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Abstract

Linear algebra is one of the first advanced mathematics courses that students en-

counter at university level. The transfer from a primarily procedural or algorithmic

school approach to an abstract and formal presentation of concepts through concrete

definitions, seems to be creating difficulty for many students who are barely cop-

ing with procedural aspects of the subject. This research proposes applying APOS

theory, in conjunction with Tall’s three worlds of embodied, symbolic and formal

mathematics, to create a framework in order to examine the learning of a variety of

linear algebra concepts by groups of first and second year university students. The

aim is to investigate the difficulties in understanding some linear algebra concepts

and to propose potential paths for preventing them.

As part of this research project several case studies were conducted where groups

of first and second year students were exposed to teaching and learning some intro-

ductory linear algebra concepts based on the framework and expressed their thinking

through their involvements in tests, interviews and concept maps.

The results suggest that the students had limited understanding of the concepts,

they struggled to recognise the concepts in different registers, and their lack of ability

in linking the major concepts became apparent. However, they also revealed that
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those with more representational diversity had more overall understanding of the

concepts. In particular the embodied introduction of the concept proved a valuable

adjunct to their thinking. Since difficulties with learning linear algebra by average

students are universally acknowledged, it is anticipated that this study may provide

suggestions with the potential for widespread positive consequences for learning.
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INTRODUCTION

“ ...what we need is a better understanding of the problems, not just the recognition
that they exist and that they are important.”

William P. Thurston (1990, p. 844)

Linear algebra is an important subject in the sense that it appears in many

mathematics courses, such as, abstract algebra, algebra, analytic geometry, cal-

culus, chaos theory, cryptography, differential equations, fractal geometry, game

theory, graph theory, linear programming and operations research. Linear algebra

also has a multitude of applications in other fields, for example anatomy, chemistry,

computer science, electrical engineering, economics, forest management, genetics,

physics, statistics and population dynamics.

However, over the past few decades a small group of mathematics education re-

searchers has been concerned with students’ difficulties related to undergraduate

linear algebra courses. There is agreement that teaching and learning this course

can be a frustrating experience for both teachers and students, and despite all the

efforts to improve the curriculum, it appears that linear algebra is a difficult sub-

ject for most students (Hillel & Sierpinska, 1993; Dorier & Sierpinska, 2001). The

structure of linear algebra seems to be foreign to many first year students who have

had no prior experience with the subject before coming to university. Under the

traditional settings, students in linear algebra courses get introduced to many defi-

nitions and ideas very quickly before they have a chance to understand the previous

ones. However at the end of the course they usually do reasonably well in their

finals, since examination questions are mainly set on using techniques and following

certain procedures, rather than understanding the concepts (Dorier, 1990).

At the personal level, while tutoring mathematics courses and interacting with

students, I realised that some students were facing real difficulties with understand-

ing linear algebra concepts. I soon discovered that although, some mathematics

education researchers had been looking at the possibility of changing the curricu-

lum, and had suggested new ways of teaching and handling the course, there was

very little research evidence documenting students’ difficulties with the linear al-

gebra curriculum, textbooks and teaching methods. Hence, there were important

issues to be considered, and strong reasons to bring the matter under scrutiny.
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A preliminary study by Stewart and Thomas (2003) confirmed that the first year

mathematics major students in this university were experiencing similar difficulties

with understanding the linear algebra concepts and definitions, and this initiated

the start of a thorough research project, and hence the beginning of this thesis.

Aim

The aim of this research was to investigate the level of conceptual and procedu-

ral understanding of linear algebra courses among first and second year university

mathematics students, and to examine the outcomes from an alternate approach,

namely incorporating embodied views in teaching the concepts. This research con-

siders some major issues, such as understanding of definitions, and conceptual and

procedural approaches to solving problems. It evaluates possible reasons for stu-

dents’ difficulties with linear algebra courses and seeks, through an intervention, to

assist their conceptual understanding. The concepts to be considered include vec-

tor, scalar multiple, linear combinations, linear dependence/independence, span of

vectors, subspace, basis, and eigenvectors and eigenvalues.

Moreover, the research addressed the gaps in current knowledge by constructing

a framework for the learning of the above primary linear algebra concepts based on

the vector space R
3, their representational basis and a genetic decomposition into

actions, processes, objects and schemas, in line with APOS and Tall’s three worlds

of mathematics learning theories. It also investigates students’ understanding of

different representations of the concepts of linear algebra, and their flexibility of

movement between them and their facilitation of building appropriate schemas for

solving problems.

In order to improve students’ level of conceptual understanding of linear algebra,

the following research questions provided a foundation for this study.

General Research Questions

- What is the level of conceptual and procedural understanding of the chosen linear algebra

concepts among first and second year mathematics and science students at The University

of Auckland?

- Are there any specific causes of any difficulties students have in understanding the above
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linear algebra concepts? If so, in what areas do the major difficulties occur? Is there a

role for definitions and representations in any difficulties?

- Does studying the above concepts, through the three worlds of embodied, symbolic and

formal mathematics, help build linear algebra knowledge?

A more focused set of research questions is listed below:

Specific Research Questions

- Does a visual embodied approach to linear algebra concepts help/add to understanding,

and if so, how?

- How well can first and second year students recognise and use the different represen-

tations of specific linear algebra concepts? Do students have the ability to move between

different representations? Can representations other than natural language and symbolic

algebra play a positive role in making definitions easier to understand?

- Can we construct a useful learning framework to emphasize the three worlds of mathemat-

ical thinking, and the transitions between action, process, object and schema conceptions

in linear algebra? What variables influence the stability and usefulness of the framework,

and how?

The Overview of the Thesis

The following is a brief description of the chapters of this thesis. The first chapter

critically examines the related literature and the theories that have been considered

as the core foundation of this thesis. This is followed by the discussion of the

literature on the teaching and learning of linear algebra and related issues. Chapter

2 is devoted to the pilot study, examining students’ understanding of a variety

of concepts. The detailed description of the theoretical framework is presented in

Chapter 3, which is based on the suggested theories and is used to illustrate the type

of knowledge that students may need in order to build linear algebra knowledge for

a variety of core concepts. The suggested approaches addressed in this chapter are

intended to help inform teachers and instructors in charge of teaching linear algebra

courses. The methodology and description of the data is addressed in Chapter 4

followed by the analysis of the results in Chapter 5. The discussion of the significant

xix



findings which are strengthened by the literature appear in Chapter 6. The thesis

will conclude with the final remarks in Chapter 7.
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Chapter 1

Literature Review

“Teaching the theory of mathematics is not a problem. Any university professor can do

that. The problem is how to teach the art of mathematics”.

Anna Sierpinska (et al.) (2004, p. 1)

1.1 Introduction

The core motivation for any research, and in particular education research, is the

identification of problems. “Being able to focus on problems that are difficult and

meaningful but on which progress can be made” (Selden & Selden, 2001, p. 239) is

the first, and an important step. The research described in this thesis is concerned

with students’ difficulties with conceptual understanding of linear algebra. There

is no real need to emphasise that it is vital for students who want to progress in

mathematics to learn and understand the subject as this course is an important

branch of undergraduate mathematics. Research in the teaching and learning of

linear algebra started at the beginning of 1980s in France and North America and

has increasingly become an issue for many mathematics educators at the tertiary

level. It is the aspiration of this chapter to present background information relating

to the existing literature, theories, methodologies, evidence and conclusions, and

to critically examine their strength or inconsistencies and shortcomings. Moreover,

it is hoped to show how this research contributes one more piece in the puzzle of

expanding the knowledge base in the field of teaching and learning linear algebra at

the university level.

1



1.2. THEORETICAL PERSPECTIVES 2

Structure of the Literature Review

The chapter starts with a brief description of the state of mathematics education

research as a whole at the university level. Since this study involves examining stu-

dents’ conceptual understanding of some linear algebra concepts, the chapter then

continues by describing some fundamental philosophical ideas of mathematics edu-

cation related to this research, such as conceptual versus procedural thinking, study

of a concept, and so on. As linear algebra is a course where it is possible for the con-

cepts to be presented in many different representations and registers, we concentrate

on theories of representation and semiotics and how they are organised. The next

part of the chapter is devoted to the discussion of two learning theories, namely

APOS and the embodied, symbolic and formal worlds of mathematical thinking.

The final part of the chapter is concerned specifically with critically investigating

the state of research in the field of linear algebra, by reviewing the literature and

relating it to this research.

1.2 Theoretical Perspectives

The increase in the number of students taking mathematics at university, has or-

dained a new field of research concerning teaching and learning mathematics at the

tertiary level. Although a reasonably young area of study, with a small group of

educators, research in undergraduate mathematics education has taken an interest

in the state of teaching and learning at the higher levels of mathematical think-

ing, by producing theoretical frameworks, methodologies and so on. Czarnocha and

Dubinsky et al. (1999, p. 95) declare that: “Research in undergraduate mathemat-

ics education (RUME) should be closely connected with, if not embedded in, and

at least potentially applicable to, curriculum development and teaching practice”.

However, Selden and Selden (2001, p. 247) believe that the purpose of tertiary math-

ematics education research is not “to tell anyone precisely how to teach or to predict

whether a teaching method or curriculum will be effective with particular students”,

or as Schoenfeld (2001) describes it, is not to solve immediate problems and provide

the solid certainty found in mathematics as many mathematicians may expect. Sim-

ilarly, it is wrong to think that educational work must directly involve “curriculum
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development, proof that instructional treatments work, etc” (Schoenfeld, 2001, p.

222). Mathematics education researchers must not feel that they have to constantly

justify their findings and research to the rest of the world. Naturally, the work of

mathematics educators will always be different from the mathematicians’s work of

proving theorems and solving problems.

Although, it is conceivable to design theoretical frameworks, perform empiri-

cal studies, and draw some conclusions for teaching and curriculum development,

it is also equally important for the researchers to produce results which are useful

in teaching and learning, either for the immediate future or as part of an on-going

research, knowing that research can help to “develop ways of teaching specific mathe-

matical topics that arise from an understanding of both mathematics and pedagogy”

(Selden & Selden, 2001, p. 247).

One of the areas of research that has been of particular interest is students’

difficulties in various disciplines of mathematics, and this has caused many math-

ematics educators to be concerned with the state of learning and teaching math-

ematics courses at the university level. Dubinsky (2001) believes that there is a

certain amount of evidence showing that teaching mathematics the traditional way

to undergraduate students is not working very well. The trouble with taking a tra-

ditional approach, for example in the case of linear algebra, is that while students

seem to learn matrix algebra rather efficiently, very few students ever learn the more

advanced concepts, which require understanding the more abstract material. This,

as Sierpinska et al. (2002, p. 2) describe it, is a “waste of students’ intellectual pos-

sibilities”. They believe that “linear algebra, with its axiomatic definitions of vector

space and linear transformation, is a highly theoretical knowledge, and its learning

cannot be reduced to practicing and mastering a set of computational procedures”

(ibid, p. 1). The end result is that students often go through the entire course of

linear algebra without really grasping the most fundamental concepts.

In order to, at least to some degree, comprehend students’ difficulties in under-

standing the linear algebra concepts, we take a brief journey through what under-

standing in mathematics means and distinguish between the types of understanding

that one may gain.
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1.2.1 Understanding Mathematics

Understanding mathematics is a delicate and deep process. As some may argue,

we can never be sure of measuring someone else’s understanding, or even one’s own

understanding (Nickerson, 1985). Dreyfus (1991, p. 25) describes understanding

as “more than knowing or being skilled”, and it has proven difficult to analyse

what it means to understand a mathematical concept. However, some educators

have attempted to define what the term ‘understanding’ means. One of the classic

definitions is given by Skemp (1971). However to fully appreciate Skemp’s theories

of understanding we must first take a look at the notion of schema. Bartlett (1932,

cited in Davis & Tall, 2002) introduced the terms “schema” and “schemata” into

psychology in his research on memory. He used the term schema as “an organised

structure of knowledge, into which new knowledge and experience might fit” (ibid,

p. 141). Years later in his book “ The Psychology of Learning Mathematics” Skemp

(1971) devoted an entire chapter on “The Idea of a Schema”. In his chapter (ibid,

p. 39) he described a schema as follows:

The general psychological term for a mental structure is a schema. The

term includes not only the complex conceptual structures of mathemat-

ics, but relatively simple structures which coordinate sensory-motor ac-

tivity...A schema has two main functions. It integrates existing knowl-

edge, and it is a mental tool for the acquisition of new knowledge.

He then clarified how “almost everything we learn depends on knowing something

else already...To learn aircraft designing we must know aerodynamics, which depends

on prior knowledge of calculus, which requires knowledge of algebra, which depends

on arithmetic” (ibid, p. 40). In Skemp’s view learning schematically (intelligently)

will enable us to learn efficiently (a schema reduces the cognitive strain, i.e. less

memorising), apply the same approach to other tasks and consolidate the earlier

sections of the schema.

However, he (ibid, p. 43) is aware that existing schemas may not be suitable for

every situation. So he warns that:

Since new experience which fits into an existing schema is so much better

remembered, a schema has a highly selective effect on our experience.
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That which does not fit into it is largely not learnt at all, and what is

learnt temporarily is soon forgotten. So not only are unsuitable schemas

a major handicap to our future learning: even schemas which have been

of real value may cease to become so if new experience is encountered,

new ideas need to be acquired, which cannot be fitted in to an existing

schema.

For this reason he formulated the idea (based on Piaget’s thinking) that the

schema must be adaptable to new situations, and at times it is necessary for the

structure of the schema to be changed. By this he means, “instead of a stable,

growing schema by means of which the individual organises his past experience and

assimilates new data to itself, the schema must accommodate to the new situation”

(p. 44).

Following this brief explanation of the notion of schema, we can present Skemp’s

(1971, p. 46) notion of understanding when he wrote:

To understand something means to assimilate it into an appropriate

schema. This explains the subjective nature of understanding, and also

makes clear that this is not usually an all-or-nothing state. We may

achieve a subjective feeling of understanding by assimilation to an in-

appropriate schema....Better internal organisation of a schema may also

improve understanding; and clearly there is no stage at which this pro-

cess is complete. One obstacle to the further increase of understanding

is the belief that one already understands fully.

Here Skemp is conveying the idea that having an appropriate schema is the key

to understanding. It is true that the richer and more organised the schema the

better understanding, as the clarity of ideas will help the learner to see through

the path and enables the learner to deal with new and future schemas. To clarify

Skemp’s idea of an unsuitable schema the following example given by Tall (2002, p.

152) seems most suitable.

An example of a schema of short-term value is the use of so-called “fruit

salad” algebra, in which meaning is given to expressions such as 4a + 3b

by thinking of the letters as standing for actual objects such as “4 apples
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plus 3 bananas”. This will give support in manipulation of expressions

such as 4a + 3b + 2a to give 6a + 3b by simply thinking in terms of

manipulating the numbers of each fruit. However, this short-term gain

soon leads to difficulties in interpreting expressions such as 7ab. Does

it mean 7 apples and bananas? Is 3 apples plus 4 bananas equal to 7

apples and bananas? Is 3a + 4b = 7ab? Initial simplistic approaches to

subjects that subsequently lead to inappropriate links may harm long-

term development. My contention takes this observation a step further:

even well-designed learning tasks can at a larger stage harm future un-

derstanding.

This well illustrates the point that one can never be careful enough in presenting

knowledge, especially when dealing with learners who are in their early stages of

concept-making, and it makes one wonder what would be the best schema in this

situation. As Skemp pointed out these early schemas are very crucial and will

influence how easy or difficult the later learning of knowledge will become.

It was his desire to see students learn and understand mathematics, and Skemp

(1976) believed that the root of many difficulties in mathematics education relates

to the alternative meanings attached to the words ‘understanding’ and ‘mathemat-

ics’, and he refers to two meanings of the word understanding as ‘relational un-

derstanding’ and ‘instrumental understanding’ (brought to his attention by Stieg

Mellin-Olsen):

By the former is meant what I have always meant by understanding,

and probably most readers of this article: knowing both what to do

and why. Instrumental understanding I would until recently not have

regarded as understanding at all. It is what I have in the past described

as ‘rules without reasons’, without realising that for many pupils and

their teachers the possession of such a rule, and ability to use it, was

why they meant by ‘understanding’ (ibid, p. 2).

He describes how instrumental mathematics is easy to understand, one feels the

satisfaction of success, and since it involves less knowledge to encounter, it is quick

and reliable to find answers. For example, a rule such as ‘to divide by a fraction you
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turn it upside down and multiply’. However, this can have immediate results but is

not likely to bring long lasting understanding for the pupils. In his view, students

who have relational understanding will be better able to transfer their knowledge to

the new situations and able to solve any unfamiliar problems. He points out that,

“it is easier to remember. There is a seemingly paradox here, in that it is certainly

harder to learn” (ibid, p. 9).

Skemp (1979, p. 47) also introduced the notion of logical understanding as

follows:

Logical understanding is evidenced by the ability to demonstrate that

what has been stated follows of logical necessity, by a chain of inferences,

from (i) the given premises, together with (ii) suitably chosen items from

what is accepted as established mathematical knowledge (axioms and

theorems).

Thus, in his views logical understanding involves not only relational understand-

ing but also follows a sequences of logical deductions.

As mentioned earlier many researchers have tried to unfold what is known as

understanding. Piaget, in his book on Success and understanding (1978), describes

understanding in practical actions, such as constructing a house of cards or standing

dominoes on a row, where if one falls the rest will also fall, as why something

may work (success) or why it does not. In his view, how to make something or,

what to do to achieve a certain result, are not categorised as understanding at all.

Understanding for him was associated with conceptualising and making connections

between these conceptualisations. In summary, he explains that “understanding

brings out the reason for things, while success is simply their effective utilisation,

which is admittedly a prerequisite of understanding, but which the latter transcends

because it goes on to knowledge that can be dispensed with action” (p. 222).

Although Piaget’s views are similar to Skemp’s relational understanding, his

main focus is on reasoning and the ‘why’ question. It is very true that success is

one outcome of understanding, but in his view understanding is beyond the given

information, actions and the expected results.

Other descriptions of what understanding means is described by Hiebert and

Carpenter (1992, p. 69) as following:
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We have argued that it is useful to think of students’ knowledge of math-

ematics as internal networks of representations. Understanding occurs as

representations get connected into increasingly structured and cohesive

networks. The connections which create networks form several kinds of

relationships, including similarities, differences, and inclusion and sub-

sumption.

They expand this definition to the fact that:

Networks of mental representations are built gradually as new informa-

tion is connected to existing networks...Understanding grows as the net-

work becomes larger and more organised...Understanding can be limited

if some of the mental representations of potentially related ideas are con-

nected or if the connections are weak. Connections which that are weak

and fragile may be useless in the face of conflicting or nonsupportive

situations. (ibid, p. 69)

They also describe how understanding mathematics can be generative; it reduces

the amount must be remembered and promotes remembering.

Hiebert and Carpenter’s description of understanding is very similar to Skemp’s

ideas of understanding. For example they mention about a ‘structured’ network,

and believe that understanding promotes remembering (Skemp’s idea of a schema

reduces the cognitive strain, i.e. less memorising). However, they mainly focus on

internal networks of representations where, these networks are ‘connected’ and can

be created from several sources. A more explicit study of the ‘connected networks’

are mentioned in Hiebert and Lefevre’s (1986) idea of conceptual understanding,

which we will cover in the next section. Similarly, a study by Davis (1992) describes

the occurrence of understanding as “when a new idea can be fitted into a larger

framework of previously-assembled ideas”. Although, this description is similar to

Skemp’s ideas, it is interesting to note that in his paper he does not refer to Skemp’s

work on understanding or schema.

To study understanding in the context of mathematics, in her book Understand-

ing in Mathematics Anna Sierpinska (1994, p. 103) describes how “students tend to

be very passive in their process of understanding, taking things as they are, solving
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problems as they are given, often strictly following some model solution, never ask-

ing themselves questions that are not already in the book”. However, this is never

the case for experts, namely mathematicians. Michener (1978, p. 361) describes the

mathematicians’ position as:

When a mathematician says he understands a mathematical theory, he

possesses much more knowledge that which concerns the deductive as-

pects of theorems and proofs. He knows about examples and heuristics

and how they are related. He has a sense of what to use and when to

use it, and what is worth remembering. He has an intuitive feeling for

the subject, how it hangs together, and how it relates to other theories.

He knows how not to be swamped by details, but also to reference them

when he needs them.

In other words, according to Skemp’s ideas, a mathematician has more complete

and accurate schemas which results in better quality of understanding. Hence, a rich

supply of knowledge related to the procedures and concepts gives the mathematician

improved relational understanding of the situation. Whether one is a student or an

expert in mathematics, Sierpinska (1994, p. 103) emphasises that , mathematics

“has to be understood in an active way because what we have physical access to are

only symbols, representations of various kind”.

Drawing conclusions based on several view points on understanding, it seems that

the above authors mostly agree that understanding is promoted internally, is about

knowing how and why, and is about making connections. Which brings us to the

question of how to improve and increase students’ understanding of mathematics,

and, what type of knowledge should they be taught and how to get the appropriate

balance between them.

1.2.2 Procedural Versus Conceptual Knowledge

Skemp’s instrumental (knowing how) and relational (knowing how and why) un-

derstanding are reflected in Hiebert and Lefevre’s procedural/conceptual learning.

Thus, although it is important for the individual to have rich knowledge it is also

important to be able to perform certain procedures. This is one of the almost un-
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avoidable steps while doing mathematics. Davis (1984, pp. 29-30), describes his

theory on the term procedure as follows:

When a procedure is first being learned, one experiences it almost one

step at time; the overall patterns and continuity and flow of the entire

activity are not perceived. But as the procedure is practiced, the pro-

cedure itself becomes an entity - it becomes a thing. It, itself, is an

input or object of scrutiny. All of the full range of perception, analysis,

pattern recognition and other information processing capabilities that

can be used on any input data can be brought to bear on this particular

procedure. Its similarities to some other procedure can be noted, and

also its key points of difference. The procedure, formerly only a thing to

be done - a verb - has now become an object of scrutiny and analysis; it

is now, in this sense, a noun.

Procedural knowledge is also expressed by Hiebert and Lefevre (1985, p. 6) as

having two distinct parts:

One part is composed of the formal language, or symbolic representation

system, of mathematics. The other part consists of the algorithms, or

rules, for completing mathematical tasks. The first part is sometimes

called the “form” of mathematics (Byers & Erlwanger, 1984). It includes

a familiarity with the symbols used to represent mathematical ideas and

an awareness of the syntactic rules for writing symbols in an acceptable

form.

They further declare key features of the procedures to be that they are “exe-

cuted in a predetermined linear sequence”(p. 6) and that they are “structured” (p.

7). However, they emphasise that in general, knowledge of the symbols and syntax

of mathematics implies only an awareness of surface features, not a knowledge of

meaning (ibid, p. 6). In summary procedural knowledge covers two kinds of infor-

mation. One kind of procedural knowledge is the “familiarity with the individual

symbols of the system” (p. 7) and the second one includes “rules or procedures for

solving mathematical problems” (p. 7).

However, Vinner (1997) is concerned that mathematics has turned into a col-

lection of “meaningless” and unreal procedures throughout our classrooms. Silver
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(1986, p. 185) seems to think that the instructors are partly responsible, as he

points out the fact that:

It is a common saying among the mathematics educators that if you

teach procedures they will learn procedures. Rather than arguing that

procedural knowledge must rest on a conceptual base, it might be more

reasonable and appropriate to observe that procedural knowledge can be

quite limited unless it is connected to a conceptual knowledge base.

Thus, although, procedural understanding has a place in learning mathematics

students need conceptual understanding of the mathematics presented to them. Be-

fore, describing what conceptual understanding is, we need to define what a concept

is.

What is a Concept?

It is of particular interest in this study how individuals conceptualise linear algebra

concepts. Although in constructing this framework only a selected number of linear

algebra concepts was considered, it was worthwhile contemplating what a concept

actually is.

Even though the term concept is used generously in mathematics, “it is more

often used as a common sense notion rather than explicitly defined. It functions

as a tool in didactical analysis but its definition remains explicit; it is not taken

as a object of study as such” (Artigue 1991, p. 266, taken from L’ Atelier CKC,

Balacheff et al., 2005). Many mathematics education researchers have attempted

to define a mathematical object (Davis, 1984; Piaget, 1985; Gray & Tall, 1994;

Dubinsky, 1986; Sfard, 1988, 1989, 1991; Tall et al., 2000), however, the definition

of the term concept seems to be often taken for granted.

Tall and Vinner (1981) believed that many mathematical concepts exist in the

mind of individual before they are formally defined. Based on their ideas, “many

concepts which we use happily are not formally defined at all, we learn to recognise

them by experience and usage in appropriate contexts” (p. 151). To emphasise this

point, they decided to utilise the two notions of concept image and concept definition

rather than concentrating on the single idea of concept itself.
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On the other hand, from a philosophical point of view, we have a definition by

Peirce (1894, §8) who defined a concept in the following terms:

Symbols grow. They come into being by development out of other signs,

particularly from likenesses or from mixed signs partaking of the nature

of likenesses and symbols. We think only in signs. These mental signs

are of mixed nature; the symbol-parts of them are called concepts. If a

man makes a new symbol, it is by thoughts involving concepts. So it is

only out of symbols that a new symbol can grow.

Contrary to Tall and Vinner’s views on having both concept image and concept

definition, Peirces’s idea of a concept is mainly concerned with the symbol-parts of

mental signs.

However, from a psychological perspective Vergnaud (1991, p. 145, taken from

L’Atelier CKC, Balacheff et al., 2005) who has coined a definition of a concept,

expresses his ideas as follows:

All this points introduce the triplet (S, I, L) that Vergnaud proposed to

characterise a concept from a psychological point of view. S standing for

the set of the situations from which the concept gets meaning. I standing

for the invariants which support the effectiveness of the schemes. L

standing for the linguistic or non-linguistic forms which allow a symbolic

representation of the concept, or its properties and treatment processes.

In other words, considering the difficulty of defining concept, Vergnaud does not

think of a concept as a mere definition. “It refers to a set of situations, involves a

set of different operational invariants, and its properties can be expressed by differ-

ent linguistic and symbolic representations” (Vergnaud, 1998, p. 177). Extending

Vergnaud’s ideas the group L’ Atelier CKC (Balacheff et al., 2005), “emphasise that

“conception”, “knowing” and “concept” as elements of the model, are abstract en-

tities whose differences lie in their functions and relations in this model.” Based on

their deliberations a concept is:

... the set of the knowings of the same object. It should be emphasized

that a concept is set of sets, but it can be seen also through the set
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of conceptions obtained by the notion of the set of conceptions which

constitute knowings.

It seems that the authors do not consider a concept as total cognitive structure

which includes all the mental pictures and associated properties and processes (i.e

a concept image). Although their idea of ’knowing’ could possibly be extended to

having a mental image.

How does a mathematician think of a concept? To distinguish the psychological

definition of a concept from its mathematical definition, Vergnaud (1997, p. 5)

proceeds as follows:

Mathematicians normally strive to be precise...whereas the psychologists

try to understand how concepts are progressively shaped, by different

kinds of situations and competences and by different kinds of linguistic

representations and symbols. There is a lot of redundancy in this process,

whereas a definition is supposed be non-redundant.

He expands this to the fact that:

Mathematicians consider that one is supposed to derive all the properties

of a concept from its bare definition. But this hides the fact a definition

takes place in a system of concepts and true propositions without which

this derivation would be impossible. Therefore it is misleading, even

in mathematics, to consider that the properties of a concept are self-

contained in its definition.

It is true that mathematicians normally strive to be precise, however not all

mathematicians derive all the properties of a concept from its bare definition. When

Sfard (1994, p. 48) interviewed some mathematicians, she found that not all math-

ematicians think in terms of definitions at first.

This is in agreement with Tall and Vinner’s (1981) ideas about having personal

mental images or concept images such as the spatial elements that this mathemati-

cian and his students were experiencing as part of their concept images.

Having gained some insight into what a concept is, in going back to the idea

of conceptual understanding, Hiebert and Lefevre (1985, p. 3) define this as “a
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kind of knowledge that is rich in relationships. It can be thought of as a connected

web of knowledge, a network in which the linking relationships are as prominent as

the discrete pieces of information”. They also add that, there is a linking process

that occurs between an existing and a newly learned piece of knowledge. In Harel’s

(1997, p. 109) view, in order to understand concepts, one needs to have the following

abilities relative to the concepts: the ability to remember not just memorise; the

ability to communicate ideas in one’s own words; the ability to think in general

terms; and the ability to connect ideas. All of these are important for a better

mathematical understanding and based on Skemp’s ideas, makes up a better schema.

Thus, to answer the question of which type of knowledge is best presented to

students, which was posed at the beginning of this section, Hiebert and Lefevre’s

(1986, p. 9) views are as follows:

Mathematical knowledge, in its fullest sense, includes significant, fun-

damental relationships between conceptual and procedural knowledge.

Students are not fully competent in mathematics if either kind of knowl-

edge is deficient or if they both have been acquired but remain separate

entities. When concepts and procedures are not connected, students may

have a good intuitive feel for mathematics but not solve the problems,

or they may generate answers but not understand what they are doing.

These views are all in close agreement with Skemp’s relational understanding of

‘knowing both what to do and why’. It is true that ‘having rules without reasons’

and ‘just knowing or being skilled’ does not bring long lasting understanding. To

understand fully an individual must have a rich schema, communicate ideas and

think in general terms not just solve particular problems and generate answers that

one does not understand, and have both procedural and conceptual understanding

of the mathematical knowledge.

In discussing aspects of understanding in this section it is apparent that the

term ‘representation’ appearing, and thus in order to clarify aspects of conceptual

and procedural understanding, it is appropriate to investigate and discuss issues

concerning the idea of representation in mathematics education in the following

section.
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1.2.3 Representations and Semiotics

As has already been discussed, the main essence and concern of this thesis is to

examine students’ difficulties with understanding certain linear algebra concepts.

Thus it is important to understand the nature of any difficulties and find out where

and why they occur. It is Duval’s (2006) contention that, due to complexity in

the processes of mathematical knowledge acquisition it is necessary to take different

approaches. He believes the epistomological and educational approaches are among

the two most predominant, and they both use “the notion of representation to

characterize the kind of phenomena that occur in any knowledge process or that

constitute it” (ibid, p. 103). In Davis’s (1984, p. 203) opinion:

Any mathematical concept, or technique, or strategy or anything else

mathematical that involves either information or some means of pro-

cessing information if it is to be present in the mind at all, must be

represented in some way.

Here Davis makes it clear that representation is the only way to communicate

mathematics. In fact in Duval’s view, this is what makes the study of mathematics

somewhat different from any other science. He (Duval, 2006, p. 107) describes this

difference from an epistomological point of view in the following manner:

There is a basic difference between mathematics and the other domains

of scientific knowledge. Mathematical objects, in contrast to phenom-

ena of astronomy, physics, chemistry, biology, etc., are never accessible

by perception or by instruments (microscopes, telescopes, measurement

apparatus). The only way to have access to them and deal with them is

using signs and semiotic representations.

This brings to our attention the fact that representation is an important and

powerful factor in mathematics education and ‘a central goal of mathematics educa-

tion is to increase the power of students’ representations’ (Greer & Harel, 1998, p.

22). To discover the power of representation and whether we need to emphasise it

more in the curriculum we need to clarify its meaning. As Thomas (2008b) points

out the usage of this term is not consistently defined in the literature. He describes

how the study of semiotics, can help to unravel this:
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Semiotics involves the study of signs that brings to mind the object re-

ferred to (the referent) (Peirce, 1902), and these are variously described

as icons (or likenesses), indexes, or symbols. While an icon directly

resembles the object that is refers to, and an index has an embodied

connection to its object, for a symbol the sign is not directly related by

resemblance or physical connection to its referent. As Peirce (MS404,

1894) puts it a symbol is a sign that has become associated with its

meaning by usage; it becomes significant simply by virtue of the fact

that it will be so interpreted. ... When signs are thus grouped together,

for example in mathematics as logic signs, algebraic symbols, matrices,

or graphs, then we shall call these representation systems, and the indi-

vidual signs, representations. Thus a representation is a sign associated

with a given system of signs.

This certainly brings out the idea that mathematical symbols are signs that

become known by their usage, and the symbols become valuable as they get in-

terpreted. In fact what Kaput (1987, p. 25) concluded, after giving examples of

representations in a variety of mathematics disciplines such as abstract algebra,

approximation, logic, analysis and so on was that “most of the results that mathe-

maticians regard as truly fundamental are easily classifiable as representational”. In

a way they are Peirce’s symbols that have become significant as they get interpreted

in some way.

There are other explanations that are given for representations. For example,

Duval (2006, p. 103-104) brings out the point that “a representation is something

that stands for something else. But at the same time this notion can be elusive

or too formal. What is the nature of this something standing for ...?”. However,

from Vergnaud’s (1998, p. 167) point of view representation should be considered

as an important subject for scientific studies because we experience representation

in the form of “images”, “gestures” and “words”. He also mentions that words

and symbols are used to represent “objects, properties, relationships, processes,

actions, and constructs”, without referring directly to reality. Duval (2006, p. 104)

expands Vergnaud’s list of representation to “individuals’ beliefs, conceptions or

misconceptions to which one gets access through the individuals’ verbal or schematic

productions...signs and their complex associations, which are produced according to



1.2. THEORETICAL PERSPECTIVES 17

rules and which allow the description of a system, a process, a set of phenomena”.

Pondering for a moment the last phrase mentioned by Vergnaud “without refer-

ring directly to the reality”, Duval (2006, p. 107) emphasises that “in order to do

any mathematical activity, semiotic representations must be used...but the mathe-

matical objects must never be confused with the semiotic representations that are

used”. Now he argues that this can raise serious difficulties for the learner, since:

How can they distinguish the represented object apart from the semiotic

representation used if they cannot get access to the mathematical object

apart from the semiotic representations? And that manifests itself in

the fact that the ability to change from one representation system to

another is very often the critical threshold for progress in learning and

for problem solving.

Although it is easier to do some processes in one semiotic representation than

another, it is vital for students to be faced and work with more than one represen-

tation, as each part of the connected representational system emphasises different

attributes of the construct (Lesh, 2000). Even (1998, p. 105) agrees mentioning

that:

The ability to identify and represent the same thing in different repre-

sentations, and flexibility in moving from one representation to another,

allow one to see rich relationships, develop a better conceptual under-

standing, broaden and deepen one’s understanding, and strengthen one’s

ability to solve problems. (p. 105)

This unfortunately is often not what is happening in the real situation in the

classroom, with Kaput (1987, p. 20) expressing the concern that the role of repre-

sentation is ‘unrepresented’ and ‘underestimated’ throughout the curriculum. For

example “in the classroom we have a very specific practice of simultaneously using

two registers. It is spoken in natural language, while it is written in symbolic ex-

pressions as if verbal explanations could make any symbolic treatment transparent”.

(Duval, 2000b, pp. 150-155, cited in Duval 2006, p. 14)
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1.2.4 Learning Theories

It is the goal of all in the mathematics education community that students learn

with understanding. However, Hiebert and Carpenter (1992, p. 65) argue that

many learning theories “wrestle with the notion of understanding”. It is widely

believed that to make significant progress in an area of research, there is a need

for a structured theory of learning. It is believed that such a learning theory must

recognise that understanding is a fundamental aspect of learning.

Presently mathematics education owns many theories which are directly related

to aspects of mathematics. This was not always the case, since until not so long

ago most theories came from general educators and psychologists such as Piaget

(1965), Dienes (1960) and Bruner (1966), who only had something to say that was

particularly related to mathematics (Tall, 2004d).

In the following sections we will firstly consider the potential attributes of a

learning theory for research and secondly we will discuss two theories that have

formed this research.

Attributes of a Learning Theory

Research in mathematics education is supported by, and based on, theoretical per-

spectives. Although a theory is not a statement of truth it should be an attempt to

understand how mathematics can be learnt and what a programme of research can

do in order to assist learning (Dubinsky & McDonald, 2001). Czarnocha, Dubinsky

et al.(1999, p. 95), put it this way:

A theoretical perspective involving one or more theories of learning,

should play a major role in any research project; this role should be

explicit and chosen at the beginning of the research so as to provide

direction for the investigation and analysis of results.

A rich theory combined with a well-thought-out framework based on the theory,

and sensible gathering and analysing of the data are the essence of high quality

and beneficial research. Dubinsky and McDonald (2001, p. 275) summarise the

characteristics of a learning theory as follows:
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• Support prediction

• Have explanatory power

• Be applicable to a broad range of phenomena

• Help organise one’s thinking about complex, interrelated phenomena

• Serve as a tool for analysing data, and

• Provide a language for communication of ideas about learning that go

beyond superficial descriptions.

In a parallel study Dubinsky (2001) continues describing each of these characteris-

tics (the first three are given by Schoenfeld, 1998, cited in Dubinsky & McDonald,

2001). He explains that a theory must enable us to predict whether certain phe-

nomena will occur as a consequence of other existing circumstances, and how, with

the right treatments, we should be able to encourage the occurrence of these phe-

nomena in students. We should also be able to use the theory to explain the specific

successes and failures of students in learning mathematics. In addition the theory

must be extensible, applicable to other phenomena, different from the ones that it

was developed from. It can direct the researcher to ask the right type of questions

and help to interpret the results. Moreover, in research “empirical data is important

and the best research synthesizes theoretical analysis, pedagogical applications, and

the gathering and analysing of data” (Czarnocha, Dubinsky et al., 1999, p. 95).

Finally a theory that is generally accepted can be used as a tool, providing a way

of communicating to others the same way of thinking and working.

From Vergnaud’s (1996, p. 220) point of view:

An important challenge for a theory is that it should be integrative and

make it possible to study phenomena at different levels: long-term devel-

opment as well as short-term construction and learning, implicit knowl-

edge contained in action as well as explicit and articulated principles,

widely automatized competences as well as problem -solving behavior,

percepto-gestural activity as well as intellectual operations, perception

of ordinary objects as well as understanding of sophisticated theories.

In his view a theory should not only be looking at the long term development

of a phenomena, but it should consider aspects of study which are related to the
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immediate future. He also point out the fact that a theory must allow the learner

to study a range of situations.

With these points in mind about a theory, in the following section we will consider

a theory that has proven useful in our consideration of the learning of linear algebra.

This theory, called APOS (the acronym standing for Action, Process, Object and

Schema), was initiated by Dubinsky and has progressively been refined by Dubinsky

and his colleagues (e.g. Dubinsky & McDonald, 2001), was constructed to meet the

criteria for a well-thought-out theory, which consists of the following circle of activ-

ities: “theoretical analysis, empirical data, and design and implement instruction”.

(Czarnocha, Dubinsky et al., 1999, p. 95). In summary, theoretical analysis should

drive the instruction, which will produce the data. This circle of activity may be

repeated as long as is necessary, to gain an understanding the epistemology of the

concept. Thus, as a result of instruction learning should improve in a natural way.

The learning of many university level concepts (calculus and abstract algebra, etc.)

has been investigated using this theory. Researchers have followed APOS theory in

their teaching of mathematical topics and in their design of instructional processes

that reflect the theory. We will consider the APOS theory in more detail in the next

section.

APOS Theory

Basic Ideas

APOS theory was originated based on Piaget’s epistemology of mathematics

learned from childhood to adolescence, and was an attempt in applying his method

of reflective abstraction (I will describe this shortly) to learning post secondary

mathematics (Czarnocha, Dubinsky et al., 1999).

APOS theory begins with a statement of what it means to learn and know some

aspects of mathematics.

An individual’s mathematical knowledge is her or his tendency to re-

spond to perceived mathematical problem situations and their solutions

by reflecting on them in a social context and constructing or reconstruct-

ing mathematical actions, processes and objects and organising these in

schemas to use in dealing with the situations (ibid, p. 97).
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Here they relate to many aspects of learning and knowing, by stressing on indi-

vidual’s part on reflecting on the situations, while constructing and reconstructing

mathematics through actions, processes, objects and analysing the schema, in order

to build mathematical knowledge. Moreover, the statement clearly acknowledges the

fact that “what a person knows and is capable of doing is not necessarily available

to her or to him at a given moment and in a given situation” (ibid, p. 97).

As it was mentioned above APOS theory was based on Piaget’s mechanism of

reflective abstraction. In his theory, Piaget referred to three main kinds of ab-

straction (1985, p. 49): empirical abstraction focusing on properties of objects;

pseudo-empirical abstraction, focusing on actions on objects and the properties of

the actions; and reflective abstraction focused on the idea of how actions and opera-

tions become new objects of thought through assimilation. APOS theory arose from

an attempt to extend Piaget’s cognitive theory (Piaget, 1975) on reflective abstrac-

tion, a concept to explain the development of logical thinking in younger children,

and a description of how learning a more advanced mathematical concepts might

take place (Dubinsky & McDonald, 2001). Dubinsky (1991) describes how reflective

abstraction can be a powerful tool in advanced mathematical thinking and can pro-

vide a theoretical basis for supporting our understanding of what this thinking, is

and how the students may engage in it. Dubinsky (1991, p. 1) clarifies the crucial

role of reflective abstraction as following:

Two important observations that Piaget made are first that reflective

abstraction has no absolute beginning but is present at the very earliest

ages in the coordination of sensori-motor structures (Beth & Piaget,

1966, pp. 203-208), and second, that it continues on up through higher

mathematics to the extent that the entire history of the development

of mathematics from antiquity to the present day may be considered as

an example of the process of reflective abstraction (Piaget, 1985, pp.

149-150).

Although the main focus of Piaget’s work was the development of mathematical

knowledge in the early years, he suggested that the same approach can be broadened

to more advanced topics in advanced mathematical studies. This is very interesting,

and as Dubinsky (1991) suggests, concepts such as mathematical induction, func-
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tions, linear independence, topological vector spaces etc, can be studied using the

same principles that Piaget used to describe the way children build concepts, such

as arithmetic and simple measurement.

According to Dubinsky (1991) it is not an easy task to describe the notion of

reflective abstraction, as this idea was a work that Piaget was involved over a long

period of time while completing his empirical research with children in development

and it was not a simple idea that he only mentioned it in one place. Dubinsky

strongly believes in the need to understand this notion fully as Piaget described in

several books and papers, before extending it to the broader mathematics arena.

An attempt to assist with this process by Asiala et al. (1996, p. 9) sought to

describe APOS in relation to Piagetian ideas:

What we are calling actions are close to Piaget’s action schemes, our

processes are related to his operations, and object is one of the terms

Piaget uses for that to which actions and processes can be applied. The

term schema is more difficult, partly because Piaget uses several different

terms in different places, but with very similar meanings, partly because

of the difficulty of translating between two languages which both have

many terms related to schema with subtle and not always correspond-

ing distinction, and partly because our understanding of this specific

construction is not as far as advanced as it is for the others.

In the theory of APOS the four components comprise an ordered list of action,

process, object and schema. The theory describes how “understanding a mathemat-

ical concept begins with manipulating previously constructed mental or physical

objects to form actions; actions are then interiorized to form processes which are

then encapsulated to form objects” (Asiala et al., 1996, p. 9). A summary of the

essential parts of the theory follows below.

Action

According to APOS theory, the progression of every concept in an individual’s mind

starts with an action, which is somewhat external and requires either explicit or from

memory, step-by-step instructions and rules on how to perform a certain task. An

action has been described as a transformation on objects. When the understanding
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of a transformation in the learner’s mind is limited to an action conception, he or she

can only perform it if the exact details of the steps have been given. For example,

a student who is not familiar with recognising a situation as a function and is only

able to compute from a formula (e.g. find x = 3 when y = x2+1), is restricted to the

action concept of function (Asiala, Brown, et al., 1996). In other words, the action-

based learner can not see the whole picture, and has not made sufficient connections

to predict results or even possibly describe the situation verbally. However, although

an actions nevertheless conception is limited, actions play a crucial role in the early

stages of understanding a concept.

Process

Once an action is repeated and it is reflected upon by the individual, it may be

interiorized into a process, where the individual can make an internal mental con-

struction which is not necessarily directed by an external stimuli. An individual who

has a process conception “can think of performing a process without actually doing

it, and therefore can think about reversing it and composing it with other processes”

(Dubinsky & McDonald, 2001, p. 276). At this level of thinking the learner is able

to predict the outcome, invent shortcuts and even describe the action verbally, all

just by thinking and not necessarily performing the operations. The individual can

generalise the actions and is also more in control rather than just responding to ex-

ternal cues. For instance, to understand the process of function the learner “can link

two or more processes to construct a composition, or reverse the process to obtain

inverse functions” (e.g. y−1(x) =
√

x − 1 for y = x2 + 1) (Breidenbach, Dubinsky,

et al., 1992, cited in Asiala et al., 1996, p. 11). However, the transition from action

to process is never sudden. In fact some students’ development of concepts may

continue to oscillate between action and process; in other words, they may never

progress beyond process conceptions.

However, Anna Sfard (1992, pp. 64-65) gives her thoughts on process as follows:

A constant three-step pattern can be identified in the successive tran-

sitions from operational to structural conceptions: first there must be

a process performed on the already familiar objects, then the idea of

turning this process into a more compact, self-contained whole should
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emerge, and finally an ability to view this new entity as a permanent

object in its own right must be acquired. These three components of

concept development will be called interiorization, condensation, and

reification, respectively. Condensation means a rather technical change

of approach, which expresses itself in an ability to deal with a given pro-

cess in terms of input/output without necessarily considering its com-

ponent steps. Reification is the next step: in the mind of the learner, it

converts the already condensed process into an object like entity. ...The

fact that a process has been interiorized and condensed into a compact,

self-sustained entity, does not mean, by itself, that a person has acquired

the ability to think about it in a structural way. Without reification, her

or his approach will remain purely operational.

In her views, to achieve a structural conception a process must be performed

on familiar objects, then become condensed and compact and finally become a new

entity in its own right, where she believes the last phase namely, interiorization of

a compact process is the most important step in arriving to a structural conception

level. This point however is not as apparent in Dubinsky and McDonald’s (2001)

description of a process, although, some of her ideas are reflected in object view of

APOS theory, when a process becomes a totality.

Object

The individual can successfully think of a process as an object, when he or she

is able to “reflect on operations applied to a particular process, becomes aware of

the process as a totality, realises that transformations can act on it, and is able to

actually construct such transformations. In this case, we say that the process has

been encapsulated to an object”(Asiala et al., 1996, p. 11). Furthermore, based on

APOS, to perform an action or process on an object, in order to use its properties,

it is necessary to de-encapsulate the object back to the process from where it came

from. For example, in the case of thinking about manipulations of functions such

as adding and multiplying, one can think how encapsulation of processes to objects

and de-encapsulating the objects back to processes arises. However, as the literature

reveals the transition from a process to an object (encapsulating processes to become
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objects) is extremely difficult (Sfard, 1987; Sfard, 1991), and as Asiala et al. (1996,

p. 12) are concerned “not many pedagogical strategies have been effective in helping

students do this in situations such as functions or cosets”. In their view, “there is

very little (if anything) in our experience that corresponds to performing actions on

what are interpreted as processes”.

In considering the question of ‘what is the object of the encapsulation of a pro-

cess’, after examining many views, Tall, Thomas, et al. (2000, p. 239) suggested as

follows:

The ‘object’ of the encapsulation of a process is a way of thinking which

uses a rich concept image to allow it to be a manipulable entity, in part,

by using mental processes and relationships to do mathematics and in

part, to use a name or symbol to mentally manipulate, and to think

about mathematics.

Here they concentrated on different kinds of objects which resulted from indi-

viduals’ concept images, by using mental processes and symbolic manipulations.

Gray and Tall (1994, p. 121) have extended the ideas of process and object to

formulate the notion of procepts as follows:

An elementary procept is the amalgam of three components: a process

that produces a mathematical object, and a symbol that represents either

the process or the object. This definition allows the symbolism to evoke

either process or concept, so that a symbol such as 2+3 can be seen to

evoke either the process of addition of the two numbers or the concept

of sum.

In Tall’s (1999) opinion although this notion has strong links with APOS, it

has many significant differences. For example, building cognitive structure does not

imply that one must first encapsulate a mathematical process, and many concepts

can be built based on their embodied notions.

Schema

The learner’s collection of actions, processes, objects that he/she brings to a math-

ematical concept, and which are linked and related to form a framework in the
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individual’s mind is called a schema, although this may include other schemas.

Dubinsky and McDonald (2001, p. 277) emphasise that “this framework must be

coherent, in the sense that it gives, explicitly or implicitly, means of determining

which phenomena are in the scope of the schema and which are not”. The idea of

schema is similar to Tall and Vinner’s (1981) idea of concept image. It is worth

mentioning that the schemas themselves can be treated as objects and form larger

schemas, and in this case the schema has been thematised to an object. “The schema

can then be included in higher level schemas of mathematical structures. For exam-

ple, functions can be formed into sets, operations on these can be introduced, and

properties of the operations can be checked” (Asiala, Brown, et al., 1996, p. 12).

As it was mentioned earlier, work on the idea of schema has not yet been devel-

oped as much as other parts of APOS theory.

Use of APOS in Research-Genetic decompositions

APOS has been used in an organised manner by members of the RUMEC (Research

in Undergraduate Mathematics Education Curriculum) group for conducting re-

search in many areas of mathematics, and for developing curricula. As suggested by

Dubinsky and McDonald (2001) APOS theory can serve directly as a tool in analysis

of the data by a researcher. For example the researcher will be able to distinguish

between two students who are working on exactly the same mathematical concept,

where one is able to take a further step that the other cannot. In this case the

researcher will be able to explain the difference between the two students based on

their mental constructions of actions, processes, objects and schemas. Moreover the

theory will enable the researcher to predict students’ success in certain situations,

by assessing their actions, processes, objects and schemas. “Detailed descriptions,

referred to as genetic decompositions, of schemas in terms of these mental construc-

tions are a way of organising hypotheses about how learning mathematical concepts

can take place”(ibid, p. 277).

Thus, a genetic decomposition of a mathematical concept is the result of the

theoretical analysis of a concept the way in which a learner’s mental constructions

may progress in order to understand a concept. As the detail of this mental con-

struction is different from one individual to another, the genetic decomposition for

a topic will also vary and can not be unique.
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To describe the ideas related to the genetic decompositions, Asiala et al. (1996,

p. 7) point out that:

The purpose of the theoretical analysis of a concept is to propose a model

of cognition: that is, a description of specific mental constructions that

a learner might make in order to develop her or his understanding of

the concept. We will refer to the result of this analysis as a genetic

decomposition of the concept. That is, a genetic decomposition of a

concept is a structured set of mental constructs which might describe

how the concept in the mind of an individual.

An example of a genetic decomposition for the concept of definite integral sug-

gested by Czarnocha et al. (2001, pp. 299-300) is presented in Figure 1.1.

1 . Object level of function

2 . Object level of partition

3 . Action on a function and a partition.

Construct one Riemann sum of one function with one partition.

4 . Process conception of Reimann sum.

Coordinate the process of a function and the process of a partition via the Reimann sum formula.

5 . Object conception of Reimann sum

Encapsulate 4.

Variations of the sum (Left, Right, Trap, Mid)

Dependence on n.

6 . Action on Reimann sum

Compare with an area or a solution to a differential equation.

This is done on a vague, pictorial, intuitive level.

Improve the approximation.

7 . Process on Reimann sum

Interiorization of 6.

8 . Apply limit schema to obtain a number.

At this point, very few students will have a strong limit schema so it is unclear

how the concept of definite integral will grow for them. It needs study.

Figure 1.1: Initial genetic decomposition of definite integral.

Although, based on the analysis of the data they suggested a few changes to

their initial genetic decomposition, they showed how “educators can develop knowl-

edge about students’ learning of mathematical concepts by going through a cycle
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of theoretical analysis, instructional treatment, and observations and assessment of

student learning” (ibid, p. 299). As Dubinsky (1991, p. 96) points out:

We do not suggest that a concept has a unique genetic decomposition

or that this is the way every subject will learn it. We only claim that

observations of learning in progress form an important source for our

genetic decompositions and we offer them as a guide for one possible

way of designing instruction.

While the analysis of data increasingly contributes to the genetic decomposition

through the framework, one can alter a proposed genetic decomposition if necessary.

In summary, although the APOS theory, is not the most perfect theory, it has

many areas of strength, in which it can be used for learning and knowing many

mathematical concepts. APOS has been a useful tool, as the research conducted

by members of RUMEC shows, to explain objectively students’ difficulties in many

areas of mathematics, and to suggest pedagogical strategies that the learner can

take in order to improve mathematical understanding. However, Tall (1999, p.

117) revealingly states that APOS is a “valued tool, not a global template”. He

argues that although APOS has applications in many areas of mathematics, it has

less relevance to “geometry, and more interestingly, in the formal construction of

knowledge from definitions to deductions in advanced mathematical thinking” (ibid,

p. 111). In his view APOS is restricting the human thought into a sequence of one

format of building mathematical actions, processes and objects.

Although APOS may not be a global template, it is a useful guide which can

help researchers to build their own research with room to develop ideas along the

way. In other words, APOS is not made up of a set of rigid rules and regulations

that can not be bent. In the present research APOS has been applied to examine

students’ actions, processes and objects conceptions of some linear algebra concepts.

Possible Value of APOS for the learning of Linear Algebra

The main core of this research was to investigate students’ difficulties with certain

linear algebra concepts at university level. The APOS theory was originally designed

to apply Piaget’s reflective abstraction to learning post secondary mathematics. As

Linear algebra involves in many actions, processes and objects, it seems ideal to
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apply APOS theory to its learning and teaching. APOS may be a useful tool for

combating the difficulties that learners encounter, through acknowledging them and

suggesting ways that might improve their conceptual understanding.

Looking through the literature, we find that APOS has been utilised in a variety

of mathematical research areas at the university level. Dubinsky and McDonald

(2001, p. 280) list these as follows:

...functions; various topics in abstract algebra including binary opera-

tions, groups, subgroups, cosets, normality and quotient groups; topics

in discrete mathematics such as mathematical induction, permutations,

symmetries, existential and universal quantifiers; topics in calculus in-

cluding limits, the chain rule, graphical understanding of the derivative

and infinite sequences of numbers; topics in statistics such as mean, stan-

dard deviation and the central limit theorem; elementary number theory

topics such as place value in base n numbers, divisibility, multiples and

conversion of numbers from one base to another; and fractions.

However, the above list does not include studies including linear algebra concepts

such as vector, linear combination, linear independence, etc which are considered in

this research.

Here is an example of a study conducted by De Vries and Arnon (2004) based on

APOS theory with linear algebra students. Their purpose was to find out students’

ideas about the solution of an equation, and attempted an initial genetic decompo-

sition for this concept. The analysis of the interviews showed some misconceptions

of solution. However, the interviews “did not permit making a distinction between

lack of knowledge and partial knowledge” (De Vries & Arnon, 2004, p. 55), as the

questionnaire was not adequate to meet the designed research questions. However,

despite the shortcomings of the questionnaire, the researchers found that students

were not sure about the interview question “what does a solution look like” so in-

stead of predicting it (a process view) they actually tried to solve the equation(an

action). They also found that students intended to memorise the rules than giv-

ing reasons while answering questions about solutions. Some also believed that the

constant on the right hand side of an equation was the solution.

While there might be more studies which have utilised APOS in linear algebra,
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there are no extensive studies on the suggested linear algebra concepts of this thesis

that as yet has been published.

In the following section we will consider another learning theory that in our

opinion is also useful in the learning of linear algebra. As many university students

have difficulties understanding the formal theories in linear algebra, it was decided to

apply Tall’s developing theory of the three worlds of embodied, symbolic and formal

mathematics, where he considers a framework for development of mathematics from

childhood to the research mathematicians. The key aspects of this theory and how

it was developed will be discussed in details in the next section.

Theory of three Worlds of Mathematical Thinking (Embodied, Symbolic

and Formal)

The theory of three worlds of mathematical thinking was originated while Tall and

Anna Watson (now Anna Poynter) were working on students’ conceptual under-

standing of vectors. Tall (2004d) reveals the aim of developing such a theory was to

attain a full view on the cognitive development of mathematical concepts. Their re-

search (Watson, 2002; Watson et al., 2002) describes two different approaches to the

theory of vectors in school as “geometric with vectors as arrows representing various

embodied concepts such as force, journey, velocity and acceleration; and symbolic

based on calculation with matrices” (Tall, 2004a, p. 30). In addition, they contrast

these with a formal approach at university level, where students are introduced to

the axioms of vector spaces. They noticed that these approaches (geometric, sym-

bolic, axiomatic) were not just three types of mathematical concepts, but they were

three different cognitive developments, which were taking place in three distinct

worlds of mathematical thinking. Tall and Mejia-Ramos (2006, p. 3) declare that

the word ’world’ is carefully chosen and has a ‘special meaning’ in order to represent

“ not a single register or group of registers, but the development of distinct ways of

thinking that grow more sophisticated as individuals develop new conceptions and

compress them into more subtle thinkable concepts”.

The history behind the development of this theory goes back several years to a

period when Tall, Gray and others were working on ways to “conceptualise different

kinds of mathematical concepts” (Tall, 1995; Gray et al., 1999; Tall et al., 2000a;
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Tall et al., 2000b; cited in Tall 2004a). Tall and Gray were “particularly interested

in the distinction between objects formed in geometry (such as points, lines, circles

and polyhedra) and concepts studied in arithmetic, algebra and symbolic calculus

(numbers, algebraic expressions and limits)” (Tall, 2004a, p. 29). Their conclusion

was that (Tall, 2004a, p. 29):

..the development of geometric concepts followed a natural growth of

sophistication ably described by van Hiele (1986) in which objects were

first perceived as whole gestalts, then roughly described, with language

growing sophisticated so that descriptions became definitions suitable

for deduction and proof. However, numbers and algebra began through

compressing the process of counting to the concept of number and grew

in sophistication through the development of successive concepts where

processes were symbolised and used dually as concepts (sum, product,

exponent, algebra expression as evaluation and manipulable concept,

limit as potentially infinite process of approximation and finite concept

of limit).

Here, they describe the growth and development of mathematics from geometry,

which can include individual’s experiences to processes that were symbolised and

used also as concepts.

Tall’s theory of three worlds of mathematical thinking is the result of research

and careful thought in many areas of mathematics (Tall, 2003; Tall, 2002b; Watson,

Spyrou and Tall, 2002; cited in Tall, 2004a). In 2004 after just over two years the

theory reached toward a more stable form although Tall emphasises that its delicate

creation needs more attention and nurture.

In the following section I will describe the three parts of Tall’s theory in detail.

Embodied World

According to Tall the first world, which arises from our perceptions of the world,

is the ‘conceptual-embodied’ or ‘embodied world’. He (2004d, p. 283) explains the

concept in these terms:

If one takes ‘embodiment’ in its everyday meaning, then it relates more

to the use of physical senses and actions and to visuo-spatial ideas in



1.2. THEORETICAL PERSPECTIVES 32

Bruner’s two categories of enactive and iconic representation. Follow-

ing through van Hiele’s development, the visual embodiment of physical

objects becomes more sophisticated and concepts such as ‘straight line’

take on conceptual meaning of being perfectly straight, and having no

thickness, in a way that cannot occur in the real world.

Tall’s definition of the “term ‘embodiment’ is consistent with the colloquial no-

tion of ‘giving a body’ to an abstract idea. This includes all cases of conceptions

in visuo-spatial terms, not only those that arise from perception of actual objects”

(Tall 2004a, p. 32). This involves thinking about things around us, both the physical

world and the mental world of meaning. Here, we are even able to focus on concepts

that don’t have a physical existence, for example, a “perfectly straight line”, which

is closely related to Bruner’s (1966, p. 10) ideas of enactive and iconic representa-

tion in which “the individual translates experience into a model of the world”. In

this world Tall (2004a) suggests we are more concerned with the conceptual embod-

iment, that is “when we build more sophisticated notions from sensory experiences”

(p. 30). He emphasises that constructing the embodied world in this manner will

enable us to have the mental sensing of real world objects and the ability to visualise

mental imagery concepts.

A natural question to ask is whether this world includes the Euclidean geometry.

Tall (2004d, p. 285) believes that it does, as he points out:

It applies not only to the conceptual development of Euclidean geometry

but also other geometries that can be conceptually embodied such as non-

Euclidean geometries that can be imagined visuo-spatially on surfaces

other than flat Euclidean planes and any other mathematical concept

that is conceieved in visuo-spatial and other sensory ways.

However, he (2004a, p. 30) announces the boundaries of this world by distinguishing

his meaning of the term embodiment from Lakoff and his colleagues as follows:

This is not the same as the notion of ‘embodiment’ in authors such

as Lakoff, who focuses on all kinds of embodiment, including concep-

tual - which refers to conceiving concepts in visuo -spatial ways -and

functional- in terms of the (possibly unconscious) ways of operating us-

ing human abilities as biological individuals. Lakoff and his colleagues



1.2. THEORETICAL PERSPECTIVES 33

assert, in their own broad meaning, that everything is embodied (Lakoff

& Johnson, 1999; Lakoff & Nunez, 2000).

However Gray and Tall (2001, p. 66) warn that more is needed:

...the embodied approach can give fundamental meaning to mathemat-

ical ideas but that such embodied representations prove to be complex

to handle when they are applied to increasingly sophisticated problems.

Progress to more subtle levels of mathematical thinking requires eventual

access to the powerful and compact use of symbolism.

Tall (2004d, p. 284) also emphasises that a “visual picture is nothing without

meaning being given to what it represents. While embodiment is fundamental to

human development, language is essential to give the subtle shades of meaning that

arise in human thought”.

In Tall’s (2004d) view by the time a child reaches the school age, ‘sensori-motor’

and ‘iconic’ aspects are working together with language to make conception possible.

The introduction to arithmetic brings a new mode of operation with emphasise on

the symbolisation of concepts such as numbers.

As Tall (1999, p. 115) showed:

Symbols are at the heart of cognitive development of arithmetic (and

later in algebra). They can be spoken, heard, written, read, used in

action games and songs. They are the stuff that children work with.

As a child moves away from the embodied world the focus from the physical

meaning changes to the properties of the symbols and the relationships between

them. In the next section we will investigate the second world of mathematical

thinking, namely the symbolic world.

Symbolic World

The second of Tall’s worlds is the world of symbols, starts with actions such as point-

ing and counting and goes on into more sophisticated mathematics concepts such as

“fractions, negatives, rationals, irrationals, infinite decimals, complex numbers, vec-

tors in two and three, then n dimensions, and so on” (p. 30). The progress in these
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concepts results in more sophisticated and advanced calculus. The symbols enable

us to shift freely “from processes to do mathematics, to concepts to think about”

(p. 30). This development led to the formulation of the term “procept” (Gray &

Tall, 1994). The idea of procept suggests how more advanced concepts and ideas

can originate from the natural embodiments. For example, the more sophisticated

number concepts (negative, fractions, rationals, and so on) are built initially in the

embodied world, where early counting and arithmetic takes place.

Tall (2004a) expands this further and believes that over time, the symbolic ma-

nipulation can lead back to “meaningful conceptual embodiment” (p. 30).

Formal World

This world of thinking is where ideas are expressed in terms of definitions and objects

are constructed based on their properties. The formal definitions are sometimes

used as axioms with which to build mathematical objects or structures such as a

group, field, vector space, and so on. In this world the learner will be working with

carefully constructed axioms that define such mathematical structures in terms of

their properties. Theorems are then be built by deducing other properties through

formal proof. The thinking in the formal world can develop from the world of

embodied conceptions and that of symbolic manipulation. However, it is possible for

a formal axiom to have properties that will give rise to a new advanced embodiment,

in other words the reverse does happen. For example “an axiomatic group can be

embodied through Cayley’s theorem as a subgroup of a group of permutations,

returning formal group theory to the embodied idea of permuting elements of a set”

(Tall, 2004a, p. 31). In Tall’s view “formal mathematics does not arise in isolation”

(Tall, 2008, p. 4). Instead, based on the theory of the three worlds of mathematical

thinking he believes that these “three interrelated sequences of development blend

together to build a full range of thinking” (ibid, p. 3). The following section will

discuss more about the interrelationship between these three worlds that will assist

in understanding their roles in mathematical thinking.
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The Relationship Between Tall’s Three Worlds

In emphasising the interrelationship of the worlds and how the thinking in each work

together. Tall (2008, p. 8) points out that:

Throughout school mathematics, embodiment gives specific meanings in

varied contexts while symbolism in arithmetic and algebra offers a men-

tal world of computational power. The later transition to the formal ax-

iomatic world builds on these experiences of embodiment and symbolism

to formulate formal definitions and to prove theorems using mathemat-

ical proof. The written formal proof is the final stage of mathematical

thinking; it builds on experiences of what theorems might be worth prov-

ing and how the proof might be carried out, often building implicitly on

embodied and symbolic experience In this way the theoretical framework

turns full circle, building from embodiment and symbolism to formalism,

returning once more to a more sophisticated form of embodiment and

symbolism that, in turn, gives new ways of conceiving even more sophis-

ticated mathematics. This gives a natural parsimony to the framework

of three worlds: as human embodiment leads to the mathematical oper-

ations of symbolism and on to the formalism of pure mathematics and

back again at higher levels to more embodiment and symbolism.

Thus he describes the relationship between the three worlds in the sense that

while embodiment and symbolism give rise to formalism, it is feasible that this

formalism in turn gives rise to a more sophisticated embodiment and symbolism,

and as a result more sophisticated mathematical thinking.

One question that arises here though would be is it possible according to this the-

ory to arrive at formal mathematical thinking only after experiencing the embodied

and symbolic worlds?

In an ideal world this is likely the case. However, in the real world it is possible

to be in the symbolic world of thinking by following the steps of the instructor in

the class. For example students can dwell in the world of matrices and so on, finding

a basis for a Nullspace and reducing matrices to see whether a set of vectors are

independent or not, and thus ultimately pass the course and satisfy the expectations

of the examiners. However, in all of this they may not know what the concepts
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actually mean, or where they come from. Apparently this type of thinking is not

only possible but a common scenario. As Tall (2004a, p. 30) reveals:

There are many occasions when individuals do not encapsulate a given

process into a thinkable object and instead carry out the procedures

in a routinised way based on repetition and interiorisation of learned

operations. This happens not only with students who fail, it can happen

in a very successful way, in which familiar procedures are performed

on symbols that do not have natural conceptual embodiments for the

individual concerned.

Thus, the claim is that it is the embodied view that gives meaning to the concept-

making and moves the learner toward the formal world.

To demonstrate some of the ideas discussed above visually, Figure 1.2 illustrates

an individual’s possible cognitive development through the three worlds of math-

ematics (Tall, 2007b, p. 4), together with a spectrum of performance in using

mathematical procedures, processes and procepts (Gray, Pitta, Pinto & Tall, 1999,

p. 121).

Figure 1.2: Cognitive development through three worlds of mathematics (LHS). A
spectrum of performance in using mathematical procedures, processes and procepts.

Based on Tall’s cognitive model illustrated in Figure 1.2 (the LHS picture),

there are several ways of reaching the formal world. Ideally, the best route would be
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through embodied, then symbolic and finally reaching formal thinking. For example

the learner needs to symbolise an embodiment, and embody the symbolism first and

then after fully integrating them reach the formal world. However, it appears to be

possible in some cases to reach the formal world via the symbolic world (for example

in the case of a mathematician) without needing supportive embodiments.

Obviously, individuals with different backgrounds and mathematical abilities

deal with, and cross, these worlds differently. Some are quite content to carry

on with symbolic manipulation and procedural thinking and may never take a step

further into the formal world. Naturally, there will always be a certain number

of obstacles that learners need to overcome for any given construct before enter-

ing the next world. There are times when individuals need to stop and reconsider,

and reconstruct previous ideas. This in a positive sense can increase a learner’s

sophistication, or it may lead him/her to build alternative conceptions, or even lead

to failure (Tall, 2004d). Confidently moving between these worlds and the extent

of learner’s familiarity with them, will help one to reach a level of mathematical

sophistication.

The steady building of theorems and definitions based on mainly formal ideas is a

major concern, as the shift from the symbolic world to the formal world of theorems

and definitions is highly complex and does not occur as easy as many mathemati-

cians may see it. A study by Erh-Tsung and Tall (2000) revealed that after weeks of

working formally with the notions of equivalence relation and partition, more than

half of their students responded informally to the given questionnaire. In the case

of linear algebra, traditionally most of the course has seemed to be inhabiting the

formal world. Currently, a typical second year linear algebra course begins with

“formal abstraction” that historically took many generations to take the present

form (Harel & Tall, 1989). Thus, students hardly ever go through the process of

constructing thinking in Tall’s formal world from the embodied conceptions that

most mathematicians seem to get engaged in when constructing their own math-

ematical reasoning. Instead, as an accepted and preferred approach, students are

confronted with many definitions and axioms from the word go. This can create im-

mense confusion among novice learners who have no prior knowledge of the subject.

Unfortunately, with no way out, some students have no choice other than carrying

out the procedures in a routine way based on repetition of already known material
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rather than encapsulating processes into thinkable mental objects.

It also concerns Tall (2004d) that little attention is given to the fact that stu-

dents learning pure mathematics at university level encounter ideas built on earlier

knowledge that they have met before. He calls these experiences “met-befores” and

points out that they can create serious conflicts. This may give a new meaning to

Ausubel’s (1968, cited in Tall, 2005) famous statement in his psychology book where

he mentioned: “The most important single factor influencing learning is what the

learner already knows. Ascertain this, and teach him accordingly”. This is very

similar to Piaget’s pioneering work (Piaget, 1952, 1953; Piaget & Inhelder, 1969,

cited in Thomas, 2005) where he recognised that learners’ existing knowledge will

influence their mathematical learning (Thomas, 2005).

The only critique of Tall’s theory so far has come from Inglis (2003), which

according to Tall ’s opinion (Tall 2004a p. 29) this “artful specialization” that Inglis

used to critique the theory has made the theory stronger. Inglis (2003) argues that

the three worlds of mathematics suggested in Gray and Tall (2001) are inadequate

and one can not fit all mathematical objects in these three worlds. For example, he

claims that Lambert’s imaginary sphere does not fit into the suggested worlds. “It

was proposed by a highly imaginative and insightful mathematician who managed

to draw an analogy between the behaviour of a familiar sphere and the behaviour

of some speculative algebraic equations” (Inglis, 2003, p. 26).

However, in response Tall (2004a) clarifies his ideas saying that the paper that

Inglis (2003) is referring to, speak of ‘three forms of mathematical concept’ namely

the embodied, the proceptual and the axiomatic but not of ‘three worlds of math-

ematics’. Tall adds how in practice the conceptual leap from the three forms of

concepts to three worlds of mathematics has been a profound and daunting journey.

In summary, Tall’s theory of three worlds of embodied, symbolic and formal

mathematical thinking describe a cognitive journey through learning. The worlds

describe a hierarchy of qualitatively different ways of thinking that individuals de-

velop as new conceptions are compressed into more thinkable concepts (Tall & Mejia-

Ramos, 2006). The embodied world, containing embodied objects (Gray & Tall,

2001), is where we think about the things around us, both the physical world and

mental world of meaning, and it “includes not only our mental perceptions of real-

world objects, but also our internal conceptions that involve visuo-spatial imagery.”
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(Tall, 2004a, p. 30). The symbolic world is the world of procepts, where actions,

processes and their corresponding objects are manipulated and symbolized. The

formal world of thinking considers defined objects (Tall, Thomas, Davis, Gray, &

Simpson, 2000), presented in terms of their properties. The cognitive development

of an individual as they navigate these three worlds shows them to be interrelated,

and thus the formal world can not arise in isolation. Instead it is the final stage of

mathematical thinking, which is build on embodied and symbolic experiences.

Possible Value of the Theory of three Worlds of Mathematical Thinking

for the Learning of Linear Algebra

Linear algebra is one of the first advanced mathematics courses that students en-

counter at university level. The transfer from a primarily procedural or algorithmic

school approach to an abstract and formal presentation of concepts through concrete

definitions, seems to be creating difficulty for many students who are barely coping

with procedural aspects of the subject. Unlike the formal definitions of concepts

such as function, limit and continuity in calculus which may interfere with students

previous experiences, students have no intuition for the linear algebra terms such

as span or eigenvectors which are often taught symbolically. Students may cope

with the procedural aspects of the course, solving linear systems and manipulating

matrices (as part of the requirement for examinations), but struggle to understand

the crucial conceptual ideas underpinning them. However, looking into Tall’s theory

of the three worlds of mathematical thinking, he suggested a framework for develop-

ment of mathematics from childhood to research mathematicians. As many linear

algebra concepts have embodied, symbolic and formal representations, we found

that the embodied ideas were often missing in lectures and students’ course books.

However, from Tall’s point of view, it would be helpful to university students to

be presented with the embodied aspects of concepts, before focusing on the formal

ideas. Thus, in this study it was decided to apply his theory of the three worlds

to this study, by firstly examining students’ thinking, and secondly applying it in

teaching some linear algebra concepts.

In the next section we will examine the issues relating to teaching and learning

linear algebra concepts.



1.3. ISSUES SURROUNDING TEACHING AND LEARNING LINEAR ALGEBRA CONC EPTS 40

1.3 Issues Surrounding Teaching and Learning Lin-

ear Algebra Concepts

“Who knows how to teach linear algebra?” Charles Johnson the national leader in

ways of improving the teaching of linear algebra asked this question of his audience

at the 1995 ATLAST workshop in Williamsburg, Virginia. With no one putting

their hand up, Johnson admitted his own ignorance of the best ways of teaching

the course, despite the fact that he had been teaching and studying the subject for

years (Day & Kalman, 1999).

Over the last almost three decades, some researchers have been concerned with

the difficulties related to the first year linear algebra courses. They believe that

teaching and learning this “high cognitively demanding” course (Dorier & Sierpinska,

2001), is a frustrating experience for both teachers and students (Hillel & Sierpinska,

1993) and despite all the efforts to improve the curriculum, “linear algebra remains

a cognitively and conceptually difficult subject” (Dorier & Sierpinska, 2001, p. 255).

According to Hillel (1995), unlike calculus, linear algebra is generally the first

course that students encounter which is based on mathematical theory, built sys-

tematically from the ground up. Harel (1993) supports this contention describing,

linear algebra as very different from calculus, in the sense that there are more theo-

rems and equivalent theorems introduced in a linear algebra course in the period of

a semester, than for calculus. Moreover, unlike the formal definitions of concepts in

calculus such as function, limit and continuity, which may resonate with students’

previous experiences, students have little intuition for linear algebra terms such as

span or eigenvector.

In 1986 Robinet made a first attempt to investigate the difficulties that students

were encountering with linear algebra, through a historical and epistemological anal-

ysis. The work also started to germinate in United States around 1989, where the

plans for a reform in teaching linear algebra was proposed (Dorier & Sierpinska,

2001). Dorier (1995a, 1996a, 1997 & 2000, part 1), then pursued work along the

same path. One significant aspect of this research was concerned with the theory

of vector spaces, which initially started after 1930 and relates to the axiomatization

of linear algebra. In other words, “a theoretical reconstruction of the methods of

solving linear problems, using the concepts and tools of a new axiomatic central
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theory...This axiomatization gave them a more universal approach and language to

be used in variety of contexts (functional analysis, quadratic forms, arithmetic, ge-

ometry, etc.)”(Dorier & Sierpinska, 2001, p. 257). Researchers also regard linear

algebra as a unifying and generalizing theory which is also a formal theory (Dorier,

Robert, Robinet & Rogalski, 2000). By this they believe that linear algebra can

simplify solving of many problems, but only for those who are very familiar with the

subject area. In other words the first year student who has no prior understanding

of the course and can only just keep his head above water, has a long way to go

before being able to see the whole picture, since for most stage one students the

course is very intense. Ideas and definitions get introduced very rapidly and a lack

of connection with what they already know in mathematics is evident. That is why

Hillel (2000) questions the sense of introducing the general theory of vector spaces

in an undergraduate linear algebra course.

Investigations reveal that, although classes in France are more formal than in

Canada and America, French students do not find linear algebra any easier (Hillel,

1997). In a survey conducted by Robert and Robinet (1989, cited in Hillel, 1997),

they asked 380 students in France what they found difficult with the subject. The

main responses were too many definitions and new results. Students’ statements

showed that the subject is too abstract and that the general notions such as vector

spaces, endomorphisms, bases, dimension and kernel are difficult to understand. So

the fact that classes are more formal in France, may have even made learning linear

algebra harder for some students. From Hillel’s (2000, p. 192) point of view:

Knowing linear algebra at this level demands that students start think-

ing about the objects and operations of algebra, not just in terms of

relations between particular spaces over fields, algebras, and classes of

linear operators. Furthermore, students need to be able to appreciate

that these structures can be transformed, represented in different ways,

and considered as being, or not being, isomorphic.

Many university lecturers and researchers around the world are trying to suggest

alternative ways of teaching linear algebra. Some are trying to change the curriculum

by deciding which parts should or should not be part of stage one university linear

algebra courses and some believe that we should introduce linear algebra in high
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school so students have a better background in the subject. The reality is that no

one really knows what is the best way of teaching the subject and it even seems

that there may be no such thing as a right way of teaching linear algebra (Day &

Kalman, 1999). There are teachers who have been teaching the subject for many

years and think that this is the “nature of the beast” (Hillel, 2000, p. 191) and

nothing can be done about it. However, Hillel’s (2000, p. 206) solution is to :

...try to help students along is by holding discussions with them on a

meta-level, of the mathematical problem with which they are dealing: an

open debate on the nature and status of the language in linear algebra.

Day (1997) is challenging her students to learn linear algebra using computers.

She adapted a whole host of methods to teach linear algebra in new ways. Day,

declares that her engineering and scientific colleagues remembered very little about

the undergraduate linear algebra courses.

Those courses had covered little about properties of matrices, and ap-

parently the abstract concepts that were covered did not sink in. These

colleagues could not state sensible definitions of concepts like indepen-

dent set and span, and their geometric understanding of such concepts

was nil. (p. 71)

This is no surprise, since remembering the definitions comes with understanding

the concepts. If students can not understand the concepts and see the broader

picture there is very little chance of remembering them in the future.

In 1990, the Linear Algebra Curriculum Study Group (LACSG) suggested a set

of recommendations for a first year linear algebra course. The major aspects of the

LACSG (Carlson, Johnson, Lay & Porter, 1993) are presented here:

1. The syllabus and presentations of the first course in linear algebra must respond

to the needs of client disciplines.

2. Mathematics departments should seriously consider making their first course in

linear algebra a matrix-oriented course.

3. Faculty should consider the needs and interests of students as learners.
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4. Faculty should be encouraged to utilize technology in the first linear algebra

course.

5. At least one “second course” in matrix theory/ linear algebra should be a high

priority for every mathematics curriculum.

Carlson (1993, cited in Dubinsky, 1997), also added the following three points:

• Major topics in elementary linear algebra that give students difficulty are

specified.

• Reasons for these difficulties are suggested.

• A set of problems for students is presented to deal with these difficulties.

These recommendations sound promising, although there are points which are

not very clear. For instance, why is it that the first course in linear algebra should

be matrix oriented? Is it because this is an easy and gentle way of introducing linear

algebra? In Dorier and Sierpinska’s (2001) opinion:

Even a ‘matrix oriented’ linear algebra course is cognitively demanding;

students must be allowed the time to start to view vectors and matrices

as objects, or conceptual entities in themselves. (p. 271)

Although Dubinsky (1997) agrees that LACSG has made an important input

in changing the curriculum, by putting the linear algebra on the agenda, and the

above recommendations are an essential first step in altering the curriculum, in his

opinion:

There is not a body of research that provides evidence that would con-

vince a skeptic of the lack of success of linear algebra course. Unlike

calculus and some other topics, we do not have data about failure rates

or attrition, analyses of exam questions and results, or documentations

of complaints from faculty who teach courses for which linear algebra is

a prerequisite.(ibid, p. 86)
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Dubinsky also suggests that researchers ought to get involved in careful studies

and document the possible inadequacies of existing linear algebra courses. And if a

course has been unsuccessful, as some have suggested some are, then in this early

stage of curriculum reform, we must leave room for taking different approaches to

improve the learning of linear algebra.

This is strange, as it was mentioned at the introduction of this section, research

shows a significant amount of evidence relating to the inadequacies of existing linear

algebra courses.

So what makes linear algebra a difficult course for many first year students? In

the next section we will examine some of the related issues.

1.3.1 What Makes Linear Algebra so Difficult to Compre-

hend?

As mentioned earlier many mathematics education researchers are concerned with

the present state of linear algebra classes and the difficulties related to the learning

and teaching of the subject. Carlson (1997, p. 39) expresses his concerns as follows:

My students first learn how to solve systems of linear equations, and how

to calculate products of matrices. These are easy for them. But when

we get to subspaces, spanning, and linear independence, my students

become confused and disoriented. It is as if a heavy fog has rolled in

over them, and they cannot see where they are or where they are going.

And I, as a teacher, become disheartened, and question my choice of

profession. (p. 39)

Whether we have enough evidence to support the existence of such difficulties

or not, one must admit that circumstantial evidence is that the above scenario is

very common in many classrooms. In giving some reasons for why students find the

linear algebra concepts so difficult, Carlson (1997) claims that students are “far less

sophisticated” (p. 40) and that the course “is taught far earlier than before” (p.

40). However, Dubinsky (1997) doubts that introducing the course in the second

year of university is going to change the “mathematical sophistication” (p. 88)

of students. He believes that traditionally students are given the ideas by talking
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about them and solving problems, and in return they are expected to read about

them and do problems and draw general principles from what they have already

been instructed in. In Dubinsky’s view, a better approach to this scenario would be

to apply APOS theory and let students develop their own conceptual understanding

by doing problems and making mental constructions of mathematical objects and

procedures. Nonetheless, Carlson (1997, p. 40) is apprehensive, since:

.. often subspaces, linear combinations, spanning, and linear indepen-

dence are all introduced within a few pages and then are immediately

used in a long theoretical development leading to the invariance of di-

mension as determined by different bases.

Interestingly enough, at the end of the course many students do reasonably

well in their finals, since examination questions are mainly set on using techniques

and following certain procedures, rather than understanding the concepts (Dorier,

1990). In other words, teachers are emphasizing “less and less on the most formal

part of the teaching (especially at the beginning) and most of the evaluation deals

with the algorithmic tasks connected with the reduction of matrices of linear oper-

ators”(Dorier, et al., p. 28). According to Sierpinska et al. (2002, p. 2) this is a

“waste of students’ intellectual possibilities”. In their views “linear algebra, with

its axiomatic definitions of vector space and linear transformation, is a highly the-

oretical knowledge, and its learning cannot be reduced to practicing and mastering

a set of computational procedures” (p. 1). Carlson (1997, p. 40) also adds that:

“These are concepts, not computational algorithms like Gaussian elimination and

matrix multiplication”.

Clearly, research on students’ conceptual understanding of linear algebra is still

in its infancy. Educators are looking into changing the curriculum and suggesting

new ways of teaching and managing the course. As there is relatively little research

evidence documenting students’ difficulties with the linear algebra curriculum text-

books and teaching methods, there are important issues to be considered and sound

reasons to study the matter. The following section provides some reasons for stu-

dents’ difficulties with the subject.
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Abstract nature of linear algebra

The abstract nature of the course is claimed to be a problem to many first year

students. Two sources of difficulties with the linear algebra course that have been

expressed by Dorier and Sierpinska (2001, p. 256) are “the nature of linear algebra

itself (conceptual difficulties) and the kind of thinking required for the understand-

ing of linear algebra (cognitive difficulties)”. They claim that in most cases these

two sources are inseparable. One might say it would be possible to improve the

conceptual understanding of linear algebra through adapting new ways of teaching

(such as teaching using different representations). But to combat the cognitive diffi-

culties, which is the kind of thinking required for understanding linear algebra, more

thought and research are needed.

Dorier (1990) explains that students fear linear algebra because of its esoteric

nature, and similarly the teachers suffer because of the lack of obviousness of most

reasonings. Many students have real difficulties with some concepts such as ba-

sis, kernel, linear dependence and independence, span and linear transformation.

According to historical research the above concepts reached their final state after

several stages of use as linear techniques, without much unification. Researchers

believe that this could be a possible problem, since students only see the final phase

of the historical process which is basically the definition of the concept and a specific

method to solve problem (Dorier, 1994; Thomas & Holton, 2003).

No suitable problems

Finding suitable problems to demonstrate the new concepts is not always an easy

task. There are formal and difficult questions such as supplementary spaces, for

which the results are useful but very hard to obtain, and on the other hand there are

problems such as finding eigenvalues and eigenvectors, which are easy to calculate

(Dorier, 1990). Hillel (1997) believes that, most exercises in traditional settings

can be solved by using manipulation techniques without much use of the general

theory. Dubinsky (1997) indicates that students often complain that the course

is too abstract and it should be more “down-to-earth”. He believes, what they

really are asking for is more computational problems. Of course most teachers are

not happy with this approach. Dubinsky (1997) is concerned that some of the
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recommendations by LACSG may unintentionally give the wrong indications to the

teachers and they might end up falling into this trap.

In the next section we will examine the role of definitions in mathematics in

general to understand whether a lack of understanding of the definitions in linear

algebra could be a possible contribution to students’ difficulties.

The role of definitions in understanding mathematics

It is evident that one way of expressing mathematical concepts especially in the

formal world is by their basic definitions. Zaslavsky and Shir (2005) describe the

roles attributed to definitions as:

Introducing the objects of a theory and capturing the essence of a con-

cept by conveying its characterizing properties constituting fundamen-

tal components for concepts formation establishing the foundation for

proofs and problem solving and creating uniformity in the meaning of

concepts, which allows us to communicate mathematical ideas more eas-

ily (p. 317).

As Vinner (1991) states, “it seems that no-one in the mathematical community

disagrees with the claim that mathematics is a deductive theory and as such, it starts

with primary notions and axioms” (p. 65). He also declares that “definition creates

serious problems in mathematics learning” (p. 65). They represent the conflict

between the structure of mathematics and cognitive processes of understanding the

concepts. Edwards in her study (thesis) with real analysis students found that some

seemingly successful undergraduate mathematics majors (based on their grades),

had difficulties understanding the role of definitions in mathematics in general. In

particular they had difficulties understanding the “philosophical categorization of

mathematical definitions and in using definitions to perform mathematical tasks,

such as proving theorems” (Edwards & Ward, 2004, p. 412). They believe that

definitions play a key role in mathematics, “but their creation and use differ from

those of ‘everyday language’ definitions” (p. 412).

Philosopher Richard Robinson (1954) distinguishes two kinds of definitions: the

lexical and stipulative. In his view the lexical definition:
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Is that sort of word-thing definition in which some actual word has been

used by some actual persons. It is obvious that lexical definition is

something that really happens. . . Lexical definition is a form of history.

It refers to the real past. It tells what certain persons meant by a certain

word at a certain less or more specified time and place (p. 35).

Robinson describes the stipulative definition as:

The explicit and self conscious setting up of the meaning-relation be-

tween some word and some object, the act of assigning an object to a

name (or a name to an object), not the act of recording an already exist-

ing assignment Before the mathematicians began to use ‘denumerable’

as the name of a species of series, perhaps the word existed as the name

of something else, and perhaps it did not exist at all but was invented

for this very purpose (pp. 59-60).

Edwards and Ward (2004) were surprised by the fact that students do not cat-

egorise definitions the way mathematicians do. In their view “mathematicians un-

derstand that mathematical definitions are stipulated” (p. 415). Robinson explains

how mathematicians like Euclid have been making their own meanings for words.

For example:

‘By a denumerable series’ , they say, for example, ‘we shall mean a series

which you put into one-one correspondence with the positive integers

without changing its orders’. This is not an historical description of what

has been meant by ‘denumerable’ in the past or is commonly meant by

it now. It is an announcement of what is going to be meant by it in the

present work, or a request to take it in that sense (p. 59).

Edwards and Ward (2004) conclude that “extracted definitions report usage,

while stipulated definitions create usage, indeed create concepts, by decree” (p.

412). Vinner (1991, p. 71) is concerned that:

.. many teachers at the secondary and the collegiate levels expect a one

way process for the concept formation as shown in Figure 1.3, namely,

they expect that the concept image will be formed by means of the

concept definition and will be completely controlled by it.
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Figure 1.3: The cognitive growth of a formal concept.

This approach however, completely disregards Tall’s embodied world on which

the foundation of mathematical knowledge building lies. It is interesting too that

mathematicians may not necessarily think in terms of definition at first. In order

to find out how mathematicians understand mathematics, Sfard (1994) interviewed

a number of mathematicians (a logician (ML), a set-theorist (ST) and a specialists

on ergodic theory (ET)). Sfard found that:

In the answer to the question about what happens in their minds when

they feel that they have arrived at a deep understanding of a mathemat-

ical idea, they unanimously claimed that the basis of this unique feeling

is not a manipulative power but an ability to “identify a structure that

[one is] able to grasp somehow” (ST), or “to see an image” (ET), or “to

play with some unclear images of things” (ML) (p. 48).

In an interview a ST mathematician claimed:

In the structure [which he created in his mind], there are spatial ele-

ments. Many of them. It’s strange, but the truth is that my student

also has noticed ita great many spatial elements. And we are dealing

here with the most abstract things one can think about! Things that

have nothing to do with geometry, [that are] devoid of anything physi-

calThe way we think is always by means of something spatial . . . like in

this concept is above this one or lets move along this axis or along the

other one. There are no axis in the problem, and still.. -There is, first

and foremost, an element of personification in mathematical conceptsfor

example yesterday, I thought about some coordinates...(I told myself)

‘this coordinate moves here and it commands this one to do this and

that.’ There are elements of animation. It’s not geometric in the sense

of geometric pictures, but you see some people moving and talking to

each other (p. 48).
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Sfard (1994) maintains that although the mathematicians she interviewed re-

marked on the power of visualization “they also stressed that pictures, whether

mental or in the form of drawings, are only a part of the story. They support

thinking, but they do not reflect it in all dimensions” (p. 48).

In summary, definitions in mathematics have the potential to keep us on the

right track and save us from many traps which are set by the concept image. If the

concept image is not based on concept definition then it can lead to mistakes. as

Thurston (1995, p. 163) states:

We are not trying to meet some abstract production quota of definitions,

theorems and proofs. The measure of our success is whether what we

do enables people to understand and think more clearly and effectively

about mathematics.

In the next section we will examine the role of the representation theory in

learning and teaching linear algebra.

1.3.2 Linear Algebra and Representation

A typical linear algebra subject is made out of many languages and representations.

Hillel (1997, p. 232), delineates three type of languages or levels of description:

• The language of the general theory (vector spaces, subspaces, dimension,

operators, kernels, etc.)

• The language of the more specific theory of Rn (n-tuples, matrices, rank,

solutions of the system of equations, etc.)

• The geometric language of 2- and 3- space (directed line segments,

points, lines, planes and geometric transformations).

He believes that these languages are interchangeable but are definitely not equiv-

alent, stating that “A vector (linear operator) in a finite-dimentional vector space

is represented as an n-tuple. A 2- or 3-tuple can be represented as a geometric

vector.” (p. 234). Dorier and Sierpinska (2001) add the ‘graphical’, ‘tabular’ and

the ‘symbolic’ modes of languages to the above list. The ‘Cartesian’ and the ‘para-

metric’ representations of subspaces too, are part of a typical linear algebra course.



1.3. ISSUES SURROUNDING TEACHING AND LEARNING LINEAR ALGEBRA CONC EPTS 51

Of course, teachers and text books move between these languages and modes very

naturally and rapidly, not allowing students time to discuss and interpret their va-

lidities. They assume that students will pick up their understandings along the way,

but the linguistic and epistemological studies show how these assumptions are rather

deceiving. Hillel (1997, p. 233) suggests that:

Knowing when a particular language is used metaphorically, how the dif-

ferent levels of description are related, and when one is more appropriate

than the others is a major source of difficulty for students.

Dorier and Sierpinska (2001, p. 259) agree and describe how

In an investigation Hillel (2000) referred to an investigation in which

five experienced teachers were videotaped when dealing with the topic

of eigenvalues and eigenvectors in their courses. These tapes illustrated

how the lecturers were constantly shifting the notation and modes of

description. Moreover, these shifts were usually made without a pause

and without any attempt to alert the students in any explicit way. Nor

was it always clear when the geometric description was used to illustrate

a specific case. By far, the most confusing case for students is the shift

from the abstract to the algebraic representation when the underlying

vector space is Rn.

It has been suggested that students may not have sufficient knowledge of rep-

resentations such as geometrical, logical and analytical settings. The ability to

switch from one setting to another, for example being able to see the linear equa-

tion a11x1 + a12x2 + ... + a1nxn = 0 as the n-tuple (a11, a12, ..., a1n), i.e. from the

linear combination of unit vectors to the rank of a set (Dorier, 1990 & Robert,

1985, cited in Dorier et al., 1994) gives the students the opportunity to see the same

problem from a different angle and, as a result, they have more control over solv-

ing the problem. Research shows that, in some universities, students were exposed

to geometry, set theory and logic, but despite these efforts, the situation did not

improve much (Dorier, Robert, Robinet & Rogalski, 2000). However, even if this

were to be successful, some believe that we cannot improve the success rate in linear

algebra courses by asking students to take logic and set theory courses as prereq-

uisites. Moreover, they suggest that we cannot start a linear algebra course with
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vector geometry either. Dorier and Sierpinska (2001), also claim that the connection

between linear algebra and geometry is not as“ natural” as it seems to be, and in

some cases it may hinder students’ understanding of linear algebra. The reason for

this, as they claim, is that the difficulty with the linear algebra is not the formalism,

but the ability to interpret the concepts of vector space in the contexts of geometry

and system of linear equations.

It is interesting that new notions are sometimes shown geometrically. However,

Hillel (1997, p. 233) argues that:

While the reference to the geometric picture in R
3 is used by teachers in a

kind of metaphor for the general case, but students often seem to take the

description literally...That is, they focus on the object of the metaphor

(“projection in an Inner Product Space is...”) rather than focus on the

properties (“Projection in an Inner Product Space is like...”). (p. 233)

This is not surprising since, as Dorier and Sierpinska (2001) have mentioned,

linking geometric representations to linear algebra may confuse some students, es-

pecially those who don’t have a good grasp of either subject (that is linear algebra

or geometry).

1.3.3 Linear Algebra and Technology

Computers

The use of multi representation has an important role in teaching and learning

mathematics. Many mathematics educators have examined the benefits of using

technology to promote this. The following will provide a brief background on effect

of technology in teaching and learning linear algebra and mathematics in general.

CAS (Computer Algebra System) has undergone a revolutionary change from

its humble beginning 50 years ago, when computers were only designed to perform

some symbolic routines (Hillel, 2001). Nowadays computers are not considered as

expensive and extraordinary devices anymore. In fact they have become a significant

part of the technology-based age that we are living, where personal computers are

specialised tools for solving various problems in so many different areas. Advanced

technologies have introduced a tremendous amount of change in our daily lives.
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For example the daily newspaper is only a glimpse of our fast growing knowledge

and technology-based society. “From editorials to sports, to business, to weather,

the articles look more like computer displays than a traditional newspaper. They

are filled with graphs, tables, charts and formulas which are intended to predict

and explain patterns in the complex and dynamically changing systems by using

sophisticated mathematical ‘objects’ such as ratios, rates, percentages, lists, arrays

and more which may not be easily explained by using simple algebraic, statistical,

or logical formula ” (Lesh, 2000, p. 73).

So what are the influences of technology on mathematics teaching and learning?

From Lesh’s (2000) point of view the most important expectation from the technol-

ogy must be to help students to develop conceptual technologies for constructing

complex systems. Computers with their great accuracy and speed also provide new

ways to accommodate our versatile thinking in very powerful way (Tall, 2000). Cal-

culators, computers and other technology-based tools are not here only to perform

new ways to do the old problems, “they also create new kinds of problems solving

situations in which mathematics is useful and they expand mathematical under-

standings and abilities that contribute to success in these situations”. (Lesh, 2000,

p. 72).

LACSG (Carlson, Johnson, Lay & Porter, 1993) suggests that faculty should

be encouraged to utilise technology in the first linear algebra course. Day and

Kalman (1999), summarise the advantages of using computers in such teaching

of linear algebra as followings: “for computation in meaningful applications; as a

matrix calculator; as a direct focus of instruction, for visualization; to provide an

environment for active exploration of mathematical structures; and to explore some

of the limitations of floating point calculations.”(p. 12)

When computers do the calculations instantly, especially in the case of matrices,

there is more time to concentrate on learning the more difficult concepts.

Sierpinska, Hillel, and Dreyfus (1999), in their research programme designed an

entry to linear algebra based on a model of the two dimensional vector space within

the dynamic Cabri Geometry II environment. Their reasoning was that this would

help students overcome the obstacle of formalism. The main question in their study

was: Can we design computer environments to promote development in students?

They found one of the great advantages of giving students the opportunity to use the
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computers was the fact that students achieved more understanding of linear algebra,

which is rarely encountered in the ordinary classrooms. They also concluded that

the Cabri environment helped students to avoid the obstacle of formalism, by way

of letting students build their own content for the notions of vector, vector space

and linear transformations. However, they admitted that this kind of experiments

would be difficult to maintain in an ordinary course, where surviving the academic

programme might be more important than the conceptual understanding of the

material.

Hillel (1995) also experimented with the use of Maple in the teaching of a uni-

versity linear algebra course. His idea was that using computer software such as

Maple can be a way of dealing with some of the difficulties that most students have

in the traditional set up. He explains how some of these difficulties are universal

and some related specifically to the students in his university, such as having weak

mathematical background and poor algebraic and analytic skills. One of the posi-

tive in this experiment was that how some ‘trivial’ Maple tasks evoked meaningful

discussions and removed misconceptions.

Moreover, in his (2001, p. 372) view :

While CAS afford a great tool for manipulating matrices and solving

systems of equations, they do not offer obvious means to help students’

understanding of the abstract constructs of the general theory of vector

spaces. But, if one stays within the confines of the concrete level of R
n,

CAS activities can be used in a variety of ways to enhance students’

understanding and appreciation of the subject.

As Hillel points out technology does not offer a great deal in helping students

with abstract theories of vector space, however, it is possible to design activities

(level of R
n) that would enhance students’ understanding. Students need to be re-

minded that computers are good tools for helping them to visualise and understand

concepts, and can offer access to ideas that are not otherwise possible, but are no

substitute for thinking logically through the theory. Roberts (1996) agrees that al-

though computers allow students to visualise geometric concepts they should not

be a substitute for the theory. She also investigated some cases in which computer

packages such as Maple V may not give the correct answers. For example errors in
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the process of Gaussian elimination or rational versus floating point representation

may be confusing to some students. Another possible positive aspect in using the

technology is proposed by Tall (1993, cited in Tall, 2000). The idea of the principle

of selective construction, which is to relieve the cognitive strain on the mathematics

learner by using computers. He believes that specially designed software may allow

the learner to experiment with the theory, as the computer does the necessary pro-

cedural work internally. In his view many hours of number crunching can be done

simply by using a computer, while more time is spent on learning the concepts. This

however, must not be looked upon as a lower form of mathematical experience than

the traditional approach. In fact there are benefits in term of understanding the

theory, which may haven’t been handled adequately under the current setting (Tall,

1990). For example, as Groen and Kieran (1983, p. 372, cited in Edwards, 1998)

maintain:

In a non-computer setting, it may be difficult for the student to be-

come aware that something is wrong...In contrast, a computer-based

microworld is naturally self-correcting. If a program does not execute as

anticipated, it is clear immediately that something is wrong. The nature

of the errors may yield additional information.(p. 60)

In their view, an advantage of using computers is that as the results are often

instant, students can see their errors immediately. Moreover, depending on the

nature of errors, some useful teaching points can be drawn that may not be possible

to see in a non-computer setting.

Of course, simply using technology does not automatically mean that we under-

stand the concepts. Tall (2000) argues that in some cases we may even lose some

of our basic abilities. Study by Hunter, Monaghan and Roper (1993, cited in Tall,

2000) showed that after using a computer algebra system a third of the class could

not answer the following question, even though they did so before the computer

course: ’What can you say about u if u = v + 3, and v = 1?’ (p. 34)

This is a good warning since these students, who did not receive much emphasis

on basic practice, simply lost their previous skills. This is in agreement with Tall

(2000, p. 35), who cautions about technology use:
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Students learn what they do. If they press buttons, they learn about

button-pressing sequences. What is therefore important is to build a

sense of meaning through reflection on the underlying mathematics. It

is here that a versatile approach may prove of real value.

There are also other obstacles and complexities relating to the use of CAS in

mathematics. To understand these obstacles, one can consider CAS as a tool that

can be in turn transformed into an instrument. In order to gain the maximum ben-

efits from this tool, an individual must adapt this tool to a certain mathematical

task. As individual takes actions and make certain decisions, the tool is then trans-

formed to an instrument. Through the process of instrumental genesis (Rabadel,

1995, cited in Stewart et al., 2005, p. 742), the individual considers ‘what the tool

can do and how it might do it’.

In other words, even though an appropriate CAS environment is provided, an

individual must find their own ways of adapting to the new environment. As a study

by Stewart et al. (2005) showed students experienced difficulties in instrumentation

of technology (using Maple and Matlab).

In summary, computers can provide a variety of opportunities in teaching which

are not possible under the traditional setting. However, this must mean designing

meaningful activities that promote understanding. We support Hillel’s (1995) views

in taking careful steps before using CAS by addressing questions such as: For whom?

For what purpose? In what ways? Once these questions have been clearly consid-

ered, then it is possible to integrate CAS into the teaching/learning programme.

However, individual must also take their part in adapting into the new environment

by instrumentations of the given tool. The evidence from the literature shows that

such shifts are difficult (Goos et al., 2000), however, Leigh-Lancaster (2000, cited

in Stewart et al., 2005, p. 748) is optimistic and has the idea that “the true inte-

gration of technology necessitates a congruency between curriculum, pedagogy and

assessment, where CAS is specified in the curriculum, actively used in the teaching,

and expected in assessment, including examinations, is a way forward”.

CAS calculators

One of the technologies that have been of especial interest over the past decade are

CAS calculators. Some researchers believe that these calculators have advantages
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over computers in the learning of mathematics (Hackett & Kissane, 1993; Jones,

1991; Leary, 1991, cited in Penglase & Arnold, 1996) simply because these sophis-

ticated devices, which are nearly as capable as computers, are portable and more

affordable for students to buy. They can be easily transported and there is no need

for extra space and computer laboratories to teach mathematics. Everything can be

done in the normal classroom setting.

It is important that students realise the fact that using technology is not just

about finding the answers. In fact, a major aim of using the technology should

be to increase students’ conceptual understanding by investigating different ways of

looking at problems.

In the case of understanding linear algebra concepts, evidence from a study by

Stewart and Thomas (2004) relating first year mathematics students use of CAS

calculators, showed no evidence of benefits of CAS use to understanding. Instead

the results support the findings of Thomas and Hong (2004), and others, who have

found that instrumental genesis of CAS is a relatively slow process that needs careful

monitoring, as in their instrumentation, students primarily used the CAS to check

by-hand work.

Another example of using CAS calculators is a study by Quesada (1999), which

revealed how the use of the TI-92 calculators helped to change a traditional linear

algebra course to a matrix-oriented one (agreeing with the recommendations of the

Linear Algebra Study Group (LACSG, 1993)). The goals were to improve students

conceptual understanding of linear algebra, reduce the calculations by using TI-92

calculators, to think geometrically and help to improve mathematical writing. A

survey showed that students:

Found the calculator very helpful to solve problems, to investigate, to

cover the material more in depth, and to facilitate the study of different

applications. They seem to believe that the calculator helped them to

better understand the course content and to feel more confident doing

linear algebra. (Quesada, 1999, p. 321).

Although, this study has shown a positive report of using the CAS calculators,

it is disappointing that there are not that many studies that are recorded, giving

similar feedback. It would be ideal to see more researchers develop methodologies

and studies that would incorporate these valuable tools in teaching linear algebra.
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1.4 Summary

In summary, we discussed many areas of knowledge such as the state and importance

of research at the tertiary level; aspects of understanding; the issues relating to

representation theories; the importance of conceptual and procedural knowledge in

learning; investigating the studies on teaching and learning linear algebra and so

on. Although the study of the literature highlighted many important aspects of

teaching and learning mathematics specially at the university level, it examined two

significant learning theories, The APOS theory and the theory of three worlds of

mathematics. Both of these theories will by employed to construct a theoretical

framework for this research in the following chapter.



Chapter 2

Pilot Study

2.1 Introduction

To prepare the path for the start of this thesis the pilot study described below

aimed specifically at examining the conceptual understanding of a linear algebra

course among a group of first year students. The main driver of this study was to

investigate whether, and to what extent, there was a problem of understanding of

linear algebra concepts among the first year mathematics students. Furthermore,

the study considered some major issues such as understanding definitions and the

use of conceptual and procedural approaches in solving problems. Students’ abilities

to recognise concepts in an inter-representational manner was also investigated.

Although some mathematics education researchers have indicated some student

difficulties and misconceptions with linear algebra concepts, one of the main ques-

tions that I was interested in was to find out whether or not students of this uni-

versity had such difficulties. In the case that these difficulties existed I wanted to

know where the problems were located and whether or not they included knowing

the definitions and use of different representations. The main theories that guided

the development of the research questions and later analysis of the data for the pi-

lot study were, APOS and representation theory. The general and specific research

questions that were considered are as follows:

59



2.2. METHOD 60

General Research Questions

- Is linear algebra considered a difficult course among the stage one mathematics and sci-

ence students of Auckland University?

- How well is linear algebra understood among the 152 mathematics students?

- Is there a problem with understanding the concepts in linear algebra? And if there is, in

what areas do the major difficulties occur?

- How useful the computers are?

A more focused set of research questions is listed below:

Specific Research Questions

-Do students find definitions hard to understand?

-How well can students recognise the different representations of the linear algebra con-

cepts?

-What is their reaction toward the abstract language of linear algebra?

-What are students’ attitude toward using computers?

-Have students been provided with the best textbooks and resources to refer to?

2.2 Method

This case study was carried out at The University of Auckland. The participants in

this study were seventy volunteers, first year (Maths 152) mathematics and science

students. Maths 152 was designed for mathematics majors, and was one of the core

first year mathematics papers, and covered both calculus and linear algebra. The

majority of students who enrolled for this paper had some familiarity with linear

algebra, especially basic knowledge of matrices, eigenvalues and eigenvectors, from

a prerequisite paper (namely, Maths 151 or 108). However, Maths 152 dealt with

more advanced topics. The linear algebra part of the course began with vector

spaces, which includes subspaces, linear combinations, spanning sets, null space and

column space, linear independence, basis, coordinates of vectors relative to a ba-

sis, dimension of a vector space, rank and nullity of matrices, and followed through

orthogonality, which includes the cross (or vector) product, normal vectors, orthog-
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onal complements, orthogonal decomposition, the Gram-Schmidt process and ended

with eigenvalues and eigenvectors, similarity and diagonal matrices, diagonalization,

Markov processes and complex eigenvalues. Although lectures emphasised some ar-

eas more than others, students received an introduction to most of the above topics

during the course.

There were four hours of lectures (both for calculus and linear algebra), plus

one hour tutorial, every week. The recommended text book was “Linear Algebra

and its Applications” by David C. Lay. Students also received a study guide which

had a summary of the above topics and notes from the lecturer. In addition, the

mathematics department provided an assistance room where students could find

help from the tutors, who were available on a daily basis.

The study took place in May 2002, approximately two weeks before the end of the

first semester, and was conducted in accordance with approval from the University

of Auckland Human Subjects Ethics Committee. There were 119 students enrolled

in this paper, and about 70-80 students were actually attending the classes. A

brief description of the study and a confirmation of confidentiality was given to the

students prior to the test. Seventy students attended and were asked to read and

sign a consent form and complete the test and questionnaire. They were assured that

the results of this test were only for research purposes and it was not going to affect

their final grade. However, since the test was done during one of their tutorials, and

students receive a mark for attendance and working through the tutorial problems,

it was reasonably convincing that most students took the test seriously.

The instruments comprised a linear algebra test and an attitude questionnaire.

The test was designed to assess students geometric, matrix and algebraic under-

standing of linear algebra. Unlike traditional questions, which often involve many

calculations and procedural type questions, these questions (1-12) were mainly about

understanding the ideas behind the theories, in other words testing the level of con-

ceptual understanding of the participants. For example in Question 1 students were

asked to explain the terms, invertible matrix, eigenvector, linear combination and

so on, in their own words. This question was given to evaluate the level of under-

standing of the definitions rather than just memorizing the words, or being able to

perform some calculations. In other words, I wanted to find out how do students

deal with defining the meaning of the terms. Moreover, I was interested in discov-
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ering how useful knowledge of definitions are in solving problems. Questions 2 and

4 addressed the level of conceptual understanding and required more thinking from

the students. Both questions involved matrices and in particular the notion of basis

and linearly independence. Flexibility of moving between the representations was

examined in Questions 8, 10 and 12. Question 8 was presented algebraically without

using matrices, whereas question 10 being presented by matrices, required a geomet-

ric representation. Both Questions 8 and 12(b) referred to the same topic, namely

eigenvectors and eigenvalues, but they differed in representation used. In addition,

I was interested to compare these results with students responses to the definition

of the word eigenvector, presented in Question 1. Question 12(a) was also an ex-

ample of using the graphical representation, demonstrating a concept namely linear

independence in matrices. In addition Questions 3,6,7,9 and 11 all involved link-

ing between different concepts and, examining students familiarity with the matrix

environment. The full description of the test is included in Appendix A.

Each student was given a set of linear algebra questions and a questionnaire on

their attitude toward the course. One of the tutorials was used, and students were

allowed fifty minutes to complete the questions. Students were mainly 18-21 years

old, with a majority of Asian students. After about thirty minutes the majority

handed their tests back, and then carried on with their tutorial problems.

The questionnaire included 13 statements on a five point Likert-type scale about

student opinions on linear algebra. This was constructed to investigate students’

beliefs about definitions, any problem areas with the course, their expectations, and

their attitude on using computers and resources available to them.

2.3 Results of the Linear Algebra Test

The following is an analysis and interpretation of the results of the seventy Maths

152 students who participated in the linear algebra test. It is not easy to make

a comment about the overall responses to 12 linear algebra questions, since some

students made a real effort and answered as many questions as they could, whereas

others only put ticks in “True” and “False” boxes. The main focus of this analysis

is on students’ understanding of the definitions and their representational versatility.
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2.3.1 Definitions

Definitions are the first introduction to a concept and often considered as being

important in most mathematics courses. In particular, linear algebra courses seem

to be involved with many definitions, which are related and are often introduced

very rapidly. In order to find out students’ ability to deal with the definitions, they

were asked in question 1 to describe some linear algebra terms such as invertible

matrix, eigenvectors, basis, and so on, in their own words, without repeating any

definitions. Here is an investigation of responses to the question of definitions.

Surprisingly, 27% did not answer question 1 at all and many parts had a non-

response of > 40%. Table 2.1 shows the percentages defining terms in question 1.

This indicates the fact that students may have real difficulties with understanding or

even remembering the definitions in linear algebra. It was also noticed that, students

seemed to be more confident with procedurally explaining terms such as “invertible

matrix” and “linear independence”, since they seem to be more familiar with them

through their matrix calculation in their assignments and exercises whereas, they

really struggled to explain terms such as “spanning set” and “subspaces”.

Table 2.1: Percentages of Students Defining Terms in Question 1
Explain each of these items No response (%) Correct response (%)
(a) Invertible matrix 33.0 18.6
(b) Eigenvector 40.0 25.7
(c) Basis 45.7 2.9
(d) Spanning set 50.0 2.9
(e) Linear combination 44.3 12.9
(f) Subspace 60.0 5.7
(g) Linearly independent 35.7 15.7

For the term “Invertible matrix” 33% did not write anything, and the most

common responses are shown in Figure 2.1.

On the other hand, the recommended text book for this course, “Linear Alge-

bra and its Applications” by David C. Lay, described the definition for the term

“invertible matrix” in page 110 as follows:

If A is an n × n matrix, it often happens that there is another n × n

matrix C such that
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-Det 6= 0

-Is about finding the inverse of a matrix, by having identity matrix next to it.

-Can be row reduced to find an inverse

-An invertible matrix is a matrix that you can invert, or has an inverse

-AA−1 is Identity.

Figure 2.1: Students common responses to the term “Invertible matrix”.

AC =I and CA=I

Where I is the n × n identity matrix. In this case, we say that A is

invertible and we call C an inverse of A. Thus when A is invertible,

its inverse is unique. We denote it by A−1 , so that

AA−1 = I and A−1A = I

Comparing the definition from the text book with the students’ answers (Fig-

ure 2.1) showed that most students had some ideas but they really could not connect

their thoughts (Harel, 1997). Therefore, most of them only mentioned part of the

definition.

There were a number of students who thought symbolically by only showing the

formula AA−1 = I with no further explanations to describe the term (see Figure 2.2).

Figure 2.2: An example of student responses to the definitions in question 1.

The responses mainly showed that instead of defining the concept students took

a “procedural approach” (Hiebert & Lefevre, 1985) by trying to explain the “rules”

and “algorithms” for finding the inverse of a matrix by saying: “Is about finding the

inverse of a matrix, by having identity matrix next to it” or a procedural response
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Figure 2.3: Using a procedural approach to find the inverse.

was that“Can be row reduced to find an inverse”. Figure 2.3 shows that this student

has tried to show a method to find the inverse by performing some calculations.

Many students also rephrased the term by simply saying, “An invertible matrix

is a matrix that you can invert” and those who went a bit further and said:“has an

inverse”. One student made it very clear that he is not interested in explaining the

definitions and he can only calculate (see Figure 2.4).

Figure 2.4: An honest answer to question 1.

It seem that some students are more equipped to calculate answers by taking

procedural approaches to the problems rather than actually thinking about the

concepts. Although, in this study there were some students who tried to take a

more conceptual approach to define the term “invertible matrix”. Searching for

conceptual understanding of students in question 1, and to see if there is any link

between existing and newly pieces of information, we found very few responses as

follows:

-Matrix which when multiplied by original matrix equals Identity matrix.

-Matrix has an inverse must be square and have linearly independent columns.

-Det 6= 0 or linearly independent.

Figure 2.5: More conceptual approaches to the term invertible matrix.

As it is shown in Figure 2.5 some students tried to make use of the invertible
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matrix theorem and extract some conclusions from it. Clearly, they were able to link

between the pieces of information. For example they were able to relate the invertible

matrices to the idea of linear independence. Although, unfortunately the majority

of students took the procedural approach and did not give a clear explanation to

the term.

Similar results were also found regarding the rest of the terms in question 1. For

example, in response to the term “Eigenvector”, 40% did not write anything. From

those who responded 43% gave one of the following:

-a vector that when multiplied by a particular matrix will equal a multiple of

itself.

-Ax = λx where x is the eigenvector.

Figure 2.6: Students responses to the term “Eigenvector”.

Results showed that some students (9%) indicated the fact that eigenvector is

made by eigenvalue (or words in that effect). Figure 2.7 shows work of a student

who is trying to find an arbitarary eigenvector instead of defining it:

Figure 2.7: An example of student responses to the term eigenvector.

This shows a procedural approach to the term eigenvector. Overall, students

either only gave a symbolic answer (Ax = λx) or tried to describe the relationship

Ax = λx procedurally in words, but not giving a definition for the term eigenvector.

Results from the rest of the terms in question 1 has been integrated into the

following section on representation where it was of interest to find out how students

reacted regarding different representations.

2.3.2 Representation

As noted earlier, linear algebra consists of different languages and representations.

The ability to move between representations can help students to see concepts in

different representations thus a broader understanding of them.
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Results revealed that 31% of students did not answer question 10. Only 7% of

students showed the fact that the vectors should be in the same plane. Although,

some students tried to draw some kind of graph, but they did not show that the

vectors lie in the same plane. And finally, there were students who did not give a

geometrical description but tried to solve it using matrices.

Since question 10, was presented by matrices, some students preferred to take

a symbolic matrix approach rather than draw a geometric representation of the

required relationship. The two students whose work is shown in Figure 2.8 are

among many who actually tried to solve the problem, either using matrices, by

performing Gaussian elimination (LHS) or algebraically trying to add the vectors,

even showed finding the norm of each vector(RHS), which was not as part of the

requirement of this question.

Figure 2.8: Performing matrix calculations instead of geometric representation.

In contrast, another student (see Figure 2.9) who was among the very few, showed

that the vector z does lie in the same plane spanned by the vectors u and v, and

had the ability to link between the symbolic and geometrical representations.

Figure 2.9: Geometric representation of the relationship in question 10.
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Question 12 must have been a real challenge to many students who were not used

to the geometric representations of linear algebra concepts. This question addressed

their interpretations of the diagrams using their linear algebra knowledge. Question

12 asked the students, which concepts in linear algebra do these diagrams refer to?

51% did not answer question 12 at all, with no one giving the expected answer

to part (a) namely “ linearly independent”. And yet we found there were students

who did reasonably well in defining the term linearly independent in question 1.

Similarly for section (b) only 11% of the students mentioned the word eigenvectors

or eigenvalues. This confirms the fact that, even though they are familiar with

the notions of linearly independence and eigenvectors, and most likely could solve

problems relating to these topics, they were not able to recognise them in a totally

different representation. Table 2.2 shows that their answers to this question covered

most of the topics in linear algebra.

Table 2.2: Students responses to question 12.
Expected answer to 12(a):Linearly independent Expected answer to 12(b):Eigenvectors

orthogonal decomposition orthogonality
orthogonal projection perpendicular
normal vector eigenvalues and eigenvectors
orthogonality linearly independent
transformation matrix transformation
nearest point transformation by scalar factor
Gram Schmidt spanning set
linear combination scalar products
spanning vector direction
orthogonal composition diagonal eigenvalues

Unlike question 10 which was presented using matrices and required a geometric

representation, question 8 was a scenario concentrating on using algebraic and sym-

bolic representation of matrices, and referring to the same topic as question 12(b),



2.4. STATISTICAL ANALYSIS OF THE QUESTIONNAIRE 69

namely eigenvectors, only with a totally different representation. Here is what we

asked the students in question 8: If a linear transformation is represented by a ma-

trix Q, and a vector P exists such that QP = 3P, what does the 3 tell us about this

transformation?

Results showed that 25.7% did not answer this question. 57.7% of those who

responded mentioned about 3 being the eigenvalue. Figure 2.10 shows the most

common responses to this question.

-3 is the eigenvalue (57.7%)

-3 times longer

-expanded by 3

-Q= 3

-3 is invertible

-QP is in the same direction as p but 3 times longer

Figure 2.10: The most common responses to question 8.

This shows that a good percentage of students managed to interpret the symbols

in question 8 well, even though words such as “linear transformations” may have

hindered some students. Figure 2.11 shows that this student has even tried to

describe the question 8 geometrically.

Figure 2.11: Linking graphical and algebraic representations.

2.4 Statistical Analysis of the Questionnaire

In order to determine whether there were real underlying differences in response

within each level of “gender” and “age” and whether (given a particular factor)

the distributions of question responses were homogeneous with respect to each level

of the factor concerned, a statistical analysis using the software package “R” was

performed.
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The statement responses (1-13) were compared relative to the factors of “gender”

and “age” by applying a χ2 test to the proportions of interest. For example in the

case of the factor “gender” there are two levels “male” and “female” – it was of

interest to look for underlying differences within the males responses and whether

the distributions of proportions are the same for males as they are for females.

The main difficulty in this case, was to satisfy the assumptions of the χ2 test.

The expected cell counts should all be greater than 1 and 80% greater than 5.

This was not the case in all of the tables, since our sample was reasonably small.

Therefore, we combined the scale to “Agree = a”, “Neutural = n”, “Disagree = d”

and, altered the age groups to “18-21” and “22+”. However, this didn’t solve the

problem regarding some statements in the age groups.

A statistical analysis of the 13 statements in the questionnaire provide some

thoughts for answering the research questions. In this analysis we have categorised

these statements based upon their subject area and have chosen the most significant

results to comment on. Moreover, we have considered students age and gender

for each statement however, we will only refer to them if there are any significant

differences. A summary of the interpretations of this analysis is presented below:

2.4.1 Beliefs and attitude about the definitions

Definitions are a major part of linear algebra and obviously very hard to ignore. In

order to find out students point of view on that, the list of statements is presented

in Figure 2.12.

1. I understand most definitions in the 152 linear Algebra course.

2. I do not like definitions in linear algebra.

3. I believe definitions are important in Linear Algebra.

4. I find it really hard to memorise too many definitions in linear algebra.

Figure 2.12: A sample from the questionnaire on definitions.

Analysis of the data (see Figure 2.13) shows that there is no evidence (χ2 =

2.6957, df = 2, p-value = 0.2598) to suppose that the underlying population pro-

portion (henceforth “underlying proportion”) of students who stated that they do

not understand definitions (31.9%) is any larger than those who stated that they
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do (26.1%). A high percentage of students remained undecided (42%). The phrase

“totalq” shown in the graph denotes the analysis of statement 1 for total number

of students regardless of their age and gender. It is surprising that most students

were “not sure” about statement 1 concerning understanding the definitions, since

results of the linear algebra test (in question 1) showed that in fact many students

are struggling with understanding the definitions.
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Figure 2.13: Understanding the definitions.

Searching for evidence that students liked the definitions (statement 2) we found,

there is strong evidence (χ2 = 11.404, df = 2, p-value = 0.00334) with a confidence

interval (-0.484,-0.112) of a difference between agree and disagree that males do

not like definitions in linear algebra (see Figure 2.14). In other words, the χ2 test

shows that with 95% confidence the proportions of males who agree exceed those

who disagree by at least 11.2% and at most 48.4%. The verical intervals denote

the 95% confidence intervals for the proportions. In this case, the small P-value

is a good indicator to realise that there is a difference (i.e. at least one pair of

underlying proportions are different). Figure 2.14 also shows the graph for females

with a normal distribution and no difference is evident. A possible reason why males

dislike definitions could be a reflection of their impatience with respect to the tedium

of learning many precise and detailed statements.

Results (χ2 = 7.875, df = 2, p-value = 0.0195) revealed that students aged

between 18-21, also showed their dislike toward definitions, compared with those

students age 22+ (see Figure 2.15). The underlying proportion of 18-21 year olds

who disliked definitions was significantly greater than the proportion that liked
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Figure 2.14: A male v female comparison of attitude to liking definitions.

definitions. While those who were 22+ showed no underlying difference within their

age group. This might be because older students tend to pay attention to detail

more than the younger students.
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Figure 2.15: An age comparison of attitude to liking definitions.

Regarding the importance of definitions (statement 3), 60.9% of the students

indicated their agreement with the statement. Clearly they think that definitions

are important but they don’t like them (especially males and those aged between

18-21) and they are not very good at defining them (results from question 1).

Finally, in respect to finding it hard to memorise the definitions (statement 4),

there were more females disagreed (30%) than males (7%) (see Figure 2.16). Some

believe that females might be better in languages than males so they don’t mind
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memorizing. Females also could be more explicit, they like to remember the details,

whereas males are more interested in understanding the whole picture rather than

worrying about every little aspect. Analysis of the linear algebra test also showed

that no one had actually memorized the definitions in question 1. Next we consider

whether or not students were provided with adequate and useful resources to refer

to.
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Figure 2.16: A male v female comparison in respect to finding it hard to memorise
the definitions.

2.4.2 Resources available

In order to find out whether students were happy with the resources available to them

(textbooks, study guide and lecture notes) the statements presented in Figure 2.17

were given.

5. The linear algebra textbooks available for this course are very helpful.

8. This university should offer a separate paper called “Introduction to Linear

Algebra”, which will explain the concepts a bit slower and more thoroughly.

Figure 2.17: A sample from the questionnaire on resources.

An analysis of the overall attitude (see Figure 2.18) about the textbook suggests

that students are mainly not sure (45%) whether or not the textbooks are helpful.

This is not surprising as we often come across students who do not have a textbook

or if they have, they may not study it carefully. There is also no significant dif-

ference between the underlying proportion of students who agreed (25%) and those
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who disagreed (29%). Students (see Figure 2.19) showed their interest in having
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Figure 2.18: Are textbooks being helpful?

an introductory course to linear algebra. There is strong evidence that there is a

difference (χ2 = 25.3913, df = 2, p-value = 3.064e-06) between the underlying pro-

portion of students who agreed (59.4%) and those who remained neutural (30.4%)

and those who disagreed (10.1%).
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Figure 2.19: Students attitude about an introductory course to linear algebra.

2.4.3 Making use of computers

One of the interesting aims of this study which may assist us in further studies

in this field, was to see whether or not students are willing to use the technology

(mainly computers) to assist them with understanding of a linear algebra course.
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This in a way may not have been a fair expectation since most students never have

been introduced to the computers.

12. I would prefer to use the computers to do the calculations for me so I can

concentrate on understanding the linear algebra concepts.

Figure 2.20: Statement from the questionnaire related to using computers.

Statistical analysis of results, presented in Figure 2.21, indicates 49.3% of the

underlying proportion are not sure about using computers and only 18.8% agree

with this statement. Obviously there is a significant difference between those who

stayed neutural and those who agreed (χ2 = 9.6522, df = 2, p-value = 0.008018).

Results also revealed the fact that this statement received the highest number of

neutral responses.
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Figure 2.21: Students attitude about using the computers.

2.4.4 Understanding the concepts

Figure 2.22 shows the statements about main interest of this study namely, students

level of understanding of linear algebra.

Results (χ2 = 67.1304, df = 2, p-value = 2.665e-15) show that (79.7%) of the

underlying proportion want to improve their knowledge of linear algebra concepts.

Only 7.2% did not agree and 13% remained neutural. Figure 2.23 this relationship.

It is not quite clear what students intend by stating that they wish to improve

their knowledge, whether they mean knowledge of concepts or simply their practical

implementation of skills.
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7. I would like to improve my linear algebra knowledge.

9. I feel lost during the 152 linear algebra classes.

11. Understanding the concepts is the main difficulty of most students in

linear algebra.

Figure 2.22: Statements related to students understanding of concepts.
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Figure 2.23: Students attitude on improving their knowledge of linear algebra.

Figure 2.24 shows that 46% of the underlying proportion are not sure whether

or not they feel lost during the linear algebra classes. However, results (χ2= 5.8507,

df = 2, p-value = 0.05364) show that there is a significant difference between the

underlying proportion of those who disagreed (22.4%) and those who remained neu-

tural.
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Figure 2.24: Feeling lost during the linear algebra classes.

And finally results (χ2 = 26.3582, df = 2, p-value = 1.890e-06) revealed that

56% of the underlying proportion believe that understanding the concept is their
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main difficulty. Only 6% disagreed (see Figure 2.25).
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Figure 2.25: Concepts as being the main difficulty.

2.5 Student Comments

At the end of the questionnaire students were allowed to write their opinion relevant

to learning linear algebra. In response, 45% made interesting comments. Although

some students repeated ideas taken from the questionnaire, others were original and

gave comments worthy of note. These comments have been categorized as followings:

• Definitions in linear algebra

At the present setting the first introduction to new topics is through a set of

definitions, and there are plenty of them in the 152 Maths course. Definitions,

which are really the last step of some historical procedures, suppose to define

concepts and make them known to students, but instead they seem to be

making the life harder. How could definitions introduce students to a new

topic if they are so abstract themselves? Here are some of their comments:

It would help if the definitions were clarified more, because all the defi-

nitions build on top of previous ones- eg. span and basis use each other

in their definitions, and if you don’t understand what span means, for

example, you won’t be able to fully understand what the definition for

basis is, etc.

I think one of the hardest things to understand is the definitions. When
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given a question , before answering can begin, you need to identify what

the question is asking. If you don’t know the definitions, then you can’t

answer the question. You need to be extremely familiar with the terms

and definitions asked within questions.

The definition or the theorem in the study guide is too complex for me

to understand.

Well, this course- 152 Linear Algebra is quite hard. Definitions could be

less, the theory and definitions in the study guide is not clearly stated

and not helpful. Examples are better.

It appears that students realise the fact that definitions are important and

valuable, however they also recognise that they don’t need to know them fully

to solve problems:

I think it’s quite important to understand the definitions, otherwise you

are completely lost further on.

I find the actual maths involving real numbers within a linear algebra

question very easy, and likewise the basic concepts of linear algebra.

I can solve linear algebra questions even though I don’t know exact defi-

nition.

Not needing the definitions in order to do the problems, means that most

questions are asking students to calculate and follow procedures. In other

words, students don’t really need to know the concepts to do the problems.

This is where there is very little connection has been made, between the present

knowledge of concepts in students’ minds and what they can do in regard to

the concepts.

• Resources available

As mentioned earlier the recommended text book for this course was “Linear

Algebra and its Applications” by David C. Lay. In addition to the lecture

notes, students also receive a study guide which has a summary of the main

topics. It was apparent that there are number of students who don’t have the
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text book. For example here is an honest student who admits there is more

work needed:

I need to put in a lot more work + go to classes + maybe get a text book.

Different notations and symbols can often be confusing to many students. In

order to deal with this problem, they need to see the ideas behind the symbols

and try to understand the concepts first.

Notation in teaching is frequently different from that in text book varying

even from text to text.

For many students linear algebra is the first mathematics course where a sub-

stantial amount of reading is required. Most first year students are not used

to this. So they would like a glossary, or a quick reference to go to without

reading too many words:

Textbook is far too verbose and wordy.

I think the note teacher give me is better than the study guide and the

textbooks. The teacher note is not really good as well but at least better

than the text book and study guide.

The study guide is far better explanation than the text book, and the

lecturer notes are so important to learn the work.

A glossary is needed.

• Need different representations to visualise the concepts

As we noticed earlier for the majority of 152 Maths students English is their

second language. The technical jargon used in linear algebra puts an extra

burden on these students since although the technical terms would be new for

nearly all students regardless of their English background the explanation of

the terms would require an extra effort from those whose first language is not

English. Therefore some students are asking for more graphical representations

to visualize the concepts:
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Would like to see physical examples of planes, 3Dxy graphs etc so can

better visualise what is going on. At the moment is just all number jug-

gling.. Concepts are missed as cannot understand the language. Also

more diagrams and not the ones currently in the book more or less point-

less to me.

‘picture’ may be more easy to make me easier to understand what it is.

• More examples and answers

A high percentage of students made comments requesting more examples and

answers. It appears that students find the course difficult to comprehend,

therefore in their opinion a quick and easy solution to end their problems is

to have a source of similar examples that they can refer to. Here are some of

the comments:

We need more work examples and also the explanation from the working.

More examples for lectures.

More examples and working steps in more detail.

Study guide should have some exercises with examples.

I would have the text books which have many examples and informations

in. ...the exercise text book haven’t got all answers related to the exercises

and its working , feel a bit useless to do. (Since whatever I got answer

correct or not, I still cannot check the working)

Unfortunately, the problem with this approach is that firstly, in some cases

there may not be appropriate examples available to various theorems and top-

ics and secondly, it may encourage the students only to follow certain methods.

In another words, the procedural approach which is favored by many students,

may take away their creativity of tackling the problems. On the other hand

if the explanations in the text book and notes is not clear, how could they

solve the hard problems? Lack of any prior background to the subject is also

adding to the problem.

• No background in linear algebra

Lack of background in linear algebra is a major difficulty for students. Re-

searchers believe that maybe linear algebra should be taught in high school.
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Students believe that having a good solid background is what they need to

understand linear algebra:

Linear algebra should really be introduced to students in high school,

with the rest of the maths, so people can get used to it and absorb the

concepts of it by the time they get to university. I don’t see why it

is treated differently than the rest of the maths. eg. if we did not do

any differentiating (integrating) in high school, we would find it pretty

difficult at university.

Our basic knowledge from calculus is better than linear algebra, In my

idea about that is we start learning calculus from intermediate schools,

but we only learn linear algebra in very last year of high school which

is also has lots of algebra on it. It’s better for students to get to know

with this subject, earlier than high school. Sorry if my idea is not good

enough!

Although having a good background is an important factor for learning a new

topic, there is no reason that we should not be able to teach a course without

any prior background. This is easily achieved when the course starts on good

foundation and slowly introduces the more difficult topics. To achieve this

goal more time and research is required.

• More time to understand the course

The semester system somehow has made the university year appear to go very

fast. Some students feel that they need more time to absorb the materials.

After all what is the point of covering so much in such a short time?

How the teacher addresses the problems. The amount of time needed to

understand the topic and do assignments. If there is enough time in class

to actually complete work so it can be understood.

Perhaps longer class hours

More time is needed.

• Application to the real world
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Students always want to know what use doing different branches of mathe-

matics is. Some of their comments were:

Also if problems are combined with those solving real problems with

real applications I think that would help understanding even if problem

solving meant using computers.

I do want to know what the applications of linear algebra. (In the real

life)

Day (1999) a lecturer and researcher provides real life based projects, which are

foolish to do by hand, to students and encourage them to use the computer

software such as MATLAB to solve them. Apparently students get a thrill

from that and learn some computer skills which are useful for their entire

professional career.

It is interesting that no one made any comments about the use of computers

in this study. As we noticed earlier the highest neutral responses was for the

statement relating the use of computers (statement 12 of the questionnaire).

• General comments

Here is an interesting comment. Near the end of the semester and one student

was still not sure about what part of the course was called linear algebra, as

she/he said:

To be honest, I am unsure as to what part of our course is seemed to

be linear algebra. I was surprised that most of the vector questions are

linear algebra so answering this particular survey is difficult as I don’t

know what definitions in 152 are linear algebra.

2.6 Summary

Although many educators have expressed their concerns related to the teaching and

learning of linear algebra courses (see Chapter 1), research on students’ conceptual

understanding of linear algebra is still relatively in its infancy. This pilot study has

provided evidence on a number of relevant issues. It was apparent while students
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know that definitions are important, they do not like them, and do not seem to learn

them or quote them. Not surprisingly, this means that they do not understand the

meaning of definitions and are unable to apply them even in simple situations.

Instead they often see linear algebra as the application of a set of procedures, which

if learned will enable them to solve the given problems. Having such a tenuous grasp

on the concepts of linear algebra means that students may not be able to translate

these concepts across different representations, and in particular they may lack a

geometric perspective of them, relating to R
n.



Chapter 3

A Framework for Teaching and

Learning of Linear Algebra

Concepts

3.1 Introduction

In the light of the pilot study in Chapter 2 it was decided to create a framework

that might be helpful for research and teaching. This chapter describes an overview

of a theoretical framework for the teaching and learning of a selection of primary

linear algebra concepts based on the vector space R
n, their representational basis

and their genetic decompositions. The chosen concepts were vector, scalar multiple,

linear combinations, linear dependence/independence, span, subspace, basis, and

eigenvectors and eigenvalues. The framework was constructed based on APOS the-

ory and Tall’s three worlds of mathematical thinking, described in detail in Chapter

1. This chapter consists of two sections (i) how the framework was constructed and

(ii) what it may be useful for.

3.2 Description of the Design of the Framework

The results of the pilot study showed how students struggled to define some of the

main, but elementary, concepts in linear algebra in their own words (definitions),

84
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how they lacked conceptual understanding in dealing with questions and how they

were not able to recognise the concepts in a different representation from that they

were used to. For example a majority of students did not recognise the concept of

eigenvector or linearly independence geometrically (see Appendix A, Question 12).

Still, the researcher was not only interested in proving the existence of problems,

but was concerned to create a learning and teaching framework to help students

to learn these sometimes difficult and abstract concepts. In the absence of a firm

theoretical framework to guide the learning and teaching processes and measure

students’ conceptual understanding, the analysis of the data also became somewhat

difficult. Hence, the researcher was seeking to find a suitable framework to evaluate

students’ conceptual understanding of linear algebra.

In 2004 the three worlds of mathematical thinking theory was first published, and

appeared to have the potential to be a useful way to think about the linear algebra

concepts in the research. Moreover, this connected, through the embodied world

of Tall, to the researcher’s previous strong focus in teaching on presenting linear

algebra concepts using embodied aspects to help students visualise the concepts,

and hence lead to a better understanding. Since the action, process and object

concepts of APOS theory had already been the subject of attention, the question

was whether a conjunction of the two theories could be produced that could be used

to inform and evaluate students’ learning processes.

To examine the usefulness of these theories in learning and teaching, for each

chosen linear algebra concept a preliminary framework was constructed. This was

done to examine learner’s action, process, object thought processes of the concept

in each of the three mathematical worlds of embodied, symbolic and formal. This

construction was chosen because it is not only possible to think of APOS in each of

the three worlds of mathematical thinking but also this format could provide valuable

insights through a detailed analysis of the level of individual student understanding

of the concepts in each cell. Such a framework would also allow researchers to

evaluate students’ conceptual understanding of linear algebra and observe the way

students learn. Furthermore, it was designed to help teachers and instructors to

cover a spectrum of representations in the classroom in such a way that it would

help students build linear algebra knowledge and give students the impression that

mathematics is not “completely cut, dried and salted away” (Mason, 2002, p. 4) or
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as Fischbein (1994, p. 231) describes it, there is a process in learning mathematics:

The fact that the ideal of a mathematician is to obtain a strictly coherent,

logically structured body of knowledge does not exclude the necessity to

consider mathematics also as a creative process: As a matter of fact, we

want students to understand that mathematics is, essentially, a human

activity, that mathematics is invented by human beings. The process of

creating mathematics implies moments of illumination, hesitation, ac-

ceptance, and refutation; very often centuries of endeavors, successive

corrections, and refinements. We want them to learn not only the for-

mal, deductive sequence of statements leading to a theorem but also

to become able to produce, by themselves, mathematical statements,

to build the respective proofs, to evaluate not only formally but also

intuitively the validity of mathematical statements.

Although, as Fischbein declares, we want students to learn formal mathematics,

we also want them to learn how to reach to the formal mathematics. Hence for the

purpose of this thesis I have employed two advanced mathematical learning theories

that suggest alternative, but related, ways of teaching and learning. These theories

are Tall’s theory of learning, employing the constructions of embodied, symbolic

and formal worlds of mathematics, and the action, process and object of Dubinsky’s

APOS theory. The theory of APOS has been applied to many areas of mathematics

at the university level. Since many linear algebra concepts have embodied, symbolic

and formal representations, and they involve ways of thinking that are outlined by

APOS theory’s actions, processes and objects, the theories were considered an ideal

combination for research on student learning and understanding of linear algebra,

as well as the teaching of the concepts. Thus, they provided a platform for building

this framework.

Before describing this new framework, we will consider some examples from the

two learning theories. The examples given below on APOS and the three worlds of

mathematical thinking, unfold a practical side to each theory and provide a clearer

guide in the task of constructing a framework for each of the chosen linear algebra

concepts.
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Action, Process, Object: An Example

In the APOS framework suggested by Asiala et al. (1996, p. 11) some examples of

action, process and object were given as follows:

For example, a student is restricted to an action concept of function and

is unable to interpret a situation as a function unless he or she has a

single formula for computing values. In the case of a functions, a process

conception allows the subject to think of a function as receiving one

or more inputs, or values. For instance, to understand a function such

as sin(x), one needs a process conception of function since no explicit

instructions for obtaining an output from an input are given; in order

to implement the function, one must imagine the process of associating

a real number with its sine... It is easy to see how encapsulation of

process to objects and de-encapsulating the objects back to process arises

when one is thinking about manipulations of functions such as adding,

multiplying, or just forming sets of functions.

This example illustrates the importance of having a process and object view that

allows the learner to interpret a situation. Furthermore, it illustrates how, having

the ability to encapsulate a process into an object and then de-encapsulate the

object back to the process, the learner may gain greater insight into mathematics

where this is required and be able to have more control over the mental activity

involved in say, a problem solving situation. This detailed description of the stages

of the function concept was used to provide a parallel description for linear algebra

concepts that were used in this research.

Tall’s Three World of Mathematical Thinking Framework: Some Exam-

ples

Tall and Mejia-Ramos (2006) describe how mathematical thinking is built up by

individuals over their life-time, from child to mathematician, and how conceptual

embodiment and proceptual symbolism leads on to axiomatic, formal proof. Based

on Skemp’s (1971) beliefs about using examples to develop higher order concepts,

Tall’s worlds include many examples from different mathematical contexts. In the
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text below I present some of his examples from the conceptual embodied, proceptual-

symbolic and axiomatic formalism worlds (Tall, 2007b, pp. 2-3):

We conceptually embody a geometric figure, such as a triangle consisting

of three straight line-segments; we imagine a triangle as such a figure and

allow a specific triangle to act as a prototype to represent the whole class

of triangles. We see an image of a specific graph as representing a specific

or generic function. ‘Proceptual symbolism’ refers to the use of symbols

that arise from performing an action schema, such as counting, where

the symbols used become thinkable concepts, such as number... The

formal axiomatic world of mathematicians is predicated on giving formal

definitions to concepts and proving theorems by mathematical proof, but

it is also underpinned by the experiences of mathematicians that suggests

what theorems may be worth proving and how the proof might be carried

out, which in turn builds on the mathematicians’ embodied and symbolic

experience.

In his conceptual-embodied world Tall (2004, p. 30) also points out that: “By

reflection and by the use of increasingly sophisticated language, we can focus on

aspects of our sensory experience that enable us to envisage conceptions that no

longer exist in the world outside, such as a ‘line’ that is ‘perfectly straight’ ”. These

detailed examples distinguishing clearly between embodied, symbolic and formal

worlds of mathematical thinking, provided a template for constructing these ideas

with respect to linear algebra concepts.

The following section gives more aspects of the framework for this research in

detail.

The framework was constructed by creating a grid with 12 cells to examine a

learner’s action, process, and object thought processes of the concept (the left-hand

column) in each of the three mathematical worlds of embodied, symbolic and formal

(the top cells). This formulation was achievable since it is possible to have action,

process, and object type of thinking in each of the embodied and symbolic and

formal worlds of mathematics. For example it is possible to have an action view

in the embodied world or in the symbolic world, or both, or think about mental
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processes in the symbolic world.

In addition, since the symbolic world in linear algebra (unlike calculus) includes

both a matrix representation as well as an algebraic one, both of these were con-

sidered as part of the symbolic world. Thus, the theoretical standpoint for this

framework implies that students can do actions, think about processes, and encap-

sulate their processes to form objects in each of the embodied, symbolic and formal

worlds of mathematical thinking. Despite the fact that Dubinsky’s APOS theory

refers to learners’ mental views and Tall’s worlds are mathematical thinking, the

theories seem to blend naturally together.

The change in the expected level of difficulty going from one cell to another is

shown by the arrows (see Figure 3.1). These arrows represent the increase in level

of difficulty as one moves from an action to an object view, or, similarly the increase

in complexity that is involved in building formal world thinking from embodied and

symbolic. Moreover, as the diagonal arrow points out, gaining an object-formal

view of a concept is predicted to be the most difficult one to achieve, which is in line

with Tall’s cognitive model illustrated in Figure 1.2 (the LHS picture). However,

this does not necessarily imply the order in which students would progress through

these cells in terms of their thinking. As Tall (2004a) states some students are quite

content to carry on with symbolic manipulation and action procedural thinking and

may never take the further step into the formal world.

Figure 3.1: The expected complexities of moving from one cell to others are shown
by arrows.
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A separate part of the framework was created (Tables 3.1-3.7) to demonstrate

specifically the actions, processes and objects in the three worlds of mathematical

thinking for each chosen concept. However, due to the fact that some of them were

so closely related, it made sense to combine the concept of vector with that of scalar

multiple, and to combine the two concepts of eigenvalues and eigenvectors. Table

3.1 illustrates the first part of the framework, on vector and scalar multiplication.

To clarify the contents of the cells of the framework I present in the section below

some examples that suggest a possible set of mental constructions that students

should have in order to understand the chosen concepts. It would be a long process to

describe every cell in the framework, and somewhat repetitive, hence only examples

of cell contents are provided.

Action-Embodied Cell; Process-Embodied Cell: The Case of Scalar Mul-

tiple

The concept considered here is that of the scalar multiple of a vector (Table 3.1).

The action-embodied and process-embodied cells of the framework will be used to

exemplify thinking about this concept.

An action in the embodied world for the concept of scalar multiple is being able

to draw a given single scalar multiple of a given vector. However, having a process

view in the embodied world means the ability to generalise mentally this situation

for any scalar multiple of any vector by illustrating these scalar multiples on a single

line (which can become a mental object). These ideas are illustrated in Figure 3.2.

Figure 3.2: The action-embodied (LHS) and process-embodied (the next two dia-
grams) views of scalar multiple.
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Table 3.1: The APOS-Three Worlds Framework for Vector and Scalar Multiplication
Worlds Embodied Symbolic World Formal

APOS World Algebraic Rep. Matrix Rep. World

Action

Can see vector as
displacement from

A to B

Can perform a
scalar multiplication

Can multiply a vector by a
scalar e.g 3a

Can add vectors




2
0
1



 +





4
3
0



 =





6
3
1





Can multiply a vector
by a scalar

2





4
3
1



 =





8
6
2





Process

Can recognise
equivalent vectors

represented by parallel
arrows, having same length

and direction

Can add

Can perform scalar
multiplication for a

general case

Can understand
vector addition/subtraction

scalar multiplication
parallelogram/triangle rules

kv∀k ∈ R

v + w = w + v

∀v, w ∈ V

v = w equivalent vectors

Vector addition/subtraction
scalar multiplication,

the vectors

u =





x1

y1

z1



 , v =





x2

y2

z2





are said to be equal if
x1 = x2, y1 = y2, z1 = z2

Object

Can see vector
as a directed line segment
with magnitude, which

can be picked up mentally
and moved around

(a free vector)

Can see that
the vector v can be
treated as an entity
and operated upon
e.g. f(v) : v1 → v2

The column vector





x

y

z





or row vector (x, y, z)
can be treated as an entity

and operated upon

e.g. f









x

y

z









The n-tuple













a1

a2

.

.

.
an













as an element of Rn

is a vector, which holds
all the properties of

a vector space.
An element of a vector

space V,
can be operated on.

e.g. T : v1 → v2

T (v) = A.v

Can understand the
definition of scalar
product over any

field F



3.2. DESCRIPTION OF THE DESIGN OF THE FRAMEWORK 92

Process-Embodied Cell; Process-Symbolic-Algebraic Cell: The Case of

Linear Combination

This section contains a description of the mental constructions required as part of

building the concept of linear combination in two different cells of the framework.

The process-embodied cell illustrates a situation where the learner no longer needs

two specific vectors to demonstrate linear combination geometrically but is able to

generalise this for any two vectors v1,v2. That is they can mentally form any scalar

product of any two vectors and see the linear combination as a resulting diagonal

of a parallelogram. Figure 3.3 illustrates this process using the parallelogram rule

with two scalar multiples of vectors added together.

Figure 3.3: Linear combination in the process-embodied cell.

Similarly, the same process for this concept in the symbolic-algebra world can

be represented as w = au + bv. The complete framework for the concept of linear

combination is given in Table 3.2.
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Table 3.2: The APOS-Three Worlds Framework for the Concept of Linear Combi-
nation

Worlds Embodied Symbolic World Formal

APOS World Algebraic Rep. Matrix Rep. World

Action

Can add multiples of
two specific vectors

Can create a new
vector w by, say addition.

e.g w = 3u + 5v

Can calculate with
linear combinations,

e.g.

2





2
3
1



 + 3





4
−1
1



 =





16
3
5





Can determine whether
a vector w

is a linear combination of
u and v

using row reduction

Process

Can generalise addition
of multiples of any vectors

Can think of linear
combinations of vectors

e.g. w = au + bv

without having to perform
operations

Can consider operations on
vectors without performing

them e.g.

k1









x1

.

.

.
xn









+ k2









y1

.

.

.
yn









Can relate linear
combination to other

linear algebra concepts
such as span and

linear independence

Object

Sees resultant as new
vector object and can

operate on it

Can operate on a
linear combination

e.g.
T (au + bv)

Can operate on a linear
combination e.g.

A.









k1x1 + k2y1

.

.

.
k1xn + k2yn









w = c1v1 + c2v2 + . . .

+ckvk

sees a general linear
combination as an
element of a vector
space V ci ∈ F

Process-Embodied Cell; Object-Embodied Cell: The Case of Linear In-

dependence

In this section a description of the kind of mental constructions that are illustrated in

two different cells of the framework related to the concept of linear independence is

presented. The process-embodied cell represents geometrically how, if three vectors

do not all lie in the same plane in R
3, they are linearly independent (see Figure 3.4).

On the other hand to have an object view in the embodied world means to recognise

that any two vectors define an object of a plane, and along with a third vector that

does not lie in the same plane they can form a linearly independent set of vectors

(the object-embodied cell). Table 3.3 shows a complete framework for the concept

of linear independence.

Object-Formal Cell: The Case of Basis

The next example illustrates the construction of an object view of the concept of

basis in the formal world of definitions and theorems. To have an object view of a
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Figure 3.4: Linear independence in the Process-Embodied cell.

Table 3.3: The APOS-Three Worlds Framework for Linearly Independent/Depen-
dent

Worlds Embodied Symbolic World Formal

APOS World Algebraic Rep. Matrix Rep. World

Action

Can draw two specific
linearly independent vector

Can arrange
c1v1 + c2v2 + c3v3 = 0

to get a linear combination

v1 = −
c2

c1
v2 −

c3

c1
v3, c1 6= 0

(To show dependent)

c1





1
3
1



 + c2





1
−1
1



 + c3





3
0
1



 =





0
0
0





This equation has trivial
solution, where

c1 = c2 = c3 = 0. Also




1 1 3
3 −1 0
1 1 1



 ∼





1 0 0
0 1 0
0 0 1





Vectors are not multiples, or
linear combination of each other.

Process

Can show any 3
linear independent vectors

Can see that for
linearly dependent vectors
one can always be written
as a linear combination of

the others.

Can relate linear independence
and dependence to row-reduced

echelon form of a
relevant matrix.

Can see processes
that relate linear

independence to other
linear algebra

concepts such as:
linear combination, span,

rank and basis.

Object

Any two vectors
define a plane, and if

the third vector does not
lie on the same plane

means vectors are
independent.

Can think of a set of
linearly independent vectors,

vi as an entity and
can use it eg as a basis.

Can think of a matrix as a set
of linearly independent

vectors (a1i, a2i, a3i, . . . , ani)
and as an entity, and can

use it eg as a basis.

Understands the formal
definition, where the

equation
c1v1 + c2v2+
. . . + cnvn = 0

has only the trivial
solution,

c1 = c2 = c3 = 0.

vi ∈ V, ci ∈ F
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Table 3.4: The APOS-Three Worlds Framework for the Concept of Basis
Worlds Embodied Symbolic World Formal

APOS World Algebraic Rep. Matrix Rep. World

Action

See three specific
non-coplanar vectors as

a basis of R
3

e.g. The standard basis

for R3 (above)

Can find a basis for S,
where S is the two-

dimensional subspace of

R
3 satisfying an equation
e.g. x + 2y − z = 0.

Can find the NS(A) which
we call the general

solution of the system
Ax = 0.

Can find a basis for the
vector space in

R
3 spanned

by the vectors










1
5
9



 ,





2
6
10



 ,





3
7
11











Find the nullspace of a
specific matrix (A), and
find a basis for NS(A).
Find a basis for CS(A).

Process

Can picture general
orthogonal and orthonormal

bases. Can see certain
transformations

(e.g. rotation, reflection)
of a basis as also
providing a basis

in R
3.

Can describe a basis
for any vector space

in R
n.

Can generalise the method
for finding a basis for

Col A or Nul A to
describe the resulting bases.

Can find a basis for
any vector space

in R
n.

Understands that linear
independence ensures
that there are not too

many vectors in a basis,
and spanning ensures

that there are
not too few.

Object

Can operate on a basis, with
certain transformations
(e.g, rotation, reflection)

to provide another

basis for R
3

Can see that
a set of vectors

{v1, v2, . . . , vn} form a
basis for all of R

n if
they are linearly independent

and span R
n

See the columns of an
invertible n × n matrix
forming a basis for all of

R
n because they are

linearly independent and
span R

n

Can understand the
definition of a basis:

A basis for a
subspace H of R

n is
a linearly independent set

in H that spans H.

concept is one of the most difficult steps in understanding a concept, since having

experienced actions and processes in the embodied and symbolic worlds, the learner

is now focused purely on converting the axioms and properties of each concept into

a mental object. To have an object view in the formal world for the concept of basis

one must have an understanding of its definition, which is precisely formulated.

Here is one definition of a basis: A basis for a subspace H of R
n is a linearly

independent set in H that spans H. In this case it is assumed that the learner

has an understanding of linear independence and span, since based on the definition

alone it is impossible to have an understanding of a basis without understanding the

concepts of span and linear independence. Table 3.4 shows a complete framework

for the concept of basis.

In summary, the framework was shaped to provide a natural blend of the pro-

posed theories to illustrates the construction of the embodied notions, condensing

these to processes, encapsulating these as objects in the embodied world, working

in the symbolic world and, finally, reaching the formal world.
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In the next section the possible usefulness and importance of the framework for

teaching will be discussed.

3.2.1 Using the Framework as an Analytical Tool in Teach-

ing Linear Algebra

In teaching a course in linear algebra it can be considered sufficient to give students

definitions, to describe the theorems and to give some examples. However, as re-

search shows, there is evidence to show that teaching mathematics to undergraduate

students in the traditional way is not working very well (Dubinsky, 2001). Moreover,

in the case of linear algebra research shows that many students have difficulty in

understanding the concepts. How can we as researchers address these issues? As

mentioned at the beginning of this chapter the main goals of the proposed theoretical

framework was to address the following:

• To enable the researcher/teacher to analyse students’ thinking about the con-

cepts, using the proposed learning theories.

• To assist teachers to cover all aspects of a concept using different represen-

tations and in an order that may be more appropriate for learning to take

place;

Although this framework is clearly not perfect it is aimed at providing a start-

ing point for analysing student thinking by providing evidence of students’ level of

thinking based on the specific cells or regions of the framework. For example by

analysing students’ work the researcher could observe which region or cells of the

framework student thinking is in. It is also possible to trace which parts of the

framework describe thinking students are not able to produce. So the framework

can be used to discover students’ thinking abilities. By finding out weak points in

a student’s understanding and thinking, the instructor can see the areas that need

improvement, and how to address them. Moreover, from a teaching point of view

the framework was designed to make sure that every aspect of the concept men-

tioned in the cells of the framework is covered in the lectures. This should help to

give students an overall view of each of the concepts and help them to build linear

algebra knowledge that might assist them to reach formal world thinking.



3.2. DESCRIPTION OF THE DESIGN OF THE FRAMEWORK 97

Obstacles in constructing a framework for each chosen concept

One of the major difficulties in constructing the framework was to think of appro-

priate actions, processes and objects for each concept in each of the three worlds.

For example it proved to be hard work to imagine, or even describe, possible object

views in the embodied world for each chosen concept. Another major difficulty was

in answering questions such as:

Are there any actions taking place in the formal world? Can definitions be

considered as actions in the formal world? A possible answer to these questions is

given by Tall (2007, personal communication):

So if ‘defining’ a definition means the second act mentioned above, ie giv-

ing the student a definition (as opposed to creating the definition) then

Mike [Thomas] is right. In this sense, action occurs in the formal world

when the student is presented with a formal definition as an external

stimulus and then goes through a sequence of activities to play with the

definition without yet feeling control over it. It becomes a process, when

the student makes personal sense of the definition, which according to

Dubinsky is: Process. When an individual reflects on an action scheme

and interiorises it then the action can become perceived as a part of the

individual who can establish control over it.

On the other hand Dubinsky’s view (2008, personal conversation) is that there

are no actions in the formal world. So based on the above communications it should

not be surprising that some cells of the framework still remain empty.

3.2.2 Summary

In summary the theoretical framework blended the strength of two theories to in-

vestigate students’ learning processes and the kind of mental and mathematical

processes that they ought to have in order to build rich thinking about linear al-

gebra concepts. Moreover, the framework was created to present a broader view of

each concept to teachers. In the Tables 3.5-3.7 frameworks for each of the remaining

linear algebra concepts in this study are presented.
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Table 3.5: The APOS-Three Worlds Framework for the Concept of Span
Worlds Embodied Symbolic World Formal

APOS World Algebraic Rep. Matrix Rep. World

Action

Can see that 2 vectors
define a plane

Can calculate elements
of span{v1, v2}

e.g. w = 2v1 + 3v2

w is a member of
span{v1, v2}

Can calculate whether
a particular vector v

belongs to a particular
span S by

Gaussian elimination

Process

Can see that two linearly independent
vectors originating from the

same point determine a plane.
The set of all points in the plane

is the span of these vectors
w = k1v1 + k2v2

as a general element
of span{v1, v2}

Can understand and
generalise a method for

the content in the
above action-matrix cell

Can relate span
to other linear algebra

concepts such as
linear combination,
basis and subspace

Object
Can see the resulting plane as

an object in its own right
The definition of the

span

Table 3.6: The APOS-Three Worlds Framework for the Concept of Subspace
Worlds Embodied Symbolic World Formal

APOS World Algebraic Rep. Matrix Rep. World

Action

Can visualise a set of linear
combinations of 2 or 3

given vectors through origin

e.g. The set of all
points on the
line x + y = 1

is not a subspace.
It does not include

the zero vector.

Let U = {(a, b, c) : a = b = c}

U is a subspace of R
3

The zero vector is a subspace.

Use the definition
(in a procedure) to
identify a subspace.

Process R
n is a subspace

Can see processes that
relate subspace to other

concepts such as
linear combination and span

Can check properties of
a subspace:

for a general vector space
(including the zero vector
closed under addition and

scalar multiplication)

Object
Span {v1, v2, v3} as

a plane through the origin

Span {v1 . . . vn}
is the subspace spanned

by v1, . . . , vn

Span
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is the subspace
spanned by the vectors

See a subspace as a
vector space itself
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Table 3.7: The APOS-Three Worlds Framework for Eigenvalues and Eigenvectors
Worlds Embodied Symbolic World Formal

APOS World Algebraic Rep. Matrix Rep. World

Action

Can applying a specific
transformation and multiply

it by a specific scalar.

Can simplify Ax = λx to
(A − λI)x = 0

in an specific example
to find the eigenvectors

Can find the eigenvalues
and eigenvectors of

the matrix

[

1 2
3 4

]

Can find a basis for the
eigenspace

Process

Can applying a
transformation and

show it for a
general case.

Can see that there
are infinitely many

eigenvectors associated
with an eigenvalue

Understand the process
(A − λI)x = 0

(realises that Ix = x)

Can see that every scalar
multiple of an eigenvector is

also an eigenvector

Can relate to a basis
for the eigenspace

An eigenspace consists
of the zero vector

and all the
linearly independent

eigenvectors

Object

Vectors that are
transformed by a matrix,
and stretched or shrinked

in the same direction
by a scalar

Understands that
for Ax = λx

in each side of
the equation the

final object is a vector

Understanding the
definition of

eigenvectors and eigenvalues



Chapter 4

Research Design and Methodology

4.1 Introduction

In coming to terms with problems of everyday living, one must acknowledge the

limitations of our personal experience in the form of common-sense knowing (Cohen,

Manion & Morrison, 2007). Unlike the lay person’s approach to solving problems,

which is “based on a loose and uncritical manner, scientists conduct their theories

carefully and systematically” (p. 5). Scientists are more aware of the fact that

“whatever hypotheses they formulate have to be tested empirically so that their

explanations have a firm basis in fact” (Cohen et al., 2007, p. 5). Although Tuckman

(1999, p. 395) reminds us that “no researcher can ever carry out a totally systematic

or totally objective study”.

The literature reveals a variety of educational research methods may be used,

and certainly they all make their own particular contribution to educational knowl-

edge. Kaplan (1973, cited in Cohen et al., 2007, p. 47) suggests that, “the aim of

methodology is to help us to understand, in the broadest possible terms, not the

products of scientific inquiry, but the process itself”.

In this chapter I will describe the methodology for this research, which was de-

signed specifically to examine the effects of multiple representations and an embodied

visual approach on the learning of particular linear algebra concepts, as adequately

and objectively as possible. I will discuss the various methods employed and anal-

yse their usefulness in the context of this research, and justify them by reference to

other authors.

100



4.2. AIM 101

This chapter will commence with a statement of the aim of the research, the

research questions and assumptions, as they have guided the process of this study

and were consistent with the chosen method.

4.2 Aim

The aim of this main research study was to investigate the level of conceptual and

procedural understanding of particular linear algebra concepts among first and sec-

ond year university mathematics students. Furthermore the outcomes from an alter-

nate teaching approach, namely the use of an embodied explanation of the concepts,

will be examined. This research considered some major issues, such as the role of

understanding of definitions and conceptual and procedural approaches to solving

problems. It evaluated possible reasons for students’ difficulties with linear algebra

courses and sought, through an intervention, to assist their conceptual understand-

ing. The concepts considered included vector, scalar multiple, linear combinations,

linear dependence/independence, span of vectors, subspace, basis, and eigenvec-

tors and eigenvalues. They were chosen because, they are the building blocks and

foundation concepts in introductory linear algebra courses and represent a natural

progression of ideas from vector and scalar multiple to the study of eigenvalues and

eigenvectors.

4.3 Research Questions

The original research questions from the pilot study were evaluated and tailored

in such a way as to accommodate the new theoretical framework. The reasons for

changes in the research questions are listed below:

• The general questions now included questions that involved examining the

second year students understanding of linear algebra as well as the first year

students. The reason for that was that the majority of the chosen concepts

under investigation for this research were taught in the second year general

mathematics courses.
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• The focus of the research on the use of computer technology was not a possi-

bility, so the question related to computers was eliminated.

• As the focus of the research was partly on the three worlds of mathematics, a

question relating to the three worlds was now added to the list of the general

questions to evaluate the usefulness of thinking in the three worlds in building

knowledge. In particular the usefulness of embodied world thinking was of

interest.

• The questions relating to students’ understanding of definitions and their abil-

ities in shift between the different representations remained in the list. This

was because my primary beliefs on the role of student understanding and use

of definitions in linear algebra stayed the same. Moreover, it was of interest

to have some insights on student conceptions of the formal ideas, and their

abilities to move between the worlds.

• It was also important to evaluate the extent of the usefulness of the proposed

theoretical framework in the research.

Thus, the following research questions provided a basis for investigating a holistic

approach toward students’ understanding of the basic linear algebra concepts listed

above.

4.3.1 General Research Questions

• What is the level of conceptual and procedural understanding of these lin-

ear algebra concepts among first and second year mathematics and science

students at University of Auckland?

• Are there any specific causes of any difficulties students have in understanding

these linear algebra concepts? If so, in what areas do the major difficulties

occur? Is there a role for definitions and representations in any of these diffi-

culties?

• Does studying these concepts, through the three worlds of embodied, symbolic

and formal mathematics, help build linear algebra knowledge?

A more focused set of research questions was as follows:
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4.3.2 Specific Research Questions

• Does a visual embodied approach to linear algebra concepts help/add to un-

derstanding, and if so, how?

• How well can first and second year students recognise and use the different rep-

resentations of specific linear algebra concepts? Do students have the ability to

move between different representations? Can representations other than nat-

ural language and symbolic algebra play a positive role in making definitions

easier to understand?

• Can we construct a useful learning framework to emphasize the three worlds of

mathematical thinking, and the transitions between action, process, object and

schema conceptions in linear algebra? What variables influence the stability

and usefulness of the framework, and how?

4.4 Hypotheses

One important tool which carries a great importance for any scientist is the hypoth-

esis. Medawar (1972, cited in Cohen et al., 2007, p. 15) describes his perception of

hypothesis and its function as:

... the invention of a possible world, or of a tiny fraction of that world.

The conjecture is then exposed to criticism to find out whether or not

that imagined world is anything like the real one. Scientific reasoning is

therefore at all levels an interaction between two episodes of thought- a

dialogue between two voices, the one imaginative and the other critical;

a dialogue, if you like, between the possible and the actual, between

proposal and disposal, conjecture and criticism, between what might be

true and what is in fact the case.

Finn (1997, p. 556) emphasises how in the absence of the hypothesis “the findings

that emerge may not be among the more meaningful that the study can provide”.

The following research hypotheses were derived using the literature and the theories

discussed in Chapter 1, along with the research framework and the personal beliefs
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and perspectives of the researcher. They provided a guide for data collection and

analysis and were looked upon as a foundation on which to build this study.

• For overall understanding of linear algebra one needs to have all three worlds

of mathematics learning (embodied, symbolic and the formal world).

• Understanding definitions is a significant factor in students’ ability to learn

linear algebra.

• An ability to see concepts in an inter-representational manner will assist con-

ceptual understanding of linear algebra.

• The emphases in the teaching of linear algebra influence the types of concep-

tions that students develop. Specifically, procedural teaching develops action

or process-based schemas lacking a conceptual focus.

• Experience with a range of symbolic interactions can assist in the development

of mathematical cognition.

4.5 Research Method

Qualitative Research

In order to understand how students learn, and think about, linear algebra it was

decided to take a qualitative and holistic approach. This is the type of research

that relies on narrative rather than numerical data. As Tuckman (1999, p. 423)

describes “this category of research methods includes ethnography, responsive or

naturalistic evaluation, and case study research, to cover a variety of themes dealing

with unique, whole events in context. The researcher’s experience and insight form

part of the data”. Bogdan and Biklen (1992, cited in Tuckman, 1999, p. 395) ascribe

five features to qualitative research as follows:

(1) The natural setting is the data source, and the researcher is the

key data-collection instrument. (2) Such a study attempts primarily

to describe and only secondarily to analyse. (3) Researchers concern

themselves with process, that is, with events that transpire, as much
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as with product or outcome. (4) Data analysis emphasises inductive

methods comparable to putting together the parts of a puzzle. (5) The

researcher focuses essentially on what things mean, that is, why events

occur as well as what happens.

One of the themes of qualitative research described by Tuckman (1999) is the

holistic perspective, where “the whole phenomenon under study is understood as a

complex system that is more than the sum of its parts.” The focus of the study is

“on complex interdependencies not meaningfully reduced to a few discrete variables

and linear, cause-effect relationships”. This shows a rather sharp contrast between

the qualitative and quantitative approaches. “This type of research methodology,

also called ethnography, is said by Wilson (1977) to be based on two fundamen-

tal beliefs: (1) Events must be studied in natural settings, that is, understanding

requires field-based research. (2) A researcher cannot understand events without un-

derstanding how they are perceived and interpreted by the people who participate

in them. Thus, participant observation is one of the method’s major data-collection

devices” (Tuckman, 1999, p. 395). Tuckman adds that this type of research relies

on observations of interactions and interviews with participants to discover patterns

and their meaning. It may not be as effective to measure the depth of students’

thoughts and understanding about some linear algebra concept, or to find out the

roots of their difficulties with certain topics, numerically. According to Asalia et al.

(1996, p. 3):

Traditional statistical measures may apply, for example to paired-associate

learning, but if one wishes to build on the work of Jean Piaget, and/or

use the ideas of theoretical cognitive structures, then new methods of re-

search, mainly qualitative, must be developed to relate those structures

to observable behavior.

Taking a primarily qualitative and holistic perspective proved to be a valuable

tool for this study as it allowed the researcher to study the students in their own

environment while they were taught and learned the concepts, and later expressed

their understandings.
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4.5.1 Qualitative Case Studies

According to Skate (2005, p. 443) “the name ‘case study’ is emphasized by some of

us because it draws attention to the question of what can be learned about a single

case”. Case study is a specific study of a bounded system, for example a child, a class,

a school, a community (Cohen, Manion & Morrison, 2007). Although several types

of case studies have been identified (exploratory, descriptive, explanatory and so on),

Adelman et al. (1980, cited in Cohen, Manion & Morrison, 2007, p. 255) believes

that “case studies exist in their own right as a significant and legitimate research

method”. A form of the descriptive method of research (Verma & Bread, 1981) case

studies “provide unique examples of real people in real situations, they can penetrate

situations in ways that are not always susceptible to numerical analysis”(Cohen,

Manion & Morrison, 2007, p. 253). Although these authors (Adelman, 2007; Verma

& Beard, 1981) have considered case studies as a method of study, Skate (2005,

p. 443) has an entirely different view, when he argues that a“case study is not a

methodological choice but a choice of what is to be studied”. He adds that:

If case study research is more humane or in some ways transcendent, it is

because the researchers are so, not because of the method. By whatever

methods, we choose to study the case. We could study it analytically or

holistically, entirely by repeated measures or hermeneutically, organically

or culturally, and by mix methods - but we concentrate, at least for the

time being, on the case.

In other words, he maintains the fact that, the main focus and emphasis is on

the case, and naturally the case can be studied by different methods, thus case study

itself can not be a method of study, which in my view is a logical argument.

Verma and Beard (1981, p. 62) address an obvious shortcoming of case studies

as the fact that “the cases or individuals selected for the study may not be repre-

sentative or typical and hence generalisations will not be valid”. However Cohen at

al. (2007, p. 257-258) add that:

Case study, is not having to seek frequencies of occurrences, can replace

quantity with quality and intensity, separating the significant few from

the insignificant many instances of behaviour. Significance rather than
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frequency is a hallmark of case studies, offering the researcher an insight

into the real dynamics of situations and people.

In the case of this study, it was of interest to seek the significant behaviours to

gain understanding on the essence of the situation rather than concentrate on the

frequencies of occurrences. Furthermore “they develop a theory which can help

researchers to understand other similar cases, phenomena or situations” (Cohen,

Manion & Morrison, 2007, p. 253). Cohen et al. (2007) believe that “it is important

that in case studies for events and situations to be allowed to speak for themselves,

rather than to be largely interpreted, evaluated or judged by the researchers” (p.

254). Nisbet and Watt (1984, p. 91, cited in Cohen et al., 2007, p. 254) specifically

advise the researchers to avoid:

journalism: picking out more striking features of the case...

selective reporting: selecting only that evidence which will support a

particular conclusion..

an anecdotal style: degenerating into an end-less series of low-level banal

and tedious illustrations that take over from in-depth rigorous analysis..

pomposity: striving to derive or generate profound theories from low-level

data, or by wrapping up accounts in high-sounding verbiage..

blandness: unquestioningly accepting only the respondents’ views, or

including only those aspects of the case study on which people agree

rather than areas on which they might disagree.

“Like other forms of research and human sciences, case studies can make the-

oretical statements provided that they are supported by the evidence presented”

(Cohen et al., 2007, p. 254).

Based on the above discussion from the literature, in this study it was decided to

choose case study as the primary source of data. Small groups of students comprising

cases were observed thinking of linear algebra concepts (individually or as a whole

case) in their own environment. This allowed the researcher to study students’

unique behaviours to gain insight into their mathematical thinking. Furthermore,

due to the mathematical nature of this study and a limited number of participants,

it was important to seek quality rather than quantity.
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In the next section I will talk about the participants, who were students from the

University of Auckland. In accordance with the University of Auckland’s policies,

in order to gather and use the data in this study, the ethical approval was obtained

from the University’s ethics committee.

4.6 Participants

The participants in this research were first and second year general mathematics and

science students from the University of Auckland over the period of 2005-2007. The

original plan was to follow up the first year students into their second year in order to

examine their understanding of linear algebra over time. This proved an extremely

difficult task, since, firstly due to the small sample of volunteers it transpired that

the majority of students in the first year were not interested in participating or did

not need to continue with mathematics in their second year. Hence the following

studies include snapshots of students at different levels and courses in the form of

several case studies. Secondly, in 2006 the first year course changed so that the

study of vectors, scalars and linear combination was added and eigenvalues and

eigenvectors no longer existed in the syllabus.

The first phase of the study included a number of case studies that involved

Maths 108 students over the years 2005 and 2006. Maths 108 is a first year

computation-to-abstraction course covering both calculus and elementary linear al-

gebra (systems of linear equations, invertibility of matrices, determinants, eigenvec-

tors, eigenvalues and diagonalisation). The majority of students who enroll in this

course have no prior familiarity with linear algebra. The first year case studies are

outlined below.

• Case study 1(a): Examining Maths 108 students’ understanding of eigenvalues

and eigenvectors. Six students from the researcher’s class and four students

from other streams participated in this study in 2005.

• Case study 1(b): Examining Maths 108 students’ understanding of vectors

and scalar multiples. This study included 23 students in the first semester

2006. Only 8 students did both tests, while 11 students did only the first test
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and 4 did only the second test. Although these students were the researcher’s

students, the linear algebra part of the course was taught by another lecturer.

• Case study 1(c): Examining Maths 108 students’ understanding of vectors

and scalar multiples. 16 students participated in a similar study in the second

semester 2006. Nine students did both tests, four did only the first test and

three did only the second test.

The second phase of the study involved students who were enrolled in the second

year general mathematics paper the Maths 208 course. The majority of students

who take this course have previously done either Maths 108 or an equivalent course.

The course is one of the prerequisites for commerce and economics courses, and is

recommended for students with a less strong mathematics background. It includes

both more advanced linear algebra (40%) and calculus (60%). This course deals with

topics that build on the basics established in the first year, providing concepts such

as vectors and scalars, linear combinations, spanning sets, null space and column

space, linear independence, subspaces, basis, diagonalisation, etc. For most students

this is the first time they have encountered abstract concepts in such numbers and

they find it hard work to construct a good understanding of them. Thus this rich

vein of new conceptual ideas provided opportunities for the investigation of student

understanding in this area. There were 3 separate case studies that took place with

these students over the period of one year. These case studies are listed below.

• Case study 2(a): Examining students’ understanding of eigenvalues and eigen-

vectors. 42 students from summer 2006 semester took part in this study.

• Case study 2(b): Examining students’ understanding of a variety of linear

algebra concepts. 11 students from second semester 2006 took part in this

study, two were interviewed. One of the two students also participated in the

previous case study when he was doing Maths 108.

• Case study 2(c): Examining students’ understanding of a variety of linear

algebra concepts. 16 students from the researcher’s class in summer semester

2007 participated in this study and 8 were interviewed.
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4.7 Instruments

Data Sources

Every researcher chooses specific methods of gathering data which are specific to

the study. According to Cohen et al. (2007, p. 141) ‘triangulation’ which is defined

as “the use of two or more methods of data collection in the study of some aspect of

human behaviour...By analogy, triangular techniques in the social sciences attempt

to map out, or explain more fully, the richness and complexity of human behaviour

by studying it from more than one standpoint”. In this research three different

methods of data gathering were employed. One of the ways of gathering data in

a case study research is from carrying out interviews. In two of the case studies

described in this research students volunteered to be interviewed. Considering the

mathematical nature of this research, data was also collected through specifically

designed linear algebra tests. The last source of data was from concept maps drawn

by some students. This was considered valuable due to the special characteristic of

the linear algebra course with many concepts that are linked and related in some

ways. The following section gives an overview of the data sources that have been

employed in this research.

4.7.1 Interviews

Cohen et al. (2007) believe that case studies tend to use certain data collection

methods, e.g. semi-structured and open interviews. Unlike the structured inter-

views which normally contain the same set of questions given in the same sequence

for each student interviewed, the semi-structured and open interviews can cater

specifically for each individual. Since case studies are interested in each individual,

all information is valuable. Thus it is important to ask questions that seem appro-

priate as a result of observing what the student is doing to address the particular

task rather than have rigid structured questions.

In these interviews “the topics and open ended questions are written but the

exact sequence and wording does not have to be followed with each respondent.

The framing of questions for a semi-structured interview will also need to consider

prompts and probes” (Morrison, 1993, p. 66, cited in Cohen).
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As Cohen et al. (2007, p. 361) explain:

Prompts enable the interviewer to clarify topics or questions, while probes

enable the interviewer to ask respondents to extend, elaborate, add to,

provide detail for, clarify or qualify their response, thereby addressing

richness, depth of response, comprehensiveness and honesty that are

some of the hallmarks of successful interviewing.

While analysing the data from the pilot study the researcher noticed that at

times the answers were not clear and she would have wished she knew more about

why students did what they did. Since each individual’s thought processes are not

put down in writing, it was decided that interviews were necessary in the main study

to attempt to access their thinking, and to triangulate questionnaire data.

As part of this research several interviews were conducted. This was an oppor-

tunity to get as close as possible to the way students were thinking about the linear

algebra concepts. Tuckman (1972, cited in Cohen et al., 2007, p. 350) describes

how: “by providing access to what is ‘inside a person’s head’, [it] makes it possi-

ble to measure what a person knows (knowledge and information), what a person

likes or dislikes (values and preferences), and what a person thinks (attitude and

beliefs)”. From Kvale’s (1996) point of view: “The use of the interview in research

marks a move away from seeing human subjects as simply manipulable and data

as somehow external to individuals, and toward regarding knowledge as generated

between humans, often through conversations” (p. 11, cited in Cohen et al., 2007

p. 349).

Due to the mathematical nature of the object of study and the individuality

of thinking, each interviewee was expected to be different from the others in their

mental constructs, including the sense that some students would be willing to express

more of their thoughts than others. Thus the interview schedule was prepared in

a semi-structured manner enabling the researcher to deviate from this outline as

necessary to accommodate each student’s responses. At times this led to more

discussion and further questions that brought out their thinking, giving more insight

into their learning strategies as they studied in the course. To try and answer the

research questions the researcher produced a set of general linear algebra questions

(see Appendix F) for the interview to test student understanding of the definitions
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(What is your understanding of the term linear combination, linear independence,

etc?). However, their attitude toward the definitions is also important and questions

such as: How do you feel about all the definitions in linear algebra? Do you think

they are important or useful?, addressed this. If they gave a definition then the

researcher would ask if they could give an example. If the example was in the

matrix world then a follow-up question was employed to determine whether they

had any other way of representing it, perhaps by asking them to draw a picture.

Further questioning was then used to establish whether they could relate the picture

to the symbolic matrix representation. In this way it was hoped to try and establish

where their thinking processes were relative to the framework, and to discover their

comfort zone and any ambiguities in their thinking.

Questions were used to test students’ ability in , or preference for, visualizing the

concepts (What was the first thing that came to your mind concerning the concept of

linear independence?). These also helped to identify any embodied understanding of

the concept. Questions were also asked related to the relationship between the core

concepts. For example, whether they could see any relationship between the concept

of linear combination and span, or linear combination and linear independence. This

was expected to link, and triangulate, the data collected from the concept maps.

Since there were quite a few case studies, and some of them were conducted

simultaneously (eg. case study 1(c) and case study 2(b)) there was pressure on

time and other organization difficulties (e.g. students were studying for their final

examinations; the researcher was not their lecturer, or no longer was lecturing those

particular students; etc.). This meant that it was not possible to interview students

from every single case study. Thus it was decided only to interview the second

year students who had covered all the concepts of interest and who were likely

to give a richer outcome than the first year students. The two sets of interviews

conducted were as follows: Case study 2(b): Two second year mathematics students

volunteered to be interviewed; Case study 2(c): Nine second year mathematics

students from the lecturer’s class were interviewed.

The low number (11 students) of volunteers who were interviewed was partly due

to the fact that some students were already in their summer vacation (case study

2(b)) and as for researcher’s students (case study 2(c)) as the course moved on to

calculus the researcher had very little contact with them. It was also because many
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students were busy to cope with an intense course in such a short time.

In most interviews the interviewee was asked to describe a situation or setting

to which they could in some ways relate. However, it may not be an easy task to

describe a piece of mathematics or a complex concept in few words. For example,

the students were asked to express their understanding of the concept of linear

independence and then relate this to the idea of a linear combination of vectors.

It is not a very common task for students to be interviewed or be asked to discuss

their knowledge of mathematics to that extent, as most assessment takes place by the

way of mid-term tests or examinations, where they usually write solutions to mainly

routinised type problems. However, the interviews were designed to challenge the

students to communicate their knowledge and understanding verbally, and to think

deeply about the meaning of the concepts in their own right. It was also helpful to

be able to prompt students at times and probe them to give more details, which is

not possible in the case of a written test.

Cohen et al. (2007, p. 350) suggest that the aim of an interview is “to secure

what is within the minds of interviewees, uncoloured and unaffected by the inter-

viewer”. In the last case study where the researcher was also the lecturer, students

who came for the interview seemed to be very comfortable and relaxed about the

whole scenario, as they had had many informal discussions with the researcher out-

side lecture time. It seemed that there was a bond or trust between these students

and the researcher, and they were in some ways very happy to share their under-

standing. Depending on the students (language difficulty, or willingness to give more

explanations) the interviews ranged from nine to 45 minutes (with average length

20 minutes).

4.7.2 Tests

Since the study was mathematically based, it made sense to test students’ under-

standing of linear algebra concepts by giving them a set of questions. According

to Cohen et al. (2007, p. 418) the purpose of a test is “to diagnose a student’s

strengths, weaknesses and difficulties, to measure achievement, to measure aptitude

and potential, to identify readiness for a programme”.

Once the new set of research questions were formulated, some test questions from
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the pilot study needed to be removed to make room for new questions which were

based on the framework. Another reason for changes was that, the chosen linear

algebra concepts were limited to the related set of vector and scalar, linear com-

bination, span, linear independence, basis, subspace, eigenvalues and eigenvectors

and hence questions on the inverse of matrices, diagonalisation, inner product (3, 5,

11, see appendix A) were no longer relevant to this research. Moreover, the general

mathematics courses do not cover the topic of transformation of matrices (Q8), so

this question was also removed.

In the light of the pilot study and the new research questions the linear algebra

test questions from the pilot study were evaluated and were then modified in such a

way as to examine not only students’ conceptual and procedural knowledge of con-

cepts, such as through definitions, but also to include questions that would examine

students’ action, process object constructs in each of the worlds of mathematical

thinking. Hence, the aim of constructing the test questions for this study were as

follows:

• to examine the level of student difficulty with certain linear algebra concepts;

• to understand and analyse students’ thinking and knowledge of the concepts

using APOS and the theory of three worlds of mathematical thinking;

• to challenge and encourage higher level thinking by presenting the concepts

in the worlds of embodied, symbolic and formal mathematics and promote

APOS views.

The tests were designed to analyse students’ conceptual understanding of the

linear algebra concepts described above. The questions included describing certain

definitions and assessing students’ geometrical understanding of the concepts. Some

questions were also constructed to examine students’ ability to recognise the con-

cepts in different representations, and their ability to move between them. In some

ways the questions were different from what the students had seen before, as these

questions were not asking for procedural answers, and required more thinking and

a sound grasp of the concepts. The main research comprised several case studies.

Based on the aim and design of each case study a total of 4 revised linear algebra

tests were made.
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Description of the tests

• Test 1: was designed for case study 1(a) to examine first year students’ basic

knowledge of eigenvalues and eigenvectors (see Appendix B).

• Test 2: was designed for case studies 1(b&c) to examine first year students’

knowledge of vectors, scalar multiplication and linear combination . This test

was also given to students in case study 2(c) to evaluate their basic knowledge

of vector, scalar multiple and linear combination. Some of the contents of this

test overlap with test 4 given to students in case studies 2(b) and 2(c) (see

Appendix C for a list of questions).

• Test 3: was designed for case study 2(a) to examine specifically second year

students’ knowledge of eigenvalues and eigenvectors. Some of these questions

were repeated again in case study 2(b) and 2(c) (see Appendix D for a list of

questions).

• Test 4: was designed for case studies 2(b&c) to examine second year stu-

dent’s knowledge of vector, scalar multiple, linear combinations, linear depen-

dence/independence, span of vectors, subspace, basis, and eigenvectors and

eigenvalues (see Appendix E for a list of questions).

A detailed description of the reasons for including some of the new test questions

examining students’ action, process, object thinking in each of the three worlds of

embodied, symbolic and formal mathematical thinking are given below:

Embodied world thinking questions

Embodied-action questions - To evaluate students’ action views in the embodied

world. For example, the following question was formulated to examine whether

students were able to draw several scalar multiplications of a vector for a given

vector:

- If v is a vector as shown below, then show how to construct the following vec-

tors: 3v; −1
2
v; −3

2
v
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Embodied-process questions - In the pilot study in Question 12 a geometric view

of some concepts were examined. The results showed that many students did not

reply to this question and no one gave a correct response. The question was:

12. Which concepts in linear algebra do these diagrams refer to? Reason.

Thus, in the main research this question was amended in order to evaluate stu-

dents’ process views in the embodied world, and the following question was con-

structed. This time the concept of interest, namely linear dependence, was given to

the students. The question was thus modified to:

- Which one of the following diagrams represents linearly dependent vectors?

Explain.

Symbolic world thinking questions

In the pilot study many students found the following question (Question 10) very

difficult:

10. The vector z =







7

4

−3






can be written as a linear combination of the

vectors u =







1

−2

−5






and v =







2

5

8






. Draw a Geometric representation of this
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relationship.

Therefore, in the main research study this question gave rise to two questions as

follows:

Symbolic-action question - To evaluate students’ ability to perform actions in the

symbolic world. For example the following question examined students’ understand-

ing of linear combination through a symbolic matrix action. It was hypothesised

that some students would have difficulty understanding this concept, and it was of

interest to find out whether students were able to perform a basic symbolic-action

calculation relating to the linear combination of the vectors. Since, calculating a

linear combination would be much easier than the inverse process of finding the

combinations in Question 10 of the pilot study.

Let u =







−1

2

3






and v =







5

0

−2






. Find −3u + 4v.

Symbolic-process question - To evaluate students’ process views in the symbolic

world. The following question was used to find out whether students were able

to link the given symbolic-process representation of the linear combination to an

embodied-process view, as illustrated in the embodied-process cell of the framework

in Chapter 3.

-Consider the following vectors a,b and c:

Copy these vectors and show how to construct a diagram to demonstrate the

following:

c = ka + mb.

Formal world thinking questions

Formal-object questions - To evaluate students’ object views in the formal world. In
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the following question not only was the researcher interested to see whether students

knew the definitions (the question is similar to Question 1 in the pilot study, except

for the removal of the invertible matrix concept), but also, based on the framework,

to find out whether students had constructed an object view of the constructs in

the formal world.

- Describe the following terms in your own words.

(a) linear combination; (b) span of a set of vectors; (c) linearly independent; (d)

basis; (e) subspace; (f) eigenvectors.

Thus, in the light of the pilot study a new set of questions was prepared in such

a way as to have at least one question on each of the chosen concepts, based on the

framework. This however proved to be a difficult task as it was not always easy to

construct a question that tested knowledge in a particular cell of the framework.

Hence, some concepts such as linear combination, which is the core concept of this

area of linear algebra, had more questions than concepts such as basis.

4.7.3 Concept Maps

Concept maps are a form of organised visual representation of knowledge. The term

concept map is associated with the work of Novak and his colleagues in the science

education programme. Novak’s (1990) initial interest in concept maps arose from

having to make sense of a large amount of data gathered through interviews. The

concept map, which was developed and used by Novak, is a hierarchical structure

which has “a list of concepts, a set of linking relationships among the concepts and,

if desired, a set of labels for those relationships” (Lawson, cited in Keeves, 1997, p.

291).

Lawson (ibid, p. 292) found that “for a teacher the concept map can be used as a

means of representing a pattern of relationships in an instructional display, a sort of

diagrammatic text...for the student the concept map represents a way of introducing

structure into the process of knowledge acquisition”.

Concept maps have been used in variety of situations such as to assess students’

conceptual knowledge (Williams, 1998), and to characterise teacher’s mathematical

content knowledge (Chinnappan, Lawson, & Nason, 1999).

In a study investigating teacher use of informal questions, Liyanage and Thomas



4.8. THE RELIABILITY AND VALIDITY OF THE DATA 119

(2002) describe a novel kind of analysis of concept maps which was designed based

on the questions teachers used in their classrooms. The study was based on charac-

terising teachers’ mathematical content knowledge, and they measured the richness

and connectedness of the concept maps that teachers drew, by placing a numeri-

cal score on the item based on the work done by Chinnappan, Lawson and Nason

(1999).

In each of the above studies concept maps have proven to be an effective tool

in looking at individual’s knowledge in specific subjects. However in a study by

Meel (2005), investigating the use of concept maps in understanding linear algebra,

although he believes that they are a useful instructional tool, he is also concerned

about their limitations in judging students’ understanding. In his view, “this partic-

ular tool does not always provide a stable external representation when provoked in a

dynamical learning environment”(ibid, 2005). In another study by Ryve (2006), con-

cerning four groups of Swedish engineering students constructing concept in linear

algebra, his remarks were that “mathematics teachers aiming at using concept map-

ping in their teaching need to discuss and, if necessary, change the meta-discursive

rules of the mathematical classroom practice in order to create better opportunities

for in-depth discourses of mathematical concepts and their relations”(p. 206).

The general view is that linear algebra is a difficult course to teach and learn.

Thus, in order to help students to build concepts, to communicate complex ideas

and see the relationships between the concepts, on several occasions the researcher

displayed an example of a concept map of the concept of derivative and asked stu-

dents to generate concepts maps of linear algebra concepts (Case studies 1(b), 1(c),

2(a), 2(b), 2(c)). The aim was to encourage students to see the overall picture of the

concepts as well as to learn to relate the concepts to each other and to see what their

schemas were like. This is different from mind mapping which is often restricted to

radial hierarchies and tree structures.

4.8 The Reliability and Validity of the Data

Like any research project in this study there was also concern about the reliability

and validity of the data. According to Cohen et al. (2007, p. 146) “reliability is a

measure of consistency over time and over similar samples. A reliable instrument
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for a piece of research will yield similar data from similar respondents over time”.

To maximise the level of reliability of the tests, in this study several case studies of

first and second year students were conducted. For the purpose of this qualitative

study the instruments that were used were certainly great tools to gather the data.

However, to answer the question on whether they were valid or not, the following

explanation from Cohen et al. ( 2007, p. 134) may help with the meaning of the

term validity, as follows:

Maxwell (1992), echoing Mishler (1990), suggests that understanding

is a more suitable term than validity in qualitative research. We, as

researchers, are part of the world that we cannot be completely objective

about that, hence other people’s perspectives are equally as valid as our

own, and the task of research is to uncover these. Validity, then, attaches

to accounts, not to data or the methods (Hammersley & Atkinson, 1983);

it is the meaning that subjects give to data and references drawn from

the data that are important. Fidelity (Blumendfeld-Jones, 1995) requires

the researcher to be as honest as possible to the self-reporting of the

researched.

To deal with the validity of this data the researcher used a variety of methods

to gather the data. So as part the triangulation of the data, three methods of tests,

interviews and concept maps were employed. To make sure the data was reliable,

in some case studies two tests were conducted to capture the effect or a possible

change in students’ understanding of particular concepts.

4.9 Procedures

The following is a description of the case studies. In almost all case studies (except

case study 2(c), where the researcher had no input to the students) the following

principles were used: The chosen linear algebra concepts were taught/tutored by the

researcher in the context of the proposed framework (see Chapter 3 of this thesis).

In other words, the role of the researcher varied in each case study. In some cases she

was the lecturer (case studies 1(a) and 2(c)) and in some cases she was giving extra

tutorial classes (case studies 1(b), 1(c) and 2(b)). The tests were not designed to
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assess course progress, but were primarily to examine the students’ understanding

of the linear algebra concepts of interest based on the framework . A post-graduate

student and a post-doctoral fellow in mathematics did the same tests designed for

first and second year students for comparison purposes. A detailed description of

these case studies follows.

4.9.1 Case study 1(a): Examining first year mathematics

students’ understanding of eigenvalues and eigenvec-

tors

This part of the research study took place in the first semester 2005. The researcher

was one of the lecturers teaching the Maths 108 course. The chosen concepts un-

der investigation were eigenvalues and eigenvectors. To describe the situation as

accurately as possible it is worth mentioning that the study of vectors and scalars

were not part of the course at the time of this research. In the researcher’s opinion,

these concepts (eigenvectors and eigenvalues) were probably the most difficult part

of Maths 108 linear algebra course, although students may not agree since they of-

ten focus on solution procedures rather than conceptual understanding. Although

the course manual contained pictures describing the ideas under the traditional set-

ting, eigenvalues and eigenvectors were always introduced through the definition

and immediately students got involved in symbolic manipulations, namely finding

eigenvalues and eigenvectors. However, the researcher tried to emphasise a geomet-

ric, embodied approach in addition to describing the definition and the symbolic

processes over the period of two lectures. In agreement with Tall’s three worlds of

mathematics the researcher introduced the concepts in the first lecture only through

embodied notions of vectors and scalars. In the second lecture these were linked to

the definition and finally to the symbolic manipulation and solving problems. At

the end of the linear algebra lectures a written test on eigenvalues and eigenvectors

was given to a group of 10 students who volunteered to take part in the research

(see Appendix B for a list of test questions). Of these students six had attended the

researcher’s lectures, while the rest attended other streams of the class.
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4.9.2 Case study 1(b) & 1(c): Examining first year mathe-

matics students’ understanding of vectors, scalar mul-

tiplications and linear combination

These case studies took place in the first and second semester 2006. Although

these students came from the researcher’s class, the linear algebra part of the course

(including the section on vectors, scalars and linear combinations) was taught by

another lecturer. At the end of the course and before the examination, the researcher

offered four extra tutorials to go over the material on vectors, scalar and linear

combinations with special emphasis on the embodied views. In the first tutorial

students were given two diagnostic questions on vectors and linear combination and

immediately after that a test on the concepts of vector, scalar multiplications and

linear combination was given (see Appendix C for a list of questions).

After the end of all the tutorials students were given a second test and a concept

map to draw to see the possibility of any change in their thinking after the tutorials.

To encourage students to attend these tutorials the researcher helped them with the

preparation for the exam. A post-graduate mathematics student also did the same

test for comparison purposes.

4.9.3 Case study 2(a): Examining second year mathematics

students’ understanding of eigenvalues and eigenvec-

tors

This research comprised a case study of students’ understanding of the concept of

eigenvalues and eigenvectors, and was carried out in summer 2006. There were 42

from the total of 260 students in the course who volunteered to participate in this

study by sitting a linear algebra test on the concept of eigenvalues and eigenvectors

(see Appendix D). The test was designed to examine students’ geometric, matrix

and algebraic understanding rather than procedural abilities. The researcher was

not involved in teaching or giving any extra tutorials in this case study.
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4.9.4 Case study 2(b): Examining second year mathematics

students’ understanding of a variety of linear algebra

concepts

This study took place in the second semester 2006. Maths 208 students were of-

fered two supplementary linear algebra tutorials at the end of the course, four days

prior to the examination, conducted by the researcher, and attended by eleven stu-

dents. There was a problem conducting these tutorials, as it was getting closer to

the examinations and course coordinator was concerned that students need time to

concentrate on their preparations. In order to put things right and make all parties

concerned satisfied, researcher offered only two tutorials and promised to help stu-

dents with their examination if they attended the tutorial. However, the idea was

to unfold the mystery of the linear algebra concepts of interest. At the beginning of

the first tutorial students were given a set of linear algebra questions to assess their

existing knowledge of a variety of linear algebra concepts. Although, students knew

that doing the test was part of the programme some students did not seem to be

very happy about taking a test, and half way through doing the first question one

student left. However, at the end of the course students seemed to be very happy

and satisfied with the material presented, and the help that they received.

The tutorials concentrated on covering the concepts of linear combination, span,

linear independence/dependence, subspace, basis and eigenvalues and eigenvectors.

For example, linear combinations were presented by showing embodied, visual as-

pects of the addition of scalar multiples of directed line segments, along with al-

gebraic and matrix symbolisations. This was generalised to describe the notion of

span, and the two concepts were linked using a variety of diagrams. In each case the

formal definition was given after the symbolic and visual aspects were addressed.

The concepts were explained and linked as clearly as possible in the short time allo-

cated for these tutorials. At the end of the discussion of each concept the researcher

solved one or two problems similar to the examination type questions. Following the

course examination three of the eleven students returned and did a second, parallel

test, although a controlled experiment was not intended, it was of interest to see any

change in students’ thinking. Two students were also interviewed. The low num-

ber of students who returned was partly predictable because university was almost
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finishing for the year and many students were already on their vacation.

Drawbacks and shortcomings of this study were that: It was not an ideal situation

to give students a tutorial 4 days prior to the examination and certainly it was not

ideal to walk into a class where students may not have trusted the researcher.

4.9.5 Case study 2(c): Examining second year mathematics

students’ understanding of a variety of linear algebra

concepts

16 students from the researcher’s class (234 students in total) in summer semester

2007 participated in this study and nine were interviewed. This was a good oppor-

tunity to teach all the linear algebra concepts of interest and study the students’

understanding of the concepts as closely as possible. The embodied views were pre-

sented at each lesson. For example, linear independence of vectors was presented

by showing geometrical, visual aspects of the concept first. This was then linked

to the notion of linear combinations in the form of algebraic and matrix symbolisa-

tions. The formal definition was given after the symbolic and visual aspects were

addressed.

The total number of hours for the linear algebra part of the course was 14 hours.

As this was the summer semester there were seven hours of lectures every week,

so there were exactly two weeks to cover all the linear algebra lessons, which was

extremely concentrated. It is should also be mentioned that in the normal semester

students get 14 hours of lectures spread over 4-5 weeks time, thus this course was

very intense. The researcher also gave 6 hours of extra tutorials (2 hours each week)

during this period, to re-emphasise the main points of the lectures by way of doing

more examples. These were attended and welcomed by almost all the students.

4.10 Summary

Based on evidence from the literature, the methodology for this thesis was presented

and discussed in this chapter. This research comprised several qualitative case stud-

ies to study students’ thinking about some basic linear algebra concepts, namely

vector, scalar multiple, linear combinations, linear dependence/independence, span
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of vectors, subspace, basis, and eigenvectors and eigenvalues, where they were taught

by the researcher in the context of the proposed framework (see Chapter 3 of this

thesis). The participants were first and second year general mathematics students

who had volunteered to take part in this study. As part of the case studies inter-

views and concept maps were also employed. For comparison reasons a recent PhD

in mathematics and a post-graduate student also participated in this study. In the

next chapter the results of this study will be presented and analysed.



Chapter 5

The Analysis of the Data

5.1 Introduction

Although research on mathematics knowing and understanding at the university

level is a relatively young field, over the past few years a great variety of topics,

including aspects of mathematics such as functions, limits, calculus, proofs, analysis,

abstract algebra and linear algebra, has been investigated. While, the early results

from undergraduate studies were mainly negative and demonstrated the limitation

of traditional teaching, “thanks to an increasing use of qualitative methodologies

allowing better explorations of students’ thinking and the functioning of didactic

institutions”(Artigue, 2004, p. 209, citing Schoenfeld, 1994), results are now not

limited only to negative reports.

Despite this, as Schoenfeld (2001) reveals, mathematics education research can-

not provide results having the character of certainty found in mathematics. Selden

and Selden (2001, p. 238) add that “even very carefully conducted observations can

only suggest general principles and yield evidence, rather than proof”. Although

tools, such as carefully designed tasks, frameworks, tests, questionnaires and inter-

views may help us along the way, clearly there are variables in the equation that

research has no control over. Dubinsky sums up the situation in the following man-

ner (1991, p. 3):

To the mathematicians we are trying to say that there is an example

of an investigation in mathematics education research that is far from

126
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trivial, is taking place over a long period of time, is “solving” some

problems, and is raising a lot of interesting questions. It will not be so

easy to understand the ideas of a thinker like Piaget, but the effort is

worth it and can make a significant contribution to your understanding

of how and why your students do or do not learn, and the kinds of

things you might be able to do about it. To the mathematics educator

we are trying to say that, although advanced mathematics topics need

to be expressed in a formal language, the content of the ideas is far from

formal. When the material is really understood, then behind every static

set of symbols that is written down, there is, for the subject, a lively

dynamic motion of processes, formation of objects, unpacking processes

and hooking them together, transforming objects, going back and forth

over processes, and so on through a rich world that is really there in the

mind of the mathematician and will turn our students on if we can ever

get them to touch it.

While there is no perfect learning theory to describe how students learn and

think, it is the aspiration of this research to consider the theoretical framework

described in Chapter 3 of this thesis to suggest possible ways of advancing students’

conceptual understanding and to relate them to learning of some basic linear algebra

concepts.

5.1.1 Structure of the Analysis

This chapter presents the analysis of the results of the case studies carried out in the

research. The results include the analysis of students’ understanding of a number

of key linear algebra concepts employing triangular data sources, namely students’

performances in tests, interviews and concept maps. The analysis of the data is

based on the progression of the featuring concepts categorised into the following

groups: vector and scalar multiples; linear combinations and span of vectors; linear

dependence/independence of vectors; basis and subspace; eigenvalues and eigenvec-

tors.

One of the reasons behind the selection in this study was firstly that they occur

early in linear algebra courses, and secondly, they represent a natural progression of
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ideas from vector and scalar multiple to the study of eigenvalues and eigenvectors.

For many students the rapid development of the ideas, sometimes within a single

lecture, often creates problems as the concepts are built on each other and are soon

considered as assumed knowledge. It is hoped that investigating each group of

concepts in detail may assist in understanding the reasons behind these difficulties.

As part of the structure of this analysis the genetic decomposition of each lin-

ear algebra concept will be discussed to suggest a set of mental constructions that

students ought to make in order to understand the concepts. In their tertiary study

students are often involved in finding (through calculation) a basis or an eigenvector

but they may never discover the importance of mathematical objects in their own

right. Traditionally almost all of the concepts that are considered in this study are

primarily introduced through their formal definitions. Lecturers often argue that

they would like to show pictures or describe the concepts in more details, but a lack

of time forces them to omit what in many cases are the building blocks of mathe-

matics concepts. However, investigating these concepts from the standpoint of the

theoretical framework in this thesis may offer a broader view by employing a variety

of representations that will enrich learners’ conceptual understanding.

The analysis of the data will comprise examining students’ written responses

to questions on each concept, the transcribed interviews and their written concept

maps. While considering students’ understanding/misconceptions of the concepts,

the possibility of any change/improvement in student thinking after the tutorial-

s/teaching are also of interest. To protect students’ privacy in this study students

are referred by the case studies that they were involved in and a number as they

were listed. For example student 2B-5 refers to the fifth second year student on

the list from case study 2(b). Furthermore, for comparison purposes a recent PhD

graduate in mathematics and a post-graduate student were asked to sit the same

test, in order to generate answers which were likely to be from a formal thinking

point of view.

5.2 Vector and Scalar Multiples

Vectors are one of the fundamental concepts in mathematics and are broadly used

in a variety of applications in other sciences, such as physics and engineering. The
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study of vectors in university mathematics courses is fundamental in the sense that

they are a stepping stone for building more complicated and powerful concepts. For

example, students’ appreciation of concepts such as linear combinations, span of

vectors, eigenvalues and eigenvectors rely heavily on a full understanding of vector

and its scalar multiplication. It is therefore crucial for students to have a firm

understanding of these concepts.

The following genetic decomposition (GD) of the concept of vector, was hypoth-

esised and used for instruction purposes and the development of the test questions.

This genetic decomposition includes an action view of a vector (for example to see

a vector as displacement from A to B), a process conception of vector (equivalent

vectors) and finally an object view of a vector as a directed line segment with mag-

nitude, or as an n-tuple (the vector can be picked up and moved around as a free

vector); or an object view is that a vector can be treated as an entity and operated

upon (e.g. a vector object as an element of a vector space V, can be operated on.

e.g. T : V1 → V2, T (v) = A.v).

Responses to test questions were used to determine students’ level of understand-

ing (action, process, object) and, to indicate their possible mental constructions of

the vector concept at the time of this investigation . However, before analysing stu-

dents’ thinking about vectors and scalar multiples, the key aspects of these concepts

in the context of the theoretical framework will be discussed.

An embodied view and representation of a vector is one of the ways of think-

ing and representing this concept. Although embodied views of vectors are widely

appreciated in physics and engineering, in cases such as velocity, force and displace-

ment, in mathematics linear algebra courses the symbolic and formal approaches

tend to be emphasised much more. A vector in the embodied world has the physical

idea of movement from one place to another, and this may be shown by an arrow, or

a line, which represents the displacement. However, a vector can also be shown by

a point P in space, specified by its Cartesian coordinates or in the symbolic world

(algebraic/matrix) it can be shown by letters e.g. a or
−→

AB (algebraic representation)

or AB or by an ordered list of n elements (row or column)(matrix representation).

At the early stages of concept building (the action level) an individual may see the

vector as a journey between two specific points A and B. Although this is a simple

action it should be considered as a stepping stone in development of the concept.
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Once the learner no longer needs the external stimuli to see vectors in terms of a

journey, and is able to build a mental construction of vectors and reflect on, describe

or reverse the steps and generalise them, he/she is at the process level. Hence, an

example of an embodied-process view of a vector is the idea of equivalent vectors

represented by parallel arrows, with the same length and direction.

In encapsulating the process view of vectors into a thinkable object, “where what

matters more is the result of the process, rather than the specific steps made in a

particular act” (Watson, Spyrou & Tall, 2002, p. 85), the free vector represented by

a directed line segment (the arrow) with magnitude is considered as an embodied

object, which can be picked up and moved around. Although, this representation of

vectors is more common in physics, where quantities such as force are shown as free

vectors, in linear algebra “we think vectors generally identify points, so they must

originate from the origin” (Keith, 2001, p. 98) and this seems to be one of the key

sources of conflict for students, as many students have difficulties seeing vectors as

an object in their own right.

Although it is important to have these initial embodied views of vectors, the need

to calculate and manipulate accurately takes the learner to the symbolic world,

where the actions, processes and objects are symbolised. A vector is represented

symbolically by letters e.g. a or
−→

AB (algebraic representation) or AB (displacement

from A to B) or by an ordered list of n elements (row or column) e.g. the column

vector







x

y

z






(matrix representation). These symbolic representations of vectors can

be shown for both fixed vectors on Cartesian axes and free vectors. The succeeding

algebraic and matrix manipulation of vectors covers an enormous amount of ground

and includes a variety of actions and processes, some of which have been pointed out

above in the symbolic section of the vector and scalar framework in Chapter 3. While

a row or column vector is considered as an entity that can be operated upon (object

in the symbolic world), to define a vector in terms of its mathematical properties we

need to consider its formal conception. A vector is considered as an object in the

formal world that “arises from a combination of embodied conceptions and symbolic

manipulations” (Tall, 2004, p. 31). This description of a vector as an object in

the formal world has been expressed in the object-formal cell of the framework in



5.2. VECTOR AND SCALAR MULTIPLES 131

Chapter 3 as, an n-tuple (a1, a2, . . . , an), an element of a vector space V . In regard

to the formal world, Tall (2004, p. 31) believes that “a formal axiomatic system can

be proved to have properties that give it a new, more sophisticated embodiment”.

Constructing such a rich schema of vector can be a valuable aid in building

the concept of scalar multiple, as these two concepts are used together in many

situations. For this reason a GD of scalar multiple assumes that the learner would

have a GD of vector and would build a conception for the concept of scalar multiple

through an action, process and object level progression. A GD for this concept

includes an action view (drawing a given scalar multiple of a vector), a process view

(the ability to generalise the situation for any scalar multiple of a vector by drawing

this on a single line and showing no restriction for the line or, for symbolic-algebra

it’s a procept kv or, for symbolic-matrix it’s a procept k(v1,v2, ...,vn) ), and an

object perspective of scalar multiple would be (k multiple of a free vector).

A more detailed description of each cell in the sub-section on the concept of

vector and scalar multiples is presented in Table 2.1 in Chapter 3. In the following

section students’ thinking on vectors and scalars in the embodied and symbolic

worlds will be examined.

5.2.1 Students’ thinking about vector and scalar multiples

In this section findings based on the analysis of students’ thinking on vectors and

scalar multiples in the context of the theoretical framework will be discussed. The

participants mentioned in this section were from case studies 1(b), 1(c), 2(b) and

2(c). All the first year students involved in this study were familiar with an elemen-

tary study of vectors and scalar multiples as part of their course. As, it is assumed

that most second year students are familiar with the vectors from a previous course,

there is only a brief paragraph stating what vector is in their course book.

To examine students’ thinking about vectors and scalar multiples in the em-

bodied, symbolic and formal worlds Figure 5.1 shows the test questions that were

considered (see Appendix C for a full list of questions).

Question 1 was designed to examine students’ ability to see a free vector as an

object, in this case using a free vector equivalent to the fixed vector BC (Question

1(b)). Thus, to be able to successfully add the required vectors in question 1(b) the
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1. In the diagram below

(a) What vector is equal to AD + DC?

(b) Draw on the diagram a vector equal to AD + BC.

2. (a) Fill in the BLANK: If v = (v1, v2, ..., vn) is a vector in R
n, and k is any scalar,

then we define kv =

(b) If v is a vector as shown below, then show how to construct the following vectors: 3v; − 1

2
v; − 3

2
v

Figure 5.1: Test questions on vector and scalar multiples.

individual must mentally lift up a vector equivalent to BC and add it to the tip of

AD to find the sum.

The overall results revealed that of the 32 first year students who responded

to Question 1 in Test 1, 94% were able to add the specific vectors in 1(a), but,

only 44% responded correctly in 1(b) (see Figure 5.2 for an example). This shows

that although they are confident to do straightforward addition of vectors, they find

questions involving lifting up a vector and adding it to the tip of another vector,

which needs an object view of vector, more challenging.

Figure 5.2: Student 1C-2’s correct diagram for question 1.

The second year students’ results for Question 1 showed that from 23 students

(case study 2(c)) who answered this question in Test 1, only one student was not
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able to write the correct addition in 1(a). The majority also managed to respond

correctly to 1(b), and drew a correct diagram. Only six students drew a wrong

diagram or did not draw a diagram at all. It seemed likely that by the second year

students have more grasp of the situation. Based on this result and the simplicity

of the question, Question 1 was not included in their second test.

Question 2(a) illustrating the vector v with two different representations, namely

the algebraic and the matrix (row vector), was designed to examine students’ process-

symbolic understanding of any scalar multiple of a vector in R
n. In other words to

see if they could recognise a row vector and write the result by multiplying it by a

scalar k.

In the first test 70% of first year students gave a correct answer by writing a

correct multiplication of the scalar k by a row vector such that: (kv1, kv2, ..., kvn),

compared with 11% of students who wrote k1v1+k2v2+ ...+knvn as an answer. This

latter answer may indicate that students were thinking about the scalar product of

two vectors, and not recognising k as a scalar which is used to multiply a vector

(scalar multiple). This confusion between the two notions of scalar multiple and

scalar product seems to indicate a language-based difficulty where students could not

distinguish between the two, or the word scalar evokes scalar product, as procedural

idea, more strongly than the concept.

In the second test, the following cases were of interest. Student 1B-1, who

added the components k1v1 + k2v2 + ... + knvn in the first test, showed the correct

multiplication of the scalar k by a row vector in the second test, whereas student

1C-5 did exactly the opposite. Also student 1C-4 who did not respond in the first

test was able to write the correct answer in the second test. Surprisingly, student

1B-7 went from giving the correct answer in the first test to saying “Multiple vector”

in the second test. The different and sometimes contradicting responses to the same

question on two separate occasions, shows students’ conflict with basic ideas, their

construction and reconstruction of thoughts and, at times, their uncertainty.

As for the second year students (case study 2(c)) 64% (N=23) (lower than the

first year students) answered correctly in their first test, although two students

thought this illustrated a linear combination relationship, and three students added

the components. For example student 2C-24 wrote “kv1+kv2+...+kvn” and student

2C-21 wrote “k1v1+k2v2+...+knvn”, which shows in both cases students had the idea
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of the scalar products of vectors in mind instead of scalar multiple, where student

2C-21 has treated the scalar k as a vector k1, k2, . . . , kn. This is due to a confusion

between scalar and vector mutiplication, where student 2C-24 has considered the

scalar k as a scalar, but has made a mistake in adding the components (like the dot

or scalar product of two vectors) and student 2C-21 has considered scalar k as a

vector and has precisely performed a dot or scalar product.

Since this question was considered as prerequisite knowledge and due to a large

number of concepts related to the course material that needed to be examined, it was

not included in the second test. However, the results indicated students’ difficulties

with this basic knowledge.

To examine students’ process view of scalar multiples of vectors in the embodied

world, in question 2(b) students were asked to construct several scalar multiples

of a given vector. Since they were required to draw a physical representation of

the solution vector, having a process view would mean recognising that all scalar

multiples of a vector are parallel, and if they pass through the origin or any point,

then they lie on the same line (the object) containing the given vector, as they would

in R
n (i.e. free versus fixed vectors). Thus, one would understand the generalisation

that for any scalar k the length of kv is the length of v times k. This ability to

generalise the situation (a process view) for any scalar multiple of a vector, and

drawing the results on a single line is hypothesised to be different from simply

drawing the given scalar multiples of a given vector on several separate lines (an

action view) or even restricting the single line only to the given scalars. The process

view is required to help the learner build more advanced concepts, as per the genetic

decomposition. Although, the tutorials covered the basic ideas related to vectors

and scalar multiples from the framework including the parallel vectors, and so on,

the researcher did not show the scalar multiples on a single line, in order to examine

students’ understanding of this idea later, in the test. It is worth noting that the

textbook for this course namely, Contemporary Linear Algebra by Anton and Busby,

also showed the relationship between a vector v and its scalar multiples on several

separate lines.

The overall results revealed that from the total of 32 first year students who

sat the first test 53% drew the scalar multiples of the given vector using several

separate lines (procedural thinking), compared to 28% who displayed a process view,
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by drawing the scalar multiples on a single line, but in every case the students’ lines

only contained the given vectors. The only drawing which indicated the single line

went beyond the given vectors was from the PhD graduate. This obviously was a

difficult task and for many students it requires more time to be developed.

Figure 5.3 illustrates the possible progress to a deeper understanding (a process

view) by a first year student 1B-8 between the tests. In the first test (LHS figure)

he used separate lines to show the required scalar multiples namely 3v; −1
2
v; −3

2
v.

However in the second test (RHS figure) he drew a single line containing all the

scalar multiples of the given vector. This demonstrates his likely reflection on the

individual scalar multiple vectors and his ability to interiorize them into a single

process view, showing the result as a line for the required scalar multiples of v.

However, it was noted that the line did not continue past the given vectors.

Figure 5.3: Student 1B-8’s responses to question 2.

Interestingly, students 1B-5 and 1C-7 did exactly the opposite by drawing a

single line which only contained the required scalar multiples of the vector in the

first test but drew several separate lines in the second test. Student 1C-4 also

switched from a single line to a mixture of two on one line and the third scalar

multiple on a separate line. Only student 1C-8 drew a single line in both tests. This

shows that these students had both ways of thinking in their scalar multiple schema

so we can not necessarily say they do not have a process view just because they drew

individual vectors. A further investigation or interview would have allowed them to

explain their thoughts more clearly, however, as the semester was approaching the

examination period this was not possible. Although question 2(b) clearly contained

a vector (an arrow) in the body of the question, surprisingly in Test 1 students 1B-2

and 1C-9 responded only in words (see Figure 5.4 for student 1B-2’s response). It is

not certain whether they had an embodied view of their responses or not, but it is

likely that geometry was not their main concern. However, their word explanation
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was correct. Even though student 1B-2 changed to several single lines in the second

test, student 1C-9 continued describing them in words. Overall, all the first year

students made an attempt at answering this question.

Figure 5.4: 1B-2 responses to question 2.

The results from the second year students revealed a similar approach to the

first year students. There were 11 students in this study (case study 2(b)), and only

three did both tests. From the total of 11 students who participated four students

showed the scalar multiples of the given vector using several separate lines in the

first test, in comparison with three who represented the scalar multiples on a single

line. Other responses included two students 2B-1 and 2B-11 who had completely

different ideas of the concept of scalar multiples of the given vector. Figure 5.5

illustrates how student 2B-1’s progress from an initial embodied conception of a

scalar multiplication of a given vector, lacking the idea that any scalar multiple kv

of a vector must be parallel to vector v. After the tutorials his thinking in the

second test was considerably modified as he demonstrated separate scalar multiples

of the given vector for 1
3
v this time to be parallel to the given vector (an action

conception) but again failed to show this correctly for −2
3
v, as he showed an incorrect

embodiment which said −1
3
v.

Figure 5.5: Student 2B-1’s responses to question 2.

There were also two students who responded in words in the first test. One of

these students was student 2B-2, who also participated in case study 1(b) and his
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work was discussed above as student 1B-8 when he was in his first year. Interestingly,

in the second test he switched back to using a single line.

The results from the second year students in case study 2(c) also showed similar

outcomes, as a majority of students showed the scalar multiples on several single

lines. Only students 2C-8 and 2C-9 drew a single line in both tests and student 2C-6

who wrote nothing in the first test drew several separate lines in the second test.

Both responses from the PhD graduate and the post-graduate student showed their

embodied-process view as they drew a single line containing the required scalar

multiples of the vector. The PhD graduate also gave a clear explanation of his

drawing and his line was not restricted only to the given vectors.

In conclusion, the analysis of the questions on vector and scalar multiples showed

that although students were able to do trivial actions, for example adding two vectors

geometrically, they had difficulty in seeing a vector as an object (free vector), thus

were unable to add vectors which needed to be lifted up and then added to the tip

of another vector.

The symbolic-process view of scalar multiple of a vector was also difficult for

some students as they did not consider k as a scalar and instead thought of k

as a vector, thus they performed a scalar product (or a dot product) between a

scalar and a vector. This possibly shows their confusion between the two notions

of scalar multiple and scalar product (a language difficulty) and also confirms their

unfamiliarity with recognising a vector and a scalar in different representations (in

this case symbolic-algebraic).

The embodied ideas of scalar multiple of a vector were mainly perceived proce-

durally by many students who did not have a process view of scalar multiples of the

given vector. Consequently, most students only drew several separate lines and did

not consider showing all the scalar multiples on a single straight line (the object)

for any k (a process view).

In the next section I will explore the genetic decomposition of the concepts of

linear combination and span and analyse students’ responses to the questions on

these in the tests and interviews.



5.3. LINEAR COMBINATIONS AND SPAN OF VECTORS 138

5.3 Linear Combinations and Span of Vectors

This section is concerned with students’ understanding of linear combination, a

concept which plays an important and fundamental role in understanding many

linear algebra concepts. Building concepts, such as the span of vectors and linear

independence, relies fully on understanding this concept, which in turn depends on

the learner’s knowledge of vectors and scalar multiples. Students’ difficulties with

the concept of span is often a direct reflection of the lack of understanding of the

idea of linear combination. Hence it is crucial to understand this concept, before

moving on to other concepts.

The following genetic decomposition (GD) of the concept of linear combination

was hypothesised and used for instruction purposes and the development of the test

and interview questions. It assumes that students would have a GD of vector and

scalar multiples and would develop a conception for linear combination through an

action, process and object level progression. This GD includes an action view of

linear combination (being able to create a new vector by, say, addition of scalar

multiples of any set of 2 or more vectors), a process view of linear combination (able

to think of a linear combination without performing any operations, to generalise the

action), and an object perspective of linear combination (to see a linear combination

as an entity, an object to operate on).

In developing the concept of linear combination, the following set of mental

constructions based on the theoretical framework (see Chapter 3) are discussed.

The conceptual embodiment of linear combination in R
n, together with its geo-

metric interpretations into action, process and object, highlights ideas that are often

omitted in teaching, as the concept is primarily introduced through a formal defini-

tion. One of the introductory embodied aspects of this concept includes illustrating

addition of the multiples of two specific vectors, where this action is built using the

ideas of vectors and scalar multiples. The next embodied view of the concept in

the learner’s understanding may involve a situation where he/she no longer needs

two specific vectors to demonstrate linear combination geometrically but is able to

generalise this for any two given vectors, showing that he/she is at the embodied-

process level of thinking. Finally, when the learner sees the resultant as a new vector

object and can operate on it he/she has an embodied-object view, as it is illustrated
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in the embodied-object cell of the framework in Chapter 3.

Some of the activities in a standard course include algebraic or matrix addition

of scalar multiples of vectors, or determining whether a specific vector w is a linear

combination of given vectors u and v using row reduction (an action). The learner

may see the concept as a process when he/she can generalise the above actions for

any given situation and has a overview of it, for example can describe steps without

having to do them or can reverse the actions. The learner is also at the process level

when he/she can think of linear combinations of vectors without having to perform

any operations. These processes may be encapsulated into thinkable objects when

the learner can operate on a linear combination for example, by finding T (au+ bv),

a stage essential for understanding linear transformations.

The individual with an object view can combine his/her understanding of the

concept in the geometric sense, together with the ability to calculate and manipulate

the symbols in order to grasp the definition of linear combination, which can then

be considered as an object in the formal world. Having the ability to reflect on this

concept in the three worlds, seeing the processes as objects instead of just routinised

procedures, and connecting them to the previously learned concepts, namely vectors

and their scalar multiples, adds to the richness of individual’s schemas.

Constructing such a rich schema of linear combination can be an enormous aid

in building the concept of span, as the set of all linear combinations forms a span.

For this reason a GD of span requires a GD of linear combination, an important

aspect which is sometimes taken too lightly in teaching. The GD of span includes

an action view of span (can find a set of all linear combinations of 2 or more given

vectors), a process view of span (can generalise a set of all linear combinations of

any set of two or more vectors), and an object view of span (see the set of all linear

combinations of two or more vectors as an object).

The embodied ideas related to the span of two or more vectors result from

encapsulating the process of how the linear combination of two linearly independent

vectors determine a plane in R
n. The set of all possible linear combinations of two

linearly independent vectors results in a plane, which is the embodied mathematical

object for this concept. In the symbolic-matrix world the learner may also calculate

whether vector v belongs to span S by row reduction (an action). A process view

is achieved when the learner is able to generalise the first action above into the
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situation where a vector w, a member of Span {v1,v2}, can be used to represent

any vector that is generated from a linear combination of the two given vectors,

and this may be represented in the symbolic-algebra world by: w = k1v1 + k2v2.

The ideas for the concept of span arising from the symbolic and embodied states of

thinking lead to the formal definition of the span of a set of n vectors, as illustrated

by Lay (1996, p. 34) as follows:

If v1, . . . ,vp are in R
n, then the set of all linear combinations of v1, . . . ,vp

is denoted by Span{v1, . . . ,vp} and is called the subset of R
n spanned

(or generated) by v1, . . . ,vp. That is, Span{v1, . . . ,vp} is the collection

of all vectors that can be written in the form c1v1 + c2v2 + . . .+ cpvp with

c1, . . . , cp scalars.

In search of a definition for the concept of span it was interesting to note that

there was no definition as such on spanning mentioned in the students’ text book,

namely ‘Contemporary Linear Algebra’ by Anton and Busby (2003). The concept of

span was not introduced in Chapter 1 where the concept of linear combination was

explored. Instead the authors introduced span as part of the of concept of subspace

in Chapter 3. What is surprising is that unlike other concepts Anton and Busby

(2003) have not labeled the definition for the concept of span, as they have given

this after Theorem 3.4.2 (see Figure 5.6).

Figure 5.6: Explanation of the concept of span given in students’ textbook.

Unlike the students’ textbook, their course manual (see Figure 5.7) introduced

the concept of span with a definition as well as a picture, and it was interesting
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that this concept was introduced after the concept of linear independence and de-

pendence. Where this leaves students and their understanding of the concept, we

find out in the next section. It is necessary to emphasise that the students in the re-

searcher’s class were introduced to the concept of span immediately after the concept

of linear combination. Given that linear combination is a difficult and significant

concept it made sense to talk about all possible linear combination of vectors, while

the idea was still fresh in students’ minds.

Figure 5.7: Definition of span given in the students’ course manual.

5.3.1 Students’ thinking about linear combination and span

of vectors

The participants mentioned in this section were first and second year mathematics

students in case studies 1(b), 1(c), 2(b) and 2(c). Although the first year students

were reasonably familiar with the study of linear combination, students were intro-

duced to the concept of span in the second year. The kind of questions asked on

this topic are often the procedural type, where students are engaged in finding out

whether vector v belongs to span S or not, which can be achieved by row reduction

(an action in the matrix representation). For example it is not a common practice

for students to describe a definition in their own words in a test or examination.

The kind of understanding expected from the students in this research was the abil-

ity to recognise a linear combination in an embodied sense, as well as knowing the

symbolic and formal representations of the concept and the links between them. To
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examine students’ thinking about linear combinations in the embodied, symbolic

and formal worlds the test questions in Figure 5.8 were considered (see Appendix E

for the full list of questions). The aim of each question together with the discussion

of students’ responses will be presented below.

1. Describe the following terms in your own words. (a) Linear combination; (b)span of a set of vectors;
(c)linearly independent; (d)basis; (e)subspace; (f)eigenvectors

2. Let u =





−1
2
3



 and v =





5
0

−2



 . Find −3u + 4v.

3. Consider the following vectors a, b and c:

Copy these vectors and show how to construct a diagram to demonstrate the following:

c = ka + mb

Figure 5.8: Test questions on linear combination.

Student definition of the term linear combination

Traditionally the concept of linear combination is introduced with a definition, and it

seems that as long as students are able to solve problems they are not expected to be

examined on the formal definition as such. In this study the researcher was interested

to know students’ existing knowledge of linear combination, and not necessarily

just its formal definition. So upon arrival at the tutorials the first year students

(case studies 1(b) and 1(c)) were asked informally whether they could remember

anything about the concept of linear combination, knowing that they had already

covered this at the beginning of the semester. Of the 16 first year students from

case study 1(b) who answered this question, two students wrote “very unclear; not

sure” (1B-3; 1B-7). Among other responses were: “Several linear equations used

to form a linear product”(1B-1); “Linear combinations are combinations of linear

equations, which can be used to solve for x & y”(1B-6); “will have to check my

notes I don’t remember from the top of my head what it is”; “is a bunch of linear
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equations that have 2 or more variables”; “to find the linear line [sic]No!”; “linear

combination y = ax + b”. Student 1B-8 who also participated in the second year

study, replied “a set of planes, [sic] a objects, a lines”. It was interesting to note that

several students were confused and were thinking about ‘linear equations’ instead of

‘linear combinations’; for example one student went as far as writing the equation

of a line y = ax + b. This also illustrates the idea that students’ previous beliefs

and understanding can influence their present state of mind (cf Tall’s (2005) met-

befores). This question was not included in the test for the first year students, so

some students did not write their names.

Similarly from nine first year students who gave an answer and were involved

in case study 1(c), four students wrote: “nothing” or “I can’t remember anything”

(1C-2; 1C-5; 1C-13; 1C-14). Among other responses were: “Matrices???” (1C-3);

“set of equations forming linear systems (planes)”(1C-1); “Combinations of lines

whether they intersect and therefore have a relationship or they don’t. Systems of

equations”(1C-15); “combining linear equations to find a solution to the system”(1C-

4).”

Again, most students were thinking about equations and solving these equations,

although some of them are thinking about them in the geometric sense (lines and

planes).

However, based on the above evidence, the majority of first year students who

participated in these two case studies did not have a clear grasp of the concept.

The responses indicated that students had difficulty remembering the concept (e.g.

1B-7; 1C-2), were confused (e.g. 1B-8; 1C-3), were thinking they had to solve a set

of linear equations (e.g. 1C-4; 1B-6) and had thoughts that were somewhat far from

the actual concept, which should have been relatively simple and straightforward.

It was noticed that this concept was only mentioned briefly in the class and a more

detailed study was supposed to be commencing in the second year. However, the

second year students’ responses showed similar results, as their knowledge of the

concept also seemed very limited.

In case study 2(b), which took place four days before the final examination, five

out of 11 students did not write any answer. The remaining six students gave either

procedural or incomplete responses as they wrote:

“A vector can be present as a relationship between other 1 or more vectors”(2B-
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3);

“When multiplied by a constant the two combinations would have the same result

when added”(2B-4);

“When a vector is a multiple of another adding a multiple of another vector”(2B-7);

“A linear combination is a combination of components eg vectors, functions, where

each component is multiplied by its own specific constant term”(2B-8);

“Linear combination is when there is a linear relationship between 2 vectors when

they are multiplied by a constant the sum would equal to the given vector” (2B-11);

“something like xv + yu x, y ∈ R”(2B-2).

After the tutorials (where the algebraic, embodied and finally the formal aspects

of the term were presented) and the examination, three students returned and did

the second test, and two of the three students were also interviewed. All three

students received high marks in the examination ranging from A+ (student 2B-

3), to A (student 2B-2) and B+ (student 2B-1). In the second test student 2B-

1, who did not define the term in the first test, wrote: “Regarding 3D-matrices,

linear combination is looking for whether the last column is composed by another

two columns after reduction row.” In his explanation he preferred a procedural or

action approach and described the matrix action of finding whether it is a linear

combination instead of actually defining the term as a mathematical object. This

could be a reflection of what he was used to during the course or perhaps felt more

comfortable explaining it rather than expressing the underlying theory.

Students 2B-2’s response was similar to his first test (something like xv + yu

x, y ∈ R) except this time he included some explanation with his symbolic response

as he replied: “Several linearly independent vectors combine together [to] form a

linear plane s1v1 + s2v2 . . . ”. In here he adds the idea that the vectors are linearly

independent and form a ’linear plane’, but still does not describe the concept, instead

introducing a new concept, namely linear independence. In an interview after the

examinations he found it difficult to recall the definition, although he was happy to

quote symbolic representations, as he said: “linear combination, hmm . . . I can’t

quite remember the definition, I can just remember those forms something like

b = x1v1 + x2v2 and something like that and x belong to R. I only can remember

these things”. When he was asked for more explanation he said: “Hmm difficult!

Linear combination is an object class in a space formed by the two vectors and x, y
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are scalars, this is my understanding of linear combination”.

It seems that he was referring to, and somewhat relying on, a symbolic repre-

sentation of linear combination, namely b = x1v1 + x2v2, all along but was realising

that he was coming short of reasons to justify his thoughts with the formula alone.

It was apparent that this was not helping, so he was struggling to think about an

embodied representation instead (“Linear combination is an object class in a space

formed by the two vectors”) without remembering what the definition was, and this

was not working either.

Of interest was also student 2B-3 who described the term linear combination in

the second test as: “One vector is the combination of others”, which was similar to

her first test, when she wrote: “A vector can be present as a relationship between

other 1 or more vectors”. Later in the interview she said:

Ok, linear combination, for example, ah, A is a hmm, it’s kind of vector

equation, and I think the linear combination is like that,.. is one or

two vectors are independent, they are form a plane or space, and the

other vectors are in a simpler dependent in the plane and these two

independent vectors.

It is interesting to note her first impression of linear combination is ‘a kind of vector

equation’ and her reference to linear independent and dependent vectors are not

coherent and well thought out (almost random). When she was asked if she could

give an example she appeared confused as she said:

Yeah, if there are two vectors, and I think the one is the other one

multiple, multiple of the other one, non-zero multiple, like vector

v1 = (1, 0, 1) and vector v2 = (−1, 0,−1), -1 multiple of that, so it’s like,

..is that opposite direction of the vector 1, they are linearly independent.

By this stage the researcher was almost certain that student 2B-3 was in fact

thinking about linear independence (in a procedural way) so when the researcher

reminded her that the conversation is actually about linear combination, not linear

independence, she gave the following example:

For example, vectors like some v1 and the v2, these can be

v3 = 3v1 + 3v2. v3 can be written as relationship between v1 and v2.

Yeah like combination of its kind of relationship.
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This was a form of symbolic representation of linear combination, without a

clear explanation about the type of combination for vectors v1 and v2. To probe

her the researcher showed her the following example: 3(−2,−3)+2(1, 2) = (−4,−5).

The researcher then asked her what she could say about the vector (−4,−5). She

said:“hmm, can I draw a graph? hmm, It’s look like there is a two vectors and the

two vector plus together get one combination of these two vectors.” (see Figure 5.9).

It was interesting that she hesitated and did not see the linear combination of the

given vectors immediately, even though she had just written the same relationship

in the previous line, v3 = 3v1 + 3v2, instead she asked to draw a graph. When she

was asked if she could write a general formula of the linear combination, she wrote:

“v3 = av1 + bv2”.

Figure 5.9: Student 2B-3’s diagram for the linear combination of two vectors.

It appears from the above responses that during the interview she had mixed up

the ideas of linear combination and linear independence/dependence and was not

able to define clearly the term linear combination. However, with some probing, she

was able to express a general formula for a linear combination by moving away from

the researcher’s simple example to represent a symbolic world process and further-

more to connect this to an embodied representation of the idea by volunteering to

draw a picture. This illustrated an embodied representation for the linear combi-

nation of vectors v1,v2,v3 from the general formula v3 = av1 + bv2 that she had

produced.

At the end of interview she made the following comments:

Basically when I was in lecture I mixed up all the relationship between

definitions of subspace, linear combination. I mixed up and I think no
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clear definition of, but when I came to your tutorial there was some

graphs and also very clear explanation that helped me to understand.

So does my friend tell me; she also came to your tutorial. And if I

become a tutor I teach as your way, first I give them the introduction

and give them the build relationship between them and graph them,

not the definition, I think its too difficult to understand, makes them

confused.

Admitting to not being clear about the concepts, she valued the embodied inputs

of the researcher and her clear explanation during the tutorials.

Case study 2(c), which involved the second year students, was different, in the

sense that the researcher was also the lecturer for the linear algebra section of the

course. At the beginning of the lecture on linear combinations, the researcher asked

the class to write down anonymously what they could remember about the term

‘linear combination’. From a class of over 200 students, 51 students replied, of

whom, 68.6% wrote: “do not know”; “can not remember”; “never studied it in a

previous course”, or wrote nothing. Among the other replies were the following:

“Solving more than one linear equations by forming matrices”; “Linear combination

is a set of numbers that makes the equation work”;“x1 + x2 + x3 = 4 has no square

or square root”; “Equations can be displayed as rows or columns, matrix given

enough conditions, scalar and vectors can all be solved”; “Addition or subtraction

of vectors”. While, none of the students displayed a clear understanding of the

concept the researcher proceeded with the lesson. Although to some extent this was

expected, this was another evidence that most students who come to the second

year have either no or very limited, understanding of the term linear combination.

The lecture started with a description of the concept and its related ideas, such

as vectors and scalar multiples, explained clearly through several algebraic examples.

This was then followed by discussion of the process-symbolic representation of the

concept, namely the general case of two or more linear vectors. Finally the object-

formal view of the concept, with the definition of linear combination was presented.

At the end of the lesson the lecturer asked the students what they had learned

about linear combination so far. It should be noted that the embodied ideas of

linear combination were not discussed at this stage. Although 25.4% did not reply,

it seems that those who replied had developed more understanding of the concept.
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Here are some responses: “A linear combination is a vector that is produced by

adding the scalar multiples of two or more vectors”; “It’s the combination adding

different vectors multiplied by scalars”; “Multiplied vectors by a scalar and adding”;

“A vector b is a combination of vectors v1, v2, v3, b = c1v1 + c2v2 + c3v3 c1, c2, c3

are scalars”. Some of the above replies came from students who later participated

in case study 2(c). The overall results showed that a majority of students (72.5%)

were able to write some form of description for the concept in their own words, with

23.7% of students using the algebraic representation of linear combination from the

definition, as well as their own explanations. Looking at the above responses we see

one from a student who wrote: “A linear combination is a vector that is produced

by adding the scalar multiples of two or more vectors”. It is interesting to note

that his/her object view as he/she recognises ‘a vector’ which is the combination

of scalar multiples of two other vectors (a possible symbolic-object view). As we

discussed in the linear combination framework in Chapter 3, the object-embodied

cell refers to ‘seeing the resultant vector as new vector object’. However it is likely

that this student had no embodied view of the situation, though it seems that his/her

thoughts were on the right path.

In the next lecture students were shown an embodied view of linear combination,

including the description of the process-embodied cell from the framework in Chapter

3. It should be remembered that the concept of linear combination in the process-

embodied cell (see Figure 5.10), illustrates the process for the addition of multiples

(c1, c2) of any two vectors v1, v2 in the embodied world, using the parallelogram rule.

This is the general form of the addition of multiples of any two vectors.

Figure 5.10: Linear combination in the process-embodied cell.

In case study 2(c) (the researcher’s students) all 16 students who sat the second

test (not long after the end of the two weeks linear algebra part of the course)
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managed to give a description for the term ‘linear combination’, apart from two

students who replied “weighted average” (2C-1) and “expression of set of vectors in

a vector” (2C-16). Among other responses were the following:

“Linear combination is one in which each variable is multiplied by a coefficient

and then sum the product together”(2C-7);

“The result of adding multiple vectors once they have been multiplied by a scalar”(2C-

8);

“A combination of linearly independent vectors”(2C-9);

“is the making of a vector by combining scalar multiples of 2 than more vectors”(2C-

10);

“vectors multiplied by a scalar then added together to give a new vector”(2C-11);

“ax1 + bx2 + cx3.. + zxn = 0”(2C − 12).

The replies show that although students were able to describe the term in their

own words it was not clear whether they had a full appreciation of what the term

means. For example students 2C-7, 2C-8 and 2C-11 were describing actions, while

student 2C-12 gave a completely symbolic representation with no explanations. Stu-

dent (2C-9) seemed to be different from the rest as he gave the added property that

these vectors are actually linearly independent.

The reply from the PhD graduate was very formal as he described the term linear

combination as seen in Figure 5.11.

Figure 5.11: The PhD graduate’s symbolic and formal description of linear combi-
nation.

Understanding linear combination through an action

Question 2 examined students’ understanding of linear combination through an ac-

tion. It was hypothesised that students would have difficulty understanding this

concept, it was of interest to find out whether students were able to do a basic

action-symbolic problem relating to calculations of the linear combination of the
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vectors.

From the total of 32 first year students who answered this question in the first

test, 72% gave a correct answer, compared to 19% who made an arithmetic mistake.

Among the remaining 9% of answers was student 1B-6, who was not able to add the

row vectors ((3,−6,−9)+(20, 0,−8) = no answer). Also included were students 1B-

14 and 1B-15 who took a wrong approach to the question, since after multiplying

the vector by the scalar they added the components together. It was interesting

to note that in question 2(a) (in the vector section, see Figure 5.1) involving the

scalar multiple of vectors, both students had difficulties, with student 1B-14 writing

Rnx and student 1B-15 not writing anything. Confusing the two actions of scalar

multiple and scalar product shows their weak action-based thinking. Figure 5.12

illustrates their work.

Figure 5.12: Students 1B-14 and 1B-15’s responses to the action question on linear
combination.

In the second test, where the question was changed slightly with different num-

bers, from the total of 23 first year students who answered this question 78% an-

swered correctly, compared to the remaining 22% who had the right idea but made

arithmetic mistakes along the way.

Similarly, results from the second year students showed that from 23 students in

case study 2(c) who were given this question in the first test, 65.2% gave a correct

answer, in comparison to a somewhat higher percentage of students (30.4%) who

made arithmetic mistakes. The only student in the above categories who was not

able to add the column vectors together in spite of a correct scalar multiplication,

was student 2C-13. Although, this student had no previous university background

in mathematics, she received the highest score in the examination.

Although, it is inevitable that arithmetic mistakes will occur whenever calcula-

tion is involved, for such a trivial question it was anticipated that more students



5.3. LINEAR COMBINATIONS AND SPAN OF VECTORS 151

would find the correct answer, but one fifth of first year and almost one third of

second year students had trouble calculating this straightforward question. Overall

the results showed that a majority of students had the procedural skills to find the

linear combination of two vectors algebraically, even though some were affected by

their lack of arithmetic abilities.

An embodied understanding of linear combination

In question 3 an embodied understanding of linear combination was examined,

whereby students had to construct a diagram to represent a linear combination

c = ka + mb for the given 3 free vectors a,b, and c. It was interesting to see

whether students were able to link the given process-symbolic representation of the

linear combination to a process-embodied view as illustrated in the process-embodied

cell of the framework in Chapter 3. In other words to see if they could go from an al-

gebraic representation to a geometric one. I also anticipated seeing students’ ability

to draw the resultant vector c (an action in the embodied world), keeping the same

direction and length, and realising that although vectors a and b could change sense

(due to scalar multiplications) they must keep their original directions. Moreover,

it was also of interest to find out whether students were able to see k and m as

any scalar, and possibly demonstrate the effect of the scalar multiplications. I also

wondered whether students were able to see the vectors as free vectors able to be

lifted up and moved around (but preserving their directions).

Overall, from 32 first year students who participated in the first test only 37.5%

drew the correct diagram showing the relationship between the vectors as c = ka +

mb, compared with 28% of students who drew the wrong diagram, and another

28% who did not reply to this question. There was also a small minority 6% of

students who substituted numbers for k and m before drawing a correct diagram,

which means they only had an action view. In the second test however, the majority

of students (56.5%) drew wrong diagrams and only 17.4% gave the correct answer.

It is worth mentioning that there were some new students who only sat the second

test.

Those who constructed the correct diagrams mainly showed a reasonable care

with the size and directions of the vectors (although, no grid lines were provided, it

was expected to see a certain amount of accuracy with the diagrams). The majority
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of students used the triangle rule to add their vectors and occasionally some students

used the parallelogram rule but very few students demonstrated the effects of the

scalar multiplications. Figure 5.13 shows some of these diagrams.

Figure 5.13: Students 1B-4 and 1B-6’s correct embodied views of linear combination.

There were a number of diagrams (see Figure 5.14) that at first glance seemed

correct but careful observation showed that they were in fact incorrect. For example

the work by student 1B-8 in test 2 shows that if he was to add ka and mb the

direction of vector c should have been the opposite of what was given in question

3. However, in his diagram student 1B-8 has not demonstrated any direction for

vector c.

Figure 5.14: Students 1B-8’s embodied views of linear combination.

Other examples include student 1B-14 whose vectors won’t form a parallelogram

with c, in fact vector c is in the wrong direction from that given in the question.

Although, the work by student 1B-16 clearly shows the effect of scalar multiplication,

his vectors won’t form a parallelogram either (see Figure 5.15).

Obviously it was difficult to translate the process-symbolic representation of the

given situation into a process-embodied representation as was required (see Table

2.2, a framework for linear combination), since the majority of students in each test

were not able to construct the correct diagram. This was expected, since, it was

doubted that students even recognised the fact that the given symbolic relationship
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Figure 5.15: Students 1B-14 and 1B-16’s embodied views of linear combination.

c = ka + mb was representing a linear combination, let alone being able to draw

the correct geometric representation of the situation.

In both tests some who drew the wrong diagrams did so because the individual

could not add the vectors (an action in the embodied world), however the majority

of students gave wrong responses because they drew wrong directions for one or

more of the vectors a, b or c (mostly for vector c). Figure 5.16 shows student 1B-

6’s work where he has drawn the wrong direction for vectors b and c and student

1C-5 who has drawn the wrong direction for vector c.

Figure 5.16: Students 1B-6 in test 1 and 1C-5 in test 2’s wrong embodied views of
linear combinations.

It is difficult to comment on the change in students’ views in test 2, since although

17 students sat both tests not all students were present for all the extra tutorials

where the embodied views of linear combination were discussed. However, comments

can be made on an individual basis. For example in case study 1(b) only students

1B-3 and 1B-4 gave correct answers in both tests, whereas the rest of the students

had different views in each test. For example, some went from correct to wrong or

from wrong to correct answers. Student 1B-5 who gave no answer in the first test,
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crossed out his correct answer in the second test. The results from case study 1(c)

also showed similar results, with only one student (1C-1) giving correct answers in

both tests. This exercise mostly demonstrated the students’ lack of understanding

of the concept of vector and scalar multiple, their limited basic knowledge of adding

vectors, and a tendency to ignore a consideration of the direction of each vector.

Although in the tutorials the researcher emphasised the basic ideas of adding two

vectors and the importance of the direction for the resultant vector, students still

had difficulty in performing some basic actions, and yet these actions were taught

as part of Maths 108, where a few lectures were designated for vectors.

A strange diagram came from student 1B-2, who appeared to have a very unusual

way of thinking (see Figure 5.17). This unusual way of representing mathematics,

seemed to be using a short cut in his representation of mathematical objects. His

calculation (c =
√

ka2 + mb2) reveals that student 1B-2 is presumably looking to

find the length of vector c. However, this student who was present for all the

tutorials corrected his views in the second test.

Figure 5.17: Student 1B-2’s ‘embodied’ thinking of linear combination in test 1 and
2.

Surprisingly, another student (1B-22) who only came on the last day of tutorials

and did the second test had exactly the same idea as student 1B-2’s attempt in the

first test (see Figure 5.18). Both these students seem to know that the vector has to

be multiplied by k, but were unable to show this geometrically, thus drew diagrams

that had a mixture of symbolic and embodied notions.

Student 1C-9 also had an inappropriate embodied approach in mind, in which she

was not thinking of vectors that can be moved around (a free vector), so she is trying

to force them by adding them in their existing position (fixed vectors) while ignoring

the scalars k and m, and of course they will not add to form a triangle. Although,

this student was present in all the tutorials she demonstrated a wrong approach to
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Figure 5.18: Student 1B-22’s ‘embodied’ thinking of linear combination in test 2.

vector addition in the second test, even though she has the right direction for vector

c. Her work is shown in Figure 5.19.

Figure 5.19: Student 1C-9’s ‘embodied’ thinking of linear combination in test 1 and
2.

Students 1C-5 and 1C-13, took the given c and tried to find some values for

k and m that would satisfy the given vectors in the diagram, substituted specific

coefficients for k and m in the first test writing: 3a + 2b and 3
2
a + 3

2
b. This may

indicate an action rather than process conception on their behalf as they had a need

to see a specific linear combination rather than considering the general case (see

Figure 5.20). However, as far as the directions for the vectors are concerned both

students drew the correct diagrams.

Figure 5.20: Student 1C-5 and 1C-13’s ‘embodied’ thinking of linear combination
in test 1.

Results from the 11 students from case study 2(b)(the second year students)
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showed that five students gave a correct response, whereas two students did not

answer this question at all. Among the correct responses was student 2B-2 who

constructed the vectors and showed this by a parallelogram in both tests (see Fig-

ure 5.21). His embodied ideas, although not correct when he was in his first year

(student 1B-8) are also illustrated here.

Figure 5.21: Students 2B-2’s embodied thinking of linear combination in the first
and second year.

The work done by student 2B-1 was also of interest as he had some idea of

what to do, but he did not keep the vectors in the same direction as those given.

Although he corrected this in the second test his vectors did not form a parallelogram

with c, so although he has shown the scalar multiples he has not shown the linear

combination. It seems that this vital information was not part of his embodied

schema (see Figure 5.22).

Figure 5.22: Student 2B-1’s embodied thinking of linear combination in the first
and second tests.

Looking at the the rest of the data it was noted that student 2B-4 substituted

some numbers for k and m, but managed to draw a correct diagram and student 2B-

10 who ignored k and m as scalars completely and only drew the relationship between

the vectors. This showed there was some evidence of the same kind of misconceptions

and carelessness with this questions as the first year students exhibited.
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The results from the second year students from case study 2(c) (16 students)

showed that a high percentage (68.7%) of students were able to show a parallelogram

with construction lines or a triangle (an action conception in the embodied world

suggesting a process view), and many were able to demonstrate clearly the effect

of scalar multiplication on the given vectors a and b. However, two students did

not answer the question, and the three remaining students had trouble drawing

the correct direction for the vectors and drawing the parallelogram. Figure 5.23

shows students 2C-11 and 2C-1’s work, we see that student 2C-11 has shown wrong

direction for vectors a and b and is unable to construct a parallelogram to show

the addition of the vectors to construct a linear combination, whereas student 2C-1

has a correct approach in showing the scalar multiplication of the vectors a and b

(although an unusal backwards construction for mb) and used the triangle method

to show the linear combination.

Figure 5.23: Students 2C-11 (LHS) and 2C-1’s embodied thinking of linear combi-
nation.

It was also noted that while the PhD graduate drew the correct diagram (LHS),

where the scalar multiplications were clearly presented, the post-graduate student

(RHS) seemed to struggle to draw the correct diagram and tried symbolically to

calculate vector c by giving her own coefficients to fit with the given vectors (see

Figure 5.24) as some first and second year students also tried to do.

Figure 5.24: PhD and post-graduate’s embodied idea of linear combination.



5.3. LINEAR COMBINATIONS AND SPAN OF VECTORS 158

In summary students’ responses to questions on the concept of linear combina-

tion showed that a majority of first year students had considerable difficulties with

defining the concept and the notion seemed so foreign to most students. Among the

results were those who thought of ‘linear equations’ instead of ‘linear combinations’,

with one student even giving the equation of a line y = ax + b (a possible language

difficulty). Evidence showed that most second year students who were about to start

the course had absolutely no idea about this concept from their previous courses.

Also based on the findings in this research, right at the end of the semester some

very successful second year students struggled to remember the key aspects of the

concept. The results confirmed that all students who were taught under the tra-

ditional setting had little embodied understanding of the concept, as this concept

was often introduced by a formal definition. However, building the concept through

the embodied, symbolic and formal worlds of mathematics, starting from vectors

and scalar multiples seemed to be effective for those who attended the researcher’s

summer course, since at the end of the first lecture, 72.5% of students were able

to give a description (mainly at the action or process level with occasional ones

at the object level) for the concept in their own words. It was also noted that a

majority of students had the procedural abilities to calculate algebraically the linear

combination (actions), however, some first and second year students were affected

by their poor arithmetic skills. Student responses to Question 3 relating to the

embodied aspects of vector addition and linear combination showed misconceptions

in a number of areas which mainly rose from their unfamiliarity with the concept

of vector. Only 37% of first year students (in the first test), and 45.4% of second

year students from case study 2(b) drew the correct diagram (a process view) as

some students lacked basic skills constructing parallelograms or triangles, keeping

the correct direction for the given vectors, and constructing the correct direction

for the resultant vector. The majority of students also were unable to show the

embodied effect of scalar multiplications. However, a high percentage (68%) of the

researcher’s students from case study 2(c) were able to draw a correct (an embodied-

process) diagram. On the other hand, the PhD graduate who gave a object-formal

definition for the term linear combination, had no problem with symbolic-algebraic

manipulations of vectors in Question 2, and in Question 3 he was able to recog-

nise the symbolic-algebraic representation of the linear combination and draw an
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embodied-process representation.

Students defining the term span

As the concept of span was not discussed in the first year, the following discussion

only addresses the second year students’ responses to the request to provide a def-

inition of the term ‘span’. From the 11 second year students who participated in

case study 2(b) only five students gave some description of the term span. They

wrote: “Span is some vectors form a basis i.e. {v,u}” (2B-2); “A subspace in

R
n”(2B-4); “Multiplies of a or a set of vectors”(2B-7); “An form any vectors with

span”(2B-10);“Span is the ending result of a e.g. null space, column space & row

space”(2B-11).

These responses show that students had some general ideas about span, but

struggled to express their thoughts clearly. For example student 2B-7’s response

lacked the idea of ‘all’, and student 2B-4’s response included the idea of a subspace

without saying what a subspace was. It seemed that student 2B-2 was aware of the

connection between a basis and span but was not quite able to express it. Unlike

the PhD graduate’s response, which was symbolic and formal, students’ responses

were usually neither symbolic nor formal, since in their explanation these students

had key points of the definition of span missing. For example, none of the students

mentioned that span is the set of all linear combinations of vectors (a process view),

or gave the definition of the span in the formal world (this might be expecting

too much, as most students do not remember definitions in the formal world), or

described span of 2 vectors in R
3 as a plane (with the resulting plane as an object,

object-embodied cell of the framework, see Chapter 3). Here is the PhD graduate’s

response in defining linear combination which is a formal definition:

The span of vectors v1, . . . ,vn is the set of all linear combinations of

v1, . . . ,vn, i.e. Span v1, . . . , vn = α1v1 + αnvn : α1, . . . , αn ∈ R.

Among the three students who did the second test, student 2B-1, who wrote

nothing in the first test replied: “Span is used to collect vectors that those vectors

have taken E-value”. Again, this student seemed to have some vague idea as he

mentioned about the collections of vectors, but it is not clear what he meant by E-

value, although one could hypothesise that he meant eigenvalue, which is not related
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to the question. Student 2B-3, who also wrote nothing in the first test, wrote: “the

plane that vectors form”. She seemed to have gained some embodied understanding

after the researcher’s tutorials as she was able to see span as a plane for 2 linearly

independent vectors in R
3 , an object view in the embodied world. To know more

about her thinking she described the term span in an interview after the end of the

examination as:

Span, hmm, in your tutorial, I think, if there are independent vectors..

formed a plane, it’s a infinite. Like if there are 3 or 4 more two vectors

form a basis yeah, yeah.

When she was asked whether she was able to relate the idea of span to the idea

of linear combination she said:

Yeah, I think can over here [she referred to a figure that she had drawn

earlier on (see Figure 5.9)]. This is like span and v3 is linear combination

of v1 and v2 and it lies on this span of v1 and v2.

Even though she may have had no formal definition or symbolic tools to com-

municate her thoughts, she was able to connect the idea of linear combination ‘from

the picture’ that she drew earlier, and explained that vector v3 is in that span. And

since she wrote a and b ∀ a, b in v3 = av1 + bv2, she expressed a process view.

Student 2B-2’s ideas of span in the first test were related to the idea of basis, as

he wrote: ”Span is some vectors form a basis i.e. v,u”, and in the second test he

included the idea of linear independence as he said: “Several linearly independent

vectors form the basis”. We note that for a set of vectors to be a basis they need to

be linearly independent and span the space. Whether student 2B-2 had some vague

idea, or he actually had an understanding is not very clear. One thing is clear, that

he did not define the term span.

However, in an interview he said:

My first understanding of span is from the book, the definition, but

after that I forgot the definition. But my understanding of span is like,

remember the graph.

He continued:
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Yeah, it’s like little model of that space, subspace, 3D. Like this, and

the two vectors form a little plane, and those two vectors in this plane.

This plane is a subspace of R
3, and those two vectors can call span in

the plane. Span is a little model of the subspace. The general form

something like linear combination.

This shows his confusion, calling two vectors a span not their linear combination.

Recalling a previous ‘understanding’ of the definition from the book, which by now

had vanished, he tried to describe geometrically a plane that is formed by two

vectors, and finally connecting his thoughts (with no explanation) to the concepts

of subspace and linear combination. Although, he could recall a diagram for the

span he was not able to express his understanding based on that diagram alone.

When he was asked about the relationship between linear combination and span

he said: “ahm..yes, because this vector the combine vector by those two vectors

must be in this subspace”.

Which, again, was not precise and gave no details. Admitting to his shortcomings

he then said: “I forgot I really need to go back and read the material again, it’s

terrible!”. This interview showed that, unlike the result from his tests, where he

was possibly relying on understanding of the definition of span, this time he had an

embodied view of the span which made sense and allowed him to connect it to the

idea of a subspace and linear combination (embodied-process and possibly object-

formal cells of the framework). Of course, his thoughts were not clear and it was a

struggle for him to put the pieces together.

In the concept map where he represented some of his thinking, he only had a

very limited number concepts from those available in mind. For example, he did not

include the concept of linear combination which is vital in building concepts such as

span and linear independence. Also, as shown in Figure 5.25 he has not linked the

idea of span to basis as he did in the interview. So in a way the ideas that he had

in the interview are not represented in the concept map, which puts the reliability

of his concept map under question, as the concept map and the interview were both

done on the same day. However, since he was not very clear during the interview it

may also be that the concept map illustrated better where his thinking was at.

Of the 16 students in case study 2(c) who sat the second test and were present in

the researcher’s class, 81% of students mentioned the term linear combination while,
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Figure 5.25: Student 2B-2’s concept map.

69% of students clearly emphasised the phrase “all possible linear combinations” (a

process view) as part of their explanation for span. Only two students did not reply

and one student described the term as: “vector generator”. Among the replies were

three students who had an embodied view of the term. The following are their

responses.

“The span is an area that encompasses all the possible linear combinations of a

set of vectors, as it’s closed under linear combination and includes 0, it’s a subspace

too”. (2C-2) “The space the set can define → 2 vector → a plane. Indeed another

vector we choose this space can be a linear combination of those two.”(2C-9). “A

space that contain[s] all possible linear combinations of these vectors”.(2C-14)

Another misunderstanding, this time presented by student 2C-2, assumed that

span is a subspace. This is not surprising as vectors in class are often fixed from the

origin. Although, he had some embodied views as he mentioned ‘an area’. Student

2C-9 in his own way has ideas related to the process-embodied cell of the framework

of span which includes the idea of linear combinations being present in the same

plane, without generalising it for all the linear combinations of 2 vectors. And

student 2C-14 has an object view of span as he refers to a ‘space’ that contains all

possible linear combinations of the vectors.

On the other hand student 2C-7 gave a more symbolic-formal explanation of the

term as she wrote: “If there is a set S = {u1, u2, . . . , un} of vectors in R
n, the span

of S is the set (an object view) of all linear combinations of S in R
n. This is called

vector span S = {u1, u2, . . . , un}”.

She has obviously done her best to be precise by including the formal definition

in her explanation, however, in an interview she gave a very informal explanation
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when she said: “Like if you can get, like, c1, c2, c3 in front of v1,v2,v3, and then

you can see c1, c2 is the span of the whole equation”. Unlike her previous written

response, this time her thinking was informal and incorrect, as she indicated that

the scalars “c1, c2 are the span of the whole equation”.

Student 2C-5 also mentioned that: “For me span of vectors is just all possible

linear combination of vectors, yeah. Like it includes a vector that, sorry, a vector in

the set of vectors multiplied by scalar. For me, like, a linear combination that didn’t

mean zero times all the other vectors so that’s easier way for me to remember”. In

the first part, “all possible linear combination of vectors”, she expressed a process

view, and it seems that in the last part of her statement she was trying to relate it

to linear independence when all the coefficients are zero.

Students 2C-4 and 2C-8 expressed their thinking about span respectively as

follows:

“Span is all the linear combination[s] of the vectors. It can’t be a linear combi-

nation if it does not land up in the span of it”(2C-4). “Ah span is like you have the

vectors going to different directions like all the possible linear combination[s] that

can be in, so if you have your linear combination of the equation everything that

can be in the span of the two vectors”(2C-8).

Both of these students are focusing on ‘all the possible linear combinations’ (a

process view) in their schema for span, where student 2C-8 is also able to visualise

the vectors going to different directions in her thinking (an embodied view).

In summary the overall performances of the second year students for the concept

of span showed that the majority of students who participated in case study 2(b)

struggled to express a clear understanding of the concept. Although a small minority

tried partially to connect their thoughts to the ideas of subspace and basis, no one

mentioned that span is a set of all linear combinations of vectors (a process view), or

referred to the strong embodied aspects of span as a plane (an object view). However,

after the tutorials two students tried to express their embodied views of the concept

in the interviews. On the other hand, 81% of those students from the researcher’s

class (case study 2(c)) were able to link span to the idea of linear combination, with

69% of students mentioning the phrase “all possible linear combinations” (a process

view). The response from the PhD graduate clearly indicated his strong formal

position as he wrote a formal definition.
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5.4 Linear Independence/Dependence

The concept of linear independence is regarded as one of the most important con-

cepts in linear algebra, and it is built upon the concept of linear combination of

vectors. At the University of Auckland this concept is primarily introduced through

a definition, with its geometrical representation often either completely ignored, or

playing a very small role in students’ concept building. In the traditional setting the

matrix representation carries the majority of the weight, and the recognition of a

linearly independent set of vectors is the objective in many exercises. The concept is

often regarded as difficult by many students (Harel, 1997; Dorier et al., 1999), who

experience difficulties distinguishing between the two notions of linear dependence

and independence. Of course, this is not surprising as a clear understanding of this

concept depends strongly on students’ understanding of linear combination, which

as we have seen above is not well understood. In the next section we will examine

students’ thinking in more detail, but first we will look at the kind of knowledge

that students ought to have in order to gain a broader conceptual understanding of

this concept.

A possible GD of the concept of linear independence includes an action view (to

show dependence one must have the ability to rearrange c1v1 + c2v2 + c3v3 = 0 to

get a linear combination v1 = − c2
c1

v2 − c3
c1

v3, c1 6= 0 for specific vectors v1,v2,v3),

a process view of seeing that for linearly dependent vectors one vector can always

be written as a linear combination of the others (the ability to see how to rearrange

the above equation for any vector), and an object perspective of thinking of a set

of linearly independent vectors vi as an entity that can be used eg as a basis or to

form a span.

Apart from the formal definition of the term linear independence, which is rep-

resented in algebraic language, the ideas related to this concept are often examined

in matrix form. However, the embodied representations of the concept in R
n also

provide helpful ideas to consider. These ideas include considering non-zero vectors

that do not lie on the same line or plane. Thus if three vectors do not all lie on the

same plane in R
3 they are considered as linearly independent. In other words, since

any two vectors define a plane, then along with a third vector that does not lie on

the same plane they can form a linearly independent set, which is the geometrical
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object in this case. On the other hand, in the situation where, for example, three

vectors do lie on the same plane then they can not span the entire space R
3, each

must be able to be written as a linear combination of the other two, and the vectors

are linearly dependent. The ability to understand such connections between related

concepts should considerably enrich one’s conceptual schema.

While it is suggested that it is important to study this concept visually, rep-

resenting vectors symbolically enables the learner to do activities (actions) which

are equally as important in the process of learning and which may not be possible

otherwise, and will start a foundation for formal world thinking. Thus, one of the

main activities (actions) in the symbolic matrix world would be to put the vectors

into a matrix and by Gaussian elimination try to reduce the matrix to the row re-

duce echelon form to see whether or not the vectors are linearly independent. At

the process-symbolic-matrix level the individual may see that in the case of linearly

dependent vectors, one vector can always be written as a linear combination of the

others.

The formal definition of linear independence, originally arising from the embod-

ied and symbolic ideas clarifies the properties of the concept formally, and can be

considered as giving the formal object of a linear independent set of vectors. The

definition demonstrates its direct algebraic link to linear combinations of vectors, in

a situation where at least one of the weights c1, c2, . . . is not zero. In this case the

vectors are linearly dependent. Linking this back to the embodied world means that

vectors would be multiples of each other, therefore they would lie on the same line

or plane in R
n.

5.4.1 Student thinking about linear independence/depen-

dence of vectors

The participants mentioned in this section were solely second year mathematics

students from case studies 2(b) and 2(c), as this concept is not taught in the first

year. The questions of interest analysed are listed in Figure 5.26.
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1. Describe the following terms in your own words. (a) Linear combination; (b)span of a set of
vectors; (c)linearly independent; (d)basis; (e)subspace; (f)eigenvectors

2. Determine whether u,v and w lie in the same plane when positioned so their initial points
coincide.
u = (1, 1, 0),v = (3, 0,−1),w = (1, 0, 0)

3. Which one of the following diagrams represents linearly dependent vectors? Explain.

Figure 5.26: Test questions on linear independence.

Student definitions of the term linear independence

Of the 11 students who participated in case study 2(b), five students did not write

any answer when asked to define the term linear independence. From the remaining

six students who expressed their thoughts no one referred to the symbolic component

of the definition. To define the term in the first test student 2B-2 wrote: “Those

vectors can’t be expressed in terms of other vectors. Those vectors are linearly

independent. Every one is important to form the space”. This is an indication that

he is visualising a space and thinking that it is important for all the vectors to be

there. He expressed a process-symbolic view by mentioning that “the vectors can’t

be expressed in terms of other vectors” and could have been thinking about span

as he said “everyone is important to form a space”. In the second test again he

gave a process view in the symbolic world as he wrote: “The vectors can’t express

each other by addition and multiplication”. He meant a linear combination. In an

interview when he was asked what came to his mind first when he was asked about

the concept of linear independence, he said:

First thing those pictures of span. For example those three span in a

3 those span vectors formed this object and these 3, we need them to

form this object, we can’t leave any of them. This I think it’s linearly

independent because they can’t express one by others.
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It is interesting that he referred to a picture what came to his mind first, and

this supports our suggestion that in the first test he was thinking about the span

as he said “every one is important to form a space” because apparently this is the

first thing that came to his mind. He also was referring to a process-formal view

(refer to the framework in Chapter 3) as he mentioned span. By the phrase “can’t

express one by others” he was again expressing a process view, referring to linear

combination, a concept that he struggled to define or make much sense of (see the

previous section). The interview also confirmed that in the first test he was trying

to visualise the vectors in the space and make some sense of them. When he was

asked where he first saw those pictures, he replied:

Actually, I got this linearly independent idea from the class, I first got

the definition. If those three cannot be add or scalar multiplication equal

to each other, something from the definition. But when I was reading

the textbook and I can’t quite sure to remember the definition. After

that every time I see this kind of question I remembered the picture, it’s

something like if we need to build a house we can’t leave the structure.

He expressed his process view again when he mentioned “if those three cannot be

add or scalar multiplication equal to each other”. He also seemed to value having a

picture of the concept in his mind, which every time he thought about the concept

helped him to remember something about it. But again he acknowledges the fact

that he can not remember the definition.

When student 2B-3 gave her thoughts about the term linear independence, she

wrote: “Two or more vectors are not coincide or lie in the same plane”. At first

this was surprising as it did not seem likely that she would have had embodied

thoughts when she performed the first test, as this course was not taught visually.

Consequently it is possible that she learned this after doing question 2 as she used

almost the same words(lie in the same plane...points coincide) or worked it out

herself. In an interview when she was asked what she thought about the term linear

independence and what came to her mind first, she gave an embodied view, as well

as procedural way of finding a linearly independent set by performing Gaussian

elimination, saying:

Hmm, linearly independent. First comes to my mind is the graph. If
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they are co-linear I think they are linearly independent, and three vectors

and if reduced echelon form. If they are vectors and three powers that

means linearly independent!

It is not clear which graph she is referring to, but she is describing linear depen-

dence (co-linear), not linear independence. It is also notable that she is thinking

about a symbolic procedure since she referred to the reduced echelon form. When

she was asked where she saw the picture first and whether the picture was helpful

to her, she replied:

On the course book. Yeah, I think so, because I first heard the definitions

and the theory of I could not understand, I had questions the lecturer

drew pictures, and yeah it became clear.

This confirms that she had some embodied ideas prior to coming to the tutorial,

as apparently the lecturer drew some pictures for her. The researcher then asked

student 2B-3 whether she could relate the idea of linear independence to linear

combination, she said:

If they are linearly independent of course they are no linear combination

at all. If they are linear dependent i.e. one vector can be written as

linear combination of the others.

Although, her explanation was brief she managed to link the two concepts of

linear independence and linear combination correctly and give a process view.

Students 2B-7 and 2B-8 were also able to relate the concept of linear indepen-

dence to linear combination in their definition, and gave a process view as they

wrote: “When the set of vectors are not related or they are not a linear combination

of each other”(2B-7);

“A set of components e.g. vectors, functions that each one can not be formed from

any combination or multiples of the remaining components”(2B-8).

Here student 2B-8 is even moving toward a process-formal view as he is expanding

the idea to include functions.

Among other replies were those from student 2B-4 who was thinking in the

symbolic world and had less formal views of defining the concept. He wrote: “The
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components are not multiples of each other”. As we observed he did not link his

thoughts to any other concept and seems to only express a procedural understanding

of the situation, probably from performing exercises of this nature in the class. Also

student 2B-11 who wrote: “Linearly independent would mean that a set of matrix

has exactly the same number of rank and columns”. Again, this student is not

defining the term linear independence and possibly is thinking procedurally (an

action) as per many examples that he has performed in the class, though he has

linked the idea to rank and the number of columns.

The overall results from the case study 2(c) showed that all 16 students wrote

a form of definition for the term linear independence, and 44% of students tried to

link the term linear independence to the concept of linear combination. For example

student 2C-9 wrote: “vector which are not multiple of each other, indeed none of

them can be written as a linear combination of others”.

Without a doubt, these students felt more comfortable defining the term than

the students from case study 2(b), as definitions were emphasised and linked to other

concepts during the lectures and were even included in the first assignment. Hence,

students were familiar with linking the concept of linear independence and linear

combination. So in some ways it appears that the researcher’s style of teaching in

emphasising the importance of the definitions and the link between the different

concepts helped students.

Below their definitions have been categorised using the embodied, symbolic or

formal mathematical worlds.

Embodied thinking

In the test three students expressed embodied views of linear independence, refer-

ring to the vectors as, “Non-parallel” etc. Student 2C-4 also wrote : “Vectors not

collinear/on same plane”. Similarly, in an interview student 2C-4 described the term

linearly independent in the following manner:

Linearly independent, it means that it is not, in 2D is not parallel or not

co-linear and in 3D when you row reduce the matrix of 3 or 4 whatever it

is not going to be a linear combination, it’s going to be a unique solution,

or is not going to be a linear combination.
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It was interesting that while he was thinking of two vectors in 2D he was thinking

in the embodied world but as soon as he was thinking of 3 vectors he switched back

to the matrix representation and linked it to the linear combination. This could be

due to the fact that most matrix calculations took place with 3 or 4 vectors in the

course so mostly being involved in matrix calculations in the symbolic world, this

had impressed him the most. It is worth mentioning that although the researcher

was referring to the embodied ideas in teaching and so on, there were many factors

which were out of her control, for example the course book was not based on the

embodied material. So it made sense to ask him what his initial thoughts about the

term were and whether he had the geometry in mind. So he replied:

First independence means it is not the same, so it’s not going to be going

in the same direction, or parallel. I think probably thought about the

meaning of independent in English.

To probe him further he was asked whether he would be more comfortable with

symbols and matrices than with the pictures, and he replied: “I like the pictures

as well, I like to see what is going on”. This showed that he most probably is

appreciating and making use of variety of representations, but geometry may not be

at his forefront of thinking, as the first thing that came to his mind was the meaning

of independent in English. This could be coming from researcher’s intuitive ideas

at the beginning of lecturing this concept, as she was referring to one vector being

as independent, since it is independent of everything around it, before going into

proving it symbolically using the definition.

When I examined his concept map (see Figure 5.27), it showed simple connections

between the basic concepts (based on the way the course was progressed), where he

used linear combination as a base (i.e everything comes from that) and linked it to

linear independence/dependence and span, but did not have a process- formal view

in order to link the linear independence to span and basis (see the framework in

Chapter 3).

Symbolic thinking

Most linear independence problems are on manipulations of matrices and reason-

ably easy to follow, thus for many students this view is at their forefront of thinking.
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Figure 5.27: Student 2C-4’s concept map.

However we found that even students who were only expressing themselves symbol-

ically, when they were prompted were able to convey different representation and

views.

For example, while student 2C-8 wrote “Vectors in which there is no relationship

between them i.e. the only way ax = 0 is if x = 0”, in an interview she described

her wider view of the term in the following manner:

Linearly independent, when the vectors are not related in any way. Like

if you take one vector and if they are dependent you take a vector you

multiply it by a scalar, still the same vector in the same direction but

different length, and if they are independent then they are in different

direction, you can’t write linear combination.

Here she is thinking about the embodied ideas (length and direction) of lin-

ear dependence and independence (process-embodied cell of the framework) and is

linking her thinking to linear combination, a process-symbolic and a process-formal

view. She is not thinking about any procedures and is basically trying to describe a

process view of the concept as wide ranging as possible (in the embodied, symbolic

and formal worlds).

She then replied that the first thing that came to her mind concerning this

concept was:

Relationship between the vectors. I, yeah, I always think of it as if

they are dependent, then they are related. Like yeah because if you

write them as a linear combination if they are dependent you find a
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relationship between the vectors so if they are not related then they are

independent.

This confirms the strong process-symbolic views in her thinking, as she thought

about the relationship between this concept and the linear combination. However,

from her previous comments it was clear that she was aware of the geometrical

effects of the scenario as well. Surprisingly in her concept map she did not mention

anything about linear independence/dependence (see Figure 5.28).

Figure 5.28: Student 2C-8’s concept map.

Symbolic-formal thinking

To define linear independence, as per two previous concepts (linear combination

and span) the PhD graduate expressed his thinking in terms of a symbolic-formal

definition (see Figure 5.29).

Figure 5.29: PhD graduate’s symbolic-formal notion of linear independence.

However, he was not the only one who represented his ideas in the formal world,

with student 2C-7 writing:

If the vector v1,v2, . . . ,vn forms the linear equation as c1v1+c2v2+. . .+

cnvn = 0 the equation has unique solution which is c1 = c2 = c3 = 0.

Then the vector[s] called linear independent.
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When the researcher asked her what came to her mind first when she thought of

this concept, she was not thinking in the formal world anymore. Surprisingly she

gave an action, procedural view, saying that:

No, actually, I just the first thing is how to decide is linearly independent

like the rank is less than number of the vectors, yeah this is may be the

first thing that come to my mind.

This shows that she was initially doing precisely what she was asked to do, giving

a definition, which in her understanding must be symbolic and formal. But she also

has taken the most common approach that many students take of being concerned

about the procedural way of dealing, or coping with, solving problems and this has

made the strongest and lasting impression in her mind.

When she was asked whether pictures were helpful in her understanding she said:

Ahh..you mean something like span. Draw like 3D pictures. Some of

them, like identifying linearly independent or dependent I usually use

the picture, but sometimes I just from the calculations. Pictures are

quite helpful but not like solving every questions.

Again, her belief is that being able to solve problems is the ultimate goal. It

is good to be able to solve problems but doing problems must be combined with

understanding the concepts, and that is where the pictures can help. But she seems

to think that pictures are good, but they are not going to help with solving problems.

That is where she is not looking for understanding rather thinking about how she

can do problems now. Although, in the following conversation she said:

...you need to tell them exactly what is the concept, what is the meaning

of the concept, like in some textbooks it’s quite complicated and you

can’t understand like our textbook, I really had no idea after reading

it but if you draw pictures and then explain like in the formal like in

the lecture, especially for international students, for them to be able to

understand. After the concept directly give examples to understand the

concept, it would be much more easier for us... I think after the lecture

coming and talking to you (laugh) was more helpful than the lecture,

the lecture is not enough for me, if I wanted to learn.
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So she values understanding, and learning the concepts and pictures are impor-

tant for understanding. She also thinks it was important for her understanding to

see the lecturer regularly to go over the material.

Student 2C-12 was also in the same category, since he also took a symbolic/formal

approach namely: “ax1 + bx2 + cx3 = 0, a = b = c = 0”. However, when he was

prompted was able to express some embodied idea. He said:

Hmm, first is got three lines and they are not in the same plane and if

there are two lines or two vectors they have no relationship and first of

them should be linear combination.

Although he wrote only in terms of symbols in the test without any extra ex-

planation, in the interview he expressed his thoughts mainly in the embodied world

of planes and lines, etc. When he was asked whether he liked the picture, without

being overly thrilled about it, he said that: “It’s useful and it can help your learning

and understanding”.

It was also noted how student 2C-5’s response in the test was clearly based on

the definition, as she wrote: “The only way to have a linear combination of a set of

linearly independent vectors equal to zero is multiply them all by the scalar 0”.

In an interview she confirmed this symbolic-formal state of thinking using the

definition by saying:

Usually I immediately go back to the definition first, like linear com-

bination of a set of vectors that equal to zero and all the scalars that

multiplied to vectors to be zero for it to be linearly independent, and

then we talked about R
2 if two vectors are independent they can not be

parallel and in R
3 they can’t be on the same plane.

Although she was able to link both formal and embodied ideas of parallel and

plane in her interview, her concept map (see Figure 5.30) crystallised her formal

thinking as she had the definition of linear independence written there, where she

also showed mostly clear connections between the key concepts, although she showed

no link between span and linear independence.

When she was asked specifically about her thoughts in terms of the geometry of

the concept she replied:



5.4. LINEAR INDEPENDENCE/DEPENDENCE 175

Figure 5.30: Student 2C-5’s concept map.

All that came to mind was two lines that are not parallel. That is what

I think first, and also the matrix, but that’s usually when I am doing

problems not when I am thinking about linear independent.

This confirms that although this student has the formal thinking, she thinks in

terms of matrices and geometry, not the definition, when she is doing problems. It

seems that her success is based on the fact that she is able to think and work in all

three worlds (embodied, symbolic and formal) sometimes simultaneously and other

times separately.

Action level understanding of linear independence

The main purpose of Question 2 was to examine whether or not students had the

abilities to carry out symbolic world actions, and whether they could then link the

results of these actions to an embodied situation where the vectors “lie in the same

plane”. Here is the description of the question:

2. Determine whether u,v and w lie in the same plane when positioned so their initial

points coincide. u = (1, 1, 0),v = (3, 0,−1),w = (1, 0, 0).

Seven students from case study 2(b) and eight students from case study 2(c) put

the vectors into a matrix form and performed symbolic world Gaussian elimination,

with some showing that the matrix reduced to the identity. It was interesting to see

that two from case study 2(b) and eight from case study 2(c) concluded that the
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vectors were linearly independent, even though this last part on linear independence

was not part of the requirement for the question. Figure 5.31 shows the response,

from student 2B-3 who was able to link to the idea of linear independence (‘l.i.’ on

her work).

Figure 5.31: A typical matrix response to question 2 by student 2B-3.

However, five students (2C-1, 2C-2, 2C-3, 2C-9 and 2C-16) from case study 2(c)

(the researcher’s students), approached the situation visually, and three students

(2C-1, 2C-2, 2C-9) answered correctly and supported their thinking with their own

words (see Figure 5.32 for two of the students). They used the fact that both vectors

u and w had zeros for their z-components, and thus concluded that they must lie

in the x− y plane, whereas vector v (having zero for y-component) lies in the x− z

plane. This shows strong embodied world thinking illustrated with diagrams and

comprising a link to matrix (vector) representation. Whereas students 2C-3 and

2C-16 made mistakes in drawing vector v and hence drew the incorrect diagrams,

thus concluding that all the vectors lie in the same plane.

Figure 5.32: Students 2C-1 and 2C-2’s use of diagrams as part of their embodied
world thinking.

The PhD graduate however had a completely different view (a general process).

He referred to a symbolic solution and showed that since u is not perpendicular

to the cross product of v and w (which is ⊥ to the plane) the vectors are not

perpendicular therefore they do not lie on the same plane.
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Figure 5.33: PhD graduate’s symbolic thinking.

An embodied understanding of linear independence

The lack of a link to a geometric perspective was certainly confirmed by the failure

to recognise the images of dependent and independent sets in Question 3 (see the

list of questions in Figure 5.26). Starting with students from case study 2(b), only

four out of 11 students were able to match the correct image to the concept of linear

dependence in the first test. Of the remaining students, two did not respond and

four were incorrect. However, student 2B-1, who chose the incorrect diagram in

the first test was able to give a correct answer after the complementary tutorials

and the final examination, when he wrote “Because all vectors in same plane”.

The following presents the other students’ responses. “Because those vectors in the

diagram any one of them can be expressed in terms of others”(2B-2). “Represents

the l.d. vectors they lie in the same plane”(2B-3). “Can multiply two of them to

get the third vector”(2B-4). “ Linearly dependent, where one of the three vectors

are a linear combination of the other two”(2B-5).

Those who chose the incorrect diagram believed that the linearly dependent set

of vectors must not lie on the same plane, therefore justified their answer as follows:

“This one because this vector is not lying on the plane”(2B-7); “As the vector do

not lay on the same plane”(2B-9); “Because not on the same plane”(2B-10).

On the other hand, all 16 students in the researcher’s class were able to choose

the correct diagram in response to this question and showed an ability to justify their

choice, although this came as no surprise, since the topic was introduced through

embodied ideas. Consequently, the overall results of the correct responses showed

that 75% of the students acknowledged the embodied view of the concept using the

phrase “all the vectors are in the same plane”.

Even though the PhD graduate gave mostly formal and symbolic responses, he

had no trouble seeing the concept in an embodied light, as he found it easy to

distinguish between the two pictures, which confirms his range of thinking abilities.
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In summary, students’ responses to the concept of linear independence showed

that although students from case study 2(b) struggled to define clearly the term lin-

ear independence, most students from the researcher’s class were confident describing

the concept in their own words. In Question 2, to examine students symbolic-matrix

action views many students from both groups (case studies 2(b) and 2(c)) created

a matrix and some showed a symbolic-matrix view, and two students from case

study 2(b) and eight from case study 2(c) concluded that the vectors were linearly

independent (a process-symbolic view), although this concept was not an explicit

requirement for this question. Moreover, five students from the researcher’s class

also approached this question visually by drawing the vectors on a diagram (versatile

thinking), showing the ability to link representations. Finally in Question 3, related

to distinguishing between the two diagrams (an embodied-process view), only 36%

of students from case study 2(b) were able to relate the correct diagram to the con-

cept of linear dependence. However, all students in the researcher’s class choose the

correct diagram. The PhD graduate who defined the term linear independence for-

mally, had an action-symbolic view in Question 2, was able to distinguish between

the two diagrams relating to the concept of linear dependence (an embodied-process

view).

5.5 Basis and Subspace

Although basis is a common English word, its technical definition in linear algebra

is far more involved and complicated than its everyday usage. The concept of basis

for a vector space is fundamental and describes a set of vectors which are linearly

independent and are able to span a specific subspace. Students are often involved

in finding a basis for a set of vectors and this is not a difficult task for them.

They do this by reducing the matrix to echelon form, identifying the pivot columns

and choosing the corresponding columns of the original matrix to form a basis for

columns of A (Col A) or finding a basis for Nul A by finding the general solution

for Ax = 0.

A genetic decomposition (GD) of basis involves GD’s of linear independence and

span of vectors, which have been described previously in this chapter. The GD’s for

both concepts (linear independence and span) require a GD of linear combination
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and vector. Thus there is a direct link between the concept of basis, linear indepen-

dence and span and an indirect link between basis and linear combination and the

concept of vector. So far the previous results confirm how students are struggling

to cope with these concepts. It was therefore anticipated that students would find

the concept of basis even harder, since in order to understand the concept of basis

they need to make links to the above three concepts.

The term subspace can be interpreted as the subsection of a larger space, how-

ever, there are other fine points that need to be considered. For example, a subspace

of a vector space in R
n is the set of all linear combinations of certain specified vectors

through the origin. The concept of subspace requires that linear combinations of

vectors on the subspace stay in the subspace (i.e. be closed). A plane through the

origin has this property. As vectors originate from the origin, a subspace containing

the linear combinations of vectors must go through the origin.

The GD of a subspace requires the GD’s of linear combination and span of

vectors. The geometrical idea of a subspace representing e.g. a plane (an object)

containing all the linear combinations of vectors (a process) is an effective way of

describing this concept. The set of all linear combinations is the space (an object)

in the embodied world, provided that the line or plane goes through the origin.

Of course there are a variety of examples that help the learner to see these basic

points symbolically. For example the set of all points on the line x + y = 1 is not

a subspace as the set does not include the zero vector (in fact neither of the two

closure properties hold either).

In the following section we will examine students’ thinking on the concepts of

basis and subspace.

5.5.1 Students’ thinking about basis and subspace

The participants mentioned in this section were only second year students from case

studies 2(b) and 2(c), as these concepts were not taught in the first year. Figure 5.34

shows the questions of interest.
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1. Describe the following terms in your own words. (a) Linear combination; (b)span of a set of vectors;
(c)linearly independent; (d)basis; (e)subspace; (f)eigenvectors

2. Which of the following diagrams represent a subspace? Explain.

3. If v1, v2 are non-collinear vectors in R
3, explain how the following are related:

(a) span {v1, v2}

(b) a subspace of R
3 containing both v1and v2.

(c) the set of all linear combinations of v1and v2 of the form a1v1 + a2v2 where a1, a2 ∈ R.

4. Let v1 =





1
−2
−3



,v2 =





−3
5
7



, v3 =





−4
5
6



, and H =Span{v1, v2, v3}. Note that v3 = 5v1 +3v2,

and show that Span{v1, v2, v3} = Span {v1, v2}. Then find a basis for the subspace H.

Figure 5.34: Test questions on basis and subspaces.

Students defining the term basis

Of 11 students in case study 2(b) eight students did not write anything at all when

asked to define the term basis. The three students (2B-8, 2B-10, 2B-11) who replied

said: “Is a set where the solution can be formed by a combination of the components

in the set”; “=span”; “Basis is the vectors that contain a pivot resulting from NS,

CS, & RS”.

Here student 2B-8 was thinking about a set where the solution (an algebraic

action) can be formed by combining components, while student 2B-11 described

basis as the vectors containing pivots resulting from nullspace, columnspace and

rowspace (a process matrix representation). Among these three he was the only

student who drew a concept map. In his concept map (see Figure 5.35) he made

linear independence his first and main concept and linked it to basis and span

(with no link between basis and span). This confirms that his understanding of the

concept of basis was limited to an action view (he was interested in finding a basis
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in the concept map), even though, he showed that to form a basis the vectors must

be linearly independent. He also showed no link between linear independence and

linear combination and no link between span and subspace.

Figure 5.35: Students 2B-11’s concept maps.

In the second test the three students who participated wrote answers as follows:

“Basis contain column-basis, row basis, and span basis, it used to test which vec-

tors are linear independent after reduction row” (2B-1); “Constructed by linearly

independent unit vectors which construct the basis”(2B-2); “The linearly indepen-

dent vectors form a basis” (2B-3).

Here students 2B-2 and 2B-3 have linked their thoughts to linear independence

(a process view), however, they did not mention the other requirement for a basis,

which is the span of vectors. Student 2B-1 is expressing his action-symbolic matrix

view (see the framework in Chapter 3) by mentioning the phrase ‘reduction row’

and most probably is trying to recall all the related terms that were used during the

course, yet is unable to describe the concept.

In an interview student 2B-2 said:

I remember basis also dependent on the picture of span because my under-

standing of span, span are not related with linearly independent, because they

can’t depend each other, those span vectors but base [sic]is something like span

and those vectors not be linearly independent. That’s my understanding of

basis.

Although during the test he did not mention anything about the span, in the
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interview he was thinking about span and desperately tried to fit it in the right

place, but somehow this was not working. When his concept map was examined,

although he did not draw a concept map in the first test, he drew a very basic one

in the second test where he had the concept of linear independence in the centre

linking to span and basis. However, as part of the requirement for a basis it should

have been basis in the centre linking to span and linear independence, as a GD of

basis requires a combination of GD’s of span and linear independence of vectors.

His concept map is illustrated in Figure 5.36 below.

Figure 5.36: Students 2B-2’s concept map.

On the other hand student 2B-3 could not remember much at all, as she said:

“null basis and ah . . . ”. Her concept map revealed that she did not mention the

concept of basis and only had a very simple map of the concepts in mind where the

order in which she linked her concepts was not quite correct (see Figure 5.37) as she

started with vectors and immediately went to linear independence and dependence

instead of linear combination.

Figure 5.37: Students 2B-3’s concept map.

Looking for more concept maps, it was noted that only five students drew a
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concept map in the first test (2B-3, 2B-4, 2B-5, 2B-7, 2B-11). Figure 5.38 shows an

example of the procedural concept maps (2B-4), and one of the more conceptual ones

(2B-5). It seems that student 2B-4 was mostly thinking about solving and finding

the concepts, whereas student 2B-5 was mainly interested in linking concepts. For

example student 2B-5 has the two parts of the definition of basis, span and linear

independence, linking to it, whereas this is not very clear from the work shown by

student 2B-4.

Figure 5.38: Students 2B-4 (left) and 2B-5’s (right) concept maps.

Of the 16 students who participated in case study 2(c) and were at the re-

searcher’s summer course, four students did not write anything in response to de-

scribing a definition for basis (2C-3, 2C-4, 2C-6, 2C-12). Although student 2C-3 did

not give a definition for a basis, her concept map was the only one amongst this

group which clearly demonstrated a good grasp of the concept (see Figure 5.39). In

fact among the 14 students who drew a concept map she was one of the 6 students

who clearly showed a link between basis and linear independence and span. Her

clear thinking was expressed on the concept map as she guided the links with extra

explanation such as “linearly independent cannot form a basis” or “they span then

form a basis”. The only place where she went wrong is that she has not linked the

idea of linear combination to any other concept except eigenvalues.

Of 16 students 11 (68.7%) mentioned that the vectors must be linearly indepen-

dent and span. For example student 2C-15 wrote: “A set of vectors that is linearly

independent and spans the required vector space”, acknowledging the requirements

for a basis.

In her interview student 2C-8 said:
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Figure 5.39: Students 2C-3’s concept map.

Basis sort of like the foundation of the things like the frame and so

they are independent and they span the vector space so because when

you solve an equation you can get infinitely many solutions you are just

multiplying them by any scalar its just like if you take the first vector

you get before you multiply by the variable then that’s the basis because

it is like the foundation of the answer and then you can multiply by

anything there, I thought as a frame of the vector space.

In her explanation, she saw basis as the foundation or frame of things (an em-

bodied view). After clearly defining the term she then tried to think in terms of

practical aspects of basis, of finding a basis and so on. Although her concept map

(see Figure 5.40) consisted of many links and represented careful thinking she failed

to include the concept of linear independence, thus her concept of basis was only

linked to span. Note that linear independence ensures that there are not too many

vectors in a basis (shown in the process-formal cell of the framework see Table 2.6).

In an interview she was in favour of giving the definition first and strongly

believed that examples will make the definitions more meaningful.

If they put the question in the different form or something if they known

the definition they can have a go at answering the question but if you

don’t know the definition then it almost like rote learning questions how

to answer them.
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Figure 5.40: Students 2C-8’s concept map.

Researcher: “do you think we should start teaching with the definition, so the

first thing you see in the class should be a definition?”

In linear algebra? Yes I keep thinking of calculus and all those letters

and numbers and everything, but in linear algebra I say so. I say give

the definition and then give an example and then try link it back to the

definition of your finding at the end, because definition and then how

you do it people like we don’t really understand the definition but that’s

the myth. Going back to the definition give more sense. You give them

the definition and then the example will give them more meaning.

Unlike student 2C-8, who was confident in her understanding of the term ba-

sis, two students (2C-4 and 2C-12), who did not write anything down in the test,

expressed their thoughts on basis in the following manner:

Student 2C-12 said:

This is the hardest for me to explain. For my understanding the basis

is that the very basic vector that can span the space. So for example

if we get vector and we got echelon form to the basic ones we got some

scalar multiplied, a vector plus another scalar multiplied a vector and

then those two vectors are the basic ones. So if you times the scalar you

will get many of the vector[s] that span the space.
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Admitting his difficulty with the concept, he referred to the idea that basis as a

basic vector than can span the space, however, quickly switched to the procedural

need to find a basis, mentioning about echelon form, and this got in the way of his

thoughts for describing the concept, and from that point it is not very clear what

he was trying to say.

In the interview, when the researcher asked him: “How do you feel about all the

definitions that we learnt in linear algebra? Do you think we should have them to

solve problems? Do you think they are important?”

He said: “Yeah yeah yeah you have to understand definitions so you can further to

solve them otherwise you don’t know what you go and where to go.”

Researcher: “Sometimes you can do without?”

2C-12: “Sometimes like to solve eigenvector because I still cannot get the definition

of eigenvector.”

Researcher: “For example if I ask you these two vectors (1,2,3) and (1,0,1) and if I

ask you do these form a basis? Do you need the definition to do that? A basis of

subspace of R
3.”

2C-12: “Hmmm. Yeah I need the definition to check whether it is”.

Researcher: “So they are important to you?”

2C-12: “Yes.”

Researcher: “Do you think we should start teaching with the definition? When we

teach do you think we should put the definition first”?

2C-12: “Hmm, I think that’s not necessary, I mean it depends on the definition,

sometime for if there is a easier definition you can just give us the definition and

then we have some examples. But if the definition is not quite easy to understand

so make some examples to help us and then learn the definition”.

This shows that primarily he is thinking about solving problems, however he

soon learns that in some cases he does not need to have a definition to solve, like

in the case of finding an eigenvector, where although he does not understand the

concept he is still able to solve. However, he admits that he needs the definition of

basis to see if vectors form a basis or not, even though the interview showed that he

was not able to recall this definition

Similarly student 2C-4 said:

Notice I don’t have a great understanding of a basis, basically I know
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how to figure it out. It has to span it has to be independent, but I

couldn’t really give you the definition of basis.

It seems that he does not know what a definition is, perhaps in his mind the

definition has to be formal, symbolic and exact. As the above conversation reveals,

he clearly knows the key ideas for a basis since he mentions about span and linearly

independent vectors (process-formal view). He also claims that he can find a basis

(an action). In his concept map (see Figure 5.41), although he linked span to basis,

he did not link basis to the concept of linear independence, even though he mentioned

linear independence in his response in the interview. This is again another example

that shows concept maps (as all research tools!) are only limited tools and they

may not be fully reliable on their own. It must be noted that most students had no

previous experience with concept maps in the context of mathematics, as this is not

a common practice at this university.

Figure 5.41: Students 2C-4’s concept map.

In an interview when asked how he feels about the definitions in linear algebra

he said:

I can’t say that I really learned the definitions I probably know how to

do everything find it not from the definition from the example learning

how to do it but yeah if I was thrown a curve ball from way out I

wouldn’t know what to do because probably I don’t know the definition

well enough.

Researcher: “So where did you think most of your learning comes from”?

2C-4: “Doing examples”.
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Researcher: “What about the discussions that we had, were they helpful”?

2C-4: “Yip, going over them is helpful, I can’t say the definition helpful, confusing

sort of English”.

Researcher: “Do you think you must have the definition in order to solve problems”?

2C-4: “Well, depends, if we get given an example of every possible question we are

going to be asked then no you don’t need the definition but I guess if you only given

us an example of wider and then you change it a little bit then quite a few people

will be confused”.

Researcher: “So you are saying some times we can do without really knowing the

definitions”?

2C-4: “Yip”.

Researcher: “Say for example If I gave you two vectors and I said if this is a basis

do you need the definition for it or not”?

2C-4: “Well..I guess you do need the definition of knowing that. Well.. you have to

know that they are independent and you have to know that they span, so I guess

you need the definitions of those, so you probably need the definition at some point.

The way you gave us the example and then go back to the definition is probably the

best way”.

Researcher: “So you don’t agree with the person who comes and throws you the

definition first”?

2C-4: “No, probably not, I think that’s what our current lecturer was doing and

confused a lot of people, he gave us huge definition and then again we don’t actually

know that we knew how to do them”.

Researcher: “How important are the definitions for understanding the concepts”?

2C-4: “To me because I am not going to end up being in mathematics probably not

important at all. So I only need to know how to do it. And that’s what 208 is about

isn’t it, no one is go on majoring on maths”.

This discussion showed that he has mixed feeling about the definition, on one

hand he can see that he can solve problems without knowing the definitions, but on

the other hand he knows that they are important and he must know them.

Figure 5.42 demonstrates the formal definition given by the PhD graduate and

his clear linking between the concept of basis, linear independence and span in his
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concept map. He has shown how linear combination is the central idea, in agreement

with the idea that the GDs for both concepts, span and linear independence of

vectors, are built on this concept.

Figure 5.42: PhD graduate’s definition of a basis and his concept map of all the
basic linear algebra concepts.

Students defining the term subspace

Of the 11 students in case study 2(b) only three students defined the term subspace,

writing:

“Subspace is something like if in a 3D space a plane, a line, zero vector, or itself

all can be a subspace”(2B-2); “The area of the vector in R
n (its space)”(2B-4);

“Portion of a space”(2B-8).

These explanations showed that none of the above students were able to describe

precisely the term subspace. Surprisingly student 2B-2 who gave a definition in the

first test did not write anything in the second test.

Of the 16 students in case study 2(c) only one student did not write anything

down (student 2C-12). However in an interview he was able to describe the term as:

A subspace is a small space of the larger space. To identify if it’s a
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subspace from other ones just check the three properties like, through

the origin and addition closed, and scalar multiplication.

Although he wrote no definition before he clearly described the properties of a

subspace as his thinking moved toward an object view.

Six students mentioned all the properties of a subspace (object), e.g. student

2C-8: “The area which consists [of] the zero vector, is closed under vector addition

and scalar multiplication”.

The majority of students tried to include in their definition the fact that a

subspace is “part of the vector space”. This shows the idea of subspace without the

precision of knowing the exact definition of a subspace, and its properties. This, of

course, does not mean that students do not know the definition, as is illustrated in

the next case.

In his interview student 2C-4 said : “Is a part of a space of a vector space as far as

I know”, however when he was prompted by the researcher to give the characteristics

of a subspace, he replied: “Subspace.. oh yeah .. you have to do closure under the

multiplication and addition rule and also the zero vector is included in it”. So he was

able to express his formal world thinking about properties, even though embodied

ideas were his first concern.

Student 2C-5 who wrote, “any linearly [sic] combination of any vectors in the

subspace is also in the subspace”, in an interview said: “subspace any vectors in the

subspace you do also adding and multiplication and a resulting vectors are still in

this subspace like in the space and then it would be a subspace.”

In the test she was able to link the idea of linear combination to a subspace, but

in the interview she was mainly thinking about the two properties for a subspace

(closed under addition and multiplication). In both cases she did not mention the

zero vector (object forming) and was not able to connect her thoughts to the idea

of span (lack of a process view).

Students’ embodied views of subspaces

Of 11 students in case study 2(b) only five chose the correct diagram in Question 2

(see Figure 5.34) which represented an embodied view of a subspace. Student 2B-4,

as part of his explanation, wrote: “The subspace starts from the origin and all the
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vectors are inside the subspace” (an embodied view mentioning “inside”). It was

interesting that although some students mentioned some of the characteristics for a

subspace they did not mention all three (namely contain the zero vector, closed under

addition and scalar multiplication). Student 2B-2 who chose the correct diagram in

both tests wrote: “those vectors form a plane in a 3-D space a plane is a subspace

of 3-D space”. In the interview when he was asked why he chose that diagram he

said:

Subspace is formed by those two vectors and the second graph, this looks odd,

because they are not from the origin[al] and this one, the subspace shouldn’t

bounded it must be infinity here.

Student 2B-3 on the other hand chose two of the diagrams to represent a subspace

in the first test. Figure 5.43 illustrates her thinking as she justified her choices sym-

bolically (representing the properties of closure under addition and multiplication).

In both cases she completely ignored the involvement of the zero vector.

Figure 5.43: Student 2B-3’s embodied view of subspaces in the first test.

However, in the second test, she only chose the first diagram. In the interview

when she was asked why she decided to choose only the first diagram this time,
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using symbolic algebra world thinking (by using particular values of her c1 and c2

= 0, she said:

This one if there is a like c1 and c2 are 0 numbers and plus together this

question is like 0 inside it, subspace like w and they can be infinite so

k zero. And this one before the tutorial I think is a subspace after the

tutorial I think is not a subspace.

When the researcher asked: So what made you choose this diagram? She said:

“Hmmm, because its look like this plane is not like this one (referred to the first

one) from the origin”. The researcher then asked why she did not choose the last

diagram, she replied: “because this one is this vector is outside the subspace so there

is this is not total subspace of this vector, so I think is not a subspace”.

It seems as if she was finding it too difficult to express her thoughts. Neverthe-

less, she pointed to some properties of a subspace, for example, recognising that a

subspace must contain the zero vector, and also closure, although it seems that she

had not got the words to back up her arguments.

Student 2B-1 who did not answer in the first test chose the wrong diagram in

the second test. He also gave no definition for the term subspace in either test. It

seems that the idea of subspace remained a mystery for him.

From the 16 students in case study 2(c) who were at the researcher’s summer

course only one student did not reply to this question. Two students (2C-3, 2C-6)

chose the wrong diagram and two students (2C-8, 2C-9) believed that none of the

diagrams was in fact representing a subspace. Their reasoning was that: “Isn’t a

subspace as it isn’t closed under vector addition ie adding vectors a and b would go

out of the shaded area”(2C-8), “−v (-1 scalar) out of space” (2C-9).

It is understandable that the first diagram in Question 2 could have been mis-

leading as they saw it as a section of a plane only. The PhD graduate certainly

recognised the first diagram as a subspace and said: “Subspace, since it is a plane

containing the origin”.

On the whole most students from case study 2(c) who had been taught this topic

geometrically and were shown similar diagrams during the lectures, found this ques-

tion straightforward compared to those from case study 2(b) who had not likely been

exposed to the embodied views of this concept, therefore had difficulties recognising
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a subspace in a different register. It was also noticed that the definition of a subspace

in the course book only emphasised the closure under addition and multiplication,

since they may assume it is clear that the scalar r can be 0. Although several

lines later it mentioned the fact that every subspace must contain the zero vector.

Figure 5.44 shows this definition of a subspace in the students’ course manual.

Figure 5.44: Definition of a subspace in students’ course manual.

Relationship between span, linear combination and subspace

In Question 3 students were asked to describe the relationship between span, the

set of all linear combinations and subspace (see Figure 5.34). Of 11 students in case

study 2(b) only two students replied to this question. In the first test student 2B-2

wrote:

(a) span {v1, v2} is a little model of the basis, (b) a subspace of R
3

containing both v1 and v2 is a plane, the subspace all the vectors can be

expressed in terms of v1 and v2, (c) the form a1v1 + a2v2, a1, a2 ∈ R is

the plane.

In the second test he more or less had the same sort of ideas as he wrote: “(a)

is a small model of (c). (c) and (b) maybe the same or (b) contains (c).”



5.5. BASIS AND SUBSPACE 194

Student 2B-5 also wrote: “a is c which is also b”.

Student 2B-3, who wrote nothing in both tests, said in the interview:

Co-linear it means the two vectors are linearly independent, if you look

at span like a subspace and the set of all linear combinations lies on the

span and also lies on the subspace they form.

Again linking between the fundamental ideas seems to be a major difficulty for

students who were not familiar with each of the above concepts in the first place.

It seems that the importance of building these concepts was not emphasised in the

lectures, so concept building is not what students are used to.

Of 16 students in case study 2(c) five did not write anything down. Both students

2C-5 and 2C-15 wrote: “(a), (b) and (c) are all equivalent”.

The PhD graduate also wrote:

(a) and (c) are obviously the same since they both describe the plane

generated by v1,v2. (b) could also be this plane, OR it could be the

space R
3 itself.

He has the ability to link concepts, as he sees the set of all linear combinations

of the two vectors as the span of the same vectors (a process-formal view). He also

believes that a subspace of R
3 could be the same plane as mentioned in (a), however

he does not emphasise the fact that subspaces must be going through the origin,

however a span can be anywhere in the space.

5.5.2 Process-symbolic thinking

The last question to consider for this topic is Question 4 (see Figure 5.34 for the list

of questions), which was designed to examine students’ (process-symbolic) ability in

finding a basis for a subspace H. Although, students are often involved in finding a

basis through action-symbolic-matrix procedures, in this question, it was intended

that students use their knowledge of span and linear independence to find a basis.

Two students from case study 2(b) did not answer this question. Only one

student did not show a row echelon form matrix (2B-7) and wrote {v1,v2} as a basis.

All the other 8 students performed row operations, and 2 students found a basis,
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namely {v1,v2}. In comparison 4 students decided to back-substitute (2B-1, 2B-3,

2B-9, 2B-10) and found a basis for the nullspace without mentioning the concept

of nullspace. Figure 5.45 shows student 2B-3’s work, who arrives at the answer






−5

−3

1






(similar to student 2B-9) for the nullspace basis, based on the solution of

Ax = 0. This student seemed to be confused, as she mentions ‘2 pivots’ meaning

that she needs 2 vectors to span the subspace H, and yet she has only found one

vector for the basis.

Figure 5.45: Work by student 2B-3 on finding a basis.

From the researchers’ class in case study 2(c), two students did not write anything

down for this question (2C-6, 2C-12). The only embodied explanation came from

student 2C-2 who tried to use a mental image of orthonormal vectors. Unfortunately,

his imagery did not include the idea that v3 is a linear combination of v1 and v2

and hence the conclusion that he gave “The plane will be contained by the cube”

was not valid, as in this case the inclusion goes both ways (see Figure 5.46).

Figure 5.46: Work by student 2C-2 on finding a basis.

Student 2C-13 made a reasonable job of her explanation (see Figure 5.47), in

order to show why the spans are equal, suggesting several possibilities for a basis
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with no matrix manipulations (a rare case, as all the others only suggested v1,v2

as a basis).

Figure 5.47: Work by student 2C-13 on finding a basis.

The PhD graduate, who gave a similar answer to student 2C-13, also wrote:

“Basis for H = {v1,v2}”, however listed in brackets he gave two more possibilities,

“{v2,v3} or {v1,v3}”. Among other results, 9 students performed a row reduction.

From them 3 students (2C-2, 2C-5, 2C-16) found v1,v2 as a basis, compared with

4 students (2C-1, 2C-8, 2C-13, 2C-15) who did no row reduction and found v1,v2

as a basis (see Figure 5.48).

Figure 5.48: Work by students 2C-1 (LHS) and 2C-16 on finding a basis.

In summary to define the term basis, eight students in case study 2(b) (N=11) did

not write anything at all. Those who gave a definition, gave a procedural definition

based on an action relating to find a basis (action-symbolic-matrix view). Although,

only three students in the researcher’s class did not give a definition, the majority

of students were able to mention that the vectors must be linearly independent and

span.

Similarly, the majority of students in case study 2(b) were unable to define the

term subspace, with eight students writing nothing at all. The three students who

gave an explanation were not able to define the term. However, only one student in
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case study 2(c) wrote no definition, although in the interview he was able to refer

to the properties of the subspace, as well as giving some geometrical insight.

Students’ embodied views of subspaces revealed that those students from the

researcher’s class who had been taught this topic geometrically, were able to recog-

nise the correct diagram relating to the concept of subspace, in contrast to students

in case study 2(b) who had not likely been exposed to the embodied views of this

concept and found it difficult to distinguish between the diagrams.

Most students in case study 2(b) also were not able to see the link between

the concepts of linear combination, span and a subspace in Question 3, as only

two students replied to this question. To find a basis for the subspace H, results

from Question 4 showed that the majority of students from the two groups chose to

perform a row reduction (an action-symbolic-matrix view).

5.6 Eigenvalues and Eigenvectors

The last concepts to consider in this chapter are eigenvalues and eigenvectors. As

Keith (2001, p. 156) describes in her book “Visualizing Linear Algebra with Maple”

eigenvalues and eigenvectors “could be said to be the culmination of a linear algebra

course, yet students frequently do not have a good understanding of them”. The

idea behind these concepts is to study equations in the form of Ax = λx and

look for vectors that are transformed by A into a scalar multiple of themselves.

Although the symbolic manipulations are necessary, in order to have an overall

intuition for the concept it is useful for the learner to be exposed to the geometrical

side of the concept. This is not always possible for every concept in linear algebra,

however eigenvectors and eigenvalues have a particularly strong embodied image

which illustrates the symbolic relationship Ax = λx. Given that x and λ are an

eigenvector and an eigenvalue for matrix A, geometrically the matrix A stretches (or

shrinks) the magnitude of x by a factor of λ. In fact all multiples of x (except the

zero vector) are also stretched (shrunk) by a factor of λ (the eigenvalue). Thus there

is a line (or plane) associated with an eigenvector or eigenvectors. The eigenvectors

also inform one that the direction was preserved. Under the traditional setting

eigenvectors and eigenvalues are often introduced by their formal definition. The

matrix/symbolic representation Ax = λx, which is embedded in the definition is
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used to find the eigenvalues and eigenvectors.

The genetic decomposition of the concept of eigenvalues and eigenvectors based

on the framework requires a GD of vector mentioned in Table 2.1. A GD of eigen-

values and eigenvalues includes an action view (how to find specific eigenvalues and

eigenvectors), a process view (to realise that there are infinitely many eigenvectors

associated with an eigenvalue and understand the process for finding them for any

matrix A) and an object standpoint (to understand the definition of eigenvalues and

eigenvectors as objects).

5.6.1 Students’ thinking about eigenvalues and eigenvectors

The participants mentioned in this section were from case studies 1(a), 2(a), 2(b)

and 2(c). Figure 5.49 shows a list of questions examining students’ understanding of

eigenvalues and eigenvectors. In the following section students’ tests and interviews

on these concepts will be analysed.

1. Describe the term eigenvector in your own words.

2. Let A =

[

1 2
4 3

]

be a 2 × 2 matrix. What are the eigenvalues and eigenvectors of matrix A.

3. How many different eigenvectors are there associated with a given eigenvalue?

4. How can we decide whether a given vector is an eigenvector of a matrix? Explain this in your own words.

5. If A is a 2 by 2 matrix, explain why the picture below is not possible.

6. Can

[

3
−4

]

and

[

−3
4

]

both be eigenvectors for a given matrix? Explain your answer.

7. If Ax = λx put in all the necessary steps in order to show that
(A − λI)x = 0.

Figure 5.49: Test questions on eigenvalues and eigenvectors.
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Students defining the term eigenvector

In this section we examine what students knew about eigenvectors without the need

for calculating them, and whether they were able to incorporate embodied ideas in

their thinking.

The researcher, who gave the lectures on this concept, was allocated two hours

time allocated to teach this concept to the first year students. In this period one

hour alone was spent on describing the concept geometrically, including the study

of vector and its scalar multiples (as this was not part of the course). When the

10 first year students (the first 6 were from the researcher’s class) who participated

in case study 1(a), were asked to define the term eigenvector, three of the students

(1A-1, 1A-6, 1A-8) included the idea of the ’direction’ of a vector. A clear, visual

embodied concept image of eigenvector was given by students 1A-6 and 1A-8, who

wrote: “After transformation the direction of eigenvectors will not change”(1A-6).

“Eigenvector is a vector which does not change its direction when multiplied (or

transformed) by a particular matrix. An eigenvector can change in length, but not

in direction”(1A-8). It was noted that student 1A-8 had additional embodied notion

of change of length as part of her schema.

In describing the terms eigenvector and eigenvalue two other students (1A-5

and 1A-9) illustrated their procedural thoughts (one in symbolic-matrix and one in

symbolic algebra) as shown in Figure 5.50.

Figure 5.50: Students 1A-5 and 1A-9’s mental construction of eigenvalues and eigen-
values.

On the other hand, from 42 second year students in case study 2(a) only student

2A-28 expressed his/her correct embodied views, doing so the following manner: “A

matrix A when multiplied by a vector v, the resulting vector has the same direction

as the original vector v”. Student 2A-42 expressed a wrong embodied view by

saying: “generate a plane”. This is not surprising since it was noticed that the
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embodied views were not discussed in their class as such. Moreover, the section on

eigenvectors and eigenvalues in the course book did not contain any diagrams, and

thus totally ignored the embodied aspects of learning these concepts. Therefore,

students are often not familiar with the embodied representation and are just given

the definition of a concept.

In case study 2(c) the researcher, who gave the lecture on this concept, referred

briefly to the geometrical aspects of the concept as part of a short introduction

to the topic (the time all up allocated to introduce the concept was only half an

hour). From 16 students in case study 2(c), six referred to the direction of the

vector and one student referred to matrix transformation as part of their concept

image. Here are some of their responses:“This is a vector which when multiplied by

its corresponding matrix, say A, changes its magnitude but not its direction”(2C-2).

“Is nonzero, extend a vector in same direction by multiplying it with the eigenvalue”

(2C-3). “Vector that is multiplied with a matrix should be in the same direction

as that of matrix A”(2C-11). “Vectors that can amplify another vector at same

direction through multiplication”(2C-14). “When a matrix is used to transform a

vector”(2C-10).

Overall, although the students from case studies 1(a)(6 students) and 2(c)(16

students) were familiar with embodied ideas, through the teaching of the researcher,

the majority of students preferred a symbolic-action approach in describing the term

eigenvector. However, we can not assume that they did not have an embodied image

for the concept since there were no interviews.

Of the 42 students above, 16 were unable to give a definition (or wrote ‘no

idea’). Of those who responded, 17 referred to the procedural part of the definition

(Ax = λx). Figure 5.51 shows a typical response of this kind, from student 2A-33.

Figure 5.51: Student 2A-33’s response in defining the term eigenvector.

This procedural approach involves giving a set of instructions on how to find

the eigenvalues and eigenvectors rather than defining what they actually were. The
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writer also made an error in instructing how to find the eigenvector as he said

“eigenvectors are found by (A − λI) = 0” instead of (A − λI)v = 0.

From the 16 students who participated in case study 2(c), there was only one

student (2C-12) who referred to the symbolic part of the eigenvector definition with

no explanation, when he wrote: Av = λv, v 6= 0. It seems that some students

use the symbols as shortcuts to express their thinking; this may well work partly in

problem solving, but it certainly can not be a substitute for a definition of a concept,

where no explanation was given on what the symbols represent.

However, the rest of the students gave replies similar to these below:

“The (A − λI)v = 0, a vector that is orthogonal to a set of vectors (matrix or

subspace) minus the eigenvalue times I”(2C-9).

“A vector, after being multiplied by a matrix, can be expressed as the same as this

vector being multiplied by same scalar Av = λv”(2C-13).

“If the product of matrix and a vector could be made to equal to the product of

this matrix and a scalar, then the vector is an eigenvector of the matrix”(2C-5).

All of the above responses indicate students thinking in the symbolic world where

students mainly were trying to describe procedurally the formula Ax = λx, how the

relationships hold, what it is equal to, and so on. Student 2C-9 even made the

incorrect assumption that the eigenvector is supposed to be orthogonal to a set of

vectors.

The definition of an eigenvector was not part of the test for case study 2(b),

however, in an interview with students 2B-2 and 2B-3 the researcher asked them to

describe their understanding of the concept. The following discussion with student

2B-2 shows how they struggled to define the concept.

Ah, in fact I’m not quite sure what those eigens are for. Yes, I know

how to get eigenvalues and eigenvectors and know where they are from,

they are from null space of that thing minus that one, its from the vx.

It means a vector. It means x is a vector multiply what is a scalar? No

a matrix and equal to itself. But I’m not sure what are those eigens for,

and we can get the null space of this one because x = Ix and also we

get this, I don’t know. What are these eigens for?

While he vaguely knew how to find eigenvalues and eigenvectors (all action/pro-
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cedure based) he seemed bothered and unsatisfied about the fact that he still did

not know what they actually were. He continued explaining why he still struggled

to understand the concept, when he said:

Yeah, because that is what I said, I’m not sure what is eigenvalues and

eigenvectors for, and in our class they just teach us, ok this is called

eigenvalue and you can remember that and it will appear on your exam

paper and this is the way you calculate it and this vector get it called

eigenvector and this value got it lambda it’s called eigenvalue. So its

seems I know what is eigenvalue and eigenvector, but actually I don’t

know what they are, yeah.

He has given an honest opinion regarding what really happens in the lectures.

Learning is not understanding, it is about what the lecturer presents formally and

expects procedurally and that will matter for the exam. So this student after the

examination was still not sure what eigenvalues and eigenvectors are. Student 2B-3

also had difficulty in giving a definition, as she said:

I don’t quite understand what eigenvalues and eigenvectors are. I think

I can calculate them. I managed to calculate them very easily. I don’t

like it.

It seemed from the interviews that these two students clearly had difficulties

with understanding of this concept, even though they could ‘calculate’ the values.

Whether this was related to the fact that they had no geometrical intuitions, or

simply they did not see the reason why they were engaged in such calculations as

Ax = λx, is not clear. Many students would be content to go along with procedural

manipulations without any understanding, but this was not the case with student

2B-2 who was crying out for help. An alternative approach to teaching based on

the framework may have had an effect on understanding of this concept for students

like him.

Following the interview student 2B-2 was keen to know more, so the researcher

described the concepts based on the embodied views; he was amazed at his discov-

eries, commenting:
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The whole idea is a n×n matrix has n eigenvalues, of course. It will have

n eigenvalues and how each eigenvector corresponding to eigenvalue i.e. n

eigenvalue, n eigenvector. In fact there are infinitely many eigenvectors...

Yeah, I only know definition and only know how to get those values.

He mentioned how he had never thought of the geometric representation of the

concept and how he only thought about “how to find the value and vector and each

vector corresponding to and all that”. So when he was asked whether he wished he

knew these ideas before, he said:

Yeah, of course, it’s something wrong, it’s something wrong, infinity and

finite is a different idea, it is got infinitely many vectors! So oh! I got

another thing! So now I understand what is eigenspace. Eigenspace

is those vectors under scalar multiplication formed to form those basis.

Those vectors are span to form the,..so that’s where the eigenspace came

from. I didn’t understand what is the meaning of those eigenspace be-

cause I only knew those vectors, you know! My previous understanding

of eigenvector it’s only those little finite vector, the vectors how to solve

a base, because base subspace neither span and scalar multiplication and

to form a space. So those several span cannot form a base because its

not under scalar multiplication. It has not scalared.

While he was bursting with excitement he was also trying to connect all the

pieces of information that made no sense to him previously. Once he found that

there are infinitely many eigenvectors he discovered what an eigenspace was. As far

as he was concerned at last everything was falling into place. It was as if he was

waiting for a small trigger to discover the missing link. So by seeing the geometrical

representation of the eigenvectors he came from only being able to find eigenvectors

to see that there are infinitely many eigenvectors, he saw that all the eigenvectors

are linearly independent and linked some of his thinking to the idea of span. He was

so relieved at his new findings he felt like a new person as he left the researcher’s

office.
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Symbolic manipulation-action problem

One of the questions students are most frequently expected to solve is to find the

eigenvalues and eigenvectors for a given matrix. To see whether students were able

to solve a symbolic-action question we asked the students in Question two to find

the eigenvalues and eigenvalues of a given 2 × 2 matrix.

Of the ten students in case study 1(a), seven were able to find the eigenvalues

correctly, while only four managed to find both eigenvectors for the matrix. On the

other hand, three students (1A-1, 1A-3 and 1A-10) were unable to continue their

calculations, with student 1A-3 writing “I just forgot conseption [sic] of it” and

student 1A-10 wrote “I would like to do this with the help of Maple”.

Results also revealed a number of arithmetic errors (1 − (−1) = 0; 0 + 2v2 =

0 ⇒ v2 = 1/2; 4v1 + 4v2 = 0 ⇒ 4v1 = 4v2; and v2 = 2v1 ⇒ eigenvector is

(0.5, 2)). Student 1A-9’s working as she tries to find the eigenvectors is shown in

Figure 5.52.

Figure 5.52: Student 1A-9’s working in finding the eigenvectors.

Student 1A-2 also made similar manipulation errors, moving from writing the

matrix, without a vector, to an incorrect eigenvector (see Figure 5.53). Although,

a number of students found the correct eigenvectors, not many showed the correct

steps in obtaining them. This, of course, was not surprising as some lecturers skip

the details on how to find the eigenvectors. In fact Figure 5.53 shows the final steps

in the course manual where details are also not shown. Clearly skipping such steps

that can be used for teaching conceptual understanding proves to be crucial, when

it comes to finding the number of eigenvectors corresponding to an eigenvalue.
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Figure 5.53: Student 1A-2’s working and also the first year course manual’s method
for finding an eigenvector.

Conceptual object problems

Questions 3 and 4 (see Figure 5.49) in the test were testing students’ conceptual

thinking of eigenvector taking into account two significant properties which are often

taken lightly. Without doing any calculations, a student with an object point of view

of eigenvector can be expected to show whether a vector is an eigenvector or not.

This can be achieved geometrically if the vector belongs to the eigenspace, or it can

be checked symbolically by showing that the relationship in the definition holds,

namely Ax = λx. Students are also expected to realise that any scalar multiple of

an eigenvector is also an eigenvector. Of the 10 students in case study 1(a) only

four correctly found the eigenvectors from the procedure. Of these three gave a

procedural response to Question 4, rather than giving an object-oriented answer.

Here are their responses: “First let the matrix times the vector if the answer equal

to

[

v1

v2

]

or n times

[

v1

v2

]

then

[

v1

v2

]

is an eigenvector of the matrix” (1A-5).

“Using the equation Ab= λb to confirm the relation”(1A-6). “Use the formular [sic]

Av = λv”(1A-7).

In contrast, the others gave word definition replies, relating to the properties of

a formal object expressed in embodied language:

“When a given vector multiply with a matrix, if the direction of the vector doesn’t

change, only expanded or shrinked we can say the given vector is the eigenvector”(1A-

4).

“When its direction isn’t changed when it’s multiplied by the matrix”(1A-8).

In response to Question 3, five students responded that there is only one eigen-

vector associated with each eigenvalue. Stating, for example, “Each instance of an
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eigenvalue has one and only one eigenvector associated with it.” ( 1A-2) and ”One

eigenvector is associated to one eigenvalue.” (1A-9).

Of course, it is true that we calculate and find one eigenvalue then we find an

eigenvector (independent) which corresponds to that specific eigenvalue, however,

every multiple of that eigenvector is also an eigenvector, and this last part usually

is not emphasised in lectures. However, students 1A-3 and 1A-7 said that there

were an infinite number, writing “I think that for any eigenvalue can be infinitely

[sic] number of eigenvector because [blank].” (1A-4) and “infinity” (1A-7). Again,

although these students had the right answer, they were not able to justify their

claim.

Student 1A-4 was the only one who managed to write the eigenvectors in the

correct form

[

v1

2v1

]

= v1

[

1

2

]

and

[

v1

−v1

]

= v1

[

1

−1

]

, but he was then not

among the two who were able to say that there are an infinite number of possible

eigenvectors. This step of seeing that any scalar multiple v1 is also considered as an

eigenvector, depends directly on understanding this last step in the symbolic world

manipulation, which may be either not emphasised enough or perhaps non-existent

in the teaching.

Embodied views of eigenvectors

Question 5 was given to test students’ ability to recognise the eigenvectors in a

different representation rather than the usual symbolic one. The geometric idea

represented in this question was that when an eigenvector is multiplied by the

transformation matrix it ends up in the same direction (but not necessarily the

same sense). Clearly, a 2 × 2 matrix can not have three independent vectors all

with this property since it can only have at most two eigenvalues. In this question

students had to recognise geometrically that each of the three vectors satisfied the

eigenvector definition, link this to the matrix size, and see a contradiction.

Of the 42 students in case study 2(a) 14 were unable to answer the question, and

only 6 were able to justify why such diagram did not make sense in this case. Some

of their explanations are given below:

“The picture above implies A has 3 eigenvectors of different directions (but if A is

2x2, it has a maximum of 2 eigenvectors of different directions)” (2A-28). “If A
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is 2x2 matrix, it can have maximum of 2 linearly independent vectors in its basis.

Therefore one of Aw, Au and Av must be impossible”(2A-29). “Diagram shows 3

eigenvalues/eigenvectors a 2x2 matrix should have only 2”(2A-19).

Others were unable to relate the picture to the concept of eigenvector, and instead

related it to the basis for a space. They wrote comments such as “Since there are

only 3 vectors it will generate a space.” (2A-39), “Because you don’t need that

many vectors to span the plane” (2A-11), “Maybe too many dimensions?” (2A-9),

“⇒linearly dependent” (2A-7) and “It’s got way to [sic] many vectors in it.” (2A-1).

Some appeared completely off the right track in their thinking and wrote, for

example “The picture shows scalar multiplication which should not occur in a 2× 2

matrix” (2A-35), “Because w is in a different direction” (2A-14) and “Because the

vectors are on different planes” (2A-21).

Of the 11 students in case study 2(b) three were unable to answer this question,

with no one recognising the vectors as eigenvectors. Students either gave incorrect

symbolic reasoning (2B-2, 2B-5) or incorrect and incomplete explanations. For

example student 2B-7 believed that “Because Au and Av doubles the length of

the original vectors u and v, Aw should double the length of the original vector”.

Similarly students 2B-4 and 2B-9 were concerned with the direction of the vectors

as student 2B-4 wrote: “Au and Av are both positive indicating that A should be

positive. So when w is multiplied by A the vector should be extended instead of

going in the opposite direction”.

Student 2B-3 who said in the first test “There are 2 vectors that from 2 × 2

matrix” in the second test said “u,v,w are linearly independent. They form a

three spaces, so A should be a 3 by 3 matrix”. Later in the interview when she was

asked which one she thinks is the correct response, clearly still very confused, she

said:

I think this one [the second answer], because this one [the first answer]

was before your tutorial. I think they are independent... Because if there

was 2 by 2 matrix then w should , ahmm, should, ahm, lies over there

of u and v, but w is outside should not be 2 by 2.

As illustrated in Figure 5.54, student 2B-2 performed many irrelevant calcula-

tions in both tests.
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Figure 5.54: Student 2B-2’s two sets of calculations on question 5.

In the interview, when the researcher pointed to his calculations, he said: “Yeah,

I didn’t understand, I was trying to understand”.

So when the researcher asked: “So if matrix A is a 2 by 2 matrix, does this give you

some hint?”

He said: “obviously, this one and this one is possible”.

The researcher confirmed this saying: “So Au and Av are possible”.

He said: “Yeah”.

The researcher then asked: “Why? Why these two are possible but not w?”

He said: “I’m not sure, these two are possible, because if, ah”.

Later in the interview when he was asked which was the strangest question in

the test, he said “Question 5, yeah, because until now I don’t understand what that

means, I can’t understand. Those vectors look very easy but I can’t solve it”.

So the researcher said: “So in this situation, where you have no ideas, what is your

best technique?”.

He replied: “From the basic, just like I did here, I forgot about those eigenvalues

and eigenvectors I started from the basic of basic, I gave A like this and v like this

if Au = another vector Aw = −w, yeah.

The researcher then asked: “Do you try to use numbers or symbols or do you mainly

think about the theory, where the questions come from?”.

He replied: “Actually I use symbols, numbers are special symbols, and definition, I

can’t remember definition”.

Hence we see that this student who can not remember the definition (formal

ideas) and has probably never seen the eigenvectors geometrically (embodied rep-

resentations) has no choice other than to revert to symbolic manipulation (actions)

of what he calls “basic ideas”. Consequently, as noted from the above conversation,

and the result of his tests (illustrated in Figure 5.54), he was not able to express a
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process view and made no conclusions from his manipulations.

Similarly this question seems also to have created difficulty for students from

case study 2(c) with half of the 16 students not writing anything at all. From those

who gave an explanation, some were incorrect, for example student 2C-5 wrote: “

Because Au and Av did not change the signs of u and v, so Aw should not change

the sign of w either”. Of course here matrix A has only changed the sense of vector

w not its direction. Student 2C-14 also had difficulty with the change of direction of

vector w although she thought A was an eigenvector. Among other wrong answers

was student 2C-10 who wrote: “It’s got 6 vectors” and also student 2C-15 who wrote

“There are 3 vectors in the picture so the matrix should be 2 by 3, not 2 by 2”.

While two students believed that this diagram is not possible, only one of them

(2C-1) recognised the vectors as eigenvectors and gave a correct answer, writing: “If

A is 2× 2 it has at most 2 eigenvalues (i.e. vectors that don’t change direction with

A). Hence we can not have u,v,w as eigenvectors, only two can be vectors”.

However, the other student (2C-9) who did not recognise the vectors as eigen-

vectors replied:

We have a 2×2 matrix which represents 2 vectors in R
2 but here we have

3 vectors u,v,w in R
2 which can not be represented by a 2 × 2 matrix.

Although we have 3 vectors in R
2 means they are not independent ⇒

one of them can be a combination of others but still cannot be shown

here in a 2 × 2 matrix.

He is able to see that a 2× 2 matrix can not have 3 eigenvectors, but is not able

to justify this in terms of eigenvectors and eigenvalues. A similar reply was given by

student 2C-2, who wrote: “If I am right a 2× 2 matrix should not be able to hold 3

vectors ie you should need a 2×3 matrix in R
2 to do so”. He also did not realise the

fact that these vectors are supposed to be eigenvectors, hence a non-square matrix

such as a 2 × 3 matrix is not an option.

Overall the findings confirmed that students were not able to recognise the eigen-

vectors in a different representation and were not able to link the fact that a 2 × 2

matrix can only have two linearly independent eigenvectors. Instead many decided

to proceed with symbolic manipulations or think that the vectors are in the wrong
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direction. This is not surprising as majority of students were not used to thinking

and dealing with linear algebra problems geometrically.

The PhD graduate’s concise and clear answer to Question 5 is shown in Fig-

ure 5.55.

Figure 5.55: PhD graduates’ response to question 5.

Relating the matrix representation to embodied thinking

The aim of question 6 was to see whether students’ understanding of eigenvectors

was limited to the algebraic and matrix representations or whether they were able

to link this to embodied, visual reasonings.

Of the 42 students from case study 2(a), 14 correctly answered the question,

while four did not write anything at all. However, of those who were correct 13

used only an algebraic or matrix procedural explanation, often involving multiples,

such as “Yes

[

−3

4

]

× (−1) =

[

3

−4

]

” (2A-42) “Yes they are merely a factor

of -1 of each other” (2A-24), “Yes, since the eigenvalues are -1 and 1” (2A-39) and

“Yes. Eigenvectors of a given eigenvalue is any multiple of any given eigenvector.”

(2A-28).

However, occasionally a geometric comment made “Yes as

[

−3

4

]

and

[

3

−4

]

are multiples of each other in the opposite directions” (2A-26). Students showed

their confusion again with 7 commenting on eigenvectors having to be independent

“No, because there is a linear relationship between them.” (2A-34) and “No, eigen-

vectors of a matrix should be linearly independent.” (2A-35).

Although some students were answering in a non-geometric manner, this does not
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of course, mean that they definitely were not able to think geometrically. However,

this is likely in this case, as traditionally embodied ideas were not emphasised as

such in the lectures.

Of the 11 students in case study 2(b), three students did not give an answer.

Only one student (2B-4) managed to give a correct reply to this question in the first

test. He wrote: “

[

−3

4

]

and

[

3

−4

]

can both be eigenvectors because one is just

a multiply of another with a constant which is -1 here.”

Student 2B-2 who gave an incorrect reply in both tests wrote: “No because

the vectors are linearly dependent, they can’t form a e’ space”, in the interview he

also maintained this reasoning, as he agreed with what he wrote in both tests. He

said: “Yes, because they are not linearly independent, because eigenvectors must be

linearly independent”.

Contrary to student 2B-2’s replies, student 2B-3 gave her answers as follows. In

the first test said “No, any non-zero multiple if v is eigenvector corresponding to λ

these two vectors are corresponding to one λ, not distinct λ”. However, in the second

test gave a clear and correct response as she wrote “Yes, any non-zero multiple of

(1, -1) is also eigenvector of the corresponding eigenvalue”. In the interview when

she was asked which is the correct answer she referred to the second test. When she

was asked how many eigenvectors can you relate to one eigenvalue, she replied “I

think, many many, infinitely”.

Here are the rest of the replies from case study 2(b) as they wrote: “Eigenvector

is a vector that, when multiplied to a matrix, would generate a multiple of itself

(2B-7)”; “Yes they are shown by matrix” (2B-10); “Eigenvectors are determined by

the corresponding eigenvalues”(2B-11); “Yes”(2B-6); “Yes, they will both have the

same absolute value of eigenvalues but different signs”(2B-5).

Of the 16 students from case study 2(c), 4 did not answer this question (or said

“don’t know”). While some students had the right idea and justified their reasons

well, others (5 students) seemed to think that it is not possible to have those eigen-

vectors. Here are their responses: “Dependent” (2C-13); “No because −1

[

3

−4

]

=

[

−3

4

]

”(2C-15); “Aλ = λv,Aλ = −λv contradiction, impossible”(2C-9); “Yes, if
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the eigenvalues are two opposite values”(2C-12); “

[

3

−4

]

and

[

−3

4

]

could not

be eigenvectors for a given matrix because it should have a unique solution (only

one solution)”(2C-11).

Among the responses one student (2C-1) showed his reasoning geometrically by

drawing a picture and acknowledging the fact that both vectors lie on the same line,

shown in Figure 5.56.

Figure 5.56: Student 2C-1’s embodied view response to question 6.

Among the rest of the responses (6 students), student 2C-3 seemed to be some-

how uncertain of her answer, writing: “Yes, they could be, since they are non-zero

vectors”. Student 2C-10 also wrote “Yes, because of the same number vectors, i.e. it

is a scalar multiple”. A well thought-out more complete schema came from student

2C-8. She wrote:

Yes, say for instance an eigenvector for the matrix is

[

v1

v2

]

=

[

3

−4

]

v2.

This means that there are infinitely many eigenvectors as any scalar

multiple of

[

3

−4

]

is also an eigenvector.

[

3

−4

]

= −1

[

−3

4

]

, This

is possible if -1 is the scalar multiple.

Student 2C-2 also had similar thoughts, considering the fact that there are in-

finitely many eigenvectors corresponding to an eigenvalue. His work is shown in

Figure 5.57.

However, student 2C-5’s response showed that her schema was somehow re-

stricted to the scenario that the matrix had zero entries and the eigenvalue had to

be zero, but of course this is not the case. Her work (shown in Figure 5.58) does

not show the fact that there are infinitely many eigenvectors, as any scalar multiple

of the eigenvector is also an eigenvector.



5.6. EIGENVALUES AND EIGENVECTORS 213

Figure 5.57: Student 2C-2’s response to question 6.

Figure 5.58: Student 2C-5’s response to question 6.

The PhD graduate started by giving a definition for the eigenvector, he then

took his explanation one step further as seen here:

An eigenvector if a matrix A is a vector that is scaled under the action

of A i.e. v : Av = λv

If one of

[

3

−4

]

,

[

−3

4

]

is an e-vector then obviously they both would

be an e-vector (since any scalar mult. of an e-vector is also an e-vector).

However, they would not be distinct-in a method such as V DV T fac-

torisation, one would choose one of these to represent a particular eigen-

value.

Question 6 would have been classified as an unusual question by many students,

who are only used to finding an eigenvector procedurally. The overall results for

Question 6 showed that only a few students were able to make the connection and

see the fact that any scalar multiple of an eigenvector is indeed an eigenvector (there

are infinitely many eigenvectors for every eigenvector). Finding the eigenvectors is

often one of the tasks that students do, but the conceptual understanding and

explanation of what these findings are, is not often emphasised in the lectures.



5.6. EIGENVALUES AND EIGENVECTORS 214

Process object problem

It was hypothesised that there is a possible process/object related complexity for

students with Ax = λx, in the sense that although the two sides of the equation

are quite different processes, they have to be encapsulated to give equivalent math-

ematical objects, as indicated by Stewart and Thomas (2006). In this case the left

hand side is the process of multiplying (on the left) a vector (or matrix) by a matrix,

while the right hand side is the process of multiplying a vector by a scalar resulting

in the same vector as the final object. An example of how this could possibly create

an obstacle is given below.

The first year students’ course manual (see Figure 5.59) has not shown the nature

of the Identity matrix, however it has made a comment saying ”note the use of I

here.” In Figure 5.59 we see how student 1A-6 who is trying to find the eigenvectors of

the given matrix in Question 2, explicitly replaces the 5 and -1 in 5b and −1b on the

right of the equation with the matrices 5I and −I. This no doubt helped him with

equating the objects of the processes, but thinking of Ax = λx as Ax =

(

λ 0

0 λ

)

x

may be an obstacle to understanding how the definition of an eigenvector relates to

the algebraic representation.

Figure 5.59: The course manual dealing with the two processes and student 1A-6’s
solution to the problem.

Also, in the second year students’ course manual the nature of I is not discussed

at all. The corresponding section from the textbook has a small step inserted,

showing Ax = λIx, but it is not emphasised that it is λ(Ix) (i.e I is a matrix, not
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∈ R). Figure 5.60 shows a section of the course book and the textbook where these

are presented.

Figure 5.60: The coursebook (top) and textbook (bottom) explanations of the move
from Ax = λx to (A − λI)x = 0.

To test whether or not this process/object tension in the equation has an effect

on student understanding of what is a crucial part of the definition of an eigenvector,

Question 7 was given as a test question to the second year students in case study

2(a) and was given to students in case study 2(c) in the class and later discussed in

the interviews. The aim was to know how the student perspective on this equation-

changing would influence their ability to perform the task.

Of the 42 students in case study 2(a), 13 of the students did not understand

what the I was, where it came from, and what its function was. The three students,

(2A-24, 2A-34 and 2A-41) either did not notice or ignored the identity matrix, or

simply inserted it in the final line with no explanations. Figure 5.61 shows that this

affected their ability to complete the relatively simple three-line transformation of

the equations.

However, students 2A-26, 2A-33, 2A-35, 2A-38 all noticed the identity matrix

and were trying to justify its existence in the equation. As Figure 5.62 shows

student 2A-33 tries to explain, with little understanding, that “E[igen]-values must

have Identity matrix, otherwise can not be expressed.” and hence the I has to be

inserted. However, students 2A-35 and 2A-38 have both decided that A− λ cannot
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Figure 5.61: From left to right working of students 2A-41, 2A-24 and 2A-34 on
question 7.

be achieved (“can’t work”) since they are of different types-“A is a matrix λ is a

number”-and so it is necessary to “multiply [λ] by the identity matrix” as a solution,

and student 2A-38 almost correctly performs this. On the other hand, student 2A-

26 is clearly struggling with the idea that the order of λx will not be the same as

that of A, but is happier that λI is also an n×n matrix. To overcome the difficulty

he has focused on the input objects on each side of the equation that are operated

on, rather than the object produced by the process.

Figure 5.62: Working of students 2A-26 , 2A-33, 2A-35 and 2A-38 on question 7.

A better appreciation of the situation was performed by students 2A-25, 2A-28

and 2A-39. While, student 2A-28 chose to follow the textbook, and replaced x by

Ix, student 2A-25 replaced both x’s immediately. However student 2A-39 multiplied

by I only when there was a clear problem with matrix A. Figure 5.63 shows their

work.
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Figure 5.63: From left to right working of students 2A-25, 2A-28 and 2A-39 in
question 7.

When this question was posed to the students from case study 2(c) in the class,

none of the students had the correct approach. In the interviews this issue was

raised by the researcher again. Here are some of the students’ thoughts (regarding

where I comes from):

• “I always put it right from the start and then rearrange it, I really never had

that problem”(2C-8).

• “Without I so we got a vector equal some value, we should get a vector equal

to a vector, so times I there”(2C-12).

• “I times the vector were equal to vector itself, it took me a while to get it

because we had to prove it in the class. I tried to times the identity matrix by

scalar. It didn’t work that way, and then I tried the other way around, that’s

why I did when you first asked us to prove it, I was like how does that work?

Because it doesn’t work that way”(2C-5).

The above results showed that the progression, working within the algebraic sym-

bolic world, from Ax = λx to (A − λI)x = 0 is not perceived as straightforward by

many students as they have difficulty with the two different processes in the first

equation, and do not know what identity the I refers to. The textbook and course-

book tend to move the focus of attention to λI rather than Ix. Thus, in teaching it

should be explained that the identity being used in the process is an n × n matrix,

and it is the vector x that is being multiplied by this identity not the λ, as Ix = x,

but λI 6= λ, but rather

(

λ 0

0 λ

)

.
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Case study 2(a) was the only case where students were asked to draw a concept

map specifically on their understanding of eigenvalues and eigenvectors. Of the 42

students not a single student put anything even remotely linked to geometry in their

concept map. 18 of the students did not draw anything at all, and of the remainder

21 drew a procedural map and 3 a conceptual one, with few, or no, action verbs.

Figure 5.64 illustrates a typical example of the procedural concept maps, and one

of the rarer conceptual ones. Student 2A-28 sees the solving process as the only

relevant detail, while student 2A-30 presents only concepts, including a link to one

from another part of the course.

Figure 5.64: Students 2A-28 (left) and 2A-30 (right) concept maps of eigenvalues
and eigenvectors.

In summary even though the students from case studies 1(a) and 2(c) were

taught by the researcher, and were familiar with embodied ideas of eigenvalues

and eigenvectors, the majority of students preferred an action-symbolic approach in

describing the term eigenvector. Of 42 students who participated in case study 2(a)

from those who explained the term eigenvector a majority referred to the procedural

part of the definition (Ax = λx). Results also indicated the first year students’

difficulties in case study 1(a) in finding the eigenvectors and eigenvalues (action-

symbolic-matrix manipulations). The conceptual-object problems in Questions 3

and 4 revealed students’ lack of understanding

The embodied question related to the concept of eigenvalues and eigenvectors

(Question 5) proved to be a challenging question for many students. The majority

of students from case study 2(a) were not able to justify why the picture relating

to eigenvectors was not possible for the case of a 2 × 2 matrix. Also, none of the

students in case study 2(b) was able to recognise the vectors as eigenvectors, and

the majority of students in the researcher’s class had great difficulty justifying their

responses.
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Questions 6 examined students’ process-symbolic-matrix view regarding eigen-

values and eigenvectors. The results pointed out that only a few students were able

to see that any scalar multiple of an eigenvector is indeed an eigenvector.

Question 7 (a process-symbolic-algebra question) was designed to discover a pos-

sible process-object complexity with Ax = λx. Results showed that the progression,

working within the algebraic symbolic world, from Ax = λx to (A − λI)x = 0 is

not perceived as straightforward by many students as they have difficulty by the

two different processes in the first equation, and do not know what identity the I

refers to. The results from the interviews gave more insight on how students thought

about this problem.

5.7 Summary

Here is the summary of the key findings in the result section of this thesis categorised

based on the theoretical framework.

Embodied world thinking

The results for the concept of vector and scalar multiple showed that although the

majority (94%) of the first year students were able to do straightforward addition

of vectors (action-embodied), they found Question 1(b) involving lifting up a vector

and adding it to the tip of another vector, which required an embodied-object view

of vector, more challenging (44% correct answer). However, the majority of second

year students managed to respond correctly to 1(b) and only 26% did not draw

a diagram or drew an incorrect diagram. The embodied representation of scalar

multiple of a vector in Question 2(b) was also carried out procedurally as most

students did not draw a straight line to encapsulate the process into an object-like

kv and instead they drew single separate lines (an action view) for each vector.

The unfamiliarity, relating the embodied-object view of vector, also appeared

to be a cause of difficulty in Question 3 relating to the embodied aspects of vector

addition and linear combination, and a majority of first year students and second

year students from case study 2(b) lacked basic skills constructing parallelograms

or triangles, keeping the correct direction for the given vectors, and constructing
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the correct direction for the resultant vector. The majority of students also were

unable to show the embodied effect of scalar multiplications. However, the majority

of researcher’s students (case study 2(c)) were able to draw a correct (an embodied-

process) diagram.

To distinguish the diagrams relating to the concept of linear independence/de-

pendence (an embodied-process view) only 36% of students from case study 2(b)

were able to relate the correct diagram to the concept of linear dependence. How-

ever, all students in the researcher’s class were able to choose the correct diagram.

Similarly, in the case of subspaces, only 45% of students from case study 2(b) chose

the correct diagram (showed an embodied-process view). However, from the 16 stu-

dents in researcher’s class, one did not reply, two students chose the wrong diagram

and two believed that none of the diagrams in fact represented a subspace.

The embodied question related to the concept of eigenvalues and eigenvectors

(Question 5) was also a challenging question for many students who had no previous

concept images of these concepts. From the 42 students in case study 2(a) only 14%

of students were able to justify why the picture relating to eigenvectors was not

possible for the case of a 2× 2 matrix. Also, none of the students in case study 2(b)

was able to recognise the vectors as eigenvectors, and half of the students in the

researcher’s class did not answer this question, and from those who replied, many

had great difficulty justifying their responses.

The PhD graduate who mostly presented his thinking in the symbolic-formal

world, although he was not prompted to show his embodied ideas, expressed appro-

priate embodied thinking in questions where they were examined.

Symbolic world thinking

In Question 2(a), a symbolic-algebra problem, it seemed that some students had

difficulty distinguishing between the scalar multiple and the scalar product for kv

for a given v = (v1, v2, ..., vn) and scalar k, as some wrote k1v1 + k2v2 + ... + knvn

treating k as a vector and performing a scalar product instead of a scalar multiple.

This highlights the possibility of a language difficulty between the two notions of

scalar multiple and scalar product.

It was also noted that although a majority of students had the procedural abilities
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to calculate the linear combination (actions) in Question 2 (symbolic-matrix-algebra)

of linear combination section , some students were affected by their poor arithmetic

skills.

To examine students symbolic-matrix action views in Question 2 (in linear inde-

pendence/dependence section), many students from both groups (case studies 2(b)

and 2(c)) showed a symbolic-matrix view, and two students from case study 2(b)

and eight from case study 2(c) concluded that the vectors were linearly independent

(a process-symbolic view), even though this was not part of the requirement for

this question. Moreover, five students from the researcher’s class approached this

question visually by drawing the vectors on a diagram (versatile thinking), showing

an ability to link between representations.

The analysis to Question 4 (a process-symbolic question) in the basis section

showed that the majority of students from both studies (cases 2(b) and 2(c)) per-

formed an action-symbolic-matrix to find a basis, whereas some students used the

facts on linear independence and span and found a correct basis (with no calcula-

tions).

Question 6 in the eigenvectors and eigevalues section examined students’ process-

symbolic-matrix view regarding the number of eigenvectors corresponding to each

eigenvalue. The results pointed out that only a few students were able to see that

any scalar multiple of an eigenvector is also an eigenvector.

Question 7 a process-symbolic-algebra question was designed to discover a pos-

sible process-object complexity with Ax = λx. Results showed that the progression,

working within the algebraic symbolic world, from Ax = λx to (A − λI)x = 0 was

not perceived as straightforward by many students who may have difficulty with the

two different processes in the first equation, and do not know the role of the identity

matrix.

Formal world thinking

Students’ formal understanding of concepts was mainly examined through the def-

initions. Here we found students in two separate groups. The first group were

students who struggled to give a clear definition of the required term. As many

students could not remember the definition and were confused about the concepts,
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they simply described an action related to the concept in the symbolic-matrix world.

The second group consisted of students who mainly came from the researcher’s class

and were happy to give a definition and their definitions contained the key elements

of the concept (a process-formal view). However, The interviews gave more insight

on what these students really thought about the definition, and as it turned out

most students gave the impression that while solving problems they did not think

about the definitions. It was also noted that the PhD graduate produced perfect

formal world definitions for every concept.

A thorough description of these findings together with reference to the literature

will be presented in the discussion chapter of this thesis.



Chapter 6

Discussion

We are not trying to meet some abstract production quota of definitions, theorems and

proofs. The measure of our success is whether what we do enables people to understand

and think more clearly and effectively about mathematics.

William P. Thurston (1995, p. 163)

6.1 Introduction

In Chapter 5, the result of many aspects of students’ thinking processes in linear

algebra were presented and analysed. These results were based on what students

presented through writing and interviews but clearly are not the only way to measure

students’ understanding.

However, it is the goal of this chapter to highlight some of the main findings

of this research, to address the research questions, and to suggest what contribu-

tion has been made to the body of knowledge. Thus, based on these findings, the

level of students’ conceptual and procedural understanding of the linear algebra

concepts, their difficulties with these concepts, the effects of using embodied ideas

in teaching/learning of linear algebra, and the usefulness of the framework, will be

discussed.

223
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6.2 Students’ level of understanding of the linear

algebra concepts

One of the main goals of this study was to answer the following research question:

What is the level of conceptual and procedural understanding of the chosen linear

algebra concepts among first and second year mathematics and science students at

The University of Auckland?

Although, this is not an easy question to answer, the framework provides one

way of measuring students’ understanding of the concepts. The findings from the

seven case studies (including the pilot study), which were discussed in this research,

suggest that most first and second year students had difficulties understanding basic

linear algebra concepts. Evidence in Chapter 5 showed that students were mainly

thinking and representing their understanding of the concepts in a manner described

by the action-symbolic-matrix or/and process-symbolic-matrix cells of the frame-

work (the 4 cells in the centre section). Very few students demonstrated embodied

or object views, and the majority of students tended to show an action/process

view in the symbolic world. For example the results of the 32 first year students

who responded to Question 1 (in the vector and scalar multiple section) in Test 1,

showed that 94% were able to perform the action of adding the specific vectors in

1(a), but, only 44% responded correctly in 1(b). This shows that although the first

year students managed to do relatively easy procedures (action-symbolic-algebra)

involving adding two vectors, they had difficulty in seeing a vector as a free vector

(an object-embodied view). Thus, students were not able to perform the kind of

additions that required mentally lifting up a vector and adding it to the tip of an-

other vector (see section 5.2.1). The second year students’ results for this question

showed that from 23 students (case study 2(c)) who answered this question in Test

1, only one student was not able to write the correct addition in 1(a). The majority

also managed to respond correctly to 1(b), and drew a correct diagram. Only six

students drew a wrong diagram or did not draw a diagram at all. It seems likely that

by the second year students have a better grasp of the object nature of a geometric

vector.



6.2. STUDENTS’ LEVEL OF UNDERSTANDING OF THE LINEAR ALGEBRA CON CEPTS 225

It was interesting to note that in most cases students would not volunteer to

express their thinking geometrically. However, I found that in cases where students

were asked specifically to express their embodied views, they would only show an

action view. For example in testing the embodied representation of scalar multiple

of a vector in Question 2(b), the majority of students did not draw a straight line to

encapsulate the process into a general object-like kv, and instead they drew single

separate lines (an action view) for each vector.

Similarly, the majority of students struggled to illustrate an object view when

defining the chosen concepts (this will be discussed in detail in students’ difficulties

with definitions in this chapter). They also seemed to lack a process-formal view

that would enable them to provide a connection between the major concepts. In

fact, students’ responses for defining the concepts tended to include mostly symbolic

views. For example in response to a request to define the term linear combination,

45.5% of students in case study 2(b) did not write any answer, and the remaining

54.5% only gave procedural or incomplete responses. Student 2B-2’s response in

defining the term linear combination was: “something like xv + yu x, y ∈ R”. In an

interview he said “linear combination, hmm . . . I can’t quite remember the definition,

I can just remember those forms something like b = x1v1 + x2v2 and something like

that and x belong to R. I only can remember these things”. When he was asked for

further explanation he said: “Hmm difficult! Linear combination is an object class

in a space formed by the two vectors and x, y are scalars, this is my understanding

of linear combination”. This clearly demonstrates his lack of knowing the definition

and not having an object view of the concept in general.

In order to examine the level of conceptual and procedural understanding of the

chosen concepts (the research question), it was interesting to note that in Question

4 (see section 5.5.2), when asked to find a basis for the subspace H, many students

(73% of students from case study 2(b)) chose to perform a row reduction (an action-

symbolic-matrix view), apparently without knowing why or what to do with the

result (Stewart & Thomas, 2008). This indicates a possible overemphasis on ma-

trix operations in teaching rather than a focus on concepts. It may also illustrate

students’ inability to think about reasons.

This is not surprising since the linear algebra courses at this university are mainly

designed in such a way that the lecture is built around endorsing an action/process
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view in the symbolic-matrix world. Moreover, the assessments, including the tests,

tutorials, assignments and examinations are all designed to require the same kind

of thinking. Consequently students develop coping skills to get through the course

involving practicing the procedures required, and hence they appear on the surface

to be successful, but often fail to address the subtleties of mathematical reasoning

(Smith & Moore, 1991, cited in Tall, 1995). As pointed out previously, student 2B-2

expressed his feelings in this regard with respect to how he was taught eigenvalues

and eigenvectors as follows:

Yeah, because that is what I said, I’m not sure what is eigenvalues and

eigenvectors for, and in our class they just teach us, ok this is called

eigenvalue and you can remember that and it will appear on your exam

paper and this is the way you calculate it and this vector get it called

eigenvector and this value got it lambda it’s called eigenvalue. So its

seems I know what is eigenvalue and eigenvector, but actually I don’t

know what they are, yeah.

These remarks show his disappointment with the current teaching styles, where

the main emphasis is on the ‘way you calculate it’ and on finding solutions to perform

well in the examination, rather than addressing conceptual understanding.

French researchers Dorier, et al. (2000, p. 28) have also found this teaching

emphasis:

There is less and less emphasis on the most formal part of the teach-

ing (especially at the beginning) and most of the evaluation deals with

the algorithmic tasks connected with the reduction of matrices of linear

operators. However this leads to a contradiction which can not be sat-

isfactory. Students may be able to find the Jordan reduced form of an

operator, but suffer from severe misunderstanding of elementary notions

such as linear independence, generators, or complementary subspaces.

This teaching emphasis was confirmed in this research, with many students of-

ten expressing a bias toward solving problems rather than understanding the basic

concepts. For example student 2B-3 said: “When we read the question, I think I

answer depends on what you asked. If you ask a basis I will try to solve it. If you
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ask can use the span of subspace I will try to figure out the relationship. I don’t

have to solve it”.

Although the majority of students preferred action-symbolic or process-symbolic

responses, the findings also indicated that some students suffered because of their

lack of arithmetic abilities. Although, it is inevitable that arithmetic mistakes will

occur whenever calculation is involved, for such a trivial question (Question 2 on

linear combination) it was anticipated that more students would find the correct

answer, but one fifth of first year and almost one third of second year students

had trouble calculating a solution to this straightforward question. Overall the

results showed that a majority of students had procedural skills to find a linear

combination of two vectors algebraically, even though some were affected by their

lack of arithmetic abilities.

In summary, most students had difficulties understanding basic linear algebra

concepts and were mainly thinking in the symbolic world and very few students

showed embodied or object views. This is not surprising as the linear algebra courses

at this university are mainly designed in a way that the lectures are built around

endorsing the action/process views in the symbolic world.

6.3 Students’ difficulties with linear algebra con-

cepts

Most students seem to experience some difficulties with understanding of linear al-

gebra concepts during their studies. Some of these difficulties have been studied

in detail (for example Dubinsky and Harel, 1992). For almost three decades linear

algebra has captured researchers’ awareness of students’ difficulties, and the nature

of the course has been the subject of many discussions and debates. Although it is

important to acknowledge students’ difficulties, and they certainly are a motivation

to start research, as Thurston (2005, p. 844) states there is a “need for better un-

derstanding of the problems, not just the recognition that they exist and that they

are important”. To address the issues relating to students’ difficulties with linear

algebra concepts the following research question was posed:
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Are there any specific causes of any difficulties students have in understanding

the chosen linear algebra concepts? If so, in what areas do the major difficulties

occur? Is there a role for definitions and representations in any difficulties?

This section highlights students’ difficulties with technical terms (language diffi-

culties) and ‘non-routine problems’, their lack of ability in recognising the concepts

in different representations and moving between various representations, their lack

of ability in connecting the different linear algebra concepts, and finally their great

difficulty with the definitions.

6.3.1 Difficulties with the terms and language of linear al-

gebra

It was noted that students had some misconceptions with the linear algebra lan-

guage. For example Question 2(a) (see Figure 5.1) illustrating the vector v with

two different representations, namely the algebraic and the matrix (row vector), was

designed to examine students’ process-symbolic understanding of any scalar multi-

ple of a vector in R
n. In other words to see if students could recognise a row vector

and write the result by multiplying it by a scalar k.

In the first test 70% of first year students gave a correct answer by writing a

correct multiplication of the scalar k by a row vector namely: (kv1, kv2, ..., kvn),

compared with 11% of students who wrote k1v1 + k2v2 + ... + knvn as an answer.

Fewer second year students (case study 2(c)) 64% (N=23) answered correctly in

their first test, although two students thought this illustrated a linear combination

relationship. For example student 2C-24 wrote “kv1 + kv2 + ... + kvn” and student

2C-21 wrote “k1v1 + k2v2 + ... + knvn”, which shows in both cases students possibly

had the idea of the scalar product of vectors in mind instead of scalar multiple,

treating the scalar k as a vector k1, k2, . . . , kn. Again, it seems that this is due

to a confusion between multiplication by a scalar and vector. It seems that the

word ‘scalar’ has evoked a most common action for some students, namely a scalar

product, rather than a scalar multiple.

A similar confusion caused by the language seems to have occurred while stu-

dents were defining the term linear combination, as it seems that several students



6.3. STUDENTS’ DIFFICULTIES WITH LINEAR ALGEBRA CONCEPTS 229

were thinking about ‘linear equations’ instead of ‘linear combinations’. When the re-

searcher tested students’ understanding of linear combination at the beginning of the

linear combination lecture 68.6% wrote: “do not know”; “can not remember”; “never

studied it in a previous course”, or wrote nothing. Among the other replies were the

following: “Solving more than one linear equations by forming matrices”; “Linear

combination is a set of numbers that makes the equation work”;“x1 + x2 + x3 = 4

has no square or square root”; “Equations can be displayed as rows or columns,

matrix given enough conditions, scalar and vectors can all be solved”; “Addition

or subtraction of vectors”. One student even went as far as writing the equation

for a line y = ax + b. These examples illustrate how students’ previous beliefs and

understandings can influence their present state of mind. Tall (2005) describes this

influence in terms of met-befores. In this case it seems that as soon as students saw

the word ‘linear’ it elicited the idea of ‘linear equations’, so some first year students

were thinking that they had to solve a set of linear equations. It was noticed that

the concept of linear combination was only mentioned briefly in the class and a more

detailed study was supposed to be commencing in the second year. However, the

second year students’ responses showed similar results.

This is because students need to make adjustments and connections with con-

cepts. Going quickly over an important topic such as linear combination, which is

the core idea in linear algebra, is likely to create more problems for novice learners.

As Mason (2002) points out, lecturers must take care and make sure that terms

are clear to students. Hurrying on over the important parts, means overlooking the

importance of emphasising them.

Another possible language confusion occurred while students were defining the

term subspaces. The prefix ‘sub’ in English language has two meanings: (i) ‘part of’

e.g. in subsection or subgroup, (ii) ‘below’ e.g. in submarine. In defining the term

subspace many students referred to a ‘portion of a space’ or ‘part of a space’. It

seems that their attention was only drawn to a strong concept image namely ‘part of

the space’, and thus they overlook an important factor, namely, that a subspace is a

part of the space which must pass through the origin. This fact was not emphasised

in the class and students’ course manual, as usually all vectors originate from the

origin and so the problem does not arise. However, some students did not pick up

this idea. Thus creating a misconception in students’ minds that any portion of the
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space is in fact a subspace. Although, the use of free vectors is more common in

physics, where quantities such as force are shown as free vectors, in linear algebra

“we think vectors generally identify points, so they must originate from the origin”

(Keith, 2001, p. 98), and the fact that they are used in lines and planes seems

to be one of the key sources of conflict for students, with many students having

difficulties seeing vectors as object. It was interesting to note that although, 25%

(N=16) of students from the researcher’s class mentioned the phrase ‘a part of a

vector space’, half of them included the properties of a subspace as part of their

explanation, meaning containing the zero vector, and so on.

6.3.2 Difficulties with non-routine problems

A typical linear algebra course involves practice of a number of ‘standard’ problem

types. From Dreyfus’s (1991, p. 28) point of view:

...what most students learn in their mathematics courses is, to carry out

a large number of standardised procedures, cast in precisely defined for-

malisms, for obtaining answers to clearly delimited classes of exercises...

They end up with a considerable amount of mathematics knowledge but

without the working methodology of the mathematician, that is they

lack the know-how that allows them to use their knowledge in a flexible

manner to solve problems of a type unknown to them.

However, students who can only do routine problems are not necessarily good at

tackling non-routine problems (Mason, 2002). Most questions in this research were

designed in such a way that students were not asked to do many routine procedures.

However, surprisingly, in some cases students still carried on procedurally even when

not required. This was particularly noticeable in situations where students had no

idea how to proceed. Evidence, showed that in these cases students approached the

questions inappropriately regressing to known procedures. For example Question 5

(related to eigenvalues and eigenvectors) was designed to see “if students had ab-

stracted and assimilated to their eigenvector schema the geometric idea that when

an eigenvector is multiplied by the transformation matrix it ends up in the same

direction (but not necessarily the same sense)” (Stewart & Thomas, 2006a, p. 489;
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2007b). The majority of students (only 14% from case study 2(a) responded cor-

rectly) lacked geometrical understanding, even though most second year students

presumably were confident in finding the eigenvalues and eigenvectors symbolically.

Figure 5.54 illustrates some of the many incorrect calculations that one student per-

formed in order to try and make some sense of a question on the geometrical aspect

of eigenvectors in Question 5. In an interview he commented that he thought this

question was most strange, saying: “Question 5, yeah, because until now I don’t

understand what that means, I can’t understand. Those vectors look very easy but

I can’t solve it”. So as a way of understanding this odd question he performed some

symbolic-matrix and symbolic-algebra calculations. Limited knowledge of geomet-

rical representations of eigenvectors together with the lack of conceptual knowledge

that a 2 × 2 matrix can only have 2 eigenvectors, prevented many students from

doing well in this question and other non-routine questions in general. However, the

PhD graduate (the mathematician) who had the ‘know-how’ had no difficulties in

seeing the eigenvectors represented differently in Question 5 and solving a seemingly

‘strange’ problem (see Figure 5.55). In summary, although most students showed

weakness in handling the non-routine problems the PhD graduate maintained a good

grasp of all the questions in the test.

6.3.3 Difficulties with representation

In Davis’s (1984, p. 203) opinion, anything mathematical that carries some form of

information “if it is to be present in the mind at all, must be represented in some

way”. Furthermore, due to complexity in the process of mathematical knowledge

acquisition it is necessary to take different approaches (Duval, 2006). Thus, repre-

sentations carry an important role in learning and teaching mathematics. We use

symbols to denote certain mathematical objects, for example the notation Sn is a

sign which represents a group. It is also possible to have a mental representation

of a notion. As Dreyfus (1991, p. 31) claims “a mental representation, refers to

internal schemata or frames of reference which a person uses to interact with the

external world. It is what occurs in the mind when thinking of that particular part

of the external world and may differ from person to person”. To learn and under-

stand advanced concepts such as linear combination, linear independence and so on,
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students needed to deal with their complexity, with abstraction, and representation,

which Dreyfus (1991, p. 26) describes as a means by which “one can move from one

level of detail to another and thus manage the complexity”.

Dreyfus (ibid, p. 32) also describes ‘multiple-linked representations’ as allowing

“one to use several simultaneously, and efficiently switch between them at appropri-

ate moments as required by the problem or situation one thinks about”. With regard

to multiple representations, “some representations are more useful for manipulating,

others for imagining what is happening”. (Mason, 2002, p. 19)

The following research questions address the issues regarding representations:

How well can first and second year students recognise and use the different rep-

resentations of specific linear algebra concepts? Do students have the ability to move

between different representations? Can representations other than natural language

and symbolic algebra play a positive role in making definitions easier to understand?

Versatility, as demonstrated in the ability to shift attention between different

representations (Thomas, 2008a) was examined in this research. The evidence from

the results chapter seems to indicate that the majority of students were not able to

recognise concepts in different representations. For example, only 4 (N=11) students

in case study 2(b) were able to match the correct diagram (an embodied-process

view of linear dependence) to the concept of linear dependence in Question 3 (linear

independence/dependence section). These same students also found it difficult to

recognise the correct diagram that illustrated the concept of subspace. This could

be partly because students do not have an object view of vector (a free vector) or do

not assume that all vectors originate from the origin. So in diagrams such as those

given in Question 2, related to a subspace, they are not so sensitive to the fact that

a subspace has to go through the origin and must include the zero vector. While it

was also the case that these students had likely not seen this concept represented

geometrically, they were unable to translate from the algebraic idea.

The results also showed students’ lack of multiple representations of concepts in

many cases. For example, in Question 6 on eigenvalues and eigenvectors, it was of

interest to see whether students would include any embodied ideas or whether their

views would be limited to algebraic and matrix symbolic representations. The results



6.3. STUDENTS’ DIFFICULTIES WITH LINEAR ALGEBRA CONCEPTS 233

showed that only one student (from the researcher’s class) showed his reasoning

geometrically, drawing a picture and pointing out that “both vectors lie on the

same line” (Student 2C-1, see Figure 5.56). Similarly in Question 2 on the linear

independence/dependence section, a symbolic-matrix question, it was of interest

to see whether students could link their understanding to geometrical viewpoints,

namely that the vectors do not lie on the same line (Stewart & Thomas, 2007a;

2007c). Although, the majority of students (64% of students from case study 2(b)

and 50% of students from the researcher’s class) demonstrated their symbolic-matrix

thinking by performing a row reduction, some students (31%) from the researcher’s

class expressed a different viewpoint, namely an embodied geometric view.

In Question 3 (linear combination questions, Figure 5.8) students were not able to

translate the process-symbolic representation of the given situation into a process-

embodied representation as was required (see Table 2.2, a framework for linear

combination), and the majority of students in each test also failed to construct

the correct diagram. This was expected, since it was doubted that students would

recognise the fact that the given symbolic relationship, c = ka + mb, was a linear

combination, let alone being able to draw the correct geometric representation of

the situation as this is not the way they have been used to in the course. In sum-

mary, the majority of students were unable to recognise the concepts in different

representations and their abilities in expressing the concepts in different represen-

tations were very limited. However, those students who were more familiar with

shifting between the representations (namely the researcher’s students) did better

than those who were only used to doing symbolic manipulations.

6.3.4 Difficulties in connecting the core concepts

It was hypothesised that linking between the linear algebra concepts would be a

major issue for many students.

The results showed that many students had difficulties connecting their under-

standing of one concept to other related concepts (a process-formal view). For

example many students were not able to link basis to linear independence and span,

or the concept of linear combination to linear dependence, or span to linear combi-

nation.



6.3. STUDENTS’ DIFFICULTIES WITH LINEAR ALGEBRA CONCEPTS 234

The concepts maps were one tool used to decide whether students could relate

the main concepts to each other. For example the most logical concept map which

showed the progression of concepts and how they were formed was drawn by the PhD

graduate. In his concept map he put linear combination at the centre, as he realised

that many concepts are built based on this concept. This, however, was not the

case with the majority of students, who were not thinking about the relationships

in which they were linking their concepts. It was also noted that although some

students displayed an understanding of a concept in the test and interview, they

did not display them in their concept maps. For example student 2C-8 who gave a

clear understanding of the concept of linear independence in her interview, did not

mention it in her concept map. Although the PhD graduate had no practice with

drawing concept maps, (as this is not a common practice in mathematics courses) he

still produced a clear map of his thoughts. Meel’s (2005) investigation of the use of

concept mapping in linear algebra suggests that we can not draw strong conclusions

about students’ understanding from this method since it may not be ‘reliable’. He

suggests that “concept mapping should best be used as an instructional tool rather

than relied on as an assessment tool” (p. 7). Although, this study did not totally

rely on them, it was still useful to observe them as part of the triangulation of the

data.

6.3.5 Difficulties with the definitions

Definitions are a very important part of linear algebra courses. “It seems that no-

one in the mathematical community disagrees with the claim that mathematics is a

deductive theory and as such, it starts with primary notions and axioms” (Vinner

1991, p. 65). Vinner also believes that the concept of “definition creates serious

problems in mathematics learning” (p. 65). Definitions represent the conflict be-

tween the structure of mathematics and the cognitive processes of students trying to

understand the concepts. Edwards (1997) in her study with real analysis students

found that some seemingly successful undergraduate mathematics majors (based on

their grades), had difficulties understanding the role of definitions in mathematics in

general. In particular they had difficulties understanding the “philosophical catego-

rization of mathematical definitions and in using definitions to perform mathematical
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tasks, such as proving theorems” (Edwards & Ward, 2004, p. 412). The authors

concluded that definitions play a key role in mathematics, “but their creation and

use differ from those of ‘everyday language’ definitions”(p. 412).

In the case of this research, I suspected that many students did not learn or

understand definitions, and hypothesised that this could be a key factor in their

progress. Hence, students were asked to explain definitions of terms such as lin-

ear combination, linear independence and so on, in their own words, to evaluate

understanding of the definitions rather than rote memorisation of words.

The results of this research revealed that many students made a very poor at-

tempt at defining the requested concepts. For example 45% of students in case study

2(b) did not give a definition for linear combination, and the rest gave procedural

or action replies. In contrast, all 16 students from the researcher’s class gave a def-

inition for this term. Similarly when defining the term linear independence, of 11

students from case study 2(b) 45% did not write anything unlike the students from

case study 2(c) (the researcher’s class) who gave a response. This pattern contin-

ued for almost all the concepts that were considered in this study. It was noticed

that as the concepts got more difficult, the percentage of student responses dropped

significantly (for example 73% did not define basis or subspace).

These findings seem to suggest two types of reaction toward definitions. Firstly

there were the majority of students who had a poor understanding of the definitions.

It is a little alarming to think that from a class of over 200 second year students

(the researcher’s summer course), asked to define the term linear combination at the

beginning of the lecture on linear combination, 68% (N=51) wrote: “do not know”;

“can not remember”; never studied it in a previous course”; “or wrote nothing”.

This is disturbing because students’ lack of understanding of this concept leads

to major difficulties with concepts such as span and linear independence. In other

examples, several times when trying to describe the term linear combination student

2B-2 mentioned that “I can not remember the definitions”, so time after time his

arguments fell apart and he came short of an explanation. This is not surprising,

based on Vinner’s (1991) comment that:

No matter how your association system reacts when a problem is posed

to you in a technical context, you are not supposed to formulate your

solution before consulting the concept definition. This is of course, the
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desirable process (p. 72).

Thus he believes that definitions in mathematics have the potential to keep us

on the right track and save us from many traps that may be set by the concept

image. If the concept image is not closely based on the concept definition then it

can lead to mistakes. This is likely to be the case with many of the students in this

study.

The second group of students were those who were able to learn the definitions

and quote them but while solving problems, did not consider the definitions. For

example in an interview student 2C-5 expressed her views on the importance of the

definitions as follows:

I think they are very necessary [meaning definitions]. It just gets really,

I don’t know, weird if I think this thing without knowing the actual

definition because definition is like perfect and exact truth. Explanation

of the whole thing.

However, later in the interview she tended to separate out thinking about the

idea of linear independence from doing problems involving it, “two lines that are

not parallel that is what I think first and also the matrix but that’s usually when I

am doing problems not when I am thinking about linear independent.” This seems

to indicate that she does not find the formal definition useful as a problem-solving

tool, as a way to think about the concept in context.

Student 2C-7 also said “linearly independent, just like how vectors v1,v2 . . . ,vn

and like form a vector equation like c1v1 + c2v2 + + cnvn = n. The equation has

like the unique solution, basically c1 = c2 = c3 = 0 and the vector is called linear

independent”. However, she also followed it up, with a symbolic world, process view,

saying that “If you like write into row echelon form then you have got a perfect

1,0,0,0,1,0,0,0,1, so you can get c1, c2, c3 = 0 so you can get linearly independent.”

It turned out, again, that the definition played a lesser role in her thinking, since

when she was asked whether it was the first thing that came to her mind, she said:

“no, actually, the first thing is how to decide is linearly independent like the rank is

less than number of the vectors”.

In summary, it seems that a sizable number of students had difficulty in express-

ing their understanding of the definitions. Moreover, results indicated that for some
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students it is important to learn the definitions and quote them but when it comes

to solving problems, the definitions are not as relevant.

6.3.6 A possible process/object difficulty with Ax = λx

In search of students’ difficulties with concepts, clearly the results indicated students’

limited knowledge of eigenvalues and eigenvectors. It was hypothesised that some

students may also have difficulty with the symbolic representation of these concept

namely Ax = λx. Thus the question was: Could the tension in the equation (namely

that the two sides of the equation are different processes, but have to be encapsulated

to give equivalent mathematical objects) have an effect on student understanding

of what is a crucial part of the definition of an eigenvector. In other words, could

students recognise the fact that the left hand side of the equation shows the process

of multiplying (on the left) a vector (or matrix) by a matrix, while the right hand

side is the process of multiplying a vector by a scalar resulting in the same vector

as the final object.

Question 7 relating to eigenvalues and eigenvectors (see Figure 5.49) examined

this possible process/object problem (Stewart & Thomas, 2006a; 2006b; 2007b).

Results indicated that working within the algebraic symbolic world, moving from

Ax = λx to (A− λI)x = 0 was not perceived as straightforward by many students.

This is not surprising since both first and second year students’ course manuals

did not emphasise clearly the fact that Ix = x. It should have been explained in

teaching that the identity being used in the process is an n×n matrix, and it is the

vector x that is being multiplied by this identity not the λ, as Ix = x, so λI 6= λ,

and therefore λIx = λx.

The interviews confirmed that most students did not know the role of the identity

matrix in the equation Ax = λx. For example one student said: “I always put it

right from the start and then rearrange it, I really never had that problem”(2C-8).

In contrast student 2C-5 said:

I times the vector were equal to vector itself, it took me a while to get

it because we had to prove it in the class. I tried to times the identity

matrix by scalar. It didn’t work that way, and then I tried the other way

around, that’s why I did when you first asked us to prove it, I was like
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how does that work? Because it doesn’t work that way.

In summary, the results revealed that the majority of students struggled to show

the algebraic symbolic world progression from Ax = λx to (A − λI)x = 0. The

results of the tests and interviews confirmed that most students never considered

the existence of such a conflict in the equation until they were confronted by it.

6.4 The effects of using the embodied ideas in

teaching/learning

To investigate the effects of embodied ideas in teaching/learning, the following re-

search question was considered:

Does studying the concepts, in the three worlds of embodied, symbolic and formal

mathematics, help build linear algebra knowledge? Does a visual embodied approach

to linear algebra concepts help/add to understanding , and if so, how?

As Tall (1995) reveals:

Ancient Greeks developed a theory of geometry (including geometric con-

structions of arithmetic) without any symbolism for algebra and arith-

metic, and it is possible to develop arithmetic and algebra without any

reference to geometry. However, many useful links have been made be-

tween visual and manipulative symbolic methods and it is clearly oppor-

tune to take advantage of them to develop a versatile approach which

uses each to its best advantage.

While I believe that visual ideas are a valuable part of teaching linear algebra, it

was difficult to measure this in terms of a significant increase in students’ conceptual

understanding. However, the results provided some evidence concerning students’

conceptual understanding that are worth considering. Based on the limited data

from case study 2(b) there is some evidence showing that the use of embodied no-

tions helped. For example student 2B-1’s perception of scalar multiplications and

his embodied views of linear combination considerably changed in the second test

(see Figure 5.5 and Figure 5.22). Later after the exam, he mentioned: “It was really
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helpful to understand the basic of concept. When I began reviewing without tuto-

rials, I could do any question about that part”. And student 2B-3 said: “It’s quite

helpful. It clarifies my confusion of theories...such as basis, subspace, span–which

I confused through the semester”. Student 2B-2 also showed a significant amount

of insight as he was presented with embodied ideas of eigenvalues and eigenvectors

after the interview. He was able to link many pieces of the puzzle that bothered

him previously. For example he linked the idea that the eigenvectors are linearly

independent, and the fact that there are infinitely many eigenvectors, as he said:

Yeah, of course, it’s something wrong, it’s something wrong, infinity and

finite is a different idea, it is got infinitely many vectors! So oh! I got

another thing! So now I understand what is eigenspace. Eigenspace

is those vectors under scalar multiplication formed to form those basis.

Those vectors are span to form the,..so that’s where the eigenspace came

from. I didn’t understand what is the meaning of those eigenspace be-

cause I only knew those vectors, you know! My previous understanding

of eigenvector it’s only those little finite vector, the vectors how to solve

a base, because base subspace neither span and scalar multiplication and

to form a space. So those several span cannot form a base because its

not under scalar multiplication. It has not scalared.

Student (2B-3) also commented on the effects of visual representations on her

understanding and seeing the relationship between concepts, as she said:

I basically .. when I was in lecture I mixed up all the relationship between

definitions of subspace linear comb. I mixed up and I think no clear

definition of, but when I came to your tutorial there was some graphs

and also very clear explanation that helped me to understand, so does

my friend tell me, she also came to your tutorial. And if I become a tutor

I teach as your way, first I give them the introduction and give them the

build relationship between them and graph them, not the definition. I

think its too difficult to understand , makes them confused.

Although, there is no intention to make strong claims, the overall results seem

to show that students who were taught under researcher’s style of teaching (case
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study 2(c)), emphasising the embodiment and linking of the concepts and different

representations had a richer understanding.

As a result, these students showed a good grasp of a variety of ideas in linear

algebra, were able to make connections between them, and gave a richer concept

maps for the requested concepts (see Figures 5.28 and 5.39). It was interesting that

they answered most questions and there were no lack of explanations when it came

to the interviews. It seems that having a grasp of the concepts in the embodied

world helped them to move more confidently toward the symbolic and the formal

worlds.

For example, students felt more comfortable defining the term linear indepen-

dence (specially during the interviews) than the students from case study 2(b), as

definitions were emphasised and linked to other concepts during the lectures and

were even included in the first assignment. Hence, students were familiar with link-

ing the concept of linear independence and linear combination (44%). So in some

ways it appears that the researcher’s style of teaching in emphasising the importance

of the definitions and the link between the different concepts helped students. Simi-

larly, with the case of defining the term basis 62.5% of the researcher’s students were

able to link their thinking to the fact that the vectors must be linearly independent

and span (a process-formal view).

Students’ embodied ideas were also noticeably strong as many concepts were

taught visually in the class. Thus it was no surprise that most students from case

study 2(c) were able to recognise the correct diagram relating to the concept of

subspace and all students recognised the correct diagram for the concept of linear

dependence. In justifying their replies 75% of the students used the phrase “all the

vectors are in the same plane”. I believed it is important that during the lectures

students get exposed to embodied aspects of a concept as well as its definition. As

Harel (1997, p. 109) points out:

In the absence of a concept image that sustains the concept definition,

these students are unable to retain the concept definitions for a long

period of time. Once the concept definition is forgotten, they are unable

to retrieve or rebuild it on their own. Such multiple representations

of concepts are important since students must create meaningful links

between representational forms which are addressed as representational
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fluency (Lesh, 1999).

It was interesting to see students who were thinking geometrically in cases where

it was not expected of them. For example in Question 2 in the linear independence

and dependence section, both students 2C-1 and 2C-2 made nice embodied con-

nections, where others mostly preferred a symbolic-matrix one (see Figure 5.32)

(Stewart & Thomas, 2007c).

The results showed that most students (case study 2(c)) were able to move

between the representations and were able to explain the links between formal and

embodied notions. This was confirmed by student 2C-5’s comments in an interview

as she said: “usually I go back to the definition first all the scalars to be zero if two

vectors are independent can not be parallel and in R
3 they can’t be on the same

plane.”

Students from case study 1(a) who were taught eigenvalues and eigenvectors

geometrically by the researcher also gave clear, visual embodied concept images of

eigenvectors as they said: “After transformation the direction of eigenvectors will not

change”(1A-6). “Eigenvector is a vector which does not change its direction when

multiplied (or transformed) by a particular matrix. An eigenvector can change in

length, but not in direction”(1A-8). It was noted that student 1A-8 had additional

embodied notion of change of length as part of her schema (Stewart & Thomas,

2006a).

Similarly, in case study 2(c) (the researcher’s students N=16), 37.5% referred

to the direction of the vector (when defining the term eigenvector). Here are some

of their responses:“This is a vector which when multiplied by its corresponding

matrix, say A, changes its magnitude but not its direction”(2C-2). “Is nonzero,

extend a vector in same direction by multiplying it with the eigenvalue” (2C-3).

“Vector that is multiplied with a matrix should be in the same direction as that

of matrix A”(2C-11).“Vectors that can amplify another vector at same direction

through multiplication”(2C-14). “When a matrix is used to transform a vector”(2C-

10). The above comments clearly demonstrate how these students are thinking in

the embodied world as they are pointing out the properties of the eigenvectors

geometrically.

In contrast, there was one case, where students had no idea about the embodied

notions of eigenvectors and eigenvalues, which supports the belief that the geomet-
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rical aspects of eigenvalues and eigenvectors may have not been discussed in the

lectures. In case study 2(a) students were asked to draw a concept map specifically

on their understanding of eigenvalues and eigenvectors. Of the 42 students not a

single one wrote anything even remotely linked to geometry in their concept map.

18 of the students did not draw anything at all, while 21 drew a procedural map and

3 a conceptual one, with few, or no, action verbs. Figure 5.64 illustrates a typical

example of the procedural concept maps, and one of the rarer conceptual ones. Stu-

dent 2A-28 sees the solving process as the only relevant detail, while student 2A-30

presents only concepts, including a link to one from another part of the course.

In summary, there is some evidence showing that studying the concepts in the

three worlds of mathematical thinking helped students to build linear algebra knowl-

edge. In particular the introduction of embodied aspects of the concepts proved a

valuable adjunct to their thinking.

6.5 The usefulness of the proposed learning frame-

work

The following research question was concerned with regard to evaluation of the

framework:

Can we construct a useful learning framework to emphasize the three worlds

of mathematical thinking, and the transitions between action, process, object and

schema conceptions in linear algebra? What variables influence the stability and

usefulness of the framework, and how?

As part of this thesis a framework based on the conjunction of two learning

theories, namely APOS and the 3 worlds of mathematics was constructed. It is

difficult to evaluate fully the effectiveness of this framework, considering that there

has been limited experience with teaching based on the framework, and limited data

to analyse. However, from the researcher’s point of view although this framework is

clearly not perfect it provided an excellent starting point for making sure that the

concepts were constructed carefully and presented from many angles in the lectures.
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Moreover, the framework proved to be a valuable tool in analysing students’ thinking

by providing evidence of students’ level of thinking based on the specific cells or

regions of the framework. For example by analysing students’ work we could observe

which region or cells of the framework students’ thinking was in. We could also trace

which parts of the framework students were not. So the framework can be used to

discover students’ thinking abilities. By finding out a student’s weak points in their

understanding and thinking, the instructor can see the areas that need improvement

and how to address them.

Based on the results of this research the majority of students were in the symbolic

world, so the question would be, if the three worlds of the mathematical thinking are

hierarchical, how did the students reach the symbolic world without passing through

the embodied? In other words if student thinking is based in the symbolic world

surely they would have had embodied ideas too, since they are relatively easier than

the symbolic ones.

The answer to this question is not trivial. In Tall’s description of the three worlds,

he often refers to the entire mathematics from school mathematics to calculus and

more advanced algebra and right through to the definitions and axioms in the formal

world. There has been no study examining the development of a single concept of

advanced mathematics through these three worlds. How could we apply his theory

to such a single concept? In other words, to construct conceptual understanding

does one have to start from the embodied, travel through the symbolic, and finally

arrive at the formal world?

As Tall (2007) illustrates in Figure 1.2 in an ideal world this is likely the case.

Most students need to symbolise the embodiment and embody the symbolism first

and only after fully integrating them they will reach at the formal world. However,

in the real world it is possible to be solely in the symbolic world of thinking by

following the steps of the instructor in the class. For example students can dwell

in the world of matrices, where they find a basis for a Nullspace and row-reduce

matrices to see whether a set of vectors are independent or not, and ultimately pass

the course and satisfy the expectations of the examiners. However, in all of this

they may not know what the concepts actually mean and where they come from

and not have embodied conceptions. Apparently this is not only quite likely but it

is a common scenario. As Tall (2004a, p. 30) reveals:
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There are many occasions when individuals do not encapsulate a given

process into a thinkable object and instead carry out the procedures

in a routinised way based on repetition and interiorisation of learned

operations. This happens not only with students who fail, it can happen

in a very successful way, in which familiar procedures are performed

on symbols that do not have natural conceptual embodiments for the

individual concerned.

On the other hand, a mathematician can comfortably live in the symbolic and

embodied worlds since he is able to reverse and construct embodied views, as well as

going forward to the formal world. The possession of a rich schema allows him/her

to tie all the pieces of his knowledge in a way that the student may not be able to.

Thus, the claim is that it is the embodied view that gives deep meaning to the

concept allowing us move toward the formal world. In the case of the students

in this research, it appears that since they often lacked embodied aspects of the

concepts and thus could not move away from the symbolic world to the world of

formal mathematical thinking.

Developing this framework proved to be a major task, and some cells of the

framework still remain empty due to the complexity, and it must be considered as a

work in progress. For example, the action-formal cell was a difficult one to analyse

as it is not clear what could be an external action in the formal world.

It seems that we may be able to consider a definition as an action if this is

given to the students (as an external stimulus)(based on personal correspondence

with David Tall). So what an individual does with a given definition, for example

performing a sequence of activities in the formal world, can then be considered as a

process in the formal world.

I consider both theories that were employed to build this framework equally

important and useful, however it was the desire of this research to highlight the

importance of teaching and learning using embodied ideas. So in a way the first

column of the framework was emphasised more. It would be also useful to investigate

other columns or rows of the framework for example the formal column or the object

row in future studies.

In summary, although the initial job of putting the two theories together was

tedious, the finished product (namely the theoretical framework) provided a useful
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tool in research for evaluating students’ thinking processes and was a valuable tool

in analysing the presentation and preparations of the lectures. While one of the

main focuses of this research was on the first column of the framework, in order to

examine students’ learning processes it would be useful to study other columns or

rows of the framework in more detail.

6.6 Summary

The discussion of the main results of this research highlighted many areas of difficul-

ties that students have with linear algebra concepts. The extensive evidence revealed

that the majority of students had major problems understanding the concepts that

are the essence and foundation of a linear algebra course. However, based on limited

data, evidence showed that including embodied ideas and using multiple representa-

tions had an effect on students’ understanding. It is suggested that a central goal of

mathematics education should be to increase the power of students’ representations

(Greer & Harel, 1998). Thus, employing a visual, embodied approach to the teach-

ing of linear algebra concepts, which are often treated symbolically or formally, can

enrich students’ understanding and satisfy this goal (Stewart & Thomas, 2007c).



Chapter 7

Recommendations for Further

Research

If we want our students to be enthused by mathematics, to approach it eagerly and posi-

tively, and if we want them to appreciate what mathematics is like as a discipline rather

than simply a body of definitions, theorems, proofs and techniques, then it behoves us to

be mathematical with and in front of our students.... This does not mean that it is ef-

fective to walk in and solve a lot of problems, formulate definitions and prove theorems

in front of them, mindless of their presence. On the other hand, neither is it effective to

give a truncated and stylised presentation which supports the impression that mathematics

is completely cut, dried and salted away, that it is something that one can either pick up

easily or not at all.

John Mason (2002, p. 4)

The aim of this research was to investigate the level of conceptual and procedural

understanding of linear algebra concepts among first and second year university stu-

dents. An initial pilot study provided enough evidence, to convince the researcher

to design a theoretical framework to pursue an alternative approach for the teach-

ing and learning of a group of linear algebra concepts. Based on the methodology

a number of case studies were carried out and the outcome from the tests, inter-

views and concept maps were analysed. It is important to note that, it is not the

intention of this study to generalise these findings for all the mathematics students

of this, or any other university. However, the results indicate strong reasons for
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proposing further investigation in teaching and learning of linear algebra concepts.

Based on the findings of this research, the following evaluation of the research and

recommendations for possible further research are presented.

The construction of the framework was one of the most challenging and exciting

parts of this thesis, and represents a useful contribution to the literature. It proved

difficult to incorporate a combination of two fairly powerful and significant learning

theories, that in some ways differ, and unite them to form a unique new frame that

can operate as a basis for research on examining students’ understanding, and as a

teaching tool. One aspect of this was that it was not easy to cover all the cells of the

framework, for example, finding actions that were external yet could be performed

in the formal world, or think an of object in the embodied world. Thus, some parts

of the framework still remain empty. It would be useful to extend the framework to

cover the entire cells of the framework. In a more theoretical approach in further

research, it would also be beneficial to consider the hidden assumptions made by

the two theories and examine their (in-)compatibility.

The suggestion by some audiences in conferences where this framework has been

presented has been to consider more advanced ideas such as linear transformation.

The reason this was not done was partly because the students available were gen-

eral mathematics students. Hence the material was written to accommodate their

needs. However, it is certainly possible to extend the ideas presented here to include

further linear algebra concepts in more advanced mathematics courses, and this is

recommended for research. Moreover, further research applying a similar framework

to other mathematical areas of study, such as analysis would be beneficial.

This research was partly restricted and limited by the small sample sizes. Hence,

it would be helpful not only to have a larger number of participants, but also to

mount a longitudinal study following their progress from the first year to the second

year and considering the effect of learning and understanding based on the framework

over a longer period.

One of the main focuses of this research was on the effect of embodied thinking

in learning mathematics (the first column of the framework). Deeper investigation

of other columns or rows of the framework, for instance studying the formal column

and evaluating how students reach formal thinking could produce interesting results.

Although APOS theory has been tested and tried in many university courses
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the theory of the three worlds of mathematical thinking as yet has not been in-

vestigated in practice very much. Hence, it would be valuable to follow university

students’ thinking processes as they move from one world of mathematical thinking

to another for each concept. This research also raises other questions that would be

investigated, such as: Are there better and less useful ways to integrate embodied

and symbolic views in linear algebra courses? To what extent are embodied views

appropriate at more advanced levels of mathematics, for example in modern algebra

courses? The answers to these questions could provide a rich source of data for

enhancing the theoretical framework.

7.1 Research into the teaching of linear algebra

using the framework

Teaching the concepts using the framework was an important part of this study.

It was ideal to have the opportunity to teach a course that was covering the main

concepts of this research, and having students who were willing to participate in

this study. The task of teaching a new course based on the three worlds of embod-

ied, symbolic and formal ideas, simultaneously covering the material suggested in

the course manual and working through the course requirements was not simple.

Moreover, there were parts of this equation that the researcher had no control over.

For example, the assessments, and so on, were all based on the traditional setting,

and so she could not emphasise too many things that students were not going to be

tested on.

If the intention were to design a course completely based on the suggested frame-

work, then much more time and effort in preparing teaching materials and the full

cooperation of the department would be needed, in order to build conceptual under-

standing based on APOS and three worlds of mathematical thinking. For example,

it would be ideal to teach a class using the framework for the whole course, rather

than teaching for a limited time before their examinations. One might ask, what

type of students would come to a help class a few days before an examination? That

is a good question to ask. Possibly a very good student, a keen student, or maybe

a weak student, hence giving rise to a somewhat biased sample.
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The researcher’s student evaluation (teaching Maths 208 during 2007), was a

good enough (score: Mean = 8.20) to be chosen to represent The Mathematics

Department for a review of teaching Maths 208 as part of the BTech programme.

The lecturer’s evaluation showed that most students appreciated the extra hours

she spent on Mondays, and some seem to have appreciated her teaching style as

shown by the response to the question: What was most helpful for your learning?

One student wrote: “Inspirational teaching methods; teaching methodology; one of

the best maths lecturers, pep talks to give me inspiration that I can do maths”.

In summer 2008 when the researcher taught the same course again (based on the

framework, with no data collection this time), in response to the question of: What

was most helpful for your learning? One student wrote: “Enthusiasm of lecturer and

turning a relatively dry area of mathematics (linear algebra) into something really

interesting and easy to understand”.

Based on the experience in this research and the value perceived by the students I

would certainly recommend that mathematics departments design courses that tar-

get development of advanced mathematical thinking. Therefore, it is recommended

that lecturers try to help students gain formal understanding of concept from their

embodied aspects. For example, in teaching the concept of linear combination at

first year level teachers may consider increasing their emphasis on the embodied

aspects of the concept such as vector and scalar multiplication.

7.2 Summary

In summary my hypothesis is that embodied world thinking is valuable because

it increases the availability of concept representations, makes the thinking richer,

and encourages the possibility of versatile thinking (Thomas, 2008a). I think that

adding a visual, embodied approach to teaching of linear algebra, that is often based

on symbolic and formal world thinking would be most beneficial to students. I am

continuing to refine the framework and further research is under way to examine the

value of the framework in learning and teaching of linear algebra courses.
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Appendix A

Linear algebra questions (Pilot

study)

1. Explain each of the items in your own words. (DO NOT simply repeat a
definition.)

(a) Invertible matrix

(b) Eigenvector

(c) Basis

(d) Spanning set

(e) Linear combination

(f) Subspace

(g) Linearly independent

2. Three vectors a, b, c form a basis for <3. Then either a, b or c must be
(1, 0, 0).

True ¤ False ¤

Explain.

3. Let A be an n × n matrix. List at least 3 statements which all mean that A
is an invertible matrix.

4. A set that contains the zero vector is never linearly independent.

True ¤ False ¤

Explain.
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5. Definitions: Two subspaces U, W of an inner product space V are said to be
orthogonal if for every u∈ U and every w∈ W, <u,w>= 0. If U and W are
orthogonal we write U⊥W. Considering the above definition, can we say:

Rowspace(A)⊥ Nullspace(A)

True ¤ False ¤

Explain.

6. Explain what can you tell about an n × n matrix if Rank A = n.

7. What can you say about the solutions of a system of linear equations repre-
sented by a 3 × 4 matrix A if Nul A=1 ?

8. If a linear transformation is represented by a matrix Q, and a vector P exists
such that QP = 3P, what does the 3 tell us about this transformation?

9. If U and W are orthogonal subspaces then U∩W= 0.

True ¤ False ¤ Explain.

10. The vector z =





7
4
−3



 can be written as a linear combination of the vectors

u =





1
−2
−5



 and v =





2
5
8



. Draw a Geometric representation of this

relationship.

11. If an n×n matrix is diagonalizable, what does this tell us about the eigenvalues
of the matrix?

12. Which concepts in linear algebra do these diagrams refer to? Reason.
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A.1 Linear Algebra Attitude Questionnaire

Gender: Male¤ Female¤ Age: 18-12 ¤ 22-25 ¤ 26-30¤ 30+¤

5- I STRONGLY AGREE (SA) with the statement
4- I AGREE (A) with the statement
3- NEUTRAL (N)
2- I DISAGREE (D) with the statement
1- I STRONGLY DISAGREE (SD) with the statement
For each statement below please circle the number which most closely corresponds
to your own view.

SA A N D SD
1. I understand most definitions in the 152 5 4 3 2 1

linear algebra course.
2. I do not like definitions in linear algebra. 5 4 3 2 1
3. I believe definitions are important in 5 4 3 2 1

linear algebra.
4. I find it really hard to memorise too many 5 4 3 2 1

definitions in linear algebra.
5. The linear algebra textbooks available for 5 4 3 2 1

this course are very helpful.
6. I am very happy with the 152 linear algebra 5 4 3 2 1

study guide.
7. I would like to improve my linear algebra 5 4 3 2 1

knowledge.
8. This university should offer a separate 5 4 3 2 1

paper called “Introduction to Linear Algebra”,
which will explain the concepts a bit slower
and more thoroughly.

9. I feel lost during the 152 linear algebra 5 4 3 2 1
classes.

10. There is a big jump from paper 151 to 152 5 4 3 2 1
linear algebra.

11. Understanding the concepts is the main 5 4 3 2 1
difficulty of most students in linear algebra.

12. I would prefer to use the computers to do 5 4 3 2 1
the calculations for me so I can concentrate
on Understanding the linear algebra concepts.

13. I try to memorise the definitions in 5 4 3 2 1
linear algebra.

Comments(Please write anything else you consider relevant to your learning of
linear algebra):



Appendix B

Eigenvalues and eigenvectors
questions (case study 1(a))

1. Describe the definitions of eigenvalues and eigenvectors in your own words.

2. Let A =

[

1 2
4 3

]

be a 2×2 matrix. What are the eigenvalues and eigenvectors

of matrix A.

3. Suppose A is a matrix representing the following transformation:

A

[

1
2

]

= 3

[

2
3

]

What does this tell us about the 3? Describe this Geomet-

rically.

4. How can we decide whether a given vector is an eigenvector of a matrix?
Explain this in your own words.

5. When is an n × n real matrix A diagonalizable?

6. λ = 0 is an eigenvalue of A if A is singular. True or False? Explain.

7. Suppose a 2× 2 matrix A is symmetric. What is special about its eigenvalues
and eigenvectors?

8. Give an example of a real 2 × 2 matrix with no real eigenvalue.

9. Is it possible for a 2-D linear transformation to have eigenvectors

[

−2
3

]

,

[

1
4

]

,

[

−1
1.5

]

?

Why?

10. Describe what this diagram may represent as best as you can.

268



Appendix C

Vectors, scalar multiples and
linear combination questions (case
studies 1(b)& 1(c))

1. In the diagram below

(a) What vector is equal to AD + DC?

(b) Draw on the diagram a vector equal to AD + BC.

2. (a) Fill in the BLANK: If v = (v1, v2, ..., vn) is a vector in R
n, and k is any

scalar,

then we define kv =

(b) If v is a vector as shown below, then show how to construct the following
vectors:
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• 3v

• −1
2
v

• −3
2
v

3. What can you say about the vector kv + mv, where k and m are scalars?

4. Let u =





−1
2
3



 and v =





5
0

−2



. Find −3u + 4v.

5. Let c1, c2, and c3 be scalars and x1,x2,x3 and b be vectors, such that:

c1x1 + c2x2 + c3x3 = b.

(a) Is this a linear equation? Explain.

(b) Re-write the above equation in a vector format.

6. When is it possible to find scalars c1 and c2 and vectors v1,v2 in R
3 such that

c1v1 + c2v2 lies along the z-axis? Explain.

7. If we have a linear combination of 2 vectors u1 and u2, c1u1 + c2u2, and λ is
a scalar, then what does λ(c1u1 + c2u2) give?

8. Let v1 and v2 be 2 vectors in R
2. Consider the linear combinations c1v1+c2v2

and c3v1 + c4v2.

How is the linear combination of these, k(c1v1+c2v2)+m(c3v1+c4v2), related
to the original 2 vectors?

9. Consider the following vectors a,b and c:
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Copy these vectors and show how to construct a diagram to demonstrate the
following:

c = ka + mb

10. Let a1, a2, a3 be nonzero scalars, and v1,v2 and v3 be vectors.

(a) Is it possible in R
2 to have a1v1 + a2v2 = 0? Explain.

(b) Is it possible in R
3 to have a1v1 + a2v2 + a3v3 = 0? Explain.

11. In R
2 we form a linear combination a1v + a2w of 2 vectors v =

(

v1

v2

)

and

w =

(

w1

w2

)

.

Are there any values of x1, x2 for which it is NOT possible to have

a1

(

v1

v2

)

+ a2

(

w1

w2

)

=

(

x1

x2

)

? If so describe them.

12. (a) If a and b are two vectors such that a is parallel to b, is it possible to
find λ and µ such that:

λ(a + b) = µa? Explain.

(b) Can we find scalars α, β and γ such that:

α





a1

a2

a3



 + β





b1

b2

b3



 = γ





b1

b2

b3



? Explain.



Appendix D

Eigenvalues and eigenvectors
questions (case study 2(a))

1. Define the notion of eigenvalues and eigenvectors in your own words.

2. Can

[

3
−4

]

and

[

−3
4

]

both be eigenvectors for a given matrix? Explain

your answer.

3. Concepts maps are often a good way of learning about a new concept. Here is a
concept map for the derivative of a function. Draw one below for eigenvectors
and eigenvalues?
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4. If A is a 2 by 2 matrix, explain why the picture below is not possible.

5. If Ax = λx put in all the necessary steps in order to show that

(A − λI)x = 0.

6. What do these all have in common? Explain.
[

−1 −2
−2 −1

] [

1
−1

]

=

[

1
−1

]

[

−1 −2
−2 −1

] [

1
1

]

=

[

−3
−3

]

[

2 0
0 2

] [

4
3

]

=

[

8
6

]

Fill in values a,b,c,d that do not follow the above pattern.
[

−1 −2
−2 −1

] [

a
b

]

=

[

c
d

]



Appendix E

Linear algebra questions (variety
of concepts) (case studies 2(b) &
2(c))

1. If v is a vector as shown below, then show how to construct the following
vectors:

• 3v

• −1
2
v

• −3
2
v

2. Determine whether u,v and w lie in the same plane when positioned so their
initial points coincide.
u = (1, 1, 0),v = (3, 0,−1),w = (1, 0, 0)

3. (a) Describe the following terms in your own words.

i. Linear combination

ii. Span of a set of vectors

iii. Linearly independent

iv. Basis

v. Subspace

vi. Eigenvector
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(b) Concepts maps are often a good way of learning about a new concept.
Here is a concept map for the derivative of a function.

Use your explanations to part (a) to design a concept map of the concepts in
1(a)(you may also make use of the concepts of vector and scalar multiple, or
any other appropriate ideas).

4. Consider the following vectors a,b and c:

Copy these vectors and show how to construct a diagram to demonstrate the
following:

c = ka + mb

5. Which one of the following diagrams represent the linearly dependent vectors?
Explain.
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6. If A is a 2 by 2 matrix, explain why the picture below is not possible.

7. Which of the following diagrams represent a subspace? Explain.
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8. What does this diagram tell us about the relationship between the vectors a,b
and c?

9. Can

[

3
−4

]

and

[

−3
4

]

both be eigenvectors for a given matrix? Explain

your answer.

10. If v1,v2 are non-collinear vectors in R
3, explain how the following are related:

(a) span {v1,v2}
(b) a subspace of R

3 containing both v1and v2.

(c) the set of all linear combinations of v1and v2 of the form a1v1 + a2v2

where a1, a2 ∈ R.

11. When is it possible to find scalars c1 and c2 and vectors v1,v2 in R
3 such that

c1v1 + c2v2 lies along the z-axis? Explain.

12. (a) Is it possible in R
2 to have a1v1 + a2v2 = 0? Explain.

(b) Is it possible in R
3 to have a1v1 + a2v2 + a3v3 = 0? Explain.
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13. Let v1 and v2 be 2 vectors in R
2. Consider the linear combinations c1v1+c2v2

and c3v1 + c4v2.

How is the linear combination of these, k(c1v1+c2v2)+m(c3v1+c4v2), related
to the original 2 vectors?

14. Let v1 =





1
−2
−3



,v2 =





−3
5
7



, v3 =





−4
5
6



, and H =Span{v1,v2,v3}.

Note that v3 = 5v1 + 3v2, and show that Span{v1,v2,v3} = Span {v1,v2}.
Then find a basis for the subspace H.



Appendix F

The interview questions

Due to the mathematical nature of the questions, it is not possible to include all
of them, however here are the main interview questions, which were used in this
research.

• What is your understanding of the term linear combination?

• What is your understanding of the concept linearly independent? What was
the first thing that came to your mind?

• How do you relate the linear combination and linear independent?

• How do you see the relationship between the linear combination of the vectors
and the span of the vectors?

• What is your understanding of the basis?

• What do you remember about a subspace?

• What can you remember about the idea of the eigenvalues and eigenvectors?

• In the case of Ax = λx where does the I come from?

• How do you feel about all the definitions in linear algebra?
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