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Optimal Progressivity of Redistribution With Frictions to

Knowledge Diffusion

Debasis Bandyopadhyay∗†

University of Auckland
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Abstract

Benabou (2002) strengthens the so-called Effi cient Redistribution Hypothesis

(ERH) by demonstrating how income redistribution can promote growth and wel-

fare by mitigating economic waste from resource misallocation that is caused by

credit market frictions to production, which is subject to diminishing returns. We

ask how the presence of knowledge externality in private education technology and

social frictions resisting knowledge diffusion changes the optimal progressivity. In

the model, the distribution of human capital of the parent’s generation determines

the stock of nonrival knowledge through a process of diffusion which is subject to

communication frictions. The output cost of inequality and the optimal progressiv-

ity increase with the degree of knowledge externality and hence with social returns

to education, if and only if, frictions to diffusion outweigh frictions to production.

If the inequality augmenting neighborhood effect of parental human capital is rela-

tively large, compared to the inequality mitigating impact of the economy’s stock of

nonrival knowledge, then the ERH fails with low communication frictions. However,

if frictions and social returns to education are large, irrespective of its local or global
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We thank Professor Steve Turnovsky for including our paper in the program. We also thank the April 2014
seminar participants at the NUS in Singapore and, in particular, Professor Jie Zhang for his insightful
comments on an earlier draft of this paper we presented there. This research has been partially supported
by a research grant from the PBRF of the Economics Department and the FRDF # 3700886 of the
University of Auckland.
†Contact address: Dept. of Economics, OGGB (Level 6), 12 Grafton Road, University of Auckland,

PB 92019, Auckland, New Zealand; e-mail: debasis@auckland.ac.nz.
‡Contact address: Department of Economics, 70 Elgar Road, Burwood, Victoria, 3125, Australia;
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origin, then even with endogenous growth led by constant returns to capital, the

ERH survives.

Keywords: Communication Frictions, Knowledge Externality, Education Sys-

tem, Endogenous Growth, Macroeconomic Cost of Redistribution, Inequality and

Welfare.

JEL: E25, E62, O11, O15, O23, O33, O41

1 Introduction

A large body of literature, since Galor and Zeira (1993) and continuing with Mookherjee

and Ray (2010), focusses on the issue of wasteful income inequality that arises from a

combination of diminishing returns to inputs and resource misallocation due to credit

market frictions.1 The focus of that literature makes Benabou’s (2002) finding of a signif-

icantly large progressivity (about 30%) to be optimal in the US for mitigating the growth-

retarding inequality quite noteworthy and relevant for macroeconomic policy analysis. His

model and quantitative findings advance the so-called Effi cient Redistribution Hypothesis

(ERH) by providing an important dynamic micro-foundation for it.2 We ask if a con-

sideration of knowledge diffusion, which he abstracted from, would reduce the need for

redistribution or if the degree of heterogeneity in a society causing frictions to knowledge

diffusion plays a critical role in determining the optimal progressivity.

Barriers to communication typically make highly skilled people dependant on the ser-

vices of people with lower skill, especially in a large economy-wide project, such as the

gigantic task of improving the design of the economy’s education system (e.g., the cur-

riculum for primary and secondary schools). Such a task requires more than a few elite

and often the whole community of educators and administrators. With communication

frictions, knowledge regarding the best practice methodology cannot be made easily ac-

cessible to everyone, and hence, the diffusion of nonrival knowledge in the economy slows

down. Benabou (1996) notes that "poorly educated, insuffi ciently skilled production or

clerical workers will drag down the productivity of the engineers and doctors" if they need

to work together on a large project. Conversely, Woolcock (1998) notes that "the latest

equipment and most innovative ideas in the hands or mind of the brightest, fittest person,

1Aghion et al. (1999) provide a good introductory summary to this literature.
2One may find an early reference to that hypothesis in the 1983 discussions among Becker, Gardner

and Stigler (see Bullock, 1995), which proclaim that the government led redistribution could be effi cient,
if it is Pareto Optimal.
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however, will amount to little unless that person also has access to others to inform, cor-

rect, assist with, and disseminate their work." The notion of social capital popularized by

Portes (1998) and Putnam (2001) suggests that such complementary feedbacks between

people of high and low human capital arise primarily through nonmarket interactions and,

arguably, the degree of complementarity (or non-substitutability) increases with commu-

nication frictions. Such frictions occur typically due to a lack of trust, tolerence and

cooperation because of heterogeneity arising from social diversity in language, religion,

ethnicity and other relevant forms of polarizations, or, low social capital. Frictions to

diffusion may arise also from the heterogeneity implied by a mismatch between task and

skill, such as what Acemoglu and Autor (2012) highlight and from "long- term genealog-

ical distance", which Spolaore and Wacziarg (2011) report as a barrier to communication

that hinders knowledge diffusion.3

Moreover, like Lloyd-Ellis (1999), we note that "the ability of the workforce to acquire

and upgrade its skills is in large part constrained by the nature and quality of the institu-

tions that enable it to do this." Thus, the impact of that social capital on the individual

ability to accumulate human capital works through the quality of the economy’s educa-

tion technology. One relevant and important example of this century would be to see

how communication frictions in a patriarchal society resist diffusion of knowledge about

barriers to women’s education that typically arise out of parents’concern for preserving

the “sexual purity”of their female children before marriage. The introduction of sex edu-

cation and equal rights in the school curriculum could go a long way to improve parents’

valuation of the investment in their daughter’s education. However, such a change to the

national curriculum finds resistance from a large mass of people with low human capital.

Consequently, in a patriarchal society, women’s education falls short and the economy

loses output growth and welfare.

On the other hand, if there is an economy-wide positive impact of social capital,

such as the spread of public education, then it offsets the so-called inequality augment-

ing "neighborhood effects" that differentiate the quality of education accessible to people

living in different areas or in different segments of society.4 However, from the findings

of Cohen and Levinthal (1989), one may also conclude that such economy-wide knowl-

3Heterogeneity arising from the ancestral composition of current populations can also be found in a
few other influential papers by Putterman and Weil (2010), Comin, et al. (2010) and Ashraf and Galor
(2013).

4Empirical evidence behind the potential relevance of such dynamic externalities operating through
education can be found from the earlier work by Hanushek (1992), Heckman and Klenow (1997) and
Lloyd-Ellis (2000).
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edge externality may benefit families with higher parental stock of human capital by a

disproportionately larger amount and hence may aggravate inequality. Recent work by

Mookherjee et al. (2010), which examines how interpersonal complementarities give rise

to a notion of “social distance”, also highlights the relative importance of local versus

global “social interactions” in determining the cost of acquiring education and, in turn,

the effectiveness of the education technology specific to a network or neighborhood. The

resulting ambiguity regarding the overall impact of an improvement in the quality of ed-

ucation in the economy on its long-run income inequality calls for a re-examination of the

earlier litearture on the ERH. In particular, it calls for a re-examination of the optimal

progressivity implicit in the growth promoting redistribution hypothesis (pioneered by

Benabou, 2002), but in a broader model to include a consideration for social frictions to

knowledge diffusion and their impact on the quality of education technology.

The controversy surrounding the ERH and, in particular, the merit of progressive

redistribution in promoting growth continues to generate a large volume of literature

and policy debate. Caucutt et al. (2003) consider how the external effect that serves

as the engine of growth may have important implications on the impact of progressive

taxes in the economy. Subsequently, Erosa and Koreshkova (2007) and Krueger and Lud-

wig (2013) also make an important contribution to that debate. However, like Benabou

(2002), researchers do not typically consider the dynamic externality through the evolu-

tion of the quality of education, which is subject to social frictions, in the spirit of our

discussion above. This gap in the literature is obvious with Aghion and Jaravel (2015)

encouraging researchers to explore the intricate role of knowledge spillover in the macro-

economic models of income distribution and growth. In particular, they ask to discern

carefully various implications for a thought-provoking discovery of Cohen and Levinthal

(1989), which implies an important complementarity between nonrival knowledge and

rival human capital.

The above developments in the literature lead us to ask two key questions which we

seek to answer in this paper: does the ERH hold in the presence of the above complemen-

tarity, and how does the extent of social frictions to knowledge diffusion affect the optimal

progressivity?

To answer these two questions, we model the growth of nonrival knowledge, following

a suggestion made in Jovanovic and Rob (1989), as an outcome of diffusion, which, how-

ever, is subject to communication frictions. We also incorporate it as an externality into

the education technology of Benabou (2002) to allow for a complementarity between the
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education quality, measured by that nonrival knowledge, and the marginal effi ciency of

investment in human capital.5 Our generalized model posits Benabou’s (2002) economy,

as a special case without endogenous growth, as well as its extension presented in Bandy-

opadhyay and Tang (2011), with endogenous growth. In addition, our model incorporates

valuable insights from Galor and Moav (2004) by allowing a critical role of physical capi-

tal such as machine and tools to boost the knowledge-absorbing power of human capital.

The relevance of the above strategy also comes from Cohen and Levinthal’s (1989) find-

ing regarding the importance of private absorption ability. However the presence of such

complementarity between physical and human capital also boosts the private returns to

schooling, which, in turn, implies a decrease in the optimal progressivity.

Despite the above generalization, we find a few simple and robust results regarding the

optimal progressivity that critically depends on the relative strength of the communication

frictions to knowledge diffusion and the credit market frictions to output production. In

particular, we find that given any arbitrary parameter values considered in Benabou

(2002), there exist plausible values of the two parameters; one governing the strength

of communication frictions to knowledge diffusion and the other measuring the degree

of knowledge externality in the education technology, so that zero progressivity turns

out to be optimal. However, at the same time, and contrary to the implications of

Bandyopadhyay and Tang (2011), the extension of Benabou (2002) to endogenous growth

does not necessarily imply that zero progressivity would be optimal. Instead, the optimal

progressivity relies critically on the strength of communication frictions relative to credit

market frictions. These results stand in sharp contrast with the general understanding in

the literature regarding optimal progressivity and the ERH that stems from it.

Our model also provides a rationale for generating differences in technology due to

endogenous variations of education quality across countries in a way to complement the

recent findings of Manuelli and Seshadri (2014). This demonstrates how a small differ-

ence in the production technology can generate large differences in human capital across

countries. In particular, one outcome of our model runs parallel with their argument

that suggests in poorer countries with a lower level of (education) technology, the same

investment in education generates a smaller increase in human capital because the level

of technology is complementary to the marginal effi ciency in investment in education.

5Tamura (1991), Glomm and Ravikumar (1992), Galor and Tsiddon (1997), Fernandez and Rogerson
(1998), de la Croix and Doepke (2003), Zhang (2005) and Viaene and Zilcha (2009) constitute some
earlier examples of modelling of such complementarity where the economy’s knowledge stock is typically
proxied by the average human capital.
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Our result also highlights the importance of future empirical research for estimating the

degree of heterogeneity in a society or the extent of frictions to knowledge diffusion that

results from it in addition to the degree of complementarity between nonrival knowledge

(or social capital) and human capital. The work of Acemoglu and Angrist (2001) and

Moretti (2004) provide clues to estimating such externality, however, with an important

caveat. In their model, knowledge externality affects production rather than education.

Also, recent advances in theory by Comin, et al. (2010) regarding new measures of

the deep roots of heterogeneity in technological traits, and by Spolaore and Wacziarg

(2011) regarding new measures of genealogical differences that hinder knowledge diffusion

among people in a country provide clues for estimating the degree of heterogeneity and

the resulting extent of frictions to knowledge diffusions. Further advances with Putnam’s

(2001) measure of social capital, Bertrand’s et al. (2000) language based measure of

network, and Ottaviano and Peri’s (2012) work on how the degree of complementarity

varies between educated people with different historical backgrounds provide further clues.

Section 2 augments Benabou’s (2002) model with knowledge diffusion externality and

physical capital. Section 3 characterizes the model’s equilibrium dynamics concerning

heterogeneity and knowledge diffusion. Section 4 discusses the model’s stationary states

with or without endogenous growth. Section 5 evaluates the ERH by weighing the trade-

off between the marginal cost of inequality on growth (as highlighted in Benabou, 2002)

and the macroeconomic cost of a progressive redistribution (as highlighted in Hoxby, 2008

and in Bandypadhyay and Tang, 2011). Section 6 presents four key results and Section 7

extends these results by broadening the definition of optimality to consider welfare max-

imization. Section 8 includes a few concluding remarks, followed by Appendix A, which

establishes an equivalence between the equilibrium of the model economy and its comepet-

itive equilibrium counterpart. Appendix B includes proofs of lemmas, propositions and

the key results excluded in the paper.

2 The Model

Following Benabou (2002), we focus on economies where parents have no access to long-

term credit markets for accumulation of human capital. However, they can leave bequests

of physical capital, which boosts utilization of human capital of their children, that,

however, cannot be further passed on to their grandchildren, since these tools become

obsolete at the end of each generation. This modelling strategy of introducing physical
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capital in the Benabou (2002) type environment parallels Galor and Moav (2004). Con-

sequently, family income continues to play a pivotal role in determining the education of

children. Within the above set-up, we generalize the seminal dynamic microfoundation of

the effi cient redistribution hypothesis (ERH ) (given by Benabou, 2002) with the following

innovations.

First, in the spirit of Jovanovic and Rob (1989), the conversion of private human

capital into publicly available nonrival knowledge occurs through nonmarket interactions

via a process of diffusion of knowledge that increases with the inequality of human capital

and decreases with communication frictions. Second, in the spirit of Tamura (1991), the

available stock of knowledge in the economy complements the effi ciency of human capital

accumulation. Third, we allow a critical role of physical capital, as a complementary tool

in production that boosts the productivity of human capital, or equivalently, its absorptive

power of nonrival knowledge, thus capturing the insights of Cohen and Lenthal’s (1989)

finding, and thereby, raising the private returns to education.

There is a continuum of infinitely lived, dynastical agents with measure one, and

indexed by i ∈ [0, 1]. Following Loury (1981), each dynasty i is made of a sequence of

families, consisting of individuals who live for two periods, first as a child and then as an

adult. At each date t, the adult parent of the dynasty i (or, simply the agent i) possesses

hit units of human capital and k
i
t units of physical capital, chosen by her parent at t − 1

and one unit of labor. The adult parent also makes all relevant decisions.

Dynasties live in neighborhoods, segregated by their human capital.6 The parent-

educator representative from each neighborhood interacts with other representatives to

improve the design of the education system for the whole economy in a way so that

the overall quality of education in the economy becomes a function of the distribution of

human capital in the economy. If there are no significant barriers to communication among

the educators from different neighborhoods, the national curriculum would incorporate

the ideas of the best minds so the gain in nonrival knowledge through diffusion would

be increasing with the inequality of human capital. On the other hand, with significant

communication frictions the educators with high human capital would be constrained

by the level of comprehension of the educators at the tail end of the human capital

distribution in making a contribution to the growth of nonrival knowledge, or, equivalently,

6If financing of public education is decentralized and depends largely on the income of the local
community, with poor parents unable to borrow against children’s income to buy houses in a richer
neighborhood with better schooling, then natural stratification and segregation of neighborhoods may
occur, as described in Durlauf (1994) and Benabou (1996). We make a further simplifying assumption,
without any loss of generality, that within each neighborhood resident adults have identical human capital.
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in improving the quality of the education system in the economy. Consequently, the

growth of knowledge would decrease with the inequality of human capital.

To capture the above complementarity in the production of education quality or, its

equivalent of nonrival knowledge Kt, at each date t, we propose a function which closely

resembles a suggestion made in Benabou (2002) as follows:

Kt ≡
(∫ 1

0

(
hit
)ω
di

)1/ω

, ω > 0, (1)

where we interpret the parameter ω as the ease of communication and 1/ω as a measure

of communication friction.7

Following Tiebout’s (1956) theory of local public goods and its implication for the

"neighborhood externality" modelled in Durlauf (1994), Benabou (1996) and Galor and

Tsiddon (1997), we assume that the parental human capital hit proxies for the differen-

tiated quality of education available in the ith neighborhood where the child member of

the dynasty i gets her education so the effectiveness of investment in human capital is

complementary to parental human capital.

Moreover, as described above, interactions among the educators across different neigh-

borhoods govern the growth of nonrival knowledgeKt and hence the quality of the institu-

tions for delivering education in a country. We, therefore, assume a knowledge externality

in the education technology such that, at date t+1, the dynasty i’s adult’s human capital

hit+1, as a function of the knowledge stock Kt of the previous generation, her parental

human capital hit, her inborn ability ξ
i
t+1 and the parental investment on her education

eit, is given by,

hit+1 = κ̄Kδ
t ξ

i
t+1

(
hit
)α (

eit
)β
, κ̄, α, β, δ > 0, α + β < 1. (2)

The parameter α captures the neighborhood effect that differentiates education quality

to aggravate inequality across neighborhoods. The parameter δ measures the degree

knowledge externality, as in Tamura (1991). It captures the reality that despite the local

differentiation the quality of education in each neighborhood depends critically on the

7The parameter ω serves like a CES aggregator so the CES is given by 1
1−ω such that ω < 1 represents

the case when human capital inputs are imperfect substitutes or complements and ω = 1 represents the
case when they are perfect substitutes, as in Tamura (1991). If 0 < ω < 1, along the lines of Benabou
(1996), then a lower value of ω (or, equivalently a lower CES and a greater degree of complementarity)
implies a lower stock of non-rival knowledge K, generated from a given distribution of human capital.
Thus, a lower ω seems observationally equivalent to stronger frictions to knowledge diffusion.
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quality of the national institutions for education and, therefore, it works to mitigate the

inequality augmenting effect of the segregated neighborhoods. Given the quality of the

national and local institutions for delivering education and the child’s ability to learn, the

parameter β measures the marginal effi ciency of the parental investment in the child’s

education.

The idiosyncratic, inborn ability ξit could also be interpreted as an uninsurable shock

to the utilization of the human capital. Following Benabou (2002), we assume that, at

any date t, ξit are i.i.d. with ln ξit ∼ N (−σ2/2, σ2), where σ2 is a parameter.

As mentioned earlier, capital goods serve as complementary tools for a productive

utilization of human capital and they become obsolete at the end of each generation, thus

implying a depriciation rate of one hundred percent. The date t parent of each dynasty

i leaves new capital tools kit+1suitable for their children’s generation t + 1 as bequest bit
such that

kit+1 = bit. (3)

The production technology resembles the one in Barro, Mankiw and Sala-i-Martin

(1995) so the output of the self-employed agent i as a function of her physical and human

capital kit, h
i
t and labor l

i
t satisfies

yit =
(
kit
)λ (

hit
)µ (

lit
)ε
; λ, µ, ε > 0, and λ+ µ+ ε = 1. (4)

Initial endowments of physical and human capital ki0 and h
i
0 of the adult head of the

dynasty in period t = 0 are jointly, lognormally distributed and each adult receives one

unit of labor endowment in each period.

By assumption, the government cannot detect innate ability ξit and neighborhood or

family effects hit, but does observe individual incomes y
i
t, and hence taxes on human

capital are not feasible. Our focus, however, remains only on progressive income taxes.

The progressivity parameter τ , such that 0 < τ < 1, measures the average marginal tax

rate and is identified as the degree of redistribution or progressivity in fiscal policy.8 The

earlier work of Jakobsson (1976) and Kakwani (1977), and its use in Benabou (2002),

posits the appropriateness of such parameterization such that the disposable income of a

8Note that on a logarithmic scale τ denotes the proportional tax rate on the log of personal income
and the parameter τ is equal to the income weighted average marginal tax (and transfer) rate: τ =∫ 1

0
T ′
(
yit
)
·
(
yit/yt

)
di, where T

(
yit
)

= yit − ŷit is the net tax paid at income level yit.
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typical agent at a date t satisfies

ŷit ≡
(
yit
)1−τ

(ỹt)
τ , (5)

where ỹt represents the break-even level of income where those with an income above ỹt
pay net tax, while those with an income below ỹt receive net transfers.

The absence of a credit market implies that the parent cannot pass on her debt to

her child. Consequently, the disposable income ŷit of the agent i must equal her total

expenditure on consumption cit, private education expenditure e
i
t and bequest b

i
t such that

ŷit = cit + eit + bit. (6)

The preference of the dynastical agent i at period t is given by:

lnU i
t = Et

[ ∞∑
n=0

ρn
(
ln cit+n −

(
lit+n
)η)]

, η > 1, (7)

where cit ≥ 0 and lit ∈ [0, 1] denote, respectively, the joint consumption of the family

and the labor supply by the adult of the dynasty i in period t; ρ ∈ (0, 1) is the discount

factor.9

The population size being normalized to unity, the balanced-budget constraint for the

government implies that ∫ 1

0

ŷitdi =

∫ 1

0

yitdi ≡ yt, (8)

where, yt denotes the per-capita income.

3 The Equilibrium

At each date t, let mt ≡ (mkt, mht) denote the vector of means and ∆ ≡ (∆2
kt, ∆2

ht,

covt) denote the vector of variance and covariance of lnhit and ln kit. Define the vector of

economy-wide state variables: χt ≡ (mt,∆t). Then for the agent’s dynamic optimization

problem, the state variables are (hit, k
i
t, χt; τ), the control variables are (cit, l

i
t, e

i
t, b

i
t) and

9Note that the intertemporal elasticity % of substitution of labor is given by % = 1
η−1 so the value of

leisure increases with η while % decreases with it. We assume % > 0 or, equivalently, η > 1. Also, unlike
Benabou (2002), we confine our focus to a logarithmic utility function because our focus lies on deriving
insightful theoretical results rather than numerical estimates.
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the Bellman equation is as follows

lnU
(
hit, k

i
t, χt; τ

)
= max

cit,l
i
t,e
i
t,b
i
t

{
(1− ρ)

[
ln cit − (lit)

η]
+ρEt

[
lnU(hit+1, k

i
t+1, χt+1; τ)

] } , (9)

subject to (2)-(6). The first order conditions associated with the Bellman equation de-

scribed by (9) yield solutions to the agent’s problem including the following Lemma.

Lemma 1: The optimal saving rate si1t ≡ eit/ŷ
i
t for investment in education, the

optimal saving rate for bequest, si2t ≡ bit/ŷ
i
t and the optimal labor supply lit are time

invariant constants and decrease with the average marginal income tax rate τ :

si1t =
ρβµ (1− τ)

1− ρα ≡ s1,
∂s1

∂τ
< 0, (10)

si2t = ρλ (1− τ) ≡ s2,
∂s2

∂τ
< 0. (11)

lit =

(
(ε/η) (1− τ)

1− s1 − s2

)1/η

≡ l,
∂l

∂τ
< 0. (12)

Proof: see Appendix B.

Lemma 1 spells out the typical microeconomic disincentives of income taxation on the

supply of inputs, the positive effects of thriftiness (ρ) on saving, that of effi ciency (β) of

schooling on the parental investment in education, that of output elasticity λ of capital,

µ of human capital and ε of labor. Lemma 1 also spells out the negative intertemporal

substitution effects due to a decrease in the investment rates, s1 and s2, and of the negative

effects η, proxying the value of leisure on the supply of labor input. Note that the dynasty

internalizes the choice of the neighborhood and hence a larger "neighborhood effect" (α)

encourages parental investment in education thereby aggravating inequality. However, the

degree (δ) of economy-wide knowledge externality only creates an edge between the social

and private returns to schooling and does not affect private investment in education.

Together with the government’s budget constraint (8), the above decision rules imply

a unique sequence of the aggregate state {χt} that coincides with what the agent i takes
as given in (9) such that at each date t = 0, 1, 2, .., the aggregate consistency condition

holds:

yt ≡
∫ 1

0

yitdi =

∫ 1

0

citdi+

∫ 1

0

eitdi+

∫ 1

0

bitdi. (13)
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In other words, at each date t the economy’s output equals the aggregate demand for

consumption and investment in education and bequest.

For each dynasty i, the logarithm of (3), combining with (4), (5), (11) and (12), yields

the dynamics of physical capital and the logarithm of (2), combining with (1) , (10) and

(12) yields, respectively, the dynamics of physical and human capital as follows:

ln kit+1 = ln s2 (τ) + ε (1− τ) ln l (τ) + λ (1− τ) ln kit (14)

+ µ (1− τ) lnhit + τ ln ỹt,

lnhit+1 = ln κ̄+ δ lnKt + β ln s1 (τ) + βε (1− τ) ln l (τ) + ln ξit+1 (15)

+βλ (1− τ) ln kit + (α + βµ (1− τ)) lnhit + βτ ln ỹt,

where, the endogenous threshold ỹt that divides the population at each date t between

two distinct groups: the net tax payers (or the rich: yit > ỹt) and the net transfer receivers

(or the poor: yit ≤ ỹt). Substituting (14) and (15) into the logarithm of (4) yields the

equilibrium path of income for agent i such that

ln yit+1 = ψ (τ) + µ(ln κ̄+ δ lnKt) + µ ln ξit+1 + (λ+ βµ) τ ln ỹt (16)

− αλτ ln ỹt−1 + (α + (λ+ βµ) (1− τ)) ln yit − αλ (1− τ) ln yit−1,

where ψ (τ) ≡ βµ ln s1 (τ) + λ (1− α) ln s2 (τ) + (1− α) ε ln l (τ).

Next, we denote vectors, dφ ≡ (ln s2 + ε ln l, ln κ̄ − σ2/2 + β ln s1 + βε ln l), dτ ≡
(τ (2− τ) , βτ (2− τ)), dδω ≡ (0, δω), a ≡ (0, σ2, 0), λ̃ ≡ λ (1− τ), µ̃ ≡ µ (1− τ),

z ≡ α + βµ̃ and the matrices A and B such that

A ≡
[
λ µ

βλ α + βµ+ δ

]
; B ≡


λ̃

2
µ̃2 2λ̃µ̃

β2λ̃
2

z2 2βλ̃z

βλ̃
2

µ̃z λ̃ (z + βµ̃)

 (17)

so as to describe the existence and uniqueness condition of the model’s equilibrium with

the following proposition:

PROPOSITION 1: There exists a unique equilibrium {χt} such that, given the joint
initial distribution of human and physical capital, respectively, by (14) and (15), physical

and human capital remain jointly lognormally distributed over time, and, at each date t,

12



denoting the transpose of a vector with a superscript T , χt satisfies

mT
t+1 = AmT

t + dTτ Λt + dTδω∆2
ht/2 + dTφ , (18)

and

∆T
t+1 = aT +B ∗∆T

t . (19)

Proof: see Appendix B.

Given χ0, (18)-(19) yields a unique sequence {χt}t=1,2,..∞ that characterizes the key

equilibrium dynamics of our model.

3.1 Heterogeneity, Diffusion and the Evolution of Nonrival Knowl-

edge

We identify from (16) the intergenerational persistence of income, p, between two consec-

utive generations and define a function of R(.) as follows:

p ≡ α + (λ+ βµ) (1− τ) , R(p) ≡ p

1 + λα (1− τ)
. (20)

Next, in line with Benabou (2002), we define for each date t the index of income

inequality Λt as the logarithm of the ratio of mean to median income, which also equals

the variance of the logarithmic earnings of agents.

The following lemma characterizes that the steady state value Λ of that inequality

and shows that the endogenous threshold ỹt betwen rich tax payers and the poor transfer

receiver, relative to the per capita income, is directly proportional to Λ:

Lemma 2: At each date t, the model’s inequality index Λt equals the variance of log-

arithmic earnings of agents such that Λt =
(
λ2∆2

kt + µ2∆2
ht + 2λµcovt

)
/2 and converges

to Λ > 0 such that

Λ =
µ2(

1− (λα (1− τ))2) (1−R(p)2)

σ2

2
, (21)

where R(p) is given by (20) and, relative to the per capita income yt, the endogenous

threshold ỹt that separates the tax paying rich from the poor with zero net tax obligation:

ln
ỹt
yt

= (1− τ) Λ. (22)

13



Proof: see Appendix B.

The following lemma describes the evolution of the stock of nonrival knowledge in the

economy:

Lemma 3: The date t stock Kt of knowledge, as a function of various measures of

heterogeneity, the lagged per capita income and its growth rate, evolves as follows:

lnKt =

(
ω∆2

ht/2 +
1

µ

(
−Λt + λ∆2

kt/2 + (1− λ) ln yt−1 + γt−1

−ε ln l − λ ln s2

))
, (23)

where γt−1 ≡ ln yt − ln yt−1 and the constants s2 and l are given by (11) and (12). If

λ = 0 then ∂ lnKt
∂Λt

T 0, if and only if, ω T 1, for human capital as given when mean

preserving spread holds.

Proof: see Appendix B.

The above lemma describes how heterogeneity interacts with knowledge through four

separate channels. First, a greater variance of human capital facilitates diffusion of knowl-

edge along the line that is similar to Jovanovic and Rob (1989). Second, income inequal-

ity causes the economy to lose output due to misallocation of resources, caused by credit

market frictions, as discussed in Benabou (2002). The output loss due to inequality cor-

responds to lower investment in education and the implied loss of potential human capital

means reduced scope for diffusion and a lower stock of nonrival knowledge in the econ-

omy.10 Third, a greater heterogeneity in the population may increase nonmarket barriers

to communication, as suggested by Spolaore and Wacziarg (2011), thus causing a stronger

friction (1/ω) to diffusion of knowledge, or a lower ω, as per our earlier discussion in foot-

note 7. A stronger friction to diffusion would inhibit the creation of nonrival knowledge

through nonmarket interactions among people, causing a lower stock of knowledge for

a given distribution of human capital, where knowledge represents "aggregated human

capital" of Benabou (1996) and Acemoglu and Autor (2012). Fourth, an intertemporal

effect of the lagged per capita income, or, equivalently, past accumulated stock of nonrival

knowledge exerts a cumulative positive impact on its growth via the principle of increasing

returns, which is along the lines of Lucas (1988) and Tamura (1991).

10Note that the loss of output due to such misallocation increases with the degree of concavity (the
curvature) 1/µ of the production function. Consequently, we use the degree of concavity 1/µ as the proxy
for the credit market frictions to production.
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In Benabou’s (2002) environment, after we augment it to include knowledge diffusion

externality such that ω > 0, λ = 0, by Lemma 2, Λt = µ2∆2
ht/2. If we allow phys-

ical capital to complement the utilization of human capital in production and thereby

indirectly to facilitate investment in education and the subsequent diffusion of the accu-

mulated knowledge across the economy, then the impact of heterogeneity on the evolution

of knowledge appears to become non-trivial. However, it is noteworthy that credit market

frictions continue to weaken the natural positive association between the current and past

stock of knowledge because the transmission of nonrival knowledge from the past requires

the mechanism of private education that is subject to credit market frictions and which

increases with the productive values (λ and µ) of the privately excludable capital.

4 Stationary States without Endogenous Growth

The economy’s stock of nonrival knowledge available to the population of parent educators

complements the overall impact of private investment in education in the economy, thus

creating an edge between the private and social returns to investment in education.

On average, an investment in every child’s education, equivalent to one percent of her

parental human capital, generates a private return of (α + βµ
1−λ) in each neighborhood,

supplemented by an additional economy-wide social return of δ units due to the com-

plementary feedbacks from an improved quality of the economy’s system of education.

Together they augment the next period’s average human capital by (α + βµ
1−λ + δ) units.

Clearly, diminishing returns to input in the technology of both production and education

imply that the private rate of return to education α + βµ
1−λ < 1. Consequently, the in-

vestment in human capital inputs would reproduce itself with 100% return, thus causing

endogenous growth of output, if and only if, the private and the social returns together

sum to unity so that δ = δ∗, where

δ∗ ≡ 1−
(
α +

βµ

1− λ

)
. (24)

The intuitive condition stated above also follows from (18) such that

mT
t+1 = [dTφ + dTτ Λt + dTδω∆2

ht/2] [I − AL]−1 , (25)

where I and L denote respectively the identity matrix and the lag operator. The following

proposition shows that if |I − A| 6= 0, then mt converges to a stationary state and if
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|I − A| = 0, then mt exhibits endogenous growth.

PROPOSITION 2a : If δ < δ∗, then the per capita income yt converges to a unique

steady state y > 0, regardless of its initial condition; if δ > δ∗, then yt will converge to

the same steady state y > 0, only under an appropriate initial condition; and if, and only

if, δ = δ∗, then the model economy exhibits endogenous growth with a balanced growth

path such that the long-run growth rate γt ≡ ln yt+1 − ln yt = γ.

Proof: see Appendix B.

Next, we characterize the impact of the two external effects as cumulative multiplier

effects that causes output growth due to factors responsible for input accumulation and

net of output loss due to inequality.

PROPOSITION 2b: The steady state per capita income y satisfies

ln y = My (Φ−ΨΛ) , where, My =
1

(1− λ) (δ∗ − δ) , if δ 6= δ∗; (26)

where Λ is given by (21), Φ and Ψ denote two functions of δ and τ , indicating, re-

spectively, the input level and marginal cost of inequality on output, and Φ∗, Ψ∗ and Λ∗

indicate values of the corresponding functions evaluated at δ = δ∗, satisfying (24), such

that

Φ ≡ µ ln κ̄−
(
µ− (λ+ µ)2)σ2/2 + βµ ln s1 + λ (1− α− δ) ln s2 + (1− α− δ) ε ln l, (27)

where, the education investment rate s1, the bequest rate s2 and the labor supply l are,

respectively, given by (10), (11) and (12) and Ψ ≡
4∑
j=1

Ψj such that

Ψ1 ≡
(
1− λ2α2 (1− τ)2)(1 +

λ

µ

)2

> 0, (28)

Ψ2 = −
(
1 + (λ+ βµ) τ (1− τ)− δ − p+ (α + δ)λ (1− τ)2) < 0, (29)

Ψ3 = −R(p)2Ψ1 < 0, (30)

and

Ψ4 = −δω
µ

(
(1− λ (1− τ) (α + 2βµ (1− τ)))

(
1− λ2 (1− τ)2)− 2βµλ3 (1− τ)4)

1 + λα (1− τ)
, (31)
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Proof: see Appendix B.

4.1 A Note on Multipliers and Endogenous Growth

Clearly, if the loss of growth ΨΛ due to inequality exactly offsets the contribution of

input Φ to economic growth, then growth disappears. The multiplier effects arise from

mutually complementary feedbacks between the productivity of inputs and the stock of

nonrival knowledge. The two parameters α and δ, respectively, capture a neighborhood

specific and economy wide spillover of knowledge, both of which augments the human

capital of all future generations and hence contributes to the cumulative growth of labor

productivity and output. The presence of two forms of capital leads to a mutual feedback

of productivity gains that cumulate the initial growth spur for infinitely many periods.

If the values of those five parameters are large enough then those mutually productivity

augmenting feedbacks generate endogenous growth.

5 Effi cient Redistribution Hypothesis (ERH )

We now explore how the knowledge externality affects the ERH when it plays a significant

role in determining the social returns to education.

5.1 Progressivity versus Knowledge Externality

The following lemma illustrates how income redistribution and knowledge diffusion play

an equivalent role in lowering income inequality:

Lemma 5: Across alternative steady states, a greater progressivity τ corresponds to a
lower income inequality such that

∂Λ

∂τ
= −zΛ < 0, (32)

where, z > 0.

Proof: see Appendix B.
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5.2 Output Promoting Diffusion

It turns out that a greater degree δ of externality does not necessarily raise the long run

per capita income y.

Without any loss of generality, purely for expositional simplicity, we describe the case

with τ = 0. By differentiating (26) with respect to δ we get, respectively,

∂ ln y

∂δ
|τ=0= My

(
∂Φ

∂δ
+ ΓyΛ + (1− λ) ln y

)
; Γy ≡ −

∂Ψ

∂δ
, (33)

If positive, then ΓyΛ represents the potential output gains from diffusion which in-

creases with inequality. The term (1− λ) ln y or λγ represents output gains from knowl-

edge diffusion, facilitated by physical capital, as indicated in (23). The following lemma

helps us to characterize suffi cient conditions for knowledge spillover to be output-promoting.

Lemma 6: If δ < δ∗, then (i) ∂Φ
∂δ
> 0 and (ii) Γy S 0 if and only if ω S µθ, where,

θ1 > θ > θ2.11 If λ = 0 then θ = 1.

Proof: see Appendix B.

Next, we focus on our key issue: how the knowledge diffusion externality affects the

optimal progressivity.

5.3 Optimal Progressivity

Differentiating (26) with respect to τ yields,

∂ ln y

∂τ
= My

(
∂Φ

∂τ
−
(
∂Ψ

∂τ
Λ + Ψ

∂Λ

∂τ

))
. (34)

Thus, by (34), there are three distinct channels through which progressivity affects output.

First, ∂Φ
∂τ
< 0 describes the microeconomic cost of a greater progressivity, measured by the

reduction in output due to the reduction in the supply of inputs. Second, if ∂Ψ
∂τ
> 0 then,

∂Ψ
∂τ

Λ represents the macroeconomic cost of redistribution due to increased marginal cost

Ψ of inequality. Third, if Ψ > 0 then Ψ∂Λ
∂τ
< 0 measures the macroeconomic benefit from

a gain in output due to a reduction of income inequality, which is identified in Benabou

(2002) as the "investment reallocation effect."12

11 θ1 = 1+λα
(1−λα)(1+λ)−2λ(1−δ) and θ2 = 1+λα

(1−λα)(1+λ) .
12In the case of endogenous growth such that δ = δ∗, we replace in (34) y by γ, My by Mγ and φ,

Ψ, and Λ with their value at δ = δ∗ to describe the comparative static effect of progressivity τ on the
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We generalize the notion of optimality to maximization of economic welfare and present

it at the end prior to the concluding remarks.

5.4 Microeconomic Cost of Progressivity: ∂Φ
∂τ

The following lemma shows the stronger the complementarity between the economy’s

knowledge stock and the effi ciency of human capital accumulation (i.e., a greater δ), the

weaker the negative effects of progressivity on input accumulation and on inequality:

Lemma 7: ∂
∂δ

(
∂Φ
∂τ

)
> 0 and ∂

∂δ

(
∂p(τ)
∂τ

)
= 0.

Proof: see Appendix B.

Irrespective of the presence of endogenous growth, a greater degree of knowledge exter-

nality corresponds to a greater social rate of return to education. Additional social returns

generate a positive income effect that works to offset the adverse substitution effect of

progressivity on the supply of input. Thus, through the channel of input accumulation,

knowledge diffusion complements the growth promoting role of income redistribution.

However, knowledge diffusion either does not affect or undermines the strength of a

policy of income redistribution in lowering intergenerational persistence.

Thus, knowledge diffusion and progressive redistribution do not act as perfect substi-

tutes for the policymaker. To some extent they work together as complementary factors

in promoting economic growth. Since communication frictions (ω < 1) make the lower

human capital induced lower absorption capability of the poorer neighborhoods a con-

straint (or a bottleneck) against improving the design of the national education system,

redistribution facilitates growth by weakening that constraint. In addition, a greater in-

fluence of the economy’s education system on the effi ciency of private accumulation of

human capital, i.e., a greater δ, strengthens the growth promoting role of progressive

redistribution by weakening its adverse effect on input accumulation. However, a greater

δ weakens the primary growth promoting role of progressive redistribution that works

through a reduction in intergenerational persistence and thereby a reduction in the long

run inequality.

long-run growth rate γ.
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5.5 Cost and Benefit of Inequality: Ψ

If the marginal cost of inequality, as described by (28) - (??), is positive such that Ψj > 0

for all j = 1, .., 4, then, a lower inequality makes a positive partial impact on economic

growth. Alternatively, if Ψj < 0 for some j, then some positive marginal benefit arises

through that channel that lowers the net cost of inequality on growth.

We now examine how the two parameters governing the knowledge diffusion externality

affects the magnitude of the (marginal) cost (if Ψj > 0 ) and benefit (if Ψj < 0 ) of

inequality. The knowledge diffusion externality does not affect the cost that arises through

the Ψ1 > 0 channel but it does decrease the benefit that arises through the Ψ2 < 0

channel. The marginal benefit that arises through the Ψ3 < 0 works independent of

knowledge diffusion, except across the alternative states of endogenous growth, where, by

(30) and (??), a greater complementarity between knowledge and human capital weakens
its impact by lowering the intergenerational persistence. The channel that works through

Ψ4 arises exclusively because of the presence of the knowledge externality and frictions

to diffusion and it diminishes with a greater degree of externality and lower friction to

diffusion. Interestingly, if the economy exhibits endogenous growth, then by (??), Ψ4 < 0

but, if it does not, then by (31), the sign of Ψ4 depends non-trivially on the parameters

governing the private returns to education. In particular, if the values of elasticity of

physical and human capital in the production technology (respectively, λ and µ) and

the elasticity of parental human capital and expenditure on education in the private

education technology (respectively, α and β) are large enough to make the private returns

to education (α + βµ
1−λ) suffi ciently large, then Ψ4 > 0.

If Ψ4 > 0, then through the channel Ψ4, the marginal cost of inequality decreases

with a greater friction to diffusion (i.e., a lower ω) due to poorer communication across

neighborhoods and with a smaller complementarity between the available knowledge stock

in the economy and the marginal effi ciency of private investment in human capital.

In sum, we note that a greater complementarity between the economy’s nonrival stock

of knowledge and the effi ciency of private accumulation of human capital typically reduces

the net marginal cost of inequality on growth. It does so by reducing the productivity

differentials across dynasties and, thereby, mitigates the effi ciency loss in production from

resource misallocation due to credit market frictions. Thus, the presence of knowledge

diffusion reduces the need for redistribution but with a non-trivial caveat. If the private

returns to education and communication frictions to knowledge diffusion are suffi ciently

large then the above complementarity may act to aggravate the harmful effect of inequal-
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ity, thus strengthening the case for income redistribution.

5.6 Macroeconomic Cost of Progressivity (∂Ψ
∂τ ) and a New Trade-

Off

The discussion above highlights an under researched idea regarding how a greater pro-

gressivity may exert a special macroeconomic cost on growth by increasing the net cost of

inequality at the macro level that cannot be offset with a subsidy. That special macroeco-

nomic cost of redistribution implies a new trade-off, even when we switch off all adverse

effects of redistribution at the micro level. By Lemma 4 and (34),

∂ ln y

∂τ
= My

(
∂Φ

∂τ
+ ΩΛ

)
, where Ω ≡ Ψz − ∂Ψ

∂τ
. (35)

Thus, there exists a trade-offbetween output gains through inequality reduction (ifΨ > 0)

and output loss from a higher marginal cost of inequality (if ∂Ψ
∂τ

> 0) such that the net

trade-off is summarized in Ω .13

Other than Benabou (2002), this tradeoff seems to have little exposure in the liter-

ature. Such a simple summary tradeoff statisitc Ω for determining the merit of income

redistribution has empirical significance. A negative net tradeoff, Ω < 0, is suffi cient

to rule out the ERH while a positive net tradeoff, Ω > 0, is a necessary condition for

the existence of the ERH. We can also derive a simple suffi cient statistic to confirm the

validity of the ERH, by proceeding as follows:

By Lemma 5, εΛ
τ ≡ −∂Λ

Λ
/∂τ
τ

= zτ such that we can rewrite τΩ = Ψ(εΛ
τ − εΨ

τ ), where

εΨ
τ ≡ ∂Ψ

Ψ
/∂τ
τ
denotes the elasticity of increase in the output cost of inequality due to

increased progressivity. It follows, therefore, a suffi cient condition for the existence of the

ERH is: εΨ
τ < 0.

5.7 The Optimality of Zero Progressivity and the ERH

In sum, we note the necessary and suffi cient condition for the optimality of zero progres-

sivity (and, equivalently, for the existence of the ERH ) in the following proposition:

13If both Ψ < 0 and ∂Ψ
∂τ < 0 the trade-off will be reversed. If they have opposite signs then the net

trade-off Ω will be unambiguously signed. Also, if δ = δ∗ then in (35), we replace y by γ, My by Mγ and
φ, Ψ, and Λ with their value at δ = δ∗ to describe ∂γ.

∂τ .
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PROPOSITION 3: If Ω ≤ 0 then τ ∗y = 0. However, if εΨ
τ < 0 then, there exists a

real σmin
y > 0 such that τ ∗y > 0 if and only if σ > σmin

y , where

σmin
y =

[
−∂Φ

∂τ
/Ω

]
v, v > 0, (36)

and v = 1/Λ.

Proof: see Appendix B.14

5.8 Properties of Optimal Progressivity

In general, we find that the ease of diffusion parameter ω has only threshold effects but no

marginal effects on the optimal progressitivity such that: ∂τ∗

∂ω
= 0. However, the degree δ

of knowledge diffusion externality has non-trivial effects on the optimal progressivity. By

denoting the elasticity of a with respect to b as εa,b ≡ ∂a
a
/∂b
b
, we summarize that in the

following proposition:

PROPOSITION 5: If εΩ,δ ≷ 0 then,
∂τ∗y
∂δ
≶ 0.

Proof: see Appendix B.

If λ = 0, then Proposition 5 can be made explicit, since in that case εΩ,δ (εΩ∗,δ∗) ≷ 0,

if and only if, ω ≶ µ. Now we turn to that special case and examine two subsets under it

and relate them to Benabou (2002) and Bandyopadhyay and Tang (2011).

6 Four Key Results: KR 1 - KR 4

In this section, we report a list of four insightful findings which we describe as Key Re-

sults. Two of them relate to previous literature in order to provide explicit conditions

to identify when the ERH may fail, despite the presence of credit market frictions and

the economy-wide diminishing returns to input, however, at the same time, extend the

14Numerical simulations show that given the assumption σ = 1, made in Benabou (2002), for arbitrary
combinations of other parameter values used in his model, there exist pairs of (ω, δ) such that σ∗y > 1
and, by Proposition 3, τ∗y = 0. Consequently, the empirical estimates of the two parameters, ω and δ,
would be critical for determining the growth maximizing optimal progressivity in the augmented Benabou
(2002) model with knowledge diffusion.
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validity of ERH also to an economy with constant returns and endogenous growth, con-

trary to conventional wisdom. Two others describe when knowledge diffusion works as a

substitute of income redistribution and when they work together in promoting economic

growth. We discover these results by re-examining important special cases, nested in-

side our general model: (1) Benabou (2002), and (2) its endogenous growth extension,

modelled in Bandyopadhyay and Tang (2011). Both are augmented to include knowledge

diffusion externality.

For expositional simplicity, we confine our focus to three crucial and distinctive macro-

economic variables: the marginal cost of inequality Ψ on growth, the net macroeconomic

trade-off Ω between the reduction of inequality Λ and the reduction of its marginal cost,

generated by a greater progressivity τ , and the optimal progressivity τ ∗y.

6.1 Special Case 1: Benabou (2002) with δ < δ∗

If λ = 0 then by using (26), we get,

ln y =
1

1− α− δ − βµ (Φ−ΨΛ) , (37)

where Φ ≡ µ ln κ̄− (µ− µ2)σ2/2 + βµ ln s1 + (1− α− δ) ε ln l. We describe Ψ below.

6.1.1 Marginal Cost of Inequality: Ψ.

If λ = 0, then by (28), (29), (30) and (31),

Ψ = δ(1− ω

µ
) + ΨB1 −ΨB2, (38)

where ΨB1 ≡ α + βµ (1− τ)2 and ΨB2 ≡ (α + βµ (1− τ))2 ≡ p2, by (20).

Thus, whether or not the degree δ of knowledge externality increases the marginal

cost of inequality on output depends on the value of ω relative to µ. If they are equal, as

suggested in Benabou (2002), then the knowledge externality would have no impact on

the cost of inequality. We also note from (21) that inequality itself does not depend on

δ < δ∗.
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6.1.2 Macroeconomic Trade-off: Ω ≡ Ψz − ∂Ψ
∂τ

Note ∂ΨB1
∂τ

< 0 and −∂ΨB2
∂τ

> 0. Consequently, by (38), the elasticity εΨ
τ of the marginal

cost of inequality with respect to progressivity is ambiguous. An increased importance of

knowledge externality would mitigate the marginal cost of inequality Ψ, thus weakening

the need for output enhancing redistribution, if and only if, ω > µ.

6.1.3 Optimal Progressivity: τ ∗

We begin by mapping parameters of Benabou (2002) into three analytical thresholds

concerning knowledge externality (δB ), credit market frictions (µB) and communication

frictions (ωB) as follows:

δB ≡
µ (1− α− βµ)

(ω − µ) (α + βµ)
, µB ≡

α

1− β < 1, ωB ≡
µ

α + βµ
. (39)

The following lemma suggests that with suffi ciently low communication friction and

with a suffi ciently large role of knowledge externality in private education technology, any

income redistribution would be harmful so the ERH fails.

Lemma 9: If ω > µ then for all δ > δB > 0, the long-run per capita output maxi-

mizing progressivity τ ∗y = 0.

Proof: see Appendix B.

Key Result 1 (KR1) strengthens the above result by identifying an empirically reason-

able theoretical boundary, within which the ERH fails, despite the combined assumption

of no credit markets and diminishing returns.

KR1: For any δ > 0 and ω > µ, there exists 0 < α∗ ≡ µ (1− βµ− βδ (ω − µ))

µ+ δ (ω − µ)
< 1

such that if α > α∗ then τ ∗y = 0.15

Proof: see Appendix B.

15If α + βµ < 1, as assumed in Benabou (2002), then ωB > µ. As α increases α + βµ approaches 1
and ωB decreases to µ. If ω > µ then we can choose α large enough such that ωB drops below ω while
remaining above µ. Clearly, if ω = µ, as suggested by Benabou (2002), then ω < ωB . Therefore, by the
above lemma τ∗y > 0, for all δ > 0. Moreover, if ω approaches µ from above such that ω > µ, then δB
approaches infinity, thus reducing the empirical likelihood of zero progressivity to be optimal.
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The above result has an important bearing on the class of all economies considered

in Benabou (2002), since it is the limiting case of the above economy as δ goes to zero.

Clearly, by KR1, for any arbitrarily small δ > 0 there exists α∗ < 1 such that if α > α∗

then τ ∗y = 0. Indeed, the result does not hold at the limiting case but it can go arbitrarily

close to it. However, the empirical significance of that result depends on the value of

α∗ < 1− βµ. We also note that α∗ and δ are inversely related. Consequently, the recent
empirical findings of low values of δ but relatively large values of α (see, e.g., Iranzo and

Peri, 2009) may prove to be quite significant.16

The result seems counterintuitive, since the neighborhood quality α increases inequal-

ity via intergenerational persistence. However, we note that it also increases private

returns to education, by increasing the value of education in a high quality private school

(or under the supervision of highly educated parents). Also, from (??), we note that it
positively affects the model’s income multiplier. In other words, this inequality augment-

ing factor is also “good”for economic growth. Consequently, in the presence of a strong

neighborhood effect, even a small amount of economy-wide knowledge externality (i.e., for

any δ > 0), but with little communication frictions to diffusion (i.e., ω > µ), eliminates

the need for progressive redistribution.

Nevertheless, if the communication frictions across neighborhoods exist in a pro-

hibitively significant way such that ω ≤ µ, then for any arbitrary values of other pa-

rameters, the optimal progressivity can remain positive (i.e., τ ∗y > 0) and the ERH holds.

In particular, it shows that if ω ≤ µ, then inequality adversely affects the stock of nonrival

knowledge in the economy and a lower stock of knowledge makes private education tech-

nology less effi cient for everyone. Consequently, some redistribution that lowers inequality

leads to a Pareto improving reallocation in the economy, thus upholding the ERH.

Key Result 2 (KR 2) characterizes the condition when knowledge diffusion and income

redistribution act as two policy substitutes, if τ ∗y > 0.

KR 2: If δ < δ∗ and λ = 0, then ∂τ∗

∂δ
< 0, if and only if, ω > µ.

Proof: see Appendix B.

In other words, knowledge diffusion would be a policy substitute for income redistrib-

ution (i.e., ∂τ
∗

∂δ
< 0), if and only if, communication friction (1/ω) to diffusion is less than

credit market friction (1/µ) to production.

16Iranzo and Peri (2009) find that the better quality neighborhoods, with above average human capital,
generate much stronger externality than the average human capital in the economy.
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7 Welfare Analysis

Following Benabou (2000; 2002) and Jones and Klenow (2010), we now broaden our focus

from per capita consumption to economic welfare that takes into account the idiosyncratic

risk in human capital accumulation and allows a positive role for a redistributive scheme

in providing insurance against that risk. In particular, we define the date t social welfare

Wt so that it increases with the logarithm of the equally-weighted average of utility of all

the dynasties and decreases with the variance of the logarithm of utility as follows:

Wt ≡ ln

1∫
0

U
(
hit, k

i
t

)
di− 1

2
var

[
lnU

(
hit, k

i
t

)]
. (40)

Lemma 12: If λ = 0, then for any arbitrary values of the parameters, there exists

σ2
high > 0 such that for any σ2

0 < σ2
high there exists 0 < ω < 1 and 0 < δ < δ∗ such that

∂W
∂τ
|τ=0 < 0.17

Proof: see Appendix B.

Thus the four key results of our paper, (concerning economies without physical capi-

tal), regarding the impact of frictions and externality on the ERH survives a consideration

of welfare maximization. We summarize that observation in the following proposition.

PROPOSITION 6: With no physical capital, the Effi cient Redistribution Hypothe-
sis does not stand or fall on the assumptions of diminishing returns to captial (broadly

defined to include both human and physical capital) and resource misallocation due to

credit market frictions. The necessary and suffi cient conditions for the existence of that

hypothesis critically depend on (1) the degree of economy-wide knowledge externality to

private accumulation of human capital and (2) the strength of social frictions that resist

knowledge diffusion in the economy.

Proof: see Appendix B.

In the presence of physical capital, we can easily extend Proposition 6 using Proposi-

tion 4 and Lemma 11 for the case of Endogenous growth. Also, for the other case without

endogenous growth, we can use Proposition 5 and Lemma 12 to form a reasonable basis

for upholding Proposition 6.
17For the baseline parameter values used in Benabou (2002), σ2

high declines from 10 to 4 as η increases
from 0.4 to 4, staying above 4 for all η > 0.
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8 Concluding Remarks

Recent developments in inequality research traces deep roots of heterogeneity in a country

in the variation of the ancestral origin of the current residents. Such exogenous roots of

heterogeneity may have a significant implication for social and communication frictions

that resist diffusion of knowledge in an economy. At the same time, diffusion of nonri-

val knowledge in an economy may be complementary to private accumulation of human

capital. We contribute to the literature on income distribution and economic growth

by incorporating the above two features to expand the general economic environment

(such as Benabou, 2002 and Galor and Moav, 2004) that provides a dynamic microfoun-

dation for the Effi cient Redistribution Hypothesis and then find new results regarding

the optimal progressivity for a growth promoting progressive redistribution scheme. In

particular, we re-examine how the presence of such knowledge externality in private edu-

cation technology and exogenously determined frictions to diffusion of nonrival knowledge

would characterize the optimal progressivity of a growth and welfare promoting income

redistribution scheme.

The general properties of the optimal progressivity turn out to depend critically on

the degree of knowledge externality and on the relative strength of two frictions. One

works against the diffusion of knowledge while the other works against effi cient allocation

of resources in production. With large frictions against knowledge diffusion, the overall

quality of the product is dependant on the human capital of the lower skilled people. If

frictions are lower, then the project quality depends more on the height of the best practice

which increases with the level of human capital of the highly skilled people. Arguably, the

quality of the economy’s eduction system, or the publicly accessible nonrival knowledge,

sets the effi ciency limit for the education technology that the private sector takes as

given for accumulating human capital, thus making the marginal effi ciency of private

investment in education complementary to the economy’s stock of knowledge. There

lies the origin of an additional macroeconomic cost of heterogeneity as a function of a

friction to communication, measured by the degree of complementarity among the inputs

of human capital.

In particular, we find that if an economy is not highly segregated so that barriers to

communications across different neighborhoods lie below a critical threshold, then the

optimal progrssivity would be zero. In the presence of moderate friction against diffusion

of knowledge, and depending upon the overall impact of the credit market friction on the

cost of inequality to per capita income, the value of optimal progressivity may increase or
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decrease with a greater importance of the knowledge externality on the marginal effi ciency

of the parental investment in their children’s education. The above finding is robust in

the sense that it holds in all special cases of our model that nests Benabou (2002), with

or without endogenous growth.

The extended model also provides a theory of endogenous cross-country disparity of

per capita income due to exogenous variations in the socio-political institutions governing

progressivity and frictions against diffusion of nonrival knowledge. Our theoretical find-

ing calls for future research in two specific areas. First, it calls for empirical research for

estimating the strength of social frictions to knowledge diffusion, credit market frictions

causing resource misallocation and the degree of knowledge externality in private educa-

tion technology. Second, it highlights for future policymakers that the growth-maximising

progressivity of an income redistribution scheme crucially depends on those measures of

frictions and externality. Our findings also have implications for the gap between social

and private returns to schooling and the cross-country disparity of income, inequality and

the growth rate.

We abstracted from the important issue of disincentive for private accumulation of

human capital, which was implied by a greater ease of diffusion. In particular, if people

act to internalize the opportunity to freeride on nonrival knowledge and accumulate less

human capital privately, then it may contribute to a rise in income inequality, as discussed

in Eeckhout and Jovanovic (2002). We note, however, following the insights from Cohen

and Levinthal (1989) that the complementarity between knowledge and human capital

may work to offset that disincentive effect and a new trade-offmay emerge. Despite that

trade-off, an income redistribution would clearly add to that free-rider’s problem and

hence consideration of the above issues would likely lower optimal progressivity. We leave

that exercise for further research.

Appendix

In Appendix A, we establish the equivalence between the per capita output of two

economies. These economies are identical to our model environment except one allows a

competitive market for hiring labor and capital while the other does not. Instead, each

agent is modelled as self-employed producers, which is exactly the same as what we do

in the model for this paper. The point of this exercise is to show that while the optimal

progressivity in both economies would be similar, the latter set up would help us to derive

28



explicit formulas which are necessary to bring out valuable insights behind the key result

regarding optimal progressivity. In Appendix B, we provide the omitted proofs of the

lemmas and propositions described in this paper.

Appendix A: A Competitive Equilibrium Extension

The per capita output of our model can be mapped to that of a competitive equilibrium

economy as follows: Let us denote the per capita output for our case with the self-employed

with a backyard technology as yBT and the case of a competitive environment as yCE, in

which a fictitious firm maximizes profit by competitively hiring human capital weighted

labor and physical capital.

Let use define h̃i ≡
(
hi

li

) µ
1−λ

as the effi ciency unit of labor and rewrite the backyard

technology described in (4) as

yiBT =
(
ki
)λ (

h̃ili
)1−λ

. (A.1)

Suppose that the representative firm operates in the competitive environment, as if, it

uses the following technology:

y = A(χ)kλH1−λ, where, k =

∫ 1

0

kidi and H =

∫ 1

0

h̃ilidi, (A.2)

H = f(h), (A.3)

such that the per capita output y =
∫
yiBT and A(χ) denotes the endogenous total factor

productivity (TFP) for the representative firm in the economy as a function of the econ-

omy’s state variable χ, which, in turn, depends critically on the two friction parameters,

ω and µ, as well as on the knowledge externality parameter δ.

Given a rental price of r per unit of capital goods, and a wage rate w per effi ciency

unit of labor, the representative firm solves the following exercise:

max
k,H

(y − rk − wH) , (A.4)

and the first order conditions of the above exercise satisfy r = λy/k and w = (1− λ) y/H.

Consequently, in period t the earning of the agent i in the competitive environment would
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be given by,

yiCE = rki + wth̃
ili ≡ ϕiy, where, ϕi ≡ λ

(
ki

k

)
+ (1− λ)

(
h̃ili

H

)
. (A.5)

To summarize, the islander i’s earning from the backyard technology yiBT is described by

(A.1), and her earning from a competitive environment yiCE is described by (A.5).

Thus, it follows that, by construction, per capita income does not vary across back-

yard technology and competitive environment much as the sum of the two lognormal

distributions does closely mimic a lognormal distribution.18 Consequently, to meet our

objective of providing explicitly analytical properties of equilibrium concerning the op-

timal progressivity, and rather than doing numerical simulations based on its equivalent

under a competitive equilibrium set-up, we presume the above mapping between backyard

technology and competitive environment and solve the backyard technology economy.

Appendix B

PROOF OF LEMMA 1: By (2), (3) and (6), we rewrite (9) as follows:

lnU
(
hit, k

i
t, χt;T

)
= max

si1t,s
i
2t,l

i
t

 (1− ρ)

[
ln (1− si1t − si2t)
+ ln ŷit − (lit)

η

]
+ρEt

[
lnU

(
hit+1, k

i
t+1, χt+1;T

)]
 . (B.1)

Agent solves (B.1) subject to (4) and (5) and

hit+1 = κ̄Kδ
t

(
si1t
)β
ξit+1

(
kit
)βλ(1−τ) (

hit
)α+βµ(1−τ) (

lit
)βε(1−τ)

(ỹt)
βτ , (B.2)

kit+1 = si2t
(
kit
)λ(1−τ) (

hit
)µ(1−τ) (

lit
)ε(1−τ)

(ỹt)
τ . (B.3)

18The distribution of the sum of lognormal random variables has no exact expression. More discussions
about the sum of two lognormal distributions can be found in Naus (1969, 1973), Safak (1993), Cardieri
and Rappaport (2000), Yue (2000) and Mehta, et al. (2006).
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We guess the value function as: lnU (hit, k
i
t, χt;T ) = Z1 lnhit + Z2 ln kit + Bt. Then by

substituting this value function into (B.1), we get

Z1 lnhit + Z2 ln kit +Bt = (1− ρ)

(
ln (1− si1t − si2t)
+ε (1− τ) ln lit + τ ln ỹt − (lit)

η

)

+ (1− ρ+ ρβZ1 + ρZ2)λ (1− τ) ln kit

+ ((1− ρ+ ρβZ1 + ρZ2)µ (1− τ) + ραZ1) lnhit

+ρ



Z1

 ln κ̄Kδ
t + β ln si1t − σ2/2

+βε (1− τ) ln lit + βτ ln ỹt



+Z2

 ln si2t + ε (1− τ) ln lit

+τ ln ỹt


+Bt+1


.

(B.4)

Taking partial differentials with respect to lnhit and ln kit, followed by rearrangements

yields

Z1 =
(1− ρ)µ (1− τ)

(1− ρα) (1− ρλ (1− τ))− ρβµ (1− τ)
, (B.5)

Z2 =
(1− ρα) (1− ρ)λ (1− τ)

(1− ρα) (1− ρλ (1− τ))− ρβµ (1− τ)
. (B.6)

The first-order conditions of (B.1) with respect to the saving rates sijt, j = 1, 2 and

labor supply lit are

1− ρ
1−

∑
j=1,2

sijt
= ρ

(
∂ lnU i

t+1

∂ lnhit+1

∂ lnhit+1

∂sijt
+
∂ lnU i

t+1

∂ ln kit+1

∂ ln kit+1

∂sijt

)
, j = 1, 2, (B.7)

(1− ρ) [η
(
lit
)η−1 − ε (1− τ) /lit] = ρ

(
∂ lnU i

t+1

∂ lnhit+1

∂ lnhit+1

∂lit
+
∂ lnU i

t+1

∂ ln kit+1

∂ ln kit+1

∂lit

)
, (B.8)

where ∂ ln kit+1/∂s
i
1t = 0, ∂ ln kit+1/∂s

i
2t = 1/si2t, ∂ lnhit+1/∂s

i
1t = β/si1t, ∂ lnhit+1/∂s

i
2t = 0,

∂ ln kit+1/∂l
i
t = ε (1− τ) /lit and ∂ lnhit+1/∂l

i
t = βε (1− τ) /lit.
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The above optimization problem (B.4) is strictly concave. Consequently, (B.7) and

(B.8) are suffi cient for the optimization exercise. After substituting (B.5) and (B.6) into

(B.7) and (B.8), we get (10)-(12). �

PROOF OF LEMMA 2: By assumption, at the initial date t = 0, the physical

and human capitals are lognormally distributed. By (14) and (15), it follows that kit and

hit remain lognormally distributed over time, and hence, by (4) and (12), y
i
t is lognormal.

It follows that ∫ 1

0

ln yitdi = λmkt + µmht + ε ln l. (B.9)

The variance of ln yit is the sum of the variances of ln kit and lnhit plus the covariance of

these two variables,

var
[
ln yit

]
= λ2∆2

kt + µ2∆2
ht + 2λµcovt. (B.10)

The income per capita yt is

yt =

∫ 1

0

yitdi = exp

(∫ 1

0

ln yitdi+
1

2
var
[
ln yit

])
. (B.11)

and the median income is

yt,median = exp

(∫ 1

0

ln yitdi

)
. (B.12)

Following Benabou (2002), therefore, the inequality index is

Λt ≡ log

(
yt

yt,median

)
=

1

2
var
[
ln yit

]
=
(
λ2∆2

kt + µ2∆2
ht + 2λµcovt

)
/2. (B.13)

We note that the mean of yit in logarithm, according to equation (B.11), satisfies

ln yt = λmkt + µmht + ε ln l + Λt, (B.14)

and the mean of (yit)
1−τ in logarithm satisfies

ln

∫ 1

0

(
yit
)1−τ

di = (1− τ) (λmkt + µmht + ε ln l) + (1− τ)2 Λt. (B.15)
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Thus, taking integration on (5) and by (8), (B.14) and (B.15), we get

ln ỹt = ln yt + (1− τ) Λt. (B.16)

Thus, the proof of Lemma 2 is completed. �

PROOF OF LEMMA 3: Since both physical and human capitals are lognormally

distributed, by the property of the moment generating function for lognormal distribution,

we can get

ln kt = mkt + ∆2
kt/2 and lnht = mht + ∆2

ht/2. (B.17)

Then substituting (B.17) into (1) and by (3), (B.14) and γt−1 ≡ ln yt− ln yt−1, we can get

(23). If λ = 0, we can rewrite it as below,

lnKt = (ω − 1) ∆2
ht/2 + lnht.

Thus, the proof of Lemma 3 is completed. �

PROOF OF LEMMA 5: Differentiating (21) wrt τ gives

∂Λ

∂τ
= −zΛ, (B.18)

where

z ≡


2αλ

(1 + αλ (1− τ)) (1− αλ (1− τ))

+
(−2αλ (1 + αλ (1− τ)) + 2 (α + (1− τ) (λ+ βµ)) (λ+ βµ))

(1 + αλ (1− τ))2 − (α + (1− τ) (λ+ βµ))2

 > 0. (B.19)

Substituting (24) into (21) and differentiating it wrt δ yields

∂Λ∗

∂δ∗
= −aΛ∗, (B.20)

where

a ≡ (1− λ) (1− τ)

1 + λα (1− τ)

2R

1−R2
> 0. (B.21)

Thus, the proof of Lemma 5 is completed. �
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PROOF OF LEMMA 6: If δ < δ∗, differentiating (26) wrt δ at τ = 0 gives

∂ ln y

∂δ
|τ=0= My

(
∂Φ

∂δ
+ ΓyΛ + (1− λ) ln y

)
, (B.22)

where
∂Φ

∂δ
= −λ ln s2 − ε ln l > 0, (B.23)

Γy = − (1− λ)

(
1− ω

µθ

)
, (B.24)

where θ ≡ (1+λα)(1−λ)

(1−λ2)(1−λα)−2λβµ
= 1, if λ = 0; θ1 ≡ 1+λα

(1−λα)(1+λ)−2λ(1−δ) > θ > θ2 ≡ 1+λα
(1−λα)(1+λ)

.

Thus, (B.24) shows that Γy Q 0 if and only if ω Q µθ.

If δ = δ∗, differentiating (??) wrt δ at τ = 0 gives

∂γ

∂δ
|τ=0= Mγ

(
∂Φ∗

∂δ
+ ΓγΛ

∗ + λγ

)
, denoting Γγ ≡ aΨ∗ − ∂Ψ∗

∂δ
, (B.25)

where

∂Φ

∂δ
= − (1− λ) (1 + ln s1)− λ ln s2 − ε ln l (B.26)

− ρ

1− ρα (1− α− δ) (1− λ) lη,

Γγ = δ
ω

µ

(1− λ) (1 + λ)2

λ (2α + δ) + 2− δ > 0.

By (B.26), we define

LHS ≡ − (1− λ) ln s1 − λ ln s2 − ε ln l, (B.27)

and

RHS ≡ 1− λ+
1

η

ρ (1− α− δ) ε (1− λ)

(1− ρα) (1− ρλ)− ρ (1− α− δ) (1− λ)
. (B.28)

Equation (B.26) tells that to have ∂Φ∗

∂δ
> 0 we need LHSδ=0 > RHSδ=0 as ∂LHS (δ) /∂δ >

0 and ∂RHS (δ) /∂δ < 0. At δ = 0, we get

LHSδ=0 = − (1− λ) ln
ρ (1− α) (1− λ)

1− ρα − λ ln ρλ (B.29)

− ε
η

ln

(
(ε/η) (1− ρα)

(1− ρα) (1− ρλ)− ρ (1− α) (1− λ)

)
,
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RHSδ=0 = 1− λ+
ε

η

ρ (1− α) (1− λ)

(1− ρα) (1− ρλ)− ρ (1− α) (1− λ)
. (B.30)

To check whether LHSδ=0 is greater or smaller than RHSδ=0, we first check how they

change w.r.t ρ and then check their limits as ρ → 0 and ρ → 1. By (B.29) and (B.30),

it can be shown that ∂LHSδ=0/∂ρ < 0 and ∂RHSδ=0/∂ρ > 0. As ρ → 0, LHSδ=0 → ∞
and RHSδ=0 → 1 − λ. As ρ → 1, LHSδ=0 → −∞ and RHSδ=0 → ∞. Thus, there
must exist a ρ∗ ∈ (0, 1) such that if ρ < ρ∗ then, LHSδ=0 > RHSδ=0. If ρ ≥ ρ∗ then

LHSδ=0 ≤ RHSδ=0.

Next, we check the limits of LHS and RHS with δ. As δ → 1−α, (B.27) and (B.28)
show that

LHS (δ → 1− α)→ +∞, (B.31)

RHS (δ → 1− α) = 1− λ. (B.32)

Since ∂LHS (δ) /∂δ > 0 and ∂RHS (δ) /∂δ < 0, we can say that if ρ < ρ∗ ∈ (0, 1) then

LHS (δ) > RHS (δ) for any δ ∈ (0, 1− α). If ρ ≥ ρ∗, then there exists a δ∗min ∈ (0, 1− α)

such that if δ > δ∗min then, LHS (δ) > RHS (δ). Thus, the proof of Lemma 6 is completed.

�

PROOF OF LEMMA 7: If δ = δ∗, by (??), differentiating Φ∗ wrt τ gives

τ
∂Φ∗

∂τ
= (1− α− δ)

(
(1− λ) εs1τ + λεs2τ + εεlτ

)
< 0, (B.33)

where εs1τ ≡
∂ ln s1(τ)
∂ ln τ

= − τ
1−τ < 0, εs2τ ≡

∂ ln s2(τ)
∂ ln τ

= − τ
1−τ < 0, εlτ ≡

∂ ln l(τ)
∂ ln τ

= τ
η

(
− 1

1−τ +
∂s1(τ)
∂τ

+
∂s2(τ)
∂τ

1−s1−s2

)
<

0. Thus, differentiating (B.33) wrt δ shows that ∂
∂δ

(
∂Φ
∂τ

)
> 0. Differentiating the derivative

of (20) wrt τ wrt δ gives ∂
∂δ

(
∂p(τ)
∂τ

)
= 1− λ > 0.

If δ 6= δ∗, by (26), differentiating Φ in wrt τ gives

τ
∂Φ

∂τ
= βµεs1τ + λ (1− α− δ) εs2τ + (1− α− δ) εεlτ < 0. (B.34)

Thus, differentiating (B.34) wrt δ shows that ∂
∂δ

(
∂Φ
∂τ

)
> 0. Differentiating the derivative

of (20) wrt τ wrt δ gives ∂
∂δ

(
∂p(τ)
∂τ

)
= 0. Thus, the proof of Lemma 7 is completed. �

PROOF OF LEMMA 8: By the definition of Ω in (28), (??), (30), (??), (B.19)
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and (B.95), at τ = 0, we can get

Ω = Ω1 (µΩ2 − ωΩ3) , (B.35)

where

Ω1 ≡
(

2

µ
(
1− α2λ2

))( 1− α− δ
2 (1 + αλ)− (1− λ) δ

)
> 0,

Ω2 ≡
(
1− α2λ2

)
(2 (1 + αλ)− (1− λ) δ) > 0, (B.36)

Ω3 ≡ (1− λ)
((

1− α2λ2
)

(1 + αλ)−
(
(1 + αλ) (1− αλ (1− 2λ))− (1− λ)αλ2δ

)
δ
)
.

(B.37)

Since Ω1 > 0, then by (B.36) and (B.37), µΩ2 − ωΩ3 equals

µΩ2 − ωΩ3 ≡ −αλ2ω (1− λ)2 (δ − δBT ) (δ − δ1) . (B.38)

It means that having µΩ2 − ωΩ3 < 0 is equivalent to having

(δ − δBT ) (δ − δ1) > 0

where

δBT = a1 (a2 − a3) , (B.39)

δ1 = a1 (a2 + a3) > 0, (B.40)

and a1 ≡ 1+αλ
2αλ2ω(1−λ)

, a2 ≡ (1− αλ) (ω − µ) + 2αλ2ω and

a3 ≡
√

(1− αλ)2 (µ− ω)2 + 4αωλ2 (λ (ω − αµ) + µ). Thus, if δ < δBT or δ > δ1 then

µΩ2 − ωΩ3 < 0 and then Ω < 0.

By (B.39), there exists a ω̄ ≡ µ(1+α)(1−α2λ2)
α(1−λ2)(1−λ)

> 0 such that if ω < ω̄ then δBT < 1− α.
If ω ≥ ω̄ then δBT ≥ 1 − α. The condition to ensure δBT > 0 is ω > 2µ

1−λ . Thus, if
2µ

1−λ < ω < ω̄ then δBT ∈ (0, 1− α). Equation (B.40) shows that δ1 > 1 for any ω > 0.

Thus, it is not possible to have δ > δ1. Therefore, we conclude that if
2µ

1−λ < ω < ω̄ there

exists δBT ∈ (0, 1− α) such that if δ < δBT then τ ∗γ = 0. Or if ω ≥ ω̄ then τ ∗γ = 0. Thus,

the proof of Lemma 8 is completed. �

PROOF OF LEMMA 9: If δ < δ∗ and λ = 0, the model economy converges to a

unique steady state per capita income y as given by (37), where Ψ is given by (38) and Λ
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is given below,

Λ =
µ2

1− (α + βµ (1− τ))2

σ2

2
. (B.41)

Thus, at τ = 0, we can get,

Ω = 2βµ

(
1

1 + α + βµ
+

(
1− ω

µ

)
(α + βµ)

1− (α + βµ)2 δ

)
.

If ω > µ, there exists a δB ≡ µ(1−α−βµ)
(ω−µ)(α+βµ)

< 1 − α such that if δ > δB then Ω < 0.

Thus the long-run per capita output maximizing progressivity τ ∗ = 0. Thus, the proof of

Lemma 9 is completed. �

PROOF OF KR1: Note by (39), that as α increases to its upper limit 1 − βµ

implied by the constraint α + βµ < 1, δB decreases to zero and ωB decreases to µ. It

implies that given any 0 < δ, we can find α∗ ≡ µ (1− βµ− βδ (ω − µ))

µ+ δ (ω − µ)
such that if

α > α∗ then δ > δB. Moreover, α∗ goes down with δ. As δ approaches 0, α∗ approaches

1− βµ. Since α + βµ < 1, it implies that the maximum of α∗ is less than 1− βµ. Since
α + βµ < 1, ωB is always greater than µ. It implies that if ω > µ and α > α∗, then by

Lemma 9, τ ∗y = 0. �

PROOF OF KR 2: Differentiating (B.35) wrt δ at λ = 0 gives

Ω
′

δ(τ
∗) =

(
1− ω

µ

)
2βµ (α + βµ (1− τ))

1− (α + βµ (1− τ))2 . (B.42)

If ω ≷ µ, then Ω
′
δ(τ
∗) ≶ 0 and εΩ,δ ≡ ∂Ω/Ω

∂δ/δ
. Thus, by the proof of Proposition 5,

Lemma KR 2 can be proved. �

PROOF OF LEMMA 10: For the case λ = 0, by (B.35), we get

Ω = 2 (1− α− δ)
(

1− ω

µ

1

2− δ (1− δ)
)
. (B.43)

By (B.43), there exists a δ3 ≡ 2µ−ω
µ−ω such that if ω < µ, then δ3 > 1 and Ω > 0. Thus,

it is not possible to have δ > δ3 for Ω < 0. Thus Ω > 0 for ω < µ and τ ∗ can be positive.

If µ < ω < 2µ, δ3 < 0. Then any positve δ can be greater than δ3. Thus, Ω > 0 and τ ∗

can be positive.

37



If µ < ω then the condition to ensure δ3 > 0 is ω > 2µ, and the condition to ensure

δ3 < 1 − α is ω < ω̄BT ≡ µ + µ
α
. Thus, if 2µ < ω < ω̄BT then δ3 ∈ (0, 1− α) such that

if δ < δ3 then Ω < 0 and τ ∗ = 0. If ω ≥ ω̄BT then δ3 ≥ 1 − α. Thus, any 0 < δ < δ3

then Ω < 0 and τ ∗ = 0. Therefore, we conclude that if 2µ < ω < ω̄BT , there exists

δ3 ∈ (0, 1− α) such that if δ < δ3 then Ω < 0 and τ ∗ = 0. Or if ω ≥ ω̄BT then τ ∗ = 0.

Thus, the proof of Lemma 10 is completed. �

PROOF OF LEMMA KR3: By Lemma 9 and Lemma 10, KR3 can be proved. �

PROOF OF KR4: By (??), we can get

∂

∂δ∗

(
∂Ψ∗

∂τ

)
= 2 (α (1− 2τ)− (1− 2δ∗) (1− τ)) . (B.44)

It tells that if δ∗ ≷ δBT (τ) ≡ 1
2

(
1− α(1−2τ)

1−τ

)
then ∂

∂δ∗

(
∂Ψ∗

∂τ

)
≷ 0.

By the notation of Ω, we can get

Ω
′

δ(τ
∗) =

∂

∂δ∗

(
Ψ∗z∗ − ∂Ψ∗

∂τ

)
(B.45)

= Ψ∗′δ z
∗ + Ψ∗z∗′δ −

∂

∂δ∗

(
∂Ψ∗

∂τ

)
,

where z∗ = −∂Λ∗

∂τ
/Λ∗ > 0, z∗′δ = ∂z∗

∂δ∗ < 0, Ψ∗ and Ψ∗′δ are given by (??) and (??)
respectively. Thus, by (??) and (??), (B.44) and (B.45), we can say that (i) if x1 <

ω
µ
,

x2 > ω
µ
, δ∗ > δBT (τ) then Ω

′
δ (τ ∗) < 0; (ii) if x1 > ω

µ
, x2 < ω

µ
, δ∗ < δBT (τ) then

Ω
′
δ (τ ∗) > 0;

By εΩ,δ ≡ ∂Ω/Ω
∂δ∗/δ∗ = δ∗

Ω
∂Ω
∂δ∗ , we know that if Ω

′
δ (τ ∗) > 0 then εΩ,δ > 0, and if Ω

′
δ (τ ∗) < 0

then εΩ,δ < 0. Thus, following the proof of Proposition 5, we can conclude that (i) if

x1 <
ω
µ
< x2, δ

∗ > δBT (τ) then εΩ,δ < 0 and ∂τ∗

∂δ
> 0. (ii) Or if x2 <

ω
µ
< x1, δ

∗ < δBT (τ)

then εΩ,δ > 0. Thus, if | εΩ,δ |<| εΛ,δ | then ∂τ∗

∂δ∗ > 0. (iii) Or if x2 <
ω
µ
< x1, δ

∗ < δBT (τ)

then εΩ,δ > 0. Thus, if | εΩ,δ |>| εΛ,δ | then ∂τ∗

∂δ∗ < 0. �

PROOF OF LEMMA 11: Define the social welfare as Wt ≡ ln

1∫
0

U (hit, k
i
t) di −

1
2
var [lnU (hit, k

i
t)] =

1∫
0

lnU (hit, k
i
t) di (since h

i
t and k

i
t are lognormally distributed). Then

38



substituting the value function into the welfare definition yields

Wt = Z1mht + Z2mkt +Bt. (B.46)

By (B.46), the growth rate of welfare, γW (t) ≡ Wt+1 −Wt, is

γW (t) = Z1 (mht+1 −mht) + Z2 (mkt+1 −mkt) + (Bt+1 −Bt) . (B.47)

By (B.4), we get

Bt − ρBt+1 = (1− ρ) (ln (1− s1 − s2)− lη) (B.48)

+ (1− ρ+ ρ (βZ1 + Z2)) τ ln ỹt

+ρ
(
Z1

(
ln κ̄Kδ

t − σ2/2 + β ln s1

)
+ Z2 ln s2

)
+ (1− ρ+ ρ (βZ1 + Z2)) (1− τ) (1− λ− µ) ln l.

By (B.46), we get

Wt − ρWt+1 = Z1 (mht − ρmht+1) + Z2 (mkt − ρmkt+1) (B.49)

+ (Bt − ρBt+1) .

Then, substituting (B.48) into (B.49) yields

Wt − ρWt+1 = Z1 (mht − ρmht+1) + Z2 (mkt − ρmkt+1) (B.50)

+(1− ρ) (ln (1− s1 − s2)− lη)
+ (1− ρ+ ρ (βZ1 + Z2)) τ ln ỹt

+ρ
(
Z1

(
ln κ̄Kδ

t − σ2/2 + β ln s1

)
+ Z2 ln s2

)
+ (1− ρ+ ρ (βZ1 + Z2)) (1− τ) (1− λ− µ) ln l.

Thus, by the definition of γW (t), and (B.50), we get

γW (t)− ργW (t+ 1) = Z1 ((mht+1 −mht)− ρ (mht+2 −mht+1)) (B.51)

+Z2 ((mkt+1 −mkt)− ρ (mkt+2 −mkt+1))

+ (1− ρ+ ρ (βZ1 + Z2)) τ (ln ỹt+1 − ln ỹt)

+ρZ1

(
lnKδ

t+1 − lnKδ
t

)
.
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In the long run, ∆2
ht+1 = ∆2

ht = ∆2
h,∆

2
kt+1 = ∆2

kt = ∆2
k, and covt+1 = covt = cov, and

by (22) and (B.17), we get

ln ỹt+1 − ln ỹt = γt, (B.52)

gkt ≡ ln kt+1 − ln kt (B.53)

= mkt+1 −mkt

= γ, since ln kt = ln s2 (τ) + ln yt−1

ght ≡ lnht+1 − lnht (B.54)

= mht+1 −mht

Hence, by (4) and (B.53),

gh =
1− λ
µ

γ (B.55)

Consequently, by (23), we can write (B.51) as

γW (t)− ργW (t+ 1) =


(

1−λ
µ
Z1 + Z2

)
(1− ρ)

+ (1− ρ+ ρ (βZ1 + Z2)) τ

+ρ (1− λ) δ
µ
Z1

 γ. (B.56)

Thus in the long run, (B.56) becomes

γW =

(
1−λ
µ
Z1 + Z2 +

(
1 + ρ

1−ρ (βZ1 + Z2)
)
τ

+ ρ
1−ρ (1− λ) δ

µ
Z1

)
γ. (B.57)

Substituting (B.5), (B.6) and the condition δ = δ∗ into (B.57) yields

γW = γ. (B.58)

Thus, the proof of Lemma 11 is completed. �

PROOF OF LEMMA 12: If δ 6= δ∗ and λ = 0 then by Lemma 11, we can

get steady state welfare
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W =

1∫
0

lnU
(
hi
)
di (41)

= ln (1− s1) +
ρµ (1− τ)

1− ρα− ρβµ (1− τ)
β ln s1

+

(
(1− ρα) (1− µ) + ρε (1− δ)− ε

1− ρα− ρβµ (1− τ)

)
(1− τ) ln l − lη

+
ρµ (1− τ)

1− ρα− ρβµ (1− τ)

(
ln κ̄− σ2/2

)
+

(
1− ρ (1− δ) + ρ (1− α− δ) τ

1− ρα− ρβµ (1− τ)

)
ln y

+κΛ

where

κ ≡

(
ρδ
(
ω
µ
− 1
)
− (1− ρ− (1− ρα) τ)

)
(1− τ)

1− ρα− ρβµ (1− τ)
(42)

ln y =
1

1− α− δ − βµ

(
µ ln κ̄− µ (1− µ)σ2/2 + βµ ln s1 + (1− α− δ) ε ln l

−
(
α + βµ (1− τ)2 − (α + βµ (1− τ))2 + δ

(
1− ω

µ

))
Λ

)

Λ =
µ2σ2/2

1− (α + βµ (1− τ))2 .

The derivative of W w.r.t. τ at τ = 0 satisfies

∂W

∂τ

∣∣∣∣
τ=0

≡ f(ω, σ2, δ)− g(σ2, δ),

where

f =
∂

∂τ

[
1− ρ(1− δ) + ρτ(1− α− δ)

1− ρα− ρβµ(1− τ)
ln y + κΛ

] ∣∣∣∣
τ=0

,
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and

g = − ∂

∂τ

[
ln(1− s1) +

ρβµ(1− τ)

1− ραρβµ(1− τ)
ln(s1)

+
(1− ρα)(1− µ) + ρε(1− δ)− ε

1− ρα− ρβµ(1− τ)
(1− τ) ln l − lη

+
ρβµ(1− τ)

1− ραρβµ(1− τ)
(lnκ− σ2)

]∣∣∣∣
τ=0

.

We can show that ∂f/∂ω < 0 and ∂2f/∂ω2 = 0. Therefore there exists a real ω = ω∗(σ2, δ)

such that f(ω∗, σ2, δ) = g(σ2, δ).

Now we observe that ω∗ is an increasing and concave function of σ2; that is, ∂ω∗/∂σ2 >

0 and ∂2ω∗/∂(σ2)2 < 0. If ω∗ asymptotically tends to a number no larger than 0 for any

given δ ∈ (0, δ∗), then f < g for all ω ∈ (ω∗, 1) and hence ∂W
∂τ
|τ=0 < 0.

If not, then there must exist a function σ2
min(δ) which solves ω∗(σ2, δ) = 0. Note that

σ2
min is an increasing function for δ ∈ (0, δ∗). If there exists δ1 such that σ2

0 ≤ σ2
min(δ1),

then for all δ ∈ [δ1, δ
∗) we have ∂W

∂τ
|τ=0 < 0. But if σ2

0 > σ2
min(δ) for all δ ∈ (0, δ∗) and

ω∗ ≥ 1 for some (σ2, δ), then there exists another function σ2
max defined by

σ2
max(δ) ≡ {σ2 > 0: ω∗(σ2, δ) = 1, δ ∈ (0, δ∗)}.

Notice that σ2
max also increases with δ except at δ = δ̃.19 If there is some δ2 such that

σ2
0 < σ2

max(δ2), then for any δ ∈ (δ2, δ
∗) we have ∂W

∂τ
|τ=0 < 0.2021 The proof of Lemma 12

is completed. �

PROOF OF PROPOSITION 1: The physical and human capital are distributed

lognormally. Thus, by (14), (15), and Lemma 2 and 3, we can get (18)-(19). �

PROOF OF PROPOSITION 2a and 2b: By (16), we get the dynamic equation of

19 δ̃ = (1−α)(α+βµ−1)(α+βµ+1)
α2+β2µ(µ−1)+αβ(2µ−1)−1

.
20If ω∗ < 1, then f < g for all ω ∈ (ω∗, 1).
21If, however, σ2

0 ≥ σ2
max(δ) for all δ ∈ (0, δ∗), then ω∗ > 1 and hence ∂W

∂τ |τ=0 ≥ 0 for all ω ∈ (0, 1).
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per capita income as below,

ln yt+1 − ln yt = ψ (τ) + µ lnκ− µσ2/2− δε ln l (τ)− δλ ln s2 (τ) (B.86)

− ((1− λ) (1− α− δ)− βµ) ln yt + (α + δ)λ (ln yt − ln yt−1)

+ Λt+1 + ((λ+ βµ) τ (1− τ)− δ − p (τ)) Λt + αλ (1− τ)2 Λt−1

+ δ
(
λ∆2

kt + µω∆2
ht

)
/2.

In the long run, inequality converges, Λt+1 = Λt = Λ, and ∆2
kt = ∆2

k, ∆2
ht = ∆2

h. Thus,

we rewrite (B.86) as follows,

ln yt+1 = Φ−ΨΛ (B.87)

+ (α + λ+ δ + βµ) ln yt − (α + δ)λ ln yt−1.

Using lag operators, we can write (B.87) as

(1− x1L) (1− x2L) ln yt+1 = Φ−ΨΛ, (B.88)

where

x1 =
(α + λ+ δ + βµ) +

√
(α + λ+ δ + βµ)2 − 4 (α + δ)λ

2
,

x2 =
(α + λ+ δ + βµ)−

√
(α + λ+ δ + βµ)2 − 4 (α + δ)λ

2
.

The general solution to (B.88) is

ln yt = ln ȳ + c1x
t
1 + c2x

t
2, (B.89)

where c1 and c2 are constants, and

ln ȳ ≡ Φ−ΨΛ

(1− x1) (1− x2)
. (B.90)

In general, we get endogenous growth if either of the roots equal unity so that

(1− x1) (1− x2) = 0. Otherwise, we get a stationary solution so the sequence with

an appropriate initial condition converges to a steady state per capita income. That is

if δ < δ∗, which implies that both x1 and x2 are less than one, then ln y = ln ȳ. Or if
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δ > δ∗, which implies that x1 > 1 and x2 < 1, and ln y0 = ln ȳ, then ln yt converges

asymptotically to its limit ln ȳ.

Differentiating x1 w.r.t δ gives

∂x1

∂δ
=

1

2

1− λ− δ − α− βµ√
(δ + α + λ+ βµ)2 − 4λ (δ + α)

 > 0.

Moreover,

lim
δ→∞

x1 →∞.

Thus, by ∂x1
∂δ

> 0 and x1 (δ = δ∗) = 1, we can say that when δ > δ∗, then x1 > 1. And

when δ < δ∗, then x1 < 1. Since x1 is a dominant root, we choose c1 = ln y0 − ln ȳ. Then

by (B.89), we choose the appropriate initial condition ln y0 = ln ȳ, such that c1 = 0. Since

x2 < 1, c2 can be any constant because as t goes to infinity, c2x
t
2 goes to zero. Therefore,

the sequence of ln yt converges asymptotically to its limit ln ȳ. In other words, even in

case, δ > δ∗, there exists a unique steady state when ln y0 = ln ȳ.

Differentiating x2 w.r.t δ gives

∂x2

∂δ
=

1

2

1 +
λ− δ − α− βµ√

(δ + α + λ+ βµ)2 − 4λ (δ + α)

 > 0.

Moreover, we know that

lim
δ→∞

x2 = λ < 1.

It means that x2 is always less than one. Thus, we know if δ < δ∗, both x1 and x2 are less

than one. Then, by (B.89), we can say that if δ < δ∗, then the output of the economy, yt,

will converge to a unique steady state y, as below

ln y =
1

(1− λ) (δ∗ − δ) (Φ−ΨΛ) , (B.91)

where

δ∗ ≡ 1− α− βµ

1− λ . (B.92)
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If δ = δ∗, we can write (B.87) as

ln yt+1 − ln yt = Φ−ΨΛ (B.93)

+

(
λ− βλµ

1− λ

)
(ln yt − ln yt−1) .

In the long run,

γ =
1

1− λ (α + δ)
(Φ−ΨΛ) . (B.94)

It implies that if δ = δ∗, which means that x1 = 1 and x2 < 1, then ln yt will grow at

a constant rate γ. Thus, the proofs of Proposition 2a and 2b are completed. �

PROOF OF PROPOSITION 3: Differentiating (??) wrt τ gives

∂γ

∂τ
= Mγ

(
∂Φ∗

∂τ
+ Ω∗Λ∗

)
, denoting Ω∗ ≡ Ψ∗a− ∂Ψ∗

∂τ
. (B.95)

From (35) or (B.95), it can be seen that if Ω ≤ 0 or Ω∗ ≤ 0 then ∂ ln y
∂τ

< 0 or ∂γ
∂τ
< 0

since ∂Φ
∂τ

< 0, ∂Φ∗

∂τ
< 0 and Λ > 0. Thus, the optimal redistributive tax rate τ ∗ = 0. If

Ω > 0 (or, Ω∗ > 0) then by (35) or (B.95), there exists a real σmin
y > 0 (or, σmin

γ > 0) such

that τ ∗y = 0 (or, τ ∗γ = 0) if and only if σ < σ∗y (or, σ < σ∗γ), where

σmin
y =

[
−∂Φ

∂τ
/Ω

]
v, σmin

γ =

[
−∂Φ∗

∂τ
/Ω∗

]
v∗, (B.96)

where v = 1/Λ and v∗ = 1/Λ∗. �

PROOF OF PROPOSITION 4: a) If there is no externality, i.e., δ = 0, by (28),

(29), (30), (31), and (B.19), at τ = 0, we can get

Ω = −2
λ

µ2
(1− α) ((λ+ µ) (1− α (λ+ µ)) + µ) < 0. (B.97)

By Proposition 3, clearly, if Ω < 0, then τ ∗ = 0. If λ = 0, then by (B.97), Ω = 0. Thus,

by Proposition 3, τ ∗ = 0.

b) If δ > 0, by Proposition 3, we find that if σ > σmin
y

(
or σ > σmin

γ

)
then τ ∗ > 0.

Thus, by a) and b), we can say that δ > 0 is a necessary condition for having τ ∗ > 0.

Then, the proof of Proposition 4 is completed. �

PROOF OF PROPOSITION 5: For the case with λ > 0 and δ = δ∗, by (B.95), we
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know that at τ = τ ∗,
∂Φ (τ ∗)

∂τ
+ Ω (τ ∗) Λ (τ ∗) = 0. (B.98)

Define τ ∗ = τ ∗ (ω, δ) that solves the above equation. Next, differentiating both sides

of (B.98) wrt δ, we get

∂

∂δ

(
∂Φ(τ ∗)

∂τ

)
+
[
Ω
′

δ(τ
∗)Λ(τ ∗) + Ω(τ ∗)Λ

′

δ(τ
∗)
] ∂τ ∗
∂δ

= 0. (B.99)

By (??), we get

∂Φ

∂τ
= (1− α− δ)

(
(1− λ) %s1τ + λ%s2τ + ε%lτ

)
< 0, (B.100)

where %s1τ ≡
∂ ln s1(τ)

∂τ
= − 1

1−τ < 0, %s2τ ≡
∂ ln s2(τ)

∂τ
= − 1

1−τ < 0, %lτ ≡
∂ ln l(τ)

∂τ
=

1
η

(
− 1

1−τ +
∂s1(τ)
∂τ

+ ∂s2(τ)
∂τ

1− s1 − s2

)
< 0.

Denote εΩ,δ ≡ ∂Ω/Ω
∂δ/δ

= δ
Ω
∂Ω
∂δ
, εΛ,δ ≡ ∂Λ/Λ

∂δ/δ
= δ

Λ
∂Λ
∂δ
< 0. Thus, rearranging (B.99) gives,

∂τ ∗

∂δ
= − 1

εΩ,δ + εΛ,δ

δ

Ω(τ ∗)Λ(τ ∗)

∂

∂δ

(
∂Φ(τ ∗)

∂τ

)
, (B.101)

where

∂

∂δ

(
∂Φ (τ ∗)

∂τ

)
= −

(
(1− λ) %s1τ + λ%s2τ + ε%lτ

)
+ (1− α− δ) ε∂%

l
τ

∂δ
> 0, (B.102)

and

∂%lτ
∂δ

=
1

η

 ∂
∂δ

(
∂s1(τ)
∂τ

)
1− s1 − s2

+
∂s1(τ)
∂τ

∂s1(τ)
∂δ

(1− s1 − s2)2

 > 0, (B.103)

Thus, we can say that if εΩ∗,δ∗ < 0 then, ∂τ
∗

∂δ
> 0. However, if εΩ∗,δ∗ > 0 then, ∂τ

∗

∂δ
≷ 0 if

and only if (εΩ∗, δ∗ + εΛ∗, δ∗) ≶ 0.

For the case with λ > 0 and δ < δ∗, at τ = τ ∗, by (35), we get

∂Φ (τ ∗)

∂τ
+ Ω (τ ∗) Λ (τ ∗) ≡ 0. (B.104)
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Differentiating both sides of (B.104) wrt δ, we get

∂

∂δ

(
∂Φ(τ ∗)

∂τ

)
+ Ω

′

δ(τ
∗)Λ(τ ∗)

∂τ ∗

∂δ
= 0, (B.105)

where
∂Φ

∂τ
= βµ%s1τ + λ (1− α− δ) %s2τ + (1− α− δ) ε%lτ < 0. (B.106)

Differentiating (B.106) wrt δ gives

∂

∂δ

(
∂Φ (τ ∗)

∂τ

)
= −λ%s2τ − ε%lτ > 0.

Denote εΩ,δ ≡ ∂Ω/Ω
∂δ/δ

= δ
Ω
∂Ω
∂δ
. Thus, rearranging (B.105) gives,

∂τ ∗

∂δ
= − 1

εΩ,δ

δ

Ω(τ ∗)Λ(τ ∗)

∂

∂δ

(
∂Φ(τ ∗)

∂τ

)
.

Thus, we can say that if εΩ,δ ≷ 0 then, ∂τ
∗

∂δ
≶ 0. �

PROOF OF PROPOSITION 6: By Lemmas 11, 12 and Propositions 4 and 5, we

can conclude that the ERH may hold despite constant returns to human capital and

despite endogenous growth. Also, Lemma 12 helps extend Proposition 5 for the KR1 and

KR2 with λ = 0. Thus Proposition 6 is established. �
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