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Abstract

Calcium (Ca2+) is thought to be an essential player in almost all cell types, acting as

a second messenger that controls many cellular processes including cell growth, muscle

contraction, neuronal firing, cellular secretion, and cell death [15]. The central fact of

Ca2+ signalling is that the cytosolic Ca2+ concentration ([Ca2+]i) oscillates, in a way

that is highly regulated, and the signal is contained in the frequency (or sometimes the

amplitude) of these oscillations. It is thus of great scientific interest to understand the

cellular mechanisms that generate Ca2+ oscillations. This thesis investigates features

of Ca2+ oscillations in two di↵erent intracellular context: in microdomains between

intracellular Ca2+ stores, and in the cytosol of a salivary ductal cell line.

Within a cell, two organelles may come in close proximity with each other and

form membrane contact sites (i.e., microdomains). Recently, microdomains between

two types of intracellular Ca2+ stores, lysosomes and the endoplasmic reticulum (ER),

have been identified in cultured human fibroblasts [93]. We develop a mathematical

model to study the role of microdomains in the regulation of global Ca2+ dynamics.

Our model simulations suggest that lysosomal Ca2+ fluxes into the microdomains can

either trigger or modulate Ca2+ signals, depending on the density and distribution of

lysosomal Ca2+ channels.

It has been conjectured that Ca2+ oscillations in HSY cells, a salivary ductal cell

line from the parotid gland, are primarily produced by Ca2+ feedback on the inositol

1,4,5-trisphosphate (IP3) receptors, a type of Ca2+ channel on the ER membrane [184].

We investigate this hypothesis by constructing a mathematical model that captures the

essential features of Ca2+ dynamics in HSY cells, and studying model behaviours. The

model is validated through a combination of simulations and experiments, indicating

that the model can provide useful insight into mechanisms underlying Ca2+ behaviours
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in HSY cells. A new set of model simulations is carried out, then confirmed through

experimental verification. The study of model behaviours suggests a possible cellular

mechanism in HSY cells that modulates oscillation frequencies.

We find that perturbing Ca2+ oscillations in a reduced HSY cell Ca2+ model with

a pulse of IP3 induces systematically di↵erent responses, depending on the state of

[Ca2+]i. If the pulse is applied when [Ca2+]i is near the peak of a spike, [Ca2+]i evolves

on a plateau for some time before returning to an oscillatory phase with a higher fre-

quency. The pulse given right after a Ca2+ spike causes a transient delay in oscillations.

Lastly, if the pulse is applied some time after a Ca2+ spike, it is immediately followed

by faster oscillations. We describe each response in relation to model dynamics, and

suggest possible mechanisms that underlie the result. Experimental data are presented

to show that HSY cells and airway smooth muscle cells exhibit similar responses as in

the model. We conjecture that there may be a common cellular mechanism shared by

these two types of cells.
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1
Introduction

The important role of calcium (Ca2+) as an intracellular second messenger was first

discovered in 1972 by Prince et al. [148]. Since then, intracellular Ca2+ has been con-

sidered as one of the most crucial players in many cellular processes, including cellular

secretion, muscle contraction, neuronal firing, fertilisation, and cell death [15]. Thus,

it is of great physiological interest to understand pathways of intracellular Ca2+ sig-

nalling. From many years of experimental and theoretical studies, it is well established

that cellular behaviours are governed by changes in the cytosolic Ca2+ concentration

([Ca2+]i), mostly in the form of Ca2+ oscillations. The messages and commands that

control cellular activities are encoded by the frequency and amplitude of Ca2+ oscilla-

tions [91]. Almost all cell types exhibit Ca2+ oscillations, underlining the importance

of understanding the molecular and biophysical mechanisms that control oscillatory

behaviours of [Ca2+]i.

In the early days of the field of Ca2+ signalling, when experimental techniques were

not as advanced as nowadays, some variables were di�cult, or impossible, to measure

experimentally. In order to overcome such experimental limitations, mathematical
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1. Introduction

models of intracellular Ca2+ dynamics have been used in the study of intra- and inter-

cellular Ca2+ signalling, for over 30 years. The use of models has provided a relatively

inexpensive way of explaining experimentally observed phenomena. Not only that,

the study of model behaviours has led to some hypotheses about cellular behaviours

that would otherwise have not been possible to postulate. These predictions were gen-

erally verifiable through experiments. The ultimate goal of mathematical models is

to gain insight into physiological conundrums that cannot be solved by experimental

approaches alone.

1.1 Systems with Multiple Timescales

Mathematical models that describe physiological phenomena typically consist of suites

of variables evolving on timescales that may di↵er by several orders of magnitude. For

instance, experimentally observed Ca2+ oscillations exhibit phases with rapid changes

in [Ca2+]i (often referred to as Ca2+ spikes), separated by quiescent phases charac-

terised by slowly changing [Ca2+]i. This is owing to the fact that many physiological

processes involve some mechanisms that occur much faster than others. A number of

techniques and theories have been developed for probing the dynamics of systems with

multiple timescales. Some studies present mathematical analyses of physiologically-

based models using such methods [77, 157, 201]. Similarly to these works, this thesis

contains an analysis of some mathematical models that describe intracellular Ca2+

dynamics and that have multiple timescales.

1.2 Aims and Outline

This thesis can be divided into two parts, based on the methods that we use to answer

our scientific questions. The first section presents two interdisciplinary projects that

focus on the study of intracellular Ca2+ dynamics and oscillations using experimental

investigation and mathematical modelling. The common aim is to identify underlying

cellular mechanisms that give rise to Ca2+ oscillations. For each project, we collaborate

with a group of experimental biologists to achieve the following objectives:

• gather information about the type of cells that we are concerned with, and pro-

2



1.2 Aims and Outline

pose model assumptions,

• construct a mathematical model of Ca2+ dynamics with a set of equations describ-

ing the cellular mechanisms that are assumed to be involved in the modulation

of [Ca2+]i in the subject cells,

• validate the model using experimental data,

• perform model simulations and analyse them, and

• predict physiological behaviours of [Ca2+]i based on the model analysis.

In the first project, we study Ca2+ dynamics within a small region of a cell that is

created by the close proximity of two cellular organelles, often referred to as mem-

brane contact sites. A model is constructed to investigate how Ca2+ dynamics in the

small domain contributes toward global Ca2+ signals. The second project focuses on

HSY cells, a salivary ductal cell line from human parotid glands. It is already estab-

lished that HSY cells exhibit oscillating [Ca2+]i [184]; however, the question of how

the cells produce Ca2+ oscillations remains unsolved. We construct a Ca2+ model that

explains Ca2+ dynamics in HSY cells, and propose experimental protocols that may

assist in identifying cellular mechanisms that are responsible for oscillatory behaviours

of [Ca2+]i.

The latter part of this thesis probes one of the model responses that we observe

in the HSY cell Ca2+ model. Through this study, we aim to answer the following main

questions:

• how can we interpret behaviours of mathematical models that describe physiolog-

ical phenomena, using techniques and theories developed for dynamical systems

with multiple timescales?

• is it possible to develop a universal model that can explain dynamics of Ca2+

oscillations in any timescale?

As the HSY cell Ca2+ model consists of variables that evolve on di↵erent timescales,

we use techniques developed for systems with multiple timescales to understand model

behaviours through mathematical analysis.

3



1. Introduction

Chapter 2 provides physiological background information about salivary secretion

and regulation, and intracellular Ca2+ signalling. The purpose of this chapter is to

introduce the motivation of the modelling presented in Chapters 4 and 5.

Chapter 3 introduces mathematical background knowledge about modelling Ca2+

oscillations, including two main hypothesised mechanisms of oscillations and equations

that are generally used for describing intracellular Ca2+ dynamics. Some of the equa-

tions will reappear in the modelling presented in the subsequent chapters.

In Chapter 4, a mathematical model is used to study Ca2+ dynamics in membrane

contact sites that are formed by closely positioned cellular organelles, and its e↵ects

on global Ca2+ signals. Based on observed experimental data, we build a Ca2+ model

that reproduces qualitative features of the data. With this model, we simulate Ca2+ re-

sponses to the changes in some of the model parameters that determine the expression

level of certain Ca2+ channels. Our model predicts that, depending on the arrange-

ment of the channels, Ca2+ dynamics in membrane contact sites can either trigger or

modulate global Ca2+ signals.

Chapter 5 presents a mathematical model of Ca2+ dynamics in HSY cells. The

model captures the essential features of experimentally observed Ca2+ behaviours in

HSY cells. Using the model and its simulations, we predict Ca2+ behaviours in four

di↵erent experimental settings. One of the simulations leads to an unexpected result;

in fact, it is a counterintuitive outcome. The model results are compared with corre-

sponding experimental data, which show a good agreement. The model simulations

give insight into the possible mechanisms underlying Ca2+ oscillations in HSY cells.

The mechanisms could apply to other types of cells that exhibit qualitatively similar

Ca2+ oscillations to those of HSY cells.

In Chapter 6, we study dynamical features of the HSY cell Ca2+ model. One

of the model responses presented in Chapter 5 is further investigated to disclose the

mathematical mechanisms that give rise to the model behaviours. Using techniques

and theories developed for systems with multiple timescales, we are able to explain the

model behaviours in relation to dynamical structures of the model.

Chapter 7 contains a summary of the results of the studies in this thesis and

suggestions for future work.
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2
Background Physiology

This chapter includes some background information on saliva secretion and calcium

signalling, that assists the readers of this thesis to comprehend the basis and motiva-

tions of my studies. There are two main sections. The first section gives a detailed

description of the cellular mechanisms underlying saliva secretion and regulation in

the parotid glands. The second section introduces the importance of intracellular cal-

cium signalling, and some of the cellular structures that regulate the behaviours of the

calcium signals.

2.1 The Physiology of Saliva Secretion

Mammals produce saliva from three major pairs of salivary glands: submandibular,

sublingual and parotid. The location of each gland in humans is shown in Figure 2.1.

The submandibular glands are located under the lower jaw and produce approximately

65–70% of the saliva in the oral cavity. They secrete a mixture of serous fluid and

mucus. The sublingual glands are the smallest pair of the salivary glands, and are
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Figure 2.1. Figure showing the locations of the three major salivary glands. Source:
Wikipedia Commons article on Salivary Glands [1].

located beneath the tongue. They mainly produce mucous, which comprises about 5%

of saliva that enters the oral cavity. The parotid glands, located at the back of the

jaw bones, are the largest pair of glands. They produce salivary fluid that contains

facilitating enzymes for mastication, swallowing and the digestion of starches. The

parotid glands are the main focus of the modelling work presented in Chapter 5.

Parotid glands are often likened to a bunch of grapes, with a network of ducts and

a cluster of acinar cells at the ends. Thaysen et al. [185] proposed a two-part process

of saliva secretion that is now confirmed through micropuncture experiments [122, 196,

197]. In this process, a cluster of acinar cells secretes the primary saliva into a shared

lumen. This collected fluid then travels along the parotid duct, before reaching the

vestibule of the mouth, the region between the cheek and the gums. Figure 2.2 shows

a simple diagram of the two-part secretion processes. Ductal cells do not secrete any

fluid; their main role is to modify the ionic composition of the primary saliva [37].

2.1.1 Salivary gland dysfunction

Xerostomia, also known as dry mouth, a↵ects about 30% of adults over the age of 65

in the U.S.A. This condition is a common symptom of Sjögren’s syndrome (SS) [68,

98, 178], and is also a frequent side e↵ect of radiation therapy that treats patients

6
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lumen

acinar cells

ductal cells

Figure 2.2. Schematic diagram of the two-part process of saliva secretion. A cluster
of acinar cells secrete primary saliva into the shared lumen. This fluid travels along
the duct, where ductal cells modify the ionic composition of the primary saliva, before
entering the mouth. The movement of salivary fluid is shown by the blue arrows.

with cancers around the head and/or neck region [167]. Worldwide, there are about

500,000 new cases of head and neck cancer per year [85]. Radiation therapy is the

most common treatment for these cancer patients, but it can cause irreversible damage

to salivary glands, and about half of the cancer survivors su↵er from lack of saliva

(hyposalivation) [39, 86, 189].

Acinar cells, which comprise about 80% of the glands, are the only sites of fluid

secretion, whereas ductal cells are water impermeable. Cancer patients lose most of

their acinar cells through radiation therapy [10]. An insu�cient number of acinar cells

leads to a reduced level of saliva secretion, and the patients experience a burning or

tingling sensation in the mouth (oral dysesthesia), di�culty in swallowing (dysphagia)

and an increased susceptibility for oral infections [4]. Generally, the aim of studying

saliva formation has been focused on the understanding of acinar cells, as ductal cells

are not the primary source of saliva secretion. However, Baum et al. [9] presented a gene

therapy procedure that targets ductal cells, and successfully showed that it alleviated

hyposalivation in rats and miniature pigs that were pre-exposed to radiation. In 2012,

a clinical trial of the gene therapy showed that 6 of the 11 treated individuals had

increased level of saliva secretion, and five participants also experienced moisture and

lubrication in their mouths [11]. Their findings addressed the necessity of investigating

the mechanisms and involvement of ductal cells in saliva secretion and regulation.
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Figure 2.3. Schematic diagram of ion and water movement in acinar cells. The
circular objects on the membrane represent ion pumps, exchangers or cotransporters,
while the disconnections are ion channels. The apical and basal membranes separate the
cytosol from the lumen and interstitium, respectively. The green and red arrows show
the ion fluxes that enter and leave acinar cells (either into the lumen or interstitium).
Two water pathways, paracellular and transcellular, are shown by the grey arrows.
The Na+ flux that enters the lumen is represented by the black arrow.

2.1.2 Saliva secretion from parotid acinar cells

Ion transport in acinar cells is conducted by numerous ion channels, exchangers and

cotransporters on the apical and basal membrane. The apical membrane is the surface

of the plasma membrane that faces inward to the lumen, while the basal membrane

forms a section of the plasma membrane that faces away from the lumen, and towards

the interstitium. Hormones and neurotransmitters activate specific receptors on the

plasma membrane, which leads to release of Ca2+ from internal Ca2+ stores and a

global increase in the intracellular Ca2+ concentration. Increased Ca2+ concentration

activates chloride (Cl�) channels on the apical membrane and potassium (K+) channels

on the basal membrane. Cl� is transported into the lumen, while K+ leaves the cell

into the interstitium in order to maintain an electrical potential within the cell. High

concentration of Cl� in the lumen drives the paracellular sodium (Na+) flux into the

lumen. The accumulation of NaCl in the lumen creates an osmotic gradient for water to

flow into the lumen through the cytosol (transcellular pathway) and the tight junction

complex between the cells (paracellular pathway); see Figure 2.3. A Na+�K+�ATPase,

a Na+�K+�2Cl� cotransporter and exchangers on the basal membrane, that trade

Na+ and Cl� for hydrogen (H+) and bicarbonate (HCO�
3 ), are also actively involved
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2.1 The Physiology of Saliva Secretion

in the secretion of the primary saliva. Consequently, this primary fluid is isotonic or

slightly hypertonic with high concentrations of Na+ and Cl� and low concentration of

K+. For detailed reviews of mechanisms underlying the secretion of the primary saliva,

see Almassy et al. [3], Cook and Young [37], Nauntofte [132] and Turner et al. [187].

Mathematical modelling of calcium dynamics and ion fluxes in the parotid acinar cells

are presented by Gin et al. [72] and Palk et al. [134, 135].

2.1.3 Saliva regulation by parotid ductal cells

The primary saliva secreted from the acinar cells travels along the parotid duct, also

known as Stensen’s duct, where ion reabsorption and secretion are carried out. There

are three main types of salivary ducts: intralobular, interlobular, and extralobular

ducts. Intralobular ducts consist of intercalated ducts, which extends up into the

shared lumen of acinar cells and receive the primary saliva, and striated ducts, which

transmit secretions from intercalated ducts to interlobular ducts. Extralobular ducts

collect secretions from interlobular ducts and deliver them to the oral cavity [29].

Based on the fact that the ionic composition of the final saliva in the oral cavity

is di↵erent from that of the primary saliva, it has been proposed that the parotid

ductal cells transport ions in and out of the primary saliva. This was confirmed by

microperfusion experiments on extralobular ducts [117, 122, 197]. Although these

experiments were not performed on intralobular ducts due to technical reasons, there

is enough evidence to assume that intralobular and extralobular ducts share similar

transport properties [116, 120, 121, 198].

The final saliva that enters the oral cavity is high in K+ but low in Na+ and Cl�.

There are many studies on how ductal cells transport ions [19, 36, 65, 75, 94, 95, 173].

Figure 2.4 shows a diagram that summarises ion transport by ductal cells. On the

apical membrane of ductal cells, there are Na+ and Cl� channels that reabsorb ions

from the primary saliva. These ions can also be replaced with HCO�
3 and H+ via

Cl�/HCO�
3 and Na+/H+ exchangers on the membrane. Reabsorbed Na+ is pumped

out to the interstitium by a Na+�K+�ATPase, and Cl� leaves the cell via a Cl�

channel on the basal membrane. K+ is either secreted into the primary saliva via a

K+/H+ exchanger on the apical membrane, or it can leave the cell by entering the

9



2. Background Physiology

lumen

interstitium

apical

membrane

basal

membrane
Na+

H+

Na+

K+

Cl-

Na+

HCO
3

-

Cl-

ductal

cell

H+

Na+H+

K+

Cl-K+

Figure 2.4. Schematic diagram of ion fluxes in ductal cells. The circular objects on
the membrane represent ion pumps or cotransporters, while the disconnections are ion
channels. The green arrows show fluxes that enter the cytosol of ductal cells, while the
red arrows show fluxes that leave the cell (either into the lumen or interstitium). For
simplicity, not every channel/transporter is represented.

interstitium through a K+ channel on the basal membrane. The presence of a Na+/H+

exchanger on the basal membrane was postulated by Knauf et al. [96], where it was

pointed out that both rat and rabbit ducts continued to secrete K+ and HCO�
3 into the

lumen even when all Na+ reabsorption is blocked. This is now confirmed by numerous

studies [111, 137, 155]. For detailed reviews of ion reabsorption and secretion processes

in ductal cells, see Cook and Young [37], Roussa [154], and Lee et al. [102].

2.2 Calcium Signalling

It is well established that changes in [Ca2+]i are important in both intracellular and

intercellular signalling and regulation of numerous cellular processes such as muscle

contraction, neuronal firing, cellular secretion and fertilisation [13–16, 35, 60, 194, 195].

Douglas and Rubin [50] were the first to show that Ca2+ plays an important role in the

saliva secretion process. They discovered that the absence of cytosolic Ca2+ inhibits

saliva secretion. Jung and Lee [88] reported the role of calcium signalling in regulation

of Cl�/HCO�
3 exchangers and K+ channels on salivary gland ducts.

The endoplasmic reticulum (ER) and sarcoplasmic reticulum (SR) are the main

intracellular Ca2+ stores. The SR is mostly found in muscle cells, such as airway

smooth muscle cells or cardiac muscle cells. As non-muscle cells are the main focus
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of this thesis, we only refer to the ER as the internal Ca2+ store. As a sustained

high [Ca2+]i is toxic and can lead to cell death (apoptosis), cells maintain low average

[Ca2+]i by storing most of the intracellular Ca2+ in the ER. Additionally, majority of

cytosolic Ca2+ is taken up by proteins in the cytosol that act as Ca2+ bu↵ers.

Ca2+ can enter the cell cytosol via two pathways: from the ER and from the outside

of the cell. In non-excitable cells, most of the cytosolic Ca2+ comes from the ER, rather

than from the extracellular space. There are two main types of Ca2+ channels that

allow the release of ER Ca2+ into the cytosol: the inositol 1,4,5-trisphosphate receptors

(IPR) and ryanodine receptors (RyR). The IPR are activated by a second messenger

inositol 1,4,5-trisphosphate (IP3), whereas the RyR are primarily stimulated by Ca2+.

In order to maintain low average [Ca2+]i, released Ca2+ is pumped back into the ER

through the sarco/endoplasmic reticulum Ca2+-ATPase (SERCA) pumps. Cycles of

Ca2+ release and reuptake form Ca2+ oscillations and waves in the cytosol, which are

ubiquitous in almost all cell types. These oscillations carry signals in their frequency

and/or amplitude to control cellular activities, indicating that it is very important to

understand how such oscillations arise and what controls their characteristics. The

next few sections give detailed descriptions of important cell components that regulate

Ca2+ oscillations.

2.2.1 IP3 and the IP3 receptors

When the ligands (i.e., agonists) bind to G protein-coupled receptors on the cell surface,

phospholipase C (PLC) is activated to cleave the phospholipid phosphatidylinositol

4,5-bisphosphate (PIP2) on the inner cell membrane into two second messengers: IP3

and diacylglycerol (DAG). PLC can also be stimulated with Ca2+ [81, 174]. While

DAG remains attached to the membrane, IP3 di↵uses through the cytosol to bind

to the IPR located on the ER membrane. IP3 is metabolised via a Ca2+-dependent

phosphorylation by IP3 3-kinase and a dephosphorylation by IP3 5-phosphatase [142].

When the IPR are activated by IP3, the receptor channels open to release a large

amount of Ca2+ into the cytosol. A steep concentration gradient from the ER lumen

to the cytosol allows for passive Ca2+ flux and a rapid increase in [Ca2+]i. It has

been discovered that cytosolic Ca2+ has complex e↵ects on the IPR. At low [Ca2+]i, an
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increase in [Ca2+]i increases the open probability of the IPR, allowing more Ca2+ to

be released from the ER. This chain of reactions is often referred to as Ca2+ induced

Ca2+ release (CICR). However, at high [Ca2+]i, the IPR are inactivated by Ca2+ [66,

119, 139].

There are two primary hypotheses for the mechanisms underlying Ca2+ oscillations

in non-excitable cells. One hypothesis assumes that the oscillations arise from Ca2+

feedback on the opening and closing dynamics of the IPR, and that the oscillations

can occur at a constant IP3 concentration. The other hypothesis conjectures that

Ca2+ oscillations are generated by Ca2+ feedback on the production and degradation

of IP3, and thus oscillating IP3 concentration is essential. Mathematical models of

intracellular calcium dynamics in non-excitable cells typically utilise at least one of the

hypotheses in order to exhibit Ca2+ oscillations. We discuss such models in greater

detail in Section 3.1.

2.2.2 The ryanodine receptors

The RyR are another major type of Ca2+ channel that release Ca2+ from the ER

into the cytosol. Unlike the IPR, which get stimulated by both Ca2+ and IP3, the

RyR require only Ca2+ to be activated. Moreover, the open probability of the RyR

is found to be an increasing function of [Ca2+]i [92]. Due to these properties of the

RyR, the channels have been considered to have a significant e↵ect on CICR-dependent

oscillations.

In this thesis, we are mainly interested in the role of the IPR in regulating Ca2+

signals, and hence we will not include the RyR in our work. Also, in the two experi-

mental systems under investigation (human fibroblasts and HSY cells), the RyR play

a far less important role than the IPR, so can be omitted from our study.

2.2.3 The SERCA pumps

The SERCA pumps, located on the ER membrane, play a critical role in Ca2+ home-

ostasis [144, 149]. The concentration of Ca2+ in the ER ([Ca2+]ER) is known to be

about three to four orders of magnitude larger than the resting concentration in the

cytosol [67]. When the ER releases large quantities of Ca2+ into the cytosol, some Ca2+
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is pumped back into the ER via the SERCA pumps, in order to replenish the store for

the next Ca2+ release and also to maintain low [Ca2+]i. The SERCA pumps perform

more e↵ectively when [Ca2+]i increases [112]. As the Ca2+ flux through the SERCA

pumps is against a large concentration gradient, the SERCA pumps use ATP as an

energy source to pump Ca2+ into the ER. Dysfunction of the SERCA pumps is indi-

cated in a number of health conditions such as heart failure, diabetes and Alzheimer’s

disease [145, 161].

2.2.4 Ca2+ channels on the plasma membrane

Ca2+ influx and e✏ux across the plasma membrane also modulate [Ca2+]i. Some

cytosolic Ca2+ can be removed from the cell via the plasma membrane Ca2+ ATPase

(PMCA) pumps, to maintain low [Ca2+]i. Similarly to the SERCA pump, the PMCA

pump uses ATP to pump Ca2+ out of the cell, and shows increased level of activity

when [Ca2+]i increases [2, 25]. There are a number of major Ca2+ influx pathways

from the extracellular space, which include store-operated Ca2+ channels (SOCC),

receptor-operated Ca2+ channels (ROCC), and voltage-gated Ca2+ channels (VGCC).

SOCC open in response to the depletion of the Ca2+ store [136], while the activation

of ROCC involves G protein-coupled receptors [125]. VGCC are expressed in almost

all cell types, and they get activated by a depolarisation of the membrane potential,

which makes them particularly important in muscle cells and neurons [30]. However,

since voltage-dependent Ca2+ signals are not the main focus of our work, we will not

consider VGCC in this thesis.

All types of cells require Ca2+ influx from the extracellular space in order to

maintain Ca2+ oscillations. However, the degree of necessity varies from one cell type to

another. In some cell types, including pancreatic acinar cells [199] and a human salivary

ductal cell line from the submandibular gland (HSG cells) [107], Ca2+ oscillations are

directly dependent on the influx of extracellular Ca2+. Their Ca2+ oscillations can be

abolished almost immediately by the removal of extracellular Ca2+. This suggests that

the contribution of extracellular Ca2+ on Ca2+ oscillations is significant in these cells.

On the other hand, extracellular Ca2+ does not play a major role in some other types

of cells, such as hepatocytes [153], epithelial cells [160], and a human salivary gland
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Figure 2.5. A schematic diagram of the main cellular processes involved in producing
Ca2+ oscillations. Fluxes of Ca2+ are shown by the red arrows, while the processes of
IP3 production and degradation are represented by the black arrows. The green and
blue dashed arrows represent positive and negative feedback pathways, respectively.
The RyR are stimulated by Ca2+. IP3 has positive feedback on the IPR, while Ca2+

has positive and negative feedback on the IPR. Ca2+ also has positive feedback on IP3

production and degradation. Adapted from Keener and Sneyd [91].

ductal cell line from the parotid gland (HSY cells) [107, 186]. In Chapter 5, we present

a mathematical model that shows HSY cells may not require Ca2+ fluxes across the

plasma membrane in order to generate oscillations in [Ca2+]i.

2.2.5 Summary

Figure 2.5 summarises the main cellular processes and components involved in produc-

ing Ca2+ oscillations. Agonists and/or Ca2+ stimulate PLC to initiate the production

of IP3. Ca2+ has positive e↵ects on the process of IP3 degradation as well. At low

[Ca2+]i, the IPR are activated by IP3 and Ca2+, and release Ca2+ from the ER to the

cytosol. The RyR release Ca2+ via CICR. Ca2+ influxes through various Ca2+ chan-

nels, including SOCC, ROCC, and VGCC, on the plasma membrane can also increase

[Ca2+]i. As [Ca2+]i increases to a high level, Ca2+ is either pumped into the ER by the

SERCA pumps or pumped out to the extracellular space by the PMCA pumps.

14



3
Mathematical Modelling of

Intracellular Calcium Dynamics

This chapter gives a brief review of mathematical models of Ca2+ dynamics, and intro-

duces two types of models of Ca2+ oscillations. These models di↵er in the underlying

feedback mechanisms that give arise to Ca2+ oscillations. The chapter also discusses

the typical forms of the equations that are used to describe the behaviours of cytosolic

Ca2+ and IP3 concentrations, [Ca2+]i and [IP3], respectively.

3.1 Calcium Models

For over 30 years, mathematical models of intracellular Ca2+ dynamics have been

used in the study of intra- and intercellular Ca2+ signalling. The details of these

models are di↵erent as they aim to describe the precise dynamics in a certain cell;

however, they share a primary goal of explaining how Ca2+ dynamics is regulated. For

comprehensive reviews of computational models of Ca2+ oscillations, see Dupont et
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al. [58] and Schuster et al. [165].

In 1981, Kuba and Takeshita [99] presented the first Ca2+ model that incorporated

CICR to explain Ca2+ oscillations in sympathetic neurons. They proposed that the

Ca2+ oscillations arise from the movement of Ca2+ between three di↵erent compart-

ments: the cytosol, an IP3-insensitive Ca2+ store, and the extracellular domain. IP3

was not included in the model as its e↵ects on Ca2+ oscillations were unknown at that

time. In the late 1980s, Meyer and Stryer [126] presented a model of Ca2+ oscillations

in non-excitable cells, using IP3 as the main stimulator of the Ca2+ oscillations. Their

model was a two-dimensional system of ordinary di↵erential equations (ODEs), with

[Ca2+]i and [IP3] as its variables. The production rate of IP3 was expressed as a func-

tion of [Ca2+]i, leading to coupled oscillations of Ca2+ and IP3 concentrations. Soon

after, Goldbeter et al. [74] proposed another type of Ca2+ model that generates Ca2+

oscillations in the absence of IP3 oscillations.

As an extension of the model presented by Kuba and Takeshita, Goldbeter et

al. showed the minimal condition required to generate Ca2+ oscillations via CICR,

and investigated the e↵ects of an increase in [IP3]. Their model assumed that there

are two di↵erent internal Ca2+ stores; one that is IP3-sensitive and another that IP3-

insensitive but Ca2+-sensitive. Three processes were involved in the generation of

Ca2+ oscillations: build up of cytosolic IP3 by external stimulation, which lead to Ca2+

release from the IP3-sensitive store, followed by CICR from the Ca2+-sensitive store.

This model was further investigated by Dupont and Goldbeter [54], where it was shown

that a model with a single Ca2+ store that is sensitive to both IP3 and Ca2+ is su�cient

to generate Ca2+ oscillations by CICR. This approach is used in many Ca2+ models.

As briefly mentioned in Section 2.2.1, mathematical models of Ca2+ oscillations

usually employ at least one of the proposed feedback mechanisms among Ca2+, IP3

and the IPR. Generally, these models can be categorised into two classes. In Class I

models, Ca2+ oscillations are generated by the interaction between Ca2+ and the IPR,

while Class II models use positive and negative Ca2+ feedback on IP3 as the main

generator of the oscillations. The main di↵erence between the two classes of models

is that Class I models can produce Ca2+ oscillations at a constant level of IP3 while

Class II models cannot.

As the techniques for measuring cytosolic IP3 concentration were not available
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until recent years, it was di�cult to di↵erentiate Ca2+ oscillations caused by Class

I mechanisms from those due to Class II mechanisms in a particular cell. Sneyd et

al. [177] conjectured that it is possible to distinguish which mechanisms are responsible

by applying an external IP3 pulse to a cell and studying the cell’s Ca2+ responses.

However, this proposal was questioned by Harvey et al. [77], where it was shown that

applying a pulse of IP3 in the Atri Class I and Class II models can cause a similar Ca2+

response. Interestingly, mathematical analysis of the models revealed that, although

their responses were comparable, they occurred by completely di↵erent mechanisms.

3.1.1 Class I Ca2+ models

Class I Ca2+ models utilise positive and negative Ca2+ feedback on the IPR to cause

Ca2+ oscillations. In this mechanism, Ca2+ binds to an activating site of a receptor on

a relatively fast timescale and increases the open probability of the receptor, leading to

a positive feedback loop. On a slower timescale, Ca2+ can also bind to an inhibiting site

of the IP3 receptor to decrease the open probability, creating a negative feedback loop.

The main characteristic of Class I models is that they can produce Ca2+ oscillations

with a constant [IP3]. The minimal form of a generic Class I Ca2+ model can be written

as follows,

dC

dt
= Jrelease(C, P,R)� JSERCA(C),

dR

dt
= Fopen(C) · (1�R)� Fclose(C) ·R,

(3.1.1)

where C and P represent the cytosolic Ca2+ and IP3 concentrations, respectively. R

is the fraction of the IPR that are open. The Jrelease term includes CICR and IP3-

dependent fluxes from internal stores via the IPR. P is treated as a parameter that

continuously stimulates the release of Ca2+ through the IPR. The reuptake of Ca2+ via

the SERCA pumps is Ca2+-dependent. The IPR open and close at Ca2+-dependent

opening and closing rates, Fopen and Fclose, respectively. Ca2+ oscillations are generated

by the feedback loop between Ca2+ and the IPR, in the absence of oscillating [IP3].

Instead of having [IP3] as a parameter, it can be added to the model as a new

variable that represents passive dynamics of IP3. In this case, the equations for the
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production and/or degradation of IP3 are expressed as functions of [Ca2+]i, creating

passive IP3 oscillations as reflections of oscillating Ca2+. When Ca2+ feedback on the

production of IP3 is dominant, we call the model Class I Positive. Alternatively, when

the e↵ect of Ca2+ is more significant on the degradation of IP3, the model is called

Class I Negative.

Recently, Tanimura et al. [184] observed coupled oscillations of Ca2+ and IP3 con-

centrations in HSY cells. The IP3 concentrations were measured using a newly devel-

oped IP3 biosensor. Tanimura et al. conjectured that the observed IP3 oscillations are

passive reflections of the Ca2+ oscillations, and that the oscillations in HSY cells arise

from Class I mechanisms. In Chapter 5, we confirm their hypothesis by constructing

a Class I Positive model to reproduce the coupled oscillations in HSY cells.

3.1.2 Class II Ca2+ models

Ca2+ oscillations in Class II models are generated from positive and negative Ca2+

feedback on IP3. The following system is the simplest form of a Class II Ca2+ model:

dC

dt
= Jrelease(C, P )� JSERCA(C),

dP

dt
= production(C)� degradation(C) · P,

(3.1.2)

where C and P are the cytosolic concentrations of Ca2+ and IP3, respectively. The rate

of Ca2+ release from internal stores is Ca2+-dependent, and increases with [IP3]. The

reuptake Ca2+ flux through the SERCA pumps is Ca2+-dependent. Ca2+ is involved

in the formation and degradation of IP3. Upon agonist stimulation, PLC is activated

to produce IP3 (see Section 2.2.1), which then triggers IPR to open and release Ca2+

into the cytosol. Released Ca2+ stimulates PLC and increases the production rate

of IP3, leading to a positive feedback on the Ca2+ release from the ER. However, it

also activates the enzymes that are involved in the metabolism of IP3, which in turn

decreases [IP3]. The increase and decrease in [IP3] are coupled with the Jrelease term,

leading to an increase and decrease in the rate of Ca2+ release. Hence, Ca2+ oscillations

are mainly generated by Ca2+ feedback on the production and degradation of IP3.

As an extension of the simple Class II model, it is common to add additional
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Figure 3.1. Schematic diagram of the typical Ca2+ fluxes in a simple model of Ca2+

dynamics. The ER releases Ca2+ into the cytosol through a number of Ca2+ channels
(Jrelease). The reuptake flux is denoted by JSERCA. The influx and e✏ux of Ca2+ across
the plasma membrane is denoted by Jin and Jpm, respectively.

variables for the IPR dynamics. Class II models can also be subcategorised into Class

II Positive/Negative, based on the e↵ect of Ca2+ on the production/degradation of IP3.

3.2 Modelling Ca2+ and IP3 Dynamics

The minimal forms of Class I and Class II Ca2+ models introduced in the previous

sections are called closed-cell models, in which the total intracellular Ca2+ concentra-

tion is assumed to be fixed at a constant level, rather than a dynamical variable that

changes over time. However, the total intracellular Ca2+ concentration can also be

modelled as a time-dependent variable that relies on Ca2+ influx and e✏ux across the

plasma membrane. We shall call models that incorporate this factor open-cell models.

In open-cell models, the dynamics of [Ca2+]i is modulated by all the major Ca2+

fluxes across the ER membrane and plasma membrane, as shown in Figure 3.1. Math-

ematically, this can be described by an ODE,

dC

dt
= Jrelease � JSERCA + Jin � Jpm,

which is usually coupled to another ODE representing the dynamics of the Ca2+ con-

19



3. Mathematical Modelling of Intracellular Calcium Dynamics

centration in the ER or within the whole cell,

dCER

dt
= �(�Jrelease + JSERCA) with Ct = C + CER/�

or

dCt

dt
= Jin � Jpm with CER = �(Ct � C),

(3.2.1)

where C, CER, and Ct represent Ca2+ concentrations in the cytosol, the ER, and the

whole cell, respectively. � gives the ratio of the volume of the cytosol to the ER. Other

Ca2+ fluxes may be included in models of Ca2+ dynamics, depending on the types of

cells and the phenomena that are being described. The general forms of the individual

Ca2+ fluxes are explained in the next section.

Models of Ca2+ oscillations may include positive and/or negative Ca2+ feedback

on IP3 regulation to produce oscillations in [IP3]. The feedbacks are crucial in Class II

models, where Ca2+ oscillations are driven by IP3 oscillations acting on the activation

and inhibition of the IPR. However, in Class I models, the feedbacks generate passive

IP3 oscillations that are not required for Ca2+ oscillations. There may be other IP3

regulation mechanisms that do not involve Ca2+. Thus, the rate of change in cytosolic

[IP3] (P ) is generally modelled as a function of [Ca2+]i (C) and other factors such as

the concentration of applied agonist (⌫):

dP

dt
= Vplc(C, ⌫)� Vdeg(C, P ),

where Vplc and Vdeg are the rates of IP3 production and degradation, respectively.

Section 3.2.2 briefly describes how these rates are usually modelled.

3.2.1 Mathematical forms of Ca2+ fluxes

Flux through the IPR The main Ca2+ pathway from the ER to the cytosol is

through the IPR. This flux is typically modelled as a linear function of the di↵erence

between CER and C:

JIPR = kIPROIPR(CER � C)

20



3.2 Modelling Ca2+ and IP3 Dynamics

where kIPR is a flux coe�cient related to the density of the IPR. OIPR is the open

probability of the IPR determined by a model of the IPR dynamics; thus the properties

of the IPR flux depend on which IPR model is used. OIPR is normally modelled as a

function of [Ca2+]i and [IP3] [27, 171]. [IP3] is positively correlated with the IPR open

probability [52], while [Ca2+]i a↵ects the receptors in a biphasic manner.

Early heuristic models of the IPR include the ones constructed by Dupont and

Goldbeter [54], De Young and Keizer [46] (which is considered one of the most influen-

tial IPR binding models to date), Li and Rinzel [105], and Atri et al. [6]. The model of

Dupont and Goldbeter generates the IPR flux by CICR, exhibiting Ca2+ oscillations

that are paired with oscillations in the total intracellular Ca2+ concentration. The

other models consist of phenomenological equations that incorporate experimentally

measured IPR kinetics, where an increase in [Ca2+]i is shown to cause a fast activation

of the receptors, followed by a relatively slow inhibition [66, 83, 138]. For reviews of

early models of the IPR, see Sneyd and Falcke [175]. Over the last decade, new exper-

imental protocols have been developed for investigating the behaviours of a single IP3

receptor on the native ER membrane in a living cell (i.e., in vivo) [67, 114, 190, 191].

Obtained experimental data were particularly important as they captured the intrinsic

activities of the receptors in their natural conditions. A number of IPR models were

developed based on this single-channel data set [27, 73, 171]. The most recent model

by Cao et al. [28] characterises both stationary and non-stationary responses of the

receptors, stimulated by a step increase and/or decrease of [Ca2+]i and/or [IP3].

A model of the IPR dynamics can be coupled to a Ca2+ model using two alternative

methods under di↵erent assumptions. One approach is to assume that there are in-

finitely many IPR per unit cell volume, and that [Ca2+]i is homogeneous over the whole

cell domain. Using this method, a Ca2+ model can be written as a system of ODEs.

Models of this type are deterministic models, and they generate periodic oscillations

with an amplitude and period that is pre-determined by the model parameters. One

of the advantages of studying a system of ODEs is that its numerical computations are

relatively fast and e�cient; however, the underlying assumption is somewhat debatable

as experimental data show Ca2+ events that appear to be inherently stochastic.

The other approach is using a stochastic model, which assumes that the number

of open IPR during oscillations is determined through a stochastic process. For a
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3. Mathematical Modelling of Intracellular Calcium Dynamics

comprehensive review of stochastic Ca2+ models, see Rüdiger [158]. The use of a

stochastic Ca2+ model may be a more realistic option to accurately depict behaviours

of intracellular Ca2+, which show some stochastic events. However, it was proposed

by Cao et al. [27] that deterministic models have equally valid predictive power as

stochastic models, and hence the modelling work presented in this thesis are entirely

focused on the study of deterministic Ca2+ models.

Flux across the ER membrane At a resting state, the balance of the Ca2+ con-

centration in the ER is maintained by a passive leak flux and an active Ca2+ flux

through the SERCA pumps. The detailed cellular mechanism of the leak flux from the

ER into the cytosol is still not completely understood. However, several studies found

that the leak flux is not regulated by the IPR [12, 80, 110, 127], and is a relatively slow

process [24]. The leak flux is normally modelled as

Jleak = kleak(CER � C),

with the leak flux coe�cient, kleak.

Flux through the SERCA pumps The reuptake flux through the SERCA pumps

is generally modelled by a Hill function,

JSERCA =
VSCns

Kns
S + Cns

,

which is a simple, yet good approximation to the experimentally measured SERCA

activity [6, 7, 79]. VS is the maximal Ca2+ flux through the SERCA pumps andKS is the

[Ca2+]i causing half-maximal activity of the SERCA pumps. ns is the hill coe�cient,

and the most commonly used coe�cients are 2 and 1.75. These parameter values can

vary from one cell type to another, but they should be within a similar physiological

range. Although this expression for the SERCA flux is a good representation of the

experimental data of Chandrasekera [31] and Lytton et al. [112], it neglects the negative

correlation between the SERCA flux and the concentration of Ca2+ in the ER [64, 84,

130]. Some examples of SERCA flux models that take the ER Ca2+ concentration into

account can be found in Sneyd et al. [176] and Shannon et al. [166]. For a review of
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di↵erent models of the SERCA flux, see Koivumäki et al. [97].

Ca2+ influx When modelling intracellular Ca2+ dynamics, usually three main Ca2+

channels are used to describe Ca2+ movement from the extracellular domain to the

cytosol: ROCC, SOCC, and VGCC (see Section 2.2.4). The Ca2+ flux through VGCC

is particularly important in excitable cells such as neurons and muscle cells.

• Ca2+ flux through ROCC: JROCC

ROCC are activated by the binding of an agonist. It is generally accepted that the

activity of ROCC is positively correlated with the concentration of the agonist.

Considering the fact that an increase in the concentration of the agonist also

increases [IP3], JROCC can be modelled as a linear function of [IP3].

• Ca2+ flux through SOCC: JSOCC

The activation of SOCC involves STIM proteins, ER Ca2+ sensors, and Orai

proteins, structural components of SOCC [104]. When the ER becomes depleted

in Ca2+, STIM proteins on the ER membrane bind to Orai proteins on the plasma

membrane, which results in the activation of SOCC. As a low Ca2+ concentration

in the ER activates the channels, the SOCC flux is modelled as a decreasing

function of the ER Ca2+ concentration. A mathematical description of Ca2+ flux

through SOCC can be found in Croisier et al. [40].

• Ca2+ flux through VGCC: JVGCC

VGCC drive Ca2+ influx with an activation from the depolarised membrane po-

tentials. Models of these channels are generally based on the Hodgkin-Huxley

formalism [90, 192]. The Ca2+ models presented in the following chapters do not

include the Ca2+ flux through VGCC, since the flux does not seem to have any

significant extent in the types of cells considered in this thesis.

In addition to these Ca2+ fluxes, there is a constant small influx (kleakin) that balances

the e✏ux across the plasma membrane at a resting state. To summarise, Ca2+ influx

across the plasma membrane, denoted by Jin, can be modelled as the sum of Ca2+

fluxes though di↵erent channels that are activated under various conditions,

Jin = kleakin + JROCC + JSOCC + JVGCC.
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Ca2+ e✏ux There is plenty of information about the regulation, structure, and

function of the PMCA pumps [21, 22, 48, 179, 180]. Although the molecular structure

of the PMCA pumps is di↵erent from that of the SERCA pumps, these two types

of Ca2+ pump show some similarities in their function and kinetics. Hence, the flux

through the PMCA pumps is generally modelled in a similar form to that of the SERCA

flux:

Jpm =
VpmC2

K2
pm + C2

,

where Vpm is the maximum flux through the PMCA pumps and Kpm is the [Ca2+]i

that induces half-maximal PMCA flux.

3.2.2 IP3 regulation

IP3 production As mentioned in Section 2.2.1, there are many di↵erent intra- and

extracellular pathways that stimulate PLC to produce IP3. Some types of PLC require

both external agonist and intracellular Ca2+ to get activated, whereas some other types

of PLC do not [45]. The molecular mechanisms of di↵erent PLC activation are not

fully understood, and it is hard to determine which types of PLC are expressed in a

certain cell. Thus, instead of modelling the complicated processes of PLC activation,

simpler equations are used for the Vplc term. In Ca2+ models, it is generally assumed

that the rate of IP3 production is generated from one or more of the following types of

PLC:

• PLC is activated by increases in the agonist concentration and [Ca2+]i. However,

[Ca2+]i that gives the half-maximal rate of production is below or of the order

of basal [Ca2+]i. Thus, additional activation of PLC from Ca2+ is negligible, in

which case the rate of IP3 production is regulated solely by the agonist concen-

tration. There are several ways to model this rate. In this thesis, we model this

rate by a Hill function:

f(⌫) =  1
⌫

K⌫1 + ⌫
,

where  1 is the maximum production rate generated under this assumption, and

K⌫1 is the agonist concentration that gives the half-maximal rate.
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3.2 Modelling Ca2+ and IP3 Dynamics

• PLC is activated by an increase in [Ca2+]i only, in the absence of any external

agonist. This type of PLC activation does not require any agonist, and generally

is expressed with a Hill function:

g(C) =  2
Chc1

Khc1
plc1

+ Chc1
,

where Kplc1 is the [Ca2+]i at which the production rate reaches half of its maxi-

mum rate,  2, and hc1 is the Hill coe�cient.

• PLC is activated by increases in the agonist concentration and [Ca2+]i, where a

su�cient amount of Ca2+ is required for the activation (i.e., [Ca2+]i causing the

half-maximal rate of production is above the basal [Ca2+]i). In this case, the

production rate of IP3 is sensitive to the changes in the agonist concentration

and [Ca2+]i:

h(⌫, C) = �plc(⌫)
Chc2

Khc2
plc2

+ Chc2
,

where the maximum rate �plc depends on the agonist concentration. The acti-

vation from Ca2+ is incorporated with a Hill function, where Kplc2 is the [Ca2+]i

that generates the half-maximal rate and hc2 is the Hill coe�cient.

IP3 degradation IP3 can be metabolised through dephosphorylation by IP3 5-

phosphatase (IP3P) and Ca2+-activated phosphorylation by IP3 3-kinase (IP3K). As

both IP3P and IP3K do not get saturated with IP3, the degradation rate generated

from each enzyme can be modelled as a linear function of [IP3] [45, 147, 172]. Thus,

the rate of IP3 degradation is generally modelled as:

Vdeg =

 
⌫5P + ⌫3K

Chp

Khp
3K + Chp

!
P,

where ⌫5P and ⌫3K are the rate constants related to the IP3 dephosphorylation and

phosphorylation, respectively. The Ca2+ dependence of the IP3K is incorporated using

a Hill function, whereby K3K is the [Ca2+]i that gives the half-maximal rate and hp is

the Hill coe�cient.

Dupont and Erneux [53] presented a Ca2+ model that describes the kinetics of IP3
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3. Mathematical Modelling of Intracellular Calcium Dynamics

degradation in more detail, by introducing a new variable for the dynamics of inositol

1,3,4,5-tetrakisphosphate (IP4), which is the product of the IP3 phosphorylation by

IP3K. Their model incorporates the accumulation of IP4 by IP3K and the inhibition

e↵ect of IP4 on IP3P, in order to couple the dynamics of IP3 and IP4; see [53] for the

details of the model.
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4
Effects of Calcium Release into

Microdomains between the ER and

Lysosomes

This chapter includes a collaborative project with Christopher Penny, Bethan Kil-

patrick and Sandip Patel, experimental biologists at University College London. We

studied the e↵ects of lysosomal Ca2+ leaks into microdomains between lysosomes and

the ER, both experimentally and theoretically. The results are published in the Journal

of Cell Science, volume 127. The full reference can be found in the bibliography [143].

Most content of the paper is rewritten in this chapter. While the paper briefly presents

the model, this chapter describes the mathematical details of the model.
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4.1 Introduction

Fluctuations in cytosolic Ca2+ concentration ([Ca2+]i) are known to form a fundamental

element in various cellular activities during the cell’s lifetime [15]. The details of these

fluctuations are mainly determined by the regulation of Ca2+ releases from the internal

Ca2+ stores, such as the ER. However, acidic organelles (i.e., lysosomes) are also found

to form an important intracellular Ca2+ store that contributes to complexities of the

Ca2+ signals [23, 140].

Within a cell, there are certain areas where organelles are positioned in close prox-

imity with each other (< 30 nm) and form membrane contact sites. Ca2+ signalling

messengers can accumulate within these compact spaces and form so-called “Ca2+ mi-

crodomains”, which contribute towards crosstalk between organelles that involve the

regulation of Ca2+ signals [78]. The ER has the most extensive structure of membrane

networks, and hence is majorly involved in the formation of microdomains with other

compartments such as the plasma membrane, mitochondria and lysosomes. For ex-

ample, when the Ca2+ concentration in the ER is low, microdomains between the ER

and the plasma membrane allow crosstalk of relevant proteins on the membrane to

drive direct ER Ca2+ refilling via SOCC, which is an e�cient pathway of replenishing

the ER with minimal loss of Ca2+ to the cytosol [69]. In muscle cells, microdomains

between the SR (a specialised type of smooth ER expressed in muscle cells) and the

plasma membrane are shown to play an important role in the control of Ca2+ chan-

nels that are involved in muscle excitation-contraction coupling [5, 162]. Furthermore,

microdomains between the ER and mitochondria have been studied extensively for

the investigation of crosstalk between two organelles that regulate Ca2+ exchange and

mitochondrial homeostasis [41, 156].

Recently, Kilpatrick et al. [93] discovered lysosome–ER membrane contact sites

(i.e., microdomains). Their study shows that hydrolysis of the lysosomotropic com-

pound glycyl-L-phenylalanine 2-naphthylamide (GPN) induces IPR-dependent Ca2+

signals that lasted up to 15 minutes in primary cultured human fibroblasts. It was

suggested that Ca2+ influx from the extracellular domain does not significantly a↵ect

the GPN responses, as the removal of extracellular Ca2+ did not disrupt the signals.

While hydrolysis of GPN causes complete depletion of lysosomal Ca2+ by rupturing
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lysosomes, nicotinic acid adenine dinucleotide phosphate (NAADP) is a second messen-

ger that activates the two-pore channels (TPC), a lysosomal ion channel, and induces

relatively smaller magnitudes of lysosomal Ca2+ flux [20, 23, 202]. NAADP is known

to regulate Ca2+ from other acidic organelles as well [34].

Although NAADP is shown to drive global Ca2+ signals in various cell types,

NAADP-induced lysosomal Ca2+ flux alone is not su�cient to account for such re-

sponses [33, 71]. Based on this observation, it has been hypothesised that the e↵ects

of NAADP-induced Ca2+ flux are amplified by the IPR to trigger the global Ca2+

signals [26]. Additionally, several studies suggested that NAADP-induced signals are

highly localised, which underscores the importance of lysosome–ER microdomains [26,

118, 131].

In this chapter, a mathematical model of Ca2+ dynamics is proposed for the in-

vestigation of the role of lysosome–ER microdomains and the e↵ects of lysosomal Ca2+

leaks on global Ca2+ signals. The model generates Ca2+ oscillations primarily by Class

II mechanisms, where positive and negative Ca2+ feedback on IP3 is the main driving

force of oscillations. We find that small NAADP-induced lysosomal Ca2+ leaks into

lysosome–ER microdomains can either trigger or modulate global Ca2+ oscillations.

The model simulations suggest that the observed Ca2+ responses are driven by the

lysosomal Ca2+ leaks acting on the IPR at the microdomains.

4.2 Materials and Methods

4.2.1 Experimental protocols

For a detailed description of the experimental protocols, see [143].

4.2.2 The calcium model

We construct a Class II Ca2+ model for two compartments: the cytosol and lysosome–

ERmicrodomain, and describe the dynamics of Ca2+ and IP3 within each compartment.

Figure 4.1 shows a schematic diagram of Ca2+ and IP3 dynamics in the model. The

Ca2+ concentrations within the cytosol, the ER, the lysosome and the microdomain

are denoted by C, CER, CLS, and Cm, respectively. Kilpatrick et al. [93] showed that
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Figure 4.1. Schematic diagram of the two compartments, the cytosol and mi-
crodomain, in the model. The cytosol is coloured with blue while the microdomain is
represented by the white space between the ER and the lysosome. The ER releases
Ca2+ to the cytosol (JIPR) and microdomain (JmIPR). The cytosolic Ca2+ is pumped
back into the ER via SERCA pumps (JSERCA), and the Ca2+ in the microdomain is also
pumped back into the ER (JmSERCA). The Ca2+ fluxes from the lysosome to the cy-
tosol and microdomain are labelled as JLS and JmLS, respectively. Ca2+ and IP3 di↵use
between the cytosol and the microdomain, represented by Di↵C and Di↵P, respectively.
The diagram is adapted from [143].

GPN induces persistent Ca2+ signals in the absence of extracellular Ca2+. Thus, we

assume that the e↵ects of extracellular Ca2+ are negligible, and construct a closed-cell

model with a constant CER.

As briefly mentioned in Chapter 3, there is no evidence that indicates the RyR

have a significant role in generating Ca2+ oscillations in human fibroblasts, and thus our

model does not include the calcium flux through the RyR. However, our preliminary

study suggested that the inclusion of the RyR Ca2+ flux modulates the oscillation

frequency and amplitude.

Calcium fluxes We model the IPR Ca2+ fluxes from the ER into the cytosol and

microdomain by

JIPR = kIPROIPR(CER � C),

JmIPR = kIPROmIPR(CER � Cm),

(4.2.1)

respectively, where kIPR is related the density of the IPR. The open probabilities of the

IPR that release Ca2+ to the cytosol and microdomain, OIPR and OmIPR, are controlled

by the concentrations of Ca2+ and IP3 within these compartments [28]; see Section 5.3.5
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for the derivation of the open probabilities. The reuptake of Ca2+ through the SERCA

pumps is modelled by a Hill function as in [31]:

JSERCA =
VSC1.75

K1.75
S + C1.75

,

JmSERCA =
VSC1.75

m

K1.75
S + C1.75

m

,

(4.2.2)

where VS is the maximum SERCA flux and KS is the half-maximal activation.

GPN-induced depletion of lysosomal Ca2+ Di↵erent concentrations of GPN

were applied to cells to induce the lysosomal Ca2+ leaks. We assume that the addition

of GPN linearly increases the Ca2+ flow rate from zero to the maximum rate. The

GPN-induced Ca2+ leaks to the cytosol and microdomain are modelled by

JLS = kLS(CLS0CLS � C)

✓
H(t� t0) +H(t� t0)(1�H(t� t1))

t� t0
t1 � t0

◆
,

JmLS = kLS(CLS0CLS � Cm)

✓
H(t� t0) +H(t� t0)(1�H(t� t1))

t� t0
t1 � t0

◆
,

(4.2.3)

respectively, where kLS is the maximum flow rate at a given concentration of GPN.

The Heaviside function

H(t� t0) =

8
><

>:

0 if t  t0,

1 if t > t0,

is used to model the linear increase of the flow rate for t0 < t < t1. To describe the

depletion of lysosomal Ca2+ at a given concentration of GPN, the initial lysosomal

Ca2+ concentration, CLS0, is multiplied with CLS, a fitted function to the experimen-

tally measured Lysotracker fluorescence. Figure 4.2 shows the Lysotracker fluorescence

measurements with fitted CLS. The equations and parameter values for the CLS’s for

di↵erent GPN concentrations are shown in Appendix A.

NAADP-induced Ca2+ release The NAADP-induced Ca2+ flux from the lyso-

some is relatively slow; thus, we assume that the decrease in CLS is negligible in the
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Figure 4.2. The blue curves show the Lysotracker fluorescence measurements at
di↵erent concentrations of GPN. The concentrations are labelled next to the data.
The black dashed line indicates the time at which the cell were applied with GPN. The
red dashed curves are the fitted functions for CLS.

model with NAADP. The NAADP-induced lysosomal Ca2+ flux into the cytosol and

microdomain are described by

JLS = ktOTPC(CLS � C),

JmLS = kmtOTPC(CLS � Cm),

(4.2.4)

where kt and kmt are related the densities of TPC on the surfaces of the lysosome that

neighbour the cytosol and microdomain, respectively. OTPC is the open probability of

the TPC at a given concentration of NAADP ([NAADP]),

OTPC =
0.015[NAADP]2

0.00352 + [NAADP]2

 
1� [NAADP]2

0.152 + [NAADP]2

!
, (4.2.5)

which is obtained by fitting data from Pitt et al. [146]. At a low [NAADP], an increase

in [NAADP] increases the open probability of TPC, while at a high [NAADP], the

channels are inhibited.

IP3 dynamics The production rate of IP3 is expressed as a function of the rate at

which the agonist is applied, ⌫, and [Ca2+]i:

Vplc = ⌫
C2

K2
plc + C2

,
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where Kplc is the concentration of Ca2+ causing half-maximal production of IP3. We

model the degradation of IP3 as Ca2+-dependent phosphorylation by IP3 kinase:

Vdeg =

 
k3K

C2

K2
deg + C2

!
P,

where k3K is the maximal rate of the phosphorylation and Kdeg is the concentration

of Ca2+ causing half-maximal degradation of IP3. We assume that IP3 is not being

produced nor degraded in the microdomain.

4.2.3 Summary of the model

Ca2+ and IP3 di↵use between the cytosol and microdomain, with rate constants DC

and DP , respectively. We model a closed cell, as lysosome–ER crosstalk signals persist

in the absence of extracellular Ca2+. Thus, the Ca2+ and IP3 dynamics in the cytosol

and microdomain are given by

dC

dt
= JIPR � JSERCA + JLS +DC(Cm � C),

dP

dt
= Vplc � Vdeg +DP (Pm � P ),

dCm

dt
= RVR2(JmIPR � JmSERCA) +RVR3JmLS +RVDC(C � Cm),

dPm

dt
= RVDP (P � Pm).

(4.2.6)

Since the surface of the ER that adjoins the cytosol has a larger area (AcER) than

the surface that adjoins the microdomain (AmER), the fluxes are scaled to account

for the surface di↵erence. R2 represents the e↵ect of the surface area di↵erence,

R2 = (AmER/AcER). Similarly, R3 is the surface ratio of the lysosome that neighbours

the microdomain to the area that neighbours the cytosol, R3 = (AmLS/AcLS). The

e↵ect of the relative volume di↵erence between the cytosol and the microdomain is

also expressed as a ratio:

RV =
total volume of cytosol

total volume of microdomain
.

Parameter values are shown in Table 4.1, along with their descriptions.
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Table 4.1. Parameter values of the Lysosome–ER microdomain Ca2+ model,
system (4.2.6).

Parameter Value (Units) Description

RV
a 2000 (µm3) the volume ratio between the cytosol

and microdomain

AcER
a 300 (µm2) the surface area of the ER neighbouring the cytosol

AmER
a 1 (µm2) the surface area of the ER neighbouring

the microdomain

AcLS
a 50 (µm2) the surface area of the lysosome neighbouring

the cytosol

AmLS
a 1 (µm2) the surface area of the lysosome neighbouring

the microdomain

CER
b 300 (µM) the luminal ER Ca2+ concentration

CLS0
b 500 (µM) the initial Ca2+ concentration in the lysosome for

modelling GPN-induced Ca2+ flux

CLS
b 500 (µM) the constant Ca2+ concentration in the lysosome for

modelling NAADP-induced Ca2+ flux

kIPRc 0.21 (s�1) IPR flux coe�cient

kLSc 0.000146 (s�1)
0.0049 (s�1)
0.0116 (s�1)

the maximum lysosomal Ca2+ flux induced by
20 µM, 100 µM, and 200 µM of GPN, respectively

ktc 0.0324 (s�1) coe�cient of TPC flux entering the cytosol

kmt
c 0.0324 (s�1) coe�cient of TPC flux entering the microdomain

VS
d 4.9 (µM s�1) maximum SERCA flux

KS
d 0.3 (µM) [Ca2+]i causing half-maximal activation of the

SERCA pumps

⌫c 0.0189 (µM s�1) the rate of agonist stimulation

Kplc
e 0.2 (µM) [Ca2+]i causing half-maximal production of IP3

k3Kc 2.8 (s�1) maximum rate of IP3 degradation

kdegc 1 (µM) [Ca2+]i causing half-maximal degradation of IP3

DC
c 0.7 (s�1) Ca2+ di↵usional flux constant

DP
c 35 (s�1) IP3 di↵usional flux constant

a parameters estimated from experimental images.
b parameters chosen from reported ranges (Lloyd-Evans et al. [108] and Miyawaki et
al. [128]) in order to obtain acceptable steady-state solutions.
c parameters chosen to replicate experimental GPN-induced Ca2+ oscillations.
d parameters chosen based on Dupont and Erneux [53].
e parameters chosen from Politi et al. [147].
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4.3 Model Results

4.3.1 GPN model

The cells were first applied with a low concentration of agonist so that [Ca2+]i would be

sitting at a low concentration without any oscillatory behaviour. Subsequently, various

concentrations of GPN were applied to induce the lysosomal Ca2+ leaks through hy-

drolysis of GPN. Figure 4.3A, 4.3C, and 4.3E show the experimental results of applying

20 µM, 100 µM, and 200 µM of GPN, respectively. The cells exhibited oscillatory be-

haviours in [Ca2+]i, which confirmed that the GPN-induced lysosomal Ca2+ leaks trig-

ger the global intracellular Ca2+ signals. We use system (4.2.6) with equations (4.2.3)

to model the GPN-induced Ca2+ responses. Initially, we set kLS = 0 s�1 in the system

to indicate that there is no lysosomal Ca2+ leak. The system is then stimulated with

⌫ = 0.0189 µM, which generated a stable steady state at low concentrations of Ca2+

and IP3 in both compartments: C = 0.0305 µM, P = 0.1651 µM, Cm = 0.0305 µM,

and Pm = 0.1651 µM. kLS is increased to 0.00146 s�1, 0.0049 s�1, and 0.0116 s�1 to

simulate the lysosomal Ca2+ leaks induced by 20 µM, 100 µM, and 200 µM of GPN,

respectively. The model results are shown in Figures 4.3B, 4.3D, and 4.3F. The oscil-

latory behaviours of C are qualitatively consistent with the experimental data. The

model simulations of applying 100 µM and 200 µM of GPN generate an additional early

Ca2+ spike; see Figures 4.3D and 4.3F, the dashed section of the curves. We suspect

that this is most likely a model artefact caused by the relatively fast addition of GPN

in the model; see the Discussion for more detail. The Ca2+ spikes are eliminated when

kIPR is decreased to 0 s�1, which is represented by the red curves on Figures 4.3B,

4.3D, and 4.3F. This model result indicates that the spikes are primarily generated by

the IPR.

4.3.2 NAADP model

We use system (4.2.6) with equations (4.2.4) to investigate the e↵ects of NAADP on

the Ca2+ dynamics of the cytosol and microdomain. NAADP targets a lysosomal ion

channel, TPC, and gives rise to Ca2+ fluxes that are relatively small in magnitude.

Thus, we assume that the changes in the lysosomal Ca2+ concentration are negligible,
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Figure 4.3. Model simulations of GPN-induced Ca2+ spikes, system (4.2.6) with
Eq. (4.2.3). The left panels, A, C, and E, show experimentally measured Ca2+ signals
induced from the addition of 20 µM, 100 µM, and 200 µM of GPN, respectively. GPN
was applied at the time indicated by the black dashed line. The right panels, B, D,
and F, show corresponding model simulations with kLS = 0.00146, kLS = 0.0049, and
kLS = 0.0116, respectively. The model simulations with no IPR flux are represented
by the red curves. The dashed part of the curve in panels D and F are the model
artefacts. The graphs are adapted from [143].

36



4.3 Model Results

and treat CLS as a constant parameter. Initially, we perform a model simulation

with [NAADP] = 0 µM, to confirm that the system does not display any oscillatory

dynamics (figure not shown). In the model, the open probability of TPC depends

on the concentration of applied NAADP [146]. Figure 4.4A shows the curve of TPC

open probability, Eq. (4.2.5), where the grey area indicates the range of [NAADP] that

induces global Ca2+ oscillations in the system with kt = kmt = 0.0324 s�1. We increase

[NAADP] to 0.0229 µM, which brings the TPC open probability to its maximum. The

model result is shown in Figure 4.4B (in blue), exhibiting global Ca2+ oscillations.

We then run additional model simulations from the same initial condition, but with

decreased kmt = 0 s�1. The purpose of this is to confirm that the oscillations are

triggered by the lysosomal Ca2+ flux into the microdomain. The time series in red

in Figure 4.4B is the corresponding model result. When kmt = 0 s�1 (i.e., no Ca2+

release from the lysosome into the microdomain), the system does not generate Ca2+

oscillations. These results indicate that, though small in magnitude, the lysosomal

Ca2+ release into the microdomain is capable of driving global Ca2+ oscillations.

In the system, the relative TPC flux density into the microdomain (kmt) is as-

sumed to be the same as that into the cytosol (kt). However, some studies reported

that ion channels form small clusters, rather than being uniformly distributed over

the membrane [43, 162, 170]. We incorporate the possibility of channel clustering in

the microdomain, and study the e↵ects of selectively increasing TPC flux density into

the microdomain (kmt = 10kt). As shown in Figure 4.4C, the model predicts that

when TPC channels form clusters on the lysosomal membrane that neighbours the

microdomain, a wider range of [NAADP] induces global Ca2+ oscillations. Figure 4.4D

shows the model simulations of adding NAADP ([NAADP] = 0.0229 µM) in the pres-

ence of the TPC flux into the microdomain (in blue) and in the absence of the flux

(in red). The model with TPC clusters (kmt = 10kt = 0.324 s�1) exhibits much faster

oscillations than the model in which the TPC flux densities into both compartments

are assumed to be the same (kmt = kt = 0.0324 s�1). Subsequently, the TPC flux into

the microdomain is removed from the system, which abolishes the oscillations.

Lastly, both kmt and kt are increased to 0.0364 s�1, for investigating the Ca2+

dynamics of the model where TPC flux density is uniformly increased across the lyso-

somal membrane (i.e., over-expressed TPC channels). Interestingly, the model predicts
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that the range of [NAADP] causing global Ca2+ oscillations widens when the flux den-

sity increases uniformly, as shown in Figure 4.4E. This is a similar e↵ect to clustering.

We simulate the addition of NAADP by increasing [NAADP] to 0.0229 µM. Similar to

the model with clustering, faster oscillations are generated when TPC flux density is

uniformly increased in the model; see the blue traces in Figure 4.4F. However, when

TPC flux into the microdomain is removed (kmt = 0 s�1), the oscillations persist with

increased period, shown by the red traces in Figure 4.4F. These results indicate that

when TPC channels are over-expressed on the lysosomal membrane, the Ca2+ flux

into the microdomain acts as a catalyst that accelerates oscillations, rather than as an

essential trigger that drives global Ca2+ signals.

4.4 Discussion

The importance of membrane contact sites (microdomains) between the ER and other

cellular structures (e.g., lysosomes, the plasma membrane, and mitochondria) has been

established through a number of studies [17, 78, 93]. Recently, Kilpatrick et al. [93]

identified microdomains between lysosomes and the ER, and showed that the hydrol-

ysis of GPN causes lysosomal Ca2+ leaks, which trigger persistent global Ca2+ signals

through coupling with the IPR. Following these results, we wanted to study Ca2+

dynamics within lysosome–ER microdomains, and investigate physiological roles of

microdomains.

Due to the microscopic size of microdomains, it is infeasible to experimentally

trace concentrations of Ca2+ within these regions. Therefore, we constructed a com-

putational model for Ca2+ dynamics within microdomains and draw potential Ca2+

behaviours from model simulations. The model describes Ca2+ dynamics within two

compartments: the microdomain and cytosol. The concentrations of Ca2+ within the

regions are determined by various intracellular Ca2+ fluxes, including Ca2+ di↵usion

between the regions; see Figure 4.1. We assumed that Ca2+ has positive and negative

feedback on IP3, so that the model can generate Ca2+ oscillations through Class II

mechanisms. The model incorporates the IPR model of Cao et al. [28], in which the

open probability of the receptors are modelled as functions of [Ca2+]i and [IP3].

With the model, we studied Ca2+ responses to lysosomal Ca2+ fluxes induced
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Figure 4.4. Model simulations of NAADP-induced Ca2+ oscillations, system (4.2.6)
with Eq. (4.2.4). The black curves in panels A, C, and E show the open probability of
TPC at a given [NAADP]. The grey shaded areas in the left panels indicate the ranges
of [NAADP] that generate stable Ca2+ oscillations in the model, with di↵erent kt and
kmt values as specified below. The right panels display the stable Ca2+ oscillations
at [NAADP]= 0.0229 µM (in blue), which get a↵ected by the removal of the lysoso-
mal Ca2+ flux into the microdomain (kmt = 0 µM, in red). The graphs are adapted
from [143].
A and B: kt = kmt = 0.0324 s�1,

C and D: kmt = 10kt = 0.324 s�1,

E and F: kt = kmt = 0.0364 s�1.
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by two di↵erent sources: GPN and NAADP. The hydrolysis of GPN is known to

rupture lysosomes and cause the total depletion of lysosomal Ca2+. The GPN-induced

Ca2+ leaks are modelled as functions of time, based on the Lysotracker fluorescence

measurements; see Figure 4.2. Experimental data show that a larger quantity of GPN

generates more Ca2+ spikes, with an earlier occurrence of the first spike; see the left

panels of Figure 4.3. Our model captures the qualitative features of Ca2+ signals

induced by GPN; see the right panels of Figure 4.3. The model confirms that the Ca2+

signals are generated from the IPR, as the model without the IPR flux was unable to

produce any Ca2+ spikes.

Unlike GPN, NAADP targets TPC, lysosomal Ca2+ channels, and induces smaller

magnitude of lysosomal Ca2+ flux. The model assumes a constant lysosomal Ca2+

concentration, owing to the small magnitude of the TPC Ca2+ flux and an unidentified

Ca2+ reuptake mechanism that is likely to be present. In our model, the TPC flux is

determined by the open probability that depends on [NAADP] [146]. Through model

simulations, we demonstrated that small TPC Ca2+ flux into the microdomain can

trigger the IPR to generate global Ca2+ oscillations.

Based on some studies of channel clustering, we modified the parameter kmt to

selectively increase the TPC Ca2+ flux density into the microdomain. As a result, the

range of [NAADP] that produces global Ca2+ oscillations expanded; see Figure 4.4C.

This e↵ect was also seen when the TPC flux density was uniformly increased; see

Figure 4.4E. In this case, the TPC flux into the cytosol was su�cient to induce global

Ca2+ oscillations, while the TPC flux into the microdomain modulated the oscillation

frequency. These results suggest that crosstalk signals between lysosomes and the ER

may depend on distributions and expression levels of lysosomal Ca2+ channels.

In the model simulations, there are instantaneous spikes at the beginning of the

time series. We suspect that these early spikes are caused by the oversimplification in

our approach of modelling GPN and NAADP addition. The model assumes that the

addition of stimulus (either GPN or NAADP) is a relatively fast process. However, the

biological reactions of GPN and NAADP addition involve several steps that depend on

time, which makes it harder to implement in the model. We could improve the model

behaviours by including more accurate processes of GPN and NAADP addition.

Moreover, the model generates Ca2+ spikes that are very fast, involving rapid
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increases and decreases in the [Ca2+]i. However, experimentally measured Ca2+ sig-

nals exhibit slow increasing and decreasing rates of [Ca2+]i, forming Ca2+ spikes with

relatively large widths. This discrepancy could have been caused from a number of

di↵erent sources. The model could be extended to a system of partial di↵erential equa-

tions (PDEs), to study the spatial features of microdomain Ca2+ signals. Furthermore,

in order to improve the model, more information on the coupling mechanisms between

lysosomes and the ER is required.

In conclusion, we have constructed a computational model of Ca2+ dynamics in

lysosome–ER microdomains, to study the e↵ects of lysosomal Ca2+ fluxes on global

Ca2+ signals. The model successfully describes the qualitative behaviours of Ca2+ re-

sponses to the lysosomotropic compound GPN. Model simulations show that NAADP-

induced small lysosomal Ca2+ fluxes into lysosome–ER microdomain can drive global

Ca2+ oscillations by activating the IPR.

41



4. E↵ects of Calcium Release into Microdomains between the ER and Lysosomes

42



5
A Mathematical Model of Calcium

Dynamics in HSY Cells

This chapter presents a mathematical model of intracellular Ca2+ dynamics in HSY

cells, a salivary ductal cell line from human parotid glands. We have constructed a

model, made a few predictions about Ca2+ dynamics in HSY cells from the model, and

verified them through experiments. What follows is a copy of the manuscript that has

been revised once and resubmitted to the PLoS Computational Biology. The revisions

are based on the comments and questions from the reviewers of the original manuscript.

The full reference can be found in [76].
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5.1 Abstract

Saliva is an essential part of activities such as speaking, masticating and swallowing.

Enzymes in salivary fluid protect teeth and gums from infectious diseases, and also

initiate the digestion process. Intracellular calcium (Ca2+) plays a critical role in saliva

secretion and regulation. Experimental measurements of Ca2+ and inositol trisphos-

phate (IP3) concentrations in HSY cells, a human salivary ductal cell line, show that

when the cells are stimulated with adenosine triphosphate (ATP) or carbachol (CCh),

they exhibit coupled oscillations with Ca2+ spike peaks preceding IP3 spike peaks.

Based on these data, we construct a mathematical model of coupled Ca2+ and IP3

oscillations in HSY cells and perform model simulations of three di↵erent experimental

settings to forecast Ca2+ responses. The model predicts that when Ca2+ influx from

the extracellular space is removed, oscillations gradually slow down until they stop.

The model simulation of applying a pulse of IP3 predicts that photolysis of caged IP3

causes a transient increase in the frequency of the Ca2+ oscillations. Lastly, when

Ca2+-dependent activation of PLC is inhibited, we see an increase in the oscillation

frequency and a decrease in the amplitude. These model predictions are confirmed

by experimental data. We conclude that, although concentrations of Ca2+ and IP3

oscillate, Ca2+ oscillations in HSY cells are the result of modulation of the IP3 recep-

tor by intracellular Ca2+, and that the period is modulated by the accompanying IP3

oscillations.

5.2 Introduction

Saliva secretion and regulation are vital for a range of activities, but can be compro-

mised in a number of ways. Radiation therapy for head and/or neck cancer often causes

salivary gland hypo-function, which can lead to xerostomia, commonly known as dry

mouth [103, 188]. Patients with Sjögren’s syndrome also show symptoms of salivary

gland dysfunction [115]. As saliva is directly linked with oral health and maintenance,

lack of saliva is highly likely to cause oral pain, dental cavities and infections. Thus,

it is important to understand the mechanisms underlying saliva secretion and regula-

tion, in order, ultimately, to attempt to reverse the damage caused by salivary gland
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diseases.

There are three main salivary glands: parotid, sublingual and submandibular. The

parotid glands are the largest pair, and each gland is structured like a bunch of grapes,

with a network of ducts and a cluster of acinar cells on the ends. Generally, studies of

saliva formation have focused on the understanding of acinar cells, as ductal cells are

not the primary source of saliva secretion. However, Baum et al. [9] presented a gene

therapy procedure that targets ductal cells, and successfully showed that it alleviated

hyposalivation in rats and miniature pigs that were pre-exposed to radiation. In 2012,

a clinical trial of the gene therapy showed that 6 of the 11 treated individuals had

an increased level of saliva secretion, and five participants also experienced moisture

and lubrication in their mouths [11]. Their findings demonstrated the necessity of

investigating the mechanisms and involvement of ductal cells in saliva secretion and

regulation.

It is well established that changes in cytosolic calcium concentration ([Ca2+]i) are

important in both intracellular and intercellular signalling [13–16, 35, 60, 194, 195].

Douglas and Rubin [50] were the first to show that intracellular calcium (Ca2+) plays

an important role in the saliva secretion process. They discovered the absence of

cytosolic Ca2+ inhibits saliva secretion. Numerous studies reported the close linkage

between intracellular Ca2+ signals and ion channels in salivary glands, including Cl�

channels [152, 164, 185], K+ channels [151, 193], and Cl�/HCO�
3 exchangers [101,

102]. These results emphasise the importance of studying the correlation between the

dynamics of intracellular Ca2+ and the functions of cells involved in the secretion and

regulation of saliva.

Several studies show that when HSY cells, a salivary ductal cell line from the

parotid gland, are stimulated with external agonists such as adenosine triphosphate

(ATP) and carbachol (CCh), they exhibit oscillations in [Ca2+]i [184, 186]. However,

their exact function is less well understood.

There are two major pathways that govern Ca2+ oscillations in HSY cells: release

and reuptake of Ca2+ from the endoplasmic reticulum (ER), and fluxes across the

plasma membrane. The release of Ca2+ from the ER is initiated by inositol (1,4,5)-

trisphosphate (IP3) binding to IP3 receptors (IPR) on the ER membrane, which opens

the receptor (which is also a Ca2+ channel) allowing the flow of Ca2+ out of the ER.
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When [Ca2+]i is high, Ca2+ is pumped back into the ER or removed from the cell across

the plasma membrane.

We aim to use the studies in HSY cells to try to understand better the possible

mechanisms that control Ca2+ oscillations in duct cells. Although parotid duct cells

di↵er from HSY cells in many respects, much more is known about the Ca2+ dynamics

of HSY cells, which makes them a better candidate for modelling work. In this paper,

we present a mathematical model that reproduces Ca2+ oscillations in HSY cells. In

order to verify the model, we compare model simulations with experimental data, and

make and test predictions. Our aim is to understand the mechanisms underlying Ca2+

oscillations in HSY cells, and how IP3 dynamics a↵ects the oscillations.

5.3 Materials and Methods

5.3.1 Media

Hanks’ balanced salt solution with Hepes (HBSS-H) contained 137 mM NaCl, 5.4 mM

KCl, 1.3 mM CaCl2, 0.41 mM MgSO4, 0.49 mM MgCl2, 0.34 mM Na2HPO4, 0.44 mM

KH2PO4, 5.5 mM glucose, 20 mM Hepes-NaOH (pH 7.4). Intracellular-like medium

(ICM) contained 125 mM KCl, 19 mM NaCl, 10 mM Hepes-KOH (pH 7.3), 1mM

EGTA, and appropriate concentrations of CaCl2 (330 µM CaCl2 for 50 nM free Ca2+).

5.3.2 Cell culture

HSY-EA1 cells were cultured in Dulbecco’s Eagle’s medium nutrient mixture F-12 Ham

(Sigma) supplemented with 10% newborn calf serum, 2 mM glutamine, and 100 U/ml

penicillin and 100 µg/ml streptomycin, as previously described. These cells were grown

in fibronectin-coated experimental chambers consisting of plastic cylinders (7 mm in

diameter) glued to round glass coverslips. For monitoring changes in [Ca2+]i, cells

were incubated with 2 µM Fluo-3 acetoxymethyl ester (Dojin Chemicals, Kumamoto,

Japan) in HBSS-H HBSS-H containing 1% bovine serum albumin (BSA) for 30 min at

room temperature.
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5.3.3 Measurement of fluorescence

Experiments were carried out on a TE2000 inverted fluorescence microscope (Nikon

Tokyo, Japan) with dual-source illumination system, in which two di↵erent light sources,

a 150 W xenon arc light source U7773 (Hamamatsu photonics, Shizuoka, Japan) and

a 100 W mercury light source (Nikon) were equipped. An experimental chamber was

placed on the microscope, and fluorescence images were captured using a imaging

system consisting of a C9100-13 EM-CCD camera (Hamamatsu photonics) and were

analysed with AQUACOSMOS 2.6 software (Hamamatsu photonics).

IP3-induced Ca2+ oscillations were examined with cell-permeable caged IP3, iso-

Ins(1,4,5)P3/PM(caged), (Alexks Biochemicals, Grunberg, Germany). In this exper-

iments, cells were incubated with cell-permeable caged IP3 (2-10 µM) and Fluo-3 (2

µM) in HBSS-H containing 1% BSA for 30 min at room temperature. During monitor-

ing Ca2+ responses with 490 nm light from the Nikon mercury light source, cells were

also illuminated with 400 nm light that was derived from U7773 for the photolysis of

cell-permeable caged IP3. These illumination lights were reflected by a 500 nm long

pass dichroic beamsplitter, and exposed the chamber through a Nikon Plan Fluor 40x

(numerical aperture, 1.3) or 60x objective oil immersion lens (numerical aperture, 1.2).

In this experiment, 400 nm light was continuously exposed to a small area including

several cells, and the strength of the light was controlled with the grating monochro-

mator in U7773 and neutral density filters, so that the Ca2+ oscillations was induced in

a constant frequency. The emitted light of Fluo-3 can passed the dichroic beamsplitter

and 535 nm emotion filter, and detected by the EM-CCD camera. ATP, CCh, and

U73122 were directly added to the chamber during the measurements.

5.3.4 The calcium model

Many mathematical models have been developed to explain intracellular Ca2+ dynam-

ics of various cell types. The details of these models are di↵erent, as each aims to

describe the precise dynamics in a certain cell, but they share a primary goal of ex-

plaining how Ca2+ dynamics is regulated. For recent reviews of computational models

of Ca2+ oscillations, see Dupont et al. [58] and Schuster et al. [165]. There are two

main hypotheses that are thought to be involved in the formation of Ca2+ oscilla-
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tions: the biphasic regulation of the IPR by Ca2+, and oscillations in cytosolic IP3

concentration ([IP3]) driven by cross-coupling between Ca2+ and IP3. In the former

hypothesis, Ca2+ activation and inhibition of the IPR regulate the periodic opening of

the receptors, giving rise to Ca2+ oscillations in the absence of oscillating [IP3] [6, 54].

Cytosolic Ca2+ can cause the release of Ca2+ from the ER through a Ca2+-induced

Ca2+ release (CICR) mechanism, by binding onto the activating site of the IPR on a

relatively fast timescale. Subsequently, Ca2+ can also bind onto the di↵erent sites of

the IPR on a slower timescale to inhibit the receptors. Numerous studies employed

this mechanism to describe Ca2+ oscillations and waves observed in di↵erent cell types,

including Xenopus laevis oocytes [6, 63], hepatocytes [79], and airway smooth muscle

cells [28]. The models that generate Ca2+ oscillations through Ca2+ feedback on the

IPR are called Class I models. The latter hypothesis assumes that Ca2+ is involved

in the formation and degradation of IP3, leading to coupled oscillations of [Ca2+]i and

[IP3] [126, 147]. As positive feedback, Ca2+ can activate the enzyme that produces IP3,

phospholipase C (PLC), to increase [IP3], which in turn stimulates the IPR to release

Ca2+ from the ER. However, Ca2+ can also be involved in the degradation of IP3, by

activating IP3 3-kinase (IP3K), the enzyme that degrades IP3 to IP4. This forms a neg-

ative feedback on the Ca2+ release through the IPR. Other negative feedback processes

may involve Ca2+ inhibition of the IPR or suppressed production of IP3 by protein

kinase C (PKC) [8, 70, 147]. The models that incorporate positive and negative Ca2+

feedback on IP3 as the main oscillatory mechanism are called Class II models. Despite

the distinctive di↵erence in the fundamental mechanisms underlying Ca2+ oscillations,

it is very hard to experimentally distinguish oscillations generated by one mechanism

from those induced by the other.

Recent development of IP3 biosensors has enabled the monitoring of changes in

[IP3] during Ca2+ oscillations, which led to the discovery of concurrently oscillating

[Ca2+]i and [IP3] in some cells [56, 70, 123, 184]. Several studies thoroughly investi-

gated the e↵ects of cross-coupling between Ca2+ and IP3 on Ca2+ oscillations, both

experimentally and theoretically. Dupont et al. [56] proposed that IP3 oscillations ob-

served in hepatocytes, presumably induced by Ca2+-dependent IP3 metabolism, are not

required for Ca2+ oscillations. Furthermore, Bartlett et al. [8] observed that photoly-

sis of caged IP3 can elicit Ca2+ oscillations in hepatocytes, without any contribution
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from PLC. Politi et al. [147] constructed a model of Ca2+ dynamics with positive and

negative Ca2+ feedback on IP3 regulation, and found that these feedback mechanisms

extend the range of oscillation frequencies. Interestingly, Gaspers et al. [70] found that

positive Ca2+ feedback on IP3 is essential for generating low-frequency Ca2+ oscilla-

tions. These works are readdressed in the Discussion in more detail, as they are closely

related to the results of this paper.

As experimentally observed intracellular Ca2+ behaviours exhibit stochastic events,

it is becoming increasingly important to include stochasticity in Ca2+ models. In-

deed, a number of studies have used stochastic models to explain intracellular Ca2+

dynamics [27, 57, 63, 159, 169]. For a recent review of stochastic Ca2+ models, see

Rüdiger [158]. Although stochastic models can be useful to study intrinsically random

activities of the IPR, Cao et al. [28] showed that deterministic models can make equally

valid predictions about intracellular Ca2+ dynamics as stochastic models can. Thus,

we aim to study Ca2+ dynamics in HSY cells using a deterministic model.

Tanimura and Turner observed that permeabilised HSY cells can exhibit repetitive

Ca2+ release and reuptake by intracellular stores, suggesting that Ca2+ oscillations are

directly generated by Ca2+ feedback on IPR [182, 183]. Their work was later supported

by Tojyo et al. [186], who presented evidence that Ca2+ oscillations in HSY cells, in

the form of baseline spikes, can arise without activating IP3 formation. Subsequently,

Tanimura et al. [184] monitored emission ratios of LIBRAvIIS and fura-2, biosensors

of IP3 and Ca2+, respectively, and found that they exhibit coupled oscillations upon

agonist stimulation with di↵erent concentrations of ATP (see Figure 5.1). This suggests

that the model should contain Ca2+ feedback on IP3 production and/or degradation.

Interestingly, the coupled oscillations showed a pattern where peaks of Ca2+ spikes

preceded those of IP3 spikes. However, it was not known whether the IP3 oscillations

were necessary in order for Ca2+ oscillations to exist, or whether they were simply a

passive reflection of the Ca2+ oscillations. In this section, we construct a mathematical

model of Ca2+ dynamics in HSY cells based on the experimental observations. The

basic assumption of our model is that the oscillations arise via a Class I mechanism, in

which the IP3 oscillations are simply a passive reflection of the Ca2+ oscillations. As

we shall see, this assumption is upheld by experimental testing of model predictions.
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µM µM

Figure 5.1. Estimated [IP3] (in black) and excitation ratio of fura-2 (in red) dur-
ing ATP-induced Ca2+ oscillations in HSY cells. Traces are representative of 31 of 55
oscillating cells. There are three vertical axes on this graph: the one on the left is
for [IP3], the lower one on the right is for the ratio of fura-2, while the upper one on
the right is for the period of each Ca2+ spike. The black bar at the top shows the
dosage of ATP used to stimulate the HSY cells. The blue bars in the middle represent
the periods between consecutive Ca2+ spikes. The triangles at the bottom indicate
the peak of each spike. This figure was reproduced from Tanimura et al. [184] with
permission. This research was originally published in The Journal of Biological Chem-
istry. A Tanimura, T Morita, A Nezu, A Shitara, N Hashimoto, and Y Tojyo. Use of
Fluorescence Resonance Energy Transfer-based Biosensors for the Quantitative Anal-
ysis of Inositol 1,4,5-Trisphosphate Dynamics in Calcium Oscillations. The Journal of

Biological Chemistry. 2009; 284:8910–8917. © the American Society for Biochemistry
and Molecular Biology.

Calcium dynamics

We separate the cell domain into three compartments: inside the ER, a small region

(microdomain) near a cluster of IPR, and the cytosol (see Figure 5.2); the Ca2+ con-

centration in each region is denoted by CER, Cb and C, respectively. The total free

Ca2+ concentration within a cell, Ct, is given by

Ct = C +
Cb

�1
+

CER

�2
,

where �1 and �2 are volume ratios between di↵erent compartments, as given in Table

5.1. Thus, CER = �2(Ct � C � Cb/�1). IPR interact with Cb and the concentration

of Ca2+ at the mouth of an open channel (denoted by Cp); thus there is no direct

interplay between the open probability of the receptors and the cytosolic Ca2+. The

idea of the microdomain around the mouth of an IP3 receptor, or around a cluster

of IPR, was first introduced by Swillens et al. [181], where they assumed that this

domain, which is separate from the cytosol and the ER lumen, contains the receptor’s
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Figure 5.2. Schematic diagram of calcium fluxes in a cell. The directions of the fluxes
are indicated with the arrows. When an IP3 receptor is opened, Ca2+ is first released
from the ER to a nearby domain (JIPR), then di↵uses to the rest of the cytosol (Jdi↵).
Eventually, Ca2+ is pumped back into the ER (JSERCA). There are fluxes across the
plasma membrane (Jin and Jpm), and a small leak from the ER to the cytosol as well
(Jleak).

activating and inhibiting Ca2+-binding sites. Assuming that the receptor activity is

modulated by the Ca2+ concentration in the microdomain, they were able to reproduce

experimental observations where increments of IP3 induce repeated transient release

of Ca2+. Dupont and Swillens further showed that the model could account for Ca2+

oscillations as well [55]. In addition, they discovered that one of the outcomes of the

presence of a microdomain is an increase in the oscillation period.

When Ca2+ is released through IPR, Cb increases to a high concentration essen-

tially instantaneously. Ca2+ in the microdomain then di↵uses to the cytosol, and even-

tually gets pumped back into the ER via sarco/endoplasmic reticulum Ca2+-ATPase

(SERCA) pumps or removed from the cell by the plasma membrane Ca2+ ATPase

(PMCA) pumps. The Ca2+ flux through the RyR is not included in the model, since

there is no evidence that indicates the RyR are pivotal in generating Ca2+ oscillations

in HSY cells. However, we did investigate the role of the RyR Ca2+ flux in our pre-

liminary model, and observed that the flux modulates the oscillation frequency and

amplitude. In order to shape the model as simple as possible, we express only the IPR

Ca2+ flux in our model, since the RyR Ca2+ flux is an oscillation modulator, not a

key generator. Based on the schematic diagram of calcium dynamics in Figure 5.2, we
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write the following ODEs,

dC

dt
= Jdi↵ + Jleak � JSERCA + Jin � Jpm, (5.3.1)

dCt

dt
= Jin � Jpm, (5.3.2)

dCb

dt
= �1(JIPR � Jdi↵). (5.3.3)

The functional form for each flux is specified in the next section.

Calcium fluxes In our model, the flux through the IPR is given by

JIPR = kIPROIPR(CER � Cb),

where OIPR is the open probability of the IPR. The flux from the microdomain to the

cytosol is assumed to be a linear function of the concentration di↵erence, and thus

Jdi↵ = kdi↵(Cb � C).

There is also a small leak flux across the ER membrane, modelled by

Jleak = kleak(CER � C).

We express the reuptake flux of Ca2+ via SERCA pumps as in [31],

JSERCA =
VSC1.75

K1.75
S + C1.75

.

The total intracellular Ca2+ concentration is controlled by influx (Jin) and e✏ux (Jpm)

across the cell membrane. Jin consists of a constant basal leak (Jleakin) and fluxes

through receptor-operated Ca2+ channels (ROCC) and store-operated Ca2+ channels

(SOCC), denoted by JROCC and JSOCC, respectively. We model these fluxes as in [40],

JROCC = VROCC · P,

JSOCC = VSOCC ·K4
SOCC/(K

4
SOCC + C4

ER),

52



5.3 Materials and Methods

Table 5.1. Parameter values of the Ca2+ fluxes in the HSY cell Ca2+ model, sys-
tem (5.3.6).

Parameter Value (Units) Description

�1a 100 the volume ratio between cytosol and microdomain

�2a 10 the volume ratio between cytosol and ER

kIPRa 0.038 (s�1) IPR flux coe�cient

kdi↵a 10 (s�1) Ca2+ di↵usion rate coe�cient

kleaka 0.0032 (s�1) ER leak flux coe�cient

VS
a 10 (µM s�1) maximum SERCA flux

KS
a 0.24 (µM) half-maximal activating [Ca2+]i of SERCA

Jleakinb 0.0019 (µM s�1) plasma membrane leak influx

VROCC
b 0.03 (s�1) ROCC flux coe�cient

VSOCC
b 0.3 (µM s�1) maximum SOCC flux

KSOCC
a 100 (µM) SOCC dissociation coe�cient

Vpm
b 0.033 (µM s�1) maximum plasma membrane e✏ux

Kpm
a 0.45 (µM) half-maximal activating [Ca2+]i of PMCA

a parameters chosen from Cao et al. [28] with small changes.
b parameters chosen to replicate HSY cell Ca2+ oscillations and steady-state solutions.

where P is the [IP3]. The Ca2+ flux through voltage-gated Ca2+ channels (VGCC)

is not considered in our model, since we do not model changes in voltage across the

plasma membrane. Thus, the total Ca2+ influx across the plasma membrane is:

Jin = Jleakin + JROCC + JSOCC.

Jpm is the Ca2+ e✏ux through the PMCA, and we follow [91] by modelling it as

Jpm =
VpmC2

K2
pm + C2

.

Parameters used in the Ca2+ fluxes are shown in Table 5.1, along with their descrip-

tions.

Cell volume and calcium bu↵ering

Rat parotid ductal cells show transient swelling during onset of Ca2+ oscillations, per-

haps due to ion absorption [168]. However, it seems unlikely that Ca2+ oscillations in

duct cells are dependent on an oscillating volume. In our model, we assume constant
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cell volume and aim to generate Ca2+ oscillations that are independent of changes in

cell volume.

More than 99% of intracellular calcium is bound to large Ca2+-binding proteins [59].

We assume that bu↵ers are fast, immobile and unsaturated, and include implicit cal-

cium bu↵ering in our model as in Gin et al. [72]. This means that the model describes

e↵ective calcium fluxes that are not bu↵ered by the proteins. Nevertheless, the actual

calcium fluxes would be between 100 and 1000 times bigger.

5.3.5 IP3 receptor model

A crucial part of the model is our choice of the model for the IPR. We use the model

of Cao et al. [28], which is an improved version of the Siekmann IPR model from [171].

The Cao IPR model is a three-state model, which consists of two modes: the drive

mode and park mode; see Figure 5.3. The receptors are mostly open when they are in

the drive mode, and closed when in the park mode. The drive mode has one open state

(O6) and one closed state (C2), with transition rates q26 and q62 as shown in Table 5.2.

Hence, the open probability of the drive mode is q26/(q26 + q62) (⇡ 70%). The park

mode consists of one closed state (C4), and has an open probability of 0.3%. Cao et

al. denoted the transition rates between the modes as q24 and q42, given by

q24 = a24 + V24(1�m1
24h

1
24),

q42 = a42 + V42m42h42.

If D is defined to be the proportion of the IPR that are in the drive mode,

D =
q42(q62 + q26)

q42q62 + q42q26 + q24q62
,

then the IPR have an open probability as follows:

OIPR =
q26

q62 + q26
D.
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Figure 5.3. The structure of the IPR model. The model is comprised of two modes.
The drive mode has one open state and one closed state, and has an open probability
of q26/(q26 + q62). The park mode has one closed state with an open probability close
to zero (⇡ 0.3%). q24 and q42 are the transition rates between the modes.

The opening kinetics of the receptors is governed by the following:

dm42

dt
= �m42(m

1
42 �m42),

dh42

dt
= �h42(h

1
42 � h42),

where m1
42 and h1

42 are the quasi-equilibrium values of m42 and h42, respectively, and

the �’s are the rates at which the quasi-equilibria are approached,

m1
42 =

C3
b

C3
b + k3

42

h1
42 =

k3
�42

C3
b + k3

�42

,

�h42 = (1�D)L+DH.

L and H are the activation rate constants for the receptors in the park mode and the

drive mode, respectively. We assume that �m42 , L, and H are relatively small, as shown

in Table 5.2, corresponding to slow opening kinetics of the receptor; see the Discussion

for more detail about the dynamics of the IPR model. Given that the original values of

L and H in Cao et at. [28] are chosen to reproduce Ca2+ oscillations in airway smooth

muscle cells, we modify these parameters to replicate Ca2+ oscillations in HSY cells.

The closing kinetics is controlled by m24 and h24, which are assumed to be at their

quasi-equilibrium values,
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m1
24 =

C3
p

C3
p + k3

24

,

h1
24 =

k2
�24

C2
p + k2

�24

,

respectively. Cp = Cp0(CER/680) denotes the concentration of Ca2+ at the pore, where

Cp0 represents an instantaneous high concentration of Ca2+ at open receptor pore

when CER = 680 µM. Cp0 should be large enough to inactivate the open receptors.

The expressions for the V ’s, a’s and k’s are

V24 = 62 + 880/(P 2 + 4) a24 = 1 + 5/(P 2 + 0.25)

k24 = 0.35 k�24 = 80

V42 = 110P 2/(P 2 + 0.01) a42 = 1.8P 2/(P 2 + 0.34)

k42 = 0.49 + 0.543P 3/(P 3 + 64) k�42 = 0.41 + 25P 3/(P 3 + 274.6)

For full details of the IPR model derivation, refer to Cao et al. [28].

Table 5.2. Parameter values of the IPR model.

Parameter Value (Units) Parameter Value (Units)

q26 10500 (s�1) q62 4010 (s�1)

�m42
a 1 (s�1) La 0.1 (s�1)

Cp0
a 700 (µM) Ha 0.1 (s�1)

a parameters are modified from the original values

5.3.6 Ca2+ feedback mechanisms on IP3 dynamics and IPR

As mentioned before, Class I models assume that Ca2+ feedback on the opening and

closing kinetics of IPR is the main driving force behind Ca2+ oscillations. Cytosolic

Ca2+ can increase or decrease the open probability of an IPR by binding to its di↵er-

ent binding sites. In this case, time-dependent Ca2+ feedback on IPR is necessary to

generate Ca2+ oscillations. Conversely, Class II models assume that Ca2+ oscillations
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are the result of Ca2+ feedback on the production and degradation of IP3. As a posi-

tive feedback, Ca2+ can activate phospholipase C (PLC), and increase the rate of IP3

production. Ca2+ can also have a negative feedback on IP3 by activating IP3 3-kinase

(IP3K) to remove IP3. The increases and decreases in [IP3] are coupled with the open

probability of the IPR, leading to oscillations in [Ca2+]i. Whereas a Class II model

requires oscillating [IP3] in order to give rise to Ca2+ oscillations, a Class I model does

not, and hence Ca2+ oscillations can occur even at a constant [IP3].

Tanimura and Turner [183] permeabilised the plasma membrane of HSY cells,

and applied IP3 to monitor changes in the Ca2+ concentration in the intracellular Ca2+

store. The addition of IP3 caused subsequent release of Ca2+ from the store, followed by

reuptake of Ca2+ via SERCA pumps. This Ca2+ release and reuptake were repeatedly

observed in the absence of Ca2+ bu↵er (EGTA) but disappeared in the presence of

EGTA. Their result suggests that Ca2+ oscillations in HSY cells are mainly generated

by feedback e↵ects of Ca2+ on IPR dynamics. In their study, the Ca2+ store is referred

to as the “IP3-sensitive store,” due to the store’s active response to the presence of IP3.

It is important to emphasise that this term should not be misinterpreted as a store

that is sensitive to only IP3. There are other types of Ca2+ stores that do not respond

to IP3 (e.g., lysosomes and mitochondria). However, from a mathematical modelling

perspective, it is well established that there is one pool of Ca2+ that is sensitive to

both Ca2+ and IP3, as shown by Dupont and Goldbeter [54].

Further to the study of Tanimura and Turner, it was also hypothesised in Tanimura

et al. [184] that, although there are IP3 oscillations in HSY cells, they are not crucial

for Ca2+ oscillations. This indicates that the oscillations can be reproduced in a Class

I model. Additionally, we want to model IP3 dynamics with positive and/or negative

feedback from Ca2+ to ensure there are coupled oscillations. The order of [Ca2+]i and

[IP3] peaks, in which [Ca2+]i peaks are followed by [IP3] peaks (see Figure 5.1), suggests

that Ca2+ has positive feedback on IP3. For this reason, we conjecture that in HSY

cells, the production rate of IP3 is an increasing function of [Ca2+]i, and thus each

peak in [IP3] is caused by the preceding peak in [Ca2+]i. In order to construct a model

as simple as possible, and yet still capture the essence of the experimental data, our

model includes Ca2+ feedback on the production of IP3 only, with a constant rate of

IP3 degradation.
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The production of IP3 can be generated by many di↵erent forms of PLC [109].

There is little information about the PLCs expressed in HSY cells. However, Nezu et

al. [133] showed that HSY cells exhibit a local increase in [IP3] as a response to me-

chanical stimulation generated from poking the cell surface with a glass micropipette.

This response was independent of external agonist such as ATP or CCh. The IP3 re-

sponse was suppressed when the cells were pre-treated with a PLC inhibitor, U73122.

Additionally, HSY cells exhibited Ca2+ oscillations when stimulated with external ag-

onist [133, 184]. These results suggested that there are at least two types of PLCs in

HSY cells; one that is primarily independent of external agonist, and the other that

is activated by the addition of agonist. When modelling the PLC regulation in our

model, we assume that HSY cells express PLC�, a PLC that is regulated by Ca2+,

and PLC�, another PLC that is activated by the addition of external agonist. In

our model, the concentration of applied agonist is denoted by ⌫. We model the IP3

production rate generated from PLC� as a saturating function, so that the rate of pro-

duction increases as the agonist concentration increases, before reaching the maximum

production rate [124]. The Ca2+ activation of PLC (PLC�) is expressed with a Hill

function [72, 147]. We model the production rate of IP3 as a sum of the rates generated

from PLC� and PLC�,

Vplc =  1
⌫

K⌫ + ⌫
+  2

C4

K4
plc + C4

, (5.3.4)

where  1 and  2 are the maximum production rate induced by PLC� and PLC�,

respectively. When  2 = 0 µM s�1, IP3 production rate is solely from the agonist;

when  2 6= 0 µM s�1, an increase in [Ca2+]i also increases IP3 production rate, leading

to a positive feedback loop. We assume a constant degradation rate of IP3,

Vdeg = rdegP,

where rdeg is the rate of decay. Thus, the ODE for [IP3] is,

dP

dt
= Vplc � Vdeg, (5.3.5)

with parameter values shown in Table 5.3. The parameter values are chosen to repro-
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Table 5.3. Parameter values for Eq. (5.3.5).

Parameter Value (Units) Parameter Value (Units)

K⌫ 45 (µM) Kplc 0.8 (µM)

 1 0.5 (µM s�1)  2 0.8 (µM s�1)

rdeg 1.4 (s�1)

duce the experimental data from Tanimura et al. [184].

5.3.7 Summary of the model

Based on the above, we write the full HSY cell calcium model with six ODEs,

dC

dt
= Jdi↵ + Jleak � JSERCA + "(Jin � Jpm),

dCt

dt
= "(Jin � Jpm),

dCb

dt
= �1(JIPR � Jdi↵),

dP

dt
= Vplc � Vdeg,

dm42

dt
= �m42(m

1
42 �m42),

dh42

dt
= �h42(h

1
42 � h42),

(5.3.6)

where the choice " = 0 or 1 determines whether the model is a closed-cell model or an

open-cell model. We nondimensionalised the system (with " = 1), not only to make the

system dimensionless, but, more importantly, to identify the timescale of each variable.

The nondimensionalised system is included in the Appendix B. As a result, we found

that there are at least three di↵erent timescales in the system. Cb evolves on the fastest

timescale, while Ct evolves on the slowest. The other variables have timescales between

the fastest and the slowest.
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The closed-cell model

When " = 0, the model transforms into a closed-cell model, as there is no change

in the total intracellular Ca2+ concentration (dCt/dt = 0). In order to confirm that

Ca2+ oscillations in HSY cells indeed arise from cycles of Ca2+ fluxes in and out of

the ER, we need to ensure that the closed-cell model, system (5.3.6) with " = 0,

can still produce Ca2+ oscillations. Then the model should be able to reproduce the

Ca2+-free experiments in [186] and [107]. Experimentally, it is di�cult to prepare

a fully closed cell. However, a cell can be partially closed when placed in a Ca2+-

free medium, thus eliminating Ca2+ influx from outside the cell. Tojyo et al. [186]

examined the e↵ects of Ca2+-free external solution on ATP-induced Ca2+ oscillations

in HSY cells. Initially, they stimulated the cells in Ca2+-containing solution with ATP,

and observed oscillatory responses. Then they removed extracellular Ca2+ and re-

applied ATP. Their results showed that removing extracellular Ca2+ does not abolish

Ca2+ oscillations in HSY cells, even though the cells are losing Ca2+ across the plasma

membrane. Liu et al. [107] found a similar result in a similar experiment where HSY

cells were stimulated with carbachol (CCh), and removal or re-addition of external

Ca2+ did not terminate oscillations in [Ca2+]i. They also showed that addition of the

SERCA pump inhibitor thapsigargin abolishes CCh-induced Ca2+ oscillations. These

experiments suggest that HSY cells do not require cycles of Ca2+ fluxes across the

plasma membrane in order to generate Ca2+ oscillations. Thus, Ca2+ oscillations in

HSY cells are primarily dependent on the periodic release and reuptake of Ca2+ in the

ER. Secondly, the experiments also suggest that the change in the total intracellular

Ca2+ concentration is relatively slow, such that it does not much a↵ect the whole cell

behaviour. If the fluxes across the plasma membrane were fast, removing external Ca2+

would have resulted in termination of Ca2+ oscillations, with rapid loss of intracellular

Ca2+.
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5.4 Results

5.4.1 Model validation

Experimentally, HSY cells were stimulated with di↵erent concentrations of ATP. Higher

agonist concentrations caused faster Ca2+ oscillations. We model ATP application

by increasing ⌫, the concentration of applied agonist. With the parameter values in

Tables 5.1 – 5.3, the model generates oscillations of [Ca2+]i and [IP3] at ⌫ = 15 µM

(see Figure 5.4A). Specifically, Figure 5.4B shows that the model captures the correct

relative timing of the Ca2+ and IP3 oscillations in HSY cells, with a Ca2+ spike peak

coming just before an IP3 spike peak. Furthermore, as shown in Figure 5.4C, the

model displays faster Ca2+ oscillations when stronger stimulation is applied. When the

system is stimulated with ⌫ = 15 µM, the resulting Ca2+ oscillations have a period of

62 seconds, while ⌫ = 20 µM produces oscillations with a period of 35 seconds. These

model simulations are in good agreement with the experimental data in Figure 5.1.

Also, we find that a larger ⌫ causes a longer delay within a pair of [Ca2+]i and [IP3]

peaks. At ⌫ = 15 µM, a peak of [IP3] is about 0.63 seconds behind a [Ca2+]i peak.

This delay is extended to 0.67 seconds at ⌫ = 20 µM. When ⌫ is decreased to 5 µM or

increased to 30 µM, no oscillations are found.

As discussed in the previous section, experimental results suggest that plasma

membrane fluxes are not necessary to produce Ca2+ oscillations in HSY cells [107, 186].

We simulate this by studying the closed-cell model, which can be obtained by setting

" = 0 in system (5.3.6) (dCt/dt = 0 µM s�1). Physiologically, a closed cell does not have

influx or e✏ux of Ca2+ across the plasma membrane, and thus maintains a constant

intracellular Ca2+ concentration. For the purpose of this model simulation, Ct is no

longer treated as a variable, but rather as a constant parameter. Thus, the closed-cell

model forms a five-dimensional system, system (5.3.6) without the equation for Ct.

Preliminary analysis of the closed-cell model revealed that in order to generate Ca2+

oscillations in the closed-cell model, ⌫ and Ct need to balance each other so that the

system is within its oscillatory regime. In other words, even if the system is stimulated

with large ⌫, the system cannot produce oscillations if Ct is too low. In order to

generate Ca2+ oscillations from the closed-cell model stimulated with ⌫ = 15 µM, we
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Figure 5.4. Oscillations of cytosolic Ca2+ and IP3 concentrations, C and P , in the
HSY cell Ca2+ model, system (5.3.6). A: When " = 1, the system is stimulated with
⌫ = 15 µM for t > 0. [Ca2+]i is shown in red; [IP3] is in black. The period is about 62
seconds. B: Enlargement of A for 85 < t < 95, showing a pair of Ca2+ and IP3 spikes.
The peak of the Ca2+ spike is followed by the peak of the IP3 spike. C: Starting from
the initial condition with ⌫ = 0 µM for t < 60 s, the system with " = 1 is perturbed by
⌫ = 15 µM for 60 s < t < 240 s and ⌫ = 20 µM for 240 s < t < 360 s. The oscillations
are faster at a higher agonist concentration. D: Coupled oscillations of [Ca2+]i and
[IP3] in the closed-cell model, system (5.3.6) with " = 0 and Ct = 68 µM. The system
is stimulated with ⌫ = 15 µM for t > 0.

need to set the parameter Ct to a value between 65 µM and 78 µM.

Figure 5.4D shows the model simulation of the closed-cell model, with a fixed

Ct = 68 µM. At t = 0 s, the system is at its steady state without any stimulation;

agonist is then applied with ⌫ = 15 µM for t > 0. This shows that the closed-cell model

can exhibit Ca2+ oscillations, which agrees with the experimental data that suggest

Ca2+ oscillations in HSY cells do not require fluxes across the plasma membrane.

Thus, our model suggests that IP3 oscillations in HSY cells do not seem to be
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essential in generating Ca2+ oscillations. We hypothesise that the main mechanism

for generating Ca2+ oscillations in HSY cells is Ca2+ feedback on IPR. We aim to

validate this hypothesis through proposing model predictions, and comparing them to

experimental data.

5.4.2 Model predictions and experimental verification

Ca2+-free medium

The Ca2+-free medium experiment in Tojyo et al. [186] stimulated HSY cells with

ATP, which generated Ca2+ oscillations, and repeatedly interchanged external solutions

between Ca2+-containing and Ca2+-free mediums. Similarly, Liu et al. [107] used CCh

to stimulate HSY cells, and studied the Ca2+ response to removal and re-addition of

external Ca2+. However, the question of long-term behaviour in Ca2+-free conditions

was not addressed in those experiments. We thus study this question both theoretically

and experimentally.

For the model simulation of the Ca2+-free medium experiment, Jin is set to

0 µM s�1 to model the situation that there is no Ca2+ influx from the extracellular

domain into the cytosol. System (5.3.6) is stimulated with ⌫ = 20 µM, then Jin is

turned o↵ for t > 120 s. Fig 5.5A shows the corresponding model simulation. As

explained before, our model has slow Ca2+ fluxes across the plasma membrane. Thus,

when Jin is removed at t = 120 s, the model behaves much like a closed-cell model for

a transient period. The model predicts that removing Jin does not stop the Ca2+ os-

cillations immediately. Physiologically speaking, this means that there is enough Ca2+

in the ER to fire Ca2+ spikes, even without any Ca2+ contribution from outside of the

cell. However, the spike amplitude decreases and the interspike interval gets longer

after each spike until the oscillations terminate eventually. Ct is a slow variable in the

system, and it decreases slowly over time to the point where the system is no longer

in the oscillatory range. With Jin = 0, the rate of change for Ct becomes negative

(dCt/dt = �Jpm < 0). Consequently, Ct in the model eventually decreases to 0 µM,

which indicates that the cell becomes completely depleted in Ca2+ (figure not shown).

A representative experimental trace of [Ca2+]i in a HSY cell that was placed

in Ca2+-free solution is shown in Figure 5.5B. Initially, there was free Ca2+ in the
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Figure 5.5. Model response to Ca2+-free medium and corresponding experimental
data. A: Response of the HSY cell Ca2+ model, system (5.3.6) with " = 1, to elimi-
nation of Jin. The system is stimulated with ⌫ = 20 µM, which generated oscillations
of [Ca2+]i. Jin is then removed from the system (Jin = 0 µM s�1) for t > 120 s. As
a result, the oscillations persist for about 20 mins. The oscillations show a decrease
in the spike amplitude and an increase in the interspike interval after each spike. At
t ⇡ 1400 s (21 min), the system stops producing Ca2+ spikes. B: A representative Ca2+

response in HSY cells in a Ca2+-free medium. 26 out of 40 cells had a qualitatively
similar response. Initially, the cells were placed in Ca2+-containing medium. CCh was
used to generate Ca2+ oscillations. The external solution was changed to a Ca2+-free
medium for the time indicated by the blue bar. The oscillations persisted for about 20
minutes in the absence of extracellular Ca2+.

extracellular domain, as the cells were surrounded by Ca2+-containing medium. CCh

was used to stimulate the cells and induce Ca2+ oscillations. After some time, the cells

were perfused with Ca2+-free solution, to wash away all the extracellular Ca2+. As

we predicted from the model, Ca2+ spikes persisted for a while, before they eventually

stopped. 26 out of 40 cells showed similar responses. In particular, the model predicts

that it takes about 20 minutes for the oscillations to disappear, which is confirmed by

the representative response in Figure 5.5B. Over the time, the cell must have been losing

Ca2+ across the plasma membrane, until eventually intracellular Ca2+ concentration

was too low to allow another Ca2+ spike. Also, in the absence of the external Ca2+,

each interspike interval was longer than the previous one, as predicted by the model.

IP3 pulses

The [IP3] a↵ects the open probability of the IPR, and hence governs the majority of

Ca2+ release from the ER. In order to investigate the response of [Ca2+]i to an increase

of [IP3], experimentalists often use caged IP3, which is biologically inactive, and then
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release IP3 by flashing UV light. This photoreleased IP3, which has the same function

as IP3, binds to the IPR and opens them. However, photoreleased IP3 metabolises

more slowly than IP3, and therefore stays longer in a cell [42].

We model the release of caged IP3 by adding another variable that represents the

concentration of photoreleased IP3, denoted by Ps. Since photoreleased IP3 behaves

like IP3, every P in the IPR model and in JROCC in system (5.3.6) is rewritten as P+Ps,

in order to include the e↵ect of photoreleased IP3 on IPR and ROCC. Experimentally,

a flash of UV light causes a sharp rise in the concentration of photoreleased IP3. Based

on this, the production rate of photoreleased IP3 is modelled as in [49],

Vs plc(t) = MH(t� t0)H(t0 +4� t), (5.4.1)

where H is the Heaviside function

H(t� t0) =

8
><

>:

0 if t  t0,

1 if t > t0,

M is the pulse magnitude, t0 is the time at which the pulse starts and 4 is the pulse

duration. The production rate of photoreleased IP3 for t < t0 and t > t0 + 4 is

0 µM s�1. Similarly to IP3, we assume a constant degradation rate of photoreleased

IP3,

Vs deg = rs degPs. (5.4.2)

However, since photoreleased IP3 metabolises more slowly than IP3, we assume that

rs deg < rdeg. The equation for Ps is

dPs

dt
= Vs plc � Vs deg. (5.4.3)

Figure 5.6A shows a model simulation with ⌫ = 15 µM, t0 = 200 s,M = 0.04 µM s�1,

4 = 0.7 s and rs deg = 0.006 s�1. The black curve in the figure represents the sum

of P and Ps, the total e↵ective concentration of IP3. A pulse of Ps increases the rate

of the following series of Ca2+ spikes. As Ps gradually decreases, the system slowly

recovers its former Ca2+ spiking rate. In this model simulation, the pulse causes an
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Figure 5.6. Model response to a pulse of photoreleased [IP3] and corresponding
experimental data. A: Response of the HSY cell Ca2+ model, system (5.3.6) with
" = 1, to a pulse of Ps, Eq. (5.4.3). The system is stimulated with ⌫ = 15 µM at t = 0
s. The pulse is applied at t = 200 s, indicated by the arrow. Ca2+ concentration, C,
is in red; the total IP3 concentration, including photoreleased [IP3], is in black. The
pulse increases the frequency of the Ca2+ oscillations by 84%. As photoreleased IP3

degrades slower than IP3, the oscillations return only slowly to the original frequency.
B: A representative Ca2+ response to photolysis of caged IP3 in HSY cells. 20 out of
26 cells had a qualitatively similar response. The cells were prepared with ATP and
caged IP3, and then a flash of UV light was applied at the time indicated by the arrow
and the dashed line. The cells exhibited an increase in their oscillation frequencies.
The frequency increase in the representative cell was about 85%.

84% increase in the oscillation frequency.

Figure 5.6B shows a representative Ca2+ response to photolysis of caged IP3 in

HSY cells. The cells were initially stimulated with ATP, and then treated with caged

IP3 to generate Ca2+ oscillations. The cells were exposed to a flash of UV light, while

they were actively firing Ca2+ spikes. The experimental traces show that a sudden

increase in photoreleased [IP3] accelerated ATP-induced Ca2+ oscillations. However,

the accelerated rate did not last long, and the oscillations slowed to the rate before the

photolysis. IP3 concentration was not measured in this experiment; nevertheless, we

expect that [IP3] would be oscillating as well, with its peaks preceded by [Ca2+]i peaks.

20 out of 26 cells showed a transient increase in their oscillation frequencies in response

to the photolysis of caged IP3. Figure 5.7 shows the box plot of the percentage increase

in oscillation frequencies, measured from 20 cells. On average, the photolysis increased

the oscillation frequency by approximately 77%. The transient increase in oscillation

frequency was accurately predicted by the model.

Interestingly, the model simulation shows transient changes in the oscillation am-
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Figure 5.7. Changes in oscillation frequency induced by the photolysis of caged IP3.
Photolysis of caged IP3 induced a transient increase in the oscillation frequency (20
out of 26 cells). For each cell, the oscillation frequencies before and after the photolysis
were measured for comparison. On average, the photolysis increased the oscillation
frequency by 77%.

plitude that are not observed in the experimental data. Right at the pulsing, the

amplitude is increased to a high value, which is an expected behaviour as an increase

in [IP3] increases the open probability of the IPR. However, after the pulsing, the am-

plitude returns to the state before the pulsing, followed by a transient increase and

then a gradual decrease. These behaviours could be due to the geometric structures

underlying the model, such as the shape of the surface where the stable periodic orbits

evolve in the phase space. It would require further investigation to determine whether

these phenomena have any physiological importance in HSY cells.

Inhibition of PLC

Our next model simulations are designed to study how IP3 dynamics a↵ects Ca2+ oscil-

lations. As shown in Eq. (5.3.4), the system has two stimuli that activate PLC: agonist

and [Ca2+]i. The feedback of Ca2+ on IP3 production ensures coupled oscillations,

which was one of the main features of the observed data in Figure 5.1 that we aimed to

reproduce. However, because evidence suggests that IP3 oscillations are not necessary

for Ca2+ oscillations to exist, we wished to study what e↵ect the IP3 oscillations have,

and how they a↵ect the Ca2+ responses. One would expect that when positive Ca2+

feedback on PLC is removed, [IP3] no longer oscillates, as the coupling between the
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5. A Mathematical Model of Calcium Dynamics in HSY Cells

two is broken.

Experimentally, PLC can be inhibited by applying a PLC inhibitor, U73122. This

compound has been shown to have inhibitory e↵ects on PLC in various cell types,

including smooth muscle cells [61] and pancreatic acinar cells [200]. However, U73122

is not a selective inhibitor that targets PLC activated by Ca2+; instead, it inhibits

overall PLC, including the PLC activated by the external agonist. Thus, if cells were

stimulated with external agonist, applying U73122 would terminate Ca2+ oscillations

as there is no other way to produce IP3. In order to overcome this constraint, we use

caged IP3 to introduce photoreleased IP3 intracellularly, which is independent of PLC.

Continuously applying a small amount of UV light to cells that have caged IP3 produces

photoreleased IP3 at a constant rate. As the degradation rate of photoreleased IP3 is

also constant, the concentration of photoreleased IP3 is expected to stabilise at some

steady-state concentration. Thus, the cells now have a constant photoreleased [IP3]

that can induce Ca2+ oscillations, without any contribution from PLC. In addition,

some studies show that U73122 is not a selective inhibitor of PLC, and that it has

other e↵ects, independent of its e↵ect on PLC [32, 87, 129]. Based on evidence that

U73122 inhibits SERCA pumps, the model simulation includes this e↵ect as well [113].

To model a constant production rate of photoreleased IP3 from low-level continu-

ous UV light, we use Eq. (5.4.3) with a constant Vs plc,

Vs plc = ks plc.

The equation for photoreleased [IP3] (Ps) is now

dPs

dt
= ks plc � rs degPs, (5.4.4)

which has a steady state at P̄s =
ks plc

rs deg

. In the model simulations, ks plc needs to be

large enough to bring Ps above the minimum required for Ca2+ oscillations. When the

Ca2+ concentration exceeds the PLC activation threshold, positive feedback on PLC

in Eq. (5.3.4) comes into play and starts generating IP3 oscillations. We then remove

Ca2+ feedback on PLC, by decreasing the coupling strength between Ca2+ and IP3,  2.

Alternatively, we can increase Kplc, which would have the same e↵ect on the model.
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Figure 5.8. Model response to the inhibition of PLC and corresponding experimental
data. A: Response of the HSY cell Ca2+ model, system (5.3.6) with " = 1, to the
inhibition of positive Ca2+ feedback on IP3, as well as SERCA pumps. The system
is stimulated with slowly increasing Ps, Eq. (5.4.4) with ks plc = 0.0006 µM s�1. At
t = 600 s, the magnitude of the Ca2+ feedback on PLC is halved, and the maximum
SERCA capacity is also decreased. The oscillation frequency increases by 22%. At
t = 900 s, the coupling between Ca2+ and IP3 is completely removed, and the SERCA
capacity is decreased further. B: A representative Ca2+ response to injection of U73122
in HSY cells. 13 out of 21 cells had a qualitatively similar response. The cells were
prepared with caged IP3 and continuously exposed to low-level UV light. photoreleased
IP3 then generated Ca2+ oscillations. 2 µM of U73122 was applied to the cells for the
time indicated by the thin blue bar, then the dose was increased to 5 µM for the time
indicated by the thicker blue bar. The addition of U73122 increased the oscillation
frequency. The frequency increase in the representative cell was about 46%.

As  2 decreases, the term  2
C4

K4
plc + C4

gets close to 0, thus decreasing the e↵ect that

Ca2+ has on IP3 production. Additionally, we take into account that the PLC inhibitor

could also block SERCA pumps; we model this by decreasing the maximum capacity

flux of SERCA, VS.

Figure 5.8A shows the model simulation of applying continuous UV light, and then

adding PLC inhibitor to remove Ca2+ activation on PLC. The system is stimulated

with ks plc = 0.0006 µM s�1, without any external agonist (⌫ = 0 µM). Photore-
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Table 5.4. Periods of the long-term oscillations in system (5.3.6), with di↵erent values
of  2 and VS.

UV  2 VS Oscillation period

0.0006 µM s�1 0.8 µM s�1 10 µM s�1 52.24 seconds

0.0006 µM s�1 0.8 µM s�1 9.5 µM s�1 54.09 seconds

0.0006 µM s�1 0.4 µM s�1 10 µM s�1 45.51 seconds

0.0006 µM s�1 0.4 µM s�1 9.5 µM s�1 44.22 seconds

0.0006 µM s�1 0 µM s�1 10 µM s�1 42.06 seconds

leased [IP3] slowly accumulates to its steady-state concentration, P̄s = 0.1 µM. Once

there is enough photoreleased IP3 and Ca2+, the system starts generating Ca2+ spikes

(at t ⇡ 350 s). At t = 600 s,  2 is decreased to 0.4 µM s�1 which halves the coupling

strength between Ca2+ and IP3, and VS is decreased to 9.5 µM s�1. The model predicts

that the e↵ects of PLC inhibition are a decrease in the Ca2+ spike amplitude and an

increase in the oscillation frequency. The frequency increase in the model simulation

shown in Figure 5.8A is about 22%. However, numerical computations indicate that

the long-term increase in the oscillation frequency is about 18%; see Table 5.4. At

t = 900 s,  2 and VS are further decreased to 0 µM s�1 and 9 µM s�1, respectively, to

amplify the e↵ects of applying a PLC inhibitor, and eliminate Ca2+ feedback on PLC.

As a results, the oscillations are almost destroyed. Table 5.4 shows the periods of the

stable periodic orbits generated from system (5.3.6), with di↵erent combinations of pa-

rameter values for  2 and VS. It is clear that diminishing Ca2+ feedback on PLC alone

induces a substantial decrease in the oscillation period. When only VS is decreased, the

oscillations get slower, and the impact on the oscillation period is greater when both

 2 and VS are decreased.

The experimental test of this model prediction is shown in Figure 5.8B, which

shows a representative Ca2+ response in an HSY cell to the PLC inhibitor U73122. 13

out of 21 cells showed qualitatively similar responses. The cells were treated with caged

IP3, and were then exposed to low UV light continuously. As a result, photoreleased

IP3 generated Ca2+ oscillations. The cells were then subjected to 2 µM of U73122

to inhibit PLC. Subsequently, the dose of U73122 was increased to 5 µM to enhance

the e↵ect of U73122. The result shows that impeding PLC decreased the amplitude

of the Ca2+ spikes, while increasing their frequency. When a higher concentration of
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Figure 5.9. Changes in oscillation frequency induced by the addition of 2 µM of
U73122. 13 out of 21 cells showed an increase in oscillation frequency. For each cell,
the frequencies before and after the addition of U73122 were measured for comparison.
On average, applying 2 µM of U73122 increased the oscillation frequency by about
50%.

U73122 was applied, the oscillations were abolished. These results verify the model

prediction. Figure 5.9 shows the box plot of the percentage increases in oscillation

frequency induced by the addition of 2 µM of U73122, measured from 13 cells. On

average, the cells exhibited a 50% increase in the oscillation frequency.

With this model, we can also investigate the e↵ects of photolysis of caged IP3,

while PLC activity is being inhibited. Figure 5.10A shows the model simulation of

the addition of U73122, followed by continuous UV light. Initially, system (5.3.6) with

Eq. (5.4.4) is simulated with " = 1,  2 = 0 µM s�1, and VS = 9 µM s�1 to model the

addition of U73122. At t = 200 s, ks plc is increased to 0.00056 µM s�1 to describe

a constant increase in Ps, which mimics the application of continuous UV light after

the inhibition of PLC. As a result, the system starts generating Ca2+ spikes at around

t = 500 s. The model predicts that photolysis of caged IP3 can elicit Ca2+ oscillations

in HSY cells, even under inhibited PLC activity.

This model prediction was tested through experiments, with the result shown

in Figure 5.10B. Initially, 20 HSY cells were prepared with caged IP3. Then they

were applied with U73122, in order to inhibit any PLC activities. Subsequently, they

were continuously exposed to UV light for the photolysis of caged IP3 at a constant

rate. As a result, 13 cells exhibited a series of Ca2+ spikes, which indicates that Ca2+
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Figure 5.10. Model response to continuous photolysis of caged IP3, after the inhi-
bition of PLC, and corresponding experimental data. A: Response of the HSY cell
Ca2+ model, system (5.3.6) with " = 1, to the addition of Ps, Eq. (5.4.4), while Ca2+

feedback on PLC is completely inhibited. System (5.3.6) is simulated with  2 = 0 µM
s�1 and VS = 9 µM s�1, to include the e↵ects of the addition of U73122, indicated by
the lower blue bar. From t = 200 s, ks plc is increased to 0.00056 µM s�1, to model
the continuous photolysis of caged IP3, indicated by the upper blue line. The system
starts generating Ca2+ spikes at around t = 500 s. B: A representative Ca2+ response
to the addition of U73122, followed by photolysis of caged IP3. 13 out of 20 cells had
a qualitatively similar response. The cells were prepared with caged IP3 and U73122,
and then exposed to UV light during the time indicated by the upper blue bar.

oscillations can be generated from photoreleased IP3, without any contribution from

PLC activities. The data show that the oscillations emerged as soon as the photolysis

took place, whereas in the model simulation, it takes about 5 mins before the first

oscillation is generated. This discrepancy is addressed in more detail in the Discussion.

As U73122 inhibits both PLC and SERCA, it is di�cult to discern the e↵ects

of inhibiting PLC only, independent of SERCA activities. However, it can be stud-

ied through model simulations. Figure 5.11 shows the model simulation of com-

pletely removing Ca2+ feedback on PLC. From t = 0 s, the system is stimulated

with ks plc = 0.0006 µM s�1, which induces Ca2+ oscillations at around t = 300 s. At

t = 600 s,  2 is decreased from 0.8 µM s�1 to 0 µM s�1, to simulate the complete inhi-

bition of positive Ca2+ feedback on PLC. In this simulation  2 is decreased to 0 µM s�1

while all the other parameters are kept the same. Setting  2 = 0 µM s�1 essentially

removes the coupling between Ca2+ and IP3. Without any PLC activation from Ca2+

or external agonist, [IP3] decreases to 0 µM. This allows the total [IP3], which is the

sum of [IP3] and photoreleased [IP3], to relax to its steady state, P̄s = 0.1 µM; see

Figure 5.11B. The numerical computations indicate that when the coupling between
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Figure 5.11. Model simulations showing Ca2+ and IP3 responses to the inhibition of
Ca2+ feedback on PLC. System (5.3.6) with " = 1 is stimulated with slowly increasing
Ps, Eq. (5.4.4) with ks plc = 0.0006 µM s�1. At t = 600 s,  2 is decreased to 0 µM s�1

to completely break the coupling between Ca2+ and IP3. All the other parameters are
unchanged. The resulting oscillations have a smaller amplitude and a higher frequency.
The change in the oscillation frequency is not obvious in this figure. However, numerical
computations indicate that when  2 is decreased from 0.8 µM s�1 to 0 µM s�1, the
increase in the frequency is about 24%; see Table 5.4. A: The red traces show the
Ca2+ response in the model simulation. B: The black traces show the sum of [IP3] and
photoreleased [IP3]. Without any Ca2+ feedback on PLC, the [IP3] no longer oscillates,
and the total e↵ective concentration of IP3 stabilises at a constant level.

Ca2+ and IP3 is completely eliminated, the oscillation frequency increases by about

24%; see Table 5.4.

5.5 Discussion

We have constructed a mathematical model for Ca2+ oscillations in HSY cells, a human

salivary ductal cell line. The basic structure of the model follows the schematic diagram

shown in Figure 5.2, and is based on the IPR model of [28]. In the model, the production

rate of IP3 is dependent on ⌫, the concentration of applied agonist, and [Ca2+]i. As

shown in Eq. (5.3.4), we expressed Ca2+ feedback on the production of IP3 as a Hill

function, where the parameter Kplc is the PLC activation constant. The parameters

in Tables 5.1 – 5.3 were chosen to give good agreement with the experimental traces

of Tanimura et al. [184], where they observed coupled oscillations of [Ca2+]i and [IP3]

in HSY cells, with IP3 spike peaks preceded by Ca2+ spike peaks (see Figure 5.1).

Additionally, Tojyo et al. [186] and Liu et al. [107] demonstrated that oscillations

in [Ca2+]i in HSY cells are independent of Ca2+ influx, suggesting that the release
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and reuptake of Ca2+ in the ER are su�cient to generate oscillations. As shown in

Figure 5.4, our HSY cell Ca2+ model reproduced the coupled oscillations with the

correct order of the peaks, and the closed-cell model also exhibited oscillations.

We then used the model to make predictions about Ca2+ responses to three dif-

ferent experimental procedures: 1) elimination of extracellular Ca2+, 2) photolysis of

caged IP3, and 3) inhibition of PLC. Experiments were conducted to test the model

predictions. Firstly, the model predicted that when external Ca2+ is removed, [Ca2+]i

keeps oscillating but with slowly decreasing frequency. The second model simulation

predicted that a pulse of photoreleased [IP3] accelerates Ca2+ oscillations. In the third

simulation, we wanted to investigate the role of the coupling between Ca2+ and IP3,

particularly whether it is essential for Ca2+ oscillations in HSY cells. We generated

Ca2+ oscillations using photoreleased IP3, which induced IP3 oscillations through posi-

tive Ca2+ feedback on IP3. We then removed Ca2+ activation on the production of IP3,

while photoreleased IP3 stayed una↵ected. The model simulation showed that the Ca2+

oscillations persist at a constant concentration of photoreleased IP3, in the absence of

oscillating [IP3]. The result corroborates a hypothesis of Tanimura et al. [184], where

it was conjectured that IP3 oscillations are not necessary to generate Ca2+ oscillations

in HSY cells. Thus, the model confirms that it is a Class I mechanism that gives rise

to Ca2+ oscillations in HSY cells, and confirms also that the IP3 oscillations accompa-

nying the Ca2+ oscillations, although not required, serve to modulate the oscillation

period.

5.5.1 Quantitative variation

Our model is a deterministic model, which assumes that IPR clusters are continu-

ously distributed per unit cell volume, and that they behave synchronously: either

all open or all closed. Also, the frequency and the amplitude of Ca2+ oscillations

are pre-determined by the model parameters. However, the experimental data exhibit

stochastic Ca2+ events, with spontaneous spikes that vary in frequency and amplitude.

They suggest that the number of clusters with open IPR for each Ca2+ spike is deter-

mined through a stochastic process. In a stochastic model, the number of IPR involved

in the spike initiation and the interspike interval form distributions, and random Ca2+
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release through an individual IP3 receptor plays an important role in generating global

Ca2+ signals.

However, Cao et al. [28] compared the Ca2+ dynamics in a model with stochastic

kinetics of the receptors with that of a model with deterministic receptor kinetics and

showed that deterministic models make qualitatively accurate predictions about whole-

cell Ca2+ dynamics. We follow Cao et al. in believing that our deterministic model

is su�cient to study qualitative features of Ca2+ dynamics in HSY cells. Introducing

stochastic components to the model may reduce the quantitative discrepancies between

the model results and the experimental data, but would require far more extensive and

di�cult computations.

The model consists of a set of ODEs, and hence assumes homogeneous [Ca2+]i

and [IP3]. In other words, Ca2+ spikes in the model represent global and simultaneous

increase and decrease in the [Ca2+]i. Practically, this is an incorrect assumption, as

it does not take into account that the cytosol is spatially inhomogeneous. When the

ER starts to release Ca2+, the Ca2+ concentration near a dense group of IPR clusters

is unlikely to be the same as in some other parts of the cytosol, where the clusters

are sparse, particularly since Ca2+ di↵usion is relatively slow. Mathematically, we

can incorporate spatial dimensions in our ODE model by extending it to a partial

di↵erential equation (PDE) model, and reproduce Ca2+ waves across the domain. With

a PDE model, we can specify the spatial distribution of the receptor clusters, and hence

we can include coupled reactions between the neighbouring clusters. For instance, a

small Ca2+ release from a cluster can trigger a series of releases from the adjacent

clusters, and consequently, lead to global Ca2+ waves. In order to build a Ca2+ model

with PDEs, we need high resolution images of intracellular Ca2+ dynamics, so that

we can observe Ca2+ waves and accurately analyse the wave speed, direction, and

amplitude. At this stage, no such data are available from HSY cells, making it di�cult

to construct a quantitative version of such a model. Thus, although it is possible that

spatial aspects might explain some of the quantitative di↵erences between the present

model and the data, we cannot be entirely confident in the ability of a spatial model

to do so.

Numerous studies have reported the possibility of mitochondria serving as a Ca2+

bu↵er [51, 89, 150]. Given the fact that mitochondrial Ca2+ uptake sites can be localised
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near Ca2+ release channels, it is possible that mitochondria could influence the rate of

increase and the amplitude of a Ca2+ spike during agonist-induced Ca2+ oscillations.

Also, mitochondria potentially increase the time it takes for a Ca2+ spike to reach

its baseline concentration from the peak, as mitochondria release Ca2+ back into the

cytosol during the decay phase of the spike. However, there is not enough information

about the regulation of mitochondria in HSY cells for us to implement it in our model.

5.5.2 Activation kinetics of the IPR

The intrinsic dynamics of the IPR is known to be relatively fast, normally evolving

on a timescale of the order of seconds. Nevertheless, HSY cells exhibit quite slow

Ca2+ oscillations, with an average oscillation period of 40 seconds. The data suggest

that there are some yet to be discovered cellular mechanisms in HSY cells that are

responsible for the large gap between the timescales of the IPR and the oscillations.

However, we do not have enough information about HSY cells to uncover the cellular

properties that can encode the fast dynamics of the IPR into the slower oscillations.

Interestingly, introducing slower kinetics for the IPR activation has allowed the model

to generate oscillations with large periods, which points towards the possibility of HSY

cells having some mechanisms that specifically modulate the activation kinetics of the

IPR. However, we still require experimental evidence that confirms the presence of such

mechanisms in HSY cells.

5.5.3 Modelling continuous photolysis of caged IP3

In order to study the e↵ects of Ca2+-activated PLC on Ca2+ oscillations in HSY cells,

a PLC inhibitor, U73122, was applied to the cells. For the purpose of this experi-

ment, the cells were pre-treated with caged IP3, so that their Ca2+ oscillations could

be initiated by photoreleased IP3, in a PLC-independent manner. According to our

model simulations, it takes a certain amount of time (about 5 mins) to trigger Ca2+

oscillations from the slowly increasing photoreleased [IP3]; see Figure 5.8A and Fig-

ure 5.10A. On the other hand, the corresponding experimental data suggest that the

continuous photolysis of caged IP3 almost immediately induces Ca2+ spikes, as shown

in Figure 5.8B and Figure 5.10B. We suspect that this discrepancy is caused by the
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simplification in our method of modelling the continuous photolysis of caged IP3. Our

model assumes that the continuous photolysis of caged IP3 would initially give a con-

stant increase in photoreleased [IP3], and hence would be equivalent to having constant

rates of photoreleased IP3 production and degradation. However, the actual biological

process may be quite di↵erent from our model assumption. For instance, at the begin-

ning of the photolysis, there could be a sharp increase in photoreleased [IP3], followed

by a decrease to a saturated level. This type of reaction would explain the immediate

Ca2+ responses to the continuous photolysis of caged IP3.

Although there is still room for improvement in modelling the continuous pho-

tolysis of caged IP3with the correct timescale, our model accurately predicts that the

photolysis can trigger Ca2+ oscillations, even when PLC is inhibited. Furthermore,

it is not our main purpose to model the accurate biological process of the continuous

photolysis. Thus, we are not concerned about the time that it takes for the model

to generate Ca2+ oscillations with constant rates of photoreleased IP3 production and

degradation.

5.5.4 Ca2+ feedback on IP3

The experimental data from Tanimura et al. [184] shows that there are coupled oscilla-

tions of [Ca2+]i and [IP3] in HSY cells, which suggests the inclusion of positive and/or

negative feedback in the model. Specifically, peaks of IP3 spikes being preceded by

those of Ca2+ spikes strongly suggests the presence of positive Ca2+ feedback on the

formation of IP3. Dupont et al. [56] pointed out that Ca2+ feedback on IP3 degradation

could explain Ca2+ oscillations with relatively low frequency. In this case, each Ca2+

spike would cause a subsequent decrease in [IP3] and there would be a latency before

the next Ca2+ spike as [IP3] would need to build up to a certain level to activate the

IPR again. We studied a case where both positive and negative feedback coexist in the

model. For this case, both production and degradation rates of IP3 were modelled as

functions of [Ca2+]i. The main conflict between the model with positive and negative

feedback and the data from [184] was that the model could not reproduce the order of

[Ca2+]i and [IP3] peaks. In fact, the model generated coupled oscillations with an IP3

spike peak occurring just before a Ca2+ spike peak. For this reason, we decided not to
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include negative feedback in the model.

Nezu et al. [133] observed Ca2+ and IP3 responses in HSY cells, induced by me-

chanical stimulation. Their results suggested the existence of a family of PLCs in HSY

cells that is independent of external agonist such as ATP and CCh. We formulated

three di↵erent equations for the production rate of IP3:

(a) PLC by agonist + PLC by Ca2+

(b) PLC by agonist + PLC by agonist and Ca2+ + PLC by Ca2+

(c) PLC by agonist and Ca2+ + PLC by Ca2+

For cases (b) and (c), we assumed that PLC that gets activated by both agonist and

Ca2+ is expressed as a product of some functions, f(⌫) · g(C). If we express it as a

sum, f(⌫)+ g(C), the structure of the PLC equations for these cases would not be any

di↵erent from that of case (a). We studied the model responses with each expression,

and observed that they showed no qualitative di↵erence. Our model simulations show

that case (a), which is the simplest form of all three, correctly predicts Ca2+ responses

in all the experimental settings.

Positive and negative Ca2+ feedback on IP3 was extensively studied in Politi et

al. [147] and Gaspers et al. [70], both theoretically and experimentally; they observed

qualitatively di↵erent behaviours in oscillations. Politi et al. built two di↵erent Ca2+

models, one with Ca2+ activation on PLC (positive feedback), and the other with Ca2+

activation on IP3K (negative feedback). Both models exhibited Ca2+ oscillations with

sharp spikes from the basal Ca2+ level. However, the shapes of the IP3 oscillations in

the models were di↵erent. In the positive feedback model, the shape of the IP3 spikes

was similar to that of the Ca2+ spike, with a sharp rise from the basal line to the peak

and a fast decrease down to the basal level. On the other hand, IP3 oscillations in the

negative feedback model had a zig-zag pattern, where a Ca2+ spike caused a sudden

decrease in [IP3], followed by a slow increase until the next Ca2+ spike. Politi et al. also

found that both positive and negative Ca2+ feedback on IP3 regulation extend the range

of oscillation frequencies.

Gaspers et al. compared the e↵ects of introducing an IP3 bu↵er in models with

positive or negative Ca2+ feedback on IP3. In the absence of bu↵er, the models exhib-

ited agonist-induced Ca2+ oscillations. When an IP3 bu↵er was added to the negative
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feedback model, it responded with decreased oscillation frequency and increased la-

tency before the first spike. The oscillations persisted even at high concentrations of

IP3 bu↵er. In contrast, when IP3 bu↵er was added to the positive feedback model, the

oscillations were abolished. In this model, the Ca2+ flux across the plasma membrane

was assumed to be relatively small compared to the flux across the ER membrane, and

hence was neglected from the model. However, when the model had substantial Ca2+

fluxes across the plasma membrane, the inclusion of IP3 bu↵er slowed Ca2+ oscillations.

They concluded that positive feedback of Ca2+ on the production of IP3 is essential

for the generation of long-period, baseline-separated Ca2+ oscillations and waves. We

have not tested the e↵ects of introducing an IP3 bu↵er in our model. However, the

results of our current work is similar to the findings of Gaspers et al., whereby positive

Ca2+ feedback on IP3 regulation in HSY cells is shown to induce Ca2+ oscillations with

lower frequency.

Bartlett et al. [8] investigated the characteristics of Ca2+ oscillations in hepato-

cytes, primarily induced by photolysis of caged IP3. One of their experiments involved

pre-treating hepatocytes with U73122, followed by applying UV light. They observed

that uncaging of IP3 can elicit oscillatory Ca2+ behaviours even after PLC is inhibited.

Based on their experimental results, they concluded that Ca2+ oscillations induced by

uncaging of IP3 in hepatocytes (in the absence of external stimulation) do not require

PLC activities, and are generated from CICR. Also, their data indicated that positive

Ca2+ feedback on PLC is not a key player in Ca2+ oscillations elicited by photolysis

of caged IP3. Our experiments and model simulations of intracellular Ca2+ dynamics

in HSY cells lead to observations that are parallel to those of Bartlett et al., where

both HSY cells and hepatocytes show oscillatory Ca2+ responses to photolysis of caged

IP3, that seem to be independent of PLC activation. We then further investigated

the contribution of Ca2+ activation on PLC to caged IP3-induced oscillations. The

model simulations revealed that although positive Ca2+ feedback on PLC may not be

necessary to trigger the oscillations in HSY cells, it has some e↵ects on the oscillation

frequency. It would be interesting to test whether Ca2+ activation on PLC in hepato-

cytes has the same e↵ects on the oscillations generated from photolysis of caged IP3,

without any external stimulation.
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Figure 5.12. Periods of Ca2+ oscillations in the HSY cell Ca2+ model, system (5.3.6)
with " = 1 and two di↵erent values of  2. The blue and red curves show the periods of
the long-term stable oscillations generated by the system with  2 = 0.8 µM s�1 and 0
µM s�1, respectively. The system is stimulated with slowly increasing Ps, Eq. (5.4.4).
For fixed ks plc, oscillations with  2 = 0 µM s�1 have shorter period than those with
 2 = 0.8 µM s�1.

5.5.5 PLC inhibition and the frequency of Ca2+ oscillations

We wanted to study Ca2+ oscillations without Ca2+ feedback on PLC. Mathematically,

this can be achieved by decreasing the parameter  2 from 0.8 µM s�1 to a smaller value,

so that the role of Ca2+ on PLC is minimised. However, once cells are stimulated

with external agonist, we cannot selectively inhibit Ca2+ feedback on PLC, as U73122

inhibits overall PLC, including agonist activated PLC. It was necessary for the model

to have Ca2+ oscillations in the absence of external agonist, as a simple decrease of

 2 alone would prevent the formation of IP3, thus preventing any oscillatory activity.

We thus simulated the situation where  2 is decreased at the same time as IP3 is

photoreleased by continuous application of low-level UV light. This lets us predict the

Ca2+ responses under the conditions where PLC is not being stimulated by Ca2+, but

with photoreleased IP3 in the background as a primary stimulus of the oscillations.

The model simulation of inhibiting PLC while simultaneously photo-releasing IP3,

showed an increase in oscillation frequency, a response that is highly counterintuitive.

When we computed periods of the Ca2+ oscillations in the model with di↵erent  2

values (see Figure 5.12), it was clear that at a given ks plc (i.e., at a given production

rate of photoreleased IP3), having larger  2 generates slower oscillations. For this

computation, the value of parameter VS was kept the same (VS = 10 µM s�1), to

confirm that the elimination of the cross-coupling between Ca2+ and IP3 is responsible
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for the increase in oscillation frequency, without any input from modified SERCA

parameters. The maximum oscillation period with  2 = 0.8 µM s�1 was about 2

minutes, whereas the maximum period with  2 = 0 µM s�1 was 1.5 minutes. This

result agrees with what was found in Politi et al. [147], where eliminating positive

Ca2+ feedback on PLC caused oscillations to have shorter periods. We treat Ca2+-

and agonist-stimulated PLC as separate activities, which is di↵erent from the works of

Politi et al., where Ca2+ activation is applied to agonist-induced PLC. However, our

results resemble the findings of Politi et al., whereby the cross-coupling between Ca2+

and IP3 is shown to increase the range of oscillation frequencies. This indicates that

Ca2+ activation on PLC in some cells, whether it is agonist-dependent or independent,

may modulate oscillation frequency. Interestingly, the experimental data showed a

similar result (see Figure 5.8B). When U73122, a PLC inhibitor, was applied to HSY

cells that had oscillating [Ca2+]i, there was a clear decrease in the oscillation period and

amplitude. Given the agreement between the model prediction and the experimental

result, this is strong evidence that Ca2+ oscillations in HSY cells do not depend on

simultaneous IP3 oscillations, but that, when IP3 oscillations also occur, their function

is to increase the oscillation period.

Another possible experiment that might provide some insights into the dynamics

of the IPR would be the use of U73122 under the Ca2+-free environment. Through

the model simulations and experiments, we have shown that Ca2+ oscillations in HSY

cells exhibit a gradual decrease in the oscillation frequency when the cells are placed

in a Ca2+-free medium. On the contrary, applying U73122 to the cells increases the

oscillation frequency. Since these experimental settings induce the opposite response,

it would be intriguing to examine their simultaneous e↵ects on HSY cells, by exposing

the cells to both settings at the same time (or in a delayed manner). This experiment

would determine which mechanism is more dominant in modulating the oscillation

frequency.
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6
Effects of IP3 Pulses on HSY Cells and

Airway Smooth Muscle Cells

6.1 Introduction

IP3 is the most important second messenger for intracellular Ca2+ dynamics, as it trig-

gers Ca2+ release from the internal stores (ER/SR), which could lead to the initiation

of global Ca2+ oscillations and waves. IP3 binds onto the activating site of the IPR

and stimulates the channels to open. Experimentally observed behaviours of a single

IP3 receptor suggest that [IP3] is positively correlated with the open probability of the

receptors. Thus, the understanding of IP3 signalling is incredibly important for the

study of Ca2+ signalling pathways. One useful experimental technique for investigat-

ing Ca2+ signalling is to induce a controlled increase in [IP3] within the cytosol and

observe cytosolic Ca2+ behaviours. In order to achieve this, cell are often pre-loaded

with caged IP3, and then exposed to a beam of ultraviolet (UV) light which causes the

release of active IP3 molecules.
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Caged IP3 consists of the active molecule of IP3 linked to a photoremovable chro-

mophore (cage group) [62]. A brief flash of (UV) light can cleave the photolabile bond

of caged IP3, and release the active IP3 molecule. Photolysis of caged IP3 can be

modulated temporally and spatially, which makes it an e↵ective way of inducing a

controlled increase in [IP3] [47]. For instance, by exposing a whole cell or a part of a

cell to a flash of UV light, the photolysis can induce a global or a localised increase in

[IP3]. This property is particularly useful for initiating Ca2+ waves and studying their

dynamics with a known site of origin. Furthermore, the duration and intensity of light

can be modulated to cause a rapid release of IP3, finely tuning the rate and magnitude

of the increase in [IP3]. The photolysis can also be performed in a repetitive manner.

Interestingly, photoreleased IP3 metabolises more slowly than normal IP3 does; thus it

stays longer in cells to modulate kinetics of the IPR.

In Chapter 5, we presented system (5.3.6), which is a mathematical model that de-

scribes well the Ca2+ dynamics in HSY cells, as verified through model simulations and

experiments. One of the model simulations involved applying a pulse of photoreleased

[IP3] (Ps). This mimics the e↵ects of photolysis of caged IP3 by introducing a sudden

increase and a subsequent slow decrease of Ps. The typical response in the model was

a transient increase in the oscillation frequency. This was an expected response, as

an increase in [IP3] increases the open probability of the IPR, leading to faster Ca2+

oscillations.

Interestingly, the model exhibits some other unexpected Ca2+ responses as well;

see Figure 6.1. The HSY cell Ca2+ model, system (5.3.6) with " = 1 and ⌫ = 15 µM

generates Ca2+ oscillations with a period of 65 seconds, as shown in Figure 6.1A. The

oscillations are then perturbed by a pulse of Ps, Eq. (5.4.3), at three di↵erent times:

near the peak of a Ca2+ spike, right after a spike, and between two spikes. The pulses

given near the peak of a spike and after a spike induce rather unusual responses. As

shown in Figure 6.1B, the pulsing near the peak induces faster oscillations that have

small amplitudes for a transient time, followed by larger amplitude oscillations. When

the pulse is placed right after a spike, no immediate response is observed; instead,

there is a transient delay before the oscillations resumed with a higher frequency; see

Figure 6.1C. Lastly, the pulse applied some time after a spike (but before the next

spike), is immediately followed by a strong response of faster oscillations, as shown in
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Figure 6.1. Model responses to a pulse of Ps, applied at di↵erent times. Panel A
shows the time series of a periodic orbit of the HSY Ca2+ model, system (5.3.6) with
" = 1 and ⌫ = 15 µM. The blue dots indicate the times at which a pulse is applied.
Panels B, C and D show the model responses to a pulse of Ps, Eq. (5.4.3), applied
at t = 70 s, 80 s, and 120 s, respectively. The dashed line in each panel indicates the
time of pulsing. The pulse given at t = 70 s induces faster Ca2+ oscillations with small
amplitudes, followed by oscillations with larger amplitudes. When the pulse is given
at t = 80 s, there is a transient delay before the following Ca2+ spike. Applying the
pulse at t = 120 s induces an immediate Ca2+ spike with a large amplitude, followed
by oscillations with a higher frequency.

Figure 6.1D.

In this chapter, we aim to identify the fundamental mechanisms underlying the

di↵erent Ca2+ responses to a pulse of Ps. Our results show that each Ca2+ response

can be explained through mathematical analysis of the model and the study of the

positions and shapes of the geometric structures underlying the model.
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6.2 The Calcium Model

In Chapter 5, we presented a system of ODEs with six variables to study intracellular

Ca2+ dynamics of HSY cells. In this chapter, we use a modified system to investigate

the geometric structures that underlie the di↵erent responses induced by a pulse of Ps.

6.2.1 Model reduction

The original system has six variables, which makes it di�cult to analyse and visualise

the dynamical features of the system. Thus, we would like to reduce the system dimen-

sion, without losing the following crucial features of the full system that we discussed

in the previous chapter:

• an increase in the agonist concentration increases the oscillation frequency;

• there are coupled oscillations of [Ca2+]i and [IP3], with the peak of a spike in
[Ca2+]i being followed by a peak of [IP3];

• when Jin = 0 µM s�1, the oscillations persist for a short time, but eventually
stop;

• when a pulse of Ps is applied, it causes a transient increase in the oscillation
frequency;

• when the coupling between Ca2+ and IP3 is removed, the oscillations speed up.

Firstly, we find that one of the gating variables, m42, is not crucial for the onset of

oscillations. The IPR model from Cao et al. [27] assumes that the gating variable m42

instantaneously reaches its quasi-equilibrium,

m1
42 =

C3
b

C3
b + k3

42

,

with the rate of �m42 = 100 s�1. We use the same rate constant for m42 to make the

variable one of the fast evolving variables in the system, and assume that it reaches

m1
42 instantaneously. Thus, we remove the di↵erential equation for m42, and the model

is reduced to a system of five ODEs, as shown in Appendix C. We performed model

simulations with the reduced model and confirmed that the dynamical characteristics

of the full model listed above are preserved under the reduction. Some of the model

parameters are modified to adjust the oscillation amplitude; nevertheless, these changes
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do not a↵ect the fundamental dynamics of the full model. The reduced model and its

simulations are shown in Appendix C.

To lower the dimension further, we use the fact that the variable Ct evolves on the

slowest timescale, and that the full model in Chapter 5 exhibits Ca2+ oscillations even at

constant Ct; see Figure 5.4D. Moreover, the model simulations presented in Appendix

C show that the four-dimensional system with ⌫ = 100 µM and constant Ct successfully

generates Ca2+ oscillations. These results imply that Ca2+ oscillations in the models

do not depend on oscillating Ct. Thus, we treat Ct as a parameter and study the Ca2+

dynamics of the closed-cell model. For the model simulations presented in this chapter,

we chose Ct = 55 µM.

6.2.2 Summary of the model

After the reductions, we have the following system of four ODEs:

dC

dt
= Jdi↵ + Jleak � JSERCA,

dCb

dt
= �1(JIPR � Jdi↵),

dP

dt
= Vplc � Vdeg,

dh42

dt
= �h42(h

1
42 � h42).

(6.2.1)

Appendix B has the nondimensional form of the six-dimensional HSY Ca2+ model

presented in Chapter 5. Although some of the parameters are modified in the four-

dimensional model (see Appendix C), it does not cause any significant changes in the

timescales of the variables, except for h42. Similar to the six-dimensional HSY Ca2+

model, the variables in the four-dimensional model evolve on di↵erent timescales. Cb

evolves on the fastest timescale of order O(105), C evolves on an intermediate timescale

of order O(103), while P evolves on a relatively slower timescale of order O(10). The

timescale of h42 depends on the state of Cb as it evolves in the phase space; when

Cb is large, h42 evolves on the timescale of order O(102) and when Cb is small, the

timescale is of order O(10). Thus, along the trajectory of a stable periodic orbit in the

system, the timescale of h42 during the spiking regime is faster than the timescale in
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the quiescent phase. This aspect of the system makes it harder to fully understand the

global dynamics of the system, as techniques and theories for systems with variables

that have dynamic timescales are not developed yet; see Discussion for more details.

To model the pulsing, we introduce a new variable as in Chapter 5, for the con-

centration of photoreleased IP3 (Ps),

dPs

dt
= Vs plc � Vs deg. (6.2.2)

Vs plc and Vs deg represent the amount of photoreleased IP3 that is being produced

and degraded per unit time, respectively; see equations (5.4.1) and (5.4.2) for their

functional forms. When a pulse is given, Ps quickly increases to a high value, then

degrades at a much slower rate than P (rdeg > rs deg). After a pulse, Ps evolves on

a slightly slower timescale than P and h42, but the timescales of these variables are

approximately of the same order.

6.3 Model Results without Pulsing

In the four-dimensional model given by system (6.2.1), the variables P and h42 evolve

on slower timescales than the others. When studying a dynamical system with multiple

timescales, it is a common technique to di↵erentiate the dynamics on faster timescales

from that on slower timescales, and investigate their characteristics separately; we

discuss this technique in the Discussion (Section 6.6) with more detail. Furthermore,

it is often useful to treat the slow variables as parameters, and study the dynamics of

a lower dimensional subsystem. Thus, we shall study the subsystems where either P

or h42 is treated as a parameter, and investigate how the dynamics of the subsystems

relates to Ca2+ oscillations of the four-dimensional system.
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6.3.1 Three-dimensional subsystems

Firstly, we treat the variable h42 as the main parameter of the following three-dimensional

subsystem,

dC

dt
= Jdi↵ + Jleak � JSERCA,

dCb

dt
= �1(JIPR � Jdi↵),

dP

dt
= Vplc � Vdeg,

(6.3.1)

with ⌫ = 100 µM. Figure 6.2 shows a partial bifurcation diagram of the system, which

shows that the system has a cubic-shaped curve of steady-state solutions with two

bifurcations of saddle-node type at h42 ⇡ 0.4331 and h42 ⇡ 0.9302. The panels in

Figure 6.3 include the periodic orbit found in the system (6.2.1) with ⌫ = 100 µM and

the relative position of the orbit to the curve of equilibria in system (6.3.1). They show

how the dynamics of the subsystem is associated with that of the four-dimensional

system. As shown in Figure 6.3B, the quiescent phase of the orbit evolves close to

the lower stable branch of the curve of equilibria. This can be seen more clearly in

Figures 6.3C and 6.3D. The orbit slowly travels along the lower branch of equilibria

in the direction of increasing h42, and makes a fast jump at the first saddle-node

bifurcation (SN1). The orbit then returns to the lower branch of equilibria to complete

a cycle. The curve of steady-state solutions of the subsystem (6.3.1) is shown to be

useful for explaining the slow phase of the orbit found in system (6.2.1). However, the

fundamental dynamics behind the fast Ca2+ spikes still remains enigmatic.

Secondly, we vary P as the main parameter and study the dynamics of the following

subsystem,

dC

dt
= Jdi↵ + Jleak � JSERCA,

dCb

dt
= �1(JIPR � Jdi↵),

dh42

dt
= �h42(h

1
42 � h42).

(6.3.2)
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Figure 6.2. Bifurcation diagram of the three-dimensional system given by sys-
tem (6.3.1), projected onto (C, h42)-coordinates. The blue curve shows the position
of the steady-state solution (dashed when unstable, solid when stable). Bifurcations
are labelled SN (saddle-node of steady-state solutions).

A partial bifurcation diagram of the subsystem is shown in Figure 6.4. Based

on the figure, this system has two subcritical Hopf bifurcations and two saddles-node

bifurcations along its curve of equilibria. A short branch of unstable periodic orbits

emerges from the first subcritical Hopf bifurcation (HB1), which stops near P ⇡ 0.1427

with a very large period, approximately 1.4⇥ 1011 seconds. At this stage, we are unable

to determine why the branch stops. This could be because it encounters another type

of bifurcation such as a homoclinic bifurcation, or because it is numerically di�cult

to continue orbits with large periods. In fact, the most likely explanation is that the

termination of this branch is related to a canard phenomenon, which results from there

being multiple timescales in the model [44], but a full explanation along these lines is

beyond the scope of this thesis.

Another family of unstable periodic orbits is generated from the second subcritical

Hopf bifurcation (HB2), and terminates at a saddle-node of periodic orbits (SNP1).

From this bifurcation, a family of stable periodic orbits is generated as P decreases,

until the branch stops at P ⇡ 0.1427, which is the parameter value where the periodic

orbit branch of the first Hopf bifurcation terminates. However, it is hard to determine

whether the termination of the stable orbit branch is related to that of the branch
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Figure 6.3. A periodic orbit of the four-dimensional Ca2+ model, system (6.2.1) with
⌫ = 100 µM and Ct = 55 µM. Panel A shows the time series of the orbit. The periodic
orbit is projected onto (P, h42, C)-space, (h42, C)-coordinates, and (P, h42)-coordinates
in the panelsB,C, andD, respectively. The blue curves in panelsB,C andD represent
the steady-state solution of the three-dimensional system given by system (6.3.1).

from the first Hopf bifurcation. The periods of the stable periodic orbits increase as

P decreases, and the period of the terminating periodic orbit is nearly 8⇥106 seconds.

The branch termination could be due to numerical limitations, or some other yet to

be determined reasons. Once again, the most likely explanation is that there is an

associated canard phenomenon [44], but further numerical and theoretical work would

be required to completely explain the dynamics and is beyond the scope of this thesis.

Figure 6.5 shows the surfaces of the unstable and stable periodic orbits in blue and

purple, respectively, projected onto (P, h42, C)-space. The surface of unstable periodic
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Figure 6.4. Bifurcation diagram of the three-dimensional system given by sys-
tem (6.3.2), projected onto (C, P )-coordinates. The blue curve shows the position
of the steady-state solution (dashed when unstable, solid when stable). The black
dashed curves represent the maximum and minimum amplitudes of unstable periodic
orbits, while the red curves indicate the maximum and minimum amplitudes of stable
periodic orbits. Bifurcations are labelled HB (Hopf), SN (saddle-node of steady-state
solutions) and SNP (saddle-node of periodic orbits).

orbits is shaped like the speaker of a phonograph, with a cone-shaped trapping region

bounded by the surface; see Figure 6.5A and 6.5B. Furthermore, the surface of stable

periodic orbits forms a tunnel around the curve of equilibria; see Figures 6.5C and

6.5D.

Figure 6.6 shows the relative position of the periodic orbit generated from system

(6.2.1) with ⌫ = 100 µM and Ct = 55 µM in (P, h42, C)-space, and the geometric

structures of system (6.3.2). As shown in Figure 6.6B, the orbit lies quite close to the

surface of stable periodic orbits. The quiescent phase of the orbit glides slowly along

the bottom of the surface, while the spiking phase loops around the surface. Note that

the orbit does not lie close to the lower branch of the curve of equilibria in this system.

6.4 Model Results with Pulsing

The periodic orbit shown in Figures 6.3 and 6.6 was pulsed at three di↵erent locations

on the orbit, with the same pulse magnitude and duration (M = 0.15 µM s�1, 4 = 0.7
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Figure 6.5. Collection of periodic orbits in the three-dimensional system given by
system (6.3.2), computed with P as the bifurcation parameter. Panels A and B show
the surface of unstable periodic orbits emerging from the subcritical Hopf bifurcation
(HB2) in system (6.3.2), projected onto (P, h42, C)-space (from di↵erent angles). Panels
C and D show the surface of stable periodic orbits in system (6.3.2), projected onto
(P, h42, C)-space. The blue curve in every figure represents the curve of steady-state
solutions of the system.

s). We assume that the degradation rate of Ps is about 30 times smaller than that of

P , rdeg > rs deg = 0.05 s�1. Figure 6.7A shows the time series of the unpulsed periodic

orbit and the locations of the pulse: at the peak of a Ca2+ spike, right after the spike,

and some amount of time after the spike (but before the next spike). The corresponding

responses are shown in Figures 6.7B–6.7D. Similar to the responses observed in the full

HSY cell Ca2+ model as in Figure 6.1, the four-dimensional model exhibits di↵erent

responses to a pulse. We aim to understand and explain the model responses using the
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Figure 6.6. A periodic orbit of the four-dimensional Ca2+ model, system (6.2.1) with
⌫ = 100 µM and Ct = 55 µM. PanelA shows the time series of the orbit. PanelB shows
the periodic orbit projected onto (P, h42, C)-space, along with the surface of periodic
orbits found in the three-dimensional system given by system (6.3.2). The periodic
orbit is projected onto (P,C)-coordinates and (P, h42)-coordinates in the panels C and
D, respectively. The blue curves in panels B, C and D represent the steady-state
solutions of system (6.3.2).

underlying geometric structures of the subsystems that we presented in the previous

section.

6.4.1 Pulsing at the peak of a Ca2+ spike

If the pulse is given at t = 18.5 s, near the peak of a Ca2+ spike, C quickly moves to a

plateau with some small fluctuations for about 18 seconds; see Figure 6.7B. There are

some small fluctuations in C at the beginning and end of the plateau; however, there is
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Figure 6.7. Di↵erent Ca2+ responses in the four-dimensional HSY Ca2+ model, sys-
tem (6.2.1), to a pulse of Ps, Eq. (5.4.3). Panel A shows the time series of a periodic
orbit of the reduced model with ⌫ = 100 µM ate Ct = 55 µM. The blue dots show the
locations of pulsing, and the labels indicate the panels with the corresponding model
responses. Panels B, C and D show the model responses to a pulse of Ps, applied
at t = 18.5 s, 19.5 s and 30 s, respectively. The pulse applied at t = 18.5 s raises C
on a plateau for a transient time, followed by regular oscillations. When the pulse is
given at t = 19.5 s, the next Ca2+ spike is generated with some delays. The pulse at
t = 30 s immediately generates a Ca2+ spike, followed by oscillations with an increased
frequency.

a segment of the plateau where C decreases in an almost linear manner. Subsequently,

C falls o↵ the plateau and returns to its normal oscillatory phase, but with an increased

frequency.

We study the course of the pulsed trajectory relative to the geometric structures of

subsystem (6.3.2). Figure 6.8 shows the trajectory of the pulsed orbit projected onto

di↵erent sets of coordinates. In the top two figures, the trajectory is superimposed

on the curve of steady-state solutions and surfaces of the periodic orbits found in the

subsystem; see also Figure 6.5. The panels of Figure 6.8 show the part of the orbit
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6. E↵ects of IP3 Pulses on HSY Cells and Airway Smooth Muscle Cells

before the pulsing in red. The pulse shoots the orbit to a higher value of P + Ps,

as represented by the black curves. After the pulse, the trajectory is near the upper

branch of the curve of steady-state solutions. As Ps decreases, the trajectory in green

spirals around the steady-state curve, ending up inside the trapping region bounded

by the surface of unstable periodic orbits. The oscillation amplitude decreases as

the trajectory gets closer to the subcritical Hopf bifurcation (HB2) of the subsystem.

The trajectory passes the Hopf bifurcation and spirals around the unstable branch of

the curve for a short period of time, before it moves away from the curve and loops

around the surface of stable periodic orbits as it converges to the periodic orbit. The

projections of the pulsed trajectory shown in Figures 6.8C–6.8F support the description

of the pulsed trajectory behaviour.

6.4.2 Pulsing right after a Ca2+ spike

In the second pulsing simulation, the pulse is applied right after a Ca2+ spike, where

C is near its minimum value. The result is shown in Figure 6.7C. Surprisingly, a

transient delay of about 5 seconds is observed before the oscillations resume with an

increased frequency. As the pulse suddenly increases the total e↵ective [IP3] to a

higher concentration, one would expect to see an immediate e↵ect on the oscillations.

However, the model displays a counterintuitive result, where C stays at a basal level

even with a large amount of IP3. This implies that photolysis of caged IP3 does not

always stimulate the IPR right away. Instead, some amount of time may be required

for activation of the IPR, depending on the state of [Ca2+]i.

We examine the behaviour of the pulsed orbit in relation to the dynamics of

subsystem (6.3.2). Figures 6.9A and 6.9B show projections of the time series shown

in Figure 6.7C onto (P + Ps, h42, C)-space. The figures display the curve of steady-

state solutions and the surfaces of periodic orbits found in the subsystem as well. The

unpulsed part of the orbit is in red, while the part with pulsing is in black. As shown

in Figure 6.9C and 6.9E, the pulse increases the total e↵ective [IP3]; however, it does

not induce any large changes in C or h42. During the pulsing, the trajectory skims

along the bottom of the surface of stable periodic orbits, in the direction of increasing

P + Ps. After the pulsing, the trajectory is attracted to the surface of stable periodic
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Figure 6.8. The time series shown in Figure 6.7B, projected onto 3-D space and
2-D planes. The panels show the trajectories before and during the pulse in red and
black, respectively. In the left panels, the trajectory after the pulse is added in green.
The blue curve in every figure represents the curve of the steady-state solutions of the
three-dimensional system (6.3.2), with the location of HB2 indicated by the red dot. In
panels A and B, the time series are projected onto (P + Ps, h42, C)-space, along with
the surface of periodic orbits in system (6.3.2). In panels C and D, the time series
are projected onto (P + Ps, C)-coordinates. In panels E and F, the time series are
projected onto (P + Ps, h42)-coordinates.
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Figure 6.9. The time series shown in Figure 6.7C, projected onto 3-D space and 2-D
planes. The panels show the trajectories before and during the pulse in red and black,
respectively. In the left panels, the trajectory after the pulse is added in green. The
blue curve in every figure represents the steady-state solution of the three-dimensional
system (6.3.2), with the location of HB2 indicated by the red dot. In panels A and
B, the time series are projected onto (P + Ps, h42, C)-space, along with the surface of
periodic orbits in system (6.3.2). In panels C and D, the time series are projected
onto (P + Ps, C)-coordinates. In panels E and F, the time series are projected onto
(P + Ps, h42)-coordinates.
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orbits and follows along the bottom of the surface, towards a larger value of h42, before

making a big loop as the surface folds around. This part of the trajectory is shown in

green in Figures 6.9B, 6.9D, and 6.9F. The variable h42, which controls the activating

kinetics of the IPR, needs to be higher than a certain threshold value in order for the

system to generate a Ca2+ spike. This model simulation suggests that the IPR enter a

refractory period after generating a Ca2+ spike, where the channels do not respond to

stronger stimulations given by higher concentrations of IP3.

6.4.3 Pulsing in the middle of quiescent phase of the oscilla-

tions

Lastly, when the pulse is applied some amount of time after a Ca2+ spike, the model

immediately responds with faster Ca2+ oscillations, as shown in Figure 6.7D. We study

the behaviours of the orbit in terms of the geometric structures underlying the dynamics

of subsystem (6.3.2). Figure 6.10 shows the pulsed trajectory projected onto di↵erent

coordinates. In the figures, the parts of the orbit before, during, and after the pulse

are shown in red, black, and green, respectively. At the beginning of the pulse, the

trajectory does not show any large change in C and h42; see Figures 6.10C and 6.10E.

Instead, the trajectory glides along the bottom of the surface of stable periodic orbits

found in the subsystem, as shown in Figure 6.10A. However, as the surface folds around,

the trajectory follows the surface and makes a big loop around the surface. After

the pulsing, the trajectory gets attracted to the surface of stable periodic orbits and

oscillates around the surface as it converges to the periodic orbit; see Figures 6.10B,

6.10D, and 6.10F. This implies that some amount of time after a Ca2+ spike, the IPR

are almost out of their refractory period, and applying a su�ciently large stimulation

would bring the IPR into their active phase.

6.5 Experimental Data

We have tested our model results in two di↵erent types of cells: HSY cells and airway

smooth muscle cells (ASMC). These cells were pre-loaded with caged IP3, which was

photoreleased to induce an increase in [IP3]. Experimental traces of [Ca2+]i in HSY
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6. E↵ects of IP3 Pulses on HSY Cells and Airway Smooth Muscle Cells

Figure 6.10. The time series shown in Figure 6.7D, projected onto 3-D space and 2-D
planes. The panels show the trajectories before and during the pulse in red and black,
respectively. In the left panels, the trajectory after the pulse is added in green. The
blue curve in every figure represents the steady-state solution of the three-dimensional
system (6.3.2), with the location of HB2 indicated by the red dot. In panels A and B,
the time series are projected onto (P + Ps, h42, C)-space, along with the surface of the
periodic orbits in the layer problem. In panels C and D, the time series are projected
onto (P + Ps, C)-coordinates. In panels E and F, the time series are projected onto
(P + Ps, h42)-coordinates.
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Figure 6.11. Experimentally measured Ca2+ responses to photolysis of caged IP3 in
six di↵erent HSY cells. The dashed lines indicate the times of the photolysis. Each
panel in row A shows that the photolysis was immediately followed by Ca2+ oscillations
with an increased frequency. Panels in rowB show Ca2+ oscillations raised on a plateau.
Panels in row C show that the photolysis induced a transient delay, before the next
Ca2+ spike.

cells were measured by Akihiko Tanimura and his research group at the Health Sciences

University of Hokkaido, and experiments on ASMC were conducted by Michael J.,

Sanderson and his lab members at the University of Massachusetts Medical School.

The HSY cell data set was used to verify one of the model predictions drawn from the

HSY cell Ca2+ model, which is presented in Chapter 5; the result is submitted to the

PLoS Computational biology. The full reference is given in [76]. The ASMC data set is

unpublished work. Ca2+ oscillations observed in ASMC are typically faster than those

in HSY cells (about 15 times faster on average).

Figure 6.11 shows three distinctive responses that are observed in HSY cells. Ini-

tially, the cells were pre-treated with caged IP3, and then applied with a certain amount
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Figure 6.12. Experimentally measured Ca2+ responses to photolysis of caged IP3 in
four di↵erent ASMC. The photolysis occurred at the time indicated by the black dashed
lines, for the duration of 100 ms. Each figure in row A shows that the photolysis was
immediately followed by Ca2+ oscillations with an increased frequency. Figures in row
B show responses of some cells where the photolysis induced a transient delay before
the Ca2+ spikes resumed with a higher frequency.

of agonist to induce Ca2+ oscillations. While the cells were exhibiting agonist-induced

Ca2+ oscillations, they were exposed to a brief flash of UV light for the photolysis of

caged IP3. As shown in the panels on the top row, some HSY cells responded with

an immediate increase in the oscillation frequencies. Normally, these behaviours were

observed if the photolysis occurred some time after a Ca2+ spike, and when the [Ca2+]i

was at the basal level. However, in some cells, the photolysis induced faster Ca2+ os-

cillations with small amplitudes, raised on a plateau; see the middle panels. In some

other cases, the photolysis did not cause any immediate responses, as shown in the

panels on the last row. All of these responses are already predicted from our model,

with mathematical explanation as to how they arise.

The Ca2+ responses in four di↵erent ASMC are shown in Figure 6.12. The cells

were treated with caged IP3 and 400 nM of methacholine (MCh) to trigger Ca2+ oscil-

lations. Subsequently, the cells were flashed with UV light for 100 milliseconds for the
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photolysis of caged IP3. In Figure 6.12, the panels on the top row show the responses

where the photolysis immediately induced faster Ca2+ oscillations. However, as shown

on the bottom panels, some cells exhibited a transient delay before the Ca2+ oscilla-

tions resumed with a higher frequency. These types of Ca2+ responses were already

observed in HSY cells, but with larger oscillation periods (on a much slower timescale).

We have argued that the four-dimensional Ca2+ model given by system (6.2.1) pro-

vides a reasonable mathematical description for each of the di↵erent Ca2+ responses

in HSY cells. The photolysis experiments on HSY cells and ASMC suggest that Ca2+

oscillations of both cell types share some dynamical similarities, despite the large di↵er-

ence in their timescales. The model captures the essential features of the experimentally

observed responses, at least qualitatively. Thus, we find that a thorough analysis of

the model dynamics could be a stepping stone towards identifying mechanisms that

are shared by both fast and slow Ca2+ oscillations.

6.6 Discussion

In this chapter, we have looked at how the pulse responses can be explained by compar-

ison with the results of model simulations. We studied two subsystems that are related

to the quiescent phase and spiking phase of periodic orbits, one subsystem resulting

from treating the slow variable h42 as a parameter and the other arising from treating

P as a parameter. However, we did not exploit rigorous analytic methods developed for

dynamical systems with multiple timescales, such as geometric singular perturbation

theory (GSPT). As an extension of the work presented in this chapter, one could apply

GSPT to the full system in order to perform a thorough analysis of model dynamics.

The main aim of GSPT is to combine information obtained from studying fast

dynamics and slow dynamics separately, in order to describe the dynamics of the full

system. For our model, we could group C and Cb as the fast variables, and P and h42 as

slow variables, and assume that the model is a system of two fast and two slow variables.

A crucial structure in GSPT is the critical manifold, which is obtained by taking a limit

in which the slow variables e↵ectively become parameters, then computing the surface

of equilibria of the remaining fast dynamics; this surface is the critical manifold. If

a periodic orbit of the system is superimposed on the critical manifold, the quiescent
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6. E↵ects of IP3 Pulses on HSY Cells and Airway Smooth Muscle Cells

phase of the orbit would stay quite close to the critical manifold while the spiking

phase of the orbit would be away from the critical manifold. Careful use of techniques

from GSPT can provide rigorous justification for predictions from models with multiple

timescales, to support more qualitative statements about the mechanisms underlying

model dynamics such as those made in Section 6.4.

Identification of timescale separation in a model is not always straightforward and

there are frequently several plausible ways to proceed. For example, system (6.2.1)

might reasonably be regarded as having one fast variable, Cb, and three slow variables,

C, P and h42. Applying GSPT under this assumption may reveal some new information

about the full dynamics.

The use of GSPT on the four-dimensional model, system (6.2.1), is particularly

challenging because of the dynamic timescale of h42. As previously mentioned, the

timescale of h42 depends on the position of Cb in the phase space. When Cb is small

(i.e., when an orbit is in its quiescent phase), the timescale of h42 is of order O(10).

Thus, at least in the sections of the phase space where Cb is low, it is reasonable

to treat h42 as one of the slow variables and perform analysis to understand the local

dynamics of system. However, during the spiking regime of an orbit where Cb increases

to its maximum, the timescale of h42 is of order O(102). In this case, it is no longer

clear whether it is viable to consider h42 as a slow variable. Instead, there would be

several scenarios for the timescale separation: 1) treating Cb and C as fast variables

and P and h42 as slow variables, 2) Cb and C as fast variables, h42 as an intermediate

speed variable and P as a slow variable, and 3) Cb as a fast variable, C and h42 as

intermediate speed variables and P as a slow variable. Again, this would unfold only

the local dynamics of the system, not the global dynamics. What is really necessary

for a complete analysis of the system is that we need to develop novel methods that

can patch the information that we obtain by analysing local dynamics of the system

at di↵erent parts of the phase space. This certainly can be the main idea that should

be explored for the next project.
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Conclusions and Future Work

In this thesis we constructed two mathematical models of intracellular Ca2+ dynamics

to investigate underlying cellular mechanisms of Ca2+ signals observed in cultured

human fibroblasts and HSY cells. For each model, we performed a series of simulations

and compared the results with experimental observations, and confirmed that the model

is a useful tool for understanding Ca2+ dynamics in the subject cells. Here we include a

summary of the work, focusing on the implications of the results, and propose directions

for future research.

7.1 Lysosome–ER microdomain Ca2+ Model

Within the cytosol, there are some regions where two or more organelles come in

close proximity with each other and form membrane contact sites (i.e., microdomains).

Many studies have already emphasised the importance of microdomains between the

ER and other cellular structures such as mitochondria and plasma membrane. These

small regions are shown to have significant e↵ects on numerous cellular processes, as
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they form compact spaces for Ca2+ signalling proteins. Kilpatrick et al. [93] were the

first to identify microdomains between the ER and lysosomes, acidic organelles that

store Ca2+, in primary cultured human fibroblasts. They also showed that stimulating

lysosomal Ca2+ leak with GPN can trigger global Ca2+ signals. During the experiments,

di↵erent concentrations of GPN were used to cause complete depletion of lysosomal

Ca2+ over di↵erent periods of time.

Based on the experimental data, we developed a dynamical system with four

ODEs to model coupled Ca2+ dynamics between two compartments: the lysosome–

ER microdomain and the rest of the cytosol. Our aim was to understand the role of

microdomain Ca2+ signals in triggering global Ca2+ signals. The model incorporated

Class II mechanisms, where Ca2+ oscillations are generated by positive and negative

Ca2+ feedback on IP3 regulation. This closed-cell Ca2+ model reproduced qualitative

features of GPN-induced Ca2+ signals, and suggested that these signals are generated

by the IPR.

We then included equations that modelled the application of NAADP, which is a

second messenger that triggers lysosomal Ca2+ fluxes through TPC. The model was

simulated with three di↵erent styles of TPC distribution: 1) uniformly distributed

TPC, 2) clustered TPC in microdomains, and 3) uniformly distributed TPC with a

higher density. We observed the following model results:

• lysosomal Ca2+ flux into microdomains is the key player in generating global

Ca2+ oscillations;

• having clusters of TPC in microdomains extends the range of [NAADP] that

triggers global Ca2+ oscillations;

• over-expressed TPC also extends the window of [NAADP] that induces global

Ca2+ oscillations;

• when TPC are over-expressed, the main role of lysosomal Ca2+ flux is to modulate

oscillation frequencies.

Thus, we concluded that lysosomal Ca2+ flux into microdomains is an important stim-

ulator/modulator of global Ca2+ responses that are induced by the IPR. While exper-

imental approaches to studying Ca2+ signals in microdomains are almost inaccessible
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due to the very small size of the microdomains, our Ca2+ model can provide some

useful insights to possible mechanisms underlying the signals.

As suggested by the model results, di↵erent types of TPC distribution have distinct

e↵ects on global Ca2+ signals. For further investigation, the model could be extended

to a system of PDEs, to thoroughly study the e↵ects of di↵erent arrangements of TPC

on lysosomal membranes. From such a model, the specific properties of TPC on the

lysosome–ER microdomains and the processes of crosstalk between lysosomes and the

ER (and their Ca2+ channels) could be postulated.

7.2 HSY Cell Ca2+ Model

Salivary ductal cells play an important role in the regulation of saliva. They modify

ionic composition of the primary saliva secreted by acinar cells. Dysfunction of these

cells could lead to hyposalivation, or a change in the composition of saliva.

Tanimura et al. [184] showed that HSY cells, a salivary ductal cell line from the

parotid gland, exhibit coupled oscillations of [Ca2+]i and [IP3], and conjectured that

IP3 oscillations in HSY cells are passive reflections of Ca2+ oscillations. Additionally, a

number of studies indicated that Ca2+ oscillations in HSY cells are primarily dependent

on release and reuptake of the ER Ca2+. We wished to investigate these hypotheses

through mathematical modelling. Based on the data, we constructed a mathematical

model of Ca2+ dynamics, with Ca2+ feedback on IP3 production. The IPR model of

Cao et al. [27] was used to describe the activation and inactivation kinetics of the IPR.

The model generated coupled oscillations of [Ca2+]i and [IP3], where the peak of a Ca2+

spike is followed by the peak of an IP3 spike, which was one of the features observed

through experiments. Furthermore, the model was able to generate Ca2+ oscillations

even at a fixed concentration of the total intracellular Ca2+, implying that oscillations

are primarily generated by the IPR flux and SERCA flux, which supports one of the

hypotheses.

We simulated four di↵erent experimental protocols with the model, and conducted

the corresponding experiments to compare the results. The experimental data were in

good agreement with the model results. The model simulation of applying U73122 to

cells showed that Ca2+ oscillations can occur at a constant [IP3], which corroborates the
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hypothesis. This simulation also led to an interesting observation, whereby eliminating

IP3 oscillations induced an increase in the oscillation frequency. This result was also

verified through experiments. Thus, we concluded that although IP3 oscillations are

not necessary for HSY cells to exhibit Ca2+ oscillations, they do occur and their role

is to extend oscillation periods. However, how IP3 manages to do this is yet to be

answered.

We examined the model dynamics more closely to see whether the pulsing re-

sponses can be described in terms of geometric structures underlying the model. To

reduce the model dimension, slow variables were treated as parameters. As a result,

we observed that trajectories of the pulsing responses are closely related to the geo-

metric structures of the reduced models. We then showed that qualitatively similar

behaviours are seen in HSY cells and ASMC, even though they have a large timescale

di↵erence in their Ca2+ oscillations. This suggests that these two types of cells share

some common cellular mechanisms in generating Ca2+ oscillations. Although we did

not attempt to construct a model for Ca2+ dynamics in ASMC, our HSY cell Ca2+

model could be a useful medium between experimental studies of ASMC and the mod-

elling. Furthermore, it would be an interesting project to build a generic model that is

applicable for describing the essential features of Ca2+ oscillations in both HSY cells

and ASMC. A thorough analysis of such model may uncover some novel physiological

mechanisms and unlock avenues for future research on cell physiology.

Although our model of Ca2+ dynamics provided some insights about cellular mech-

anisms underlying Ca2+ oscillations in HSY cells, there many conundrums left to be

solved. One of the most challenging questions is how HSY cells exhibit slow Ca2+

oscillations with long periods (⇠2 mins), when the intrinsic kinetics of the IPR are

relatively fast (of the order of seconds). There could be a number of di↵erent expla-

nations for this phenomena. One of the possibilities is, as conjectured from our work,

relatively slow activation kinetics of the receptors, caused by some unknown cellular

properties of HSY cells. Other possibilities include Ca2+ mobilisation of mitochondria

and Ca2+ bu↵ers. It may be di�cult to single out one responsible mechanism, as it

could be a combination of various sources that results in slow oscillations.

Another major question that should be addressed is how oscillating [IP3] manages

to extend the period of Ca2+ oscillations in HSY cells. It is most likely that IP3
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oscillations modulate the opening probability of the IPR in a way that increases either

the interspike interval or the width (or maybe both) of Ca2+ spikes. However, answering

this question requires more theoretical and experimental studies.

Lastly, one should consider adding stochastic and spatial e↵ects into the model,

and investigate model behaviours. Experimental observations show highly localised

Ca2+ releases that cannot be reproduced from the deterministic model. A collection

of such releases may lead to global Ca2+ signals, which underlines the importance of

understanding the mechanisms that cause these events. Thus, the modelling of random

Ca2+ releases through a single IP3 receptor or a cluster of receptors with stochasticity

may lead to some significant results that are not found in the deterministic model.
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Appendix A

For GPN= 20 µM,

CL = CL0H(t0 � t) +H(t� t0)
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Table A.1. The values for t0 and t1 in the fitted CL functions for di↵erent concentra-
tions of GPN

GPN t0 t1

20 µM 105 510

100 µM 90 440

200 µM 75 340
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We define new dimensionless variables for (C,Cb, Ct, P, t), with

C = QC · bC, Cb = QC ·cCb, Ct = QCt · bCt, P = QP · bP , t = T · t̂,

where QC , QCt , and QP are typical concentration scales of the cytosolic Ca2+, total

intracellular Ca2+ and cytosolic IP3, respectively, and T is a typical timescale. The

variables m42 and h42 are already dimensionless, and their typical scales are of O(1);

thus, they do not need scaling. Through substitution, we derived the following dimen-

sionless version of the system:

d bC
dt̂

=
TVS

QC
(J̄di↵ + J̄leak � J̄SERCA) +

TVSOCC

QC
(J̄in � J̄pm),

d bCt

dt̂
=

TVSOCC"

QCt

(J̄in � J̄pm),

dcCb

dt̂
=

TVS�1
QC

(J̄IPR � J̄di↵),

d bP
dt̂

=
T 2

QP
(V̄plc � V̄deg),

dm42

dt̂
= T�m42(m

1
42 �m42),

dh42

dt̂
= T�h42(h

1
42 � h42),

(B.1)

with dimensionless fluxes
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J̄IPR =
kIPROIPR�2

VS

 
QCt

bCt �QC
bC � QC

cCb

�1
� QC

cCb

�2

!
,

J̄di↵ =
kdi↵
VS

⇣
QC
cCb �QC

bC
⌘
,

J̄leak =
kleak�2
VS

 
QCt

bCt �QC
bC � QC

cCb

�1
� QC

bC
�2

!
,

J̄SERCA =
1

1 +
⇣

KS

QC
bC

⌘1.75 ,

J̄in =
Jleakin
VSOCC

+
VROCCQP

bP
VSOCC

+
1

1 +
⇣

�2
KSOCC

⇣
QCt

bCt �QC
bC � QC

cCb

�1

⌘⌘4 ,

J̄pm =
Vpm

VSOCC

1

1 +
⇣

Kpm

QC
bC

⌘2 ,

V̄plc =
 1

 2

⌫

K⌫ + ⌫
+

1

1 +
⇣

Kplc

QC
bC

⌘4 ,

V̄deg =
rdeg
 2

QP
bP .

We choose T = QCt/VSOCC to describe the dynamics on the timescale of Ct:

d bC
dt̂

=
QCtVS

QCVSOCC

(J̄di↵ + J̄leak � J̄SERCA) +
QCt

QC
(J̄in � J̄pm),

d bCt

dt̂
= J̄in � J̄pm,

dcCb

dt̂
=

QCtVS�1
QCVSOCC

(J̄IPR � J̄di↵),

d bP
dt̂

=
QCt 2

QPVSOCC

(V̄plc � V̄deg),

dm42

dt̂
=

QCt�m42

VSOCC

(m1
42 �m42),

dh42

dt̂
=

QCt�h42

VSOCC

(h1
42 � h42).

(B.2)
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From numerical simulations of the model, we find that typical concentration scales for

cytosolic Ca2+ and IP3 are of the same order QP = QC = 1 µM. A typical concentration

scale for total intracellular Ca2+ is of order QCt = 100 µM. Substituting these scales

and the values of parameters gives the following orders of magnitude of the right hand

sides of system (B.2): O(103), O(1), and O(105) for the bC, bCt, and cCb equations,

respectively. The dynamics of bP has a timescale of order O(102). m42 and h42 evolve

on timescales of order O(102) and O(10), respectively. These indicate that the system

contains multiple timescales, with cCb evolving on the fastest and bCt on the slowest.
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In Chapter 6, the full HSY cell Ca2+ model given by system (5.3.6) is reduced to a

four-dimensional closed-cell model, system (6.2.1). As initially presented by Cao et

al. [28], we assumed that the variable m42, which modulates the activation kinetics of

the IPR, is one of the fast evolving variables, and is set to its quasi-equilibrium (i.e.,

m42 = m1
42). Thus, the model is reduced to a five-dimensional model,

dC

dt
= Jdi↵ + Jleak � JSERCA + "(Jin � Jpm),

dCt

dt
= "(Jin � Jpm),

dCb

dt
= �1(JIPR � Jdi↵), (C.1)

dP

dt
= Vplc � Vdeg,

dh42

dt
= �h42(h

1
42 � h42).

We modified some of the parameter values so that the five-dimensional model repro-

duces the coupled oscillations of [Ca2+]i and [IP3], at least qualitatively. The modified

parameters are shown in Table C.2, while all the other parameters are as in Table 5.1.

The preliminary model results are shown in Figure C.1. Figures C.1A and C.1B

show that the five-dimensional model exhibits coupled oscillations of [Ca2+]i and [IP3],

where the peak of an IP3 spike is preceded by that of a Ca2+ spike. The model also

generates faster Ca2+ oscillations at a higher agonist concentration; see Figure C.1C.

More importantly, the model successfully produces oscillations even when the Ca2+

fluxes across the plasma membrane are neglected (i.e., dCt/dt = 0), as shown by
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Figure C.1D.

We then tested whether the Ca2+ dynamics of the five-dimensional model agrees

qualitatively with the experimentally observed Ca2+ behaviours in HSY cells. Firstly,

we removed the Jin term to simulate the Ca2+-free medium experiment. As shown in

Figure C.2A, the five-dimensional model persistently generated Ca2+ oscillations even

after Jin was decreased to 0; eventually, the oscillations stopped. When a pulse of Ps

was applied to the model, it responded with faster oscillations for a short time; see

Figure C.3A. The parameter values used for the pulse are: M = 0.15 µM s�1, 4 = 0.5

and rs deg = 0.05 s�1. Lastly, we eliminated positive Ca2+ feedback on PLC, while Ps

was being produced at a constant rate. The purpose of this model simulation is to

confirm that oscillating IP3 extends the period of Ca2+ oscillations in HSY cells, one

of the behaviours that was already noticed in experiments. Figure C.4A shows the

e↵ects of applying U73122 ( 2 = 0 µM s�1 and VS = 9.5 µM s�1) to HSY cells that

are continuously exposed to UV light (ks plc = 0.0075 µM s�1). The five-dimensional

model predicts that the long-term e↵ects of PLC inhibition are a slight decrease in the

Ca2+ spike amplitude and an increase in the oscillation frequency. These changes are

not obvious in the figure as the time series are vertically compressed and the figure

does not include the long-term oscillations. However, numerical computation indicates

about 3% decrease in the spike amplitude and 11% increase in the oscillation frequency.

All of the model behaviours explained above are in qualitative agreement with

the full HSY cell Ca2+ model, which suggests that the five-dimensional model has

equally valid predictive power as the full model. Thus, we believe that the fundamental

dynamics of the full model is preserved in the five-dimensional model. In particular,

when we aim to study the underlying mechanisms of Ca2+ oscillations in our model, it

is su�cient to investigate the dynamics of the lower dimensional model.
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Table C.2. Modified parameter values for the five-dimensional HSY cell Ca2+ model,
system (C.1).

Parameter Value (Units) Parameter Value (Units)

Jleakin 0.019 (µM s�1) H 4 (s�1)

VROCC 0.29 (s�1) Cp0 120 (µM)

VSOCC 1.9 (µM s�1) K⌫ 300 (µM)

KSOCC 100 (µM) Kpc 0.3 (µM)

Vpm 0.5 (µM s�1)  1 0.8 (µM s�1)

Kpm 0.456 (µM)  2 0.2 (µM s�1)
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Figure C.1. Oscillations in Ca2+ and IP3 concentrations, C and P, in the five-
dimensional HSY cell model, system (C.1) with " = 1. A: The system is stimulated
with ⌫ = 100 µM for t > 0. [Ca2+]i is shown in red; [IP3] is in black. The period is
about 14 seconds. B: Enlargement of A for 85 < t < 95, showing a pair of Ca2+ and
IP3 spikes. The peak of the Ca2+ spike is followed by the peak of the IP3 spike. C:
Initially, the system is stimulated with ⌫ = 0 µM for t < 20, then ⌫ is increased to
100 µM for 20 < t < 100, and 150 µM for 100 < t < 150. The oscillations are faster
at a higher agonist concentration. D: Coupled oscillations of [Ca2+]i and [IP3] in the
closed-cell model, system (C.1) with " = 0 and Ct = 55 µM. The system is stimulated
with ⌫ = 100 µM for t > 0.
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Figure C.2. Model response to Ca2+-free medium and corresponding experimental
data. A: Response of the five-dimensional HSY cell model, system (C.1) with " = 1,
to elimination of Jin. The system is stimulated with ⌫ = 150 µM, which generates
oscillations of [Ca2+]i. Jin is then removed from the system (set Jin = 0) for t > 50.
As a result, the oscillations persist for a while, with increased interspike interval after
each spike. At t ⇡ 200, the system stops producing Ca2+ spikes. B: A representative
Ca2+ response in HSY cells in a Ca2+-free medium. Initially, the cells were placed in a
Ca2+-containing medium. CCh was used to generate Ca2+ oscillations. The external
solution was exchanged to a Ca2+-free medium during the time indicated by the blue
bar.
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Figure C.3. Model response to a pulse of photoreleased [IP3] and corresponding
experimental data. A: Response of the five-dimensional HSY cell model, system (C.1)
with " = 1, to a pulse of Ps, Eq. (5.4.3). The system is stimulated with ⌫ = 100 µM at
t = 0 s. The pulse is applied at the time indicated by the arrow. Ca2+ concentration,
C, is in red; the total IP3 concentration, including photoreleased [IP3], is in black. The
pulse increases the frequency of the Ca2+ oscillations. As photoreleased IP3 degrades
slower than IP3, the oscillations return only slowly to the original frequency. B: A
representative Ca2+ response to photolysis of caged IP3 in HSY cells. The cells were
prepared with ATP and caged IP3, and then a flash of UV light was applied at the
time indicated by the arrow and the dashed line.
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Figure C.4. Model response to inhibition of PLC and corresponding experimental
data. A: Response of the five-dimensional HSY cell model, system (C.1) with " =
1, to the inhibition of positive Ca2+ feedback on IP3 ( 2 = 0 µM s�1), as well as
SERCA pumps (VS = 9.5 µM s–1). The system is stimulated with slowly increasing Ps,
Eq. (5.4.4) with ks plc = 0.0075 µM s–1. Ca2+ feedback on PLC is inhibited for t > 100.
The top, middle and bottom panels show time series of [Ca2+]i, [IP3] and photoreleased
[IP3], respectively. B: A representative Ca2+ response to injection of U73122 in HSY
cells. The cells were prepared with caged IP3 and continuously exposed to low-level
UV light. Photoreleased IP3 then generated Ca2+ oscillations. U73122 was applied to
the cells during the time indicated by the blue bar.
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Pflügers Archiv, 333(1):82–94, 1972.

131



BIBLIOGRAPHY

[95] H. Knauf, P. Rötiger, U. Wais, and K. Baumann. On the regulatory handling of Na+,

K+ and H+ transport by the rat salivary duct epithelium. Fortschritte der Zoologie,

23(2–3):307–321, 1975.

[96] H. Knauf, R. Lubcke, W. Kreutz, and G. Sachs. Interrelationships of ion transport in

rat submaxillary duct epithelium. American Journal of Physiology, 242(2):F132–F139,

1982.
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excretion in rat submaxillary saliva. Pflügers Archiv fr die gesamte Physiologie des

Menschen und der Tiere, 291(1):85–98, 1966.

[198] J. A. Young and E. W. Van Lennep. Salivary glands. In Transport in salivary and salt

glands. Berlin: Springer-Verlag, 1979.

[199] D. I. Yule and D. V. Gallacher. Oscillations of cytosolic calcium in single pancreatic

acinar cells stimulated by acetylcholine. FEBS Letters, 239(2):358–362, 1988.

[200] D. I. Yule and J. A. Williams. U73122 Inhibits Ca2+ Oscillations in Response to

Cholecystokinin and Carbachol but Not to JMV-180 in Rat Pancreatic Acinar Cells.

The Journal of Biological Chemistry, 267(20):13830–13835, 1992.

[201] W. Zhang, V. Kirk, J. Sneyd, and M. Wechselberger. Changes in the criticality of

Hopf bifurcations due to certain model reduction techniques in systems with multiple

timescales. Journal of Mathematical Neuroscience, 1:9, 2011.

[202] X. Zong, M. Schieder, H. Cuny, S. Fenske, C. Gruner, K. Rötzer, O. Griesbeck, H. Harz,

and M. Biel. The two-pore channel TPCN2 mediates NAADP-dependent Ca2+-release
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