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Abstract
Quantum simulation is a burgeoning field of research, in which quantum systems are engineered to behave similarly to external, complex systems of interest. These quantum
simulators are an alternative to the elusive all-purpose ‘quantum computer’ and instead
function as analogue computers, allowing an external system of choice to be understood
via measurements on a controllable engineered system. An important practical aspect of
quantum mechanics concerns its effects on transport. This thesis describes a series of experiments with ultracold atoms in custom optical potentials, detailing quantum simulators
developed for analysing the quantum transport properties of specific systems of interest.
Two environments in particular are investigated: the quantum chaotic system of the deltakicked rotor, and a spatially disordered potential.
The delta-kicked rotor investigations focus on the effects of phase modulation. By applying a periodic phase modulation of {0, 2π/3, 0}, the phase space is modified to generate a Hamiltonian ratchet, manifesting as directed transport within the chaotic sea without any biased force. We characterise the phase space by applying -classical theory, and
capitalise on the narrow momentum distribution of a Bose–Einstein condensate by experimentally exploring the phase space. A sinusoidal phase modulation reveals two different transport regimes, dependent on the commensurability of the kicking frequency and
phase modulation frequencies. We characterise the resonances found in the commensurate case, and study the effective phase noise induced in the incommensurate case. A particular finding of this investigation is that the quantum resonance is relatively robust to
phase noise, while dynamical localisation is inhibited by small levels of phase noise.
Finally, we implement a truly custom potential with high resolution imaging of a spatial light modulator, and develop a unique high aspect ratio 2D trap for quantum transport studies over long distances. We create custom spatially disordered channels as part
of ‘atomtronic’ circuits to study the effect of disorder in a manner directly analogous to
electronic systems. Through measurements of the effective channel resistances, we observe the first signatures of Anderson localisation in a 2D ultracold atom system.
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“God, grant us men to see in a small thing principles
which are common to things both small and great.”
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CHAPTER 1
Introduction

W

transport is a complex problem, governed by a variety of properties of
the wave medium including its periodicity and its purity. Wave transport is
also an important problem, with ramifications ranging from the conductivity
of electrical materials [1] through to the impact of seismic events [2]. Quantum corrections to transport add a fascinating thread to this already-rich tapestry. The dramatic nature of quantum transport became apparent in 1911 with the discovery of superconductivity by Kamerlingh Onnes [3]. The superfluidity of liquid helium, discovered in 1937 by
Kapitza, highlighted the striking influence that quantum mechanics can have on the transport of bulk material [4]. These two effects are especially related to the collective properties of low-energy bosons, due to bosonic enhancement of the ground-state population.1
Unprecedented experimental investigations into the behaviour of cold, indistinguishable
bosons were enabled when the first Bose–Einstein condensates of dilute gases were created in 1995 [5, 6].
AVE

A different form of quantum transport results from interference along partial propagation paths. The interference of coherent waves can result in striking effects. There are
two cases which are of specific interest in this thesis. Firstly, systems where transport occurs via random walks present an opportunity to study interference effects between propagation paths. If the system is classically chaotic — where the propagation of two classical closely spaced initial conditions diverges exponentially in time — then interference
between propagation paths presents an opportunity to study the transition from quantum
1

There are two types of particle: bosons and fermions. Bosons have integer spin, and multiparticle
occupation of a single mode is enhanced; fermions have half-integer spin, and multiparticle occupation of
a single mode is forbidden.

1

to classical behaviour. Secondly, the presence of disorder can result in a peculiar phenomenon known as localisation. Quantum interference between partial propagation paths
in a disordered system can result in inhibition of transport (‘weak’ localisation) and even
in total cancellation of transport (‘strong’ or ‘Anderson’ localisation) [7].
The motivation for this thesis is to move towards an analogue quantum simulator
for complex transport phenomena. To achieve this we begin with the cleanest possible
system: ultracold atoms represent a ‘perfect’ source of quantum mechanical waves, with
each atom possessing identical properties, and exhibiting long-range coherence. We are
interested in designing custom optical potentials, V (x, t), which are analogous to other
systems of interest. The basic experiment is as follows: an optical potential is set up
which mimics a separate system of interest, atoms are allowed to evolve in time, and
the resulting distribution (in either position or momentum space) is measured. In this
way, an effective calculation is performed on an external system of interest through the
transport measurement of atoms in an analogous potential [8]. If the potential can be well
controlled, and decoherence minimised, then this ‘quantum simulation’ can outperform
classical numerical calculations which are often susceptible to numerical instabilities for
long transport times.
This thesis investigates a range of quantum transport phenomena of ultracold atoms
in custom potentials. We begin by exploring modifications to a classically chaotic phase
space using a delta-kicked rotor model. The phase space modifications mimic a ‘ratchet’,
where directed motion is extracted in the absence of a net force. In a further experiment,
we introduce phase modulation representing a noise pattern to allow us to investigate the
effects of noise on quantum chaos. The tunability of the system is then enhanced via the
implementation of a spatial light modulator. The spatial light modulator allows for the
generation of an arbitrary potential using laser light, giving us the ability to explore any
V (x, t) of our choice. In keeping with the aim of studying quantum transport phenomena,
we implement a controllable disordered system using a spatial light modulator and study
the quantum interference correction to the transport. These engineered quantum systems
— ‘synthetic quantum systems’ — represent a new paradigm in physics.
This introduction is a review of some of the most significant recent developments relating to quantum simulation and quantum transport of ultracold atoms. We begin by
briefly introducing the Bose–Einstein condensate, which forms the basis for all experiments. The field of quantum simulation, together with new developments in quantum
computation, is then introduced. An overview is then given of the current status of the

2

CHAPTER 1. INTRODUCTION
field. We discuss recent advances in atomtronics, quantum chaos research, and in Anderson localisation of cold atoms, and highlight the role of quantum simulation in linking the
two fields. An outline of the thesis follows.

1.1

The Bose–Einstein condensate

The first Bose–Einstein condensates were created in 1995 with dilute gases of neutral
bosonic atoms. The JILA group in Colorado led by Wieman and Cornell used 87 Rb [5],
while the MIT group led by Ketterle used 23 Na [6]. The experimental realisation of the
BEC followed 70 years after the prediction made by Bose in 1924 [9], and expanded
upon by Einstein [10, 11], of the unusual quantum statistics obeyed by identical bosons.
The delay between prediction and observation was related to the advanced technology
required to create such an exotic state of matter. The advancement of cold atom physics
was closely related to the development of stable laser technology, and Bose condensation
was realised soon after the first neutral atom magneto-optical trap was made in 1987 [12].
The experimental realisation of the Bose–Einstein condensate resulted in the Nobel Prize
in Physics being awarded to Cornell, Wieman and Ketterle in 2001 [13, 14].
A Bose–Einstein condensate is an unusual state of matter, in that its existence results
from purely statistical considerations of non-interacting, indistinguishable bosonic particles [15]. These statistics predict that the probability amplitude of a particle scattering
√
into a mode is enhanced by a factor of n + 1 compared to all other modes, where n is
the number of particles already in the mode [16]. The consequence of this is that, at very
low temperatures, the ground state of the system becomes macroscopically occupied.
In the following discussion we summarise the most important properties of BECs
which are relevant for this thesis. Detailed reviews of BEC physics may be found in
Dalfovo et al. [17] and in Pethick and Smith [15].

1.1.1

BEC physics

A Bose–Einstein condensate is characterised by the following properties [17]:
• Number of particles, N : The number of particles in the system.
• The Thomas–Fermi Radius, rT F : A Bose–Einstein condensate in a harmonic trap
assumes a parabolic position distribution, with radius rT F .
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1.1. THE BOSE–EINSTEIN CONDENSATE
• The Chemical Potential, µ: The free energy change when an atom is added to the
condensate.
• The Healing Length, ξh : The distance over which the properties of the condensate
√
can appreciably change. The healing length is given by ξh = ~/ 4mµ, where m is
the atomic mass.
• Temperature, T : The temperature of a condensate determines the condensed fraction, and the proportion of thermal atoms. Within the trap, a pure condensate with
negligible thermal fraction is generally regarded to be at ‘zero’ temperature (see
Related Publication 1 for a thermodynamic investigation of a BEC).
For a system which can be approximated as a series of closely spaced energy levels,
one may write the total number of particles as:
Z
N=

g()f ()d,

(1.1)

for density of states g, occupation number f , integrated over energy . The mean occupation number in a system of identical bosons is given by the Bose–Einstein distribution [15]:
1

.
(1.2)
e(−µ)/kB T − 1
for chemical potential µ and Boltzmann’s constant kB . At low temperatures, when interactions are the dominant energy, the chemical potential is given by [18]:
f () =

1
µ = ~ω̄ 15N a
2

r

mω̄
~

!2/5
,

(1.3)

where ω̄ = (ωx ωy ωz )1/3 is the geometric mean of the trap frequencies, a is the scattering
length, and m is the atomic mass. For our experiments with 87 Rb BECs, the parameters
are a = 95a0 (a0 is the Bohr radius), N = 2 × 104 , ω̄ = 2π · 150 Hz, and m = 86.9
atomic mass units, resulting in a chemical potential of µ/~ = 2π · 1.5 kHz.

The density of states is dependent on the shape of the trap. A generally applicable
result for the density of states is g() = Cα α−1 for a constant Cα , in which α is a constant
dependent on the geometry [15]. For example, a 3D harmonic oscillator has α = 3, in
which C3 = 1/2~3 ω̄ 3 , while a 3D square-well potential has α = 3/2.
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The integral of (1.1) fails for cold bosons due to the macroscopic population of a
single state (the ground state). If we write N = N0 + Nex , then the number of particles in
excited states is given by
Z

∞

Nex =

g()f ()d.

(1.4)

0

The number of atoms in excited states is a maximum at the critical temperature Tc , when
the chemical potential µ = 0. By performing the substitution x = /kTc , the integral may
be performed and the critical temperature may be calculated in the thermodynamic limit
as [15]:
Tc ≈

0.94~ω̄N 1/3
.
kB

(1.5)

In our experiment, ω̄ = 2π · 150 Hz and N ≈ 2 × 104 , resulting in a critical temperature
of 180 nK.
This critical temperature occurs when the temperature is low enough that the mean
spacing between particles becomes comparable with the thermal de Broglie wavelength,
meaning that the particles become truly indistinguishable. The average thermal de Broglie
wavelength is [15]:

λdB

2π~
=
=
pRM S

s

2π~2
,
mkB T

(1.6)

for RMS momentum pRM S , and temperature T . From this insight, the concept of the
phase space density ($) is introduced, defined as the number of particles contained within
a volume λ3dB [15]:

$=n

2π~2
mkB T

3/2
.

(1.7)

By comparison of this definition with the critical temperature, condensation begins to occur when the phase space density increases above 2.612. At this density, Bose–Einstein
statistics become important due to the overlapping wavefunctions of neighbouring particles, and condensation begins into the ground state of the trap [15].
Upon release from the trap, repulsive interactions drive expansion of the condensate, transforming interaction energy into kinetic energy. The condensate expands selfsimilarly [18]. Our experiments are usually conducted following release from the trap,
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and the final momentum distribution is an important parameter. The equilibrium momentum distribution is given by [17]:
D(k) = a[1 − (kξh )2 ],

(1.8)

where ~k is momentum, and a is a normalisation constant. The maximum momentum is
then found from:
pmax = ~kmax =

1.2

~
.
ξh

(1.9)

Calculations with quantum systems

In 1982, Richard Feynman noted that the computations required to solve the dynamics
of quantum systems with large Hilbert spaces and many particles were not well suited to
classical computers [19]. There are two problems: the first lies in the exponential scaling
of computational time with the dimension of the Hilbert space; the second lies in dealing
with entangled states with multi–particle correlations, which do not conform well to classical algorithms. Of course, in the intervening years, modern computing has developed
dramatically. Yet there are still many systems which require extremely computationallyand time-intensive numerical calculations: a prime example is one of the topics of this
thesis, Anderson localisation.
Feynman proposed a different approach. All notable computing to date has been conducted on classical machines, obeying the laws of classical mechanics. Would it not be
more prudent, asked Feynman, if we were to use systems obeying the laws of quantum
mechanics to solve these problems?
This spawned a new generation of research into an area which became known as
‘quantum computing’. The fundamental mechanism behind quantum computing is the
‘qubit’. A classical computer is based on ‘bits’: basic pieces of information which can be
0 or 1. A qubit is a two-level system which takes advantage of the quantum mechanical
principle of superposition, with its state represented as |ψi = a|αi + b|βi. The ability to
have arbitrary values of the coefficients a and b on the Bloch sphere (|a|2 +|b|2 = 1) allows
a qubit to store vastly more information than a classical bit, thereby enabling enhanced
computational efficiency.
The field of quantum computation has been especially bolstered by the advent of su-
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perconducting qubits. These are lithographically manufactured superconducting circuits
with the circuit elements of capacitors, inductors and Josephson junctions. Superconducting qubits are typically cooled to temperatures on the order of 10 mK in dilution refrigerators. The nonlinearity of the Josephson junction enables the circuit to function as a qubit.
Superconducting qubits have the clear advantage of scalability, as many circuit elements
may be etched onto a single chip.2 This technology produced the first quantum computerbased electronic structure calculation in 2016, where 9 entangled superconducting qubits
were used for a calculation of molecular hydrogen [21]. Progress in this field is exciting
and future developments promise to lead quantum computing to regimes where current
classical computations are not feasible.
However, the actual implementation of large systems of qubits has proven challenging,
mainly due to decoherence effects associated with large systems, and the difficulty of
collectively entangling large numbers of qubits. An advancement was made in 2015, with
the observation of a six-hour coherence time of nuclear spins of rare earth-dopants in
yttrium orthosilicate [22]. But the challenge remains to scale up the system to enable large
computation. Although promising, a true ‘quantum computer’ does not yet exist which
can outperform a classical computer. Efforts are underway to increase the scalability by
enhancing quantum information transfer over large distances, to enable the formation of
large ‘quantum networks’ [23].
While the field of quantum computing continues to evolve, those in the physics community asked whether a more direct implementation of a quantum ‘computing’ system
could be developed. The idea of analogue ‘quantum simulation’ arose [24]. A quantum
simulator uses the same basic concept as a quantum computer: a controllable system,
obeying quantum mechanical laws, is invoked to imitate the behaviour of a different system that we wish to investigate. The difference between an analogue quantum simulator
and a quantum computer is that the quantum simulator is an ad hoc device, designed for
calculations on a specific system of interest; a quantum computer is universal.

1.2.1

Analogies between physical systems

A basic tenet of physics is that systems obeying the same equations have the same solutions. Physical analogies can often be drawn between otherwise disparate physical sys2

The D–wave system reports 1000 qubits on a single chip, potentially enabling the simultaneous exploration of 21000 possibilities [20].
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tems. Some simple examples include: fluid flow and electrical resistance; Coulomb’s law
and gravitation; and nonlinear optics and waves in nonlinear media.
All of these analogies are possible because the underlying equations are the same. For
example, the nonlinear Schrödinger equation describing the propagation of light through
a fibre is [25]:
i

β2 ∂ 2 ψ
∂ψ
=
+ γ|ψ|2 ψ,
2
∂x
2 ∂t

(1.10)

where β2 describes the dispersion and γ describes the nonlinear interaction of light with
a fibre. The nonlinear Schrödinger equation describing the behaviour of light through a
fibre (1.10) is strikingly similar to the Gross–Pitaevskii equation (GPE) describing the
evolution of a matter wave packet in the mean–field approximation [17]:
i~

∂ψ
−~2 ∂ 2 ψ
=
+ V (x) + g|ψ|2 ψ,
2
∂t
2m ∂x

(1.11)

where the coefficient −~2 /2m represents the dispersion of a free matter wave, the term
V (x) is an external potential and the coefficient g represents the two-body nonlinearity.
The roles of space (x) and time (t) are swapped for the nonlinear Schrödinger equation
and the GPE, because the spatial co-ordinate in an optical fibre represents the travel time
from the source. A similar equation is also obeyed by deep water waves [26]:

i

∂ψ
∂ψ
+ vg
∂t
∂x


−

ω0 ∂ 2 ψ ω0 k02 2
−
|ψ| ψ = 0,
8k02 ∂x2
2

(1.12)

for carrier frequency ω0 , wavenumber k0 and group velocity vg . As a consequence of these
connections, there has been a great deal of interplay between these seemingly disparate
fields. As an example, a focus of nonlinear optics research in Auckland has been on using
the behaviour of light in nonlinear optical fibres to mimic the behaviour of rogue waves in
water [27, 28]. Soliton dynamics have been another source of cross-pollination between
these three fields, with soliton observations in Bose–Einstein condensates [29, 30] linking
the wavelike behaviour of BECs to temporal solitons in optical fibres [31] and deep water
waves [32].
Analogies such as these are useful as they allow one to model a complex system by
creating a simple, controllable system obeying similar physical laws. The behaviour of
the controllable system can then be observed and monitored as various parameters are
fine-tuned. This is the basis of analogue quantum simulation, where a potential V (x, t) is
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generated in order to mimic a separate system.

1.3
1.3.1

Status of the field
Direct simulation: condensed matter and ‘atomtronic’ systems

Simulating condensed matter systems has been a direct focus of ultracold atom research
for many years [33, 34]. This has been firstly due to the rich physics of solid state systems
(combined with their importance in the modern economy), and secondly to the high degree of control afforded to cold atom systems through stable lasers. Ultracold atoms are
used as quantum simulators of condensed matter systems by playing the analogous role
of electrons in a material; the material itself is simulated with a ‘crystal’ of light, usually
created with an optical lattice of interfering laser beams. Provided the path difference between the interfering laser beams is stable, periodic ‘crystals’ of light may be readily produced.
A beautiful series of experiments by the Esslinger group in Zürich has significantly
advanced the field. They implement a transmission experiment between two reservoirs
separated by a channel, with the aim of the experiment to explore the conductance behaviour of the channel. The channel is created from a focused, repulsive transverse electromagnetic TEM01 Hermite–Gauss beam. The two reservoirs are set to a chemical potential difference (with an atom number imbalance), creating the analogue of a ‘voltage
difference’ between the reservoirs. The time evolution of the system is given by [35]:
G∆N
d∆N
=−
,
dt
C

(1.13)

where ∆N is the number imbalance, G is the conductance, and C = ∂N/∂µ is the
reservoir compressibility. This is completely analogous to the equation for the electrical
current I through a resistor-capacitor (RC) circuit:
dI
I
=−
.
dt
RC

(1.14)

The Zürich group used this system to investigate the conduction properties of fermions
through a two-dimensional channel. They explored a variety of systems. In a ballistic channel, a contact resistance was observed at the edges of the channel; a channel
with speckle disorder was observed to be diffusive [35]. The disordered channel was
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then further explored with both fermionic atoms, and interaction-induced bosonic paired
fermions [36]. This allowed for the observation of disorder-induced destruction of superfluidity in the bosonic case. The group then applied an additional laser pattern, creating
a one-dimensional channel (‘quantum point contact’) superimposed with a uniform gate
potential [37]. The novelty of this experiment lay in the population of only very few conducting modes, each of conductance 1/h. By varying the gate potential, additional conducting modes of the channel were populated. This enabled the observation of quantised
conductance with neutral matter, which had only previously been observed in 1D solid
state systems [38].

Attention has recently turned to more direct simulations of ‘atomtronic’ components,
such as capacitors and Josephson junctions (weak links) [8, 39]. This is a new field, and
the majority of work has come from the JQI group in Maryland led by Campbell. Investigations into ring geometries with a rotating weak link revealed hysteresis effects [40],
while an interferometric experiment provided a direct measurement of the current-phase
relation of the Josephson junction [41]. The group then moved to investigating different geometries. A ‘dumbbell’-shaped potential of two reservoirs separated by a channel
was used, firstly with thermal atoms from a MOT [42] and later with Bose-condensed
atoms [43, 44]. Eckel et al. found that this is analogous to an inductive-capacitive circuit,
separated by a weak resistive link. The observed atom ‘current’ flow was in good agreement with that expected in an electronic circuit connecting in series a capacitor, an inductor, and a Josephson junction shunted with a resistor.

The potentials discussed above were generated either by means of simple Hermite–
Gauss beams [35–37]; with time-averaged potentials [40, 41]; or with an image of a
physical mask [43]. A different means of generating arbitrary potentials is accessible with
a tool known as a spatial light modulator (SLM). The SLM can generate a spatial phase
or amplitude profile across a laser beam, allowing any arbitrary image to be generated
in the atom plane [45–47]. This allows for the creation of complex geometries, and is
promising for future studies into topological insulators and exotic lattices [24, 48, 49].
These developments show that cold atoms promise to offer those in the condensed matter
community new means of analysing problems.
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Figure 1.1: An illustration of the classical model of the delta-kicked rotor. A
pendulum is free to rotate, and is subject only to a downwards pulsed gravitational force as indicated in the plot of g(t). The gravitational field is pulsed
on periodically, in a Dirac-delta-like fashion, such that the momentum change
from each pulse can be regarded as an instantaneous impulse. Critically, the
time k̄ between each pulse is constant.

1.3.2

Quantum chaos

Chaos theory entered the public imagination with the ‘butterfly effect’, postulated by
Lorenz, which provocatively hypothesises that a butterfly’s decision to flap its wings in
Brazil could trigger a tornado in Texas [50, 51]. The origin of this idea is in the nonlinear dynamics of the atmosphere, which result in instabilities to small perturbations. More
quantitatively, a system is ‘chaotic’ if it possesses a positive Lyapunov exponent λL ; the
distance in phase space between two infinitesimally close initial conditions diverges exponentially in time:

|δZ(t)| ≈ eλL t |δZ0 |.

(1.15)

The result of this divergence is that two initial conditions which are extremely close (for
example, the difference between a butterfly flapping its wings or not) can result in longterm states which differ dramatically.
Attention then turned to studying quantum mechanical analogues of chaotic systems.
There is no ‘true’ chaos in quantum mechanics owing to its pure linearity (see [52, 53]
and also the discussion in Section 3.1). However, in the case of Hamiltonian chaos, it is
possible to study quantum systems which are chaotic in the classical limit.
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The delta-kicked rotor
The delta-kicked rotor models a pendulum ‘kicked’ by a sequence of periodic gravitational pulses of vanishing temporal width, as shown in Fig. 1.1. It is a chaotic system for
large kick-strength. The implementation of an equivalent Hamiltonian with cold atoms
established the kicked rotor as a paradigm for studying quantum chaos. Since the seminal
work by the Raizen group [54–59], quantum chaotic systems have become accessible to
experiment in a highly controllable way. The original experiments used cold atoms from
a magneto-optical trap, to which a pulsed standing wave was applied. The long-standing
predictions were that dynamical localisation would result in periodically driven kicked
rotors [60]. Dynamical localisation is a result of a mapping of the kicked rotor Hamiltonian to an effective Anderson model [61]; dynamical localisation is the consequence of
quantum chaos and is the momentum-space analogue of Anderson localisation. There has
been some debate as to whether the inhibition of momentum transfer may be explained by
classical effects rather than dynamical localisation [62, 63]. However, quantum interference remains the best explanation for the phenomena observed in the wide body of experimental work done to date on kicked rotors. Dynamical localisation was experimentally
observed by the Raizen group [54–56], and strong evidence for the origin of dynamical
localisation as a result of quantum interference was established by an experiment which
introduced noise through spontaneous emission [57].
Mapping to higher dimensional Anderson models
More recent advances in quantum chaos with cold thermal atoms have been directed towards the study of Anderson localisation. A comprehensive series of experiments, conducted by the group in Lille led by Garreau and Delande, has examined the metal-insulator
transition by mapping the kicked rotor model to 2D and 3D Anderson models [64–69].
The implementation of this scheme is relatively straightforward; a d-dimensional Anderson model is formed through amplitude modulation of the kicking amplitude, using d − 1
incommensurate frequencies, with Hamiltonian:
"
# N −1
d−1
Y
X
p2
+K 1+
cos(ωj t + φj )
δ(t − m).
H=
2
m=0
j=1

(1.16)

In the 3D Anderson model, a metal-insulator transition exists [70]. Figure 1.2(a) shows
the observation of this phase transition. The scaling parameter Λ = hp2 i/t2/3 grows with
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Figure 1.2: Observation of the Anderson metal-insulator transition with the
kicked rotor, with figures adapted from [64]. (a) Plot for varying kick-strengths
K of Λ = hp2 i/t2/3 , where hp2 i is the energy and t is the number of kicks.
On the left side of the plot, the horizontal axis is t−1/3 ; on the right side
of the plot, the horizontal axis is ξt−1/3 and all scaled data lie on the same
curve, where ξ is the localisation length. The divergence in Λ at the critical
kick-strength K = 6.4 indicates the metal-insulator transition. (b) The phase
space of the kicked rotor, with kick-strength K on the horizontal axis, and
modulation amplitude  on the vertical axis. The crossover from blue to red
indicates the localised to delocalised transition.

time in the metallic state (time increases right-to-left in the plot), and decreases in the
insulating state. The group then mapped out the phase diagram shown in Fig. 1.2(b) by
approaching the transition along different paths [67].
A key advancement made by the group was in the ability to interrogate atoms for
long times. This was enabled by a vertical standing wave with a long Rayleigh range,
and a standing wave phase which was constant in the free-falling frame. Each ‘kick’
is analogous to a single scattering event, and the study of Anderson localisation is the
study of multiply scattered waves. This technical advancement enabled the application of
1000 kicks, and allowed for the observation of 2D Anderson localisation [68]. Perhaps
the most scientifically important measurement from this series of experiments was that of
the critical exponent in 3D [66]. The critical exponent was found to be equal to 1.63 ±
0.05 for nine different parameter sets, indicating the universal nature of the Anderson
phase transition and allowing the transition to be directly characterised in terms of its
universality class. These measurements are an excellent example of a ‘direct’ quantum
simulation, with the analogy to the Anderson system made through a momentum space
mapping.
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Quantum chaos with Bose–Einstein condensates
Quantum chaos experiments utilising Bose–Einstein condensates (BECs) allow for precise control over the initial condition, which can span much less than the full momentum
phase space, allowing for new regimes to be explored. The original headway into this
type of experiment was made by the group of Summy in Oklahoma [71–74].
Accelerator modes of the kicked rotor were observed with cold thermal atoms by
Oberthaler et al. [75]. The accelerator mode experiments indicated, for a kicked rotor
in the presence of gravity, that within the chaotic position/momentum phase space there
exists a region of linear accelerated transport. Summy’s group further investigated this
phenomenon by utilising a BEC. The momentum width of a BEC is significantly lower
than the photon recoil momentum. Behinaein et al. used this to experimentally explore
the phase space by scanning the initial momentum of the condensate with respect to the
optical standing wave [71].
The unique properties of BECs have allowed for a range of impressive measurements.
Time reversal of a quantum chaotic system was investigated by the Auckland group in
2011, where it was found that (contrary to a classical system) the path through phase
space could be precisely reversed for atoms with zero initial momentum [76]. A particular recent focus has been on directed transport in ratchet systems, where directed transport
is obtained from a chaotic phase space when a symmetry is broken [72, 74, 77–79]. The
Summy group produced an initial superposition of BEC momentum states via Bragg scattering, breaking the symmetry of the system and allowing for the observation of ratchet
transport [72, 74].
It is clear that quantum chaos, unlocked by the delta-kicked rotor, underpins a diverse
range of systems with interesting physics. The use of a kicked rotor as a simulator for disordered systems — with the precision of the experiment enabling a measurement of the
critical exponent of the metal-insulator transition — highlights both the applicability of
quantum simulation, and the rich quantum transport physics accessible with cold atoms.
We now move on to a review of recent experiments conducted with cold atoms in disordered real-space potentials.

1.3.3

Ultracold atoms in disordered potentials

Experimental studies into the presence of disorder in ultracold atoms began in 2005, with
two competing groups in Paris [80] and Florence [81]. The experiment of Clément et al.
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observed suppression of transport when cold atoms expanded in an optical speckle potential [80]. This experiment imparted a speckle potential onto a cigar-shaped BEC. This
experiment suffered from technical limitations of the imaging system, which imposed a
lower limit of 5 µm on the correlation length. As will be further discussed in Chapter 6,
Anderson localisation can be understood as a consequence of Bragg reflection. The consequence of Bragg reflection is that spatial frequencies in the disorder of twice the atomic
de Broglie wavenumber are required to be present in order for Anderson localisation to
be observable. From (1.9), it is seen that optical structures on the order of the initial BEC
healing length must be generated. For typical BECs, this is on the order of 1 µm.
While the experiment of Clément et al. indicated suppression of transport when a
speckle potential was imposed on the atoms, it was accepted that this was not due to Anderson localisation. Classical trapping instead dominated, due to reflections off spikes of
potential depth greater than the atoms’ kinetic energy. This suppressed classical percolation and therefore the transport.

Observation of Anderson localisation in 1D
The requirement of high resolution disordered structures delayed the observation of Anderson localisation until 2008, when two independent experiments in Paris [82] and in
Florence [83] provided clear evidence of the onset of Anderson localisation in a quasi-1D
BEC. The experiments had quite different implementations, which we will now discuss.
The Paris experiment loaded 1.7 × 104 Bose-condensed 87 Rb atoms into a quasi-1D
waveguide with a transverse trap frequency of 70 Hz, and a longitudinal trap frequency
cancelled by magnetic anti-trapping. A speckle potential was then ramped on with light
of wavelength 514 nm; correlation length of 0.26 µm; speckle grain size of 0.82 µm; and
mean potential depth VR . The results indicated exponential localisation of the wavefunction for long times, with a localisation length of 1.8 mm for VR = 0.05µ and 0.25 mm for
VR = 0.3µ (µ is the chemical potential). The low atom number ensured that atom-atom
interactions were negligible; the localisation was observed to be algebraic instead of exponential when the atom number (and interaction energy) was increased by a factor of 10.
The Florence experiment instead used a two-colour optical lattice with two incommensurate light frequencies. This generated a quasirandom lattice, implementing the
Aubry–André Hamiltonian:
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H=−

X

J(â†j âl + h.c.) +

X

j,l

∆ cos(2πβj + φ)â†j âj ,

(1.17)

j

where J represents the tunnelling between neighbouring sites, ∆ is the disorder strength,
and β is an irrational number. A Feshbach resonance [84] was used to set the atom-atom
interactions to zero, ensuring that only single-particle effects were investigated. This
experiment observed a metal-insulator transition, which is present in the Aubry–André
model owing to the quasiperiodicity of the lattice.
Observation of Anderson localisation in 3D
Experimental work was then extended to three dimensions with the generation of 3D optical speckle [85–87]. No waveguide was employed, and support against gravity was provided through magnetic levitation. Anderson localisation was observed in the stationary
form of the position distribution, even after 6 seconds of expansion, which could not be
explained by classical trapping owing to the low percolation threshold of 0.01VR (VR is
the disorder strength) [85].
A careful series of experiments allowed for the metal-insulator transition to be explored, with atoms with precise quantities of kinetic energy E = ~ω generated by modulating the speckle potential at frequency ω [88]. Generation of atoms with a narrow energy distribution close to the mobility edge Ec allowed for the mobility edge to be precisely measured, a measurement which was found to disagree with theoretical results
at low disorder strengths. This measurement also disagreed with those of DeMarco’s
group [86, 87], which were controversial experiments owing to the short expansion times
and limited number of scattering events involved, as well as the smooth disordered pattern employed [89].
Many-body localisation
For many years it was assumed that the presence of nonlinear interactions would diminish
or destroy localisation [90, 91]. Theoretical results remain unsatisfactory, and occasionally contradictory [92]. Recent experimental efforts have found that in certain cases localisation is stable, even in the presence of strong repulsive interactions. A novel ‘manybody localised’ state was formed, where thermalisation of a charge-density wave3 in an
3
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optical lattice was prevented for long times [93, 94]. This many-body localised state is
still under investigation, as the extent to which ‘Anderson’ localisation mechanisms (such
as those discussed in Chapter 6) are responsible remains unclear when strong interactions
are present.
Atoms in 2D disordered potentials
From the above, localisation in cold atoms expanding in disordered potentials has been
observed in 1D, 3D, and in strongly interacting systems. However, the case of twodimensional disorder remains fairly unexplored. To our knowledge, only one experiment
has been conducted with atoms expanding in 2D speckle, which showed diffusive behaviour rather than localisation [95]. The transmission experiment of Krinner et al. had a
short channel length, which was designed to study the effect of disorder on superfluidity
rather than localisation [36].
The difficulty with 2D localisation is twofold: firstly, the localisation length scales exponentially with the energy, leading to large localisation lengths for small energies [96];
secondly, speckle potentials in 2D have a large percolation threshold of 0.52VR , making
it difficult to distinguish localisation from classical trapping [97]. It has been proposed to
use a different variety of disorder, such as point disorder, to study localisation in 2D [97].
We implement pointlike disorder in our experimental studies of disordered systems, discussed in Chapter 6.

1.4

Thesis outline

The preceding overview shows that quantum simulation, while still in its infancy, is beginning to mature to a stage where physical problems can be reliably solved through measurements on analogous systems. This thesis aims to build upon this body of work by exploring a variety of matter wave transport phenomena in designer systems. Our goal is to
develop a quantum simulator for transport phenomena with a versatility exceeding that of
the Zürich group, which is limited to the short length-scales set by their confining potential. We develop a series of custom potentials for ultracold atoms for this purpose, with a
set goal of filling the gap in experimental data on 2D disordered cold atoms. The thesis is
organised as follows:
Chapter 2 details the experimental setup. Our procedure for creating a Bose–Einstein
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condensate is discussed, along with other technical details of the setup.
Chapter 3 discusses the transport experiments in momentum space, conducted with
a modified form of the atom optics kicked rotor. The chapter begins by introducing the
delta-kicked rotor and then discusses our implementation of a phase modulated kicked rotor. Through a periodic phase modulation, we institute a Hamiltonian ratchet. We discuss
the observed ratchetlike transport with atoms sourced from a Bose–Einstein condensate,
and we experimentally scan through the phase space. This chapter has been adapted from
Paper I.
Chapter 4 discusses the implementation of a delta-kicked rotor system where the
phase is modulated at a constant frequency ωp . Resonances are found when ωp is commensurate with the kicking frequency. We then study the noiselike pattern produced from
an incommensurate ωp , which we use to study the robustness of the quantum resonance
and the destruction of dynamical localisation. Our results indicate that the quantum-toclassical transition is a complex transition, which behaves differently for the two quantum features of quantum resonances and dynamical localisation. This chapter has been
adapted from Paper II.
Chapter 5 moves from transport experiments in momentum space to transport in position space. The chapter covers the implementation of the spatial light modulator into
the experimental setup, and of a high aspect ratio two-dimensional trap. The technical details of the in-vacuum high resolution imaging system are discussed, and a series of experiments are detailed which highlight the versatility of the spatial light modulator in producing custom potentials for atoms. The work reported on in this chapter is presented in
Paper III.
Chapter 6 introduces wave localisation and the concept of quantum interference in
matter wave transport. We develop a transmission experiment between two reservoirs
separated by a disordered channel and investigate the effect of disorder on the channel
conductance for varying channel lengths. This chapter has been adapted from Paper IV.
Chapter 7 concludes and summarises the thesis.
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“If your experiment needs statistics,
you ought to have done a better experiment.”
Ernest Rutherford

CHAPTER 2
The Experiment

A

experiments discussed in this thesis require a Bose–Einstein condensate of
neutral atoms. In the quantum chaos experiments, we take advantage of the
narrow momentum distribution of a BEC to allow the atoms to occupy less
than the full momentum phase space. In the localisation experiments, we require atoms
with long de Broglie wavelengths (i.e. ultracold atoms), in order for optical structures to
be comparable in size to the atoms’ wavelength. Our experiments utilise an all-optical
BEC [98–100].
LL

This chapter will give an overview of the technical details of the experimental setup
which are common to all experiments in this thesis. Common and well-known experimental techniques will be briefly described and referenced, while techniques which are
more specific to our implementation will be described in more detail. This chapter also
includes our data analysis methods.

2.1

Forces on atoms

In this section we will briefly review the forces which act on neutral atoms, and explain
how they may be used to manipulate gases of neutral atoms.

2.1.1

Dipole force

Atoms are electrically neutral, and do not experience a force when placed in a homogeneous static external electric field. However, atoms are polarisable, because the ‘centre
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of charge’ of the electron cloud may be shifted off-centre from the nucleus to give an induced dipole. This ‘dipole interaction’ allows for direct manipulation of neutral atoms.
The interaction of the electric field of light with the induced dipole of a neutral atom results in an energy shift U (termed an ‘AC Stark shift’, or ‘light shift’), which is proportional to light intensity. This can be expressed as [101]:
1
U = − α|E|2 ,
2

(2.1)

where α is the polarisability of the atom and E is the amplitude of the electric field.1 The
polarisability is wavelength-dependent (the atom interacts resonantly at frequency ω0 ),
and can be written for large detunings as [102, 103]:
α(ω) =

ω02 α0
,
ω02 − ω 2

(2.2)

where α0 is the DC polarisability. Expression (2.2) shows that the polarisability can be
positive for red-detuned light, or negative for blue-detuned light, manifesting as an attractive or repulsive potential respectively. We have cause to use both of these throughout
this thesis.
It is usually more convenient to write the dipole energy shift in terms of the laser
intensity. For light detuned far from resonance, the light shift for an effective two-level
atom can be written as [104]:
U=

~Γ2 I
,
8δIs

(2.3)

where for 87 Rb, Γ = 5.9 MHz is the atomic linewidth, Is = 16 Wm−2 is the saturation
intensity, δ is the laser detuning from atomic resonance, U is the potential experienced by
the atoms and I is the intensity [103, 104].
The AC Stark shift is particularly useful in atomic physics because large laser intensity
gradients can be created with focused laser beams. The force experienced by a particle is
the spatial derivative of a potential (F = −∇x U ): a sufficiently focused red-detuned laser
beam creates a sharp intensity maximum, acting as a trap for neutral atoms. Similarly,
a blue-detuned laser with an intensity minimum (such as a transverse electromagnetic
(TEM01) mode, which features a double-lobe structure) can be used as a trap.
1

The factor of 1/2 arises from the induced nature of the dipole and the integration of dU = −αεdε from
ε = 0 to E.
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The dipole interaction is useful beyond traps, as it allows for the generation of arbitrary potentials if the corresponding pattern can be created with off-resonant laser light.
We use this to our advantage in all of the main experiments reported on in this thesis: the
delta-kicked rotor experiments of Chapters 3 and 4 rely on the potentials created by a timedependent optical lattice; Chapters 5 and 6 report on results using a spatial light modulator, where we create custom potentials using light imaged off a controllable screen.

2.1.2

Magnetic interactions

Most atoms have a magnetic moment as a consequence of their intrinsic orbital and spin
angular momenta. The magnetic moment interacts with an external magnetic field, with
energy H = −µ · B. This interaction is referred to as the ‘Zeeman effect’. A magnetic
µ.
moment µẑ in a spatially varying magnetic field experiences a force F = dB
dz
The magnetic interaction was the most important for the early pioneers of Bose–
Einstein condensation, who employed magnetic trapping configurations. The magnetic
trap is especially useful as very large trap depths  1 mK can be readily generated. The
magnetic trap is still a common tool in atomic physics, and is now often combined with
a dipole force trap to form a hybrid trap. In our experiment, the main use of the Zeeman
shift is in the magneto-optical trapping (MOT) stage, where a quadrupole magnetic field
provides a spatially varying Zeeman shift to allow the MOT to function as a trap.

2.1.3

Gravity

Gravity acts on all massive particles, and enters into the Hamiltonian in the form of a
potential V (z) = mgz. Support against gravity is often important in an atomic physics
experiment, and is achieved with various traps, such as dipole force traps, magnetic traps
or magneto-optical traps.
The three forces discussed above can be described as gradients of conservative potentials V (x), entering into the system Hamiltonian as H = p2 /2m + V (x). The next two
forces are different: atom-atom interactions are a nonlinear effect dependent on the local
density; radiation pressure is a stochastic force, as an atom has a probability per unit time
of absorbing and emitting photons via spontaneous emission.
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2.1.4

Atom-atom interactions

When two atoms interact, a scattering event may occur. At low energies, the only scattering permitted to occur is s-wave scattering for bosons, or p-wave scattering for fermions.
Consider an incident plane wave of wavenumber k propagating in the z direction. The
scattered wavefunction off a radial potential V (r) takes the form:

ψ(r, θ) = eikz + f (θ)

eikr
,
r

(2.4)

which describes the contributions of the incident plane wave and the scattered spherical
wave of amplitude f (which may depend on scattering angle θ). For s-wave scattering,
the amplitude f is independent of angle and can be written as f = −as , where as is the
s-wave scattering length. It can be shown that the scattering cross-section is given by
σ = 4πa2s [15].
The scattering interaction leads to an energy shift. In the weak scattering limit, the
interaction potential is usually regarded as being a contact interaction, with V (r − r0 ) =
gδ(r − r0 ).2 In the Gross–Pitaevskii approximation, this enters into the Hamiltonian with
the nonlinear, density-dependent term V (|ψ|)ψ = g|ψ|2 ψ, where g = 4πa2s /m [17].

2.1.5

Radiation pressure

When an atom absorbs a photon of light with frequency ω, the atom acquires the momentum of the photon p = ~ω/c. Near resonant laser beams therefore exert forces on atoms.
If an atom is subject to a near-resonant laser beam, it will undergo a cycle of absorption
and spontaneous emission. The net momentum transfer from the spontaneous emission
is randomly oriented and averages to zero over a large number of cycles: the atom is (on
average) accelerated in the direction of propagation of the laser beam.
Radiation pressure is especially useful in our initial trapping stage, where we employ
a magneto-optical trap (MOT). The MOT will be discussed in greater detail in Section 2.3.
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Figure 2.1: Optical setup for MOT, repump, and CO2 lasers. The experimental control of all beams is achieved with acousto-optic modulators (AOMs).
Most AOMs are in one of two double-pass configurations. DP1 results in zero
frequency shift, while DP2 results in a positive (DP2+) or negative (DP2-) 160
MHz shift.
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2.2

Lasers

Figure 2.1 shows a schematic of our optical setup. There are three ‘core’ lasers that we require for all experiments. The main laser cooling and trapping is provided by two 780 nm
diode lasers: one laser (the ‘MOT’ laser) is stabilised to the main D2 cooling transition of
|5S1/2 , F = 2i → |5P3/2 , F = 3i, while the other (the ‘repump’ laser) is stabilised to the
repump transition of |5S1/2 , F = 1i → |5P3/2 , F = 2i.3 The MOT laser is amplified by a
Toptica BoosTA tapered amplifier to 500 mW of power, while the repump is used directly
at a power of 20 mW. These two lasers differ in frequency by 6.8 GHz.
The optical trapping is provided by a 50 W CO2 laser at λ = 10.6 µm from Access
Laser Company (Lasy-50). The very large detuning from the atomic resonance means that
spontaneous emission is essentially zero (Rscatt ≈ 10−3 Hz) for atoms in the trap, ensuring a nearly pure conservative trap. For very large detunings, the atomic polarisability reduces to the DC polarisability. This means that despite the large detuning from resonance,
the polarisability at 10.6 µm is still significant: α(10.6 µm) = h · 0.079 Hz/(V/cm)2 , compared with the polarisability at 1064 nm: α(1.06 µm) = h · 0.17 Hz/(V/cm)2 [see (2.2)].
With this polarisability, we require 50 W for dipole trapping which is readily accessible
with commercial lasers. It is also an eye-safe wavelength, as the far infrared light is not
focused by the eye’s lens. The main inconvenience with 10.6 µm light is that it is absorbed by glass, meaning special zinc selenide (ZnSe) windows and lenses are required.
This makes a glass vacuum chamber unworkable, and we use a stainless steel vacuum
chamber instead.
Additional lasers are used for various experiments. The delta-kicked rotor experiments use a ‘kicking’ laser, which is typically tuned 100 GHz to the red of the atomic resonance. Our initial experiments used a 300 mW Toptica DLX110 laser for this purpose,
but we have since switched to using an ordinary diode laser, amplified by a 2 W Toptica
tapered amplifier.
For our localisation experiments, we use a 1064 nm laser to create a two-dimensional
2

This approximation is only good for atoms without long-range interactions. Interactions between atoms
with large dipole moments, such as erbium, chromium, and dysprosium, need to be treated more carefully [105].
3
A 5S1/2 state refers to a state of l = 0 orbital angular momentum, total electronic angular momentum
(including spin) of J = 1/2 and principal quantum number n = 5, while a P3/2 state refers to an orbital
angular momentum of l = 1 and a total electronic angular momentum of J = 3/2. The quantum number
F = I + J refers to the total angular momentum of the atom, comprising the sum of the nuclear spin I and
the electronic angular momentum J. An integer F means that 87 Rb is bosonic. [103, 104].
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trap for the atoms. This is sourced from a 15 W Nufern fibre amplifier (NUA-1064-PD0015-C0), and is seeded by a single-mode ridge waveguide laser diode from Eagleyard
(EYP-RWS-1064-00080-1500-SOT02-0000). The localisation experiments require a repulsive disordered potential, which is created with a Spectra–Physics 5 W 532 nm Millenia laser.

2.2.1

Laser stabilisation

Most lasers used in our experiment are stabilised against either frequency or power drift.
Here we will briefly describe the stabilisation procedures used.
Frequency stabilisation
The MOT and repump lasers need to be stabilised to a linewidth of ≈ 1 MHz ( Γ).
Natural drift from fluctuations in ambient conditions means that active stabilisation is required. We use the technique of saturated absorption spectroscopy (SAS) [104], combined with a Zeeman modulation technique.
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Figure 2.2: Illustration of laser frequency stabilisation.
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A technique which can produce a lineshape approximating the derivative of the absorption line is desirable, to overcome common issues with pure SAS setups. A derivative
means that floating DC offsets naturally disappear, and peaks are transformed to slopes
which are more convenient for locking. Some popular methods include polarisation spectroscopy [106] and the Pound–Drever–Hall (PDH) technique [107]. The PDH technique
provides excellent stability but has a complex setup, while polarisation spectroscopy is
sensitive to external fields and is susceptible to DC drifts.
We use the Zeeman modulation approach [108]. Figure 2.2 shows the setup. A small
fraction of laser light is sent to the stabilisation setup. The light is circularly polarised
with a quarter-wave plate and passed as a pump beam through a Rb vapour cell subject
to a magnetic field B(t) oscillating at 18 kHz. The circular polarisation ensures that only
∆m = 1 transitions are driven,4 which are subject to a Zeeman shift from B(t). The probe
beam is generated with a 30/70 beamsplitter, and is retroreflected onto the pump beam.
A mirror generates the secondary probe beam for Doppler-broadening subtraction. The
probe and secondary probe are detected with a split photodiode, generating an absorption
signal which feeds to a lock-in amplifier. The output of the lock-in is a signal approximating the absorption signal derivative. This signal is filtered, with the high frequency component correcting the laser current and the low frequency component correcting the laser
grating angle. The modulated signal is delivered to a lock-in-amplifier, which demodulates the signal and produces a steep locking slope which does not suffer from DC offsets.
All of our 780 nm lasers are based on the external-cavity Littrow design, where a
blazed reflective grating is used to provide wavelength-selective feedback into the laser
diode [109, 110]. The grating in the laser cavity is mounted on a piezoelectric transducer,
allowing precise modulation of the laser frequency. The piezo has a finite response time,
owing to the physical movement required of the grating. To improve the locking response
for high frequency fluctuations, we filter the error signal and deliver the high frequency
portion directly to laser current modulation. The low frequency component is sent to a
PID (proportional/integral/derivative) controller on a microprocessor, which provides a
stabilisation signal to modulate the grating angle.

4

The quantum number m refers to the magnetic substate; it is the projection of the atom angular momentum onto the axis of B(t).
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Power stabilisation
The final atom number and trap frequency of our BEC is dependent on the CO2 laser
power. The power output of the laser naturally drifts over time, and it is therefore desirable that this is stabilised. The CO2 laser cavity is controlled with a mirror mounted on a
piezoelectric transducer, the adjustment of which modifies the laser power. A small fraction of the output light is split and delivered to a thermal power meter. The output of this
power meter is sent to an analogue input of the data acquisition (DAQ) card controlling
the experiment. A routine is embedded into the lab program (which we use to control all
experiments), which provides PID control of the CO2 laser power. Frequency stabilisation of this laser is not necessary due to the very large detuning from resonance.
Finally, the 532 nm laser controlling our arbitrary potential is also power stabilised,
and is done so with the Spectra–Physics control unit.

2.2.2

Laser control

The laser beams are controlled with 80 MHz acousto-optic modulators (AOMs). The
AOMs provide control over both the amplitude and frequency, which can be readily
changed by adjusting the input radio-frequency (RF) amplitude and frequency. Figure 2.1
shows two double-pass configurations which we use. DP1 uses the +1 order on the first
pass and the -1 order on the second pass, to achieve net-zero frequency shift [111]. This
requires that the first order beam from the first AOM pass counterpropagates with the zeroth order from the first pass (shown in Fig. 2.1). The zeroth order is extinguished by a
polariser, while the half-wave plate rotates the first order to allow transmission through
the polariser. This configuration allows us to lock the repump on resonance, thereby eliminating one adjustable parameter.5
The second (and more standard) double-pass configuration DP2 uses either the +1 or
-1 order for both passes, resulting in a net frequency shift of 160 MHz. The first order is
simply retroreflected to achieve this; the double pass through a quarter-wave plate rotates
the polarisation, allowing the double-passed beam to be filtered out with a polarising
beamsplitter.
The MOT laser is locked approximately 170 MHz below resonance. Most of the
beams are increased in frequency by between 160 and 170 MHz with AOMs. The only
We also found this to be useful when using 85 Rb, as there is no convenient lock-point 160 MHz below
resonance in 85 Rb.
5
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exception is the 170 MHz detuned beam, which is coupled into the same fibre as the MOT
light and is used for the optical molasses phase of laser cooling, discussed in Section 2.4.

2.3

The double MOT

We use 87 Rb for our experiment. This atom is bosonic, has a strong positive s-wave scattering length of 95a0 , has a readily accessible atomic resonance with a laser wavelength
of 780 nm, and has a small inelastic cross-section [103]. These factors combine to make
87
Rb one of the most appealing atoms for Bose-condensation. The atoms for the experiment are sourced from a SAES Getters filament containing Rb2 CrO4 and a reducing
agent. The filament is heated to approximately 850 K via a 4-5 A electric current. The
high temperature initiates a reduction reaction, leaving free rubidium atoms to escape the
filament [112]. This process produces both common isotopes of Rb: 87 Rb, which has a
natural abundance of 27.8%, and 85 Rb, which has an abundance of 72.2% [113]. This
means that both isotopes are available for us to use, and switching between the two is
simply a matter of changing the laser frequencies by a few GHz.
Experimental investigations into BECs require an ultrahigh vacuum (UHV) environment in order to minimise unwanted loss-inducing and phase-decohering collisions with
room temperature gas molecules. To reach a UHV environment, we need to isolate the important ultracold atoms from the warm background vapour present in a dispenser environment (the most prevalent species being Rb, CO and CO2 ). We utilise a double magnetooptical trap (MOT) setup to achieve this, as shown in Fig. 2.3.
Three vacuum chambers are used. The first is our ‘source’ chamber, which will be
referred to as the 1st MOT. The second chamber (the 2nd MOT, or ‘science’ chamber)
is where the actual experiment takes place. The second chamber is linked to the third
pumping chamber by a high conductance (40 L s−1 ) vacuum connection.

2.3.1

The first MOT

We require a setup which transfers a steady cold atomic beam from the first to second
chambers, while minimising the transfer of background gas. The cold atomic beam is
achieved with a 2D MOT.

28

CHAPTER 2. THE EXPERIMENT

Figure 2.3: Mechanical drawing of our experimental setup. From left to right
are the first MOT, second MOT, and pumping vacuum chambers. Also shown
are the coils: in red are the 1st MOT Ioffe coils, in black are the 2nd MOT antiHelmholtz coils, and the grey square coils are the various pairs of Helmholtz
coils. The optical tables are also shown.

The 3D MOT
We first briefly describe a 3D MOT, which is an essential component of cold atom experiments [12]. The diagram in Fig. 2.4 shows three pairs of retroreflected, circularly
polarised laser beams in a magnetic field gradient. The lasers are red-detuned from the
atomic resonance by approximately 1.5Γ. The red detuned lasers mean that atoms preferentially absorb photons travelling in the opposite direction to the atom; the magnetic field
gradient provides a spatial dependence to form a trap. A more comprehensive overview
can be found in Foot [104].
In our early experiments we used a 3D MOT in our source chamber, similar to the
procedure of Myatt et al. [114]. Following collection of cold atoms with magneto-optical
trapping, the radiation pressure of a red-detuned push beam was used to transfer cold
atoms into the second chamber. The main issue with this method is that the radiation
pressure force is lower than the MOT force in the required direction; a continuous wave
push beam only weakens the MOT. This necessitates that the MOT and push beams must
be pulsed on and off (out of phase) at a rate of 10 Hz, allowing for both cooling and
atom transfer. Although successfully used in our lab for a number of years, this method
is inefficient. The 1st MOT loading time is reduced by the ‘dark’ time required for the
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Figure 2.4: Magneto-optical trap setup. Atoms are collected in the 2D MOT
from a Rb dispenser. The ‘baseball’ style, Ioffe coils (in black) generate a
magnetic field gradient in all directions except left/right: the 2D MOT does not
trap in the x-direction. The 2D MOT contains two pairs of linearly reflected
elliptical beams, with directed along y and the other along z. The weak push
beam along x (blue arrow) enhances the atomic flux into the science chamber,
where a 3D MOT is used for further cooling. The 3D MOT contains 3 pairs
of retroreflected beams. The central beam is directed at a 45o angle along the
y − z direction.

push beam; and the MOT has a size of a few millimetres in y and z, making it difficult to
capture all atoms with the push beam and transfer them through the differential pumping
tube connecting the chambers.

The 2D MOT
The 2D MOT [115] is similar in principle to a 3D MOT, but without any trapping along the
x direction. This requires the absence of optical trapping, but also requires the magnetic
field gradient along x to be zero. We generate the required magnetic field with ‘baseball’
style coils, as used in an Ioffe-type trap. A diagram of the 2D MOT layout is shown in
Fig. 2.4.
The coils have been wound around a bent aluminium channel, and epoxied in to aid
heat transfer; water cooling has been added to the outside of the coil. Forty turns of wire
have been used. With 7 A of current, we generate a magnetic field gradient of 10 G/cm in
the y and z dimensions, and an offset field of 1.5 G in the x direction.
Our setup involves two elliptic beams, with a 1/e2 diameter of 45 mm in x and 10 mm
in y, to provide as large a trapping volume as possible. Each beam consists of 15 mW of
MOT light, and 200 µW of repump light. The beams are retroreflected by corner cubes.
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This chamber is pumped continuously with a small 8 L s−1 ion pump, maintaining
a pressure of approximately 5 × 10−9 torr when the Rb dispenser is on. We minimise
background gas transfer to the second chamber by connecting the first chamber to the
second chamber with a long, thin copper tube (3/8” outer diameter, 6” long), which provides a conductance of 0.3 L s−1 .6 This copper tube is known as a ‘differential pumping
tube’ [117]. The low conductance of the tube means that a large pressure differential can
be maintained between the two chambers (5 × 10−9 torr in the 1st chamber, and 5 × 10−11
torr in the 2nd chamber). The gas ‘leak’ from the 1st to 2nd chambers of 10−9 torr L s−1
is comparable to the outgassing rate of the stainless steel in the 2nd chamber.
The lack of trapping in the x direction naturally provides atomic beams in both the
+x and −x directions [118]. In a similar spirit to our previous setup, we enhance the flux
in the +x direction by applying a continuous weak push beam [117, 119]. We gain a five
fold enhancement in the atomic flux compared to our previous setup.

2.3.2

The second chamber and the dipole trap

Atoms are initially trapped in the second vacuum chamber (the ‘science’ chamber) with a
3D MOT. The MOT is created with three retroreflected, circularly polarised beams. Each
beam has a diameter of 25 mm, with a MOT laser power of 30 mW and a repump power of
0.4 mW. Three pairs of Helmholtz coils provide earth-nulling, and a pair of water cooled
coils produces a magnetic field gradient of 15 G/cm for magneto-optical trapping (details
in Section 2.3.4).
In order to reach ultracold temperatures, atoms need to be in an environment free from
external heating. The MOT lasers are close to resonance, and absorption and spontaneous
emission of a single photon results in a heat input larger than the chemical potential of a
BEC. To obtain Bose condensation, we need to transfer the atoms from the 3D MOT to a
container which is not constructed from near-resonant light fields.
We make use of the dipole force of a crossed-beam CO2 laser. The beams are first
expanded (shown in Fig. 2.1) and then enter the vacuum chamber through AR-coated
ZnSe windows. The beams are focused to waists of 35 µm with in-vacuum lenses of
55 mm focal lengths.
Following the loading of the MOT, we transfer the atoms into the dipole trap, with
The conductance may be calculated via C = 75D3 /L, where C is the conductance in L s−1 , D is the
inner diameter in inches, and L is the tube length in inches [116]. An outer diameter of 3/8” corresponds to
an inner diameter of approximately 0.3”.
6
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Figure 2.5: False colour absorption image of the crossed-beam CO2 laser
dipole trap.

the procedure discussed in Section 2.4.1. Figure 2.5 shows an image of the trap. The
intersection of the beams results in a dipole trap depth of 60 µK when the laser is at full
power.

2.3.3

Vacuum pumping

Our vacuum is maintained with two varieties of standard pumps suitable for UHV environments. The first is an 80 L s−1 Perkin–Elmer ion pump. In combination with this is
a titanium sublimation pump, which consists of a water-cooled cylindrical surface coated
with a film of titanium. The titanium acts as a ‘getter’, and is especially good at capturing reactive gas species such as hydrogen (which is the main gas component present in
UHV). We refresh the titanium film by running a high current (50 A) through a titanium
filament for two minutes every three to six months. The combined pumping speed is in
excess of 100 L s−1 .
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Figure 2.6: Schematic of switch for coil control. (a) The ‘Hi–Side’ module is
the switching component, consisting of a MOSFET driven by push-pull logic.
An optocoupler is used to provide ground isolation. (b) The floating DC power
supply providing power to the Hi–Side module. (c) The schematic of the coils.

2.3.4

Coil control

A system was developed to control and switch the current through the main experimental coils. These coils, in an anti-Helmholtz configuration, produce the quadrupole field
necessary for magneto-optical trapping. Additionally, we wanted to include the option
to switch between anti-Helmholtz and Helmholtz configurations, to allow us to generate
large homogeneous magnetic fields and enable the future use of Feshbach resonances in
85
Rb [84, 120, 121].
Fig. 2.6 shows the layout of the switch. The Hi–Side module in Fig. 2.6(a) is a switching module with a floating ground, and is the most important circuit element. The floating
ground is necessary due to the variable voltages at the MOSFET source, which depend
on which FETs are open. The floating ground is enabled via digital optocouplers, and a
simple floating DC power supply (Fig. 2.6(b)) generated off isolated transformers and a
simple rectifier.
The layout in Fig. 2.6(c) shows Coil 1 in a fixed orientation, while the current can
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flow through Coil 2 in either direction to enable switching between Helmholtz and antiHelmholtz modes. The switching is provided by the four Hi–Side modules, used to both
shut off current and to set the direction of current flow through Coil 2. A logic circuit
ensures that no more than two Hi–Side modules are ‘on’ at once. Zener diodes are shunted
across the coils to limit the reverse voltage generated from fast switching [122], and to
linearly drive the magnetic field to zero upon switching off the current.
The coils are driven by a Delta–Elektronika SM 60-100 power supply, capable of
providing up to 60 V, and 100 A of current. This will allow us to reach the high currents
required for future Feshbach resonance work (the 155 G resonance in 85 Rb is accessible
with a current of 35 A).
A dummy coil is also used to provide fast switching. This is a 1 Ω resistor with high
power dissipation and allows the power supply to be in full driving mode when the current
is switched.

2.4

Production of a BEC

We use an all-optical apparatus for creating BECs, which has several advantages over
more traditional magnetic trapping methods. Magnetic traps require large magnetic field
gradients, involving high currents through coils (hundreds of amperes). This naturally
leads to difficult situations involving eddy currents. The production of the BEC in a dipole
trap gives our experiment room to grow. A dipole trap naturally traps magnetic substates
equally (independent of offset magnetic field), and allows us future access to a Feshbach
resonance. The main downside to an all-optical setup is that the number of atoms in the
final BEC is typically limited to a maximum of around 105 , essentially due to the small
volume of the dipole trap. In this section our experimental sequence for BEC formation
will be described. Figure 2.7 is a flow chart showing the BEC production process.

2.4.1

Loading the dipole trap

We begin by collecting atoms in the science chamber from the 2D MOT. The MOT loading stage continues until a photodiode monitoring the MOT detects a high enough fluorescence (set in the control program), at which stage the MOT contains ≈ 108 atoms. This
MOT-loading phase typically takes 10-15 seconds. There are now sufficient atoms to load
the optical dipole trap.
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• Loading from 2D MOT
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• Repump power → 1 μW/cm2
• MOT laser detuning → -30 MHz
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• All near-resonant light fields shuttered off
• Bias magnetic field maintained
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• Lorentzian ramp of CO2 laser power over 6 seconds
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Figure 2.7: The experimental sequence for producing a BEC. This five-stage
sequence is common to all experiments which we conduct.

Large detuning

In order to load sufficient atoms into the dipole trap, we need to make the atoms which we
have collected from the MOT significantly colder and denser than they are in the MOT
itself. We initiate this process with a ‘large detuning’ phase.
The MOT laser is detuned from the D2 resonance by 10 MHz during the MOT loading
phase. This small detuning of less than 2Γ helps to increase the MOT loading rate, but also
leads to a high photon scattering rate. To reduce the scattering rate and hence the MOT
temperature, it is desirable to increase the laser detuning during the dipole trap loading
phase. The detuning is increased to 30 MHz during this phase, with the dependence on
detuning of the final BEC atom number shown in Fig. 2.8(b). This phase is called an
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Figure 2.8: Dependence of BEC atom number on experimental parameters.
(a)-(c) show the parameters of the large detuning (LD) phase. (a) Repump
power during LD phase. (b) Detuning of MOT laser during LD phase. (c)
Duration of LD phase. (d) Duration of 170 MHz phase. (e) The fluorescence
signal from the photodiode prior to loading the dipole trap. (f) Dependence
of BEC atom number on the number of atoms initially loaded into the dipole
trap. The dipole trap loading was determined by truncating the ramp after 100
ms to allow untrapped atoms to evaporate.

optical molasses.7 The cooling of a pure molasses is limited by fluctuations in the force
from absorption and spontaneous emission.
We can estimate the expected temperature as follows. An atom scatters R photons per
unit time, where [104]:
7

An optical molasses consists of three pairs of retroreflected, red-detuned laser beams. The red-detuning
means that an atom moving through an optical molasses will preferentially absorb photons with momentum opposite to its own momentum, and an atom will on average emit more energy through spontaneous
emission than it absorbs. These ‘head-on’ collisions in every direction lead to an effective frictional force,
which spawned the terminology ‘optical molasses’ [123].
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R=

Γ
Ω2 /2
,
2 δ 2 + Ω2 /2 + Γ2 /4

(2.5)

with the scattering rate determined by the linewidth Γ, detuning from resonance δ and
Rabi frequency Ω. The mean square velocity will increase due to spontaneous emission
in proportion to the scattering rate:
∆vz2 spont = ηvr2 Rt,

(2.6)

for recoil velocity vr and a geometric coefficient η = hcos2 θi = 1/3. Additional to this
is absorption, which has a similar form:
∆vz2 abs = vr2 Rt,

(2.7)

but without the geometric factor of η, as absorbed photons all have the same direction.
This acceleration is counteracted by the damping
 effect of the molasses,
 in which Fdamp =
2
2 2
−αv, for damping coefficient α = −4~k Iδ/ ΓIsat [1 + (2δ/Γ) ] [104]. This allows
us to write:
1 dvz2
m
= 2(1 + η)Er R − αvz2 ,
2 dt

(2.8)

where the recoil energy is given by Er = mvr2 /2. By solving for the stationary state and
substituting 21 kB TD = 12 mvz2 , we obtain the lowest temperature expected from a simple
optical molasses, known as the ‘Doppler limit’ [104, 124]:
TD =

~Γ
.
2kB

(2.9)

For 87 Rb, the Doppler limit is 140 µK.
Remarkably, the complexity of a multilevel atom introduces an enhanced cooling
mechanism which allows cooling to temperatures well below the Doppler limit. SubDoppler, Sisyphus cooling was explained by Cohen-Tannoudji, Dalibard and Chu [124–
126]. The retroreflected σ + /σ − laser beams form a polarisation standing wave. In a multilevel atom, the coupling between states is determined by the (non-identical) Clebsch–
Gordon coefficients, and the polarisation gradient results in a force. Optical pumping
means that atoms are continuously pumped to states of lowest energy, meaning that the
polarisation standing wave becomes a continuously increasing V (x). This is termed a
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Sisyphus-cooling scheme, because it is as if the atoms are forced to perpetually climb
hills. The temperature expected from polarisation gradient cooling is limited by the depth
of the potential well formed by the polarisation gradient. Based on the dipole potential
(2.3), this temperature goes as [104]:
kB T ∝

I
,
|δ|

(2.10)

where δ is the detuning. The lower limit to Doppler cooling is due to the recoil energy of
a single photon, which provides the recoil limit Tr :
kB Tr =

~2 k 2
,
2m

(2.11)

where k is the wavenumber of the cooling laser and m the mass of an atom. For 87 Rb, the
recoil limit is 180 nK.
To provide a good molasses-type phase, the magnetic field must be zero over the spatial region of the atoms. We accomplish this in two ways. Firstly, the magnetic field gradient required for the MOT is ramped to zero over 10 ms (by ramping down, we avoid
eddy currents which result from a sudden turnoff). Secondly, the earth-nulling Helmholtz
coils are adjusted from their stationary values. The stationary values are chosen to optimise the position of the MOT with respect to the dipole trap, while the alternate values
are chosen to optimise the earth-nulling.
The repump laser plays a delicate role in this phase. The repump effectively acts
as a repelling agent: if an atom scatters a repump photon which is then absorbed by
another atom, the momentum shifts of the two atoms are equal and opposite. We want to
allow optical pumping into the |F = 1i ground state to occur, while minimising photon
scattering events to increase density and reduce temperature. However, we cannot afford
to completely turn off the repump in this phase, or else atoms will be lost to the cooling
cycle provided by the optical molasses. We therefore require a very small, but non-zero,
repump intensity: we reduce the repump power in this phase down to 1 µW/cm2 , down
from 300 µW/cm2 . Figure 2.8(a) shows the dependence of the final number of atoms in
the BEC on the repump power, with a peak centred at 5 µW (equal to an intensity of
≈ 1 µW/cm2 ).
The early pioneers in the BEC field used a ‘dark MOT’ to perform cooling, where
the repump laser beam has a hole in its centre [5]. This means that at the centre of
the trap, where the atoms are coldest, there is no repump: cold atoms in the ground
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state are dark to laser light, which prevents unnecessary heating. Our all-optical setup
provides an effective dark MOT setup quite naturally. The electric field of the CO2 laser
provides a Stark shift for the atoms, shifting them out of resonance with the repump laser
by approximately 30 MHz. Thus, at the centre of the trap where the atoms are coldest,
the atoms do not absorb repump light as efficiently as those outside the dipole trap.

170 MHz stage
Following 40 ms of the large detuning stage (see Fig. 2.8(c) for the dependence on the
large detuning duration), we enter a further optical molasses stage known as the ‘170
MHz stage’. During this cooling stage, the MOT laser detuning is increased further to 170
MHz.8 This increased detuning permits a more effective optical molasses, as indicated by
(2.10). Efficient pumping into the |F = 1i ground state is achieved by turning the repump
power to zero for the last 8 ms of this phase.
Following the above sequence, 107 atoms are produced at a temperature of 8 µK (well
below the Doppler limit, and above the recoil limit). From this reservoir of cold atoms,
4 × 105 atoms load into the dipole trap, as shown in Fig. 2.8(f).
Optical pumping
The final stage of the dipole trap loading phase is a spin-polarisation stage, where the
atoms are optically pumped into the same magnetic substate. Although not an essential
step, it is desirable that the final BEC is spin-polarised to a single state |F = 1, mF,y = −1i,
in order to simplify the data interpretation. We achieve this through optical pumping immediately prior to the evaporative cooling stage.
During the final stage of the 170 MHz phase, after the repump has been switched off,
a bias field is applied by switching off the Helmholtz coils which provide magnetic fieldnulling in the y-direction. This provides a bias field in y of about 1 G (this is larger than
the earth’s field due to the additional magnetic field from the ion pump, which is ordinarily
nulled by the Helmholtz coils). This bias field is maintained throughout the rest of the
experimental sequence in order to maintain spin-polarisation.
8

This is achieved by switching off the AOM controlling this beam. The zeroth order of the AOM is
reflected back on to itself and coupled into the same optical fibre as the double passed first-order light,
as shown in Fig. 2.1. This beam is independently shuttered to ensure the absence of molasses during the
imaging sequence.
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Figure 2.9: Diagram illustrating optical pumping into |m = −1i magnetic
substate. Solid lines indicate allowed transitions from absorption of σ − photons, while dotted lines indicate allowed spontaneous emission transitions. The
ground |5S1/2 F = 1, m = −1i state is dark as there are no allowed transitions.

A circularly polarised σ − beam, tuned to the secondary repump |F = 1i → |F = 1i
transition, is then applied for 1 ms to the atoms.9 As this laser is exactly on resonance, a
low intensity is required — we find 4 µW/cm2 to be optimal. Figure 2.9 shows the allowed
transitions. As Fig. 2.9 shows, the final |mF = −1i state is dark, owing to the absence
of a | − 1i → | − 2i transition. This allows us to minimise the heat input to the atoms,
making the |F = 1i → |F = 1i transition preferable to the main repump transition of
|F = 1i → |F = 2i.
The optical pumping happens after the atoms have loaded into the dipole trap. The
trap is deep enough (≈ 60 µK) that the heat input of a single photon (≈ 0.5 µK) is not
sufficient to eject atoms out of the dipole trap.
It is important during this phase that the main repump light aligned with the MOT
beams is off, because absorption of a repump photon will scramble an atom’s polarisation. We have found that our optical pumping efficiency is, however, greatly improved by
maintaining the light detuned by 170 MHz from the |F = 2i → |3i transition during this
stage. Figure 2.9 shows that there is a possibility that a spontaneous emission event can
occur to the |F = 2i state. If the 170 MHz detuned light is not maintained, then these
9

The |F = 1i → |F = 1i transition is conveniently located 157 MHz below the |1i → |2i transition in
Rb [103]. This allows us to source the optical pumping beam from the repump laser, with a double pass
of the −1 order through an 80 MHz AOM.
87
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Figure 2.10: Data showing efficiency of optical pumping. (a) The proportion
of atoms occupying the m = −1 as a function of laser intensity, as determined
by a Stern–Gerlach measurement. (b) The total number of atoms in the BEC.
(c) Absorption image showing spinor BEC in the absence of optical pumping:
a Stern–Gerlach measurement has the atoms expanding for 10 ms in a 10 G/cm
magnetic field gradient. (d) Absorption image showing spin-polarised BEC
subject to Stern–Gerlach measurement. All data has been collected with a 1
ms pulse of optical pumping light, in a 1 G bias field in the y-direction.

atoms are lost as the |F = 2i state is dark to the optical pumping light.

In the absence of optical pumping, evaporative cooling produces a spinor BEC with
the population distributed (0.6, 0.3, 0.1) between the (-1,0,+1) states. An image of such a
spinor BEC is shown in Fig. 2.10(c), with the spin components separated by a magnetic
field gradient in a Stern–Gerlach experiment. Figure 2.10(a) shows that we can obtain
98% spin-polarisation of the atoms by following the pumping procedure. Interestingly,
the optical pumping improves the final BEC atom number by about 30% from the number
obtained without optical pumping, shown in Fig. 2.10(b). This is presumably due to
enhanced bosonic stimulation, as the atoms all share the same final quantum state.

2.4.2

Evaporative cooling

We perform evaporative cooling once the atoms have loaded into the dipole trap. All
near-resonant lasers are shuttered off during this time, meaning that the atoms experience
only the pure conservative trapping potential from the CO2 laser, with no spontaneous
emission. This allows us to cool far below the sub-Doppler cooling obtained from the
optical molasses.
The CO2 laser power is controlled with an AOM, and is ramped down over a period of
6.5 seconds. The decreasing laser power means that the most energetic atoms (the ‘tail’
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Figure 2.11: Evaporative cooling. (a) The CO2 laser power ramp, as controlled by an AOM. The laser power is on a logarithmic axis. (b) The number
of atoms remaining in the dipole trap at different laser powers (determined by
truncating the evaporation sequence). (c) Phase space density along the ramp,
determined from the atom number and the temperature. Both phase space density and truncated power are on logarithmic axes.

of the Maxwell–Boltzmann distribution) have sufficient energy to escape the trap, which
decreases the average energy per particle. Thermalisation occurs in order to re-establish
thermal equilibrium; in the process, the energy distribution adjusts to generate more cold
atoms. This process continuously increases the phase space density, which is the number
of particles contained within a cube of the thermal de Broglie wavelength (see (1.7)).
The rate at which to lower the CO2 laser power is determined by the thermalisation
rate: there must be sufficient time for thermalisation to occur, or else the cooling nature
of evaporation will not be efficient. The thermalisation rate decreases with decreasing
density and trap stiffness. Thus, as the laser power is decreased, the rate of decrease of the
CO2 laser power must lessen. We have found that a good ramp which meets this criteria
is in the shape of a modified Lorentzian, with the laser power given by:
P (t) =

Pi − P f
 γ + P f − y0 ,
1 + τt

(2.12)

where
y0 =

P i − Pf
γ ,
1 + tτd

(2.13)

and Pi = 10000 mW is the initial laser power per beam; Pf = 71 mW is the final laser
power; τ = 800 ms is the Lorentzian time-constant; γ = 3.2 is the Lorentz power; and
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td = 6.5 s is the decay time. A plot of the laser power as a function of time is shown in
Fig. 2.11(a).
The final stage of the evaporation sequence is shown in Fig. 2.11(b), where the evaporation ramp is truncated at various laser powers ranging from 71 mW up to 270 mW. The
plot shows a faster-than-linear drop in the number of atoms remaining in the dipole trap.
The phase space density increases rapidly during this final phase (Fig. 2.11(c)), resulting
in the onset of Bose–Einstein condensation.
The lifetime of the BEC in the dipole trap is limited by three factors: collisions with
background gas molecules; parametric heating from CO2 laser fluctuations; and threebody recombination [100]. We measure a 1/e lifetime of 6.7 ± 1 s.

2.5

Imaging

We use absorption imaging to detect the atoms. All data collection is from images of
atoms. Images are captured with a Princeton Instruments PhotonMAX 512 CCD camera.
The CCD (charge-coupled device) is cooled to −70o C, and has 512 × 512 pixels each of
size 16 × 16 µm.

Repump light is delivered for 100 µs to pump the atoms into the hyperfine |F = 2i
state before detection. A 100 µs pulse of a probe beam resonant with the |F = 2i →
|F = 3i transition is then applied, and is imaged with a 4f system. Atoms absorb the
probe, and we image the ‘shadow’ cast by the atoms. The 4f imaging system comprises
two aspheric lenses (of diameter 75 mm, focal length 150 mm, and numerical aperture
0.23), spaced at twice the focal length. This produces a 1:1 image of the atoms. A further
asphere (of focal length 11 mm and numerical aperture 0.26) magnifies the image onto
the CCD camera, with a magnification of about 7.
Three images are taken: image a is the image with the atoms; image b is without atoms
(taken 45 ms after a) and image c is without probe (taken 45 ms after b). The absorption
A can then be found from:
A=

b−a
(b − c) − (a − c)
=
.
b−c
b−c

(2.14)

The atom number within the spatial region of a single pixel can be calculated from the
Beer–Lambert law by measuring the light absorbed within the pixel region:
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N=

− log(1 − A)Apix
,
σ

(2.15)

where Apix is the area of a pixel and σ is the resonant absorption cross-sectional area. The
atoms have random spin polarisation when absorbing the probe due to the prior absorption
and spontaneous emission of repump light from all directions. For 87 Rb with random
spin polarisation, σ = 1.938 × 10−13 m2 .
The imaging directly measures the position-space distribution, but it is often more
useful to measure the momentum distribution of the atoms. This is achieved with a timeof-flight measurement. In this procedure, the atoms are released from the trap and left to
expand for a number of milliseconds before imaging. Intuitively the ‘fastest’ atoms travel
the ‘furthest’, such that after a sufficiently long expansion time the resulting position
distribution closely resembles the momentum distribution.

2.5.1

Image analysis

The data analysis begins with removal of background image noise via a fringe removal
algorithm [127, 128]. This procedure stores a set of established backgrounds from the
corners of each image in a dataset. Each image’s background is projected onto a superposition of all other backgrounds in the dataset, and the final projection is then subtracted
from the image.
The exact data analysis procedure varies depending on the required quantity, but
there is a common theme. The relevant section of the image is cropped, and is typically integrated across to give a one dimensional profile. A quantity such as energy
(E/Er = h(p/pr )2 i) may then be extracted by finding the variance of the 1D momentum
profile. Depending on the data, we will often fit functions (usually Gaussians, but sometimes bimodal Thomas–Fermi/Gaussians) to the profile to obtain smoother results. Data
analysis is conducted either in Matlab or in Python.

2.6

Control system

The experiments require a control system with good timing resolution (≈ 10 µs) and a
substantial number of analogue and digital outputs for controlling AOMs, shutters, mag-
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netic coils etc. As data acquisition is through images of atoms, few inputs are required.10
The system is ‘shot’-based: a single experimental shot consists of a large sequence of
events, culminating in an image of atoms. All event sequences in an experimental run are
nearly identical, with the exception of a single parameter change. The timescale required
for particular tasks ranges from multiple seconds (e.g. loading a MOT), down to 100 µs
(an imaging probe laser pulse), and further down to 100 ns (a kick laser pulse). We therefore need a control system which is capable of producing both a deterministic sequence
of analogue and digital outputs, and of operating over a wide timescale range.
There are a number of systems in use in atomic physics laboratories throughout the
world. A popular example is the field programmable gate array (FPGA) [129–131]. The
FPGA is a powerful device and is truly ‘real-time’, with timing resolution set by the
clock, typically at 80 MHz. However, it requires specialised programming, which is
inconvenient given the significant student turnover in a laboratory. FPGA programming
is also best suited to National Instruments Labview (which is a proprietary language with
a significant cost), or else with very low-level languages such as VHDL.
We use a different approach. Real-time Linux (RTAI) allows a standard computer
to prioritise the programming tasks set by the user, downgrading all other tasks to secondary [132]. This presents the experimenter with excellent timing resolution (down to
≈ 5 µs), all from a standard PC.
Our control system utilises the RTAI environment from a Scientific Linux operating
system. The control system is programmed in C++, with a user interface designed in QT
Designer. This has the advantage of being a robust object-oriented programming environment, all in a free-to-use, well-known language. Our analogue and digital outputs are
provided by two DAQ cards from Eagle Technology [133]: a 24-channel, 16-bit analogue
output card (PCI-766); and an 8-channel digital output/analogue input card (PCI-703).
The EDRE library provided by Eagle allows for integration into a C++ environment.
Our system is suitable for timescales down to the 10 µs level, with no upper limit.
Occasionally we need pulses shorter than 10 µs, which is handled using external function generators. For example, the kicked rotor experiment makes use of a home-built programmable pulse generator. We upload a pulse sequence directly from our control program, which is then triggered from a digital output on the DAQ card.
10

Our system uses only two analogue inputs: one to monitor the fluorescence from the MOT, and one to
stabilise the CO2 laser power.
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2.7

Summary

We have created an all-optical BEC machine capable of producing Bose–Einstein condensates of 2 × 104 87 Rb atoms every 20 seconds, with lifetimes of 6.7 seconds. Our dipole
trap arrangement offers flexibility, allowing for future extension to condensates of 85 Rb.
We will now move on to introduce the atom-optics kicked rotor, and detail our experimental investigations of phase modulated implementations of the kicked rotor.
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“It is nice to know that the computer understands
the problem. But I would like to understand it, too.”
Eugene Wigner

CHAPTER 3
The phase modulated delta-kicked rotor: a quantum
ratchet

I

the classical delta-kicked rotor model, a freely rotating pendulum is subject to a
pulsed gravitational field [52]. The gravitational pulses are short — with durations
much shorter than the pulse period — and are modelled as Dirac delta functions in
time. At all other times, the pendulum is free to rotate in an environment free of any
external forces. In this scheme, angular momentum is only transferred to the pendulum at
the impulse of a kick, while the angular position is only changed during the free evolution.
N

Despite the apparent obscurity of a pulsed gravitational field, the kicked rotor has
proven to be a very useful tool to model a remarkably wide range of systems, including
the quantum-to-classical transition [134–136]; the momentum-space analogue of Anderson localisation [55, 65]; and ratchets [72, 79, 79]. The kicked rotor is one of the simplest systems which exhibit chaotic behaviour. Chaos is exhibited in the angular momentum/position phase space if the kick strength is sufficiently large [137]. The Hamiltonian
for this system (in scaled, dimensionless units) is
n−1
X
p2
+ K cos(ϑ)
H(t) =
δ(t − j),
2
j=0

(3.1)

where p is the angular momentum of the pendulum, K is the kick-strength, n is the number of kicks and ϑ is the angular position.
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3.1

The classical delta-kicked rotor

The great majority of classical systems — the mechanics of which we are all familiar on
a day-to-day basis — are fundamentally chaotic. From dropping an egg to the ground,
to a thunderstorm, classical mechanics is full of fundamentally irreversible events. They
are irreversible in the sense that a final condition (for example, a cracked egg on the
floor) will not naturally evolve in time back to its initial condition. The development of
chaos theory [50, 138, 139] led to a deeper understanding of the irreversibility of classical
mechanics, based in essence on the nonlinearity of the underlying equations.
It is of obvious interest to study the transition from the fundamentally reversible behaviour of quantum systems to the chaotic classical world (especially in light of the correspondence principle [140, 141]). Let us now examine the example of the delta-kicked
rotor, both classically and quantum mechanically, to shed light on the great differences in
the behaviour of the two regimes.
Hamilton’s canonical equations of motion are [142]:

∂H
,
∂pj
∂H
−ṗj =
,
∂qj
∂H
∂L
−
=
,
∂t
∂t
q̇j =

(3.2)
(3.3)
(3.4)

where qj are a set of co-ordinates, pj are their corresponding canonical momenta, H is the
Hamiltonian, and L is the Lagrangian. Applied to the Hamiltonian of (3.1), we obtain:

ϑ̇ = p,
ṗ = K sin ϑ

n−1
X
j=0

δ(t − j).

(3.5)

In this case, ϑ (the angular position) is the only co-ordinate, and p is its canonical momentum. We thus obtain the equation of motion for ϑ:
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ϑ̈ = K sin ϑ

n−1
X
j=0

ϑ̈ = ṗ,

(3.6)

δ(t − j).

(3.7)

Equation (3.7) is a nonlinear equation in ϑ (as ϑ̈ depends on sin ϑ). This inherent nonlinearity in the motion opens up the possibility of chaos.
Now let us look at the type of behaviour that the Hamiltonian of (3.1) would lead to
in the quantum realm. Schrödinger’s equation results in:

i
∂ψ
i
=
∂t

∂ψ
= Hψ,
∂t
!

n−1
X
p2
+ K cos ϑ
δ(t − j) ψ,
2
j=0

(3.8)
(3.9)

where ~ = 1 in this system of units, and p and ϑ are operators. Equation (3.9) is an
equation of motion for the wavefunction ψ, and is linear in ψ: there is no corresponding
chaos. All quantum mechanical systems are inherently linear, and the concept of ‘chaos’
and its associated irreversibilities are naturally absent. Yet the Hamiltonian formulation
allows us to draw links between a quantum system and a similar system in the classical
limit. A so-called ‘quantum chaotic’ system is a potential pathway to examining the
transition from quantum to classical behaviour.

3.1.1

Poincaré sections

We need an analysis tool to enable us to visualise the behaviour of the kicked rotor. Classically, this is accomplished using a phase space picture, known as a Poincaré surface of
section. We integrate (3.5) to find the effect of a kick on the co-ordinate ϑ and momentum
p. In this system of units, ∆t = 1 between kicks, so integrating ϑ̇ between kicks yields:1
ϑj+1 = ϑj + pj+1 ,

(3.10)

1

The dependence on pj+1 in (3.10) is due to the definition of the timing: (ϑj , pj ) is defined to be
instantaneously prior to the j th kick, such that (ϑ0 , p0 ) is the initial condition.
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and integrating ṗ from t = (j − ) to t = (j + ) yields:
pj+1 = pj + K sin ϑj .

(3.11)

In Eqs. (3.10) and (3.11) we now have a map (known as the Chirikov standard map [137])
which allows us to propagate initial conditions forward in time. Notably, this map is dependent only upon a single parameter, the kick-strength K. Figure 3.1 shows some phase
plots for the standard map with increasing kick-strengths.2
Note that when plotting the phase portraits, both the angle ϑ and the angular momentum p are plotted modulo 2π: an angular momentum of any of p + 2πn for integer n will
result in transport to the same position ϑi . In the context of the atom optics kicked rotor
(the subject of the next section), the modulo 2π signifies that only the quasimomentum is
relevant in determining the dynamics.
The phase space portraits capture the essence of the system dynamics. The weak
kicking of K = 0.1 is a small perturbation to the otherwise simple, gravity-free, pendulum
system. Centred at (ϑ, p) = (π, 0) is an oscillating periodic orbit, as expected from a
pendulum (note that ϑ = π is the ‘bottom’ of the pendulum swing). The motion traces
out the path of a closed torus.
For larger momenta, the motion is not periodic. Instead, the relatively small nonlinear
perturbation means that the angular momentum remains essentially constant, as would
be expected for a free pendulum. Large momentum initial conditions therefore trace out
curves approximating constant p. The constant p region and the periodic orbit region are
bounded by a ‘separatrix’, which represents the boundary between periodicity and the
pendulum having sufficient energy to rotate ‘over the top’. The separatrix can be seen to
‘pinch off’ at (0, 0) and (0, 2π).
The boundaries shown in the phase portrait for K = 0.1 therefore represent regions
which cannot be crossed — for example, an initial condition beginning with p/2π = 0.2
will never reach a state of p/2π = 0.5. These uncrossable boundaries are known as KAM
tori, named for Kolmogorov, Arnold and Moser. KAM theory was originally developed
in the context of the stability of the solar system [143]: how stable are the quasiperiodic
orbits of the planets to a nonlinear perturbation? The essence of the KAM theory is that
2

The phase-space portraits in Fig. 3.1 are generated by numerically propagating a set of initial conditions
forward in time according to the standard map. A series of 400 initial conditions spanning the phase space
are chosen, and are propagated in time using (3.10) and (3.11) for 130 kicks, with each generated (ϑj , pj )
value plotted as a point in phase space.
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Figure 3.1: Phase space portraits for the Chirikov standard map, with K ranging from 0.1-10. The increasing prevalence of small irregular structures in the
phase space indicates the increasingly chaotic nature of the system with increasing kick-strength K.

the vast majority of tori are stable to nonlinear perturbation:3 despite the complexity of the
N -body problem of the solar system, the quasiperiodic orbits which the planets possess
are, thankfully, stable to perturbation.
This stability does not, of course, hold for all perturbation strengths. For K = 0.5,
the phase portrait shows ‘thicker’ regions, where chaotic behaviour is bounded within the
confines of tori. As the perturbation strength increases, more regions of phase space become connected as more tori disintegrate: the phase space becomes more ergodic. (Interestingly, additional island structures begin to appear in the phase space centred at non-zero
momenta — this appearance of islands will be important for our ratchet work later on).
The K = 0.98 picture is interesting as it represents a system just beyond the transition
3

Tori with irrational winding numbers are stable [144], which corresponds to tori representing quasiperiodic orbits. Those tori with rational winding numbers (periodic orbits) are perturbed into states of chaos.
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to global chaos, occurring at K = 0.9716 . . . [137, 145]. At this point, the last KAM
torus has disappeared: for an initial condition outside of a periodic orbit, there are no
boundaries spanning ϑ to prevent momentum diffusion across all values of p. This is
noted in the absence of a separatrix in this image.
For K = 10, there is a total absence of regular, integrable regions in phase space, and
the motion is completely chaotic. As is familiar from the classic ‘drunken sailor’ picture
of Brownian motion [146], the energy growth in a chaotic phase space is diffusive, such
that E = hp2 i/2 ∝ t. In this Hamiltonian context, this diffusion is often referred to as
Arnold diffusion.

3.2

The atom optics kicked rotor

The classical kicked rotor was extended to the quantum realm and brought to experimental realisation through atom optics [58]. This allowed direct experimental access to a
quantum chaotic system. In the atom optics kicked rotor (AOKR), the external force is
not gravity, but pulses of an optical standing wave. The standing wave is created from the
interference of two counterpropagating laser beams, detuned from the atomic resonance.
The AC Stark shift (2.3) is proportional to laser intensity, meaning that the atoms experience a sinusoidal phase grating. A wave imprinted with a sinusoidal phase will diffract
into discrete orders, and this is precisely the behaviour exhibited by the atoms, as shown
in Fig. 3.2(b).
The sketch of the setup in Fig. 3.2(a) shows two counterpropagating beams of wavelength λ interfering to create a standing wave of period λ/2. Each laser pulse lasts for a
time τ , with a pulse period k̄. The diffraction can be understood at its most basic level by
considering that the atom interacts with the standing wave by absorption and stimulated
emission, where absorption of a photon in one beam and stimulated emission of a photon
into the other results in a net momentum transfer of 2 units of photon momentum to the
atom. Thus the diffraction orders in momentum space occur in multiples of 2~k, as seen
in Fig. 3.2(b).
The optical standing wave provides a sinusoidal potential for the atoms, and thus
functions as the analogous ‘gravitational’ pulse term in the Hamiltonian. If the pulse
duration is short — such that the maximum distance dmax moved by the atoms during
the optical pulse dmax = τ pmax /m is short with respect to the standing wave period
i.e. τ pmax /m  λ/2 — then we may regard the free evolution of the atoms during the
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Figure 3.2: Illustration of the basic atom optics kicked rotor. (a) Two counterpropagating laser beams interfere to produce a standing wave of period λ/2.
(b) The phase pattern imprinted on the atoms causes them to diffract. In this
sequence from 1-6 kicks, images are taken of the atomic momentum distribution. Kicking is done on resonance with a pulse period equal to the Talbot
time, with a kick-strength k = 1.

laser pulse as negligible. This places the diffraction into the Raman–Nath regime [147,
148], and allows us to write each kick as a Dirac delta function. In our experiment we
typically use a pulse duration of τ = 300 ns, imposing the condition on the maximum
atomic momentum to be pmax  220~k. For all experiments discussed in this thesis, this
condition is well met.

3.2.1

Scaling

In this section we will derive the system of units useful for the study of the kicked rotor.
For an atom in a pulsed sinusoidal potential of spatial period λ/2 = π/kL and temporal
period T , the Hamiltonian takes the form:
n−1
X
P2
H(t ) =
+ V0 cos(2kL X)
f (t0 − jT ),
2m
j=0
0

(3.12)
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where P and X are real momentum and position operators; t0 is real time; m is the atomic
mass; f describes the pulse shape; and V0 is the potential depth of the optical lattice. The
expression for V0 is found from the AC Stark shift of (2.3), which is proportional to laser
intensity and inversely proportional to laser detuning.
We now apply the scaling:

t = t0 /T ,

(3.13)

ϑ = 2kL X,
to give the time scaled by the pulse period, and the position operator scaled by the lattice
period.
The function f describes a pulse of length τ , such that:

f (t) = 1,
= 0,

0 < t < τ,

(3.14)

else,

R∞
with the result that −∞ f (t) dt = τ . In the Raman–Nath regime, we may therefore
replace f by a Dirac-delta function:
f (t − jT ) = τ δ(t − jT ).
(3.15)
R
R
We know that δ(ξt) = δ(t)/ξ, as dt δ(ξt) = 1/ξ d(ξt) δ(ξt) = 1/ξ. We may therefore
write f finally as:
f (t − jT ) =

τ
δ(t0 − j).
T

(3.16)

We now need to scale the momentum. By defining p = κP for a yet-to-be-determined
scaling constant κ, the commutation relation is written as:
[ϑ, p] = [2kL X, κP ] = 2kL κ[X, P ] = 2i~kL κ,

(3.17)

where i is the imaginary number. If we now define a new constant k̄ = 8ωr T , and set
k̄ = 2kL κ~ we find the commutation relation to be:4
4
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[ϑ, p] = ik̄,

(3.18)

where p = κP = (k̄/2~kL )P . This definition of k̄ to be the effective Planck’s constant
for our system is a very important one [59]. This leaves us with:
n−1
X
~ p2 V0 τ
+
cos ϑ
δ(t0 − j),
H(t ) =
k̄T 2
T
j=0
0

(3.19)

We now scale the energy, H 0 = k̄T H/~, to give us:
n−1
X
p2
H (t ) =
+ K cos ϑ
δ(t0 − j),
2
j=0
0

0

(3.20)

with the new stochasticity parameter:

K=

k̄τ V0
~

(3.21)

The Hamiltonian of (3.1) therefore applies. This is the standard way in which the AOKR
Hamiltonian is presented (see, for example, [140]). For our purposes, it is useful to apply
one further scaling along the lines of Sadgrove et al. [149]:

Haokr (t) =

n−1
X
k̄ρ2
+ k cos(ϑ)
δ(t − j),
2
j=0

(3.22)

where k = K/k̄, ρ = p/k̄ and Haokr = H 0 /k̄. This system of units has the dual advantage that the kick-strength k is independent of the pulse period, and that the momentum
operator acts on a momentum state as:

ρ|mi = m|mi,

(3.23)

where |mi is the ket representing a momentum of 2m photon recoils.
To summarise, the following scaled units apply in the AOKR, which will be used
throughout this thesis:
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ϑ = 2kL X,
P
,
ρ=
2~kL

(3.24)

t = t0 /T ,

(3.26)

τ Ω2
,
4δ
4~kL2 T
,
k̄ =
m
 = k̄ − 2π`,

(3.25)

k=

(3.27)
(3.28)
` ∈ N, || < π,

(3.29)

where X and P are real position and momentum operators; kL = 2π/λ is the wavenumber
of the kicking laser; T = 2π/ωk is the kick period; t0 is real time; m is the atomic mass;
τ is the duration of a single kicking pulse; δ is the laser detuning from resonance; and Ω
is the Rabi frequency.
The above definition of  as the detuning from quantum resonance allows us to make
significant progress in our understanding of the atom optics kicked rotor, as we will show
in Section 3.2.4.

3.2.2

Dynamics

Interesting dynamics emerge from this quantum-chaotic system. As discussed earlier, the
‘chaos’ inherent in the classical system is not strictly present in the quantum system owing to the linearity of the equations of quantum mechanics. The chaos instead manifests
as dynamical localisation [52, 54–56]. This curious phenomenon has strong links with
Anderson localisation [150]. The effect is that, after a short period where apparent classical motion occurs (termed the ‘quantum break time’), diffusion in momentum space is
inhibited and the system reaches a steady state where no further energy on average is delivered to the system. The system is ‘localised’ in momentum space — a consequence of
the effective disorder induced by the quantum chaotic potential.
Another specifically quantum feature of the behaviour surrounds the appearance of a
‘quantum resonance’. For certain kicking frequencies (ωk = 4ωr , where ωr is the atomic
recoil frequency) the free evolution is completely negated, and subsequent kicks continue
to add in phase constructively. This leads to ballistic energy growth. This behaviour is
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Figure 3.3: The Talbot effect. A wave which has propagated through a diffraction grating re-images the grating at a distance zT , the Talbot length. At a distance zT /2, the grating is also re-imaged, but is phase shifted by π. Image
adapted from [151].

analogous to the Talbot effect in near-field diffraction optics [152]. Figure 3.3 shows that
after certain propagation distances of a wave from a diffraction grating, the grating is reimaged.
For atoms in the AOKR, the re-imaging occurs after a certain propagation time, known
as the ‘Talbot time’, Ttal . After this time of free evolution, the wavefunction ψ once
again possesses a sinusoidal phase profile, which is in phase with the original grating. If
another kick is performed on the atoms at Ttal , this kick will interfere constructively with
the previous kick, and the dynamics will be equivalent to a single kick of strength 2k.
Similar interference occurs for N kicks. Kicking the atoms on resonance with a pulse
period equal to Ttal thus results in ballistic energy growth.
The resonance concept can be understood from the phase acquired by the individual
momentum orders during the free evolution. The Floquet operator of (3.31) is a helpful
tool. The free evolution operator exp(−ik̄ρ2 /2) shows that integer values of ρ acquire a
phase of an integer multiple of k̄/2 during free evolution. Thus if k̄ = 4π, each momentum order acquires a phase of an integer multiple of 2π, such that the free evolution opera-
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tor is unity. This rephasing allows successive kicks to add constructively. For 87 Rb, the expression for k̄ in Section 3.2.1 shows that k̄ = 4π corresponds to a pulse period of 66.3 µs.
Another important concept is the ‘anti-resonance’. Figure 3.3 shows that at halfinteger multiples of the Talbot time, the phase profile (in position space) is re-imaged to
be phase shifted by π. The result is that each successive kick adds destructively, with the
result that each kick undoes the effect of the previous one. In this case, the energy simply
oscillates in time with no net growth.
States of the kicked rotor are characterised by a quasimomentum β. This originates
from the spatial periodicity of the optical lattice, and the Brillouin zone is typically drawn
between the momentum values 0~kL and 2~kL . The quasimomentum (sometimes also
known as the ‘crystal momentum’ [1]) is the fractional part of the momentum. The quasimomentum is an important concept in the kicked rotor. For example, β = 0.5 means that
the resonance condition is swapped such that the half-Talbot time leads to resonant energy
transfer, while the Talbot time is anti-resonant [153]. The quasimomentum forms one dimension of the pseudo-classical phase space that will be discussed in Section 3.2.4.

3.2.3

Numerical simulation

Numerical simulations are conducted in order to obtain theoretical results to compare
with our experimental data. The simulations are conducted in one dimension using the
split-step method to solve the Schrödinger equation. The time-periodic nature of the
Hamiltonians involved in the delta-kicked rotor make Floquet theory the ideal analysis
method. The split-step method is ideally suited to the δ-kicked rotor problem, as the
evolution can be neatly split into a kick period and a free evolution period. The evolution
can be directly described by the Floquet operator for the Hamiltonian of (3.34):

F (k, k̄, t) = Ff ree Fkick


k̄ρ2
exp [−ik cos(ϑ)] .
= exp −i
2

(3.30)
(3.31)

The Floquet operator F describes the evolution from immediately prior to one kick to
immediately prior to the next. The Floquet operator is useful as it can be separated into
two distinct parts: the kick operator Fkick , and the free evolution operator Ff ree . The kick
operator is diagonal in position space; the free evolution is diagonal in momentum space.
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A full kick, including free evolution, can then be completed with two multiplications and
a single Fourier transform from position to momentum space.
Except where stated, we choose an initial condition which is the solution to the GrossPitaevskii equation for our trap, and has been subject to 300 µs of expansion under mean
field repulsion. This results in a wavepacket with a full-width at half-maximum of 0.3
~kL in momentum space.

3.2.4

Epsilon-classical theory

Our analysis makes use of -classical theory, developed by Wimberger, Fishman, Guarneri
and Rebuzzini [154, 155]. The method involves making a pseudo-classical approximation to the dynamics in the vicinity of the quantum resonance. This is in many ways a
remarkable result. The effective Planck’s constant for the kicked rotor is k̄ = 8ωr T (Section 3.2.1), which is proportional to the pulse period. Based on this, classical correspondence in the quantum delta-kicked rotor would only be achieved as T → 0. However,
the rephasing of the wavefunction following integer multiples of the half-Talbot time (the
quantum resonances) means that it is possible to make a pseudo-classical approximation
even when k̄ is large.
We write the pulse period k̄ = 2π` + , where integer ` is the resonance order. For
Rb, k̄ = 2π corresponds to the anti-resonance at a pulse period of 33.1 µs. The important parameter here is , the detuning from quantum resonance. In this pseudo-classical
approximation, || replaces k̄ in the role of the effective Planck’s constant. The map is
perturbative in  and is valid only for ||  π.
87

If we now regard || as Planck’s constant, it can be shown that the time evolution
operator for the system described by (3.34) is the formal quantisation of the classical
standard map [149, 154, 156]:

Ji+1 = Ji + k|| sin(θi ),

(3.32)

θi+1 = θi + Ji+1 ,
where the dimensionless generalised momentum (J) and position (θ) co-ordinates are
defined as:
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J = N + π` + (2π` + )β,
π
θ = ϑ + [1 − sgn()].
2

(3.33)

The momentum is now written as p = N +β, with N being the integer part of the momentum, and β being the fractional part of the momentum (also known as the quasimomentum). The map is dependent only upon the parameter k||, the effective stochasticity parameter.5 A scaling law is therefore obeyed for kick-strength k and resonance detuning ||.
There is, of course, a significant difference between a classical phase space and a
quantum phase space. Classically, one may specify precisely the initial condition (θi , Ji ),
and then evolve that initial condition according to the standard map to deterministically
arrive at a final state (θf , Jf ). In a quantum context, such an evolution is not possible due
to the complementarity of position and momentum: θ and J cannot both be simultaneously specified to arbitrary precision.
However, the phase space picture can still be used profitably if the initial condition is
regarded as a distribution over θ and J. Phase space methods are quite widely used in
quantum optics, with a specific example being the Wigner distribution [157, 158]. The
quantum nature results in some classically strange results — for example, the Wigner distribution is a quasi-probability distribution which may extend to negative values. This
does not however result in any true negative probabilities because physical states occupy
a finite area of phase space, as given by the uncertainty principle. This means that locally
negative probabilities are small enough to be ‘washed out’ by the generally positive probabilities of the global phase space necessarily sampled by any physical wavepacket.
Generally for the AOKR, the initial wavepacket will be completely delocalised over
θ (the wavepacket is likely to spatially span much more than the period of the standing
wave). If a BEC is used, a typical Thomas–Fermi width of a few µm means that θ will
span many phase space cells of size λ/2 = 390 nm (when kicking near the 87 Rb resonance). However, the momentum may be specified more accurately. The BECs which we
use typically have a momentum width of the order of 0.1 ~kL , which is much less than the
momentum phase space width of 2 ~kL . This means that while individual orbits or tori
may not be experimentally accessible, larger structures of the phase space are accessible,
5

Note that this is very similar to the standard kicked rotor map of (3.10) and (3.11), where the stochasticity parameter is K = kk̄.

60

CHAPTER 3. THE PHASE MODULATED DELTA-KICKED ROTOR: A QUANTUM
RATCHET
and utilising a BEC instead of a MOT for kicked rotor work allows for experimental exploration of the phase space.

3.3
3.3.1

Ratchets
The phase modulated delta–kicked rotor

In the delta-kicked rotor considered thus far, the classical ‘direction of gravity’ remains
fixed. We now consider the effect of modulating this direction. Although this is a farfetched concept classically, it is readily accomplished in the AOKR by modulating the
phase of the standing wave. The Hamiltonian of (3.1) becomes:
n−1

H(t) =

X
k̄ρ2
+k
cos(ϑ + φi )δ(t − i),
2
i=0

(3.34)

for a phase sequence φi .
The unmodulated kicked rotor (φi = 0) is completely symmetric in space and time.
In its most simple form, the kicked rotor acts upon a Gaussian wavepacket of zero mean
momentum. As work is done on the wavepacket, a symmetric momentum distribution is
produced. There is no preferred direction in space, meaning there is precisely zero net
momentum current generated after any number of kicks.
It is then interesting to ask whether this symmetry may be broken whilst retaining the
essential features of the kicked rotor system (namely, that a pure optical lattice periodic
in space is employed). In this chapter we will look at Hamiltonians which are periodic
in both space and time, thereby resulting in no net biased force. However, we will also
use modulation to break a symmetry in the Hamiltonian, which will allow for directed
transport even in the absence of a biased force. This system is called a ‘ratchet’.

3.3.2

Classical ratchets

The second law of thermodynamics states that work cannot be done by a heat reservoir
at temperature T1 acting on a system at temperature T2 if T2 ≥ T1 . Feynman asked
whether an apparently one-way system, such as a ratchet, could violate this well-known
axiom [159].
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Figure 3.4: The ratchet and pawl as proposed by Feynman (image from [159]).
Wind vanes are exposed to Brownian motion from thermal fluctuations of temperature T1 . This is connected via an axle to a ratchet at temperature T2 . The
question is whether such a system can be used to extract work from Brownian
motion — for example, by lifting a flea tied to a wheel attached to the axle.

Consider the system in Fig. 3.4. Wind vanes are contained within a heat bath at temperature T1 , which are connected axially to a ratchet-and-pawl system at temperature T2 .
A pulley wheel links the two heat baths, to which we connect a light load, such as a flea.
Such a system was suggested by von Smoluchowski [160]. Feynman analysed this system and asked whether a ratchet system can rectify Brownian motion: can we generate
work by only responding to ‘clockwise’ Brownian motion fluctuations? It would appear
at first glance as though this ratchet offers a means to violate the second law — since the
ratchet can only go one way, eventually thermal fluctuations will cause the ratchet to tick
over and lift up the flea, resulting in a perpetual motion machine.
More careful reasoning shows that this analysis is false. Suppose that we require an
activation energy ε to lift up the pawl so that the ratchet can rotate by a notch. We also
need to lift the mass by rotating an angle θ against a torque L, which requires an additional
Lθ of work. If this energy is extracted from the wind vanes, Maxwell-Boltzmann statistics
tells us that the probability of this happening is proportional to P1 = e−(ε+Lθ)/kT1 .
Additionally, however, there is the possibility that a thermal fluctuation from the heat
bath at T2 will cause the pawl to lift up, allowing the ratchet to move backwards. This
requires the same activation energy ε, with probability proportional to P2 = e−ε/kT2 .
The flea will be lifted up (on average) if P1 > P2 , requiring that T1 > (1 + Lθ
)T2 . If
ε
T1 = T2 , the effect of the weight of the flea is that the flea will slowly move down, not
up. Only if T1 is larger than T2 do we reach a situation where the ratchet can successfully
rectify Brownian motion and lift up the flea. But then this is little more than a standard
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engine — the second law of thermodynamics remains satisfied.
There are many other examples of Brownian motion rectification systems. One example is an electrical rectifier, with an impedance connected in parallel with a diode [161].
Johnson noise produces thermal voltage fluctuations across the impedance, which could
perhaps be rectified by the diode to produce a net current. The physics remains the same
in this case: if the temperatures of the diode and impedance are equal, no net voltage is
generated across the diode due to the cancelling effect of thermal fluctuations within the
diode.
Some noise rectification mechanisms make use of the natural time arrow of dissipation. For example, many biological systems known as molecular motors rely on Brownian
motion, with time reversal symmetry broken by friction in the environment [162, 163]. A
clear example was demonstrated in the cold atom context by Gommers et al., where the
dissipative effects of spontaneous emission induced net transport for atoms in a driven
optical lattice [164].
An important assumption that we make in the dissipation-free case is that of ergodicity. In an ergodic system, averaging over time results in equal amounts of ‘clockwise’ and
‘anticlockwise’ fluctuations, preventing net directed motion. In the Hamiltonian context,
this corresponds to asking whether the entire phase space is sampled evenly. As we will
show in the next section, the delta-kicked rotor ratchet system that we investigate breaks
this assumption of ergodicity, thereby allowing rectification of Brownian motion.

3.3.3

Hamiltonian ratchets

Now we move from Brownian motion to chaotic systems. Brownian motion is closely
related to microscopic chaos [165]. While there is some debate as to whether Brownian
motion is a direct result of underlying chaos [166], the similarities between the randomwalk type evolution exhibited by chaotic trajectories and Brownian particles are numerous [167]. A Hamiltonian ratchet is a system which extracts directed motion from chaos
in the absence of a biased force [168].
Consider a one-dimensional Hamiltonian:
H(p, x, t) = T (p) + V (x, t),

(3.35)

with kinetic energy T and potential V . We will consider potentials which are periodic
in space and time (such that there is no net biased force):
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V (x + nX, t) = V (x, t)

n ∈ Z,

V (x, t + nτ ) = V (x, t)

n ∈ Z,

(3.36)

for a system with spatial period X and temporal period τ . Again, phase space analysis
is the most profitable approach to dealing with this Hamiltonian system. If we have a
purely chaotic phase space, such as the K = 10 system of the delta-kicked rotor in
Fig. 3.1, then directed motion is not possible. The system is time-reversal invariant, and a
particle starting anywhere in the phase space will eventually sample all regions of phase
space, encountering equal amounts of forward and backward fluctuations and satisfying
the ergodic hypothesis.
The dynamic changes if we have a mixed phase space. Mixed phase spaces include
regular, integrable regions embedded in a chaotic sea [169]. The regular tori prevent a
chaotic trajectory from entering into the integrable regions, preventing chaotic trajectories
from sampling all regions of phase space. This breaks ergodicity, and allows for directed
motion in the absence of a biased force. In the following section we will give a brief
overview of mixed phase spaces, before introducing our experiment.

3.3.4

Mixed phase spaces: accelerator modes and islands of stability

A number of interesting systems possess mixed phase spaces. The accelerator modes of
the kicked rotor, manifesting in the case of an accelerated lattice, are an example of a
mixed phase space that has been experimentally studied. Consider a kicked rotor with the
lattice aligned vertically, adding an additional potential energy term mgz. The Hamiltonian now reads:
n−1

X
p2
+ mgz + V0 cos(2kL z)
δ(t − nT ).
H(t) =
2m
i=0

(3.37)

To understand the accelerator mode, it is useful to consider a classical picture such as
Fig. 3.5(a). A (classical) atom begins at a point in the standing wave with a non-zero
potential gradient. A kick from this location in the potential imparts a momentum mvR
to the atom. Gravitational acceleration imparts a momentum mgT to the atom during one
pulse period. An accelerator mode is generated if the atoms fall a distance s between
kicks such that they arrive to the same point in the standing wave immediately prior to the
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Figure 3.5: Accelerator modes. (a) A cartoon showing a classical particle (red
dot) being kicked by an optical standing wave, with gravity directed downwards. If the particle traverses an integer number of standing wave wavelengths between the Npth and (Np + 1)th pulse, the particle will be in an accelerator mode. (b) The pseudoclassical phase space for an accelerator mode system, with k|| = 0.2372, τ = 12.472 and η = 0.1969. The accelerator mode
has order p = 5 and hopping number j = 1.

next kick, and continue to do so for arbitrarily large numbers of kicks [170].
We can now derive the classical condition for an accelerator mode. The distance
travelled between kicks must clearly be an integer number of wavelengths of the standing
wave, λg . We can make this condition more stringent by noting that the momentum gained
during a pulse, via both gravitational acceleration and kicking, is independent of pulse
number. This allows us to break the distance into two parts: nλg (independent of pulse
number) and Np n0 λg (proportional to pulse number). This gives us the condition:
s = (n + Np n0 )λg

n, n0 ∈ Z.

(3.38)

The velocity of the atom immediately after Np pulses consists of the initial velocity (vi ),
the velocity gained from Np kicks (Np vR ), and the velocity gained from (Np − 1) periods
of free falling ((Np − 1)gT ). The distance travelled from the Npth pulse to the (Np + 1)th
pulse under constant acceleration can be calculated from simple mechanics as:
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1
s = (vi + (Np − 1)gT + Np vR )T + gT 2 .
2

(3.39)

Equations (3.38) and (3.39) can now be compared. The parts of the equations dependent on Np must equate, as must the parts independent of Np , if this accelerator mode is
to hold for all Np . This gives the two conditions for the accelerator mode:

vR T + gT 2 = n0 λg ,
1
vi T − gT 2 = nλg ,
2

(3.40)

which can be solved to find a suitable pulse period for a given initial velocity class.
The -classical approach of Section 3.2.4 can also be used here. By defining τ =
~(2kL )2 T /m and η = mgT /(2~kL ), the Hamiltonian can be represented by the pseudoclassical map [71, 171]:

θn+1 = θn + sgn()Jn ,
Jn+1 = Jn − k|| sin(θn+1 ) + sgn()τ η.

(3.41)

Fig. 3.5(b) shows the pseudoclassical phase space for a system of k = 0.2372, τ =
12.472 and η = 0.1969. A series of islands are formed, surrounded by a chaotic sea.
In contrast to the islands looked at previously, these islands transport to each other. A
trajectory launched from one island will ‘hop’ from island to island with each successive
kick, resulting in linear growth in J and thus a constant acceleration. These islands are
the accelerator modes.
The first experimental work into the accelerator modes was conducted by Oberthaler
et al. [75], using thermal cesium atoms from a MOT. In the free-falling frame, a group
of atoms was persistently and stably accelerated at a constant rate of 1.6 photon recoils
per kick. This work was extended by Summy and coworkers [71, 170], who utilised
the narrow momentum width of a Bose–Einstein condensate to enable an experimental
exploration of the pseudoclassical phase space. Our experiment will build on this work,
utilising a BEC to experimentally explore the phase space of a phase modulated kicked
rotor system, with islands similar to the accelerator modes.
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3.4

A quantum ratchet from a periodic phase sequence

We have established that a ratchet requires a broken symmetry, within the constraint of a
periodic potential. Directed transport in an unbiased potential (that is, a potential periodic
in space and time) must be achieved through broken symmetry. Previous investigations
have primarily focused on modified initial conditions [72], and on potentials asymmetric
in space [77] and in time [172]. We will focus on a potential with a temporally asymmetric, though periodic, phase pattern.
We were motivated to explore a periodic phase sequence by recent interest in a phase
modulated kicked rotor system. Gong et al. suggested reversing the sign of the kicking
potential every two kicks [173]. If we define a ‘phase modulation set’ of {ϕ0 , ϕ1 , . . . , ϕn−1 }
to be one where the absolute phase of the standing wave at the j th kick is given by
φj = ϕj mod n , then Gong et al. used the phase modulation set {0,0,π,π}. Theoretical
studies found this to produce paired islands, accelerating atoms in opposite directions.
This modulated kicked rotor was used as a model for exploring the quantum dynamics of a chemical reaction [174]. A repeating phase modulation was experimentally implemented by Sadgrove et al. with cold thermal atoms using a modulation sequence of
{0, π2 ,0,− π2 } [149]. Their results showed a broadening of the momentum distribution, indicating enhanced transport, and also found that the phase modulation stabilised the quantum resonance at 33.1 µs.
We decided to take a different tack with our experiment. By utilising a BEC, we would
be able to experimentally explore the phase space. We discovered through numerics that a
phase modulation set of {0, 2π
,0} produced very large transporting islands. These islands
3
are unpaired, unlike Gong’s set, meaning that they transport in a single direction only.
This provides us with a ratchet situation.
The -classical map of (3.32) now reads:

Ji+1 = Ji + k|| sin(θi + ϕi ),

(3.42)

θi+1 = θi + Ji+1 ,
and is now dependent both on the stochasticity parameter k|| and the variable phases ϕi .
In Fig. 3.6(a) we use (3.42) to draw the Poincaré section for the {0, 2π
, 0} phase
3
set. One notable feature is that the islands visible in the phase portrait are much larger
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Figure 3.6: Poincaré sections of transporting islands for phase modulation set
{0, 2π
3 , 0}, k|| = 3.2. Islands embedded in the chaotic sea are shown in (a).
A visualisation of the transporting nature of these islands is provided in (b),
showing an example classical trajectory launched from a transporting island
[with initial co-ordinates (θ, J) = (3.8, 6.2)].

than those previously investigated [149, 173]. Another particularly interesting feature
is that these islands are unidirectional in momentum, as indicated in Fig. 3.6(b), unlike
those from the {0, 0, π, π} set which come in pairs of opposite directions [173]. This
unidirectionality is induced by the asymmetry of the phase modulation set.
Fig. 3.6(b) indicates the transporting nature of the island system. A trajectory launched
from within the island ‘hops’ between islands and returns to its starting position after three
kicks. Note that in this case, the momentum has not been plotted modulo 2π, in order for
us to extract the momentum transport information. In the language of Fishman, Guarneri
and Rebuzzini, this is an accelerator mode of order p = 3 (as three hops are required for
periodicity) and hopping number j = 1 (as one phase space cell is traversed per hopping
period) [171, 175].
For our chosen phase modulation, transportation occurs if the trajectory is launched
from an island centred around integer multiples of J = 2π. To access an island centred
at J0 , the definition of (3.33) means that a quasi-momentum of β = (J0 − π`)/(2π` + )
is required. For  = ` = 1 and J0 = 2π we require β = 0.43. We note that if an initial
condition begins on any islands other than the J = 2nπ islands, then regular acceleration
does not result: transportation will only occur from an island if it is occupied at the correct
stage of the phase modulation sequence. All other islands are effectively chaotic.
We note that while our system is a special case of an accelerator mode [71, 73, 75],
our enforced phase periodicity means that the behaviour we observe is that of a quantum
ratchet. The phase of an accelerating lattice is given by φ(t) = (at2 +bt) mod 2π, where a
is proportional to the lattice acceleration and b to the initial lattice velocity. If a = −2π/3
, 0} is recovered. A general accelerator
and b = 4π/3, then the phase modulation set {0, 2π
3
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mode system does not have phase periodicity as a property and can only be understood in
the context of a biased force. The system we present here is a novel extraction of a ratchet
system from the well-known accelerator modes.
Utilisation of a BEC provides us with a very narrow initial spread of momenta. After
mean-field repulsion is considered, the BEC has an initial spread in momentum space of
0.5 ~kL , or 25% of a phase space cell. The BEC is completely delocalised in θ. We are
therefore able to individually address individual islands in phase space separated in J by
controlling the initial momentum β.

3.5

Experimental methods

Our experimental setup is shown in Fig. 3.7. The starting point for the experiment is a
87
Rb BEC of ≈ 30000 atoms, prepared in the |F = 1i hyperfine state by evaporative
cooling in an all-optical BEC apparatus (full details of BEC preparation are in Chapter 2).
The BEC is allowed to freely expand for 1.0 ms before kicking to minimise nonlinear effects during the kicking sequence. A pulsed optical standing wave is then applied via two
linearly polarised counterpropagating laser beams detuned by 100 GHz to the red from
the 5S1/2 F = 1 → 5P3/2 F = 2 transition. The large detuning minimises decoherence effects associated with spontaneous emission. The detuned optical standing wave results in
the sinusoidal term in the Hamiltonian (3.34) due to the AC Stark shift. With 50 mW of
power in each beam, a beam-waist of 110 µm and a detuning of 100 GHz, a pulse duration of 300 ns produces a kick-strength of k = 4.5.
The amplitude, phase and frequencies of the two beams are independently controlled
via acousto-optic modulators (AOMs), driven by a Tektronix Arbitrary Function Generator (AFG3252). The AFG3252 is able to arbitrarily modulate the standing wave phase
with a response time of 35 µs, allowing us to consider a positive- situation around the
` = 1 resonance, or any  for higher order resonances. A two-channel pulse generator
signals RF switches to turn the AOMs on and off, and provides an analogue signal to the
phase modulation input of the AFG3252. A small frequency shift δω is applied to one
beam to create a moving standing wave in the laboratory frame; in the frame of the standing wave, the atoms of mass m have an initial momentum (measured in two-photon recoil
units) given by β = mδω /(4~kL2 ) [153]. β = 0.43 corresponds to a 12.9 kHz frequency
difference.
The optical setup for the kick pulses is on a separate optical table to the experiment.
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Figure 3.7: Experimental scheme. A 87 Rb Bose–Einstein condensate is subject to a phase-modulated pulsed standing wave, created by two counterpropagating linearly polarised laser beams detuned by 100 GHz from resonance.
An arbitrary function generator (AFG) drives two acousto-optic modulators
(AOMs), modulating the phase and frequency difference between two RF
channels. A two-channel programmable pulse generator (not shown) controls
both of the RF switching amplifiers that toggle the AOMs, in addition to the
phase modulation input to the AFG. The wavemeter allows us to monitor the
detuning of the laser from resonance.
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Figure 3.8: False colour experimental images of momentum distribution are
shown as a function of the number of kicks, with  = 1 and ` = 1. The images
show a group of atoms being linearly accelerated down. All images are for
phase modulation {0, 2π
3 ,0}, β = 0.43 and k = 3.2.

After the AOMs, the light is coupled into single-mode polarisation-maintaining optical fibres with lengths of 5 m, to transfer the light to the vacuum chamber. We ensured that the
optical fibres were in physical contact for as great a distance as possible, to minimise temperature and strain differences between the fibres. This passive stability approach minimised the introduction of phase noise from fluctuations in ambient conditions, ensuring
a repeatable phase pattern.

In general for our experiments, pulses are spaced at intervals near either to the resonant
Talbot time of 66.3 µs (` = 2), or the anti-resonant time of 33.15 µs (` = 1). The timing is
controlled with a home-built programmable pulse generator. Following the kick sequence,
the atoms are allowed to expand for 3 ms and are then imaged using absorption imaging.
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3.6
3.6.1

Results
Appearance of the island

Linearly accelerated, directed transport is observed in the case where the initial condition
overlaps a transporting island. Figure 3.8 shows atoms ‘on the island’ being linearly
accelerated in the downward direction with every kick. The island is narrow — only 34 diffraction orders in width — but contains up to 20% of the atoms in the system. We
measure an average acceleration of 3.8 ± 0.2 photon recoils per kick, in agreement with
the classical prediction for a system of order p and hopping number j of [171]:
∆Jkick = ∆ρkick =

2πj
.
p

(3.43)

The expression (3.43) for the acceleration can be obtained by considering a picture such
as the hopping of Fig. 3.6(b), where a momentum of 2πj is traversed in p kicks. For
,0} phase modulation sequence, with  = 1, the
the (p = 3, j = 1) system of the {0, 2π
3
classical prediction gives ∆pkick = 4.2 pr . A quantum-mechanical simulation gives an
equivalent result.
Our simulations reveal a striking difference between the chaotic and island regions.
Figure 3.9(a) shows the simulated momentum wavefunction for our system. Zooming in
on the chaotic region in (b) shows typical quantum chaotic behaviour, with ‘jagged peaks’
centred around integer momenta, offset by β. In contrast, zooming in on the island region
in (c) shows near-perfect, narrow Gaussian peaks.
To first order, the island acceleration is independent of the kick-strength k, as indicated in (3.43), provided that the phase-space does not bifurcate with changing k||. Figure 3.9(d) shows the average momentum of atoms in the island as a function of 1/. The
strong linearity is in excellent agreement with the classical prediction of a 1/ dependence
of the island momentum, from Equation 3.43.

3.6.2

Energy and net momentum current

In Fig. 3.10(a), a phase scan is performed for the phase modulation {0, φ, 0}. A peak in
the net momentum current of ±1.8 photon recoils after 8 kicks is observed, for φ ≈ + 2π
,
3
which reverses for φ ≈ − 2π
. The close match of our experimental data to the simulation,
3
extending to the inflexion feature observed near zero-phase modulation, is indicative of
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Figure 3.9: Behaviour of transporting island: numerical simulations and 1/
scaling. Numerical simulations (with  = 1, ` = 1) illustrate the differences
between the island and chaotic regions: the momentum wavefunction after 8
kicks is shown (arbitrary units) in (a), (b) and (c). Closeups of a section of the
chaotic region (b) and the island region (c) are shown. In (d), experimental
data of the mean momentum of island atoms is plotted as a function of 1/.
All images are for phase modulation {0, 2π
3 ,0}, β = 0.43 and k = 3.2.

the precise degree of control we have over the phase of the standing wave.
Figure 3.10(b) demonstrates our ability to address individual islands in the pseudoclassical phase space. As the frequency difference between the beams is scanned, the
quasi-momentum β is altered and the initial condition is offset in J. Peaks are observed
in the vicinity of β = ±0.43, which is the centre of the transporting island as predicted
pseudo-classically.
The linearly accelerated atoms are interesting in their own right, but do not in themselves constitute a ratchet. Ratchet behaviour is instead found in directed transport from
chaotic regions of the phase space. Figure 3.10(b) illustrates the presence of ratchetlike behaviour most clearly. The initial condition overlaps a transporting island when
β = 0.43, as indicated by the large positive net momentum at β = ±0.43. If the initial condition does not overlap β = ±0.43, then the initial condition is instead fully in
the chaotic sea. This occurs around β = 0, ±1. The net current is now negative, and the
chaotic sea has a net negative transport. This is the ratchet effect.
The energy plots of Figs. 3.10(c) and (d) further illustrate the transport enhancement
brought about through the chosen phase modulation set. The transport peaks in the vicin-
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Figure 3.10: Experimental (blue data) and theoretical (red line) net currents
and energies as a function of phase modulation and of quasi-momentum β.
Net momentum current (a) and average energy per atom (c) as a function of
modulated phase φ for the phase sequence {0, φ, 0}, with β = 0.43. Net
momentum current (b) and average energy per atom (d) as a function of quasimomentum β, for the phase sequence {0, 2π
3 , 0}. Momentum is measured in
single-photon recoil (pr ) units. Data collected after 8 kicks with  = 1 and
` = 1. The kick-strength for (a) and (c) is calibrated to be k = 3.0; for (b) and
(d), k = 2.9. The experimental data is overlaid with numerical Schrödinger
equation simulations.
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Figure 3.11: The population fraction undergoing regular accelerated motion is
plotted on a logarithmic scale as a function of k||. The detuning from quantum
resonance  ranges from 0.5-1, with ` = 1. The datasets have been vertically
offset for clarity, and a vertical line is drawn at k|| = 3.2 to guide the eye.

ity of β = 0.43, around the modulated phase φ ≈

2π
.
3

These figures further emphasise the agreement between the experimental results and
the theoretical predictions.

3.6.3

Epsilon-classical scaling

In this experiment, we test the island’s adherence to the -classical scaling argument.
Varying kick-strengths are chosen for a range of  values, and the fractional population of
atoms undergoing regular, linear acceleration is measured (these atoms are deemed to be
‘on the island’).
Figure 3.11 shows the results. The population reaches a steady value at k|| ≈ 2.9
for all five values of . This steady value can be attributed to the size of the transporting
island, shown in Fig. 3.12. Figure 3.12(a) shows the area of transporting island structures
in the whole phase space for various values of k|| (note that the area of the phase space
is (2π)2 ≈ 39.5). This shows the appearance of the island structure around k|| = 2.0,
which peaks in size around k|| = 2.8 and then diminishes for k|| > 3.6. As || plays the
role of an effective Planck’s constant, the area of the transporting island structure needs to
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Figure 3.12: Size of transporting islands. (a) The dimensionless phase space
area of the transporting island structures as a function of k||. (b) The dimensionless width of the island at J = 0. The area plot in (a) was computed by
finding the proportion of the entire phase space producing transporting classical phase space trajectories, while the width plot in (b) was found from the
proportion of transporting trajectories at J = 0.

be larger than || for it to have a significant effect.6 Our experiments typically used  = 1,
smaller than the phase space area of 1.5 found at k|| = 3.2.
Our initial condition is delocalised in θ. This makes the width of the transporting
island a useful quantity, and the width is plotted in Fig. 3.12(b). The percentage of atoms
on the island for a θ-delocalised state can be estimated from w/2π, where w is the width.
This suggests that the maximum fraction of atoms we could find on the island would be
about 20%, in agreement with experiment.

3.6.4

Localisation length

The results shown in Fig. 3.13 indicate experimental observations of a significant peak
p
in the localisation length ξ = hp2 i/2 of chaotic atoms around k|| = 3.2 due to the
transporting islands generated by phase modulation. The data is collected after 25 kicks,
well into the dynamical localisation regime. For this experiment, we use ` = 2 and
6

This is similar to the discussion of the Wigner distribution in Section 3.2.4, where it is possible to have
negative probability densities over regions in phase space smaller than ~ such that there are no negative
eigenvalues.
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Localization length ξ/pr

β = 0.2. The transporting island is centred at β = 0, and the chosen value of β = 0.2
means that the initial condition does not overlap the transporting island. This choice
of quasi-momentum has the added advantage that the zero-phase modulation quantum
resonance at 66.3 µs is negated [153]. We record a localisation length of the chaotic
region enhanced by 40%, when compared with the zero-phase-modulation equivalent.
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Figure 3.13: Plot of the momentum-space localisation length, measured in
single-photon recoil units, as a function of k. Blue crosses represent data
from a phase modulation of {0, 2π
3 , 0}. Red circles represent data from an unmodulated kicked rotor. The data has been collected after 25 kicks around the
` = 2 resonance, with β = 0.2. The kick-strength is calibrated to be k = 5.7
for the modulated experiments, and k = 6.4 for the unmodulated experiments.
The dotted lines indicate k = ±3.2. The results are overlaid with numerical
simulations: solid blue indicates phase modulation, while dashed red indicates
an unmodulated rotor. The simulations have been conducted with a high momentum cutoff of ±45pr to mimic our finite experimental view-window.

We note that although the wavefunction clearly has two separate behaviour regimes,
as shown in Fig. 3.9(b)-(c), the chaotic and island motions are by no means independent.
Although the chaotic region is still subject to dynamical localisation [176], the localisation
length is greatly increased by the phase modulation [149]. This is well demonstrated in
Fig. 3.13, despite the initial condition not classically overlapping the transporting island,
and the island classically not affecting the chaotic motion.
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3.7

Discussion

We have observed a quantum ratchet, illustrated most notably in Fig. 3.10(b) with negative directed transport occurring when phase space trajectories are launched from the
chaotic sea. The negative transport of the chaotic sea is also visible in the images of the
momentum distributions in Fig. 3.8, in which the chaotic sea is clearly more densely populated opposite to the direction of the ‘island’ atoms. This is a consequence of the classical sum rule discussed in Section 3.3.3. The mean transport of the entire phase space
must be zero, meaning that the chaotic region must oppose the transporting island. We
are able to observe directed transport due to the non-ergodic nature of our phase space,
where the tori of the transporting islands prevent trajectories from being able to sample
the entire phase space.
It is important to note the origin of the ratchet behaviour that we have observed. We
stress that there is no net biased force in our system: every kick, when considered in isolation, produces a symmetric momentum distribution about the initial momentum state.
The asymmetric phase modulation that we impose induces interference effects that lead
to the observed net momentum current. The concept of a well defined trajectory loses its
meaning for quantum particles after the short (sub-kick period) Ehrenfest time [177]. Instead, interference from all sections of the phase space contributes to the final momentum
distribution. This results in the chaotic region exhibiting greater transport and a longer localisation length than in the unmodulated case. Furthermore, violation of a classical sum
rule is possible [169, 178], allowing for directed quantum transport even when the entire
phase space is sampled [179].

3.8

Summary

In summary, we have experimentally observed a transporting island structure originating
from phase modulation of a pulsed optical standing wave, resulting in linearly accelerated
atoms. The asymmetry of our chosen phase modulation set leads to unidirectional transporting islands in the -classical phase space: a new type of quantum ratchet has been
demonstrated. The net momentum current is tunable through the modulated phase and
the quasi-momentum β. The phase modulation has been found to enhance the localisation length of chaotic atoms, despite the chaotic region being classically independent of
the island structure. All of our data is in excellent agreement with both -classical theory
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and numerical Schrödinger equation simulations.
This work could be extended by using a near non-interacting condensate: our simulations indicate that a narrower initial momentum distribution results in an enhancement
of a factor of five in the directed current, because the narrower initial condition allows for
more selective population of a phase space structure. It would also be an interesting experiment to look at an initial condition which is delocalised in J instead of θ. This could
be accomplished by first loading the BEC into the optical standing wave, and then rapidly
switching the phase to θ0 with a Pockels cell to initiate the kicking sequence. Scanning
θ0 would allow the phase space to be explored ‘from left to right’, rather than the ‘top to
bottom’ momentum-scanning approach which we have used.

79

3.8. SUMMARY

80

“I frequently hear music in the very heart of noise.”
George Gershwin

CHAPTER 4
Phase noise in the delta-kicked rotor

N

and decoherence effects are of great importance to quantum systems. The
‘quantum’ nature of the dynamics of a system relies heavily on the precise
phase relationships between the degrees of freedom. Small levels of noise disrupt these correlations, leading to more ‘classical’ behaviour [180]. In any practical implementation of quantum systems, such as a quantum computer, the need to maintain high
degrees of coherence means that noise is one of the major limiting factors of these devices. A tool to fully investigate noise effects in quantum systems is therefore required.
The delta-kicked rotor is one such tool, offering a good platform from which to examine
the effects of noise on a quantum system, owing to the degrees of control available to the
experimenter.
OISE

Modulation effects on the kicked rotor have generated much interest in recent years.
Delande, Garreau and co-workers employed amplitude modulation, with three incommensurate frequencies, to demonstrate an effective metal-insulator transition [65]. This arose
from an effective mapping to a three-dimensional Anderson model, which showcased
dynamical localisation in a new light. The modulated kicked rotor has also been used
to demonstrate simple factorisation [181], quantum enhancement of momentum transport [149] and the effects of amplitude and kick frequency noise on the quantum resonance [182].
The influence of noise on the kick frequency has been studied, demonstrating the destruction of dynamical localisation and of the quantum resonance [136]. In contrast, these
features have been shown to be remarkably stable against amplitude noise [183]. It is then
an interesting question to look into the effects of phase noise. A previous investigation
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found that small amounts of spontaneous emission are analogous to phase noise, with experimental results revealing a striking enhancement of the energy at resonance when the
atoms were subject to spontaneous emission [184].
In this chapter, we extend the experiment of Chapter 3 to systematically investigate the
effects of phase noise in the delta-kicked rotor system. We consider the influence of sinusoidal phase modulation on both the resonant and non-resonant dynamics of the kicked
rotor. We find resonant modulation frequencies at certain rational multiples of the kicking
frequency, owing to the induction of periodic phase shifts of the applied potential. Furthermore, we look into the effects of incommensurate phase modulation frequencies on
the kicked rotor dynamics. The incommensurate frequency results in a pseudo-random
phase sequence, which gives us repeatability and control for phase noise. In conjunction
with numerical and -classical analysis, we find that the quantum resonances are remarkably robust to phase noise. This is surprising given that the origin of the resonances lies
in quantum interference — ostensibly strongly dependent on precise phase relationships.
We also explore the long-time behaviour, investigating the effect of noise on dynamical
localisation and highlighting the destruction of dynamical localisation.

4.1
4.1.1

Theoretical background
Phase modulation

Our system is an extension of (3.34), in which we replace periodic phase modulation
with sinusoidal phase modulation. The system is now described by the time-dependent
Hamiltonian (again in scaled, dimensionless units):
n−1
X
k̄ρ2
+ k cos[ϑ + α cos(ωp t)]
δ(t − j),
H(t) =
2
j=0

(4.1)

with phase modulation frequency ωp and phase modulation amplitude α. Definitions of
these units in terms of experimental parameters can be found in Section 3.2.1.
In the classical system of a rotating pendulum [52], sinusoidal phase modulation corresponds to the direction of gravity rotating with frequency ωp . In our system, we modulate the phase of one of two interfering laser beams, thereby modulating the position of
the optical grating.
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4.1.2

Basic concepts

0.5

0.5

Phase/π

Phase/π, and kick sequence

Many of the key effects of phase modulation on the kicked rotor dynamics can be understood with the aid of a simple picture, such as that in Fig. 4.1(a). Here, we consider kicking with pulse period Ttal /2 (Ttal is the Talbot time of 66.3 µs for 87 Rb). The phase modulation frequency is set to half the kicking frequency, such that f = 1/Ttal ≈ 15 kHz.
As the duration of a kick is far shorter than the timescale over which the phase changes
appreciably, the phase sequence effectively reduces to a Nyquist sampling problem. It
is straightforward to see that, if the modulation amplitude is set to π/2, the phase will
jump by π from kick to kick. This has the effect of completely negating the quantum
anti-resonance, and effectively creating a quantum resonance condition where the energy
grows ballistically with kick number.
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Figure 4.1: In (a), illustration of the effect of phase modulating at 15 kHz,
whilst kicking at 30 kHz (at the 33.1 µs anti-resonance). The red plot represents the timing of the kicks (the vertical scale is not relevant). Note the phase
jump of π from kick to kick. In (b), illustration of the
√ effect of phase modulation at an incommensurate frequency. Here, ωp = 3ωk /4 is chosen as an
example to indicate the pseudo-random nature of the kick sequence that arises
from such a choice of ωp .

Other pertinent points can be gathered from similar pictures. For example, phase
modulation at the kicking frequency of ≈ 30 kHz is equivalent to zero phase modulation,
as the phase is the same for each kick. Higher kicking frequencies are simply aliased to
within the 0-15 kHz range (e.g., 45 kHz is equivalent to 15 kHz). These stem from the fact
that the Nyquist frequency for the system is 15 kHz. Another important aspect concerns
the phase at which the kick sequence begins. If, for example, kicking occurs at 15 kHz
and the phase goes as sin(ωp t) rather than cos(ωp t), then the phase is constant for each
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kick. It is therefore important that the initial phase is controlled for the experiment.

4.1.3

Analysis

We now develop a more quantitative understanding of the system by considering the spectral qualities of the kick sequence. A train of δ-functions in time has a Fourier spectrum
of a comb of frequencies, spaced at the kicking frequency:
"
F

#

∞
X
n=−∞

δ(t − nT ) =

∞
X
m=−∞

δ(ω − mωk ).

(4.2)

Now we consider the phase modulated problem. The phase shift can be built into the kick
sequence, so we consider the Fourier transform:
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∞
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δ(t − nT )eiα cos ωp t
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The exponential may be expanded in terms of Bessel functions [185] to give the simple
expression for the Fourier transform of:
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F e


iα cos ωp t

= F J0 (α) + 2

∞
X

#
ik Jk (α) cos(kωp t) ,

k=1

= 2π

∞
X
k=−∞

(4.4)

ik Jk (α)δ(ω − kωp ).

The full spectrum Fmod is then the convolution of (4.4) with a train of δ-functions, which
simply results in a continual repeating sequence of the spectrum in (4.4).
Based on the simple picture introduced in Section 4.1.2, we now make the heuristic
assumption that the induced resonance is due only to the frequency component at ωp =
ωk /2 and higher frequencies which alias to it, where ωk = 2π/T is the kicking frequency
and T is the pulse period. The spectrum in (4.4) indicates that frequency components of
integer multiples of ωp are produced, with Bessel function weightings in the modulation
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strength α. We then look at the fraction of the power spectrum concentrated at ωk /2 to
estimate the extent of the influence of the modulation on the rotor energy.
The Fourier analysis also permits a prediction of the frequencies at which a resonance
can be induced. From (4.4), integer multiples of ωp are produced. Odd multiples of ωk /2
are aliased to ωk /2. This gives the resonance condition:

ω=

2n + 1 ωk
,
m 2

n, m ∈ N,

(4.5)

such that phase modulation at any frequency ω will produce a resonance. We now illustrate the applicability of the Fourier spectrum in predicting the energy as a function of
modulation strength. For the first order resonance, the relevant harmonics are the 1st (15
kHz), 3rd (45 kHz), 5th (75 kHz), . . ., while for the second order resonance, the relevant
harmonics are the 2nd , 6th , 10th , . . . The relevant harmonics for an mth order resonance
are clearly m(2n + 1), n ∈ Z. We look at the fraction of the power spectrum concentrated
at these harmonics, to give a general rule for the energy of an mth order resonance as
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Figure 4.2: Overlay of numerical simulations, conducted through Floquet operations on an initial wavepacket, and calculations based on the Fourier spectrum in (4.4). (a) 7.5 kHz modulation with summation in (4.6) and (b) 15 kHz
modulation with summation in (4.6). The energy has been scaled to a maximum value of 1. To prevent quasimomentum effects from complicating the issue, the simulations have been conducted using a narrow Gaussian initial condition, ψ(p) = exp(−p2 /2σ 2 ), where σ = 0.05pr . The simulations are over
14 kicks, with k̄ = 2π.
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Em (α) ∝

∞
X

2

im(2n+1) Jm(2n+1) (α) .

(4.6)

n=0

In Fig. 4.2, we compare these calculations with numerical simulations (explained in Section 3.2.3). The simulations have been conducted directly using the Floquet operator and
are independent of the Fourier analysis. Both the 7.5 kHz and the 15 kHz resonances are
plotted as a function of modulation strength α. The correspondence between the two is
practically perfect, indicating the validity of the Fourier treatment.
Another simple application of the Fourier treatment gives a different insight into why
an incommensurate frequency can be regarded as representing a true ‘noisy’ signal. From
(4.4), harmonics of the modulation frequency are produced. If the modulation frequency
is incommensurate with the kicking frequency, then the higher harmonics are aliased back
to a wide range within the 0-ωk /2 region. A Fourier transform reveals that all frequencies
within this range are close to equally populated, such that an incommensurate frequency
results in true ‘white noise’. (This argument is strictly only true when the number of kicks
is large, as a finite N causes the higher harmonics to be diminished. However, the idea
still holds.)

4.1.4

Phase noise

An interesting effect occurs if ωp is chosen to be incommensurate with the kicking frequency. As indicated in Fig. 4.1(b), the phase sequence for such a choice of frequency
is pseudo-random. It is an interesting question to ask what effect this ‘phase noise’ will
have on dynamical localisation.
The original, unmodulated kicked rotor is a very well known classically chaotic system. In the quantum limit, this chaos manifests as dynamical localisation for pulse periods incommensurate with the quantum resonances (see, for example, [52]). This is due to
the direct mapping of the Hamiltonian onto the Anderson model [61]. In a similar vein,
when the kicked rotor potential is a function of N pairwise incommensurate frequencies,
the system maps to an N − 1 dimensional Anderson problem [186]. This has been experimentally verified by Garreau and co-workers, with three incommensurate frequencies
controlling amplitude modulation of the kick pulses [65]. The same group used two incommensurate frequencies to find evidence for two-dimensional localisation for long kick
times [68].
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The previous works suggest that, in our system, kicking on resonance with an incommensurate phase modulation frequency would result in a one-dimensional Anderson
problem, with dynamical localisation eventuating after a quantum break time. Kicking
off resonance, with an addition of a further incommensurate ωp , would result in a two dimensional Anderson problem, similar to that investigated by Doron and Fishman [187].
The localisation length ξ in this case should grow exponentially with the mean free path,
which is a function of the kick strength. As suggested in the scaling theory of localisation,
all eigenstates are localised in a two dimensional system, meaning localisation should
eventually result with large ξ [70].
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Figure 4.3: Schematic of experimental setup. Interference of the two linearly
polarised detuned beams, split from a single beam by beamsplitters (b/s), creates a standing wave. The dual channel arbitrary function generator (AFG)
generates two 80 MHz signals to drive acousto-optic modulators (AOMs), with
one channel phase modulated at the desired frequency. The TTL output of the
AFG is used to trigger a D flip-flop, which ensures that the initial phase is synchronised with the start of the kicking sequence.
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4.2
4.2.1

Methods
Experimental setup

We begin with a 87 Rb Bose–Einstein condensate (BEC) of approximately 2 × 104 atoms,
prepared in an all-optical BEC machine [98]. The setup is similar to that of our previous
phase modulated kicked rotor work, discussed in Section 3.5. A detailed schematic of the
setup is shown in Fig. 4.3.
As mentioned in Section 4.1, we require the modulation to be cosinusoidal with respect to the first kick. We therefore need to synchronise the start of the kick sequence with
the phase modulation of the function generator. This is accomplished through the use of
the logic output of the function generator. The pulse generator trigger signal is delayed
by a D flip-flop, until the flip-flop is triggered by the rising edge of the TTL signal. A further delay of one quarter of the phase modulation period is programmed into the start of
the pulse sequence to ensure that our phase modulation is cos(ωp t), rather than sin(ωp t).

4.3
4.3.1

Results: on resonance
Effect of phase modulation frequency on quantum resonance

As mentioned in Section 4.1, the most dramatic effect of the phase modulation frequency
on the dynamics relates to the transformation of an anti-resonance into a resonance, and
vice versa, when the phase modulation frequency (ωp ) is half of the kicking frequency
(ωk ). In this section we examine the nature of the resonance.
In Fig. 4.4 we examine the behaviour in the vicinity of the 15 kHz resonance. Data is
shown for 8, 14 and 22 kicks and is overlaid with simulations. The sinc-type resonance
feature in the energy, indicated in the simulation, is well replicated by the data. The
Fourier-based analysis in Section 4.1 suggests a Fourier 1/N scaling of the resonance
width, and we observe this in both simulations and data.
For the energy measurement, the main discrepancy between the data and simulations
occurs directly on resonance. The high energies on resonance result in a number of weakly
populated high momentum states, which contribute significantly to the energy. With our
absorption imaging system, these are inefficiently detected, leading to lower than expected
energies. Small imperfections also arise from the time-of-flight imaging method, which

88

CHAPTER 4. PHASE NOISE IN THE DELTA-KICKED ROTOR

150

100

50

(a)

0

0.5

p0

8 kicks
14 kicks
22 kicks

Zero Momentum Population

Energy (recoil units)

200

0.4

0
ε

1

0.3
0.2
0.1

(b)

0

12
14
16
18
Phase Modulation Frequency (kHz)

0.2
0.1
0
−1

12
14
16
18
Phase Modulation Frequency (kHz)

Figure 4.4: Around 15 kHz resonance, with α = π/6. (a) Experimental
energies for 8, 14 and 22 kicks are overlaid with simulations. The kick strength
k has been calibrated to be 1.7, 2.0 and 2.1 for the 8, 14 and 22 kick data
respectively. Energies are in recoil units: h(p/pr )2 i. (b) The population of
the zero momentum state is overlaid with simulations. For clarity, the 14 kick
data has been vertically offset by 0.15, and the 22 kick data has been offset by
0.25. (Inset) For comparison, a simulation of the zero momentum population
(p0 ) for 14 kicks, for no phase modulation, around the 66.3 µs resonance.
The simulation is plotted as a function of  (the pulse period detuning from
resonance).
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Figure 4.5: Experimental data as a function of modulation frequency ωp
around the fractional resonance at 22.5 kHz. Different modulation amplitudes
α are shown for energies in (a) and zero momentum populations in (b). Both
datasets are for 14 kicks, k = 2.0.
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does not produce a perfect momentum map for short expansion times.
An interesting feature of the data is the significant peak in the zero momentum at
resonance, shown in Fig. 4.4(b). We include all atoms in the zeroth diffraction order in this
measurement. This peak is rather counter-intuitive, as it could be expected that alongside
the energy growth on resonance, fewer atoms would remain in the zero momentum state.
Indeed, this prediction holds for the unmodulated kicked rotor resonances, as shown in the
inset. One possible reason is the generation of a small ratchet effect. For a small number
of kicks, the phase sequence may appear periodic, thereby generating small transporting
island structures in phase space [149]. This would lead to directed momentum transport
— hence a small peak in the zero momentum state.
In addition to the main resonance at 15 kHz, we observe narrow fractional resonances.
In this system, fractional resonances occur due to the overlap of higher harmonics of ωp
with the resonant frequency ωk /2. The second order resonance at 22.5 kHz (equivalent to
the resonance at 7.5 kHz), is shown in Fig. 4.5. An interesting aspect of this resonance,
confirmed by simulations, is the lack of a peak in the zero momentum population. Exper21.1

21.5

21.9

22.3

22.7

23.1

23.5

23.9

Figure 4.6: Experimental images of the momentum distribution for phase
modulation frequencies around a fractional resonance, ranging from 21.1-23.9
kHz. The data was collected with 14 kicks at 33.1 µs and α = π/2. We measure the kick strength to be k = 2. The headings indicate the phase modulation frequencies in kHz. Data has been averaged over 4 experimental runs.
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Figure 4.7: Experimental data showing the influence of initial phase in modulation sequence on the kicked rotor energy. Clear troughs are shown for
φ0 = π/2 and 3π/2, corresponding to the modulation going as sin(ωp t). Data
collected after 10 kicks, with α = π/2, ωp = 15 kHz and k = 2.0.

imental images of the momentum distribution are shown in Fig. 4.6.
As previously mentioned, the initial phase φ0 of the modulation α cos(ωp t + φ0 ) can
have a dramatic effect. In Fig. 4.7, data is shown scanning over the initial phase. The
strong dependence of the initial phase on the system meant that φ0 needed to be controllable, and this was achieved through a flip-flop implementation (indicated in Fig. 4.3).
Finally, it is worth noting the dependence of the resonance on even or odd numbers
of kicks. The natural tendency of the unmodulated ` = 1 anti-resonance is an oscillating energy, where each kick undoes the effect of the previous one. Odd numbers of kicks
therefore produce greater energies than even numbers. For a kick sequence with a spectral component at ωk , an odd number of kicks will then provide increased energy on resonance. This leads to sharper resonances for odd N , as indicated in Fig. 4.8.

4.3.2

Robustness of the quantum resonance to phase noise

The quantum resonance is naturally robust to the presence of amplitude noise. Superdiffusion will persist for all time because the phase accumulated from free evolution remains a multiple of 2π, meaning that each kick in an amplitude-noise rotor adds constructively. Investigations have previously been carried out into the effects of amplitude noise
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Figure 4.8: Simulations indicating the effect of even or odd numbers of kicks
on the second order phase modulation resonance. The resonance with 28, 29
and 30 kicks are shown. Simulation parameters: k = 2, ` = 1, α = π/6.

on quantum resonances [182, 188]. Amplitude noise affects the resonance behaviour due
to the single-parameter dependence of the pseudo-classical map on k|| [154, 188]. If
ki = k0 (1 + Ri ), where Ri is a random variable, then the classical phase space will be
affected and the resonance will be diminished. While the changes to the classical phase
space are non-negligible, it was found to a first approximation that the resonance is qualitatively unaffected by amplitude noise, due to the continuous constructive interference.
We obtain similar results for phase noise.
The effect of phase noise may be understood in a similar way to the effects of amplitude noise on the quantum resonance. When ` = 2 and  = 0, each momentum order accumulates a phase between kicks which is a multiple of 2π, meaning that all momentum
orders rephase. This means that the free evolution can, in a sense, be disregarded and the
net effect is that of one ‘long’ kick. To find the effective phase grating, we require a sum
of the individual gratings:

Vef f (x, N ) =

N
−1
X
n=0

Vn (x) =

N
−1
X

k sin[ϑ + α cos(nωp T )],

(4.7)

n=0

where T is the pulse period and N the number of kicks. With the individual gratings
adding out of phase, the resultant amplitude is less than N k. Fundamentally, in this case,
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the resonance is not broken by phase noise, but is rather diminished due to the effective
noise-induced reduction of kick-strength. We now present some data to support these
conclusions.
The simulations in Fig. 4.9(a) indicate approximate linear energy growth for all levels
of phase noise. Note that the energy does not grow quadratically on resonance due to the
spread in quasimomentum of the initial condition [189]. Figure 4.9(b) plots the diffusion
constant extracted from the simulations in (a). The oscillatory behaviour observed in
this plot for α & 2π/3 is due to the maximum phase jump per kick now being larger
than π. We find that the summation of (4.7) predicts the oscillatory behaviour shown in
Fig. 4.9(b), as well as the ‘steps’ in the time evolution seen in Fig. 4.9(a).
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Figure 4.9: Simulations indicating influence of phase noise on the quantum
resonance.
√ The kicking parameters are chosen to be k = 2,  = 0, ` = 2,
ωp = 3ωk /4 = 6495 Hz. (a) The energy as a function of time for various
noise levels α. (b) The diffusion constant (in units of energy recoils per kick)
as a function of α.

In Fig. 4.10(a), data is presented with increasing levels of phase noise on the main
66.3 µs quantum resonance. The modulation frequency of 6495 Hz produces the same
phase sequence as shown in Fig. 4.1(b). A decay in the energy is indicated with increasing
α. However, the decay rate is slow, and a substantial level of noise is required before the
resonance is completely negated (α ≈ π/3). Similar results are obtained for different
incommensurate frequencies, shown in the inset, indicating that the microscopic noise
details are not significant here.
The resonance stability indicated by the data and simulations is supported by the
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Figure 4.10: (a) Experimental data and simulations indicating the fall-off from
resonance with increasing phase ‘noise’. The data has been collected after 15
kicks on the main ` = 2 resonance (pulse period 66.3 µs), with a phase modulation frequency of 6495 Hz and a kick strength of k = 0.65. (Inset) Similar simulations to that in (a), with
phase modulation
√ different incommensurate
√
frequencies ωk /π (black), ωk / 3 (red) and 5ωk /3 (blue). Poincaré plots are
then shown for increasing phase noise, with ωp = 6495 Hz and α values (b) 0,
(c) π/18, (d), π/6 and (e) π/3. Here J is the momentum co-ordinate and ϑ is
the position co-ordinate, and k|| is chosen to be 0.1.

pseudo-classical Poincaré surfaces of section in Figs. 4.10(b)-(e). The Poincaré sections are generated with an epsilon-classical approximation about the resonance (see Section 3.2.4). The central resonance island becomes increasingly blurred by the phase noise,
yet maintains its identity with very large phase noise amplitudes. This indicates that the
resonance is robust to phase noise.
In Fig. 4.11, energy is plotted as a function of  around the ` = 2 resonance (≈ 66.3 µs
pulse period). Phase modulation is conducted at 6495 Hz. The simulations support the
pseudo-classical phase space analysis in Figs. 4.10(b)-(e), indicating the persistence of
the resonance peak for large levels of phase noise. For a small, yet non-negligible, phase
modulation amplitude of π/12 with an incommensurate frequency, the resonance is qualitatively unchanged (shown in Fig. 4.11). Larger modulation amplitudes begin to have a
more pronounced effect, broadening the resonance.
We note that these results differ slightly from a previous investigation of phase noise
by d’Arcy et al., conducted through application of spontaneous emission [184]. Those
results indicated an increase in energy on resonance when subject to spontaneous emission. This occurred due to the momentum spread of their initial condition, which was a
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Figure 4.11: Simulated pulse period energy resonance curves for increasing
levels of phase noise. 30 kicks are performed around the ` = 2 resonance, with
ωp = 6495 Hz. The legend shows the different modulation amplitudes α.

thermal laser-cooled cloud of atoms. On resonance, various momentum classes of rational multiples of ~kL are subject to energy oscillations — i.e. an anti-resonance condition
— due to the effective phase imprint precisely oscillating in time. Phase noise, or spontaneous emission, destroys this effect to give enhanced energy. Our results indicate a slow
decay in energy with phase noise due to the narrow momentum distribution of our BEC
(∆p  ~kL ), which allows access to a single resonance class.

4.4
4.4.1

Results: off resonance
Phase noise: effect on dynamical localisation

The next question we can ask is the effect that phase noise will have away from quantum
resonance ( > 0). We set k̄, π and ωp to all be incommensurate. The value of k|| =
1.2 is chosen to be larger than 0.97, such that the classical phase space is fully chaotic.
Previous analyses suggest that a two-dimensional Anderson system should result from
this system [187, 190].
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Figure 4.12: Effect of phase noise on dynamical localisation. (a) Simulations
of energy as a function of number of kicks with increasing α. ωp = 6495 Hz,
 = 0.4, k = 3, ` = 2. (b) Semilog plot of wavefunction in momentum space
(|φ|2 ) for α = 0 after 70 kicks. (c) Semilog plot of |φ|2 for α = π/6 after
70 kicks. For zero modulation, strong dynamical localisation is witnessed,
evidenced by exponential localisation. As the modulation strength is increased,
the dynamical localisation is destroyed.

In Fig. 4.12(a) we plot simulations of energy as a function of time for different modulation strengths. In the case of zero modulation, the energy simply oscillates in time with
no net growth, due to simple dynamical localisation. As the noise level α is increased, the
energy begins to grow with subdiffusive power-law behaviour, E ∝ tq . The exponent q
grows with α and tends to unity.
The noise-induced destruction of dynamical localisation is well illustrated in Figs. 4.12(b)
and (c). The plots show the momentum space wavefunction after 70 kicks, (b) without and
(c) with phase noise. The exponential localisation in the absence of phase noise is clear in
(b), with the wings of the distribution exhibiting a linear decrease in the semi-logarithmic
plot. The nature of the wavefunction is markedly different for α = π/6, where the phase
noise broadens the distribution and leads to curvature in the semi-logarithmic plot, indicating the absence of exponential localisation.
Dynamical localisation relies on strict phase correlations between momentum states.
Small levels of phase noise disrupt these correlations, weakening the localisation [191].
Pure diffusion results when this coherence has been destroyed, resulting in classical-like
behaviour.
The contrast between the robustness of the resonance and the sensitivity of the localisation highlights the fact that the transition from quantum to classical behaviour is not
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trivial.
It is something of an open question as to whether it is meaningful to associate the
noisy kicked rotor system implemented here with a 2D Anderson system: the localisation
length would be extremely large (note clear diffusion for up to 300 kicks), and well beyond what we can observe in our setup. A recent study found experimental evidence for
two–dimensional localisation in a kicked rotor system, which required 1000 kicks [68].
Physically, the relevant notion for the short times in our system relates to the inhibition of
interference due to noise.
Based on the comparison between Figs. 4.10 and 4.11 and Fig. 4.12, it is clear that
dynamical localisation is far more sensitive to noise effects than the quantum resonance.

4.5

Conclusions

We have experimentally and theoretically investigated the effects of phase modulation on
the δ-kicked rotor. Two main effects have been explored: the effect on quantum resonances, and the effective phase noise sequence induced through an incommensurate modulation frequency.
Resonances have been found corresponding to rational multiples of ωk /2. These are
induced through effective periodic phase shifts of the potential. We have heuristically derived a simple expression for the form of the kicked rotor energy as a function of modulation amplitude, which has been found to agree well with experiments and numerical simulations.
Incommensurate frequencies have been used to probe the effects of phase noise on
the kicked rotor. The quantum resonance has been found to be robust to phase noise:
the resonance peak is significant even where phase jumps of up to π per kick can be
found. This is supported by a pseudo-classical map picture, which shows robust resonance
islands. Further numerical analysis indicated the absence of dynamical localisation for
incommensurate frequencies when  = 0. Dynamical localisation for finite  was found
to be sensitive to phase noise, with sub-diffusion witnessed for small levels of noise. The
particular choice of incommensurate frequency was not found to have any significant
impact on the results.
The presence of resonances for certain frequencies indicates the potential for ‘coloured’
noise to strongly influence the dynamics of a quantum system, whilst remaining robust
to white noise. Dynamical localisation is, however, sensitive to noise both white and
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coloured.
Throughout, our experimental data was found to be in excellent agreement with numerical simulations. We hope this work will stimulate further interest in the modulated
kicked rotor, with these experiments adding to a wide range of previous intriguing dynamics discovered in modified kicked rotor systems.
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“There was no telling what people might find out, once
they felt free to ask whatever questions they wanted to.”
Catch-22, Joseph Heller

CHAPTER 5
Atoms in programmable potentials

U

atom technology has developed rapidly over the past twenty years.
An extraordinary variety of systems have been developed to exploit the unique
macroscopic quantum behaviours of degenerate Bose and Fermi gases. Use
of the dipole force (discussed in Sec. 2.1.1) provides a well-understood interaction with
atoms, whereby atoms experience a potential proportional to the intensity of off-resonant
light. To engineer an arbitrary potential V (x), one must simply create the corresponding
intensity profile I(x) with laser light. One of the most exciting prospects for this purpose
is the spatial light modulator (SLM), which can in principle create any arbitrary potential.
In this chapter we will discuss our implementation of a high-resolution SLM-based imaging system, combined with a high aspect ratio two-dimensional dipole trap. The goal of
this setup is to conduct experiments on Anderson localisation with customisable disorder,
which requires high resolution imaging combined with a wide field of view. This chapter discusses the design and performance of the optical systems, presented together with
a catalogue of experiments which demonstrate the versatility of the SLM in the fields of
atom optics and quantum simulation.

5.1

LTRACOLD

The spatial light modulator

We use a Holoeye LC-R 720 spatial light modulator. This is a reflective array of LCoS
(liquid crystal on silicon) pixels based on the twisted nematic field effect [192, 193]. Each
pixel functions as an independent half-wave plate, which can be rotated at an arbitrary
angle (with 256 greyscale values). The screen resolution is 1280 × 768 pixels, with each
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pixel of size 20 × 20 µm. This allows an arbitrary phase (or polarisation) profile to be
imprinted across a laser beam.
There are two possible modulation modes: phase modulation and amplitude modulation. We will briefly outline the two methods; discuss the advantages and disadvantages
of each; and detail our implementation.

5.1.1

Phase modulation: holography

In phase modulation mode, one makes use of the birefringent phase shift from each pixel.
The far-field intensity profile is the Fourier transform of this phase, such that phase modulation in the SLM plane results in spatial intensity modulation in the image plane. This
method of imaging is termed ‘holography’.
Phase imprinting has immediate application in the creation of shaped beams with fixed
phase profiles, such as Bessel beams [194]; helical and vector beams [195]; and Laguerre–
Gauss beams [196]. For holographic generation of arbitrary potentials in the far-field, it
is particularly useful because light incident on the entire SLM is available to create the
desired image. If only a few ‘bright’ spots are required, these can be made intense using
a small amount of incident light.
The far-field intensity pattern is the Fourier transform of the field at the SLM face.
However, one cannot simply use the inverse Fourier transform of the desired image as
the SLM phase profile, because the additional degree of freedom of the phase in the
image plane means that the inverse FFT will invariably comprise both amplitude and
phase modulation. The amplitude of the light field at the SLM is fixed (as a Gaussian
beam); for any given image, one does not know a priori the phase profile in the image
plane required to match the constraint of a Gaussian intensity profile in the SLM plane.
An alternative technique is required to compute the phase.
The most common methods for holographic phase computation are iterative techniques. The simplest algorithm is due to Gerchberg and Saxton [197]. This method begins with a random phase profile in the image plane and iterates back and forth between
the SLM and image planes via Fourier transforms. The appropriate constraints are applied at each iteration stage, and the iterations converge at a suitable phase mask for the
SLM plane. While simple, this method suffers from converging at local minima in phase
space, which results in rough images beset by speckle [198]. The MRAF (mixed region amplitude freedom) algorithm improved on the GS algorithm by relaxing the con-
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straint on the amplitude in the image plane, resulting in smoother images [198, 199]. A
further improvement was made in the OMRAF (offset-MRAF) algorithm by taking the
full Helmholtz equation into account for the wave propagation, rather than relying on the
paraxial approximation [200]. The Helmholtz–OMRAF algorithm produced 7% RMS
noise for a flat-top beam, which is the current state-of-the-art in optical flatness for holographically produced images.
The final image relies on a precise initial phase profile of the beam. Imperfections
arising from aberrations, SLM distortion and dust strongly affect the phase and therefore
the image quality. While these can partially be alleviated using feedback techniques [201]
and Shack–Hartmann wavefront sensing [202, 203], it is a complex procedure and the
feedback must be performed for each new image. Furthermore, the Holoeye SLM has
a maximum phase shift of 1.2π with visible light, and the phase gap between 1.2π and
2π leads to major issues with phase construction algorithms. An additional issue relates
to the finite diffraction efficiency of 60%. Zeroth order, undiffracted light continues to
propagate through the optical system, forming a bright focus in the Fourier plane. A phase
gradient on the SLM must be applied to offset the desired image from the bright zeroth
order. The zeroth order is visible in Fig. 5.1(a).

5.1.2

Amplitude modulation: direct imaging

Alternatively, one may exploit the polarisation rotation from each pixel to implement an
amplitude modulation mode. In this case, the face of the SLM may be directly imaged
by extinguishing one polarisation using a polariser.1 This is the scheme used by Gauthier
et al., whose experiment showcased high quality, high resolution images of atoms in
arbitrary potentials [204].

5.1.3

Comparison

Direct imaging of the SLM face has the advantage of being much simpler than holography.
The final image quality is not strongly dependent on having a pure Gaussian input beam,
and there is a straightforward 1:1 mapping of SLM pixel to image pixel. The main disadvantage is that the peak intensity is limited to P/mA, where P is the laser power, A is the
1

If using a polarising beamsplitter as we do, it is best to use input light with s-polarisation. This ensures
that unwanted dark light is extinguished efficiently: Thorlabs beamsplitters have an extinction ratio of
2500:1 for s-polarisation, compared to 30:1 for p-polarisation.
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Figure 5.1: Comparison between holographic and direct imaging with SLM.
A set of test images were taken prior to the installation of the SLM in the vacuum system. (a) Holographic image of a rectangle, with phase profile created
using the MRAF algorithm and Shack–Hartmann correction. The rectangle
has a long axis of 50 µm. Note the appearance of the zeroth order below the
image. (b) Direct image of 50×50 µm square using amplitude modulation. (c)
A single slice of the MRAF image, showing RMS noise of 33% of the mean.
(d) A single slice of the direct image, showing RMS noise of 9%.

area of the SLM face and m is the magnification. For our purposes, this is not a serious
limitation and we reach a peak potential depth of V0 = 2.5 µK with 3 W of 532 nm light.
Our main difficulty with the holographic technique was in generating potentials with
smooth intensity profiles. Figure 5.1 shows a comparison between a holographic image
(with Shack–Hartmann correction applied) and a direct image of a solid square. The 33%
RMS noise of the holographic image is too extreme for this image to be useful in an atom
optics environment. We detect 9% RMS noise with the direct image, comparable with
the 7% RMS state of the art [200]. We believe that the 9% noise originates from speckle
within the original Gaussian beam, and in future this can be spatially filtered out of the
system.2 Although we do not currently require a flattop beam for our experiments, we do
require a well-defined edge. It is clear that holographic images produced by our setup are
2

When a flattop beam at full power is imaged onto the atoms, we currently observe that the atoms do
not propagate freely, and instead remain trapped within the intensity variations of the speckle.
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simply too rough; direct imaging is the only feasible method.

5.2

SLM implementation

We implement the direct imaging method. Other laboratories have also found this to be
useful, especially when working with digital mirror devices (DMDs), which are the binary
counterpart of SLMs [204]. In this section, we discuss the design of our high-resolution
imaging system.
PBS
SLM

Lenses
Achromats
L1: f=500mm, 63mm
L2: f=75mm, 50mm
L3: f=250mm, 50mm

L1

Beam
Expander

L2

Shutter
AOM

L3
Dichroic mirror

5
3
2

Probe beam

n
m

Vacuum
chamber

Aspheres
L4: f=60mm, 50mm
L5: f=150mm, 50mm
L6: f = 11mm, 9mm

L4
Atoms
4f imaging
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Shutter
Princeton
PhotonMax512
Camera
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Figure 5.2: Schematic of spatial light modulator setup. The 532 nm laser beam
is intensity controlled with an AOM, and is then expanded in order to cover the
entire SLM face. A polarising beam splitter (PBS) is used to extinguish light
from designated ‘dark’ pixels. The high resolution imaging system comprises
two 4f-type imaging systems created with lenses L1, L2, L3 and L4. The high
numerical aperture aspheric lens L4 is mounted inside the vacuum chamber. A
dichroic mirror combines the 532 nm light with a 780 nm probe beam which
is used for imaging the atoms. Lenses L5 are used in a 4f-configuration, combined with a magnification stage using lens L6, to image the atoms via absorption imaging of the probe beam. A filter with a high optical density (OD7) in
the green, and high transmission in the red, is used to protect the camera from
the high green laser power.
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5.2.1

Optical setup

The optical setup of Fig. 5.2 shows the layout of a direct image of the spatial modulator.
A polarising beam-splitter is used to extinguish light which has not had its polarisation
rotated by the SLM. The most important lens for high resolution imaging is the aspheric
lens L4. The large numerical aperture of 0.42 of this lens enables the creation of optical
structures of a size comparable with the wavelength of light.
Figure 5.3 shows numerical ray-tracing through the optical system, with rays emanating from five points separated by the SLM pixel pitch of 20 µm.3 Lens L4 is preceded
by three lenses which capture the light from the SLM. The lenses L1 and L2 are in a 4fconfiguration (which is defined by the distances shown in Fig. 5.3), forming a demagnified
intermediate image between L2 and L3. Lenses L3 and L4 are also in a 4f-configuration
to produce the final image located at the atoms. With this imaging system, the information of the image is collimated by lens L1 and is focused with the in-vacuum lens L4 to
image the SLM face. The lens L3 is mounted on a translation stage to provide high precision focusing, and the lens L4 is mounted on a bellows for coarse focusing.
The magnification of the system is given by:
m=

f2 f4
,
f1 f3

(5.1)

giving a magnification of 1:28 in our configuration. With these parameters, the SLM pixel
size of 20 µm is imaged down to a size of 0.72 µm. The ray-tracing indicates that the
imaging system produces a geometric point-spread function with a radius of 150 nm, well
below the diffraction limit.

5.2.2

In-vacuum lens

The high numerical aperture lens L4 is mounted inside the vacuum system. The lens
is mounted on a bellows and is positioned with three threaded rods, which give coarse
control over focusing with a 20 mm travel range, and control over lens tilt.4 Fig. 5.4 shows
the design of the mount.
3

The ray-tracing was conducted in MATLAB with a program developed by Bart van Lith. The lenses
are defined by the manufacturer’s specifications of curvature and refractive index.
4
Ideally, we would have micrometers for this purpose. However, there were no purely stainless steel
micrometers available commercially: all micrometers were magnetic to some degree which badly affected
the experiment.
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Figure 5.3: Ray-tracing of high resolution imaging system. Five points at
x = 0 spaced with a pitch of 20 µm are chosen to represent SLM pixels.
Each point emanates five rays with numerical aperture of 0.01. (a) The rays
propagate through the lenses defined in Fig. 5.2, and converge to image the
object at x = 1538.362 mm, with a demagnification of 1:28. (b) Close-up of
ray-trace around x = 0. (c) Close-up of ray-trace around the imaging distance
of x = 1538.362 mm.

The mount consists of four rods screwed to a ring. The lens sits in the ring, flat-side
down, and is held in place only by gravity. All parts are manufactured from stainless
steel and all screwholes are vented to aid the ultrahigh vacuum environment. Both the top
and bottom vacuum windows (MPF Products part A8005-1-CF) are specially designed
for good optical flatness, and are antireflection-coated for both 532 nm and 780 nm light.
Positioning the lens inside the vacuum system ensures that the vacuum window does
not significantly distort the image, because the light incident on the vacuum window is
approximately collimated; a corrective objective is not required [204].

The lens is a 50 mm diameter, 60 mm focal length asphere from Edmund Optics (part
number 67-278), with a numerical aperture of N A = 0.42 and an antireflection coating
for visible light. The lens was chosen in order to maximise numerical aperture without
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Vacuum window

Threaded
rods

Bellows

Vacuum chamber (top)
Mount
Lens
Figure 5.4: In-vacuum lens mount for high resolution imaging. Two views of
the mechanical drawing are shown, with the left panel showing the side view
and the right panel showing the view looking from below. The lens rests in the
mount and is held in place by gravity.

interfering with the optical access (especially of the MOT beams) inside the chamber.5
The high numerical aperture of the lens enables the production of high resolution images,
which are essential for Anderson localisation work [80, 207]. The minimum diffractionlimited spot size achievable is given by:
w0 =

λ
,
πN A

(5.2)

where w0 is the radius of the spot and λ the wavelength of light. For λ = 532 nm, we are
diffraction limited to a spot with a diameter of 800 nm.

5.2.3

Optical design

We use 532 nm light for imaging the face of the SLM. There are several reasons for this.
For Anderson localisation to occur in a cold atom system, optical structures with size on
the order of 1 µm are required, and the short 532 nm wavelength enhances the high resolution capability of the optical system. The laser is blue-detuned from the atomic reso5

An improvement in numerical aperture could be made if the MOT beams did not impose geometrical
restrictions on the positioning and size of the imaging lens. This could be done by transporting the BEC
into a separate vacuum chamber, to be positioned close to an imaging objective with higher numerical
aperture [205, 206].
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nance: point scatterers will not support bound-states and act as atom-traps, which would
be undesirable for measurements of a localised wavefunction. Finally, the large detuning
from the atomic resonance means that the spontaneous emission rate is negligible, which
is important because the experiment requires an interrogation time of up to 500 ms. The
only negative aspect of using such far detuned light is that large laser powers are required
for significant potential depths; we have access to a 5 W laser and we are able to generate
potential depths up to 3 µK, which is sufficient for our purposes.
There are a few other design parameters that must be considered. Most aspheric lenses
are designed for an infinite conjugation ratio i.e. focusing a collimated beam down to a
point. Our 4f-type imaging system implements an infinite conjugation ratio for the final
imaging stage, optimising the image quality. A large reduction ratio aids in providing a
high intensity, which is important because a sufficient potential depth must be reached
in order for atoms to be contained within an enclosed area. This is especially relevant
for the direct imaging method, which has a 1:1 mapping between SLM pixel and image
pixel. The need for high intensity is balanced by the need to ensure that the image covers
sufficient spatial extent to produce meaningful potentials. For Anderson localisation work
in 2D, we can expect a localisation length in excess of 100 µm, meaning that we want the
image to cover a cross-section with a length greater than 200 µm [97].
We would like individual SLM pixels to be resolvable without losing significant information to diffraction. We can apply the Rayleigh criterion for this purpose:
θmin =

1.22λ
,
D

(5.3)

where θmin is the minimum angle which can be resolved using a lens with an aperture
diameter of D with light of wavelength λ. From Fig. 5.3 it is clear that the applicable
lens is L3, because L3 captures and collimates the diffracted light from the intermediate
image, which is the most rapidly diverging light. The pitch of the intermediate image is
given by p = p0 f2 /f1 = 3 µm, where p0 = 20 µm is the SLM pixel pitch. The angle
between two points separated by the pitch p is given by θ = p/f3 , where f3 is the object
distance of the intermediate image to lens L3. The minimum resolvable pixel pitch is
given by the Rayleigh criterion to be:
p=

1.22λf3
.
D

(5.4)

For a lens diameter of 50 mm, a wavelength of 532 nm, and an object distance of f3 = 250 mm,
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the minimum resolvable pixel pitch is 3.2 µm, comparable to the intermediate image pitch
of p = 3 µm. This indicates that a single SLM pixel is at the edge of the diffractionlimited resolution capability of the imaging system, but that a spacing of 2 SLM pixels
will be well resolved.
The depth of field is another important parameter as it determines the required precision of the focusing. The depth of field is defined as twice the Rayleigh range [208].
Gaussian beam divergence means that the Rayleigh range scales as the square of the spot
size; the depth of field DOF can be written as
2πw02
,
(5.5)
λ
where w0 is the radius of the minimum spot size. In our system, a single pixel has a
diffraction-limited diameter of 800 nm, resulting in a depth of field of 2 µm. This is a short
depth of field, requiring high-precision focusing. For this reason, the multi-lens imaging
system which we use has a significant advantage over a single lens imaging system where
focus adjustment may only be attained by moving the lens inside the vacuum system.
DOF =

5.2.4

Resolution measurements

We measured the resolution of the SLM imaging system prior to installation in the vacuum
system. This measurement was conducted by using an identical aspheric lens positioned
2 metres from the SLM. The measurements are conducted outside of the vacuum system,
but the imaging system used is identical to the in-vacuum system (including the presence
of a vacuum window). The small structures were then magnified onto a CCD camera using
a high numerical aperture, 40× microscope objective. We tested the microscope objective
with a test resolution target and found that gratings of 0.8 µm pitch were well resolved.
Fig. 5.5 shows images of two 3 × 3 pixel (i.e. 2.1 × 2.1 µm) squares which have been
separated by a gap. The gap is resolved for the 2 pixel separation, but we cannot resolve
a 1 pixel separation. This indicates that we have a resolution between 1-1.5 µm.

5.3

Two dimensional trap

As noted in the previous section, the depth of field of the imaging system is very short. It
is therefore critical that the atoms remain in the image plane for the duration of the experiment, and that they not be allowed to move to a region where the potential is out of fo-
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Figure 5.5: Resolution measurements of SLM imaging system. Two 3 × 3
pixel squares, separated by a gap, are created on the spatial light modulator.
The pattern is imaged onto a CCD camera via a high numerical aperture, 40×
microscope objective. Three gaps are shown: 3 pixel, 2 pixel and 1 pixel.

cus. Support against gravity is thus vital. Additionally, we wish to explore physics within
two dimensions, which is especially interesting in the context of Anderson localisation.
We accomplish both of these goals by confining the atoms within a sheet of light. By
engineering a trap with strong z confinement, such that the excitation energy to the level
above the ground state is larger than the available thermal and interaction energies, we are
able to freeze out oscillation in z. This gives us access to a true ‘two-dimensional’ trap,
and opens up a new world of physics for us to explore.

5.3.1

Two-dimensional Bose gases

Two-dimensional quantum systems behave qualitatively differently from their 3D counterparts. A clear example of this is in the behaviour of 2D Bose gases. We briefly recall the
earlier introduction to Bose gases in Section 1.1. The density of states for free space atoms
in dimension d goes as ρ(, d) ∝ (d−2)/2 [209]. The total number of particles is given by
Z
N=

ρ()nB ()d,

(5.6)
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where nB = 1/[exp β(−µc )−1] is the Bose–Einstein distribution and µc is the chemical
potential. The particle density can be written as
N
n=
∼
V

Z

(d−2)/2 d
,
exp(/Tc ) − 1

(5.7)

where Tc is the transition temperature. In 3D, the integrand numerator of (5.7) goes as
1/2 , and the integral converges. However, in 2D the numerator goes as 0 , and there is
no convergence. This means that in a 2D uniform potential there is no Bose–Einstein
phase transition, in contrast to 3D where a homogeneous BEC has been experimentally
observed [45].
This absence of Bose condensation in uniform potentials in 2D is attributed to the enhanced presence of quantum fluctuations in 2D [209, 210]. Long wavelength excitations
at finite temperature in low dimensional Bose gases destroy the long range order which
defines the macroscopic coherence of a BEC. Bose condensation is theoretically possible in 2D for a harmonically trapped gas, owing to the modification of the density of
states [209, 211]. However, it is experimentally found that BEC mechanics often do not
accurately predict the behaviour of harmonically trapped 2D Bose gases. For example, an
experiment measuring the superfluid fraction of a 2D gas found that the BEC prediction
dramatically underestimated the critical atom number [212]. Instead, a different phase
transition occurs to a state of partial long range order, known as a BKT (Berezinskii–
Kosterlitz–Thouless) transition. The BKT state has sufficient coherence for superfluid
flow to occur, but the coherence decays over a certain length-scale. The BKT transition
has been experimentally observed in both Bose and Fermi gases [213–215]. The BKT
transition means that superconductivity can exist in two dimensions, and Kosterlitz and
Thouless were awarded the 2016 Nobel Prize in Physics partially for this work.
It is clear from this brief discussion that physics in 2D can be substantially different
from the more familiar 3D case. This will become even more evident when we move on
to discuss the physics of Anderson localisation in the next chapter.

5.3.2

Trap design

Anderson localisation of cold atoms is the result of interference from multiple scattering
events, which necessitates a large interaction region for localisation to be observable.
Previous localisation experiments in 1D used a tightly focused beam to freeze out radial
motion [82]. A focused laser beam has natural harmonic trapping along the propagation
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direction, due to the finite Rayleigh range and the intensity gradient along the beam. For
localisation experiments, it is important that this axial trapping is cancelled in order for
the disorder-free motion to be ballistic. Cancellation of this trapping may be done using
magnetic anti-trapping generated from pinch coils. However, this was impractical for us
because the large diameter of our vacuum system meant that excessively large currents
(80 A, with coils of 80 wire turns) were required for generation of the appropriate field
gradients. It is therefore preferable for us to not require any anti-trapping schemes.

1064 nm
AOM

Figure 5.6: Optical setup for 2D trap. (a) The beam is emitted by the 1064 nm
fibre amplifier and is power controlled using an AOM. The beam is then shaped
by a beam expander with two collimating cylindrical lenses, CZ1 (focal length
15 mm in z) and CX (focal length 80 mm in x). This produces a collimated
elliptical beam with a 16:3 (x:z) aspect ratio. The beam is angled up at 3o using
a mirror, and is focused using a weak cylindrical lens CZ2 (focal length 500
mm in z). A plate beamsplitter splits the beam to give a directly vertical beam,
which is then reflected with a PZT (piezoelectric transducer) mounted mirror
to intersect the lower beam. The beamsplitter and mirror are fastened onto a
single plate to avoid fluctuations in path length between the beams, allowing
the path difference and fringe location to be controlled with the PZT voltage.
(b) Numerical calculation of the x-z plane of the fringe pattern.

We desire a trap with tight confinement in z, combined with isotropic ballistic movement in the x and y directions, to enable the investigation of Anderson localisation in
2D over distances greater than the localisation length. The two-dimensional trapping is
achieved with an optical lattice, created by interfering two 1064 nm laser beams at a relative angle of 6o . Figure 5.6(a) shows a schematic of the layout.
The interference pattern produces fringes which are ‘pancake’-like as shown in Fig. 5.6(b),
producing tight confinement in the vertical direction and very weak confinement in the
horizontal direction. An image of the fringe pattern is shown in Fig. 5.7(a). Our design
gives us trap frequencies of (1 Hz, 1 Hz, 900 Hz) in (x, y, z). The planar trap frequen-
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cies of 1 Hz are low enough that we may regard the in-planar motion as ballistic, without requiring any anti-trapping schemes. The details of the trap design are given in Appendix A, and the properties of the trap are given in Table 5.1.
We require stability of the fringe pattern in order to prevent parametric heating effects
on the atoms. We implement a passive stability approach which produces acceptable results. The beamsplitter and mirror in Fig. 5.6 are fastened to a single plate, preventing
fluctuations in the path difference between the beams. Figure 5.7 shows data plotting the
stability of the fringe pattern over short, medium and long timescales. The main fluctuation is a slow, long-period oscillation as shown in Fig. 5.7(d), mostly due to laser frequency fluctuations. Nevertheless, the fringe-shift is never more than 0.07 · 2π from the
mean over a period of 1 hour. We do not observe significant high-frequency fluctuations
that could lead to parametric heating. In the future, an active stabilisation scheme can
be implemented so as to always load atoms into an identical fringe; this could be implemented by imaging the fringe pattern onto a split photodiode.
The fringes may be tilted in the x − z plane if the horizontal alignment between the
top and bottom beams is adjusted, such that k1x 6= k2x . A gravitational force is generated
on the atoms by simply tilting the horizontal alignment of a single mirror. We find that
a horizontal angular displacement of 1 mrad between the top and bottom beams results
in an acceleration of the atoms in x of 0.15 ms−2 . This could be used to explore atom
transport in the presence of a (potentially time-dependent) biased force.

5.3.3

Loading of 2D trap

Our loading sequence is shown in Fig. 5.8(a). Following production of the BEC, the 1064
nm laser is slowly ramped up over a period of 1 second. We require this slow ramp due to
the low radial trap frequencies of 1 Hz; by the adiabaticity theorem, we can transfer from
Table 5.1: Properties of two-dimensional 1064 nm dipole trap

Trap
Trap Frequency (νx )
Trap Frequency (νy )
Trap Frequency (νz )
Trap Depth
Lattice spacing
Trap Rayleigh range
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1 Hz
1 Hz
900 Hz
2 µK
10 µm
1.6 mm

Beam
Beam waist (wx )
Beam waist (wz )
Radius at CZ2 lens (x)
Radius at CZ2 lens (z)
Intersection angle
Laser power per beam

4 mm
200 µm
4 mm
900 µm
6o
5W
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Figure 5.7: Data showing temporal stability of 2D trap interference fringes.
(a) Image of fringe pattern. The spacing between fringes is 8 µm. Images were
acquired over three different timescales and sinusoids were fitted to the data,
allowing the fringe shift ∆θ to be extracted from the sinusoid phase shift. The
fringe shift is plotted in (b)-(d). The images were acquired with a Point Grey
Blackfly CCD camera with a 20× microscope objective. The time steps used
were (b) 200 ms, acquired for 10 seconds; (c) 2 s, acquired for 100 s; (d) 60 s,
acquired for 60 minutes.

the ground state of one trap to another, avoiding heating, if the transfer happens over a
timescale longer than the inverse of the trapping frequencies [216]. As the 1064 nm laser
is ramped up, the CO2 laser is ramped down to 20% of its value at Bose condensation,
providing weak radial confinement. A 100 ms holding equilibration time follows.
For experiments in which the atoms expand only within the 2D trap, we find it necessary to complete the loading process by taking advantage of the 532 nm laser. We image a
hollow cylinder onto the atoms using the spatial light modulator, as shown in Fig. 5.8(b).
This forms a dark circular region which atoms are free to occupy. Following a short ramp
up of this potential, the CO2 laser is ramped off. The atoms are then left for 50 ms in the
circular region to equilibrate prior either to the SLM image being changed, or to the green
laser power being abruptly switched off.
We find that the initial application of the hollow green cylinder greatly improves the
expansion properties within the 2D trap. Figure 5.9(c) shows an image of the atoms
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Figure 5.8: (a) Loading sequence of 2D trap. Following preparation of the
BEC, atoms are transferred from the crossed beam CO2 dipole trap to the 2D
trap over a period of 1.2 s. The first 1000 ms is a simultaneous ramp of the
1064 nm to full power, and of the CO2 beams to 20% of the power at Bose
condensation, and is followed by a 100 ms equilibration time. The 532 nm
laser is then rapidly turned on over 20 ms, with a dark, hollow cylinder imaged
over the atoms as shown in (b). The CO2 power then ramps down to zero over
30 ms and is shuttered off. The atoms then equilibrate in the trap formed by the
1064 nm sheet and the 532 nm dark circle for 50 ms. The 532 nm laser is then
either turned off, or the image on the SLM is swapped to the desired pattern
for the experiment. In this plot, a relative power of 1 corresponds to 50 mW
for the CO2 laser; 8 W for the 1064 nm laser; and 3 W for the 532 nm laser.
(b) Imaging of hollow circle used if atoms are to expand freely in 2D trap. (c)
Imaging of pattern, e.g. dumbbell shape, for custom experiments.

expanding in the 2D trap when the loading procedure does not involve the cylinder formed
by the green laser. The fringing effects are serious, though their cause is unclear. One
possibility is that the CO2 shutter does not have sufficient time to close in the linear ramp,
due to the shutter closing time of 25 ms. This problem is averted by surrounding the atoms
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Figure 5.9: Expansion in 2D trap. (a) The radius of the atomic cloud as a
function of expansion time within the 2D trap, measured from Gaussian fits to
the profiles. (b) A selection of profiles of atoms expanding in the 2D trap for
8 ms, 20 ms and 50 ms expansion times. The upper panels show absorption
images; the lower panels show the corresponding profiles. (c) An example
image of the expansion when the trap loads directly from the CO2 trap. The
data in (a) and (b) have been averaged over three experimental runs, while (c)
is a single image.

with the hollow cylinder prior to expansion, allowing the shutter time to close. Another
possibility relates to atom interference effects due to atoms progressively escaping from
the CO2 dipole trap as it is ramped down. These atoms acquire different phases and
may interfere to create the unusual fringe patterns seen. These fringing effects are only
observed if the atoms are released from the CO2 beams directly into the 2D trap, and we
do not observe any fringing effects if the atoms propagate through a custom potential,
such as the dumbbell shown in Fig. 5.8(c).
We measured the atom transfer efficiency from the CO2 laser dipole trap to the 2D
1064 nm dipole trap to be 70 ± 1%. This was measured by imaging 15 consecutive BECs
followed by 15 consecutive images of atoms in the 2D trap, and detecting the difference
in atom number.
The plot shown in Fig. 5.9(a) shows a linear expansion in the trap, indicating ballistic
motion. From a linear fit to the data, we obtain a temperature of 8 nK. This corresponds
to a de Broglie wavelength of 2 µm, making the localisation experiments feasible. The
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measured temperature of 8 nK within the 2D trap is colder than the original BEC temperature of 30 nK as a result of the adiabatic loading process shown in Fig. 5.8. The loading
procedure adiabatically reduces the trap frequency within the CO2 trap, which reduces the
spatial confinement of the atoms. This leads to a reduction in both the zero-point oscillation energy and the density, which reduces the expansion energy from both kinetic and
interaction origins.

5.3.4

Measurements of trap frequency

It is important to measure the vertical trapping frequency of the 2D trap to ensure that
we are in a quasi-2D regime. We measure this using parametric heating, applied in two
different ways. In the first method, the trap laser power is modulated at ωmod [217]. This
produces an excitation when ωmod = 2ωj /n, where n is an integer and ωj are the x, y,
and z trapping frequencies. The excitation manifests in heating and therefore atom loss
from the trap. While the x and y trap frequencies are too low for significant excitation to
occur by parametric heating, we are able to measure ωz .
(a): Power modulation
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Figure 5.10: Measurement of 2D vertical trap frequency. In (a) and (b), the
1064 nm laser power is modulated with an amplitude of 10% of the trap depth
for 100 ms, and the final atom number is plotted. In (c), the vertical position
of the individual traps are modulated by applying an oscillating voltage to
the PZT on the mirror mount in the upper arm of the beam interferometer.
Parabolic curves have been drawn in red to guide the eye to the resonance
location.

Fig. 5.10(a) shows the atom number measured after modulating the 1064 nm laser
power for 100 ms with an amplitude of 10% of the trap depth.6 There is a clear resonance
6

All modulation was done using a Red Pitaya function generator triggered from the lab control program,
as the lab control program could not reliably produce a high frequency sinusoid.
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located at 790 Hz. In the neighbourhood of double this trap frequency, we detect a resonance at 1620 Hz as shown in (b).
To add certainty to the measurement, we use a second method. Here, we excite the
vertical oscillation by applying an oscillating voltage to the PZT-mounted mirror shown
in Fig. 5.6(a). This modulates the path difference of the two interfering beams, and causes
the fringe pattern to oscillate in the z direction. We used a modulation amplitude of 2%
of the fringe spatial period. When ωmod = ωz , the atoms heat resonantly. Figure 5.10(c)
indicates a resonance at 840 Hz. No resonances were detected in the vicinity of 1680 Hz
for the PZT modulation. All of these measurements agree well with each other, and we
measure a vertical trap frequency of 810 ± 15 Hz.

5.4

Experiments

We can now combine the 2D trap with the spatial light modulator. In this section we
present a brief catalogue of experiments, highlighting the control over atoms which the
SLM presents us with. All experiments are conducted using the 2D trap to confine the
atoms to a plane. All images are taken with 2 ms of expansion after switching off the
532 nm laser; there is zero expansion time after switching off the 1064 nm laser. The 532
nm light is repulsive for 87 Rb, meaning that atoms are contained within the outline of the
generated image.

5.4.1

Kiwi

Figure 5.11: Atoms in a kiwi-shaped potential. The image (atoms in right
panel) has been taken after 300 ms of expansion in the potential; the image has
been averaged over 20 experimental runs. From tail to beak, the image of the
atoms is 150 µm long. The clipart kiwi image (left panel) is from [218].
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The image in Fig. 5.11 shows the atoms expanding in a potential in the shape of a
kiwi. The atoms begin as a point source at the centre of the image, and expand to fill
the dark region of the potential. The beak and feet are only partially resolved due to
the small effective channel widths of approximately 10 pixels (5 µm). An important
difference between our setup and that of Gauthier et al. is that the expansion in our
system necessarily begins from a point; in contrast, the larger radial trapping frequencies
and larger trap depths of the 2D trap used in Gauthier’s experiment allow for evaporation
to occur in the presence of the SLM potential [204]. This allows the atoms in Gauthier’s
experiment to take on the exact shape of the trapping potential, whereas in our experiment
there needs to be an available flow-path from the origin for atoms to propagate to a given
point.

5.4.2

Dumbbells
SLM image

0 ms

33 ms

78 ms

108 ms

150 ms

Figure 5.12: A dumbbell shaped potential (upper panel). Two circular reservoirs are separated by a channel of length 35 µm and width 30 µm. The reservoir radii are 35 µm. The lower panels show absorption images of atoms expanding in the dumbbell-shaped potential at different expansion times.

Fig. 5.12 shows a series of expansion in a dumbbell shaped potential, in a similar
experiment to that conducted by Eckel et al. [43]. The BEC is located at the centre of
the left-hand reservoir, and the atoms expand in the first reservoir with a fraction flowing
through the channel into the right-hand reservoir. Note the even filling of the circular
reservoirs, which highlights the ‘hard wall’ of the potential.
In Eckel’s experiment, the dumbbell is modelled as an ‘atomtronic’ circuit. The reservoirs are modelled as capacitors, due to their storage of atoms; the kinetic energy of the
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atoms manifests as an inductance; the channel is modelled as a weak link — a Josephson
junction — with a shunted resistance; and the chemical potential difference between the
left and right reservoir manifests as a voltage.
It is worth digressing here to expand upon the concept of atomtronics. Electrical circuits comprise circuit elements such as resistors and capacitors, through which electrical
currents flow. An electrical current is measured in terms of charge per unit time, while a
voltage is measured in terms of energy per unit charge. In an atomtronic circuit, the flow
through the ‘circuit’ is performed by electrically neutral atoms. The current in an atomtronic circuit is measured in terms of number of atoms per unit time, while a chemical potential plays the role of a voltage and has dimensions of energy. The circuit components
are potentials constructed in space, usually with structured light.
In Fig. 5.13 the number imbalance of the two reservoirs is plotted. The number imbalance ∆N is calculated from
∆N =

N1 − N2
,
N1 + N2

(5.8)

where N1 is the atom number in the left reservoir and N2 the atom number in the right
reservoir. The quantity d∆N/dt is equivalent to a normalised atom current. The plot
shows interesting results, particularly in the small oscillations present after 50 ms of expansion. These may be explained by an LC circuit model, with the resonant frequency
given by ω 2 = 1/LC. The chemical potential of atoms in a reservoir of radius R may be
calculated as [44]:
µ = αN 2/3 ,

(5.9)

where the constant α is defined by:
"

g( 21 mωz2 )1/2
α=
4
πR2
3

#2/3
,

(5.10)

where g = 4π~2 as /m is the nonlinearity, m is the mass of an atom, N is the number
of atoms, and ωz is the vertical trapping frequency. In our system, a reservoir radius of
22 µm with 2 × 104 atoms results in a chemical potential of µ/kB = 12 nK. This exceeds
the temperature, meaning that the effective ‘voltage difference’ between the left and right
reservoirs plays a significant role in the transport, and this experiment may be regarded as
‘atomtronic’.
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Figure 5.13: Propagation of atoms moving through the dumbbell shaped potential shown in Fig. 5.12. In the left panel, the number imbalance between the
reservoirs shown in Fig. 5.12 is plotted as a function of expansion time. In the
right panel, the centre of mass of the atoms (along the horizontal dimension)
is plotted as a function of expansion time.

Analogously to an electrical capacitance defined as C = dq/dV for charge q and
voltage V , one may define an atomtronic capacitance of an atom reservoir as C = dN/dµ
for atom number N and chemical potential µ. This was shown to be approximately equal
to [44]:

C=

3

1/3
1
N
2
4α

,

(5.11)

where α is defined in (5.10). The parameters of our reservoirs give a circuit capacitance
of ~C = 13.5 s.

5.4.3

Ring

Fig. 5.14 shows atoms expanding in a ring potential. The atoms begin from a point source
located in the far left region of the ring. Ring-shaped traps are especially exciting owing
to the boundary conditions that must be met in a superfluid: in particular, the phase must
be 2π-periodic around the ring. Ring BECs have been created experimentally by a few
groups [40, 219, 220], but it is still an emerging field. There is high theoretical interest
in ring BECs, particularly when the ring waveguide can be made to be single mode, and
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Figure 5.14: Atoms expanding in ring-shaped potential. The inner diameter
of the ring is 60 SLM pixels and the outer diameter is 120 SLM pixels. The
imbalance between the left and right halves of the ring is plotted against expansion time, and three snapshots are shown at 0 ms, 20 ms and 200 ms of expansion time.

when circulating currents can be generated [221, 222].
In this experiment we do not induce a net circulating current (but this could be done
in future experiments by using a laser ‘stirrer’). The atoms are free to expand around the
central hole. An interesting effect in the imbalance plot shown in Fig. 5.14 is that the
oscillations which we observed in the dumbbells also occur here, suggesting that the RCL
model may still be valid.

5.5

Summary

We have built a system capable of generating arbitrary patterns with laser light, which can
be used to study the transport of atoms through custom potentials. We have characterised
the imaging system and used it to make a variety of trapping potentials for atoms. Our
system is distinguished by the simplicity of the direct imaging approach, enabling potentials with high optical flatness to be obtained without the complexities associated with
holographic imaging. The measured resolution of < 2 µm of our high numerical aperture
imaging system ensures that our system is suitable for measuring Anderson localisation
of ultracold atoms.
Our two-dimensional trap is unique in its free movement along the plane, and we have
measured ballistic transport of atoms along the plane for greater than 100 ms of expansion.
Our loading technique efficiently transfers 70 ± 1% of the atoms from the original BEC
to the 2D trap, with no heating.
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We now have all the tools which we require in order to investigate the transport of
ultracold atoms in disordered potentials. This will be the subject of the next chapter.
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“Now here, you see, it takes all the running you
can do to keep in the same place,” said the Queen.
Through the Looking-Glass, Lewis Carroll

CHAPTER 6
Cold atoms in optical disorder

D

systems are ubiquitous in nature. Almost all crystals have minor
defects — be they dislocations, lattice impurities, or vacancies — and these
strongly affect the character of materials, in terms of both strength and conductivity [223]. In this chapter, we will focus on the effect of disorder on wave propagation.
In particular, we investigate the transport properties of ultracold atoms in two-dimensional
artificial disorder.
ISORDERED

The goal of this work is to develop a versatile, highly controllable disordered system
for ultracold atoms. We build on the high resolution imaging system and 2D trap developed in Chapter 5 to engineer an experiment which measures the atom current through a
disordered channel. Specifically, we probe the influence of disorder on the resistance of a
channel connecting two atom reservoirs.
We begin this chapter with an introduction to the physics of wave transport in disorder,
focusing on the physical concepts behind the phenomenon of Anderson localisation. The
essential aspects regarding Anderson localisation of cold atoms are emphasised, while
the specific features of localisation in two dimensions are highlighted. We then discuss
the experimental setup, and present data measuring the effective channel resistance. The
influence of fill-factor, channel length and mean potential depth on the resistance are investigated. The results indicate that channels significantly longer than the mean free path
exhibit resistances significantly larger than short channels, which cannot be explained by
a classical model. This indicates that quantum interference plays a dominant role in the
transport.
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6.1

Wave propagation in disordered media

When a wave encounters an impurity, or when a Bloch wave encounters a deviation from
periodicity, a scattering event occurs. Two types of scattering events are possible: elastic
scattering and inelastic scattering. In elastic scattering, the scattered portion of the wave
maintains the same energy (wavenumber) and coherence as the incident wave but changes
direction; for inelastic scattering, there is a change in energy, and the scattered fraction
of the wave is usually regarded as being incoherent. In this discussion, we focus on
the effects of elastic scattering where coherence is maintained: what is the result of the
interference when a wave scatters multiple times in a disordered medium?
The result can be profound. In 1958, Philip W. Anderson analysed a lattice spintransport system, where the on-site energies were drawn from a random distribution of
width W [7]. In a medium of multiple scatterers, wave transport is typically diffusive
(rather than ballistic), such that hr2 i = 2Dt. This fact was used by Drude in his model
explaining Ohmic conduction [223], and in the Einstein relation of conductivity for electrons [224]:
σ(k) =

e2
ρ(k)D(k),
~

(6.1)

for conductivity σ, electronic charge e, density of states ρ, diffusion constant D and
wavenumber k. However in the coherent regime, Anderson found that disorder above a
certain critical strength Vc totally cancelled the long-range spin diffusion that would usually be expected in a 3D lattice; the diffusion constant D went precisely to zero.
There have been many theoretical approaches to the problem of wave localisation,
each of which offers a different perspective on the physics of localisation. We will here
briefly outline a selection of these approaches.

6.1.1

The Anderson model

Anderson’s original statement of the problem is illustrated in Fig. 6.1. The model makes
use of the tight-binding Hamiltonian:
H=

X
j

∗
Ej |jihj| + Vj,j+1 |j + 1ihj| + Vj,j+1
|jihj + 1|,

(6.2)

where Ej are the on-site lattice energies, Vj,j+1 are the tunnelling amplitudes between
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V(x)

neighbouring sites, and |ji is the state representing a particle located at the j th site. In
Anderson’s model, the on-site energies are stochastic variables drawn from a random
distribution of width W . The tunnelling amplitudes may be either constant or drawn from
a distribution.
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Figure 6.1: Illustration of the Anderson model. The potential is a lattice with
on-site energies Ei drawn from a random distribution with a width of W , with
a lattice spacing of l.

Anderson considered the equation for the probability amplitude at site j, aj :

ia˙j = Ej aj +

X

Vkl ak ,

(6.3)

k6=l

and solved the equation using the disordered Ej as a weak perturbation to the problem.
For an initial condition of a0 = 1, ai = 0 (i 6= 0), Anderson found that a0 remained nonzero as t → ∞ if the disorder was above a critical value, Vc .
The eigenstates of the Bloch model are extended throughout the lattice and are characterised by a quasimomentum, introduced earlier in Section 3.2.2 terms of the kicked rotor.
In contrast, the eigenstates of the Anderson model are spatially localised. If the eigenvalues of neighbouring eigenstates are poorly matched, then conduction between eigenstates
is inhibited and the system is localised [224].
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6.1.2

Random matrices

For a one-dimensional system, we can write the problem in terms of transfer matrices
between adjacent sites (where we assume Vj,k = 0 if |k − j| > 1). The wavefunction may
be written as a superposition of position states:
ψ=

X
j

aj |ji.

(6.4)

The stationary Schrödinger equation H|ψi = E|ψi may be solved by applying the Hamiltonian of (6.2). This gives a recursive expression for the probability amplitude:
aj+1 =

E − Ej
Vj−1,j
aj − ∗ aj−1 ,
∗
Vj,j+1
Vj,j+1

(6.5)

which may be put into a transfer matrix form:
aj+1
aj

!
=

E−Ej
∗
Vj,j+1

− Vj−1,j
∗

1

0

V

!

j,j+1

!
aj
,
aj−1

(6.6)

allowing the amplitude at site j for t → ∞ to be calculated as:
aj+1
aj

!

"
=

j
Y

E−Em
∗
Vm,m+1

− VVm−1,m
∗

m=1

1

0

m,m+1

!#

a1
a0

!
.

(6.7)

We see that the amplitude at site j can be calculated from a product of random transfer
matrices. We can now apply the work of Matsuda and Ishii [225]. Matsuda and Ishii
showed that in the case of the physically realistic assumption that aj → 0 as j → ∞, the
amplitudes aj must decay exponentially when a product of random matrices is invoked.
This is the definition of a localised state.

6.1.3

Bragg reflection

Perhaps the most intuitive understanding of Anderson localisation results from analysing
the spectral properties of the potential [226]. Figure 6.2(a) illustrates a disordered potential consisting of randomly positioned Gaussian scatterers, with its Fourier transform
shown in Fig. 6.2(b). The important aspect of Fig. 6.2(b) is that the width of the Fourier
transform is broad (the width is limited only by the spatial frequency components of single scatterers). This contrasts with a regular lattice containing the same number of Gaus-
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sian peaks shown in Fig. 6.2(c), which has the discrete, well defined spectral peaks shown
in Fig. 6.2(d). In this lattice scenario, Bragg reflection of the wave will result when:

nλ = 2d sin θ,

(6.8)

where n is an integer, λ is the incident wavelength, θ the angle of incidence and d the
lattice spacing. If a wave with wavelength λ propagates through a potential with a spectral
component at λ/2, then Bragg reflection results.
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Figure 6.2: Spatial frequencies of ordered and disordered systems. 100 Gaussian peaks of equal height, and full–width at half–maximum of 0.8 µm are positioned (a) randomly or (c) regularly. The spatial Fourier transform of (a) is
shown in (b), and the spatial Fourier transform of (c) is shown in (d).

The disordered pattern introduces a different possibility due to its broadly distributed
spatial frequency spectrum. This allows for Bragg reflection for a wide class of incident
waves. If Bragg reflection occurs in each propagation direction, then the wave cannot
propagate and instead becomes exponentially localised.
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6.1.4

Coherent backscattering

Consider the case illustrated in Fig. 6.3, where a wave is propagating through an array of
randomly positioned point scatterers. Suppose that scattering events occur from a subset
of all available scatterers; in this case scatterers 1-7. We assume that each scatterer is
identical. Two paths have been drawn; the clockwise path A, and the anticlockwise path
B. We consider the wave propagation for an incident wavevector k0 and exit wavevector
kf , and compare the propagation along paths A and B.

r5

r4

r6

r3

r2

r7
r1
kf
kf

ki
ki

Figure 6.3: Illustration of coherent backscattering. A wave which begins
with wavevector k0 scatters off a subset of point-scatterers and emerges with
wavevector kf . Waves which propagate clockwise and anticlockwise acquire
the same phase and therefore interfere constructively along the direction of
kf = −k0 .

The complex wave amplitude A0 for the clockwise propagation path is given by:

A0 = a exp [iki · (r1 − R0 ) + ik1,2 · (r2 − r1 ) + . . . + ikf · (r0 − rn )] ,

(6.9)

with an arbitrary starting position R0 , observation point r0 , and a modulus a which depends on the intensity of each scattering event. Similarly, the amplitude for the anticlockwise path is given by:
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B0 = b exp [iki · (rn − R0 ) + ikn,n−1 · (rn−1 − rn ) + . . . + ikf · (r0 − r1 )] .

(6.10)

The modulus b can be assumed to be equal to a because the scatterers are all equal [224].
We now look at the ratio of these two amplitudes. By noting that kn−1,n = −kn,n−1 , we
find the ratio:
A0
= exp [i(ki + kf ) · (r1 − rn )] .
B0

(6.11)

This phase difference arises from the path difference at entry and exit of Paths A and B;
the phase difference is zero if ki = −kf . Therefore waves propagating in a disordered
medium constructively interfere when scattering in the reverse direction. As this is true
for any possible ‘loop’ of scatterers in the medium, the effect of quantum interference is
to inhibit the wave transport. In this manner, quantum interference manifests as ‘weak
localisation’, decreasing the diffusion coefficient in (6.1) [227]. Weak localisation is often
referred to as the precursor to Anderson localisation (‘strong’ localisation), in which the
diffusion constant is totally cancelled.
Coherent backscattering has been observed in a range of wave systems, including ultracold atoms [228], seismology [229] and optics [230]. It is responsible for the logarithmic increase in electrical resistance observed in thin disordered films as the temperature
approaches zero [227].
In the absence of quantum corrections to the transport, the diffusion constant is referred to as the Boltzmann diffusion constant, and is given by [96]:
DB (k) =

~k`B (k)
,
2m

(6.12)

where `B is the Boltzmann mean free path, which is the length-scale in the system where
the wave loses memory of its initial direction. Quantum corrections to the transport lead
to weak localisation. The diffusion constant is now given by D = DB − δD. In 2D, the
correction is given by [96]:
2 ln(L0 /`s )
δD
=
,
DB
π k`B

(6.13)

where the length L0 is the smallest of either the system size, or the phase coherence length
(which is set by the inelastic scattering rate). In the experiment discussed in this thesis, the
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phase coherence length is large because the dipole potential is almost purely conservative.
The picture of coherent backscattering gives many useful insights. It is clear that for
localisation to be important in a 2D or 3D system, the wave propagation time must be
long enough for multiple scattering events to occur. Localisation is an interference effect
of multiply scattered waves.
It is also clear that time reversal symmetry is important, because the clockwise and
anticlockwise paths must acquire identical phases to enable constructive interference. Localisation can therefore be inhibited by breaking time-reversal symmetry. One method in
which time-reversal symmetry can be broken in an electronic system is with a magnetic
field: the clockwise and anticlockwise loops then acquire a phase difference of 2eΦ/~,
where Φ is the magnetic flux enclosed by the loop. Electronic materials exhibiting weak
localisation therefore possess a negative magnetoresistance, i.e. the resistance decreases
in response to the application of a magnetic field [227]. In an ultracold atom system, it is
predicted that a synthetic magnetic field, generated by coupling between internal atomic
states [231], will lead to time-reversal invariance and an effective negative magnetoresistance [232].

6.1.5

Summary

This section has given an overview of physical concepts which explain the phenomenon
of Anderson localisation in coherent waves. Localisation is fundamentally the result of
interference from waves which have scattered multiple times in a disordered medium.
Crucially, waves are localised even when the mean potential energy shift of the disorder
is significantly lower than the wave energy. In the next section we extend this review to a
more macroscopic analysis, to garner an understanding based on broad, general concepts
of disordered systems.

6.2

Disordered systems and dimensionality

Localisation is a prime example of a case where physics is not invariant under changes of
scale, and in particular of dimension. As shown in the previous section, the probability
of a wave returning to its origin determines the extent of localisation. Lower dimensions
restrict the directions available for wave motion, which enhances the probability of return
to the origin and increases the importance of Anderson localisation.
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6.2.1

Percolation theory: a classical phase transition

Disordered classical systems also possess an ‘insulating’ state for sufficient disorder. This
is most clearly evident for a one-dimensional system, where a single break in a onedimensional wire will abruptly cause the conductance to drop to zero. Similarly, if sufficient barriers are installed in 2D or 3D systems, then the connectedness of the system can
be broken and the system can become insulating.
This transition possesses all the characteristics of a phase transition. Consider the
system as comprising individual ‘blocks’, which can neighbour adjacent blocks to form a
cluster. If there is a sufficient concentration of blocks, then there is a certain probability
that an individual block will belong to a cluster of infinite size, and the system is connected
infinitely. It is found that the probability P∞ of a block belonging to an infinite cluster
obeys the power law relation [233]:
P∞ (p) = (p − pc )ν ,

(6.14)

where p is the block concentration, pc is the critical concentration, and ν is the scaling
exponent. This power law (and thereby scale-free) behaviour is the hallmark of a phase
transition.
Many experiments have been done to determine the critical exponent ν. For example,
Schrenk et al. drilled holes in a wooden cube and found a 3D percolation transition by
analysing the connectedness of the cube [234]. In a 2D experiment, a percolation transition was found by Last and Thouless using conductive paper with randomly positioned
holes [235].
There are two important differences between the percolation and localisation phase
transitions. The percolation phase transition, being purely classical, does not occur if the
potential depth of the disorder is lower than the particle energy. In contrast, localisation is
an interference effect which may occur even if the scatterers have potential depths much
lower the wave energy. The second important difference concerns the dimensionality. In
2D, there is a percolation phase transition from insulating to conductive, but in a localised
system all states in 2D are insulating with arbitrarily weak disorder (a metal-insulator
localisation transition exists in 3D).
The percolation properties of a disordered system are important when considering
localisation of cold atoms, because classical trapping must be considered as a cause of
transport suppression [80]. It is advantageous to use disorder with a low percolation
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threshold to minimise classical trapping, such that the observation of suppressed transport
in a classically percolating system may be attributed to interference effects.

6.2.2

Length scales

Localisation physics is centred on the length scales of a system. As discussed in Section 6.1.4, localisation results from the interference between multiply scattered waves
propagating in a disordered system. This allows us to define four length scales which
completely define a disordered system [236]:
• The Correlation Length, ζ: The distance over which the disordered potential may
be spatially shifted while remaining locally similar. The correlation length is the
width of the correlation function g(X) = hV (x)V (x + X)i. In the case of point
scatterers, the correlation length is the size of an individual scatterer.
• The Scattering Mean-Free Path, `s : The mean distance between individual scattering events. This is the distance over which the wave loses memory of its initial
phase.
• The Boltzmann Mean-Free Path, `B : The distance over which the wave loses
memory of its initial direction. Over this length-scale, the transport crosses over
from ballistic to diffusive. Except in the white noise, strong scattering limit, `B > `s .
• The Localisation Length, ξ: The width of a localised state, where the wavefunction decays as ψ(x) ∼ e−x/ξ .
As the size of the system L is increased, the nature of the wave transport changes.
With a small system size, the wave transport is ballistic:
hr2 i ∼ v 2 t2 ,

(6.15)

where hr2 i is the wavepacket spread, v is the wave speed (group velocity), and t is time.
When L > `B , the transport crosses over to diffusive:
hr2 i ∼ D(k)t,
where D(k) is the energy-dependent diffusion constant.
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When the system is localised, the wavepacket ceases spreading and is localised with
width ξ:
hr2 i ∼ ξ 2 .

(6.17)

The understanding that the physics of a disordered system is determined by length
scales led to the development of the celebrated scaling theory of localisation by Abrahams
et al. [70]. The scaling theory postulates that the properties of a disordered system are
represented by a single parameter, the dimensionless conductance g. Abrahams et al.
found that the scaling function β = d log g/d log L, representing the rate of change of the
conductance with system size L, depends only on the conductance. In this way, the effect
of changing the level of disorder within a system may be completely compensated by
changing the system size. The scaling theory predicts that all eigenstates of a disordered
system are localised in 2D for arbitrarily small disorder.

6.3

Localisation of cold atoms

The scaling theory of localisation discussed in Section 6.2.2 predicts that all states are
localised in 1D and in 2D, with a metal-insulator transition existing in 3D. There are a
certain number of assumptions made in the scaling theory, meaning that its application is
not always directly valid.
The scaling theory applies to non-interacting waves. The presence of interactions is
known to affect localisation, but the extent to which this occurs is still debated [90–94]. In
our experiment we employ a dilute gas, such that the interaction energy is low compared
to the kinetic energy.
One key assumption made about the disorder is that it is white and uncorrelated, such
that the correlation function goes as [237]:
g(z) = hV (x)V (x + z)i = VR2 δ(z).

(6.18)

When the disorder does not satisfy this condition, effective metal-insulator transitions
may also exist in 1D and 2D, as in the case of the Aubry–André model discussed in
Section 1.3.3.
The correlation function is an important concept to consider for cold atoms propagating through optical disorder. There is a fundamental limitation imposed by the wave-
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length of light because diffraction limits the minimum achievable spot size and imposes
a finite correlation length for optical disorder. From the Bragg diffraction picture of Section 6.1.3, it is clear that an effective metal-insulator transition for cold atoms exists in
optical disorder. Atoms in an optical disorder with maximum spatial frequency kmax will
not be localised if their energy exceeds ~2 kc2 /2m, for critical de Broglie wavenumber
kc = kmax /2. The experimental challenge is therefore to generate an optical disordered
potential which has a correlation length smaller than the typical de Broglie wavelength.
In one dimension, the localisation length is twice the mean free path [238]:
ξ = 2`B ,

(6.19)

while in 2D, the localisation length scales as [96]:

ξ ∼ `s exp

πk`B
2


.

(6.20)

From this relation, we expect that the localisation length scales exponentially in 2D with
both the mean free path [187] and with the particle momentum.
Another important factor to consider with cold atoms is the energy distribution. Typically, atoms are sourced from a BEC, which develops a parabolic momentum distribution
after interaction-driven expansion as given by (1.8). Expression (6.20) shows that the localisation length depends strongly on the energy, and therefore a cloud of atoms will localise with a distribution of length scales: the overall final profile will not necessarily be
exponential. Another consequence of the finite energy width is that it will tend to selfaverage the properties of the potential; the conductance, which is usually strongly dependent on the particular disorder configuration, is partially configurationally averaged by
the finite temperature [239].

6.4

Experiment

In the previous sections, we have outlined the basic theoretical principles which underpin
Anderson localisation. The complexity of disordered systems means that purely analytic
treatments are not suitable for answering many questions pertaining to localisation. This
was best stated by Anderson in his Nobel lecture: “one has to resort to the indignity of
numerical simulations to answer even the simplest questions about it” [240]. The goal of
this experiment is to move towards a system where we can ask the outstanding questions
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of localisation physics through the lens of quantum simulation, rather than numerical
simulation.
We propose a different experiment to those which have been previously conducted
with ultracold atoms in disordered potentials. Nearly all previous experiments [80–83,
85–88, 95] (with the exception of Krinner et al. [36]) have been expansion experiments,
where the atoms start from a point source and expand in all directions. These experiments
proved successful at observing Anderson localisation in 1D and in 3D. However, 2D
systems pose a different challenge owing to the exponentially large localisation length.
The large localisation length constrains the experiment, as a disordered potential with
a short correlation length must be generated over a large area, and the atoms must be
resolvable over the large area. If the atoms are spread over an area of 1 mm2 , then with
2 × 104 atoms there is an average density of 1 atom/50 µm2 : the signal to noise ratio will
be very weak.
In order to overcome the signal-to-noise limitation, and to allow us to probe different
physics from that previously explored, we implement a transmission experiment instead
of an expansion experiment. For this purpose we take advantage of the spatial light modulator setup discussed in Chapter 5, and the experimental design builds on the ‘dumbbell’shaped potential discussed in Section 5.4.2.
The dumbbell potential generated by the SLM provides two reservoirs separated by a
channel. The atoms begin in a single reservoir, and move through the channel to the second reservoir. The atoms are confined in a plane via the 2D trap discussed in Section 5.3.
The signal to noise ratio is significantly improved from a comparable expansion experiment because information is collected by measuring the total number of atoms in each
reservoir; integrating over the spatial region of the reservoir enables a precise measurement of the total number of atoms in each reservoir and allows for a precise determination
of the atom current. This transmission experiment allows us to measure the conductance
of the channel, using a similar method to Krinner et al. [36].

6.4.1

Design

An example of a potential generated for the atoms is shown in Fig. 6.4. The entire image
is generated by the SLM, which gives us freedom to modify the channel with any desired
disorder. We introduce pointlike disorder into the channel connecting the reservoirs.
We use pointlike disorder, with each point shown in Fig. 6.4(a) consisting of squares
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Figure 6.4: An example of a dumbbell-shaped potential where the channel
contains pointlike disorder. (a) The mask applied to the SLM, with a dumbbell
characterised by channel length L, channel width w and reservoir radius R,
and disorder fillfactor nσ 2 . Here, L = 100 µm, w = 20 µm, R = 30 µm
and nσ 2 = 0.2. (b) Image of the mask in (a) taken with a CCD camera with
a 40× microscope objective. The imaging system is identical to that for the
in-vacuum imaging, using the setup of Fig. 5.2. (c) False-colour absorption
image of atoms expanding through the dumbbell for 200 ms, averaged over 5
experimental shots.

of 2 × 2 SLM pixels (≈ 1.4 × 1.4 µm). As discussed in Section 1.3.3, pointlike disorder
is preferable to speckle due to its low percolation threshold. Morong and DeMarco performed a theoretical investigation into point disorder in 2D [97]. The disorder is charac√
terised by its filling factor, nσ 2 , where n is the density of scatterers and σ/ 2 is the RMS
width of a single scatterer. The mean distance between scatterers is n−1/2 . It was found
that for nσ 2 < 0.05, the percolation threshold is close to zero (∼ 10−4 VR ); in comparison,
optical speckle in 2D has a fixed percolation threshold of 0.52VR , where VR is the mean
potential depth; that is, particles with kinetic energy less than 52% of the mean potential
depth are classically trapped within disorder fluctuations. A low percolation threshold is
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desirable as it allows inhibition of transport to be directly attributed to quantum interference. Morong and DeMarco used numerical GPE simulations to obtain the localisation
length. With point scatterers of potential depth V0 = 1 µK and a correlation length of
σ = 400 nm, localisation lengths were found ranging from 10 µm for atom energies of
E = 10 nK, to 100 µm for E = 100 nK. These parameters are similar to ours, indicating
that our experiment is feasible.
It is important to note that the de Broglie wavelength and the correlation length of the
disorder are of similar size. Our system is therefore analogous to electromagnetic Mie
scattering [241]. With this analogy, we expect that the scattering cross section does not
depend strongly on the atomic momentum.
One future aspect of the design that can be investigated is the optimal geometry. Currently the dumbbell is constructed from two circles with a rectangular channel connecting
them, resulting in sharp corners at the reservoir/channel boundary, and it may be preferable to round these off. The optimal radius of the reservoir is another factor for investigation. A small reservoir ensures a high chemical potential in the reservoir, allowing the
chemical potential difference to simulate a voltage difference between two terminals. Additionally, a small radius leads to a small effective capacitance, which decreases the decay
time-constant τ associated with resistive flow, aiding the measurement of high resistance
channels. However, the high atom density associated with a small reservoir is also undesirable due to three-body loss. We observed that the atom loss in a 20 µm radius reservoir has two time constants, with the fast time constant (∼100 ms) related to three-body
collisions expelling atoms from the shallow 2D trap, and the slow time constant (∼1.5 s)
related to vacuum loss. Doubling the radius to 40 µm resulted in atom loss with the slow
time constant only. If the reservoir is too small, we will underestimate the atom number
imbalance ∆N and overestimate the atom current, because higher density regions lose
atoms at a greater rate.

6.5

Results

The data in Fig. 6.5 shows the evolution of the number imbalance for varying fill-factors.
The plot in Fig. 6.5(b) indicates a linear relation between log ∆N and time, for times
greater than 60 ms. This suggests that an exponential decay model is appropriate, in
agreement with the work of Esslinger and co-workers who suggested the relation (1.13)
which we repeat here:

137

6.5. RESULTS
d∆N
−∆N
=
,
(6.21)
dt
RC
where the conductance G has been replaced with resistance R = 1/G, and C is the
compressibility of a reservoir.
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Figure 6.5: Number imbalance vs time for a selection of disorder fill-factors.
(a) The number imbalance (∆N ) vs time for four different fill-factors. (b)
Semi-logarithmic plot of the imbalance. The dumbbells used in this experiment had reservoir diameters of 60 µm, a channel width of 20 µm, and a channel
√ length of 100 µm. Errorbars have been calculated by assuming an error of
N in the reservoir number.

It is clear from Fig. 6.5 that increasing the fill-factor results in reduced transport. There
are three timescales evident in the plot. The first 40 ms of time is the ballistic time for
atoms to transport across the channel and arrive at the second reservoir. In this first 40 ms,
the imbalance remains at 1.1 Following the ballistic time, there is a period of 20 ms during
which the imbalance reduces at its greatest rate. This initial transfer rate is greatest for
zero disorder. The 20 ms time period of the initial transfer rate appears to be independent
of disorder fill-factor. Finally, the system moves into a third regime of transport, which is
significantly slower than the initial transfer rate and continues for long times. Curves such
as those in Fig. 6.5(b) allow decay constants to be extracted from linear fits to log ∆N vs t
during the third phase of transport. By applying (6.21) we are able to measure a resistance.
The versatility of our system allows us to investigate different channel lengths. Two
different channel lengths are chosen, 25 µm and 100 µm. We expect these two channel
1

Note that the number imbalance excludes the channel population, and only considers the populations
of the reservoirs.
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lengths to be in different regimes: the 25 µm channel is only 5 times longer than the
mean scatterer spacing for a fill-factor of 0.1, compared to 25 times longer for the 100 µm
channel. We expect the transport in the 25 µm channel to be diffusive but not localised,
and we expect that quantum interference is an important factor in the transport for the
100 µm channel.
(a)

(b)
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Figure 6.6: Resistance measurements of disordered channel for varying fillfactors. (a) Measurement of the resistance for varying fill-factors, with the potential depth set at Ek /2, where Ek is the atom kinetic energy. Two different
channel lengths, 100 µm and 25 µm are shown in this measurement. Classical
simulations (circles) were conducted for a 100 µm channel to compare with
the measurements. (Inset) Semi-log plot of resistance vs fill-factor for 100 µm
channel. (b) Illustration of classical simulation, with a sample trajectory shown
for a fill-factor of 0.1. The trajectory is launched from the top reservoir and
propagates through the disorder into the lower reservoir. The classical simulations shown in (a) were conducted with 5000 trajectories launched at different
angles.

Figure 6.6(a) shows measurements of the channel resistance, extracted from linear fits
to log ∆N vs t for t > 60 ms. A linear fit provides a decay constant τ = RC for resistance
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R and capacitance C. The capacitance is given by (5.11), allowing the resistance to be
calculated. The resistance is measured in units of Planck’s constant h. A resistance of
R = 1 × 10−3 h corresponds to a time constant of τ = 85 ms.

The channel resistance for the two different lengths is identical within error for zero
disorder, indicating that the presence of the resistance is due to a ‘contact’ resistance at
the boundary between the reservoir and the channel [43]. For finite disorder, however,
we find qualitatively different behaviour for the two channel lengths. The short channel
exhibits a weak linear increase in resistance with increasing fill-factor. In contrast, the
resistance of the long channel increases rapidly, and a semi-log plot (shown in the inset
of Fig. 6.6) indicates that the resistance grows exponentially with increasing fill-factor.

We compare our results with classical simulations. These simulations were conducted
by numerically generating randomly positioned Gaussian scatterers, of radius σ = 0.5 µm
inside a channel connecting two reservoirs. The potential depths were set to half of the
kinetic energy of the trajectory. A series of 5000 monoenergetic trajectories, with speed
2 mm/s, were launched from the centre of the first reservoir at varying angles. A sample
trajectory is shown in Fig. 6.6(b). The number imbalance of trajectories was determined
as a function of time, to measure the classical channel resistance in a scheme analogous to
the experiment. These simulation results are plotted together with the data in Fig. 6.6(a).
The classical channel resistance increases approximately linearly with fill-factor, and
does not exhibit the exponential dependence shown in the 100 µm channel experimental
data. This suggests that the transport properties of the channel in the experiment are nonclassical, and that quantum interference plays a role in suppressing the atom transport
through the long channel. We note that there are insufficient scattering events in the 25 µm
channel for localisation to be significant, explaining the classical-like linear increase in
resistance. We also note that the calibration of the potential depth is important here, with
classical simulations indicating significantly larger resistances than observed here if the
potential depth is set to the energy of a trajectory. We calibrated the atom energy by
observing the light intensity required for atoms to be fully contained within a container
formed by a hollow circle.
We investigate the dependence on channel length in Fig. 6.7(a). In this experiment, the
fill-factor is set to 0.2 and the channel length is varied. The number imbalance is recorded
over 500 ms of transport. The results show that the resistance increases with channel
length, and for a 100 µm channel is a factor of 8 ± 1 times larger than for a channel with
vanishing length. At the very short channel lengths, the effective resistance is dominated
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by the contact resistance, which is independent of channel length. In our experiment, the
contact resistance is essentially a measure of the timescale for atoms to naturally escape
from the first reservoir, with a given channel width, and is quasiclassically expected to be
proportional to R2 /wv, where w is the channel width, v is the drift velocity within the
reservoir and R the reservoir radius.
In a separate experiment, we set the fill-factor to 0.2 and vary the potential depth of
the disordered potential. This is readily achieved using the spatial light modulator, which
has 256 greyscale values. This allows us to maintain the outline of the dumbbell at a
constant potential depth, while independently varying the light intensity of the scatterers.
Figure 6.7(b) shows the results of this experiment. The resistance increases rapidly with
potential depth for small depths (VR < 0.2Ek , where Ek is the average atom energy).
This large increase at low disorder fill-factor suggests that quantum interference plays an
important role in inhibiting the transport.
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Figure 6.7: Resistance measurements with varying channel lengths and disorder depths. (a) The channel length is varied from 5 µm to 125 µm while the
fill-factor is maintained constant at 0.2 and the potential depth is maintained at
2Ek . Shown in red is a fit of R = c exp(2L/ξ) to the data. (b) The pattern of
disorder with fill-factor of 0.2 is maintained constant, while the light intensity
of the scatterers is varied. In this plot, the vertical axis is scaled by the resistance at zero potential depth; the horizontal axis is the base-10 logarithm of the
ratio of the potential depth of the scatterers VR to the average atom energy Ek .
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6.6

Discussion

We have observed disorder-induced suppression of transport through a 2D channel containing pointlike disorder. The resistance of a short, 25 µm channel was observed to increase linearly with disorder fill-factor, when the disorder was set to a potential depth of
half of the atom energy. This agreed with classical simulations: the resistance classically
increases with fill-factor because of increased scattering events, which leads to longer diffusive transit times. The suppression of transport in a longer, 100 µm channel was significantly more pronounced. We observed that the resistance of the long channel increased
in an approximately exponential manner with increasing fill-factor.
Can we attribute the transport suppression in the long channel to Anderson localisation? Transport suppression can originate from a few factors. Classical trapping from
reflections between spikes in the disordered potential would be the most likely cause
for transport suppression not caused by interference. However, the percolation threshold for this variety of disorder is very low, as evidenced by the classical simulations of
Fig. 6.6(a). Another explanation could be a rough or curved 2D trap, preventing free
movement. However, we have taken great care to ensure that the motion in the 2D trap is
ballistic over a long distance. Further, the channel resistances for zero disorder are equal
for the 25 µm and 100 µm channels within error, indicating that the 2D trap does not in
itself suppress transport. We can find no other explanation for the marked deviation between the short and long channels in strong disorder from the classical prediction, and
from the short channel data. In the localised regime we expect that the resistance scales
as R = c exp(2L/ξ), for constant c [224]. By performing this fit to the data in Fig. 6.7(a),
we obtain a localisation length of ξ = 120 ± 10 µm, which is a number that agrees well
with GPE simulations conducted by Morong and DeMarco [97]. Strictly speaking, this
fit should only be conducted for channel lengths larger than the localisation length and
therefore this measurement is not a reliable determination of ξ, but we note that it does
produce a reasonable result.
It is worth commenting on the absolute values of the resistances. The measured decay
times τ ranged from 80 ms up to 1600 ms, with the longest measured decay time of
1600 ms for a fill-factor of 0.2 with 125 µm as shown in Fig. 6.6(a). All of these decay
times are below the lifetime of atoms within the trap, making the experiment feasible. It
is well known that conductance is quantised in units of e2 /h for electronic systems, and
1/h for charge neutral atomic systems [37, 38]. The measured resistance values ranged
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from 1 × 10−3 h to 18 × 10−3 h. These are small fractions of the unit of quantisation and
we therefore do not expect to observe quantised conductance. To observe a conductance
of 1/h with the capacitance used in the experiment, we would expect a decay time of 85 s,
which is not observable in this experiment. To move to the observable regime of quantised
conductance would require a significantly larger capacitance than we are currently using.

6.7

Summary

We have used a high resolution image of a spatial light modulator to create an atomtronic
system, enabling quantum simulation of disordered systems. The SLM-based transmission experiment is ideally suited to investigating quantum interference in 2D cold atom
systems. We have exploited the properties of the SLM to implement a point-scatterer
based disordered system, which has superior statistical properties to a speckle pattern.
Aiding the experiment is a large aspect ratio 2D trap, which allows for atoms to be maintained in a plane with a broad spatial extent without in-planar confinement. The versatility of the SLM has allowed us to study varying channel lengths, varying disorder fillfactors, and varying disorder potential depths. In particular, we observed qualitatively different behaviour between short and long disordered channels, which cannot be explained
by a classical model. The observed exponential dependence of the channel resistance on
fill-factor indicates that Anderson localisation effects are important in this system.
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“We shall not flag or fail. We shall go on to the end.”
Winston Churchill

CHAPTER 7
Concluding remarks

W

have investigated a series of quantum transport phenomena in both momentum and position space. Our experiments with ultracold atoms have sought
to link the concepts of pulsed periodic potentials and disordered systems,
through examination of dynamical localisation in the kicked rotor and quantum interference in a spatially disordered system. A particular achievement of this thesis has been the
construction of a high-resolution imaging system for a spatial light modulator. With this
imaging system, we have generated disorder with high spatial frequencies, and the experimental evidence indicates that this has enabled the first observation of localisation effects
in 2D ultracold atoms.
E

We now outline the main findings of this thesis. The thesis is concluded with an
outline of future experiments designed to advance the understanding of two-dimensional
disordered systems.

7.1

Conclusions

• In Chapter 3, we investigated a periodic phase modulation of the classic atom optics kicked rotor. The key to this experiment was the generation of a stable optical standing wave with a controllable phase pattern. This was enabled via an arbitrary function generator for AOM control, which provided control over both the
frequency difference and the phase difference of two interfering laser beams. Maintaining the optical fibres in the setup in physical contact provided passive stability
against phase noise from variations in fibre strain and temperature.
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The theoretical basis for the experiment is in -classical theory, which allows for the
quantum dynamics to be approximated pseudo-classically. Through the application
of the periodic phase pattern {0, 2π/3, 0} at a large kick-strength k = 3.2, the
pseudo-classical phase space was modified to a ratchetlike system. The modified
phase space possessed large unidirectional transporting island structures of order
p = 3. Due to the presence of these island structures, the chaotic region of phase
space had a net transport in the reverse direction. In this way, we presented a novel
extraction of a ratchet from the general case of an accelerator mode system.
We performed a variety of experiments to understand the transport nature of the
phase space. The transport dependence on the phase pattern was investigated, and
φ = 2π/3 in the {0, φ, 0} scheme was shown to be the phase which maximised the
transport. We demonstrated that the initial quasimomentum could be adjusted, enabling us to scan through the phase space. By setting the quasimomentum such that
the initial condition did not overlap a transporting island, we verified the existence
of a quantum ratchet through the observation of directed motion in the absence of a
biased force. With an initial condition in the chaotic regime, the dynamical localisation length of a modified phase space was measured. The presence of transporting
islands in the phase space was found to enhance the transport of the chaotic region,
leading to a longer localisation length compared to the unmodified phase space.
• In Chapter 4, we extended the investigation to a sinusoidally phase modulated
kicked rotor. The advantage of a sinusoidal phase modulation is that different
regimes may be probed by changing the modulation frequency. We found novel
kicked rotor resonances for modulation frequencies commensurate with the kicking
frequency, and used the effective noise pattern generated from an incommensurate
frequency to study the deterioration of the quantum resonance and dynamical localisation. A simple model was used to develop an analytical understanding of the
modulated system, which agreed well with both experiment and numerical simulations. Surprisingly, we found that the quantum resonance was significantly more
robust than dynamical localisation. Through the introduction of phase noise, an effective quantum-to-classical transition was induced due to the disruption of phase
relationships, inhibiting interference.
We believe that the results of our kicked rotor studies add significantly to the understanding of modified kicked rotor systems. The two systems which we presented
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utilised phase modulation of the kicking lattice to introduce novel transport dynamics. We have clearly demonstrated arbitrary experimental control over the standing
wave phase. Numerical split-step simulations were used to support the experiment
and were found to be in strong agreement with the data. The use of reproducible
phase noise for investigating decoherence is especially novel, and the observed disparity between the robustness of the quantum resonance and the fragility of dynamical localisation deserves further investigation.
• In Chapter 5, we developed the high resolution imaging system required to investigate Anderson localisation in 2D. A high numerical aperture lens allowed for optical
structures with sizes on the order of the wavelength of light to be generated. Direct
imaging of a spatial light modulator with 532 nm light produced designer structured
light patterns, with a resolution of ∼ 1 µm and a spatial extent of 700 × 420 µm.
We also developed a two-dimensional trap for ultracold atoms with a large aspect
ratio of ωx : ωy : ωz = 1 : 1 : 900. This trap is ideally suited to investigating quantum transport phenomena in 2D over large distances. In combination with the high
resolution imaging system, we designed and realised a range of trapping potentials
for ultracold atoms. A particular example is a dumbbell-shaped potential, where
the transport exhibited oscillations on top of an exponential decay. This agreed well
with experiments performed elsewhere in similar potentials [43, 44].
• In Chapter 6, we extended the dumbbell-shaped potential realised in Chapter 5 to
include disorder within the channel connecting the two reservoirs. This experimental setup enabled an investigation into the transport of ultracold atoms within a 2D
disordered channel.
The experimental data was taken by measuring the evolution of the number imbalance between the reservoirs. From fits of exponential decay curves to this data,
measurements of the channel resistance were made. We particularly investigated
the influence of the disorder filling factor on the resistance, and took advantage of
the versatility of the SLM to investigate different channel lengths. The resistance of
a 25 µm long channel and a 100 µm long channel were found to be equal for zero
disorder, but diverged from each other in the presence of disorder. The resistance of
a long channel was found to increase exponentially with disorder fill-factor, which
strongly contrasted with the weak linear increase measured with the short channel,
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and with the results of a classical simulation. These results indicate that quantum
interference is responsible for inhibiting the transport in the long channel.

7.2

Future work

Our recent realisation of the SLM/2D trap setup is an exciting development, opening the
door to rigorous experimental tests of the physics of 2D Anderson localisation. The setup
is unique and allows us to perform measurements in a 2D transmission setting currently
inaccessible to other experimental groups investigating disordered cold atoms. There are
a number of open questions for this experiment to explore in the coming years.
Our attention has so far focused on pointlike disorder, due to its low percolation
threshold. However, the spatial light modulator allows for any disordered pattern to be
generated. A particular form of disorder which has found theoretical interest is correlated
disorder [242, 243]. Numerical studies into disorder by Piraud et al. with long range
correlations found that under some circumstances, the localisation length can counterintuitively decrease with increasing energy. Such a signature would be a clear indication of Anderson localisation due to wave interference (it is a result of the larger spectral
power at high spatial frequencies).
Another possibility is to take advantage of our ability to induce a biased force by
tilting the 2D trap fringes, as discussed in Section 5.3.2. Recent theoretical work has
proposed such an experiment in a disordered potential transmission experiment, where it
was found that the localisation changes from exponential to algebraic [239]. Our setup,
as a transmission experiment, is especially well-suited to such an experiment.
The disorder is completely controllable, and it is therefore possible to create different
disorder realisations with the same statistics. This is analogous to our phase modulation
experiment of Chapter 4, in which we could generate repeatable and controllable noise
patterns. This is interesting in the spatial disorder context for two reasons. Strictly speaking, localisation is an effect which can only be determined through configurational averaging over all possible disorder realisations [224], and this may be readily achieved with
the SLM to solidify the evidence of localisation. The second interesting application of a
controllable realisation is the investigation of universal conductance fluctuations. Universal conductance fluctuations are a consequence of the quantisation of conductance, and
manifest as large variations in the conductance of order hδGi ∼ e2 /h in electronic systems with different disorder realisations [244, 245]. For example, an experiment measur-
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ing the conductance of a thin silver film at 500 mK found significant fluctuations in the
conductance over a 24 hour period, due to impurity motion within the film [245]. This
would be an intriguing investigation with ultracold atoms and would highlight the quantisation of conductance in a bosonic system, which has not previously been observed [37].
The localisation length in 2D depends exponentially on the particle energy, so for an
accurate determination of the localisation length it is desirable that the energy distribution is narrow. Our loading technique whereby atoms are transferred into the 2D trap
via a 1 second adiabatic ramp goes some way towards this aim, as we reach a temperature of 8 nK. There is still room for improvement however. The most notable experimental effort for narrowing the energy distribution for localisation physics was made by Semeghini et al., where a narrow energy distribution was generated by modulating the disordered potential [88]. Another possible cooling method is delta-kick cooling, where a reddetuned Gaussian beam is pulsed on to the atoms after a time-of-flight expansion time;
the atoms are cooled because the Gaussian beam imparts an impulse proportional to momentum [246]. Temperatures of 50 pK have been reached with this technique [247]. A
cooling mechanism like this could be implemented in our experiment in the near future.
Many exotic lattices such as honeycomb [248] and Kagome lattices [249], possess flat
bands. These flat bands mean that particles within the lattice have an infinite effective
mass and conduction may only occur in edge states, leading to topological systems. Our
implementation of the controllable SLM system allows for the implementation of such
lattices, including the possibility of disorder. This is an especially exciting avenue for
exploring transport physics with ultracold atoms.
For this experiment to make real headway into areas of disorder physics that are currently poorly understood, it is desirable for atom-atom interactions to be controllable. One
option is through the use of 85 Rb or a similar atom that possesses a Feshbach resonance.
With controllable interactions, it will be possible to experimentally investigate the effect
of interactions on localisation. Through measurements of the channel resistance with long
propagation times, this experiment will be able to determine whether a weak nonlinearity
leads to delocalisation [91], which is a question that has not been settled satisfactorily by
numerics. An addition of a lattice on top of the disorder, combined with interaction control, is especially desirable. Such a system will enable the transition from single-particle
Anderson localisation through the Bose glass phase [250–252] and finally to many-body
localisation [93, 94] to be characterised and understood.
To conclude, this thesis has presented a broad range of experiments on quantum trans-
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7.2. FUTURE WORK
port. The development of the spatial light modulator high resolution imaging system
means that the Auckland ultracold atom laboratory has a powerful tool to establish a coherent experimental understanding of engineered quantum systems over the coming years.
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APPENDIX A
Two-dimensional trap design

I

this appendix we give a brief overview of the design of the two-dimensional trap.
Our trap is unique in the sense that it has a large aspect ratio of ≈ 900, with approximately equal isotropic frequencies in x and y of 1 Hz. This permits free movement
in the plane, while freezing out motion in the vertical dimension to provide a quasi-2D
environment.
N

A.1

Gaussian beam propagation

We used numerical simulation of the beam propagation to calculate the trap frequencies.
We recall here the basic properties of Gaussian beam propagation [253]. A Gaussian
beam is characterised by the following (non-independent) properties:
• The Beamwaist, w0 : The 1/e2 radius of the smallest spot size.
• The Wavefront Curvature, R(z): The radius of curvature of the wavefront as
function of propagation distance.
• The Rayleigh Range, zR : The propagation distance over which the width of the
beam increases from w0 to 2w0 .
• Wavelength λ, and wavenumber k = 2π/λ.
The Rayleigh range is calculated as:
zR =

πw02
.
λ
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(A.1)

A.2. CALCULATION OF TRAP PARAMETERS
A Gaussian beam propagating in the z direction, with polarisation in the x direction,
has an electric field given by:

w0
exp
E(r, z) = E0
w(z)



−r2
w(z)2




r2
exp −i kz + k
− ψ(z) x̂,
2R(z)




(A.2)

where the Gouy phase ψ(z) is:

ψ(z) = arctan

z
zR


.

(A.3)

The width of the beam propagates as:
s
w(z) = w0


1+

z
zR

2
;

(A.4)

.

(A.5)

and the radius of curvature propagates as:

R(z) = z 1 +

 z 2 
R

z

The intensity of the beam is proportional to the time-average of the electric field:
I(r, z) =

c0
h|E|2 it .
2

(A.6)

In (A.1-A.6), we have analytic expressions for the propagation of a pure Gaussian beam.
These readily lend themselves to numerical propagation: for example, if we know the
beam radius w(f ) at the lens of focal length f , we apply A.4 to calculate the beamwaist
w0 . This provides us with an electric field given by A.2; if there are two beams overlapping, we calculate the interference pattern by summing the two electric field amplitudes
and time-averaging as in A.6. The trap parameters can then be readily calculated.

A.2

Calculation of trap parameters

We now consider the interference pattern formed by two Gaussian beams intersecting at
an angle θ, as shown in Fig. 5.6. We apply the Gaussian propagation from the preceding
section to obtain the trap frequencies of the resulting optical lattice.
We recall the earlier expression of (2.3) for the potential experienced by an atom due
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to the AC Stark shift:
U (I) =

~Γ2 I
.
8δIsat

(A.7)

The local trap maximum may be approximated as harmonic, where we write U = 0.5Uzz z 2 .
Comparing this with a harmonic potential V = 0.5mω 2 z 2 , we find:
r
ω=

Uzz
.
m

(A.8)

The trap frequency is then calculated by numerically determining the curvature of the
trapping potential U .

A.2.1

Lattice calculation

The interference of the two intersecting λ = 1064 nm beams was simulated by adding
the amplitudes of each beam calculated from (A.2). The trap frequencies were calculated
by applying (A.8). We found an approximate empirical relation for the trap frequencies
using numerics, valid in our region of interest of νx ≈ νy ≈ 1 Hz, νz ≈ 1 kHz. When
constraining νx = νy = νr , and setting the laser power in each beam to be 5 W, we found:
νz = 235νr1/2 θ3/4 ,

(A.9)

where ν = ω/2π is the trap frequency in Hz, and θ is the intersection angle in degrees.
This empirical relation is valid only for small θ. The relation in (A.9) shows that we are
able to independently set the radial trap frequency νr and the vertical trap frequency νz
by adjusting the intersection angle θ. Selecting νr = 1 Hz and νz = 900 Hz, we obtain an
intersection angle of θ = 6o . This provides us with an aspect ratio of 900 — well within
the quasi-2D regime.
The spacing of the interference fringes can be calculated from the path differences of
waves with vectors k1 and k2 :

θ
θ
k1 = k cos ŷ + k sin ẑ,
2
2
θ
θ
k2 = k cos ŷ − k sin ẑ,
2
2

(A.10)
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where k = 2π/λ. The lattice spacing d satisfies the condition |k1 − k2 |d = 2π. This
provides the lattice spacing:
d=

λ
.
2 sin 2θ

(A.11)

With θ = 6o and λ = 1064 nm, we obtain a fringe spacing of 10 µm. This relatively
large fringe spacing is advantageous as it ensures two things: firstly that there is no tunnelling between neighbouring lattice sites; secondly, we will only load one (or a maximum of two) lattice sites from our BEC, which has a Thomas–Fermi radius of approximately 1 µm.

A.2.2

Beam properties

The numerical propagation tool allowed us to translate the trap frequencies into Gaussian
beam parameters, allowing us to design the required beam shaping. We found that the
optimum beamwaist in the z direction is 200 µm, while in the x direction the optimum
beamwaist is 4 mm. Using (A.4), we find that it is optimum to start with an elliptical
beam of radii 4 mm and 0.9 mm; to have the beam collimated in the x direction and
weakly focused in the z direction; and for the final focusing lens to be a cylindrical lens in
z with a focal length of 500 mm. We provide a summary of the beam and trap properties
in Table 5.1.

A.2.3

Single beam

We now compare this design to a trap created from a single focused beam (propagating in
the y direction). Again using the numerical propagation tool, we find the relation between
the trapping frequencies to be
νz = 212νx1/7 νy4/7 .

(A.12)

In order to ensure quasi-free movement in x and y, we would like νx = νy ≈ 1 Hz.
However, this limits the vertical trapping frequency to ∼ 200 Hz, which is not sufficient
confinement for the excitations in z to be frozen out. The very strong dependence of νx,y
on νz means that the trapping in z cannot be strengthened without introducing significant
harmonic trapping along x or y. The fringes produced by interfering two beams naturally
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provide tight vertical trapping, without inducing the strong beam divergence and associated planar trapping of a single focused beam.
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