
CDMTCSResearchReportSeriesComputably CategoricalStructures and Expansionsby ConstantsPeter CholakUniversity of Notre Dame, Notre Dame,IN, 46556Sergey GoncharovNovosibirsk University, Novosibirsk, RussiaBakhadyr KhoussainovCornell University, Ithaca NY 14853 USAUniversity of Auckland, Auckland, NewZealandRichard A. ShoreCornell University, Ithaca NY 14853 USA
CDMTCS-023November 1996Centre for Discrete Mathematics andTheoretical Computer Science



Computably Categorical Structures andExpansions by ConstantsPeter Cholak�University of Notre Dame, Notre Dame, IN, 46556Sergey GoncharovyNovosibirsk University, Novosibirsk, Russia.Bakhadyr KhoussainovzCornell University, Ithaca NY 14853 USAUniversity of Aulkland, Aukland, New ZealandRichard A. ShorexCornell University, Ithaca NY 14853 USA
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most general and descriptive designation. Harizanov [6] is an excellent intro-duction to the subject as is Millar [14].) The basic subjects of model theoryinclude languages, structures, theories, models and various types of mapsbetween these objects. There are many ways to introduce considerations ofe�ectiveness into the area. The two most prominent derive from starting, onthe one hand, with the notion of a theory and its models or, on the other,with just structures.If one begins with theories, then a natural version of e�ectiveness is toconsider decidable theories (i.e., ones with a decidable (equivalently, com-putable or recursive) set of theorems. When one moves to models and wantsthem to be e�ective, one might start with the requirement that the model A(of any theory) have a decidable theory (i.e., Th(A), the set of sentences truein A, is decidable). Typically, however, one wants to be able to talk aboutthe elements of the model as well as its theory in the given language. Thusone naturally considers the model as a structure for the language expandedby adding constants ai for each element a of A. Of course, one requiresthat the mapping from the constants to the corresponding elements of A bee�ective (computable). We are thus lead to the following basic de�nition:De�nition 1 A structure or model A is decidable if there is a computableenumeration ai of A, the domain of A, such that Th(A; ai) is decidable. (Ofcourse, ai is interpreted as ai for each i 2 !.)A typical basic result about decidable models is then the e�ective versionof the completeness theorem:Theorem 1 Every complete decidable theory has a decidable model.The proof consists of noting that the standard Henkin construction canbe done e�ectively.A deeper result is that of Harrington [8] and Khissamiev [10]Theorem 2 ([8],[10]) If T is a decidable @1-categorical theory, then everycountable model of T is isomorphic to a decidable model of T .There are many other results on decidable models concerning prime, ho-mogeneous and saturated models of decidable theories. We refer again to [6]and [14] for surveys and extensive bibliographies.2



If one begins simply with languages and structures, then one is essen-tially in the realm of general e�ective mathematics. The e�ective versionsof various branches of mathematics have been extensively developed begin-ning with Fr�olich and Shepherdson [3], Malcev [12], Rabin [15], Nerode andhis collaborators (see [16]) in algebra and Grzegorczjk [5] Lacombe [9] andothers in analysis. In line with these investigations, we begin with a com-putable language L. An e�ective structure for the language should have acomputable domain and we should be able to calculate the relevant functionsand relations on this domain:De�nition 2 A structure A for a language L is computable if its domainA is a computable subset of ! and its functions and relations are uniformlycomputable, i.e., there is a computable enumeration ai of A such that theatomic diagram of (A; ai) is computable.Obviously, the requirements of computability are signi�cantly weakerthan those for decidability. Indeed, it usually seems to be the case thatfar less is provable about computable than decidable models. For example,if one views a theory T simply as a set of sentences (rather than the associ-ated set of theorems), then a computable theory need not have a computablemodel (e.g., there is no computable nonstandard model of Peano Arithmetic).Nonetheless, the de�nition captures what one normally means in mathemat-ical discourse by an e�ective structure or presentation. Again, this notionhas been extensively investigated in the settings of particular mathematicalsubjects as well as in general model theoretic terms. It is this notion ofe�ective structure with which we shall be concerned in this paper.Just as one insists on computable structures in e�ective model theory, oneis primarily interested in computable maps between the structures whetherthey be homomorphism, monomorphism or elementary embeddings. Thuswhile classical mathematics and model theory identify isomorphic structures,e�ective model theory is concerned with computable isomorphism. A funda-mental concept is therefore that of computable isomorphism type.De�nition 3 Two computable structures A and B are of the same com-putable isomorphism type if there is computable isomorphism taking Ato B. The dimension of a structure A is the number of computable isomor-phism types of computable structures (classically) isomorphic to A.How far computable isomorphism types can be from classical ones can beseen in the following basic result of Goncharov [4]:3



Theorem 3 [4] For each n 2 ! [ f!g there is a computable structure withdimension n.We shall primarily be concerned with the e�ect of expanding a structureby naming (�nitely many) constants on its dimension. Of course, this cannotdecrease the dimension but to what extent it can increase it has been an openproblem that we deal with in this paper. The basic model theoretic notionwith which we begin is (countable) categoricity. A theory T is (countably)categorical (in classical model theory) if all (countable) models of T are iso-morphic. A (countable) structure A is (countably) categorical if its theoryTh(A) is (countably) categorical. The analogous concept for e�ective modeltheory deals only with computable structures and isomorphisms:De�nition 4 A structure A is computably categorical if every structureisomorphic to A is computably isomorphic to A. (Equivalently, the dimensionof A is 1.)Example 1 (Q;�), the rationals with their usual linear order, is a com-putably categorical structure: The standard back and forth argument show-ing that the theory of dense linear orderings without endpoints is countablycategorical is e�ective and so produces computable isomorphisms betweenany two such orderings. Similarly, each computable atomless Boolean alge-bra is computably categorical.Classically, it is an easy consequence of the Ryll-Nardzewski Theoremthat if the theory of an arbitrary structure A is countably categorical thenso is the theory of any expansion of A by �nitely many constants. It is theanalogous situation in e�ective model theory that we wish to consider. Millar[13] proved that a small amount of decidability is enough to guarantee thatcategoricity is preserved under such expansions:Theorem 4 [13] If a structure A is computably categorical and its existen-tial theory is decidable (i.e., the set of existential sentences (with constantsfor each element of A) true in A is computable), then the expansion of A by�nitely many constants is also computably categorical.Without this partial decidability assumption the problem has remainedopen. It is presented as the Ash{Gonchorv problem in [2]:4



Question 1 [2] Is the expansion of every computably categorical structureby �nitely many constants computably categorical?We solve this problem negatively, indeed, we show that the dimension ofa structure can be increased from 1 (computable categoricity) to k 2 ! bythe addition of even a single constant naming any element of the structure.Thus our main theorem is as following:Theorem 4.4 For each k 2 ! there is a computably categorical structureA such that the expansion of A gotten by adding on a constant naming anyelement of A has dimension k.We would like to add that this theorem does not answer the case when k =!. We do not know whether there exists a computably categorical structurewhose expansion by a �nite number of constants has ! many computableisomorphism types.The structures required to establish the theorem are constructed by cod-ing certain (uniformly) computably enumerable families of k-tuples of sets.We now present the basic notions about such families needed when k = 2.The model theoretic coding of the appropriate families is presented in x2.We give the constructions of the required family itself in x3. Finally, in x4we explain how to generalize the notions and constructions to establish thefull result for all k 2 !.De�nition 5 We use r and l as the right and left projections from pairs,i.e., l((A;B)) = A and r((A;B)) = B.De�nition 6 Let S be a family of pairs (A;B) of nonempty sets. S is sym-metric if (A;B) 2 S implies that (B;A) 2 S. S is a computably enumerablefamily if there is a mapping f : ! ! S such that f(i; x; y)jx 2 lf(i); y 2rf(i)g is computably enumerable. We then call f a (computable) enumera-tion of S. If f is one-to-one we say it is a one-to-one enumeration of S.We also say that i is an f index for f(i) = (Ai; Bi).We wish to consider a preordering on the computable enumerations of afamily S that naturally induces an equivalence relation that corresponds tocomputable isomorphism: 5



De�nition 7 Let f and g be computable enumerations of a family S: Wesay that f is reducible to g, f � g, if there is a computable � such thatf = g�. In this case, we say that f is reducible to g via �. If f � g andg � f then we say that f and g are equivalent and denote this relation byf � g.Note that if f is a one-to-one enumeration of S and g � f then � mustbe a permutation of ! and so f � g: Thus the equivalence classes of one-to-one enumerations are minimal elements in the induced partial ordering.These are the enumerations that we need to consider to de�ne the familythat supplies the model required for our theorem. Informally, computablecategoricity corresponds to there being a single such equivalence class anddimension corresponds to the number of such classes.Now if f is a one-to-one computable enumeration of a symmetric family Sof pairs of sets then there is one other natural computable enumeration ~f ofS: If f(i) = (Ai; Bi) then ~f(i) = (Bi; Ai). Thus we can phrase the requirednotion of dimension in the case of interest as follows:De�nition 8 If f is a one-to-one computable enumeration of a symmetricfamily S of pairs of sets, we say that S has dimension 2 if f and ~f are notequivalent and every computable one-to-one enumeration of S is equivalentto either f or ~f .The crucial ingredient in the construction of the structures we need isprecisely such a family.Theorem 3.1 There exists a computably enumerable symmetric family ofdimension 2.x3 is devoted to a proof of this theorem. In x2 we show how to use sucha family to build the desired structure to prove the case k = 2 of our maintheorem. We mention that in [4] and [7] Goncharov and Harizanov usedsimilar coding ideas.2 Structures of dimension 2In this section we show how to use a family of dimension 2 (as provided byTheorem 3.1) to prove the main theorem for k = 2.6



Theorem 5 There exists a computably categorical model A such that foreach a 2 A the expanded model (A; a) has dimension 2.Proof. Let S be a symmetric family of dimension 2 and let f be a one-to-one computable enumeration of S. Based on the enumeration f , we willconstruct a computable structure Af = (!Sfuf ; vfg; Pf), where uf and vfare symbols not belonging to ! and Pf is a computable binary predicateon !Sfuf ; vfg. When de�ning the predicate Pf in our structure, we abusenotation and write Pf(a) = b instead of Pf(a; b).Consider uniformly computably enumerable, possibly �nite, sequencesai;0; ai;1; ai;2; : : : and bi;0; bi;1; bi;2; : : :without repetitions such that for each i 2 !lf(i) = fai;0; ai;1; ai;2; : : :g and rf(i) = fbi;0; bi;1; bi;2; : : :g:For each i 2 !, we can consider the computable structure Gfi on a com-putable subset of ! plus two additional symbols uf and vf with one binaryrelation P fi determined by the following procedure: We begin by settingP fi (0) = uf ; P fi (1) = vf ; P fi (0) = 1; Pi(1) = 0;and for all m 2 !P fi (4(m+ 1)) = 4m; P fi (4(m + 1) + 1) = 4m + 1;P fi (4m+ 2) = 4m+ 2; P fi (4m + 3) = 4m + 3:When some element ai;m is enumerated at stage s we set P fi (4s + 2) =4(ai;m+1) and when bi;m is enumerated at s we set P fi (4s+3) = 4(bi;m+1)+1.(We enumerate at most one number at each stage.) The domain of Gfi is thedomain of the relation P fi and is clearly computable.A picture of a fragment of this structure is in Figure 1 in the case when 1is enumerated in lf(i) at stage 1 and 3 at 4 while 2 is enumerated in rf(i) atstage 5. In this picture a! b means that P fi (a) = b, or equivalently P fi (a; b)holds. For example, P fi (6) = 8 as well as P fi (18) = 16.The structure Gfi is computable and satis�es the following properties:7
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1. For every number t, t belongs to lf(i) if and only if there exist pairwisedistinct elements y; z; x0; x1; : : : ; xt+1 of the structure Gfi such that P fi (y) =x0&P fi (z) = x0 and the formulaP fi (x0) = x1& : : : P fi (xt) = xt+1&P fi (xt+1) 6= xt& P fi (xt+1) = uf)holds in the structure Gfi .2. For every number t, t belongs to rf(i) if and only if there exist pairwisedistinct elements y; z; x0; x1; : : : ; xt+1 of the structure Gfi such that P fi (y) =x0&P fi (z) = x0 and the formulaP fi (x0) = x1& : : : P fi (xt) = xt+1&P fi (xt+1) 6= xt& P fi (xt+1) = vf )holds in the structure Gfi .Informally, the structure Gfi codes the pair f(i). By the uniformity in theconstruction of Gfi and the computability of f , we can conclude (by relabel-ing the recursive sets involved as necessary) that there exists a computablesequence Af0 = (Af0 ; P0);Af1 = (Af1 ; P1);Af2 = (Af2 ; P2); : : :of computable structures such that:1. For each i the structure Afi is isomorphic to the structure Gfi ,2. For all i 6= j, Afi TAfj = fuf ; vfg,3. !Sfuf ; vfg = SiAfi ;4. The relation Pf = Si Pi is computable,8



5. The structures Afi and Afj are isomorphic if and only if ~i = j or i = j.Consider the computable structureAf = (![fuf ; vfg; Pf):The next lemma shows that the structure Af provides the counterexampleneeded to prove Theorem 2.1.Lemma 1 The structure Af satis�es the following conditions.1. If g is a one-to-one computable enumeration of S, then Af is isomor-phic to Ag.2. There exists only one nontrivial automorphism � of the structure Afand �(uf) = vf .3. The expanded structures (Af ; uf) and (Af ; vf) are isomorphic but notrecursively isomorphic.4. The dimension of the expanded structure (Af ; uf) is 2.5. The structure Af is computably categorical.Proof. Let g be a one-to-one computable enumeration of S. Then for eachi there exists exactly one j such that g(i) = f(j). Therefore, the structuresGgi and Gfj are isomorphic. It follows that the structures Af and Ag are alsoisomorphic. The second part of the lemma follows from the constructionof Af and the fact that S is a symmetric family. To prove the third partnotice that the structures (Af ; uf) and (Af ; vf) are isomorphic by Part 2. Ifthese structures were computably isomorphic, then the enumerations f and~f would be equivalent. This would be a contradiction. To prove the fourthpart, suppose that (B; b) is a computable presentation of (Af ; uf). Havingthe structure (B; b), one can e�ectively construct a one-to-one enumeration gsuch that (B; b) and (Ag; ug) are computably isomorphic. Since the dimensionof S is two, the enumeration g is equivalent to either f or ~f . If g is equivalentto f , then (Af ; uf) is computably isomorphic to (Ag; ug). Otherwise (Ag; ug)is computably isomorphic to (Af ; vf). By Part 3, the dimension of (Af ; uf)is 2. To prove the last part of the lemma suppose that B is a computablepresentation of Af . Let b be such that (B; b) is isomorphic to (Af ; uf). By9



the previous part, the structure (B; b) is either computably isomorphic to(Af ; uf) or to (Af ; vf). Hence B is computably isomorphic to Af . 2To complete the proof of Theorem 2.1 from Lemma 2.2, take any a 2 Af .Consider the structure (Af ; a). Let � be the nontrivial automorphism of Af .The expanded structure (Af ; a) is isomorphic to the structure (Af ; �(a)).Repeating the proof of the lemma with respect to the expanded structure(Af ; a), we see that the dimension of (Af ; a) is 2. 23 Symmetric Families of Dimension 2Our goal in this section is to prove the following:Theorem 6 There exists a computably enumerable symmetric family of di-mension 2.Let �j; j 2 !; be a standard enumeration of all partial computablefunctions. Let gj; i 2 !; be a standard enumeration of all computable enu-merations of families of pairs of computably enumerable sets. To constructthe desired one-to-one computable enumeration f of a symmetric family S,we need to satisfy the following requirements:Dj : f is not reducible to ~f via �e,andRj : (gj � f)W(gj � ~f)W gj is not a one-to-one enumeration of S:The U-operation de�ned below is important in our construction. Anordered �nite sequence Xk; : : : ; X1; Y1; : : : ; Ykof pairs of sets is symmetric if ~Xi = Yi for each i.De�nition 9 Let Xk; : : : ; X1; Y1; : : : ; Yk be a symmetric sequence of pairsof sets. The U-operation applied to this sequence gives, by de�nition, thesequence Zk; : : : ; Z1; T1; : : : ; Tk10



where Zk = Xk[Xk�1; : : : ; Z1 = X1[Y1;T1 = Y1[Y2; : : : ; Tk�1 = Yk�1[Yk; Tk = Xk[Yk:We also say that the pairs of sets Xk; : : : ; X1; Y1; : : : ; Yk participated in theU-operation.The following lemma describes the main properties of this operation. Theproof of the lemma follows easily from the de�nitions.Lemma 2 Let Xk; : : : ; X1; Y1; : : : ; Yk be a symmetric sequence of pairs ofsets. The sequence Zk; : : : ; Z1; T1; : : : ; Tk obtained via the U-operation hasthe following properties:1. The pairs Z1 and Tk are selfsymmetric.2. For each i, where 1 � i < k, Ti is symmetric to Zi+1. 2Before we present a general construction, we would like to show how tosatisfy a single Rj requirement R. Remarks in double brackets [[like thisone]] are explanatory and not part of the formal construction. Parametersindexed by the stage number t like a1;t that are not explicitly rede�ned atstage t+ 1 remain the same.How to satisfy one R and all Dj. We set g = gj. For t; n 2 ! andn � t, let gt(n) bef(x; y)j x; y � t and (x; y) appears in g(n) in fewer than t+ 1 steps of a�xed computation procedure for gg:Let � 2 ff; ~fg. Our construction proceeds by stages. At stage t, we usethe following notions and terminology.1. Enumerations ft and ~ft. These are approximations to the enumer-ations f and ~f that the construction is building. That is, for each i 2 !; wewill have f(i) =[t ft(i) and ~f(i) =[t ~ft(i):As the enumeration ~f is uniquely determined by f , we will usually onlyspecify f . Warning: For notational convenience, we will de�ne f(i) onlyfro some recursive set of i' s and make suer that f(i) 6= f(j) for i 6= j in11



the domain of f . Correspondingly, we construct reductions de�ned on thisdomain. Of course, formally we then could relabel the domain so as to makeit all of ! to make f a one-to-one enumeration (on all of !) but we omit thisdetail in our constructions and proofs.2. The family St. The functions ft and ~ft enumerate the same sym-metric family denoted by St.3. To each partial computable function �j, we assign pairwise dis-tinct witness numbers cj; dj; xj; yj and corresponding distinct �nite setsCj; Dj; Xj and Yj, called witnesses, such that D = fcj; dj; xj; yjjj 2 !g isa coin�nite recursive set and we set f0(cj) = (Cj; Dj), f0(dj) = (Dj; Cj),f0(xj) = (Xj; Yj); f0(yj) = (Yj; Xj). One of the goals of the construction isto diagonalize against the potential reduction �j at c.4. Potential Reduction Functions rft , r ~ft . Each r�t , for � 2 ff; ~fg, isa function which potentially reduces �t to gt at stage t. At each stage one ofthese (potential) reductions will be the designated (potential) reductionfor the construction. The function r�t may extend the previous designatedreduction r�t�1. If r�t does not extend the previous designated reduction, thenwe say that the construction changes its (designated) reduction. In theconstruction we call the functions rft , r ~ft (potential) reduction functions.5. Let i 2 dom(�t). The construction will guarantee thatl�t(i) n[f l�t(j) j j 6= i& j 2 dom(�t)g 6= ;and r�t(i) n[f r�t(j) j j 6= i& j 2 dom(�t)g 6= ;Thus at stage t, each coordinate of every pair in ft possesses an element whichdoes not belong to any set in the same coordinate of any other pair in theenumeration ft. Moreover, the same will be true of the �nal enumerations�. The purpose of this property is to ensure that f will be a one-to-oneenumeration.6. A special g{pair. The construction needs to pick a pair g(sg) in theenumeration g which is called a special g{pair. If there exist in�nitely manystages at which the construction changes its reduction, then the pair g(sg)becomes in�nite, all pairs in f contained in g(sg) are �nite, and therefore g isnot a one-to-one enumeration of S. On the other hand, if after some stage the12



construction never changes its reduction and g is a one-to-one enumerationof the family S, then g will be equivalent to either f or ~f .7. Special Numbers sft , ~sft , s ~ft , ~s ~ft . The construction uses thesenumbers so thatsft = ~s ~ft ; s ~ft = ~sft ; rft (sft ) = sg; rft (~sft ) = ~sg; r ~ft (s ~ft ) = sg; r ~ft (~s ~ft ) = ~sg:Thus ft(sft ) and ~f(s ~ft ) are the pairs of sets in ft and ~ft, respectively, which, atstage t, correspond to g(sg). Therefore ft(~sft ) and ~f(~s ~ft ) are the pairs of setsin ft and ~ft respectively which, at stage t, correspond to g(~sg). Moreover,if g recovers at stage t (as de�ned below), then these numbers satisfy thefollowing properties.1. If the construction does not change its previously designated reductionfrom � to ~� at stage t, then s�t+1 = s�t and, if s�t participated in aU-operation at the last recovery stage, ~s�t+1 6= ~s�t :2. If the construction changes its reduction from � to ~� at stage t, thens�t participated in a U-operation at the last recovery stage, s�t+1 6= s�tand ~s�t+1 = s~�t+1 = ~s�t :3. If, after some stage, the construction never changes its reduction, recov-ers in�nitely often, and g is a one-to-one enumeration of the family S,then the construction guarantees that the pair �(limn!1s�n) is in�niteand selfsymmetric.8. Marking with 2w and Recovery. If, for a �t{index x, thereexists a y � t such that gt(y) � �t(x) and, for all z 6= x, the pair gt(y)is not contained in �t(z), then we say that gt(y) is covered by �t(x), orequivalently, �t(x) covers gt(y). During the construction some �t{indiceswill be marked with a special symbol 2w called a mark. We say that theenumeration g recovers at stage t, or equivalently that stage t is a recoverystage, if for each �t{index x marked with a 2w, there exists a unique y suchthat �t(x) covers gt(y). We use the notion of recovery to show that if g is aone-to-one enumeration of the family S, then g is equivalent to either f or~f . The idea is the following. Suppose that g is a one-to-one enumeration ofS. By construction, each pair ft(x) marked with a 2w waits to cover a pairin g. As soon as g recovers at a stage t1 � t and a unique gt1{index y is13



found such that �t(x) covers gt1(y), the construction de�nes r�t1(x) = y andthen attempts to guarantee that g(y) = �(x). If the enumeration does notrecover at stage t, then we say that g is in the waiting state. If g is alwaysin the waiting state after t, then, by construction, g will not be a one-to-oneenumeration of S.Now we will describe the construction for satisfying all Dj and one R.Construction:Stage 0. Let dom(f0) = DSfs; ~s; a1;0; b1;0; a2;0; b2;0g, where s, ~s, a1;0,b1;0, a2;0, b2;0 are new numbers not in D (where D is de�ned in (3) above).Let pi; qi for 0 � i � 2 also be new numbers. We set f(s) = (fp0g; fq0g)and f(ai) = (fpig; fqig) for i = 1; 2 and let ~s; b1; b2 be the indices of thecorresponding symmetric pairs. Put a mark 2w on each of these six numbers.Let the reductions rf and r ~f be empty and declare rf to be the construction'sdesignated reduction. Put g into the waiting state. When we �rst have arecovery stage we will de�ne sg so that rf(s) = sg and r ~f(~s) = sg so thatsf = s and s ~f = ~s. [[sg will never change.]]Stage t + 1: De�ne the reductions rft+1 and r ~ft+1 on the indices markedwith a 2w as follows: Put rft (x) = y if and only if gt(y) is covered by ft(x)and not by ft(z) for any z 6= x. Similarly, put r ~ft+1(x) = z if and only if gt(z)is covered by ~ft(x) and not by ~ft(z) for any z 6= x. If this is not a recoverystage, i.e., rft+1 is not de�ned for some x marked with a 2w, we see if thereis a j such that cj; dj; xj and yj are not in the domain of rft+1, �j;t+1(cj) = djand we have not yet acted for Dj. If there is no such j, go on to stage t+ 2.If there is one, let j be the least such. Act to satisfy Dj by performing aU-operation on the pairs ft(xj); ft(cj); ft(dj); ft(yj) to de�ne ft+1. Now goon to stage t + 2.If this is a recovery stage, we have two cases:Case 1. Suppose that r�t+1 extends the previous designated reduction r�t .In this case, set s�t+1 = s�t : This de�nes the number ~s�t+1 with respect tothe enumeration �t+1. [[Note that if we performed a U-operation at the lastrecovery stage, ~s�t+1 6= ~s�t by Claim 2 below.]]Case 2. Suppose that r�t+1 does not extend the previous designated re-duction r�t . In this case the construction changes its designated reduction tor ~�t+1. Set s~�t+1 = ~s�t : This de�nes the number ~s~�t+1 = s�t+1 with respect to theenumeration ~�t+1. [[Note that s�t+1 6= s�t .]]14



In either case, we see if there is a j such that cj; dj; xj and yj are in thedomain of rft+1, �j;t+1(cj) = dj and we have not yet acted for Dj. If so let jbe the least such number and act for Dj by performing a U-operation on thefollowing pairs: ft(b1;t); ft(s�t+1); ft(b2;t); ft(xj); ft(cj);ft(dj); ft(yj); ft(a2;t); ft(s~�t+1); ft(a1;t).[[Note that all these indices are marked with 2w and so in the domain ofr�.]]Now extend l(ft(s�t+1)) by adding on the least number in r(ft(s�t+1)) whichdoes not belong to l(ft(s�t+1)) and vice versa. Of course, the dual actions areperformed on ft(~s�t+1). Also add new numbers to both the left and right sidesof these pairs so as to prevent them from being selfsymmetric. If necessary,add new numbers to the pairs that participated in the U-operation so asto guarantee (5) above while preserving the symmetries existing after theoperation was performed. Next, take new numbers a1;t+1; b1;t+1; a2;t+1; b2;t+1to which we assign symmetric pairs of new numbers in the enumeration ft+1.This �nishes the de�nition of ft+1. Finally, put marks2w on the new numbersa1;t+1; b1;t+1; a2;t+1; b2;t+1.Whether we found such a j and performed a U-operation or not, we nowput a mark 2w on the least number not having one and go on to stage t+2.This concludes the description of the construction.Veri�cations:For each i 2 !, de�ne f(i) = St ft(i): De�ne the family S byS = ff(i)ji 2 !g:Now we verify the following claims about the construction.Claim 1. For all t 2 ! and i 2 dom(ft)lft(i) n[f lft(j) j j 6= i& j 2 dom(ft)g 6= ;and rft(i) n[f rft(j) j j 6= i& j 2 dom(ft)g 6= ;.Proof of Claim 1. This is clear from the construction by induction.15



Claim 2. The construction meets all the requirements Dj. Moreover, if atsome stage the enumeration g enters the waiting state and never recovers,then g is not a one-to-one enumeration of S.Proof of Claim 2. Suppose �rst that at a stage t0, the enumeration g entersthe waiting state and never recovers. From stage t0 on no new marks 2w areplaced on any numbers and the pairs so marked never change. There is nowclearly an j0 such that for every j > j0 for which �j(cj) = dj there is astage t0 such that at all stages t > t0 the construction satis�es the conditionsconsidered at nonrecovery stages via j. Therefore f and ~f are guaranteednot to be equivalent via �j by our action at stage t. (f(c) has becomeselfsymmetric and remains so as it is never used in a U-operation again andso never changes. Thus f(c) = ~f(c) and so any � reducing f to ~f (or viceversa) would have to have �(c) = c.) Of course, if �j(cj) 6= dj then Djis met automatically and meeting requirements Dj for j > j0 is equivalentto meeting every Dj. Finally, if g were a one-to-one enumeration of S theneach of the �nitely many marked pairs is �nite and would eventually coversome unique pair in the enumeration g by Claim 1 and so there would be arecovery stage for the desired contradiction.Next, suppose that g recovers at in�nitely many stages. Let j be thesmallest number for which Dj is not met. Let t1 be such that for all j 0 < j,all action for the requirements Dj0 are �nished before stage t1. (Clearly weact at most once for each Dj.) Then there exists a stage t + 1 at which�j;t+1(cj) = dj and all the indices required to be in the domain of r� aremarked and in the domain as we mark the least unmarked number at eachrecovery stage. It follows that at stage t + 1, the construction must act forand so meet requirement Dj. This is again a contradiction.2Claim 3. Suppose that at stage t+1 the designated reduction is r�t+1 and aU-operation is applied to the pairsft(b1;t); ft(s�t+1); ft(b2;t); ft(xj); ft(cj);ft(dj); ft(yj); ft(a2;t); ft(s~�t+1); ft(a1;t).and that t0 is the next recovery stage after t + 1. There are then two possi-bilities at t0:1. r�t0(s�t+1) = r�t+1(s�t+1) = sg. In this case, r�t0 remains the designatedreduction and extends r�t+1, s�t0 = s�t+1 which is already marked with2w by induction and ~s�t0 = a2;t which was marked with 2w at t+ 1.16



2. r�t0(s�t+1) 6= r�t+1(s�t+1). In this case, the construction changes its desig-nated reduction from � to ~�; s~�t0 = s~�t+1 = ~s�t+1 which is already markedwith 2w by induction and ~s~�t0 = s�t+1 = b1;t which was marked with 2wat t+ 1. Also r ~�t0(s~�t0) = sg.Proof of Claim 3.The only markings and changes that occur to marked pairs between t+1and t0 occur at t + 1. It is clear that the only possible pairs that can covergt0(sg) at t0 are ft+1(s�t+1) or ft+1(b1;t) . If it is the second, then r�t+1(s�t+1) = sgbut r�t0(b1;t) = sg and so we are in the second case of the claim as r�t0 is one-to-one. Thus we change the designated reduction to ~� by construction. Asr�t0(b1;t) = sg, r ~�t0(s~�t+1) = sg by symmetry and Lemma 2 and so s~�t0 = s~�t+1 asrequired.If, on the other hand, it is ft+1(s�t+1) that covers gt0(sg) at t0, then weclaim that r�t0 extends r�t+1. Now the only marked pairs that have changedare the ones participating in the U-operation so we need only argue thatr�t0 remains the same on these pairs. It is clear form the de�nition of theU-operation that the only possible values for r�t0 at each number z in thesequence b1;t; s�t+1; b2;t; xj; cj; dj; yj; a2;t; s~�t+1; a1;t is either r�t+1(z) or r�t+1(w)where w is the number immediately to the left of z in the sequence (withthe understanding that a1;t is immediately to the left of b1;t. As r�t0 must beone-to-one, if r�t0(s�t+1) = r�t+1(s�t+1) as we are assuming, then r�t0(z) = r�t+1(z)for every z in the sequence as required.The assertions about which numbers are marked follow immediately formthe construction. 2Claim 4. Suppose that g recovers at in�nitely many stages. If after a staget0 the construction never changes its potential reduction r�t for all t > t0, thenthe following hold:1. For each t > t0, s�t = s�t+1. Therefore limt!1s�t exists.2. Let t0 < t1 < t2 < : : : be the sequence of recovery stages immediatelyfollowing the ones at which a U-operation was performed. Then theelements of the sequence ~s�t1 ; ~s�t2 ; : : : are pairwise distinct.3. If there are in�nitely many recovery stages at which we perform U-operations, the pair �(s�t ) is selfsymmetric and is in�nite.4. For each x 6= s�t , the pair �(x) is �nite.17



5. For all i 2 dom(f), lf(i) n Sf lf(j) j j 6= i& j 2 dom(f)g 6= ; andrf(i) n Sf rf(j) j j 6= i& j 2 dom(f)g 6= ; and so, in particular, f isa one-to-one enumeration of S:6. If g is a one-to-one enumeration of S, then either f � g or ~f � g.Proof of Claim 4. The �rst part of this Claim follows from the de�nition ofs�t at stage t and the assumption. The second part of the Claim follows fromClaim 3. To prove the third part note that at each recovery stage at whichwe perform a U-operation we put some new numbers into �(s�t ) and put leastnumber in r(�(s�t )) into l(�(s�t )) and vice versa. To prove the fourth partnote that if x 6= s�t , then there exists a stage t > t0 such that after this stagethe pair �t(x) will never be used. Therefore �(x) = �t(x). It follows that�t(x) is �nite. The �fth part now follows from Claim 1. To prove the lastpart of the Claim we argue that r� = St>t0 r�t is the desired reduction of � tog. As there are in�nitely many recovery stages, each x in the domain of � iseventually marked with a 2w and so is in the domain of r�. Thus �(x) coversg(r�(x)) and so if g is a one-to-one enumerations of S, �(x) = g(r�(x)) asrequired by parts 3, 4 and 5 of this Claim. 2Claim 5. If the construction changes its reduction at in�nitely many stages,then the pair g(sg) is in�nite and all pairs in f are �nite.Proof of Claim 5. For each number x, if x 6= s�t and x 6= ~s�t = s~�t for all t,then it is immediate that �(x) is �nite. Therefore it is enough to prove thatthe pairs �(s�t ) and �(~s�t ) are �nite for all t and � 2 ff; ~fg. Let t1, t2, : : :be the sequence of stages at which the construction changes its designatedreduction. We can suppose that at stage t1 the construction changes itsreduction from f to ~f . Consider sft1 . We have sft1 6= sft1�1 and ~sft1�1 = sft1 . Atstage t2, we have ~sft2 6= ~sft1 and sft2 = sft1 . Continuing this procedure, we seethat in the sequences sft1 ; sft2 ; : : : and ~sft1 ; ~sft2 ; : : :each number can appear at most twice. Therefore neither f nor ~f containsan in�nite set. 2The above claims prove the correctness of the construction with respectto one R and all Dj. 2General Construction. We will construct an enumeration f of a symmet-ric family S by stages ft such that (Lemma 10) the sets lft(n) are all distinct18



for distinct n as are each of rft(n); lf(n) and rf(n), respectively. As theenumeration ~f is uniquely determined by f , we will usually not describe itexplicitly. We will satisfy all the requirement Dj and Rj. As we only need toworry about families Gj enumerated by functions gj which enumerate fami-lies isomorphic to S, we may assume that the sets lgt(n) are all distinct fordistinct n as are the rgt(n) and that for, every t and n, gt(n) � ft(m) forsomem. (If there are pairs partially enumerated, do not allow any extensionsuntil it is once again possible to make all the pairs distinct in the requiredway. This can be done so as to add any single desired element to any one ofthe pairs in G if it has the required form.)We now describe some preliminary notions for the construction. Considerthe alphabet fc; d;1; f; ~f; wg with the ordering c < d < 1 < f < ~f < w.The priority tree T over this alphabet is de�ned as follows. If � 2 Tand the length of � is even, then �^1, �^f , �^ ~f , and �^w belong to T .If � 2 T and the length of � is odd, then �^c and �^d belong to T . Theinduced lexicographical ordering �L on the tree T coincides with the usualpriority ordering on T .For every � 2 T of length 2j + 1, we will de�ne an �{strategy to meetthe requirement Dj. At stage t, to each node � 2 T of length 2e+1 the con-struction attaches some witness numbers c, d and witness pairs (C;D),(D;C) such that C and D are �nite pairwise disjoint sets and ft(c) =(C;D); ft(d) = (D;C). One of the goals of the construction is to diagonalizeagainst the potential reduction �j at c. The strategy to meet the require-ment Dj is based on the U -operation. Such a node � of length 2j + 1 � tcan have one of two outcomes at stage t. Its outcome is c if the constructionhas acted to satisfy the requirement Dj at this or any previous stage since �was last initialized. Otherwise it is d.For every � 2 T of length 2j, we will de�ne an �{strategy to meet therequirement Rj. The strategy to meet the requirement Rj is based on astagewise de�nition of potential reduction functions rf�;t and r ~f�;t which tryto reduce the enumerations f and ~f , respectively, to gj. At each stage thatthey are de�ned one of these reductions will be the construction's designatedreduction. At stage t, such a node � of length 2j � t can have one of fouroutcomes: The outcome is w if � is in the waiting state. Otherwise, wesay that t is an �-recovery stage at which there are three possible outcomes.The outcome is � if the reduction r� extends the previous designated onefor � and so, in particular, the construction does not change its designated19



reduction. Otherwise, the outcome is 1 and construction changes its desig-nated reduction from r��;t to r ~��;t. Associated with this node and procedureis an �-special pair with index s�;t in the enumeration gj and correspondingindices in the enumerations f and ~f .We will de�ne the accessible nodes of the priority tree at stage t byinduction on their length. The empty sequence ; of length 0 is the root ofthe priority tree and is accessible at every stage t. If � is accessible at staget and o is the outcome of � at t, then �^o is accessible at t.Suppose that the length of � is 2e + 1 � t. To initialize � at stage tmeans to cancel all the numbers and pairs attached to � and all prohibitionson the placement of marks issued by �. Any number n, and therefore thepairs ft(n) and ~ft(n), cancelled at stage t, will never be used at later stagesin any U -operations. Therefore f(n) will be equal to ft(n). Suppose that thelength of � is 2j � t. To initialize � at stage t means to cancel the numbersand pairs attached to � as well as the �-special pair with index s�;t�1 andthe previous reduction functions rf�;t�1 and r ~f�;t�1and to de�ne rf�;t and r ~f�;t tohave the empty domain and declare rf�;t to be the construction's designatedreduction for �. Again, as f uniquely determines ~f , we usually only describethe enumeration of f and the earlier warning about only de�ning f on arecursive domain apply here as well. Remarks in double brackets are againonly explanatory.Now we describe the general construction.Construction:Stage 0. Initialize all requirements �.Stage t > 0. We proceed to act for each accessible node � in turn untilwe reach a node of length t when we terminate the stage. As a node � isdeclared accessible we initialize all nodes  to the right of �, i.e., � <L  but� 6� . Let u be the stage at which � was last initialized and s be the laststage after u at which � was accessible (u if there is no such stage).Case 1: j�j = 2j + 1. If we have acted to satisfy � at some stage sinceu, the outcome of � is still c: If not, and there are no numbers attached to �,choose new numbers c,d, x and y and new �nite pairwise disjoint sets C, D,20



X and Y let ft(c) = (C;D); ft(d) = (D;C); ft(x) = (X; Y ); ft(y) = (Y;X)and attach these witness numbers and witness pairs to � with c and dbeing the numbers on which we intend to meet Dj. In any case, let c, d, xand y be the witness numbers now attached to � (with c and d the ones onwhich we intend to meet Dj). Now see if �j;t(c) = d. If not, the outcomeof � is d: If so, we let �1; : : : �l be the nodes � � � such that j�j is evenand �^w 6� � listed in order of increasing length. (It may be that l = 0,i.e., there are no such �: In this case, the corresponding conditions below aresimply empty.) If there are no other numbers attached to �, we choose newnumbers a1; b1; : : : ; a2l; b2l and corresponding new pairs (with ai and bi beingindices for symmetric pairs) which we attach to �. Our actions will now bedirected towards working with the following sequence of numbers (and thecorresponding pairs):b1; s��1;t; b2 : : : ; b2i�1; s��i;t; b2i; : : : ; b2l�1; s��l;t; b2l; y; c;d; x; a2l+1; a2l; ~s��l;t; a2l�1; : : : ; a2i; ~s��i;t; a2i�1; : : : ; a2; ~s��1;t; a1.For i � l, we put marks 2�iw on all the numbers in this sequence that arebetween ~s��i;t and s��i;t and issue a prohibition on any other marks being put onthe numbers in this sequence which are attached to �. This prohibition willbe lifted when we act to satisfy � (or � is initialized). In this case the outcomeof � is d. If there are already such numbers attached to � [[which we shallshow are all in the range of the appropriate r��i ]], we perform a U-operationon the following symmetric �nite sequence of pairs which corresponds to theabove sequence of numbers:f(b1); f(s��1;t); f(b2) : : : ; f(b2i�1); f(s��i;t); f(b2i); : : : ; f(b2l�1); f(s��l;t); f(b2l);f(y); f(c); f(d); f(x); f(a2l+1); f(a2l); f(~s��l;t); f(a2l�1); : : : ;f(a2i); f(~s��i;t); f(a2i�1); : : : ; f(a2); f(~s��1;t); f(a1).For each i � l, we now also extend the set l(ft(s��i;t)) in such a way that itcontains the least element from r(ft(s��i;t)) which did not previously belongto l(ft(s��ki ;t)) and vice versa for r(ft(s��i;t)). We also add new numbers toinsure that this pair does not become selfsymmetric. We, of course, extendthe set ft(~s��i;t) so as to preserve the symmetry between these pairs. Next,as necessary, we put into the pairs that participated in the U-operation new21



pairwise distinct pairs of numbers not changing the symmetry between theappropriate pairs so as to insure (5) above. The prohibitions on markingnumbers issued by � are now lifted and, for i � l, we mark the numbersb2i�1 and a2i�1 in the sequence with 2�iw . We have now satis�ed Dj and theoutcome of � is c.Case 2: j�j = 2j. If there are no special numbers and pairs attached to� we choose new numbers s and ~s on which we put marks 2�w. These are thespecial numbers for � and are designated by sf�;t and ~sf�;t, respectively. Wealso choose a corresponding new pair of sets (P;Q) and extend the family byletting f(s) = (P;Q) and f(~s) = (Q;P ). We attach these numbers and pairsto �. The potential reductions rf�;t and r ~f�;t (of f and ~f , respectively, to gj)are de�ned to be empty and rf�;t is declared the construction's designatedpotential reduction. In this case, the outcome of � is w. Otherwise, wede�ne the potential reductions rf�;t and r ~f�;t on the numbers marked with 2�wby rf�;t(i) = k if and only if gj;t(k) is covered by ft(i) and by no f(i) withi 6= j and r ~f�;t(i) = k if and only if gj;t(k) is covered by ~ft(i) and by no ~ft(i)with i 6= j. If these functions are not de�ned on all numbers marked with2�w, the outcome of � is w and this is a waiting stage for �. Otherwise, tis an �-recovery stage. At the �rst �-recovery stage v after u, the numberx such that rf�;t(sf�;t) = x is declared the index of the �-special set for gjand is denoted by s�;v. It remains �xed until � is initialized. [[We will seethat the numbers s��;z for later stages z are determined by the requirementthat r��;z(s��;z) = s�;z.]]If t is an �-recovery stage, we see if r��;t extends the previous designatedreduction r��;s. If so, set s��;;t = s��;s. This de�nes the number ~s��;t with respectto the enumeration �t. [[Note that if s��;s participated in a U-operation then~s��;t 6= ~s�;s.]] In this case the outcome of � is �. If r��;t does not extend theprevious reduction r��;s, the construction changes its (designated) reduc-tion from r��;s to r ~��;t. Set s~��;t = ~s��;t = ~s��;s = ~s��;s = s~��;s: This de�nes thenumber ~s~��;t = s��;t with respect to the enumeration ~�t. [[Note that if s��;sparticipated in a U-operation then ~s~��;t = s��;t 6= s��;s = ~s~��;s.]] In this casethe outcome of � is 1. In every case of an � recovery, attach the numberss��;t = ~s~��;t and s~��;t = ~s��;t and the corresponding pairs to � and put marks2�w on all numbers in the domain of ft that do not have them and are notattached to nodes of higher priority or prohibited from getting them. [[We22



will see that s��;t and ~s��;t are already so marked.]]This concludes the description of the construction.Veri�cations:For each i 2 !, de�ne f(i) = St ft(i): De�ne the family S byS = ff(i)ji 2 !g:The following two lemmas state several obvious basic facts about theconstruction.Lemma 3 The following properties holds of the construction:1. For all n; t 2 !, at stage t the pair �t(n) participates in a U-operationif and only if the set ~�t(n) participates in the same U-operation.2. For any pair �t(n), if n is cancelled at stage t, then the constructionnever uses the pairs �t(n) or ~�t(n) in any U-operation after stage t.Therefore �(n) = �t(n) and ~�(n) = ~�t(n).3. The pair f(n) is in�nite if and only if the set ftj at stage t the set ft(n)participated in a U -operationg is in�nite. 2Lemma 4 Suppose that at a stage t a U-operation is applied by � to thesequences of pairs corresponding tob1; s��1;t; b2 : : : ; b2i�1; s��i;t; b2i; : : : ; b2l�1; s��l;t; b2l; y; c;d; x; a2l+1; a2l; ~s��l;t; a2l�1; : : : ; a2i; ~s��i;t; a2i�1; : : : ; a2; ~s��1;t; a1.If there exists a stage t0 > t at which a node to the left of �i is accessible,then the pairs corresponding to numbers between ~sf�i;t and sf�i;t (inclusively)never participate in any U-operation at any t00 > t0, and are therefore �nite.2 Now in order to prove the correctness of the construction, we need toconsider the true path P on the tree T , that is the leftmost path on Twhose nodes are accessible in�nitely often. Thus, � is on the true path ifthere are in�nitely many stages at which � is accessible and there exists astage t after which no � to the left of � is accessible. It is clear that there isa unique true path P on T . 23



Lemma 5 The enumerations f and ~f are not equivalent.Proof. Suppose that f is reducible to ~f via �j. Consider the requirementDj and the node � of length 2j + 1 on the true path corresponding to Dj.Let t be the �rst stage at which � is accessible but after which no � left to �is never accessible again. Let c and d be the witness numbers attached to thenode � at stage t on which we intend to meet the requirement Dj. Then ft(c)is symmetric to ft(d). If there is no v > t such that �j;v(c) = d, we clearlysatisfy the requirement. Otherwise, we eventually attach the appropriatesequence of numbers (and pairs) to � and then return to � without it beinginitialized in between by our choice of � and t. At such a stage we performthe U-operation which guarantees that �j cannot reduce f to ~f . (f(c) hasbecome selfsymmetric and remains so as it is never used in a U-operationagain and so never changes. Thus f(c) = ~f(c) and so any � reducing f to ~f(or vice versa) would have to have �(c) = c.) 2To prove that we also satisfy the requirements Rj, we analyze what canhappen between stages at which the requirement � of length 2j on P isaccessible. Let u be the last stage at which � is initialized and let t0; : : : ; tn; : : :be the sequence of stages after u at which � is accessible. At t0 we attachspecial numbers s and ~s (and the corresponding pairs) to � and mark thenumbers with 2�w: The outcome of � is w. Let v be the �rst �-recovery stageand s� = s�;v be the index of the �-special set for gj de�ned at v. We nowconsider what can happen in the interval of stages [tn; tn+1].Lemma 6 1. If tn is a waiting stage for �, then no change can take placein any pair whose index is in the domain of r�� nor in the values ofsf�;t; s ~f�;t and no new marks 2�w are put on new numbers.2. If tn is a recovery stage then the only change that can take place at tnis generated by at most a single application of a U-operation by some� � �. (So if no U-operation is applied, no change occurs.)3. In any case, no such changes can occur, nor marks be added, betweentn and tn+1.Proof. The �rst claim is clear from the construction as the only way a paircan get new elements once started is by participating in a U-operation butno pair marked with a 2�w can participate in such an operation performed24



by a node to the right of �. As for the second, note that no U-operationcan be performed for any � � � as then �^c would become accessible for the�rst time since � was last initialized and so tn could not be an �-recoverystage. When we perform a U-operation for some � � �, �^c and so all itsextensions becomes accessible for the �rst time since it was last initialized.Thus none of them can perform a U-operation by construction. The thirdclaim is clear from the fact that only nodes to the right of � can perform aU-operation when � is neither accessible nor initialized. 2Lemma 7 Suppose that tn is an �-recovery stage with designated reductionr��;tn, some � � � performed a U-operation (on a sequence as described inthe construction with � = �i for some i) at tn and tm is the next �-recoverystage. Note that, by induction, when the U-operation is performed all thenumbers between s�� and ~s��; inclusively, and no others in the sequence aremarked with 2�w (and so in the domain of r��;tn) while at the end of stage tnboth b2i�1 and a2i�1 are also so marked and so all are in the domain of r��;tm.There are then two possibilities for what happens at tm:1. r��;tm(s�tn) = r��;tn(s�tn) = s�. In this case, r��;tm remains the designatedreduction and extends r��;tn, s�a;tn+1 = s�a;tn which is already marked with2�w by induction and ~s�a;tn+1 = a2i which was marked with 2�w at tn andthe outcome of � is �.2. r��;tm(s�tn) 6= r��;tn(s�tn). In this case, the construction changes its des-ignated reduction from � to ~�; s~��;tm = s~��;tn = ~s��;tn which is alreadymarked with 2�w by induction and ~s~��;tn+1 = s��;tm = b2i�1which wasmarked with 2�w at tn. Also r ~��;tm(b2i�1) = s�.Proof. Given the previous Lemma, the proof of this lemma is essentially thesame as that of Claim 3 above2. 2Lemma 8 Consider f(n), n 2 !. The following conditions are equivalent:1. The pair f(n) is in�nite.2. The pair f(n) is in�nite and there exists a unique � 2 P such thatn = limtsf�;t or n = limt~sf�;t.3. The pair f(n) is in�nite and selfsymmetric.25



Proof. By Lemma 3, the only way f(n) can become in�nite (1) is by par-ticipating in a U-operation in�nitely often. It is clear from the list of setsto which U-operations are applied that the only candidates for such indicesn are s��;t and ~s��;t for � on P . Thus, by Lemma 7, for any single one tobecome in�nite �^� must be on P and n must be limts��;t (2). In this case,f(n) becomes selfsymmetric (3) by our action of extending ft(s��;t) by addingon the least element of lft(s��;t) not in rft(s��;t) and vice versa each time s��;tparticipated in a U-operation. Of course, (3) implies (1) trivially. 2Lemma 9 The family S of pairs of computably enumerable sets is symmet-ric.Proof. As St is symmetric for every t by construction (Q;P ) 2 S for every�nite (P;Q) 2 S and so the Lemma follows from Lemma 8. 2Lemma 10 For all t; n 2 ! there is an x 2 lft(n) and a y 2 rft(n) suchthat x =2 lft(m) and y =2 rft(m) for any n 6= m. Moreover, for all n 2 !,there is an x 2 lf(n) and a y 2 rf(n) such that x =2 lf(m) and y =2 rf(m)for any n 6= m. Thus the enumeration f is one-to-one.Proof. The �rst claim is clearly true by induction on the stages of theconstruction. The second follows from the �rst when one of f(n) and f(m)is �nite and from Lemma 8 and the fact that, when each s�;v is �rst de�ned,it has in each set of the corresponding pair numbers that never appear inany s�;z for � 6= � when both are in�nite. The third claim is an immediateconsequence of the second 2Lemma 11 All requirements Rj are satis�ed.Proof. We consider the node � of length 2j on the true path P . Assume,possibly for the sake of a contradiction, that gj is a one-to-one enumera-tion of the family S. Let u be the last stage at which � is initialized andt0; t1; : : : ; tn; : : : be the sequence of stages after u at which � is accessible.We have the following three cases.Case 1. Suppose that �^w 2 P . It follows that there exists an n suchthat �^w is accessible at every tm for m � n. There are only �nitely manynumbers (and so corresponding pairs in Stn) marked with 2�w at stage tn and26



no new ones are ever marked by Lemma 7. Thus there is an m > n suchthat each one of these pairs has an isomorphic copy in the family enumeratedby gj;tm. By Lemma 10 and our conventions about the enumeration gj, tmwould be a recovery stage for � for the desired contradiction.Case 2. Suppose that �^� 2 P , where � 2 ff; ~fg. In this case, there isan n such that �^� or �^w is accessible at every tm for m � n. (The pointhere is that, once �^� is accessible, �^~� can become accessible only if �^1is �rst accessible but if that happened in�nitely often it would contradictour assumption that �^� 2 P .) By Lemma 7, nothing happens to r��;t atstages tm at which �^w is accessible or between stages tm and tm+1. Thusr��;tm � r��;tm+1 for every m � n. We let r�� = [fr��;tm jm � ng and claimthat, on its domain, it is the desired reduction of � to gj. It is clear fromthe construction and the proof of Lemma 5 and from Lemma 7 that the onlynumbers that never get a mark 2�w are limt s��;t for �^� � � and the �nitelymany numbers attached to or prohibited from getting marks by nodes  tothe left of �: Thus r�� is de�ned on all but �nitely many indices in the familyS enumerated by �. As gj is a one-to-one enumeration of S, this map is thedesired computable reduction on its domain by the de�nition of covering andLemma 10. It can be computably extended to one on all of the domain of �since there are only �nitely many indices omitted from its domain.Case 3. Suppose that �^1 2 P . Consider the pairs �(s��;t) and �(~s��;t) for� 2 ff; ~fg. Let v0 < v1 < v2 < : : : be the sequence of stages after u at which�^1 is accessible. Without loss of generality, suppose that at stage v1 thedesignated reduction is rf�;t1 . Consider sf�;v1 . By Lemma 7, sf�;v1 6= sf�;v2 and~sf�;v1 = ~sf�;v2 . At stage v3, we have ~sf�;v2 6= ~sf�;v3 and sf�;v2 = sf�;v3 . Continuingthis way, we see that in the sequencessf�;v1 ; sf�;v2 ; : : : and ~sf�;v1 ; ~sf�;v2; : : :each number appears at most twice. Therefore, by the construction, allpairs f(s�;vi) are �nite. Consider the corresponding special pair gj(s�) in theenumeration gj (s� = s�;v1 and it never changes). Note that the pair gj(s�) isin�nite. Suppose that there exists an x such that f(x) = gj(s�). Thus f(x)is an in�nite set and, by Lemma 8, f(x) is selfsymmetric equal to limts��;t forsome �^� on the true path P . Suppose that � � � or � � �. By Lemma10, � is unique and the pair f(x) has an element which does not belong to27



gj(s�). Therefore f(x) 6= gj(s�) which is a contradiction and so � = �. Itfollows that x = limtsf�;t or x = limt~sf�;t. However, as we noted above,neither of limits limtsf�;t and limt~sf�;t exist for the desired contradiction. 2.4 Families and structures of dimension kIn this section we will briey explain the basic ideas for producing a com-putably categorical structure which has exactly k recursive isomorphismtypes, k 2 !, when expanded by any �nite number of constants. The �rstnatural step is to consider families of k-tuples of computably enumerablesets and de�ne an appropriate notion of symmetry. The second natural stepis to generalize the notion of U -operation which was a crucial mechanismin meeting diagonalization requirements De. We will also need to have anappropriate priority tree for the generalization of our construction. Anothertechnical consideration is to de�ne the special k-tuple of sets for the potentialenumerations of the family we would like to build. For example, in the proofof Theorem 3.1, depending on stage t and a node �, the construction neededto have a special g{pair of sets g(s�;t) for each potential enumeration g. Aswe will explain below, in the general case, for each potential enumeration gthe construction will need to have exactly (k � 1) many special k{tuples ofsets which depend on stage t and the nodes of the priority tree. It turns outthat the generalization of U -operation requires several technical considera-tions. We will present these considerations below. A simpler proof of thetheorem, however, will appear with more details in a work on degree spectraof relations on computable structures [11].Let X = (X1; : : : ; Xk) be a k{tuple of sets. De�ne pX to be equal to(Xk; X1; : : : ; Xk�1). Thus p is a map de�ned on the set of all k{tuples ofsets. A family S of k-tuples of sets is symmetric if X = (X1; : : : ; Xk) 2 Simplies that pX = (Xk; X1; : : : ; Xk�1) 2 S, that is if S is closed under p. Wecall the sequence X, pX, p2X, : : :, pk�1X the orbit of X and denote it byo(X). It is obvious that pkX = X. We let p0X = X as well.Suppose that S is a symmetric family of k-tuples. Suppose that f is aone-to-one computable enumeration of S. For each i � k � 1, we de�ne theenumeration fi by setting fi(n) = pif(n) for all n 2 !. In particular, we seefrom this de�nition that f0 is f .De�nition 10 A symmetric family of k-tuples of computably enumerable28



sets has dimension k if there exists a one-to-one computable enumerationf of S with the following two properties:1. The enumerations f; f1; : : : ; fk�1 are pairwise inequivalent.2. Each computable one-to-one enumeration of S is equivalent to one ofthe enumerations f , f1, : : :, fk�1.The U -operation de�ned in x3 on symmetric sequences of pairs wasimportant in our construction of symmetric family of dimension 2. In orderto motivate the analogous operation for sequences of k-tuples of sets, werephrase the description of the U -operation as follows: For each i � n,consider a pair Xi; pXi of 2{tuples of sets. Thus,we have ~Xi = pXi. Picturea sequence of pairs arranged as follows:X0; pX0; X1; pX1; : : : ; Xn�1; pXn�1; Xn; pXn:We perform the operation by putting (coordinatewise) all elements of Xiinto Xi+1 for i < n, all elements of pXi into pXi�1 for i > 0, all elementsof Xn into pXn and all elements of pX0 into X0. This produces a sequenceof sets Wj for j � 2n + 1 such that W0 and W2n+1 are selfsymmetric and~W2i+1 = W2i+2 for i < n. Informally, one can imagine the original line ofsets X1; pX1; : : : ; Xn�1; pXn�1; Xn; pXn without the �rst pair as the singlespoke of a wheel with center X0; pX0. Thus, in the general case, when wedeal with k{tuples of sets, by a spoke we mean a �nite sequenceo(X1); : : : ; o(Xn)of orbits of k{tuples of sets X1, : : :, Xn. The number n is the length of theorbit. Similarly, a wheel with center o(C) is a sequenceV1; : : : ; Vk�1of spokes of the same length such that each Vi begins with the same orbito(C). Note that each wheel has exactly k � 1 spokes.Let o(X1); : : : ; o(Xn) be a spoke. Fix an m such that 1 < m � k. Callthe sequence pmXn; : : : ; pmX1 a designated array. Starting with the orbitX1; : : : ; pk�1X1 we put (coordinatewise) all elements of pi(Xj) into piXj+1for i 6= m. Starting with the last orbit Xn; : : : pk�1Xn we put all elementsof pmXi into pmXi�1 for i > 0. We also put all elements of pjX1 into X129



Y4 � Y3 � Y2 � Y1 � C - X1 - X2 - X3 - X4pY4� pY3� pY2 � pY1� pC � pX1� pX2� pX3� pX4p2Y4 - p2Y3 - p2Y2 - p2Y1 - p2C - p2X1 - p2X2 - p2X3 - p2X46? ?6CCCCCC�
��� ������@@RFigure 1:and all elements of pjXn into pmXn for j < k � 1. We call this operation aU(m)-operation. The a�ect of the U(m)-operation is that the �rst k{tupleX1 has become selfsymmetric (all components are equal) and at the end ofthe spoke the k{tuple pmXn has become self symmetric.De�nition 11 Let V1; : : : ; Vk�1 be a wheel with center o(C). The gener-alized U-operation applied to this wheel is de�ned by performing a U(m)-operation on the spoke Vm for each m with 1 � m � k � 1.In Figure 2 we show graphically an example of a generalized U{operationapplied to a wheel when k = 3 and n = 5. In this picture C; pC; p2C is thecenter, V1 is the spoke on the right side of the center with pX1; pX2; pX3; pX4being the designated array, and V2 is the spoke on the left side of the centerwith p2Y1; p2Y2; p2Y3; p2Y4 being the designated array. In this picture X ! Ymeans that we put coordinatewise all elements in X into Y . The a�ect ofthis U -operation in Figure 2 is that the 3{tuples C, pX4, and p2Y4 havebecome selfsymmetric. Now using the above de�nitions one can prove thenext lemma which is the analog of Lemma 3.3.Lemma 12 The generalized U-operation applied to any wheel produces asymmetric family of k-tuples with k many selfsymmetric sets. 2Let gi; i 2 !; be a standard enumeration of all computable enumerationsof families of k{tuples of computably enumerable sets. To construct a familyS of dimension k we need to build a one-to-one enumeration f of S such thatthe following requirements are met:De;i : f is not equivalent to fi via �e,30



where i = 1; : : : ; k � 1 andRi : gi � f0 W : : :W gi � fk�1 or gi is not a one-to-one enumeration of S:The priority tree T over the alphabet A = fc; d;1; f0; f1; : : : ; fk�1; wgwith the ordering c < d <1 < f0 < f1 < : : : fk�1 < w is de�ned as follows.If � 2 T and the length of � is even, then �^1, �^fi for all i = 0; : : : ; k� 1and �^w belong to T . If � 2 T and the length of � is odd, then �^c and�^d belong to T .At stage t of the construction, we use the following objects and terminol-ogy.1. Enumerations fi;t, i = 0; : : : ; k � 1, and family St. fi;t is theapproximation to fi that the construction is building. That is, for eachs 2 !; we have fi(s) =[t fi;t(s); i = 0; : : : k � 1:The functions f0;t; : : : ; fk�1;t each enumerates the same symmetric familywhich we denote by St.2. Functions rfi�;t, i = 0; : : : k�1. Each r��;t, where � 2 ff0; : : : ; fk�1g, isthe function which reduces �t to gt at stage t. The function r��;t can extend theprevious reduction. If r��;t does not extend the previous designated reduction,then we say that the construction changes its (designated) reduction.3. To each partial computable function �e and i, i = 0; : : : ; k � 1,the construction assigns an orbit C which depends on stage t and a nodeof the priority tree. One of the goals of the construction is to diagonal-ize against the potential reduction �e on this orbit. The strategy to meetthe requirement De;i is based on the generalized U -operation. More pre-cisely, suppose �e is a potential function which reduces f to fi. Let o(C) =f0;t(l0); : : : ; f0;t(li); : : : f0;t(lk�1) be an orbit assigned to meet De;i. Supposethat �e(l0) = li. Then to meet De;i, the construction takes a wheel withcenter C and performs a generalized U -operation on this wheel. This actiondiagonalizes against �e and meets the requirement De;i.4. g{special k{tuples. For each potential enumeration g and node �devoted to it, the construction picks (k�1) many k-tuples g(s�;1); : : : ; g(s�;k�1)called �{special k{tuples. The construction will satisfy the following prop-erty. If there exist in�nitely many stages at which the construction changesits reduction, then there will be a k{tuple among g(s�;1); : : : ; g(s�;k�1) whichbecomes in�nite, while all k-tuples in f0 contained in the in�nite k{tuple are31



�nite, and therefore g is not a one-to-one enumeration of S. If after somestage the construction never changes its reduction and g is a one-to-one enu-meration of the family S, then g is equivalent to one of f0; : : : ; fk�1.4. Special Numbers sfi�;t, i = 0; : : : ; k � 1. The construction usesthese numbers so that rfi�;t(sfi�;t) = s�;i for all i = 1; : : : ; k. Thus ft(sfi�;t) is thek{tuple in fi;t which corresponds to g(s�;i) at stage t. The construction guar-antees that the orbits of the k-tuples ft(sf0�;t), : : :, ft(sfk�1�;t ) do not intersect.In addition, the construction also guarantees that if the k{tuples correspond-ing to these numbers participate in performing a generalized U -operation ona wheel, then these k{tuples appear in the di�erent spokes of the wheel. Inaddition, each of these k{tuples will be in the designated arrays of the cor-responding spoke. Moreover, if t is an �-recovery stage, then these numberssatisfy the following important properties which are the analogs of those ofthe special numbers (pairs) sf�;t and s ~f�;t in the construction of a symmetricfamily of dimension 2.1. If the construction does not change its reduction, then these specialnumbers do not change.2. If the construction changes its reduction, then one of these specialnumbers will change, that is will be di�erent from the all previousones.3. If, after some stage, the construction never changes its reduction, recov-ers in�nitely often and g is a one-to-one enumeration of the family S,then the construction guarantees that the set �(limn!1s��;n) becomesselfsymmetric.Now the reader can see that the construction of a symmetric family ofdimension k is similar to the construction of Theorem 3.1. Given a symmetricfamily S of dimension k, we can code a such family into a structure (as wedid in the proof of Theorem 2.1) and so prove our main result:Theorem 7 For any natural number k there exists a computably categoricalstructure A such that for each element a 2 A the expanded structure (A; a)has dimension n. 2
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