* ok
Gl

P

THE UNIVERSITY OF

Libraries and Learning Services

University of Auckland Research
Repository, ResearchSpace

Suggested Reference

Berber, S. (2015). Comprehensive Analysis of Uniform Discrete Truncated
Random Variables (695). Auckland: Department of Electrical and Computer
Engineering, University of Auckland.

Copyright

Items in ResearchSpace are protected by copyright, with all rights reserved,
unless otherwise indicated. Previously published items are made available in
accordance with the copyright policy of the publisher.

For more information, see General copyright.



http://webauthor.lbr.auckland.ac.nz/services/research-support/depositing-theses/copyright

Comprehensive Analysis of
Uniform Discrete
Truncated Random
Variables

by

Dr Stevan Berber

Faculty of Engineering Report

Department of Electrical and Computer Engineering
The University of Auckland

November 2015

THE UNIVERSITY OF AUCKLAND



Abstract

This Report presents a brief review of uniform continuous density functions, both un-truncated
and truncated, which are well described in existing literature. Then the discrete density
function is derived and expressed in terms of Dirac’s delta functions and related mean and
variance are derived and analyzed. The necessity of having truncated discrete density function,
from the application point of view in communication systems, for example, is explained and
related density and distribution functions are derived. For these functions, the mean and
variance are expressed as functions of the length of the defined truncation interval and
compared with related moments of the continuous truncated density function. The important
advancement is achieved by deriving the truncated discrete density functions and expressing
them in terms of Dirac’s delta and unit step functions. In this way it became possible to solve
integrals which contain these density and distribution functions. Analyses of density functions
with zero mean are repeated in the Appendix 1 for the case when the mean has a finite value.



Contents

A 0L - Uod SRS 2
1. Continuous uniform density FUNCLION ..........cccoiiiiieii e 4
1.1 Continuous density and distribution FUNCLIONS...........cccooeiiiiiiiiiis s 4
1.2 Moments of the uniform continUOUs diStribULION..........ccooviiiiiiine s 4

2. Truncated continuous uniform density FUNCION ..........cccooeieiiiiiiii s 6
3. Derivations for the discrete density and distribution functions............cccoecevviiiii i, 8
3.1  Discrete density and distribution fUNCLIONS..........ccceeiiiiiiic i 8
3.2 Comments on the diSCretisation PrOCEAUIE ...........coveieiriririe et 10
3.3 Derivations of the moments for the discrete random variable ............cccccooviiiininiiinennn. 12

4.  Truncated discrete uniform density and distribution functions............cccccceveiiiiiniinncice 14
4.1  Derivation of the truncated density and distribution function.............ccccoeevviiiiiiiciennnn, 14
4.2  Mean and variance of the truncated discrete uniform density function ..............cc.cccceevenee. 15

5. COMPAriSON OF VAITANCES. .......eciviitiiie ettt ettt sttt st e be e st e be e besbeeseeste e e e sreates 17
LG T 3 Tod 1115 o] 1SS 20
APENDIX 1 Density and distribution functions for a finite value of the mean............ccccecevien 21
1. Continuous uniform density FUNCLION ...........cooiiiiiiiiiicee e 21
1.1  Continuous density and distribution fUNCLIONS............cccccceii i 21
1.2 Moments of the uniform continuous diStribution.............cccocveviiiiii i 21

2. Truncated continuous uniform density fUNCLION ..........ccocoiiiiiiii i 23
3. Derivations for the discrete density and distribution functions.............cccceoeveiiiininicnciee 25
3.1 Discrete density and distribution fUNCLIONS...........c.ccci i 25
3.2 Comments on the diSCretisation PrOCEAUIE ...........eoveeeireririe et 27
3.3 Derivations of the moments for the discrete random variable ............ccccooiviieiiiinnn 28

4. Truncated discrete uniform density and distribution functions.............ccccccevveiiiiiienieenienniennes 30
4.1  Derivation of the truncated density and distribution funCtion............cccocevvvvniieniienenen. 30
4.2 Mean and variance of the truncated discrete uniform density function ..............cccccceevenee. 31

5. COMPAriSON OF VAITANCES. .....cuiiviriiitirieieieieieeie ettt bbbttt bt e 33



1.  Continuous uniform density function

1.1  Continuous density and distribution functions

The density and distribution function of a uniform continuous random variable 7 can be
expressed as

1
fc(r){z—_l_c TC<T<TC}’ (1)

0 otherwise

| i(7+TC) —T.<7<T,
FE)= ]| =T, @)

e e 0 otherwise

and graphically presented, as shown in Fig. 1, for the mean value equal zero and the variance
2
o¢ .

fe (2)

1/2T,

-Te 0 T,

Fig. 1 Continuous uniform density function.

1.2 Moments of the uniform continuous distribution

The mean value is zero and the variance can be obtained as follows

0 T, 2 2
c 1 1(T, 1)
nc:E{T}:Jwr-fd(r)dr:T_jT TZ_TCdTZZ_TC[7_?]_O (3)
© T 3 3 2
. 2 2 (T T T,
E{r }_TLT -fd(r)dr—T_J:ch Z—Tcdf_z—Tc[?+? - )
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.
ol =E{r’}-n = 5 (5)

Now, we may express the density function in terms of the mean and variance values. The T,
interval is

T. =302 =0,3 (6)

and the density function is

1
-T <r<T
f()={20,\B ° i (M

0 otherwise
Like in literature when the functions is defined in an arbitrary interval (a, b)

T ((b-2)/2)° _(b-a)’

Var(r) = E{r*}-n?
(r) =E{r}-7n; 3 3 P

(8)



2. Truncated continuous uniform density function

Suppose the uniform density function is truncated having the values inside the interval (-T; +A
<1< T,-A), as shown in Fig. 2.

fi (2)

T (Te+A) 0 A T
Fig. 2 Continuous truncated uniform density function

According to the definition of the truncated function the truncated uniform density and
distribution function (1) can be expressed as

()~ f.(7) . 12T,
UP(T 4 A<T<T -A) [(T.-A)-(-T,+A)]/ 2T,
; 9
1/2T -T.+A<7<T -A A>0 ®)
= Tfe 1T -A)
(2T, -2A)/ 2T, .
otherwise
] (t+T,-A) -T.+A<7<T -A
F@)= | AT EUR .
TerA TR 0 otherwise
The mean value is zero and the variance, having in mind (9), can be obtained as follows
© T,-A 1
o =E{’}= | o f,(r)dr= 7 dr
t T—Iw r—l‘chA 2(Tc - A)
1 Lcrc—A)g_(—mA)sj
2T -A 3 3
(T.-A) (10)
_ 1 (Tc B A)(Tc B A)2 _ (_Tc + A)(_Tc + A)2
2(T. - A) 3 3

XY 2
U 3A) :%(1—A/Tc)2 — 62 (1-A/T,)?



Now, we may express the density function in terms of the mean and variance values. We may
have

ot =k 3A) =T,-A= 302 =0,\3, (11)

And the density function is

1
fo () =120, V3

0 otherwise

T, +A<r<T,—A A0 (12)

The problem of relating and comparing this density and its variance with the densities and
variance of discrete density functions will be addressed in the later Sections.



3. Derivations for the discrete density and distribution functions

3.1 Discrete density and distribution functions

Uniform discrete density: If a uniform continuous density function, expressed as

L Sr<T,
f.(r)=12T, :
0  otherwise

is discretised in respect to z, as shown in Fig. 3 with the interval of discretisation of Ts. the
probability value in the first interval around zero, n =0, is

P{T,/2<7<T,/2}= %TS , (13)

C

For the first positive value n = 1 the probability is

P{'I'S—TS/2£T<TS—TS/2}=%TS, (14)

c

and for the first negative value n = -1 is

P{—Ts—Ts/2£r<—TS+Ts/2}:%TS, (15)

4

For any interval defined by n the probability can be calculated as

P{2n-DT,/2<7r<(2n+DT,/ 2} = 2# T, (16)

c

fa(7)
e

(

P{T /2<7<T,/2}

-Te -STs ... -T/20T/2Ts ... ST T,

Fig. 3 Discretisation of an uniform density function.



These probabilities can be understood as the weights of Dirac’s delta functions that define the
discrete density function, which can be expressed as

0= Y, ZTTS-é(r—nTS). (17)

C
In the case the number of positive and negative discrete intervals is S, the whole interval is
2T, = 2ST, +T,, (18)

And the relations between the values T, Ts and S, which will be used later, can be found in
these forms

2T 9541, T,=(2S+)T, /2, 52T T 1 (19)
T 2T T 2

S S S

Now, based on (16) and (19) the probability that the random variable is in the n-th interval can
be expressed as

P{@2n-DT,/2<r<(2n+YT, / 2}= 2T (2sl+1) (20)

Therefore, the discrete density and distribution functions can be expressed as

f,(r)= Z m S(r—-nT,),

/T

F,(r)= sz(r nT,) (21)

and, for a unit interval Ts=1, itis

This function is presented in Fig. 4 for S =3.

fq (2)

[T

! T
-3Ts 0 3T;

Fig. 4 Discrete uniform density function presented using Dirac’s delta functions



Proposition: Function (21) fulfils condition to be a density function. The sum of terms in is
one.The distribution function fulfils condition of a dis

Proof:

=1 1
=——(25+1) =1
= 2S+1 2S+1

3.2 Comments on the discretisation procedure

The discretisation procedure applied in the previous Section was motivated by these reasons:

1. Preservation of the symmetry: The discrete density function is obtained by assigning
probability values as the weights of Dirac’s delta functions that are placed in the middle of the
sampling interval. In this way the discrete density function preserved symmetry in respect to y-
axis and the mean value remained to be zero as in the case of the corresponding continuous
function.

2. Preservation of the value of the sampling interval Ts: Representing the density function in
terms of T, and T, and relating them to the discrete sampling interval (25+1)Ts it is easy to
reconstruct the sampling interval and relate it to the real values in practical application. For
example, in the case of defining delay in communication systems these sampling intervals will
be expressed in appropriate time units.

3. Expression of density functions in closed form: By using Dirac’s delta functions, and
possibly Kronecker’s functions, the obtained density function of a random variable can be
easily used to calculate the mean values of the functions which have that variable as an
argument. In those cases it is simple to solve the integral that defines the mean value of a
function.

Other possible discretisation can be used, as presented in Fig. 3, for example. Two cases can be
distinguished:

1. The calculated probability in Ts interval (for example shaded interval in Fig. 5) can be
assigned as the weight of the left of the interval resulting in discrete values presented in
black colour in Fig. 5. This procedure should be repeated 2S time and a stream of
samples can be obtained that starts at —STs and finishes at (S-1)Ts. in this case two
issues have to be mentioned. Firstly, a mean value will exist for the discrete random
variable which is result of discretisation and does not exist in the continuous density
function. Secondly, continuous random values inside particular interval will be
assigned to the lowest value of the interval which will reduce statistical accuracy in
generating random variates in the case of simulation.

10



2. This case is similar to the previous. In this case the calculated probability in Ts interval
(for example shaded interval in Fig. 5) is assigned as the weight of the discrete value on
the right of the interval, and the discrete values are shifted to the right (represented by
arrows in Fig. 5). This procedure has the same characteristics as the previous one.

fa (7)
P{O<r<T}
£ y { y §
, | T
-STs ... -Ts 0 T, ... ST,

Fig. 5 Possible discretisation of a uniform density function.
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3.3 Derivations of the moments for the discrete random variable

Proposition: The mean, mean square and variance are expressed as

ny =0, (23)
E{r?}=T2 @ (24)
=E{r’}-n? =E{r*}=T7 @ (25)

and for the unit interval Ts= 1, they are

E{r’}= @ =0’ (26)
Proofs: The mean of the discrete density function is
My =T_j_wf f (r)dr = j r- Z —— 5(f nT,)dz _Zsij r-8(r-nT)dr
S S 27
1 n= n
= n+>yn
i (z S
The mean square value is
n=s o0 ) TZ n=S )
E{r dr— °-0(r—nT)dr = n
)= TL (@) 525+1,L ) 2S5 +1,=%
2 ne 2 (28)
AN ”inz 2T S(S+1)(25+)) _12 S(S+1)
2S+1+H 2S+1 6 3
The variance is
N S R B R (29)
which, for a unit sampling interval, Ts = 1, becomes
of = S(83+1) ' (30)

The variance can be expressed in terms of the variance of the continuous density. Having in
mind that

T =(S+DT./2=T,=2T,/(2S+1), (31)

12



and the variance expression of the continuous density
2

o B} -

the variance of the discrete density is

C

62_T23(5+1)_ AT)  S(S+1) T2 4S(S+1)  ,4S(S+1)

d s - 2 z_ac 2
3 (2s+1)* 3 3 (2S+1) (2S5 +1)

(32)

(33)
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4. Truncated discrete uniform density and distribution functions

4.1 Derivation of the truncated density and distribution function

In practical application the discrete delays are taking values in a limited interval defined as the
truncated interval (-S + a, S - a), where a < S is a positive whole number named truncation
factor. Therefore, the function which describes the delay distribution is truncated and has the
values in the truncated interval, as shown in Fig. 6.

f(7)

1]

(-S+a)T, 0 (S-a)T.

Fig. 6 Discrete truncated uniform density function presented using Dirac’s delta
functions.

Proposition: The density and distribution functions are given in closed by these expressions
form

055 2 26— o
Ft(T)_WnZSHU(T nT) (35)

Proof: Based on the definition of a truncated density function as a conditional density
function, the truncated discrete uniform density function can be expressed as

f(r)=1f,(r|-S+a<r<S-a)= fi(7)
P(-S+a<r<S-a)
S-a 1 S-a
nzs;azs ) 2, g g 0T (36)
$oL P
n:—S+a28+1

The value P(S) can be calculated as
14



&1 1 2S-2a+1
P(S) = = S-a+S-a+l)=—— 37
®) n=Zs“+6128+1 28+1( ) 25+1 37)

By inserting this expression into (41), the density function can be expressed in this closed
form, as stated in the proposition, i.e.,

2511 &2 1 1
fr)=_—2t Sr=MT)=—= Y §(z=nT). 38
((7) 25—2a+1n§+a23+1 (F-nT.) 28—2a+1n:§a (F=nT) (38)

and the related distribution function can be obtained by integration the last expression as

1 /T

> U(z-nT). (39)

F(r)=———
)= o5 et &

4.2 Mean and variance of the truncated discrete uniform density function

Proposition: The mean of the discrete truncated random variable is zero.

Proof: Based on the expression (38) for the discrete density function we may have

i 1 sa 9 T S-a
= f d = 5 _nT d - s n:O
T _J;T (r)dr 28—2a+1n=§a :[OT (r dr 28_2a_|_1n:_zs+a (40)

Proposition: The mean squared value of the discrete truncated random variable is

S—-a)(S—-a+1
E{TZ}=TSZ ( )(3 ) — O_IZ (41)
Proof: Based on the expression (38) for the discrete density function we may have
E{r’}= T *f (r)dr = _ Sfi T ’6(r—nT,)dr = T—Sz Sfi n
L 25-2a+1,5., 2, ) 2S-2a+1,4, 42)
_ o1 Sf‘:nz __ M (S-a)S-a+DRS-a)+D) o, (S-a)S-a+]) '
2S-2a+14 2S-2a+1 6 ) 3

15



The variance can be calculated form (41) and (42) as

O_tz _ E{TZ}—,UtZ :Tsz (S _a)(:sa _a+1) ,

which completes our proofs. For a unit sampling interval, Ts = 1, we can easily get expression
for the variance.

(43)

The variance (43) can be expressed in terms of the variance of the continuous density. By
inserting the expression for T from (19) and then expression (5), we may have the truncated
variance as a function of continuous in this form

_r2(S-a)S-a+]) _TA4S-a)S-a+]) _ ,4(S-a)S-a+])

2 _ L2V
o =ErIu 3 3 25+ ¢ (2541

(44)
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5. Comparison of variances

We are interest in statistical characteristics of these distributions and their mutual
interrelationship. For that purpose we will compare their variances. As a reference we will use
the variance of continuous density. All other variances will be expressed in terms of this
variance. The variances of the discrete density and truncated discrete density are already
expressed as functions of the variance of continuous density, which is presented in (33) and ().
and of the continuous density. Having in mind

T.=@S+DT,/2=T,=2T,/(2S+1) (45)
and the variance expression of continuous density,

TZ
or =EfrY-ni=1, (46)

the variance of the discrete density can be found as

02_T23(5+1)_ AT?  S(S+1) T2 4S(S+1)  ,4S(S+1)

= = 47
©T T3 TS+ 3 3 (2S+D7 (2541 (47)
oo 2(8-a)S-a+l) 417 (S-a)(S-a+])
b 3 (25 +1)2 3
_TZ4S-a)(S-a+)) _ L 4S-a)S-a+])
3 (25+Y)° © o (2S+1)
(48)
The continuous truncated variance is
Gczt :Gf(l— A/Tc)z. (49)

In order to compare this variance with the variance of the truncated discrete density function,
both of them need to be calculated the same truncation interval. Therefore, the ratio A/T,

which would correspond to the truncated value of the discrete function, should be found. The
corresponding truncation intervals for continuous and discrete density can be found from the
truncating probabilities. If we take them from (36) —(37) and (9) and equate them we can get

28—2&+1_2TC—2A (50)
2S+1 2T

c

as illustrated in Fig. 7. From (5) we may have

A 2a
1-—)=1- ol
( T) 25+1 1)

c

17



which can be inserted in (49) to get the variance of truncated continuous density in this form

2 _
Uct_

ol(l-

2a

2
28+1) '

fa(7)

A

<&
<

a

&

-STs ...

-T4/20

S-a=(T-A)/T,

T

Fig. 7 Relations between truncation intervals of the discrete and continuous truncated
uniform density function.

Calculated expressions for the variances as functions of the variance of continuous uniform

variable are presented in Table 1 in the form to clearly see relationship between truncated and
non-truncated variances. Namelly, the variance of truncated density function should be les tha
or equal to the variance of continuous random variable.

Table 1 Variance expressions

Uniform Variances
distributions
Continuous T?
2 _ ¢
o, =—
3

truncate @ =% T 1 c 25 +1
Discrete

aj :G§4S(S+12) ZUCZ 1- 1 _|=

(2S +1) (2S +1)

Discrete 5 ,4(S-a)(S—-a+l) ) 1-4a(2S-a+1)
truncated t =% 2S+1)2 oc|1- (2S +1)°

The graphs for the variances of the continuous, continuous truncated, discrete and discrete
truncated random variables as functions of the variance of the continuous random variable, for
the truncation factor a and sampling interval 2S as parameters, are presented in Fig. 8. The
non-truncated continuous and discrete random variables have very similar, nearly the same
variance, as we can expect, because they are calculated on the same interval of possible values
of random variable. The small difference occurs due to that the variances of continuous density

18



are calculated on the continuum of random variable values while the variance of discrete
density are calculated for a finite number of discrete values.

The variances of the truncated density functions are smaller than the variances of the non-
truncated functions due to the truncation of the function which is defined by truncation factors
A and a. The higher these factors are the smaller gradients of these curves are and higher the
difference is between variances of truncated and non-truncated densities.

20 i T %
—<+— Disc Trunc, S=40, a=10 K
181 % Disc Non-Trunc S=40 & ¢
16 Cont Non-Trunc s
—<— Cont Trunc )4
14
)
Varc 12 .
Varct F ]
Vard 10 - ?*y/}éﬂ

Vart # ) %
8 y-ia &
6 ) ,,

P jv\ é//(i‘
& P
4 - -
2 é/‘%/@/%
0
0 5 10 15 20

Varc

Fig. 8 Continuous, continuous truncated, discrete and discrete truncated variances
Versus continuous variance.

The variances of the continuous and discrete random variable are nearly the same, because the
interval of their existence is nearly the same. In contrast to that, the truncation values are inside
a narrower interval and consequently the variance of the truncated density functions is smaller
than those of non-truncated.

19



6. Conclusions

In this Report a uniform discrete truncated density function is derived and investigated. The
function is expressed in closed form in terms of Dirac’s delta functions. Expressions for the
first and second moments are derived. If complete discretisation is necessary, it is possible to
express the density and distribution function in terms of Kronecker’s delta function and
discrete unit step functions.

20



APENDIX 1 Density and distribution functions for a finite
value of the mean

1. Continuous uniform density function

1.1 Continuous density and distribution functions

The density and distribution function of a uniform continuous random variable 7 with a finite
mean can be expressed as

1
-T,< T
)=z, 1T )
0 otherwise
P i(r— +T.) n-T,<r<n+T
F()= [ =dx={zr,s T TR 0
T, 2Tc ;
e 0 otherwise

anzd graphically presented, as shown in Fig. 1, for the mean value equal zero and the variance
O¢ .

fe (2)

1/2T,

n-Te n n+Te

Fig. 1 Continuous uniform density function.

1.2 Moments of the uniform continuous distribution

The mean value is zero and the variance can be obtained as follows

21



n. =E{r}= Ojo r-fy(r)dr = j r de= i[(””‘f—("_T°)ZJ—i2Tcn:n @)

o I R A 2 ) 2T
e 3 T3 3 _ T
E{Tz}: j Tzidfzi (77+Tc) _(77 Tc) :i (77+Tc) _(77 Tc)
r=n-T, 2TC 2TC 3 3 2TC 3 3
i 7+ 3772Tc + 377TC2 + TC3 _ n - 3772TC + 377TC2 —TC3 B i 6772TC + 2Tc3
2T, 3 3 T 3 )
B i 2TC(3772 +TC2) B 3172 +TC2 2 +T_cz
2T 3 B
2 2
05=E{72}—77§=772+T—§—77§=T—§ (5)

Now, we may express the density function in terms of the mean and variance values. The T,
interval is

T, =\30? 0,3 ®)

and the density function is

1
~T, <t<n+T,
f (r)=120,\3 " 7 (7
0 otherwise

22



2. Truncated continuous uniform density function

Suppose the uniform density function is truncated having the values inside the interval (i -T.
+A <7< +T.-A), as shown in Fig. 2.

ft (T)
A
[
nTe n-ToHA 7 TeA 7+,

Fig. 2 Continuous truncated uniform density function

According to the definition of the truncated function the truncated uniform density and
distribution function (1) can be expressed as

f.(7) 1727,

f — =
a(7) Pin-T,+A<t<n+T -A) [(n+T,-A)-(n-T +A)]/2T,

(8)

T +A<zr<n+T.—A A>0|
_ :I./ZTC _ 2(TC—A) n ¢ 7<n ¢

2T -2A)/ 2T .
(2T, /2T, 0 otherwise

f 1
Fct(T) = J. 2(TC —A)

n-T+A

(r-n+T.-A) n-T.+A<r<n+T, -A

1
dx =4 2(T, - A)
0 otherwise

The mean value is zero and the variance, having in mind (9), can be obtained as follows

n+T.—A

B} [ o fede= [ o - T - 3 ((’“(T;‘ AY ‘(Tcs‘ A) j

_ 1 773+3772(Tc_A)+377(TC_A)2+(TC_A)3 _773_3772(1—0_A)+377(TC_A)2_(TC_A)3 (9)
T 2T -A) 3 3

1 [an(n - A)+2(T, - A)s] 3T -A L, (T A

2T.— A) 3 3 3

T=—00 r=n-T.+A

Now, we may express the density function in terms of the mean and variance values. We may
have

23



oz =LA A) =T,-A=\30% =0,\3, (10)

And the density function is

1
-T +A<r<n+T.—-A A>0
f()=120,43 | ° (R . (11)
0 otherwise

The problem of relating and comparing this density and its variance with the densities and
variance of discrete density functions will be addressed in the later Sections.
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3. Derivations for the discrete density and distribution functions

3.1 Discrete density and distribution functions

Uniform discrete density: If a uniform continuous density function, expressed as

1
— T <r<n+T
f(o)=dar, TSl (12)

0 otherwise

is discretised in respect to z, as shown in Fig. 3 with the interval of discretisation of Ts. the
probability value in the first interval around the mean value, n = 0, is

P{n—TS/2£r<77+TS/2}:%Ts_ (13)

c

For the first positive value n = 1 the probability is

P{ry+TS—Ts/2£r<n+Ts+TS/2}:%TS, (14)

c

and for the first negative value n = -1 is

P{n—TS—TS/ZST<17—TS+TS/2}:%TS_ (15)

For any interval defined by n the probability can be calculated as

P{y+(2n—1T./2<7<p+(2n+1T./ 2} = 2#

c

T (16)

fa (z)
e

(

P{n-T,/12<c<n+T,/2}

T
n-Te n-STs ... n-T2yn+TJ2 ... n+STsy+T,

Fig. 3 Discretisation of uniform density function.

25



These probabilities can be understood as the weights of Dirac’s delta functions that define the
discrete density function, which can be expressed as

T
fy(r)= ) —=-8(r=(n+nT,). 17
= 2T,
In the case the number of positive and negative discrete intervals is S, the whole interval is

2T, =2ST,+T,, (18)

And the relations between the values T, Ts and S, which will be used later, can be found in
these forms

2T 9541, T,=(2S+)T, /2, 52T T 1 (19)
T 2T T 2

S S S

Now, based on (16) and (19) the probability that the random variable is in the n-th interval can
be expressed as

P{p+(2n—-DT,/2<r<n+@2n+1)T, =t 2T (231+1) (20)

Therefore, the discrete density and distribution functions can be expressed as

fo(r) = meS(T n—nT), (20)

/T

and, for a unit interval Ts=1, itis

f,(r)= zma‘(f n-n) (22)

This function is presented in Fig. 4 for S =3.

fq (2)

LT

| T
n-3Ts n n+3Ts

Fig. 4 Discrete uniform density function presented using Dirac’s delta functions
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3.2 Comments on the discretisation procedure

The discretisation procedure applied in the previous Section was motivated by these reasons:

1. Preservation of the symmetry: The discrete density function is obtained by assigning
probability values as the weights of Dirac’s delta functions that are placed in the middle of the
sampling interval. In this way the discrete density function preserved symmetry in respect to
the mean value as in the case of the corresponding continuous function.

2. Preservation of the value of the sampling interval Ts: Representing the density function in
terms of T, and T, and relating them to the discrete sampling interval (25+1)Ts it is easy to
reconstruct the sampling interval and relate it to the real values in practical application. For
example, in the case of defining delay in communication systems these sampling intervals will
be expressed in appropriate time units.

3. Expression of density functions in closed form: By using Dirac’s delta functions, and
possibly Kronecker’s functions, the obtained density function of a random variable can be
easily used to calculate the mean values of the functions which have that variable as an
argument. In those cases it is simple to solve the integral that defines the mean value of a
function.

Other possible discretisation can be used, as presented in Fig. 3, for example. Two cases can be
distinguished:

3. The calculated probability in T interval (for example shaded interval in Fig. 5) can be
assigned as the weight of the left of the interval resulting in discrete values presented in
black colour in Fig. 5. This procedure should be repeated 2S times and a stream of
samples can be obtained that starts at —STs and finishes at (S-1)Ts. In this case two
issues have to be mentioned. Firstly, the mean value will be different from the mean of
continuous density which is the result of discretisation. Secondly, continuous random
values inside particular interval will be assigned to the lowest value of the interval
which will reduce statistical accuracy in generating random variates in the case of
simulation.

4. This case is similar to the previous. In this case the calculated probability in Ts interval
(for example shaded interval in Fig. 5) is assigned as the weight of the discrete value on
the right of the interval, and the discrete values are shifted to the right (represented by
arrows in Fig. 5). This procedure has the same characteristics as the previous one.
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fa (7)

Pln<r<n+T}
W. N ‘ M W
[ | T
n-STs ... n-Ts n n+Ts ... y+ST;

Fig. 5 Possible discretisation of a uniform density function.

3.3 Derivations of the moments for the discrete random variable

Proposition: The mean, mean square and variance are expressed as

ny =1,

E{r’}=n+ T,

2 S(S+1)
3

= = e

and for the unit interval Ts= 1, they are

S(S +1)

E{r’}=71"+ 3

Proofs: The mean of the discrete density function is

0 0

Ny = j z- f(r)dr—zzs T r-8(r-n-nT)dr

T=—00 _TS

1
e lZ(n+nT) n+T, oot 1(Zn+2n]

The mean square value is

% n=S$ 1 ° 1 n=S 9
E{r*}= 2. f (r)dr = . (c-n-nT)dr=—— +nT,
{*} jr J(2)de n_528+1jj (r—n-nT,)dz ZSHH(n )
n=S 2 n=S 2 :
2y s 2T, S+ 2T, 3(3+1)(2S+1):772+T523(S+1)
2S+14  2S+14% 2S+1 6 3

The variance is

(23)

(24)

(25)

(26)

(27)

(28)
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ol =E{r*}-n: =E{r*}=T @, (29)

which, for a unit sampling interval, Ts = 1, becomes

o2 =S +D

a 3 (30)

The variance can be expressed in terms of the variance of the continuous density. Having in
mind that

T.=Q2S+DT,/2=T,=2T,/(2S+1), (31)
and the variance expression of the continuous density

T2
o; =E{t’}-n =5 (32)

the variance of the discrete density is

o 2SS+ ATE S(S+D) _TPAS(S+D) _ ,4S(S+)

C

d s - 2 2 — Oc 2
3 (25+1?> 3 3 (25+1) (2S +1)

(33)
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4. Truncated discrete uniform density and distribution functions

4.1 Derivation of the truncated density and distribution function

In practical application the discrete delays are taking values in a limited interval defined as the
truncated interval (-S + a, n+S - a), where a < S is a positive whole number named truncation
factor. Therefore, the function which describes the delay distribution is truncated and has the
values in the truncated interval, as shown in Fig. 6.

fi (z)

1]

n-(-S+a)Ts  n 5 +(S-a)Ts

Fig. 6 Discrete truncated uniform density function presented using Dirac’s delta
functions.

Proposition: The density and distribution functions are given in closed by these expressions
form

l n=S-a

fi(r) = m n__zm o(r—n-nT). (34)
1 /Ty

F.(z) > U(r—n-nT,). (35)

) 2(8 - a) +1 n=-S+a

Proof: Based on the definition of a truncated density function as a conditional density
function, the truncated discrete uniform density function can be expressed as

f(r)="f,(r|-S+a<r<S-a)= fi(7)
P(n-S+a<r<n+S-a)
n=S-a 1 s-a
——0(r—n—nT Slr-n-nT
:n—§a23+l (7=n S)Zn_§a28+1 (t-n s). (36)
> oL ()
. 2S+1
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The value P(S) can be calculated as

s-a = 1 2S-2a+1
P(S) = S—a+S-a+l)="2"072 37
®) n251+323+ Z 23+1 2511 )= 511 37)

By inserting this expression into (36), the density function can be expressed in this closed
form, as stated in the proposition, i.e.,

(= S s gyt Y seogenT), (@)
N s a1 & 2541 O T T g gy & OV T

and the related distribution function can be obtained by integration the last expression as

1 7lT,
F(t)=———— Y U T
t(T) 2S-2a+1 n ZSJra (T O ) (39)

as it was stated.

4.2 Mean and variance of the truncated discrete uniform density
function

Proposition: The mean of the discrete truncated random variable is #.

Proof: Based on the expression (38) for the discrete density function we may have

1 S-a ©

=|rf (f)dr =—— 7-0(r—n-nT)dr
n=[etir=ge g X oty
s (40)
+N nT =
T 25— 2a 1n§a(" =057 2a+1n§an 25— 2a+1n§a « =7
Proposition: The mean squared value of the discrete truncated random variable is
:E{TZ}ZTSZ (S_a)(S_a+1) :GZ (41)

3 t

Proof: Based on the expression (38) for the discrete density function we may have
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o S-a

® 1 S-a
B¢} = [ 2 (0)dre— 2S(r—n—nT.)dr = — > +0T.)?
) j (z)de 23_2“1”;% j (z-n-nT)dz 25—2a+1n:§a(" )
1 S-a ) 1 S-a 1 S-a )
S — +———— N T, +——— ' n
23—2a+1n§+a'7 28—2a+1n:_25+a s 28—2a+1n:_25+a
28_2a+1 2 2T2 $a 2
== T 4+0+———=—>'n . (42
25— 2a+1" 25—2a+1n§ (42)

2 a— — a— — a—
N 2T, (S-a)(S-a+1)(2(S-a)+]) AT (S-a)(S-a+l)
2S-2a+1 6 3

The variance can be calculated form (41) and (42) as

S-a)(S-a+1
GIZ — E{TZ}_ntZ :TSZ ( )(3 )

which completes our proofs. For a unit sampling interval, Ts = 1, we can easily get expression
for the variance.

(43)

The variance (43) can be expressed in terms of the variance of the continuous density. By
inserting the expression for Ts from (19) and then expression (5), we may have the truncated
variance as a function of continuous in this form

o = Efr"}— g =T (S—a)S-a+l) T 4(S-a)s —Za +1) _ o 4(S -a)(S —Za +1) | (44)
3 3 (25+)) (25+1)
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5. Comparison of variances

We are interest in statistical characteristics of these distributions and their mutual
interrelationship. For that purpose we will compare their variances. As a reference we will use
the variance of continuous density. All other variances will be expressed in terms of this
variance. The variances of the discrete density and truncated discrete density are already
expressed as functions of the variance of continuous density, which is presented in (33) and ().
and of the continuous density. Having in mind

T.=@S+DT,/2=T,=2T,/(2S+1) (45)
and the variance expression of continuous density,

ol=t (46)

the variance of the discrete density can be found as

o 7eS(+D) _ 4T S(S+D) _TIAS(S+D) _ ,4S(S+)

= ¢ = 47
T3 (2s+)t 3 3 (25+17 ¢ (25+1) (47)
GZ_TZ(S—a)(S—a+1) 417 (S-a)(S-a+))
o 3 (2S +1)? 3 )
T 4(S-a)(S-a+l) _ 52 48 -a)(S-a+])
3 (2S +1)? © 25+
The continuous truncated variance is

In order to compare this variance with the variance of the truncated discrete density function,
both of them need to be calculated the same truncation interval. Therefore, the ratio A/T,
which would correspond to the truncated value of the discrete function, should be found. The
corresponding truncation intervals for continuous and discrete density can be found from the
truncating probabilities. If we take them from (36) —(37) and (10) and equate them we can get
2S-2a+1 A
s ) (50

as illustrated in Fig. 7. From (5) we may have

A 2a
1-y=1--2 o1
( T) 2S5+1 ®1)

which can be inserted in (49) to get the variance of truncated continuous density in this form
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2a
2S+1

_ 2

=o.(1-

)

2
Gct

(52)

Calculated expressions for the variances as functions of the variance of continuous uniform
variable are presented in Table 1 in the form to clearly see relationship between truncated and
non-truncated variances. Namely, the variance of truncated density function should be less

than or equal to the variance of continuous random variable.
T - A)
oft = %DTC -A= 1;30'; = actﬁ
fa(z)
A
- a
-STs ... -T4/20 S-a=(T-A)/T;

(53)

Fig. 7 Relations between truncation intervals of the discrete and continuous truncated
uniform density function.

Table 1 Variance expressions

Uniform Variances
distributions
Continuous T2
ol =%
C
3
continuous o _ _o[25-2a+1 2 ofy. 2 2
truncated «=%|( "5 ) % 25 +1
Discrete
§:0§4S(S+12) 2002 1- 1 _|=
(2S +1) (2S5 +1)
Discrete 2 _ 2 4(S—-a)(S—a+1) _ 2 1_1—4a(28—a+1)

The graphs for the variances of the continuous, continuous truncated, discrete and discrete
truncated random variables as functions of the variance of the continuous random variable, for
the truncation factor a and sampling interval 2S as parameters, are presented in Fig. 8. The
non-truncated continuous and discrete random variables have very similar, nearly the same
variance, as we can expect, because they are calculated on the same interval of possible values
of random variable. The small difference occurs due to that the variances of continuous density
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are calculated on the continuum of random variable values while the variance of discrete
density are calculated for a finite number of discrete values.

The variances of the truncated density functions are smaller than the variances of the non-
truncated functions due to the truncation of the function which is defined by truncation factors
A and a. The higher these factors are the smaller gradients of these curves are and higher the
difference is between variances of truncated and non-truncated densities.

20 i ,f
—<+— Disc Trunc, S=40, a=10 K
181 % Disc Non-Trunc S=40 & ¢
16 Cont Non-Trunc s
—<— Cont Trunc )4
14
S
Varc 12 .
Varct F ]
Vard 10 - ?*y/}éﬂ

Vart # ) %
8 y-ia &
6 ) ,,

P jv\ é//(i‘
& P
4 - -
2 é/‘%/@/%
0
0 5 10 15 20

Varc

Fig. 8 Continuous, continuous truncated, discrete and discrete truncated variances
Versus continuous variance.

The variances of the continuous and discrete random variable are nearly the same, because the
interval of their existence is nearly the same. In contrast to that, the truncation values are inside
a narrower interval and consequently the variance of the truncated density functions is smaller
than those of non-truncated.
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