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Abstract
Texture analysis and synthesis have become very important research subjects in
digital image processing and computer vision. The primary focus of this thesis is
on developing a structural identification of a generic Markov-Gibbs random field
model of textures which results in a new method for fast texture analysis and

synthesis.
Probability models, in particular Markov-Gibbs random fields (MGRF) have
gained wide acceptance for solving applied image recognition, analysis, and syn
thesis problems. An MGRF model of textures is usually specified by a Gibbs
probability distribution on selected texture features such as image signal statis
tics. Despite of modelling power and expressiveness of an MGRF model, the

traditional identification of the model, i.e. estimating model parameters for a
particular image, is a computationally complex process, because it usually in

volves Markov Chain Monte Carlo (MCMC) algorithms with an exponential
time complexity.
This thesis considers a structural analysis of spatially homogeneous stochastic
and regular textures. The proposed method describes a texture by identify
ing the characteristic texels (texture elements) and deriving placement rules of
their spatial organisation. The identification is based on structural analysis of
the model-based interaction map derived from an analytically identified generic

MGRF model. As the result, the method provides fast model identification, and
meanwhile, leads to a novel texel-based texture synthesis algorithm.
Results of this work have been reported in [40,108-111].
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Chapter 1

Introduction

Texture provides a rich source of information in natural scenes. For designers,
a texture adds richness to a design, while, for computer scientists, a texture is

attractive not only because it is an important component in image analysis for

solving a wide range of applied recognition, segmentation and synthesis prob

lems, but also it provides a key to understanding mechanisms of human visual
perception.
A fundamental goal of texture research in computer vision is to develop auto

mated computational methods in retrieving visual information and understand

ing image content based on the textural properties of images. Understanding
human texture perception and deriving appropriate quantitative texture descrip

tions are among the most important issues in realising the goal.
This chapter provides an overview of main areas of texture research in the past

several decades. Particularly, several definitions of texture, the representative

texture analysis methods and related applications are introduced. The motiva

tion of this study and the structure of the thesis are also presented.
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1.1

What is a Texture?

The natural world is rich in texture: the surface of any visible object is textured

at certain scale. A wide range of different textures are observed on both artificial
and natural objects such as those on wood, plants, materials and skin. In a
general sense, the word texture refers to surface characteristics of an object given
by the size, shape, density, arrangement, proportion of its elementary parts [99].

Textures might be divided into two categories, namely, tactile textures and visual
textures. Tactile textures refer to the immediate tangible feel of a surface, which
could be described as smooth or rough, soft or hard, coarse of fine, matt or glossy.

Visual textures are related to visual impression implied by spatial variations of

simple stimuli, such as colour, orientation and intensity, across texture surfaces.
This thesis focuses only on visual textures, so the term ‘texture’ thereafter is

exclusively referred to ‘visual texture’ unless mentioned otherwise.

Textures are usually given by examples in digitised images. Figures 1.1 and 1.2
show a few examples of common natural and man-made textures, respectively.

Although texture research is an important subject area in computer vision, no

precise definition exists for the term texture. The reason might be that natural
textures often display different yet contradicting properties, such as regularity
versus randomness, uniformity versus variation, which can hardly be described in
a unified manner. Researchers have been trying to define textures from different

perspectives of their natures. And different definitions usually lead to different

computational approaches to texture analysis.
Haralick considers a texture as an “organised area phenomenon” which can be
decomposed into ‘primitives’ having particular spatial arrangement [43]. The

definition, related to the structural approach to texture analysis, comes directly

from human’s visual experience of textures. As shown in Figs 1.1 and 1.2, each of

1.1 What is a Texture?
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Figure 1.2: Examples of artificial regular textures.

those textures is composed of apparent texture elements, e.g., objects (windows),
shapes (jigsaw pieces), or simply colour patterns. Furthermore, texture elements

are organised into particular spatial structures indicating underlying placement
rules. In another definition, Cross and Jain suggest that a texture is “a stochastic,
possibly periodic, two-dimensional image field” [20]. The definition describes a
texture by the stochastic process that generates the texture, which leads to the

stochastic approach to texture analysis.
Despite of different ways in interpreting texture, an apparent consensus that spa

tial homogeneity is the most important property of a texture has been reached
among most researchers. Prom the statistical point of view, homogeneity means
statistical stationarity, i.e. that certain signal statistics of each texture region have

the same values. This property relates directly to self-similarity: the patterns

4
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Figure 1.3: Examples of natural regular textures.
at different magnifications, although not identical, can be represented by the
same signal statistics [95]. Meanwhile, most textures exhibit non-homogeneity

locally to a certain degree, i.e. local image regions usually slightly differ from one

another. Global homogeneity and local variation are complementary and insep

arable features of a texture. This is best demonstrated by the texture ‘leaves’
in Fig 1.1, where every individual leaf is slightly different from another (local

variation), but as a whole a bunch of leaves show uniformity and consistency in
their shapes, colours and textures (global homogeneity).

Textures are usually divided into categories based on various characteristics. For

instance, they can be classified into regular textures and stochastic textures based
on the degree of randomness. A regular texture is formed by regular tiling of
easily identifiable small size elements organised into strong periodic patterns,

while a stochastic texture has less noticeable elements and shows rather random

patterns. For example, textures in Figs 1.1 and 1.4 are mostly stochastic textures,
while those in Figs 1.2 and 1.3 are regular textures. Most of real world textures,

however, are mixtures of these two categories.
On the other hand, based on spatial homogeneity, textures can be classified
into homogeneous textures, weakly-homogeneous textures, and inhomogeneous

textures. Generally, a homogeneous texture has ideal repetitive structures and
shows idealised patterns. Weak homogeneity involves local variation of texture

1.2 Human Texture Perception
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Figure 1.4: Examples of stochastic textures.

Figure 1.5: Examples of weakly-homogeneous textures.

elements or their spatial arrangement, which leads to clear violation of precise

repetitiveness (See Fig 1.5). An ‘inhomogeneous texture’ mostly refers to an
image in which repetition and spatial self-similarity are absent. Since spatial

homogeneity is considered below as an essential property of a texture, an inho

mogeneous image is not treated in this thesis as a ‘texture’.

1.2

Human Texture Perception

Increased attention has been focused recently on the need to understand the

mechanism of texture perception in human vision. Textures are considered as

important visual cues about surface property, scenic depth, surface orientation,
which are utilised very effectively by human vision system in processing retinal

6
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image and interpreting scene. Many research has shown that texture percep

tion in human vision is one of the early steps towards identifying objects and

understanding scene [3,53].
Human texture perception has been extensively studied in multiple disciplines of
the vision community such as neuroscience, psychophysics, and computer science.

In neuroscience and psychophysics, texture studies focus on neural processes in
volved in visual perception, with a great amount of efforts on understanding

the mechanisms of texture detection and segregation. In computer vision, tex

ture research focuses on simulating human texture perception via computing
technologies and deriving appropriate mathematical representations to facilitate

computerised texture processing, classification and segmentation. Texture stud

ies in computer vision are not mere mathematical problems, because they are
closely related to studies in neuroscience and psychophysics.
The very first steps toward computational texture analysis were taken by Julesz et

al. [53,54]. They investigated the perceptual significance of various image statis

tics of texture patterns through a set of experiments in order to discover the

mechanism how the human low-level visual system reacts to the variation of par
ticular order statistics of image signals. In the experiments, carefully selected
synthetic textures with either repetitively or randomly organised micro-patterns,

such as lines, dots, and symbols, were used to simulate certain order statistics.
Commonly studied statistics include contrast (first-order), homogeneity (secondorder) and curvature (third-order). Figure 1.6 shows a synthetic image that is

frequently used in their and other similar studies. The most important results
of Julesz’s texture research are Julesz Conjecture and the texton theory, which
open up many other new research avenues.
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Figure 1.6: A typical synthetic image used in pre-attentive texture discrimination
experiments [3]. This texture contains three regions: the background region with
L-shaped figures, the left region with X-shaped figures and the right region with
T-shaped figures. Notably, the left region is much easier to be detected from the
background that the right region.

Julesz Conjecture

suggests that human cannot distinguish textures with

identical second-order statistics [53]. It was proven to be false by Julesz him

self [55], but the conjecture established the idea that texture might be modelled
using low-order signal statistics. Today’s main stream statistical texture anal
ysis methods characterise texture by a set of sufficient statistics, which are at
least conceptually based on the Julesz Conjecture. In fact, most of the avail

able approaches are still limited to first- and second-order signal statistics due to
computational restriction. It should be noted that images like in Fig 1.6 contain
some local features, e.g., small strokes, that require higher-order pixel-wise signal
statistics to represent.

Texton Theory

states that textons are “the putative units of pre-attentive

human texture perception”, related to texture’s local features, such as edges,
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line ends, blobs, etc. Julesz proposed that the mechanism of human texture

discrimination could be modelled by first-order density of such textons [54].
Some research shows that human visual system performs local spatial frequency

analysis on retinal images which could be simulated by a filter bank model [21,57].

This theory has motivated the development of filter-based computational models
of human texture perception. For example, Bergen [3] suggests that a texture

can be decomposed into a set of sub-band images using a bank of linear filters
tuned to different scales and orientations. Considering each sub-band is related

to certain texture features, a texture is characterised by an empirical distribution

of the magnitude of filter responses. Various similarity metrics could be derived
for measuring the distance between distributions and therefore discriminating

textures.
As a whole, visual texture perception is an important subject area in vision sci

ence. A variety of theories have been developed to understand the mechanisms of
human texture perception. Texture research in neuroscience and psychophysics

has greatly influenced the counterpart in computer vision. The Julesz Conjec

ture, for instance, inspired the statistical approach to texture analysis which

characterises a texture by image statistical features. The texton theory led to a
structural approach that extracts texture primitives as local features for texture
description. The filter-bank model extended texture analysis into the frequency

domain, which resulted in computational modelling approaches that decompose
a texture image into different frequency sub-bands and then use the joint prob

ability distribution of texture features from the sub-band images for texture

description.

1.3 Texture Analysis and its Applications
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Figure 1.7: The components of a typical computer vision system.

1.3

Texture Analysis and its Applications

The major goals of texture research in computer vision are to understand, model
and process texture, and ultimately to simulate human visual learning process
using computer technologies.
A typical computer vision system can be divided into components such as the

ones show in Fig 1.7. Texture analysis might be applied to various stages of the
process. At the preprocessing stage, images could be segmented into contiguous
regions based on texture properties of each region; At the feature extraction and
the classification stages, texture features could provide cues for pattern classifi

cation and object identification.
As the fundamental basis for all other texture-related applications, texture anal
ysis research aims to derive generic, efficient and compact quantitative texture

10
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descriptions which allow to apply various mathematical operations to compare
and manipulate textures. The main tasks of texture analysis include extracting
prominent texture features from an image and deriving a mathematica coding

for the selected features.

A diversity of techniques are employed for feature

extraction and representation. A statistical approach uses statistical features
of image signals to characterise texture. A spectral approach extracts texture

features from filter responses in the frequency domain . A structural approach
considers spatial arrangements of well-defined texture primitives . A probability

model describes the underlying stochastic process that generates textures. Sev
eral representative works on texture analysis will be reviewed in more detail in

Chapter 2.

Four major application domains related to texture analysis are texture classi

fication, texture segmentation, shape from texture, and texture synthesis [98].
Below, each domain is described briefly.

1.3.1

Texture Classification

Texture classification assigns a given texture to some texture classes [14,30,63,
75,79,93,100,101]. Classification methods fall into two categories, supervised

and unsupervised classification. Supervised classification is provided examples of

every texture class as a training set from which a supervised classifier is trained
to learn a characterisation for each class. Unsupervised classification does not

require any prior knowledge, which aims to discover the classification of input

textures automatically. A classification algorithm can also be semi-supervised,
when only very limited prior knowledge of input textures is available.
Most of classification methods involve a two-stage process. The first stage is
feature extraction, which yields a characterisation of each texture class in terms

1.3 Texture Analysis and its Applications
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of certain feature measures. It is important to identify and select distinguish
ing features that are invariant to irrelevant transformation of the image, such as

translation, rotation, and scaling. The quantitative measures of selected features
should be very close for similar textures. Designing a universally applicable fea

ture extractor that can classify a diversity of textures precisely has been pursued
as the ultimate goal for the research of texture classification. However, most of

present methods are still domain dependent, which reply on prior knowledge and
various assumptions about the input textures.

The second stage of texture classification is to apply the trained classifiers to
determine the classes for input textures. In this case, a classifier is a function

which takes the selected features as the input and texture classes the output.
For supervised classification, the Zc-nearest neighbour (Zc-NN) classifier is usu

ally applied [79,101] which decides the classification of a texture by computing

distances to the k nearest training cases. The distances, as similarity metrics,

are computed in a multi-dimensional feature space with each dimension being
related to one selected texture feature. Euclidean distance, Chi-square distance,

and Kullback-Leibler distance [58] are mostly used texture similarity metrics.

Bayesian classifiers that determine texture classes using probabilistic inference
are also frequently applied. A general two-class Bayesian classifier can be speci

fied by the following Bayesian formula [27],

Wj|F) =
Here, wp,j = 1,2 denote two categories; the prior Pr(wj) represents the un
conditional probability of the category wp, Another prior Pr(F\wf) is called the

likelihood of Wj with respect to a set of feature measures F. The formula leads to

a posterior Pr(vjj\F) representing the probability of a category Wj given selected
feature set F. Essentially, the Bayesian classifier converts the prior knowledge,

Pr(wj) and Pr(F\wj), into a posterior Pr(wj\F) by which the probability that
a texture falls into a particular class Wj given the evidence (observed features F)

12
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can be computed. Based on the classifier, in the simplest case, a texture could
be assigned to a particular category when the related posterior probability is

greater than some threshold [48]. In short, a Bayesian classifier explores prior
knowledge about input textures and uses probabilistic inference technique for
uncertain reasoning and empirical learning of texture classes. On the contrary,

the early-mentioned k — NN classifier is a non-parametric approach and makes
no assumption on input textures.

Leung and Malik [63] developed a state-of-the-art feature-based method for clas
sifying 3D textures under varying viewpoints and illumination. For feature ex

traction, the method constructs a feature space by concatenating all responses of
a filter bank for a set of training textures of a material and applies a A;-mean clus
tering algorithm to identify k clusters as selected texture features. Each cluster

centre represents a texton and is chosen as a feature descriptor for the mate
rial. The textons for all materials together create a global texton dictionary in

which each material is coded by a particular probability density function,i.e. the

distribution of texton frequencies. For a novel texture to be classified, the distri
bution of texton frequencies with respect to the dictionary is computed, based
on which a k — NN classifier assigns the texture to a class with the closest dis

tribution. Figure 1.8 shows examples of textures and their corresponding texton
distributions with respect to a texton dictionary [101].
Because it sorts image data into more readily interpretable format, texture clas
sification has been applied into a wide range of applications such as industrial

inspection, image retrieval [91], medical imaging and remote sensing [90].

1.3 Texture Analysis and its Applications
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Texton PDF

Figure 1.8: Textures and their corresponding texton distributions [101].

1.3.2

Texture Segmentation

Texture segmentation [23,24,47,51,56,71,73,75] partitions an image into a set
of disjoint regions by their different texture properties, so that each region is ho
mogeneous with respect to certain texture characteristics. Texture segmentation
is a low-level process, whose results can be used to perform further image pro

cessing and analysis in advanced applications such as object recognition. Similar

to classification, texture segmentation also involves extracting and representing
features. However, texture segmentation is generally a more difficult problem

compared to classification, since the boundaries that separate different image

regions have to be detected in addition to classifying texture in each region.
Texture segmentation could also be either supervised or unsupervised depending

on if prior knowledge about different texture classes is involved. Supervised tex

ture segmentation identifies and separates one or more regions that match texture

14
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Figure 1.9: Segmentation of an aerial image by texture properties [106], (a) input
aerial photo; (b) region map:‘field’; (c) region map: ‘residential area’; (d) region
map: ‘vegetation area’.
properties shown in the training textures. Unsupervised segmentation [47,73] has

to first discover different texture classes from an image before separating them
into regions. Compared to the supervised case, the unsupervised segmentation

is more flexible for real world applications despite that it is generally more com

putationally expensive.
Partitioning an image into homogeneous regions is very useful in a variety of

applications in pattern recognition and machine leaning. For example, in remote

sensing and GIS analysis, texture segmentation could be applied to detect land
scape change from an aerial photo. Figure 1.9 illustrates such an application

of texture segmentation which identifies and separates different ground objects,

1.3 Texture Analysis and its Applications
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such as rural, industrial residential areas, based on their different texture prop
erties appeared in the image [106].

1.3.3

Shape from Texture

Shape from texture is the problem of estimating the 3D surface shape from
texture properties in a 2D image. The basic idea is that weak homogeneity

or isotropy of a texture is likely to provide a shape cue [17].

For instance,

texture gradient is usually resulted from perspective projection when the surface
is viewed from a slant. Therefore, from texture gradient in an image, it is possible

to recover the surface shape in the real work or compute the parameters of the
underlying perspective transformation.

Shape from texture have been used for recovering true surface orientation, recon

structing surface shape, and inferring the 3D layout of objects, in many appli
cations [31,50,61]. For example, the plane vanish line could be computed from

texture deformation in an image [19], which could be used to affine rectify the
image.

1.3.4

Texture Synthesis

In computer graphics, texture synthesis is a common technique for creating large

textures from usually small samples. A synthetic texture usually differs from

the original sample, but it should maintain perceptually identical texture char

acteristics as shown in the sample [22]. One of the main advantages of texture
synthesis in this case is that it can naturally handle boundary condition and
avoid verbatim repetitions.
In computer vision, texture synthesis is of interest also because it provides an

empirical test for texture analysis. Because texture synthesis is usually based on
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Sample Image

Synthetic texture

Figure 1.10: Texture synthesis by example: Given a sample texture, to generate
a new image having the same visual textural appearance. The synthetic texture
is generated using the method described in this thesis.
texture analysis for texture modelling, the synthesis result justifies the underlying
models. Compared to texture classification and segmentation, texture synthesis

requires a more detailed models for texture reconstruction and thus provides a
more strict test on texture analysis.

Synthetic textures are usually used for surface texture mapping in scene render
ing applications in computer graphics. Other applications of texture synthesis

include image editing [9], image completion [26], and video synthesis [59], etc.

1.4

Motivation

Texture analysis is an important research area in computer vision. Enormous

efforts have been made in search of an efficient texture description. However,

texture analysis is still a difficult problem due to diversity and complexity of
natural textures.

Probability models have gained wide acceptance due to their modelling power and
flexibility. These models formulate the problem of texture analysis into a statisti

cal setting, allowing a wide range of well-established theories and methodologies

1.5 Organisation of the Thesis
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in mathematical statistics to be introduced into texture modelling.. In particu

lar, Markov-Gibbs random fields (MGRF), which describe a texture in terms of
spatial geometry and quantitative strengths of inter-pixel statistical dependency,

are among the most successful probability models.
A probability model is usually specified by a parametric probability distribution.

Given a particular texture, unknown model parameters have to be estimated to
the fit the model to the texture. The process of parameter estimation is also

referred to as model identification. Due to usually complex mathematical form
of probability distributions, model identification is not trivial. For instance, tra

ditional identification of a generic MGRF model involves a process of stochastic
approximation having exponential time complexity [37].

This thesis considers a more efficient identification of a generic MGRF model that

characterises a texture by a group of texels and placement rules of their spatial
arrangement. Combining the strength of model-based analysis and structural
approach, the proposed method results in a novel texel-based texture description

and leads to a technique for fast texture synthesis.

1.5

Organisation of the Thesis

Chapter 2 surveys some representative computational approaches to texture anal

ysis and synthesis. Basic concepts, theories and techniques related to MGRFbased texture modelling are introduced. In particular, two representative MGRF
models are reviewed in detail. Also, today’s main texture synthesis methods are
reviewed, with focus on a family of fast texture synthesis techniques based on

non-parametric sampling.

Chapter 3 investigates the problem of identification of a generic MGRF model

of homogeneous textures in detail. The traditional identification by stochastic
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approximation and the new structural approach are discussed.
Chapter 4 introduces a fast synthesis technique called bunch sampling derived

from a texel-based texture description. The synthesis algorithm directly transfers
texels randomly sampled from a training texture into the synthetic texture in line

with derived placement rules. Experimental results of the synthesis for a broad

range of homogeneous textures are also presented.
Finally, Chapter 5 summarises and concludes the thesis. Possible directions of
future researches are also discussed.

1.6

Notational Conventions

This section presents the notational conventions used throughout this thesis. A
digital image g = {g^ : i G R} on a 2D finite arithmetic lattice R = {(x, y) : 0 C

1;O^?/^N — l}isa function f : R —» Q that maps the supporting

lattice R onto a finite set Q = {0,1, ...Q — 1} of signal values (e.g., grey levels,
colours, or multi-band signatures). For simplicity, the set Q is assumed to be

integer-valued in the range between 0 and Q — 1.
A pixel in an image g is denoted by

where i is the positioning index in the

lattice R. The set of all pixels in an image g with exception of a pixel

is

denoted by g\ Similarly, all sites on lattice R except the zth site is denoted by
R\ so that g1 =

: j G Rl = R - W}-

The notation A/i defines a neighbourhood of a site i, which usually consists of a

set of sites with a specific spatial configuration. The site i are only statistically
dependent of sites in its neighbourhood A/J.

Because the thesis deals mainly with probability texture models, in particular
Markov-Gibbs random fields, related terminology and notations are presented
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Notation
R
Q
g
gi
s
s
X
R*
S*
Pr(p)
Pr(gi | g^

Table 1.1: Notational conventions and symbols.
Meaning
A 2D finite arithmetic lattice
The set of integral signal values
A digital image defined on R
All pixels in the image g except the pixel gz
A random field
The configuration space of a random field S
Neighbourhood of the site i
The lattice R with exception of the zth site
All sites of S with exception of a site Si
Joint probability of a sample image g
Conditional probability of image signal
at pixel i given gz

below.

A random variable has a nondeterministic value with a given probability distri
bution. A sequence or array of statistically interrelated random variables form a
discrete stochastic process. Let a random variable S; G Q be associated with each

site i £ R. Then these variables form a random field S = {S2 : i G R;S, e Q}
in a configuration space 5 if a probability measure Pr(S : VS G S) > 0 exists.

A random field is a two-dimensional stochastic process. The configuration space

has a combinatorial number of different images, |5| =

Q'rL

Under a random field model, an image g is considered as an instance or a sample

of the configuration space <S. The image probability Pr(S = g), or simply, Pr(g),
is known as the joint probability of the image signals. Another commonly-used

probability measure is conditional probability of a pixel p; given all other pixels
g\ denoted by Pr(gi | gz). The conditional probability is a local probability of

image signals, while the joint probability is a global one.

For convenience’s sake, the notational conventions and symbols used in this thesis
are summarised in Table 1.1.
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Chapter 2

Texture Analysis and Synthesis:
Related Works

In this chapter, the main computational texture analysis methods are surveyed.

Basic concepts, theories and techniques related to Markov-Gibbs random fields

(MGRF) are discussed. Particularly, the two most well-known MGRF models,
namely, auto-models and FRAME model, are reviewed in detail. Finally, texture
synthesis algorithms based on non-parametric sampling are reviewed.

2.1

Texture Analysis: an Overview

Texture analysis concerns mainly with feature extraction and image coding. Fea

ture extraction is to identify and select a set of distinguishing and sufficient
features to characterise a texture. Image coding derives a compact texture de
scription from the selected features. By representing a complex texture with a
small number of measurable features or parameters, texture analysis achieves

great dimension-reduction and enables automated texture processing.
Many texture analysis methods have been proposed in the past several decades,
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but most of them might fall into one of four categories. These are geometrical,

statistical, model-based and signal processing methods [98]. Some methods might
belong to more than one above category. For instance, an MGRF model derives a

joint probability distribution on statistical image features for texture description,

which could be in both model-based and statistical categories.
This thesis rather considers two more general categories, namely, descriptive and

generic approaches.
Descriptive approach describes a texture by selected feature measures, which

provides a simple summary about which features are presented in the texture.
With a descriptive approach, one can compute a signature for a texture that is
expected to be distinguished from that of another texture. Generic approach

makes further inferences from observed image features in a texture and derives a

more generic mathematical model to encapsulate available knowledge and obser
vation about the texture. In other words, a generic approach attempts to reach
conclusions that extend beyond just a simple description of the observation as in

a descriptive approach. A general approach usually yields model in which a tex
ture is characterised by its parameters. The difference between two approaches
is in that the descriptive approach only describes a sample while the generic

approach infers the property of the entire population based on the observation

from the sample.
Such a categorisation is conceptually similar to the one that divides statistics into

descriptive and inferential statistics. The descriptive approach is more useful in

discriminating texture, while the generic approach provides better understanding
of texture and is also useful in synthesizing texture.

2.1 Texture Analysis: an Overview

2.1.1
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Descriptive Approach

A descriptive approach derives a quantitative description of a texture in terms

of a manageable set of feature measures.

Let F = {F; : i = l..n} denote a set of n texture features. A texture is quantified
by a set of feature measures f = {f; : i — l..n}, where fi represents a quantitative
measure of the feature F$. Each measure is a scalar value indicating the degree

to which the corresponding feature is presented in the texture. All the selected
features constitute a n-dimensional feature space in which a texture is repre

sented by an empirical distribution, i.e. a histogram with n bins. With such a

numeric representation, various quantitative analysis techniques could be applied
for solving a wide range of texture recognition, classification and segmentation
problems.
It is important for the descriptive approach to select an appropriate set of fea

tures, i.e. to determine which and how many features should be included into

the set. A too small feature space might result in insufficient representation, but
too large the dimensionality leads to computational difficulty, i.e. if the space

dimensionality exceeds 20 — 25, the clustering suffers from so-called “curse of
dimensionality”. In addition, the possible interference between features should

also be controlled to achieve effective representation. It is still a profoundly dif
ficult challenge to find a set of optimal and sufficient features being universally
effective for describing a variety of textures.
By different techniques involved in feature extraction, descriptive approaches can
be further divided into statistical and spectral methods.
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Statistical methods

collect image signal statistics from the spatial domain

as feature descriptors. Commonly applied statistics include ID histograms, mo

ments, grey-level co-occurrence matrixes, and etc. Usually lower-order image
statistics, particularly first- and second-order statistics, are exploited in tex

ture analysis. First-order statistics, such as the mean, standard deviation and
higher-order moments of the histogram, concern with properties of individual
pixels. Second-order statistics also account for the spatial inter-dependency or

co-occurrence of two pixels at specific relative positions. Grey level co-occurrence
matrices (GLCM) [44], grey level differences [105], autocorrelation function, and

local binary pattern operator [79] are the most popular second-order statistics for
texture description. Higher than second-order statistical features have also been

investigated [33,96], but the computational complexity increases exponentially

with the order of statistics.
The Haralick features [44], derived from the GLCM, are one of the most popular
feature set. Also known as the grey-level spatial dependence matrix, the GLCM

accounts for the spatial relationship of each pixel pair in the image. Each element

GLCM(sx,5y){i,j) of the matrix represents an estimate of the probability of the
co-occurrence of grey levels i and j at two arbitrary locations separated by the
displacement (5x,8y).

Initially, Haralick features include angular second moment, contrast, correlation,
variance, inverse second difference moment, and etc [44]. Each of these statistics

is related to a certain image feature. For instance, the statistic ‘angular second
moment’ measures the closeness of distribution in the GLCM to the GLCM
diagonal, which is related to the degree of homogeneity in an image. The statistic

‘contrast’ measures the amount of local variations in an image. The statistic

‘correlation’ measures the joint probability of co-occurrence of pixel pairs.

2.1 Texture Analysis: an Overview

Spectral methods
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refer to the frequency domain where features are related

to statistics of filter responses. Evidence shows that a tuned bandpass filter

bank resembles the structure of the neural receptive fields in the human visual
system [21,57]. This is the main motivation behind spectral methods extending
feature extraction into the spatial frequency domain. Feature extraction in spa

tial frequency domain has several advantages. First, a filter is selective, i.e. it
enhances only certain features while suppresses others. For instance, Laplacian

and Laplacian of Gaussian (LOG) filters are usually good edge detectors, while

low-pass Gaussian filters are useful for blob detection. Second, the periodicity
structure of a texture can be represented explicitly in a certain spatial frequency

in the spectral domain.

Spectral methods usually use filter banks [63,71,100-102] or image pyramids [22,
46] to convert an image from the spatial domain into the frequency domain and
vice-versa.

A filter bank consists of a range of parallel filters, each filter being tuned to a

particular spatial frequency, orientation or scale. Like in statistical methods,
the distribution of feature measures (e.g., wavelength coefficient for a wavelet

transform) provides a sparse texture description which can be used directly as the
input to further classification or segmentation. However, the resulting description

is over-complete, because it contains redundancy in its information content [16].
Formally, a linear filter corresponds to an invertible linear transform, charac
terised by a set of basis and projection functions [12]. A filtering operation de

composes an image g into a weighted sum of basis functions b = {b; : i = l..n},
n
3 = TCi'bi>
i

Here c = {c2 : i = l..n} are the transformation coefficients, which are computed
using the projection functions p = {p2 : i = l..n} as follows,

Ci = Pi • g
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Two-dimensional Gabor filters have been widely used in constructing filter bank [51].
A Gabor filter is a linear, local filter that has its impulse response like a cosine

modulated by a gaussian envelope [32]. Each Gabor filter is characterised by an
orientation or spatial frequency, which generates the Gabor convolution energy
measure of an image. Gabor filters are particularly efficient in detecting the
frequency channels and orientations of texture pattern with high precision [74].
Figure 2.1 visualises the filtering responses of a texture produced by a bank of

simple Gabor filters.
A few spectral methods have been proposed recently. For example, Leung and

Malik identify textons (the cluster centres), as feature descriptors, from filter

responses of a stack of training images, and then apply a k — NN classifier for
material classification [62,63]. Also, Konishi and Yuille proposed a Bayesian

classifier based on the joint probability distribution of filter responses [56].
Spectral methods have some ill-posed problems. For instance, selection of filters
is critical but is mostly heuristic and depends on specific tasks. In addition, the

resulting feature description is usually over-complete mixing both important and
irrelevant features. The information extracted from filter responses are correlated

and has to be separated in order to obtain a precise texture description.

Some researchers have disputed the role and the effectiveness that filter banks are
involved in texture analysis. For example, Varma and Zisserman demonstrated

an MRF based classifier with a small neighbourhood system can achieve superior

classification result^ compared to the classifiers based on filter banks [101]. In
another work, Gimel’farb et al. point out that large-scale filter-banks bring a

too big number of the sufficient signal statistics into the model and result in
difficult model identification particularly [35].

2.1 Texture Analysis: an Overview
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Figure 2.1: Filter responses of texture D3, produced by a bank of Gabor filters (3
scales and 4 orientations).

2.1.2

Generic Approach

A generic approach creates computational models for texture. Syntactic and

probability models are two of the most well-known ones.

Syntactic Models

analyse the geometric structure of textures via spatial ana

lytical techniques. Fractal analysis and structural approach are usually involved
in creating syntactic models for textures.

Fractals measure geometric complexity, which could be used to describe many
spatial patterns of textures [72]. The word ‘fractal’ refers to complex patterns

that recur at various scales but are independent of scales. Most textures involve
patterns with certain degree of self-similarity across different scales that can be

measured by fractal metrics. The connection between texture properties and

fractal measure leads to the development of several fractal models for modelling

textures in natural scenes [81] and in medical imaging [15].
Consider texture as a spatial organisation of its primitive elements, structural
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approaches derive geometrical models for texture representation. The structure
of texture elements and their spatial organisation are two key components for a

geometrical model. A texture element is a salient local construct, which repeats
many times over an image. Examples of texture elements include image edges,

shapes, and Voronoi polygons [97]. The spatial organisation of texture elements,
determining the periodic structure of a texture, is modelled by a set of placement
rules. In an early structural approach [68], for instance, texture elements are

defined as small elementary regions (windowed sub-pattern) and their placement
rules are represented using a set of tree grammars.

A variety of spatial analytical techniques have been proposed for recovering the
geometric structure and placement rules for texture elements.

For example,

Matsuyama et al. [76] related texture periodicity to the spatial distributions
of the spectral peaks in the Fourier spectrum of image data. Similarly, Liu et

al. [67] detect the peaks but from the output of autocorrelation functions of

a texture. Co-occurrence matrices are also used for recovering the periodicity
structure of a texture [80]. Besides those geometric techniques, texture elements

can be retrieved based on statistical measures [79].

Probability Models

generalise feature based texture description into a prob

ability model of texture. Typically, a probability model is specified by a joint
probability distribution of texture features, in which textures are characterised

by model parameters.
Model creation and identification are two major steps in probabilistic texture

modelling. Model creation involves extracting texture features via image analysis

and constructing probabilistic functions to incorporate selected features. Model

identification, also known as model fitting, is a process to estimate unknown
model parameters for a particular texture. For a probability model, the model

2.2 Markov-Gibbs Random Field Models of Textures
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parameters can be learnt by statistical inference methods such as maximumlikelihood estimation (MLE) and Bayesian estimation [27]. Assuming a model

has unknown, but fixed, parameters, MLE estimates model parameters by max

imising the probability of obtaining the given texture. Bayesian estimation con
siders model parameters as random variables having known prior distribution.

Bayesian estimation yields a weighted average of possible models, still containing
uncertainty. MLE could be considered as a special case of Bayesian estimation

with uninformative priors. The two methods yield similar estimation results

especially for the member of the exponential family of distributions [5].
Markov-Gibbs random fields [6,7,13,20,37,45,113] are the most successful prob
ability models in texture analysis. A thorough discussion of these models will be

deferred to the next section. Another recent development is the introduction of
the filtering theory into probabilistic modelling. These filter approaches extract
texture features from the spectral domain, and derive probability models from
the joint statistics of them. For example, Zhu et al. [113] derived the FRAME
model by matching the marginal distributions of filter responses to the empirical
statistics in a training image. Portilla and Simoncelli [83,84] proposed a para

metric probability model based on joint statistics of complex wavelet coefficients.

2.2

Markov-Gibbs Random Field Models of Tex
tures

A wide range of MGRF models have been proposed [6,7,13,20,34,37,45,75,113]
over the last several decades. Essentially, an MGRF model considers an image
as a realisation of a Markov random field (MRF). A major advantage of MGRF

models is that they allow to derive global texture descriptions by specifying local

properties of textures. In this section, fundamental theories of MRFs, Gibbs
distribution, and MGRF-based texture modelling are presented.
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2.2.1

Images and Probabilities

Consider a two dimensional M x N lattice R= {i = (x,y) :0

y

re

M — 1; 0

N — 1}. If each site i G R is associated with a random variable S3 G Q, one

obtains a random field, S = {Sj,z G R} [34]. A digital image g = {gi ■ i C R}

could be considered as a realisation or a random sample of the random field S,
i.e. a particular assignment of a set of signal values to all sites of the lattice

R [41],
Since the random variables in a random field are considered statistically depen

dent, a joint probability distribution of random variables for an image g defines
a probability model of the image from the statistical viewpoint. The joint dis
tribution is denoted by Pr(S = g) or simply Pr(g), representing the chance to

observe the image given the configuration space S of all images associated with
the random field.

A desired joint probability distribution for an image model should yield mostly

or almost zero probability for all other images in the configuration space, but

high probability for a subset-of-interest around a given training image. Mathe
matically, a model distribution is expected to be similar to the ^-function having
its maximum mode on or in a close vicinity of the training image.

Without any prior knowledge, a probability model have to enumerate all possible
labelling of the lattice. This is an intractable task, because the configuration

space S has combinatorial cardinality, |<S| =

Q'rL

On the other hand, for an

independent random field (IRF) in which sites are independent of each other, its
probability model is specified by the joint probability distribution, Pr(g) =

.

The probability is uninformative and the resulting image model is not particular
useful.

2.2 Markov-Gibbs Random Field Models of Textures

31

Most of useful probability models assume local dependency among random variables/image pixels. A conditional probability of a pixel

given all other pixels

gl, denoted by Pr(gi | gl), is commonly used to represent local dependency.

In this case, a random field is represented by a undirected graph G in which

each graph vertex is associated with a random variable while an edge represents
statistical dependency between two connected vertices. The absence of an edge

between two vertices in the graph implies that the associated random variables

are conditionally independent.
Within such a graphical structure, a probability model for a random field could

be factorised into a normalised product of strictly positive, real-valued potential

functions defined on subsets of connected random variables in QlRL Each subset

corresponds to a local neighbourhood system with a particular spatial configura
tion, while the entire image is related to a global configuration of all the random

variables. The potential function has no probabilistic meaning other than rep
resenting constraints on the local configuration on which it is defined [60]. By

specifying the model distribution in terms of local potential functions, the com
plexity of the global image model has been reduced. This is the main motivation
of MRF based texture modelling.

2.2.2

Markov-Gibbs Random Fields

MGRF-based texture models have been successfully applied into texture analy

sis [6,7,13,20,34,37,45,75,113], texture classification and segmentation [23,24,73],

and texture synthesis [29,59,65,104]. In this section, definitions and general the
ories related to Markov-Gibbs random fields are introduced.
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Markov Random Field: the Definition

Define a neighbourhood Ai C R! as the set of all neighbouring sites of a site

i 6 R. A random field is an MRF, if

1. The joint probability distribution Pr(g) is strictly positive for each sample
in the configuration space S, Pr(g) > 0, and

2. For each site i E R,
Pr(gi | #*) = Pr(gi | g-j : j 6 M)

(2.2.1)

Here, the first condition is known as the positivity of an MRF, which is triv

ial. The second condition is known as Markov property or Markovianity. The
equivalence, between the conditional probability Pr(gi | gz) of the signal value gl

given all the other signal values g* = {gj : j G R! = R — {z}} and the conditional

probability Pr(gi | gj : j e A/i) of signal value gl given all signal values of the
neighbouring sites A/i, suggests that the pixel value at a site in the image is only

statistically dependent of the values of its neighbouring sites.
Markov property considers conditional dependence of image signals within a local
neighbourhood system, which is proved to be useful in capturing and modelling

usually highly localised and coherent texture features. Another appealing prop
erty of an MRF is that, by the Hammersley-Clifford theorem [42], an MRF can
be characterised by a global Gibbs distribution.

Gibbs Distribution

In general, a Gibbs distribution takes the following form,
Pr(g) = ^exp{-£(p)},

(2.2.2)
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Z = 52 exp {-£?(<,)}
se<s

(2.2.3)

where Z and -F(p) are the partition function and the energy function, respectively.
The partition function is also known as the normalising constant. Because it is

defined over the entire configuration space, the partition function is intractable.

This would arise difficulties in parameter estimation of the density function of a

Gibbs distribution. A random field having a Gibbs distribution is called a Gibbs
random field (GRF).
A Gibbs distribution is usually defined with respect to cliques, i.e. proper sub

graphs of a neighbourhood graph on the lattice. A clique is a particular spatial
configuration of pixels, in which all its members are statistically dependent of
each other. All the statistical links between pixels in an image constitute a

neighbourhood graph or system denoted by fif. Cliques and the neighbourhood
system model spatial geometry of pixel interactions, which are particularly useful

in texture modelling. All spatial configurations of cliques related to the 8-nearest

neighbourhood system are shown in Fig 2.2. Formally, a clique is defined as fol
lows,

Definition 2.2.1. Given a neighbourhood system J\f, a clique C

C

R is either a

single site, or a subset of sites in which each pair of distinct sites is the neighbour

of each other.

The number of pixels in a clique specifies the statistical order of a Gibbs dis

tribution and the related texture model . For texture modelling, first-order and

second-order cliques are frequently used, because higher-order cliques brings too

much computational complexity. First-order and second-order cliques over the
image lattice R are denoted as by Ci and C2, respectively:

Ci = R = {i : i G R}
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1st order clique

i^i i C

SP
'/'■■■ ■
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2nd order cliques

P
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8 nearest neighbourhood
3rd order cliques

non-clique pixel sets

Figure 2.2: Cliques in an 8-nearest neighbourhood system.
C2 = {(%j) : i,j G R,i=£j,j G AQ

Statistical dependence between pixels within a clique is also referred to pixel
interaction. Let a non-constant function Vc(c/i : i G C) denote the strength
of the pixel interaction in a clique C. The function V is also known as clique
potential. The energy function E(g) in Eq. (2.2.2) could be factorised into the

sum of clique potentials Vc(gi : i G C) over the set C, so that
E(g) = E VcU :ieC)
cec
Hence, Eq. (2.2.2) can be rewritten in terms of clique potentials [41],

Pr(g) = i exp < <

vc(9i :*£<?)}
CeC

(2-2-4)

)

Markov-Gibbs Equivalence

Hammersley-Clifford Theorem asserts that a random field is a Markov random
field if and only if the corresponding joint probability distribution is a Gibbs dis
tribution [42]. The theorem, also known as MRF-Gibbs distribution equivalence,
has been proved by Grimmett [41], Besag [6], and Gemans [34] respectively.

2.2 Markov-Gibbs Random Field Models of Textures
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The theorem establishes the equivalence between an MRF and a GRF, which
provides a factorisation of a global probability distribution Pr(g) in terms of local
interaction functions with respect to cliques. Particularly, the joint probability

Pr(g) and the conditional probability Pr(gi | gl) can specify each other.
By the Hammersley-Clifford Theorem, the conditional probability of an MRF
Pr(di I 9l) can be specified in following form [34], in terms of clique potential,

Vc.

Pr(gi \gl) = — exp < 52 Veto,e
Z/i
kcec
Zi =

52 exP< 52 Vc(.9i,9j - T3 e C\i ybj)
gi&Q

(2.2.5)

(2.2.6)

< CeC

Similarly, the clique potential V of the Gibbs distribution can also be derived
from the conditional probability Pr(gi | gl) of an MRF but in a more complicated

form. An MRF is uniquely related to a normalised potential, called the canonical
potential [64].

In summary, Markov-Gibbs equivalence is the theoretical basis for MGRF texture
models, which allows to employ the global characteristics in modelling while the
local characteristics in processing a field [34].

2.2.3

Texture Modelling Based on MGRFs

Texture modelling based on MGRFs is mainly about to choose “appropriate
potential functions for desired system behaviour” [64]. In a typical modelling
scenario, an MRF is defined over the image lattice to encapsulate and represent

domain knowledge and observations about the texture to be modelled, e.g., by
specifying a neighbourhood system and related conditional probabilities. Then,

by Markov-Gibbs equivalence, a Gibbs distribution of the MRF is derived as a
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texture model. The resulting MGRF model is often parameterised by a func
tion, consisting of two basic components, namely, observable variables and model
parameters. The quality of a model depends on how well two components are

represented and integrated.
The parametric form of the Gibbs distribution in Eq. (2.2.2) with parameters A
is given as follows:

vc(di : i e G | A) >

| A) = i exp
I

cec

(2.2.7)

)

Here, Pr(g | A) is called likelihood of A with respect to samples of the random
fields.

Observable Variables

are quantitative measures of meaningful observations,

i.e. texture features, from an image. In most cases, the observable variables are
assumed to be sufficient statistics of an MGRF model, which summarise all rel
evant information retrieved from a training texture. Textures having the same

sufficient statistics are indiscriminate with respect to the model. A relatively

small set of sufficient statistics among the many that constitute the sample en

ables a compact texture model, but it also suggests the importance of selecting
and validating appropriate sufficient statistics in the modelling process.

Model Parameters

characterise the distribution of observed variables from

an image, which are to be estimated in order to determine the posterior proba
bility distribution for the texture. The process of parameter estimation fits the

model into a sample texture, which is also known as model identification. Recall
the Gibbs distribution and the partition functions in Eqs. (2.2.2) and (2.2.3),
the mathematical structure of model function is non-trivial, because, first, the

Gibbs distribution involves a multivariate probability density, and second, the
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partition function Z, defined over the entire configuration space of the distribu
tion, is intractable both analytically and numerically. Therefore, it is inevitably
difficult to directly estimate the parameters of an MGRF model. In statistics,

such a problem of learning parameters of an unknown probability distribution

from observed data generated by that distribution is solved in a framework of
probabilistic inference by methods like Gibbs sampling [34].

2.2.4

Model Identification

Model identification is usually formulated as a global optimisation problem that
maximises either the entropy or the likelihood of probability distributions.

Maximum Entropy Principle

If domain knowledge and observed statistics are represented as a set of con

straints, Maximum entropy (MaxEnt) principle could be applied in estimating
parameters of model distributions.
The MaxEnt principle states that a desired probability distribution should be

assigned by maximising the entropy while subject to a set of constraints [52,60].
The entropy of a probability distribution measures uncertainty [92], which is

denoted by:
H(Pr) = - ^Pn log(Pn)
i

The MaxEnt principle is formulated as an optimisation problem that maximises

ff(Fr),
Pr* = arg max If (Pr)
PrCP

(2.2.8)

Epr(/i) = Zprffi) : V/- S F = {fi : i = l..n}

(2.2.9)

subjecting to constraints,
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Here, P denotes a set of allowed probability distributions, Epr(/j) is the math
ematical expectation of a feature

with respect to the model distribution Pr,

and Epr*(/J is the empirical feature value computed from the training sample

that can be considered also as the expectation of a feature

with respect to the

empirical distribution Pr*.

This constrained optimisation problem can be solved by maximising following

Lagrangian,
\fEPr(ff) - EPr-(fti

»(Pr, A) = H(Pr) +

(2.2.10)

i

where A = {A; : i = l..n} are the Lagrange factors.
The resulting MaxEnt distribution is as follows,

Pr =

eXf> (E ' G

Z(A*) = 52exp (52)
PrCP

\ i

t2'2’11)
(2.2.12)

/

Here, Z(A*) is the normalised constant. The obtained parameters A* = {A* :

i = l..n} maximises the Lagrangian ^(Pr, A) in Eq. (2.2.10) and therefore the
entropy H(Pr). Without any constraints, the MaxEnt yields a uniform distri
bution giving equal probabilities to all possible images. Otherwise the MaxEnt
yields the closet one to the uniform distribution, subject to the constraints. Since
images are modelled in terms of a set of sufficient statistics, the constraints ensure

the empirical feature values for the training data [60].

The probability distribution functions in Eqs. (2.2.7) and (2.2.11) are in a similar
form, suggesting that the Gibbs distribution of an MGRF model belongs to the

exponential families and is an MaxEnt distribution. Actually, all distributions
belonging to so-called exponential families [2] possess the MaxEnt property. In

particular, a generic MGRF model is specified by an MaxEnt distribution con

strained by the training sufficient statistics, i.e. co-occurrence frequency distri

butions.
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The MaxEnt principle suggests an alternative approach to texture modelling.

One can first select sufficient statistics to characterise textures and then infer

the MaxEnt distribution subject to the constraints that the marginal probability
of sufficient statistics with respect to the model should match the empirical

probability of the same statistics in the training data. As introduced later, both

the generic MGRF [36,37] and FRAME [113] models use this strategy to derive
their MaxEnt distributions. But the former derivation refers to the exponential
families, while the latter approach does not mention the exponential families at

all and derives their sufficient features from the scratch.

Maximum Likelihood Estimation

Maximum likelihood estimation (MLE) is one of the most commonly used proce
dure for estimating unknown parameters of a distribution. MLE is based on
likelihood principle which suggests model parameters should maximising the

probability of occurrence of the observation, e.g., a training image, given the
configuration space.

Given the parametric form of a Gibbs distribution Pr(<?|A) in Eq. (2.2.7), the
likelihood function for A is given by,

£(A | g) = logPr(#|A)
The maximum likelihood estimator is defined by,

A* = argmax£(A | g)
A

If £(A | p) is differentiable, the parameters A* for the MLE, given a training
image g°, is computed by solving

9CG I 3°)
3A

n
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Usually, the following log-likelihood function in line with Eq. (2.2.7) is used in

the differentiation,

Vc(g° :ieC \X)

£(A | 9) = - log Z(A) -

(2.2.13)

cec
However, due to the intractable normalisation constant Z(A) in Eq. (2.2.13),

numerical techniques such as Markov Chain Monte Carlo (MCMC) algorithms
have to be used for estimating A*. As shown in [4], the MaxEnt method is
equivalent to the MLE in estimating distributions in exponential families and

therefore Gibbs distributions.

Parameter Estimation via MCMC

An MCMC algorithm allows to simulate a probability distribution by construct

ing a Markov chain with the desired distribution as its stationary distribution.
A Markov chain, defined over a set of sequential states, is an one-dimensional

case of an MRF. Each state of the chain relates to a particular assignment of

all involves random variables on which the stationary distribution is defined.
The transition from a state t to t + 1 is controlled by the transition probability,

Pr(#M | p^-1]), indicating Markov property of the chain,

■M/1 I

A 9 = Pr(9^ | a1*-11)

(2.2.14)

The MCMC algorithm iteratively updates the Markov chain from one state to

the next according to the transition probability. Eventually, the chain attains
the state of equilibrium when the joint probability distribution for the current

state approaches the stationary distribution. The parameters that leads to the
stationary distribution are considered as the model parameters learnt for the

particular training image.
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Algorithm 1 Metropolis Algorithm
1: Randomise an input image g.
2: repeat
3:
Generate image g* by performing a random trial move from g.
4:
Compute Pr(g-+ g*) = min{l,
5:
if random^, 1) < Pr(g —> g*) then g —> g*.
6: until equilibrium is attained.
In the case of texture modelling, each state of an Markov chain relates to an image

as a random sample drawn from the joint distribution. The image obtained at the
state of equilibrium is expected to resemble the training image. In other words,
parameter estimation via MCMC algorithms simulates the generative process of

a texture and therefore synthesises textures.
Each state of a Markov chain is obtained by sampling the probability distri
bution obtained from the previous state. Among various sampling techniques,
Metropolis algorithm [77] and Gibbs sampler [34] are two most well-known meth

ods. Metropolis algorithm provides a mechanism to explore the entire configu

ration space by random walk. At each step, the algorithm performs a random

modification to the current state to obtain a new state. The new state is ac
cepted or rejected according to a probability computed based on energy change
in the transition. The states generated by the algorithm form a Markov chain.
Algorithm 1 outlines a basic Metropolis algorithm.
Gibbs sampler is a special case of the Metropolis algorithm, which generates new

states by using univariate conditional probabilities [64]. Because direct sampling
from the joint distribution of all random variables is difficult, Gibbs sampler only
modifies one random variable at each step according to a univariate conditional

distribution. As an example, the conditional probability Pr(gi\gl) for an MRF is

a univariate distribution. The univariate conditional distribution describes the
probability of one random variable conditioned on the remaining variables, which

is usually in a simple mathematical form. This property simplifies the sampling
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Algorithm 2 Gibbs Sampling Algorithm
1: Randomise an input image g.
2: repeat
3:
for alU G R do
4:
Compute Pr(gi — q\glfi for all q E Q.
5:
Assign gt to the value q with the probability Pr(gi =
6:
end for
7: until equilibrium is attained.

process. A typical Gibbs sampling algorithm [34] is outlined in Algorithm 2.
In summary, an MCMC method learns a probability distribution Pr(g) by sim

ulating the distribution via a Markov chain.

The Markov chain is specified

by three probabilities, an initial probability Pr(p^), the transition probability

Pr(g^ |

and the stationary probability Pr(g). The MCMC process is

specified by the following equation,

n

pr(p[nl) = Pr(g^)

JJ Pr(g® |

(2.2.15)

t=i

2.2.5

Auto-models

Auto-models [6] are the simplest form of MGRF texture models, which are de
fined over simple neighbourhood systems with “contextual constraints on two

labels” [64]. The Gibbs energy function for an auto-model involves only first-

and second-order cliques, having the following general form [25],
■ 9i+

=

ieR

where cy is an arbitrary functions,

52

foj'9i9j

(2.2.16)

(i,j)eC7

specifies the interaction between sites i

and 7, and C is the set of all second order cliques. The model parameters to be

estimated are

{ce2(//J}

and {Aj}- Due to their simplicity, auto-models involve

relatively low computational cost in model creation and identification.
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There are several variations of auto-models, such as auto-binomial model [20]

and auto-normal model [13,18], each of which assumes slightly different models
of pair-wise pixel interaction.

assumes the conditional probability Pr(gi\gl) of a

Auto-binomial Model

pixel is a binomial distribution.

That is, a pixel

taking values from the

set Q, is binomially distributed over Q-times independent random trials, with

the probability of success, q, being,

=
9

exp {a, +
1 + exp {«, +

Pggj}
Pag-,}

Hence, the conditional distribution is given by,

PrU | gj = C§qa‘(l - l)Q~9‘

(2-2.17)

By Markov-Gibbs equivalence, the Gibbs distribution is specified by the energy

function,

EW^52ln(

)+52a^ + 52

(2.2.18)

In an auto-binomial model, the model parameters are {cq} and {ft?}. The set
cq has a fixed size, while the size of the set {Aj} is related to the order of the

selected neighbourhood system. To simplify parameter estimation, one could
reduce the number of parameters, for instance, by assuming a uniform value a
for all the sites and considering the simplest 4- or 8-nearest neighbour system.
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Auto-normal Models

[13,18] assume that the conditional probability Pr(gi\gl)

of a pixel is a normal distribution over an N x N neighbourhood, which is spec
ified as follows,

Pr(gi | gz) = -y==Qxp{-^[gi- p(gi | y)]2}

Here, p(gi | gl) = pi —

(2.2.19)

— pfi) is the conditional mean and a is the

conditional variance (standard deviation).

By Markov-Gibbs equivalence, an auto-normal model is specified by the following
joint probability density:

Pr(3) =

exp{“i(s ~ m)Tb(s "M)}

(2-2-20)

where p is an N x 1 vector of the conditional means, and B is an N x N
interaction matrix with unit diagonal elements, the off diagonal element at the
position («, j) being —fiij. Since the model distribution in Eq. (2.2.20) is Gibbsian
and also Gaussian, an auto-normal model is also known as a Gaussian-Markov

random field model.
An auto-normal model defines a continuous Gaussian MRF. The model param

eters, B, p, and cr, can be estimated using either MLE or pseudo-MLE meth

ods [7]. In addition, a technique representing the model in the spatial frequency
domain [13] has also been proposed for parameter estimation.

2.2.6

FRAME model

FRAME (short for Filters, Random Fields, and Maximum Entropy) [113] is
an MGRF model constructed from the empirical marginal distributions of filter
responses based on the MaxEnt principle. The FRAME model is derived based

on Theorem. 2.2.1, which asserts that the joint probability distribution of an
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image is decomposable into the empirical marginal distributions of related filter

responses. The proof of the theorem is given in [113].
Theorem 2.2.1. Let Pr(g) be the |R|-dimensional continuous joint probability
distribution of a texture. Then Pr(g) is a linear combination of Pr^\ the latter
being the marginal distributions of the linear filter responses F^ * g.

The theorem suggests that the joint probability distribution Pr(g) could be in

ferred by constructing a probability Pr*(g) which has the same marginal distribu

tions Pr^ as Pr(g) has. Although, theoretically, an infinite number of empirical
distributions (filters) are involved in the decomposition of a joint distribution,
the FRAME model assumes that only a relative small number of important filters

are sufficient to the model distribution

(a filter bank), F = {F^ : a =

Pr(g). Within an MaxEnt framework, by Eq. (2.2.8), the modelling is formulated

as the following optimisation problem,

Pr*(g) — argmax
Pr

(2.2.21)

Pr(g) log Pr(g)dg

subject to constraints:

£pT[50-g(Nv))}^Pr(a\m

VzeQ,

Va = l,...,fc,

Vu e R

(2.2.22)

and

y Pr(g)dg = 1

(2.2.23)

In Eq. (2.2.22), Pr^a\z) denotes the marginal distribution of Pr(g) with respect
to the filter F^ at location u, and by definition,
Pr(g)dg = £Pr[5(z - g{a\v))}

(2.2.24)

where 5(.) is the Dirac delta function and £pr[.] denotes the mathematical expec

tation of a particular function under the probability Pr(g). By the assumption of
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translation invariance, the marginal distribution Prv\z) is independent of the

location v. Therefore, the first constraints are obtained by replacing Pr^a\z)
with Pr^a\z) in Eq. (2.2.24).
The second constraint in Eq. (2.2.23) is the normalising condition of the joint
probability distribution Pr(g).

The MaxEnt distribution Pr*(g) are found by maximising the entropy using
Lagrange multipliers,

1. Construct a Lagrange function £(Pr(g)) as follows:

- J Pr(g)logPr(g) dg

£(Pr(#)) =

k

+ 52 A(a) ■

- g(a\v))] - Pr^a\z))
Q=1
+A(wi). (y Pr(5) dg _ i)

2. Differentiate £(Pr(#)) regarding Pr(^):
d£(Pr(g))
<9Pr(^)

<9£(Pr(p))

1

dg

dPr(g)
dg

log Pr(g) + 52 W • S'z -

+ A(,i+1))

= 0 with respect to Pr(p), the resulting

3. By solving the equation
MaxEnt distribution is:

Pr*(p) = exp
.«=i
fc

A^ • 5(z — ^^(v)) + A^+1^ >
J
5

= exp < yy A^ • J(z — </a\i>)) > • exp {A(fc+1)}
1

' k
• exp yy A^ - 5(z — g^a\v))
<2=1

where A& = {A^\ A^2\ ...A^} are Lagrange factors. The partition function
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Z is derived from the second constraints as follows:

y* Pt\q) dg = l=>

k
52

>
- 9{aXv)) > dg = 1 =>

{

<2=1

r
( k
Z(Nk) = / exp <

• 5 (z ~ 9{a\v)) > d9

la=l

The discrete form of Pr*(g | A&) is derived by the following transformations,

Pr*(g\Ak) =

1

Z(Ak)
1

Wk)
1

Zfffik)
1

Wk)

exp) 5252 /
I

exp <

V

-EEE4“M*-9(aW
v

exp <

exp <

<2=1

z—0

-EE^-E^-iR*))
<2=1

z=0

k

Q-l

v

-EE^-h^
<2=1 z=0

1

Here, the vector of piecewise functions,
{Aq“\ Ai“\ ..., Aq2i},

■ 6(z - g(aXv))dz

a=l d

k

(2.2.25)

= {H^, H[a\ ..., Hq1
^} and A^) =

represent the histogram of filtered image g^ and the La

grange parameters, respectively.

As shown in Eq. (2.2.25), the FRAME model is specified by a Gibbs distribution
with the marginal empirical distribution (histogram) of filter responses as its

sufficient statistics. The Lagrange multipliers A^ are model parameters to esti

mate for each particular texture. Typically, the model parameters are learnt via
stochastic approximation which updates parameter estimates iteratively based
on the following equation,
4?=4A+- w»

48

Texture Analysis and Synthesis: Related Works

where (gQ is an image drawn at random from the distribution Pr(g",

using,

e.g., a Gibbs sampler. Since the FRAME model involves k x Q parameters, the

computational complexity of parameters estimation depends on both the number
of selected filters and signal levels in an image.

2.3

Today’s Methods of Texture Synthesis

Texture synthesis has been under intensive study for decades. Most of recent
synthesis approaches are based on MGRF models of textures. Assuming that

visual similarity follows the proximity of signal statistics [35], these methods
replicates observed sufficient statistics from a training into a synthetic image in

order to approximate the perceived visual similarity between images.
An MGRF model is generative, because a new texture could be generated by sim

ulating the underlying stochastic process of a texture that the model describes.
Such a synthesis process is coincident with the statistical identification of an

MGRF model via MCMC algorithms. Since each state of the Markov chain is
related to an image randomly sampled from the current joint distribution, in line
with the above assumption, the image at the equilibrium state should be visually

similar to a sample of the stationary distribution, i.e. the training sampling. This
approach is so-called model-based texture synthesis. Due to the exponential time

complexity of MCMC algorithms, however, model-based synthesis is rather slow
for practical applications.
Non-parametric sampling methods were developed recently for fast texture syn

thesis. These methods are related to non-parametric analysis in statistics which
allows to analyse data without knowing the underlying distribution. In texture
synthesis, non-parametric sampling methods avoid building an explicit, para

metric probability model (e.g., a Gibbs probability density function) for texture
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description. Instead, they exploit some local methods, e.g., local neighbourhood
matching, for reproducing statistics of the training texture. Synthesis speed is the

main advantage of non-parametric sampling based texture synthesis algorithms
over conventional model-based approaches.

MGRF model-based texture synthesis has the same procedure as model iden

tification introduced in the previous section. Texture synthesis using a generic
MGRF model will be discussed in Chapter 4. The rest of this section focuses

only on non-parametric sampling.

2.3.1

Pyramid-Based Texture Synthesis

Pyramid-based texture synthesis [Heeger and Bergen] [46] is a very first ‘fast’

algorithm that generates a new texture by matching its signal statistics to the
training sample. In the method, a texture is decomposed into pyramid-based rep

resentations, i.e. an analysis and a synthesis pyramids are constructed from the

training and the output textures respectively. The algorithm iteratively refines
a synthesised texture by matching its histogram against that of the training tex
ture, and by matching the histogram of each level of the synthesis pyramid with

that of the corresponding level in the analysis pyramid. The synthesis process

involves mainly image pyramid operations and histogram matching.

Image Pyramid

is a hierarchical structure composed of n levels of the same

image at different resolutions [11]. An image with the highest resolution is at
the bottom level of a pyramid while an image with the coarser resolution is at a

higher pyramid level.
There are two basic pyramid operations, namely, reduce and expand. The re

duce operation involves filtering and downsampling an image to obtain a new
image at the coarser resolution. The expand operation involves upsampling and
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interpolating an image to obtain an image at the finer resolution. The process
of constructing a pyramid from an image is called decompose, which involves
continuous reduce operations. While the process of obtaining an image from a

pyramid is called collapse, which involves continuous expand operations. The
Gaussian, Laplacian, and steerable pyramids are among the most popular ones

used for image processing. Gaussian and Laplacian pyramids involve Gaussian
and Laplacian-of-Gaussian base functions respectively [11], while steerable pyra

mid uses wavelet transforms [46], for decomposing an image.
In the pyramid-based texture synthesis, the Laplacian and the steerable pyramids

are used to decompose a texture into sub-bands of various spatial frequencies and

orientations. Each pyramid level represents certain texture features at a particu
lar frequency or orientation. The histogram of each pyramid level is chosen as a

descriptor of the related features. The synthesis is based on the idea that a new
texture could be generated by matching all the available features (histograms)

with the training texture.

Histogram Matching

forces the intensity distribution of an image to match

the intensity distribution of a target [12]. It is a generalisation of histogram

equalisation. The latter transforms an input image into an output image with
equally many pixels at every grey level (i.e. a flat histogram) and is solved using
the following point operation [12],

9* = QP[<?],

(2.3.1)

where g is the input image, g* is the image with a flat histogram, and P is the
cumulative distribution function. Let the histogram of an image g be denoted by
Hp(q)

as a function of grey level q E Q. The cumulative distribution function P

of the image g is as follows,
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Algorithm 3 Pyramid-Based Texture Synthesis
Input: The training texture g°.
Output: The output image gsyn
1: Randomise the output image gsyn.
2: AnalysisPyramid= decompose(g°).
3: repeat
4:
MatchHistogram(gsyn, g°)
5: SynthesisPyramid=decompos e (gsyn)
6:
for each level i in the synthesis pyramid, SynthesisPyramid[i\ do
7:
MatchHistogr&m(SynthesisPyramid[i\, AnalysisPyramid[i])
8: end for
9: gsyn = collapse (SynthesisPyramid)
10: until A couple of iterations.

P[sl=lllZ iis<'q)dq

(2'3'2)

Given Eq. (2.3.1), the problem of matching the histogram of an image g with the

desired histogram of the image g° is solved as follows [12],

9* = QP[g\ = QP[g°\ =>
P[g] = P [9°] =*•
9° = P'1 [P [9]]

(2-3.3)

As shown by Eq. (2.3.3), histogram matching involves two concatenated point
operations, where P-1 is the inverse function of P. Practically the cumulative

distribution function and its inverse function are discrete, which could be imple

mented using lookup tables [46].

Synthesis Algorithm

is outlined in Algorithm 3, which involves three above-

mentioned functions, AdatchHistogram, decompose, and collapse.
The synthesis is based on the assumption that “matching the pointwise statistics

of the pyramid representation does matching some of the spatial statistics of the

52

Texture Analysis and Synthesis: Related Works

reconstructed image” [46]. However, as shown in the experimental results, the
method produces satisfactory results on stochastic textures with mainly shortrange statistical signal dependence but fails on quasi-periodic or regular textures

involving large scale features. This indicates that the chosen statistics (the his

togram of a pyramid level) are not sufficient for representing especially long-range
spatial features. Another main drawback is that the convergence of the iterative
synthesis has not been theoretically justified.

Nevertheless, the pyramid-based method is a very first effort to apply nonparametric technique for texture synthesis. The novelty of this method is in
the idea of synthesising texture by matching image signal statistics.

2.3.2

Multi-resolution Sampling

Multi-resolution sampling [22], proposed by DeBonet, also constructs an analysis

and a synthesis Guassian/Laplacian pyramids during the synthesis. But it has

two major improvements over the previous method [46]; First, multi-resolution
sampling extracts a set of more detailed and sophisticated image features by ap

plying a filter bank onto each pyramid level. Second, multi-resolution sampling

explicitly takes the joint occurrence of texture features across multiple pyramid
levels into account, while the previous method processes each pyramid level sep

arately.
The method synthesises a texture by first generating a synthesis pyramid on
a top-down, level-by-level basis and then collapsing the pyramid to obtain a
synthetic texture. At each level of the synthesis pyramid, an image is generated
pixel by pixel, each pixel being directly sampled from the corresponding level of

the analysis pyramid. The sampling process, e.g., selection of pixels, is based on
a similarity measure defined in terms of a parent structure, associated with each
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image location (z, y) at the level i of the pyramid for an image g, as follows [22],

Sjg, x, y) = [F°+1(|, |),F?+1
TP0i+2 (\ — ’

•pO z_Y_
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(2.3.4)

where N and M are the number of pyramid levels and the number of selected

filters respectively; F2 — {F™ : m = 0..M} denote a vector of M filter responses
for the pyramid level i.
A parent structure represents the joint occurrence of multi-resolution features at

a particular image location. The distance between parent structures provides a

similarity measure for different image locations, i.e. if two locations have similar
parent structures, they are considered indistinguishable [22]. To synthesise a
pixel, the algorithm searches the same level of the analysis pyramid for candidate

locations that have the most similar parent structures to the current one, i.e. the

distance of each component F; between two structures is below a predefined
threshold. Then a randomly selected pixel from the candidate list is used as the

synthesised value.
This method introduces a novel constrained sampling technique that generates

a new texture using pixels selected from the training image. In fact, a training
texture is considered as an exemplar and the synthetic texture as a rearrangement
of image signals randomly and coherently sampled from the training one. This

technique is also known as non-parametric sampling [29]. Based on the same
idea, a variety of methods based on non-parametric sampling techniques have

been developed, ranging from pixel-based to the latest patch-based sampling [28,
29,59,65,78,104]. Compared to model-based image generation, these techniques

provide much faster texture synthesis.
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Current Pixel

Figure 2.3: The ‘L’-shaped neighbourhood in a pixel-based non-parametric sam
pling (a 3 x 3 neighbourhood window in this case). Each square represents a pixel
and the arrows indicate the synthesis is performed in a raster scanline order.

2.3.3

Pixel-based Non-parametric Sampling

Pixel-based non-parametric sampling [29], proposed by Efros and Leung, con
strains pixel sampling using a similarity metric defined with respect to a local
neighbourhood system in an MRF.

The method assumes an MGRF model of textures so that a pixel i G g only
depends on the pixels in a local neighbourhood A4 G g. The distance between

neighbourhoods A/i and A/}, e.g., the sum-of-square-difference (SSD), provides a
metric of pixel similarity between i and j. To synthesise a pixel i, the algorithm

searches for a pixel j from the training texture that minimises the distance be

tween Ni and Nj, and then uses the value of pixel j as the synthesised value for
pixel i.

The constraint to pixel selection is very similar to the multi-resolution sampling
approach [22], except that this one is based on a local neighbourhood but the

previous one on a hierarchical parent structure. In the multi-resolution sampling,

the synthesis has to be carried out in a top-down manner, because a parent

structure is defined with respect to higher pyramid levels (see Eq. (2.3.4)). In this
method, to maximise the number of synthesised pixels in the neighbourhood of
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Figure 2.4: Synthesised textures by pixel-based non-parametric sampling [29].
Algorithm 4 Pixel-based Non-Parametric Sampling
Input: The training texture g°, the neighbourhood structure A/"
Output: The output image gsyn
1: for each pixel i E gsyn in a raster scan line order do
2:
Search for a pixel j from the training texture g°, j = argminD(A/j, A/i)

3:
2 <- j
4: end for
current pixel, the synthesis is performed pixel by pixel in a raster scan-line order.

Considering the simplest case that the algorithm synthesises an image from top

to bottom and left to right, since only the known parts (already synthesised
pixels) of the neighbourhoods are involved in computing the distance, the actual

neighbourhood has ‘L’ shape, as shown in Fig 2.3.

The synthesis algorithm is outlined in Algorithm 4, where D(Nj,J\/i) denotes
a selected distance function for neighbourhood comparison. Figure 2.4 shows

synthesised textures by the pixel-based non-parametric sampling [29].
In this method, Markov property of a texture is preserved in a non-parametric

way; it ranks samples of observed pixel neighbourhoods and selects the closest one
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5x5

7x7

9x9

Figure 2.5: Results of pixel-based non-parametric sampling with different sizes
of rectangular local neighbourhood [104].
based on a similarity metric. Essentially, the sampling attempts to maintain local

integrity of the training texture. This method can have several disadvantages.
First, the synthesis process grows texture sequentially, pixel by pixel, which tends

to blur features or to grow small local structures (garbage growing) [29]. Second,
the sampling involves exhaustive search for a pixel with the closest neighbour
hood, which could be time consuming especially when a large-size texture or

neighbourhood window is involved. Although it outperforms model-based syn

thesis in synthesis speed, pixel-based non-parametric sampling is still far from
real-time. Third, selection of the geometric structure for the local neighbourhood

(size and shape) is largely heuristic. Figure 2.5 shows the importance of a correct
local neighbourhood (only the size in this example) to the synthesis result of a
pixel-based non-parametric sampling method [104]. However, because a local

neighbourhood is usually texture-dependent, i.e. related to the characteristics of
each individual texture, it might be difficult to find a proper structure without
texture modelling,

A similar pixel-based non-parametric sampling technique, proposed by Wei and
Levoy, exploits tree-structured vector quantisation (TSVQ) to speed up neigh
bourhood searching [104]. This method involves a similarity measure based on
a multi-resolution local neighbourhood structure, consisting of pixels from both

the current and the next lower levels of an image pyramid. This structure is

2.3 Today’s Methods of Texture Synthesis
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a mixture of the parent structure in [22] and the local neighbourhood in [29].

By including pixels from an coarser level, it reduces the size of local neighbour

hood and thus saves computation time. To avoid the exhaustive neighbourhood

searching, this method builds a binary TSVQ tree in which each pixel neigh
bourhood for the training texture is coded by a node. Since the TSVQ tree is
a data structure providing computationally more feasible nearest-point queries,

the neighbourhood matching is reduced into a nearest-point search that traverses
the TSVQ tree [104].

Another variation of pixel-based non-parametric sampling, proposed by Ashikhmin,

is for synthesising natural textures [1]. The method modifies the sampling pro

cess by explicitly accounting for pixel interdependency in the training image.
That is, for a current pixel to be synthesised, instead of from a random loca

tion, the neighbourhood search starts from the surrounding areas where alreadysynthesised neighbouring pixels were sampled in the training image. For example,
“if a pixel two rows above and one column to the right of current position was

taken from position (x = 37, y — 15) in the input sample, the new candidate is

pixel (x = 36, y = 17) in the input sample” [1]. Since it restricts the search space
into a small region, this heuristic greatly reduces the computation time for neigh

bourhood matching. In addition, it tends to ‘follow’ coherent local structures

(e.g., a leaf) appeared in many natural textures. The method does not work well
on textures without ‘any significant amount of high frequency component’ [1].

Since this method tends to follow and move a group of connected signals (e.g., a

small region) from the training texture onto the synthetic one, the behaviour is
similar to a group of block-based non-parametric sampling techniques.
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(b)

(a)

Figure 2.6: Patch-based non-parametric sampling: (a) The boundary zones in
a new and a already synthesised patches, (b) The overlapping boundary zones
after a new patch is placed into the output texture. The arrows indicate the
synthesis is performed in a scanline order.

2.3.4

Block Sampling

Block sampling is a natural extension to the previous pixel-based methods, which

improves time efficiency of the synthesis by using image blocks as basic synthesis
units. So, instead of pixel by pixel, block sampling synthesises a texture on a

block by block basis.

Patch-based Sampling

[65], proposed by Liang et al., also transfers image

signals directly from the training to the synthetic textures. Similar local neigh

bourhood matching is also involved for finding proper image signals for each

output location.
However, the method considers a rectangular image patch instead of a single

pixel at each step of the synthesis. Each rectangular patch has a boundary zone,
being the area surrounding four borders inside the patch (See Fig 2.6 (a)). The
distance between boundary zones provides a similarity metric for different image

patches.

2.3 Today’s Methods of Texture Synthesis
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Figure 2.7: Minimum error boundary cut in Image Quilting, (a) The overlapping
area of patches A and B between the dash lines, (b) The minimum error path
(the irregular dash line) determines which portion of each patch contributes to
the synthetic texture.

Algorithmically, the patched-based sampling is also very similar to the pixelbased algorithm in Algorithm 4. At each step, a patch, which has the closet

boundary zone to the patch at the current location, is selected from the training
image and is then stitched into the output image such that its boundary zone

overlaps with that of the last synthesised patches (See Fig 2.6 (b)). A blending

algorithm has to be used in order to smooth the transition between overlapping
patches.

This method is generally faster than pixel-based non-parametric sampling, but

it has the similar limitations. First, an image patch is usually restricted to be in
a rectangular shape, because otherwise a boundary zone is practically difficult

to define and to use, i.e. it could be difficult to compare and stitch two irregular
boundary zones. Second, the size and the boundary zone of an image patch are

two key parameters to the synthesis; the former should be related to the size
of local structures for each particular texture, while the latter implies the level

of statistical constraints imposed on the sampling process. But, it is still an

open challenge to automate the process of finding good parameters for different
textures. Third, the method blends overlapping areas, which could blur resulting

textures and cause visual artifacts.
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Image Quilting

[28], proposed by Efros and Freeman, improves the patch-

based non-parametric sampling by developing a more sophisticated technique

to handle the boundary conditions between overlapped image patches. Instead
of using the oversimplified blending technique [65], image quilting exploits a

minimum error boundary cut to find an optimal boundary between two patches.
An optimal cut defines an irregular path separating overlapping patches, so that

each patch provides the synthetic texture only image signals on its side of the
path (See Fig 2.7 (b)).
An optimal cut is found using dynamic programming or Dijkstra’s algorithm
which minimises the minimum cumulative matching error E along the path [28],

ij—i >i,j)lj+i) j

where Eij is the cumulative error until the pixel (z,y) along the path, and eitj
is the matching error at pixel (i,j) which is given by the Euclidean distance of
signal values at the pixel between two overlapping patches.
In image quilting, since the overlapping area between two rectangular patches

is always along one of four sides, the optimal cut only goes either vertically or
horizontally through the overlapping area. This limitation might prevent the

algorithm from finding a global optimal cut.

Graph Cut

[59], proposed by Kwatra et al., introduces a non-causal synthe

sis procedure that could find arbitrary-shaped optimal cuts in a 2D image plane.
Non-causal synthesis gives more flexibility than the causal one, because it allows

to place a new patch onto an output location independent of previous ones and

results in arbitrary-shaped overlapping areas. Hence, an optimum cut can sep
arate patches more freely and often has an encircled arbitrary shape. In this
case, only the portion inside the cut remains as part of the synthetic image (See
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New Patch

New Cut

Old Cuts

Portion used
in new texture

Figure 2.8: Graph cut algorithm,
Fig 2.8 ). In determining a new cut, this methods also accounts for old cuts in
the overlapping area [59].

The synthesis procedure is similar to a best-first search problem, which selects
and cuts the patch that has currently the best evaluation according to a heuristic
function. Since the approach doesn’t necessarily yield the best global solution,
an iterative scheme should also be considered to refine the result towards an

optimal global function.

Finding an optimal cut has been formulated by a well established technique of
graph cut in graph theory. Image quilting [28] exploits one-dimensional graph
cut, i.e. each cut only goes one direction, while this method involves a twodimensional case, i.e. each cut goes arbitrarily on a 2D plane. The graph cut

algorithm has the worst-case computational complexity of O(n2) and the average
case of O(nlogn), for a graph with n nodes [59].

Three methods for selecting patches are investigated in [59]. The simplest and the

fastest method is random placement, which places the entire input image into the
output image lattice with a random shift each time. The second method, entire
patch matching, finds the best transition of the input image by minimising a
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normalised SSD of the overlapping area between an input and an output images.

The third method, sub-patch matching, searches an input image for the best

match that minimises a certain distance function between two patches, which is
similar to the approach used in patch-based method [65] and image quilting [28].

2.3.5

Cut-Primed Smart Copying

Image quilting [28] and graph cut [59] first select a patch and then decide which

portion of a patch should be merged into the output texture accord to an optimal

cut. A technique, namely, cut-primed smart copy reverses the order, which cuts
the training image into tiles followed by tessellating tiles for generating a new
texture [78].

Considering an image as a graph with each pixel being a vertex, a cut is a
path running through between vertices of the graph. Each cut creates a seam

consisting of all the pairs of corresponding vertices separated by the cut either
vertically or horizontally, as illustrated in Fig 2.9. An optimal cut should create

the lest visible seam. The visibility of a seam is measured by the sum of difference
of intensity between each vertex pair along the cut. So, finding an optimal cut is

formulated as a shortest path search problem with seam visibility being the cost
function. The problem could be solved using the classical Dijkstra algorithm [78].
The optimal cuts tessellate an image into small tiles of the same shape. As shown
in [78], each tile has both left-to-right and top-to-bottom symmetry, resulted from

two different types of cuts. Therefore, two tiles can be stitched together along one

of the four sides resulted from an identical cute. In the synthesis (smart copy)
stage, at each step, a tile is selected from the training image and is then stitched

into the output image to match existing tiles. Since the cuts minimise the seam

visibility between tiles, the resulting texture should also have the minimal seam

visibility.
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In this chapter, texture analysis methods are divided into two categories, de

scriptive and generic approaches. Descriptive approaches provides feature-based
quantitative descriptions of textures, which typically represent a texture as a

data point or a cluster in a multi-dimensional feature space. Since it is easy to

derive similarity metric (e.g., distance) with the resulting description, descriptive
approaches are particularly useful for discriminating textures in tasks like clas

sification and segmentation. Generic approaches derives generic texture models,
which extend the observation or domain knowledge about textures into more

general conditions. Syntactic models is rather deterministic, which describes a

texture as a string of symbols (texture elements) generated by a grammar. In
contrast, probability models assume a texture is generated by a stochastic pro

cess and derive a joint probability distribution for texture descriptions. Usually,
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the resulting models can be also used for synthesising new textures.
Although both auto-models and the FRAME model are specified by Gibbs distri

butions for texture description, they involve different modelling scenarios [113].
In auto-models, local image structures are specified in terms of conditional prob

abilities with respect to an MRF that is related to the global properties by
Markov-Gibbs equivalence. In contrast, the FRAME model first selects salient
features from statistics of filter responses and learns the joint probability distri

bution of the features based on the MaxEnt principle.

Most of today’s synthesis approaches are either model-based or non-parametric
sampling. The MGRF model-based method [7,13, 20, 36-38,113] identifies a
probability model of a training texture, specified by a Gibbs probability distri

bution on selected sufficient statistics of image signals. These methods provide
better generalisation and a principled way for texture analysis and synthesis, but

the computation complexity of the process is rather high. Non-par ametric sam
pling [22,28,29,59,65, 78,104] enables fast texture synthesis by non-parametric

statistical approach. Instead of creating a concrete parametric model, the ap

proach attempts to mimic a texture from samples of image signals taken directly

from a training image. The synthesis is basically a process of rearranging image
signals of the training texture with due account of their statistical dependency.
An MGRF model of texture is usually assumed and pixel sampling is constrained
by similarity metrics defined with respect to local neighbourhood systems. Non-

parametric sampling methods can be either pixel- or block-based, most of them
sharing similar synthesis procedures but with slightly different distance metric for
pixel selection. Algorithm 4 provides a general template for the implementation
of a typical texture synthesis algorithm based on non-parametric sampling. Re

cent development in block-based non-parametric sampling focuses also on how to
stitch two neighbouring patches with minimal visual discontinuity. The problem

has been formulated as a graph cut problem in graph theory [59].

2.4 Summary
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Non-parametric sampling approaches outperform model-based ones in synthesis

speed. But, in the downside, because they skip entire image modelling stage,
non-parametric sampling methods might fail to preserve global structures of tex

ture and have difficulty in automating the selection of local neighbourhood vary

ing from texture to texture. Finding an optimal cut along patch boundary is
considered an extra effort to compensate the absence of texture models.

A texture usually exhibits both stationarity and locality [104]. Stationarity is the
global property suggesting that different image regions look similar to each other

(periodicity), while locality is a local property indicating a single pixel inter

acts with a coherent local neighbourhood (local structure). Probability models
derived from global image signal statistics emphasise the stationarity, while nonparametric sampling techniques focus on the locality. This is a major conceptual
difference between the two approaches to texture analysis and synthesis.
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Chapter 3
Generic Markov-Gibbs Model

and its Identification

This chapter introduces a generic Markov-Gibbs random field (MGRF) model
of spatially homogeneous or piecewise-homogeneous textures

model identification.

[36, 37] and its

Both the traditional identification using MCMC algo

rithms and a novel structural identification are discussed.

Compared to the

traditional MCMC-based identification, the new structural identification is sim

pler and much faster. Moreover, the technique results in a novel texel-based
texture description and a fast texture synthesis technique.
This work has been reported in [40,108-111]. A new and more precise model
identification approach, developed recently1, is briefly outlined in Appendix A.

3.1

Introduction

A generic MGRF model involves an arbitrary structure of multiple pairwise pixel

interactions for describing spatially homogeneous and piecewise-homogeneous
XG. Gimel’farb and D. Zhou, Texture Analysis by Accurate Identification of a Generic
Markov-Gibbs Model, 2006 [submitted for publication]
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textures with translation-invariant pixel interactions.

Considering a Markov random field model of textures, signal value at a pixel
(e.g. grey level) probabilistically depends on values at other pixels in its neigh
bourhood. By analogy with an interacting particle system in physics, statistical

dependence among pixels is referred to pixel interaction, and therefore a texture,

as an interacting pixel system, is the direct result of the interactions between its
pixels. In a generic MGRF model, pixel interaction in a texture has “no physical

meaning”, but reflects only “the fact that some spatial signal combinations in a

particular texture are more frequent than others” [38].
A generic MGRF model provides a framework of computing the strength of
pixel interactions for identifying the characteristic neighbourhood from a texture.

Only pairwise pixel interactions are involved in an explicit, arbitrary geometric
structure of multiple pixel interactions. Compared to the neighbourhood systems

used by other MGRF models, e.g., a rectangular window for the auto-models,
this arbitrary structure of multiple pixel interactions is more flexible and efficient,

because it covers both short- and long-range pixel interactions with still a low
computational cost.
In the model, pixel interaction is assumed to be translational-invariant. That is,

the strength of the interaction for pixel pairs with the same relative positions is

constant over an image. Therefore, for simplicity, pairwise cliques in an image

are grouped into clique families. A pairwise clique of pixels i and j is denoted
by C =

: i,j G R}. Thus a clique family Co, representing the group of

all the pairwise cliques having a same relative displacement vector (5xa, 5ya), is
denoted by Ca = CSxa,sya = {(i,j) : i,j G R;z -j = (fixa,5ya)}. The set of all
the clique families in an image is denoted by C = {Ca : a G A}. Here, A is a

set of all possible displacement vectors in the image. The interaction structure
of a generic MGRF model is a subset of C, which consists of only a set of most
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characteristic clique families representing the strongest long- and short- range
pixel interactions.

To quantitatively measure pixel interactions, a generic MGRF model uses no

tions of Gibbs potential Va(cfi,gj : (z,j) = C), partial energy Ea(g\Vafi and total
energy E(g). The potential represents the probabilistic strength of pixel interac
tion within a clique C G Co. The partial energy is the sum of the potentials over
the family Ca, and the total energy is the sum of the partial ones over the set C
of all the families involved in the image. Eqs. (3.1.1) and (3.1.2) show relations

among three measures of pixel interactions.

EJg\Va) = 52 VJgi,gj : (i,j) = C).
ceca

£(S) = 52K(s|K)

(3.1.1)

(3.1.2)

aeA
A generic MGRF model is specified by a Gibbs distribution of partial energies

over all clique families, with the Gibbs energy being the total energy of the image.

Combining Eqs. (3.1.1) and (3.1.2), the Gibbs distribution function could be in

one of the following forms,

Pr(#)

|exp{E(p)}
lexPS ^Ea(g\Va) >
I aeA

52 52

(3.1.3)

: (m) = c) >

The partial energy reflects the significance of a family to the entire texture. The

higher its partial energy, the more important a clique family is to the texture.

By computing and comparing partial energy, a generic MGRF model can select
a characteristic neighbourhood W, consisting of only the most energetic clique
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families, for a compact texture description. Since a majority of trivial clique
families are excluded, the model function in Eq. (3.1.3) is largely simplified while

the model quality is not compromised,

3.2

Model Parameters and Sufficient Statistics

The partial energy

in Eq. (3.1.1) can be factorised into a product of a

potential vector and a vector representing marginal probability distribution of

signal co-occurrences (g, s) G Q2 at the pixel pairs.

S«(9lU) =

Z y“(9i,9Y(i,a = C)
CeCa
= 52 yofeSl^)^atosfy)

(3.2.1)

(<?,s)gQ2

=

VaoHa(p)

(3.2.2)

=

|CO| • Vo • Fo(</)

(3.2.3)

Here, Ha(q,s | g) denotes the empirical marginal probability distribution of the

pixel pair

(q,

s)

G Q2 separated by the displacement vector of the clique family

Ca. Ha(g) = {Ha(q,s | g) :

(q,s)

G Q2} represents the grey level co-occurrence

histogram (GLCH) collected over the image g for the clique family Ca, and

is the normalised GLCH. The potential component Va(q, s)

Fo(p) =

represents the strength of interaction between grey levels q and s over the clique
family Ca.

By Eq. (3.2.3), the total energy E(g) in Eq. (3.1.3) can be rewritten as follows,
E(g) =

=
a£A

H0) = lRl' E P- ' V« 9
<zGA

= VT • F(S)

(3.2.4)
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Here, V = {Va : a G A}, VT = {pa • Va : a G A}, H(#) = {Ha(#) : a E A}

and F(g) = {Fofe) : a G A} denote the potential vector, the weighted potential

vector, the GLCH vector and the normalised GLCH vector, respectively, and

Pa — |Ca|/|R| denotes the weight or the relative cardinality of the clique family
Ca.

After substituting the energy E(g) of Eq. (3.2.4) into Eq. (3.1.3), a generic MGRF
model is specified by the following distribution,

Prty) =

exp {V o HO)} = A— exp{VT . F(S)}

(3.2.5)

Eq. (3.2.5) reveals two important statistical properties of a generic MGRF model.

First, the Gibbs distribution belongs to the so-called exponential families [2] of

probability distributions and therefore is a MaxEnt distribution. The maximum

entropy properties of the exponential families are well known in applied and
theoretical statistics [2], well before the MaxEnt principle was reintroduced into
texture modelling in [113], Second, the exponent of the distribution function is

a linear combination of the potential vector VT and the GLCH vector H. The
potential vector VT is the model parameters to be estimated, while the GLCH

vector H is the sufficient statistics of the model.
A generic MGRF model and the FRAME model have very similar model func
tions, as shown in Eqs. (3.2.5) and (2.2.25), except that they involve different

sufficient statistics. The FRAME model is derived from GLHs of filter responses,

while a generic MGRF model relies on the GLCH statistics. If one considers the
GLCH for each clique family as the output of a local ‘filter’, a generic MGRF
model could also yeild a joint distribution of ‘filter’ responses. In this sense, two
models are equivalent.
For all statistical models, selecting an optimal set of characteristic statistics is
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important for successful texture modelling. Too big number of statistics will lead

to intractable complexity of model identification, while insufficient statistics lead
to inadequate modelling. A generic MGRF model computes the analytic first

approximation of potentials for selecting the most characteristic clique families.

The FRAME model applies a stepwise procedure for selecting significant filters

from a filter bank [113]. The procedure is conceptually similar to the method
for sequential selection of clique families for an MGRF model [107], i.e. the filter
selected at each step maximises the change of the related marginal distribution.
However, a major drawback of the approach is that the initial filter bank has
to be constructed heuristically which might not contain all ‘important’ filters

needed for capturing image features.

3.3

Model Identification

Identification of a generic MGRF model in Eq. (3.2.5) involves recovering a char

acteristic neighbourhood N and estimating the potential vector VT, from image
signal statistics F(</) for an image g.

There is a chicken-and-egg problem in the identification; On the one hand, the

potentials VT need to be known to compute the partial energy in Eq. (3.2.3) for
selecting clique families into the characteristic neighbourhood. But, on the other
hand, the potentials VT require an explicit interaction structure N before they

can be computed. An analytic first approximation of potentials is proposed as a
workaround for the problem. The idea is to first compute an approximation of

potentials for recovering the characteristic neighbourhood, and then to refine the

potentials using a more accurate method (e.g., stochastic approximation) based
on the estimated neighbourhood. Model identification of a generic MGRF model
has three main steps,
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1. Compute the analytic first approximation of potentials

2. Recover the characteristic neighbourhood J\f.
3. Potential refinement via stochastic approximation.

3.3.1

Analytic First Approximation of Potentials

Model parameters VT in Eq. (3.2.5) are estimated by computing MLE V*.

Given a neighbourhood A/ and a training image g°, the log-likelihood function
•£(V|g°) = logP(g°|V) of the potential is:
Z(V|g°) = VTF(g°) - log

exp (VTF(g))

(3.3.1)

ges

The MLE V* can not be obtained analytically because the second item in
Eq. (3.3.1) involves the entire configuration space.
A generic MGRF model uses a quadratic approximation of the log-likelihood

function £(V|g°), for analytically computing an first approximation of potentials,
V° « V. For a clique family Ca, the first approximation of potential V° is given
by,

v°

= {V°(q,s),

K°(q,s)

=

V(q,S)eQ2}

Ao- pa-(Fa(q,s \ g°) — M(q,s))

where g° is the training image, M(q, s) =

is the centred marginal probabilities

of signal co-occurrences for the IRF, and pa =

gives the relative size of

the clique family Ca with respect to the lattice size. The scaling factor Ao is
calculated using the same GLCHs and centred grey level histogram (GLH). A

more detailed derivation of the first approximation of potentials can be found
in [36-38]. More accurate model identifications are given in Appendix A.

The first approximation of potentials might not be adequate for computing an
accurate posterior distribution Pr(/), but it gives a sub-optimal estimate of
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partial energy for each clique family and allows to identify the characteristic

neighbourhood of the model.

3.3.2

Characteristic Neighbourhood

The characteristic neighbourhood is an interaction structure constituted by the
most energetic clique families. Most of clique families in a texture have rather low

partial energy, and therefore related pixel interactions have little or no impact

on texture patterns. In contrast, only a small number of most energetic clique
families are major contributors to a texture. This observation suggests only the

most energetic clique families should be included in the interaction structure.
The selection of clique families is based on partial energy which represent the
probabilistic strength of pixel interaction in a clique family.

Given the first

approximation of potential V°(//, s) in Eq. (3.3.2) and the partial energy Ea
in Eq. (3.1.3), an approximation of partial energy for a clique family Ca are

computed from a training sample g° by:

^(5|U) = |Co|-A„-po £ (F„(g,s|5’)-M(g,S))-Fo(9,S|9o)

(3.3.3)

(g,s)eQ2

Since the dimension of the image lattice |R| and the factor Ao are constant, the

approximation of partial energy can be simplified further to a relative partial

energy, £a(gjI4)> for simplicity.
(Fa(q,s \ g°) — M(q,s)) ■ FJq,s \ g°)

^(s|U) = |C„|2

(3.3.4)

(g,s)eQ2

The relative partial energy £°(g|K) still allows to rank clique families by their
significance to the entire texture. The most characteristic clique families can be
identified by using a threshold in the simplest case. To a good approximation,

the relative partial energies of all clique families are assumed to follow a Gaussian
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distribution. Therefore, the threshold 0 is heuristically decided by a function of
the mean e and the standard deviation a£ of the Gaussian [37].

0 = £ + ca£

(3.3.5)

However, this over-simplified method of determining the interaction structure

by using a threshold does not take statistical interplay between clique families
into account, which might result in neglecting some important clique families. In

other words, only statistical independent clique families should be included into

the interaction structure [39]. In another approach, clique families are selected
iteratively based on their statistical impact to the probability distribution [107].

The method grows the interaction structure from the clique family with max
imum energy, and, at each iteration, it only selects one clique family that has

the maximum statistical impact to the present distribution. Statistical impact
of a clique family is defined by the change of the probability distribution after

adding the family into the structure. The method involves computational expen

sive operations of re-sampling distribution and re-collecting GLCH statistics at
each step, but the recovered structure is more adequate and considerably smaller

than the structure obtained using the thresholding.

3.3.3

Potential Refinement

Given the obtained interaction structure, the first approximation of potentials

should be refined in order to compute the posterior probability distribution Pr(g)
in Eq. (3.2.5) more precisely.
A stochastic approximation [85] algorithm is applied to iteratively refine the

potentials toward the MLE V*. Basically, the process constructs a Markov chain
and updates the potentials at each iteration t based on the following equation [38],
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Vl‘] = V|(-1] + A[tl(F(9|o1) - F(g[‘l))

(3.3.6)

v[°i — v°

(3.3.7)

Here, g® is the image generated at step t by sampling the previous probability

distribution, Pr^-^g | V^_1l), using Gibbs sampling [34] or Metropolis algo

rithm [77]. A^ = A^

is the scale factor. The initial scale A^ and the

control parameters Co, Ci and C2 can be decided either analytically or empirically.

The termination condition of the process is given as follows,
|VW -

< e

(3.3.8)

where e is a predefined threshold.
The process of stochastic approximation is rather computational-intensive, which

usually takes more than a few hundred steps to attain convergence. Speed of

convergence and the comparison with an alternative MCMC based technique,

called Controllable Simulated Annealing (CSA), are discussed in [38],

3.4

Structural Identification of a Generic MGRF

Model
A generic MGRF model of spatially homogeneous textures is specified by ex

plicit geometric structure (the characteristic neighbourhood) and quantitative
strengths of statistical dependencies (clique potentials).

Conventional model

identification involves estimating the characteristic neighbourhood and the Gibbs

potentials of selected families, from a training texture. The process, in particu
lar, the potential refinement via stochastic approximation, involves exponential

time complexity [38].
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Figure 3.1: A simple hexagonal texel of six-pixels.

To simplify the identification, a structural approach is proposed which focuses on

identifying the geometric structure of texels (short for TEXture ELement [43])
and placement rules of their spatial arrangement. In the resulting texture de

scription, a texture is constructed by a group of texels repeating many times over
the image lattice according to a regular or stochastic spatial arrangement. This

description is in line with structural approach to texture analysis [43], which sug
gests texels and their spatial organisation constitute a “two-layered structure”

in a texture, specifying local and global properties of a texture, respectively,

In the proposed structural identification, each texel is defined as a micro geomet
ric element, consisting of a group of image pixels (not necessarily continuous)

with a certain spatial configuration. Each individual texel is distinguished by its
geometric structure and internal signal combination. Typically, a texel involves a

rather simple spatial configuration of only a small number of pixels. For example,
Figure 3.4 shows a texel with a simple hexagonal structure.
The structural identification of a generic MGRF model in Eq. (3.2.5) for a given

training image g° has the following major steps:

1. Construct the MBIM based on the approximate relative partial energy in

Eq. (3.3.4).

2. Select a geometric structure of the texels by taking account of the higher-

energy clique families in the MBIM.
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3. Derive the placement rules for these texels.

3.4.1

Model-Based Interaction Map

An MBIM jointly depicts the partial energies of all clique families in a texture,

from which a characteristic pixel neighbourhood TV” can be estimated.
A generic MGRF model allows an arbitrary structure of pairwise pixel interac

tions, but, practically, the longest interaction to recover depends on the size of

the training image. Without loss of generality, Markov property is assumed such
that all the neighbours of a pixel i are limited into a large search window Vlf

centred on the pixel. That is, A/ E WU In order to capture the periodicity

structure of a texture, the search window must be large enough to cover at least
a few repetitions. Empirically, the window size is chosen between 1/3 and 1/2
of the size of the training texture. These empirical rules account for the need
of enough samples for each clique family in order to reliably collect GLCHs and

compute their energies.
Let the width and the height of a search window W be denoted |W|a; and |W%
respectively. A clique family Ca in a texture has the maximum displacement of

and

ca =

along x and y axes respectively, so that,
{(m)

:i,j eR-i-j = (Sxa,5yay, |<hra| <

\5ya\ <

Formally, an MBIM is a 2D function, / : W —> E, which maps a search window

W onto real-valued partial energies E. A two-step procedure is involved in com
puting the partial energy for each clique family. First, a GLCH matrix is collected

for the family, by convolving the displacement vector with the image. Second, the
partial energy is computed by Eq. (3.3.4) from the collected statistics. A generic

MGRF model only counts on the relative frequency, Fa(q,s\q,s E Q |

of

3.4 Structural Identification of a Generic MGRF Model
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Figure 3.2: Brodatz textures [8] and their MBIMs. The textures and their
MBIMs are of size 128 x 128 and 125 x 125 respectively. On the left-hand side
are stochastic textures, and on the right-hand side are regular textures.
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D29 MBIM

Bark0009 Texels
Figure 3.3: Stochastic textures D29 [8] and Bark0009 [82], their MBIMs and
recovered texels.
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Figure 3.4: Regular textures D34 and D101 [8], their MBIMs and recovered
texels.
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Algorithm 5 Computing an MBIM
Input: A training texture g° and a search window W.
Output: the mbim, a |W|a; x |W|y matrix, for the input image.
1: Initialise a two dimensional , IWL x |WL array mbim.
2: for all 5xa e [-&,&] do
3:
for all Sya € (0, 4Z2] do
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:

Initialise a two dimensional,|Q| x |Q| array, namely glch, and reset all
its elements to zero.
for all pixels i = (x, y) € g° do
if the pixel j = (x + 8xa, y + 6ya) E g° then
glch[g°] [g°] = glch[g°] [g°] + 1
end if
end for
Compute
for clique Ca by Eq. (3.3.4).
mbim[8xa +
= mbim[8xa +
+ ^] = £°
end for
end for

co-occurrence of every two grey levels q and s, q,s E Q, so the resulting matrix
has a dimensionality of |Q| x IQI- To have statistically meaningful estimates

for small training images (e.g., 128 x 128 — 256 x 256) and also due to compu
tational restrictions, a texture is typically converted into a 16-level gray-scale

image before further processing [38].

Since relative energy is sufficient for selecting clique families, the first approx

imation of relative partial energy £° in Eq. (3.3.4) is used to approximate the
‘real’ partial energy Ea for generating an MBIM. The procedure of computing

the MBIM is outlined by Algorithm 5.
An MBIM is symmetric about the origin (0,0), because a clique family CsXa,5ya
has the same pixel interaction as the clique family C-5Xa~sya. It also should be

noted that there is no such a clique family with a zero displacement vector (0,0).

The major computation in constructing an MBIM comes from convolution oper
ation in collecting the GLCH statistics for each clique family of the image. The
process involves quadratic time complexity of O(|R| • |W|), which depends on
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the sizes of both the searching window and the training image.
An MBIM can be represented graphically either by a 2D bitmap or on a 3D sur
face, in which each coordinate (<5xa, 5ya) represents a clique family C§Xa>sya, and

the corresponding scalar value represents the partial energy Ea of that family.

Figure 3.2 shows a few examples of 2D representation of MBIMs by grey-level
images, with the partial energy encoded by intensity, i.e. dark intensities cor

respond to higher-energy clique families, light intensities correspond to lower-

energy clique families. In Figs 3.3 and 3.4, the MBIMs are rendered on a 3D
surface, where the z values represent real-valued partial energies.
An MBIM shows several important properties of the clique families in a texture,

which allows to recover a characteristic neighbourhood and to identify texels
from a texture. Experimental comparisons have shown that the more accurate

potential estimates in Appendix A produce quite similar MBIMs to those with

the potentials of Eq. (3.3.3). For simplicity, below, only the latter estimates are

used.

Energy Distribution.

The vast majority of the clique families in the MBIM

have low energies indicating almost independent pixels, while only a small char
acteristic group with higher energies actually impacts upon the spatial pattern of
the texture. Energy histograms in Fig 3.6 show the non-characteristic majority
of the clique families form a dominant peak whereas a relatively small character

istic families form a high-energy ’’tail”. The latter has to be separated from the
dominant part in order to estimate W.

Structural Property.

An MBIM displays clusters formed by the small group

of high-energy clique families. The clusters are distributed in line with partic

ular spatial structures with obvious correspondence to the periodicity structure
of a texture. Stochastic textures, like D4, D12, D24, and D66 in Fig 3.2, have
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(a)

(b)

(c)

(d)

Figure 3.5: The spatial patterns in an MBIM are related to a underlying lattice
of the periodicity structure of a texture, (a) Texture D06. (b) The MBIM for the
texture, (c) Underlying lattice formed by the spatial distribution of characteristic
clique families in the MBIM. (d) Superimpose the lattice over the original texture,
showing that the lattice is in line with the texture’s periodicity structure.

only one dominant central cluster indicating that only short-range pixel interac

tions dominate these textures. In contrast, regular textures, like D6, D20, D52
and D76 in Fig 3.2, have also a number of prominent, peripheral clusters spa

tially distributed in a structured and repetitive manner, reflecting the underlying
translation lattice of pixel interaction. As an example, Fig 3.5 shows that, for

regular texture D34, the spatial distribution of clusters in the MBIM is closely

related to the periodicity structure appeared in the image.

3.4.2

Characteristic Neighbourhood

The characteristic neighbourhood for a generic MGRF model consists of a group

of the most energetic clique families and represents most probably pixel interac

tions in a texture.
The simplest approach to estimating the structure is to select the most energetic
clique families by using a threshold of partial energy [36,37]. But the selection of

threshold is largely heuristic and the statistical interplay between clique families

have not been taken into account.

An alternative sequential approach in [107] selects each next characteristic clique
family by comparing the training GLCHs to those for an image sampled from
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the MGRF with the currently estimated neighbourhood. Since each step in

volves image sampling (generation) and re-collection of the GLCHs, the process
is very computationally complex, i.e. to find a neighbourhood structure J\f, the

time complexity is (9(max{|7£||A/jT', |7£||W|}) where T is the expected number
of steps, which, at least, theoretically T grows exponentially with |7£| although it

is limited to a few hundred steps empirically to generate a single MGRF sample
via the MCMC process of pixel-wise stochastic relaxation.
The structural identification simplifies the selection of characteristic neighbour
hood due to the observation that most energetic clique families form isolated

clusters (or blobs) in the MBIMs as shown by Figs 3.3 and 3.4. From the sta
tistical point of view, the clique family having maximum energy in each cluster

is related to locally the most probable pixel interaction. Pixel interactions rep
resented by other clique families in the vicinity are also likely but with lower
probability. This indicates variations of neighbourhood structure at different

locations of an image. The size and shape of the clusters reflect the degree of
local variations and could be used to measure texture homogeneity, i.e. a strict
homogeneous texture should have a smaller cluster.

It is reasonable to consider the local maximum of each cluster as a representative
clique family for a local region. A two-step approach is proposed to find these

local maxima. First, all the significant clusters are identified from the MBIM,

and second, the clique family having the maximal partial energy in each cluster
is added into the characteristic neighbourhood.

Most MBIMs have their corresponding histograms of partial energies as a unimodal distribution, i.e. each histogram is positively skewed and has a single
peak at the lower energy end, as shown by Fig 3.6. This allows to apply a

unimodal thresholding algorithm [87] to determine a threshold that separates
high-energy clique families from the majority of low-energy ones. Consequently,
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Figure 3.6: Energy histograms for textures in Figs 3.3 and 3.4.

clusters formed by high-energy families are isolated and can be easily identified

by grouping connected clique families using the classic connected-component la
belling algorithm [86]. A local maximum is then identified by as the clique family

with maximal energy from each cluster.

Unimodal Thresholding

[87] yields an optimal threshold for an adequate

separation of a unimodal distribution. No heuristic parameter is involved in the
process. In the structural identification, this algorithm is applied to separate a

small number of decisive, high energy clique families from the rest ones.
The thresholding algorithm draws a straight line from the peak of the histogram

to the last non-empty bin. The threshold is at the point on the histogram curve
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Figure 3.7: Unimodal thresholding [87]. The algorithm computes the distance
between every point on the histogram curve to the straight line. The threshold
is at the point on the histogram curve where the maximum distance occurs.

having the maximal distance to the straight line. The algorithm is illustrated

in Fig 3.7.

Connected-Component Labelling

[86] is applied after unimodal thresh

olding to identify all the clusters of spatially connected clique families. The
unimodal thresholding algorithm converts an MBIM into a binary image, e.g.,

by assigning the clique families with the partial energy above the threshold with
T’s, and with ‘0’s otherwise. With a rather aggressive threshold, the regions

with T’s are expected to be well isolated from the background with ‘0’s. This
allows the labelling algorithm to identify the clusters by sequentially scanning

the binary image. The labelling algorithm scans a binary image twice in a raster

scanline order, e.g, from left to right and from top to bottom of the image. In the
first pass, the algorithm tags each T’ pixel with either an old label if it is con
nected to any pixel with the label or a new label otherwise. In the second pass,
the algorithm merges equivalent labels, i.e. different labels assigned to connected
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Scan Directions

1

(x-1,y-1)

foy-1)

(x-i,y)

(x,y)

r
(x+1,y)

Figure 3.8: Detecting connected components by sequential scans.

Algorithm 6 Connected Component Labelling
Input: Labelling a particular pixel (x, y) in Fig 3.8
1: if the pixel (re, y) has ‘0’ then
2:
Do nothing and proceed to next pixel (re + 1,7/)
3: else if the pixel (re — 1, y — 1) has a label then
4:
Assign the label to the pixel (x, y).
5: else if neither pixels (x — 1, y) or (re, y — 1) is not labelled then
6:
Increment label numbering and assign the latest label to pixel (re, t/)
7: else if pixels (x — 1, y) XOR (x, y — 1) is labelled then
8:
Assign the label to the pixel (x,y)
9: else if both pixels (x — l,y) and (x, y — 1) are labelled then
10: Assign the label of pixel (re — 1, y) to the pixel (re, y)
11: Record the equivalence if labels of pixels (x — l,y) and (x,y — 1) are not
identical.
12: end if
pixels, and discovers possible new connections. As the result, the algorithm as

signs the image region for each cluster with a distinguishing label, which allows
to separate and identify disjoint clusters from the image. The connectivity could

be 8- or 4-nearest neighbourhood in the simplest case. This two-pass labelling

algorithm might be neither space or time efficient especially for large images [70],
but it is proved to be sufficient for usually small sized MBIMs. Smoothing oper
ations might be applied before and after clustering in order to remove noisy or

spurious clusters. The pseudo code for a single step of the labelling algorithm is

outlined in Algorithm 6.
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Geometric Structure of Texels

For simplicity, the structural identification assumes a uniform geometric structure

for all texels in a texture, i.e. the same pixel interactions are applicable at every
location in the image. The geometric structure is statistically the most probable

one, i.e. the central tendency if consider a distribution of all possible texel’s

structures. This simplification is implied by the assumption of translationalinvariant pixel interaction in a generic MGRF model.

The geometric structure of texels in a texture is derived from the characteristic

neighbourhood consisting of local maxima of clusters. Structures for regular and

stochastic textures are defined in different ways due to different nature of these
two texture classes.

Geometric Structure of Texels for a Regular Texture.

In the MBIM for

a regular texture, the clusters closest to the MBIM’s origin relate to the “pri

mary” pixel interactions. The group of these “primary” clusters is related to
a single repetition of the periodicity structure of a texture. The other clusters

relate to “secondary” interactions that appear due to statistical interplay of the

“primary” ones. Therefore, the group of primary clusters specifies desired geo
metric structure of texels for a regular texture. The resulting texel has a rather

simple structure with only a few pixels, e.g., six pixels for the texture D34. Such
a simple texel is not particularly meaningful by itself and even is not noticeable

in a texture. However, a texture is the result of the arrangement of these simple

constructs according to the guiding grid.

Geometric Structure of Texels for a Stochastic Texture.

In this case,

the shape of the single central cluster defines the desired structure. Each such
texel behaves like a seed, and a texture is generated by randomly scattering the
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Figure 3.9: Parameters, 4/ = (Ox,0y,m,n), of the placement grid for regular
texture D34.

seeds over the image lattice.

Figures 3.3 and 3.4 schematically illustrate several texels for stochastic and reg
ular textures, respectively, where each texture has a distinguishing geometric
structure of texels corresponding to the spatial distribution of clusters in the

MBIM.

The geometric structure can be used as a mask for sampling (retrieving) texels

from a texture. For example, one can superimpose a mask at an arbitrary lo
cation on an image, the group of signals covered by the mask are related to a

particular texel for the texture. In a same way, texels of the same structure but
different signals are retrieved at different locations from the image. Since in our
experiments most texels look like a bunch of image signals, this sampling method
is also called in [40] bunch sampling.
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Figure 3.10: Tessellation of regular texture D34 by the placement grid and rela
tive positions of bunches (texels), e.g., (0,0) for Bunch a and (5®,^) for Bunch
b.

3.4.4

Placement Rule for Texels

Repetition of texels creates periodicity, structure and symmetry in a texture.

Placement rules are derived to model spatial relationship between texels, i.e. how
the image locations of multiple occurrences of a single texel or multiple texels
are related in forming the specific texture pattern.
In a stochastic texture, texels appear with no explicit placement rules and have

mostly weak spatial interrelations. As shown later, a synthetic texture of this
class can be formed by sampling, repeating and randomly placing of the distinct

training texels.
In contrast, a regular texture involves strict placement rules reflecting the un

derlying strong periodicity. Due to the assumption of translation-invariant pixel

interaction, only translation symmetry is taken into account in estimating the
placement rule for texels for textures in this class.
In a regular texture, there exists a underlying placement grid guiding the rep
etitions of texels. Each grid cell is a compact bounding parallelogram around
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a texel mask, specified by parameters T = (3x,3y,m,n), where 3X and 3y are
guiding angles that give orientations of cell sides with respect to the image co

ordinate axes, and m and n are the side lengths, i.e. the mask’s spans along
the orientational directions. The bounding parallelogram could be decided using

an invariant fitting algorithm, which is related to a canonical frame of the texel

mask [103]. Figure 3.9 shows a hexagonal texel mask of texture D34, its bounding
parallelogram and related parameters T. In general, the grid with parallelogram
cells represents any five possible types of translation lattice known in the theory
of wallpaper groups for repeated patterns [89].

The placement grid is related to a coordinate system with non-orthogonal basis
vectors, which leads to a hexagonal tessellation of the image plane [94]. Fig
ure 3.10 shows a tessellation of texture D34 in line with a placement grid defined

by the cell in Fig 3.9.
Figure 3.10 also shows that, with the tessellation, each texel is associated with

a relative shift, (5x,5y), of its centre (z, y), with respect to the origin made
coincident with the centre of the closest grid cell:

5X — (y ‘ sin 3y + x • cos 3X) mod m

5y =

(3 4 1)

(y • cos 3y — x • sin 3X) mod n

The placement rule is to repeat each training texel at arbitrary locations having

the same relative shift with respect to the placement grid. Due to an infinite

number of absolute image locations related to a same relative shift, the rule
reflects translation symmetry of regular textures. It also suggests that an arbi
trarily large texture can be synthesised by expanding the image lattice in line

with the infinite placement grid.
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Comparison and Discussion

The structural identification yields a texel-based description that characterises

a texture by texels and placement rules of their arrangement. Recently, several

similar works describing a texture by its primitive elements have been proposed.
However, instead of ‘texel’, the majority of the known works use an alternative
term ‘texton’, suggested by Julesz, to refer to small objects or characteristic
regions that comprise a texture.

Research shows that only the difference in

textons or in their density can be detected pre-attentively by human early visual
system [54].
Motivated by Julesz’s texton theory, a few recent works [63,71,100-102] employ a

filter-based spectral analysis technique to relate textons to the centres of clusters
in filter responses of a stack of training images. Conceptually, each texton, as a

feature descriptor in the spectral domain, represents a particular statistical spec
tral feature describing repetitive patterns of a texture in the spatial domain. All
the textons form a global texton dictionary, or a feature space, allowing to char

acterise a texture by an empirical probability distribution of the textons, i.e. the

frequency with which each texton in the dictionary occurs in the texture. A
nearest-neighbour classifier with similarity metrics based on chi-square distance

between texton distributions, can classify textures into different categories. But
since only the occurrences of a texton are taken into account, spatial information

about relationships between the textons is completely lost in the description.
A texton-based generative model of image in [112] contains local constructs at

three levels: pixels, image bases, and textons. An image base is a group of
pixels forming a micro geometric element like a circle or a line. In this case,

a texton is actually a mini-template consisting of a number of image bases of
some geometric and photometric configurations. In an image, these textons are
meaningful objects like stars or birds that could be observed. The probability
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model with parameters © = {J/, II, k} is defined as follows,
Pr(g°;0) =

where

j Pr(cz°|B;$)Pr(B|T;II)Pr(T;«QdBdT

(3.4.2)

and II denote global base and texton maps containing all the image

bases or textons, respectively, in the entire configuration space of images, B and

T are the base and textons maps, respectively, specific to a particular image
g°, and the probability distribution Pr(T; k,) accounts for the textons and their
spatial relationships in the image g°.

The MLE of the model parameters © or the estimates that minimise the Kullback-

Leibler divergence are learned using a data-driven MCMC algorithm. Due to the
complex likelihood function, the experiments were limited in several aspects in
order to keep the problem tractable: (?) only a small number of image bases in

the global base map, e.g., a few Laplacian-of-Gaussian and Gabor base functions;

(n) the spatially independent textons for simplicity, and (iii) only very simple
textures with a priori obvious image bases and textons.
In both above mentioned and most of other known texton-based approaches, spa

tial relationship among the textons is either neglected or otherwise too difficult
to represent. In contrast, the proposed structure identification provides a much

simpler but yet more complete texture description.

3.5

Summary

A generic MGRF model involves an arbitrary structure of multiple pairwise pixel

interactions, which is specified by a Gibbs distribution with the Gibbs energy

being a linear combination of clique potentials as model parameters and GLCH
statistics as sufficient statistics. The model distribution belongs to exponential
families and is also an MaxEnt distribution.

3.5 Summary
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Given a training image, the traditional model identification of a generic MGRF

involves deriving the first approximation of potentials, identifying the character
istic neighbourhood and refining clique potentials via stochastic approximation.

The identification is also considered as a process of texture synthesis.
The main motivation of the proposed structural identification is to simplify the

traditional computation-intensive model identification via stochastic approxima

tion. Structural identification involves estimating the geometric structure and
placement rules of texels, from an analytically identified MGRF model, in par
ticular by a structural analysis of spatial patterns formed by clique families in

an MBIM. The identification results in a texel-based texture description and a

fast texture synthesis algorithm.
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Chapter 4

Texture Synthesis by Bunch
Sampling

In this chapter, the conventional model-based synthesis is reviewed, followed by

the description of a new algorithm derived from the structural identification of

a generic MGRF model for fast texture synthesis . A comparison with other

texture synthesis methods are also presented.
Conventional identification of a generic MGRF model via stochastic approxi
mation involves simulating the stochastic generative process of a texture by a

Markov chain. Each state of the chain is considered a realisation or a sample
randomly drawn from the model distribution. Such an identification also syn
thesises texture. The structural identification of a generic MGRF model yields
a texture description in terms of characteristic texels and their placement rules.
The texel-based texture description leads to a fast texture synthesis method,

called bunch sampling in [40]. To synthesise a new texture, the bunch sampling

algorithm places texels, randomly sampled from the training texture, into a new
image in line with the estimated placement rules.
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4.1

Texture Synthesis by a Generic MGRF Model

Conventional identification of a generic MGRF model via MCMC algorithms also
synthesises texture.

(a) Sample D17

(b) t=0 (IRF)

(c) t=10

(d) t=20

(e) t=30

(f) t=40

(g) t=50

(h) t=60

(i) t=70

(j) t=80

(k) t=90

(1) t=100

(m) t=110

(n) t=130

(o) t=170

(p) t=190

Figure 4.1: Texture synthesis by a generic MGRF model.
Recall Eq. (3.3.6). At each step t of the stochastic approximation, the potentials

and then the posterior probability distribution Pr®(g | V^) are computed by
Eqs. 3.3.6 and 3.1.3 respectively. Then, an image gT+1l js generated by sampling

4.2 Bunch Sampling
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the distribution Pr®(g | V^) via either Gibbs sampling or Metropolis algorithm.

During the process, a sequence of images, {g® : t = l..n}, are generated along
with the Markov chain. When the Markov chain attains convergence, the final

image is expected to resemble the training texture because their joint probability
distributions of selected signal statistics are close to each other. This approach

to texture synthesis is based on the assumption that visual similarity of textures
follows the proximity of their signal statistics [35].

Figure 4.1 shows a sequence of images generated along the Markov chain during
the identification of a generic MGRF model given a training texture DI7. As one
can see, initialised with a white noise image, the process generates new images
that gradually resemble the training sample. After the 100th step, each synthetic

image appears more or less within a certain proximity to the training texture and

shows little improvement over the previous one. This indicates that the Markov

chain attains an state of equilibrium and texture synthesis is completed.

4.2

Bunch Sampling

The bunch sampling algorithm is based on the results of the structural identifi

cation of a generic MGRF model, i.e, the geometric structure and the placement
rule derived from a training texture. The geometric structure is used as a mask

for sampling texels from the training image, while the placement rule guides the
placement of each texel into the synthetic texture. The bunch sampling is sim

ilar to the methods based on non-parametric sampling in also transferring and
rearranging image signals sampled from the training image into the synthetic

one.
For a regular texture, the locations of a texel in the training and the synthetic
images are related in order to preserve the placement rule. That is, the two
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Algorithm 7 Bunch Sampling for Regular Textures
Input: The training texture g° and the search window W.
Output: The synthetic image gsyn
1: for all Ca = {(5xa,8ya) : (5xa,5ya) E W} do
2:
Collect the GLCH over g° for the clique family Ca.
3:
Compute the relative partial energy, e°, for the clique family Ca, by
Eq. (3.3.4).
4: end for
5: Identify the most characteristic clique families C* C C by the unimodal
thresholding algorithm.
6: Identify clusters formed by the most characteristic clique families C* from
the MBIM using the connected component labelling algorithm.
Find the nearest clusters to the origin of the MBIM. And compute the grid
parameters 0x, 3y, m and n.
8: Initialise the output image, gsyn, to be a blank image.
9: Add all pixels i = {xo,yo} E gsyn into a queue Q, and randomly shuffle the
queue.
10: for all {x0, yo} E Q do
11:
if the pixel {xo, yo} has not been synthesised, then
12:
Compute the relative shift {dxo,dyo} of pixel {xo,yo} with respect to
the grid by Eq. (3.4.1).
13:
Find a pixel, {xi,yj}, in the input image whose relative shift equals
{dxo,dyo}.
14:
Assign the colour of the pixel {xi, yi} to the pixel {x0, yo}.
15:
end if
16: end for

7:

locations have a same relative shift with respect to the estimated placement
gird tessellating both images. But for a stochastic texture without an explicit
placement rule, each texel is copied to a random location in the synthetic image.

Such a retrieve-and-place procedure repeats until the entire image plane of a new

texture is fully covered. Since each step is independent of any previous steps,

the synthesis is non-causal.

4.2.1

Algorithm Details

The bunch sampling algorithm for synthesising a regular texture is outlined in
Algorithm 7. Generally, the algorithm might be divided into an analysis stage

4.2 Bunch Sampling
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(from lines 1 to 7) and a synthesis stage (from lines 8 to 16).

Analysis Stage

involves collecting the GLCH statistics from a training image

and computing partial energy for each clique family to form an MBIM( lines 1

to 4), followed by analysing the resulting MBIM to derive the geometric structure
and the placement grid for texels, specified by four grid parameters (lines 5 to 6).

Synthesis Stage

involves selecting a sampling location of training texels for

each synthesis location in line with the placement grid (line 13) and transferring
a selected texel onto the output image (line 14). The process of sampling and

transferring loops until the entire image plane of the synthetic texture is fully

covered (lines. 10 to 16).

4.2.2

Implementation Issues

A few issues regarding implementing the algorithm are discussed below.

Signal Collisions.

In synthesis of a stochastic texture, signal collision might

happen when a texel has to be placed into a region that has been partly syn

thesised. A simple heuristic rule of preserving the already synthesised signals is
applied to resolve signal collisions [40].

Texel Selection.

Since most of textures are not strictly homogeneous, a stack

of different texels might be associated with a same relative shift reflecting local

variations of textures. Two strategies could be used for texel selection in the

synthesis. The first method is to compute an approximate Bayesian estimate of

texels, based on the maximum marginal posterior (MMP) probabilities of image
signals by superposing all associated texels, for each relative shift. The resulting
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estimate represents the most probable texel at each relative position and is used
in texture synthesis. The second method is to select a random texel from the

stack as a representative for each relative shift.

Synthesis results with both

methods are shown and discussed in the next section.

Synthesis of a Colour Texture.

To date most of texture analysis methods

have been limited only to grey level images.

For instance, a generic MGRF

model is usually restricted to 16 grey levels because otherwise model creation
and identification become computationally too expensive. A possible approach

is to process each channel as a grey-image separately and then to combine the re

trieved information [107]. But integrating different colour channels might require
computational intensive iterative optimisation procedure. The bunch sampling

assumes that texture features are invariant to the colour distribution in an im
age, so that it converts a colour texture to a grey level image for analysis, i.e. the
geometric structure and placement rules of texels are estimated from only the
intensity channel of the image. But, at the synthesis stage, the original colour
texture is used as a source of texels for sampling. In so doing, colour texels are

retrieved and used as construction units to generate a new colour texture. In this

case, the synthesis of a colour texture has no much difference from the synthesis of
a grey-level one except an extra step needed for converting the training textures

from RGB space into grey levels. Since the approach neglects all information pre

served in colour channels (hue and saturation), it might fail on certain textures in
which texture features are relevant to the distribution of colours. Nevertheless,
for most of colour textures used in our experiments, this simple method produces

generally good results.

Time Complexity.

The bunch sampling is a fast synthesis algorithm com

pared to other major synthesis techniques. At the analysis stage, the running

4.3 Experimental Results
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time for computing the grid parameters includes the time for both collecting

the GLCHs and performing a spatial analysis of the MBIM. Similar to a un
partitioned convolution algorithm, collecting the GLCHs for all clique families

inside W over a training image g° involves quadratic time complexity, propor

tional to |p°| • |W|. Since typically a search window has a size proportional to
the training image, e.g., |W| = |^°|/3, the time complexity is roughly O(|g°|2).
The running time for the spatial analysis of an MBIM is C>(|W|), which is linear

to the window size. Therefore, the overall time complexity of the analysis stage
is <W|2)-

At the synthesis stage, the running time for synthesising each pixel is constant,

if a hash table is built to store signal values for each relative shift at a pre

processing stage so that the synthesis of a pixel involves only an operation of
querying the hash table.

So the time complexity for synthesising the entire

texture is 0(|<7syn|). Building the hash table requires to scan the training image

g° pixel by pixel in a raster scanline order, which has time complexity of O(|g°|).

Usually |g°| < |gsyn|. Therefore, the overall time complexity at the synthesis

stage is still 0(|</syn|), which is linearly proportional to the size of the synthetic

image.

4.3

Experimental Results

In this section, experimental results of bunch sampling for some homogeneous and

weakly-homogeneous textures are presented and typical examples of textures on

which bunch sampling succeeds and fails are demonstrated. More experimental

results for natural image textures are given in Appendix B.
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Figure 4.2: Synthesis of regular textures by bunch sampling: The sizes of training
textures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from [8,82].
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GrassO 1

FabricOOlG

Figure 4.3: Synthesis of stochastic textures by bunch sampling: The sizes of
training textures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and
360 x 360, respectively. The training textures are taken from [8,82].

106

Texture Synthesis by Bunch Sampling

MBIM

Cans

K « • « » » «
>>*»**

MBIM
Dots

Floor

“

f'
MBIM

MBIM
Flowers

Flora

Knit

Design

MBIM

Figure 4.4: Synthesis of colour textures by bunch sampling: The sizes of training
textures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from [65].
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Figure 4.5: Synthesis of weakly-homogeneous stochastic textures by bunch sam
pling: The sizes of training textures, MBIMs, and synthetic textures are 128 x 128,
125 x 125 and 360 x 360, respectively. The training textures are taken from [8,82].
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D75
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Figure 4.6: Textures that cannot be synthesised using bunch sampling.

4.3.1

Synthesis of Homogeneous Textures

Figures 4.2 and 4.3 show synthesised images for some spatially homogeneous
grey-scale regular and stochastic textures by bunch sampling, respectively. Fig

ure 4.4 shows more results for spatially homogeneous colour textures. Visual
fidelity is preserved in most of synthetic textures, indicating that the identi
fied texels and placement grids adequately describe the corresponding training

images. The results also shows that GLCHs selected as sufficient statistics for
texture modelling are efficient in both representing global texture patterns and
reproducing their periodicity.

4.3.2

Synthesis of Weakly-Homogeneous Textures

Bunch samphng cannot directly mimic local geometric deformations and signal

deviation commonly seen in weakly homogeneous textures. Since the spatial vari

ation, usually resulted from imperfection of image devices or defects of materials,
is rather random and singular, global signal statistics like GLCHs are ineffective
in modelling them. Figure 4.5 presents some results of the bunch sampling on

several typical weakly-homogeneous textures. In these examples, the rectified, or
homogenised synthetic textures D03 (Crocodile skin) and ‘FabricsOOlO’ are ob
tained, while local deformations of texture primitives in the original images are

4.4 Comparison with Related Synthesis Methods
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not preserved. In another example, the repetitive global structure of the texture
‘Ukrainian parade’ is also reproduced although details of each single solder are
missed and long strokes in the training texture ‘Paint0411’ are cut short to the

average size in the synthetic texture.
All the examples show the bunch sampling only rectifies a weakly-homogeneous

texture. This problem is caused by the initial assumption that all the texels in a
training texture have the same geometric structure. By the assumption, a single

texel related to the MMP probabilities of image signals is used as a representative
for each relative shift. The representative averages variations of all texels in
both the geometric structure and the signal configurations, and results in the

bunch sampling producing an idealised (precisely periodic) synthetic image for a
weakly-homogeneous texture.

In addition, the bunch sampling fails dramatically on a class of aperiodic textures
with irregular shapes and/or arbitrary placement of local objects, e.g. pebbles

and brick tiles shown in Fig 4.6. In these cases, second-order signal statistics
only simply cannot adequately model the training images.

4.4

Comparison with Related Synthesis Meth
ods

Today’s mainstream texture synthesis methods [28,29,59,65,78,104] are based

on non-parametric techniques, which are reviewed in detail in Section 2.3. Sim
ilar to bunch sampling, these methods also use image signals retrieved from the

training image to grow synthetic textures. But these methods adopt a very differ
ent approach to avoid the time-consuming identification of a probability model.

These methods simply skip the entire stage of building texture models from
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Figure 4.7: A synthesis result of bunch sampling (BS) compared with others (part
of the images are taken from [66]).
global image statistics, but instead use non-parametric techniques, e.g., neigh

bourhood matching, to replicate texture features. Without a texture model, non-

parametric sampling methods are unaware of the global structure of a texture,
so they have difficulty in determining the size or shape of local neighbourhood
that suits the current texture. In most of these methods, user intervention is

required to provide a proper local neighbourhood for the algorithms. Another
issue is that the synthesis tends to accumulate error or grow garbage, because

a texture is synthesised either pixel by pixel or block by block, in a sequential

manner. Because they generate textures based primarily on local constraints,
non-parametric sampling techniques might outperform the bunch sampling in
reproducing coherent local texture features. But their weakness is especially in

replicating the global characteristics of a regular texture.
In its basic idea, the method for synthesising near-regular textures proposed

in [67] is similar to bunch sampling. But in the former approach, periodicity
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structures in regular textures are recovered from the translation symmetries of

autocorrelation functions. Since they are based on statistics of pairwise signal

products over the clique families, autocorrelation functions describe interaction
structure in a less definite way than the general statistics of pairwise signal co

occurrences in a generic MGRF model. Another difference from bunch sampling

is in that the method uses large image tiles as construction units for texture
synthesis, i.e. each tile is cut from a training image and then placed into a

synthetic texture in line with the translation lattice. But this approach requires
to blend the overlapping regions at seams to avoid visual disruption [67].
Figure 4.7 shows the comparison of synthesis results for a ‘mesh’ texture among

the bunch sampling, non-parametric sampling [28,29,59,104], and Liu’s al
gorithms [67].

Although all the methods produce similar synthetic textures,

philosophies are different between bunch sampling and others. An interesting

fact is that only bunch sampling discovers the periodicity structure hidden in

the texture. The translation lattice derived by the bunch sampling is shown by
the ‘lattice’ image in Fig 4.7. Therefore, the bunch sampling sees this texture
as a perfect regular texture, while other methods, focusing on local neighbour
hood, treat the texture as a weakly-homogeneous one.

Since a texture is a

mixture of global and local features, neither model-based bunch sampling nor
non-parametric sampling is adequate for complete texture modelling. The fu

ture development of texture analysis and synthesis would focus on incorporating

both the global and the local characteristics of a texture into a better image

model.

4.5

Summary

The bunch sampling is a texture synthesis technique derived from a structural
identification of a generic MGRF model. In the synthesis, the geometric structure

112

Texture Synthesis by Bunch Sampling

and the placement rules for texels, both resulted from the identification, are used

for sampling texels from a training image and guiding the placement of obtained

texels onto a synthetic texture, respectively. Experimental results show that the
bunch sampling captures and replicates visual characteristics in a broad range of
homogeneous textures, both regular and stochastic.

In the bunch sampling, the time complexity of the analysis and the synthesis

stages are O(|p°|2) and 0(|</syn|) respectively. So, the proposed method is very
fast compared to the model-based synthesis with exponential time complexity

and the synthesis based on non-parametric sampling involving exhaustive search
for neighbourhood matching.

However, the bunch sampling has a major limitation. Based on global signal

statistics for feature description, the bunch sampling is not effective in capturing
local deformation exhibited in many weakly-homogeneous textures. Although
local deformation is revealed by the shape and the size of clusters in an MBIM,

the method assumes that a same structure of texel is applicable at every pixel
in an image and derives a structure based on an approximate Bayesian esti

mate of texels. The oversimplified approach neglects all information about local

deformation, and, as the experimental results show, the synthesis only produces
idealised textures by using a single, the most probably texel structure. It remains

still an open problem to cope with dynamic geometric structures accounting for

variability of texels at different image locations.

Chapter 5

Conclusion and Future Work

The thesis is set out to investigate the problems of texture analysis and synthe
sis in computer vision, with focus on developing an alternative computational

feasible method for identifying a generic MGRF model [36,37].

The main results of the thesis include both the texel-based structural identifica
tion of a generic MGRF model and the bunch sampling algorithm for fast texture
synthesis.

5.1

Contribution

Identification of a generic MGRF model involves estimating both the charac
teristic neighbourhood and the corresponding potentials. Conventionally, the

identification involves computing the analytical first approximation of potentials,
deriving characteristic stature, and refining potentials via stochastic approxima

tion [38].
In this thesis, a structural analysis of stochastic and regular (nearly periodic)

image textures is considered, which focuses on estimating arbitrary shaped tex
ture elements (textons [54] or texels [43]) and rules of their spatial placement
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for texture description. The proposed method derives the geometric structure
and the placement rule for texels, from an analytically identified MGRF model,

via spatial analysis of the patterns formed by characteristic clique families in a
model-based interaction map. The structural identification is computationally

much more efficient compared to the identification via MCMC algorithms. In
addition, the resulting texel-based texture description leads to a fast technique

for realistic texture synthesis-via-analysis, namely, bunch sampling.

As a whole, the main contribution of this thesis is in demonstrating a hybrid
method that enables fast texture analysis and synthesis by combining the com

plementary strength of both probability model-based and structural approaches.

5.2

Limitations

In principle, the proposed approach assumes translation invariant homogeneity of

a texture and is based on a generic MGRF model specified by a joint probability

distribution on the GLCHs. As global statistics of image signal co-occurrences,
the GLCHs are more sensitive to the spatial periodicity than to the local spatial

variation of image signals. This leads to inefficient modelling and synthesising a
class of weakly-homogeneous textures which exhibit both the global periodicity

and the local deformation in image signals. Experimental results show that the
proposed approach only effectively detects and reproduces the regular periodicity

structure but neglects local deformation in most weakly-homogeneous textures.
This is the major limitation of the present work. Figure 5.1 displays an difference
image that results from subtracting the homogenised synthetic texture (centre)

from the original texture D3 (left), which contains the missing part that the
proposed approach fails to model.
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(a)

(b)

(c)

Figure 5.1: The difference image (c) between weakly-homogeneous texture D3 [8]
(a) and its homogenised prototype synthesised by bunch sampling (b).

5.3

Future Work

Although the deformation of texels might be difficult to be modelled using global

image statistics, the comparative study on texture synthesis by non-parametric

sampling suggests that the property might be replicated as is by directly transfer
ring training texels from the training into the synthetic texture. An extension to

the existing method that incorporates both global and local texture feature mea
sures might be considered as a prospective direction of future work in the pursuit
of a complete image model and more realistic and efficient texture synthesis.
Intuitively, a possible solution is to decompose a weakly-homogeneous texture

into a component related to the basic periodicity structure and an extra com

ponent containing the information on local deformation, and to process two

components separately by different algorithms.

Some investigations into this

direction have recently been carried out in [66]. The method considers a weaklyhomogeneous texture formed by applying local deformation onto a homogeneous

prototype texture. Therefore, a weakly-homogeneous texture can be separated
into a regular and an irregular components. The regular component is related

to a homogenised prototype of the original texture, which is very similar to a
rectified synthetic texture by the bunch sampling. The irregular component is
represented by a deformation field, i.e. a function of the geometric distortion
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between the underlying translation lattices of the original texture and the ho

mogeneous prototype. The decomposition allows to use different algorithms for

the regular and irregular comports. The homogeneous component is synthesised
as a regular texture using the method in [67], while the deformation field is syn

thesised as a stochastic texture using pixel-based non-parametric sampling [29].
Then, two synthesised images are combined using image warping to create a fi

nal synthetic texture. The obtained texture is expected to preserve the global
regularity and the local variation of the training image. However, the need for in
teractively identifying the translation lattice from an input weakly-homogeneous

texture makes the algorithm less applicable practically. In addition, the method

implies a perhaps less justified assumption that local deformation in a texture
could be modelled by a stochastic, continuous field that is independent of the ho
mogenous prototype. But as shown in Fig 5.1, for example, the difference image,

containing information about local deformation, is still more or less texture-alike

which might not be simply represented by a random deformation field indepen
dent of the homogeneous prototype. So, future research in this direction would

be to investigate whether texture local deformation could be extracted without

human intervention and be modelled in a more generic way. In many textures,
slight local deformation of repeated elements is approximately related to certain

affine transformation [62,88]. This indicates another possible direction of ap
proximating local image distortion via spatial coordinate transformation. That
is, the representation of a weakly-homogeneous texture can also involves an extra
field of certain geometric transformations.

The proposed bunch sampling can generate a homogenous prototype from an in
put weakly-homogeneous texture, and the differences between two images might

provide a cue for recovering local deformation in a texture. If the homogeneous

prototype is called the reference image, the goal is to find certain geometric
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transformations that aligns an input weakly-homogeneous texture with the ref

erence one, e.g., mapping locations in the input texture to new locations in the

reference image. This task could be formulated as a problem of image registra

tion [10]. But, in this case, a single spatial transformation might not be adequate
for aligning two images, so piecewise transformation should be considered which

subdivides the images into pieces and uses different transformation parameters
for each piece. Since texture synthesis might extends the image plane to an
arbitrary size, the resulting transformation field should be extensible.

The first attempt to find piecewise affine transformations that align a weaklyhomogeneous texture with its homogeneous prototype was conducted by taking

the following procedure,

1. Obtain a reference image of the same size by rectifying a weakly-homogeneous
input texture using bunch sampling.

2. Tessellate both the input and the reference textures using the estimated

placement grid. Each grid cell defines a small image patch.
3. For each corresponding pair of image patches in the input and the reference

images, compute the parameters of the affine transformation that aligns two

patches.
4. Compute affine parameters for each image location by interpolating the
parameters of image patches.

The selected affine transformation involves six parameters in the experiment,

al a2 a3
a4 <3-5 a6

(x\
V

A combined search method based on Hooke-Jeeves optimisation [49] is tested,

which exhaustively searches for affine parameters that align two patches so that
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Figure 5.2: Affine transformation that relates a weakly-homogeneous texture
with its prototype, (a) Texture D3 (b) Homogeneous prototype of D3 (c) An
image obtained by applying obtained piecewise affine transformation onto the
homogeneous prototype.
SSD or normalised correlation between them is minimised. Meanwhile, an affine

warping algorithm [69] is also tested. Experiment results suggest the main prac
tical challenge is to find a feasible technique that allows to reliably estimate

the affine parameters for especially rather small image patches. As shown in
Fig 5.2, the piecewise affine transformations obtained using the mentioned meth
ods produce unsatisfactory alignment between two images (the image (c) should
be similar to the image (a), if correct affine parameters are obtained.)

5.4

Conclusion

Texture is an important visual cue that is exploited by human visual system

pre-attentively and efficiently in interpreting natural scene. However, despite in

tensive study in vision science, texture as a complex process is not yet completely
understood.
According to other results and our experiments, for successful texture description,

both the stationarity and the locality in a texture should be taken into account

and be represented for a successful texture model. The main practical challenge
might be to capture and represent both the global and the local characteristics
of a texture into a unified description.

Appendix A
Approximate Potential Estimates

Recall Eq. (3.2.5). Given the neighbourhood A/”, the specific log-likelihood of the
potential:

f(V|9°) = T logpw(9°) = VTF(g°) - ln £ exp (VTF(g))

I

I

(A.0.1)

gES

has the following gradient (V£) and the Hessian matrix (V2):

Vf(V|g°)

= F(g°) - E{F(g)|V}

V2^(V|g°) =

-(E{F(9)FT(g)|V}-E{F(s)|V}E{FT(g)|V})

(A.0.2)

= —C{F(g)|V}
where E{... |V} denotes the math expectation under the GPD of Eq. (3.2.5) and
C{F(g)|V} is the covariance matrix of the scaled empirical probability vectors.

Because the covariance matrix is non-negatively defined, the log-likelihood is uni-

modal in the potential space [2]. The vector E{F(c/)|V} of the scaled marginal co

occurrence probabilities in the vectorial equation VT(V|g°) = F(g°)—E{F(g)|V}
0 for the exact MLE of V and the covariance matrix C{F(g)|V} are typically

unknown except in the cases when the MGRF of Eq. (3.2.5) is reduced to an
independent random field (IRF).

Starting from a potential Vo producing an IRF, the maximum likelihood estimate

(MLE) of the potential is approximated by generalising the analytical approach

120

Approximate Potential Estimates

proposed in [38].
Proposition A.0.1. If the gradient and Hessian of Eq. (A.0.2) are known for

an image g° and potential Vo, the first approximation of the MLE:

v_v

o+

ywi„°KVVl(Vo|g°)TVl(Vo|g°)
V(0|5),
W(Vo|s°)W^(Vo|5°)V<(V0|g0)

fA n ,,
(A'°'3)

maximises the second-order Taylor series expansion of the log-likelihood
4V|g°) « €(V0|g°) + V<(V0|g°)T(V - Vo) + |(V - V0)TV2<(V0|s<>)(V - Vo)

along the gradient from

Vq.

It is easily proved by substituting V = Vo + AV-£(V0|</°) to the expansion and

maximising the latter with respect to A.
The approximate solution in [38] presumes the simplest IRF (denoted below

IRF0) with zero potential V = 0.

p(q) —

It results in equal marginal probabilities

°f independent signals gx>y — q; q E ;Q, over 1Z and equiprobable
In this case f?{O|g0} = — InQ and all

images in Eq. (3.2.5): Po(g°) =

s) =

pairwise co-occurrence probabilities are equal:

Let Po be the vector of the scaled marginal co-occurrence probabilities for the

IRF0: Pj =

[Pe,?7u • (£,??) € Af] where uT = [1,1,..., 1] is the Q2-vector of

unit components. Let Fcn(p°) be the vector of the centred scaled empirical co
occurrence probabilities fcn.^^(q,s) = ffirfq, s]g°) —

for the image g°, i.e.

FLfo°) = [^[/cng,77^,51^°) : (g, s) G Q2] : (fy 7?) G Af],
where E(9)S)eQ2 fcn-^q, s\g°) = 0 for all (£, g) G Af.
Then the log-likelihood gradient is V£(0|p°) = Fcn(g°) = E(g°) — Po and
the covariance matrix C{F(g)|0} is closely approximated by the scaled diag

onal covariance matrix Cind for the independent co-occurrence distributions:
C{F(g) 1°} ~ cind where Cind =

(l -

Diag [pe>7?u : (f, 77) G Af].
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Proposition A.0.2. The first approximation of the potential MLE in the vicinity

of zero point

Vq

= 0 is

V* —

FL(g°)Fcn(g°)
Fc„(g°) ~ <32Fcn(g°)
FJ1(g“)CindFcn(g“)

(A.0.4)

Proof. In line with Eq. (A.0.3), the maximising factor A* is equal to

Fjn(g°)Fcn(g°)
FJn(g°)C;ndFcn(g°)
If Q

E P(,„ E (/«,-,(</> 49°) ~ $0
(£,rf)EN

jA
V

(q,s)EQ2 '

M
f
£ (/e.,(g, s|g°) 7 (e.n)eJV
(g,s)es2 v

1 and the lattice R is sufficiently large to assume that

7

re 1 for all

clique families, it is simplified to A* ~ Q2.

□

Actual vs. Estimated Potentials for a General-case IRF.

In contrast

to the IRFeq, a general-case IRF on 7Z has an arbitrary marginal probability
distribution of signals Pirf = (ppix(<?) • q € Q). This IRF can be represented

similarly to Eq. (3.2.5) by using the pixel-wise potential:

Firf(g°) =

exp ( 52 Fpix(g£) ) =
\(a;.y)e7Z

exP (l^|V;ixFpix(g°))

(A.0.5)

/

where Vjix = [Vpix(g) : q G Q] is the potential Q-vector, Fjix(^°) = [/pix(?fy°) ■

q G Q] is the corresponding vector of empirical marginal probabilities of signals,

and Zirf is the partition function. The latter has in this case the analytical form:
/
, A 1^1
Em = (^E5GQexpVp
Assuming the centred potential, Eges^pixto ~ 0,

*s eas^Y shown that the

actual potential MLE and its first approximation obtained for a training image
g° much as in Proposition A.0.2 but for the IRF in Eq. (A.0.5) are, respectively,

Epix(?) - ln/pix(gfy°) “ A E Wpix(ftfy°) and
kEQ
vp*x(g) =
(/Pix(g|g°) - ^)

(A.0.6)
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Table A.l presents both the estimates in a special case when one intensity, qsp,

has the empirical probability /pixfepl#0) = f and all remaining intensities are

equiprobable, /Pix((/|go) = 7^; 9 G Q\<7sP- The estimates are given in function
of Q and the relative probability /3 =

■ For small Q, both the estimates are

close to each other except for f ~ 1. But for larger Q, the approximate MLE of
Eq. (A.0.4) exceeds considerably the actual one so that the approximation may
be intolerably inaccurate for the MGRFs, too.

Table A.l: Approximate (“e”), IQxfep), and actual (“a”), Q>*ix(</Sp), MLE of
the centred potentials specifying the generic IRFs for the relative probability
£=
if /pixfeplp0) = f and fpix(q\g°) =
for q E Q\qsp.
Q
2

e
a

f
22

e
a

f
23

e
a

f
24

e
a

2b

e
a

f

f
2b

e
a

f
21

e
a

f
28

e
a

f

1.0
0.00
0.00
0.50
0.00
0.00
0.25
0.00
0.00
0.13
0.00
0.00
0.06
0.00
0.00
0.03
0.00
0.00
0.02
0.00
0.00
0.01
0.00
0.00
0.00

2.0
0.67
0.35
0.67
0.80
0.52
0.40
0.89
0.61
0.22
0.94
0.65
0.12
0.97
0.67
0.06
0.98
0.68
0.03
0.99
0.69
0.02
1.00
0.69
0.01

5.0
1.33
0.80
0.83
2.00
1.21
0.63
2.67
1.41
0.42
3.20
1.51
0.25
3.56
1.56
0.14
3.76
1.58
0.07
3.88
1.60
0.04
3.94
1.60
0.02

10
1.64
1.15
0.91
2.77
1.73
0.77
4.24
2.01
0.59
5.76
2.16
0.40
7.02
2.23
0.24
7.89
2.27
0.14
8.41
2.28
0.07
8.69
2.29
0.04

20
1.81
1.50
0.95
3.30
2.25
0.87
5.63
2.62
0.74
8.69
2.81
0.57
11.9
2.90
0.39
14.7
2.95
0.24
16.5
2.97
0.14
17.7
2.98
0.07

Relative
50
1.92
1.96
0.98
3.70
2.93
0.94
6.88
3.42
0.88
12.1
3.67
0.77
19.4
3.79
0.62
27.8
3.85
0.44
35.4
3.88
0.28
41.1
3.90
0.16

probabilities /3
100
200
500
1.96
1.98
1.99
2.30
2.65
3.11
0.99
1.00
1.00
3.84
3.92
3.97
3.45
3.97
4.66
0.97
0.98
0.99
7.40
7.69
7.87
4.64
4.03
5.44
0.93
0.97
0.99
13.8
14.8
15.5
4.32
5.83
4.97
0.93
0.87
0.97
24.2
27.6
30.1
6.02
4.46
5.13
0.76
0.94
0.87
38.9
48.4
56.7
4.53
5.22
6.12
0.61
0.76
0.89
55.8
102.
77.9
5.26
6.17
4.57
0.44
0.61
0.80
71.4
112.
169.
4.59
5.28
6.19
0.44
0.28
0.66
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103
2.00
3.45
1.00
3.98
5.18
1.00
7.94
6.04
0.99
15.8
6.48
0.99
31.0
6.69
0.97
60.2
6.80
0.94
113.
6.85
0.89
204.
6.88
0.80

104
2.00
4.61
1.00
4.00
6.91
1.00
7.99
8.06
1.00
16.0
8.63
1.00
31.9
8.92
1.00
63.6
9.07
0.99
126.
9.14
0.99
250.
9.17
0.98

10°
2.00
5.76
1.00
4.00
8.63
1.00
8.00
10.1
1.00
16.0
10.8
1.00
32.0
11.2
1.00
64.0
11.3
1.0Q
128.
11.4
1.00
255.
11.5
1.00

oo
2.00
oo
1.00
4.00
OO
1.00
8.00
OO
1.00
16.0
oo
1.00
32.0
OO
1.00
64.0
OO
1.00
128.
oo
1.00
256.
oo
1.00

is obtained if the start

ing potential Vo in Proposition A.0.1 produces a general-purpose IRF identified
for the training image g° rather than the IRF0.

Proposition A.0.3. The potential Vj = [V^^q, s) : (g, s) G Q2; (£,77) G X]

which components V^Pq, s) =
q

G

Q>ix(g) scale the potential values Vpix(q);

Q, of Eq. (A.0.6) reduces the MGRF of Eq. (3.2.5) to the general-purpose

IRF with the marginal signal probability distribution Pjrf = Fpix((/°).
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Proof. Assuming that 'E,seQf(yn(q, s\g) = /Pix(?|#) for all (£,77) G N, the nor
malised MGRF exponent is as follows:

5V
(£,??) 6.V

PtSl

y>

S>)f£,ri(Q> s\o) —

(g,s)eQ2

52 Vpix(9)/pix(Q|5')
q&Q

The assumption holds precisely for the actual marginal signal co-occurrence and
signal probability distributions and therefore is asymptotically valid for the em

pirical distributions, too, providing the lattice P is sufficiently large to ensure
small deviations between the empirical and actual probabilities.

□

If the potential Vo from Proposition A.0.3 is used in Proposition A.0.1, the

resulting general-case IRF identified from g° has the specific log-likelihood
^{Vofy°} = 52/pix(Qb0)ln/pix(Q|^°)
q&Q

and the co-occurrence probabilities

s)

=

fPix(q\g°) fPix(s\g°) for (7, s) G Q2

and (£,??) G N. Therefore, the nQ2-vector of the expected scaled probabil
ities is E{F(#)|V0}T = PT(<y°) = [^</>^0°) : (f,p) G A<] where </>T(^°) =

[/pix(Q)^0)/pix(s|^°) : (Q,s) e Q2}.
Let AC)T);q>s = fz>7?(q, s\g°) - fpix(q\g°)fpix(s\g°) denote the difference between
the empirical and actual signal co-occurrence probabilities for the IRF iden

tified from the image g°.

Let varQ)S be the variance of the latter probabil

ity: varq>s = /Pix(g|£°)/pix(>|£o) (1 - /pix(Q|5fO)/Pix(s|^°))-

Then the gradient

VfyV0|p°) = F(</°) — P(g°) = A(g°) of the log-likelihood is the nQ2-vector
of the scaled differences: AT(#°) = [PtsAtsius ■

e Q2] : K,7?) ZN] and

the covariance matrix C{F(g)|V0} is closely approximated by the scaled diag

onal matrix Cirf = Diag [p£)7p/?(</0)

: £,rf)

G N] where ^(g°) is the Q2-vector of

the variances: 'i/fig0') — [varq>s : (?)s) e Q2]"*"•

Proposition A.0.4. The first approximation of the potential MLE in the vicinity

of the point

Vq

from Proposition A.0.3 in the potential space is V* =

Vq +
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A*A(g°) with the maximising factor
AT(g°)A(g°)
AT(g°)Cirf A(g“)

E Pl„ E A|iq.,iS
(C,77)eV (g,s)eQ2
E PU E var, A2
(£,77) gW (g,s)eQ2

(A.0.7)

Now for all the signal cardinalities Q the actual MLE for the IRF and its ap
proximation in Proposition A.0.4 completely agree so that the approximation is

closer to the actual MLE than the previous one in Proposition A.0.2.

Appendix B

Synthesised Natural Textures

The textures presented in Figs B.l- B.12 were synthesised with the bunch sam

pling algorithm outlined in Chapter. 4. The input and the synthesised images
are of size 128 x 128 and 360 x 360 respectively. The window size for recovering
an MBIM is 62 x 62, so each MBIM is of size 125 x 125. The input textures are

mainly taken from [8,65,82].

These synthesised textures confirm that the bunch sampling and the underlying

generic MGRF model capture and replicate the global periodicity structures in
the training images very effectively. This can be shown by synthesised homo
geneous textures, such as ‘DI’ and ‘Dll’ in Fig B.l, ‘Floral5’ and ‘Cloth37’ in

Fig B.7, ‘S30’ and ‘Designl’ in Fig B.10, and ‘Blue Ribbon’, ‘Check-board’ and
’’Manhole Cover’ in Fig B.ll, in which repetitive patterns in the input textures
are successfully replicated. This can also be confirmed by synthesised (rectified)
weakly-homogenous textures, such as ‘D53’ in Fig B.l, ’FabricOOOO’ in Fig B.4,

‘Fabric0013’ in Fig B.5, ‘S9’ in Fig B.10, and ‘Campbell’ and ‘Fish Fabric’ in

Fig B.ll, in which the global periodicity structures are still preserved although
local details are more or less lost during the process.
The synthesised textures show that the bunch sampling fails on inhomogeneous
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images such as ‘D66’ and ‘D74’ in Fig B.2, ‘Build0008’ in Fig B.4, and ‘No22’
and ‘Mountain’ in Fig B.9.
In addition, the synthesis fails if the search window is not adequately large to

accommodate the repetition structure, which is demonstrated by synthesised
textures like ‘D94’ in Fig B.3 and ‘CircleBlob’ in Fig B.10.
In synthesising stochastic textures, the bunch sampling produces general better
results for textures with shorter pixel interactions. These textures include ‘D29’
in Fig B.l, ‘Food0005’ and ’Misc0003’ in Fig B.6, ‘Fros’ and ‘Img0036’ in Fig B.8,

and ‘Rockwalll’ in Fig B.9. For stochastic textures containing coherent local
objects, such as ‘food0007’ and ‘leaveOOlO’ in Fig B.6, ‘Colour Beads’ in Fig B.7,

‘Grassl3’ and ‘Leafl’ in Fig B.8, and ‘Red Peppers’ in Fig B.12, the bunch
sampling tends to cut objects to average size and might leads to visual artifacts.

Nevertheless, from the results, it can be ascertained that on the whole the generic

MGRF model and the bunch sampling algorithm have potentiality in modelling
and synthesising a wide range of natural textures.
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DI

D35
Figure B.l: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from [8].
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Figure B.2: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from citeBrodatz.
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Figure B.3: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from citeBrodatz.
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MBIM
BarkOOOl

MBIM
BrickOOOO

Brick0006

Build0008

MBIM
FabricOOOO

Fabric0002

Figure B.4: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from [82].
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MBIM

Fabric0004

Fabric0007

Fabric0015

MBIM
FlowerOOOl

Flower0003

Flower0005

FoodOOOO

MBIM

Figure B.5: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from [82].
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WaterOOOO

Water0004

Figure B.6: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from [82].
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MBIM

MBIM

MBIM
Cloth37

MBIM

Colour Beads

Floral5

Figure B.7: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from [65].
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Leaf2

Marble-Black4

Marble-Blue5

Figure B.8: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from [65].
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MBIM

MBIM

Mossy Bark

Marble-Brown5

MBIM

MBIM

MBIM

Olives

MBIM

MBIM
Pie

Rock walll

Figure B.9: Synthesised textures by bunch sampling: The sizes of training textures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from [65]

136

Synthesised Natural Textures

MBIM

S7
■4 44 4 4 4 4 4 4 4 4 4 4 4'

44444444444444
4 * 4 4 4 4 4-44 44 444
"ArSf 44 4 4444444-4S?4 ft 4 4 4 4 4 4 44 4 ft’
«4 4 4 *e 4 4 A; 4 4 4 4 4 4 4
f- -4-4 4 4 4 4 -4 4 4 4 4 4 -4 4
f- 4 4 4 4 4 4 4 4 4 4 4 4 4 4
t 4 4 4^t -4 4 -4 < 4 4 4 4 44
>, 4 4- A* 4 4 4 4 A- 4 4 4- 4 4
14 4 44 4 4 44 4 4 4 441
^44 4 444 4 4A; 4444s
v .X A. V A. ., i. -. »_ 1«. ,.t. As. .*_ a

4 4

MBIM

a

MBIM

S9

':4'

MBIM
Flake

Circle Blob

MBIM
Design 1

Design22

Figure B.10: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125 and 360 x 360,
respectively. The training textures are taken from [65].
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Blue Ribbon

MBIM
Zesta
4EZ43
-S
St

<35=
Uw2

MBIM

MBIM

Fish Fabric

*

* *

♦

*

*

w

*

*

MBIM
Manhole Cover

Metall8

Figure B.ll: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125125 x 125 and
360 x 360, respectively. The training textures are taken from [65].
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>:■

MBIM

Metal04

RockOl

+

MBIM

MBIM
Plaid

Red Peppers

MBIM
Puzzle

Blue Pattern

Board 13

Cracks

E

t
Lt
MBIM

Figure B.12: Synthesised textures by bunch sampling: The sizes of training tex
tures, MBIMs, and synthetic textures are 128 x 128, 125 x 125125 x 125 and
360 x 360, respectively. The training textures are taken from [65].
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