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Abstract

There are numerous applications of exponential continuous random variables and stochastic
processes. However, the theoretical analysis and application of these processes, in particular
when the random variable is both discrete and truncated, is not completed. This Report
presents firstly a review of exponential continuous density functions, both un-truncated and
truncated. Then the discrete density function is derived and expressed in terms of Dirac’s delta
functions. For this case, the mean and variance are derived and analyzed. The necessity of
having truncated discrete density function, from the application point of view in
communication systems, is explained and related density and distribution functions are derived.
For these functions, the mean and variance expressions are expressed as functions of the length
of the defined truncation interval and compared with related moments of the continuous
truncated density function. The important advancement is achieved by deriving the truncated
discrete density functions and expressing them in terms of Dirac’s delta and unit step functions.
How to design a discrete truncated exponential stochastic process is illustrated on several
examples.
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1. Continuous exponential density function

Theoretical characteristics and applications of the exponential continuous variables are well
known. In spite of that it is still subject of research [1-3]. In particular, the development of
discrete time systems, like one presented in [4], requires the presentation of the exponential and
similar density functions in discrete form, which is subject of late and present research interests
[5 - 13] The density function of a random delay z, e.g., in a communication channel, can be
represented by exponential density and distribution function, as shown in Fig. 1, and expressed
as

f(r)=ae", 1)

F(r)=1-e* (2)

Where parameter A defines the mean value and variance
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Figure 1 Continuous exponential density function.

In order to specify the interval of argument values these densities can be expressed in terms of
unit step functions as

f (r) = 2e*U(7), 3)

F.(2)=(1-e*")U(r)- (4)



2. Truncated exponential continuous density function

If the expected delay is finite and can have values in a limited interval T, the truncated
continuous density function needs to be found.

2.1 Truncated exponential continuous density function

Proposition: The truncated continuous density function of an exponential density function is
expressed as

1 -At

f()= 2 ®)

where T is truncation interval of the function.

Proof: Suppose the domain of argument values of the continuous density function defined in
(1) is subdivided into infinite number of intervals of the same duration T. If the corresponding
values of all intervals are added, the truncated continuous density function fi(z) is obtained, as
shown in Fig. 2.

ft(T)
f(z)
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: / fi(z)

Figure 2 Truncated continuous density function.

If the expression for the density function at one point inside T interval is found, the same
expression will be valid for any value in the interval. The value of the truncated function for
any z inside T interval is



f(@)=Ff@)+f@+T)+f (c+2T)+...+f (c+mT)+...

Z ff (T + kT) = Z/le_l(ﬂ—k]—) = le_lrze_lm— = /1 T e_/h— ' (6)
k=t k=l k=t 1- e

We can prove that the integral of the truncated density function inside T interval is one and the
distribution function fulfils its main requirements, which completes our proof.

Proof:
The integral of the truncated density function inside truncation interval T is one, i.e.,

T T
1

T T _ 1 et 1 et —e Mg
fo fe(dr = 1_e—AT’1f0 e Mdr = l_e—AT){[ ) ]0 = l_e—AT){[ ) ]0 = AT I

The truncated distribution function F(z) can be calculated as follows

T 1 T N 1 e~ Ax T 1—e—A7
_ —Ax —
j_ooft(x)dx 1 e‘”ljo e dx = 1- e—"‘TA[ L

A T 1T
0 <0
_,—AT
F(D =y 0<7<T (8)
1 t>T

In this case,if T < 0 then F,(r) = 0and ift > T then F,(t) = 1. Figure 3 present graphs
for the truncated continuous density function (pdfct) for 2 = 1 and then for the corresponding
truncated density function for three chosen values of T including T = 3.
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Figure 3 Graphs for the continuous and truncated density function (pdfc and pdfct) for A = 1.

2.2 The mean and variance calculations

The mean and variance of this truncated density function can be calculated as follows. The
mean is

T T A N A T N A T N
E{t} = f, = —.e M AT ———= eV dt = ——= .e™t
{t} fo tf (t)dt J; T e dTl—e‘”fo T.e”Mdt 1—e‘7‘Tf0 T.e”Mdt

A (=T T T A —AT 1 0
— __ a—AT -\t —-AT ~ a—AtT
E{T}_l—e‘k{}\e ]0+f0e d‘t} 1—e‘”{?\ e +[Ae ]T}

1) _1-eMAar+1) 1 T

E{}—;(—T ‘”+ﬂ+— - 9)
U= 1ear € -2 2 A(1—e=ATy — 2 eAT_g

The mean square value and variance can be found using integration by parts which results in

2—(A2T242AT+2)e~T
A2(1-e—AT)

E{r?} =

(10)



2-(A2T242AT+2)e~AT (1—e-ﬂT(AT+1))2

VAR(7) = A2(1—-e—4T) A(1—e—AT)

(11)

This moment of the truncated density can be related to the corresponding values for continuous
density function. Fig. 4 presents the variance, the mean square value and the mean of the
truncated and continuous density function as a function of the mean value 1/2 for the truncation
interval T as a parameter. Random variables with truncated functions have smaller values of the
moments that the corresponding random variables with the continuous non-truncated density
function. The moments are increasing when the truncation interval increases and tends to the
moments of the continuous density function when T tends to infinity, as expected.
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Figure 4 Graphs for the moments of continuous and truncated density function for different
values of 1/4.



3. Discrete exponential density function

3.1 Signal representation in discrete time domain

In theory of discrete time signal processing and its application in telecommunication systems
[4], a digital binary signal is represented as a time series of binary symbols (bits), xi. Each bit is
represented by interpolated samples, as shown in Fig. 3 (here S equidistant samples, each in the
unit interval Ts = 1). The i-th symbol can be received with different delays zi1, 72, ... 7im,
depending on propagation conditions.
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|
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Figure 5 Signals with random delays in discrete time domain.

The delay of any symbol in respect to the reference symbol (for first one with the delay zero)
needs to be represented by certain whole number of samples zj. These random delays are
having exponential distribution [4] defined by its discrete exponential function.

There are two problems in the proper characterisation of this density function of these delays:



1. Firstly, the density function needs to be uniformly discretised with the interval of
discretisation Ts. This discretisation should be performed in such a way to obtain
discrete density that fulfils conditions of its definition.

2. Secondly, the maximum value of the discrete delay is finite. Therefore, the obtained
discrete density function should be truncated to get discrete truncated density function.
This function again needs to fulfil conditions of its definition.

3. Thirdly, the obtained discrete and truncated density function should be expressed as
function of discrete delay zd. This density also needs to be in a closed form in order to
easily use in finding the mean value of random function where the argument contains
the delay as a variable. This is of particular interest in communication theory and
practice where the mean value of the probability of error functions needs to be
calculated. For these reason, the discrete density function and its truncated version will
be expressed in terms of delta functions (Dirac’s and Kronecker’s functions).

3.2 Derivations for the discrete density and distribution functions

The procedure of a continuous density discretisation is presented in Fig. 6. The discretisation is
performed at uniformly spaced discrete interval Ts. The problem is how to find the expression
of this discrete density function and how to find its mean and variance.

In the process of discretisation the probability of each interval needs to be calculated and
assigned to the discrete time instants nTs. There are two possibilities is this case:

1. The probability are assigned to the left side of the interval starting with the discrete z = 0.
2. The probability are assigned to the right side of the interval starting with the discrete 7 = 1.

These two possibilities will have some consequences to the expressions for the mean and
variances of the truncated discrete random variable and the care should be taken about this
issue. Firstly, we will derive the discrete density and distribution functions in closed forms and
related moments.

fa(2)

>\ P{O<7<T}

(

PO Pl
0Ts 2T, ... (n-1)Ts" nT; 7o =nT,

Figure 6 Discretisation of continuous exponential density function.



Proposition: The discrete density and distribution functions, having the values at the uniformly
spaced instants Ts, is expressed as

0

fy(r) = (e -1)) e™"5(z-nT,), and (12)
F,(r)= ﬂf(e”s ~1)e U (r -nT,), (13)

where 6(.) are Dirac’s delta functions and z is continuous variable. The values of the density
function are discrete and defined by the positions of delta functions.

Proof: If this density is uniformly discretized in respect to z, with the interval of discretisation
of Ts as shown in Fig. 6, the probability value in each interval can be calculated as

T, T,
P{O S T< Ts} = J. fT (T)dT - J.le_lrdr - %e_ir -(IJ—S = _e_ir -[l)—S = 1_ e_m—s ’ (14)
0 0 B
2T,
P{T, <7< 2T}= [ f()dr=e " —e ™" =e""(1-""), (15)
TS
3T,
PET, <7 <3T}= | f(r)dr=e ™" ¥ —e ¥ (1-e "), (16)
2T
or, in general form, for any interval defined by n, as
nTg
P{(n-)T,<r<nT}= I f(r)dr = "V g™ = (™ —1)e ™" (17)

(n_l)Ts

To express the density in a closed form, these probabilities can be used as weights of Dirac’s
delta functions representing the discrete exponential density function at time instants z = nTs, as
presented in Fig. 7, which results in this expression

10



f () =Y. P{n-DT, <z <nT}5(r-nT,) = Y. (e'" -1)e™"5(r —nT,)
n=1 nT=T,

. (18)
= ("™ 1)) e™"5(r -nT,)

n=1

Here the delay is a discrete variable. A hypothetical discrete density function is presented in
Fig. 7.

fa(2)

‘[ITTTTf++44AA

0 1(Ty)

Fig. 7 Discrete exponential density function presented using Dirac’s delta functions.

The discrete exponential distribution function can be obtained as follows. Because the Dirac’s
delta function is used, the discrete density function values are different from zero at the discrete
points defined by nTs on the continuum of z random values. Thus, the discrete distribution
function can be calculated by integrating the density function as follows

T

()= [ f,(0dx= j i (e —1)e ™ 5(x — nT, )dx (19)

X=—00 x=0 NTs=Ts

Because the integral includes all the values from 0 to z, or the values specified by n =1 to z/Ts.
Also, the integral of the delta function is the unit step function. Therefore, the solution of
integral is the discrete distribution function

T T /T
Fy(r)=Y (e -1 j S(x-nT,)dx =) (e -1)e”"™U(r-nT,). (20)
nT, =T X=T. n=1

S

Furthermore, for a finite discrete value of z we may calculate the related value of distribution
function as follows

11



/T
Fy(r)=) (e -1e "™ U(r -nT,)

n=1

= (e’ 1) [e_}"”TSU (r-T)+e ™ U(r-2T.) +..+e“U(r - r)}

Ay T, 22T, aT & aT ’ (21)
=@ -D[et e e = (@ )Y ()
-1
s
— (eﬂTs _1)m(1_ e—ATSr/TS) — 1_ e—lr

which completed our proofs related to density and distribution functions.

SPECIAL CASE: For a unit interval of Ts= 1, we may have density function expressed as
()= (e —1)ge”5(r “n). 22)
and the distribution function as
Fi(7) = nZ:,(ei ~De " =1-e", (23)

Proposition: The derived functions are fulfilling conditions of the density and distribution
function definition.

Proof: The integral of the density function is equal to one.

0 00 0 0

j f,(r)dr = j > (€™ -De " S(r-nT)dz = Y (¢ -1 ™ T S(r—nT,)dr

T=—0 =0 NTs=Tg nTg =T, =1y (24)
© i © ~ n e—/ﬂ'S
— Z (e/lTS _1)e AnTg q = (e)pTS _1) Z (e ZTS) — (e)LTS _1)1_67['—3 =1
nT,=T, nT,=T,

12



Also, it is easy to prove that the distribution function fulfils necessary conditions of its
definition: For z = 0 the function value is 0 and when 7 tends to infinity the function tends to 1.
The graph of the discrete density function for 2 = 1 is shown in Fig. 8, for two cases mentioned
at the beginning of this Chapter. The blue graph represents Dirac’s delta functions and their
weights for the case when the first function value is assigned to the argument value n = 1. The
red discrete graph represents the discrete density function which starts at n = 0.

1 [ [ [
—* pdfd, start at n=1
—© pdfd, start at n=0
0.8
0.6
pdfd
0.4
02 ->*
0 iE D & & o -
0 2 4 6 8 10

Figure 8 Discrete density function for 1 = 1.

3.3 Derivations of the moments for the discrete random variable

Proposition: The mean, mean square an variance are expressed as

7 T Te"
m= ] e fi@dr=— e = (25)
i e +1
E{r’}= | - f,(0)dr =Tfﬁ (26)
g
2 2
Var(r) = E{r"} -7, Zm, (27)

13



and for the unit interval Ts= 1, they are

1 e’
W1 e7 &1 (28)
et +1
E _ 29
s 29)
ol =E{r’}-E{i}=——= ¢ (30)

(e -1*

Proofs: The proofs for the unit discretisation interval Ts = 1 will be presented. In this case the
mean of the discrete density function is

£ 0 ©

o= [ o f@dr= [ (€ -De s -n)e :i(eﬂ—l)e*” j r-8(r-n)dr

T=—0 =0 n=1 n=1 =T,

=(e* -1) Zn e =(e" -
where

o=y nefM=et 420 43 4

ey, -2 =(1+2e" +3e 7 +.)- (6" +2e7 +3 M +.) =1+e "t +e P e+,

Therefore, the mean is

14



e’ e’ 1

=" -1)-3, =(e"-1)- = = : 31
nd ( ) 1 ( ) (e,i _1)2 eg _1 1—971 ( )
The mean square value is
E(}= [ 1, (de=( -DY e = (e - %, (32)
n=1

T=—00

where the sigma two can be calculated as a function of sigma one as

,=y nfe M =et4d4e 190V 4

n=1
ey, -%,=(l+4e " +9%* +.)—(e" +4e™ +9e* +.)=1+3e" +5e +...
e +2e +.+1+2e +3e .. =3 +e'T,

s _L+e'%
Pl

And then the mean square value can be calculated as

T, (@+e*) et _ef+e e+l

B =E - % = D=5 (61_1)2(1%@) -7 (e -1

The variance is

et +1 1 et

o =B B = o Ty T ey T e

5, Of, in this form

22 A

ef+e” e e
1-e%)* (e'-1)7 (¢'-D1*

o? = E{r’}- E*{r}= (33)

15



Plots of the three graphs for the mean, mean square value and variance as a function of
parameter 1//, starting with 1/4 = 1 and finishing with 1/4 = 20, are shown in Fig. 9.
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Figure 9 The moments for continuous and discrete density functions.

The mean of discrete and continuous densities are close to each other. To see clearly their
difference they are separatelly presented in Fig. 10. There is one graph for the continuous
density and two graphs for the discrete density. The upper graph (blue) for the mean of the
discrete random variable (Meand) correponds to the density function which, by definition,
starts at n = 1. The lower graph (black) correponds to the mean of the discrete random variable
(Meand) which, by definition, starts at n = 0. Horisontal distance between these two graphs is
equal to Ts= 1, as we expect according to the proof of the following proposition.

The difference in the mean value for the density function defined for different starting pont, n =
0 and n =1, is not so important when the discretisation intervals Ts are small. However, if the
interval Tsis large the difference in the mean value can be significant and should be taken into
account. This problem will be addressed again in our analysis of the truncated discrete variable.

Proposition: The mean value for the discrete random variable starting with n = 0 is expressed
as

(34)

The difference of this mean and the mean of the random variable starting with n = 1, as
presented in (29), is equal to one.

16
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Figure 10 The mean values for continuous and discrete density functions.

Proofs: In the case when the density function starts with n = 0, the mean of the discrete density
function is

Moo= | T f(@)dr=[ 7Y (€ -De "™ sz -n)dr =) (' ~De”™ [ r-5(z-n)dr
r=—0 =0 n=0 n=0 =T,

=(e*-1e’* Y n-eM=(1-e)-3,

n=0

where

< -An -1 21 -31
S=ynefM=et42e 43 4
n=0

'Y, -2, =(1+2e" +3 7 +.)- (e +2e +3 V) =1l+e e P e 4

£ 1 eﬂ
— e—l n y
;( )

T1-e” e -1

el

=
Co(er-y
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Therefore, the mean is

et (ef-1) 1

Myo = (1_6_1)‘21 =(1-e7)-

The difference between this and previously calculated mean is

e’ 1
—_ -1
e'-1 e*-1

My =My =

as we stated in the proposition.

(" -1)?% (e*-1? e*-1

(35)

(36)

18



4. Truncated discrete exponential density and distribution function

4.1 Derivation of the density and distribution function

In practical application the discrete delays are taking values in a limited interval of, say, S
possible discrete values. Therefore, the function which describes the delay distribution is
truncated to S, as shown in Fig. 11.

fx (Tt)

: l I I T T T T 1 S S S S S S, Tt
0 1(Ty) S
Fig. 11 Discrete truncated exponential density function presented using Dirac’s delta

functions.

Proposition: The density and distribution functions are given by these expressions in closed
form

fL(2)= 3 e o -9) 37)
F.(r)= Z ie_ 9_514) eU(r,-9). (38)

Proof: In order to find this truncated function, the whole domain of possible zt values from 0 to
infinity, for the already analysed discrete density function, will be divided into intervals
containing S values. All corresponding values in these intervals, starting with 1%, (S+1)th,
(2S+1)th, etc. terms will be added to obtain the truncated density function values for s = 1, 2,
...., 5. Using expression for the density function with Ts = 1, the first values of the density
function in the 1%, 2" and m-th interval of S values will be

19



f (r=1)=(e"-1e™,
f (r=S+)=(e"-1)e " =(e* -De"e™™,.., (39)
f (r=mS)=(e* -1)e '™

The sum of these values, when m tends to infinity, will give the first truncated value defined for
unitdelay =1, i.e.,

(e’ -1)

-4
1—ev '

frt (Tt = l) =

and the value for density function for any delay s will be

f.(r,=s)= iej Do (40)

The sum of these values in the whole interval of possible truncated values S will specify the
truncated density function as

f. (z)= iie—le_‘g e ¥5(r,—s) = Cie‘“ﬁ (z,—s) (41)

And the related distribution function can be obtained by integration the last expression as

Ffl (Tt) = th:(Le_ e_;l-z e (‘L’t -9). (42)

20



4.2 Mean and variance of the truncated discrete exponential density
function

In the process of density function discretisation, the discrete probability values were calculated
at time instants sTs, starting with s = 1. This could be also done starting with the value s = 0.
However, this will not be the same, because it will result in different mean values of the delay
and imprecise simulation of the discrete delays, as we will show. For the case when the discrete
values of the density function start at s = 0, the mean value is

S-1
o= (ST)- f ((s+DT,)=0-f (LT)+T, - (2-T)+2T,-f (3.T,)+...+ ST,  f (ST,). (43)

s=0

When the first density value is settled at s = 1 the mean value will be

S

77’[1 = Z(STS) ’ frt(STs) '

s=1
These two mean values are not the same. Their difference can be found as follows

s
My =D (ST)- £, (5T =T, £, (T)+2T, - f, (2T,) +3T, - f, (3T) +...(ST,) - f, (ST,)
s=1

=T, f (T)+T,- f (2T)+T,- f, 3T,) +..T, - £, (ST))

T, f, (2T) 42T, f, (3T.) +..(S—1)T, - 1, (ST,) (44)

S
:Ts 'z'fr,(STs) +770 :Ts +77t0
s=1

Therefore, the mean value depends on the starting value of the discrete values of the density
function, as we said in the previous chapter, and can vary with the duration of discrete interval
Ts. It is important to have this difference in mind especially in the case when we are doing
simulation of the discrete delay values. Namely, in the case when the first density value is
defined for s = 0, and the discrete variable values (variates) need to be generated, then the
density values in the first interval from 0 to Ts will be equated with zero, and the values from Ts

21



to 2Ts will be equated with Ts and so on, until (S-1)Ts is reached. Therefore, if it is not
important to notify and take into account all the delays inside the first Ts interval this
presentation of the density function will be used. However, if all delays in the first Ts interval
need to be taken into account the first sample of the density function will be at the first discrete
time instant Ts.

Proposition: The mean and variance of the discrete truncated random variable, when the first
discrete value with the first density value at s = 1, are expressed in this form

1 Se M _(S+1e ™ +1
1-e™ 1-e™*
(45)

This value is for one greater than the mean value 7o of the discrete density with the first density
value at s = 0. Therefore we can find the mean value 7w in closed form as

e’ (S-De ™ e -6 l”+1
1-e* 1-¢*

(46)

Thus, in practical applications, for the defined mean value 1/A of the continuous exponential
distribution, the mean value of discrete exponential #: can be found and compared.

Proof: Based on the expression (37) for the discrete density function we may have

0 0 S A 1
Ny = ITt (r)dr, = th2§e = e "o (r, - s)dr,

o e sl

_ A\ s
e _32e“j 8(z, —s)dz, ie_ _i)zs.e*“:(:.xs
—0 s=1

(47)

where constant C is defined by

22



=§T;3 (48)

The sum in (47) can be found in a closed form as follows

S
Sg=Y se Y =et 42 43+ +(S-1)e P 45
s=1

S S
Ese*‘ _ zsef,lefsz _ zse%(hs)
s=1 s=1
120 43+ +(S-2)e P +(S-1)e + S A

T Tt =2(l-e)=etre T re Ve OV 4 _5e

25
_Z(e ) —Se- (847 _ g 1-e _ge(s:)2
1-e™*

» 1_e—iS Se—(S+1)l

s =& (1-e ") T e (49)
Inserting (48) and (49) in (47) we may calculate the mean value as
p=C3. = (e" -1) i 1= e (ef-1)Se
t1 S 1_ e—Sl (1_ efﬂ,)z 1_ e—s/i 1_ efﬂv
1 e’ -1 Se 1 1 Se ¢
T(-et) 1-e% e’f(l-e’) (1-e7) 1-e¥ e
1 eﬂse—(8+1)ﬂ 1_ e—Sﬂ. (1_ e—ﬂ)eﬂse—(s-#l)ﬂ
Tl-et) 1-e¥  (@-eH)(l-et) (L-eN)(l-e%)
1_g (ez _1)Se—(5+1)/1 1—gS* _ Qpla (81 4 ga-(s+D)2 (50)
C-e¥)a-e’) @-e)1-e¥)  (-e¥)l-e)
1o -Se 4 Se Yt 1-e (14 8)+Se
(1-e*)(1-e") (1—e*“)(1—e*‘)
1 Se®r_(s +1)e
1-e™ 1-e™
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Using (44) for Ts = 1, we may derive the expression for the mean of the random variable that
starts with n = 0, as follows

et (S-1)e > -Se PV 41
1-e> 1-e™*

Mo =My —1=
(51)

The mean value can be obtained as a solution of this integral

E{:2}= Irtf (c)dr =1 ze-“j 225(z, —s)dr, Zn2 e =

S
S =y 0 =et +4e 4+ 9e 116 4. +(S-1) eV 4 S%

e 'S, =e " +4e +9e +16e +...+(S-1)%e > + S

(1-e")X,=e+3? +5e ¥ +7e™ + 9™ +..+ (25 -1)e > - S’ W/

e7%, =6 +4e +9e7 +16e +..+(S-1)’e > + 5%

(1-e7")2, = +3e ™ +5e ™ +7e* +9e™ +...+(2S -1)e > — S ¢*

S
Sg=y e =et 426 43 4 +(S-1)e P 4 5

s=1
S
=) st me 4 20 430 L+ (S-2)e Y 4 (S-1)e > + Se
S

Es _zse—/l — e—i + e—2/1 + e—Si T e—(S—l)/l + e—S/l _ Se—(s+1)/l — Z(e—ﬂ)s _ Se—(s+1)i
s=1

The sum can be expressed as
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_efﬂ 1_e—/IS Se—(S+1)i
s (1-e7)? 1-e™

The mean square value can be calculated as

e | 2(1—-e3*) 2Se G4 s
E{th}: ;731 + e { ) - o -S(S-1e (5-2)2 (52)
and the variance is
Utzl = E{th}_ /utzl ) (53)

which completes our proofs.

The three graphs, the mean, mean square value and variance as a function of parameter 1/1
starting with 1/ = 1 and finishing with 1/4 = 20, for S = 40, are presented in Fig. 10. Alongside
with these graphs, the graphs of the mean, mean square value and variance for discrete non-
truncated density function, continuous (non-truncated) density function and continuous
truncated density function are presented.
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Figure 12 The mean, mean square value and variance.
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5. Theory and practice of generating exponential random variates

Various methods can be used to generate the values of a random variable that belong to a
particular distribution function. Often used method is the inverse transformation method (ITM).
According to ITM method the inverse function F(x) of the distribution function F(x) is to be
found, and then the variates of that distribution can be generated using a uniform random
number generator.

5.1 Generating of variates of a continuous exponential distribution

For the exponential distribution expressed as
F(r)=1-e"". (54)

the inverse function is

r:—%ln(l— F.(2), (55)

which can be, for the purpose of generating exponential variates, expressed as
1
7, :—zln(l—F), (56)

where F is the value of distribution function that corresponds to the particular value zv of the
random variable z. Therefore if random values of a uniform distribution are generated inside the
interval (0,1), which correspond to the values of F, the variates zv can be calculated. In the case
mentioned, these variates will be distributed according to the exponential distribution with
parameter A. If sufficient number of variates is generated the empirical density and distribution
functions can be obtained which are approximating the underlying theoretical density and
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distribution functions. The problem of defining the term “sufficient number” of random variates
is beyond this analysis.

5.2 Generating variates of the discrete truncated exponential
distribution

According to the inverse transformation method, a variate of a uniform distribution F will be
generated, continuous delay value 7 will be calculated and then a discrete variate value zv will
be assigned. The value of the distribution function for particular delay =v = = was calculated
for Ts =1 and expressed in this form

1 .
FQ(Tt :m(l—e )V): F (57)

Then the delay is expressed as a function of the distribution function value as

q=—%Mﬂ—F/M, (58)

where A is a constant, A=1/(1-e **). According to the inverse transformation method, we

need to generate uniform continuous valued variates F and calculate the delay values. Because
these calculated delay values will be real numbers, they need to be equated to the integer which
is not smaller than the real number in the argument of z, i.e.,

q:{—%ma—F/M]_ (59)

The discrete values, calculated in this way, represent the variates zv of an exponential truncated
discrete density function that has the first discrete value at s = 1. The generated variates will
have an empirical density function that corresponds to the theoretical density.

27



If the first discrete value is to be at s = 0, the discrete truncated density and distribution
functions are

S (pd

f (z)= Z%e_(s”)’lé(q -s),0<n<S-1,and (60)
s=0 +
7 el _1 e

F. ()= Zi e_sz e U (r, -s). (61)
=0+

For this case the calculated delay values as real numbers, should be equated to the integer
which is not greater than the real number in the argument of (56), i.e.,

- {—%In(l—F/A)J.

Example:

a) Generate 1000, 10,000 and 1,000,000 variates zv of a discrete truncated exponential
distribution function and find the related empirical density for the known A = 1.

b) Using the method of the mean square error values find the mean square error of the
empirical discrete truncated probability density function (pdfdt). Compare the level of
these error measures as a function of the number of generated variates.

c) Calculate the theoretical mean and variance. Find the empirical mean and variance for the
three cases and present them in tabular form.
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Figure 13 The empirical density function plotted alongside with the continuous
expected theoretical density function.
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Figure 14 The mean square error for the three empirical density functions.

The theoretical mean value of 1.5815 and variance of 0.9161 are calculated as follows



0

,[ Z o104 75/15 ZS 104 e =1.5815,

—5/1 < Z(e 1) 75/1
Z m S(z,-s)dr, =) s Lot = 34173, and

s=1

o2 = E(z?) -1 =3.4173-2.5011=0.91615.

Tt

The moments are estimated using generated variates. The more variates we generate, the more
precisely the moments’ values are estimated. Table 1 presents theoretical and empirical
moments. The moments tend to the theoretical values when the number of variates increases.
The more variates we generate, the closer empirical moments are to the theoretically expected
values.

Table 1 Moments calculated for given samples.

Number of samples Mean Variance
1000 1.6 0.979
10,000 1.587 0.896
1,000,000 1,582 0.917
Theoretical values 1.5815 0.9161
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6. Stochastic discrete truncated exponential processes

Stochastic truncated exponential process T(n) can be constructed by defining the set of
elementary events (outcomes) 7z and associated probabilities. Then the realisations of this
stochastic process zi(n) can be generated which are represented as discrete time functions
showing dependence of the variates’ values zv as a function of discrete random delay n. The
realisations will form an assemble of the stochastic process T(n).

Example:

Suppose the discrete truncated exponential density function is defined by A = 1 and S = 10.
Define the set of elementary events (outcomes) Se and calculate their discrete probabilities. On
this set of elementary events a stochastic process T(n) is defined as a time series showing the
discrete delays zv as a function of the time n. Generate an assemble of a 1000 realisations of this
stochastic process, each containing 10 realisations of the random experiment defined on the set
Se forn=1, 2, 3, ..., 10. Having available empirical data, investigate the stationarity of the
process.

Solutions:

Using the expression
l f—
P.=P(zr, =5) =_ie 1) g (A

g %

the probabilities presented in Table 2 are obtained by calculations.

Table 2 Calculated discrete theoretical probabilities

Value Probability
0.6321
0.2326
0.0856
0.0315
0.0116
0.0043
0.0016
0.00058
0.000212
7.801e-05

O|lo|N|oOO B W[N]

[ =Y
o
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We can take all values across the ensemble defined for n = 1 to n = 10 and calculate the mean
values and variances, as presented in Table 3. The mean values are more or less the same. It is
expected this process is stationary.

Table 3 Empirical mean and variance forn=1to n = 10.

n Mean Variance
1 1.562 0.8990
2 1.595 1.0239
3 1.605 0.9979
4 1.552 0.9001
5 1.597 0.899
6 1.565 0.88
7 1.610 0.982
8 1.595 0.989
9 1.572 1.0838
10 1.542 0.8463
Average 1.5795 0.9501
Example:

Define a new stochastic process X(n) = T(n) + T(n-1). Find the theoretical mean and variances
of this process.

Solution:

E{X(n)} =E{T(n)} + E{T(n-1)}=2 E{T(n)}=3.1630, independence.
E{X?(N)}=E{T*(N)+2T(MT(n-D)+T?*(n-1)}= E{T °}+2E*{T}

Var(X (n)) = E{X2(n)}- EX (n)} = 2E{T 2} + 2EX{T}— 4EX{T}
= 2E{T?}-2E*{T}=2Var(T (n)) =1.8323
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7. Conclusions

The expressions of truncated discrete density and distribution functions are derived and
expressed in closed form in terms of delta functions. The functions are compared with related
functions of continuous exponential random variables. The first and second moments are
derived and numerically analysed in relation with the moments of continuous random variable.
Practical development of a discrete exponential truncated stochastic process is illustrated using
simulation examples.
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