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Bayesian modelling of stellar core collapse gravitational wave signals and detector

noise

by Matthew Charles Edwards

A new era of astronomy dawned on September 14, 2015, when the Advanced Laser Interferometer

Gravitational-Wave Observatory (Advanced LIGO) detectors observed a gravitational wave signal

from a binary black hole merger for the first time. This was followed by two more observations of

gravitational waves from black hole binary mergers on December 26, 2015, and January 4, 2017.

Bayesian data analysis played a key role in inferring the underlying astrophysics of these events.

As more detectors come on-line and new discoveries are made, novel data analysis techniques will

be critical to accurately model gravitational wave signals and background noise.

Though stellar core collapse gravitational waves have not been observed yet, parameter estima-

tion routines that can extract important astrophysical parameters encoded in these signals must

be designed for their eventual detection. These methods will need to be different from those of

binary black hole mergers as stellar core collapse signals are far more complex. A novel method for

parameter estimation of stellar core collapse will be discussed here. The signal will first be recon-

structed using principal component regression and implemented using Metropolis-within-Gibbs

and reversible jump Markov chain Monte Carlo algorithms. Known astrophysical parameters will

be fitted to Monte Carlo estimates of the principal component coefficients. Inferences of important

physical quantities will then be made by sampling from the posterior predictive distribution and

by applying classification and cross-validation methods.

In addition to modelling stellar core collapse signals, the noise spectral density from the ground-

based gravitational wave detectors, Advanced LIGO, will be modelled using the methods of
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Bayesian nonparametrics. Three different approaches will be presented: the Bernstein polyno-

mial prior; a newly developed B-spline prior; and the recently developed nonparametric correction

to a parametric likelihood. These methods will address the limitations of the default parametric

noise model used in much of the gravitational wave data analysis literature and in practice.

iv



Acknowledgements

My sincerest thanks go to my wonderful PhD supervisors, Renate Meyer and Nelson Christensen. I

was very fortunate to have such talented, patient, and dedicated supervisors, giving me thoughtful

guidance and the freedom to explore my research interests. Thanks to my amazing family and

my wonderful partner Bex for your unconditional love and support. I couldn’t have done this

without you. To my fantastic friends (you know who you are), thanks for all the laughs. I

am appreciative of my insightful Bayesian time series collaborators, Claudia Kirch and Alexander

Meier, and my diligent proof-readers, Rebekah Sherriff and Louise McMillan. I extend my warmest

thanks to Blake Seers and Niffe Hermansson from 224, whom I shared much of the past four years

with. Your distractions have been welcome. My gratitude goes to the New Zealand eScience

Infrastructure (NeSI) for their high performance computing facilities, and the Centre for eResearch

at the University of Auckland for their technical support. I am very grateful for the financial

support provided by the University of Auckland Doctoral Scholarship. Finally, I would also like

to thank the LIGO Scientific Collaboration for letting me be part of this amazing journey.

v



Contents

Declaration of Authorship i

Abstract iii

Acknowledgements v

Contents vi

1 Introduction 1

2 Gravitational wave astronomy 5

2.1 Gravitational waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2 Gravitational wave sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3 Gravitational wave detectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3.1 Advanced LIGO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.4 Stellar core collapse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.5 Gravitational wave data analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.5.1 Detection significance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.5.2 Parameter estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.5.3 Noise modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3 Statistical methods 18

3.1 The Bayesian paradigm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1.1 Bayesian inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.1.2 Summarising the posterior . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.1.3 Posterior prediction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.1.4 Model selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 Markov chain Monte Carlo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2.1 Monte Carlo integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2.2 Markov chains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2.3 Markov chain Monte Carlo simulation . . . . . . . . . . . . . . . . . . . . . 24

3.2.4 Metropolis-Hastings algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.2.5 Gibbs sampler . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

vi



Contents

3.2.6 Reversible jump MCMC . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2.6.1 Birth-death moves and nested models . . . . . . . . . . . . . . . 29

3.2.6.2 Automatic scaling: Zeroth order method . . . . . . . . . . . . . . 30

3.2.7 Parallel tempering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.3 Bayesian nonparametrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.3.2 Dirichlet process prior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.3.3 Bernstein polynomial prior . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3.4 B-spline prior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.3.4.1 B-splines and B-spline densities . . . . . . . . . . . . . . . . . . . 36

3.3.4.2 B-spline prior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.4 Fourier analysis of time series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.4.1 Stationary time series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.4.2 Fourier transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.4.3 Properties of the Fourier transform . . . . . . . . . . . . . . . . . . . . . . 42

3.4.4 Discrete Fourier transform . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.4.5 Sampling a continuous signal . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.4.6 Downsampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.4.7 Linear filters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.5 Spectral density estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.5.2 Periodogram smoothing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.5.3 Time-varying spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.5.4 Bayesian nonparametric approaches to spectral density estimation . . . . . 51

3.5.4.1 Bernstein polynomial prior . . . . . . . . . . . . . . . . . . . . . 51

3.5.4.2 B-spline prior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.5.4.3 Nonparametric correction of a parametric likelihood . . . . . . . . 55

3.6 Principal component analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.7 Classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.7.1 Supervised machine learning . . . . . . . . . . . . . . . . . . . . . . . . . . 60
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Chapter 1

Introduction

The fields of astronomy, astrophysics, and cosmology forever changed on September 14, 2015, when

the two Laser Interferometer Gravitational-Wave Observatory (LIGO) detectors directly observed

a gravitational wave signal for the first time (Abbott et al., 2016f). Lasting for 0.2 s, the signal

GW150914 came from the inspiral of two stellar mass black holes (about 36 and 29 times the mass

of the Sun). These coalesced to form a single rotating black hole (about 62 times the mass of the

Sun), matching predictions from Einstein’s general theory of relativity (Einstein, 1916). During

this process, roughly three times the mass of the Sun was converted into gravitational wave energy,

which travelled at the speed of light for a distance of approximately 1.3 billion light-years to reach

Earth. While passing through Earth, the two Advanced LIGO detectors were on-line and sensitive

enough to detect the signal.

As well as being the first observation of gravitational waves, GW150914 was the first ever ob-

servation of a binary black hole merger. A second binary black hole merger was later observed

on December 26, 2015 (Abbott et al., 2016d). The signal GW151226 was much weaker than

GW150914, coming from a pair of black holes approximately 14 and 8 times the mass of the Sun.

They coalesced to form a spinning black hole of roughly 21 times the mass of the Sun, radiat-

ing one solar mass of gravitational wave energy. Subsequently, a third gravitational wave signal

(GW170104) was observed by the LIGO detectors on January 4, 2017, coming from a 50 solar

mass binary black hole coalescence (Abbott et al., 2017).

Future detections are imminent. Now that gravitational waves have been directly measured for

the first time, they have opened an alternative window to view the Universe through, launching a

new era in astronomy. It is a new era in the sense that traditional astronomy has generally probed

various forms of electromagnetic radiation, but the “dark-side” of the Universe (i.e., opaque to

light) can now be explored using gravitational waves. This has the potential to lead to new and

exciting insights about the cosmos.
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Chapter 1. Introduction

The breakthrough detections of GW150914, GW151226, and GW170104 come after decades of

ambitious engineering challenges and the collaborative effort of thousands of scientists, engineers,

and data analysts. As gravitational waves are extremely weak after travelling great distances, the

physical reality of detecting these cosmic harbingers was debated amongst physicists until 1957

(Abbott et al., 2016f, Saulson, 2011). There should be no more debate. The evidence in favour of

the measurement of GW150914 coming from an astrophysical origin is overwhelming, with a false

alarm rate of 1 event per 203,000 years.

Bayesian methods have had a brief but fertile history in astronomy. After its first conception by

English statistician and minister Thomas Bayes (published posthumously (Bayes, 1763)), Bayes’

theorem was independently developed and formalised by French mathematician and astronomer

Pierre-Simon Laplace (Laplace, 1812). Under the Bayesian formalism, one’s prior beliefs are

updated using additional data. In the early 19th century, Laplace applied Bayesian reasoning

to compare astronomical observations with his theories of celestial mechanics — the first use of

Bayesian probability theory in astronomy!

Fast forward a few hundred years, Bayesian methods are used in a variety of modern astronom-

ical applications, ranging from exoplanet discovery (Brewer and Donovan, 2015) to gravitational

lensing (Brewer et al., 2016), from characterising magnetar bursts (Huppenkothen et al., 2015)

to inferring star formation history (Walmswell et al., 2013). Further, Bayesian methods have had

tremendous success in cosmology since the turn of the millennium, due to the pioneering work of

Christensen et al. (2001). This is not so surprising as Bayesian models are incredibly well-suited

to astronomy and cosmology (see (Loredo, 1992) for further discussion).

Though Bayesian and frequentist methods can lead to the same conclusions under vague prior

information, they are fundamentally different philosophies. The notion of probability, for example,

has a different interpretation to the Bayesian than it does to the frequentist. A Bayesian would

describe probability as a measure of plausibility of a statement, quantifying uncertainty. On the

other hand, a frequentist would argue probability is the limiting relative frequency after repeating

an identical trial an infinite number of times. Using these definitions, an observational scientist

like the astronomer would rather draw conclusions about a unique observation at hand (using a

Bayesian credible interval) than to compare this to thousands of imaginary repetitions of that

event (using a frequentist confidence interval) as those repetitions might not be a physical or

logical reality (Loredo, 1990).

A rise in popularity of Bayesian and Markov chain Monte Carlo (MCMC) methods has been ob-

served over the past few decades, particularly in astronomy. However, the frequentist approach

dominated the statistical literature and teaching in the 19th and 20th centuries. This was partly

due to the firm belief held by many that science should not be subjective (and subjectivity can

2



Chapter 1. Introduction

certainly occur under the Bayesian philosophy through the use of strong prior information), and

partly due to the pioneering works on classical hypothesis testing, analysis of variance, and ex-

perimental design (among other topics) by the prolific English statistician and biologist, Ronald

Fisher (Fisher, 1925, 1935). In recent times, Bayesian inference has gained traction in mainstream

statistics and astronomy in part due to the philosophy that it is a generalisation of logic (where

rather than dealing with truths, one deals with uncertainty) (Gregory, 2005, Jaynes, 2003), and

largely due to improved computing power.

Today, Bayesian analysis, particularly MCMC, is an important tool for gravitational wave astron-

omy, and played a crucial role in the detections of the binary black hole merger signals, GW150914,

GW151226, and GW170104. Based on the pioneering work of Christensen and Meyer (1998), so-

phisticated MCMC methods have been developed to infer important astrophysical parameters

from compact binary coalescence (CBC) signals, such as the mass and spin of black holes before

and after coalescence, and the source location in the sky (Abbott et al., 2016h). MCMC routines

have also been developed for other gravitational wave sources of astrophysical origin (see for ex-

ample Clark et al. (2007), Cornish and Littenberg (2015), Coughlin et al. (2014), Logue et al.

(2012), Röver et al. (2009)).

Parameter estimation routines and template-based search methods are well-defined for CBC sig-

nals. A template-based approach involves “matching” a signal to a template from a large waveform

catalogue with a fully explored parameter space. However, this approach is not possible for core

collapse supernovae due to a complex interaction between general relativity and particle physics.

It becomes computationally infeasible to conduct template-based searches as stellar core collapse

signals do not have a closed-form expression, meaning one cannot populate a large library of

templates with a fully explored parameter space. Alternative approaches are thus required.

This thesis therefore addresses the parameter estimation problem for rotating stellar core collapse

gravitational wave signals. Waveforms are first reconstructed using principal component basis

functions. The posterior means of the principal component coefficients are then exploited to

extract encoded astrophysical information. This is achieved using posterior predictive sampling,

as well as classification and cross-validation methods.

Bayesian nonparametric modelling has received much less attention in the field of gravitational

wave data analysis than its parametric counterpart. This may be attributed to the many difficul-

ties inherent within the Bayesian nonparametric framework, such as specifying priors on infinite-

dimensional function spaces, implementing computationally convenient sampling algorithms, and

ensuring posterior consistency is attained (Hjort et al., 2010). Bayesian nonparametric approaches

to gravitational wave data analysis could make a significant impact in the field, particularly in

the case where parametric models are misspecified, which often result in misleading inferences.
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To this end, Bayesian nonparametric models will play a key role in this thesis, with a focus on

estimating the spectral density of noise from the ground-based Advanced LIGO detectors.

The standard approach to modelling noise from terrestrial gravitational wave detectors is to as-

sume it is stationary and Gaussian distributed, estimating the spectral density as an average of

periodograms of off-source data. This approach may be considered fundamentally flawed for vari-

ous reasons. First, high amplitude transient noise artifacts, or glitches, appearing in gravitational

wave strain data nullifies the Gaussian assumption (Cornish and Littenberg, 2015). Second, it

has been demonstrated that noise from Advanced LIGO is time-varying, voiding the stationarity

assumption (Littenberg et al., 2013). Following on from this, it would be prudent to characterise

noise on the gravitational wave signal rather than using nearby segments. Bayesian nonparametric

priors are used in this thesis to address these limitations. The methods implemented include the

Bernstein polynomial prior of Petrone (1999a,b) and Choudhuri et al. (2004), the newly developed

B-spline prior, and a nonparametric correction to an autoregressive likelihood.

The work presented in this thesis is based on the published papers by Edwards et al. (2014)1 and

Edwards et al. (2015)2, as well as the submitted but unpublished papers by Edwards et al. (2017a)

and Kirch et al. (2017), and some passages have been quoted verbatim.

The structure of this thesis is as follows. Chapter 2 gives an introduction to gravitational wave

astronomy, while Chapter 3 discusses the statistical tools used in this thesis to conduct gravita-

tional wave data analysis. This includes MCMC methods, Fourier analysis of time series, and the

methods of Bayesian nonparametrics. Methods are then applied in Chapter 4 to infer important

astrophysical parameters from rotating stellar core collapse gravitational wave signals in additive

noise. In Chapter 5, three different Bayesian nonparametric approaches are used to estimate the

power spectral density (PSD) of noise from the Advanced LIGO detectors. Finally, Chapter 6

provides concluding remarks and an outlook for future research directions.

1© IOP Publishing. Reproduced with permission. All rights reserved.
2© APS. Reproduced with permission. All rights reserved.
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Gravitational wave astronomy

2.1 Gravitational waves

In 1916, Albert Einstein published his famous general theory of relativity (Einstein, 1916), a

geometrical theory of gravity. This theory uses the notion that gravity arises from a curvature in

a four-dimensional manifold called space-time. Conversely, space-time is curved in the presence

of mass, energy, pressure, and angular momentum. A massive object (like the Sun) curves space-

time. The more massive the object, the more space-time curves. A smaller object (like the Earth)

will move in a geodesic along curved space-time, orbiting the larger object.

Gravitational waves are a consequence of general relativity. They are ripples in the fabric of space-

time, caused by accelerating massive objects. They propagate through the Universe at the speed

of light, carrying energy and astrophysical information away from the source. As gravitational

waves are extremely weakly interacting, they traverse the Universe, essentially unobscured by

intervening matter. As they are neither absorbed, nor scattered, gravitational waves are a rich

and pure source of astrophysical information.

Gravitational waves stretch and compress space-time. Their effect is orthogonal to the direction

of propagation. Gravitational waves have a dimensionless strain h, which is a combination of

two polarisations: a plus (+)-polarisation and a cross (×)-polarisation. First consider the linear

polarised case with amplitude h+ (i.e., a +-polarisation with no ×-polarisation). Let two points be

separated by length L along an axis that is orthogonal to the direction of the gravitational wave.

The distance separating the two points will be stretched by ∆L = 1
2
h+L. The perpendicular axis

(still orthogonal to the direction of propagation) with two points separated by L will simultaneously

be compressed by ∆L = −1
2
h+L. Each axis will then oscillate back and forth, stretching and
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compressing as the gravitational wave propagates through the plane of observation. The ×-

polarisation has amplitude h× and has a similar effect, but rotated by 45 degrees (such that it is

still perpendicular to the direction of propagation). These effects can be seen in Figure 2.1.

Time

+

×

Figure 2.1: The effect a passing gravitational wave will have on a circular arrangement of
free-falling test masses. The top row illustrates the +-polarisation and the bottom row the

×-polarisation.

Gravitational waves have a very small strain on space (primarily due to source distance, the speed

of light, and the gravitational constant) when they reach Earth, and only events with very large

mass will produce a signal strong enough for detection. In fact, sources are expected to produce

a strain of order h ≈ 10−21, which corresponds to a relative mirror displacement of approximately

10−18 in the ground-based gravitational wave interferometers — many orders of magnitude smaller

than the diameter of a proton. This has led to decades of enormous engineering challenges, and it

is only very recently (in September 2015) that detectors became sensitive enough to finally directly

detect gravitational waves (Abbott et al., 2016d,f, 2017).

Some gravitational wave sources will have electromagnetic counterparts, such as supernovae and

the coalescence of a binary neutron star system, which could give new insights into the underlying

mechanics of such phenomena. Other sources, such as the oscillations of newly formed black holes,

will not emit electromagnetic radiation, giving a direct probe into previously unobservable events.

With the recent breakthrough detections of binary black holes (Abbott et al., 2016d,f, 2017),

gravitational wave astronomy has opened a new window to view the cosmos through.

2.2 Gravitational wave sources

Gravitational waves are classified into four groups: inspiral, continuous, burst, and stochastic.
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Inspriral gravitational waves were the first (and only to date) class to be indirectly (Hulse and

Taylor, 1975, Taylor and Weisburg, 1989) and directly (Abbott et al., 2016d,f, 2017) observed.

They occur when two massive objects (i.e., two black holes, two neutron stars, or a black hole and

a neutron star) inspiral leading to an eventual coalescence. As the two stellar mass objects orbit

each other, they emit gravitational waves and lose energy. Their orbital distance will decrease,

increasing the orbital frequency and the gravitational wave frequency and amplitude. This type of

signal is often referred to as a chirp, and is the most well-modelled and understood gravitational

wave source (Thorne, 1987).

Continuous gravitational waves are generated by, for example, single massive objects like pulsars

(rotating neutron stars) with imperfections, making them slightly non-spherical (Cutler, 2002).

These types of signals will typically be long-duration, and will have a near constant amplitude

and frequency (quasimonochromatic) (Abbott et al., 2009a). They will also be relatively weak

and difficult to integrate over a long time.

Traditional astronomy has typically involved detectors exploring various forms of electromagnetic

radiation (e.g., visible light, radio waves, microwaves, X-rays, etc.). Whenever new technologies

have been used to study the cosmos, many unexpected discoveries have been made, revolutionis-

ing the way humans view the Universe. As gravitational wave astronomy probes the “dark-side”

of the Universe (using gravity rather than electromagnetism), new and unexpected astrophysical

discoveries could be made. This is where burst gravitational waves fit into the picture. Bursts are

typically high amplitude, short-duration events. Some burst signals are expected to come from

unknown origins, and little is known about their underlying mechanisms. Other burst signals are

expected to come from known sources but cannot be modelled well. These include rotating core col-

lapse supernovae followed by protoneutron star formation (Ott et al., 2004), the mechanisms that

generate gamma-ray bursts (Meszaros, 2006), cosmic string cusps (Damour and Vilenkin, 2005),

pulsar glitches (Andersson and Comer, 2001), and starquakes from magnetar flares (Mereghetti,

2008). Searches for burst signals are performed using excess power searches in the time-frequency

domain and coherence in multiple gravitational wave detectors (Klimenko et al., 2008, Sutton

et al., 2010).

Stochastic gravitational waves (also called the gravitational wave background) come from a con-

glomeration of small unresolved gravitational wave signals (from the previously mentioned groups)

Abbott et al. (2009c). Analogous to the cosmic microwave background, a stochastic gravitational

wave background could be left over from the Big Bang. Because the early Universe was not trans-

parent to light until about 300,000 years after the Big Bang, direct measurements of a stochastic

gravitational background will give researchers an opportunity to see further into the past than ever

before (seconds after the Big Bang). This will help constrain various cosmological models of the

7



Chapter 2. Gravitational wave astronomy

early Universe. However, as stochastic gravitational waves have the smallest strain on space-time,

they will be incredibly difficult to detect.

2.3 Gravitational wave detectors

Direct detection of gravitational waves has proven to be a notoriously difficult and ambitious

engineering challenge. As the sources of gravitational waves are far away from Earth, gravitational

waves are expected to have a strain amplitude of order ∼ 10−21 or less. Detector and environmental

noise also limit the ability to resolve these small perturbations in space.

Historically, resonant bars (Weber, 1967) and first-generation ground-based interferometers —

Initial LIGO (Abbott et al., 2009b), Initial Virgo (Accadia et al., 2011), TAMA 300 (Ando,

2015), GEO 600 (Grote, 2010) — were the first attempts at directly detecting gravitational waves.

Though important technologies were developed during these projects, no direct observations of

gravitational waves were confirmed during their operation (Abbott et al., 2016a). Currently, GEO

600 is operational, TAMA 300 has been decommissioned, and Initial LIGO and Initial Virgo have

been developed into second-generation detectors.

Though gravitational waves were indirectly observed by (Hulse and Taylor, 1975, Taylor and

Weisburg, 1989), it was not until September 2015, when the Advanced LIGO detectors began

their first operational run (O1) that gravitational waves were directly detected (Abbott et al.,

2016d,f, 2017). These discoveries commenced a new era in astronomy. Second-generation ground-

based interferometers are now at the forefront of the nascent field of gravitational wave astronomy,

with a potential for hundreds of discoveries to be made per year (Abadie et al., 2010, Abbott et al.,

2016i). This network includes the two Advanced LIGO detectors in the United States (Aasi et al.,

2015), Advanced Virgo in Cascina, Italy (Acernese et al., 2015), and KAGRA in Japan (Somiya,

2012).

Advanced LIGO is currently a network of two ground-based interferometers in Hanford, Wash-

ington, and Livingston, Louisiana (Aasi et al., 2015). These instruments have perpendicular

L-shaped arms, each 4 km in length. A gravitational wave that passes through the detectors will

alternately stretch and compress these arms, generating an interference pattern to be measured

by a photo-detector. At their design sensitivity, the Advanced LIGO interferometers are expected

to be ten times more sensitive than Initial LIGO, searching 1,000 times the volume of space.

The Advanced LIGO interferometers were the only second-generation detectors operating during

the discoveries of GW150914, GW151226, and GW170104. A third LIGO detector, called LIGO-

India, is expected to be built in India, with the same specifications as the US-based interferometers
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(Unnikrishnan, 2013). Additional interferometers in the ground-based network will help improve

source localisation and detection confidence (Fairhurst, 2014).

Like the Advanced LIGO detectors, Advanced Virgo is a ground-based Michelson interferometer

with 3 km long perpendicular arms, near Pisa, Italy. It is currently undergoing upgrades, and

is expected to begin operations in 2017. Likewise, KAGRA is currently under development with

plans to operate in 2018. In addition to the state-of-the-art technologies present in the Advanced

LIGO and Advanced Virgo detectors, KAGRA will be underground, with plans to use cryogenic

mirrors (Somiya, 2012). This will help mitigate thermal noise, which limits the low frequency

sensitivity in ground-based detectors.

The European Space Agency (ESA) is planning a space-based mission, called the Laser Interferom-

eter Space Antenna (LISA) (Amaro-Seoane et al., 2016). The goal is to send three satellites with

test masses into space, forming an equilateral triangle with vertexes separated by 2.5 × 106 km.

The satellites will be strategically placed (in an Earth-trailing heliocentric orbit), and the dis-

tances between them will be monitored using quasi-Michelson interferometry to detect distortions

in space-time caused by passing gravitational waves. As ground-based detectors are limited in

their low frequency sensitivity due to seismic noise, they cannot resolve frequencies much lower

than 10 Hz. However, the LISA satellites will be sensitive to low frequency gravitational waves

from 0.1 mHz to 1 Hz, and may detect sources such as binary supermassive black holes. Results

from the pilot mission, LISA Pathfinder, are promising (Armano et al., 2016), demonstrating great

potential for the future success of LISA. The expected LISA launch date is set for 2034.

The Einstein telescope (Sathyaprakash et al., 2012) will be part of the third generation of ground-

based gravitational wave detectors. Similar to KAGRA, it will use cryogenic mirrors and will

be built underground to limit thermal noise. The Einstein telescope will be a set of triangular

interferometers like LISA, but with 10 km long arms.

As pulsars produce regular pulses of radio waves, they can be considered to be extremely accurate

clocks. In contrast to interferometric detectors, the International Pulsar Timing Array project

(Hobbs et al., 2010) aims to utilise this property of pulsars, comparing the observed pulse arrival

times with predicted times, in the hopes of discovering extremely low frequency (∼ 10−9–10−8 Hz)

gravitational waves, from sources such as binary coalescing supermassive black holes.

2.3.1 Advanced LIGO

Advanced LIGO consists of two second generation ground-based gravitational wave detectors,

both in the USA: one in Hanford, Washington, and the other in Livingston, Louisiana (Aasi et al.,
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2015). Each instrument is a Michelson interferometer with two perpendicular 4 km arms. An

aerial view of these observatories can be seen in Figure 2.2.

(a) Hanford, Washington. (b) Livingston, Louisiana.

Figure 2.2: The Advanced LIGO interferometers in the United States. Both ground-
based detectors have two perpendicular arms, each 4 km in length. Photos courtesy of Cal-

tech/MIT/LIGO Laboratory (LIGO).

The Advanced LIGO detectors use a method called laser interferometry. A beam of light is

split into two beams and sent in a vacuum down two equal-length perpendicular tunnels. Test

masses are suspended on pendulums at the end of each arm to imitate free-fall, with special mirror

coatings to reflect light. Since light has a constant speed by Einstein’s special relativity, and the

tunnels are the same length, when the light beams recombine at the photo detector, they will

have a destructive interference pattern, and no light will be detected. However, if a detectable

gravitational wave happens to pass through the interferometer, it will change the relative lengths of

each arm, causing a constructive interference pattern. This interference pattern is then analysed.

Fabry-Pérot cavities are used to increase the interaction time between the gravitational wave and

light by increasing the effective length of the interferometers (from 4 km to about 1120 km long).

This improves detector sensitivity, particularly at lower frequencies. A Fabry-Pérot cavity contains

two special mirrors that reflect light back and forth (about 280 times), storing photons for about

1 ms to lengthen the interaction time gravitational waves have with the light.

To improve the resolution of the detectors, the method of power recycling is used. A power

recycling mirror is placed between the laser source and beam splitter. Most of the light from the

interferometer arms reflects back to the power recycling mirror rather than the photodetector,

which in turn, reflects back down the arms. This process amplifies the power of the laser.

A schematic of the Advanced LIGO detectors can be seen in Figure 2.3.

10



Chapter 2. Gravitational wave astronomy
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Figure 2.3: Schematic of an Advanced LIGO gravitational wave interferometer (not to scale).

The two detectors are separated by a large distance to mitigate local noise events that could be

misinterpreted as gravitational wave triggers/signals. A third detector in the Advanced LIGO

network is being planned in India (Unnikrishnan, 2013). Additional ground-based gravitational

wave detectors in the network will not only help improve source localisation in the sky, but will

also improve detection confidence (Fairhurst, 2014).

Gravitational wave observations from ground-based interferometers, such as Advanced LIGO and

Advanced Virgo, are subject to many sources of noise. It is important to characterise environ-

mental and instrument noise to make accurate detection statements and astrophysical inferences.

At its design sensitivity, Advanced LIGO will be sensitive to gravitational waves in the frequency

band from ∼ 10 Hz to 8 kHz. The main noise sources for ground-based interferometers include

seismic noise, thermal noise, and and quantum noise (Aasi et al., 2015). Seismic noise is caused

by movements in the ground from phenomena such as earthquakes, ocean waves, wind, etc., and

limits the low frequency sensitivity of the detectors. Thermal noise is the predominant noise source

in the most sensitive frequency band of Advanced LIGO (around 100 Hz), and arises from the test

mass mirror suspensions and the Brownian motion of the mirror coatings. Quantum mechanics

limits the accuracy to which the position of the test masses can be measured. Quantum noise

comes from two sources: photon shot noise and radiation pressure. Photon shot noise is due

to quantum uncertainties in the detected photon arrival rate, and dominates the high frequency
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sensitivity of the detectors. Radiation pressure, caused by momentum imparted to the mirrors

upon reflection, limits detector sensitivity at low frequencies. The Advanced LIGO noise power

spectrum also contains, sharp-featured, high power spectral lines at particular frequencies (which

may wander). These are caused by the AC electrical supplies and mirror suspensions, among other

phenomena.

Each LIGO detector records approximately 200,000 auxiliary channels to monitor environmental

noise and instrument behaviour. Electromagnetic noise from sources such as lightning, solar winds,

radio frequency communication, and cosmic ray showers, as well as anthropogenic noise from hu-

man activities near the detectors are monitored (Abbott et al., 2016b). These noise sources are

monitored using instruments such as seismometers, magnetometers, microphones, and accelerom-

eters. The amplitude of noise disturbances in these auxiliary channels are compared to the ampli-

tude of a gravitational wave event to rule out noise triggers. Before analysing gravitational wave

strain data, data quality vetoes are created. Time segments are removed where identified instru-

mental or environmental noise are coupled with the gravitational wave strain channel (Nuttall

et al., 2015).

2.4 Stellar core collapse

Main sequence stars convert hydrogen to helium through nuclear fusion in the core, releasing vast

amounts of energy. When a star is hot enough, courtesy of gravity, heavier elements will fuse

together. As elements fuse together, there is an outward thermal pressure that ebbs and flows in

a delicate balance with the inward pull of gravity throughout a star’s main sequence.

At the end of a massive star’s (greater than about eight solar masses) life, it will run out of nuclear

fuel when an iron core is formed — iron only absorbs energy and can therefore not fuse into heavier

elements, nor can it release energy by fission. At this point, no more energy is released and the

outward thermal pressure can no longer equilibrate the inward pull of gravity, causing the core to

collapse on itself.

Gravitation then overcomes electron degeneracy pressure (the pressure due to electrons being

compressed into small volumes). Protons and electrons are then forced together into neutrons,

over-riding the weak nuclear force (the force that is involved in the decay of neutrons to protons,

electrons, and neutrinos). Due to conservation laws, neutrinos are also released during this process,

carrying unfathomable amounts of energy away from the core. This causes the core to cool down

and compress more.
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The inner core then collapses until it reaches nuclear density (the density of an atomic nucleus), at

which point the strong nuclear force (the force that holds the nucleus of an atom together against

the repulsion of protons) takes over, causing the inner core to “bounce”, creating a shock wave that

blasts into the inward falling outer core. If the shock wave stalls, collapse ensues, leading to black

hole formation. However, the shock wave could be regenerated by some underlying mechanism,

heating the star up, and producing new elements. When the shock wave reaches the surface, the

star explodes in a brilliant supernova. Depending on the final mass of the core, either a black hole

or neutron star is formed.

The mechanism generating the shock wave revival is currently up for debate among theorists

(Logue et al., 2012), though the two front-runners are the neutrino mechanism (Bethe and Wilson,

1985) and the magnetorotational mechanism (Shibata et al., 2006). The neutrino mechanism

relies on the notion that some high-energy neutrinos are trapped behind the stalled shock and

this could be the underlying mechanism regenerating the shock wave. The magnetorotational

mechanism suggests that the shock wave is regenerated by the strong differential rotation in the

outer protoneutron star.

Electromagnetic observations of stellar core collapse can only directly probe the envelope of a star,

and not the core. Like neutrinos, gravitational waves are emitted deep in the core of a progenitor

and traverse the Universe mostly unobscured by astrophysical objects between the source and a

detector on Earth. Gravitational waves from stellar core collapse will provide direct observations

about the multi-dimensional core collapse dynamics and supernova mechanisms, which could lead

to many new insights and theoretical developments.

2.5 Gravitational wave data analysis

Direct detections of gravitational waves have not only required the development of cutting-edge

technologies, but have also relied on sophisticated data analysis techniques.

To begin analysing gravitational wave data y(t), one may assume it is a time series of the following

form:

y(t) = s(t;θ) + ε(t), t = 1, . . . , n, (2.1)

where s(t;θ) is a (deterministic) gravitational wave signal with parameters θ, and ε(t) is additive

background/detector noise.

The field of gravitational wave data analysis can be broadly categorised into three key domains:

detection significance, parameter estimation, and noise modelling. Detection significance refers to
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the statistical methodologies used to calculate a false alarm probability and false alarm rate, both of

which determine the level of significance of a candidate gravitational wave. Parameter estimation

involves using statistical methods (mostly Bayesian) to extract important astrophysical parameters

(e.g., mass, spin) encoded in gravitational wave signals. Noise modelling involves estimating the

power spectral density (PSD) of background/detector noise. This step has historically received the

least amount of attention and is often ignored in favour of a default method (stationary, Gaussian,

known PSD), though one could argue that it is just as important as parameter estimation, as a

poor understanding of noise could lead to systematic biases in estimates of important astrophysical

parameters.

When using multiple detectors to search for gravitational waves, methods can be classed as either

coincident or coherent. Coincident methods involve creating a short-list of gravitational wave

triggers/candidates using data that look similar between detectors and are coincident in time

(within a certain propagation time between detectors). Coincidence works by assuming that

detectors separated by large distances should have uncorrelated noise, meaning the probability of

accidental coincidence should be small (Maggiore, 2008). This may be the case for most noise

sources, though magnetic fields from Schumann resonances have recently been shown to negate

the assumption of uncorrelated noise (Kowalska-Leszczynska et al., 2016). Coherent methods use

all data from each detector simultaneously and are extremely useful for rejecting background noise

glitches.

2.5.1 Detection significance

Well-modelled gravitational wave sources, such as CBC, generally have a large number of template

signals with various parameter configurations. In these cases, template bank searches (i.e., matched

filtering) are used to find an optimal match between templates and the true signal. Matched

filtering maximises the output signal-to-noise ratio (SNR) and involves forming a convolution

between the data and the template. Matched filters are only optimal in the Gaussian white noise

case, but still maximise SNR when noise is non-Gaussian.

Two independent LIGO Scientific Collaboration (LSC) pipelines, called PyCBC (Dal Canton et al.,

2014) and GstLAL (Cannon et al., 2012) use template-based search methods to identify coincident

candidate events that are within 10 ms of each other (to take into account the time a gravitational

wave will take to travel from one interferometer to another). A detection statistic (or ranking

statistic) is used to rank triggers, and is then compared to an estimated background to calculate

the false alarm probability and the level of significance of a trigger.
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Detection statistics are calculated using traditional goodness-of-fit tests. PyCBC uses a chi-

squared statistic to determine whether data in different frequency bins follow what would be

expected from a particular template. This is then used to rescale the SNR. The reweighted SNR

is then used to rank triggers. GstLAL, on the other hand, uses the likelihood ratio test.

To calculate the background data set necessary to assess the significance of triggers, a time-slide

technique similar to randomisation/permutation tests is conducted. The idea here is that one

detector’s data are shifted by multiples of 0.1 s, and a new detection statistic is computed. This

is replicated many times and the number of replicated detection statistics at least as great as the

observed one are counted. Poisson statistics are then used to determine a false alarm probability.

The PyCBC and GstLAL pipelines were both used to determine detection confidence and signifi-

cance in the discovery of GW150914 (Abbott et al., 2016c).

In contrast to inspiral gravitational waves, it is not possible to use template-based search methods

like matched filtering for unmodelled bursts (such as core collapse supernovae) as these signals are

not well-modelled and do not have a well-understood phase evolution. Alternative methods are

needed for these signals. Excess power searches in the time-frequency domain via wavelets are a

popular approach. The difficulty with such methods is distinguishing an unmodelled burst signal

from noise transients, often called glitches.

Excess power search methods such as the coherent WaveBurst (cWB) pipeline (Klimenko et al.,

2008) and X-Pipeline (Sutton et al., 2010) are useful for identifying gravitational wave bursts. The

cWB pipeline is a coherent method that uses a wavelet transformation and constrained likelihood

approach, looking for excess power in the time-frequency domain. One version of cWB is a low-

latency transient search that aims to provide fast alerts for electromagnetic follow-up (Abbott

et al., 2016e). It also provides the first estimates of sky location and other parameters. Regarding

detection significance, the cWB detection statistic is a function of coherent energy, and false alarm

rates are computed using the same time-slide approach as CBC signals.

Methods used to determine detection significance are primarily frequentist in nature. However,

BayesWave and omicron-LALInference-Bursts (oLIB) are alternative approaches that use the

Bayesian framework. BayesWave (Cornish and Littenberg, 2015) is a follow-up analysis to cWB

that models signals and glitches using a Morlet-Gabor continuous wavelet basis and reversible

jump MCMC (RJMCMC) for parameter estimation (Green, 1995). A Bayes factor is calculated,

comparing a signal model against a glitch model (Abbott et al., 2016g). This is then used as a

detection statistic.

Like cWB, oLIB (Lynch et al., 2016) is another low-latency search pipeline that searches for excess

power events. This is a coincident method where short-listed triggers are fitted using wavelets,
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with key parameters estimated using Bayesian methods. As signals have a coherent phase across

detectors and glitches do not, Bayes factors are calculated for a coherent signal against Gaussian

noise, and a coherent signal against an incoherent glitch. The ratio of these Bayes factors is used

as the detection statistic.

2.5.2 Parameter estimation

The Bayesian statistical framework has proven to be a powerful tool for parameter estimation in

astrophysical and cosmological settings (Loredo, 1992). Christensen et al. (2001) were the first

to apply Bayesian methods (particularly the Metropolis-Hastings algorithm) to infer cosmological

parameters from the cosmic microwave background. Bayesian gravitational wave data analysis

was also first pioneered by Christensen and Meyer (1998). Christensen and Meyer (2001) then

demonstrated the usefulness of the Gibbs sampler (Geman and Geman, 1984) for estimating five

physical parameters from coalescing binary signals. Christensen et al. (2004b) then went on

to show how a custom-built Metropolis-Hastings algorithm (Hastings, 1970, Metropolis et al.,

1953), a generalisation of the Gibbs sampler, was a superior and more suited routine for eventual

implementation into the LSC algorithm library (LAL).

Parameter estimation for compact binary inspirals has subsequently become more sophisticated in

recent years (see for example Aasi et al. (2013), Raymond et al. (2009), Röver et al. (2006, 2007a,b),

van der Sluys et al. (2008), Veitch and Vecchio (2010)). The LALInference library (Veitch et al.,

2015) utilises many of these earlier developments, and was integral in the parameter estimation

studies of the recent discoveries of binary black hole mergers (Abbott et al., 2016h). MCMC

routines for inferring the physical parameters of pulsars have also been developed (Christensen

et al., 2004a, Clark et al., 2007, Umstätter et al., 2004).

Sophisticated burst parameter estimation methods have been developed in recent times. As men-

tioned in the previous subsection, BayesWave (Cornish and Littenberg, 2015) is a very general

approach to modelling unknown burst signals and transient noise glitches using a Morlet-Gabor

wavelet basis with reversible jump MCMC. Bayes factors are used to rule out glitches. This is a

big improvement over the existing methods for making statements about completely unmodelled

bursts, which have generally only focused on sky localisation (Essick et al., 2015).

Specialised Bayesian parameter estimation routines have also been developed for neutron star

r-modes (Coughlin et al., 2014) and stellar core collapse. Heng (2009) and Röver et al. (2009)

used principal component regression models to reconstruct rotating core collapse signals. Logue

et al. (2012) and Powell et al. (2016) used nested sampling to infer an underlying supernova
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mechanism. Abdikamalov et al. (2014) used matched filtering and nested sampling to infer total

angular momentum for rotating progenitors.

Posterior predictive sampling was used to infer the ratio of rotational kinetic energy to gravitational

potential energy of the inner core at bounce, as well as differential rotation in the paper by Edwards

et al. (2014). The results from that paper are also included in Chapter 4.

2.5.3 Noise modelling

As mentioned earlier in 2.3.1, there are many sources of environmental and detector noise. Noise

limits detector sensitivity and must be accurately modelled to ensure astrophysical parameter

estimates are accurate, minimising potential systematic biases.

Noise modelling has often been ignored in parameter estimation routines in favour of a default

model. This default model assumes that gravitational wave noise is stationary and Gaussian

distributed, with a known PSD that is estimated using off-source data (not on a candidate signal)

via the Welch method (Littenberg et al., 2013). However, it has been found that these assumptions

are too strict for real gravitational wave data, which are often non-Gaussian and nonstationary

(Christensen, 2010). Littenberg and Cornish (2015) demonstrated that the noise PSD in noise

from LIGO’s sixth science run (S6) (Abadie et al., 2012b) was in fact time-varying. It was also

demonstrated by Aasi et al. (2013) that fluctuations in the PSD can moderately bias parameter

estimates of binary coalescence gravitational wave signals in LIGO S6 data. The time-varying

nature of real LIGO data invalidates the stationarity assumption. It is also common to see high

amplitude non-Gaussian transient noise (glitches) in real detector data. This voids the Gaussian

noise assumption, which could be particularly problematic for unmodelled burst signals.

There have been attempts reported in the literature to improve the modelling of noise present

in gravitational wave data, primarily concentrating on noise with embedded signals from well-

modelled gravitational wave sources, such as binary inspirals. Of note, Röver et al. (2011) used a

Student-t likelihood under the Bayesian framework, Littenberg et al. (2013) included additional

scale parameters and marginalised over uncertainty in the PSD, and Vitale et al. (2014) used

iteratively reweighted least squares to analytically marginalise out background noise. Regarding

noise models for unmodelled bursts, Littenberg and Cornish (2015) implemented the BayesLine

algorithm, using a cubic spline to model the smooth-changing broadband noise spectrum while

modelling spectral lines using Lorentzians, and Cornish and Littenberg (2015) implemented the

BayesWave algorithm to model non-Gaussian transient glitches.

One of the main focuses of this thesis is to create novel solutions to the noise modelling problem

using Bayesian nonparametric methods. Materials from Edwards et al. (2015), Edwards et al.
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(2017a), and Kirch et al. (2017) will be presented in Chapters 3 and 5. In Edwards et al. (2015), the

nonparametric Bernstein polynomial prior of Petrone (1999a,b) and Choudhuri et al. (2004) was

used to model simulated Advanced LIGO noise. A rotating stellar core collapse gravitational wave

signal was simultaneously extracted. Data were also broken into locally stationary components to

deal with nonstationarities. However, Bernstein polynomials proved to be inadequate for modelling

the complex structure of real Advanced LIGO noise due to the presence of sharp and abrupt

spectral lines. A generalisation to the Bernstein polynomial prior, called the B-spline prior, was

later developed in Edwards et al. (2017a) to improve coverage and to adequately model data

from the LIGO S6 run. The local support property of B-splines allowed for modelling of sharp

peaks in the log-spectral density. Finally, in Kirch et al. (2017), a nonparametric correction to

an autoregressive parametric likelihood was used to generalise on the commonly used Whittle

likelihood. In this approach, one can take advantage of a parametric model’s efficiency while

mitigating misspecifications via a nonparametric adjustment. This approach was also applied to

LIGO S6 data.
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Statistical methods

3.1 The Bayesian paradigm

In this thesis, the Bayesian paradigm is the chosen philosophy to conduct gravitational wave data

analysis in. Not only is Bayesian probability theory well-suited to astronomy from a philosophical

perspective (Loredo, 1992), it can be considered an extended theory of logic (Gregory, 2005, Jaynes,

2003). That is, Bayesian probability theory may be considered a generalisation of logic that deals

with levels of uncertainty rather than truths. Updating one’s pre-existing state of knowledge with

new data thus gives the user a completely logical framework to draw conclusions.

Given this, it is important to review the key Bayesian ideas that form the essence of this the-

sis. This includes the notions of Bayes’ theorem, posterior inference, posterior prediction, and

model selection. Of particular importance is the posterior predictive distribution, which is used in

Chapter 4 to predict important astrophysical information encoded in rotating stellar core collapse

supernova gravitational wave signals, such as the ratio of rotational kinetic energy to gravitational

potential energy. Just as important are model selection methods, which are also used in Chap-

ter 4 to determine an appropriate statistical model for reconstructing these signals from a set of

principal component basis functions.

As this is only a brief review of a field with broad scope, not all topics can be covered and the

reader is referred to the following text books by Gelman et al. (2013), Gilks et al. (1996), Gregory

(2005), Jaynes (2003) for more detailed coverage.
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3.1.1 Bayesian inference

Bayesian inference involves updating one’s prior beliefs about some unknown parameters θ using

observable data y. This is done by assigning probability distributions to the data, as well as the

unknowns.

Bayesian inference requires three pivotal quantities. The likelihood function p(y|θ) is the proba-

bility density function (pdf) of the data y, conditional on the random vector of model parameters

θ. The prior p(θ) is the pdf of the model parameters that takes into account all of the information

known about θ before the data are observed. The posterior p(θ|y) is the updated pdf of the model

parameters after the data are observed. These quantities are related via Bayes’ theorem

p(θ|y) =
p(θ)p(y|θ)

p(y)
, (3.1)

where p(y) =
∫
p(θ)p(y|θ)dθ is called the marginal likelihood, evidence, or prior predictive dis-

tribution. This is the probability of observing the data regardless of the parameter configuration.

This quantity is often not computed when the dimension of the parameter space d is large, and is

treated as a normalising constant, as it is independent of model parameters θ. The posterior can

thus be thought of as being proportional to the product of the prior and the likelihood:

p(θ|y) ∝ p(θ)p(y|θ). (3.2)

It is of interest to sample values from the posterior to make inferences about the model parameters

after observing the data. These points are referred to as posterior samples.

3.1.2 Summarising the posterior

One can summarise the posterior distribution of parameter θ using point estimators and credible

intervals. A point estimator (e.g., posterior expectation, posterior median, and posterior mode)

of θ can be written as θ̂.

The posterior expectation is given by

θ̂ =

∫
θp(θ|y)dθ, (3.3)
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the posterior median is θ̂ such that

∫ ∞
θ̂

p(θ|y)dθ =

∫ θ̂

−∞
p(θ|y)dθ = 0.5, (3.4)

and the posterior mode is

θ̂ = arg max
θ
p(θ|y). (3.5)

An equal-tailed 100(1− α)% credible interval (cl, ch) is such that (α/2)% of the posterior density

is below cl and (α/2)% above ch. Credible intervals are useful for making probabilistic statements

such as “there is a 100(1− α)% probability that θ is between cl and ch”.

3.1.3 Posterior prediction

Once the data y are observed, predictions of new observable data ynew can be made by sampling

from the posterior predictive distribution. This is computed by taking the product of the posterior

distribution and the likelihood of the new data, and marginalising over the model parameters.

That is,

p(ynew|y) =

∫
p(ynew|θ)p(θ|y)dθ. (3.6)

Alternatively, one can view this as the expected value of the sampling distribution of the new

data, when taken over the posterior distribution. That is,

p(ynew|y) = Eθ|y [p(ynew|θ)] . (3.7)

The posterior part of posterior predictive distribution comes from conditioning on data y, and the

predictive part comes from the prediction of observable ynew.

3.1.4 Model selection

Bayes factors can be used in the Bayesian analogue of classical hypothesis testing, and are often

used in model comparison. Consider the two hypotheses H0 : θ ∈ Θ0 and H1 : θ ∈ Θ1, such

that Θ0 ∩ Θ1 = ∅ and Θ0 ∪ Θ1 = Θ. A Bayes factor is the ratio of marginal likelihoods under

these competing hypotheses, and can be calculated using the ratio of posterior odds to prior odds,

where odds quantify how plausible H1 is compared to H0. The Bayes factor in favour of H1 over
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H0 is given by:

BF10 =
p(y|H1)

p(y|H0)
(3.8)

=
p(H1|y)

p(H0|y)

/
p(H1)

p(H0)
. (3.9)

A large BF10 provides evidence in favour of H1, giving the practitioner a useful tool for model

comparison and selection.

Alternatively, one can use approximations such as the deviance information criterion (DIC)

(Spiegelhalter et al., 2002). DIC is a generalisation of the Akaike information criterion (AIC) and

Bayesian information criterion (BIC) for hierarchical models, making similar use of the quality of

fit statistic, deviance. Deviance is defined as D = −2 log p(y|θ), where p(y|θ) is the likelihood of

a statistical model. DIC has the following formulation:

DIC = D̄ + pD (3.10)

= 2D̄ −D(θ̄), (3.11)

where

θ̄ = Eθ|y[θ], (3.12)

D̄ = Eθ|y[D], (3.13)

pD = D̄ −D(θ̄). (3.14)

Here D̄ is the mean deviance over posterior samples, calculated by evaluating the deviance for

each of the stored model parameters θ that have been sampled from their joint posterior pdf, and

taking the average, pD is the effective number of parameters, and D(θ̄) is the deviance evaluated

at the posterior means of the parameters, calculated by finding the posterior mean of each of the

model parameters θ̄ and then evaluating the deviance. When comparing competing statistical

models, the lowest DIC is preferred. D̄ is a relative measure of fit (where a smaller value indicates

a better fit), and pD is a measure of model complexity used to penalise models with too many

parameters. Equation (3.10) therefore illustrates how DIC incorporates Occam’s razor into the

model selection process, allowing one to select a parsimonious model, balancing between fit and

complexity. Equation (3.11), on the other hand, provides a simple method for computing DIC.

When conducting Bayesian model comparison, DIC may be preferred to Bayes factors for two

reasons. First, Bayes factors require computing the marginal likelihood (or evidence) from equa-

tion (3.1), which often involves multi-dimensional integration over a large number of parameters.

Numerical techniques such as nested sampling (Skilling, 2006) can be used to derive the evidence
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of competing models, but these methods require significant computational power and time. On

the other hand, DIC is readily computed from posterior samples. The second reason for using

DIC over Bayes factors is that improper priors do not violate any conditions of use. Bayes factors,

however, are no longer relevant when improper priors are used due to the so-called marginalisation

paradox (Stone and Dawid, 1972).

A popular alternative to the model selection problem comes in the form of the reversible jump

Markov chain Monte Carlo (RJMCMC) algorithm of Green (1995). This algorithm allows for

movement between spaces of differing dimension, such as models with different numbers of param-

eters. A benefit of this approach is that uncertainty in model dimensionality can be accounted

for. Model selection is also essentially automatic, as one could either conduct model averaging

or choose the posterior mode. However, these algorithms are often fraught with implementation

difficulties. RJMCMC will be discussed in more detail in 3.2.6.

The Bayesian nonparametric paradigm arguably provides the best solution to the model selection

problem by allowing for a data-driven choice of model complexity. Rather than fitting many

competing models as is done when using Bayes factors and DIC, Bayesian nonparametric methods

involve fitting one model, and adapting its complexity to the data (Gershman and Blei, 2011).

Bayesian nonparametric methods will be discussed in 3.3.

3.2 Markov chain Monte Carlo

Markov chain Monte Carlo (MCMC) methods are at the heart of modern Bayesian inference. They

are extremely useful in a number of statistical problems, and are used to sample from complicated

probability distributions when no other sampling mechanisms are available. These methods have

already proven to be invaluable in the context of gravitational wave data analysis, with the pio-

neering work of Christensen and Meyer (1998) paving the way for conducting parameter estimation

in the recent discoveries of binary black hole gravitational waves (Abbott et al., 2016d,f, 2017). A

concise review of Markov chains and the key algorithms used in this thesis is provided within this

section.

3.2.1 Monte Carlo integration

In Bayesian inference, one is often interested in evaluating integrals involving the posterior distri-

bution. If it is not possible to analytically integrate these integrals, stochastic numerical methods

are required. One such method is Monte Carlo integration — the process of approximating an
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expectation using the sample mean of a function of simulated random variables. Let X be a

random variable with probability density function f , and let h be a function of X. Let N be the

(large) number of samples drawn from f . The value of h is calculated for each of these samples

before averaging. The Monte Carlo estimate of h is thus given as:

Ef [h(X)] =

∫
h(x)f(x)dx (3.15)

≈ 1

N

N∑
i=1

h(xi). (3.16)

Analogously, other quantities such as quantiles may be estimated using posterior samples.

Justification of Monte Carlo integration comes from the strong law of large numbers, which states

that a sample mean X̄ of a random sample of size N from a distribution with true mean µ converges

to µ almost surely as N tends to infinity.

If it is not easy to sample from f , alternative methods such as importance sampling can be

employed, though for brevity, such methods will not be discussed here, but can be found in

Gelman et al. (2013).

3.2.2 Markov chains

Markov chains play a fundamental role in MCMC simulations (Gilks et al., 1996). A (discrete-

time) Markov chain is a stochastic process that satisfies the Markov property. That is, the sequence

of random variables {X0, X1, . . .} is a Markov chain if for state space S,

P(Xn = xn|Xn−1 = xn−1, Xn−2 = xn−2, . . . , X0 = x0) = P(Xn = xn|Xn−1 = xn−1), (3.17)

where Xn is the random variable representing the state of the system at time n. This means

that the probability of moving to the next state only depends on the current state. In other

words, given the present state, future and past states are independent. Note that state space S is

usually continuous (and often Rd). This is certainly the case for the gravitational wave applications

presented in this thesis. However, the following concepts are more straightforward to explain using

discrete state spaces (keeping the continuous state space in mind) (Gilks et al., 1996).

The probability of moving from state i to state j is called the transition probability and is written

as

pij = P(Xn = j|Xn−1 = i). (3.18)
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Let n be the number of states in state space S. A transition matrix P is an n× n matrix whose

entries are transition probabilities from each state to every other state (pij, i, j = 1, . . . , n).

The vector π = (π1, π2, . . . , πn) is called a stationary distribution if P(X0 = i) = πi implies

P(Xn = i) = πi,∀n ≥ 0. A stationary distribution can be found by solving the full balance

equations,

πP = π. (3.19)

In addition, the following constraint must hold to ensure a full rank system of equations is solved:

∑
i∈S

πi = 1. (3.20)

Alternatively, it is often simpler to find a stationary distribution by solving the detailed balance

equations,

πipij = πjpji, ∀i, j ∈ S. (3.21)

A Markov chain is reversible if there exists a stationary distribution π such that detailed bal-

ance is satisfied. Detailed balance is not a necessary condition, but is a sufficient condition for a

Markov chain to have a stationary distribution, implying all reversible Markov chains have sta-

tionary distributions. Reversibility is an important concept for many MCMC samplers, such as

the Metropolis-Hastings algorithm (Hastings, 1970, Metropolis et al., 1953), and the Gibbs sam-

pler (Geman and Geman, 1984), as it provides a simple condition to ensure the desired stationary

distribution is found.

A Markov chain is irreducible if it is possible to move from each state to every other state in a

finite number of moves. A Markov chain is aperiodic if it does not return to a state at regular

intervals.

For MCMC sampling, it is crucial that the target distribution of interest is the stationary distribu-

tion of the Markov chain, and that the Markov chain is ergodic. Ergodicity means the stationary

distribution can be reached regardless of the initial state. For a chain to be ergodic, it must be

irreducible and aperiodic. A Markov chain has a unique stationary distribution if it is irreducible

and aperiodic. This is also the limiting distribution for the Markov chain.

3.2.3 Markov chain Monte Carlo simulation

It is often possible to directly sample points from named posterior distributions using pseudo-

random number generators. Posterior samples are often generated using algorithms such as the
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inverse-transform method and the acceptance-rejection method. However, when this is not possi-

ble, as is the case with many complex statistical problems, MCMC methods are extremely useful

and valuable.

MCMC methods work by constructing a Markov chain whose stationary distribution is the target

(posterior) distribution of interest. One can generate (dependent) samples from the support of

the posterior in the correct proportions using this Markov chain. One can then use these samples

to compute Monte Carlo estimates to approximate integrals of interest from the posterior, hence

the name Markov chain Monte Carlo.

The simplest and most popular MCMC methods are the Metropolis-Hastings algorithm and a

special case called the Gibbs sampler, which will be described in 3.2.4 and 3.2.5 respectively. Other

useful MCMC algorithms include reversible jump MCMC (Green, 1995) (which will be described

in 3.2.6), as well as auxiliary methods such as the slice sampler (Neal, 2003) and Hamiltonian

Monte Carlo (Neal, 2011).

It is important to consider the mixing of Markov chains in MCMC routines, ensuring there is a

reliable exploration of the parameter space, at an efficient rate. The faster an algorithm mixes,

the faster the dependence between successive iterations decays, and the faster it converges. One

may need to tune the algorithm if mixing is too slow.

After a certain burn-in period, a Markov chain is said to have converged to its stationary distri-

bution. These burn-in samples are discarded. Though this step could be considered wasteful from

a computational perspective, it ensures the stationary distribution is less dependent on starting

values. The burn-in period may be long if the chain has poor mixing, getting stuck in small areas

of the state space.

Due to ergodicity, an MCMC chain will eventually converge to its target distribution. However, an

inappropriate starting value for a chain can affect the speed of convergence, so one must exercise

caution when selecting an initial state.

It is common to assess convergence visually using trace plots. Trace plots show the values that a

parameter takes during the running of an MCMC algorithm. One can often assess how well the

chain is mixing and how long the burn-in period should be based on these plots. It can also be

valuable to see if multiple runs of the chain (using a diffuse set of starting points) end up at the

same stationary distribution. Empirical diagnostics such as the Geweke time series diagnostic,

the Gelman and Rubin multiple sequence diagnostic, the Raftery and Lewis integrated diagnostic,

and the Heidelberger and Welch diagnostic are also popular (Cowles and Carlin, 1996).

One may decide to thin Markov chains by taking every ith sample (e.g., every tenth sample) to

reduce disk space. This will also help reduce autocorrelation in the Markov chain, which may lead
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to independent and identically distributed (iid) samples. Due to the ergodic theorem, it is not

necessary to have iid samples from the posterior to make inferences, though one would need more

dependent samples to achieve the same accuracy as with iid samples.

3.2.4 Metropolis-Hastings algorithm

The Metropolis algorithm (Metropolis et al., 1953) is a random walk sampler where a candidate for

the target (posterior) distribution is sampled by centering on the sample from the previous itera-

tion and adding noise from a symmetric proposal distribution. The candidate is either accepted

or rejected according to an acceptance probability. To sample from the (univariate) posterior

distribution p(θ|y), the Metropolis algorithm is set up as follows:

1. Initialise by choosing a starting point θ(0) such that p(θ(0)|y) > 0.

2. For i = 1, 2, . . . , N :

(a) Propose a candidate θ(∗) from proposal distribution J(θ(∗)|θ(i−1)).

(b) Calculate the acceptance ratio as the ratio of densities:

r =
p(θ(∗)|y)

p(θ(i−1)|y)
. (3.22)

(c) Accept or reject by setting

θ(i) =

θ(∗) with probability α = min(1, r),

θ(i−1) otherwise.
(3.23)

The acceptance-rejection step is implemented by simulating a uniform random number u ∼
Uniform[0, 1], and comparing this to the acceptance probability α. That is, accept candidate

θ(∗) if u < α, and reject otherwise. Often for numerical stability and mathematical convenience,

this is computed on the log scale, in which case one would accept θ(∗) if log u < logα, and reject

otherwise.

The proposal distribution for the Metropolis algorithm must be symmetric, i.e., it must satisfy

the condition J(θ(a)|θ(b)) = J(θ(b)|θ(a)) for all θ(a) and θ(b).

This algorithm, after burn-in and thinning, will converge to a stationary distribution that is the

target distribution. The efficiency of the algorithm also depends on choosing an adequate starting

point θ(0), and choosing a proposal distribution that closely envelopes the target distribution.
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The optimal acceptance rates for the Metropolis algorithm in one dimension and high dimensions

are around 0.44 and 0.23 respectively (Gelman et al., 1996). It is possible to construct an adaptive

algorithm that is automatically tuned by increasing or decreasing the proposal variance, with the

aim of bringing the acceptance rate to its optimum value. Roberts and Rosenthal (2009) discuss

many additional examples of adaptive MCMC. Note that if an adaptive method is used, then the

proposal distribution would have a subscript i such as Ji(θ
(∗)|θ(i−1)).

The Metropolis-Hastings algorithm (Hastings, 1970) is a generalisation of the Metropolis algorithm,

allowing for asymmetric proposal distributions.

The acceptance ratio of the Metropolis-Hastings algorithm changes to

r =
p(θ(∗)|y)

p(θ(i−1)|y)

J(θ(i−1)|θ(∗))

J(θ(∗)|θ(i−1))
. (3.24)

3.2.5 Gibbs sampler

The Gibbs sampler (Geman and Geman, 1984) is another common MCMC algorithm, where the

Markov chain is constructed using a sequence of conditional distributions. It involves alternately

setting all parameters constant except for one, then drawing a sample from the conditional dis-

tribution given these fixed parameters. The Gibbs sampler can be viewed as a special case of the

Metropolis-Hastings algorithm.

Suppose one is interested in sampling from the joint posterior p(θ|y), where θ = {θ1, θ2, . . . , θd}
is a d-dimensional parameter vector. Let θ−j = {θ1, . . . , θj−1, θj+1, . . . , θd} be the subset of the

parameter vector θ without θj. The aim is to create a Markov chain that alternately cycles through

the full conditional distributions p(θj|θ−j,y) for j = {1, 2, . . . , d}.

The Gibbs sampling algorithm is then given as follows:

1. Choose starting values θ(0) = {θ(0)
1 , θ

(0)
2 , . . . , θ

(0)
d }.

2. At the ith iteration (i > 0), a single Gibbs cycle is completed by drawing from the d full

conditional distributions given by:

θ
(i)
1 ∼ p(θ1|θ(i−1)

2 , θ
(i−1)
3 , . . . , θ

(i−1)
d−1 , θ

(i−1)
d ,y) (3.25)

θ
(i)
2 ∼ p(θ2|θ(i)

1 , θ
(i−1)
3 , . . . , θ

(i−1)
d−1 , θ

(i−1)
d ,y) (3.26)

... (3.27)

θ
(i)
d−1 ∼ p(θd−1|θ(i)

1 , θ
(i)
2 , . . . , θ

(i)
d−2, θ

(i−1)
d ,y) (3.28)

θ
(i)
d ∼ p(θd|θ(i)

1 , θ
(i)
2 , . . . , θ

(i)
d−2, θ

(i)
d−1,y). (3.29)
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3. Repeat until the chain has converged.

In the basic form of the Gibbs sampler (where all conditional distributions can be directly sampled),

all samples are accepted. The Metropolis-within-Gibbs sampler is an extension of the Gibbs sampler

where it is not possible to directly sample from some of the full conditional distributions, and

random walk Metropolis steps are therefore required within a full conditional sampling step.

Another extension of the algorithm involves sampling from conditional distributions of groups

of parameters instead of one at a time. This is called a blocked Gibbs sampler. Blocked Gibbs

samplers can often lead to speed improvements in code by reducing the length of for loops, but

often at the expense of slower mixing. However, blocked Gibbs samplers may also improve mixing

if well constructed (Roberts and Sahu, 1997). If parameters are correlated then separate Gibbs

proposals may often be small and mixing can be slow. Joint proposals can take advantage of this

correlation and make proposals that move the chain larger distances through the posterior.

3.2.6 Reversible jump MCMC

Often used for model selection, reversible jump Markov chain Monte Carlo (RJMCMC) is a gen-

eralisation of the Metropolis-Hastings algorithm, allowing for jumps between spaces of differing

dimension (Green, 1995). RJMCMC will be used in 4.3.4 to select the number of principal com-

ponents in a principal component regression model.

Suppose one is interested in the competing models {M1,M2, . . . ,Mk, . . .}, where Mi has continuous

parameter space Θi and θi is a typical element of length ni from this space. It is of interest to

sample from the target density

p(Mi,θi|y) ∝ p(Mi)p(θi|Mi)p(y|Mi,θi), (3.30)

where p(Mi) is the prior model probability, p(θi|Mi) is the within-model prior density, and

p(y|Mi,θi) is the within-model likelihood for Mi.

Moving from model Mi to a higher dimensional model Mj (i.e., nj > ni) first involves generating

a random vector V of length nj − ni from some proposal density φ(.), where the joint density of

V is given by

φnj−ni(v) =

nj−ni∏
i=1

φ(vi). (3.31)
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The next step involves proposing a move from θi to θj = fi,j(θi,V) using jump function

fi,j : Θi × Rnj−ni → Θj. (3.32)

Here, one is mapping the current state of θi along with the random vector V to a higher dimen-

sional space.

The proposal is accepted with probability

α{(Mi,θi), (Mj,θj)} = min{1, Ai,j(θi,θj)}, (3.33)

where Ai,j(θi,θj) is the following acceptance ratio

Ai,j(θi,θj) =
p(Mj,θj|y)

p(Mi,θi|y)
× rji(θj)

rij(θi)
×
Jfi,j(θi,v)

φnj−ni(v)
(3.34)

∝ p(Mj)

p(Mi)
× p(θj|Mj)

p(θi|Mi)
× p(y|Mj,θj)

p(y|Mi,θi)
× rji(θj)

rij(θi)
×
Jfi,j(θi,v)

φnj−ni(v)
. (3.35)

The probability of proposing to jump from Mi to Mj is given by rij(θi), and Jfi,j(θi,v) =
∣∣∣∂fi,j(θi,v)

∂(θi,v)

∣∣∣
is the Jacobian (which arises from a change in variables).

If a discrete uniform prior is placed on model dimension, the p(Mi) and p(Mj) in 3.35 cancel out

to give the following acceptance ratio

Ai,j(θi,θj) ∝
p(θj|Mj)

p(θi|Mi)
× p(y|Mj,θj)

p(y|Mi,θi)
× rji(θj)

rij(θi)
×
Jfi,j(θi,v)

φnj−ni(v)
. (3.36)

If nj < ni then one proposes to move to a lower dimensional space, and the acceptance ratio

becomes

Ai,j(θi,θj) = Aj,i(θj,θi)
−1. (3.37)

This is essentially the same as Equation 3.35, but inverts the final ratio to the proposal density

over the Jacobian. Also note that v in this case is the vector of random variables proposed to be

removed.

3.2.6.1 Birth-death moves and nested models

The birth-death move in RJMCMC algorithms was first introduced by Richardson and Green

(1997) to jump between models with varying numbers of mixture components in a mixture model.

This step involves proposing either the adding (birth) or removing (death) of a parameter from
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the current model in the algorithm, and thus model dimension can increase or decrease by one.

This is often intermingled with Metropolis-Hastings stay steps, where model dimension remains

the same and the current model’s parameter space is further explored.

Nested models appear often in model comparison problems where all of the parameters of a smaller

model occur in a larger one. That is, the smaller model is a subset of the larger model. Formally,

let M1 ⊂M2 ⊂ . . . ⊂Md, where d is number of competing models. Nested models are among the

simplest models handled by RJMCMC, and are easily implemented using birth-death moves.

A common scheme is to assign one third probability to each of the jump up, jump down, and stay

proposals. That is, ri,i−1(θi) = ri,i(θi) = ri,i+1(θi) = 1
3

if i 6= {1, d}. However, one must take care

if i = 1 or i = d. If i = 1 then r1,1(θ1) = r1,2(θ1) = 1
2
, and if i = d then rd,d−1(θd) = rd,d(θd) = 1

2
.

There are many other types of moving schemes such as split and merge (Richardson and Green,

1997) but as these are not used in this thesis, a discussion is omitted for brevity.

3.2.6.2 Automatic scaling: Zeroth order method

To ensure efficient trans-dimensional mixing in a RJMCMC algorithm, it may be necessary to

scale the proposal density φ(.). There are many proposed methods for automatically scaling φ(.).

Of the simplest approaches is the so-called zeroth order method (Brooks et al., 2003). This is only

effective when the posterior and prior are similar.

The idea first involves a centering function c(.) that maps from the space Θi to space Θj. For the

simple nested case, a birth move from the space Θi to Θi+1 has centering function

c(θi) = (θi, 0). (3.38)

The scale parameter σ for proposal density φ(.) is chosen such that the acceptance probability for

a jump between θi and c(θi) is equal to 1. That is,

A{θi, c(θi)} = 1. (3.39)

Other practical considerations involved when implementing RJMCMC can be found in Brooks

et al. (2003).
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3.2.7 Parallel tempering

Many statistical models, such as finite and infinite mixture models, involve multimodal posterior

distributions. If there are many isolated modes separated by low posterior density, it is important

to use a sampling technique that mixes Markov chains efficiently, rather than relying on the

random walk behaviour of the Metropolis sampler. In order to mitigate poor mixing and to

accelerate convergence of Markov chains, parallel tempering (also called replica exchange) can be

implemented (Earl and Deem, 2005, Swendsen and Wang, 1986). There are many other alternatives

(such as diffusive nested sampling (Brewer et al., 2011)), though only parallel tempering will be

described here as this is the only method considered to accelerate convergence in this thesis.

The idea of parallel tempering is borrowed from physical chemistry, where a system may be repli-

cated multiple times at a series different temperatures. Higher temperature replicas are able to

sample larger volumes of the parameter space, whereas lower temperature replicas may become

stuck in local modes. The method works by allowing the exchange of information between neigh-

bouring systems. Information from the high temperature replicas can trickle down to the low

temperature systems (including the posterior distribution of interest), providing more representa-

tive posterior samples.

In the context of MCMC, parallel tempering involves introducing an auxiliary variable called

inverse-temperature, denoted T−1
c for chains c = {1, 2, . . . , C}. This variable becomes an exponent

in the target distribution for each parallel chain, pc(.). That is,

pc(θ|y) ∝ (p(θ)p(y|θ))T
−1
c , (3.40)

where θ are the model parameters, and y are the data. If Tc = 1, this is the (unnormalised)

posterior distribution. All other inverse-temperature values produce tempered target distributions.

As Tc → ∞, the target distribution flattens out. Each chain moves on its own in parallel and

occasionally swaps states between chains according to the following Metropolis acceptance ratio:

r =

(
p(θj)p(y|θj)
p(θi)p(y|θi)

)T−1
i −T

−1
j

, (3.41)

where information is exchanged between chains i and j and i < j.

Alternatively, one may choose to only temper the likelihood such that

pc(θ|y) ∝ p(θ)p(y|θ)T
−1
c . (3.42)
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Under this formulation, it is easy to see that if Tc = 1, this yields the posterior of interest, and as

Tc → ∞, the likelihood component flattens out, giving more preference to the prior. Therefore,

T−1
c balances between the prior and the posterior. In this case, the acceptance ratio is given as:

r =

(
p(y|θj)
p(y|θi)

)T−1
i −T

−1
j

, (3.43)

which only depends on the likelihood and inverse temperatures, and not the prior. This set-up

would certainly make sense under an informative prior.

When implementing parallel tempering, one may encounter many formidable difficulties, such as

choosing an appropriate temperature scheme, how many parallel chains should be used, and how

often swaps should be proposed. Parallelising existing code is also a challenge, but the method

is extremely powerful when used in conjunction with parallel computing facilities, such as large

CPU clusters, as little additional computing time is required (compared to a serial version of the

code).

3.3 Bayesian nonparametrics

Though Bayesian nonparametric models have received little attention in the field of gravitational

wave data analysis, they are promising alternatives to parametric models, particularly in the case

where the parametric model is poorly specified. One such example in the field of gravitational

wave data analysis is the Gaussian noise model for terrestrial detectors. One problem with this

model is that real data often have high amplitude non-Gaussian glitches, voiding the assumptions

of the parametric model. Bayesian nonparametric approaches are used in Chapter 5 to address

this issue, though it is first important to understand the framework and the key tools such as the

Dirichlet process. This will be followed by a description of the Bernstein polynomial prior, the

recently developed B-spline prior, and a nonparametric correction to a parametric likelihood, each

of which are used to model the spectral density of gravitational wave detector noise.

3.3.1 Introduction

Statistical models can be classified into two groups — parametric and nonparametric. Parametric

models have a fixed and finite set of parameters, are relatively easy to analyse, and are powerful

when their underlying assumptions are correctly specified. However, if the model is misspecified,

inferences will be unreliable. Nonparametric models have far fewer restrictions, but are less effi-

cient and less powerful than their parametric counterparts. No assumption about the underlying
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distribution of the data is made in nonparametric modelling, and the number of parameters is not

fixed (and potentially infinite dimensional). Instead, the effective number of parameters increases

with more data, providing the model structure. Semiparametric models contain both parametric

and nonparametric components.

For example, parametric regression (including linear models, nonlinear models, and generalised

linear models) uses the following equation:

y = g(x1,x2, . . . ,xk|β) + ε, (3.44)

where y is the response variable, g(x1,x2, . . . ,xk|β) is a function of k explanatory variables (that

aim to explain the variability in y) given some model parameters β. The statistical error, ε, is

usually assumed to be iid Gaussian random variables, with 0 mean and constant variance σ2.

Here, the functional form of g(.) is specified in advance, such as in linear regression, where

g(x1,x2, . . . ,xk|β) = β01 + β1x1 + . . .+ βkxk. (3.45)

Nonparametric regression has a similar set-up, but assumes that the functional form of g(.) is

unknown and to be learnt from the data. In a nonparametric setting, function g(.) could be

thought of as an uncountably infinite-dimensional parameter.

Bayesian nonparametrics is the interface between Bayesian inference and nonparametric mod-

elling. It is characterised by large parameter spaces and probability measures over these spaces

(Hjort et al., 2010). Bayesian inference allows one to incorporate prior knowledge into a statistical

framework, and is particularly powerful when these priors accurately represent one’s beliefs. On

the other hand, nonparametric methods are useful for constructing flexible and robust alterna-

tives to parametric models. Under certain conditions, the combination of these two ideologies

provides an arguably superior statistical framework. An additional benefit of Bayesian nonpara-

metric models is their ability to automatically infer model complexity from the data, without

explicitly conducting model comparison.

Bayesian nonparametrics is a relatively nascent field in statistics, and faces many challenges. The

most obvious one is the mathematical difficulty in specifying well-defined probability distributions

on infinite-dimensional function spaces. Constructing priors on these spaces can be arduous, and

in the case of noninformative priors, one must ensure large topological support so as not to put too

much mass on a small region of the parameter space. Further, creating computationally convenient

algorithms to sample from complicated posterior distributions presents its own set of challenges.

It is also important to ensure that the nonparametric posterior distribution is consistent (the truth
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is uncovered asymptotically), as some procedures do not automatically possess this quality (Hjort

et al., 2010).

Bayesian nonparametric priors (and posteriors) are stochastic processes rather than parametric

distributions. Ferguson (1973) provided the seminal paper for the field of Bayesian nonpara-

metrics, introducing the Dirichlet process, an infinite-dimensional generalisation of the Dirichlet

distribution, now commonly used as a prior in infinite mixture models. This is a popular model

(often expressed as the Chinese Restaurant Process) for classification problems where the num-

ber of classes is unknown and to be inferred from the data. A formal definition of the Dirichlet

distribution and Dirichlet process can be found in 3.3.2.

3.3.2 Dirichlet process prior

The beta distribution has the following pdf:

f(x|α, β) =
Γ(α + β)

Γ(α)Γ(β)
xα−1(1− x)β−1, (3.46)

∝ xα−1(1− x)β−1, (3.47)

where x ∈ (0, 1) is the support of the distribution, the shape parameters are positive real numbers

(i.e., α > 0 and β > 0), and Γ(.) is the gamma function defined as the following improper integral

Γ(u) =

∫ ∞
0

xu−1e−xdx. (3.48)

The Dirichlet distribution is a multivariate generalisation of the beta distribution, with a pdf

defined on the K-dimensional simplex

∆K =

{
(x1, . . . , xK) : xi > 0,

K∑
i=1

xi = 1

}
. (3.49)

The pdf of the Dirichlet distribution is defined as

f(x|α) =
Γ
(∑K

i=1 αi

)
∏K

i=1 Γ(αi)

K∏
i=1

xαi−1
i , (3.50)

where αi > 0 for i = 1, . . . , K.

The Dirichlet process (DP) is an infinite-dimensional generalisation of the Dirichlet distribution

(Ferguson, 1973). It is a probability distribution on the space of probability distributions (i.e.,
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each draw from a Dirichlet process is a distribution), and is often used in Bayesian inference as a

prior for infinite mixture models (aptly called the Dirichlet process prior).

For any finite measurable partition {A1, . . . , Am} of a measurable set S, if G ∼ DP(M,G0), then

(G(A1), . . . , G(Am)) ∼ Dirichlet(MG0(A1), . . . ,MG0(Am)), where G0 is the centre/base distri-

bution (i.e., the prior expected value of G is G0) with Lebesgue density g0, and M > 0 is the

precision/concentration parameter, where larger M implies the Dirichlet process will concentrate

more of its mass around the centre. G has the same support as base measure G0.

One of the many representations of the Dirichlet process is Sethuraman’s stick-breaking construc-

tion (Hjort et al., 2010, Sethuraman, 1994), which is incredibly useful for implementing MCMC

sampling algorithms. The stick-breaking representation has the following hierarchical structure:

G(.) =
∞∑
i=1

piδZi(.), (3.51)

pi =

(
i−1∏
j=1

(1− Vj)
)
Vi, (3.52)

Zi ∼ G0, (3.53)

Vi ∼ Beta(1,M). (3.54)

Here, δa(x) is a Dirac measure (indicator function) that is one if x = a and zero otherwise.

To intuit the stick-breaking process, it may be useful to consider a stick of unit length. The

weights pi associated with points Zi can be thought of as breaking this stick randomly into an

infinite number of segments. First, break the stick at location V1 ∼ Beta(1,M), assigning the

mass V1 to the random point Z1 ∼ G0. Then break the remaining length of the stick 1−V1 by the

proportion V2 ∼ Beta(1,M), assigning the mass (1− V1)V2 to the random point Z2 ∼ G0. At the

ith step, break the remaining length of the stick
∏i−1

j=1(1− Vj) by the proportion Vi ∼ Beta(1,M),

assigning the mass
(∏i−1

j=1 (1− Vj)
)
Vi to the random point Zi ∼ G0. This process is repeated

infinitely many times, though in practice is truncated to a large but finite number L as one cannot

sample an infinite number of parameters.

Alternative representations of the Dirichlet process such as the Chinese Restaurant Process and

the Polya Urn can be found in Hjort et al. (2010).

3.3.3 Bernstein polynomial prior

Bernstein polynomials are a special case of B-splines where there are no internal knots (B-splines

will be defined in 3.3.4). To define Bernstein polynomials, it is first necessary to discuss Bernstein
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basis polynomials. There are k + 1 Bernstein basis polynomials of degree k, with the following

structure:

bj,k(x) =

(
k

j

)
xj(1− x)k−j, j = 0, 1, . . . , k. (3.55)

A Bernstein polynomial is then the following linear combination of Bernstein basis polynomials:

Bk(x) =
k∑
j=0

βjbj,k(x), (3.56)

where βj for j = 0, 1, . . . , k are called the Bernstein coefficients.

The Bernstein polynomial prior of Petrone (1999a,b) and Choudhuri et al. (2004) is based on the

Weierstrass approximation theorem that states that any continuous real-valued function on [0, 1]

can be uniformly approximated to any desired accuracy by (Bernstein) polynomials. Let G(.)

denote a cumulative distribution function (cdf) with continuous density g(.) on [0, 1], then the

following mixture

Ĝr(ω) =
r∑
j=1

G

(
j − 1

r
,
j

r

]
Iβ(ω; j, r − j + 1) (3.57)

=
r∑
j=1

wj,rIβ(ω; j, r − j + 1), ω ∈ [0, 1], (3.58)

converges uniformly to G(ω), where G(u, v] = G(v) − G(u) and Iβ(ω; a, b) and β(ω; a, b) denote

the cdf and density of the beta distribution with parameters a and b, respectively. This becomes

the Bernstein polynomial prior when a Dirichlet process is placed on G(.).

3.3.4 B-spline prior

The B-spline prior was developed as a generalisation to the Bernstein polynomial prior to provide

a flexible framework to estimate complicated spectral densities present in real gravitational wave

detector noise (Edwards et al., 2017a). Bernstein polynomials have poor coverage on the unit

interval, meaning they cannot adequately approximate spectral density functions with sharp and

abrupt peaks, called spectral lines. Due to the local support property of B-splines, spectral lines

may be accurately estimated, thus the development of the B-spline prior.
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3.3.4.1 B-splines and B-spline densities

A spline function of order r + 1 is a piecewise polynomial of degree ≤ r with so-called knots

where the piecewise polynomials connect. A spline is continuous at the knots (or continuously

differentiable to a certain order depending on the multiplicity of the knots). The number of

internal knots must be ≥ r. Any spline function of order r + 1 defined on a certain partition can

be uniquely represented as a linear combination of basis splines, B-splines, of the same order over

the same partition (Cai and Meyer, 2011, Powell, 1981). B-splines can be parametrised either

recursively (de Boor, 1993), or by using divided differences and truncated power functions (Cai

and Meyer, 2011, Powell, 1981). The former convention is defined below.

Without loss of generality, assume the global domain of interest is the unit interval [0, 1]. For a

set of k B-splines of degree ≤ r for some integer r ≥ 0, define a nondecreasing knot sequence

ξ = {0 = ξ0 = ξ1 = . . . = ξr ≤ ξr+1 ≤ . . . ≤ ξk−1 ≤ 1 = ξk = ξk+1 = . . . = ξk+r} (3.59)

of k+ r+ 1 knots, comprised of k− r+ 1 internal knots and 2r external knots. The external knots

outside or on the boundary of [0, 1] (i.e., ξ0 ≤ . . . ≤ ξr−1 ≤ ξr = 0 and 1 = ξk ≤ ξk+1 . . . ≤ ξk+r)

are required for B-splines to constitute a basis of spline functions on [0, 1]. The external knots

may be assumed to be exactly on the boundary (and indeed this is an assumption used in the

analysis presented in this thesis). The knot sequence ξ yields a partition of the interval [0, 1] into

k − r subsets.

For j = {1, 2, . . . , k}, each individual B-spline of degree r, Bj,r(.; ξ), depends on ξ only through

the r+ 2 consecutive knots (ξj−1, . . . , ξj+r). The number of internal knots is equal to the degree of

the B-spline Bj,r if there are no knot multiplicities. There can be a maximum of r + 1 coincident

knots for continuity. These knots determine the shape and location of each B-spline.

A B-spline with degree 0 is the following indicator function

Bj,0(ω; ξ) =

1, ω ∈ [ξj−1, ξj),

0, otherwise.
(3.60)

Higher degree B-splines can then be defined recursively using

Bj,r(ω; ξ) =
ω − ξj−1

ξj+r−1 − ξj−1

Bj,r−1(ω; ξ) +
ξj+r − ω
ξj+r − ξj

Bj+1,r−1(ω; ξ), (3.61)

where r > 0 is the degree.
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Figure 3.1: (a): A linear (triangular) B-spline (r = 1) with knots at ω = {0, 0.25, 0.75}. (b): A
quadratic B-spline (r = 2) with knots at ω = {0.25, 0.7, 0.75, 0.8}. (c): A cubic B-spline (r = 3)
with equidistant knots at ω = {0, 0.25, 0.5, 0.75, 1}. (d): A cubic B-spline (r = 3) with unique

knots at ω = {0.25, 0.75} and three coincident knots at ω = 0.5.

Some examples of various B-splines are presented in Figure 3.1, and the following properties are

highlighted: local support on the unit interval, where the B-splines are only non-zero between

their end knots; the number of knots for a degree r B-spline is r + 2; the higher the degree r, the

smoother the B-spline (if there are no coincident knots); and coincident knots (and knots that are

sufficiently close together) lead to sharp peaks.

B-spline densities are the usual B-spline basis functions, normalised so they each integrate to 1

(Cai and Meyer, 2011). The recursive B-spline parametrisation used in this thesis allows one to

easily analytically integrate each B-spline, which is then used as a normalisation constant for the

B-spline density, which is defined as

bj,r(ω; ξ) =
Bj,r(ω; ξ)∫ ξj+r

ξj−1
Bj,r(ω; ξ)dω

. (3.62)

3.3.4.2 B-spline prior

Now that the Bernstein polynomial prior and B-splines have been defined, the B-spline prior can

be formalised.
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Define F = {F : F is a cdf on [0, 1]} and Fr = {F : F is a mixture of Iβ(j, r−j+1) distributions,

j = 1, . . . , r}. The loss function l(.) associated with approximating F by the r − 1 dimensional

space Fr is defined as

l(F ,Fr) = sup
G∈F

inf
F∈Fr

ρ(G,F ), (3.63)

where ρ(G,F ) = supx∈[0,1] |G(x)−F (x)|. As shown by Perron and Mengersen (2001), this loss can

not be made arbitrarily small. Thus the mixture of beta cdfs does not provide adequate coverage

of the space of cdfs on [0, 1]. However, Perron and Mengersen (2001) showed that if one replaces

the beta distributions by B-spline distributions of fixed order (shown for order 2, i.e., triangular

distributions) but with variable knots, the loss can be made arbitrarily small by increasing the

number of knots. This is the rationale for using a mixture of B-spline distributions with variable

knots in the following specification of a sieve prior (a prior that is constructed from a sequence

of priors living on finite dimensional spaces) (Shen and Wasserman, 2001).

The B-spline prior has the following representation as a mixture of B-spline densities:

sr(ω; k,wk, ξ) =
k∑
j=1

wj,kbj,r(ω; ξ), (3.64)

where k is the number of B-splines of fixed degree ≤ r in the mixture, wk = (w1,k, . . . , wk,k) is the

weight vector (with constraint
∑k

j=1wj,k = 1), and ξ is the knot sequence. Rather than placing

a prior on the wk’s whose dimension changes with k, one can follow the approach of Choudhuri

et al. (2004) and assume that the weights are induced by a cdf G on [0, 1]. Similarly, assume that

the k − r internal knot differences ∆j = ξj+r − ξj+r−1 = H

(
j − 1

k − r ,
j

k − r

]
for j = {1, . . . , k − r}

are induced by a cdf H on [0, 1]. Or equivalently, ξj+r = H( j
k−r ) for j = {1, . . . , k− r}. Note that

if B-splines are defined on the unit interval with boundary knots on 0 and 1, then
∑

j ∆j = 1.

The B-spline prior is parametrised in terms of k,G, and H:

sr(ω; k,G,H) =
k∑
j=1

G

(
j − 1

k
,
j

k

]
bj,r(ω;H). (3.65)

Independent Dirichlet process priors are then placed on G and H and a discrete prior on the

number of mixture components k.

The B-spline prior is similar in nature to the Bernstein polynomial prior introduced by Petrone

(1999a,b) and applied to spectral density estimation by Choudhuri et al. (2004). The primary

difference is that the B-spline prior is a mixture of B-spline densities with local support rather

than beta densities with full support on the unit interval as shown in Figure 3.2. Moreover,

placement of knots is fully data-driven.

40



Chapter 3. Statistical methods

0
5

10
15
20

0.00 0.25 0.50 0.75 1.00ω

b j
(ω

)

Cubic B−spline densities

0
2
4
6
8

0.00 0.25 0.50 0.75 1.00ω

β j
(ω

)

Beta densities

Figure 3.2: Top panel: Eight cubic B-spline densities with equidistant knots at ω =
{0, 0.2, 0.4, 0.6, 0.8, 1}. Notice the local support. Bottom panel: Eight beta densities with full

support on the entire unit interval.

When there are no internal knots, the B-spline basis becomes a Bernstein polynomial basis. Bern-

stein polynomials are thus a special case of B-splines, and the B-spline prior could be regarded as

a generalisation of the Bernstein polynomial prior.

Figure 3.3 demonstrates that it is possible to construct curves (B-spline mixtures) with sharp peaks

if knots are sufficiently close together. The top panel shows a set of B-spline density functions

and the bottom panel shows a mixture of these with random weights. The local support property

of B-splines is the reason the B-spline prior will be instrumental in estimating a spectral density

with sharp peaks.

3.4 Fourier analysis of time series

Gravitational wave strain data are a finite duration time series. It is thus important to understand

the theory and practice of time series analysis and digital signal processing. Much of gravitational

wave data analysis is conducted in the frequency domain, making the Fourier transform a pre-

requisite. To ensure gravitational wave data are fit-for-purpose prior to conducting parameter

estimation, the time series may need to be manipulated (using tools such as windowing (3.4.5),

downsampling (3.4.6), and filtering (3.4.7)), and it is necessary to understand how these processes

work. This section provides an overview of the important tools needed to analyse a gravitational

wave time series.
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Figure 3.3: Top panel: Cubic B-spline densities with many knots close to each of the locations
ω = {0.25, 0.5, 0.75}. Bottom panel: A random mixture of these B-spline densities. It is possible

to construct a B-spline mixture with abrupt, sharp peaks.

3.4.1 Stationary time series

A weakly (or second order) stationary time series {Yt} is a stochastic process that has constant

and finite mean and variance over time (i.e., E[Yt] = µ <∞ and Var[Yt] = σ2 <∞, for all t), and

an autocovariance function γ(.) that depends only on the time lag h. That is, for a zero-mean

weakly stationary process, the autocovariance function has the form

γ(h) = E[YtYt+h], ∀t, (3.66)

where E[.] is the expected value operator, and t represents time.

The autoregressive moving average (ARMA) model is a common approach to modelling stationary

time series. This is made up of two components: an autoregressive component and a moving

average component. Assuming the time series {Yt} is mean-centred (i.e., the mean has been

subtracted from the time series to yield zero mean time series), an ARMA(p, q) model has the

following formulation:

Yt −
p∑
i=1

ϕiYt−i = εt +

q∑
i=1

θiεt−1, (3.67)

where p is the number of autoregressive terms, q is the number of moving average terms, and εt

is white noise with zero mean and constant variance (often assumed to be, but not necessarily,

independent normally distributed random variables). The summation on the left-hand side of

the equation is the autoregressive part, and the summation on the right-hand side is the moving
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average part. If q = 0, this reduces to an AR(p) model (autoregressive model of order p). If p = 0,

the ARMA model reduces to a moving average model of order q, or MA(q). If p = q = 0, then

the model reduces to white noise.

A nonstationary time series is one that does not meet the conditions of (weak) stationarity. For

example, a time series with a trend does not have a constant mean over time and is therefore not

stationary. Stationarity of a time series can be tested using classical hypothesis tests such as the

Augmented Dickey-Fuller test (Said and Dickey, 1984), Phillips-Perron unit root test (Phillips and

Perron, 1988), and Kwiatwoski-Phillips-Schmidt-Shin (KPSS) test (Kwiatkowski et al., 1992).

3.4.2 Fourier transform

The Fourier transform is a transformation that maps a function of time to a function of frequency

by using complex sinusoids. In the context of time series analysis (also called signal processing

in the engineering literature), the Fourier transform is immensely useful, as many problems are

naturally solved in the frequency domain as opposed to the time domain.

Formally, let h : R→ R be a real-valued function of time t, then its Fourier transform h̃ : R→ C
is a complex-valued function defined as

h̃(λ) =

∫ ∞
−∞

h(t) exp(−iλt)dt, (3.68)

where λ = 2πν is angular frequency in radians per unit time, and ν is frequency measured in

cycles per unit time. If the unit for time is seconds, the unit for frequency is Hertz, denoted Hz.

The operation that reverses this transformation from the frequency domain to the time domain is

called the inverse Fourier transform, and is defined as

h(t) =
1

2π

∫ ∞
−∞

h̃(λ) exp(iλt)dλ. (3.69)

The Fourier transform and its inverse can be thought of as a Fourier transform pair, denoted

h(t)
 h̃(λ). (3.70)
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3.4.3 Properties of the Fourier transform

Since h is real-valued, then h̃ is Hermitian symmetric. That is,

h̃(−λ) = h̃(λ), (3.71)

where h̃(λ) is the complex conjugate of h̃(λ). This means attention may be restricted to positive

frequencies, as no new information is contained by the redundant negative frequencies.

The Fourier transform is linear. That is, let h(t) 
 h̃(λ) and g(t) 
 g̃(λ) be Fourier transform

pairs, then

ah(t) + bg(t)
 ah̃(λ) + bg̃(λ), (3.72)

for any real numbers a and b.

Through the convolution theorem, a convolution in the time domain forms a Fourier transform

pair with multiplication in the frequency domain. That is,

h(t) ∗ g(t)
 h̃(λ)g̃(λ), (3.73)

where

h(t) ∗ g(t) =

∫ ∞
−∞

h(t− τ)g(τ)dτ (3.74)

is the convolution of h and g. The same is true in reverse. That is, multiplication in the time

domain forms a Fourier transform pair with a convolution in the frequency domain.

The Fourier transform has the following time-shifting property:

h(t− T )
 exp(−iλT )h̃(λ), (3.75)

for any time lag T . That is, shifting a time series h by lag T can be done in the frequency domain

by multiplying the original Fourier transform h̃ by exp(−iλT ).

3.4.4 Discrete Fourier transform

Analogous to the Fourier transform, the discrete Fourier transform (DFT) converts functions of

a finite sequence of discrete time points into a finite set of Fourier coefficients in the frequency

domain. More formally, let h : R→ R be a real-valued time series of finite (even) length n, with

sampling rate 1
∆t

, sampling interval ∆t, and discrete time points t = 0,∆t, 2∆t, . . . , (n − 1)∆t.

44



Chapter 3. Statistical methods

The DFT h̃ : R→ C is then defined as

h̃(λ) =
n−1∑
j=0

h(j∆t) exp(−ijλ∆t), (3.76)

where λ = 0,∆λ, 2∆λ, . . . , (n− 1)∆λ are discrete angular frequencies, with interval ∆λ = 2π
n∆t

.

The integral in Equation 3.68 is replaced by a sum in Equation 3.76. The DFT can therefore be

seen as a discrete approximation to the Fourier transform of a continuous function.

The inverse DFT is the transformation back to the time domain, and is given by

h(t) =
1

n

n−1∑
j=0

h̃(j∆λ) exp(ijt∆λ). (3.77)

The DFT and inverse DFT are efficiently computed using the fast Fourier transform (FFT)

algorithm (Cooley and Tukey, 1965). Like the Fourier transform, the DFT also has Hermitian

symmetry if h is real-valued. If n is even, then there are n
2

+ 1 non-redundant DFT elements.

Note also that h̃(0) and h̃(n
2
∆λ) are always real-valued (zero imaginary components). This means

there are n
2

+ 1 real parts and n
2
− 1 imaginary parts, which can be turned into a vector of length

n for easy manipulation.

3.4.5 Sampling a continuous signal

Many issues may arise when sampling (digitising) a continuous (analog) time series. The problem

of aliasing occurs if there is an insufficient sampling rate. If the sampling rate is too slow,

information about frequency and amplitude may be missed, leading to incorrect conclusions. Power

contained in frequencies above a critical frequency (called the Nyquist frequency) will be folded

onto lower frequency components. The Nyquist frequency is defined to be half of the signal

sampling rate. Frequencies above the Nyquist frequency will be indistinguishable from the lower

frequency components, hence the name aliasing.

Aliasing can be avoided by sampling a continuous signal at a rate that is at least two times the

maximum required frequency. One can then restrict attention to the bandwidth of frequencies

below the Nyquist frequency. Another common approach to avoid aliasing is to apply a low-

pass (anti-aliasing) filter to the signal to remove power from the frequency components above the

Nyquist frequency (see 3.4.7).
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Spectral leakage arises due to finite duration discrete sampling of an infinite duration signal. This

is a problem as frequencies with smaller power can be lost when the power from frequencies

with larger power leak across neighbouring frequencies. As signals are generally time-limited, no

information about the signal is known before or after its measurement period. The FFT assumes

a signal is periodic and repeats itself after it has been measured. However, if a signal is not

perfectly periodic with the number of samples in the signal, n, there will be a discontinuity at

the end-points (i.e., the end-points do not match) and additional frequency components will be

introduced, leading to additional spectral leakage.

Spectral leakage cannot be completely annihilated, but may be mitigated by either taking more

samples, or by choosing an appropriate window function. Windowing can be used to mitigate the

detrimental effects of spectral leakage. A discrete time series of length n can be multiplied by a

window function w(.) in the time domain prior to applying the discrete Fourier transform.

The default window (when no window is used) is called the rectangular window. It is simply given

as:

w(t) = 1, t = 0, 1, . . . , n− 1. (3.78)

By default, a finite duration signal has a rectangular window, and a window (multiplication) in

the time domain implies a convolution in the frequency domain. The Fourier transform of a

rectangular window is an aliased sinc function, and as the sampling rate increases to infinity, this

approaches the sinc function, which is defined as

sinc(x) =
sin(x)

x
, x 6= 0. (3.79)

This convolution leads to a smearing of the spectrum across frequencies far away from a spectral

peak, and thus spectral leakage.

A rectangular window has the lowest total leakage, but this is spread across a large amount of

frequencies, which may blur out details about the spectrum at frequencies further away from the

original frequency. Non-rectangular windows have higher amounts of total leakage, but are less

problematic as they distribute this to frequencies closer to the original frequency. Two important

non-rectangular windows in the context of gravitational wave data analysis are the Hann window

and Tukey window.

The Hann window is often applied to gravitational wave data when estimating the noise PSD (see

3.5). This is defined as:

w(t) =
1

2

(
1− cos

(
2πt

n− 1

))
, t = 0, 1, . . . , n− 1. (3.80)
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Applying a Hann window results in low aliasing effects, but decreases the resolution of the time

series.

The Tukey window (also called the tapered cosine window) is applied to gravitational wave data

prior to Fourier transforming. It has a parameter α that determines the fraction of the window

that follows a tapered cosine, and the fraction that is rectangular. The Tukey window is defined

as:

w(t) =


1
2

(
1− cos

(
tπ
α
2
n

))
, 0 ≤ t ≤ α

2
n,

1, α
2
n ≤ t ≤ (1− α

2
)n,

1
2

(
1− cos

(
(n−t)π
α
2
n

))
, (1− α

2
)n ≤ t ≤ n− 1.

(3.81)

The cosine parts occur at the first and last α
2

fraction of the time series. The rectangular and

Hann windows are special cases of the Tukey window where α = 0 and 0.5 respectively.

A useful discussion on windowing can be found in Harris (1978).

3.4.6 Downsampling

Downsampling or decimation is the process that reduces the sampling rate of a time series. This

is often done to reduce the volume of data processed. If done correctly, downsampled data will

have no information loss (but may introduce aliasing).

It is common to downsample by integer or rational factors. Downsampling by an integer factor

R involves two steps: applying an appropriate low-pass (anti-aliasing) filter to eliminate the high

frequency components of the time series, which is necessary to avoid aliasing at lower sampling

rates; and downsampling the filtered time series by integer factor R to achieve the desired sampling

rate (keeping every Rth sample). Downsampling by a rational factor R
S

(where R, S ∈ Z and

R > S), involves upsampling by an integer factor S via interpolation, then downsampling by an

integer factor R.

A discussion of appropriate anti-aliasing filters can be found in Oppenheim et al. (1999).

3.4.7 Linear filters

A linear filter transforms an input time series into an output time series to meet a particular

objective, or to show special features of the data. For example, it may be of interest to remove

particular frequency components in a given time series. A low-pass filter allows low frequencies

through but cuts out the higher frequencies. A high pass filter does the opposite. A band-pass
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filter has a chosen band of frequencies allowed to pass through, and a band-stop filter only passes

the frequencies outside a specified band.

An important low-pass filter used often in gravitational wave data analysis is the Butterworth

filter (Butterworth, 1930). It is an important anti-aliasing filter, used prior to downsampling data

to prevent aliasing at higher frequencies. The useful property of the Butterworth filter is its flat

frequency response in the pass-band (i.e., it accurately reproduces the input signal) .

The matched filter is also hugely important in gravitational wave astronomy, and played a key role

in the recent discoveries of gravitational waves (Abbott et al., 2016d,f, 2017). Matched filtering

requires a library of known signals, called templates and works by finding the complex conjugate

of a time-reversed template, and convolving this with an unknown signal (Turin, 1960). It is also

the linear filter that maximises the signal-to-noise ratio (SNR). The SNR measures the ratio of a

signal’s power to the power of background noise, and is defined as:

% =

√
2

∫ ∞
0

|s̃(λ)|2
|ε̃(λ)|2 dλ, (3.82)

where s̃(.) is the Fourier transformed signal, ε̃(.) is the Fourier transformed noise, and λ is the

angular frequency.

Matched filtering is a natural method for black hole binary signals as the waveforms for these

sources are well-modelled and relatively easy to produce, meaning it is possible to generate a large

list of templates using a grid of values for all of the important astrophysical parameters.

3.5 Spectral density estimation

One fundamental notion in time series analysis is the spectral density, which characterises a signal

in the frequency domain. Characterising noise from ground-based gravitational wave observatories,

such as Advanced LIGO, requires computing an estimate of its underlying spectral density. The

standard (Gaussian and stationary) approach used in much of the literature may be considered

somewhat rudimentary, particularly because the assumptions of the parametric model are not

realistic. In this section, basic smoothing methods will be described. This will be followed by

more complicated Bayesian nonparametric techniques for inferring the spectral density of a time

series, forming a central part of this thesis.
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3.5.1 Introduction

Useful information about a stationary time series is encoded in its spectral density, sometimes

called the power spectral density (PSD). This quantity describes the strength (or power) each

individual frequency component contributes to the overall time series, and forms a Fourier trans-

form pair with the autocovariance function. More formally, assuming an absolutely summable

autocovariance function (
∑∞

h=−∞ |γ(h)| < ∞), the spectral density function f(.) of a zero-mean

weakly stationary time series is defined as

f(λ) =
1

2π

∞∑
h=−∞

γ(h) exp(−ihλ), λ ∈ (−π, π], (3.83)

where λ is the angular frequency and γ(h) = Cov[Yt, Yt+h] = E[YtYt+h].

To intuit, a time series that rapidly oscillates is said to have strong high frequency components,

and a time series with a slowly varying cycle has strong low frequency components. A time series

that has a flat spectral density is said to be a white noise process. Analogous to white light, all of

the frequencies are present at the same strength.

Spectral density estimation methods can be broadly classified into two groups: parametric and

nonparametric. Parametric approaches to spectral density estimation are primarily based on

fitting an autoregressive moving average (ARMA) model to a time series (Brockwell and Davis,

1991), though these methods tend to give misleading inferences when the parametric model is

poorly specified.

The periodogram In(.) is a common nonparametric estimate of the spectral density of a stationary

time series that randomly fluctuates around the true PSD. It is a popular object of interest in

time series analysis, as it is easily and efficiently computed as the (normalised) squared modulus

of Fourier coefficients using the FFT. That is,

In(λ) =
1

2πn

∣∣∣∣∣
n−1∑
t=0

Yt exp(−itλ)

∣∣∣∣∣
2

, λ ∈ (−π, π], (3.84)

where λ is angular frequency, and Yt is a stationary time series with discrete time points, t =

0, 1, . . . , n− 1.

Though the periodogram is an asymptotically unbiased estimator of the spectral density, it is

not a consistent estimator (Brockwell and Davis, 1991). Smoothing techniques such as Bartlett’s

method (Bartlett, 1950), Welch’s method (Welch, 1967), and the multitaper method (Thomson,

1982) aim to reduce the variance of the periodogram by dividing a time series into (potentially
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overlapping) segments, calculating the periodogram for each segment, and averaging over all of

these. Unfortunately, these techniques are sensitive to the choice of smoothing parameter (i.e., the

number of segments), resulting in a variance/bias trade-off. Reducing the length of each segment

also leads to poorer frequency resolution.

Another common nonparametric approach to spectral estimation involves the use of splines.

Smoothing spline techniques are not new to spectral estimation (see e.g., Cogburn and Davis

(1974) for an early reference). Wahba (1980) used splines to smooth the log-periodogram, with an

automatic data-driven smoothing parameter, avoiding the difficult problem of having to choose

this quantity. Kooperberg et al. (1995) used maximum likelihood and polynomial splines to ap-

proximate the log-spectral density function.

Bayesian nonparametric approaches to spectrum estimation have gained momentum in recent

times. In the context of splines, Gangopadhyay et al. (1999) used a fixed low-order piecewise

polynomial to estimate the log-spectral density of a stationary time series. They implemented a

RJMCMC algorithm (Green, 1995), placing priors on the number of knots and their locations,

with the goal of estimating spectral densities with sharp features. Choudhuri et al. (2004) placed a

Bernstein polynomial prior (Petrone, 1999a,b) on the spectral density. The Bernstein polynomial

prior is essentially a finite mixture of beta densities with weights induced by a Dirichlet process.

The number of mixture components is a smoothing parameter, chosen to have a discrete prior.

Zheng et al. (2010) generalised this and constructed a multi-dimensional Bernstein polynomial

prior to estimate the spectral density function of a random field. Also extending the work of

Choudhuri et al. (2004), Macaro (2010) used informative priors to extract unobserved spectral

components in a time series, and Macaro and Prado (2014) generalised this to multiple time

series.

Other interesting Bayesian nonparametric approaches include Carter and Kohn (1997) inducing a

prior on the log-spectral density using an integrated Wiener process, and Tonellato (2007) placing a

Gaussian random field prior on the log-spectral density. Liseo et al. (2001), Rousseau et al. (2012),

and Chopin et al. (2013) used Bayesian nonparametric methods to estimate spectral densities from

long memory time series, and Rosen et al. (2012) focused on time-varying spectra in nonstationary

time series.

The majority of the Bayesian nonparametric methods (for short memory time series) mentioned

here make use of Whittle’s approximation to the Gaussian likelihood, often called the Whittle

likelihood (Whittle, 1957). The Whittle likelihood Ln(.) for a mean-centred weakly stationary
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time series Yt of length n with spectral density f(.) has the following formulation:

Ln(y|f) ∝ exp

− bn−1
2
c∑

l=1

(
log f(λl) +

In(λl)

f(λl)

) , (3.85)

where λl = 2πl/n are the positive Fourier frequencies, b(n−1)/2c is the greatest integer value less

than or equal to (n − 1)/2, and In(.) is the periodogram defined in Equation (3.84). If the PSD

is assumed known, the log f term in Equation (3.85) is a constant and can be ignored.

Compare Whittle’s pseudo-likelihood to the true likelihood for a Gaussian time series,

Ln(y|f) = (2π)−n/2|Σ|−1/2 exp

(
−1

2
y′Σ−1y

)
, (3.86)

where Σ is the n× n autocovariance matrix with entries γ(i− j) given by

γ(h) =

∫ π

−π
f(λ) exp(ihλ)dλ. (3.87)

The Whittle likelihood has an advantage over the true Gaussian likelihood as it has a direct

dependence on the PSD rather than the autocovariance function. The cost of inverting the n× n
autocovariance matrix is O(n3) whereas the Whittle approximation can be evaluated in O(n log n)

operations. The Whittle likelihood is only exact for Gaussian white noise but works well under

certain conditions, even when the data are not Gaussian (Shao and Wu, 2007). That is, the

Fourier coefficients are asymptotically independent and Gaussian for a large class of non-Gaussian

and non-linear time series. However, Contreras-Cristán et al. (2006) show that there is a loss of

efficiency when using the Whittle likelihood compared to the true (Gaussian or non-Gaussian)

likelihood.

The Whittle likelihood is ubiquitous in gravitational wave data analysis and a literature review of

spectral density estimation in the context of Advanced LIGO data can be seen in Chapter 5.

3.5.2 Periodogram smoothing

Periodogram smoothing is a simple approach to spectrum estimation, with the aim of reducing the

variance of the periodogram to uncover the truth. The most common approaches are Bartlett’s

method (Bartlett, 1950) and Welch’s method (Welch, 1967).

Bartlett’s method works by splitting a time series of length n into k non-overlapping equal length

segments, then computing the periodogram for each segment, and taking the average of these. The
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original method averages via the mean, though the median can provide more robust estimates.

Welch’s method extends on Bartlett’s method by allowing segments to overlap, and by multiplying

each segment by an appropriate window function.

One obvious cost of these approaches is their poorer frequency resolution. However, this is not

a problem in the context of gravitational wave data analysis, as the Welch method is applied by

considering noise segments close to, but not on, the true gravitational wave signal.

3.5.3 Time-varying spectra

When a time series is nonstationary, it is common to look at time-varying spectra, or time-

frequency maps, that show how the power distributed across each frequency bin changes over

time. The most common time-frequency map is the spectrogram, which makes use of the short-

time Fourier transform. A time series is broken into (usually overlapping) windowed segments,

and the power spectrum at each frequency in each time segment is measured using the squared

modulus of the short-time Fourier transform for that segment.

It is important to note that time-frequency maps are subject to the uncertainty principle — there

is a trade-off between time and frequency resolutions. Intuitively, there will be poorer frequency

resolution for shorter time segments.

Excess power searches of time-frequency maps are used by the gravitational wave community in

the search for short duration unmodelled gravitational wave signals, or bursts. These methods

include X-Pipeline by Sutton et al. (2010) and coherent WaveBurst (cWB) by Klimenko et al.

(2008). Time-frequency maps have also made their way to the analysis of long-duration transients

(Thrane et al., 2011). Wavelets are generally used as a more sophisticated alternative to the

spectrogram, and are an integral part of the BayesWave algorithm (Cornish and Littenberg, 2015),

which also characterises burst-type gravitational wave signals.

An alternative approach for constructing time-frequency maps is the AdaptSpec algorithm of

Rosen et al. (2012). This estimates the number of segments and segment lengths using reversible

jump MCMC. Within each segment, it uses smoothing splines to estimate the spectral density.

Some work presented in Chapter 5 will demonstrate how one can break a nonstationary time series

into locally stationary segments, and use the nonparametric Bernstein polynomial prior of Petrone

(1999a,b) and Choudhuri et al. (2004) to estimate the spectral density of each segment.
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3.5.4 Bayesian nonparametric approaches to spectral density estima-

tion

3.5.4.1 Bernstein polynomial prior

The Bernstein polynomial prior, defined in 3.3.3, has been used to estimate the spectral density of

stationary time series by Choudhuri et al. (2004), Edwards et al. (2015), Macaro (2010), Macaro

and Prado (2014), Zheng et al. (2010).

As the spectral density is not defined on the unit interval (which is the support of the beta

probability density function), one must first reparameterise f(λ) such that

f(πω) = τ × q(ω), ω ∈ [0, 1], (3.88)

where τ =
∫ 1

0
f(πω)dω is the normalising constant. Note that if working with angular frequency

λ, then the scaled frequency is given by ω = λ
π
. If working with frequency ν (in Hertz), then the

scaled frequency is ω = ν
ν0

where ν0 is the Nyquist frequency. Here, Equation 3.88 becomes

f(ν0ω) = τ × q(ω), ω ∈ [0, 1]. (3.89)

To specify a prior on spectral density f(.), a Bernstein polynomial prior is placed on q(ω), using

the following hierarchical scheme of Choudhuri et al. (2004):

• q(ω) =
∑k

j=1G
(
j−1
k
, j
k

]
β(ω|j, k− j+1), where G is a cdf, and β(ω|a, b) is a beta probability

density with parameters a and b.

• G is a Dirichlet process distributed random probability measure with base measure G0 and

precision parameter M .

• k has a discrete probability mass function such that p(k) ∝ exp(−θkk2), k = 1, 2, . . ..

• τ has an Inverse-Gamma(ατ , βτ ) distribution.

• G, k, and τ are a priori independent.

The stick-breaking representation of Sethuraman (1994) is used to construct the Dirichlet process.

This is an infinite-dimensional model that is truncated to a large but finite number of mixture

components L for computational purposes. The choice of a large L will provide a more accu-

rate approximation but at the expense of increasing computation time. G is parametrised to
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(Z0, Z1, . . . , ZL, V1, . . . , VL) such that

G(ω) =

(
L∑
l=1

plδZl(ω)

)
+

(
1−

L∑
l=1

pl

)
δZ0(ω), (3.90)

where p1 = V1, pl =
(∏l−1

j=1 (1− Vj)
)
Vl for l ≥ 2, Vl ∼ Beta(1,M) for l = 1, . . . , L, Zl ∼ G0 for

l = 0, 1, . . . , L, and δa(x) is an indicator function that is one if x = a and zero otherwise. This

yields the finite mixture prior of the spectral density

f(πω) = τ

k∑
j=1

wj,kβ(ω|j, k − j + 1), (3.91)

with weights wj,k =
∑L

l=0 plI{ j−1
k
< Zl ≤ j

k
} and p0 = 1−∑L

l=1 pl.

Abbreviating the vector of parameters to θ = (v, z, k, τ), the joint prior is

p(θ) ∝
(

L∏
l=1

M(1− vl)M−1

)(
L∏
l=0

g0(zl)

)
p(k)p(τ), (3.92)

and is updated using the Whittle likelihood to produce the unnormalised joint pseudo-posterior.

3.5.4.2 B-spline prior

The Bernstein polynomial prior was found to be ill-suited for modelling the PSD of real Advanced

LIGO detector noise (Edwards et al., 2015), leading to the development of the B-spline prior.

The B-spline prior was first defined in 3.3.4. Similar to the Bernstein polynomial prior, to place

a prior on the spectral density f(.) of a stationary time series defined on the interval [0, π], one

must first transform to the interval [0, 1]:

f(πω) = τ × sr(ω; k,G,H), ω ∈ [0, 1], (3.93)

where τ =
∫ 1

0
f(πω)dω is the normalising constant, and sr(.) is the B-spline prior defined in

Equation (3.65). Note again that if working with angular frequency λ, then scaled frequency is

given by ω = λ
π
, and if working with frequency ν (in Hertz), then scaled frequency is given by

ω = ν
ν0

where ν0 is the Nyquist frequency, in which case Equation 3.93 becomes

f(ν0ω) = τ × sr(ω; k,G,H). (3.94)

The prior for f(.) then has the following hierarchical structure:
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• G determines the weights (i.e., scale) for each of the k B-spline densities. LetG ∼ DP(MG, G0),

where MG > 0 is the precision parameter and G0 is the base probability distribution function

with density g0.

• H determines the location of knots and hence the shape and location of the B-spline densities.

Let H ∼ DP(MH , H0), where MH > 0 is the precision parameter and H0 is the base

probability distribution function with density h0.

• k is the number of B-splines in the mixture and has discrete probability mass function

p(k) ∝ exp(−θkk2) for k = 1, 2, . . . , kmax. Here kmax is the largest possible value k is allowed

to take. That is, limit the maximum value of k for computational reasons and do pilot runs

to ensure a larger kmax is not required.

• τ is the normalising constant. Let τ ∼ IG(ατ , βτ ).

Assume all of these parameters are a priori independent.

As Dirichlet process priors have been placed on G and H, an algorithm to sample from these distri-

butions is required. To sample from a Dirichlet process, Sethuraman’s stick-breaking construction

(Sethuraman, 1994) is utilised. For computational purposes, the number of mixture distributions

for Dirichlet process representations of G and H is truncated to large but finite positive integers

(LG and LH respectively).

To set up the stick-breaking process, reparameterise G to (Z0, Z1, . . . , ZLG , V1, . . . , VLG) such that

G(ω) =

(
LG∑
l=1

plδZl(ω)

)
+

(
1−

LG∑
l=1

pl

)
δZ0(ω), (3.95)

p1 = V1, (3.96)

pl =

(
l−1∏
j=1

(1− Vj)
)
Vl, l ≥ 2, (3.97)

p0 = 1−
LG∑
l=1

pl, (3.98)

Vl ∼ Beta(1,MG), l = 1, . . . , LG, (3.99)

Zl ∼ G0, l = 0, 1, . . . , LG, (3.100)

and H to (X0, X1, . . . , XLH , U1, . . . , ULH ) such that
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H(ω) =

(
LH∑
l=1

qlδXl(ω)

)
+

(
1−

LH∑
l=1

ql

)
δX0(ω), (3.101)

q1 = U1, (3.102)

ql =

(
l−1∏
j=1

(1− Uj)
)
Ul, l ≥ 2, (3.103)

q0 = 1−
LH∑
l=1

ql, (3.104)

Ul ∼ Beta(1,MH), l = 1, . . . , LH , (3.105)

Xl ∼ H0, l = 0, 1, . . . , LH , (3.106)

where δa(x) = 1 if x = a and is 0 otherwise.

Conditional on k, the above hierarchical structure provides a finite mixture prior for the spectral

density of a stationary time series

f(πω) = τ
k∑
j=1

wj,kbj,r(ω; ξ), (3.107)

with weights

wj,k =

LG∑
l=0

plI

{
j − 1

k
< Zl ≤

j

k

}
, (3.108)

and knot differences

∆j = (ξj+r − ξj+r−1) (3.109)

=

LH∑
l=0

qlI

{
j − 1

k − r < Xl ≤
j

k − r

}
, (3.110)

for j = {1, . . . , k−r} and k > r. The denominator k−r in Equation (3.110) comes from assuming

the exterior knots are the same as the boundary knots. Note that the lower internal boundary

knot is assumed to be ξr = 0, meaning the first knot difference is ∆1 = ξr+1 − ξr = ξr+1. The

subsequent knot placements are determined by taking the cumulative sum of the knot differences.

Note also that if the upper boundary knot is 1, then
∑

j ∆j = 1.
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Abbreviating the vector of parameters to θ = (v, z,u,x, k, τ), the joint prior is

p(θ) ∝
(

LG∏
l=1

MG(1− vl)MG−1

)(
LG∏
l=0

g0(zl)

)

×
(
LH∏
l=1

MH(1− ul)MH−1

)(
LH∏
l=0

h0(xl)

)
× p(k)p(τ).

To produce the unnormalised joint pseudo-posterior, this joint prior is updated using the Whittle

likelihood defined in Equation (3.85).

The R package bsplinePsd was developed to conduct this analysis in, and is available on the

Comprehensive R Archive Network (CRAN) (Edwards et al., 2017b). Implementation details as

they apply to Advanced LIGO data can be seen in Chapter 5.

3.5.4.3 Nonparametric correction of a parametric likelihood

This subsection presents an alternative approach to modelling the spectral density of a time series

by generalising the Whittle likelihood. The key notion here is that one can take advantage of the

efficiency of parametric models while mitigating potential misspecifications using a nonparametric

correction. This is joint work from the paper by Kirch et al. (2017) and for the sake of completeness,

a brief review of this paper is given here.

Consider a parametric working model (with mean 0) for time series Yn = (Y1, . . . , Yn)
′

(e.g.,

ARMA), and assume this is a reasonable approximation to the true time series. Denote fparam(.)

as the spectral density of this parametric working model. If the model is misspecified, then

this spectral density will be incorrect and must be corrected to obtain the correct second-order

dependence structure. A correction matrix is then defined as

Cn = Cn(f, fparam)

=

diag
(

f(λ0)
fparam(λ0)

, f(λ1)
fparam(λ1)

, f(λ1)
fparam(λ1)

, . . . , f(λN )
fparam(λN )

, f(λN )
fparam(λN )

,
f(λn/2)

fparam(λn/2)

)
n even,

diag
(

f(λ0)
fparam(λ0)

, f(λ1)
fparam(λ1)

, f(λ1)
fparam(λ1)

, . . . , f(λN )
fparam(λN )

, f(λN )
fparam(λN )

)
n odd,

where N = b(n− 1)/2c.

Let Fn be the n × n orthonormal matrix that when multiplied by a time series Yn, produces a

vector of discrete Fourier coefficients, FnYn. First, start with Yn in the time domain and Fourier

transform this to the frequency domain to yield FnYn. Then multiply this by square root of the
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correction matrix Cn to produce C
1/2
n FnYn, and inverse Fourier transform back to the time domain

to get F
′
nC

1/2
n FnYn. One can then produce the following nonparametrically corrected likelihood

function under the parametric working model

pCparam(Yn|f) ∝ det(Cn)−1/2 pparam(F
′

nC
− 1

2
n FnYn), (3.111)

where pparam denotes the parametric likelihood.

As an example, one can restrict attention to an AR(p) parametric working model such that

Yi =
∑p

l=1 alYi−l + εi where {εi} are iid N(0, 1) random variables with density ϕ(.). Note that one

can set σ2 = 1 without loss of generality. This yields the following parametric likelihood of the

working model for order p ≥ 0 and coefficients a = (a1, . . . , ap):

pparam(Yn|a) ∝ pparam(Yp|a)
n∏

i=p+1

ϕ

(
Yi −

p∑
l=1

alYi−l

)
, (3.112)

with spectral density

fparam(λ; a) =
1

2π

∣∣∣∣∣1−
p∑
l=1

ale
−ilλ

∣∣∣∣∣
−2

. (3.113)

The time series is assumed to be stationary and causal (completely determined by the past) a

priori.

One can then use the nonparametric Bernstein polynomial prior of Choudhuri et al. (2004) on the

spectral density to update the nonparametrically corrected likelihood (rather than the Whittle

likelihood) to produce a pseudo-posterior. However, rather than specifying a prior on the spectral

density f(.), one can do so on a pre-whitened version of it, thus incorporating the spectral density

of the parametric working model. That is, consider an eta-damped correction function:

cη(λ) = cη(λ; a) = f(λ)/fparam(λ; a)η, (3.114)

where η ∈ [0, 1] specifies the level of confidence in the parametric model. If η is close to 1, the

model is well-specified and cη(.) will be smoother than the original spectral density as fparam(.) is

already a reasonable fit to the data. Estimating cη(.) should therefore take less effort than f(.).

If η is close to 0, any erroneous spectral peaks introduced by a misspecified parametric model will

be damped.

The Bernstein polynomial prior of Choudhuri et al. (2004) is placed on cη(.) rather than f(.). The

only difference in the set-up is to choose p(k) ∝ exp(−θkk log(k)) as the discrete prior for k.
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The prior on cη(.) induces a prior on f(.) via multiplication with fparam(.; a)η. The pseudo-posterior

can then be defined as:

pCpost(V1, . . . , VL, Z0, Z1, . . . , ZL, k, τ |Yn, a, η)

∝ p(V1, . . . , VL, Z0, Z1, . . . , ZL, k, τ) det(Cn)−1/2pparam(F
′

nC
−1/2
n FnYn|a),

where Cn = Cn (cη(λ; a)fparam(λ; a)η−1).

One can include estimation of the parametric working model parameters into the Bayesian setting.

That is, for fixed p, include parameters a, as well as spectral shape parameter η. One must ensure

stationarity, causality, and identifiability of the parametric model by placing a prior on the partial

autocorrelations ρ = (ρ1, . . . , ρp) with ρl ∈ [−1, 1] for l = 1, . . . , p. For reparametrisation details,

see Kirch et al. (2017).

The prior specification for the spectral density then becomes:

f(λ) = cη(λ)fparam(λ;ρ)η, (3.115)

where a Uniform[0, 1] prior is placed on η, and Uniform[-1, 1] priors are placed on ρ.

To visualise why a prior is placed on the eta-damped correction function, consider two simula-

tions: AR(1) data with a well-specified AR(1) parametric working model; and AR(4) data with a

misspecified AR(1) parametric working model. The nonparametric correction algorithm is run for

20,000 iterations (with a burn-in of 10,000 and thinning factor of 2) assuming these parametric

working models are to be nonparametrically corrected. Figures 3.4 and 3.5 show the relation-

ship between the estimated median PSD f(.), the estimated parametric PSD fparam(.)η using the

median values for ρ and η, and the eta-damped correction function cη(.).

For the well-specified case, η̂ = 0.9672, and it can be seen in Figure 3.4 that cη(.) is smooth and

small in scale relative to f(.) and fparam(.)η. This is much easier to approximate using Bernstein

polynomials than f(.) itself. Also notice how close f(.) is to fparam(.)η. Compare this to the

misspecified case in Figure 3.4 where η̂ = 0.0744, cη(.) is less smooth and close to f(.). This is the

case where estimating cη(.) using Bernstein polynomials will be just as challenging as estimating

f(.), as both functions are similar.

The R package beyondWhittle was developed to conduct this analysis in, and is available on CRAN

(Meier et al., 2017). Earlier versions of the code were also used for the methods of 3.5.4.1.
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Figure 3.4: Nonparametric correction with an AR(1) working model applied to AR(1) data
with a1 = 0.9. This parametric working model is well-specified.
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Figure 3.5: Nonparametric correction with an AR(1) working model applied to AR(4) data with
a1 = 0.9, a2 = −0.9, a3 = 0.9, and a4 = −0.9. This parametric working model is misspecified.
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3.6 Principal component analysis

In Chapter 4, principal component analysis and principal component regression are used to con-

struct signals from rotating stellar core collapse that are embedded in noise. A brief review of

these methods is given here.

Principal component analysis (PCA) is a multivariate technique used in dimension reduction (or-

dination) problems, and transforms a set of potentially correlated variables into a set of linearly

uncorrelated principal components (PCs). PCA works by considering a data cloud with an or-

thogonal set of axes, and finding a set of eigenvectors from the covariance matrix of the data by

centering and rotating these axes (Rencher, 2002). This produces a new coordinate system that

the data are projected onto. Each vector that undergoes PCA can be represented as a linear

combination of the orthogonal basis vectors, where the projection of the data onto the first basis

vector has the largest variance (or eigenvalue), the projection onto the second basis vector has the

second highest variance, and so on.

Suppose X is an m × n data matrix with m mean-centred row vectors of length n. The goal of

PCA is to transform (rotate) data matrix X to a matrix of uncorrelated variables Y (PC scores) by

finding an orthonormal matrix P such that Y = PX, where Y has a diagonalised covariance matrix

Σ = 1
n−1

Y Y ′. As XX ′ is a symmetric matrix, this is achieved using an eigendecomposition (also

called spectral decomposition). That is, XX ′ may be decomposed into a matrix of its orthonormal

eigenvectors E, and a diagonal matrix D (whose diagonal elements are the eigenvalues of XX ′)

using XX ′ = EDE ′. It follows that if one sets P = E ′, then Σ = 1
n−1

D. The principal components

are the eigenvectors of XX ′ (or rows of P ) and the variances are the diagonal elements of Σ.

Principal component regression (PCR) is linear regression with the PC basis vectors as explanatory

variables. Dimension reduction is achieved by considering only the first d basis vectors (with the

highest eigenvalues), the so-called d PCs, that preserves as much of the information in the original

data as possible. The choice of d is non-trivial, though is often based heuristically on Scree plots.

However, traditional model comparison techniques may be used.

In 4.3.3, the choice of d is made by considering a constrained optimised version of DIC. In 4.3.4,

a simple birth-death reversible jump MCMC algorithm is implemented to automatically select d.

3.7 Classification

Classification is a common statistical task. Given a set of groups, is it possible to predict the

class of an object by probing its key features? In the context of gravitational wave data analysis,
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classification methods could be used to, for example, classify various types of signals or glitches.

In this thesis, the classification methods to follow will be used to infer the precollapse differen-

tial rotation profile of a rotating stellar core collapse event. This variable is categorical, and in

particular, ordinal, making classification methods well-suited for this challenge.

3.7.1 Supervised machine learning

3.7.1.1 Näıve Bayes classifier

The Näıve Bayes classifier (Ripley, 1996) is a common supervised learning algorithm and dis-

criminant method used to group objects into a discrete set of classes based on a set of features.

The algorithm requires a training set of objects with known groupings and observed features.

Once the algorithm has learnt from the training set, each object in a test set (containing a set of

observed features and potentially unknown classes) is assigned to the group that it has the highest

probability of belonging to.

The “Bayes” component of the method refers to Bayes’ theorem

p(c|u) ∝ p(c)p(u|c) (3.116)

where c ∈ C is the class that an object could belong to, and u are the features exploited to classify

the object. That is, given some observed features u, what is the posterior probability of an object

belonging to class c?

The “näıve” component refers to the assumption of conditional independence of the model features

u = (u1, u2, . . . , ud), where d is the number of different features. This assumption implies that the

joint pdf p(u|c) can be factorised as the product of marginal distributions

p(u|c) =
d∏
i=1

p(ui|c), (3.117)

and so equation (3.116) becomes

p(c|u) = p(c)
d∏
i=1

p(ui|c). (3.118)

Given class c, each feature (u1, u2, . . . , ud) is assumed to be independently normally distributed.

The model parameters are approximated using the relative frequencies from the training set. The

class prior probabilities p(c) are specified as the number of objects in class c in the training set
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divided by the total number of objects. Objects are grouped into the class that yields the highest

posterior probability. This is known as the maximum a posteriori (MAP) decision rule.

3.7.1.2 k-nearest neighbour

An alternative supervised machine learning algorithm to the näıve Bayes classifier is the k-nearest

neighbour algorithm (Ripley, 1996), which uses a measure of “closeness” between objects rather

than a probabilistic framework. If k = 1, an object in the test set is assigned to the class of its

single nearest neighbour in the training set, where ties in distance are settled at random.

The definition of closeness in this context depends on the choice of metric, though Euclidean

distance is often assumed in the literature (Ripley, 1996). For any object with features u =

(u1, u2, . . . , ud) in the test set, the k-nearest neighbour algorithm finds the object with features

v = (v1, v2, . . . , vd) in the training set that minimises the Euclidean distance

distance(u,v) =

√√√√ d∑
i=1

(ui − vi)2, (3.119)

and then assigns u to the class of v.

3.7.2 Generalised linear models

Generalised linear models (GLMs) are a generalisation of general linear models, allowing for cat-

egorical response variables and error distributions that are not normally distributed (but belong

to the exponential family of distributions) (Agresti, 2002). GLMs are also useful for binary, nom-

inal, and ordinal classification problems. The key component of GLMs is the link function g(.)

that links the expected value of the response variable Y to the linear predictor Xα. That is,

E[Y ] = g−1(Xα).

3.7.2.1 Bayesian ordinal probit regression

If one has an ordered categorical response variable, it is possible to conduct a Bayesian analysis

using a Bayesian ordinal probit regression model. Though ordinal logit models are generally more

popular under the frequentist framework, ordinal probit models are easier to implement in the

Bayesian context.
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Using the framework presented by Albert and Chib (1993), let Y1, . . . , Yn be categorical response

variables, with ordered classes c = 1, . . . , C. Let the cumulative probabilities for each observation

i = 1, . . . , n and each class c = 1, . . . , C be denoted ηic = P(Yi ≥ c) = Φ(γc − x
′
iα). That is,

assume there is a continuous latent variable Zi ∼ N(x
′
iα, 1), where Yi = c if γc−1 < Zi ≤ γc. Here,

(γ0, γ1, . . . , γC) are the cut-points for each category, where it is assumed that γ0 = −∞, γ1 = 0

and γC =∞.

Assuming diffuse priors on α and γ, the joint posterior is:

p(α,γ, Z|y) ∝
n∏
i=1

(√
1

2π
exp

{−(Zi − x
′
iα)2

2

}
×
(

C∑
c=1

I{Yi=c}I{γc−1<Zi≤γc}

))
. (3.120)

Sampling from the posterior is done via a Gibbs sampler. However, implementation details may

differ depending on how one samples the cut-points (Cowles, 1996).
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Parameter estimation for rotating stellar

core collapse

4.1 Introduction

Due to the analytical intractability and complex multi-dimensional nature of rotating stellar core

collapse events, a significant amount of computational time must go into numerically simulating

the gravitational waveforms. This involves simulating all of the physics relating to stellar core

collapse, which can be considered a mélange of general relativity, particle physics, and nuclear

physics. Unlike binary inspiral events, one cannot simply use template-based search methods for

supernova burst events as it is computationally impossible to cover the entire signal parameter

space. It is therefore important to derive alternative parameter estimation techniques.

The expected rate of core collapse supernovae in the Milky Way is around three per century

(Adams et al., 2013). It is therefore important to ensure that appropriate data analysis routines

are in place so as not to miss an opportunity to detect and make timely statements about these

rare events. Some of the following approaches have aimed to estimate key parameters of stellar

core collapse events using their gravitational wave signals.

Summerscales et al. (2008) utilised the maximum entropy framework to deconvolve noisy data from

multiple (coherent) detectors, with the goal of extracting a core collapse supernova gravitational

wave signal. Inference on amplitude and phase parameters was conducted using cross correlation

between the recovered waveform and the set of competing waveforms from the Ott et al. (2004)

catalogue. A match was defined as the model with the maximum cross correlation to the recovered

waveform.
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Heng (2009) first proposed a PCA approach to simplify the problem by reducing a given supernova

waveform catalogue space down to a small number of basis vectors. Röver et al. (2009) extended

this approach and created a novel Metropolis-within-Gibbs sampler to reconstruct test signals

from the Dimmelmeier et al. (2008) catalogue in noisy data using a PCR model with random

effects and unknown signal arrival time. The authors then attempted to exploit the structure of

the posterior PC coefficients with a simple χ2 measure of distance to determine which catalogue

waveform best matched the injected test signal. Although the Bayesian reconstruction method

showed much promise, extraction of the underlying physical parameters had limited success.

Logue et al. (2012) used the nested sampling algorithm of Skilling (2006) to compute Bayesian

evidence for PCR models under three competing supernova mechanisms — neutrino, magnetoro-

tational, and acoustic mechanisms. Each supernova mechanism has a noticeably distinct gravita-

tional waveform morphology, and the method was successful at correctly inferring a vast majority

of injected signals. The authors found that for signals embedded in simulated Advanced LIGO

noise, the magnetorotational mechanism could be distinguished to a distance of up to 10 kpc, and

the neutrino and acoustic mechanisms up to 2 kpc. This work was later extended by Powell et al.

(2016), using real noise from a network of detectors and Bayes factors to select an appropriate

number of PCs.

Abdikamalov et al. (2014) generated a new rotating core collapse waveform catalogue and applied

matched filtering to infer total angular momentum to within ±20% for rapidly rotating cores.

For slowly rotating cores, this changed to ±35%. Along with matched filtering, they employed

the Bayesian model selection method presented by Logue et al. (2012) to illustrate that under

certain assumptions of the rotation law, the second generation of gravitational wave detectors

(Advanced LIGO, Advanced Virgo, and KAGRA), could also extract information about the degree

of precollapse differential rotation. The two methods worked particularly well for rapidly rotating

cores.

In contrast to the Bayesian approach, Engels et al. (2014) used multivariate regression and classi-

cal hypothesis testing to analyse important astrophysical parameters from rotating core collapse

signals. Rather than reconstructing the waveforms using a linear combination of PCs, the authors

used least squares to find an encoded relationship between the PC basis functions and the as-

trophysical parameters. They could identify the most important astrophysical parameters in the

presence of simulated detector noise.

The majority of this chapter describes the research presented by Edwards et al. (2014). The aim of

this research was to show that it is possible to extract astrophysically meaningful information about

a rotating progenitor undergoing core collapse using its statistically reconstructed gravitational

wave signal. Bayesian PCR models were used to reconstruct a gravitational wave signal embedded
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in simulated Advanced LIGO noise. Known astrophysical parameters were then regressed on the

posterior means of the PC coefficients using a Bayesian linear regression model. The ratio of

rotational kinetic energy to gravitational potential energy of the inner core at bounce was estimated

by sampling from the posterior predictive distribution, and precollapse differential rotation was

classified using two supervised machine learning algorithms.

In addition to the results of Edwards et al. (2014), some new (unpublished) results are also

presented. An alternative signal reconstruction method based on birth-death reversible jump

MCMC is implemented to remove the arbitrariness of choosing an appropriate number of principal

components. A Bayesian ordinal probit model is used to classify precollapse differential rotation.

Further parameter estimation results based on model comparison and cross-validation are also

presented, with the aim of inferring the nuclear equation of state (EOS).

4.2 Core collapse waveform catalogue

A description of the rotating core collapse and bounce gravitational wave simulations by Abdika-

malov et al. (2014) is given in this section. This data catalogue is used to show in the sections to

follow that it is possible to extract astrophysically meaningful information about rotating stellar

core collapse using Bayesian methods and supervised machine learning algorithms.

The waveforms come from two-dimensional numerical axisymmetric general-relativistic hydrody-

namic rotating core collapse and bounce supernova simulations. Based on findings that gravita-

tional wave signals are essentially independent of the progenitor zero age main sequence (ZAMS)

mass by Ott et al. (2012), a single presupernova progenitor model (the 12 solar mass at ZAMS

solar-metallicity progenitor model from Woosley and Heger (2007)) was adopted. The cylindrical

rotation law from Ott et al. (2004) was also assumed.

The gravitational wave catalogue is partitioned into a training set and a test set. The training set

contains l = 92 signals with five levels of precollapse differential rotation A (where higher values of

A represent weaker differential rotation), a grid of values for initial central angular velocity Ωc, as

well as a grid of values for the ratio of rotational kinetic energy to gravitational energy of the inner

core at bounce βic,b (since βic,b is a function of Ωc for a fixed progenitor structure). Each signal in

the training set was generated using the microphysical finite-temperature Lattimer-Swesty (LS)

EOS (Lattimer and Swesty, 1991), parametrised deleptonisation scheme from Dimmelmeier et al.

(2008), and neutrino leakage scheme from Ott et al. (2012). As well as varying A, Ωc, and βic,b,

the test set contains m = 47 signals with differing EOS and deleptonisation parametrisations

Ye(ρ). Specifically, some test signals were generated using the Shen EOS (Shen et al., 1998), or
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an increase/decrease in Ye(ρ) parametrisation by ∼ 5%. The values of Ωc and βic,b in the test set

are in the same parameter space as those in the training set, but with an alternative grid. The

object of this analysis is to infer the physical parameters (βic,b, A, and EOS) of the signals in the

test set using information gleaned about signals in the training set.

The signals were initially sampled at 100 kHz and subsequently downsampled by a rational factor

to 16384 Hz (the sampling rate of the Advanced LIGO detectors). As mentioned in Section 3.4.6,

downsampling by a rational factor essentially involved two steps: upsampling by an integer factor

via interpolation and then applying a low-pass filter to eliminate the high frequency components

(this step is necessary to avoid aliasing at lower sampling rates); and downsampling by an integer

factor to achieve the desired sampling rate. The resampled data was zero-bufferred to ensure each

signal was the same length, n = 16384, which corresponded to 1 s of data at the Advanced LIGO

sampling rate. Each signal was then aligned so that the first negative peak (not necessarily the

global minimum), corresponding to the time of core bounce, occurred halfway through the time

series.

In this analysis, the source of a gravitational wave emission is assumed to be optimally ori-

ented (perpendicular) to a single interferometer. Each signal is linearly polarised with zero cross-

polarisation.

A general waveform morphology is illustrated in Figure 4.1. During core collapse, there is a slow

increase in gravitational wave strain until the first local maximum is reached (before 0.5 s). This

is followed by core bounce, where the strain rapidly decreases towards a local minimum (at 0.5 s).

This corresponds to the time when the inner core expands at bounce. After this, there is a period

of ring-down oscillations. For slowly rotating progenitors (as seen in the top panel of Figure 4.1),

the gravitational wave strain is essentially the same during collapse and bounce and only differs

during the stochastic ring-down. For the rapidly rotating progenitors (presented in the bottom

panel of Figure 4.1), larger precollapse differential rotation results in: a smaller local maximum

during core collapse; a more negative local minimum during core bounce; and a larger first ring-

down peak. Because of these patterns, Abdikamalov et al. (2014) concluded that inferences about

precollapse differential rotation could in principle be made for rapidly rotating cores.

The data analysed are rotating core collapse gravitational wave signals injected in additive Gaus-

sian noise, coloured by the Advanced LIGO design sensitivity spectral density, f(.). According to

LALAdvLIGOPsd (Sathyaprakash, 2007), the Advanced LIGO noise PSD is

f(ν) = f0


(
ν

ν0

)−4.14

− 5
(ν0

ν

)2

+ 111

1−
(
ν
ν0

)2

+ 0.5
(
ν
ν0

)4

1 + 0.5
(
ν
ν0

)2


 , (4.1)
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Figure 4.1: A snapshot of the Abdikamalov et al. (2014) catalogue. The top panel shows
the gravitational wave strain (scaled by source distance) for five models with different levels of
precollapse differential rotation (from strongest differential rotation A1 to weakest A5), each with
βic,b ∼ 0.03 (i.e., slowly rotating progenitors). The bottom panel is the same, but for rapidly

rotating progenitors with βic,b ∼ 0.09.

where ν is the frequency in Hertz and ν0 = 215 Hz (not to be confused with the Nyquist frequency

of the same symbol). The returned value is scaled up by f0 = 1049. Noise is generated in the

frequency-domain by sampling Gaussian random variables with zero mean and variances given in

4.3. These complex-valued random variables are inverse Fourier transformed and then the real

parts are taken to be the time-domain Gaussian random variables.

The data are then Tukey windowed to mitigate spectral leakage. Rather than fixing source distance

to 10 kpc (as done by Abdikamalov et al. (2014)), this analysis assumes a fixed SNR of % = 20. As

done by Röver et al. (2009), f(.) is estimated a priori by averaging 1000 empirical periodograms

from identically simulated Advanced LIGO noise using Bartlett’s method. This corresponds to a

realistic scenario where the noise spectrum must be estimated as well. Although supernovae from

the Milky Way will not produce SNRs as small as % = 20, this value was chosen to illustrate that

the methods are robust at lower SNRs.
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4.3 Signal reconstruction

PCA and PCR approaches to signal reconstruction and parameter estimation of supernova grav-

itational wave signals have become popular over recent years (Abdikamalov et al., 2014, Heng,

2009, Logue et al., 2012, Powell et al., 2016, Röver et al., 2009). Signal reconstruction models

1 and 2 in the following subsections are based on the work of Röver et al. (2009) and used in

Edwards et al. (2014) to infer important astrophysical parameters. Model 3 is a novel alternative

to the problem, based on trans-dimensional reversible jump MCMC and model averaging.

4.3.1 Signal reconstruction model 1: Metropolis-within-Gibbs PCR

with known signal arrival time

A PCA is applied to the training set to reduce dimensionality. Each training waveform is repre-

sented as a linear combination of orthonormal basis vectors, where the projection of the data onto

the first basis vector has maximum variance, the projection onto the second basis vector has second

highest variance, and so on. By considering only projections on the first d < l basis vectors, the

so-called d PCs, a parsimonious representation of the catalogue signals in d dimensions is achieved

that preserves as much of the information of the original training set as possible. The first four

PCs from the Abdikamalov et al. (2014) catalogue are illustrated in 4.2. Notice particularly how

the first PC contains the obvious collapse (first positive peak) and bounce (large negative peak)

morphology, and that the higher PCs (i.e., the ones with the lower eigenvalues) show more of the

post-bounce ringdown morphology, and are on a smaller scale.

Once PCA is conducted, the first d PCs are treated as the explanatory variables of a linear model.

The data analysed are a time series vector y of length n and decomposes into additive signal and

noise components. Let ỹ be the Fourier transformed data vector of length n and let X̃ be the

n × d design matrix, whose columns are the Fourier transformed mean-centred PC vectors from

the base catalogue. The frequency domain linear model is

ỹ = X̃α + ε̃, (4.2)

where α is the vector of PCR coefficients and ε̃ is the Fourier transformed coloured zero-mean

Gaussian noise vector whose variance terms are

σ2
νj

=
n

4∆t

f(νj). (4.3)
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Figure 4.2: The first four principal components from the Abdikamalov et al. (2014) catalogue.

Here, νj refers to (nonredundant positive) frequency in Hertz, ∆t is the sampling interval, and f(.)

is the a priori known (i.e., pre-estimated) noise spectral density. Due to Hermitian symmetry, the

frequency domain data vector ỹ contains only the non-redundant real and imaginary components

and is therefore the same length as the time domain vector y. Conversion between time and

frequency domains is conducted using a FFT.

The likelihood for the Bayesian PCR model with known signal arrival time is

p(ỹ|α) ∝ exp

−2
n∑
j=1

∆t

n

(
ỹj −

(
X̃α

)
j

)2

f(νj)

 . (4.4)

Assuming Uniform(−∞,∞) (flat) priors on α, the posterior distribution for the PC coefficients is

α|ỹ ∼ N(µ,Σ), (4.5)

where

Σ = (X̃
′
D−1X̃)−1, (4.6)

µ = ΣX̃
′
D−1ỹ, (4.7)
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and D = diag(σ2
νj

) is the diagonal covariance matrix of individual variances for the noise compo-

nent. This multivariate normal distribution can be sampled directly with no MCMC required.

Noninformative priors were chosen for this model as there is very little information about the

constraints of the PCs. Most information learnt in the algorithm therefore comes from the likeli-

hood rather than the prior. It was important to keep the data and prior knowledge separate and

distinct, and to avoid using information from the waveform catalogue for both purposes. That

is, an empirical Bayes approach was not deemed appropriate for the given scenario. As the only

data available for analysis were the generated gravitational waves, complete prior ignorance on all

reconstruction model parameters was assumed.

For comparability with the signal reconstruction model in the next subsection, 100,000 values are

directly sampled from the posterior, 10,000 are removed as “burn-in”, and the remaining samples

are thinned by a factor of 5.

4.3.2 Signal reconstruction model 2: Metropolis-within-Gibbs PCR

with unknown signal arrival time

The Bayesian PCR model presented in the previous section assumed a known signal arrival time.

The precise arrival time of a gravitational wave signal to an interferometer will generally not be

known in practice, and must therefore be included as an additional unknown parameter in the

statistical model.

Let T be a cyclical time shift representing the unknown signal arrival time, and let X̃T be the

Fourier transformed design matrix X̃ shifted by lag T , such that the Fourier transformed PCs are

aligned with the Fourier transformed data vector ỹ. This transformation can be done directly in

the frequency domain as a phase shift by multiplying the columns of X̃ by exp(−2πiνT ), where ν

is frequency in Hertz (not angular frequency).

This signal reconstruction model is based on the model presented by Röver et al. (2009), although

the primary goal in this analysis is inferring the physical parameters of a supernova progenitor,

and not signal reconstruction.

Using the same reasoning described in the previous section, assume flat priors on α and T . The

likelihood for the Bayesian PCR model with unknown signal arrival time is

p(ỹ|α, T ) ∝ exp

−2
n∑
j=1

∆t

n

(
ỹj −

(
X̃Tα

)
j

)2

f(νj)

 . (4.8)
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For a given time shift T , the conditional posterior distribution for the PC coefficients α|T is

α|T, ỹ ∼ N(µT ,ΣT ), (4.9)

where

ΣT = (X̃
′

TD
−1X̃T )−1, (4.10)

µT = ΣT X̃
′

TD
−1ỹ. (4.11)

To estimate α and T , a Markov chain is constructed, whose stationary distribution is the posterior

distribution of interest using Metropolis-within-Gibbs sampler. This is essentially a Gibbs sampler

that alternates between the full set of conditional posterior distributions p(α|T, ỹ) and p(T |α, ỹ).

The former can be sampled directly using equation (4.9), and the latter requires a random walk

Metropolis step.

After initialisation, step i+ 1 in the Metropolis-within-Gibbs algorithm is:

1. Directly sample the conditional posterior of α(i+1)|T (i) using equation (4.9);

2. Propose T (∗) from tνdf (T
(i), ζ2) and accept T (i+1) = T (∗) with the Metropolis acceptance

probability

r = min

(
1,
p(T (∗)|α, ỹ)

p(T (i)|α, ỹ)

)
. (4.12)

Otherwise reject and set T (i+1) = T (i).

A Student-t distribution was chosen as the proposal distribution for the algorithm. It has a similar

(symmetrical) shape to the normal distribution but has heavier tails and an additional degrees-of-

freedom parameter, νdf . The heavier tails of the Student-t distribution results in bolder proposals

than the normal distribution. This mitigates getting stuck in local modes and aims to improve

mixing. The degrees-of-freedom parameter was set to νdf = 3, which is the smallest integer that

yields a distribution with finite variance. Note that smaller νdf implies heavier tails in the Student-

t distribution, which gives higher probability density towards the tails. This is what allows for

bolder proposals, which could improve mixing. The proposal for T (i+1) is centred on T (i), and

has scale parameter ζ2 that is initially and arbitrarily set to 0.05, and subsequently automatically

tuned during the algorithm to ensure good mixing and acceptance rates using an approach that

aims to achieve an acceptance probability of 0.44.

Simulations using this model run for 100,000 iterations, with a burn-in period of 10,000 and a

thinning factor of 5.
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4.3.3 Fixed dimension model selection

An important statistical task is to select a prudent number of model dimensions whilst incorpo-

rating Occam’s razor into the decision making process. More specifically, one needs to balance

model fit against complexity to ensure over-fitting is avoided. Over-fitting becomes a significant

issue when making predictions outside of a training data set. In the context of PCR, the decision

is usually made based on the amount of variation the first d PCs contribute to the data set (i.e.,

analysing Scree plots and using some kind of “elbow criterion”). This approach is arbitrary and

deals specifically with dimension reduction, but not Occam’s razor. The choice of the number

of PCs has also been somewhat arbitrary in most of the supernova gravitational wave parame-

ter estimation literature and this number has usually been d = 10 (see for example Röver et al.

(2009) and Abdikamalov et al. (2014)). An alternative approach, involving DIC and constrained

optimisation is proposed.

The optimal choice of d proposed here is based on careful analysis of the DIC for competing models

and constrained optimisation. Since PCs are ordered by the total amount of variation they make

up in the data set, PCA provides a convenient ordering system for nested modelling. Let Md

represent the set of possible PCR models, where d = 1, 2, . . . , l is the number of explanatory

variables in the model. The models are nested such that M1 has one explanatory variable (PC1),

M2 has two explanatory variables (PC1 and PC2), and so on.

For each of the l = 92 signals in the training set (each added to the same realisation of simulated

Advanced LIGO noise for consistency), all of the models {M1,M2, . . . ,M92} are fitted and then

compared using DIC. The model with the lowest DIC is the best fit to the data. However, models

with an absolute difference in DIC of . 5 are generally taken to be indistinguishable from one

another (Spiegelhalter et al., 2002) and so to prevent over-fitting, a constrained optimisation

routine is conducted, where the selected model has the smallest d such that the difference in DIC

between Md and the model with the minimum DIC is less than 5. More specifically, let Mmin be

the model with the minimum DIC, then find d such that

argmin
d

{
DIC(Md)−DIC(Mmin) < 5

}
. (4.13)

This routine is employed for each of the l = 92 training set signals, and the distribution of Md’s

over all signals is analysed. The median of this distribution seems a prudent choice for a general-

purpose number of PCs due to a skewed distribution. The median is also robust against outliers.

It is important to note here that under this framework, it is not possible to choose a different

value for d for each signal as this would lead to a sparse design matrix (which may be singular or

cause numerical errors) when sampling from the posterior predictive distribution. Therefore, one
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should conduct the proposed constrained optimisation model selection method on all of the l = 92

training set signals and take the median of the distribution of d’s as the general-purpose d.

The change in DIC as model dimensionality increases is analysed. Figure 4.3 illustrates DIC as a

function of model dimensionality for signal A1O2.5 from the Abdikamalov et al. (2014) catalogue.

This is the typical shape of the DIC curve for all signals in the training set and a good visual aid

of Occam’s razor in action. There tends to be a sharp decrease in DIC as the model dimension

increases at the beginning, where model fit is improving. DIC flattens out and then reaches a

minimum, where there is the best balance between fit against complexity. After this, there is a

slow rise in DIC as the model dimension increases and becomes too complex.

16350
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0 25 50 75
Model Dimension

D
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Figure 4.3: DIC as a function of model dimensionality for model A1O2.5 from the Abdikamalov
et al. (2014) catalogue. The dashed vertical line to the right represents the model with the
minimum DIC (Mmin = M22). The dotted vertical line to the left represents the model dimension

after constrained optimisation (Md = M13).

The flat basin around the global minimum in Figure 4.3 is of particular interest. Since models

with an absolute difference in DIC of less than 5 are essentially indistinguishable, it is sensible

to select the model with the smallest number of dimensions in this region to prevent over-fitting.

For signal A1O2.5, there is a significant decrease in model dimensionality from Mmin = M22 to

Md = M13. The choice of d for this particular signal (A1O2.5) is d = 13.

The histogram in Figure 4.4 shows the distribution of d for all l = 92 signals in the training set.

It is positively skewed, with a median (and mode) of 14 PCs and mean of 17 PCs. The number of

PCs is chosen to be d = 14, and is based on the median of this distribution. This is the number
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Figure 4.4: Distribution of model dimensionality for all l = 92 signals in the training set under
the constrained optimisation routine.

of explanatory variables that are used in signal reconstruction models 1 and 2. Heuristically, this

should mitigate the risks of both over-fitting and under-fitting as best as possible. A critique of

the method is that 14 PCs will not be the optimal number of PCs for each signal. This cannot be

avoided here due to the need for a fixed number of PCs to construct an explanatory matrix for

posterior predictive sampling in later sections.

4.3.4 Signal reconstruction model 3: Reversible jump PCR

Rather than using a fixed number of PCs to reconstruct a rotating core collapse gravitational

wave signal, the reversible jump MCMC algorithm of Green (1995) can be implemented to allow

for trans-dimensional jumps. Model selection is also automatic under this framework via model

averaging.

As PCs are organised according to the amount of variation they contribute to the catalogue (their

eigenvalues), there is a natural ordering and nested structure. A nested model therefore suits this

scenario well.

The algorithm is implemented with a birth-death regime. The algorithm decides whether to stay at

the current model Mi, to move to model Mi+1 by adding the PC with the next highest eigenvalue

(birth), or to move to model Mi−1 by removing the PC with the smallest eigenvalue (death). If the
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algorithm stays at Mi, an ordinary Metropolis-Hastings move is made. As mentioned in 3.2.6.1,

a common scheme is to assign one third probability to each of the jump up, jump down, and stay

proposals, and this is adopted here. That is, let ri,i−1(θi) = ri,i(θi) = ri,i+1(θi) = 1
3

if i 6= {1, d}.
Note that if i = 1 then r1,1(θ1) = r1,2(θ1) = 1

2
, and if i = d then rd,d−1(θd) = rd,d(θd) = 1

2
.

For simplicity, assume the gravitational wave signal is embedded in Gaussian white noise. The

time domain model set-up is

y = Xα + ε, (4.14)

where X is the PC design matrix, α are the PC coefficients, and ε is additive Gaussian white

noise such that ε ∼ N(0, σ2
ε I).

Assume conjugate priors for all of the model parameters. The model parameters have the following

a priori distributions:

α ∼ N(0, σ2
αI), (4.15)

σ2
ε ∼ IG(a0, b0). (4.16)

Setting σ2
α = 1000 and a0 = b0 = 0.001 provides a noninformative prior set-up. However, using the

zeroth order method described in 3.2.6, one can adjust σ2
α to tune the jumping proposal variance,

σ2.

The acceptance ratio moving from θi to c(θi) = (θi, 0) is

A{θi, (θi, 0)} =
1

(2πσ2
α)1/2

ri+1,i

ri,i+1

σ

(2π)−1/2
. (4.17)

One can then set this equal to 1 to solve for the proposal variance σ2. This is given as

σ2 = σ2
α

(
ri,i+1

ri+1,i

)2

. (4.18)

Thus, one can automatically tune the proposal using information from the prior.

An example, demonstrating signal reconstruction of a representative signal from the Dimmelmeier

et al. (2008) catalogue is now presented. This signal is embedded in Gaussian white noise with

zero mean and standard deviation 0.25. The RJMCMC algorithm runs for 100,000 iterations with

a burn-in of 50,000 and a thinning factor of 5. The trace plot of model dimension is shown in

Figure 4.5. For this particular signal, the number of PCs converges in the region of d ≈ 20.

To compute the model-averaged reconstructed signal, multiply the posterior samples associated

with each of these sampled models by the PC design matrix and take the pointwise mean for
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Figure 4.5: RJMCMC trace plot for model dimensionality for a representative signal from the
Dimmelmeier et al. (2008) catalogue.

each time point. The 90% credible region is computed in the same way, using the 5th and 95th

percentiles. The reconstructed signal can be seen in Figure 4.6.
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Figure 4.6: Reconstructed signal from the Dimmelmeier et al. (2008) waveform catalogue.
The true signal (solid black) and model-averaged estimate (dashed blue) are overlaid with the

model-averaged 90% credible region (shaded pink).
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The reconstructed signal in Figure 4.6 is very close to the true signal and the 90% credible region

mostly contains the truth. Note that different signals will settle in a different regions of PC space

depending on the need for more or less PCs to explain the signal. This will also depend largely

on the prior, particularly the variance term σ2
α, which is used to automatically tune the proposal

variance σ2. Larger values of σ2
α will favour a smaller number of PCs.

4.4 Ratio of rotational kinetic energy to gravitational po-

tential energy of the inner core at bounce

In this section, the ratio of rotational kinetic energy to gravitational potential energy of the inner

core at bounce (denoted βic,b) from stellar core collapse gravitational wave signals is estimated.

As mentioned in 4.2, the Abdikamalov et al. (2014) rotating core collapse gravitational wave

catalogue is split into a training set and test set. Patterns in the data are learned using the l = 92

signals in the training set, and these patterns are used to make inferences about the m = 47 signals

in the test set. For each signal in the training and test sets, Bayesian PCR signal reconstruction

models (from 4.3.1 and 4.3.2) are fitted, using the first d PCs as explanatory variables (where the

choice of d = 14 is explained in 4.3.3).

An l× (d+ 1) design matrix P is then constructed, with rows equal to the posterior means of the

d PC coefficients (plus an intercept term), for each of the l signals in the training set. That is,

Pij = α̂ij where α̂i is the PC coefficient parameter estimate for training signal i.

The primary goal is to exploit the posterior PC coefficient space to make inferences on the physical

parameters of rotating core collapse stellar events in the test set. This is accomplished by fitting a

linear regression model with the known physical parameters from the training set as the response

variable on the design matrix P using

β = Pγ + εβ, (4.19)

where β is the l× 1 vector of a single known continuous physical parameter from the training set,

γ is the vector of regression coefficients, and εβ is an error term, assumed to come from an iid

normal distribution with zero mean and variance σ2
β. Estimates using the posterior predictive dis-

tribution are the primary interest in this analysis, and not the model parameters (PC coefficients)

themselves.

Assuming the convenient noninformative prior distribution that is uniform on (γ, log σβ), the

posterior predictive distribution for a normal linear model is a multivariate Student-t distribution
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and can be sampled from directly with no MCMC (Gelman et al., 2013). The formula is

β̌|β ∼ tl−d−1

(
P̌ γ̂, s2

(
I + P̌ VβP̌

′
))

, (4.20)

where β̌ is the vector of outcomes to infer (i.e., the physical parameters from signals in the test

set), P̌ is the m× (d+ 1) matrix whose rows are the posterior means of the signals in the test set

(and an intercept term) from the Bayesian PCR step, I is the m×m identity matrix, and

Vβ = (P
′
P )−1, (4.21)

γ̂ = VβP
′
β, (4.22)

s2 =
1

l − d− 1
(β − P γ̂)

′
(β − P γ̂). (4.23)

Each of the l = 92 training set signals and m = 47 test set signals are added to simulated (design

sensitivity) Advanced LIGO noise with SNR % = 20. These are then fitted using the two Bayesian

PCR signal reconstruction models (from 4.3.1 and 4.3.2). Using the constrained optimisation

approach of 4.3.3, the first d = 14 PC basis vectors are chosen to reconstruct each signal.

The known physical values of βic,b are then regressed on the posterior means of the sampled PC

coefficients from the training set signals. Samples are then directly taken from the posterior

predictive distribution of the test set signals to infer the unknown βic,b for these new data.

Figures 4.7–4.10 show the estimates of βic,b. The true value from the test set (red triangle) is

compared with the estimated value (blue circle) and uncertainty is measured using 90% credible

intervals (black lines). Figures 4.7 and 4.8 assume a known signal arrival time (see 4.3.1). The

signal arrival time T is unknown for Figures 4.9 and 4.10 (see 4.3.2). The change in background

gradient for Figures 4.7 and 4.9 represents the varying precollapse differential rotation model

A for signals with LS EOS and standard Ye(ρ) parametrisation. For Figures 4.8 and 4.10, the

background shade represents gravitational wave signals (from a precollapse differential rotation

model A1) with a Shen EOS, or increase/decrease in Ye(ρ) of ∼ 5%. βic,b is scaled up by a factor

of 100 in these plots.

Accurate estimates of βic,b are made for the vast majority of test signals in Figure 4.7. The posterior

predictive means are close to the true values of βic,b and the 90% credible intervals generally contain

the truth. However, βic,b from signal 27 (A5O3.25 from the Abdikamalov et al. (2014) catalogue)

has a particularly poor estimate. This signal comes from a slowly rotating core with uniform

rotation, and the poor estimate here is likely to be due to the strong stochastic components in the

gravitational wave signal from prompt postbounce convection (Abdikamalov et al., 2014). The

true values of βic,b are on the boundary of the 90% credible intervals for signals 3 (A1O10.25),

80



Chapter 4. Parameter estimation

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

0

5

10

15

20

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
Test Signal

β i
c,

b

Type

● Predicted

True

Model

A1

A2

A3

A4

A5

Figure 4.7: 90% credible intervals of βic,b for the 29 test signals with the LS EOS and standard
Ye(ρ) parametrisation. T is known.

9 (A2O6.25), 18 (A3O5.25), and 23 (A4O3.25), but there is no distinguishable pattern between

these signals. The credible intervals are relatively small, at approximately four units (×10−2) long.

This means that it is particularly easy to distinguish βic,b between gravitational wave signals.

The credible interval length widens by a factor of ∼ 1.5 when changing from a known to unknown

signal arrival time. Incorporating an unknown time shift increases the uncertainty of the PC

coefficients since the MCMC algorithm draws α|T . That is, the additional uncertainty from

conditioning on T propagates through to α. However, inferences are still accurate in most cases. It

can be seen in Figure 4.9 that signal 27 (A5O3.25) has a poor estimate again. Signal 23 (A4O3.25)

also has an unfavourable estimate, with credible interval on the negative side of the number line.

This is a physically impossible range for a strictly positive variable, and is a consequence of the

priors only constraining the linear model parameters (γ, σ2
β). More specifically, it is not possible to

place priors on the response variable of physical parameters β to constrain the estimated physical

parameters β̌. A similarity between the two signals with unfavourable estimates (signals 23 and

27) are that they both come from a slowly rotating core with weak differential rotation.

The methods worked moderately well when making inferences about gravitational wave signals

with varying EOS and deleptonisation parametrisations, although some signals with moderate

rotation in Figure 4.8 are underestimated. Three of these signals come from an increase of Ye(ρ)
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Figure 4.8: 90% credible intervals of βic,b for the 18 test signals with varying EOS and Ye(ρ)
parametrisation. Note that m refers to an increase in Ye(ρ) of 5%, p refers to a decrease in Ye(ρ)

of 5%, and s refers to the Shen EOS. T is known.

parametrisation, one from a decrease of Ye(ρ) parametrisation, and two from the Shen EOS. When

incorporating an unknown time shift in Figure 4.10, the uncertainty of T increases and covers the

true parameters. The increase in the width of credible interval makes it more difficult to distinguish

βic,b between signals.

One could conclude that the methods employed in this section are slightly sensitive to uncertainties

in Ye(ρ) and EOS. Dimmelmeier et al. (2008) found that a gravitational wave signal has relatively

weak dependence on the nuclear EOS. It will also be shown in 4.6 that it was only possible to

correctly identify between the LS and Shen EOS for 50% of the signals in the Dimmelmeier et al.

(2008) waveform catalogue using cross-validation and model comparison techniques.

The results presented here assumed a SNR of % = 20. To test robustness, simulations with SNRs of

% = 50 and % = 100 were trialled (but are not presented here for brevity). These are more realistic

levels for detecting rotating stellar core collapse events in the Milky Way. Estimates and credible

intervals of βic,b were approximately the same, regardless of the SNR. This can be attributed to

using only the posterior means of the PC coefficients in constructing design matrix P , and not

the full posterior distributions. Choosing to use the posterior means therefore artificially removed
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Figure 4.9: 90% credible intervals of βic,b for the 29 test signals with the LS EOS and standard
Ye(ρ) parametrisation. T is unknown.

some of the uncertainty (due to Advanced LIGO noise and signal reconstruction) when estimating

βic,b.

4.5 Precollapse differential rotation

The aim of this section is to infer precollapse differential rotation from rotating stellar core collapse

gravitational wave signals embedded in simulated Advanced LIGO noise. Precollapse differential

rotation is treated as a categorical variable with five different levels in this analysis. Define the set

of classes C = {A1, A2, A3, A4, A5}, where A1 has the strongest precollapse differential rotation

and A5 has the weakest.

4.5.1 Supervised learning algorithms

In Section 4.4, gravitational wave signals were reconstructed using the PCR models of 4.3.1 and

4.3.2. Design matrix P and matrix P̌ were then constructed using the posterior means of the

PC coefficients of the reconstructed signals from the training set and test set respectively. These
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feature matrices are inputs to the näıve Bayes classifier and k-nearest neighbour supervised learning

algorithms (described in 3.7.1.1 and 3.7.1.2), used to extract precollapse differential rotation from

each of the signals in the test set. The goal of this analysis is to let both algorithms learn from the

training set to discriminate gravitational wave signals in the test set. Let k = 1 so that the single

nearest neighbour is selected in the k-nearest neighbours algorithm. For näıve Bayes, assume the

prior probabilities for each class are proportional to the number of signals in that class.

Table 4.1 shows the percentage of signals in the test set that have a correctly identified level of A

using the näıve Bayes and k-nearest neighbour algorithms. The methods are compared using ᾱ

and ¯̌α from data with known and unknown signal arrival times.

The results between models with known and unknown signal arrival times are similar. The stan-

dard gravitational waves from class A1 are discriminated well by both algorithms. The decrease

(and to some degree, the increase) in Ye(ρ) parametrisation did not affect the algorithms’ abilities

to discriminate. Both algorithms performed particularly poorly for the Shen EOS test signals,

which may suggest that A is slightly sensitive to the EOS (at least for strong pre-collapse differ-

ential rotation).
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Table 4.1: Percentage of signals in the test set with correctly identified precollapse differential
rotation A using näıve Bayes (NBC) and k-nearest neighbours (k-NN).

Known T (%) Unknown T (%)

Differential Rotation, A NBC k-NN NBC k-NN
A1
– Standard 83 83 83 83
– ↑ Ye(ρ) 67 50 67 50
– ↓ Ye(ρ) 67 83 83 100
– Shen EOS 33 17 0 17
A2 50 75 50 50
A3 43 57 29 57
A4 0 80 20 80
A5 33 33 0 33

The k-nearest neighbours algorithm generally performs better than näıve Bayes for gravitational

wave signals with weak to moderate differential rotation (A3, A4, A5). This could be attributed

to the choice in prior classes for the näıve Bayes method. Since models with stronger differential

rotation are more populated in the training set, they have a higher prior probability than those

with weaker differential rotation.

4.5.2 Bayesian ordinal probit regression

Precollapse differential rotation is technically a continuous variable, but treated as a categorical

variable in these analyses due to a limited grid of values available. Rather than treating the classes

as nominal, it may make sense to use an ordinal model as A1 exhibits strong differential rotation,

weakening to A5.

Using the MCMCoprobit function from the MCMCpack R package (Martin et al., 2011), a Bayesian

ordinal probit regression model is fitted, with PC explanatory matrix P constructed using the

algorithm of 4.3.1. The data augmentation algorithm of Cowles (1996) is used to sample the

cut-points (γ2, . . . , γC−1). The algorithm is run for 500,000 iterations, with burn-in of 250,000 and

thinning factor of 10 to yield 25,000 final samples. Improper uniform (diffuse) priors are placed

on all parameters. Note that the signal arrival time T is assumed to be known here.

Once the ordinal probit model is fitted to the training set, it is of interest to make inferences about

what class c each signal in the test set belongs to. To do this, one can sample from the posterior
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predictive distribution. Using Monte Carlo integration, this can be approximated as:

p(ynew = c|y) ≈ 1

N

N∑
j=1

I(γ
(j)
c−1 < Z

(j)
i ≤ γ(j)

c ), (4.24)

where Z
(j)
i ∼ N(x

′
iα

(j), 1) are the continuous latent variables for signals i = 1, . . . , 47 at iteration

j. That is, for each iteration (j = 1, . . . , N), multiply the posterior samples of α by explanatory

variables xi to find the mean of Zi, then randomly sample one point the normal distribution with

this mean, and variance 1. Next, count the number of Zi’s in each class c according to the sampled

cut-points (γ2, . . . , γC−1), noting that γ0 = −∞, γC = ∞, and γ1 is normalised to equal 0. The

posterior predictive probability of being in class c is then the proportion of samples allocated into

that group. For this analysis, the highest class probability then decides which differential rotation

class each test signal most likely belongs to. The class probabilities for each signal in the test set

can be viewed in Table 4.2.

Overall, there is 65% success rate for estimating differential rotation class using the Bayesian

ordinal probit model. Of the 16 incorrectly classified signals, 10 were selected into an adjacent

class. This is particularly true for signals with differential rotation class A2 and A4. This is

promising and demonstrates that even though the class selection for these signals is incorrect,

most of these estimates are not far away from their true differential rotation, keeping in mind

that differential rotation is actually a continuous parameter (but treated as categorical for these

analyses due to a limited grid of values).

The aggregated results for each signal type can be seen in Table 4.3. Compare this to the results

of Table 4.1. For a known signal arrival time, the Bayesian ordinal probit model outperforms both

of the supervised learning algorithms for strong and weak precollapse differential rotation (A1 and

A5 respectively), yielding better estimates. This is particularly noticeable for A1 signals that have

an increased deleptonisation parametrisation, as well as a Shen EOS. For moderate precollapse

differential rotation models A2, A3 and A4, the Bayesian ordinal probit model performs better

than näıve Bayes, but not k-nearest neighbours.

4.6 Nuclear equation of state

The Dimmelmeier et al. (2008) waveform catalogue has a large population of 128 gravitational

wave signals from rotating stellar core collapse. The catalogue uses two nuclear equations of

state, where half of the signals are generated using the LS EOS and half with the Shen EOS.

This is a much more ripe data set for attempting to infer a binary nuclear equation of state than
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Table 4.2: Differential rotation class probabilities under the Bayesian ordered probit model.

Signal A1 A2 A3 A4 A5 Estimate Truth
A1O05.25 0.29 0.35 0.23 0.09 0.03 A2 A1

A1O05.25m 0.50 0.33 0.13 0.04 0.01 A1 A1
A1O05.25p 0.11 0.24 0.28 0.20 0.17 A3 A1
A1O05.25s 0.08 0.22 0.29 0.22 0.18 A3 A1
A1O08.25 0.91 0.08 0.01 0.00 0.00 A1 A1

A1O08.25m 0.51 0.31 0.13 0.04 0.01 A1 A1
A1O08.25p 0.68 0.23 0.07 0.02 0.00 A1 A1
A1O08.25s 0.65 0.24 0.08 0.02 0.00 A1 A1
A1O10.25 0.74 0.19 0.05 0.01 0.00 A1 A1

A1O10.25m 0.38 0.36 0.18 0.06 0.02 A1 A1
A1O10.25p 0.86 0.11 0.02 0.00 0.00 A1 A1
A1O10.25s 0.05 0.19 0.30 0.26 0.21 A3 A1
A1O12.25 0.92 0.06 0.01 0.00 0.00 A1 A1

A1O12.25m 0.88 0.10 0.02 0.00 0.00 A1 A1
A1O12.25p 0.69 0.21 0.07 0.02 0.01 A1 A1
A1O12.25s 0.57 0.29 0.11 0.03 0.00 A1 A1
A1O13.75 0.90 0.08 0.01 0.00 0.00 A1 A1

A1O13.75m 0.71 0.22 0.06 0.01 0.00 A1 A1
A1O13.75p 0.69 0.23 0.06 0.01 0.00 A1 A1
A1O13.75s 0.55 0.30 0.11 0.03 0.01 A1 A1
A1O15.25 0.69 0.23 0.07 0.01 0.00 A1 A1

A1O15.25m 0.85 0.13 0.02 0.00 0.00 A1 A1
A1O15.25p 0.43 0.32 0.17 0.06 0.02 A1 A1
A1O15.25s 0.78 0.17 0.04 0.01 0.00 A1 A1
A2O02.25 0.33 0.36 0.21 0.08 0.03 A2 A2
A2O04.25 0.58 0.28 0.11 0.03 0.01 A1 A2
A2O06.25 0.19 0.32 0.28 0.14 0.07 A2 A2
A2O07.25 0.42 0.35 0.17 0.05 0.01 A1 A2
A2O08.25 0.34 0.36 0.21 0.07 0.02 A2 A2
A2O09.25 0.33 0.36 0.21 0.08 0.02 A2 A2
A2O10.25 0.29 0.36 0.23 0.09 0.03 A2 A2
A2O11.25 0.57 0.28 0.10 0.03 0.01 A1 A2
A3O02.25 0.08 0.23 0.30 0.23 0.16 A3 A3
A3O03.25 0.06 0.18 0.28 0.25 0.23 A3 A3
A3O04.25 0.15 0.29 0.30 0.17 0.09 A3 A3
A3O05.25 0.54 0.29 0.12 0.04 0.01 A1 A3
A3O06.25 0.03 0.14 0.27 0.29 0.28 A4 A3
A3O08.25 0.03 0.15 0.28 0.27 0.27 A3 A3
A3O09.25 0.16 0.31 0.29 0.16 0.08 A2 A3
A4O02.25 0.11 0.28 0.31 0.19 0.11 A3 A4
A4O03.25 0.24 0.32 0.25 0.13 0.07 A2 A4
A4O04.25 0.01 0.05 0.15 0.25 0.55 A5 A4
A4O05.25 0.04 0.16 0.27 0.26 0.26 A3 A4
A4O06.25 0.02 0.09 0.22 0.28 0.39 A5 A4
A5O03.25 0.28 0.34 0.23 0.10 0.04 A2 A5
A5O04.25 0.01 0.07 0.18 0.27 0.46 A5 A5
A5O05.25 0.01 0.05 0.15 0.26 0.53 A5 A5
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Table 4.3: Percentage of signals in the test set with correctly identified precollapse differential
rotation A using a Bayesian ordinal probit (BOP) model.

Differential Rotation, A BOP (%)
A1
– Standard 83
– ↑ Ye(ρ) 100
– ↓ Ye(ρ) 83
– Shen EOS 67
A2 63
A3 57
A4 0
A5 67

the Abdikamalov et al. (2014) waveform catalogue. Note that as both catalogues assume the

magnetorotational supernova mechanism, the waveform morphologies are similar.

The Dimmelmeier et al. (2008) catalogue is first split in two according to which EOS each signal

belongs to. One subset contains only signals with the LS EOS and the other subset contains only

signals with the Shen EOS.

A leave-one-out cross-validation routine is then implemented, where one signal is removed (from

one of the sub-catalogues), and a PCA is conducted on both sub-catalogues, creating a separate

set of LS PCs and Shen PCs. The removed signal is then embedded in simulated Advanced LIGO

noise with an SNR of % = 20 and then fitted twice using the signal reconstruction model of 4.3.2

with an arbitrary d = 10 PCs — one using the LS basis functions, and one using the Shen. The

DIC is then computed and compared to infer the best EOS sub-catalogue for each signal (used as

a proxy for EOS classification). The lowest DIC shows preference to one sub-catalogue. However,

using the same logic as in 4.3.3, a difference in DIC of less than 5 between models is considered

to be inconclusive/unidentified.

Figure 4.11 is a histogram showing the proportions of each classification of each waveform as

a function of the absolute difference in DIC. Overall, 50% of the 128 waveforms were correctly

identified, 21% incorrectly identified, and 29% were inconclusive. The incorrectly identified nuclear

EOS decrease proportional to the correctly identified signals as the absolute difference in DIC

increases, though there are still some incorrect classifications with large differences in DIC, showing

the method is not robust.

Other attempts at inferring nuclear EOS have been unsuccessful. A Bayesian logistic regression

model was trialled, but yielded poorer classification than the cross-validation approach. This is

not surprising as Dimmelmeier et al. (2008) and Abdikamalov et al. (2014) suggested that nuclear
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Figure 4.11: Histogram of nuclear EOS classification, with bin size 5.

EOS does not significantly influence the gravitational wave morphology for rotating stellar core

collapse.
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Chapter 5

Spectral density estimation for

Advanced LIGO noise

5.1 Introduction

As with any measured signal, gravitational wave observations are subject to noise. Accurate

astrophysical inferences will rely on an honest characterisation of background and detector noise

sources. At its design sensitivity, Advanced LIGO will be sensitive to gravitational waves in the

frequency band from ∼ 10 Hz to 8 kHz. The main noise sources for ground-based interferometers

include seismic noise, thermal noise, and quantum noise (Aasi et al., 2015). Seismic noise limits the

low frequency sensitivity of the detectors, and is caused by phenomena such as earthquakes, ocean

waves, and wind. Thermal noise is the predominant noise source in the most sensitive frequency

band of Advanced LIGO (around 100 Hz), and arises from the test mass mirror suspensions and

the Brownian motion of the mirror coatings. Quantum noise comes from two sources: photon

shot noise and radiation pressure. Photon shot noise is due to quantum uncertainties in the

detected photon arrival rate, and dominates the high frequency sensitivity of the detectors, whereas

radiation pressure limits low frequency sensitivity due to momentum imparted to the mirrors upon

reflection.

Standard assumptions about the noise model in the gravitational wave data analysis community

rely on detector noise being stationary and Gaussian distributed, with a known PSD that is

usually estimated using off-source data (not on a candidate signal) (Littenberg et al., 2013). Real

gravitational wave data often depart from these assumptions (Christensen, 2010). Aasi et al.

(2013) demonstrated that fluctuations in the PSD can moderately bias parameter estimates of
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compact binary coalescence gravitational wave signals embedded in LIGO data from the sixth

science run (S6).

High amplitude non-Gaussian transients (or “glitches”) in real detector data invalidate the Gaus-

sian noise assumption, and misspecifications of the parametric noise model could result in mislead-

ing inferences and predictions. A more sophisticated approach would be to make no assumptions

about the underlying noise distribution by using nonparametric techniques. Unlike parametric

statistical models, which have a fixed and finite set of parameters (e.g., the Gaussian distribution

has two parameters: µ and σ2 representing the mean and variance respectively), nonparametric

models have a potentially infinite set of parameters, allowing for much greater flexibility.

The theory of spectral density estimation requires a time series to be a stationary process. If

data are not stationary (which is often the case for real LIGO data), it is important to adjust for

this by introducing a time-varying PSD. Littenberg and Cornish (2015) demonstrated that the

noise PSD in real S6 LIGO data is in fact time-varying. Variation in detector sensitivity was also

shown by Abadie et al. (2012b). Other gravitational wave literature that discusses nonstationary

noise includes Sintes and Schutz (1998) and Finn and Mukherjee (2001). It would be an over-

simplification to assume the Advanced LIGO PSD is constant over time, and to use off-source data

in characterising this. On-source estimation of the PSD would therefore be preferable to mitigate

the issues relating to the time-varying nature of the PSD.

There have been attempts reported in the literature to improve the modelling of noise present

in gravitational wave data, primarily concentrating on noise with embedded signals from well-

modelled gravitational wave sources, such as binary inspirals (Littenberg and Cornish, 2010, Lit-

tenberg et al., 2013, Röver, 2011, Röver et al., 2011, Vitale et al., 2014), and more recently from

gravitational wave bursts (Cornish and Littenberg, 2015, Littenberg and Cornish, 2015).

Under the Bayesian framework, Röver et al. (2011) used a Student-t likelihood as a generalisation

to the commonly used Whittle (approximate Gaussian) likelihood (Whittle, 1957). The benefit

of the Student-t set-up is two-fold: uncertainty in the noise spectrum can be accounted for via

marginalisation of nuisance parameters; and outliers can be accommodated due to the heavy-tail

nature of the Student-t probability density. A drawback of this method is that the choice of

hyperparameters can unduly influence posterior inferences.

Using the maximum likelihood approach, Röver (2011) later demonstrated that the Student-t

likelihood could be used as a generalisation to the matched-filtering detection method commonly

used in the analysis of gravitational wave signals from well-modelled sources. This approach would

not be appropriate for gravitational wave bursts, since matched-filtering requires accurate signal

models with well-defined parameter spaces.
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Littenberg and Cornish (2010) used Bayesian model selection to determine the best noise likelihood

function in non-Gaussian noise. The authors considered Gaussian noise with a time-varying mean,

noise from a weighted sum of two Gaussian distributions (non-Gaussian tails), and a combination

of Gaussian noise and glitches (modelled as a linear combination of wavelets).

Littenberg et al. (2013) demonstrated how one can incorporate additional scale parameters in the

Gaussian likelihood, and marginalise over the uncertainty in the PSD to reduce systematic biases

in parameter estimates of compact binary mergers in S5 LIGO data. This method requires an

initial estimate of the PSD. On a related note, Vitale et al. (2014) highlighted a Bayesian method,

similar to iteratively reweighted least squares, that analytically marginalises out background noise

and requires no a priori knowledge of the PSD. They applied this to simulated data from LISA

Pathfinder.

More recently, Littenberg and Cornish (2015) introduced the BayesLine algorithm in conjunction

with BayesWave (Cornish and Littenberg, 2015) to estimate the underlying PSD of gravitational

wave detector noise. BayesLine is used to model the Gaussian noise component. The authors use

a cubic spline to model the smooth changing broadband noise and Lorentzians (Cauchy densities)

to model wandering spectral lines (due to AC supply, violin modes, etc.). BayesWave, on the

other hand, models the non-Gaussian instrument “glitches” and burst sources with a continuous

wavelet basis. Both methods make use of the trans-dimensional RJMCMC algorithm of Green

(1995).

In this chapter, the Bayesian nonparametric spectral density estimation results from Edwards

et al. (2015), Edwards et al. (2017a), and Kirch et al. (2017) are presented as they apply to

Advanced LIGO detector and background noise. In the first study (Edwards et al., 2015), a general

framework for improving gravitational wave detector noise spectrum modelling is considered. A

Bernstein polynomial prior is used to estimate the PSD of simulated Advanced LIGO noise. A

blocked Gibbs sampler is employed to simultaneously estimate the noise PSD, and reconstruct a

rotating core collapse supernova gravitational wave signal embedded in this noise. Nonstationary

data are modelled by breaking the series into smaller, locally stationary components. The second

study (Edwards et al., 2017a) introduces the B-spline prior for spectral density estimation, and

compares this to the Bernstein polynomial prior. It was found that due to its slow convergence

properties, the Bernstein polynomial prior was not adequate in modelling real detector noise, which

has a complicated noise structure, with many spectral lines (sharp and abrupt peaks in power at

particular frequencies). The B-spline prior aims to ameliorate this. The third study (Kirch et al.,

2017) then presents results using a nonparametric correction to a parametric likelihood. This

approach can be considered a generalisation to the Whittle likelihood, which is ubiquitous in

Bayesian nonparametric time series analysis, as well as gravitational wave data analysis.
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5.2 Advanced LIGO spectral density estimation using the

Bernstein polynomial prior

In this section, methods and results from Edwards et al. (2015) are presented. A framework for

modelling Advanced LIGO background and detector noise is provided, improving on the default

noise model used in the gravitational wave data analysis literature and in practice. Recall that the

default noise model assumes noise is stationary and Gaussian, with a known PSD. The framework

presented here addresses each of these issues. That is, the models here can handle nonstationary

and non-Gaussian noise, and do not assume a PSD is known before parameter estimation proce-

dures are conducted. Further, the approach is used to characterise noise that has been added to

stellar core collapse gravitational wave signals.

The Bayesian nonparametric spectral density estimation method and Metropolis-within-Gibbs

MCMC sampler of Choudhuri et al. (2004) is implemented. Pseudo-posterior samples are obtained

by placing a nonparametric Bernstein polynomial prior (finite mixture of beta probability densities)

(Petrone, 1999a,b) on the spectral density and updating this using the Whittle likelihood. Note

that these are pseudo-posterior samples as the Whittle likelihood is only an approximation to

the true Gaussian likelihood, but is much faster to evaluate. Choudhuri et al. (2004) proved

that this method yields a consistent estimator for the true spectral density of a (short memory)

stationary time series, an attractive feature absent in the periodogram. Posterior consistency

in this context essentially means that the posterior probability of an arbitrary neighbourhood

around the true PSD goes to 1 as the length of the time series increases to infinity. Thus, as

the sample size increases, the posterior distribution of the PSD will eventually concentrate in a

neighbourhood of the true PSD (Hjort et al., 2010). This is an important asymptotic robustness

quality of the posterior distribution in that the choice of prior parameters should not influence the

posterior distribution too much. Because of the high dimensional parameter spaces in Bayesian

nonparametrics, many posterior distributions do not automatically possess this quality (Hjort

et al., 2010).

Unlike the methods of Röver et al. (2011), Littenberg et al. (2013), and Vitale et al. (2014),

noise is not treated as a nuisance parameter to be analytically integrated out. Although the

signal parameters are of primary interest, it is also important to quantify one’s uncertainty in the

underlying PSD of the noise (in terms of posterior probabilities and credible intervals), providing

reliable astrophysical statements.

Assume the data are the sum of a gravitational wave signal and additive noise (from all noise

sources), such that

y = s(α) + ε(θ), (5.1)
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where y is the (coincident) time domain gravitational wave data vector, s is a gravitational wave

signal parameterised by α, and ε is noise parameterised by θ. Notation with a tilde on top,

such as ỹ, refers to the frequency domain equivalent of the same quantity, obtained by the DFT.

Noise in this set-up is treated as the conglomeration of detector noise (such as thermal noise and

photon shot noise), background noise (such as seismic noise), and residual errors due to parametric

statistical modelling of gravitational wave signals. An important caveat is to ensure the parametric

signal model is a good fit to the signal so that residual statistical errors do not dominate the noise.

Estimation of spectral lines (sharp and abrupt spectral peaks) are left out of scope of this analysis

due to slow convergence of Bernstein polynomials to complicated functions. This will however be

addressed in 5.3 and 5.4.

Under this framework, a gravitational wave signal could essentially come from any source as long as

a reasonable parametric model exists. To simplify the problem and to demonstrate the novelty of

the method, attention is restricted to gravitational waves from rotating core collapse supernovae.

Using the gravitational waveform catalogue of Abdikamalov et al. (2014), a PCA is conducted, and

a PCR model of the most important principal components is then fitted on an arbitrary rotating

core collapse gravitational wave signal (Edwards et al., 2014, Heng, 2009, Röver et al., 2009). This

is the same signal reconstruction method presented in 4.3.1.

The (parametric) signal component is easily embedded as an additional Gibbs step in the Metropolis-

within-Gibbs MCMC sampler of Choudhuri et al. (2004). A blocked Gibbs sampler is thus used to

sequentially sample the signal parameters α given the noise parameters θ, and vice versa. As the

model now contains a parametric signal component as well as a nonparametric noise component,

it can be considered a semiparametric model.

To accommodate for nonstationary noise, an idea presented by Rosen et al. (2012) is adapted. A

nonstationary time series can be broken down into smaller locally stationary segments. For each

segment, the PSD is estimated using the method of Choudhuri et al. (2004), and the resulting

time-varying spectrum is analysed.

This work will complement existing methods in the gravitational wave literature, with the following

benefits:

• A Bayesian framework, allowing one to update prior knowledge based on observed data, as

well as quantifying uncertainty in terms of probabilistic statements;

• Posterior consistency of the PSD, i.e., the posterior distribution will concentrate around the

true PSD as the sample size increases;

• High amplitude non-Gaussian transients in the noise can be handled due to the nonpara-

metric nature of the method;
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• Nonstationarities can be taken into account by splitting the data into smaller locally sta-

tionary segments;

• Estimation of noise and signal parameters are done simultaneously using Gibbs sampling;

• Uncertainty in astrophysically meaningful parameter estimates are honest, with less system-

atic biases;

• Noninformative priors can be chosen, and the PSD does not need to be known a priori ;

• Useful for any signal with a parametric statistical model (including rotating core collapse

supernova gravitational waves).

5.2.1 PSD estimation

Recall the Bernstein polynomial prior for spectral density estimation described in 3.3.3 and 3.5.4.1.

The spectral density of a stationary time series is modelled with parameters θ = (v, z, k, τ). This

method is implemented using the Metropolis-within-Gibbs MCMC sampler proposed by Choud-

huri et al. (2004). The stick-breaking truncation parameter is chosen to be L = max{20, n1/3}.
Parameters k and τ are readily sampled from their full conditional posteriors, while V and Z

require the Metropolis algorithm with uniform proposals. The only variation on this implemen-

tation is the sampling of the smoothness parameter k. A Metropolis step is faster than sampling

from the full conditional here. The original implementation of Choudhuri et al. (2004) contains a

for loop that evaluates the log posterior kmax times, where kmax is chosen (during pilot runs) to be

large enough to cater for the roughness of the PSD. For most well-behaved cases, kmax = 50 will

suffice, but the Advanced LIGO PSD requires many more mixture components (by up to two or

more orders of magnitude) due its steepness at low frequencies. This is a significant computational

burden, and a well-designed Metropolis step can therefore outperform the original implementation.

5.2.2 Signal reconstruction

To reconstruct a rotating core collapse gravitational wave signal that is embedded in noise, the

method described by Heng (2009), Röver et al. (2009), and Edwards et al. (2014), and presented

in 4.3.1 is employed. That is, let

ỹ = X̃α + ε̃, (5.2)

where ỹ is the length n frequency domain gravitational wave data vector (signal plus noise), X̃

is the n× d matrix of the d frequency domain principal component basis vectors, α is the vector
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of signal reconstruction parameters (PC coefficients), and ε̃ is the frequency domain noise vector

with a known PSD. Flat priors on α are assumed.

An additional Gibbs step is included in the MCMC sampler described in 3.3.3, 3.5.4.1, and 5.2.1

to simultaneously reconstruct a rotating core collapse gravitational wave signal, whilst also esti-

mating the noise power spectrum. Omitting the conditioning on the data for clarity, the algo-

rithm sequentially samples the full set of conditional posterior densities p(θ|α) and p(α|θ), where

θ = (v, z, k, τ) are the noise parameters defined in 3.3.3 and 3.5.4.1, and α are the signal recon-

struction parameters. That is, sample in a cycle from the full conditional posterior distribution of

the signal parameters given the PSD parameters, and the full conditionals of the PSD parameters

given the signal parameters. This set-up is a blocked Gibbs sampler.

To sample the signal parameters, fix the most recent MCMC sample of the PSD parameters. The

conditional posterior of α is

α|θ ∼ N(µ,Σ) (5.3)

where Σ = (X̃
′
D−1X̃)−1 and µ = ΣX̃

′
D−1ỹ. Here D = 2π × diag (f(λ)) is the noise covariance

matrix, and f(λ) is the most recent estimate of the PSD. More explicitly, at iteration i+ 1 in the

blocked Gibbs sampling algorithm:

1. Create time domain noise vector: ε(i+1) = y − Xα(i). Due to the linearity of the Fourier

transform, α will be the same regardless of whether the time domain or frequency domain

is used.

2. Sample the PSD parameters θ(i+1)|α(i) using the method described in 3.3.3 and 3.5.4.1.

3. Sample the signal parameters α(i+1)|θ(i+1) using Equation (5.3) (since the PSD in iteration

i+ 1 is now known).

5.2.3 Nonstationary noise

Stationary noise has a constant and finite mean and variance over time, and an autocovariance

function that depends only on the time lag. Nonstationary noise does not meet these requirements,

and has a time-varying spectrum. Stationarity of a time series can be tested using classical

hypothesis tests such as the Augmented Dickey-Fuller test (Said and Dickey, 1984), Phillips-

Perron unit root test (Phillips and Perron, 1988), and Kwiatwoski-Phillips-Schmidt-Shin (KPSS)

test (Kwiatkowski et al., 1992).

To accommodate nonstationary noise into the current framework, an idea presented by Rosen et al.

(2012) is adapted, assuming a time series can be broken down into locally stationary segments. In
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their paper, they treated the number of stationary components of a nonstationary time series as

unknown, and used RJMCMC (Green, 1995) to estimate the segment breaks.

In a similar fashion, this analysis assumes a nonstationary time series (or gravitational wave data

stream) is split into J mutually exclusive, equal-length segments. There are two requirements for

the length of these segments: the segment length is large enough for the Whittle approximation

to be valid; and the segments are locally stationary according to heuristics or formal stationarity

hypothesis tests. This approach moulds well into the current MCMC framework. For each segment,

the PSD is estimated using the nonparametric method introduced in 3.3.3 and 3.5.4.1. A benefit

of this approach is that change-points in the PSD can be detected without using RJMCMC. Note

also that J is fixed in this analysis.

The conditional posterior density for all noise model parameters θ is the following product

p(θ|α, ỹ) =
J∏
j=1

pj(θj|α, ỹj), (5.4)

where pj(θj|α, ỹj) is the conditional posterior density of the model parameters θj in the jth

segment given the signal parameters α and the jth segment of data ỹj.

Note that under this set-up, the PC coefficients α do not depend on segments j = 1, 2, . . . , J ,

as only one set of PC coefficients (not J sets) is required to reconstruct a rotating core collapse

gravitational wave signal.

To sample α|θ, the same approach presented in 5.2.2 is used. The only difference is in the

construction of the noise covariance matrix. This is constructed as

D = 2π × diag(f1(λ), f2(λ), . . . , fJ(λ)), (5.5)

where fj(λ) is the PSD of the jth noise segment.
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5.2.4 Results

For all of the following examples, the stick-breaking truncation parameter is set to L = max{20, n1/3}.
The same noninformative prior set-up of Choudhuri et al. (2004) is used. That is,

G0 = Uniform[0, 1],

M = 1,

ατ = 0.001,

βτ = 0.001,

θk = 0.01.

For most examples, kmax = 50. However, kmax = 400 for the example with simulated Advanced

LIGO noise to cater for the steep drop in the PSD at low frequencies.

For the examples with a signal embedded in noise, a Uniform(−∞,∞) prior is placed on the signal

reconstruction parameters α, and let d = 25 PCs. The signals are scaled to an SNR of % = 50.

The value of % = 50 is physically motivated, as one would expect to see an SNR of approximately

50 to 170 for rotating core collapse supernova gravitational waves at a distance of 10 kpc. The

analysis will demonstrate robustness for the lower end of this range.

The units for frequency in most examples are radians per second (rad/s). In the example using

simulated Advanced LIGO noise, this is rescaled to kilohertz (kHz). PSD units are the inverse

of the frequency units, and the PSD figures are scaled logarithmically. Gravitational wave strain

amplitude is unitless.

For all examples, the MCMC sampler is run for 150, 000 iterations, with a burn-in period of 50, 000

and thinning factor of 10. This results in 10, 000 samples retained.

5.2.4.1 Estimating the PSD of non-Gaussian coloured noise

To demonstrate how the noise-only model of 3.3.3, 3.5.4.1 and 5.2.1 is capable of dealing with non-

Gaussian transients in the data (or glitches as they are sometimes called in the gravitational wave

data analysis literature), an illustrative toy example is provided, using coloured noise generated

from a first order autoregressive process, abbreviated to AR(1).

A mean-centred AR(1) process {Yt} is defined as

Yt = ρYt−1 + εt, t = 1, 2, . . . , n, (5.6)
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where ρ is the first order autocorrelation, and {εt} is a white noise process (not necessarily Gaus-

sian), with zero mean and constant variance σ2
ε . With this formulation, it is easy to see how the

current observation at time t depends on the previous observation at time t− 1 through ρ, as well

as some white noise εt, often referred to as innovations or the innovation process in time series

literature.

The AR(1) model is a useful example here since it has a well-defined theoretical spectral density

that one can compare against the MC estimates of the (stationary) noise-only PSD estimation

algorithm. Assuming |ρ| < 1, the AR(1) process is stationary and has spectral density

f(λ) =
σ2
ε

1 + ρ2 − 2ρ cosλ
, λ ∈ (−π, π]. (5.7)

The AR(1) process has a PSD that is not flat, and the noise in the toy example is coloured (non-

white), with non-zero autocorrelation — typical of what would be expected with real Advanced

LIGO noise. As the AR(1) process has a coloured spectrum, and white noise has a flat spectrum,

the term innovations will be used to refer to the white noise component of the model to avoid

confusion.

For this example, rather than using Gaussian innovations, which is the most common innovation

process used in autoregressive models, Student-t innovations with νdf = 3 degrees of freedom are

used. The choice of νdf = 3 degrees of freedom is the smallest integer that results in a Student-t

model with finite variance (a requirement for the innovation process {εt} of an AR(1) model).

This model has wider tails than that of the Gaussian model (and in fact the widest tails possible

whilst maintaining the finite variance requirement), meaning extreme values in the tails of the

distribution are expected to occur more often. This will be used as a proxy for glitches.

For this example, a length n = 212 AR(1) process with ρ = −0.9 and Student-t innovations with

νdf = 3 degrees of freedom is generated. Let this (stationary) time series have sampling interval

∆t = 1/214 (the same as Advanced LIGO). The data set-up can be seen in Figure 5.1.

The effect of using νdf = 3 degrees of freedom can be seen in Figure 5.1. There are transient, high

amplitude, non-Gaussian events. These are a result of the wide-tailed nature of the Student-t

density. It would be very unlikely to see these high amplitude events if the innovation process was

Gaussian.

The (stationary) noise-only algorithm of 3.3.3, 3.5.4.1 and 5.2.1 is used to demonstrate that a PSD

from coloured non-Gaussian noise can be accurately characterised. This can be seen in Figure 5.2.

The estimated pointwise posterior median log PSD in Figure 5.2 is very close to the true log

PSD, and the 90% credible region generally contains the true log PSD. This demonstrates that
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Figure 5.1: Simulated stationary AR(1) process with first-order autocorrelation ρ = −0.9, and
Student-t innovations (νdf = 3 degrees of freedom).
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Figure 5.2: Estimated log PSD of the AR(1) time series in Figure 5.1. 90% credible region
(shaded pink) and posterior median log PSD (dashed blue), superimposed with the true log PSD

(solid black).

even if there are non-Gaussian transients in the data (which is certainly the case for real LIGO

data), this PSD estimation method performs well. This, however, is not surprising as the Whittle

likelihood gives a good approximation to Gaussian and some non-Gaussian (and non-linear) time

series (Shao and Wu, 2007).
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5.2.4.2 Extracting a rotating core collapse signal in stationary coloured noise

In this example, the goal is to extract a rotating core collapse gravitational wave signal from noisy

data using the blocked Gibbs sampler described in 5.2.2. The A1O12.25 rotating core collapse

gravitational wave signal from the Abdikamalov et al. (2014) test set (i.e., a signal not part of the

training set used to create the PC basis functions) is embedded in AR(1) noise with ρ = 0.9. For

clarity, let this process have a Gaussian white noise innovation process with σ2
ε = 1. Let the time

series be length n = 212, which corresponds to 1/4 s of data at the Advanced LIGO sampling rate.

The signal is scaled to have a SNR of % = 50. The reconstructed signal can be seen in Figure 5.3.

The rotating core collapse gravitational wave signal in Figure 5.3 is reconstructed particularly well

during the collapse and bounce phases (the first few peaks/troughs). The post-bounce ring-down

oscillations are usually poorly estimated due to stochastic dynamics (Abdikamalov et al., 2014,

Edwards et al., 2014), but are acceptable for this particular example.
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Figure 5.3: Reconstructed rotating core collapse gravitational wave signal. 90% credible region
(shaded pink) and posterior median signal (dashed blue), superimposed with true A1O12.25

gravitational wave signal from the Abdikamalov et al. (2014) test set (solid black).

In this example, the signal parameters were simultaneously estimated with the noise PSD using

the blocked Gibbs sampler described in 5.2.2. The performance of the estimated noise PSD with

and without a signal present is now compared to illustrate that it is possible to simultaneously

reconstruct a signal, while not compromising the PSD estimation step. That is, compare the noise

PSD estimates between the algorithms presented in 5.2.1 (noise-only model) and 5.2.2 (signal-

plus-noise model), using the same noise series for both models.
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Figure 5.4: Comparison of the noise PSD estimates for the noise-only and signal-plus-noise
models. Plotted are the pointwise posterior median log noise PSDs with and without a gravita-

tional wave signal. The true log PSD of the AR(1) noise series is overlaid.

Both models (noise-only and signal-plus-noise) in Figure 5.4 perform comparably and look near

identical when estimating the PSD of coloured Gaussian noise. The posterior median log PSDs

are approximately equal, and are very close to the true log PSD of an AR(1) process with ρ = 0.9.

This is an important robustness check, and demonstrates that there is a successful decoupling of

the signal from the noise.

5.2.4.3 Comparing input and reconstruction parameters

As there is no closed-form expression linking the astrophysical parameters of a rotating core

collapse stellar event to its gravitational wave signal, one can only approximate the gravitational

wave signal using statistical methods. This is done using PCR (refer to 4.3.1 and 4.3.2), but there

are no true input parameters to compare the estimated signal reconstruction parameters against.

However, if one were to create a fictitious signal as a known linear combination of PCs, it would

be possible to demonstrate the algorithm’s performance in estimating the signal reconstruction

parameters.

Consider the following fictitious rotating core collapse gravitational wave signal

y =
d∑
i=1

αixi, (5.8)
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where y is the length n signal, (x1,x2, . . . ,xd) are the d PC basis vectors of length n, and

(α1, α2, . . . , αd) are the “true” weights, or PC coefficients. To randomise the weights, randomly

sample each from the standard normal distribution.

In this example, the fictitious gravitational wave signal of length n = 212 is embedded in AR(1)

noise with ρ = 0.9 and Gaussian innovations with σε = 1, setting d = 10. The signal is rescaled

to have SNR % = 50, and after the algorithm has run, the estimated PC coefficients are rescaled

back to the original scale for comparison. Results are shown in 5.5.
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Figure 5.5: Posterior median PC coefficients (blue square) and “true” PC coefficients (orange
triangle) for the 10 PCs of a fictitious gravitational wave signal embedded in AR(1) noise. The

error bands are the 95% credible intervals.

It can be seen in Figure 5.5 that the “true” PC coefficients are generally contained within the

95% credible intervals, demonstrating that the algorithm can estimate a signal’s input parameters

well in the presence of stationary coloured noise. Notice also that the credible intervals widen as

the principal component number increases. This is due to higher numbered PCs explaining lower

amounts of variation in the waveform catalogue, resulting in lower amplitude basis functions,

increasing the uncertainty of these PCs embedded in noise.

5.2.4.4 Extracting a rotating core collapse signal in time-varying coloured noise

Nonstationary noise has a time-varying spectrum. To illustrate how the methods presented in this

section can handle nonstationarities (or change-points in the spectral structure), a noise series

with J = 2 locally stationary components of equal length n1 = n2 = 212 is simulated. The first

segment of the noise series is generated from an AR(1) process with ρ = 0.5. The second noise
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segment comes from an AR(1) process with ρ = −0.75. Both segments use a Gaussian innovation

process with variance σ2
ε = 1 for clarity. Part of the A1O8.25 waveform from the Abdikamalov

et al. (2014) catalogue is embedded in the generated noise. This waveform comes from the test set,

not included in the construction of PC basis functions. The data set-up can be seen in Figure 5.6.
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Figure 5.6: A snapshot of the signal superimposed on signal plus noise. The noise series has
length n = n1 + n2 = 213 and is segmented into two equal parts. The first half of the noise is
generated from an AR(1) with ρ = 0.5, and the second half is generated from an AR(1) with
ρ = −0.75. Both segments use a Gaussian innovation process with variance σ2

ε = 1. The A1O8.25
rotating core collapse gravitational wave signal from the Abdikamalov et al. (2014) test set is

embedded in this noise with a SNR of % = 50.

The aim here is to simultaneously estimate both noise PSDs, as well as reconstructing the em-

bedded gravitational wave signal using the method described in 5.2.3. Assume the change-point

between the two noise series is known, though it will be demonstrated in the next section that the

method can locate unknown change-points (the accuracy of which depends on the time resolution).

The difference between the first half of the noise series is compared with the second half. Each

segment has a different dependence structure, and is therefore coloured differently in the frequency-

domain. This results in a different time-domain morphology. Estimates of the noise PSDs can be

seen in Figures 5.7 and 5.8.

Figures 5.7 and 5.8 show the estimated log PSDs for the two noise segments. The pointwise

posterior median log PSDs are close to the true log PSDs, and the 90% credible regions for both

segments mostly contain the true log PSDs, but veer slightly off towards the low frequencies.

Due to posterior consistency of the PSD, these estimates will only get better as the sample size

increases. Slight imperfections in the PSD estimates may not be such a problem if the embedded
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Figure 5.7: Spectral density estimate of the first noise segment (ρ = 0.5) from Figure 5.6. 90%
credible region (shaded pink), posterior median log PSD (dashed blue), and theoretical log PSD

(solid black).
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Figure 5.8: Spectral density estimate of the second noise segment (ρ = −0.75) from Figure 5.6.
90% credible region (shaded pink), posterior median log PSD (dashed blue), and theoretical log

PSD (solid black).

gravitational wave signal is extracted well, which happens to be the case in this example. The

extracted signal can be seen in Figure 5.9.

The 90% credible region for the reconstructed gravitational wave signal in Figure 5.9 generally

contains the true signal, and has performed particularly well during collapse and bounce. Again,

the post-bounce ring-down oscillations usually have the poorest reconstruction through the time
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Figure 5.9: Reconstructed rotating core collapse gravitational wave. 90% credible region
(shaded pink) and posterior median signal (dashed blue), superimposed with true A1O8.25 grav-
itational wave signal from the Abdikamalov et al. (2014) test catalogue (solid black). The first
half of the signal was embedded in AR(1) noise with ρ = 0.5, and the second half had AR(1)

noise with ρ = −0.75. Both noise segments had Gaussian innovations with σ2
ε = 1.

series, but has performed remarkably well in this example, regardless of the slight imperfections

of the PSD estimates.

5.2.4.5 Detecting a spectral change-point

Consider a change-point problem similar to that of the previous section, where a time series

exhibits a change in its spectral structure somewhere in the series. A valuable consequence of

the algorithm presented in 5.2.3 is its ability to detect change-points regardless of whether the

change-point occurs within a segment or on the boundary. For the following examples, let n = 212

and break this into J = 32 equal length segments (nj = 27). For clarity, assume the time series

does not contain an embedded gravitational wave signal.

First consider the case where the change-point occurs on the boundary of two noise series. Let

n∗1 = n∗2 = 211 be the lengths of each noise series (noting that each series contains 16 segments of

length nj = 27), and let the first half of the time series be generated from an AR(1) with ρ = 0.5,

and the second half from an AR(1) with ρ = −0.75. Both AR(1) processes have additive Gaussian

innovations with σ2
ε = 1. In this example, the change-point occurs exactly halfway through the

series. Figure 5.10 shows a time-frequency map of the estimated log PSDs for each segment.
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Figure 5.10: Time-frequency map showing the estimated posterior median log PSDs for 32
segments of 1/4 s of AR(1) noise. The change-point in spectral structure occurs exactly halfway

through the series.

It is obvious that a change-point occurs halfway through Figure 5.10, as there is a sheer change

in the spectral structure at this point between segments 16 and 17. The first half of the time-

frequency map exhibits stronger low frequency behaviour, whereas the second half has more power

in the higher frequencies.

Now consider the case where the change-point occurs during a segment rather than on the bound-

ary. Here, let each segment have the same set-up as before, but instead set n∗1 = 211 − 26 and

n∗2 = 211 +26 such that a change-point occurs halfway through segment 16. A time-frequency map

of the estimated log PSDs can be seen in Figure 5.11.

Figure 5.11 demonstrates that there is a noticeable change-point roughly halfway through the

series. There is a smoother transition from one PSD structure to the other than in the previous

example since the true change-point occurs in the middle of a segment rather than on the boundary.

These examples demonstrate that it is possible to detect potentially unknown change-points in a

time series. This could be important for understanding nonstationarities in the data that could be

due to glitches (or even transient burst signals). These would present themselves as excess power

events over a very short duration and over all frequencies. It is important to note that if more

segments are used, the time duration within each segment becomes smaller, and the accuracy in

detecting the change-point increases. That is, the time at which the change-point occurs becomes

more resolved if the segment durations are smaller. However, one must also ensure that the

segment durations are long enough for the Whittle approximation to be valid.
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Figure 5.11: Time-frequency map showing the estimated posterior median log PSDs for 32
segments of 1/4 s of AR(1) noise. The change-point in spectral structure occurs in the middle

of segment 16 just before the halfway point.

5.2.4.6 Simulated Advanced LIGO noise

In this example, A1O10.25 rotating core collapse gravitational wave signal from the Abdikamalov

et al. (2014) catalogue is added to simulated Advanced LIGO noise, scaled to an SNR of % = 50.

A one detector set-up is assumed, with a linearly polarised gravitational wave signal (zero cross

polarisation). The Advanced LIGO sampling rate is 214 Hz, with a Nyquist frequency of 213 Hz.

Let n = 212, which corresponds to 0.25 s of data.

The simulated noise is Gaussian, coloured by the Advanced LIGO design sensitivity PSD. Gener-

ating this noise blindly results in a perfect matching of the end-points and their derivatives, due

to the simplified frequency domain model. This is not realistic, since real data will often not have

matching end-points. In order to make the noise generation more realistic, a longer frequency-

domain series (ten times longer) is internally generated, inverse discrete Fourier transformed, and

a fraction of it is returned with a random starting point. This is referred to as padding the data.

Figure 5.12 shows the estimated log PSD and the 90% credible region, overlaid with the log peri-

odogram. The method performs remarkably well, particularly at higher frequencies. Even though

frequencies below ∼ 10 – 20 Hz will not be resolved at the Advanced LIGO design sensitivity

(due to seismic noise), it is still interesting to see how this method performs at lower frequencies.

Here, the low frequency estimates are slightly off, but not by much. This is likely to be due to two

factors: 1/4 s of simulated Advanced LIGO noise is actually a nonstationary series (i.e., the mean

is not constant over time), and this was not adjusted for (simulated Advanced LIGO data are not
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Figure 5.12: Estimated log PSD for simulated Advanced LIGO noise. 90% credible region
(shaded pink) and posterior median (dashed blue) overlaid with log periodogram (solid grey).

stationary for more than 1/16 s based on the Augmented Dickey-Fuller test, Phillips-Perron unit

root test, and KPSS test); and the Bernstein polynomial basis functions are notoriously slow to

converge to a true function (Powell, 1981, Shen and Ghosal, 2014). These factors considered, the

method still provides a reasonable approximation.
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Figure 5.13: Reconstructed rotating core collapse gravitational wave signal. 90% credible
interval (shaded pink) and posterior mean (dashed blue) overlaid with true A1O10.25 signal
(solid black) from Abdikamalov et al. (2014) test catalogue. The signal is scaled to a SNR of

% = 50.

The resultant reconstructed gravitational wave signal can be seen in Figure 5.13. The estimated

signal here is very close to the true signal during the the collapse and bounce phases, as well as
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during the ring-down oscillations. The 90% credible region contains most of the true gravitational

wave signal.

For this example, d = 25 PCs were used to reconstruct a rotating core collapse gravitational wave

signal, but this could be too many or too few basis functions. Model selection methods similar to

Edwards et al. (2014) (and presented in 4.3.3 and 4.3.4) were not investigated here.

Nonstationarities in detector noise are then accommodated by breaking the series into smaller and

locally stationary components. The resulting time-varying spectrum is then analysed. This can be

seen in Figure 5.14. Rather than choosing J = 32 as in 5.2.4.5, nonstationarities in the Advanced

LIGO noise become more apparent if the noise series is sliced into fewer segments, each with longer

duration. Instead, consider splitting the data into J = 8 equal length segments (nj = 29). Here,

the Whittle approximation is valid, and the segments visually look locally stationary.

0

2

4

6

8

0 50 100 150 200 250
Time [ms]

F
re

qu
en

cy
 [k

H
z]

−99
−98
−97
−96
−95
−94
−93

log(PSD)

Figure 5.14: Time-frequency map of the estimated time-varying noise spectrum for 8 segments
of 1/4 s simulated Advanced LIGO noise. The posterior median log PSDs for each noise segment

are used.

Figure 5.14 illustrates that the Advanced LIGO PSD is changing slightly over time. Notice that

lower frequencies are gaining more power over time here. Assuming each segment is locally sta-

tionary (which should be the case since the duration of each segment is less than 1/16 s), it is

important to accommodate for the changing nature of the PSD since the Choudhuri et al. (2004)

PSD estimation technique is based on the theory of stationary processes. If no adjustments for

nonstationarities are made (like the one proposed here), estimates of astrophysically meaningful

parameters could become unfavourable or biased.
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5.3 Advanced LIGO spectral density estimation using the

B-spline prior

In this section, B-spline prior PSD estimation results from Edwards et al. (2017a) are presented.

Methodology from that paper has been provided in 3.3.4 and 3.5.4.2. A noise-only model is

discussed, as a proof of concept relating to an embedded gravitational wave signal (via a blocked

Gibbs sampler) was already demonstrated in 5.2.

The B-spline prior is a new nonparametric prior, developed as a more flexible class of priors

than the Bernstein polynomial prior in the context of (but not limited to) Bayesian time series

analysis. Bernstein polynomials are not a flexible enough class of functions to handle sharp and

abrupt spectral lines in real gravitational wave detector noise as beta cdfs do not provide adequate

coverage of the space of cdfs on the unit interval. However, when using B-spline densities instead,

the loss function in 3.3.4.2 can be made arbitrarily small by increasing the number of knots.

For the subsections to follow, MCMC implementation details are given here. A Metropolis-within-

Gibbs algorithm is used to sample points from the pseudo-posterior, using the same modular

symmetric proposal distributions for B-spline weight parameters V and Z as described by Choud-

huri et al. (2004). That is, say for Vl, propose a candidate from a uniform distribution with

[Vl − εl, Vl + εl], modulo the circular unit interval. If the candidate is greater than 1, take the

decimal part only, and if the candidate is less than 0, add 1 to put it back into [0, 1]. This is done

for all of the V and Z parameters. Choudhuri et al. (2004) found that εl = l/(l + 2
√
n) worked

well for most cases, and this is also adopted here. The same approach is used analogously for the

B-spline knot location parameters U and X. Parameter τ has a conjugate inverse-gamma prior

and may be sampled directly. The number of mixture components k could be sampled directly

from its discrete full conditional (as done by Choudhuri et al. (2004)), though this can be compu-

tationally expensive for large kmax, so a Metropolis proposal centred on the previous value of k is

used instead. Let this proposal have a 75% chance of jumping according to a discrete uniform on

[−1, 1], and a 25% chance of boldly jumping according to a discretised Cauchy random variable,

to mitigate getting stuck in local modes.
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Let the B-spline prior have the following noninformative prior specification:

G0 = Uniform[0, 1],

H0 = Uniform[0, 1],

MG = 1,

MH = 1,

ατ = 0.001,

βτ = 0.001,

θk = 0.01,

kmax = 500.

For comparability, whenever the Bernstein polynomial prior algorithm is used in this analysis, let

it have exactly the same prior set-up, but obviously without knot location parameter MH and

distribution H0.

For both algorithms, kmax = 500. This may seem unnecessarily large for the B-spline prior

algorithm as these simple cases converge to a low k. However, it is large enough to ensure the

Bernstein polynomial algorithm converges to an appropriate k, without being truncated at kmax.

For the simulation study in 5.3.1 and the Advanced LIGO application in 5.3.2, let the stick-

breaking truncation parameters be LG = LH = 20 (based on Choudhuri et al. (2004)) and increase

this to LG = LH = 60 for the Advanced LIGO application in 5.3.2.1.

The (cubic) B-spline prior algorithm was implemented as the gibbs bspline function in the R package

bsplinePsd (Edwards et al., 2017b). The Bernstein polynomial prior algorithm was implemented

as the gibbs NP function in the R package beyondWhittle (Kirch et al., 2017, Meier et al., 2017).

Both packages are available on CRAN.

5.3.1 Simulation study: A comparison of the Bernstein polynomial

prior and B-spline prior

In this section, a simulation study is conducted to compare the accuracy of spectral density

estimates using the Bernstein polynomial prior and the B-spline prior. It will be shown that the

B-spline prior outperforms the Bernstein polynomial prior in terms of integrated absolute error

(IAE) and uniform coverage probability.

Consider two autoregressive time series of differing order, p = 1 and p = 4. For the first scenario, an

AR(1) with first order autocorrelation ρ1 = 0.9 (a relatively simple spectral density) is generated.
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In the second scenario, an AR(4) with parameters ρ1 = 0.9, ρ2 = −0.9, ρ3 = 0.9, and ρ4 = −0.9 is

generated, such that the spectral density has two large peaks (a more complicated spectrum). Let

each time series have lengths n = {128, 256, 512} with unit variance Gaussian innovations. Under

these conditions, 1,000 different realisations of AR(1) and AR(4) data are simulated and their

spectral densities are modelled by running the Bernstein polynomial prior algorithm of Choudhuri

et al. (2004) and the B-spline prior algorithm of Edwards et al. (2017a) on each of these. The

MCMC algorithms (without parallel tempering) run for 400,000 iterations, with a burn-in period

of 200,000 and thinning factor of 10.

An AR(p) model has theoretical spectral density,

f(λ) =
σ2

2π

1

|1−∑p
j=1 ρj exp(−iλ)|2 , (5.9)

where σ2 is the variance of the white noise innovations and (ρ1, . . . , ρp) are the model parame-

ters. Monte Carlo estimates can be compared to the true spectral density to measure relative

performance of the nonparametric priors. One measure of closeness and accuracy is the integrated

absolute error (IAE), also known as the L1-error. This is defined as:

IAE = ‖f̂ − f‖1 =

∫ π

0

|f̂(λ)− f(λ)|dλ, (5.10)

where f̂(.) is the Monte Carlo estimate (posterior median) of the spectral density f(.). IAE is

calculated for each replication and the median IAE over all 1,000 replications is compared. The

results are presented in Table 5.1.

Table 5.1: Median L1-error for the estimated spectral densities using B-spline prior and
Bernstein polynomial prior on simulated AR(1) and AR(4) data.

AR(1) n = 128 n = 256 n = 512
B-spline 0.901 0.756 0.592
Bernstein 0.830 0.706 0.518
AR(4) n = 128 n = 256 n = 512
B-spline 3.242 2.371 1.886
Bernstein 3.427 2.920 2.656

Table 5.1 compares the median IAE of the estimated spectral densities under the two different

nonparametric priors. For the AR(1) cases, the median IAE is only marginally higher for the

B-spline prior than the Bernstein polynomial prior. As the AR(1) has a simple spectral structure,

this is a case where the global support of the Bernstein polynomials makes sense. However, when

estimating the more complicated AR(4) spectral density, the B-spline prior yields more accurate

estimates than the Bernstein polynomial prior in terms of IAE. It can also be seen that for both
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priors, as n increases, the median IAE decreases. This is a promising sign towards posterior

consistency.

For each simulation, two different credible regions are calculated: The usual equal-tailed point-

wise credible region, and the uniform (or simultaneous) credible band, popular in the bootstrap

literature (Lenhoff et al., 1999, Neumann and Kreiss, 1998, Neumann and Polzehl, 1998, Sun and

Loader, 1994). Uniform credible bands are very useful as they allow the calculation of coverage

levels for entire curves (spectral densities in this case) rather than pointwise intervals. To compute

a 100(1− α)% uniform credible band, the following formula is used:

f̂(λ)± ζα ×mad(f̂i(λ)), λ ∈ [0, π], (5.11)

where f̂(λ) is the pointwise posterior median spectral density, mad(f̂i(λ)) is the median absolute

deviation of the posterior samples f̂i(λ) kept after burn-in and thinning (which is used as the

estimate of dispersion of the sampling distribution of f̂(λ)), and ζα is the quantile chosen such

that

P

{
max

{
|f̂i(λ)− f̂(λ)|

mad(f̂i(λ))

}
≤ ζα

}
= 1− α. (5.12)

The maximum in 5.12 is the largest value for each sampled PSD over all λ (i.e., one number per

sampled PSD).

Based on these uniform credible bands, uniform coverage probabilities over all 1,000 replications

of the simulation can be computed. That is, calculate the proportion of times that the true

spectral density is entirely encapsulated within the uniform credible band. Computed coverage

probabilities are shown in Table 5.2.

Table 5.2: Coverage probabilities based on 90% uniform credible bands.

AR(1) n = 128 n = 256 n = 512
B-spline 1.000 1.000 0.998
Bernstein 1.000 0.987 0.499
AR(4) n = 128 n = 256 n = 512
B-spline 0.936 0.979 0.907
Bernstein 0.000 0.000 0.000

It can be seen in Table 5.2 that the B-spline prior has higher coverage than the Bernstein poly-

nomial prior in all examples (apart from the AR(1) with n = 128, where it is the same). The

B-spline prior produces excellent coverage probabilities for the AR(1) cases. The Bernstein poly-

nomial prior also performs well in this regard, apart from the n = 512 case, where half are not

fully covered. An example from one of the 1,000 replications of the AR(1) with n = 512 is given

in Figure 5.15. Here, the uniform credible band fully contains the true PSD for the B-spline prior
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but not for the Bernstein polynomial prior (the true PSD falls outside the uniform credible band

at the highest frequencies). The pointwise credible region and posterior median log-PSD for both

priors are also very accurate. This is not surprising as the AR(1) has a relatively simple spectral

structure.
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Figure 5.15: Estimated log-spectral densities for an AR(1) time series using the B-spline prior
(left) and Bernstein polynomial prior (right). The solid line is the true log-PSD; the dashed line
is the posterior median log-PSD; the dark shaded region is the pointwise 90% credible region;

and the light shaded region is the uniform 90% credible band.

Coverage of the AR(4) spectral density under the B-spline prior is above 90% for each sample

size. However, the Bernstein polynomial prior has extremely poor coverage in the AR(4) case,

where none of the 1,000 replications are fully covered by the uniform credible band for each sample

size. An example of this performance (for n = 512) can be seen in Figure 5.16. The Bernstein

polynomial prior (under the noninformative prior set-up) tends to over-smooth the second large

peak of the PSD, and introduces additional incorrect peaks and troughs throughout the rest

of estimate. These false peaks and troughs are present due to the Bernstein polynomial prior

algorithm converging to large k in an attempt to approximate the two large peaks of the AR(4)

PSD. The B-spline prior gives a much more accurate Monte Carlo estimate. The posterior median

log-PSD is close to the true AR(4) PSD, the 90% pointwise credible region mostly contains the

true PSD, and the 90% uniform credible band fully contains it.

Of course, the Bernstein polynomial prior could perform better on spectral densities with sharp

features if significant prior knowledge was known in advance. This can however be a formidable

task, and is not very generalizable to other time series. A benefit of using the B-spline prior is its

ability to estimate a variety of different spectral densities using the default noninformative priors

used in this paper. Another example of this is demonstrated in the next section.
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Figure 5.16: Estimated log-spectral densities for an AR(4) time series using the B-spline prior
(left) and Bernstein polynomial prior (right). The solid line is the true log-PSD; the dashed line
is the posterior median log-PSD; the dark shaded region is the pointwise 90% credible region;

and the light shaded region is the uniform 90% credible band.

One slight drawback of the B-spline prior algorithm is its computational complexity relative to the

Bernstein polynomial prior. B-spline densities must be evaluated many times per MCMC iteration

(when sampling k,U, and X) due to the variable knot placements, whereas beta densities can be

pre-computed and stored in memory, saving much computation time.

Table 5.3 shows the median run-time (over each 1,000 replication) for each of the six AR simu-

lations. It can be seen that the B-spline prior algorithm is approximately 2–3 times slower than

the Bernstein polynomial prior algorithm for these examples. Due to the noted advantages (accu-

racy and coverage) that the B-spline prior has over the Bernstein polynomial prior, particularly

for PSDs with complicated structures, the increased computation time is an acceptable trade-off,

though for simple spectral densities, the Bernstein polynomial prior should suffice.

Table 5.3: Median absolute run-times (hours) and their associated relative run-times.

AR(1) n = 128 n = 256 n = 512
B-spline 2.967 3.186 3.659
Bernstein 1.423 1.572 1.844
B-spline/Bernstein 2.086 2.026 1.985
AR(4) n = 128 n = 256 n = 512
B-spline 4.044 4.422 5.174
Bernstein 1.443 1.694 2.281
B-spline/Bernstein 2.802 2.610 2.268
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5.3.2 Application of the B-spline prior to recoloured LIGO S6 data

Data collected by the Advanced LIGO observatories are dominated by instrument noise — pri-

marily seismic, thermal, and photon shot noise. There are also high power, narrow band, spectral

noise lines caused by the AC electrical supplies and mirror suspensions, among other phenomena.

Due to the undesirable properties of the Bernstein polynomial prior (poor coverage and slow con-

vergence), it was not flexible enough to estimate the spectral lines in the spectral density of real

LIGO noise. This, coupled with the fact that B-splines have local support, provided the rationale

for implementing the B-spline prior instead.

In the following example, consider a 1 s stretch of real LIGO data collected during the sixth

science run (S6), recoloured to match the target noise sensitivity of Advanced LIGO (Christensen,

2010). LIGO has a sampling rate of 16384 Hz. To reduce the volume of data processed, a low-pass

Butterworth filter (of order 20 and attenuation 0.25) is applied, then the data are downsampled

to 4096 Hz. Prior to downsampling, the data are differenced once to become stationary, mean-

centred, and Hann windowed to mitigate spectral leakage. Though a 1 s stretch may seem small

in the context of gravitational wave data analysis, this time scale is important for on-source

characterisation of noise during short-duration transient events (bursts), such as core collapse

supernovae (Abadie et al., 2012a). This is particularly true since LIGO noise has a time-varying

spectrum, and systematic biases could occur if off-source noise was used to estimate the power

spectrum of on-source noise.

A parallel tempered Metropolis-within-Gibbs MCMC algorithm is implemented, running 16 par-

allel chains (each at different temperatures). These are each run for 400, 000 iterations, with

a burn-in of 200, 000 and thinning factor of 5. Swaps (of all parameters blocked together) are

proposed between adjacent chains on every tenth iteration, allowing for the trickling down of in-

formation from high to low energy states. For each chain c, the following inverse-temperature

scheme gave reasonable results:

T−1
c = T−∆c

min , (5.13)

where Tmin = 0.005 is the minimum inverse-temperature allowed, ∆c = c−1
C−1

, and C = 16 is the

number of chains.

As demonstrated in the previous section (e.g., Figure 5.16), the Bernstein polynomial approach

would have struggled to estimate the abrupt changes of power present in real detector data. It can

be seen in Figure 5.17 though, that the B-spline prior approach estimates the log-spectral density

very well. The estimated log-PSD follows the general broad-band shape of the log-periodogram

well, and the primary sharp changes in power are also accurately estimated. The method, however,

seems to be less sensitive to the smaller spikes.
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Figure 5.17: Estimated log10 PSD for a 1 s segment of recoloured LIGO S6 data. The poste-
rior median log-PSD (dashed black) along with the pointwise credible region (shaded blue) are

overlaid with the log-periodogram (grey). The log transform is base 10 here.

5.3.2.1 Informative prior

Consider the informative prior set-up setting MH = n = 4096. This is the case where there is a

stronger prior belief that knot placements are uniform. Also consider increasing the stick-breaking

truncation parameters to LG = LH = 60. This improves the accuracy of the stick-breaking

construction, but at the expense of additional computational overheads. The parallel tempered

MCMC algorithm is run for 200,000 iterations, with a burn-in of 80,000 and thinning factor of 10.

A plot of the estimated log PSD of LIGO S6 noise can be seen in Figure 5.18.

The largest peaks (apart from the one at 1 kHz) are all estimated well under this set-up. This

includes the twin peaks around 400 Hz. The broad-band features are also estimated well. To

improve the fit even further, the MCMC code will require a significant improvement in efficiency.

In its current state, it is infeasible to increase the stick-breaking truncation parameters any further

due to computation speed. Further improvements to the code could also come in exploring other

tempering schemes.
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Figure 5.18: Estimated log10 PSD for a 1 s segment of recoloured LIGO S6 data, using an
informative MH = 4096. The posterior median log-PSD (dashed black) along with the pointwise
credible region (shaded blue) are overlaid with the log-periodogram (grey). The log transform is

base 10 here.

5.4 Advanced LIGO spectral density estimation using a

nonparametric correction to a parametric likelihood

In this section, the nonparametric correction (NPC) procedure presented in 3.5.4.3 is applied to

real LIGO noise from the S6 run. Further methodological details (e.g., posterior consistency) and

numerical results can be found in the joint work of Kirch et al. (2017).

Consider 1 s of real LIGO data collected during the S6 run, recoloured to match the target noise

sensitivity of Advanced LIGO (Christensen, 2010). The data are differenced and then multiplied

by a Hann window to mitigate spectral leakage. A low-pass Butterworth filter (of order 20 and

attenuation 0.25) is then applied before downsampling from a LIGO sampling rate of 16384 Hz to

4096 Hz, reducing the volume of data.

Apart from changing kmax = 1000, the same prior set-up as in 5.2.4 is used. Further, a Uniform[0, 1]

prior is placed on spectral shape confidence parameter η, and Uniform[-1, 1] priors are placed on

the partial autocorrelation parameters ρ. The results in this section make use of the gibbs NPC,

gibbs NP, and gibbs AR functions in the R package beyondWhittle (Meier et al., 2017).

With regards to selecting an appropriate AR(p) working model, one could analyse DIC for increas-

ing orders. However, scree-like plots of negative maximum log likelihood for increasing orders often

show a clear bend (elbow) in the curve. Similar to scree plots in the context of PCA, the elbow

could be considered a reasonable truncation point (“elbow criterion”). Though the model selected
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under this criterion will not fully explain the data, adding more parameters generally does not

help the nonparametric correction procedure.

First, a pure nonparametric model is run, corresponding to a nonparametrically corrected likeli-

hood with an AR(0) working model (i.e., the Whittle likelihood) to estimate the spectral density.

This is then compared to a nonparametrically corrected model with an order of p = 14, where a

clear elbow can be seen in the negative log-likelihood plot (see Figure 5.19). These simulations

run for 100,000 MCMC iterations, with a burn-in of 50,000, and thinning factor of 5. Results are

illustrated in Figure 5.20.
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Figure 5.19: Negative maximum log likelihood for different AR(p) models applied to Advanced
LIGO S6 data.

Even though k converged to k ≈ 900 mixture components, it is clear that the Bernstein polynomial

prior together with the Whittle likelihood is not flexible enough to estimate the sharp peaks of the

LIGO spectral density. The parametric AR(14) model (estimated using the Bayesian autoregres-

sive sampler described in Kirch et al. (2017)) captures the four main peaks but not their sharpness.

Additionally, it does not capture the structure well in the frequency bands 0 to 450 Hz as well as

larger than 1100 Hz. When compared to the AR(0) model, the nonparametrically corrected model

based on p = 14 estimates the sharp peaks much better. Furthermore, it sharpens all four peaks of

the AR(14)-model (with a slight exception around 400 Hz, where seemingly two very sharp peaks

overlap, a feature that is not captured by the AR(14) model at all). In the frequency bands 0 to

450 Hz as well as larger than 1100 Hz, where the parametric model fails altogether, the correction

yields similar results to the nonparametric Whittle procedure. Similarly to the nonparametric

Whittle procedure k tends towards kmax = 800 indicating that the Bernstein polynomial prior

together with an AR(14)-model is not yet flexible enough for this data set.
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Figure 5.20: Estimated log spectral density for a 1 s segment of LIGO S6 data. The posterior
median log spectral density estimate of NPC under an AR(14) working model (solid black),
AR(14) (dashed black), and NPC under an AR(0) working model (dotted black) are overlaid

with the log periodogram (grey).

Looking closer at Figure 5.19, the negative log-likelihood between the models AR(14) and AR(35)

decreases by 533, which is not as sharp as the elbow at p = 14, but still large — keeping in mind

that the LIGO data is a very complex data set. There is a moderately sized jump before p = 35,

while afterwards the descent slows down. In fact the BIC chooses an order of p = 118, where the

log-likelihood reaches the level of 879, showing that the difference between p = 14 and p = 35 (of

533) is comparable to the one between p = 35 and p = 128 (of 512). This indicates that there is

indeed another change of gradient around p = 35. When looking at penalised likelihoods, this is

also the point where different penalisations start to obviously diverge. The results for p = 35 can

be found in Figure 5.21.

The parametric AR(35) model already provides a reasonable fit to the periodogram, picking up

the major peaks (with the exception around 100 Hz), but under- and over-estimates some of the

peaks. In particular there are still major problems in the frequency bands 0 to 300 Hz and 400

to 700 Hz. The NPC procedure with p = 35 keeps the peaks that have been captured well by

the parametric model but corrects problems most prominently in the above mentioned frequency

bands. It is worth mentioning that the correction works in several ways: Sharpening existing

peaks (e.g. at 0 Hz), adding new peaks (e.g. at 100 Hz) as well as smoothing out some erroneous

peaks (e.g. at 600 Hz). Overall, the resulting estimate seems to capture the structure quite well

in all frequency bands. This impression is complemented by the results of the NPC method with

AR(35) working model together with the pointwise and uniform credible bounds obtained from

the procedure in Figure 5.22.
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Figure 5.21: Estimated log spectral density for a 1 s segment of LIGO S6 data. The posterior
median log spectral density estimate of NPC under an AR(35) working model (solid black),
AR(35) (dashed black), and NPC under an AR(0) working model (dotted black) are overlaid

with the log periodogram (grey).
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Figure 5.22: Estimated log spectral density for a 1 s segment of LIGO S6 data. The posterior
median log spectral density estimate of NPC under an AR(35) working model (solid black),
pointwise credible region (shaded red), and uniform credible region (shaded violet) are overlaid

with the log periodogram (grey).
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Conclusions and outlook

Presented in this thesis were Bayesian approaches to gravitational wave data analysis, with a

particular focus on parameter estimation of rotating stellar core collapse gravitational wave signals,

and realistic modelling of the power spectral density of LIGO detector noise. A framework for

inferring the astrophysical parameters of a rotating stellar core collapse gravitational wave signal

was presented, using posterior predictive sampling and supervised machine learning algorithms.

Bayesian nonparametric routines were then employed to estimate the PSD of Advanced LIGO

noise.

It was shown that with an SNR of % = 20 and optimal orientation of detector to source, the

ratio of rotational kinetic energy to gravitational potential energy of the inner core at bounce

can be inferred with reasonable levels of uncertainty using posterior predictive sampling. This

level of uncertainty increased when incorporating an unknown signal arrival time into the signal

reconstruction model, but this came as no surprise as the uncertainty of the signal arrival time

propagated through to the PC coefficients. The posterior predictive sampling approach presented

here may be applied generally to any supernova waveform catalogue and to any continuous astro-

physical parameter of interest. Indeed, it was initially applied to the Dimmelmeier et al. (2008)

waveform catalogue as a proof of concept and then easily transferred to the Abdikamalov et al.

(2014) catalogue. Although not presented here, predictions and conclusions relating to the initial

central angular velocity were comparable to those of the ratio of rotational kinetic energy to grav-

itational potential energy of the inner core at bounce. This was expected as the ratio of rotational

kinetic energy to gravitational energy of the inner core at bounce is a function of central angular

velocity.

Choosing to only use the posterior means of the PC coefficients in the construction of the linear

model design matrix removed some of the variability due to LIGO noise and signal reconstruction

uncertainty. The uncertainty from the Bayesian PCR modelling step therefore does not propagate
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through to the posterior predictive sampling step. An alternative approach for future study would

be to incorporate this uncertainty through an errors-in-variables model, which is commonly used

when there are measurement errors in the explanatory variables of a regression model. A hierar-

chical approach would allow for propagation of uncertainty. However, a benefit of the methods

presented here were that predictions were essentially independent of SNR (at least for % ≥ 20).

To extract the level of precollapse differential rotation, two supervised learning algorithms and

posterior predictive sampling from a Bayesian ordinal probit model were used. All results were

comparable. The k-nearest neighbours algorithm generally performed better than näıve Bayes

under the given assumptions, and the Bayesian ordinal probit model outperformed both machine

learning algorithms for strong and weak precollapse differential rotation, including signals with

a differing nuclear equation of state and deleptonisation parametrisation. It could be useful to

investigate how the choice of prior for the näıve Bayes classifier affects classification, and how

different metrics such as the Mahalanobis distance (which takes correlations of the data into

account) influences classification for k-nearest neighbours.

With regards to PC model selection, two approaches were considered. A constrained optimisation

of the DIC was used to select a fixed number of PCs for the Bayesian PCR models. A RJMCMC

approach was also implemented, treating the number of PCs as variable. Under the reversible jump

regime, one can take advantage of automatic model selection via model averaging. For parameter

estimation purposes, the former approach was used as one requires the same number of PCs for each

signal when creating the linear model design matrix for posterior predictive sampling. This is not

possible under the current reversible jump implementation, as all signals are modelled separately,

and different signals will converge to different models. A future extension is to conduct parameter

estimation when signals are modelled together in a multivariate setting. Further, alternative signal

reconstruction models, such as the Bayesian LASSO and Gaussian process regression, could be

considered.

Extracting nuclear equation of state was somewhat unsuccessful. This is most likely due to the

fact that the two equations of state analysed were not overly influential in the structure of the

gravitational wave signal (Abdikamalov et al., 2014, Dimmelmeier et al., 2008). However, the

cross-validation approach gave better-than-expected results, with 50% correctly identified.

The rotating stellar core collapse parameter estimation routines only considered optimal orienta-

tion of a gravitational wave source to a single interferometer. Similar to Röver et al. (2007a,b) but

in the context of rotating stellar core collapse signals, it would be useful to generalise to a network

of detectors, using coherent methods. One could then locate the source of the gravitational wave

in the sky. Source localisation could then allow for robust glitch rejection via electromagnetic

follow-up.
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Parameter estimation routines have dominated the gravitational wave data analysis literature,

while noise PSD modelling has often been neglected. It could be argued that PSD estimation

is just as important as parameter estimation as one would want to ensure no systematic biases

occur due to a poorly specified parametric noise model. The standard approach for estimating the

noise PSD involves taking an average of off-source data using the Welch method, then assuming

stationary and Gaussian noise with a known PSD. The assumptions of the standard noise model

are too restrictive for Advanced LIGO data. Gravitational wave data are subject to high amplitude

non-Gaussian transient noise artifacts, meaning the Gaussian assumption is no longer valid. If the

noise model is incorrectly specified using a parametric (Gaussian) model, misleading inferences

could be made. The stationarity assumption is also not valid as the noise PSD is time-varying.

Using off-source data to estimate the PSD may be problematic since the PSD will naturally drift

over time, and could have a different structure to the PSD of noise on the gravitational wave source.

Bayesian nonparametric methods were employed to address the limitations of the standard noise

model.

To address the Gaussian assumption, a nonparametric Bernstein polynomial prior was placed on

the LIGO noise PSD. An MCMC framework was then developed to allow for on-source char-

acterisation of the LIGO noise PSD, while simultaneously reconstructing a rotating stellar core

collapse gravitational wave signal. Although attention was restricted to gravitational waves from

rotating stellar core collapse, the approach is perfectly valid for any parametric gravitational wave

signal embedded in noise. To account for nonstationarities in LIGO noise, local rather than global

stationarity was considered.

Since the “theoretical” PSD of Advanced LIGO at its design sensitivity has a very steep decrease

at low frequencies (until it reaches a minimum at roughly 230 Hz), it is difficult for the Bernstein

polynomial prior MCMC algorithm to perfectly characterise the shape at low frequencies without

increasing computation significantly. This is due to the well-known slow convergence and poor

coverage properties of Bernstein basis functions. That is, many Bernstein polynomials (of order

k = 1000 or more) are required to accurately characterise the PSD of simulated Advanced LIGO

noise, and this is computationally infeasible. Compare this to more well-behaved noise sources,

such as those from autoregressive processes, which require k < 50. Real Advanced LIGO noise

has an even more complicated spectral structure, with sharp and abrupt spectral lines, which this

algorithm cannot handle. This led to the development of a more flexible prior, the B-spline prior,

which can be considered a generalisation to the Bernstein polynomial prior.

It was shown under default noninformative priors that the B-spline prior outperforms the Bernstein

polynomial prior in terms of integrated absolute error and uniform coverage probabilities, yielding

superior Monte Carlo estimates, particularly for spectral densities with sharp and abrupt changes

in power, such as the LIGO PSD from the S6 run. This was not surprising as B-splines have
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local support and better approximation properties than Bernstein polynomials. However, a future

statistical challenge is to prove posterior consistency to ensure the posterior estimate converges in

the neighbourhood of the true PSD. An additional future direction is to apply the B-spline prior

to a more broader statistical context, such as density estimation.

An alternative approach to model the LIGO S6 noise PSD was to use a nonparametric correction to

a parametric likelihood. An autoregressive working model was assumed, which was then corrected

nonparametrically. Under this methodology, erroneous peaks were damped down, new peaks were

introduced, and correct peaks were sharpened. Future directions of this work could be to replace

the Bernstein polynomial prior with the B-spline prior. In addition, if there exists a “theoretical”

LIGO PSD that includes known spectral lines, one could use this information in the correction

matrix. In this way, one can include prior information without using an informative prior via a

nonparametric correction to a parametric likelihood.

The path forward is clear — to implement these Bayesian nonparametric PSD estimation methods

in the LSC Algorithm Library (LAL). As the gravitational wave data analysis community converges

on an adequate noise model, the Bayesian nonparametric framework presented here shows much

promise. These methods would be well-suited to many Bayesian parameter estimation routines

from a variety of different sources, including stellar core collapse. This will first require a significant

overhaul of the code to make the speed improvements necessary for efficient and timely computing.

The methods presented in this thesis are valuable tools going forward. With the recent observations

of gravitational waves from binary black hole mergers, it is an exciting time for the fields of

astronomy and cosmology. New detections are imminent and could lead to new insights about

the cosmos. Robust parameter estimation and noise modelling routines, such as the methods

presented in this thesis, are now more important than ever.
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