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Abstract. We generalize our stochastic filter [1], in order to suppress the
noise due to chaotic scattering and improve the quality of the optical
tomography image (OCT). The main idea of the new filter is based on the
use of several images obtained by the OCT probing head from the same
location on the skin surface. The efficiency of the multi-sample filtering
algorithm is demonstrated on test examples and on real OCT images.

1 Introduction

A new application of optical coherence tomography (OCT) for the analysis of
skin micro-structure in real time has been recently developed [2]. At present a
compact system for non-invasive imaging of human tissues in vivo has been
constructed.

The first OCT images have shown distortions mainly due to the chaotic
scattering of light by the skin tissue. In order to increase the reliability of diag-
nosis we developed a new stochastic filter and tested it on model data and on
real OCT images [1]. This filter uses the information obtained from one digital
image only. However, the optical system of the OCT device permits to obtain
several digital images from the same location of human tissue. This provides
additional possibilities for the improvement of OCT images.

The objective of this paper is to use these possibilities and to improve the
images. After a brief description of the experimental device to obtain the bio-
tissues images (section 2), we generalize the stochastic filter developed in [1]
to several images (section 3). We present (section 4) the results of the multi-
sample filtering algorithm application on model data and on real OCT images.

2 Scheme of Optical Coherence Tomography

The scheme of a fast-scanning device for the optical coherence tomography
of biotissues is shown in Fig. 1.
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Fig. 1. Scheme of optical coherence tomography

The experimental device, for obtaining the tissue images, is based on
the unimodal fiber Michelson interferometer with the semiconductor super-
luminescence diode: λ = 0.83nm,Δλ = 30nm, the intensity power on an
object surface is 30 μW [3]. The sample to be analyzed is placed in one of in-
terferometer arms as the reflecting object. The optical length of another (sup-
port) arm is scanned with the fixed linear speed V . The interference signal at
the Doppler frequency f = 2V/λ is proportional to the reflecting coefficient
of the non-reflected component by the optical non-homogeneity inside the
sample. The position of this non-homogeneity is determined by equality of
optical paths passing by interference light rays. The spatial resolution in the
longitudinal direction (inside the sample depth), probably, coincides with the
coherence length (∼ 10μm). The scanning in the transfer direction is real-
ized by a mechanical-optical system, which transfers the focused spot of the
probing radiation along the surface of sample. The transfer resolution of the
location is determined by the radius α of the focal spot which is usually less
than 20μm. The radius α is chosen from the condition that the ratio 2nπa2/λ
(where n ≈ 1.35 is the typical reflection index for biotissues) must not be less
than the longitudinal size of the probing region. For more detailed resolution
of regions of interest one have to decrease a together with corresponding de-
creasing the longitudinal scanning range. The obtaining interference signal
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passes through stages of analogue and digital processing. The sequential visu-
alization of signal permits to obtain in real time the two-dimensional images
– optical tomogrammes.

The portable OCT device consists of an opto-electronic unit with an outer
flexible optical cable terminated by a probe head. It is connected with a stan-
dard cable to the power supply and with an interface cable, to a PC that is
provided with a data acquisition card. The image recording is automated and
controlled from the PC keyboard. A specially developed software for control
of the OCT device, processing and presenting images in DOS or Windows en-
vironments. The OCT image with up to 200 × 200 (depth × one lateral coor-
dinate) pixel size with 100–150 μm spatial resolution is recorded for 1–5 sec
and monitored in real time. The transverse two-dimensional scanning system
provides the probing beam motion along an arbitrary trajectory in the surface,
hence allowing for the three-dimensional image acquisition [4].

3 Filtering algorithm

Following [1], we denote ζ(x) the intensity of the original uncorrupted image
at the point x = (x1, x2). As a result of chaotic scattering of light by the skin
tissue, a contaminated signal ξ is measured. The effect of chaotic scattering
can be represented by a stochastic field η (see below), which we have to filter
out from the measured signal ξ. The filter gives an estimate ξ̃(x) for the origi-
nal signal ζ(x) obtained from the measured data {ξμ(x), μ = 1, ...,M}. HereM
is the number of OCT images obtained from the same location of the human
tissue. In [1] we considered a simple case of one image,M = 1.

On the basis of our experience with the probabilistic description of chaotic
systems we propose to assess the influence of chaotic scattering on the images
through a simple stochastic field η(x) satisfying the following conditions [1]:
1) η is additive at each lattice point, 2) η is identically distributed, 3) η has zero
mean value, 4) η has variance σ2, 5) no correlations exist between the different
points in the lattice.

From here we get:

ξμ(x) = ζ(x) + ημ(x), μ = 1, ...,M.

To construct the filtering algorithm we use a circular working window cen-
tered at c = (c1, c2). The nodes within the working window are represented by
the set: {x |x ν = z ν + c, ν = 1, ..., N}. The index ν = 1, ..., N labels the points
of the selected window and z ν = (zν1 , z

ν
2 ) are the coordinates of points within

the window with respect to the center c = (c1, c2).
The estimate ζ̃(c) from the measured signals {ξμ(x)), μ = 1, ...,M} is ob-

tained from the following linear filter:

ζ̃(c) =
M∑
μ=1

N∑
ν=1

Wμ(z ν)ξμ(z ν + c), (1)
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whereWμ(z ν) are the weights to be specified by the probabilistic assessment
η(x) of the effect of chaotic scattering of light by the skin tissue on the mea-
sured OCT image.

In order to specify the weights we shall consider the limit case, when only
uncorrupted signals are fed to the filter.

We approximate the original signals within the selected window in a finite
set of basis functions of two variables with respect to the center c:

ζ̄(x) =

N0∑
k=1

Akgk(x− c) =
N0∑
k=1

Akgk(z).

For example, in the case of polynomials basis

ζ̄(x1, x2) =
∑

0≤n+m≤K

Anm(x1 − c1)
n(x2 − c2)

m. (2)

If the signal is uncorrupted, the estimation ζ̃ should be identical to the
original one, i.e. ζ = ζ̃.

Thus, for signals identical to the basis functions ζ(x) = gk(x− c) we must
have:

gk(0) =
M∑
μ=1

N∑
ν=1

Wμ(z ν)gk(z
ν), k = 1, N0, (3)

or

gk(0) = (
M∑
μ=1

Wμ) · gk, k = 1, N0. (4)

where

Wμ = (Wμ(z 1), ...,Wμ(z N )), gk = (gk(z
1), ..., gk(z

N )). (5)

Therefore, for signals ζ, that are linear combinations of functions {gk(z)}, the
filter should have weights which minimize the dispersion associated with an
input:

DM = E

[
M∑
μ=1

N∑
ν=1

Wμ(z ν) ημ(z ν + c)

]2
=

M∑
μ=1

M∑
μ′=1

N∑
ν=1

N∑
ν′=1

Wμ(z ν)Wμ
′

(z ν
′

)E
[
ημ(z ν + c)ημ

′

(z ν
′

+ c)
]
=

M∑
μ=1

M∑
μ′=1

N∑
ν=1

N∑
ν′=1

Wμ(z ν)Wμ
′

(z ν
′

)σ2δ(ν − ν′)δ(μ− μ′) =
M∑
μ=1

||Wμ||2σ2. (6)

In order to find out the weightsWμ(zν), we minimize the quadratic form:

M∑
μ=1

||Wμ||2 =W0 ·W0 = ||W0||
2, W0 = (W

1, ...,WM),
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respecting condition (4).
Using the Cauchy-Bunjakovsky inequality [5] we have:

||
∑M
μ=1W

μ||2

M
≤
M∑
μ=1

||Wμ||2. (7)

The equality in (7) takes place only for the case:

Wμ =

∑M
μ′=1W

μ′

M
. (8)

Let us decompose the vector
∑M
μ′=1W

μ′ in the form:

M∑
μ′=1

Wμ′ = U+
N0∑
k=1

βkgk,

where the vectorU is orthogonal to all vectors of the set {gk}. Then, condition
(4) can be rewritten as follows:

N0∑
k′=1

βk′(gk′ · gk) = gk(0), k = 1, ..., N0. (9)

Taking into account (7) for the functional ||W0||2 we get:

||W0||
2 ≥
||U||2 + ||

∑N0
i=1 βigi||

2

M
. (10)

This means that the minimum of the functional ||W0||2 is reached at U = 0.
In this case:

Wμ =

∑N0
i=1 βigi
M

for μ = 1, ...,M. (11)

Therefore, all vectors {Wμ} are identical.
As a result, (4) becomes:

gk(0) =MWM · gk, k = 1, ..., N0. (12)

The above described algorithm is oriented to filtering of smooth images.
In this case, as coefficients βi in (9) do not depend on the central point of the
working window, the weightsWμ(zν) =W (zν) can be calculated only once.

When the image has sharp changes of intensity, we apply the method
developed in [1]. The intensity histogram is constructed on the basis of
the points falling inside the working window and using all measured data
{ξμ(x), μ = 1, ...,M}. This histogram must have at least two clusters. The sum-
mation in Eq. 1 is taken only over those points which belong to the cluster Ω
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containing the central point of the working window. Equation 4 will assume
the following form:

gk(0) =M
∑
z ν∈Ω

W (z ν)gk(z
ν), k = 1, N0. (13)

The set of the corresponding weights W are calculated using system (9), for
each case. A similar procedure is also used for filtering the points situated near
boundaries of image.

LetW1 be the solution of Eq. 12 for the caseM = 1. Then, for an arbitrary
M we have:

WM =
W1

M
.

Thus, the dispersion DM for theM image case can be expressed through the
dispersionD1 as follows:

DM =
D1

M
. (14)

This means that the mean squared error of the filtering procedure decreases
with increasing of the numberM as 1√

M
.

4 Numerical results

We present here the numerical results on the application of the multi-sample
stochastic filtering algorithm to model images and real OCT data.

Figure 2 shows the original model image: 512 × 512 points, where we see
sharp changes of intensity. In order to estimate the efficiency of the filtering
algorithm based on the simultaneous use of several images, we prepared M
noisy images by adding Gaussian noise ν with mean value E(ν) = 0 and the
standard deviation σ. Figure 3 shows one of such images corrupted by noise
corresponding to σ = 5.

The efficiency of the filtering algorithm has been estimated using the fol-
lowing measures:

d1 =
Nt
max
i=1
|ζi − ζ̃i|, d2 =

√√√√ Nt∑
i=1

|ζi − ζ̃i|2/Nt.

Here Nt is the total number of points in the image, ζi = ζ(ci) is the original
signal and ζ̃i = ζ̃(ci) is the filtered signal at each point ci. The values of ζi
varied between -175 and 372.

Figure 4 presents the dependence of the d1 measure against the number
M (M = 1, 4, 9, 16, 25) and against the radius Rw (Rw = 5, 7, 9) of the working
window. Here σ = 1 and the maximal power of the approximating functions
K = 2. Figure 5 shows the similar results for the d2 measure.

Figures 6 and 7 demonstrate the similar results for the case σ = 5.
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Fig. 2. Original model image:
512× 512 points

Fig. 3. Model image corrupted
by Gaussian noise: σ = 5

One can see from figures 4–7 that whileM changes from 1 to 25, the values
of d1 and d2 decreases more than 30 times. We also see that the minimal values
of d1 and d2 correspond to the working window with the maximal radiusRw =
9.

Figures 5 and 7 show that the value d22 changes with the numberM of sam-
ples, involved in the filtering procedure, as it was predicted by Eq. 14. It fol-
lows from the fact that for images with large number of points the measure
d22 is very close to the dispersion of noise. This interesting behaviour demon-
strates the d21 measure, which also follows Eq. 14. The comparison of values
d21 = d

2
1(M,σ) and d22 = d

2
2(M,σ) for different values of σ, shows that these

measures are proportional to σ. This result is also in the agreement with for-
mula (14).

The comparison of results obtained for different values of the maximal
power K has shown that there is no any noticeable gain while K = 2 is
changed toK = 3.

In Fig. 8 we present the result of application of the proposed filtering al-
gorithm to model images. We consider the case: σ = 5,M = 25, Rw = 9 and
L = 2. Figure 8 demonstrates that the filtering procedure restores the original
image with a high quality.

The results of application of the multi-sample algorithm to real OCT im-
ages are given in Figures 9–10. We simultaneously used five OCT images. One
of these images is presented in Fig. 9: 250× 250 points.
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Fig. 4. Dependences of d1 against the samples numberM and against the radius of the
working windowRw: σ = 1 andK = 2

Fig. 5. Dependences of d2 against the samples numberM and against the radius of the
working windowRw: σ = 1 andK = 2

The circle window with Rw = 4 and polynomials with total power L = 2
were used for real images filtering. Figure 10 shows the result of application of
the multi-sample filtering procedure.

5 Conclusion

We have generalized the filtering algorithm developed in [1] in order to si-
multaneously use in the filtering procedure several OCT images, which can
be obtained from the same location of the human tissue. The new filter was
tested on model data. These tests demonstrated its efficiency.

The application of new filter to real OCT images show that the filtering
procedure restores the characteristic contours and details of the original im-
age. This provides more reliable analysis of images of skin micro-structure
and medical diagnosis compared to one image. More detailed study with real
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Fig. 6. Dependences of d1 against the samples numberM and against the radius of the
working windowRw: σ = 5 andK = 2

Fig. 7. Dependences of d2 against the samples numberM and against the radius of the
working windowRw: σ = 5 andK = 2

data is needed to integrate the filter to the OCT prototype for the skin micro-
structure.
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Abstract. The detailed analysis of an elastic neural net (ENN) proposed
for the traveling salesman problem [1], has shown its weak convergence
to an optimal tour solution. Aiming to speed up the standard algorithm
and make it robust against local minima problem we present three vari-
ants of the elastic net method, namely, the Modified ENN, the Double
ENN and the Smooth ENN. The efficiency of new algorithms is demon-
strated on various sets of cities, on sets of cities with known optimal
tours and in comparison with some well-known classical algorithms.

1 Introduction

The Traveling Salesman Sroblem (TSP)

Given the positions ofN cities, what is the shortest closed tour in which
each city can be visited once?

is a typical problem of combinatorial optimization.
The TSP is a well known NP-complete problem. This means that all known

exact methods for the optimal tour determination require a computional time
that grows exponentially with the amount of cities. Thus, in practice, exact
solutions can be attempted only for cases involving few hundreds cities or
less. At the same time, if one finds a polynomial solution for the TSP problem,
it can be applied to all other NP problems.

Many heuristic algorithms were developed for the TSP aiming to bypass
the combinatorial difficulties. All of them could be subdivided into three
classes: tour construction, tour improvement and composite [2].

The tour construction algorithms are aimed to approximately search an
optimal tour. The tour improvement algorithms (so-called post-processors)
start with a feasible tour and improve it through the local corrections. One of
the best tour improving procedures is the Or-opt algorithm [2, 3]. The com-
posite algorithms combine both first algorithms.
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The most known “classical” tour construction algorithms include: the arbi-
trary insertion algorithm [4], the convex hull insertion algorithm [5], the great-
est angle insertion algorithm [6, 7] and the ratio times insertion algorithm [3].
Last years some new approaches based on genetic algorithms [8] and neural
nets [1, 9, 10] were proposed for the TSP and for other optimization problems.

Among of most successful approaches to the TSP problem is an Elastic
Neural Net (ENN) proposed by Durbin and Willshaw [1]. This approach is now
widely applied in different areas of optimization problems [9, 11, 12]. For in-
stance, it is effectively applied to the problem of identifying the trajectories of
charged particles in high energy physics [11, 13, 14].

We consider the main features of the ENN in Section 2. In order to speed up
the original algorithm and to improve the robustness of the ENN against the
local minima problem, we propose three modifications of the ENN, namely,
the Modified ENN in Section 3, the Double ENN in Section 4 and the Smooth
ENN in Section 5. A brief description of a local optimization algorithm is given
in Section 6, and the results are discussed in Sections 7 and 8.

2 The ENN algorithm

The ENN can be thought of as a number of beads connected by elastic string
to form a closed path.

Following the deformable template approach [11], we denote the cities by
xi. We are going to match these cities with template coordinates ya so that the
distance

∑
a |ya−ya+1| is minimal and that each xi is matched by at least one

ya. Define a binary neuron sia to be 1 if a is matched to i and 0, otherwise. The
energy functional

E (sia,ya) =
∑
ia

sia · |xi − ya|
2
+ γ ·

∑
a

|ya − ya+1|
2 (1)

then should be minimized for a valid tour. The multiplier γ governs the rel-
ative strength between matching and tour length. The canonical distribution
for the energyE(sia,ya) is

P (sia,ya, T ) =
exp[−E(sia,ya)/T ]

Z
(2)

with partition function

Z =
∑
sia

∑
ya

exp[−E(sia,ya)/T ]. (3)

The problem (1) is parametrized in two ways: with neurons sia and with
the template coordinates ya. Choosing the former way and applying the mean
field approximation [15, 16] one obtains so-called marginal distribution ZM
as

ZM =
∑
ya

∏
i

[∑
a

exp(|xi − ya|
2/T )

]
exp[γ

∑
a

|ya − ya+1|
2/T ]. (4)
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Only those configurations where sia is 1 for only one a for each i have been
summed over. Equation (4) can be rewritten as

ZM =
∑
ya

exp[−Eeff (ya)], (5)

where the effective energy Eeff is

Eeff (ya) = −T
∑
i

log

[∑
a

exp(|xi − ya|
2/T )

]
+ γ
∑
a

|ya − ya+1|
2/T. (6)

Now we can minimize Eeff with respect to ya using gradient descent
method [17]. The deviation of the template coordinate is:

Δya = η

[
2
∑
i

via · (xi − ya) + γ · (ya+1 − 2ya + ya−1)

]
, (7)

where the “continuous” neuron via describes the matching of a to i:

via =
exp(−|xi − ya|2/T )∑
b exp(−|xi − yb|

2/T )
. (8)

The “temperature” T is decreasing at each update of templates ya (see Table
1), and η is the parameter controlling the minimization speed.

The ENN algorithm for the TSP is summarized in Table 1.

1. Choose the problem — xi’s
2. Choose the number of templates ya, a = 1, . . . ,M ;
M > N .

3. Compute the center of gravity of the cities xi
and displace it slightly with a random seed.
Place the templates ya with equal spacing on a
circle around this center.

4. For a sequence of temperatures Tn:
4.1 Set Tn = 0.9× Tn−1.
4.2 At each Tn update the templates ya:
ya(Tn) = ya(Tn−1) +Δya,
whereΔya is given by Eq. 7.

Table 1. The ENN algorithm for the TSP

In the beginning, one has to formulate the problem by choosing it from
the set with already known solutions or by using its own distribution of cities
[18]. The first way permits to estimate the ENN performance and the second
one shows the stability (robustness) of the algorithm.
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Then, we have to digitize an ideal continuous net to evolve it on a com-
puter. The amount of beads (templates) of about 2.5 times more than the
number of cities provides sufficient digitization within reasonable computing
time.

Initially, the templatesya form a small circle centered at the center of grav-
ity of the cities xi. By the successive recalculation of coordinates ya (see Eq. 2)
the circle is gradually enlarged non-uniformly to eventually pass near all cities
and, thus, to define an optimal tour. The details are described in the original
paper [1].

Each point ya on the path moves under the influence of two type of forces
(see Eq. 7 and Fig. 1):

– the first one pushes it towards nearest cities;
– the second one pulls it towards its neighbors on the path aiming to mini-

mize the total path.

Fig. 1. Two types of forces acting on the path point.

Due to this process, each city becomes associated with a particular sec-
tion of path. The tightness of this association is determined by how the force
contributed from a city depends on its distance, and the degree of this depen-
dence changes with network evolution. Initially, all cities have roughly equal
influence on each point of path. Subsequently, a larger distance becomes less
favored and each city gradually becomes more influenced for the points on
the path closest to it: that corresponds to the decreasing of T in Eq. 8.

Usually, the elastic net method provides the solution with the path length
not longer than 105% of an optimal tour, and this is plausible for many
practical applications. Figure 2 shows an example of the elastic net evolution
for the 100 cities problem.
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a b c

d e f

Fig. 2. Elastic net evolution for 100 cities problem

Unfortunately, the standard elastic net is too slow to be directly used for
real applications. There are two disadvantages: 1) the calculation of expo-
nential functions in Eq. 3 is very time consuming, and 2) in the case of non-
uniform distributions of large number of cities the elastic net may be locked
inside a local minimum, and this may require a noticeable time to escape from
it.

3 The Modified ENN

In order to simplify and to speed up calculations in the ENN, we propose to
modify the matching neuron via in the deviation equation (7) as follows:

Δya = η

[
2
∑
i

uia(xi − ya) + γ · (ya+1 − 2ya + ya−1)

]
, (9)

where

uia =
χia∑
j χja

, χia = wi

⎡
⎣minb (1 + |xi − yb|2)
1 + |xi − ya|2

⎤
⎦
4

. (10)
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The weight wi corresponding to the city i

wi =

∑
k |xi − xk|

max
j

∑
k |xj − xk|

(11)

balances this single city with a group of cities.
In the case of the standard ENN each city interacts with the neighboring

part of net inside some area which decreases with the iterations. This decrease
of the interaction area should be slow enough to attract a bead by a city. For
the modified weight function (Eq. 10) the area of attraction depends on the
distance between the net and cities only, but does not depend on the iteration.

The modifications described above speeded up essentially the computing
time. For instance, for the 52-cities problem the standard elastic net took 7
minutes, but the modified elastic net required only 2.7 seconds for the solu-
tion of the same quality.

4 The Double ENN

The minimization of the energy functional (1) is usually realized by applying
the gradient descent method [17]. However, there is no guarantee that using
this method we will reach the global minimum [19]. At the same time, lo-
cal minima not only increase the tour length but also make worse its quality.
Sometimes, in real applications, where especially curving aspects of tour are
essential, this does not permit to get a reliable solution. Thus, local minima
may lead to the tour intersections, which can not be corrected even by such ef-
ficient local optimization procedure, like the Or-opt algorithm (see section 6).

In general case, to minimize a function of many variables with many local
minima most known minimization methods [20] start from some initial point
corresponding to the minimizing functional. The minimization is performed
in the vicinity of this point (Fig. 3 a). However, in this way there exist a signifi-
cant non-zero probability to fall down into a local minimum. The only reliable
way to escape local minima is to start from a good initial approximation. How-
ever, to obtain such an approximation is not very easy.

Contrary to standard methods, we propose to start from two initial points
(Fig. 3 b) surrounding the global minimum and covering all physical regions
of the parameters [13]. These points attract each other and, thus, pull each
other from all local minima until the global minimum will be reached.

In this connection, we propose to simultaneously use two Modified ENNs
(see Fig. 4). The attraction between nodes of different nets is determined by
the third term of the deviation (7), which becomes:

Δy 1a = η

[
2
∑
i

uia(xi − y
1
a ) + γ · (y

1
a+1 − 2y

1
a + y

1
a−1) + β · (y

2
a − y

1
a )

]
.

(12)
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ba) )
Fig. 3. Searching global minimum by standard ENN (a) and by double ENN (b)

Both nets start from the circular rings centered at the middle of cities’ distri-
bution: the first net has small radius and the second one envelopes all cities
(see Fig. 4 a). Both nets evolve independently until one or both of them stop
in local minimum (minima). Then, the attraction between nets is increasing
until they escape a minimum (minima). After this, both nets again evolve in-
dependently.

To realize this algorithm we define the attraction force as the inverse pro-
portion to the average bead shift δ at the last iteration:

β =
T

1 +K · δ
, (13)

hereK is a constant, and T is the parameter which initially equals to 1 and is
increasing with iterations.

Fig. 4 demonstrates the evolution of double net for the 52-cities problem.
Starting from the initial configuration (Fig. 4 a), both nets stop in different
local minima (Fig. 4 b). Then, the attraction between nets is growing up (in
Fig. 4 c there are only 3 separate tour sections) and both nets are united into
one net (Fig. 4 d). This net evolves as a standard ENN.

5 The Smooth ENN

Another way to solve the local minima problem is to use the smooth proper-
ties of an optimal tour [21].

Let us connect the beads of net by a continuous curve. This curve is de-
fined by the coordinate functions [X(t), Y (t)], t ∈ [0, 2π], which can be ap-
proximated by the Fourier series:

X(t) =
m∑
k=0

[
aXk cos(kt) + b

X
k sin(kt)

]
, Y (t) =

m∑
k=0

[
aYk cos(kt) + b

Y
k sin(kt)

]
.

(14)
At initial iterations the low frequencies prevail in the coordinate functions,

and at the finishing steps the high frequencies are added to the tour. In this
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Fig. 4. Double ENN evolution for 52-cities problem

connection, the tour smoothness means decreasing the absolute values of ak,
bk with increasing of k.

The smoothness of the net is realized by the gradual increase of the num-
ber of beads. Initially, the net consists only 4 beads and evolves as a standard
ENN. When it falls into a local minimum, the number of beads is increasing,
by inserting a new bead between two existing beads. In other words, we run in
consecutive order the elastic nets with increasing number of beads. Each net
starts from a tour performed before by the previous net.

Figure 5 demonstrates how the smooth elastic net constructs on the basis
of first iterations a draft tour using rough properties of the cities distribution,
and after this processes the details concerning the local sections of tour. This
does not change a global behavior of tour, but makes each new net very fast
and improves the quality of solution at each new stage.
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6 Local optimization

Aiming to improve a tour found by the main algorithm, one often uses the lo-
cal optimization algorithms (so-called post-processors). A very fast high qual-
ity algorithm is the Or-opt post-processor [2].

To understand the Or-opt procedure, we refer to Fig. 6. For each connected
strings of s cities in the tour (s equals 3 first, then 2, then 1), we test if the string
can be relocated between two other cities at a reduced cost. If it can, we make
the appropriate changes. For s = 3 in Fig. 6, each string of three adjacent cities
m,n, p in the current tour is considered for the insertion between all pairs of
connected cities i and j outside of the string. The insertion is performed if
the total cost of the edges to be erased, (a, b), (m, i) and (p, j), exceeds the
cost of the new edges to be added, (i, j), (m, a) and (p, b). After considering all
strings of three cities, all strings of two cities and then all strings of one city are
considered. When no further exchanges improve the solution, the algorithm
terminates.

7 Discussion of results

The algorithms described above were tested on various sets of cities. After ap-
plication of main algorithms the Or-opt postprocessor was used to improve
the tour. Table 2 presents the results of a comparative study of different ENNs
algorithms. The standard ENN was not tested due to its low speed. The po-
sitions of cities were generated randomly inside the unit square. The tour
lengths for different algorithms are presented in per cents of the tour length
of the modified ENN. All tests were performed on SUN Spark-station 4u.

Number of cities 25 50 100 200
Modified ENN 100.00 100.00 100.00 100.00

Tour length Double ENN 99.94 99.34 96.35 94.08
Smooth ENN 99.78 99.03 96.14 92.57

Tour length Modified ENN 94.43 92.17 89.27 86.45
with Double ENN 94.80 92.34 89.28 85.46

postprocessor Smooth ENN 94.87 91.90 89.66 84.67
Computational Modified ENN 0.52 2.71 9.06 41.17

time Double ENN 0.99 3.94 16.44 68.96
(sec.) Smooth ENN 0.39 1.25 4.04 11.16

Postprocessor Modified ENN 0.09 0.56 3.12 16.40
time Double ENN 0.09 0.50 2.67 14.47
(sec.) Smooth ENN 0.10 0.52 2.54 14.10

Table 2. Comparison of ENNs algorithms on various sets of cities
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¿From Table 2 one can see that for 100 or less cities the double and smooth
elastic nets give similar results, for 200 cities the smooth elastic net performs
better than other nets.

Table 3 presents the performance of the ENN algorithms for some distribu-
tions of cities with known optimal tour. The tour lengths are given in percents
of an optimal tour length.

Number of cities 52 100 101
Main Standard ENN 110.37 105.51 107.26

algorithm Modified ENN 104.86 101.76 105.80
Double ENN 104.56 101.60 104.52
Smooth ENN 104.90 103.70 107.35

With Standard ENN 106.05 101.32 103.04
postprocessor Modified ENN 104.29 100.73 101.55

Double ENN 103.36 100.97 102.01
Smooth ENN 102.68 100.78 100.91

Table 3. Comparison of ENNs algorithms for sets of cities with known optimal tour

Table 4 shows the results of performance for some “classical” algorithms,
taken from [2]. The algorithms are denoted as follows:

CC — convex hull cheapest insertion procedure;
RXD — ratio times difference insertion procedure;
GA — greatest angle insertion procedure;
CI — convex hull insertion procedure;
CCA — convex hull, cheapest insertion, angle selection procedure.

Number of cities 50 100 105
Main CC 105.80 105.90 103.68

algorithm RXD 108.09 105.48 104.42
GA 106.39 107.91 106.29
CI 102.67 103.23 105.73

CCA 105.16 104.90 102.37
With CC 102.79 103.09 100.08

postprocessor RXD 102.31 101.33 100.78
GA 101.47 102.64 100.62
CI 102.29 101.57 101.40

CCA 101.38 101.42 100.00

Table 4. Tour finding results for some “classical” algorithms
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From Tables 3 and 4 one can conclude that the algorithms based on the
elastic net method produce tours of the same quality as well known classical
algorithms.

8 Conclusion

Our application of the standard ENN to the TSP problem has shown that the
original algorithm is very slow and that it is unstable against local minima of
the energy functional. In order to speed up the original ENN algorithm and
to make it robust against local minima, we proposed three modifications of
the elastic net method. The Modified (or simplified) ENN is very close to the
classical algorithm, but it converges significantly faster to the optimal tour.
The Smooth ENN, converges considerably faster than the original algorithm
and gives solutions of better quality. The Double ENN is able to solve complex
problems where global solution is the main requirement. All 3 algorithms pre-
sented here produce tours of the same quality with the well known classical
algorithms.

Although the elastic nets provide a solution close to the optimal tour, it
needs the application of a local optimization procedure to produce a better
final tour. In this connection, we plan to modify further the elastic net in or-
der to decrease the computational time and to incorporate the post-processor
into the main algorithm.
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Fig. 5. Smooth ENN evolution for 100 cities problem
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Fig. 6. Or-opt post-processor example for s = 3
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Abstract. Automatic processing of seismic data is today a key element
in the efforts to achieve high quality seismic systems. Automated proce-
dures using for locating seismic events with a network including arrays
and single element seismometers usually incorporate back-azimuth es-
timates, arrival-time data, and associated uncertainties into a least-
squares-inverse location algorithm. Such an algorithm is quite cumber-
some and requires expanding a set of nonlinear equations in a Taylor
series. Second-order terms usually not included in the algorithm can be
important if the initial estimate is far from the solution.
We propose to use elastic neural nets (ENN) to find the initial estima-
tion in automated procedures of locating seismic events and discuss the
results for simulated seismic events. The advantages of ENN are the sim-
plicity of the algorithm, the fast convergence and the high efficiency.

1 Introduction

With the development of digital seismograph recording systems, the auto-
matic processing of seismic data has became increasingly important. In par-
ticular, the ever-decreasing cost and the increasing capacity of modern com-
puters have made possible the implementation of very sophisticated auto-
matic processing algorithms. Today, the limitations do not regard computer
capacity, but rather shortcomings of the available automatic schemes.

In March 1978, the group of seismic experts established by the Conference
of the Committee on Disarmament (CCD) [1] of the United Nations submit-
ted a report with recommendations regarding an international co-operative
system to detect and identify seismic events. Such a system would become
a key part of the verification of a comprehensive test ban treaty. The Ad Hoc
expert group established by the CCD in 1976 has proposed the structure of
the global system (Fig. 1). This international co-operative effort involves three
main elements:

1. A systematic improvement in the observations reported from more than
50 seismological observatories around the globe.
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2. An international exchange of these data over the Global Telecommunica-
tions System (GTS) of the World Meteorological Organization.

3. Processing of data at special international data centers for the use of the
participant states.

Fig. 1. A possible global network of existing and planned seismic observatories pro-
posed by the CD Ad Hoc group of seismic experts

The Ad Hoc group considered that special International Data Centers
(IDC) should be established for the global network. In order to achieve re-
liability acceptable to all, it was proposed that more than one international
center have to be established, equipped with compatible hardware and soft-
ware.

The main tasks of the international centers should be:

1. To receive data from the world network of seismic stations via the autho-
rized Government facility of each State.

2. To apply agreed analysis procedures to available data for the estimation of
the origin time, location, magnitude and depth of seismic events.

3. To associate the reported identification parameters with these events.
4. To distribute, in accordance with defined procedures and without inter-

pretation of identification parameters, compilations of the complete re-
sults of these analyses.

5. To act as an archive for reported data and results of analysis on those data.

2. Seismic event localization procedure

The determination of the seismic event location is one of the most important
functions of the IDC. The results of the localization process, such as, the epi-
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center location, depth, the origin time, error estimates, form the primary data
product of the IDC: the bulletin.

The procedure for event location calculates epicenters, confidence
bounds, residuals and data importances using arrival times, back-azimuths,
and slownesses from seismic phases recorded by stations at local, regional
and teleseismic distances. Travel time, slowness, and azimuth data are, thus,
incorporated simultaneously to solve the iterative non-linear least-squares
problem for hypocentral locations.

The location procedure follows the approach of Jordan and Sverdrup [2] as
extended by Bratt and Bache [3] to include azimuth and slowness data. The
key feature of this procedure is that it allows a priori knowledge of the data
variances to be incorporated along with the resultant a posteriori data residu-
als. This makes calculation of the error ellipses particularly robust.

In order to approximate better the event location in a truly heterogeneous
media, while also maintaining the simplicity of travel time tables based on a
one-dimensional velocity model, various source-specific corrections can be
made. These corrections usually take the form of travel time corrections, but
azimuth and slowness corrections are also possible.

Let us present the basis of the location algorithm. Geiger’s [4] iterative,
least-squares method and its various extensions and modern improvements
(e.g., [5, 6]) are the basis of most numerical algorithms for earthquake loca-
tion. A point seismic source is specified by a space-time vector x of dimen-
sionM ≤ 4. The inequality refers to the case when certain components, such
as depth, are fixed throughout the calculation. This location vector is to be
constrained by an N-component vector of the observed arrival times t0. For-
mally, x ∈ EM and t0 ∈ EN , where EN is the Euclidean space of dimension
N . Since the number of observation points N is usually large compared to
M , the problem is over-determined, although it may still be ill-posed. From
the initial estimate x0, an arrival-time vector t(x0) is calculated by tracing rays
through an average radial earth structure; the overbar indicates the assump-
tion of spherical symmetry. By expanding t about x0 we can write

Δt ≡ t(x) − t(x0) = A ·Δx+O
[
|Δx|2

]
(1)

whereΔx ≡ x− x0 and A is anN ×M matrix of partial derivatives evaluated
at x0. If we assume that the rank [A] = M , then a refined estimate of x can be
uniquely obtained from the residual vector Δt ≡ t(x) − t(x0) by minimizing
the norm of the error vector

e0 = Δt0 −A ·Δx. (2)

To account for the curvature of the t(x)manifold, the estimate ofΔx is added
to x0 and the procedure is iterated. The convergence is usually rapid in the
teleseismic case.

In certain situations, especially for epicenters determined by sparse local
networks and/or when locating local and near-regional events that lie outside
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the network, the nonlinear aspects of the problem may be important [5–7].
Techniques, including nonlinear contributions to local uncertainty and the
shape of these nonlinear confidence bounds, may be quite complex com-
pared to the ellipsoids resulting from the linear approximation.

It becomes obvious that the calculation of the initial estimation of x0 is the
crucial point of the full location algorithm. We shall use an elastic neural net
for estimating x0.

2 Elastic net method

The elastic net is a kind of artificial neural net [8] which has been used for
event recognition in high energy physics.

The elastic neural net method can be illustrated on a simple example of
the traveling salesman problem. The problem is:

Given the positions ofN cities, what is the shortest closed tour in which
each city can be visited once?

One of the most successful approaches to the traveling salesman problem
is the elastic neural net of Durbin and Willshaw [9]1, which can be under-
stood as a number of beads connected by an elastic string to form a ring. The
essence of the method is:

Using an iterative procedure, a circular closed path is gradually elon-
gated non-uniformly until it eventually passes sufficiently near to all
the cities to define a tour.

Let us denote the cities by xi. We are going to match these cities with tem-
plate coordinates ya such that the sum

∑
a |ya − ya+1| is minimized and that

eachxi is matched by at least one ya. Define sia to be 1 if a is matched to i and
0 otherwise. The following energy expression [10] then minimizes a valid tour

E (sia,ya) =
∑
ia

sia · |xi − ya|
2
+ γ ·

∑
a

|ya − ya+1|
2
. (3)

The coefficient γ governs the relative strength between matching and tour
length. Then the dynamical equations can be written:

Δya = Δy
(1)
a +Δy

(2)
a = η

[
2
∑
i

via · (xi − ya) + γ · (ya+1 − 2ya + ya−1)

]
,

(4)
where the decision value via of a to be matched to i is given by

via =
e−|xi−ya|

2/T∑
b e
−|xi−yb|2/T

. (5)

1 http://nuweb.jinr.ru/LNP/NEMO/tspN.html
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The “temperature” T is decreasing during evolution.
The algorithm is a procedure for the successive recalculation of the po-

sitions of a number of points in the plane in which the cities lie. The points
describe a closed path which is initially a small circle centered on the center
of the distribution of cities and is gradually elongated non-uniformly to even-
tually pass near all the cities and thus define a tour around them (for details
see the original paper [9]). Each point on the path moves under the influence
of two types of force (see Eq. 4):

1. the first pulls towards the nearest cities;
2. the second pulls towards neighboring points on the path, acting to mini-

mize the total path length.

By this process, each city becomes associated with a particular section on
the path. The tightness of the association is determined by how the force con-
tributed from a city depends on its distance, and the nature of this depen-
dence changes as the algorithm progresses. Initially all cities have roughly
equal influence on each point of the path. Subsequently a larger distance be-
comes less favored and each city gradually becomes more influenced for the
points on the path closest to it.

Usually the ENN finds a solution close to the best one, that is practically
enough in many applications. Thus, in our case we should find a solution,
which could be used for making a decision about a vertex existence and for
using it as an initial approximation for the least squares method.

An example of the TSP solution for 100 cities, using ENN is presented in
Fig. 2.

3 Elastic net for the earthquake problem

Let us formulate the problem of searching for an initial estimation of a seis-
mic event epicenter. Data from a network of arrays and single element seis-
mometers include arrival times, back-azimuths, and slownesses from seismic
phases recorded by stations at local, regional and teleseismic distances. This
information could be represented by the distance and the direction towards
the earthquake center registered by seismometers with corresponding errors
that give confidence ellipsoids for each station. Parameters and location of an
ellipsoid depend on the technical characteristics of the station and the dis-
tance to the event source.

For testing the elastic net algorithm, we simulate data from 6 “correct” sta-
tions and 3 “noise” stations (see Fig. 4). This usually happens analyzing seis-
mic data at IDC. A “correct” radius (detection error) is random up to 5.0 rela-
tive units. A “correct” center location is generated with a random shift within
the generated detection error with respect to the generated event location
and with random angle distribution. “Noise” detection error is the same as
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a b c

d e f

Fig. 2. Example of the progress of the elastic net method for 100 cities

for “correct” stations but locations are shifted randomly in addition up to 5.0
relative units to be far from the true location2.

Let us

Define an epicenter of a seismic event as the geometrical point with a
maximum density of confidence ellipsoids.

The earthquake location procedure at presence of noise data can be con-
sidered as a problem of minimization of a function of many variables with
many local minima. All known standard methods of minimization [12] start
with a point on the function surface and minimize the function in a local area
around it, at each step of the iteration procedure. In this way there is a signifi-
cantly non-zero probability to stop at a local minimum. It is possible to build
methods against local minima to save the standard methods, but to do so the
complexity of our program increases significantly. The only reliable way is to
start with a good initial approximation, which cannot be easily found in our
case. So the use of the standard minimization methods is not suitable.

Contrary to the standard methods, we propose to use an elastic ring sur-
rounding the global minimum and covering the region where the parameters

2 Similar problem appears searching for the reaction vertex in high energy physics
experiments [11].
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ba) )

Fig. 3. Global minimum search
by a standard method (a) and
the elastic net method (b)

are likely to be found. This ring will be squeezed, catching on all local min-
ima until the global minimum will be reached [13]. Graphically, this method
is represented in Fig. 3.

We construct the algorithm on the basis of an elastic ring by introducing
two types of force:

1. Attraction of the ring to all ellipsoids placing it at the condensation area of
the ellipsoids.
Here confidence ellipsoids play a role of cities in the traveling salesman
problem. The attraction force of the ring to an ellipsoid depends on its
distance and location accuracy given by a station. The sensitivity region
of the ring is decreasing during iterations being more confident at the end
of the process.

2. Squeezing of the ring leading to localization of the source region.
The influence of this force increases with algorithm iterations. The radius
of the ring corresponds to the most probable area surrounding the epi-
center.

4 Results and conclusion

Fig. 4 shows the result of the application of the ENN to the earthquake loca-
tion searching using data from 9 seismic stations. Here the star denotes the
epicenter of the simulated earthquake and 6 solid circles are simulated confi-
dence circles given by seismic stations. Other stations give noisy data and one
can see 3 circles far from the epicenter. Dashed circles demonstrate the iter-
ative process of the elastic net that converges near the epicenter. This found
position can be used as the initial estimation in the procedure of the epicenter
calculation (Eq. 2).

The advantages of the method are the simplicity of the algorithm, the fast
convergence and the high and stable reconstruction efficiency. One can see
on Fig. 5 that the algorithm is able to find the epicenter even with 50% wrong
seismic data.
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Fig. 4. An evolution of the elastic
net on a data from 6 correct and
3 noise seismic stations

Fig. 5. Efficiency of the epicenter
searching depending on seismic
data efficiency
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Abstract. The conventional models of option pricing are based on the
artificial proposition of the market neutrality to the risk, which is equiv-
alent to the assumption that the expected return μ equals the risk-free
return r. However, in real market μ may significantly differ from r, and
this may lead to the noticeable difference between model and real values
of option prices. In the present work we consider a modification of the
Cox-Ross-Rubenstein binomial model that takes into account the de-
pendence of option prices with respect to μ. After proving the extended
local theorem of de Moivre-Laplace and applying transition to the con-
tinuous limit we obtained the same option price formula as for the con-
tinuous model in [AIK]. We show that option prices based on this for-
mula and on Bachelier’s model (for which the dependence on μ and the
discount factor were taken into account) give close results. At the same
time, the option prices obtained by the Black-Scholes formula gives dif-
ferent results. This difference is increasing together with the growth of
difference between μ and rmay reach 20–30%.

1. Introduction

The conventional models for the determination of the option prices [CR1–
Hau] are based on the assumption of market neutrality to the risk. In particu-
lar, the famous Black-Scholes option pricing formula:

CBS = S · Φ

(
ln S
X
+ rT + σ

2

2 T

σ
√
T

)
−X exp(−rT ) · Φ

(
ln S
X
+ rT − σ

2

2 T

σ
√
T

)
, (1)

was obtained for the continuous model [BS1] and for the discrete binomial
model [CRR–NeRa] under the assumption that the expected return μ of the
underlying assets equals the risk-free return r.

Here CBS is the option price, S is the stock price, σ is the volatility of the
stock price per annum, X is the option exercise price (strike price), T is the
option expiration date (maturity), and

Φ(α) =
1
√
2π

∫ α
−∞
exp(−

S2

2
)dS
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is the standard normal cumulative distribution function.
However, in a real risky market μ may differ significantly from r. For ex-

ample, it is known that on the average for the stock market μ is about two
times greater than the return r on a risk-free investment, i.e. μ ≈ 2r (see [Hul],
p. 219). As a result we may have a noticeable difference between the predicted
and real values of the option prices [AIK].

We introduce in Section 2 a modification of the Cox-Ross-Rubenstein
discrete binomial model [CRR] taking into account the dependence of option
prices on μ. We realize in Section 3 the transition to the continuous limit when
μ = r using the de Moivre-Laplace theorem and when μ 	= r by extending the
de Moivre-Laplace theorem in Section 4.

2. Modification of the Cox-Ross-Rubenstein model for the case
μ 	= r

We consider a modification of the Cox-Ross-Rubenstein model in the
form, which allows for the case μ 	= r.

For the determination of the option price we use the equality

C = d(T ) ·E(max(S(T )−X, 0)), (2)

where d(T ) is the discount factor and E is the operator of mathematical ex-
pectation (without any assumptions).

Following [CRR], we divide the time interval [0,T ] into n subintervals with
durationΔt = T

n . During each subinterval the stock price may grow by a factor
un > 1 with probability pn, or to diminish by a factor dn < 1 with probability
qn = 1− pn.

We assume, moreover, that un, dn, pn depend neither on the location of the
subinterval [mΔt, (m+1)Δt], nor on the previous change of stock price. This
actually means that the stock price change is described by a stationary Markov
chain.

For this model the call option price Cn satisfies the binomial law [CRR]:

Cn =
n∑
m=0

n!

m!(n−m)!
·
pmn q

n−m
n

(1 + rT
n
)n
·max{0, Sumn d

n−m
n −X}, (3)

where Sumn d
n−m
n is the stock price to the option execution date in the case

ofm times price increase and (n−m) times price decrease. The probability of
realizingm times increase and (n−m) times decrease of the stock price during
n steps starting from the current moment t = 0 till the option execution date
t = n ·Δt = T is:

P (m,n) =
n!

m!(n−m)!
· pmn q

n−m
n .

The values of un, dn, pn are found from the continuous Samuelson model:

dS = μS(t) dt+ σ S(t) dz(t), (4)
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where S(t) is the stock price at time t, dz(t) is the stochastic differential of the
normalized Wiener process with zero mean and variance dt.

Let us consider the stochastic function η(t) = ln S(t)S , where S(0) = S is
assumed to be a deterministic variable.

Then, according to Ito’s formula, we have

E{η(t)} = (μ−
σ2

2
) t,

σ2{η(t)} = σ2 t. (5)

On the other hand, for the above considered discrete binomial model we
have

ln
S(T )

S
= m ln

un

dn
+ n ln dn.

Then, for the discrete binomial model, we have

E{ln
S(T )

S
} = E{m} ln

un

dn
+ n ln dn = pn n ln

un

dn
+ n ln dn,

σ2{ln
S(T )

S
} = σ2{m} ln2

un

dn
= n pn qn ln

2 un

dn
. (6)

In order that formulae (5) and (6) be compatible it is necessary to fulfill the
conditions:

lim
n→∞

n (pn ln
un

dn
+ ln dn) = (μ−

σ2

2
)T,

lim
n→∞

n pn qn ln
2

(
un

dn

)
= σ2 T. (7)

Equations (7) are fulfilled if we assume that

un = 1 + σ

√
T

n
+
σ2

2
·
T

n
,

dn = 1− σ

√
T

n
+
σ2

2
·
T

n
, (8)

pn =
1

2
+
1

2

(μ
σ
−
σ

2

)
·

√
T

n
, qn = 1− pn.

Remark 1: We assume that n is so large that dn, pn ∈ ( 0, 1 ).

Remark 2: un and dn in (8) with accuracy O( 1
n
) coincide with exp(σ

√
T
n
) and

exp(−σ
√
T
n
), correspondingly.

Let us denote bym∗ the least integerm for which the inequality

Sumn d
n−m
n ≥ X (9)
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is fulfilled.
For sufficiently large nwe have

m∗ =

⎡
⎣ ln XS + σ√nT

2σ
√
T
n

⎤
⎦ , (10)

where [M ] is the integer part of the numberM .

Remark 3: Asm∗ → +∞while n→ +∞, then for sufficiently large n and at
the limit n→ +∞m∗ is close to the real number:

m∗ �
ln X
S
+ σ
√
nT

2σ
√
T
n

.

From the definition ofm∗ and formula (3) follows:

Cn =
n∑

m=m∗

P (m,n)

(1 + rT
n
)n
· (Sumn d

n−m
n −X), (11)

where pn, un, dn are given by equalities (8).

3. The limit transition when μ = r based on the de Moivre-
Laplace theorem

First, let assume that condition μ = r is justified. Then, from (11) follows
the equality:

Cn =
n∑

m=m∗

n!

m!(n−m)!
·

(
Sp̂n

mq̂n
n−m −X

p̃n
m q̃n

n−m

(1 + rT
n
)n

)
, (12)

where

p̃n =
1

2
+
1

2

( r
σ
−
σ

2

)√T
n
, q̃n = 1− p̃n,

p̂n =
pnun

1 + rT
n

=

1
2 +

1
4σ
√
T
n
+ r
2σ

√
T
n
+ 12r

T
n
+ rσ4

(
T
n

) 3
2 − σ

3

8

(
T
n

) 3
2

1 + rT
n

,

q̂n =
qndn

1 + rT
n

=

1
2 −

1
4σ
√
T
n
− r
2σ

√
T
n
+ 12r

T
n
− rσ4

(
T
n

) 3
2 + σ

3

8

(
T
n

) 3
2

1 + rT
n

, q̂n = 1−p̂n.

Therefore, in order to find C = limn→+∞ Cn, where Cn is determined by
(12), it is possible to use the local limit theorem of de Moivre-Laplace [Fel],
due to which

n!

m! · (n−m)!
p̃n
mq̃n

n−m =
1

√
2πnp̃nq̃n

exp(−
x̃m
2

2
)

(
1 +O(

1
√
n
)

)
,
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n!

m! · (n−m)!
p̂n
mq̂n

n−m =
1

√
2πnp̂nq̂n

exp(−
x̂m
2

2
)

(
1 +O(

1
√
n
)

)
,

where

x̃m =
m− n · p̃n√
np̃nq̃n

, x̂m =
m− n · p̂n√
np̂nq̂n

and
√
nO(1/

√
n)→ C <∞while n→ +∞.

We have

x̃m
∗ =
m∗ − n · p̃n√
np̃nq̃n

→
ln X
S
− rT + σ

2

2 T

σ
√
T

,

x̂m
∗ =
m∗ − n · p̂n√
np̂nq̂n

→
ln X
S
− rT − σ

2

2 T

σ
√
T

,

x̃n =
n− n · p̃n√
np̃nq̃n

→ +∞, x̂n =
n− n · p̂n√
np̂nq̂n

→ +∞,

while n→ +∞.
Thus, due to the integral theorem of Moivre-Laplace, we get

C = limn→+∞ Cn, where C is determined by the Black-Scholes option
pricing formula (1).

4. The limit transition when μ 	= r. Extension of the de Moivre-
Laplace theorem

In the general case, when condition μ = r is not fulfilled, we have:

Cn =
n∑

m=m∗

n!

m!(n−m)!
· pmn q

n−m
n ·

(
Sumn d

n−m
n −X

)
·

1

(1 + rTn )
n
, (13)

where pn, qn, un, dn are determined by equations (8).
We have

xm∗ =
m∗ − n · pn
√
npnqn

→
ln X
S
− μT + σ

2

2 T

σ
√
T

,

xn =
n− n · pn
√
npnqn

→ +∞, for n→ +∞.

Therefore, due to the integral theorem of Moivre-Laplace, we have the re-
lation:

n∑
m=m∗

n!

m!(n−m)!
· pmn q

n−m
n → Φ

(
ln SX + μT −

σ2

2 T

σ
√
T

)
. (14)

Thus, in order to find the limn→+∞Cn, whereCn is determined by equation
(13), it is enough to find the limit:

lim
n→+∞

1

(1 + rT
n
)n

n∑
m=m∗

n!

m!(n−m)!
· (pnun)

m · (qndn)
n−m. (15)
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As the inequalities pnun + qndn 	= 1 and pnun + qndn 	= 1 + rTn are fulfilled
for μ 	= r, it is not possible to apply the local theorem of Moivre-Laplace for
the limit (15). Therefore, we shall extend the local theorem of Moivre-Laplace,
namely:

Theorem 1. The following asymptotic expression holds for large n:

In,m =
n!

m!(n−m)!
·p̄n
mq̄n

n−m =
1

√
2πnp̈nq̈n

exp(μT ) exp(−
ẍm
2

2
)

(
1 +O(

1
√
n
)

)
,

(16)
where

p̈n =
1

2
+
1

2

(μ
σ
+
σ

2

)√T
n
, q̈n = 1− p̈n,

ẍm =
m− n · p̈n√
np̈nq̈n

, p̄n = pnun, q̄n = qndn.

Proof. We have

m = np̈n + ẍm
√
n · p̈n q̈n, n−m = nq̈n − ẍm

√
n · p̈n q̈n.

Using the Stirling formula and the equalities:

p̄n = p̈n +
μ

2
·
T

n
+O(

1

n3/2
),

q̄n = q̈n +
μ

2
·
T

n
+O(

1

n3/2
),

we get

ln In,m = ln
√
2π n+ n lnn− n− ln

√
2π (np̈n + ẍm

√
n · p̈nq̈n)−

(n · p̈n + ẍm
√
n · p̈nq̈n) · ln(np̈n + ẍm

√
n · p̈nq̈n)+

n · p̈n + ẍm
√
n · p̈nq̈n − ln

√
2π(nq̈n − ẍm

√
n · p̈nq̈n)−

(n · q̈n − ẍm
√
n · p̈nq̈n) · ln(nq̈n − ẍm

√
n · p̈nq̈n)+
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√
n · p̈nq̈n + (np̈n + ẍm

√
n · p̈nq̈n×

ln(p̈n +
μ
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T
n +O(

1
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√
n · p̈nq̈n)×

ln(q̈n +
μ
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T
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+O( 1
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)) +O( 1

n
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From the Taylor expansion we have:

ln(np̈n + ẍm
√
n · p̈nq̈n) = ln(np̈n) + ẍm

√
q̈n

np̈n
−
ẍm
2

2
·
q̈m

np̈n
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n3/2
),

ln(nq̈n − ẍm
√
n · p̈nq̈n) = ln(nq̈n)− ẍm

√
p̈n

nq̈n
−
ẍm
2
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·
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1
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ln(p̈n +
μ

2
·
T

n
+O(

1

n3/2
)) = ln p̈n +

μT

2n p̈n
+O(

1

n3/2
),

ln(q̈n +
μ

2
·
T

n
+O(

1

n3/2
)) = ln q̈n +

μT

2n q̈n
+O(

1

n3/2
).

Putting the last relations into the expression for ln In,m we get:

ln In,m = ln
1

√
2πnp̈nq̈n

−
ẍm
2

2
+ μT +O(

1

n1/2
),

which proves theorem 1.

Theorem 2.

lim
n→+∞

n∑
m=m∗

n!

m!(n−m)!
· p̄n

mq̄n
n−m = exp(μT ) · Φ

(
ln SX + μT +

σ2

2 T

σ
√
T

)
.

Proof. We have

ẍ∗m =
m∗ − n · p̈n√
n · p̈nq̈n

→
ln X
S
− μT − σ

2

2 T

σ
√
T

,

ẍn =
n− n · p̈n√
n · p̈nq̈n

→ +∞ for n→ +∞.

Due to the theorem 1 we have
n∑

m=m∗

n!

m!(n−m)!
·p̄n
mq̄n

n−m = exp(μT )
1
√
2π

n∑
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exp(−
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1
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,

whereΔxn = ẍm+1 − ẍm = 1/
√
n · p̈nq̈n → 0 for n→ +∞.

Therefore, from the last equation we get

lim
n→+∞

n∑
m=m∗

n!
m!(n−m)! · p̄n

mq̄n
n−m = exp(μT ) 1√

2π
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exp(μT )Φ

(
ln SX+μT+
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2 T

σ
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)
.

The theorem 2 is proved.

Applying theorem 2 and (14) we can determine the limit value C =
limn→+∞ Cn of the call option price in the framework of the discrete binomial
model:

C = exp(−r T )·

[
exp(μT ) · Φ

(
ln S
X
+ μT + σ

2

2 T

σ
√
T

)
−X · Φ

(
ln S
X
+ μT − σ

2

2 T

σ
√
T

)]
.

(17)
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For instance, assuming condition μ = r we get the Black-Scholes option
pricing formula (1).

Formula (17) determines the call option price in the limits of the con-
tinuous Samuelson model (4) and was previously obtained [AIK]. We have
shown [AIK] that when, condition μ = r is not fulfilled, the call option
price calculated by the Black-Scholes option pricing formula (1) may give a
noticeable bias.

5. Conclusions

Using the assumption μ ≈ 2r and typical parameters (see below), we
calculated the option prices applying the Black-Scholes formula (1) and for-
mula (17) C and obtained systematic and essential difference between CBS
and C. This difference remains on the same level when the discount factor
d(T ) = exp(−rT ) in (17) is changing to exp(−μT ).

The following parameters were used in our calculations: r = 0.08,μ = 0.16,
σ = 0.2, S = 100, X = 102, T = 0.25. Using the Black-Scholes formula we
obtained CBS = 4.00. Using formula (17) with d(T ) = exp(−rT ) we obtained
C = 5.13, which differs fromCBS by 28%, and, if we will use d(T ) = exp(−μT ),
our formula gives 5.02, which differs from CBS by 25.5%.

Here the stock prices changes were based on the Samuelson model (4).
However, the following model can be used:

S(t) = S(0) + μt+ σz(t). (18)

This model for μ = 0 coincides with a model proposed and first used for the
determination of the option prices in the Bachelier’s paper [BaL]. Maybe, in
this sense (18) is quoted as the Bachelier’s model (see, for example, [Shir]).
Equation (18) can be rewritten in the form of the stochastic process (compare
it with (4)):

dS = μdt+ σdz(t). (19)

Using formula (2) and model (18) one can obtain the following formula for
the call option prices:

CBA = d(T )

[
(S + μT −X)Φ

(
S + μT −X

σ
√
T

)
+
σ
√
T

√
2π
e−

(S+μT−X)2

2σ2T

]
. (20)

It must be noted that Eq. (20) is not explicitly presented in [BaL]. However,
the scheme in [BaL] (under the assumption μ = 0) precisely corresponds to
(20) (see also [Shir]). Moreover, in [BaL] no account was taken of the discount
factor of the option prices on the expiration date, i.e. d(T ) = 1.

One can see that formula (22) in [AIK] presents the specific case of (20) for
d(T ) = exp(−rT ).

Using formula (20) with the same parameters as mentioned above we ob-
tained the following results: CBA = 4.98 for d(T ) = exp(−rT ) and CBA = 4.88
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for d(T ) = exp(−μT ). They are close to those obtained with the help of for-
mula (17) and significantly differ from those obtained for the Black-Scholes
scheme.

In order to compare the actual option price (the payoff) at the expira-
tion date T with the market option price, with the option price correspond-
ing to the Black-Scholes model and to our model (17), we used the option
price database. The call option payoffs were calculated using the formula
P = max[S(T ) − X, 0]. The values of the expected return μ in (17) were cal-
culated on the basis of the daily closing prices of basic stocks using the least
squares method.

Fig. 1. Dynamics of call option payoffs for the S&P500 index, for market option prices,
for option prices determined by the Black-Scholes model and by model (17) for the
period 22.02.2000–16.05.2000

We see in Fig. 1 that the market prices and the prices corresponding to the
Black-Scholes model coinside in most cases of the presented dates. However,
they significantly differ from the call option payoffs. At the same time, the
estimation of option prices by formula (17) is more close to call option payoffs
compared with the market option prices and the option prices corresponding
to the Black-Scholes model. Similar results were obtained for other options.
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Abstract. A new approach for the approximation of raw ECG data and
for the detection of ECG extremums of preassigned widths is proposed.
It is based on the usage of a specialized feed-forward neural network
representing the ECG signal in the form of wavelet series with specially
chosen scaling function. This provides the effective smoothing of ECG
data, filtering a high-frequency noise, fixing the position of main ex-
tremums and the compression of raw data. The efficiency of the ap-
proach is demonstrated on model and real data.

Introduction

In recent years there is a constant interest to the analysis of electrocardio-
grams (ECGs) applying modern mathematical methods based on artificial
neural networks and wavelets [1-5].

The ECG time-series represent measurements f1, f2, . . . , fN taken sequen-
tially in equal time intervals. The problem is to construct the approximation
function in such a way that the contribution of a random noise would be
significantly suppressed, and the main extremums corresponding to P-wave,
QRS-complex and T-wave would be described by a smooth curve. Moreover,
such approximation should allow to perform most possible identification of
these waves.

Among the most convenient technique for dealing with this problem is the
wavelet analysis, which permits to represent a function approximating raw
ECG-data as wavelet series expansion. Choosing wavelets with specific prop-
erties one can filter out a high frequency noise, extract extremums of definite
width and amplitude, and fix their position in time.

1 Method

1.1 Wavelet Decomposition

Here we present the main concept of the wavelet analysis. The details can be
found, for instance, in [6, 7].
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The function f(x) ∈ L2(R) can be represented in terms of shifts and dila-
tions of a low-pass scaling function φ(x) and bandpass wavelet ψ(x):

f(x) =
∑
k∈Z

cJkφ(2
Jx− k) +

∑
j≥−J,

∑
k∈Z

djkψ(2
jx− k). (1)

The first term in (1) is an approximation to f(x) at resolution J . The higher
J corresponds to the analysis with a higher resolution. The reduced sum of
the expansion (1) at level J is:

fJ(x) =
∑
k

cJkφ(2
Jx− k). (2)

The expansion coefficients in (1) depend on the choice of wavelet basis. For
orthogonal wavelets they can be represented as:

cJk =< f, φ(2
Jx− k) >, djk =< f, ψ(2

jx− k) > . (3)

In the case of biorthogonal wavelets they are:

cJk =< f, φ
∗(2Jx− k) >, djk =< f, ψ

∗(2jx− k) >, (4)

here symbol ”*” denotes so-called dual functions.
The function φ(x) can be chosen as them-th order cardinal B-splinesNm,

where m is an arbitrary positive integer [6]. In this case the scaling function
implies the biorthogonal basis and the expansion coefficients can be calcu-
lated using (4).

The first order cardinal B-spline N1 is the characteristic function of the
unit interval [0,1]. The higher order splines Nm for m ≥ 2 are recursively ob-
tained using the (integral) convolution:

Nm(x) =

∫ 1
0

Nm−1(x− t)dt.

The m-order B-spline has a compact support [0,m], is positively deter-
mined and is symmetrical regarding the center of support (where it has the
maximum). In each interval [k, k + 1] (0 ≤ k < m)Nm(x) is the polynomial of
(m − 1)-order. These peculiarities provide remarkable smoothing properties
ofB-splines (see details in [6]).

Fig. 1 and 2 show the scaling function φ(x) and the dual function φ∗(x) of
the cubicB-spline.

1.2 Algorithm

Suppose the ECG-signal in the range of extremums can be fitted by the second
order polynomial f(x) ≈ a+ b(x− ξ)2. The corresponding scaling function is
the 3-rd orderB-spline:

N3(x) =

⎧⎪⎨
⎪⎩
x2/2, if x ∈ [0, 1);
−x2 + 3x− 3/2, if x ∈ [1, 2);
x2/2− 3x+ 9/2 if x ∈ [2, 3);
0 elsewhere.
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Fig. 1. Biorthogonal B-spline scaling
function

Fig. 2. Dual scaling function of B-
spline

A general scheme for raw data processing is as follows.
Level J corresponding to the approximation with maximal accuracy can

be estimated using the following expression:

J = [log2N ] + 1,

whereN is the number of points fi in the analyzing sample.
However, aiming to suppress a high-frequency noise, we choose the lower

level j1 < J which must correctly describe extremums containing n points.
This level j1 can be estimated using the formula:

j1 = [log2
N

n
] + 1.

Applying now the ”moving average” scheme [6] or using a neural network
(see below) the expansion coefficients (2), corresponding to the chosen level
j1, are calculated. All coefficients smaller than some fixed threshold are as-
sumed to be zero. As each wavelet has a limited support, the thresholds can be
verified depending on the current time (position). The filtered signal, formed
after such ”cleaning” procedure, is free of a random noise.

An algorithm for the searching of extremums is the following. The num-
ber of non-zero coefficients is limited and is equal to 2j1 + 2. For each k =
−2,−1, . . . , 2j1 − 1 the value

ξk =
1

2j1

(
k +

ck−1 − ck−2
2ck−1 − ck − ck−2

)
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is calculated. In the case when

ξk ∈

[
k

2j1
,
k + 1

2j1

]
,

we may have an extremum at the coordinate ξk. When ck−1 − ck−2 > 0, then
we have a maximum, and, if ck−1 − ck−2 < 0, we have a minimum. When the
numerator and the denominator are both equal to zero, the signal does not
change in [ k

2j1
, k+1
2j1
], and there is no an extremum in this interval.

Then a level j0 < j1 corresponding to ”slow” changes of the ECG signal
with a period approximately equal to the inter-beat interval is chosen, and in
the analogues way corresponding coefficients are calculated. In the set of the
obtained extremums only those are taken into account for which absolute val-
ues of difference between ”fast” and ”slow” approximations exceed a certain
threshold.

Details of application of this scheme to the analysis of real ECG data are
given below.

1.3 The wavelet neural network

According the first formula in (4), the calculation of coefficients of the decom-
position (2) needs the integration with function represented in Fig.2. There
is no the explicit analytical presentation of this function – it can be obtained
only numerically applying the Fourier transform for each set of new points.

In order to avoid complicated problems connected with the numerical cal-
culation of the dual function and with construction of the quadrature formu-
las for this function, we may use another approach.

As we have a limited numberN of values f(x) (fp = f(xp), p = 1, 2, ..., N ),
concerning the analyzing sample of the ECG signal, the expansion coefficients
can be obtained by minimizing the following functional:

EN ({ωk}) =
N∑
p=1

[
fp −

∑
k

ωkN3(2
jxp − k)

]2
, (5)

where ωk denotes the coefficients cJk .
The functional (5) can be interpreted as the error functional of a feed-

forward neural network of a specific architecture (see below). The series ap-
proximating the ECG signal at the level j

fj(x) =
∑
k

ωkN3(2
jx− k). (6)

can be re-written in terms of the three-layered perceptron. An argument, time
x, is feed to its input and the filtered signal is taken from its output. The archi-
tecture of network is given in Fig. 3. It looks similar to a neural network devel-
oped in [10].
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Fig. 3. Wavelet neural network

The number of neurons in the hidden layer is equal to the number of terms
in the expression (6) and each k-th neuron corresponds to the k-th term in (6).
Weights and thresholds between the input layer and the hidden layer are fixed
and are correspondingly equal to αk = 2j, θk = −k. The transfer functions
of hidden neurons are the 3-rd order B-splines. The thresholds between the
hidden layer and the output neuron are taken equal to zero, and each k-th
coefficient corresponds to the k-th weight.

The weights ωk, which play the role of expansion coefficients, are obtained
by the neural network “training”on data corresponding to the analyzing sam-
ple and applying the standard back-propagation method [11].

We transform the analyzing sample of the ECG data to the time interval
[0, 1]. Only terms concerning k = −2,−1, . . . , 2j − 1 contribute into the ex-
pression (6), and the coefficients corresponding to other k are assumed to be
zero.

2 Application to model and real data

2.1 Model example

To estimate the accuracy of an extremum localization, and to evaluate the ro-
bustness of the algorithm we considered the following model example.

Let a signal changes in time as

f(x) = e−(
x−0,45
0,1 )

2

, (7)
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i.e. it has the maximum at the point x = 0.45 with amplitude 1 and width 0.2.
Using (7) we calculated 50 ”measurements” of the signal at equidistant mo-
ments of time interval x ∈ [0, 1]. A random Gaussian noise with mean value
0 and dispersion 0.1 was added to each term of this time-series; this corre-
sponds to the ratio of noise/signal (in extremum) 10%. The neural network
was trained on these data and its learning was going quit quickly: practically
after 30 – 50 training epochs a mean squared error between the network out-
put and a target value was less 0.02 %.

In Fig. 4 the approximation of simulated data are shown by the continuous
curve. The approximation level j was taken equal to 3. It can be calculated
using formula j = [log2

T
Δ ] + 1, where T = 1 is the interval where the func-

tion is defined, Δ = 0.2 is the maximum width. The coordinate of the global
extremum for the approximating curve equals to 0.441, which corresponds to
very small relative error.

2.2 Real data analysis

Figures 5 demonstrate some details concerning the ECG data analysis: a) few
successive periods of raw ECG-data, b) the j1 = 6 approximation (solid curve)
superimposed with the j0 = 0 approximation (dot-and-dashed curve), c) the
difference between approximations with j1 = 6 and j0 = 0, e) the relative error
corresponding to the approximation with j1 = 6.

Figures 6 a÷6 d show the details concerning the approximation of real data
and fixing of the ECG main extremums. The extremums we are looking for
are marked by “1”,”2”,”3” and “4”. The sizeN of sample using for the analysis
depends on a frequency of discretization and in our case it was equal to 250
points. This is somewhat greater than a distance between two neighboring
peaks ”1”. In addition, it was assumed that the width of the narrowest peak
must contain not less than 5 points, i.e. the needed resolution is given by the
approximation of level 6: [log2

250
5 ] + 1.

The dot-and-dashed curve shows the approximation with j0 = 0. This ap-
proximation plays a special role in the analysis. It can be considered as a so-
called ”baseline” or ”null-line” accepted in ECG analysis. And hence the am-
plitudes of main extremums should be measured relative to this curve.

Additional identification of extremums can be performed using, for in-
stance, values of amplitude and curvature and also their order in time. Thus,
the extremums “1”,”2”,”4” in Fig. 6 could be classified using thresholds be-
tween levels j0 = 0 and J1 = 6: for “1” it equals 400, for “2” and “4” it is 100.
However, the problem of extremums identification goes out of limits of this
work.

The supplementary result of the developed method is the compression of
raw ECG data, because only 65 coefficients should be used (and hence can be
stored) in average to effectively represent of 250 points of the ECG. Thus, the
compression factor equals to about 4.
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Fig. 4. Results on the ECG data analysis: a) few successive periods of real ECG, b) j1 =
6 approximation (solid line) superimposed by j0 = 0 approximation (dot-and-dash
line), c) difference between the approximations with j1 = 6 and j0 = 0, d) relative
error corresponding to j1 = 6 approximation
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Fig. 5. The approximation of the ECG data in different periods

Conclusions

The results of this work can be summarized as follows.
A new approach for the ECG-data analysis has been developed. It is based

on the specialized feed-forward neural network representing the ECG signal
in the form of wavelet series with specially chosen scaling function. This per-
mits: a) to filter out a high-frequency noise, b) to fix the positions of main
extremums, and c) to compress raw ECG data with compression factor 4 and



Wavelet Neural Network and its Application to ECG Analysis 53

without losing the significant information. The efficiency of the network has
been demonstrated on model and real data.

This approach permits to organize the uninterrupted processing of analyz-
ing ECG data and provides also the detection of the extremums of preassigned
widths.
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Similarity Searches Using a Recursive String
Parsing Algorithm
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Abstract. Similarity queries present a computational problem of great
practical significance. Its applications range from Internet search en-
gines and other large databases to genetic research and computer vi-
sion. Similarity searches compare objects from a large repository (e.g.,
a database) to each other or to a specified sample. This paper focuses
on string objects, such as text files, or search terms submitted to an In-
ternet search engine. Similarity queries require a (dis)similarity measure
that takes two strings as input and outputs a number that indicates how
“similar” the two strings are. The conventional approach to this problem
transforms the strings into a feature space, where a metric is applied.
This paper presents a fundamentally different approach, derived from
a string measure developed by Titchener [18, 17, 21, 20]. The resulting
similarity measure seems to be well suited to a wide range of practical
problems. It is directly related to the extent of pattern sharing between
two strings.

1 Introduction

Many real-world search applications (such as large databases, Internet search
engines, DNA matching) require or desire a facility that permits similar-
ity searches. For example, a user that can’t quite remember whether New
Zealand’s biggest city is spelled “Auckland” or “Aukland” (a common mis-
spelling) could simply submit the latter to an Internet search engine and still
get all the links to the former. Similarly, one might search for “Auckland Uni-
versity” and still find pages relating to “The University of Auckland”. Another
scenario is the automated “clustering” of records in a database [5], which is
often done to permit users to find “a document similar to this one”, but may
also in turn be used to improve the performance of other similarity search
tools [7].

We may assume that database searches or clustering operations are carried
out on strings from some finite alphabet, e.g., ASCII or binary. At the heart of
the task is the need for a similarity measure that takes two strings as input and
returns a number that ranks the strings according to their similarity.

Let x and y be the strings that are to be compared. E.g., y could be the
text content of a web page and x a search string entered by a search engine
user. Many conventional approaches (e.g., [14, ?,12]) to similarity measures
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are based on a two-step process: first, both x and y are transformed into a fea-
ture space. In the second step, a metric (often Euclidean) is used to measure
similarity.

The feasibility of such similarity measures thus depends on the choice of a
suitable transform. This choice is often a heuristic one, and as a general rule
it is easier to transform into high-dimensional feature spaces than into low-
dimensional ones. Unfortunately, the complexity of computing a meaningful
metric increases with the dimension of the feature space, a phenomenon that
has become known as the dimensionality curse [22, 10].

It is thus not surprising that other approaches (e.g., [4]) have been pro-
posed. The author of [22] states that geometrically optimal similarity mea-
sures are routinely replaced with less precise metrics, at the risk of yielding
false hits. The measure presented here goes in this direction. However, unlike
conventional approaches it uses neither a transform into a feature space, nor
a Euclidean metric. It does however acknowledge the underlying principle:
that similarity is a fuzzy concept, and that we may thus have to accept false
hits.

This paper is based on a fundamental assumption: we assume that y con-
tains information similar to the information in x if a large proportion of the
substrings (or patterns) in x can be found in y. The term large proportion is
fuzzy by default, whereas the term substrings is at least well defined.

We could thus test all substrings in x for occurrence in y, but this is often
impractical for long x, as the number of distinct substrings in x is proportional
to |x|2. In many real-life cases (clustering), it is simply impossible to search
for all these substrings in y. This is where conventional approaches use a fea-
ture transform, which tends to involve heuristics, i.e., the de-facto exclusion
of many possible pattern combinations, or the restriction to certain substring
patterns, e.g., whole words in a phrase.

The method presented here requires no such heuristics and instead re-
lies on a recursive parsing mechanism. Compared to other methods, it is not
overly computationally intensive (≈ O(|xy|)), and a large deal of the compu-
tation may be done in advance during indexing. The method is based on the
T-complexity/T-information measures developed by Titchener [18, 17, 21, 20].

2 T-Codes, T-decomposition, T-complexity, and
T-information

The similarity measure proposed in this paper is a direct derivate of Titch-
ener’s T-information measure. The T-information measure computes from his
T-complexity measure, which in turn computes from the construction param-
eters of T-Code sets. T-Code sets feature an interesting duality relationship
with the set of all finite strings. So let’s start with T-Codes.
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2.1 T-Codes

About 15 years ago, Titchener proposed a system of recursively constructed
codes, the T-Codes [2], which he subsequently extended to the generalized
T-Codes [8]. These are complete coding trees (similar to Huffman coding
trees) that are constructed from finite alphabets using a copy-and-append
technique called T-augmentation. A detailed treatment of T-Codes and T-
augmentation may be found in [19]. T-Code sets are constructed from a fi-
nite alphabet S. For applications such as text similarity searches one would
typically use ASCII or the binary alphabet {0, 1}. S acts as the T-Code set at
T-augmentation level n = 0, such that all the letters in S are primitive code-
words. The construction of higher-level T-Code sets from S requires a series of
T-augmentations: Given a T-Code set S(k1,k2,...,kn)(p1,p2,...,pn)

at level n, a T-augmentation

constructs the set S(k1,k2,...,kn+1)(p1,p2,...,pn+1)
at level n+ 1 as follows:

S
(k1,k2,...,kn+1)
(p1,p2,...,pn+1)

={
z|z = pin+1a, where a ∈ S(k1,k2,...,kn)(p1,p2,...,pn)

\{pn+1}, 0 ≤ i ≤ ki+1
}

∪
{
p
kn+1+1
n+1

}
, (1)

where pn+1 ∈ S
(k1,k2,...,kn)
(p1,p2,...,pn)

and kn+1 is a positive integer.

Example: Table 1 illustrates the construction of the T-Code set S(1,1,3)(0,1,01)

from the binary alphabet S by means of three T-augmentations with T-prefixes
0, 1, and 01, and T-expansion parameters 1, 1, and 3 respectively. At T-augmen-
tation level 1 and 2, the intermediate T-Code sets S(1)(0) and S(1,1)(0,1) are generated
in the course of the construction.

2.2 T-Codes and finite strings – two sides of the same coin

The example already illustrates an important property of T-Codes: Consider
the two longest codewords of the top-level T-Code set. These contain, in se-
quence, all the T-prefixes that we have chosen in the construction of the set.
Moreover, the number of times that they appear adjacent to each other re-
flects the T-expansion parameters chosen1.

Nicolescu [6, ?] showed that the longest codewords are unique for each T-
Code set. He further showed that, given one of the longest codewords, it is
always possible to derive the associated T-Code set. Nicolescu proposed an

1 This is, strictly speaking, not always true, as many T-Code sets can be con-
structed by more than one set of T-prefixes and T-expansion parameters (called a T-
prescription). However, these T-prescriptions are equivalent and Nicolescu showed
that one can always derive one where all T-expansion parameters are one less than a
prime number. This T-prescription is unique and results from the T-decomposition
algorithm explained in this paper [6, ?].
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T-augmentation level
n 0 1 2 3

kn k0 = 1 1 1 3

set S S
(1)

(0) S
(1,1)

(0,1) S
(1,1,3)

(0,1,01)

0 0/ − −
1 1 1/ −
00 00 00
01 01 01//

− −
11 11
100 100
101 101

−
−

0100
01//01//
−

0111
01100
01101
−
−

010100
01//01//01//

−
010111
0101100
0101101

−
−

01010100
01010101

−
01010111
010101100
010101101

Table 1. The construction of the T-Code set S(1,1,3)(0,1,01) from the binary alphabet S by
means of three T-augmentations with T-prefixes p1 = 0, p2 = 1, and p3 = 01, and
T-expansion parameters k1 = 1, k2 = 1, and k3 = 3.
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algorithm now called T-decomposition, which will be explain shortly. He also
showed that for each finite string, there is a T-Code set such that that string is
one of its longest codewords. It is apparent from the example that the longest
codewords of a T-Code set only differ in their last symbol.

2.3 T-decomposition

Using Nicolescu’s method, one may take a string and deduce its associated T-
Code set. This is done as follows: let z be a string from S+ and a ∈ S. Further
let za be the string that we wish to decompose in order to find the T-Code set
for which it is one of the longest codewords. Then proceed as follows:

1. make S the current T-Code set.
2. decode za left-to-right and identify the codeword boundaries with respect

to the current T-Code set. If the string decodes as a single codeword, stop
here. If it decodes as more than one codeword, identify the second-to-
last codeword in the decoding and make it the T-prefix for the next T-
augmentation.

3. count the length of the run of the T-prefix that we have just identified,
counting the second-to-last codeword and all adjacent copies to the left
of it. This is the T-expansion parameter.

4. T-augment your current T-Code set with the T-prefix and T-expansion pa-
rameter you just found.

5. make the resulting set your current T-Code set and continue at step 2.

Example [19]: Let z = 011000101010 and a = 1, s. t. za = 0110001010101. If
we decode za over S = {0, 1}, we obtain the following codeword boundaries
indicated by a dot:

za = 0.1.1.0.0.0.1.0.1.0.1.0.1.

from which we identify the second-to-last codeword, which is p1 = 0. There
are no further adajacent copies of p1 further to the left, hence k1 = 1. Our
level 1 intermediate set is thus S(1)(0) . If za is decoded over S(1)(0) , we obtain the
codeword boundaries:

za = 01.1.00.01.01.01.01.

The second to last codeword is p2, in this case p2 = 01. Because there are
another two adjacacent copies of p2 to the left of the second-to-last codeword,
we obtain k2 = 3 as the corresponding T-expansion parameter. Hence, the
level 2 set is S(1,3)(0,01). Decoding za over it, we get:

za = 011.00.01010101.

such that p3 = 00, k3 = 1. The next iteration yields p4 = 011 and k4 = 1,
respectively. The reader may wish to verify that za = 0110001010101 is indeed
one of the longest codewords of S(1,3,1,1)(0,01,00,011).
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The last symbol (a) of the string zadoes not influence its T-decomposition.
However, we want all symbols in our strings x and y to be taken into account
in our similarity measure. Hence, for the purposes of this paper, we will re-
gard strings under T-decomposition as T-handles [6], i.e., we will add a dummy
symbol to their right end before carrying out a T-decomposition.

N.B.: The above algorithm is actually more verbose than it needs to be. For
didactic purposes, the above example always decodes the entire string in each
pass. In each of the passes, however, it suffices to decode the entire run of the
second-to-last codeword in the string. This is all the information we need in
order to deduce the next higher level set.

Let the T-Code decoder start part-way through the string, some distance to
the left of the run of the second-to-last codeword that we wish to find. If full
synchronisation (decoding of the correct codeword boundaries with respect
to the current T-Code set) can be achieved before the run of the second-to-
last codeword is decoded in a pass, then the results will be just as valid as if
the entire string had been decoded.

T-Codes are known for their inherent, well-understood self-
synchronisation mechanism. In fact, a T-Code decoder is able to tell
when it is synchronised. Thus, it can start decoding at a reasonable distance
from the end of the string. If this distance proves to be insufficient, the
decoder can simply increase the distance and try again, although this would
be unnecessary in most practical cases. For most strings, this results in the
T-decomposition having a computational complexity ofO(|z|).

2.4 T-complexity

Given this duality between strings and T-Code sets, Titchener observed that
one could think of T-augmentation not just as a process for the construction
of T-Code sets, but also for the construction of strings. Following the exam-
ple of Lempel and Ziv [1], who used their string parsing algorithm to derive
a “production complexity” for strings, Titchener derived a measure CT from
the T-decomposition algorithm and called it T-complexity. Lempel and Ziv
chose to define their production complexity in terms of the number of steps
required to construct the string z using the algorithm they had proposed. Sim-
ilarly, Titchener chose to define T-complexity as the weighted number of steps
(T-augmentations) required to construct a string. CT (z) is defined as:

CT (z) =
n∑
i=1

log2(ki + 1), (2)

where the weights log2(ki+1) are given by the T-expansion parameters, which
are obtained from the T-decomposition2 of za, where a ∈ S.

2 N.B.: CT (z) is invariant under a change of T-prescription.
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2.5 T-information

Further, Titchener observed empirically that the maximum T-complexity for
all strings of length �,max{CT (z)|z ∈ S+∧|z| = �}, converges towards the log-
arithmic integral of � as � increases. Strings with such maximumCT for a given
length (or approximate length) are easily constructed by always choosing 1 as
the T-expansion parameter and (one of) the shortest available codeword(s) in
the respective current T-Code set as the next T-prefix.

Titchener applied the inverse logarithmic integral to CT (z), calling the re-
sulting measure IT (z) the T-information of za. He showed that this approx-
imate proportionality also holds for other classes of string, including strings
generated by natural random processes or pseudorandom algorithms.

3 T-information and similarity

The T-complexity (and hence the T-information) of a string of a given length
depends heavily on the repeated occurrence of patterns within the string. If
certain substrings are repeated within the string, the T-Code decoder will gen-
erally synchronize within these substrings during T-decomposition passes.
Hence, these substrings will be parsed in a similar way. In later passes, when
the rightmost results of this parsing have become the new T-prefixes, the
copies of the original substring further to the left will consist mostly of longer
codewords because they contain T-prefixes that have already been identi-
fied. “Longer codewords” implies “fewer codewords”, which in turn implies
“fewer total number of passes” and thus “lower T-complexity” and “lower T-
infomation”.

Consider the concatenated string xy. Following the previous argument, if
y contains many patterns that also appear in x, we would expect to find that
CT (xy) and IT (xy) are lower than if x and y shared few patterns.

For example (based on an ASCII alphabet and rounded to two dig-
its after the decimal point), CT (“Auckland”) = 8, CT (“Aukland”) = 7,
CT (“Brussels”) = 7. However, CT (“AuklandAuckland”) = 9 whereas
CT (“AuklandBrussels”) = 12! This is the underlying principle that this paper
exploits.

The effect becomes even stronger when one considers the T-information
for the above examples:
IT (“Auckland”) = 14.58, IT (“Aukland”) = 12.00, IT (“Brussels”) = 12.00,
IT (“AuklandAuckland”) = 17.35, IT (“AuklandBrussels”) = 26.58.

How can this be turned into a useful measure for similarity comparisons?
One problem that appears almost immediately is that CT and IT generally
increase as the length of the string increases. If we want to look for pattern
sharing between our query string x and a range of data strings y of differing
length, it becomes difficult to compare the results without taking the length
of the strings into account.
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This suggests that the increase of the T-information divided by the length
of the strings involved could be a feasible measurem1:

m1(x, y) =
IT (x) + IT (y)− IT (xy)

|xy|
. (3)

Experimental evidence does indeed show that m1 is a feasible similarity
measure. The author has set up a web site that demonstrates its use on a set
of HTML files:

http://www.tcs.auckland.ac.nz/~ulrich/cgi-bin/similarity.cgi

The web site permits users to enter a search term or phrase, searches a set
of files, and returns a list of those files ranked by similarity with the phrase
entered by the user.

4 Conclusions

The measurem1 introduced in this paper may be used as a similarity measure.
As a very crude rule of thumb, it performs best when |x| � log(|y|). The rea-
son is that shorter search patterns have a higher probability of occurrence in
random y, which may happen when the repository of strings in the database
is very large. Thus, if x is too short, the likelihood of false hits increases.

It is conceivable that other measures involving T-information could work
better thanm1 (hence the subscript), which merely serves to demonstrate the
underlying principle at this stage. Comparison with other similarity search al-
gorithms is difficult as many specialize on a particular type of data, and per-
formance in general may depend on the specific data repository involved. The
measure proposed here looks like a good all-rounder, in particular when long
search strings are involved.

Just before submission of this paper, Mark Titchener reported from Berlin
in a personal communication that he had experimented in a similar direction,
looking at similarity between biosequences. He reports that his experiments
show “good initial results”.
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Random Fields and Multiple Markov Properties
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Abstract. We have so far discussed the multiple Markov propereties for
Gaussian processes and for Gaussian random fields. In this paper we in-
troduce an extension of this notions to some class of non- Gaussian ran-
dom fields; namely for a random fieldX(C) of homogeneous chaos. We
assume that X(C) is expressed as an integral of a homogeneous chaos
over the domain enclosed by a smooth ovaloidC with a canonical kernel
introduced in the Gaussian case. Then, an N-ple Mrkov property is de-
fined in terms of the conditional expectations which are nonlinear (un-
like Gaussian case) functions of the X(C) that are observed. A charac-
terization of the N-ple Markov propery is given in such a way that the
canonical kernel is a Goursat kernel of orderN . As a result we can speak
of computability of the best predictors.

1 Introduction

When we discuss the analysis of a stochastic process X(t) and a random
field X(C), we usually consider operations acting on the values of X(t) or
X(C); for example the best predictor is formed by taking a function, in gen-
eral nonlinear function, of the observed values like ϕ(X(t), t ∈ T ) ofX(t) and
ϕ(X(C), C ∈ C) of random fieldsX(C).

In order to establish the analysis of those functions, we propose to take the
innovation ofX(t) or that ofX(C) and express the original random functions
as functionals of the innovation, so that they are ready to be analyzed. Often,
actually in many favorable cases, the innovation is taken to be a white noise.
Thus, the white noise analysis has become a basic tool for the investigation of
stochastic processes and random fields.

With this innovation approach in mind, we aim at defining multiple
Markov properties for some non Gaussian processes or fields and studying
their characterization. This notion is a generalization of the Markov proper-
ties established for Gaussian process, although we need a new idea for the
definition. There, we remind that as in the case of a Gaussian process, the in-
novation will play a dominant role.

In what follows some background will be prepared, and see the signif-
icance of taking random fields compared to stochastic processes from the
viewpoint of information theory and the theory of dependency of random
complex phenomena. Needless to say, we always keep computability in mind.



Random Fields and Multiple Markov Properties 65

2 Operations acting on processes and fields

Various kinds of operations on stochastic processes and random fields help us
in the investigation of the way of dependency of those random phenomena in
question, in particular multiple Markov properties.

Linear and nonlinear functions.

Assume thatX(t)’s are Gaussian in distribution. It is not so easy to analyse
functions ϕ(X(t), t ∈ T ) of those Gaussian variables directly. The most useful
method is, as was mentioned before, that we first form the innovation ofX(t),
which is always taken to be white noise, of a given process discussed in this
paper, then functions of X(t)’s can be rephrased as functionals of the inno-
vation. Now, one is ready to analyze those functionals. Note that the causality
always holds in this case and that every operation acting on those Gaussian
functionals is linear. In such a case, it is easy to check if the quantity in ques-
tion is computable.

It is well known that for a weakly stationary stochastic processes the
Fourier analysis plays an important role (see the Wiener theory). In particular,
the spectrum is one of the characteristics of stationary stochastic processes.
Also in this case, only linear transformations of the process X(t) orX(C) are
involved; namely it is easily checked if the given quantity is computable or
not.

Our aim is to discuss non-Gaussian case, so that we need a review of some
known results and further background.

Transformations of time parameter

Another kind of operation forX(t) and X(C) is change of time parameter
t and of space-time parameter C, respectively.

(1) Time shift
The simplest and in fact most important example is the time shift Tt : s→

s+ t:

TtX(s) = X(s+ t). (1)

To fix the idea let us take X(t) to be a white noise which is now viewed as
the time derivative of a Brownian motionB(t); the Ḃ(t) is a white noise. In this
case we call {Tt, t ∈ R}, after S. Kakutani, the flow of Brownian motion.

This flow describes the evolution of the random pheneomena that are rep-
resented as functionals of white noise. More precisely, let ϕ(Ḃ) be a white
noise functional in Hilbert space (L2)which contains white noise functionals
with finite variance, then time evolution is expressed in terms of the untary
operator Ut as



66 Si Si

Utϕ(Ḃ) = ϕ(TtḂ) (2)

We can therefore speak of the spectral multiplicity of the unitary group
{Ut} on a subspace of (L2), the choice of which depends on the problem to be
discussed. For instance, if the entire space (L2) is concerned, the multiplicity
is infinite, while the subspace spanned by linear functionals of white noise has
unit multiplicity. Computability necessarily requires finite multiplicity.

For the case of a stochastic process with higher dimensional parameter,
say Rd parameter, the notion of multiplicity can also be introduced by taking
the course of propagation to be the radial direction. The following assertion is
almost obvious.

Let {X(a), a ∈ Rd} be Lévy’s Brownian motion in the sense that

1) it is Gaussian,

2)X(a)−X(b) has mean 0 and variance |a− b|,

3)X(O) = 0, where O is the origin.

Proposition Lévy’s Brownian motion has infinite multiplicity.

As a result, we claim that finitely many channels can not send the full in-
formation contained in Lévy’s Brownian motion.

If we wish to describe finer way of dependency, then multiple Markov
properties in a weak sense, defined like in the Gaussian case, can be defined
in each cyclic subspace.

(2) The whiskers as time change operators

White noise analysis has an aspect of infinite dimensional harmonic analy-
sis since the white noise measure μ is invariant under the infinite dimensional
rotation group. It has significant one-parameter subgroups which come from
one-parameter families of diffeomorphism of the parameter space. They are
called whiskers. The shift discussed above is a good example of a whisker. We
can say that the isotropic dilation, which is another whisker, has infinitely
many cyclic subspaces, that is they have similar spectral properties to the
shift. The same is true for the special conformal transformation.

Such an observation is helpful when whiskers that come from the con-
formal tarnsformations acting on the parameter space are discussed in con-
nection with the computability. We emphasize the significance of the role of
whiskers when we form the innovation from the variation of random field,
which leads us to define multiple Markov property with the help of innova-
tion.
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(3) Random time parameter

The so-called subordination is an interesting operation for a stochastic
processX(t). The time parameter t is replaced by an increasing additive pro-
cess Y (t). The case where Y (t) is taken to be an increasing stable process with
exponent α, with 0 < α < 1, has been discussed. (This topic was discussed in
[3] from the viewpoint of the information theory.)

If we consider computability, we may discuss the case where Y (t) is taken
to be a Poisson process, so thatX(t) is observed at random times that appear
successively with exponential holding time. If, in particular, X(t) is taken to
be a Brownian motion, we can see the probability distribution of the subordi-
nated processX(Y (t)). Subordination is an interesting topic, but we do not go
into details since there is no direct connection with Markov property, which is
our main topic.

It is noted that the facts discussed in this section are quite different from
those discussed in Section 1 from the viewpoint of computation.

3 Information theoretical study

We now come to a random fieldX(C) indexed by a manifold C in Rd, the pa-
rameter space of white noise. Before we come to the study of information the-
oretical properties of X(C), we wish to emphasize the significant advantages
of taking a field X(C) instead of a process X(t), t ∈ Rd, as a mathematical
model of random complex systems. Namely,

A)X(C) carries more information thanX(t)when the parameter moves.
We know that X(t) for d = 1 has usually unit multiplicity but X(C) has

infinite multiplicity except degenerated cases. Further, we see from an in-
tuitive observation that t is 0-dimensional and runs through a finite dimen-
sional space, while the dimension ofC is at least one and moves in an infinite
dimensional space C. It means that X(C) expresses more complex random
phenomena thanX(t).

B) For C we have complex ways of deformation. In some important exam-
ples (e.g. [3]) the innovation of the field can be obtained by deformations of
C (including the mappings from C onto itself). As a result, various ways of
dependence can be discussed, in particular multiple Markov properties.

Let us have a quick review of the representation theory of a Gaussian pro-
cess X(t) and give a remark so that we extend the results to random fields
which are either Gaussian or non Gaussian expressed as a homogeneous
chaos. A representation ofX(t) in terms of a white noise Ḃ(t) such that
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X(t) =

∫ t
0

F (t, u)Ḃ(u)du, (3.1)

is called canonical if the conditional expectationE[X(t)|X(u), u ≤ s]with s ≤
t is given by ∫ s

0

F (t, u)Ḃ(u)du. (3.2)

In such a case, we can obtain the innovation Ḃ(t) by a causal and linear
operator; formally speaking by the inverse of the integral operator F . The idea
behind such an observation is that we define a stochastic process as a random
function that gains a new information (actually, expressed by the innovation)
at each instant. The probabilistic structure of a process is determined by the
variation of the field involving innovation and, of course, past values.

IfX(t) is a nonlinear function of white noise, then it is no more Gaussian
and we can not say that innovation is obtained in a similar manner, as is easily
understood (see 1 in the next section).

However, if a random field X(C) formed by a homogeneous chaos in the
form

X(C) =

∫
(C)n
F (C, u1, u2, ..., un) : x(u1)x(u2)...x(un) : du

n, (3.3)

where (C) is the domain enclosed byC.
Then the innovation can be obtained from δX(C) by using nonlinear op-

erations (see [2]). There we have assumed that the kernel F is the canonical
kernel.

In order to carry on the calculus, we have to assume that C runs through a
certain class of smooth ovaloids.

With this remark we are now able to define a generalization of multiple
Markov properties.

4 Multiple Markov properties for non-Gaussian case

For a Gaussian case, the N-ple Markov property can be characterized by the
canonical kernel; namely it should be a Goursat kernel of orderN .

We now think of the non-Gaussian case which is restricted to be a homo-
geneous chaos.

1. Stochastic processX(t)
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Suppose that X(t) is not a Gaussian process, say homogeneous chaos (of
white noise) of order greater than 1. Then it is impossible to obtain the inno-
vation Ḃ(t) from the variation δX(t). For example, let

X(t) =

∫ t
0

∫ t
0

F (t;u1, u2) : x(u1)x(u2) : du1du2 (4.1)

be given. Then its variation is

δX(t) = dX(t)

= dt

∫ t
0

∫ t
0

∂

∂t
F (t, u1, u2) : x(u1)x(u2) : du1du2 + 2dtx(t)

∫ t
0

F (t, t, u2)x(u2)du2.

Here we see that the second term has a different order, but∫ t
0 F (t, t, u2)x(u2)du2 is not a conditional expectation of X(t + dt). since

it is orthogonal toX(s), s ≤ t ; hence not a function of theX(s).

2. Random fieldX(C)

We now come to the case of random field which is not Gaussian but ho-
mogeneous chaos. To fix the idea let us consider the case of quadratic chaos
(take n = 2 forX(C) in the last section),

X(C) =

∫
(C)2
F (C;u1, u2) : x(u1)x(u2) : du1du2. (4.2)

Assume thatF is the canonical kernel. Note that canonical property can be
defined in the same manner to the case of Gaussian random field. Of course
the uniqueness of the canonical kernel is guaranteed.

¿From the result in the paper [2] we can obtain the innovation {x(s), s ∈ C}
from δX(C) and also the conditional expectationE[X(C)|B(C′)], whereB(C′)
is the sigma-field of events determined by X(C′′), C′′ < C′. Here C′′ < C′

means that C′′ is inside of C′. There is an important fact; namely, the condi-
tional expectation is a nonlinear function of the X(C′′) with C′′ < C′ (note
that no more Gaussian case). It is therefore a nonlinear function, in reality a
quadratic function, of the x(u), u ∈ (C′).

Since the conditional expectation is the projection to the space spanned
by the non linear functions of X(C′′), C′′ < C′. Hence, it is the projection to
nonlinear function of x(u), u ∈ (C′). Thus we have

E[X(C)|BC′(X)] =
∫
(C′)2 F (C, u1, u2) : x(u1)x(u2) : du1du2. (4.3)

The results obtained so far hold for a homogeneous chaos of any order.

Thus, multiple Markov properties forX(C) of homogeneous chaos can be
defined in a similar manner to the case of Gaussian fields since conditional
expectation is formed by the innovation. To make sure, we give
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Definition LetX(C) be given by

X(C) =

∫
(C)n
F (C, u1, u2, ..., un) : x(u1)x(u2) · · ·x(un) : du

n (4.4)

with a canonical kernel F . For any choice of Ci’s such that C0 ≤ C1 < ... <
CN < CN+1,

1. E[X(Ci)|BC0(X)], i = 1, 2, ..., N, are linearly independent and
2. E[X(Ci)|BC0(X)], i = 1, 2, ...N + 1 are linearly dependent

then,X(C) is said to beN-ple Markov.

Theorem If a random fieldX(C) of homogeneous chaos isN-ple Markov, then
its canonical kernel is a Goursat kernel of orderN.

Proof. For proof we only note that the conditional expectation is a nonlinear
function of the known values, unlike Gaussian case. For the rest of the proof
we can follow the method given in [4].

Corolary The predictor of an N-ple Markov random field of homogeneous
chaos is computable. More precisely, the best predictor is a linear combination
of the random variable obtained from the values of the past.

To close this paper, we note that the multiple Markov properties indicate
not only way of dependency, but also suggest computability of the best pre-
dictor.
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