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Abstract

In this thesis, we study a system consisting of qubits—two-level quantum systems—
interacting in the strong-coupling regime for a finite amount of time with a mode of
the electromagnetic field inside a resonator. In particular, we are interested in the
dynamics of the photon number and the possibility of controlling its statistics to produce
sub-Poissonian light.

To describe the system we use quantum trajectory theory where the time evolution
of the state vector consists of both a continuous part and jumps, which account for the
resonator losses. We also incorporate a variable number of qubits (changing in time)
interacting with the mode. A computer simulation was developed and optimised to
calculate the quantum trajectories.

When one sets the qubits initially to the excited state and fixes the interaction time
accordingly, so-called “trapping states” (photon numbers which block the addition of a
photon by a single qubit) appear. These states are instrumental in the generation of
sub-Poisson fields, for some cases even when the number of interacting qubits follow a
Poisson process.

We take advantage of the existence of trapping states to implement control protocols
based on the measurement of the output field of the resonator, with the objective
of lowering the uncertainty in the number of photons. Furthermore, we explore the
possibility of creating a source of sub-Poissonian pulses by first using a random interaction
time (which bypasses the trapping states) and then utilising the control protocols
developed. We are able to achieve fields with a Mandel Q parameter of QM = −0.98
and a photon number of n ∼ 68.
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1 Introduction

The study of light constitutes one of the most important scientific activities through-
out history, not only because of the big impact the knowledge gained has had on countless
technological advancements, but also because of the various changes of paradigms that
science has gone through in understanding its nature. Long-time heated debates around
its constituents, in particular about its corpuscular or wave character, have been a
constant from even the 17th century, with names like Newton and Descartes having
already opposing views. There were experiments which, at the time, favoured one view
over the other, such as the interference observed in the double-slit experiment at the
beginning of the 19th century. Moreover, the miraculous association of light with an
electromagnetic wave made by Maxwell added evidence to the wave theory.

The balancing of evidence had to wait for the rise of quantum mechanics, starting
with Planck at the beginning of the 20th century and his solution to the blackbody
radiation problem. There was a need to quantise the electromagnetic field to avoid the
so-called ultraviolet catastrophe; the energy of these “packets” of light—now referred to
as photons—was proportional to the frequency, ν, of the lightwave1:

E = hν . (1.1)

A second success of the quantum mechanics view of light came from the understanding
of the photoelectric effect, put forward by Einstein. A simple classical theory of light
could not account for the observations that the emission of electrons was linked to
the frequency of the light shone and did not depend on its intensity. Using such a
relationship as (1.1), one could easily obtain results that did match the observations.

Quantum mechanics provided a continual stream of questions, always challenging the
classical view of the world and general intuition. The debate about the character of light
eventually settled for an unconsidered answer: that light possesses properties consistent
with both waves and particles—so-called duality—and that one can influence how it
behaves by how the experiment is carried out. It was found that other particles for which
the laws of quantum mechanics dominate—in the microscopic realm—exhibit the same
duality. As experiments became more refined, quantum effects have been furthermore
observed in more extreme cases (closer to the macroscopic realm). Recently there have
been experiments demonstrating interference for much more complex bodies (see for
example [1], for an experiment where interference is shown for molecules consisting of

1Planck’s work did not involve directly quantising the light. Strictly speaking, he quantised the energy
of the oscillators that absorb and emit blackbody radiation. From this, he followed a thermodynamic
argument to arrive at the blackbody spectrum.

1



2 1 Introduction

∼ 800 atoms).
With the observation of quantum effects came the possibility of harnessing these

effects to develop new technology. Such was the case with the idea of amplification
by stimulated emission, realised first in the maser (microwave) and later in the laser
(optical frequencies). The essentially quantum aspect in this case is not so much
the stimulated emission itself, but the possibility of producing a population inversion
between discrete quantum levels of the amplifying medium. The population inversion
changes what would be an absorption process for a collection of classical harmonic
oscillators—dipoles—immersed in a classical coherent field into an amplification process.

The development of coherent sources of light was at the very beginning of quantum
optics, which later concerned itself with the understanding of novel effects with the
newly available non-classical fields. This thesis considers the creation of particular
non-classical fields by taking advantage of the intrinsic dynamics of a quantum system.

1.1 Motivation

Using the same principles as a maser/laser, the one-atom maser or micromaser was
proposed. The first experiment was reported in [2] and a theoretical treatment, using a
Fokker-Planck approach, was reported in [3]. The system allowed for the observation
of the energy exchange of individual quanta, or photons, between the field inside a
resonator and two-level atoms. This setup permitted various models to be tested, and
further quantum effects were validated [4]. Of relevance to this thesis was the discovery
of the so-called trapping states [5, 6], a product of the special type of non-linear gain
medium used (single excited atoms injected into the resonator one at a time), and a
consequence of the quantised nature of the field inside the resonator.

Whereas for a conventional laser the system exhibits fluctuations of very many
photons around some average number, in the individual 2-level system and resonator
model, the fluctuations can be of just a couple of photons for a relatively large average
number. The preparation of such states is largely derived from intrinsic dynamical
processes that naturally restrict the photon number to lie in regions close to the trapping
states. As was recently shown [7], sub-Poissonian photon number statistics can be
produced even when the pumping of the resonator obeys Poisson statistics—thanks to
the trapping states.

The appeal of such a source comes from the reduced fluctuations in photon number
[8]. A source that produces states with a reduced photon number variance would
be useful as a resource for precise measurements or communication protocols where
it is desirable to employ low-noise signals with a low intensity. There is also a use
for low uncertainty photon number states in the field of quantum information, where
protocols could benefit from the creation of near-Fock states—states with a definite
photon number.
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Lastly, with the development of superconducting chips and circuitry, analogues to
the original micromaser setup have been realised [9, 10]. These microwave circuits,
comprised of so-called superconducting qubits and a resonator, provide more control
on the engineering of the interaction; e.g., one is able to tune the qubits in and out of
resonance with the mode inside the resonator to simulate 2-level atoms passing through
a cavity. A higher degree of control in experiments (such as [11, 12]) links the theory
discussed in this thesis more closely to a physical realisation.

1.2 Thesis Structure

Chapter 2 begins with the quantisation of the electromagnetic field, where we find the
mathematical analogue of the electromagnetic field in a collection of quantum harmonic
oscillators. Two very important representations of the field are then discussed: those
based on Fock and coherent states. The quantum character of the field is then analysed
through its statistics. Finally the properties of so-called qubits—2 level quantum
systems—are reviewed.

The Jaynes-Cummings model is then discussed in Chapter 3. Two approximations,
the dipole and rotating wave approximations, are explored as part of the derivation of
the model. The time evolution of the model is studied, where we highlight the so-called
Rabi oscillations performed by an interacting qubit. The theory developed is illustrated
by the collapse and revival phenomenon which occurs when a qubit interacts with
a coherent state and the population inversion oscillations are first damped and then
increased (revived).

Chapter 4 adds to the theory developed in the previous chapters by considering an
open system. Two different paths are studied to obtain the time evolution of observables:
through a master equation, where one finds the time evolution of the density operator,
and through the so-called quantum trajectories where one integrates a differential
equation plus random (stochastic) quantum jumps for the state vector. The comparison
between the two is complemented by obtaining the time evolution of observables by
both methods.

In Chapter 5, we consider the Jaynes-Cummings model for a changing number of
interacting qubits. Always employing the quantum trajectory approach, we simulate
the dynamics of a lossy resonator with a fluctuating number of qubits tuning in and
out of resonance. An emphasis is placed on the two qubit case. Considering a constant
interaction time, the effect the delay in introducing the second qubit has on the photon
number is explored. Also discussed are the so-called trapping states, produced by
particular values of the interaction time. Their properties are reviewed and the effect
they have on the long-time behaviour of the photon number observable is studied.

Continuing with the examples introduced in Chapter 5, a way to manipulate the
photon number via an active feedback control is proposed in Chapter 6. The photon
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number is monitored via a stochastic signal generated by photon detection at the
resonator output and a control function is introduced, which aims to create a field with
sub-Poissonian statistics with the help of the trapping states. Two different protocols
are proposed, based on two different ways to handle the distribution in time of the
interacting qubits.

Finally, in Chapter 7 we propose a mechanism to create pulses of light with sub-
Poissonian statistics. The active feedback control of Chapter 6 is implemented to target
a particular trapping state. Also presented is the photon number response to a random
interaction time—a useful resource to move past the trapping states when operating
below the chosen target. The situation with the resonator initially prepared in a coherent
state is also explored, where we highlight some important differences with an initial
vacuum state.

A short summary with conclusions is presented in Chapter 8.
Throughout this thesis, the MKS system is used.



2 Quantum States of Light and Qubits: A
Brief Overview

Quantum optics studies light, and light-matter interactions using quantum mechanics.
Much of its success has come from the study of light fields which cannot be accurately
described using classical physics, hence the term non-classical light. These particular
fields have proven to be very useful as an experimental resource, enabling more precise
measurements and further tests of the validity of quantum mechanics itself, among other
things. Interest has grown dramatically due to the development of quantum information
science and the possibility of changing the computation and communication paradigm.
The quantum mechanical version of a bit—a qubit—is an important element in such
disciplines and, as a two level system, is one of the workhorses of quantum optics as
it provides a starting point of light-matter interaction in the microscopic scale. As
physical realisations of qubits continue to improve in accuracy and operation flexibility,
their manipulation, and even their use as a tool to control light fields, is of particular
interest.

In this chapter, we start by quantising the electromagnetic field drawing the analogy
with a harmonic oscillator. Next, we review some useful states that serve to represent
the field, describing their properties and their usefulness. There is a small section on
the field statistics, in particular its parting from Poissonian statistics. At the end of
the chapter there is a discussion on qubits, the mathematical tools that we will use to
describe them and a useful geometric interpretation: the Bloch sphere.

2.1 States of the Electromagnetic Field

To begin our study of light fields we need a representation of the electromagnetic
field consistent with the framework of quantum mechanics. This entails writing the
fields as operators, that act on vectors of a Hilbert space. We do this by quantising the
field, using the equivalence of the field to a collection of harmonic oscillators.

2.1.1 Quantisation of the EM field

We begin with the Maxwell equations with no sources [13],

∇ ·E(r, t) = 0 , (2.1a)

∇×E(r, t) = −∂B(r, t)
∂t

, (2.1b)

5
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∇ ·B(r, t) = 0 , (2.1c)

∇×H(r, t) = ∂D(r, t)
∂t

, (2.1d)

where B(r, t) = µ0H(r, t) and D(r, t) = ε0E(r, t) with µ0 and ε0 being the magnetic
permeability and electric permittivity of free space, respectively. We may derive both
E(r, t) and B(r, t) from a single vector potential A(r, t) using the Coulomb gauge,

B(r, t) = ∇×A(r, t) , (2.2a)

E(r, t) = −∂A(r, t)
∂t

, (2.2b)

satisfying the condition
∇ ·A(r, t) = 0 . (2.3)

Substituting (2.2a) into (2.1d) we find that A(r, t) must satisfy the wave equation

∇2A(r, t)− 1
c2
∂2A(r, t)

∂t2
= 0 , (2.4)

where c = (ε0µ0)−1/2 is the speed of light in free space. We consider a cubic volume
V = L3 and use as solutions running waves, subjected to periodic boundary conditions.
The volume we are considering has no real boundaries in the sense of a physical cavity:
we do not suppose standing-wave solutions. Whatever solution we find in V we extend
to neighbouring volumes, via the periodic boundary conditions, covering all of space.
The vector potential can thus be written as

A(r, t) =
∑
k

Ak(t)eik·r + c.c. (2.5)

where k = kxi+ kyj + kzk (we label as i, j,k the usual orthogonal unit vectors that
span R3) with each component of k satisfying

kx = 2πnx
L

, ky = 2πny
L

, kz = 2πnz
L

, (2.6)

where
nx, ny, nz = 0,±1,±2, . . . . (2.7)

The Coulomb gauge condition, ∇ ·A = 0, imposes restrictions on the direction of A,

k ·Ak = 0 . (2.8)

For each k there are two directions (orthogonal to each other) which satisfy the above;
we label them ζk,λ1 and ζk,λ2 : the two polarisation vectors. With this, we write the
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vector potential as

A(r, t) =
∑
k

∑
λ=1,2

ζk,λAk,λ(t)eik·r + c.c. (2.9)

We now turn to the time dependence of the mode amplitudes, the coefficients Ak,λ(t).
Plugging (2.9) into the wave equation (2.4) yields

k2Ak,λ + 1
c2

d2Ak,λ
dt2 = 0 , (2.10)

as the mode functions are orthogonal. The differential equation describes harmonic
oscillations with solution

Ak,λ(t) = Ak,λ(0)e−iωkt , (2.11)

where we have used the dispersion relation for each mode frequency ωk,

ωk = kc . (2.12)

The key to quantising the EM field is, as (2.10) suggests, to think about each mode
as a quantum harmonic oscillator, a system which is well known how to quantise. To
formally draw the analogy, we first obtain the fields E and B from the complete vector
potential:

A(r, t) =
∑
k

∑
λ=1,2

ζk,λAk,λe
i(k·r−ωkt) + c.c. . (2.13)

By using (2.2) we get,

E(r, t) =
∑
k

∑
λ=1,2

iωkζk,λAk,λe
i(k·r−ωkt) + c.c. , (2.14a)

B(r, t) =
∑
k

∑
λ=1,2

i(k × ζk,λ)Ak,λei(k·r−ωkt) + c.c. . (2.14b)

Next, we calculate the energy of the field. This is a quantity conserved in time so to
simplify the calculation we can set t = 0. We therefore have

H =
∫
V

{
ε0
2 E(r, 0) ·E(r, 0) + 1

2µ0
B(r, 0) ·B(r, 0)

}
d3r

=
∫
V

{
ε0
2

∑
k

∑
λ=1,2

(iωk)ζk,λAk,λeik·r + c.c.

2

+ 1
2µ0

∑
k

∑
λ=1,2

(k × ζk,λ)Ak,λeik·r + c.c.

2}
d3r . (2.15)

The integrals are greatly simplified by the orthonormality of the mode functions as well
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as by the fact that k is perpendicular to ζk,λ. The expression reduces to

H = 2ε0V
∑
k

∑
λ=1,2

ω2
kAk,λA

∗
k,λ . (2.16)

In general, Ak,λ are complex mode amplitudes, so we can separate them into real and
imaginary parts. If we write their decomposition as

Ak,λ = 1√
4ε0V ω2

k

(ωkQk,λ + iPk,λ) , (2.17)

we get
H =

∑
k

∑
λ=1,2

1
2
(
ω2
kQ

2
k,λ + P 2

k,λ

)
. (2.18)

The above represents, for each mode, the Hamiltonian of a harmonic oscillator with
the generalised coordinates Qk,λ and conjugate momenta Pk,λ. Their promotion to
operators achieves quantisation;

Qk,λ → q̂k,λ , Pk,λ → p̂k,λ , (2.19)

obeying the commutation relationships

[
q̂k,λ, p̂k′,λ′

]
= i~δk,k′δλ,λ′ . (2.20)

The transformation from q̂k,λ and p̂k,λ to the so-called annihilation, âk,λ, and creation,
â†k,λ, operators is helpful,

âk,λ = 1√
2~ωk

(ωkq̂k,λ + ip̂k,λ) , (2.21a)

â†k,λ = 1√
2~ωk

(ωkq̂k,λ − ip̂k,λ) . (2.21b)

They follow the boson commutation relations,

[
âk,λ, âk′,λ′

]
=
[
â†k,λ, â

†
k′,λ′

]
= 0 ,

[
âk,λ, â

†
k′,λ′

]
= δk,k′δλ,λ′ . (2.22)

The Hamiltonian of the quantised field, now an operator, equivalent to infinitely many
quantum harmonic oscillators, one for each mode, can be written in terms of the creation
and annihilation operators as

Ĥ =
∑
k

∑
λ=1,2

~ωk
2
(
â†k,λâk,λ + âk,λâ

†
k,λ

)
=
∑
k

∑
λ=1,2

~ωk
(
â†k,λâk,λ + 1

2

)
. (2.23)



2.1 States of the Electromagnetic Field 9

where we used the commutators (2.22) in the last equality. Finally, the expressions for
the quantised fields are

Ê(r, t) =
∑
k

∑
λ=1,2

ζk,λ

√
~ωk
2ε0V

âk,λ(t)eik·r + H.c. , (2.24a)

B̂(r, t) =
∑
k

∑
λ=1,2

(k × ζk,λ)
√

~
2ε0V ωk

âk,λ(t)eik·r + H.c. . (2.24b)

In the above expressions the operators have a time dependence, this corresponds to
working within the Heisenberg picture, in contrast to the Schrödinger picture where it
is the states that have the time dependence. To obtain the explicit form of âk,λ(t) we
solve the Heisenberg equation of motion, using the Hamiltonian (2.23) and again the
commutators (2.22),

dâk,λ
dt = 1

i~

[
âk,λ , Ĥ

]
= −i

∑
k′

∑
λ′=1,2

ωk′
[
âk,λ , â

†
k′,λ′ âk′,λ′

]
= −i

∑
k′

∑
λ′=1,2

ωk′
[
âk,λ , â

†
k′,λ′

]
âk′,λ′

= −iωkâk,λ , (2.25)

from which we obtain,
âk,λ(t) = âk,λ(0)e−iωkt , (2.26)

the operator version of (2.11).

In the following sections, we will restrict our study to a single mode oscillator for
simplicity, dropping the subscript k, λ.

2.1.2 Fock States

A natural representation of the field as vectors in a Hilbert space, following the form
of the Hamiltonian (2.23), are the Fock states |n〉. They represent states of the field
with a definite number of energy quanta, or photons, and as such are eigenvectors of Ĥ
for a particular mode of the EM field. More precisely, they are defined as eigenvectors
of the so-called number operator n̂ ≡ â†â,

n̂|n〉 = n|n〉 , (2.27)

with n a nonnegative integer. It is useful, to be able to picture them more clearly, to
derive the individual action of the operators â and â†. We start with the eigenvalue
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equation
Ĥ|n〉 = ~ω

(
n+ 1

2

)
|n〉 ≡ En|n〉 . (2.28)

Multiplying from the left by â†,

~ω
(
â†â†â+ 1

2 â
†
)
|n〉 = Enâ

†|n〉 , (2.29)

and using the commutators (2.22) on the first term, we get

~ω
(
â†ââ† − â† + 1

2 â
†
)
|n〉 = ~ω

(
â†â− 1

2

)
â†|n〉

= Enâ
†|n〉 . (2.30)

Therefore,

Ĥâ†|n〉 = ~ω
(
â†â+ 1

2

)
â†|n〉

= (En + ~ω)â†|n〉 , (2.31)

so that â†|n〉 is also an eigenvector of Ĥ with eigenvalue En + ~ω. A similar procedure
can be followed to arrive at

Ĥâ|n〉 = (En − ~ω) â|n〉 . (2.32)

It is clear that the action of the annihilation and creation operators on |n〉 is, up to a
scale factor,

â|n〉 →|n− 1〉 , (2.33a)

â†|n〉 →|n+ 1〉 . (2.33b)

To find the factor we use n = 〈n|â†â|n〉; if â|n〉 = c−|n− 1〉 and â†|n〉 = c+|n+ 1〉, then

n = 〈n|â†â|n〉

= 〈n− 1||c−|2|n− 1〉 =

= |c−|2 , (2.34)

and similarly

n = 〈n|â†â|n〉

= 〈n|(ââ† − 1)|n〉

= 〈n+ 1|(|c+|2 − 1)|n+ 1〉

= |c+|2 − 1 , (2.35)
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so that we obtain

c− =
√
n , (2.36a)

c+ =
√
n+ 1 . (2.36b)

Therefore, the complete action is

â|n〉 =
√
n|n− 1〉 , (2.37a)

â†|n〉 =
√
n+ 1|n+ 1〉 . (2.37b)

There is a “ladder-like” structure in Fock states, where the “rungs” correspond to
definite photon number states and we can move up and down through them by applying
the creation and annihilation operators. Having no upper limit, there is no restriction
in applying the creation operator to a Fock state repeatedly, but because n is a positive
integer we must have a Fock state for which

â|0〉 = 0 ; (2.38)

although |0〉 is the lowermost Fock state, often called the ground state, it will not have
zero energy:

Ĥ|0〉 = 1
2~ω|0〉 ≡ E0|0〉 . (2.39)

One can generate a particular Fock state by applying the creation operator to the
ground state repeatedly:

|n〉 = 1√
n!

(
â†
)n
|0〉 , (2.40)

where the prefactor is needed for normalisation purposes. As a basis set, Fock states
{|n〉} form an orthonormal and complete basis which we call the Fock basis, with

〈m|n〉 = δmn , (2.41a)
∞∑
n=0
|n〉〈n| = 1̂ , (2.41b)

where 1̂ is the identity operator.

2.1.3 Coherent States

Coherent states are better suited states to describe light fields in the optical regime
[14]. Opposed to Fock states, one can manipulate states with large photon numbers
and large uncertainties—characteristics shared by typical light fields in the optical
domain—more naturally with coherent states. Furthermore, standard laser sources
produce light that is well approximated by a coherent state, or a statistical mixture of
coherent states. They are also useful when calculating correlation functions as we shall



12 2 Quantum States of Light and Qubits: A Brief Overview

see in this section.

They are usually denoted by |α〉 with α in general a complex number. In terms of
Fock states, they are given by the expansion

|α〉 = e−
1
2 |α|

2|
∞∑
n=0

αn√
n!
|n〉 , (2.42)

and are eigenstates of the annihilation operator,

â|α〉 = e−
1
2 |α|

2|
∞∑
n=0

αn√
n!
â|n〉

= e−
1
2 |α|

2|
∞∑
n=0

αn+1
√
n!
|n〉

= α|α〉 . (2.43)

They are normalised but not orthogonal,

|〈α|β〉|2 =
∣∣∣∣∣e− 1

2 |α|
2− 1

2 |β|
2
∞∑
n=0

(α∗β)n

n!

∣∣∣∣∣
2

= e−|α−β|
2
, (2.44)

and they are overcomplete:
1
π

∫
d2α|α〉〈α| = 1̂ . (2.45)

From (2.42) we can see that for α = 0 we have the same ground state as for the
Fock states and, indeed, we can generate any coherent state from this ground state by
applying the displacement operator D̂(α) = eαâ

†−α∗â. To see this, we start by expanding
D̂(α) making use of the result [15, appx. D]: let two operators Â and B̂ commute with
their commutator, [[Â, B̂], Â] = [[Â, B̂], B̂] = 0, then

eÂeB̂ = eÂ+B̂+ 1
2 [Â,B̂] . (2.46)

We have

D̂(α)|0〉 = e−
1
2 |α|

2
eαâ

†
eα
∗â|0〉

= e−
1
2 |α|

2

 ∞∑
n=0

αn
(
â†
)n

n!

 |0〉
= e−

1
2 |α|

2
( ∞∑
n=0

αn√
n!
|n〉
)

= |α〉 , (2.47)

where in the second to last equality we used (2.40). Finally we note that the probability
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distribution of photon number for a coherent state is

P (n) = |〈n|α〉|2 = e−|α|
2 |α|2n

n! , (2.48)

which describes a Poisson probability distribution; as a consequence the mean photon
number in a coherent state equals its variance:

〈n̂〉 = 〈α|n̂|α〉 = e−|α|
2
∞∑
n=0

(α∗α)n

n! n

= |α|2 , (2.49)

and

〈n̂2〉 = 〈α| (n̂)2 |α〉 = e−|α|
2
∞∑
n=0

(α∗α)n

n! n2

= |α|4 + |α|2 , (2.50)

from which it follows that

(∆n̂)2 = 〈n̂2〉 − 〈n̂〉2 = |α|2 . (2.51)

Recall the position and momentum operators q̂, p̂ in terms of the creation and annihilation
operators â, â†,

q̂ =
√
~/2ω(â† + â), (2.52a)

p̂ = i
√
~/2ω(â† − â) . (2.52b)

To obtain their variances, we compute 〈q̂〉, 〈q̂2〉, 〈p̂〉, 〈p̂2〉:

〈q̂〉 =〈α|q̂|α〉 =
√

2~/ωReα , (2.53a)

〈q̂2〉 =〈α|q̂2|α〉 = (~/2ω)
(
(2Reα)2 + 1

)
, (2.53b)

and similarly,

〈p̂〉 =〈α|p̂|α〉 = −i
√

2~ω Imα , (2.54a)

〈p̂2〉 =〈α|p̂2|α〉 = −(~ω/2)
(
(2 Imα)2 − 1

)
, (2.54b)

from which we obtain
(∆q̂)2(∆p̂)2 = ~2

4 . (2.55)

The above product does not vanish thanks to the ±1 at the rightmost of (2.53b)
and (2.54b) respectively, a result of the non-commuting character of the creation and
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Figure 2.1: A diagram illustrating a coherent state. The uncertainty in both quadratures is
equal, so there is a circle of uncertainty around the point α. Harmonic motion drives the circle
around the origin, conserving its distance |α|.

annihilation operators. For a general state, (2.55) is an inequality referred to as the
Heisenberg uncertainty principle. The fact that it is an equality makes coherent states
minimum uncertainty states. Consider the quadratures

X̂1 = (1/2)(â+ â†) , (2.56a)

X̂2 = (1/2i)(â− â†) . (2.56b)

The minimum uncertainty condition can be written as

(∆X̂1)(∆X̂2) = 1
4 . (2.57)

For coherent states not only (2.57) holds but we also have

(∆X̂1) = (∆X̂2) = 1
2 . (2.58)

We can therefore represent coherent states as a circle of uncertainty (see Figure 2.1) of
diameter 1/2, with its center at α, moving in a circular orbit, thanks to the harmonic
oscillator Hamiltonian (see (2.26)). There exist other minimum uncertainty states, i.e.
squeezed states; they satisfy (2.57) but not (2.58). The uncertainty in one variable is
reduced with the cost of amplifying that of the other variable. Coherent states are said
to be the closest quantum mechanical states to a classical description of light. Beyond
being minimum uncertainty states and possesing the same variance in quadratures,
when projected into position space they have the form of a Gaussian wave packet. This
wave packet oscillates back and forth in the harmonic potential just like a classical
particle would, without any change in its shape.

Lastly, coherent states allow all normally ordered correlation functions of the field to
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Figure 2.2: Three photon number distributions with a mean photon number of 5: a super-
Poissonian thermal light distribution (light grey), a Poissonian photon number distribution
corresponding to a coherent state (dark grey) and a Dirac δ-function, corresponding to a definite
number of photons, i.e., a Fock state (black).

factorise. It is in fact this property that defines a coherent field in Glauber’s coherence
theory [14].

2.2 Non-Classical Light and Sub-Poissonian Statistics

Now we review some basic statistical properties of the field. It is useful to define the
probability function that provides information on the photon number of a particular
one-mode state |ψ〉,

P(n) = |〈n|ψ〉|2 . (2.59)

In particular, we can compare the variance of the field—or rather the variance of the
photon number with respect to the distribution P—to the variance for a coherent state
(2.51), that is, to the variance of a Poisson distribution. To this end, a useful parameter
is the Mandel Q parameter, or QM , defined as

QM = (∆n̂)2
P

〈n̂〉P
− 1 , (2.60)

where the subscript P indicates that variance and mean are calculated with respect
to the P distribution. A Poisson distribution has QM = 0 as its variance is equal to
its mean, while whenever QM < 0 (QM > 0) we say the distribution is sub(super)-
Poissonian. A Fock state, for example, has no uncertainty in the photon number, hence
it has the lowest Mandel Q: QM = −1. Photon number distributions for three states
of the field are plotted in Figure 2.2, for a coherent state, a Fock state and a thermal
state, which follows a Bose-Einstein distribution.

The distinction between classical and non-classical states of light comes from in-
specting the quasiprobability distribution P (α) introduced by Glauber [14]. It is used
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to compute expectation values of normally ordered operators:

〈(â†)mân〉 =
∫

(α∗)m(α)nP (α)d2α . (2.61)

For some states P (α) can in fact be negative, or be a generalised function—more singular
than a δ-function—and we identify those states as non-classical (in fact every pure state
of the field except coherent states are of this kind). As an illustration of particular
relevance to this thesis, for the photon number operator n̂ = â†â we can compute its
variance,

(∆n̂)2 = 〈n̂2〉 − 〈n̂〉2 = 〈â†ââ†â〉 − 〈â†â〉2 , (2.62)

explicitly from P (α). Using the commutation relationships (2.22), we write the variance
as

(∆n̂)2 = 〈n̂〉+ 〈â†â†ââ− 〈â†â〉2〉 , (2.63)

and then use the P (α) distribution to compute the second and third expectation values,
giving

(∆n̂)2 = 〈n̂〉+
∫

d2αP (α)
(
|α|2 − 〈|α|2〉

)2
. (2.64)

So the fact that (∆n̂)2 < 〈n̂〉, which implies sub-Poissonian statistics from (2.60),
requires that P (α) not be positive definite.

2.3 Two-level Systems: Qubits

We consider a simple quantum mechanical system consisting of two states with
different definite energies. The lower energy state we call the ground state and the
upper one we call the excited state. We will sometimes refer to them using Dirac’s
notation as |0〉 for the ground state and |1〉 for the excited state. In spite of the fact
that we are talking about two-level systems, with energy as the distinguishing factor,
the fundamental idea is that of two-state systems. Even though a two-state system is
not always a two level system in the energy sense—e.g. photon polarisation—in this
thesis we will use the term two-level to refer to the abstract two-state quantum system.

Apart from the simplicity of having only two levels, there is a direct analogy with
classical information theory. The unit of classical information, or bit, can be modelled
with a two-level quantum system, although in general inheriting all the quantum
phenomena associated with superposition states. People refer to this quantum extension
of the classical bit as a qubit [16]; it is the basic building block in the rapidly expanding
field of quantum information [17]. We can use the energy states to form a complete
orthonormal basis {|0〉, |1〉}, often called the computational basis. Using this basis the
general state of a qubit, |φ〉, in contrast to a classical bit, can be a superposition of |0〉
and |1〉:

|φ〉 = c0|0〉+ c1|1〉 , (2.65)
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where c0,1 are complex numbers such that |c0|2 + |c1|2 = 1, in order to have the state
normalised.

Practical examples of two-level systems are found in the polarisation of light, or in
the spin of particles. There are, however, systems that can be engineered to behave
similarly as if they had only two operating levels. Examples of such physical realisations
include atomic experiments with the so-called circular Rydberg atoms [18, 19], as well
as experiments with ions [20, 21] and more recently with the so-called superconducting
qubits [9, 10].

In order to describe qubit dynamics, a useful mathematical tool is provided by the
Pauli spin matrices,

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, (2.66)

which arise in the study of spin interactions. The quantum mechanics of any two-state
system can be described using the same mathematics as in the true spin-1/2 case.
Working with the computational basis, we can represent the vectors |0〉 and |1〉 by

|0〉 →
(

0
1

)
, |1〉 →

(
1
0

)
. (2.67)

Similarly, an operator ô will have a 2× 2 matrix representation given by

ô→
(
〈1|ô|1〉 〈1|ô|0〉
〈0|ô|1〉 〈0|ô|0〉

)
. (2.68)

Using this representation, the pseudo-spin operators, σ̂i (i = 1, 2, 3), in their matrix
form coincide with (2.66); that is: σ̂1 → σx, σ̂2 → σy, σ̂3 → σz. Alternatively, we can
write them as a sum of exterior products, following (2.68),

σ̂1 = |0〉〈1|+ |1〉〈0| , (2.69a)

σ̂2 = i (|0〉〈1| − |1〉〈0|) , (2.69b)

σ̂3 = |1〉〈1| − |0〉〈0| . (2.69c)

They obey the commutation relationships,

[σ̂a, σ̂b] = 2iεabcσ̂c , (2.70)

with a, b, c = 1, 2, 3 and εabc is 0 if there are repeated indices and 1 (−1) if the indices are
an even (odd) permutation of 123; we have also used, and will continue using, Einstein’s
summation convention where repeated indices indicate a sum over all their possible
values.
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Of importance as well are the pseudo-spin lowering and raising operators,

σ̂− →
(

0 0
1 0

)
, σ̂+ →

(
0 1
0 0

)
, (2.71)

respectively, with their corresponding expressions as exterior products,

σ̂− = |0〉〈1| , (2.72a)

σ̂+ = |1〉〈0| . (2.72b)

We aim now to obtain an expression for the Hamiltonian. Because each of the two levels
has a definite energy, the Hamiltonian will be diagonal in the computational basis,

Ĥ|0〉 = E0|0〉 , Ĥ|1〉 = E1|1〉 , (2.73)

where E0,1 are the energies of the ground and excited states, respectively. Therefore we
can write Ĥ as

Ĥ = 1̂Ĥ1̂ = E0|0〉〈0|+ E1|1〉〈1| , (2.74)

where we used the identity 1̂ = |0〉〈0| + |1〉〈1|. We can cast (2.74) into an alternate
form, making use of the pseudo-spin operators (2.69),

Ĥ = 1
2(E1 − E0)σ̂3 + 1

2(E1 + E0)1̂ . (2.75)

The second (energy constant) term can be dropped by redefining the energy origin.
Writing the energy as proportional to the frequency, Ei = ~ωQ,i, and the energy
difference as

E1 − E0 = ~ωQ , (2.76)

where ωQ ≡ ωQ,1 − ωQ,0, the Hamiltonian for a two-level system is

Ĥ = ~ωQ
2 σ̂3 . (2.77)

Notice that we can write |1〉〈1| = σ̂+σ̂− and |0〉〈0| = σ̂−σ̂+ so that (2.77) has the form

Ĥ = ~ωQ
(
σ̂+σ̂− −

1
2

)
(2.78)

in close analogy with the field Hamiltonian (2.23).
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Figure 2.3: A geometrical representation of a qubit as a point on a unit sphere—the Bloch
sphere. The state is parametrised with two angular variables, θ, φ.

2.3.1 Bloch Sphere

A useful geometrical representation of a qubit is a point in the so-called Bloch sphere
[22]. We can always write a general qubit state using two real parameters, θ and φ, as

|ψ〉 = c0|0〉+ c1|1〉 = cos
(
θ

2

)
|0〉+ eiφ sin

(
θ

2

)
|1〉 . (2.79)

The state |ψ〉 is mapped onto a unit vector which has polar angle θ and azimuthal
angle φ (see Figure 2.3). From (2.79) we identify that the computational basis states
occupy the “north” and “south” poles of the sphere. In general two orthogonal states
are opposite poles on the Bloch sphere.

Working backwards from the geometrical analogy, we can represent the state by
three real numbers, the coordinates of the point representing the state. This is just the
rectangular coordinates of a point on the unit sphere,

|ψ〉 → ψ = ui+ vj + wk = sin(θ) cos(φ)i+ sin(θ) sin(φ)j + cos(θ)k . (2.80)

We would like to represent u, v, w in terms of the coefficients in (2.79). We obtain

u = c0c
∗
1 + c∗0c1 = 2Re(c0c

∗
1) , (2.81a)

v = i(c0c
∗
1 − c∗0c1) = 2 Im(c0c

∗
1) , (2.81b)

w = |c1|2 − |c0|2 . (2.81c)

The last quantity will be of particular interest and is called the population inversion.
Physically, it is the difference in probabilities of finding the qubit in either the |1〉 or |0〉
states.

We can furthermore relate the quantities u, v, w to the elements of the density
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operator ρ̂ in the computational basis (see (2.68)),

ρ̂ = |ψ〉〈ψ| →
(
|c1|2 c∗0c1

c0c
∗
1 |c0|2

)
. (2.82)

Then we find we can represent the density operator using the Bloch sphere coordinates
for our state vector. Making use of the normalisation condition |c0|2 + |c1|2 = 1 we have,

ρ̂→ 1
2

(
1 + w u+ iv

u− iv 1− w

)
. (2.83)



3 Closed Systems Quantum Optics

So far we have dealt with the electromagnetic field. In this chapter we will develop
one of the fundamental models for the interaction of radiation with matter, namely
the Jaynes-Cummings model [23, 24]. This model considers the interaction between a
one-mode quantised field and a qubit i.e. a two-level system.

3.1 Jaynes-Cummings Hamiltonian

3.1.1 Dipole approximation

We begin by writing the Hamiltonian of the complete system as the sum of three
separate Hamiltonians,

Ĥ = ĤQ + ĤR + ĤI , (3.1)

where ĤR corresponds to the field (2.23), ĤQ corresponds to the two-level system (2.77),
and we group the interaction terms in ĤI . Strictly speaking, ĤI involves a multipolar
expansion, but we can perform an approximation [25, sect. 5.3], and only keep the
dipolar term, so we can write it as

ĤI = −D̂ · Ê , (3.2)

with D̂ the dipole operator, defined as

D̂ =
1∑

i,j=0
|i〉〈i|e(r̂ − r̂0)|j〉〈j|

=
1∑

i,j=0
〈i|e(r̂ − r̂0)|j〉|i〉〈j| ≡

1∑
i,j=0

Dij |i〉〈j| (3.3)

where r̂0 is the nuclear coordinate operator and r̂ is the electron coordinate operator
(using an atom as an example of a qubit). In the above expression, Dij = 〈i|e(r̂− r̂0)|j〉
are the matrix elements of the dipole operator. The so-called dipole approximation we
performed to obtain (3.2) goes further: from (2.24) we know the spatial component of
Ê involves an exponential which we can expand as,

eik·r = eik·r0
[
1 + (r − r0) · ik +O(|(r − r0) · k|2)

]
. (3.4)

The dipole approximation consists in keeping only the first term. In other words, the
electron is not sensitive to spatial changes in the field, being only affected by a purely
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time-dependent field. Typically, an electron will have an orbit of size |r−r0| ∼ 10−10 m;
the magnitude of k is inversely proportional to the wavelength of the mode, e.g. for
optical frequencies |k| ∼ 107 m−1. The dot product between these two vectors is then
sufficiently small so that it can be dropped. Another relevant example is a qubit
interacting with microwaves. Now |k| ∼ 103 m−1 and so for the dipole approximation
to hold we must have qubits smaller than a few tenths of a millimetre—fully inside of
the macroscopic realm.

Next, we will suppose that the two states, |0〉 and |1〉, have opposite parity. Then,
as r̂ (or more precisely r̂ − r̂0) is itself an odd-parity operator, the diagonal elements of
the dipole operator must vanish. This allows us to write D̂ in terms of the pseudo-spin
raising and lowering operators (2.72),

D̂ = D10σ̂+ +D01σ̂− . (3.5)

We have isolated the vectorial character of the dipole operator into D10 and D∗10 = D01,
and its operator character into the σ̂± operators. The interaction term dot product
yields,

ĤI = −D̂ · Ê

= − (D10σ̂+ +D01σ̂−) · E
(
ζâeik·r0 + ζ∗â†e−ik·r0

)
= ~

(
grσ̂+â+ g∗r σ̂−â

† + gcσ̂+â
† + g∗c σ̂−â

)
, (3.6)

with

E =
√
~ω

2ε0V
, (3.7)

where we have defined,

~gr = −Eeik·r0(D10 · ζ) , (3.8a)

~gc = −Ee−ik·r0(D10 · ζ∗) . (3.8b)

3.1.2 Rotating wave approximation

Now we aim to simplify the interaction Hamiltonian (3.6). We identify four terms
with their corresponding action summarised as diagrams in Figure 3.1. From a simple
energy conservation analysis, the terms containing gc do not conserve energy at first
order. We will see that, in fact, they oscillate much more rapidly than the terms
containing gr. The rotating wave approximation (RWA) is made by dropping these
so-called counter-rotating terms. It is justified by the following argument.

We start by separating the total Hamiltonian into its interacting and non-interacting
parts,

Ĥ = Ĥ0 + ĤI , (3.9)
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(a) σ−â† (b) σ+â

(c) σ−â (d) σ+â
†

Figure 3.1: Rotating ((a), (b)) and counter-rotating terms ((c), (d)) represented schematically.
Solid lines represent the qubit state and the curved lines represent a photon. The thickness of
the solid lines encodes the state of the qubit, either |0〉 (thin line) or |1〉 (thick line). The state
before (after) the action is to the left (right) of the intersection of lines.

where
Ĥ0 = ~ωâ†â+ ~ωQ

2 σ̂3 , (3.10)

with ω the mode frequency and ωQ the frequency of the two-level energy difference.
The splitting of the Hamiltonian allows us to define a unitary transformation

Û = e−iĤ0t/~ , (3.11)

that takes us to the so-called interaction picture [26, sect. 5.5]. Operators transform
according to

Ô′ = Û †ÔÛ . (3.12)

We will only be interested in the transformation of ĤI . Because â†â and σ̂3 operate on
two separate Hilbert spaces, we have [â†â, σ̂3] = 0, and therefore we can factorise Û as

Û = e−iωâ
†âte−iωQσ̂3t/2 . (3.13)

The transformation (3.12) requires us to calculate terms like eαÂB̂e−αÂ, for which the
Baker-Hausdorff lemma [26, p. 96] is useful;

eαÂB̂e−αÂ = B̂ + α[Â, B̂] + α2

2! [Â, [Â, B̂]] + . . . . (3.14)

Using the above expansion, as well as the commutators

[â†â, â] = −â , (3.15a)
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[σ̂3, σ̂+] = 2σ̂+ , (3.15b)

(similarly with â† and σ̂−) we have the following results:

eiωâ
†ââe−iωâ

†â = âe−iωt , (3.16a)

eiωâ
†ââ†e−iωâ

†â = â†eiωt , (3.16b)

eiωQσ̂3 σ̂+e
−iωQσ̂3 = σ̂+e

iωQt , (3.16c)

eiωQσ̂3 σ̂−e
−iωQσ̂3 = σ̂−e

−iωQt . (3.16d)

Then the Hamiltonian in the interaction picture is

Ĥ ′I = Û †ĤI Û

= ~
(
grσ̂+âe

i∆rt + gcσ̂+â
†ei∆ct + H.c.

)
, (3.17)

where

∆r = ωQ − ω , (3.18a)

∆c = ωQ + ω . (3.18b)

Situations where the system is close to resonance can produce a spread of several orders
of magnitude between ∆r and ∆c. In such scenarios, the counter-rotating terms can
be averaged to zero on the timescale of the evolution of the rotating terms. This
approximation, the RWA, gives the Hamiltonian (with the simplified notation g ≡ gr)

Ĥ ′I,RWA = ~(gei∆rtσ̂+â+ g∗e−i∆rtσ̂−â
†) . (3.19)

We call ∆r the detuning; note that whenever the detuning vanishes—perfect resonance—
the Hamiltonian in the interaction picture is time-independent. We can return to the
Schrödinger picture to finally obtain the Jaynes-Cummings Hamiltonian,

Ĥ = ~ωâ†â+ ~ωQ
2 σ̂3 + ~

(
gâσ̂+ + g∗â†σ̂−

)
. (3.20)

3.2 Dressed States

Continuing our study of the J-C Hamiltonian, we now turn to its eigenstates. Our
Hilbert space is now a product of two distinct Hilbert spaces—the field and the qubit
spaces. Eigenstates of the non-interacting part of the J-C Hamiltonian (that is, Ĥ0) are
thus products of Fock states of the field {|n〉}∞0 and the energy states of the two-level
system {|j〉}10, which we label as |n, j〉 ≡ |n〉 ⊗ |j〉. Some more notation: we will refer to
the complete basis (the tensor product of all Fock states with the energy states of the
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qubit) as
B = {|n, j〉 : n = 0, 1, . . . ; j = 0, 1} . (3.21)

Consider the two eigenstates |n+1, 0〉 and |n, 1〉, both elements of B, and their eigenvalues,
where

Ĥ0|n, 1〉 = ~
2 (2nω + ωQ) |n, 1〉

= ~
2 ((2n+ 1)ω + ∆r) |n, 1〉 , (3.22)

and similarly,

Ĥ0|n+ 1, 0〉 = ~
2 (2(n+ 1)ω − ωQ) |n, 1〉

= ~
2 ((2n+ 1)ω −∆r) |n+ 1, 0〉 . (3.23)

With the notation
ωn =

(
n+ 1

2

)
ω (3.24)

it is clear that the eigenstates |n, 1〉 and |n+ 1, 0〉 have eigenvalues separated by ~∆r;
rewriting (3.22) and (3.23) we find

Ĥ0|n, 1〉 = ~
(
ωn + ∆r

2

)
|n, 1〉 , (3.25a)

Ĥ0|n+ 1, 0〉 = ~
(
ωn −

∆r

2

)
|n+ 1, 0〉 . (3.25b)

Thus the eigenstates are ordered in pairs—each pair centered on En = ~ωn and separated
a distance ~ω from the next pair. One can also see that in the resonant case (∆r = 0),
these pairs are degenerate. The ground state is unpaired and is given by the state |0, 0〉
with energy −~ωQ/2 (see Figure 3.2). This suggests we subdivide B into subspaces Bn
defined by

Bn = {|n, 1〉, |n+ 1, 0〉} (3.26)

for one particular n = 0, 1, . . . . We regain the full basis with their union,

B =
∞⋃
n=0
Bn ∪ {|0, 0〉} . (3.27)

The interaction term in (3.20) will only couple such paired states as seen above (see
Figure 3.2); |n, 1〉 and |n+ 1, 0〉. For a particular photon number n, the evolution of
the system will take place inside the subspace spanned by Bn, so that we can write a



26 3 Closed Systems Quantum Optics

Figure 3.2: Energy diagram for the eigenstates of the uncoupled qubit-field system. Thick
vertical lines represent the energy values of the eigenstates of Ĥ0 and dotted lines are energy
references. The ground state possesses negative energy due to how we defined the energy origin
(see (2.75) and the following text).

general state as a 2-component vector

|ψ〉 = c1|n, 1〉+ c0|n+ 1, 0〉 →
(
c1

c0

)
. (3.28)

We write the part of (3.20) inside this subspace—and relabel it as Ĥn—in matrix form,

Ĥn → ~
(
ωn + ∆r/2 g

√
n+ 1

g∗
√
n+ 1 ωn −∆r/2

)
. (3.29)

It is helpful to use the notation for the frequencies ∆ = ∆r/2 and

gn,∆ =
√

∆2 + |g|2(n+ 1) . (3.30)

With no assumption on the form of g, it is in general a complex number which we
write as g = |g|eiξ. We now compute the eigenvalues and eigenvectors of Ĥn. For the
eigenvalues we get,

En,± = ~
(
ωn ± gn,∆

)
, (3.31)

and for their corresponding normalised eigenvectors,

ψn,± = A
(

1,
±gn,∆ −∆

gn,0
e−iξ

)T
, (3.32)

with
A = gn,0√

(gn,0)2 +
(
±gn,∆ −∆

)2 . (3.33)

The normalised eigenvectors are the so-called dressed states of the system qubit-field.
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Figure 3.3: Energy diagram showing the lifting of the degeneracy of the Ĥ0 eigenstates
when ∆r = 0 (resonance) after including the coupling term. The dressed states are separated a
distance proportional to the photon number.

In ket form they are,

|n,±〉 = gn,0√
(gn,0)2 + (±gn,∆ −∆)2

|n, 1〉+
(±gn,∆ −∆)e−iξ√

(gn,0)2 + (±gn,∆ −∆)2
|n+ 1, 0〉 . (3.34)

Because of the nature of the coefficients in the above expression, one can draw the
analogy to the Bloch sphere case (see Figure 2.3) and write the dressed states as
|n,±〉 = cos(θ/2)|n, 1〉+ eiφ sin(θ/2)|n+ 1, 0〉 giving the same geometrical interpretation
that (2.80) suggests.

In the particular case of resonance (∆ = 0), we find the simple expression for the
dressed states,

|n,±〉∆=0 = 1√
2

(
|n, 1〉 ± e−iξ|n+ 1, 0〉

)
, (3.35)

with corresponding energies

En,±;∆=0 = ~(ωn ± |g|
√
n+ 1) . (3.36)

There is no longer a degeneracy in the resonant case, the dressed states are split, thanks
to the coupling term, a distance proportional to the square root of the photon number
(see Figure 3.3).

3.3 Rabi Oscillations

We attack the problem of the dynamical evolution of the system field-qubit with
the help of the dressed states. For an initial Fock state in the field, our Hamiltonian Ĥ
confines the evolution of the system to a pair of coupled states so that, for a particular
photon number n, {|n,±〉} (a rotation of Bn) form a complete basis.

Focusing our study on the resonant case (we will drop the subscript ∆ = 0) we have
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in general a time-dependent state

|ψ(t)〉 = c+(t)|n,+〉+ c−(t)|n,−〉 (3.37)

where the c±(t) are determined by solving the Schrödinger equation with a chosen initial
condition. As an example, let us obtain the time evolution beginning in an eigenstate of
Ĥ0 or a state where the photon number is completely determined and the qubit state is
one of either |0〉 or |1〉. First we express these initial states in terms of dressed states;

|ψ1(0)〉 = |n, 1〉 = 1√
2

(|n,+〉+ |n,−〉) , (3.38a)

|ψ0(0)〉 = |n+ 1, 0〉 = 1√
2

(|n,+〉 − |n,−〉) , (3.38b)

we have ignored the global phase term eiξ in the second equation as it gives the same
physical state. By working in the interaction picture—labelling state vectors with a
tilde—we remove the diagonal term in (3.29) and find the state at time t. For the initial
state |ψ1(0)〉 we have

|ψ̃1(t)〉 = e−ignt√
2
|n,+〉+ eignt√

2
|n+ 1,−〉 , (3.39)

which, returning to the Bn basis, gives

|ψ̃1(t)〉 = cos(gnt)|n, 1〉 − i sin(gnt)e−iξ|n+ 1, 0〉 . (3.40)

Completely analogously we find the time evolution for the case of having the initial
state |ψ0(0)〉,

|ψ̃0(t)〉 = −i sin(gnt)|n, 1〉+ cos(gnt)e−iξ|n+ 1, 0〉 . (3.41)

A quantity of interest, following again the interpretation (2.80) and (2.81), is the
population inversion. In the case of the initial state |ψ1(0)〉,

w1(t) = |〈n, 1|ψ̃1(t)〉|2 − |〈n+ 1, 0|ψ̃1(t)〉|2

= cos(2gnt) . (3.42)

Similarly we find for the initial state |ψ0(0)〉, w0(t) = − cos(2gnt). The oscillations
between the two states occur at a frequency 2gn and are referred to as Rabi oscillations.
Physically, they represent the coherent exchange of energy between the qubit and the
field. For example, having initially the qubit in the excited state, the interaction will
transfer an energy quanta—photon—to the field mode and then back again to the qubit,
subsequently repeating this process over and over again. For a qubit interacting with
the field in free space, the first part is no different—the transfer of a photon to a field
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mode will be made; but the photon will not be available for the qubit to absorb, because
the qubit is in fact coupled to a continuum of field modes. This is called spontaneous
emission. The key difference in the emission process described by the J-C model lies in
the resonator and its effect of blocking out all but one mode for the qubit (in a perfect
resonator). Therefore, the photon transferred from the qubit remains trapped in the
resonator and thus is available to be absorbed by the qubit, starting the process all over
again.

3.4 Coherent Field: Collapse and Revival

In the last section we explore the time evolution of the system qubit-field for different
initial conditions. The mathematically simple J-C model provides rich dynamics very
different from what we expect from a classical point of view [27]. This is evident even
when using the states which most resemble a classical description of the field—the
coherent states (2.42).

We pick as an initial state the qubit in the excited state and the field in a coherent
state,

|ψ(0)〉 = |α〉 ⊗ |1〉 , (3.43)

which we can expand in Fock states as

|ψ(0)〉 = e−
1
2 |α|

2
∞∑
n=0

αn√
n!
|n, 1〉 . (3.44)

As we are going to use the J-C Hamiltonian, it will be most convenient to work with
dressed states. To write the above expression using dressed states we use (3.38);

|ψ(0)〉 = e−
1
2 |α|

2
∞∑
n=0

αn√
n!
√

2
(|n,+〉+ |n,−〉) . (3.45)

Within the interaction picture, we obtain the time evolution

|ψ̃(t)〉 = e−
1
2 |α|

2
∞∑
n=0

αn√
n!
√

2
(e−ignt|n,+〉+ eignt|n,−〉)

= e−
1
2 |α|

2
∞∑
n=0

αn√
n!

(cos(gnt)|n, 1〉 − i sin(gnt)e−iξ|n+ 1, 0〉) . (3.46)

Now the population inversion involves a sum,

w(t) = e−|α|
2
∞∑
n=0

|α|2n

n! cos(2gnt) . (3.47)

There are a number of features to note on the form of w(t) (see Figure 3.4). The
oscillations that we expected from the previous section do appear but they have a
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Figure 3.4: Time evolution of the population inversion when initially the field is in a coherent
state (|α|2 = 10) and the qubit is in the excited state.

varying amplitude. Because of their time-dependence they are commonly referred to as
collapse and revivals [28], names that point to the initial decrease and later increase of
amplitude. Of these two, perhaps the least surprising is the collapse. The population
inversion involves a sum of weighted cosine terms that in turn have angles dependent
on the square root of n. Thus there are different frequencies competing (some of them
irrational) and with time they will interfere destructively with each other.

In the classical picture, a collapse would be expected. Consider a classical field with
an uncertain (in the statistical sense) intensity, instead of the coherent state. We would
obtain a relationship similar to (3.47), but in place of the sum over an uncertain photon
number there would be an integral over the uncertain intensity; the Poisson distribution
over the photon number would be replaced by a probability distribution over intensity.
The collapse then follows due to destructive interference, but no eventual increase of
amplitude would happen, since one needs a sum over discrete frequencies to allow for
the possibility of rephasing (and constructive interference) at a later time.

Thus, the quantum character comes into play with the so-called revivals. Although
there are irrational frequencies inside the population inversion sum, they are discrete
and weighted by the Poisson distribution of the coherent state. The situation is
approximately equal to a finite set of oscillating terms that, although each with different
frequencies, will eventually come back into phase to interfere constructively and revive
the oscillations.

As time passes the oscillations come out of phase again and a collapse happens,
repeating the process. Nevertheless, there is not a clear periodicity on the change in
amplitude. The

√
n dependence of the frequencies is to blame. Because of this, there

are irrational frequencies in competing oscillating terms that produce smaller collapses
and revivals (i.e. come in and out of phase more irregularly) and generally increase the
complexity of the oscillations.
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In the last chapter we studied the interaction of a qubit with a mode of the EM
field. We did so considering that the energy is conserved within this system; it is in
this sense that we used the word “closed” system—there is no energy exchange with
anything outside the qubit and the resonator mode. In reality there are no closed
systems. Resonators are not perfect and the qubit may be coupled to environment
modes. The problem is conceptually fixed if one expands the system under consideration
to include, for example, the outside environment; but it becomes very hard to do any
physical calculations because of the number of degrees of freedom now involved.

In this chapter we will discuss a traditional way of dealing with open quantum
systems, the so-called master equation, and what amounts to its “unravelling” [29, sect.
7.4]—the quantum trajectory approach. We will focus on the latter as this is the main
theoretical tool that will be use in later chapters of the thesis.

4.1 Master Equation Approach

The challenge of dealing with a system S which inevitably interacts with a complex
environment R is the motivator of the master equation approach. The basic idea is
to model the system including parameters which, under certain approximations, will
mimic the physical coupling between S and R.

We give only the generalities of how one obtains certain master equations (we follow
the more detailed treatment of [29, chap. 1]) as they are not main players in this thesis.
Nonetheless, they provide a firm ground upon which to build and compare our quantum
trajectories calculations further on.

4.1.1 Born and Markov approximations

We start by identifying the separation of the governing Hamiltonian (similar to
(3.1)),

Ĥ = ĤS + ĤR + ĤSR , (4.1)

where ĤS and ĤR are Hamiltonians of S and R, respectively, and the interaction
between them is given completely by ĤSR. Let us call the density operator of S ⊗R,
χ̂(t), in general time dependent, and use the familiar ρ̂(t) as the reduced density operator
defined by

ρ̂(t) = trR (χ̂(t)) , (4.2)

31
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where we trace out the states of R. This separation is useful because in the end what
interests us are observables that lie completely in S; thus we need only to know ρ̂(t).
Letting Ô be one of these observables, we have

〈Ô〉 = trS⊗R(Ôχ̂(t))

= trS [Ô trS(χ̂(t))]

= trS(Ôρ̂(t)) . (4.3)

The time evolution is dictated by the Liouville equation

d
dt χ̂ = 1

i~

[
Ĥ, χ̂

]
, (4.4)

which, in the interaction picture, transforms to

d
dt χ̂

′ = 1
i~

[
Ĥ ′SR, χ̂

′
]
. (4.5)

The transformation to the interaction picture is done in a similar fashion to what we
did in the last chapter, (3.11) and (3.12), using the free Hamiltonians,

Ô′ = e(i/~)(ĤS+ĤR)tÔe(−i/~)(ĤS+ĤR)t . (4.6)

One can formally integrate (4.4) to obtain

χ̂′(t) = χ̂(0) + 1
i~

∫ t

0

[
Ĥ ′SR(τ), χ̂′(τ)

]
dτ , (4.7)

and substitute back into (4.5), which yields

d
dt χ̂

′ = 1
i~

[
Ĥ ′SR(t), χ̂(0)

]
− 1
~2

∫ t

0

[
Ĥ ′SR(t),

[
Ĥ ′SR(τ), χ̂′(τ)

]]
dτ . (4.8)

As an initial state we suppose the state of S ⊗ R can be factorised as a product of
well-defined density operators in S and R,

χ̂(0) = ρ̂(0)η̂0 . (4.9)

Recalling that trR(χ̂′(t)) = ρ̂′(t) we arrive at an equation for the state of system S—the
master equation

d
dt ρ̂
′ = − 1

~2

∫ t

0
trR

([
Ĥ ′SR(t),

[
Ĥ ′SR(τ), χ̂′(τ)

]])
dτ . (4.10)

Note that we neglected the first term of (4.8) under the assumption trR
[
Ĥ ′SR(t)η̂0

]
= 0.

Now we perform two crucial approximations, so-called Born and Markov approximations.
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We first note the expansion of the total density operator in powers of the coupling
Hamiltonian ĤSR,

χ̂′(t) = ρ̂′(t)η̂0 +O(ĤSR) . (4.11)

Then the idea behind the Born approximation is to drop the terms of order in ĤSR in
the above expression—the total density operator is assumed to be a factorised state at
all times. This means that only terms to 2nd-order in ĤSR are kept in (4.10). With the
Born approximation, the master equation (4.10) reads

d
dt ρ̂
′ = − 1

~2

∫ t

0
trR

([
Ĥ ′SR(t),

[
Ĥ ′SR(τ), ρ̂′(τ)η̂0

]])
dτ . (4.12)

We have thus succeeded in producing an equation for ρ̂′(t) where only the initial state
of the environment comes into play. There is, however, another complication. The
time evolution of ρ̂′ depends on its past. We would like to have the ρ̂′ appearing in
the right side of (4.12) evaluated at only one time, the same time as the derivative is
evaluated at on the left hand side. This is the backbone of the Markov approximation.
Non-Markovian systems are not local in time—they have dependence on past states.
We base our assumption of Markovianity on the fact that the size of the environment is
big compared to that of our system so the coupling between them, although affecting
significantly the evolution of S, does not impact R. More precisely, we assume that any
correlations that arise due to the coupling between S and R die out on short enough
timescales that they do not get a chance to have an impact on the future state of S.
Thus, we perform the Markov approximation in (4.12) to finally obtain the master
equation in the Born-Markov approximation,

d
dt ρ̂
′ = − 1

~2

∫ t

0
trR

([
Ĥ ′SR(t),

[
Ĥ ′SR(τ), ρ̂′(t)η̂0

]])
dτ (4.13)

4.1.2 A damped electromagnetic resonator mode

We now give an explicit form for each piece of (4.1) in order to further develop
(4.13) and model a damped harmonic oscillator, for example, a damped mode of an
electromagnetic resonator. Explicitly, the individual parts of the Hamiltonian are

ĤS = ~ω0â
†â , (4.14)

ĤR =
∑
j

~ωj r̂†j r̂j , (4.15)

ĤSR =
∑
j

~
(
λ∗j âr̂

†
j + λj â

†r̂j
)
, (4.16)

and refer to:

ĤS The system Hamiltonian describes a single mode harmonic oscillator with frequency
ω0 and creation and annihilation operators â† and â, respectively.
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ĤR The environment Hamiltonian models a collection of harmonic oscillators labelled
by j; each with a frequency ωj , and creation and annihilation operators r̂†j and r̂j ,
respectively.

ĤSR The coupling between S and R is built up as a photon exchange process between
the environment modes and the system mode, with λj the coupling strength
between the environment mode j and the system mode.

As well as the Hamiltonians, we aim to specify explicitly the environment part
η̂0 of the total density operator. The important property of η̂0 is that it is diagonal;
for example, we may choose to set the collection of harmonic oscillators in thermal
equilibrium at temperature T with

η̂0 =
∏
j

e−~ωj r̂
†
j r̂j/kBT

(
1− e−~ωj/kBT

)
. (4.17)

We now transform the Hamiltonian ĤSR to the interaction picture, noting that, for
example, (

âr̂†j

)′
= e(i/~)(ĤS+ĤR)t âr̂†j e

−(i/~)(ĤS+ĤR)t

=
(
eiω0â†ât â e−iω0â†ât

)(
ei
∑

k
ωk r̂
†
k
r̂kt r̂†j e

−i
∑

k
ωk r̂
†
k
r̂kt
)

= âr̂†j e
−i(ω0−ωj)t , (4.18)

which is obtained in a similar fashion to (3.16). Therefore,

Ĥ ′SR(t) =
∑
j

~
(
λ∗j âr̂

†
j e
−i(ω0−ωj)t + λj â

†r̂j e
i(ω0−ωj)t

)
. (4.19)

Before plugging (4.19) back into (4.13) to obtain the master equation, we expand the
double commutator, identifying sixteen terms;[

Ĥ ′SR(t),
[
Ĥ ′SR(τ), ρ̂′(t)η̂0

]]
=

=
∑
j,k

~2
{
λ∗jλ

∗
ke
−iω0(t+τ)eiωjteiωkτ

[
âr̂†j ,

[
âr̂†k, ρ̂

′(t)η̂0
]]

+λ∗jλke−iω0(t−τ)eiωjte−iωkτ
[
âr̂†j ,

[
â†r̂k, ρ̂

′(t)η̂0
]]

+λjλ∗keiω0(t−τ)e−iωjteiωkτ
[
â†r̂j ,

[
âr̂†k, ρ̂

′(t)η̂0
]]

+λjλkeiω0(t+τ)e−iωjte−iωkτ
[
â†r̂j ,

[
â†r̂k, ρ̂

′(t)η̂0
]]}

.

(4.20)

When we take the trace over the environment in (4.20) we get products of â, â† and ρ̂′(t),
each one with one of the following traces over the environment as a factor (assuming
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that the reservoir is unsqueezed);

trR
{
η̂0r̂
†
j r̂
†
k

}
= 0 , (4.21a)

trR {η̂0r̂j r̂k} = 0 , (4.21b)

trR
{
η̂0r̂
†
j r̂k
}

= e−~ωj/kBT

1− e−~ωj/kBT
δjk ≡ n̄j,Rδjk , (4.21c)

trR
{
η̂0r̂j r̂

†
k

}
= (n̄j,R + 1) δjk . (4.21d)

where n̄j,R is the mean photon number per mode j at temperature T and where we used
the form of the environment density operator (4.17). Thus, there are 8 terms which
are zero. In fact, the terms which have the vanishing traces are all the permutations
of ââρ̂′(t) and â†â†ρ̂′(t). The non-zero terms are those that contain all permutations
of â†âρ̂′(t). Using (4.21), we can now substitute (4.20) into (4.13) to get the master
equation,

d
dt ρ̂
′ = −

∫ t

0
dτ
∑
j

|λj |2
{
e−i(ω0−ωj)(t−τ)n̄j,R

(
ââ†ρ̂′ − â†ρ̂′â

)
+ e−i(ω0−ωj)(t−τ) (n̄j,R + 1)

(
ρ̂′â†â− âρ̂′â†

)
+ ei(ω0−ωj)(t−τ)n̄j,R

(
ρ̂′ââ† − â†ρ̂′â

)
+ ei(ω0−ωj)(t−τ) (n̄j,R + 1)

(
â†âρ̂′ − âρ̂′â†

)}
. (4.22)

The sum happening over the environment oscillators can be changed to an integral by
introducing a density of states g(ω):

∑
j

→
∫ ∞

0
g(ω)dω , (4.23a)

|λj |2 → |λ(ω)|2 , (4.23b)

n̄j,R → n̄R(ω) , (4.23c)

so that (4.22) has the form,

d
dt ρ̂
′ = β1

(
âρ̂′â† − â†âρ̂′

)
+ β2

(
âρ̂′â† + â†ρ̂â− â†âρ̂′ − ρ̂′ââ†

)
+ H.c. , (4.24)

where,

β1 =
∫ t

0
dτ
∫ ∞

0
dω g(ω)|λ(ω)|2e−i(ω−ω0)(t−τ) , (4.25)

β2 =
∫ t

0
dτ
∫ ∞

0
dω g(ω)|λ(ω)|2n̄R(ω)e−i(ω−ω0)(t−τ) . (4.26)

The trick to evaluate the above integrals is to extend the time integral to infinity since
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the timescales of the system are much larger than the environment correlation time. We
can then use the result

lim
t→∞

∫ t

0
dτ e−i(ω−ω0)τ = πδ(ω − ω0) + i

P

ω0 − ω
, (4.27)

where P is the Cauchy principal value. Therefore,

β1 = πg(ω0)|λ(ω0)|2 + i∆1 , (4.28)

β2 = πg(ω0)|λ(ω0)|2n̄R(ω0) + i∆2 , (4.29)

with

∆1 = P

∫ ∞
0

dω g(ω)|λ(ω)|2

ω0 − ω
, (4.30)

∆2 = P

∫ ∞
0

dω g(ω)|λ(ω)|2

ω0 − ω
n̄R(ω) . (4.31)

Defining the parameters,

κ ≡ 2πg(ω0)|λ(ω0)|2 , (4.32)

n̄R ≡ n̄R(ω0) , (4.33)

we substitute back into (4.24) and change back to the Schrödinger picture to obtain the
master equation for a damped one-mode harmonic oscillator,

d
dt ρ̂ =− iω0

[
â†â, ρ̂

]
+ κ

2
(
2âρ̂â† − â†âρ̂− ρ̂â†â

)
+ κn̄R

(
âρ̂â† + â†ρ̂â− â†âρ̂− ρ̂ââ†

)
. (4.34)

There is a frequency shift which we will neglect, affecting the system frequency ω0 in
(4.34). We can cast (4.34) into Lindblad form [30],

d
dt ρ̂ = Lρ̂ , (4.35)

where L is a so-called super-operator—an operator acting on operators—defined by

L = 1
i~

[
ĤS , •

]
+ κ

2 (n̄R + 1) Λ(â) •+κ

2 n̄RΛ(â†) • , (4.36)

with the Lindblad super-operator

Λ(Ô) • = 2Ô • Ô† − Ô†Ô • − • Ô†Ô , (4.37)

where the “•” occupies the position of the operator acted upon. The super-operator L
is also referred to as a generalised Liouvillian. Setting ĤS = ~ω0â

†â in (4.36) defines
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the Liouvillian for the master equation (4.34).

4.1.3 Qubit interaction with damping: examples

In this section we study the interaction of a qubit and an EM mode with losses
inside a resonator and focus on two observables—the mean photon number and the
population inversion.

Let us start by investigating the photon number behaviour of the lossy field mode.
Considering the master equation (4.34), we can calculate the photon number expectation
value as follows:

〈 ˙̂n〉 = tr
(
â†â ˙̂ρ

)
= κ tr

(
â†â†ââρ̂− â†ââ†âρ̂

)
+ κn̄R tr

(
â†â†ââρ̂− â†ââ†âρ̂+ ââ†ââ†ρ̂− ââ†â†âρ̂

)
= κ tr

(
â†
[
â†, â

]
âρ̂
)

+ κn̄R tr
(
â†
[
â†, â

]
âρ̂+ ââ†

[
â, â†

]
ρ̂
)

= κ tr
(
−â†âρ̂

)
+ κn̄R tr

([
â, â†

]
ρ̂
)

= −κ (〈n̂〉 − n̄R) , (4.38)

which has the solution

〈n̂(t)〉 = 〈n̂(0)〉e−κt + n̄R
(
1− e−κt

)
. (4.39)

The first thing to note is that there is a clear limit for the expected photon number,

lim
t→∞
〈n̂(t)〉 = n̄R . (4.40)

In other words, the system and the environment reach thermal equilibrium. We refer to
n̄R as the mean number of thermal photons. Setting n̄R → 0 makes the photon number
decay to zero, pushing the field mode towards the vacuum state.

It is important to note that our model breaks down as T → 0. The reason is that in
arriving to the master equation (4.34) we took the environment correlation functions
to be proportional to Dirac δ-functions, extending the time integral to infinity when
going from (4.25) to (4.28). At very low temperatures, the correlation time in the
environment increases and one can no longer approximate correlation functions using
δ-functions (a discussion on the correlation time for low temperatures can be found in
[31]). Minding the limitations of our model we will, in subsequent calculations, assume
that we are working in a regime where ~ω0/kBT is big enough—rather than strictly
letting T → 0—so that neglecting thermal photons is a reasonable approximation. For
example, at room temperature (T ∼ 300K) and optical frequencies (e.g. the sodium
doublet corresponds to an angular frequency of ω0 ∼ (2π)(6× 1014)s−1) we have

~ω0/kBT ∼ 100 , (4.41)
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which gives a mean number of thermal photons of

n̄R = e−~ω0/kBT

1− e−~ω0kBT
∼ 10−44 , (4.42)

a small enough value to be neglected in the master equation. The microwave regime
(e.g. the K band microwave frequency band corresponds to ω0 ∼ (2π)(3× 1010)s−1), on
the other hand, requires temperatures of the order of mK to justify the approximation.

In the next examples, we add the presence of a resonant qubit via the Jaynes-
Cummings model and study how the exponential decay (4.39) is modified, among other
things. Thus, we set ĤS in (4.36) to the Jaynes-Cummings Hamiltonian ĤJC , defined in
(3.20). It is worth mentioning that a complete consideration of the energy losses would
require us to consider spontaneous emission of the qubit; for the following examples
we will neglect the spontaneous emission and only consider photon losses due to an
imperfect resonator. Consequently, the Liouvillian that will be used for the following
examples is

L = 1
i~

[
ĤJC , •

]
+ κ

2 Λ(â) • . (4.43)

Example 1: initial Fock state and excited qubit

Our first example is the case of an initial Fock state interacting with an initially
excited qubit. The initial state is thus

ρ̂(0) = |n, 1〉〈n, 1| , (4.44)

with n initial photons. Because energy is being lost from the system and none is
being regained, the system will invariably decay to the lowest energy state (see Figure
3.3)—the steady state—with

lim
t→∞

ρ̂(t) = |0, 0〉〈0, 0| . (4.45)

There is still the matter of the Rabi oscillations observed in the photon number because
of the qubit interaction, which we see in the perfect resonator case (κ = 0). We expect,
however, to see them damp out as the system approaches the vacuum state—there can
be no oscillations in the steady state as, by definition, this state does not change in
time. Indeed, this is the case, as can be shown by performing a numerical integration.
A plot of the mean photon number and the population inversion is presented in Figure
4.1 for the case of both a perfect resonator and a lossy one. The time evolution of the
density operator is found in the interaction picture for the case of perfect resonance, i.e.
the equation integrated is

d
dt ρ̂
′ = −i|g|

[
âσ̂+ + â†σ̂−, ρ̂

′
]

+ κ

2 Λ(â)ρ̂′ , (4.46)
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Figure 4.1: The master equation solution for the mean photon number (top) and the
population inversion (bottom) when the initial state is a Fock state for the field mode and
the qubit state is set initially to |1〉. In black we show the temporal evolution for the damped
resonator, and in grey the corresponding evolution for the perfect resonator case, which shows
perfect Rabi oscillations. Note the π phase difference between the oscillations in the photon
number and the population inversion—a photon is periodically exchanged between the qubit
and the field mode. The phase relationship also holds for the damped resonator case. The
parameters used are (κ/|g|, n̄(0), n̄R) = (0.1, 7, 0).

where for simplicity the phase of g has been chosen as zero.
We identify three qualitative differences between the perfect resonator case and the

lossy resonator case:

(a) Decay in the amplitude of the oscillations.

(b) A decrease over time in the oscillation frequency.

(c) An overall decay in the mean photon number, and in the mean qubit energy.

In the next section, we repeat the example using quantum trajectories, where an
explanation will naturally suggest itself for all three items. The culprits are, of course,
the lost photons. Recall that the Rabi frequency has a photon number dependence
inside a square root. Thus, at a lower photon number a lower frequency is observed (b).
This frequency change also results in destructive interference between Rabi oscillations
corresponding to different photon numbers, effectively damping the oscillation amplitude
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Figure 4.2: The long time behaviour of the master equation solution for the situation depicted
in Figure 4.1. Note the trend on the population inversion; the qubit slowly walks towards the
|0〉 state.

(a). Finally, there is an overall trend to end up in |0, 0〉—as is suggested by (4.39)—by
way of an exponential decay (c). An explicit visualisation of this exponential decay
is shown in Figure 4.2 where the integration is carried out over longer in time. The
qubit eventually decays to the ground state as the very last photon is lost from the
cavity—the steady state has to be |0, 0〉〈0, 0|. The exponential decay does not set in
from the start, as it does for the mean photon number, it is delayed by the time it takes
for there to be only one photon left on average. After this, on average, any photon loss
puts the qubit in the ground state. We can estimate the time, td, for there to be one
photon left on average using the exponential decay we found for the photon number,

1 = 〈n̂(0)〉e−κtd ⇒ td = ln〈n̂(0)〉
κ

. (4.47)

For the plots in Figure 4.2 we get |g|td ≈ 20. Indeed, w̄(t) shows an exponential decay
tendency starting around |g|td.

Example 2: initial coherent state and excited qubit

We previously showed the interesting dynamics of the collapses and revivals in the
population inversion for this case (Figure 3.4), a result of the competing oscillations



4.1 Master Equation Approach 41

0 5 10 15 20 25 30 35

|g|t
0

2

4

6

8

10

n̄
(t

)

0 5 10 15 20 25 30 35

|g|t
−1.0

−0.5

0.0

0.5

1.0

w̄
(t

)

Figure 4.3: Master equation solution for the mean photon number (top) and the population
inversion (bottom) for an initial coherent state and the qubit state initially set to |1〉. In black
is the behaviour with the decay included and in grey the case for κ = 0. Note the fading
of the revival because of decoherence caused by adding the decay. The parameters used are
(κ/|g|, |α|2, n̄R) = (0.025, 10, 0).

in the superposition of different photon number terms. Introducing decay affects the
delicate relationship between the various terms and alters the dynamics—not so much
for the collapse but certainly for the revivals.

The collapse condition, as we saw, only requires the superposition of a given set of
Rabi frequencies corresponding to some interval of photon numbers. Although their
individual weights may change because of the decay, there will still be competing
irrational frequencies and thus the collapse survives the addition of decay. The situation
changes drastically for the revival condition. The revival depends much more heavily
on the coherence between the field and the qubit. Recall the expression involving the
sum of cosines found for w̄(t), (3.47), where the time dependence only appears as the
oscillating cosine. With decay added, the time dependence is twofold: the previous
oscillating character and an exponential decay with a rate proportional to the photon
number. The latter makes the superposition come into phase for the revival much more
weakly as each frequency component decays at a different rate. A numerical integration
of (4.46) is presented in Figure 4.3 for an initial coherent state.

Note that the decay rate used is smaller than was used for Figure 4.1; we still
get the population inversion moving to −1—the qubit still decays to its steady state
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|0〉—but now td is larger and we would have to integrate to a much later time to notice
the exponential trend. Compare, for example, with Figure 4.2 where after the photon
number has decayed by a factor of 2, the qubit still has an inversion of close to zero (far
from -1).

4.2 Quantum Trajectory Approach

We now aim to describe the fundamentals of a different approach to the problem of
finding the time evolution of an open quantum system. The master equation approach
considers a tracing out of the environment—recall the relationships (4.21). There is,
however, always an entanglement generated by the system environment interaction, and
we aim now to recover some information about that, i.e. about system-environment
correlations. Let us now consider a situation in which an ideal detector placed in the
environment detects photons lost from the system. From the perspective of the master
equation, which in the end only deals with elements of the system, the detector has
no effect on the system evolution—the Markov-Born approximation guards us from
its presence. On the other hand, when considering the complete S ⊗R evolution, an
ideal detector in the environment changes the system state evolution radically. The
entanglement between system and environment is broken and one can talk about a
particular system evolution corresponding to a particular measurement record. We
refer to this particular evolution as a quantum trajectory [32]. From the beginning, its
stochastic character—dependent on the photon measurement record—is evident. These
records, notwithstanding their intrinsic randomness, provide, in some cases, insight into
the physical process in a much clearer way than the master equation, as we will see
when revisiting the examples presented in the previous section.

4.2.1 Density operator expansion

Consider the master equation for the damped electromagnetic mode in a resonator
where no thermal photons are considered (we follow mostly the treatment of [33]),

d
dt ρ̂ = −iω0

[
â†â, ρ̂

]
+ κ

2
(
2âρ̂â† − â†âρ̂− ρ̂â†â

)
= Lρ̂ , (4.48)

and consider writing the Liouvillian as

L = (L − S) + S , (4.49)

with
S = κâ • â† . (4.50)
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With the above splitting we can write L − S in a familiar form:

L − S = −iω0
[
â†â, •

]
+ κ

2
(
−â†â • − • â†â

)
=
(
−iω0 −

κ

2

)
â†â •+ •

(
iω0 −

κ

2

)
â†â

= 1
i~

(
Ĥ • − • Ĥ†

)
, (4.51)

with the non-Hermitian Hamiltonian

Ĥ = ~
(
ω0 − i

κ

2

)
â†â . (4.52)

The identification of a Hamiltonian term—albeit non-Hermitian—suggests that the
Liouvillian is comprised of two distinct parts: a non-unitary evolution governed by Ĥ
and the action of S.

From here we can use the equivalent of time-dependent perturbation theory and
develop ρ̂(t) in a Dyson expansion, associating a free propagation with L − S and the
interaction with S. We obtain

ρ̂(t) =
∞∑
n=0

{∫ t

0
dtn

∫ tn

0
dtn−1 · · ·

· · ·
∫ t2

0
dt1e(L−S)(t−tn)Se(L−S)(tn−tn−1)S · · · Se(L−S)t1 ρ̂(0)

}
. (4.53)

As mentioned in the opening paragraph, it is now possible to write the density operator
as a mixture of pure states, each corresponding to a particular detection record:

ρ̂(t) =
∞∑
n=0

∫ t

0
dtn

∫ tn

0
dtn−1 · · ·

∫ t2

0
dt1PREC(t)|ψREC(t)〉〈ψREC(t)| , (4.54)

where |ψREC(t)〉 is given by

|ψREC(t)〉 = |ψ̃REC(t)〉√
〈ψ̃REC(t)|ψ̃REC(t)〉

, (4.55)

with
|ψ̃REC(t)〉 = e−iĤ(t−tn)/~Ĵe−iĤ(tn−tn−1)/~Ĵ · · · Ĵe−iĤt1/~|ψ(0)〉 , (4.56)

and so-called jump operator,
Ĵ =
√
κâ . (4.57)

The record interpretation given to the states with which we expand the density operator
is now explicit. The state |ψREC(t)〉 is constructed by application of the “free evolution”
governed by the non-Hermitian Hamiltonian Ĥ interspersed by jumps—photon anni-
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Figure 4.4: A timeline of a particular detection record. The photon detection occurs at
times t1, t2, . . . , tk, tk+1, tk+2, . . . , tn in the interval [0, t]. Below the timeline is a diagram of the
evolution the state associated with that particular record has. The sections in grey correspond
to a free evolution, generated by the Hamiltonian Ĥ in (4.52). The striped sections correspond
to the jumps, given by the action of Ĵ in (4.57), occuring at each photon detection.

hilations. The measurement record thus consists of photons being detected at times
t1, t2, . . . , tn (see Figure 4.4). The weight of each term in the expansion is actually the
record probability, with PREC a probability density, and is given by

PREC(t)dt1 · · · dtn = 〈ψ̃REC(t)|ψ̃REC(t)〉dt1 · · · dtn . (4.58)

In fact, the record probability corresponds to the exclusive photoelectron counting
probability, whereby the complete set of photon detections in the output field from the
cavity is determined in time [34, sect. 18.1 and 18.2]. In a way, we are expanding the
density operator using as a basis states that are constructed from a particular record of
photon detections rather than states chosen a priori. The choice of conditional rather
than unconditional probabilities—as the coefficients of the expansion—is the central
concept.

4.2.2 Generation of trajectories

Rather than computing the record probabilities in full, in many cases it is more
cost-effective to construct each trajectory individually in time by following certain
stochastic rules. Such rules are generally referred to as Monte Carlo algorithms.

At each time-step there are two possibilities which take us to the next time-step—
evolve freely or make a jump (see Figure 4.4). Of course, we want to construct an
ensemble of quantum trajectories with weights (probabilities of occurrence) that match
the decomposition of the density operator above. Therefore, even if in the end the
decisions are based on random numbers, there is a well-defined ratio that must be met
on average for each branching point. We would like to find this ratio, a probability with
which to compare a random number and be able to decide what path to take.

Suppose that at time t we have the state—not necessarily normalised—|ψ̃REC(t)〉.
There are two possibilities for the evolution from t to t+ dt:

|ψ̃REC(t+ dt)〉 =

e
−iĤdt/~|ψ̃REC(t)〉, free evolution,

Ĵ |ψ̃REC(t)〉, jump.
(4.59)
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We use Bayes formula to set up the probability rule to follow. The required conditional
probabilities are

Prob(free evolution, given |ψ̃REC(t)〉) = Prob(e−iĤdt/~|ψ̃REC(t)〉)
Prob(|ψ̃REC(t)〉)

(4.60)

and
Prob(jump, given |ψ̃REC(t)〉) = Prob(Ĵ |ψ̃REC(t)〉)

Prob(|ψ̃REC(t)〉)
dt . (4.61)

Of the terms on the right hand, Prob(|ψ̃REC(t)〉) is simply the record probability
PREC(t) = 〈ψ̃REC(t)|ψ̃REC(t)〉, and the terms in the numerator are the unconditional
probabilities for the record extended to t+ dt. We can explicitly compute these terms
using the form of Ĵ and Ĥ:

Prob(e−iĤdt/~|ψ̃REC(t)〉) = 〈ψ̃REC(t)|ei(Ĥ†−Ĥ)dt/~|ψ̃REC(t)〉

= 〈ψ̃REC(t)|e−κâ†âdt|ψ̃REC(t)〉 (4.62)

and

Prob(Ĵ |ψ̃REC(t)〉) = 〈ψ̃REC(t)|Ĵ†Ĵ |ψ̃REC(t)〉

= κ〈ψ̃REC(t)|â†â|ψ̃REC(t)〉 . (4.63)

Finally we find the conditional probabilities

Prob(free evolution, given |ψ̃REC(t)〉) = 〈ψREC(t)|e−κâ†âdt|ψREC(t)〉

= 1− κ〈ψREC(t)|â†â|ψREC(t)〉dt

≡ 1− ℘(t) (4.64)

and

Prob(jump, given |ψ̃REC(t)〉) = κ〈ψREC(t)|â†â|ψREC(t)〉dt

≡ ℘(t) , (4.65)

where the probability ℘(t) decides how to evolve the system from t to t+ dt. Note that
℘(t) actually depends on the past trajectory as well. The Monte Carlo algorithm goes
as follows:

1. Compute ℘(t), the product of the mean photon number of the state |ψ̃REC(t)〉,
the decay parameter and the size of the time-step (sufficiently small).

2. Generate a random number z distributed evenly in [0, 1).
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3. If z < ℘(t) perform a jump. The state becomes

|ψ̃REC(t+ dt)〉 = Ĵ |ψ̃REC(t)〉 . (4.66)

4. If z ≥ ℘(t) evolve the system freely according to the non-Hermitian Hamiltonian.
The state becomes

|ψ̃REC(t+ dt)〉 = e−iĤdt/~|ψ̃REC(t)〉 . (4.67)

We would like to make a note about the normalisation of |ψREC(t)〉. The decision-making
probability, ℘(t), consists essentially of the expectation value of the photon number.
Because of this, we do not need the state to be normalised every time we compute
℘(t)—we can always compute

℘(t) = κ
〈ψ̃REC(t)|â†â|ψ̃REC(t)〉
〈ψ̃REC(t)|ψ̃REC(t)〉

dt . (4.68)

The non-Hermitian Hamiltonian will reduce the norm of the state vector and eventually,
when performing a numerical simulation, it will become too small to manage. At
this point one can normalise the state vector to keep the numerics out of danger.
Although computing ℘(t) according to (4.68) involves an extra operation—dividing by
the norm—it is much more cost effective than normalising the state vector at each
time-step.

4.2.3 Examples revisited with quantum trajectories

Damped electromagnetic resonator mode

As a first contact with quantum trajectory theory we first study the decay of one
mode of the electromagnetic field in a resonator. In the interaction picture, the master
equation is written with the Liouvillian

L = κ

2
(
2â • â† − â†â • − • â†â

)
. (4.69)

For the mean photon number, the solution obtained from the master equation gives
an exponential decay (4.39)—this provides a first comparison between methods. The
splitting of the Liouvillian defines the non-Hermitian Hamiltonian, which executes the
free evolution,

Ĥ = −i~κ2 â
†â , (4.70)

and the jump operator,
Ĵ =
√
κâ . (4.71)
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Figure 4.5: A diagram of the decay of an electromagnetic mode initially in the Fock state
|n〉. The states, represented by the boxes, are transformed in time following the Monte Carlo
algorithm; at each time-step, ∆t, an arrow is chosen, either the free evolution—which effectively
only rescales the state—or a jump—which changes the state to the next lower Fock state. The
system remains in the vacuum state once it is reached.

Setting an n photon Fock state initially, we can construct individual quantum trajectories
following the Monte Carlo rules. A flow diagram summarising the dynamics is shown in
Figure 4.5.

The state decays towards the vacuum in steps. Suppose at time t the state (nor-
malised) is |n〉, then to find the state at the next time-step there is the choice to make,

|ψ̃REC(t+ ∆t)〉|ψ(t)〉=|n〉 =

e
−κ2n∆t|n〉, free evolution,
√
κâ|n〉 =

√
κ
√
n|n− 1〉 , jump .

(4.72)

The choice is made with the probability ℘(t), which in this case is simply

℘(t) = κn∆t . (4.73)

Note that even though the right hand side only has the variable n, the time dependence is
implicit as the photon number will itself change in time: ℘ = ℘(n(t)). It is important to
choose ∆t small because we are considering that at most one jump—photon detection—
happens in each time-step.

Several quantum trajectories, realisations of the Monte Carlo algorithm detailed
above, are shown in Figure 4.6. We can see that the permanence time on each Fock
state tends to increase as the photon number decreases. This is because ℘ is actually
proportional to the photon number and thus, as the photon number is lowered, there is
a smaller chance to jump to the next state.

To construct the mean photon number it is necessary to average multiple quantum
trajectories in an ensemble average. We use the notation for a particular quantum
trajectory,

〈Ô(t)〉REC ≡ 〈ψREC(t)|Ô|ψREC(t)〉 , (4.74)
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Figure 4.6: Three quantum trajectories (displayed with different shades of grey) showing the
decay of an electromagnetic field mode. The photon number is plotted as a function of time.
The free evolution segments are displayed as continuous lines and the jumps correspond to the
interrupted vertical segments. The conditions used were (|ψ(0)〉, κ∆t) = (|20〉, 0.001).

and the following notation to refer to the ensemble average,

〈Ô(t)〉REC(N) ≡
1
N

∑
|φ〉∈C(N ;t)

〈φ|Ô|φ〉 , (4.75)

where
C(N ; t) = {|ψREC(t)〉} (4.76)

is a set of N different quantum trajectories, up to time t, generated by the Monte Carlo
rules (such as those shown in Figure 4.6). Quantum trajectory theory tells us that, in
fact,

lim
N→∞

〈Ô(t)〉REC(N) → 〈Ô(t)〉 . (4.77)

When we take the limit N →∞ we are averaging over all possible quantum trajectories.
We are thus constructing the complete state |ψ(t)〉, as can be seen from the expansion
(4.54), and so the ensemble average of the expectation value in the limit is the expectation
value that one would get from the complete density operator, integrating a master
equation as in last section.

In the present example, there are a finite number of photon detections as, once the
vacuum is reached, there is no more energy to be lost. Having an initial photon number
n, the jumps occur at times t1, t2, . . . tn (t1 < t2 < · · · < tn). For a sufficiently long time
t (longer than td in (4.47) so that all photons are likely to be lost) the complete set of
quantum trajectories up to time t is

C(t) ≡ lim
N→∞

C(N ; t) . (4.78)

When we talk about all the possible quantum trajectories we mean the set of states
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Figure 4.7: Ensemble average of quantum trajectories for the mean photon number. The
average is obtained from sets of quantum trajectories of different size: C(5;κt = 4) for the top
plot and C(100;κt = 4) for the bottom. The same conditions and parameters were used as in
Figure 4.6 for the generation of the trajectories.

with all possible arrangements of the n jumps inside the interval [0, t). The trajectories
will have different weights in the construction of the complete state—PREC(t)dt1 · · · dtn
in (4.54)—and this is precisely what is observed by following the Monte Carlo rules:
one effectively chooses a member of C(t) according to the statistics defined by PREC.

Because of the monotony of the free evolution segments of individual quantum
trajectories for the decay of the field mode, one can obtain smooth averages with a
low number of trajectories. We present two different ensemble averages of the photon
number in Figure 4.7.

Fock state interacting with an initially excited qubit

We now include the interaction of the field mode with a qubit, modelled by the
Jaynes-Cummings Hamiltonian. The non-Hermitian Hamiltonian is

Ĥ = ~|g|
(
âσ̂+ + â†σ̂−

)
− i~κ2 â

†â , (4.79)

with the photon detections still represented by the jump operator Ĵ in (4.71). A
quantum trajectory for both the photon number and the population inversion (compare
to Figure 4.1) is presented in Figure 4.8.
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Figure 4.8: A sample quantum trajectory of the photon number (top) and the population
inversion (bottom) for a qubit interacting with an initial Fock state with n(0) = 7. For the
photon number, continuous lines are used for the free evolution segments and dotted lines for the
jumps. In the population inversion plot, the jumps are indicated in time by vertical dashed lines.
Notice that towards the end all photons are lost and both the field mode and the qubit remain
at their lower energy states—the vacuum and the ground state, respectively. The conditions
used are (|ψ(0)〉, κ/|g|, |g|∆t) = (|7〉, 0.1, 0.01).

The coherent evolution between jumps consists now of Rabi oscillations, which
are reflected in both observables. The amplitude damping behaviour observed when
performing the integration of the master equation can now be understood as the
destructive interference of the quantum trajectories. The situation is similar to the
last example: at each point in time, we will have a different expectation value for
different trajectories. This time though, even if the same number of jumps have been
accumulated, the expectation value of the observable might not be the same, because of
the oscillations. The phase of the Rabi oscillation will, very likely, be different between
trajectories and thus, as we advance in time, in an ensemble average the destructive
interference will smooth out any oscillations.

Although still producing discontinuities in the population inversion, the jumps have
a much less noticeable effect in the time evolution. This can be understood as follows.
We have seen in Chapter 3 that the JC Hamiltonian couples adjacent Fock states, so we
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can write the normalised state at time t as

|ψ(t)〉 = c1(t)|n, 1〉+ c0(t)|n+ 1, 0〉 . (4.80)

Suppose at time tj a jump occurs; the normalised state at time tj + ∆t is then

|ψ(tj + ∆t)〉 = Ĵ |ψ(tj)〉
N

= c1(tj)
√
κ
√
n|n− 1, 1〉+ c0(tj)

√
κ
√
n+ 1|n, 0〉

N
, (4.81)

with
N =

√
〈ψ(tj)|Ĵ†Ĵ |ψ(tj)〉 =

√
κ (n+ |c0(tj)|2) (4.82)

the normalisation factor. The size of the discontinuity at tj in the population inversion,
ε(tj), is

ε(tj) = |〈σ̂3(tj + ∆t)〉REC − 〈σ̂3(tj)〉REC|

= |c0(tj)|2
∣∣|c0(tj)|2 − |c1(tj)|2 − 1

∣∣
n+ |c0(tj)|2

∝ 1
n
. (4.83)

Notice also, that the discontinuity is biggest as |c0|2 and |c1|2 get closer, that is, when
the inversion is small. Even when we have this condition, at large photon numbers ε
is not able to grow because of the inverse proportionality of the photon number. The
most favorable condition to have noticeable jumps in the population inversion curve is
at a low photon number with a small inversion.

Two different ensemble averages are presented in Figure 4.9. The oscillations in the
free evolution make it necessary to average over a bigger trajectory sample to obtain
smooth curves. The exponential decay towards the ground state in the population
inversion is also noticeable, albeit with some recurring oscillations; they appear to come
back because the average considers fewer oscillating trajectories as time advances—as
the majority have reached the ground state, and therefore, there are fewer out-of-phase
oscillations to interfere and produce a smooth line.

Coherent state interacting with an initially excited qubit

For the last example, we consider the same type of interaction but set a coherent
state in the field mode as an initial state. We studied this situation in the last section
highlighting the damping of the “revivals” of the population inversion oscillations.

Coherent states provide further insights into the action of the non-Hermitian Hamil-
tonian and the jump operator Ĵ . So far it seems that the jumps imply a reduction in
the expectation 〈â†â〉REC. Consider, for example, the normalised state

|φ〉 = a|0〉+ b|m〉 , (4.84)
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(b) Average over 500 trajectories.
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Figure 4.9: Different sizes of ensemble averaged for the interaction of an initially excited
qubit with a mode of the EM field intially in a Fock state. Each trajectory has the parameters
(|ψ(0)〉, κ/|g|, |g|∆t) = (|7〉, 0.1, 0.01).
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with m� 1 and |a|2 � |b|2. Its mean photon number is,

〈φ|â†â|φ〉 = m|b|2 . (4.85)

Now take the expected photon number after applying the jump operator Ĵ :

〈φ|Ĵ†â†âĴ |φ〉
〈φ|Ĵ†Ĵ |φ〉

= m− 1 . (4.86)

Thus the photon number goes up—by a factor on the order of |b|−2—because of the
jump. The main difference from what we have been dealing with is the application of
the jump operator to a state which consists of a superposition of Fock states. Indeed
the jump operator decreases the expected photon number in isolated Fock states but
one cannot extend that action to a general state.

The result is more extreme when dealing with coherent states. Coherent states are
eigenstates of the operator â, proportional to Ĵ . Therefore, the photon number does
not change after a jump; in fact, after normalisation, the state is the same as before the
jump. The dissipation, in this situation, is not expressed through the jumps but rather
through the action of the non-Hermitian Hamiltonian in the free evolution segments
of the quantum trajectory. It serves as a reminder that quantum trajectory theory
cannot be a complete picture with merely the action of jumps: it is the coexistence of
both the jumps and the non-unitary evolution that gives the correct time evolution for
observables.

We show in Figure 4.10 three quantum trajectories of the population inversion. The
important point to note is that, individually, the trajectories show the revivals that
occur in the perfect resonator case. The difference is that the time for the revival
changes from trajectory to trajectory; the oscillations presented in the revivals are
out of phase. Then, when performing the ensemble average, there will be destructive
interference in the revival section and we will obtain the damping observed in Figure 4.3:
the master equation solution. Finally we show an ensemble average of the population
inversion trajectories in Figure 4.11. As expected from the different form of individual
trajectories the dissipation has a damping effect on the revivals. Again, the destructive
interference of all the trajectories participating in the ensemble average matches the
dissipation modelled through the last section’s master equations.

It is interesting to note also that the revival appears sooner than in the perfect
resonator case (see Figure 3.4). The “revival time” is, in fact, proportional to the initial
amplitude of the coherent state. With dissipation, the revival time is shortened because
the mean photon number—equal to the square of the initial coherent state amplitude
initially—decreases in time. The number of oscillations around the revival time is also
decreased.
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Figure 4.10: The population inversion is shown for three different quantum trajectories—
records REC i for i = 1, 2, 3, for the case of a qubit interacting with an initial coherent state of
the field mode. The parameters used are (κ/|g|, 〈n(0)〉,∆t) = (0.025, 10, 0.0125).
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Figure 4.11: An ensemble average over 100 trajectories for the population inversion evolution
of a qubit initially in the excited state interacting with a mode of the field initially in a coherent
state. The parameters used are (κ/|g|, 〈n(0)〉,∆t) = (0.025, 10, 0.01).



5 Sub-Poissonian Light: Multiple Qubits and
Finite Interaction Time Dynamics

In the present chapter we include the possibility of multiple qubits interacting with
the mode of the EM field, each with a finite interaction time. We are thus introducing
a variable number of qubits into the Jaynes-Cummings model, and we continue using
quantum trajectory theory to incorporate dissipation. The idea is that the finite periods
of interaction of the various qubits will, in general, start and stop at different times
thus resulting in a changing number of interacting qubits at a given time.

The variability of the number of interacting qubits introduces more time discontinu-
ities, although different in nature to the quantum jumps that form part of quantum
trajectories. Rather than a jump operator, we will now have to deal with the expan-
sion/contraction of the Hilbert space we are working with. We describe in the following
sections the necessary manipulations to simulate the introduction or removal of qubits
from our system in the context of the trajectories we presented in the last chapter. The
focus is still on the field mode with which the qubits interact, and the new dynamics
available with a finite time and multiple qubit interaction.

To end the chapter, we present results of a computer program simulating a system
with a variable number of qubits, which follow a Poisson statistics, that demonstrates
the possibility of producing a highly sub-Poissonian field.

5.1 Background and Objective

To begin with, we would like to briefly review the background work that motivates
the development in the remainder of this thesis. We first give a review of the micromaser
dynamics and discuss how the unique characteristics of this model permits the generation
of a highly sub-Poissonian field of high photon number, contrasting the Poisson nature
(coherent state) of a field produced by the standard ideal laser source. Next, we outline
work towards the creation of Fock states, that is, the work towards producing fields
with a smaller variance in the photon number; the limit—zero variance—of which are
Fock states.

A new scheme of experiments where the interaction of qubits and an EM field mode
has been observed is briefly presented at the end of the section. The new scheme uses
solid state components—superconducting qubits—that behave as two-level systems. We
include its discussion as, in many ways, it provides a closer physical realisation to the
ideas of this thesis than what micromaser-like systems do.

55
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5.1.1 Micromaser

The system that concerns this thesis is in many ways similar in its operation to a
one-atom maser or micromaser. The micromaser history begins with the invention of
the maser in the 1950s. Microwave spectroscopy had been an important subject from
1945 when concerns around the absorption of microwave radiation in water vapour were
raised—of importance at the time for radar capabilities in the humid South Pacific
[35]. The research that stemmed from this military related query pushed research
around microwaves and gave way to the creation of the first maser by J. Gordon, H.
J. Zeiger and C. H. Townes of Columbia University in 1954 [36], [37], and theoretical
descriptions from N. Basov and A. Prokhorov of the Lebedev Institute [38], [39], with
ideas contributed around the same time by J. Weber of University of Maryland [40].

Over the subsequent decades, efforts were directed first towards the creation of the
laser [41]—and the subsequent revolution [42]—, and then the observation of quantum
effects in both lasers and masers [15]. Ultimately, with the development of better quality
resonators and, particularly, high-quality factor superconducting cavities, there came
the possibility of having sustained oscillations with less than one atom on average in the
cavity. Such a maser oscillator is referred to as a “micromaser”. By analogy, “microlasers”
were then also considered [43].

The first experiments presenting observations of energy—photons—being exchanged
between single Rydberg atoms and a resonator mode were those of D. Meschede, G.
Mueller and H. Walther at Garching [2]. The experiment used 85Rb atoms and their
transition from the “excited” state 63p3/2 to the “ground” state 61d3/2—a splitting of
roughly 21.5 GHz. Atoms emerging in a beam from an oven are initially put in the
excited state by means of a laser and enter a cylindrical cavity with superconducting
walls (25 mm in diameter and 24mm in length) which is at a temperature of ∼ 3 K. After
passing through the cavity the count rate of atoms in the excited state is estimated. A
dip in this count rate is clearly visible at the transition frequency, and it is maintained
when using different atomic fluxes, showing that the transition is saturated. The average
transit time of the atoms produced an average of 0.06 atoms in the cavity at any time,
meaning that the majority of the atomic interactions occurred with only 1 atom inside
the cavity. It is important to note that although the idea of using a velocity selector for
the atoms is mentioned, the experiment is done with a velocity distribution that makes
it impossible to determine the number of oscillations between the transition states each
atom performs, since the interaction times vary with velocity.

The testing of further elements of quantum optics, such as the Jaynes-Cummings
model, required the fixing of the interaction time. A velocity selection of the atoms
before entering the cavity was performed and the attenuation and reappearance of the
atomic oscillations were observed as the interaction time was increased—the collapse
and revival phenomenon predicted by the J-C model [44, 45]. Although these initial
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.

Figure 5.1: The two terms in (5.1) are plotted. The intersection points are the semiclassical
steady states. Filled (unfilled) circles are used to mark the stable (unstable) points. The param-
eters used are relevant to the present thesis; gtint = π/

√
2 and (Rgtint, κgtint) = (0.1, 0.001).

measurements were unable to produce data sets close to what is shown in Figure 3.4, or
even Figure 4.11, subsequent measurements with Rydberg atoms [46], trapped ions [47],
and superconducting qubits [12] come much closer to the ideal result.

In the meantime efforts were made to provide a theoretical background to the
micromaser. A first such treatment was provided by P. Filipowicz, J. Javanainen and P.
Meystre [3] where it was shown that the field generated by a micromaser could have
sub-Poissonian statistics. A Fokker-Planck approach was used, and it was first seen
that the photon number on average behaves as,

ṅ = R sin2(gtint
√
n+ 1)− κn , (5.1)

where R is the two-level atom flux, gtint is the dimensionless interaction time and κ
is the cavity decay rate. The above equation can be understood as a semi-classical
rate equation, a competition between the pumping of the cavity—via the two-level
atoms—and the field damping: gain and loss respectively.

When attempting to find the steady state solution—ṅ = 0—one encounters, in
general, various solutions (see Figure 5.1). We classify the solutions into stable and
unstable (see Figure 5.2). The highly nonlinear nature of the gain, along with its high
sensitivity to small changes in the photon number, provide for interesting dynamics.
This is in sharp contrast to a normal laser, where, due to the weak dipole coupling, very
many photons must be added or subtracted to change the nonlinear gain significantly.

Another important feature studied were the so-called “trapping states” [5], field
number states that cause the atoms to make an integer number of oscillations during
their interaction period, thus preventing any further increase in the photon number due
to further (single-atom) pumping of the cavity. To be able to observe trapping states,
one must lower the mean number of thermal photons n̄R. The reason is that having a
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Figure 5.2: Presented is a close-up of two different steady state solutions: stable (left) and
unstable (right). The distinction is made because of the size of the gain and loss in the vicinity
of the solution point: on the stable case, increasing (decreasing) the photon number unbalances
the gain/loss so that the loss is bigger (smaller). There is a negative feedback mechanism
that tends to keep the photon number close to the stable point. In the unstable case, the
imbalance is opposite—increasing (decreasing) the photon number increases (decreases) the
gain and viceversa. A positive feedback in this case keeps the photon number away from the
unstable points. The other important point to note is that the intrinsic feedback mechanism is
very sensitive to small changes in the photon number. Moving away ±1 photons, already creates
a difference of ∼ 20% in the total gain (see the vertical two-way arrows).

finite n̄R allows for jumps both ways, n→ n+ 1 and n+ 1→ n; then the trapping state
condition can be bypassed by the thermal photons. Eliminating the incoherent upward
jumps—by taking the limit n̄R → 0—constrains the photon number to increase only by
action of the incoming atoms. Experiments observing the action of the trapping states
can be found in [6], along with their connection to a lower Mandel Q parameter (recall
(2.60)).

The quantum trajectory approach has been used in the past to describe the micro-
maser system [48]. Also, although the treatments of Refs. [3] and [48] are restricted
to one atom in the cavity at a time, quantum trajectories have been employed where
multi-atom effects are considered [7, 49–53].

5.1.2 From coherent states to Fock states

Technologies such as the maser/laser and the improvement in the quality of resonators
have allowed for more precise experiments to probe the most basic interaction between
light and matter. A higher degree of control of such quantum systems (for example
in the field of cavity quantum electrodynamics [54]) has allowed for the creation and
manipulation of non-classical states. In particular, the transition from coherent states
with their Poisson photon number distributions to states where the photon number is
completely determined—Fock states.

Generation of Fock states has been proposed using the so-called “visible light photon
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counters” [55], as well as making use of cavity quantum electrodynamics: using the
interaction of atoms with a single mode of the EM field inside of a cavity [56–58]. In
particular, single photon sources [59] have also been proposed using atoms trapped in
cavities [60]. More recently, schemes including feedback and continuous measurements
have been put forward as ways of producing Fock states on-demand [61, 62].

The motivation for the creation of arbitrary Fock states largely comes from the area
of quantum information. Fields like quantum cryptography and quantum communication
have need of single photon sources and the physical realisation of quantum gates is
essential [63]. Algorithms developed in the field of quantum information, require a way
of creating entanglement between multiple particles, with many relying on sources that
produce a definite number of photons.

5.1.3 Superconducting qubits

Lastly, more recently a new way to simulate micromaser-like systems has been put
forward using solid state components [9], [10], where so-called superconducting qubits
serve as components of a superconducting quantum circuit. Simulating a finite time
interaction of the kind we are discussing might be accomplished by tuning them in
and out of resonance. In some ways this setup provides more control than the original
micromaser as there are no issues of velocity selection to maintain a constant “transit”
time.

Fock states have been successfully generated in a microwave resonator using super-
conducting qubits [12] with a high degree of control. Other experiments include the
creation of single-photon sources [64] and monitoring of the quantum state of the field
[65] with observations that align with expected features of the theory, such as the

√
n

dependence of the Rabi frequency and the 1/n scaling of the lifetime for a Fock state
with n photons.

5.2 Jaynes-Cummings model for N > 1

We now extend the Jaynes-Cummings model presented in Chapter 3. The idea is
to have multiple qubits interacting with a mode of the EM field. In this section the
2-qubit case is studied in more detail, in particular, as it provides results that motivate
the ideas presented in the next Chapters.

5.2.1 Hamiltonian and system basis

Following the notation in Chapter 3 we will assume the Hamiltonian has the form

Ĥ = ĤR +
N∑
k=1

(
Ĥ

(k)
Q + Ĥ

(k)
I

)
, (5.2)
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where Ĥ(k)
Q and Ĥ(k)

I are the qubit and interaction parts of the Hamiltonian concerning
only the qubit k. With the above form of the Hamiltonian we are neglecting any qubit-
qubit interaction. Because of this separation in each qubit subspace, the multiple-qubit
J-C Hamiltonian is simply the sum of individual J-C Hamiltonians. Having all the
qubits on resonance with the field mode, we have

Ĥ = ~ωâ†â+
N∑
k=0

[~ωQ
2 σ̂

(k)
3 + ~

(
g(k)âσ̂

(k)
+ + g(k)∗â†σ̂

(k)
−

)]
, (5.3)

where g(k) is the coupling between the field mode and qubit k and σ̂(k)
3 , σ̂

(k)
± are pseudo-

spin operators concerning only qubit k. To be precise, we are using the shorthand
notation

σ̂
(k)
3 → σ̂

(k)
3

N⊗
l=1
l 6=k

1̂l , (5.4)

and similarly,

σ̂
(k)
± → σ̂

(k)
±

N⊗
l=1
l 6=k

1̂l , (5.5)

where the 1̂l is the identity operator of qubit l, e.g.,

1̂l = |0〉l 〈0|l + |1〉l 〈1|l , (5.6)

with | 〉l (〈 |l) a ket (bra) of qubit l. To label the basis states—tensor products of Fock
states for the field and the N qubit states—we will use the notation∣∣∣n, j(1)j(2)j(3) · · · j(N)

〉
≡ |n〉R ⊗

∣∣∣j(1)
〉

1
⊗
∣∣∣j(2)

〉
2
⊗ · · · ⊗

∣∣∣j(N)
〉
N
, (5.7)

where j(k) ∈ {0, 1}, and |n〉R and
∣∣∣j(k)

〉
k
correspond to ket vectors of the resonator

(Fock states) and the k qubit, respectively. The complete basis is

BN =
{ ∣∣∣n, j(1)j(2) . . . j(N)

〉
: n = 0, 1, . . . ; j(k) = 0, 1 for k = 1, 2, . . . , N

}
. (5.8)

With the same argument as in Chapter 3, for a particular photon number the Hamiltonian
will only couple 2N states—we group them in the set BNn ,

BNn =
{ ∣∣∣∣∣n+

(
N −

N∑
l=1

j(l)
)
, j(1)j(2) . . . j(N)

〉
: j(k) = 0, 1 for k = 1, 2, . . . , N

}
.

(5.9)
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We regain the full basis from the above partitions by their union, adding the states that
are not coupled by the Hamiltonian,

BN =
∞⋃
n=0
BNn ∪

{ ∣∣∣n, j(1)j(2) . . . j(N)
〉

: n+
N∑
l=1

j(l) < N

}
. (5.10)

5.2.2 Perfect resonator photon number dynamics for N = 2

We study now the dynamics of multi-qubit dynamics, focusing on the interaction
of 2 qubits with a mode of the EM field. Our interest in this comes because trapping
states are only perfectly trapping for a single qubit interacting at a time; the entering of
a second qubit provides the possibility of breaking the trapping state. We will focus our
attention on the photon number evolution with the assumption of a perfect resonator
i.e. no photon loss.

A good place to start is the diagonalisation of the respective Hamiltonian. In the
interaction picture, assuming perfect resonance and taking the coupling of the qubits to
the field to be equal and real, i.e.,

g = |g| ≡ g(1) = g(2) , (5.11)

the Hamiltonian is

Ĥ = ~g
(
âσ̂

(1)
+ + â†σ̂

(1)
− + âσ̂

(2)
+ + â†σ̂

(2)
−

)
. (5.12)

For a photon number n, the dynamics will be contained in the space spanned by the
vectors in

B2
n = { |n+ 2, 00〉 , |n+ 1, 01〉 , |n+ 1, 10〉 , |n, 11〉 } . (5.13)

Thus, we expand the state at time t as

|ψ(t)〉 = c0 |n+ 2, 00〉+ c1 |n+ 1, 01〉+ c2 |n+ 1, 10〉+ c3 |n, 11〉 , (5.14)

where it should be noted that the label of the coefficient corresponds to the binary
representation of the qubit labels; this convention will be used throughout the rest of
the thesis. We then find the matrix representation of the Hamiltonian (5.12) using the
basis (5.13) and the binary order mentioned:

Ĥ → H = ~g


0

√
n+ 2

√
n+ 2 0

√
n+ 2 0 0

√
n+ 1

√
n+ 2 0 0

√
n+ 1

0
√
n+ 1

√
n+ 1 0

 . (5.15)

Solving the characteristic polynomial in the energy E, det (H− E1) = 0, we find the
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eigenvalues to be,

(EI , EII , EIII , EIV ) = ~g
(
0, 0,

√
4n+ 6, −

√
4n+ 6

)
, (5.16)

and corresponding eigenvectors—written in ket notation:

|EI〉 =
√
n+ 1√
2n+ 3

|n+ 2, 00〉 −
√
n+ 2√
2n+ 3

|n, 11〉 , (5.17a)

|EII〉 = 1√
2

(
|n+ 1, 01〉 − |n+ 1, 10〉

)
, (5.17b)

|EIII〉 =
√
n+ 2√
4n+ 6

|n+ 2, 00〉+ 1
2

(
|n+ 1, 01〉+ |n+ 1, 10〉

)
+
√
n+ 1√
4n+ 6

|n, 11〉 ,

(5.17c)

|EIV 〉 =
√
n+ 2√
4n+ 6

|n+ 2, 00〉 − 1
2

(
|n+ 1, 01〉+ |n+ 1, 10〉

)
+
√
n+ 1√
4n+ 6

|n, 11〉 .

(5.17d)

The state at time t can therefore be written as

|ψ(t)〉 = cI(t) |EI〉+ cII(t) |EII〉+ cIII(t) |EIII〉+ cIV (t) |EIV 〉 , (5.18)

where the time dependence is contained in complex exponentials involving the corre-
sponding eigenvalues. Setting an initial condition—|ψ(0)〉—determines the complex
coefficients cI(0), cII(0), cIII(0), cIV (0). For our particular example we shall set the
initial condition to be

|ψ(0)〉 = |n, 11〉 , (5.19)

i.e., n photons initially in the field mode and both qubits in the excited state. Comparing
the above with (5.18) and substituting the eigenvectors (5.17), results in a 4× 4 system
of equations. Solving the system determines the coefficients in (5.18) allowing us to
write the state at time t, for the particular initial condition (5.19), as

|ψ(t)〉 =
√
n+ 1

√
n+ 2

2n+ 3

[
cos(Gnt)− 1

]
|n+ 2, 00〉

− i
√
n+ 1√
4n+ 6

sin(Gnt)
(
|n+ 1, 01〉+ |n+ 1, 10〉

)
+ 1

2n+ 3

[
1 + (n+ 1) (1 + cos(Gnt))

]
|n, 11〉 , (5.20)

with the frequency Gn defined as

Gn ≡ EIII/~ = g
√

4n+ 6 . (5.21)

There are a few things to note about the form of the state vector. Looking at the
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probability amplitudes of the states |n+ 2, 00〉 and |n, 11〉, one can see that a time can
be chosen so that the state is |n, 11〉 with complete certainty, namely

t11 = (2m)π
Gn

, m = 0, 1, . . . . (5.22)

In other words, we will periodically revisit the initial condition. However, we are not
able to select a time for which the state is |n+ 2, 00〉 with complete certainty. Recall
the 1-qubit scenario: for the state vector (3.41), one can always choose times for which
the state will be either |n, 1〉 or |n+ 1, 0〉. This results in the photon number oscillating
between n and n+ 1 exactly. The extra available states in the 2-qubit case, as well as
the difference between the square roots—

√
n+ 1 vs

√
n+ 2—changes the dynamics. Let

us calculate explicitly from (5.20) the expected photon number, 〈ψ(t)| â†â |ψ(t)〉 = 〈n̂〉.
We find

〈n̂(t)〉 = n+ 1
(2n+ 3)2

[
cos2(Gnt)− 4(n+ 2) cos(Gnt)

+ 4(n+ 2)(n+ 1)− 1
n+ 1

]
, (5.23)

a polynomial in cos(Gnt). There is only one frequency in this expression, but the
amplitude of the single-frequency oscillation will depend on the photon number (it
will not be 2, as would have been expected extrapolating from the 1-qubit case). The
minimum expected photon number will occur at the times t11, whereas the maximum
will happen for t = t00 with,

t00 = (2m+ 1)π
Gn

, m = 0, 1, . . . . (5.24)

Substituting t11 and t00 into (5.23) gives the minima and maxima of the expected
photon number, and taking their difference results in the amplitude of oscillations:

〈n̂(t00)〉 − 〈n̂(t11)〉 = 2− 2
(2n+ 3)2 . (5.25)

The energy quanta brought into the resonator by the 2 qubits will not, with complete
certainty, be deposited in the field mode as photons at any particular time. The 1-qubit
picture of energy cycling perfectly between qubit and field mode does not have a valid
extension to the case of multiple qubits interacting with a field mode, as illustrated in
Figure 5.3.

We next study the effect of delaying the introduction of the second qubit, and its
effect on the photon number, where the more general 2-qubit sequence is shown in
Figure 5.4. To start, qubit 1 begins its interaction in the excited state in a resonator
with exactly n photons at time t1. The 1-qubit J-C Hamiltonian evolves the initial state
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Figure 5.3: Photon number time evolution when two qubits, initially excited, interact with a
mode of the EM field. The solid line is 〈n(t)〉 whereas the dashed line is just a reference for
the value n+ 2, for n = 0, 1, 5 from left to right. Note that the amplitude of the oscillations
approach the value 2 as n grows, as follows from (5.25).

Figure 5.4: A diagram of the coupling of the qubits with the field mode. The interaction is
“turned on” for qubit 1 and 2 at different times, t1 and t2, respectively. We rescale the time so
that the origin is located at the moment the second qubit is included.

up to the point in time t2. Defining

∆t ≡ t2 − t1 , (5.26)

we have
|φ(t2)〉 = cos(θ) |n, 1〉 − i sin(θ) |n+ 1, 0〉 . (5.27)

with
θ ≡ gn∆t = g∆t

√
n+ 1 . (5.28)

At t = t2, qubit 2, initially in the excited state, starts interacting with the field mode.
We introduce the displaced time t′ = t− t2, effectively shifting our origin (see Figure
5.4). Thus the state of the complete system at t′ = 0, what we we now call the initial
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condition, is

∣∣ψ(t′ = 0)
〉

= |φ(t2)〉 ⊗ |1〉2
= cos(θ) |n, 11〉 − i sin(θ) |n+ 1, 01〉 , (5.29)

where we adopt the convention of ordering the qubits in the kets with the oldest to the
left. The interest is in the evolution of the state with the above initial condition, i.e., in
the ket |ψ(t′)〉. The problem is no different from the one we solved before—a different
initial condition will produce a different 4× 4 system to be solved, but we use the same
strategy, keeping the same eigenvalues and eigenstates (5.16) and (5.17). We thus find
the state to be

∣∣ψ(t′)
〉

=
[
−
√
n+ 1

√
n+ 2

2n+ 3 cos(θ) +
√

2n+ 4√
2n+ 3

Re(z(t′))
]
|n+ 2, 00〉

+ i

[
Im(z(t′))

](
|n+ 1, 10〉+ |n+ 1, 01〉

)

+ i

[
sin(θ)

2

](
|n+ 1, 10〉 − |n+ 1, 01〉

)

+
[
n+ 2
2n+ 3 cos(θ) +

√
2n+ 2√
2n+ 3

Re(z(t′))
]
|n, 11〉 , (5.30)

where we defined for simplicity the variable,

z(t′) ≡ e−iGnt′
[ √

n+ 1√
4n+ 6

cos(θ)− i

2 sin(θ)
]
. (5.31)

Note that substituting θ = 0 (in fact ∆t = 0)—no delay between the start of the
interaction of both qubits—reduces the state to (5.20). Next, we find the expected
photon number at time t′ from the state vector (5.30):

〈
n̂(t′)

〉
= cos2(Gnt′)

[
cos2(θ)

( 4n+ 5
2(2n+ 3)2

)
+
(
− 1

2(2n+ 3)

)]

+ cos
(
2Gnt′ − π/2

)[
cos

(
2θ − π/2

)(
−
√
n+ 1

(4n+ 6)3/2

)]

+ cos(Gnt′)
[

cos2(θ)
(
− (n+ 1)(4n+ 8)

(2n+ 3)2

)]

+ cos(Gnt′ − π/2)
[

cos(2θ − π/2)
(√

n+ 1(4n+ 8)
(4n+ 6)3/2

)]

+
[

cos2(θ)
(
− 4n+ 7

2(2n+ 3)2

)
+
(
n+ 1 + 1

2(2n+ 3)

)]
. (5.32)
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This time the expression is not a simple polynomial in cos(Gnt′) as it involves dephased
cosines, but there is still just one frequency Gn. We have grouped the terms inside the
square brackets as a polynomial in cos(θ), only ever appearing cos2(θ) and cos(2θ−π/2) ∼
cos(θ) sin(θ). Because of this, the photon number behaviour will be symmetric about
θ = π/2—the point at which the second qubit finds the first qubit completely out of
phase. It is in fact for this value of delay that the photon number oscillations are
smallest for a particular n—the expression (5.32) reduces to,

〈
n̂(t′)

〉
θ=π/2 = n+ 1 + sin2(Gnt′)

4n+ 6 , (5.33)

an oscillation with an amplitude inversely proportional to the photon number. Various
plots, for different parameter values, are presented in Figure (5.5).

5.3 Resonator pumping with qubits

We want to consider now the interacting qubits as a way of putting energy into
the resonator, one photon at a time. To this end, we will assume a fixed finite-time
interaction and label this time τ . A general coupling history of one qubit might then be
expressed as,

g(t) =

g, tk ≤ t ≤ tk + τ

0, otherwise ,
(5.34)

where tk marks the beginning of an interaction period between the qubit and the field
mode. In what follows it is understood that there is no overlapping of the interaction
intervals of an individual qubit, i.e. tk+1 − tk > τ for all k. We also assume perfect
resonance between the qubit and the field mode.

We have seen that a qubit performs Rabi oscillations, so, in general, there will be an
entanglement between the states of the qubit and the photon numbers in the resonator
mode (recall the dressed states introduced in Chapter 3). The idea is to measure the
qubit to project its state onto either the excited or the ground state and thus project
the field mode into either |n〉 or |n+ 1〉, respectively. If the qubit is determined to be
in the ground state at time tk + τ , then effectively one photon has been added to the
resonator.

The added complication is the photon number dependence of the Rabi oscillation,
from which , even fixing τ will not give us a constant rate of success in adding a photon.
The ground state probability for the qubit after interaction time τ—the probability for
successfully adding a photon with one qubit—is given by

p0(tk + τ) = sin2(gτ
√
n+ 1) , (5.35)

assuming the qubit is initially in the excited state, i.e., p0(tk) = 0. In a way, (5.35), is a
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Figure 5.5: Plots are presented of the photon number time evolution, (5.32), for different
choices of the initial photon number and delay time. They are labelled as (〈 ˆn(0)〉, ∆t) where
∆t = kTn, where Tn is the oscillation period for the 1st qubit interaction, Tn = π/

√
n+ 1. The

rows share the initial photon number: 0, 1, 5 from top to bottom, and the columns share the
same delay: 0.1Tn, 0.3Tn, 0.5Tn from left to right. The second qubit enters at gt′ = 0 for all
plots. Note that the oscillations have a frequency and amplitude dependent on both the photon
number and the delay. From (5.32) we can see that there are only ever two frequencies, Gn and
2Gn, it is the ratio of the terms containing them that changes when we change the initial photon
number and the relative delay. The figures also show the departure, at low photon number,
from the high photon number (semiclassical) limit where moving from left to right, the two
qubits change from an in-phase Rabi oscillation—zero delay—to an out-of-phase Rabi oscillation
that completely cancels (in the semiclassical limit) when the delay is 0.5Tn. The oscillations
shown for this π-phase difference come from the coefficient of cos2(Gnt

′) in (5.32) not being zero,
rather, are inversely proportional to n.
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1-qubit gain function with particular characteristics. In the next subsection we explore
the conditions around its zeroes, conditions for which a qubit entering in the excited
state cannot add energy to the resonator.

5.3.1 Trapping states

Equation (5.35), a function of n, is zero under the condition:

gτ
√
nt + 1 = mπ , m = 0, 1, . . . , (5.36)

which solving for nt gives

nt =
(
π

gτ

)2
m2 − 1 . (5.37)

One can see that there is a choice of the dimensionless interaction time gτ for which nt
can be an integer, namely

gτ = π/
√
l , l = 1, 2, . . . , (5.38)

which produces the quadratic expression for nt:

nt = lm2 − 1 . (5.39)

For the condition (5.38) the states of the field |nt〉 always satisfy p0(tk + τ) = 0, i.e. one
cannot add a photon via a 1 qubit interaction. These are the so-called trapping states
[5]. The integer m will be referred to as the number of the trapping state. Without
loss of generality we will set l = 2, giving a photon number trapping state condition
nt = 2m2 − 1.

The existence of trapping states depends, however, on the assumption that there is,
at most, 1 qubit interacting with the mode at a time. As we have seen in the last section,
the oscillations in the photon number, and consequently in the qubit state, suffer big
changes once a second qubit—qubit 2—enters the interaction. The changes depend on
when we introduce qubit 2, i.e., on its delay with respect to the start of the interaction
of the first qubit—qubit 1. We would like now to explore how much p(1)

0 (tk + τ)—the
ground state probability of qubit 1 evaluated at the end of its interaction—changes
as we change the delay of qubit 2. In particular, we would like to study the change
in the ground state probability at a photon number trapping state nt, to explore the
possibility to overcome a trapping state by the addition of a second interacting qubit to
the resonator. See Figure 5.6 for a diagram.

Suppose we write the relative delay, ∆t, as a fraction of the transit time,

∆t = sτ , s ∈ [0, 1) . (5.40)
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Figure 5.6: Similar diagram to Figure 5.4 showing the delayed introduction of qubit 2 to the
interaction as well as the time t1 + τ when the qubit 1 interaction is “turned off”. The delay is
given by ∆t = t2 − t1, also written as a fraction of the interaction time: ∆t = sτ , with s ∈ [0, 1).
Note that the interaction time is exactly the same for both qubits.

Assuming we are in a trapping state, we can substitute t′ = τ − ∆t = (1 − s)τ in
the equation for the state vector (5.30) and find the probability for qubit 1 to be in
the ground state at the end of its interaction, p(1)

0 (t′ = (1 − s)τ). We calculate this
probability with the trace,

p
(1)
0 (t′ = (1− s)τ) = tr

[(
|0〉1 〈0|1 ⊗ 12 ⊗ 1R

)
|ψ((1− s)τ)〉 〈ψ((1− s)τ)|

]
. (5.41)

Note that p(1)
0 is, strictly speaking, a function only of the relative delay (as a fraction of

the interaction time τ), and the trapping state number,

p
(1)
0 (t′ = (1− s)τ) = p

(1)
0 (s,m) . (5.42)

Plugging the state vector (5.30) in (5.41) we find,

p
(1)
0 (s,m) = cos2(ξ1)

[
cos2(ξ2)

( 4nt + 5
(4nt + 6)2

)
− 1

2(4nt + 6)

]

+ cos(2ξ1 − π/2)
[

cos(2ξ2 − π/2)
( −

√
nt + 1

2(4nt + 6)3/2

)]

+ cos(ξ1)
[

cos2(ξ2)
(−(4nt + 5)

4nt + 6

)
+ 1

2

]

+ cos(ξ1 − π/2)
[

cos(2ξ2 − π/2)
(√

nt + 1(4nt + 7)
(4nt + 6)3/2

)]

+
[

cos2(ξ2)
(−(4nt + 7)

(4nt + 6)2

)
+ 4nt + 7

2(4nt + 6)

]
, (5.43)
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Figure 5.7: The ground state probability for qubit 1 is evaluated at the end of its interaction
for different values of the delay in introducing qubit 2 to the interaction. In all cases p(1)

0 → 0 as
s→ 1, the limit being not introducing a second qubit at all. In general, a small delay between
qubits produces the highest probabilities—in turn the highest chance of overcoming the trapping
state. The oscillating nature of the slope in each curve has to do with the number of oscillations
the qubit performs: in trapping state m, the qubit performs exactly m switches between excited
and ground state. The smallest slope occurs when the second qubit is closest in phase with the
first one, the biggest slope when they are most out-of-phase. An interaction time of gτ = π/

√
2

was used.

with the angles expressed in terms of the trapping state number m:

ξ1 = Gn(1− s)τ = (1− s)π
√

4m2 + 1 , (5.44)

and
ξ2 = gnsτ = smπ . (5.45)

Plots are presented for the first 4 trapping states in Figure 5.7, showing the mod-
ifications in the ground state probability of qubit 1 due to two-qubit effects. They
show that a small delay is the best way to overcome the trapping state. One can also
observe the role the relative phase between qubits plays in the behaviour of the slope of
each curve. Trapping states are states of the field which produce an integer number of
oscillations of the qubit; their number is translated to the number of round trips taken
by the qubit between its excited and ground state. Therefore, at a trapping state m,
there will be m points in time when the second qubit will find itself completely out of
phase with the first one as the delay is swept through τ . Although it has a local effect,
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the relative phase of the qubits does not determine, by itself, the best condition for
overcoming a trapping state; rather, the time spacing of the interacting qubits is the
important point to consider.

Nevertheless, most of the time qubit 1 will be unsuccessful in breaking the trapping
state and it will exit in the excited state taking its quanta of energy with it. Although
the photon number trapping condition still holds, the Rabi oscillations of qubit 2—still
inside the resonator—have been perturbed by the 2-qubit effects. Thus, there is now a
finite chance that qubit 2 will exit in the ground state, adding a photon to the resonator
and breaking the trapping state. We would like then to calculate the probability for
qubit 2 to exit in the ground state, p(2)

0 , provided qubit 1 exited in the excited state.

We start by disentangling qubit 1 from the state vector (5.30), keeping the part that
corresponds to its excited state.∣∣∣φ(2)(t′ = (1− s)τ)

〉
≡ 1〈1 |ψ((1− s)τ)〉 , (5.46)

so now
∣∣∣φ(2)

〉
contains only the state of the field and of qubit 2. We can, then, proceed

as in previous sections and take the above state as an initial condition for the simple
system described by the 1-qubit Jaynes-Cummings Hamiltonian. We again rescale time
setting the origin, t′′ = 0, to the time when qubit 1 exits. Thus, we want to find the
ground state probability of the state

∣∣∣φ(2)(t′′)
〉
at time t′′ = sτ—the exit time of qubit

2—with the initial condition
∣∣∣φ(2)(t′′ = 0)

〉
as in (5.46). It is given by

p
(2)
0 = cos2(ξ1)

[
cos4(ξ2)

(−(4nt + 5)2

(4nt + 6)2

)
+ cos2(2ξ2 − π/2)

(2nt + 2
4nt + 6

)

+ cos2(ξ2)
((4nt + 5)2

(4nt + 6)2

)
− nt + 1

4nt + 6

]

+ cos(2ξ1 − π/2)
[

cos2(ξ2) cos(2ξ2 − π/2)
(3
√
nt + 1(6nt + 7)
2(4nt + 6)3/2

)

+ cos(2ξ2 − π/2)
(−√nt + 1(6nt + 7)

(4nt + 6)3/2

)]

+ cos(ξ1)
[

cos4(ξ2)
( 2

(4nt + 6)2

)
+ cos2(ξ2)

( −2
(4nt + 6)2

)

+ cos2(2ξ2 − π/2)
( 1

4nt + 6

)]

+ cos(ξ1 − π/2)
[

cos2(ξ2) cos(2ξ2 − π/2)
(√

n+ 1(2nt + 7)
(4nt + 6)3/2

)

+ cos(2ξ2 − π/2)
( −2

√
n+ 1

(4nt + 6)3/2

)]
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Figure 5.8: The ground state probability at the exit of qubit 2 is plotted against the delay
(in units of τ). The dashed curves correspond to the plots in Figure 5.7: the ground state
probability for qubit 1 at the end of its interaction. Note the similarities of the dependence of
the different probabilities on the delay; qubit 2 has the best chance of breaking the trapping
state with a small delay (although the maximum is not located for zero delay as is the case for
the ground state probability of qubit 1).

[
cos4(ξ2)

(−(4nt + 7)
(4nt + 6)2

)
+ cos2(ξ2)

( 8nt + 13
(4nt + 6)2

)

+ cos2(2ξ2 − π/2)
(−(3nt + 5)

4nt + 6

)
+
(
nt + 1
4nt + 6

)]
. (5.47)

Various plots are presented in Figure 5.8 for different trapping state orders showing the
dependence of p(2)

0 on the relative delay.

5.4 Poissonian pumping

For this section, we pump the resonator with qubits following a Poisson distribution.
We have in mind the diagram of Figure 5.9. Different time records—{t(k)

j } for qubit
k—with interaction regions that can overlap, are chosen for different qubits. One can
think about this as modelling the experiments with the atoms traversing a cavity at the
same velocity [4, 19], or as superconducting qubits being tuned in and out of resonance
with the field mode for fixed time intervals. Furthermore, one can choose the time
sequences such that the qubit number, N = N(t), follows a Poisson distribution, having
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Figure 5.9: A diagram showing the time-dependence of the coupling between each qubit
(labelled g(1), g(2), g(3), . . . ) and a mode of the EM field. Qubit k starts interacting at times
{t(k)

j } and remains doing so for a fixed amount of time τ . Note how at any point in time there is
a variable number of interacting qubits; that is, N = N(t). For example, following the diagram,
for t ∈ (t(3)

1 , t
(2)
1 + τ), N = 3, whereas for t ∈ (t(2)

2 + τ, t
(3)
2 ), N = 0. One can choose the {t(k)

j }
such that N(t) follows a particular probability distribution, e.g. Poissonian.

the form in steady state (sampled over time, or at fixed time over many runs):

P0(N) =

(
e−N

) (
N
N
)

N ! , (5.48)

where N is the mean number of interacting qubits.

To be able to produce the above distribution one must select the waiting times
between the addition of qubits from an exponential distribution [66]. We evaluate (5.48)
at N = 0, and write the exponential as a time dependent function, with a “qubit flux”
N/τ :

P0(N = 0) = e−
N
τ
t . (5.49)

The above can be read as the probability of having no qubits enter the interaction region
in a time t. The waiting time distribution, W0(t), is defined such that W0(t)dt is the
probability that no qubits enter from 0 to t and 1 qubit enters between t and t+ dt,

W0(t)dt =
(
e−

N
τ
t
)(

N

τ
dt
)
, (5.50)

where the first term is P0(N = 0), the probability of no qubits up to time t and the
second term, (N/τ)dt, is the probability to get 1 qubit in the next dt. From here we
find the distribution of time intervals between qubits,

W0(t) = N

τ
e−

N
τ
t . (5.51)
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Note that the above expression integrates to one when we allow all possible times.
In practice, one might have access to a set of random numbers, zl, evenly distributed

in the interval [0, 1). In order to use them to choose waiting times—which follow (5.51)—
one must then transform them to the variables wl. The basic idea is the association
of the area under the curve with the time up to which the area is calculated. The
area under W0 is always a number between 0 and 1, as it is normalised, this can then
correspond to the random number zl. The time up to where we calculate the area (a
unique zl) is the waiting time variable wl. That is,∫ wl

0
W0(t′)dt′ = zl , (5.52)

which gives,
zl = 1− e−

N
τ
wl . (5.53)

Then we obtain the random waiting times from each zl via the transformation,

wl = −
(
N

τ

)−1

ln(1− zl) . (5.54)

One could then define the time sequences following the rule (see Figure 5.9),

min
{∣∣∣∣t(kl)jl

− t(kl′ )jl′

∣∣∣∣ : ∀ t(kl′ )jl′
6= t

(kl)
jl

}
= wl . (5.55)

5.4.1 Multi-qubit quantum trajectories

We now join the results of the last chapter with the discussion on the multiple qubit
J-C model made earlier, i.e., we use quantum trajectories and incorporate a variable
number of qubits into our model. The trajectories now need two random inputs: one to
determine the photon jump, simulating the resonator field mode decay (as described in
Chapter 4), and a second one to create the fluctuating number of interacting qubits.

Intuitively, one can see that the system will reach a stable point of operation: there
is energy being supplied via the qubits—all entering in the excited state—and energy
being lost due to an imperfect resonator. The competing terms will cancel in the steady
state and we will see the ensemble average of observables converge to a point, but
individual trajectories will fluctuate continuously. Trapping states will play a major
role when using low qubit fluxes, as well as a small enough decay rate, to provide the
interesting quantum trajectory behaviour we aim to describe in this subsection and the
next.

The “jumps” in the trajectory when we introduce/remove a qubit are different in
nature from the quantum jumps made by an application of a jump operator, (4.57).
The change of the interacting qubit number, N , implies the expansion (contraction) of
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the Hilbert space we are working with for the case of the introduction (removal) of a
qubit to the interaction. For example, when adding qubit k at time t(k)

j the state at
time t(k)

j + dt is ∣∣∣ψ(t(k)
j + dt)

〉
=
∣∣∣ψ(t(k)

j )
〉
⊗ |1〉(k) , (5.56)

where
∣∣∣ψ(t(k)

j )
〉
was the state of the system with k − 1 qubits. When removing qubit k,

we must disentangle it from the remaining qubits, taking into account what its state is
at the end of the interaction, at t = t

(k)
j + τ . For this, we can write the state vector

factorising with respect to qubit k,∣∣∣ψ(t(k)
j + τ)

〉
=
∣∣∣φ(k−1)

0 (t(k)
j + τ)

〉
⊗ |0〉(k) +

∣∣∣φ(k−1)
1 (t(k)

j + τ)
〉
⊗ |1〉(k) , (5.57)

and proceed to choose which part to keep by comparing the probabilities of the ground
and excited states of qubit k with a random number zk. For the above equation, the
probability to find qubit k in the ground state, p(k)

0 (t(k)
j + τ), would correspond to

p
(k)
0 (t(k)

j + τ) =
〈
φ

(k−1)
0 (t(k)

j + τ)
∣∣∣φ(k−1)

0 (t(k)
j + τ)

〉
. (5.58)

Then the decision is made by comparing to the random number zk:

∣∣∣ψ(t(k)
j + τ + dt)

〉
=


∣∣∣φ(k−1)

0 (t(k)
j + τ)

〉
, if zk < p

(k)
0 (t(k)

j + τ) ,∣∣∣φ(k−1)
1 (t(k)

j + τ)
〉
, otherwise.

(5.59)

A trajectory is built by first choosing a waiting time for the first qubit to start
interacting, w1, from (5.54). Subsequently we follow the program loop, choosing a
sufficiently small time-step ∆t so that only one event happens every time we go through
the loop:

if t = t
(k)
jl

+ wl then
Add a qubit.
The waiting time wl is over (having begun when the last qubit was added) and a
qubit is added to the interaction. The state is changed according to (5.56). Pick a
second waiting time wl+1.

else if t = t
(k)
j + τ then

Remove a qubit.
After a time τ passed since the entering of qubit k the state is projected into either
the ground state or the excited state of qubit k following (5.59).

else
Apply the Monte Carlo Algorithm.
The qubit number is kept constant and the state either jumps (photon loss) or
performs a free evolution transforming according to (4.66) or (4.67) following the
comparison of ℘(t) with a random number zj .
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end if
t ← t+ ∆t.
One could think about keeping a state vector with all qubits from the beginning, and

simply change the couplings of each qubit, g(k)(t) ∈ {g, 0}, to simulate the interaction
turning on and turning off. The main problem with this approach is computational
practicality. Although multi-qubit events are rare when using a low enough qubit flux,
they have a big impact on the dynamics so they must be considered, and one must allow
for as many qubits to coincide as possible. Suppose we choose the maximum number of
qubits allowed to be Nmax, then the size of the state vector is 2Nmax at all times which,
as we increase Nmax, very quickly becomes a problem of memory and speed. If one
takes the trouble of changing the vector size according to how many qubits are present
at a time, one can take advantage of the fact that multi-qubit events are very infrequent
and when one does take place it is very likely only going to happen for a short period
of time (we must have a big enough sequence of very small waiting times). Having a
dynamical-size state vector allows one to take into account these important events while
conserving memory—and adding much speed—when performing the vast majority of
the dynamics which take place in a lower qubit number regime.

Let us analyse in some detail a sample quantum trajectory, as shown in Figure 5.10,
where we plot the expected photon number. Various special events are marked with the
letters (a) – (g); we comment on these in the following list:

(a) The m = 1 trapping state is reached: after the first qubit’s interaction, the m = 1
trapping state is reached. Consequently, the second qubit will not be able to add a
photon as it will execute an exact number of oscillations—in this case one. Recall
that for one qubit, initially excited, interacting with a Fock state, the probability
to find the qubit in the ground state follows the exact shape of the photon number
oscillation.

(b) A 2-qubit event: note that in the qubit number record a favourable condition to
break through the trapping state was achieved—a small delay between successive
qubits (see for example Figure 5.7a)—but with no success. A bigger oscillation
is observed in the photon number due to the small delay (compare with Figure
5.5d).

(c) Another 2-qubit event: the condition to break the trapping state is not as favourable,
as the second qubit enters with a bigger delay. The oscillations in the expected
photon number are not as large as event (b) (see Figure 5.5f).

(d) Breaking of the m = 1 trapping state by a 2-qubit event: note the small delay of
the second qubit, creating a favourable condition to move past the trapping state.

(e) Away from trapping states, 1-qubit events add energy one photon at a time: at
n = 3 where this event takes place, the probability for the qubit to add a photon
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Figure 5.10: A sample quantum trajectory of the expected photon number is presented in the
top plot, where photons are produced by a variable number of interacting qubits that follow the
Poisson distribution (5.48). The number of interacting qubits—a function of time—is presented
as a record in the bottom plot. Note that all qubits interact for a fixed time τ . A number of
events are highlighted in the quantum trajectory and discussed in the text. The parameters
used were (N, 〈n̂(0)〉 , gτ, κτ) = (1.0, 0, π/

√
2, 0.01).

is, from (5.35), sin2(π
√

2) ≈ 0.93. The regions in between trapping states are
highly unstable as there is a big difference between the competing gain and loss.

(f) A 2-qubit event near the m = 2 trapping state: a very short delay is registered in
the qubit number record resulting in the biggest amplitude of oscillation in the
expected photon number (see for example Figure 5.3c).

(g) A photon is lost from the resonator: note that with the decay rate used, κτ = 0.01,
one would observe on average one photon loss every 10τ for n ∼ 10.

Although eventually reaching a stable operating region the expected photon number
will always have a certain degree of fluctuations in the quantum trajectories. On the one
hand because of the Rabi oscillations that the interacting qubits perform, and on the
other because of switching between regions close to a trapping state. Whereas switching
to a lower trapping state can be accomplished with photon loss, e.g., due to a lull in
the qubit flux, going past a trapping state can only be achieved by a multi-qubit event.
Considering the parameters of Figure 5.10, the probability of passing the m = 2 trapping
state requires at least the coincidence of 2 qubits—with a probability of 1/(2e) ≈ 20%—
as well as having success in having at least one of them add a photon—around 3%, at
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best (small delay). A rough estimation results in the breaking of the m = 2 trapping
state after around 200τ , and an even longer period is required to go past the next one.
As we go up the trapping state ladder, the photon loss grows to a significant value
eventually driving the photon number into switching to a lower trapping state region.
Because the whole process is driven by fluctuations, the system will not remain close to
a single trapping state. The stable operating region will comprise a number of these, as
we will see when showing longer quantum trajectories in the next subsection.

5.4.2 Ensemble averages

In this section, we present the average of different observables for a range of
parameters—different qubit fluxes as well as different photon decay rates. What
we are interested in is the mean photon number n and Mandel Q parameter QM of a
trajectory where we set a definite qubit flux N and photon decay rate κτ .

Because of the nature of the system one can compute the mean value of observables
either by computing the mean over an ensemble of trajectories, or by averaging over
a sufficiently long time interval. The time interval must be large enough to capture
various switches between trapping state regions and avoid the transient behaviour at the
beginning—before the stable operating region is reached. To be precise, for an operator
Ô

lim
N→∞
T�1

〈
Ô(T )

〉
REC(N)

= lim
t→∞
T�1

1
t− T

∫ t

T

〈
Ô(t′)

〉
REC

dt′ = O , (5.60)

where O is the mean value of the observable Ô. The above relationship—the equivalence
between ensemble and time averages—is true for ergodic systems [67, 68].

For 3 different photon decay rates, we plot the mean value of the photon number
and the Mandel Q parameter for a range of different scaled photon fluxes in Figure 5.11.

From the figures we observe that the oscillating feature of QM is directly related to
the change of the slope in n; in particular, a smaller slope corresponds to a smaller QM ,
in some cases negative, indicating sub-Poissonian statistics. Trapping states are also
related to the changing slope. As n approaches a trapping state the slope decreases,
reaching its lowest value when it is very close to a stable solution (to the semiclassical
steady states, see Figure 5.1) and increases up to the point when it is close to an unstable
solution. Because of the low fluxes, the 1-qubit approximation to the gain is acceptable
(apart from its omission of escape past a trapping state) and the stable points in the
semiclassical steady state solution are very near the lowest values of QM . Note however,
in Figure 5.11a, when using higher qubit fluxes, the slope of the mean photon number
curve tends to remain constant and QM has its amplitude of oscillations reduced, no
longer reaching negative values. Many multi-qubit events are beginning to erase the
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Figure 5.11: Mean photon number (black connected circles) and Mandel Q (grey connected
circles) versus mean number of qubits inside the resonator.

effect of the trapping states and the gain tends to a constant value,

Gain→ 1
2
N

τ
, (5.61)

i.e., on average half of the qubits add a photon. Balancing with the photon decay κτ
gives a value of the slope for high qubit fluxes of

dn
dN
→ 1

2κτ . (5.62)

For the parameters used in Figure 5.11a the slope has a value of 50, close to what is
observed for N > 3.2.

Lowering the photon decay rate also produces the oscillation in QM , with sub-
Poissonian regions; moreover, as the loss is smaller, the qubit fluxes are smaller and so
the multi-qubit events are kept sporadic, even for the largest fluxes used (see Figures
5.11b and 5.11c).

In Figure 5.12, we choose certain fluxes close to the extreme values of QM and show
what a quantum trajectory looks like for an extended time interval—around (3×106)|g|τ ;
we choose a photon decay rate of κτ = 0.01 corresponding to Figure 5.11a.

The trapping regions are clearly distinguishable and, as the flux increases, the
expected photon number takes a longer time to switch between them. We must
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(a) (N,QM ) = (0.46,−0.66)

(b) (N,QM ) = (0.64,+0.85)

(c) (N,QM ) = (0.88,−0.69)

(d) (N,QM ) = (1.16, 0.93)

Figure 5.12: Shown are 4 quantum trajectories for the expected photon number using different
qubit fluxes. To the right of each trajectory is the photon number distribution. The fluxes are
chosen to produce contrasting values of QM (see Figure 5.11a).
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remember trapping states are quadratic in the photon number; as the stable operation
region reaches a higher photon number there is a larger separation between trapping
states, and one must wait for a large number of qubits to successfully add photons to
switch to the next trapping region—also, a large coincidence of quantum jumps to come
back down.

The different statistics implied by the oscillatory QM is revealed by the long-time
behaviour of individual quantum trajectories and by the photon number distributions
that they define. Super-Poissonian statistics is observed not for distributions with a big
photon-number spread but for multi-modal distributions with comparable heights, i.e.,
when two trapping regions are visited for similar times (see Figures 5.12b and 5.12d).
Individually, each mode has a smaller variance than a Poisson distribution and thus,
when one mode dominates we get sub-Poissonian statistics (see Figures 5.12a and 5.12c).

Finally, we would like to comment on how we obtained the averages in the plots
presented in Figure 5.11. The straightforward way is to simply calculate a time average
over one particular trajectory such as those shown in Figure 5.12. The main issue
with this approach is the length of time needed to produce precise averages. One
can see that the trajectories are never stationary, always having transitions between
neighbouring trapping regions. The time average is then as good as the number of
transitions captured by the particular quantum trajectory. As we change the parameters
to make the transitions between trapping regions less likely we require the trajectories to
run for longer so we get a reasonable average. We observe the transitions become more
infrequent on the one hand when we go to higher trapping states, as they become more
separated (see for example the change in the transition time on the trajectories shown
in Figure 5.12), and on the other when the photon decay rate is lowered; a small decay
means a longer time to transition down the trapping state regions. For a particular
photon number operating region, we will need a lower qubit flux to balance the smaller
decay and so transitions that move up trapping states will become more infrequent as
well.

To increase the precision of the averages, one can take advantage of the ergodicity
of the trajectories (see (5.60)) and calculate ensemble averages as well as time averages.
This is the case for some points in Figure 5.11 in the second half of the qubit flux
interval considered. The advantage comes because many time averages can be run in
parallel, which are then combined in an ensemble average.



6 Active Feedback Control

The results of last chapter show that it is possible to produce a field with sub-
Poissonian statistics inside a resonator pumped by a simple Poisson beam of excited
qubits. The zeroes of the non-linear gain function translate to trapping states, close
to which the photon number remains. With a suitable choice of parameters—a low
decay rate and a low qubit flux, to avoid frequent multi-qubit events—the photon
number tends to be highly localised in these trapping regions. The fluctuation of the
Mandel Q parameter—photon number variance—is due to a multimodal photon number
distribution, each peak close to a trapping state. The spread of each individual mode of
the distribution does not change, rather the relative populations of each trapping region
change. A higher Mandel Q is observed when the peaks of a bimodal distribution are of
comparable height and a lower Mandel Q when one peak dominates over the other (see
Figure 5.12).

As well as the trapping state localisation, we observe two dynamics with contrasting
time-scales: 1) the Jaynes-Cummings dynamics, which involve the Rabi oscillations and
other multi-qubit effects (see Figure 5.5), and 2) the photon number switching between
different trapping regions. The latter dynamics is much slower, being directly related to
the low probability of breaking a trapping state.

This long time-scale dynamics offers an opportunity of control: given that the
photon number spread is small around one trapping region, this in principle allows one
to produce sub-Poissonian fields inside the resonator. In this chapter we propose to
control the photon number based on measurements of the output field, i.e., the photons
lost from the resonator, to achieve this result. The basic idea is to modify the relative
populations of the different modes in the photon number distributions, stopping the
photon number from switching between different trapping regions and thus favouring
one mode—i.e., keeping the photon number localised close to one trapping state.

We develop two different methods of active feedback control, Protocols I and II.
The first one alters the mean qubit number, in a way changing the intensity of the
Poissonian qubit beam to keep the photon number within a set target. The second one,
changes the qubit number distribution by setting a constant waiting time, eliminating
the fluctuations caused by its Poissonian statistics.

6.1 Photon Detection and Stochastic Signal

Information about the field inside the resonator, in particular the photon number, is
inferred by detecting the output field—the photons lost from the imperfect resonator.

83
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The principle is that the flux of photons leaving the cavity is proportional to the number
of photons inside, and therefore by measuring the photon flux (intensity of the emitted
light) on the outside, one can distinguish between different photon number expectations
on the inside.

A bimodal number distribution (see Figures 5.12b and 5.12d), for example, represents
a pair of macroscopically distinguishable states, so there is no need for a sophisticated
quantum measurement to separate the trapping states. Also, given the slow switching
rate between the different trapping regions, there is plenty of time to carry out a
measurement that gives a good enough estimate of the photon number inside the cavity
by time averaging the output photon stream. This measurement as a function of
time—the measurement signal ζ(t)—is defined by the stochastic differential equation

∆ζ = cζ∆t+ ∆q , (6.1)

where ∆t is the size of the time-step, c is a constant to be determined and

∆q =

1 , if a photon is detected in [t, t+ ∆t) ,

0 , otherwise .
(6.2)

In order to have ζ(t) follow the expected photon number to a good approximation, we
set the constant equal to the photon decay rate:

c = −κ . (6.3)

To justify this choice we look at a time-average of (6.1). First, consider the three
different time intervals:

T � δt� ∆t , (6.4)

each with its own time-scale sensitive to different dynamics. The distinction is motivated
by the photon number behaviour on each quantum trajectory. The intervals correspond
to:

∆t The evolution between individual qubits and the EM field mode is observed at
this time-scale, e.g. Rabi oscillations. Quantum jumps occur within the time-step
∆t.

δt Within this time interval, the photon number tends to remain in one trapping
region. Thus, a time-average—local to δt—yields small fluctuations produced
by Rabi oscillations and jumps, which, individually, cannot be resolved at this
time-scale.

T A large enough time interval such that it includes enough transitions between
trapping regions that the mean photon number has small fluctuations.
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We are interested in calculating the time-average of (6.1) local to δt, which we will
denote as 〈 〉δt,

〈∆ζ〉δt = 〈cζ∆t+ ∆q〉δt . (6.5)

If ζ is to imitate the photon number, the fluctuations—on average—during the interval
δt should vanish (the photon number is restricted to one trapping region). Thus, we
arrive at the equation,

0 = c∆t 〈ζ〉δt + 〈∆q〉δt . (6.6)

We can explicitly write the second term on the right side as,

〈∆q〉δt = 1
δt

L∑
j=1

κn(tj)∆t

= κ∆t 〈n〉δt , (6.7)

where ∆t = tj+1 − tj , δt = tL − t1 (L� 1), and n(tj) is the expected photon number
at time tj . Plugging into (6.6) we obtain,

0 = c 〈ζ〉δt + κ 〈n〉δt . (6.8)

Requiring 〈ζ〉δt = 〈n〉δt, the above holds for the choice (6.3). In Figure 6.1 we present a
plot of both the photon number and the stochastic signal generated according to (6.1)
(with the choice (6.3)) superimposed. Two observations are important:

1. Even with the added noise—a product of the random detection of photons—
trapping regions are still discernible in the stochastic signal.

2. The transition from one trapping region to another is delayed in the signal. The
photon number transition between trapping states happens on a shorter time-scale
than the photon decay rate (see, for example, Figure 5.10). Indeed, the delay
between the photon number trajectory and the measurement signal is essentially
1/κ (of duration gt ∼ 200 for Figure 5.10). The solution to (6.1) integrates
the photon detections over an exponentially decaying kernel (memory time) of
duration 1/κ. The finite response time is what causes the measurement signal to
be delayed in registering the switch to a new trapping region.

An extended photon number trajectory and its corresponding signal is shown
in Figure 6.2 with their photon number histograms. Note that most switches are
distinguishable albeit with much more noise. The measurement signal probability
distribution also manages to conserve the information of the relative peak heights.

We would like to make a comment on the choice of c in (6.1). While the choice (6.3)
is based on the best match between the measurement signal and the expected photon
number, it can also be based on optimising the observed delay in switching trapping
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Figure 6.1: A photon number quantum trajectory (grey) with the corresponding stochastic
signal generated by considering the lost photons (black). Although the signal contains more
noise than the photon number, it is still possible to distinguish different trapping regions. There
is, however, a delay between the photon number trajectory and the measurement signal; see the
signal delay around gt = 8× 103). Parameters used: (N, κτ, ∆t) = (1.0, 0.01, 0.0125).

regions; more generally, on improving the time resolution by increasing the value of |c|.
If made too large, on the other hand, the noise in the measurement signal is increased. A
certain amount of noise can be manageable but too much can blur the distinction between
the trapping states themselves, e.g., we would not be able to distinguish the bimodal
distribution in (6.2b). The maximising of the measurement signal time resolution while
keeping the noise below a level that keeps us from distinguishing different trapping
states is another criterion from which we can choose the value of |c|.

6.2 Protocol I: Poissonian Qubit Flux

Up to this point the mean qubit number has been kept constant in time for each
particular quantum trajectory. Although the qubit number is an ever-changing quantity,
it follows a Poissonian distribution, completely defined by its mean. The idea is to
modify the mean qubit number—shifting the Poisson probability distribution—to favour
higher or lower qubit numbers. In fact, we are mainly interested in the occurrence of
multi-qubit events. These are the important events that transport the photon number
up trapping states.

The modification of the mean qubit number—we refer to the modified number as
N
′—is based on information generated by the stochastic signal:

N
′(t) = N + ν(ζ(t)) . (6.9)

The time dependence lies within the function ν, which is explicitly a function of the
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(a) Photon number quantum trajectory and its probability distribution.

(b) Stochastic signal and its probability distribution.

Figure 6.2: Both the photon number quantum trajectory (a) and the generated stochastic
signal (b) are shown with their corresponding probability distributions. The photon flux chosen
produces a super-Poissonian field inside the resonator. The signal contains more noise, thus
resulting in a bigger spread of the probability distribution. However, it is still possible to
distinguish switching by observation of the signal, i.e., the probability distribution for the signal
is still clearly bimodal. Parameters used are (N,κτ) = (0.35, 0.01).

stochastic signal. In order to feed the modification to the qubit beam, we alter the waiting
time distribution (5.51). In practice, having drawn the random number, zl ∈ [0, 1), we
set the corresponding waiting time to,

w ′l = −
(
N
′

τ

)−1

ln(1− zl) , (6.10)

with the new mean N ′ given by (6.9).

6.2.1 The control function

We now consider the control function, ν(ζ). Our objective is to localise the photon
number by restricting the transitions out of a targeted trapping region. The intrinsic
dynamics will produce only a small spread in the photon number around the trapping
state, so, if we are successful in keeping the photon number within the target region, we
have the opportunity to produce sub-Poissonian fields with different qubit fluxes and
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for various mean photon numbers.
As a first step, we partition the photon number into the different occupancy regions,

i.e., regions corresponding to particular trapping states. Consider the “tolerance interval”,
Tm, of the mth trapping state nt(m) = 2m2− 1 (using gτ = π/

√
2), which we define by

Tm =
[
nt(m)− n<(m), nt(m) + n>(m)

)
. (6.11)

The size of the interval, |Tm| = n<(m) + n>(m), must depend on the trapping state, as
these are not linearly distributed. Some considerations to decide the size of the tolerance
interval are:

1. No overlap between different intervals, but choose them to cover all photon
numbers with their union. In particular,

nt(m+ 1)− n<(m+ 1) = nt(m) + n>(m) . (6.12)

2. Ensure that as much of the dynamics (restricted to each trapping region) is
contained inside each tolerance interval. Note that the range of the fluctuations
is not symmetric about the trapping state; because of photon decay, it is mostly
located below the trapping state.

With the above in mind, we define the tolerance interval with

n<(m) = 3m− 2 ,

n>(m) = m+ 1 , (6.13)

such that
Tm =

[
2m2 − 3m+ 1, 2m2 +m

)
. (6.14)

We show explicitly the different tolerance intervals for the example trajectory of Figure
6.1, in Figure 6.3. Although most of the signal is found inside the corresponding
tolerance interval, occasionally we see “false transitions”, i.e., a crossing to a different
tolerance interval wrongly indicating that the photon number changed trapping regions.
The time spent on the “wrong” tolerance interval is typically very small, as it is born of
a fluctuation away from the equilibrium condition: e.g., a number of photons lost over
a short time interval very different from the typical photon loss at the assigned decay
rate. Thus, a more robust way of using the signal to detect transitions is to take its
time-average over a fixed length time interval, Ts which we denote as 〈ζ(t)〉Ts .

Here again we have a balancing problem. On one hand, a large Ts will guarantee we
record all true photon number transitions, but it will increase the delay in recognising
them; on the other, a small Ts increases the risk of false transitions. Our ability to
control the photon number is harmed in either extreme scenario (in much the same
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Figure 6.3: The tolerance intervals are shown up to m = 4 (grey dashed lines). For the photon
number (grey continuous line) stepping out of a particular region means a long term transition
to the corresponding new trapping region, while for the stochastic signal (black continuous line)
this is not strictly the case. Nevertheless, the majority of the signal is still found to be contained
in the tolerance interval where the photon number is located.

way as when choosing a different value for |c| in (6.1); increased resolution to detect
trapping region switches VS added noise in the measurement signal). Numerically, we
can calculate the mean length of very many false transitions and set Ts equal to that
value.

Finally we are ready to give a definition of ν(ζ):

ν(ζ;m) =


0 if 〈ζ(t)〉Ts ∈ Tm

ν0 =

ν+ if 〈ζ(t)〉Ts < 2m2 − 3m+ 1

ν− if 〈ζ(t)〉Ts ≥ 2m2 +m.

(6.15)

The control mechanism is showcased in Figure 6.4. A measure of how well we can
control the photon number to remain on target is how much we can lower the Mandel
Q obtained with no control mechanism (top plot), i.e., with the simple Poisson qubit
beam defined by N . As we see from the Figure 6.4, there is much better control with
the parameters chosen when the target is set to m = 3 (middle plot). The reason is the
photon number tends to stay in the upper of the two regions more often, as we can see
from the photon number distribution of the top plot.

Although the top trapping region (close to the m = 3 trapping state) is the natural
choice for the particular qubit flux used, when we use the control protocol with the
target set to m = 2 (bottom plot) we obtain a lower Mandel Q than what a trajectory
with a simple Poisson qubit beam gives us, even though the distribution is still super-
Poissonian. A negative Mandel Q is achieved, however, when the target is set in the
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(a) No control. QM = +0.20

(b) With Protocol I control. Target m = 3. QM = −0.34.

(c) With Protocol I control. Target m = 2. QM = +0.10.

Figure 6.4: Protocol I control in action. No control is carried out in plot (a); the control is
set to target trapping states m = 3 and m = 2 in plots (b) and (c), respectively. Parameters
used are (N, κτ, ν+, ν−) = (0.35, 0.01, 1.75, −0.28).
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Figure 6.5: Mean photon number and Mandel Q parameter behaviour for different qubit
fluxes—compare with Figure 5.11b—when the photon number is controlled to previously chosen
targets using Protocol I. The averages from different runs (in this case, only time averages were
used) are shown as connected dots; black for the mean photon number and grey for the Mandel
Q parameter. Also presented are the semiclassical steady states (continuous lines) which are the
solutions to ṅ = 0 in (5.1), and the lowest value of QM obtained with no control mechanism,
using the simple Poisson qubit beam (dashed horizontal line). A photon decay rate of κτ = 0.001
was used.

most visited region for that particular qubit flux (m = 3), producing a sub-Poissonian
field inside the resonator.

We can try out Protocol I with a range of qubit fluxes, choosing to target the
dominant peak in the multimodal photon number distribution (which we get from the
data used to plot Figure 5.11b, where we use a different decay rate κτ = 0.001). We
present the results in Figure 6.5. We have included in the plots the semiclassical
steady states—the steady state solution to (5.1)—as well as a mark—dashed line—
where the minimum value of QM is obtained with the Poisson qubit beam (around
N = 0.34 in Figure (5.11b)). There are various observations. Firstly, the discontinuities
in the mean photon number. These are artificial: we have chosen to target different
trapping state numbers for different flux intervals; our decision was based on the photon
number distribution data, for the trajectories with no control. Secondly, the Mandel Q
oscillations, revealed with a quasi-constant amplitude in Figures (5.11), appear much
diminished, and beyond N = 0.10 are not noticeable, while all the time showing sub-
Poissonian behaviour. Thirdly, it is in the vicinity of the target change (discontinuities
in the mean photon number) where we see QM increase. The sudden increase is due to
the fact that those points correspond to distributions with similar-height peaks, thus
making them the hardest to control.

Also important to note is the very similar position of the mean photon number
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points with respect to the semiclassical steady states. With the fluxes we have used,
multi-qubit events are rare (even with the control mechanism active) so the gain/loss
equation (5.1)—which assumes no multi-qubit events—is a good approximation. Note
that from around N = 0.04 we consistently obtain lower QM values than the minimum
without any control, reaching QM = −0.84 for N = 0.19 with n ∼ 45.

6.3 Protocol II: Regular Qubit Flux

In this section we propose an alternative protocol to control the photon number,
specifically, a change in the statistics of N(t). The idea is to eliminate the fluctuations
on the photon number caused by a changing qubit number, using what we refer to as
a regular qubit flux. To this end, we keep the qubit interaction time τ constant, as
before, and also set the waiting time (we refer to the modified waiting time according
to Protocol II as w ′′l ) equal to τ .

With the waiting time equal to the interaction time, exactly one qubit will always
be inside the resonator. There are two important consequences:

1. While we use a regular flux, there will be no opportunity of breaking through
a trapping state; these will apply for all time (though we have to be careful
with the numerics—see Section A.3 for a required correction to the ground state
probability).

2. Photons lost due to resonator imperfections will be replenished at the fastest
rate that still conserves trapping states. The photon number will then be pushed
against the corresponding trapping state, unable to move past and very unlikely
to stray below it; one need not drop too far down in photon number for the
probabilities p(1)

0 (proportional to the probability to add a photon) to be large, in
some cases orders of magnitude larger than the probability to lose a photon.

Nevertheless, we still need multi-qubit effects to climb trapping states when starting
from the vacuum, otherwise we would not be able to go past the m = 1 trapping state.
We therefore use the Poisson qubit flux to climb up to our target state and then switch
to the regular beam. The instruction of when to switch to the regularised beam is of
course provided by the measurement signal, in the same way as with Protocol I—by
checking if the time-average over Ts is inside the tolerance interval targeted. Thus,
Protocol II modifies the waiting time according to,

w ′′l =

τ if 〈ζ(t)〉TS ∈ Tm ,

−
(
N
τ

)−1
ln(1− zl) otherwise ,

(6.16)

with zl ∈ [0, 1) the usual random number, N the mean qubit number, and N(t) has a
Poisson distribution. A comparison of the form of the photon number trajectories is
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(a) Poisson qubit beam.

(b) Regular qubit beam.

Figure 6.6: A sample of two photon number trajectories are presented to compare the different
distributions produced by using a Poisson qubit beam (top) and a regular qubit beam (bottom).
The Poisson beam uses a waiting time given by (5.51), while the regular beam uses a constant
waiting time, equal to the transit time, τ . The m = 5 trapping state is plotted as a horizontal
dashed line. It is clear that the bottom plot will present a lower Mandel Q—smaller photon
number variance—than the top plot. Also to note is the fact that the top plot could potentially
transition to the next trapping state (as multi-qubit events are possible) while in the regular
beam the photon number cannot go beyond the m = 5 trapping state. Parameters used are
(κτ, N (top plot)) = (0.001, 0.16). Note that the mean qubit number for the top plot was chosen
so as to produce a dominant peak in the photon number distribution corresponding precisely to
the m = 5 trapping state (having QM ≈ −0.69). Both trajectories were started from n = 49.

shown in Figure 6.6.

Because of the strong attraction to the corresponding trapping state exhibited by
the photon number when the waiting time is changed, it is worthwhile to include a
second safeguard against false transitions (transitions only registered in the measurement
signal). One may check for several coincidences of condition (6.16) being true. We first
define

Ts = [t, ts] , (6.17)

where we think of the interval as a set of discrete points: t, t + ∆t, t + 2∆t, . . . , ts.
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Figure 6.7: Mean photon number and Mandel Q parameter calculated using trajectories for
a range of different fluxes when the photon number is controlled to previously chosen targets
using Protocol II—compare with Figures 5.11b and 6.5. Data from runs (the time averages) are
presented as connected dots—black for n, grey for QM . Semiclassical steady states (solutions to
ṅ = 0 in (5.1)) are shown as continuous lines. Discontinuous lines show the lowest QM obtained,
dashed when using a simple Poisson qubit flux, dot-dashed when using the active feedback
Protocol I. A photon decay rate of κτ = 0.001 was used, as well as a coincidence count of k = 5
(see the condition (6.18)).

Then we might include in the first clause of (6.16) the modified condition,{
〈ζ(t)〉[t, ts] ∈ Tm

}
∧
{
〈ζ(t)〉[ts+∆t, 2ts] ∈ Tm

}
∧ . . . ∧

{
〈ζ(t)〉[(k−1)ts+∆t, kts] ∈ Tm

}
.

(6.18)
With Protocol II, it is much more cost effective to delay recognising a transition to the
target trapping state if this brings an added certainty, than to aim to detect transitions
as fast as possible and risk identifying a false transition. The Poissonian fluctuations are
eliminated when the control activates, and if this happens in the wrong trapping state
we must return to these to come back to the target. Having hit the target trapping
state from the beginning will overall produce a lower Mandel Q, as the photon number
will be very strongly localised to it.

In Figure 6.7 we present a series of qubit fluxes with Protocol II used to target
previously chosen trapping states (i.e., targets chosen according to the same criterion as
with Protocol I—the dominant peak in the corresponding photon number distributions).
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In this chapter, we will use the control mechanism discussed in the last chapter to
develop a systematic way of preparing high photon number states with sub-Poissonian
statistics. The objective is to produce pulses of light with sub-Poissonian properties.

There will be two initial conditions for the cavity field explored: the vacuum and an
initial coherent state. The latter provides an opportunity of deterministically generating
the special photon number states through a manipulation of the interaction time.

We start the chapter by describing a way to bypass the trapping states in order to
climb to high photon numbers quickly, an alternative to the use of multi-qubit effects,
which is a very slow process.

7.1 Random Interaction Time Pumping

Recall the trapping state equation (5.36). So far, we have kept the interaction time
constant; to denote this previously used interaction time we will write:

gτ0 = π/
√

2 . (7.1)

Fixing the interaction time renders the trapping states a function exclusively of the
photon number, and, with the choice (7.1), there exist integer photon number solutions
to (5.36).

There is, however, an obstacle if one wishes to target a trapping state beyond m = 1.
The same dynamics we make use of to localise the photon number can delay us in getting
to our target, as breaking through a trapping state requires a particular multi-qubit
condition to occur (see Section 5.3 for a discussion on the condition for two qubits). A
high Poissonian qubit flux can be used, albeit with the drawback of introducing large
fluctuations to the system at the same time.

An alternative to an increase in the qubit flux is to choose a random interaction
time for each qubit, while conserving a mean of τ0. With a random number zr ∈ [0, 1)
we define,

τr = (2τ0) zr + ∆t . (7.2)

We include the time-step as this is the shortest interaction time we allow for a qubit—zr

can, in fact, be exactly zero. With this definition, we have an interaction time

τr ∈
[
∆t, 2τ0 + ∆t

)
, (7.3)

95
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with a mean of
〈τr〉r = τ0 + ∆t , (7.4)

where we think of 〈 〉r as an average over very many different random interaction times.
Now the condition (5.36) is met much more infrequently, and most likely for non-integer
photon numbers. Thus, the gain function looses the structure which produces the
trapping states. Focusing on one-qubit events, we have

p
(1)
0 (tk + τr) = sin2(gτr

√
n+ 1) . (7.5)

In general, given a photon number n, the probability to have an interaction time τr for
which p(1)

0 = 0—the trapping condition—is very low (if we could have infinite precision
in the numerics the probability is zero, because τ0, as well as all other interaction
times for which gτr

√
n+ 1 = mπ, are irrational). We can compute a mean value of the

probability that a photon is added to the resonator,

〈p0(tk + τr)〉r =
〈

sin2(gτr
√
n+ 1)

〉
r
, (7.6)

and evaluate the average over many random transit times using an integral:

〈
sin2(gτr

√
n+ 1)

〉
r

= 1
2gτ0
√
n+ 1

∫ g(2τ0+∆t)
√
n+1

g∆t
√
n+1

sin2 t′dt′

= 1
2 + χ√

n+ 1
, (7.7)

where the explicit form of χ is,

χ ≡ −sin t′ cos t′

4gτ0

∣∣∣∣g(2τ0+∆t)
√
n+1

g∆t
√
n+1

. (7.8)

The important thing to highlight is that |χ| < 1, and so the deviation from 1/2 scales
as 1/

√
n. Thus, physically, as the photon number increases we expect close to half of

the qubits entering to add a photon to the resonator. Assuming most of the time there
is at most one qubit (low flux) and approximating the probability that each qubit leaves
a photon using (7.6), neglecting the term of O(1/

√
n), the gain/loss equation now takes

the form
ṅ = N

2τ0
− κn , (7.9)

which has the solution,

n(t) = N

2κτ0

(
1− e−κt

)
, (7.10)
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Figure 7.1: An ensemble average over 50 trajectories is shown for the case of a fixed interaction
time τ0 (black continuous line) and for a random interaction time τr as defined in (7.2) (grey
continuous line). The mean photon number for the fixed interaction time Poisson beam (obtained
from the data of Figure 5.11a) is shown as a horizontal dotted line—this is the value up to which
the expected photon number (black line) will eventually climb. Also plotted is the equation
(7.10) (dashed line). Parameters used are (N, gτ0, κτ0, g∆t) = (1.0, π/

√
2, 0.01, 0.0125).

where we set n(0) = 0. For the steady state we obtain,

lim
t→∞

n(t)→ N

2κτ0
. (7.11)

The asymptotic behaviour does not include multiple solutions for the photon number as
is the case for (5.1).

An argument in favour of using a random interaction time to climb photon numbers
can be made by the speed it provides. Let us compare, for example, the photon number
climbing rate when using random interaction times versus using a fixed interaction time.
Figure 7.1 presents an ensemble average of the expected photon number for each case.

There are two things to note from Figure 7.1. Firstly, the much faster climbing
rate when using random interaction times, resulting in the mean photon number—for
the particular qubit flux and set of parameters—being reached in a much shorter time.
The trapping states, which require a fixed interaction time, slow down the process of
climbing the photon number. This is so, even though for some photon numbers and
particular interaction times, the probability to add a photon might be less than for a
fixed interaction time (e.g. in between trapping states). There are no photon numbers
that, for all times, provide a low—or even constant—probability of adding a photon.

Secondly, note the gradual departure from (7.10) that the ensemble average displays
for the random interaction time τr, and its increase over time. The reason is the low-flux
approximation we made in deriving (7.10), where we considered exclusively one-qubit
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Figure 7.2: A diagram representing the different stages of the production of a pulse of
sub-Poissonian light. For t ∈ [0, sA), the interaction time is chosen randomly in the interval
[g∆t, 2gτ0 + ∆t); for t ∈ [sA, sB), the interaction time is fixed and equal to gτ0; for t ∈ [sB , sC)
the interaction time is set to zero, i.e., no qubits are in the resonator. The cycle then repeats
itself.

events. This approximation is valid for n . 30 because at these photon numbers the gain
outweighs the loss on average. The photon number change comes predominantly from
the gain and, in turn, from the dominant one-qubit contributions, so the approximation
is a good one. Nevertheless, as we approach the limiting value according to (7.10)—with
a numerical value of N/2κτ0 = 50 for Figure 7.1—the loss grows to balance the gain
where still we only consider one-qubit events. At this point, photons gained through
multi-qubit events do have a much more noticeable effect in the net average gain, even
when they are much more infrequent because the section of the gain due to one-qubit
events is balanced with the loss due to photon decay. A further increase of the photon
number will make the loss increase as well, balancing the gain due to higher orders of
multi-qubit events, until we reach a stable mean photon number where there is no net
change on average.

7.2 Pulse Construction

We can utilise the random interaction time of qubits to climb to a set photon number
target, after which we can revert back to a constant interaction time. The switch to a
constant interaction time will push the photon number against the nearest trapping
state. Furthermore, we can use the control Protocol II to have the photon number
specifically localise against the next upper trapping state. Once we have reduced the
photon number variance, we turn the qubit beam off and return to the vacuum to restart
the pumping of the resonator using the random interaction time. A time map of the
interaction time τ is presented as a diagram in Figure 7.2.

The values of sA,B,C can, in principle, be chosen a priori. We could estimate the
first section of the cycle with (7.10), provided we are in the regime where this is a
good approximation, choosing sA so that we are relatively close to the target trapping
state. The control section length can be chosen based on the photon number estimate
at time sA. Beyond a certain amount of control time the photon number will reach
the minimum level of fluctuations and the photon number variance will not be further
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reduced if the control section is prolonged. The last section is simply the decay of a
Fock state, similar to what we studied in Chapter 4 (see Figure 4.6).

A risk when choosing the cycle sections lengths, in particular sA, is that the expected
photon number n(sA) could be higher than the target trapping state. When targeting
the nt(m) trapping state, ideally we want

nt(m− 1) < n(sA) ≤ nt(m) . (7.12)

The control Protocol II is robust enough that even if we are closer to the next lower
trapping state, the photon number will move to the target. For high order trapping
states, the size of the interval in (7.12) is big enough to tolerate a range of fluctuations
in individual trajectories.

Furthermore, we can monitor the photon number using the stochastic current ζ
discussed in the last Chapter. The idea is to monitor the stochastic signal and set sA
via the condition

ζ(sA) ∈ Tm , (7.13)

where we recall the definition of Tm from (6.14). Note that we are not delaying the check
by computing the “buffer average” 〈ζ〉TS ; the accuracy of the estimation is therefore
reduced, though it is still within the range of fluctuations that the control Protocol
II can handle. The next section in the cycle—defined by sB—may be chosen as a
fixed interval, i.e., with sB − sA a constant. Finally, the qubit flux is shut down and
the field inside the resonator returns to the vacuum. A sample trajectory using the
described cycle is shown in Figure 7.3. Typically, the control part of the cycle will be
short compared to the initial section as, in the majority of cases, the photon number
will already be in the target region if not in a neighbouring one. Notwithstanding the
relatively long time of the random interaction time section with respect to the control
section, the photon number is indeed climbing much faster than with a Poisson qubit
flux; contrast Figure 6.1—which has a similar place in parameter space.

More can be gathered about the state of the field at each point in time by computing
an ensemble average of trajectories such as the one shown in Figure 7.3. We present an
ensemble average over 4960 of these trajectories in Figure 7.4.

At the beginning of the pulse creation, one can see some structure in the probabilities
of each photon number, i.e., there is a different interval of greyscale for particular photon
numbers. The reason is the differences from 1/2 calculated in (7.7) and (7.8). At low
photon numbers, these are biggest—due to the n−1/2 dependence—and we can expect,
for example, the photon numbers for which the mean probability to add a photon by one
qubit is less than 1/2 to reach darker shades than the ones which have a corresponding
probability of more than 1/2. As the photon number increases, this is less noticeable.

Also interesting is the behaviour of the Mandel Q parameter. Starting from the
vacuum—the lowermost Fock state—we expect initial values to be negative. However,
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Figure 7.3: We present a quantum trajectory with the manipulations of the interaction time
aimed at creating a sub-Poissonian pulse of light. The trapping state m = 6 (nt = 71) was
targeted. The cycle begins using a random interaction time up to gsA = 2432, then Protocol
II (regular qubit flux) up to gsB = 2682 (gt = 250 after sA, which is chosen a priori), after
which the qubit flux is turned off. The tolerance interval T6 is shown as dashed lines. Note that
although the first section fails to carry the photon number inside T6, the control section pushes
it against the target. It is much more convenient to control the photon number from beneath
the target, otherwise we have to rely on photon decay, which is a much slower process, to reach
the target. Parameters used are (N, κτ0) = (0.175, 0.001).

as we pump the photons in a random fashion, QM tends to stabilise around 0—the
value a Poisson distribution would possess. The photon number distribution resembles
that of a coherent state. After around gt = 1.4 × 103, the trajectories start reaching
their control starting points and the photon number distribution presents a growing
peak where the target trapping state is. The result is a temporary increase in QM ,
where we encounter a similar situation to that of Figures 5.12b and 5.12d: a high spread
of the photon number due to a multimodal distribution. As the population outside
the targeted trapping region is depleted by the control protocol, QM starts to drop,
eventually reaching a lowest value of −0.98. With a mean photon number of n = 68.4,
94% of the pulses will have an expected photon number inside the interval

67 ≤
〈
â†â

〉
REC
≤ 70 , (7.14)

when the control section of the cycle is over.

7.3 Coherent State Initialisation

For the last section of this Chapter, we will explore the effects that finite time
interaction qubits have on an initially prepared coherent state. We will see how a
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Figure 7.4: An ensemble average of 4960 trajectories (similar to the one shown in Figure 7.3,
although each trajectory is carried out up to sB) is presented (top) along with the Mandel Q
parameter calculated at each time from the resulting photon number distribution (bottom). To
create the top plot, we define a mesh—each unit of height 1 and length gt = 12—and count the
number of times a trajectory passes through each unit. From this, we can calculate the photon
number distribution at each time (every column is normalised), and map each unit to a greyscale:
probability equal to 0 (1) mapped to white (black). The minimum value of the Mandel Q
parameter reached is QM = −0.98. Parameters used are (N, gτ0, κτ0) = (0.175, π/

√
2, 0.001).

different manipulation of the interaction time can reduce the photon number spread in
this case, resulting in an alternative way of producing sub-Poissonian pulses of light.

Suppose we start with a regular flux of qubits that each interact for a fixed amount
of time τ0 with a mode of the EM field initially in a coherent state |α〉. Following the
interaction of the first qubit, from (3.46), at time τ0 the state of the system is

|ψ(τ0)〉 =
∞∑
n=0

p(n)
[

cos(gτ0
√
n+ 1) |n, 1〉

− i sin(gτ0
√
n+ 1) |n+ 1, 0〉

]
, (7.15)

with
p(n) = e−

|α|2
2

αn√
n!
, (7.16)

for |ψ(0)〉 = |α〉, an initial coherent state. At that time the qubit is due to exit and we
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(a) Qubit exits in |0〉.
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(b) Qubit exits in |1〉.

Figure 7.5: The photon number distribution is shown at two different times: t = 0 (grey
bars) and t = τ0 + ∆t (black bars), i.e., just after a qubit has stopped its interaction. The plot
on the left (right) considers the qubit to be measured at the end of its interaction in the ground
(excited) state. Parameters used (|α|2, gτ0, κτ0) = (20, π/

√
2, 0.01).

must decide its state, essentially choosing one of the two terms inside the square bracket
in (7.15). Thus, the photon number distribution after the qubit exits is modified; see
Figure 7.5 for a particular example.

One thing to note is that depending on the state of the qubit at the end of its
interaction, different photon numbers will be suppressed. In Figure 7.5a, the term in
(7.15) which carries on involves a sine, for which the trapping condition applies (in fact
selecting the photon number nt + 1, as the corresponding ket from the dressed states is
|n+ 1, 0〉). Thus, there will be photon numbers which will be completely suppressed,
e.g., 2, 8, 18, 32, etc. The situation is different when the qubit is measured in the excited
state (see Figure 7.5b). Now the term involves a cosine where no trapping condition
applies (for integer photon numbers). There are photon numbers which suffer a decrease
in probability, but always keeping a finite value.

We are interested in what the state of the field is over many qubit interactions. In
Figure 7.6, we show the time evolution of the photon number distribution for a particular
trajectory. Although only a brief time is elapsed—only 11 qubits interact with the mode
in total—the photon number is already strongly localised close to trapping states. This
is a direct consequence of the back-action of the measuring of the qubit at the end of
its interaction. When the qubit collapses into either |0〉 or |1〉 each term in the sum
(7.15), is multiplied by the corresponding sine or cosine, respectively, modulating the
amplitudes of each photon number.

Also interesting to note is the dynamics of each individual mode of the distribution,
more notable towards the end of the plot in Figure 7.6. Each isolated part of the
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Figure 7.6: A sample trajectory for an initial coherent state is presented. The probability of
finding each photon number at any particular time is mapped to a greyscale, in the same way
as in Figure 7.1. The discontinuities observed periodically correspond to the back-action of the
measurement of qubits exiting the interaction. Note that the photon number distribution quickly
favours photon numbers closer to trapping states, in particular the m = 5, 6 trapping states
(nt = 49, 71, respectively). However, unlike the situation when the initial state is the vacuum,
at certain times we can have superposition of photon numbers close to different trapping states.
Parameters are (|α|2, gτ0, κτ0) = (60, π/

√
2, 0.001). The Fock basis is truncated at n = 200.

distribution presents a “zigzag” pattern, almost like the Rabi oscillations one would see
for a Fock state interacting with a qubit—and in fact with a similar period π/

√
n+ 1,

the oscillation period of the photon number would have if there was a Fock state in the
resonator.

A quantum jump is also clearly noticeable at around gt = 19, just before a qubit
exits. We showed in Chapter 4 that quantum jumps do not have an effect in coherent
states. The state of the field after several qubits however, is far from coherent, thus
it has an effect more closely associated with what we would see in the case of a Fock
state: there is a drop in the expected photon number.

Even though we are observing phenomena which appear to be related to what is seen
when working with Fock states, we are dealing with a superposition of photon numbers
in the end, however unbalanced it may be. An interesting example of the departure from
the single photon number situation is shown in Figure 7.7. In the vicinity of gt = 150
we observe a change in the relative populations of two neighbouring trapping states. We
contrast this to the transitions between different trapping states of trajectories such as
those in Figure 5.12, where the photon number moves through all numbers in between.
In the present case, the transition happens without altering the amplitudes of numbers
in between the trapping states.

The superposition of photon numbers increases the complexity of the dynamics
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Figure 7.7: Various aspects of the evolution of an initially prepared coherent state interacting
with a regular qubit flux are presented. The top plot depicts the photon number distribution
time evolution, using a greyscale to map the probability of each unit (in the same fashion
as in Figure 7.1); the second plot, contains a record of the photon losses, marked as vertical
lines; the third plot displays the probability to find the qubit in the |1〉 state at the end
of its interaction; the lowermost plot shows a record of the state the exiting qubits were
measured in (they are equidistant as we are using a regular qubit flux). Parameters are
(|α|2, gτ0, κτ) = (65, π/

√
2, 0.01).

behind the trajectory. Looking at the jump record (the second plot from top to bottom
in Figure 7.7) we observe that there is a gap in the detection of photons. From our
considerations with definite photon number states the fact that no photons lost can
lead to a drop in the expected photon number is challenging. We have to remember,
though, the role of the term in the non-Hermitian Hamiltonian built into the continuous
evolution: −i~(κ/2)â†â. Effectively, this term acts as an exponential which damps
the probability of each photon number. The essential point is that the damping will
be different for each photon number, and in our case, as the two trapping states are
quite separated, the rates of damping will be very different. Thus, without jumps, the
continuous evolution, by itself, will then unbalance the different populations.

We would like to put forward a final idea, which allows for the possibility of reducing
the uncertainty in the photon number in a deterministic manner. We will now modify
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Figure 7.8: The same type of plots are presented as in Figure 7.7 with the temporary
modification to the interaction time (see (7.17)). The vertical grey lines delimit the region R
where we use an interaction time of τ0/2. Parameters are (|α|2, gτ0, κτ) = (65, π/

√
2, 0.01).

only the interaction time (keeping the regular qubit flux), according to the rule:

τ(t) =

τ0/2 if t ∈ R ,

τ0 otherwise.
(7.17)

Reducing the interaction time by half effectively selects the even order trapping states.
To satisfy the trapping condition

p
(1)
0 (tk + τ0/2) = sin2

(
gτ0
2
√
n+ 1

)
= sin2

(
gπ

2
√

2
√
n+ 1

)
= 0 , (7.18)

we now need
n = 2(2k)2 − 1 ; k = 1, 2, . . . . (7.19)

The effect is that of destroying the coexistence of a superposition of photon numbers
close to two adjacent trapping states. We show such an example in Figure 7.8. In this
case, we have the interplay between the two trapping states m = 5, 6 (corresponding to
photon numbers of 49 and 71). Once the interaction time is reduced, only the trapping
state m = 6 (k = 3 in (7.19)) remains as a stable trapping state, in fact reversing the
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stability condition for m = 5. From the beginning of the region R, the photon number
localises in the lower trapping state, and migrates toward the upper trapping state. The
probability of the exiting qubits is drastically altered as a consequence of the modified
interaction time, causing consecutive qubits to exit the interaction in the ground state,
thus adding photons to the resonator. Had there been before R an already localised
photon number around the trapping state m = 6 there would not have been any change.

To be able to successfully move the population from m = 5 to m = 6, the region
R must be sufficiently long. Having in mind the maximum reduction of the photon
number spread, it is desirable to return to the interaction time τ0 once the transition
has been made. The reason is that a larger interaction time provides a steeper slope in
the gain, making trapping states more dramatic. This can be seen from

d
dnp

(1)
0 (tk + τ) = gτ

2
√
n+ 1

sin
(
2gτ
√
n+ 1

)
, (7.20)

i.e., around a trapping state, the slope is proportional to the interaction time. In the
end, it is from this slope that we constrict the photon number and manage to create
sub-Poissonian distributions.

One advantage of using this method over the pulse creation starting from vacuum is
speed. With an initial coherent state we avoid the process of climbing through lower
trapping states. Furthermore, the process used to filter out photon numbers close to
adjacent trapping states is deterministic: the start and length of R does not depend on
a stochastic signal generated from photo-detection or some other random process.
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Let us start by presenting a brief summary of the main themes of this thesis.
We studied the interaction of two level quantum systems—qubits—with a mode of
the electromagnetic field inside a resonator. The interaction was described by the
Jaynes-Cummings model, adopting both the dipole and rotating wave approximations.
Furthermore, we treated the system as open, allowing the resonator to experience losses,
where we identified two approaches to the treatment of open quantum systems, namely
through a master equation and using quantum trajectories. Some examples served to
illustrate the equivalence of the two methods. We focused in the rest of the thesis on
the quantum trajectory approach, for which we included a more thorough review.

The system to which we apply the theory discussed is then described. We considered
the finite time interaction of qubits with the field mode, permitting multiple qubits to
be interacting at any particular time. Furthermore, the state of the qubits—initially in
the excited state—is decided at the end of their interaction, as determined (statistically)
from the probability amplitudes of each state.

Regarding the multi-qubit events, we gave some analytical results for the 2-qubit
dynamics. These were first obtained for both qubits starting the interaction at the
same time, whereby the photon number presented oscillations deviating in amplitude
from 2 by a factor of O(n−2). Next, a delay between the qubits was considered. The
oscillations in the photon number were found to depend on the delay, and in particular,
on the relative phase of the qubits. Even when the second qubit started its interaction
with an opposite phase to the first one, the photon number presented oscillations of
amplitude of O(n−1).

Following the 2-qubit analysis, trapping states were discussed. Trapping states are
states of the field for which qubits execute an integer number of Rabi oscillations, such
that a qubit interacting by itself is unable to finish in the ground state (having started in
the excited state) thus preventing the photon number from climbing any higher. Their
resilience against multi-qubit events was considered, and calculations were carried out
for the 2-qubit case. It was found that the highest ground state probability at the end
of the interaction, both for the first and second qubit, appears when the delay between
the two qubit start times is small.

The time evolution of the qubit number was modelled as a Poisson process, which
provides a nonvanishing probability of having multi-qubit events even for a low mean
qubit number. A highly optimised computer simulation (an overview is presented in
Appendix A) was carried out which included quantum jumps and a variable number of
qubits, along with a dynamic basis: instead of calculating the evolution of the state

107



108 8 Conclusion

vector using a truncated Fock basis, a vector of size 2N (where N is changing in time)
is used to encode the coefficients of the state as well as the total number of quanta
involved (photon number plus number of interacting qubits). Thus, we were able to
compute time and ensemble averages of the photon number for a range of different
fluxes, as well as a measure of the uncertainty in the photon number, the Mandel Q
parameter, QM .

The mean photon number n presented an oscillating quantity as a function of the
mean number of interacting qubits, as did the behaviour of QM . The slope of the n
curve was shown to oscillate: when small, QM dipped below zero and we observed
a sub-Poissonian distribution for the field. An inspection of individual trajectories
explained this observation. The photon number remained close to a trapping state for
most of the time, transitioning between different trapping states only so often. There
were two time-scales, the time-scale corresponding to the Rabi cycles and the time-scale
which determined the transitions between trapping states; the latter was about 5 orders
of magnitude larger than the former for large qubit fluxes. The passing from sub- to
super-Poissonian photon number distributions by increasing/decreasing the qubit flux
could be understood to result from the populations of different trapping states reaching
comparable heights (super-Poissonian) or a condition of one dominating the others
(sub-Poissonian). This behaviour was produced by the intrinsic dynamics of the system.

To follow the investigation of the photon number dynamics, an exploration into
various ways in which one can control it, in particular reducing the photon number
uncertainty was carried out. The control was based on a stochastic signal derived from
a measurement of the output of the resonator. Two protocols were developed, with
different modifications applied to the statistics of the qubit number in order to control
the photon number and remain close to a set target trapping state. Protocol I consisted
in increasing/decreasing the qubit flux, while conserving its Poisson statistics, based on
the fluctuations in the output signal. We were able to achieve states with n ∼ 45 and
QM = −0.84 (which corresponds to a ∆n = 2.7). In Protocol II the statistics of the
qubit number were changed once the target was reached, as judged from the stochastic
output signal; qubits began their interaction equally spaced in time, so that there was
always exactly one qubit interacting with the field mode. With this protocol we were
able to lower the Mandel Q to QM = −0.96 for n ∼ 45 (in turn corresponding to a
∆n = 1.3).

Lastly, we implemented the ideas of control to generate pulses of light with sub-
Poissonian statistics. We explored two initial conditions: vacuum and a coherent state.
For the former we developed a cycle consisting of first setting a random interaction
time, to bypass lower trapping states, after which we applied Protocol II to control the
photon number, guiding it to the previously chosen target. Values of the Mandel Q as
low as QM = −0.98, with an expected photon number of n ∼ 68 (that is, ∆n = 1.2),
were obtained.
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The more complex dynamics that an initial coherent state offers were then explored.
It was found that by reducing the interaction time by half, photon numbers initially
distributed evenly over two adjacent trapping states could be joined into the higher
one. The method does not follow any signal or random process as it is just a matter of
defining an interval where the interaction time is reduced; in this sense it is deterministic.
By setting a target to the top trapping state, this method can reduce the uncertainty of
the photon number caused by the initial superposition of photon numbers.

Outlook

The introduction of superconducting qubits [10], and their ability to reproduce the
basic interaction between an EM field mode and a qubit, provide tools which allow
further manipulations. In particular, the engineering of the interaction time between
qubit and field. In cavity QED, the velocity of the entering qubits (e.g. Rydberg atoms)
is selected from a Maxwellian distribution (following atoms effusing from an oven) which
makes the programming of a particular sequence of interaction times a difficult task.
In so-called circuit QED, the qubits are static elements (solid state components) in
a circuit, which may be tuned on and off resonance with the field mode with high
accuracy [9]. Already experiments have explored the creation of Fock states going up to
6 photons [12]. Such experiments provide a possibility of realising some of the theory
discussed in this thesis, given the availability of different interaction times and our
ability to arbitrarily create sequences of different interaction times, e.g., the simulation
of a sequence of random interaction times.

Going forward, the exploration of further sources of noise which cannot be ignored
in experiments involving superconducting qubits—such as qubit decay and dephasing—
and its impact in the protocols developed, would be an important step.
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A Computer Simulation Overview

We would like to expand on some details of the computer simulation, as the simulation
has played a major role in the results obtained in this thesis.

Although initially written in Python [69], the simulation code was eventually trans-
lated into Fortran 90, mainly because of the speed in performing numerics. There exist
plenty of highly optimised numerical libraries in the interpreted language Python, e.g.,
NumPy, SciPy [70] and fairly complete computational algebra platforms, e.g., SymPy
[71], which make Python an attractive scientific computational tool. Nevertheless, the
scale of our simulation required some very specific fine tuning; in some cases, these
were far too complex to accomplish using existing libraries, making the design of code
from scratch using Fortran 90 the better option. Furthermore, the use of a compiled
language—such as Fortran 90 [72]—opened the door to a number of options one can
specify in the compiling stages to optimise code, e.g., autovectorisation.

Following the partitioning of the basic code, we give details for each section separately
(see Figure A.1). The program starts with the appropriate definitions of variables,
arrays, constants, etc., as well as the setting of the initial condition of the system.
The main loop considers the dynamics discussed so far: qubits entering/exiting the
interaction region, the time evolution—continuous evolution and quantum jumps, and
the control mechanisms as well as the sampling of observables. After Section D, the
time-step is advanced and the program returns to Section A provided the maximum
number of time-steps has not been reached.

The simulation was mostly run in the NeSI Pan Cluster; each one of the nodes used
consisted of 2 x Intel E5-2680 CPUs with the Sandy Bridge architecture running at 2.7
GHz, with 16 CPU cores in total. The available memory per node was 128 GB. Using a
computer cluster was crucial in terms of time optimisation, as one could have multiple
trajectories running simultaneously over extended periods of time.

Before getting into the detail of each Section, we would like to give an overview of
some numerical elements with which we model our system.

A.1 Numerical Items

State vector bookkeeping

Because we are using quantum trajectories, we need a way to represent the state
vector as an array of numbers—the coefficients of its expansion in a particular basis.
We use a similar basis to BNn (5.9) and order the coefficients according to the integer
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Figure A.1: A flowchart of the different program parts, as well as the tasks executed in the
main loop. Sections A-D deal with the qubit I/O, the time evolution and the sampling of the
observables. Section C1 considers the different control schemes proposed in Chapters 6 and 7.
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represented as a binary number by j(1)j(2) . . . j(N). For example, with N = 2, the array
psiv representing the state vector

|ψ〉 = c00 |n, 00〉+ c01 |n− 1, 01〉+ c10 |n− 1, 10〉+ c11 |n− 2, 11〉 (A.1)

(note we are choosing to represent the total number of quanta—photons plus number of
qubits—by n) is

psiv→ (c0, c1, c2, c3) ⇐⇒ (c00, c01, c10, c11) . (A.2)

The information of the photon number, can be kept in an accompanying integer,

psiq→ n , (A.3)

so that the pair (psiv, psiq) contains all the information of our state vector.

Bitwise operations

Next, we comment on common binary operations performed in our simulation. We
make use of three of the so-called bitwise operations (part of the Fortran standard
library); BTEST, IBSET and IBCLR. Their action is as follows:

• BTEST(i, j)→ Return the logical value True (False) if the bit in position j (the bit
corresponding to the jth power of 2) of the integer i (in binary representation) is 1
(0): e.g., with 13 = 11012 we have BTEST(13, 1) = .FALSE. whereas BTEST(13, 2) =
.TRUE..

• IBSET(i, j)→ Set to 1 the bit in position j of the integer (in binary representation)
i: e.g., IBSET(13, 1) = 15.

• IBCLR(i, j)→ Set to 0 the xsbit in position j of the integer (in binary representa-
tion) i: e.g., IBCLR(13, 2) = 9.

The above will be helpful for further numerical manipulations, in particular, when we
have to do the continuous evolution (Section C). It is also useful to define bic(i),

• bic(i) → The number of 1’s in the binary representation of the integer i. E.g.,
bic(13) = 3.
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We can then calculate the expected photon number, for example, using the basis similar
to BNn to expand the state vector |ψ〉;

〈n̂〉 = 〈ψ | n̂ |ψ〉

→
2N−1∑
l=0
|cl|2 (n− bic(l))

→
2N−1∑
l=0

psiv(l) (psiq− bic(l)) , (A.4)

reducing the expectation to a dot product between two arrays of numbers.
It is desirable that as many steps in the code be completed using bitwise operations

because they are typically the fastest subroutines, and allow for more room when
implementing further optimisations at the compiling stage.

Discrete time

Due to the fact that the size of the time-step, ∆t, is finite, we must write all time
intervals in units of the time-step. One issue this causes is when the time interval, T ,
cannot necessarily be written in the form T = L∆t for some integer L thus introducing
rounding errors, e.g., when the interaction time (in units of g) τ = π/

√
2. The time

intervals will need to be converted according to,

T→
⌈
T

∆t

⌉
, (A.5)

with dxe the ceiling function, i.e., dxe = L, where L is the smallest integer such that
L ≥ x. The interaction time will be particularly affected by the issue, as trapping states
require qubits to interact for exactly τ , indeed⌈

τ

∆t

⌉
∆t 6= τ , (A.6)

for τ = π/
√

2. We will propose a solution when describing Section C that introduces an
acceptable error while keeping trapping states effective as traps.

Important timers

The qubit I/O bookkeeping is done by keeping track of time intervals: the waiting
time (5.54) and the interaction time τ , respectively. In the program, these time intervals
are transformed to discrete timers (waiting and qubit timer, respectively), which are
advanced at every loop. The waiting timer starts from the value (with a previously
chosen wl),

wt→
⌈
wl
∆t

⌉
. (A.7)
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Similarly, the qubit timer starts from the value

qt =
⌈
τ

∆t

⌉
≡ tc . (A.8)

There are, however, instances where we have to keep track of multiple qubit timers; we
do this via the qubit timer array qts. Suppose we have k qubits interacting with the
EM field mode. The array then has the form,

qts→
(
tc− a(1), tc− a(2), . . . , tc− a(k), 0, . . . ,

)
, (A.9)

where the {a(j)}kj=1 are positive integers. Also, the number of components of qts is
Nmax. Beyond component k, we set all values to zero as we only have k qubits. Note
that as all qubits start from the same interaction time (and we add them one at a time),
we have

a(1) > a(2) > · · · > a(k) . (A.10)

To advance a timer we simply subtract 1 from the timer. For the case of qts we do
this for all non-zero entries:

wt← wt− 1 ,

qts←
(
tc− a(1) − 1, tc− a(2) − 1, . . . , tc− a(k) − 1, 0, . . .

)
. (A.11)

When a timer reaches zero the condition is met to change the number of qubits; the
tasks followed to do this are explained in the next two sections.

A.2 Section A: Qubit Enters

We detail the steps on the introduction of a qubit—in going from N to N + 1 qubits
interacting with the EM field mode. The flowchart presented in Figure A.2 provides the
basic structure of this section. The first condition to check is whether the number of
qubits interacting is less than a previously defined number, Nmax. It is not necessary to
go through any other task in Section A if N = Nmax; the qubit flux is stopped until
one qubit exits. Moving on, we check if the waiting time is over, i.e., if the waiting
timer is down to zero, wt = 0. When it is zero, the program adds a qubit and chooses a
new waiting time—and a new waiting timer is started; otherwise, the waiting timer is
advanced.

Now we discuss the bookkeeping of adding a qubit when we already have N qubits
interacting. We would like to know what manipulations we have to do to the array psiv

to work out the adding of a qubit. First, recall that the qubits are ordered from oldest
to newest, left to right, in the qubit part of the state vector. Thus, because the new
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Figure A.2: Section A presented as a flowchart. In order to add a qubit two conditions must
be met: less than the maximum number of qubits are interacting with the field mode (a value
set by the memory constraints and processing speed of the computer used) and the waiting
timer is zero.
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qubit starts its interaction in the excited state, the coefficients are mapped, in general,

cj(1)j(2)...j(N) 7→ cj(1)j(2)...j(N)1(N+1) . (A.12)

What we have to do then with psiv is double its dimension and map all the previous
entries to the odd-numbered components of the new larger array (as the rightmost 1 in
(A.12) will always give an odd number for the coefficient), that is,

(
c0, c1, . . . , c2N−1

)
7→
(
0, c0, 0, c1, . . . , 0, c2N−1

)
, (A.13)

where the updated psiv has 2k+1 components.
Following the qubit addition, we reset the waiting timer (choosing a new waiting

time) and set the qubit timer of the new qubit. The qubit timer is also started and
added to position N + 1 so that an updated qts looks like

qts→
(
tc− a(1), . . . , tc− a(N), tc, 0, . . .

)
. (A.14)

A.3 Section B: Qubit Exits

The tasks followed to remove a qubit are outlined as a flowchart in Figure A.3.
The first simple check is to have at least one qubit interacting. Although seemingly
trivial, there are two reasons for the first condition: most of the qubit fluxes used in
this thesis were very small, so that the majority of the time we have no qubits in the
resonator. First, a simple check before going to other tasks speeds up the process as the
program can skip to the next loop without having to verify other conditions. Second, a
zero in the qts could come from a qubit timer advancing all the way to zero or from
there being no qubit at all. The program is built so the least amount of information is
carried from loop to loop; namely the number of qubits and the state vector (the pair
(psiv, psiq)).

The next condition verifies the qubit timer. Given the ordering of the individual
timers (see (A.10)), we only need to check if the first entry of qts—the oldest qubit—is
zero. If it is not zero we simply advance the qubit timers as in (A.11). If it is zero the
oldest qubit is due to exit.

Suppose we are going from N to N − 1 qubits, so we have a state vector psiv

initially with 2N entries. Recall that the oldest qubit corresponds to the leftmost bit in
the binary number tag of each coefficient, so dividing psiv in half gives us the parts
of the state vector corresponding to the ground and excited states of the exiting qubit
(similar to

∣∣∣φ(N−1)
0

〉
and

∣∣∣φ(N−1)
1

〉
in (5.57)),

psiv→
(
{c0(1)j(2)...j(N)}, {c1(1)j(2)...j(N)}

)
. (A.15)
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Figure A.3: Section B presented as a flowchart. The removal of a qubit from the interaction
depends on the corresponding qubit timer reaching zero. Every time there is at least one qubit
inside, all qubit timers are advanced.
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m nt p
(1)
0

1 1 0.0253 ×10−3

2 7 0.1013 ×10−3

3 17 0.2279 ×10−3

4 31 0.4051 ×10−3

5 49 0.6330 ×10−3

6 71 0.9114 ×10−3

7 97 1.2404 ×10−3

Table A.1: Ground state exit probability for 1 qubit in a trapping state.

A decision must be made according to (5.59) to obtain the updated state vector. Using
the notation in Chapter 5, we have

p
(1)
0 =

∑
j(2)...j(N)=0,1

|c0(1)j(2)...j(N) |2 =
2N−1−1∑
l=0

|psiv(l)|2 , (A.16)

similarly,
p

(1)
1 = 1− p(1)

0 , (A.17)

where psiv is normalised. Comparing to a random number determines which half we
keep, and the updated psiv consists of one of the parts written explicitly in (A.15),
having now 2N−1 entries.

Here we must pay close attention to the numerics and how they affect the trapping
states (5.37), which are so important for our model. Having an irrational interaction
time we have to deal with the inequality (A.6). For example, when computing p(1)

0 for
the case of just one qubit in a trapping state nt = 2m2 − 1 (using gτ = π/

√
2) at the

end of the interaction period, we get

p
(1)
0 = sin2

(⌈
π√
2∆t

⌉
∆t
√

2m
)
. (A.18)

As ∆t → 0 then p
(1)
0 → 0, but for a time-step size of ∆t = 0.0125 (the value used

for plots in Figure 5.12) we obtain the non-zero values reported in Table A.1. Having
non-zero values is a problem because we no longer have perfect trapping states.

We propose to shift the probability:

p
′(1)
0 = p

(1)
0 − ε , (A.19)

so that p′(1)
0 ≯ 0 for as many nt as possible. Of course one cannot let ε be a large

quantity as the probabilities for other non-trapping photon number states will be greatly
affected. We propose to set ε = 0.001. There are two considerations behind this choice:

• We want to guarantee a perfect trapping condition for as many orders of trapping
states as possible, i.e., p′(1)

0 (nt) ≯ 0.
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m nt r−1(%) r+1(%)
1 1 0.15 0.23
2 7 0.67 0.68
3 17 1.62 1.36
4 31 3.18 2.19
5 49 5.68 3.06
6 71 9.76 3.89
7 97 16.70 4.64

Table A.2: Relative changes to the ground state probabilities of 1 qubit for adjacent photon
numbers to a trapping state.

• The shift size should be small relative to p(1)
0 evaluated for other non-trapping

photon numbers. In particular, we can focus on where the shift will have the
biggest effect—photon numbers adjacent to each trapping state. We would like
then to have,

r±1 = |p
′(1)
0 (nt ± 1)− p(1)

0 (nt ± 1)|
p

(1)
0 (nt ± 1)

= ε

p
(1)
0 (nt ± 1)

, (A.20)

be as small as possible: r± � 1.

From the above table, one can see that ε = 0.001 guarantees perfect trapping up to
m = 6. The relative changes introduced to the probabilities around trapping states are
shown in Table A.2. The relative changes stay below 10% up to m = 6.

With regard to the qubit timer qts, we must shift all entries to the left, so that we
conserve the ordering (A.10):(

0, tc− a(2), . . . , tc− a(N), 0, . . .
)
→
(
tc− a(2), . . . , tc− a(N), 0, . . .

)
.

(A.21)
It is necessary to add a zero at the end of qts (entry number Nmax) to conserve its size.

As a last comment, note that the scheme described can also work when the qubits
interact for different periods of time, invalidating the ordering (A.10). The grouping of
the state vector will be more complex than that of (A.15), e.g. if qubit k is due to exit,
the grouping is {cj(1)...0(k)...j(N)} and {cj(1)...1(k)...j(N)}, which is not as simple as splitting
in half psiv, the situation we always encounter when forcing the qubits to interact for
the same amount of time, τ .

A.4 Section C: Evolution

After the qubit number has been dealt with, we come to the time evolution. Following
quantum trajectory theory we need to decide either to perform a jump (4.57), or to do
a continuous evolution governed by the non-Hermitian Hamiltonian (4.52). The section
is sketched in Figure A.4.
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Figure A.4: Section C presented as a flowchart. The time evolution is performed either by a
quantum jump or by a continuous evolution governed by a non-Hermitian Hamiltonian. The
state is normalised afterwards.
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To begin, we compute the photon number as in (A.4). We then go through the
Monte Carlo rules described in Chapter 4 (advance in time the state vector either
according to (4.66) or (4.67)).

Jump

We go through the jump route provided the following condition is true:

z < 〈n̂〉κ∆t , (A.22)

with z a randomly distributed number in [0, 1), κ the mode decay rate and ∆t the size
of the time-step. Each entry of the state vector gets scaled differently, as the action
of the jump operator Ĵ ∝ â, depends on the photon number. Having a state (with N
qubits), each component is mapped according to

cj(1)j(2)...j(N) 7→ cj(1)j(2)...j(N)

√√√√n− N∑
l=1

j(l) . (A.23)

Alternatively, using the function bic and psiq the above map can be written as

cl 7→ cl

√
psiq− bic(l) . (A.24)

After updating the state vector to account for the jump, we must reduce psiq by 1, to
account for the photon loss,

psiq← psiq− 1 . (A.25)

Normalising the state vector completes the time evolution. Note that there are no
rearrangements of psiv due to the action of the jump operator, there is only the
rescaling of components. The annihilation of a photon is completed by the reduction of
psiq.

Continuous evolution

The continuous evolution path involves more numerics. We have to solve a system
of coupled, first order differential equations, dictated by the non-Hermitian Hamiltonian
Ĥ (4.52). We encounter a situation similar to

ẋ =Mx , (A.26)

where x is our 2N -dimensional state vector and M is the matrix associated with Ĥ.
There are numerous ways of solving the above system, e.g., using the Euler method,
the Runge-Kutta method, etc. We give details here of the fourth-order Runge-Kutta
method [73, sect. 15.1] which the program uses. The method involves evaluating the
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derivative 4 times:

T1 =Mx(t0)∆t ,

T2 =M
(
x(t0) + T1

2

)
∆t ,

T3 =M
(
x(t0) + T2

2

)
∆t ,

T4 =M (x(t0) + T3) ∆t ,

(A.27)

then
x(t0 + ∆t) = x(t0) + T1 + 2T2 + 2T3 + T4

6 +O(∆t6) . (A.28)

In our case, the matrixM has time-independent coefficients—Ĥ is time-independent—it
is, in fact, a function of n. Instead of storing in memory matricesM for various qubit
number situations and accessing them as the program advances (i.e. performing a
matrix multiplication withM and psiv), a more convenient method is to compute the
map of each component of psiv,

M : cl 7→
2N−1∑
m=0

am(n)cm (A.29)

with some coefficients (functions of n) am. We do this with the help of the bitwise
functions; BTEST, IBCLR and IBSET.

First, let us separate Ĥ into its Hermitian and non-Hermitian parts:

Ĥ = ĤJC + ĤQT , (A.30)

where

ĤJC = ~
N∑
k=0

g
(
âσ̂

(k)
+ + â†σ̂

(k)
−

)
(A.31)

is the Jaynes-Cummings Hamiltonian, and

ĤQT = −i~κ2 â
†â (A.32)

is obtained from the quantum trajectory analysis. Dividing the above Hamiltonians by
i~ (the g will absorb the phase of i), and operating them on the state vector gives its
time derivative.

The matrixM can be split into its two parts corresponding to ĤJC and ĤQT ,MJC

andMQT , respectively. We quickly find thatMQT is diagonal. The coefficients map
underMQT as

MQT : cl 7→
[
−κ2 (psiq− bic(l))

]
cl . (A.33)
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For the action of MJC , we track bit by bit through the coefficient tag l (recall cl =
cj(1)j(2)...j(N)) and depending on the value decide the mapping. The operators σ̂± act
similar to a logical NOT for the bits and the annihilation/creation operators extract
information on the photon number. The function BTEST will then tell us which term of
the Hamiltonian (A.31) applies for each individual qubit, either gâσ̂+ or gâ†σ̂−, e.g., for
qubit k, if j(k) = 1(0) then gâ†σ̂(k)

− (gâσ̂(k)
+ ) will apply. The mapping can be written as,

MJC : cl 7→
N∑
k=1

g


√

psiq− bic(l) + 1 cIBCLR(l,k), if BTEST(l, k) is true ,√
psiq− bic(l) cIBSET(l,k), if BTEST(l, k) is false .

(A.34)

The full mapping produced byM is simply the sum ofMJC andMQT .

A.5 Section D: Sampling values

Lastly, we need to record the values to write, the values we are interested in, e.g.,
the mean photon number, Mandel Q parameter, the time evolution of expected photon
number, etc.. The main problem here is the size of some of the runs (see for example
the individual trajectory plots in Figure 5.12). If we are writing to file every time-step
several double-precision floats, we could end up with files in the order of several TB for
some runs. If we are interested in testing an array of different qubit fluxes, for example,
manipulating and storing a large number of such big files becomes a problem.

We introduce two different “time units”: the sampling time,

ss→ ls∆t , (A.35)

and the writing time
sw→ lw∆t , (A.36)

with ls, lw two integers; we require ls < lw, as we want the sampling to happen more
often than the writing to file. The decision to perform either action can be done by
comparing the current time-step, modulo ls (lw) to zero to decide whether to sample
(write to file):

• If tt mod ss = 0, update averages (mean photon number, Mandel Q parameter).

• If tt mod sw = 0, write to file.
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In this appendix, we present the basic code of the computer simulation written
in Fortan 90. This code was used to simulate the finite-time interaction of qubits—
following a Poisson distribution—with a mode of the EM field of a resonator. The
control mechanisms discussed in Chapters 6 and 7 are added to the code making minor
modifications to the basic code.

After compiling, e.g.,

>>> gfortran -o qq qq.f90

using the GNU Compiler Collection (GCC) free software, one can execute the program
specifying the mean qubit flux;

>>> ./qq 0.1

will run the program with a mean qubit number of N = 0.1. Note that the user has
to modify the directory in which to write the file, line 278 (and the length of the total
characters used, line 100) to match the particular system.

0 PROGRAM qq

2 !---! Definition of variables
!********************

4 ! Variables are assigned in three groups: Constants, Dummy variables
! and Important variables. The description of the variable being

6 ! defined follows the line of each definition.
!********************

8

! No implicit variables
10 !********************

IMPLICIT NONE
12 !********************

14 ! Constants
!********************

16 ! nqmax, maxpn, sf, sb, sw, ss, g, kappa, dt, pi, tau,
! sm, tc

18 !********************
INTEGER, PARAMETER :: nqmax = 20

20 ! maximum number of qubits allowed inside the cavity at a certain time.
INTEGER, PARAMETER :: maxpn = 4000

22 ! upper limit of photon number; note that this parameter is just to
! set the square root list, i.e. the square root list contains the

24 ! square roots of numbers up to maxpn.
INTEGER(KIND=8), PARAMETER :: sf = 1E5

26 ! upper limit of steps; if reached, the program ends.

125
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REAL(KIND=8), PARAMETER :: sb = 0
28 ! when the timestep is greater than sb, then the writing to file can

! begin.
30 INTEGER(KIND=8), PARAMETER :: sw = 1

! the writing to file happens every sw timesteps.
32 INTEGER(KIND=8), PARAMETER :: ss = 1

! the photon number sampling happens every ss timesteps.
34 REAL(KIND=8), PARAMETER :: g = 1.0

! coupling constant
36 REAL(KIND=8), PARAMETER :: kappa = 0.0045

! cavity decay constant
38 REAL(KIND=8), PARAMETER :: dt = 0.0125

! size of timestep in units of g
40 REAL(KIND=8), PARAMETER :: td = 1/0.0125

! inverse of size of timestep in units of g
42 REAL(KIND=8), PARAMETER :: pi = 3.14159265358979

! ratio of circunference to diameter of a circle.
44 REAL, PARAMETER :: tau = pi/SQRT(2.)

! flight time of qubit in units of g, the coupling.
46 !REAL, PARAMETER :: sm = 2./tau

! the qubitic flux. note that the mean qubit number will correspond to
48 ! the number on the numerator

INTEGER, PARAMETER :: tc = CEILING(tau/dt)
50 ! a discretisation of the flight time, in terms of step size, dt.

REAL, PARAMETER :: xis = 1./6
52 !********************

54 ! Dummy variables e.g. local counters, temporal variables, etc
!********************

56 ! i, j, k, tt, tts, binsum, tempint, tempd, clock, lon, lont, wc,
! cnq, cnph, cnph2, ttsw, ttss, unit, ierror, filename,

58 ! tresq, trgsq, T1, T2, T3, T4, statv, te
!********************

60 INTEGER :: i
! all-purpose loop counter

62 INTEGER :: j
! all-purpose loop counter

64 INTEGER :: k
! all-purpose loop counter

66 INTEGER(KIND=8) :: tt
! general timestep.

68 INTEGER(KIND=8) :: tts
! sampling timestep; tts = ss*tt

70 INTEGER :: binsum
! temporal variable

72 INTEGER :: tempint
! temporal variable

74 REAL(KIND=8) :: tempd
! termporal variable

76 INTEGER :: clock
! the time in ms

78 INTEGER :: lon
! temporal length of the state vector

80 INTEGER :: lont
! temporal length of the state vector
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82 INTEGER :: lonh
! temporal half length of the state vector

84 INTEGER :: wc
! discretisation of the waiting time for the next qubit

86 INTEGER(KIND=8) :: cnq
! qubit number counter; to obtain the mean qubit number

88 REAL(KIND=8) :: cnph
! photon number counter; to obtain the mean photon number

90 REAL(KIND=8) :: cnph2
! squared photon number counter; to obtain the mandel Q

92 INTEGER(KIND=8) :: ttsw
! tt modulus sw

94 INTEGER(KIND=8) :: ttss
! tt modulus ss

96 INTEGER :: unit
! number designating the file to write to

98 INTEGER :: ierror
! the IOSTAT variable

100 CHARACTER(len=29) :: filename !!modify to user directory
! the name of the file to write to

102 REAL(KIND=8) :: tresq
! the square root of the trace of the state vector projected onto the

104 ! excited state of the oldest qubit
REAL(KIND=8) :: trgsq

106 ! the square root of the trace of the state vector projected onto the
! ground state of the oldest qubit

108 REAL(KIND=8), DIMENSION(:), ALLOCATABLE :: T1
! array to be used in the Runge-Kutta 4th order integration

110 REAL(KIND=8), DIMENSION(:), ALLOCATABLE :: T2
! array to be used in the Runge-Kutta 4th order integration

112 REAL(KIND=8), DIMENSION(:), ALLOCATABLE :: T3
! array to be used in the Runge-Kutta 4th order integration

114 REAL(KIND=8), DIMENSION(:), ALLOCATABLE :: T4
! array to be used in the Runge-Kutta 4th order integration

116 INTEGER :: statv
! success or not of deallocate function

118 LOGICAL :: te
! either takes the value .true. or .false.

120 REAL(KIND=8) :: me1
! intermediate variable in the runge-kutta segment

122 REAL(KIND=8) :: me2
! intermediate variable in the runge-kutta segment

124 !********************

126 ! Important variables
!********************

128 ! psiq, nq, qt, nph, nphm, nph2, nph2m, manq, pc, tempz, s,
! EXPD, trg, tre, tr, trsq, bic, sq, qcs, psiv, psivc, bte, ibcl,

130 ! ibst
!********************

132 INTEGER :: psiq
! will carry the total number of quanta inside the cavity; increases

134 ! by 1 when an qubit enters (as they enter in the excited state),
! decreases by 1 when an qubit exits in the excited state or when a

136 ! photon is emitted
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INTEGER :: nq
138 ! the current number of qubits inside.

INTEGER :: sumnq
140 ! the total number of qubits having passed through the cavity

INTEGER :: qt
142 ! a copy of psiq, to do computations without touching psiq.

REAL(KIND=8) :: nph
144 ! the photon number.

REAL(KIND=8) :: nphm
146 ! the mean photon number of the sampled data

REAL(KIND=8) :: nph2
148 ! the square of the photon number.

REAL(KIND=8) :: nph2m
150 ! the mean photon number of the sampled data

REAL(KIND=8) :: manq
152 ! the mandel q quantity

REAL(KIND=8) :: pc
154 ! the jumping probability.

REAL :: tempz
156 ! assigned to the pseudo-random number

REAL :: s
158 ! the waiting time for the next qubit, in units of g.

REAL :: EXPD
160 ! the function that when fed a randomly distributed variable in [0,1)

! will give an exponential distribution
162 REAL(KIND=8) :: trg

! the trace of the state vector projected onto the ground state of the
164 ! oldest qubit.

REAL(KIND=8) :: tre
166 ! the trace of the state vector projected onto the excited state of

! the oldest qubit.
168 REAL(KIND=8) :: tr

! the total trace of the state vector
170 REAL(KIND=8) :: trsq

! the total square root of the trace
172 INTEGER, DIMENSION(0:2**nqmax) :: bic

! the ’count ones’ list.
174 REAL(KIND=8), DIMENSION(-nqmax:maxpn) :: sq

! square roots list.
176 INTEGER, DIMENSION(1:nqmax) :: qcs

! the qubit exit counters.
178 REAL(KIND=8), DIMENSION(:), ALLOCATABLE :: psiv

! the dynamical state vector
180 REAL(KIND=8), DIMENSION(:), ALLOCATABLE :: psivc

! a copy of the dynamical state vector, to do computations without
182 ! touching psiv

LOGICAL, DIMENSION(0:2**nqmax-1, 0:nqmax-1) :: bte
184 ! the values for the BTEST function

INTEGER, DIMENSION(0:2**nqmax-1, 0:nqmax-1) :: ibcl
186 ! the values for the IBCLR function

INTEGER, DIMENSION(0:2**nqmax-1, 0:nqmax-1) :: ibst
188 ! the values for the IBSET function

!********************
190 !********************
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192 !---! Input mean qubit number at execution of program
CHARACTER(len=32) :: arg

194 !REAL*8, ALLOCATABLE :: AAV
REAL :: AAV

196 REAL :: sm
CALL get_command_argument(1, arg)

198 read( arg, ’(f10.2)’ ) AAV
WRITE (*,*) AAV

200 sm = AAV/tau

202

204 !---! The COUNT ONES LIST.
!********************

206 ! The following list counts the number of ’1’s in the binary
! representation of a number e.g. number 13 is written in binary as

208 ! 1101, thus it has 3 ’1’s. It is a list ranging from 0 to 2**nqmax
! where the n item is the number of 1’s in the binary representation

210 ! of n, e.g. bic(13) = 3, and so on.
!********************

212 bic(0) = 0
DO i = 1, 2**nqmax

214 binsum = 0
DO k = 0, nqmax-1

216 te = btest(i,k)
IF (te.eqv..true.) THEN

218 binsum = binsum + 1
END IF

220 END DO
bic(i) = binsum

222 END DO
!********************

224 !********************

226

!---! The SQUARE ROOT LIST.
228 !********************

! List of square roots. Each value is the square root of the position
230 ! it occupies e.g. x(5) is the square root of 5. The maximum value is

! the square root of maxpn (i.e. the maximum photon number value that
232 ! we could reasonably expect).

!********************
234 DO i = 0, maxpn

sq(i) = DSQRT(DBLE(i))
236 END DO

DO i = -nqmax, -1
238 sq(i) = DBLE(0.0)

END DO
240 !********************

!********************
242

244 !---! The BTEST, IBCLR, IBSET lists.
!********************

246 ! BTEST: This is a logical matrix, with entries (i,j) where i
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! corresponds to the rows (from 0 to 2**nqmax-1) and j to the
248 ! columns (from 0 to nqmax-1). The value is True when bit j of the

! integer i is 1 and False otherwise.
250

! IBCLR: A matrix where the value of entry (i,j) corresponds to
252 ! setting to 0 the bit in position j of the number i.

254 ! IBSET: A matrix where the value of entry (i,j) corresponds to
! setting to 1 the bit in position j of the number i.

256 !********************
bte = .FALSE.

258 ibcl = 0
ibst = 0

260 DO i = 0, 2**nqmax-1
DO j = 0, nqmax-1

262 bte(i,j) = BTEST(i,j)
ibcl(i,j) = IBCLR(i,j)

264 ibst(i,j) = IBSET(i,j)
END DO

266 END DO
!********************

268 !********************

270

!---! OPENING FILES
272 !********************

! The file name should be asigned to filename. Currently all the
274 ! output will be written to filename. If it does not exist it will be

! created, if it exists it will be replaced.
276 !********************

unit = 25
278 filename = "/path/to/file/qq.txt"

OPEN(UNIT=unit, FILE=filename, STATUS=’REPLACE’, \&
280 ACTION=’WRITE’, IOSTAT=ierror)

!********************
282 !********************

284

!---! MAIN LOOP
286 !********************

288 !Initialise loop variables when necessary.
!********************

290 CALL init_random_seed
! sets the seed for the random number using the time in ms since

292 ! 1970, modulo huge(0_4). So if one requested a seed every ms, one
! would not get a repeated seed before ~25 days.

294 nq = 0
! no qubits initially

296 sumnq = 0
! initialise the qubit count

298 tt = 0
! initialise the main counter

300 tts = 0
! initialise the sampling counter
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302 ALLOCATE(psiv(1))
! initially the state vector only has 1 component

304 psiv = (/ DBLE(1.0) /)
! which is 1.

306 ALLOCATE(psivc(1))
! copy of the state vector

308 psivc = (/ DBLE(1.0) /)
! which is 1.

310 psiq = 0
! no quanta inside the cavity

312 qcs = 0
! exit counters set to 0

314

ALLOCATE(T1(1))
316 ALLOCATE(T2(1))

ALLOCATE(T3(1))
318 ALLOCATE(T4(1))

T1 = 0
320 T2 = 0

T3 = 0
322 T4 = 0

! initialise the Runge-Kutta vectors
324

cnph = DBLE(0.0)
326 cnph2 = DBLE(0.0)

cnq = 0
328 ! initialise the total sums

330 CALL RANDOM_NUMBER(s)
! random number in [0,1)

332 s = EXPD(s, sm)
!s = 1./sm

334 ! gives an exponentially distributed variable, pointing to the waiting
! time for the next qubit

336 wc = CEILING(s/dt)
! a discretisation of s.

338 !********************
DO tt = 0, sf

340 ! SECTION A. Enter new qubit. That is, nq = nq + 1. The state
! vector is mapped to a vector double in components. Each old

342 ! component i is mapped onto 2*i, to simulate that the qubit enters
! in the excited state.

344 !********************
IF ((wc == 0) .AND. (nq < nqmax)) THEN

346 ! conditions: qubit timer zero for next qubit and qubit number is
! less than maximum value

348 lon = 2**nq
DEALLOCATE(psivc, STAT=statv)

350 ALLOCATE(psivc(lon))
psivc = 0

352 psivc = psiv
! creation of copy of state vector

354 DEALLOCATE(psiv, STAT=statv)
ALLOCATE(psiv(1:2*lon))

356 ! resizing of state vector to allow for entering qubit
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psiv = 0
358 k = 1

DO i = 2, 2*lon, 2
360 psiv(i) = psivc(k)

k = k + 1
362 END DO

! remapping coefficients to new qubit number
364 psiq = psiq + 1

nq = nq + 1
366 sumnq = sumnq + 1

! total quanta, and qubit number + 1
368 CALL RANDOM_NUMBER(s)

s = EXPD(s, sm)
370 !s = 1./sm

wc = CEILING(s/dt)
372 ! set the qubit timer for next qubit

qcs = CSHIFT(qcs, SHIFT = -1)
374 qcs(1) = tc

! move transit timer to the left
376 ELSE IF ((wc > 0) .AND. (nq < nqmax)) THEN

wc = wc - 1
378 ! if qubit timer not zero and qubit number not maximum then only

! keep the qubit timer running
380 END IF

!********************
382

! SECTION B. Exit the oldest qubit. That is nq = nq - 1. The
384 ! traces of the projections of the excited and ground states of

! the oldest qubit are computed and a decision is made based on
386 ! these numbers to exit the qubit in the excited or ground state.

! If it exits in the ground, the state vector is mapped to a half
388 ! size state vector using the first half of the old components. If

! it exits in the excited, the state vector is mapped to a half
390 ! size state vector using the second half of the old components as

! well as subtracting 1 from the total quanta psiq.
392 !********************

IF (nq > 0) THEN
394 ! only if there are qubits inside

IF (qcs(nq) == 0) THEN
396 ! condition: when transit timer is zero for the qubit having

! entered last
398 lon = 2**nq

lonh = lon/2
400 trg = 0

DO i = 1, lonh
402 trg = trg + ABS(psiv(i))**2

END DO
404 trgsq = DSQRT(trg)

tre = 1 - trg
406 tresq = DSQRT(tre)

! compute the norms of the excited and ground state parts of
408 ! the state vector, with respect to the last qubit

DEALLOCATE(psivc, STAT=statv)
410 ALLOCATE(psivc(lon))

psivc = 0
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412 psivc = psiv
! creation of copy of state vector

414 DEALLOCATE(psiv, STAT=statv)
ALLOCATE(psiv(1:lonh))

416 psiv = 0
! resizing of the state vector

418 CALL RANDOM_NUMBER(tempz)
! random number to decide in which state the qubit exits in

420 IF (tempz <= tre + 0.001) THEN
! the 0.001 is for getting real trapping states, the

422 ! timestep size results in trapping states not being so
! trapping.

424 DO i = 1, lonh
psiv(i) = psivc(i + 2**(nq - 1))

426 END DO
psiq = psiq - 1

428 psiv = psiv/tresq
! the qubit left in the excited state

430 ELSE
DO i = 1, lonh

432 psiv(i) = psivc(i)
END DO

434 psiv = psiv/trgsq
! the qubit left in the ground state

436 END IF
nq = nq - 1

438 ! subtract one qubit from the cavity
END IF

440 FORALL (i=1:nqmax, qcs(i) > 0)
qcs(i) = qcs(i) - 1

442 ! advance the transit timers
END FORALL

444 END IF
!********************

446

! SECTION C. Gets values and evolves the system. The photon
448 ! number is computed as well as the square of the photon number.

! The decision is made from comparing the jump probability pc to a
450 ! random number to either evolve the system or apply a jump.

! Normalisation happens afterwards.
452 !********************

nph = DBLE(0.0)
454 nph2 = DBLE(0.0)

tr = DBLE(0.0)
456 ! initialise variables, photon number and its square

! as well as the total norm
458 lon = 2**nq

DEALLOCATE(psivc, STAT=statv)
460 ALLOCATE(psivc(lon))

psivc = 0
462 psivc = psiv

! creation of copy of state vector
464 DO i = 1, lon

tempint = psiq - bic(i - 1)
466 tempd = ABS(psiv(i))**2
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nph = nph + tempint*tempd
468 nph2 = nph2 + (tempint**2)*tempd

END DO
470 pc = nph*dt*kappa

CALL RANDOM_NUMBER(tempz)
472 ! comparte to random number so we can decide about jump

IF (tempz >= pc) THEN
474 ! continuous evolution happens

IF (size(T1) /= lon) THEN
476 ! if qubit number has been altered

DEALLOCATE(T1)
478 DEALLOCATE(T2)

DEALLOCATE(T3)
480 DEALLOCATE(T4)

ALLOCATE(T1(lon))
482 ALLOCATE(T2(lon))

ALLOCATE(T3(lon))
484 ALLOCATE(T4(lon))

! resize the auxiliar Runge-Kutta arrays
486 END IF

!T1 = MATMUL(m, psivc)*dt
488 !***

DO i = 1, lon
490 tempz = 0

me1 = g*sq(psiq + 1 - bic(i-1))
492 me2 = g*sq(psiq - bic(i-1))

DO j = 0, nq-1
494 te = bte(i-1,j)

IF (te.EQV..TRUE.) THEN
496 tempint = ibcl(i-1,j)

tempz = tempz + me1*psivc(tempint+1)
498 ELSE

tempint = ibst(i-1,j)
500 tempz = tempz - me2*psivc(tempint+1)

END IF
502 END DO

tempz = tempz - (kappa/2.)*(psiq - bic(i-1))*psivc(i)
504 T1(i) = tempz*dt

END DO
506 !***

!T2 = MATMUL(m, psivc + T1/2.)*dt
508 !***

DO i = 1, lon
510 tempz = 0

me1 = g*sq(psiq + 1 - bic(i-1))
512 me2 = g*sq(psiq - bic(i-1))

DO j = 0, nq-1
514 te = bte(i-1,j)

IF (te.EQV..TRUE.) THEN
516 tempint = ibcl(i-1,j)

tempz = tempz + me1*(psivc(tempint+1)\&
518 \& + 0.5*T1(tempint+1))

ELSE
520 tempint = ibst(i-1,j)

tempz = tempz - me2*(psivc(tempint+1)\&
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522 \& + 0.5*T1(tempint+1))
END IF

524 END DO
tempz = tempz - (kappa/2.)*(psiq - bic(i-1))*(psivc(i)\&

526 \& + 0.5*T1(i))
T2(i) = tempz*dt

528 END DO
!***

530 !T3 = MATMUL(m, psivc + T2/2.)*dt
!***

532 DO i = 1, lon
tempz = 0

534 me1 = g*sq(psiq + 1 - bic(i-1))
me2 = g*sq(psiq - bic(i-1))

536 DO j = 0, nq-1
te = bte(i-1,j)

538 IF (te.EQV..TRUE.) THEN
tempint = ibcl(i-1,j)

540 tempz = tempz + me1*(psivc(tempint+1)\&
\& + 0.5*T2(tempint+1))

542 ELSE
tempint = ibst(i-1,j)

544 tempz = tempz - me2*(psivc(tempint+1)\&
\& + 0.5*T2(tempint+1))

546 END IF
END DO

548 tempz = tempz - (kappa/2.)*(psiq - bic(i-1))*(psivc(i)\&
\& + 0.5*T2(i))

550 T3(i) = tempz*dt
END DO

552 !***
!T4 = MATMUL(m, psivc + T3)*dt

554 !***
DO i = 1, lon

556 tempz = 0
me1 = g*sq(psiq + 1 - bic(i-1))

558 me2 = g*sq(psiq - bic(i-1))
DO j = 0, nq-1

560 te = bte(i-1,j)
IF (te.EQV..TRUE.) THEN

562 tempint = ibcl(i-1,j)
tempz = tempz + me1*(psivc(tempint+1)\&

564 \& + T3(tempint+1))
ELSE

566 tempint = ibst(i-1,j)
tempz = tempz - me2*(psivc(tempint+1)\&

568 \& + T3(tempint+1))
END IF

570 END DO
tempz = tempz - (kappa/2.)*(psiq - bic(i-1))*(psivc(i)\&

572 \& + T3(i))
T4(i) = tempz*dt

574 END DO
!***

576 psivc = psivc + (T1 + 2*T2 + 2*T3 + T4)/6.
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tr = DBLE(0.0)
578 DO i = 1, lon

tempd = ABS(psivc(i))**2
580 tr = tr + tempd

END DO
582 trsq = DSQRT(tr)

! normalise state vector
584 psiv = psivc/trsq

ELSE ! jump
586 psiv = 0

DO i = 1, lon
588 tempint = psiq - bic(i - 1)

psiv(i) = sq(tempint)*psivc(i)
590 END DO

tr = DBLE(0.0)
592 DO i = 1, lon

tempd = ABS(psiv(i))**2
594 tr = tr + tempd

END DO
596 trsq = DSQRT(tr)

! normalise state vector
598 psiv = psiv/trsq

IF (psiq > 0) THEN
600 psiq = psiq - 1

END IF
602 END IF

!********************
604

! SECTION D. Compute quantities and write to file conditioned to
606 ! the constraints in the sampling and writing parameters.

!********************
608 ttss = MOD(tt, ss)

IF ((ttss == 0)) THEN
610 cnq = cnq + nq

cnph = cnph + nph
612 cnph2 = cnph2 + nph2

tts = tts + 1
614 END IF

ttsw = MOD(tt, sw)
616 IF ((tt > sb) .AND. (ttsw == 0)) THEN

nphm = cnph/tts
618 nph2m = cnph2/tts

manq = ((nph2m - nphm**2)/nphm) - 1
620 ! compute averages

WRITE(25, *) tt*dt, nphm, manq, nq, nph
622 !PRINT *, tt*dt, nphm, manq, nq, nph

!print *, 100*tt/sf, ’%’
624 ! either write to file, or print output

END IF
626 !********************

END DO
628

END PROGRAM mm2
630

!********************
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632

634 !---! SUBROUTINES
!********************

636

! The seed for random numbers. The function SYSTEM_CLOCK gets the
638 ! time in miliseconds from January 1, 1970 modulo huge(0_4), that

! number is then multiplied by 37 and all integers between 0 and n-1
640 ! afterward one of these numbers is chosen to be the seed for the

! RANDOM_NUMBER function.
642 !********************

SUBROUTINE init_random_seed()
644 IMPLICIT NONE

INTEGER :: l, n, clock
646 INTEGER, DIMENSION(:), ALLOCATABLE :: seed

CALL RANDOM_SEED(size = n)
648 ALLOCATE(seed(n))

CALL SYSTEM_CLOCK(COUNT=clock)
650 seed = clock + 37 * (/ (l - 1, l = 1, n) /)

CALL RANDOM_SEED(PUT = seed)
652 DEALLOCATE(seed)

END SUBROUTINE init_random_seed
654 !********************

656 !---! FUNCTIONS
!********************

658

! The function converts the randomly distributed variables into an
660 ! exponentially distributed set of numbers, with a mean of 1/l.

!********************
662 REAL FUNCTION EXPD (x, l)

! When x is a random number in [0,1), EXPD will form an
664 ! exponentially distributed set of numbers, with a mean of 1/l.

IMPLICIT NONE
666 REAL, INTENT(IN) :: x, l

EXPD = LOG(1. - x)/(-1.*l)
668 END FUNCTION EXPD

!********************
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