integrated electromechanical model of an associated transducer is required to analyse in further 

detail. In practise, however, it is likely that the degree to which the restitution coefficient may be 

designed would be significantly restricted by the available materials and so optimisation of the 

end-stop may be less important that other, more easily configurable parameters. 

Another significant parameter is the cantilever resonant frequency, f1. In Figure 3.8 the effect 

of variation in this parameter is demonstrated using cantilever resonant frequencies of 7.5Hz and 

12.5Hz. 
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(a) (b) 

Figure 3.8: Simulated mass velocity and displacement time response for (a) f1=7.5Hz and (b) f1=12.5Hz 

The simulation results in Figure 3.8 demonstrate a significant influence of the cantilever 

resonant frequency on the peak displacement and velocity. As the cantilever frequency is 

decreased towards the excitation frequency (Figure 3.8(a)), there is a significant increase in the 

energy transferred to the mass during the non-contact period. Consequently, there is an increase 

in the peak velocity and displacement relative to the reference configuration. The configuration 

with increased cantilever resonant frequency shown in Figure 3.8(b) displays the opposite trend, 

with decreased displacement and velocity relative to the reference simulation. 

Contrary to the previously observed correlation, the decreased velocity of the configuration 

with the 12.5Hz cantilever beam does not result in a very high frequency oscillation during the 

contact period. Similarly, the low resonant frequency cantilever result, where the impact velocity 

and bounce height are considerably increased relative to the reference, does not display a 

significant decrease in the oscillation frequency as was observed in Figure 3.7(b). This effect is 

likely to be related to the end-stop height. In the case where the cantilever resonant frequency is 

increased, the vibration displacement amplitude is decreased as well as the static deflection of the 

beam. Therefore, the impact between the mass and end-stop occurs significantly later in the 

excitation cycle. In this case, the mass has already begun decelerating (relative to the end-stop) 

which results in the altered dynamics during the contact period. The converse is true where the 

cantilever resonant frequency is decreased. In this case, the mass has not accelerated to the 

maximum potential velocity before impact. 
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This can be seen again when the end-stop separation distance is changed while the cantilever 

frequency remains constant. Figure 3.9 shows the simulation results with end-stop separation 

distances of 1.87mm (Figure 3.9(a)) and 3.13mm (Figure 3.9(b)). 

(a) (b) 

Figure 3.9: Simulated mass velocity and displacement time response for (a) h=1.87mm and (b) h=3.13mm 

Where the end-stop separation is increased (Figure 3.9(b)), it can again be seen that the non-

contact time period is increased, as was the case when the cantilever resonant frequency was 

increased, and the resulting velocity at initial contact between the mass and end-stop is below the 

peak velocity reached by the mass. In this case, the reduced contact period results in a lower 

RMS velocity of 65.6mms-1 as compared to the reference RMS velocity of 67.7mms-1. 

Decreasing the separation distance (Figure 3.9(a)) results in a lowered peak velocity relative to 

the reference, due to the initial impact occurring while the mass is still accelerating, and there is a 

corresponding decrease in the RMS velocity to 59.1ms-1.  

There is also a significant effect on the peak displacement for each case, as the end-stop 

position controls the maximum travel range in one direction. This is supported by the result in 

Figure 3.9, where reducing the end-stop separation distance results in a reduced peak 

displacement, while the converse is true where the end-stop distance is increased. 

As the RMS velocity is decreased relative to the reference structure where the end-stop 

separation distance is either increased or decreased, the results suggest that there exists an 

optimal value of the end-stop separation distance. Taking these results together with those for the 

variation in the cantilever resonant frequency, it would seem that this optimal end-stop separation 
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is specific to the resonant frequency of the cantilever. There is, therefore, a significant degree of 

coupling between the cantilever resonant frequency and the end-stop separation distance in terms 

of the RMS velocity of the mass. Consequently, these parameters need to be considered together 

in further analysis. Additionally, as the end-stop separation distance affects both the RMS 

velocity of the mass and peak displacement, it may be that the end-stop distances which produce 

maximum RMS velocity and maximum energy density are not the same. Therefore, which result 

to optimise the structure for must be decided based on application requirements. 

3.3.2 Proportional energy density comparison to simple cantilever 

The simulation series conduction in Section 3.3.1 has demonstrated a significant effect of the 

cantilever resonant frequency and end-stop separation distance on both the RMS velocity and 

peak displacement of the cantilever end mass. The proportional energy density (equation 3.9) of 

the mass, which is an important indicator of the performance of the device, is therefore strongly 

related to these parameters. A simulation was conducted to investigate these effects. In this 

simulation, an excitation frequency of 4Hz was applied to the structure. Five cantilever resonant 

frequencies, varying from 7.5 to 12.5Hz were used. For each cantilever the RMS velocity and 

peak displacement were used to calculate the proportional energy density for end-stop separation 

distances ranging from 0.5mm to 5mm in 0.1mm increments. From this, the proportional energy 

density of a particular cantilever resonant frequency as a function of the end-stop height was 

produced. The results of this simulation are shown in Figure 3.10, with the dashed section of 

each line indicating the region where the structure behaves as a simple cantilever beam, due to 

the end-stop separation distance exceeding the displacement of the mass. 

Figure 3.10: Proportional energy density for cantilevers of resonant frequencies 7.5Hz, 8.75Hz, 10Hz, 
11.25Hz and 12.5Hz as a function of end-stop separation distance for a 4Hz excitation frequency. 
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The results in Figure 3.10 support the observations made in Section 3.3.1, showing that the 

end-stop separation distance for maximum energy density is dependent on the cantilever resonant 

frequency. Additionally, it shows that with increasing a cantilever’s resonant frequency, the 

optimal end-stop separation (where the energy density is maximum) as well as the minimum end-

stop separation distance, above which there is no contact (dotted line) decrease as expected.  

From the result in Figure 3.10, the maximum proportional energy density for a particular 

cantilever resonant frequency can be compared to the simple cantilever case (where there is no 

contact between the mass and the end-stop) as a function of the cantilever resonant frequency as 

in Figure 3.11. 

 
Figure 3.11: Maximum proportional power density of the frequency-up conversion structure (contact) as 
compared to a simple cantilever (no contact) beam as a function of the cantilever resonant frequency for a 
4Hz excitation. 
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interest to know what effect the mechanism may have on the potential total energy transfer to the 

mass and therefore potential power output of an energy harvesting device using this mechanism. 

In order to assess this effect, a simulation was conducted using a cantilever beam with a resonant 

frequency set to 10Hz. The input excitation frequency was varied from 3 to 8Hz in 0.5Hz 

increments. At each excitation frequency, simulations were conducted over a range of end-stop 

separation distances from 0.5mm to 12.5mm. The RMS velocity of the resultant time-series was 

calculated at each point, and the maximum RMS velocity achieved for a particular excitation 

frequency was recorded. In this way, the simulation provides the maximum achievable RMS 

velocity using a 10Hz cantilever beam with the proposed frequency up-conversion mechanism as 

a function of the excitation frequency. For comparison, at each excitation frequency a simulation 

was conducted using a simple cantilever beam, recording the RMS velocity as shown in Figure 

3.12. 

 
Figure 3.12: Simulated comparison of RMS velocity between the frequency up-conversion model 
(contact) and a simple cantilever model (non-contact) as a function of the excitation frequency for a 10Hz 
cantilever beam. 
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achieved, leading to the improved power output of the device. However, at these very low 
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and so the overall power transfer to the mass is low. As the excitation frequency is increased, 

there is a corresponding drop in the support structure displacement and so too contact 

3 4 5 6 7 8
50

100

150

200

250

300

350

Excitation Frequency (Hz)

R
M

S
 V

e
lo

ci
ty

 (
m

m
s-1

)

 

 

Contact
Non-Contact



  Chapter 3 – Mechanical frequency up-conversion concept 

51 
 

interactions, however there is a greater power transfer to the mass, leading to the increase in 

RMS velocity as the frequency is increased. When the frequency is increased too far, however, 

the number of contacts between the mass and supporting structure is reduced to a point where the 

contact structure decreases the performance by significantly restricting the range of motion of the 

beam relative to the simple cantilever performance, without providing any significant frequency 

up-conversion. From this, the optimal excitation frequency for this type of structure will be one 

where both of these effects are active – an increase in the frequency in contacts due to low 

frequency excitation and an increase in the power transfer to the mass due to the cantilever 

resonant frequency being close to the excitation frequency. 

From this result it is implied that when the resonant frequency of the cantilever beam in 

application is constrained to be greater than that of the source excitation frequency, it may be 

possible to transfer more energy to the cantilever end mass by using the proposed frequency up-

conversion mechanism than with a simple cantilever beam configuration. This increase in energy 

transfer to the mass, combined with decreased displacement  

3.4 Chapter Summary 

In this chapter a new method for achieving the frequency-up conversion technique, as well as 

a mechanical structure for implementation of this method are proposed. The proposed structure 

incorporates elements of both traditional frequency up-conversion techniques and displacement 

limiting end-stop techniques to achieve the frequency up-conversion effect using a single 

cantilever. Additionally, in a departure from previous works in the field, the particular emphasis 

of this structure is to increase the energy transfer to the mass while reducing the mass 

displacement when the cantilever resonant frequency is assumed to be constrained above the 

dominant excitation frequency. From this, potential for significantly reduced device volumes as 

compared to previous techniques may be achieved. A mathematical model of the proposed 

structure is developed and simulations using this model are conducted. The results of these 

simulations are analysed in order to gain insight in the behaviour of the structure, the interactions 

between key parameters, and directions where the proposed frequency up conversion technique 

may provide improvements over traditional simple cantilever structures and other non-linear 

methods. 
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Chapter 4 

 

Validation of the Mechanical Frequency Up-Conversion 
Mechanism and Model 

 

In order to test the validity of the model developed in Chapter 3 as a predictor of the RMS 

velocity of the cantilever end-mass, an experiment was conducted. As vibration in real world 

applications will contain additional frequency components and be stochastic in nature, it is 

difficult to predict the performance of the system and verify the validity of the model from such 

experiments alone [1]. Therefore, for the validation of the mechanism concept and model, the 

validation experiment was performed with a vibration source containing significant additional 

noise components.  

Multiple prototype devices were fabricated, varying in the two most sensitive physical model 

parameters of contact height and cantilever resonant frequency. Each device was tested at 

multiple frequencies, and the output of the system was measured through the velocity of the 

cantilever tip. Thus a dataset was generated in three dimensions of the model parameters with a 

fourth dimension being the measured output.  

The validation was considered in two ways. Firstly in terms of the concept, whereby it was 

sought to observe a gain, suggested by simulation results, in the RMS velocity of the cantilever 

mass with the frequency up-conversion mechanism as compared to a simple cantilever beam and 

secondly as a model validation, considering the ability of the mathematical model and 

simulations to predict the experimental results. By performing simulations with the model 

parameters matched closely to the experimental conditions, the degree to which the velocity 

recorded in the experimental results was matched to those of the simulation was used to evaluate 

the validity of the model. 
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4.1 Device fabrication and parameter estimation 

The devices to be tested were composed of four elements; a cantilever beam made of 

polydimethysiloxane (PDMS), a high density rubber contact plate, a supporting structure which 

was 3D printed in ABS plastic, and two neodymium (NdFeB) disc magnets to form the cantilever 

end mass. The rubber contact was secured on a removable plastic stand which could in turn be 

secured to the support structure. Several of these stands were fabricated, allowing the height of 

the contact plate to be varied between tests. Figure 4.1 shows a completed device for testing. 

Figure 4.1 Exemplar prototype structure for testing. 

Four cantilevers were fabricated, with designed resonant frequencies varying linearly from 

8.5Hz to 13.5Hz using the formulas provided in [2] for the calculation of the Young’s modulus of 

the PDMS material. The length of these cantilevers measured from the centre of the end mass to 

the clamping point was 25mm, with an additional 10mm for clamping and the width of the beams 

was 12.5mm. The PDMS for the cantilevers was mixed with a ratio of 10:1 of PDMS base to 

curing agent. The mix was poured into the 3D printed moulds of ABS plastic and cured at 100°C 

for 60 minutes. All of the cantilevers were cured under the same conditions using the same batch 

of PDMS, and the cantilever thickness was varied from 5.25mm to 6.75mm in order to achieve 

the variation in the resonant frequencies. The combined mass of the two NdFeB magnets, m, was 

measured to be 3.5g, while the weight of the cantilever beam (approximately 1.5g to 2g) was not 

considered in the model. 

 

Cantilever & 
Mass

Contact Stand End-stop Material 

Support Structure 
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4.1.1 Estimation of the equivalent stiffness and damping of the cantilever beams 

The damping ratio and resonant frequency of each beam was determined experimentally 

through a time domain flick test. For this experiment, each cantilever was clamped to a rigid 

supporting structure and the tip was displaced by a few millimetres from the neutral position and 

then released. The velocity of the cantilever tip as it decayed was measured by a Polytec 

scanning laser vibrometer, at a sampling frequency of 1024Hz. The resulting velocity responses 

are shown in Figure 4.2, along with the exponential decay of the peak amplitudes. This test was 

repeated three times for each cantilever beam, and each cantilever remained clamped in the 

support structure until the conclusion of the simulation validation experiments, so as to retain the 

clamping conditions. 

(a) (b) 

 
(c) (d) 

Figure 4.2 Measured velocity response (blue) and exponential decay (red) to a flick-test for cantilevers of 
thicknesses (a) 5.25mm, (b) 5.75mm, (c) 6.25mm and (d) 6.75mm 

The damping ratio ξ for each cantilever was then calculated from the resultant time series 

using the logarithmic decrement method; described by (4.1) and (4.2), where v is the velocity 
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cantilever tip velocity as a function of time, T is the period of oscillation, tpeak is the time at the 

first peak and n is an integer. 

1
ln  

(4.1)

1

1 2
 

(4.2)

For each measurement, the damping ratio was calculated for all values of n such that all peaks 

were used. The value of the damping ratio for each cantilever was then found from the mean of 

all the samples, excluding outliers. 

The resonant frequency  was calculated similarly to the damping ratio, comparing the time 

between each of the combinations of peaks in each measurement to find the average period of the 

oscillation, and then converting to frequency. The natural frequency of the cantilever beam  

could then be estimated from the damped natural frequency and damping ratio using (4.3). 

1
 (4.3)

The experimentally determined resonant frequencies and damping ratios of each of the 

cantilevers, here referred to as cantilevers A through D, are given in Table 4.1. 

Table 4.1 Experimentally measured cantilever parameters 
Measurement Unit A B C D

Thickness mm 5.25 5.75 6.25 6.75
Resonant Frequency fr Hz 8.5 9.7 11.5 13.3
Damping Ratio   0.025 0.027 0.027 0.028
Equivalent Stiffness k1 Nm-1 9.98 13 18.27 24.44
Damping Factor c1 mNsm-1 9.34 11.51 13.66 16.37

4.1.2 Estimation of the equivalent stiffness and damping of the end-stop 

The coefficient of restitution and contact time between the magnetic mass contact and the end-

stop material was estimated experimentally using a drop test between a steel rod with a rounded 

tip and the contact material and measuring the displacement response of the rod. In this 
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experiment, a plastic guide (Figure 4.3) was fabricated to house a linear bearing to align the rod 

over the top of a sample of the end-stop material. 

Figure 4.3 Testing structure for estimation of the restitution coefficient and contact time of the end-stop 
material. 

For each trial, the rod was raised to a set height and released. As the rod rebounded repeatedly 

from the contact material, a laser sensor positioned over the bolt recorded the position of the bolt 

relative to the laser through time. From the resultant time-displacement data, the coefficient of 

restitution, ec, was calculated from the ratio of peak heights, y, of two successive bounces as in 

(4.4). 

 
(4.4)

The work in [3] provides a method for estimation of the contact time from the coefficient of 

restitution, initial drop height, total time and number of bounces. By ignoring air resistance and 

other frictional effects from the bearing, the time to fall from a stationary velocity at given 

height, y is governed only by gravity and can be calculated as in (4.5), and the total flight time for 

a bounce will be twice the fall time, as described in (4.6). 

2
 

(4.5)

Bearing Enclosure 

End-Stop Material 

Steel Rod 
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8
 

(4.6)

The total flight time of the mass over n consecutive bounces can then be calculated by 

considering the initial height, y0, and the decrement in height for each ith bounce; calculated from 

the coefficient of restitution as in (4.7). This allows the formulation of the total flight time of the 

mass in (4.8). 

 (4.7)

2 8
 

(4.8)

The contact time, Tc, can then be estimated from the difference between the total time and 

flight time, divided by the number of bounces as (3.18). 

 
(4.9)

Using the experimental measurements, (4.4) and (4.9); the mean coefficient of restitution was 

estimated to be 0.78 and the contact time was estimated to be 1ms. From (3.1) and (3.2) in 

Chapter 3, the end-stop effective stiffness, kc and damping factor cc were estimated to be 

29.8kNm-1 and 1.49Nsm-1 respectively. 

4.1.3 Measurement of the end-stop separation distance 

The separation distance, h, between the cantilever end mass and the top of the end-stop 

material was measured for each combination of contact stand and cantilever using a Vernier 

calliper. Due to the variation in thickness of the cantilever beams and differing compressions of 

the beams at the clamping point, the measured separation distance varied for each combination. 

Table 4.2 provides a table of measured separation distances for each combination of cantilevers 

A-D and contact stands 1-4. 
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Table 4.2: Measured separation distance for each cantilever and end-stop stand combination
Stand Height Cantilever 

A B C D 
1 2.13mm 2mm 1.75mm 1mm 
2 2.79mm 2.67mm 2.41mm 1.67mm 
3 3.46mm 3.33mm 3.08mm 2.34mm 
4 4.13mm 4.01mm 3.77mm 3mm 

4.1.4 Measurement of the excitation vibration 

A custom shaker, driven by a stepper-motor, was used to provide an excitation vibration to the 

structures. The design of this shaker introduces significant noise components into the excitation 

and results in a wide-band excitation; more representative of real-world vibration conditions. The 

vibration profile of this shaker was measured at dominant frequencies ranging from 3 to 7Hz, 

with an acceleration amplitude of 7.4ms-2 at the dominant frequency, using a vibrometer.  

The power-spectral-density, calculated from a fast-Fourier transform of the time-domain 

response signals of each excitation frequency is shown in Figure 4.4. In this figure, it can be seen 

that while the majority of the signal power resides at the dominant frequency, there are 

significant additional higher frequency components which have been inserted stochastically, 

particularly favouring the harmonic frequencies. Such spectra are similar to observed vibration 

spectra due to human motion as reported by Ballard and Mann [4]. 

 
(a) (b) (c) 

                       (d) 
 

                      (e) 

Figure 4.4: Measured excitation vibration spectrums at dominant frequencies of (a) 3Hz, (b) 4Hz, (c) 5Hz, 
(d) 6Hz and (e) 7Hz. 
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Due to the additional stochastic higher frequency components present in the vibration, while it 

is expected that the excitation signal will produce a strong component at the prescribed dominant 

frequency, the exact development of the time-domain signal and magnitudes of the included 

harmonics are not deterministic. The measurements in Figure 4.4 therefore serve to demonstrate 

typical spectra that may result, but measurement across different time periods or experimental 

trials would produce different spectra and this does not serve as a general model of underlying 

deterministic excitation functions for excitation used in the experiment. This type of excitation 

was used in order to more closely represent a real world vibration for model validation purposes, 

as a model validation under a purely sinusoidal excitation does not necessarily imply that the 

structure will function correctly in a real world setting. Further, it was expected that a model 

validated under noisy excitation would be likely also be able to predict the response of the 

structure to a purely sinusoidal excitation. 

4.2 Experimental method 

The experimental setup consisted of the device under test being mounted on top of a stepper 

motor driven shaker, which provided the input vibration. The excitation source signal was 

supplied to the shaker by a signal generator, with the signal voltage being related to the desired 

displacement of the shaker output shaft.  

The velocity of the cantilever end mass, along with a reference point on the supporting 

structure, was recorded using a Polytec scanning laser vibrometer. This experimental setup is 

demonstrated in Figure 4.5. 

A series of configurations of cantilevers and end-stop heights were used in the experiment. 

For each configuration, the dominant frequency of the excitation was varied from 3 to 7Hz in 

1Hz increments. At each dominant frequency, three experimental trials were conducted, 

measuring the response of the system over a period of four seconds for each trial. After all 

frequencies were tested, the end-stop height was changed and the experiments repeated. The 

cantilever was changed after all end-stop heights were tested and the experiments repeated again 

so as to make up each combination of cantilever frequency and end-stop height, as well as 

without any contact, across the parameter space. The velocity of the cantilever mass relative to 

the supporting structure was estimated from the recorded data by subtracting the time-domain 

velocity of the reference point from that of the cantilever mass measurement. Additionally, a 
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single point measurement was made under harmonic excitation with a frequency of 4Hz and 

acceleration amplitude of 7.35ms-2, using the 13.3Hz cantilever beam and an end-stop height of 

2.34mm, in order to compare the velocity time response between simulation and experiment.  

(a) 
 

(b) 

Figure 4.5: Mechanical frequency up-conversion experimental setup showing (a) the schematic layout of 
the experimental setup and (b) a photograph of the setup during the experiment. 

4.2.1 Frequency up-conversion mechanism concept validation method 

The relative velocity signals at each point in the parameter space were further processed by 

subdividing each into discreet periods of the dominant excitation frequency. The RMS velocity 

of each period was calculated and these were collated to provide a sample of RMS velocity at 

each point, with outlying values being removed through the modified Thompson Tau method 

(Appendix A.1). The resulting datasets were used for further analyses. 

In order to validate the device concept, the RMS velocity values of samples utilizing an end-

stop were compared to those without any contact. In this, the means of the samples for each 

contact height associated with one cantilever were compared and the maximum was selected. 

This value was compared to the mean RMS velocity of the same cantilever without any contact, 

in terms of a percentage increase in the RMS velocity from non-contact to contact. The standard 

deviation of the percentage gain at each point in the parameter space found from a comparison of 

each trial for the end-stop structure to each trial of the simple cantilever structure and calculating 

the standard deviation of the resulting dataset. The concept was considered to have been 
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validated if the results demonstrated an increase in the RMS velocity of the end mass relative to 

the case with no contact. 

4.2.2 Mathematical model validation method 

Validation of the mathematical model was performed by comparison of the experimental 

results to simulation results from the model. The previously developed Simulink® model from 

Section 3.3 was modified to accept the experimentally measured reference velocity signal as an 

input and to perform a numerical differentiation of the signal to provide the excitation 

acceleration for the model. Simulation experiments were conducted at each point in the 

parameter space, in the same manner as the physical experiment, and the results were processed 

similarly.  

Due to the stochastic nature of the of the vibration source, there is a wide distribution of RMS 

velocity results in each sample set for each point across the parameter space. Therefore, in order 

to accept that the model provides a reasonable representation of the physical result, it is not 

sufficient to compare the mean of each sample set; the distributions of RMS velocity samples are 

expected to match as well. To this end, the simulation and experimental results were compared 

using the Kolmogorov-Smirnov test, as recommended in [5] for model validation of stochastic 

systems. 

In this test, the maximum distance between the cumulative distribution functions of the two 

populations (Appendix A.2) is compared to a critical statistic p, derived from the sample size by 

(4.10), where n1 and n2 are the number of samples in two distributions being compared. 

1.36
.

 
(4.10)

A distance below this critical statistic indicates that there is no statistically significant 

difference between the two distributions at the 95% confidence level, as demonstrated in Figure 

4.6. This test was applied at each point in the parameter space and normalized to the critical 

statistic, such that values less than one indicate an agreement between the simulation and 

experimental data at that point. 
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(a) 

 
(b) 

Figure 4.6: Example calculation of normalised Kolmogorov-Smirnov test showing (a) a result where the 
data are from different distributions and (b) a result where the data are from the same distribution. 

4.3 Experimental results 

4.3.1 Time domain velocity response 

The time-domain response of the frequency-up converted mechanism under harmonic 

excitation is shown in Figure 4.7. The measured velocity profile does correlate fairly well to the 

predicted dynamics of the mechanism under harmonic excitation from simulation. It can be 

observed from Figure 4.7 that there are prominent rapid changes in the relative velocity of the 

cantilever end mass at moments of impact with the end-stop, with decaying velocity amplitude 

and an induced oscillation frequency significantly higher than the excitation frequency. 

 
Figure 4.7: Velocity time response of the cantilever end-mass under harmonic excitation at 4Hz for a 
13.3Hz cantilever beam and 2.34mm end-stop separation distance. 

The time-domain comparison of a contact (frequency up-converted) and non-contact (simple 

cantilever) response under stochastic excitation with a 5Hz dominant frequency, demonstrated in 

Figure 4.8, shows a significant difference between the two profiles. The response of the simple 
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cantilever in Figure 4.8(a) largely filters the included higher frequency noise components, while 

the response of the frequency up-conversion mechanism in Figure 4.8(b) produces a very noisy 

response. 

Comparing the frequency up-converted response to previous simulations in Chapter 3 (Figure 

3.6) and experimental results under harmonic excitation (Figure 4.7), the response here is 

significantly noisier and less predictable than that under harmonic excitation. There is however, a 

clear underlying frequency at a significantly higher frequency than either the excitation or 

cantilever resonant frequency observable in the device response in Figure 4.8(b), due to 

frequency up-conversion effect of the device. This result further highlights the need to analyse 

such highly non-linear systems in real-world vibration conditions. 

 
(a) 

 
(b) 

Figure 4.8: Example experimental velocity time response for the 9.7Hz cantilever beam at 5Hz dominant 
frequency excitation with (a) no contact (simple cantilever) and (b) a 2mm end-stop height. 

4.3.2 Comparison of RMS velocity to a simple cantilever beam 

Figure 4.9 shows the comparison of the mean RMS velocity of the two classes of system, 
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percentage gain in RMS velocity from the simple cantilever to the frequency up-conversion 

mechanism. Of the 3445 measured RMS velocity values across the parameter space, 42 were 

removed as outliers, giving an outlier removal rate of 1.2%. A 3rd degree polynomial has been 

fitted to the result in order to highlight the trend. 

 

Figure 4.9: Percentage gain in the mean RMS velocity between contact and non-contact conditions with 
3rd degree polynomial fitting for each cantilever frequency to highlight the trend and errors bars showing 
the standard deviation of the experimental results at each point. 

Considering the cantilever resonant frequency which gives the maximum gain at each 

particular excitation frequency from the experimental data, the results demonstrate an observed 

increase from between 69% at the 7Hz dominant excitation frequency, increasing with decreased 

excitation frequency to 153% at the excitation with a 3Hz dominant frequency. As the cantilever 

frequency and excitation frequency converge, the benefit of the frequency up-conversion system, 

in terms of net increase in RMS velocity, is lost. This can be seen in the case of the lowest 

frequency cantilever at the 7Hz excitation where the RMS velocity is decreased by 40% from the 

non-contact case. In general, the peak gains in RMS velocity are observed in the cantilever 

frequency range of 9.7 to 11.5Hz. Above these frequencies there is very little energy transferred 

to the mass during the non-contact region of the response cycle and the resulting high frequency 

oscillation decays more rapidly due to contact losses than with cantilevers closer to the excitation 

frequency range.  

These results together have demonstrated that the proposed frequency up-conversion 

mechanism is able to increase the RMS velocity at frequencies below the resonant frequency of 
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the cantilever beam under noisy vibration conditions. This indicates potential suitability for 

development of a low frequency energy harvester in such conditions. Additionally, it may be 

possible that the optimal contact height for cantilevers in this frequency range is outside of the 

range being tested and so it may be possible that this result could be improved with a reduced 

contact height. 

4.3.3 Mathematical model validation results 

The simulation and experimental results were compared using a Kolmogorov-Smirnov test 

and Figure 4.10 shows a typical comparison between the two for an exemplar point in the 

parameter space in terms of their empirical distribution functions. 

 

Figure 4.10: Exemplar empirical distribution comparison between simulation and experimental results 
for a cantilever with a resonant frequency of 9.7Hz, end-stop separation distance of 3.3mm and dominant 
excitation frequency of 5Hz. 

From the distribution comparison in Figure 4.10 and others at each parameter point it can be 

seen that there is a generally good agreement between the simulation and experimental results in 

terms of the distributions of RMS velocities in each sample, with the empirical distributions 

matching closely.  

Tables 4.3 to 4.6 show the values of the normalised Kolmogorov-Smirnov test results for each 

point in the parameter space. Across the parameter space, the majority of points show no 

significant statistical differences between the RMS velocity distributions from simulations and 
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experiment at the 95% confidence level, with 99% of points falling below the critical statistic of 

the Kolmogorov-Smirnov test. 

Table 4.3: Normalised Kolmogorov-Smirnov Results for 8.5Hz Cantilever 

Dominant 
Excitation 
Frequency (Hz) 

2.13mm 
Contact 
Height  

2.13mm 
Contact 
Height 

3.46mm 
Contact 
Height 

4.13mm 
Contact 
Height 

3 0.43 0.55 0.36 0.49 
4 0.33 0.34 0.44 0.51 
5 0.31 0.48 0.3 0.55 
6 0.43 0.31 0.28 0.94 
7 0.37 0.47 0.78 0.39 

Table 4.4: Normalised Kolmogorov-Smirnov Results for 9.7Hz Cantilever 

Dominant 
Excitation 
Frequency (Hz) 

1mm 
Contact 
Height  

1.8mm 
Contact 
Height 

2.7mm 
Contact 
Height 

3.5mm 
Contact 
Height 

3 0.35 0.38 0.31 0.6 
4 0.28 0.56 0.34 0.29 
5 0.34 0.6 0.36 0.46 
6 0.67 0.39 0.3 0.29 
7 0.41 0.89 0.29 0.79 

Table 4.5: Normalised Kolmogorov-Smirnov Results for 11.5Hz Cantilever 

Dominant 
Excitation 
Frequency (Hz) 

1mm 
Contact 
Height  

1.8mm 
Contact 
Height 

2.7mm 
Contact 
Height 

3.5mm 
Contact 
Height 

3 0.59 0.32 0.43 0.77 
4 0.62 0.5 0.35 1.24 
5 0.95 0.61 0.36 0.79 
6 0.73 0.61 0.61 0.73 
7 0.61 0.29 0.4 0.35 

Table 4.6 Normalised Kolmogorov-Smirnov Results for 13.3Hz Cantilever 

Dominant 
Excitation 
Frequency (Hz) 

1mm 
Contact 
Height  

1.8mm 
Contact 
Height 

2.7mm 
Contact 
Height 

3.5mm 
Contact 
Height 

3 0.58 0.82 0.63 0.65 
4 0.42 0.34 0.37 0.7 
5 0.34 0.39 0.28 0.79 
6 0.58 0.68 0.74 0.61 
7 0.41 0.37 0.65 0.5 
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These results show the mathematical model to be a reliable predictor of the RMS velocity of 

the cantilever tip and so can be utilized for further analysis and optimisation of energy harvester 

systems incorporating this frequency up-conversion technique. 

4.4 Chapter Summary 

In this chapter an experiment was conducted in order to investigate the performance of the 

mechanical frequency up-conversion mechanism and mathematical model thereof, which were 

proposed in Chapter 3. As a result of this work, the newly proposed frequency up-conversion 

technique has been demonstrated to achieve the frequency up-conversion effect in the real world, 

by inducing a high frequency oscillation at the cantilever beam end mass under both harmonic 

and wide-band vibration excitation. Further, the results have experimentally demonstrated that an 

increase in the RMS velocity, and therefore mechanical energy transfer to the mass, may be 

achieved relative to a simple cantilever beam when the resonant frequency of the cantilever beam 

is constrained to be greater than the dominant frequency of the excitation vibration. Finally, the 

experimental results have been used to validate the mathematical model of the new frequency up-

conversion mechanism in terms of prediction of the RMS velocity of the cantilever beam end 

mass. 
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Chapter 5 

 

Implementation as an Electromagnetic Energy Harvester 

 

The experimental results in Chapter 4 have demonstrated that the energy transfer to the mass 

can be increased over a simple cantilever beam by utilising the proposed frequency up-

conversion mechanism. This result is promising for the development of a vibration energy 

harvesting device and in order to investigate this potential, the structure proposed in Chapter 3 

has been converted into an electromagnetic energy harvester. It would have been possible to 

implement a piezoelectric energy harvester by incorporating a piezoelectric element in the 

cantilever beam, however an electromagnetic transducer was selected initially as it requires the 

least modification to the existing structure from Chapter 4 and, as discussed in Chapter 2, has 

shown good potential for low frequency energy harvesting in previous works.  

The introduction of any transducer creates an electromechanical coupling effect whereby the 

mechanical dynamics of the mass are changed. Due to the inherent non-linearity of the frequency 

up-conversion mechanism, it is difficult to predict whether the observed increase in RMS 

velocity of the mass will necessarily translate into an increase in power output of an energy 

harvesting device. These effects, as well as the potential of the frequency up-conversion 

mechanism for application as an energy harvester are investigated in the Chapter. 

5.1 Energy harvester concept & modelling 

The mechanism proposed in Chapter 3 may be converted to an electromagnetic energy 

harvester by utilising an inductive coil and magnetic end-mass. In Figure 5.1, the previous 

structure from Chapter 3 (Figure 3.1) is modified to include an inductive coil of copper wire 
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placed orthogonally to the direction of motion of the end-mass and fixed relative to the 

supporting structure, while the mass is replaced with a rare-earth neodymium (NdFeB) magnet. 

 
Figure 5.1: Schematic diagram of the proposed electromagnetic vibration energy harvester. 

The oscillation of the magnetic end-mass produces a relative motion between itself and the 

inductive coil. This in turn creates a change in the magnetic flux through the inductive coil, 

inducing a current in the wire as described by Faraday’s law. In this way, a portion of the 

mechanical energy in the mass may be converted to electrical energy and used to power external 

electronic devices. 

5.1.1 Equivalent circuit of the electromagnetic transducer 

The inductive coil of the electromagnetic transducer can be described by an equivalent circuit 

as shown in Figure 5.2. This circuit is composed of a voltage source, VEMF, representing the 

induced voltage through the transducer and is proportional to the rate of change of flux across the 

coil. The resistive element Rc is the coil resistance which represents the total resistance of the 

wire which comprises the inductive coil, while the coil inductance is modelled as a series 

inductor Lc. The resistance RLc models an external load, which is connected to the output of the 

inductive coil, to which the energy harvester is delivering power. 

Figure 5.2 Equivalent circuit of the electromagnetic transducer inductive coil. 
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The equivalent circuit model in Figure 5.2 may be further simplified by recognising that the 

reactance of the inductor XLc, described by  where  is the frequency in radians, will 

be very low (less than 1Ω), relative to the coil and load resistances, where the oscillation 

frequency of the cantilever end-mass and coil inductance are low (less than 100Hz and 1mH 

respectively). Consequently, the inductive element of the circuit model may typically [1] be 

ignored in mathematical analysis of the system. 

5.1.2 Mathematical modelling of the electromagnetic transducer 

The voltage induced in the transducer is first considered from a simplified model of a length 

of wire moving through a constant magnetic field. This gives the equation for induced voltage 

VEMF in (5.1) from Faraday’s law, with B being the density of the magnetic flux, lc the total 

length of wire in the coil and  again representing the relative velocity of the cantilever end mass 

and thus the relative velocity between the wire and magnetic field. 

(5.1)

In reality, the flux density varies through space and therefore the flux density through a 

section of wire in the coil varies due to the position of that section within the coil as well as the 

relative position of the magnetic end-mass (which varies as the magnet is displaced). Due to the 

incorporation of an end-stop in the mechanical structure, the displacement of the magnetic mass 

is expected to be small. Therefore, the displacement of the magnet is not expected cause a 

significant variation in the flux density through the coil. In order to simplify the mathematical 

model, the flux density of the magnet in the y axis is therefore assumed to be constant. 

Depending on the depth of the coil (the size of the coil in the z axis), there may be significant 

variation in the flux density across the length of the coil.  

Assuming that the wire is evenly distributed through the depth of the coil, then the average 

flux density through the coil along the z axis may be used as a constant value of flux density 

through the coil. The equation  in (5.2) gives the variation of magnetic flux density for a disc 

magnet along the z axis, through the magnetic pole [2], where Br is the residual flux density of 

the magnet, z is the distance along the z axis relative to the magnetic pole and tm and rm are the 

thickness and radius of the magnetic respectively. 
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2 2 2 2 2
 

(5.2)

From (5.2), the average flux density can be found through the integration in (5.3) to give (5.4), 

where sz is the separation distance between the magnet pole and the coil in the z axis, and dc is 

the depth of the coil. 

1
2 2 2 2 2

 

(5.3)

2
2

2
2 2

2 2 2 2  

(5.4)

The voltage output of the energy harvester VLc, across the load resistor, can be found as in 

(5.5) from the voltage divider formed by coil and load resistances, Rc and RLc respectively, when 

the coil inductance is ignored (as described in Section 5.1.1). From (5.5), the power delivered to 

the load, PLc, may be found as in (5.6) through Ohm’s law. 

 
(5.5)

 
(5.6)

From (5.6) it can be seen that the instantaneous power delivered to the load is directly 

proportional to the square of the velocity of the magnetic mass and a constant determined by the 

parameters of the transducer (including all of the magnet, coil and load resistance), for this 

device. Consequently, by increasing the RMS velocity of the mass as demonstrated in Chapters 2 

and 3, it may be possible to increase the average power delivered to the load. 

5.1.3 Combined model of the mechanical frequency up-conversion structure with 
electromagnetic transduction 

As the introduction of the transducer is converting a portion of mechanical energy in the mass 

into electrical energy, there must be a consequent effect on the mechanical dynamics of the mass. 
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The mechanical and electrical systems are therefore coupled and the mechanical model of the 

system must be altered to reflect this electromechanical coupling. The coupling between 

mechanical and electrical systems can be considered in terms of a force, Felec, applied to the 

mass, which is in turn induced through an equivalent electromechanical damping factor celec as 

described by (5.7). 

 (5.7)

By equating the total electrical power dissipated in the transducer circuit with the mechanical 

power dissipated through the electromechanical damping in (5.8), the equivalent 

electromechanical damping factor can be found to be (5.9). 

 
(5.8)

 
(5.9)

Considering the electromechanical damping to work in parallel with the mechanical damping 

from the cantilever beam, then the mechanical model can be modified by replacing the 

mechanical damping factor in (3.4) with a total damping factor ct in (5.10) to give the force 

acting on the end-mass as (5.11). 

 (5.10)
, , (5.11)

5.2 Simulated effects of electromagnetic damping 

In order to simulate the electromagnetic energy harvester, the existing Simulink® model 

developed in Chapter 3 and shown in Figure 3.4 was modified by editing the damping gain, c_1, 

to reflect the total damping from both electromechanical and mechanical sources as described by 

(5.10). The power dissipated by the load was calculated externally using the simulated mass 

velocity response, rather than being incorporated into the Simulink® model. 
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Using this model, the effects of electrical damping on the power transfer to the transducer load 

were simulated for the contact and non-contact cases. In this, the cantilever was taken to have a 

natural frequency of 9.7Hz and a mechanical damping ratio of 0.02. The end-stop height for the 

contact case adjusted for each damping value to give the maximum power through the load at 

that point. The coefficient of restitution and contact time for the end-stop material were taken as 

0.7 and 1ms respectively. The system was excited by a sinusoidal signal at 5Hz with acceleration 

amplitude of 7.36ms-2 and the electrical damping factor was varied from 0 to 0.45kgs-1. The load 

resistance was assumed to be exactly half of the coil resistance, such that there was optimal 

power transfer to the load, and the power dissipated in the load would be half of the total 

mechanical power dissipated by the electromagnetic damper. The result in Figure 5.3 shows the 

power delivered to this theoretical load at each point. 

 
Figure 5.3: Comparison of power transfer to the load between contact (frequency up-converted) and non-

contact (simple cantilever) for varied electromagnetic damping in terms of the average power output. 

From this result, it appears initially that it is advantageous to utilise a simple cantilever design 

as opposed to the frequency up-conversion mechanism due to the higher power delivery at 

optimal damping (where the power output as a function of the electrical damping is maximum) as 

seen in Figure 5.3, where the induced higher frequency oscillations in the contact model are 

significantly diminished. Indeed, in that case, the simple cantilever would be the preferred 

solution.  

However, when a goal of the system design is miniaturisation of the device dimensions, 

constraints are inherently placed on the maximum achievable electrical damping. From (5.9), the 

electrical damping factor is proportional to the coil length and flux density, while the flux density 
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is itself proportional to the residual flux density of the magnetic and the magnet size. Therefore, 

in order to increase the electrical damping either the coil length or magnet size (or both) must be 

increased. From this, the size of the transducer is related directly to the achievable 

electromagnetic coupling and so where size is constrained, so too must the electromagnetic 

damping be constrained. 

Accepting that at a miniaturised scale the electrical damping factor is limited, the low 

damping region is then of most interest. From Figure 5.3 it can be seen that below a certain 

critical cross-over point, the net power output is greater in the frequency up-converted structure 

than in the simple cantilever configuration. Figure 5.4 shows that below this cross over point, the 

percentage gain in power output continues to increase with decreased electrical damping factor, 

while the net power increase is maximum at a value of electrical damping significantly below the 

optimal damping point. From this, it is implied that the utility of the design is increased, 

compared to a simple cantilever, as the maximum electrical damping factor is further 

constrained. 

 
Figure 5.4: Percentage and net average power gain of the frequency up-converted energy harvester 

relative to a simple cantilever structure. 

5.3 Experimental validation of the electromagnetic energy harvester 

As in Chapter 4, the experimental validation of the electromagnetic energy harvesting 

structure proposed in this chapter was considered both in terms of concept and model validation. 

It was of particular interest, in terms of the validation of the concept of utilising the new 

frequency up-conversion mechanism as an electromagnetic energy harvester, to consider both the 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
-20

0

20

40

60

80

100

120

Electrical Damping Factor (kgs-1)

A
ve

ra
g

e
 P

o
w

e
r 

G
a

in
 (

%
)

 

 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
-20

-10

0

10

20

30

40

50

A
ve

ra
g

e
 P

o
w

e
r 

D
iff

e
re

n
ce

 ( 
W

)Percentage Power Gain
Power Difference



 Chapter 5 – Electromagnetic energy harvester 
 

76 
 

power and voltage outputs of the device and whether a net gain in output power could be 

achieved relative to a simple cantilever structure. The model validation was considered in terms 

of the average power delivered to a load resistance. As the output voltage and power are 

mathematically related through Ohm’s law, it was expected that where the average output power 

predicted by simulation matched that of the observed experimental results, so too would the RMS 

voltage. As with the experiment in Chapter 4, the excitation vibration used was stochastic in 

nature, in order to more closely replicate real world conditions. 

5.3.1 Electromagnetic harvester fabrication and parameter estimation 

The electromagnetic energy harvester was formed from a modified structure used in the 

experiment in Chapter 4. For this, a combination of the 9.7Hz cantilever (Cantilever B) and 

supporting structure giving a 2.67mm end-stop height were used. As all of the mechanical 

components of the structure were reused from the experiment in Chapter 4, all of the 

experimentally estimated mechanical parameters described in Chapter 4.1 were assumed to have 

remained unchanged in this experiment. 

The two NdFeB magnets forming the end mass of the device were utilised to generate the 

magnetic field necessary for induction. Two air core inductive coils were fabricated, here 

identified as coils A and B. These coils had similar inner diameters and depths, dz, of 15mm, but 

with differing wire lengths, lc. This enabled model verification across multiple levels of 

electromagnetic damping. For both cases, the coil was placed at a separation distance, sz, of 

1.5mm normal to the magnet. The modified energy harvester device for the experiment is shown 

in Figure 5.5. 

The length of wire in each coil was estimated from the number of turns around the coil. This 

gave wire lengths of approximately 2m and 2.8m for coils A and B respectively. The series coil 

resistance and inductances were measured using an Agilent LCR meter to be 3.4Ω and 4.5Ω, and 

260μH and 480μH. Load resistances for each coil were matched to be as close as possible to the 

resistance of each coil at 3.3Ω and 4.5Ω respectively. The measured inductances of the coils were 

sufficiently low that the assumption made in the formulation of the mathematical model in 

Section 5.1.1, whereby the effects of the coil inductance were neglected, was expected to be 

reasonable at the frequencies under investigation. 
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Figure 5.5: Electromagnetic energy harvester structure used for the experiment. 

The magnet thickness was measured to be 3mm and the magnet diameter was measured as 

10mm. Using an AlphaLab GM-2 Guassmeter, the magnetic flux density of the magnet was 

measured at distances ranging from 0 to 10mm from the magnet, in 1mm increments. From these 

measurements, (5.2) was used to calculate the residual flux density, Br, of the magnet as 1.2T. 

The average flux density along was the coil was then calculated from (5.4) as 55mT. From these 

parameters the electrical damping factors for coils A and B were estimated to be 0.002 and 

0.0025kgs-1 respectively. 

5.3.2 Experimental method 

In order to verify the harvesting capability of the system, the device was tested 

experimentally. In this experiment, the two coils were tested, independently in a structure 

composed of the 9.7Hz cantilever and 2mm contact height from the previous experiment in order 

to compare their performances. These structures were tested under a stochastic vibration 

excitation, driven by a custom shaker. The tests were conducted with excitations at multiple 

dominant excitation frequencies, varying from 3 to 7Hz in a similar fashion to the previous 

mechanical validation experiments in Chapter 4, with both contact and non-contact conditions. 

For each coil, separately, and at each excitation frequency, the excitation velocity was measured 

using a Polytec vibrometer, while the voltage across the load resistance was recorded on an 

Agilent digital storage oscilloscope, which was synchronised with the vibrometer.  

y 

z 
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The RMS voltage across the load was calculated from the resultant time-domain voltage 

measurements. From Ohm’s law and the measured resistance of each load, the average power 

dissipated by the loads was calculated. The contact and non-contact power outputs of each of the 

two coil configurations were compared to provide a validation of the up-conversion mechanism 

as applied in an electromagnetic energy harvester. An increase in power output from the contact 

system as compared to the non-contact condition would indicate a validation of the device as an 

energy harvesting system. This experimental setup is demonstrated in Figure 5.6. 

 
(a) 

 
(b) 

Figure 5.6: Electromagnetic energy harvester experimental setup showing (a) the schematic layout of the 
experimental setup and (b) a photograph of the setup during the experiment. 
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In order to validate the electromagnetic harvester model, the results of the experiment were 

compared to the simulation predictions using the model described in Section 5.2 and taking the 

derivative of the measured excitation velocity as the excitation input for each case. As in the 

Chapter 4.2.2, the results were compared using the Kolmogorov-Smirnov test due to the 

stochastic nature of the vibration source. A test result below the critical statistic would indicate 

an acceptable agreement between the model predictions and the simulation result, having no 

statistically significant difference at the 95% confidence level. 

5.3.3 Experimental results: Average power 

The results in Figure 5.7 show the average power output for contact and non-contact cases for 

each coil along with the average power from simulation at each point. Of the 504 measured RMS 

voltage values used to calculate the average power across the parameter space, 11 were removed 

as outliers, giving an outlier removal rate of 2.2%. 

 
(a) 

 
(b) 

Figure 5.7: Measured and simulated average power by dominant excitation frequency for coils (a) A and 
(b) B, with error bars showing the standard deviation of experimental results between trials. 

In this it can be observed that the frequency up-converted results show an increased power 

output compared to the simple cantilever for excitations with dominant frequencies below 7Hz. 

As expected, from the results in Section 5.2, the power output from coil B (Figure 5.7(b)) is 

greater than coil A (Figure 5.7(a)), having a peak average power output of 20.8μW at 6Hz 

dominant frequency compared to a peak average power output of 11.6μW at 5Hz respectively. In 

general the mean of the simulation results follows closely with that of the experiment, displaying 
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a similar trend. The experimentally measured percentage increase in the average power for the 

contact mechanism relative to the simple cantilever for each coil is shown in Figure 5.8. 

 
Figure 5.8: Percentage gain in average power output for coils A and B, relative to a simple cantilever from 
experimental results with error bars indicating the standard deviation of gain in average power. 

The peak increase in power for coil A is 91.5% from the experimental results. This is greater 

than that of coil B at 72.5%, with both being located at the 5Hz dominant excitation frequency. 

This result is in line with the expectation of greater damping resulting in a decrease in the 

percentage increase between non-contact and contact conditions. As with the mechanical 

validation experiments in Chapter 4, there is a significant drop-off in power gains compared to 

the simple cantilever at a dominant excitation frequency of 7Hz, as the excitation approaches the 

resonant frequency of the beam. 

Together these results demonstrate that the increase in RMS velocity created through the use 

of the mechanical frequency up-conversion mechanism proposed in Chapter 3 can result in a 

potential increase to the average power output of an energy harvesting device where the 

electromechanical damping is constrained due to limitations in the transducer size. 

5.3.4 Experimental results: RMS voltage 

Apart from the average power output, another important consideration for the utility of the 

energy harvester for application in powering external electronic devices is the RMS voltage 

output. In Figure 5.9, the RMS voltage for each coil across the dominant excitation frequency 

range. 
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From these results, it can be seen that generally, the voltage across the load resistance is very 

low, with the maximum RMS voltages for coils A and B being measured as 6.2mV and 9.7mV, 

respectively. Low voltage outputs, such as recorded here, are a typical problem for 

electromagnetic transducers when scaled to small sizes [3], due to the very low output impedance 

of the inductive coil.  

(a) (b) 

Figure 5.9: Measured and simulated RMS voltage by dominant frequency for coils (a) A and (b) B, with 
error bars showing the standard deviation of experimental results between trials. 

Such low voltage becomes problematic when considering the device for application as an 

energy harvester to power external electronic devices, which will require some minimum 

operating voltage significantly higher than the raw output voltage of the transducer. This in turn 

implies that an additional voltage boost circuit would be required to raise the output voltage to a 

sufficient level. Circuits specifically designed for very low input voltages [4] still, however, 

require their own minimum supply voltage to operate. It is therefore impractical to create a self-

contained energy harvester without finding an alternative solution or using a different 

transduction mechanism, capable of achieving significantly higher output voltages. 

5.3.5 Model validation results 

Several sample sets of RMS velocity measurements for simulation and experiment were 

compared in terms of their empirical distributions across the parameter space and Figure 5.10 

shows a typical comparison at a single point. 

In this case, the simulation and experimental distributions follow reasonably closely, however 

the simulation result displays a somewhat wider distribution of values than was observed in the 
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experiment as well as a lower mean (as can be seen in Figure 5.7(b)). Comparing the 

distributions to those in the mechanical validation example from Figure 4.10 in Chapter 4.3.3 for 

a 3.3mm contact height shows a similar spread in the distribution with and without additional 

damping from electromagnetic transduction, considering that the power is proportional to the 

square of the velocity. Comparing the simulation and experimental distributions at each point 

gives the normalised Kolmogorov-Smirnoff test results in Table 5.1. 

 
Figure 5.10: Exemplar cumulative distribution between experimental and simulation results for the 
electromagnetic harvester with an electromagnetic damping factor of 0.0025kgs-1 (coil B) and dominant 
excitation frequency of 5Hz. 

Table 5.1: Normalized Kolmogorov-Smirnov test results for each test condition 
Frequency (Hz) Coil A 

Contact 
Coil A Non-

Contact 
Coil B 
Contact 

Coil B Non-
Contact 

3 0.34 0.61 0.44 0.82 
4 0.92 0.52 0.80 0.55 
5 0.72 0.83 0.62 0.93 
6 0.59 0.83 0.61 0.60 
7 0.65 0.59 0.85 0.78 

For both cases of coil A and coil B, the results indicate no statistically significant difference 

between the distributions from simulation and experiment, with the normalised Kolmogorov-

Smirnov statistic being below one at all of these points. From this result, it can be concluded that 

the model is able to predict the experimental results at the 95% confidence level within the 

parameter space of the experiment and is suitable for use as a design and optimisation tools for 

these structures. 
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5.4 Chapter Summary 

In this chapter, the proposed mechanical frequency up-conversion mechanism was used to 

implement an electromagnetic vibration energy harvester. A mathematical model of the coupled 

electro-mechanical system was derived to describe the dynamics of the mechanical structure with 

the added transducer as well as the resulting electrical output. An experiment was conducted in 

order to investigate the potential of the frequency up-conversion structure in energy harvesting 

applications as well as to validate the new, coupled model of the energy harvester. The results of 

this experiment have demonstrated that the increase in RMS velocity created through the use of 

the frequency up-conversion mechanism can be translated into an increase in average power 

output when configured as an energy harvester when the electromechanical coupling is low. As 

this is typically the case for electromagnetic energy harvesters when the device size is 

constrained, the proposed frequency up-conversion mechanism has been shown to be ideally 

suited to low frequency vibration energy harvesting applications at a miniaturised scale. 

Additionally, the experiments have uncovered a potential difficulty for implementation as an 

energy harvester due to very low output voltages, which are typical of energy harvesters using 

electromagnetic transduction at small device sizes. The experimental results have also been used 

to validate the mathematical model of the energy harvester, showing no statistically significant 

difference between the experimental and simulation results in terms of the predicted and 

observed average power dissipated by the load resistance. 
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Chapter 6 

 

Low Frequency Energy Harvesting with Soft  
Piezoelectric Materials 

 

The results demonstrated in Chapter 5 are very promising and demonstrate that with the novel 

frequency up-conversion mechanism developed here, a significant power advantage can be 

obtained when excited below the resonant frequency of the structure compared to a simple 

cantilever beam. However, the use of electromagnetic transduction (as in Chapter 5) leads to a 

very low output voltage due to scaling effects of electromagnetic transduction at small sizes. This 

voltage output in turn creates significant challenges for conditioning of the harvester output into a 

usable voltage source [1].  

The frequency up-conversion mechanism developed in Chapter 3 alternatively could be 

configured as an energy harvester using piezoelectric transduction by incorporating a 

piezoelectric element into the cantilever beam. In this configuration, the strain induced in the 

piezoelectric element as the cantilever bends can be converted into an electrical charge through 

the piezoelectric effect. As discussed in Chapter 2.3, in terms of voltage output, piezoelectric 

transduction provides a significant advantage over electromagnetic transduction, and by utilising 

a piezoelectric transduction method, it may be possible to simplify the required conditioning 

circuit of the harvester output due to increase in voltage. 

While typical ceramic piezoelectric such as lead zirconate titanate (PZT) could potentially be 

used in a low-frequency energy harvesting device, the very high stiffness and brittleness [2] of 

these materials requires large device sizes in order to achieve a suitable resonance frequency and 

a large tip deflection typical [3] of low frequency vibration. Alternative polymeric piezoelectric 

materials such as polyvinylidine fluoride (PVDF) have significantly lower stiffness than 
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traditional piezoelectric and can withstand large deflections without failure [4]. However, as 

compared to a ceramic piezoelectric, the piezoelectric coefficient of PVDF is as much as seven 

times lower [5]. From the constitutive equations of the piezoelectric effect [6], this implies that 

the electrical charge generated per unit of strain in an element of the PVDF material will be 

significantly lower than traditional piezoelectric devices. It is therefore necessary to consider a 

new design for a piezoelectric beam using PVDF in order to increase the power output of the 

transducer, while retaining the desirable low frequency and large displacement potential of the 

piezoelectric material itself. 

6.1 Piezoelectric bimorph beam concept 

Due to the nature of the piezoelectric effect, it is not sufficient to form a beam from a single 

piece of piezoelectric material such as PVDF. As the charge generated in an element of a 

piezoelectric material is proportional to the strain, for simple bending it is expected that, as the 

stress in the material is equal and opposite about the neutral axis, there will be a cancelling effect 

in the charge developed across the material. From this, it has been observed that the voltage 

generated by single sheets of PVDF per unit of displacement is very low [5]. 

Typically, in order to counteract this effect, piezoelectric beams and plates are arranged in a 

bimorph configuration comprising a laminate of two or more sheets of piezoelectric material with 

a central electrode shim between [7]. The charge generated across these materials can then be 

combined in parallel. Alternatively, a unimorph structure may be constructed by laminating a 

single piezoelectric sheet and a stiff shim material [8] in order to concentrate the stress in a single 

direction within in the piezoelectric material by shifting the neutral axis of the composite 

structure.  

As, during bending, the mechanical strain developed is proportional to the distance from the 

neutral axis of the beam, the idea of shifting the neutral axis can be further developed in order to 

maximise the amount of the strain in the piezoelectric material. Figure 6.1 shows a schematic 

diagram of a newly proposed low frequency piezoelectric bimorph transducer. In this structure, a 

thick, soft shim of PDMS is incorporated in order to increase the separation distance between the 

two piezoelectric elements. As the structure is symmetrical, the distance between the PVDF and 

the neutral axis of the composite structure is proportional directly to the thickness of the PDMS 

shim. As the Young’s modulus of the PDMS is significantly lower than that of the PVDF, the 
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resonant frequency of the composite beam is controlled primarily by the separation distance of 

the PVDF elements. Therefore, the maximum strain is developed in the piezoelectric material for 

a minimum increase in the resonant frequency of the beam. 

 

Figure 6.1 Schematic diagram of the proposed piezoelectric transducer with PDMS centre shim. 

6.2 Mathematical modelling of the piezoelectric transducer 

The proposed composite beam was modelled by first considering the beam as an equivalent 

beam of a homogeneous material. From this, equations were derived to define the mechanical 

behaviour of the composite beam structure. Using this model, the generated charge from the 

piezoelectric material was derived and used to define the electromechanical coupling of the 

structure. From this, an electrical model of the piezoelectric transducer and dynamic model of the 

mechanical structure were derived. 

6.2.1 Mechanical modelling of the composite beam 

In order to model the proposed piezoelectric transducer, the assumption was made that there 

were no internal shearing effects at the interface between the laminate layers, consistent with 

assumptions made in previous work [7]; hence giving only an approximation of the behaviour of 

the structure. With this approximation, the strain must then vary linearly through the cross-

section of the beam as per Figure 6.2(a). With this, the stress profile and therefore normal force 

through the composite beam is proportional to the strain and Young’s moduli of the individual 

materials as in Figure 6.2(b). 
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(a) (b) 

Figure 6.2 Schematic representations of the (a) strain and (b) force across the composite beam profile. 

From this, the beam can then be modelled as an equivalent beam of a homogeneous material 

(in this case PVDF), with a modified cross section, as in Figure 6.3, such that normal force 

distribution across this cross section is matched to that of the composite beam. 

 
Figure 6.3 Homogenous PVDF beam cross-section which produces an equivalent normal force 
distribution to the composite beam structure. 

This profile can be constructed by considering the width, w of each material segment to be 

scaled by a factor n such that the strain function across the beam thickness, ε(y) in terms of the 

normal force, F(y), the Young’s modulus, Y of the material at point y, and the width, w for the 

composite beam in (6.1) to be equal to that of the homogeneous PVDF structure with Young’s 

modulus, EPVDF and width scaled by n in (6.2). 

∙ ∙ ∙  (6.1) 

∙ ∙ ∙  (6.2) 

Equating (6.1) and (6.2) gives the scale factor n as in (6.3). 
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(5.3) 

Using this, an equivalent second-moment of area for each component section in the composite 

structure I can be expressed as in (6.4) in terms of the width w, thickness t and Young’s modulus 

Y of that layer as well as the distance r between the neutral axis of that section considered alone 

and the neutral axis of the composite structure, and the Young’s modulus of the PVDF material 

by the parallel axis theorem. 

12
 

(6.4) 

An effective second moment of area for the composite beam, IEff can then be calculated 

through a summation of calculated values of I by (6.4) for each material section in the structure. 

The stress at a particular point of within the beam profile, σ(x,y) can then be calculated as (6.5) 

from the bending moment at a point along the beam length, M(x), the distance from the neutral 

axis y and the scaling factor at this distance n(x). 

,
∙

 
(6.5)

Considering the beam as a cantilever with a force F applied to the free end, the bending 

moment along the beam length can be described as in (6.6). This moment can then be used to 

find the beam tip displacement ∆y as a function of the applied force (6.7). With this, the stress 

can be expressed as a function of the beam tip displacement in (6.8). 

 (6.6)

∆
3

 
(6.7)

, , ∆
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(6.8)
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Additionally, an effective stiffness k (k = F/y) can be calculated from (5.7) for the cantilever 

beam as in (5.9). With this, the resonant frequency ωr of the composite beam configured as a 

cantilever with a mass m on the free end can be expressed as in (5.10) 

3
 

(6.9) 

3
 

(6.10)

6.2.2 Piezoelectric modelling 

The piezoelectric constitutive equations (6.11) and (6.12) together define the coupling 

between the electrical and mechanical domain for the piezoelectric material, considering the 

stress acting only in axis-1. In these equations, the mechanical strain in axis-1, ε1 in the 

piezoelectric material is composed of both the strain due to the mechanical stress in that direction 

σ1 and an additional strain proportional to the electric field in axis-3, E3 and the piezoelectric 

coefficient of the 3-1 plane, d31. Similarly, the electrical charge density D3 in axis-3 is 

proportional to not only the electric field and permittivity e3 in that direction, but also to the 

mechanical stress in axis-1 and the piezoelectric coefficient of the 3-1 plane. From this, the 

mechanical behaviour in axis-1 and the electrical behaviour in axis-3 are coupled through the 

piezoelectric coefficient for the 3-1 plane. 

 (6.11)

 (6.12)

Considering the model of the beam as a cantilever with a force applied to the free end, it is 

useful to express the generated charge (the charge due to mechanical stress) on the piezoelectric 

material in terms of the displacement of the cantilever beam tip, ∆y. The generated charge 

density D3Gen at a point on the electrode plane (the plane normal to the electric field direction i.e. 

the 1-2 plane) can be considered from the average stress across the direction of the electric field 

at that point. That is, the generated charge density at a point (x,z) on the 1-2 plane is proportional 

to the average stress across the piezoelectric thickness as in (6.13), which evaluates to (6.14). 
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, , , ∆ ∙  

(6.13)

,
3 ∆

 
(6.14)

The total generated charge QGen can then be found by integrating the generated point charge 

density across the 1-2 plane as in (6.15) to arrive at (6.16). 

, ∙ ∙  
(6.15)

3
2

∆  
(6.16)

From (6.16), the generated charge can be written in terms of a coupling coefficient b defined 

as (6.17) and the tip displacement, to reach an expression for the total charge, Q (which is the 

generated charge due to bending plus the charge stored across the capacitance of the piezoelectric 

material) on the piezoelectric material from (6.12) as (6.18) in terms of the coupling coefficient, 

beam tip displacement, piezoelectric voltage VPVDF and piezoelectric capacitance CPVDF. 

3
2

 
(6.17)

∙ ∆  (6.18)

Similarly, it is useful to express the generated mechanical strain from the piezoelectric 

material, εGen ( ) in (6.11) as an equivalent force applied to the free end of the 

cantilever beam. The generated strain in the piezoelectric can be considered as an applied force, 

FGen in axis-1 at the centre of the PVDF material as in (6.19) and demonstrated in Figure 6.4. 

This then creates a moment, M(z) about the neutral axis of the composite beam in (6.20). 
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Figure 6.4 Applied force, FGen, due to electrically generated mechanical strain in the piezoelectric 
material. 

 (6.19)

 (6.20)

Similarly to (6.7), the bending moment in (6.20) can be used to find the displacement of the 

cantilever tip due to the electrically generated mechanical strain from (6.21) and applying the 

boundary conditions of a cantilever beam to get (6.22). With this, the effective stiffness of the 

beam from (6.9) can be used to find an equivalent force, FPVDF applied to the beam end which 

would generated the same beam tip deflection in (6.23). 
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The electrically generated strain from (6.11) can be expressed in terms of the piezoelectric 

voltage rather than the electrical field as in (6.24) and with this, the equivalent end force due to 

the generated strain can be expressed by (6.25). From (6.17), the force can then be described 

using the previously derived coupling coefficient b in terms of the piezoelectric voltage as (6.26). 
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6.2.3 Electrical modelling 

The equivalent electrical circuit model of the piezoelectric transducer is shown in Figure 6.5. 

The piezoelectric capacitance, CPVDF and resistance, RPVDF represent the capacitance and 

resistance of the piezoelectric material in the 3 direction respectively. The current source IPVDF is 

the generated current from the piezoelectric material due to the mechanical strain from (6.27), 

while the load is modelled as impedance, ZL. 

 
Figure 6.5 Equivalent circuit model for the piezoelectric transducer. 

 
(6.27)

The current through the interface can be found from the derivative of (6.18) for the total 

charge on the piezoelectric electrode. With Ohm’s law, this can be expressed as in (6.28) for the 

piezoelectric voltage, VPVDF and rearranged to form the differential equation in (6.29) for the 

piezoelectric voltage. 

 
(6.28)

 
(6.29)

6.2.4 Dynamic modelling 

Considering the device configured as a simple cantilever beam with an end mass, m, then an 

equivalent spring mass damper representation of the harvester can be developed as in Figure 6.6. 

Where the equivalent spring stiffness, k is taken from (6.9), and the element denoted b represents 

the applied force on the mass due to the piezoelectric strain, proportional to the piezoelectric 

voltage. Additionally, a damping element c represents the mechanical damping of the structure 

IPVDF CPVDF RPVDF ZL
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with no load connected to the piezoelectric and F(t) is a time-varying external force applied to 

the supporting structure of the cantilever beam. 

 
Figure 6.6 Spring-Mass-Damper representation of the composite beam piezoelectric transducer configured 
as a vibration energy harvester. 

From Figure 6.6, a differential equation can be formed to express the mechanical dynamics of 

the cantilever in (6.30). Equations (6.29) and (6.30) together then model the dynamics of the 

energy harvester as a system of two coupled differential equations. 

1
 

(6.30)

6.3 Simulated response under harmonic excitation 

In order to investigate the potential for application in a low frequency energy harvester, the 

mathematical model developed in Section 6.2 used to perform simulations of the composite beam 

response under harmonic excitation and configured as a simple cantilever structure. In this it was 

of interest to identify the potential power and voltage outputs of the transducer under optimal 

conditions (a harmonic excitation with a excitation frequency range through the resonant 

frequency of the beam). Additionally, the effect of increasing the PDMS centre shim thickness on 

the resonant frequency of the composite beam structure was investigated. From these, the 

potential for the transducer to be used in the frequency up-conversion mechanism proposed in 

Chapter 3 could be assessed. 

 

bk c F(t)

m
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6.3.1 Simulation method 

From the mathematical model, a Simulink® model, shown in Figure 6.7, was developed in 

order to produce a numerical solution to the coupled differential equations of the system. In this 

model, a fixed-step Dormand-Prince solver was used to generate the solution with a time step of 

1μs.  

 
(a) 

 
(b) 

Figure 6.7: Simulink® implementation of the mathematical model of the composite PDMS-PVDF beam 
showing (a) the top-level model and (b) the ‘Piezo Electrical Dynamics’ subsystem. 

In order to estimate the effect of the PDMS thickness on the average power and RMS voltage 

delivered to the load, as well as on the natural frequency of the beam, several simulation series 

were conducted at different values of the PDMS thickness parameter. For each PDMS thickness, 

a harmonic excitation in (6.31) was used as the forcing function, with the excitation frequency ωe 

being varied from below to above the natural frequency of that particular structure while the 

power amplitude Pe was held constant in order to observe the frequency response of the average 

power and RMS voltage.  

sin  

(6.31) 
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The composite beam was assumed to have dimensions of 25 mm length, 10 mm width and 

PDMS thickness varied between 0.5 mm and 3.5 mm, with the PDMS layer having a Young's 

modulus of 800kPa. The PVDF elements were composed of a 200 μm thick layer of PVDF with 

thin aluminium electrodes on either side. The piezoelectric parameters of the PVDF layers were 

taken from the datasheet for a sheet of PVDF, and had a piezoelectric coefficient, d31, of 17pCN-

1. The piezoelectric was connected to a load resistance of 1MΩ in order to achieve a large voltage 

output. The full list of parameters used in simulation is summarised in Table 6.1. 

Table 6.1 Piezoelectric transducer simulation model parameters 

Parameter 
Parameter Value 

Value Unit 
Composite beam width (w) 10 mm 
Composite beam length (L) 25 mm 
PDMS layer thickness (tPDMS) 0.5-3.5 mm 
PVDF layer thickness (tPVDF) 200 μm 
Aluminium layer thickness (tAl) 1 μm 
PDMS Young's modulus (YPDMS) 800 kPa 
PVDF Young's modulus (YPVDF) 6.7 GPa 
Aluminium Young's modulus (YAl) 69 GPa 
Mechanical damping ratio (ζ) 0.08  
Excitation power (Pe) 1 mW 
Piezoelectric coefficient (d31) 17 pCN-1

Piezoelectric capacitance (CPVDF) 100 pF 
Piezoelectric resistance (RPVDF) 1 MΩ 
Load resistance (RL) 1 MΩ 

From the simulation results, the average power and RMS voltage across the load resistance at 

an excitation frequency equal to the resonant frequency of each beam was used to produce a 

fitting of the of these outputs as functions of the PDMS thickness. From this function, the effect 

of the PDMS thickness on the maximum average power and RMS velocity was assessed. 

6.3.2 Simulation results 

The frequency response results in Figure 6.8 demonstrate increasing power (Figure 6.8a) and 

voltage (Figure 6.8b) across the load resistance with increased thickness of the PDMS. This 

result is in accordance with the design concept of the transducer, demonstrating that increasing 

the separation distance between the two piezoelectric elements in the bimorph will result in a 

greater stress concentration and therefore power generation. As was expected, while the potential 
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power output of the transducer is increased, there is a corresponding increase in the natural 

frequency due to the increased stiffness of the composite beam. Additionally, there is an increase 

in the damping of the output with increased thickness, due to a greater percentage of mechanical 

power in the mass being extracted as electrical power through the load resistance. 

 

(a) 

 

(b) 

Figure 6.8 Simulated responses by frequency of the composite PDMS-PVDF piezoelectric transducer (a) 
average power and (b) RMS voltage outputs, with varying thickness of the PDMS centre shim. 

The average power and RMS voltage outputs of the transducer at resonance are shown in 

Figure 6.9 as a function of the PDMS thickness. From this, it can be observed that the potential 

output voltage using the piezoelectric transducer can be significantly higher than that of 

electromagnetic transducer, with RMS voltage reaching 7.25V at the optimal thickness of the 

PDMS material. However, the predicted power output is reasonably low, considering that the 

excitation is at the resonance condition with an average power output of 52μW at the optimal 

PDMS thickness. Additionally, it can be seen that the thickness of the PDMS must be very high, 
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in this case at 25mm thickness, in order to achieve the optimal mechanical to electrical power 

conversion from the PVDF transducer. From this, in order to design a practical cantilever beam 

and gain the maximum benefit of the proposed PDMS centre shim, the length of the beam would 

need to be extended considerably. 

 
Figure 6.9 Simulated variance of the average power and RMS velocity delivered to the load as a function 
of the PDMS thickness. 

Additionally, the increase in thickness of the PDMS shim results in a significant increase to 

the resonant frequency as shown in Figure 6.10. In order to apply such a composite beam 

structure to low frequency excitation sources, either the length of the beam, end mass or both 

would need to be increased significantly. These results suggest that while the proposed design 

may increase the efficiency of the PVDF transducer, it may not be well suited to a miniaturised 

structure. 

 
Figure 6.10 Variation in cantilever resonant frequency as a function of the PDMS centre shim thickness 
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6.4 Experiment 

In order to verify the simulation results, and experiment was conducted to measure the output 

voltage response of two composite PDMS-PVDF beams with different thicknesses of PDMS 

centre shims. 

6.4.1 Prototype cantilever fabrication 

In order to investigate the potential increase to the efficiency of power conversion for the 

PVDF transducer through the use of a thick, soft, PDMS central shim, two prototype cantilever 

structures were fabricated with varied PDMS thickness between the two PVDF layers. In order to 

create a realisable structure, the design was modified slightly from that of the model used 

previously by having the PDMS material fully encapsulate the PVDF layers as shown in the 

schematic diagram in Figure 6.11. 

 
Figure 6.11 Schematic diagram of the fabricated prototype PDMS-PVDF composite beam 

The PVDF layers were cut into strips of 11 mm width and 45 mm length from a sheet of 200 μm 

thick PVDF and coated with a 10 μm thick layer of aluminium on either side. Two moulds were 

3D printed from ABS plastic incorporating slots into which the PVDF strips were inserted. These 

slots allowed to maintain the correct positioning and alignment of the PVDF strips in the final 

structure. The spacing between these slots was varied between the 1.5 mm and 3.5 mm for the 

two moulds in order to achieve these thicknesses of the PDMS shim in the two structures.  

The PDMS material was mixed following the same method as described in Chapter 4.1, with a 

ratio of 20:1 between the base and curing agents. This mixture of PDMS was then poured into the 

moulds in order to completely encapsulate the PVDF strips. The PDMS was then cured at a low 

temperature of 30°C for 24 hours in order to minimise the deformation of the PVDF material due 

PDMS

PVDF

Front Side

tPDMS
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to thermal expansion. These curing parameters were calculated from [9] in order to achieve a 

Young's modulus of 800kPa for the PDMS material. 

Following the curing procedure, the composite PDMS-PVDF beams, shown in Figure 6.12, 

were released from the moulds. These beams had a length of 35mm, of which 10mm would be 

used for clamping giving an effective length of 25mm. Additionally, on each end of the beam 

there were 5mm protuberances of PVDF which were uncoated with PDMS and could be used for 

electrical connection. The total width of the composite beam was measured as 12mm. Two 

NdFeB magnets, with a combined mass of 3.5g were mounted at the tip of the beam to serve as 

the cantilever end mass. 

 
Figure 6.12 Photograph of the composite PDMS-PVDF beams showing the composite beams having been 
released from the mould after curing. 

6.4.2 Parameter estimation 

The natural frequencies and equivalent linear damping ratios of each beam with no electrical 

load were estimated through a time domain flick-test in the same manner as described in Chapter 

4.1.1. The results from this test are given in Table 6.2. The piezoelectric properties of the PVDF 

material were assumed to be consistent with those given in the material datasheet. 

Table 6.2: Estimates of resonant frequency and damping ratio of each PDMS-PVDF composite beam 

Parameter 1.5mm PDMS 3.5mm PDMS 
Resonant Frequency (Hz) 26.86 37.60 
Damping Ratio 0.0799 0.0844 
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6.4.3 Experimental method 

Each of the beams was clamped to an electrodynamic shaker as shown in Figure 6.13, in order 

to test the performance of the transducer under optimal, harmonic excitation conditions, and the 

free end of the beam was measured to be 25mm in length. A custom copper lined clip was placed 

over the exposed PVDF material at the clamped end of the beam in order to create an electrical 

connection to the piezoelectric. This was then connected to an Agilent oscilloscope to serve as a 

1 MΩ load resistance and to measure the output voltage of the PVDF transducer. Additionally, a 

piezoelectric accelerometer was rigidly screwed onto the shaker and connected to the 

oscilloscope in order to measure the excitation generated.  

 

Figure 6.13 Prototype beam structure mounted on an electrodynamic shaker for experiment. 

A sinusoidal voltage was generated by an Agilent signal generated and connected to the 

electrodynamic shaker in order to produce the vibration excitation. For each beam, the frequency 

of this excitation signal was varied across the resonant frequency of that beam in discreet steps 

and at each frequency the RMS voltage from the PVDF was measured on the oscilloscope and 

recorded. The voltage amplitude of the excitation was controlled manually, using the 

accelerometer output to maintain a constant mechanical input power.  

6.4.4 Experimental results 

The resulting frequency responses for the two beams are shown for the average power 

delivered to the load in Figure 6.14(a) and the RMS voltage in Figure 6.14(b). In comparison to 
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the simulation results, the average power and RMS voltage outputs from the piezoelectric 

transducers in the composite beams are significantly lower than was predicted, with the 

maximum average power and voltage being observed in the cantilever with a 3.5mm thick PDMS 

shim as 37.5pW and 187mV respectively. This decrease is accompanied by a corresponding 

decrease in the natural frequency of the beams compared to the model predictions as well. The 

results do indicate that the increased thickness of the PDMS shim lead to an increase in the 

average power and RMS voltage output of the PVDF and a corresponding widening in the 

response due to increased damping effects.  

 

(a) 

 

(b) 

Figure 6.14 Experimental frequency response of the PVDF transducer with different thicknesses of PDMS 
central shim (a) average power and (b) RMS voltage under harmonic excitation. 

6.5 Discussion 

The objective of this investigation into the PVDF cantilever with a thick PDMS central shim 

was to identify an alternative transduction method for the mechanical frequency up-conversion 

structure developed in Chapter 3 in response to the problematic low voltage output of the 
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electromagnetic harvester developed in Chapter 5. While the RMS voltage delivered by this new 

transducer under harmonic excitation has been demonstrated experimentally to be potentially 

higher than that of an electromagnetic transducer, the power output is very low.  

Additionally, to achieve a greater power and voltage output, the thickness of the PDMS centre 

shim must be increased. This necessarily results in an increase to the stiffness and so too the 

resonant frequency of the cantilever beam. From the results in Chapters 4 and 5, there is a 

significant drop in the performance of the frequency up-conversion device presented when the 

frequency becomes too high and as suggested in that chapter, there is an effective maximum 

cantilever frequency of 15Hz for the excitation frequency range of interest, 3 - 7Hz.  

In order to achieve the required low resonance frequency while obtaining a significant voltage 

and power output from the device would therefore require a reduction in effective stiffness of the 

beam through increased length, or otherwise an increased end mass. Such measures are not in 

line with the miniaturisation objectives of the intended application. Therefore, the use of a 

piezoelectric transducer as proposed here is not a suitable solution to the issue of low output 

voltage produced by the energy harvesting device presented in Chapter 5. 

In general, the simulation results and initial experimental result suggest that the structure 

proposed here has potential to increase the power output of polymeric piezoelectric materials 

with very low d-constants, such as PVDF, while retaining many of the useful properties of these 

materials, such as potential for large deformation and light weight in some applications. While 

the experimental result has suggested that the power and voltage outputs of the transducer might 

be increased with increased thickness of the central shim, there is a significant disagreement 

between the actual power and voltage outputs measured in experiment, as well as the natural 

frequency of the cantilever structure and those predicted by the model presented here. It is likely 

that the disagreement between model and experimental results is influenced by the model 

assumptions of simple bending. As the PDMS material is much less stiff than that of the PVDF, 

then there is likely that there is significant shear deformation occurring in the PDMS material, 

rather than the PDMS material causing increased tension and compression in the PVDF as the 

model assumes. Therefore, in order to further investigate the proposed composite beam structure 

it would be necessary to develop a new model of the PVDF and PDMS deformation during 

bending in order to account for such effects. 



 Chapter 6 – Piezoelectric energy harvesting 
 

103 
 

6.6 Chapter Summary 

In this chapter, a new composite PVDF-PDMS cantilever structure is developed aiming 

towards creating a piezoelectric transducer that is low frequency, capable of large deformation 

and which can provide a high output voltage. Simulation results suggested that a thick central 

shim of PDMS may increase the efficiency of the power output of the piezoelectric material 

under harmonic excitation. However, experimental results demonstrated significantly less power 

and voltage output than that predicted by simulation. Low power output of the experimental 

cantilever structures, combined with increased natural frequency due to the stiffening effects 

introduced by the separation distance between the piezoelectric materials have led to the 

conclusion that the cantilever structure proposed here would not be suitable for use in the 

previously developed frequency up-conversion mechanism. 
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Chapter 7 

 

Hybrid Electromagnetic-Piezoelectric Energy Harvester 

 

In Chapter 5, the frequency up-conversion mechanism was configured as an electromagnetic 

energy harvester. This structure has demonstrated potential to increase average power output 

under low frequency, stochastic excitation below the resonant frequency of the cantilever beam 

as compared to a simple cantilever structure. However, due to the scaling of electromagnetic 

induction at small device sizes [1], the output voltage of this structure is very low, having a 

maximum RMS voltage of 9.7mV in the frequency range tested. 

In order for the harvested power to be useful, however, the output must be rectified to a DC 

voltage and boosted to a suitable level. Consequently, the low output voltage of the harvester 

poses an additional challenge [2] and the design of the conditioning circuits for low power and 

low voltage energy harvesting devices is a significant and active field in itself. From these works, 

active rectification techniques provide the highest efficiency, however they have a significant 

drawback in that they require additional power to operate. Typical solutions to this issue include 

utilizing a stored power supply [3], or for a completely independent harvester, utilizing the 

harvester output as a supply to the rectification circuit [4]. Of these solutions, the former is 

unattractive for a miniaturized and independent device, while the latter is incompatible with the 

low output voltage of the current configuration of the structure. 

The potential for utilising a piezoelectric transducer, by incorporating a piezoelectric element 

into the cantilever beam was explored in Chapter 6. However, there were several significant 

issues with this design. Due to the low frequency requirements of the cantilever beam, a soft, 

polymeric piezoelectric material, PVDF, was used. This material has a very low piezoelectric 

coefficient and the low electromechanical coupling is low as result. Because of this, the potential 
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power output of such a device was predicted to be significantly less than that of the previous 

electromagnetic energy harvester.  

In this chapter, a hybridized transduction approach utilizing an auxiliary piezoelectric 

transducer is investigated as a potential solution to this problem. Ceramic piezoelectric materials 

have the inherent advantage of producing very large voltages for small deflections (which cannot 

be achieved with PVDF) and so can be easily rectified using traditional bridge rectifier designs or 

even piezoelectric-specific commercially available solutions. This auxiliary output may then in 

turn be used to power a conditioning circuit for an electromagnetic energy harvester. 

7.1 Hybrid energy harvester concept 

The previous device design in Chapters 4 and 5 utilized a static end-stop of high-density 

rubber in order to achieve the frequency up-conversion behaviour. By replacing this end-stop 

with a piezoelectric cantilever, it may be possible to recover some of the energy of the collision 

through an induced oscillation in the piezoelectric element. The schematic diagram of the 

proposed hybrid electromagnetic-piezoelectric energy harvester device is given in Figure 7.1. In 

this device, there is a low frequency cantilever beam of polydimethylsiloxane (PDMS) with a 

magnetic neodymium (NdFeB) end mass suspended over a stiff lead zirconate tritanate (PZT) 

cantilever beam. Both beams, as well as a coil of copper wire for electromagnetic induction are 

clamped to the same rigid support structure. 

 
Figure 7.1: Schematic diagram of the proposed hybrid electromagnetic-piezoelectric energy harvester. 

Displacement of the support structure due to vibration results in a relative displacement of the 

NdFeB mass at the tip of the PDMS cantilever. This displacement will subsequently cause a 

collision between the NdFeB mass and the PZT cantilever, resulting in a displacement of the PZT 

beam and a large impulse force applied to the NdFeB mass. As demonstrated in Chapter 4, such 
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an interaction will result in a high frequency oscillation of the NdFeB mass and a period of 

multiple contacts between the mass and the PZT beam. This high frequency oscillation of the 

magnetic mass induces a current in a copper coil which is stationary relative to the supporting 

structure, as demonstrated in the electromagnetic energy harvester presented in Chapter 5, and 

provides the primary power output. Additionally, after contact between the mass and PZT beam, 

the PZT beam will vibrate at its resonant frequency due to energy imparted during the collision. 

This vibration will generate a charge on the piezoelectric material due to the piezoelectric effect, 

as investigated in Chapter 6, and can be used as an auxiliary power output of the harvester. 

While the energy collected from the collision may be low, by utilizing a ceramic piezoelectric 

transducer such as PZT, the voltage output is expected to be significantly higher than that of the 

electromagnetic transducer. Even at low power, with a sufficiently high output voltage, the 

output of the piezoelectric transducer may be sufficient to act as a voltage source for an ultra-low 

power conditioning circuit for the electromagnetic output as demonstrated in Figure 7.2, and 

thereby allow operation as a completely self-powered device without a significant negative effect 

on the potential output power which would be expected from the electromagnetic transducer 

alone. 

Figure 7.2: Conceptual power condition circuit utilising the hybrid piezoelectric power output as a supply 
voltage. 

Hybrid transduction has been previously proposed in simple cantilever beam structures by 

Challa et. al. as a method to increase net power output through damping matching [5]. An 

analytical study by Lallart and Inman on hybrid transduction in resonant vibration harvesters [6] 

confirmed that net power output could be increased through hybrid transduction, however only in 

the case of damping matching. If any single transducer could be designed to match the damping 
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of the mechanical system independently, then no net power increase can be gained through using 

a hybrid system.  

Consequently, should the electromechanical coupling of the electromagnetic transducer be 

sufficiently high, then it would be expected that the addition of an auxiliary piezoelectric 

transducer would lead to a decrease in the power output of the electromagnetic harvester. Within 

the size constraints of the device previously presented, however, the achievable effective 

electrical damping from electromagnetic induction will be significantly lower than optimal due to 

scaling effects, as demonstrated in Chapter 5.2. It is expected, therefore, that there will be 

significant room for additional power to be extracted through the introduction of a second 

transducer. 

7.2 Modelling of the hybrid energy harvester 

As in Chapter 3, an equivalent mass-spring-damper representation of the proposed structure 

was used in order to derive a mathematical model of the dynamics of the system. The 

mathematical models of the electromagnetic and piezoelectric transducers previously derived in 

Chapters 5 and 6 respectively were reused and incorporated into the new dynamic model of the 

hybrid electromagnetic-piezoelectric energy harvester. 

7.2.1 Equivalent mechanical system modelling 

The newly proposed structure replaces the static end-stop of the previous device with a PZT 

cantilever beam. In order to represent this, the model must be modified to incorporate an 

additional spring-mass-damper element representing the PZT beam as in Figure 7.3. In this 

structure, two sprung masses exist with m1 representing the NdFeB end mass on the PDMS 

cantilever and m2 being a lumped parameter end mass model of the PZT cantilever self-weight. 

The parameters k1, k2, c1 and c2 model the mechanical stiffness and viscous damping factors of 

these two spring systems respectively. A spring and damper representation of the contact 

interaction between the mass and piezoelectric cantilever has again been included as kc and cc 

respectively in terms of the restitution coefficient and contact time of the impact between the 

NdFeB mass and PZT beam material, where the beam is constrained without bending. The 

separation distance between the NdFeB mass and the PZT cantilever under static conditions is h. 
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As described in Chapter 5, at low vibration frequencies and low coil inductances the 

electromagnetic transducer can be modelled as a linear viscous damper ce, while the piezoelectric 

transduction effect leads to nonlinearities in the spring stiffness during bending. In terms of the 

mechanical model of the system in Figure 7.3, this effect is accounted for by representing the 

mechanical forces exerted by the piezoelectric effect as an element with an output force 

proportional to the piezoelectric voltage with a proportionality constant b, as derived in Chapter 

6. 

 
Figure 7.3: Mass-spring-damper model of the frequency up-conversion mechanism incorporating a 
piezoelectric cantilever end-stop. 

Ignoring nonlinearities in stiffness introduced by the piezoelectric effect, the equivalent 

stiffness of the contact relative to the low frequency cantilever is the series combination of the 

contact stiffness and bending stiffness of the PZT beam. Relative to the PDMS cantilever end 

mass then, when the series combination of contact and bending stiffness of the PZT beam is 

matched to be similar to that of the static end-stop representation, there is little difference 

between the newly proposed model and that of the one successfully demonstrated in Chapters 4 

and 5. Therefore, it is expected that the previously observed frequency up-conversion behaviour 

will be retained in this new structure. Meanwhile, after the contact between the NdFeB mass and 

PZT cantilever is broken, the energy stored in the spring element k2 through the deflection of the 

kc cc
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mass during contact will induce a high frequency oscillation at the cantilever's resonant 

frequency and so allow harvesting of this energy through piezoelectric transduction. 

7.2.2 Mathematical modelling 

When the system is not in contact, each of the two spring systems functions independently. 

The equations of motions of each are thus easily derived from the mass-spring-damper 

representation in Figure 7.3. The sum of forces acting on the PDMS cantilever when not in 

contact, F1, is then given by (7.1), which is identical to that used for the electromagnetic energy 

harvester in Chapter 5. The non-contact forces acting on the PZT cantilever, F2 are given by 

(7.2), which is the same as the simple cantilever piezoelectric energy harvester investigated in 

Chapter 6. In these, the variables y1 and y2 give the displacement of the PDMS cantilever end 

mass and the PZT cantilever tip respectively, relative to the unbent position of these cantilevers. 

The variable VPZT represents the induced piezoelectric voltage. The excitation forces applied to 

each mass as a function of time t, are given by Fe1(t) and Fe2 for the PDMS and PZT beams 

respectively, as defined by (7.3) and (7.4) in terms of the excitation acceleration ae(t).  

, ,  (7.1)
, , ,  (7.2)

(7.3)
 (7.4)

The contact condition is determined by the relative position of the displaced PDMS and PZT 

cantilever tips, yrel, and the end-stop separation distance h as in (7.5). The system is in contact 

when 0. 

(7.5)

The effect of contact between the two cantilevers is modelled through the third spring-damper 

system. During contact, a force is generated and applied equally and opposite to each of the two 

cantilever beams. The magnitude of this force, Fc, is given in (7.6) and depends on the relative 

displacement of each cantilever yrel and the rate of change of the relative displacement . 

, min , 0 (7.6)
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As in Chapter 3, the parameters in this contact force, kc and cc can be derived [7] from the 

experimentally measurable parameters of restitution coefficient ec and contact time Tc, which are 

dependent on the two materials involved in the collision. However, in this case, the equivalent 

stiffness and damping are proportional of the combined mass of the collision. The relation to 

stiffness kc and damping factor cc for the hybrid energy harvester are therefore given by (7.7) and 

(7.8) respectively. 

ln
 

(7.7)

2 ln
 

(7.8)

The electromagnetic damping celec, electromagnetic load voltage VLc and power PLc are 

calculated as in Chapter 5.1.2 by (5.9), (5.5) and (5.6) respectively. Similarly, the piezoelectric 

coupling coefficient b and piezoelectric voltage VPZT and calculated as in Chapter 6.2 by (6.17) 

and (6.29), substituting the values for the PZT beam in place of the previously used PVDF beam. 

With this, the full dynamics of the hybrid vibration energy harvester can be expressed by the 

three coupled, piecewise, non-linear differential equations (7.7), (7.8) and (7.9) together. 

, , , ,
1

, ,
1
2
1 sign ,  

(7.7)

, , , , ,
1

, , ,
1
2
1 ,  

(7.8)

,  
(7.9)

 

7.3 Simulated response 

From the described mathematical model of the structure, a computational model was 

developed in MATLAB® and Simulink®. The differential equations were solved numerically 

using a fixed-step Dormand-Prince method with a time-step of 10μs. The graphical model is 

shown in Figure 7.4. In this model, the ‘Piezo Electrical Dynamics’ subsystem calculates the 

piezoelectric voltage from the piezoelectric cantilever tip velocity and is identical to that used in 

the simulation of the simple cantilever beam shown in Figure 6.x of Chapter 6. The ‘Contact 
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Dynamics’ subsystem calculates the force exerted on each of the PDMS and PZT cantilever 

beams while the two are in contact, and is detailed in Figure 7.5. 

Figure 7.4: Simulink® model of the hybrid electromagnetic-piezoelectric energy harvester for simulation. 

 

Figure 7.5: ‘Contact Dynamics’ subsystem of the Simulink® model of the hybrid energy harvester. 

7.3.1 Simulation method 

The model parameters were set using typical values from previous work in Chapter 5. The 

Typical parameter values from a datasheet of a PZT bimorph with a thin steel centre shim were 

used to calculate the coupling coefficient b and mechanical parameters of the PZT cantilever. 

The free length of the PZT bimorph was varied from 10mm to 20mm in order to vary how 

closely the behaviour of the static end-stop used in the previous device is replicated. 
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Consequently, the effective stiffness of the piezoelectric cantilever was varied from 3062.5Nm-1 

to 380Nm-1 and the equivalent PZT end mass varied accordingly from 0.04g to 0.08g. A 50kΩ 

load resistance was connected to the output of the piezoelectric transducer in order to maximise 

the power output. With a larger load resistance, the voltage output may be increased at the 

expense of power output. The complete list of model parameters used in the simulation is given 

in Table 7.1. 

Two series of simulation studies were conducted, the first using the new hybrid model. The 

input to the simulation was a harmonic excitation waveform which was varied in frequency from 

3Hz to 7Hz with constant acceleration amplitude of 7.4ms-2. This formed a two dimensional 

parameter space across the excitation frequency and varied PZT cantilever length as described 

previously. The simulation was conducted for discreet points across this parameter space with a 

simulation time of 4s at each point. The outputs of these simulations were time domain 

waveforms of the electromagnetic and piezoelectric voltages across the load resistances. From 

these, the RMS voltage and average power of each transducer was calculated for analysis. 

Additionally, the peak-to-peak voltage of the piezoelectric transducer was calculated by 

averaging the peak-to-peak voltage for each excitation period of the four second simulation. 

Table 7.1 Hybrid energy harvester simulation parameters 

Parameter Parameter Value 
Value Unit 

PDMS cantilever end mass (m1) 3.5 g 
Equivalent PZT cantilever end mass (m2) 0.04 - 0.08 g 
PDMS cantilever stiffness (k1) 16 Nm-1 

PZT cantilever stiffness (k2) 3062.5 - 380 Nm-1 
PDMS cantilever damping factor (c1) 0.0038 Nsm-1 
PZT cantilever damping factor (c2) 0.04-0.02 Nsm-1 
Contact coefficient of restitution (ec) 0.7  
Contact Time (Tc) 1 ms 
Contact height offset (h) 1.5 mm 
Coil length (lc) 5 m 
Coil resistance (Rc) 10 Ω 
Electromagnetic load resistance (RLc) 19 Ω 
Average magnetic flux density (BAvg) 72 mT 
Piezoelectric electromechanical coupling 
coefficient (b) 

0.9315 mNV-1 

Piezoelectric capacitance (CPZT) 14.2 nF 
Piezoelectric resistance (RPZT) 500 G Ω 
Piezoelectric load resistance (RLp) 50 k Ω 
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The second simulation study was conducted using the previous electromagnetic energy 

harvester with a static end-stop from Chapter 5, varying the frequency across the same range as 

the previous set of simulations. From this, the average power of the electromagnetic transducer as 

well as the total average power of the hybrid device (including both the electromagnetic and 

piezoelectric transducers) was compared to the static contact energy harvester. This comparison 

was made at each point in the parameter space by considering the percentage increase in average 

power relative to the static contact device, such that a positive value indicates that the power 

output of the hybrid device was greater than that of the static contact structure. 

7.3.2 Simulated output voltage time-response 

The time domain response of the output voltage of the two transducers for an exemplar 

structure with a PZT cantilever length of 15mm under a 5Hz excitation is shown in Figure 7.6. In 

this figure, the electromagnetic transducer, driven by the PDMS cantilever, shows an induced 

high frequency oscillation during half of the excitation cycle. This behaviour is the same as that 

previously observed in the electromagnetic energy harvester with a static end-stop (Chapter 5), 

which indicates that the frequency up-conversion behaviour is retained in the hybrid structure. 

The results also show that the contact between the two beams initiates a high frequency 

oscillation in the piezoelectric beam, similar to the response in traditional contact based 

frequency up-conversion devices [8].  

 
Figure 7.6: Simulated time domain voltage response of the hybrid structure under harmonic excitation at 
5Hz with a piezoelectric cantilever length of 15mm (resonant frequency 620Hz). 
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As expected, the peak voltage output from the piezoelectric transducer is significantly higher 

than that of the electromagnetic transducer, with a maximum peak-to-peak voltage of 

approximately 4V compared to 40mV from the electromagnetic transducer in this example. This 

large spike in voltage, however occurs only momentarily at the point of contact between the two 

beams and decays rapidly. In spite of this, the RMS voltage of the piezoelectric transducer is still 

significantly higher than that of the electromagnetic transducer at 484mV as compared to 

17.7mV. 

7.3.3 Effects of piezoelectric cantilever length 

The RMS voltage and average power of each transducer at each excitation frequency and PZT 

cantilever length under test is shown in Figure 7.7. From this it can be observed that the overall 

trend between the electromagnetic and piezoelectric outputs follow each other very closely across 

the parameter space. As the PZT cantilever is excited primarily by the contact with the PDMS 

cantilever end mass), it follows that the RMS voltage and power of the piezoelectric transducer 

would be directly related to those of the electromagnetic transducer as a high voltage and power 

output from this implies a greater vibration intensity in the PDMS cantilever. This in turn implies 

that any power optimisation performed on either transducer should optimise the other and there is 

no trade-off to be considered in terms of the optimal power outputs between the two transducers 

under these conditions (where the electromechanical damping is lower than the mechanical 

damping of the system). 

It can also be seen from Figure 7.7 that the PZT cantilever length (and therefore stiffness) 

does have an effect on the output power of both the electromagnetic and piezoelectric 

transducers. Additionally, this effect varies by the excitation frequency such that for at the lowest 

frequency under investigation, the maximum power output is achieved for the stiffest cantilever, 

while at the highest frequency the opposite is true. Therefore, the cantilever length must be 

designed for a particular excitation frequency to achieve the maximum result for that frequency, 

and for other frequencies across the excitation frequency range the result will be sub-optimal. 

This effect, however, is relatively weak for most frequencies. Measuring at each excitation the 

variation between maximum and minimum output power due to variation of the PZT cantilever 

length gave a maximum variation of 40%. 
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(a) (b) 

(c) (d) 

Figure 7.7: Simulated response of the output (a) RMS voltage of the electromagnetic transducer, (b) RMS 
voltage of the piezoelectric transducer, (c) average power of the electromagnetic transducer and (d) 
average power of the piezoelectric transducer over the parameter space. 

Again, it can be observed from Figure 7.7 that the average output power of the 

electromagnetic transducer is significantly higher than that of the piezoelectric at all points in the 

parameter space, varying between 13.6μW and 56μW across the frequency range (at the 

cantilever length providing maximum power for each frequency) as compared to a minimum of 

2μW and maximum of 6.8μW for the piezoelectric transducer. Conversely, the RMS voltage of 

the piezoelectric transducer is higher than that of the electromagnetic transducer, varying 

between 320mV and 580mV across the frequency range compared to a variation between 

11.6mV and 23.4mV for the electromagnetic transducer. 

The peak-to-peak voltage of the piezoelectric transducer across the parameter space is shown 

in Figure 7.8 and follows a different trend to the output power and RMS voltage. From Figure 

7.8, the peak-to-peak output voltage of the piezoelectric transducer decreases with increased 

length of the piezoelectric cantilever for all frequencies in the range. 
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Figure 7.8: Peak-to-peak output voltage of the piezoelectric transducer output across the simulation 
parameter space. 

The correlation between short length and high peak-to-peak voltage is due to the large stress 

induced in the stiff beam for a given displacement compared to that in the longer beams. The 

high peak-to-peak voltage does not, however, lead to increased power in all cases, as can be seen 

by comparing Figure 7.7(d) and Figure 7.8. It is possible that this is due to the vibration in the 

piezoelectric cantilever decaying more rapidly in the stiffer and therefore higher frequency 

cantilevers. In applications where the peak-to-peak voltage output is important, there is therefore 

a trade-off to be made between maximising the output power of the piezoelectric transducer and 

the peak voltage output. Additionally, it must be considered that due to the relationship between 

the output power of the piezoelectric and electromagnetic transducers, a reduction in output 

power of the piezoelectric transducer due to the cantilever length implies a reduction in the 

output power of the electromagnetic transducer also. Therefore a trade-off of output power for 

peak voltage incurs a potentially significant cost to the net power output of the device. 

7.3.4 Comparison to the static end-stop structure 

The power output of the electromagnetic transducer and the total power output of the hybrid 

device are compared to that of the electromagnetic energy harvester with a static end-stop 

(Chapter 5) in Figure 7.9. From Figure 7.9(a), it can be seen that there is no reduction in output 

power of the electromagnetic transducer compared to the previously used static end-stop under 

harmonic excitation. Indeed, there is an increase in power output at all points across the 

parameter space under investigation of between 34% and 155% relative to the same transducer 

using the static end-stop configuration. Considering the net power output of the device, including 

the power of the piezoelectric transducer, in Figure 7.9(b), the gain in available output power 
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increases to be between 56 and 193%. In both cases, the maximum gain occurs at the lowest 

excitation frequency and shortest PZT cantilever beam length. 

These simulation results follow closely with the predictions on which the device concept is 

based, with an additional low power output being produced from the piezoelectric transducer at a 

higher voltage than that obtainable from the electromagnetic transducer. This additional power 

output comes with no predicted decrease in the output power of the electromagnetic transducer 

and leads to an increased net power output. From this, we can reasonably predict that the 

performance of the device may be improved with the addition of a piezoelectric transducer in a 

hybrid configuration and that the power from the piezoelectric may be suitable for powering a 

low power conditioning circuit. 

 

(a) 

 

(b) 

Figure 7.9: Percentage increase in average output power between (a) the electromagnetic transducer and 
(b) the combined power output of the electromagnetic and piezoelectric transducers, and the static contact 
device. 

7.4 Experimental validation of the hybrid energy harvester 

Similarly to previous experiments in Chapters 4 and 6, it was of interest to validate the 

proposed hybrid energy harvester in terms of both the concept and model under stochastic 

excitation conditions. The first point for consideration was whether the frequency up-conversion 

effect can be observed using the non-static end-stop conditions created by the piezoelectric beam 

and whether the predicted high frequency oscillation of the piezoelectric beam could be 

observed. Secondly, it was of interest to validate the effects of the hybrid structure on the 

electromagnetic transducer output power and piezoelectric transducer voltage and power outputs, 

and how these effects are related to the length of the piezoelectric cantilever beam. Finally, the 
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predictions of the mathematical model were compared to the experimental results in order to 

provide an indication of the suitability of the model for design and analysis of such structures. 

7.4.1 Device fabrication and parameter estimation 

An implementation of the proposed hybrid piezoelectric-electromagnetic energy harvester 

from Figure 7.1 was fabricated for the experiment and an exemplar structure is shown in Figure 

7.10. In this device, the PDMS cantilever with 8.5Hz resonant frequency from Chapter 4 was 

reused, along with the same two NdFeB magnets with a combined mass of 3.5g to form the end-

mass. The mechanical parameters of the PDMS beam were therefore assumed to be the same as 

those measured in Chapter 4.1.1, having an equivalent stiffness and damping factor of 9.98Nm-1 

and 9.34mNsm-1. 

 

Figure 7.10: Experimental hybrid electromagnetic-piezoelectric energy harvester with a 20mm 
piezoelectric cantilever length. 

Similarly, the same magnet configuration, separation distance between the magnet and the 

coil, and coil depth were used, it was assumed the magnetic average magnetic flux density 

through the coil would be the same as that measured in Chapter 5.3.1. A new inductive coil was 

fabricated for this experiment. The coil wire length was estimated from the number of turns to be 

approximately 5m. The coil series inductance and resistance were measured with an Agilent LCR 

meter, following the same method as in Chapter 5.3.1, to be 1.3mH and 8.5Ω respectively. 

The PZT cantilever was formed from a PZT bimorph with a thin steel centre shim, 

manufactured by Johnson Matthey [9], with a width of 2mm and total thickness of 0.5mm. The 

full length of this beam was 45mm. Three support structures were 3D printed from ABS plastic. 
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PZT 
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These structures were each designed to clamp the piezoelectric beam at different points, exposing 

a 7.5mm length beam on one side for electrical connection and a cantilever beam on the other as 

the end-stop. The free lengths of piezoelectric beam varied linearly from 10mm to 20mm across 

the three structures. In each clamping condition, the damped resonant frequency and damping 

ratio of the piezoelectric beam with no load connected was measured using a Polytec scanning 

laser vibrometer following the same method as in Chapter 4.1.1. From this, the resonant 

frequency, equivalent stiffness and mechanical damping factors were estimated as in Table 7.2. 

With both the piezoelectric and low frequency cantilevers clamped into the support structure, the 

separation distance between the bottom of the magnetic end mass and the piezoelectric beam was 

measured using a Vernier calliper to be approximately 2.0mm for all of the samples.  

Table 7.2: Estimated piezoelectric beam mechanical parameters 
Cantilever Length 10mm 15mm 20mm 
Natural frequency (Hz) 1542 601 350 
Damping Ratio 0.0523 0.0582 0.065 
Equivalent End Mass (g) 0.04 0.06 0.08 
Equivalent Stiffness (N/m) 3667.6 855.6 386.9 
Equivalent Viscous Damping Factor 
(Ns/m) 

0.04 0.0264 0.0229 

7.4.2 Experimental method 

In turn, each of the three structures was mounted on a custom shaker used in previous 

chapters. For each structure, the shaker was driven with a stochastic excitation having a similar 

spectral density as measured in Chapter 4, across a range of dominant excitation frequencies 

from 3 to 7Hz in 1Hz increments. The vibration acceleration amplitude at the dominant 

excitation frequency was held constant at 7.4ms-2 for each step. A 10Ω load resistor was 

connected to the output of the electromagnetic transducer coil, while a 50kΩ resistance was 

connected to the piezoelectric transducer output. The voltages across these resistances were 

measured and recorded using an Agilent digital storage oscilloscope at a sampling frequency of 

100kHz as a time-domain signal. From these signals, the RMS voltage and average power were 

calculated for each transducer, as well as the peak-to-peak voltage of the piezoelectric transducer. 

For each sample point three trials were conducted over a time period of five seconds each. The 

values of RMS voltage, average power and peak-to-peak voltage were averaged across the trials 

to provide the final measurements. The shaker input vibration for each trial was measured at the 
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support structure using a Polytec scanning laser vibrometer in order to provide an accurate 

excitation input to the model for validation. 

7.4.3 Model validation method 

In order to validate the suitability of the mathematical model as a design tool, an additional 

simulation series was conducted using the estimated parameters of the experimental device and 

the measured shaker vibration as an input. The key outputs of interest were the RMS voltage 

outputs of the electromagnetic and piezoelectric transducers, as these are directly related to the 

device power output and therefore an important measure of the performance as an energy 

harvester, as well as the piezoelectric transducer peak-to-peak voltage.  

The simulations were conducted in the same manner as the experimental trials at each point in 

the parameter space. Due to the stochastic nature of the excitation used in the experiment, there is 

significant variance in the signal over each measurement. In order to validate the model, it is 

important to know not only whether there is a correlation between the mean output of the signals, 

but also whether this variance is captured by the model. For both the experimental and simulation 

data, the recorded time signals were therefore divided into lengths of one period at the 

fundamental excitation frequency. From these, multiple samples of the RMS voltage of the 

piezoelectric and electromagnetic transducers, as well as the piezoelectric peak-to-peak voltage 

across of excitation period were obtained for each point in the parameter space. 

In Chapters 4 and 5, a Kolmogorov-Smirnov test [10] was used at each point in the parameter 

space in order to validate the distribution of results. In this case, however, three output variables 

must be considered simultaneously for each point and the Kolmogorov-Smirnov test cannot be 

applied directly for multivariate data analysis. Therefore, an alternate formulation of the 

Kolmogorov-Smirnov test for up to 3-dimensions by Fasano and Franceschini [11], has been 

used to validate the fit between the distributions.  

In this method, at a point in the experimental data set, the output variable space is divided into 

eight volumes. The absolute value of the difference between the percentage of points from the 

simulation data and the percentage of points from the experimental data which fall within the 

same volume, d, is calculated for each volume (Appendix A.3). An example of this calculation 

for a 2-dimensional case (having the space therefore divided into 4 areas rather than 8 volumes) 

is shown in Figure 7.11. 
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Figure 7.11: Example 2-dimensional Kolmogorov-Smirnov test d-value calculation. 

This calculation is repeated at each point in the experimental data set and the maximum value 

of d across all volumes and all points in the dataset is recorded as DExp. This process is then 

repeated, iterating through the points in the simulation data set to find DSim. The mean of these 

two values,  is then used to calculate a test statistic Z from (7.10), where n1 and n2 are the 

number of points in the two data sets respectively. 

 
(7.10)

 
This test statistic is equivalent to the maximum distance between two cumulative distributions 

used in the standard 1-dimensional Kolmogorov-Smirnov test and is used to calculate the 

probability that there is no statistically significant difference between the two distributions. 

7.4.4 Time-domain voltage output results 

The measured voltage time responses of each transducer are shown in Figure 7.12 for an 

exemplar structure with a piezoelectric cantilever length of 15mm under excitation with a 

dominant frequency of 5Hz. From this, it can be seen that the device displays the expected 

behaviour. The response of the electromagnetic device is significantly more chaotic than that 

shown in simulation under harmonic excitation (Figure 7.5), due to the wide-spectrum of the 

vibration source used in the experiment; however it clearly shows an oscillatory behaviour at a 

higher frequency than the dominant excitation frequency of 5Hz. 
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Figure 7.12: Measured voltage outputs from each transducer for a piezoelectric length of 15mm at 5Hz 
dominant excitation frequency. 

The piezoelectric time series displays prominent spikes in the output voltage due to contact 

between the low frequency cantilever mass and the piezoelectric cantilever. The high frequency 

ringing of the piezoelectric output post contact can also be observed and is more clearly 

demonstrated at the reduced time scale in Figure 7.13. From this it can be seen that after the 

initial contact excitation of the piezoelectric cantilever, there is indeed a rapid decay, the rate of 

which is dependent on the load resistance, in the voltage and the voltage during the high 

frequency oscillation is significantly lower than the peak voltage levels reached for the majority 

of the excitation cycle. 

 
Figure 7.13: Measured voltage time-response of the piezoelectric transducer at a reduced time scale. 

7.4.5 RMS voltage & average power results 

The RMS voltage and average power of each transducer at each point under investigation in 

the experiment are shown in Figure 7.14, with a polynomial fitting to highlight the trend. Of the 

2250 RMS voltage measurements across the parameter space, 63 were removed as outliers, 
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giving an outlier removal rate of 2.8%. As compared to the simulation results under harmonic 

excitation, the electromagnetic transducer RMS voltage (Figure 7.14(a)) is significantly flatter 

under the wide-band excitation used in the experiment, with the RMS voltage being increased at 

the low frequencies and decreased at the high frequencies. It does again appear that the 

piezoelectric cantilever length has an effect on output voltage of the electromagnetic transducer. 

The trend is somewhat similar to the effect observed in simulation with the output voltage 

generally being higher at increased frequency with longer piezoelectric cantilever (a less stiff 

cantilever), while the converse is true in the low end of the excitation frequency range. 

(a) (b) 

(c) 
 

(d) 

Figure 7.14: Experimental measurements of RMS voltage of (a) the electromagnetic transducer and (b) 
the piezoelectric transducer, and the average power of the (c) electromagnetic transducer and the (d) 
piezoelectric transducer for each PZT cantilever length with trend lines corresponding in colour to the 
PZT cantilever beam length and error bars indicating the standard deviation between experimental trials. 

The piezoelectric RMS voltage in Figure 7.14(b), while being similarly flat across the 

frequency range for each cantilever length, does not closely follow the electromagnetic output as 

with the simulation under harmonic excitation. The result is however, significantly higher than 
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that of the electromagnetic transducer and the expected result from simulation. The experimental 

voltage measurement is indeed higher than the prediction by harmonic excitation if the optimal 

piezoelectric length is considered and this is potentially due to the chaotic response of the low 

frequency cantilever under the wide-band excitation leading to more frequent contact excitations 

of the piezoelectric cantilever. 

The power outputs of each transducer in Figures 7.14 (c) and (d) show the expected result 

with the piezoelectric transducer producing a significantly lower output power than that of the 

electromagnetic, with the electromagnetic output power varying from 25.5μW to 34μW across 

the parameter space compared to a range of 5μW to 10.5μW for the piezoelectric. The net power 

output of the device, including both transducers ranged from 30.5μW to 44.5μW. 

The power and voltage outputs can be compared to the stated power and voltage requirements 

of several conditioning circuits from the literature [3, 4], intended for rectification and voltage 

boosting of very low power and low voltage sources. Of these, the external power supply 

requirements may be as low as 2.8μW at a voltage of 2.5V. This requirement is potentially 

achievable from the results demonstrated here, with the piezoelectric transducer producing a 

significantly higher output power and peak voltage in experiments. 

7.4.6 Piezoelectric peak-to-peak voltage results 

The average measured peak-to-peak voltage of the piezoelectric transducer at each point is 

shown in Figure 7.15 with a polynomial fitting to highlight the trend. Of the 1125 measured 

peak-to-peak voltages across the parameter space, 22 were removed as outliers, giving an outlier 

removal rate of 1.9%. The peak-to-peak voltage follows the trend displayed by the simulation 

under harmonic excitation more closely, with the peak-to-peak voltage decreasing with increased 

cantilever length at each frequency. The result is again, however; significantly flatter across the 

frequency range than that of the harmonically excited simulation result in Figure 7.8. The 

experimental results are within a similar range, although in most cases marginally higher than 

those of the simulation with range of 6 to 8.4V across the parameter space tested. 

In general, these experimental results demonstrate that the proposed device is able to perform 

under a wide-band excitation and produce a result favourable to the intended application, 

producing a high voltage auxiliary output from the piezoelectric transducer while having no 
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significant negative effect on the previously established performance of the electromagnetic 

transducer. 

Figure 7.15: Average peak-to-peak output voltage of the piezoelectric transducer for varied piezoelectric 
cantilever lengths with trend lines corresponding in colour to the PZT cantilever length and error bars 
indicating the standard deviation between experimental trials. 

7.4.7 Model validation results 

The validation test results for all of the points in the parameter space are given in Table 7.3. 

From these results it can be seen that the probability that the model and experimental data have 

the same distributions varies for each point in the parameter space in the range of 63 to 95%. 

Taking the lowest value in this range then, the estimated probability that the model fits the 

experimental data is at least 63% within the bounds of the parameter space tested for this type of 

wide-band excitation. It is expected that the model fitting at this confidence level will provide a 

reasonable indication of the harvester power for both piezoelectric and electromagnetic 

transducers as well as the piezoelectric peak-to-peak voltage, suitable for use as a design and 

optimisation tool. 

Table 7.3: Probability of experimental and simulation results belonging to the same distribution. 

Cantilever Length Excitation Frequency 
3Hz 4Hz 5Hz 6Hz 7Hz 

10mm 0.6427 0.8359 0.9408 0.9568 0.8430 
15mm 0.6508 0.6344 0.6835 0.8111 0.8291 
20mm 0.8451 0.9513 0.8908 0.9247 0.7220 
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7.5 Chapter Summary 

In this chapter a new concept for a hybrid piezoelectric-electromagnetic energy harvester has 

been proposed. Using this structure, an auxiliary voltage output may be produced at an increased 

voltage relative to the electromagnetic energy harvester proposed in Chapter 5. A mathematical 

model of the structure has been developed and used to analyse the behaviour of the energy 

harvester in simulation. Simulation from harmonic excitation and experimental results under 

wide-band excitation have both demonstrated that a high voltage output can be produced from a 

piezoelectric cantilever when used in place of a static end-stop for all points of the parameter 

space considered. At the same time, the simulation results have indicated a potential increase to 

the output power of the electromagnetic transducer in the hybrid structure, while the 

experimental results under wide-band excitation are in a similar range as those which would be 

expected from the previous device design. The experimental results have been used to perform a 

statistical validation of the mathematical model of the hybrid energy harvester and the results 

indicate that the model is suitable for use as a design tool to predict the harvester output across 

the parameter space considered.  
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Chapter 8 

 

Future Work and Conclusions 

 

In this work, a new method for achieving mechanical frequency up conversion has been 

developed and the potential for application of this frequency up-conversion in low frequency 

energy harvesting has been investigated. However, in order for the energy harvester to be applied 

as an energy source for external electronic circuits, the output must be rectified and boosted. 

Additionally, in order for the device to be used to collect vibration energy from human motion, 

the key design parameters of the device must be optimised to provide maximum power output for 

this vibration source. These directions for future work are discussed in this Chapter. Additionally, 

the overall outcomes of the research are discussed and final conclusions are drawn. 

8.1 Electrical conditional circuit 

The hybrid electromagnetic-piezoelectric harvester demonstrated in Chapter 6 is a significant 

step towards solving the challenge of conditioning the harvester output voltage. There is still, 

however, significant and specialised work required to design a conditioning circuit suitable for 

the low voltage and power output of the electromagnetic transducer, which is able to be powered 

by the piezoelectric transducer. A low voltage rectification approach from literature has been 

investigated in simulation in order to assess the potential for the direction of future work.  

8.1.1 Active diode rectification 

One significant challenge in rectification of the electromagnetic transducer output is the 

voltage drop associated with traditional diode rectifiers. In general, the voltage signal must be 
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greater than the diode forward voltage drop in order for the diode to conduct. The typical output 

voltage of the electromagnetic transducer in Chapters 4 and 6 is however, significantly lower 

than typical diode voltage drops and therefore such circuits are not suitable.  

A rectification circuit for low-voltage electromagnetic energy harvesters has been proposed by 

Cheng et al. [1]. This circuit makes use of comparators and MOSFET transistors to form active 

diodes as in Figure 8.1.  

 
Figure 8.1 Active diode composed of a comparator and P-Channel MOSFET transistor. 

When the voltage at the anode side of the active diode is greater than that at the cathode side, 

the comparator output will swing to the negative supply voltage. This will turn on the transistor 

and allow current to be conducted from the anode to cathode side of the active diode. Conversely, 

when the anode voltage is below the cathode voltage, then the comparator output will change to 

the positive supply voltage, thereby turning the transistor off and blocking current flow from the 

cathode to the anode side. From this, the active diode functions very similarly to a traditional 

passive diode, however, the voltage differential between the comparator inputs to affect a change 

in the output state may be very low. By using a comparator to control the state of the transistor, 

the required turn on voltage differential can be significantly reduced as compared to a passive 

diode. 

8.1.2 Rectification circuit design 

The comparator used in the active diode design requires a positive and negative supply 

voltage in order to operate. Using the hybrid electromagnetic-piezoelectric harvester design 

described in Chapter 6, this supply voltage may be taken from the piezoelectric transducer 
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output. The block diagram in Figure 8.2 details the proposed rectification circuit for the hybrid 

energy harvester. In this diagram the ‘Piezoelectric Rectification’ circuit converts the raw voltage 

output of the piezoelectric transducer into a DC voltage. The rectified output of the piezoelectric 

transducer is used as the supply voltage for the ‘Electromagnetic Rectification’ circuit. This 

circuit uses active diodes, as described in Section 8.1.1, to convert the raw voltage output of the 

electromagnetic transducer into a DC voltage. The output of this circuit is the output of the 

energy harvester and used to supply power to an external load.  

Figure 8.2: Proposed rectification circuit for the hybrid energy harvester. 

The ‘Piezoelectric Rectification’ circuit is detailed in Figure 8.3. This circuit is a traditional 

voltage doubling rectifier using passive diodes. 

Figure 8.3 Piezoelectric transducer rectification circuit 

When the piezoelectric output voltage is positive, then a positive charge will be stored on 

capacitor C2, whereas when the piezoelectric voltage is negative, a negative charge will be stored 

on capacitor C1. As a result, a positive DC voltage is created at Vp+, while a negative DC voltage 

is created at Vp-, relative to ground. The piezoelectric material has modelled as in Chapters 5 and 
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6, with the current source Ip being the generated current due to the deformation of the 

piezoelectric material, while the resistance Rp and capacitance Cp are the internal resistance and 

capacitance of the piezoelectric material respectively. In this circuit, Schottky diodes (typical 

forward bias voltage is less than 0.2V) may be used as the piezoelectric voltage is significantly 

higher than the electromagnetic transducer output voltage. 

The rectification circuit for the electromagnetic transducer output in Figure 8.3 is a similar 

design to that of the piezoelectric transducer, however the Schottky diodes have been replaced 

with active diodes, with the supply voltages being taken from Vp+ and Vp-.  

Figure 8.4 Electromagnetic transducer rectification circuit 

The electromagnetic transducer is modelled as in Chapter 4, with the voltage source Vemf 

representing the induced EMF voltage across the transducer coil, and Rem being the series coil 

resistance. The rectifier output is taken from Ve+ relative to Ve- in order to increase the DC output 

voltage.  

8.1.3 Rectification circuit simulation 

The proposed circuit was modelled in LTSpice IV in order to simulate the response. The 

piezoelectric current and electromagnetic EMF voltage sources were described using dynamics 

from the mechanical model of the hybrid electromagnetic-piezoelectric harvester developed in 

Chapter 7. From (6.27) in Chapter 6, the piezoelectric source current, Ip can be described by 

(8.1), where  is the relative velocity of the piezoelectric beam tip, and b is the coupling 
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coefficient. The EMF voltage across the electromagnetic transducer coil, Vemf, is described by 

(5.1) in Chapter 5 as (8.2), where Bavg and lc are the magnetic flux density and coil length 

respectively, and  is the velocity of the magnet relative to the coil. 

 (8.1)
 (8.2)

 

The hybrid harvester model was simulated using Simulink® under harmonic excitation with a 

frequency of 5Hz and acceleration of 9.81ms-1 over a period of 15 seconds. The inputs to the 

LTSpice model were then taken from the velocity measurements from this simulation using (8.1) 

and (8.2). 

A 500Ω load resistance was connected between Ve+ and Ve- in the LTSpice model. The voltage 

across and power dissipated by this resistor were measured. Additionally, the current from Vp+ to 

Vp- as well as the voltage between these nodes were measured in order to assess the power 

delivered by the piezoelectric transducer. The active diodes have been modelled using LTC1440 

ultra low-power comparators, which require a supply voltage of 2V, with a supply current of 

2.2μA. The transistors have been modelled as SI1499DH P-Channel MOSFETS, with a gate-

source turn on voltage of -1V, and on resistance of 0.4Ω. The output capacitors of the 

piezoelectric transducer rectification circuit, C1 and C2, had capacitance values of 10μF, while 

the output capacitors of the electromagnetic transducer rectifier had values of 10mF. 

 Figure 8.5 shows the simulation result for the piezoelectric transducer rectification circuit. 

Initially, there is very little power drawn from the rectifier output as the voltage ramps upwards 

towards the on voltage for the capacitors. The comparators begin operating when the total supply 

voltage reaches 2.6V. This gives a start-up time of 6.8s for the piezoelectric transducer 

rectification circuit under these conditions. After start-up of the comparators, the rectifier output 

voltage settles at approximately 2.8V and there are large spikes in the rectifier output power 

corresponding to switching of the comparator outputs. The measured peak power output of the 

rectifier was 22.8mW, however, the average power output during the period from 6.8 to 15s was 

measured as 8.6μW. 
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Figure 8.5 Simulated voltage and power outputs of the piezoelectric transducer rectifier 

The voltage across and power dissipated in the 500Ω load resistor connected to the output of 

the electromagnetic transducer rectifier are shown in Figure 8.6. As expected, there is negligible 

voltage and power across the load in the period before the comparator start-up. After this point, 

the voltage ramps upward to 100.9mV and the power dissipation through the resistor increases to 

20.63μW at 9.5s, which are the average voltage and power in the period between 9.5 and 15s. 

From this, there is a total 9.5s of delay between the start of mechanical excitation and a steady 

DC output of the electromagnetic transducer rectifier. The output voltage of the electromagnetic 

transducer is still short of the typically required voltage of 2.5V for low power electronics; 

however the feasibility of multiplying the low electromagnetic transducer output voltage has 

been demonstrated. 

Figure 8.6 Simulated voltage and power across the 500Ω load resistance connected to the output of the 
electromagnetic transducer rectifier. 
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8.1.4 Electrical conditioning circuit future work 

The results of the simulation have demonstrated potential for using active circuit elements to 

rectify the very low voltage output of the electromagnetic transducer, using an auxiliary 

piezoelectric transducer as proposed in Chapter 7 to provide power for this circuit. However, 

there is still significant work required to develop a viable conditioning circuit for the energy 

harvester. 

In order to improve performance, the circuit must be analysed and optimised to increase the 

efficiency of power transfer from the transducer to the load as well as decreasing the start-up 

delay time. The simulation performed here did not properly consider the coupling between the 

electrical and mechanical domains. The mechanical simulation was performed assuming a load 

impedance matched to the output impedance of the transducer. In order to fully analyse the 

circuit behaviour, the mechanical and electrical models must be integrated such that the correct 

mechanical dynamics and therefore electrical inputs are achieved.  

Additionally, the output voltage of the rectified electromagnetic transducer output is still too 

low for most practical applications. In order to increase the output voltage, a low voltage DC/DC 

boost circuit, such as that presented in [2], must be designed. However, the design of such a 

circuit is highly complex and beyond the scope of this work. 

8.2 Device optimisation for human motion 

This work has presented a new vibration energy harvester, however it has focused on the 

development, modelling and model validation of this structure. For a realised device for 

harvesting vibration energy from human motion further work on accurate modelling of human 

induced vibration, detailed design of a realised structure and packing, and optimisation of the 

model parameters is still required. 

8.2.1 Modelling of vibration from human motion 

As discussed in Chapter 2.1.2, the sinusoidal vibration model commonly utilised for 

characterisation and comparison of human motion energy harvesters does not accurately reflect 

the expected excitation that these devices will experience in an operational environment. In order 

to provide a more meaningful estimate of device output power for optimisation, a new model of 

human motion induced vibration must be developed. 
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Figure 8.7 shows the output over ten seconds from a wearable accelerometer, mounted on the 

chest, during walking. From the graph, it is clearly visible that there exists a periodic function at 

approximately 2.5 Hz, as has been suggested in the literature, however the signal additionally 

contains higher frequency components and is not sinusoidal. There is also variation between each 

period, indicating that the time series has been generated through a stochastic process. 

Figure 8.7: Acceleration from human walking 

Many statistical models exist for representation of stochastic processes [3]; however one of 

the simplest and commonly used is the autoregressive (AR) model [4]. This model is driven by 

white noise, using polynomial weighted previous values to determine to the next value in the 

series and shape the power spectral density of the function. This generalised form for this series 

is given by equation 8.3, where the next series value Xk is defined in terms of the a constant offset 

c, AR polynomial coefficients ai, previous values of X, the polynomial order p and the driving 

stochastic component , which follows a Gaussian distribution. 

 
(8.3)

Using such a model would allow human induced vibration to be described in terms of the AR 

coefficients, rather than simply the natural frequency, which would in turn enable comparison 

between different devices under more realistic excitation conditions.  

An AR model was developed using accelerometer data from several trials using the Yule-

Walker method [5] to determine the AR coefficients through the MATLAB Statistical Signal 

Processing Toolbox function aryule. Using this model, a random time-domain signal was 
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generated. The power spectral density of the generated signal is compared to that of the 

experimentally collected data in Figure 8.8. The results show a good correlation between the 

measured and simulated signal, with the fundamental frequency being present as well as the 

higher frequency components being represented; both being of appropriate magnitude. 

 

(a) 

 

(b) 

Figure 8.8: Comparison between (a) experimentally collected and (b) generated power spectral densities 
for human motion induced vibration. 

8.2.2 Device optimisation for human motion future work 

Currently, only initial work in modelling of vibration from human motion has been conducted. 

Future work will require investigation into alternatives to the AR model as well as involve more 

rigorous statistical analysis of the variance between the generated and physical signals. 

Additionally, the scope of the work can be expanded to analyse vibration at different points on 

the body, such as the ankle or wrist, and during a variety of common activities, such as running 

and climbing stairs. This is important as the induced vibration is expected to vary considerably 

due to such factors. 

With a suitable model of human induced vibration, optimisation of the structure will then 

require a parametric design of a prototype harvester structure, including all of the final device 

dimensions. From this, the device volume can be determined as a function of the model 

parameters and thereby allow determination of the device power density for optimisation. 

Due to the discontinuous nature of the model equations, the model must be solved 

numerically. This is potentially problematic for optimisation, where a large number of 

calculations must be performed as the solution time can be very large and errors introduced 
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through numerical solution can lead to a non-differentiable output across the parameter space. 

Therefore, the method of optimisation must be carefully considered in order to achieve a 

sufficient degree of accuracy within a realistic solution time. A potential method for solving this 

problem would be to produce a statistical fitting of the output from a limited number of solution 

points across the parameter space and use this function for optimisation. Alternatively, an 

optimisation method which does not require a differentiable function, such as a pattern search 

algorithm may be used. 

8.3 Discussion 

This work has shown that under real world stochastic vibration conditions the frequency up-

conversion mechanism presented is able to increase the RMS velocity, to the square of which 

power is proportional, of the end mass as compared to a simple cantilever structure when excited 

sufficiently below the resonant frequency of the beam. From this, there is potential for 

application in real world systems with low vibration frequencies in the range of 3 to 7Hz, where 

design constraints necessitate the use of a cantilever beam with a natural frequency above that of 

the excitation. Experiments in these conditions demonstrate an increase in RMS velocity from 

between 69% at 7Hz dominant frequency excitation and 135% at 3Hz.  

Considering the mechanism in an electromagnetic energy harvester, achieving optimal power 

transfer for a simple cantilever at an excitation frequency below the resonant frequency requires a 

significantly higher level of damping from the transducer than when excited at the resonant 

frequency. While simulations indicate that introducing additional damping reduces the 

percentage increase in RMS power output from the device with frequency up-conversion relative 

to a simple cantilever structure and that the simple cantilever is able to deliver more power at the 

optimum damping level, when the electromagnetic damping is restricted due to dimensional 

constraints in the transducer design, the frequency up-converted structure is able to deliver more 

power than the simple cantilever. Utilising two inductive coils in experiment with 

electromagnetic damping factors calculated to be approximately 0.002 and 0.0025kgs-1, the 

average RMS power output for the frequency up-converted device was greater than that of the 

simple cantilever structure for all frequencies under investigation with the exception of the 

highest dominant excitation frequency of 7Hz. The maximum power output was 11.6μW at 5Hz 

dominant excitation frequency for coil A and 20.8μW at 6Hz for coil B, while the maximum 

percentage increase in power was 91.5% for coil A and decreased to 72.5% for coil B.  
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The distributions of RMS velocity and RMS power output over multiple excitation periods 

were compared to simulation results from mathematical models and demonstrated to have no 

statistically significant differences in 99% of points in the parameter space in terms of the RMS 

velocity and all of the points for the RMS power output at the 95% confidence level. From this, 

these models can be used for optimisation of the system to provide maximum power from a given 

excitation source, subject to design constraints of the application. 

While the results from the electromagnetic energy harvester are promising, the output voltage 

is very low. In order to power external electronic devices, the output voltage must be boosted and 

rectified – necessitating a conditioning circuit. This circuit in turn requires a minimum voltage to 

operate and therefore, for a self-sufficient harvester, a method of increasing the raw output 

voltage of the harvester was necessary. To address this, a new hybrid piezoelectric-

electromagnetic energy harvester concept was proposed to provide an additional output at an 

increased voltage relative to the electromagnetic output. In this way, an auxiliary high voltage 

output could be produced without a significant negative effect on the output power of the 

electromagnetic transducer.  

Simulation from harmonic excitation and experimental results under wide-band excitation 

have both demonstrated that a high voltage output can be produced from a piezoelectric 

cantilever when used in place of a static end-stop for all points of the parameter space 

considered. At the same time, the simulation results have indicated a potential increase to the 

output power of the electromagnetic transducer in the hybrid structure, while the experimental 

results under wide-band excitation are in a similar range as those which would be expected from 

the previous device design. It can therefore be concluded that the device works according to the 

proposed design concept. 

The proposed application of the auxiliary piezoelectric output as a power supply to a low 

power conditioning circuit for the electromagnetic transducer has been validated.  The power and 

voltage outputs can be compared to the stated power and voltage requirements of several 

conditioning circuits from the literature, intended for rectification and voltage boosting of very 

low power and low voltage sources. Of these, the external power supply requirements may be as 

low as 2.8μW at a voltage of 2.5V. This requirement is potentially achievable from the results 

demonstrated here, with the piezoelectric transducer producing a significantly higher output 

power and peak voltage in experiments. However, further work is required to design and test an 

appropriate circuit. 
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The mathematical model of the hybrid system is suitable for use as a design tool to predict the 

harvester output across the parameter space considered. Across the parameter space, the 

probability of the model and experimental data sets being derived from the same distribution 

varies significantly, however it can be estimated that across the whole parameter space, the 

probability is at least 63%. This is likely to be sufficient to provide an indication of the output 

result suitable for design analysis. 

8.4 Conclusions 

The goal of this research was to design, model and experimentally validate a novel vibration 

energy harvesting structure which can be under wide-band vibration excitation conditions with 

dominant frequencies below the resonant frequency of the structure, while simultaneous limiting 

the displacement of the proof mass. From this, several key limitations of existing vibration 

energy harvesting structures, when applied to harvesting vibration energy from human motion, 

may be avoided. To accomplish this, the project had three main objectives as described in 

Chapter 1: 

1. Develop and mathematically model a new mechanical frequency up-conversion 

mechanism for sub-resonance application. 

2. Investigate transduction methods for implementation of a low-frequency energy harvester 

using the frequency up-conversion mechanism. 

3. Experimentally validate the frequency up-conversion structure and energy harvesting 

devices using fabricated prototype structures. 

The three primary research objectives for this project have been achieved. A novel method of 

mechanical frequency up-conversion has been proposed along with a structural implementation 

of this method. A mathematical model of this structure has been contributed to facilitate analysis 

and design of structures utilising this frequency up-conversion method. The potential of this 

frequency up-conversion structure in an energy harvesting application was investigated using 

electromagnetic and piezoelectric transduction and from this, a novel hybrid electromagnetic-

piezoelectric energy harvester was proposed and a mathematical model of this was contributed. 

Experimental validations for the frequency up-conversion structure and subsequent energy 

harvesters were conducted and have revealed both that the novel frequency up-conversion 

mechanism produces a beneficial result relative to a simple cantilever structure in real-world 
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conditions and that the contributed mathematical models are able to correctly predict the 

experimental result. 
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Appendix A: Scripts 
 

Script A.1: Thompson-Tau remove outliers 

function data = removeoutliers(data)
  
    S=std(data); 
    xbar=mean(data); 
    %vector containing values for Thompson-Tau test 
    ttval = [1.150 1.393 1.572 1.656 1.711 1.749 1.777 1.798 1.815 1.829 ... 
        1.840 1.849 1.858 1.865 1.871 1.876 1.881 1.885 1.889 1.893 ... 
        1.896 1.899 1.902 1.904 1.906 1.908 1.910 1.911 1.913 1.914 ... 
        1.916 1.917 1.919 1.920 1.921 1.922 1.923 1.924]; 
    if length(data) > length(ttval) 
        TS=1.960*S; 
    else 
        TS=ttval(length(data))*S; 
    end 
    data = sort(data); 
    while abs((max(data)-xbar)) > TS  
        data=data (1:(length(data)-1)); 
        S=std(data); 
        xbar=mean(data); 
        if length(data) > length(ttval) 
            TS=1.960*S; 
        else 
            TS=ttval(length(data))*S; 
        end 
    end 
     
    S=std(data); 
    xbar=mean(data); 
    if length(data) > length(ttval) 
        TS=1.960*S; 
    else 
        TS=ttval(length(data))*S; 
    end 
    while abs((min(data)-xbar)) > TS  
        data=data (2:(length(data))); 
        S=std(data); 
        xbar=mean(data); 
        if length(data) > length(ttval) 
            TS=1.960*S; 
        else 
            TS=ttval(length(data))*S; 
        end 
    end 
end 
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Script A.2: Calculate d-value for one-dimensional Kolmogorov-Smirnov test 

function [d,c] = KSdVal(Data1,Data2) 
 
CDFa = createCDF(Data1); 
CDFb = createCDF(Data2); 
 
na = length(CDFa(1,:)); 
nb = length(CDFb(1,:)); 
neff = (na*nb)/(na+nb); 
  
combX = sort(unique([CDFa(1,:),CDFb(1,:)]),'ascend'); 
combA = linspace(0,0,length(combX)); 
combB = linspace(0,0,length(combX)); 
nativeIndexA = find(ismember(combX,CDFa(1,:))==1); 
foreignIndexA = find(ismember(combX,CDFa(1,:))==0); 
nativeIndexB = find(ismember(combX,CDFb(1,:))==1); 
foreignIndexB = find(ismember(combX,CDFb(1,:))==0); 
  
for i=1:length(nativeIndexA) 
    combA(nativeIndexA(i)) = CDFa(2,i); 
end 
for i=1:length(nativeIndexB) 
    combB(nativeIndexB(i)) = CDFb(2,i); 
end 
for i=1:length(foreignIndexA) 
    ind = find(CDFa(1,:)<combX(foreignIndexA(i))); 
    if(isempty(ind)) 
        combA(foreignIndexA(i)) = 0; 
    else 
        m = max(CDFa(1,ind)); 
        combA(foreignIndexA(i)) = max(CDFa(2,CDFa(1,:)==m)); 
    end  
end 
for i=1:length(foreignIndexB) 
    ind = find(CDFb(1,:)<combX(foreignIndexB(i))); 
    if(isempty(ind)) 
        combB(foreignIndexB(i)) = 0; 
    else 
        m = max(CDFb(1,ind)); 
        combB(foreignIndexB(i)) = max(CDFb(2,CDFb(1,:)==m)); 
    end  
end 
c = 1.36/(sqrt(neff));      %critical statistic at 95% confidence level 
d = max(abs(combA-combB));  %max distance between cumulative distributions 
 
function CDF = createCDF(data) 
data = sort(data,'ascend'); 
  
n=0; 
cdfdata = linspace(0,0,length(data)); 
for i=1:length(data) 
    if (i==length(data)) 
        cdfdata(i) = 1; 
    elseif (data(i)+1 == data(i)) 
        n = n+1; 
    else 
        cdfdata(i) = i/length(data); 
        while(n>0) 
            cdfdata(i-n) = cdfdata(i); 
            n = n-1; 



144 
 

        end 
    end 
end 
  
CDF(1,:) = data; 
CDF(2,:) = cdfdata; 
end 
end 

Script A.3: Calculate d-value for three-dimensional Komogorov-Smirnov test 

function [d,neff] = KSdVal3D(Data1,Data2)
  
Da = Data1; 
Db = Data2; 
for i = 1:2 
    n(i) = length(Da.x); 
    for j = 1:n(i) 
        dvol(1) = length(find(((Db.x >= Da.x(j))&(Db.y >= Da.y(j))&(Db.z >= 
Da.z(j)))==1)); 
        dvol(2) = length(find(((Db.x >= Da.x(j))&(Db.y >= Da.y(j))&(Db.z < 
Da.z(j)))==1)); 
        dvol(3) = length(find(((Db.x >= Da.x(j))&(Db.y < Da.y(j))&(Db.z >= 
Da.z(j)))==1)); 
        dvol(4) = length(find(((Db.x >= Da.x(j))&(Db.y < Da.y(j))&(Db.z < 
Da.z(j)))==1)); 
        dvol(5) = length(find(((Db.x < Da.x(j))&(Db.y >= Da.y(j))&(Db.z >= 
Da.z(j)))==1)); 
        dvol(6) = length(find(((Db.x < Da.x(j))&(Db.y >= Da.y(j))&(Db.z < 
Da.z(j)))==1)); 
        dvol(7) = length(find(((Db.x < Da.x(j))&(Db.y < Da.y(j))&(Db.z >= 
Da.z(j)))==1)); 
        dvol(8) = length(find(((Db.x < Da.x(j))&(Db.y < Da.y(j))&(Db.z < 
Da.z(j)))==1)); 
    end 
    d(i) = max(dvol/length(Db.x)); 
    Da = Data2; 
    Db = Data1; 
end 
 
neff = prod(n)/sum(n);    %effective sample size 
d = mean(d)*sqrt(neff);   %equivalent maximum distance between distributions
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