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Abstract Task parallelism does not automatically scale with the use of
parallel processors. Optimised scheduling of tasks is necessary to max-
imise the utilisation of each available processor. It is common to use
heuristics to �nd solutions for task scheduling problem instances. How-
ever, there is no guarantee that the heuristic solution is close to the
optimal solution. The outcome of this work is to provide optimal solu-
tions for small and medium sized instances of the task scheduling prob-
lem. Two optimal scheduling formulations using Integer Linear Program-
ming (ILP) are proposed for the Multiprocessor Scheduling Problem
with Communication Delays: ILP-RevisedBoolean Logic and ILP-

TransitivityClause. ILP-RevisedBooleanLogic is designed to work
e�ciently when the number of processors available to be scheduled on
is small. ILP-TransitivityClause is e�cient when a larger number of
processors are available to be scheduled on. Each formulation uses a dif-
ferent linearisation of the Integer Bilinear Programming formulation and
is tested on CPLEX using known benchmark graphs for task scheduling.

Keywords: Multiprocessor, Task Scheduling Problem, Communication Delays,
Linear Programming, Optimal.

1 Introduction

For the performance and e�ciency of a parallel program, the scheduling of its
(sub)tasks is crucial. Unfortunately, scheduling is a fundamental hard problem
(an NP-hard optimisation problem[14]), as the time needed to solve it optimally
grows exponentially with the number of tasks. Existing scheduling algorithms
are therefore heuristics that try to produce good rather than optimal sched-
ules, e.g.[9],[10],[6],[12],[18],[19],[20],[2],[7]. However, having optimal schedules
can make a fundamental di�erence, e.g. for time critical systems or to enable the
precise evaluation of scheduling heuristics. Optimal scheduling is central in min-
imising the task schedule length . An e�cient parallelisation permits scheduling
of a large number of tasks onto a large number of dedicated parallel processors
to �nd solutions to generic and specialised problems. It is hence of enormous
practical signi�cance to be able to schedule small and medium sized task graphs
optimally on parallel processors.



Many heuristics have been proposed for scheduling. While heuristics often
provide good results, there is no guarantee that the solutions are close to optimal,
especially for task graphs with high communication costs[17][16]. Given the NP-
hardness, �nding an optimal solution requires an exhaustive search of the entire
solution space. For scheduling, this solution space is spawned by all possible
processor assignments combined with all possible task orderings. Clearly this
search space grows exponentially with the number of tasks, thus it becomes
impractical already for very small task graphs.

The objective is to develop a method that solves the scheduling problem
optimally for small to medium sized problem instances using Integer Linear
Programming. This will make the e�cient parallelisation of more applications
viable. To achieve this, two formulations for the Multiprocessor Scheduling Prob-
lem with Communication Delays are proposed: ILP-RevisedBooleanLogic
(ILP-RBL) and ILP-TransitivityClause (ILP-TC).

The rest of the paper is organised as follows. Section 2 describes the task
scheduling model. Section 3 discusses the related work in solving the task schedul-
ing problem optimally. Section 4 details the proposed formulations and compares
their complexities in terms of number of constraints generated, with previous
approaches. Section 5 compares the computational results of the proposed for-
mulation with the packing formulation. Section 6 concludes the paper.

2 Task Scheduling Model

The tasks that are to be scheduled may or may not be dependent on each
other and are represented as an acyclic directed graph. The nodes in the graph
represent the tasks and the edges between the nodes, the communications. The
node cost is the time required for the task to complete and the edge cost is
the communication time between two tasks on di�erent processors. We assume
a connected network of processors with identical communication links. Further,
there is no multitasking or parallelism within a task. Each processor may execute
several tasks but no concurrent execution of tasks is permitted. The tasks are to
be assigned in such a way as to minimise the makespan [3][11]. This model �ts
the de�nition of the Multiprocessor Scheduling Problem with Communication
Delays (MSPCD) de�ned as follows: tasks (or jobs) have to be executed on
several processors; we have to �nd where and when each task will be executed,
such that the total completion time is minimal. The duration of each task is
known as well as precedence relations among tasks, i.e., which tasks should be
completed before some others can begin. In addition, if dependent tasks are
executed on di�erent processors, data transfer times (or communication delays)
that are given in advance are also considered.

More formally, the tasks to be scheduled are represented by a directed acyclic
graph (DAG) de�ned by a 4-tuple G = (V , E, C, L) where i ∈ V denotes the
set of tasks; (i, j) ∈ E represents the set of communications; C = {cij : i, j ∈ V }
denotes the set of edge communication costs; and L = {L1, . . . , Ln} represents
the set of task computation times (execution times length). The communication



cost cij ∈ C denotes the amount of data transferred between tasks i and j
if they are executed on di�erent processors. If both tasks are scheduled to the
same processor the communication cost equals zero. The set E de�nes precedence
relation between tasks. A task cannot be executed unless all of its predecessors
have completed their execution and all relevant data is available. If tasks i and j
are executed on di�erent processors h, k ∈ P, h 6= k, they incur a communication
cost penalty γhkij dependent on the distance dhk between the processors and on

the amount of exchanged data cij between tasks (γhkij = Γcijdhk, where Γ is a
known constant). Let δ−(j) be the set of precedents of task i, that is δ−(j) =
{i ∈ V |(i, j) ∈ E}. For a fully connected processor network γhkij is equivalent to
γij since the distance dhk is unity. i.e. γij = Γcij .

3 Related Work

Very few attempts have been made to solve the MSPCD optimally. There are
two di�erent approaches, one is based on an exhaustive search of the solution
space and the other on an Integer Linear Programming formulation. For many
problems, heuristics provide a best e�ort solution of the scheduling problem. It
is possible to begin the search with a best guess and then re�ne it incrementally
until it reaches the solution state. The A* algorithm is one such search algorithm
used to solve the MSPCD[8][15]. A* is a best-�rst search technique[5][13] and
also a popular Arti�cial Intelligence algorithm guided by a problem speci�c cost
function f(s) for each solution state s, which underestimates the �nal cost of
any solution based on s. The main drawback of A* is that it keeps all the nodes
in memory and it usually runs out of memory long before it runs out of time
making it unusable for a medium and large sized problem instances.

We propose an optimal scheduling alternative for the solution of the MSPCD
that makes use of Linear Programming [3]. It involves linearisation of the bilinear
forms resulting from communication delays. The work in [3] discusses a classic
formulation and a packing formulation of the MSPCD. Their results indicate
that the packing formulation is about 5000 times faster than the classic formu-
lation. In this paper we propose two signi�cantly improved Linear Programming
formulations of the MSPCD and compare them with the packing formulation in
[3].

4 Proposed Formulations

The performance of the ILP formulations in [3] su�er from the need to linearise
bilinear equations. Two formulations to solve the MSPCD are proposed here:
ILP-RBL and ILP-TC. ILP-RBL uses a new technique to linearise the bilinear
forms of the packing formulation in [3] resulting from communication delays by
readjusting the Boolean logic. ILP-TC reworks the linearisation of the bilinear
forms in the packing formulation using a transitivity clause in a manner that
aids the elimination of over de�ned linear equations in ILP-RBL. The runtime



complexity of each ILP formulation depends on the number of constraints gen-
erated and the number of variables per constraint. The packing formulation and
its linearisations in [3] is brie�y discussed and the proposed ILP formulations are
compared with the packing formulation in terms of constraints generated and
number of variables per constraint.

4.1 ILP-RevisedBooleanLogic

For each task i ∈ V let ti ∈ R be the start execution time and pi ∈ N be the ID
of the processor on which task i is to be executed. Let W be the total makespan
and |P | the number of processors available. Let xik be 1 if task i is assigned to
processor k, and zero otherwise. In order to enforce non-overlapping constraints,
de�ne two sets of binary variables as in [3]:

∀i, j ∈ V σij =

{
1 task i �nishes before task j starts

0 otherwise

∀i, j ∈ V εij =

{
1 the processor index of task i is strictly less than task j

0 otherwise

min W (1)
∀i ∈ V ti + Li ≤W (2)
∀i 6= j ∈ V tj − ti − Li − (σij − 1)Wmax ≥ 0 (3)
∀i 6= j ∈ V pj − pi − 1− (εij − 1)|P | ≥ 0 (4)
∀i 6= j ∈ V σij + σji + εij + εji ≥ 1 (5)
∀i 6= j ∈ V σij + σji ≤ 1 (6)
∀i 6= j ∈ V εij + εji ≤ 1 (7)

∀j ∈ V : iεδ−(j) σij = 1 (8)
∀j ∈ V : i ∈ δ−(j),∀h, k ∈ P ti + Li + γhkij (xih + xjk − 1) ≤ tj (9)

∀j ∈ V : i ∈ δ−(j) ti + Li ≤ tj (10)
∀i ∈ V

∑
kεP

kxik = pi (11)

∀i ∈ V
∑
kεP

xik = 1 (12)

W ≥ 0 (13)
∀i ∈ V ti ≥ 0 (14)
∀i ∈ V pi ∈ {1, . . . , |P |} (15)

∀i ∈ V, k ∈ P xik ∈ {0, 1} (16)
∀i, j ∈ V σij , εij ∈ {0, 1} (17)

where Wmax is an upper bound on the makespan W .

Wmax =
∑
i∈V

Li +
∑
i,j∈V

cij (18)

The formulation is a min-max problem which involves minimising the max-
imum start execution times. This is achieved by minimising the makespan W
and introducing constraint (2). Constraint (3) de�nes the time order on the tasks
in terms of the σ variables, i.e. ensure ti + Li ≤ tj if σij de�nes an order. The
CPU ID order on the tasks in terms of the ε variables in de�ned in (4). If the



εij variable is set, it implies pj > pi . By (5), at least one or both of the fol-
lowing conditions must be true: task i must �nish before task j starts and the
processor index of task i must be strictly less than that of task j. By (6) a task
cannot both be before and after another task; similarly, by (7) a task cannot
be placed both on a higher and lower CPU ID than another task. Constraints
(8) enforce the task precedences de�ned by the edges of the graph; constraints
(9) and (10) model the communication delays between task i on processor h
and task j on processor k. Since xih and xjk are both binary variables and to
simulate a Boolean multiplication xih · xjk, we use xih + xjk − 1 in constraint
(9). To compensate for the subtraction by 1 in (9) for the case that xih and xjk
both are 0, (10) is introduced, which must always be true (for local as well as
remote communication). It is also clear from constraint (9) that the processor
network need not be fully connected and can take up any connection con�gura-
tion. Constraints (11) link the assignment variable x with the CPU ID variables
p and (12) ensures that any given task runs only on one processor.

The complexity of this ILP formulation, in terms of constraints and variables,
is dominated by Eq. 9. For the entire graph, Eq. 9 generates |P |(|P |−1) inequalit-
ies in terms of processor combinations for each edge of E and the number of vari-
ables per constraint is O(1). Therefore the number of constraints formed by ILP-
RBL is O(|E||P |2). In the worst case there are |E| = |V |(|V |−1)/2 edges, hence
in terms on number of nodes ILP-RBL's complexity is O(|V |2|P |2). However,
for task graphs representing real applications, we usually have O(|E|) = O(|V |).

4.2 ILP-TransitivityClause

The focus of this ILP formulation is to eliminate the x variables from the for-
mulation, as the ILP is over de�ned in terms of variables. If we can reformulate
equation (9) without x, we can drop equations 11, 12 and 16. We replace the
x variables in Eq. 9 with ε variables that enforce partial ordering of the pro-
cessor indices with the help of an additional transitivity clause. Eq. 9 and 10 are
replaced with Eq. 19 and 20. All other equations are retained.

∀j ∈ V : i ∈ δ−(j) ti + Li + γij(εij + εji) ≤ tj (19)
∀i 6= j 6= k ∈ V εij + εjk ≥ εik (20)

For the entire graph, Eq. 19 produces |E| constraints and Eq. 20 produces
|V |3 additional constraints but are independent of the number of processors
unlike in Eq. 9. The number of variables in Eq. 19 is O(1). So the complexity
of this linearisation is O(|V |3), which can be better than O(|E||P |2) of the ILP-
RBL formulation for graphs with many edges, i.e. E is large, and relatively
higher number of processors in comparison with V .

4.3 Packing Formulation

The packing formulation in [3] introduces a binary variable z to aid the linear-
isation of the bilinear equation. Eq. 9 and Eq. 10 of ILP-RBL are replaced by



Eq. 21. Depending on the linearisation used either Eq. 22 or Eq. 23-24 is also
used in the packing formulation. All other equations from 1 to 18 are retained.
Equation 21 uses a linearisation variable zhkij

∀j ∈ V : i ∈ δ−(j) ti + Li +
∑

h,k∈P
γhkij z

hk
ij ≤ tj (21)

where ∀j ∈ V : i ∈ δ−(j), h, k ∈ P (zhkij = xihxjk).

The packing formulation uses two linearisation approaches. The �rst linear-
isation uses Eq. 22

∀j ∈ V, i ∈ δ−(j), h, k ∈ P (xih ≥ zhkij ∧ xjk ≥ zhkij ∧ xih + xjk − 1 ≤ zhkij ) (22)
The second linearisation uses Eq. 23 and Eq. 24

∀i 6= j ∈ V, k ∈ P
∑
h∈P

zhkij = xjk (23)

∀i 6= j ∈ V, k ∈ P zhkij = zkhji (24)

Both linearisation approaches require Eq. 21 to model communication between
tasks running on di�erent processors. Eq. 21 produces |E| constraints andO(|P |2)
variables in terms of the processor combinations over zhkij . Eq. 22 produces

|E||P |2 constraints and O(1) variables per constraint. Hence, the complexity
of the �rst linearisation by Eq. 21 and Eq. 22 in terms of number of constraints
is O(|E||P |2). Eq. 23 produces O(|V |2|P |) constraints and O(|P |) variables per
constraint. So, the complexity of the second linearisation by Eq. 21 and Eq. 23
in terms of number of constraints is O(|E| + |V |2|P |) = O(|V |2|P |). However,
through the linearisation of Eq. 21, there are always |V |2|P |2 z variables for both
linearisations. Experimental results from [3] indicate that the �rst linearisation
is bene�cial for sparse graphs and the second linearisation is better for dense
graphs. When the �rst linearisation is run over sparse graphs, the |E| to |P |2
ratio decreases as the sparsity of the graph increases making it faster.

Comparing the number of constraints complexity, ILP-RBL (O(|E||P |2)) has
the same complexity as the �rst linearisation. The constraint complexity compar-
ison between ILP-RBL and the second linearisation (O(|V |2|P |)) will depend on
the number of edges and processors. ILP-TC (O(|V |3)) will have a competitive
number of constraints if |P | is high. The major advantage of the two proposed
formulations is that we have only O(|V ||P |+ |V |2) variables (xik and σij , εij) for
ILP-RBL and only O(|V |2) variables (σij , εij) for ILP-TC to assign a value to.

5 Computational Results

In this section we compare the performance of the two new proposed ILP for-
mulations with both linearisations of the packing formulation in [3]. The result
table for the packing formulation displays the best solution time amongst its two
linearisations and is compared with ILP-RBL or ILP-TC. The computations are
carried out using CPLEX 11.0.0[1] on an Intel Core i3 processor 330M, 2.13 GHZ
CPU and 2 GB RAM running with no parallel mode and on a single thread on
Windows 7. 2 GB RAM was found to be a reasonable amount of physical memory
for executing the ILP's used in this experiment. Extra RAM does not improve



the speed of the program execution, but delays CPLEX running out of memory
with large problems.

5.1 Experimental Setup

For comparability, all experiments are run for a fully connected processor net-
work with identical bandwidth capacity. The input graphs for this comparison
are taken from those proposed and used in [3,4]. The graph �les with a name
starting with ogra_ are su�xed with the number of tasks in that �le followed
by its edge density in terms of a percentage of the maximum possible number
of edges (i.e. |V |(|V | − 1)). According to [3], they have a special graph structure
that makes it hard to �nd the task ordering which yields the optimal solution
when the number of mutually independent tasks are large. The graph �le with
a name starting with t_ were generated randomly and are su�xed with the
number of tasks in that �le followed by its edge density and the index used to
distinguish graphs of the same characteristics. The experiments are run on small
to medium sized instances of the graphs on 4 and 8 processors.

5.2 Result Table

The computational results for the graphs are given in Table 1, Table 2 and Table
3 over 4 processors and 8 processors. Not all problem instances were solved
with all ILP formulations due to the excessive runtimes of the experiments,
but the shown results are representative. The h:m:s notation is the standard
Hours:Minutes:Seconds taken by the ILP formulation to �nd the solution. If the
formulation is unable to �nd the optimal solution within 24 hours, the program
is terminated and the gap (the di�erence between the lower bound and the best
solution at that time (SL*)) is recorded. If the optimal schedule length is found,
its value is displayed in the column corresponding to SL. Columns p and n record
the number of processors and the number of tasks in the graph, respectively.

Table 1. Solution Time Comparison of Packing with ILP-RBL

Graph p n SL Packing Gap ILP- RBL Gap

t30_60_1 4 30 467 7m:32s 0% 16s 0%

t40_10_1 4 40 233 10h:31m:37s 0% 24m:45s 0%

t40_25_1 4 40 270 4h:54m 0% 1m:37s 0%

Ogra50_60 4 50 24h 26.33%,SL*=826 24h 3.02%,SL*=612

Table 1 compares the solution time for ILP-RevisedBooleanLogic (ILP-
RBL) with the best solution time for the Packing linearisations in [3] for a 4
processor con�guration over 30 to 50 nodes with varying densities. For these
instances the solution time was 20 times or upward faster than the best version
of the packing linearisations over a fully connected processor network. As can



Table 2. Solution Time Comparison of Packing with ILP-TC

Graph p n SL Packing Gap ILP-TC Gap

Ogra20_75 8 20 100 51m:28s 0% 2m:37s 0%

t20_90 8 20 242 2m:24s 0% 7s 0%

t30_30_2 8 30 262 24h 0.69%,SL*=287 4h:36m:18s 0%

t30_60_1 8 30 467 7h:22m:19s 0% 2h:6m:54s 0%

be observed, the speedup was achieved across di�erent densities (ranging from
10% to 60%). Hence, the in�uence of the number of edges on ILP-RBL's relat-
ive performance was not as pronounced as could have been expected from the
number of constraints complexity O(|E||P |2). For the second linearisation of the
packing formulation the constraint complexity is O(|V |2|P |), so the ILP-RBL
also bene�ted from the low number of processors. Despite this it seems that the
strong improvement by ILP-RBL is explained with the lower number of variables,
namely O(|V ||P |+ |V |2) variables for ILP-RBL compared with O(|V |2|P |2) for
the packing formulation.

Table 2 compares the solution time of ILP-TransitivityClause (ILP-TC)
with the best solution time for the packing linearisations in [3]. The results in
Table 2 are for ILP-TC on an 8 processor con�guration over 20 to 30 nodes of
varying density. We see that the solution time was 3 to 20 times faster than the
best version of the packing formulation. The complexity of ILP-TC in terms of
number of constraints is O(|V |3). This is independent of the number of processors
unlike the packing formulation. Hence, ILP-TC bene�ts from the larger number
of processors. But again, a large performance advantage is likely to come from
the even further reduced number of variables, which is O(|V |2), thus does not
depend on the number of processors.

Table 3. Solution Time Comparison of ILP-RBL with ILP-TC

Graph p n SL ILP-RBL Gap ILP-TC Gap

t30_60_1 4 30 467 16s 0% 2h:39m:31s 0%

t40_25_1 4 40 270 1m:37s 0% 24h 34.72%

t30_90_1 8 30 562 4m:34s 0% 1m:19s 0%

t20_90 8 20 242 2m:23s 0% 7s 0%

Table 3 directly compares the two proposed ILP formulations. ILP-RBL, as
expected, has a better solution time than ILP-TC when the number of processors
is low. This is clear from the task graphs with 30 and 40 nodes on 4 processors,
which have a better solution using ILP-RBL. ILP-TC was found to run faster on
20 and 30 nodes over 8 processors and high graph densities. This is in line with
the expectation based on the complexities. We have seen that the complexity of
ILP-RBL in terms of number of constraints is O(|E||P |2) and that of ILP-TC
in terms of number of constraints is O(|V |3). Clearly, a higher density graph



increases the solution time of ILP-RBL. A combination of the edge density and
the number of processors serves as an indicator to decide between ILP-RBL and
ILP-TC.

6 Conclusion

This paper proposed two Linear Programming formulations for the Multipro-
cessor Scheduling Problem with Communication Delays. The improvement was
in reducing the number of variables and constraints by the e�ective linearisa-
tion of the bilinear equation arising out of communication delays in the MSPCD
model. The �rst of the proposed formulation ILP-RBL reworked the logic for
Boolean multiplication and eliminated variables used to achieve the same result
as in the packing formulation. The second proposed formulation ILP-TC also
eliminates variables used in the packing formulation by enforcing the partial or-
dering of the processor indices with the help of an additional transitivity clause.
We performed an experimental evaluation comparing the two proposed ILP for-
mulations with the best previously published results. The linearisation used in
ILP-RBL resulted in the formulation running faster over a small number of pro-
cessors and the linearisation in ILP-TC resulted in it running faster over a larger
number of processors.
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