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Abstract

Wireless relay technology plays an important role in the next-generation mobile and wireless networks.

It has been proposed as a cost effective solution to addressing a growing demand for high data rates and

low power consumption. In the relay communication model, a source communicates to a destination

through a wireless node(s) called a relay. There are two main relaying techniques: Decode-and-Forward

(DF) and Amplify-and-Forward (AF). AF is the focus of this thesis. The AF relay networks provide

considerable performance improvement in link reliability, Spectral Efficiency (SE), Energy Efficiency

(EE) and Bit Error Rate (BER) performance. They also offer a low-complexity solution for practical

relay networks that have critical energy constraints, as they enable the received signal to be amplified

without the decoding process at the relays.

This thesis proposes new methods of reducing the energy consumption and evaluating the error per-

formance of AF relay networks, when the relay is either one-way (unidirectional) or two-way (bidirec-

tional). The analysis is commenced by formulating the actual Signals-to-Noise Ratio (SNR) level, which

corresponds to a low SNR level, in order to calculate the Exact Bit Error Rate (EBER) performance.

Then, the approximated SNR, which refers to a high SNR level, is expressed and adopted to evaluate

the Asymptotic Bit Error Rate (ABER). Another SNR level is presented in this work and defined as an

optimal SNR level, which is obtained by optimal balancing of the SE and EE. The optimal SNR level

allows evaluation of the ABER and the EBER of AF relay networks under optimal SNR conditions. Ac-

cordingly, a unifying BER evaluation at low, high, and optimal levels of AF relay networks is provided

in this study. This thesis focuses on a high SNR level to derive an effective method for evaluating the

ABER and EBER, whether in optimal or sub-optimal AF relay networks. The effectiveness of such a

BER evaluation method is demonstrated by enhancing the ABER of AF relay networks at all SNR levels

(i.e., low, high, optimal SNR levels). This is shown when disparity between the ABER and the EBER at

iii



a low SNR level is reduced, and this helps to calculate the accurate BER of AF relay networks under any

SNR levels using either the ABER or EBER.

The proposed methods are examined under different channels environments, as in practice the chan-

nel of each hop of an AF relay network can be located in a different environment. When both hops are

located in the same environment, the fading channels of the hops are equal, while for different environ-

ments, the fading channels of the hops are different. Furthermore, relay location is also investigated for

the aforementioned ABER and EBER, and a new method for determining the relationship between the

EE and EBER with relay location is derived.
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Chapter 1

Introduction

1.1 Overview

Recently, the world has seen dramatic growth in the number of small wireless devices such as cell phones

and laptops. This growth has caused a significant increase in demands for high data rates and low energy

requirements to deliver such services. Thus, the data rate and energy consumption are two vital param-

eters that need to be considered in the design of future generations of wireless networks. Furthermore,

the impact of such parameters on the network performance is another factor that should be taken into

account.

Relay networks have been proposed as a promising solution for the next generations of wireless

systems [1–4]. The main concept of the relay network is that the direct communication (or one-hop) link

between a source and destination is divided into two or more (multiple-hop) links through nodes called

relays [5]. The relay element is commonly classified as one of two techniques: Amplify-and-Forward

(AF) and Decode-and-Forward (DF). Both techniques can be operated as one-way (unidirectional) or

two-way (bidirectional) links. Relay networks have been shown to improve the coverage, link reliability,

Spectral Efficiency (SE) [6], Energy Efficiency (EE) [7] and Bit Error Rate (BER) performance [8]

of one-hop links. All such advantages can be achieved by deploying relay nodes between sources and

destinations without incurring the associated high costs of adding extra base stations. Thus, it is important

for future wireless standards to include relay schemes if the above advantages are to be realised [9, 10].

1
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1.2 Networks Relay Techniques

Classical wireless communications are based on one-hop links, i.e., only two wireless nodes are involved

in the communication of data. These two nodes are, e.g., the mobile station and base station in a cellular

network, or the access point and portable device in a wireless local area network. In wireless relay net-

works, however, an additional node (or nodes) is used to help two wireless nodes in the communication

of data. In such networks, the source node broadcasts signals to a destination node through set of relay

nodes, as shown in Fig 1.1.
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Figure 1.1: Relay Networks

The relay node commonly processes the received signal according to the type of relay technique.

In the AF relay, the received signal is amplified and then forwarded to the destination without further

processing. On the other hand, in the DF relay, the received signal is demodulated, channel decoded,

encoded and modulated again, before being delivered to its destination [11, 12].

The relayed signals and possible direct-link signal are then received at their destination in multiple,

independently-faded copies of the same signal. The availability of such multiple signal copies at the

destination is termed diversity [13]. Commonly, diversity methods include; time diversity, frequency

diversity and spatial diversity [14]. In time diversity, multiple copies of a signal are sent by a source

node at different time instants. In frequency diversity, multiple copies of a symbol are broadcast through

channels having different carrier frequencies [11]. Spatial diversity can be achieved by providing mul-

tiple antennas at the transmitter or receiver, or both. The use of multiple antennas at the transmitter is

termed transmit spatial diversity; the use of multiple antennas at the destination is termed receive spatial

diversity. Spatial diversity is recognized as an important method of combating fading without expanding

the bandwidth of the transmitted signal [13].
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At the destination, all the received signals are combined to retrieve the transmitted message. Such

combining of signals is in general achieved by one of the following techniques: selection combining,

equal gain combining or maximal ratio combining. These combining methods are elaborated in [15].

Overall, selection combing is the least complex for implementation comparison with other techniques.

Thus, this thesis focuses on the selection combining. This combining scheme is based on the premise

that all signals coming out of diversity branches have different amplitude values at the same time. As a

result, the diversity branch with the strongest signal is chosen and all other signals are neglected.

As mentioned earlier, the main relay techniques are AF relay and DF relay. DF relay is more complex

than AF relay, as DF relay needs full processing including decoding, re-modulating and re-transmitting

the received signal. The DF relay also requires sophisticated power control [16], which is unnecessary

in AF relay. AF relays therefore is considered in this thesis as they can potentially be implemented with

lower complexity.

1.3 AF Relay Technique

Amplify-and-Forward (AF) is the principle technique used in relay networks that have critical power

constraints. The basic principle of AF relay is that the relay receives the transmitted signal in the first

phase, amplifies it (by the amplification factor), then forwards it to the destination in the second phase.

Two-phase communication scenario therefore allows relay element to operate without self-interference,

as shown in Fig. 1.2.

The amplification factor is an important design issue in AF relay networks. It depends on channel

fading conditions between the source and relay. Generally, the amplification factor is classified as either

variable and average [11]. The variable amplification factor is a function of the instantaneous channel

conditions (short-term), while the average factor is a function of the average channel conditions (long-

term).

The AF relay technique has been recognized by [17] as practical, low-complexity solution for relay

networks that have critical energy constraints. Its complexity is low because it avoids decoding process

used in the DF networks and so eliminates propagation of decoding errors at the relay [18]. Another

advantage of AF relay is that its relative design simplicity means less hardware is needed [19]. Its main

drawbacks, however, are noise amplification and interference propagation, since the relay amplifies noise
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Figure 1.2: Operating profile of AF relay scheme

as well as the original signal and no interference cancellation technique is applied [5]. But even with this

weakness, AF relay achieves a higher diversity order compared to other relay types [20].

The AF relay scheme is expected to be employed in future cellular networks, in which the base

station (or equivalent to source node ) can broadcast signals to a mobile phone (i.e., destination) through

relay nodes. Accordingly, this thesis aims to develop multiple AF relay networks in which the relay run

is either unidirectional or bidirectional. This development is focused on BER and EE perspectives.

1.3.1 BER performance of AF Relay networks

The performance of wireless digital communication has been evaluated using the probability of detection

error, or bit error rate (BER). Generally, BER is a function of the transmitter power, the types of wave

forms used to broadcast the signals over the channel, the code characteristics, the method of demodula-

tion, and the characteristics of the transmission channel (i.e., the nature of the interference, the quantity

of noise) [13]. In this thesis we consider BER with respect to Signal-to-Noise Ratio (SNR), which is a

function of two factors: the network’s resource powers (i.e., source and relay powers) and characteristics

of the transmission channels. In this regard, many techniques have been proposed in the literature to

determine the effect of channel characteristics on error rate performance. For instance, in [21], multi-

hop and multi-relay networks were involved in the analysis of the Symbol Error Rate (SER) of AF relay

networks. It was found that SER performance is improved by increasing the number of relays. Similar

studies in [22–24] have also investigated SER performance of multi-relay AF relay networks and they

confirm that relay networks are powerful in reducing the error rate of wireless networks. However, all

of the above SER studies require further analysis to determine BER, which is a more useful metric than

SER [25]. Thus, other studies such as [21, 26–31] have analysed BER in respect to channel characteris-

tics and have proposed different techniques for calculating asymptotic BER based on a high SNR level.



CHAPTER 1. INTRODUCTION 5

These studies, however, have lacked accuracy in evaluating asymptotic BER, in particular at low SNR

level. Other researchers, such as [22–24, 32–34], obtained the exact BER by using the actual SNR anal-

ysis, but such BER methods were dedicated to evaluating the performance of AF relay networks under

sub-optimal network conditions only.

1.3.2 Energy efficiency of Relay Networks

Relay networks not only allow the BER in a wireless communication system to be reduced, as mentioned

in the previous section, but also can reduce Energy Consumption (EC) in wireless networks [7, 35]. An

early study in [36] has proved that a relay network with a number of shorter links, instead of one longer,

direct link, can reduce the overall energy consumption, hence lowers transmission power assigned to the

source and relays, as presented for two-hop transmission in [37] and for multi-hop in cellular networks

in [38].

Wireless energy consumption and throughput are commonly expressed via an Energy Efficiency

(EE) metric, which is expressed as: total data delivered/total energy consumed (bit/Joule) [39]. This

metric is generally used when seeking to accomplish the same communication task but with less energy

[20]. To increase the value of EE (i.e., decreasing the EC), the transmitted data and power source

should be designed optimally. In this context, recent EE research in [39] has identified four fundamental

frameworks for improving the EE of wireless networks. These frameworks are the balancing (trading

off) of different network metrics, as follows:

• EE versus SE.

• Deployment efficiency versus EE.

• Bandwidth versus network power.

• Delay versus network power.

The above balancing frameworks are demonstrated in [40, 41], where it was found that balancing the

EE and SE is a very important factor in designing wireless networks, particularly in diverse network

environments. Thus, this thesis focuses on developing the balance between EE and SE for AF relay

networks. It is important here to note that the term "optimal AF relay networks" henceforth refers to the

optimal EE versus SE balance case.



CHAPTER 1. INTRODUCTION 6

SE is commonly defined as throughput per unit BW (bits/sec/Hz) [42]. It is a main criterion when

optimizing a wireless network, while improving the EE inevitably implies decreasing the SE, as proved

in many studies, such as [41, 43, 44].

In this thesis we develop a new method of increasing the EE with the least sacrifice of SE. The anal-

ysis of EE-SE is expressed in term of: instantaneous EE−SE and the average EE-SE by using short-term

and long-term conditions, respectively. Such analyses are desirable in communication system applica-

tions. For example, applications like adaptive channel assignment and handoff prefer long-term, whereas

applications like adaptive interference cancellation, etc., prefer instantaneous EE−SE. Furthermore, the

BER of such developed EE-SE balance is calculated. It is worth mentioning here that the calculation of

BER for an EE-SE balance in AF relay networks has not yet been proposed in the literature, as current

BER methods are not appropriate to calculating BER of optimal AF networks.

1.4 Relaying Strategies

As already mentioned, relay can act by one of the following strategies: unidirectional or bidirectional.

1.4.1 Unidirectional Strategy

In unidirectional relay networks, a source (S) node communicates to its destination (D) node via one

or multiple relay nodes using one of the following strategies: non-orthogonal, two-hop and orthogonal.

In the non-orthogonal strategy, the node S transmits continuously to node D [45, 46]. In the two-hop

strategy, the source node S transmits signals to one or multiple relays in the first phase, and in the second

phase, the relay(s) forwards the signals received from the source to the destination node D and the S

remains silent, as shown in Fig.1.1. Such a two-hop scheme has been investigated in many studies such

as [27, 28, 46–48]. It was found that this strategy can be implemented easily in practice to enhance the

coverage of the wireless network. Actually, it has already been considered as a standard design for the

next generation of mobile networks [2, 3]. Moreover, the two-hop scheme is the only alternative when

the direct channel, between the source and destination, is subjected to propagation conditions such as

severe shadowing. The availability of a direct-link transmission for the node D beside the relay link

is referred to as the orthogonal strategy. This strategy has been demonstrated by several studies such

as [9, 45, 49–52]. It was found that this strategy is useful for the two-hop strategy involving only one

relay.
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The orthogonal strategy is considered in this thesis, but we mainly focus on two-hop strategy with

multiple relays, which is shown in Fig. 1.3. In this strategy, multiple independent paths are available

at the destination to receive multiple copies of the same transmitted signal. These signal copies are

combined at the receiver using one of the several combiner techniques. This helps increase the reliability

of the data transfer by reducing the risk of deep channel fade [53]. Thus, increasing the number of relays

reduces the probability of bit error, as demonstrated by many studies such as [28, 30, 54].
 

Source 
Destination  

 

AF Relay  

Figure 1.3: Two-hop strategy with multiple relays

1.4.2 Bidirectional Strategy

Bidirectional relaying has generally been proposed to avoid wasting channel bandwidth, which is an

issue in the unidirectional strategy [55]. In bidirectional relaying, two wireless nodes (Sa and Sb) can

exchange information with each other simultaneously at the same transmission rates and through one

or a set of relays, as shown in Fig. 1.4. Each relay in the bidirectional strategy is able to receive and

transmit signals at the same time and using the same frequency channel, and hence achieves a higher

SE [56, 57]. However, the big difference in power levels between the received and transmitted signals

makes bidirectional relaying more complex than unidirectional relaying.

A number of studies, such as [44, 58–60], have investigated the relationship between EE with SE in

bidirectional relaying. It is found that reducing the SE in bidirectional relaying can increase the EE of

networks. Such studies, however, have ignored the BER metric in their analyses, although the BER is
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decreased by the reduction in the SE. Also, these studies have employed a system model without con-

sidering the impact of relay location in developing the balance between the EE and SE of the networks,

although relay location is a very important factor in practical wireless networks. Accordingly, this the-

sis considers the BER and the distances between the source, relay and destination to develop the EE in

bidirectional relay networks.

 

 
       Sa 

 
             Sb 

  Bidirectional AF Relay  

 

 

Signal from user Sa to Sb 

Signal from user Sb to Sa 

Figure 1.4: Multiple bidirectional relays Network

1.5 Objectives and Contribution of the Thesis

As noted previously, future wireless relay networks will require low error rates, minimum power con-

sumption and high spectral efficiency. Motivated by these requirements, the first objective of this thesis is

to provide a new method of reducing power consumption by balancing EE and SE optimally. The second

objective is to define a method for evaluating the BER of AF relay networks, regardless of whether the

balance between EE and SE is optimal or sub-optimal, and considering the relay locations.

The proposed BER for evaluating sub-optimal networks is found to be more accurate than the existing

approaches. Furthermore, the proposed BER for evaluating the optimal balance between EE and SE in

AF relay networks has not been previously presented. These contributions apply when AF relay networks

operate either unidirectionally or bidirectionally. The main contributions of the thesis are summarized

by the following goals:
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1. Formulating low and high SNRs levels of unidirectional AF relay networks and to adopt them in

evaluating the ABER and EBER of sub-optimal AF relay networks.

2. Formulating an optimal SNR level, by optimizing the balance between the EE and SE of unidirec-

tional AF relay networks. Such optimal SNR level is used to evaluate the ABER and EBER in an

optimal, unidirectional AF relay network.

3. Deriving methods that allow the ABER result to converge to the EBER result for goals 1 and 2.

4. Considering relay location and re-evaluating the ABER and EBER for goals 1, 2 and 3.

5. Considering bidirectional AF relay networks and reanalyzing goals 1, 2, 3 and 4.

6. Deriving a method to determine the relationship between EE and BER when considering relay

location for unidirectional and bidirectional AF relay networks.

1.6 Thesis Outline

There are eight chapters in this thesis. Figure 1.5 shows the thesis’s structure and the interconnections

between the chapters. The outline of the thesis is as follows.

In chapter 2, two methods, namely Unified BER (U-BER) and Optimal BER (O-BER), are proposed

for calculating the ABER performance of two-hop AF relay networks. Bit error rate expressions for both

methods are derived by assuming that the channel of each hop is located in two different environments.

It has been found that the U-BER method unifies the BER performance analysis for both the AF relay

network and the one-hop communication system. The O-BER method is an appropriate tool for estimat-

ing the BER performance in optimal AF relay networks. The proposed methods provide efficient ways

of calculating the ABER when the AF relay networks are operating in sub-optimal or optimal conditions.

Enhancing the ABER of Chapter 2 is presented in Chapter 3, which also evaluates the exact BER

of AF relay networks. The method in Chapter 3 shows that an ABER analysis of an AF relay network

can be reduced to the traditional BER analysis of a one-hop communication network. Also, the ABER

analysis can be used directly to determine the EBER performance. This is because the ABER expressions

have been derived with respect to one-hop SNR. The optimal SNR level is achieved by balancing EE and

SE optimally. For high, low and optimal SNR levels, BER expressions are derived, and validated by

simulation, in which it was found that the ABER analytical results align with the EBER results. This
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allowed calculation of the accurate BER of AF relay networks under any SNR level using either ABER

or EBER.

Chapter 4 presents a new method for reducing both the energy consumption and the BER of AF relay

networks. The method combines BER and relay location with the optimal balancing of EE and SE. The

proposal allows evaluation of the energy consumption, in which a selected relay can be placed at any

point on the line connecting the transmitter and its destination. Furthermore, the minimum evaluated

energy is used to obtain the optimal balance between the EE and SE. This balance enables the EE to

increase significantly with the least loss in SE. Such a balance is then expressed with respect to the

BER. Results derived from the analytical expressions were simulated numerically. It was found that the

optimal balance between the EE and SE allows an increase in the EE and decreases BER, but such an

increase in the EE should remain within small limits.

All of the above chapters address the EE and BER issues for unidirectional relay networks under

different conditions. In Chapter 5, a new method for analysing the asymptotic BER performance of bidi-

rectional AF relay networks is presented. Analytical expressions for calculating the ABER expressions

under high and optimal SNR levels are presented. These analyses use both the Arithmetic and Geometric

Mean inequality (AGM) and the Harmonic Mean (H M ). It was found that the ABER analysis using

AGM or H M gives the same results at high and optimal SNR domains. However, at low SNR domain,

AGM gives a better ABER result than H M . It was also found that the optimal SNR obtained from a

balanced network has a lower asymptotic BER than sub-optimal networks.

To increase the accuracy of the ABER of bidirectional AF relay networks covering a wide range

of applications, Chapter 6 investigates a new method of increasing the accuracy of the ABER evalu-

ation under low and high SNR levels. Further, the ABER is analyzed under two different geographic

environments, as the channel of each hop of a bidirectional AF relay network is located in a different en-

vironment. Moreover, the ABER is used to calculate the EBER, which is more complex than the ABER.

Thus, the BER of a bidirectional AF relay network can be evaluated under low and high SNR levels by

using ABER or EBER.

In Chapter 7, a new method of reducing both the energy consumption and the BER of bidirectional

AF relay networks is presented. The method integrates the BER and the relay location with the optimal

balancing of the EE and SE. The proposal allows the evaluation of the energy consumption, in which

a selected relay can be placed at any point on the line connecting the transmitter and its destination.

Furthermore, the minimum evaluated energy is used to obtain the optimal balance between the EE and
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the SE. This balance enables the EE to increase significantly with the least loss of SE. Such a balance

is then expressed with respect to the BER. It was found that the optimal balance between the EE and the

SE allows the EE to be increased and decreases BER of a bidirectional AF relay network. Increasing the

EE, however, should remain within small limits.

Chapter 8 concludes this thesis, summarizing the key research findings and making suggestions for

potential further work.
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Chapter 2

ABER Analysis in Unidirectional Relay

Networks

2.1 Introduction

Wireless relay networks have been proposed as a key concept underlying future wireless systems capa-

ble of providing high network reliability and significant error rate reduction. However, in such network

paradigms, two major challenges have to be overcome: the effect of the wireless medium and the se-

lection strategy. Amplify-and-Forward (AF) relay network, which is one of the main relay networks as

mentioned in chapter 1, typically uses two wireless channels to transfer information from a source to a

destination, while the main function of the AF-relay node is to amplify the dispatched signal. Such a

process, however, reduces the Signal-to-Noise Ratio (SNR) as a result of amplifying the noise [50]. Thus,

noise poses a major problem that affects the error rate performance of AF-relay networks [5]. Another

challenge for such a network is that it typically uses a selection strategy to choose the relay branch with

the best SNR in order to enhance the Energy Efficiency (EE), Spectrum Efficiency (SE) and (Bit Error

Rate) BER performance [43,61]. However, this strategy requires the SNR of each branch to be monitored

continuously and forces the receiver to switch continually between branches as the branch with the best

SNR changes [62]. Thus, a new mathematical challenge for error rate performance analysis is posed.

Various methods have been proposed for investigating the BER performance of AF-relay networks.

Many of these investigations [21, 26–31] have analyzed asymptotic BER based on approximated SNR,

while others [22–24, 32–34] have examined the exact BER estimation using the actual SNR.

13
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A general method of calculating asymptotic BER performance using various diversity techniques

was presented in [26]. In this study, an approximation for the SNR of fading channels was analyzed

using advanced statistical methods to obtain the BER performance. This analysis shows that the average

BER can be characterized by diversity and coding gains at a high SNR value, and also that the high SNR

approximations are useful for wireless performance analysis. A similar system was applied by [27, 28]

to compare the BER performances of AF-relay and DF-relay networks. They presented a new statistical

method that depends on the harmonic mean theorem. The results show that the DF-relay system has a

better performance at low SNR values than the AF-relay system, while at higher SNR values both the

AF-relay and DF-relay systems have similar BER performances. Similarly, in [21], the Symbol Error

Probability (SEP) for diversity links under an SNR approximation was used to analyse the performance

for any number of hops and relays in the AF-relay system. The simulation shows that the performance

improves as the number of network relays increases. The SNR approximation of AF-relays was also used

in [29] for analyzing asymptotic outage probability and to derive the error rate performance in different

systems, including multi-hop, multi-relay and multi-relay-multi-hop systems. It was shown that a multi-

hop relay can perform better than other systems

Authors in [30] proposed a new method of calculating the asymptotic BER for the AF-relay selection

strategy by using the harmonic mean of two variables. They determined the cumulative distribution func-

tion (CDF) and the probability density function (pdf) for the selected SNR relay. Their results demon-

strate that increasing the number of relays enhances the performance of the system. A similar AF-relay

system has also been investigated in [34] using a low-complexity relay selection scheme, and accurate ap-

proximations of both the BER and the outage probability were obtained. A selection-switching threshold

technique was employed to determine the relay with the best SNR value using the CDF, pdf and Moment

Generating Function (MGF) distributions of the SNR. This was subsequently used to derive expressions

for the BER and outage probability. Results of this proposed method showed that the selection-switching

threshold reduces the complexity of the AF-relay network compared with existing schemes. The study

in [31] analyzed the BER performance of an AF-relay network using the approximation and exact SNR

for cascaded and unintegrated slowly fading Rayleigh channels. The CDF, pdf, Meijer G-function and

other tools were used for the analysis in this study. The study showed how the BER estimation can be

used for optimal power allocation in AF-relay networks with a slowly fading channel using maximum

likelihood estimation. This study showed that the BER expressions used for the estimation of cascaded

channels are more complex than those for unintegrated channel estimation.
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For exact BER calculation, the study in [22] obtained the SER performance over a Rayleigh-fading

channel, for parallel relays, using a number of approaches such as the MGF of half the harmonic mean.

This study showed that the AF-relay and DF-relay networks achieve full diversity order. A similar system

in [32] derived closed-form expressions for the BER performance in AF-relay and DF-relay networks.

The BER calculation in this study comprises three stages. First, a closed-form expression is derived for

the pdf of the SNR values for the best relay selection. Second, an expression is obtained for the MGF of

the SNR. Finally, the MGF expression is used to derive expressions for the BER performance. In [33] a

new method is presented for computing the exact BER over Rayleigh, Nakagami-m and Rician fading

channels, based on the pdf and CDF of the SNR of an opportunistic network. It was observed that the

selection scheme improved the BER for the AF-relay system. The harmonic mean was used in [23] to

calculate the upper and lower bounds for the exact performance. This study shows that the difference

between the actual SNR and the harmonic mean approximation is less than 0.5 in any fading environment.

In [24] the asymptotic and actual Frame Error Rate (FER) performances were analyzed to compare the

relay selection criteria for AF-relay hybrid cooperative networks. This study derived the FER expression

using the Laplace transform of the CDF and pdf of the end-to-end SNR. The results indicate that the

selection of one optimum relay achieves better performance than the selection of multiple relays when

the transmitting power is constrained.

Evaluating the BER performance of AF-relay selection networks from the perspective of EE has been

investigated by several studies such as [19, 63, 64]. In [63] the Symbol Error Rate (SER) performance

of a single AF-relay network is investigated. This study compared the SER performance using the

optimum power allocation with that of the systems using the equal-power scheme. It showed that the

SER performance using the optimum power technique was slightly better than that of the equal-power

technique. Another study in [64] adopted the BER as a performance metric to investigate the optimum

relay network from a battery energy efficiency perspective.The results showed that, owing to the extra

relay circuit consumption, relaying does not necessarily increase the system EE. Most other studies

that focused on analyzing the optimal AF-relay network did not consider the BER behaviour. It needs

to be noted that the above studies used AF-relay networks on the assumption that there is no direct

transmission link between the source and destination. This is because introducing a direct link would

require calculating two different SNR values for the BER analysis.

Following on from the above discussion, this chapter investigates two methods for evaluating Asymp-

totic BER (ABER) in AF-relay networks. The first method, namely Unified BER (U-BER), can be used
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to evaluate the ABER for different channel conditions. It can be also used to standardize the BER anal-

ysis for both two-hop AF relays and one-hop (or direct link) communication networks. This method

enables analysis of the BER in one direction whether the direct line exists or not. It is worth mentioning

here that combining a direct link with relay links provides a low BER for the AF-relay network [53]. The

second method is referred to as Optimal BER (O-BER) method. This method is appropriate for analyzing

optimal AF-relay networks, particularly when the EE and SE are optimized in a balanced way, which is

achieved by maximizing the EE, which in turn increases the overall SNR. Thus, the BER is minimized,

as the maximization of the overall received SNR is equivalent to the minimization of the BER [30].

The analytical expression for the asymptotic BER performance of both (U-BER) and (O-BER) are

derived. An expression for the exact BER for (U-BER) is also obtained. All these expressions were

validated by simulations, and it was found that the proposed methods provide useful and efficient tools

for analyzing the BER performance of AF-relay networks.

The chapter is organized as follows. Section 2.2 outlines the system model; Section 2.3 describes the

expression used to calculate the SNR; Section 2.4 presents the U-BER method for analyzing asymptotic

and exact BER performance while the O-BER method is presented in Section 2.5. The attributes of both

methods are discussed in the Sections 2.6 and 2.7; Section 2.8 illustrates analysis and simulation results,

and finally conclusions are presented in Section 2.9.

2.2 SYSTEM MODEL

A communication between a source node (S) and a destination node (D) through Multiple AF Relay

(MAFR) network is considered. This network model is illustrated in Fig. 2.1. Each of the nodes (i.e S, D

and relays) is equipped with one antenna. The availability of a direct link between S and D is subject to

propagation conditions and transmission power limitations of the source node (The existing direct-link

case is investigated in Section 2.6). In the case of no direct link between source and destination, the node

S transmits symbol x using Binary Phase Shift Keying (BPSK) modulation with average power ps to

all relays over Rayleigh fading channels specified by the Independent and Identically Distributed (i.i.d.)

random variables.

The received signal by any relay (yi) can be calculated as

yi =
√

psxhi + zri, (2.1)
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Figure 2.1: System model

where hi is a fading coefficient between S and relay (ri), zri is Gaussian noise with zero mean and

variance σ2. It is assumed that the node D knows all channel conditions. This node also includes a

selection combining scheme that select one relay with the highest SNR.

The output signal for a selected relay is amplified by the amplification factor (βi). It can be calculated

as

βi =

√ pri

|hi|2 ps +σ2
, (2.2)

where pri is the relay power.

The amplified signal from the selected relay is forwarded to the node D through another Rayleigh-

fading channel, which includes a fading coefficient (gi) and random Gaussian noise (zdi) with zero mean

and variance (σ2). The received signal by node D is

ydi = βiyigi + zdi. (2.3)

where ydi is the received signal.
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2.3 SIGNAL-TO-NOISE-RATIO

The signal to noise ratio (SNR) for an MAFR network can be obtained by substituting (2.1) and (2.2) into

(2.3). This results in

ydi =

√ pri

|hi|2 ps +σ2
(xhi
√

ps + zri)gi + zdi. (2.4)

By using the expected value of (2.4) and assuming E
{

x2
}
= 1, we can obtain the end-to-end SNR as

follows

SNR =
γhiγgi

γhi + γgi +1
= γi, (2.5)

where γhi and γgi are the instantaneous channel gain-to-noise ratios (CNR) in the source-to-relay and the

relay-to-destination channels respectively; both are defined in [30] as

γhi =
ps

σ2 |hi|2 , (2.6)

and
γgi =

pri

σ2 |gi|2 . (2.7)

Equation (2.5) can be approximated as follows

SNR =
γhiγgi

γhi + γgi
= γxi. (2.8)

The γxi expression is obtained under the assumption that the channel CNRs � 1. It has been used to

calculate asymptotic BER of MAFR networks, as in [24, 30]. Equation (2.8) is adopted in the following

sections to derive bit error rate expressions by assuming that the CNR channel of each hop is located in

two different environmental scenarios, that are: γhi = γgi and γhi 6= γgi.

2.4 Asymptotic and Exact Performances of U-BER Method

In this section, the asymptotic BER expression for the MAFR network is derived. Also, the exact BER

performance will be provided in the last part of this section. The expression of BER of one-hop commu-

nication using BPSK follows Pb(γ) =
´

∞

0 Q(
√

2γ) e
− γ

γ̄

γ̄
dγ, where Pb(γ) is a rate of error probability, e

− γ

γ̄

γ̄

is the probability density function of γ (γ is the CNR of source-to-destination channel), and Q(
√

2γ) is
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the Gaussian Q-function defined as Q(
√

2γ)= 1√
2π

´
∞

x=
√

2γ
exp

−x2
2 dx= 1

2 erfc(
√

γ) [13]. Evaluating BER in

one-hop gives Pb(γ) =
1
2

(
1−
√

γ̄(1+ γ̄)−1
)

, where γ̄ is the average value for SNR = ps |h|2 /σ2, being

determined by [13, 65,66] as γ̄ = E {γ}= ps
σ2 E

{
|h|2
}
= Eb

No , where E
{
|h|2
}

is the expected value of the

fading channel which equals one. The term Eb/No is the energy per bit to the spectral noise density

ratio [13].

The performance of the one-hop scheme is equivalent to the first time slot (T S1) in the MAFR net-

work as shown in Fig. 2.1. The MAFR network includes another time slot (T S2) from relay to destina-

tion [67]. To obtain the asymptotic BER performance for the MAFR network, the same procedures are

followed as for the analysis of the BER of a one-hop network. This can be realized by assuming that

two-hop channel is equivalent to a one-hop channel, as the errors at the D node can occur either when

the S to ri transmission is received correctly while the ri to D transmission is received in error; or, vice

versa. Hence, the error probability at the node D can be equivalent to one-hop. This gives

Pb(γxi) = Pb(γxi(γ)) =
1

γ̄xi(γ̄)

∞̂

0

Q(
√

2γxi(γ))e
−

γxi(γ)
γ̄xi(γ̄) dγ, (2.9)

where Pb(γxi(γ)) is a probability of error for a single relay network with respect to γ , and Q(
√

2γxi(γ))

is the total complement of the CDF corresponding to a Gaussian random variable [68].

By assuming that the MAFR network has one relay node, the total Q function can be calculated as

for [69]:

Q(
√

2γx1(γ)) =
1
2

erfc(

√
γx1(γ)

2
), (2.10)

where γx1(γ) is the approximated SNR for one relay, which is obtained from (2.8) as

γx1 = γx1(γ) =
γh1γg1

γh1 + γg1
, (2.11)

where γh1 and γg1 are the CNRs for T S1 and T S2, respectively.

The fading random variables for γh1 and γg1 (i.e |h1|2 and |g1|2) are independent and identically

distributed (i.i.d) and they both have the same expectation values [70, 71] that are E
{
|h1|2

}
= 1 and

E
{
|g1|2

}
= 1. Accordingly, the average values for γh1 and γg1 can be determined from (2.6) and (2.7),

respectively as
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γ̄h1 =
ps1

σ2 E
{
|h1|2

}
, (2.12)

γ̄g1 =
pr1

σ2 E
{
|g1|2

}
. (2.13)

γ̄g1 and γ̄g1 are the average values of γh1 and γg1.
By substituting (2.12) and (2.13) into (2.11), assuming pr1 = ps1, gives rise to the following equation

γ̄x1 = γ̄x1(γ̄) = γ̄(2)−1. (2.14)

Another parameter 1
γ̄xi(γ̄)

e
−

γxi(γ)
γ̄xi(γ̄) in (2.9) should be obtained. This parameter represents the SNR probability

density function (pdf) of double-cascaded Rayleigh channels. Many studies [11, 22, 27, 72–74] have

suggested different methods to compute such pdf. In our study we suggest obtaining the pdf with respect

to γ̄ . Since the SNR in i.i.d Rayleigh fading channels (i.e.|hi| and |gi|) follows an exponential distribution

[75], such variables can be expressed as shown in [76]. Moreover, the pdf derivation is based on assuming

γhi = γgi i.e. a fixed relay gain [11, 30]. Thus, the pdf is expressed as

ρ(γ̄x1) =
1

γ̄x1(γ̄)
e
−

γx1(γ)
γ̄x1(γ̄) = (0.5γ̄)−1e−

γ

γ̄ , (2.15)

where ρ(γ̄x1) is the pdf of γ, where one relay node exists in the MAFR network.

By substituting (2.10) and (2.15) into (2.9), and then evaluating the integration, the asymptotic BER

of the MAFR network, which includes one relay, is expressed as

Pb(γx1) = 1−
√

1− (1+ γ̄x1)−1. (2.16)

Equation (2.16) can be used to analyze one relay in the MAFR network, so, to extend this analysis for

multiple relays in MAFR network, the order statistic of the SNR which was demonstrated in [77] can

be applied at the selection combining scheme. In this order statistic, the output of several i.i.d. random

variables (here represented by SNRs) can be ordered as γx(i) = max{γx(1),γx(2),....,γx(n,)}

where γx(i) is the ith order statistic of the SNR, γx(n) that represents the largest order statistic, γx(1), is

the smallest value. The CDF of such ith order statistic is expressed as

γxi(γ) =
[
Prob

(
γx(i) ≤ γ

)]n
=
[
Fγxi(γ)

]n
. (2.17)
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where
[
Fγxi(γ)

]n is the CDF of the order statistic [77].

By applying the property of (2.17) into (2.16) , the BER of n relays can be expressed as

Pb(γxi(γ)) = n

(
1−

√
γ̄

γ̄ +2n

)n

, (2.18)

where Pb(γxi(γ)) is the asymptotic BER performance of the MAFR network which includes n relays.

Equation (2.18) is obtained when γhi = γgi. It can be also derived in the case of a different channel

condition i.e., γhi 6= γgi. Here we assume that the ratio between γhi and γgi is given as

ζ =
γhi

γgi
. (2.19)

Substituting (2.19) for (2.8) results in

γxi(γ) =
ζ γgi

ζ +1
, (2.20)

where γxi(γ) is the approximated SNR for the MAFR network with respect to γi.

The average value of γxi(γ) is expressed as

γ̄xi(γ) =
ζ̄

pr1
σ2 E

{
|g1|2

}
ζ̄ +1

, (2.21)

where ζ̄ is the average value of ζ , calculated as ζ̄ = γ̄hi
γ̄gi

, and the values γ̄hiand γ̄gi are calculated from

(2.12) and (2.13), respectively.

Following similarly procedures in (2.18) and considering (2.21), the ABER for n relays can be ex-

pressed as

pb(γi(γ)) = n
(

1−
√

1− (1+ γ̄ix(γ))−1
)n

, (2.22)

where pb(γi(γ)) is the ABER performance for the MAFR network where γhi 6= γgi, and γ̄xi is the

average value of the SNR, expressed as



CHAPTER 2. ABER ANALYSIS IN UNIDIRECTIONAL RELAY NETWORKS 22

γxi(γ) = n−1

(
ζ̄

ζ̄ +1

)
. (2.23)

2.5 Asymptotic Performance for O-BER Method

In this section, the ABER expression for the MAFR network is derived using the O-BER method. In this

analysis we want to determine the largest value of the probability density function (pdf) from n relays,

and then we will use the arithmetic-geometric mean (AM–GM) inequality to obtain the average value

of the SNR. Hence, we can apply the general BER expression (i.e., Pb(γ) =
´

∞

0 Q(
√

2γ) e
− γ

γ̄

γ̄
dγ) for the

calculation of asymptotic BER performance.

From the derivation of (2.17), the pdf of γxi(γ) can be expressed as

pγximax=n
(
Fγxi(γ)

)n−1
ρ(γxi) , (2.24)

where pγximax is the pdf of γxi(γ).

The mean value of γxi can be determined by one of the generalized mean theorems, such as harmonic

mean and AM–GM inequality. Here, we use the AM–GM inequality to calculate the total expectation

value of (2.8). This gives

γ̄xi =
1

1
γ̄hi

+ 1
γ̄gi

=
1
2

√
γ̄hiγ̄gi , (2.25)

where and γ̄hi and γ̄gi can be defined as (2.12) and (2.13) respectively.

Based on (2.25), the pdf ρ(γxi) for the proposed system is expressed as

ρ(γxi) =
2√

γ̄hiγ̄gi
e
− 2γxi.√

γ̄hi γ̄gi . (2.26)

Also, the CDF of the Rayleigh random variable can be obtained by using the alternative expression of

CDF, which is the Q-function [13]. This is expressed as Q(γ̄xi) =

(
1− e

− 2γxi√
γ̄hi γ̄gi

)
. By substituting this

Q(γ̄xi) function and (2.25) into the general BER expression and assuming n = 1 as

p(b) =

∞̂

0

2√
γ̄hiγ̄gi

e
− 2γxi.√

γ̄hi γ̄gi

(
1− e

− 2γxi.√
γ̄hi γ̄gi

)
dγ. (2.27)
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The evaluation of (2.27), as in (2.16), results in the following expression

p(b) =
1
2

√
γ̄hiγ̄gi

(
1−

√
γ̄hiγ̄gi

γ̄hiγ̄gi +4

)
. (2.28)

where p(b) in (2.28) represents the ABER performance of the MAFR network when n = 1.

In the case of n relays, (2.24) can be determined as follows

pγximax = n
(

1− e
− 2γxi.√

γ̄hi γ̄gi

)n−1 2√
γ̄hiγ̄gi

e
− 2γxi.√

γ̄hi γ̄gi . (2.29)

Substituting (2.29) and (2.26) into the aforementioned general BER expression as

px (b) =

∞̂

0

n
(

1− e
− 2γxi.√

γ̄hi γ̄gi

)n−1(
1− e

− 2γxi.√
γ̄hi γ̄gi

)
2√

γ̄hiγ̄gi
e
− 2γxi.√

γ̄hi γ̄gi dγ, (2.30)

the evaluation of (2.30) results in the following expression

px (b) = n

(√
γ̄hiγ̄gi

4

(
1−

√
γ̄hiγ̄gi

γ̄hiγ̄gi +4n2

))n

, (2.31)

where px (b)is the ABER performance of MAFR networks.

2.6 U-BER Method Attributes

The U-BER method which is presented in Section 2.4 can be used to unify BER calculation of MAFR

two-hop and one-hop communication networks. In the principle operation of MAFR networks, the relay

works when the direct link, between the source and the destination, is unavailable due to severe fading

[78]. Thus, BER performance should be analyzed with and without a direct link. In this context, many

studies such as [79–81] have divided the performance analysis into two parts, each part requiring a

certain SNR. The first part considers the direct transmission link between the source and the destination

to determine the SNR, while the second requires the calculation of a new SNR without a direct link. Then,

from each SNR, the BER is obtained.

By applying the U-BER method, the BER performance for both direct communication links and two-

hop MAFR networks can be formulated in one equation. This is achieved by considering the relationship

between a number of relays n and the number of hops (H ), as follows:
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H =


2n Two−hop

1 One−hop
. (2.32)

The asymptotic BER for (2.18) and the one-hop BER performance can be unified in one equation by

considering (2.32) as

pb(γxH ) = H 2−1
(

1−
√

γ̄ (H + γ̄)−1
)dH 2−1e

, (2.33)

where dH 2−1e is the ceiling function, and pb(γxH ) is the standardized equation for estimating the

approximated BER performance in the dual-hop and single-hop communication system.

2.7 O-BER Method Attributes

The O-BER method can be utilized for estimating the BER performance when EE and SE of MAFR

networks are optimized. We first briefly analyze the relationship between SE and EE, and then one

expression to combine EE and SE is obtained. The model system presented in Section 2.2 is adopted

for optimizing SE and EE in a balanced way by considering the energy consumption at the relay circuit.

Afterwards, we apply (2.31) to evaluate BER performance.

A general definition for EE in wireless relays networks is a measure of energy consumed in a trans-

mitting bit during transmission across a network. It is formulated as

EE=
Total data delivered (ℜi)

Total energy consumed (pti)
(bit/Joule), (2.34)

where ℜi is the throughput for unit bandwidth (bits/sec/Hz) which is defined in MAFR networks as

ℜi =
1
2 log2(1+ γxi) [39] and pti is the total energy consumption by relay nodes. This energy consump-

tion includes the power consumption of the signal processing and amplification circuits [82]. It can be

presented as

pti = (ξ (ps + pri)+(pci +ρℜi)) , (2.35)

where ξ is the constant associated with the amplifier power efficiency, and pci is the static circuit power

consumption (further information about this power is presented by [83]), and ρℜi is the dynamic power

per-unit data rate.
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Now, to balance SE and EE optimally, the highest SNR is obtained first by first minimizing total

energy consumption under a fixed throughput, and next by maximizing the ratio of EE. Minimizing the

total energy consumption for a fixed throughput can be achieved by minimizing total transmitted power

as follows

ps(γxi) = γxi

(
1

γhi
+

1
√

γgiγhi

)
(2.36)

pri(γxi) = γxi

(
1

γgi
+

1
√

γgiγhi

)
(2.37)

where ps(γxi) and pri(γxi) are the minimum powers for the source and relay respectively, both with respect

to γxi.

Substituting (2.36) and (2.37) into 2.34 metrics as

EE(γxi) =
log2(1+ γxi)

2γxi ξ ( 1
γgi

+ 1
γhi

+ 2√
γgiγhi

)+2 pci +ρ log2(1+ γxi)
(2.38)

where EE(γxi) is the EE with respect to γxi.

By taking the derivative of equation (2.38) with respect to γxi, the optimal SNR value of the MAFR

network is obtained as follows

∗
γxi =

pci
ξ
−
(

2√
γhiγgi

+ 1
γhi

+ 1
γgi

)
(

2√
γhiγgi

+ 1
γhi

+ 1
γgi

)
w

 pci
ξ
−
(

2√
γhiγgi

+ 1
γhi

+ 1
γgi

)
(

2√
γhiγgi

+ 1
γhi

+ 1
γgi

)
e

 −1 (2.39)

where
∗

γxi is the optimal value of (2.8) under the optimal SE and EE, e is the base of the natural logarithm

and w is the omega function.

From (2.39), the optimal data rate can be determined as
∗

ℜi = 0.5 log2(1+
∗

γxi), which can be rewritten

as ∗
γxi = 22

∗
ℜi−1 . (2.40)

By using (2.12), (2.13), (2.39) and (2.40) while considering the relationship between energy bit Eb and

bit rate ℜi described in [84] and assuming γhi = γgi, one can find the optimal average value of γxi

∗
(γ̄xi) as

∗
γ̄xi =

ℜi Eb
∗

ℜi 2No
.

In the case of γhi 6= γgi, the optimal average value is obtained as follows
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∗
γ̄xi =

ℜi
√

Ps Pri
∗

ℜi 2No
. (2.41)

Accordingly, following the same procedures for (2.31) using the optimal SNR value in (2.41), the optimal

BER performance is determined as follows

px(b) = n

 ℜi
∗

ℜi 2No

√
Ps Pri

1−
√√√√√ 1

1+ 4
∗

ℜ2
i n2

(ℜ2
i Ps Pri)




n

. (2.42)

where px(b) is the asymptotic BER for the MAFR networks in the case of optimal SE and EE metrics.

2.8 Analysis and Simulation Results

Analytical results for the proposed technique are presented in this Section. These results are compared

to the simulation and analytical results presented in [30]. All simulations are performed on the system

model in Section 2.2, assuming three relay nodes in the network.

Fig. 2.2 shows the ABER performance for the proposed technique from (2.5). It is clear from this

figure that the BER performance of the MAFR network improves by increasing the number of relays.

Further, the analysis results approach the simulation results as the SNR increases. Also, by comparing

Fig. 2.2 with the analytical results in [30], it is clear that there is a good match between both analyses in

the high SNR region. On the other hand, our analytic results for low SNR values are relatively close to

the simulation results as compared to [30] and [24]. Thus, our asymptotic BER expression gives slightly

more accurate results.

To validate the BER performance in (2.31), Figs. 2.3 and 2.4 were produced to show the results of

both cases γ̄hi = γ̄gi and γ̄hi = 5dB+ γ̄gi and then compared to the existing results in [30]. The figures

confirm that the O-BER method gives excellent match results at high SNR values as compared to the

existing study result.

For BER performance in an optimal MAFR network, Equation (2.42) is used in Fig. 2.5

assuming
∗

γ̄hi =
∗

γ̄gi. It demonstrates that the BER is enhanced as compared to Fig. 2.3 under similar

conditions.
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Figure 2.2: ABER performance in an AF relays network, γ̄hi = γ̄gi
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Figure 2.3: ABER performance in an AF relays network, γ̄hi = γ̄gi
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Figure 2.4: ABER performance in an AF relays network, γ̄hi = 5dB+ γ̄gi
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Figure 2.5: ABER performance in an optimal AF relays network,
∗

γ̄hi =
∗

γ̄gi
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2.9 SUMMARY

In this chapter, two methods, namely U-BER and O-BER, are proposed for calculating the ABER perfor-

mance of two-hop MAFR networks. Bit error rate expressions for both methods are derived by assuming

that the CNR channel of each hop is located in two different environmental scenarios: γhi = γgi and

γhi 6= γgi. It has been found that the U-BER method unifies the BER performance analysis for both the

two-hop MAFR network and the one-hop communication system. The O-BER method is an appropriate

tool for estimating the BER performance in optimal MAFR networks. The derived expressions for both

methods have been validated by simulation and comparing their corresponding results to the existing

analytical results. It is shown that there is a reasonably good match between the analytical and the simu-

lation results. The proposed methods provide efficient ways for calculating the ABER when the MAFR

networks operate in optimal or sub-optimal conditions.

In the next chapter, the above bit error rate methods are enhanced. Further, the approximated BER

of O-BER method is extended to the exact BER analysis.



Chapter 3

Accurate BER Analysis Under Different

SNR Levels

3.1 INTRODUCTION

The Approximated Bit Error Rate (ABER) of Multiple AF Relay with relay selection scheme (MAFR)

networks has been examined in Chapter 2, and was found to be a reasonably accurate measure of the error

rate performance under high and optimal SNR levels. While Chapter 2 focused on ABER, this chapter

focuses on increasing the accuracy of the ABER in covering a wide range of applications. Furthermore,

the Exact Bit Error Rate (EBER) is analyzed based on the ABER in order to unify the calculation of BER

of MAFR networks under low, high and optimal SNR levels.

Various methods have been proposed for analyzing the BER performance of wireless networks. An

early method was investigated by [26] to calculate the ABER of a one hop communication system using

various diversity techniques. In this study, a high SNR level for fading channels was adopted and different

M-ary Phase Shift keying (MPSK) modulation schemes were used. It was found that the high SNR

approximations are very useful for analyzing wireless performance.

The error rates for two hop AF relay and DF relay networks were analyzed by [27, 28]. Both studies

presented a new statistical method that depends on one kind of Pythagorean mean. Their results demon-

strated that a DF-relay network performs better at low SNR values than an AF-relay network, while at

higher SNR values, both demonstrate similar BER performances. However, the BER analysis in both

studies was limited to one relay networks.

30
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In [21], multi-hops and multi-relay networks were involved in the analysis of the error rate of AF

relay networks. This study used a high SNR level to calculate the Symbol Error Probability (SER)

performance. It found that the SEP performance improves as the number of relays increases. Similar

studies [22–24] have investigated the SER performance of MAFR networks, the authors in [22] obtaining

the exact SER performance of AF parallel relays over a Rayleigh-fading channels. They used the Moment

Generating Function (MGF) of half the harmonic mean to calculate the SER performance. In [23], the

harmonic mean approximation was used to calculate the upper and lower bounds for exact SER and

outage probability performances. Further, Laplace transforms of the Cumulative Distribution Function

(CDF) and Probability Density Function (pdf) of the exact SNR were used in [24] to obtain asymptotic

and actual Frame Error Rate (FER) performance. The results of [24] revealed that the selection of one

optimum relay achieves better FER performance than multiple relay selection under transmitting power

constraints. However, all of the above SER studies require more analysis to determine the BER, which is

a more useful metric than SER [25]. Moreover, calculating the FER depends on the required BER [85].

The authors in [29] considered different network scenarios including: multi-hop, multi-relay, and

multi-relay multi-hop, to analyze the ABER and outage probability using a high SNR level, which was

also adopted by [30] to calculate the ABER of an AF-relay network selection scheme using the har-

monic mean of two variables. The study of [30] found that increasing the number of relays with a

high SNR level enhances the ABER performance. A similar system was also investigated in [34] using a

low-complexity relay selection scheme to obtain accurate approximations for both BER and outage prob-

ability. Study [31] analyzed the BER performance of AF relay networks using approximated and exact

SNRs for cascaded and unintegrated slowly fading Rayleigh channels. The above [29–31, 34]. studies,

however, gave accurate results when calculating the BER at high SNR region, but did not consider the

BER at low or intermediate SNR regions. Thus, the ABER of these studies was limited when computing

the error rate at SNR domains that were too high.

The optimal SNR for a given BER was analyzed by [19,64] to achieve maximum EE. Similar studies,

such as [43,44], have also maximized EE, but without considering error rate performance. Another study

in [63] has evaluated SER performance of AF-relay networks at an optimal SNR level. This SER is used

to determine an optimal power allocation between the source and the relays

The aforementioned studies indicate that the error rate analysis of AF relay networks is limited

at low, high or optimal SNR level. Given the complexity associated with error rate analysis at low and

optimal SNRs, most of these studies have assumed a high SNR level to simplify the calculation. However,
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each of the above error rate analyses is limited to particular types of applications, e.g., the error rate

analysis at high SNR levels is not appropriate for applications working at low SNR levels. Therefore,

each application associated with a particular SNR level may require a separate error rate analysis.

Accordingly, this chapter proposes a unified method that allows the calculation of the BER of MAFR

networks under low, high and optimal SNR levels. To the best of the authors’ knowledge, this idea has

not yet been proposed in the literature.

In the proposed method, the BER is calculated approximately (i.e. ABER) at a high SNR level. Fur-

ther, the EBER can be calculated using the same analysis as for the ABER. The proposed ABER method

is unlike the existing ABER techniques in [24,30,86,87], because it provides the least disparity between

the ABER and EBER. The method thus provides an accurate bit error rate analysis for MAFR networks

by using either ABER or EBER. This is because the proposed scheme is achieved by considering the

Conventional one-hop BER (CBER) analysis. Thus, the BER evaluation of two hop MAFR at various

SNR levels (i.e low high and optimal) is roughly the same as in a one hop communication network.

Furthermore, our proposal presents a new approach to optimizing the SNR by balancing the average

Energy Efficiency (EE) and the average Spectrum Efficiency (SE). This approach allows us to calculate

the BER performance at an optimal SNR level. In the literature, a number of studies, such as [43,44,88],

have investigated an optimal SNR based on EE and SE without considering error rate analysis, owing

to the complexity in their optimal SNR outcomes. Such investigations are incomplete, since error rate

analysis is an important parameter in evaluating the performance of many wireless network applications

[89].

The chapter is organized as follows; Section 3.2 outlines the system model and an expression used

to calculate the SNR; Section 3.3 presents the proposed method to analyze two-hop system performance

with one relay; Section 3.4 analyzes the asymptotic BER performance of multi-relay systems; Section

3.5 presents the analysis of EBER under the optimal SNR level. In Section 3.6 simulation results are

demonstrated and, finally, conclusions are drawn in Section 3.7.

3.2 SYSTEM MODEL

We consider two wireless nodes S and D, which are communicating via relay node ri among n relays

as shown in Fig. 3.1. The node ri which has the highest SNR is chosen by the selection scheme. All

the nodes (i.e S, D and ri) are equipped with one antenna. The D node is considered to be out of the S
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node coverage area. In this model, the Binary PSK (BPSK) modulation is adopted by the S node which

broadcasts symbol x with average power ps to all relays.

  Transmission signal 
      Amplification signal 

   FS        Fast Switch  
   SC        Selection Combiner 

 

BER Computation 

βi 

h1  za1 β1    g1 zb1 

hi zai zbi

n-relays 

 gn  
 
zan 

 gi 

hn βn zbn 

Channel 
Estimation

SC 

D 

S 

Figure 3.1: System model

Now, assuming that the transmitted symbol from S to ri passes through a Rayleigh fading channel with

a coefficient of hi. In this case the signal received by ri can be calculated as yi =
√

psxhi + zri, where

yi is the received signal at the ith relay, zri is Gaussian noise with zero mean and variance σ2. It is also

assumed that the D node knows all channel conditions and is able to select one relay using a selection

mechanism which includes a comparator and a fast switch [90].

The output signal for a selected relay, is amplified by the amplification factor (βi), which can be calcu-

lated as βi =
√

pri
|hi|2 ps+σ2 , where pri is the power allocated to the relay. The amplified signal from the

relay is then forwarded to the D node through another Rayleigh-fading channel which includes a fading

coefficient (gi) and random Gaussian noise (zdi) with zero mean and variance (σ2). All relay channels

are assumed to be independent and identically distributed (i.i.d.) random variables.



CHAPTER 3. ACCURATE BER ANALYSIS UNDER DIFFERENT SNR LEVELS 34

The received signal at the D-node (ydi) can be calculated as (2.4). To calculate the signal power of ydi,

the concept of expected value can be used by assuming E
{

x2
}
= 1, as

E {ydi}2 =
pri

σ2 |gi|
2
( ps

σ2 |hi|
2 +1

)
+

ps

σ2 |hi|
2 +1. (3.1)

where E {ydi}2 is the expected value for the received power signal.

By letting å = pri
σ2 |gi|2

( ps
σ2 |hi|2 +1

)
+ ps

σ2 |hi|2, expression (3.1) is rewritten as

E {ydi}2 = å+1, (3.2)

Determining the actual end-to-end SNR from (3.2) as follows

SNR =
γhiγgi

γhi + γgi +1
= Gi, (3.3)

where γhi and γgi are the instantaneous channel gain-to-noise ratios (CNR) of the source-to-relay and the

relay-to-destination respectively; both are defined in [30] as (2.6) and (2.7) .

The approximation of SNR in (3.3) is given, however, when å� 1 as

SNR =
γhiγgi

γhi + γgi
= γi . (3.4)

The γi expression has been used to calculate ABER performance in the MAFR network at high SNR

as [24, 30], while (3.3) is applied to obtain EBER performance. The variables γhi and γgi are statistically

independent, and identically distributed (i.i.d). Thus, the average value of each variable is given as

γ̄hi =
ps
σ2 E{|hi|2}, and γ̄gi = pri

σ2 E{|gi|2} respectively, where E(.) denotes the expectation value. E
{

|h1|2
}

and E
{

|g1|2
}

are given as the Rayleigh fading channel, and each has an expectation value equal to

one [66]. Thus the average value of (3.4) is obtained as follows

(γ̄i)
−1 =

1
ps
σ2 E{|hi|2}

+
1

pri
σ2 E{|gi|2}

(3.5)
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3.3 ABER and EBER Analysis For One Relay Network

In this section, we derive ABER and EBER expressions for a MAFR network assuming a single relay

node (i.e i = 1). The proposed expressions are derived using the existing BER analysis of the BPSK

one-hop communication which is defined by [13] as : Pb(γ) =
´

∞

0 Q(
√

2γ) e
− γ

γ̄

γ̄
dγ, where Pb(γ) is the

rate of error probability, γ is one-hop SNR equates to multiplying source power (p) by σ−2|h|2, the term

e
− γ

γ̄

γ̄
is the probability density function of γ , and Q(

√
2γ) is the complementary cumulative distribution

function (CCDF) of a standard Gaussian random variable. The CCDF can also be defined as the Q-

function. Evaluating Pb(γ) gives: Pb(γ) =
1
2

(
1−
√

γ̄(1+ γ̄)−1
)

, where γ̄ is the average value of SNR.

Determining γ̄ is given as γ̄ = E {γ} = p
σ2 E

{
|h|2
}
= Eb

No , where E
{

|h|2
}

is the expected value of the

fading channel which equals to one, Eb/No is the energy per bit to the spectral noise density ratio [13].

The performance of the one-hop scheme is equivalent to the first time slot (T S1) in the MAFR net-

work as shown in Fig. 3.1. The MAFR network, however, includes another time slot (T S2) from the relay

to destination. To obtain asymptotic BER performance for this type of network, the same procedures for

the BER of a one-hop network are followed

Pb(γi(γ)) =
1

γ̄i(γ̄)

∞̂

0

Q(
√

2γi(γ))e
−

γi(γ)
γ̄i(γ̄) dγ, (3.6)

where Pb(γi(γ)) is the bit error rate for a single relay network, Q(
√

2γi(γ) ) is the total CCDF corres-

ponding to a Gaussian random variable and 1
γ̄i(γ̄)

e
−

γi(γ)
γ̄i(γ̄) is the probability density function (pdf) for the

double-cascaded Rayleigh channels, all (3.6) parameters are with respect to γ .

The term 1
γ̄i(γ̄)

e
−

γi(γ)
γ̄i(γ̄) can be calculated from both equations (3.4) and (3.5). Since |hi| and |gi| are i.i.d

random variables, and each SNR of those variables follows an exponential distribution [75] , the joint

distribution of such SNRs also follows an exponential distribution as shown in [76]. Thus, the total pdf

of the above MAFR network can be yielded as

ϕ i(γ i) =
1

γ̄i(γ̄)
e
−

γi(γ)
γ̄i(γ̄) , (3.7)

where ϕ i(γ i) is total pdf in respect to γ/2.

By integrating (3.7) relative to γ i in a similar manner to that used by [91], the cumulative distribution

function of ϕ i(γ i) is derived as

Fi(γi(γ)) = 1− e
−

γi(γ)
γ̄i(γ̄) , (3.8)
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From (3.8) and the relationship between the Q-function and the error function (erfc) as presented in

[13, 92], the value of Q(
√

2γi(γ)) in (3.6) is obtained as follows

Q(
√

2γi(γ)) =
1
2

erfc
(√

γi(γ)

)
. (3.9)

Substituting (3.7) and (3.9) into (3.6) as:
´

∞

0 erfc
(√

γi(γ)
) 1

γ̄i(γ̄)
e
−

γi(γ)
γ̄i(γ̄) dγ . The evaluation of such an integ-

ral results in the following expression

Pb(γi(γ)) = 1−

√
γ̄hiγ̄gi

(γ̄hi +1)γ̄gi + γ̄hi
. (3.10)

To calculate the EBER performance of (3.6), we need to follow the same procedure for (3.10). However,

the actual SNR in (3.3) is required with its average. The average Gi is obtained from substituting (3.5) into

(3.2), as the term å in (3.2) is a set of independent random variables and the linearity of the expectation

property in [93] is applied for this analysis. Thus, the value of Gi can be further written as:

Gi(γ) =

ps
σ2 E{|hi|2}

( pri
σ2 E{|gi|2}+1

)
+ pri

σ2 E{|gi|2}
ps
σ2 E{|hi|2}+ pri

σ2 E{|gi|2}
(3.11)

where Gi(γ) is the total average value of actual SNR of (3.3).

Following the same procedure for (3.10) with respect to (3.3) and (3.11), the exact BER is obtained

as

Pb(Gi(γ)) = 1−

√
γ̄hi(γ̄gi +1)+ γ̄gi

γ̄hiγ̄gi +2(γ̄hi + γ̄gi)
. (3.12)

where Pb(Gi(γ)) is the EBER performance of a one relay MAFR network.

3.4 ABER and EBER Performances For MAFR Network

The ABER and EBER performance of the MAFR network which includes a single relay node is derived

in section 3.3. In a typical MAFR network, among n relays, a single relay with the highest SNR is selected

to forward data symbols from the sender to the receiver. Implementing such a selection at the receiver

requires knowledge of order statistics. In this section, we briefly introduce a basic order statistical tool,

which will be used for the BER performance analysis.

Using a selection strategy, the SNR’s output from the MAFR network can be ordered statistically as:

γ(i) = max{γ1,γ2, ....,γn}, where γ(i) is the ith order statistic of SNR, γn representing the largest order
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statistic and γ1 is the smallest one [94]. The SNR in a statistical order is based on CDF as follows: let

the CDF of γn be denoted as F (i)(γn), and then applying the order statistical analysis to γ(i) as presented

by [95] results in: F (i)(γn) = Prob
(

γ(i) ≤ γn

)
= F (1)(γ1)F (2)(γ2)...F (n)(γn) =

[
F (n)(γn)

]n. Thus

for n relays, the order statistics of γn based on CDF can be expressed as

F (i)(γn) =
(
F (n)(γn)

)n
, (3.13)

where n is the relay number.

Differentiating (3.13) relative to γn by using a similar approach to that in (2.26) , derives the total pdf

as

ϕ i(γn) =
n

γ̄i(γ̄)
e
−

γi(γ)
γ̄i(γ̄)
(
F (n)(γn)

)n−1 (3.14)

Equation (3.14) is further analyzed by using the relationship between CDF and pdf as in [96], and it is

finally shown as

ϕ i(γn) =
n

γ̄i(γ̄)

(
e
−

γi(γ)
γ̄i(γ̄)

)n

(3.15)

Now, substituting (3.15) into (3.6) and using (3.7) to produce the Q-function as (3.9) assuming the pdfs

of n are as in [97, 98]. Thus, the ABER expression for n relays is

Pb(γi(γ)) =
n2

γ̄i(γ̄)

∞̂

0

erfc
(√

γi(γ)

) (
e
−

γi(γ)
γ̄i(γ̄)

)n

. (3.16)

By evaluating the integral of (3.16), the general form of ABER performance of the Amplify-and-forward

two-hop relay selection is computed as

Pb(γi(γ)) = n

(
1−

√
γ̄hiγ̄gi

γ̄hiγ̄gi +n(γ̄hi+γ̄gi)

)n

, (3.17)

where n is the total number of relays in a MAFR network.

From (3.17), the average value for n relays is shown as (3.5)

γ i =
1
n

(
1

ps
σ2 E{|hi|2}

+
1

pri
σ2 E{|gi|2}

)−1

(3.18)
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To calculate the EBER performance, we need to calculate the average of the actual SNR for n relays, here

we can analyze (3.18) in a similar way to obtain (3.11). This results in

Gi(γ) =

(
1
n γ̄hi γ̄gi + γ̄hi + γ̄gi

γ̄hi + γ̄gi

)
(3.19)

where Ḡn(γ̄) is the average value of the actual SNR with respect to γ̄ .

Accordingly, the EBER performance is calculated by following a similar procedures for (3.17) with

respect to (3.19). Thus, the EBER for n relay Pb(Gi(γ)) is expressed as:

Pb(Gi(γ)) = n

(
1−

√
1
n γ̄hi γ̄gi + γ̄hi + γ̄gi

1
n γ̄hi γ̄gi +2(γ̄hi + γ̄gi)

)n

. (3.20)

It should be noted that the expression (3.20) has been expressed in the context of BPSK modulation in

which M=2 in the M-ary PSK modulation techniques. To calculate Pb(Gi(γ)) using higher orders of M

(e.g. M: 4, 16, 64, 128, . . . ), the procedure used to derive (3.20) can be followed, providing that the

average energy per bit in each symbol, as presented in [99], is considered. However, the case of M > 2 is

commonly used when one needs to increase the bandwidth efficiency of a communication system [100].

When compared to other M-ary modulation schemes, such as M-ary Amplitude-shift keying (MASK)

and Frequency-shift keying (MFSK), BPSK and Quadrature Phase Shift Keying (QPSK) are widely used

in the communication industry [101]. BPSK is the most error resistant M-ary modulation scheme and is

thus the main focus of this thesis.

3.5 Analysing EBER Under Optimal SNR level

The BER analysis in the previous section was performed based on the SNR which is analyzed in equation

(3.4). This SNR has been optimized by studies such as [43, 44] to reduce power consumption in MAFR

networks. However, these studies have not considered BER behaviour, because such optimal SNR is

commonly more complex than the SNR in (3.4). Thus, we aim in this section to extend the results of those

studies with a new approach to optimize SNR, and derive an expression which allows the calculation of

BER performance at an optimal SNR level. It should be mentioned here that the optimal SNR can provide

the desired BER for some communication networks as presented in [102]. The optimal SNR in equation

(3.4) is usually achieved by using one of two main techniques: Optimizing power allocated between relay

and the transmitter as in [30, 86], or balancing EE and SE optimally as in [43, 44, 88]. In the technique
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balancing EE and SE, the optimal SNR is obtained by first minimizing total energy consumption for a

fixed data rate, and then maximizing EE.

In this chapter, balancing EE and SE is adopted to calculate the optimal value for equation (3.5).

According to [103], the average EE is given as

EE= ζ̄ =
Average of total data delivered (ℜ̄i)

Average of total energy consumed (p̄ti)
(bit/Joule), (3.21)

where ζ̄ is the average EE [103].

The term ℜ̄i in (3.21) can be expressed as

ℜ̄i = E{0.5log2(1+ γai)}=
1
2

∞̂

0

log2(1+ γai) pd fγai(γai)dγai (3.22)

where 0.5 number is due to the transmission of data during two time slots [39], and E{.} is the expectation

value and pd fγai is the total pdf of the Rayleigh fading channels, which is obtained in (3.15). By using

the approximated throughput analysis of Rayleigh fading channel in [104,105], expression (3.22) can be

evaluated as

ℜ̄i ≈ 0.5log2(1+ γ̄ai) (3.23)

The average power consumption (p̄ti) in (3.21) is represented by the power consumption of signal pro-

cessing and amplification circuits. It is given as

p̄ti = ξ (p̄s + p̄ri)+(pci +ρℜ̄i), (3.24)

where ξ is the constant associated with amplifier power efficiency, pci is the static circuit power consump-

tion and ρℜ̄i is the dynamic power per average data rate unit. Minimizing total energy consumption for

a fixed average data rate can be achieved by minimizing total transmitted power as presented in Chapter

2. However, this chapter will use average EE and this is required to calculate average powers of source

and relay as follows

p̄s(γ̄i) = γ̄iγ̄
−1
hi + γ̄i (γ̄giγ̄hi)

−1/2 (3.25)

p̄ri(γ̄i) = γ̄iγ̄
−1
gi + γ̄i (γ̄giγ̄hi)

−1/2 (3.26)
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where ps(γ̄i) and pri(γ̄i) are the minimum values of the average powers for the source and relay, respect-

ively, and both are with respect to γ̄i.

Now, substituting (3.23), (3.25) and (3.26) into (3.21) as

ζ̄(γ̄i) =
log2(1+ γ̄i)

2 γ̄i ξ ( 1
γ̄hi

+ 1
γ̄gi

+ 2√
γ̄gi γ̄hi

)+2 pci +ρ log2(1+ γ̄i)
(3.27)

where ζ̄(γ̄i) is the average EE with respect to γ̄i.

By taking the derivative of equation (3.27) with respect to γ̄i, the average optimal SNR value of a

MAFR network is obtained as follows

˚̄
iγ = exp

1+w
((

pci−ξ ( 1
γ̄hi

+ 1
γ̄gi

+ 2√
γ̄gi γ̄hi

( 1
γ̄hi

+ 1
γ̄gi

+ 2√
γ̄gi γ̄hi

)

)
/ξ

(
1

γ̄hi
+ 1

γ̄gi
+ 2√

γ̄gi γ̄hi

)
e
)
−1 (3.28)

where ˚̄
iγ is the optimal value of equation (3.5), e is the base of the natural logarithm and w(.) is the

Lambert w function [106].

Equation (3.28) can be expressed in respect to the data rate as

˚̄
iγ = 22 ˚̄

ℜi−1 , (3.29)

where ˚̄
ℜi =

1
2 log2(1+ ˚̄

iγ).

By using (3.29) as well as considering the relationship between bit energy Eb and the bit rate de-

scribed in [84], the optimal average SNR can be further expressed as

˚̄
iγ =

(
γ̄hi γ̄gi(ℜ̄i/

˚̄
ℜi)(γ̄hi + γ̄gi)

n(γ̄hi + γ̄gi)

)
. (3.30)

The optimal SNR in expression (3.30) is adopted to calculate EBER performance, and this can be

achieved by following the same procedure for (3.20). This results in

P̊b( ˚̄
iγ) = n

(
1−

√
˚̄γhi ˚̄γgi +n

(
˚̄γhi + ˚̄γgi

)
˚̄γhi ˚̄γgi +n2

(
˚̄γhi + ˚̄γgi

))n

. (3.31)

where ˚̄γhi = γ̄hiℜ̄i/
˚̄

ℜi, ˚̄γgi = γ̄giℜ̄i/
˚̄

ℜi and P̊b( ˚̄
iγ) is the exact BER performance of the MAFR networks

under optimal SNR level.
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3.6 SIMULATION RESULTS

This section presents the accuracy of the analytical method by comparing it to the simulation results and

some existing results. All simulations are performed on the system model in Section 3.2. However, for

this evaluation we are limiting the number of relays to four (i.e, n = 4).

Fig. 3.2 shows the ABER performance in Eq. (3.17) when pri = ps. It is clear that the analysis

results show a high match with the simulation results. For more validation, we compared our results

with references [30, 48], and also found a high match with them. The same figure illustrates that the

ABER performance has improved by increasing the number of relays and the analysis results approach

the simulation result as the SNR increases. In the low SNR region, our results are slightly different to the

simulation results, but this difference is still better than those in studies [30, 48, 86] and in more recent

works [24, 87]. Overall, the ABER expression in Eq. (3.17) gives more accurate results particularly in

the low SNR region. Fig. 3.3 illustrates the theoretical and simulation results for the EBER expression

in (3.20) when pri = ps. It is evident in this figure that the proposed analysis provides highly accurate

results for all SNR regions. Fig. 3.4 corresponds to the optimal MAFR network in equation (3.31), we

observe that the EBER performance of the optimum EE and SE at pri = ps is better than the suboptimal

case in Fig. 3.3, as optimizing the overall received SNR is equivalent to BER minimization.

Fig. (3.5) shows the analytic result of ABER performance presented in equation (3.17) with relay

power 5 db higher than source power. The results are compared with the simulation result, and it exhibits

a high degree of accuracy between the simulation and the proposed analysis at the high SNR region with a

small difference being seen in the low SNR region. Further it is observed that the ABER tends to achieve

better results than ABER in Fig. (3.2) as the increases in the overall received SNR at the destination will

decrease the ABER. Fig. (3.6) also illustrates the analytic result of EBER in (3.20) with relay power 5

db more than source power. Compared with the simulation results, the EBER analysis achieves a high

qualitative match to the simulation results. This result proves the accuracy of the EBER analysis. Fig.

(3.7) shows that the analytic results align with the simulation result for the optimal SNR level as presented

in Fig. (3.4). However, Fig. (3.7) provides further improvement upon optimizing the value of SNR.

3.7 SUMMARY

In this chapter, a new method for analyzing the BER performance of a MAFR network over flat fading

channels and having a selection scheme has been presented. The method shows that an ABER analysis of
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a MAFR network can be reduced to a traditional BER analysis of a one hop communication link. Also,

the ABER analysis can be used directly to determine the EBER performance. This is because the ABER

expressions have been derived with respect to a one-hop SNR and the analysis makes fewer assumptions.

The effectiveness of the method is demonstrated by unifying the BER evaluations under low, high and

optimal SNR conditions. The optimal SNR level is achieved by optimal balancing of the EE and SE .

For each SNR level, the BER expression is derived, and is validated by simulation. It was found that the

ABER analytical results align with the EBER results. This allowed us to calculate the accurate BER of

MAFR networks under any SNR level using either ABER or EBER.

The next chapter evaluates the above BER methods when considering relay location in MAFR net-

works. Further, such BER methods are extended in Chapter 6 to involve the evaluation of BER in

bidirectional AF relay networks.
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Figure 3.2: ABER performance in an AF relays network; pri = ps
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Figure 3.3: EBER performance in an AF relays network; pri = ps
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Figure 3.4: EBER performance in an Optimal AF relays network; pri = ps
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Figure 3.5: ABER performance with high relay power
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Figure 3.6: EBER performance, relay power more than source power



CHAPTER 3. ACCURATE BER ANALYSIS UNDER DIFFERENT SNR LEVELS 45

5 10 15 20 25 30

SNR (dB)

10-5

10-4

10-3

10-2

10-1

100

E
B

E
R

Analytical n=1
Analytical n=2
Analytical n=3
Analytical n=4
Simulation

Figure 3.7: EBER performance in an Optimal AF relays network



Chapter 4

The Effect of the EE and SE on the BER of

MAFR networks

4.1 Introduction

In the previous chapters, we analyzed new methods of evaluating the asymptotic and exact BER of

MAFR networks under exact, high and optimal SNR levels. The high SNR was employed to calculate

exact SNR, and the optimal SNR was obtained by balancing energy efficiency and spectral efficiency.

These SNR levels were adopted to provide an accurate BER analysis of MAFR networks. On the other

hand, in order to implement such solutions in actual MAFR networks, it is important to consider relay

location in the SNR analysis. Thus, this chapter aims to calculate the SNR when considering also the

relay location. Furthermore, a new method of increasing the EE and decreasing the BER is discussed.

Energy consumption is commonly evaluated by the EE metric, which is defined as the number of

transmitted data bits per unit of transmitted power (bit/Joule) [82]. This definition indicates that a high

EE value (i.e., decreasing energy consumption) is achieved when the bit rate is maximized or the power

per unit (i.e., Joule) is minimized. The bit rate, referred to as Spectrum Efficiency (SE), is quantified

using the unit bits per second (bits/sec) [42].

With the aim of increasing EE, different methods have been proposed. Wireless relay networks are

one of the most promising means of achieving high EE [107]. In such networks one or many intermediate

relay nodes increase the quality of communication between source and its destination

Energy efficiency in relay networks has been investigated by many researchers. An early study

by [108] found that relay networks achieve better EE than direct transmission when the Relay Located

46
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Power (RLP) is unlimited, while increasing the EE with limited RLP can be achieved only when the SE

is low or when the relay destination distance is short. The relay location is considered by [107], who

observed that the trade-off between EE and SE is possible when a relay selection scheme is adopted.

However, these studies [107, 108], did not consider circuit energy (CE) consumption, which includes

electronic devices and signal processing. This limitation was overcome in [109] and [110], in which

the CE consumption in addition to other network consumption was analyzed for a given capacity of

multiple-hop networks over Rayleigh fading channels.

Recently, some studies have investigated combining the EE and SE to decrease network energy con-

sumption and ensure a desirable SE. Reference [111] investigated a transmission scheme for reducing the

power consumed per transmitted bit for both unidirectional and bidirectional relay networks by combin-

ing the power allocation and relay selection. Similar results were achieved by [112, 113]] by including

the CE in the analysis. In some research, such as [103, 114], the average channel status was adopted to

calculate the average EE and SE, but these studies did not consider relay location. Most other researchers,

such as [43, 44], have achieved a high EE, but such studies have not considered error behaviour.

The error rate of a two-hop AF relay has also been investigated by many studies. In [21], multi-hop

and multi-relay networks were involved in the analysis of the error rate of AF-relay networks. This study

used a high SNR level to calculate the Symbol Error Probability (SER) performance. It found that the SEP

performance was improved by increasing the number of relays. Similar studies [22–24] have investigated

the SER performance of MAFR networks, the authors in [22] obtained the exact SER performance of

AF parallel relays over a Rayleigh-fading channel. They used the Moment Generating Function (MGF)

of half the harmonic mean to calculate the SER performance. In [23], the harmonic mean approxima-

tion was used to calculate upper and lower bounds for exact SER and outage probability performances.

Further, the Laplace transform of the Cumulative Distribution Function (CDF) and Probability Density

Function (pdf) of the exact SNR were used in [24] to obtain asymptotic and actual Frame Error Rate

(FER) performance. The results of [24] showed that the selection of one optimum relay achieves better

FER performance than multiple relay selection under transmitting power constraints. However, all of

the above SER studies require further analysis to determine the BER, which is a more useful metric than

SER [25]. Moreover, calculating FER depends on the required BER [85].

Evaluating error rate performance of AF-relay networks under increasing SNR has been investigated

by studies such as [19, 63]. In [63], the SER performance of a single AF-relay network was investigated

for two cases; the first considered equal source and relay powers, while the second optimized both
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powers. It found that the SER performance using optimum powers was slightly better than that of the

equal-powers case. The best SNR for a given BER was calculated by [19, 64]. Both studies aimed to

reduce the energy consumption in relay networks while constraining the error rate to a certain value.

The above studies, however, have presented various techniques for developing the EE and SE metrics,

jointly or individually, without considering the relationship between these metrics and the BER, although

error rate analysis is an important parameter for evaluating the performance of many wireless network

applications [89]. Furthermore, most of the error rate expressions allow the evaluation of error rate

performance of only suboptimal networks. To overcome this issue, we propose a new method which

aims to:

a) Define the minimum power consumption in an AF-relay network, considering the best relay loca-

tion.

b) Use the minimum power consumption in (a) to optimize EE and SE in a balanced manner.

c) Analyze the BER of the balanced scheme in (b) and investigate the following question: does

increasing the EE lead to a positive effect on the BER?

Combination of (a) to (c) in an AF relay network has not been presented previously. While [103] found

that the relay location is an important determinant of any network parameter, such as EE and BER, to

the best of the authors’ knowledge, the idea of associating the optimal balancing of SE and EE with

unconstrained BER has not yet been proposed in the literature, whether for full-duplex AF relays or

other wireless networks.

The remainder of the chapter is organized as follows: Section 4.2 outlines the system model; Section

4.3 introduces a new method to combine EE and SE with relay location; Section 4.4 discusses BER

performance in AF relay networks; Section 4.5 examines the relationship between BER performance

and EE; Section 4.6 presents the simulation results; and finally, conclusions and remarks are presented

in Section 4.7.

4.2 SYSTEM MODEL

The system model of this chapter also considers two wireless nodes; the S-node which transmits signals to

the D-node through a network of parallel AF-relays. The S-node adopts binary phase shift keying (BPSK)

modulation and broadcasts symbols x with average power ps to all relays over flat fading channels which
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have coefficients h1, h2..,hn. The symbols are then received by a group of parallel relays R1, R2...Rn as

shown in Fig 4.1. The best relay with the highest SNR is selected by the destination node using a selection

scheme.

The received signals by the ith relay (Ri) can be calculated as in equation (2.1). Such signals are

amplified by the amplification factor (βi), which can be calculated as (2.2).

The signal amplified by Ri is then forwarded to the D-node through another Rayleigh-fading channel

which includes a fading coefficient (gi) and random Gaussian noise (zbi) with zero mean and variance

(σ2).
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Figure 4.1: System model

The received signal at the D-node from Ri can be expressed as (2.4), and its expected value evaluated

as (3.1). Thus, the actual end-to-end SNR is expressed as
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SNR =
γhiγgi

γhi + γgi +1
= Gi, (4.1)

where γhi and γgi are the instantaneous channel gain-to-noise ratios (CNR) of source-to-relay and

relay-to-destination respectively; both are defined as γhi =
ps
σ2 |hi|2 and γgi =

pri
σ2 |gi|2.

Equation (3.1) can also be approximated, when pri
σ2 |gi|2

( ps
σ2 |hi|2 +1

)
+ ps

σ2 |hi|2 > 1, as

SNR =
γhiγgi

γhi + γgi
= γi . (4.2)

Expression (4.2) is valid to calculate any parameter such as bit error rate, EE and SE at high SNR

level [8, 30].

The variables γhi and γgi are statistically independent and identically distributed (i.i.d). Thus, the

average value of each variable is given as γ̄hi =
ps
No E{|hi|2}, and γ̄gi = pri

No E{|gi|2} respectively, where

E(.) denotes the expectation value and No =σ2. Each of E
{

|h1|2
}

and E
{

|g1|2
}

is given as a Rayleigh

fading channel, and each has expectation value equal to one [66]. Thus the total average value of (4.2) is

obtained as follows

1
γ i

=
( ps

No
E{|hi|

2}
)−1

+
( pri

No
E{|gi|

2}
)−1

(4.3)

4.3 Balancing EE and SE

In this section, we use the balance of average Energy Efficiency (EE) and Spectrum Efficiency (SE) as

presented in Chapter 3 considering relay location. Here, equation (3.21) can be also used as

ζ̄ =
ℜ̄i

p̄ti
, (4.4)

where ζ̄ is the average EE and ℜ̄i defined in (3.23) as

ℜ̄i ≈ 0.5log2 (1+ γ i) (4.5)

To consider relay location with ℜ̄i, we can use the data rate model presented in [40, 115]. In such

a model, the average SNR can be computed by (4.3). Further, considering a constant attenuation on the

transmitted signal, E(|hi|2) and E(|gi|2) can be defined as



CHAPTER 4. THE EFFECT OF THE EE AND SE ON THE BER OF MAFR NETWORKS 51

E(|hi|
2) =

k
dα

h
(4.6)

E(|gi|
2) =

k
dα

g
(4.7)

where k is the path loss coefficient (in decibel scale (dB)) at the reference distance equal to one, α is

the path loss exponent which is commonly estimated from 2 to 6 [116], dh is the distance between nodes

S and the relay, and dg is the distance from node D to a relay as illustrated in Fig. 4.1.

By substituting (4.6) and (4.7) into (4.2), we can obtain new terms for the average SNRs for the

D-node in terms of distance as
1
γ̄i

=
No
k

(
dα

h
ps

+
dα

g

pri

)
(4.8)

To calculate both distances dh and dg as a function of relay location and total distance between the

source and the destination (d), we assume that the relay is allocated at position δ , which can be specified

as 0 < δ < 1. Thus, the distance dα
h can be calculated as

dα
h = (d δ )α , (4.9)

and for dα
g as

dα
g = (d (1−δ ))α . (4.10)

Substituting (4.9) and (4.10) into (4.8) results in

1
γ̄i

= dα No
k

(
δ α

ps
+

(1−δ )α

pri

)
(4.11)

To express p̄ti in (4.4), the power consumption of the signal processing and the amplification circuits

should be considered as described in [82]. This can be presented as

p̄ti =
(
ς (ξti)+

(
ñℜ̄i + pci

))
/2 (4.12)

where ς is a constant associated with the amplifier power efficiency, ξti is the total energy per bit

(ξti = ps+ pri ), pci is the static circuit power and ñℜ̄i is the dynamic power per-unit data rate. The term
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of
(
ñℜ̄i + pci

)
is related to the AF relay circuit power consumption, (further information about this power

is presented by [103, 117]).

To maximize (4.4), we can first define the minimization problem of each power node (i.e., min

(ξti) ) under the required minimum constraint ℜ̄i as follows

max ζ̄ =
ℜ̄i

p̄ti
is ∈ {Sa, Sb ri} (4.13)

s.t ℜ̄ab = ℜ̄ba (4.14)

whereℜ̄ba and ℜ̄ab are the average throughput from users Sb and Sa respectively.

To calculate the power allocation of all nodes (i.e, users and relay) in terms of ξti , we can define

ps = σ ξti , (4.15)

pri = (1−σ)ξti , (4.16)

where σ is the energy control factor for the node-D , it is specified in the range of : 0<σ <1 [118].

To optimize the value of ξti based on energy control factor, we can substitute equations (4.15) and

(4.16) into (4.8). This results in

ξti =
No
k

(
dα

h
σ

+
dα

g

1−σ

)
n
(

1−
(

P(φ)
n

) 1
n
)2

1−
(

1−
(

P(φ)
n

) 1
n
)2

 (4.17)

By taking the derivative of (4.17) with respect to the σ and equating it to zero, we obtain

σ̊
−1 =

√
dα

g

dα
h
+1 (4.18)

where σ̊ is the optimal value of σ .

Substituting (4.9) and (4.10) into (4.18) results in

σ̊ =

(
d

α

2

√
(1−δ )α

δ α
+1

)−1

(4.19)
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By replacing the termσ in (4.17) by (4.19). This results in

ξ̊ti =
dα No

k

(
δ α

σ̊
+

(1−δ )α

1− σ̊

)
γ̄i (4.20)

where ξ̊ti is the optimal value of ξti in respect to optimal of σ̊ .

Now, substituting equations (4.5), (4.11) and(4.20) into (4.13) gives

ζ̄ =
log2 (1+ γ i)

ς

(
dα No

k

(
δ α

σ̊
+ (1−δ )α

1−σ̊

)
γ i

)
+ log2 (1+ γ i)ñ+ pci

. (4.21)

By deriving equation (4.21) with respect to γ i and equating it to zero, we obtain the best relay location

which gives the highest EE

γ̊ i = e
w

(
1
e

(
K pci

ς(
√

((1−δ )∗d)a+
√

(δ∗d)a)
2

No)
−1

))
+1

−1 (4.22)

where γ̊ i is the optimal of γ i , e is the base of the natural logarithm and w(.) is the omega function

[106].

The optimal trade-off between SE and EE can be obtained by substituting (4.22) into (4.21) as

˚̄
ζ =

log2

(
1+ γ̊ i

)
ςψγ̊ i + log2

(
1+ γ̊ i

)
ñ+ pci

(4.23)

where ˚̄
ζ is maximum EE associated with lowest sacrifice of SE and ψ = dα No

k

(
δ α

σ̊
+ (1−δ )α

1−σ̊

)
. Now

equation (4.3) can be formulated in respect to (4.22) as

γ̊ i =
˚̄γhi ˚̄γgi

˚̄γhi + ˚̄γgi
(4.24)

where ˚̄γhi and ˚̄γgi are the arguments of the function γ̊ i.

Equations (4.24) is employed in the analysis of the next sections to calculate the BER performance

of 4.23.
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4.4 BER Performance in AF relay networks

The previous section presented a method to calculate the maximum EE in an AF relay network. To

study the BER behavior of such a network (i.e., AF relay networks after EE is maximized), this section

considers a new method to analyze the BER of AF-relay networks. We start by assuming that an AF-relay

network includes one relay, and extend BER calculation for n relays, as discussed in the next section.

In a two-hop relay network, the transmitted signal from a source to the destination passes through

cascade channels, as shown in Fig.4.1. Each hop includes a Rayleigh fading channel and, in such a

channel, SNR follows an exponential distribution. The total SNR obtained from i.i.d Rayleigh fading

channels follows an exponential distribution [75]. Here, the distribution of the harmonic mean of two

i.i.d. gamma random variables defined in [48] can be employed to find the total pdf. We first define

Rayleigh fading pdf from the S-node to a relay, i.e. first hop, as

ϕhi(φ)
S→Ri

= ( ˚̄γhi)
−1 exp−φ( ˚̄γhi)

−1
, (4.25)

and similarly pdf of the second hop results in

ϕgi(φ)
Ri→D

= ( ˚̄γgi)
−1 exp−φ( ˚̄γgi)

−1
(4.26)

where φ is the harmonic mean (denoted by φ = µH( ˚̄γhi ˚̄γgi)) according to a gamma distribution [47],

ϕhi(φ)
S→Ri

and ϕgi(φ)
Ri→D

are the pdfs of γhi and γgi, respectively.

Given two i.i.d. exponential random variables as (4.25) and (4.26), the modified harmonic mean

defined in [119] can be used to joint them as follows

ϕai(φ) =
exp
−φ (

˚̄γhi+ ˚̄γgi
˚̄γhi ˚̄γgi

)(√
˚̄γhi ˚̄γgi

)3

4
√

˚̄γhi ˚̄γgi k0

 2φ√
˚̄γhi ˚̄γgi

+2φ ( ˚̄γhi + ˚̄γgi) k1

 2φ√
˚̄γhi ˚̄γgi

 (4.27)

where ϕ i(φ) is the total pdf, k0(.) and k1(.) are the first and the second order modified Bessel function

of the second kind.
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By applying the modified Bessel function properties, which are k0(φ)→ 0 and k1( φ
φ→0

)→ 1/φ , to

(4.27), the total pdf obtained is

ϕ i(φ) =
1
˚̄γi

e
− φ

˚̄γi , (4.28)

Integration of (4.28) relative to φ , similar to (3.7), results in

Fi(φ) = 1− e
− φ

˚̄γi (4.29)

where Fi(φ) is the cumulative distribution function for ϕ i(φ).

From (4.29) and the relationship between the Q-function and the error function (erfc) as presented

in [92], the term of Fi(φ) can be obtained as follows

Q(
√

2φ) =
1
2

erfc
(√

φ

)
. (4.30)

According to error probabilities with random variables defined in [13], the average BER with the

random variables ˚̄γhi and ˚̄γgi can be expressed by using (4.28) and (4.30). This is expressed as

P̄e =
1
˚̄γi

∞̂

0

erfc
(√

φ

)
e
− φ

˚̄γi dφ , (4.31)

where P̄e is the average BER.

It is worth noting that the expression of (4.31) is consistent with the result of one hop BER obtained

by [13].

By evaluating (4.31), the BER of MAFR network is obtained as follows

P̄e = 1−

√
˚̄γi

˚̄γi +1
. (4.32)

Equation (4.32) is analyzed based on approximated SNR presented in equation (4.2). To calculate

the exact BER performance, we can apply the linearity of the expectation property in [93] for the term
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pri
σ2 |gi|2

( ps
σ2 |hi|2 +1

)
+ ps

σ2 |hi|2 in equation (3.1) as this term is a set of independent random variables,

while the second term in the same equation is a constant equal to one. Thus, the outcome of ˚̄γi can be

easily adapted to employ in the calculation of actual average SNR. This results in

(
G̊i
)−1

=
˚̄γhi ˚̄γgi + ˚̄γhi + ˚̄γgi

˚̄γhi ˚̄γgi
(4.33)

where G̊i is the total average value of actual SNR in respect to ˚̄γhi and ˚̄γgi.

Following same procedure for (4.32) with respect to (4.33), the exact BER is obtained as

P̄e = 1−

√√√√(2 ˚̄γhi ˚̄γgi + ˚̄γhi + ˚̄γgi

˚̄γhi ˚̄γgi + ˚̄γhi + ˚̄γgi

)−1

. (4.34)

Equations (4.34) represent the exact average BER of a MAFR network, assuming that the network

includes one relay.

4.5 Relationship of BER with other network parameters

The previous section presented the BER performance of the AF relay network for one relay node. In this

section, the general form for n relays is derived. Then the relationships between BER and other network

parameters, including (4.20) and (4.23), are expressed.

For an AF relay network with a selection strategy, among n relays, a single relay with the highest

SNR is selected to forward data symbols from a sender to a receiver. Implementation of such selection

at the receiver requires knowledge of order statistics. In this section, we briefly introduce a basic order

statistical tool, which will be used for the BER performance analysis.

Using a selection strategy, the SNRs output of an AF realy network can be ordered statistically as:

Gi = max{G1,G2, ....,Gn}, where Gi is the ith order statistic of the SNRs, Gn representing the largest order

statistic and G1 is the smallest one. Here, we can apply such order in respect to φ as follows

φ i = max{φ 1,φ 2, ....,φ n}, (4.35)
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The SNRs in a statistical order is dependent on the following CDF analysis: let the CDF of φ i be denoted

as Fi(φ n), and then apply the order statistical analysis for φ i as presented in [95]. This results in

Fi(φ n) = Prob(φ 1 ≤ φ n) = F1(φ 1)F 2(φ 2)...F n(φ n) = [F n(φ n)]
n , (4.36)

where Fi(φ n) is the CDF order statistics.

For i.i.d channels, equation (4.36) can be written as Fi(φ n) = nF n(φ n) [66]. By substituting one

relay CDF of (4.29) into (4.36), we obtain

Fi(φ n) = nerfc
(√

φ

)
(4.37)

By taking the derivative of (4.36) relative to φ , using a similar approach in [120], the total pdf is

calculated as

ϕ i(φ) =
n
˚̄γi

e
− φ

˚̄γi (F n(φ n))
n−1 (4.38)

Equation (4.38) is further analyzed can be presented as

ϕ i(φ) =
n
˚̄γi

(
e
− φ

˚̄γi

)n

(4.39)

By substituting (4.37) and (4.39) into (4.31), the ABER expression for n relays becomes

P̄e =
n2

˚̄γi

∞̂

0

erfc
(√

φ

) (
e
− φ

˚̄γi

)n

dφ . (4.40)

Evaluating (4.40), the general form of ABER performance of the MAFR network is obtained as

follows

P̄e = n

(
1−

√
˚̄γhi ˚̄γgi

˚̄γhi ˚̄γgi +n( ˚̄γhi + ˚̄γgi)

)n

, (4.41)
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It is also important to mention here that the expression (4.41) can be analyzed by using (4.3) to obtain

the BER of a suboptimal network. Now, from (4.41), the average SNR of (4.24) can be determined in

respect to BER as

˚̄γi =

n
(

1−
(

P̄e
n

) 1
n
)2

1−
(

1−
(

P̄e)
n

) 1
n
)2 (4.42)

Equation (4.42) is very useful as it allows us to obtain many relationships between BER and other

parameters within AF relay networks, and this provides the opportunity to study the behavior of BER for

each parameter developed in an AF relay networks.

Thus, by substituting (4.42) into (4.20), an expression which combines BER with ξ̊ti is obtained as

follows

P̄e = n

1−

√√√√ ξ̊ti

nψ + ξ̊ti

n

(4.43)

.

Equation (4.43) gives the BER behavior for delivering a bit from an S-node to a D-node in an AF

relay network with respect to relay location and distances from source to relay and relay to destination.

Also, substituting (4.42) into (4.21) and using some manipulation, we get BER associated with max-

imum EE which was obtained in (4.23). This is expressed as

P̄e = n

1−

1+

 1
˚̄
ζ
−β

nψς ln(2)

 1/ w

−2

(
pci−ψς

1
ζ̄
−β

)
ψς ln(2)

( 1
˚̄
ζ
−β )




0.5


n

(4.44)

where w(.) is the omega function described [106].

4.6 Simulation Results

This section provides simulations to verify expressions derived through our theoretical analysis. The

expressions are plotted in two cases: the first shows the suboptimal design based on γ̄i of equation (4.41);

in the second case, the ˚̄γi of equation (4.24) was used for the optimal analysis. Both cases are combined
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Figure 4.2: Power consumption for suboptimal network

and presented in a single figure, using the following parameters: n = 4, d = 400, α = 2.5, k = 10−3,

ς = 2, pci = 0.5W , ñ = 0.2W/bit/s, .

Fig. 4.2 illustrates that EE, which is defined in (4.4), reduces with increasing distance between the

source and the destination. The figure also compares two different values for the relay position, namely,

δ = 0.5 and δ = 0.75. It is clear that EE is higher when the relay is close to the destination and this result

corresponds with the previous result obtained by [103].

Similar parameters were adopted in Fig. 4.3 to present the optimized EE evaluated in (4.21). A

comparison of Fig. 4.2 and Fig. 4.3 reveals that the proposed method provides higher EE than the

suboptimal network in Fig. 4.2. Furthermore, energy efficiency for different relay locations in Fig. 4.3

is roughly equal.

Optimal EE in (4.21), with respect to (4.22), is shown in Fig. 4.4. It can be seen that EE increases

with the rise of average SNR, as the EE design uses lower transmit power with increasing SNR. Further-

more, it shows that the proposed scheme outperforms the suboptimal one and the EE gap becomes larger

when the SNR increases. Here, increasing EE comes at a small cost to the data rate, as shown in Fig. 4.5.

This means that the proposal can achieve a better balance between EE and SE.

Fig. 4.6 illustrates the BER performance of suboptimal AF relay networks. It can be seen that the

BER decreases as the number of relays increase from n = 1 to n = 4. These results are compared with
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Figure 4.3: Power consumption for optimal network
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Figure 4.5: Proposal SE scheme versus suboptimal network

the results of the same network condition, but take into account the optimum γ̊ i proposed in (4.22). As

shown, the optimizing EE allows a further reduction in BER results as the received SNR increases at the

destination. Similar results are obtained in Fig. 4.7, when the relay power becomes pri = ps + 5. This

figure illustrates a further reduction in BER as the power amplification increases.

The BER behaviour of (4.44) is illustrated in Figs. 4.8 to 4.10. Fig. 4.8, shows the relationship

between BER and EE of a suboptimal AF relay network. It is clearly seen that the high EE value

increases the BER result, and this result confirms the theoretical analysis, as high EE indicates low

power consumption. The figure also shows that the system can achieve lower BER by increasing the

number of relays. Increasing EE while keeping BER at the same level can be obtained by using equation

(4.23), and this confirms that the BER of an AF relay is reduced by balancing EE and SE, as shown in

Fig. 4.9.

Further, by increasing the relay power to pri = ps +5, a considerable reduction in BER is achieved,

as depicted in Fig. 4.10. However, the results of Figs. 4.8 to 4.10 reveal that the increase in EE increased

BER slightly, this is because EE is based on reducing power consumption. This means that the increase

in EE should be remained within narrow limits.

Fig. 4.11 shows the effect of relay location on Transmission Energy per bit which is evaluated in

equation (4.20). It can be shown that the allocated energy reaches a minimum value uniformly when the
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Figure 4.6: Comparing optimal BER scheme with suboptimal network at pri = ps
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Figure 4.10: BER behavior in term of optimal EE scheme at pri = ps +5

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Relay location (δ)

2

3

4

5

6

7

8

9

T
ra

ns
m

is
si

on
 e

ne
rg

y 
pe

r 
bi

t, 
(J

ou
le

/b
it)

×10-11

 Suboptimal energy allocation
Optimal energy allocation

Figure 4.11: Relay location impact on transmission power



CHAPTER 4. THE EFFECT OF THE EE AND SE ON THE BER OF MAFR NETWORKS 65

relay is located close to the midpoint between the transmitter and receiver nodes. This result agrees with

the previous result obtained for the relay location in [121].

4.7 SUMMARY

This chapter presents a new method for reducing both the energy consumption and BER of multiple AF-

relay networks. The method combines the BER and relay location with the optimal balancing of the EE

and SE. A flat-fading channel and a relay selection scheme are used in this work. The proposal allows

evaluation of the energy consumption, in which a selected relay can be placed at any point on the line

connecting the source and its destination. Furthermore, the minimum evaluated energy is used to obtain

the optimal balance between the EE and SE. This balance enables the EE to increase significantly with

the least loss in SE. Such a balance is then expressed with respect to the BER. The results derived from

the analytical expressions were simulated numerically. It was found that the optimal balance between

the EE and SE increases the EE and decreases the BER of AF-relay networks. However, the increase in

EE is likely to be within small limits.

The above combination of the BER and relay location with the optimal balancing of the EE and

SE enhances the EE and BER in unidirectional AF-relay networks. In chapter 7, we adopt this idea to

improving the EE and BER in bidirectional AF-relay networks. But first, we start with developing the

ABER and EBER for such networks in chapters 5 and 6, respectively.



Chapter 5

Asymptotic BER analysis of Bidirectional

Relay Networks

5.1 Introduction

In the previous chapters, we addressed EE and BER issues for several unidirectional relay network con-

ditions. We now turn our attention to bidirectional relay networks. As presented in Chapter 1, the main

principle of a bidirectional relaying scheme is the ability of a relay to transmit and receive, simultan-

eously, using the same frequency channel and hence achieve a higher SE. However, the big difference

in power levels of the transmit and receive signals increases the power consumption which in turn af-

fects the error rate performance. Thus, this chapter aims to provide a new method of analyzing the BER

of Bidirectional Amplify-and-Forward Multiple Relay (BAF-MR) networks. Further, a new method of

reducing the power consumption (i.e., increasing EE), which allows us to study the BER of BAF-MR

networks under optimal conditions, is presented.

Several studies proposed means of developing the Probability Error Rate (PER), namely: Bit Error

Rate (BER), Block Error Rate (BLER), Packet Error rate, or Symbol Error Rate (SER) [122]. One of

the early methods, proposed by [123], used a high SNR to quantify the ABER of wireless transmission

over fading channels. It showed that the high SNR approximation is useful, specifically for analyzing

the ABER performance of wireless communications under severe fading conditions. The authors in [48]

examined an approximated SNR with the harmonic mean for analyzing the BER and outage probability

for both AF-relay and DF-relay networks. Their results showed that DF-relay gives better performance

than AF relay at low SNR. However, at high SNR, the two systems are essentially equivalent in terms

66
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of the BER and outage probability. The BER performance of an AF-relay network was also analyzed

by [74] using the inequality between the harmonic and geometric means of random variables to determine

the upper bound for the SNR. Similarly, the upper bound of SNR was used in [124] to analyze the BLER

of the BAF-MR relaying protocol over different flat fading channels. It adopted the harmonic mean of

two independent gamma-distributed variables to calculate the SNR.

The asymptotic SER performance of BAF-MR networks has been investigated in [125], which also

considered the high SNR region to obtain the SER expression. It incorporated advanced analysis tech-

niques to develop relay selection schemes for enhancing SER performance. A similar selection scheme

was adopted by [126] to analyze error probability performance for BAF-MR networks in the low and

high SNR regions. The high SNR region was used to estimate the asymptotic error probability expres-

sion. However, at low SNR more complex mathematical forms have been considered in calculating the

error probability performance. Similarly, reference [127] considered the exact SER performance in BAF-

MR network analysis. It calculated the SER in a closed form using the Moment Generating Function

(MGF) approach for a more beneficial analysis [122]. For the same reason, the authors in [128] derived

an asymptotic SER expression at a high SNR using the same MGF approach.

In [129], the BLER performance was derived based on the Highest Worse Signal-To-Noise Ratio

(HW-SNR) of the BAF-MR networks. It adopted the approximation cumulative distribution function

(CDF) of the HW-SNR to obtain the BLER performance. The authors in [130] also used an approximated

CDF to evaluate the BER performance of BAF-MR networks. They assumed the availability of high

source and relay transmitting power to simplify the analysis. The authors in [131] based their estimates

of BER and outage probability performances of relaying networks having the HW-SNR. This included

both AR and DF relays. The study assumed a high SNR for evaluating both CDF and pdf to reduce the

complexity of the analysis.

The BER and outage probability performances of BAF-MR networks were also investigated by [132].

Their study found that assuming a high SNR is crucial to simplifying the analysis of two different fading

channel models, namely, the log-normal shadowing and generalized-K fading channels.

In the studies by [133, 134], both relay selection and power allocation of BAF-MR networks were

optimized in analyzing the SER. Both studies found that the network with combined optimal relay selec-

tion and optimal power performed better than the network with optimal power allocation only. Similar

results were presented by [135] when the relay selection was combined with network coding in BAF-

MR networks. The authors in [136] also found similar performance enhancement, but this time BER
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performance. They used a high SNR region for evaluating BER when combining relay selection and

power allocation conditions.

The above optimal BAF-MR studies focused on the PER performance in terms of either optimizing

the power allocation or combining relay selection with optimal power allocation. However, the PER

estimation for other types of optimal schemes, such as balanced EE and SE, have not been considered,

whereas many wireless applications commonly demand that the probability of error remains below a

specific threshold [137]. Therefore, we propose a method of evaluating the ABER performance of BAF-

MR networks, and then applying it to calculate the ABER for an BAF-MR network satisfying both

optimal SE and optimal EE objectives, which is referred to an optimal BAF-MR network. The ABER

is derived from the SNR approximation at the high SNR region, since this region is useful for ABER

analysis [123].

To make ABER estimation possible for both optimal and sub-optimal BAF-MR networks, a new form

of the average SNR (AvSNR) is obtained by using both the Arithmetic and Geometric Mean inequality

(AGM) and Harmonic Mean (H M ), as the AvSNR is a common term for both ABER and EE in the

wireless channel [122, 137]. By using AGM and H M approaches, two average SNR analyses are

provided. These enable the best approach to be selected, thus giving an accurate result for the ABER

performance. It is worth mentioning here that many studies in the literature that have analyzed the AvSNR

of relay networks have used AGM or H M e.g. [30, 48, 74], but the AvSNR of such studies is only

suitable for suboptimal networks. The proposed method is applied to BAF-MR networks involving two

users communicating through flat-fading channels and a set of parallel relays. Each user node includes a

relay selection scheme to choose the highest SNR relay from among multiple relays.

The rest of the chapter is organized as follows: Section 5.2 outlines the system model; Section 5.3

describes the expressions used to calculate the approximation SNR; Section 5.4 gives the analysis of the

ABER proposed method; Section 5.5 presents the proposed method for an optimal BAF-MR network.

The simulation results are presented in Section 5.6. Finally, conclusions and remarks are discussed in

Section 5.7.

5.2 System Model

This chapter considers multiple Amplify-and-Forward relay nodes assisting two wireless users (Sa and

Sb ) to exchange information simultaneously. Each relay is allocated between two-hop cascade channels
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as shown in Fig.5.1. These channels are assumed to be Rayleigh fading specified by independent and

identically distributed (i.i.d.) random variables. All the nodes (i.e., users and relays ) are equipped with

a single antenna. The transmitted signal is modulated using Binary Phase Shift Keying (BPSK), and

we assume that both users are transmitting to all relays at the same time slot Ts1, without a direct link

between Sa and Sb.  
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Figure 5.1: Proposed System Model

The received signal at any relay is expressed as

yi =
√

paxahi +
√

pbxbgi + zri (5.1)

where, yi is the received signal at the ith relay, Pa, Pb are the signal powers for user Sa and Sb respect-

ively, xa and xb are information symbols from each user, hi is the flat fading channel coefficient between

Sa and the relay (Ri), gi is the flat fading channel coefficient between Sb and Ri, and zri~N(0,σ2) is

zero-mean complex Gaussian noise at the relay Ri [131, 138].

From (5.1), the amplification factor for the ith relay can be expressed as
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βi =

√
pri

|hi|2 pa + |gi|2 pb +σ2
, (5.2)

where, βi is the amplification factor for the ith relay, pri is the allocated power for Ri [139], σ2 is the

variance of zri (we assumed that all noises are to be i.i.d. Gaussian with zero-mean and σ2 variance).

The signals, once amplified at the relay, are then forwarded to their target users in the second time

slot TS2 as shown in Fig. 5.1. It is assumed here that the channel conditions are known at the receiving

ends, and the users are able to remove self-interference from the received signal completely. At the each

user, the signal with the highest SNR is chosen using a selection scheme mentioned in [90].

The received signal for users Sa, Sb can be expressed as

yai = yihiβi + zai, (5.3)

ybi = yigiβi + zbi, (5.4)

where, yai is the received signal for Sa, ybi is the received signal for Sb, zai and zbi are the Gaussian noises

at Sa and Sb respectively.

5.3 Signal-to-Noise Ratio (SNR)

In this section, the approximate SNR and AvSNR for a BAF-MR network are presented. The AvSNR is

calculated by using the Arithmetic and Geometric Mean inequality (AGM).

The exact SNR can be calculated for node a using Equations (5.1) and (5.3) as follows:

yai =
(√

paxahi +
√

pbxbgi + zri
)

hiβi + zai, (5.5)

By substituting (5.2) into (5.5) and then applying the expectation value on the outcome, the exact

SNR for the node Sa can be expressed as:

7ai =
pri pbγhiγgi

priγhi + paγhi + pbγgi +1
, (5.6)
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where 7ai is the exact SNR, γhi and γgi are the instantaneous channel gain-to-noise ratios (CNRs) of the

first and second hop respectively.

The CNRs can be defined as [54]:

γhi = |hi|
2
σ
−2 (5.7)

γgi = |gi|
2
σ
−2, (5.8)

Both (5.7) and (5.8) are independent and identically distributed (i.i.d). Furthermore, |hi|2 and

|gi|2have the same expectation value, equal to one [70, 71].

Following the similar method to calculate SNR at node Sa, the exact SNR for node Sb can be expressed

as

7bi =
pri paγhiγgi

paγhi + priγgi + pbγgi +1
, (5.9)

The approximations of Equations (5.6) and (5.9) give the approximate SNR for users Sa and Sb as

Gai =
pri pbγhiγgi

priγhi + paγhi + pbγgi
(5.10)

Gbi =
pri paγhiγgi

paγhi + priγgi + pbγgi
(5.11)

where Gai, Gbi are the approximate SNR for user Sa and Sb, respectively.

In this calculation, we assume the allocated power of user Sa takes the form as below

pri = ζ pa,, (5.12)

where ζ is the ratio of different power between the relay and user Sa

Substituting (5.12) into (5.10) results in

Gai = ζ/

(
ζ +1
pbγgi

+
1

pa γhi

)
(5.13)
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A similar analysis can be applied for user Sb by assuming the same way to consider ζ with Gbi i.e.,

pri = ζ pb.Thus, equation (5.11) becomes

Gbi = ζ/

(
1

pbγgi
+

ζ +1
paγhi

)
(5.14)

To find the average value of (5.13) and (5.14), we first need to obtain the average value of each

independent variable of γhi and γgi. Here, the average value of γhi evaluated as γ̄hi =
1

No
E
{
|hi|2

}
and for

γgi as γ̄gi = 1
No

{
|gi|2

}
, where No = σ2.

Both γ̄hi and γ̄gi are used to obtain the total average value of Gai by applying the formula of AGM to

(5.13), using a similar way to calculate total expectation in [140–142]. This gives the average value of

Gai as: Ḡai =
ζ

2
√

ζ+1

√
γ̄ai γ̄bi. Similarly, the average value of Gbi can be calculated as in Ḡai considering

(5.14) , and this results in Ḡbi =
ζ

2
√

ζ+1

√
γ̄ai γ̄bi which is equal to Ḡai. Accordingly, a common expression

for Ḡai and Ḡbi is expressed as

Ḡi =
ζ

2
√

ζ +1

√
γ̄ai γ̄bi , (5.15)

where Ḡi = Ḡai = Ḡbi,γ̄ai =pa γ̄hi and γ̄bi= pb γ̄gi.

Expression (5.15) reveals that the same average SNR results, for the different Gai and Gai, can be

realized for users Sa and Sb.

Another assumption for ζ can be expressed as

pri = ζ (pa + pb), (5.16)

where ζ is the ratio of selected relay power to both users Sa and Sb.

Substituting (5.16) into (5.10) results in

Gi =

(
ζ +1
ζ γbi

+
ζ +1
ζ γai

)−1

, (5.17)

where

γai = (pa + pb)γhi , (5.18)
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and

γbi =
(pa + pb) pbγgi

pa
. (5.19)

To calculate average value of (5.17) based on (5.16), we can use the Harmonic Mean (H m) presented

in [47] . This results in

Ḡi =
1
2
H m

(
ζ γai

ζ +1
,

ζ γbi

ζ +1

)
. (5.20)

where Ḡi is the average value of (5.17).

5.4 Analysing ABER of BAF-MR network

This section presents the proposed ABER analysis for two-hop cascade BAF-MR networks. In this cas-

cade fashion, the source signal passes through two hops. Each hop includes a Rayleigh fading channel,

and such a channel has a SNR that follows an exponential distribution [75], Therefore, the destination

node that receives the total SNR of two i.i.d Rayleigh fading channels also follows an exponential distri-

bution. Here, the distribution of the harmonic mean of two i.i.d. gamma random variables defined in [48]

can be employed to find the pdf in each hop. Such pdfs are expressed as

ϕgi(φ)
Sb→Ri

=
1

γ̄gi
exp

−φ

γ̄gi (5.21)

ϕhi(φ)
Ri→Sa

=
1

γ̄hi
exp

−φ

γ̄hi (5.22)

where φ is the harmonic mean (denoted by φ = µH(γhi ,γgi)) according to a gamma distribution [47],

ϕgi(φ)
Sb→Ri

and ϕhi(φ)
Ri→Sa

are the pdfs of φ for source to relay and relay to destination channels, respectively.

Now, the modified harmonic mean defined by [119] can be used to join both (5.21) and (5.22) as

follows

ϕai(φ) =
exp
−φ (

γ̄hi+γ̄gi
γ̄hi γ̄gi

)(√
γ̄hiγ̄gi

)3

(
4
√

γ̄hiγ̄gi k0

(
2φ√
γ̄hiγ̄gi

)
+2φ (γ̄hi + γ̄gi) k1

(
2φ√
γ̄hiγ̄gi

))
(5.23)

where ϕai(φ) is the total pdf, k0(.) and k1(.) are the first and the second order modified Bessel

function of the second kind.
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By applying the modified Bessel function properties, which are k0(φ)→ 0 and k1( φ
φ→0

)→ 1/φ , to

(5.23), the total pdf obtained is

ϕai(φ) =
2
√

ζ +1
ζ
√

γ̄ai γ̄bi
e
−φ

2
ζ
√

γ̄ai γ̄bi
(
√

ζ+1)
(5.24)

where ϕai(φ) is the total pdf of two-cascaded Rayleigh fading channels.

Integration of (5.24) relative to Gai , yields the cumulative distribution function for ϕai(φ) [91]. Thus,

the CCDF of (5.24) is then given as

Fai(φ) = 1− e
−φ

2
ζ
√

γ̄ai γ̄bi
(
√

ζ+1)
, (5.25)

Using the relationship between the Q-function and (5.25) as in [92], the term of Fai(φ) can be rewritten

as

Q(φ) =

(√
2φ

ζ
√

γ̄ai γ̄bi

2
√

ζ +1

)
. (5.26)

The Q-function can be given in terms of complementary error function (erfc) as in [13]. Thus, the

relationship between (5.26) and the erfc functions can be summarized as

Q(φ) =
1
2

erfc(
φ√
2
) . (5.27)

Substituting(5.26) into (5.27) results in

Q(φai) =
ζ
√

γ̄ai γ̄bi

2
√

ζ +1
erfc

(√
φ

ζ
√

γ̄ai γ̄bi

2
√

ζ +1

)
(5.28)

Both (5.24) and (5.28) will allow us to create an ABER expression for BAF-MR networks, as defined

by [13]. This is expressed

Pe(φ) =

∞̂

0

e
−φ

2
ζ
√

γ̄ai γ̄bi
(
√

ζ+1)
erfc

(√
φ

ζ
√

γ̄ai γ̄bi

2
√

ζ +1

)
dφ , (5.29)

By evaluating (5.29), the ABER of BAF-MR network is obtained in case of one relay network. This

results in



CHAPTER 5. ASYMPTOTIC BER ANALYSIS OF BIDIRECTIONAL RELAY NETWORKS 75

Pe(φ) = ζ

√
γ̄aiγ̄bi

4ζ +4

(
1−

√
ζ 2γ̄aiγ̄bi

ζ 2γ̄aiγ̄bi +4ζ +4

)
(5.30)

Expression (5.30) is derived for a single relay branch (i.e, i= 1). In a BAF-MR network, however, several

signals are received through independent relay branches, and then these signals are combined using a

combining strategy. The selection combiner is adopted in this work to select the highest instantaneous

SNR among several available relays. Thus, the higher order statistics technique in [95] is applied to

analyze SNR as: Gai = max{Ga1,Ga2, ....,Gan}. Here, we can apply such order in respect to φas

φ ai = max{φ a1,φ a2, ....,φ an}, (5.31)

where φ an represents the largest order statistic and φ a1be the smallest one.

The order in (5.31) requires to obtain CDF of φ (ai). In order to do that, we can apply the order

statistical analysis presented by [95] to obtain

F ai(φ) = Prob(φai ≤ φ an) = F a1(φ a1)F a2(φ a2)...F an(φ an) = [F (φ an)]
n (5.32)

where F ai(φ) is the CDF of φ ai.

Since the channels are specified as i.i.d, expression (5.32) can be defined as in [66]. This results in

F ai(φ an) = nF (φ an).

Now, substituting (5.28) which assumed i = n = 1 into F ai(φan) expression considering φ dis-

tribution, the total CCDF at Sa is expressed as

F (ai)(φ) = n
ζ
√

γ̄an γ̄bn

2
√

ζ +1
erfc

(√
φ

ζ
√

γ̄an γ̄bn

2
√

ζ +1

)
. (5.33)

By taking the derivation of (5.32) in relative to φ (an) , the total pdf is obtained as follows

ℑ(ai)(φ) =
n

Ḡ(an)
e
−

φ(an)
Ḡ(an)

(
F (φ (an))

)n−1
, (5.34)

where ℑ(ai)(φ) is the total value of pdf at Sa.

Further analysis for (5.34) results in

ℑ(ai)(φ) =
n

Ḡ(an)

(
e
−

φ(an)
Ḡ(an)

)n

. (5.35)
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Now, ABER of n relay in a BAF-MR network is obtained by using (5.33) and (5.35) as in (5.29).

This gives

Pe(φ (an)) =
n2

Ḡ(an)

∞̂

0

(
e
−

φ(an)
Ḡ(an)

)n
ζ
√

γ̄an γ̄bn

2
√

ζ +1
erfc

(√
φ (an)

ζ
√

γ̄an γ̄bn

2
√

ζ +1

)
dφ (an) (5.36)

Evaluating (5.36) gives

Pe(φ(an)) =

ζ

2

√
γ̄aiγ̄bi

ζ +1

1−

√√√√ 1

1+ (ζ+1)4n
ζ 2 γ̄ai γ̄bi




n

, (5.37)

where Pe(φ(an))) is the ABER of BAF-MR networks for n relays when (5.15) is used for analysis.

Now, to calculate ABER performance based on the Harmonic mean in (5.20), we employ the error

probability performance of BAF-MR networks which was presented in [119] as

P5(Gi) =

∞̂

0

e−Gi√
Gi 4π

F (Gi)dGi, (5.38)

where F (Gi) is the Cumulative Distribution Function (CDF) of the output SNR, e−Gi√
Gi 4π

is the probability

density function (pdf) of two random variables in the cascade form. Such pdf can be determined by

following the procedure described in (5.21) and (5.22) and following the similar approach demonstrated

in for unidirectional relay networks [47]. The value of F (Gi) is then expressed as:

F (Gi) = 1− 2Gi exp−Gi (
ζ+1
ζ γ̄ai

+ ζ+1
ζ γ̄bi

)

ζ

ζ+1
√

γ̄ai γ̄bi
k1

 2Gi
ζ

ζ+1
√

γ̄ai γ̄bi

 , (5.39)

where, k1 is the modified first-order Bessel function which can be approximated as k1(Gi)→ 1/Gi. This

leads to

F (Gi)≈ 1− exp−Gi (
ζ+1
ζ γ̄ai

+ ζ+1
ζ γ̄bi

)
. (5.40)

Expression (5.40) is derived for a single relay branch (i.e, i = 1). In a multiple BAF-MR network,

however, several signals are received through independent relay branches, and then these signals are

combined by one of the combining strategies. The selection combiner is adopted to select the highest
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instantaneous SNR among several available relays. Thereby, a higher order statistics technique is applied

to analyze SNR as presented in equation (5.32).

Thus, for n relay, equation (5.40) can be expressed, based on (5.32), as

F (i)(Gn)≈
(

1− exp−Gi (
ζ+1
ζ γ̄ai

+ ζ+1
ζ γ̄bi

)
)n

. (5.41)

The first order expansion of (5.41) results in

F (i)(Gn)≈
(

exp−Gi (
ζ+1
ζ γ̄ai

+ ζ+1
ζ γ̄bi

)
)n

. (5.42)

Substituting (5.42) into (5.38), and evaluating the integral. This results in

P5(Gn)≈
2n
√

4π
Γ(n+0.5)

(
ζ +1

ζ

(
1

γ̄ai
+

1
γ̄bi

))n

, (5.43)

where P5(Gi) is the proposed ABER which is adopted in (5.20)

5.5 Analysing ABER of an Optimal BAF-MR level

The optimal SNR in relay networks can be achieved by optimizing the power allocated between the relay

and the transmitter as in [30]. Another strategy is to balance EE and and SE (BES) as in [43, 44, 88]. In

this section we consider the second strategy (i.e., BES) to analyse BER in BAF-MR networks.

To calculate optimal SNR by using the BES strategy, we adopted EE metrics defined as the number of

transmitted data bits per Joule of energy. As the definition of EE includes data rate/powers consumption,

thus, the steps of BER calculation are as follows:

1. Minimizing total powers consumption under fixed average data rate.

2. Maximizing EE based on maximized SE.

3. Obtaining optimal SNR from 1 and 2.

In this chapter we use average Energy Efficiency (EE) to calculate average optimal SNR by following

the above steps.

According to (3.23), EE can be expressed as
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ζ̄ =
ℜ̄i

p̄ti
, (5.44)

where ℜ̄i is the average data rate, and p̄ti is the average power consumption. In BAF-MR networks the

value of ℜ̄i is equal to sum rates of the first and the second hops as ℜ̄i = ℜ̄ba + ℜ̄ab, whereℜ̄ba and ℜ̄ab

are the average throughputs from users Sb and Sa respectively. Each of ℜ̄ba and ℜ̄ab is calculated as in

(3.23). as

ℜ̄i ≈
1
2

log2(1+ Ḡai)+
1
2

log2(1+ Ḡbi) (5.45)

From equation (5.15) , expression ℜ̄i can be given as

ℜ̄i ≈ log2(1+ Ḡi) (5.46)

The total average energy consumption p̄ti in BAF-MR networks includes signal processing of power

amplification and the circuit’s energy consumption [82]. It can be presented as

p̄ti = (ξ ( p̄a + p̄b + p̄ri)+β ℜ̄i + pci)/2 (5.47)

where ξ is a constant associated with the amplifier power efficiency, pci is static circuit power and βℜi

is the dynamic power per-unit data rate [43]. The term of (βℜi + pci) is related to static circuit power

consumption, (further information about the relay power is presented by [103, 117]).

Now to minimize the total energy consumption for the given average data rate, we can use the fol-

lowing equation

Min fa(ℜ̄i)+ fb(ℜ̄i)+ fri(ℜ̄i) (5.48)

The powers fa(ℜ̄i) and fb(ℜ̄i) can be obtained from (5.15) as

pa = fa(ℜ̄i) =
1

γ̄hi pb γ̄gi

(
2Ḡi

√
ζ +1
ζ

)2

(5.49)
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pb = fb(ℜ̄i) =
1

γ̄hi pa γ̄gi

(
2Ḡi

√
ζ +1
ζ

)2

(5.50)

Also relay power in (5.12), is expressed as a function of ℜ̄i as follows

pri = fri(ℜ̄i) = ζ p̄a,, (5.51)

By substituting (5.49), (5.50) and (5.51) into (5.48) and taking the outcome derivation, the minimum Sa,

Sb and relay powers are obtained as follows

fa(ℜ̄i) = fb(ℜ̄i) =
2Ḡi

ζ
√

γ̄hi γ̄gi
(5.52)

fri(ℜ̄i) =
2Ḡi√
γ̄hi γ̄gi

(5.53)

Substituting (5.46), (5.52) and (5.53) into EE expression as

EE=
2 log2(1+ Ḡi)

Ḡi√
γ̄hi γ̄gi

ξ ( 1
ζ
+1)+β log2(1+ Ḡi)+ pci

(5.54)

By taking the derivation of (5.54) with respect to Ḡi, the optimal SNR value based on balancing SE and

EE is obtained as follows

∗
Gai =

pci−Γ

Γ Wo
(
− e−

pci
Γ
−1(Γ−pci)

Γ

) , (5.55)

where
∗

Gai is the optimal value of Gai , e is the base of the natural logarithm, Γ = ξ√
γ̄hi γ̄gi

( 1
ζ
+1) and

Wo(.) is the real branch of omega function [106].

From (5.55), the optimal data rate can be determined as
∗

ℜi = log2(1+
∗

Gai), which can be rewritten

as
∗

Gai = 2
∗

ℜi−1.

Estimating ABER of BAF-MR networks based on (5.55) requires following the same procedures as

for (5.37). However, the average value in (5.15) is subjected to the relation of energy per bit to noise

power spectral density ratio (i.e., Eb/No) as presented in [84]. This gives Eb
No

ζ ℜi√
ζ+1

∗
ℜi

. Accordingly, the

optimal value of (5.15) is expressed as
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∗
Ḡai =

√
ζ 2

ζ +1
ℜi
√

γ̄ai γ̄bi/4
∗

ℜi

. (5.56)

Using (5.56) and following the same procedures for (5.37), ABER of the optimal BAF-MR network is

expressed as

P̊e(φan) =

 ∗
Ḡai

1−
√√√√ ℜi

ℜi +
∗

ℜi(ζ+1)4n
ζ 2 γ̄ai γ̄bi




n

(5.57)

Equation (5.57) is analyzed based on (5.15). Now, ABER of the optimal BAF-MR network employs

average SNR value in (5.20) can be analyzed as follows:

The total average energy consumption p̄ti in (5.47) can be presented as: pti =
(ζ+1)ξ

2 (pa + pb)+

(β ℜi + pci). Thereby, we can follow the procedure of (5.55) to obtain optimal SNR of balancing SE and

EE. This given as

G̊i = exp1+Wo
(

pci
Γ(ζ+1)ξ e−

1
e

)
−1, (5.58)

where G̊i is the optimal value of Gi, Γ = 1
γhi

+ 1
γgi

+ 2√
γhiγgi

.

From (5.58), the optimal data rate (ℜ̊i) can be determined as ℜ̊i = log2(1+ G̊i), which can be ex-

pressed as

G̊i = 2ℜ̊i−1 (5.59)

The optimal powers for both Sa and Sb users can be obtained also by following the same procedure of

(5.49) and (5.50) . This is expressed as

p̊a =
(

2ℜ̊i−1
)( 1

γhi
+

1
√

γgiγhi

)
(5.60)

p̊b =
(

2ℜ̊i−1
)( 1

γgi
+

1
√

γgiγhi

)
(5.61)

where p̊a and p̊b are the optimal powers of pa and pb respectively.

The optimal values of (5.18) and (5.19) are derived as
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γ̊ai =
(

2ℜ̊i−1
)( 1

γhi
+

1
√

γgiγhi

)
γhi (5.62)

and

γ̊bi =
(

2ℜ̊i−1
)( 1

γgi
+

1
√

γgiγhi

)
γgi. (5.63)

where γ̊ai and γ̊bi are the optimal value of γai and γbi respectively.

By using (5.62) and (5.63) in (5.20) , the optimal value of average SNR is calculated as

˚̄Gi =
1
2
H m

(
γ̊ai

(ζ +1)/ζ
,

γ̊bi

(ζ +1)/ζ

)
. (5.64)

where ˚̄Gi is the optimal average value.

Following the same procedures of (5.43), ABER of the optimal BAF-MR network, using (5.20), is

expressed as follows

P̊5(G̊i) =
1√
4π

(
ζ +1
0.5ζ

)n

Γ(n+0.5)
(

1
˚̄γai

+
1
˚̄γbi

)n

. (5.65)

5.6 Simulation Results

The results of the proposed methods applied to the system model described in Section 5.2 are presented

in this section. However, for this analysis we are limiting the number of relays to four (i.e, n = 4).

Further, we consider two values of ζ as 1 and 2 for validating the results. For every value a comparison

between simulated and analytic results is presented.

Fig. 5.2 shows the ABER performance of equation (5.37) assuming ζ = 1 (i.e., equal power alloc-

ation for all nodes). It can be observed that the ABER performance improves as the number of relays

increases in the network. The proposed results approach the simulation results especially at the high SNR

region. However, there are considerable differences between them in the low SNR region. This trend is

related to the fact that the analysis is limited to the high SNR region.

A similar result is shown in Fig. 5.3 when equation (5.43) is adopted. This result confirms that the

ABER analysis whether by using (5.15) or (5.20) gives a similar result when user powers are equal.
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Figure 5.2: ABER performance in (5.37) assuming ζ = 1

By increasing ζ to 2, the result of ABER gives more enhancement, as the higher ζ increases overall

received SNR and this leads to lower BER [30], and such a result is illustrated in Figs. (5.4) and (5.5)

for equations (5.37) and (5.43), respectively. However, Fig. (5.5) illustrates more ABER enhancement at

low SNR level when AGM is used, and this result agrees with [143] who compared between AGM with

HM.

Figs. 5.2 to (5.5) correspond to the suboptimal network. The ABER results pertaining to optimal

networks are shown in Figs. 5.6 to 5.9. Figs. 5.6 compares the ABER analytic and simulation results to

verify equation (5.57) assuming ζ = 1. It can be seen from the figure a high match exists between the

analytic and simulation results. It also shows that the ABER performance is enhanced compared to Fig.

5.2. This proves that a considerable performance can be achieved by an optimal balance between EE and

SE. Similar result depicts in Fig. 5.7 to demonstrate expression (5.65).

Further ABER enhancement is illustrated in Figs. 5.8 and 5.9 when ζ = 2. It can be seen from these

figures that the asymptotic analytical results approach the simulation results at high SNR. Both figures

prove that the ABER performance is enhanced when optimal SNR defined in (5.57) and (5.65) is adopted.
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Figure 5.3: ABER performance in (5.43), assuming ζ = 1
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Figure 5.4: ABER performance in (5.37) assuming ζ = 2
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Figure 5.5: ABER performance in (5.43), assuming ζ = 2
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Figure 5.6: ABER performance assuming ζ = 1 and network is an optimal
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Figure 5.7: ABER performance of an optimal network, assuming ζ = 1
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Figure 5.8: ABER performance assuming ζ = 2 and network is an optimal
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Figure 5.9: ABER performance of an optimal network, assuming ζ = 2

5.7 SUMMARY

A new method has been presented in this chapter for analysing the asymptotic BER performance of a

BAF-MR network that uses flat fading channels and a relay selection scheme. Analytical expressions

calculating the ABER under high and optimal SNR domains have been presented. These analyses use

both AGM and H M . The results were verified by simulation, and it was found that both analyses

gave the same ABER result at high and optimal SNR domains. However, in the low SNR domain, AGM

gives a better ABER result than H M , particularly with high ζ . The effectiveness of the method was

demonstrated by estimating the asymptotic BER of a BAF-MR network under two different SNR do-

mains, namely, high and optimal, a result that has not previously been presented. It was found that the

optimal SNR obtained from a balanced network has a lower asymptotic BER than suboptimal networks.

In the next chapter, the accuracy of the above asymptotic BER is increased, and the work is extended

to analyze the exact BER performance.



Chapter 6

Precise Error Rate Analysis of BAF-MR

Networks

6.1 Introduction

In Chapter 5, we demonstrated a result from evaluating the Asymptotic BER (ABER) performance under

a high SNR level. To increase the accuracy of the ABER of BAF-MR networks for a wide range of

applications, this chapter investigates a new method of increasing the accuracy of ABER evaluation under

low and high SNR levels. Further, the ABER is analyzed for two different geographic environments, as

the channel of each hop in BAF-MR networks is located in a different environment. Moreover, the ABER

is used to calculate the Exact Bit Error Rate (EBER), which is more complex than the ABER. Thus, the

BER of MAF-RS networks can be evaluated under low and high SNR levels using either ABER or EBER.

Bit error rate and related performance analyses of relay networks have been investigated by many

researchers. In an early study, [123] employed a high SNR approximation to express the ABER of

wireless transmission over flat fading channels under severe fading conditions. The study, however, was

limited to only the ABER. The approximated SNR using the harmonic mean was investigated by authors

[48], who analyzed the BER of AF-relay networks and then compared it to that of DF-relay networks.

They found that DF-relay networks outperform AF-relays at low SNR, while at high SNR the AF and DF

have similar BER performances. Similar results have been obtained by [144]. However, [47, 123, 144]

studies did not consider a bidirectional AF relay scheme.

87
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For BAF-MR network, study [145] adopted a high SNR region for analyzing different BER condi-

tions with a relay selection scheme, including the best relay selection, best worst-channel selection and

maximum-harmonic-mean selection. The results showed that the BER improves in the high SNR re-

gion. This study, however, used symmetrical transmission channel coefficients, while the relay network

channels are commonly passing through different geographic environments.

Authors in [125, 127] investigated the asymptotic Symbol Error Rate (SER) performance of a BAF-

MR network by considering a high SNR region and the moment generating function (MGF) approach to

make their calculations easier [122]. In fact, the SER requires further analysis to determine the BER,

which is a more useful metric than SER [25]. Thus, studies [87,125,126,128] analyzed asymptotic BER

in a high SNR region. However, all these studies show a big gap between the ABER and EBER at both

low and middle SNR regions. Accordingly, the ABER of these studies are limited for the highest SNR

domain applications.

In [129], the Block Error Rate (BLER) performance was derived based on the Highest Worse Signal-

to-Noise Ratio (HW-SNR) of the BAF-MR networks. The derivation adopted the approximated cumula-

tive distribution function (CDF) of the HW-SNR to obtain the BLER performance, in order to simplify

the analysis. However, [146] observed that evaluation error rate using BLER may not led to proper error

rate evaluation because, the channel variability and bursts of errors may occur only in certain transport

blocks.

For the BAF-MR with co-channel interference, [130] used an approximated CDF to evaluate the

ABER performance. This study assumed high source and relay transmitting powers to simplify the

analysis. Similarly [136], calculated the ABER expression for high SNRs using the probability density

function (PDF) of high SNR. Both the ABER schemes in [130,136], presented a substantial gap between

the ABER and EBER at the low SNR region. The BER performances of general relay selection schemes

for log-normal shadowing and generalized-K fading channels were investigated by [132], who showed

that assuming a high SNR is crucial to simplifying the analysis of the channels.

The above studies presented various techniques for evaluating asymptotic and exact error rate perfor-

mance of BAF-MR networks. Given the complexity of the analysis of exact error rate performance, most

of these studies considered approximated SNR to simplify the analysis of asymptotic error rate perfor-

mance. However, this comes at the cost of not being able to evaluate the BER at a low SNR level, when

in fact several wireless applications operate at such a level [137, 147]. Thus, the presented asymptotic

error rate analyses, as they currently stand, are not usable for such applications. Therefore, we propose
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a new method to enhance the ABER analysis, specifically designed to address the ABER analysis at

the low SNR region. The proposed method enables calculation of the ABER performance of two-hop

BAF-MR networks using the conventional BER analysis of one-hop communication. In other words, a

two-hop BAF-MR network is equivalent to a one-hop link. So, the one-hop SNR’s can roughly unify

the ABER analysis at high and low SNR values. Furthermore, using the equivalent one-hop link helps

to reduce the assumptions made in the BER analysis compared with the above studies. Accordingly, the

proposed method provides an accurate ABER result, especially at the low SNR region, as is confirmed

by the simulation results. Further, the exact BER performance can be directly obtained from the ABER,

and this provides a standard solution for the BER analysis of bidirectional two-hop relay networks. Last

but not least, the ABER and BER are expressed for two different geographic environments to overcome

the shortcomings of previous studies.

The rest of the chapter is organized as follows: Section 6.2 outlines the system model; Section

6.3 describes the expressions used to calculate the SNR; Section 6.4 briefly reviews the BER for direct

link performance and discusses the proposed method for analyzing the BAF-MR network performance

assuming one relay in the network; Section 6.5 analyzes ABER performance in multi-relay systems using

relay selection strategy; Section 6.6 presents the EBER performance; Section 6.7 shows the simulation

results. Finally, conclusions and remarks are discussed in Section 6.8.

6.2 System Model

This chapter considers two wireless users: Sa and Sb who are communicating with each other through

multiple AF-relay nodes as shown in the block diagram in Fig. 5.1. All nodes (i.e, users and relays) are

equipped with a single antenna. The transmitted signal for each user is modulated using binary phase

shift keying (BPSK) scheme.

It is also assumed that each user has a selection scheme which includes a comparator and a fast switch

[90]. In a selection scheme, the received signals are continuously monitored so that the best signal can be

chosen based on a particular criterion. In theory, the highest SNR criterion is commonly adopted, but this

is difficult to obtain in practice. Thus, the strongest signal with its noise is selected. Using the selection

scheme at the receiver, the signals must be monitored at a rate faster than that of the fading occurrence,

and full branches information should be available at the destination [148]. Fig. 6.1 shows the principles

of selection schemes employed in BAF-MR networks.
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We also assume that Sa and Sb simultaneously broadcast their signal over Rayleigh fading channels

in the first time-slot Ts1. Thus, the signal received by any relay can be obtained as in (5.1), and the

amplification factor for the ith relay is obtained as in (5.2). Each relay amplifies transmitted signals by βi

factor. The amplified signals are then forwarded to their target users in the second time slot TS2 as shown

in Fig. 6.1. It is assumed here that the channel conditions are known at the receiving ends. Each user in

the network receives signals from all relay branches but the signal with the highest SNR is chosen using a

selection scheme, which includes a comparator and a fast switch [90]. Thus, the signal received by users

Sa and Sb can be expressed as (5.3) and (5.4), respectively.

 za1 
h1 β1 g1 zb1 

zai hi βi zbi 

n-relays 

 gn  zan 

   gi 

hn 
βn zbn 

Sb 

Monitor 
SNR 

Sa 

(Ts1) 

Monitor 
SNR 

 Transmission signal 
  Amplification signal 

Select 
Highest 

Select 
Highest 

(Ts2)

Figure 6.1: System Model

6.3 Signal-to-Noise Ratio

In this section, exact and approximated SNRs for multi AF-relay network are formulated. The exact SNR

is formulated as in (5.5), and this can be expressed as

yai = (
√

paxahi +
√

pbxbgi + zri)hiβi + zai, (6.1)
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The Sa node removes its own transmitted signal via self-interference cancellation [55]. By substituting

(5.2) into (6.1) and assuming both E {xa} and E {xb} equal one, we can obtain the power signal as follows

E
{

y2
ai
}
=

|hi|2 pri

σ2
|gi|2 pb

σ2 +
(pa + pri)

σ2 |hi|
2 +

pb

σ2 |gi|
2 +1. (6.2)

where E
{

y2
ai
}

is the signal power for Sa obtained by removing its own transmitted signal from the return

signal coming from the relay using self-interference cancellation [55] .

By letting k= |hi|2 pri
σ2

|gi|2 pb
σ2 + (pa+pri)

σ2 |hi|2 +
pb
σ2 |gi|2, equation (6.2) can be rewritten as

E
{

y2
ai
}
= k+1. (6.3)

Determining the exact end-to-end SNR from (6.3) results in (5.6). Similarly, the exact SNR for Sb is

defined as (5.9).

By assuming that k� 1, we obtain the following expression

Gai =
pri pbγhiγgi

priγhi + paγhi + pbγgi
, (6.4)

where Gai is the SNR approximation for Sa. Similarly, SNR of Sb can be expressed as

Gbi =
pri paγhiγgi

priγhi + paγgi + pbγgi
(6.5)

Gbi is the SNR approximation for Sb.

Equation (6.4) and (6.5) can be used to analyze asymptotic error rate performance at high SNR region

as [35, 87, 131].

Based on the above SNR approximations, asymptotic and actual BER analysis are derived by con-

sidering two scenarios: the first scenario considers similar CNRs as γhi = γgi, while the second scenario

assumes different environments i.e. γhi 6=γgi. It is worth mentioning, that the channels in each hop of a

relay network are typically located in different environments.

6.4 ABER Performance For One Relay Network

In this section, the ABER of the BAF-MR network is calculated by assuming that the network has one

relay (i.e, i = n = 1) . The ABER calculation is based on the one-hop (direct link) BER analysis which
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assumes BPSK modulation and a flat channel. This analysis was presented by [13] as

Pb(γ) =

∞̂

0

Q(
√

2γ)
e−

γ

γ̄

γ̄
dγ, (6.6)

where Pb(γ) is the rate of error probability, e
− γ

γ̄

γ̄
is the probability density function of γ , and Q(

√
2γ) is

the complement of the cumulative distribution function (CCDF) related to the Gaussian random variable

which is defined as Q(
√

2γ) = 0.5erfc
√

γ [13]. By evaluating the integral of (6.6), BER performance

for a direct link is Pb(γ) = 0.5
(

1−
√

γ̄

1+γ̄

)
, where γ̄ is the averageSNRdefined as

γ̄ = E {γ}= pσ
−2E

{
|h|2
}
= Eb/No, (6.7)

where E
{

|h|2
}

is the expected value of the fading channel coefficient which is equal to one, p is the

transmitter power and Eb/No is the energy per bit to the spectral noise density ratio.

By following a similar approach for calculating BER of a direct link, ABER performance of a BAF-

MR network can be analyzed as described below:

Let equation (6.6) defined as a function of γ as

Pa(Gai(γ)) =
1

Ḡai(γ̄)

∞̂

0

Q(
√

2Gai(γ))e
− Gai(γ)

Ḡai(γ̄) dγ, (6.8)

where Pa(Gai(γ)) is the probability of error, Ḡai(γ̄) is the average SNR, Q(
√

2Gai(γ)) is the CCDF and

e
− Gai(γ)

Ḡai(γ̄)

Ḡai(γ̄)
is the total pdf. All these variables are expressed with respect to γ .

Calculating Ḡai(γ̄) requires obtaining the average value of (6.4), and this is achieved by evaluating the

average value of γhi and γgi as [25], accordingly, the average values of both γhi and γgi are expressed as

γ̄hi = E
{

|hi|
2}/σ

2, (6.9)

γ̄gi = E
{

|gi|
2}/σ

2. (6.10)

Both |hi|2 and |gi|2 are independent, identically distributed (i.i.d) random variables and they have the

same expectation value equal to one [70, 71].

Now, the average value of (6.4) can be calculated by assuming that the distribution powers among

selected relay and users are subjected to the first scenario mentioned in Section 6.3, namely:
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pa = pb = pri, (6.11)

Thus, the value of Ḡai(γ̄) is obtained by substituting (6.9), (6.10) and (6.11) into (6.4). This results in

Ḡai(γ̄) = 2γ̄/3, (6.12)

The other term in (6.8) represents the total probability density function (pdf) for double-cascaded

Rayleigh channels. It can be obtained from (6.4) and (6.12), as |hi| and |gi| are i.i.d random variables

and their SNRs follow an exponential distribution [75]. Such independent variables can be expressed as

shown in [76], to give the pdf as

ℑ(Gai(γ)) =
e
−

Gai(γ)
Ḡai(γ̄)

Ḡai(γ̄)
= (2γ̄/3)−1e−

γ

γ̄ (6.13)

where ℑ(Ḡa1(γ̄)) is the total pdf value.

Integration of (6.13) relative to Gai(γ) by following similar way in [91], results in the following cu-

mulative distribution function (Fai(Gai(γ))) as

Fai(Gai(γ)) = 1− e
−

Gai(γ)
Ḡai(γ̄) , (6.14)

By using both (6.14) and the relationship between the Q-function with the error function (erfc) as demon-

strated in [92], the term of Q(
√

2Gai(γ)) in (6.8) becomes

Q(
√

2Gai(γ)) = 2(3)−1erfc(

√
2γ

3
), (6.15)

Substituting (6.13) and (6.15) into (6.8) results in

Pa(Gai(γ)) =
1
γ̄

∞̂

0

er f c(
√

2γ/3)e−
γ

γ̄ dγ, (6.16)

Evaluating (6.16), the ABER performance of BAF-MR network is obtained as follows

Pa(Gai(γ)) = 1−
√

1− (1+
2γ̄

3
)−1 (6.17)
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Equation (6.17) represents ABER solution for the first scenario (i.e. γhi=γgi ). To derive ABER perfor-

mance for a two-hop BAF-MR network under the second scenario, we assume that the first hop channel

(i.e., γhi ) is located in a different environment fromγgi. Here, the disparity between both channels can be

explained as

γhi = Cγgi (6.18)

where C is a constant number (C ∈R).

Substituting (6.18) into (6.4), and following the same procedures used for obtaining (6.12) results in

¨̄Gai(γ) =
2C

C+2
γ̄, (6.19)

where ¨̄Gai(γ) is the average SNR value under the second scenario.

The total probability density function for the second scenario is determined as in (6.13). This results

in

ℑ̈(G̈ai(γ)) =
(C+2)

2Cγ̄
e−

γ

γ̄ , (6.20)

where ℑ̈(G̈ai(γ)) is the system’s pdf in respect to γ̄ .

Also, the Q-function under the second scenario is obtained by following (6.15) and this results in

Q(
√

2G̈ai(γ)) =
2C

C+2
erfc

(√
2C

C+2
γ

)
. (6.21)

By substituting (6.20) and (6.21) into (6.8) and then evaluating the integration, ABER performance of

one relay BAF-MR network under the second scenario is calculated as

Pa(G̈ai(γ)) = 1−
√

1− (1+
2C

C+2
γ̄)−1 (6.22)

6.5 ABER Performance for Multiple Relays

The previous section presented ABER performance of the BAF-MR network for one relay node. In this

section, the general form for n relays is derived.

The BAF-MR network with a selection strategy allows the selection of the highest SNR output among

all relays branches and this can significantly improve system performance. Implementation of such
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selection at the receiver requires knowledge of order statistics. Here, we briefly present the basic order

statistical tool, which is used for our analysis.

SNR output can be ordered statistically as Ga(i) = max{Ga1,Ga2, ....,Gan}, where Ga(i) is the ith order

statistic of SNR, Gan represents the largest order statistic and Ga1 is the smallest [94, 128]. The SNRs in

a statistical order are based on CDF as follows: let the CDF of Gan be denoted as F (i)(Gan), and then

apply the order statistical analysis as presented by [95]. This results in F (i)(Gan) = Prob
(

Ga(i) ≤ Gan

)
=

F (1)(Ga1)F (2)(Ga2)...F (n)(Gan) =
[
F (Ga(i))

]n
. Thus for n relays, the order statistics of Gan based on

CDF is expressed as

F (i)(Gan) =
(
Fa(n)(γn)

)n
, (6.23)

where n is the relay number.

In case of i.i.d channels, equation (6.23) can be written as Fa(i)(γn) = n
(
Fa(n)(γn)

)
[66]. By sub-

stituting (6.15) into (6.23), the total CCDF at Sa is calculated as

Fa(i)(γn) =
2n
3

erfc

(√
2γ

3

)
(6.24)

By taking the derivative of (6.23) relative to γn using similar approach in [120], the total pdf of (6.24)

is obtained as

ℑa(i)(γn) =
n

γ̄ai(γ̄)
e
−

γai(γ)
γ̄ai(γ̄)

(
F (n)(γn)

)n−1 (6.25)

where ℑa(i)(γn) is the total pdf signals at Sa

Further analysis for (6.25) results in

ℑa(i)(γn) =
n

γ̄ai(γ̄)

(
e
−

γai(γ)
γ̄ai(γ̄)

)n

(6.26)

Substituting (6.24) and (6.26) into (6.8) gives

Pa(Gai(γ)) =
2n2

3 γ̄ai(γ̄)

∞̂

0

erfc

(√
2γ

3

)(
e
−

γai(γ)
γ̄ai(γ̄)

)n

dγ. (6.27)

Evaluating (6.27) in respect to γ , the general form of ABER performance of the BAF-MR network is

obtained as follows

Pa(Gai(γ)) = n

(
1−

√(
2γ̄.

3n+2γ̄.

))n

, (6.28)
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where n is the total number of relays in the network.

To express ABER in the second scenario (i.e., different CNRs), we can use the same procedures of

equations (6.19) to (6.22) considering n relays. This results in

P̈a(Gai(γ)) = n

(
1−

√
γ̄

n(1+1/2C)+ γ̄

)n

, (6.29)

where P̈a(Gai(γ)) is the ABER performance under the second scenario.

6.6 Analyzing EBER Performance

In this section, the EBER performance of a BAF-MR network is expressed by using the same analysis

of ABER discussed in the previous section. However, the SNR for the EBER requires different analysis.

Here, we can reanalyze term k in (6.3), which involves a set of independent random variables, by using

the linearity of expectation property in [93]. Accordingly, the average value of actual SNR is calculated

as

γ̄ai(γ̄) = 2n−1
(

n
2
+

γ̄

3

)
, (6.30)

where γ̄ai(γ̄) is the total average value of actual SNR as a function of γ̄ .

Following the same analysis of (6.28) as well as considering (6.30), the EBER performance for the

first scenario is obtained as follows

Pa(γai) = n

1−

√√√√√
(

γ̄3−1

n

)
+ 1

2(
γ̄3−1

n

)
+1


n

. (6.31)

For the second scenario, we follow the steps of (6.29) to calculate the EBER performance of the

BAF-MR network as

P̈a(γai) = n

(
1−

√
1− (2+2C

γ̄

n(2C+1)
)−1

)n

. (6.32)

where P̈a(γai) is the EBER performance under the second scenario.
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6.7 Simulation Results

Evaluating asymptotic and exact BER performance using the proposed method are presented in this

section. The system described in Section 6.2 is adopted, but with limiting relay numbers to four (i.e,

n=4). All analytic results are compared to the baseline system (i.e., the simulation) in order to validate

the result.

Fig. 6.2 shows ABER performance in Eq. (6.28). It is clear from this figure that the ABER per-

formance improves as the number of relays increases in the network. Further, our results align with

the simulation results especially in the high SNR region. In the low SNR region, our results are slightly

different to the simulation results, but still far better than other systems operating in this region, such

as [87, 125, 126, 128, 131]. Overall, our ABER expression gives more accurate results particularly in the

low SNR region. Fig. 6.3, illustrates the proposed EBER results from (6.31) approaching the simula-

tion results. A comparison between figures 6.2 and 6.3 at the low SNR region shows a slight difference

between ABER and EBER results.

Figs. 6.2 and 6.3 represent the first scenario, which assumes equal CNRs channels. Fig. 6.4 shows

results of ABER expression in (6.29), when C=2. It is clearly seen in this figure that the ABER per-

formance improves as the SNR increases. Further, the figure shows a high degree of accuracy between

the simulation and the proposed analysis in the high SNR region with small differences in the low SNR

region.

Fig. 6.5 also illustrates the second scenario, but this time using the EBER expression in (6.32). Still,

our results match the simulation baseline for the entire range of SNRs. The BER performance has reduced

upon decreasing the value of C to 3/4, and this is confirmed in Figs. 6.6 and 6.7 which depict the results

of asymptotic and exact BER performance respectively. Furthermore, Fig. 6.6 shows a significant match

between the simulated and the proposed analysis at the high SNR region. However, the differences in the

low SNR region are slightly worse than in the above ABER results, as the high value of C reduces the

total SNR value.

6.8 SUMMARY

New asymptotic and exact BER expressions for two-hop BAF-MR network are presented in this chapter.

Each hop includes a flat fading channel and a relay selection scheme at each destination terminal. The
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ABER and EBER expressions are derived by assuming that the channel of each hop is located in a

particular environment.
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Figure 6.2: Asymptotic-BER performance

0 5 10 15 20 25 30 35 40
SNR (dB)

10-5

10-4

10-3

10-2

10-1

100

E
B

E
R

Analytical n=1
Analytical n=2
Analytical n=3
Analytical n=4
Simulation (Baseline)

Figure 6.5: Exact-BER Performance at C=2
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Figure 6.3: Exact-BER performance
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Figure 6.4: Asymptotic-BER performance C=2
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Figure 6.6: Asymptotic-BER Performance at C=3/4
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Figure 6.7: Exact-BER Performance at C=3/4

When both hops are located in the same environment, the fading channels of the hops are i.i.d, while

different environments make the fading channels of the hops different. This enables the evaluation of



CHAPTER 6. PRECISE ERROR RATE ANALYSIS OF BAF-MR NETWORKS 101

the BER of BAF-MR networks under different environments. The proposed method also shows that the

ABER analysis of a two-hop BAF-MR network can be reduced to a conventional BER analysis of a one-

hop communication network. Further, the ABER analysis can be used directly to determine the EBER

performance.

The analytical results have been found to align with the simulation results and to show that the

difference between the ABER and EBER is marginal. This makes it possible to use either of them to

obtain precise BER results for BAF-MR networks. Accordingly, the proposed ABER provides a more

accurate result than the existing ABER techniques.

The above BER method is investigated, considering also the relay location, in the next chapter.



Chapter 7

Effect of the EE and SE on the BER of

BAF-MR Networks

7.1 Introduction

In the previous chapters, we addressed the BER analysis of BAF-MR networks under different SNR

levels. This chapter presents a new method of increasing the EE and decreasing the BER. In this method,

the EE and SE is derived in a balance scheme, and the relay location is considered. Such a balance

between EE and SE is achieved by minimizing power consumption.

Enhancing the EE for relay networks was proposed by [108]. That study found that relay networks

achieve better EE than direct transmission when there is unlimited relay-located power, and that further

EE enhancement is obtained with power allocation. But this is achieved when the SE is low or the

relay location is close to the destination. The relay location is also considered in [107], which observed

that balancing the EE and SE is possible when a relay selection scheme is adopted. However, those

studies [107, 108], did not consider circuit energy (CE) consumption, which includes electronic devices

and signal processing. This limitation is overcome in [109] and [110], in which the CE consumption is

analyzed in conjunction with other network consumptions for a given capacity in multiple-hop networks

over Rayleigh fading channels.

For a bidirectional AF relay network, which was proposed by [149], [150] investigated optimizing

the EE when both the SE and the transmission power are constrained, while considering the effect of self-

interference cancellation on the EE. The study found that bidirectional AF-relay networks can achieve

higher SE than unidirectional relay networks, but at the cost of a lower optimal EE. A similar result

102
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was obtained by [39], when the CE consumption was also considered. The study demonstrated that

optimizing both EE and SE, when also considering CE, is a more complicated issue in practical relay

networks. However, the low EE presented by [39] and [150] appeared because their analyses were limited

to an increase in SE at the cost of EE.

Other studies [103, 111–114] investigated combining the EE and SE to decrease the network en-

ergy consumption while ensuring a desirable SE. Reference [111] investigated a transmission scheme

for reducing the power consumed per transmitted bit for both unidirectional and bidirectional AF relay

networks by combining power allocation and relay selection. Similar results were achieved by [112]

and [113] when CE was considered in the analysis. However, [113] considered an OFDM system that

combined the EE and SE. In some studies, such as [103, 114], the average channel status was adopted in

calculating the average EE and SE, but such studies did not consider relay location.

Regarding the analysis of BER performance for bidirectional AF relay networks, many studies, such

as [131, 132, 136], proposed different methods of calculating the error rate performance, but most were

focused on the BER calculation of sub-optimal networks. Thus, the analyses are unsuitable for calculat-

ing the BER of optimal networks. It is worth mentioning here that the term “optimal” refers to optimized

sources and relay powers.

From the above literature, it was observed that studies that increased the EE ignored the effect of

increasing EE on the BER. Similarly, the studies that analyzed the BER performance did not consider

how the BER is calculated if one of the network parameters, e.g. SNR, has changed, although the BER

is an important parameter for evaluating the performance of many wireless network applications [89].

Motivated by such problems, we propose a new method of increasing the EE with the least sacrifice in

SE. The method considers CE and the relay allocation. It is achieved as follows:

1. Defining the minimum power consumption in a BAF-MR network, considering the best relay

location.

2. Using the minimum power consumption in (1) to optimize the EE and SE in a balanced scheme.

3. Analyzing the BER of the balanced scheme in (2), and investigating the following question: does

increasing the EE lead to a positive effect on BER?

Integration of the EE, SE, relay location and BER has not been presented previously. While [103]

recognized that relay location is an important determinant of any network parameter, such as EE and
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BER, to the best of the authors’ knowledge, the idea of associating the optimal balancing of SE and EE

with unconstrained BER has not yet been proposed in the literature, whether for BAF-MR networks or

other wireless networks.

The remainder of the chapter is organized as follows: Section 7.2 outlines the system model; Section

7.3 describes analysis of average SNR; Section 7.4 discusses the proposed method for combining EE

and SE with relay location; Section 7.5 discusses BER of AF relay networks; Section 7.6 presents the

relationship between BER and EE; Section 7.7 shows the simulation results; and finally, conclusions and

remarks are presented in Section 7.8.

7.2 System Model

This chapter considers two wireless users (Sa and Sb) exchanging information simultaneously with each

other at the same transmission rates and through a set of parallel relays (n: n = 1,2, ..N) in a BAF-MR

network.  
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Figure 7.1: System Model
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In this model, the transmitted signal is modulated using a binary phase shift keying (BPSK) scheme,

and it is sent through Rayleigh fading channels. We assume that all the nodes (users and relays) are

equipped with a single antenna, and the users Sa and Sb are transmitting to all relays in the first time slot

T1.

The signal received by any relay (yi) is expressed as (5.1). The relay signal yi has an amplification

relay factor calculated as follows: βi =
√

pri
|hi|2 pa+|gi|2 pb+σ2 , where βi is the amplification factor, and pri is

the allocated power to relay ri. Each relay then amplifies the signals by βi factor, and forwards it to their

target users during the second time slot T2 as shown in Fig. 7.1. It is assumed here that channel conditions

are known at the receiving ends. Each user in the network receives signals from all relay branches but the

signals with the highest SNRs are chosen by a selection scheme, which includes a comparator and a fast

switch [90]. Thus, the received signal by user Sa is given as yai = yihiβi + zai, where yai is the received

signal by Sa , and zai is Gaussian noise with a zero mean and variance σ2. Likewise, the received signal

by Sb can be obtained as ybi = yigiβi + zbi, where zbi is Gaussian noise for Sb with a zero mean and

variance σ2.

7.3 Signal-to-Noise Ratio

In this section, SNRs which are used for analyzing our proposal method are expressed. The exact SNR at

node Sa is calculated as (6.1). Further, Sa node removes its own transmitted signal via self-interference

cancellation [151].

By substituting βi into (6.1) and using the expectation value of the received xb, as E {xb}= 1, we can

calculate the power signal as

E
{

y2
ai
}
=

|hi|2 pri

σ2
|gi|2 pb

σ2 +
(pa + pri)

σ2 |hi|
2 +

pb

σ2 |gi|
2 +1 . (7.1)

where E
{

y2
ai
}

is the expectation value for the received power signal at node Sa. Equation (7.1) results in

SNR =
pri pbγhiγgi

(pri + pa)γhi + pbγgi +1
= Gai, (7.2)

where Gai is the exact end-to-end SNR, γhi and γgi are the instantaneous channel gain-to-noise ratios

(CNRs), which are defined as γhi = |hi|2/σ2 and γgi = |gi|2/σ2, respectively.

Following the same derivation of equation (7.2), the exact SNR for node Sb is defined as
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SNR =
pri paγhiγgi

paγhi +(pri + pb)γgi +1
= Gbi. (7.3)

To calculate high SNR region, equation (7.2) can be simplified as [54]. This results in

1
γai

=
1

γHi
+

1
γgi

, (7.4)

where γai is the approximation SNR for Sa , γHi is the instantaneous SNR channel between Sa and the

relay. It is expressed as

γHi = priγhi (7.5)

and γgi is the instantaneous SNR channel between Sb and relay. It can be expressed as

γgi =
pri pbγgi

pri + pa
(7.6)

The average value of (7.4) is obtained by calculating the average value of each γgi and γHi directly as both

variables are statistically independent identically distributed (i.i.d). Thus, the average value of (7.5) is

represented as γ̄Hi =
pri
σ2 E{|hi|2}, and the average value of (7.6) is γ̄gi =

(
pri

pa+pri

)
pb
σ2 E{|gi|2}, where E(.)

denotes the expectation value.

Based on γ̄Hi and γ̄gi equations, the average value of high SNR region is expressed as

1
γ̄ai

=
1(

pri
pa+pri

)
pb
σ2 E{|gi|2}

+
1

pri
σ2 E{|hi|2}

(7.7)

where γ̄ai is the average SNR of (7.4).

Similarly, the high SNR region for (7.3) is obtained as follows

1
γbi

=
1

priγgi
+

1
paγhi

(1+
pb

pri
) (7.8)

The average value of (7.8) is obtained in a similar way to (7.7).

7.4 Balancing EE and SE scheme

This section describes our proposed method for combining EE and SE in a balanced scheme assum-

ing optimal relay location. The average EE metric is defined as a measure of energy consumed in a
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transmitting bit during transmission across a network [8] i.e.,

ζ̄ =
ℜ̄i

p̄ti
(bit/Joule), (7.9)

where ζ̄ is the average EE, ℜ̄i is the average throughput for unit bandwidth (bits/sec/Hz) and p̄ti is the

average total energy consumption [39] .

The value of ℜ̄i can be obtained by following the procedures of (5.45) . This gives

ℜ̄i ≈ 0.5log2(1+ γ̄ai)+0.5log2(1+ γ̄bi), (7.10)

To consider relay location with ℜ̄i, we can use the data rate model used in [40, 115], which allows the

evaluation of both E(|hi|2) and E(|gi|2) values as follows

E(|hi|
2) =

k
dα

h
(7.11)

E(|gi|
2) =

k
dα

g
(7.12)

where k is the path loss coefficient (in decibel scale (dB)) at a reference distance equal to one, α is the

path loss exponent which is commonly estimated from 2 to 6 [116], dh is the distance between Sa and

the relay, and dg is the distance from Sb to the relay as illustrated in Fig. 7.1.

By substituting (7.11) and (7.12) into expression of SNR in (7.7), the average SNRs for the user Sa as

function of distance is calculated as

γ̄ai =
k

No
pri pb

(pri + pa)dα
g + pbdα

h
(7.13)

Similarly, average SNR for user Sb in terms of distance can be determined from (7.8) as follows

γ̄bi =
k

No
pri pa

padα
g +(pri + pb)dα

h
(7.14)

To calculate both distances dh and dg from the total distance (d) as shown in Fig. 7.1, we assume that the

relay is allocated by the factor δ as following

dα
h = (d δ )α , (7.15)
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where δ∈ [0,1] is the allocation factor of the system adopted to characterize the boundary of relay

location between between Sa and Sb.

Also, dα
g is given as

dα
g = (d (1−δ ))α , (7.16)

Substituting (7.15) and (7.16) into (7.13) and (7.14) results in

γ̄ai =
k

dα

(
pri pb

(pri + pa)(1−δ )α + pb δ α

)
1

No
=

k
dα

Φ̄ai (7.17)

and

γ̄bi =
k

dα

(
pri pa

pa(1−δ )α +(pri + pb)δ α

)
1

No
=

k
dα

Φ̄bi (7.18)

where Φ̄ai = (pri pb/((pri + pa)(1 − δ )α + pb δ α ))/No and Φ̄bi = (pri pa/((pa(1 − δ )α +

(pri + pb)δ α))/No.

To express p̄ti in (7.9), the power consumption of the signal processing and the amplification circuits

should be considered as described in [82]. This is presented as

p̄ti =
(
ς (ξti)+

(
ñℜ̄i + pci

))
/2 (7.19)

where ς is a constant associated with the amplifier power efficiency, ξti is the total energy per bit

(ξti = pa+pb+ pri ) , pci is the static circuit power and ñℜ̄i is the dynamic power per-unit data rate [43].

The term of
(
ñℜ̄i + pci

)
is related to the AF relay circuit power consumption, (further information about

this power is presented by [103, 117]).

To maximize (7.9), we can first define the minimization problem of each power node (i.e., min

(ξti) ) under the required minimum constraint ℜ̄i as follows

max ζ̄ =
ℜ̄i

p̄ti
is ∈ {Sa, Sb ri} (7.20)

s.t ℜ̄ab = ℜ̄ba (7.21)
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where ℜ̄ba and ℜ̄ab are the average throughput from users Sb and Sa respectively.

To calculate the power allocation of all nodes (i.e, users and relay) in term to ξti , we can define

pa = σa ξti , (7.22)

pri = (1−σa)+(1−σb)ξti , (7.23)

pb = σb ξti , (7.24)

where σa and σb are the energy allocation factors for users Sa and Sb respectively, their values specified

in the range between greater than zero and less than one [118].

To optimize the value of ξti based on energy allocation factor, we can substitute equations (7.22),

(7.23) and (7.24) into (7.13). This results in

ξti =

(
(2−σb)dα

g +σbdα
h

)
γ̄ai No

((2−σb)σb)κ
(7.25)

By taking the derivative of (7.25) with respect to the sender energy allocation factor (i.e σb in the case of

the user Sa as a receiver) and equating it to zero, we obtain

σ̊b =
−2dα

g −4
√

dα
g

2 +dα
g (d

α
h −dα

g )

(dα
h −dα

g )
(7.26)

where σ̊b is the optimal value of σb.

By replacing the term σb into (7.25) by (7.26) and considering the active self-interference cancella-

tion of node Sa to removes its own energy signal [152]. This yields

ξ̊ti = Φ̄aiNo
(
(1−δ )α

σ̊b
+

δ α

2− σ̊b

)
(7.27)

where ξ̊ti is the optimal value of ξti with respect to the optimal value of σ̊b.

Substituting (7.27) into (7.19) and then into (7.20) results in

ζ̄ =
log2(1+

k
dα Φ̄ai)+ log2(1+

k
dα Φ̄bi)

ςΦ̄aiNo
(
(1−δ )α

σ̊b
+ δ α

2−σ̊b

)
+
(
log2(1+

k
dα Φ̄ai)+ log2(1+

k
dα Φ̄bi)

)
ñ+ pci

(7.28)
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By deriving equation (7.28) with respect to Φ̄ai and equating it to zero, assuming the subtraction of

the back-propagating self-interference for the transmitted symbols by node Sa (i.e ℜab) [55], we obtain

˚̄γai =
dα

k
(exp1+w( 1

e (
k

da
pci
ς M−1))−1) (7.29)

where ˚̄γai is the optimal SNR value of γ̄ai, M = No
(
(1−δ )α

σ̊b
+ δ α

2−σ̊b

)
, e is the base of the natural

logarithm and w(.) is the omega function [106].

By substituting (7.29) into (7.28), the optimal balance between SE and EE is obtained as follows

˚̄
ζ =

log2(1+ ˚̄γai)+ log2(1+ ˚̄γbi)

ςψ ˚̄γai +
(
(log2(1+ ˚̄γai)+ log2(1+ ˚̄γbi)

)
ñ+ pci

(7.30)

where ˚̄
ζ is maximum EE associated with lowest sacrifice of SE and ψ = dα

k No
(
(1−δ )α

σ̊b
+ δ α

2−σ̊b

)
Now, equation (7.7) can be formulated with respect to (7.29) as

γ̊ai =
˚̄γHi ˚̄γgi

˚̄γHi + ˚̄γgi
(7.31)

where ˚̄γHi and ˚̄γgi are the arguments of the function γ̊ai.

Equation (7.31) is employed in the analysis of the next sections to calculate BER performance of

(7.30).

7.5 BER Performance in AF relay networks

The previous section presented a method to calculate the maximum EE in an BAF-MR network. To study

the BER behavior of such such network (i.e., BAF-MR networks after the maximized EE), this section

considers a new method to analyze the BER of this network. We start by assuming that a BAF-MR

network includes one relay and extend BER calculation to n relays, as discussed in the next section.

In a two-hop relay network, the transmitted signal from a source to the destination passing through

cascade channels as shown in Fig. 7.1. Each hop includes a Rayleigh fading channel, and such a channel
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has a SNR that follows an exponential distribution. Thereby, the total SNR obtained from i.i.d Rayleigh

fading channels follows an exponential distribution [75]. Here, the distribution of the harmonic mean of

two i.i.d. gamma random variables defined in [48] can be employed to find the the total pdf. We first

define Rayleigh fading pdf from S-node to a relay, i.e. first hop, as

ϕgi(φ)
Sb→Ri

= ( ˚̄γgi)
−1 exp−φ( ˚̄γgi)

−1
, (7.32)

and similarly the pdf of the second hop is expressed as

ϕHi(φ)
Ri→Sa

= ( ˚̄γHi)
−1 exp−φ( ˚̄γHi)

−1
, (7.33)

where φ is the harmonic mean (denoted by φ = µH( ˚̄γHi ˚̄γgi)) according to a gamma distribution [47],

ϕhi(φ)
S→Ri

and ϕgi(φ)
Ri→D

are the pdfs of γhi and γgi, respectively.

Given two i.i.d. exponential random variables as (7.33) and (7.32), the modified harmonic mean

defined in [119] can be used to join them as follows

ϕai(φ) =
exp
−φ (

˚̄γHi+ ˚̄γgi
˚̄γHi ˚̄γgi

)(√
˚̄γHi ˚̄γgi

)3

4
√

˚̄γHi ˚̄γgi k0

 2φ√
˚̄γHi ˚̄γgi

+2φ ( ˚̄γHi + ˚̄γgi) k1

 2φ√
˚̄γHi ˚̄γgi

 (7.34)

where ϕ i(φ) is the total pdf, k0(.) and k1(.) are the first and the second order modified Bessel function

of the second kind.

By applying the modified Bessel function properties, which are k0(φ)→ 0 and k1( φ
φ→0

)→ 1/φ , to

(7.34), the total pdf is obtained as follows

ϕ i(φ) =
1
˚̄γai

e
− φ

˚̄γai , (7.35)

Integration of (7.35) relative to φ , similar to [91], results in

Fi(φ) = 1− e
− φ

˚̄γai (7.36)

where Fi(φ) is the cumulative distribution function for ϕ i(φ).
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From (7.36) and the relationship between the Q-function and the error function (erfc) as presented

in [92], the term of Fi(φ) is expressed as

Q(
√

2φ) = erfc
(√

φ

)
. (7.37)

According to error probabilities with random variables definition in [13], the average BER with the

random variables ˚̄γHi and ˚̄γgi can be expressed by using (7.35) and (7.37), as follows

P̄e =
1
˚̄γai

erfc
(√

φ

)
e
− φ

˚̄γai dφ , (7.38)

where P̄e is the average BER.

It is worth noting that the expression of (7.38) is consistent with the result of one hop BER obtained

by [13].

By evaluating (7.38), the BER of BAF-MR network is obtained as

P̄e = 1−

√√√√ 1
1+ 1

˚̄γgi
+ 1

˚̄γHi

. (7.39)

Equation (7.39) is analyzed based on approximated SNR presented in equation (7.4). To calculate the

exact BER performance, we can apply the linearity of the expectation property in [93] for the term

|hi|2 pri
σ2

|gi|2 pb
σ2 + (pa+pri)

σ2 |hi|2 +
pb
σ2 |gi|2 in equation (7.1), as this term is a set of independent random vari-

ables, while the second term in the same equation is a constant equal to one. Thus, the outcome of ˚̄γai

can be easily adapted to employ in the calculation of actual average SNR. This results in

1
G̊i

=

(
1+

1
˚̄γgi

+
1
˚̄γHi

)
(7.40)

where G̊i is the total average value of actual SNR in respect to ˚̄γHi and ˚̄γgi.

Following same procedure for (7.39) and assuming (7.40), the exact BER is obtained as follows

P̄e = 1−

√√√√√1+ 1
˚̄γgi
+ 1

˚̄γHi

2+ 1
˚̄γgi
+ 1

˚̄γHi

. (7.41)

Equation (7.41) represents exact average BER of BAF-MR networks assuming that the network
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includes one relay.

7.6 Relationship between BER and EE

The previous section presented BER performance of the BAF-MR network for one relay node. In this

section, the general form for n relays is derived. Then a relationship between BER and other network

parameters, including (7.27) and (7.30), is expressed.

From a BAF-MR network with a selection strategy and n relays, a single relay with the highest

SNR is selected to forward data symbols from a sender to a receiver. Implementation such selection at

the receiver requires knowledge of order statistics. In this section, we briefly introduce a basic order

statistical tool, which is used for the BER performance analysis.

Using a selection strategy, the SNR output of an AF relay network can be ordered statistically as:

Gi = max{G1,G2, ....,Gn}, where Gi is the ith order statistic of the SNRs, Gn representing the largest order

statistic and G1 is the smallest one. Here, we can apply such order with respect to φas follows

φ i = max{φ 1,φ 2, ....,φ n}, (7.42)

The SNRs in a statistical order is dependent on CDF analysis as follows:

let the CDF of φ i is denoted as Fi(φ n), and then apply the order statistical analysis for φ i as presented

in [95]. This results in

Fi(φ n) = Prob(φ 1 ≤ φ n) = F1(φ 1)F 2(φ 2)...F n(φ n) = [F n(φ n)]
n , (7.43)

where Fi(φ n) is the CDF order statistics.

For i.i.d channels, equation (7.43) can be written as Fi(φ n) = nF n(φ n) [66]. By substituting one

relay CDF of (7.36) into (7.43), we obtain

Fi(φ n) = n
1
2

erfc
(√

φ

)
(7.44)

By taking the derivative of (7.43) relative to φ , using a similar approach in [120], the total pdf is calcu-

lated

ϕ i(φ) =
n
˚̄γai

e
− φ

˚̄γai (F n(φ n))
n−1 (7.45)
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Equation (7.45) is further analyzed and can be described as follows

ϕ i(φ) =
n
˚̄γai

(
e
− φ

˚̄γai

)n

(7.46)

By considering ˚̄γai as in (3.7) and then substituting both of (7.44) and (7.46) into (7.38), the BER

expression for n relays is expressed as

P̄e =
n2

˚̄γai

∞̂

0

erfc
(√

φ

) (
e
− φ

˚̄γai

)n

dφ . (7.47)

Evaluating (7.47), the general form of BER performance of the BAF-MR networks is obtained as follows

P̄e = n

(
1−

√
˚̄γHi ˚̄γgi

˚̄γHi ˚̄γgi +n( ˚̄γHi + ˚̄γgi)

)n

, (7.48)

It is also important to mention here that the expression (7.48) can be analyzed by using (7.7) to obtain

the BER of a suboptimal network.

Now, from (7.48), the average SNR of (7.31) is determined with respect to BER as

˚̄γai =

n
(

1−
(

P̄e
n

) 1
n
)2

1−
(

1−
(

P̄e)
n

) 1
n
)2 (7.49)

Equation (7.49) is very useful as it allows us to obtain many relationships between BER and other

parameters within AF relay networks, and this provides the opportunity to study the behavior of BER for

each parameter developed in BAF-MR networks.

Thus, by substituting (7.49) into (7.27), an expression included BER with ξ̊ti is obtained as follows

P̄e = n

1−

√√√√ ξ̊ti

nψ + ξ̊ti

n

. (7.50)

Equation (7.50) gives the BER behavior for delivering a bit from an a source to the destination
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in a BAF-MR network, when relay locations and distances from source to relay and relay to destina-

tion are also considered.

Also, substituting (7.49) into (7.28) and using some manipulation, we obtain the BER associated

with maximum EE, which was obtained in (7.30), as follows

P̄e = n

1−

1+

 1
˚̄
ζ
−β

nψς ln(2)

 1/ w

−2

(
pci−ψς

1
ζ̄
−β

)
ψς ln(2)

( 1
˚̄
ζ
−β )




0.5


n

(7.51)

where w(.) is the omega function described in [106].

7.7 Simulation Results

This section provides simulation results to verify our theoretical analysis. The system model illustrated

in Section 7.2 is used for the simulation. However, for this analysis we use the following parameters:

n = 4, d = 500, α = 2, k = 10−3, ς = 2, pci = 0.5W , ñ = 0.2W/bit/s.

Fig. 7.2 shows the relationship between power consumption and the percentage of EE. It can be seen

that the EE defined in (7.9) is increased by reducing power consumption, and further enhancement of EE

can be achieved using the proposed method in (7.30), as illustrated in Fig. 7.3.

Fig. 7.4 shows the impact of relay location on the transmission energy in the case when all of Sa,

Sb and ri have the same allocated powers. It can be clearly seen that the value δ to minimize the total

power consumed by the network is equal 1/2. It has also been shown that the energy curve is symmetric

with respect to the relay location. This result agrees for the equal powers allocation as demonstrated

in [121]. Further the total power consumed by the network reaches a minimum value by using (7.27).

Fig. 7.5 illustrates the impact of user distance on energy consumption defined in (7.19), considering three

different values of δ , namely, 0.35, 0.5 and 0.75. The same δ values are adopted in Fig. 7.6 to present

optimal energy consumption per bit, as evaluated in (7.28). A comparison between Fig. 7.5 and Fig.

7.6, clearly reveals that the proposed method provides lower energy consumption than the suboptimal

network in Fig. 7.5. Moreover, both Figs. 7.5 and 7.6. indicate that positioning the relay at the midpoint

between Sa and Sb, achieves lower power consumption than any other relay location.

The result of adopting optimal energy allocation for EE in (7.29) is illustrated in Fig. 7.7. It can be

seen that EE increases with the average SNR, as the EE design uses lower transmit power with increasing
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SNR. Fig. 7.7 also illustrates that the proposed scheme outperforms a suboptimal network and the perfor-

mance gap in EE becomes larger when the SNR increases. Fig. 7.8 shows that the suboptimal EE design

operates at exactly the maximum transmit power level to meet the data rate requirements. Because the

proposed method has a lower data rate than the suboptimal scheme, it can achieve higher energy effi-

ciency with less energy consumption at the cost of a slight SE loss. This means that the proposed method

can achieve a better balance between EE and SE.

Fig. 7.9 compares the BER performance of suboptimal and optimal BAF-MR networks with respect

to EE. As can be seen in this figure, the BER decreases in both network cases (i.e., suboptimal or optimal)

as the number of relays increase from n = 1 to n = 4. A further reduction in BER results is obtained

by optimizing EE as a result of increasing SNR at the destination. Similar results are obtained in Fig.

7.10 when the relay power becomes double that of the user’s power (i.e., pa = pb = 2pri). This figure

illustrates an additional reduction in BER as the power amplification increases.

Both Figs. 7.9 and 7.10 illustrate an enhancement in BER results when associating EE with BER

performance. Here, the following question arises: would increase EE dramatically lead to reduce BER

substantially?. Figs. 7.11 and 7.12 provide the answer. Fig. 7.11 shows that the increase in EE in a

suboptimal network increases BER slightly, because EE is based on reducing power consumption (see

Fig. 7.2).
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Figure 7.2: EE vs power consumption in suboptimal relay networks
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Figure 7.3: EE vs power consumption when the proposed scheme is adopted
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Figure 7.5: Energy consumption for the suboptimal network

50 100 150 200 250 300 350 400 450 500
Source-to-Destination Distance (m)

2.4

2.45

2.5

2.55

2.6

2.65

T
ot

al
 e

ne
rg

y 
co

ns
um

pt
io

n 
pe

r 
bi

t, 
(J

ou
le

/b
it)

×10-8

δ=0.75
δ=0.5
δ=0.35
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Figure 7.7: System energy efficiency
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Figure 7.8: System data rate versus average SNR
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Figure 7.14: Effect EE on optimal BER, doubling pri

Fig. 7.11 also demonstrates that the system can achieve lower BER by increasing the number of

relays. Increasing EE while lowering BER can be achieved by using equation 7.30, and this confirms

that the BER of a BAF-MR network is reduced by balancing EE and SE, as shown in Fig 7.12. Further,
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by keeping pa = pb and doubling pri, the BER is further reduced, as depicted in Figs. 7.13 and 7.14, for

both suboptimal and optimal networks, respectively.

7.8 Summary

A new method of reducing both the energy consumption and BER of BAF-MR networks is presented

in this chapter. The method integrates the BER and relay location with the optimal balancing of the EE

and SE. A flat fading channel and a relay selection scheme are used for this work. The proposal allows

evaluation of the energy consumption when a selected relay is placed at any point on the line connecting

the source and its destination. Furthermore, the minimum evaluated energy is used to obtain the optimal

balance between the EE and SE. This balance enables the EE to increase significantly with the least loss

in SE. Such a balance is then expressed with respect to the BER. Results derived from the analytical

expressions were simulated numerically. It was found that the optimal balance between the EE and SE

allows the EE to be increased and decreases the BER of a BAF-MR network. However, such an increase

in EE should remain within small limits.



Chapter 8

Conclusions and Future Work

8.1 Conclusions

Given the importance of the energy consumption of wireless networks, several aspects related to reduc-

ing it in wireless AF relay networks have been presented in this thesis. The main aspect has been the

calculation of SNR at high and low levels. The high SNR level is the main level adopted for analyzing the

ABER, EBER and optimally balanced EE and SE. Such a balance of the EE and SE allows the energy

consumption in AF relay networks to be reduced with the minimum loss of spectrum efficiency. Also,

the obtained optimal balance between EE and SE has been used to determine the optimal SNR level.

Thus, the error rate performance of wireless AF relay networks has been evaluated for different SNR

levels: high, low and optimal. All the mentioned analysis have been achieved for AF relay networks,

when operating either unidirectionally or bidirectionally.

8.1.1 Unidirectional Scenario

We have first proposed two methods, namely U-BER and O-BER, to calculate the ABER performance

of two-hop unidirectional AF-relay networks. The network model assumed that the channel hops are

located in two different environments. Under this assumption, the error rate expressions for U-BER and

O-BER methods are derived. It has been found that the U-BER method unifies the error rate performance

analysis for both two-hop AF relays and the one-hop communication system. The O-BER method is an

appropriate tool for estimating the error rate performance at the optimal SNR level, which is obtained by

balancing the EE and SE optimally. Both methods provided efficient ways for evaluating the ABER for

the MAFR networks operating in optimal or sub-optimal conditions.

124
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The above ABER methods have been enhanced by reducing the two-hop analysis to the traditional

one-hop BER analysis. Furthermore, the ABER analysis is used directly to determine the EBER perfor-

mance. The enhanced ABER allowed us to calculate the accurate BER of MAFR networks under any

SNR level (i.e., low, high and optimal SNR levels) using either the ABER or EBER. All of the above

analysis is examined to analyze the error rate performance of MAF-RS networks under low, high and

optimal SNR levels, either by using asymptotic or exact BER analysis. In order to implement such so-

lutions in practical MAFR networks, it is important to consider relay location in the analysis. Thus,

the thesis presents a new method of reducing the energy consumption by combining the BER and the

relay location with the optimal balancing of the EE and SE. The proposal allows analysis of the energy

consumption, in which a selected relay can be placed at any point on the line connecting the transmitter

and its destination. Furthermore, the minimum evaluated energy is used to obtain the optimal balance

between the EE and SE. This balance enables the EE to increase significantly with the least loss in SE.

Such a balance is then expressed with respect to BER. It was found that the optimal balance between the

EE and SE allows the EE to be increased and decreases the BER of AF relay networks. However, such

an increase in EE should remain within small limits.

8.1.2 Bidirectional Scenario

In a BAF-MR network, we also started by developing a new method for analyzing the ABER performance

under low, high and optimal SNR levels. These analyses are achieved by using both AGM and H M . It

was found that both analyses give the same results at high and optimal SNR domains. However, at the low

SNR domain, AGM gives a better result than H M particularly with high ζ . It was also found that the

optimal SNR obtained from a balanced network has lower asymptotic BER than suboptimal networks.

To examine a BAF-MR network when each hop is located in the same or different environments,

new ABER and EBER expressions are derived using conventional BER analysis of a one-hop network.

Further, the ABER analysis is used to determine the EBER performance. The analytical results have

shown that the difference between the ABER and EBER is marginal. This makes it possible to use either

of them to obtain precise BER results for BAF-MR networks. Accordingly, the proposed ABER provides

more accurate result than the existing ABER techniques. To combine the energy consumption with the

above BER analysis, considering relay location, a new method that integrates BER, relay location and

the optimal balancing of the EE and SE is presented in this thesis. This method allows the evaluation of

the energy consumption, in which a selected relay can be placed at any point on the line connecting the
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transmitter and its destination. Furthermore, the minimum energy is used to obtain the optimal balance

between the EE and SE. This balance enables the EE to increase significantly with the least loss in SE.

Such a balance is then expressed with respect to BER. It was found that the optimal balance between the

EE and SE allows an increase in the EE and decreases the BER of a BAF-MR relay network. However,

such an increase in EE should remain within small limits.

8.2 Future Work

Although this thesis has covered a wide area of developing the EE and BER for wireless AF relay

networks, both unidirectional and bidirectional, there are still some important issues that need to be

investigated. Most of the thesis’s investigation of the EE and BER metrics assumed flat fading channels.

Evaluation of both metrics for channels of a more complicated nature, such as the frequency-selective

channels, needs to be considered. Furthermore, the thesis has focused on the BPSK modulation technique

in which M=2 in the M-ary PSK modulation techniques.The higher orders of M (e.g. M: 4, 16, 64, 128,

. . . ) still require investigation. Also, most of the BPSK technique considered only single-antenna

systems. This work needs to be extended to Multiple-Input-Multiple-Output (MIMO) systems, which

use multiple antennas at the transmitter and receiver ends of a wireless communication system. Such

MIMO systems are being adopted in communication systems to increase capacity of the networks. It

is combined with Orthogonal Frequency-Division Multiple Access (OFDMA) techniques, to increase

enhancing of capacity. Thus, the proposed EE and BER metrics for MIMO-OFDMA techniques need to

be investigated. More scope for the future work can be summarized by using all the proposed methods

for multiple users (more than two users) instead of the system assumption of only two users.
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